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In recent years, the success of the AI revolution has led to the training of larger neural

networks on vast amounts of data to achieve superior performance. These powerful machine

learning models have enabled the creation of remarkable AI products. Optimization, as

the core of machine learning, becomes especially crucial because most machine learning

problems can ultimately be formulated as optimization problems, which require minimizing

a loss function with respect to model parameters based on training samples.

To enhance the efficiency of optimization algorithms, distributed learning has emerged as

a popular solution for addressing large-scale machine learning tasks. In distributed learning,

multiple worker nodes collaborate to train a global model. However, a key challenge in

distributed learning is the communication cost. This thesis introduces a novel adaptive

gradient algorithm with gradient sparsification to address this issue.

Another significant challenge in distributed learning is the communication overhead

on the central parameter server. To mitigate this bottleneck, decentralized distributed

(serverless) learning has been proposed, where each worker node only needs to communicate

with its neighbors. This thesis investigates core nonconvex optimization problems in



decentralized settings, including constrained optimization, minimax optimization, and

second-order optimality. Efficient optimization algorithms are proposed to solve these

problems.

Additionally, the convergence analysis of minimax optimization under the generalized

smooth condition is explored. A generalized algorithm is proposed, which can be applied to

a broader range of applications.
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Preface

In recent years, we have witnessed an AI revolution and the remarkable success of

machine learning. Larger neural networks are being trained on increasingly vast amounts

of data to achieve superior performance. These powerful machine learning models have

enabled the creation of groundbreaking AI products, such as ChatGPT and Full Self-Driving

(FSD) technology, which have significantly impacted our lives.

In this context, optimization, as the core of machine learning, becomes especially critical.

Most machine learning problems can ultimately be formulated as optimization problems,

requiring the minimization of a loss function based on training samples to obtain optimal

model parameters. Given the large scale of models and the immense volume of data, there is

an urgent need for designing fast and stable algorithms to solve these optimization problems.

This need has motivated my research on optimization in machine learning. In this

dissertation, I propose more efficient optimization methods to address some of the core

issues in machine learning.
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Chapter 1: Introduction

In recent years, the success of machine learning has led to the training of larger neural

networks on vast amounts of data to achieve better performance. These powerful machine

learning models have enabled the creation of remarkable AI products. Optimization, as

the core of machine learning, becomes especially crucial because most machine learning

problems can ultimately be formulated as optimization problems. Typically, it is required to

minimize a loss function based on the training samples to obtain the best model parameters.

Apart from accuracy, training efficiency is also an important issue, especially for large-scale

problems. Therefore, it is necessary to study more efficient optimization algorithms for

machine learning problems.

1.1 Distributed Learning

Nowadays, with an increasing number of machine learning tasks requiring large models

and datasets for optimal performance, distributed learning has emerged as a promising re-

search area within the machine learning community. In distributed learning, multiple worker

nodes collaborate to train a global model based on the data they can access, coordinated by

a central server node. Since large-scale data are distributed and stored at different worker

nodes and complex computations can be performed in parallel, distributed learning can

tackle these challenging large-scale tasks effectively and efficiently.
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1.2 Decentralized Learning

Despite the success of distributed learning, the conventional centralized scheme has a

key bottleneck of communication, where the communication burden on the central server be-

comes larger as the number of nodes grows. For example, when the system has M workers, it

will suffer from a communication complexity of O(M). Thus, the decentralized distribution

structure recently has attracted much attention in machine learning due to its communication

efficiency compared with the centralized approach. Specifically, decentralized optimization

adopts a pattern where each node maintains its own local data and model and only communi-

cates with its neighbors. In fact, the communication complexity of decentralized learning at

each iteration depends on the degree of graph topology (usually independent of the number

of nodes).

1.3 Minimax Optimization

Minimax optimization has numerous applications in machine learning tasks such as Gen-

erative Adversarial Net (GAN) [32], adversarial training [78] and multi-agent reinforcement

learning [116]. The fundamental idea behind minimax optimization is to find the optimal

solution for a problem in the presence of an adversary, where one party seeks to minimize a

payoff loss function while the other seeks to maximize it. Specifically, variable x aims to

minimize an objective function f (x,y) : Rd1×Rd2 → R while variable y tries to maximize

the loss, which can be formulated as

min
x∈X

max
y∈Y

f (x,y), (1.1)

where X ⊆ Rd1 and Y ⊆ Rd2 .

2



1.4 Outline

In this dissertation, several efficient optimization algorithms are proposed to address

specific machine learning problems. In Chapter 2, a decentralized communication-efficient

Frank-Wolfe algorithm is proposed to solve decentralized constrained optimization problems.

In Chapter 3, an accelerated decentralized minimax algorithm is proposed to solve decen-

tralized minimax problems with better convergence rate. In Chapter 4, a communication-

efficient adaptive gradient algorithm with gradient compression is proposed, which can

reduce the communication cost of the distributed learning system. In Chapter 5, a decen-

tralized perturbed gradient based algorithm is proposed, which can escape saddle point and

achieve second-order stationary point efficiently in the decentralized setting. In Chapter 6, a

generalized minimax algorithm with adaptive stepsize is proposed, which is guaranteed to

converge under the generalized smooth condition.

3



Chapter 2: Decentralized Constrained Optimization

2.1 Introduction

Recently, decentralized learning becomes a popular research topic in machine learning

and has been widely studied. For example, it was first studied to solve problems of computing

aggregates among clients or be used for the sake of data locality and privacy [100, 130],

where a centralized structure is not allowed. A general decentralized algorithm can be

traced back to [85] that combines gradient descent method and Gossip-type consensus step.

Subsequently, a degenerated case of decentralization that achieves huge success is federated

optimization [52], which adopts star topology but enables data to be drawn from non-iid

distribution. Besides, many other previous fully decentralized works such as [63, 106]

that based on general network topology have shown that decentralized method is able to

achieve more efficient communication without sacrificing the training result, indicating that

decentralization is becoming competitive and advantageous in distributed learning rather

than merely an alternate of centralization when centralization is not possible. [63] presented

an important decentralized optimization work to verify that the decentralized method can

outperform its centralized counterpart. [63] proposed an algorithm named Decentralized

Parallel Stochastic Gradient Descent (D-PSGD) to directly compute the averaging value

among each node with exact communication, which has the same convergence rate as

centralized SGD in nonconvex optimization with non-identical data distribution.

To reduce the communication cost in distributed systems, gradient quantization [97] is

4



another effective method. Recently, many quantized gradient algorithms, such as QSGD [3],

signSGD [6] and its variant [7], were developed and have shown excellent performance. In

these algorithms, the number of bits transmitted in each communication round is reduced by

packing and unpacking gradients. [3] proposed an unbiased quantization scheme and proved

it can converge under convex and non-convex conditions. However, for other quantization

methods like 1-bit quantization or signSGD, the unbiased assumption is not always satisfied.

[49] proved that when applying signSGD with a scalar factor and error-feedback technique,

the algorithm is guaranteed to converge in non-convex optimization. More recently, to

further achieve communication efficiency, multiple quantized decentralized algorithms

[22, 51, 94, 95] have been introduced. However, to the best of our knowledge, existing

quantized decentralized algorithms for constrained problem are still very limited. In fact,

large-scale constrained optimization problems are common in many machine learning

applications, such as matrix completion and deep neural network compression.

To address this challenging issue, in this chapter, we focus on studying the quantized

decentralized algorithm for solving the following constrained optimization problem:

min
x∈Ω

1
M

M

∑
i=1

fi(x), (2.1)

where fi(x) is a nonconvex smooth loss function, Ω is a convex and compact constraint set,

M is the number of worker nodes. fi(x) is the objective function on node i and could have

the stochastic expectation or finite sum formulations:

fi(x) =


Eξ∼DiF

(i)(x;ξ ), stochastic

1
ni

∑
ni
j=1 F(i)

j (x), finite-sum
(2.2)

where Di is the data distributed on i-th node. Finite-sum objective function is a particular

5



case of stochastic problem where Di consists of finite samples. We allow distributions Di

to be non-identical, which is more adaptive to general tasks in machine learning and is

assumed in many previous decentralized analyses [63, 65, 106].

To solve the above constrained optimization problem, the Frank-Wolfe (a.k.a, conditional

gradient or projection-free) method is one of the most efficient and popular algorithms,

because the Frank-Wolfe method only requires to compute a linear oracle instead of the

expensive projection operator applied in proximal gradient methods [31] and alternating

direction method of multipliers [38]. In this chapter, thus, we focus on designing the

communication-efficient quantized decentralized Frank-Wolfe algorithm to solve the prob-

lem (2.1). It is nontrivial to design such an algorithm. We first provide a counterexample

to show that the vanilla quantized decentralized Frank-Wolfe algorithm usually diverges

(please see the following Counterexample section). Thus, there exists an important research

problems to be addressed:

Can we design a communication-efficient quantized decentralized Frank-Wolfe algorithm

with convergence guarantee for non-convex optimization?

In this chapter, we address the above challenging question with a positive solution and

propose a novel Decentralized Quantized Stochastic Frank-Wolfe (DQSFW) algorithm

to solve the problem (2.1). By using the gradient tracking technique, we ensure that

DQSFW can safely and quickly converge to a stationary point in non-convex optimization.

Specifically, our DQSFW algorithm employs a 1-bit gradient quantization scheme. In

summary, the main contributions of this chapter are given as follows:

(1) We propose a novel efficient Decentralized Quantized Stochastic Frank-Wolfe (DQSFW)

method to solve the problem (2.1), which reduces communication cost but maintains

good convergence speed.

(2) We derive the rigorous theoretical analysis for our DQSFW algorithm, and prove that

6



our DQSFW algorithm has the same gradient complexity O(ε−4) as the SFW [93]

(the sequential algorithm) and QFW [135] (the centralized algorithm), but with much

lower communication cost.

(3) We provide a new intuitive counterexample to show that the decentralized optimization

involving non-linear projection of gradient could lead to a potential divergent problem

which also exists in many cases where we generalize other non-Frank-Wolfe methods

to decentralized algorithms. To tackle this challenge, we utilize the gradient tracking

technique to guarantee the convergence of our decentralized quantized Frank-Wolfe

algorithm.

Notations

‖·‖1 denotes the L1 norm of vector. ‖·‖2 denotes the spectral norm of a matrix. ‖·‖F

denotes the Frobenius norm of a matrix. ‖·‖∗ denotes trace norm of a matrix. Let 1

be the column vector, each entry of which is one. Given a network with M nodes, we

define a mixing matrix W = (wi j) ∈ RM×M that represents the weights of neighbors in the

communication round. For example, in D-PSGD [63], the consensus step on i-th node is

formulated as

x(i)t =
M

∑
i=1

wi jx
( j)
t .

Generally, W is a symmetric doubly stochastic matrix that satisfies W T =W and W1 = 1. In

the experiment section, we will consider a uniformly weighted ring-based network, whose

7



Algorithm DeFW QFW DQSFW

Decentralized
√

×
√

Stochastic ×
√ √

Quantized ×
√ √

Reference [115] [135] Ours

Table 2.1: Comparison of related works.

mixing matrix is shown as Eq. (2.3).

W =



1/3 1/3 0 · · · 0 1/3

1/3 1/3 1/3 0 · · · 0

0 1/3 1/3 1/3 0 · · ·
... . . . . . . . . .

0 · · · 0 1/3 1/3 1/3

1/3 0 · · · 0 1/3 1/3


(2.3)

2.2 Related Works

2.2.1 Decentralized Frank-Wolfe

Decentralized Frank-Wolfe algorithm (DeFW) [115] was recently proposed to apply

deterministic Frank-Wolfe method in decentralized structure. It is guaranteed to converge in

both convex and non-convex problems. The authors compute net averaging on parameters

and gradients. In previous work about decentralization such as [63], averaging of gradients

is not required. Compared with DeFW, our DQSFW changes the deterministic algorithm to

a stochastic one, which is more adaptive to large scale machine learning tasks. When the

number of samples is very large, the full gradient is too expensive to calculate. Besides, we

also take advantage of the technique of gradient quantization, which will further reduce the
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cost of communication.

2.2.2 Quantized Frank-Wolfe

Quantized Frank-Wolfe algorithm (QFW) [135] was recently proposed to solve cen-

tralized distributed problems. It uses the the following momentum scheme as gradient

estimator:

ḡt = (1−ρt)ḡt−1 +ρtgt (2.4)

which is also used in [73] as a way to decrease the noise of gradient. In our algorithm,

we combine this momentum scheme with the Gossip method. For gradient compressing,

it adopts the s-Partition Encoding Scheme, which encodes the i-th coordinates gi into an

element from the set {±1,± s−1
s , · · · ,±1

s ,0}. It requires log2(s+ 1) bits to transfer each

coordinate of the gradient. A scalar factor ‖g‖∞ is also transmitted thus the total bits of

quantized gradient is 32+d · log2(s+1) where d is the dimension of gradient. When s is

large, the variance of this compressor will become small [135], which means the quantized

gradient is more precise, but costs more bits. In this chapter, we use 1-bit signSGD scheme

with a scalar factor [49, 51] shown as follows:

C(x) =
‖x‖1

d
sign(x) (2.5)

where d is the dimension of x. Notice that here signSGD is only a representative of feasible

compressors. We can also use other compressor as long as it satisfies the Compressor

Assumption in section 4, which is an important assumption in many theoretical analysis of

related work about gradient quantization. For example, we can also use top-k SGD, which

is a gradient sparsification method that automatically satisfies the Compressor Assumption.
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We consider signSGD because it is efficient and convenient to implement.

The comparisons between DeFW, QFW and our DQSFW are summarized in Table 2.1.

We can see that our DQSFW algorithm is the first to incorporate stochastic gradient descent

and gradient quantization in decentralized Frank-Wolfe type algorithm.

2.3 Counterexample

In this section, we provide an intuitive counterexample that demonstrates the divergent

trap if Frank-Wolfe method is simply generalized to the decentralized algorithm without

making consensus on gradient when data at different nodes are drawn from non-identical

distributions.

Given f (x) = f1(x)+ f2(x), where x ∈Ω = {(x,y)|x2+y2 ≤ 1}, f1(x) = x and f2(x) =
√

3y (See Figure 2.1). We can calculate gradients v1 = (1,0), v2 = (0,
√

3), v = (1,
√

3).

Since the gradient is never equal to 0, according to the Frank-Wolfe gap (see Eq. (9)), the

only stationary point is (−1
2 ,−

√
3

2 ) (blue point), where the tangent of unit ball is vertical

to direction (1,
√

3). However, if we update x by Frank-Wolfe algorithm on each node

separately, the linear oracle will yield d1 = (−1,0) and d2 = (0,−1). Then we make

consensus on x and get iteration formula xi+1 = (1− γ)xi + γ(−1
2 ,−

1
2). Sequence xi

eventually converges to point (−1
2 ,−

1
2) (red point), which is not a stationary point.

It is reasonable to attribute the divergence to the non-commutative relationship between

the linear oracle and addition. For SGD-based decentralized learning algorithms, conver-

gence is achieved due to the commutative property of addition. The above divergence

problem is also likely to occur in other variant algorithms of SGD that involve non-linear

mappings of gradients in a decentralized system, not just Frank-Wolfe type methods. For

example, adaptive gradient methods are a family of algorithms that adjust the learning rate

according to the magnitude of the gradient. The Decentralized ADAM algorithm (DADAM)
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Figure 2.1: A graph to demonstrate the counter-example.

[83] was proved to converge under the criterion named local regret. Nonetheless, local

regret can lead to a situation where each node converges to its own local stationary point,

without sufficient cooperation across the entire system. This phenomenon highlights that

when we generalize an algorithm involving steps that are not commutative with addition,

similar divergence problems are likely to arise.

In DeFW [115], the gradients can be averaged directly by gradient tracking, a technique

to accelerate consensus in distributed optimization [84, 126]. DIGing also considers the

increment of gradient when averaging the non-quantized full gradient. However, in this

chapter we have to face the variance of stochastic gradient and the noise of quantization.

These issues do not occur in DeFW. Therefore, we have to use a new strategy to let them

make a gradual consensus.

2.4 New Decentralized Quantized Stochastic Frank-Wolfe Algorithm

In this section, we propose a novel efficient Decentralized Quantized Stochastic Frank-

Wolfe (DQSFW) algorithm to solve the problem (2.1) by using the gradient tracking tech-

11



nique [115, 126]. DQSFW algorithm is given in Algorithm 1.

In Algorithm 1, x(i)t is a column vector that denotes the model parameter on i-th node in

iteration t. We use upper case Xt to represent the matrix

Xt = [x(1)t ,x(2)t , . . . ,x(M)
t ]

Inspired by Choco-Gossip algorithm [51], we also define a replicated x̂(i)t of x(i)t on each

node. The reason is when we apply gossip update, the exact value of model parameter on

other nodes are unknown since there exists quantization and the communication is inexact.

The replica x̂(i)t is an estimation of x(i)t , which is also updated at each iteration. And the

consensus step is formulated as line 8 in Algorithm 1. According to the update of x̂(i)t (line

9 and line 10 in Algorithm 1), on all neighbors of the i-th node, the replica is added by an

identical transmitted message z(i)t , which implies the values x̂(i)t on all neighbors of the i-th

node are consistent. Therefore, replica x̂(i)t is well-defined. Similar to Xt , we also define

matrices

X̂t = [x̂(1)t , x̂(2)t , . . . , x̂(M)
t ],

X t = [x̄t , x̄t , . . . , x̄t ]

where x̄t represent the mean value: x̄t =
1
M ∑

M
i=1 x(i)t .

g(i)t is a stochastic gradient on i-th node calculated by selected samples and v(i)t is our key

estimation of the gradient on i-th node which is defined as Eq. (2.6) with a kind of momentum

scheme. Here v̂(i)t is the replica of v(i)t (see similar concept of x̂(i)t ). For initialization, we set

v̂(i)−1 = 0 and v(i)−1 = g(i)0 . The definition and role of βt will be discussed later in Remark 2.

Our convergence analysis shows that, though our gradient estimator in line 4 is biased, the

gradients on all nodes are getting close to the full gradient uniformly. To make consensus on

12



Algorithm 1 Decentralized Quantized Stochastic Frank-Wolfe (DQSFW)
Input: restricted domain Ω, matrix W , initial point X̂0 = X0 ∈Ω

Parameter: ηt , γt , βt , αt , T
Output: x̄t̂ , where t̂ is chosen uniformly from {0,1, . . . ,T}

1: On i-th node:
2: for t = 0,1, . . . ,T −1 do
3: Compute an estimation of the gradient g(i)t

4: Update v(i)t = (1−βt)v
(i)
t−1 +βtg

(i)
t +αt ∑ j wi j(v̂

( j)
t−1− v̂(i)t−1)

5: Compute q(i)t =C(v(i)t − v̂(i)t−1) and communicate with neighbors

6: Update replica v̂( j)
t = v̂( j)

t−1 +q( j)
t for neighbor j

7: Calculate linear oracle d(i)
t such that d(i)

t = argmaxd∈Ω〈d,−v(i)t 〉
8: Update x(i)t+1 = (1−ηt)x

(i)
t +ηtd

(i)
t + γt ∑ j wi j(x̂

( j)
t − x̂(i)t )

9: Compute z(i)t =C(x(i)t+1− x̂(i)t ) and communicate with neighbors

10: Update replica x̂( j)
t+1 = x̂( j)

t + z( j)
t for neighbor j

11: end for

gradient and parameter, we adopt the gossip update [51] in line 4 and line 8 respectively.

v(i)t = (1−βt)v
(i)
t−1 +βtg

(i)
t +αt ∑

j
wi j(v̂

( j)
t−1− v̂(i)t−1) (2.6)

In line 5 and line 9 of Algorithm 1, we apply a gradient quantization method that

satisfies the Compressor Assumption. As mentioned previously, the quantization scheme

is not limited to the signSGD used in this chapter. Line 7 is the typical linear oracle in

Frank-Wolfe method to get a direction d(i)
t . In the Frank-Wolfe vanilla algorithm, the update
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of x(i)t should be x(i)t+1 = x(i)t +ηt(d
(i)
t − x(i)t ). For convenience, we define matrices

Vt = [v(1)t ,v(2)t , . . . ,v(M)
t ],

V̂t = [v̂(1)t , v̂(2)t , . . . , v̂(M)
t ],

V t = [v̄t , v̄t , . . . , v̄t ],

Dt = [d(1)
t ,d(2)

t , . . . ,d(M)
t ],

Dt = [d̄t , d̄t , . . . , d̄t ]

where v̄t and d̄t are mean values

v̄t =
1
M

M

∑
i=1

v(i)t , d̄t =
1
M

M

∑
i=1

d(i)
t

By the doubly stochastic property of W , we have

X t+1 = (1−ηt)X t +ηtDt (2.7)

It is easy to verify that when x0 ∈Ω, x̄t ∈Ω for ∀t. Hence the constraint is always satisfied.

Here we should note that we do not have to store all the replica in practice. We can regard

∑ j wi j(x̂
( j)
t − x̂(i)t ) as a term, and obtain iteration formula

∑
j

wi j(x̂
( j)
t+1− x̂(i)t+1) = ∑

j
wi j(x̂

( j)
t − x̂(i)t )+∑

j
wi j(z

( j)
t − z(i)t ). (2.8)

Therefore, we only need one buffer with the size of xt to compute this term. So, it is with

∑ j wi j(v̂
( j)
t − v̂(i)t ). We will use Eq. (2.8) to save memory in our experiments.
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2.5 Convergence Analysis

In this section, we study the convergence properties of our DQSFW algorithm. All

proofs can be found in the Appendix. We begin by introducing some mild assumptions and

the definition of the Frank-Wolfe gap [44]:

G (x) = max
v∈Ω

〈v− x,−∇ f (x)〉 (2.9)

The convergence criteria is E‖G (x)‖≤ ε .

Assumption 2.1. (Lipschitz Gradient) There is a constant L such that for ∀i ∈ {1,2, . . . ,M},

we have

‖∇ fi(x)−∇ fi(y)‖ ≤ L‖x− y‖. (2.10)

Assumption 2.2. (Compact Domain) There is a diameter D of domain Ω.

Assumption 2.3. (Lower Bound) Function f (x) has the lower bound infx∈Ω f (x) = f− >

−∞.

Assumption 2.4. (Spectral Gap) Given the doubly stochastic symmetric matrix W, we define

λ1,λ2, . . . ,λM to be its eigenvalues in descending order. Then max{|λ2|, |λM|} < 1. Let

ρ = max{|λ2|, |λM|} and ζ = 1−λM.

Assumption 2.5. (Compressor Assumption) Compressor C(·) satisfies ‖C(x)− x‖2 ≤ (1−

δ )‖x‖2, where 0 < δ ≤ 1.

Assumption 2.6. (Bounded Gradient and Bounded Variance) The generated gradient esti-

mator g(i)t satisfies E[g(i)t ] = ∇ fi(x
(i)
t ), E‖g(i)t −∇ fi(x

(i)
t )‖2 ≤ σ2, ‖∇F(i)(x(i)t ;ξ )‖ ≤ G.
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Based on above assumptions, we demonstrate three lemmas of our DQSFW algorithm.

Lemma 1 and Lemma 2 estimate the consensus between model parameter Xt and gradient

Vt respectively. Lemma 3 implies that our gradient estimator Eq. (2.6) on different node

approaches the value of full gradient uniformly and gradually. The detailed proof of lemmas

can be found in Appendix A.2.

Lemma 2.1. Let δ0 = 1−
√

1−δ 2, δ1 = 1− (1−δ 2
0 )

2. αt = γt = γ = min{1, δ0
ζ
, (1−ρ)δ1

2ζ 2 }.

c1 = (1−ρ)γ , c2 = δ , c3 = min{ (1−ρ)γ
2 , δ1

2 }. A = (1+ c1)(1− (1−ρ)γ)2 +(1− δ )(1+

1
c2
)γ2ζ 2, B = (1+ 1

c1
)γ2ζ 2 + (1− δ )(1+ c2)(1+ γζ )2. Let Q = 8(1+ 1

c3
)(A+B). Set

η0 =
c3

3
16(1+c3)(A+B) and ηt =

η0
(t+1)θ , 0 < θ < 1. Then there exists a constant R1 satisfying

‖Xt−Xt‖2
F +‖Xt− X̂t‖2

F ≤
QR1MD2

(t +1)2θ

Lemma 2.2. Let c4 = c2
3, β0 =

B(1+c4)
Ac4

and βt =
β0

(t+1)2θ/3 . Then there exists constant R2

such that

‖Vt−Vt‖2
F +‖Vt−V̂t‖2

F ≤
QR2MG2

(t +1)2θ/3

Lemma 2.3. Denote v̄t =
1
M ∑

M
i=1 v(i)t . There exists constant S such that

E‖v̄t−
1
M

M

∑
i=1

∇ fi(x
(i)
t )‖2 ≤ S

(t +1)2θ/3

Next, we will propose the main theorem of our convergence analysis. Please check the

detailed proof in Appendix A.3.

Theorem 2.1. Let Q, R1, R2 and S be the constants defined in Lemma 1 to Lemma 3. stepsize

ηt is set as Lemma 1. Then we have

E[G (x̄t)]≤ E[
f (x̄t− f (x̄t+1)

ηt
)]+

D
√

2(S+QR1L2D2)

(t +1)θ/3 +
D
√

QR2G
(t +1)θ/3 +

ηtL2D2

2
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Theorem 2.2. Suppose T iterations have been completed. Let t̂ is chosen randomly with

identical probability from {0,1, . . . ,T}. Set θ = 3
4 . Then by Theorem 1 we can obtain

E[G (x̄t̂)] = O(
1

T 1/4 ).

Remark 2.1. Theorem 2.2 shows that our DQSFW algorithm reaches a gradient complexity

of O(ε−4) to achieve an ε-stationary point. And the Frank-Wolfe gap is asymptotically 0,

rather than a neighborhood whose size depends on ε . This is because all parameters in our

algorithm are independent of ε , while in SFW, the stepsize and the number of iterations are

functions of ε .

Remark 2.2. θ = 3
4 is the best trade-off. If βt is too large, the noise of quantization and the

variance of stochastic gradient will cause bad consensus and then affect the convergence. If

βt is too small, the stepsize should also be small. Otherwise the averaged gradient cannot

catch up with the changing of x, which will cause slow convergence. This trade-off is the

challenge and intuition to define our gradient estimator as Eq. (2.6).

Remark 2.3. From the proof in supplementary material we can see the theoretical frame-

work does not only work for signSGD, but also all compressors that satisfy Assumption

5.

2.6 Experimental Results

To validate the efficiency of our new DQSFW algorithm, we performed the experi-

ments on two constrained machine learning applications: matrix completion and model

compression.
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Figure 2.2: The experimental results of decentralized low-rank matrix completion for dataset
MovieLens 100k and MovieLens 1m. Figure (a), (b) and (c) show the training loss with respect to
bits transferred on MovieLens 100k with 20, 40 and 60 workers respectively. Figure (d), (e) and (f)
show the training loss with respect to bits transferred on MovieLens 1m with 20, 40 and 60 workers
respectively.

2.6.1 Decentralized Low-Rank Matrix Completion

Low-rank matrix completion is a model to solve a broad range of learning tasks, such

as collaborative filtering [54] and multi-label learning [128]. The loss function of low-rank

matrix completion problem has the following form:

min
X∈RM×N ∑

(i, j)∈Ω

φ(Xi j−Yi j), s.t. ‖X‖∗ ≤C

where φ : R→ R is the potential non-convex empirical loss function. Y is the target matrix

and Ω is the set of observed entries. [115] also conducts this experiment with MSE loss

function and robust Gaussian loss function. In our experiment, to verify that our algorithm

works well for non-convex objective functions, we adopt the robust Gaussian loss function

φ(z) =
σ0

2
(1− exp(− z2

σ0
)) (2.11)
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Name User Movie Record

MovieLens 100k 943 1682 100000
MovieLens 1m 6040 3952 1000209

Table 2.2: Descriptions of MovieLens Datasets.

In our experiment, the parameter σ0 is fixed as 2. We run our experiment on two

benchmark datasets, MovieLens 100k and MovieLens 1m [35]. Both of two datasets are

records of movie ratings from plenty of users, and are usually used to train recommendation

systems. The descriptions of these two datasets are shown in Table 2.2. MovieLens 100k

has 943 users, 1682 movies, and 100000 rating records. MovieLens 1M has 6040 users,

3952 movies, and 1000209 rating records. All ratings vary from 0 to 5. We scale them to the

interval [0,1]. The rating records can be converted into matrix, where row represents user id

and column represents movie id. Each record serves as an observation. As our purpose is to

verify the performance of the optimization algorithm, we take all data for training.

For both datasets, we deploy our experiment on M = 20,40,60 MPI worker nodes,

respectively, using mpi4py. Each node is an Intel Xeon E5-2660 machine within an infinity

band network. We assign 1/M of the rating records to each worker. For MovieLens 100k,

we set C = 2000 while for MovieLens 1m we set C = 5000.

In this task, the linear oracle can be obtained by singular value decomposition (SVD).

Let the SVD of v(i)t be U ·S ·V T . Then the linear oracle d =−C ·u · vT where u and v are

the singular vectors corresponding to the largest singular value (also named leading vectors

of SVD). In practice, we only need to compute the leading vectors, while in projected

algorithms, we have to do the completed SVD.

We choose two other projection-free methods DeFW [115] and QFW [135] as baseline

methods. For decentralized algorithms, we use a ring-based topology as the communication

network because it is convenient to implement and achieves linear speedup in communication
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Figure 2.3: The experimental result of decentralized model compression for VGG11 neural network
on dataset CIFAR 10. Figure (a) shows the training loss against time. Figure (b) shows the training
loss against the number of bits transferred

[63]. For QFW, s of the s-partition encoding is set to 1. For all three algorithms, we set

the stepsize ηt = t−0.75. The results of low-rank matrix completion on MovieLens 100k

and MovieLens 1m are shown in Figure 2.2. As many previous quantization works did

(including QFW), we analyze the experimental results with respect to bits transferred, which

means the number of bits sent or received on the busiest node. For decentralized algorithms,

it can be any node, and for centralized algorithm, it is the master node. The number is

divided by the size of x as it is always proportional to the size of x.

From the experimental results we can see that our DQSFW algorithm achieves the best

performance on both datasets. Moreover, we can see that our algorithm becomes more

competitive as the number of workers increases, which verifies the scalability of our method.

With more workers, more sample gradients can be computed, but the number of gradients

computed by DeFW stays the same.

2.6.2 Model Compression

Deep neural networks (DNNs) have achieved remarkable performance in many fields in

recent years. But one of its shortcomings is the high cost of a large number of parameters.

Thus, many attempts have been made to reduce the number of parameters in DNNs, such
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as dropout and pruning. Among these methods, one solution is to add constraint to the

parameters to make them more sparse compulsively [9, 68]. In [9], one popular method was

proposed via adding the spectral norm constraint as follows:

‖Wl‖2 ≤ τ (2.12)

for each layer l. Because the model compression is attracting increasing attentions in

both machine learning research and applications, in this experiment, we solve the model

compression problem using the decentralized learning setting, and validate the performance

of different decentralized quantized algorithms on this task. Here the linear oracle is

d =−τ ·U ·V T , where U ·S ·V T is the SVD of v(i)t . This result can be achieved easily by

the fact that trace norm and spectral norm are dual norms.

In our experiment, we run this task to compress the VGG11 network on the CIFAR 10

dataset, which has 50000 training samples and 10 labels, with constraint (2.12). We perform

this task in decentralized settings where data are distributed on different nodes to verify

our algorithms. Following [9], we use the cross-entropy loss function as a criterion and set

τ = 0.8. The experiment is implemented on 8 GTX1080 GPUs by PyTorch. Each GPU is

treated as a single worker. The communication is based on NVIDIA NCCL.

We consider DeFW and QFW as baseline methods and ring-based topology as com-

munication network. For DeFW and our DQSFW, the decentralized system is a uniform

weight ring network. For QFW, s is set to 1. For all three algorithms, the stepsize is chosen

as ηt =
1
2t−0.75. Due to the limitation of CUDA memory, we cannot compute the full

gradient for DeFW. We calculate 1/5 of the full gradient instead. This issue also indicates

the limitation of DeFW algorithm.

The experimental results are visualized in Figure 2.3. To validate the efficiency of

our algorithm, we compare the loss with respect to the bits transmitted. Similarly to the
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matrix completion experiment, the number of bits transferred is divided by the size of the

parameter. For decentralized algorithms, the number is counted on any node, while for a

centralized algorithm, it is counted on the master node. According to the results, we can

see that DeFW is almost infeasible for this task. In terms of the running time, QFW and

DQSFW have similar performance. From the view of bits transferred, our DQSFW has the

best performance among the three algorithms, which verifies the superior performance of

our new algorithm.

2.7 Conclusion

In this chapter, we proposed a new Decentralized Quantized Stochastic Frank-Wolfe

(DQSFW) algorithm to solve the non-convex constrained optimization problem. We revealed

a potential divergence problem that is likely to occur in general decentralized training, not

just for Frank-Wolfe-type methods, and also provided a solution by achieving consensus

on the gradient. We derived a new theoretical analysis to prove that our algorithm can

achieve the same gradient complexity O(ε−4) as the Stochastic Frank-Wolfe (SFW) method

with much lower communication cost, and the Frank-Wolfe gap is asymptotic to zero. The

experimental results on two machine learning applications, matrix completion and deep

neural network compression, validate the superior performance of our new algorithm.
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Chapter 3: Decentralized Minimax Optimization

3.1 Introduction

In the past few decades, many works have studied the minimax optimization problem

across various research fields, leading to the development of numerous methods. The most

intuitive solution is the Gradient Descent Ascent (GDA) algorithm [24, 86] with equal

stepsizes ηx = ηy. Asymptotic and nonasymptotic convergence analysis has been provided

when f is convex in x and concave in y. Recently, many deterministic and stochastic

gradient algorithms for nonconvex-strongly-concave and nonconvex-concave problems

were proposed. Some algorithms improve the performance of the vanilla GDA method by

adopting different steps in x and y, such as [37, 66], where the stepsize of y is typically

larger than the stepsize of x. Some algorithms update x and y at different frequencies, such

as [46, 77, 89]. These kind of algorithms usually involve a nested loop structure that updates

y more frequently than x to make f (x,y) close to the primal function Φ(x), which is defined

by

Φ(x) = max
y∈Y

f (x,y). (3.1)

As more large-scale machine learning problems arise, distributed training has become a

popular and crucial framework due to its ability and efficiency in handling large data sets.

It is desired to generalize minimax optimization to distributed training to solve large-scale

minimax problems. In distributed optimization, the original centralized optimization suffers
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from a bottleneck communication problem, i.e., the communication traffic on the busiest

central node, especially when the network is large [63, 133]. To tackle this communication

issue, decentralized optimization was proposed and has emerged as a promising technique.

It is a distributed machine learning training paradigm that does not rely on a centralized

network topology. Different worker nodes collaboratively utilize their own local data to

implement large-scale training tasks, and at each iteration, they only have to communicate

with their neighbors. Decentralized algorithms have been shown to enhance communication

efficiency by avoiding the communication overhead problem. Decentralized methods are

also advantageous when the network suffers from communication restrictions or has low

bandwidth between some nodes and the central node. Moreover, it is an essential method in

situations where data are geographically distributed and centralized data processing is not

available, or there are concerns about preserving data privacy [130].

Recently many works were proposed to improve the performance of decentralized

training. D-PSGD [63] theoretically justifies the potential advantage of the decentralized

algorithm. D2 [106] improves the convergence rate to outperform D-PSGD by eliminating

the influence of data variance among different workers. D-SPIDER-SFO [90] incorporates

D2 and SPIDER [26, 117], which is a kind of variance reduction technique [48], to further

reduce gradient complexity. DQSFW [119] studies decentralized constrained problem with

Frank-Wolfe method. GT-HSGD [123] extends STORM to a decentralized setting, which

is a variance-reduced approach that does not fetch a mega batch periodically. However,

decentralized minimax optimization is still very limited, and existing methods suffer from a

very high gradient complexity [70, 111]. Thus, we are motivated to design an accelerated

decentralized algorithm for minimax problems.

In this chapter, thus, we propose a faster Decentralized Minimax Hybrid Stochastic

Gradient Descent (DM-HSGD) algorithm to solve the following decentralized stochastic
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minimax optimization problem:

min
x∈Rd1

max
y∈Y

f (x,y) =
1
n

n

∑
i=1

fi(x,y), fi(x,y) := E
ξ (i)∼Di

Fi(x,y;ξ
(i)) (3.2)

where n is the number of worker nodes, Y is a convex set. Here the local component

objective function Fi(x,y;ξ (i)) is L-smooth, nonconvex in x, and strongly-concave in y. Di

is the data distribution on the i-th node. In this chapter, the data distribution can be non-

identical. The random variable ξ (i) is an index sampled from the local data. We summarize

our contributions as follows.

(1) In this chapter, we propose a new accelerated decentralized stochastic first-order

algorithm, named DM-HSGD, to solve decentralized nonconvex-strongly-concave

minimax optimization problems. Our algorithm is the first stochastic gradient algo-

rithm to solve general decentralized minimax problems on non-identically distributed

data with theoretical guarantees. Moreover, our algorithm does not require a large

batch size or nested loops, making it more practical and efficient to implement.

(2) We provide a completed proof to guarantee the convergence of our algorithm to

solve decentralized stochastic minimax optimization. Under nonconvex-strongly-

concave condition, our algorithm obtains SFO complexity of O(κ3ε−3) to search

an ε-stationary point of function Φ(x) = maxy∈Y f (x,y). This result is faster than

the complexity of previous decentralized minimax algorithms [70, 111]. Moreover,

we also prove that our method achieves linear speedup as the number of workers n

increases, which verifies its ability to solve large-scale problems.

The rest of this chapter is organized as follows. In Section 2, we introduce related works.

In Section 3, we present our new DM-HSGD algorithm. In Section 4, we show the main

theorems of convergence and complexity analysis. In Section 5, we discuss our experimental
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Table 3.1: Comparison of Related Algorithms for Minimax Optimization

Name SFO Decentralized Stochastic Implementation Reference

SGDA O(κ3ε−4) ×
√

single-loop [66]
SGDmax O(κ3ε−4 log(1

ε
)) ×

√
double-loop [66]

SREDA O(κ3ε−3) ×
√

double-loop [77]
Acc-MDA O(κ3ε−3) ×

√
single-loop [39]

DPOSG O(ε−12)
√

(iid)
√

single-loop [70]
GT/DA O(Nε−2 log(1

ε
))

√
(non-iid) × double-loop [111]

DM-HSGD O(κ3ε−3)
√

(non-iid)
√

single-loop Ours

results, and Section 6 concludes this chapter.

3.2 Related Works

3.2.1 Centralized Minimax Optimization

In recent years, many algorithms for solving minimax optimization were proposed,

and the majority of them were studied under the nonconvex-strongly-concave condition.

SGDmax [46] is a double loop algorithm that achieves the SFO complexity of O(κ3ε−4log(1/ε))

where κ = L/µ is the condition number. Multistep GDA (MGDA) [89] is a double loop

algorithm and HiBSA [75] is a single loop algorithm. Both MGDA and HiBSA are determin-

istic and hence can only solve finite-sum problems. Both of them achieve SFO complexity

of O(κ4Nε−2). Proximal Dual Implicit Accelerated Gradient (ProxDIAG) is a deterministic

triple loop algorithm whose SFO complexity for the finite-sum problem is O(κ1/2Nε−2).

SGDA [66], Stochastic Recursive gradiEnt Descent Ascent (SREDA) [77], and Hybrid

Variance-Reduced SGD [110] are more related to our work. SGDA is a single loop algorithm

to solve nonconvex-strongly-concave and nonconvex-concave minimax problems. For

nonconvex-strongly-concave problem, it requires O(κ3ε−4) SFO complexity to find an

ε-stationary point of Φ(x). In this chapter, we will prove that our method achieves a better

SFO complexity.
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SREDA [77] is a double loop algorithm that achieves O(κ3ε−3) SFO complexity. It

accelerates SGDA by using SPIDER, which is a variance reduction technique and uses

the newest gradient information [26, 87]. SREDA also involves a separated initialization

algorithm called PiSARAH [88] to ensure the convergence. More recently, [42] proposed

an efficient mirror descent ascent algorithm for nonconvex-strongly-concave minimax opti-

mization with nonsmooth regularization based on Bregman distance and variance reduced

technique of SPIDER. In this chapter, we use another variance-reduced technique, named

STORM or hybrid stochastic gradient descent [18], to accelerate the algorithm. We will

discuss the challenges of using SPIDER on decentralized settings in Section 3.3. Unlike

SREDA, our method only requires a large batch in the first iteration. Except for the first

iteration, we can use either a single sample or a mini-batch to calculate the stochastic

gradient. However, SREDA loads a mega-batch with size O(ε−2) periodically (every q

iterations) and needs O(ε−1) gradient oracles at each iteration, which is not practical for

large-scale problems. In addition, the maximizer in SREDA is a nested loop to update the

variable y and if we count the loop of SPIDER then SREDA is actually a triple algorithm.

On the contrary, there is no nested loop in our DM-HSGD, which makes our method more

efficient and convenient to implement. Moreover, unlike SREDA, our method does not

require a separate initialization algorithm to calculate a precise initial value for y.

Hybrid Variance-Reduced SGD algorithm also takes advantage of hybrid stochastic

gradient descent to accelerate minimax optimization. For example, [39, 110] applied the

Hybrid Variance-Reduced SGD to minimax problems. More recently, [33, 41] proposed

some efficient adaptive gradient descent ascent methods for nonconvex-strongly-concave

minimax optimization based on momentum techniques including Hybrid Variance-Reduced

SGD.
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3.2.2 Decentralized Minimax Optimization

At decentralized setting, most minimax algorithms were proposed for convex-concave

problem [53, 80]. In [72] a nonconvex-nonconcave algorithm DPPSP was proposed. How-

ever, it is not gradient-based and the closed-form solution to the subproblem is not ensured in

our problem. Hence we will not discuss it in this chapter. Decentralized Parallel Optimistic

Stochastic Gradient (DPOSG) [70] is the first algorithm applicable to a general decentralized

minimax problem with theoretical guarantees. It is a single loop minimax algorithm that

generalizes Optimistic Stochastic Gradient (OSG) [17] to decentralized training. However,

DPOSG has some obvious drawbacks. The first one is that the gradient complexity O(ε−12)

is too high and we are motivated to design a faster algorithm. The second one is that DPOSG

only works in the case where the data distribution is identical. When the data distribution is

non-identical, the Lemma 3 in [70] is not satisfied. Actually, the assumption of identical

data distribution is not satisfied at most decentralized training tasks. Thus, in this chapter,

we do not use this assumption.

More recently, [111] studied decentralized nonconvex-strongly-concave minimax prob-

lems and proposed a double-loop deterministic Gradient Tracking/Descent-Ascent algorithm

which extends the vanilla GDA to decentralized setting and combines it with gradient

tracking. It achieves a gradient complexity of O(ε−2). However, in large-scale machine

learning tasks such as deep neural networks, the full gradient is generally unavailable

and the application of deterministic algorithms is very restricted. If we convert Gradient

Tracking/Descent-Ascent to stochastic gradient version, the SFO complexity should be at

least O(ε−4), which is the same result as SGD in nonconvex optimization. Under the same

conditions, our new algorithm achieves a better SFO complexity of O(ε−3).

[76] studied decentralized reinforcement learning problem based on distributed con-

strained Markov decision process model and proposed a decentralized policy gradient
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optimization method named Safe Dec-PG, which achieves SFO complexity of O(ε−4).

However, the problem studied in [76] has a special form that is linear in y. In this chapter,

we focus on general minimax problem. [8] is a simultaneous work of our work that studies

a more general decentralized variational inequality problem with higher complexity. We

summarize the comparison of related algorithms for general minimax optimization in Ta-

ble 3.1. For decentralized algorithms DPOSG, GT/DA, and DM-HSGD, we also discuss

whether they can converge on non-identical distributed data.

3.3 Proposed New Algorithm

3.3.1 Preliminaries

Before we propose our algorithms, we will introduce the notation used in this chapter

and some important concepts. We use lower case x(i)t and y(i)t to represent the column

vector parameters on the i-th worker node. We use upper case Xt and Yt to represent the n-

column matrix formed by x(i)t and y(i)t respectively, which means Xt = [x(1)t ,x(2)t , . . . ,x(n)t ] and

Yt = [y(1)t ,y(2)t , . . . ,y(n)t ]. Column vectors u(i)t , v(i)t , g(i)t and h(i)t are gradient estimators used

in our algorithms. The upper case Ut , Vt , Gt and Ht are matrices of which the i-th column is

u(i)t , v(i)t , g(i)t and h(i)t respectively. Lower case with a bar represents the mean vector. The

upper case with a bar represents the matrix in which each column is the mean vector. For

example, x̄t =
1
n ∑

n
i=1 x(i)t and X̄t = [x̄t , x̄t , . . . , x̄t ]. We define the optimal maximum value of

y as:

y∗(·) = argmax
y∈Y

f (·,y), ŷt = argmax
y∈Y

f (x̄t ,y) (3.3)

Note that when f is strongly-concave in y, ŷt is unique. We also define:

δt = ‖ŷt− ȳt‖2 (3.4)
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Bold number 0 and 1 are n×1 column vectors that each entry is 0 and 1, respectively. For

matrices, we use ‖·‖F to denote Frobenius norm and ‖·‖2 to denote spectral norm. We use

∇x and ∇y to denote the partial derivative with respect to x and y.

The mixing matrix W represents the weights of averaging among the topology of the

communication network. It is doubly stochastic which satisfies:

W1 =W T 1 = 1 (3.5)

We should notice that here matrix W is not assumed to be symmetric so that the communica-

tion network is not restricted to undirected graph.

Algorithm 2 DM-HSGD

Input: mixing matrix W , initial value x(i)0 = x0, y(i)0 = y0, v(i)−1 = g(i)−1 = 0, u(i)−1 = h(i)−1 = 0
Parameter: stepsize ηx, ηy, weight βx, βy, batch size b0, iteration T
Output: x̄ζ , where ζ is chosen randomly from {1,2, · · · ,T}

1: On i-th node:
2: for t = 0,1, . . . ,T −1 do
3: if t = 0 then
4: g(i)t = ∇xFi(x

(i)
t ,y(i)t ;ξ

(i)
x,t ), |ξ (i)

x,t |= b0

5: h(i)t = ∇yFi(x
(i)
t ,y(i)t ;ξ

(i)
y,t ), |ξ (i)

y,t |= b0
6: else
7: g(i)t = ∇xFi(x

(i)
t ,y(i)t ;ξ

(i)
t )+(1−βx)(g

(i)
t−1−∇xFi(x

(i)
t−1,y

(i)
t−1;ξ

(i)
t ))

8: h(i)t = ∇yFi(x
(i)
t ,y(i)t ;ξ

(i)
t )+(1−βy)(h

(i)
t−1−∇yFi(x

(i)
t−1,y

(i)
t−1;ξ

(i)
t ))

9: end if
10: Communicate with neighbors and update gradient estimator as follows
11: v(i)t = ∑

n
j=1 wi j(v

( j)
t−1 +g( j)

t −g( j)
t−1)

12: u(i)t = ∑
n
j=1 wi j(u

( j)
t−1 +h( j)

t −h( j)
t−1)

13: Communicate with neighbors and update model parameter as follows
14: x(i)t+1 = ∑

n
j=1 wi j(x

( j)
t −ηxv( j)

t )

15: y(i)
t+ 1

2
= ∑

n
j=1 wi j(y

( j)
t +ηyu( j)

t ), y(i)t+1 = PY (y(i)
t+ 1

2
)

16: end for
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3.3.2 Decentralized Minimax Hybrid Stochastic Gradient Descent

In this subsection, we introduce our new Decentralized Minimax Hybrid Stochastic

Gradient Descent (DM-HSGD) algorithm. Our algorithm is a single loop minimax algorithm

(summarized in Algorithm 2) which does not contain a nested loop structure.

The initial points of different nodes are the same, i.e. x(i)0 = x0 and y(i)0 . g(i)t and h(i)t are

the gradient estimators with respect to x and y on i-th node. g(i)t and h(i)t are computed in the

same way as STORM [18]. When t = 0, we load a large batch with size b0 to calculate the

stochastic gradient (lines 4 and 5 in Algorithm 2). When t > 0, we can use either a single

sample or a mini-batch to calculate the gradient (lines 7 and 8 in Algorithm 2). g(i)t can also

be written as

g(i)t =βx∇xFi(x
(i)
t ,y(i)t ;ξ

(i)
t )+(1−βx)

(
g(i)t−1−∇xFi(x

(i)
t−1,y

(i)
t−1;ξ

(i)
t )+∇xFi(x

(i)
t ,y(i)t ;ξ

(i)
t )
)
(3.6)

which is a linear combination of the gradient estimators of stochastic gradient descent (the

first part) and SPIDER (the second part). As we have mentioned, SPIDER is a variance-

reduced method that utilizes the latest gradient information. Thus, estimator Eq. (3.6) is

also called hybrid stochastic gradient descent. It is the same with h(i)t . Then each worker

communicates with their neighbors to compute gradient estimator v(i)t and u(i)t . Here we use

gradient tracking [21, 126] to reduce the consensus error (lines 11 and 12 in Algorithm 2).

We will discuss why gradient tracking is necessary in our method in the next subsection.

After we obtain u(i)t and v(i)t , each worker communicates with their neighbors again and

updates the model parameters x and y. Here PY (·) represents the projection onto convex set

Y . In the theoretical analysis, we define Y− 1
2
= Y0.
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3.3.3 Discussions on STORM and Gradient Tracking

In this subsection, we discuss the intuition behind our algorithm and explain why we

chose STORM and gradient tracking rather than generalizing SREDA for the decentralized

setting. The first reason is that SREDA requires a large or full batch periodically, which

is expensive and often unavailable. Additionally, SREDA involves too many nested loops,

making it inefficient and inconvenient. From a theoretical analysis perspective, normalization

or projection is likely to cause divergence in decentralized training on non-identical data

distributions, as indicated by Example 3.1. Therefore, in the context of this chapter, SPIDER

will probably not converge to a stationary point. Moreover, SREDA adopts a smaller stepsize

at the beginning and a larger stepsize at the end when ‖vt‖ becomes small enough. However,

when the data distribution is non-identical, ‖vt‖ may not tend to 0, and the stepsize of

SREDA will likely always remain small. In contrast, STORM can avoid these issues, so we

use STORM to accelerate the decentralized minimax algorithm.

In the standard decentralized framework D-PSGD [63], the consensus error satisfies

‖Xt − X̄t‖F ≤ O(ε) when the stepsize η is O(ε) and t is large enough. The following

Example 3.2 is a simple example to show that this bound is tight and there are cases where

consensus error ‖Xt − X̄t‖F is exactly Θ(η) when the data distribution is non-identical.

However, according to the analysis of STORM [18] without gradient tracking, the error

term et = ḡt−∇x f (x̄t , ȳt) between the averaged update direction and the correct direction is

supposed to satisfy:

‖et‖2≤ (1−βx)‖et−1‖2+O(η4
x ) . (3.7)

Nevertheless, the consensus error ‖Xt− X̄t‖2
F is only O(η2

x ) and cannot be as small as O(η4
x )

if there is no gradient tracking. Therefore, to inherit the analysis framework of STORM, the

gradient tracking in our algorithm is essential.
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Example 3.1. Assume f (x) = f1(x)+ f2(x), where x = (a,b) ∈ R2. f1(x) = a and f2(x) =
√

3b are defined on two different nodes. Let W be the uniform weighted mixing matrix.

We can compute v1 = (1,0) and v2 = (0,
√

3). The ideal averaged gradient direction is

v∗ = (1/2,
√

3/2). However, if we do normalization before making consensus, the obtained

gradient estimator is v = (1/2,1/2), which is deviated from v∗.

Example 3.2. Suppose there are two sequences {pt} and {qt} defined on two different

nodes with p0 = q0. They are updated by pt+ 1
2
= pt −ηa and qt+ 1

2
= qt −ηb in each

iteration, respectively, where a and b are fixed gradient directions. As data distribution is

non-identical, we have a 6= b. Assume the mixing matrix is

W =

2/3 1/3

1/3 2/3


Then we have

pt+1−qt+1 =
1
3
(pt−qt)−

η

3
(a−b)=

1
3t+1 (p0−q0)−η(

t+1

∑
s=1

1
3s )(a−b)=

η

2
(1− 1

3t+1 )(b−a)

(3.8)

Therefore, limt→∞‖pt−qt‖= η

2 ‖a−b‖.

3.4 Convergence Analysis

In this section, we will show the main theorems of our convergence analysis. The

theoretical results show that the SFO complexity of our algorithm is O(κ3ε−3), which is

the same as the best result in centralized minimax problem [77]. First we will introduce the

following assumptions.
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Assumption 3.1. (Lipschitz Gradient). Each component function Fi(x,y;ξ ) is L-smooth,

which means there exists a constant L such that for any (x,y) and (x′,y′), we have

‖∇Fi(x,y;ξ )−∇Fi(x′,y′;ξ )‖2≤L2(‖x− x′‖2+‖y− y′‖2)

Assumption 3.2. (Bounded Variance). The gradient of each component function Fi(x,y;ξ )

is an unbiased estimator of ∇ fi(x,y) and has bounded variance, i.e.,

E‖∇Fi(x,y;ξ )−∇ fi(x,y)‖2 ≤ σ <+∞

Assumption 3.3. (Lower Bound). The function Φ(·) is lower bounded, i.e., infx Φ(x) =

Φ∗ >−∞.

Assumption 3.4. (Spectral Gap). The doubly stochastic matrix W satisfies ‖W − 11T

n ‖2=

λ ∈ [0,1).

Assumption 3.5. (Strongly Concave). The function fi(x,y) is µ-strongly-concave in y. That

is, there exists a constant µ > 0, for any x, y and y′, we have

fi(x,y)≤ f (x,y′)+ 〈∇y f (x,y′),y− y′〉− µ

2
‖y− y′‖2

These are very common and mild assumptions that are frequently assumed in previous

works. Assumptions 3.1, 3.2 and 3.3 are also used in minimax methods [77] and [66].

Assumption 3.4 is used in [123]. Typically, the spectral gap assumption is stated as W

is symmetric and |λ2|< 1, |λn|< 1 where λ1 ≥ λ2 ≥ ·· · ≥ λn are the eigenvalues of W

[51, 63, 133]. Our Assumption 3.4 is automatically satisfied if the typical spectral gap

assumption holds (see Lemma 16 in [51]). Assumption 3.5 is the definition of strong

concavity.
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In nonconvex-strongly-concave problems, we use ε-stationary point of Φ(x), i.e. ‖∇Φ(x)‖≤

ε as the convergence criterion. From Lemma 4.3 in [66], we know that Φ(x) is differentiable

and (L+κL)-smooth and y∗(·) is κ-Lipschitz, which means ‖y∗(x1)−y∗(x2)‖≤ κ‖x1−x2‖

for any x1,x2 ∈ Rd1 . Furthermore, we have:

∇Φ(x̄t) = ∇x f (x̄t , ŷt)+∇y f (x̄t , ŷt) ·∂y∗(x̄t) = ∇x f (x̄t , ŷt) (3.9)

since ∇y f (x̄t , ŷt) = 0. This criterion is broadly used in the analysis of nonconvex-strongly-

concave minimax optimization [66, 108]. Now we will provide the main theorems of our

convergence analysis. Completed proof can be found in the Supplementary Material.

Theorem 3.1. Let Assumptions 3.1 to 3.5 hold. When parameters βx =
ε min{1,nε}

20 , βy =

ε min{1,nε}
500κ2 , ηx =

(1−λ )2 min{1,nε}
2000κ3L , ηy =

(1−λ )2 min{1,nε}
500κL , b0 =

400
min{1,nε} , T = 4000κ3ε−2

(1−λ )2 min{1,nε} ,

our Algorithm 2 satisfies

1
T

T−1

∑
t=0

E‖∇Φ(x̄t)‖2 ≤ L(Φ(x0)−Φ
∗)ε2 +σ

2
ε

2 +L2
δ0ε

2 +
ε2

n

n

∑
i=1

E‖∇x fi(x0,y0)‖2

+
ε2

n

n

∑
i=1

E‖∇y fi(x0,y0)‖2 (3.10)

Corollary 3.1. When the parameters are defined as Theorem 3.1, we can see 1
T ∑

T−1
t=0 E‖∇Φ(x̄t)‖2≤

O(ε2). Therefore, if n ≤ O(ε−1), the SFO complexity of Algorithm 2 is O(κ3ε−3). If

n > O(ε−1), the SFO complexity is O(κ3nε−2). Besides, from the proof of Theorem 3.1 we

can see error ‖ȳt− y∗(x̄t)‖2 is also bounded by the right side of Eq. (3.10).

Theorem 3.1 is the theoretical result when T is determined by ε . If the number of

iteration T is not fixed, we have the following conclusion.

Theorem 3.2. Let Assumptions 3.1 to 3.5 hold. We set the parameters as T = 4000κ3T0
(1−λ )2 ,

βx =
n1/3

20T 2/3
0

, βy =
n1/3

500κ2T 2/3
0

, ηx =
(1−λ )2n2/3

2000κ3T 1/3
0 L

, ηy =
(1−λ )2n2/3

500κT 1/3
0 L

, b0 =
T 1/3

0
n2/3 , where we suppose
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T0 ≥ 10n2. Then our algorithm satisfies

1
T

T−1

∑
t=0

E‖∇Φ(x̄t)‖2 ≤ L(Φ(x0)−Φ∗)+σ2 +L2δ0

(nT0)2/3 +
1
n ∑

n
i=1E‖∇x fi(x0,y0)‖2

T0

+
1
n ∑

n
i=1E‖∇y fi(x0,y0)‖2

T0
(3.11)

Corollary 3.2. From Theorem 3.2, we know 1
T ∑

T−1
t=0 E‖∇Φ(x̄t)‖2≤ O( 1

(nT0)2/3 ) + O( 1
T0
)

when parameters are defined as above. As we suppose T0 ≥ O(n2), the dominating term in

the convergence rate is O( 1
(nT0)2/3 ), which indicates the linear speedup of our algorithm.

3.5 Experiments

3.5.1 Robust Logistic Regression

We conduct the experiment of decentralized robust logistic regression1 task as the first

experiment, which was proposed in [131] and was also conducted in the related work [77].

Given dataset {(ai,bi)}n
i=1, where ai ∈ Rd is the feature and bi ∈ {−1,1} is the label, the

robust logistic regression problem is formulated as follows:

min
x∈Rd

max
y∈∆n

f (x,y) =
n

∑
i=1

yili(x)−V (y)+g(x) (3.12)

where yi is the i-th component of variable y. li(x) is the logistic loss function which

is defined by li(x) = log(1 + exp(−biaT
i x)). V (y) is a divergence measure defined by

V (y) = 1
2λ1‖ny−1‖2. ∆n represents the simplex in Rn, which means

∆n = {y ∈ Rn|0≤ yi ≤ 1,
n

∑
i=1

yi = 1} (3.13)

1https://github.com/WH-XIAN/DM-HSGD
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g(x) is a nonconvex regularization with form g(x) = λ2 ∑
d
i=1

αx2
i

1+αx2
i
. Following the exper-

imental settings in [77, 131], we let λ1 =
1
n2 , λ2 = 0.001 and α = 10 in our experiment.

Table 3.2: Descriptions of datasets used in our experiment

Name a9a covtype ijcnn1 phishing rcv1 w8a

N 32561 581012 49990 11055 20242 49749
d 123 54 22 68 47236 300

We conduct our experiment on six real-world training datasets “a9a”, “covtype”, “ijcnn1”,

“phishing”,“rcv1” and “w8a”, which can be downloaded from LIBSVM2 repository. The

description of datasets is listed in Table 3.2 where N is the number of samples and d is the

number of features. We implement our code on an MPI cluster where each node is equipped

with 12-core Intel Xeon E5-2620 v3 2.40 GHz processor.

Figure 3.1: Results of our decentralized robust logistic regression task. Figure (a) to (f) show the
value of Φ(x) with respect to the number of gradient oracles divided by 103. Figure (a), (b), (c), (d),
(e) and (f) are experimental results on “a9a”, “covtype”, “ijcnn1”, “phishing”, “rcv1” and “w8a”
respectively.

2https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets
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We compare our DM-HSGD algorithm with baseline algorithms: SGDA [66], SREDA

[77], DPOSG [70], and stochastic Gradient Tracking/Descent Ascent (SGTDA) [111]. We

consider the algorithms for solving stochastic problems. We set the number of worker nodes

to n= 20 and use the ring-based topology as the communication network. For each algorithm,

we perform a grid search for learning rates ηx and ηy from {0.1,0.01,0.001,0.0001}. The

mini-batch size is set to 20. The number of iterations in the nested loop for double-loop

algorithms is set to K = 5. For DM-HSGD, we set the batch size in the first iteration to

b0 = 10000. βx and βy are set to 0.01. For SREDA, we set ε = 0.1 in the factor ε

‖vt‖ , period

q = 50 and large batch size S1 = 1000. We compare the value of Φ(x) with respect to the

number of gradient oracles among different algorithms, which can also be calculated by the

projection onto simplex ∆n. The experimental results are shown in Figure 3.1. From the

experimental results in Figure 3.1, we can see our new DM-HSGD algorithm converges

faster than other baseline algorithms, which verifies the performance of our method.

3.5.2 Policy Evaluation

Our second experiment is the decentralized policy evaluation (PE) task. PE is an

important task in reinforcement learning, aiming to estimate the value function of a given

policy. The most intuitive and frequently used method for PE is the temporal-difference

(TD) method, which relies on the Bellman equation [20]. However, the traditional TD

method, which is probably not a true gradient descent method as pointed out in [69] and

[103], has been shown to be unstable in the case of off-policy sampling or nonlinear function

approximation. [102] first proposed a method to optimize the objective function of the mean-

squared projected Bellman error (MSPBE), and MSPBE is proven to achieve asymptotic

convergence with arbitrary nonlinear smooth function approximation in [79]. In [114], the

MSPBE objective function with nonlinear approximation is converted into a nonconvex-
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strongly-concave minimax problem by Fenchel’s duality. The problem can be formulated

as:

min
θ

max
w

L(θ ,w) =
1

nNi

n

∑
i=1

Ni

∑
j=1

L(i)
j (θ ,w) ,

L(i)
j (θ ,w) = 〈w, [Ri(s j,a j)+ γVθ (s j+1)−Vθ (s j)]gθ (s j)〉−

1
2
(wT gθ (s j))

2 (3.14)

where s j is a state and a j is an action. Ri represents the reward and γ ∈ (0,1) is the discount

factor. V is a value function that maps the state space to a real number. θ is the parameter to

estimate the value function. Function gθ is the gradient of Vθ and parameter w is yield by

Fenchel’s duality.

Mountaincar [101] is a preliminary task in reinforcement learning. [114] and [116] ran

offline PE task of this problem with primal-dual MSPBE, where the objective function is

formulated as Eq. (3.14). Following the experimental settings in [114], we use Sarsa [101]

to generate trajectories of transitions (si,ai,si+1,ri) with d features and N = 5000 samples

on each worker node. We parameterize value function Vθ as a 2-layer neural network with H

hidden neurons. We use Sigmoid function as activation and set discount factor to γ = 0.95.

This experiment is run on an MPI cluster where each node is equipped with 12-core Intel

Xeon E5-2620 v3 2.40 GHz processor.

Figure 3.2: Results of our policy evaluation task. Figures (a), (b) and (c) show the value of Φ(θ)
with respect to the number of gradient oracles divided by 103. In Figures, (a) d = 200, H = 50; (b)
d = 300, H = 100; (c) d = 400, H = 200.
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We compare our DM-HSGD algorithm with baseline algorithms: SGDA [66], SREDA

[77], DPOSG [70], and stochastic Gradient Tracking/Descent Ascent (SGTDA) [111]. We

also consider algorithms for solving stochastic problems. We set the number of worker nodes

to n = 20. We also use a ring-based topology with uniform weights as the communication

network in this task. For each algorithm, we perform a grid search for learning rates ηx

and ηy from {0.1,0.01,0.001,0.0001}. The mini-batch size is set to 20. The number of

iterations in the nested loop for double-loop algorithms is set to K = 5. For DM-HSGD,

we set the batch size in the first iteration to b0 = 2500. βx and βy are set to 0.01. For

SREDA, we set ε = 0.1 in the factor ε

‖vt‖ , period q = 50 and large batch size S1 = 1000. We

compare the values of Φ(θ) with respect to the number of gradient oracles among different

algorithms, which can be calculated by quadratic optimization. The experimental results are

shown in Figure 3.2.

Figure 3.2 (a), (b) and (c) show that our DM-HSGD algorithm achieves the fastest

convergence regarding the number of gradient oracles. From our experimental results, we

can also see that nested loop algorithms for minimax optimization usually consume more

gradient complexities during the training process than single-loop algorithms.

3.6 Conclusion

In this chapter, we proposed a novel accelerated decentralized minimax algorithm,

Decentralized Minimax Hybrid Stochastic Gradient Descent (DM-HSGD), to solve stochas-

tic nonconvex-strongly-concave minimax optimization problems. We prove that our new

method achieves SFO complexity of O(κ3ε−3), which outperforms existing results in de-

centralized minimax optimization and matches the state-of-the-art in centralized minimax

optimization. Our method also achieves linear speedup with respect to the number of

workers, demonstrating its ability to solve large-scale problems. We conducted experi-
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ments on two machine learning tasks—decentralized robust logistic regression and policy

evaluation—to validate the superior performance of our algorithm.

In future work, we will explore decentralized nonconvex-concave minimax optimization

without the strong concavity to solve a broader range of problems, including loss functions

that are linear in y. We will likely consider methods that add perturbations, such as Catalyst

[132].
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Chapter 4: Communication-Efficient Adaptive Gradient Algorithms

4.1 Introduction

Nowadays, as more and more data mining and machine learning applications take

advantage of large-scale data, many learning models are trained in a distributed fashion

across many worker nodes [60]. Specifically, the problem of these tasks can be formulated

as:

f (x) =
1
n

n

∑
i=1

Eξi∼DiFi(x;ξi), (4.1)

where fi(x) = Eξi∼DiFi(x;ξi) is the local objective function on the i-th node that is generally

smooth and possibly nonconvex, and n is the number of worker nodes. Here Di denotes the

data distribution on the i-th node, and different {Di}n
i=1 are probably non-identical.

Although distributed training has shown a significant advantage, it still suffers from the

communication bottleneck, especially when the network bandwidth is limited or the size

of the model is large. To address this critical issue, many methods have been presented to

reduce the cost of communication. Among these methods, one of the most popular ways

is to compress the transmitted message in each communication round, such as gradient

quantization [3, 97] and gradient sparsification [1, 4, 98], on which are the focus of this

chapter. Other methods such as model compression [137] or decentralization [121] also

alleviate the bottleneck issue.

42



Gradient quantization reduces the communication cost by lowering the float-point

precision of gradients so that fewer bits will be transmitted. 1-bit Stochastic Gradient

Descent (1-bit SGD) [97] is a classic and primitive gradient quantization work that uses 1-bit

quantization and dramatically enhances communication efficiency. Quantized Stochastic

Gradient Descent (QSGD) adopts stochastic randomized rounding to obtain an unbiased

estimator after compression. SignSGD and its variant with momentum named Signum [6]

only transmit the 1-bit gradient sign between the workers and the central node, which is

convenient to implement.

Gradient sparsification is another widely-used strategy to decrease the communication

cost which sparsifies the gradient instead of quantizing each element. The most popular way

is to extract the top-k coordinates of local gradients and send them to the master node to

estimate the overall mini-batch gradient. Some of these methods are also combined with

other techniques, such as momentum correction and error-feedback.

Recently, more variants of gradient compression with theoretical guarantees have been

proposed, such as SGD with Error-Feedback (EF-SGD) [49], Distributed SGD with Error-

Feedback (dist-EF-SGD) [138] and SGD with Error Reset (CSER) [122]. In some recent

works such as [122, 138], the aggregated gradient estimator is also compressed before being

sent back to the workers. Some works also apply gradient compression to other optimizers

such as the Frank-Wolfe algorithm [120].

In addition, to solve problem (4.1), we also need an efficient optimizer to search for

the optimal solution. Among popular optimization methods, adaptive gradient algorithms

[25, 109] have become one of the most important optimization algorithms to pursue higher

efficiency or accuracy in a wide range of data mining and machine learning problems. In the

family of adaptive gradient algorithms, Adam [50] is the most popular one that combines

momentum and adaptive learning rate. Although it achieves great success in practice, several

technical issues in the analysis were pointed out [92] and in some cases the algorithm could
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diverge.

In [92], two variants of Adam, named AMSGrad and Adamnc, were proposed to fix the

theoretical problems in the analysis of Adam. AMSGrad makes the quantity Γt+1 = (
√

Vt+1
αt+1
−

√
Vt

αt
) positive to ensure the convergence, while Adamnc adopts an increasing parameter

β2,t = 1− 1
t .

Despite the success of gradient compression methods, it is hard to use them in distributed

adaptive gradient method. So far, the application of gradient compression to adaptive

gradient algorithm with theoretical guarantee is still limited. Quantized Adam [11] combines

gradient quantization with Adamnc, which keeps track of the local momentum and variance

terms on each worker node and uses quantization when averaging the parameter. Efficient-

Adam [12] is similar to Quantized Adam where the gradient message sent back is also

compressed. However, both Quantized Adam and Efficient-Adam are not proven to achieve

linear speedup or convergence on non-iid data. APMSqueeze [105] and 1-bit Adam [104]

are Adam-preconditioned momentum SGD algorithms with gradient compression. However,

the variance term is fixed during the training process. Even though it is computed by Adam

at the end of warm-up step, technically APMSqueeze and 1-bit Adam are not a true adaptive

gradient method.

Therefore, it is difficult to apply gradient compression to adaptive gradient methods and

maintain the excellent performance of distributed Adam-type algorithms. The challenge is

that the original adaptive learning rate is adjustable based on global information such as

the aggregated gradient. Although the compressed message is a good estimation of local

gradient or momentum, the adaptive learning rate calculated by these inexact messages

could be far away from the original one.

To address the challenging high communication cost limitation in distributed adaptive

gradient methods, we propose a class of novel distributed Adam-type algorithms (called

SketchedAMSGrad), based on the distributed version of the AMSGrad [92] algorithm and
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the gradient sparsification technique named sketching [43, 61].

Our main contributions are summarized as follows.

(1) To efficiently address the communication bottleneck problem in distributed data

mining, we propose a class of novel communication-efficient algorithms named

SketchedAMSGrad with two averaging strategies: parameter averaging and gradient

averaging. Our new methods can reduce the communication cost from O(d) to

O(log(d)).

(2) We provide theoretical analysis based on mild assumptions to guarantee the conver-

gence of our algorithms. Specifically, we prove that our SketchedAMSGrad algorithms

have a convergence rate of O( 1√
nT
), which shows a linear speedup. Our theoretical

analysis also allows the data distribution to be non-identical.

(3) To the best of our knowledge, our method is the first one to utilize the sketching

technique to solve the communication bottleneck in distributed adaptive gradient

methods. The experimental results on training various DNNs verify the performances

of our algorithms, on both identical and non-identical distributed datasets.

4.2 Related Works

In the section, we review the related adaptive gradient algorithms with their compressed

versions and introduce some preliminary background of sketching. The summary of prop-

erties of related methods is listed in Table 4.1. Top-k is considered as the compressor in

the result of the convergence rate. The column ‘Speedup’ represents whether the algorithm

achieves linear speedup. The column ‘Adaptive’ represents whether the algorithm adopts an

adaptive gradient.
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Table 4.1: Comparison of Related Algorithms with Compression

Name Convergence rate Speedup Non-iid Adaptive

Quantized-Adam [11] O( 1√
T
) × ×

√

Efficient-Adam [12] O( 1√
T
) × ×

√

APMSqueeze [105] O( 1√
nT

+ 1
(k/d)2/3T 2/3 )

√ √
×

1-bit Adam [104] O( 1√
nT

+ 1
(k/d)2/3T 2/3 )

√ √
×

SketchedAMSGrad (ours) O( 1√
nT

+ 1
(k/d)2T )

√ √ √

4.2.1 Quantized-Adam and Efficient-Adam

Quantized-Adam [11] is proposed to combine quantization scheme with distributed

Adam algorithm to reduce the communication cost. Specifically, on each worker, it owns a

local momentum term m(i)
t and a local variance term v(i)t . These two terms are updated by

the exponential moving averaging used in Adam-type algorithms. Gradient quantization is

used to compress the term m(i)
t /

√
v(i)t .

Efficient-Adam [12] is a similar work to Quantized Adam. The only difference is that

Efficient-Adam compresses the updating term rather than the parameter. Both of these two

algorithms are parameter averaging, since if there is no compression, they degenerate to an

algorithm where each node is updated by Adam and then the model parameter is averaged.

It is not mathematically equivalent to the typical distributed Adam algorithm where gradient

averaging is used. Though in some cases parameter averaging is convenient to implement, it

is likely to cause bad convergence or be detrimental to the model accuracy, especially when

the optimizer relies on past local gradient. Actually, Quantized-Adam and Efficient-Adam

fail to achieve linear speedup on non-iid data.
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4.2.2 APMSqueeze and 1-bit Adam Algorithms

APMSqueeze [105] and 1-bit Adam [104] are communication-efficient Adam-preconditioned

momentum SGD algorithms. Since the definitions of these two algorithms are similar and

1-bit Adam is the later work, in this chapter we will only discuss 1-bit Adam. In the warm-up

stage, it calculates a variance term vTw . During the training process, vTw is fixed and serves as

the exponential moving averages term vt in regular Adam-type algorithms. However, since

vTw is a fixed variable, 1-bit Adam is not technically an adaptive gradient method. In our

method, the variance term vt is dynamic and is computed by exponentially moving averaging.

In addition, we do not need the warm-up stage with a separate communication-inefficient

optimizer.

4.2.3 Sketching

Sketching [43] is a novel and promising gradient sparsicifation technique that compresses

a gradient vector g into a sketch S(g) of size O(log(d)ε−1) such that S(g) can approximately

recover all coordinates by ĝ2
i = g2

i ± ε‖g‖2
2. It originates from a data structure used in data

streaming named Count Sketch [10] which is designed to find large coordinates in a vector

g defined by a sequence of updates {(i j,w j)}n
j=1.

In [43], sketching serves as a compressor that will approximately recover the true top-k

coordinates of mini-batch gradient 1
n ∑

n
i=1 g(i)t where n is the number of workers. In [96],

the authors explicitly treat it as a compressor, and the sketching and unsketching operators

are denoted by S and U . For convenience, we also use these notation in this chapter. The

sketching method reduces the communication cost to O(log(d)), while gradient quantization

only achieves a constant level reduction and the communication cost is still O(d). The

current best results for the quantization method achieve an approximate compression rate

32× [7, 138]. Compared with the top-k method, one advantage of sketching is to recover
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the true top-k coordinates, where the gradient estimator is v1 ≈ Topk(
1
n ∑

n
i=1 g(i)t ). Although

applying the method in [138] can avoid the O(n) return communication cost mentioned in

[43], the gradient estimator v2 = Topk(
1
n ∑

n
i=1 Topk(g

(i)
t )) is probably still far away from

the true top-k coordinates. This issue can be reflected in the second dominant term in the

convergence rate. In [138], the second dominant term is O( 1
(k/d)4/3T 2/3 ), which is claimed

to be the price to pay for two-way compression and linear speedup. In 1-bit Adam the

stepsize depends on the compression ratio and this term becomes O( 1
(k/d)2/3T 2/3 ) as we

have mentioned. However, in Sketched-SGD and our algorithms, the corresponding term is

O( 1
(k/d)2T ), which is smaller when T is large.

4.3 Sketched Adam-type Algorithms

4.3.1 SketchedAMSGrad (Parameter Averaging)

In this subsection, we will propose the SketchedAMSGrad (PA) algorithm using param-

eter averaging, the description of which is shown in Algorithm 3.

In Algorithm 3, we use the AMSGrad algorithm to update each worker node, based on the

local momentum term m(i)
t and exponential moving averages of squared past gradients v(i)t .

αt is the stepsize and β1,β2 ∈ (0,1) are the exponential moving average hyperparameters in

the Adam-type algorithm. ε > 0 is the initial value of v0 to avoid zero denominators. The

multiplication, division, and square operation between vectors are component-wise. We use

sketching to improve communication efficiency and average the parameters. We also use

error-feedback to further accelerate the convergence.

For convenience, we also use the notation S and U defined in [96] to represent

the sketch operator and the unsketching operator. They can be treated as a compressor

that will approximately recover the true top-k coordinates. In practice, we use a second

round communication which is also required in SketchedSGD [43]. After unsketching,
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we get an estimation of the aggregated mini-batch gradient which is denoted by U (St).

Then we select the largest Pk coordinates to extract their exact values before sketching

from each worker during the second round communication. Finally, we select the top-k

coordinates among these Pk coordinates as ∆t and send them back to each worker. ∆
(i)
t

contains the corresponding k coordinates in m(i)
t /

√
v̂(i)t + αt−1

αt
e(i)t−1 and automatically satisfies

∆t =
1
n ∑

n
i=1 ∆

(i)
t . Therefore, in each iteration, the total communication cost is |S|+Pk+ k

and the compression rate is 2d/(|S|+Pk+ k) where |S| is the sketch size.

Using lemma 1 in [43] and replacing g̃t and ḡi
t with ∆t and (m(i)

t /

√
v̂(i)t + αt−1

αt
e(i)t−1), we

can obtain the following Lemma 4.1.

Lemma 4.1. In Algorithm 3, let ∆̃t =
1
n ∑

n
i=1(m

(i)
t /

√
v̂(i)t + αt−1

αt
e(i)t−1), and give sketch size

Θ(k log(d/δ )), with the probability ≥ 1−δ , we have

‖∆t− ∆̃t‖2 ≤ (1− k
d
)‖∆̃t‖2. (4.2)

Lemma 4.1 indicates that ∆t is an estimation of ∆̃t and illustrates how the sketch

technique can serve as a compressor.

4.3.2 SketchedAMSGrad (Gradient Averaging)

In the subsection, we propose the SketchedAMSGrad (GA) algorithm using gradient

averaging, which is demonstrated in Algorithm 4.

In Algorithm 4, the meanings of the hyperparameters αt , β1 and β2 are the same as those

of Algorithm 3. We also keep track of the local momentum term m(i)
t on each node but the

exponential moving averaging squared gradient vt is defined on the master node. The index

set It represents the coordinates updated in iteration t, which is obtained by the unsketching

operator. Notation h(i)t = (g(i)t )It−1 means for ∀ j ∈It−1, h(i)t maintains the j-th coordinate

of g(i)t . Otherwise, if j /∈It−1, the j-th coordinate of h(i)t is 0. We define It in this way
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Algorithm 3 SketchedAMSGrad (parameter averaging)
Input: initial value x1, sketching operator S and unsketching operator U .
Set: m(i)

0 =0, v(i)0 = v̂(i)0 = ffl, e(i)0 =0 on i-th worker node.
for t = 1 to T do

On i-th worker node:
Estimate a stochastic gradient g(i)t ;
Compute m(i)

t = β1m(i)
t−1 +(1−β1)g

(i)
t ;

v(i)t = β2v(i)t−1 +(1−β2)[g
(i)
t ]2;

v̂(i)t = max{v̂(i)t−1,v
(i)
t };

Sketch S(i)t = S (m(i)
t /

√
v̂(i)t + αt−1

αt
e(i)t−1);

Send S(i)t to the master node;
Send ∆

(i)
t to the master node after unsketching;

Compute e(i)t = m(i)
t /

√
v̂(i)t + αt−1

αt
e(i)t−1−∆

(i)
t ;

Receive ∆t from the master node;
Update xt+1 = xt−αt∆t .

On the master node:
Aggregate St =

1
n ∑

n
i=1 S(i)t ;

Unsketch ∆t =
1
n ∑

n
i=1 ∆

(i)
t = Top-k(U (St));

Send ∆t back to each worker node;
Update xt+1 = xt−αt∆t .

end for

because we want to accumulate the coordinates of the squared gradient that are just updated

and we want to define an auxiliary sequence that makes the convergence analysis more

convenient. The algorithm 4 is a gradient averaging algorithm because if no compressor

is applied, this algorithm degenerates to the common distributed AMSGrad optimizer. In

Algorithm 4 the unsketching operator U requires a vector v̂t as another input and is used to

recover the top-k coordinates of term ∆̃t , which is defined as follows.

∆̃t =
1
n

n

∑
i=1

∆̃
(i)
t , ∆̃

(i)
t = v̂−1/2

t (m(i)
t +

αt−1

αt
e(i)t−1) (4.3)

The index set of these k coordinates is denoted as It . The implementation of U is shown

in Algorithm 5, which is established on the original sketching and unsketching operator.
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Algorithm 4 SketchedAMSGrad (gradient averaging)
Input: initial value x1, sketching operator S and unsketching operator U .
Set: m(i)

0 = 0, e(i)0 = 0 on i-th worker node; v0 = v̂0 on the master node; index set I0 =∅.
for t = 1 to T do

On i-th worker node:
Estimate a stochastic gradient g(i)t ;
Compute m(i)

t = β1m(i)
t−1 +(1−β1)g

(i)
t ;

Send h(i)t = (g(i)t )It−1 to the master node;

Sketch S(i)t = S (m(i)
t + αt−1

αt
e(i)t−1);

Send S(i)t to the master node;
Send ∆

(i)
t to the master node after unsketching;

Compute e(i)t = m(i)
t + αt−1

αt
e(i)t−1−∆

(i)
t ;

Receive ∆t from the master node;
Update xt+1 = xt−αt∆t .

On the master node:
Aggregate ht =

1
n ∑

n
i=1 h(i)t ;

Compute vt = β2vt−1 +(1−β2)h2
t ;

v̂t = max{v̂t−1,vt};
Aggregate St =

1
n ∑

n
i=1 S(i)t ;

Unsketch ∆t =
1
n ∑

n
i=1 ∆

(i)
t =Top-k(U (St , v̂t));

Send ∆t back to each worker node;
Update xt+1 = xt−αt∆t .

end for

According to the linear property of sketching S , it is equivalent to compress ∆̃t by S and

then unsketch it by the normal unsketching operator. ∆
(i)
t contains the coordinates of ∆̃

(i)
t

that belongs to index set It and ∆t =
1
n ∑

n
i=1 ∆

(i)
t . Therefore, using lemma 1 in [43] and

replacing g̃t and ḡi
t with ∆t and ∆̃

(i)
t , we reach our following Lemma 4.2.

Lemma 4.2. With sketch size Θ(k log(d/δ )) and with probability ≥ 1−δ in Algorithm 4,

we have

‖∆t− ∆̃t‖2 ≤ (1− k
d
)‖∆̃t‖2 (4.4)

Lemma 4.2 is the key lemma to the analysis of our Algorithm 4 which provides an

estimation of term mt/
√

v̂t . It is also a motivation to apply sketching in communication-
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Algorithm 5 Unsketching Operator in Algorithm 4
Input: r× c sketch S, vector v, bucket hashes {h j}r

j=1, original unsketching operator U0.
for i = 1 to d do

for j = 1 to r do
S[ j,h j(i)] = S[ j,h j(i)]/

√
vi

end for
end for
return U0(S)

efficient Adam-type algorithms. As the top-k coordinates of mt/
√

v̂t and mt are likely to

change much, it is hard to estimate the Adam update term mt/
√

v̂t by the known vector m(i)
t

on each node. However, the sketching technique makes it possible within the communication

cost of O(log(d)).

In Algorithm 4, thus, the total communication cost at each iteration is |S|+Pk+2k and

the compression rate is 2d/(|S|+Pk+2k) where |S| is the sketch size.

In fact, our SketchedAMSGrad (GA) algorithm is compatible with 1-bit Adam algorithm.

We can also regard vTw in the 1-bit Adam algorithm as the initial value of v0 in Algorithm 4.

The only difference is that in the theoretical analysis we need to replace the initial value ε

with the vmin defined in the 1-bit Adam. Moreover, if we do not send ht or update vt , our

algorithm is reduced to the 1-bit Adam with sketching compressor.

4.4 Convergence Analysis

In this section, we provide the convergence analysis of our algorithms. Due to the space

limit, we will only provide the conclusions of Theorem 4.1 and Theorem 4.2. We begin with

some mild assumptions.

Assumption 4.1. (Lipschitz Gradient) There is a constant L such that for ∀x,y ∈ Rd ,

‖∇ f (x)−∇ f (y)‖ ≤ L‖x− y‖.
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Assumption 4.2. (Lower Bound) Function f (x) has the lower bound, i.e., infx∈Rd f (x) =

f ∗ >−∞

Assumption 4.3. (Bounded Gradient) There is a constant G such that for ∀i ∈ {1, · · · ,n},

∀ξi ∼ Di, we have ‖∇Fi(x;ξi)‖∞ ≤ G.

These assumptions are commonly used in related works of Adam-type algorithms in

nonconvex optimization [2, 14, 139].

4.4.1 SketchedAMSGrad (PA)

Theorem 4.1. Assume that Assumption 1 to Assumption 3 are satisfied and data distribution

{Di}n
i=1 are identical. In Algorithm 3, let β1 < 1, β2 < 1, ε > 0 and αt =

α√
1+T

, α > 0.

Then we have
1
T

T

∑
t=1

E‖∇ f (xt)‖2 ≤ C1√
T
+

C2

T
,

where constants C1 and C2 are independent of T .

4.4.2 SketchedAMSGrad (GA)

Theorem 4.2. Assume that Assumptions 1-3 are satisfied. In Algorithm 4, let β1 < 1, β2 < 1,

ε > 0 and αt =
α√

1+T/n
, α > 0. Then we have

1
T

T

∑
t=1

E‖∇ f (xt)‖2 ≤ C1√
nT

+
C1 +C2

T
,

where constants C1 and C2 are independent of T .

Corollary 4.1. In Theorem 4.2, we can see that the dominant term is O( 1√
nT
), which

achieves a linear speedup compared with AMSGrad in nonconvex optimization [14].
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Figure 4.1: The experimental results of training ResNet-50 on CIFAR10 and CIFAR100. Figures (a),
(b) and (c) show the experimental results on CIFAR10. Figures (d), (e) and (f) show the experimental
results on CIFAR100. Figures (a) and (d) show the train loss value. Figures (b) and (e) show the
train accuracy. Figures (c) and (f) show the test accuracy.

Remark 4.1. In Algorithm 4, the data distribution Di’s are allowed to be non-identical. In

both Algorithm 3 and Algorithm 4, β1 and β2 are constants in (0,1), which is applicable to

the common default settings that β1 = 0.9 and β2 = 0.999.

Remark 4.2. In [139], the log(T ) term can be shaved using a fixed stepsize of αt = O( 1√
T
).

Notice that in our methods, we can also remove the logarithm term by adopting such a

stepsize of αt = α = O( 1√
T
) and the convergence rate becomes O( 1√

nT
) (proof can be found

in the Supplementary Material). However, in order to make the algorithm more flexible, we

prefer the current stepsize and do not set an upper bound to the total number of iterations T .

4.4.3 Discussion on the Compression Rate

Now we will discuss the how the compression rate, i.e., the choice of k influences

the convergence rate. In both Theorem 4.1 and Theorem 4.2, constant C1 is independent

on k. Hence, the dominating term is not affected by the compression rate. This result is

the same as many other gradient compression methods. According to the definitions of
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C2 in Theorem 4.1 and Theorem 4.2, the second dominant term is affected by k in the

form O( 1
(k/d)2T ) for the parameter averaging and gradient averaging SketchedAMSGrad

algorithms.

4.5 Experiments

In this section we will show the experimental results of the distributed data mining

task of image categorization to validate our methods. All experiments are run on a server

with a 64-core Intel Xeon E5-2683 v4 2.10GHz processor and 4 Nvidia P40 GPUs. We

simulate the edge-based training environment on the GPU server where the root process

represents the edge server, each process represents an IoT device, and the dataset represents

the captured data. The code is implemented by PyTorch 1.4.0 and CUDA 10.1.

4.5.1 ResNet on CIFAR

The experimental task is to train ResNet-50 [36] using CIFAR10 and CIFAR100 datasets

[55], which are benchmark datasets for image classification tasks. Both CIFAR10 and

CIFAR100 contain 60,000 32×32 pixel images with RGB channels, 50,000 of which is

considered a training set and the other 10,000 of which is used for testing. The images are

distributed evenly over 10 and 100 classes for CIFAR10 and CIFAR100, respectively. The

ResNet-50 model has about 25M parameters. We use cross-entropy loss to train the neural

network.

In our experiment, we compare our SketchedAMSGrad (PA) and SketchedAMSGrad

(GA) with Sketched-SGD [43], Efficient-Adam [12] and 1-bit Adam [104]. For Efficient-

Adam and 1-bit Adam, we consider both quantization and sparsification as a compressor.

For gradient quantization, we adopt the following scheme used in [138] which is a variant
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of SignSGD:

C(x) =
‖x‖1

d
sign(x) (4.5)

The number of workers in this task is set to 16. The batch size on each worker node is 32.

Hence, the total batch size at each iteration is 512. We run 200 epochs in total. For each algo-

rithm, we perform a grid search for the learning rate from {0.05,0.01,0.005,0.001,0.0005,0.0001}

and ε from {1e−2,1e−4,1e−6} and select the values that get the best training result. For

Adam-type algorithms, β1 and β2 are set to be common choices as β1 = 0.9 and β2 = 0.999.

For 1-bit Adam, similar to [104], we run 13 epochs to compute the Adam-preconditioned

vector vTw . For sketching methods, the sketch is set to have 100,000 columns and 10

rows. We set k = 50,000 and P = 8. For Efficient-Adam and 1-bit Adam with top-k com-

pressor, we choose k = 750,000. Therefore, all algorithms implemented in this task are

communication-efficient and approximately achieve the same compression rate (about 32×

reduction).

Figure 4.1 shows the experimental results of this image classification task. Based on the

result of the train loss value, we can see that the three sketching methods converge faster

than other algorithms on both CIFAR10 and CIFAR100 dataset. When comparing the train

accuracy, the sketching methods are still advantageous over other methods. Our parameter

averaging and gradient averaging SketchedAMSGrad and SketchedSGD approximately

have the same performance. On CIFAR100, our parameter averaging SketchedAMSGrad

is slightly better in the train accuracy results. Based on the test accuracy results, our

gradient averaging SketchedAMSGrad and SketchedSGD also outperform other algorithms

in both datasets. On CIFAR100, our gradient averaging SketchedAMSGrad achieves the

best performance in test accuracy. From this experiment we can see that although using

compression on the returning message avoids the growing O(n) communication cost issue of

local top-k (mentioned in [43]), it probably encounters slow convergence since the estimator
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is too far away from the true top-k coordinates.

Theoretically, when the sketch size is larger, the probability of recovering top-k coordi-

nates is higher. The sketch size used in this experiment is 1,000,000. On CIFAR10, the test

accuracy of our SketchedAMSGrad (GA) is 91.04%. When we increase the sketch size to

2,000,000 and 3,000,000, the test accuracy is increased by 0.24% and 0.39% respectively.

Thus, we can see the influence of sketch size. If the sketch size is larger, our algorithm will

probably show better performance.

4.6 Conclusion

In this chapter, we propose a class of communication-efficient distributed adaptive

gradient algorithm named SketchedAMSGrad based on two averaging strategies to tackle

the high communication cost issue for distributed training. Specifically, the communication

cost of our algorithm in each iteration is reduced to O(log(d)) from O(d). Moreover, we

proved that our algorithm achieves a fast convergence rate of Õ( 1√
nT
), which achieves

the linear speedup compared with single-machine AMSGrad. In particular, our analysis

of gradient averaging SketchedAMSGrad works for both identical and non-identical data

distribution. To the best of our knowledge, our algorithm is the first one to apply the

sketching technique to adaptive gradient methods.
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Chapter 5: Second-Order Optimality in Decentralized Optimization

5.1 Introduction

Decentralized optimization is a class of distributed optimization that trains models

in parallel across multiple worker nodes over a decentralized communication network.

Decentralized optimization has recently attracted increased attention in machine learning

and has emerged as a promising framework to solve large-scale tasks because of its ability

to reduce communication costs. In the conventional centralized paradigm, all worker nodes

need to communicate with the central node, resulting in a high communication cost on the

central node when the number of nodes is large or the transmission between the center and

some remote nodes suffers network latency. In contrast, decentralized optimization avoids

these issues, as each worker node only communicates with its neighbors.

Although decentralized optimization has shown advantageous performance in many

previous works ([64, 107]), the study of second-order optimality for decentralized stochastic

optimization algorithms is still limited. Escaping the saddle point and finding local minima

is a core problem in nonconvex optimization since saddle point is a category of first-order

stationary point that can be reached by many gradient-based optimizers such as gradient

descent, but it is not the expected point to minimize the objective function.

Perturbed gradient descent ([45]) and negative curvature descent ([5, 129]) are two

primary pure gradient-based methods (not involving second-order derivatives) to achieve

second-order optimality. Typically, the perturbed gradient descent method is composed of a
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descent phase and an escaping phase. If the gradient norm is large, the algorithm will run the

descent phase as normal. Otherwise, it will run the escaping phase to discriminate whether

the candidate first-order stationary point is a saddle point or local minimum. The negative

curvature descent method escapes the saddle point by computing the direction of negative

curvature at the candidate point. If it is categorized as a saddle point, then the algorithm

will update along the direction of negative curvature. Generally, it involves a nested loop to

perform the negative curvature subroutine.

Currently, a solution to the second-order optimality of the decentralized problem in the

deterministic setting has been proposed. Perturbed Decentralized Gradient Tracking (PDGT)

([112]) is a decentralized deterministic algorithm that adopts the perturbed gradient descent

strategy to achieve a second-order stationary point. However, it is expensive to compute full

gradients for large machine learning models. It is crucial to propose a stochastic algorithm

to obtain second-order optimality for decentralized problems. Besides, there are some

drawbacks of PDGT that make it less efficient and make it difficult to generalize to the

stochastic setting. These drawbacks are also the key challenges in achieving second-order

optimality for decentralized algorithms, which are listed as follows:

(1) PDGT runs a fixed number of iterations in the descent phase and escaping phase, such

that the phases of all nodes can be changed simultaneously. This strategy works because

the descent is easy to estimate in the deterministic setting. Nevertheless, the exact descent

of stochastic algorithms over a fixed number of iterations is hard to be bounded because

of randomness and noises. If the fixed number is not large enough, it is possible that the

averaged model parameter is not a first-order stationary point. If the fixed number is as large

as the expected number of iterations to achieve first-order stationary point, the algorithm will

become less efficient, as it is probably stuck at a saddle point for a long time before drawing

the perturbation, especially in the second and later descent phase. Specifically, applying a

fixed number of iterations in each phase results in a complexity of at least Õ(ε−4.5) (see
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Appendix D.4), which is higher than Õ(ε−3) of our method. Therefore, we are motivated

to propose an algorithm that can change phases adaptively (based on the runtime gradient

norm) and independently (not required to consider the status on other nodes or notify other

nodes).

(2) In PDGT the perturbations on all nodes are drawn from the same random seed.

Besides, a coordinating protocol involving broadcast and aggregation is used to compute

the averaged model parameter and the descent of the overall loss function to discriminate

the candidate point. These strategies, together with the fixed number of iterations, act as a

hidden coordinator to make PDGT discriminate saddle point in the same way as centralized

algorithms. However, when the number of worker nodes is large, it is time consuming to

perform broadcast or aggregation over the whole decentralized network. Moreover, when

generalized to stochastic setting, the changing of phase is not guaranteed to be synchro-

nized. Furthermore, we will note in the Supplementary Material that the consensus error

1
n ∑

n
i=1‖x

(i)
t − x̄t‖2 is another factor that impacts the effectiveness of perturbed gradient

descent, which is not present in centralized problems. All of the above issues are theoret-

ical difficulties to study and ensure second-order optimality for decentralized stochastic

algorithms.

([113]) proves the theoretical guarantee of second-order optimality for a decentralized

stochastic algorithm with perturbed gradient descent. However, it does not provide a

non-asymptotic analysis to estimate the convergence rate or gradient complexity. The

effectiveness of the result relies on a sufficiently small learning rate, and it does not present a

specific algorithm. The analysis is based on the assumption that the iteration formula

can be approximated by a centralized update scheme when the learning rate is small

enough. However, in practice, it is difficult to maintain an ideally small learning rate,

and the iterative update process can be more complex, as previously mentioned. To our

best knowledge, the second-order optimality issue of decentralized stochastic algorithms
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with non-asymptotic analysis is still not solved. Therefore, we are motivated to study this

important and challenging issue and raise the following questions.

Can we design a decentralized stochastic optimization algorithm with non-asymptotic

analysis to find local minima efficiently? Is the algorithm still effective in discriminating the

saddle point even if each node can change its phase adaptively and independently without

coordinating protocols?

The answer is affirmative. In this chapter, we propose a novel gradient-based algorithm

named PErturbed DEcentralized STORM ALgorithm (PEDESTAL) which is the first decen-

tralized stochastic algorithm to find a second-order stationary point. We adopt perturbed

gradient descent to ensure second-order optimality and use the STORM ([18]) estimator

to accelerate convergence. We provide a completed convergence analysis to theoretically

guarantee second-order optimality. More details about the reason for choosing perturbed

gradient descent and technical difficulties are discussed in Section 5.3.2. Next, we will

introduce the problem setup in this chapter.

We focus on the following decentralized optimization problem:

min
x

f (x) =
1
n

n

∑
i=1

fi(x), fi(x) = Eξ∼DiFi(x,ξ ) (5.1)

where n is the number of worker nodes in the decentralized network and fi is the local loss

function on i-th worker node. Here fi is supposed to take the form of a stochastic expectation

on the local data distribution Di, which covers a variety of optimization problems including

the finite-sum problem and the online problem. Data distributions on different nodes are

allowed to be heterogeneous. The objective function f is nonconvex such that saddle points

probably exist.

The goal of our method is to find O(ε,εH)-second-order stationary point of problem 5.1,

which is defined by the point x satisfying ‖∇ f (x)‖≤ ε and mineig(∇2 f (x))≥−εH , where
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eig(·) represents the eigenvalues. The classic setting is εH =
√

ε .

We summarize the contributions of this chapter as follows.

• We propose a novel algorithm PEDESTAL, which is the first decentralized stochastic

gradient-based algorithm to achieve second-order optimality with non-asymptotic

analysis.

• We provide a new analysis framework to support changing phases adaptively and

independently on each node without any coordinating protocols involving broadcast

or aggregation. We also address certain technical difficulties unique to decentralized

optimization to justify the effectiveness of perturbed gradient descent in discriminating

saddle point.

• We prove that our PEDESTAL achieves the gradient complexity of Õ(ε−3 + εε
−8
H +

ε4ε
−11
H ) to find O(ε,εH)-second-order stationary point. Particularly, PEDESTAL

achieves the gradient complexity of Õ(ε−3) in the classic setting εH =
√

ε , which

matches state-of-the-art results of centralized counterparts or decentralized methods

to find first-order stationary point.

5.2 Related Work

In this section we will introduce the background of related works. The comparison of

important features is shown in Table 5.1. Here Õ(·) refers to the big O notation that hides

the logarithmic terms.

5.2.1 Decentralized Algorithms for First-Order Optimality

Decentralized optimization is an efficient framework to solve problem 5.1 collaboratively

by multiple worker nodes. In each iteration, a worker node only needs to communicate
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with its neighbors. One of the best known decentralized stochastic algorithms is D-PSGD

([64]), which integrates average consensus with local stochastic gradient descent steps and

shows a competitive result with centralized SGD. The ability to address Non-IID data is

a limitation of D-PSGD and some variants of D-PSGD are studied to address the issue of

data heterogeneity, such as D2 ([107]) by storing the previous status and GT-DSGD ([125])

by using gradient tracking ([74, 127]). D-GET ([99]) and D-SPIDER-SFO ([90]) improve

the gradient complexity of D-PSGD from O(ε−4) to O(ε−3) utilizing the variance-reduced

gradient estimator SPIDER ([26]). GT-HSGD also achieves a gradient complexity of O(ε−3)

by combining gradient tracking and the STORM gradient estimator ([18]). SPIDER requires

a large batchsize of O(ε−1) on average and a mega batchsize of O(ε−2) periodically. In

contrast, STORM only requires a large batch in the first iteration. After that, the batchsize

can be as small as O(1), making STORM more efficient to implement in practice.

5.2.2 Centralized Algorithms for Second-Order Optimality

Perturbed gradient descent is a simple and effective method to escape saddle points and

find local minima. PGD ([45]) is the representative of this family of algorithms, which

achieves second-order optimality in the deterministic setting. It draws a perturbation when

the gradient norm is small. If this point is a saddle point, the loss function value will decrease

by a certain threshold within a specified number of iterations (i.e., breaking the escaping

phase) with high probability. Otherwise, the candidate point is regarded as a second-order

stationary point. In stochastic setting, Perturbed SGD perturbs every iteration and suffers

a high gradient complexity of O(ε−8) to achieve O(ε,
√

ε)-second-order stationary point

and the gradient complexity hides a polynomial factor of dimension d. CNC-SGD requires

a Correlated Negative Curvature assumption and the gradient complexity of Õ(ε−5) to

achieve classic second-order optimality. SSRGD ([62]) adopts the same two-phase scheme
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as PGD but uses the moving distance as a criterion to discriminate the saddle point in

the escaping phase. It also takes advantage of variance reduction to improve the gradient

complexity to Õ(ε−3.5). Pullback ([15]) proposes a pullback step to further enhance the

gradient complexity to Õ(ε−3), which matches the best result of reaching the first-order

stationary point.

5.2.3 Stochastic Gradient Descent

A branch of study of stochastic gradient descent argues that SGD can avoid saddle point

under certain conditions. However, that is completely different from the problem we focus

on. In this chapter we propose a method that can find local minima effectively for a general

problem 5.1, while escaping saddle point by stochastic gradient itself depends on some

additional assumptions. For example, ([81]) requires that the gradient noise be uniformly

excited. According to our experimental result in Section 5.5, we can see that in some

cases stochastic gradient descent cannot escape the saddle point effectively or efficiently.

Besides, the gradient noise in the variance reduced methods is reduced in order to accelerate

the convergence. Our experimental results indicate that the gradient noise in variance

reduced algorithms is not as good as SGD to serve as the perturbation to avoid saddle point.

Therefore, it is necessary to study the second-order stationary point for variance reduced

algorithms so as to enable both second-order optimality and fast convergence.

5.3 Method

5.3.1 Algorithm

In this section, we will introduce our PEDESTAL algorithm, which is demonstrated in

Algorithm 6. Suppose there are n worker nodes in the decentralized communication network
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Name Averaged Batchsize Gradient Complexity Classic Setting

D-PSGD [64] O(1) O(ε−4) -
GT-DSGD [125] O(1) O(ε−4) -

D-GET [99] O(ε−1) O(ε−3) -
D-SPIDER-SFO [90] O(ε−1) O(ε−3) -

GT-HSGD [124] O(1) O(ε−3) -

SGD+Neon2 [5] O(1) Õ(ε−4 + ε−2ε
−3
H + ε

−5
H ) Õ(ε−4)

SCSG+Neon2 [5] O(ε−0.5) Õ(ε−10/3 + ε−2ε
−3
H + ε

−5
H ) Õ(ε−3.5)

Natasha2+Neon2 [5] O(ε−2) Õ(ε−3.25 + ε−3ε
−1
H + ε

−5
H ) Õ(ε−3.5)

SPIDER-SFO+ [26] O(ε−1) Õ(ε−3 + ε−2ε
−2
H + ε

−5
H ) Õ(ε−3)

Perturbed SGD [28] O(1) O(ε−4 + ε
−16
H ) O(ε−8)

CNC-SGD [19] O(1) Õ(ε−4 + ε
−10
H ) Õ(ε−5)

SSRGD [62] O(ε−1) Õ(ε−3 + ε−2ε
−3
H + ε−1ε

−4
H ) Õ(ε−3.5)

Pullback [15] O(ε−1) Õ(ε−3 + ε
−6
H ) Õ(ε−3)

PDGT [112] Full - -
PEDESTAL-S (ours) O(1) Õ(ε−3), εH ≥ ε0.2 -
PEDESTAL (ours) O(ε−3/4) Õ(ε−3 + εε

−8
H + ε4ε

−11
H ) Õ(ε−3)

Table 5.1: The comparison of important properties between related algorithms and our PEDESTAL.
Column “Averaged Batchsize” is computed when εH =

√
ε . Column “Classic Setting” refers

to the gradient complexity under the classic condition εH =
√

ε . The first group of algorithms
are decentralized methods achieving first-order optimality. The second group of algorithms are
centralized methods achieving second-order optimality. The last group of algorithms are decentralized
methods achieving second-order optimality. PEDESTAL-S is a special case of PEDESTAL with
O(1) batchsize. The complexity of PDGT is not shown because it is not stochastic.
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connected by a weight matrix W . The initial value of model parameters on all nodes are

identical and equal to x0. x(i)t , v(i)t and y(i)t are the model parameter, gradient estimator and

gradient tracker on the i-th worker node in iteration t. z(i)t is the temporary model parameter

that is awaiting communication. x̄t , v̄t and ȳt are corresponding mean values over all nodes.

Counter esc(i) counts the number of iterations in the current escaping phase on the i-th

worker node, which is also the indicator of current phase. When it runs the descent phase on

the i-th worker node esc(i) is set to −1; otherwise esc(i) ≥ 0.

In the first iteration, the gradient estimator is computed based on a large batch size with

b0. Beginning from the second iteration, the gradient estimator v(i)t is calculated by small

mini-batch of samples according to the update rule of STORM, which can be formulated

by line 6 in Algorithm 6 where β is a hyperparameter of STORM algorithm. Notation

∇Fi(x
(i)
t ,ξ

(i)
t ) represents the stochastic gradient obtained from a batch of samples ξ

(i)
t , which

can be written as ∇Fi(x
(i)
t ,ξ

(i)
t ) = (1/|ξ (i)

t |)∑ j∈ξ
(i)
t

Fi(x
(i)
t , j).

After calculating v(i)t , each worker node communicates with its neighbors and updates

the gradient tracker y(i)t . Inspired by the framework of Perturbed Gradient Descent, our

PEDESTAL method also consists of two phases, the descent phase and the escaping phase.

If the worker node i is in the descent phase and the norm ‖y(i)t ‖ is smaller than the given

threshold Cv, then it will draw a perturbation ξ uniformly from B0(r) and update z(i)t =

x(i)t +ξ . The phase is switched to escaping phase and esc(i) is set to 0. The anchor x̃(i) = x(i)t

is saved and will be used to discriminate whether the escaping phase is broken. After this

iteration counter esc(i) will be added by 1 in each subsequent iteration until the moving

distance from the anchor on i-th worker node (i.e., ‖x(i)t − x̃(i)‖) is larger than the threshold

Cd for some t, which breaks the escaping phase and turns back to the descent phase. If the

condition of drawing perturbation is not satisfied, z(i)t is updated by z(i)t = x(i)t −ηy(i)t no

matter which phase is running currently.

If the i-th worker node’s counter esc(i) is larger than the threshold CT , it indicates that

66



Algorithm 6 Perturbed Decentralized STORM Algorithm (PEDESTAL)

Input: initial value x(i)0 = x0, v(i)−1 = 0, y(i)−1 = 0, esc(i) =−1.
Parameter: b0, b1, η , β , r, Cv, Cd , CT .

1: On i-th node:
2: for t = 0,1, . . . ,T −1 do
3: if t = 0 then
4: Compute v(i)0 = ∇Fi(x0,ξ

(i)
0 ) with |ξ (i)

0 |= b0.
5: else
6: Compute v(i)t = ∇Fi(x

(i)
t ,ξ

(i)
t )+(1−β )(v(i)t−1−∇Fi(x

(i)
t−1,ξ

(i)
t )) with |ξ (i)

t |= b1.
7: end if
8: Communicate and update the gradient tracker: y(i)t = ∑

n
j=1 wi j(y

( j)
t−1 + v( j)

t − v( j)
t−1).

9: if esc(i) =−1 and ‖y(i)t ‖≤Cv then
10: Draw a perturbation ξ ∼ B0(r) and update z(i)t = x(i)t +ξ .
11: Save x(i)t as x̃(i) and set esc(i) = 0.
12: else
13: Update z(i)t = x(i)t −ηy(i)t .
14: end if
15: Communicate and update the model parameter: x(i)t+1 = ∑

n
j=1 wi jz

( j)
t .

16: if esc(i) ≥ 0 then
17: Reset esc(i) =−1 if ‖x(i)t+1− x̃(i)‖>Cd else update esc(i) = esc(i)+1.
18: end if
19: end for
Return: x̄t−CT if there are at least n

10 nodes satisfying esc(i) ≥CT .

x̄t−CT is a candidate second-order stationary point. When at least n
10 nodes satisfy condition

esc(i) ≥CT , the algorithm is terminated. Notice that the fraction is set to 1
10 for convenience

in the convergence analysis. Our algorithm also works for other constant fractions. From

Algorithm 6 we can see that the decision to change phases on each node depends only on its

own status, which is adaptive and independent. A coordination protocol, including broadcast

or aggregation, is not required.

5.3.2 Discussion

Here we will discuss the insight of the algorithm design and compare the differences

between our method and related works. Some novel improvements are the key to the
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questions in Section 5.1.

Perturbed Gradient Descent or Negative Curvature Descent

Perturbed gradient descent and negative curvature descent are two of the most widely

used pure first-order methods to find second-order stationary points. In PEDESTAL algo-

rithm, we adopt the strategy of perturbed gradient descent rather than negative curvature

descent because of the following reasons. First, negative curvature descent methods such

as Neon ([129]) and Neon2 ([5]) involve a nested loop to execute the negative curvature

subroutine to recognize if a first-order stationary point is a local minimum. However, in the

decentralized setting, it is possible that the gradient norms on some nodes are smaller than

the threshold, while others are not. Therefore, some nodes will execute the negative curva-

ture subroutine but its neighbors may not. In this case neighbor nodes need to wait for the

nodes running negative curvature subroutines, and there will be idle time on neighbor nodes.

Besides, the analysis of negative curvature descent methods relies on the precision of the

negative curvature direction. It is unknown if the theoretical results are still effective when

only a fraction of nodes participate in the computation of negative curvature direction while

the others use the gradient. In contrast, perturbed gradient descent only requires a simple

operation of drawing perturbation, which is more suitable for decentralized algorithms.

Stepsize and Batchsize

In Pullback, a dynamic stepsize ηt = η/‖vt‖ in the descent phase where η = O(ε)

and vt is the gradient estimator. This stepsize is originated from SPIDER ([26]) which

ensures its convergence by bounding the update distance ‖xt+1− xt‖. In the escaping phase,

Pullback adopts a larger stepsize of O(1) in the escaping phase and a special pullback

stepsize in the last iteration, which is the key to improve the gradient complexity. Unlike
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pullback, in Algorithm 6 we adopt a consistent stepsize such that it keeps invariant even if

the phase changes and all nodes always use the same stepsize. If there is no perturbation in

iteration t, we have x̄t+1 = x̄t −η v̄t , which is important for the convergence analysis. We

discard the strategy in Pullback for two reasons. First, gradient normalization will probably

cause divergence issues in decentralized optimization because in a centralized algorithm

the gradient direction is vt/‖vt‖, which is equivalent to vc = ∑
n
i=1 v(i)t /‖∑n

i=1 v(i)t ‖. However,

in the decentralized algorithm the average of v(i)t is not available on local nodes. If the

gradient normalization is done locally, we will get vd = ∑
n
i=1 v(i)t /‖v(i)t ‖, which is different

from vc and the error is hard to estimate. In fact, both D-GET and D-SPIDER-SFO adopt

the constant stepsize in SpiderBoost ([117]) to avoid performing the gradient normalization

step. SPIDER needs the gradient normalization because ‖xt+1− xt‖ is required to be small

in the proof, while SpiderBoost improves the proof to bound ‖xt+1− xt‖ by η‖vt‖ which is

canceled eventually. In our analysis, we also adopt the strategy in SpiderBoost. Second, in

our algorithm, the change of phase occurred independently on each node. The phase-wise

stepsize and pullback strategy will lead to different stepsizes among all nodes in one iteration,

which will also cause potential convergence issues.

In ([15]), two versions of Pullback are proposed, i.e., Pullback-SPIDER and Pullback-

STORM using SPIDER and STORM as the gradient estimator, respectively. As introduced

previously, one of the advantages of STORM is the ability to avoid large batch sizes.

However, Pullback-STORM adopts a large batchsize of O(ε−1) in each iteration, which

violates the original intention of STORM. Besides, from Table 5.1 we can see that all

algorithms achieving second-order optimality with Õ(ε−3) gradient complexity require a

large batchsize of O(ε−1). Therefore, we propose a small batch version named PEDESTAL-

S as a special case of PEDESTAL that only requires an averaged batchsize of O(1).
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Conditions of Termination

As a result of applying gradient tracking, we can bound 1
n ∑

n
i=1‖y

(i)
t − ȳt‖2 by O(ε2).

Although we have such an estimation, it is still possible that the norm ‖y(i)t ‖ is as large

as O(
√

nε) on some nodes when the entire decentralized network has already achieved

optimality. Therefore, waiting for all nodes to reach the second-order stationary point is not

an efficient strategy. This is the reason why we terminate our algorithm when only a fraction

of worker nodes satisfy esc(i) ≥CT .

In SSRGD and Pullback, there is an upper bound of iteration numbers in the escaping

phase. If the escaping phase is not broken in this number of iterations, then the candidate

point is regarded as a second-order stationary point. If the escaping phase is broken, then the

averaged moving distance is greater than a threshold and the loss function will be reduced by

O(ε2) on average. This strategy guarantees that the algorithm will terminate with a certain

gradient complexity. However, in our algorithm, worker nodes do not enter escaping phase

simultaneously, and thus we do not set such an upper bound. In this case, the averaged

moving distance cannot be lower bounded as CT has no upper bound. Fortunately, we can

complete our analysis by a different novel framework (see the proof outline in the Appendix).

An alternative solution is to stop the update on the node that has run a certain number of

iterations in the escaping phase while the algorithm continues. But that solution is also

challenging since the relation between the first-achieved local optimal solution and the final

global optimal solution is unknown and the analysis is nontrivial.

One remaining issue of the current termination strategy is that it involves global knowl-

edge of how many worker nodes satisfy the termination condition. One solution is to run

an additional process to track this global value. The cost of transmitting Boolean values is

much less expensive than to broadcast the model. Another solution is to set a maximum

iteration in practice. Generally we need to evaluate the model after certain epochs to see
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if the training process is running smoothly, and we can save a checkpoint when we find a

better evaluation result. Theoretical analysis ensures that an optimal solution can be visited

if the number of iterations is as large as O(ε−3).

Small Stuck Region

The theoretical guarantee of second-order optimality in SSRGD and Pullback is mainly

credit to the lemma of small stuck region, which states that if there are two decoupled

sequences xt and x′t with identical stochastic samples, xs = x′s and xs+1− x′s+1 = r0e1 where

e1 is the eigenvector corresponding to the smallest eigenvalue, then it satisfies max{‖xt−

xs‖, ‖x′t−x′s‖} ≥Cd for some s≤ t ≤ s+CT with high probability. In SSRGD and Pullback,

the averaged moving distance 1
t−s ∑

t
τ=s+1‖xτ+1−xτ‖2 is used as the criterion to discriminate

the saddle point because the small stuck region lemma can be applied in this way. However,

in decentralized algorithms, some nodes enter the escaping phase before the candidate point

x̄s is achieved. Suppose node i enters the escaping phase in iteration s′, then the averaged

moving distance starting from iteration s on node i cannot be well estimated because the

condition of not breaking the escaping phase on node i only guarantees the bound of averaged

moving distance starting from s′. Therefore, in our method, we use the total moving distance

‖x(i)t − x(i)s ‖ as the criterion because we can obtain the estimation ‖x(i)t − x(i)s ‖≤ 2Cd given

‖x(i)t − x(i)s′ ‖≤Cd and ‖x(i)s − x(i)s′ ‖≤Cd . We can further complete our analysis by the small

stuck region lemma. Actually, we do not require more memory because x̃ is the point to

return in SSRGD and Pullback (hence should be saved). In practice, we can also return

x̃(i) for any node i that draws perturbation in iteration t −CT as ‖x(i)t − x̄t‖ can be well

bounded. Besides, we discover that the consensus error 1
n ∑

n
i=1‖x

(i)
t − x̄t‖2 results in an

extra term when proving the small stuck region lemma, which becomes another challenge.

If the consensus error is not under control, it can drive x away from xs or push x toward
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xs, regardless of what ∇ f (x) is. In this manner, the stuck region cannot be estimated. In

this work, we provide the corresponding proof to estimate this new term which exclusively

occurred in the decentralized setting in our convergence analysis.

5.4 Convergence Analysis

5.4.1 Assumptions

In this section, we will provide the main theorem of our convergence analysis. First, we

will introduce the assumptions used in this chapter. All assumptions used in this chapter are

mild and commonly used in the analysis of related works.

Assumption 5.1. (Lower Bound) The objective f is lower bounded, i.e., infx f (x) = f ∗ >

−∞.

Assumption 5.2. (Bounded Variance) The stochastic gradient of each local loss function is

an unbiased estimator and has bounded variance, i.e., for any i ∈ {1,2, · · · ,n} we have

Eξ ∇Fi(x,ξ ) = ∇ fi(x), Eξ‖∇Fi(x,ξ )−∇ fi(x)‖2≤ σ
2 (5.2)

Assumption 5.3. (Lipschitz Gradient) For all ξ and i ∈ {1,2, · · · ,n}, Fi(x,ξ ) has Lips-

chitz gradient, i.e., for any x1 and x2 we have ‖∇Fi(x1,ξ )−∇Fi(x2,ξ )‖≤ L‖x1− x2‖ with

constant L.

Assumption 5.4. (Lipschitz Hessian) For all ξ and i ∈ {1,2, · · · ,n}, Fi(x,ξ ) has Lipschitz

hessian, i.e., for any x1 and x2 we have ‖∇2Fi(x1,ξ )−∇2Fi(x2,ξ )‖≤ ρ‖x1− x2‖ with a

constant ρ .

Assumption 1, Assumption 2 and Assumption 3 are common assumptions used in the

analysis of stochastic optimization algorithms. Assumption 4 is the standard assumption
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to find second-order optimality, which is used in all algorithms that achieve second-order

stationary point in Table 5.1.

Assumption 5.5. (Spectral Gap) The decentralized network is connected by a doubly-

stochastic weight matrix W ∈ Rn×n that satisfies W1n =W T 1n = 1n and λ := ‖W − J‖∈

[0,1).

Here J is a n× n matrix with all elements equal to 1
n . W is the weight matrix of the

decentralized network where wi j > 0 if node i and node j are connected, otherwise wi j = 0.

‖·‖ denotes the spectral norm of matrix (i.e., largest singular value). Notice that λ is a

connectivity measurement of the network graph and is also the second largest singular value

of W . We do not assume W to be symmetric and hence the communication network can

be both a directed graph and an undirected graph. The spectral gap assumption is also

commonly used in the analysis of decentralized algorithms.

5.4.2 Main Theorems

Let εH = εα . When α ≤ 0.5, we have the following Theorem 5.1.

Theorem 5.1. Assume α ≤ 0.5 and Assumption 1 to 5 are satisfied. Let θ = min{3−5α

2 ,1}.

We set η = Θ( εθ

L ), β = Θ(ε1+θ ), b0 = Θ(ε−2), b1 = Θ(max{ε2−θ−5α ,1}), r = Θ(ε1+θ ),

Cv = Θ(ε), CT = Θ̃(ε−θ−α) and Cd = Θ̃(ε1−α). Then our PEDESTAL algorithm will

achieve O(ε,εH)-second-order stationary point with Õ(ε−3) gradient complexity.

The specific constants hidden in Θ(·) will be shown in Appendix D.2, where the proof

outline and the completed proof of Theorem 5.1 can also be found. From Theorem 5.1 we

can see that our PEDESTAL-S with b1 = O(1) can achieve O(ε,εH)-second-order stationary

point with Õ(ε−3) gradient complexity for εH ≥ ε0.2. In the classic setting, our PEDESTAL

achieves second-order stationary point with Õ(ε−3) gradient complexity. When α > 0.5,
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(a) d = 50, ring (b) d = 50, toroidal (c) d = 50, exponential

(d) d = 100, ring (e) d = 100, toroidal (f) d = 100, exponential

Figure 5.1: Experimental results of the decentralized matrix sensing task on different network
topology for d = 50 and d = 100. Data is assigned to worker nodes by random distribution. The
y-axis is the loss function value and the x-axis is the number of gradient oracles divided by the
number of data N.

i.e., εH <
√

ε , we have the following Theorem 5.2. Since the parameter settings are different

and the O(1) batchsize is only available in Theorem 5.1, we separate these two theorems.

The proof of Theorem 5.2 can be found in Appendix D.4.

Theorem 5.2. When εH <
√

ε (i.e., α > 0.5), we set η = Θ̃(εθ ), β =Θ(ε1+θ ), b0 =Θ(ε−1),

b1 = Θ̃(ε−max{4α−1−θ ,θ+α}), r = Θ(ε1+θ ), Cv = Θ(ε), CT = Θ̃(ε−θ−α) and Cd = Θ̃(εα)

where θ =min{3α−1
2 ,3α−2}. Under Assumption 5.1 to 5.5, our PEDESTAL algorithm will

achieve O(ε,εH)-second-order stationary point with Õ(εε
−8
H +ε4ε

−11
H ) gradient complexity.

5.5 Experiments

In this section we will demonstrate our experimental results to validate the performance

of our method. We conduct two tasks in our experiment, a matrix sensing task on a synthetic
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data set and a matrix factorization task on a real-world data set. Both of these two tasks

are non-spurious local minimum problems ([29, 30]), which means that all local minima

are global minima. Thus, we conclude that an algorithm is stuck at saddle point if the

loss function value does not achieve the global minimum. The source code is available in

https://github.com/WH-XIAN/PEDESTAL.

5.5.1 Matrix Sensing

We follow the experimental setup of ([15]) to solve a decentralized matrix sensing

problem. The goal of this task is to recover a low-rank d× d symmetric matrix M∗ =

U∗(U∗)T where U∗ ∈ Rd×r for some small r. We set the number of worker nodes to n = 20.

We generate a synthetic dataset with N sensing matrices {Ai}N
i=1 and N corresponding

observations bi = 〈Ai,M∗〉. Here the inner product 〈X ,Y 〉 of two matrices X and Y is defined

by the trace tr(XTY ). The decentralized optimization problem can be formulated by

min
U∈Rd×r

n

∑
i=1

Li(U), where Li(U) =
1
2

Ni

∑
j=1

(〈Ai j,UUT 〉−bi j)
2 , (5.3)

where Ni is the amount of data assigned to worker node i.

The number of rows in matrix U is set to d = 50 and d = 100, respectively, and

the number of columns is set to r = 3. The ground truth low-rank matrix M∗ equals

U∗(U∗)T where each entry in U∗ is generated independently by Gaussian distribution

N (0,1/d). We randomly generate N = 20×n×d samples of the sensing matrices {Ai}N
i=1,

Ai ∈ Rd×d from the standard Gaussian distribution and calculate the corresponding labels

bi = 〈Ai,M∗〉. We consider two different types of data distribution, the random distribution

and the Dirichlet distribution Dir20(0.3) to assign data to each worker node. We conduct

experiments on three different types of network topology, i.e., ring topology, toroidal

topology (2-dimensional ring), and undirected exponential graph. The initial value of U is
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(a) ring, random (b) toroidal, random (c) exponential, random

(d) ring, Dirichlet (e) toroidal, Dirichlet (f) exponential, Dirichlet

Figure 5.2: Experimental results of the decentralized matrix factorization task on different network
topology on MovieLens-100k. The y-axis is the loss function value and the x-axis is the number of
gradient oracles divided by the size of matrix N× l.

set to [u0,0,0] where u0 is the Gaussian distribution yield and multiplied by a scalar such that

it satisfies ‖u0‖≤ maxeig(M∗). We compare our PEDESTAL algorithm to decentralized

baselines including D-PSGD, GTDSGD, D-GET, D-SPIDER-SFO and GTHSGD. In this

experiment, the learning rate is chosen from {0.01,0.001,0.0001}. The batchsize is set

to 10. For PEDESTAL and GTHSGD, the parameter β is set to 0.01. For D-GET and

D-SPIDER-SFO, the period q is 100. For PEDESTAL, the threshold Cv is set to 0.0001.

The perturbation radius r is set to 0.001. The threshold of the moving distance Cd is set to

0.01. The experimental results are shown in Figure 5.1. Due to space limitations, we only

show the result of random data distribution in the main manuscript and leave the result of

Dirichlet distribution to the Appendix D.1.

From the experimental result, we can see that all baselines are stuck at the saddle point

and cannot escape it effectively. In contrast, our PEDESTAL reaches and escapes saddle

points and finally finds the local minimum. We also calculate the smallest eigenvalue of
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the Hessian matrix for each algorithm at the converged optimal point, which is left to the

Supplementary Material because of space limit. According to the eigenvalue result, we

can see that the smallest eigenvalue is much closer to 0 than all baselines. Therefore, our

experiment verifies that our PEDESTAL achieves the best performance to escape the saddle

point and find a local minimum.

5.5.2 Matrix Factorization

The second task in our experiment is matrix factorization, which aims to approximate

a given matrix M ∈ RN×l by a low-rank matrix that can be decomposed to the product of

two matrices U ∈ RN×r and V ∈ Rl×r for some small r. The optimization problem can be

formulated by

min
U∈RN×r,V∈Rl×r

‖M−UV T‖2
F :=

N

∑
i=1

l

∑
j=1

(Mi j− (UV T )i j)
2 (5.4)

where ‖·‖F denotes the Frobenius norm and subscript i j refers to the element at i-th row and

j-th column. In our experiment we solve this problem on the MovieLens-100k dataset ([35]).

MovieLens-100k contains 100,000 ratings of 1682 movies provided by 943 users. Each

rating is in the interval [0,5] and scaled to [0,1] in the experiment. This task can be regarded

as an association task to predict users’ potential ratings for unseen movies. In our experiment

we set the number of worker node to n = 50. Each node is assigned the data from different

group of users. Similar to the matrix sensing task, here we also use random distribution and

Dirichlet distribution respectively to distribute users to worker nodes. And we also use ring

topology, toroidal topology and undirected exponential graph as the communication network.

The baselines are also D-PSGD, GTDSGD, D-GET, D-SPIDER-SFO and GTHSGD. In

this experiment, the number of worker nodes is 50 and the rank of the matrix M is set to

25. The learning rate is chosen from {0.01,0.001,0.0001}. The batchsize is set to 100. For
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PEDESTAL and GTHSGD, parameter β is set to 0.1. For D-GET and D-SPIDER-SFO, the

period q is 100. For PEDESTAL, threshold Cv is set to 0.002. Perturbation radius r is set to

0.01. The threshold of moving distance Cd is set to 0.5. The experimental results are shown

in Figure 5.2.

From the experimental results, we can see that our PEDESTAL achieves the best

performance to escape saddle point and find second-order stationary point. All baselines

cannot escape the saddle point effectively or efficiently. Particularly, variance-reduced

methods D-GET and D-SPIDER-SFO show worse performance than SGD based algorithms

D-PSGD and GTDSGD, which indicates that although reducing gradient noise can accelerate

convergence, it also weakens the ability to escape saddle point. Therefore, our contribution

is important since we make the fast convergence of variance reduction compatible with the

capability to avoid the saddle point.

5.6 Conclusion

In this chapter, we propose a novel algorithm PEDESTAL to find local minima in noncon-

vex decentralized optimization. PEDESTAL is the first decentralized stochastic algorithm to

achieve second-order optimality with non-asymptotic analysis. We improve the drawbacks

in the previous deterministic counterpart to make phase change independently on each node

and avoid consensus protocols of broadcast or aggregation. We prove that PEDESTAL can

achieve O(ε,
√

ε)-second-order stationary point with the gradient complexity of Õ(ε−3),

which matches the state-of-the-art results of centralized counterparts or the decentralized

method to find the first-order stationary point. We also conduct the matrix sensing and

matrix factorization tasks in our experiments to validate the performance of PEDESTAL.
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Chapter 6: Generalized Smooth Minimax Optimization

6.1 Introduction

The minimax problem is attracting growing attention due to its widespread practical

applications in machine learning such as Generative Adversarial Net (GAN) [32], adver-

sarial training [78], robust optimization [13] and AUC maximization [27]. In minimax

optimization, variable x aims to minimize a pay-off loss function f (x,y) : Rd1×Rd2 → R

while variable y tries to maximize the loss, which can be formulated as

min
x∈Rd1

max
y∈Y

f (x,y), (6.1)

where Y ⊆ Rd2 is a convex domain. In this chapter we consider the nonconvex strongly-

concave problem where f (x,y) in nonconvex in x and strongly-concave in y. In this case, the

maximizer y∗(x) = argmaxy∈Y f (x,y) is unique and the primal objective function Φ(x) =

f (x,y∗(x)) can be well defined. The convergence criterion is to find a first-order stationary

point of Φ(x) such that ‖∇Φ(x)‖≤ ε for some tolerance ε . When considering stochastic

problems, function f (x,y) takes the form f (x,y) = Eξ∼DF(x,y;ξ ) where F(x,y;ξ ) is the

component loss function regarding sample ξ and D is the data distribution.

In recent years, the minimax optimization problem has been studied in a variety of

research fields. Many deterministic and stochastic gradient-based methods with non-

asymptotic convergence analysis for nonconvex strongly-concave minimax problems have
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been developed. Among these methods, some algorithms adopt the single-loop structure

that updates x and y at the same frequency, such as Gradient Descent Ascent (GDA) and

Stochastic Gradient Descent Ascent (SGDA) [66]. Some algorithms update x and y at

different frequencies, which involves a nested loop to search the optimal value of the maxi-

mizer y for the given x. Classic examples of double-loop minimax algorithms are GDmax

and SGDmax [46]. Some methods adopt more sophisticated structures to achieve better

theoretical results [67, 132]. In addition, some works also investigate the estimation of the

lower bound of minimax problems [58, 136] and some algorithms have been proven to be

optimal or near-optimal [67].

Although gradient-based minimax optimization algorithms have achieved huge success

in the theoretical region, most of the analysis frameworks are based on the requirement of

Lipschitz smoothness. Some works conduct the convergence analysis without the Lipschitz

smooth assumption for convex or weakly-convex problems [91] and achieve competitive

results, but the investigation for nonconvex generalized smooth minimax optimization is still

limited. This drawback will restrict the applications of minimax optimization algorithms

because in some cases the minimax structure breaks the Lipschitz smooth condition, such as

distributionally robust optimization [47, 56, 131], and in some machine learning tasks the

objective function itself does not satisfy the Lipschitz smoothness, such as phase retrieval

[23, 82]. Counterexamples will be demonstrated in Section 6.2 to illustrate the divergence

issue. Therefore, to fill this gap, we are motivated to investigate the convergence analysis

of minimax algorithms under the relaxation of Lipschitz smooth assumption so that these

algorithms can theoretically be guaranteed to work for a wider range of applications.

We summarize our contribution as follows.

• In this chapter we study the convergence analysis of minimax optimization algorithms

without the assumption of Lipschitz smoothness. We provide some counterexamples
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to reveal the divergence issue and propose the strategy to solve this problem.

• We prove that generalizations of classic minimax optimization algorithms (including

single-loop algorithms GDA, SGDA, and double-loop algorithms GDmax, SGDmax)

can still converge under the generalized smooth condition and the gradient complexity

matches the Lipschitz smooth counterparts. We conduct a numerical experiment of

robust logistic regression task to validate the practical performance of our method.

6.2 Preliminary

6.2.1 Minimax Optimization Algorithms

In recent years, many algorithms were proposed to solve the optimization of minimax,

and many of them were studied under the nonconvex-strongly-concave condition. GDmax

and its stochastic variant SGDmax [46] are representatives of double-loop minimax algo-

rithms. In each iteration, they compute the estimation of the maximizer yt+1 ≈ y∗(xt) via

a nested loop and then update xt+1 = xt−ηx∇x f (xt ,yt+1). GDmax can reach a first-order

stationary point with O(κ2ε−2 log(1/ε)) iterations, where κ = L/µ is the condition number,

L is the Lipschitz constant and µ is the strong concavity constant. SGDmax achieves the

stochastic first-order oracle (SFO) complexity of O(κ3ε−4 log(1/ε)) to achieve a first-order

stationary point. GDA and its stochastic variant SGDA [66] are representatives of single-

loop minimax algorithms. In each iteration, they compute the partial derivatives with respect

to x and y, respectively. Then the variables x and y are updated by xt+1 = xt−ηx∇x f (xt ,yt)

and yt+1 = yt +ηy∇y f (xt ,yt). GDA reaches a first-order stationary point with O(κ2ε−2)

iterations, SGDA achieves the SFO complexity of O(κ3ε−4) to achieve a first-order sta-

tionary point. These algorithms are fundamental optimizers to solve minimax optimization

problem and hence we will conduct convergence analysis based on these algorithms. More
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recently, some algorithms have been proposed to accelerate the convergence rate and reduce

the gradient complexity of minimax optimization by variance reduction, such as SREDA

([77]) and Acc-MDA ([40]). Moreover, in the deterministic setting, some recently proposed

algorithms ([67]) have already matched the optimal lower bound ([136]).

6.2.2 Counterexamples in Minimax Problems

In this section we will provide some counterexamples to illustrate the non-Lipschitz

smoothness and divergence issue in minimax optimization. First, we will introduce some

basic definitions about Lipschitz smoothness.

Definition 6.1. A real-value function f is Lipschitz smooth if there exists a constant L such

that

‖∇ f (x)−∇ f (y)‖≤ L‖x− y‖ (6.2)

Definition 6.2. A real-value function f is Lipschitz continuous if there exists a constant M

such that

‖ f (x)− f (y)‖≤M‖x− y‖ (6.3)

Example 1. We will take distributionally robust optimization as our first example, which

is a classic application of minimax optimization. Distributionally robust optimization aims

to make the training result of the original optimization problem more robust by introducing a

perturbation and solving a minimax problem. In [131], an example of this task is formulated
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as

min
x

max
y∈∆n

f (x,y) =
n

∑
i=1

yili(x)−V (y) (6.4)

where n is the number of samples and li(x) is the original loss function. ∆n is the simplex

in the n-dimensional Euclidean space and V (y) denotes a divergence measure between two

distributions, which could be chosen as ∑
n
i=1(yi− 1

n)
2. In this case, we can see that problem

(6.4) is a nonconvex-strongly-concave minimax problem. We assume that the original loss

functions li(x) are Lipschitz smooth but not Lipschitz continuous. Then we have

‖∇y f (x,y)−∇y f (x′,y)‖2=
n

∑
i=1

(li(x)− li(x′))2 (6.5)

If function f is Lipschitz smooth, we should have

‖∇y f (x,y)−∇y f (x′,y)‖2≤ L2‖x− x′‖2 (6.6)

which implies each li(x) is Lipschitz continuous and conflicts with our assumption. Hence,

the objective function f is not Lipschitz smooth, even the original loss functions li are

Lipschitz smooth, which shows that the minimax structure can probably break the condition

of Lipschitz smoothness.

The convergence analysis of most current existing minimax algorithms is based on the

Lipschitz smoothness assumption. However, this condition is not satisfied in many classic

examples, such as robust optimization. This result motivates us to study the convergence of

minimax algorithms without the requirement of Lipschitz smoothness.

Example 2. Next, we will provide a simple example to reveal the divergence issue when
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Lipschitz smoothness is not satisfied. We define a minimax problem

min
x

max
y

f (x,y) = yx2−0.5y2 (6.7)

where x and y are scalars. It is easy to check y∗(x) = x2 and Φ(x) = 0.5x4. Thus, we have

∇Φ(x) = 2x3. For any fixed stepsize η > 0, if we choose the initial value x0 ≥ 2√
η

and apply

a gradient descent algorithm, then we can prove |η∇Φ(xt)|≥ |xt | and |xt+1|≥ 2|xt | for all

t ≥ 0. This implies that |xt |≥ 2t |x0| and the algorithm will diverge. In this chapter, we will

discuss some generalized minimax algorithms to tackle the divergence issue.

6.2.3 Generalized Smoothness

Previous works studying nonconvex nonsmooth minimax optimization can be catego-

rized into following branches. Some minimax algorithms adopt the zeroth-order strategy

[40, 71, 118] to address the issue where the objective function is not differentiable or the

gradient cannot be accessed. However, if the objective function is still differentiable, just not

Lipschitz smooth, gradient-based methods are more efficient and effective than gradient-free

methods. Some other works focus on nonconvex nonsmooth minimax problems with certain

special structures. As an example, [42] considers the problem that is a nonconvex Lipschitz

smooth loss function adding a convex nonsmooth regularization, which can be solved by

proximal gradient. [59] considers a nonsmooth composite minimax problem where f (·,y) is

the composition of a Lipschitz smooth function and Lipschitz continuous function. In this

chapter, we do not assume any specific structures for the objective function.

In a concurrent work [34], the convergence analysis of a bilevel optimization algorithm is

provided under the condition of unbounded smoothness, which is also applicable to minimax

optimization. In [34], the lower level function that is used to calculate y∗(x) is assumed to

be Lipschitz smooth and the upper level function is assumed to be (L0,L1)-smooth [134],
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which is defined as follows:

Definition 6.3. A real-value function f is (L0,L1)-smooth if there exist constants L0 and L1

such that

‖∇ f (x)−∇ f (y)‖≤ (L0 +L1‖∇ f (x)‖)‖x− y‖ (6.8)

We can see Lipschitz smoothness is a special case of (L0,L1)-smoothness where L1 = 0.

Recently, a variety of works have been proposed to study and generalize the requirement

of Lipschitz smoothness [16, 57]. In [57], the definition of l-smoothness is proposed as

follows:

Definition 6.4. A real-value function f is l-smooth if there exists a non-decreasing continu-

ous function l(·) such that

‖∇ f (x1)−∇ f (x2)‖≤ l(‖∇ f (x)‖+G) · ‖x1−x2‖ (6.9)

for any x1 and x2 in B(x, G
l(‖∇ f (x)‖+G)) for any G > 0.

In [57], it is proven that the definition 6.9 is equivalent to ‖∇2 f (x)‖≤ l(‖∇ f (x)‖)

almost everywhere. For nonconvex optimization problems, function l is required to be

sub-quadratic but (L0,L1)-smoothness still can be regarded as a special case of l-smoothness

where l(u) = L0 +L1u. A common example of sub-quadratic function is l(u) = L0 +Lρuρ

where 0 < ρ < 2, which contain the case of ρ = 1. In this chapter, we extend the concept

of l-smoothness to minimax optimization and propose the definition of lx-ly-smoothness in

Definition 6.5. Therefore, the smoothness condition used in this chapter is more general

than the assumption used in [34].

Definition 6.5. A real-value function f (x,y) : Rd1 ×Y → R is called lx-ly-smooth for

non-decreasing continuous functions lx and ly if we have
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Algorithm 7 Generalized GDA or SGDA
Input: initial value x0 and y0
Parameter: learning rate η and ηy, maximum iteration T .

1: for t = 0,1, . . . ,T −1 do
2: Compute vt = ∇x f (xt ,yt) (deterministic)

or vt = ∇xF(xt ,yt ;ξt) (stochastic).
3: Compute ut = ∇y f (xt ,yt) (deterministic)

or ut = ∇yF(xt ,yt ;ξt) (stochastic).
4: Compute suitable stepsize parameter St .
5: Update xt+1 = xt− (η/St)vt .
6: Update yt+1 = ΠY (yt +ηyut).
7: end for

Algorithm 8 Generalized GDmax or SGDmax
Input: initial value x0 and y0
Parameter: learning rate η and ηy, nested loop size K, maximum iteration T .

1: for t = 0,1, . . . ,T −1 do
2: Compute vt = ∇x f (xt ,yt) (deterministic)

or vt = ∇xF(xt ,yt ;ξt) (stochastic).
3: Compute suitable stepsize parameter St .
4: Update xt+1 = xt− (η/St)vt .
5: Let yt,0 = yt .
6: for k = 0,1, . . . ,K−1 do
7: Compute ut,k = ∇y f (xt+1,yt,k) (deterministic)

or ut,k = ∇yF(xt+1,yt,k;ξt,k) (stochastic).
8: Update yt,k+1 = ΠY (yt,k +ηyut,k).
9: end for

10: Update yt+1 = yt,K .
11: end for

‖∇x f (z1)−∇x f (z2)‖≤ lx(‖∇x f (z0)‖+G1)·‖z1−z2‖

‖∇y f (z1)−∇y f (z2)‖≤ ly(‖∇y f (z0)‖+G2)·‖z1−z2‖

for any z1 and z2 in B(z0,r(z0)) and any z0 = [x0;y0], where r(z0) =
G1

lx(‖∇x f (z0)‖+G1)
+

G2
ly(‖∇y f (z0)‖+G2)

for any given G1 > 0 and G2 > 0.

Moreover, it can be proven that the two counterexamples belong to the category of our

lx-ly-smoothness.
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6.3 Algorithms

As revealed in our counterexample, vanilla gradient based algorithm fails to converge in

minimax optimization when the Lipschitz smooth assumption does not hold. The reason for

the divergence is due to the large gradient. Therefore, we will generalize these algorithms to

tackle this issue by adopting a suitable stepsize strategy to control the moving distance in

each iteration. We will apply this strategy to standard minimax optimizers GDA, SGDA,

GDmax and SGDmax. The description of single-loop algorithms Generalized GDA (or

SGDA) is shown in Algorithm 7. The description of double-loop algorithms Generalized

GDmax (or SGDmax) is shown in Algorithm 8.

Let x0 and y0 be the initial values in Algorithm 7 and Algorithm 8. In our convergence

analysis, we need to run an additional initialization process to obtain an approximation

of the maximizer y0 ≈ y∗(x0) for the given initial value x0 before the algorithms start.

The specific conditions that y0 needs to satisfy will also be discussed in the convergence

analysis. This subproblem can be converted to a strongly-convex generalized Lipschitz

smooth minimization problem and solved by optimizers such as GD, SGD or SPIDER

[16, 26, 57].

In Algorithm 7, we adopt a suitable stepsize based on the norm of gradient to single-

loop minimax algorithms GDA and SGDA. In each iteration, we compute the gradients

∇x f (xt ,yt), ∇y f (xt ,yt) or the corresponding stochastic gradients with respect to x and y,

respectively. Then we update xt and yt by gradient descent ascent. When we update xt , we

adopt the suitable stepsize strategy to control the moving distance. We have multiple options

to compute the suitable stepsize parameter St . It could be:

(1) St = ‖vt‖. (2) St = max{ε, 1
t+1 ∑

t
τ=0‖vt‖}.

(3) St ≡ S. (4) St = max{ε,(1−β )‖vt‖+βSt−1}.
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When we choose option (1), the suitable stepsize strategy is turned out to be the gradient

normalization method. When we choose option (2), we calculate the average of the historical

gradient norm. When we choose option (3), the suitable stepsize will be a constant. Notice

that it is different from the conventional constant stepsize because S probably has dependence

on the initial value, and it is calculated after the algorithm starts. When we choose option

(4), we calculate the exponential average of the historical gradient norm. When we update

yt , we adopt a constant stepsize such that yt+1 = ΠY (yt +ηyut). with a projection onto Y .

In Algorithm 8, we apply the suitable stepsize strategy to double-loop minimax algo-

rithms GDmax and SGDmax. In each iteration, we first calculate the gradient ∇x f (xt ,yt)

with respect to x (or the corresponding stochastic gradient). We update xt+1 = xt− (η/St)vt

by an suitable stepsize η/St , where the options to compute St are the same as Algorithm 7.

Then we run a nested loop to find an estimate of the maximizer yt+1 ≈ y∗(xt+1). Specifically,

we apply an iterative gradient ascent algorithm yt,k+1 = ΠY (yt,k +ηyut,k) where ut,k is

the deterministic or stochastic gradient estimator to solve the maximization subproblem

maxy f (xt+1,y).

6.4 Convergence Analysis

6.4.1 Main Theorems

In this section, we will show the main theorems of our convergence analysis. The theoret-

ical results indicate that our generalized GDA, SGDA, GDmax or SGDmax algorithms can

converge under the generalized Lipschitz smooth condition and the gradient complexities to

reach first-order stationary point are the same as Lipschitz smooth counterparts. First, we

will introduce the following assumptions.

Assumption 6.1. The primal function Φ is lower bounded, i.e., infx Φ(x) = Φ∗ >−∞.
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Assumption 6.2. The loss function f (x,y) is µ-strongly-concave w.r.t. y, i.e., there exists a

constant µ > 0 such that for any x, y and y′, we have

f (x,y)≤ f (x,y′)+ 〈∇y f (x,y′),y− y′〉− µ

2
‖y− y′‖2

Assumption 6.3. The loss function f (x,y) is lx-ly-smooth and function lx is sub-quadratic.

These assumptions are basic prerequisites for the convergence analysis of nonconvex

strongly-concave minimax optimization. In nonconvex minimization problems [57], the

function l is also required to be sub-quadratic.

We perform our convergence analysis based on two cases. The first case is Y = Rd2 ,

which results in an unconstrained optimization with respect to y. The second case is that

Y is bounded, which implies f is Lipschitz smooth with respect to y, i.e., there exists a

constant Ly such that ly(·)≡ Ly. We need these requirements because otherwise the value of

ly(‖∇y f (x,y∗(x))‖) is hard to estimate, which can lead to poor smoothness even approaching

the maximizer y∗.

We provide the following essential definitions of notations that are frequently used in

our analysis.

Gx = max{u > 0|u2 ≤ 8κlx(2u) · (Φ(x0)−Φ
∗)}

Gy = ∇y f (x0,y0), y∗t = y∗(xt) (6.10)

Analysis Results of GDA

Similar to Lipschitz smooth minimax problems, we can define the condition number as

κ = ly(4Gy)/µ . With Assumption 6.1 to 6.3, we can obtain the following Theorem for the

generalized GDA algorithm.
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Theorem 6.1. Assume Assumptions 6.1, 6.2 and 6.3 are satisfied. Let the parameters

η

St
≤ C0

16κ2lx(2Gx)
for all t, ηy =

1
ly(2Gy)

and the initial value ‖y0−y∗0‖≤
C0Gx

lx(2Gx)
where constant

C0 = min{1, lx(2Gx)Gy
ly(0)Gx

}. Then for the generalized GDA algorithm, we have

1
T

T−1

∑
t=0

‖∇Φ(xt)‖2

St
≤ 5(Φ(x0)−Φ∗)

ηT
(6.11)

When St is constant (option (3)), we can achieve the following Corollary 6.1 for general-

ized GDA, which indicates that under the condition of generalized Lipschitz smoothness, our

generalized GDA algorithm can achieve the same gradient complexity to find the first-order

stationary point as GDA does with Lipschitz smoothness.

Corollary 6.1. When St is computed by option (3), let η = O( 1
κ2lx(2Gx)

), ηy = O( 1
ly(2Gy)

),

T = O(κ2ε−2) and other conditions be the same as Theorem 6.1. Then the generalized

GDA algorithm can find an ε-first-order stationary point with O(κ2ε−2) gradient oracles.

When we choose other options to compute St , we can obtain the following theoretical

results.

Corollary 6.2. When St is computed by option (1) or (4), let η = O( ε

κ2lx(2Gx)
), ηy =

O( 1
ly(2Gy)

), T = O(κ2ε−2) and other conditions be the same as Theorem 6.1. Then the

generalized GDA algorithm can find an ε-first-order stationary point with O(κ2ε−2) gradi-

ent oracles.

Corollary 6.3. When St is computed by option (2), let η = O( ε

κ2lx(2Gx)
), ηy = O( 1

ly(2Gy)
),

T = O(κ2ε−2 log(1
ε
)) and other conditions be the same as Theorem 6.1. Then the gen-

eralized GDA algorithm can find an ε-first-order stationary point with O(κ2ε−2 log(1
ε
))

gradient oracles.

We can see that the complexity of the gradient oracle complexity to achieve first-order

stationary points is the same as that of the GDA when the suitable stepsize parameter St is
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computed by the gradient norm or the exponential moving average of the historical gradient

norm. When St is computed using the averaged historical gradient norm, there will be an

additional logarithmic term. However, our analysis is conducted under the condition of

generalized Lipschitz smoothness, while the original analysis of GDA is based on Lipschitz

smoothness.

Analysis Results of GDmax

For double-loop deterministic algorithm Generalized GDmax, we have the following

Theorem 6.2.

Theorem 6.2. Assume Assumptions 6.1, 6.2 and 6.3 are satisfied. Let parameters η

St
≤

C0
16κlx(2Gx)

for all t, ηy =
1

ly(4Gy)
, K ≥ κ log( 1

θ
) and initial value ‖y0− y∗0‖≤

C0Gx
lx(2Gx)

where

constant C0 = min{1, lx(2Gx)Gy
ly(2Gy)Gx

} and θ = min{1
4 ,

1
l2
x (2Gx)

}. Then for the generalized GDmax

algorithm, we have

1
T

T−1

∑
t=0

‖∇Φ(xt)‖2

St
≤ 5(Φ(x0)−Φ∗)

ηT
(6.12)

Similar to generalized GDA, we can prove under the condition of generalized Lipschitz

smoothness, GDmax algorithm can achieve the same gradient complexity to find first-order

stationary point as GDmax does with Lipschitz smoothness.

Corollary 6.4. When St is computed by option (3), let η = O( 1
κlx(2Gx)

), ηy = O( 1
ly(4Gy)

),

K = O(κ), T = O(κε−2) and other conditions be the same as Theorem 6.2. Then the

generalized GDmax algorithm can find an ε-first-order stationary point with O(κ2ε−2)

gradient oracles.

Corollary 6.5. When St is computed by option (1) or (4), let η = O( ε

κlx(2Gx)
), ηy =

O( 1
ly(4Gy)

), K = O(κ), T = O(κε−2) and other conditions be the same as Theorem 6.2.
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Then the generalized GDmax algorithm can find an ε-first-order stationary point with

O(κ2ε−2) gradient oracles.

Corollary 6.6. When St is computed by option (2), let η =O( ε

κlx(2Gx)
), ηy =O( 1

ly(4Gy)
), K =

O(κ), T = O(κε−2 log(1
ε
)) and other conditions are the same as Theorem 6.2. Then Gener-

alized GDmax algorithm can find an ε-first-order stationary point with O(κ2ε−2 log(1
ε
))

gradient oracles.

Analysis Results of SGDA

For generalized stochastic algorithms SGDA and SGDmax, we assume the stochastic

gradient oracle is unbiased, i.e., Eξ ∇F(x,y;ξ ) = ∇ f (x,y). We also need the following

bounded variance assumption, which is a common assumption in the convergence analysis

of stochastic gradient-based optimization algorithms.

Assumption 6.4. The stochastic gradient oracle satisfies Eξ‖∇F(x,y;ξ )−∇ f (x,y)‖2≤ σ2

for some constant σ .

In stochastic algorithms, let bx and by denote the batchsize of stochastic gradient with

respect to x and y, respectively. Due to the noise of stochastic gradient, there is no guarantee

for the upper bound of gradient or function value. Thus, we cannot apply mathematical

induction to estimate the upper bound along the trajectory, as we do in the deterministic

case (see the sketch of the proof in the next subsection). However, we can still prove that

generalized SGDA and SGDmax will converge with a high probability. In the stochastic

case, we need to redefine the constant.

Gx=max{u > 0|u2 ≤ 32κlx(2u)·(Φ(x0)−Φ
∗+σ

2)/δ}

For Generalized SGDA, we have the following Theorem.
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Theorem 6.3. Assume Assumptions 6.1, 6.2, 6.3 and 6.4 are satisfied. Let the parameters

η

St
≤ δC0

48κ2lx(2Gx)
for all t, ηy =

1
ly(2Gy)

, T = κ2

δ 2ε2 , bx≥ σ2

G2
xε2 , by≥max{192κσ2l2

x (2Gx)
δG2

x l2
y (2Gy)

, κlx(2Gx)
δ 2l2

y (2Gy)ε2}

and the initial value ‖y0− y∗0‖≤
δC0Gx

8lx(2Gx)
where constant C0 = min{1, lx(2Gx)Gy

ly(2Gy)Gx
}. Then for

the generalized SGDA algorithm, we have

1
T

T−1

∑
t=0

‖∇Φ(xt)‖2

St
≤ 10(Φ(x0)−Φ∗+σ2)

δηT
(6.13)

with probability at least 1−δ .

When St is constant (St ≡ S), we can obtain the following Corollary for Generalized

SGDA, which results in the same stochastic first-order oracle complexity under the con-

dition of relaxed Lipschitz smoothness as SGDA does with the requirement of Lipschitz

smoothness.

Corollary 6.7. When St is computed by option (3), let η = O( 1
κ2lx(2Gx)

), ηy = O( 1
ly(2Gy)

),

bx = O(ε−2), by = O(κε−2), T = O(κ2ε−2) and other conditions are the same as Theorem

6.3. Then the generalized SGDA algorithm can find an ε-first-order stationary point with

SFO of O(κ3ε−4).

When St is computed by option (1) or (4), we can reach the following conclusion which

also achieves the same SFO complexity as SGDA does in the Lipschitz smooth case.

Corollary 6.8. When St is computed by option (1) or (4), let η = O( ε

κ2lx(2Gx)
), ηy =

O( 1
ly(2Gy)

), bx = O(ε−2), by = O(κε−2), T = O(κ2ε−2) and other conditions are the same

as Theorem 6.3. Then the generalized SGDA algorithm can find an ε-first-order stationary

point with SFO of O(κ3ε−4).

When St is computed by option (4), we can obtain the following theoretical result, which

causes an additional logarithm term in the SFO complexity.
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Corollary 6.9. When St is computed by option (2), let η = O( ε

κ2lx(2Gx)
), ηy = O( 1

ly(2Gy)
),

bx = O(ε−2), by = O(κε−2), T = O(κ2ε−2 log(1
ε
)) and other conditions are the same as

Theorem 6.3. Then the generalized SGDA algorithm can find an ε-first-order stationary

point with SFO of O(κ3ε−4 log(1
ε
)).

Name a9a covtype diabetes german gisette ijcnn1 mushrooms phishing w8a

Samples 32561 581012 768 1000 6000 141691 8124 11055 49749
Features 123 54 8 24 5000 22 112 68 300

Table 6.1: Descriptions of the LIBSVM binary classification datasets used in our experiment

Analysis Results of SGDmax

For the stochastic double-loop algorithm Generalized SGDmax, we have the following

conclusions.

Theorem 6.4. Assume Assumption 6.1, 6.2, 6.3 and 6.4 are satisfied. Let parameters η

St
≤

δC0
48κlx(2Gx)

for all t, ηy =
1

ly(4Gy)
, K≥ κ log( 1

θ
), T = κ

δ 2ε2 , bx≥ σ2

G2
xε2 , by≥max{24κσ2l2

x (2Gx)
δG2

x l2
y (4Gy)

, κlx(2Gx)
δ 2l2

y (4Gy)ε2}

and initial value ‖y0−y∗0‖≤
δC0Gx

8lx(2Gx)
where constant C0 =min{1, lx(2Gx)Gy

ly(2Gy)Gx
} and θ =min{1

4 ,
1

l2
x (2Gx)

}.

Then for the generalized SGDmax algorithm, we have

1
T

T−1

∑
t=0

‖∇Φ(xt)‖2

St
≤ 10(Φ(x0)−Φ∗+σ2)

δηT
(6.14)

with probability at least 1−δ .

Corollary 6.10. When St is computed by option (3), let η = O( 1
κlx(2Gx)

), ηy = O( 1
ly(4Gy)

),

K = O(κ), T = O(κε−2) and other conditions are the same as Theorem 6.4. Then the

generalized SGDmax algorithm can find an ε-first-order stationary point with SFO of

O(κ3ε−4).
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Corollary 6.11. When St is computed by option (1) or (4), let η = O( ε

κlx(2Gx)
), ηy =

O( 1
ly(4Gy)

), K = O(κ), T = O(κε−2) and other conditions be the same as Theorem 6.4.

Then the generalized SGDmax algorithm can find an ε-first-order stationary point with SFO

of O(κ3ε−4).

Corollary 6.12. When St is computed by option (2), let η = O( ε

κlx(2Gx)
), ηy = O( 1

ly(4Gy)
),

K = O(κ), T = O(κε−2 log(1
ε
)) and other conditions be the same as Theorem 6.4. Then

the generalized SGDmax algorithm can find an ε-first-order stationary point with SFO of

O(κ3ε−4 log(1
ε
)).

These theoretical results indicate that, under the generalized Lipschitz smooth condition,

our generalized SGDmax method can still converge and achieve the same SFO complexity

as SGDmax does in the Lipschitz smooth case.

6.4.2 Sketch of Proof

In this subsection, we will provide the outline of our proof to illustrate the insight of our

analysis. The completed proof is left to the Appendix. Due to the space limit, we will only

demonstrate the sketch of the proof for the generalized GDA and SGDA algorithms. First,

we can prove the smoothness for the functions y∗(x) and Φ(x) (described in Lemma E.1 and

Lemma E.2) such that ‖y∗(x)− y∗(x′)‖≤ κ‖x− x′‖ and

‖∇Φ(x)−∇Φ(x′)‖≤ 2κlx(‖∇Φ(x)‖+G) · ‖x− x′‖

if ‖x′− x‖≤ G
lx(‖∇x f (x,y∗(x))‖+G) for some G ≥ 0. Then we can obtain Lemma E.3, which

indicates that

‖∇Φ(x)‖2≤ 4κlx(2‖∇Φ(x)‖) · (Φ(x)−Φ
∗) (6.15)
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for ∀x. When function lx is sub-quadratic, Eq. (6.15) provides an upper bound for ‖∇Φ(x)‖

that is dependent on the function value gap (Φ(x)−Φ∗).

Next, we want to prove that ‖∇Φ(xt)‖≤ Gx for all t ≥ 0 in Generalized GDA, which

means the gradient is bounded along the trajectory xt . With this conclusion, the values of

lx(·) that occur along the trajectory in the analysis can be bounded by lx(2Gx), and hence

the rest of the proof will be simplified and relatively easy. In minimization optimization,

this conclusion can be achieved directly by mathematical induction. However, in mimimax

optimization, the exact value of ∇Φ(x) is not available. It is estimated by ∇x f (xt ,yt), which

yields an error term caused by ‖yt− y∗t ‖. The original proof framework of the minimization

problem does not work in this case due to the existence of the error term. Besides, the

error term will lead to an additional term that also has a dependence on Gx when bounding

the function value gap (Φ(x)−Φ∗). To solve this issue, we need to apply mathematical

induction to ∇Φ(xt), ∇x f (xt ,yt), ∇y f (xt ,yt) and ‖yt − y∗t ‖ simultaneously to estimate the

bound of these terms. This is one of the most challenging technical difficulties in our

analysis. We can prove

Φ(xt)−Φ
∗ ≤Φ(x0)−Φ

∗+
G2

x
8κlx(2Gx)

(6.16)

which will eventually finalize the mathematical induction.

In the stochastic case, the framework of mathematical induction in GDA does not work

because neither the gradient norm nor the function value can be bounded when gradient

noise exists. However, under these conditions, we can still prove the convergence of our

Generalized SGDA with a probability of at least 1−δ . For Generalized SGDA, we define

Gx=max{u > 0|u2 ≤ 32κlx(2u)·(Φ(x0)−Φ
∗+σ

2)/δ}

T0 = min{t|Φ(xt)−Φ
∗ > F or ‖y∗t − yt‖> Y}∧T
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where F = 8(Φ(x0)−Φ∗+ σ2)/δ , Y = C0Gx
lx(2Gx)

and ∧ denotes the minimum operation.

We want to prove that the probability of T0 < T is small. Notice that in minimization

optimization we do not need to consider the upper bound of ‖y∗t − yt‖, which is exclusive in

minimax optimization. Based on the proof of the deterministic case, we can prove when

t < T0 all induction assumptions in the analysis of GDA are satisfied. Hence, we can obtain

the estimations of expectations EΦ(xt)−Φ∗ and E‖y∗t −yt‖ at iteration t = T0. By Markov’s

inequality and union bound, we can prove that the probability of event T0 < T is smaller

than δ

2 . Furthermore, by the union bound and the estimation of EΦ(xt) we can achieve the

result in Theorem 6.3.

6.4.3 Discussion

In this subsection, we discuss the dependence of constants used in our convergence

analysis. Since we run an additional initialization process to ensure ‖y0− y∗0‖≤C for some

threshold C, we can obtain Gy ≤ 1
4 if there is no constraint with respect to y, i.e., Y = Rd2 .

Thus, we have κ ≤ ly(1)
µ

. If f is Lipschitz smooth with respect to y, we also have κ ≤ ly(1)
µ

.

Hence, the condition number κ is a constant only depending on the function ly(·). Inserting

κ ≤ ly(1)
µ

into the definition of Gx, we can see that Gx is a constant only depending on

functions lx(·), ly(·), Φ(·) and the initial value x0. Besides, the initialization process can be

regarded as a strongly-convex minimization subproblem, which aims to find an initial value

satisfying ‖y0− y∗0‖ smaller than a constant tolerance. The complexity of this subproblem is

shown to be within O(
ly(2‖∇y f (x0,ỹ0)‖)

µ
) where ỹ0 is the raw input of the variable y. Therefore,

the complexity of the initialization process is dominated by the complexity to solve the

entire minimax problem and therefore can be neglected.

Next, we will discuss the relation between parameters η and St . η can be regarded as

a fixed stepsize parameter which is passed to the algorithm before it starts. St is the scale
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(a) a9a (b) covtype (c) diabetes

(d) german (e) gisette (f) ijcnn1

(g) mushrooms (h) phishing (i) w8a

Figure 6.1: Experimental results of the loss function value of Φ(x) with respect to the number of
iterations in the robust logistic regression task on dataset a9a, covtype, diabetes, german, gisette,
ijcnn1, mushrooms, phishing, and w8a. SGDA-1 and SGDA-2 are the results of SGDA with two
largest learning rates that make it converge. G-SGDA is the result of our Generalized SGDA
Algorithm.

of suitable stepsize in iteration t which is computed during the execution of the algorithm.

The ratio of η

St
should be bounded by a certain threshold according to our analysis. When St

is chosen as a constant, the parameter η can also be a constant that does not depend on ε .

When St is the gradient norm, the averaged historical gradient norm or exponential moving

averaged historical gradient norm, the parameter η should be as small as O(ε) with respect
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to ε because St will gradually become as small as O(ε).

6.5 Experiments

In this section, we will perform an experiment with the robust logistic regression task to

validate the performance of our generalized minimax optimization methods with the suitable

stepsize strategy. Recall the examples we have mentioned in Section 6.2, the problem can

be formulated as

min
x∈Rd

max
y∈∆n

f (x,y) =
n

∑
i=1

yili(x)−V (y)+g(x) (6.17)

where li(x) is the logistic loss function defined by li(x) = log(1+ exp(−biaT
i x)). V (y) is

a divergence measure defined by V (y) = 1
2λ1‖ny− 1‖2. The notation ∆n represents the

simplex in Rn, that is,

∆n = {y ∈ Rn|0≤ yi ≤ 1,
n

∑
i=1

yi = 1} (6.18)

Function g(x) is the regularization term that takes the form g(x) = λ2 ∑
d
i=1

αx2
i

1+αx2
i
. Following

the experimental settings in [131], we set λ1 =
1
n2 , λ2 = 0.001 and α = 10 in our experiment.

We run the experiment and verify our method on 9 real-world datasets a9a, cov-

type, diabetes, german, gisette, ijcnn1, mushrooms, phishing, and w8a, which can be

downloaded from the LIBSVM repository at https://www.csie.ntu.edu.tw/~cjlin/

libsvmtools/datasets. These datasets are frequently used in binary classification tasks.

The description of these datasets is listed in Table 6.1.

We compare our generalized SGDA algorithm with suitable stepsize to the conventional

constant stepsize SGDA. We choose option (1) to compute the suitable stepsize parameter

St , which adopts gradient normalization. The size of the mini-batch is set to 50. For each
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algorithm, we choose the best learning rates η and ηy from {0.1,0.01,0.001,0.0001,1e−

5,1e− 6} by grid search. We report the results of two of the largest learning rates that

can make SGDA converge. We compare the value of Φ(x) with respect to the number of

iterations in the training process. The value of Φ(x) can be calculated because y∗(x) has a

closed form in this problem and the projection operation onto a simplex is also available to

compute. The code is available at https://github.com/WH-XIAN/AS-SGDA.

The experimental results are shown in Figure 6.1. SGDA-1 and SGDA-2 are the results

of SGDA with the two largest learning rates from {0.1,0.01,0.001,0.0001,1e−5,1e−6}

that make it converge. G-SGDA is the result of our Generalized SGDA method with the

suitable stepsize strategy. From the results in Figure 6.1 we can see that our suitable stepsize

strategy significantly improves the convergence speed and stability of SGDA algorithm on

all datasets, which validates the effectiveness of our Generalized SGDA method.

6.6 Conclusion

In this chapter, we investigate the convergence analysis of minimax optimization algo-

rithms under the relaxation of Lipschitz smooth condition. We provide some counterexam-

ples to reveal that non-Lipschitz smoothness and divergence issues could occur in minimax

problems. We propose some generalized minimax algorithms with the suitable stepsize

strategy to tackle this issue. We prove that variants of fundamental minimax optimization

algorithms GDA, SGDA, GDmax and SGDmax can still converge under the generalized

Lipschitz smooth conditions and achieve the same gradient complexity or SFO complexity

as their counterparts do in the Lipschitz smooth case. We conduct a numerical experiment

of the robust logistic regression task to validate the practical performance of our methods.
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Chapter 7: Conclusions

In this dissertation, I investigated and solved several core machine learning issues. In

Chapter 2, I propose a novel efficient Decentralized Quantized Stochastic Frank-Wolfe

(DQSFW) method to solve the decentralized constrained optimization problems, which

requires less communication cost but still achieves a good convergence rate. In Chapter 3,

I propose a new accelerated decentralized stochastic first-order algorithm DM-HSGD, to

solve the decentralized nonconvex-strongly-concave minimax optimization problems. In

Chapter 4, I propose a novel communication-efficient adaptive gradient algorithm named

SketchedAMSGrad, which can reduce the communication cost from O(d) to O(log(d)). In

Chapter 5, I propose a novel algorithm PEDESTAL, which is the first decentralized stochastic

gradient-based algorithm to achieve second-order optimality with non-asymptotic analysis.

In Chapter 6, I prove that generalizations of classic minimax optimization algorithms can

still converge under the generalized smooth condition and the gradient complexity matches

the Lipschitz smooth counterparts.

101



Appendix A: Appendix of Chapter 2

A.1 Proof of Auxiliary Propositions

Proposition A.1. Suppose A and B are two matrices. Then it satisfies

‖AB‖F ≤ ‖A‖2‖B‖F (A.1)

This is a common inequality in linear algebra. So we omit the proof here.

Proposition A.2. Suppose W is a doubly stochastic matrix satisfying Assumption 2.4. Then

‖W − 11T

M
‖2 ≤ ρ (A.2)

Proof. For both W and 11T

M , 1 is an eigenvector of eigenvalue 1. According to Assumption

2.4, for ∀λi, i 6= 1, we have λi 6= 1. Let vi be λi’s eigenvector, then

vT
i W1 = vT

i 1 = 1TWvi = λi1T vi (A.3)

hence 1T vi = 0. Therefore, the eigenvalues of W − 11T

M are 0,λ2, . . . ,λM and ‖W − 11T

M ‖2 ≤

ρ .

Proposition A.3. Suppose 0 < p < 1, r > 0, series At satisfies At+1 ≤ (1− p)At +
1

(t+1)r .

Then there exists constant R such that At ≤ R
(t+1)r .
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Proof. Let

t0 = [
1

1− (1− p
2 )

1/r
]

For t ≤ t0 there exists constant R1 such that At ≤ R1
(t+1)r . When t > t0, by the definition of t0,

we have

1− p
2
≤ (

t +1
t +2

)r

Suppose R2 ≥ 2
p and At0 ≤

R2
(t0+1)r . By mathematical deduction, assume we have At ≤ R2

(t+1)r ,

t ≥ t0, then we also have

At+1 ≤ (1− p)At +
1

(t +1)r ≤
(1− p)R2 +1

(t +1)r ≤ R2

(t +2)r

Therefore, let R = max{R1,
2
p} and the conclusion will hold.

A.2 Proof of Lemmas

A.2.1 Proof of Lemma 2.1

Proof. First we have
1−δ1

1−δ
= (1+δ )(2−

√
1−δ 2)2 > 1 (A.4)

Therefore, δ1 < δ . Then we have

‖Xt+1−Xt+1‖2
F

= ‖Xt+ 1
2
−Xt+ 1

2
+ γX̂t(W − I)‖2

F (A.5)

= ‖Xt+ 1
2
−Xt+ 1

2
+ γ(X̂t−Xt+ 1

2
)(W − I)+ γXt+ 1

2
(W − I)‖2

F

= ‖Xt+ 1
2
−Xt+ 1

2
+ γ(X̂t−Xt+ 1

2
)(W − I)+ γ(Xt+ 1

2
−Xt+ 1

2
)(W − I)‖2

F

= ‖(Xt+ 1
2
−Xt+ 1

2
)((1− γ)I + γW )+ γ(X̂t−Xt+ 1

2
)(W − I)‖2

F
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≤ (1+ c1)‖(Xt+ 1
2
−Xt+ 1

2
)((1− γ)I + γW )‖2

F +(1+
1
c1
)‖γ(X̂t−Xt+ 1

2
)(W − I)‖2

F

= (1+ c1)‖(Xt+ 1
2
−Xt+ 1

2
)((1− γ)I + γ(W − 11T

M
))‖2

F +(1+
1
c1
)‖γ(X̂t−Xt+ 1

2
)(W − I)‖2

F

≤ (1+ c1)(1− (1−ρ)γ)2‖Xt+ 1
2
−Xt+ 1

2
‖2

F +(1+
1
c1
)γ2

ζ
2‖X̂t−Xt+ 1

2
‖2

F (A.6)

The first inequality comes from Young’s Inequality and the second inequality is derived by

Proposition A.1 and Proposition A.2. By Assumption 2.5 we also have

‖Xt+1− X̂t+1‖2
F

= ‖Xt+1− X̂t−C(Xt+1− X̂t)‖2
F

≤ (1−δ )‖Xt+1− X̂t‖2
F

= (1−δ )‖Xt+ 1
2
− X̂t + γX̂t(W − I)‖2

F

= (1−δ )‖(Xt+ 1
2
− X̂t)((1+ γ)I− γW )− γXt+ 1

2
(I−W )‖2

F

= (1−δ )‖(Xt+ 1
2
− X̂t)((1+ γ)I− γW )− γ(Xt+ 1

2
−Xt+ 1

2
)(I−W )‖2

F

≤ (1−δ )(1+ c2)‖(Xt+ 1
2
− X̂t)((1+ γ)I− γW )‖2

F +(1−δ )(1+
1
c2
)‖γ(Xt+ 1

2
−Xt+ 1

2
)(I−W )‖2

F

≤ (1−δ )(1+ c2)(1+ γζ )2‖Xt+ 1
2
− X̂t‖2

F +(1−δ )(1+
1
c2
)γ2

ζ
2‖Xt+ 1

2
−Xt+ 1

2
‖2

F (A.7)

Here the last two inequalities are also derived from Young’s Inequality, Proposition A.1 and

Proposition A.2. Let

A = (1+ c1)(1− (1−ρ)γ)2 +(1−δ )(1+
1
c2
)γ2

ζ
2 (A.8)

and

B = (1+
1
c1
)γ2

ζ
2 +(1−δ )(1+ c2)(1+ γζ )2 (A.9)
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Then we have

‖Xt+1−Xt+1‖2
F +‖Xt+1− X̂t+1‖2

F

≤ A‖Xt+ 1
2
−Xt+ 1

2
‖2

F +B‖X̂t−Xt+ 1
2
‖2

F

≤ (1+c3)(A‖Xt−Xt‖2
F +B‖Xt−X̂t‖2

F)+(1+
1
c3
)η2

t (A‖(Dt−Xt)−(Dt−Xt)‖2
F+B‖Dt−Xt‖2

F)

≤ (1+ c3)(A‖Xt−Xt‖2
F +B‖Xt− X̂t‖2

F)+2(1+
1
c3
)η2

t (A+B)(‖Xt−Xt‖2
F+MD2)

(A.10)

Let c1 = (1− ρ)γ , c2 = δ , c3 = min{ (1−ρ)γ
4 , δ1

4 } and p = c2
3. Let ηt =

η0
(t+1)θ , η0 = c3

2 .

Denote 2(1+ 1
c3
)(A+B) as Q. We obtain

‖Xt+1−Xt+1‖2
F +‖Xt+1− X̂t+1‖2

F ≤ (1− p)(‖Xt−Xt‖2
F +‖Xt− X̂t‖2

F)+Qη
2
t MD2 (A.11)

According to Proposition A.3, there exists constant R1 such that

‖Xt−Xt‖2
F +‖Xt− X̂t‖2

F ≤
QR1MD2

(t +1)2θ
(A.12)

which finishes the proof.

A.2.2 Proof of Lemma 2.2

Proof. From Lemma 2.1 we know

‖Xt+1−Xt‖2
F ≤ 3‖Xt+1−Xt+1‖2

F +3‖Xt−Xt‖2
F +3‖Xt+1−Xt‖2

F

≤ 3QR1MD2

(t +2)2θ
+

3QR1MD2

(t +1)2θ
+3η

2
t ‖Dt−Xt‖2

F

≤ (6QR1 +3η0)MD2

(t +1)2θ
(A.13)
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The first inequality comes from Cauchy Schwartz Inequality. The last inequality comes from

Assumption 2.2. Let c4 = c2
3. β0 =

B(1+c4)
Ac4

and βt =
β0

(t+1)2θ/3 . Mimic the proof of Lemma

2.1, we have

‖Vt−Vt‖2
F +‖Vt−V̂t‖2

F

≤ A‖Vt− 1
2
−Vt− 1

2
‖2

F +B‖V̂t−1−Vt− 1
2
‖2

F

≤ (1+ c3)[A(1−βt)
2‖Vt−1−Vt−1‖2

F +B‖V̂t−1−Vt−1 +βt(Vt−1−Vt−1)‖2
F ]

+ (1+
1
c3
)β 2

t (A‖Gt−Gt‖2
F +B‖Vt−1−Gt‖2

F)

≤ (1+ c3)[A(1−βt)
2‖Vt−1−Vt−1‖2

F +(1+ c4)B‖V̂t−1−Vt−1‖2
F +(1+

1
c4
)Bβ

2
t ‖Vt−1−Vt−1‖2

F ]

+ (1+
1
c3
)β 2

t (A‖Gt−Gt‖2
F +B‖Vt−1−Gt‖2

F)

≤ (1+ c3)[A‖Vt−1−Vt−1‖2
F +(1+ c4)B‖V̂t−1−Vt−1‖2

F ]+4(1+
1
c3
)(A+B)β 2

t MG2

≤ (1− p2)(‖Vt−1−Vt−1‖2
F +‖Vt−1−V̂t−1‖2

F)+Qβ
2
t MG2 (A.14)

Then, according to Proposition A.3 there exists constant R2 such that

‖Vt−Vt‖2
F +‖Vt−V̂t‖2

F ≤
QR2MG2

(t +1)2θ/3 (A.15)

which finishes the proof.

A.2.3 Proof of Lemma 2.3

Proof. Eq. (A.14) implies

1
M

M

∑
i=1
‖v(i)t −

1
M

M

∑
j=1

v( j)
t ‖2 ≤ QR2G2

(t +1)2θ/3 (A.16)
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The mean of v(i)t satisfies

1
M

M

∑
i=1

v(i)t = (1−βt)
1
M

M

∑
i=1

v(i)t−1 +βt
1
M

M

∑
i=1

g(i)t (A.17)

We can denote it as

v̄t = (1−βt)v̄t−1 +βt ḡt (A.18)

Then we have

Eḡt =
1
M

M

∑
i=1

∇ fi(x
(i)
t ) (A.19)

and

‖ 1
M

M

∑
i=1

∇ fi(x
(i)
t+1)−

1
M

M

∑
i=1

∇ fi(x
(i)
t )‖2 ≤ L

M
‖Xt+1−Xt‖2

F ≤
(6QR1 +3η0)LD2

(t +1)2θ
(A.20)

where we have used Assumption 2.1. According to Eq. (A.19) and Assumption 2.6 we have

E‖v̄t−
1
M

M

∑
i=1

∇ fi(x
(i)
t )‖2

= E‖(1−βt)(v̄t−1−
1
M

M

∑
i=1

∇ fi(x
(i)
t−1))+(1−βt)(

1
M

M

∑
i=1

∇ fi(x
(i)
t−1)−

1
M

M

∑
i=1

∇ fi(x
(i)
t ))

+βt(ḡt−
1
M

M

∑
i=1

∇ fi(x
(i)
t ))‖2

= (1−βt)
2E‖v̄t−1−

1
M

M

∑
i=1

∇ fi(x
(i)
t−1)‖

2 +(1−βt)
2E‖ 1

M

M

∑
i=1

∇ fi(x
(i)
t )− 1

M

M

∑
i=1

∇ fi(x
(i)
t−1)‖

2

−2(1−βt)
2E〈v̄t−1−

1
M

M

∑
i=1

∇ fi(x
(i)
t−1),

1
M

M

∑
i=1

∇ fi(x
(i)
t )− 1

M

M

∑
i=1

∇ fi(x
(i)
t−1)〉

+β
2
t E‖ḡt−

1
M

M

∑
i=1

∇ fi(x
(i)
t )‖2

≤ (1−βt)
2E‖v̄t−1−

1
M

M

∑
i=1

∇ fi(x
(i)
t−1)‖

2 +(1−βt)
2 (6QR1 +3η0)LD2

t2θ
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+(1−βt)
2 βt

2
E‖v̄t−1−

1
M

M

∑
i=1

∇ fi(x
(i)
t−1)‖

2 +(1−βt)
2 2

βt

(6QR1 +3η0)LD2

t2θ
+β

2
t σ

2

(A.21)

As (1−βt)(1+
βt
2 )< 1, we have

E‖v̄t−
1
M

M

∑
i=1

∇ fi(x
(i)
t )‖2

≤ (1−βt)E‖v̄t−1−
1
M

M

∑
i=1

∇ fi(x
(i)
t−1)‖

2 +(1+
2
βt
)
(6QR1 +3η0)LD2

t2θ
+β

2
t σ

2

(A.22)

There exists a constant integer t0 such that

(1+ t0)1−2θ/3 >
2
β0

(A.23)

For t ≤ t0, there exists a constant S1 such that

E‖v̄t−
1
M

M

∑
i=1

∇ fi(x
(i)
t )‖2 ≤ S1

(t +1)2θ/3 (A.24)

Let S = max{S1,
48(2QR1+η0)LD2

β 2
0

,4σ2}. Then we use mathematical induction to prove

E‖v̄t−
1
M

M

∑
i=1

∇ fi(x
(i)
t )‖2 ≤ S

(t +1)2θ/3 (A.25)

We have already know it holds when t ≤ t0. When t > t0, suppose case t−1 satisfies the

assumption. Then we have

E‖v̄t−
1
M

M

∑
i=1

∇ fi(x
(i)
t )‖2
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≤ (1− β0

(t +1)2θ/3 )
S

t2θ/3 +(1+
2(t +1)2θ/3

β0
)
(6QR1 +3η0)LD2

t2θ
+

β 2
0 σ2

(t +1)4θ/3

(A.26)

Define function h(x) = 1+ β0
2 x2θ/3− (1+ x)2θ/3. We can calculate the derivative

h′(x) =
2θ

3
(
β0

2
x2θ/3−1− (1+ x)2θ/3−1)

=
θβ0

3(1+ x)1−2θ/3 ((1+
1
x
)1−2θ/3− 2

β0
) (A.27)

When 0 < x≤ 1
t0

, h′(x)> 0. Since h(0) = 0, we get h(x)≥ 0 when x ∈ [0, 1
t0
]. Therefore, as

t > t0, we have

(
t +1

t
)2θ/3 ≤ 1+

β0

2
1

t2θ/3 (A.28)

We can rewrite as

(1− β0

2(t +1)2θ/3 )
1

t2θ/3 ≤
1

(t +1)2θ/3 (A.29)

According to the definition of S, we also have

(1+
2(t +1)2θ/3

β0
)
(6QR1 +3η0)LD2

t2θ
+

β 2
0 σ2

(t +1)4θ/3 ≤
β0

2(t +1)2θ/3
S

t2θ/3 (A.30)

Combine above two equations we reach the conclusion of our induction.

A.3 Proof of Theorems

A.3.1 Proof of Theorem 2.1

Proof. By Assumption 2.1, we have

f (Xt+1
1
M
)≤ f (Xt

1
M
)+ 〈∇ f (Xt

1
M
),Xt+1

1
M
−Xt

1
M
〉+ L2

2
‖Xt+1

1
M
−Xt

1
M
‖2
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≤ f (Xt
1
M
)+ 〈∇ f (Xt

1
M
),Xt+1

1
M
−Xt

1
M
〉+ η2

t L2D2

2

= f (Xt
1
M
)+ηt〈∇ f (Xt

1
M
),Dt

1
M
−Xt

1
M
〉+ η2

t L2D2

2
(A.31)

Define d̂t as

d̂t = argmind∈Ω〈d,∇ f (Xt
1
M
)〉 (A.32)

Term 〈∇ f (Xt
1
M ),Dt

1
M −Xt

1
M 〉 can be estimated by

〈∇ f (Xt
1
M
),Dt

1
M
−Xt

1
M
〉

=
1
M

M

∑
i=1
〈∇ f (Xt

1
M
),d(i)

t −Xt
1
M
〉

=
1

M2

M

∑
i=1

M

∑
j=1
〈∇ f (Xt

1
M
),d(i)

t −d( j)
t 〉+ 〈∇ f (Xt

1
M
),d( j)

t −Xt
1
M
〉

=
1

M2

M

∑
i=1

M

∑
j=1
〈v( j)

t ,d(i)
t −d( j)

t 〉+ 〈∇ f (Xt
1
M
)− v( j)

t ,d(i)
t −d( j)

t 〉

+ 〈∇ f (Xt
1
M
)− v( j)

t ,d( j)
t −Xt

1
M
〉+ 〈v( j)

t ,d( j)
t −Xt

1
M
〉

≤ 1
M2

M

∑
i=1

M

∑
j=1
〈v( j)

t ,d(i)
t −d( j)

t 〉+ 〈∇ f (Xt
1
M
)− v( j)

t ,d(i)
t −d( j)

t 〉

+ 〈∇ f (Xt
1
M
)− v( j)

t ,d( j)
t −Xt

1
M
〉+ 〈v( j)

t , d̂t−Xt
1
M
〉

=
1

M2

M

∑
i=1

M

∑
j=1
〈v( j)

t ,d(i)
t −d( j)

t 〉+ 〈∇ f (Xt
1
M
)− v( j)

t ,d(i)
t −d( j)

t 〉

+ 〈∇ f (Xt
1
M
)− v( j)

t ,d( j)
t − d̂t〉+ 〈∇ f (Xt

1
M
), d̂t−Xt

1
M
〉

=
1

M2

M

∑
i=1

M

∑
j=1
〈v( j)

t ,d(i)
t −d( j)

t 〉+ 〈∇ f (Xt
1
M
)− v( j)

t ,d(i)
t − d̂t〉−Gt

= (
1

M2

M

∑
i=1

M

∑
j=1
〈v( j)

t ,d(i)
t −d( j)

t 〉)+ 〈∇ f (Xt
1
M
)− v̄t , d̄t− d̂t〉−Gt

≤−Gt +D‖∇ f (Xt
1
M
)− v̄t‖+

1
M2

M

∑
i=1

M

∑
j=1
〈v( j)

t ,d(i)
t −d( j)

t 〉 (A.33)
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The first inequality is achieved by the definition of d̂t and the second inequality is achieved

by the definition of Gt . By Lemma 2.2 we have

1
M2

M

∑
i=1

M

∑
j=1
〈v( j)

t ,d(i)
t −d( j)

t 〉

=
1
M

M

∑
j=1
〈v( j)

t , d̄t−d( j)
t 〉=

1
M

M

∑
j=1
〈v( j)

t − v̄t , d̄t−d( j)
t 〉

≤ 1
M

M

∑
j=1

D‖v( j)
t − v̄t‖ ≤ D

√
‖Vt−Vt‖2

F
M

≤
√

QR2GD
(t +1)θ/3 (A.34)

Moreover, by Lemma 2.1 and Lemma 2.3 we can estimate

E‖∇ f (Xt
1
M
)− v̄t‖2 ≤ 2E‖∇ f (Xt

1
M
)− 1

M

M

∑
i=1

∇ fi(x
(i)
t )‖2 +2E‖ 1

M

M

∑
i=1

∇ fi(x
(i)
t )− v̄t‖2

≤ 2L2

M
‖Xt−Xt‖2

F +
2S

(t +1)2θ/3

≤ 2QR1L2D2

(t +1)2θ
+

2S
(t +1)2θ/3 ≤

2(S+QR1L2D2)

(t +1)2θ/3 (A.35)

Therefore, we have

E‖∇ f (Xt
1
M
)− v̄t‖ ≤

√
2(S+QR1L2D2)

(t +1)θ/3 (A.36)

According to Eq. (A.31), (A.33), (A.34) and (A.36) we have

ηtEGt ≤ E( f (Xt
1
M
)− f (Xt+1

1
M
))+ηt

D(
√

2(S+QR1L2D2)+
√

QR2G)

(t +1)θ/3 +
η2

t L2D2

2

which reaches the conclusion of Theorem 2.1.
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A.3.2 Proof of Theorem 2.2

Proof. Let

ft = E f (Xt
1
M
) (A.37)

and F0,F1, . . . ,FT is a permutation of f0, f1, . . . , fT in descending order. We also define

Ft+1 = ft+1

Since we have Eq. (A.36) and ηt =
η0

(t+1)θ , telescoping over all iterations of t and taking

expectation of t̂, we obtain

EGt̂ ≤
∑

T
t=0( ft− ft+1)(t +1)3/4

η0(T +1)
+D(

√
2(S+QR1L2D2)+

√
QR2G)

∑
T
t=0

1
(t+1)1/4

T +1

+
L2D2

2

η0 ∑
T
t=0

1
(t+1)3/4

T +1
(A.38)

The numerator of the first term on right hand side of Eq. (A.38) equals

T

∑
t=0

( ft− ft+1)(t +1)3/4 =
T

∑
t=0

ft((t +1)3/4− t3/4)− fT+1(T +1)3/4 (A.39)

Define

u(t) = (t +1)3/4− t3/4 (A.40)

We have

u′(t) =
3
4
(

1
(t +1)1/4 −

1
t1/4 )< 0 (A.41)
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which means function u(t) is decreasing. By Rearranging Inequality,

T

∑
t=0

ft((t +1)3/4− t3/4) ≤
T

∑
t=0

Ft((t +1)3/4− t3/4)

=
T

∑
t=0

(Ft−Ft+1)(t +1)3/4 +FT+1(T +1)3/4 (A.42)

As Ft−Ft+1 ≥ 0, we have

∑
T
t=0( ft− ft+1)(t +1)3/4

T +1
≤ ∑

T
t=0(Ft−Ft+1)(t +1)3/4

T +1
≤ ∑

T
t=0 Ft−Ft+1

(T +1)1/4

=
F0−FT+1

(T +1)1/4 ≤
f+− f−

(T +1)1/4 (A.43)

where f+ and f− are upper and lower bound of f . According to the compact domain and

bounded gradient assumptions, the upper bound always exists. Since 1
(t+1)1/4 is a descending

function of t, we have estimation

T

∑
t=0

1
(t +1)1/4 ≤

∫ T+1

0

dx
x1/4 =

4
3
(T +1)3/4 (A.44)

Similarly, we have
T

∑
t=0

1
(t +1)3/4 ≤ 4(T +1)1/4 (A.45)

By Eq. (A.39), (A.43), (A.44) and (A.45) we have

EGt̂ = O(
1

T 1/4 )

which reaches the conclusion of Theorem 2.2.
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Appendix B: Appendix of Chapter 3

B.1 Basic Lemmas

First, we introduce following basic lemmas, which are broadly used in the convergence

analysis of optimization algorithms.

Lemma B.1. Let vector X be a stochastic variable. Then we have

0≤ E‖X−EX‖2= E‖X‖2−‖EX‖2≤ E‖X‖2 (B.1)

Lemma B.2. Let X1,X2, · · · ,Xn be n independent stochastic variables of which the means

are 0. Then we have

E‖
n

∑
i=1

Xi‖2 =
n

∑
i=1

E‖Xi‖2 (B.2)

Lemma B.3. Suppose A and B are two matrices. Then it satisfies

‖AB‖F ≤ ‖A‖2‖B‖F (B.3)

B.2 Important Conclusions

Next, we will propose and prove some conclusions that are important to the proof our

main theorems.
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Lemma B.4. (Lemma 4.3 in paper [66]) Φ(x) is (L+κL)-smooth and y∗(·) is κ-Lipschitz,

which means ‖y∗(x1)− y∗(x2)‖≤ κ‖x1− x2‖ for any x1,x2 ∈ Rd1 .

Proof. As y∗(x1) and y∗(x2) achieve the maximum, we have ∇y f (x1,y∗(x1)) = 0 and

∇y f (x2,y∗(x2)) = 0. Then we have

‖y∗(x1)− y∗(x2)‖

≤ 1
µ
‖∇y f (x1,y∗(x1))−∇y f (x1,y∗(x2))‖

=
1
µ
‖∇y f (x2,y∗(x2))−∇y f (x1,y∗(x2))‖ ≤

L
µ
‖x1− x2‖= κ‖x1− x2‖ (B.4)

where the first inequality is derived from µ-strong concavity and the second inequality is

derived from L-smoothness. Since ∇Φ(x) = ∇x f (x,y∗(x)), from Assumption 3.1 we get

‖∇Φ(x1)−∇Φ(x2)‖ ≤ L‖x1− x2‖+L‖y∗(x1)− y∗(x2)‖ ≤ (L+κL)‖x1− x2‖ (B.5)

which implies Φ(x) is (L+κL)-smooth.

Lemma B.5. When ηy ≤ 1
5L we have following estimation for δt .

T−1

∑
t=0

δt ≤
4κ

Lηy
δ0+

18ηy

µ

T−1

∑
t=1

(1−
µηy

4
)T−t−1

t−1

∑
s=0
‖ūs−

1
n

n

∑
i=1

∇ fi(x
(i)
s ,y(i)s )‖2+

72κ2

n

T−1

∑
t=0

(‖Xt − X̄t‖2
F

+‖Yt − Ȳt‖2
F)+

20κ4η2
x

L2η2
y

T−1

∑
t=0
‖v̄t‖2− 12

5µ2

T−1

∑
t=0

(1− (1−
µηy

4
)T−t)‖ūt‖2 (B.6)

Proof. Define zt = ȳt +θ ūt for some constant θ . As function f is strongly-concave in y we
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have

f (x̄t , ŷt)≤ f (x̄t , ȳt)+ 〈∇y f (x̄t , ȳt), ŷt− ȳt〉−
µ

2
‖ŷt− ȳt‖2

= f (x̄t , ȳt)+ 〈ūt , ŷt− zt〉+ 〈∇y f (x̄t , ȳt)− ūt , ŷt− zt〉

+θ〈∇y f (x̄t , ȳt), ūt〉−
µ

2
‖ŷt− ȳt‖2 (B.7)

By Assumption 3.1, we also have

−Lθ 2

2
‖ūt‖2≤ f (x̄t ,zt)− f (x̄t , ȳt)−θ〈∇y f (x̄t , ȳt), ūt〉 (B.8)

Add Eq. (B.7) and Eq. (B.8) together we obtain

0≤ 〈ūt , ŷt− zt〉+ 〈∇y f (x̄t , ȳt)− ūt , ŷt− zt〉−
µ

2
‖ŷt− ȳt‖2+

Lθ 2

2
‖ūt‖2 (B.9)

where we also use the definition of ŷt so that f (x̄t , ŷt)≥ f (x̄t ,zt).

〈ūt , ŷt− zt〉=−θ‖ūt‖2+〈ūt , ŷt− ȳt〉 (B.10)

Combining Eq. (B.9) and Eq. (B.10) we have

0≤ 〈ūt , ŷt− ȳt〉−
µ

2
‖ŷt− ȳt‖2+〈∇y f (x̄t , ȳt)− ūt , ŷt− zt〉− (θ − Lθ 2

2
)‖ūt‖2 (B.11)

By Cauchy-Schwartz inequality we have

〈∇y f (x̄t , ȳt)− ūt , ŷt− zt〉 ≤
4
µ
‖∇y f (x̄t , ȳt)−ūt‖2+

µ

8
‖ŷt− ȳt‖2+

µθ 2

8
‖ūt‖2 (B.12)
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Therefore, we obtain

0≤ 〈ūt , ŷt− ȳt〉−
µ

4
‖ŷt− ȳt‖2+

4
µ
‖∇y f (x̄t , ȳt)− ūt‖2−(θ − Lθ 2

2
− µθ 2

8
)‖ūt‖2

≤ 〈ūt , ŷt− ȳt〉−
µ

4
‖ŷt− ȳt‖2+

4
µ
‖∇y f (x̄t , ȳt)− ūt‖2− 2

5µ
‖ūt‖2 (B.13)

where we let θ = 4
5µ

. As we have

2ηy〈ūt , ŷt− ȳt〉= ‖ȳt− ŷt‖2+‖ȳt+1− ȳt‖2−‖ȳt+1− ŷt‖2 (B.14)

Eq. (B.13) is equivalent to

‖ȳt+1− ŷt‖2≤ (1−
µηy

2
)‖ȳt − ŷt‖2+‖ȳt+1− ȳt‖2+

8ηy

µ
‖∇y f (x̄t , ȳt)− ūt‖2−

4ηy

5µ
‖ūt‖2 (B.15)

When Lηy ≤ 1
5 , from Eq. (B.15) we know

‖ȳt+1− ŷt‖2 ≤ (1−
µηy

2
)‖ȳt− ŷt‖2+

8ηy

µ
‖∇y f (x̄t , ȳt)− ūt‖2−

3ηy

5µ
‖ūt‖2 (B.16)

According to Young’s inequality we have

‖ȳt+1− ŷt+1‖2 ≤ (1+
µηy

4
)‖ȳt+1− ŷt‖2+(1+

4
µηy

)‖ŷt+1− ŷt‖2

≤ (1−
µηy

4
)‖ȳt − ŷt‖2+

9ηy

µ
‖∇y f (x̄t , ȳt)− ūt‖2+

5κ

Lηy
‖ŷt+1− ŷt‖2−

3ηy

5µ
‖ūt‖2

≤ (1−
µηy

4
)‖ȳt − ŷt‖2+

9ηy

µ
‖∇y f (x̄t , ȳt)− ūt‖2+

5κ3η2
x

Lηy
‖v̄t‖2−

3ηy

5µ
‖ūt‖2 (B.17)

In the second inequality we use Eq. (B.16) and Lηy ≤ 1
5 . The last inequality is because

function y∗(·) is κ-Lipschitz. By Cauchy-Schwartz inequality and Assumption 3.1 we also
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have

‖∇y f (x̄t , ȳt)−ūt‖2≤ 2‖ūt−
1
n

n

∑
i=1

∇ fi(x
(i)
t ,y(i)t )‖2+

2L2

n
(‖Xt−X̄t‖2

F+‖Yt−Ȳt‖2
F) (B.18)

Using the definition of δt and the recursion in Eq. (B.17) we obtain

δt ≤ (1−
µηy

4
)t

δ0 +
9ηy

µ

t−1

∑
s=0

(1−
µηy

4
)t−s−1‖ūs−∇y f (x̄t , ȳt)‖2+

5κ3η2
x

Lηy

t−1

∑
s=0

(1−
µηy

4
)t−s−1‖v̄s‖2

−
3ηy

5µ

t−1

∑
s=0

(1−
µηy

4
)t−s−1‖ūs‖2 (B.19)

Summing above equation we have

T−1

∑
t=0

δt ≤
4κ

Lηy
δ0+

18ηy

µ

T−1

∑
t=1

(1−
µηy

4
)T−t−1

t−1

∑
s=0
‖ūs−

1
n

n

∑
i=1

∇ fi(x
(i)
s ,y(i)s )‖2+

72κ2

n

T−1

∑
t=0

(‖Xt − X̄t‖2
F

+‖Yt − Ȳt‖2
F)+

20κ4η2
x

L2η2
y

T−1

∑
t=0
‖v̄t‖2− 12

5µ2

T−1

∑
t=0

(1− (1−
µηy

4
)T−t)‖ūt‖2 (B.20)

where Eq. (B.18) is used.

Lemma B.6. For all t ∈ {0,1, · · · ,T} we have v̄t = ḡt and ūt = h̄t .

Proof. As matrix W is doubly stochastic, we have

v̄t = v̄t−1 + ḡt− ḡt−1 (B.21)

which is equivalent to v̄t − ḡt = v̄t−1− ḡt−1. Since ū−1 = ḡ−1, we have v̄t = ḡt for all

t ∈ {0,1, · · · ,T}. Similarly, we have ūt = h̄t .

Lemma B.7. Let At , Bt be positive sequences satisfying

At+1 ≤ (1− c)At +Bt (B.22)
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for some constant c ∈ (0,1). Then for any positive integer T we have

T

∑
t=0

At ≤
1
c

A0 +
1
c

T−1

∑
t=0

Bt (B.23)

Proof. Using recursion on Eq. (B.22) we can obtain

At ≤ (1− c)tA0 +
t−1

∑
s=0

(1− c)t−s−1Bs (B.24)

for ∀t ≥ 0. Sum above inequality and we achieve the desired conclusion Eq. (B.23), where

we use the condtion At , Bt are positive and the fact that ∑
∞
t=0(1− c)t = 1

c .

Lemma B.8. We can prove the following bound for gradient estimator v̄t and ūt .

t−1

∑
s=0

E‖v̄s−
1
n

n

∑
i=1

∇x fi(x
(i)
s ,y(i)s )‖2 ≤ σ2

nβxb0
+

2βxσ2t
n

+
12L2

n2βx

t−1

∑
s=0

(E‖Xs− X̄s‖2
F+E‖Ys− Ȳs‖2

F)

+
6L2

nβx

t−2

∑
s=0

(η2
x E‖v̄s‖2+η

2
y E‖ūs‖2) (B.25)

t−1

∑
s=0

E‖ūs−
1
n

n

∑
i=1

∇y fi(x
(i)
s ,y(i)s )‖2 ≤ σ2

nβyb0
+

2βyσ2t
n

+
12L2

n2βy

t−1

∑
s=0

(E‖Xs− X̄s‖2
F+E‖Ys− Ȳs‖2

F)

+
6L2

nβy

t−2

∑
s=0

(η2
x E‖v̄s‖2+η

2
y E‖ūs‖2) (B.26)

for all t ∈ {1,2, · · · ,T}.

Proof. By the definition of g(i)t and Lemma B.6 we have

v̄t−
1
n

n

∑
i=1

∇x fi(x
(i)
t ,y(i)t )

= (1−βx)(v̄t−1−
1
n

n

∑
i=1

∇x fi(x
(i)
t−1,y

(i)
t−1))+

βx

n

n

∑
i=1

(∇xFi(x
(i)
t ,y(i)t ;ξ

(i)
t )−∇x fi(x

(i)
t ,y(i)t ))

+(1−βx)
1
n

n

∑
i=1

(
∇xFi(x

(i)
t ,y(i)t ;ξ

(i)
t )−∇xFi(x

(i)
t−1,y

(i)
t−1;ξ

(i)
t )+∇x fi(x

(i)
t−1,y

(i)
t−1)

−∇x fi(x
(i)
t ,y(i)t )

)
(B.27)
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Taking expectation on ξ
(i)
t the last two terms of Eq. (B.27) are 0. Therefore,

E‖v̄t−
1
n

n

∑
i=1

∇x fi(x
(i)
t ,y(i)t )‖2

= (1−βx)
2E‖v̄t−1−

1
n

n

∑
i=1

∇x fi(x
(i)
t−1,y

(i)
t−1)‖

2+E‖βx

n

n

∑
i=1

(∇xFi(x
(i)
t ,y(i)t ;ξ

(i)
t )

−∇x fi(x
(i)
t ,y(i)t ))+(1−βx)

1
n

n

∑
i=1

(
∇xFi(x

(i)
t ,y(i)t ;ξ

(i)
t )−∇xFi(x

(i)
t−1,y

(i)
t−1;ξ

(i)
t )

+∇x fi(x
(i)
t−1,y

(i)
t−1)−∇x fi(x

(i)
t ,y(i)t )

)
‖2

≤ (1−βx)
2E‖v̄t−1−

1
n

n

∑
i=1

∇x fi(x
(i)
t−1,y

(i)
t−1)‖

2+
2β 2

x
n2

n

∑
i=1

E‖∇xFi(x
(i)
t ,y(i)t ;ξ

(i)
t )

−∇x fi(x
(i)
t ,y(i)t )‖2+

2(1−βx)
2

n2

n

∑
i=1

E‖∇xFi(x
(i)
t ,y(i)t ;ξ

(i)
t )−∇xFi(x

(i)
t−1,y

(i)
t−1;ξ

(i)
t )

+∇x fi(x
(i)
t−1,y

(i)
t−1)−∇x fi(x

(i)
t ,y(i)t )‖2

≤ (1−βx)
2E‖v̄t−1−

1
n

n

∑
i=1

∇x fi(x
(i)
t−1,y

(i)
t−1)‖

2+
2β 2

x σ2

n
+

2L2(1−βx)
2

n2 (E‖Xt−Xt−1‖2
F

+E‖Yt−Yt−1‖2
F) (B.28)

The first inequality is obtained by Cauchy-Schwartz inequality. In the last inequality we

use Lemma B.2 on the last two terms and then use Assumption 3.2, Lemma B.1 and

Assumption 3.1. By Cauchy-Schwartz inequality we have estimations

‖Xt−Xt−1‖2
F ≤ 3‖Xt− X̄t‖2

F+3nη
2
x ‖v̄t−1‖2+3‖Xt−1− X̄t−1‖2

F (B.29)

‖Yt−Yt−1‖2
F ≤ 3‖Yt− Ȳt‖2

F+3nη
2
y ‖ūt−1‖2+3‖Yt−1− Ȳt−1‖2

F (B.30)
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Combining above two inequalities with Eq. (B.28) and Lemma B.7 we have

t−1

∑
s=0

E‖v̄s−
1
n

n

∑
i=1

∇x fi(x
(i)
s ,y(i)s )‖2

≤ 1
βx

E‖v̄0−∇x f (x0,y0)‖2+
2βxσ2t

n
+

12L2

n2βx

t−1

∑
s=0

(E‖Xs− X̄s‖2
F+E‖Ys− Ȳs‖2

F)

+
6L2

nβx

t−2

∑
s=0

(η2
xE‖v̄s‖2+η

2
yE‖ūs‖2)

≤ σ2

nβxb0
+

2βxσ2t
n

+
12L2

n2βx

t−1

∑
s=0

(E‖Xs− X̄s‖2
F+E‖Ys− Ȳs‖2

F)

+
6L2

nβx

t−2

∑
s=0

(η2
xE‖v̄s‖2+η

2
yE‖ūs‖2) (B.31)

for all t ∈ {1,2, · · · ,T}. In the first inequality we use the fact 1
1−(1−βx)2 ≤ 1

βx
when βx ≤

1. The second inequality is because E‖v̄0−∇x f (x0,y0)‖2≤ σ2

nb0
by Assumption 3.2 and

Lemma B.2. Note that if we do not use Lemma B.7 on the last term we will get

t−1

∑
s=0

E‖v̄s−
1
n

n

∑
i=1

∇x fi(x
(i)
s ,y(i)s )‖2

≤ σ2

nβxb0
+

2βxσ2t
n

+
12L2

n2βx

t−1

∑
s=0

(E‖Xs− X̄s‖2
F+E‖Ys− Ȳs‖2

F)

+
6L2

nβx

t−2

∑
s=0

(1− (1−βx)
t−s−1)(η2

xE‖v̄s‖2+η
2
yE‖ūs‖2) (B.32)

Mimic above steps we can also prove the second conclusion in Lemma B.8.

Lemma B.9. The consensus error satisfies the following recursive relation

‖Xt+1− X̄t+1‖2
F ≤

1+λ 2

2
‖Xt− X̄t‖2

F+
2λ 2η2

x
1−λ 2 ‖Vt−V̄t‖2

F (B.33)

‖Yt+1− Ȳt+1‖2
F ≤

1+λ 2

2
‖Yt− Ȳt‖2

F+
2λ 2η2

y

1−λ 2 ‖Ut−Ūt‖2
F (B.34)
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Proof. Let J = 11T

n . According to the update rule we have

‖Xt+1− X̄t+1‖2
F

= ‖(Xt−ηxVt)W − (X̄t−ηxV̄t)‖2
F= ‖(Xt− X̄t)(W − J)−ηx(Vt−V̄t)(W − J)‖2

F

≤ λ
2‖Xt− X̄t‖2

F+λ
2
η

2
x ‖Vt−V̄t‖2

F−2〈(Xt− X̄t)(W − J),ηx(Vt−V̄t)(W − J)〉

≤ (λ 2 +θλ
2)‖Xt− X̄t‖2

F+(
λ 2η2

x
θ

+λ
2
η

2
x )‖Vt−V̄t‖2

F

≤ 1+λ 2

2
‖Xt− X̄t‖2

F+
2λ 2η2

x
1−λ 2 ‖Vt−V̄t‖2

F (B.35)

In the first inequality we use Assumption 3.4 and Lemma B.3. In the second inequality we

use Young’s inequality and θ is an arbitrary positive constant. Let θ = 1−λ 2

2λ 2 and we can get

the last inequality. Similar to Eq. (B.35), we can obtain the following estimation

‖Yt+1− Ȳt+1‖2
F = ‖(Yt +ηyUt)W − (Ȳt +ηyŪt)‖2

F

≤ (λ 2 +θλ
2)‖Yt− Ȳt‖2

F+(
λ 2η2

x
θ

+λ
2
η

2
x )‖Ut−Ūt‖2

F

≤ 1+λ 2

2
‖Yt− Ȳt‖2

F+
2λ 2η2

y

1−λ 2 ‖Ut−Ūt‖2
F (B.36)

Lemma B.10. For all t ∈ {0,1, · · · ,T −1} we have

t

∑
s=0

E‖Vs−V̄s‖2
F ≤

2
1−λ 2E‖V0−V̄0‖2

F+
48λ 2L2

(1−λ 2)2

t

∑
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(E‖Xs−X̄s‖2
F+E‖Ys−Ȳs‖2

F)

+
24nλ 2L2

(1−λ 2)2
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∑
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η
2
yE‖ūs‖2+

24nλ 2L2

(1−λ 2)2

t−1

∑
s=0

η
2
xE‖v̄s‖2

+
8λ 2β 2

x
(1−λ 2)2

t−1

∑
s=0

n

∑
i=1

E‖g(i)s −∇x fi(x
(i)
s ,y(i)s )‖2+

6nλ 2β 2
x σ2t

1−λ 2 (B.37)

t

∑
s=0

E‖Us−Ūs‖2
F ≤

2
1−λ 2E‖U0−Ū0‖2

F+
48λ 2L2

(1−λ 2)2

t

∑
s=0

(E‖Xs−X̄s‖2
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F)
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+
24nλ 2L2

(1−λ 2)2

t−1

∑
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η
2
yE‖ūs‖2+

24nλ 2L2

(1−λ 2)2
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∑
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η
2
xE‖v̄s‖2

+
8λ 2β 2

y
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∑
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n
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E‖h(i)s −∇y fi(x
(i)
s ,y(i)s )‖2+

6nλ 2β 2
y σ2t

1−λ 2 (B.38)

Proof. By the definition of Vt , Assumption 3.4 and Lemma B.3, we have

‖Vt+1−V̄t+1‖2
F

= ‖(Vt +Gt+1−Gt)W − (V̄t + Ḡt+1− Ḡt)‖2
F

= ‖(Vt−V̄t)(W − J)+(Gt+1−Gt)(W − J)‖2
F

≤ λ
2‖Vt−V̄t‖2

F+λ
2‖Gt+1−Gt‖2

F+2〈(Vt−V̄t)(W − J),(Gt+1−Gt)(W − J)〉 (B.39)

Review the definition of g(i)t

g(i)t+1−g(i)t = ∇xFi(x
(i)
t+1,y

(i)
t+1;ξ

(i)
t+1)−∇xFi(x

(i)
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(i)
t ,y(i)t ))

+βx(∇xFi(x
(i)
t ,y(i)t ;ξ

(i)
t+1)−∇x fi(x

(i)
t ,y(i)t )) (B.40)

and take expectation on ξ
(i)
t+1, then we have

E[g(i)t+1−g(i)t ] = ∇x fi(x
(i)
t+1,y

(i)
t+1)−∇x fi(x

(i)
t ,y(i)t )−βx(g

(i)
t −∇x fi(x

(i)
t ,y(i)t )) (B.41)

Taking expectation on ξ
(i)
t+1 the last term of Eq. (B.39) can be bounded by

E〈(Vt−V̄t)(W − J),(Gt+1−Gt)(W − J)〉

= 〈(Vt−V̄t)(W − J),E[Gt+1−Gt ](W − J)〉 ≤ λ‖Vt−V̄t‖F ·λ‖E[Gt+1−Gt ]‖F

≤ 1−λ 2

4
‖Vt−V̄t‖2

F+
λ 4
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F
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2λ 4
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n

∑
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‖∇x fi(x

(i)
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+
2λ 4β 2

x
1−λ 2

n

∑
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t ,y(i)t )‖2

≤ 1−λ 2

4
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+
2λ 4β 2

x
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n

∑
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‖g(i)t −∇x fi(x

(i)
t ,y(i)t )‖2 (B.42)

where the second inequality is resulted from Young’s inequality, the third inequality is

resulted from Cauchy-Schwartz inequality and the last inequality is resulted from Assump-

tion 3.1. Besides, applying Cauchy-Schwartz inequality to Eq. (B.40) we have

E‖g(i)t+1−g(i)t ‖2

≤ 3E‖∇xFi(x
(i)
t+1,y

(i)
t+1;ξ

(i)
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2
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≤ 3L2(E‖x(i)t+1−x(i)t ‖2+E‖y(i)t+1−y(i)t ‖2)+3β
2
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(i)
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(i)
t ,y(i)t )‖2+3β

2
x σ

2 (B.43)

where in the last inequality we use Assumption 3.1 and Assumption 3.2. Combining

Eq. (B.39), (B.42) and (B.43) we can obtain

E‖Vt+1−V̄t+1‖2
F ≤

1+λ 2

2
E‖Vt−V̄t‖2

F+
4λ 2L2

1−λ 2 (E‖Xt+1−Xt‖2
F+E‖Yt+1−Yt‖2

F)

+
4λ 2β 2

x
1−λ 2

n

∑
i=1
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2
β

2
x σ

2 (B.44)
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Then using Eq. (B.29) and (B.30) in above inequality we have

E‖Vt+1−V̄t+1‖2
F

≤ 1+λ 2
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F)+
12nλ 2L2η2

y
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+
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x
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4λ 2β 2
x
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n

∑
i=1

E‖g(i)t −∇x fi(x
(i)
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2
β

2
x σ

2 (B.45)

By Lemma B.7, we can further achieve

t ′

∑
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6nλ 2β 2
x σ2t ′

1−λ 2 (B.46)

for all t ′ ∈ {0,1, · · · ,T −1}. Here we should notice that term E‖Xt+1− X̄t+1‖2
F in Eq. (B.45)

is summed from E‖X1− X̄1‖2
F to E‖Xt ′− X̄t ′‖2

F , while term E‖Xt − X̄t‖2
F is summed from

E‖X0− X̄0‖2
F to E‖Xt ′−1− X̄t ′−1‖2

F . As X0 = X̄0, these two terms can be merged together.

And it is the same with term E‖Yt+1− Ȳt+1‖2
F . Mimic above steps and we can prove the

conclusion for ∑
t ′
s=0E‖Us−Ūs‖2

F in the similar way.

Lemma B.11. We can prove the gradient estimators ḡt and h̄t satisfy the following conclu-
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sion

t
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n
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2
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for all t ∈ {0,1, · · · ,T −1}.

Proof. According to the definition of g(i)t we have

g(i)t −∇x fi(x
(i)
t ,y(i)t )
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(i)
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(B.49)

The last two terms of Eq. (B.49) is 0 after taking expectation of ξ
(i)
t . Hence we have

E‖g(i)t −∇x fi(x
(i)
t ,y(i)t )‖2

= (1−βx)
2E‖g(i)t−1−∇x fi(x

(i)
t−1,y

(i)
t−1)‖

2+E‖βx(∇xFi(x
(i)
t ,y(i)t ;ξ

(i)
t )−∇x fi(x

(i)
t ,y(i)t ))

+(1−βx)
(

∇xFi(x
(i)
t ,y(i)t ;ξ

(i)
t )−∇xFi(x

(i)
t−1,y

(i)
t−1;ξ

(i)
t )

+∇x fi(x
(i)
t−1,y

(i)
t−1)−∇x fi(x

(i)
t ,y(i)t )

)
‖2

≤ (1−βx)
2E‖g(i)t−1−∇x fi(x

(i)
t−1,y

(i)
t−1)‖

2+2β
2
x E‖∇xFi(x

(i)
t ,y(i)t ;ξ

(i)
t )−∇x fi(x

(i)
t ,y(i)t )‖2

+2(1−βx)
2E‖∇xFi(x

(i)
t ,y(i)t ;ξ

(i)
t )−∇xFi(x

(i)
t−1,y

(i)
t−1;ξ

(i)
t )‖2

126



≤ (1−βx)
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2
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2

+E‖y(i)t − y(i)t−1‖
2) (B.50)

where we use Cauchy-Schwartz inequality and Lemma B.1 in the first inequality and use

Assumption 3.1 and Assumption 3.2 in the last inequality. Sum above inequality from i = 1

to n and we have

n

∑
i=1

E‖g(i)t −∇x fi(x
(i)
t ,y(i)t )‖2 ≤ (1−βx)
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Then by Eq. (B.29) and (B.30) we have

n
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xE‖v̄t−1‖2+η

2
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Applying Lemma B.7 to Eq. (B.52), similar to Eq. (B.46), we can obtain
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for all t ∈ {0,1, · · · ,T−1}. Here the last inequality is derived by E‖g(i)0 −∇x fi(x
(i)
0 ,y(i)0 )‖2≤ σ2

b0

due to Lemma B.2. The estimation of h(i)t can be achieved in the same way as above.

Lemma B.12. Let ηx ≤ (1−λ )2

500L and ηy ≤ (1−λ )2

500L . The consensus error can be bounded by
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for all t ∈ {0,1, · · · ,T}.

Proof. Combining Lemma B.7 and Lemma B.9, for all t ∈ {0,1, · · · ,T} we have

t

∑
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‖Xs− X̄s‖2
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F (B.55)
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Substitute the right side with Lemma B.10 we have
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Apply Lemma B.11 and we get
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129



where we use βx ≤ 1 to simplify the equation. Similarly, we have
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Add Eq. (B.57) and (B.57) together. Then we have
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As λ < 1, when ηx ≤ (1−λ )2

500L and ηy ≤ (1−λ )2

500L it satisfies

576λ 4L2(η2
x +η2

y )

(1−λ 2)4 ≤ 1
2

(B.60)

Therefore, Eq. (B.59) implies

t

∑
s=0

(E‖Xs− X̄s‖2
F+E‖Ys− Ȳs‖2

F)

≤ 16λ 2η2
x

(1−λ 2)3E‖V0−V̄0‖2
F+

16λ 2η2
y

(1−λ 2)3E‖U0−Ū0‖2
F+

576nλ 4L2(η2
x +η2

y )

(1−λ 2)4

t−2

∑
s=0

(η2
xE‖v̄s‖2

+η
2
yE‖ūs‖2)+

64nλ 4(βxη2
x +βyη2

y )σ
2

(1−λ 2)4b0
+

196nλ 4(β 2
x η2

x +β 2
y η2

y )σ
2t

(1−λ 2)4 (B.61)
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which reaches the conclusion of Lemma B.12.

B.3 Proof of main Theorems

Now we will move forward to the main Theorems in our paper. Here we revise some con-

stant coefficients in the statement, but it does not actually affect the result in our convergence

analysis.

Theorem B.1. (Restatement of Theorem 3.1) Let Assumptions 3.1 to 3.5 hold. When

parameters βx = ε min{1,nε}
20 , βy = ε min{1,nε}

500κ2 , ηx = (1−λ )2 min{1,nε}
15000κ3L , ηy =

(1−λ )2 min{1,nε}
1500κL ,

b0 =
400κ

min{1,nε} , T = 30000κ3ε−2

(1−λ )2 min{1,nε} , our Algorithm 2 satisfies

1
T

T−1

∑
t=0

E‖∇Φ(x̄t)‖2 ≤ L(Φ(x0)−Φ
∗)ε2 +σ

2
ε

2 +L2
δ0ε

2 +
ε2

n

n

∑
i=1
‖∇x fi(x0,y0)‖2

+
ε2

n

n

∑
i=1
‖∇y fi(x0,y0)‖2 (B.62)

Proof. Since Φ(x) is (κL+L)-smooth we have

Φ(x̄t)≤Φ(x̄t−1)−ηx〈v̄t−1,∇Φ(x̄t−1)〉+η
2
x κL‖v̄t−1‖2

= Φ(x̄t−1)−
ηx

2
‖v̄t−1‖2−ηx

2
‖∇Φ(x̄t−1)‖2+

ηx

2
‖v̄t−1−∇Φ(x̄t−1)‖2+η

2
x κL‖v̄t−1‖2

≤Φ(x̄t−1)−
ηx

2
‖∇Φ(x̄t−1)‖2−(ηx

2
−η

2
x κL)‖v̄t−1‖2+ηx‖v̄t−1−∇x f (x̄t−1, ȳt−1)‖2

+ηx‖∇Φ(x̄t−1)−∇x f (x̄t−1, ȳt−1)‖2 (B.63)

where the last inequality is caused by Cauchy-Schwartz inequality. As we have ∇Φ(x̄t−1) =

∇x f (x̄t−1, ŷt−1), by Assumption 3.1 the last term satisfies

‖∇Φ(x̄t−1)−∇x f (x̄t−1, ȳt−1)‖2≤ L2‖ŷt−1− ȳt−1‖2= L2
δt−1 (B.64)
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Besides, according to Cauchy-Schwartz inequality we also have

‖v̄t−1−∇x f (x̄t−1, ȳt−1)‖2

≤ 2‖v̄t−1−
1
n

n

∑
i=1

∇x fi(x
(i)
t−1,y

(i)
t−1)‖

2+2‖1
n

n

∑
i=1

∇x fi(x
(i)
t−1,y

(i)
t−1)−∇x f (x̄t−1, ȳt−1)‖2

≤ 2‖v̄t−1−
1
n

n

∑
i=1

∇x fi(x
(i)
t−1,y

(i)
t−1)‖

2+
2L2

n
(‖Xt−1− X̄t−1‖2

F+‖Yt−1− Ȳt−1‖2
F) (B.65)

Combine Eq. (B.63), (B.64), (B.65) and rearrange the inequality

‖∇Φ(x̄t−1)‖2 ≤ 2(Φ(x̄t−1)−Φ(x̄t))

ηx
− (1−2κLηx)‖v̄t−1‖2+2L2

δt−1 +
4L2

n
(‖Xt−1− X̄t−1‖2

F

+‖Yt−1− Ȳt−1‖2
F)+4‖v̄t−1−

1
n

n

∑
i=1

∇x fi(x
(i)
t−1,y

(i)
t−1)‖

2 (B.66)

Telescoping and taking expectation on Eq. (B.66) we have

1
T

T−1

∑
t=0

E‖∇Φ(x̄t)‖2

≤ 2(Φ(x0)−EΦ(x̄T ))

ηxT
− (1−2κLηx)

T

T−1

∑
t=0

E‖v̄t‖2+
2L2

T

T−1

∑
t=0

Eδt +
4L2

nT

T−1

∑
t=0

(E‖Xt− X̄t‖2
F

+E‖Yt− Ȳt‖2
F)+

4
T

T−1

∑
t=0

E‖v̄t−
1
n

n

∑
i=1

∇x fi(x
(i)
t ,y(i)t )‖2 (B.67)

Applying Assumption 3.3, Lemma B.5 and Lemma B.8 we have

1
T

T−1

∑
t=0

E‖∇Φ(x̄t)‖2

≤ 2(Φ(x0)−Φ∗)

ηxT
− (1−2κLηx−

40κ4η2
x

η2
y

)
1
T

T−1

∑
t=0

E‖v̄t‖2+
8κL2δ0

T Lηy

+
148κ2L2

nT

T−1

∑
t=0

(E‖Xt− X̄t‖2
F+E‖Yt− Ȳt‖2

F)+
4
T

T−1

∑
t=0

E‖v̄t−
1
n

n

∑
i=1

∇x fi(x
(i)
t ,y(i)t )‖2

+
36κLηy

T

T−1

∑
t=1

(1−
µηy

4
)T−t−1

t−1

∑
s=0
‖ūs−

1
n

n

∑
i=1

∇ fi(x
(i)
s ,y(i)s )‖2
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− 24κ2

5T

T−1

∑
t=0

(1− (1−
µηy

4
)T−t)E‖ūt‖2

≤ 2(Φ(x0)−Φ∗)

ηxT
− (1−2κLηx−

40κ4η2
x

η2
y

)
1
T

T−1

∑
t=0

E‖v̄t‖2+
8κL2δ0

T Lηy
+

4σ2

nb0T
(

1
βx

+
36κ2

βy
)

+
8σ2

n
(βx +36κ

2
βy)+

4L2

nT
(47κ

2 +
12
nβx

+
432κ2

nβy
)

T−1

∑
t=0

(E‖Xt− X̄t‖2
F+E‖Yt− Ȳt‖2

F)

+
24L2

nβxT

T−1

∑
t=0

(1− (1−βx)
T−t)(η2

xE‖v̄t‖2+η
2
yE‖ūt‖2)+

864κ2L2

nβyT

T−1

∑
t=0

(1− (1−
µηy

4
)T−t)

· (η2
xE‖v̄t‖2+η

2
yE‖ūt‖2)− 24κ2

5T

T−1

∑
t=0

(1− (1−
µηy

4
)T−t)E‖ūt‖2 (B.68)

where we use Eq. (B.32) in the last inequality. As

1
βx

(1− (1−βx)
T−t) =

T−t−1

∑
s=0

(1−βx)
s (B.69)

we know Eq. (B.69) is increasing when βx is decreasing. Hence 1
βx
(1− (1− βx)

T−t) ≤
300κ2

(1−λ )2βx
(1−(1− (1−λ )2βx

300κ2 )T−t). According to the definition of βx and ηy, we have (1−λ )2βx
300κ2 ≤

µηy
4 and

24L2

nβxT
(1− (1−βx)

T−t)≤ 7200L2κ2

n(1−λ )2βxT
(1− (1−

µηy

4
)T−t) (B.70)

Therefore, using the definition of βx, βy and ηy we obtain

1
T

T−1

∑
t=0

E‖∇Φ(x̄t)‖2

≤ 2(Φ(x0)−Φ∗)

ηxT
− (1−2κLηx−

40κ4η2
x

η2
y

)
1
T

T−1

∑
t=0

E‖v̄t‖2+
8κL2δ0

T Lηy
+

4σ2

nb0T
(

1
βx

+
36κ2

βy
)

+
8σ2

n
(βx +36κ

2
βy)+

4L2

nT
(47κ

2 +
12
nβx

+
432κ2

nβy
)

T−1

∑
t=0

(E‖Xt− X̄t‖2
F+E‖Yt− Ȳt‖2

F)

+(
24L2η2

x
nβx

+
864κ2L2η2

x
nβy

)
1
T

T−1

∑
t=0

E‖v̄t‖2−
κLηy

T

T−1

∑
t=0

E‖ūt‖2 (B.71)
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Besides, according to Lemma B.12 we have

1
T

T−1

∑
t=0

E‖∇Φ(x̄t)‖2

≤ 2(Φ(x0)−Φ∗)

ηxT
− (1−2κLηx−

40κ4η2
x

η2
y

)
1
T

T−1

∑
t=0

E‖v̄t‖2+
8κL2δ0

T Lηy
+

4σ2

nb0T
(

1
βx

+
36κ2

βy
)

+
8σ2

n
(βx +36κ

2
βy)+

4L2

nT
(47κ

2 +
12
nβx

+
432κ2

nβy
)
( 16λ 2η2

x
(1−λ 2)3E‖V0−V̄0‖2

F

+
16λ 2η2

y

(1−λ 2)3E‖U0−Ū0‖2
F+

64nλ 4(βxη2
x +βyη2

y )σ
2

(1−λ 2)4b0
+

196nλ 4(β 2
x η2

x +β 2
y η2

y )σ
2T

(1−λ 2)4

)
+

4L2

nT
(47κ

2 +
12
nβx

+
432κ2

nβy
)
576nλ 4L2(η2

x +η2
y )

(1−λ 2)4

T−1

∑
t=0

(η2
xE‖v̄t‖2+η

2
yE‖ūt‖2)

+(
24L2η2

x
nβx

+
864κ2L2η2

x
nβy

)
1
T

T−1

∑
t=0

E‖v̄t‖2−
κLηy

T

T−1

∑
t=0

E‖ūt‖2 (B.72)

When βx, βy, ηx and ηy are defined as Theorem B.1, we have

4L2

nT
(47κ

2 +
12
nβx

+
432κ2

nβy
)
576nλ 4L2(η2

x +η2
y )

(1−λ 2)4 η
2
y ≤

κLηy

2T
(B.73)

and

1−2κLηx−
40κ4η2

x
η2

y
− 24L2η2

x
nβx

− 864κ2L2η2
x

nβy

− 4L2

n
(47κ

2 +
12
nβx

+
432κ2

nβy
)
576nλ 4L2(η2

x +η2
y )

(1−λ 2)4 η
2
x ≥

2
5

(B.74)
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Thus, we obtain

1
T

T−1

∑
t=0

E‖∇Φ(x̄t)‖2

≤ 2(Φ(x0)−Φ∗)

ηxT
+

8κL2δ0

T Lηy
+

4σ2

nb0T
(

1
βx

+
36κ2

βy
)+

8σ2

n
(βx +36κ

2
βy)

+
4L2

nT
(47κ

2 +
12
nβx

+
432κ2

nβy
)
( 16λ 2η2

x
(1−λ 2)3E‖V0−V̄0‖2

F+
16λ 2η2

y

(1−λ 2)3E‖U0−Ū0‖2
F

+
64nλ 4(βxη2

x +βyη2
y )σ

2

(1−λ 2)4b0
+

196nλ 4(β 2
x η2

x +β 2
y η2

y )σ
2T

(1−λ 2)4

)
(B.75)

By Assumption 3.4 and Cauchy-Schwartz inequality we also have

E‖V0−V̄0‖2
F= E‖G0(W − J)‖2

F≤ λ
2E‖G0‖2

F≤
2nλ 2σ2

b0
+2λ

2
n

∑
i=1
‖∇x fi(x0,y0)‖2

(B.76)

Similarly, we have

E‖U0−Ū0‖2
F≤

2nλ 2σ2

b0
+2λ

2
n

∑
i=1
‖∇y fi(x0,y0)‖2 (B.77)

Combine above three inequalities and substitute the parameters with their definitions. We

achieve

1
T

T−1

∑
t=0

E‖∇Φ(x̄t)‖2 ≤ L(Φ(x0)−Φ
∗)ε2 +L2

δ0ε
2 +σ

2
ε

2 +
ε2

n

n

∑
i=1
‖∇x fi(x0,y0)‖2

+
ε2

n

n

∑
i=1
‖∇y fi(x0,y0)‖2 (B.78)
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where we use following inequalities for simplification.

βx ≥ βy,
144κ2

nβyb0T
≤ 144κ2 ·500κ2(min{1,nε})2ε2

nε min{1,nε}400κ ·30000κ3 ≤
3ε2

500

4L2(47κ
2 +

12
nβx

+
432κ2

nβy
)≤ 200L2

κ
2 +

1800L2κ2

nβy

8βx

n
≤ 8ε ·nε

20n
=

2ε2

5
,

288κ2βy

n
≤ 288κ2ε ·nε

500nκ2 ≤ 288ε2

500
L2βxη2

x
(1−λ )4b0T

≤ ε(min{1,nε})5ε2

20 ·400κ ·30000κ3(15000κ3)2 ,
L2βyη2

y

(1−λ )4b0T
≤ ε(min{1,nε})5ε2

500 ·400κ ·30000κ3(1500κ)2

L2β 2
x η2

x
(1−λ )4 ≤

ε2(min{1,nε})4

400(15000κ3)2 ,
L2β 2

y η2
y

(1−λ )4 ≤
ε2(min{1,nε})4

(500κ2)2(1500κ)2 (B.79)

Theorem B.2. (Restatement of Theorem 3.2) Let Assumptions 3.1 to 3.5 hold. We set the

parameters as T = 30000κ3T0
(1−λ )2 , βx =

n1/3

20T 2/3
0

, βy =
n1/3

500κ2T 2/3
0

, ηx =
(1−λ )2n2/3

15000κ3T 1/3
0 L

, ηy =
(1−λ )2n2/3

1500κT 1/3
0 L

,

b0 =
400κT 1/3

0
n2/3 , where we suppose T0 ≥ 10n2. Then our algorithm satisfies

1
T

T−1

∑
t=0

E‖∇Φ(x̄t)‖2 ≤ L(Φ(x0)−Φ∗)+σ2 +L2δ0

(nT0)2/3 +
1
n ∑

n
i=1E‖∇x fi(x0,y0)‖2

T0

+
1
n ∑

n
i=1E‖∇y fi(x0,y0)‖2

T0
(B.80)

Proof. When the parameters are defined as Theorem B.2, the conditions in Lemma B.5 and

Lemma B.12 are also satisfied. Hence we can prove Eq. (B.68) and (B.72) still hold. When

βx, βy, ηx and ηy are defined as Theorem B.2, we also have

4L2

nT
(47κ

2 +
12
nβx

+
432κ2

nβy
)
576nλ 4L2(η2

x +η2
y )

(1−λ 2)4 η
2
y ≤

κLηy

2T
(B.81)
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and

1−2κLηx−
40κ4η2

x
η2

y
− 24L2η2

x
nβx

− 864κ2L2η2
x

nβy

− 4L2

n
(47κ

2 +
12
nβx

+
432κ2

nβy
)
576nλ 4L2(η2

x +η2
y )

(1−λ 2)4 η
2
x ≥

2
5

(B.82)

Similar to Theorem B.1, we can also obtain

1
T

T−1

∑
t=0

E‖∇Φ(x̄t)‖2

≤ 2(Φ(x0)−Φ∗)

ηxT
+

8κL2δ0

T Lηy
+

4σ2

nb0T
(

1
βx

+
36κ2

βy
)+

8σ2

n
(βx +36κ

2
βy)

+
4L2

nT
(47κ

2 +
12
nβx

+
432κ2

nβy
)
( 16λ 2η2

x
(1−λ 2)3E‖V0−V̄0‖2

F+
16λ 2η2

y

(1−λ 2)3E‖U0−Ū0‖2
F

+
64nλ 4(βxη2

x +βyη2
y )σ

2

(1−λ 2)4b0
+

196nλ 4(β 2
x η2

x +β 2
y η2

y )σ
2T

(1−λ 2)4

)
(B.83)

Substitute the parameters with their definitions and we have

1
T

T−1

∑
t=0

E‖∇Φ(x̄t)‖2 ≤ L(Φ(x0)−Φ∗)+σ2 +L2δ0

(nT0)2/3 +
1
n ∑

n
i=1E‖∇x fi(x0,y0)‖2

T0

+
1
n ∑

n
i=1E‖∇y fi(x0,y0)‖2

T0
(B.84)

which achieves the conclusion of Theorem B.2.
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Appendix C: Appendix of Chapter 4

In this section, we provide the detailed theoretical analysis of our algorithms, and

propose an other Adam-Type algorithm (i.e., Sketched-Adamnc). We first give some useful

definitions and lemmas.

Lemma C.1. Let m be a positive integer. Then we have

m

∑
k=1

1
k
≤ 1+ log(m). (C.1)

Proof. As function f (x) = 1
x is decreasing when x > 0, we have

m

∑
k=1

1
k
= 1+

m

∑
k=2

1
k
≤ 1+

∫ m

1

dx
x

= 1+ log(m). (C.2)

Lemma C.2. Let X be a stochastic variable. Then we have

E[X−EX ]2 = EX2− (EX)2 ≥ 0. (C.3)

Lemma C.3. Let X1,X2, · · · ,Xk be independent stochastic variables with 0 means. Then we

have

E‖
k

∑
j=1

X j‖2 =
k

∑
j=1

E‖X j‖2. (C.4)
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C.1 Convergence Analysis of Sketched-AMSGrad (PA) Algorithm

In the subsection, we provide the detailed convergence analysis of our Sketched-

AMSGrad (PA) algorithm.

In the following convergence analysis, we will define a useful auxiliary sequence x̃t such

that x̃1 = x1 and

x̃t+1 = x̃t−αt
1
n

n

∑
i=1

m(i)
t /

√
v̂(i)t . (C.5)

Let et =
1
n ∑

n
i=1 e(i)t . The error compensation term e(i)t is multiplied by a factor αt−1

αt
because

it always satisfies

xt− x̃t = αt−1et−1. (C.6)

Theorem C.1. Assume that Assumption 1 to Assumption 3 are satisfied and data distribution

{Di}n
i=1 are identical. In Algorithm 1, let β1 < 1, β2 < 1, ε > 0 and αt =

α√
1+T

, α > 0.

Then we have
1
T

T

∑
t=1

E‖∇ f (xt)‖2 ≤ C1√
T
+

C2

T
,

where constants C1 and C2 are independent of T .

Proof. Let A(i)
t = αt [v̂

(i)
t ]−1/2∇ f (x̃t) for i = 1, · · · ,n, t = 1, · · · ,T and A(i)

0 = A(i)
1 . Since

m(i)
t = β1m(i)

t−1 +(1−β1)g
(i)
t and m(i)

0 = 0, it is easy to check the following equation always

holds:

T

∑
t=1
〈A(i)

t ,g(i)t 〉=
β1

1−β1
〈A(i)

T ,m(i)
T 〉+

T

∑
t=1
〈A(i)

t ,m(i)
t 〉+

β1

1−β1

T

∑
t=1
〈A(i)

t −A(i)
t+1,m

(i)
t 〉 (C.7)

139



The left hand side of Eq. (C.7) can be rewritten by

〈A(i)
t ,g(i)t 〉= 〈αt−1[v̂

(i)
t−1]

−1/2
∇ f (xt),g

(i)
t 〉−〈(αt−1[v̂

(i)
t−1]

−1/2−αt [v̂
(i)
t ]−1/2)∇ f (x̃t),g

(i)
t 〉

−〈αt [v̂
(i)
t−1]

−1/2(∇ f (xt)−∇ f (x̃t)),g
(i)
t 〉 (C.8)

Let ξ
(i)
t be the sample index set at iteration t on node i. As data distribution Di’s are identical,

we have

E
ξ
(i)
t

g(i)t = ∇ f (xt) (C.9)

Therefore, if we take expectation on term 〈αt−1[v̂
(i)
t−1]

−1/2∇ f (xt),g
(i)
t 〉 over ξ

(i)
t , we can

replace the g(i)t with ∇ f (xt). But this operation is not allowed on 〈A(i)
t ,g(i)t 〉 because v̂(i)t

is also dependent on ξ
(i)
t . We deal with it in this way because the previous value v̂(i)t−1 is

not determined by ξ
(i)
t . By using the above Assumption 1 (Lipschitz Gradient) and the

definition of x̃t in (C.5), we have

1
n

n

∑
i=1
〈A(i)

t ,m(i)
t 〉= 〈∇ f (x̃t),

1
n

n

∑
i=1

αt [v̂
(i)
t ]−1/2m(i)

t 〉= 〈∇ f (x̃t), x̃t+1− x̃t〉

≤ f (x̃t)− f (x̃t+1)+
L
2
‖x̃t+1− x̃t‖2 (C.10)

By Young’s inequality we have

1
n

n

∑
i=1
〈A(i)

T ,m(i)
T 〉= 〈∇ f (x̃T ),

1
n

n

∑
i=1

αT [v̂
(i)
T ]−1/2m(i)

T 〉

≤ L‖1
n

n

∑
i=1

αT [v̂
(i)
T ]−1/2m(i)

T ‖
2+

1
4L
‖∇ f (x̃T )‖2 ≤ L‖x̃T+1− x̃T‖2+

G2d
4L

(C.11)

where the last inequality is derived by Assumption 3 (Bounded Gradient). With Assumption
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3, we can also obtain

〈A(i)
t −A(i)

t+1,m
(i)
t 〉= 〈αt [v̂

(i)
t ]−1/2

∇ f (x̃t)−αt+1[v̂
(i)
t+1]

−1/2
∇ f (x̃t+1),m

(i)
t 〉

= 〈(αt [v̂
(i)
t ]−1/2−αt+1[v̂

(i)
t+1]

−1/2)∇ f (x̃t+1),m
(i)
t 〉+ 〈∇ f (x̃t)−∇ f (x̃t+1),αt [v̂

(i)
t ]−1/2m(i)

t 〉

≤ G2(‖αt [v̂
(i)
t ]−1/2‖1−‖αt+1[v̂

(i)
t+1]

−1/2‖1)+ 〈∇ f (x̃t)−∇ f (x̃t+1),αt [v̂
(i)
t ]−1/2m(i)

t 〉

(C.12)

where in the last inequality we also use the fact that v̂(i)t+1 ≥ v̂(i)t for each component and

αt+1 ≤ αt . Sum i from 1 to n on Eq. (C.12) and we have

1
n

n

∑
i=1
〈A(i)

t −A(i)
t+1,m

(i)
t 〉

≤ G2

n

n

∑
i=1

(‖αt [v̂
(i)
t ]−1/2‖1−‖αt+1[v̂

(i)
t+1]

−1/2‖1)+ 〈∇ f (x̃t)−∇ f (x̃t+1),
1
n

n

∑
i=1

αt [v̂
(i)
t ]−1/2m(i)

t 〉

≤ G2

n

n

∑
i=1

(‖αt [v̂
(i)
t ]−1/2‖1−‖αt+1[v̂

(i)
t+1]

−1/2‖1)+L‖x̃t+1− x̃t‖2 (C.13)

where the last inequality is derived from Assumption 1. According to Assumption 3,

αt ≤ αt−1 and the element-wise ascent of v̂(i)t ≥ v̂(i)t−1, we have

〈(αt−1[v̂
(i)
t−1]

−1/2−αt [v̂
(i)
t ]−1/2)∇ f (x̃t),g

(i)
t 〉 ≤ G2(‖αt−1[v̂

(i)
t−1]

−1/2‖1−‖αt [v̂
(i)
t ]−1/2‖1)

(C.14)

Let et =
1
n ∑

n
i=1 e(i)t . According to the update rule of e(i)t we have

αtet =
1
n

n

∑
i=1

αtm
(i)
t /

√
v̂(i)t +αt−1et−1−αt∆t (C.15)
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By the definition of x̃t in (C.5), we can estimate term xt− x̃t by

xt− x̃t =
t−1

∑
s=1

αs(
1
n

n

∑
i=1

m(i)
s /

√
v̂(i)s −∆s)

=
t−1

∑
s=1

[
αs

(1
n

n

∑
i=1

(m(i)
s /

√
v̂(i)s +

αs−1

αs
e(i)s−1)−∆s

)
−αs−1es−1

]
=

t−1

∑
s=1

(αses−αs−1es−1) = αt−1et−1 (C.16)

Define

γ0 = (1−δ )(1− k
d
)+δ , γ = 1− k

2d
(1−δ ), γ1 =

(3− γ0)γ0

1− γ0
(C.17)

We can see 0 < γ0 < 1. By Lemma 4.1 and Eq. (C.15) we have

E‖αtet‖2 ≤ γ0E‖
1
n

n

∑
i=1

αtm
(i)
t /

√
v̂(i)t +αt−1et−1‖2 ≤ γ1E‖

1
n

n

∑
i=1

αtm
(i)
t /

√
v̂(i)t ‖2 + γE‖αt−1et−1‖2

≤ γ1

t

∑
s=1

γ
t−sE‖1

n

n

∑
i=1

αs[v̂
(i)
s ]−1/2m(i)

s ‖2 = γ1

t

∑
s=1

γ
t−sE‖x̃s+1− x̃s‖2 (C.18)

Here the first inequality is because with probability p > 1−δ , it satisfies

‖αtet‖2 ≤ (1− k
d
) ‖1

n

n

∑
i=1

αtm
(i)
t /

√
v̂(i)t +αt−1et−1‖2

and otherwise with probability p < δ , ∆t is still some coordinates of ∆̃t . It always satisfies

‖αtet‖ ≤ ‖
1
n

n

∑
i=1

αtm
(i)
t /

√
v̂(i)t +αt−1et−1‖

Hence we can get the first inequality of Eq. (C.18). In the third inequality of Eq. (C.18)

we use Young’s inequality. In the third inequality of Eq. (C.18) we apply recursion to the
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second inequality. Next we can bound the last term in Eq. (C.8).

E〈αt [v̂
(i)
t−1]

−1/2(∇ f (xt)−∇ f (x̃t)),g
(i)
t 〉= E〈αt [v̂

(i)
t−1]

−1/2(∇ f (xt)−∇ f (x̃t)),∇ f (xt)〉

≤ 1
2
E〈αt [v̂

(i)
t−1]

−1/2
∇ f (xt),∇ f (xt)〉+

αtL2

2
√

ε
E‖xt− x̃t‖2

=
1
2
E〈αt [v̂

(i)
t−1]

−1/2
∇ f (xt),g

(i)
t 〉+

αtL2

2
√

ε
E‖xt− x̃t‖2 (C.19)

where the inequality uses Assumption 1 and Cauchy-Schwartz inequality. The last equality

takes expectation on ξ
(i)
t . The first term of Eq. (C.19) can be merge into the first term of

Eq. (C.8). By Eq. (C.16) and (C.18), telescoping from t = 1 to T we have

T

∑
t=1

E‖xt− x̃t‖2 =
T

∑
t=1

E‖αt−1et−1‖2 ≤ γ1

T

∑
t=1

t−1

∑
s=1

γ
t−1−sE‖x̃s+1− x̃s‖2

≤ γ1

1− γ

T

∑
t=1

E‖x̃t+1− x̃t‖2 (C.20)

Combining Eq. (C.7), (C.8), (C.10), (C.11), (C.13), (C.14), (C.19) and (C.20), summing t

from 1 to T and averaging i from 1 to n, we have

1
2n

n

∑
i=1

T

∑
t=1

E〈αt−1[v̂
(i)
t−1]

−1/2
∇ f (xt),g

(i)
t 〉

≤ Lβ1

1−β1
E‖x̃T+1− x̃T‖2 +

β1G2d
4L(1−β1)

+ f (x̃1)− f (x̃T+1)+
L
2

T

∑
t=1

E‖x̃t+1− x̃t‖2

+
β1G2

n(1−β1)

n

∑
i=1

(‖α1[v̂
(i)
1 ]−1/2‖1−E‖αT+1[v̂

(i)
T+1]

−1/2‖1)+
β1L

1−β1

T

∑
t=1

E‖x̃t+1− x̃t‖2

+
G2

n

n

∑
i=1

(‖α0[v̂
(i)
0 ]−1/2‖1−E‖αT [v̂

(i)
T ]−1/2‖1)+

αtL2γ1

2
√

ε(1− γ)

T

∑
t=1

E‖x̃t+1− x̃t‖2

≤ f (x1)− f ∗+
β1G2d

4L(1−β1)
+

G2αd√
T ε(1−β1)

+(
(1+β1)L

1−β1
+

αtL2γ1

2
√

ε(1− γ)
)

T

∑
t=1

E‖x̃t+1− x̃t‖2

(C.21)
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By Cauchy-Schwartz inequality we have

T

∑
t=1
‖x̃t+1− x̃t‖2

≤ 1
n

n

∑
i=1

T

∑
t=1
‖αtm

(i)
t /

√
v̂(i)t ‖2 =

(1−β1)
2

n

n

∑
i=1

T

∑
t=1
‖

t

∑
s=1

β
t−s
1 αtg

(i)
s /

√
v̂(i)t ‖2

=
(1−β1)

2

n

n

∑
i=1

T

∑
t=1

t

∑
s=1

t

∑
r=1

β
2t−s−r
1 〈αtg

(i)
s /

√
v̂(i)t ,αtg

(i)
r /

√
v̂(i)t 〉

≤ 1−β1

n

n

∑
i=1

T

∑
t=1

t

∑
s=1

β
t−s
1 ‖αsg

(i)
s /

√
v̂(i)s ‖2 ≤ 1

n

n

∑
i=1

T

∑
t=1
‖αtg

(i)
t /

√
v̂(i)t ‖2 ≤ d

1−β2

T

∑
t=1

α
2
t

(C.22)

where the second inequality is achieved by 2〈a,b〉 ≤ ‖a‖2 +‖b‖2, v̂(i)t ≥ v̂(i)s and αt ≤ αs

for t ≥ s. The last inequality is derived from Eq. (C.23) as follows.

v(i)t = (1−β2)
t

∑
s=1

β
t−s
2 [g(i)s ]2 (C.23)

Additionally, taking expectation on the left hand side of Eq. (C.21), by Assumption 3 we

have
1
n

n

∑
i=1

T

∑
t=1

E〈αt−1[v̂
(i)
t−1]

−1/2
∇ f (xt),g

(i)
t 〉 ≥

α

G
√

T

T

∑
t=1

E‖∇ f (xt)‖2 (C.24)

Let

C1 =
2G( f (x1)− f ∗)

α
+

β1G3d
2Lα(1−β1)

+
4GLαd

(1−β1)(1−β2)
, (C.25)

C2 =
GL2α2dγ1√

ε(1−β2)(1− γ)
+

2G3d√
ε(1−β1)

. (C.26)

Then by Eq. (C.21), (C.22) and (C.24), we can obtain

1
T

T

∑
t=1

E‖∇ f (xt)‖2 ≤ C1√
T
+

C2

T
. (C.27)
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C.2 Convergence Analysis of Sketched-AMSGrad (GA) Algorithm

In this subsection, we provide the detailed convergence analysis of our Sketched-

AMSGrad (GA) algorithm. Similar to Algorithm 3, we also define et =
1
n ∑

n
i=1 e(i)t and

define an auxiliary sequence x̃t in the convergence analysis, which satisfies x̃1 = x1 and

x̃t+1 = x̃t−
1
n

n

∑
i=1

αt v̂
−1/2
t m(i)

t . (C.28)

We can prove that the auxiliary sequence x̃t satisfies the following Lemma C.4

Lemma C.4. In Algorithm 4, we always have

xt− x̃t = αt−1v̂−1/2
t−1 et−1. (C.29)

Proof. By the definition of x̃t , ∆t and et , we have

xt− x̃t =
t−1

∑
s=1

αs(v̂
−1/2
s ms−∆s) = αt−1v̂−1/2

t−1 et−1 +
t−2

∑
s=1

αs(v̂
−1/2
s − v̂−1/2

s+1 )es. (C.30)

As v̂s ≥ vs for each element, the coordinate in vs+1 which is not updated at iteration s+1

keeps the same as vs and is always smaller that the corresponding coordinate in v̂s. Moreover,

since v̂s+1 = max{v̂s,vs+1}, we reach the conclusion that for any index j /∈Is, the value

of j-th coordinate in term (v̂−1/2
s − v̂−1/2

s+1 ) must be 0. On the other hand, by the definition

of ∆t and et , for any index j ∈Is, the j-th coordinate of es is always 0. Therefore, term

(v̂−1/2
s − v̂−1/2

s+1 ) and es are orthogonal and we can prove our Lemma C.4.

Theorem C.2. Assume that Assumptions 1-3 are satisfied. In Algorithm 2, let β1 < 1, β2 < 1,

145



ε > 0 and αt =
α√

1+T/n
, α > 0. Then we have

1
T

T

∑
t=1

E‖∇ f (xt)‖2 ≤ C1√
nT

+
C1 +C2

T
,

where constants C1 and C2 are independent of T .

Proof. We define

gt =
1
n

n

∑
i=1

g(i)t , mt =
1
n

n

∑
i=1

m(i)
t . (C.31)

It automatically satisfies

mt = (1−β1)mt−1 +β1gt , x̃t+1 = x̃t−αt v̂
−1/2
t mt (C.32)

Let At = αt v̂
−1/2
t ∇ f (x̃t) for t = 1, · · · ,T and A0 = A1. By Eq. (C.32) and m0 = 0, it is easy

to check

T

∑
t=1
〈At ,gt〉=

β1

1−β1
〈AT ,mT 〉+

T

∑
t=1
〈At ,mt〉+

β1

1−β1

T

∑
t=1
〈At−At+1,mt〉 (C.33)

The left hand side of Eq. (C.33) can be rewritten by

〈At ,gt〉= 〈αt−1v̂−1/2
t−1 ∇ f (xt),gt〉−〈(αt−1v̂−1/2

t−1 −αt v̂
−1/2
t )∇ f (x̃t),gt〉

−〈αt v̂
−1/2
t−1 (∇ f (xt)−∇ f (x̃t)),gt〉 (C.34)

Similar to Sketched-AMSGrad (GA), we want to obtain ‖∇ f (xt)‖2 by taking expectation on

gt . However, we cannot do this by taking expectation directly on 〈At ,gt〉 because v̂t is also

determined by ξ
(i)
t . But the previous value v̂t−1 does not depend on ξ

(i)
t . Therefore we have

Eξt 〈αt−1v̂−1/2
t−1 ∇ f (xt),gt〉= 〈αt−1v̂−1/2

t−1 ∇ f (xt),∇ f (xt)〉 (C.35)
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By Young’s inequality we have

〈AT ,mT 〉= 〈∇ f (x̃T ),αT v̂−1/2
T mT 〉 ≤ L‖αT v̂−1/2

T mT‖2 +
1

4L
‖∇ f (x̃T )‖2 (C.36)

Then using Assumption 3 we get

〈AT ,mT 〉 ≤ L‖αT v̂−1/2
T mT‖2 +

G2d
4L

(C.37)

The second term on the right side of Eq. (C.33) can be estimated by

〈At ,mt〉= 〈∇ f (x̃t),αt v̂
−1/2
t mt〉= 〈∇ f (x̃t), x̃t− x̃t+1〉 ≤ f (x̃t)− f (x̃t+1)+

L
2
‖x̃t+1− x̃t‖2

(C.38)

where the last inequality is due to Assumption 1. According to Assumptions 1 and 3,

Eq. (C.32), v̂t+1 ≥ v̂t and αt+1 ≤ αt , we can obtain

〈At−At+1,mt〉

= 〈αt v̂
−1/2
t ∇ f (x̃t)−αt+1v̂−1/2

t+1 ∇ f (x̃t+1),mt〉

= 〈αt v̂
−1/2
t ∇ f (x̃t+1)−αt+1v̂−1/2

t+1 ∇ f (x̃t+1),mt〉+ 〈αt v̂
−1/2
t ∇ f (x̃t)−αt v̂

−1/2
t ∇ f (x̃t+1),mt〉

= 〈(αt v̂
−1/2
t −αt+1v̂−1/2

t+1 )∇ f (x̃t+1),mt〉+ 〈∇ f (x̃t)−∇ f (x̃t+1),αt v̂
−1/2
t mt〉

≤ G2(‖αt v̂
−1/2
t ‖1−‖αt+1v̂−1/2

t+1 ‖1)+L‖x̃t+1− x̃t‖2 (C.39)

Similarly, we can bound the second term on the right side of Eq. (C.34)

E〈(αt−1v̂−1/2
t−1 −αt v̂

−1/2
t )∇ f (x̃t),gt〉 ≤ G2(‖αt−1v̂−1/2

t−1 ‖1−‖αt v̂
−1/2
t ‖1) (C.40)

Next, we will estimate term 〈αt v̂
−1/2
t (∇ f (xt)−∇ f (x̃t)),gt〉. Mimic the reasoning of
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Eq. (C.18) with Lemma 4.2, we have

E‖αt v̂
−1/2
t et‖2 ≤ γ0E‖αt v̂

−1/2
t mt +αt−1v̂−1/2

t et−1‖2 ≤ γ1

t

∑
s=1

γ
t−sE‖αsv̂

−1/2
s ms‖2 (C.41)

Taking expectation, we can estimate the last term of Eq. (C.34) by

E〈αt v̂
−1/2
t−1 (∇ f (xt)−∇ f (x̃t)),gt〉= E〈αt v̂

−1/2
t−1 (∇ f (xt)−∇ f (x̃t)),∇ f (xt)〉

≤ 1
2
E〈αt [v̂

(i)
t−1]

−1/2
∇ f (xt),∇ f (xt)〉+

αtL2

2
√

ε
E‖xt− x̃t‖2 (C.42)

The inequality results from Cauchy-Schwartz inequality and Assumption 1. Sum the last

term of Eq. (C.42) from t = 1 to T and we have

T

∑
t=1

E‖xt− x̃t‖2 =
T

∑
t=1

E‖αt−1v̂−1/2
t−1 et−1‖2

≤ γ1

T

∑
t=1

t−1

∑
s=1

γ
t−1−sE‖αsv̂

−1/2
s ms‖2 ≤ γ1

(1− γ)

T

∑
t=1

E‖αt v̂
−1/2
t mt‖2 (C.43)

Combine Eqs. (C.33), (C.34), (C.37), (C.38), (C.39), (C.40), (C.42) and (C.43). Take

expectation and we have

1
2

T

∑
t=1

E〈αt−1v̂−1/2
t−1 ∇ f (xt),∇ f (xt)〉

≤ f (x̃1)− f (x̃T+1)+
β1G2d

4L(1−β1)
+(

L
2
+

2β1L
1−β1

)
T

∑
t=1

E‖x̃t− x̃t+1‖2

+
β1G2

1−β1
(‖α1v̂−1/2

1 ‖1−E‖αT+1v̂−1/2
T+1 ‖1)+G2(‖α0v̂−1/2

0 ‖1−E‖αT v̂−1/2
T ‖1)

+
αtL2γ1

2
√

ε(1− γ)

T

∑
t=1

E‖αt v̂
−1/2
t mt‖2 +

L
2

T

∑
t=1

E‖αt v̂
−1/2
t gt‖2. (C.44)
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As v̂t+1 ≥ v̂t and αt+1 ≤ αt , we have

T

∑
t=1
‖αt v̂

−1/2
t mt‖2

= (1−β1)
2

T

∑
t=1
‖

t

∑
s=1

β
t−s
1 αt v̂

−1/2
t gs‖2 = (1−β1)

2
T

∑
t=1

t

∑
s, j=1

β
2t−s− j
1 〈αt v̂

−1/2
t gs,αt v̂

−1/2
t g j〉

≤ (1−β1)
T

∑
t=1

t

∑
s=1

β
t−s
1 ‖αsv̂

−1/2
s gs‖2 ≤

T

∑
t=1
‖αt v̂

−1/2
t gt‖2. (C.45)

From Lemma C.2 and Lemma C.3 we know

E‖gt−∇ f (xt)‖2 = E‖1
n

n

∑
i=1

(g(i)t −∇ fi(xt))‖2 ≤ 1
n2

n

∑
i=1

E‖g(i)t −∇ fi(xt)‖2 ≤ G2d
n

. (C.46)

According to Eq. (C.32), (C.44), (C.45), (C.46) and Assumption 2 we can obtain

1
2

T

∑
t=1

E〈αt−1v̂−1/2
t−1 ∇ f (xt),∇ f (xt)〉

≤ f (x1)− f ∗+
β1G2d

4L(1−β1)
+

G2αt√
ε(1−β1)

+C0

T

∑
t=1

E‖αt v̂
−1/2
t gt‖2

≤ f (x1)− f ∗+
β1G2d

4L(1−β1)
+

G2αt√
ε(1−β1)

+
2C0

ε

T

∑
t=1

α
2
t (E‖∇ f (xt)‖2 +E‖gt−∇ f (xt)‖2)

≤ f (x1)− f ∗+
β1G2d

4L(1−β1)
+

G2αt√
ε(1−β1)

+
2C0G2d

nε

T

∑
t=1

α
2
t +

2C0

ε

T

∑
t=1

α
2
t E‖∇ f (xt)‖2.

(C.47)

where

C0 =
(1+β1)L

1−β1
+

αtL2γ1

2
√

ε(1− γ)
(C.48)

The left side of Eq. (C.47) can be lower bounded by

T

∑
t=1

E〈αt−1v̂−1/2
t−1 ∇ f (xt),gt〉 ≥

T

∑
t=1

αt

G
E‖∇ f (xt)‖2. (C.49)
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Since αt ≤ ε

8C0G when T is large, we have

α

4G
√

1+ T
n

T

∑
t=1

E‖∇ f (xt)‖2 ≤ f (x1)− f ∗+
β1G2d

4L(1−β1)
+

G2αt√
ε(1−β1)

+
2C0G2d

nε

T

∑
t=1

α
2
t

(C.50)

Let

C1 =
4G( f (x1)− f ∗)

α
+

β1G3d
Lα(1−β1)

+
8(1+β1)LG3dα

ε(1−β1)
, (C.51)

C2 =
4L2G3dα2γ1

ε3/2(1− γ)
+

4G3
√

ε(1−β1)
. (C.52)

Then we can reach the conclusion

1
T

T

∑
t=1

E‖∇ f (xt)‖2 ≤
√

1+
T
n
(
C1

T
+

C2

T
√

1+T/n
)≤ C1√

nT
+

C1 +C2

T
. (C.53)

In the last inequality we use the fact that
√

1+ x≤ 1+
√

x.

Next we will provide the proof for Remark 4.2.

Proof. When we set α = αt =
√ n

T , Eq. (C.47) and (C.49) still hold since we only use the

relation αt ≥ αt+1. When it satisfies
√ n

T ≤
ε

4C0G we have

√
n

2G
√

T

T

∑
t=1

E‖∇ f (xt)‖2 ≤ f (x1)− f ∗+
β1G2d

4L(1−β1)
+

G2√n
√

ε(1−β1)
√

T
+

2C0G2d
ε

(C.54)

Therefore, we can obtain

1
T

T

∑
t=1

E‖∇ f (xt)‖2 ≤ 2G( f (x1)− f ∗)√
nT

+
β1G3d

2L(1−β1)
√

nT
+

4C0G3d
ε
√

nT
+

4G3
√

ε(1−β1)T

(C.55)
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Algorithm 9 Sketched-Adamnc Algorithm
Input: initial value x1, sketching operator S and unsketching operator U

Set: m(i)
0 =0, e(i)0 =0 on i-th worker node

for t = 1 to T do
On i-th worker node:

Estimate a stochastic gradient g(i)t , and then compute m(i)
t = β1m(i)

t−1+(1−β1)g
(i)
t ;

v(i)t = 1
t ∑

t
j=1[g

(i)
j ]2 + ε1;

Sketch S(i)t = S (m(i)
t /

√
v(i)t + αt−1

αt
e(i)t−1), and then send S(i)t to the master node;

Send ∆
(i)
t to the master node after unsketching;

e(i)t = m(i)
t /

√
v(i)t + αt−1

αt
e(i)t−1−∆

(i)
t ;

Receive ∆t from the master node, and then update xt+1 = xt−αt∆t ;
On the master node:

Aggregate St =
1
n ∑

n
i=1 S(i)t ;

Unsketch ∆t =
1
n ∑

n
i=1 ∆

(i)
t = Top-k(U (St));

Send ∆t back to each worker node, and then update xt+1 = xt−αt∆t .
end for

which indicates that the convergence rate is O( 1√
nT
).

C.3 Sketched-Adamnc Algorithm

In the section, we propose another Adam-type algorithm with sketching technique.

Since our Sketched-AMSGrad (GA) algorithm has better theoretical properties such as

linear speedup and convergence with non-identical data distribution. But the parameter

averaging scheme is more convenient to implement and more compatible with other Adam-

type algorithms. For example, besides AMSGrad, we can also apply sketching method

to Adamnc [92] algorithm using the parameter averaging scheme. The description of

Sketched-Adamnc algorithm is shown in Algorithm 9.

Similar to Lemma 4.1, we have the following lemma

Lemma C.5. In Algorithm 4 we define ∆̃t =
1
n ∑

n
i=1(m

(i)
t /

√
v(i)t + αt−1

αt
e(i)t−1). With sketch
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size Θ(klog(d/δ )) and with probability ≥ 1−δ , we have

‖∆̃t−∆t‖2 ≤ (1− k
d
)‖∆̃t‖2. (C.56)

Theorem C.3. Assume that the Assumptions 1-3 are satisfied and data distribution Di’s are

identical. Let β1 < 1, β2 < 1, ε > 0 and αt =
α√

t , α > 0. Then there exist constant C1 and

C2 such that Algorithm 4 satisfies:

1
T

T

∑
t=1

E‖∇ f (xt)‖2 ≤ C1√
T
+

C2(1+ log(T ))√
T

(C.57)

Proof. Define auxiliary sequence x̃t such that x̃1 = x1 and

x̃t+1 = x̃t−
1
n

n

∑
i=1

αtm
(i)
t /

√
v(i)t (C.58)

Let A(i)
t = αt [v

(i)
t ]−1/2∇ f (x̃t) for i = 1, · · · ,n, t = 1, · · · ,T and A(i)

0 = A(i)
1 . Since αt =

α√
t

and

v(i)t =
1
t

t

∑
j=1

[g(i)j ]2 + ε1 (C.59)

we always have

αt+1[v
(i)
t+1]

−1/2 ≤ αt [v
(i)
t ]−1/2 (C.60)

Similar to the proof of Theorem 4.1, we also have

T

∑
t=1
〈A(i)

t ,g(i)t 〉=
β1

1−β1
〈A(i)

T ,m(i)
T 〉+

T

∑
t=1
〈A(i)

t ,m(i)
t 〉+

β1

1−β1

T

∑
t=1
〈A(i)

t −A(i)
t+1,m

(i)
t 〉 (C.61)

〈A(i)
t ,g(i)t 〉= 〈αt−1[v

(i)
t−1]

−1/2
∇ f (xt),g

(i)
t 〉−〈(αt−1[v

(i)
t−1]

−1/2−αt [v
(i)
t ]−1/2)∇ f (xt),g

(i)
t 〉

−〈αt [v
(i)
t ]−1/2(∇ f (xt)−∇ f (x̃t)),g

(i)
t 〉 (C.62)
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1
n

n

∑
i=1
〈A(i)

T ,m(i)
T 〉 ≤ L‖x̃T+1− x̃T‖2 +

G2d
4L

(C.63)

1
n

n

∑
i=1
〈A(i)

t ,m(i)
t 〉 ≤ f (x̃t)− f (x̃t+1)+

L
2
‖x̃t+1− x̃t‖2 (C.64)

1
n

n

∑
i=1
〈A(i)

t −A(i)
t+1,m

(i)
t 〉 ≤

G2

n

n

∑
i=1

(‖αt [v
(i)
t ]−1/2‖1−‖αt+1[v

(i)
t+1]

−1/2‖1)+L‖x̃t+1− x̃t‖2

(C.65)

〈(αt−1[v̂
(i)
t−1]

−1/2−αt [v̂
(i)
t ]−1/2)∇ f (xt),g

(i)
t 〉 ≤ G2(‖αt−1[v̂

(i)
t−1]

−1/2‖1−‖αt [v̂
(i)
t ]−1/2‖1)

(C.66)

In above two inequalities we use the relation of Eq. (C.60). Let et =
1
n ∑

n
i=1 e(i)t . We also

have

αtet =
1
n

n

∑
i=1

αtm
(i)
t /

√
v(i)t +αt−1et−1−αt∆t (C.67)

and

xt− x̃t = αt−1et−1 (C.68)

Define

θ = 1− (1−δ )(1− k
d
)−δ , γ = 1−θ

2 (C.69)
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and mimic the reasoning of Eq. (C.41)

E‖αtet‖2 ≤
(
(1−δ )(1− k

d
)+δ

)
E‖1

n

n

∑
i=1

αtm
(i)
t /

√
v(i)t +αt−1et−1‖2

≤ γE‖αt−1et−1‖2 +(1−θ)(1+
1
θ
)E‖1

n

n

∑
i=1

αtm
(i)
t /

√
v(i)t ‖2

≤ γ

θ

t

∑
s=1

γ
t−sE‖1

n

n

∑
i=1

αs[v
(i)
s ]−1/2m(i)

s ‖2 (C.70)

Then we can estimate the last term of Eq. (C.62)

〈αt [v
(i)
t ]−1/2(∇ f (xt)−∇ f (x̃t)),g

(i)
t 〉 ≤ ‖∇ f (xt)−∇ f (x̃t)‖ · ‖αt [v

(i)
t ]−1/2g(i)t ‖

≤ 1
2L
‖∇ f (xt)−∇ f (x̃t)‖2 +

L
2
‖αt [v

(i)
t ]−1/2g(i)t ‖2 ≤ L

2
‖xt− x̃t‖2 +

L
2
‖αt [v

(i)
t ]−1/2g(i)t ‖2

(C.71)

The second inequality results from Young’s inequality and the last inequality results from

Assumption 1. Sum Eq. (C.71) from t = 1 to T , average i and take expectation

1
n

n

∑
i=1

T

∑
t=1

E〈αt [v
(i)
t ]−1/2(∇ f (xt)−∇ f (x̃t)),g

(i)
t 〉

≤ L
2

T

∑
t=1

E‖xt − x̃t‖2 +
L
2n

n

∑
i=1

T

∑
t=1

E‖αt [v
(i)
t ]−1/2g(i)t ‖2

=
L
2

T

∑
t=1

E‖αt−1et−1‖2 +
L
2n

n

∑
i=1

T

∑
t=1

E‖αt [v
(i)
t ]−1/2g(i)t ‖2

≤ Lγ

2θ

T

∑
t=1

t−1

∑
s=1

γ
t−1−sE‖1

n

n

∑
i=1

αs[v
(i)
s ]−1/2m(i)

s ‖2 +
L
2n

n

∑
i=1

T

∑
t=1

E‖αt [v
(i)
t ]−1/2g(i)t ‖2

≤ Lγ

2θ(1− γ)

T

∑
t=1

E‖1
n

n

∑
i=1

αt [v
(i)
t ]−1/2m(i)

t ‖2 +
L
2n

n

∑
i=1

T

∑
t=1

E‖αt [v
(i)
t ]−1/2g(i)t ‖2

≤ Lγ

2nθ(1− γ)

n

∑
i=1

T

∑
t=1

E‖αt [v
(i)
t ]−1/2m(i)

t ‖2 +
L
2n

n

∑
i=1

T

∑
t=1

E‖αt [v
(i)
t ]−1/2g(i)t ‖2 (C.72)
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Combine Eq. (C.61), (C.62), (C.63), (C.64), (C.65), (C.66) and (C.72) and we get

1
n

n

∑
i=1

T

∑
t=1

E〈αt−1[v
(i)
t−1]

−1/2
∇ f (xt),g

(i)
t 〉

≤ Lβ1

1−β1
E‖x̃T+1− x̃T‖2 +

β1G2d
4L(1−β1)

+ f (x̃1)− f (x̃T+1)+
L
2

T

∑
t=1

E‖x̃t+1− x̃t‖2

+
β1G2

n(1−β1)

n

∑
i=1

(‖α1[v
(i)
1 ]−1/2‖1−E‖αT+1[v

(i)
T+1]

−1/2‖1)+
β1L

1−β1

T

∑
t=1

E‖x̃t+1− x̃t‖2

+
G2

n

n

∑
i=1

(‖α0[v
(i)
0 ]−1/2‖1−E‖αT [v

(i)
T ]−1/2‖1)+

L
2n

n

∑
i=1

T

∑
t=1

E‖αt [v
(i)
t ]−1/2g(i)t ‖2

+
Lγ

2nθ(1− γ)

n

∑
i=1

T

∑
t=1

E‖αt [v
(i)
t ]−1/2m(i)

t ‖2

≤ f (x1)− f ∗+
β1G2d

4L(1−β1)
+

G2αd√
ε(1−β1)

+(
L
2
+

2β1L
1−β1

)
T

∑
t=1

E‖x̃t+1− x̃t‖2

+
Lγ

2nθ(1− γ)

n

∑
i=1

T

∑
t=1

E‖αt [v
(i)
t ]−1/2m(i)

t ‖2 +
L
2n

n

∑
i=1

T

∑
t=1

E‖αt [v
(i)
t ]−1/2g(i)t ‖2 (C.73)

By Eq. (C.60) and Cauchy-Schwartz inequality we have

T

∑
t=1
‖x̃t+1− x̃t‖2

≤ 1
n

n

∑
i=1

T

∑
t=1
‖αt [v

(i)
t ]−1/2m(i)

t ‖2 =
(1−β1)

2

n

n

∑
i=1

T

∑
t=1
‖

t

∑
s=1

β
t−s
1 αt [v

(i)
t ]−1/2g(i)s ‖2

=
(1−β1)

2

n

n

∑
i=1

T

∑
t=1

t

∑
s=1

t

∑
r=1

β
2t−s−r
1 〈αt [v

(i)
t ]−1/2g(i)s ,αt [v

(i)
t ]−1/2g(i)r 〉

≤ 1−β1

n

n

∑
i=1

T

∑
t=1

t

∑
s=1

β
t−s
1 ‖αs[v

(i)
s ]−1/2g(i)s ‖2 ≤ 1

n

n

∑
i=1

T

∑
t=1
‖αt [v

(i)
t ]−1/2g(i)t ‖2 (C.74)

Define

C0 =
(1+β1)L

1−β1
+

Lγ

2θ(1− γ)
(C.75)
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Then we have

1
n

n

∑
i=1

T

∑
t=1

E〈αt−1[v
(i)
t−1]

−1/2
∇ f (xt),g

(i)
t 〉

≤ f (x1)− f ∗+
β1G2d

4L(1−β1)
+

G2αd√
ε(1−β1)

+
C0

n

n

∑
i=1

T

∑
t=1

E‖αt [v
(i)
t ]−1/2g(i)t ‖2(C.76)

Let g(i)t, j be the j-th coordinate of vector g(i)t . Then we have

T

∑
t=1
‖αt [v

(i)
t ]−1/2g(i)t ‖2 =

T

∑
t=1

d

∑
j=1

α
2 [g(i)t, j]

2

∑
t
s=1[g

(i)
s, j]

2 + tε
≤

d

∑
j=1

α
2

T

∑
t=1

[g(i)t, j]
2

∑
t
s=1[g

(i)
s, j]

2
(C.77)

Let at = ∑
t
s=1[g

(i)
s, j]

2, t = 1, · · · ,T . Since function f (x) = 1
x is decreasing, we have

[g(i)t, j]
2

at
≤
∫ at

at−1

dx
x

(C.78)

when t ≥ 2. Therefore, we have bound

T

∑
t=1

[g(i)t, j]
2

∑
t
s=1[g

(i)
s, j]

2
≤ 1+

∫ aT

a1

dx
x
≤ 1+ log(aT )≤ 1+2log(G)+ log(T ) (C.79)

where the last inequality is resulted from Assumption 3. Taking expectation on g(i)t on the

left of Eq. (C.76), by Assumption 3 we have

1
n

n

∑
i=1

T

∑
t=1

E〈αt−1[v
(i)
t−1]

−1/2
∇ f (xt),g

(i)
t 〉 ≥

α

G
√

T

T

∑
t=1

E‖∇ f (xt)‖2 (C.80)
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Let

C1 =
G( f (x1)− f ∗)

α
+

β1G3d
4Lα(1−β1)

+
G3d√

ε(1−β1)
+2C0Gdα log(G) (C.81)

C2 = C0Gdα (C.82)

Combining Eq. (C.76), (C.77), (C.79) and (C.80) we can reach the conclusion

1
T

T

∑
t=1

E‖∇ f (xt)‖2 ≤ C1√
T
+

C2(1+ log(T ))√
T

(C.83)
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Appendix D: Appendix of Chapter 5

D.1 Additional Experimental Results

The experimental results of Dirichlet distribution of the matrix sensing task is shown in

Figure D.1. The smallest eigenvalue at the converged point for each algorithm is shown in

Table D.1 and Table D.2.

(a) d = 50, ring (b) d = 50, toroidal (c) d = 50, exponential

(d) d = 100, ring (e) d = 100, toroidal (f) d = 100, exponential

Figure D.1: Experimental results of the decentralized matrix sensing task on different network
topology for d = 50 and d = 100. Data is assigned to worker nodes by Dirichlet distribution. The
y-axis is the loss function value and the x-axis is the number of gradient oracles divided by the
number of data N.
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D-PSGD GTDSGD D-GET D-SPIDER-SFO GTHSGD PEDESTAL
d = 50, ring -0.0332 -0.0327 -0.0333 -0.0328 -0.0329 −1.78e−5

d = 50, toroidal -0.0331 -0.0334 -0.0334 -0.0327 -0.0329 −4.18e−5

d = 50, exponential -0.0323 -0.0330 -0.0331 -0.0332 -0.0333 −1.09e−6

d = 100, ring -0.0184 -0.0184 -0.0184 -0.0184 -0.0185 −2.07e−6

d = 100, toroidal -0.0185 -0.0186 -0.0185 -0.0184 -0.0184 −2.25e−7

d = 100, exponential -0.0184 -0.0184 -0.0186 -0.0184 -0.0184 −3.07e−5

Table D.1: Smallest eigenvalue of hessian matrix at the converged point (random data distribution).

D-PSGD GTDSGD D-GET D-SPIDER-SFO GTHSGD PEDESTAL
d = 50, ring -0.0332 -0.0337 -0.0332 -0.0325 -0.0330 −3.60e−6

d = 50, toroidal -0.0334 -0.0324 -0.0329 -0.0325 -0.0327 −2.29e−5

d = 50, exponential -0.0334 -0.0326 -0.0333 -0.0330 -0.0328 −3.97e−5

d = 100, ring -0.0184 -0.0184 -0.0184 -0.0185 -0.0183 −4.48e−5

d = 100, toroidal -0.0184 -0.0184 -0.0184 -0.0184 -0.0185 −1.24e−5

d = 100, exponential -0.0186 -0.0185 -0.0186 -0.0183 -0.0185 −3.63e−6

Table D.2: Smallest eigenvalue of hessian matrix at the converged point (Dirichlet data distribution).

D.2 Proof of Theorem 5.1

D.2.1 Notation

We define matrix Xt = [x(1)t , · · · ,x(n)t ] ∈ Rd×n where x(i)t is the model parameter on i-th

worker node with dimension d and n is the number of worker nodes. Similarly we have

Yt = [y(1)t , · · · ,y(n)t ], Zt = [z(1)t , · · · ,z(n)t ] and Vt = [v(1)t , · · · ,v(n)t ]. Let ωt = ‖x̄t+1− x̄t‖2 and

Ωt = Zt−Xt . Define pt = nt/n where nt is the number of worker nodes drawing perturbation

in iteration t.

D.2.2 Outline

In this section we will provide the proof outline of Theorem 5.1. First, we prove some

basic lemmas to estimate gradient noise and consensus error, which will be used frequently

in later proof. The gradient noise is estimated by Lemma D.1, the proof of which can be
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found in Section D.3.1. The consensus error is estimated by Lemma D.2, the proof of which

can be found in Section D.3.2.

Lemma D.1. (Gradient Noise) Under Assumption 5.2 and Assumption 5.3 we have

(a)
1

nT

T−1

∑
t=0

n

∑
i=1
‖v(i)t −∇ fi(x

(i)
t )‖2 ≤ 16log(4/δ )βσ2

b1
+

384log(4/δ )L2

nb1βT

T−1

∑
t=0
‖Xt− X̄t‖2

F

+
192log(4/δ )L2

b1βT

T−1

∑
t=0

ωt +
2log(4/δ )σ2

βb0T

(b)
1
T

T

∑
t=1
‖v̄t−

1
n

n

∑
i=1

∇ fi(x
(i)
t )‖2 ≤ 16log(4/δ )βσ2

nb1
+

384log(4/δ )L2

n2b1βT

T

∑
t=1
‖Xt− X̄t‖2

F

+
192log(4/δ )L2

nb1βT

T−1

∑
t=0

ωt +
2log(4/δ )σ2

nβb0T

Lemma D.2. (Consensus Error) Let η ≤ (1−λ )2εθ

600log(4/δ )λ 2L , β =C−1
1 ε1+θ and b1 ≥C1ε−1+θ

where C1 ≥ 1 is a constant. Under Assumption 5.2, 5.3 and 5.5 we have

(a)
1
T

T

∑
t=1
‖Xt− X̄t‖2

F≤
160000n log(4/δ )L2η2λ 4

(1−λ )4 min{b1β ,1}T

T−1

∑
t=0

ωt +
12288n log(4/δ )βη2λ 4σ2

(1−λ )4b1

+
2000n log(4/δ )η2λ 4σ2

(1−λ )4βb0T
+

128λ 4η2

(1−λ )3T

n

∑
i=1
‖∇ fi(x0)‖2+

T−1

∑
t=0

64nλ 2 pt(η
2C2

v + r2)

(1−λ )2T

(b)
1
T

T−1

∑
t=0
‖Yt− Ȳt‖2

F≤
4644log(4/δ )nL2λ 2

(1−λ )min{b1β ,1}T

T−1

∑
t=0

ωt +
384log(4/δ )nλ 2βσ2

(1−λ )b1

+
50log(4/δ )nλ 2σ2

(1−λ )βb0T
+

8λ 2

(1−λ )T

n

∑
i=1
‖∇ fi(x0)‖2+

T−1

∑
t=0

150000log(4/δ )nL2λ 4 pt(η
2C2

v+r2)

(1−λ )3 min{b1β ,1}T

Next we will prove that PEDESTAL will terminate in certain number of iterations.

Under Assumption 5.2, 5.3 and 5.5, we can prove the following Lemma D.3. The proof is

demonstrated in Section D.3.3.

Lemma D.3. (Descent) Let η ≤ (1−λ )2εθ

600log(4/δ )λ 2L , β = C−1
1 ε1+θ , b1 ≥ C1ε−1+θ and b0 =
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C1ε−1 where C1 ≥ 1 is a constant. Under Assumption 5.2, 5.3 and 5.5 we have

f (x̄T )≤ f (x0)+
σ2

L
+

1
nL

n

∑
i=1
‖∇ fi(x0)‖2−

T−1

∑
t=0

Dt

where

Dt =
1

16η
ωt +

(1−λ )2

256nη

n

∑
i=1
‖x(i)t+1− x(i)t ‖2+

η

2n

n

∑
i=1
‖y(i)t ‖2− 200ηε2σ2

(1−λ )2C2
1
− 7pt(η

2C2
v + r2)

4η

Here we call Dt the descent of iteration t. We categorize all iterations into three types:

type-A: pt ≥
1
5
, type-B: pt <

1
5

and
1
n

n

∑
i=1
‖y(i)t ‖2≥ 4C2

v
5

, type-C: otherwise

When at least n
5 nodes drawing perturbation in iteration t, then it is type-A. There are two

cases where pt is small: most nodes in the descent phase or most nodes in the escaping

phase. An iteration is type-B if pt <
1
5 and 1

n ∑
n
i=1‖y

(i)
t ‖2≥ 4C2

v
5 , which represents the case

where most nodes are in the descent phase. And type-C iteration represents the case where

most nodes are in the escaping phase. Next we will estimate type-A and type-C iteration

with the following Lemma D.4.

Lemma D.4. Let η ≤ (1−λ )2εθ

600log(4/δ )λ 2L , β = C−1
1 ε1+θ , b1 ≥ C1ε−1+θ , b0 = C1ε−1, Cd =

C2ηCT ε , Cv =
(1−λ )C2ε

200 and r ≤ ηCv/4 where C1 =
20000σ

(1−λ )2C2
and C2 is a constant. Under

Assumption 5.2, 5.3 and 5.5, we can find disjoint intervals I = I1∪·· ·∪Ik such that the

indexes of all type-A and type-C iterations except the last CT iterations are contained in I

and the descent over I can be estimated by

∑
t∈I

Dt ≥ |I |·
(1−λ )2C2

2ηε2

10000

where |·| denotes the total number of the set.
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Besides, for all type-B iteration t, we have the following estimation

Lemma D.5. Let parameter and assumption settings be the same as Lemma D.4, then for

all type-B iteration t we have

Dt ≥
(1−λ )2C2

2ηε2

8000000

With Lemma D.4, Lemma D.5 and Assumption 5.1, we can conclude that PEDESTAL

will terminate in Õ(ε−2−θ )+CT iterations. As the last two negative terms in Dt are canceled

by 1
n ∑

n
i=1‖x

(i)
t+1− x(i)t ‖2 and 1

n ∑
n
i=1‖y

(i)
t ‖2 respectively in Lemma D.4 and Lemma D.5, we

have 1
η ∑

T−1
t=0 ωt ≤ O(1). Hence by Lemma D.2 we know the consensus error 1

n‖Xt− X̄t‖2
F

can be bounded by O(ε1+θ ) on average. Besides, from the parameter setting we can see Cv

is Θ(ε), which ensures the first-order optimality of the decentralized algorithm.

Finally, we will prove PEDESTAL is able to achieve second-order stationary point. First,

we will give the small stuck region lemma in decentralized setting. Recall that εH = εα is

the tolerance of second-order stationary point. The proof is in Section D.3.6.

Lemma D.6. (Small Stuck Region) Suppose ns worker nodes draw perturbation in iteration

s and−γ = mineig(∇2 f (x̄s))≤−εH . Let η ≤ (1−λ )2εθ

1000
√

n log(CT ) log(4/δ )λ 2L , β =C−1
1 ε1+θ , b1 ≥

1000C1ε2−θ−5α , Cd =C2ηCT εµ and CT = log(12nCd/r0)/(ηγ) where C1 =
20000

(1−λ )2C2
, C2≤

1−λ

2000log(4/δ )ρ log(Cd)
and µ = max{1,2α}. Let Xt and X ′t be two coupled decentralized

sequences by running PEDESTAL from Xs with Xs = X ′s , x(i)s+1 = x(i)
′

s+1 if node i does not draw

perturbation in iteration s and x(i)s+1 = x(i)
′

s+1+ r0e1 otherwise. Here e1 is the eigenvector with

respect to the smallest eigenvalue γ . Define di = maxs≤t≤s+CT {‖x
(i)
t − x(i)s ‖,‖x(i)

′

t − x(i)s ‖}.

Then there are at least 9n
10 nodes such that di ≥ 2Cd .

In decentralized small stuck region lemma, the consensus error will lead to a new term

(see Eq. (D.30)) and make the proof more complicated. In our proof, we use the condition
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of εH ≥ ε , i.e., α ≤ 1. For smaller εH the batchsize b1 is required to set larger. With Lemma

D.6, we can prove that when PEDESTAL is terminated, it finds a local minimum with high

probability.

Lemma D.7. Let r0 = δ r/
√

d where d is the dimension of model parameter. Other param-

eters are the same as Lemma D.6. Suppose PEDESTAL is terminated in iteration s+CT .

Then x̄s is a second-order stationary point with probability at least 1−δ .

Lemma D.7 provides the guarantee of second-order optimality of PEDESTAL. When

εH ≥
√

ε , i.e., α ≤ 0.5 (including the classic setting εH =
√

ε), the parameter settings of all

lemmas are consistent and the main theorem is proven. The total gradient complexity is

Õ(ε−2−θ · ε−1+θ ) = Õ(ε−3)

When α = 0.5, we have θ = 0.25 and b1 = Θ(ε−0.75). When α ≤ 0.2, we can set θ = 1 and

b1 = O(1), which is result of PEDESTAL-S. In Section D.4 we will provide the analysis of

the case α > 0.5 with a different parameter setting of θ and b1. We can achieve the gradient

complexity of

Õ(ε−3 + εε
−8
H + ε

4
ε
−11
H ) (D.1)

over all cases of εH .
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D.3 Proof of Lemmas

D.3.1 Proof of Lemma D.1

Proof. According to the definition of v(i)t , we have

v(i)t+1−∇ fi(x
(i)
t+1)

(1−β )t+1 − v(i)t −∇ fi(x
(i)
t )

(1−β )t =
β (∇Fi(x

(i)
t+1,ξ

(i)
t+1)−∇ fi(x

(i)
t+1))

(1−β )t+1

+
(∇Fi(x

(i)
t+1,ξ

(i)
t+1)−∇ fi(x

(i)
t+1))− (∇Fi(x

(i)
t ,ξ

(i)
t+1)−∇ fi(x

(i)
t ))

(1−β )t (D.2)

where |ξ (i)
t+1|= b1. The expectation of the right side of Eq. (D.2) over ξ

(i)
t+1 is 0. Using

Cauchy-Schwartz inequality, Assumption 5.2 and Assumption 5.3 we have

‖
β (∇Fi(x

(i)
t+1, j)−∇ fi(x

(i)
t+1))

(1−β )t+1 +
(∇Fi(x

(i)
t+1, j)−∇ fi(x

(i)
t+1))− (∇Fi(x

(i)
t , j)−∇ fi(x

(i)
t ))

(1−β )t ‖2

≤ 2β 2σ2

(1−β )2t+2 +
8L2‖x(i)t+1− x(i)t ‖2

(1−β )2t (D.3)

for each j ∈ ξ
(i)
t+1. Thus, applying Azuma-Hoeffding inequality to Eq. (D.2) we can obtain

‖v(i)t −∇ fi(x
(i)
t )− (1−β )t(v(i)0 −∇ fi(x0))‖2

≤ 4log(4/δ )

b1
(2βσ

2 +8L2
t−1

∑
s=0

(1−β )2(t−s)‖x(i)s+1− x(i)s ‖2) (D.4)

with probability 1−δ . Here we use the fact that ∑
+∞

s=0(1−β )s = 1
β

. Using Cauchy-Schwartz

inequality to Eq. (D.4) we have

‖v(i)t −∇ fi(x
(i)
t )‖2 ≤ 16log(4/δ )

b1
(βσ

2 +4L2
t−1

∑
s=0

(1−β )2(t−s)‖x(i)s+1− x(i)s ‖2)

+2(1−β )2t‖v(i)0 −∇ fi(x0))‖2 (D.5)
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Sum Eq. (D.5), we obtain

1
log(4/δ )nT

T−1

∑
t=0

n

∑
i=1
‖v(i)t −∇ fi(x

(i)
t )‖2

≤ 16βσ2

b1
+

64L2

nb1βT

T−2

∑
t=0
‖Xt+1−Xt‖2

F+
2σ2

βb0T

≤ 16βσ2

b1
+

384L2

nb1βT

T−1

∑
t=0
‖Xt− X̄t‖2

F+
192L2

b1βT

T−1

∑
t=0

ωt +
2σ2

βb0T
(D.6)

which finishes the proof of (a) in Lemma D.1. In the first inequality of Eq. (D.6) we apply

Azuma-Hoeffding inequality to v(i)0 −∇ fi(x0). In the second inequality we apply Cauchy-

Schwartz inequality and use the fact x(i)t+1− x(i)t = (x(i)t+1− x̄t+1)− (x(i)t − x̄t)+ (x̄t+1− x̄t).

Mimic above steps and we can achieve the inequality (b) in Lemma D.1. The term n in the

denominator is derived by the fact that ξ
(i)
t ’s on different nodes are independent.

D.3.2 Proof of Lemma D.2

Proof. As Yt =W (Yt−1 +Vt−Vt−1), we have

‖Yt− Ȳt‖2
F

= ‖(W − J)(Yt−1− Ȳt−1)+(W − J)(Vt−Vt−1)‖2
F

≤ λ
2‖Yt−1− Ȳt−1‖2

F+2〈(W − J)Yt ,(W − J)(Vt−Vt−1)〉+λ
2‖Vt−Vt−1‖2

F

≤ 1+λ 2

2
‖Yt−1− Ȳt−1‖2

F+
λ 2 +λ 4

1−λ 2 ‖Vt−Vt−1‖2
F

≤ 1+λ 2

2
‖Yt−1− Ȳt−1‖2

F+
3λ 2(1+λ 2)

1−λ 2

n

∑
i=1

(‖v(i)t −∇ fi(x
(i)
t )‖2+‖v(i)t−1−∇ fi(x

(i)
t−1)‖

2)

+
9L2λ 2(1+λ 2)

1−λ 2 (‖Xt− X̄t‖2
F+‖Xt−1− X̄t−1‖2

F+nωt−1) (D.7)

where the first inequality is derived by Assumption 5.5, the second inequality is derived by

Young’s inequality and the last inequality is derived by Cauchy-Schwartz inequality and
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Assumption 5.3. When t = 0, by Azuma-Hoeffding inequality we can get

‖Y0− Ȳ0‖2
F≤ 2λ

2
n

∑
i=1
‖∇ fi(x0)‖2+

8log(4/δ )nλ 2σ2

b0
(D.8)

with probability 1−δ . As Xt+1 =W (Xt +Ωt), by Assumption 5.5 and Young’s inequality

we have

‖Xt+1− X̄t+1‖2
F

≤ 1+λ 2

2
‖Xt− X̄t‖2

F+
2λ 2

1−λ 2‖Ωt− Ω̄t‖2
F

≤ 1+λ 2

2
‖Xt− X̄t‖2

F+
4η2λ 2

1−λ 2 ‖Yt− Ȳt‖2
F+

4λ 2

1−λ 2‖Ωt− Ω̄t−η(Yt− Ȳt)‖2
F

≤ 1+λ 2

2
‖Xt− X̄t‖2

F+
4η2λ 2

1−λ 2 ‖Yt− Ȳt‖2
F+

8nλ 2 pt(η
2C2

v + r2)

1−λ 2 (D.9)

where the second inequality is obtained by Cauchy-Schwartz inequality and the last inequal-

ity is because when node i draws perturbation it must satisfy ‖y(i)t ‖≤Cv. Note that X0 = X̄0.

Sum Eq. (D.9), we have

T

∑
t=1
‖Xt− X̄t‖2

F

≤ 8η2λ 2

(1−λ 2)2

T−1

∑
t=0
‖Yt− Ȳt‖2

F+
16nλ 2(η2C2

v + r2)T
(1−λ 2)2

≤ 288L2η2λ 4(1+λ 2)

(1−λ 2)4

T−1

∑
t=0
‖Xt− X̄t‖2

F+
96η2λ 4(1+λ 2)

(1−λ 2)4

T−1

∑
t=0

n

∑
i=1
‖v(i)t −∇ fi(x

(i)
t )‖2

+
144nL2η2λ 4(1+λ 2)

(1−λ 2)4

T−1

∑
t=0

ωt +
16λ 2η2

(1−λ 2)3‖Y0− Ȳ0‖2
F+

T−1

∑
t=0

16nλ 2 pt(η
2C2

v + r2)

(1−λ 2)2

(D.10)
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where the last inequality comes from Eq. (D.7). When η ≤ (1−λ )2

40λ 2L we have 288L2η2λ 4(1+λ 2)
(1−λ 2)4 ≤

1
2 and

1
T

T

∑
t=1
‖Xt− X̄t‖2

F

≤ 192η2λ 4(1+λ 2)

(1−λ 2)4T

T−1

∑
t=0

n

∑
i=1
‖v(i)t −∇ fi(x

(i)
t )‖2+

288nL2η2λ 4(1+λ 2)

(1−λ 2)4T

T−1

∑
t=0

ωt

+
64λ 4η2

(1−λ 2)3T

n

∑
i=1
‖∇ fi(x0)‖2+

256log(4/δ )nλ 4η2σ2

(1−λ 2)3b0T
+

T−1

∑
t=0

32nλ 2 pt(η
2C2

v + r2)

(1−λ 2)2T

≤ 73728log(4/δ )L2η2λ 4(1+λ 2)

(1−λ 2)4b1βT

T−1

∑
t=0
‖Xt− X̄t‖2

F+
24576n log(4/δ )L2η2λ 4(1+λ 2)

(1−λ 2)4b1βT

T−1

∑
t=0

ωt

+
n log(4/δ )η2λ 4(1+λ 2)σ2

(1−λ 2)4 (
3072β

b1
+

384
βb0T

)+
288nL2η2λ 4(1+λ 2)

(1−λ 2)4T

T−1

∑
t=0

ωt

+
64λ 4η2

(1−λ 2)3T

n

∑
i=1
‖∇ fi(x0)‖2+

256log(4/δ )nλ 4η2σ2

(1−λ 2)3b0T
+

T−1

∑
t=0

32nλ 2 pt(η
2C2

v + r2)

(1−λ 2)2T

(D.11)

where the last inequality is achieved by Lemma D.1. According to the parameter setting, we

have
73728log(4/δ )L2η2λ 4(1+λ 2)

(1−λ 2)4b1β
≤ 1

2

Therefore, we have

1
T

T

∑
t=1
‖Xt− X̄t‖2

F

≤ 160000n log(4/δ )L2η2λ 4

(1−λ )4 min{b1β ,1}T

T−1

∑
t=0

ωt +
12288n log(4/δ )βη2λ 4σ2

(1−λ )4b1
+

2000n log(4/δ )η2λ 4σ2

(1−λ )4βb0T

+
128λ 4η2

(1−λ )3T

n

∑
i=1
‖∇ fi(x0)‖2+

T−1

∑
t=0

64nλ 2 pt(η
2C2

v + r2)

(1−λ )2T
(D.12)
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where we have used the condition λ ≤ 1 to simplify the inequality. Moreover, sum Eq. (D.7)

and we can achieve

1
T

T−1

∑
t=0
‖Yt− Ȳt‖2

F

≤ 12λ 2

(1−λ )T

T−1

∑
t=0

n

∑
i=1
‖v(i)t −∇ fi(x

(i)
t )‖2+

36L2λ 2

(1−λ )T

T−1

∑
t=0
‖Xt− X̄t‖2

F+
18nL2λ 2

(1−λ )T

T−1

∑
t=0

ωt

+
2

(1−λ )T
‖Y0− Ȳ0‖2

F

≤ 36L2λ 2

(1−λ )T
(1+

128log(4/δ )

b1β
)

T−1

∑
t=0
‖Xt− X̄t‖2

F+
18nL2λ 2

(1−λ )T
(1+

128log(4/δ )

b1β
)

T−1

∑
t=0

ωt

+
192log(4/δ )nλ 2βσ2

(1−λ )b1
+

25log(4/δ )nλ 2σ2

(1−λ )βb0T
+

4λ 2

(1−λ )T

n

∑
i=1
‖∇ fi(x0)‖2

≤ 4644log(4/δ )L2λ 2

(1−λ )min{b1β ,1}T

T−1

∑
t=0
‖Xt− X̄t‖2

F+
2322log(4/δ )nL2λ 2

(1−λ )min{b1β ,1}T

T−1

∑
t=0

ωt

+
192log(4/δ )nλ 2βσ2

(1−λ )b1
+

25log(4/δ )nλ 2σ2

(1−λ )βb0T
+

4λ 2

(1−λ )T

n

∑
i=1
‖∇ fi(x0)‖2

≤ 37152log(4/δ )L2η2λ 4

(1−λ )3 min{b1β ,1}T

T−1

∑
t=0
‖Yt− Ȳt‖2

F+
2322log(4/δ )nL2λ 2

(1−λ )min{b1β ,1}T

T−1

∑
t=0

ωt

+
192log(4/δ )nλ 2βσ2

(1−λ )b1
+

T−1

∑
t=0

74304log(4/δ )nL2λ 4 pt(η
2C2

v + r2)

(1−λ )3 min{b1β ,1}T
+

25log(4/δ )nλ 2σ2

(1−λ )βb0T

+
4λ 2

(1−λ )T

n

∑
i=1
‖∇ fi(x0)‖2 (D.13)
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where the second inequality uses Lemma D.1 and Eq. (D.8). The last inequality uses the

sum of Eq. (D.9). As 37152log(4/δ )L2η2λ 4

(1−λ )3 min{b1β ,1} ≤
1
2 , we have

1
T

T−1

∑
t=0
‖Yt− Ȳt‖2

F

≤ 4644log(4/δ )nL2λ 2

(1−λ )min{b1β ,1}T

T−1

∑
t=0

ωt +
384log(4/δ )nλ 2βσ2

(1−λ )b1
+

50log(4/δ )nλ 2σ2

(1−λ )βb0T

+
8λ 2

(1−λ )T

n

∑
i=1
‖∇ fi(x0)‖2+

T−1

∑
t=0

150000log(4/δ )nL2λ 4 pt(η
2C2

v + r2)

(1−λ )3 min{b1β ,1}T
(D.14)

which finishes the proof.

D.3.3 Proof of Lemma D.3

Proof. By Assumption 5.3 we have

f (x̄t+1)≤ f (x̄t)+ 〈∇ f (x̄t), x̄t+1− x̄t〉+
L
2
‖x̄t+1− x̄t‖2

= f (x̄t)+ 〈∇ f (x̄t),−η v̄t〉+ 〈∇ f (x̄t), x̄t+1− x̄t +η v̄t〉+
L
2
‖x̄t+1− x̄t‖2

= f (x̄t)−
η

2
‖v̄t‖2−η

2
‖∇ f (x̄t)‖2+

η

2
‖v̄t−∇ f (x̄t)‖2+

η

2
‖∇ f (x̄t)‖2

+
1

2η
‖x̄t+1− x̄t +η v̄t‖2− 1

2η
‖x̄t+1− x̄t +η v̄t−η∇ f (x̄t)‖2+

L
2
‖x̄t+1− x̄t‖2

≤ f (x̄t)−
η

2
‖v̄t‖2+

η

2
‖v̄t−∇ f (x̄t)‖2+

1
2η
‖x̄t+1− x̄t +η v̄t‖2+

Lωt

2

− 1
2η

ωt−
η

2
‖v̄t−∇ f (x̄t)‖2+

1
4η

ωt +η‖v̄t−∇ f (x̄t)‖2

≤ f (x̄t)−
1

4η
ωt−

η

2
‖v̄t‖2+

pt(η
2C2

v + r2)

η
+

Lωt

2
+2η‖v̄t−

1
n

n

∑
i=1

∇ fi(x
(i)
t )‖2

+
L2η

n
‖Xt− X̄t‖2

F (D.15)

where the first inequality is obtained by Young’s inequality and the last inequality is obtained

by Cauchy-Schwartz inequality, Assumption 5.3 and the fact that perturbation is only drawn
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when ‖y(i)t ‖≤Cv and nt nodes draw perturbation in iteration t. Sum Eq. (D.15) and apply

Lemma D.1, we have

f (x̄T )≤ f (x0)−
1

4η

T−1

∑
t=0

ωt−
η

2

T−1

∑
t=0
‖v̄t‖2+(1+

768log(4/δ )

nb1β
)
L2η

n

T−1

∑
t=0
‖Xt− X̄t‖2

F

+
T−1

∑
t=0

pt(η
2C2

v + r2)

η
+

32log(4/δ )βηT σ2

nb1
+(1+

384log(4/δ )Lη

nb1β
)

T−1

∑
t=0

Lωt

+
4log(4/δ )ησ2

nβb0
(D.16)

According to the update of gradient tracker, we have ȳt = v̄t . By Lemma D.10 we have

1
n

n

∑
i=1
‖x(i)t+1− x(i)t ‖2 = ωt +

1
n
‖(Xt+1− X̄t+1)− (Xt− X̄t)‖2

F (D.17)

1
n

n

∑
i=1
‖y(i)t ‖2 = ‖ȳt‖2+

1
n
‖Yt− Ȳt‖2

F (D.18)

Divide the term ‖v̄t‖2 in Eq. (D.16) into three portions and we get

f (x̄T )

≤ f (x0)−
1

8η

T−1

∑
t=0

ωt−
(1−λ )2
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‖Xt − X̄t‖2
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32log(4/δ )βηT σ2

nb1
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384log(4/δ )Lη
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T−1

∑
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Lωt +
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nβb0
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1
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∑
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‖y(i)t ‖2+

η

2n

T−1

∑
t=0
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)
L2η
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32log(4/δ )βηT σ2

nb1
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384log(4/δ )Lη

nb1β
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∑
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Lωt +
4log(4/δ )ησ2

nβb0
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1

8η
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F
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+(1+
384log(4/δ )Lη

nb1β
)

T−1

∑
t=0

Lωt+
T−1

∑
t=0

pt(η
2C2

v + r2)

η
+

32log(4/δ )βηT σ2

nb1
+

4log(4/δ )ησ2

nβb0

≤ f (x0)−
1

8Lη
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Lωt −
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256nη
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n
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‖y(i)t ‖2
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‖∇ fi(x0)‖2 (D.19)

In the second inequality we use Eq. (D.18). In the third inequality we use Eq. (D.17) and

Cauchy-Schwartz inequality. In the last inequality we use Lemma D.2 and the coefficients

are

A1 = 1+
384log(4/δ )Lη

nb1β
+(1+

768log(4/δ )

nb1β
+
(1−λ )2

128L2η2 )
160000log(4/δ )L3η3λ 4

(1−λ )4 min{b1β ,1}
+

774log(4/δ )Lηλ 2

(1−λ )

A2 =
32log(4/δ )

n
+(1+

768log(4/δ )

nb1β
+

(1−λ )2

128L2η2 )
12288log(4/δ )L2η2λ 4

(1−λ )4 +
64log(4/δ )λ 2

(1−λ )

A3 =
4log(4/δ )

n
+(1+

768log(4/δ )

nb1β
+

(1−λ )2

128L2η2 )
2000log(4/δ )L2η2λ 4

(1−λ )4 +
10log(4/δ )λ 2

(1−λ )

A4 = 1+(1+
768log(4/δ )

nb1β
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(1−λ )2

128L2η2 )
64λ 2L2η2
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nb1β
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128L2η2 )
128λ 4L2η2
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According to the parameter setting, we have A1 ≤ 1
16Lη

, A2 ≤ 200log(4/δ )
(1−λ )2 , A3 ≤ 40log(4/δ )

(1−λ )2 ,

A4 ≤ 7
4 and A5 ≤ 5

1−λ
. Therefore, we have

f (x̄T )≤ f (x0)+
40log(4/δ )ησ2

(1−λ )2βb0
+

5η

(1−λ )n

n

∑
i=1
‖∇ fi(x0)‖2−

T−1

∑
t=0

Dt

≤ f (x0)+
σ2

L
+

1
nL

n

∑
i=1
‖∇ fi(x0)‖2−

T−1

∑
t=0

Dt (D.20)

where

Dt =
1

16η
ωt +

(1−λ )2

256nη

n

∑
i=1
‖x(i)t+1− x(i)t ‖2+

η

2n

n

∑
i=1
‖y(i)t ‖2− 200ηε2σ2

(1−λ )2C2
1
− 7pt(η

2C2
v + r2)

4η
(D.21)

which reaches the conclusion.

171



D.3.4 Proof of Lemma D.4

Proof. For convenience, the iteration that draws perturbation is considered to be included in

the escaping phase. If an iteration belongs to type-A, i.e., pt ≥ 1
5 , then at least n/5 worker

nodes are in the escaping phase. If an iteration belongs to type-C, we have 1
n ∑

n
i=1‖y

(i)
t ‖2≤

4C2
v

5 . Therefore, there are at least n
5 worker nodes satisfying ‖y(i)t ‖≤Cv, which also indicates

that at least n
5 worker nodes are in the escaping phase. Then if iteration t is either type-A or

type-C, there must be n/5 worker nodes in the escaping phase. We denote the set of these

n/5 worker nodes as Et . Furthermore, if this iteration t is not one of the last CT iterations

before termination, then there must exist n/10 worker nodes out of Et such that they have

not met the condition esc(i) ≥ CT and will break the escaping phase before meeting the

condition because of the termination criterion in Algorithm 6. We use Bt to denote these

worker nodes.

For each i ∈Bt , we have an interval [a(i)t ,b(i)t ] such that t ∈ [a(i)t ,b(i)t ] and node i enters

escaping phase in iteration a(i)t and breaks escaping phase in iteration b(i)t . Besides, we also

have

b(i)t −a(i)t ≤CT and ‖x(i)
b(i)t
− x(i)

a(i)t
‖≥Cd

Then by Cauchy-Schwartz inequality we have

C2
d ≤ ‖x

(i)

b(i)t
− x(i)

a(i)t
‖2≤CT ∑

b(i)t

t=a(i)t
‖x(i)t+1− x(i)t ‖2 (D.22)

Let at = mini{a(i)t } and bt = maxi{b(i)t }. It is easy to check that bt −at ≤ 2CT . Next, we

will perform the refining step. If t < t ′ are two iterations that are either type-A or type-C and

t ′ ∈ [at ,bt ], then we make at ′ = at and bt ′ = bt . Let I = ∪t [at ,bt ] for all type-A and type-C
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iterations t. Then I can be written as disjoint union of

I = I1∪I2∪·· ·∪Ik (D.23)

because if at ≤ at ′ ≤ bt then [at ,bt ] and [at ′,bt ′] can be merged into one interval. Now we

can see for each iteration t that is either type-A or type-C and t is not one of the last CT

iterations, we have t ∈ I . Next we will estimate the descent over I . Without loss of

generality, we consider an interval I j. I j can be expressed by union J1∪·· ·∪Jl where

Jm = [atm ,btm ] for some tm, m = 1, · · · , l. Because of the refining step, we have each tm is

only included in interval Jm and the intersection of any three intervals in J1, · · · ,Jl is /0.

According to Eq. (D.22) we have

1
n

n

∑
i=1

∑
t∈Jm

‖x(i)t+1− x(i)t ‖2≥
C2

d
10CT

(D.24)

since |Bt |≥ n
10 . Next, we will consider the intersection of Jm and Jm+1. Notice that

when estimating Eq. (D.24) we only add the terms ‖x(i)t+1− x(i)t ‖2 on nodes i ∈Btm and

in the intervals [a(i)tm ,b
(i)
tm ]. Therefore, for any node i /∈ Btm ∩Btm+1 , the terms used to

estimate Eq. (D.24) will not be added repeatedly. If i ∈Btm ∩Btm+1 , we have [a(i)tm ,b
(i)
tm ] and

[a(i)tm+1
,b(i)tm+1

] are disjoint because tm+1 ∈ [a
(i)
tm+1

,b(i)tm+1
] but tm+1 /∈ [a(i)tm ,b

(i)
tm ] and a node cannot

draw perturbation before breaking the escaping phase. Hence we can sum Eq. (D.24) over

m and achieve

1
n

n

∑
i=1

∑
t∈I j

‖x(i)t+1− x(i)t ‖2≥
lC2

d
10CT

(D.25)
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Since the length of each Jm is not larger than 2CT , we have

1
n

n

∑
i=1

∑
t∈I j

‖x(i)t+1− x(i)t ‖2≥
|I j|C2

d

20C2
T

and
1
n

n

∑
i=1

∑
t∈I
‖x(i)t+1− x(i)t ‖2≥

|I |C2
d

20C2
T

(D.26)

Combining Eq. (D.26) and Lemma D.3, we can estimate the descent over I by

∑
t∈I

Dt ≥ |I |
((1−λ )2C2

d

5120ηC2
T
− 200ηε2σ2

(1−λ )2C2
1
− 7(η2C2

v + r2)

4η

)
≥ |I |·

(1−λ )2C2
2ηε2

10000

(D.27)

according to the parameter setting.

D.3.5 Proof of Lemma D.5

Proof. According to Lemma D.3 and the definition of type-B iteration, we have

Dt ≥
ηC2

v
20
− 200ηε2

(1−λ )2C2
1
− 7r2

20η
≥ ηC2

v
40
− 200ηε2σ2

(1−λ )2C2
1
≥

(1−λ )2C2
2ηε2

8000000
(D.28)

for all type-B iteration t where we have used the parameter setting.

D.3.6 Proof of Lemma D.6

Proof. Suppose the conclusion is not true and we will find the conflict. Thus, we have the

assumption that there are at least n
10 worker nodes satisfying di ≤ 2Cd . First, we define

w(i)
t = x(i)t − x(i)

′

t , wt = x̄t− x̄′t , H = ∇
2 f (x̄s), H (i) = ∇

2 fi(x̄s), H
(i)

t = ∇
2Fi(x

(i)
s ,ξ

(i)
t )
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ζt =
1
n

n

∑
i=1

(∇Fi(x
(i)
t ,ξ

(i)
t )−∇Fi(x̄t ,ξ

(i)
t ))− (∇Fi(x

(i)′
t ,ξ

(i)
t )−∇Fi(x̄′t ,ξ

(i)
t ))

− (1−β )(∇Fi(x
(i)
t−1,ξ

(i)
t )−∇Fi(x̄t−1,ξ

(i)
t ))− (∇Fi(x

(i)′

t−1,ξ
(i)
t )−∇Fi(x̄′t−1,ξ

(i)
t ))

νt = v̄t−∇ f (x̄t)− (v̄′t−∇ f (x̄′t))−ζt

and

∆̄t =
∫ 1

0
(∇2 f (x̄′t +θ(x̄t− x̄′t))−H )dθ

∆
(i)
t =

∫ 1

0
(∇2 fi(x̄′t +θ(x̄t− x̄′t))−H (i))dθ

Then we have

wt = wt−1−η(v̄t−1− v̄′t−1)

= wt−1−η(∇ f (x̄t−1)−∇ f (x̄′t−1)+ v̄t−1−∇ f (x̄t−1)− v̄′t−1 +∇ f (x̄′t−1))

= wt−1−η

[
(x̄t−1− x̄′t−1)

∫ 1

0
∇

2 f (x̄′t−1 +θ(x̄t−1− x̄′t−1))dθ +νt−1 +ζt−1

]
= (I−ηH )wt−1−η(∆̄t−1wt−1 +νt−1 +ζt−1) (D.29)

Here term ζt is yield from consensus error and does not exist in centralized algorithms.

Applying recursion to Eq. (D.29), we can obtain

wt = (I−ηH )t−s−1ws+1−η

t−1

∑
τ=s+1

(I−ηH )t−τ−1(∆̄τwτ +ντ +ζτ) (D.30)
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Let qt = η ∑
t−1
τ=s+1(I−ηH )t−τ−1(∆̄τwτ +ντ +ζτ). We will prove

‖qt‖≤
1
2
(1+ηγ)t−s−1 psr0 (D.31)

which leads to

1
2
(1+ηγ)t−s−1 psr0 ≤ ‖wt‖≤

3
2
(1+ηγ)t−s−1 psr0 (D.32)

because ‖(I−ηH )t−s−1ws+1‖= (1+ηγ)t−s−1 psr0 according to the definition of ws+1.

We define d̄ = maxs≤t≤s+CT {‖x̄t− x̄s‖,‖x̄′t− x̄s‖}. Since at least n
10 nodes satisfy di ≤ 2Cd ,

Cd = Õ(ε1−α) and the averaged consensus error is bounded by O(ε2(1+θ)), we have

di ≤ 3Cd and d̄ ≤ 1
n

n

∑
i=1

di ≤ 3Cd (D.33)

To achieve Eq. (D.31), it is sufficient to prove

η

t−1

∑
τ=s+1

(1+ηγ)t−τ−1‖∆̄τwτ‖+‖ντ‖+‖ζτ‖≤
1
2
(1+ηγ)t−s−1 psr0 (D.34)

‖νt‖≤

√
4log(4/δ )

b1
· (1+ηγ)t−s−1Lpsr0

t− s
+

1
12ηCT

(1+ηγ)t−s−1 psr0 (D.35)

‖ζt‖≤ 8(
1+λ 2

2
)

t−s−1
2 L
√

psr0 +
Lη(1+ηγ)t−s−1Lpsr0√

b1(t− s)
+

1
12ηCT

(1+ηγ)t−s−1 psr0

(D.36)
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which can be derived by induction. When t = s+1, the left side of Eq. (D.34) is 0 and thus

the inequality is satisfied. Suppose Eq. (D.34) holds for t ≤ t0. When t = t0 +1, we have

η

t−1

∑
τ=s+1

(1+ηγ)t−τ−1‖∆̄τwτ‖

≤ 3
2

ηρ d̄
t−1

∑
τ=s+1

(1+ηγ)t−s−2 psr0 ≤ 5ηρCdCT (1+ηγ)t−s−2 psr0

≤ 1
6
(1+ηγ)t−s−1 psr0 (D.37)

where we use Assumption 5.4 and the case of t ≤ t0 in the first two inequalities. We use the

parameter setting of Cd in the last inequality. Next, we will estimate the terms related to νt .

By Azuma-Hoeffding inequality we know Eq. (D.35) is satisfied when t = s+1. We define

εt,i = (∇Fi(x̄t+1,ξ
(i)
t+1)−∇ fi(x̄t+1))− (1−β )(∇Fi(x̄t ,ξt+1)−∇ fi(x̄t))

ε
′
t,i = (∇Fi(x̄′t+1,ξ

(i)
t+1)−∇ fi(x̄′t+1))− (1−β )(∇Fi(x̄′t ,ξt+1)−∇ fi(x̄′t))

Then according to the definition of νt we have

νt+1 = (1−β )νt +
1
n

n

∑
i=1

(εt,i− ε
′
t,i) =

1
n

t

∑
τ=s

(1−β )t−τ
n

∑
i=1

(ετ,i− ε
′
τ,i) (D.38)

Define

∆̃
(i)
t,1 =

∫ 1

0
(∇2Fi(x̄′t +θ(x̄t− x̄′t),ξ

(i)
t )−H

(i)
t )dθ

∆̃
(i)
t,2 =

∫ 1

0
(∇2Fi(x̄′t−1 +θ(x̄t−1− x̄′t−1),ξ

(i)
t )−H

(i)
t )dθ

∆̂
(i)
t,1 =

∫ 1

0
(∇2Fi(x

(i)′
t +θ(x(i)t − x(i)

′

t ),ξ
(i)
t )−H

(i)
t )dθ

∆̂
(i)
t,2 =

∫ 1

0
(∇2Fi(x

(i)′

t−1 +θ(x(i)t−1− x(i)
′

t−1),ξ
(i)
t )−H

(i)
t )dθ (D.39)

177



Then we have

εt,i− ε
′
t,i

= H
(i)

t+1wt+1 + ∆̃
(i)
t+1,1wt+1−H (i)wt+1−∆

(i)
t+1wt+1 +(1−β )(H (i)wt +∆

(i)
t wt)

− (1−β )(H
(i)

t+1wt + ∆̃
(i)
t+1,2wt)

= (H
(i)

t+1−H )(wt+1− (1−β )wt)+(∆̃
(i)
t+1,1−∆

(i)
t+1)wt+1 +(1−β )(∆

(i)
t − ∆̃

(i)
t+1,2)wt

(D.40)

According to Assumption 5.3 and Assumption 5.4, we have

‖εt,i− ε
′
t,i‖≤ 2L‖wt+1−wt‖+(2βL+3ρCd)‖wt‖+3ρCd‖wt+1‖ (D.41)

Applying Azuma-Hoeffding inequality to Eq. (D.38), with Eq. (D.41) we can obtain

‖νt‖2 ≤ 4log(4/δ )

nb1

t−1

∑
τ=s

[2L‖wτ+1−wτ‖+(2βL+3ρCd)‖wτ‖+3ρCd‖wτ+1‖]2

≤ 48log(4/δ )

nb1

t

∑
τ=s+1

(L2‖wτ −wτ−1‖2+5ρ
2C2

d‖wτ‖2) (D.42)

since β is Θ(ε1+θ ) and Cd is Θ(ε1−α). According to Eq. (D.30), we have

L‖wτ −wτ−1‖

= L‖−ηH (I−ηH )τ−s−2ws+1−η

τ−2

∑
τ ′=s+1

ηH (I−ηH )τ ′−s−2(∆̄τ ′wτ ′+ντ ′+ζτ ′)

+η(∆̄τ−1wτ−1 +ντ−1 +ζτ−1)‖

≤ Lηγ(1+ηγ)τ−s−2 psr0 +
Lηγ

2
(1+ηγ)τ−s−2 psr0 +Lη‖∆̄τ−1wτ−1 +ντ−1 +ζτ−1‖

≤ 2Lηγ(1+ηγ)τ−s−2 psr0 +Lη‖∆̄τ−1wτ−1 +ντ−1 +ζτ−1‖ (D.43)
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In the first inequality, the first term is derived by the definition of ws+1. The second term

is derived by the supposition that Eq. (D.34) holds for t ≤ t0 and the fact that Eq. (D.34)

implies

η

t−1

∑
τ=s+1

(1+ηγ)t−τ−1‖∆̄τwτ +ντ +ζτ‖≤
1
2
(1+ηγ)t−s−1 psr0 (D.44)

Combining Eq. (D.42) and Eq. (D.43), we have

‖νt‖2 ≤ 48log(4/δ )
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300log(4/δ )ρ2C2

d
nb1ηγ

(1+ηγ)2(t−s−1)p2
s r2

0 +
192log(4/δ )L2ηγ
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5000log2(4/δ )L4η2 p2

s r2
0

b2
1

t−2

∑
τ=s+1

(1+ηγ)2(τ−s−1)

(τ− s)2

≤ 1
288η2C2

T
(1+ηγ)2(t−s−1)p2

s r2
0 +

800log2(4/δ )L2ηγ

nb1
(1+ηγ)2(t−s−1)p2

s r2
0

+
5000log2(4/δ )L4η2 p2

s r2
0

b2
1

s+ Lη

b1γ

∑
τ=s+1

(1+ηγ)2(τ−s−1)

(τ− s)2

≤ 10000log(4/δ )L4η4

b4
1γ2 ·

(1+ηγ)2(t−s−1)L2 p2
s r2

0
(t− s)2 +

1
144η2C2

T
(1+ηγ)2(t−s−1)p2

s r2
0

≤
(1+ηγ)2(t−s−1)L2 p2

s r2
0

(t− s)2 +
1

144η2C2
T
(1+ηγ)2(t−s−1)p2

s r2
0 (D.45)

The exponential term in Eq. (D.36) can be addressed by the following strategy. When

t ≥ Õ( 1
1−λ

), the term can be dominated by other terms such as 1
ηCT

. When t < Õ( 1
1−λ

), it
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can be bounded by

L2η2 log(4/δ )psr2
0

n(1−λ )b1
≤

L2η2(t− s)2 log(4/δ )p2
s r2

0
(1−λ )b1(t− s)2 (D.46)

The term t − s in the numerator will be bounded by η in this case and hence it can be

merged to the first term in Eq. (D.35). In the third inequality of Eq. (D.45), we split the

last term into two parts: τ − s > Lη

b1γ
and τ − s ≤ Lη

b1γ
. Since

∫+∞

t
dx
x2 = 1

t , we can merge

the case τ − s > Lη

b1γ
into the second term and estimate the rest one where τ − s is small.

According to the choice of θ , we have b1 ≥Θ(ε2−θ−5α) and η2C2
dC3

T
b1
≤ O(1) and hence get

the estimation in Eq. (D.45). We should notice that we use the relation η

b1γ
≤ O(1) in our

proof, which is automatically satisfied. By Eq. (D.45) we can reach the conclusion in Eq.

(D.35). Furthermore, we have

η

t−1

∑
τ=s+1

(1+ηγ)t−τ−1‖ντ‖

≤ Lη(1+ηγ)t−s−1 psr0(
t−1

∑
τ=s+1

1
τ− s

)+
1

12
(1+ηγ)t−s−1 psr0

≤ Lη log(CT )(1+ηγ)t−s−1 psr0 +
1

12
(1+ηγ)t−s−1 psr0 ≤

1
6
(1+ηγ)t−s−1 psr0 (D.47)

The last step to prove Eq. (D.34) is to estimate the term corresponding to ζt , which is a

new term only occurred in decentralized algorithms. Recall the definitions in Eq. (D.39),

we have

ζt =
1
n

n

∑
i=1

[
(H

(i)
t + ∆̂

(i)
t,1)w

(i)
t − (H

(i)
t + ∆̃

(i)
t,1)wt − (1−β )((H

(i)
t + ∆̂

(i)
t,2)w

(i)
t−1− (H

(i)
t + ∆̃

(i)
t,2)wt−1)

]
=

1
n

n

∑
i=1

H
(i)

t [(w(i)
t −wt)− (1−β )(w(i)

t−1−wt−1)]+
1
n

n

∑
i=1

∆̂
(i)
t,1(w

(i)
t −wt)

+
1
n

n

∑
i=1

(∆̂
(i)
t,1− ∆̃

(i)
t,1)wt −

1−β

n

n

∑
i=1

∆̂
(i)
t,2(w

(i)
t−1−wt−1)−

1−β

n

n

∑
i=1

(∆̂
(i)
t,2− ∆̃

(i)
t,2)wt−1 (D.48)
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Then by Assumption 5.3, Assumption 5.4, Eq. (D.33), Lemma D.10 and Cauchy-Schwartz

inequality, we have

‖ζt‖2 ≤ 4L2

n
(‖Xt− X̄t− (X ′t − X̄ ′t )‖2

F+‖Xt−1− X̄t−1− (X ′t−1− X̄ ′t−1)‖2
F)

+144ρ
2C2

d(‖wt‖2+‖wt−1‖2) (D.49)

It is sufficient to prove

L√
n
‖Xt− X̄t− (X ′t − X̄ ′t )‖F ≤ 2(

1+λ 2

2
)

t−s−1
2 L
√

psr0 +
1

48ηCT
(1+ηγ)t−s−1 psr0

+
Lη(1+ηγ)t−s−1Lpsr0

4
√

b1(t− s)
(D.50)

because of Eq. (D.49) and the parameter setting. Eq. (D.50) can also be proven by induction.

When t = s+1 the condition is satisfied. Next we will estimate ‖Xt− X̄t− (X ′t − X̄ ′t )‖2
F . By

Assumption 5.5 and Young’s inequality we have

‖Xt− X̄t− (X ′t − X̄ ′t )‖2
F

= ‖(W − J)[(Xt−1− X̄t−1− (X ′t−1− X̄ ′t−1))−η(Yt−1− Ȳt−1− (Y ′t−1− Ȳ ′t−1))]‖2
F

≤ 1+λ 2

2
‖Xt−1− X̄t−1− (X ′t−1− X̄ ′t−1)‖2

F+
2η2λ 2

1−λ 2 ‖Yt−1− Ȳt−1− (Y ′t−1− Ȳ ′t−1)‖2
F

≤ 2η2λ 2

1−λ 2

t−1

∑
τ=s+1

(
1+λ 2

2
)t−τ−1‖Yτ − Ȳτ − (Y ′τ − Ȳ ′τ)‖2

F

+(
1+λ 2

2
)t−s−1‖Xs+1− X̄s+1− (X ′s+1− X̄ ′s+1)‖2

F

=
2η2λ 2

1−λ

t−1

∑
τ=s+1

(
1+λ 2

2
)t−τ−1‖Yτ − Ȳτ − (Y ′τ − Ȳ ′τ)‖2

F+(
1+λ 2

2
)t−s−1

λ
2(n−ns)psr2

0

(D.51)

where we apply recursion in the second inequality and use the definition of the decoupled

181



sequences in the last equality. Similarly, by recursion we also have

‖Yt− Ȳt− (Y ′t − Ȳ ′t )‖2
F

≤ 1+λ 2

2
‖Yt−1− Ȳt−1− (Y ′t−1− Ȳ ′t−1)‖2

F+
λ 2 +λ 4

1−λ 2 ‖Vt−Vt−1− (V ′t −V ′t−1)‖2
F

≤ 2λ 2

1−λ

t

∑
τ=s+1

(
1+λ 2

2
)t−τ‖Vτ −Vτ−1− (V ′τ −V ′τ−1)‖2

F (D.52)

Combining above two inequalities, we achieve

‖Xt− X̄t− (X ′t − X̄ ′t )‖2
F

≤ 2η2λ 4

(1−λ )2

t−1

∑
τ=s+1

(
1+λ 2

2
)t−τ−1(t− τ)‖Vτ −Vτ−1− (V ′τ −V ′τ−1)‖2

F

+(
1+λ 2

2
)t−s−1

λ
2(n−ns)psr2

0 (D.53)

According to the update rule of v(i)t we have

v(i)t − v(i)t−1− (v(i)
′

t − v(i)
′

t−1)− (1−β )(v(i)t−1− v(i)t−2− (v(i)
′

t−1− v(i)
′

t−2))

= ∇Fi(x
(i)
t ,ξ

(i)
t )− (1−β )∇Fi(x

(i)
t−1,ξ

(i)
t )−∇Fi(x

(i)′
t ,ξ

(i)
t )+(1−β )∇Fi(x

(i)′

t−1,ξ
(i)
t )

− [∇Fi(x
(i)
t−1,ξ

(i)
t−1)− (1−β )∇Fi(x

(i)
t−2,ξ

(i)
t−1)−∇Fi(x

(i)′

t−1,ξ
(i)
t−1)

+(1−β )∇Fi(x
(i)′

t−2,ξ
(i)
t−1)] (D.54)

Then mimic the estimation of νt , we can obtain

‖Vt−Vt−1− (V ′t −V ′t−1)‖2
F

≤ 32log(4/δ )

b1

t−1

∑
τ=s

n

∑
i=1

[2L‖w(i)
τ+1−w(i)

τ ‖+(2βL+3ρCd)‖w
(i)
τ ‖+3ρCd‖w

(i)
τ+1‖]

2

+4L2
n

∑
i=1
‖w(i)

t −w(i)
t−1‖

2+36ρ
2C2

d

n

∑
i=1
‖w(i)

t ‖2 (D.55)
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Combining above inequalities and the parameter setting of β , we can obtain

1
n
‖Xt − X̄t − (X ′t − X̄ ′t )‖2

F−(
1+λ 2

2
)t−s−1

λ
2 psr2

0
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2000log(4/δ )η2ρ2C2
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(1−λ )2b1
+

72η2ρ2C2
dλ 4
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1+λ 2

2
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n
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500log(4/δ )L2η2(t− s)λ 4
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8L2η2λ 4
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(
1+λ 2

2
)t−τ−1 (t− τ)

n

n

∑
i=1
‖w(i)

τ −w(i)
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2

≤ L2η2λ 4

(1−λ )2 (32+
2000log(4/δ )(t− s)

b1
)

t−1

∑
τ=s+1

(
1+λ 2

2
)t−τ−1 (t− τ)

n

n

∑
i=1
‖Xτ − X̄τ − (X ′τ − X̄ ′τ)‖2

F

+(
2000log(4/δ )η2ρ2C2

d(t− s)λ 4

(1−λ )2b1
+

72η2ρ2C2
dλ 4

(1−λ )2 )
t−1

∑
τ=s+1

(
1+λ 2

2
)t−τ−1(t− τ)‖wτ‖2

+(
500log(4/δ )L2η2(t− s)λ 4

(1−λ )2b1
+

8L2η2λ 4

(1−λ )2 )
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∑
τ=s+1

(
1+λ 2

2
)t−τ−1(t− τ)‖wτ −wτ−1‖2 (D.56)

Using Eq. (D.32), Eq. (D.43) and Eq. (D.50) we have

L2

n
‖Xt − X̄t − (X ′t − X̄ ′t )‖2

F

≤ B1t2(
1+λ 2

2
)t−s−1L2 psr2

0 +B2(1+ηγ)2(t−s−1)L2 p2
s r2

0

t−1

∑
τ=s+1

(
(1+λ 2)(1+ηγ)2

2
)t−τ−1(t− τ)

+B3(1+ηγ)2(t−s−1)L2 p2
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0
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(
(1+λ 2)(1+ηγ)2

2
)t−τ−1 t− τ
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+(
1+λ 2

2
)t−s−1L2 psr2

0 (D.57)

where

B1 =
4L2η2

(1−λ )2 (32+
2000log(4/δ )(t− s)

b1
)+384L2

η
2(

500log(4/δ )L2η2(t− s)
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+
8L2η2
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1

72(1−λ )2C2
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(2+

125log(4/δ )(t− s)
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4500log(4/δ )η2ρ2C2

d(t− s)
(1−λ )2b1

+
162η2ρ2C2

d
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+(8L2
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2
γ

2 +54L2
η

2
ρ

2C2
d +

1
6C2

T
)(

500log(4/δ )L2η2(t− s)
(1−λ )2b1

+
8L2η2

(1−λ )2 )
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48log(4/δ )L2η2
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(
500log(4/δ )L2η2(t− s)

(1−λ )2b1
+

8L2η2
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+
L4η4(1+ηγ)2(t−s−1)

(1−λ )2b1
(32+

2000log(4/δ )(t− s)
b1

) (D.58)

If t ≥ Õ( 1
1−λ

), t2(1+λ 2

2 )t−s−1 is small and the first term of Eq. (D.57) can be merged to the

second term. Otherwise if t < Õ( 1
1−λ

), it can be merged to the last term according to the

parameter setting of η and b1. When ε is small, we have (1+λ 2)(1+ηγ)2

2 ≤ 3+λ 2

4 . Hence the

second term of Eq. (D.57) can be bounded by Lemma D.8. The third term of Eq. (D.57)

can be estimated by Lemma D.9 (the case of t < Õ( 1
1−λ

) can be addressed by the parameter

setting of η and b1). Therefore, we can prove

L2

n
‖Xt− X̄t− (X ′t − X̄ ′t )‖2

F ≤ 4(
1+λ 2

2
)t−s−1L2 psr2

0 +
1

2304ηCT
(1+ηγ)2(t−s−1)p2

s r2
0

+
L2η2(1+ηγ)2(t−s−1)L2 p2

s r2
0

16b1(t− s)2 (D.59)

because of the parameter setting. We should notice that here we also use the relation

η

b1γ
≤ O(1), which is always satisfied according to the setting of b1. Based on Eq. (D.49)

and Eq. (D.59), it is easy to check that ζt satisfies Eq. (D.36). Moreover, we have

η

t−1

∑
τ=s+1

(1+ηγ)t−τ−1‖ζτ‖

≤ Lη(1+ηγ)t−s−1 psr0(8
t−1

∑
τ=s+1

(
4+λ 2

5
)t−s−1 +

t−1

∑
τ=s+1

1
τ− s

)+
1

12
(1+ηγ)t−s−1 psr0

≤ Lη(
80

1−λ
+ log(CT ))(1+ηγ)t−s−1 psr0 +

1
12

(1+ηγ)t−s−1 psr0

≤ 1
6
(1+ηγ)t−s−1 psr0 (D.60)

where the first inequality is derived by

1+λ 2

2
≤ (

3+λ 2

4
)2 and

(3+λ 2)(1+ηγ)

4
≤ 4+λ 2

5
(D.61)
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Now combining Eq. (D.37), Eq. (D.47) and Eq. (D.60), we can reach the conclusion in Eq.

(D.34) and finish the proof of the induction. Recall the assumption at the beginning, we have

1
2
(1+ηγ)CT psr0 ≤ wCT ≤ 2d̄ ≤ 6Cd (D.62)

since ‖x̄t− x̄′t‖≤ ‖x̄t− x̄s‖+‖x̄′t− x̄s‖. Eq. (D.62) implies that

CT ≤
log(12Cd/(psr0))

log(1+ηγ)
<

2log(12nCd/r0)

ηγ
(D.63)

which conflicts with the definition of CT . Therefore, the proof of Lemma D.6 is finished.

D.3.7 Proof of Lemma D.7

Proof. If node i enters the escaping phase in iteration s′ before iteration s and does not break

it in iteration s+CT , then for s ≤ t ≤ s+CT , we have ‖x(i)t − x(i)s ‖≤ ‖x(i)t − x(i)s′ ‖+‖x
(i)
s −

x(i)s′ ‖≤ 2Cd . Therefore, there are at least n
10 worker nodes satisfying maxs≤t≤s+CT ‖x

(i)
t −

x(i)s ‖≤ 2Cd .

Suppose mineig(∇2 f (x̄s)) ≤ −εH and e1 is the corresponding eigenvector. Let Si

denote the region of the perturbation on node i that PEDESTAL will terminate in iteration

s+CT , i.e., n
10 workers will not break the escaping phase. Then by Lemma D.6 we can

conclude that there must exist one worker node such that the projection of Si onto direction

e1 is smaller than r0. Since the perturbation ξi is drawn from uniform distribution, the

probability of ξi ∈Si can be bounded by

Pr(ξi ∈Si)≤
r0V (Ball(d−1,r))

V (Ball(d,r))
≤ δ (D.64)

where V (·) denotes the volume and Ball(d,r) denotes the d-dimensional ball with radius r.
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The last inequality is achieved by the definition of r0. Therefore, we can prove that x̄s is a

second-order stationary point with probability at least 1−δ .

D.4 Additional Theoretical Result

In this section we will provide some additional theoretical result of our PEDESTAL

algorithm. First we will demonstrate the convergence analysis of the case εH <
√

ε , i.e.,

α > 0.5. Next, we will discuss the strategy of using fixed number of iterations in each

descent and escaping phase, which motivates the design of PEDESTAL.

D.4.1 Smaller Tolerance for Second-Order Optimality

When εH <
√

ε , the conclusions of previous Lemmas are still satisfied except Lemma

D.4. In this case, Cd =C2ηCT εµ where µ = 2α > 1. Parameter Cd should be smaller than

the original setting in Lemma D.4, which results in more iterations to converge. Fortunately,

the analysis of Lemma D.4 can be adjusted and we can achieve Theorem 5.2. The proof is

provided as follows.

Proof. The fourth term of Dt in Lemma D.3 is derived by ηβσ2

b1
and at this time we will set

b1 ≥ ε−(2µ−1−θ) so that the ε term is replaced by εµ . The last term of Dt can be written as

T−1

∑
t=0

7pt(η
2C2

v + r2)

4η
=

1
n ∑
(t,i)∈P

7(η2C2
v + r2)

4η
(D.65)

where P is the set of all pairs of (t, i) such that node i draws perturbation in iteration t.

We can divide P into two parts. P1 contains all pairs of (t, i) such that node i breaks the

escaping phase within M iterations, where M is an integer to be decided later. The rest part

is denoted by P2.
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For any (t, i) ∈P1, suppose node i breaks escaping phase in iteration t +m, where

m≤M. Then node i will never draw perturbation between iteration t and iteration t +M.

Mimic the steps of Eq. (D.22), by Cauchy-Schwartz inequality we can obtain

t+m

∑
τ=t
‖x(i)

τ+1− x(i)τ ‖2≥
C2

d
M

(D.66)

Let M = ε−2−2θ+2α . Then we have

(1−λ )2

512η

t+m

∑
τ=t
‖x(i)

τ+1− x(i)τ ‖2≥ 7(η2C2
v + r2)

4η
(D.67)

and

(1−λ )2

512nη

t+m

∑
τ=t

n

∑
i=1
‖x(i)

τ+1− x(i)τ ‖2≥ 1
n ∑
(t,i)∈P1

7(η2C2
v + r2)

4η
(D.68)

by the parameter setting of Cv. On the other hand, if (t, i) ∈P2, then node i will not

break the escaping phase in M steps and hence the perturbation step will not execute, either.

Therefore, we have estimation

1
n ∑
(t,i)∈P2

7(η2C2
v + r2)

4η
≤

T−1

∑
t=0

7(η2C2
v + r2)

4Mη
(D.69)

With Eq. (D.68), Eq. (D.69) and the new setting of b1, the descent in Lemma D.3 can be

improved to

Dt =
1

16η
ωt +

(1−λ )2

512nη

n

∑
i=1
‖x(i)t+1− x(i)t ‖2+

η

2n

n

∑
i=1
‖y(i)t ‖2−200ηε2µσ2

(1−λ )2C2
1
− 7(η2C2

v + r2)

4Mη

When θ ≥ 3α − 2, we have ε2

M ≤ ε2µ and Lemma D.4 still holds but the conclusion is
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changed to

∑
t∈I

Dt ≥ |I |·
(1−λ )2C2

2ηε2µ

10000

In this case, PEDESTAL algorithm will terminate in Õ(ε−θ−2µ) iterations. In Lemma D.6

and Lemma D.7 we need the relations

η2C2
dC3

T
b1

≤ O(1),
η

b1εH
≤ O(1) (D.70)

which implies b1 ≥ Õ(ε−θ−α). Therefore, we set b1 = Θ̃(ε−max{4α−1−θ ,θ+α}) with the

condition θ ≥ 3α−2. When α ≤ 1, we set θ = 3α−1
2 , which satisfies θ ≥ 3α−2 and

4α−1−θ = θ +α =
5α−1

2
(D.71)

The gradient complexity in this case is

Õ(ε−
11α−1

2 · ε−
5α−1

2 ) = Õ(ε−8α+1) (D.72)

When α > 1, we have θ = 3α−2 and b1 = Θ̃(ε−(4α−2)). The gradient complexity is

Õ(ε−(7α−2) · ε−(4α−2)) = Õ(ε−11α+4) (D.73)

which finishes the proof of Theorem 5.2.

Therefore, the gradient complexity over all cases of α can by written by

Õ(ε−3 + εε
−8
H + ε

4
ε
−11
H ) (D.74)
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D.4.2 Phases with Fixed Number of Iterations

If a decentralized stochastic perturbed gradient descent method adopt the strategy of

fixed number of iterations in each phase, the gradient complexity in the descent phase should

be at least O(ε−3) to ensure the first-order stationary point. But the total descent of a descent

phase could be small because it is possible that it is stuck at a saddle point after only a

few steps. Hence we need to consider the descent in the escaping phase. According to

Lemma D.3 and Lemma D.4 we can see the descent of an escaping phase is O(
C2

d
ηCT

). As

the conditions ηCdCT ≤ O(1) and CT = Õ( 1
ηεH

) are required in Lemma D.6, we can obtain

that the total descent of an escaping phase is no larger than Õ(ε3
H). In the classic setting

of εH =
√

ε , the total descent of an escaping is upper bounded by Õ(ε1.5). Consequently,

the total gradient complexity to achieve (ε,
√

ε)-second-order stationary point is at least

Õ(ε−4.5), which is worse than the result of our PEDESTAL.

D.5 Auxiliary Lemmas

Lemma D.8. Let 0 < a < 1. Then we have

t

∑
τ=1

τaτ−1 =
1−at

(1−a)2 −
tat

1−a

Lemma D.9. Let 0 < a < 1. When t ≥ Õ( 1
1−a), we have

t

∑
τ=1

τaτ−1

(t +1− τ)2 ≤
8

t2(1−a)2

Proof. When τ ≤ t
2 , by Lemma D.8 we have

∑
τ≤t/2

τaτ−1

(t +1− τ)2 ≤
4

t2(1−a)2 (D.75)
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When τ > t
2 , we have

∑
τ>t/2

τaτ−1

(t +1− τ)2 ≤ ∑
τ>t/2

τaτ−1 ≤ at/2(
t

2(1−a)
+

1
(1−a)2 ) (D.76)

Therefore, we can reach the conclusion when t ≥ Õ( 1
1−a).

Lemma D.10. (Definition of Variance) For any random variable X, we have

E[X−EX ]2 = EX2− (EX)2

Lemma D.11. (Lemma D.1 in ([15])) Let ε1:k ∈Rd be a vector-valued martingale difference

sequence with respect to Fk, i.e., for each k ∈ [K], E[εk|Fk] = 0 and ‖εk‖≤ Bk, then with

probability 1−δ we have

‖
K

∑
k=1

εk‖2≤ 4log(4/δ )
K

∑
k=1

B2
k (D.77)
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Appendix E: Appendix of Chapter 6

E.1 Convergence Analysis of Generalized GDA

First, we will provide the proof for the following essential Lemmas.

Lemma E.1. For any x and x′ that satisfy ‖x′− x‖≤ G
lx(‖∇x f (x,y∗(x))‖+G) for some G≥ 0, we

have

‖y∗(x)− y∗(x′)‖≤ κ‖x− x′‖ (E.1)

Proof. Since y∗(·) is the maximizer, for ∀y ∈ Y we have

〈y− y∗(x),∇y f (x,y∗(x))〉 ≤ 0, 〈y− y∗(x′),∇y f (x′,y∗(x′))〉 ≤ 0 (E.2)

Sum these two inequalities together and we can obtain

〈y∗(x)− y∗(x′),∇y f (x′,y∗(x′))−∇y f (x,y∗(x))〉 ≤ 0 (E.3)

As function f is strongly concave with respect to y, we have

µ‖y∗(x)− y∗(x′)‖2≤ 〈y∗(x)− y∗(x′),∇y f (x′,y∗(x′))−∇y f (x′,y∗(x))〉 (E.4)
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Combine above two inequalities and we achieve

µ‖y∗(x)− y∗(x′)‖2≤ 〈y∗(x)− y∗(x′),∇y f (x,y∗(x))−∇y f (x′,y∗(x))〉 (E.5)

When ‖x′− x‖≤ G
lx(‖∇x f (x,y∗(x))‖+G) for some G > 0, by Assumption 6.3 we have

‖∇y f (x,y∗(x))−∇y f (x′,y∗(x))‖≤ ly(‖∇y f (x,y∗(x))‖) · ‖x− x′‖ (E.6)

When Y = Rd2 , we have ‖∇y f (x,y∗(x))‖= 0. As function ly(·) is non-decreasing, we have

ly(0)≤ ly(4Gy). When f is Lipschitz smooth with respect to y, function ly(·) is constant Ly

and we still have ly(2Gy) = Ly. Combine Eq. (E.5) and (E.6), we can reach the conclusion

in Lemma E.1.

Lemma E.2. For any x and x′ that satisfy ‖x′− x‖≤ G
lx(‖∇Φ(x)‖+G) for some G≥ 0, we have

‖∇Φ(x)−∇Φ(x′)‖≤ 2κlx(‖∇Φ(x)‖+G) · ‖x− x′‖ (E.7)

Φ(x′)≤Φ(x)+ 〈∇Φ(x),x′− x〉+κlx(‖∇Φ(x)‖+G) · ‖x− x′‖2 (E.8)

Φ(x′)≥Φ(x)+ 〈∇Φ(x),x′− x〉−κlx(‖∇Φ(x)‖+G) · ‖x− x′‖2 (E.9)

Proof. By Lemma E.1 and Assumption 6.3 we have

‖∇Φ(x′)−∇Φ(x)‖= ‖∇x f (x′,y∗(x′))−∇x f (x,y∗(x))‖

≤ lx(‖∇Φ(x)‖+G) · (‖x′− x‖+‖y∗(x′)− y∗(x)‖)

≤ 2κlx(‖∇Φ(x)‖+G) · ‖x′− x‖ (E.10)
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Hence for any z(t) = x+ t(x′− x), we have

‖∇Φ(z(t))−∇Φ(x)‖≤ 2tκlx(‖∇Φ(x)‖+G) · ‖x′− x‖ (E.11)

Since we have the equation

Φ(x′) = Φ(x)+ 〈∇Φ(x),x′− x〉+
∫ 1

0
〈∇Φ(z(t))−Φ(x),x′− x〉dt (E.12)

we can obtain

‖Φ(x′)−Φ(x)−〈∇Φ(x),x′− x〉‖ ≤ 2κlx(‖∇Φ(x)‖+G) · ‖x′− x‖2·
∫ 1

0
tdt

≤ κlx(‖∇Φ(x)‖+G) · ‖x− x′‖2 (E.13)

which leads to the last two inequalities in Lemma E.2.

Lemma E.3. For any x, we have

‖∇Φ(x)‖2≤ 4κlx(2‖∇Φ(x)‖) · (Φ(x)−Φ
∗) (E.14)

Proof. Let x′ = x− ∇Φ(x)
2κlx(2‖∇Φ(x)‖) . By Lemma E.2 we have

Φ
∗ ≤Φ(x′)≤Φ(x)− ‖∇Φ(x)‖2

4κlx(2‖∇Φ(x)‖)
(E.15)

which implies the conclusion of Lemma E.3.

Lemma E.4. For ∀x and y, we have

‖∇y f (x,y)‖2≤ 2 · ly(2‖∇y f (x,y)‖) · ( f (x,y∗(x))− f (x,y)) (E.16)
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Proof. By Assumption 6.3 and the definition of maximizer y∗(·) we have

f (x,y∗(x))≥ f (x,y+
∇y f (x,y)

ly(2‖∇y f (x,y)‖)
)

≥ f (x,y)+
1

ly(2‖∇y f (x,y)‖)
‖∇y f (x,y)‖2− 1

2 · ly(2‖∇y f (x,y)‖)
‖∇y f (x,y)‖2

= f (x,y)+
1

2 · ly(2‖∇y f (x,y)‖)
‖∇y f (x,y)‖2 (E.17)

which implies the conclusion in Lemma E.4.

Lemma E.5. Let ηt =
η

St
≤ C0

16κ2lx(2Gx)
, ηy =

1
ly(2Gy)

and ‖y0−y∗0‖≤
C0Gx

lx(2Gx)
. When Y =Rd2 ,

we have ‖∇Φ(xt)‖≤Gx, ‖∇x f (xt ,yt)‖≤ 2Gx, ‖∇y f (xt ,yt)‖≤Gy and ‖yt−y∗t ‖≤
C0Gx

lx(2Gx)
for

all t ≥ 0, where constant C0 = min{1, lx(2Gx)Gy
ly(2Gy)Gx

}.

Proof. We apply mathematical induction to prove the conclusions in Lemma E.5. According

to Lemma E.3 and the definition of Gx, we have ‖∇Φ(x0)‖≤ Gx. As ‖y0− y∗0‖≤
Gx

lx(2Gx)
≤

Gx
lx(‖∇Φ(x0)‖+Gx)

, by Assumption 6.3 we can further obtain

‖∇x f (x0,y0)−∇Φ(x0)‖≤ lx(2Gx) · ‖y0− y∗0‖≤ Gx (E.18)

which implies ‖∇x f (x0,y0)‖≤ 2Gx. Hence the conditions of case t = 0 are satisfied.

Assume that the conclusions are satisfied for case t ≤ τ . When t = τ + 1, by the

requirement of ηt we have

ητ‖∇x f (xτ ,yτ)‖≤ 2ητGx ≤
Gx

lx(2Gx)
≤ Gx

lx(‖∇Φ(xτ)‖+Gx)
(E.19)

where we have used the induction assumption ‖∇x f (xτ ,yτ)‖≤ 2Gx and ‖∇Φ(xτ)‖≤ Gx.
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Then we can apply Lemma E.1 and Lemma E.2 to achieve

‖y∗τ+1− y∗τ‖≤ κ‖xτ+1− xτ‖ (E.20)

and

Φ(xτ+1)≤Φ(xτ)+ 〈∇Φ(xτ),xτ+1− xτ〉+κlx(2Gx) · ‖xτ+1− xτ‖2

= Φ(xτ)−ητ〈∇Φ(xτ),∇x f (xτ ,yτ)〉+κlx(2Gx) ·η2
τ ‖∇x f (xτ ,yτ)‖2

= Φ(xτ)−
ητ

2
‖∇Φ(xτ)‖2+

ητ

2
‖∇x f (xτ ,yτ)−∇Φ(xτ)‖2−ητ

2
(1−2κlx(2Gx) ·ητ)‖∇x f (xτ ,yτ)‖2

≤Φ(xτ)−
ητ

2
‖∇Φ(xτ)‖2+

ητ

2
‖∇x f (xτ ,yτ)−∇Φ(xτ)‖2 (E.21)

where the last inequality is obtained by the condition of ητ . Next we will prove ‖yτ+1−

y∗
τ+1‖≤

Gx
lx(2Gx)

. According to the update rule of y and the non-expansion property of

projection, we have

‖y∗τ − yτ+1‖2 = ‖y∗τ −ΠY (yτ +ηy∇y f (xτ ,yτ))‖2

≤ ‖y∗τ − yτ −ηy∇y f (xτ ,yτ)‖2

= ‖y∗τ − yτ‖2−2ηy〈∇y f (xτ ,yτ),y∗τ − yτ〉+η
2
y ‖∇y f (xτ ,yτ)‖2 (E.22)

As function f is strongly-concave with respect to y, we have

〈∇y f (xτ ,yτ),y∗τ − yτ〉 ≥
µ

2
‖y∗τ − yτ‖2+ f (xτ ,y∗τ)− f (xτ ,yτ) (E.23)
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Combine Eq. (E.22), (E.23) and Lemma E.4, we have

‖y∗τ − yτ+1‖2 ≤ (1−µηy)‖y∗τ − yτ‖2−2ηy(1−ηy · ly(2Gy))( f (xτ ,y∗τ)− f (xτ ,yτ))

≤ (1−µηy)‖y∗τ − yτ‖2≤ (1− 1
κ
)‖y∗τ − yτ‖2 (E.24)

where we have used the induction assumption ‖∇y f (xτ ,yτ)‖≤Gy and ηy =
1

ly(2Gy)
. Combine

Eq. (E.20), (E.24), the induction assumption ‖yτ − y∗τ‖≤ Gx
lx(2Gx)

and ‖∇x f (xτ ,yτ)‖≤ 2Gx,

we have

‖y∗τ+1− yτ+1‖ ≤ ‖y∗τ − yτ+1‖+‖y∗τ+1− y∗τ‖

≤ (1− 1
2κ

)‖y∗τ − yτ‖+κητ‖∇x f (xτ ,yτ)‖≤ (1− 1
2κ

)
Gx

lx(2Gx)
+2κητGx ≤

Gx

lx(2Gx)

(E.25)

where we have used the requirement of ητ in the last inequality. As ‖yτ − y∗τ‖≤ Gx
lx(2Gx)

≤
Gx

lx(‖∇Φ(xτ )‖+Gx)
, by Assumption 6.3 we can obtain

‖∇x f (xτ ,yτ)−∇Φ(xτ)‖2≤ l2
x (2Gx) · ‖yτ − y∗τ‖2 (E.26)

By Young’s inequality we have

‖yτ − y∗τ‖2 ≤ (1+
1

2κ−1
)‖y∗τ−1− yτ‖2+2κ‖y∗τ − y∗τ−1‖2

≤ 2κ

2κ−1
· κ−1

κ
‖yτ−1− y∗τ−1‖2+2κ

3
η

2
τ−1‖∇x f (xτ−1,yτ−1)‖2

≤ (1− 1
2κ

+4κ
3
η

2
τ−1l2

x (2Gx))‖yτ−1− y∗τ−1‖2+4κ
3
η

2
τ−1‖∇Φ(xτ−1)‖2

≤ (1− 1
4κ

)‖yτ−1− y∗τ−1‖2+4κ
3
η

2
τ−1‖∇Φ(xτ−1)‖2 (E.27)

where the second inequality is derived by the same way as Eq. (E.24) and (E.20); the third
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inequality is derived by Cauchy-Schwartz inequality and Assumption 6.3; the last inequality

is derived by the condition of ηt . Let γ = 1− 1
4κ

. Applying recursion to Eq. (E.27), we can

obtain

‖yτ − y∗τ‖2≤ γ
τ‖y0− y∗0‖2+4κ

3
τ−1

∑
s=0

γ
τ−1−s

η
2
s ‖∇Φ(xs)‖2 (E.28)

Inserting Eq. (E.26) and (E.28) into (E.21), we have

Φ(xτ+1)≤Φ(xτ)−
ητ

2
‖∇Φ(xτ)‖2+

ητ l2
x (2Gx)

2

(
γ

τ‖y0− y∗0‖2+4κ
3

τ−1

∑
s=0

γ
τ−1−s

η
2
s ‖∇Φ(xs)‖2

)
(E.29)

Applying recursion to above inequality, we can achieve

Φ(xτ+1)≤Φ(x0)−
τ

∑
t=0

ηt

2

(
1−4κ

3
η

2
t l2

x (2Gx)
τ−1

∑
s=t

γ
s−t
)
‖∇Φ(xt)‖2+

l2
x (2Gx) · ‖y0− y∗0‖2

2

τ

∑
t=0

γ
t
ηt

≤Φ(x0)−
τ

∑
t=0

ηt

2

(
1−16κ

4
η

2
t l2

x (2Gx)
)
‖∇Φ(xt)‖2+

G2
x

32κ2lx(2Gx)

τ

∑
t=0

γ
t

≤Φ(x0)−
τ

∑
t=0

15ηt

32
‖∇Φ(xt)‖2+

G2
x

8κlx(2Gx)
(E.30)

where we have used the setup of ηt and ‖y0− y∗0‖. According to the definition of Gx, we

have

Φ(xτ+1)−Φ
∗ ≤ (Φ(x0)−Φ

∗)−
τ

∑
t=0

15ηt

32
‖∇Φ(xt)‖2+(Φ(x0)−Φ

∗)≤ 2(Φ(x0)−Φ
∗)

(E.31)

Combining Eq. (E.31), Lemma E.3 and the definition of Gx, we can reach the conclusion

that ‖∇Φ(xτ+1)‖≤ Gx. As ‖yτ+1− y∗
τ+1‖≤

Gx
lx(2Gx)

≤ Gx
lx(‖∇Φ(xτ+1)‖+Gx)

, by Assumption 6.3
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we can obtain

‖∇x f (xτ+1,yτ+1)−∇Φ(xτ+1)‖≤ lx(2Gx) · ‖yτ+1− y∗τ+1‖≤ Gx (E.32)

which implies ‖∇x f (xτ+1,yτ+1)‖≤ 2Gx. Finally, we need to estimate ‖∇y f (xτ+1,yτ+1)‖.

We have

‖∇y f (xτ+1,yτ+1)‖= ‖∇y f (xτ+1,yτ+1)−∇y f (xτ+1,y∗τ+1)‖

≤ ly(0) · ‖yτ+1− y∗τ+1‖≤
C0ly(0)Gx

lx(2Gx)
≤ Gy (E.33)

which is obtained by the definition of constant C0.

Lemma E.6. Let ηt =
η

St
≤ C0

16κ2lx(2Gx)
, ηy =

1
ly(2Gy)

and ‖y0−y∗0‖≤
C0Gx

lx(2Gx)
. When ly(·)≡ Ly,

we have ‖∇Φ(xt)‖≤ Gx, ‖∇x f (xt ,yt)‖≤ 2Gx and ‖yt − y∗t ‖≤
C0Gx

lx(2Gx)
for all t ≥ 0, where

constant C0 = min{1, lx(2Gx)Gy
ly(0)Gx

}.

Proof. Different from the case Y = Rd2 , we do not need the upper bound for ∇y f (xt ,yt).

In Lemma E.5 the only place that needs the condition is Eq. (E.24), which requires

ly(2‖∇y f (xτ ,yτ))≤ ly(2Gy). However, when f is Lipschitz smooth with respect to y, this

condition is always satisfied since ly(·)≡ Ly. The rest part of proof is the same as Lemma

E.5.

With Lemma E.5, Lemma E.6 and Eq. (E.31), we can reach the conclusion in Theorem

6.1. When St ≡ S, the result of Corollary 6.1 can be directly achieved by Theorem 6.1. Next,

we will prove other corollaries using different options to compute St . By Cauchy-Schwartz

inequality, we have the following conclusion based on Theorem 6.1.
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Lemma E.7. Suppose the conditions in Theorem 6.1 are satisfied. Then we have

(
T−1

∑
t=0
‖∇Φ(xt)‖)2 ≤

5(Φ(x0)−Φ∗)(∑T−1
t=0 St)

η
(E.34)

We also need the following Lemma E.8

Lemma E.8. Suppose the conditions in Theorem 6.1 are satisfied. Then we have

T−1

∑
t=0
‖∇x f (xt ,yt)‖≤ 2

T−1

∑
t=0
‖∇Φ(xt)‖+4κGx (E.35)

Proof. By the proof of Lemma E.5 we have

‖∇x f (xt ,yt)−∇Φ(xt)‖≤ lx(2Gx) · ‖yt− y∗t ‖ (E.36)

By Eq. (E.24) we have

‖yt− y∗t ‖ ≤ ‖y∗t−1− yt‖+‖y∗t − y∗t−1‖≤ (1− 1
2κ

) · ‖yt−1− y∗t−1‖+κηt−1‖∇x f (xt−1,yt−1)‖

≤ (1− 1
2κ

+κηt−1lx(2Gx)) · ‖yt−1− y∗t−1‖+κηt−1‖∇Φ(xt−1)‖

≤ (1− 1
4κ

) · ‖yt−1− y∗t−1‖+κηt−1‖∇Φ(xt−1)‖ (E.37)

Let γ = 1− 1
4κ

. Applying recursion to above inequality and we can obtain

‖yt− y∗t ‖≤ γ
t‖y0− y∗0‖+κ

t−1

∑
s=0

γ
t−1−s

ηs‖∇Φ(xs)‖ (E.38)

199



Summing Eq. (E.36) and combining with Eq. (E.38), we achieve

T−1

∑
t=0
‖∇x f (xt ,yt)−∇Φ(xt)‖ ≤ 4κlx(2Gx) · ‖y0− y∗0‖+κlx(2Gx)

T−1

∑
t=0

ηt‖∇Φ(xt)‖·
T−1

∑
s=t

γ
s−t

≤ 4κGx +
1
4

T−1

∑
t=0
‖∇Φ(xt)‖ (E.39)

Hence we can reach the conclusion of Lemma E.8.

When St is computed by option (1) or (4), we have ∑
T−1
t=0 St ≤ ∑

T−1
t=0 ‖∇x f (xt ,yt)‖+T ε

and

(
1
T

T−1

∑
t=0
‖∇Φ(xt)‖)2 ≤ 10(Φ(x0)−Φ∗)

ηT
(

1
T

T−1

∑
t=0
‖∇Φ(xt)‖)+

ε(Φ(x0)−Φ∗)

T
+

4κGx(Φ(x0)−Φ∗)

T 2

(E.40)

The first term on the right side is the dominant term when we have η = O( ε

κ2 ) and T =

O(κ2ε−2). We have

1
T

T−1

∑
t=0
‖∇Φ(xt)‖≤

20(Φ(x0)−Φ∗)

ηT
(E.41)

which implies the result in Corollary 6.2. When St is computed by option (2), we have

we have ∑
T−1
t=0 St ≤ log(T )∑

T−1
t=0 ‖∇x f (xt ,yt)‖+T ε . Mimic above steps and we can achieve

Corollary 6.3. Therefore, we have completed the convergence analysis of the Generalized

GDA algorithm.

E.2 Convergence Analysis of Generalized GDmax

Lemma E.9. Let ηt =
η

St
≤ C0

16κlx(2Gx)
, ηy =

1
ly(4Gy)

, K = κ log( 1
θ
) and ‖y0− y∗0‖≤

C0Gx
lx(2Gx)

.

When Y =Rd2 , we have ‖∇Φ(xt)‖≤Gx, ‖∇x f (xt ,yt)‖≤ 2Gx, ‖∇y f (xt ,yt)‖≤Gy and ‖yt−
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y∗t ‖≤
C0Gx

lx(2Gx)
for all t ≥ 0, where constant C0 = min{1, lx(2Gx)Gy

ly(2Gy)Gx
} and θ = min{1

4 ,
1

l2
x (2Gx)

}.

Proof. It is easy to check that the following result in Lemma E.5 are still satisfied.

Φ(xτ+1)≤Φ(xτ)−
ητ

2
‖∇Φ(xτ)‖2+

ητ

2
‖∇x f (xτ ,yτ)−∇Φ(xτ)‖2

≤Φ(xτ)−
ητ

2
‖∇Φ(xτ)‖2+

ητ l2
x (2Gx)

2
‖yτ − y∗τ‖2 (E.42)

The difference is the way to estimate ‖yτ − y∗τ‖. As we have

ητ‖∇x f (xτ ,yτ)‖≤ 2ητGx ≤
Gx

lx(2Gx)
≤ Gx

lx(‖∇Φ(xτ)‖+Gx)
(E.43)

by Assumption 6.3 we can achieve

‖∇y f (xτ+1,yτ)‖ ≤ ‖∇y f (xτ+1,yτ)−∇y f (xτ ,yτ)‖+‖∇y f (xτ ,yτ)‖

≤ ly(2Gy) ·ητ‖∇x f (xτ ,yτ)‖+Gy ≤ 2Gy (E.44)

where we have used the definition of ητ and constant C0 in the last inequality. yτ+1 is

computed via a nested loop, which can be regarded as a strongly-convex minimization

subproblem starting at − f (xτ+1,yτ). According to the result in minimization problem

(theorem 4.3 in [57]), when we set ηy =
1

ly(4Gy)
and K = κ log( 1

θ
), we have

‖yτ+1− y∗τ+1‖2 ≤ θ‖yτ − y∗τ+1‖2≤ 2θ‖y∗τ+1− y∗τ‖2+2θ‖yτ − y∗τ‖2

≤ 2θκ
2
η

2
τ ‖∇x f (xτ ,yτ)‖2+2θ‖yτ − y∗τ‖2≤

C2
0G2

x

l2
x (2Gx)

(E.45)
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where the last inequality is achieved when θ ≤ 1
4 . From Eq. (E.45) we can also obtain

‖yτ+1− y∗τ+1‖2 ≤ (2θ +4θκ
2
η

2
τ l2

x (2Gx))‖yτ − y∗τ‖2+4θκ
2
η

2
τ l2

x (2Gx)‖∇Φ(xτ)‖2

≤ 3θ‖yτ − y∗τ‖2+
θ

64
‖∇Φ(xτ)‖2 (E.46)

where we have used the setup of ηt to simplify the inequality. Applying recursion to Eq.

(E.42) and (E.46), we can obtain

Φ(xτ+1)≤Φ(x0)−
τ

∑
t=0

ηt

2

(
1− θ l2

x (2Gx)

16

)
‖∇Φ(xt)‖2+

G2
x

8κlx(2Gx)

≤Φ(x0)−
τ

∑
t=0

15ηt

32
‖∇Φ(xt)‖2+

G2
x

8κlx(2Gx)
(E.47)

where we have used θ ≤min{1
4 ,

1
l2
x (2Gx)

}, ‖y0−y∗0‖≤
Gx

lx(2Gx)
and ηt ≤ 1

16κlx(2Gx)
. According

to the definition of Gx and Lemma E.3,, we can obtain ‖∇Φ(xτ+1)‖≤ Gx. As ‖yτ+1−

y∗
τ+1‖≤

Gx
lx(2Gx)

≤ Gx
lx(‖∇Φ(xτ+1)‖+Gx)

, by Assumption 6.3 we can obtain

‖∇x f (xτ+1,yτ+1)−∇Φ(xτ+1)‖≤ lx(2Gx) · ‖yτ+1− y∗τ+1‖≤ Gx (E.48)

which implies ‖∇x f (xτ+1,yτ+1)‖≤ 2Gx. Finally, we need to estimate ‖∇y f (xτ+1,yτ+1)‖.

We have

‖∇y f (xτ+1,yτ+1)‖= ‖∇y f (xτ+1,yτ+1)−∇y f (xτ+1,y∗τ+1)‖

≤ ly(0) · ‖yτ+1− y∗τ+1‖≤
C0ly(0)Gx

lx(2Gx)
≤ Gy (E.49)

which is obtained by the definition of constant C0. Hence we have finished the mathematical

induction.

Lemma E.10. Let ηt =
η

St
≤ C0

16κlx(2Gx)
, ηy =

1
ly(4Gy)

, K = κ log( 1
θ
) and ‖y0− y∗0‖≤

C0Gx
lx(2Gx)

.
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When ly(·)≡ Ly, we have ‖∇Φ(xt)‖≤Gx, ‖∇x f (xt ,yt)‖≤ 2Gx and ‖yt−y∗t ‖≤
C0Gx

lx(2Gx)
for all

t ≥ 0, where constant C0 = min{1, lx(2Gx)Gy
ly(2Gy)Gx

} and θ = min{1
4 ,

1
l2
x (2Gx)

}.

Proof. Different from Lemma E.9, in this case we do not need to estimate an upper bound

for ∇y f (xt ,yt). In the case of Lemma E.9, the upper bound of ∇y f (xt ,yt) is required because

when solving the ly-smooth strongly-convex subproblem, the stepsize and complexity are

affected by the initial gradient norm. But when the function is Lipschitz smooth, the

requirement is unnecessary and we can set the stepsize to ηy =
1
Ly
.

Based on Lemma E.9, Lemma E.10 and Eq. (E.47), we can reach the conclusions of

Theorem 6.2 and Corollary 6.4. Mimic the steps of Lemma E.7 and Lemma E.8, we can

prove the results in Corollary 6.5 and Corollary 6.6.

E.3 Convergence Analysis of Generalized SGDA

In stochastic algorithms, we need the following auxiliary Lemmas.

Lemma E.11. Let vector X be a stochastic variable. Then we have

0≤ E‖X−EX‖2= E‖X‖2−‖EX‖2≤ E‖X‖2 (E.50)

Lemma E.12. Let X1,X2, · · · ,Xn be n independent stochastic variables of which the means

are 0. Then we have

E‖
n

∑
i=1

Xi‖2 =
n

∑
i=1

E‖Xi‖2 (E.51)

Next, we will provide the proof for Theorem 6.3. Here we will only consider the

case of Y = Rd2 because the operations for the case ly(·)≡ Ly is similar to deterministic

algorithms. For convenience, we denote ηt =
η

St
. Recall that in the stochastic case constant
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Gx is re-defined as follows:

Gx = max{u > 0|u2 ≤ 32κlx(2u) · (Φ(x0)−Φ
∗+σ

2)/δ}

Proof. First, we define

T0 = min{ min{t | Φ(xt)−Φ
∗ >

8(Φ(x0)−Φ∗+σ2)

δ
or ‖yt− y∗t ‖>

C0Gx

lx(2Gx)
},T}

(E.52)

We will prove that the probability of T0 < T is small. According to the definition of Gx and

T0, we know when t < T0, we have ‖∇Φ(xt)‖≤ Gx and ‖yt− y∗t ‖≤
C0Gx

lx(2Gx)
. From the proof

of Lemma E.5, it can also be checked that ‖∇x f (xt ,yt)‖≤ 2Gx and ‖∇y f (xt ,yt)‖≤ Gy. By

the update rule of y we have

‖y∗t − yt+1‖2 = ‖y∗t −ΠY (yt +ηyut)‖2

≤ ‖y∗t − yt−ηyut‖2

= ‖y∗t − yt‖2−2ηy〈ut−∇y f (xt ,yt),y∗t − yt−ηy∇y f (xt ,yt)〉−2ηy〈∇y f (xt ,yt),y∗t − yt〉

+η
2
y ‖∇y f (xt ,yt)‖2+η

2
y ‖ut−∇y f (xt ,yt)‖2 (E.53)

When t < T0, taking expectation on ξt , by Eq. (E.23), Lemma E.4 and Lemma E.12 we have

E‖y∗t − yt+1‖2≤ (1− 1
κ
)E‖y∗t − yt‖2+

η2
y σ2

by
(E.54)
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Hence by Young’s inequality we have

E‖y∗t+1− yt+1‖2 ≤ (1+
1

2κ−1
)E‖y∗t − yt+1‖2+2κE‖y∗t+1− y∗t ‖2

≤ (1− 1
2κ

)E‖y∗t − yt‖2+2κ
3
η

2
t E‖vt‖2+

η2
y σ2

by

≤ (1− 1
2κ

+6κ
3
η

2
t l2

x (2Gx))E‖y∗t − yt‖2+6κ
3
η

2
t E‖∇Φ(xt)‖2+

6κ3η2
t σ2

bx
+

η2
y σ2

by

≤ (1− 1
4κ

)E‖y∗t − yt‖2+6κ
3
η

2
t G2

x +
6κ3η2

t σ2

bx
+

η2
y σ2

by
(E.55)

Applying recursion and the setup of ηt , we can achieve

E‖y∗t − yt‖2≤ (1− 1
4κ

)t‖y∗0− y0‖2+
δC2

0G2
x

96l2
x (2Gx)

+
δC2

0σ2

96l2
x (2Gx)bx

+
4κη2

y σ2

by
≤

δC2
0G2

x

16l2
x (2Gx)

(E.56)

for t ≤ T0 where we have used bx ≥ σ2

G2
x
, by ≥ 192κσ2l2

x (2Gx)
δG2

x l2
y (2Gy)

and the condition of ‖y∗0− y0‖.

Mimic the steps in Eq. (E.21), we can also obtain

Φ(xt+1)≤Φ(xt)+ 〈∇Φ(xt),xt+1− xt〉+κlx(2Gx) · ‖xt+1− xt‖2

= Φ(xt)−ηt〈∇Φ(xt),vt〉+κlx(2Gx) ·η2
t ‖vt‖2 (E.57)

for t < T0. Taking expectation on ξt , by Lemma E.12 we have

EΦ(xt+1)≤ EΦ(xt)−
ηt

2
E‖∇Φ(xt)‖2+

ηt

2
E‖∇x f (xt ,yt)−∇Φ(xt)‖2+κlx(2Gx) ·η2

t E‖vt−∇x f (xt ,yt)‖2

− ηt

2
(1−2κlx(2Gx) ·ηt)E‖∇x f (xt ,yt)‖2

≤ EΦ(xt)−
ηt

2
E‖∇Φ(xt)‖2+

ηt

2
E‖∇x f (xt ,yt)−∇Φ(xt)‖2+

κlx(2Gx) ·η2
t σ2

bx

≤ EΦ(xt)−
ηt

2
E‖∇Φ(xt)‖2+

ηt l2
x (2Gx)

2
E‖y∗t − yt‖2+

κlx(2Gx) ·η2
t σ2

bx
(E.58)
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From Eq. (E.55) we can also achieve

E‖y∗t − yt‖2≤ (1− 1
4κ

)E‖y∗t−1− yt−1‖2+6κ
3
η

2
t E‖∇Φ(xt−1)‖2+

6κ3η2
t σ2

bx
+

η2
y σ2

by

(E.59)

Let γ = 1− 1
κ

and apply recursion to Eq. (E.59), then we can obtain

E‖y∗t − yt‖2≤ γ
t‖y∗0− y0‖2+6κ

3
t−1

∑
s=0

γ
t−1−s

η
2
s E‖∇Φ(xs)‖2+

δ 2C2
0σ2

96l2
x (2Gx)bx

+
4κη2

y σ2

by

(E.60)

Insert Eq. (E.60) into Eq. (E.58) and summing over t. We have

EΦ(xt+1)≤Φ(x0)−
t−1

∑
s=0

ηs

2

(
1−

δ 2C2
0

96

)
E‖∇Φ(xs)‖2+

δC0lx(2Gx)

24κ
‖y∗0− y0‖2+

δ 2C2
0σ2(t +1)

2304κ3lx(2Gx)bx

+
δ 3C3

0σ2(t +1)
9216κ2lx(2Gx)bx

+
η2

y lx(2Gx)σ
2(t +1)

24κby
(E.61)

As T = κ2

δ 2ε2 , bx ≥ σ2

G2
xε2 , by ≥max{192κσ2l2

x (2Gx)
δG2

x l2
y (2Gy)

, κlx(2Gx)
δ 2l2

y (2Gy)ε2}, we have

EΦ(xt+1)≤Φ(x0)−
t−1

∑
s=0

95ηs

192
E‖∇Φ(xs)‖2+

δG2
x

32κlx(2Gx)
+σ

2 (E.62)

According to the definition of Gx, for all t ≤ T0 we have

EΦ(xt)−Φ
∗ ≤ 2(Φ(x0)−Φ

∗+σ
2) (E.63)

If T0 < T , then we have Φ(xt)−Φ∗ > 8(Φ(x0)−Φ∗+σ2)
δ

or ‖yt − y∗t ‖>
C0Gx

lx(2Gx)
at t = T0.

206



According to Markov’s inequality and Eq. (E.56), we have

Pr(‖yt− y∗t ‖2>
C2

0G2
x

l2
x (2Gx)

|t = T0)≤ E‖y∗t − yt‖2/(
C2

0G2
x

l2
x (2Gx)

)≤ δ

4
(E.64)

According to Markov’s inequality and Eq. (E.63), we have

Pr(Φ(xt)−Φ
∗ >

8(Φ(x0)−Φ∗+σ2)

δ
|t = T0)≤ (EΦ(xt)−Φ

∗)/
8(Φ(x0)−Φ∗+σ2)

δ
≤ δ

4
(E.65)

By union bound we have

Pr(T0 < T )≤ Pr(‖yt− y∗t ‖2>
C2

0G2
x

l2
x (2Gx)

|t = T0)+Pr(Φ(xt)−Φ
∗ >

8(Φ(x0)−Φ∗+σ2)

δ
|t = T0)≤

δ

2

(E.66)

If T0 = T , by Eq. (E.62) we have

1
T

T−1

∑
t=0

E‖∇Φ(xt)‖2

St
≤ 5(Φ(x0)−Φ∗+σ2)

ηT
(E.67)

By Markov’s inequality, we have

1
T

T−1

∑
t=0

‖∇Φ(xt)‖2

St
≤ 10(Φ(x0)−Φ∗+σ2)

δηT
(E.68)

with probability at least 1− δ

2 . By union bound, we can finish the proof of Theorem 6.3.

When St ≡ S, we can set ηt =
δC0

48κ2lx(2Gx)
. By Theorem 6.3, we have

1
T

T−1

∑
t=0
‖∇Φ(xt)‖2≤ 480(Φ(x0)−Φ∗+σ2)ε2

C0
(E.69)
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which reaches the conclusion of Corollary 6.7. Mimic the steps in Lemma E.7 and Lemma

E.8, we can prove the results in Corollary 6.8 and Corollary 6.9.

E.4 Convergence Analysis of Generalized SGDmax

In this section we will provide the proof for Theorem 6.4. Here we will only consider

the case of Y =Rd2 because the operations for the case ly(·)≡ Ly is similar to deterministic

algorithms. For convenience, we denote ηt =
η

St
.

Proof. Similar to the analysis of SGDA, we define

T0 = min{ min{t | Φ(xt)−Φ
∗ >

8(Φ(x0)−Φ∗+σ2)

δ
or ‖yt− y∗t ‖>

C0Gx

lx(2Gx)
},T}

(E.70)

We will prove that the probability of T0 < T is small. When t < T0, according the proof of

Lemma E.9 it can be checked that all induction assumptions still hold. Hence we still have

EΦ(xt+1)≤ EΦ(xt)−
ηt

2
E‖∇Φ(xt)‖2+

ηt l2
x (2Gx)

2
E‖y∗t − yt‖2+

κlx(2Gx) ·η2
t σ2

bx
(E.71)

as what we have done in Eq. (E.58). According to the update rule of y, we have

‖y∗t − yt−1,k+1‖2

= ‖y∗t −ΠY (yt−1,k +ηyut−1,k)‖2

≤ ‖y∗t − yt−1,k−ηyut−1,k‖2

= ‖y∗t − yt−1,k‖2−2ηy〈ut−1,k−∇y f (xt ,yt−1,k),y∗t − yt−1,k−ηy∇y f (xt ,yt−1,k)〉

−2ηy〈∇y f (xt ,yt−1,k),y∗t − yt−1,k〉+η
2
y ‖∇y f (xt ,yt−1,k)‖2+η

2
y ‖ut−1,k−∇y f (xt ,yt−1,k)‖2

(E.72)
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Taking expectation and we achieve

E‖y∗t − yt−1,k+1‖2≤ (1− 1
κ
)E‖y∗t − yt−1,k‖2+

η2
y σ2

by
(E.73)

Apply recursion to above inequality and we can obtain

E‖y∗t − yt‖2≤ (1− 1
κ
)KE‖y∗t − yt−1‖2+

κη2
y σ2

by
(E.74)

As K = κ log( 1
θ
), we have

E‖y∗t − yt‖2 ≤ θE‖y∗t − yt−1‖2+
κη2

y σ2

by

≤ 2θE‖y∗t−1− yt−1‖2+2θE‖y∗t − y∗t−1‖2+
κη2

y σ2

by

≤ 2θE‖y∗t−1− yt−1‖2+2θκ
2
η

2
t−1E‖vt−1‖2+

κη2
y σ2

by

≤ (2θ +6θκ
2
η

2
t−1l2

x (2Gx))E‖y∗t−1− yt−1‖2+6θκ
2
η

2
t−1E‖∇Φ(xt−1)‖2+

6θκ2η2
t−1σ2

bx
+

κη2
y σ2

by

(E.75)

Since we have ηt ≤ δC0
48κlx(2Gx)

, bx ≥ σ2

G2
x
, by ≥ 24κσ2lx(2Gx)

δG2
x l2

y (4Gy)
, θ ≤ 1

4 and ‖∇Φ(xt)‖≤ Gx when

t < T0, we can obtain

E‖y∗t − yt‖2≤ ‖y∗0− y0‖2+
δ 2C2

0G2
x

48l2
x (2Gx)

+
δ 2C2

0G2
x

48l2
x (2Gx)

+
δC2

0G2
x

6l2
x (2Gx)

≤
δC2

0G2
x

4l2
x (2Gx)

(E.76)

for t ≤ T0. Besides, from Eq. (E.75) we can also obtain

E‖y∗t − yt‖2≤ (
3
4
)t‖y∗0− y0‖2+

θδ 2C2
0

384l2
x (2Gx)

t−1

∑
s=0

(
3
4
)t−1−sE‖∇Φ(xs)‖2+

θδ 2C2
0σ2

96l2
x (2Gx)bx

+
4κη2

y σ2

by

(E.77)
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Combining with Eq. (E.71) and summing over t, we achieve

EΦ(xt)≤Φ(x0)−
t−1

∑
s=0

ηs

2
(1−

δ 2C2
0

384
)E‖∇Φ(xs)‖2+

δC0lx(2Gx)

24κ
‖y∗0− y0‖2+

δ 2C2
0σ2t

2304κlx(2Gx)bx

+
δ 3C3

0σ2t
9216κlx(2Gx)bx

+
η2

y lx(2Gx)σ
2t

24by
(E.78)

for t ≤ T0. As T = κ

δ 2ε2 , bx ≥ σ2

G2
xε2 , by ≥max{24κσ2l2

x (2Gx)
δG2

x l2
y (4Gy)

, κlx(2Gx)
δ 2l2

y (4Gy)ε2}, we have

EΦ(xt+1)≤Φ(x0)−
t−1

∑
s=0

95ηs

192
E‖∇Φ(xs)‖2+

δG2
x

32κlx(2Gx)
+σ

2 (E.79)

According to the definition of Gx, for all t ≤ T0 we have

EΦ(xt)−Φ
∗ ≤ 2(Φ(x0)−Φ

∗+σ
2) (E.80)

If T0 < T , then we have Φ(xt)−Φ∗ > 8(Φ(x0)−Φ∗+σ2)
δ

or ‖yt − y∗t ‖>
C0Gx

lx(2Gx)
at t = T0.

According to Markov’s inequality and Eq. (E.76), we have

Pr(‖yt− y∗t ‖2>
C2

0G2
x

l2
x (2Gx)

|t = T0)≤ E‖y∗t − yt‖2/(
C2

0G2
x

l2
x (2Gx)

)≤ δ

4
(E.81)

According to Markov’s inequality and Eq. (E.80), we have

Pr(Φ(xt)−Φ
∗ >

8(Φ(x0)−Φ∗+σ2)

δ
|t = T0)≤ (EΦ(xt)−Φ

∗)/
8(Φ(x0)−Φ∗+σ2)

δ
≤ δ

4
(E.82)

By union bound we have

Pr(T0 < T )≤ Pr(‖yt− y∗t ‖2>
C2

0G2
x

l2
x (2Gx)

|t = T0)+Pr(Φ(xt)−Φ
∗ >

8(Φ(x0)−Φ∗+σ2)

δ
|t = T0)≤

δ

2

(E.83)
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If T0 = T , by Eq. (E.79) we have

1
T

T−1

∑
t=0

E‖∇Φ(xt)‖2

St
≤ 5(Φ(x0)−Φ∗+σ2)

ηT
(E.84)

By Markov’s inequality, we have

1
T

T−1

∑
t=0

‖∇Φ(xt)‖2

St
≤ 10(Φ(x0)−Φ∗+σ2)

δηT
(E.85)

with probability at least 1− δ

2 . By union bound, we can finish the proof of Theorem 6.4.

The rest proof for Corollary 6.10, Corollary 6.11 and Corollary 6.12 is similar to the

analysis of SGDA. Hence we will omit that part of proof to avoid redundancy.
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[9] Alberto Bietti, Grégoire Mialon, Dexiong Chen, and Julien Mairal. A kernel perspec-
tive for regularizing deep neural networks. In International Conference on Machine
Learning, pages 664–674. PMLR, 2019.

212



[10] M. Charikar, K. Chen, and M. Farach-Colton. Finding frequent items in data streams.
International Colloquium on Automata, Languages, and Programming, 2002.

[11] Congliang Chen, Li Shen, Haozhi Huang, and Wei Liu. Quantized adam with
error feedback. ACM Transactions on Intelligent Systems and Technology (TIST),
12(5):1–26, 2021.

[12] Congliang Chen, Li Shen, Wei Liu, and Zhi-Quan Luo. Efficient-adam:
Communication-efficient distributed adam with complexity analysis. arXiv preprint
arXiv:2205.14473, 2022.

[13] Robert S Chen, Brendan Lucier, Yaron Singer, and Vasilis Syrgkanis. Robust op-
timization for non-convex objectives. Advances in Neural Information Processing
Systems, 30, 2017.

[14] Xiangyi Chen, Sijia Liu, Ruoyu Sun, and Mingyi Hong. On the convergence
of a class of adam-type algorithms for non-convex optimization. arXiv preprint
arXiv:1808.02941, 2018.

[15] Zixiang Chen, Dongruo Zhou, and Quanquan Gu. Faster perturbed stochastic gradient
methods for finding local minima. In Sanjoy Dasgupta and Nika Haghtalab, editors,
Proceedings of The 33rd International Conference on Algorithmic Learning Theory,
volume 167 of Proceedings of Machine Learning Research, pages 176–204. PMLR,
29 Mar–01 Apr 2022.

[16] Ziyi Chen, Yi Zhou, Yingbin Liang, and Zhaosong Lu. Generalized-smooth noncon-
vex optimization is as efficient as smooth nonconvex optimization. arXiv preprint
arXiv:2303.02854, 2023.

[17] Chao-Kai Chiang, Tianbao Yang, Chia-Jung Lee, Mehrdad Mahdavi, Chi-Jen Lu,
Rong Jin, and Shenghuo Zhu. Online optimization with gradual variations. In Confer-
ence on Learning Theory, pages 6–1. JMLR Workshop and Conference Proceedings,
2012.

[18] Ashok Cutkosky and Francesco Orabona. Momentum-based variance reduction in
non-convex sgd. Neural Information Processing Systems (NeurIPS), 2019.

[19] Hadi Daneshmand, Jonas Kohler, Aurelien Lucchi, and Thomas Hofmann. Escaping
saddles with stochastic gradients. In Jennifer Dy and Andreas Krause, editors,
Proceedings of the 35th International Conference on Machine Learning, volume 80
of Proceedings of Machine Learning Research, pages 1155–1164, 10–15 Jul 2018.

[20] Christoph Dann, Gerhard Neumann, and Jan Peters. Policy evaluation with temporal
differences: A survey and comparison. Journal of Machine Learning Research, 2014.

213



[21] Paolo Di Lorenzo and Gesualdo Scutari. Next: In-network nonconvex optimization.
IEEE Transactions on Signal and Information Processing over Networks, 2(2):120–
136, 2016.

[22] Thinh T Doan, Siva Theja Maguluri, and Justin Romberg. Fast convergence rates of
distributed subgradient methods with adaptive quantization. IEEE Transactions on
Automatic Control, 66(5):2191–2205, 2020.

[23] Jan Drenth. Principles of protein X-ray crystallography. Springer Science & Business
Media, 2007.

[24] Simon S Du and Wei Hu. Linear convergence of the primal-dual gradient method
for convex-concave saddle point problems without strong convexity. In The 22nd
International Conference on Artificial Intelligence and Statistics, pages 196–205.
PMLR, 2019.

[25] John Duchi, Elad Hazan, and Yoram Singer. Adaptive subgradient methods for online
learning and stochastic optimization. Journal of machine learning research, 12(7),
2011.

[26] Cong Fang, Chris Junchi Li, Zhouchen Lin, and Tong Zhang. Spider: Near-optimal
non-convex optimization via stochastic path-integrated differential estimator. Ad-
vances in neural information processing systems, 31, 2018.

[27] Wei Gao, Rong Jin, Shenghuo Zhu, and Zhi-Hua Zhou. One-pass auc optimization.
In International conference on machine learning, pages 906–914. PMLR, 2013.

[28] Rong Ge, Furong Huang, Chi Jin, and Yang Yuan. Escaping from saddle points —
online stochastic gradient for tensor decomposition. In Peter Grünwald, Elad Hazan,
and Satyen Kale, editors, Proceedings of The 28th Conference on Learning Theory,
volume 40 of Proceedings of Machine Learning Research, pages 797–842, Paris,
France, 03–06 Jul 2015. PMLR.

[29] Rong Ge, Chi Jin, and Yi Zheng. No spurious local minima in nonconvex low rank
problems: A unified geometric analysis. In International Conference on Machine
Learning, pages 1233–1242. PMLR, 2017.

[30] Rong Ge, Jason D Lee, and Tengyu Ma. Matrix completion has no spurious local
minimum. In D. Lee, M. Sugiyama, U. Luxburg, I. Guyon, and R. Garnett, editors,
Advances in Neural Information Processing Systems, volume 29. Curran Associates,
Inc., 2016.

[31] Saeed Ghadimi, Guanghui Lan, and Hongchao Zhang. Mini-batch stochastic approx-
imation methods for nonconvex stochastic composite optimization. Mathematical
Programming, 155(1-2):267–305, 2016.

214



[32] Ian Goodfellow, Jean Pouget-Abadie, Mehdi Mirza, Bing Xu, David Warde-Farley,
Sherjil Ozair, Aaron Courville, and Yoshua Bengio. Generative adversarial nets.
Advances in neural information processing systems, 27, 2014.

[33] Zhishuai Guo, Yi Xu, Wotao Yin, Rong Jin, and Tianbao Yang. On stochastic moving-
average estimators for non-convex optimization. arXiv preprint arXiv:2104.14840,
2021.

[34] Jie Hao, Xiaochuan Gong, and Mingrui Liu. Bilevel optimization under unbounded
smoothness: A new algorithm and convergence analysis, 2024.

[35] F Maxwell Harper and Joseph A Konstan. The movielens datasets: History and
context. Acm transactions on interactive intelligent systems (tiis), 5(4):1–19, 2015.

[36] K. He, X. Zhang, S. Ren, and J. Sun. Deep residual learning for image recognition.
IEEE Conference on Computer Vision and Pattern Recognition, 2016.

[37] Martin Heusel, Hubert Ramsauer, Thomas Unterthiner, Bernhard Nessler, and Sepp
Hochreiter. Gans trained by a two time-scale update rule converge to a local nash
equilibrium. Advances in neural information processing systems, 30, 2017.

[38] Feihu Huang, Songcan Chen, and Heng Huang. Faster stochastic alternating direction
method of multipliers for nonconvex optimization. In International Conference on
Machine Learning, pages 2839–2848, 2019.

[39] Feihu Huang, Shangqian Gao, Jian Pei, and Heng Huang. Accelerated zeroth-order
and first-order momentum methods from mini to minimax optimization. Journal of
Machine Learning Research, 22:1–70, 2021.

[40] Feihu Huang, Shangqian Gao, Jian Pei, and Heng Huang. Accelerated zeroth-order
and first-order momentum methods from mini to minimax optimization. The Journal
of Machine Learning Research, 23(1):1616–1685, 2022.

[41] Feihu Huang and Heng Huang. Adagda: Faster adaptive gradient descent ascent
methods for minimax optimization. arXiv preprint arXiv:2106.16101, 2021.

[42] Feihu Huang, Xidong Wu, and Heng Huang. Efficient mirror descent ascent methods
for nonsmooth minimax problems. Advances in Neural Information Processing
Systems, 34, 2021.

[43] Nikita Ivkin, Daniel Rothchild, Enayat Ullah, Ion Stoica, Raman Arora, et al.
Communication-efficient distributed sgd with sketching. Advances in Neural In-
formation Processing Systems, 32, 2019.

[44] Martin Jaggi. Revisiting frank-wolfe: Projection-free sparse convex optimization. In
International conference on machine learning, pages 427–435. PMLR, 2013.

215



[45] Chi Jin, Rong Ge, Praneeth Netrapalli, Sham M Kakade, and Michael I Jordan. How
to escape saddle points efficiently. In International Conference on Machine Learning,
pages 1724–1732. PMLR, 2017.

[46] Chi Jin, Praneeth Netrapalli, and Michael Jordan. What is local optimality in
nonconvex-nonconcave minimax optimization? In International conference on
machine learning, pages 4880–4889. PMLR, 2020.

[47] Jikai Jin, Bohang Zhang, Haiyang Wang, and Liwei Wang. Non-convex distribution-
ally robust optimization: Non-asymptotic analysis. Advances in Neural Information
Processing Systems, 34:2771–2782, 2021.

[48] Rie Johnson and Tong Zhang. Accelerating stochastic gradient descent using pre-
dictive variance reduction. Advances in neural information processing systems, 26,
2013.

[49] Sai Praneeth Karimireddy, Quentin Rebjock, Sebastian Stich, and Martin Jaggi. Error
feedback fixes signsgd and other gradient compression schemes. In International
Conference on Machine Learning, pages 3252–3261. PMLR, 2019.

[50] Diederik P Kingma and Jimmy Ba. Adam: A method for stochastic optimization.
arXiv preprint arXiv:1412.6980, 2014.

[51] Anastasia Koloskova, Sebastian Stich, and Martin Jaggi. Decentralized stochastic
optimization and gossip algorithms with compressed communication. In International
Conference on Machine Learning, pages 3478–3487. PMLR, 2019.
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and tracking. In Hal Daumé III and Aarti Singh, editors, Proceedings of the 37th In-
ternational Conference on Machine Learning, volume 119 of Proceedings of Machine
Learning Research, pages 9217–9228. PMLR, 13–18 Jul 2020.
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