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learning models have enabled the creation of remarkable Al products. Optimization, as
the core of machine learning, becomes especially crucial because most machine learning
problems can ultimately be formulated as optimization problems, which require minimizing
a loss function with respect to model parameters based on training samples.

To enhance the efficiency of optimization algorithms, distributed learning has emerged as
a popular solution for addressing large-scale machine learning tasks. In distributed learning,
multiple worker nodes collaborate to train a global model. However, a key challenge in
distributed learning is the communication cost. This thesis introduces a novel adaptive
gradient algorithm with gradient sparsification to address this issue.
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on the central parameter server. To mitigate this bottleneck, decentralized distributed
(serverless) learning has been proposed, where each worker node only needs to communicate
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Preface

In recent years, we have witnessed an Al revolution and the remarkable success of
machine learning. Larger neural networks are being trained on increasingly vast amounts
of data to achieve superior performance. These powerful machine learning models have
enabled the creation of groundbreaking Al products, such as ChatGPT and Full Self-Driving
(FSD) technology, which have significantly impacted our lives.

In this context, optimization, as the core of machine learning, becomes especially critical.
Most machine learning problems can ultimately be formulated as optimization problems,
requiring the minimization of a loss function based on training samples to obtain optimal
model parameters. Given the large scale of models and the immense volume of data, there is
an urgent need for designing fast and stable algorithms to solve these optimization problems.

This need has motivated my research on optimization in machine learning. In this
dissertation, I propose more efficient optimization methods to address some of the core

issues in machine learning.
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Chapter 1: Introduction

In recent years, the success of machine learning has led to the training of larger neural
networks on vast amounts of data to achieve better performance. These powerful machine
learning models have enabled the creation of remarkable Al products. Optimization, as
the core of machine learning, becomes especially crucial because most machine learning
problems can ultimately be formulated as optimization problems. Typically, it is required to
minimize a loss function based on the training samples to obtain the best model parameters.
Apart from accuracy, training efficiency is also an important issue, especially for large-scale
problems. Therefore, it is necessary to study more efficient optimization algorithms for

machine learning problems.

1.1 Distributed Learning

Nowadays, with an increasing number of machine learning tasks requiring large models
and datasets for optimal performance, distributed learning has emerged as a promising re-
search area within the machine learning community. In distributed learning, multiple worker
nodes collaborate to train a global model based on the data they can access, coordinated by
a central server node. Since large-scale data are distributed and stored at different worker
nodes and complex computations can be performed in parallel, distributed learning can

tackle these challenging large-scale tasks effectively and efficiently.



1.2 Decentralized Learning

Despite the success of distributed learning, the conventional centralized scheme has a
key bottleneck of communication, where the communication burden on the central server be-
comes larger as the number of nodes grows. For example, when the system has M workers, it
will suffer from a communication complexity of O(M). Thus, the decentralized distribution
structure recently has attracted much attention in machine learning due to its communication
efficiency compared with the centralized approach. Specifically, decentralized optimization
adopts a pattern where each node maintains its own local data and model and only communi-
cates with its neighbors. In fact, the communication complexity of decentralized learning at
each iteration depends on the degree of graph topology (usually independent of the number

of nodes).

1.3  Minimax Optimization

Minimax optimization has numerous applications in machine learning tasks such as Gen-
erative Adversarial Net (GAN) [32], adversarial training [78]] and multi-agent reinforcement
learning [116]. The fundamental idea behind minimax optimization is to find the optimal
solution for a problem in the presence of an adversary, where one party seeks to minimize a
payoff loss function while the other seeks to maximize it. Specifically, variable x aims to
minimize an objective function f(x,y) : R% x R% — R while variable y tries to maximize

the loss, which can be formulated as

i 1.1
min max f(x,y), (1.1)

where 2" C R9 and % C R,



1.4 Outline

In this dissertation, several efficient optimization algorithms are proposed to address
specific machine learning problems. In Chapter 2] a decentralized communication-efficient
Frank-Wolfe algorithm is proposed to solve decentralized constrained optimization problems.
In Chapter 3] an accelerated decentralized minimax algorithm is proposed to solve decen-
tralized minimax problems with better convergence rate. In Chapter i a communication-
efficient adaptive gradient algorithm with gradient compression is proposed, which can
reduce the communication cost of the distributed learning system. In Chapter[5] a decen-
tralized perturbed gradient based algorithm is proposed, which can escape saddle point and
achieve second-order stationary point efficiently in the decentralized setting. In Chapter [f] a
generalized minimax algorithm with adaptive stepsize is proposed, which is guaranteed to

converge under the generalized smooth condition.



Chapter 2: Decentralized Constrained Optimization

2.1 Introduction

Recently, decentralized learning becomes a popular research topic in machine learning
and has been widely studied. For example, it was first studied to solve problems of computing
aggregates among clients or be used for the sake of data locality and privacy [100, [130],
where a centralized structure is not allowed. A general decentralized algorithm can be
traced back to [85] that combines gradient descent method and Gossip-type consensus step.
Subsequently, a degenerated case of decentralization that achieves huge success is federated
optimization [52]], which adopts star topology but enables data to be drawn from non-iid
distribution. Besides, many other previous fully decentralized works such as [63, [106]
that based on general network topology have shown that decentralized method is able to
achieve more efficient communication without sacrificing the training result, indicating that
decentralization is becoming competitive and advantageous in distributed learning rather
than merely an alternate of centralization when centralization is not possible. [63] presented
an important decentralized optimization work to verify that the decentralized method can
outperform its centralized counterpart. [63]] proposed an algorithm named Decentralized
Parallel Stochastic Gradient Descent (D-PSGD) to directly compute the averaging value
among each node with exact communication, which has the same convergence rate as
centralized SGD in nonconvex optimization with non-identical data distribution.

To reduce the communication cost in distributed systems, gradient quantization [97] is



another effective method. Recently, many quantized gradient algorithms, such as QSGD [3],
signSGD [l6] and its variant [[7], were developed and have shown excellent performance. In
these algorithms, the number of bits transmitted in each communication round is reduced by
packing and unpacking gradients. [3] proposed an unbiased quantization scheme and proved
it can converge under convex and non-convex conditions. However, for other quantization
methods like 1-bit quantization or signSGD, the unbiased assumption is not always satisfied.
[49]] proved that when applying signSGD with a scalar factor and error-feedback technique,
the algorithm is guaranteed to converge in non-convex optimization. More recently, to
further achieve communication efficiency, multiple quantized decentralized algorithms
[22] 151, 194, 93] have been introduced. However, to the best of our knowledge, existing
quantized decentralized algorithms for constrained problem are still very limited. In fact,
large-scale constrained optimization problems are common in many machine learning
applications, such as matrix completion and deep neural network compression.

To address this challenging issue, in this chapter, we focus on studying the quantized

decentralized algorithm for solving the following constrained optimization problem:

1 ¥
min M;fi(x)a 2.1)

where f;(x) is a nonconvex smooth loss function, Q is a convex and compact constraint set,
M is the number of worker nodes. f;(x) is the objective function on node i and could have

the stochastic expectation or finite sum formulations:

Eg p,F D (x;€), stochastic
fitx) = , (2.2)
,%. Y F j(l) (x), finite-sum

where D; is the data distributed on i-th node. Finite-sum objective function is a particular



case of stochastic problem where D; consists of finite samples. We allow distributions D;
to be non-identical, which is more adaptive to general tasks in machine learning and is
assumed in many previous decentralized analyses [63, 165, [106].

To solve the above constrained optimization problem, the Frank-Wolfe (a.k.a, conditional
gradient or projection-free) method is one of the most efficient and popular algorithms,
because the Frank-Wolfe method only requires to compute a linear oracle instead of the
expensive projection operator applied in proximal gradient methods [31] and alternating
direction method of multipliers [38]. In this chapter, thus, we focus on designing the
communication-efficient quantized decentralized Frank-Wolfe algorithm to solve the prob-
lem (2.1). It is nontrivial to design such an algorithm. We first provide a counterexample
to show that the vanilla quantized decentralized Frank-Wolfe algorithm usually diverges
(please see the following Counterexample section). Thus, there exists an important research
problems to be addressed:

Can we design a communication-efficient quantized decentralized Frank-Wolfe algorithm
with convergence guarantee for non-convex optimization?

In this chapter, we address the above challenging question with a positive solution and
propose a novel Decentralized Quantized Stochastic Frank-Wolfe (DQSFW) algorithm
to solve the problem (2.1I). By using the gradient tracking technique, we ensure that
DQSFW can safely and quickly converge to a stationary point in non-convex optimization.
Specifically, our DQSFW algorithm employs a 1-bit gradient quantization scheme. In

summary, the main contributions of this chapter are given as follows:

(1) We propose a novel efficient Decentralized Quantized Stochastic Frank-Wolfe (DQSFW)
method to solve the problem (2.1]), which reduces communication cost but maintains

good convergence speed.

(2) We derive the rigorous theoretical analysis for our DQSFW algorithm, and prove that



our DQSFW algorithm has the same gradient complexity O(¢~4) as the SFW [93]
(the sequential algorithm) and QFW [135]] (the centralized algorithm), but with much

lower communication cost.

(3) We provide a new intuitive counterexample to show that the decentralized optimization
involving non-linear projection of gradient could lead to a potential divergent problem
which also exists in many cases where we generalize other non-Frank-Wolfe methods
to decentralized algorithms. To tackle this challenge, we utilize the gradient tracking
technique to guarantee the convergence of our decentralized quantized Frank-Wolfe

algorithm.

Notations

||-||1 denotes the L; norm of vector. ||-||» denotes the spectral norm of a matrix. ||-||r
denotes the Frobenius norm of a matrix. ||-||, denotes trace norm of a matrix. Let 1
be the column vector, each entry of which is one. Given a network with M nodes, we
define a mixing matrix W = (w;;) € RM*M that represents the weights of neighbors in the
communication round. For example, in D-PSGD [63]], the consensus step on i-th node is

formulated as

. M .
Xt(l) _ Zwijxt(]) ‘
i=1

Generally, W is a symmetric doubly stochastic matrix that satisfies W = W and W1 =1. In

the experiment section, we will consider a uniformly weighted ring-based network, whose



Algorithm

DeFW QFW DQSFW

Decentralized |/ X v
Stochastic X Vv Vv
Quantized X V v/

Reference [115]]  [L35]] Ours

Table 2.1: Comparison of related works.

mixing matrix is shown as Eq. (2.3).

1313 0 - 0 1/3

1/3 1/3 1/3 0 - 0
0 1/3 1/3 1/3 0 .-
W= /3131 (2.3)
0 - 0 1/3 1/3 1/3
1/3 0 - 0 1/3 1/3

2.2 Related Works

2.2.1 Decentralized Frank-Wolfe

Decentralized Frank-Wolfe algorithm (DeFW) [[115] was recently proposed to apply
deterministic Frank-Wolfe method in decentralized structure. It is guaranteed to converge in
both convex and non-convex problems. The authors compute net averaging on parameters
and gradients. In previous work about decentralization such as [63]], averaging of gradients
is not required. Compared with DeFW, our DQSFW changes the deterministic algorithm to
a stochastic one, which is more adaptive to large scale machine learning tasks. When the
number of samples is very large, the full gradient is too expensive to calculate. Besides, we

also take advantage of the technique of gradient quantization, which will further reduce the



cost of communication.

2.2.2 Quantized Frank-Wolfe

Quantized Frank-Wolfe algorithm (QFW) [135] was recently proposed to solve cen-
tralized distributed problems. It uses the the following momentum scheme as gradient

estimator:

& =0—p)g-1+pegi 2.4)

which is also used in [73] as a way to decrease the noise of gradient. In our algorithm,
we combine this momentum scheme with the Gossip method. For gradient compressing,
it adopts the s-Partition Encoding Scheme, which encodes the i-th coordinates g; into an
element from the set {il,i%, TR i%,O}. It requires log, (s + 1) bits to transfer each
coordinate of the gradient. A scalar factor ||g||« is also transmitted thus the total bits of
quantized gradient is 32+ d - log, (s + 1) where d is the dimension of gradient. When s is
large, the variance of this compressor will become small [[135]], which means the quantized
gradient is more precise, but costs more bits. In this chapter, we use 1-bit signSGD scheme

with a scalar factor [49, [51]] shown as follows:

C(x) = @sign(x) (2.5)

where d is the dimension of x. Notice that here signSGD is only a representative of feasible
compressors. We can also use other compressor as long as it satisfies the Compressor
Assumption in section 4, which is an important assumption in many theoretical analysis of
related work about gradient quantization. For example, we can also use top-k SGD, which

is a gradient sparsification method that automatically satisfies the Compressor Assumption.



We consider signSGD because it is efficient and convenient to implement.
The comparisons between DeFW, QFW and our DQSFW are summarized in Table[2.1]
We can see that our DQSFW algorithm is the first to incorporate stochastic gradient descent

and gradient quantization in decentralized Frank-Wolfe type algorithm.

2.3 Counterexample

In this section, we provide an intuitive counterexample that demonstrates the divergent
trap if Frank-Wolfe method is simply generalized to the decentralized algorithm without
making consensus on gradient when data at different nodes are drawn from non-identical
distributions.

Given f(x) = f1(x) + f2(x), where x € Q = {(x,y) x> +y> < 1}, fi(x) =x and f(x) =
/3y (See Figure . We can calculate gradients vi = (1,0), vo = (0,4/3), v = (1,V/3).
Since the gradient is never equal to 0, according to the Frank-Wolfe gap (see Eq. (9)), the
only stationary point is (—%, —‘/T§) (blue point), where the tangent of unit ball is vertical
to direction (1, \/3) However, if we update x by Frank-Wolfe algorithm on each node
separately, the linear oracle will yield d; = (—1,0) and d, = (0,—1). Then we make
consensus on x and get iteration formula x;11 = (1 — 7)x; + Y(—%, —%) Sequence x;
eventually converges to point (—%, —%) (red point), which is not a stationary point.

It is reasonable to attribute the divergence to the non-commutative relationship between
the linear oracle and addition. For SGD-based decentralized learning algorithms, conver-
gence is achieved due to the commutative property of addition. The above divergence
problem is also likely to occur in other variant algorithms of SGD that involve non-linear
mappings of gradients in a decentralized system, not just Frank-Wolfe type methods. For

example, adaptive gradient methods are a family of algorithms that adjust the learning rate

according to the magnitude of the gradient. The Decentralized ADAM algorithm (DADAM)

10



gradient direction
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converged point © A5+
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Figure 2.1: A graph to demonstrate the counter-example.

[83] was proved to converge under the criterion named local regret. Nonetheless, local
regret can lead to a situation where each node converges to its own local stationary point,
without sufficient cooperation across the entire system. This phenomenon highlights that
when we generalize an algorithm involving steps that are not commutative with addition,
similar divergence problems are likely to arise.

In DeFW [115], the gradients can be averaged directly by gradient tracking, a technique
to accelerate consensus in distributed optimization [84, [126]]. DIGing also considers the
increment of gradient when averaging the non-quantized full gradient. However, in this
chapter we have to face the variance of stochastic gradient and the noise of quantization.
These issues do not occur in DeFW. Therefore, we have to use a new strategy to let them

make a gradual consensus.

2.4 New Decentralized Quantized Stochastic Frank-Wolfe Algorithm

In this section, we propose a novel efficient Decentralized Quantized Stochastic Frank-

Wolfe (DQSFW) algorithm to solve the problem (2.1I) by using the gradient tracking tech-

11



nique [113,[126]. DQSFW algorithm is given in Algorithm|[I}
In Algorithm xt(i) is a column vector that denotes the model parameter on i-th node in

iteration . We use upper case X; to represent the matrix

Inspired by Choco-Gossip algorithm [S1], we also define a replicated )Et(i) of x,(i) on each

node. The reason is when we apply gossip update, the exact value of model parameter on

other nodes are unknown since there exists quantization and the communication is inexact.

The replica )?,(i) is an estimation of x,(i), which is also updated at each iteration. And the

consensus step is formulated as line 8 in Algorithm According to the update of )?t(i) (line

9 and line 10 in Algorithm[I]), on all neighbors of the i-th node, the replica is added by an
(i) (i)

identical transmitted message z, *, which implies the values X, ’ on all neighbors of the i-th
(i)

node are consistent. Therefore, replica X;’ is well-defined. Similar to X;, we also define

matrices

X[ — [Xt,)fz,...,)f,]

where X; represent the mean value: X; = Ai/l M, x,(’).
g,(i) is a stochastic gradient on i-th node calculated by selected samples and vt(i) is our key
estimation of the gradient on i-th node which is defined as Eq. (2.6) with a kind of momentum

(i)

scheme. Here ﬁ[i is the replica of v,(i) (see similar concept of )Et(i)). For initialization, we set
19@1 =0 and v@l = g(()i). The definition and role of B; will be discussed later in Remark 2.
Our convergence analysis shows that, though our gradient estimator in line 4 is biased, the

gradients on all nodes are getting close to the full gradient uniformly. To make consensus on

12



Algorithm 1 Decentralized Quantized Stochastic Frank-Wolfe (DQSFW)
Input: restricted domain Q, matrix W, initial point XO =XyeQ
Parameter: 1;, v, B, o, T

Output: i;, where 7 is chosen uniformly from {0, 1,...,T}

1: On i-th node:

2: fortr=0,1,..., T —1do

3:  Compute an estimation of the gradient gt(i)
Update Vt(i) =(1- ﬁt)vt(ﬁl +Btgt(i) + 0 Zj Wij(ﬁt(i)l - \7(?1)
Compute q,(i) =C (vt(i) — \71(?1) and communicate with neighbors

Update replica ﬁt(j ) = ﬁt(i) t q,(j ) for neighbor j

Calculate linear oracle dt(i) such that d,(i) = argmaxgcq(d, —v,(i)>
Update xt(iz] =(1- Th)xt(i) + T]rdt(i) +%L; Wij(ft(j) - ?er(i))
Compute z,(i) =C (xt(izl — ﬁl(i)) and communicate with neighbors
10:  Update replica it(_jgl = )?t(j ) + Zt(j)
11: end for

R = A A

for neighbor j

gradient and parameter, we adopt the gossip update [S1] in line 4 and line 8 respectively.

=) (2.6)

t

Vz(l) =(1— ﬁt)vz(gl + 3tgt(l) + 04 Zwij(ﬁfj_
J
In line 5 and line 9 of Algorithm [T} we apply a gradient quantization method that
satisfies the Compressor Assumption. As mentioned previously, the quantization scheme
is not limited to the signSGD used in this chapter. Line 7 is the typical linear oracle in

Frank-Wolfe method to get a direction d,(i). In the Frank-Wolfe vanilla algorithm, the update
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of xl(i) should be xt(il = xt(i) + nt(d,(i) — t(i)). For convenience, we define matrices

‘/t = [v§1)7v£2)7"'7v5M)]7
Go= B

t 7...,‘}[

Vt = [\7[,\7[,...7\/[],

Dt = [dt(l)vdt(2)7'~ 7dt(

By the doubly stochastic property of W, we have
X1 = (1—n)X,+nD; (2.7

It is easy to verify that when xp € Q, X; € Q for V¢. Hence the constraint is always satisfied.
Here we should note that we do not have to store all the replica in practice. We can regard

Yiwij ()2,(] ) —)Et(i)) as a term, and obtain iteration formula
Yoy =50 = D =) + L wis e =), 238)
j j j

Therefore, we only need one buffer with the size of x; to compute this term. So, it is with

Xjwi j(\?,(j ) ﬁt(i)). We will use Eq. (2.8) to save memory in our experiments.
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2.5 Convergence Analysis

In this section, we study the convergence properties of our DQSFW algorithm. All
proofs can be found in the Appendix. We begin by introducing some mild assumptions and

the definition of the Frank-Wolfe gap [44]:

4 (x) = max(v—x,—Vf(x)) (2.9)

veQ
The convergence criteria is E||¢ (x)||< €.

Assumption 2.1. (Lipschitz Gradient) There is a constant L such that forVi € {1,2,... .M},

we have

IV £i(x) = VA < Lllx =yl (2.10)

Assumption 2.2. (Compact Domain) There is a diameter D of domain Q.

Assumption 2.3. (Lower Bound) Function f(x) has the lower bound inf,cq f(x) = f~ >

—0Q,

Assumption 2.4. (Spectral Gap) Given the doubly stochastic symmetric matrix W, we define
A, A2, ..., Ay to be its eigenvalues in descending order. Then max{|A,|,|Ay|} < 1. Let

p = max{|A|,|An|} and & =1 — Ay.

Assumption 2.5. (Compressor Assumption) Compressor C(-) satisfies ||C(x) —x[|* < (1 —

8)||x||%, where 0 < § < 1.

Assumption 2.6. (Bounded Gradient and Bounded Variance) The generated gradient esti-

mator g\ satisfies Elg\"] = V£,(x"), Ellg") = VA2 < 02, [VFO ;)| < G.
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Based on above assumptions, we demonstrate three lemmas of our DQSFW algorithm.
Lemma 1 and Lemma 2 estimate the consensus between model parameter X; and gradient
V; respectively. Lemma 3 implies that our gradient estimator Eq. (2.6)) on different node
approaches the value of full gradient uniformly and gradually. The detailed proof of lemmas

can be found in Appendix [A.2]

Lemma 2.1. Let & = 1—v1—=82 & = 1— (1-&)% o =y = y=min{1, %, 550},
cr=(1-p)y c2 =8, c3 = min{ULY 8% A= (1+¢)(1—(1—p)y)2+(1—8)(1+
S B=(1+1)7 C2+(1—6)(1+c2)(1+}/C)2. Let Q = 8(1 4 L)(A+B). Set

No = m and My = (t_-?l)_"’ 0 < 0 < 1. Then there exists a constant R\ satisfying
_ N OR | MD?
X =X |5+ 1% — X || < =——r
X — Xe || + 1% — Xe[[F < ((+1)2°
Lemma 2.2. Let ¢4 = c%, Bo = B(ij:“) and B, = (H—?%' Then there exists constant Ry
such that
2
Vi =Villg + Vi = Vil < (11205

Lemma 2.3. Denote v, = AL,I Y™, vt(l). There exists constant S such that

M3

Next, we will propose the main theorem of our convergence analysis. Please check the

detailed proof in Appendix [A.3]

Theorem 2.1. Let Q, Ry, Ry and S be the constants defined in Lemma 1 to Lemma 3. stepsize

n; is set as Lemma 1. Then we have

F(& = f(Fs1) n D\/2(S+QR|L?D?) D\/OR,G N nL>D?

El9 (%) <E| nz (1 +1)0/3 (t+1)0/3 2
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Theorem 2.2. Suppose T iterations have been completed. Let t is chosen randomly with
identical probability from {0,1,...,T}. Set 6 = %. Then by Theorem 1 we can obtain

EY(5)] = O(y75):

Remark 2.1. Theorem[2.2shows that our DQSFW algorithm reaches a gradient complexity
of O(e™*) to achieve an g-stationary point. And the Frank-Wolfe gap is asymptotically 0,
rather than a neighborhood whose size depends on €. This is because all parameters in our
algorithm are independent of €, while in SFW, the stepsize and the number of iterations are

functions of €.

Remark 2.2. 6 =

B8]

is the best trade-off. If B; is too large, the noise of quantization and the
variance of stochastic gradient will cause bad consensus and then affect the convergence. If
B is too small, the stepsize should also be small. Otherwise the averaged gradient cannot
catch up with the changing of x, which will cause slow convergence. This trade-off is the

challenge and intuition to define our gradient estimator as Eq. (2.6).

Remark 2.3. From the proof in supplementary material we can see the theoretical frame-
work does not only work for signSGD, but also all compressors that satisfy Assumption

5.

2.6 Experimental Results

To validate the efficiency of our new DQSFW algorithm, we performed the experi-
ments on two constrained machine learning applications: matrix completion and model

compression.
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Figure 2.2: The experimental results of decentralized low-rank matrix completion for dataset
MovieLens 100k and MovieLens 1m. Figure (a), (b) and (c) show the training loss with respect to
bits transferred on MovieLens 100k with 20, 40 and 60 workers respectively. Figure (d), (e) and (f)
show the training loss with respect to bits transferred on MovieLens 1m with 20, 40 and 60 workers
respectively.

2.6.1 Decentralized Low-Rank Matrix Completion

Low-rank matrix completion is a model to solve a broad range of learning tasks, such
as collaborative filtering [54/] and multi-label learning [[128]]. The loss function of low-rank
matrix completion problem has the following form:

min

XERMHN ( Z 0(X;j—Yij), st|X|.<C

i,j)EQ

where ¢ : R — R is the potential non-convex empirical loss function. Y is the target matrix
and Q is the set of observed entries. [115] also conducts this experiment with MSE loss
function and robust Gaussian loss function. In our experiment, to verify that our algorithm
works well for non-convex objective functions, we adopt the robust Gaussian loss function
O 2

S (1 —exp(= )

#(z) = 2.11)
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Name User Movie Record

MovieLens 100k 943 1682 100000
MovieLens Im 6040 3952 1000209

Table 2.2: Descriptions of MovieLens Datasets.

In our experiment, the parameter oy is fixed as 2. We run our experiment on two
benchmark datasets, MovieLens 100k and MovieLens 1m [35]. Both of two datasets are
records of movie ratings from plenty of users, and are usually used to train recommendation
systems. The descriptions of these two datasets are shown in Table 2.2} MovieLens 100k
has 943 users, 1682 movies, and 100000 rating records. MovieLens 1M has 6040 users,
3952 movies, and 1000209 rating records. All ratings vary from O to 5. We scale them to the
interval [0, 1]. The rating records can be converted into matrix, where row represents user id
and column represents movie id. Each record serves as an observation. As our purpose is to
verify the performance of the optimization algorithm, we take all data for training.

For both datasets, we deploy our experiment on M = 20,40,60 MPI worker nodes,
respectively, using mpi4py. Each node is an Intel Xeon E5-2660 machine within an infinity
band network. We assign 1/M of the rating records to each worker. For MovieLens 100k,
we set C = 2000 while for MovieLens 1m we set C = 5000.

In this task, the linear oracle can be obtained by singular value decomposition (SVD).
Let the SVD of vt(i) be U-S-VT. Then the linear oracle d = —C-u-v! where u and v are
the singular vectors corresponding to the largest singular value (also named leading vectors
of SVD). In practice, we only need to compute the leading vectors, while in projected
algorithms, we have to do the completed SVD.

We choose two other projection-free methods DeFW [115]] and QFW [1335]] as baseline
methods. For decentralized algorithms, we use a ring-based topology as the communication

network because it is convenient to implement and achieves linear speedup in communication
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Figure 2.3: The experimental result of decentralized model compression for VGG11 neural network
on dataset CIFAR 10. Figure (a) shows the training loss against time. Figure (b) shows the training
loss against the number of bits transferred

[63]. For QFW, s of the s-partition encoding is set to 1. For all three algorithms, we set
the stepsize 1; = t~*7>. The results of low-rank matrix completion on MovieLens 100k
and MovieLens 1m are shown in Figure 2.2] As many previous quantization works did
(including QFW), we analyze the experimental results with respect to bits transferred, which
means the number of bits sent or received on the busiest node. For decentralized algorithms,
it can be any node, and for centralized algorithm, it is the master node. The number is
divided by the size of x as it is always proportional to the size of x.

From the experimental results we can see that our DQSFW algorithm achieves the best
performance on both datasets. Moreover, we can see that our algorithm becomes more
competitive as the number of workers increases, which verifies the scalability of our method.
With more workers, more sample gradients can be computed, but the number of gradients

computed by DeFW stays the same.

2.6.2 Model Compression

Deep neural networks (DNNs) have achieved remarkable performance in many fields in
recent years. But one of its shortcomings is the high cost of a large number of parameters.

Thus, many attempts have been made to reduce the number of parameters in DNNs, such
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as dropout and pruning. Among these methods, one solution is to add constraint to the
parameters to make them more sparse compulsively [9, 68]]. In [9], one popular method was

proposed via adding the spectral norm constraint as follows:
Will2 <7 (2.12)

for each layer /. Because the model compression is attracting increasing attentions in
both machine learning research and applications, in this experiment, we solve the model
compression problem using the decentralized learning setting, and validate the performance
of different decentralized quantized algorithms on this task. Here the linear oracle is
d=—1-U-VT, where U-S-VT is the SVD of vt(i). This result can be achieved easily by
the fact that trace norm and spectral norm are dual norms.

In our experiment, we run this task to compress the VGG11 network on the CIFAR 10
dataset, which has 50000 training samples and 10 labels, with constraint (2.12)). We perform
this task in decentralized settings where data are distributed on different nodes to verify
our algorithms. Following [9], we use the cross-entropy loss function as a criterion and set
T = 0.8. The experiment is implemented on 8 GTX1080 GPUs by PyTorch. Each GPU is
treated as a single worker. The communication is based on NVIDIA NCCL.

We consider DeFW and QFW as baseline methods and ring-based topology as com-
munication network. For DeFW and our DQSFW, the decentralized system is a uniform
weight ring network. For QFW, s is set to 1. For all three algorithms, the stepsize is chosen
as 1n; = %t‘0'75 . Due to the limitation of CUDA memory, we cannot compute the full
gradient for DeFW. We calculate 1/5 of the full gradient instead. This issue also indicates
the limitation of DeFW algorithm.

The experimental results are visualized in Figure 2.3] To validate the efficiency of

our algorithm, we compare the loss with respect to the bits transmitted. Similarly to the
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matrix completion experiment, the number of bits transferred is divided by the size of the
parameter. For decentralized algorithms, the number is counted on any node, while for a
centralized algorithm, it is counted on the master node. According to the results, we can
see that DeFW is almost infeasible for this task. In terms of the running time, QFW and
DQSFW have similar performance. From the view of bits transferred, our DQSFW has the
best performance among the three algorithms, which verifies the superior performance of

our new algorithm.

2.7 Conclusion

In this chapter, we proposed a new Decentralized Quantized Stochastic Frank-Wolfe
(DQSFW) algorithm to solve the non-convex constrained optimization problem. We revealed
a potential divergence problem that is likely to occur in general decentralized training, not
just for Frank-Wolfe-type methods, and also provided a solution by achieving consensus
on the gradient. We derived a new theoretical analysis to prove that our algorithm can
achieve the same gradient complexity O(&~*) as the Stochastic Frank-Wolfe (SFW) method
with much lower communication cost, and the Frank-Wolfe gap is asymptotic to zero. The
experimental results on two machine learning applications, matrix completion and deep

neural network compression, validate the superior performance of our new algorithm.

22



Chapter 3: Decentralized Minimax Optimization

3.1 Introduction

In the past few decades, many works have studied the minimax optimization problem
across various research fields, leading to the development of numerous methods. The most
intuitive solution is the Gradient Descent Ascent (GDA) algorithm [24, |86] with equal
stepsizes 1), = 1y. Asymptotic and nonasymptotic convergence analysis has been provided
when f is convex in x and concave in y. Recently, many deterministic and stochastic
gradient algorithms for nonconvex-strongly-concave and nonconvex-concave problems
were proposed. Some algorithms improve the performance of the vanilla GDA method by
adopting different steps in x and y, such as [37, 166], where the stepsize of y is typically
larger than the stepsize of x. Some algorithms update x and y at different frequencies, such
as [46,77,189]. These kind of algorithms usually involve a nested loop structure that updates
y more frequently than x to make f(x,y) close to the primal function ®(x), which is defined
by

®(x) =max f(x,y). (3.1)
yeX

As more large-scale machine learning problems arise, distributed training has become a
popular and crucial framework due to its ability and efficiency in handling large data sets.
It is desired to generalize minimax optimization to distributed training to solve large-scale

minimax problems. In distributed optimization, the original centralized optimization suffers
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from a bottleneck communication problem, i.e., the communication traffic on the busiest
central node, especially when the network is large [63, [133]]. To tackle this communication
issue, decentralized optimization was proposed and has emerged as a promising technique.
It is a distributed machine learning training paradigm that does not rely on a centralized
network topology. Different worker nodes collaboratively utilize their own local data to
implement large-scale training tasks, and at each iteration, they only have to communicate
with their neighbors. Decentralized algorithms have been shown to enhance communication
efficiency by avoiding the communication overhead problem. Decentralized methods are
also advantageous when the network suffers from communication restrictions or has low
bandwidth between some nodes and the central node. Moreover, it is an essential method in
situations where data are geographically distributed and centralized data processing is not
available, or there are concerns about preserving data privacy [130].

Recently many works were proposed to improve the performance of decentralized
training. D-PSGD [63] theoretically justifies the potential advantage of the decentralized
algorithm. D? [106] improves the convergence rate to outperform D-PSGD by eliminating
the influence of data variance among different workers. D-SPIDER-SFO [90]] incorporates
D? and SPIDER [26][117], which is a kind of variance reduction technique [48], to further
reduce gradient complexity. DQSFW [119]] studies decentralized constrained problem with
Frank-Wolfe method. GT-HSGD [[123]] extends STORM to a decentralized setting, which
is a variance-reduced approach that does not fetch a mega batch periodically. However,
decentralized minimax optimization is still very limited, and existing methods suffer from a
very high gradient complexity [70,[111]]. Thus, we are motivated to design an accelerated
decentralized algorithm for minimax problems.

In this chapter, thus, we propose a faster Decentralized Minimax Hybrid Stochastic

Gradient Descent (DM-HSGD) algorithm to solve the following decentralized stochastic
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minimax optimization problem:

1 & ,
min max = — =E,; Fi(x,y; (i) 32
xeR% }G@fxy n; 5y, fixy) =Beo p Fi(xy:6™) (3.2)

where n is the number of worker nodes, ¢ is a convex set. Here the local component

objective function F;(x,y; & (i)) i1s L-smooth, nonconvex in x, and strongly-concave in y. D;

is the data distribution on the i-th node. In this chapter, the data distribution can be non-

identical. The random variable é(i) is an index sampled from the local data. We summarize

our contributions as follows.

)

2)

In this chapter, we propose a new accelerated decentralized stochastic first-order
algorithm, named DM-HSGD, to solve decentralized nonconvex-strongly-concave
minimax optimization problems. Our algorithm is the first stochastic gradient algo-
rithm to solve general decentralized minimax problems on non-identically distributed
data with theoretical guarantees. Moreover, our algorithm does not require a large

batch size or nested loops, making it more practical and efficient to implement.

We provide a completed proof to guarantee the convergence of our algorithm to
solve decentralized stochastic minimax optimization. Under nonconvex-strongly-
concave condition, our algorithm obtains SFO complexity of O(x3£~3) to search
an g-stationary point of function ®(x) = max,cs f(x,y). This result is faster than
the complexity of previous decentralized minimax algorithms [[70, [111]]. Moreover,
we also prove that our method achieves linear speedup as the number of workers n

increases, which verifies its ability to solve large-scale problems.

The rest of this chapter is organized as follows. In Section 2, we introduce related works.

In Section 3, we present our new DM-HSGD algorithm. In Section 4, we show the main

theorems of convergence and complexity analysis. In Section 5, we discuss our experimental
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Table 3.1: Comparison of Related Algorithms for Minimax Optimization

Name SFO Decentralized Stochastic Implementation Reference
SGDA ( e X Vv single-loop [66]
SGDmax  O(x’e 410g(é ) X Vv double-loop [66]
SREDA O(k3e3) X i double-loop (77
Acc-MDA O(k3e3) X vV single-loop [39]
DPOSG 0(e~1?) V/ (iid) i single-loop [70]
GT/DA O(Neleog(%)) \/ (non-iid) X double-loop [111]
DM-HSGD O(x3e3) \/ (non-iid) V single-loop Ours

results, and Section 6 concludes this chapter.

3.2 Related Works

3.2.1 Centralized Minimax Optimization

In recent years, many algorithms for solving minimax optimization were proposed,
and the majority of them were studied under the nonconvex-strongly-concave condition.
SGDmax [46] is a double loop algorithm that achieves the SFO complexity of O(x3e~*log(1/¢))
where k¥ = L/ is the condition number. Multistep GDA (MGDA) [89] is a double loop
algorithm and HiBSA [735]] is a single loop algorithm. Both MGDA and HiBSA are determin-
istic and hence can only solve finite-sum problems. Both of them achieve SFO complexity
of O(k*Ne~2). Proximal Dual Implicit Accelerated Gradient (ProxDIAG) is a deterministic
triple loop algorithm whose SFO complexity for the finite-sum problem is O(x'/2Ne~2).

SGDA [66], Stochastic Recursive gradiEnt Descent Ascent (SREDA) [[7/]], and Hybrid
Variance-Reduced SGD [110] are more related to our work. SGDA is a single loop algorithm
to solve nonconvex-strongly-concave and nonconvex-concave minimax problems. For
nonconvex-strongly-concave problem, it requires O(k’¢~*) SFO complexity to find an
e-stationary point of ®(x). In this chapter, we will prove that our method achieves a better

SFO complexity.
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SREDA [77] is a double loop algorithm that achieves O(k>e~3) SFO complexity. It
accelerates SGDA by using SPIDER, which is a variance reduction technique and uses
the newest gradient information [26, 187]]. SREDA also involves a separated initialization
algorithm called PISARAH [88]] to ensure the convergence. More recently, [42] proposed
an efficient mirror descent ascent algorithm for nonconvex-strongly-concave minimax opti-
mization with nonsmooth regularization based on Bregman distance and variance reduced
technique of SPIDER. In this chapter, we use another variance-reduced technique, named
STORM or hybrid stochastic gradient descent [[18]], to accelerate the algorithm. We will
discuss the challenges of using SPIDER on decentralized settings in Section [3.3] Unlike
SREDA, our method only requires a large batch in the first iteration. Except for the first
iteration, we can use either a single sample or a mini-batch to calculate the stochastic
gradient. However, SREDA loads a mega-batch with size 0(8_2) periodically (every g
iterations) and needs O(£~!) gradient oracles at each iteration, which is not practical for
large-scale problems. In addition, the maximizer in SREDA is a nested loop to update the
variable y and if we count the loop of SPIDER then SREDA is actually a triple algorithm.
On the contrary, there is no nested loop in our DM-HSGD, which makes our method more
efficient and convenient to implement. Moreover, unlike SREDA, our method does not
require a separate initialization algorithm to calculate a precise initial value for y.

Hybrid Variance-Reduced SGD algorithm also takes advantage of hybrid stochastic
gradient descent to accelerate minimax optimization. For example, [39, 110] applied the
Hybrid Variance-Reduced SGD to minimax problems. More recently, [33, 4 1] proposed
some efficient adaptive gradient descent ascent methods for nonconvex-strongly-concave
minimax optimization based on momentum techniques including Hybrid Variance-Reduced

SGD.
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3.2.2 Decentralized Minimax Optimization

At decentralized setting, most minimax algorithms were proposed for convex-concave
problem [53,80]. In [[72] a nonconvex-nonconcave algorithm DPPSP was proposed. How-
ever, it is not gradient-based and the closed-form solution to the subproblem is not ensured in
our problem. Hence we will not discuss it in this chapter. Decentralized Parallel Optimistic
Stochastic Gradient (DPOSG) [[/0] is the first algorithm applicable to a general decentralized
minimax problem with theoretical guarantees. It is a single loop minimax algorithm that
generalizes Optimistic Stochastic Gradient (OSG) [[17]] to decentralized training. However,
DPOSG has some obvious drawbacks. The first one is that the gradient complexity O(£~1?)
is too high and we are motivated to design a faster algorithm. The second one is that DPOSG
only works in the case where the data distribution is identical. When the data distribution is
non-identical, the Lemma 3 in [70] is not satisfied. Actually, the assumption of identical
data distribution is not satisfied at most decentralized training tasks. Thus, in this chapter,
we do not use this assumption.

More recently, [[111] studied decentralized nonconvex-strongly-concave minimax prob-
lems and proposed a double-loop deterministic Gradient Tracking/Descent-Ascent algorithm
which extends the vanilla GDA to decentralized setting and combines it with gradient
tracking. It achieves a gradient complexity of 0(8_2). However, in large-scale machine
learning tasks such as deep neural networks, the full gradient is generally unavailable
and the application of deterministic algorithms is very restricted. If we convert Gradient
Tracking/Descent-Ascent to stochastic gradient version, the SFO complexity should be at
least O(e~*), which is the same result as SGD in nonconvex optimization. Under the same
conditions, our new algorithm achieves a better SFO complexity of O(g73).

[76] studied decentralized reinforcement learning problem based on distributed con-

strained Markov decision process model and proposed a decentralized policy gradient
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optimization method named Safe Dec-PG, which achieves SFO complexity of O(g™).
However, the problem studied in [[76] has a special form that is linear in y. In this chapter,
we focus on general minimax problem. [§] is a simultaneous work of our work that studies
a more general decentralized variational inequality problem with higher complexity. We
summarize the comparison of related algorithms for general minimax optimization in Ta-
ble @ For decentralized algorithms DPOSG, GT/DA, and DM-HSGD, we also discuss

whether they can converge on non-identical distributed data.

3.3 Proposed New Algorithm

3.3.1 Preliminaries

Before we propose our algorithms, we will introduce the notation used in this chapter
(i) (i)

and some important concepts. We use lower case x;’ and y,” to represent the column

vector parameters on the i-th worker node. We use upper case X; and Y; to represent the n-

column matrix formed by xgi) and yt(i) respectively, which means X; = [xt( 2 ,x,(z), . ,xt(n)] and

@) )

Y, = [yt(l),yt(z), . ,y,(n)]. Column vectors u; ", v, 7, gt(i) and h,(i) are gradient estimators used
in our algorithms. The upper case U;, V;, G; and H; are matrices of which the i-th column is
(i) (@)

u,’, v, g,(l) and h,(l) respectively. Lower case with a bar represents the mean vector. The

upper case with a bar represents the matrix in which each column is the mean vector. For

example, x; = %Z?:l xt(i) and X; = [%;,%,...,%/]. We define the optimal maximum value of
y as:
y*(-) = argmax f(-,y), ¥ =argmax f(%,y) (3.3)
ye& ye¥

Note that when f is strongly-concave in y, y; is unique. We also define:

& = |9 — 317 (3.4)
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Bold number 0 and 1 are n x 1 column vectors that each entry is 0 and 1, respectively. For
matrices, we use ||-|| to denote Frobenius norm and ||| to denote spectral norm. We use
V. and V, to denote the partial derivative with respect to x and y.

The mixing matrix W represents the weights of averaging among the topology of the

communication network. It is doubly stochastic which satisfies:

wWl=wl1=1 (3.5)

We should notice that here matrix W is not assumed to be symmetric so that the communica-

tion network is not restricted to undirected graph.

Algorithm 2 DM-HSGD
(i) (i) i _ 0

Input: mixing matrix W, initial value x,” = xo, y,” =yo,v_ | =87 =0,u
Parameter: stepsize 1, 1, weight S, B,, batch size by, iteration T
Output: %, where ( is chosen randomly from {1,2,---,T}

(&)
1

|
=
|
=

1: On i-th node:

2: fort=0,1,....,T —1do

33 ift=0then .

£ g =VaRE &), 187 =bo

s =R ED, 1871=bo

6: else o . ‘ . .

e =V o8+ (1B (e~ Vel 6))
s b = ViR 8 (- B = ViR g )
9: endif

10: ~ Communicate with neighbors and update gradient estimator as follows

e =2 w0+ g — g
12: ut(l) = 7:1 w,-j(uz(])l + ht(]) — ht(i)l)
13:  Communicate with neighbors and update model parameter as follows

14: xt(?l =Yl wij(x(j.) - nxv(j?) | |
IS: yg% =¥ w0 ), ) = P@(yr(ié)
16: end for
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3.3.2 Decentralized Minimax Hybrid Stochastic Gradient Descent

In this subsection, we introduce our new Decentralized Minimax Hybrid Stochastic
Gradient Descent (DM-HSGD) algorithm. Our algorithm is a single loop minimax algorithm
(summarized in Algorithm [2) which does not contain a nested loop structure.

The initial points of different nodes are the same, i.e. x(()i) = xp and y(()i). gt(i) and h,(i) are
the gradient estimators with respect to x and y on i-th node. gt(i) and ht(i) are computed in the
same way as STORM [18]]. When t = 0, we load a large batch with size by to calculate the
stochastic gradient (lines 4 and 5 in Algorithm[2)). When 7 > 0, we can use either a single

sample or a mini-batch to calculate the gradient (lines 7 and 8 in Algorithm . g,(i) can also

be written as

6= BT £+ (1) (87—, o )+ 97 E0)

(3.6)

which is a linear combination of the gradient estimators of stochastic gradient descent (the
first part) and SPIDER (the second part). As we have mentioned, SPIDER is a variance-
reduced method that utilizes the latest gradient information. Thus, estimator Eq. (3.6) is

(@)

also called hybrid stochastic gradient descent. It is the same with /,”. Then each worker
communicates with their neighbors to compute gradient estimator v,(i) and ul(i). Here we use
gradient tracking [21], [126] to reduce the consensus error (lines 11 and 12 in Algorithm 2)).
We will discuss why gradient tracking is necessary in our method in the next subsection.
After we obtain u,(i) and v,(i), each worker communicates with their neighbors again and
updates the model parameters x and y. Here Py (-) represents the projection onto convex set

% . In the theoretical analysis, we define Y 1= Yo.
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3.3.3 Discussions on STORM and Gradient Tracking

In this subsection, we discuss the intuition behind our algorithm and explain why we
chose STORM and gradient tracking rather than generalizing SREDA for the decentralized
setting. The first reason is that SREDA requires a large or full batch periodically, which
is expensive and often unavailable. Additionally, SREDA involves too many nested loops,
making it inefficient and inconvenient. From a theoretical analysis perspective, normalization
or projection is likely to cause divergence in decentralized training on non-identical data
distributions, as indicated by Example[3.1] Therefore, in the context of this chapter, SPIDER
will probably not converge to a stationary point. Moreover, SREDA adopts a smaller stepsize
at the beginning and a larger stepsize at the end when ||v;|| becomes small enough. However,
when the data distribution is non-identical, ||v¢|| may not tend to 0, and the stepsize of
SREDA will likely always remain small. In contrast, STORM can avoid these issues, so we
use STORM to accelerate the decentralized minimax algorithm.

In the standard decentralized framework D-PSGD [|63]], the consensus error satisfies
|1X; — X;||F < O(€) when the stepsize 1 is O(¢€) and ¢ is large enough. The following
Example [3.2]is a simple example to show that this bound is tight and there are cases where
consensus error || X; — X;||r is exactly ®(n) when the data distribution is non-identical.
However, according to the analysis of STORM [18] without gradient tracking, the error
term e; = g, — V. f (X, ;) between the averaged update direction and the correct direction is
supposed to satisfy:

leel*< (1= Bo)ller—1]*+O(ny). (3.7

Nevertheless, the consensus error [|X; — X;||% is only O(12) and cannot be as small as O(1{)
if there is no gradient tracking. Therefore, to inherit the analysis framework of STORM, the

gradient tracking in our algorithm is essential.

32



Example 3.1. Assume f(x) = fi(x) + f2(x), where x = (a,b) € R%. fi(x) = a and f>(x) =
\V/3b are defined on two different nodes. Let W be the uniform weighted mixing matrix.
We can compute vi = (1,0) and v, = (0,v/3). The ideal averaged gradient direction is
v = (1/2,4/3/2). However, if we do normalization before making consensus, the obtained

gradient estimator is v = (1/2,1/2), which is deviated from v*.

Example 3.2. Suppose there are two sequences {p,;} and {q;} defined on two different
nodes with po = qo. They are updated by Pyt =Pr— na and Gyl =4dr— nb in each
iteration, respectively, where a and b are fixed gradient directions. As data distribution is

non-identical, we have a # b. Assume the mixing matrix is

2/3 1/3
1/3 2/3
Then we have
1 n 1 t+1 1 n
Prel—qri1 = g(Pz—qt)—g(a—b):@(Po—%)—ﬂ(z §)(a—b):§(1—3,+1 )(b—a)

s=1

Therefore, imy_se||p; — q:|| = ¥||a — b||.

3.4 Convergence Analysis

In this section, we will show the main theorems of our convergence analysis. The
theoretical results show that the SFO complexity of our algorithm is O(k>&~3), which is
the same as the best result in centralized minimax problem [77]. First we will introduce the

following assumptions.
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Assumption 3.1. (Lipschitz Gradient). Each component function F;(x,y;&) is L-smooth,

which means there exists a constant L such that for any (x,y) and (x',y’), we have
IVE(x,y: &) =VEQ Y )P <L2(lx =[P+ y —'1*)

Assumption 3.2. (Bounded Variance). The gradient of each component function F;(x,y; &)

is an unbiased estimator of V f;(x,y) and has bounded variance, i.e.,
E[|VE(x,;&) = Vfi(x,y)|? < 6 < 4o

Assumption 3.3. (Lower Bound). The function ®(-) is lower bounded, i.e., inf, ®(x) =

P* > —oo,

ur

Assumption 3.4. (Spectral Gap). The doubly stochastic matrix W satisfies [|W — =~ |l2=

A €0,1).

Assumption 3.5. (Strongly Concave). The function fi(x,y) is -strongly-concave in'y. That

is, there exists a constant |1 > 0, for any x, y and y', we have

filxy) < £+ (9 f )y =) = Sy =12

These are very common and mild assumptions that are frequently assumed in previous
works. Assumptions [3.1] [3.2] and [3.3] are also used in minimax methods [77] and [66].
Assumption 3.4] is used in [123]]. Typically, the spectral gap assumption is stated as W
is symmetric and |A4;|< 1, |A4,|< 1 where A} > Ay > --- > A, are the eigenvalues of W
(51 163, [133]]. Our Assumption [3.4]is automatically satisfied if the typical spectral gap
assumption holds (see Lemma 16 in [51]]). Assumption [3.5]is the definition of strong

concavity.
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In nonconvex-strongly-concave problems, we use €-stationary point of ®(x), i.e. [|[V®(x)|| <
€ as the convergence criterion. From Lemma 4.3 in [66], we know that ®(x) is differentiable
and (L+ xL)-smooth and y*(-) is k-Lipschitz, which means ||y*(x1) —y*(x2) || < x[[x] —x2]|

for any x1,x; € R?. Furthermore, we have:

VCI)( ) xf( )+Vyf(xlayl) ay*(xt) = fo(xlaj;\t) (39)

since V, f(%;,J;) = 0. This criterion is broadly used in the analysis of nonconvex-strongly-
concave minimax optimization [66, [108]. Now we will provide the main theorems of our

convergence analysis. Completed proof can be found in the Supplementary Material.

Theorem 3.1. Let Assumptions ﬂ to H hold. When parameters B, = gmm{l ne} , By =

emin{l,ne} _ (1=A)?min{1,ne} (1-1)?min{1 e} . by 400 T — 40001('38 2
so0k2 0 v = o003 0 T T S00KL = min{1ne}’ © = (=22 min{1ne}’

our Algorithm D] satisfies

1 r-1 82 n
= Z E||VO(%)|* < L(P(xo) — D*)e* + o7&’ + L &oe” + — Y E|[ V. fi(x0,y0)|1”
i=1

2 n
€
+72EHVyfi(Xoayo)H2 (3.10)
i=1

Corollary 3.1. When the parameters are defined as Theorem we can see + Y[ E||V(%)|?<
O(€?). Therefore, if n < O(e~1), the SFO complexity of Algorithm 2| I is O(K’e™3). If

n> 0(e~"), the SFO complexity is O(x>ne=2). Besides, from the proof of Theoremwe

can see error ||y, — y*(x;)||? is also bounded by the right side of Eq. (@)

Theorem [3.1] is the theoretical result when T is determined by €. If the number of

iteration 7 is not fixed, we have the following conclusion.

3
Theorem 3.2. Let Assumptions to hold. We set the parameters as T = 4?108—;);0,
1/3 (1 1)2 2/3 (1 1)2 2/3 T1/3
, o =2 by = L~, where we suppose
Be= 20T2/3 By= 500;<2T2/3 M= 2000637, °L" Y 500k, °L’ 0= %W PP
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Ty > 10n%. Then our algorithm satisfies

17! L(P(xp) — D* 2,72 Lyn BIV.fi(x0.v0) 12
¥ EVe)| < (®l) ~ @) + 0%+ 12 | ;XL ElVoSitioo)|
=0 (nTpy)?/3 To
1 2
Iy ?1E’\V;ﬁ(xo,YO)|\ G
0

Corollary 3.2. From Theorem we know Y[ E|VE(%)|*< 0(( )2/3) +0(5+ -)
when parameters are defined as above. As we suppose Ty > O(n?), the dominating term in

the convergence rate is O(W) which indicates the linear speedup of our algorithm.

3.5 Experiments

3.5.1 Robust Logistic Regression

We conduct the experiment of decentralized robust logistic regressiorﬂ task as the first
experiment, which was proposed in [131] and was also conducted in the related work [77].
Given dataset {(a;,b;)}"_,, where a; € RY is the feature and b; € {—1,1} is the label, the

robust logistic regression problem is formulated as follows:

3.12
min max f(x,y) = Zy, y)+8(x) (3.12)

where y; is the i-th component of variable y. [;(x) is the logistic loss function which
is defined by /;(x) = log(1 + exp(—b;al x)). V(y) is a divergence measure defined by

V(y) = 21 ||ny — 1]|%. A, represents the simplex in R”, which means

Ay={yeR"0<y,<1,) yi=1} (3.13)
i=1

"https://github.com/WH-XIAN/DM-HSGD
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2
g(x) is a nonconvex regularization with form g(x) = A, ¥4, —

i=1 Trg? Following the exper-

i

imental settings in ,welet A = n% A2 = 0.001 and o = 10 in our experiment.

Table 3.2: Descriptions of datasets used in our experiment

Name ‘ a9a ‘ covtype ‘ jjennl ‘ phishing ‘ revl ‘ w8a
N 32561 581012 | 49990 11055 20242 | 49749
d 123 54 22 68 47236 300

We conduct our experiment on six real-world training datasets “a9a”, “covtype”, “ijjecnnl”,
“phishing”,“rcv1” and “w8a”, which can be downloaded from LIBSVMEl repository. The
description of datasets is listed in Table [3.2] where N is the number of samples and d is the
number of features. We implement our code on an MPI cluster where each node is equipped

with 12-core Intel Xeon E5-2620 v3 2.40 GHz processor.
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Figure 3.1: Results of our decentralized robust logistic regression task. Figure (a) to (f) show the
value of ®(x) with respect to the number of gradient oracles divided by 103. Figure (a), (b), (c), (d),
(e) and (f) are experimental results on “a9a”, “covtype”, “ijjennl”, “phishing”, “rcv1” and “w8a”
respectively.

“https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets
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We compare our DM-HSGD algorithm with baseline algorithms: SGDA [66], SREDA
[777], DPOSG [70], and stochastic Gradient Tracking/Descent Ascent (SGTDA) [[111]. We
consider the algorithms for solving stochastic problems. We set the number of worker nodes
to n =20 and use the ring-based topology as the communication network. For each algorithm,
we perform a grid search for learning rates 7, and 7, from {0.1,0.01,0.001,0.0001}. The
mini-batch size is set to 20. The number of iterations in the nested loop for double-loop
algorithms is set to K = 5. For DM-HSGD, we set the batch size in the first iteration to
bo = 10000. B and By are set to 0.01. For SREDA, we set € = 0.1 in the factor m, period
g = 50 and large batch size S| = 1000. We compare the value of ®(x) with respect to the
number of gradient oracles among different algorithms, which can also be calculated by the
projection onto simplex A,. The experimental results are shown in Figure[3.1] From the
experimental results in Figure [3.1} we can see our new DM-HSGD algorithm converges

faster than other baseline algorithms, which verifies the performance of our method.

3.5.2 Policy Evaluation

Our second experiment is the decentralized policy evaluation (PE) task. PE is an
important task in reinforcement learning, aiming to estimate the value function of a given
policy. The most intuitive and frequently used method for PE is the temporal-difference
(TD) method, which relies on the Bellman equation [20]. However, the traditional TD
method, which is probably not a true gradient descent method as pointed out in [69] and
[103]], has been shown to be unstable in the case of off-policy sampling or nonlinear function
approximation. [[102] first proposed a method to optimize the objective function of the mean-
squared projected Bellman error (MSPBE), and MSPBE is proven to achieve asymptotic
convergence with arbitrary nonlinear smooth function approximation in [79]]. In [114], the

MSPBE objective function with nonlinear approximation is converted into a nonconvex-
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strongly-concave minimax problem by Fenchel’s duality. The problem can be formulated

as:

N;

Ll

M:

1
minmaxL(6,w)
w n i i

1j=1
1

L (8.w) = (w,[Ri(sj,a) + Wolsj1) = Va(s)lga(s))) = 5 (W g0(s))”  (3.14)
where s; is a state and a; is an action. R; represents the reward and y € (0, 1) is the discount
factor. V is a value function that maps the state space to a real number. 0 is the parameter to
estimate the value function. Function gg is the gradient of Vy and parameter w is yield by
Fenchel’s duality.

Mountaincar [[101] is a preliminary task in reinforcement learning. [[114] and [116] ran
offline PE task of this problem with primal-dual MSPBE, where the objective function is
formulated as Eq. (]31_4[) Following the experimental settings in [114]], we use Sarsa [101]
to generate trajectories of transitions (s;,a;,s;i41,#;) with d features and N = 5000 samples
on each worker node. We parameterize value function Vy as a 2-layer neural network with H
hidden neurons. We use Sigmoid function as activation and set discount factor to y = 0.95.

This experiment is run on an MPI cluster where each node is equipped with 12-core Intel

Xeon E5-2620 v3 2.40 GHz processor.

e DM-HSGD
e SGDA
DPOSG

——DM-HSGD —
SGDA — ]?%LHS(.D

— SGTDA
e SREDA

0
o 20 40 60 80 100 1200 1400 1600 0 200 40 0 s0 1000 1200 0 100 200 %0 400 50 600 700 80 900 1000
gradient oracles (k) gradient oracles (k) gradient oracles (k)

Figure 3.2: Results of our policy evaluation task. Figures (a), (b) and (c) show the value of ®(60)
with respect to the number of gradient oracles divided by 10%. In Figures, (a) d = 200, H = 50; (b)
d =300, H = 100; (c) d = 400, H = 200.
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We compare our DM-HSGD algorithm with baseline algorithms: SGDA [66], SREDA
[777], DPOSG [70], and stochastic Gradient Tracking/Descent Ascent (SGTDA) [[111]. We
also consider algorithms for solving stochastic problems. We set the number of worker nodes
to n = 20. We also use a ring-based topology with uniform weights as the communication
network in this task. For each algorithm, we perform a grid search for learning rates 7y
and 7, from {0.1,0.01,0.001,0.0001}. The mini-batch size is set to 20. The number of
iterations in the nested loop for double-loop algorithms is set to K = 5. For DM-HSGD,
we set the batch size in the first iteration to by = 2500. B, and B, are set to 0.01. For
SREDA, we set € = 0.1 in the factor va_zl\’ period g = 50 and large batch size S; = 1000. We
compare the values of ®(0) with respect to the number of gradient oracles among different
algorithms, which can be calculated by quadratic optimization. The experimental results are
shown in Figure[3.2]

Figure 3.2] (a), (b) and (c) show that our DM-HSGD algorithm achieves the fastest
convergence regarding the number of gradient oracles. From our experimental results, we
can also see that nested loop algorithms for minimax optimization usually consume more

gradient complexities during the training process than single-loop algorithms.

3.6 Conclusion

In this chapter, we proposed a novel accelerated decentralized minimax algorithm,
Decentralized Minimax Hybrid Stochastic Gradient Descent (DM-HSGD), to solve stochas-
tic nonconvex-strongly-concave minimax optimization problems. We prove that our new
method achieves SFO complexity of O(K3 8_3), which outperforms existing results in de-
centralized minimax optimization and matches the state-of-the-art in centralized minimax
optimization. Our method also achieves linear speedup with respect to the number of

workers, demonstrating its ability to solve large-scale problems. We conducted experi-
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ments on two machine learning tasks—decentralized robust logistic regression and policy
evaluation—to validate the superior performance of our algorithm.

In future work, we will explore decentralized nonconvex-concave minimax optimization
without the strong concavity to solve a broader range of problems, including loss functions
that are linear in y. We will likely consider methods that add perturbations, such as Catalyst

[132].
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Chapter 4: Communication-Efficient Adaptive Gradient Algorithms

4.1 Introduction

Nowadays, as more and more data mining and machine learning applications take
advantage of large-scale data, many learning models are trained in a distributed fashion
across many worker nodes [60]. Specifically, the problem of these tasks can be formulated

as:

1 n
flx) =~} B op Filx: &), (@.1)
i=1

where fi(x) = E¢,p,Fi(x; &) is the local objective function on the i-th node that is generally
smooth and possibly nonconvex, and » is the number of worker nodes. Here D; denotes the
data distribution on the i-th node, and different {D;}!_, are probably non-identical.
Although distributed training has shown a significant advantage, it still suffers from the
communication bottleneck, especially when the network bandwidth is limited or the size
of the model is large. To address this critical issue, many methods have been presented to
reduce the cost of communication. Among these methods, one of the most popular ways
is to compress the transmitted message in each communication round, such as gradient
quantization [3, 97] and gradient sparsification [, 4, (98], on which are the focus of this
chapter. Other methods such as model compression [137/]] or decentralization [121] also

alleviate the bottleneck issue.
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Gradient quantization reduces the communication cost by lowering the float-point
precision of gradients so that fewer bits will be transmitted. 1-bit Stochastic Gradient
Descent (1-bit SGD) [97]] is a classic and primitive gradient quantization work that uses 1-bit
quantization and dramatically enhances communication efficiency. Quantized Stochastic
Gradient Descent (QSGD) adopts stochastic randomized rounding to obtain an unbiased
estimator after compression. SignSGD and its variant with momentum named Signum [6]
only transmit the 1-bit gradient sign between the workers and the central node, which is
convenient to implement.

Gradient sparsification is another widely-used strategy to decrease the communication
cost which sparsifies the gradient instead of quantizing each element. The most popular way
is to extract the top-k coordinates of local gradients and send them to the master node to
estimate the overall mini-batch gradient. Some of these methods are also combined with
other techniques, such as momentum correction and error-feedback.

Recently, more variants of gradient compression with theoretical guarantees have been
proposed, such as SGD with Error-Feedback (EF-SGD) [49], Distributed SGD with Error-
Feedback (dist-EF-SGD) [138]] and SGD with Error Reset (CSER) [[122]. In some recent
works such as [[122| [138]], the aggregated gradient estimator is also compressed before being
sent back to the workers. Some works also apply gradient compression to other optimizers
such as the Frank-Wolfe algorithm [120]].

In addition, to solve problem ([.T)), we also need an efficient optimizer to search for
the optimal solution. Among popular optimization methods, adaptive gradient algorithms
[25,109] have become one of the most important optimization algorithms to pursue higher
efficiency or accuracy in a wide range of data mining and machine learning problems. In the
family of adaptive gradient algorithms, Adam [S0] is the most popular one that combines
momentum and adaptive learning rate. Although it achieves great success in practice, several

technical issues in the analysis were pointed out [92] and in some cases the algorithm could

43



diverge.
In [92], two variants of Adam, named AMSGrad and Adamnc, were proposed to fix the

theoretical problems in the analysis of Adam. AMSGrad makes the quantity I, = (—Q’fll -
VVi

oy
B2,t - 1—%.

Despite the success of gradient compression methods, it is hard to use them in distributed

) positive to ensure the convergence, while Adamnc adopts an increasing parameter

adaptive gradient method. So far, the application of gradient compression to adaptive
gradient algorithm with theoretical guarantee is still limited. Quantized Adam [11]] combines
gradient quantization with Adamnc, which keeps track of the local momentum and variance
terms on each worker node and uses quantization when averaging the parameter. Efficient-
Adam [12] is similar to Quantized Adam where the gradient message sent back is also
compressed. However, both Quantized Adam and Efficient-Adam are not proven to achieve
linear speedup or convergence on non-iid data. APMSqueeze [[105] and 1-bit Adam [[104]
are Adam-preconditioned momentum SGD algorithms with gradient compression. However,
the variance term is fixed during the training process. Even though it is computed by Adam
at the end of warm-up step, technically APMSqueeze and 1-bit Adam are not a true adaptive
gradient method.

Therefore, it is difficult to apply gradient compression to adaptive gradient methods and
maintain the excellent performance of distributed Adam-type algorithms. The challenge is
that the original adaptive learning rate is adjustable based on global information such as
the aggregated gradient. Although the compressed message is a good estimation of local
gradient or momentum, the adaptive learning rate calculated by these inexact messages
could be far away from the original one.

To address the challenging high communication cost limitation in distributed adaptive
gradient methods, we propose a class of novel distributed Adam-type algorithms (called

Sketched AMSGrad), based on the distributed version of the AMSGrad [92] algorithm and

44



the gradient sparsification technique named sketching [43,|61].

Our main contributions are summarized as follows.

(1) To efficiently address the communication bottleneck problem in distributed data
mining, we propose a class of novel communication-efficient algorithms named
Sketched AMSGrad with two averaging strategies: parameter averaging and gradient
averaging. Our new methods can reduce the communication cost from O(d) to

O(log(d)).

(2) We provide theoretical analysis based on mild assumptions to guarantee the conver-
gence of our algorithms. Specifically, we prove that our Sketched AMSGrad algorithms
have a convergence rate of O(\/%), which shows a linear speedup. Our theoretical

analysis also allows the data distribution to be non-identical.

(3) To the best of our knowledge, our method is the first one to utilize the sketching
technique to solve the communication bottleneck in distributed adaptive gradient
methods. The experimental results on training various DNNs verify the performances

of our algorithms, on both identical and non-identical distributed datasets.

4.2 Related Works

In the section, we review the related adaptive gradient algorithms with their compressed
versions and introduce some preliminary background of sketching. The summary of prop-
erties of related methods is listed in Table .1} Top-k is considered as the compressor in
the result of the convergence rate. The column ‘Speedup’ represents whether the algorithm
achieves linear speedup. The column ‘Adaptive’ represents whether the algorithm adopts an

adaptive gradient.
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Table 4.1: Comparison of Related Algorithms with Compression

Name Convergence rate Speedup Non-iid Adaptive
Quantized-Adam [[11] 0(\#) X X v/
Efficient-Adam [12] 0(#) X X v
APMSqueeze [105] Oo( \/:TT + (k/a')21/3T2/3) V v X
1-bit Adam [104] O( \/;lﬁ +@ d)21/3T2/3) v v X
SketchedAMSGrad (ours)  O( \/17 + /;)QT) v v Vi

4.2.1 Quantized-Adam and Efficient-Adam

Quantized-Adam [11] is proposed to combine quantization scheme with distributed
Adam algorithm to reduce the communication cost. Specifically, on each worker, it owns a
local momentum term m,(i) and a local variance term v,(i) . These two terms are updated by
the exponential moving averaging used in Adam-type algorithms. Gradient quantization is
used to compress the term m,(i) / \/@ .

Efficient-Adam [12] is a similar work to Quantized Adam. The only difference is that
Efficient-Adam compresses the updating term rather than the parameter. Both of these two
algorithms are parameter averaging, since if there is no compression, they degenerate to an
algorithm where each node is updated by Adam and then the model parameter is averaged.
It is not mathematically equivalent to the typical distributed Adam algorithm where gradient
averaging is used. Though in some cases parameter averaging is convenient to implement, it
is likely to cause bad convergence or be detrimental to the model accuracy, especially when

the optimizer relies on past local gradient. Actually, Quantized-Adam and Efficient-Adam

fail to achieve linear speedup on non-iid data.
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4.2.2 APMSqueeze and 1-bit Adam Algorithms

APMSqueeze [105] and 1-bit Adam [[104] are communication-efficient Adam-preconditioned
momentum SGD algorithms. Since the definitions of these two algorithms are similar and
1-bit Adam is the later work, in this chapter we will only discuss 1-bit Adam. In the warm-up
stage, it calculates a variance term vz, . During the training process, vr, is fixed and serves as
the exponential moving averages term v; in regular Adam-type algorithms. However, since
vr,, 1s a fixed variable, 1-bit Adam is not technically an adaptive gradient method. In our
method, the variance term v; is dynamic and is computed by exponentially moving averaging.

In addition, we do not need the warm-up stage with a separate communication-inefficient

optimizer.

4.2.3 Sketching

Sketching [43] is a novel and promising gradient sparsicifation technique that compresses
a gradient vector g into a sketch S(g) of size O(log(d)&~!) such that S(g) can approximately
recover all coordinates by §? = g7 + €|g||3. It originates from a data structure used in data

streaming named Count Sketch [[10] which is designed to find large coordinates in a vector

n

g defined by a sequence of updates {(i;,w;)} 1

In [43]], sketching serves as a compressor that will approximately recover the true top-k
coordinates of mini-batch gradient % " g,(i) where 7 is the number of workers. In [96]],
the authors explicitly treat it as a compressor, and the sketching and unsketching operators
are denoted by . and % . For convenience, we also use these notation in this chapter. The
sketching method reduces the communication cost to O(log(d)), while gradient quantization
only achieves a constant level reduction and the communication cost is still O(d). The

current best results for the quantization method achieve an approximate compression rate

32x [[7,138]. Compared with the top-k method, one advantage of sketching is to recover
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the true top-k coordinates, where the gradient estimator is v| ~ Topk(% " gt(i)). Although
applying the method in [138] can avoid the O(n) return communication cost mentioned in
[43]], the gradient estimator v, = Topk(% ’ Topk(gt(i))) is probably still far away from
the true top-k coordinates. This issue can be reflected in the second dominant term in the

convergence rate. In [138], the second dominant term is O( , which is claimed

+)
(k/d)4/37‘2/3
to be the price to pay for two-way compression and linear speedup. In 1-bit Adam the

stepsize depends on the compression ratio and this term becomes O( as we

1
(k/d)2/3T2/3 )
have mentioned. However, in Sketched-SGD and our algorithms, the corresponding term is

O(W), which is smaller when 7 is large.

4.3 Sketched Adam-type Algorithms

4.3.1 Sketched AMSGrad (Parameter Averaging)

In this subsection, we will propose the Sketched AMSGrad (PA) algorithm using param-
eter averaging, the description of which is shown in Algorithm 3]

In Algorithm 3] we use the AMSGrad algorithm to update each worker node, based on the
local momentum term m,(i) and exponential moving averages of squared past gradients vt(i).
oy is the stepsize and B, B, € (0, 1) are the exponential moving average hyperparameters in
the Adam-type algorithm. € > 0 is the initial value of vy to avoid zero denominators. The
multiplication, division, and square operation between vectors are component-wise. We use
sketching to improve communication efficiency and average the parameters. We also use
error-feedback to further accelerate the convergence.

For convenience, we also use the notation . and % defined in [96] to represent
the sketch operator and the unsketching operator. They can be treated as a compressor

that will approximately recover the true top-k coordinates. In practice, we use a second

round communication which is also required in SketchedSGD [43]. After unsketching,
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we get an estimation of the aggregated mini-batch gradient which is denoted by % (S;).
Then we select the largest Pk coordinates to extract their exact values before sketching
from each worker during the second round communication. Finally, we select the top-k

(i)

coordinates among these Pk coordinates as A; and send them back to each worker. A,

contains the correspondlng k coordinates in m, / 12 ® + == % ' ( )

_, and automatically satisfies
=1 Sy . Therefore, in each iteration, the total communication cost is |S|+Pk+k

and the compression rate is 2d/(|S|+Pk + k) where |S| is the sketch size.
Using lemma 1 in [43]] and replacing g and g with A, and (mt(i) / \/@ + a?T;le,(?l), we

can obtain the following Lemma .1}

Lemma 4.1. In Algorlthml 3| let A, = 1 Sy ), and give sketch size

O(klog(d/d)), with the probability > 1 — 5, we have
A=A < (1- —>HA,H2 4.2)

Lemma indicates that A, is an estimation of A, and illustrates how the sketch

technique can serve as a compressor.

4.3.2 Sketched AMSGrad (Gradient Averaging)

In the subsection, we propose the Sketched AMSGrad (GA) algorithm using gradient
averaging, which is demonstrated in Algorithm [4]

In AlgorithmEI, the meanings of the hyperparameters ¢, B and 3, are the same as those
of Algorithm We also keep track of the local momentum term mt(i) on each node but the
exponential moving averaging squared gradient v; is defined on the master node. The index
set . represents the coordinates updated in iteration ¢, which is obtained by the unsketching
(i) _ ( (i) (i)

operator. Notation /;, 8 ).s_, means for Vj € . _y, h;”’ maintains the j-th coordinate

of g,(i). Otherwise, if j ¢ .#,_1, the j-th coordinate of h,(i) is 0. We define .# in this way
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Algorithm 3 Sketched AMSGrad (parameter averaging)
Input: initial value x, sketching operator .’ and unsketching operator % .
Set: m() 0, v(()) v(())—fﬂ e(())—O on i-th worker node.

fort=1to 7T do
On i-th worker node: ‘
Estimate a stochastic gradient gt( ),

Compute mt =B mt 1+(1_ﬁ1>gt ;
= By’ 1+<1—ﬁ2>[g£>1 ,
()

v —max{vt 1,v,(’)},

Sketch 8 = .7 (m" /1 /9 +-% !

Send S,( " to the master node;

Send A,(i) to the master node after unsketching;

Compute e,(i) = m,(i) / \/@ + %691 — At(i);
Receive A; from the master node;
Update x;1 = xy — 0t A;.
On the master node .

Aggregate S; = - Y !, S(’);
Unsketch A, = Z = Top-k(% (S;));
Send A; back to each Worker node;
Update x;+1 = xy — 0t A;.

end for

because we want to accumulate the coordinates of the squared gradient that are just updated
and we want to define an auxiliary sequence that makes the convergence analysis more
convenient. The algorithm []is a gradient averaging algorithm because if no compressor
is applied, this algorithm degenerates to the common distributed AMSGrad optimizer. In
Algorithm [] the unsketching operator % requires a vector ¥; as another input and is used to
recover the top-k coordinates of term At, which is defined as follows.

Z—Z ). _m(@+%145 (4.3)

n.= (07

The index set of these k coordinates is denoted as .%. The implementation of %/ is shown

in Algorithm [5] which is established on the original sketching and unsketching operator.

50



Algorithm 4 Sketched AMSGrad (gradient averaging)
Input: initial value x, sketching operator .’ and unsketching operator % .

Set: m(()’) =0, e(()l) = 0 on i-th worker node; vy = ¥y on the master node; index set .%y) = &
forr=1to 7T do
On i-th worker node: ‘
Estimate a stochastic gradient gt( ),

Compute mt =B mt (1= ﬁl)gt ;
Send h() = (g,( ))jH to the master node;
Sketch S = . (m) + %=t )

(07
Send St(’) to the master node;
Send At(’) to the master node after unsketching;

Compute e,(i) = m,(i) + a@T:let@l — Al(i);
Receive A; from the master node;
Update x; 11 = x; — 04 As.
On the master node:
Aggregate h, = %Z?: | ht(l)
Compute v, = Bov;_1 + (1 — Bo)h?;
vy = max{V,_1, vt}
Aggregate S; = Z

Unsketch A, = At( ) —Top k(% (St,%1));
Send A; back to each worker node;
Update x;+1 = x; — 04 A;.

end for

According to the linear property of sketching .7, it is equivalent to compress A; by .# and

then unsketch it by the normal unsketching operator. A(i) contains the coordinates of A(i)

that belongs to index set .% and A; = Z . Therefore, using lemma 1 in [43] and

replacing g, and g’ with A, and At(i), we reach our following Lemma

Lemma 4.2. With sketch size ©(klog(d/8)) and with probability > 1 — & in Algorithm[d}
we have

A=A > < (1- —)HAtll2 (4.4)

Lemma [.2]is the key lemma to the analysis of our Algorithm [d] which provides an

estimation of term m, //V;. It is also a motivation to apply sketching in communication-
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Algorithm 5 Unsketching Operator in Algorithm [4]
Input: r x ¢ sketch S, vector v, bucket hashes {& j};‘:l’ original unsketching operator %4.
fori=1toddo
for j=1tordo
8L hj ()] = SLi ki ()]/ /i
end for
end for
return %(S)

efficient Adam-type algorithms. As the top-k coordinates of m;/\/9; and m, are likely to
change much, it is hard to estimate the Adam update term n1, /+/9; by the known vector m,(i)
on each node. However, the sketching technique makes it possible within the communication
cost of O(log(d)).

In Algorithm 4] thus, the total communication cost at each iteration is |S|+Pk + 2k and
the compression rate is 2d /(|S|+Pk + 2k) where |S| is the sketch size.

In fact, our Sketched AMSGrad (GA) algorithm is compatible with 1-bit Adam algorithm.
We can also regard vg, in the 1-bit Adam algorithm as the initial value of vo in Algorithm[d]
The only difference is that in the theoretical analysis we need to replace the initial value €
with the v,,;, defined in the 1-bit Adam. Moreover, if we do not send 4, or update v;, our

algorithm is reduced to the 1-bit Adam with sketching compressor.

4.4 Convergence Analysis

In this section, we provide the convergence analysis of our algorithms. Due to the space
limit, we will only provide the conclusions of Theorem[4.I]and Theorem .2l We begin with

some mild assumptions.

Assumption 4.1. (Lipschitz Gradient) There is a constant L such that for Vx,y € R%,

IVF(x) = VDI < Llx =yl
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Assumption 4.2. (Lower Bound) Function f(x) has the lower bound, i.e., inf, _pa f(x) =

JT> —oo

Assumption 4.3. (Bounded Gradient) There is a constant G such that for Vi € {1,--- n},
V& ~ D;, we have ||VF;(x;&) |l < G.

These assumptions are commonly used in related works of Adam-type algorithms in

nonconvex optimization [2, 14, [139]].

4.4.1 Sketched AMSGrad (PA)

Theorem 4.1. Assume that Assumption I to Assumption 3 are satisfied and data distribution

o> 0.

{Di}!_, are identical. In AlgonthmEl let By <1, po<1, €>0and oy = \/ﬁ

Then we have
G G

T
7 LEIVI )P S v

where constants Cy and C, are independent of T.

4.4.2 Sketched AMSGrad (GA)

Theorem 4.2. Assume that Assumptions 1-3 are satisfied. In Algorithmld] let By < 1, B < 1,

e>0and oy = o > 0. Then we have

a
14T /n’

C +C1+C2,

vl T

- ZEHVf x)||? <
where constants C| and C, are independent of T.

Corollary 4.1. In Theorem we can see that the dominant term is O( 1 which

Nl

achieves a linear speedup compared with AMSGrad in nonconvex optimization [[4)].
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Figure 4.1: The experimental results of training ResNet-50 on CIFAR10 and CIFAR100. Figures (a),
(b) and (c) show the experimental results on CIFAR10. Figures (d), (e) and (f) show the experimental
results on CIFAR100. Figures (a) and (d) show the train loss value. Figures (b) and (e) show the
train accuracy. Figures (c) and (f) show the test accuracy.

Remark 4.1. In Algorithm{) the data distribution D;’s are allowed to be non-identical. In
both Algorithmand Algorithm B1 and B are constants in (0, 1), which is applicable to

the common default settings that By = 0.9 and 3, = 0.999.

Remark 4.2. In [139], the log(T) term can be shaved using a fixed stepsize of o = 0(\%7)
Notice that in our methods, we can also remove the logarithm term by adopting such a
stepsize of 0 = 00 = 0(\%) and the convergence rate becomes 0(\/%) (proof can be found

in the Supplementary Material). However, in order to make the algorithm more flexible, we

prefer the current stepsize and do not set an upper bound to the total number of iterations T.

4.4.3 Discussion on the Compression Rate

Now we will discuss the how the compression rate, i.e., the choice of k influences
the convergence rate. In both Theorem [.1]and Theorem [.2] constant C; is independent
on k. Hence, the dominating term is not affected by the compression rate. This result is

the same as many other gradient compression methods. According to the definitions of
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C, in Theorem [d.1] and Theorem [.2] the second dominant term is affected by & in the

form O(W) for the parameter averaging and gradient averaging Sketched AMSGrad

algorithms.

4.5 Experiments

In this section we will show the experimental results of the distributed data mining
task of image categorization to validate our methods. All experiments are run on a server
with a 64-core Intel Xeon E5-2683 v4 2.10GHz processor and 4 Nvidia P40 GPUs. We
simulate the edge-based training environment on the GPU server where the root process
represents the edge server, each process represents an [oT device, and the dataset represents

the captured data. The code is implemented by PyTorch 1.4.0 and CUDA 10.1.

4.5.1 ResNet on CIFAR

The experimental task is to train ResNet-50 [36] using CIFAR10 and CIFAR100 datasets
[55], which are benchmark datasets for image classification tasks. Both CIFAR10 and
CIFAR100 contain 60,000 32 x 32 pixel images with RGB channels, 50,000 of which is
considered a training set and the other 10,000 of which is used for testing. The images are
distributed evenly over 10 and 100 classes for CIFAR10 and CIFAR100, respectively. The
ResNet-50 model has about 25M parameters. We use cross-entropy loss to train the neural
network.

In our experiment, we compare our Sketched AMSGrad (PA) and Sketched AMSGrad
(GA) with Sketched-SGD [43]], Efficient-Adam [12] and 1-bit Adam [[104]. For Efficient-
Adam and 1-bit Adam, we consider both quantization and sparsification as a compressor.

For gradient quantization, we adopt the following scheme used in [[138]] which is a variant
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of SignSGD:

C(x) = %sign(x) 4.5)

The number of workers in this task is set to 16. The batch size on each worker node is 32.
Hence, the total batch size at each iteration is 512. We run 200 epochs in total. For each algo-
rithm, we perform a grid search for the learning rate from {0.05,0.01,0.005,0.001,0.0005,0.0001 }
and € from {le —2,1e —4,1e — 6} and select the values that get the best training result. For
Adam-type algorithms, ; and 3, are set to be common choices as ; = 0.9 and 3, = 0.999.
For 1-bit Adam, similar to [104], we run 13 epochs to compute the Adam-preconditioned
vector vz,. For sketching methods, the sketch is set to have 100,000 columns and 10
rows. We set k = 50,000 and P = 8. For Efficient-Adam and 1-bit Adam with top-k com-
pressor, we choose k = 750,000. Therefore, all algorithms implemented in this task are
communication-efficient and approximately achieve the same compression rate (about 32 x
reduction).

Figure 4.1 shows the experimental results of this image classification task. Based on the
result of the train loss value, we can see that the three sketching methods converge faster
than other algorithms on both CIFAR10 and CIFAR100 dataset. When comparing the train
accuracy, the sketching methods are still advantageous over other methods. Our parameter
averaging and gradient averaging Sketched AMSGrad and SketchedSGD approximately
have the same performance. On CIFAR100, our parameter averaging Sketched AMSGrad
is slightly better in the train accuracy results. Based on the test accuracy results, our
gradient averaging Sketched AMSGrad and SketchedSGD also outperform other algorithms
in both datasets. On CIFAR100, our gradient averaging Sketched AMSGrad achieves the
best performance in test accuracy. From this experiment we can see that although using
compression on the returning message avoids the growing O(n) communication cost issue of

local top-k (mentioned in [43l]), it probably encounters slow convergence since the estimator
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is too far away from the true top-k coordinates.

Theoretically, when the sketch size is larger, the probability of recovering top-k coordi-
nates is higher. The sketch size used in this experiment is 1,000,000. On CIFAR10, the test
accuracy of our Sketched AMSGrad (GA) is 91.04%. When we increase the sketch size to
2,000,000 and 3,000,000, the test accuracy is increased by 0.24% and 0.39% respectively.
Thus, we can see the influence of sketch size. If the sketch size is larger, our algorithm will

probably show better performance.

4.6 Conclusion

In this chapter, we propose a class of communication-efficient distributed adaptive
gradient algorithm named Sketched AMSGrad based on two averaging strategies to tackle
the high communication cost issue for distributed training. Specifically, the communication
cost of our algorithm in each iteration is reduced to O(log(d)) from O(d). Moreover, we
proved that our algorithm achieves a fast convergence rate of 0(\/%) which achieves
the linear speedup compared with single-machine AMSGrad. In particular, our analysis
of gradient averaging Sketched AMSGrad works for both identical and non-identical data
distribution. To the best of our knowledge, our algorithm is the first one to apply the

sketching technique to adaptive gradient methods.
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Chapter 5:  Second-Order Optimality in Decentralized Optimization

5.1 Introduction

Decentralized optimization is a class of distributed optimization that trains models
in parallel across multiple worker nodes over a decentralized communication network.
Decentralized optimization has recently attracted increased attention in machine learning
and has emerged as a promising framework to solve large-scale tasks because of its ability
to reduce communication costs. In the conventional centralized paradigm, all worker nodes
need to communicate with the central node, resulting in a high communication cost on the
central node when the number of nodes is large or the transmission between the center and
some remote nodes suffers network latency. In contrast, decentralized optimization avoids
these issues, as each worker node only communicates with its neighbors.

Although decentralized optimization has shown advantageous performance in many
previous works ([64,|107]), the study of second-order optimality for decentralized stochastic
optimization algorithms is still limited. Escaping the saddle point and finding local minima
is a core problem in nonconvex optimization since saddle point is a category of first-order
stationary point that can be reached by many gradient-based optimizers such as gradient
descent, but it is not the expected point to minimize the objective function.

Perturbed gradient descent ([45]) and negative curvature descent ([5, [129]) are two
primary pure gradient-based methods (not involving second-order derivatives) to achieve

second-order optimality. Typically, the perturbed gradient descent method is composed of a
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descent phase and an escaping phase. If the gradient norm is large, the algorithm will run the
descent phase as normal. Otherwise, it will run the escaping phase to discriminate whether
the candidate first-order stationary point is a saddle point or local minimum. The negative
curvature descent method escapes the saddle point by computing the direction of negative
curvature at the candidate point. If it is categorized as a saddle point, then the algorithm
will update along the direction of negative curvature. Generally, it involves a nested loop to
perform the negative curvature subroutine.

Currently, a solution to the second-order optimality of the decentralized problem in the
deterministic setting has been proposed. Perturbed Decentralized Gradient Tracking (PDGT)
([112]) is a decentralized deterministic algorithm that adopts the perturbed gradient descent
strategy to achieve a second-order stationary point. However, it is expensive to compute full
gradients for large machine learning models. It is crucial to propose a stochastic algorithm
to obtain second-order optimality for decentralized problems. Besides, there are some
drawbacks of PDGT that make it less efficient and make it difficult to generalize to the
stochastic setting. These drawbacks are also the key challenges in achieving second-order
optimality for decentralized algorithms, which are listed as follows:

(1) PDGT runs a fixed number of iterations in the descent phase and escaping phase, such
that the phases of all nodes can be changed simultaneously. This strategy works because
the descent is easy to estimate in the deterministic setting. Nevertheless, the exact descent
of stochastic algorithms over a fixed number of iterations is hard to be bounded because
of randomness and noises. If the fixed number is not large enough, it is possible that the
averaged model parameter is not a first-order stationary point. If the fixed number is as large
as the expected number of iterations to achieve first-order stationary point, the algorithm will
become less efficient, as it is probably stuck at a saddle point for a long time before drawing
the perturbation, especially in the second and later descent phase. Specifically, applying a

—4.5)

fixed number of iterations in each phase results in a complexity of at least O(€ (see
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Appendix , which is higher than O(£73) of our method. Therefore, we are motivated
to propose an algorithm that can change phases adaptively (based on the runtime gradient
norm) and independently (not required to consider the status on other nodes or notify other
nodes).

(2) In PDGT the perturbations on all nodes are drawn from the same random seed.
Besides, a coordinating protocol involving broadcast and aggregation is used to compute
the averaged model parameter and the descent of the overall loss function to discriminate
the candidate point. These strategies, together with the fixed number of iterations, act as a
hidden coordinator to make PDGT discriminate saddle point in the same way as centralized
algorithms. However, when the number of worker nodes is large, it is time consuming to
perform broadcast or aggregation over the whole decentralized network. Moreover, when
generalized to stochastic setting, the changing of phase is not guaranteed to be synchro-
nized. Furthermore, we will note in the Supplementary Material that the consensus error
%Z?:l th(i) — %/||? is another factor that impacts the effectiveness of perturbed gradient
descent, which is not present in centralized problems. All of the above issues are theoret-
ical difficulties to study and ensure second-order optimality for decentralized stochastic
algorithms.

([113]) proves the theoretical guarantee of second-order optimality for a decentralized
stochastic algorithm with perturbed gradient descent. However, it does not provide a
non-asymptotic analysis to estimate the convergence rate or gradient complexity. The
effectiveness of the result relies on a sufficiently small learning rate, and it does not present a
specific algorithm. The analysis is based on the assumption that the iteration formula
can be approximated by a centralized update scheme when the learning rate is small
enough. However, in practice, it is difficult to maintain an ideally small learning rate,
and the iterative update process can be more complex, as previously mentioned. To our

best knowledge, the second-order optimality issue of decentralized stochastic algorithms
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with non-asymptotic analysis is still not solved. Therefore, we are motivated to study this
important and challenging issue and raise the following questions.

Can we design a decentralized stochastic optimization algorithm with non-asymptotic
analysis to find local minima efficiently? Is the algorithm still effective in discriminating the
saddle point even if each node can change its phase adaptively and independently without
coordinating protocols?

The answer is affirmative. In this chapter, we propose a novel gradient-based algorithm
named PErturbed DEcentralized STORM ALgorithm (PEDESTAL) which is the first decen-
tralized stochastic algorithm to find a second-order stationary point. We adopt perturbed
gradient descent to ensure second-order optimality and use the STORM ([18]]) estimator
to accelerate convergence. We provide a completed convergence analysis to theoretically
guarantee second-order optimality. More details about the reason for choosing perturbed
gradient descent and technical difficulties are discussed in Section [5.3.2] Next, we will
introduce the problem setup in this chapter.

We focus on the following decentralized optimization problem:

minf(x) =~} fi(x), fi(*) = Egp,Fi(x,§) (5.1)

S| =

i=1

where 7 is the number of worker nodes in the decentralized network and f; is the local loss
function on i-th worker node. Here f; is supposed to take the form of a stochastic expectation
on the local data distribution D;, which covers a variety of optimization problems including
the finite-sum problem and the online problem. Data distributions on different nodes are
allowed to be heterogeneous. The objective function f is nonconvex such that saddle points
probably exist.

The goal of our method is to find O(€, €y )-second-order stationary point of problem|5.1}

which is defined by the point x satisfying |V f(x)||< € and mineig(V2f(x)) > —&p, where
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eig(-) represents the eigenvalues. The classic setting is €g = /€.

We summarize the contributions of this chapter as follows.

e We propose a novel algorithm PEDESTAL, which is the first decentralized stochastic
gradient-based algorithm to achieve second-order optimality with non-asymptotic

analysis.

e We provide a new analysis framework to support changing phases adaptively and
independently on each node without any coordinating protocols involving broadcast
or aggregation. We also address certain technical difficulties unique to decentralized
optimization to justify the effectiveness of perturbed gradient descent in discriminating

saddle point.

e We prove that our PEDESTAL achieves the gradient complexity of (7(8_3 + 8858 +
e*e; ') to find O(g, ey)-second-order stationary point. Particularly, PEDESTAL
achieves the gradient complexity of O(£73) in the classic setting &g = /€, which
matches state-of-the-art results of centralized counterparts or decentralized methods

to find first-order stationary point.

5.2 Related Work

In this section we will introduce the background of related works. The comparison of
important features is shown in Table Here O(-) refers to the big O notation that hides

the logarithmic terms.

5.2.1 Decentralized Algorithms for First-Order Optimality

Decentralized optimization is an efficient framework to solve problem[5.1]collaboratively

by multiple worker nodes. In each iteration, a worker node only needs to communicate
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with its neighbors. One of the best known decentralized stochastic algorithms is D-PSGD
([64]]), which integrates average consensus with local stochastic gradient descent steps and
shows a competitive result with centralized SGD. The ability to address Non-1ID data is
a limitation of D-PSGD and some variants of D-PSGD are studied to address the issue of
data heterogeneity, such as D* ([107]]) by storing the previous status and GT-DSGD ([[125]])
by using gradient tracking ([[74,127]). D-GET ([99]) and D-SPIDER-SFO ([90]) improve
the gradient complexity of D-PSGD from O(¢~#) to O(¢~3) utilizing the variance-reduced
gradient estimator SPIDER ([26]]). GT-HSGD also achieves a gradient complexity of O(e~3)
by combining gradient tracking and the STORM gradient estimator ([18]). SPIDER requires
a large batchsize of O(e~!) on average and a mega batchsize of O(¢2) periodically. In
contrast, STORM only requires a large batch in the first iteration. After that, the batchsize

can be as small as O(1), making STORM more efficient to implement in practice.

5.2.2 Centralized Algorithms for Second-Order Optimality

Perturbed gradient descent is a simple and effective method to escape saddle points and
find local minima. PGD ([43])) is the representative of this family of algorithms, which
achieves second-order optimality in the deterministic setting. It draws a perturbation when
the gradient norm is small. If this point is a saddle point, the loss function value will decrease
by a certain threshold within a specified number of iterations (i.e., breaking the escaping
phase) with high probability. Otherwise, the candidate point is regarded as a second-order
stationary point. In stochastic setting, Perturbed SGD perturbs every iteration and suffers
a high gradient complexity of O(¢~8) to achieve O(g,\/€)-second-order stationary point
and the gradient complexity hides a polynomial factor of dimension d. CNC-SGD requires
a Correlated Negative Curvature assumption and the gradient complexity of O(¢72) to

achieve classic second-order optimality. SSRGD ([62]) adopts the same two-phase scheme
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as PGD but uses the moving distance as a criterion to discriminate the saddle point in
the escaping phase. It also takes advantage of variance reduction to improve the gradient
complexity to O(£73-). Pullback ([15]) proposes a pullback step to further enhance the
gradient complexity to O(£~3), which matches the best result of reaching the first-order

stationary point.

5.2.3 Stochastic Gradient Descent

A branch of study of stochastic gradient descent argues that SGD can avoid saddle point
under certain conditions. However, that is completely different from the problem we focus
on. In this chapter we propose a method that can find local minima effectively for a general
problem [5.1] while escaping saddle point by stochastic gradient itself depends on some
additional assumptions. For example, ([81]) requires that the gradient noise be uniformly
excited. According to our experimental result in Section [5.5] we can see that in some
cases stochastic gradient descent cannot escape the saddle point effectively or efficiently.
Besides, the gradient noise in the variance reduced methods is reduced in order to accelerate
the convergence. Our experimental results indicate that the gradient noise in variance
reduced algorithms is not as good as SGD to serve as the perturbation to avoid saddle point.
Therefore, it is necessary to study the second-order stationary point for variance reduced

algorithms so as to enable both second-order optimality and fast convergence.

5.3 Method

5.3.1 Algorithm

In this section, we will introduce our PEDESTAL algorithm, which is demonstrated in

Algorithm|[f] Suppose there are n worker nodes in the decentralized communication network
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Name Averaged Batchsize Gradient Complexity Classic Setting

D-PSGD [64] o(1) o(e™) -
GT-DSGD [125] o(1) 0(e™) -
D-GET [99] o™ 0(e73) -
D-SPIDER-SFO [90] o(e™ 0(e73) -
GT-HSGD [124] o(1) 0(e73) -
SGD+Neon2 [3] o(1) O(e*+e2e;° +¢7°) O(e™)
SCSG+Neon? [3] 0(g~09) O(e 1983 1e2¢3 g, O(e73)
Natasha2+Neon?2 [3] 0(e7?) (e3P 4 e3eg 1) O(e733)
SPIDER-SFO™ [26]] o(e™) O(e3+e ey’ &) 0(e™3)
Perturbed SGD [28]] o(1) O(e*+¢,'%) 0(e7?%)
CNC-SGD [19] o(1) O(e™*+¢,'%) O(e?)
SSRGD [62] o(e™) O(e 3 +e e +e eyt O(e39)
Pullback [15] o(e™!) O(e3 +¢5°) G
PDGT [112] Full - -
PEDESTAL-S (ours) o(1) 0(e73), ey > %2 -
PEDESTAL (ours) 0(e3/%) O(e73 +eey® +etey') O(e™?)

Table 5.1: The comparison of important properties between related algorithms and our PEDESTAL.
Column “Averaged Batchsize” is computed when €y = /€. Column “Classic Setting” refers
to the gradient complexity under the classic condition €y = /€. The first group of algorithms
are decentralized methods achieving first-order optimality. The second group of algorithms are
centralized methods achieving second-order optimality. The last group of algorithms are decentralized
methods achieving second-order optimality. PEDESTAL-S is a special case of PEDESTAL with
O(1) batchsize. The complexity of PDGT is not shown because it is not stochastic.
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connected by a weight matrix W. The initial value of model parameters on all nodes are

@) @) (i)

identical and equal to xg. x; ’, v, * and y,’ are the model parameter, gradient estimator and
gradient tracker on the i-th worker node in iteration 7. z,(i) is the temporary model parameter
that is awaiting communication. X;, vy and y; are corresponding mean values over all nodes.
Counter esc!) counts the number of iterations in the current escaping phase on the i-th
worker node, which is also the indicator of current phase. When it runs the descent phase on
the i-th worker node esc() is set to —1; otherwise escld) > 0.

In the first iteration, the gradient estimator is computed based on a large batch size with
by. Beginning from the second iteration, the gradient estimator v,(i) is calculated by small
mini-batch of samples according to the update rule of STORM, which can be formulated
by line 6 in Algorithm |§| where f is a hyperparameter of STORM algorithm. Notation
VF; (xt(i) , ﬁ,(i)) represents the stochastic gradient obtained from a batch of samples ét(i), which
can be written as VF; (x,(i),ﬁt(i) )=(1/ |§,(i) ) ZJE g0 Fi(xt(i), J)-

(i)

After calculating v,”’, each worker node communicates with its neighbors and updates
the gradient tracker y,(i). Inspired by the framework of Perturbed Gradient Descent, our
PEDESTAL method also consists of two phases, the descent phase and the escaping phase.
If the worker node i is in the descent phase and the norm || yt(i) || is smaller than the given

threshold C,, then it will draw a perturbation & uniformly from By(r) and update zt(i) =

x,(i) + &. The phase is switched to escaping phase and esc) is set to 0. The anchor () = xt(i)
is saved and will be used to discriminate whether the escaping phase is broken. After this
iteration counter esc() will be added by 1 in each subsequent iteration until the moving
distance from the anchor on i-th worker node (i.e., th(i) — 50 ||) is larger than the threshold
C, for some ¢, which breaks the escaping phase and turns back to the descent phase. If the
condition of drawing perturbation is not satisfied, z,(i) is updated by z,(i) = [(i) — T[y,(i) no
matter which phase is running currently.

If the i-th worker node’s counter esc(?) is larger than the threshold Cr, it indicates that
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Algorithm 6 Perturbed Decentralized STORM Algorithm (PEDESTAL)

Input: initial value x(()l) = X0, v(_l)1 =0, y(_l)1 =0, escl) = —1.
Parameter: by, by, 1, B, r, C,, Cy4, Cr.

1: On i-th node:

2: fort=0,1,....,T —1do

3: ift =0 then

4 Compute v(()l) = VF;(xo, éél)) with léél) |= bo.
5:  else . o , _ , _
6:  Computev.’ = VEx" D)+ (1= B)0", = VEE,,£D)) with |£7)= by
7. endif ‘ . . .
8:  Communicate and update the gradient tracker: y,(’) = ;!:1 Wij (y,(i) 1+ vt(] ) vt@ 1)
9: ifesc® =—1and ||y\"||< C, then
10: Draw a perturbation & ~ By(r) and update z,(i) = x,(i) +E.
11: Save xt(l) as #¥) and set esc() = 0.
12:  else . . .
13: Update z,(l) = x,(l) — nyt(l).
14:  end if ' .
15:  Communicate and update the model parameter: xt(:z] = ;?:1 Wi jz,(] ).
16:  if esct) > (0 then .
17: Reset escl) = —1 if ||xl(f21 — 5#9||> ¢, else update esc) = esc?) 4 1.
18:  end if
19: end for

Return: X;_c, if there are at least 15 nodes satisfying esc\) > Cr.

%;—cy 1s a candidate second-order stationary point. When at least {5 nodes satisfy condition
esc\) > Cr, the algorithm is terminated. Notice that the fraction is set to % for convenience
in the convergence analysis. Our algorithm also works for other constant fractions. From
Algorithm[6] we can see that the decision to change phases on each node depends only on its
own status, which is adaptive and independent. A coordination protocol, including broadcast

or aggregation, is not required.

5.3.2 Discussion

Here we will discuss the insight of the algorithm design and compare the differences

between our method and related works. Some novel improvements are the key to the
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questions in Section [5.1}

Perturbed Gradient Descent or Negative Curvature Descent

Perturbed gradient descent and negative curvature descent are two of the most widely
used pure first-order methods to find second-order stationary points. In PEDESTAL algo-
rithm, we adopt the strategy of perturbed gradient descent rather than negative curvature
descent because of the following reasons. First, negative curvature descent methods such
as Neon ([129]]) and Neon2 ([3]) involve a nested loop to execute the negative curvature
subroutine to recognize if a first-order stationary point is a local minimum. However, in the
decentralized setting, it is possible that the gradient norms on some nodes are smaller than
the threshold, while others are not. Therefore, some nodes will execute the negative curva-
ture subroutine but its neighbors may not. In this case neighbor nodes need to wait for the
nodes running negative curvature subroutines, and there will be idle time on neighbor nodes.
Besides, the analysis of negative curvature descent methods relies on the precision of the
negative curvature direction. It is unknown if the theoretical results are still effective when
only a fraction of nodes participate in the computation of negative curvature direction while
the others use the gradient. In contrast, perturbed gradient descent only requires a simple

operation of drawing perturbation, which is more suitable for decentralized algorithms.

Stepsize and Batchsize

In Pullback, a dynamic stepsize 1, = 1/||v|| in the descent phase where n = O(¢)
and v; is the gradient estimator. This stepsize is originated from SPIDER ([26]) which
ensures its convergence by bounding the update distance ||x;11 —x;||. In the escaping phase,
Pullback adopts a larger stepsize of O(1) in the escaping phase and a special pullback

stepsize in the last iteration, which is the key to improve the gradient complexity. Unlike
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pullback, in Algorithm [6] we adopt a consistent stepsize such that it keeps invariant even if
the phase changes and all nodes always use the same stepsize. If there is no perturbation in
iteration ¢, we have X, | = X; — v;, which is important for the convergence analysis. We
discard the strategy in Pullback for two reasons. First, gradient normalization will probably
cause divergence issues in decentralized optimization because in a centralized algorithm
the gradient direction is v; /||v;||, which is equivalent to v. = }"" ; vt(i) al) 3 vt(i) ||. However,
in the decentralized algorithm the average of v,(i) is not available on local nodes. If the
gradient normalization is done locally, we will get vy =Y, vt(i) / Hv,(i) ||, which is different
from v, and the error is hard to estimate. In fact, both D-GET and D-SPIDER-SFO adopt
the constant stepsize in SpiderBoost ([[117]) to avoid performing the gradient normalization
step. SPIDER needs the gradient normalization because ||x;+1 —x;|| is required to be small
in the proof, while SpiderBoost improves the proof to bound ||x; 1 — x;|| by 17]|v|| which is
canceled eventually. In our analysis, we also adopt the strategy in SpiderBoost. Second, in
our algorithm, the change of phase occurred independently on each node. The phase-wise
stepsize and pullback strategy will lead to different stepsizes among all nodes in one iteration,
which will also cause potential convergence issues.

In ([15]]), two versions of Pullback are proposed, i.e., Pullback-SPIDER and Pullback-
STORM using SPIDER and STORM as the gradient estimator, respectively. As introduced
previously, one of the advantages of STORM is the ability to avoid large batch sizes.
However, Pullback-STORM adopts a large batchsize of 0(8_') in each iteration, which
violates the original intention of STORM. Besides, from Table |5;1'| we can see that all
algorithms achieving second-order optimality with O(£~3) gradient complexity require a
large batchsize of O(e~!). Therefore, we propose a small batch version named PEDESTAL-

S as a special case of PEDESTAL that only requires an averaged batchsize of O(1).
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Conditions of Termination

As a result of applying gradient tracking, we can bound %Z?:l | yt(i) —%||* by O(£?).
Although we have such an estimation, it is still possible that the norm || y,(i) || is as large
as O(y/ng) on some nodes when the entire decentralized network has already achieved
optimality. Therefore, waiting for all nodes to reach the second-order stationary point is not
an efficient strategy. This is the reason why we terminate our algorithm when only a fraction
of worker nodes satisfy esc) > Cy.

In SSRGD and Pullback, there is an upper bound of iteration numbers in the escaping
phase. If the escaping phase is not broken in this number of iterations, then the candidate
point is regarded as a second-order stationary point. If the escaping phase is broken, then the
averaged moving distance is greater than a threshold and the loss function will be reduced by
O(£?) on average. This strategy guarantees that the algorithm will terminate with a certain
gradient complexity. However, in our algorithm, worker nodes do not enter escaping phase
simultaneously, and thus we do not set such an upper bound. In this case, the averaged
moving distance cannot be lower bounded as C7 has no upper bound. Fortunately, we can
complete our analysis by a different novel framework (see the proof outline in the Appendix).
An alternative solution is to stop the update on the node that has run a certain number of
iterations in the escaping phase while the algorithm continues. But that solution is also
challenging since the relation between the first-achieved local optimal solution and the final
global optimal solution is unknown and the analysis is nontrivial.

One remaining issue of the current termination strategy is that it involves global knowl-
edge of how many worker nodes satisfy the termination condition. One solution is to run
an additional process to track this global value. The cost of transmitting Boolean values is
much less expensive than to broadcast the model. Another solution is to set a maximum

iteration in practice. Generally we need to evaluate the model after certain epochs to see
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if the training process is running smoothly, and we can save a checkpoint when we find a
better evaluation result. Theoretical analysis ensures that an optimal solution can be visited

if the number of iterations is as large as O(e~3).

Small Stuck Region

The theoretical guarantee of second-order optimality in SSRGD and Pullback is mainly
credit to the lemma of small stuck region, which states that if there are two decoupled
sequences x; and x; with identical stochastic samples, x; = x| and x, | — x| | = roe; where
eq is the eigenvector corresponding to the smallest eigenvalue, then it satisfies max{||x; —
xsll, ||x) —x%||} > C,4 for some s <t < s+ Cr with high probability. In SSRGD and Pullback,
the averaged moving distance -~ Y [|x741 —x||? is used as the criterion to discriminate
the saddle point because the small stuck region lemma can be applied in this way. However,
in decentralized algorithms, some nodes enter the escaping phase before the candidate point
%, is achieved. Suppose node i enters the escaping phase in iteration s’, then the averaged
moving distance starting from iteration s on node i cannot be well estimated because the
condition of not breaking the escaping phase on node i only guarantees the bound of averaged
moving distance starting from s’. Therefore, in our method, we use the total moving distance
th(i) — ) || as the criterion because we can obtain the estimation ||x,(i) —xl) |<2C, given
th(i) — xg) |I< C; and Hx@ - xff) ||< C4. We can further complete our analysis by the small
stuck region lemma. Actually, we do not require more memory because X is the point to

return in SSRGD and Pullback (hence should be saved). In practice, we can also return

% for any node i that draws perturbation in iteration r — Cr as ||x,(l) — X%;|| can be well

bounded. Besides, we discover that the consensus error + Y7, ||xt(l) — %||? results in an
extra term when proving the small stuck region lemma, which becomes another challenge.

If the consensus error is not under control, it can drive x away from x; or push x toward
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x5, regardless of what V f(x) is. In this manner, the stuck region cannot be estimated. In
this work, we provide the corresponding proof to estimate this new term which exclusively

occurred in the decentralized setting in our convergence analysis.

5.4 Convergence Analysis

5.4.1 Assumptions

In this section, we will provide the main theorem of our convergence analysis. First, we
will introduce the assumptions used in this chapter. All assumptions used in this chapter are

mild and commonly used in the analysis of related works.

Assumption 5.1. (Lower Bound) The objective f is lower bounded, i.e., inf, f(x) = f* >

—0Q,

Assumption 5.2. (Bounded Variance) The stochastic gradient of each local loss function is

an unbiased estimator and has bounded variance, i.e., for any i € {1,2,--- n} we have
EeVE(x,§) = Vfi(x), Eg||VFi(x,§) - Vfi(x)|*< o7 (5.2)

Assumption 5.3. (Lipschitz Gradient) For all & and i € {1,2,---,n}, F;(x,&) has Lips-
chitz gradient, i.e., for any x| and x, we have ||VF;(x1,&) — VF;(x2,&)||< L||x; — x2|| with

constant L.

Assumption 5.4. (Lipschitz Hessian) For all § and i € {1,2,--- ,n}, Fi(x,&) has Lipschitz
hessian, i.e., for any x1 and x, we have |V2F;(x1,&) — V2F(x2,E)||< pllx1 — x2|| with a

constant p.

Assumption 1, Assumption 2 and Assumption 3 are common assumptions used in the

analysis of stochastic optimization algorithms. Assumption 4 is the standard assumption
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to find second-order optimality, which is used in all algorithms that achieve second-order

stationary point in Table[5.1}

Assumption 5.5. (Spectral Gap) The decentralized network is connected by a doubly-
stochastic weight matrix W € R™" that satisfies W1, = WT'1, =1, and X := |W —J||€

0,1).

Here J is a n X n matrix with all elements equal to % W is the weight matrix of the
decentralized network where w;; > 0 if node i and node ; are connected, otherwise w;; = 0.
||-|| denotes the spectral norm of matrix (i.e., largest singular value). Notice that A is a
connectivity measurement of the network graph and is also the second largest singular value
of W. We do not assume W to be symmetric and hence the communication network can
be both a directed graph and an undirected graph. The spectral gap assumption is also

commonly used in the analysis of decentralized algorithms.

5.4.2 Main Theorems

Let ey = €*. When a < 0.5, we have the following Theorem [5.1

Theorem 5.1. Assume a < 0.5 and Assumption 1 to 5 are satisfied. Let 6 = min{ 3_25 %1}

We set 1 = @(%), B =0(e't?), by = B(e72), by = O(max{e>073% 1}), r = 0(e'19),
C,=0(g), Cr =0(e % and C; = O(e'~%). Then our PEDESTAL algorithm will

achieve O(€, ey )-second-order stationary point with 0(8*3) gradient complexity.

The specific constants hidden in ®(+) will be shown in Appendix where the proof
outline and the completed proof of Theorem[5.1]can also be found. From Theorem 5.1 we
can see that our PEDESTAL-S with b; = O(1) can achieve O(&, €y )-second-order stationary
point with O(£73) gradient complexity for &y > £€%2. In the classic setting, our PEDESTAL

achieves second-order stationary point with O(£~3) gradient complexity. When o > 0.5,
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Figure 5.1: Experimental results of the decentralized matrix sensing task on different network
topology for d = 50 and d = 100. Data is assigned to worker nodes by random distribution. The
y-axis is the loss function value and the x-axis is the number of gradient oracles divided by the
number of data N.

i.e., €y < /€, we have the following Theorem Since the parameter settings are different
and the O(1) batchsize is only available in Theorem 5.1} we separate these two theorems.

The proof of Theorem[5.2]can be found in Appendix [D.4]

Theorem 5.2. When ey < \/€ (i.e., & >0.5), we set = 0(£?), B =0(e' ), by =0(e7"),
by = @(g~max{da-1-0.0+a}) . _ (gl C, =0O(e), Cr = O(e %) and C; = O(e%)

where 6 = min{3%-1, 3¢ —2}. Under Assumptionto@ our PEDESTAL algorithm will

achieve O(&, ey )-second-order stationary point with 0(8858 +ete, ) gradient complexity.

5.5 [Experiments

In this section we will demonstrate our experimental results to validate the performance

of our method. We conduct two tasks in our experiment, a matrix sensing task on a synthetic
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data set and a matrix factorization task on a real-world data set. Both of these two tasks
are non-spurious local minimum problems ([29, 30]), which means that all local minima
are global minima. Thus, we conclude that an algorithm is stuck at saddle point if the
loss function value does not achieve the global minimum. The source code is available in

https://github.com/WH-XIAN/PEDESTAL.

5.5.1 Matrix Sensing

We follow the experimental setup of ([[15]]) to solve a decentralized matrix sensing
problem. The goal of this task is to recover a low-rank d x d symmetric matrix M* =
U*(U*)T where U* € R?*" for some small . We set the number of worker nodes to n = 20.
We generate a synthetic dataset with N sensing matrices {Ai}?’: , and N corresponding
observations b; = (A;, M*). Here the inner product (X,Y) of two matrices X and Y is defined

by the trace tr(XTY). The decentralized optimization problem can be formulated by

n
min Y L;(U), where L;(U) =
UcRdxr =1

i

(A, UUT) —b;j)?, (5.3)

N =
M=

j=1

where N; is the amount of data assigned to worker node i.

The number of rows in matrix U is set to d = 50 and d = 100, respectively, and
the number of columns is set to r = 3. The ground truth low-rank matrix M* equals
U*(U*)T where each entry in U* is generated independently by Gaussian distribution
A(0,1/d). We randomly generate N = 20 x n x d samples of the sensing matrices {A;}Y |,
A; € R4*4 from the standard Gaussian distribution and calculate the corresponding labels
b; = (A;,M*). We consider two different types of data distribution, the random distribution
and the Dirichlet distribution Diry((0.3) to assign data to each worker node. We conduct
experiments on three different types of network topology, i.e., ring topology, toroidal

topology (2-dimensional ring), and undirected exponential graph. The initial value of U is
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Figure 5.2: Experimental results of the decentralized matrix factorization task on different network
topology on MovieLens-100k. The y-axis is the loss function value and the x-axis is the number of
gradient oracles divided by the size of matrix N x [.

set to [up, 0, 0] where uy is the Gaussian distribution yield and multiplied by a scalar such that
it satisfies ||up||< maxeig(M*). We compare our PEDESTAL algorithm to decentralized
baselines including D-PSGD, GTDSGD, D-GET, D-SPIDER-SFO and GTHSGD. In this
experiment, the learning rate is chosen from {0.01,0.001,0.0001}. The batchsize is set
to 10. For PEDESTAL and GTHSGD, the parameter f3 is set to 0.01. For D-GET and
D-SPIDER-SFO, the period ¢ is 100. For PEDESTAL, the threshold C, is set to 0.0001.
The perturbation radius r is set to 0.001. The threshold of the moving distance Cy is set to
0.01. The experimental results are shown in Figure 5.1} Due to space limitations, we only
show the result of random data distribution in the main manuscript and leave the result of
Dirichlet distribution to the Appendix [D.1}

From the experimental result, we can see that all baselines are stuck at the saddle point
and cannot escape it effectively. In contrast, our PEDESTAL reaches and escapes saddle

points and finally finds the local minimum. We also calculate the smallest eigenvalue of
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the Hessian matrix for each algorithm at the converged optimal point, which is left to the
Supplementary Material because of space limit. According to the eigenvalue result, we
can see that the smallest eigenvalue is much closer to O than all baselines. Therefore, our
experiment verifies that our PEDESTAL achieves the best performance to escape the saddle

point and find a local minimum.

5.5.2 Matrix Factorization

The second task in our experiment is matrix factorization, which aims to approximate
a given matrix M € RV*/ by a low-rank matrix that can be decomposed to the product of
two matrices U € RV*" and V € R’ for some small 7. The optimization problem can be
formulated by
. TR\ v TV, \2
peaain M UV = ;;(Mij— Ovhij) (5.4)
where ||-||r denotes the Frobenius norm and subscript i j refers to the element at i-th row and
Jj-th column. In our experiment we solve this problem on the MovieLens-100k dataset ([35]).
MovieLens-100k contains 100,000 ratings of 1682 movies provided by 943 users. Each
rating is in the interval [0, 5] and scaled to [0, 1] in the experiment. This task can be regarded
as an association task to predict users’ potential ratings for unseen movies. In our experiment
we set the number of worker node to n = 50. Each node is assigned the data from different
group of users. Similar to the matrix sensing task, here we also use random distribution and
Dirichlet distribution respectively to distribute users to worker nodes. And we also use ring
topology, toroidal topology and undirected exponential graph as the communication network.
The baselines are also D-PSGD, GTDSGD, D-GET, D-SPIDER-SFO and GTHSGD. In
this experiment, the number of worker nodes is 50 and the rank of the matrix M is set to

25. The learning rate is chosen from {0.01,0.001,0.0001}. The batchsize is set to 100. For
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PEDESTAL and GTHSGD, parameter f3 is set to 0.1. For D-GET and D-SPIDER-SFO, the
period ¢ is 100. For PEDESTAL, threshold C,, is set to 0.002. Perturbation radius r is set to
0.01. The threshold of moving distance Cy is set to 0.5. The experimental results are shown
in Figure 5.2}

From the experimental results, we can see that our PEDESTAL achieves the best
performance to escape saddle point and find second-order stationary point. All baselines
cannot escape the saddle point effectively or efficiently. Particularly, variance-reduced
methods D-GET and D-SPIDER-SFO show worse performance than SGD based algorithms
D-PSGD and GTDSGD, which indicates that although reducing gradient noise can accelerate
convergence, it also weakens the ability to escape saddle point. Therefore, our contribution
is important since we make the fast convergence of variance reduction compatible with the

capability to avoid the saddle point.

5.6 Conclusion

In this chapter, we propose a novel algorithm PEDESTAL to find local minima in noncon-
vex decentralized optimization. PEDESTAL is the first decentralized stochastic algorithm to
achieve second-order optimality with non-asymptotic analysis. We improve the drawbacks
in the previous deterministic counterpart to make phase change independently on each node
and avoid consensus protocols of broadcast or aggregation. We prove that PEDESTAL can
achieve O(¢,\/€)-second-order stationary point with the gradient complexity of O(g~3),
which matches the state-of-the-art results of centralized counterparts or the decentralized
method to find the first-order stationary point. We also conduct the matrix sensing and

matrix factorization tasks in our experiments to validate the performance of PEDESTAL.
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Chapter 6: Generalized Smooth Minimax Optimization

6.1 Introduction

The minimax problem is attracting growing attention due to its widespread practical
applications in machine learning such as Generative Adversarial Net (GAN) [32]], adver-
sarial training [78]], robust optimization [13]] and AUC maximization [27]. In minimax
optimization, variable x aims to minimize a pay-off loss function f(x,y) : R x R%2 — R

while variable y tries to maximize the loss, which can be formulated as

min max f(x,y), 6.1
xeR ye¥ f&) D

where Z° C R% is a convex domain. In this chapter we consider the nonconvex strongly-
concave problem where f(x,y) in nonconvex in x and strongly-concave in y. In this case, the
maximizer y*(x) = argmax,co f(x,y) is unique and the primal objective function ®(x) =
f(x,y*(x)) can be well defined. The convergence criterion is to find a first-order stationary
point of ®(x) such that ||[V®(x)||< € for some tolerance €. When considering stochastic
problems, function f(x,y) takes the form f(x,y) = E¢ pF (x,y;§) where F(x,y; &) is the
component loss function regarding sample & and D is the data distribution.

In recent years, the minimax optimization problem has been studied in a variety of
research fields. Many deterministic and stochastic gradient-based methods with non-

asymptotic convergence analysis for nonconvex strongly-concave minimax problems have
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been developed. Among these methods, some algorithms adopt the single-loop structure
that updates x and y at the same frequency, such as Gradient Descent Ascent (GDA) and
Stochastic Gradient Descent Ascent (SGDA) [66]]. Some algorithms update x and y at
different frequencies, which involves a nested loop to search the optimal value of the maxi-
mizer y for the given x. Classic examples of double-loop minimax algorithms are GDmax
and SGDmax [46]]. Some methods adopt more sophisticated structures to achieve better
theoretical results [67, [132]. In addition, some works also investigate the estimation of the
lower bound of minimax problems [38, [136]] and some algorithms have been proven to be
optimal or near-optimal [67].

Although gradient-based minimax optimization algorithms have achieved huge success
in the theoretical region, most of the analysis frameworks are based on the requirement of
Lipschitz smoothness. Some works conduct the convergence analysis without the Lipschitz
smooth assumption for convex or weakly-convex problems [91] and achieve competitive
results, but the investigation for nonconvex generalized smooth minimax optimization is still
limited. This drawback will restrict the applications of minimax optimization algorithms
because in some cases the minimax structure breaks the Lipschitz smooth condition, such as
distributionally robust optimization [47, 56, 131], and in some machine learning tasks the
objective function itself does not satisfy the Lipschitz smoothness, such as phase retrieval
[23]82]. Counterexamples will be demonstrated in Section [6.2]to illustrate the divergence
issue. Therefore, to fill this gap, we are motivated to investigate the convergence analysis
of minimax algorithms under the relaxation of Lipschitz smooth assumption so that these
algorithms can theoretically be guaranteed to work for a wider range of applications.

We summarize our contribution as follows.

e In this chapter we study the convergence analysis of minimax optimization algorithms

without the assumption of Lipschitz smoothness. We provide some counterexamples
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to reveal the divergence issue and propose the strategy to solve this problem.

e We prove that generalizations of classic minimax optimization algorithms (including
single-loop algorithms GDA, SGDA, and double-loop algorithms GDmax, SGDmax)
can still converge under the generalized smooth condition and the gradient complexity
matches the Lipschitz smooth counterparts. We conduct a numerical experiment of

robust logistic regression task to validate the practical performance of our method.

6.2 Preliminary

6.2.1 Minimax Optimization Algorithms

In recent years, many algorithms were proposed to solve the optimization of minimax,
and many of them were studied under the nonconvex-strongly-concave condition. GDmax
and its stochastic variant SGDmax [46]] are representatives of double-loop minimax algo-
rithms. In each iteration, they compute the estimation of the maximizer y, ;| ~ y*(x;) via
a nested loop and then update x; | = x; — NV f(x;,y,+1). GDmax can reach a first-order
stationary point with O(k?e~21og(1/¢)) iterations, where k = L/ is the condition number,
L is the Lipschitz constant and u is the strong concavity constant. SGDmax achieves the
stochastic first-order oracle (SFO) complexity of O(k*e~*log(1/¢)) to achieve a first-order
stationary point. GDA and its stochastic variant SGDA [60] are representatives of single-
loop minimax algorithms. In each iteration, they compute the partial derivatives with respect
to x and y, respectively. Then the variables x and y are updated by x;+1 = x; — NV f (%7, 1)
and yr1 = y; + MyVyf(x;,y:). GDA reaches a first-order stationary point with O(k%¢~2)
iterations, SGDA achieves the SFO complexity of O(k3e~*) to achieve a first-order sta-
tionary point. These algorithms are fundamental optimizers to solve minimax optimization

problem and hence we will conduct convergence analysis based on these algorithms. More
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recently, some algorithms have been proposed to accelerate the convergence rate and reduce
the gradient complexity of minimax optimization by variance reduction, such as SREDA
([777]) and Acc-MDA ([40]). Moreover, in the deterministic setting, some recently proposed

algorithms ([67]) have already matched the optimal lower bound ([[136]).

6.2.2 Counterexamples in Minimax Problems

In this section we will provide some counterexamples to illustrate the non-Lipschitz
smoothness and divergence issue in minimax optimization. First, we will introduce some

basic definitions about Lipschitz smoothness.

Definition 6.1. A real-value function f is Lipschitz smooth if there exists a constant L such

that

IVf(x) = VW< Lilx =y (6.2)

Definition 6.2. A real-value function f is Lipschitz continuous if there exists a constant M

such that

17 () = fFW)II< Mljx—y (6.3)

Example 1. We will take distributionally robust optimization as our first example, which
is a classic application of minimax optimization. Distributionally robust optimization aims
to make the training result of the original optimization problem more robust by introducing a

perturbation and solving a minimax problem. In [131], an example of this task is formulated
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as

n

minmax f(x,y) = Y yili(x) =V (y) (6.4)

* e i=1

where n is the number of samples and /;(x) is the original loss function. A, is the simplex
in the n-dimensional Euclidean space and V (y) denotes a divergence measure between two
distributions, which could be chosen as Y | (yi — %)2 In this case, we can see that problem
(6.4) is a nonconvex-strongly-concave minimax problem. We assume that the original loss

functions /;(x) are Lipschitz smooth but not Lipschitz continuous. Then we have

n

1Yy Ce) = Vo f () IP= ) (i) — 1i(x'))? (6.5)

i=1

If function f is Lipschitz smooth, we should have
V3 () = Vi f (4 D) IP< L2l = |2 (6.6)

which implies each /;(x) is Lipschitz continuous and conflicts with our assumption. Hence,
the objective function f is not Lipschitz smooth, even the original loss functions /; are
Lipschitz smooth, which shows that the minimax structure can probably break the condition
of Lipschitz smoothness.

The convergence analysis of most current existing minimax algorithms is based on the
Lipschitz smoothness assumption. However, this condition is not satisfied in many classic
examples, such as robust optimization. This result motivates us to study the convergence of
minimax algorithms without the requirement of Lipschitz smoothness.

Example 2. Next, we will provide a simple example to reveal the divergence issue when
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Lipschitz smoothness is not satisfied. We define a minimax problem
minmax f(x,y) = yx* — 0.5y° (6.7)
x oy

where x and y are scalars. It is easy to check y*(x) = x> and ®(x) = 0.5x*. Thus, we have
V®(x) = 2x>. For any fixed stepsize 1 > 0, if we choose the initial value x > \/Lﬁ and apply
a gradient descent algorithm, then we can prove |nV®(x;)|> |x;| and |x;11|> 2|x;| for all
t > 0. This implies that |x,|> 2"|xo| and the algorithm will diverge. In this chapter, we will

discuss some generalized minimax algorithms to tackle the divergence issue.

6.2.3 Generalized Smoothness

Previous works studying nonconvex nonsmooth minimax optimization can be catego-
rized into following branches. Some minimax algorithms adopt the zeroth-order strategy
[40L [71}, [118]] to address the issue where the objective function is not differentiable or the
gradient cannot be accessed. However, if the objective function is still differentiable, just not
Lipschitz smooth, gradient-based methods are more efficient and effective than gradient-free
methods. Some other works focus on nonconvex nonsmooth minimax problems with certain
special structures. As an example, [42] considers the problem that is a nonconvex Lipschitz
smooth loss function adding a convex nonsmooth regularization, which can be solved by
proximal gradient. [59]] considers a nonsmooth composite minimax problem where f(-,y) is
the composition of a Lipschitz smooth function and Lipschitz continuous function. In this
chapter, we do not assume any specific structures for the objective function.

In a concurrent work [34], the convergence analysis of a bilevel optimization algorithm is
provided under the condition of unbounded smoothness, which is also applicable to minimax
optimization. In [34], the lower level function that is used to calculate y*(x) is assumed to

be Lipschitz smooth and the upper level function is assumed to be (Lg, L;)-smooth [134]],
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which is defined as follows:

Definition 6.3. A real-value function f is (Lo, L )-smooth if there exist constants Ly and L,

such that

IVf(x) = VW< Lo+ Lif[VAGx)D]x—yll (6.8)

We can see Lipschitz smoothness is a special case of (Lg,L;)-smoothness where L; = 0.
Recently, a variety of works have been proposed to study and generalize the requirement
of Lipschitz smoothness [[16} 57]. In [57], the definition of /-smoothness is proposed as

follows:

Definition 6.4. A real-value function f is [-smooth if there exists a non-decreasing continu-

ous function [(-) such that

IVF(x1) =V (e)l|< I

V) HG) - [lx —x2 (6.9)

: G
for any x1 and x; in B(x, W)for any G > 0.

In [57], it is proven that the definition is equivalent to ||VZf(x)||< I(|V£()|)
almost everywhere. For nonconvex optimization problems, function [ is required to be
sub-quadratic but (Lo, L} )-smoothness still can be regarded as a special case of /-smoothness
where (1) = Lo+ Liu. A common example of sub-quadratic function is /(u) = Lo+ LouP
where 0 < p < 2, which contain the case of p = 1. In this chapter, we extend the concept
of /-smoothness to minimax optimization and propose the definition of /,-/,-smoothness in
Definition [6.5] Therefore, the smoothness condition used in this chapter is more general

than the assumption used in [34]].

Definition 6.5. A real-value function f(x,y) : R%" x % — R is called l-l,-smooth for

non-decreasing continuous functions l, and I, if we have
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Algorithm 7 Generalized GDA or SGDA
Input: initial value xo and yq
Parameter: learning rate 1) and 1)y, maximum iteration 7.
1: fort=0,1,....T —1do
2:  Compute v; = V. f(x;,y;) (deterministic)
or v = Vi F (x¢,ys; &) (stochastic).
3:  Compute u; = V, f(x;,y;) (deterministic)
or u; = VyF (x;,y1; &) (stochastic).

4:  Compute suitable stepsize parameter S;.
5 Update x;+1 =x; — (N/S:)vy.

6:  Update y; 1 = Iy (y + nyut)-

7: end for

Algorithm 8 Generalized GDmax or SGDmax
Input: initial value xo and yg
Parameter: learning rate 1) and 7, nested loop size K, maximum iteration 7.
1: fort=0,1,...,T—1do
2:  Compute v; = V. f(x;,y;) (deterministic)
or vy = V,.F (x¢,y1; &) (stochastic).

3:  Compute suitable stepsize parameter S;.
4. Update Xt4+1 = Xp — (n/S,)v,.
5: Let Yt,0 = Yt-
6: fork=0,1,....K—1do
7: Compute u; x = V, f (%41, ) (deterministic)
or uy x = VyF (X;+1,1.4 & k) (stochastic).
8: Update y; k1 = oy (yr p + Myt &)
9:  end for
10:  Update y;41 = yr k-
11: end for

IVaf (21) = Vaf (22)[|< L[V (20) [HG1)- 21 =22

IVyf (1) =Vyf (22) < B (VS (20) [HG2)- lz1— 22|

for any z1 and zp in B(z0,7(20)) and any zo = [x0;y0], where r(zg) = Mm +

G .
Wfor any given G; > 0 and G, > 0.
Moreover, it can be proven that the two counterexamples belong to the category of our

[-1,-smoothness.
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6.3 Algorithms

As revealed in our counterexample, vanilla gradient based algorithm fails to converge in
minimax optimization when the Lipschitz smooth assumption does not hold. The reason for
the divergence is due to the large gradient. Therefore, we will generalize these algorithms to
tackle this issue by adopting a suitable stepsize strategy to control the moving distance in
each iteration. We will apply this strategy to standard minimax optimizers GDA, SGDA,
GDmax and SGDmax. The description of single-loop algorithms Generalized GDA (or
SGDA) is shown in Algorithm[7] The description of double-loop algorithms Generalized
GDmax (or SGDmax) is shown in Algorithm@

Let xp and yo be the initial values in Algorithm[7]and Algorithm 8] In our convergence
analysis, we need to run an additional initialization process to obtain an approximation
of the maximizer yy ~ y*(xo) for the given initial value xy before the algorithms start.
The specific conditions that yy needs to satisfy will also be discussed in the convergence
analysis. This subproblem can be converted to a strongly-convex generalized Lipschitz
smooth minimization problem and solved by optimizers such as GD, SGD or SPIDER
[16, 26, 157].

In Algorithm [7} we adopt a suitable stepsize based on the norm of gradient to single-
loop minimax algorithms GDA and SGDA. In each iteration, we compute the gradients
Vif (x:,3:), Vyf(x:,y:) or the corresponding stochastic gradients with respect to x and y,
respectively. Then we update x; and y, by gradient descent ascent. When we update x;, we
adopt the suitable stepsize strategy to control the moving distance. We have multiple options

to compute the suitable stepsize parameter S;. It could be:
(1) Sl‘: ||Vl‘|| (2) St:max{87[+lel:C=0”vl||}

(3) Si=S. 4) S, =max{e,(1—B)||v||+BSi-1}.
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When we choose option (1), the suitable stepsize strategy is turned out to be the gradient
normalization method. When we choose option (2), we calculate the average of the historical
gradient norm. When we choose option (3), the suitable stepsize will be a constant. Notice
that it is different from the conventional constant stepsize because S probably has dependence
on the initial value, and it is calculated after the algorithm starts. When we choose option
(4), we calculate the exponential average of the historical gradient norm. When we update
i, we adopt a constant stepsize such that y, | = Iy (y, + nyu;). with a projection onto %'

In Algorithm 8] we apply the suitable stepsize strategy to double-loop minimax algo-
rithms GDmax and SGDmax. In each iteration, we first calculate the gradient V, f(x;,y;)
with respect to x (or the corresponding stochastic gradient). We update x,1 = x; — (1/S;)v;
by an suitable stepsize 1/S;, where the options to compute S; are the same as Algorithm
Then we run a nested loop to find an estimate of the maximizer y,; | ~ y*(x;+1). Specifically,
we apply an iterative gradient ascent algorithm y; x11 = Ily (yr x + Nyu, k) where u,  is

the deterministic or stochastic gradient estimator to solve the maximization subproblem

maxy f(Xi11,y)-

6.4 Convergence Analysis

6.4.1 Main Theorems

In this section, we will show the main theorems of our convergence analysis. The theoret-
ical results indicate that our generalized GDA, SGDA, GDmax or SGDmax algorithms can
converge under the generalized Lipschitz smooth condition and the gradient complexities to
reach first-order stationary point are the same as Lipschitz smooth counterparts. First, we

will introduce the following assumptions.

Assumption 6.1. The primal function ® is lower bounded, i.e., inf, ®(x) = ®* > —oo.
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Assumption 6.2. The loss function f(x,y) is W-strongly-concave w.rt. y, i.e., there exists a

constant WL > 0 such that for any x, y and y', we have

Fy) £ Fld) + (Vof () )y =2y = Sy =P

Assumption 6.3. The loss function f(x,y) is ly-l,-smooth and function I, is sub-quadratic.

These assumptions are basic prerequisites for the convergence analysis of nonconvex
strongly-concave minimax optimization. In nonconvex minimization problems [S7], the
function [/ is also required to be sub-quadratic.

We perform our convergence analysis based on two cases. The first case is % = R%,
which results in an unconstrained optimization with respect to y. The second case is that
% is bounded, which implies f is Lipschitz smooth with respect to y, i.e., there exists a
constant Ly such that /,(-) = L,. We need these requirements because otherwise the value of
Ly(|IVyf(x,y*(x))]) is hard to estimate, which can lead to poor smoothness even approaching
the maximizer y*.

We provide the following essential definitions of notations that are frequently used in

our analysis.

G, = max{u > 0|u* < 8xl,(2u) - (P(xp) — ®*)}

Gy =V, f(x0,¥0), yi =¥" (%) (6.10)

Analysis Results of GDA

Similar to Lipschitz smooth minimax problems, we can define the condition number as
Kk =1,(4G,)/u. With Assumption|6.1|t0[6.3] we can obtain the following Theorem for the

generalized GDA algorithm.
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Theorem 6.1. Assume Assumptions [6.1} [6.2] and [6.3] are satisfied. Let the parameters

G
g— < LG forallt, n, = (2G ) and the initial value ||yo — y0||< NGTeN] where constant

2G
(2GX Gy

Co = min{1, }. Then for the generalized GDA algorithm, we have

szl [Ve@)I? _ 5(%(x0) — &)
T = St nT

6.11)

When S; is constant (option (3)), we can achieve the following Corollary [6.1] for general-
ized GDA, which indicates that under the condition of generalized Lipschitz smoothness, our
generalized GDA algorithm can achieve the same gradient complexity to find the first-order

stationary point as GDA does with Lipschitz smoothness.

Corollary 6.1. When S; is computed by option (3), let N = O(W), Ny = 0(%),
X X y y
T = O(x%€~?) and other conditions be the same as Theorem Then the generalized

GDA algorithm can find an g-first-order stationary point with O(KZS*Z) gradient oracles.

When we choose other options to compute S;, we can obtain the following theoretical

results.

Corollary 6.2. When S; is computed by option (1) or (4), let N = O(m) Ny =
O( A (2G )) T = O(x*¢2) and other conditions be the same as Theorem Then the
generalized GDA algorithm can find an e-first-order stationary point with O(x*€~?) gradi-

ent oracles.

Corollary 6.3. When S; is computed by option (2), let N = O(W), Ny = 0(1}(2;@))’
T = O(k*e2log(L)) and other conditions be the same as Theorem Then the gen-
eralized GDA algorithm can find an &-first-order stationary point with O(x>e~> log(%))

gradient oracles.

We can see that the complexity of the gradient oracle complexity to achieve first-order

stationary points is the same as that of the GDA when the suitable stepsize parameter S; is
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computed by the gradient norm or the exponential moving average of the historical gradient
norm. When §; is computed using the averaged historical gradient norm, there will be an
additional logarithmic term. However, our analysis is conducted under the condition of
generalized Lipschitz smoothness, while the original analysis of GDA is based on Lipschitz

smoothness.

Analysis Results of GDmax

For double-loop deterministic algorithm Generalized GDmax, we have the following

Theorem

Theorem 6.2. Assume Assumptlons E n and H are satisfied. Let parameters <

Wfor all t, ny = ( 5 K> klog(g) and initial value |[yo — y§||< ) where

(ZGX G)

constant Co = min{1, ; o and 6 = min{y, 12 } Then for the genemlzzed GDmax

algorithm, we have

1 V@) _ 5(®(x) — @)

< (6.12)
T [Z(') S nT

Similar to generalized GDA, we can prove under the condition of generalized Lipschitz
smoothness, GDmax algorithm can achieve the same gradient complexity to find first-order

stationary point as GDmax does with Lipschitz smoothness.

1
Corollary 6.4. When S, is computed by option (3), let 1 = O( (26 )) ny = O(W),
K = O(x), T = O(xe~?) and other conditions be the same as Theorem Then the
generalized GDmax algorithm can find an €-first-order stationary point with O(k*e~?)

gradient oracles.

Corollary 6.5. When S; is computed by option (1) or (4), let n = (,d( )) ny =

O( )) K = O(x), T = O(ke~?) and other conditions be the same as Theorem

Ly (4Gy
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Then the generalized GDmax algorithm can find an €-first-order stationary point with

O(x*e~?) gradient oracles.

Corollary 6.6. When S; is computed by option (2), let 1 = O(m), Ny = O(m) K=
O(x), T = O(ke? log(é)) and other conditions are the same as Theorem Then Gener-
alized GDmax algorithm can find an €-first-order stationary point with O(KZS_zlog(%))

gradient oracles.

Analysis Results of SGDA

For generalized stochastic algorithms SGDA and SGDmax, we assume the stochastic
gradient oracle is unbiased, i.e., E¢VF(x,y;&) = Vf(x,y). We also need the following
bounded variance assumption, which is a common assumption in the convergence analysis

of stochastic gradient-based optimization algorithms.

Assumption 6.4. The stochastic gradient oracle satisfies B¢ |VF (x,y;§) — V f(x,y) 1< o2

for some constant ©.

In stochastic algorithms, let b, and b, denote the batchsize of stochastic gradient with
respect to x and y, respectively. Due to the noise of stochastic gradient, there is no guarantee
for the upper bound of gradient or function value. Thus, we cannot apply mathematical
induction to estimate the upper bound along the trajectory, as we do in the deterministic
case (see the sketch of the proof in the next subsection). However, we can still prove that
generalized SGDA and SGDmax will converge with a high probability. In the stochastic

case, we need to redefine the constant.
G, =max{u > 0|u* < 32kl (2u)-(P(xg) —D*+02)/8}

For Generalized SGDA, we have the following Theorem.
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Theorem 6.3. Assume Assumptions|6.1}[6.2) [6.3|and [6.4 are satisfied. Let the parameters
6Cy

o2 192x6212(2G,)  x1,(2G,)
5, < ame, zcy Joralt, my = ( y T = 5282’b > Grerr by=ma x{ 8G212(2Gy) ' 5212(2G, 82}
ZGX G,
and the initial value ||yo — yj|| < S?ng") where constant Cy = mln{l } Then for
)C

the generalized SGDA algorithm, we have

I [VO()|? _ 10(@(x0) — & +02)

T,Z() 5 S ST (6.13)

with probability at least 1 — 0.

When S; is constant (S; = §), we can obtain the following Corollary for Generalized
SGDA, which results in the same stochastic first-order oracle complexity under the con-
dition of relaxed Lipschitz smoothness as SGDA does with the requirement of Lipschitz

smoothness.

Corollary 6.7. When S, is computed by option (3), let N = O(m), Ny = 0(@),
by =0(e72), by=0(xe2), T = O(k*c %) and other conditions are the same as Theorem
[6.3] Then the generalized SGDA algorithm can find an €-first-order stationary point with

SFO of O(k3e™4).

When §; is computed by option (1) or (4), we can reach the following conclusion which

also achieves the same SFO complexity as SGDA does in the Lipschitz smooth case.

Corollary 6.8. When S; is computed by option (1) or (4), let N1 = O(W), Ny =
O(W%Q) by = 0(e72), by = 0(ke?), T = O(k*€~2) and other conditions are the same
as Theorem[6.3] Then the generalized SGDA algorithm can find an e-first-order stationary
point with SFO of O(k3e™4).

When §; is computed by option (4), we can obtain the following theoretical result, which

causes an additional logarithm term in the SFO complexity.
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Corollary 6.9. When S, is computed by option (2), let N = O(m), Ny = O(m),
by =0(72), by = 0O(ke2), T = O(k*e 2log(L)) and other conditions are the same as
Theorem|[6.3] Then the generalized SGDA algorithm can find an €-first-order stationary

point with SFO of O(k3e*log(3)).

Name a9a covtype diabetes german gisette ijcnnl mushrooms phishing w8a

Samples 32561 581012 768 1000 6000 141691 8124 11055 49749
Features 123 54 8 24 5000 22 112 68 300

Table 6.1: Descriptions of the LIBSVM binary classification datasets used in our experiment

Analysis Results of SGDmax

For the stochastic double-loop algorithm Generalized SGDmax, we have the following

conclusions.

Theorem 6.4. Assume Assumpnon ﬂ n ﬁand are satisfied. Let parameters S <

5C 24x6212(2Gy)  klL(2Gy)
RLOGY Seyforallt, ny=; ( 5 K> Klog( ), T=x5bi> GCZ’ 5, by > max{ 6G212(45G))) 304G, 82}
and initial value ||yo — v < 6C‘2’g") where constant Co = min{1, * (ZGX Gy G and 6 = min{J, e )}

Then for the generalized SGDmax algorithm, we have

lTi IVO()[? _ 10(D(xp) — P* +02)
T

< (6.14)
= S; onT
with probability at least 1 — 0.
Corollary 6.10. When S; is computed by option (3), let 1 = O(- (2G )) Ny = O(%),
X 'y y

K = O(k), T = O(xe~?) and other conditions are the same as Theorem Then the
generalized SGDmax algorithm can find an €-first-order stationary point with SFO of

O(k3e™4).
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Corollary 6.11. When S; is computed by option (1) or (4), let 1 = O(m), Ny =

O(%), K = O(x), T = O(ke~2) and other conditions be the same as Theorem 6.4
y y

Then the generalized SGDmax algorithm can find an €-first-order stationary point with SFO

of O(k3e™4).

Corollary 6.12. When S; is computed by option (2), let N = O(W), Ny = O(m),
K =0(k), T = O(ke %log(L)) and other conditions be the same as Theorem Then
the generalized SGDmax algorithm can find an €-first-order stationary point with SFO of

O(x3e™* log(é)).

These theoretical results indicate that, under the generalized Lipschitz smooth condition,
our generalized SGDmax method can still converge and achieve the same SFO complexity

as SGDmax does in the Lipschitz smooth case.

6.4.2 Sketch of Proof

In this subsection, we will provide the outline of our proof to illustrate the insight of our
analysis. The completed proof is left to the Appendix. Due to the space limit, we will only
demonstrate the sketch of the proof for the generalized GDA and SGDA algorithms. First,
we can prove the smoothness for the functions y*(x) and ®(x) (described in Lemma [E.1]and

LemmalE.2) such that |[y*(x) — y*(+) || < k[lx — x'|| and

IVR(x) — VO (') || < 2L:(| VR (x)[|[+G) - [|x — x|

if | —x||< X for some G > 0. Then we can obtain Lemma @ which

G
[Vaf (5" () |+G)

indicates that

IV )|°< 4Kl (2] VR(x) ) - (@(x) — @) (6.15)
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for Vx. When function [ is sub-quadratic, Eq. provides an upper bound for || V®(x)||
that is dependent on the function value gap (®(x) — P*).

Next, we want to prove that |V®(x;)||< G, for all + > 0 in Generalized GDA, which
means the gradient is bounded along the trajectory x;. With this conclusion, the values of
I;(+) that occur along the trajectory in the analysis can be bounded by /,(2Gy), and hence
the rest of the proof will be simplified and relatively easy. In minimization optimization,
this conclusion can be achieved directly by mathematical induction. However, in mimimax
optimization, the exact value of V®(x) is not available. It is estimated by V. f(x;,y;), which
yields an error term caused by ||y, — y7||. The original proof framework of the minimization
problem does not work in this case due to the existence of the error term. Besides, the
error term will lead to an additional term that also has a dependence on G, when bounding
the function value gap (®(x) — ®*). To solve this issue, we need to apply mathematical
induction to V®(x;), Vi f (x1,¥:), Vyf(x:,y:) and ||y, — y7|| simultaneously to estimate the
bound of these terms. This is one of the most challenging technical difficulties in our
analysis. We can prove

G

B(x,) — D < D(xg) — D"+ — X
() < ®(x0) T 8kL.(2Gy)

(6.16)

which will eventually finalize the mathematical induction.

In the stochastic case, the framework of mathematical induction in GDA does not work
because neither the gradient norm nor the function value can be bounded when gradient
noise exists. However, under these conditions, we can still prove the convergence of our

Generalized SGDA with a probability of at least 1 — 8. For Generalized SGDA, we define

Gy =max{u > 0|u* < 32kl (2u)-(P(xg) —P* +02)/5}

To = min{t|®(x;) —P* > F or ||y; —y||> Y} AT
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where F = 8(®(xo) — ®* +062)/8, Y = lc(%g") and A denotes the minimum operation.

We want to prove that the probability of 7y < T is small. Notice that in minimization
optimization we do not need to consider the upper bound of ||y; — y;||, which is exclusive in
minimax optimization. Based on the proof of the deterministic case, we can prove when
t < Ty all induction assumptions in the analysis of GDA are satisfied. Hence, we can obtain
the estimations of expectations E®(x;) —®* and E||y; — y;|| at iteration = Tp. By Markov’s
inequality and union bound, we can prove that the probability of event 7Ty < T is smaller
than g. Furthermore, by the union bound and the estimation of E®(x;) we can achieve the

result in Theorem [6.3]

6.4.3 Discussion

In this subsection, we discuss the dependence of constants used in our convergence
analysis. Since we run an additional initialization process to ensure ||yo — y||< C for some
threshold C, we can obtain G, < 4—11 if there is no constraint with respect to y, i.e., % = R<,
Thus, we have k < # If f is Lipschitz smooth with respect to y, we also have k < l’l(l—l)
Hence, the condition number k is a constant only depending on the function /,(-). Inserting
K < lvl(i—l) into the definition of G,, we can see that G, is a constant only depending on
functions I, (-), ,(-), ®(-) and the initial value xo. Besides, the initialization process can be

regarded as a strongly-convex minimization subproblem, which aims to find an initial value

satisfying ||yo — y;|| smaller than a constant tolerance. The complexity of this subproblem is

shown to be within O( m

) where J is the raw input of the variable y. Therefore,
the complexity of the initialization process is dominated by the complexity to solve the
entire minimax problem and therefore can be neglected.

Next, we will discuss the relation between parameters 11 and S;. 1) can be regarded as

a fixed stepsize parameter which is passed to the algorithm before it starts. S; is the scale
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——SGDA - 1
——SGDA -2
G-SGDA
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Figure 6.1: Experimental results of the loss function value of ®(x) with respect to the number of
iterations in the robust logistic regression task on dataset a9a, covtype, diabetes, german, gisette,
ijennl, mushrooms, phishing, and w8a. SGDA-1 and SGDA-2 are the results of SGDA with two
largest learning rates that make it converge. G-SGDA is the result of our Generalized SGDA

Algorithm.

of suitable stepsize in iteration ¢ which is computed during the execution of the algorithm.

The ratio of Sﬂ, should be bounded by a certain threshold according to our analysis. When S;

is chosen as a constant, the parameter 1] can also be a constant that does not depend on €.

When S; is the gradient norm, the averaged historical gradient norm or exponential moving

averaged historical gradient norm, the parameter 71 should be as small as O(g) with respect
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to € because S; will gradually become as small as O(¢).

6.5 Experiments

In this section, we will perform an experiment with the robust logistic regression task to
validate the performance of our generalized minimax optimization methods with the suitable
stepsize strategy. Recall the examples we have mentioned in Section[6.2] the problem can

be formulated as

min max f(x.y) = ¥ yili(x) — V() + () 6.17)
x€R4 yEA, i=1

where [;(x) is the logistic loss function defined by /;(x) = log(1 + exp(—b;al x)). V(y) is
a divergence measure defined by V(y) = %M |ny — 1||?>. The notation A, represents the

simplex in R", that is,

n
Ap={yeR"0<y;<1,} yi=1} (6.18)
=

1=

dox?
i=1 14+ax

Function g(x) is the regularization term that takes the form g(x) = A, ¥ 5. Following

the experimental settings in [131]], we set A} = n]_Z’ A2 =0.001 and o = 10 in our experiment.
We run the experiment and verify our method on 9 real-world datasets a9a, cov-
type, diabetes, german, gisette, ijcnnl, mushrooms, phishing, and w8a, which can be
downloaded from the LIBSVM repository at https://www.csie.ntu.edu.tw/~cjlin/
libsvmtools/datasets. These datasets are frequently used in binary classification tasks.
The description of these datasets is listed in Table [6.1]
We compare our generalized SGDA algorithm with suitable stepsize to the conventional

constant stepsize SGDA. We choose option (1) to compute the suitable stepsize parameter

S¢, which adopts gradient normalization. The size of the mini-batch is set to 50. For each
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algorithm, we choose the best learning rates ) and 1, from {0.1,0.01,0.001,0.0001, 1e —
5,1e — 6} by grid search. We report the results of two of the largest learning rates that
can make SGDA converge. We compare the value of ®(x) with respect to the number of
iterations in the training process. The value of ®(x) can be calculated because y*(x) has a
closed form in this problem and the projection operation onto a simplex is also available to
compute. The code is available at https://github.com/WH-XIAN/AS-SGDA.

The experimental results are shown in Figure [6.1} SGDA-1 and SGDA-2 are the results
of SGDA with the two largest learning rates from {0.1,0.01,0.001,0.0001,1e —5,1e — 6}
that make it converge. G-SGDA is the result of our Generalized SGDA method with the
suitable stepsize strategy. From the results in Figure[6.T]we can see that our suitable stepsize
strategy significantly improves the convergence speed and stability of SGDA algorithm on

all datasets, which validates the effectiveness of our Generalized SGDA method.

6.6 Conclusion

In this chapter, we investigate the convergence analysis of minimax optimization algo-
rithms under the relaxation of Lipschitz smooth condition. We provide some counterexam-
ples to reveal that non-Lipschitz smoothness and divergence issues could occur in minimax
problems. We propose some generalized minimax algorithms with the suitable stepsize
strategy to tackle this issue. We prove that variants of fundamental minimax optimization
algorithms GDA, SGDA, GDmax and SGDmax can still converge under the generalized
Lipschitz smooth conditions and achieve the same gradient complexity or SFO complexity
as their counterparts do in the Lipschitz smooth case. We conduct a numerical experiment

of the robust logistic regression task to validate the practical performance of our methods.
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Chapter 7:  Conclusions

In this dissertation, I investigated and solved several core machine learning issues. In
Chapter 2] I propose a novel efficient Decentralized Quantized Stochastic Frank-Wolfe
(DQSFW) method to solve the decentralized constrained optimization problems, which
requires less communication cost but still achieves a good convergence rate. In Chapter 3]
I propose a new accelerated decentralized stochastic first-order algorithm DM-HSGD, to
solve the decentralized nonconvex-strongly-concave minimax optimization problems. In
Chapter [d] I propose a novel communication-efficient adaptive gradient algorithm named
Sketched AMSGrad, which can reduce the communication cost from O(d) to O(log(d)). In
Chapter[3] I propose a novel algorithm PEDESTAL, which is the first decentralized stochastic
gradient-based algorithm to achieve second-order optimality with non-asymptotic analysis.
In Chapter 6] I prove that generalizations of classic minimax optimization algorithms can
still converge under the generalized smooth condition and the gradient complexity matches

the Lipschitz smooth counterparts.
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Appendix A: Appendix of Chapter

A.1 Proof of Auxiliary Propositions

Proposition A.1. Suppose A and B are two matrices. Then it satisfies
|AB||F < [|A[l2[|BI|F (A.1)

This is a common inequality in linear algebra. So we omit the proof here.
Proposition A.2. Suppose W is a doubly stochastic matrix satisfying Assumption Then

117
||W—7||2 <p (A2)

Proof. For both W and %, 1 is an eigenvector of eigenvalue 1. According to Assumption

for VA;,i # 1, we have A; # 1. Let v; be A;’s eigenvector, then
viwl=vI1=1"wvy, =217y (A.3)

hence 17v; = 0. Therefore, the eigenvalues of W — % are 0,A2,..., Ay and |[W — % Il <

p. [

Proposition A.3. Suppose 0 < p < 1, r > 0, series A; satisfies A;+1 < (1 —p)A, + ﬁ

Then there exists constant R such that A; < ﬁ.
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Proof. Let
1

=

For t < 1y there exists constant R such that A, < (tf—ll)r' When ¢ > 1y, by the definition of 7y,

we have
D t+1
1-=<
2~ (t + 2)
2 R
Suppose Ry > > and Ay, < Y +1) By mathematical deduction, assume we have A; < G +21)r’
t > ty, then we also have
1 (1—p)Ry+1 R,
A1 < (1—p)A < <
r1 S (1= p)At t+1)r = (¢+1)  ~(t+2)
Therefore, let R = max{R;, ;2)} and the conclusion will hold. O
A.2  Proof of Lemmas
A.2.1 Proof of Lemmal2.1
Proof. First we have
1-6
s = (1+8)2-V1-82)>1 (A4)
Therefore, 0; < 6. Then we have
X411 — X1 ||
=X, Xy + KW D) (AS5)

= ||Xt+% _Xz+% + ’Y(Xl _Xz+%)(W _I) + ’th+%(W _I)HIZV

= ||Xt+%_X[+%+Y(Xl_X[+%)(W_I)+Y(X[ Xt+2)(W I)HF

K =X (=N W) + 7K =X, )W = D)|IE
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< (el (X =X ) =N+ W)I[E+(1+ )IIY( DWW =Dl

I\)

T
= (I+e)ll (X1 - X—z)((l—}’)lﬂLY(W—%))H%H )HY( DW=l
<(+e)(1=(1=p)V* X, 1~ ;+1||F+1+ PEIX — X, |7 (A.6)

The first inequality comes from Young’s Inequality and the second inequality is derived by

Proposition[A.T)and Proposition[A.2] By Assumption[2.5] we also have

X1 — X1l
= X1 =X —C(X 1 —X)|IF
< (1=8) X1 — X |I7
= (1—5)HXI+%—Xt+7Xz(W—1)H%
= (1—5)||(Xt+%—)?,)((1+y)l—yW)—th+%(l—W)H%
= (1=-9)[I(X, 1 = X)((L+ 7)1 —W) — X —X,_JF%)U—W)H%

(1= 8)(1+e2)| (X, =) (1 + M= yW)I[E+ (1 —5)(1 +l)||Y(Xt =X DU-W)E

IN

IN

(1=8)(1+e)(1 YRy~ R+ (1= 81+ IPCIK, %u% (A7)

Here the last two inequalities are also derived from Young’s Inequality, Proposition[A.T]and

Proposition[A.2] Let

A= <1+c1><1—<1—p>y>2+<1—6)(1+é>f§2 (A8)

and

ﬂz 8)(1+c2)(1+7¢)? (A.9)
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Then we have

(DA awy; S PARES AR
<AIX,,y K3+ BI% — X, I}
< (1) AIX =X + B ~RIF) (1 + P A=) - O [}-+810,-X, )
< (1-+ ex) AN =X + B~ )+ 21+ )P4+ B)(|%, - X -+ MD?)

(A.10)

5]

Letc; = (1 —p)Y, ca =6, C3—mm{1 p)Y Bl}andp—c% Let n, = (zf(l))"’ Mo = 5.

1 .
Denote 2(1+ -)(A + B) as Q. We obtain
X1 =Xt 7+ X1 =Xt |7 < (L= p) (1% =X ||F + 1% — Xil|7) + On’MD? (A1)

According to Proposition[A.3] there exists constant R; such that

—2 . > _ ORMD?
1% — X || + 11X — Xe |7 < (1) (A.12)
which finishes the proof. 0
A.2.2 Proof of Lemma|2.2
Proof. From Lemma 2.1 we know
X =Xll7 < 30X =Xt IF+301% = X[ + 31K - X7
30R\MD?* 30R,MD? yi— =12
< (f—|—2)29 (t—|—1)29 +3nt ||Dt_Xl||F
(60R; +319)MD?
ERE (A.13)
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The first inequality comes from Cauchy Schwartz Inequality. The last inequality comes from

Assumption Letcy = c%. Po =

2.1] we have

1V = Vil + IV = Vil

B(i‘:;a;) and B, = ﬁ% Mimic the proof of Lemma

<A,y =V lIF+BlVio1 = V,_y 7

< (1+e3)[A(1= B Vit = VirtllE + Bl Vie1 = Viet + B (Vi1 = Vi) 7]

1 - —_—
(4 DB AIG =Gl + BIVi ~ Gil[)

< (1+¢3) A0 =B [IVier = Vit llE + (1 +c) Bl Vit = Vi [|F + (1 +

1

—)BB Vi1 — Vi |7]
4

1 _ N
1+ g)ﬁf(AHG, —G/|3+B|Vio1 - Gi||?)

_ A 1
< (14 e3)[A[Vimt = Vimal[7 + (14 ca) Bl Vit — Vi |[F] +4(1 + g)(AﬂLB)ﬁzzMGz

< (1=p)(Viet = Vit E + Vi1 = Vit |I7) + OB MG? (A.14)

Then, according to Proposition[A.3|there exists constant R, such that

which finishes the proof.

A.2.3 Proof of Lemma

Proof. Eq. (A.T4) implies

_ . OR,MG?
Ve =Villg +1IVi = Vil < (+ 172083 (A.15)
O
2.3
M M 2
Iy 0_ Ly e 9GRG
Mi:lelv, M];v, I ST (A.16)
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(i)

The mean of v, satisfies
L& )
v =0=B) ZV, VB Zg (A.17)
i=1
We can denote it as
Vi = (1 - ﬁt)‘jt—l ‘I‘ﬁtgt (A-18)
Then we have
D I N0
Eg =2 ) VAilx") (A.19)
i=1
and
(60R; +3n0)LD?
”_ val t—H Y val H2 < _HXt+1 XtHIZ: < (1 1)29 (A.20)

where we have used Assumption 2.1} According to Eq. (A.T9) and Assumption [2.6] we have

EI!w——ZVﬁ
:Euu—ﬁt><vv_1——ZVﬁ<xf’1
__Zvﬁ

= (1—B)’E|[9- 1——vaz

+Bi(3

—2(1-B)’E

Vt l__ZVfl X 1

P

+ (1 =B)(

D)5

+ﬁwm——ZVﬁ NP

< (1-B)’E|n- 1——2sz DIP+

ZVﬁ

S

~ 31 L V)

DI+ 2EII—ZVﬁxt ——ZVﬁ DI

ZVf,x, ——):Vf, ;1

(60R; +319)LD?

+(1-B)?

107

126



2 (6QR; +31n9)LD )
B 120 + i 0

(- 2E). 1——2sz KP4 (1= B,)?

(A.21)

As (1-0)(1+ %) < 1, we have

EHw——ZVﬁ P

(6QR1 +3n0) + 262

< (1=-B)E[v - 1—_vat ||2 (1+ﬁ ) 26 /
(A.22)
There exists a constant integer fy such that
1-20/3 _ 2
(1+1) > B (A.23)
For t <1, there exists a constant S| such that
2. S
EHVt——Zsz N2 < S (A.24)
Let S = max{S|, AMQ%# 40?}. Then we use mathematical induction to prove
E % 2.5
HVt——Z filx || S TESVEIE (A.25)

We have already know it holds when ¢t < 7y. When ¢ > 1y, suppose case ¢ — 1 satisfies the

assumption. Then we have

IEHvt——ZVf, P
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B8 (1+2(t+1)29/3 (6QR, +3m0)LD* = Bjo?
(1+1)2073/ 20/ Bo 126 (t+1)%0/3
(A.26)

< (1-

Define function h(x) = 1+ %xze/ 3 — (14x)20/3. We can calculate the derivative

hl(x) = ?(%x29/3—1_(1+x)29/3—1)
— 9[))0 1 1-26/3 2
= gz T ) (A27)

When 0 < x < tl, K (x) > 0. Since h(0) = 0, we get h(x) > 0 when x € [0, +]. Therefore, as
0 0

t > ty, we have

1+1.99/3 Bo 1
< L .
( . ) _1+2t29/3 (A.28)
We can rewrite as
Po 1 1
_ < .
(1 2(t+1)29/3)t29/3 = (t+1)20/3 (A.29)
According to the definition of S, we also have
2(t41)%%/3 (6QR; +310)LD? 22 S
ﬁO 26 (H— 1)46/3 2(l+ 1)29/3 £26/3
Combine above two equations we reach the conclusion of our induction. 0

A.3 Proof of Theorems

A.3.1 Proof of Theorem|[2.1

Proof. By Assumption 2.1 we have

1 1 1 1 1. 12 1 1
f(Xz+1A—4) < f(XtA—/I) + <Vf(X’1\_/[)’Xt+11\_/I _XtA_/I> + ?HXH-IM —XrA—/Iﬂz
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1
M

1 1
:f(XtM)Jrnsz(XzA—,I

1 ’1’D?
~X —> 4+
M M 2
1 n2L*D?

Di— — X,
)7 tM tM>+ 2

< Ky ) 4 (VF(Ki) Ko

(A.31)

Define dA, as

~ ) 1
d; = argml”deQ<dan(XtA—/I)> (A.32)

Term (Vf (X,A%I),Dtﬂl/l - Xt%) can be estimated by

I
S| -
Me L
Mz
g
=
2<
g\./
&/\
E
&/\
g
=
2

~.

|
S
[\S)
™M= T
~. ~.
M= T
—~
<
~T—~
~.
<
&
=
S~
—
<
~
—
N—
|
<
~ T~
=
U
~
|
S
i)
~

e gDy o LYy 0 g0 g0 A
<=4 +DIVIXi) =l + 55 Y v d " =) (A.33)
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The first inequality is achieved by the definition of dA, and the second inequality is achieved

by the definition of 4. By Lemma[2.2] we have

i, a? —al?)

N
I
_
~.
I
_

M=

=
i}

}x

- |-
. e
Mxs

M .
Z D 5.d, —d7

~
I
—_

Vi —VrHF VORGD

Dl 7l < oy [ < R

(A.34)

A
S
IME

Moreover, by Lemma[2.T]and Lemma [2.3] we can estimate

1
IEIIVf(Xz]V[)—thZ<2E||Vf ——Zsz ||2+2]E||—Zvﬁ ) — ol

28
(t41)26/3

20R|L*D? 25 _2(S+ OR|L*D?)
(t+1)26 (H_l)ze/fs - (t+1)29/3

< ZLZHX X |2 +
< oy 1A tHF

(A.35)

Therefore, we have

V2(S+OR,L2D?)
(t+1)8/3

1
E|VS (%)~ 7l < (A.36)

According to Eq. (A31)), (A.33), (A.34) and (A.36) we have

1 1 D(\/2(S+OR|L2D?) +/OR,G) n2L*D?
ntEgtS]E(f(XtM)_f(Xt+1A_4))+nt (1 1)°7 +

which reaches the conclusion of Theorem 2.1] O
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A.3.2 Proof of Theorem 2.2

Proof. Let
1
fi=EfX0) (A.37)
and Fy, Fi,...,Fr is a permutation of fy, fi,..., fr in descending order. We also define
Fii1 = fim
Since we have Eq. (A.36) and n; = (HT—]—(l))@’ telescoping over all iterations of ¢ and taking

expectation of 7, we obtain

T 1

Yio(fi = frr)+1)3* 22 Li=0 )17
< i G
B < ) +D(1/2(S+ QRIL2D?) 4 \/QRG) o
T 1
12p2 Mo Zz:om (A38)
2 T+1 '
The numerator of the first term on right hand side of Eq. (A.38) equals
T T
Y = S @+ 1P = Y S0+ DY =) = g (T 1) (A.39)
=0 =0
Define
u(t) = (1 +1)3* =34 (A.40)
We have
L3 1
u(t)_4_1<(t—|—1)1/4_t1/4)<0 (A41)
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which means function u(t) is decreasing. By Rearranging Inequality,

T T
t=0
T
— Z —F)(+ 1) 4 Fr (T+1)Y* (A42)

=0

As F; — F,.1 > 0, we have

Lol = fre) 0+ D LR R+ 1) YRR
T+1 - T+1 T (T+)VA
R—Fry _ fr—f

B E R L (A4

where £ and f~ are upper and lower bound of f. According to the compact domain and

bounded gradient assumptions, the upper bound always exists. Since ﬁ is a descending

(r+1)

function of ¢, we have estimation

Lo T+l dx 4 3
- < S = (T4 1) A.44
Similarly, we have
T
1
< 4T +1)V/4 A.45

By Eq. (A.39), (A.43), (A.44) and (A.43) we have

EY; = O(W)

which reaches the conclusion of Theorem 2.2] O
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Appendix B:  Appendix of Chapter

B.1 Basic Lemmas

First, we introduce following basic lemmas, which are broadly used in the convergence

analysis of optimization algorithms.

Lemma B.1. Let vector X be a stochastic variable. Then we have
0 <E|X —EX|*=E|X|*~||EX|]*< E[IX||? (B.1)

Lemma B.2. Let X1,X>,- -, X, be n independent stochastic variables of which the means

are 0. Then we have

n n
ENY x> =} E|xi? (B.2)
i=1 i=1

Lemma B.3. Suppose A and B are two matrices. Then it satisfies

|AB]|r < [[All2[|B|# (B.3)

B.2 Important Conclusions

Next, we will propose and prove some conclusions that are important to the proof our

main theorems.
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Lemma B.4. (Lemma 4.3 in paper [66]]) ®(x) is (L + kL)-smooth and y*(-) is x-Lipschitz,

which means ||y* (x1) — y*(x2)|| < ||x1 — x2|| for any x1,x, € R4,
Proof. As y*(x1) and y*(x2) achieve the maximum, we have V,f(x;,y*(x;)) = 0 and

Vyf(x2,y*(x2)) = 0. Then we have

1y (o) =y ()

1
< EHVyf(xby*(xl)) =V f(x1,y" (x2)) |l

1 L
= HHVyf(xz,y*(m)) = Vyf(xy" ()] < ﬁ”xl —x2|| = xfbx — x| (B.4)

where the first inequality is derived from u-strong concavity and the second inequality is

derived from L-smoothness. Since V®(x) = V. f(x,y*(x)), from Assumption 3.1 we get
VO (x1) = VO ()| < Lilxt — x| + LIy (x1) —y* () || < (L+KL)[x1 —x2f| - (B.5)

which implies ®(x) is (L + xL)-smooth. O

Lemma B.5. When 1, < SLL we have following estimation for 6.

o 4k 18n'E p 722 1 i}
25f§75o+i2 By 12\\ s—*ZVﬁ D N(P A
=0 Lny HeZ =0
20K4 2T 1 un 3 _
+% =T + n2 ZH P2 512 Z;,)(l—<1—f4y)T Ol ? (B.6)
t=

Proof. Define z; = y; + 0ii; for some constant 6. As function f is strongly-concave in y we
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have

FEarSe) < S 50) + (Vof (o) 5= 51) = S 19 =5
= f(xtv.)_]t> + <ﬁt>ﬁz —Zt> + (Vyf(fnyz) — iz, —Zt>

+ O(V,f(5,5). 1) — S5 =5l

By Assumption[3.1] we also have

L6?

=< o) = £ 50) = 04V (5. 50). )

Add Eq. and Eq. (B.8) together we obtain

_ - - _ . .UA_2L92-2
0< <ut7yt_zl>+<Vyf(xt7yl)_ut7YI_Zl> _EHYt_)’zH ‘f‘THMtH
where we also use the definition of §; so that f(%,,9;) > f(%,z).
(g, 91 —z) = —9||ﬁt’|2+<ﬁta)7t —31)
Combining Eq. (B.9) and Eq. we have
o M. 2 A LO*
0< (Mt,}’t—yt>—§||yt—)’t|| +<Vyf(xt7yt)_ut7yl_zl>_<9_T)Hut”

By Cauchy-Schwartz inequality we have

A 4 I . 6%
<Vyf(xt7yt> — U, Yt —Zt> < E||Vyf(xtayt)_ut||2+%||yt —)’t||2+‘uT||”t||2
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Therefore, we obtain

05 (05,5~ S 5P W55 - P (0 - 55 - £ P
< =500 = S 15— 5P 9 ) — Pl (B.13)
where we let 6 = %. As we have
20y (i, 0 = 51) = |19 = e P+ 1Fer1 = 5P = 1Fea = 51l (B.14)

Eq. is equivalent to

.uny>

S . _ 4ny
[F1 =9 ]17< (1= 15 = 3P+ 15241 — yt||+ v ) — P SH’H w|?  (B.15)

When Ln, < %, from Eq. we know
_ A By o oa, 81 C ooy 2 Sy
171 = 911> < ( —Ty)Hyt—yt||2+7y||Vyf(xhyt)—utllz—s—“ylluer (B.16)

According to Young’s inequality we have

Hn

i} R _ . 4 . .
H)’t+1 _yt+1”2 < (1 + Ty)H)’tH _yt”2‘|‘(1 + W)”}’Hl _}’t”2

uny _ 5k . . 3n,., _
<(1- })Hyz yrH2+7yIIV>f( i) — urH2+Ln $e1 — 9P = N |*
_y
un IR 1<l | EENC T N
<(1- ))Hyr yrH2+ SV f (%, 5) — uerJrTn Hsz—TjHurHZ (B.17)
y

In the second inequality we use Eq. li and L1, < % The last inequality is because

function y*(+) is x-Lipschitz. By Cauchy-Schwartz inequality and Assumption 3.1 we also
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have

IVy f (%2, 51) — uz||2<2||u——Zsz iy )||+ (||Xt —X|FHIY =Y lF)  (B.18)
1—1

Using the definition of & and the recursion in Eq. (B.17) we obtain

UMy Iy = MMy s 1y - AL 5K377x MMy s 1= 112
<a-2b vy Bl _v _ 2
&<(1-Elya 4] S;Ou R R

3
Tb Z t s— l|| &Hz (B19)

Summing above equation we have

=l 4k . 187, S 72K2 K _
zafsf&ﬁiz - Ehyror- 1ZH v—fzw, Ay Y (1% %2
t=0 LT]y u t=0
201<4 12 = un
+Y = Yil[F) + e Z 1%:]*— Z (1= (== (B.20)
where Eq. (B.18)) is used. O
Lemma B.6. Forallt € {0,1,---,T} we have v, = g; and it, = h,.
Proof. As matrix W is doubly stochastic, we have
Vi =Vi-1+8 — 81 (B.21)

which is equivalent to v, — g = Vv, — g,—1. Since i1 = g_1, we have v; = g; for all

t €{0,1,---,T}. Similarly, we have i, = h;. O

Lemma B.7. Let A;, B; be positive sequences satisfying

Arp1 < (1—=c)Ar+ By (B.22)
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for some constant ¢ € (0,1). Then for any positive integer T we have

T 1 1 T—1
YA <-A+-) B (B.23)
=0 ¢ =0

Proof. Using recursion on Eq. (B.22) we can obtain

t—1
A< (1—c)Ag+ Y (1—c) !By (B.24)
s=0

for V¢ > 0. Sum above inequality and we achieve the desired conclusion Eq. (B.23)), where
1
- L]

we use the condtion A;, B; are positive and the fact that }°72 (1 —¢)" = .

Lemma B.8. We can prove the following bound for gradient estimator v; and i,

t—1 n 2 2 21t—1

1 Q) (hyg2_ O 2B.0%t  12L . .
E E '_*E V.fi < + E E|X, — X,||5+E|Y, — Y.
= 2 n & filesTys |7 < nBebo n n2B, s:O( 1Xs = X[ +E[Ys — Y5 [7)

(B.25)

6L21 2
+ Y (ZE||5 [P +n s 1?)
X s=0
t—1 n 2 2t—1
-1 0 (2~ O 280’ 12L a .
Ellig,— -y V,fi < El|X, — X; E||Y, —Y;
v;() i nl:ZI )fl(xs s )|IF < nﬁybo n +7’l2[3y S;)( X s|F+EYs =Yl 7)

6L2[ 2
+— Y (ZE[v|P+nE d|)
Y s=0

(B.26)

forallt €{1,2,--- T}.

Proof. By the definition of g,(i) and Lemma m we have

1 ¢ 0 (i
Vi — . vafi(xz( )7)’1( ))
(i)))

= (1= ) (7 1__vafl X~ l’yt 1) %Z VFxt a)’z ’ét ) foi(xt(i)»)’t
i—=1
+(1—ﬁx)r—12(vxﬂ(xti W ED R 0 0y Ly @0

i=1
—V.fie”) (B.27)
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Taking expectation on 5}0 the last two terms of Eq. 1i are 0. Therefore,

1 ¢ 0 (i
Bl = Y Vil P

= (1-BJE7i1 - vaﬁ Doy +E||BxZ<vxﬂ<x§"’,y£">;éf")>

i=1
VA )+ (=BT Y (Ve 556 (! 0 60)
i=1
(i) 2
+VXfl(z lvy[ 1) Xfl(t 7yt ))H
Do 287 ¢ ENONAG
< (1 BB~ Y VGl LBV 8"

1—1

VA 0y e 2P ﬁx ZEWF(, AWLED) —v F Dy e

i=1

+fol(t 17yt 1) xfl(t 7yt )”2

242 2 2
o 2L7(1
( 5 BX)

_ 1 . . 2
< (1= BB Y Vil 0 2 (E[1X — X |7
i=1

+E|Y, —Y,_1|3) (B.28)

The first inequality is obtained by Cauchy-Schwartz inequality. In the last inequality we
use Lemma [B.2] on the last two terms and then use Assumption [3.2] Lemma [B.T] and

Assumption[3.1] By Cauchy-Schwartz inequality we have estimations

1% — X 1|17 < 311X — Xl [F4+3nn7 [0 |[P43[1X% 1 — X1 |7 (B.29)

1Y = Yot < 3¥ = B3+ 3nnm2 i P30 %1 — B 13 (B.30)
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Combining above two inequalities with Eq. (B.28) and Lemma[B.7| we have

ZE”VS__Zfol Xs 7ys ||2

1 28,02t 121% ' _ _
< ﬁ_EHVO - fo(XOa)’O)HZ'i' ﬁx + l’lzﬁ Z(EHXS _XSHJZV‘i'EHYS _YSHIZT)
X

! s=0
6L2t72
+— Y (ZE[|%|*+nyE| ]|*)
np. =
2 2 21—1
o 2B.0%t  12L - o
E|| X, — X;||#+E||Y; — Y,
SBbe T g, I - XlEEIY - Fl)
6L2t72
e o (RER Pl 2 ) (B.31)
X ¢—(0)

for all ¢ € {1,2,---,T}. In the first inequality we use the fact < ﬁl when S, <

;
—(1-By)

2
1. The second inequality is because E|[Vo — V. f(x0,y0)[|*< 5= by Assumption (3.2 and

Lemma|[B.2] Note that if we do not use Lemma on the last term we will get

t—1 1 n ; ;
Y E[5— - Y Vil 3P
=0 iz

2 2 21-1
c 2ot 12L =12 I

+ E||Xs — X || +E||Y; =Y,
= anbO n nZBx E(,)( || s SHF || s SHF)

6L2 t—2 |
+— Y (1= (1= Bo) ™ (ZE |75 > +n El|as ) (B.32)
l’lﬁx s=0
Mimic above steps we can also prove the second conclusion in Lemma[B.§] 0

Lemma B.9. The consensus error satisfies the following recursive relation

_ 1+7LZ 20%n _

%41 — X1 |7 < 1% = XillF+T—5 ||w V|7 (B.33)
_ —I—?Lz /117

i1 = Vil < ==Y = Fillp+ 51U~ Uil (B.34)
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Proof. LetJ = Accordlng to the update rule we have

1 Xs1 — X1 |7
= | (X — VW — (X — V) 7= (X = X ) (W = T) — (Ve = Vi) (W =) ||
< A|X = X |[FHANI Ve = VillF—2((X — X)W = ), 0 (Vi = Vi) (W =)
2 2 5012 /Iznf 2.2 =112
<(A7+06A )IIXz—XrIIFJr(—HL Vi =VillF

1+A2 24212 _
X, — Xz||F+ s lvi— Vi||% (B.35)

In the first inequality we use Assumption [3.4and Lemma B.3] In the second inequality we

1-A2

use Young’s inequality and 6 is an arbitrary positive constant. Let 6 = T

and we can get

the last inequality. Similar to Eq. (B.33]), we can obtain the following estimation

Y1 — Yia H}zr = |(Y; +nU)W — (¥ + nyUt)szV

2 2 A /1277;% 2.2 2
< (A7+OA7)[)Y; = Yil+( AU = Ul

1-1-12 212032 _
1Y, — Yz||F+ Tl - AR (B.36)

Lemma B.10. Forallt € {0,1,---,T — 1} we have

iOEIIVS—ZII%SI_LMEHVo—VoII% (487L;§22iE||X —X|F+E(Y Y[
24n)L;2L22fi n2E ]2+ 24n7L}L22Lzzti 2R 7|
b R -V o BT man
=
iOEHUs—UsH%sl_iﬂEqu—Uou%(“”%i (BN R+ BT
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24nA2L2 ' 24n7LzL2 =
ok Rl WZn {17
£
12132 " 6nA2B2c%t
ziﬁﬁﬂh Mxmw>W—7j%7— (B.38)
s=0i=

Proof. By the definition of V;, Assumption [3.4]and Lemma [B.3] we have

Vit = Visa |7

=|(Vi+Grr1 = GOW = (Vi + Gr1 — Gy |7

= [|(Vi = V)W =J) +(Gra1 = G)(W =) [

< A2V = Vi[F4A%Grit — G5 +2{(Vi = Vi) (W =), (G — G)(W = J))  (B.39)

(i)

Review the definition of g,

O e = v FGD, W el - vxexE"),yﬁi);éle)—ﬁx<g5”—vxﬁ<x5">,y§”>>

8418 —
+Bx(VxFi(xtl aytl ;é—lﬂ) xfz( Xy 7yt )) (B.40)

and take expectation on éz(jr)l’ then we have

Be(e! = Vi vy B4

E[g;(izl gt ] xfz( ;+1ayt+1) xfl(xt 7)’1 )

B.39) can be bounded by

Taking expectation on 5:@1 the last term of Eq.

E((V; =V)(W =), (Gr+1 = Gi) (W = J))

= (Vi =Vi)(W =), E[Gy11 = GJ(W = J)) S A|V: = V|| p-A||E[Gi11 — Gill|

1—A2 A4
Vi — VzHF+ 2|!E[Gz+1 G/|F

1-A2 2/14 4
||Vt Vl‘||F+ Az ZHfol t+1’yt+l) xfl(l 7yl )||2

<

<
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2&4 2 n
LB s Y16 = Vst 5P

1—1 _ 224172
< HVr—VrH% T2 e = =X | F+ Y — Y7
7(«4[32 n
Z”gz — Vo fil xz 7)’1 )Hz

(B.42)

where the second inequality is resulted from Young’s inequality, the third inequality is
resulted from Cauchy-Schwartz inequality and the last inequality is resulted from Assump-

tion[3.1] Besides, applying Cauchy-Schwartz inequality to Eq. (B.40) we have

Els, — |
<3E|VEE 3 D) = E Dy gD 12 43B2E 6 (! 2
,+17yt+1, t1 t Ve t+1 X gt Xfl xt ayt )”
+3Bx2EHVxFi(le thl ;€HI_1> Xfl(xz >)’z )Hz

<32~ 24 E [y, 2) + 382E g - VA () v D) P4+3B267 (B.43)

where in the last inequality we use Assumption [3.1] and Assumption 3.2 Combining

Eq. (B39), (B.42) and (B.43) we can obtain

. 1422 42217
E||Vis1 — Vi1 |[F < E||V; — VzHF+ (EHXtH — X, | F+E| Y+ — Y|F)
12 2 n
ﬁ ZEH Vi ) P+3n02 B2 6> (B.44)
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Then using Eq. (B.29) and in above inequality we have

E(|Vig1 — Vis1 |17

1+ A2 1242172 _ i}
< E[[V: — VtHF+ 2 (BN X41 — X[ FAE Yy — Y [[7)
127L2L2 _ _ 12nA%L% 02
5 (E[[X; - Xr||%+EHYz—Yr\|%)+1_—7L2yE|!uz||2
12n?LzL2 o 427
Bl 4 s T B - Vo Pt a9

By Lemma[B.7] we can further achieve

! . 2 _ o, 482 !
X BV Vil < g2 EIVo Vol gage X (51K T)
s=0
24n7LzL2 o) ) 24n12L2 o)
33 Z I["3||Ms||24r 3 Z || 5>
—A?%) —A?)
812 t'—1 n 6n12 2 2l
ﬁx 2 Z ZEHgS — Vifi( xs 7)’5 )H +L&2 (B.46)
s=0i=

forall# € {0,1,---,T — 1}. Here we should notice that term E||X, ;| — X, 11 ||% in Eq.
is summed from E||X; — X;||2 to E|| X, — X,/||%, while term E|| X, — X;||% is summed from
E||Xo — Xo||% to E[|Xy_1 — Xy_1|%. As Xo = Xy, these two terms can be merged together.
And it is the same with term E||Y;; | — ¥, ||%. Mimic above steps and we can prove the

conclusion for Y/ E[|Us — Us||3 in the similar way. O

Lemma B.11. We can prove the gradient estimators g, and h; satisfy the following conclu-
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sion

L 1202 ¢ _ i}
ZZE”gS Vil xs 7)’s )H2 ﬁ +2nﬁx6 I+ Z(]E||XS—XS||12¢+E||YS—YS||12¢)
s=0i=1 x X s=0
6nl? ']
Z( CE|55] 1P +nyEl| ) (B.47)
X 5=
2o 1217 ¢ 2 52
ZZEHh vyt P g 10 npyo g Y EIX- RIS R)
s=0i= Y s=
6nL? =]
Z( CE|55] 1P+ El| %) (B.48)
Y s=

forallt €{0,1,---, T —1}.
Proof. According to the definition of g,(i) we have
xfz(t ayt )
=<1—l3x)(gf_l Vi ) )+ BViF (3 6 = Vi )
—l—(l—ﬁx)(VF(x, a)’z ét ) VxE(xt(?layti_l;gti)

+Vafie? o) = Vi ) (B.49)

The last two terms of Eq. (B.49) is 0 after taking expectation of ét(i). Hence we have

Ellg” — Vi )2
= (1-BElg”, — Vufitxl 3 ) IPHENBUVaF (o 3 D) = iy
+ (1 =B (ViR 8 = VR (2 E7)
Vi) = Vsl ) ) 2
< (1-B)2Ellgy”, — Vi | 3 IP+2B2E NV Fxt” 2 67) = Vo £l )12

+2(1= BBV EG y P 69 v Ry g2
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< (1= B)Elg”, = Vi 3D ) 1P42B26% +2(1 — B)ALAE[x — 2 |2

+EY =y 112 (B.50)

where we use Cauchy-Schwartz inequality and Lemma [B.T]in the first inequality and use
Assumption [3.T]and Assumption [3.2]in the last inequality. Sum above inequality from i = 1

to n and we have

Zﬂzngt VS YNPE < (1= B2 Y Ellg”, Vs 3P 1P+2nBRe?
i=1

+2(1 = Bo)2LA(E|| X, — X, 1| *+E||Y, = Y,_1||>) (B.51)

Then by Eq. (B.29) and (B.30) we have

ZEHgt — Vi fi( xt 7yt )||2
< (1-B.)? ZEHgt’_l — V. iy )P +2nB202
i=1

+6(1—Bo) L (E|X; — X |[F+EY: — Ll +E[Xe—1 — X1 ||7

+E[|Y—1 =1 [[7) +6n(1 = Bo) L2 (ZE|vi—1 [P+ E -1 %) (B.52)
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Applying Lemma[B.7]to Eq. (B.32), similar to Eq. (B.46)), we can obtain

ZZEHg( xfl(xs 7)’s )Hz

s=0i=1
2, 1212 o112 o112
< ﬁ ZEH Vi) IR+ B Z(E’|XS_XSHF+EHYS_KVHF)
X X 5=0
6nL2[71
Z(nfEHVstJrnyEHus!I ) +2nBco’t
> S—
2 12L2 t 5 _
> B +2anG t+ Z(]E||XS_XSHF+]EHK_YSHF)
X X 5=0
6nL2t—1 .
Y (0SBl P+ny Bl %) (B.53)
X s=0

forallt €{0,1,---,T — 1}. Here the last inequality is derived by E||g{’ — V. fi(x§ ,y{)|P< &

due to Lemma The estimation of h( ) can be achieved in the same way as above. [

2
Lemma B.12. Let n, < (15032 and 1My < (156&) . The consensus error can be bounded by

t

Y (BIIX; — Xl[F+E[Ys — V|1 7)

s=0
1642132 _ 161212 576nA*L*(n? +n2) 12
— X E(|Vo — VollF L E(|U 7 T 2E|5)?
( 2’2) ” 0~ 0||F+( 12) || 0— 0||F+ (1_12)4 g(nx ||VS||
64nA* (Beng +Bymy)o®  196nA*(Bing + Biny)o’
+nyE”uSH ) (1 _12)4b0 (1 _12)4 (B54)
forallt €{0,1,---,T}.
Proof. Combining Lemmaand Lemma forallt € {0,1,---,T} we have
J v (|2 4;{2nx
Y IX— X7 < 30 e ZHV —Vill¥ (B.55)
s=0
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Substitute the right side with Lemma we have

d . 8A2n? _ 192241702 'l _ _
Y ElX ~XllF< 15) E{[Vo —Voll -+ v L (EIXe— Xl FHEIY—Fi )
s=0 s=0
96nA*L2n2 'c 96nA*L>n2 12 _
+W yEH it || >+ W nIE||7s?
s=0 =0
32A4B2N2 2 & 24nA4B2n2c(t —1)
Ellgt” - Vi) )P+ (B.56)
( A‘Z 4 o OIZ’ N XJ1l S N ( 12)3
Apply Lemma [B.T1]and we get
t —_
Y E||X, — X,||7
s=0
8A2n? _ 1922412 '] _ _
<( 12) SEVo — V0H12v+(1_—/12)4x O(EHXs—Xs||12v+EHYs—YsH%)
s=
96nA*L>n? 2 32nA4Bn2c?  64nAtBinlo?(r—2
+ 2t L (I P en Bl ) + e g i-2)
(1-22) (1=22)%bg (I—-A2)4
24nA4B2n? 2(t—1) 384A4BXL2 2122 . _
E|X, — X, ||%>+E||Y, — T,
192nA4B,L*n? '3
—nT Z( 2B 15|12+ n2El %)
(1-2A2)* =
8A%n2 _ 576A4L*n2 ! _ _
<( l;) E[[Vo— V0H%+<_—/12)4" O(IEHXS—Xs\!%+E]]YS—1/s\!%)
s=

288nA*L>n2 12 32nA4Bnic?  98nA*B2nict
ey B BRI = e BT

S:
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where we use B < 1 to simplify the equation. Similarly, we have

t
Y E|Y, -1}
s=0

8An; 2 RS
<( By SE(Uo — UO||F+WZ (B1X; — X [F+E | Y — ¥i|7)
288n/14L2n2t 2 32nA*Bynic*  98nA*BInlo’t
2E||7 |40 2E | > B.
o L EBIR PE P)  (BY)
Add Eq. (B.57) and (B.37)) together. Then we have
: 7 112 o112
Z(EHXS_XSHF_HEHYS_YSHF)
812 2, SAMn} - o STOALA(n? + ) e -
<( 12) EHVO V0||F+( /szy) E”Uo U0HF+ (1_12)4 . s_;O(EHXS_XSHF
_ 288nA*L2(n2 +n?) 12
+E||Y, - l7) + —5—= Y (NSE[|5s )0, E i)
(1—-22) =
32 (Bin? +Bnd)o  9nAN(BIn: + BInd)o’ s
=%, (1= 22)¢ (B.59)
As A <1, when n, < (sogL) and 1, < (150612 it satisfies
576A%L*(nE +1})
<— .
T : (B.60)
Therefore, Eq. (B-59) implies
t 112 5112
) (E[X — X F+ENY — FillF)
s=0
1612102 I (I , ST6nALE(i4n7)' 2 L,
( )LZ) ]EHVO VOHF—i_( /12; EHUO 0“F+ (1_12)4 2 SZZO(nx]EHvS”
64nA* (Ben2 + Bym2)o?  196nA*(B2n? + B2n?)c?
2m1 |12 e T PyTly e T Py Ty
+ 0y Ella”) + (1= 2%, - =12 (B.61)
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which reaches the conclusion of Lemma(B.12 ]

B.3 Proof of main Theorems

Now we will move forward to the main Theorems in our paper. Here we revise some con-
stant coefficients in the statement, but it does not actually affect the result in our convergence

analysis.

Theorem B.1. (Restatement of Theorem [3.1) Let Assumptions [3.1] to [3.3] hold. When
_ (1=2)?min{1,ne} _ (1-A)?min{1,ne}

o emm{l ne} _ emin{l,ne}
parameters By = By 002 ™= 15000 0 = T 1s00kL
__ 400k _ 30000K3e~ : :
by = min 1 ne]” T = —(lfl)zmin{l,ne}’ our AlgorzthmEIsatzsﬁes
1 T-1

2 n
% )
= Z E||VO(%)||* < L(P(x0) — P )62+<F282+L25o€2+;ZIIfoi(xO,yo)ll2
i=1

n
ZHVyﬁ x0,70)||? (B.62)

Proof. Since ®(x) is (kL + L)-smooth we have

D(%) < (F_1) — Nue(Fy_1, VO(F 1)) +nxL||7,1

= D5 1) = DI [P B V() [P 51y — V() [P n2RL
< B(F1) = 2V )P (2 = mIL) 7P+l = Vi (Go,5i)

+ N[ VP(F—1) _fo(ftfla)_’tfl)nz (B.63)

where the last inequality is caused by Cauchy-Schwartz inequality. As we have V&(x,_;) =

Vif(%—1,9%-1), by Assumption [3.1] the last term satisfies

IV (E—1) = Vif (Gt 5e-D)IP< L2[[9r-1 = Fi—1|P= L28- (B.64)
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Besides, according to Cauchy-Schwartz inequality we also have

191 — Vaf (F—1,5-1)|*
i} 1 ¢ I 1 & N L
< 2fv - Y Vafite P2l Y Vefitn ) = Vaf G5 )|
i=1 i=1

i 1 ) 212 . _
<21 = Y Vi DI (X =K [~ T ) (B.65)
i=1

Combine Eq. (B.63)), (B.64), (B.63) and rearrange the inequality

2(P(x1) —P(X))
Nx

_ 1 N
¥t = Tt + 40171 == Y Vit )P (B.66)
i=1

IV (1) <

417 _
— (1 =2KLny) |9r—1 || 4+2L7 81 + T(IIXH X1}

Telescoping and taking expectation on Eq. we have

lT 1 5
—ZE||V<I> 3l
=0
2(®(xg) —E®@(x7)) (1— zanx 212 7! 41271
< A =2) ¥ Bl L Ea+ 4 Y (B - %1
PN - (i) (i)y2
+E||Yt—Yz||F)+7ZEllvt—;vaﬁ(x, i)l (B.67)
t=0 i=1

Applying Assumption [3.3] Lemma[B.5]and Lemma B.§ we have

1T1

= Z E[ V()|

_ 2(P(xo) — @) 40x*n? 1 1] 2, 8xL2&

— (1 —-2kxL
< 0T ( My — 2 )TZ, K| ][+ TLin,
148x212 1] . s I R HENONT
t— Z(EHXI_XIHF+]EHYI_YtHF)+T Z EHV:-;Zfoi(x; 0|l
=0 = =1

| 36xL S
K ny Z uuTm)TfthZH s__ZVfl Xs 7ys )HZ
s=0

132



24K2 T—1 [J.Tl B B
T 57 (1—(1—Ty)T E|

t=0
2(P(xg) — P* 4o;<4 1T 1 8KL> 1 36k2
< AP0 =) () ey, - 7 L ElalP+ %, NELL
T y TLn, nbOT ﬁx By
802 412 12 432;<2 r-1 i} _
+—(Bx+36 2ﬁy)+—(47 +—+ )Z(EHXt—Xr\|%+EHE—EH%)
npy npy * 5
2412 71 864x2L* 1! un
1—(1— T—t E E 1— 1__)’ T—t
+anT§,( (1=B)" ) (niE|v | +1, a1 + W T t;)( ( 1 ) )
241 1! UMy g
-(n7E|% )2 +nyEH i||*) — 57 (1—(1—Ty)T NE| | (B.68)
=0

where we use Eq. (B.32) in the last inequality. As

1 T—t—1

510 -B)" =Y (1-B)° (B.69)

s=0

we know Eq. (B.69) is increasing when f3, is decreasing. Hence B La-(1-B)T "<
300%2 (1-(1— (1-2)*B: A)*Bs

A5 2002 )T~"). According to the definition of B, and 7, we have (- 3007 <
% and
B gty < POEE By g
nB.T ! ~ n(1—21)2B,T 4 '
Therefore, using the definition of f,, B, and 1, we obtain
1 T-1 5
= Z E[[Ve (%)
2(P(xg) — P* 401<4 1T ! 8xL? 50 1 36K?
< 2P0 =P (| oepn, - W R
rle y TLT]y nb()T ﬁx ﬁy
8672 12 4321<2 =1 ) _
+ —(ﬁx+36 K2 By) + —(47 + B, + nB )Y (X — X F+EY: - ¥ |IF)
X y t=0
241°n? 864;<2L2 1 =1 KL _
g gy LEI mZMHF B.71)
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Besides, according to Lemma[B.12] we have

1T 1 5
—ZEHV‘D ol
t=0
2(®(xp) — D) 401<4n2 1 1 2, 8kL2& 1 36K2
<= —(1-2kLn, - 42 +_
802 4% 212 4321<2 16lznx _
1612 64nA* (B2 + Byn?)o? 196n/l4 212+ B2n2)o>T
N zy E|Uo— Oo|3+ (B 24Byny) N (Bin 21?75) >
(1-22)3 (1—=2%)%* (1-42)
412 5 12 432k% 576nAtL*(nE+nk) 1!
Rl e X y 2E E
+— (47 +nﬁx+ "By (=22 t:fa( 1712+ 13 Ell | *)
24170} 864;<2L2 17! KL1y &
et ZEH 7252 Y Bl (B.72)
x t=0

When B, By, 1, and 7, are defined as Theorem [B.1} we have

412 12 432 2 576nA*L*(n? + L
(477 + « (zx T )ny2 < B (B.73)
nT T nPy (1-22)* 2T
and
|kl 40k*ny  24L7n7  864K2Ln;
X
nyz nfx npPy
a4 12 43267 576nA*L*(n2 +n?) 2
4712 TV ip2s = B.74
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Thus, we obtain

1T 1 )
—ZEHW’ Dl
t=0
2(d(xg) —@*) 8xL*§ 40’ 1 36K> 802 5
< - 20K °00
<=7 ri, T anT BT g, )T e (Bt 36K°B)
A2 o, 12 437 16A%n] _, 16A%n? >
+ﬁ(47 nﬁx+ "B, )<( 22); SE[[Vo - Vo||F+< EYPE sE||Uo — Uoll%
64 14 .7 2\ ~2 196 14 212 2,2 T
nA*(Bn? + Byn?)o | 196 (Bini+Byny)o? ) (B.75)
(1—=242)%b (1—A2)4

By Assumption [3.4]and Cauchy-Schwartz inequality we also have

2nA2o?

n
E[|Vo —Vol[7= El|Go(W —J)||7< A’E||Gol|F < +24% Y ||V fi(xo,0) I
i=1

(B.76)
Similarly, we have

2nA2o?

+222 Y IV, filxo,y0) |17 (B.77)

E||Uy — Uol|3<

Combine above three inequalities and substitute the parameters with their definitions. We

achieve

IT 1 82 n
= Z E[[VO(%)|* < L(P(xo) — D*)e* + L*&pe” + o7& + - Y IV fi(xo, yo) |17
i=1

2

€ n
+— Y IVafixo, o)l (B.78)
i=1
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where we use following inequalities for simplification.

14412 - 144x?%-500%%(min{1,ne})%e? - 3¢e?
nByboT ~ nemin{l,n8}4OOK-3OOOOK3 = 500
12 4 2 1800L2 x>

32K2 )§200L2K2+ 800L-k

Bx ”ﬁy ”ﬁy
8B: _ 8e-ne _ 2e? 288k%B, - 288K%¢€ - ne - 288¢?

n — 200 5’ m T~ 500mk2 — 500

LBn? e(min{1,ne})%e? LBn;  _ e(min{l,ne})’e?

Be = By,

AL (4767 + —

(1—2)4boT ~ 20-400% - 30000%3(15000%3)2" (1 — A)*boT — 500-400x - 30000%3(1500%)2
LB} _ X(min{l,ne})* LI} _ e(min{1,ne})* (B.79)
(1—A)* = 400(150003)2 " (1—A)* ~ (500x2)2(1500%)2 '

]

Theorem B.2. (Restatement of Theorem[3.2) Let Assumptions[3.1]to 3.3 hold. We set the

3000063 Ty B, = nl/3 nl/3 (1—-1)2p2/3 (1=
X -—_

(1-2)2 » 20T2/3’By 500;<2T2/3’

arameters as T = =
p 15000637 L Y= 1500k, /°L’

1/3
400KT,
';—/3 where we suppose Ty > 10n>. Then our algorithm satisfies

by =
1%l > L(®(x0) — @)+ 02+ L28 1Y ElVifi(xo,y0)l?
_ZE“VCD )H < 2/3 +
(nTo) Ty

"L E|Vyfi(x0,50)]?
Ty

_}_E

(B.80)

Proof. When the parameters are defined as Theorem[B.2] the conditions in Lemma [B.5]and

Lemma [B.12]are also satisfied. Hence we can prove Eq. (B.68) and still hold. When
B, By, N and 1y are defined as Theorem[B.2] we also have

412 12 432k 576nA*L*(n%+n7)
—(47x% + Y
nT

2 KLn,

R ST (e R ) (B30
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and

40k*n;  24L°n7  864K7LPm;

1 —-2xLn, —

ny2 nfx nPy
412 12 432k2 576nA*L*(n +n3) 2
M a2 LV ip2s = B.82
p W e e ) T oy s B8
Similar to Theorem [B.I} we can also obtain
1 T—-1 5
7 LEIVe)
2(D(xo) —P*) 8kL?8 40’ , 1  36K> 802 )
< — — 36K
STt T rn, Twet B B e PO
412 12 4322/ 16A%n? _ 161212 _
(47K 4 — ( ||V — Vol|2 + 2= E||Up — Up|2
+ l’lT( K +nﬁx+ nﬁy ) (1_12)3 || 0 0||F+(1_12)3 || 0 OHF
Gk B 0" | 196nA B BRI .
(1—=242)%b (1—A2)% '
Substitute the parameters with their definitions and we have
LN B v < U@ =) + o2+ 12 | 3R BV i)l
T~ - (nTy)?/3 To
1 v 2
=T K|V, fi(xo,
n 7 e B Tyofz( 0,50) | (B.84)
which achieves the conclusion of Theorem [B.2] O
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Appendix C:  Appendix of ChapterH

In this section, we provide the detailed theoretical analysis of our algorithms, and
propose an other Adam-Type algorithm (i.e., Sketched-Adamnc). We first give some useful

definitions and lemmas.

Lemma C.1. Let m be a positive integer. Then we have

m

Y < 1 +1log(m). (C.1)
Proof. As function f(x) = % is decreasing when x > 0, we have

il 1+i1<1+/mdx 1+ log(m) (C.2)
— — — — = m). .
ok ok X ®

Lemma C.2. Let X be a stochastic variable. Then we have
E[X —EX])* = EX? — (EX)? > 0. (C.3)

Lemma C.3. Let X1,X>,- -+, Xy be independent stochastic variables with 0 means. Then we

have

k k
EIY. x> = Y E|X;]*. (C.4)
j=1 j=1
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C.1 Convergence Analysis of Sketched-AMSGrad (PA) Algorithm

In the subsection, we provide the detailed convergence analysis of our Sketched-
AMSGrad (PA) algorithm.
In the following convergence analysis, we will define a useful auxiliary sequence &; such

that ¥; = x; and

T & O D)
X —x,—at;th JAVARS (C.5)
i=1
Let e; = Zl 1 et . The error compensation term e,(i) is multiplied by a factor % because
it always satisfies
X — X = 04 _1€1. (C.6)

Theorem C.1. Assume that Assumption I to Assumption 3 are satisfied and data distribution

{D;}!_, are identical. In Algorithm 1, let B; < 1, B <1, € >0 and oy = \/%, a > 0.
Then we have
()
— Y E|V£(x)]? < —-|—
LG < S 2,
where constants Cy and C, are independent of T.
Proof. Let AY) = [\7(i)]‘1/2Vf(i) fori=1,--,n, t=1,---,T and A}) = A\ Since
) = ﬁlm[(i +(1— Bl) ) and m(()) = 0, it is easy to check the following equation always
holds
T . . B T B T . . .
1 1
Y (Al gy = W iy + Y (Al 13 Y (Al A% ™y )
=1 1 =1 1=]
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The left hand side of Eq. (C.7) can be rewritten by

A 8"y = (a5 2V (), g1”) = (o 00,72 = e o))V (), )

— (o [0 ]2V () = V() 8) (C.8)

Let ﬁ,(l) be the sample index set at iteration ¢ on node i. As data distribution D;’s are identical,

we have

E,o8" = V/(x) (C9)

Therefore, if we take expectation on term (o 1[ ] 2V f(x;), 8 > over ét , we can

replace the g,( " with v f(x;). But this operation is not allowed on (A,( ), g,(’) ) because ﬁ,(l)

is also dependent on 5,(i). We deal with it in this way because the previous value \91(?1 is
not determined by é,(i). By using the above Assumption 1 (Lipschitz Gradient) and the

definition of % in (C.5]), we have

1 1 i i 1 1 1) i - - -
n Z<A’( ),m() ;, Z )] l/zmt( )> = (Vf(&) Fr1 — %)
i=1 i=1
L
< fE) = f ) + 5 1E —%|? (C.10)

By Young’s inequality we have

LR S INGI() LY 00120
n;<AT ymy) = - ; T)
(i) G?d
SLn;ZaﬂvP] P4 IV AP < Ll — 5P+
i=1
(C.11)

where the last inequality is derived by Assumption 3 (Bounded Gradient). With Assumption
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3, we can also obtain

A — A%y = (o 002V (%) — o [0, 2V £ (%), m)
— ([0 72 = o4 [ VAV () omP)  (VE) = V(E), 0] 2m)

< G(||oa [T 21 = Yo [0 1720 + (V£ () = VI (Eepr), a0 712y
(C.12)

SUBENIO)

where in the last inequality we also use the fact that 9, /; > ¥, for each component and

Oy+1 < 04. Sum i from 1 to n on Eq. (C.12) and we have

A — 49 m®y

S | =

i=1
G2 n (i) ) 1 12
< S L oalo) 2 = Nl (82 210) + (V) = VS Gv), o Y enls”) o
i=1 i=1
_Gy SD—1/2) 5() 1-1/2 _ 13
< = Y (ol 2 = a6, 10) + Ll — (C13)
i=1

where the last inequality is derived from Assumption 1. According to Assumption 3,

0; < 0;_; and the element-wise ascent of vt( 2 > vl( )1, we have

(o 1[0 )72 — o[22V (%), 8y < G2l [0 172 0 — a0 ))

(C.14)
Lete; = 1 ) DA e, . According to the update rule of e,(i) we have
Iy 00 /50
oger = ; Z (Xtmt / Vt + O—_1€64—1— (X[At (ClS)
i=1
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By the definition of %, in (C.3)), we can estimate term x; — %, by

1 i A1
=% =Y os( Ym0 - a)

s=1 i=1
= S nl:] s s X s—1 s s—1€s—1
t—1

=) (oyes— 0185 1) = 0416, (C.16)
s=1

Define
—(1_81-_k Kk ~B=ww
0= (1-8)(1- )48, 7=1-5,0-8), n="7"0 (€.17)

We can see 0 < ¥ < 1. By Lemma.T]and Eq. (C.15)) we have

1 & SRE 1 T
Elloger]|> < wEIl- Y oom” /\/ 07 + oureni|” < nEI|- Y oo /\ 57|+ 1E g rera
i=1 i=1

<n L7 Bl Sl P o DY Bl -5
Here the first inequality is because with probability p > 1 — &, it satisfies
Joser| > < (1) ||121 am N3+ e re P
and otherwise with probability p < §, A, is still some coordinates of A,. It always satisfies
o < I, X aom” 151+ ucrer

Hence we can get the first inequality of Eq. (C.I8)). In the third inequality of Eq. (C.I8)

we use Young’s inequality. In the third inequality of Eq. (C.I8) we apply recursion to the
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second inequality. Next we can bound the last term in Eq. (C.8).

E@M%”mewvnm>%zwmwm”%mm—wmmwm»

< YR 17129 ), V£ + ZE B — 52

2\/_

oy L2
2\/_E||xt %2 (C.19)

D= =

E(oq[#” )72V f(x), ") +

where the inequality uses Assumption 1 and Cauchy-Schwartz inequality. The last equality

takes expectation on ét(i). The first term of Eq. (C.19) can be merge into the first term of

Eq. (C.8). By Eq. (C.16) and (C.I8)), telescoping from r = 1 to T we have

T t—1

T
Z]EHX,—)@HZ ZEH% 16— 1H2<Y1227/ R fe — &
t=1 t=1s=

T

< %ZEH@H—@W (C.20)

Combining Eq. (C.7), (C.8), (C.10), (C.11)), (C.13), (C.14), (C.19) and (C.20), summing ¢

from 1 to T and averaging i from 1 to n, we have

1 n T ;
5y L LE(@ 02V F (). g")
niZ1i=1
LB 2 Bi1G%d _ _ LE -2
I—BlEHxT“ || +m+f(xl)—f(xT+1)+§t;Eer+l—Xt||
G2 n ,\l' _ i L T
*Zg%EJZXWnMHI”m—EWWH[<11”H B‘ Zﬂwnﬂ AR
i=1
GZ n (i O(¢L
+ 0 Lol 2~ Bl )2 + 5 ZEMH P
=1
. Bi1G*d G*ad (1+B;)L OCzL 71 2
< —

(C.21)
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By Cauchy-Schwartz inequality we have

|1 — 31

T R R
Y ¥ e /o7 = ZZIIZB atg§’>/@ 1

t=1 i=1t=1 s=

131” gl N0 gl )9

‘iziﬁ’ o VA < 2 Y e /fuz ¥ o

i=1t=1s=1 l 1= 1
(C.22)

/\ ~
—~ :I*—‘I\lf"ﬂ
‘lle

where the second inequality is achieved by 2(a,b) < ||a||* + ||b|%, ﬁt(i) > 5\ and o < @

forz > 5. The last inequality is derived from Eq. (C.23) as follows.

=(1-p) ilﬁé_s[gﬁi)]z (C.23)

Additionally, taking expectation on the left hand side of Eq. (C.2I)), by Assumption 3 we

have
1 T ; T
2 L LBl 0]V ) o) = S VEIVAP ©29)
niZii=1 GVT 5
Let
2G(f(x1) = f") BiG*d 4GLod
C; = C.25
! a  aa(i—p) (-poi-py
GL?a*dy, 2G3d
C, — + . C.26
2T VE1-R)0-7  VEL-BY) (€20
Then by Eq. (C.21)), (C.22) and (C.24)), we can obtain
—ZEHVf x| < “a & (C.27)
VT T
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C.2  Convergence Analysis of Sketched-AMSGrad (GA) Algorithm

In this subsection, we provide the detailed convergence analysis of our Sketched-
AMSGrad (GA) algorithm. Similar to Algorlthml we also define ¢, = 1)21 le, ) and

define an auxiliary sequence %; in the convergence analysis, which satisfies ¥ = x| and

1 _ .
B —xt—ZZa,v V20 (C.28)
i=1

We can prove that the auxiliary sequence ¥; satisfies the following Lemma[C.4]

Lemma C.4. In AlgorithmH] we always have
-1/2
Xp—Xp = 01V, _ 1/ €_1. (C.29)
Proof. By the definition of X;, A; and ¢;, we have

-1
x,—it:Zas(ﬁgl/zms—A) 041V, 11/26, 1+Z(Xs o172 1?;11/2)6& (C.30)

s=1

As Vg > v, for each element, the coordinate in vy, which is not updated at iteration s+ 1
keeps the same as v and is always smaller that the corresponding coordinate in V5. Moreover,

since V1 = max{¥Vs, vy}, we reach the conclusion that for any index j ¢ ., the value

12 —1/2

of j-th coordinate in term (Vs '~ — ¥ ;") must be 0. On the other hand, by the definition

of A; and ¢, for any index j € .#, the j-th coordinate of ¢, is always 0. Therefore, term

(\3;1/ g s +11/ 2) and e, are orthogonal and we can prove our Lemma|C.4 [

Theorem C.2. Assume that Assumptions 1-3 are satisfied. In Algorithm 2, let B; < 1, B, < 1,
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o > 0. Then we have

8>0and06t:

o
VT

1 & G Ci+G
— Y E|Vix)|?*< + ,
where constants Cy and C, are independent of T.
Proof. We define
1 & | L
g=-Y o m=-Ym (C31)
iz iz
It automatically satisfies
- - A—1
my = (1 _ﬁ1>mt—1 +ﬁ1gla X1 = X — 04V, /2 ny (C.32)

LetA, = a9, /?Vf(%) fort =1,---,T and Ay = A;. By Eq. (C.32) and mg = 0, it is easy

to check

T T
Z A 8r) = ﬁl (Ar,mr) + Z Ag,my) + il (Ar —Ary1,my) (C.33)
=1 =1

1-Bi 1— B/

TP~

The left hand side of Eq. (C.33) can be rewritten by

(Anr) = (0419, PV F(x),80) — (19, 2 = au0, V() 1)

— (a0, (V) = V() &) (C.34)

Similar to Sketched-AMSGrad (GA), we want to obtain ||V f(x;)||? by taking expectation on
g:- However, we cannot do this by taking expectation directly on (A;,g;) because ¥ is also

determined by ét(i). But the previous value V;_; does not depend on 5,(i). Therefore we have

Ee (0419, >V £ (x0).8) = (19, "V f(x), V£ (x0)) (C.35)
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By Young’s inequality we have
- — o 1 .
(Ar,mr) = (Vf(r), or7 Pme) < Loz PmelP+ VG (©36)

Then using Assumption 3 we get

G3d
4L

—1/2

(Ar,mr) < L|ogdy “mr|* + (C.37)

The second term on the right side of Eq. (C.33) can be estimated by

g —1/2 S\ o o g g L _ g
(Aromi) = (VF(E) b, ) = (V)% — T < SG) = f(Fr) + F 11 —&|?
(C.38)
where the last inequality is due to Assumption 1. According to Assumptions 1 and 3,

Eq. (C32)), V141 > ¥; and 011 < 0y, we can obtain

<A, —A,H,m,)

—1/2

— (040, PV F () — o0 PV () m)
—1/2

= (aut; PV f(E) - ar+1\7;+ll/zvf(fz+1),mt> + (ot PV () — oty PV f (F)me)
= (b — 0PV F ) ome) + (VF(5) — V() 8,y

—1/2 A1/2 - s
< Gt o8 M) + Ll —5P (€39)
Similarly, we can bound the second term on the right side of Eq. (C.34)
—1/2

E{(o419, {* = b, )V (%), 80) < Clllw19, Pl = llewd; ) (C40)

Next, we will estimate term (o7, 1 2(V f(x;) = Vf(%)),g). Mimic the reasoning of
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Eq. (C.18) with Lemma[4.2] we have

—1/2 —1/2 \—1/2
Elad, e ||? < wE|od,  2my + 019 e, 1||2<y127/ SE|| by 2y ||* (C.41)

s=1

Taking expectation, we can estimate the last term of Eq. (C.34) by

E{oy?, 1 (Vf(x,) Vf()?,)),g,>:IE<OC\9_11/2(Vf(x,)—Vf(ft)),Vf(x,»

< LB, 172V £(), V) + PL B — 52 (C.42)

| =

Z\f

The inequality results from Cauchy-Schwartz inequality and Assumption 1. Sum the last

term of Eq. (C.42)) from 7 =1 to T and we have

L 2 L —1/2 2
ZEHX,_)@H =ZIE||oc,71vA,,1 et

<71227/ LS| oy g |2 < (1? o 2|2 (C.43)

t=1s=

Combine Egs. (C.33), (C.34), (C.37), (C.38), (C.39), (C.40), (C.42) and (C.43). Take

expectation and we have

%t_iE<at_m;_1{2w<xz>,Vf(xt>>

Sf<x1>—f<x”1>+j(;—("_2‘;l)+< + B Y Bl sl
ﬁl g lens P = Bl o7 1) + G (llawty 2l — Bl ooy )
zﬁLf? ZEHa, o 2 |24 2 ZEHoctv_l/ e (C.44)
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As Vi1 >V and o441 < 0y, we have

t=1s=1 t=1
From Lemma and Lemma we know

2

1 1 & G-d
Bl - V0P =Bl Y (6 - VAP < 5 L Blal” - Vil < L. a0
i=1 i=1

According to Eq. (C.32)), (C.44), (C.43), (C.46)) and Assumption 2 we can obtain

1 & _
3 ZiE(at_lﬁt_ll/ZVf(x,),Vf(x,)>
t=
., BiGd G0, 12 2
=T iy VR B *COZIE”“” “l
G*d G? 2C
<fle) =11+ 4[211 5t 7 f"ﬁl) +=° Y. 62(B9 1)+ Ellg — V(5|
t=1
. PBiG%d G*oy 200sz Co & 5
< . =0 E|V .
(C.47)
where
. (1 —|—ﬁ1)L OC;LZ’)/l
Co = B +2\/5(1_y) (C.48)
The left side of Eq. (C.47) can be lower bounded by
T
Z flx),g) >Z ZE|V£(x)|* (C.49)

-
\ |
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. 8 .
Since o; < 8C,C when T is large, we have

o Bi1G*d G20y 2C0G d
—#ZEHVM P < FO) =1+ 7 + Yo
4G 1+—t (1-B1) \/E(l—ﬁl) ne =

(C.50)
Let
4G(f (x1) — f7) BiGd 8(14 B1)LG da
— C.51
“ o La-py en-py P
23 2 3
C = 417G da y1+ 4G . (C.52)

e2(1—y)  Ve(l-p)

Then we can reach the conclusion

I T C G G G +G
V)P <4/1+= + . C.53
Z IVFGIF < 1+ S+ ) < - (C.53)

In the last inequality we use the fact that v/1+x < 1+ +/x. O

Next we will provide the proof for Remark .2}

Proof. When we set o« = oy = \/_ , Eq. (C ) and lb still hold since we only use the

relation 0 > 0y41. When it satisfies /7 < ﬁ we have

N 5 . PG G*\/n 2CyG?d
267 LIV @I < Fe0) =+ i s+ g vE (C.54)
Therefore, we can obtain
1< 5 2G(f(x1)—f*) Bi1G3d 4C0G3d 4G3
N s T N AN/ N (B
(C.55)
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Algorithm 9 Sketched-Adamnc Algorithm

Input: initial value x, sketching operator . and unsketching operator %

Set: m(()’) =0, e(()’) =0 on i-th worker node

fort=1toT do

On i-th worker node: . ' ' '

Estimate a stochastic gradient g,(l), and then compute mt(l) = ﬁlmt@l +(1—p1) gt(l);
0= 3 g e

Sketch S,(i) =7 (mt(i) /A\/ v,(i) -+ %ef?l), and then send St(i) to the master node;

Send A,(l) to the master node after unsketching;

9 = D9 4+ 89— A0,
Receive A; from the master node, and then update x; | = x; — A
On the master node:

Aggregate S; = ,ll " St(i);

Unsketch A, = Ly A — Top-k(% ($,));

Send A; back to each worker node, and then update x;1 = x; — oG A;.
end for

which indicates that the convergence rate is O( \/:TT) N

C.3 Sketched-Adamnc Algorithm

In the section, we propose another Adam-type algorithm with sketching technique.
Since our Sketched-AMSGrad (GA) algorithm has better theoretical properties such as
linear speedup and convergence with non-identical data distribution. But the parameter
averaging scheme is more convenient to implement and more compatible with other Adam-
type algorithms. For example, besides AMSGrad, we can also apply sketching method
to Adamnc [92] algorithm using the parameter averaging scheme. The description of
Sketched-Adamnc algorithm is shown in Algorithm [0

Similar to Lemma[4.T] we have the following lemma

Lemma C.5. In Algorithm 4 we define A; = %Z?:1 (mt(i) /\/ v,(i) + %7:1691)~ With sketch
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size O(klog(d/&8)) and with probability > 1 — 6, we have
A 2 k.o 2
140 =A™ < (1= =) l1Ad][" (C.56)

Theorem C.3. Assume that the Assumptions 1-3 are satisfied and data distribution D;’s are
identical. Let By < 1, By < 1, € >0 and oy = \%, o > 0. Then there exist constant C and

C; such that Algorithm 4 satisfies:

1 Ci  Cy(141og(T))
=Y BV < ==+ (C.57)
T ,; YL eVT VT
Proof. Define auxiliary sequence X; such that ¥ = x; and
SR R i ;
S =% Y am'” /\/ v (C.58)

i=1

Let AY) =0y =172y %) fori=1,---,n,t=1,---,T and AY = Al Since o = £
t t 0 1 f

o
and
SR R N(
) = -Y g2 +e1 (C.59)
=1
we always have
o ] 72 < o)1 (C.60)

Similar to the proof of Theorem |1} we also have

T : . . . T ) ) T . ) )
Z<A§l>,g§’)>=L<A¥),m¥)>+Z<AE’),mE’)>+ b Y (A - my (o1
=1 1 _ﬁl =1 1- [31 t=1

A9 oy = (o Y 172V (), ) = (04 0 )2 — a2V (1), )

(o1 VAV () = V()87 (C.62)
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1 ¢ i i - . G%d
;;(A(T),m;)> < L|\&ry1 — &)+ A (C.63)
M (0 L. o
=Y A" m >Sf(xt)_f(xz+l)+§|’xt+l_xtH (C.64)

(g[8

U2 = a5V (), 8) < GP(lloha [P

Y (o172 = llewea ) 172 10) + Ll — 52

(C.65)

D 1120 = a2

(C.66)

Lete, =1y7, et(l). We also

& o, [
oer = ’; Z (Xtmt(l)/ Vlg ) + 04161 — OC,A; (C67)
i=1

In above two inequalities we use the relation of Eq. (C.60
have
and

X — X = 04161
Define

k
0=1-(1-8)(1—~)-3.
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(C.68)

1— 62 (C.69)



and mimic the reasoning of Eq. (C.41)

k 1 & i i
Ellove, | < ((1=8)(1=2)+8)E|= Y am” /\/v” + a1
i=1

| i i
< yEnat,let*ln%(l—e><1+5>E||;zatmt”/\/vz“nz
i=1
Ty 0
< Y7 SEH—ZOC )P (€.70)
s=1

Then we can estimate the last term of Eq. (C.62)

(a2 (V) = V). 81) < IVF ) = VA -lout”] 2|
1 - L 1)1 — i L - L 1)— i
S 19760 = VAP + 3 llaalvi”1 26| < Sk =5 + S lloulyt”] g2

(C.71)

The second inequality results from Young’s inequality and the last inequality results from

Assumption 1. Sum Eq. (C.71) from# =1 to T, average i and take expectation

E(oy ]2 (Vf () = V(%)) ")

M:
=

Il
—_
oy
Il
—

E||x, — xtu% ZzEua 1202

llt

N
Il
—_

IA
5NN RIS 3=
gl

T o
= ZEHOC, 16— 1||2+ ZZEHQ 1/2 )HZ
=1 gy
T 1—
Y s -
= 292): “TEl- ZO‘ ~m H2+ ZZEHO‘ gl
t=1s=1 l " &
L}/ 1 1 1/2 ’ n T 12 "
= Ell- Y o1 2mP 1P+ Y Y Efau[)] 126"
26(1_’/)1; n’; t zzlt 1
< sgr Y Bl Ops 2y Y Elab| P )
< 2n9(1—’)/)l.:“:1 n &
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Combine Eq. (C.61), (C.62), (C.63)), (C.64), (C.63), (C.66) and and we get

n T )
LS Y o b2V ) )
gy oy
L 8 3 G*d N 5 LI 3
= I_BEIE”)CTH —xr|*+ 4L[zll—ﬁm +f(&1) = f(¥r41) +§ ZEme — 5|
G2 n ﬁ]L T
+ [131_ Y- (loa 172 =l v, ]~ 1l + ZEthH %
GZ n N J T ‘
*;Zwmwwﬁwmwn P+ 5 X Y Elle” 12"
i=1 i=1t=1
Elloalvf"]~"/2m” |
2n9 ;;
., BiGHd G*ad L. 2ﬁ1L
< fa)—f+ + E||%+1 — %
= f( 1) f 4L(1_B1) f(l_ﬁl) ( Z H t+1 l”
n T .
2n9 S L X Ellerl”) ! m” I+ o ZZEH% 1202 (C.73)

1:1t:1 z 1t=

By Eq. (C.60) and Cauchy-Schwartz inequality we have

IN
| =
1=
1~
B
==
=
NS
o
I
—
=
[\
g
™
\|M~
N<
E
:N

n
l_nTt A ; lnT .
mZZZMWMMHWéWSZZZ D122 (.74

IN

Define
= Chi) Ly (C.75)
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Then we have

n T

%gzl%t IR SN
2 2 n T
< S0~ gt T e b K Bl e

Let g[(? be the j-th coordinate of vector g,(i). Then we have

8
ZH% g = ZZa (’. szoﬁz% (C.77)

== Yagleg P +re = =S X (g
Leta, =Y 1[g( )]2 t=1,---,T. Since function f(x) = 1 is decreasing, we have
()2 u
. t d
a; a1 X

when t > 2. Therefore, we have bound

T i. 2
Z < 1+/ — < 1+log(ar) < 1+2log(G) +1log(T) (C.79)
=1 l[gs,j]

(i)

where the last inequality is resulted from Assumption 3. Taking expectation on g, ’ on the

left of Eq. (C.76), by Assumption 3 we have

n T

Iy Y Bl b7 2V £ ()

gy P |

T
Z IV £ ()1 (C.80)

a\
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Let

_ GUf)—f) | BiGd Gd
c = ) +4La<1_ﬁl)+\/E(l_ﬁl)ucoadalog(c) (C.81)
G = CoGda (C.82)

Combining Eq. (C.76), (C.77), (C.79) and we can reach the conclusion

C n C2(1 +10g(T))
vT VT

1 T
?ZEHVf(xt)HZg (C.83)
t=1
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Appendix D:  Appendix of Chapter |5

D.1 Additional Experimental Results

The experimental results of Dirichlet distribution of the matrix sensing task is shown in

Figure D.T} The smallest eigenvalue at the converged point for each algorithm is shown in

Table and Table [D.2
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Figure D.1: Experimental results of the decentralized matrix sensing task on different network
topology for d = 50 and d = 100. Data is assigned to worker nodes by Dirichlet distribution. The
y-axis is the loss function value and the x-axis is the number of gradient oracles divided by the

number of data N.
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D-PSGD | GTDSGD | D-GET | D-SPIDER-SFO | GTHSGD | PEDESTAL
d =50, ring -0.0332 | -0.0327 |-0.0333 -0.0328 -0.0329 | —1.78e7°
d = 50, toroidal -0.0331 | -0.0334 |-0.0334 -0.0327 -0.0329 | —4.18¢ 3
d =50, exponential | -0.0323 | -0.0330 |-0.0331 -0.0332 -0.0333 | —1.09¢°
d =100, ring -0.0184 | -0.0184 |-0.0184 -0.0184 -0.0185 | —2.07e°
d =100, toroidal | -0.0185 | -0.0186 |[-0.0185 -0.0184 -0.0184 | —2.25¢77
d =100, exponential | -0.0184 | -0.0184 |-0.0186 -0.0184 -0.0184 | —3.07e3

Table D.1: Smallest eigenvalue of hessian matrix at the converged point (random data distribution).

D-PSGD | GTDSGD | D-GET | D-SPIDER-SFO | GTHSGD | PEDESTAL
d =50, ring -0.0332 | -0.0337 |-0.0332 -0.0325 -0.0330 | —3.60e°
d =50, toroidal | -0.0334 | -0.0324 |-0.0329 -0.0325 -0.0327 | —2.29e3
d = 50, exponential | -0.0334 | -0.0326 |-0.0333 -0.0330 -0.0328 | —3.97e73
d =100, ring -0.0184 | -0.0184 |-0.0184 -0.0185 -0.0183 | —4.48¢7°
d = 100, toroidal | -0.0184 | -0.0184 |-0.0184 -0.0184 -0.0185 | —1.24e73
d =100, exponential | -0.0186 | -0.0185 [-0.0186 -0.0183 -0.0185 | —3.63e~

Table D.2: Smallest eigenvalue of hessian matrix at the converged point (Dirichlet data distribution).

D.2  Proof of Theorem 5.1
D.2.1 Notation
We define matrix X; = [x,(l), oo ,xt(") ] € R¥" where x,(i) is the model parameter on i-th

worker node with dimension d and »n is the number of worker nodes. Similarly we have
1 1 1 _ _

i otz =Y, and Vi = Y, 0f7). Let o = %41 — %12 and

Q; =7, —X;. Define p, = n; /n where n, is the number of worker nodes drawing perturbation

in iteration 7.

D.2.2 Outline

In this section we will provide the proof outline of Theorem[5.1} First, we prove some
basic lemmas to estimate gradient noise and consensus error, which will be used frequently

in later proof. The gradient noise is estimated by Lemma [D.I] the proof of which can be
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found in Section[D.3.1] The consensus error is estimated by LemmaD.2] the proof of which
can be found in Section[D.3.21

Lemma D.1. (Gradient Noise) Under Assumption [5.2) and Assumption 5.3 we have

1 &5 (i) 161og(4/8)Bc>  384log(4/8)L* 'S
— —Vfi 2< X, — X,
(a) - tOlX{IIv, filta I < by + nby BT ZHr X, |7
1921og(4/8)L? Ti o+ 2log(4/8)c?
b\ BT = BboT
1 & 2 16log(4/8)Bo*  384log(4/8)L* L
(b) ; |Vr——Zsz M2 < nb; 2b, BT ZIIXr X |7
1921og(4/8)L? Ti 2log(4/8)c?
nblﬁT =0 anOT
Lemma D.2. (Consensus Error) Let ) < < _(Ape? B=C;'e"" and b, > Ce~'+°

60010g(4/8)2°L’
where Cy > 1 is a constant. Under Assumption [5.2] [5.3| and 5.3 we have

1 _ 5 160000nlog(4/8)L>n2 A% T 12288nlog(4/8)Bn?A*c?
TtZIHX’_X’”FS (1—A)*min{b,B,1}T tZ()G’z (1—1)%b,
2000nlog(4/8)n*A*c? 1287L4 iHV Fo) Pt Zl 64n22p;(n>C2 +1?)
(1—A)4BboT = i(x0) o (1—A)T

1 464410g(4/5)nL27Lz =1 3841og(4/8)nA*B o>

ZHYt < wz

(1— )mm{blﬁ 13T & (1—=24)b
2 2 n —1 214 22 2

50log(4/6)nA-c Z IV £ix0) [+ Z 15000010g(4/35)n.L A pr(M=Cs+r7)

(1—24)BboT “ = (1—2)3min{b;B,1}T

Next we will prove that PEDESTAL will terminate in certain number of iterations.
Under Assumption 5.2} [5.3]and [5.5] we can prove the following Lemma[D.3] The proof is

demonstrated in Section[D.3.3]

Lemma D.3. (Descent) Let n < W, B=Cy Tel+0 b > Cre 49 and by =
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Ci1e~! where C; > 1 is a constant. Under Assumption and we have

T-1

f(xr) <f(xo)+f+ ZIIsz x)*-Y 2
t=0
where
1 (1—7L 2 2001’]8 o> Ip(n*C+r?)

Here we call &, the descent of iteration r. We categorize all iterations into three types:

1 I L () 4C2 :
type-A: p; > 5 type-B: p; < 3 and — Z||yt |> , type-C: otherwise
i

5

When at least 5 nodes drawing perturbation in iteration ¢, then it is type-A. There are two
cases where p; is small: most nodes in the descent phase or most nodes in the escaping
phase. An iteration is type-B if p, < 1 and 1 7 1H sz %, which represents the case
where most nodes are in the descent phase. And type-C iteration represents the case where
most nodes are in the escaping phase. Next we will estimate type-A and type-C iteration

with the following Lemma [D.4]

(1-2)¢

Lemma D4. Let n < W’

B=Cle! ™0 by > Cre 0 by =Cre7!, C; =
CnCre, C, = (1_2}62)@8 and r <nC,/4 where C; = (122?{))02%2 and C, is a constant. Under

Assumption and we can find disjoint intervals .9 = 1 U---U % such that the

indexes of all type-A and type-C iterations except the last Ct iterations are contained in .&

and the descent over & can be estimated by

- A)Cine?
10000

Z D > |j|(1
ted

where || denotes the total number of the set.
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Besides, for all type-B iteration ¢, we have the following estimation

Lemma D.5. Let parameter and assumption settings be the same as Lemma then for

all type-B iteration t we have

9, > (1-2)2Cine?
"= ""8000000

With Lemma[D.4] Lemma [D.5]and Assumption[5.1] we can conclude that PEDESTAL

will terminate in 0(6_2_9) + Cr iterations. As the last two negative terms in &, are canceled

by Y 1||xz+1 —xt ||2 and 1 YL 1||y, ||2 respectively in Lemma@ and Lemma|D.5| we

have 4 7 Y- ey <O(1). Hence by Lemma@ we know the consensus error + || X; — X, [|%

can be bounded by 0(81+9) on average. Besides, from the parameter setting we can see C,
is @(€), which ensures the first-order optimality of the decentralized algorithm.

Finally, we will prove PEDESTAL is able to achieve second-order stationary point. First,
we will give the small stuck region lemma in decentralized setting. Recall that e = €%

the tolerance of second-order stationary point. The proof is in Section[D.3.6]

Lemma D.6. (Small Stuck Region) Suppose ng worker nodes draw perturbation in iteration

d —y=mineig(V2f (%)) < —ey. Letn < (LA pe? Cyle by >
sand —y=mineig(V*f(%;)) < —ep. Letn 1000flog(CT)log(4/8/12L’ﬁ € 12>

1000C1827975a, C;= CanTg“ and Cr = log(12nCd/r0)/(ny) where C1 = (li()f)ofcz, G <

-2
20001log(4/06)p log(C,

sequences by running PEDESTAL from X, with X; = X! R p—— zf node i does not draw

52 s+l s+1
(@ _ @
perturbation in iteration s and Xolp =X

y and | = max{1,2a}. Let X; and X/ be two coupled decentralized

+ roeq otherwise. Here e is the elgenvector with
respect to the smallest eigenvalue Y. Define d; = masz,SHCT{th ! H, th . H}

Then there are at least nodes such that d; > 2C,.

In decentralized small stuck region lemma, the consensus error will lead to a new term

(see Eq. (D.30)) and make the proof more complicated. In our proof, we use the condition
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of eg > €, i.e., o < 1. For smaller €y the batchsize b is required to set larger. With Lemma
[D.6 we can prove that when PEDESTAL is terminated, it finds a local minimum with high

probability.

Lemma D.7. Let ro = 6r/ V'd where d is the dimension of model parameter. Other param-
eters are the same as Lemmal[D.6} Suppose PEDESTAL is terminated in iteration s+ Cr.

Then X is a second-order stationary point with probability at least 1 — J.

Lemma [D.7] provides the guarantee of second-order optimality of PEDESTAL. When
ey > /€, i.e., o0 < 0.5 (including the classic setting £y = /€), the parameter settings of all

lemmas are consistent and the main theorem is proven. The total gradient complexity is
0(8_2_9 _8—1—0—9) — 0(8_3)

When o = 0.5, we have 6 = 0.25 and b; = @(8*0'75). When o < 0.2, we can set & = 1 and
by = O(1), which is result of PEDESTAL-S. In Section[D.4] we will provide the analysis of
the case o > 0.5 with a different parameter setting of 6 and b;. We can achieve the gradient
complexity of

O(e 7 +eg® +etey') (D.1)

over all cases of €g.
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D.3 Proof of Lemmas

D.3.1 Proof of Lemma|D.1

(i)

Proof. According to the definition of v, ’, we have

~Vhl) A=V BVEXDED) - Vi)
e (1= By (1- By |
L VARG 80) - Vit fﬁ( ) ﬁ;VF’(Z R I .

where |§t(jr)1 |= by. The expectation of the right side of Eq. (D.2) over 5:@1 is 0. Using

Cauchy-Schwartz inequality, Assumption [5.2]and Assumption [5.3] we have

BOVEG 1 0) = VAE)) | (VEC ) = VA) ~ (VG ) = Vi)
(1—B)y T (1—BY
18252 8L2th i)Hz
<GpEet o

for each j € ft(jr)l. Thus, applying Azuma-Hoeffding inequality to Eq. (D.2) we can obtain

v = Vfite”) = (1 = BY (v = VifiCxo))IP
4log(4/6 =l o ,
< YD) o 812 Y (1 B2 ol 1) D4
s=0
with probability 1 — 8. Here we use the fact that } 73 (1 — B)* = 3 Using Cauchy-Schwartz
inequality to Eq. (D.4) we have

161og(4/5) =l 0
1O1084/0) (52 412y (1 ), )

s=0

+2(1-B)* vy =V fi(x0))|? (D.5)

I = VA2 <
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Sum Eq. (D.3), we obtain

1 T—1 n 5
log(4/8)nT Z(,)ZHW —Vfilx )||
t 1
1686% 6417 =2 202

< X1 —X
= bl +l’lb ﬁT Z“ t+1— f||F+BbT

16802 38412 1! 19212 7! 20?2
X, —X
by ubipT & Z 1% =% lF+ 557 BT - Z < BT

(D.6)

which finishes the proof of (a) in Lemmam D.1] In the first inequality of Eq. (D.6) we apply
Azuma-Hoeffding inequality to Vo — Vfi(xo). In the second inequality we apply Cauchy-
Schwartz inequality and use the fact xt( jz | x,(i) = (xt(iz | —Xi41) — (x,(i) — %)+ (Gp1 — X ).
Mimic above steps and we can achieve the inequality (b) in Lemma[D.I] The term 7 in the

denominator is derived by the fact that ft(i)’s on different nodes are independent. [

D.3.2 Proof of Lemma|D.2

Proof. AsY, =W (Y;—1+V;—V;_1), we have

1Y, — ¥, ||>
= W=D =T )+ W=DV, = Vi))|%

<Ao=Y [[F42((W = )Y, (W = D)(Vi = Vi) + A2 Vi = Vi [

1+/12 _ R
< 1Yi—1 — thl||12v+ 2 IV = Vi1ll7
1+12 312 1+A2 n . )
< s — T B 2 A S 100w, - )P
i=1
9L2)L2 1+A2 _ _
LS TP T AT AN RT ®.)

where the first inequality is derived by Assumption [5.5] the second inequality is derived by

Young’s inequality and the last inequality is derived by Cauchy-Schwartz inequality and
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Assumption[5.3] When ¢t = 0, by Azuma-Hoeffding inequality we can get

8log(4/8)nA?c?
b

n
1Yo — Yo|[}< 247 Y ||V fixo) ||+
i=1

(D.8)

with probability 1 — 8. As X, = W (X; +€), by Assumption[5.5]and Young’s inequality

we have

X1 — X117
+7L2 222 _

< X — Xt||F+ /12||Q, Q|lF
+7L2 417212 _ 472 - _

< 1% — Xr||F+ 12IIYz—lel%+mllﬂz—ﬂz—n(ﬂ—ﬁ)l|%
1+7L 4 2)2 _ 8nA2p,(n2C2+ 12

S PR A U 0.9)

where the second inequality is obtained by Cauchy-Schwartz inequality and the last inequal-
ity is because when node i draws perturbation it must satisfy || y,(i) | < C,. Note that Xy = X,.

Sum Eq. (D.9), we have

T —-—
Y 11X — X7
=1
sn2A? 2! _ 5 16nA2(n*C2+ )T
< 1222 L Z 1Y: — Y25+ (1—A2)
2881214 1+/12 9612A4( 1+12 "
< zux[ %+ ZOZII O VA P
t 1
144nL2n27L4(1+7l,2)T ! 16A°n? _ o IS 16nA%p (n2C 4+ )
(1_12)4 ;)wf—"( Az)3|‘YO_YO||F+§(,) (1_12)2

(D.10)
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where the last inequality comes from Eq. (D.7). Whenn < (40122 we have% <
%and
1 & _
_ZHXI_XIHF
214 2 —1 n 212194 2\ T—1
- 192(17 11(21 :rTA Z 2‘1 IETNCNEN 288n1(4 n /{12)(41;/1 )t_o
e e e et
t=0
7372810g(4/8)L*n* A% (1+A%) I ZHXt Xt 24576nlog(4/8) L2 A% (1 +A2) &
= (1—A2)%b, BT F (1—=A2)% BT =0
nlog(4/8)n*A*(1+A%)c? 30728 288nL*n?A4(1+A%) TSl
(1—22) =% +ﬁboT) (1= A2)T ;Omf
L 64 6414n? i‘,HVf P 256log(4/8)nA*n%c? =1 32nA2p,(n*C2 4 1?)
(1—A2)3T 4 (1—A2)3byT = (1—A2)2T
(D.11)

where the last inequality is achieved by Lemma|[D.T} According to the parameter setting, we
have
7372810g(4/8)L*n*A% (1 +A?) 1
(1—-242)*bB -2

Therefore, we have

1 & _
TZHXI_XIHF
=1

- 160000n1og(4/8)L*n?A* Ti 12288nlog(4/8)Bn*A*c?  2000nlog(4/8)n*A*c?
— (1=2)*min{b;B,1}T

= (1—2)%, (1—2A)*BboT
1282402 & , & 64nA2p,(n*C2 4 1?)
+(1 3TZHVf, x0) || +t2‘6 (47T (D.12)
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where we have used the condition A < 1 to simplify the inequality. Moreover, sum Eq.

and we can achieve

1T 1
—ZIIY, Y[
12}{2 T—1 n 36L212 T-1 18”L22,2T 1
S Z Z A (= Z 1% — X |7+ Z @
+#||Y Rl
(1—p)r 70 "olF
361712 1281og(4/6) 18nL*2? 1281og(4/8) !
< 1+— X, — X, ||+ 1+ a)
(1—A)T( b1B ;0” Xz (1—- l)T( bip );6 [
19210g(4/8)nA?Bo?  25log(4/8)nA%c? 4/12 2 o
G-ap T (-aper T aonr gVl
46441log(4/8)L2A% T 23221log(4/68 L27L2 =l
= (1—1)511(;1{/19 )ﬁ 1T & Z”Xt X7+ (1 )fn(m/{b)’; 13T L o
1P 1 =0
2 2 2 2 n
1921og(4/8)nA*Bo?  25log(4/8)nA’c 4& Z”Vft 20)|
(1—=24)by (1—=2)BboT (1-
37152log(4/8)L*n*A4 1] 2322log(4/8 nL27Lz =l
0= )grfm{{lj g7 LI HllE+ );gn(m{{b)ﬁ 07 L O
) 1P =0
19210g(4/8)nA>*Bc? N Zl 7430410g(4/8)nL>A* p,(n*C2 +r?) N 251log(4/8)nA’c?
(1—A)b = (1—A)3min{bB,1}T (1—A)BboT
4&2 d
+— ZHVf, x0)| (D.13)

(1-
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where the second inequality uses Lemma [D.T]and Eq. (D.8). The last inequality uses the

3715210g(4/8)L*n%A% _ 1
sum of Eq. (E . As (_A) min{b: B.1} < 5, we have

lTl

= ZHYt Y7

4644log(4/5)nL2/12 =1 384log(4/8)nA’Bo?  50log(4/8)nA’c?

S0 Amin{bp 0T & T (1-A)br (1-A)BbeT
8/1 T=115000010g(4/8)nL*A* p;(n*C2 4 1?)
+——VIVS; 2y v D.14
(i- Z” fio)l*+ 1 (1= A) min{b, B, 1}T ©-19
which finishes the proof. [

D.3.3 Proof of Lemma(D.3

Proof. By Assumption [5.3]we have

L
F&a1) < f(x) +(Vf(F), X1 — %) + §||ft+1 —fz||2
L

= f(%) + (Vf(%), —nv) +(Vf(%), %1 — % +nv) + —me — %

- n - n _ n,._
:f(xt)—§y|v,|\2—§||Vf(x,)||2+5||v,— FE)I*+ ||Vf( Ak

1 1

+%Hfr+l—ft+77VtH2—%Hfr+l—ft+77‘7t—77vf(fz)\| +§Hfz+1—szz
Loy

1
< 1(8) = WP 05 = VP s =5 45

1 1
2na>r——||w (@)H%Ewﬁnnw—Vf(xt)||2
o1 N2, (M*C2+7?) Loy >
< @ _2Vvy
< f(&) n 5 17l "+ 0 +— 2| Z £
L? _
+ _nn 1X — X |7 (D.15)

where the first inequality is obtained by Young’s inequality and the last inequality is obtained

by Cauchy-Schwartz inequality, Assumption [5.3]and the fact that perturbation is only drawn
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when || yt(i) ||< C, and n; nodes draw perturbation in iteration . Sum Eq. (D.15)) and apply

Lemma[D.T} we have
1 & o 768log(4/8) L*
Flor) < 100 - 3 0= T . [l (1-+ T/, 77ZN& %2
=0
n2c? 2
p(N*C2+r%)  32log(4/8)BnTo 3841log(4/9) Ln
* Z * nb (1 nb B ; Loy
410g(4/5)1‘]62

According to the update of gradient tracker, we have yj, = v,. By Lemma|[D.10| we have

—ZIIX,H—% 1> = a)t+—||(Xt+1_Xt+1) X, — X)) (D.17)

. 1 _
2 S 112 2
; LY I = 1) += Y = Vi[I7 (D.18)
i=1

Divide the term ||7||? in Eq. (D.16)) into three portions and we get

f(&r)
1 =l 1—2)2 1] = 7681log(4/8) L*n 7! _
<0~ g Lo B o= Bl KRN LY -
= 1= =
T—-1 272 2 2 T—-1 2
p:(n°C;+r°) 32log(4/0)BnTo 3841log(4/6)Ln 4log(4/8)no
+ + (14 2SN Y pg T
t;() n I’lb] ( I’lb]B )t:ZO ‘ nﬁbo
l 2T —
nfz Y- zzun+ LY - T
t=0 t=0 i=
2 2 2 2
'p(n*C2 4+ 7681og(4 5 3210g(4/8)BnTo
384log(4/5)Ln =l 4log(4/5)n6
(14 222 TR Y pgy o LA
( b >§0 T By
£ —fz _ ”iiu AP Zzny P
256 nn =0 i= g 20 i= '
768log(4/8) (1—1)? LG =l LR _ 5
+(1+ nb1 3 + 128L2n2) n ;)HXI_XtHF+2n t;,)HYt_YtHF
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384log(4/8) Ln (N 2C2—|-r) 3210g(4/6)/3nT02 4log(4/8)nc?
B ;L +Z nb, LT

T-1

! 2 77 2
sy & o ,%Dl =P ZZHy, [

t 0 i=
=l TBno? c 2C? +
+41' Y Loy +A; pno’ | 4,19 L4, Z LF)JFA Ui ZHVﬁ xo)|? (D.19)
=0 by Bbo =0 n -1

< f(xo) =

2

In the second inequality we use Eq. (D.I8). In the third inequality we use Eq. (D.I7) and
Cauchy-Schwartz inequality. In the last inequality we use Lemma [D.2]and the coefficients

are

A 1+38410g(4/6)Ln ( 76810g(4/8)+ (1-2)? ) 1600001og(4/8)L*n3A*  774log(4/8)LnA?
b nb; B nbi B 12822127 (1—A)*min{b1B, 1} (1—2)
~ 32log(4/9) 4 7681og(4/8) (1—A)? ) 122881log(4/8)L*n?A*  64log(4/5)A?
B n nb1 B 1281272 (1—A)* (1-2)
_ 4log(4/8) g 7681log(4/8) (1—A)? )ZOOOlog(4/5)LG2)L4 N 10log(4/8)A?
N n nb, B 1281212 (1-2)4 (1-2)
768log(4/8) (1—A)% 64A%L*n%  25000log(4/8)L*n*A%
Ag=1+(1+ 73) 2
nb: B 1282127 (1-21) (1—2)3
768log(4/8) (1 —A)% 128A*L*n% 212
As=(1+ 7.7) 3
nbi B 12802027 (1-2)3 '1-4
According to the parameter setting, we have A < ﬁ, Ay < —20(()}(1‘%54 %) ,A3 < —40(1{)55{‘)/26),
Ay <1 7 and As < 2. Therefore, we have
_ 4010g(4/5)no’ <
7)< floo) + =575 s o o e VAl Z Z
62 1 2 5
< fxo) +—+— Y [IVfilxo) "~ Z Z (D.20)
L nLim =0
where
1 (I-2)2& ) O, My @) 200me2o?  Tp(n?C+r?)
= - — — - D.21
which reaches the conclusion. O
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D.3.4 Proof of Lemma|D.4

Proof. For convenience, the iteration that draws perturbation is considered to be included in

the escaping phase. If an iteration belongs to type-A, i.e., p; > %, then at least n/5 worker

nodes are in the escaping phase. If an iteration belongs to type-C, we have %Z?:l I y,(i) 1<

4C2
=

Therefore, there are at least 5 worker nodes satisfying || yt(i) ||< C,, which also indicates
that at least 5 worker nodes are in the escaping phase. Then if iteration ¢ is either type-A or
type-C, there must be n/5 worker nodes in the escaping phase. We denote the set of these
n/5 worker nodes as &;. Furthermore, if this iteration ¢ is not one of the last Cy iterations
before termination, then there must exist n/10 worker nodes out of &; such that they have
not met the condition esc() > Cy and will break the escaping phase before meeting the
condition because of the termination criterion in Algorithm[6] We use %, to denote these
worker nodes.

For each i € %;, we have an interval [a,(i),b,(i)] such that 7 € [a,(i),b[(i)] and node i enters

(i) (i)

escaping phase in iteration @, * and breaks escaping phase in iteration b, ’. Besides, we also

have

b _a < and Hx;’;) —xc(:;,.) 1> Cy
Then by Cauchy-Schwartz inequality we have
i i b i i
T s S D)

Let a, = mini{a,(i)} and b, = max,-{bt(i)}. It is easy to check that b, — a; < 2Cr. Next, we
will perform the refining step. If 7 < ¢’ are two iterations that are either type-A or type-C and

i’ € |a;,by], then we make a = a; and by = by. Let & = Uy[ay, by] for all type-A and type-C
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iterations ¢. Then I can be written as disjoint union of

I =AU SHU---UI (D.23)

because if a; < ay < b, then [a;, ;| and [a,, by] can be merged into one interval. Now we
can see for each iteration ¢ that is either type-A or type-C and ¢ is not one of the last Cr
iterations, we have ¢t € .#. Next we will estimate the descent over .#. Without loss of
generality, we consider an interval .#;. .#; can be expressed by union _#;U---U _¢; where
Im=lay,, by, for some t,,, m=1,---,1. Because of the refining step, we have each t,, is
only included in interval _Z,, and the intersection of any three intervals in _¢1,---, _#;is 0.

According to Eq. we have

1 & C?
-y ¥y " 1—x, N2> —d (D.24)
ni=.55. I+ 10Cr

since L%P . Next, we will consider the intersection of /m and _¢,,4+1. Notice that

when estimating Eq. (D.24) we only add the terms ||xt i ||2
(i)]

on nodes i € %;,, and

in the intervals [a,(i),b . Therefore, for any node i ¢ %, N %, 1> the terms used to

estimate Eq. (D.24) will not be added repeatedly. If i € %,, N %, ,,, we have [at( ),b( )] and
[ (i) (D) )

atm+l7 In+17 V1

b(.) | are disjoint because t,11 € [a;’ | but 1,11 ¢ [at ,b( )] and a node cannot
draw perturbation before breaking the escaping phase. Hence we can sum Eq. (D.24) over

m and achieve

1 & IC3
- I, — 2> (D.25)
l.;,% ' 10C;
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Since the length of each _#,, is not larger than 2Cr, we have

1 : ; |.7;|C3 1 & : ; |.7|C3
Y Y I st and - Y Y e P> o D26)
niZlies, 20C7 = Py 20Ct

Combining Eq. (D.26) and Lemma[D.3] we can estimate the descent over .# by

1-1)%C;  200ne26?  7(nC2+r? 1—1)2Cine?
Z@t2|j|<( ) Zd_ n8262— (Tl v+r )>Z|j|( ) 277
ey 5120nCy (1-14)%C; 4n 10000
(D.27)
according to the parameter setting. [
D.3.5 Proof of Lemma|D.5
Proof. According to Lemma[D.3]and the definition of type-B iteration, we have
2 2 2 2 2.2 AV2(21 2
9> nC;  200ne=  Ir > nC; 200ne‘c > (1-24)"Csne (D.28)
20 (1-21)2c? 207 40 (1-7)2C? 8000000
for all type-B iteration ¢ where we have used the parameter setting. 0

D.3.6 Proof of Lemma|D.6

Proof. Suppose the conclusion is not true and we will find the conflict. Thus, we have the

assumption that there are at least 1 worker nodes satisfying d; < 2C,. First, we define

wi =) =V =5 -5, A=V, # =V fi(x,), £ = VR, ED)
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N

=Y (VEGD D) - VEE.ED) — (VR &9 - VR, &)
ni=
—(1=B)(VEG" D)~ VE (%1, E) — (VEG | &) - VE(E_,,ED))
V=0 = Vi) - (7, - VAE) - &
and

1

A= | (V2f(5+6(% —x) — )d6

S— —

A= [ (VAE+0E—x)) - D)6

Then we have

wi =wi—1 —N(—1 — V)
=wi1 —N(Vf(&—1) =V E_) + 01— V(&) =V +Vf(E_))
1
=wi1—1 [(XH —f;—l)/o VA + 0% —X_))d0+ Vi1 + &

={I—-nA)wi—1 — Tl(At—th—l +Vvic1+G-1) (D.29)

Here term (; is yield from consensus error and does not exist in centralized algorithms.

Applying recursion to Eq. (D.29), we can obtain

-1
wi=({I—nA) " we—n Y I-n) T (Awr 4+ ve+ &) (D.30)
T=s5s+1
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Letg, =N Ztr_:lsﬂ (I—n) """ (Arwr + v+ ). We will prove

1 .
lgell< 5 (1+n9)™ psro (D.31)
which leads to
1 t—s—1 3 t—s—1
5(1+n7) psto < |lwi|< 5(1+m') DsT0 (D.32)

because ||(I — ns) *tweir||= (1 +n7y)' " psro according to the definition of wy, .
We define d = max,<;<syc, {||% — %||, ¥, — %||}. Since at least {5 nodes satisfy d; < 2Cy,

Cs = O(g'~%) and the averaged consensus error is bounded by O(e2(119)) we have

S

- 1
d;<3C; and d<-) d;,<3Cy (D.33)
n:

I
—_

To achieve Eq. (D.31)), it is sufficient to prove

t—1 o _ 1 o
n Y, 0y Aowe |+ vel 1S < s+ 'psro (D.34)
T=s+1
4log(4/8) (1+mny)' " 'Lpsro 1 1
< . ,
[vel| < b P +12nCT(1+nV) Psro (D.35)
1+ A% e Ln(1+ny)'Lpgro 1 51
<8(————) 7 L./p;s ‘ 1 S py
16 ]I< 8(——) VPsto + o) +12nCT( +17)" psro
(D.36)
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which can be derived by induction. When ¢ = s+ 1, the left side of Eq. (D.34)) is 0 and thus
the inequality is satisfied. Suppose Eq. (D.34) holds for ¢ <#,. When t =ty + 1, we have

—1
n Y (+ny)" " Ao
T=s+1
-1
npd Y (1+ny)~2psro < SnpCaCr(1+ny)' 2 pyro
T=s5+1

(1407 psro (D.37)

INA
o\|>—a M| W

where we use Assumption@ and the case of t < 1( in the first two inequalities. We use the
parameter setting of C, in the last inequality. Next, we will estimate the terms related to v;.

By Azuma-Hoeffding inequality we know Eq. (D.33) is satisfied when t = s+ 1. We define

&= (VEE1,60) = VilE11) = (1= B)(VE(E, & 1) - V(%)

= (VE(%31, &) = VAilE40) — (1= B)(VER(E, & 11) - V()

Then according to the definition of v; we have

Define
A (@) b oo g () (i)
&)= [ PR+ 0 - 7.6~ 4 ")ae
A0 _ [ v2 () i)
&)= [[(VR@E+ 0~ 0).6") - ")ae
ORI A Sy O )
&= [ (PR + 00" 7). 67— 4 ")a6
A(i ! i i (i)’ i i
&= [ (VR + 02, —"),6") — )0 (D.39)

177



Then we have

/
&i— &

= it + A it — A Owey = A wie o+ (1= B) (A D+ A )

— (1= B) A w + A w)

= (A = ) wir — (1= Bow) + B = A we + (1= B) (A7 = AT, )w,
(D.40)

According to Assumption[5.3]and Assumption[5.4] we have
1€ — & il|< 2L{[ w1 — wil[+(2BL+3pCq) [ we || +3pCal[wr-1 | (D.41)

Applying Azuma-Hoeffding inequality to Eq. (D.38), with Eq. (D.41) we can obtain

4log(4/8) '

P < 2L e = el +2BL+3pCo) well +3pCal e
nb —_-
48log(4/8) «
< 08O (12— w4592 e ) D42)
no| T=s5+1

since B is ®(¢!?) and C, is ®(e'~%). According to Eq. , we have

Llwz —we ]|
T2 , _
:LH_n%(I_ n%)T_S_ZWSJrI -1 Z n%(l_ TI«%”)T _S_Z(Ar’wf’ + Vo + C‘E')
T'=s+1

+N(Acmiwe—1+ Vo1 + Gt ||

L _
<Lny(1+ny)" " 2psro+ %y(l + 1Y) 2 psro + LN || Armiwee1 + Vet + G|

<2LnY(1+0Y)" 2 pero+ L0 | Ac 1wt + Vo1 + G| (D.43)
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In the first inequality, the first term is derived by the definition of wy, 1. The second term
is derived by the supposition that Eq. (D.34) holds for # < 7y and the fact that Eq. (D.34)

implies

n Z (L4+np) " Y Arwe 4+ v + & < (1+m/)’ I psro (D.44)
T=s5+1

Combining Eq. (D.42) and Eq. (D.43)), we have

48log(4/8)

IvelI* < b Y (LPllwe—we i |P+5p7Chllwe|*)
nbi T=s5+1
270log(4/8)p*C5 2i-s—1) 2.2 , 192log(4/8)L*ny 21—s-1), 2.2
< 1 s 1 s
nbiny (L+n7) psro+ prs (L+n7) psTo
9610 4/8)L*n? 2
g( / ) n Z HATWT—I-VT-FCTHZ
nb] T=s+1
3001og(4/8)p>C3 2i—s—1). 2.2 192log(4/8)L*ny ims—1) 2.2
< 1 s 1 s
nbiny (L+n7) psro+ prs (L+n7) psTo
4log(4/8)L? 2i-s-1) 2,2 500010g>(4/8)L*n2p2r} '3 1+m/) 2(r=s=1)
+ ) (1+n7) psro+ 5 Z
nbinyCs by T=541 —s)?
o 8001log?(4/8)L*ny e
< 1 2(t—s—1) 2.2 1 2(t—s—1) 2.2
— 2887726'%( +TH/) psr0+ nb1 ( ‘Hﬂ’) PsTo

500010g>(4/8)L4n2p2r3 Zbiy 1-|-m/) 2e=s=1)
b% T=s+1 )
_ 10000log(4/8)L*n* (1+77) 2= “*I)szsro

| 21—s—1) 2.2
> b‘h’z (Z—S)z 144712C%( +HY) PsTo
(1+ny)20 == VL2p2g 2r—s-1) 2.2
< 1 s D.45
- (i—s)? ez Y PsTo (D-45)

The exponential term in Eq. (D.36) can be addressed by the following strategy. When

t> O(Ll) the term can be dominated by other terms such as mer . Whent < O(%) it
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can be bounded by

L*n?log(4/8)psrg _ L2n°(t —s)*log(4/8)pirg

n(—20b = (I=A)bilt—s) (D.46)

The term ¢ — s in the numerator will be bounded by 7 in this case and hence it can be

merged to the first term in Eq. (D.33). In the third inequality of Eq. (D.43), we split the

: Cor o~ Ln _g< In g Feody _ 1
last term into two parts: T—s > by and T —s < by Since |, 2 = 7, We can merge

the case T —s > % into the second term and estimate the rest one where 7 — s is small.

2023
According to the choice of 6, we have by > @(e?~973%) and % < O(1) and hence get

the estimation in Eq. (D.45]). We should notice that we use the relation %, < O(1) in our

proof, which is automatically satisfied. By Eq. (D.43)) we can reach the conclusion in Eq.

(D.35). Furthermore, we have

r—1
n Y (1+ny)" " vl
T=s+1
—1
<Ln(1+ny)'po( Y

1 .
— )+ 50 o
T=s5s+1

12

1 1
< Lnlog(Cr)(L+ny) " ' psro+ U+ ny)' ! psro < <1+ ny) " pro (D.47)

The last step to prove Eq. (D.34)) is to estimate the term corresponding to {;, which is a

new term only occurred in decentralized algorithms. Recall the definitions in Eq. (D.39),

we have
ly ! AV ! ! Al i A i i ~ (i
G =Y [+ A" = (A + B — (1= B4 + B = (A + B wi)|
i=1
L , L
=Y A0 =) = (1= By —wi ]+ Y A o — )
i=1 i=1
Ly Al Al 1 =B A i 1-B & A ~ (i
oy LA =B 0w - nﬁZAr(%(Wr(l_Wfl)— nﬁZ(Af%—Af%)wtl (D.48)
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Then by Assumption [5.3] Assumption[5.4] Eq. (D.33)), Lemma[D.10Jand Cauchy-Schwartz

inequality, we have

412 _ _
HCz|!2<—(||Xr — (X = X)F+1Xi-1 — X — (X =X DIIF)

+144p2C(|lwe | *+llwe—1 1) (D.49)

It is sufficient to prove

L= % — =0 < 2R S L e (1!
\/— t F 2 \/]757’() 48nCT ny psro
Ln(1+ny) " Lpsrg
D.50
/b (1 =) (B:50)

because of Eq. (D.49) and the parameter setting. Eq. (D.50) can also be proven by induction.
When 7 = s+ 1 the condition is satisfied. Next we will estimate || X; — X, — (X — X/)||%. By

Assumption[5.5]and Young’s inequality we have

1 — X — (X/ = X))|IF

=W =DN[Xo =X — (X =X ) =Y =T = (Y =T ))]IIF

1+7L2 2n2A2
/’LZ|

1X—1 — X1 — (X — X/ 1)||F+ AR AR A 1|

2n212 t—1 1+A{2 L _ _
Y () Yo — Yo — (Y= 7)lI7

T=s5+1
1+A%, _ i}
+(T), N SYE SRR TR il
X1 B e R R _ 1+A%2,
=1-2 Zﬂ( ) e = Yo — (Y =T [FH—— 5 ) IAR (n—ng) psry
T=S

(D.51)

where we apply recursion in the second inequality and use the definition of the decoupled
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sequences in the last equality. Similarly, by recursion we also have

1Y =%, — (v = 7))

1+12 _ YRR B
< Y1 =Y — (Y —Y/—l)H%JF 2 Vi =Vier = (V/ =V )IIF
d 1—|—7L2
- =¥ A v v v (D.52)
T=s5+1
Combining above two inequalities, we achieve
1X: — X — (X! — X))|IF
2 214 t—1 1—|—7LZ
< oAy Y = Ve Vet — (Vi— Vi)
T= s+l
1+A2,
+ (=) A (= n)parg (D.53)
()

According to the update rule of v;” we have

i = ) = =B = 0 )
DN+ (1 =p)VEEY,, &M
~EED,, D) — (1= B)VERD,, D))~ vREEY, £9)

+(1-BWVEEY, £D)] (D.54)

=VEED, D)~ (1= B)VEGD D)~ VR E

Then mimic the estimation of V;, we can obtain

IV = Vit = (V/ =V )II7

_ 32log(4/8) 'y 'z
<= L LRI w4+ (2BL+ 3pCa) e |+3pCal i P

T=s5i=1

+4L2 Y wi” =i |2+36p2C3 Y [Iwi” |2 (D.55)
i=1 i=1
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Combining above inequalities and the parameter setting of 3, we can obtain

1+A%,
fIIXz — (X =X (—— 2 ) A2 pyrg
2000log(4/8)n?p?Ci(t —s)A*  T2n2p2CIA* . ' 1+AY L (1—T) & ()2
< I oA L () Ll
500log(4/8)L*n%(t —s)A* 80244 ' 1+A, (-, ) @)
+( (1—l>2b1 + (1—1)2 Tzs;rl( 2 ) n ;HWT W'L'fl”
Lyt 20001log(4/8)(r—s), ' 1+A2 s L )
2000log(4/8)n?p>C3(t —s)A*  72n?p*CiAt . ' 1+7LZ et 5
+( (1*1)2b1 + (171)2 )T:;H( D) ) (t_T)HWTH
500log(4/8)L*n*(t —s)A*  8LPn?AY "o 1+A% B )
+( (l—l)zbl + (1_/1)2 )T:ZS:+1( 2 ) (t T)HWT WT—lH (D56)
Using Eq. (D.32)), Eq. (D.43)) and Eq. (D.50) we have
*th — (X =XD)|7
t—1 2 2
gmﬂl” P 2pd Bty gy Y (WA e
2 T=s5+1 2
t—1 2 2 _
4 By(14+ny) 2501222 Z ((1‘1‘A )(L+1n7) yioel ! 72
T=s+1 2 (T—S)
+(1+27L ) P perg (D.57)
where
Bl 41%n? (32+200010g(4/6)(t—s))+384L2 Z(SOOlog(4/5)L2n2(t—s)+ 8L°n? )
Ny yE: b n (1—2)2b, TEE
B — 1 (24 12510g(4/5)(t—s)) 450010g(4/8)n?p*C3(t —s)  162n2p*C3
T 2(1-2)2C2 by (1—2)2b, (1—A)2
1 500log(4/8)L*n*(t—s)  8L*n?
8L*N*Y* + 5411 p>C;
B 4810g(4/5)L2n2(50010g(4/5)L2n2(t—s)+ 8L*n? )
B by (1—-2)2b (1-2)2
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L4774(1 + T”/)2(zfs71)
(1—1)2b,

200010g(4/8) (1 — s)
by

(32+

) (D.58)

Ift > O(ﬁ), IZ(%)’*S*1 is small and the first term of Eq. (D.57)) can be merged to the

second term. Otherwise if < 0(&), it can be merged to the last term according to the

. . 2 2 2
parameter setting of 1) and ;. When € is small, we have (1+2 )gm”/) < 32)” . Hence the

second term of Eq. can be bounded by Lemma [D.8] The third term of Eq.

can be estimated by Lemma [D.9|(the case of ¢ < O(ﬁ) can be addressed by the parameter

setting of i and b;). Therefore, we can prove

L? 1+22 1
=X, X — X)) <4 S —
|| =X —( DIF <4(—— > 23041Cr

(1 +ny)* '~ VL2pirg
16b (l — S)2

)L porg + (1+ny) X —Vplrg

(D.59)

because of the parameter setting. We should notice that here we also use the relation

iy < O(1), which is always satisfied according to the setting of b;. Based on Eq. (|i§.49

and Eq. (D.59), it is easy to check that { satisfies Eq. (D.36). Moreover, we have

—1
n Y (A+ny)" Y&

T=s+1
o —1 4_*_& . —1 1 ]
<Ln(1+ny) " pro8 Y ( R Y )ty Upsro
T=s5+1 T=s5+1
80 t—s—1 1 t—s—1

< In(;—7 Hlog(Cr))(1+ny) " psro+ 5 (1L+nY) pero

1 B

<40y psro (D.60)

where the first inequality is derived by

2 2 2 2
1+2/I §(3Z7L 1 and (3+A L(1+ny)§4+5/l

(D.61)
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Now combining Eq. (D.37), Eq. (D.47)) and Eq. (D.60), we can reach the conclusion in Eq.

(D.34) and finish the proof of the induction. Recall the assumption at the beginning, we have
1 _
S (1+1Y) T paro <wep <2d < 6C (D.62)

since ||% — X || < || X — Xs||+]|% — %] Eq. implies that

< log(12Cu/(psro)) _ 2log(12nCa/r0)

< (D.63)
"= " log(1+1y) ny

which conflicts with the definition of C7. Therefore, the proof of Lemmais finished. [

D.3.7 Proof of Lemma/(D.7

Proof. If node i enters the escaping phase in iteration s’ before iteration s and does not break
it in iteration s+ Cr, then for s <7 < s+ Cr, we have Hx,(i) e |< ||x,(i) —ng) H+Hx§i) —
xs) |< 2C,4. Therefore, there are at least {5 worker nodes satisfying maxy<;<sc; I -
||< 26,

Suppose mineig(V2f(%;)) < —&y and e; is the corresponding eigenvector. Let .7
denote the region of the perturbation on node i that PEDESTAL will terminate in iteration
s+Cr, ie., {5 workers will not break the escaping phase. Then by Lemma we can
conclude that there must exist one worker node such that the projection of .; onto direction
e is smaller than ry. Since the perturbation &; is drawn from uniform distribution, the

probability of §; € .%; can be bounded by

. .\ _ ToV(Ball(d—1,r))
Pr(éie 7)< v (Ball(d,r)) <o (D.64)

where V (-) denotes the volume and Ball(d,r) denotes the d-dimensional ball with radius r.
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The last inequality is achieved by the definition of ry. Therefore, we can prove that X is a

second-order stationary point with probability at least 1 — J. [

D.4 Additional Theoretical Result

In this section we will provide some additional theoretical result of our PEDESTAL
algorithm. First we will demonstrate the convergence analysis of the case €y < \/€, i.e.,
o > 0.5. Next, we will discuss the strategy of using fixed number of iterations in each

descent and escaping phase, which motivates the design of PEDESTAL.

D.4.1 Smaller Tolerance for Second-Order Optimality

When €y < /€, the conclusions of previous Lemmas are still satisfied except Lemma
In this case, C; = ConCre! where u = 2o > 1. Parameter C; should be smaller than
the original setting in Lemma [D.4] which results in more iterations to converge. Fortunately,
the analysis of Lemma[D.4]can be adjusted and we can achieve Theorem[5.2] The proof is

provided as follows.

2
Proof. The fourth term of %; in Lemma|D.3|is derived by nﬁb_lc and at this time we will set

by > &~ (2#=1-6) o that the € term is replaced by €. The last term of Z; can be written as

SAURS RIS y Tm*C+1%)

=0 an " iez an

(D.65)

where 7 is the set of all pairs of (¢,i) such that node i draws perturbation in iteration 7.
We can divide & into two parts. &7 contains all pairs of (7,7) such that node i breaks the
escaping phase within M iterations, where M is an integer to be decided later. The rest part

is denoted by &,.
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For any (z,i) € &), suppose node i breaks escaping phase in iteration ¢ + m, where
m < M. Then node i will never draw perturbation between iteration ¢ and iteration ¢ + M.

Mimic the steps of Eq. (D.22)), by Cauchy-Schwartz inequality we can obtain

t+m

Z ) — 5 e S (D.66)

Let M = £ 2729420 Then we have

(1-2)*" (i 1(n*C2+r%)
S21 glr A T (D67)
and
(1_ 21+m n i) ) 1 7(7]2C5—|—r2)
H 17> - — v 7 (D.68)

by the parameter setting of C,. On the other hand, if (z,i) € £, then node i will not
break the escaping phase in M steps and hence the perturbation step will not execute, either.
Therefore, we have estimation

1 MG+ _ Ti 71(n*C; +r?)

n Z - 4Mn

(D.69)
n (t.)eP 4n =0

With Eq. (D.68), Eq. (D.69) and the new setting of by, the descent in Lemma[D.3]can be

improved to

.@z:

1 1-2)2 & 200 eto?  T1(2C:+7°
St Ll = P - URS Rl

161 " 5120m = —A)2C2 4Mny

When 6 > 30 — 2, we have §4—2 < 2% and Lemma [D.4] still holds but the conclusion is
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changed to

(1-2)*Cnet
10000

Z D > |j |
teS
In this case, PEDESTAL algorithm will terminate in O(¢~%~2#) iterations. In Lemma
and Lemma[D.7] we need the relations
n°CiCi

n
et <o), <o) (D.70)

which implies b; > O(e=%~%). Therefore, we set by = @(g~max{4a—1-0.0+a}) yith the

condition @ > 3o —2. When ¢ < 1, we set 6 = %, which satisfies 8 > 3o — 2 and

So—1
4a—1-0=0+0= > (D.71)
The gradient complexity in this case is
O(e "5 &%) = (e 81 (D.72)

0(8—(705—2) . 8—(4&—2)) — O(e—lla+4) (D73)

which finishes the proof of Theorem [5.2} O

Therefore, the gradient complexity over all cases of & can by written by

O(e 7 +eg® +etey') (D.74)
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D.4.2 Phases with Fixed Number of Iterations

If a decentralized stochastic perturbed gradient descent method adopt the strategy of

fixed number of iterations in each phase, the gradient complexity in the descent phase should

be at least O(£73) to ensure the first-order stationary point. But the total descent of a descent

phase could be small because it is possible that it is stuck at a saddle point after only a

few steps. Hence we need to consider the descent in the escaping phase. According to

Lemma [D.3|and Lemma|D.4|we can see the descent of an escaping phase is O( ) As

the conditions 1C;Cr < O(1) and Cr = O(-+- e

) are required in Lemma

D.6

we can obtain

that the total descent of an escaping phase is no larger than 0(8[3;). In the classic setting

of ey = /€, the total descent of an escaping is upper bounded by O(e!

). Consequently,

the total gradient complexity to achieve (&, +/€)-second-order stationary point is at least

O(e~*3), which is worse than the result of our PEDESTAL.

D.5 Auxiliary Lemmas

Lemma D.8. Let O < a < 1. Then we have

t

Zt: 1—d ta
= 1—(1)2 l—a

Lemma D.9. Let 0 < a < 1. Whent > O(1L), we have

t ‘El 8
; t—l—l—‘L’ 12(1 —a)?

Proof. When 7 < £, by Lemma we have

ta" ! 4

) o g T

<t/2
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When 7 > £, we have

7a"! t 1
Z a—zg Z ,raf—l Sal/2(

T D.76
T>1/2 (t+1-7) >1/2 2(1-a) (1—4)2) ( )

Therefore, we can reach the conclusion when r > O(ﬁ) O]

Lemma D.10. (Definition of Variance) For any random variable X, we have
E[X —EX])? = EX? — (EX)?

Lemma D.11. (Lemma D.1 in ([15])) Let €14 € R? be a vector-valued martingale difference
sequence with respect to Fy, i.e., for each k € [K|, E[&|.Zi] = 0 and ||&||< By, then with

probability 1 — & we have

K K

1Y &< 4log(4/8) Y B; (D.77)
k=1 k=1
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Appendix E:  Appendix of ChapterH

E.1 Convergence Analysis of Generalized GDA

First, we will provide the proof for the following essential Lemmas.

Lemma E.1. For any x and X that satisfy ||x' — x|| < lx(Hfo(xg*(x))lleG

have

Iy (x) = y* (I < klx =]

Proof. Since y*(+) is the maximizer, for Yy € %" we have

(y=y"(x), Vyf(x,y"(x))) <0, (y=y" (), Vyf(x',y"(x'))) <0

Sum these two inequalities together and we can obtain

(" (x) =y (), Vy f (' y* () = Vy f(x,y" (%)) <O

As function f is strongly concave with respect to y, we have

R () =y ()P < (7 () =y (), Vo f (6" () = Vi f (¥ (1)
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Combine above two inequalities and we achieve

Y () =y (@)IP< 0F () =" (), Vo f ey (6) = Vi f ()" (1) (E.5)

When |[|x" — x||< a

G .
VoG )F0) for some G > 0, by Assumpt1on we have

IVyf (3" () = Vi f Ly D 1< B (Vo f Cey™ (o)D) - [lx =] (E.6)

When % = R%, we have ||V, f(x,y*(x))||= 0. As function /y(-) is non-decreasing, we have
1,(0) <1,(4Gy). When f is Lipschitz smooth with respect to y, function /,(-) is constant L,
and we still have /,(2G,) = L,. Combine Eq. and , we can reach the conclusion
in Lemmal[E. Tl O

Lemma E.2. For any x and X' that satisfy ||x' — x||< m for some G > 0, we have

IVD(x) — VO () || < 2L (| V()| +G) - [|x — | (E.7)
B() < Dx) + (V)X ) + k(| V)] +6) - x| (E8)
B(x) 2 D(x) + (V)X —x) — k(| V)] +G) - x| (E9)

Proof. By LemmalE.TJand Assumption[6.3] we have

IVO() = VO)[| = [[Vaf (3" (') = Vi f (x,5" (%)
< L(IVR@)+G) - ([l = x| +[y" () =y ()]])

<2k (V) |[+G) - [« —x]| (E.10)
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Hence for any z(¢) = x+¢(x’ — x), we have
IV (2(t)) — VP (x) || < 20Kl ([|VR(x) [[+G) - |3 — ] (E.11)
Since we have the equation
1
D) = Bx) + (V)X — )+ [ (VO((1) ~ @)X — vt (E12)
0
we can obtain

1
[D(x") — D(x) — (VO(x),x" —x) || < 2KL(||VR(x)||+G) - [|X' — x|/ /0 tdt

< KL([[VR)[+G) - x =¥ (E.13)

which leads to the last two inequalities in Lemmal[E.2] O
Lemma E.3. For any x, we have

IVR() < 4xl(2] V() ) - (P(x) — @) (E.14)

Vd(x)

/ _ —_— 7
Proof. Letx' =x 2xL 2V

. By Lemma [E.2| we have

Vo(x)||?
d* < P(x) < D(x) — | (E.15)
= P =0 Ve
which implies the conclusion of Lemma [E.3] O
Lemma E.4. For Vx and y, we have

IV £ ) [1P< 2 LIV F ) 1) - (F (6,5 (%) = £ (x,3)) (E.16)
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Proof. By Assumption |6.3|and the definition of maximizer y*(-) we have

Vyf(x:y)
fy* (x) = fOry+ o )
L2[Vyf )l
1 1
> flxy)+ 1V (e, ) [P = V5 eI
L[V fe) ) 2,2 Vyf ey ) "
1
= f(xy) + IV f (e, y) 1 (E.17)
24,2 Vyf (e
which implies the conclusion in Lemma [E.4] O
Lemma E.5. Ler 7, = m My = (2G and [lyo —y5l[< 77 e Gy When & =R®,
we have |[VO(x,)||< G, [|Vaf (x1,y)| < 2G, [|Vyf (¢, 3:) |1 < Gy and ||yz vilI< 15e for
all t > 0, where constant Cy = min{1, 5" ;g’“ gy }.
) x

Proof. We apply mathematical induction to prove the conclusions in Lemma[E.3] According

to Lemma@ and the definition of Gy, we have ||[V®(xo)||< Gx. As [[yo —y5l|< ; 2G o6y <
MW, by Assumption we can further obtain
IVxf (x0,y0) = V®(x0) [ < L(2Gy) - [[yo — yol < G (E.18)

which implies ||V, f(x0,Y0)||< 2G. Hence the conditions of case t = 0 are satisfied.
Assume that the conclusions are satisfied for case + < . When t = 7+ 1, by the

requirement of 71; we have

Gy G,
Nel|Vaf (xz,y7) | < 21 G < I (E.19)

2Gy) = (Ve[ 1Gy)

where we have used the induction assumption ||V, f(xz,y7)||< 2Gy and [|[V®(x;)||< Gy.
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Then we can apply Lemma [E.T]and Lemma [E.2]to achieve

Iyt — Yzl < Kllxeg1 — x| (E.20)

and

D(xry1) < Plxg) + (VP(xe), x4 1 —Xe) + KL(2Gy) - g1 —xe]?
= P(xg) — Ne(VP(x7), Vaf (xe,y7)) + Klx(2Gy) - n§||fo(xf,yr) ||2
= D(xe) = T IV(re) |4+ Vi (e ye) = Vxe) P =21 = 26L(2Gs) 1) | Vi (s ye)

< () — T [Vre) PV e, ) — VL) P (E21)

where the last inequality is obtained by the condition of 1;. Next we will prove ||y;,1 —
Ve llS 15—5) According to the update rule of y and the non-expansion property of

projection, we have

yE=yertl? = [vE = o (ye + 10y Vyf (xe,37)) |12
< ||y>; —Yr— nyvyf(xrayr) “2

= |lyz —yer—Zﬂy(Vyf(xr,yr),yi —yr) + TIyZHVyf(xr,yr)llz (E.22)

As function f is strongly-concave with respect to y, we have

(VoS (e ye). 5 = e) > SlIys = yel P+ (oo, y3) — Flwe, ve) (E.23)
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Combine Eq. (E.22), (E.23)) and Lemma[E.4} we have

vz =yest? < (1= puny) Iy = yel> =20y (1 =1y [,(2Gy)) (f (x2,57) = f (¥, 7))

* 1 *
< (1= pmy)llyz = yel*< (1= )llyz =yl (E.24)
where we have used the induction assumption || Vy f(xz,yr) || <Gyandn, = ﬁ Combine
Eq. (E.20), (E.24), the induction assumption |[y; — yTH< 7 and I\Vif(xz,y7)]|< 2G,,
we have
Ve = Yol < vz =Yoo — ¥zl
< (1= s = yel eV f eyl < (1= 5 ) o 4 216G <
R TR L L PIINCTeR B N e N
(E.25)

. . . . Gy
where we have used the requirement of 1¢ in the last inequality. As |ly; — yi||< INGIeN] <

Gx . .
INICIESIE=AE by Assumption we can obtain

IV f (xe, ye) = V(o) [P < £ (2Gy) - [lye — 7P (E.26)

By Young’s inequality we have

ye =3 < (14 5 )b —ye|P+2kyE = vi_, |2
< 2K Kk—1
—2k—1

1 *
< (1= 5+ 42 22G) et — i P49 02 [ V(e 1)

ye—1 =yt lP426° 07y [ Vif (oe—1,e-1) |2

1
< (1= )lye- —yia P4 [V xe) | (E.27)

where the second inequality is derived by the same way as Eq. (E.24) and (E.20); the third
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inequality is derived by Cauchy-Schwartz inequality and Assumption [6.3}; the last inequality
is derived by the condition of 1;. Let y =1 — ﬁ. Applying recursion to Eq. 1i we can

obtain

e = YiI*< ¥ llvo =5 +4K3Z T2 V(x| (E.28)
s=0

Inserting Eq. (E.26) and (E.28) into (E.2T), we have

Blre10) £ B(xe)— V) P+ TER (1 4 B 7 on2 v )

(E.29)

Applying recursion to above inequality, we can achieve

¢ 132G * ¢
Blre11) < B(xo) - Y 0 (1- 46702226, Zaf V(g 2 o=l L7

t=0
T T

<@(w) = Y. 2 (1-16x*072(2G:) ) IV [+ Y7

= = 321<21 (26G,) ) =
T 157, G2

< _ -

@)~ ¥ S IV G (E.30)

where we have used the setup of 1; and ||yo — yj||. According to the definition of Gy, we

have

* * U 1577t
Bri1) — B < (D)~ ) - Y
t=0

IV () |2 +(@(x0) — D) < 2(P(x0) — D)

(E31)

Combining Eq. (E31)), Lemma|[E.3]and the definition of G,, we can reach the conclusion

G, G, -
that [|[V®(x711)||< Gy As |[yer1 =y IS 6y < WIveR DGy by Assumptlon
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we can obtain

||fo(xr+17)’1+1> - V(I)(x1+1)||§ lx<2Gx) ) ||)’1:+1 _)’:-4-1 ||S Gy (E.32)

which implies ||Vyf(x¢41,Yc+1)||< 2G,. Finally, we need to estimate ||V, f(xz41,Y7+1)]]-

We have
IVyf Gest, o)l = Vo f (ot ver1) = Vif (o1, 20|
Coly(0)G,
<1,(0)- —yi < == <G E.33
<HO): Iveri—enll< ey <G B3
which is obtained by the definition of constant Cy. [
LemmaE.6. Lern, =1 < ——%__ n = andHy b H< COGX When l,(-) =L
161(21 (2G,)” 'Y ( 0= Joll=7,2G,) Vr

we have ||VCI>(x,)||< Gy,

Vif e, y) IS 2Gy and ||y, — y7|| < lxc(%gi) for all t > 0, where
zx ZGA G‘
2

constant Cy = min{1,

Proof. Different from the case % = R%, we do not need the upper bound for Vo f (Xe,y1).
In Lemma [E.3] the only place that needs the condition is Eq. (E.24), which requires
L, (2||Vyf(xe,y7)) < 1,(2Gy). However, when f is Lipschitz smooth with respect to y, this
condition is always satisfied since /,(-) = L,. The rest part of proof is the same as Lemma

O

With Lemma |[E.5] Lemma [E.6|and Eq. (E.31), we can reach the conclusion in Theorem
[6.1] When S; = S, the result of Corollary [6.I]can be directly achieved by Theorem [6.1] Next,
we will prove other corollaries using different options to compute S;. By Cauchy-Schwartz

inequality, we have the following conclusion based on Theorem [6.1}
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Lemma E.7. Suppose the conditions in Theorem[6.1|are satisfied. Then we have

= 5(P(x0) — @*) (X' S
(ZHV(I)(xt)H)zS ( ( ) )( t=0 t) (E.34)
=0 n
We also need the following LemmalE.§|
Lemma E.8. Suppose the conditions in Theorem[6.1|are satisfied. Then we have
T—1 T—1
Y Ve y) <2 ) V()| +4KGy (E.35)
t=0 t=0
Proof. By the proof of Lemma [E.5] we have
IV (et 30) = V(x| < Le(2G) - [lyr — 7 | (E.36)

By Eq. (E24) we have

1
e =y Il < lyima = el =y < (U= ) - e =y a - xmea [1Vaf (-1, ye-1) |

2K
1 *
< (1= o+ K1l (2G) - et = i[RI [V (1)
1 .
< (=) e =yl xme 1 [[Ve(x—1) | (E.37)

Lety=1— ﬁ. Applying recursion to above inequality and we can obtain

t—1
Iy =y 1< Yllyo—yoll+x Y. ¥~y [VO(xy) | (E.38)
s=0
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Summing Eq. and combining with Eq. (E.38), we achieve

T—1 T—1 T—1
Y IVef (i, y) = VO(x,) || < 4KL(2Gy) - [[yo — yol|+K1:(2Gy) Y, nil|[VR(x) |- Y v
t=0 t=0 s=t
1 T—-1
<AKGet 7 ) [V (E.39)
t=0
Hence we can reach the conclusion of Lemma [E.8l ]

When S, is computed by option (1) or (4), we have Y. ' S, < YT V. f (xi, 1) || +Te

and
1T1 10(P(xp) — P*) 171 e(P(xg) — P*)  4KG(P(xg) — D)
ZHVCID x) |2 T Z||VCI> x)|) + T + 72
(E.40)

The first term on the right side is the dominant term when we have = O(%) and T =

O(x*¢%). We have

1 &l 20(P(xg) — P*)
— ZHVCI) (x)]|< nT

(E41)

which implies the result in Corollary [6.2] When S; is computed by option (2), we have
we have ):tT;()l Sy <log(T) Z,T;ol |Vif (x¢,3¢)||[4+T €. Mimic above steps and we can achieve
Corollary [6.3] Therefore, we have completed the convergence analysis of the Generalized

GDA algorithm.

E.2 Convergence Analysis of Generalized GDmax

Lemma E.9. Let 1), = § < 15— = oy K = xlog(g) and |yo - y3I< Coix

T6x7,(2Gy)” I (2G.)"
When % = R%, we have ||V®(x;)|| < Gy, ||Vaf (xr,v:) || < 2Gy

(xtayl)HS Gy and ||YI -
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*||< Con ZGX Gy

for all t > 0, where constant Cy = mln{l

} nd 6 = mln{4,121 )}

Proof. tis easy to check that the following result in Lemma [E.5] are still satisfied.

D(xrr1) < DPlxr) — _qu)( o|? + Hfo(xT,yf) V(x|

ml (2G,)

< P(xg) — 7T||V¢(xr)||2+ >

vz —yi|? (E.42)

The difference is the way to estimate ||y; — y%||. As we have

V. f(xe,y0)I< 2 < E.43
MoV ey 12200 = 106 = vty B
by Assumption [6.3] we can achieve
IVyf e,y [ S Vo f (e, y2) = Vof (o, ye) [+ Vo f (e, y2)
< L(2Gy) - Me||Vif (x2,37) [+Gy < 2Gy (E.44)

where we have used the definition of 1; and constant Cy in the last inequality. y;4p is
computed via a nested loop, which can be regarded as a strongly-convex minimization
subproblem starting at — f(x;11,yz). According to the result in minimization problem

(theorem 4.3 in [57]]), when we set 1, = [NETen) and K = Klog(%), we have

4G

* * 2 * *1(12 *
st = Yig1? < Ollye —yi 1 [IP< 26|[yhey — yill*+26][ye — yil?
2..2 2 2 C2G2
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where the last inequality is achieved when 6 < . From Eq. ( we can also obtain
2
[ye+1 = Yequll

(26 +4e:<2n%z§<zc Dllye —y32+40 2022 (2G,) |V (xr)
< 301ye P+ [ V(ee) P

(E.46)

where we have used the setup of 7, to simplify the inequality. Applying recursion to Eq
(E.42)) and (E.46)), we can obtain

T 2 2
D(xr41) < P(xg) — Z, ( %)”V‘I’(’Q)” *3 zG(zG)
; G?

; (V)| T Kl (2Gy)

(E.47)
where we have used 6 < mm{4, 206y 2G o llvo — y0||<

ZGx) and n, < m. According
to the definition of G, and Lemma [E.3], we can obtain ||[V®(x711)||< Gy. As [[ycy1

yTJrl |< I 2Gx) < G , by Assumptionwe can obtain

X
IX(HVCD(XTH)H"‘GX)

||fo(xr+17)’1+1> - V(I)(x1+1)||§ lx<2Gx) ) ||)’1:+1 _)’9;-4-1 ||§ Gy (E.48)

which implies ||V f(xz+1,Vc+1)|| < 2G,. Finally, we need to estimate ||Vy f(x741,y7+1) ||
We have

IVyf et yer DIl = Vo f (et 001) = Vif (o1, ¥4
Coly(0)Gy
< 1,(0) - —vi <L G E.49

which is obtained by the definition of constant Cy. Hence we have finished the mathematical
induction.

0

Lemma E.10. Ler 1, = & < <0 n, = -~ K = xlog(}) and ||lyo — y§|| < ;0%

¢ el =5, = Tox1, (26, ' = (4G, glg Yo—Yoll= 1,26,
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When I,(-) = Ly, we have ||V®(x;)||< Gy, ||Vaf (X, y)||< 2Gx and ||y, — y7|| < ZCO x for all

+(2G,

t > 0, where constant Cp = min{1, —G)} and 6 = min{j, 12( 2G )}

Proof. Different from LemmalE.9] in this case we do not need to estimate an upper bound
for Vy f (x;,y;). In the case of Lemma the upper bound of V, f(x;,y;) is required because
when solving the /,-smooth strongly-convex subproblem, the stepsize and complexity are
affected by the initial gradient norm. But when the function is Lipschitz smooth, the

requirement is unnecessary and we can set the stepsize to 1, = Li [
y

Based on Lemma [E.9] Lemma and Eq. (E.47), we can reach the conclusions of
Theorem [6.2] and Corollary [6.4] Mimic the steps of Lemma [E.7]and Lemma[E.8] we can

prove the results in Corollary [6.5]and Corollary [6.6]

E.3 Convergence Analysis of Generalized SGDA

In stochastic algorithms, we need the following auxiliary Lemmas.

Lemma E.11. Let vector X be a stochastic variable. Then we have
0 <E|X —EX|*=E|X|*~|EX|*< E[IX|? (E.50)

Lemma E.12. Let X{,X>,---,X,, be n independent stochastic variables of which the means

are 0. Then we have

n n
E[IY x> =) E|x|? (E.51)
i=1 i=1

Next, we will provide the proof for Theorem [6.3] Here we will only consider the
case of Z = R® because the operations for the case /y(-) = L, is similar to deterministic

algorithms. For convenience, we denote 1; = Sﬂ[ Recall that in the stochastic case constant
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G, is re-defined as follows:
G, = max{u > O[u? < 32kl (2u) - (®(xg) — P* +0%)/5}

Proof. First, we define

P . _ 8(P(xg) —@* + 0 . CoG
Tp = min{ min{z | ®(x;) — P* > (®lxo) 5 )0r||)’t—)’;||>—l o 1T}
+(2Gy)

(E.52)

We will prove that the probability of Ty < T is small. According to the definition of G, and

Ty, we know when t < Ty, we have |[V®(x,)||< Gy and ||y, — y7|| < lC(%gx)_ From the proof

of Lemma|E.3] it can also be checked that ||V f(x;,y,)||< 2Gy and ||V f(x:,¥:)||< Gy. By

the update rule of y we have

1y; =y I = Iy — Ty (e + My ) ||
< lyf — e — myue?
= ||y;k —yt||2_277y<”t _Vyf(xz,)’t)a)’: — YVt — nyVyf(x,,y,)) —2ny<Vyf(xz,yt)»y§‘ — Y1)

5 [V f Cor v 12405y — Vo f (e, i) |1 (E.53)

When ¢ < Tp, taking expectation on &, by Eq. (E.23)), Lemma[E.4/and Lemma we have

. 2 1 . 2 M0
Elly; —y+1]]7< (1 —;)EH% — | +b— (E.54)
Y
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Hence by Young’s inequality we have

2 2 2
Bl —yenll” < (1+ JEIY: =yt [ +26E ]y — ¥/l

2k —1
1 . n2c?
< (1= Bl P2 e
1 . 6K3n2c2  nlc?
< (1= 5 + 610 L (2G))Elly; — 1| +61° B[V (x| 4+——— + =
2K by b,
< (1= —)E|y; —y|[*+6x’n? G ’ X E.55
—( 41() ||yl‘ yt” + K nl‘ x+ bx by ( )
Applying recursion and the setup of 1;, we can achieve
. 1., . 8C2G> 8Cic?  4xknic®  8CIGE
Elly; =< (1= =) llyo =l P+ 52254 7 <
4K 9612(2G,)  961%(2G,)by by 1612(2G,)
(E.56)
2 192x6212(2G, ” X
for t < T;y where we have used b, > g—%, by > % and the condition of ||y — yo||.
Mimic the steps in Eq. (E.ZI)), we can also obtain
D(x41) < Px) + (V1)1 — %) + KL (2G) - [[xi 41 — x|
= ®(x;) = 1y (V1) vr) + KL:(2Gx) - 1 vi | (E.57)

for t < Ty. Taking expectation on &, by Lemma|E.12| we have

— 21 = 2K {2G,) MBI Vaf (a1,30)

kl.(2G,) -ntc?

by
2t kl(2G,) -n*o?
by

12(2G,
<Eo(x) - TE|Va(y)|2+ M)

E|lyi — (E.58)
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From Eq. (E.55) we can also achieve

) Lo 6x’n2c?  nyo’
Elly; =wlP< (1= 22 Ellyi_t =yt [PH6 7B VO (-1 ) ||+ ——— + =
4k by by
(E.59)
Let y =1 — - and apply recursion to Eq. |D then we can obtain
2 DTS = BP A ,, 8%Cjo’  4xmjo’
E|ly; — < 0— 6K TTNE| VO
I =< o= ol +66° T ¥~ BNV P g )
(E.60)
Insert Eq. (E.60) into Eq. (E.38)) and summing over . We have
Bd(x,1) < B Z % (1- S GV p v, 4 SO sy SO D
X, (x — ——|yo —
r+1) 0) 24 N0 T 3041 (26,
53c3o2 +1 21(2G) 0% (141
| B | LRG0+ E6h)
9216x2%1,(2G, )by 24xb,
192x6212(2G, 1.(2Gy)
AT = 55, bx > &5 . by > max{ 5523(2(0},) )’5272((20 >} we have
Ed(xin) < (o)~ ¥ OFEVO) e 0% io?  (E6)
2 X0) — )|t sm=m :
=TT A g) 32kl (2Gy)
According to the definition of Gy, for all t < Ty we have
Ed(x,) — ®* < 2(D(x) — D" +06?) (E.63)
If To < T, then we have ®(x;) — P* > w or ||yr — y/|I> ICOG)‘) att = Tp.
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According to Markov’s inequality and Eq. (E.56)), we have

C3G? C2G? b
P V%> 20X =) < Elly — v, |12/ (=02 < = E.64

According to Markov’s inequality and Eq. (E.63)), we have

8(P(xp) —P* + 02 8(P(xg) —P*+02) &
Pr(CID(xt)—CID* > ( (XO) 5 +0 )|IZT0) < (Eq)(xt)_cp*)/ ( (x()) 5 +0 ) < Z
(E.65)
By union bound we have
Pr(Ty <T) < Pr(|ly: — vy ||*> CoGi it =Tp) + Pr(P(x;) —P* > 8(®(x) —&" + o) lt="Tp) < °
0 > Yt — W 2(2G,) =10 t 5 =10)>5
(E.66)
If Ty =T, by Eq. (E.62) we have
1S E(|VR(x) > 5(P(x0) — D* + 02
1 Z [V (x|l < 5(P(xo) +07) (E.67)
T = \Y nT
By Markov’s inequality, we have
1S IVR(x) > 10(P(x) — P* + o2
1 Z [V (x|l < 0(P(xo) +07) (E.68)
T = S; onT

with probability at least 1 — g. By union bound, we can finish the proof of Theorem [

0Cy

821,36 By Theorem|[6.3| we have

When $; = §, we can set 1, =

11! 480(®(xg) — P* + 02)€?
= 2 Vo)< S O)C ) (E.69)
t=0 0
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which reaches the conclusion of Corollary Mimic the steps in Lemma [E.7] and Lemma
[E.8] we can prove the results in Corollary [6.8]and Corollary [6.9]

E.4 Convergence Analysis of Generalized SGDmax

In this section we will provide the proof for Theorem[6.4] Here we will only consider
the case of % = R% because the operations for the case ly(-) = Ly is similar to deterministic

algorithms. For convenience, we denote 1, = %

Proof. Similar to the analysis of SGDA, we define

8(®(xp) — P* 4 62)

: . CoG
To = min{ min{z | ®(x,) — P* > 5 or |ly; —y/ [|> =

AL
(E.70)

We will prove that the probability of 7y < T is small. When ¢ < Ty, according the proof of

Lemma [E.9]it can be checked that all induction assumptions still hold. Hence we still have

(2Gy) - rlz2 o’
by

Tltl)%(ZGX)

. Kl
2 Elly; _}’t||2+ 2

E®(x1) < Bb(x) — L E|Ve(x) |+ (E.71)

as what we have done in Eq. (E.58)). According to the update rule of y, we have

i =Yt
= H}’f _HQ/()’z—l,k‘Fnyut—l,k)Hz

<y = Ye—1x — Nyt 1 412

= H)’: —Vi—1,k 2_2ny<”t71,k - Vyf(xtv)’t—l,k)a)’;k —Vt—1k— nyvyf(xta)’z—l,k)>

= 20V f (1, 31— 1) = Y1) + Mo IV f (o Yem1a) P40 1.k = Vif (5o, ye—100) |1
(E.72)
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Taking expectation and we achieve

. 1 . n2c>
Elly; =y 101 [IP< (1= 2)Ellyf —y—1xl*+= (E.73)
K by
Apply recursion to above inequality and we can obtain
. 1 KN,
E[ly; —yl*< (1= ) Ey; =yt [P+—— (E.74)
K by
As K = Klog(%), we have
* 2 ny
By} —nll? < OB |y; —yi1[P+——
y
22
< 208E||y;_y =y 1P +20E ]y -y [P +—
Y
2 ~2
. KN, o
<26E|ly;_; —yi1[>+20x° 07 Elvi 1|+ g
Y
§ 60k°n? o2
< (20 +60K°111;(2G))E ||y —yi—1 ||2+69K2nt2—1E||Vq)(xt—l)||2+b—t1
X
(E.75)

. 5Cy o? 24k06°1:(2G;) 1
Since we have 1; < BRLOG b, > ok , by > “SGIR(4GC,) * 6 < 7 and || V®(x;)||< Gx when

t < Ty, we can obtain

§2CiG2 8°CiGE 8CiGE - 5C3G?
4812(2G,)  4812(2Gy) = 612(2Gy) ~ 42(2G,)

Elly: —yi||*< [[v§ — yol|>+ (E.76)

for t < Tp. Besides, from Eq. (E.75)) we can also obtain

_ 252
TG 3y, 24 2O C00” | AN O
38412(2G,) =4 * 96/2(2G, )by by

« 3.0 «
Elly; —y||*< (Z)t||YO—)’0||2+

(E.7T7)
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Combining with Eq. (E.71)) and summing over ¢, we achieve

Ed(x;) < d( (1— E i SOy —
() < ©(xo) Z 384 EIVOLs) I+ o = ol "t 304K1,(2G )by
63C362t 21,(2G
0 + 0 {(2G)o? (E.78)
9216k1,(2G, )by 24b,
2 2 2
fort <To. AsT = 535, by > % {2‘;’;‘;2’ 4éG"), 52’;2*(&25 5}, we have
B (1) < b(i0)— ¥ PE|Va()|24 00 4o (€79)
X, X0 ) — X — .
=TT A g) T 32K (2Gy)
According to the definition of Gy, for all + < Ty we have
Ed(x;) — ®* < 2(D(xp) — P* + 67) (E.80)

* 2
If Ty < T, then we have ®(x;) — D* > w or |ly: —y/||> ZCOG") att = Tp.

According to Markov’s inequality and Eq. (E.76)), we have

C3G? CiG: . 6
P _ V2 00X 1 =Ty)<E < — E.81

According to Markov’s inequality and Eq. (E.80)), we have

_ &* 2 B 2

Pri@(y) — > SN g < () - gy SLL -2 EOD O
(E.82)

By union bound we have

2 GG . _ 8(®(x) —P* +0%)
Pr(To <T) < Pr(|ly: —y/I”> it =Ty) + Pr(P(x;) —P* > |t =Tp) <
12(2G,) )

(E.83)
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If Ty =T, by Eq. we have

1 SV E| VO (x,)|? < 5(®(xp) — @* + 0?)

>

T = St

By Markov’s inequality, we have

1 Ve | < 10(®(xg) — ®* + 62)

)3

T (E.84)

I = St

SnT (E.85)

with probability at least 1 — g. By union bound, we can finish the proof of Theorem [

The rest proof for Corollary Corollary [6.TT]and Corollary [6.12]is similar to the

analysis of SGDA. Hence we will omit that part of proof to avoid redundancy.
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