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CHAPTER 

ONE 

IN TRODUCTION 

111 co 1111nL111i cat io 11 11 ct.11·ork s as wc ll as p;in1 ll cl co 111p1itc r sys t <' 111 s, i 1il<'rco 11 

1wct io 11 n et.wo rk s ;-1 1'<' t 11<' k<'y for good JHT l'orn 1,11 1c<·. l 11t <'1-co11 Jl<'c t io11 II('( 11·orks 

S('I"\"(' ;-is sw itcli i11 g f.-1hr ics 11· li icli forlll Li l<' b i1ckho11<' or d ("Ollllllll l lic;tt io 11 l l('(.11·ork 

a n d Jffo1·id<' 11ct11·orki 11 g ;-111d s11·itclii11 )!; s<'n ·ic<'s to n ';lii z<' s 11·itcl1i11 g p ,dt< ' rll S 

t li ,1!. M i sc i 11 Lli c 11ctwor k [C lo:/\ , l k 11(i:i , Jlip~~ , ll 11i \HJ]. l11 p,1r,ill <' I rn 111p1itcr 

syst.<' lll S, i1 il<TCO III HT t ic)IJ ne t wo r ks p rm ·id<' p l 1_ys i c,li f r ;111 1<'S fo r ir ll<'rproc< ·sso r 

;-111 d JHOc<·sso r - 1n<· rno1".)· co1n1 n 111 1i c;lt io11s [ 1•'<'11~1 , IH 111X1, l k('~() , Si<'<JO] . J.'or 

to d a1· s r apid p rog r <'ss o f h ro;1< Jh;111d co11111n1 11ic;it io 11 11<'t11·o r k s ,1 11 <1 l1 igli s p<'< ' d 

par.-1 ll c l co111p u tns, lii g l1 pnfori11,111 c<' i 1Jtcrco1111< '<" t i o11 1wt 11·orks ;1IT 1·<·n· nit i 

/\ 1110 11 µ; ,ill sll' i t cir i1 1g p;it te rn s 111 co 11111 1111 1ic;i t io 11 11<' t 11·<nks ;111cl i 1Jt 1•1-co1111< 'cl io 11 

r <'qucst.s 111 p,na ll c l co 11 1p u t crs. 0 11< ·- to 0 11< · or 11 11 ic;i s t ;1ss ig 111 rn· 1Jt s, ,1 11< 1 0 11 <' to 

1n ;-i111· o r 1111 il t i cas t ;1ssig 11111<· 11t s ,ll"<' t 11<' rn w;( g <' ll<T,il. l1 1t< ' rco1111<·ct io11 rwt 11·orks 

t li at. ci1 11 1T,tli z<' 1111ic,1s t ;111< 1 11111lt ic;is t ;i ss ig 1111H·11t s ,Ht ' c;ill<'d . 1-cs1><-cti,·<·l_1·. 1111i 



cast in g a nd llllliti n1st. in g 1w(\\'orks in thi s cli sscrL-dio11, ;-u1cl Ill<'_\' li ;-1,·<' rcc!' i\'< 'd 

ll1t1 Clt ;-d ,t.c11t.io11 in t he li tnat llr<' [( 'lo!'i:l , l\n1b2. lk11(i .'). orn1G.'J , ( ';111 1 I , l\1.)7:!. 

llwa.72 , Tlio78, J>ip~2, Or1187a, Orn87b , LcaKK , TurXtl, llui!JO , Yl\l()l;ij. Trndi ­

tio1 1a l des ig ns o ft ll<'s<' net \\'Orks Lypin,lly roc11s 011 r<'d11ci11g t.lr<' lr;1rd\\'M<' cos t . 

b11t. Llw r <'C<' llt. r<'sca.rch lra s a lso fornscd 0 11 r<'dt1ci11g tire tinw ll <'<'dcd to l"<'illi :;,c 

1111ica.st. ;;i nd rn1tlt ic;-1st ;-1ss ig 11111< ·11t.s. T hi s t r<' nd is c 11forc<'d p;irt ly l)('c;-11 1sc o f 

Lite fast adv;-1 11 c<'s in s<' 111i co11d uctor 1 iritcgrnl.<'d c irc 11it ( IC) ;-111d \'CT)" IMgc-su,k 

i11L <'g ra. t io n (V LSI ) L<'ci111 o logics. ,rnd p,nt.l_y lwnwsc oft. ii <' filst i11tnn>11111111 -

11i u 1t.io11 l'<'(jllirc lll<'llLS in CO lllllllllli Cid,io 11 net.works [' fob<)() , l\ fzq o , l{H<rn] ;1 11CI 

p;-1.rnllcl coniputn s_,·s t <' lllS [llliu 87. lk( 'K(), Sie(JO]. 

111 thi s di sse rt ;-1tio11 . we cor rsidn tlin·<' iss ues, 11 ,111H'I _\' tlw 1111ic;1s li11 p, pro/1!<'111.s. 

Lil<' 11111/t,icasf,ing prol>lcllls ;-1 11d t. lw (n , 1i) -cxpa 11di11g 11m!)/!'111s. Tlwsc isst1<'s ,11-c 

critical ,,·it Ir w g;;ird to 1111i cas t i11 g ;-111<111ntlt ieci.s t i11 g tl('Lworks , a.11d lr ;-1,·c ;it t rilcf<'d 

lllll Cii ;-1.Uc11tio11 in t.lie li te ra l 11rc. Sc,·cr;-1 I r<'s ult. s 0 11 t.l1<·s<' p ro l1l <' 111 s li;1, ·c, l>< '<' ll 

report.eel. i"irs t , W<' g in' ;-1 d<'scr ip tio11 o r t lws<' iss ues a 11d ;1 s 11n·<'_\' of kc,,· n·s11 lt s. 

1.1 The Unicasting Problerns 

l l11i c;-1s t assig 11111 <' 1i1 s ;-ire' t.lw 111os t t_,·p ic,1 I ;-111 1011g il ll i1 ss ig11nw1ll s t l1 ,1 I ;i rr s<' 

i11 co 11111n111i c;-it io 11 11 <'1\\'l> rks a nd p,1rall<'I co 1np11 krs, ;-111d t lw_,. i-lj>j><'ill 'C'd in 

tlw ('i-tr li cst s t ;-1µ;< ' o r i1 1krco1111 <'Cl io11 !l<'lmnk li tc r;-il1rn' [( ' lo-'d . J> ;-1 11(i~, lk 11 (i~, 

"·o rk "·itl, 0(11lg11) rnst ilJl(I O( l,e, 11) d<'ptli. ll ,ttclwr 's 1l<'lmnks [H,itti :--j ,1 11d 

th ose tit ;-11 W<' IT i1it rn d11 cccl by l~opp<'l1nil11 ;11 1d 0111<; [I\O<Jtl ] ;1 11d h_,. l) o 11 ,12, l,1ss 

i1 11d Orn e; [DO90] call ;-ti so IH' 11 scd ;-1s 1111ici1sl i11 g rwt wo rk s , h1!1 t.ll<'} rc q1111T 

0(11 il 11) rnst. ;-111d O( ll 11 ) rout i11 µ, t i111 <· i11 hit 1<·,·<·I. 
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Rrcrntly, .la11 and Oru <; [.JO91] proposed a radix pern1utat.io11 net.work w!tic!t 

has O(n lg'2 n) bit-lcvr:I cost. a11d can reali ze a11y co111pletc u11i cast o r i><'rinuta­

Lion assig11mc nt. in O(lg 2
11 lg lg 11) bit- lcvr l t.illl<' . Li-lier , Lt1 a11d Oru,· [LrnJ2] 

modified t!ta.L network a nd red11Ccd t. li r cost. to 0(11 lg ·11 ). More rcccnt.ly, ( :Jiicn 

and Oru<; [C092] report.eel a, binary sorti ng network whicl1 can a lso I)(' used for 

permutation switching. That network lias O(n lg 'II) cost., O(lg:
1

11) dept.It and 

O( lg3 n) rot1Ling t.inw, ;-1II i11 hit. lrvr l. J\ltlio11gh these networks have illlprcssivr 

cost. a nd rot1t. i11 g t.i111(' , it is diffirn lt. and i11cffi cic11t Lo ro11t.c i11 co111pld<' 1111 ica.st. 

assig n111cnts on t, 11('111 111 a i11l y because t.hcy arc designed to rout.e pern11 1tat.i 011 

assig 11111 e11t. s. 

Bcca.11 se o f t.lw 0('11 lg 11 ) cost. and O( lg n) depth , t. li c lkncs net.work is rn 11 s id ­

ercd as a, 11 att ractive unicastir1 g net.work , ;-111d l1as recein'd lllt1cl1 ;-11.t.ent.io n iii 

i11t.c1To1111<'CLion net.wo rk lit.crat.un' [13cll65 , LP\/81 , NS8 1, NS82a, Lt·e87] . (11 ;.1. 

way, t, lti s netwo rk ca 11 be considered the forcru 11n cr of 111ost. 111ul t.i s t.a.gc int.cr­

c0 1111 cct. io ii 11 etwo rks t.!ta.t. l1 a.vc lwc11 cx tc11 sively st ucli<'d ;-11 1cl used i11 so iJH' rea l 

pa.ra.lkl co111put.c r systr111s [Sr;-189, h:ca91]. 

One proble lll rrga. rdin g t.hc lk11es 11ctwork t.l1at. n'111;.11 11 s Lo have a s;-11.i sfac tory 

so lu t.ioll . is it.s ro ut i11 g. IV(a.ny ro1 1t. i11 g a lgo rithlll s have lH'c 11 report.eel <'X!.t'J ldin g 

frolll t.!tc O('n lg 11 ) t.i 11 w looping proceclur<' of \\laks1w111 ['v\';-1 k(i8], ,1 11 d Opfcr-
2 . . 

111
a,

11 
;-rncl T sao-W11 [OTW7 l] Lo t.l w O( lg 11) t.1111<' p,ir ;-il] c l ;.dgo r1t.!t111 s of Lt·,· 

ct a.I [LP\/81], aiid N;-iss i111i a 11 d S,ilrni [NS82a]. Ot. her ro1 it.i11 g a lgo rit.!t11i s for 

t.hc lkil<'S net.work iii clude 111at.clii11 g and edge-co lor ing scll<' lll <'s [llw;iX:l, (';irX(i , 

('088]. 

T!tc loo pill g a lgo rit hin \\"as de,·clopcd wit 11 t lie rc;-1li 1/,,1 t io11 t l1 c1t. t !tcrc ill'<' <' x ;ict I_,· 

t. wo s lilrn ctwo rks in t liC ct'iit.<' r st.a ge for t. lw 11<'Lwork's input s to co 11 11 <-c1 1.o its 



0 111,puts, a. 11d with t.li c odd cd co 11 strai 1it thc1t no [\\·o i11p1J1 s cc1n IH' co 1111< 'ct<'d 

t o Lw o o uLp11t.s throu g h tl l<' s;1 11 H' su bne t wo r k i11 t he cc11l<'r s tc1g<' 1111 lcss t l1 osc 

o utputs b e lo n g t. o difkrc 11 t. sw it ches i1 1 tl l<' l a.st s t;1gc . (: i , ·<·11 ;1 p<T 11 11J1 ;l1 io 11 

ass ig 11111 <·1d l'ro1n tli c i11put.s o nt o t. lt c 0 1i1,pt1t s, 0 11 <' ge t s ,HOI JJ l( I t l1i s co 11st r ;1 i1 1t. 

s i111pl y l>y loopin g b ctw <'<' II t l l<' swi tches i11 t he fir st st.,l/!;<' and t hos<' i 11 t II<' last 

s t. age , a11cl ass ig 11i11g ti)(' p ;d It s i11 a 11 ;-i\ t,c r11 ;d,c· f;-1s l1i o 11 t o 111<' s uh1J<'t.wo r ks i n 

the cc11Lc r st ,1g <'. (;i\'( ' 11 tli ;Jt tlwrc ;1 IT II i11p1J1 s t o ro 11t c1, it t ;-1 kcs tl l<' loo pin g 

a. lgo rith111 O( n ) t.i111 c t o set. th e s\\·i t cl1 cs in ;1 :I - st age l k 1ws n e t wo rk , a 11d if th e 

saI 11c al gorit.li111 i s a ppli ed rcc 11rsi \"< ·I.,· t o t.hc c<' 11t c r -st ;1gc s11')1J d \\' o r ks tl l<' Jl .-ill 

th e swit ches 111 tl l<' ft1ll y d cco 111poscd lk1J<'s 11 ct \\·ork c,111 IH' sd i11 0( 11 lg11) 

t. in w . 

T l1 <' rou t i11 g t.i n w o f tll<' l k1 l<'s 11<'1,\\·o rk c,II1 lw red 11 ccd i11 sc,,·c r ;il ,,·,1y s. TI JC' 

111 o sL oh v io 11 s ;-1ppro;-1cl 1 is Lo 11 sc ;-1 hi11 ;-nv t1T< ' t o set ti)(' s1il )llct\\·o rks i11 t.h c 

cc 11 tc r st.a g e i11 para ll el <1s w ;1s do11c i11 [('OSS]. Tl)(' roo t p roc <'sso r o l' t !JC' t.rc<' 

sets t.lie s\\'itchcs 111 tll<' first le ve l, it s c l1il dr<' JI sci t.lJC' s \\·it c l J('s i11 tll<' 1J<':d 

le vel, a 11d so 0 11. It. Is easy to S<'< ' th a t tl l<' ro11ti11 g ti11w , '/ ',, , o l' thi s sc·tti11 g 

sc l JC't TJ<' o beys t.lJ(' r<'Cll lT<'JIC< ' '/ ;, '/ ',, ;'1. + 0 (11 ) \\'l1i c lt illlp li cs tl1 ;-l1 '/ ',, = 0 ( 11 ). 

The ro t1t i11 g t i 111c c ,111 he rcd11 c<'d f11rt IJ('r hy i11t ro d11 c i1 1g pi1r ,illcli s111 i1J1 0 t lw 

cqui,·a l<' l l <T c L1ss<'S s11 ch tl1 ;t1 l\\'O 011tp1J1 s \\'ill lw i11 tll<' s,111l<' c l ;1ss if ;i 11 d 01il ,\' 

if t II<'.)' 11111:-;I lw ro 11 t.ccl t lnot1 g h t II<' s;1IIw cc·1J!n-st ;1g<' s1il >1l<'l \\·ork . 0 11cc- t IJ<' 

<'q11i,·;1lc11 cc cli1ss<'S MC dec ided , th e :-m itcl l<'s in tll<' first ;ind l ,1s t s li1 g <'S c ;i1 1 IH' 

set. in par;-1II<'1. 

c111d t II<' <·0 111p lc:,; it _,· o f t.h<' i r ,il go rit lt111 d c pc'11< ls 0 11 t ll<' co 111pl<':,; it _, . of t.lw p ,1r 
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a. ll r l co111p11tn 111odel a.11d t lw 1111llllH'r o f processors ;in1ilc1blc. Their c1lgorit hill 

Lakes O(lg2 11) tillle 011 a co111plctcly i1i! nco 1111 <'ckd II processor co 111p1itcr . c111d 

0( \g"111 ) Li111(' 0 11 a perfect.-s lnrffl c i1il <' 1-co 1111 <·ctcd 11 - proc<'sso r co111p11t.n. L<·, · ct 

a.I [LPV~l] JHo,·ided s i111ilar p;irnll <' I ;-dgor iLl1111 s i11 c1 111 01"<' g<' rl<'r ,1 1 fr ,111wwork h_\' 

usi11g cdgc-co lo ri11 g sc lw11ws . J\sst1111i11g cl p;irallcl co111p1it c r wit It co11flict fr <'<' 

access lwLW< '<'ll 0(11) processo rs c111d 0(11) 11w111o ry clc11wrils, tl1cir c1lgo ritlt111 

2 . 
also t.akes O( lg 11 ) t.1lll(' . 

\Vhile t.l 1esc p;-ira.llcl ;.d go rit li111 s arc f,., s t., t.ll<'ir t i11w rn 111 plc xit.ics a r<' s t.ill l1i g ll<'r 

t,!i;-111 t.lw O(lg11) depth o f tll<' lk11 cs network . F11rtll<'rn1o rc , tlws<' ,d goritl1111s 

ca11 0 11l y ro11te co111pletc o r pcr111utatio11 ;iss ig 11111<·1it s . 111 case of i11co111plcl<· 

;-1.ss ig11111e11t. s 1rlwrc so 11 w i11puts ;ire idle . t.licy n 11111 o t IH' used 1111l <'ss t lw idle 

i1qrnt .s a.re g iu'll du111111y 01itputs. Tl1i s Lakes ,1 dditio11al ti11l<' ;-111<1 111c1y rc11dcr 

t.lws<' ;-1 lgo rit li111 s i1l<'fficic11t.. 1-'o r those ass ig11111('1i! s 11·l1i ch i,1 ,·o h ·<' f< ·11·<·r p;iirs 

o f i11put.s ,1 11 d 01 1tp11 t.s , <·spec ia ll y for ( lw s parse co 1111t •dio11 ;.1ss ig 1111H ' I1ts w l1i ch 

in vo lve o nl y O(k) pairs fork << 11 , it tc1kcs 111o rc t.i11w to ;.1ss ip; 11 d11111111 _v 0 11t.p1it s 

t.o the idle i11put.s. lks ides , 0 11< · docs 11 01 g;ii11 a11_,· t i11l<' to ro1i1c i11co111plclt· 

a ss ig 11111e11t.s s in ce t lwy cH(' t.rc;-11.cd cis co111pld<' a ss ig 1111w1it s i11 t ll<'s<' c1 lgo rit l1111s. 

1.2 The M ulticast ing Problen.1s 

l'vl1il tic;1st ;.1ss ig 1111writ s c1 1-c 11Hn<· {1p1wr;i l t\1 ;-111 1111icc1 s t ;1ss ig 1111 w rit s. ;i11d tlw,· 

in c lude tlw 1111icast ;i ss ig 11 11H·11ts . S<·,Tr,tl co 1111111111i c:tl io 11 sc n ·iccs s uch ;i s tt·k 

1n 111irc 11111'! ica s t i11 g o f rnic<'. ,·iclco ,llld ot !l<'r s ig 11 ;.tl s [To h<JO . i\ 11/,()() , I{ WlO ]. 

s i,·<·l y st. 11dicd i11 t lw litera l 11r<· [Of111(i:>. :\I.Ji~ . I (w;-1,~. '1'!10,~ . L< ·il~~- Tm~~-

.') 
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YM9 l a., Y l\19 lb], a. Ile! t. h<'_\ ' W('J'(' ohL-lifl('d by Oil(' or thr<'( ' ;-1p pro;1chC's. 

T l1 <' fir s t. c1 pp ro;-1ch is based 0 11 C'Xt.c 11 sio11s or :} -s t;-1gc ('los 11<'1\l'O l'k s [('lo.Cd]. 

T he co 11 s tru ct io 11 s g iv<' 11 i11 [l\1. )72 , l 11\· ;-172, Y l!)l ,1] ill'<' ;1II b,1s<'d 011 tl1is co11 

cc pL. Th <' rn ,1 i11 p ro lil <' lll w it Ii t hi s ;1pproc1c l1 is t. l1 at to olit.;1i 11 ;1sy 111 pt.ot.icall _\· 

111i 11i11111111 cos t. 1rn ilt. ic;1st i11 g 11ct.1,·o rks, 011<' 1111 1st r<'c11 rs iv<' l_v dcco111pos<· t lws<' 

<'Xk11dcd (: los Il<'L \\'o rk s. ll o11·<·1·c, r , t ll(' dc-co 11 qwsC'd 11<'111·o rks J'('(J IIir<' co 111 p l<'x 

ro uti11 g sc l1<' 11 ws fo r ll11i c;ist ;1ss ip; 11 11 1c·1l1s (s<'<' [L t>Vx l ]) , ;111d r<';1 liz i11g 1rn1 lt iu1st 

ass ig 1111 w 1l1.s 0 11 sllc li 11 <'1 wo rk s is <'1·c11 111 01T co111plcx. \•\I<' 11111st ;il so 11H'11 t. io 11 

t.lw 1-s t. ;-ig<' b rm1dcas t net.wo rk i11t rod1 1c<'d i11 [H I lt1-'i]. \ Vl1il <' t II(' co 11st rnct. io11 

g iv<' 11 Llwrc is h c1s<'d 0 11 a 2-s U1g<' d <'co111pos it. io 11 , its ro llt i11 g i\ 111 01 111 1 s to fi11 di 11g 

111atclii11 gs i11 bi pa rt it <' g ra pl1 s , ;rnd t.lill s, is ;1s co 111pl <'x as 111<' rn 11 t i11 g o f :\ s L;tg<' 

netwo rks [lf w;-18:l]. ll <'s id <'s, it. is 11 01. k11 ow 11 w li <'t ll('r t h is 1-stag<' h roildca s t 11<'1 -

wo rk , wlw11 r< 'c m s iv<' ly d <'co111pos<'d , i<',t d s t. o a 11 asy 111pt.o t icall _v 111i11i11111111 cos t 

11 <' l wo rk . 

Th <' sccOI 1d ;-1 pproac lt , 11·l1i ch ll'i-ls i11t rod 11 ccd hy 0 1' 11 1;-111 [O l'1 11(i :i] , ,1 11d ;il so 11 s<'d 

i11 [Tli o 78, TurKK, Lcc1XX, L<'<'KX, Y l\ l!) I h], d<'rn 1111 HJS<'S t.11<' d cs ig 11 o f ;1 11111l ­

t iu 1s ti11 g 11<'1\\'o rk int o two or 11 1or<' s1 il >p ro bl c· 111s . Typic;ill y, 111<' fir st p ro hl <' 111 

i11 vo lvcs 1.11<' ('O JI St J'II Ct io 11 o r a 11 <'1 wo rk, C'i l II C'd i-1 .~ ( ' /1 (' /' ii li½<'f' i II Tl 10111pso 11 's 11·o rk . 

t o g<' 1wr;1t<' t.1 1(' rcqui s it <' co pi <'s o ft ii<' p;1c k<'Ls t o I)(' 1111111 ic;1s t.. Oll c<' t lw co pi <'s 

i-11'< ' 111ad< ', th <' 11 a ll11i cas ti11 g 1wt wo rk is 11 s<'d to ro 11 1<' tl l<'s<' co pi <'s t o tl l<' i r d <'s 

t.i11 a t.i o ll s. Th e 11nilt io 1st i11 g 11 c- t.works o ht. ;1i1 wd hy t lii s ;-1ppro;1c li 11 ,11 ·<' S<'l '<' r,1 1 

dr ;-1whacks. Firs t , t.l w so rtn-h;-is('( I g<' Il<' r;i liz<' rs s 11 clt ;is 11 1<' 0 11 <· 11 s<'d i1 1 tl l<' 

St arlit c 11Cl1rnrl, [lll--: x-l] !1 al'<' <'XC<'ss i, ·c· sw itc l1i11 g cus t ; tll<' sort< ·r s t ;igc· n ·q11ir<'s 

'l. O( nlg fl ) co 111p a rc1 to rs for II p;ick<' t s. Ot ll<' r gc·1l<' ril li z<' rs s 11 cl1 ;i s tl w 0 11<' cl <' 

scrih <' d ill [' l\ 1rXK] 11 s<· 0(11 lg 11 ) sll' it. cll<' s . 1Jll1 t ii<' .\' ill'< ' lil ocki11 g 11< ·t.11·m ks, ;111d 

(i 



ar<' routrd hy ad ltoc co11fli ct. resolutio11 sc ll('11ws t !tat 111 <1_\ · i<' ,Hi t o 1111 <'\'<' 11 d <' lil_\ ·s 

a 111 0 I1 g p c1ckds. Furt.hennore, ro11t i11g of copi ed p,1cket s t ltrou g l1 t ii<' 1111i c,1st i11 g 

11dwo rk stage i s as co rnpl <'x <1s i11 t.lw firs t ;1pproaclt 1111l<'ss blockin g is allO\\'( 'd . 

'I'll(' t.ltird ,1 pprnac lt is based 011 r<'curs Iv<' deco111posit io11 s of 11ntlt ica st i11 g 11<'1 

wo rks. I J11lik<' t.li<' S<'C<rnd r1 pp ro,1clt , t 11<' rnt io 11 ;de i ><' lti11d t.lt is ,1pproi1cl1 Is to 

g<' 11 <'rnfc t.I1(' requi site co p l('s o f p,Kk<'l s \\'ltilc t ii <'y ,II'<' lw i1 1g rn1tl <'d to t i l<'ir 

<i<'sLi11at.io11 s, rr1t.ll<'r tlt ,1 11 1I s<' il s<'p,Hatc copy 11<'1\\'ork. Tlti s ,q>pro;1clt \\ ',l s 

i11t.rodu ced hy Nr1ss i111i ;-rnd S,1l111i [NSXl b] \\'Ito C011 st rnctcd ;1 11 11 - i11p11t 1111111 i ­

cast i11 g ll <'l.work \\·it lt O(A·11 1+ 1/!.Jg11) l x l nossb;1r s \\·itcll<'s, O(A·lg11) d ep1 11 , 

a nd O(A· lg11) rout.inµ; ti11 w i1 1 \\'o rd l<'\'<'I , l'orr1 n_y A· , I ~ A· ~ lg 11. (A ll tl !('dd i11i 

Lio n s wi ll h<' fonrn,l ly g i\'C' n in C lt a p tcr l .) Wltil<' 111 <' d <'sign o ft l1i s 11n1lt ic ,1 st i11 g 

tlf' l.\\'ork is b ased 0 11 ci<'lll<'tlL-11'.)· sw it c hes. its rou t.i11 g r<'lies 0 11 ;1 p<1r ,ill<'I co I11 

pul<'r rn o d<'I \\· it h cul><' or 1wrl'<'cl sl11tfll <' lopolog_\·. In ;1dditio 11 , t i i<' r ea li :;, ;i1 io n 

o r 1111tlt.i u1s t. ass ig 1111l(' lll s und<'r f l1i s ro 11t i11 g scil<'lll<' r<'q 11ir('S so rt i11 p,. ;1 11d f l1i s 

111< '<11I s tl1at , i11co 111plet<' r1ssig11 111 c 1tl s ca n lw r< 'a li 1/,<'d 0 11l _y ii' t.I1<' 11111, ~w d i11p11t s 

i-HC ;1ss ig 11('d t o so I1t<' d11111111y o ut p11t. s. l ksidcs, p;-lf l1 s 0 11 tl1i s 1111tlt ica sLi11 g 11 <'1. 

work Lo ITi-l li :;,<' ii 111ulti c,1st ass ig nnw11t i-1 1'<' est.r1hlis l l<'d l'ro111 tll<' 0 11tp1tl s id<' t o 

t.lw i11p11t. sid<', i .e., it i s 0 1l1p11L- i11iti,lf cd , wltic l1 is 11 0 1. pr;1dici1l ilS it i s o l'tc11 

t II(' c;1sc 1 !tat Lit<' i11pt11.s i11i1 i ,lle I.it <' r<'<jll<'s t s. 

l •' i11,ill_,·, \\ '<' s lt o 11 ld note tltat 11n1lticast i11 g tl<'l\\'o rks <' il l ! ,il so IH' o ht ;1i1l<'cl h_\· 

111 od il\ i11 g 1.11<' p <' r11111t ,lfio11 n<'lwo r ks r<' p orl<'d i11 [. )()()! , ('OtJl]. ll o\\'c•, ·<'I' , ;1s i11 

t li e t111icr1 s t i11 g prohl<'111 s, it i s diflic11lt t o ro 1I1<' i 11 rn 111pl<'k 1111tlt i c,1s t. ;1ss ig 1111 H· 11 t.s 

0V<'r su c l1 Il<'I works . 



1.3 The (n- ,/:>)-Expanding Proble 111s 

111 [.!09 1], .l,rn a 11 d Oru <; a lso co 11 s t.ru c1<'d p<' rn1tl1 ,di o11 !l<'L\\·o rks IJ_\· us 111 g ;1 

sp<'c ia l ty pe o f ne1wo rks, ca ll <'d li11 ( · ,1r- s i :✓- ( ' cx pa 11 (/crs. But , 1h<'y di e! rt0t p ro­

vi de a ny cc)l! s t. ru ct io 11 for 1liccx pa nd<'rs . 111 i11t.<' rco 1111 cct io 11 il<'1.\rn rk li1 <T,111 rn '. 

<'xpa11dcrs has he<' 11 jHO \ 'C' ll to be 11 sd 1il in co r1s1.ru ct. i11 g o1 li <' r t.y pes o f ir1 !c r­

co 1111 <'ctio 11 11<'!.\\'o rks a s we ll , ,11 1d li a\·c, h<'e 11 st. 11d ied <'X l<'11 s iv<' ly [Pi 117:l , ( ' h117X . 

BasS I , J> ip S2, l\ la r, :l , C:C ,S I , ,\ I\IX:i. 1\1 0<', /i , N/\I\ IS7 , .JM <)7 ]. 

lr11'o rn1 ,dl y, <1 11 11 - in put. li1 wi'H-s i:;,c cx p,111dn is a dir<'cl<'d hipart.it. ,, g r,1p l1 wit h 

O (n) edges suc h t. h,11. ,lil y sd or i<'SS 1h ,lll () /1 ir1p 1l1 s will I)(' ,1< lj ,1c<'111 t. o SO I\!( ' 

set or 111 o re t.li;rn 1111 01l1p 111 s, wll<' r<' (\ ~ j-J. Thi s is c<1 ll ed 1li <' (n, 1-i) -('X J) il ild i11g 

p ropc r t.y o ft ll<' <'Xp,111d <' r i1 1 l3<1 ssa lygo's wo rk [llJ>7 ,I, ll ,1s.'~ I]. l·: x p,111d <' rs ill'< ' 

ir11p o rta11 t. i11 t. l1<d. Lil<'y a.r< ' wwd i11 ccrn s t.rn c1.ing co r1c<'11t.r,l1 o rs [C l1 117X], s 11 -

pcrco 11 cc11t.rat.o rs [( ' !111 7~, Pip77]. g<'1l<'r ,1li:;,n s [C ln11<), J>i p1 <);1], 111 1icas t i11 g 11 <'1 

wo rks [PipS2]. s t.ri ct. ly a 11 d widc-sc 11 s<' 11 011hloc k i11 g 11 ct\\'o rks [B 1>7,1, ( ' h11 1<), 

Pip7Sh , P ipS2 , Fl -' PSS] ,11 1d so r1 i11 g rl('11rn rks [A 1, SS: lj . 

T he cx isL<' lIC< ' o f li1 H',ll'-s i:;,e <'Xp,rnd e rs 11·,1s firs t. di sco \·,,red hy Pi riske r [J>i ,1 7:l]. 

lly us ing l\ 0 11 ig's 1 ll<'o r< ' lll 011 111 ,it chir 1gs in g ra phs, ;1 1HI co 111hi11 i1 1or i,1l il l)'; II 

ll l<' ll 1.s , ll<' was <1 bi<- 1o show t. li a t. li 11<' ,1r-si:;,<' <'X pi11 1d<' rs <' x is t . IL1 s<' d 0 11 co 111 

hi11 a t.o ri a l or prn b,il >ili s t.i c ;1rg1111 w11 1s . o f il<'r rc·su 11s pro\·i11 g 1 lw <' x is ll' 11c< ' o l' 

li11 c,H -s i:;,c <·xp,wde rs \\'('l' t' ,1 lso g i\·,·11 i11 [( ' h11 7S , l lc1 sS I , j>ip~2]. H\· 11 s i11 g g ro 11p 

r<-' J>ITS<' 11La1 io 11 s, I\ L, rg uli s [l\ b1!'7:l] fi rs t. jHm·ided a 11 c·x p li c i1 n )l 1s1 r11 t·1 io 11 fo r 

li11 c•;u -s i:;,e <' Xj) it lld c rs , l,111. II(' co ul d 11 01 spccil\ tll<' c·x p;i 11 s io 11 cod li c i<' 1il wl1i cl 1 

is ,111 illlpo rt ,rn t. pan111 wt.<' r to Ill<'as11rc <1 li11 <'ill' -s i,.t' <'X p,111 dn . S11hs<' q1 1<'11t I_\·, 

C: ;.1hlw r a 11d (;,tlil [C:C: S I] 1noclili ed l\ l,11g uli s' rn 11 s f rll(' fi o 11 ;111d 11 s<'d l1 M 1\H)l 1i c 

;.111 ;i lys is to spccil'y t lw <' x pc1 11 sio 11 rnd li ci<' 11t ( it i:-- (2 - fi) / I) o ft ll('i r <'X Jlil ll< ln 



p;ntphs . \\•lore H'C('l\\\y, Alon al\c\ \\\i\m;-11\ l .\l\\ 8:"i, 1\\08(i111s('d a nrn\ri :--:. rorn 111 _ 

latiol\ to l'Xj)l'('SS (.\l(' (':\pa11sio11 ('O('{ \i cil'11\ i\S <I \'111\c\ io11 o r \ lw S('('() Jld Lnp.;<'s\ 

<'ig<'11va\i1(' or a m a\ ri :--:. r<'\)l'('Sel\\.a\ iol\ or \\ta\ ('X\)il ll (kr. l ls i11 µ; \ hi s \'o rnrn\a -

\ iol\ , A\011 <'\. a\. lA\\\8:l , AloSG, N i\ lV\ ~71 al\d .limbo al\d i\L1r11okc1 L- l\\\ x1J oh­

\.;-1.il\C'd <'Xpallcll'r p;rnp\t s with l'X p;-rn siol\ rndliciC' l\ \.s 0. \ I ·2 ,111< \ 0. \(i(i. 1\\\ \ hesC' 

col\slrnc\.iol\s arl' basl'd 011 l\'\;-np;11\is' <'Xpa tukr (ksip.; tt , al\d 1nm· i<k n -illpu\. 

(':\pa.l\dl'rs when' II is cl sq11ar(' ur ,Illy i1tll'µ,<-r . 

\,\l\tik th<'S<' <'X pa11dl' rs lt ,\\T Yny \m,· d<'1t s i\ .1<'s , IIH'.lr <'X ]>iltt s10 11 cuc, (li \' i<'ii\ s il!T 

q11i\.< ' s1w,\I , \\'hich may r<'s\ricl \lt<'ir II S<' 11\ ro l\ slrn r \i11 µ, ol lH' r inl(' tTOl\tl< '(' lion 

1w\works . A\o tt lJ\ loX(i) sup;µ;C'sl<'d a l\l<'\.l1od \.o co11s\rnc\ (':-; p ,111d<' rs \\'illt Lnµ,< ' 

codlic i<' tt\.s from C':\\)cll\Ckrs wi\lt s t11al\ <'Xp,111siol\ co<' lli ci<'1tl s . \l o\\'('\'('\', II H' 

hi µ;h. 

1.4 Contributions 

Fo r \ It <' proh\c111s d<'snilwd i1t \ lw \HC' \' iOIIS S('c\ io tt s, \ It(' rottl r 'i\>11\ init s or \ \ti s 

di ss\' r\.a\iol\ ,H<' \.lt1T<'- fo\d . Firs \, \\T <l<'s ip.; ll ii p ;n ,llk\ ,llµ,ori\ltt11 \'or rn11ti 11 µ; ill\\ 

OtH'- \O-Oll<' (\'otnpk\<' or i11 cot11pk\.\') assiµ, 111t1< '1\\ O\'<' r B<'tH's 11<'\\\'orks. To rout<· 

an c1 ss ip; ll11w11\ il\\·oh ·ill p; O(~·) pairs o \' i11p11\ s a11<\ o 11\p11\ s . o11r a\µ,ori\\1111 li1k<'s 

O(\oµ;2 ~- + \p; 11 ) tii11<' \\'i\'1011\ pip<'\i11it1 µ; a11d O(\µ, ( ) \.irn<' \\'il\1 pip<'lit 1i 11 µ, oit ,1 

<·0111pk\.(· c011tt <• c\io11 \opuloµ,y, all(\ i\ \,ik\'s 0(1µ;' ~- I \µ;2 
/,-\µ,11 ) \inH' \\'illto11\ 

pipc\illinµ; ,111 d ()( \p;:1 ~- + \µ; ( \µ, 11) I i11w wit \1 pip<'littiu µ, ut\ i\ 1wrk<1 -sltulll< ' \ik<· 

\'Ol \t\('c\ io Jt \opo\op;~·. \11 UIS<' or s p,HSC' i\ SS i)!, llt\H' tt\ s ( i .(' .. W\l<' tl h' "-, 11) , <ll l\' 

a \µ;or i\,\ 1111 achi<'Y<'S t\w opli11111 1t1 (U( \µ, 11)) rn11li11 µ, li1t1< ' \'or l~<'tl<'s tH'l\\'ork s. 

( '0111pa l'('d wi\ It \ \w \ itt\(' ('Olllj>k:--:.il i<'s or ()( 11/ II) 0 1\ I \I(' ('011\pkl (' ('()It ti< '('\ irnt 



t o pology a nd O( l1t' 11 ) o n t \l<' pcrkct -s\nd lk rn t\lH 'dio n lo po\oµ;\ o r t\H' p<1rnlk\ 

a \go ril \tn1s in lNS8'2<1, LP VS 11, o ur a\µ;ori l lt1 11 lt i\ s <Ill 0( Iµ; II) ra c lor or I i i\\(' µ;c1 i11 

owr t hose .-d go ritltlll s. T lt esc res ults p rnv i<k t ll<' ll<'s l -kn ow 11 I illl<' co111 p lcxil ics 

fo r ro 11 t.i11 g o tw-lo-o n<· ass ign111c 1t\ s on lk n<·s tl<'t\\'o rks. 

s (' (' () l\d , \\'(' co 11 sl r11 cl. cl tlll\lt icas( i11 g l\{'\.\\'ork \\· lt ic \t \t a s i\ \'CTY si lllp k S<'H­

ro11\.i ng scll<'t\\(' . It II S('S ve ry simple circ uit s CO ll s ist.in g o r ('OI\S\ .-\1 \\. ra 11i11 \oµ; ic 

gat<'s to sci, t. lt c sw il.cl1 es in cac \t s t .-,g<' . l11 c l11din g t.\w ro uti11 g, cos t . o m 111u\ 

·2 
t. in ist i11g 11<'L\\'o rk n ut \w co 11 strnc l. <'d wit\t 0( 11 \g 11 ) hi t -\cv<' \ co 11 s \ ,1 1t\ r,111i11 

\ogic gai cs a 11d O( \g'2 11 ) hit -k ve \ d <' pt It , a nd u rn r<',tli z<· .-111 y 11111\t ica s \ ( rn111 -

pkt.c o r i11 rn111pkl<') ass ig11111rnt in O( \g
1

11 ) hit -k vc\ tin t<· . 'l'\1, ·s< ' rn111pkxitics 

111 a,t.clt or a rc \wtl cr t \1,111 t.\t osc o f rnulti cas li 11g 11<'\wo rks tlt ,11 \\'<'1'< ' 1T po rl <'d i11 

Lit <· \i lnal\ll'<'. lk sick s . 11 11\ ikc t. lt c 111u \t in 1s l i11 g ll<'l\\'o rks n ·po rt cd i11 \N S82h] 

w\1iclt a rc Ol d p1il -i11i t i.-,l<'d a11d re \_\· 011 par.-, 1\ <' \ co11qrnl<·r 111o de \s for rn,it i11 µ, a s 

sig 11 111cnt.s , 011r 11111 \ti cas t.i11 g ne t. work is i11put.-i11iti .-11<'d (wlti <·lt is 111 o r<' r\'<1 \i sti c) 

a 11 d req uires 11 0 o llt c r ro11ti11 g co111pul er. l11 ,H\ditio 11 , tll11\t.i ca s \ c1 ss iµ; 1111t< ·itl s 

n , n \w pi pe lined m ·<' r o m ncl wo rk . Wit.It pipc \i11i 11µ;, t II<' rOIII i11 µ, t i111< · cc1 11 \w 

r<'du ced t.o O( \g 11 ) , \\' lt iclt is t\t c lH'st -kn o \\' n rout.i11 µ; t.i 111<' ,11 110 11 µ; t. lt os<' o f t. lw 

T hird , \\'(' explore ;-rnd ex plicit\ ~· ('() l\ S( I'll (' \ ii L1rnih· o r li ll<'ilr S11/,(' <'X p<111d <' rS 

\\' i t. It \ar µ;c <' Xp,11 1s10 11 nw( licic11\s . Our <'X p,rnd<'rs ,m ' co ns \ rn cl<'d s i1n ·1L1rh· ;i s 

t \w <'X p.-111 sio 11 coc( \i cic 11 \ is 0.X{i8, wlti clt is \;n µ; <'r I lt a 11 \ II<' Lirµ,<' s l <'X p<1 11s1011 

t\ws<' ('X \) illtdc rs, \\" (' c1\ su co 11 slrnd ii r,1111i\ ~· o f 1>0 11 11< \('d ('\) Jl(T J\\r ;i \or s \\'it\, 

cknsi\~· '2 :\ .') a nd ii Lttnih· o r S\I\ H' ITOl\ ('(' 111 r,\\ ors \\' ii \1 <kn sit \' -~u~. 

\0 



1.5 Dissertation Organization 

Th<' ,-cincii\\ ckr o \' I \,i s clissnl cil io\\ is orµ;,1ni ·1,<' <I c\s follows. \11 ( 'kq>ln ·2, \\'<' µ;iY<' 

so il\<' h a.sic \'ad s c\1HI <klillit.io\\s I ha\ w·,11 lw 11s<'<I I hr011).!,ho11\ \ \,i s <liss\' r\al ion . 

\l\'c c,\so re\'iew so11H' W<'l\ -k\\m\·11 rnul\is\c1µ;<' illll'ITO\\\\<-c\ion iw\\\'orks \ha\ ar<' 

rckva\\l. to the res ults o\' th.,s <li sscr\a\ion. ('\i;,p\.<'r :\ prcsc\\b our p.1n,lk\ 

rout.illµ; a lgorithm \'or \k1ws \\ct works. ( ',hap\<'r ·l <li s p\a ys \ \1 c co n s\ ruction 

of our 1,ni\\.irns \.i11 g; IH'\.\\'ork. ( ' \iap\n :l p;iY<'s O\\r <':-zp\ici\ <ksiµ; \\ o\' \iiw,1r ­

siz<' e:-zpa\\ckrs, hou\\ckcl co11cT11lra\.o rs a11<\ s11pc rco 11<·< '11 \ r ,l\ors. ( 'k,p\n (i is a 

co\\c\usio\\ w\,i ch surnrncnizcs \he resu lt s o \' this <lissnl.1\ io\\ ,\\1< \ suµ;µ;<'s\s so\\H' 

prohkills \'or future r<'S<'cnch work. 

I I 



CHAPTER 

TWO 

BASIC CONCEPTS 

( 11 this cli,1 ptcr , we sL-1tc so I1l<' ba sic facts <111d ddi11iti o11s \\' lii c li \1-ill I)(' u s<'d 

t liro1 1g ho ut Iii<' disscrt. ;-lt.io 11 , \Ve ,il so gi\'<• il hrid dcscript io11 or so tll< ' \\'<' ll - k110\\' ll 

i 11 tcrco111wclio11 11ctworks wl1icl1 ar<' rc l<'\-,1 11t to t.lw \\'ork of thi s di ss<' rLiti o11, 

2.1 Basic Definitions and Facts 

2.1.1 Networks 

,\11 i11t.< 'rco 1111< 'Ctio 11 Il<'t\\'o rk \\' itli II i11p1it s il 11d 'I 01itp11t s Is d<'11ot<'d .is c1I1 

(11 , q) - llC't.\\'Ol'k i-111(I ro rn1 ,illy dcfi11C'd <IS rollo\\' s, 

Definition 2.1 ,- \11 ( 11 , 1r) - 11r/11•0,-k i,-; 11 i/i,-rc/1(/ 111 ·ydir- _11rn11h wi//1 11 if i,., /i11 -

_1;11isl11rl ,-;0111-cr 1•1 din,;, rnl/,d ill /ii/I.,.</ ili., li11y11i,,/11il ,;ink 1•1 l'l i{'( s, rn/1,il 011l ­

fillls , so 1111 i11l1 /'11111 l'I l'i i{'( "· 1111d ,-;01111 I ii.I/<,-; ll'hic/1 1·01111 r I'! !ht ., , 1•1 l'i in ,,. 

If 11 = <t , 011 ( 11 , 11 )- 11!111•01-k i,., 11/Jhn /'111/11/ 11 ,-; 1111 11 - 11!111•0,-/-.- _ II 

I ~ 



\li cl.o ri ;-1 1\ y, a n 11 -11 <'\.\\'ork wi ll lw d<'pictcd as a rccl.c111µ, l<', ,l!ld dcsip; ,i akd its 

i11puts a 11d outputs hy a r rows 011 its sides. 'I'll<' i11p11t.s ,rnd o ut pills w ill \H' 

" n - ro 111 op o lOI \,Oi l\ 11 or 111 a ll _\' 11111nl H' rccl O throu"h 11 - I ,1 1\II O tl1ro1wh </ I 1· \ \ \ 

(o r \dt l o ri ght i11 smll<' cases) ;-1s shm,·11 111 Fig11rl' I 1111kss o\ \wr \\· is<' sLit<'d. 

i\11 nss ig1111 1c11 t. for a \l('\ work is i\ pa!l'lll /!, o r it s i1 1p1tl s \\'ith it s 0 1!1p11t s Sl! (' h 

that. ca.c l1 o utput a pp ears i11 ,II 1nosl Oil(' pa ir . i\ 11 i11pu\. is ca lled lmsy i,
1 

;-
111 

a.ss ig 1111w11t ii' ii is pa ired wit Ii so11w o ut p11\ (s), ,rnd idl e o t.lwr \\'is<' . S iiniLir\ y. 

a11 o ut.put is ca lled bu sy i11 a 11 assig11111 <• 11\ it' it is pair<'d \\'itl, a11 i11pul , ,l!ld 

n \lkd idle ot.h envisc. ,\11 ass ig111nc11\ co 11 sis\ i11 µ; o l' I, pairs wi ll lw c,ilkd " ~·-

ass ig11nw11t.. /\11 ass ig1111wnt is ca lled 0 11 e-\o-0 11 <' or 1111icasl if ea ch i11p11\. ap\W<ll'S 

i11 a.I. mos \. 0 11<' pair , a11d is ca lkd 0 11 <·-\o-1na11 y or 111ul/.iu1sl .. ol lH ·n,·is<'. 
1
\ 

/><'l'lll l1tat.io11 ass ig 11111c11t. for a1111 -11ct\\·o rk is ;-1 u11i cas t 11 - ;-1.ss ig11rn <' 1II . ,\ 1w l\\' u rk 

is sa id \o rei-i /j ;;,c ;-
111 

a.ssig111 11 c11\ iL for each pair (o, /, ) 111 the ass ig 1111H•11\. a pal h 

of vcr\ ices ca ll be fonn cd l'ro111 i11pu\ <1 t o o ut p11\ /, by deknlli11i11µ; I \w ('d),?;('S 

lw\.\\'C'<'II adjacclll ,·er\ in's ill \ he 11ct.wo rk with I \w co 11 sl rai 11\ I h ,11 I lw p;il \i s for 

110 two pairs (<i , h) a 11 d (c,ri) o,c rl ap al t\w sa 11H' cc\µ;(' 111il ess o 1· 

Paths iii a ,wtwork \\' ill\ )(' cst a blis \wcl by s pccil\ i11 g so 111<' rn 11t.i11 µ; i11l'o rn i;ll io
11 

,II 

its illpll l.s. ll is ass\11\H'cl \ h ;-i\. c;-1ch i11p11\ holds it s o\\· 11 des \ i11<1\ io 11 i11l'm
111

<1t io ii 

11 II lcs S O \ ] 1(' n v j S(' S \ a \ ed . \ \ is a] so a S S \III\ cd \ ]ii\\ \ \ l<' t'O 1 i\ i I I/!, j II(' 0 I'll\. 1 \ i U II ru r (, ,1 c\ I 

\
. II\ t · · \ \ ·<>Ill<' 1>'11 1·11·,· <·oded IIH 'S~ a 0

T I hc1\ is to IH' ro11\!'d \'r()ll\ 
J11 . ,s acco111p;-1111c< >~' s ' . h 

\ \ 
· \ \ \ \ \ (c•) S\><' Cificc\ ill \ \H' ro11\ i11 g ill fo rn1<\\ io 11. :\ llH 'SS, \P'(' 

, 1;-\1 111pu\. o . 10s<' ou pu ., · ,-. 

I 
(
'll ll\\ l·

111
cc\ \o .1w\.\1Cr \\'i i\ IH' \C'r11H'cl ii pnck"I . ,1 1HI t \w 

,111< rout i11 g i11l'or1\\al io11 o 
• \ ,,.·,11 ll<' ci\ \kc\ \ \w pr1ckcl ll<'ndcr. T\w 11H'SS i\/!,(' p;irt 

rout i 11 g p;i rt o l ;i p ;-1<· ,ct 

l

. I· .. . . i\ ,n ol' hit s . hill it will \)(' c1 ss 1111wd t \1,11 

0 ii pa cket c;i 11 h,\\'(' an ,1r >ii 1,11\ 
111111 

I :I 



0 _. 0 

C/) _. C/) 1 1 ....... 
....... ::::i 
::::i (n,q)-network 0.. 
0.. • • ....., 
C . . ::::i . . 0 

n-1 _. q-1 

Figure 1: Crnp lii u il rcp rcsc1d ,itio 11 of ;1 11 (11,q) - 11cf1rnrk. 

0 11 it.s routi11g p c rfo rn1a11 e<'. For II i11p11f s, I il<' 111111ilwr of IJil s i11 I i i<' rn1 1Li11g 

i11fo rn1 r1L io11 will va r y het11·<'<'II I ,rn d 211 - :!. for 111 <' 11<'t1rn rk s dcsn il wd i11 tl,i :-: 

disserta.Lio11. If c1 p;-1ckct. ;-1 ! i11p11t i II S<'S 111 + I hits o f ro11ti11g i11for111 ,t1io 11 , 

it s p ,1ckrt l1Ca d <'r 1\'ill lw dc11otcd as ( 1· ,,d;11 _ , •••• , d 1;.r1:)). 'I' l l(' first hit r ; , lo 

h<' called the co 1111< T t.i11 g bit. , specifics w ll('f ll('r i11p11f 1s Jlilir<'d wif l1 so llH ' 

011Lp11L, a.11d liC'11 n· det e rn1i11 cs if i111rnt i is h11sy or idle. Tll<' r<'111 i1i11i11 g hit :-:. 

p iKk<'f il l i111rnt i will lw S<'IIL (i.e .. w it l1 wlii c l1 i11p1JI i is p i1i rc d ). 

'1'11·0 o r f l,e 111 ost. 11 sef11 J Jl('t works ill'(' t il<' 1111ica s l i11.~ JI('/\\'()/'/.; illld Ill<' lllll!f i1 ·;1s 

I i11g 11d1rnrk wl,i c li i-11'< ' f'orn1;illy ddi11('d ilS fo llows. 

Definition 2.2 /111 11 - 11rlu1oi-l,· is rnllul n 1111ic;1s li11g 11 11 d 1rnr/.; ,f ii rn11 nol i - , 

all ·1mir·ns/ assiq11111111/s /)( fu ,rr·11 its input., a11d ou /11uls. II 

Definition 2.3 .- 111 11 - 111/u'ork is rn/f,il 11 11111/t ic;1sti11g II Jf('/,rnr/.; i/ i i 1·1111 n-

nfi .--: r off 1111tfliu1sl ossi_fj/1111( 11/s br!u·, 111 ,J, i11 ;J/ll s flll(f ou/puls. /I 

1-'o r il ll 11 - 11('fll'ork, lwu1 11 s<' lii<'r<' ill'<' 11! /(11 - k)! /,- ;1ss ig 11111< ' 11l s 1><' 111'<'< ' 11 it s 

i11p11t s ;-111d o utputs . I ::; /, ~ II, Iii<' loliil 1111111/ wr o r 1111irns l i1Ss ig 111 1l<'IIIS w l1i c l 1 

if c;-111 r< 'iili z<' i :-: L~'= 1 11! /(11 - A· )' = 0(:!." 11\ " ). 1-'o r ,1 11111lfi ci1:-:l i11 p, 11 1l<'l1rnrk . 

I I 



r,-1.cli or it s '/I out.p11t. llli-1..)' lw pr1ir<'<I \\'itli JIOll( ' or <lll_l' O!I(' or it s II inp11 ts. tlw 

Lot;-1 I llllilll )(' I' or llllilt.i('i-lSt ,1ssig11Jll<'Jils t.l1cit ('i:)Jl lw !'('cili z<'d l>y ( lw 11111l1.i(',J S( i11g 

11 - ndwork is (11 + I )". 

Solll<' ot.ll(' r net.works ;-1r1' ;-ilso 11s<'r1il ,111d ca n lw 11 s1•d to co ns! rnct. 11niu1st ing 

;-wd 11111 I t iu1st.i 11 g net \1·orks. 

Definition 2.4 ,- 1,, (11,q)-11rlu 10,-/,·, q ~ 11, i.,; rnllrrl r111 (11 , r1) r·o11n·11/,-;1/or ,f 

f or (/1/_lj /,_·, J ~ f..- ~ q . (//I r/ fo,- (/1/_lj /,_· of ifs II i11pu.ls, ii("({// l"(({/i :-: r ({/ lrr1sl (/{/( 

a111011_r; //,r· /..-! un irnsl /,· -assi_r;n1nr nl / /,({/ /HIit 's !ltosr /..- ill/Jltls ll'illt I/tr _!i,-s/ k of 

i fs q o ul1111ls. II 

Ren1ark 2.1 1-'mn, !h i., rlrji11ilio11. ii 1s r·/((J1· //,a/ 11·r1·_11 (11,r1)-rn11u11//'(//{11· 

is an ('11,r/)-r·oncrn//'(//o,- _/o,- an y r/ < q. '/'/l(rt_{o,·r, u·r · 1nil/ on/_1; 9i1•r (/I/ 11 -

r-o nNn /1·({./ o ,- r-011s /,-ucli o n in //,is rlissrr/11/ion. /.f ({11 (11 , r1) - r·o1u·r n/1·({/01 · is nr1il-

('{/ , _/o,- q < 11 , ii r·r111 {)( i111p/1 nu nln/ b_11 r·l!OJi/lin_q ({/I'"!! !ltr lost 11 

of an u -r-0 11 r-r·nlm/ o ,-. II 

q 011/ /!Ill s 

Definition 2.5 , In 11 - 11(/1{'{)/-/,- is rnllrrl {I// fl -Sl/f)('/"("()/1("(' [// r;i/or ,f .fr11· (111_1/ /,·, I s 

/.,_· ~'fl , (//Ir/ ./rJ /" (l/1'.IJ /,_ · of ifs II i11puf.,; (//Ir/ (///_If/,_· of ifs II {l/1//J///s , ii ("/Ill /'((/Ii :: , 

rt 1111i r·as / /..- - ({ssi_r;11111111I !Ital fi"i,-s !hos t /..- int){t/., ll'i/1, lltosr /,_ · 011/J//lls. 

If{/// ll aS II/)( ff()//("( 11 /m/ 01· /,(Is /1() ///()/ "( //1(/1/ i/11 u/_(fl s u•ltr /"I if i., I/ ("(/{{S/1111 / 

i11rlr /H'11.r/r 11/ of 11 , !/1111 ii is Nillu{ rt li111r11 ·- . .;i:: r II -s upt 1·r·o11r·1·11/u1/ or 11 1i //, r/1 nsi/_11 

d, and ·1pil/ /)(' rlr 110 /rr/ a,,; r111 (11; d)-supr ffonn nlrnlor. II 

Definition 2.6 ,- In (11.q)-nr l ll'Ol"k is ml/rt! (II/ (11.1r/,_·, n) i>Ollll<il't! ( "() / /("('// (/"ii 

tor ,f ii is biJJarli/1 . i.r .. ii /,(Is nn i11l1 n,11/ 1·11·!, .r. (//Ir/ /111 ., nn 1//(1/"I !/""' /,_·11 
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(r/_q(::.; :.;11('/, //wt , for Oil.') sub:.;(/ X of ill/I/tis u•l!h /.q ::; n11, /l'x/ > /.Y/ . (l'/1( 1·1 

l'x is//,( .-;r/ of 011/pu/:.; r!(/jar·r 11/ lo//,( i11p11/s in X. II 

Definition 2.7 An 11-nt!wod· /,-.; cal/rd an ( 11 ;k,c,n) -cxJ)a n cler ,fit/,-.; biw1r!i/1 

and /l(f ,-.; 110 mo1·( //,a11 k11 u/q(:.; :<111'!, !lui! , for !Ill.') s 11bs1 I X of i111111/:.; u•ilh 

/X/ :=; n11 , /rx / 2'. [I +d I - /X//11)]/X/, 11 1/u 1·1 I\· is !/11 s rl of 011!/Jltls 111(/11/'111I 

lo //,r· i11p11 /s 111. X. (' is ('({/Inf !/11 cx1>a11sio11 nwffici('n/. II 

2.1.2 Perfonnance Measures 

'l' l1rc(' par;-1.JJ]('t.<·rs i-lf'(' typiudly 11 scd to lll< 'i-\S lff'(' tll(' p<'rfor111<111c1• or ,l lll't\\'ol'k. 

;-1 111 1 t ii <'} c;-111 lw r<'ctrrsivcly defined ar id c;-1lc11 l ;-d.<'d ll'll<' rl t. l1 c ll('t work is rcc11r­

s ivcly const rn ct.ed. T Iii' cos/, o r i-l Jl<'t\l'Ol'k is t.111' ;-111 101 1111 o r li ;-ll'd\\'ilf'(' ll('('d('d 

to co 11 st rnct. t.lw netwo rk . Tli<' (/cpth or a n<'twork is I.Ii<' 111 a.xi11n1111 l<'11gtli 

o r a, pat.Ii rro,11 ;-111 i11p11t t.o ;-111 out put . 'I'll(' /'01/1 ing / ill/(' or ii ll('t \\'Ol'k is f Ill' 

111ax illllllll ;-11 11011,it o f ti11l<' t o d<'cid(' ;-1 p;-11I1 rrn,11 illl i1 1p11t to ,Ill 011tp11t. 

;\ II t.lwse para11wtcrs Ci-I ll I)(' ('Xprcss('d in t.11·0 l1 ·1·1· ls or co 111pl<'xit il's. 11 ;1 1111 ·!.1· 

t,I11' 11·o rd l('V('I a11d t.I1(' bit lc1·1· I. l11 wore! l1·1·1·l. I.Iii' cost. or <111 II 11<'1 \\'()f'k is 

lll/'i-1.S lll'('d in f<'l' III S or dig it ;-il c irn ,it s \\'it 11 II() 11101'( ' t l1 ;i11 O( lg II) co 11 s t,111t. f;i11i11 

( i11 dqw11d<'11t. of 11 ) log ic gc1fc's. tl1<' 1111it or 111<' d<'ptl1 is ;-1 co11st,111t f;i11i11 logic 

gal.<-, ;-wd fl}(' 1111it of tlw ro1iti11g ti111<' is 111<' d<' l,1y tl1rn11gl1 ;1 di g it,1I circ11it 

wliicl 1 l1 ns ;-if, 111 ost O(lglg11) co11s t ;rnt r,111i11 logic gc1t1·s ;ilrn1g ;1 p ;itl1 rrn,11 il ll\ ' 

i11p11t. t.o i-11I.)' o ut put o r ( II(' digit.ill circ11it. ll oW('\ '('I', it i ,-; ;-1ss 1111H'd t l1 ;1t ( II<' 

l1 ;-1 rdwa.r<' ll<'<'d<'d t o co11strnct ;1 11 11 - 11<'1\\'ork ecIII I)(' i111plt·1111·1if1•d h,· co11st;1 1it 

rn11i11 log ic gc1 tcs, ;-111d t li <'11 t II(' pnforn1;111cc p,ll'illlWl<'rs c;-111 lw 1111 •;1s 11rcd IIIor< ' 

pr<'cis<' ly i11 bit l<'1·1·l. I-'o r n 11<'hrnrk. i,1 hit - I1·1·1· !, tll<' cost is tll<' tot;il 111111ilwr or 
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consta nt f,rnir 1 logic gates t1 sed in the net\\'ork. Ill<' deptl1 is tll<' largest 1111111IH' r 

or con st,rnl. f'a11i11 logic g;-des ;-ti o11g ;-1 p ,lf l1 frorn ;-11 1 i11p1rt to illl 0111 pill. ilJld t 11<' 

rot1t ir1g t.iJJJ(' is t.11<' 111 axi111t1111 ;-1 11101111t oft i11l(' 11 c<'d<'d to set ;-i/1 t l l<' s\\' i lc l ws in 

til<' net.work for ;-111 ;-issigr1111('nl. IH'l\\'e<' 11 Iii<' inpt1t s i1 11d o utput s of tll<' rl<'l\\'o rk . 

2.1.3 Fixed Connections 

For n<'t\\'ork const. J'llct.ior1 s, soJll(' fi x('d on('- t 0 -0 11 <· cor 1 Jl('('f ion s l wl.\\'<'<'JI t \\'( >se t s 

of II points arc 11sd1il. 'I'll<'_\' spec ify co r111 <·ct ions fror11 ii st,1g< ' o f s 1,· it cil<'s of 

a 11dwork t.o a.not lier st.age of s\\'it c l1<'s oft !IC 11d\\'<nk . l11 t l1i s s11 hs<'c t io11 . \\'<' 

<i<'scrihe sonw fixed con11(•ctior1s t.l1at w ill IH' 11 s(•d l ,d('r. 

Let X ;-i11d ) . lw two disjoint sets o f points , <'c1cl1 wit.Ii II poirit .s, \\'l1n(' 11 is ;1 

power of' 2. Let. (h/11 ,, _ 1, ... ,1i; , 1i;>) is tlw hinM_\' n ·pr< 'S('Jil,1tion of poirit / witl1 

h1' 1 IH'ing· t.li<' 111os t s ig r1ific ,-111t. l>it, 0 ~ / ~ 11 - I. g,11.-

Definition 2.8 For I.: = 2'. 2 ~ I ~ lg 11. l/11 k-sh11.f/lr r·o1111u'//011. rr1,,. jim11 .\ · 

lo )" Is" 011r-lo-0111 1111tJJJ)i11_r; ji-0111 .\' 01110) ·, _r;/1·111 by rri;(h/,,,,, 
1 

• .. • , 1t; . /,(
1

) 

(h/;;11 - 1•· .. , h/g1.• hl111. - 2····,b(l·/,/1',1.- 1), () < / < II - I . II 

Definition 2.9 Fork = 2' , 2 ~ I ~ lg 11. !hr l, - bo11_11011 1·011111 ·1'1/011. ,h, ji'()/11 .\' 

In V Is o r111r-lo-011r IIIOJJJJIII_(/ ji'{J/11 .\' 01110) ', .r1/1 •r II b_11 ifi.(/,11\,, 
1 
•••• , 1,; . It(,) 

I . II 

Definition 2.10 '/'II( n1•r1sr connrf'!/011. fl,,, _ji-0111 .\'lo) . is 11 0111-lo-0111 

o ~ i ~ 11 - 1. 11 
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For cx;-u11ple , Fig ure 2 sl,ows th ese fi xed co 1111 <'d io 11 s 01 1 fl l'o .•w t s ol' 11 poi11ts fo r 

II = l(i. 

2.2 Some Well-Known Networks 

111 tl,is sl'c tion. we d<'scril)(' so 111<' W<' il - k11 0 11· 11 JJ('tworks t/1 ;-11. il l'!' r C' k , ·c11J1 t.o Iii<' 

s11')jccls o l' this d issertatio11 .. 11,d will lw 11 s<'d i11 1.11<' l'ollowi11 µ; cl,npf<'rs. 

2.2.1 Self-Routing Networks 

/\ 11 dwork is call<'d sclf~ro11ti11g ii' <';.1cli of it s swit.cl, c,111 lw set l>y 11 s i11 .e; 011ly 111<' 

ro uti11 g i111'orn1at.io11 of t.11<' incon1i11 g pc1ckct s in it. s i11p11t s ll'it.l1 0 11t r <' l'<' r< ' II C<' t o 

oL li <' r switcll<'s. ll<'re, W<' d<'sni lw tlin·<· s<' lf- ro11ti11 g II JJ<'f.\1·orks . l •: ii c l, o l' tll<'s<' 

11 - 11 e t \\'ork 1,as lg II st. .. ig<'s, JIii 111l)('rcd st .. 1g<' 0. sf clµ;<' I ... . , st ,Ig <' lg 11 I l'rn111 

ld't. t o right., a 11d <'c1cli of t.ll<'ir st;-1 gcs co nsist s o f 11 / l. 2 x l, swit c li<'s. 1•:\'n _\' 2 x 2 

switcl, c .. 111 IH' s<'I i11 t11·0 \\'c1_1 ·s : eifll<'r throug h st .. lfe 11·ii<'n ' Ill<' 111·0 i11p1rf s ill'< ' 

con rl<'d<'d st raig lJI tliro11gl1 lo tll<' t.11·0 OJJl/)llt s, or cm ss sl ed<· \\'ll<'r<' fll(' t11·0 

i11p11Ls ;.In· co 1111 <·ctcd t.o oppos i te 011t .p11t s. 

/\ 11 n - 11dwork cOJ 1sist.i nµ; of lg II sl aµ;C's is ciill<'d .. 1 l>a sditH' 11 JJ<'f ll'ork ii' t.lJ<' 

fixed co 1111 <'clio11 fro111 sf,t g <' i to sfi-1µ;<' i -+ I is c111 (11 /l, 1 )-s l1ufll< ' co 1111< 'c fio11, 

i = 0, I . . .. , lg 11 - 2. !\ 11 11 - 11ct work c011 sist i 11 g ol' lg II st il g<'s is c;1 ll< ·cl ;1 /1;iu1 ·i111 

·11 - ndwork if 111<' fix<'d co 1111 <'ctio11 fro111 Iii<' i11p11t s to s t. ;1g<' 0 is ilJI II sl11ifll<' 

co 1111 <'d ion ,rnd Ill<' fi x<'d con 11<'<'f.io 11 l'ro,11 sl ,tg<' i to stag<' i I is illl ( 11 /.!,' )-

i>clll _\'i-!.JJ co111J<'cl io11, i = 0. I .... . lg 11 - :! . . \ 11 11 rl<'f 11·o rk nn1 sist i11 g ol' lg II sl ;Ig<·s 

is 01 ll <'d cl 11 11111<:!!,'rl 11 - 11<'1 \\'()l'k ii' <',1cl1 o l' t 11(' li x<'cl <·01111<·ct io11 s l'ro111 t ii<' i11put s 

to st .. i g<' 0 ;111d l'ro111 st .. 1g<· i l o s f;1 g<' i -j I . i - 0. I ... . . lg 11 - :! , is ;111 11 sl111l1l1 · 

co 1111< -ct io 11 . If f ii<' i11p11t sid<· ;111(! 0111 put sid<' of 1·;1( ·11 rl<'f .11·ork ill'< ' J'< ' l"<'J'SC'd . t ll<'rt 
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l ·\-1cl 1 or t.ltesc // - ll<'i \\'ork s is sclf- ro1Jf i11g lwcitll S(' ii j) OSS<'SS('S I ii<· 1111iq1J(' p;tl 1, 

prc1p<'rty. llowcY< ' r, I.IIC'_\' M<' 11 01 u11ic;1sli11g II IIC'lworks . l•'or 11 111pril s, <-;icli 

ll<'lwork c;-111 r<'ali ;;,(' o nly /1 11/2 or t IIC' 11' 11 - ,1 ss ig11111c1il s lwl\\'('('ll ils i11p11l s ;111d 

011t.p11t.s. O1w c;-111 r<'rcr lo [\\ "1-'~0,1, \ \T,\OI>] for a dcL1il<'d ;1n-01 1111 or I lt< 'S( ' 

11<'1 works . 
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2.2.2 Unicasting N e tworks 
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Pnlr a.ps, t l,c rl!ost wcll - kn ow 11 11nicc1st.i11g net.lrn rk is t.lic lkrl('s rl<'t work , wliicl, 

c;-rn lw const rn ct.ccl r cc11 rsin ,l_v ds s l1 011·11 ir, Fi g 11re I. For II i11p11l s, <'i1cl1 of 

111<' first ,1nd t.11 <' last st ,1gcs con sist s of 11 / -.!, 2 X 2 switc l l<'s, i111d t i !(' c<'nln 

st ag co nsists o f t.wo 11/2- inp11t. lkr ics rwt 11·orks . For 11 otatio n;il conH· 11i< ' 11c< '. 

I l l<' input s a nd 0 11tp11t s o f t.11(' 11pp<'r 11 / -.!, - i11p1it l k1ws Jl<'lll'ork ill"<' 111111rlH'r<'d 

0,1 .... , 11 - 1,,wd tlwinput s ;-111(l01 1lp1it s oft l l(' loll'n11 / :!. inp11 t lkr l('s rwt11·ork 

<lr(' nt1rlll w rcd I , :l, . . . . II - I , fro111 top to lio!to,n. ,r t 11(' l, a lf" siz<·d ll< ' ll( 'S 

netwo rks in Iii<' ce11ter s t age ,-tr<' n-cursi1·<' l_1· d<'coniposcd t/ 1(' 11 Oil< ' u hl i1i 11 s ;1 

(1 1p;11 - l )-s t;-1 gc' network con sisti11 g of 2 X :!, s11·itclws. i1 ss 11111ing tl1i1! 11 is i i 

II = ~-
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Figure 5: A /'( 'Cl l/'SI\'(' d l'COlllpOsC'd 11 - i11p1Jt, l k ,ws il<'I \\'O/'ks ror II ,'I. 

I t i s c l<'a r ll1 al. ,uI 11 - i11p11 t. lk1l<'s 1l<'f.11·ork c;-1 II ;-ilso lw oht.;-1 i1l<'rl l>y co 11 c;ik-

11 ;-ll.i11 g ;1 b ;-1s<' li1w 11 - 11 c hrnrk \1·it Ii il r<'\'('rse hc1s<' li11 <' 11 - 11<'1.ll'o rk . S i111il a rl y. 0Ll 1-

n 1111iu1.st.i ng 11 dwo rk s cou ld h<' oht.;-1i 1l<'d hy co 11 cat<• 11 ;-1l. i11 g l.\\'O s<' lf ro u t.i11g 

netwo rks cls s l1 0 \\'11 111 tll<' pr<·\ ·I o us s 1il>scctio11. Fo r <'Xc1 111plc, l.11·0 ba s<' li11 <' 11 -

11<'1,wo rks ['vV 1"80a], o r cl 11 0 11I< ·gc1 11 - 11 e t work c111d cl r<'l'('l'S<' 0 1JJ('g;1 11 - 11c-l \\·ork [ L <'<',-..;.'JJ . 

or cl h c1 11 yc111 11 - 11 <'twork a11d cl n '\'(Tsc ha s<' li,w 11 - 1wt\1·o rk , ll' ill r< ·s 11ll i11 ;1 1111 i 

ca.s t,i 11 g ·11 - 11dwo rk . 

2.2.3 Sorting Networks 

J\ 11 11 - ll <' t wo rk is ;1 so rli11 g /1 - l )('t\\'Ol'k if, fo r cl /I _\·/.- 1111111hc rs ill ;1 11 _1· /, · o r it s /I 

i,qmt s to/, · co 11 scc 1Ili v<' ly 1111111l ><'r<'rl 01 1lp11ls s1 1c li tl1 ;d tl1 os<' /,· 111111il w r s ;1 pI w,t r 

H at. cll<'r 's 1l<'l\1·o rk [B at()K] is il sor ting 11('I\\'(>rk 11· /iicl, co n s is t s o r lg 11 ( lg11 / I ) 

s t.;-i g <'s o r 2 X 2 CO /llp ,H<1t o rs. , \11 o t l1 n \\'(' li - k11 oll' JI so rt i11 g ll('t.11·o rk is 111(' 11<'I \\ 'Ork 

o r 11. St.0/1(' [S t o7 I . h: 1111 1:lJ, w l1 icl 1 rn 11.sis t s o f lp,2 II s t i l J.!/'S or 2 X 2 ('() )Jlf>ilr il I o r s 

wll<'r< ' ;-1II_y L\1·0 co 11 s(•c 1Jti \'!' s t;i gcs ,Ir< ' 11 -s l111fll <' co 1111 <·ctcd. l ·' ig 11r<' (i(;1) ;111d (h) 
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CHAPTER 

THREE 

PARALLEL ROUTING 
ALGORITHMS FOR BENES 

NETWORKS 

3 .1 Introduction 

ii ,noog a ll k i ods o r '"' icasli og od wo,.J<s , \,he I ktt<',S oeh><H'k ts n tot<' a 1.1 ,,,,. _ 

l i V<' tt ,a.i ,ti y becanse o r its (} (" lg tt) bit -level cosl a od O ( lg ") bit-lcw•I dq,th . 

llot , rnol.i og unicast ass igoowots oo ti,<' lkoeS o..t,wotk ,,•oiai,ts a pt ohl,·ot. 

The loo pi og a lgot ilb nt [WakG8, OTW7 I] is ool sa tis racl.<H')' si, np ly lwc ;n ts<· 1. l, e 

0( n lg n) time eonipkxily is too lat·ge, ,•specially co ,n1w•·d with Litt• ()(lg 
O 

I 

dept.I, o r t he I ktteS network. The parn I Id a lgo,·il Inns ,·epot·l<'d <•at Ii, ·t [I.I' I' 8 1 , 

N S82a.] M(' i oemricnt i 
II 

th at they ,·a.o O il ly r,•a.1 i 1-e '""' pldc· o , jll'l O lll l;d ioo 

assig tt ,nCots. Besides, t.l,<•i r ti" tc c<>t np \cs i I ies al'<' sl i II It igltt ·r· t ha tt I.I"' () ( lg 
O

) 

cl<'pth of t he lkn cs netwo rk . 

Io I hi s chapl.n, we presco I eflicieo \, pa ral lei a lgo ri I Io ns for too I i og o o i rasl as 

:2 1 



s ig nment.s 0 11 t.11(' lknes net.work. Our ,ilgor it.li,ns urn ,tlso lw pip<'lin<'d to !!,c1111 

a rac to r or O( lg ·11 ) s peed up over t ll<' par,ill el algoritl11ns or Nassin1i a nd Sc1li -

11i [NSt;2,1.] .-111d Lev ct. a l [LP V~ l ]. Pi1wli11i11g is 111 ,H i<' poss ihl <' hy ro 11t.i11 g t.lw 

Benes net.wo rk s t. ,1gc by st.,1gc fro1n left. t.o ri g ht. and m·er lap pin g t.!1<' rout i11 g 

ste ps ror co ns<'etd,iv<' st ages. l! nlike 011 r ro u t. in g ,d gor ith111 s, the cited pM,il 

kl ,d go ritl1111 s proceed t 11(' set tin gs rro 111 0 11t.c r-s(,;1ge sw it c ll ('S to inn <' r-s t ilp;<' 

sw it. c ll<'s whic h 111 a. kcs pipcli11i11 g diflirnlt . 

'vV<' rca li ✓,<' o ur routin g ,d go rit.l1111 s 0 11 p<1ra llel processo rs i11i.< ' rco 1111< 'ded by t 11·0 

differellt. topologi<'s, 11<111l('ly tlw co111p lclc co 1111 cc l ion to po logy ,111d Ll w <'Xlc t1<f<'<I 

pcrfec/. - ,s llllfllc COIi/iCC! ion topo log_,·. \-Ve show th a t ir ('\T ry pa ir or processo rs 

,H e i11(<'rco1111cded hy ;-1 clir<'ct arc ( i. e., t.11<' co1111 <·c t io11 l.o po log_,· is crn1 1pld<' ) 

t.lien rout.ill µ; ;-1 u11io1 s t. ass ig11111 e11I. i11 vo h·in g 0(/..-) pairs o r inp11t s illl(I 011! p1it s 

t ,1kcs 0( log2 !..· + lg 'II) t.i Ill<' wit lio1It pi peli 11 i 11 g ,rn cl 0( lg 1..-) ti IlH ' wi t.l1 pi pe l i11 i 11 g . 

\t\fe a lso est.a b li s li t li,d. us in g a wcakn to pology, t lw e:--:1.<'lld<'d pnfect s liidll<' 

co1111ecLic)II topology (cldi,wcl i11 S<'cl. ion :L:L 1 ), k,1d s l.o ,1 r011t.i11 g ,il go ril 11111 

wit.Ii O(lg 1 /..-+lg ' /..- lg ·11 ) t.i111 <' wit bout. pip<'li11i11 g and O(lg 1 /,- + lg /,- lg 11 ) t inw 

wit.Ii pi1ielilli11g. These acliieH' tl1 e opti111a.l O( lg11) rout.i11 g ti111 ,· wlic·n /,· <<.. 11 , 

a11d t.lwy provid e t lw lwst. - k11ow11 t.inl(' co111ple:--:it. i< 'S fo r ro11t in g ,111 _,. Oil<' to oil<' 

a.ss ig 1111w11t. over I.lie lk1 1<'s ll<'hl'o rk . 

J\lso , i11 O lli' routin g sc li c111c·s, ('ilC ll or t.lw fir st lg 11 - I s l ,1g<'s or , \II I/ i11p11t l\('ll( 'S 

11<'1.work cc111 IH' prO\·icl cd \\'itl1 it s 0,1·11 specia l rout i11 g 1no d11i<' r,11 lt n t l1c111 11 s i11 g 

;1 s i11gl<' pc1r ;-illcl co ,nputn to set. a ll tll<' s 11·itclws . l•:;icli ro1 1li11 g llH>di,I<' is 

co 111posc'd o f so 11H' spcc i.-il p11rpos<' processo rs t It a l. c,111 I><' i11t<T CO llll< 'c i<-d hy ;1 

1111111ber of topologi<'s . l·'.ac l1 s p<'ci ,il processor is <'<p1ipp<'cl wit 11 ;1 lllll tii><'r o f 

O( lg 11 )- hit regi s ters ,111d so 11H· s i,npl<' Mit li11 l<'I ic <11HI lugic c irc11it.r,· Io co iiq >, II<' 



O(lg n) -bit numbers a.11d prrfor111 so ni c co11 n1.ing aud drcocling on then 1. Wit.Ii 

these routing 111 odu lcs, once t.hc first lg 11. - I sta.grs a. re set. , the last. lg n stages 

a rc then se lf- routed since they forlll a. reve rse base li11 r ·11 -ndwork as st.a.led in 

Section 2.2. 1. 

Tire rest of this chapter is orga.nizrd a.s follows. Srction :J.2 descr ibes a. rouL­

ing principle which provides t.he basi s of a. pa.rallrl a.lgorit.11111 for ro11Li 11 g 0 11 

t.lic Be nes 11dwork. Section :J.'.3 di scr ihcs tl1i s pa.ra.llrl routi ng a.lgo ritllll1 , a nd 

Se('t.ion :Lil g ives its lrarcl wa.rc i1nplc111c11ta.t ion. The cha.pt.er is s11111111ari :;,ed i11 

Section :L.5. 

3.2 The Routing Principle 

ln this sect.ion, we descr ibe a routing pri11 ciple whi ch csta.bli s ll('s t l1 at. 1111i ('as t ,is­

signlllcnts for the lknrs 11 ctwork ca. 11 he recursively clcco111poscd i11Lo h,1 11"-s i:;,<'d 

uni cast assignnwtiLs stag<' by st.age frolll ldt Lo right.. This routing principle 

a lso pcrlllit s pipelining of u11icast ass ig111ncnl.s 011 lk11c·s net.work. 

3.2.1 Notations and Definitions 

Notation: For O :; i :; 
11 

_ I , if (b1g 11
_ , , ... , b'1, h;1) is ti!(' hirn1ry repn ·s<· ti -

1·1(," 1· · t i · I otes t lw i11 tc,rer whicl1 l1 a.s t ii<' i>i11;1ry r< 'prcsc
11

t, ;ll ioll 
,< , ton () i , l('ll '/ ( ('II ' ' ' ' /') . 

(
// f i I i) I' ·. ,cl i ;-1, re called ;-1 c/ual pai r of int.cgcrs. II 

lg 11. - I 1 ••• , JI 1 \J , a ll ( I <1 I 

It · I I J) <"'.<·1,·<•t , li<' <·,< l<·r ,1t, i111>ut. i of a.1 1 ·11 - i11p11t. lk11('s 11<'l.11·o rk h,is 
, ts a.ssu 111<'C t 1;-d, a , 

lgn + l I -
1 

I · I t I -,s (,· i ... ,d; , d;,) , ll'il('r<' ,·, is ti)(' ('Oll ll <'('{ i
11

g 
· ) I ,S

1 
i-111( I S C ('JlO C( n , 11 lg 11 - l ' 

1)1·1 I ( l' Ji Ji)· . t I , Ji 1' 11 ·1r, · rc1ircse11tat io1 1 of t.11(' 011t p1i1 p;1in·d ll'it.lt 
, a nc ( I I ( I ( 0 I S l< < -' 

g11.- i . .. i , 

1 b d <' no f <'s 1,lw hi 11 ary ro111plc111<' 1Jf. of hit b. 

:W 

I 



0 
(ro,d?g 0 •1, .. . , d?, dgi <ri:1,P~ n-1 ' · · ·, P? , P8) 

(r, ,d11n-1, ... ' dj, dJ/ SWo (rj ,P,1 n-1' · · · • Pl, PJ) 
0 

2 2 ~ (r:z,Ptg n-1' · · ·, P~, PJ) 
2 

(r2,d1gn-1, · · ·, d1 , d 

3 3 ~ SW1 (rj,Prg n-1' · · ·, P~, pg) 
2 

3 
(r3,d1g n-1 • • • •, d1 , do 

3 

• • • • • • • (/) • 
5 (r21,d~ n-1• . . . ' d~I, ~i) (r'21 •Pi~ n-1 ' · · · • Pli Pl) 

• 2 

2i 
:::, 

0. 2i 0. 

.s (r21+1,dtJ•~-1, · ·., <111+~ d~+I) sw, (r'21+1•PrJ+n\ • · · ·, Jiii+l, pfj+l) 5 
2i+1 2i+1 0 

• • • 
• • • 
• 

(rn.2,d:;;~-1, ... , d7-~ d~-
2

) 
• (r~_2,p:;;~-1' ... , Pin-2, it;·2) • 

n-2 n-2 
(r0 . 1,d~~~-l• ... , d7"~ d~-I) s~12-1 (r~_l'p:;;~. , •...• pr1, it;·') 

n-1 n-1 

Figure 7: Jf (n): a one-stage 11- nctwork consist ing o f 11/'2 '2 x '2 sw it.clws. 

input i with djgn- l bring tll<' rnost signifi cant bit. ln lig l1 t o f t his ass11 111 ption. 

tlir follow ing definition makes the not ion o f unica.st assign111<'nf.s 1110n' precis<'. 

Definition 3.1 A unicast k -assig11m r11 I .for an ·11 -nclworl.: is o sr / 

{ (£ , (r;, d/gn- i , ... , d), db)): O ~ i ~ 11 - I} surh that r.rn.ctly k 1·; \ rffr• rqual to 

I , and (d{
811

_
1

, • • • , d; ,d0) "f (dj~
11

_ 1, ••• ,clf,dl) 111hr11r-nr1· i =f j and ·,·, = ' '.i = 

1 · II 

Let 1/ (n) d<'iiotc a one-s tage u -ndwork whi ch co 111pr1 ses 11/'2 '2 x 2 sw il.cl)('s, 

S' l,Vo , S' l;\/1, . . . , S IV,,;
2

_ 1, as show n in Figure 7, where II is a. pow<'r of '2. 

Definition 3.2 C:iv<'II {(i , (r,, d{g
11

_ 1, ... , d;, db)): 0 ~ i ~ ·n - I} a 11n irns/ as­

signrnrnl for l/ (11) , (/ .'i("q'll r ll ct ofswitrhrs s 11 ·io,s 11 ·;,, .. . ,.'·,' ll '1,, - 1 in l/ (11) is 

snid lo form a chain uiith rcsptcl to th.of os,,ig11111 r11 I ,J: for O ~ q '.S I' - '2, 0111 . 

011hr inputs of S' IV;" and 011r of //, r i11p11 /s of ,'>' 11';"+1 arr /Hl inrl u,it!, o r/110/ 

JHtfr of Oil/pills and have thrir comircl ing bits s(/ lo I , i.(., t!trff r.1·isl .r - '2, ,, 

or .t = '2i,, + I , a11rl !J = '2i,,+ 1 o1· .'I = 2i,,+ 1 + I for whir· /, r,. = ,·_,1 = I ond 

( d( l·r t·r 11·) - ( rfY d1' rt( ' d/:) . l\n- 1,·· · ,(.·'2,r l , rO - ·lg11 - 1•· · ·· 

; 



-~ , 

inputs outputs 

.,.- ----► 0 f'1111i 

:1 I : 0 swo 1 ; <-~--~ 1 
1,0111 

/ 2 (1 ,1 100/ 

:1 I : 2 

1 ! 
(1,1011) sw1 3 

C 1 : SW 1 ,SW7'SW 2 , sw 4 . 
(1,0011) 

~ I : 4 
J 5 p,01011 sw2 5 

( I ( ._ 6 t · ---~ :1 I : 6 
\"l '• • . .. 7 : 1 :0000: SW3 7 
\ \ i y-~,-:). 8 (1,0010) 

C
2 

: SW 3 ,sw 6 ,sw 0 ,sw 5 . :1 I : 8 

r. ,~~=:;; p ,11011 SW4 9 
(1 ,1110) 

~ I : ~~ (1 , 1000) SW5 

·. ••. .::-~ 12 f 10110i :1 sw6 I :~; ·- - .. 13 1,0001 

·· · ... :•··•· 14 p 110101 

:1 I =~~ ..... i·-15 (1 ,0100) SW7 

Figure 8: Two c l1 a in s wi!.11 r<'sp <'ct to ;i 1111iu1st l !"i - ,1ss ig 1111H ·1 1t for // (11) 11" l)('r<' 

II = I Ci. 

/•'111"/hr·1·111.o,-c, S I+',- S il ',- , ... , Sil ', 
1 

is said lob, o closer/ clu1i11 if. !lu ,., 11u1i11 -o, l Ji - . 

in,r; i11pul of:,'H',-
1
, _

1 
and !h r 1011oi11i11,r; i11p11 I of.'-.' 11 -,

0 
on also poinr/ ll'i!I, 11 r/110I 

7mi·,- of 011/pnls, and lo b,· a·n O/J<'fl clir1i11 olhr'l'1ois1. and !lu·n ,'-.'I l -,
0 

011rl S I 1 ·,,,_
1 

a,r r-rt!fcd !lu· encl s1vilc/ws of !ho! opt II r-hni11. // 

Tlr<' s i✓, c o f <1 cl1ain is t. l1 c 11 11111I H'r of s11· it c ll('s in t lw clr;1 i1 1. C:i1 ·<·11 ,1 1111ic;i s t /.,­

assig 11111c11L l"or 1/ (11), tlw s i1/,<'o f a c li a i11 c;rn lwas larg<•;1s 111i11{ l(/..- + 2) / '2j , 11 / '2} 

;-u 1d
2 

as s 11 1;-1 II ,i s I , a nd I.Ii<' 1111111' H' r o f cl1 ;-1 in s ca. 11 i> C' ,l s lc1rg<' ,1s 111i11 {i·, 11 / '2} 

lU + 2)/2J o r l1-.-/2J ). l •' ig 11rc -" s l1ml"s ii c los<'d c l1 ai 11 ( '1 ;111d ,111 Oj)('II c li;1i11 ( '1 

wi tl1 r espect t o ;-1, 1111i c;-1s t / ,S - ;1ss ig 1111w1Jt fo r l/ (11) ll" i l<'r<· 11 __ / (i . 

l •~;-1c li of tll<' two <· 11d sll" itcli cs o f i-11 1 o p c11 cl1ain, dcp('Jldi11g 011 t. 11<' sli1ks ( 1)11 ,-;_1 

'.! L-rJ d <' II OI (' S t.l )(' larg, ·s l i11 l <'gn <'q 11al l o o r >, ]]lilll t'r I lia11 J" , a 11d rJ·l d, ·11 , , I ,,,, 111< ' ,-; 111 ;1/l , •,-; I 

i11t<'µp r <'q1ud l o o r hr/.(' ' r llia11 J '. 



or idl<') of it.s i 11 p 11 t.s, ca 11 b<' i11 o ,w of tflC' two st;-d,<'s: husy or S<'Jlli - ht,s_\·. 1\11 

f'11d sw itcl, is ca.lied /)IJsy if l>0t Ii of its i11pufs ,He h11sy, ,rnd n ill<'d .,w111i- /)lfs1· if 

011c of its inputs is bu sy a11d t.li<' o tli <' r is idle. f ~;-i.scd 011 t.11 <' .,;lal<'s of tllC' <·11d 

sw itcfl<'~ , w<· disti11g 1tisli IH't11'<'<' ll two types o f o p e11 cli,1i11s. 

Definition 3.3 ;I II O/H' II choi11 is soid lo br r, fi-('c OJ>CII chain if if-; 111d s11•il1-!11 s 

11.,·c bo!h b11.s_1J or bo!h sr 111i-b11sy. and lo br a h r1 /{ OJJl'II chain 1/ 0111 of ifs Ind 

switches -is b11s_1j and !hr o//1( ,. is sr 111i-b11sy. II 

For cx;-1111 pl<' , ('2 gi \"I'll i It l ·' ig t11 ·<· •" i s ;1 l1 a l f op<'ll cl1n i II si 11cc <'lid s\\' it c l1 ,c.,· 11 ·,, ,_., 

3.2.2 The Routing Principle 

'!'lie followi11 g t.lworelll stnt<·s 110w to d1'co111pos<' ,1 t1JJic,1sl ;1ss ig 1111l<'11t. i11to 

two Ii al f-s i ;;,eel t 111 iuis t. ass ig 1111 J<'II ts , a II d II' i 11 lw ,1 p pl icd r< 'c tt r s i 1·<·ly for roI t t. j 11 g 

tt11ica.s t c1ssig1111w11ts t.lir<rngl1 t.lic first l1<ilf of st ;-igcs oft Ii<' /k11cs 11 et.work . 

Theorem 3.1 (,'11•r11 {(i, (,·,, d/1, 11 _ 1 , • •• , r!\ , d~)): 0 ~ i ~ 11 - I} 11 1111 /1·1,s/ /..· ­

assi9111m 11! fo1· // (11 ), /1! (1·;,11/F,,, _ , .... , /J 1;, /I:,) r/1110/1 !h1 lu11r/11·of !lu 1,111 ·/.. ·1/ 

al 011/1111/ i of l/ (11 ), 0 ~ i ~ II - I, as sho11·11 111 f,'/_1;111·1 7. '/'/11 /'/ 1 .ris! sr 1/in.r;s 

fm·,'-,'{,lr"o,Sll ',, . ... s I1 ·,,;2 - 1 Slf('h !h11! 

{( 'h'(·' , '21 '21 '21))· () < < / ·> 1} /., / - , 1 '2i•l' lgn - l' '"' /12,f11 · _ ! _ II - - IS<ll/1/l/'I/S/ ·u -nss itJlll/l(l/ll///1 

{ ( :2,; + I , ( /'~i+ 1 , JI{~~~ 1 , - - - , 11i'+ 1, 11{
1
~ 

1 
) ) : 0 ~ i ~ II/'.!, - I} is 11 111111·11.,/ /,- 1 - 11 ssi_1111 -

111 r nl, w/1t ·1·1 · 1.-o = r1.·121 {//Id 1.-, = l 1. f2J. 

Proof: St1ppos<' 1liiJ1 t.ll<'rc ,ir<' r· c l i;1i11s, I ~ c ~ 11 I i 11 {/..· , 11 /J ), ll'itli r<'sp<'cl 

lo t.lw gi1·c 11 ltllic,1s t /..·- ,1ssig11111<'1Jt. cllld S llj>J>O S(' t I1 ,ll there il l'(' r fr< '(' OJWII 



cfo-1i11s ;-1111 011g tl1 osc c cl1;-1i11s, 0 S f S c. For c;-icl1 cliai11, by Dcfi11iti o11 :L'l., its 

sw i tcl1cs ca.I1 lw sd such tha.t., for tl1os<" i11p1Jts i cllld j \\'liich l1<1, ·c 1·1 = 1·.1 = I 

c1.11d (di di rf d') == (d
1
1 

1, ... , d2
1

, rl1, d<.1J), 011<" is ro111.ed t.o <111 <·, ·e11 -'s '" - I , · · · , 2, ' I , U g .,, -

1111mlH'rcd o ut.ptlf and the ot.ll<'r is routed 1.o ;-1 11 odd - 1111111l><'rcd otlf p11t , ,rnd 011n· 

a sw i t.cl I in t II<' cl1 ;-i i11 is set. tll<'ll t. li e sett i11gs oft. he ot IJ('r s\\' it c l l('s i11 t li;it cl1i1i11 

il l'<" fi x<"d . Sine<" t.he first chosen switcl1 c;-III IH' set. i11 111'<> 11·;-1ys (<'il l l<'r tl,m11gl, 

o r <Toss), tli<"r<" ;-1 rc <'xac tl ,r two w;-1,rs t.o set <';-1cl1 c l1 ,1i11 to sitfisfv t/1(' n hm·<' 

st.c1te111 c 11t.. B<"sidcs, diff<" rent c l1 ;-1 i11 s Cil ll IH' se t 1n1Jt11 ;-1 /l y i11d ep<·11d e11t.l y, i .<"., 

t.h<' sct t.i11 g o f a ch;-1i11 wi ll not. ;-1 ffcct the sett i11 g o f a 11 ot lwr cli i1 i11 . Tlwrdor< ', 

t ll<'rc i-11'<" 2•· wa.ys to s<" t tl1os<" c cl, a.i ll s si nce c;-1c li c l1 ;-1ill l1 ;-1s t.wo 11·;-1ys o f s!' t t i11 gs. 

If tlw switc hes i11 //(11) ;-I r <' se t i11 ;-1 11 y 0 11 <' o f IIJ('s<' 2•· 11';-1ys , 111 <· 11 it is c·<1s_1· 

to n·rify t, li ;-tf, { ('.h , (,·;i, f1{~
11

_ 1 , •• • , 71f, 11 f' )) : 0 S i S 11 /2 - I} is i t 1111i ci1st k0 

ass ig 11111 <"11t. ,111cl {(2i + l ,( r~1+1,fl(~t~ 1, ... , fl f+
1
, 11 f'+

1
) ): 0 S I S 11 /'2 - 1} is i t 

k . Tl111 s, ii 

s11ffic<"S to s l1 o w a.t. least. 011(' o f t.11<' 2' ' W,l_)'S of sett. i11 gs wi ll !'!'Sidi. Ill kl) - rl,'/21 

c111d 1.- 1 = l k /2 J. Fort Ii<" c los<"d cllld free op<"11 cl1<1 i11 s, 11 0 Ill i t t.t c'r l1 m1· I ii< ·1· it r<' s<'I . 

til<'_v will i11crc •;-1sc ku ;-wd /, ·1 hy tlH· si1I1I<" 1111111Iwr h<·u111 s<' s11cl1 C" ii;ii11 s l1;i1·<, <·1 ·<·11 

1111111hc rs o f h11 s_y i11p11t s, ;-11HI ;-1 l1 ;-1 l f o f t!IC' i11ptlf s itn· rotil<'d t o <·1 ·c•II 1111111I H'r<'d 

0 11t.put.s ,tJl(I tll(' o tlwr I1 ;-ilf il l'<' ro11t<'d to odd - 11111 11ll<'r<'d 0 11tp11t s. ll o11·<·1·n , ;i 

half 0J><" ll c l1 i1 i11 l1 ;-1s ;-111 odd 11111nlwr o f b11s_1· i11p11 ts, ;i ncl it s t.11·0 s!'t t i11 gs 11·ill 

l1 ;-1.1·<· diff'<'r<'11t i111p ;-1ct 011 t l1<' i11cr<w;c•s o f /, ·ll ;111cl /. ·1. 011<' s<·I t i11g , llil fll('d I I IC' 

'f'.v1>c-O s<" tti11 µ;, ll'ill h,-11"<' ku i11cr< '<1S<' 0 11 <' 11Ion· tl1 a 11 f I . ;i11cl llw ol lwr :-w lli11g. 

lli'llll('d 111(' '(\'/)('- / s!' tti11 µ;, 11·ill l iil\'<' k0 illn<"ilS(' 0IIC' i<'ss ll1;i11 /,- 1. L <'1 f/ /:},j 

of tlios<" / I1,ilf 0J><'II c l 1<1 i11 s lw i11 tll('ir 'f \ 11< '-0 sC'f1i11gs i1 11cl 111(' o 1Iwr j//:},j 

/1 ;-1 lf 0 J><'II cl1 ;-1i 11 s /)(' i11 1 li<"ir '/\p(' f SC'11 i11gs. Tlw11, o ll\·i01 1sh-, /, ·11 _ /1,f .. n ;111cl 

:w 



T h e p r<'v 10 11 s t. h<·o rc 111 csU1li li sl1<'s a rout ing sc l l<' ll l<' for t 11<' lk11('s network. 

C i v<' ll a u11i n 1st a.ss ig 1111 w 11 t for i-lll 11 - i11p1it lk1l<'s net work , let t 11<' s11·it clws in 

t. li <' f i r st. s t. age IH' set. su ch t. !i at tlw st;-1tc 11 1c11 t. o f T lwor<' ll l J is satisfied. Tll<'11 

t h e t wo 1,s t, ;-1b li s lwd h ;-111"-s i zcd ass ig 1111 w 11 t.s fo r 111<' cc 11 L< T -sL;-1gc 11/"2- i 11 put l k11<'s 

i111pli cs t,1 1a t. ii" t.h c sw i tches in th e fir st. st.;-1gc ;-ire set s 11 ch t.l iit l. t.11<' st.ai<'11H' Jl t 

o r T ll<'Or< 'lll I i s sat. is fi 1•d , t. hc 11 t he re ex ist se t t i 11 gs for t 11<' Sll'it cll<'s i11 all or 

tll<' s11bscquc 11t s t. ages t o r c;-ili 1/,<' tl w 1111i cast assig 11111<'1il . lle11 cc, ;-1 11 _\' ,il go ritl111 1 

w hicl1 s;-11. is fi es t.h c st aL<' II H' ll t o f T lwore111 I ca n he 11 s<'d r<'c11rsi v<' l _1 · t o s!'t t.11<' 

s\\' it chcs i11 tl l<' fir st lg 11 - I s t ages. T l1 c rc;-11"tcr t he l litcke t s ill'<' ro1 1tc<I 0 11 ii 

sc ll"- routi11 g b as is tl1ro11 g h Lh e last. lg n stages t.o t 11<' ir fi11 i 1l d !'s t i11 ;ll io ns . T h is 

i s b cca 11 sc t.h e !;-1st lg'II st;-1ges o r 111<' l k 11 es 11 etll'o r k is a J'(' \ '(' J"S(' b;1 sc l i 11<' /l -

11et.wo rk , whi c h l1 as th e \\" (' li - k11 0\\' ll p ropnty th a t , l l<' t \\"('(' 11 (' il (' h p ,1ir o r o f it s 

i11ptt1 s o utpu ts, t.il<'re i s cl uni q 11 <' p;-d li tl1 ;-il c;-111 lw l"o rn w d by d !'codi11 g tl w 

o ut.p11t. address hit. by bit. 

3.3 The Parallel Routing Algorith111 

111 t.l1i s scc t. io 11 , we prcse1it. ii p <1 r ,il l <• I ro utin g ;-1lµ;o ritl1111 fo r tl w lk,l<'s i l<' t 11·o rk 

t. o sp eed up t li e rout i11 g t i11 w. l·'o l low i11 g t 11<' d isn1ssio11 i 11 t I I<' pr< ·1·io 11 s s<'ct io11, 

i t i s o ,il y 11 <'C<'SSi-ll' _\" to dcsn il w ii p i-H,dl c l ,d goritl11ll 1'01 // (11) s 11 c l1 tl 1,it tl w 

rout i11 g pri11 c ipl <' sL-1.t.cd i11 'l' i l<'O l'<' lll I is s;tl is fi c d , il11 d I 11<' 11 t II<' pM,ii i<' I ro 11 t j 11 g 

a lgo rit hill for t 11<' lk1 l<'s 11 d11·o r k l"o ll o\\' s . 

111 111<' p ;-H ;-1.ll e l a lgorit.h111 fo r // ( 11 ). it is i1ss 1111 w d tl1 c1 t tli e r<' ,1r<' 11 i1il<·rco 111 H'<'t<'d 

p ron·sso rs, / 1 /? (O), JJ It ( I ) . . ... I' /( (11 - I). ,111<1 p,1<-ket 11<',l <i <' r (, · rl ' rl' r/ ') 1 ' II\ " I' · ·· • I ' 11 

i s i11it,i ;-dl y i11p11t t o JJU (i), c1 11< l l'N(i) ,11 HI / ' l( (i) il l'<' c,ill <·d ii <l11 nl pni r u l" p ro 
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n·sso rs ,rnd w ill dctern1i1 w t he setting of s 11·[,/2J of l/(11). 0 s; 1 s; 11 - I. 'f'lw 

t i1nc co 111 plex ity o f 11 1<' para ll e l ,ilgorit 11111 depends 011 t lw i11t<Tco1111111111i u it ion 

ca.p a. hility o f t he co 1111 rct io r1 to po logy hctwcc11 tll<'sc II processors. Tlw p<1r,1l l<'i 

a lgo ritl11n Celli n111 0 11 t wo co1111 c·ct io11 t.o p o logics, 11,1 11wly t lw co/11/J/d<' co1111cc­

t io 11 to p o logy a nd LI i<' cx /.cn clccl p erfcd-sl//l fflc co11 11 cct. io11 topo logy. It wi ll ilC' 

s how 11 th a t. ,rny u 11 iu 1s t k-ass ig 11111c 11 t. u1 11 lw rc,ili z<'d o,·cT ,1 11 11 - i 11 p 11 t. lkrws 

11(' 1, wo rk in O( Jg 2 k + lg 11) t i11 w if th<' co 1111 ccl io n topo logy is rn 111 p lctc, ;111d i11 

O( lg 1 /, · + Jg 2 I. · lg 11 ) t, i111 c· if t li e co 1111 cct.io11 topo logy is <·xt.c 11 ded pn fcct s h1dll e. 

3.3.1 The Connection Topologies 

Fo r c·as<' o f di sc 11 ss io 11 , W<' firs t dcsnih I h n·c· kin ds o f JH0C<'Ss<·s: 11 w 1·c· /lron·ss, 

co 11 ccnl.ral. c pm u ·ss a rl(I hma clcas l. pror·cs.,·, w hi clr w ill IH' 11scd i11 t. lw p;ir;i ll <' I 

,il go rith111 fo r <'xc l1 a. 11 g i11 g d a t. a. IH' t.11-cc· ,1 t.lw II i11 tcrnJ 1111 <'c l<'d p rocesso rs. 1\ 

111 0 n ' process I ra 11 s fc rs d ,d ;1 fro 111 so 11w o ld processo rs t.o so 111 c· 11 c'\\' p roccss<ns 

in ,1. o ,w~t.0 -0 11<' 111a.1111 c-r , i.e., 11 0 d ;-1U1 w ill lw 111 m·cd fro11 1 0 11 <' prncc·sso r to 111 orc ' 

I h ;-111 0 11 <' processo r , ;-1 11d 11 0 p roc<'sso r ll'ill recc·i,·c· d ,ll,1 fro 111 111o r<' t 11 ,1 11 0 11 <' 

processo r . 1\ co 11 ce11t r;lf <' p roc<'ss t ra ns f<'rs dat il fr o1 11 :-;0 111<' o ld pro<Tssc,rs to ;1 

s p ec ifi c processo r in ,1 lll ,lll_\' -I0-011<' 111a 1111 <T. A hrm1dcc1 s t p roc<'ss t r;i11 :-: fe 1·s d,11i1 

fro 111 ;-1 s pec ifi c processo r t. o :-:0 111 c· 11c·11· p roc<'ssors in ;-1 0 11 <' to 111 ;1 11 ., · 111 ;i 1111 <' r . !1 1 

<'nc l, pro cess, til e r<' ilr<' dest i1i;-iti o 11 ;1 d dwss<':-: m;c •d to s p<'c ify tl w loc;itio 11 (s) 

o f 11 c· w p rocesso r (s) t o w l1i c li d a t ,1 ;ire· t r,1 11 s l'c· 1T<'d. 'f'l w till !(' n1 111p l<'x it ic•:-; to 

('X ( 'C III.( ' t ll<'se p ro cc'SS('S cl e pe 11 d 0 11 t lw i1il <TCO llll l!l lll ic; it io 11 u 1p,il 1i lit y o r t.l w 

co 111 1<'c ti o 11 to p o log.1· lw t11·<'<'II tl w p rocc:-:so rs, ,1 11 d il l'<' di sn 1ss<'d ;1:-; fo ll ml' :-: . 

'f'lw fi r:-: 1 co 11 IJ('C t io n t o po log.1· IH't 11·c'<'11 t ii<' 11 pron·s .... ors is t ii<' co 111 p lc·t c· co 11 



ll ('ct io ll topology 0 11 wh ich t.lwrc is a co 1111ec ti o 11 lwt\\'<'<'11 any t\,·o processors. 

T it <' second co 11 11cctio 11 topolog.v i>Ct.1,·<·c11 JJ H(O ). J> II ( I ) ..... /> /?(11 - I) is I 11<' 

cx/('11dccl p c rfrct. -s /11/f(/C CO llll <'Ct ion t opologv Oil whic l1 each d u ;-il p cl ir or pro­

cesso r s arc con nect.ed. a nd JJ !?( 0). JJ /?(I) . .. .. /> H( 11 /2" ' - I ) ,1 rc ( 11 /:!-"') sh I dlle 

i lit nrnll 1wct.cd, for ,n = 0. I .... , lg 11 - 2. i .<' ., /1 H( 0), fl I (( I ) , .... /1 H( II - I ) ;-11'<' 

11 - s li1dfl c i11t nco 1111cctcd , JJ/?(O). JJ/?( I) .... , JJ/1(11/l - I ) ;-ire 11 /l - slt1dll c i11t er­

co llll<'ct.<'d, a lld so 0 11. C lcMly, t.lic co111pld<' co11 11 <'cl io 11 to p o logy 11 s<'s 0(11
2

) 

co 1111cc t.io 11 s, and t.lw cx t.c11 clcd pcrfcct-s l1uffl c co 1111 <'c l ion t o p o logy 11 scs 0(11) 

CO !l ll<'Ct. io11 s. 

The co 1nplct.c co 1111 cc t.i o 11 t o p o logy 11;-i s ;-1 \·cry stro ng i11t e1-co 1111rn111i c,llio11 c;1 -

pabilit y. It is ob,·io u s th a t. <',i c li of th e t.irn'<' proccss<'s n111 lw t'X<'rnl<'d i11 

0( I ) t.i1nc o ll t. lw co 111plct.< ' co 1111c'ct. io n topology. 011 t. 11<' ot. ll<'r I1 ,111d. it t;ikes 

lo ll g<' r t.i11w t.o cxcc 11t.c ' t.lwsr pro n-sses 0 11 t lw <'xt.c1 1d<'d pcrfcc t -sli1dll <' co 111I<'<' ­

t.io11 topology. J\ co11cc 11t.ra t.<' process or ;-1 lno<1dcas t process ca n I ><' fi11i s lwd 

l>y rcpea t.cd ly p ass in g lg II t.i11ws t.liro11 g li t.lw 11 -sli11flk co 1111< 'Ct. io 11 IH' t \\ '<'<' II t lw 

cxt.c11drd pcrfrc t -sli1dll c i11tc-rco 1111 ccl<'d p rocesso rs. c1 11d l1 c· 11 n' t lw,· c;i1 I lw ex ­

cc 11t.c d in O( lg 11 ) ti11w . ll o\\·c,·c-r , it t <1kes three steps t o <'Xt-c111<- ,1 111m·e pro 

ccss 0ll tlw cxt.end<'d pcrfcct -sl11dll c int <' 1-co 1111<·ct.ed JH0C<'sso r s. S11ppose t li;it 

I here a.r e /, processo r s t li;-it li <1ve d at,<l Io lw 1110,·<,d i11 c1 111 0,·<· p rocess. /\t 

t li e first step , t.licse /,· cl <it.a il.<'111 s ,H(' 1110\Td t o k or I lw fir st 2fl1,Jl processo rs 

by p,1 ss 111 g lg ·n ti11ws t.l1ro11 g li I li e 11 -sllllflle co 111wc t io n . At I lw s<·co 11d skp . 

tlwsc /.; d <it <l itclll s <liT so rted ;-1cco rdi11 g to tli<'ir dcst i1 1ilf io 11 addrcsscs 1, , . r< ' 

pe;-1.t.cdl y p a.ss i11 g 1lgq1. ti11ws tliro11gli tlw (2fIMkl)-sli1 dllc rn 1111 <T li o11 IH' f\\ ·< ·<•Ji 

J> N(O) , /1 N( I ), .. . , /> /? (2 fl 11Jl - I ). <IS di sc1 1s~•wd i11 S11hscc t io 11 2.2.:L ,\t t 11(' t !1ird 

st ep , tlw so rted d ,lf a ;-m ' 111m·cd tot ii <'ir fi11,il dcst i11;it io 11 s liy p<1 ss i1 1g lg II t i 11ws 

t.l 1ro11 g l1 Ill<' 11.-s l111fll e rn 1111<·c t io n . l l<-11 cc, it O( lg,. I,· --j lg 11) t i11w t o <'X <'CIII<' ;i 
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111ovc process involving I.: processors on tlw ex tended perl'ect -slrufflc co 1111< 'CI io n 

topo logy . 

3 .3.2 The Parallel Routing Sche1ne 

To fa.ci li ta.tc a.I1 un dc rst.a 11di11 g of tire parc-1 ll cl ro1rt i1 1g algoritl1 111 , we g r, -c ,1 

1rn r a llcl ro uLi1 1g sc lr c 11 rr w lri c li o u t l i rrrs I. Ir e a lg o r it.1111 1. 

Frolll tire p roof o f T lwo rc rn :LI, inputs t lr at. belo ng t.o a c l 1,1in can lw p,1rt. i t io rl('d 

into two c<i11i va lcucc classes suclr tlrat. tlw input s in 0 1w cquiv;-tle1 1cc cl,1ss ;11-c 

co111wc t.cd Lo c,·e 11 - 11u1nlwrccl o utpu ts and tlw inputs in the otll(' r eq ui,·,tle11cc 

c lass arc co 11n cct.ed Lo odd - 111111 1hcred 011t. p11 t.s. 011cc tir e <'quivc1lc 11 cc clc1ss,·s of 

i11p11t.s in a c lr a i11 arc est.ahli s ll('d , t Ire dctc n11inati o 11 of ti ](' se t t i11 gs fo rt II(' c l1,1i11 

is st rai g ht fo rw ;-u·d. Tl](' para llel ;-1 lgorit 11111 w ill u se su ch cq 11i n il <' Il <"<' c l ,1ss<'S to 

clct.crrni,w tire set.t ing o f <';-1c l1 s,ri t.c lr . ]<' ir.-d . 111(' fo llowing pro posit io11 s l1 0\\' s 

lr ow t.o cl ctc rrlliII C t.lr c p ;-1 irs o r i11p11 t.s t lr ;-11, i-11"(' i11 1 lw Si'llll(' cq1 1i , ·; il <' II C<' cl;1.-;s. 

Proposition 3.1: Let. {(i ,(r;. d/ /l. 11 _ 1 • .• • , d';, d~)): 0 ~ i ~ 11 - 1} l ><'i-1 1111i c,1sl 

ass ig n1n<'11t. for //(11. ). If (d1g 11
_ I ... . , d'I , d:J) = (d(g 11 _ I , . ... d( , d(J) , r , - , ·., - I 

;-urd i =/- j , Llr cn i11put.s i ;111d j ,Ir<' i11 t.lw s,111I <' <'qui,·a l<'I l <"C c l,1ss ;1 11(1 i11p11t s j 

,1 11d ·1, are 111 a 11 o t.l1 c r cq1 1i ,·,il cn e<' c lass. 

Proof: By Ddi11iti o 11 :L2 , ,<-,' ll '[;;,J a1 1cl S ll \.,;,J ,1r< ' i, 1 t lw s;-1 I1Ie cl1i1i11 sII1 c<· 

i II p ll L i () f .',' I \I Li /"2 J i-lll cl i I Ip I rt . .i of ,'-,' 11 ·l.1/"lj il re piti red I\' it Ii ii d I I ii I j) il i r () r 011 I jl I rt s. 

T l 111 s, by Tl1cor<·111 :l. 1. input. s i and j 11ll1 st. IH' ro1 1t cd i11 difi"<'r<'ril dir<'c1 io r1 s. 

0 11 c co n,wct.cd t. o il l! <'\ '<'11 - 11u111h c rcd out p1rt c111d 1 II(' ol l l('r co 1111 <'ckd to ;1 11 od d 

11111nl)('rcd o ut put.. lkca1 1sc i c111ll i ill"< ' ;-1 du;1 l p ,1ir o f i11 p 11 h c1 11d j ,11 1cl j ;1w 

a 11 o t.lwr d11 ,il j) il ir o r i11p1rt s. i ;111d ./ ill"(' i11 I II(' Silf l l(' ('(j1 I i,·;1l< ' IJ ("(' c l;1 ss. ;111 cl S () 

ill"(' j ill Id i. II 

:l I 



Reinark 3.1 '/'o 111 r111 i.frsl lhl f'q11il'alc11cr f'lass 1dalio11 , u1f'h i111111/ 11•1/I II( 

//'(/11sfo 1·111 u/ info an ol'(/cffd q11r1d1·11plr ·s in 111hif'h !l1< ./il'sl rl, "" 11/ ,s a bina­

ry bit 11 .wd to inrlirnlf' ,f this i11p11I br/011,r;s lo a clos('(I or 1111 Of)( II ('hain, !hr 

sr,·011d rlrni,nl f'O l'/'(:.; flollrf.., lo this i11p11I. the !hi.rd ,/r11u11.I flOin/:.; lo an infill/ 

Iha/ is in /hr· sa111r cquil'nlr nff c/o:.;s as this i11p11I. and !hr /0111'/h rlr 111r11I , lob, 

r·,1,llcrl th.r· 1·r·111 ·rs, ·11 /o./i1Jt of this input. will bt 11sul lo m11/1 this i111111/ . ff' i and 

.i sot-isfr; //,,r, hyfiolhr·.,;is of /Jmpo:,ilion :J. I, /11•0 Ol'(fr'l'td 1//l(td/'/lfilr:,; ( I ; i,j; 111) 

a11d ( l ;j, ·i;JI.J will/)( 1:.;/oblishul. whrn //,ri1·.firsl rh111r11/s r11·1 iniliali:: rrl lo I 

anrl !h r:i rfoul'lh rlr111rn/:.; n1·r inilioli::ul l011, = 111i11{i ,.i} nnrl 11 , = 111i11{j.i}. If 

1·; = I r111d !hc,·r· is 110 1·.1 = I for 11 1hich (r/1;; ,, _ 1, ... , d'1 , rf!1) = (d{;;,, - i , .... di, r//1) 

(i.r., i11p11I i is 11oirrrl with on 011.lplll u•hosr· dual 011/1111/ is irllr ), an o/'llr /'Ir/ 

rru.rl(lruplt (l ;i,- l ;i) 11 ,il/ be rs!a.blishul , 11 1hr.,., - I is 11s,rl lo drnolr thnl !hi.., 

input belongs lo a busy end sroilch of an open chain, 01· n11 O/lt II f'hni11 oj':.; 1:: , / . 

If ·I'; = 0, 011 O/'/lnnl q1/(/rlr11plr (O; i, -2; i) will bt e,-;/abli..,/url, 11'l1< ,., - 2 is us«I 

lo rlr-110/r- that !hi:.; i111111/ br-/011,r;:.; lo 11 ..,, 111 i-b11sy < nrl :.;111ilf'h of 1111 O/J< 11 ,-//(/in, 

01· an idlr :.;wi/r-/,_ I/ 

'I'll<' par,1. llel a lgo rit.11111 ca.11 ilf' ro11gl1ly di,·id<'d into fo11r pli ;1s<'s. 111 t lw fir s l 

phase, orde red q11,1.druples as dcfi11<'d i11 l{ c111ark :L J ,H<' <'sli1h li s ll<'d . In t Jw 

S<'Co11d plia.s<', tli<' r<'pr< ·sc'11t at iv<' in <'<lei, quadrnpl<' is co 111p11t( 'd s 11 ci, lli;it ('iicli 

i11p11t. k11ow s wliicl, cl1ai11 it lwlo11gs to , ;-u1d ,ill tlw i11puls i11 Ill<' Sil lll<' <'(Jlii, ·.t 

l<' 11 ccc l;-i ss will agrc<'Oll ;-1 co 111111 0 11 r<·pr"<'s<· 11t ,lli\'< '. 111 tll(' tliinl pli;i s<·. <'iicli J1;1II. 

op<' ll c li ,1i11 is ;-issig11<'d <' it.li<'r I li e 'J\pe-0 S<'I t.i11g or 'f\1w- I s<' I t i11 g so I J1;11 111<' 

st.a.t.<'111c·111. of Tlworc'JJl :L I ( i.e., 1.-0 = fA·/21 ,111d 1.- 1 = lA-/2J) ll'ill I><' s;ll is fi <'d . 

111 I.lie fo 11rt.li pliil.s<', <'i-l c li s \\·itcli is s<'l hy 11 s i11 g tli<' r<'pr< 'S<'Ilt.,lli, ·<·s of it s l\\·o 

i11p1!1.s. 



PRs PRs PRs 

0 (0,(1,1111)) 0 (7,(1,0000)) 0 <1 ;0,11 ;0> 

1 (1,(1 ,0111)) 1 (13,(1,0001)) 1 <1 ;1,13;1> 

2 (2,(1 , 1100)) 2 (8,(1,0010)) 2 <1;2,8;2> 

3 (3,(1,1011)) 3 (4,(1 ,0011 )) 3 <1 ;3,15;3> 

4 (4,(1 ,0011 )) 4 (15,(1 ,0100)) 4 <1;4,9;4> 

5 (5, (1,0101)) 5 (5,(1,0101 )) 5 <1;5,14;5> 

6 <0;6,-2;6> ► 
6 (12,(1 ,0110)) ,<0 ;6,-2 ;6> ► 

6 <0;6,-2;6> 

7 (7,(1,0000)) 7 (1,(1 ,0111)) establishing 7 <1;7,12;7> 
move (11 ,(1,1000)) 8 <1;8,5;5> 

8 (8,(1,0010)) 8 quadruples 
9 (9,(1, 1101)) 

process 9 9 <1;9,3;3> 

10 (10,(1 ,1110)) 10 (14 ,(1 , 1010)) 10 <1;10,1;1> 

11 (11,(1 , 1000)) 11 (3,(1,1011)) 11 <0;11,-1;11> 

12 (12,(1,0110)) 12 (2,(1,1100)) 12 <1 ;12,0;0> 

13 (13,(1,0001)) 13 (9,(1,1101)) 13 <1;13,6 ;6> 

14 (14,(1, 1010)) 14 (10,(1, 1110)) 14 <1 ;14,2;2> 

15 (15,(1,0100)) 15 (0,(1,1111)) 15 <1 ;15,4;4> 

The First Step The Second Step The Third Step 

(a) (b) (c) 

Figure 9: 1'11 illu stratio 11 of til<' tlirc<' st.<'ps in t.li<' first p l1 i1se. 

The fir st. p l1ase a ppli es lk1nark :L I 1.o cs 1.i-1bli sh o rdered qu c1 drnpi<'s. ;1 1l< I c,111 

lw furt h er dcco111poscd i11to t h ree st.cps. J\ t, tl l<' first. st.cp, pac k< ' ( !waders ill( ' 

input t. o t ii<' processo rs, and the idl <' inp11t.s \l'liich !)(' lo ng to 1 i i<' s<' 111i - h1i s_,· 

switches li a.ve t heir q11 c1 druplcs est cl bli slwd. ,\ 1 t l1e second sl<'p . p;i ck< ' t i l<',ld('J's 

ill'<' 1110 , ·c,d t o Jl('W processo rs so t.k1t. <·,1c l1 du cil pa ir o f pro cesso r s <·,1 n a pph­

Hc111ark :J.1 i11 pa nil lei. At tl1e 1 Ii i rd st ep , 1.lie rc 1n c1 i11ing q11<1dl'llp les ill"<' es l cl i> ­

li sl wd a n d t hen 1noved t o 11< '\\' p roc<'sso rs spec ifi ed by Lil<'ir s<To nd ei<'lll<' Ii1 s, 

cllld Ll1eir first. e le11H'llt s ell'<' cli;i11 gc'd 1.o O if 1 heir third e lc 111<'1!1 s ;m• I. l l si,i g 

1 lw u11i c;-1st. ,1ss ig nnwnt g i,·cn i11 J<' ig 11n· ~ its a n <'Xicl lllpl c, t II(' fir st pl1 i1s<· i s ill11 s 

LraL< ·d 111 l •' ig ur<' ~) , ,,·here a co lu111ll \\'itl1 l (i ent. r i<'s i s 11 sed to ('Xpwss ll w d ,1(;1 

st.or<'d 111 1 lw I (i proc<'sso r s at <'ac li skp. 

T l !(' scc011d p l1,1sc· is iln it <'rnt i \'<' proc<'d11r<' t o co111p11I<· tlw rep r< ·s<· 1it ,1ti,·<· o f 

eac h q11adrup lc. Thi s co n1p1itatio 11 i s tll<' cr11 x o f t l l(' p,H,il lel ,il go ritl1111 , ;1 1l<I it 

Il<'<'d s t o lw explai ned in dcL1il hdor<' W< ' µ;o to tlw dcsni ptio 11 o f tlw s<·co ,HI 

ph ase. 

:l(i 
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Any ch a in , depending upoll its type, IS deco111poscd into t\\'O S('(Jll( ' ll('('S or 

q11adrt1p les in Lit e rir st. pl!i-)S(' w lt cr<' t.lic q11adr11plcs Ill (',-tc lt seq11c•nn• belong 

tot II<' s,-UlH' cq
11

iva.1<• 11 cc c lass. Le t us use· t.l1c q11adr11plcs i11 c;-1c li sc·q11c·11n· ,is 

nodes t o l'o rni a directed g rap lt in wli ic lt a direc ted ;-ire is cst;-1h li sll<'d f rn111 ;i 

qu adrt1plc t,o a no tll<'r qu;:idruplc if ,111d onl y if t.l1e t Iii rd e lc 11w11t o l' 111(' l'o rnl<'r 

q 11 adrt1plc is eq ual t.o t.ltc second clc111c 11 t o l' t II(' lat t.<·r q11adruplc. '1'111·1 1, a /, ­

s i ✓,<' c losed c lt ;-1 i11 will l'o rn1 t.wo /.· - 11 o<lc closed .--u 1hcl1a.i11s !'or wliiclt c·,1cli 11ode 

lt ;-1s a 11 i11 co rni11 g a r c ;-rnd a1 1 01it.go i11 g a rc , a 11d a k -si 7,c• opc11 c l1 a i11 wi ll l'orn 1 t.wo 

!.- - no d e ope n .,u1hc/1ai11s for wlti c li c;-1cli source no de lt as ,111 o ut.go in g , II '(', <·ac lt 

sink nod e lt as a 11 i11 co 1ning arc , ;-rn d cacl i ol' tl w o tlter 11 o dcs lt ;-1s ill! i11 co111i11g 

a r c a 11d a n 0 11Lgo i11 g ;-ire. Fo r cxa 111plc, Figure 10 expl icit ly depict s t II<' fo111· 

suh cli a i11 s o bt.ai1J('d fro lll t.ltc qu ad rnpks 111 (c) o l' F ig mc <J. 

Tl1cse s11bcliai11 s wi ll IH' 11 scd to f;-1ci li tat.c· a n 111 !<lcrst. ;-111di11g o l' t IIC' it. l'rnl i\"<' 

pro cedure. l11i t i ;:i ll y, for each qu ;-1drllplc as it is est;-1h li sl l<'d 111 t i !(' lirst plt,ls<', 

it.s ri r st. c lc,11('111. i s 0, it.s Lltird clc 11 l<'Ii1 is c it ll('r - I o r -2 i-11!(I it s l'omt 11 c ll'nJ('Jlt 

p o ints t.o it.s second e lc 111c11t. ii' t !ti s q 11 ;-1drll pl c is t lw sink q11 ,1d rupl e 0 1' ;i n op<· ti 

sub c lt a.i 11 , o r o t lwrwise it s lirst ck11w 11t. is I . i ts seco nd clenH·1it poi,it s to t I I<' 

S('Cond e lenw11t. o r it s i111111 cc liat.c S I/ CC<'SSO/' ( i .l'., tll(' (Jll il(lrt1plc a l di sLlllC( ' I 

i-lWi-1.Y fro111 it self ) ;rnd it s ro11rt It elclll<' nl poi11ts to ( II<' S('('() J!d l' l<'Ill (' i d o r c it ll('r 

it self o r it.s irnn wdiat.e s11 cccsso r. 111 t.lic 111 - tli iteration , llw <·lc n w 11 1.s ol' 1•,1cl 1 

qu,-Hl l'llpl c i s updated as fo ll o\\'s. If ;-1 quadrllpl<' is i11 ii c losed stil >c l liii 11 t li <' II 

its rirst e lc 11w11t l'('Jll i-li11 s I . its tl1ird ck11wnt po int s t o t i !(' S('('() Jld cl<' I ll<'JI I ul' 

it.s 2"' - t. li successo r and it s l;1st c lenwnt point s to t lw s111i1ll< ·s t i11p11t illll\!II P, 

I.lie 2"' second clcnw11t s o r it.s first :.?'" SllC ('('SSOrs. II' il (!llil< l1 ·1 11 >l<· IS 111 i lll op<'II 

s11b c lt a i11 , t l l('II ( !l(' \\'i-1 _\' il s clc 11wn ts ill"<' tqldi!t<-d depends 0 11 11"!1<'11 it i s k 1t m\· ti 

t. li a.t. t.lti s qwHlruplc is i11 ;111 open s1il >c l1 ,1i11. \\ ' h<' 11 tlti s q11,1<lrnpl<· is ;d di st ;i1t c<· 



<1;0,11;0> 
<1 ;1,13;1> 
<1 ;2,8;2> 
<1 ;3,15;3> 
<1 ;4,9;4> 
<1 ;5,1 4;5> 
<0;6,-2;6> 
<1 ;7,12;7> 
<1 ;8,5;5> 
<1 ;9,3;3> 
<1 ;10,1 ;1> 

<0;11,-1;11> 
<1 ;12,0;0> 
<1 ;13,6;6> 
<1 ;1 4,2;2> 
<1 ;15,4;4> 

Figure 10: Thf' s ub cha in s fo rin f' d fro111 !.h f' quadrnpl cs in (c) o f l•' ig m <' () _ 

less Ll1a. 11 2"' away fro111 t h<' s i11k q11,1druplc, t hi s qu,1drnplc is recog ni zed Lo lw 

in a 11 o pe 11 subcha i11 , a.11d its fir st e lcmf' 1tl is cha 11 g<'d Lo 0, it s third C' lc 11 wnt 

poi11t.s to 1.11(' t hird c lcrnc11t o f tl1 e s i11k quadruple a 11d its last. ele1 1w1t1, poi11ts 

t o the seco 11 d c lc11w11t o f th<' s i11k qu,1drupk. 0 11 th e o tlwr ltc111d , w l1c ·11 thi s 

quadrup le is st ill at leas t 2"' far a\\"ay fro111 th <' s i11k quc1drup lc , it s c lc11w11t s ;11T 

trpclat.cd i11 th e sa11w way as if thi s q11 ;-ulruple is i11 ;-1 closed s ul >c h,1i11 . T l1 at is, 

i11 each opc11 sub cha.i11 , t he upd ;-d i11 g i1 1fo rnrnti o 11 is <'x po11c ·11 t.i ,1 ll y prnp ,1g,dc 'd 

fro111 tlw s i11k q1 1;-1drupl c t.o tlw so 111T<' q11 ;-1clrup lc'. l ls i11 g t.l1i s if<'r,11 i\'C ' 11pd ,d.i11 g 

wi ll se lect tlr <' s1rnillcst input ;-111Hrn g their sc·co rl(I e le 11wnt s ,ls t ll<' ir cu 111111 0 11 

repr<'S<' 11ta.tivc , a nd any /..· quaclrnp lcs th ;-11 forn1 ;-111 open s uhclu1i11 will :-w kct 

t he scco 11d e lc 11wnt o f tlw s i11k qt1 acl rnpl c as tlwir co 111111o n rt'jff< •sc·1t1a t i\'t '. ]<'o r· 

c• x;-u11plc , tir e fo ur s1r! Jcl1 a in s in Fig ure 10 II Cf'd t wo i1<'r;-itio11s to cl ckr111i1w t.h<'ir 

re prcse 11ta.Livcs . a 11d input s 2, :l. 11 , \JI(! (i wi ll lw sc· lcct<'d ,ls t II(' r1·1rn·s1·1J1 ;11 i,·t· s 

r. t I I I ' ' '( •I L'( '" L'( ,, I L'( •II . o , I<' q11 ;-H rup c•s 111 ,--, 1, ,, 1, ., 2 ,111 < ,, 2 , rc• s pc·ct1n·l _, -_ 

Now we proceed to dcscr il)(' t II(' S<'e<)J}d p'1 ;-1sc o f t. lw ,il go rit !1111 . ( :i,·c·11 ,1 11ni cils t 



J..l-ass ig n11J<' n t., 1.1,c second phase is ass11 nwd to co nsist o f lgJ,q it.crnt ions, wll<'r<' 

!.: = n1i
11 

{ l(A" + 2)/:ZJ, 11 /:!,}. Tl1is ;-1ss1 111 1pt io11 is ju stified s ince t ll<'r< ' is 110 prior 

i II fo rni at. io
11 

a bo 1
1

t. t II<' exact si1/,cs oft i i<' st1 hc li ai11s a 11d 1ni 11 { l( k' + 2 )/2 J, 11 /2} is 

a11 upper bo
11

nd for the si1/,<'S oft.lie subcl1 a in s wit Ii respect tot II<' // -ass ig 111J l('!lt 

a.s stated in Subsection :3.1.1. Tccl1nica.lly, eac l1 it c r ;-l1.io11 c,1 11 lw 1'11rfll('r dcco111-

p oscd into t.lir< '<' st. c p s. At. t,1, c first. step, t.l, osc quadr11p lc whose first c l<'lll<' lll s 

rlH' I arc duplicat.cd a 11d t.lw copies arc n10, ·cd 1.o 11 <'1\' processo rs specified hy 

t.l, e ir third cl<'1nc11t.s. At t II(' seco 11d step . <·,1ch proc<'sso r 11p<lilt.<·s t.11<' q11<1dl'II 

plc( s) t l1 c11. it. ho ld s ;1s fo ll o w s: ( I ) w lw11 it l1 o ld s o nl y a q11adr11ple . it. kill s t lw 

qu adrnplc if t. li c first. e lcn1c11t o f t li e quadrnplc is I , a nd o t.ll('rn·ise it kc<'ps 

tl,e quadruple i11t. ;1.ct.; (2) \\' ll('ll it. ho ld s ( l ;l,i; J>t) c1 11d ( l ;i,); 11,), it wplilc<'S 

the fir st qu ,1 drnplc by ( l ;l , j; 11;) \\· l, c rc 71; = 111i11{71,, 11t}, ;rnd kill s tlw seco nd 

q11adrup lc ; en wlH'II it. !, o ld s ( I ; / , I; 71,) a.11d (O; i , *;./) where,;- is <'it.lwr - I o r 

- 2 , i t rcpl ;1ccs Lil<' first q11 ad rupl c by ( I ; / .*; j) a 11 d keeps t II(' S<'co11d q11<1dr11pl<' 

int.act.. /\1. t,11(' Ll1ird step , cac l1 updated q11 ;1< lrn plc is first n10,·<·d to ;i 11 <·1,· p ro 

n·ssor specified by its scc011d e lcn}('nt if its first c lc 11w1d rc 1lli1i11s I , and t l1('11 

its first is c l1angcd to O if its t.l1ird c lcnl<'1il is ci tl1 c r - 1 o r -2. 1-'o r <'X,1 111pl <', 1v,· 

ill11 st. r ,l1,c t.lw seccrnd pha se i11 (a) to (c) o f l"ig m c 11 , w ll('r<' t.lw tr;rn sitio 11 s fro 111 

(a) 1.o (b) ;ind l'ro111 (b) Lo (c) co nst it11te t. lic first. it c r ;l1,io 11 . a 11d Iii<' Lr,111 sitio 11 s 

fron1 (c) t. o (d) ,1 11d fro111 (cl) t.o (c) co 11 sL it111<' t.11(' s<'rn11d it .n <1 ti o 11 . Not<- tl1<it . 

a fl<'r t.11<' co m1>11t.a ti o11 o f th e second pli;1 s<'. />l? (i) ;1 11d />/?(i) l1 o ld Iii<' q11<1dl'II 

pi es t.l,at. correspond s to i11p1il s i ;rnd i or s 11 ·[,f,J, IT Sp< 'clivel.1·. H<·sid <'S, Iii<' 

c l1 a i11 Lo whic l1 ,'->' 11.[,/:lj hclo 11 gs is clar ifi ed h_,· cll('cki 11g 111<' c l<' lll<'llf s o f tll<' t11·<i 

q11,ulr11ples he ld i11 />/l (i) and />/? (i). If bo th o f tll<'ir fir st c le111<'lll s ;m · I tll<'II 

,'1' 1V[i/2J lw lo 11 gs to ;-1 closed cha in. If hotl1 of t.lwir tl,ird <' i<· 111 <· 11 ts ;m · I o r :!. 

tlw11 s 11 ·[1/2J IH' lo11gs t o cl fr <'< ' Oj) <' ll c l 1c1 i11 . If O il (' o r lii<'ir tl,ird <' i<'IIH'III S is 



;-111d t.li<' ot.li<'r is -'2. t.l)('JI ,<-,' H.t,;,J IH'lo 11 gs to ;-1 half o p<'II cl1;-1i11. 

S11 l,seq 1w11t.h·, t li <' t l,ircl pl1,1 s<' ;-1ss ig11s t._rp<'S o r sett i11 gs to ('i-!<" 11 of t.11<' l1,1lf 0 /H'II 

c l1 ai 11 s, ,1 11 d ca ,, lw d<'co111pos<·d i11t o th,-cc· p;-1rt.s. 111 tll<' first pa rt, tll<' r<'pre­

sc11t;-1t.i,·<· or t.11<' q11adr11pl e liCld i11 11/?(i) is CO JI C<' Jllr;-d,C'd to /1/?(0) if tll<' tl,ird 

el('Jll('Jlt. or t./1 ;-1 t. q11c-1clruplc is - 1 a11cl if t I)(' S('COl!d ,lfl(I tl,ird ci<'lll<'lllS o r t 11<' 

q11,1dr11ple li <' ld i11 /1/?('/) is i a 11cl -'2, r<'sp<'cl.iv<'l y (i.<·., Sll\,;,J is LIi<' s<' llli i>11 sy 

<' lid switch of' a li;-ilf op<' II clia.i 11 and i11p1it i is t II<' IJ11 sy i11p11t ). 111 t II<' s<'co11d 

pi-!rt , /1/?(0) ,1ss ig 11 s '/\p<·-0 setti11gs to c1 )i;-ill' of ti!(' rn11c<•1Jtr,iled 1T pr< 's<· 11L1 -

t. iv<'s a.nd '/ \pc- / setti11gs t.o th<' o ther l1 ;-1lf, a11d hro ,1d c;-1s ts t.li is i11forn1 ,ili o 11 to 

a ll tlic processors. 111 t.he t.liird p,1rt., fo r <'<1c l1 quadrnpl<' , its t.liird e l<'lll<'lll ,s 

ch;-111ged to() if it s reprcse11t.atin • is ,1ss ig 1l('c/ tlw 'l\pc-0 s<' tti11 g, ;-1 11d lo I if' 

it. s rcpr<'sc11 tati,·<· is ;-1ss ig11ccl the '/\pc- / sctti11g. For <'Xdllipl<', (r) o f l-' ig1 rn · 11 

s l1 o ws tll<' rcs 11't. o r tll<' tl,ird pl1 ,1s<', wli <'r<' tlw third C'!e11H' iJI S or tll(' (jllitdJ'II 

p ies held i11 />/?(O), /J/?(7) , /J/?(1I) ;-111d /11? ( 1'2) ;11·<· cl1i111 g<' to() s i11 n· lil<'S<' 

q11adr11ples lwlo 11 g to !,a ir 0 /H'II cl1ai11 ('2 a11d C',. is ;1ss ig1l('d t 11<' 'f \J)('-0 S('f t i11 g. 

lI a.v i 11 g decid<'d LIi(' t.,·1>< ' or (';-)ell cl1r1 i11 ;-111d COlllj)lll<'d I lie l'<'j>r<'S('Jlt ;ti i \'(' o f ('itcl, 

q11;1.dr11 p ie , t l, c fo mtl1 plias<' d<'knni ll('S t II<' sc i t i11 gs of' s11·it cll<'s i11 I I ( 11 ). l•: c1cl1 

s witc l, is set hy il d11 <1 l pair or proc<'sso rs wliicli !, o ld Iii<' t11·0 q11 ,1dr11pl<'s tl1c1t 

COJT( 'S po 11d t O t II<' i11p11t s or 1 hi s swit cl, . ii 11<! 111<' set t i 11 g d<'p<'11d s OJ I t ii<' lyp< ' or 

Lir<' c li a. i11 Lo which 11,is switcl1 IH'lo11gs. 

Case 1: 1r f>l{ (i) !, o ld s ( l :i.l.·:j) a11d 1>f?(i) !, o ld s ( 1:i./:j). 111<'11 s II ·[,/2j is 

i11 ;1 c losed c li ;-1i11. /\ss111lli11g t.li ;d sII ·l.1/2J is SC' ( tlimug/1 . S ll '[,/2j 11111 st I)(' S<' I 

t.liroug li if i - } is ('\'('JI ;111d (TOSS ot il<'rn·is<' . 

Case 2: Ir /J It ( i) l1 o ld s (0: i. />: .i) ;i 11d /> U( i) !,olds (0: i. 11: /) 11·ll<'r<' 11 I o r· 

I 0 
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PRs 

PRs 
PRs 

0 
0 <1 ;12,0 ;0> <1 ;0,11 ;0> 

0 <0 ;0,-1 ;11 > 

<1 ;0,11 ;0> 

1 
<1 ;10,1 ;1> <1 ;1,13;1> 

1 <1 ;1,6 ;1> 

<1;1 ,13;1> 
1 

2 <1 ;2,8;2> 2 <1 ;14 ,2 ;2> <1 ;2,8 ;2> 
2 <1 ;2,5 ;2> 

3 <1 ;3 ,15;3> 3 <1 ;9 ,3;3> <1 ;3,15;3> 
3 <1 ;3,4 ;3> 

4 <1 ;4,9;4> 
4 <1 ;15,4;4> <1 ;4,9;4> 

4 <1 ;4 ,3 ;3> 

5 <1 ;5,14;5> 5 <1 ;8,5 ;5> <1 ;5, 14 ;5> 
5 <1 ;5,2 ;2> 

6 <0;6,-2;6> ► 6 
<1 ;13,6;6> <0 ;6,-2;6> .... 6 <0 ;6,-2 ;6> ► 

<1 ;7,12 ;7> 
7 <1 ;7 ,0 ;0> 

7 <1 ;7,1 2 ;7> 7 update 
duplicate 

8 <1 ;8 ,5;5> 
duplicate 8 <1 ;2,8 ;2> <1 ;8,5;5> 

8 <1 ;8,14 ;5> 

9 <1 ;9,3 ;3> 
and move 9 <1 ;4 ,9 ;4> <1 ;9,3 ;3> 

and move 9 <1 ;9,15 ;3> 
and move 

10 <1 ;10,1 ;1> 
processes 10 

<1 ;10,1 ;1> 
processes 10 <1 ;10,13 ;1> 

processes 

11 <0 ;11,-1;11> 11 <1 ;0,11 ;0> <0 ;11,-1 ;11> 
11 <0 ;11 ,-1 ;11> 

12 <1 ;12,0 ;0> 12 <1 ;7,12 ;7> <1 ;12,0;0> 
12 <1;12,11 ;0> 

13 <1 ;13,6;6> 13 <1 ;1, 13 ;1> <1 ;13,6;6> 
13 <0 ;13,-2 ;6> 

14 <1 ;14,2 ;2> 14 <1 ;5, 14;5> <1 ;14,2;2> 
14 <1 ;14,8;2> 

15 <1 ;15,4;4> 15 <1 ;3, 15 ;3> <1 ;15,4;4> 
15 <1 ;15,9 ;4> 

original 
duplicated original 

updated 

quadruples 
and moved quadruples 

quadruples 

qaudruples 

(a) 
(b) 

(c) 

PRs 
PRs 

PRs 

0 <1 ;7 ,0 ;0> <0;0,-1;11> 
0 <0;0 ,-1 ;11> 

0 <0 ;0 ,0 ;11 > 

1 <1 ;1,6 ;1> 
1 <0 ;1,-2;6> 

1 <0 ;1,-2 ;6> 

2 <1 ;5,2;2> <1 ;2,5;2> 
2 <1 ;2,2;2> 

2 < 1 ;2,2 ;2> 

3 <1 ;4 ,3 ;3> <1 ;3,4 ;3> 
3 <1 ;3,3 ;3> 

3 <1 ;3,3;3> 

4 <1 ;3 ,4 ;3> <1 ;4,3;3> 
4 <1;4,4;3> 

4 <1 ;4 ,4 ;3> 

5 <1 ;2,5 ;2> <1 ;5,2;2> 
5 <1 ;5,5;2> 

5 <1 ;5,5 ;2> 

6 <1 ;1,6 ;1> <0 ;6, -2 ;6> 
6 <0;6,-2;6> ...... 6 <0 ;6 ,-2 ;6> 

7 <1 ;7 ,0 ;0> 
► 7 <0 ;7,-1 ;11> 

7 <0 ;7,0 ;11> 

8 <1 ;14,8 ;2> <1 ;8,14 ;5> 
update 8 <1 ;8,8;2> 

concentrate 8 <1 ;8,8 ;2> 

9 <1 ;15,9 ;4> <1 ;9, 15 ;3> and move 9 <1 ;9,9;3> assign setting and 9 <1 ;9 ,9;3> 

10 <1 ;10,13 ;1> processes 10 <0 ;10,-2 ;6> broadcast processes 10 <0 ;10,-2 ;6> 

11 <1 ;12,11 ;0> <0;11, -1 ;11> 
11 <0;11 ,-1 ;11> 11 <0 ;11 ,0;11> 

12 <1 ;12,11 ;0> 12 <0 ;12,-1 ;11> 12 <0 ;12,0 ;11> 

13 <1 ;10,13 ;1> <0 ;13,-2;6> 13 <0 ;13,-2;6> 
13 <0 ;13,-2 ;6> 

14 <1 ;8 , 14 ;5> <1 ;14,8 ;2> 14 <1 ;14,14 ;2> 14 <1 ;14,14 ;2> 

15 <1 ;9,15 ;3> <1 ;15,9 ;4> 15 <1 ;15,15 ;3> 15 <1 ;15,15 ;3> 

duplicated updated 
newly final 

and moved 
updated 

qaudruples 
quadruples quadruples 

quadruples 

(d) 
(e) 

(I) 

Figure 11 : T il e S(' ('O l l< i ;-111d third pli ns<' or t ll<' p;ir;illcl a lgor it l1 111 t l1;1t 1'0 ll 011· 

Lil<' fir s t ph ,1s<· ;is s li mrn i11 Fig t1r<' <J . 
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JI = - 2, t hen ,'-i'H\, ; :zJ is i11 a free OJ> <' II cha in, a 11cl S I I ·u12J a11d ,'-,'\ 1 ·u12J ill'<' the 

e nd sw it. c ll<'s o f t.hc free open ch;-1i11. Assu n1in g t l1 at ti)(' s 111 ;-t!le r 0 11 <· of Sll'l.1/:ZJ 

a nd swll/ :ZJ is set. lhro11gh, when j < l, Sll\,12J lllll St I)(' se t lhm11gh if i - .i IS 

<'V<'n a nd cf'(lss ot.ll<'rw ise, a 11d \\' IJ <'ll I < j . .'•,·11 ·l,/2J n111 s t I)(' t/, ro ugh if i - / 1s 

<·,·en and cross ot hen,· ise . 

C ase 3: If JJ/?(-i) ho ld s (O; i,q;j ) ;-1 11(! JJ/?(i) ho ld s (O;i, - 2; /) wll('r<' q = 0 o r 

I , tlw11 ,','\,\ll,I
2
J is i11 a ha lf OJ>C'II cha in a nd Sll ' l.1/:zJ is th e se 111i - llll sy c11d s\\' it.cl1 

o ft.he ha lf o pe n ch,1i11 . When q = 0 (i.e., t.11(' lw.11' o pen cl1a.i11 is ;:1ss ig 1l<'d tll(' 

'l '.n>c-0 sct.t. i11 g), 811\;;:zJ mu st. lw set t/1ro11g h if i is <·,·<· 11 ,111d Cf'(l ss ot ll('r\\'i se. 

'v\/lw11 q = I (i.e., tlte half op<' II c lt c1 i11 is ;-1ss ig11('d t !I<' Tvpc- / set t i11 g ), .'·,·11 ·l,/:ZJ 

111u st lw set. /./,ro11g li if i is odd a.11cl cross o t hcr\\'i sc . 

For <'Xarnple , sw itclws SIV0 ,SH ',.Sll ' 1,S l·l ·c; c111d SIi ', Ill l•' ig 111T ~ ;ir<· set 

quadrup les li <' ld i11 c;-1clt cl11 ;-1I pair o f processo rs ;-1s s lt o,,· 11 i11 (f) of l.' ig 11rt • 11 . 

3.3.3 The Parallel Algoritlun 

Tit<' following p;-irc1llcl ro1tl .i11 g c1lgorith111 f'o rn1 ,ili z( 'S tll<' s teps 011t li1l<'d 111 tll<' 

previo11 s s 11 bs<'cl io11 . 

(O; i , - 2; i) if I' , = 0, 0 :S i :S II - I. Let k' IH' t.ll<' 1111111l wr of,· , ·s 1,·lt ose ,·,1l11<' 

Me I , a11d kt ~- = n1i11 { lU1 + 2)/2J, 11 (!.}. Let 11 1 IH' i11it ir1li z<'d to 0. 

Step 2: f\ 'love (i, ( r ;,d,
011

_ 1, .. .. d; .. c/;1)) to />J?(.1·) if 1·1 = I ;i nd (ii ' / ' /') " f!I," J • • •• • ( J • I (I 

is ti)(' hi11 ,n_v J'('pr<·s1·11t ;-ti io11 o f .r , 0 :S i :S 11 - I. 

Step 3: Ci\'cll tl1 ;-d /J/( (. r ) l1 o ld s (i.l',) ;-111<I J>Jl (.r) ho ld s (.iJ .1 ), JJ/1 (. r ) t·s 

I~ 



71.1 = ,nin {j , -i} i f r ; = l'_i = I, o r / 1 /?(.r) <'st;.1hl i slws (l;i,- l ;i) if,·, = I ;11HI 

, ·.i = 0, o r /J/7 (.r ) cs t. c1 hli slw s ( l ;j. - l;j ) if ·,·,= 0 ,1 11 d 1·.1 = I , 0 < .r <. 11 - I . 

T h <' n , !\ love ( l ;i, j ; Ji ,) t o /J/?(i), ,rnd />/r(i) c l 1crn gcs Lli c first. c lc11 1rnt l'ro111 I 

t.o O if j = - I . 0 ~ i ~ ·11 - I . 

( S t e p I , Step 2 and St.<' p :l co n st. it11t. c· t. l w fir st. ph ase.) 

Ste p 4: 111 = 111 + I . If 111 ~ 1lg q t. h c 11 go to Sl<'p S. else go to Sl<'p S. 

S t e p 5: Du p li ca t.c ( l ; / ,i; JJ1) a nd 11 1m·c cl copy Lo /JH(i), 0 ~ i ~ 11 - I . 

( Tl1 ose qu adrnpl <'s w h ose fi r st e l<'111cn fs a rc I a rc d11pl ic,d .cd r1n d 111 0,·<'d l o 11< ' \\' 

p rocesso r s spec ifi ed by t, !i c ir tli ird c lc11 w 11t.s .) 

Ste p 6: C ase (1) - vV hcn /J/? (i ) h o lds o nl y a q 11 ;1d r11pl e: i f t.1 1(' first <' i<' 11w11f 

o f t.h c quadrupl<' is I tl1cn /l/? (i ) ki l ls tl w q 11 ad l'1lp lc, e lse t>/? (i) k<'cps fl l(' 

q u a.d r 11 p I c i n t ac t , 0 ~ ·i ~ 11 - I ; 

Case (2) - Whe11 / >f?(i ) ho ld s ( i : /, i; 111) and ( ! ;i,); 11;) : f >f? (i) r<·pl;i c<·s tl l<' 

firs t. quadru pl e by ( I ; l , j ; 11;) wll('r<' 11; = 111i11 {11,. /It } rlf l( I kill s I lw s<·rn 11 <i q 11 ,1 dl'll 

pie , 0 ~ i ~ 11 - I ; ' 

C ase (3) - W l w11 /J l?(i) ho ld s ( i ; /,i; 111) c1 11d (O: i ,o+- ;j) \\'ll(' r<' -~ i s - :! or I : 

/> ft(i) rep laces 1.lw fi r s t. q u ad I'll p ie h,· ( I: / ,"'; i) a nd k< '<' ps I 11(' s<'n>1l( I q11 ;i dr11pl<' 

int.ac t. , 0 ~ i ~ 11 - I . 

Step 7: !'vi m <' ( l ; i , j ; /1;) t.o f>lr (i) . and /l/r (i) c li ;1 n p;<'s t ll(' first <' ie11w 11 t. fro 11 1 

t. o O if j = - I o r j = - 2, () ~ i ~ 11 - I . ' l ' l1rn , µ;o t o Si<'p I. 

(St. f' p •I , Step S. St.<'p (i ;ind St<-p 7 rn 11 sf it uf<- I 11(' scrn 11CI pli ,1s<·.) 

Step 8: If /J/? (i) ho ld s (O;i. - l; j) ,llld />/? (i) !,o ld s (O:i . . ) . ) 
...., ~ I • I li c 11 / ' /I ( 1) 

co11cc11tra I <'S j t o /> l? (O). 0 ~ i ~ 11 - I. l I p o n r< 'C<'i , ·i 11 µ; t ii <' co11<'< •11f r;if<'d 11 1111 1 

her s, sr1y j 1 , j 2 , .. .. j 1 , /J/?(O ) h rorH lc c1s t s il ll o rd <' rcd S<'< Jl l< ' II C<' (;· 1· 1· ) · . I ·. 2 · .. · , . J , 

t. o /JI?( i ). 0 < I < II - I . T lw 11 . fl H( i) c l1 ;i ng<'s ii s q11 ,u ll'1lplc (0: i. I ; .i) 

t o (O:i .0:j ) if .I IS i-1 11 10 11 µ; tl l(' fi r sl un1 <' i<'l l l<' lll s o f U 1-.i2 .... . ,i1 ) . il l td I() 



(O; i, I ; j) if j i s ;rn 1o 11 g t.lic last. lf/2j ck11w 11 1.s of (J , ,J,, · · · ,)j ), () :::; i :::; 11 
- I . 

(St.cp K rn 11 s t.it11tcs the tltird pli ,1sc. ) 

Step 9: Case 1: If JJ!?(I) ho ld s ( l ;i , j;JJ,) a nd Flt(i) !, o ld s ( 1:1 , /;JJ,), tl1c11 

/ J N(-i) s<'l.s ,<-,'( 1 ·[i/"2J t./,roug li if i - 11, is c,·c11 ,llld cross ot.l t<' rwi sc. 0 :::; , ~ 11 - I. 

Case 2: If JJl?(i) ho lds (O;-i, J1 ; j ) ,1 11d JJl?(i) ho lds (O:i , 11 ; /) \\'ltcw 11 = - I or 

11 = - '.Z, 1.iic
11 

tll<'} CO lllparc j a 11d /. \Vl1c11 j < I, l 1H(i) scls S ll "L,/ "2J t /1 ro11p, li if 

i - j i s c ,·<• IJ ,rnd c ross o t.l l(' r wisc , a 11d when l < j , JJl?(i) sds ,'->' ll .t,/2J t/1rn11p,l1 

if i - l i s <'V<'II a.11d cm.,·.,· ot lwnl"isc, 0 :::; i :::; ·11 - I. 

Case 3: Ir / Jlr( i) !, o ld s (O;i, q;j) ,111d / Jfr (i) l1 o ld s (O;/ , - :!.:/) \\'ll<'r<' 11 0 

or q = ! , /JI{(/) sets s 11 ·[i/"2J t/iro11g h if I - q is <·,·<·11 ,111 d cross o tlwrn·is<·. 

O ~ i ~ n - 1. 

(Step 9 co11stit 11L<-s t II<' t.l1ird pl1 ,1s<'.) 

3.3.4 Performance Analysis 

111 t.lt <' pr<'vio11 s p ,1 r ,1 1l c l a lgor it.I1111 , 11 10,·<· processes do111i11,ile f lw t i111<· co 111pl<' X 

it.y. i\s s lr o \\'11 i11 S 1il>scd io11 :l.:l. l , caclr 1110 , ·<· process c, I11 IH' <'X<'rnf<'d i11 0( 1) 

Li11w if 1.11<' 11 processors ar<· co111pletcl y i11fc1-co1111<·cf<'d , ,1 11d i11 ()(lg' I.· -j lg11) 

t.i111e if t II(' 11 proccsso r s a rc cxtc11d<'d p <' rf°<'cf - sl1ufll <' i11krco 1111 <·clcd . !•'o r ;1 1111i 

c;-1s1. l.- - ass ig 11 rrw11t. si11ce f )I<' ;1 lgorit 11111 11 s<'S 0( lg/.-) 1110,·<· proccss<'s, t lw s\\' it cll('s 

i11 // (11) c,1I1 lw se t i11 O( lgA-) ti11l<' if fll(' irlfcrproccsso r co 1111< ·cf io 11 t opo log_,. is 

co 111pld<·, ,111d i11 O(lg:1 /. ·+ lg I. · lg 11 ) t.i,11< · if f ii<' iritcrproe<·ssor co11 11< •cf iorr lopulo 

gy is <'XL<·rt dcd perfect s l111fllc. To rT,ili ze t II(' 1111i u 1st /, -ass ig 1111w11I 011 f lw lkr w :.. 

ll<'t work, i L 0 11 ly IJ('('d s f O r<'Cll r si \'('I_,. i l pp! _, · f It is ,il go ri f ii 11 I r lg ,q f j I I )('S for S('f f j II /!, 

sw ifcll<'s i11 tit<· firs f f lg/.-l s f ag<'s. Thi s is IH'c,1 11 s<' Ill<' 1111i c,1s f /._- ;rssig 1111 1<'1tf i~ 

deco 111 poscd i11t o t.\\·o li ,tlf-s iz<·d 1111i c,1 s f ;1ss ig 11111<·11 fs ;1ft<-r ;1 11 ;1 ppli c;rf io rr o ff II<' 

11 

' 



;-tl gorit. '1
111

, and iL will be dccot11pos<·d into k unicast l -assig nnw11t.s ;-1ft<'r 1lg kl 

appli ca.tions. Tlwrdorc, by using I his parall<'I algorit ltn,. I lw ro111 i11g t i11w for 

;-w ·11 - inpiit. lkncs n<'two rk t.o rea li J\<' a u11ica.st k -ass ig11 11 w 1t1 is CJ(l11/ k + lg 11) if 

t.11(' int.c rproc<'sso r co 1111<'Ct io 11 topology is co1llplct.e, ,l!l( I is O(lg 
1 

k + lg" I.· lg 11 ) 

if tlie int.crpron·sso r co 11 11ecLio n t o po logy is ext.e11d ccl pnl"<-d sltuflk . 

J\lso , 11nicast. ass ig nnwnt.s ca n he pipelined o,Tr 11w st;-1ges of t.lw lk1l<'s 1l<'t\,·ork 

hy usi11g t.lti s parallel routing ,il gor it.'1111. '1'l1;-ll is , w l1rn t.l1e swi1c l1 s<'lli1 1gs 

in ;-1s t.age fo r a 1111icas t assign1tH'11t ,ttT finislt<'d , t li c sw i1 cl1 sett in gs i11 tli;d 

st.age fo r ;-wot.ll<'r u11i cas t. ;-1.ss ig111!lent nrn proceed. Pipcli11i11g will red11n· t il<' 

;-i.vcr,,gc routin g 1 i tt l<' 1wcded t.o reaJi 7,c a sn i<'s o f 1111i cast. i1ss ig 111!lc 11l s. S11ppos<' 

t.it;-d, there ,H<' n co 11 scc 11t.i n.· u11i cc1s1 assig 11nwnt s to lw re,ili zed ou· r ;-111 11 -

i11p11t. lktws n et. work . \rVit.h o 111 pipc li11ing, t lw ave r;-1gc· ro1it i11 g t.i nw to rcc1li zc 

an assig111tl<'nL is O(lg 2 I.: + lg 11) if t.lte i11t.nproccssor con11<·dion topo logy is 

co tnpkt.<' , ;-rnd is O(lg'1 /. · + lg 2 k lg 11) if t.lte interprocessor co1111<'CI io11 topolog_\· 

is ext.ended perfect. sltuflk. B11t. with pip<'linin g. tlt c t. ot,1 I ro1iting ti,1w to 

n •;-il izc t.lt esc n ;-1ss ig111!lents is O( lg
2 k + lg 11 + (n - I ) lg/.·) if Ill<' prnc< 'ssors is 

co in plct.c ly i nterco 1111<'ctccl . ,rnd is O ( lg 
1 k + 1µ;

2 
k lg 11 + ( n - I ) ( l,1.(

1 
k I lg /,· lg 11 )) 

if tll(' processo rs is extended perfect. -slt1dll<' int.<·1-co 1111 eckd , c1 11d t lw rt\ '<'l'ilg<' 

ro11Li11g tinw t.o tT,lii z<' an ass ig 111ll<'nt is reduc<'d t o O( lg k) if t lw inkrprnc!'ssor 

co 11 11 cctio11 topo logy is co1llpletc, ,rnd t o O( ll k + lg k lg 11) if t lw i111<-rprnccssor 

co 111 1<'dio 11 1opolog_\· is ext.<'11clcd pnfcct sl11dlle , !"o r n '> lg 11 . 

3.4 The Hardware Irnple111e ntation 

Tltc p ,n ,1 llcl ro11ti11g illgoritltn, st ;-ded i1 1 tlw pr<·,·io11s sect ion c,111 lw iniplc 

11w1t1,cd 011 sirnpk lt ,Hdware circ11its c1s wel l il S p,H,ili<'I con ipiil <'r nirnl( ·ls. j 11 



t. lti s s<'c1. io
11

, we s lim ,· l>ricfly how t.o i>ll il d su c l1 routi 11g 111 o cl11 l<'s i11t o 111<' s t;i g <'s 

i11 tl1 <' firs t l1 a lr o r t.li e Jk1l<'s 11 ctwo r k. 

l •: ;-ic li ro ut.i11g Jl10 d1il c i s a n l1 ard w,H<' i111pi <' ll)e 11 (.;-t1 io 11 o r t,1 1(' j) i-ll'cl li <' I ,d gori t,llll l 

d escribed i
11 

S11 b s<'d io 11 :3,: l. :l, ,111d will lw ecill ccl ;-1 m 11f.c r . J•:;-1cl1 ro11lcr is co111 -

p oscd o r ;-1 sd o r sp cc i ;-tl purpose pro c<·sso r s t. li ;-tl ,1re i 11t crco 111 1l'Clcd l>y SOII H' 

co 1111 cc t.io 11 t. o p o log.\' . O11 e i11t.crco 1111 ec t io 11 cl1 o ice is t I f(' co 111pl<' I <' co 111 )('ct. io11 

t. o p o log_v, a 11d ;-1.11 o tl)('r i 11 t.crco 111f('Cf io 11 c;-111clid ;-d e is f 11(' e x t.e 11ded p <' rrec f s l111fll e 

co 1111<'c l.i o 11 t.o p o log_v, as stated i11 t 11(' prc ,·io 11 s scd io 11. T im'<' t y p <'s o r li;ird,\' ;-1r <' 

dev i ces reg is t e r s , co 1111krs ;-i 11d co 111p;-1.r;-1tor s ;-111d so 11 w co 1111 <'c f io 11 c i 1T 11it n · i ll"<' 

prov ided i11 <'i-ic lt spec i ;-tl pmpos<' processor. H cg iskr s ;-1 w 11 s<'d t o h o ld p ;1ck<' I 

lt c ;-i.d e r s a nd qu a drnplcs tl1 ,l1 ;-1 w i11p11 t. gc' 11 <•r ;-it ed. lr;i 11 s f<' rred il ll d 11p d i tl<'d ;-1s 

stated i11 t.li<' ;-1.lg orit.l11ll. ( 'ou11t.c r s a rc u sed t o reco rd t If(' 11111nl w r o ft 11(' 111 0 1·<· 

process <'s <' X<'ctil ,cd . Co rnp ;-1rat.o r s a rc 11 sed t o upd a t. <' ti)(' q11 il dl'llples 11·!,il <' t,I)(' 

r< ' pr,·se11t. ;-l1.i v<'S a r<' co111put.cd. A11cl , co 1111< 'Cl,io 11 c irc uit.ry is 11 sed t o i1il< ' IT0 1111 <'CI 

1 li <'s<· l1 ;-1 rd11·;u c d<'vi c<'s 111 <'acl 1 sp ec i ;-d purpo se p roc< 'sso r. 

l l s i11 g s 11clt ro1I1ers, Fi g ur<' 12 s l1 o w s ti )(' n ·c11rs i\'! ' n mfig 11J',llio 11 o f ;1 11 11 i11p11t 

1no dificd B<'1ws 1J('l.11·o rk i11 wl1i cli th e re is ;-111 (11.11/'.!) rn11l<T i11 11 1(' firs ! s l ,l /2,< ' . 

Tlw ('11. 11 / 2) - ro ,11.cr r<·cei,·es II pnck<' f l1 c;1d<'rs, (r1, rl/g ,, _ 1 . . . . , r/ '1, ,1;1) 's. frn,11 t lJ(' 

i11p11t.s or switcl1cs i11 tl1 c ,irst s t ;-1gc ;-111d tli <'II p;<'ll< ' f' cl k s 11 / J lii11 ;1ry co 1J1 rn l l>il s. 

-~ / s, l o S<'I ti)(' 11 /2 swit c hes i11 tl litl st ;ig c . \Viti, it s ce 111<'r s f ,ig <' s1il >1f(' flrn r k 

r11ll _y dcco111p oscd. flf(' 11 - i11put 1no difi ed lk1 f('S 11 <' t11·o rk l1 ,1s '.!, k 1 ('.!, 11 / '.!, k_ 11 / '.!, k ) 

ro11l.<'rs i11 it s /, ·- t.11 s t ,l _t!;< '. I ~ /,· ~ lµ, 11 - I. ;-111d it ca 11 tli11 s s<' t il s 0 11·11 s 11·il c l w s t o 

rc ;-ili %c ;-111 _y 1111i c,1st. ;-1ss ig 1111w11t. l ·' ig 11re I :; s lJ( )\\'s s 11 cl 1 ;1 r<'c11rs i1·c·l_1· d<·cu 11,po s<'d 

11 - i11p11t 111odifi<'d lk11('S ff(' f11·o rk 1'0 1· 11 - ~- ,\ s Oil< ' c,1 11 S<'<' . tl w p o ss il , ilit _, · 

o f 1>i1 w li11i1w o,·<·r s11 <·l1 <·1 1·< ·<·111·s.· 1· , .,,1,· I , I 1·1 · I ll I ,-, < < C0 l ll j) 0S<'< ll J0i I I('< <' l l< 'S 11 <' 111·o r , is 

l (i 

, 
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Figure 12: The recursive co 11fig ur,d,io11 of a 11 11 - i1qJ11L 11HHlifi<'d lk1J<'s 1wl\rork. 

o l)\·io 11 s. 

3.5 Summary 

Tl1i s c lt ,1 p!.er !t as prcse 11t.cd a.II c ffi c ic 11L p;-u- ,il lcl a.lgor itl1111 for ro1JI i11 g 1111i u1 st it S 

p;-ira.llcl algorit ]1111 w!ticlt 0 1tl_r routes p c r11111tat io 11 <1ss ig1 1111 <· 11 ts . TIJ<' ,tl g() rit.l1111 

t ,1kes O( lp;2 /., + lg n) ti11w if <·ac l 1 p,1ir o r processors ill<' rn 1111< -ct<-d ! ,_,. ;i direct 

li11k . 011 a weaker ro11t. i11 g 111oduk, 1\"IJ<'r<' t IJ<' processo r s ,tr< ' co 1111< ·cl<'d i>_r i lJ<' 

<'X!c11< lcd pcrkct. -s!JJtfllc co1111<·ct io 11 , tlw ,t!gorit 11111 t;1k<'s O( lg 
I 

k I Ip/ k Ip; 11) 

ti11w. ']']J('S(' ti11ws Cilll be furtl1cr rcduc<'d h_r ;1 hclor or lg11 if 1111ic,1 s t ;i s 

s i g 1111t('lt1 s ;ire pipe li11 cd 1.lt ro11glt t.lw sl il,[!,<'S or ti )(' JJ('l1rnr k. 1-'or /., <-· II . tit<' 

,1 lgo riL!t111 <'1'<'11 prm·id<'s t l w fa stest rotil i11g 1 i111<' ;111H>1 1p; ,1 ll 1111ic,1 s t i11p; rwl 11·o r ks. 

I, 
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CHAPTER 

FOUR 

EFFICIENT MULTICASTING 
NETWORKS 

4.1 Introduction 

'I'll<' lk11<'s 11<'t.ll'o rk a 11d it s ro uli11 g a lgor itl1111 s ;-1s d <'sn il wd i11 (' li;1pl<' r :; <il ll 

cml y ro11k LJJ1i c;-1s l a ss ig n1ll C' J!I S. 111 S() Jll( ' ilppli c;tl io 11 s s 11 c l1 il S ki<' CO Jlr('J"(' Jl ( ill g 

,rnd c;-1h l<' hroa.dc,1 s t i11 g, 11wss;1g C's 11cc cl 11 0 1. 0 11! _\· IH' ro 11kd h11t ;i/ so IH' d11pli c,d 

c·d <1 s r<'q11irC'd . Tli11 s, 1ll11'Li c;-1s ti11 g ,w t.wo rk s ill'( ' 11 eC'd<'d . l\ l11'( iu 1s t i11 g 1l<'l.11·o rks 

MC' ,no n · powcrl'ttl tli ;i 11 1111i c;-1s ti11 g ll <' lll'o rks i11 tli ;-ll tll('y c,111 w,lii z<' 11111lt .ic;1s l 

i-lS 11" <' 11 a s lllli c r1 s l ;-1ss ig 111Jl('llf S. IIOl\'( 'l'( ' I" . as sL11<'d i11 SC'c l io 11 I .:!, ii s t ill J;icks o r 

dficie11t n1ult.i ca.s ti11 g 11C'lwo rk s tl1 a l c;rn ro 11(( ' c1 11\· 1n1ilti c,1s l ;1.-;sig 11111 <· 11t s ( 11()1 

_j1 1s t co 11 1pldc· 11111'1 ic,1s l ;-1ss ig n111C'1it s) . 

111 t hi s cl1 ;-1plc-r . 11·c· g i\"C ' ;-1 1rnilti c;-1s ti11 g II C' tll'o rk w li ic li is co 11 s trncl <' d i11 1<'r11 1.-; 

or s i111pl (' log ic g;-tl <'S i-lJl(I ('li111i11 ;-it c·s tll<' Jl('('d fo r il p,1rii ll <' i (O lllp11f <'r r()r rnll l 

i11 g ;-1s I l1C' 1111ill ic;1s t i11 g ,wt 1rn rk g i\"C'J l i11 [.'\S ,~:! hj. 011r 11 11111 ic,1s l i11 g JI(' ( ll'o rk is 

, 
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l"<'ct1rs i vc l y co 11 st. rn ctcd Jw t1 s i11 p; co11c<·1it rntors as ddi11<'d i11 /)di11itio11 :Z. I, ;111d 
. . 

it do<'s 11 ot, r<'qtiir<' a ri y so rt.i11 g ;1s i t.s ro11ti11g is h;-1s<'d 011 ;-111 ,1hsol11I<· ;1ddr<'ss 

d eco di11 g sclrcnw. For 71 i 11 put s, it c,111 IH' co 11 st rt1 cted wit.Ir 0( 11lg°
2

11) co11st.;1 11I 

r,rni11 logic g;-1fcs a11d O(lg'211) l>i t - lc,·c· I d<'plli , ;1 11d Cell i rc•;-di ;1,c cl ll _\' 1111rlt.iu1 s 

1. a.ss ig 11n1 c·1il.s i 11 O( liJ 11 ) l>it - lcv<' I t.inw. Tlws<' co 111plexil i<'s c it/in 111c1lcl1 o r 

a r e lwt.t.cr t.l1c1 11 Ill<' co rnplcxit.ics o f the 11111lt.i cns ti11 g 11 <'1 1rnrk r<'por l <'d i11 Iii<' 

lit.<'rat,m ·. Moreov<'r, 0 11 ,- 1111111 iu1st.i11 g 11<'t.11·ork is i11p11t. - i11il i ,ll <'d ;111d is 111on· 

a.pp li ca.h le t.o t.l1c rea l s it11 at.io 11 s 1.l1 c1 11 Lile o t1l.put - i11it.i ;llcd 1n1rlt.i c;1.,d.i11 g 11<'1 -

works a s i11 [NS82 h] . Witl1 ill<' i11p11t. - i11it.i ;-d .cd properl y, nllllt.i cas l ;1ssig1 111 1('11ls 

ca 11 lw pipcli11ed over 01 11· rnt1lt icas l i11 g n e t wo rk , a.nd I lw ,1,·cT age ro1il i11g t.i11l<' 

for O( lg2 11 ) rnult.i cas l ;-1ss ig 1111w11 ts c,1 11 lw r cd t1 ccd ;-1 0(1µ;2 11) o rd<'r l o O( lg 11) 

i11 i)j(. lev< ·l. l l rrlikc 0 11 ou r 1l11rlli casli1 1p; netwo rk , 11111lti u 1s t ;1.ss ig 11111<'11f s ;1r< ' 

diffic1ilt. t.o h e pipclirl<'cl 0 11 111ost. of t.lJ<' 111ult.ic;1s t.i11 g Jl<'lwork s r<'pori<'d i11 t 11<' 

lit.<'ra1.11rc [NS82 h, llwa.72, Yl\f()l ;-1 , Tlio7)~], 11wi1rly lwc,1t1 sc· 1.l1 osc· rwtworks ;1 r< ' 

0 11Lp11t.- i11it.i ;-11<'d o r lil<'ir switcl1 cs arc sd fro111 I ii<' 0 1ilcr s l ng<'S lo Iii<' i11 1l<'r 

'I'll<' r est. o f t.lri s c lr ;-1ptcr is org;111 i;1,c•d ;1s fo ll ows . S<'cl io n 1.2 g i,< ·s ;i co 11n·1il r ;il o r 

dc.s ig 11 t.!1 ;-11 for111 s tir e hack ho11 c· o f O ll i" 1111illic;1s li11 g 11<'l11·o rk . ,'-i<'clio11 I. :; d<' 

scribes til<' co 11 s t.rnctio11 of 1.lw 1111ilti cas li11 g 11 <'t,1·ork, ;-1 11< 1 S<T li o11 1.·1 ;111 ,il,·;1, <·s 

it s pcrforn1a11e< '. 'l'ir<' c lr aplcr is s1 1111111 ;-1ri ;1,c•d i11 S<'ctio 11 1.-'>. 

4.2 Concentrator Construction 

l11 t.l1is s<'clio11 . ,,·<· rl <'scr ihc a co 11 cc11tr,tl o 1· 1rlri c l1 is r< 'c 11rs il'( ·l_1· cOJ1 s lr11 c t<'d li_1 · 

11 s 111 g ;-1 11 o tll<'r t y p< ' o f rwtwo rk s. u 1llt ·rl o<l< I r'l'<'II s11li1t1-r., . l11 ro 11li11g p ;ic l, <' l s 

t l1ro11 g l1 t.11<' split l<'rs ;1 11<1 t ii<' co 11c<·1it r;itor. o ril _,. 111<' co 1111 <'c! i 11g l,it (;1.s d<'lirl<'d 



111 Subsrctioll 2. 1.1 ) o f each packet il<'ader is 11s<·d. For 11 - i11p11ts, 0 11r co11 c<·11 

1 rator has ()(
11 

lg -
11

) co 11 st.a 11 t. fa11i11, bit - 1<·\·cl logic gates , ,111d O(lg 11.) d<'pl Ii ,111d 

O(!g2 11) ro 1I t.i 11 g t,i 11 w, bot.Ii i11 hit len· l , wll<'rc 11 is a power of 2. 

4.2.1 Odd-Even Splitter Construction 

Definition 4.1 ,.1
11 

11-11f'l11 1ork is cal/rd r111 11-s11/lttcr ,J: jrJ1 · r111y /,· , I ~ /, · ~ 11 . 

n.11.d .for a11 .'J /,: o.f its n illpllt.-;, ii NIii nali:::1 a 1111ir·asl k -assir;11111r 11t //1(/t /H1i1·s 

c.rnc//y rk/21 o.f thr k i11.p11ts l!'if/, ,,{) ///( rk/21 ou tput., Ill (I Ji.rrd 11/2 -s11bs1 t of 

011t7111ts, a11rl !hr· fflllfllll/ '11!} lk/2j i11p11/s with .,01111· U'/2J 011 t1111ts i11 l/1< ot/1< 1· 

n./2-s11bs1 I of 011l711t!s. II 

For case o f cxpla.i11i11 g 0111 11dwork co ns! rn ct io 11 , ,,·c will 11s<' I lw fo!I01l'i11g 11 ,1r­

row<'r v<·rs I01I of ;111 11 -sp l itter. 

Definition 4.2 1l11 11-sp!lllrr is rnllrrf a11 orlrl-111111 11-splillr'I' if !hr t11•0 ji.r((I 

n/2 -sub,-w/s of 011/p11ts i11 /)rji11i! io 11 ,{.I co111;1ris1 odd-1111111/Hnd 011tp11ts 011rl 

r·111 ·11-11 ·1u11.br·1ul 01llp11/s, nsprclinrly. I/ 

!\'ext., we g i ve a C<)llstrnct.io11 for tlw od d -<'U'll 11 sp liltn. 

A: Odd-Even Splitter 

T . o co11 st rn c t <111 odd -<·ve11 11 -split.tn, 11·<· I1s<' <1 s t;1ge of 11 / .!, :!. x :!. s1l'it c lws ;111( ! ;111 

( n , 11/2) -11dwork, called aII ( 11 .11/:!) - ha/;111cer, put in p ,1rn ll<'I. l ·' ig11r<' 11 s l1 0 11·s 

tl1is odd -<'V<' JJ 11. -splitt.<T for 11 = l(i . l11p11ts 2i a11d 2i + I o f ti)(' udd <·1 ·<·1 1 11 

split.I.er <11'<' COlll)('cl.<'d Lo ti)(' i11p11t s o f switc l1 s 11 ·,. iliid ti)(' S<'11ing or ,<-,' II ', JS 

ccmt.rolled by 111<' bin ill'_\· i11p1 1t s,. 0 ~ i '.::, 11 / :!. - I. If s, is 0. :,·11 ·, is s<"I t/1m 11 u/1· ,-., ' 

o t.ll<'nvi se, it. is se t <To.,·s. The f1111ctio11 of !lit· (11. 11 / :!.) - h;i!c1 IIcn , ll'lios<' i II p Iit s 

·> I 



i-lr( ' the ('() f]ll <'C ting bits or t.lJ<' i11 co 111iIJg p ,1ckets, is to d<'c ide tl w \'illil<'s ol ( i i(' 

control inputs for ( lw n/'2 s \\'it c l J<'s. Le t ,-; lw t I I<' lc;-1 diII g hi t oft l l<' pi1ck<'t ,ti 

I. c11 · O <_ i _< ·11 . Tll<'ll . o b ,· io 11 s l_, ·, ,.1,, = l'-2, il l l( I 
o ut p1rt, i. aft.n the se t Lin g o ,7 

,, • • 

, 1 , 1 , ' = ,. , , i r ., , = 1 • o -::; ; -::; " / :.! - 1 . 
·1·:2,+ 1 = 'l' 2i+I ifs,= () , i-1 1I ( l' :2; = 1',i+ I i-UH ·,,+ I 

B<'fo rc \\'<' s li o w t.lw dcsig 11 o f t.11<' b ;i l ;-i 11 n ·r , IV<' will fir st prm·<· t 11 ,d ., g 1, ·<· II k 

p ;-1ckds ;-i( ,m y J.., lrn sy inpit! s, I 'S k 'S 11 , tl w r<' is il. p ro p er s<'t t.iIJ g fo r s,, 

0 ,S i ,S ·11 / '2 _ I , sucl I t.l1 ;-1t so 11H' 1k/'2l o f tlw k h11 sy i11p1it .s ,H< ' ro11 tcd o IJt o 

so1nc ik / '21 ('\TI1 - nu1nlwrcd o utput s ;-1 11d th e re1n ,1i11i11g lk/'2j hu s_,. i 11p 11ts ill"<' 

ro11t.ccl oIII o so111c l /..:/'2J odcl - 11u1nlwrcd 0 1tt.put s. 

Theorem 4.1 !✓rt " .1 ·s, 1·; ',; 011d r; ·s , 0 'S j 'S 11 /'2 - I . 0 'S i 'S II I . /)( 

dcfi11rd os obonr. Fol' ony k off', ·s srl lo I . I 'S k 'S II , //,r, ·r r.risls n srlliny 

fol' u1ch .,, , s11.ch tho/ crnclly 1k/'2l of,.~, ',.; and r.rnclly l k/'2,J of !' ~ 1 ➔- 1 ·s 111 ·1 I. 

() ~ i ~ II /'2 - I. II 

Proof: For c ;-1c l1 J) i llr or ('() llll <'C tiII g hit.s ( 1' ·2,, l':2i+ 1 ) a t s11·i tcl 1 ,<..,' \! ',. () ,. i < 

11 /'2 - I , W<' co n sid er two cases. 

f)il/1'. 1-'or a 11 y id<'III ical p ,1ir ( 1' ·2, , 1' ·2,+ 1 ), ,.~, = ,.~, 1- 1 f'( ',!!;i-ll'<ll css o ft II(' , ·;1'1w o r.,,. 

ll<'11cc, reg ardless of 11 0 11· s\\'it c li SIi ', is s<' t, tlw icl<'1ili c,il p ;i ir (,·2,, ,.2 , 11 ) <'it l l<' r 

l<'a.vcs t.l1c 111111ilwr of I ' s ;-lt <' V<' II - ,111d o dcl - 1111111I H' r <'d 0 11t.p1Jt s u11c ·l1 ,111 g <'<i , 0 1· it 

i11n<'ils<'s t.11(' 111111ilwr of I ' s a t hot I1 h_, . I . \\ '<' \\'ill Mhit r ;nil _,. s<' t .,, O. 

('asc 2: ,r I' ,; ,llld ·1·2 ,+ 1 ill'(' differcIIt . (1 ·2,, 1' ·2,+ 1 ) is c;11l('cl il ('()//JJ >h'll/1'//l i l!T J> i ll/' . 

Firs t , 1n<1rk ,ill tll<' co111plc1n <' 1il ,ir1· p ;-1irs ,1s 111u11 ;i/c/wc l. Tl l<' II . fo r ;1 IIII11 I,il c l l<'cl 

co11 1plc 1ne 11t an· pair ( ,·2 ,, 1' 2,+ 1). li11rl ,111 o tl]('r 1111111 ;1fdl<'d Cl )lllplc •iiH ' llf ,11 '.\ • p ,iir 

( 1·•2.1, 'l' ·2.1+ 1 ), ch oos<' s , <111d s., s11 c li t li ,d I'~, ;1 11d 1·~.1 ,Jr<' clili"<' r< ' lil (;11 Ici :so ,lI "<' <, 
1 1 

r'.·) 
,)_ 



(16,8) -balancer 

-
-

ro 
r1 

~F SO 

t ~ A hJ • j ~ AU ~ j • A j' J Jd • j 0 

I 
SW 0 

, s 1 

r' 0 
r' 1 

r2 
sw l r'2 

r'3 
r3 

• s 2 

r4 
rs 

SW
2 

r'4 
r's 

♦ s3 

rs 

en r7 ...., 
::J 
0.. 
C r a 

rg 

SW 3 

'T s4 

sw 4 

r's 
(.f) 

r'1 +-' 
::J 
Q. 
+-' 

r's ::J 

r' 
0 

9 

r10 
r 11 

l ss 

SW 5 
r' 10 
r' 11 

• s s 

r12 

r 13 
sw s 

r' 12 
r' 13 

r 14 

r 1s 

-. S7 

sw 7 
r' 14 

r' 1 s 

F igure 14: J\ 11 o d d -<'\T11 11 -sp li tt c r for II l (i . 



;-rnd 1·~ + i ). a.nd rna rk hot. Ii p;-1 irs (r2;, r, ;+ 1) a11d (r2j, r 2.1+ 1) as rnafc/)('c/ . . \1 t lw 
J 

<' 11d o f t.lii s 111 ;-uki 11 g proc<'ss , if /, · is cvc 11 , t.l wr<' is 11 0 11 1111 1,dclwd co111p l<'11w1itm.,· 

p,1 ir ldt. o ut. , a 11 d <'xact ly k/2 .,.~;'s a 11 d exact. I.,· k/:!, 1·~;+ 1 's will lw I. If/,· is odd, 

Ul<' r<' 
1
rn 1st. he exact ly O il <' u11111 at.c li cd co 111 plc11w1 1t.My p;-1 ir (r :2,, 1·2;+ 1) ldt. 111 

thi s ca.sc, s , can \w cli os<' ll s 11 cli tli ,11 r~ ; = I ;-1 11 d ,.~;+ 1 = 0, ,111 d tl w 11 <'x;icth· 

B: D e sign o f Balancer 

'l' li f' a lgo rit.'11 11 descr ibed in t.li c proo f ;-1hov<' will lw 11 s<'d 1.o co 11 st.rn ct ;i 11 ( 11 , 11 /:!,) 

ha la 11ccr for tlw odd -('V<' II 11 -s plit t.cr . 111 dcscr il1i11 g thi s h,i\ ;111 ccr , ,,·<· ,,·ill 11 s<· 

1 li e t.e rn1 s iclcuf in i/ p;.iir a nd co rnplc rnc 11 t;.i ry p ai r as ddi11 cd i11 11 1(' proof. l"11r­

t.lwrn1o r<', a co 111 pkme11t.ary pa ir ( r ,;, 1·2 ,+ 1) is s;-1 id to be ½crn f. \'/ )(' if ,·2 , = I 

,111d ., .,;+ 1 = 0, a 11d 1.o be o ne t.yp c if ·1·'2; = 0 ,rnd r2,+ 1 = I . 

The (n, n/ 2) - b,1\;u1 ce r rec<' ivcs 11 ro u t. i11 g bit s, ru, 1· 1, ... , I' ,, _ 1, fro 111 wlti c l1 it 

dd<'rr11i11 cs t.lw va l11 <'S o f its 11 /:!, out.p11 t.s, s o,·' J,· · ·,-'11/'2- I · \N<' ,1· ill 11 s<' ;1 lg11 

l<'vcl binary t.r<'<' t. o i111pl e11w11t t lw (11 , 11 /2) -ba la nc<' r , ,1·hicl1 is o p<' r,it<'d I>_, . ;i 

ro11t.i11 g sc lw11w s i111il a r t.o tl1 ;-1t. dcscr il H'd in [DO90]. l•' ig 11r<' I :i s l1<m s t l1 is 

hal a 11 c<' r l'o r 11 = I G. 

l•'.aclt J'Oll t.i ng p;-1i J' ( /' 'li, 1·2;+ J) is CO ii ll ('Ctcd 10 cl i<'cl f JIO d(', cl C' II Okd LN, ii t l<'I '(' ' () 

o f Uw hi11cll' .)' t.rcc , 0 :::; i :::; 11 /'2 - 1. If (r,,. 1·2,+ 1) is a 11 id <'1d ica l pa ir , t !1<'11 t II<' i<',l f 

11 o d <' ca 11 d<'c id <' s, h1· it. se lf ;-rnd s<'L ., , = 0. If (r 2 ,, 1·2 ,-1 1) is a co 111 p l<' 11 w1Jt ;in· p;iir. 

t 11<'11 1 Ii<' lc,d' 11 odc can no t. d<'c idc hem 1.o s<' t .,, i-lll d it. p;i ss!'s t l1i s i11fm 111;1t io1 1 

to its p,irc11t. 11 o de i11 t.11(' l'orn 1 o r a pa ir o f 0 11 ( p1 l1 s ( .:: , / C) \\' ll<' r(' :: =- I i11 d ic; il <'S 

t.lt ;-11. t.lie i<'a f 11 o dc is 1 ied t. o ;i co 111pl <· 111 <' ll( M1· ro 11 t i11g p,1i r ,rnd / s p<'cil i<'s t lw 

ty pe o f tll<' co 111pl c111<'11t.M_\' p,-1ir . If .:.= I <1 11d / . = 0, t lw11 tll<' i<';if 11ud<' li;i s ;1 

Z<' ro- t.y pe co111pl <' 11w11t ell'_\' p;-1i r; a11d if : = I c1 1l( I / . I . t l1('1! it l1 c1 s ;i 0 11 <' t_, p<' 

:i I 



level 3 

level 2 

level 1 

level 0 

F ig u re 15 : T lw ha L-u1 c< 'I' 11·i t li l(j i1 1pt1 t s ,u1d ~ o t1t .p11t s. 
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co111 plc,i w ,i Uu")· pai r . !11 both t,l}('se n 1s<'s, t he lc,1f 11 o dc must us<' it s i11pu t. (. 

from it. s pa rc
11

t. 
11

od<' to set its co 11 1rol i11 p 11 t. Figure l(i(,1 ) arnl l·' ip, 111T l 7(a) 

s li m ,· th e fun ct. icrn ,111 d i111 plc111 c 11 t.,d.io 11 of ,1 lc,1f 110d<' . rcs pcct.i,·<·1.r. 

Frorn level l t,
0 

le ve l lg; 11 - 2 o f t. hc h i11ary t rec , t. hc baLrncn ha s i11 t< ' rn1< ·d iat<-

11 o dcs, d <' ll o tcd I N i11 Fig 11r<' l S. Each i11 t.e rn1edi at.c 11 odc receives two pa irs of 

inpu ts , (. r , / J. ) a 11 d (y , l y) , o ne fro rn each of it s t.wo chil drc11 . If .I' = y = 0, t.lw n 

no ne o f t.li c dcscc11d a 11t. lc,1f nodes of t hi s i11 t<' r111 <'di at.c node h,1 s ,111 111111 1,11 cll<'d 

co 111plc 11 l<' 11t a ry pa ir.. a nd t hi s 11 odc needs 1101. <' 11 gagc i,, , lll _\' ac t io 11 . If .r ,!, y -= 1,
1 

t. li c 11 ex,1.ct.l y 0 11 <' o ft l, c d< 'scc11< la 11 t lc,1f 11 o d<'s o f th is i11 t<· rn1 ed i,l1<' node Ji;1 s ;111 

1111 111 a tcl}('d co111plc- 111 c 11La ry ro 11Li11 g pa ir , ,11 1cl it. ju s1 pc1ss< 's t l1i s in fo rn i;d io 11 

t.o it.s p,n e nt. with o 11L a 11y o t.l w r act io 11 . Fi11 a ll .Y1 if .r = .'I = I , e xi!c! I\' 111·0 

o f Llw desce11d a 11L lea f 11 odes o f t. lii s i11 te rn l<'di ,1tc nod e l1<1,·<· a 11 1111 111i11c il<'d 

co111plc11w11t.ary pa ir , a 11d 1 he i111 c rn wd ia t<- 11 o dc usc·s 11 1(' 1_\' j) <' i11fo rn 1,11 io 11 / ,. 

,111d l y to set. t. li c co 111 rol i11put s o ft il<'S<' two lea f nodes . Ir/ ". ,1, l y = I , i .e ., 1 lw 

t. wo co 111pl<' Jll< ' llLary pairs arc o f diffnc 111 ty pes , ho t Ii co 11t ro l i11p111 s ca 11 I)(' sc i 

t.o O; if/ .,. (Ji i,_,
1 

= 0, i.e .. tlw two co 11 1plc 11 w11 t,n y pa irs a rc o f tl l<' s c1 11 w t .r pc , 

t.1)('11 t.h c:- co11t.rol input. fo r t. hc !<-ft chil d is a rbit r,n il y se1 to I , a 11d t ii<' con1 rol 

i1q)l)L for t I}(' ri g ht cl1ild is set. t.o 0. Tl1c f1111 ct. io 11 ,111d i111pl e11w111 ,it io 11 of <l ll 

i11t.er111cdi a l.<' 11 o de arc s l10\\'II in Fig 11rc l (i( b ) ;-rn d Fignrc l7( h ). l'< 'S i>< 'c1i u· ly. 

Th<' ro o t. 11 o dc , HN. a t. le\'c l lg 11 - I r< '<T iu's t \\'o pa irs o f i1 1p11t.s , (.r , / , ) ,111 <1 

(y , l y ) from its two cl1ild 110dcs. If ./' ,111d .'/ il lT t lw sc1 11w. t il<' ll t i((' o p<' ril l iu 11 

o ft he roo t. no de is t.11<' sa 11 w ,is t h,d of i\ 11 i11 1<- r111 cd i,1k 11od c. If .r ;i 11d .'/ il l"<' 

difkre 11t , til<'ll <·xac1 l.r O il(' o ft il<' descc 11 cLrnt k ,1f ll ()(ks o f ( li e roo l fl()( I(' Ji;1 s ill\ 

1111111 ,llc lwd co111pk11 w1tt ar_1· pa ir ( i.e., ti }(' 11 11111\ wr of 1·s a 11 10 11 µ, 111<' co ni wc t i11 µ, 

1 1 !1 d c 11 o t <·s t.h, · lii1 1,1ry 1-;x c·J. l '.'-i /\ 'J·: () I( 0 1w rat irn1. 
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_, _.... -- -.... _, -

LN 

z = ~; EB r2;+1 · 

to if r .=0 and r2. 1=1 ; t _ ' 21 I+ 

z - , if r2;= 1 and r2;+1 =0. 

_ffz, ifli; EB_r2;+1=1; 
S;-lo, otherwise. 

(a) Leaf node 

z= xEBy 

IN 

{

t x' !f x=1 and y=0 ; 
tz= ty,1fx=0andy= 1; 

0, otherwise . 

{
fz , if X=1 and Y=0 ; 

fx- 1, if X=1, y= 1 and txEB t =0 ; 
0 , otherwise . Y 

{
fz, if X=0 and y= 1; 

fy = 0, otherwise . 

(b) Intermediate node 

{ 

t x, if X= 1 and y=0 ; 
fx = 1, if X=1, y=1 and t xEB t =0 ; 

0 , otherwise . Y 

f = {ty , if X=0 and Y= 1; 
Y 0, otherwise . 

(c) Root node 

Figure 16: 'I'll<' 11od<'s o r 1 lw l ,; il , 111 ('('1' illlcl 1 ll('il' O j) ('l' i ll io 11s. 
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(a) Leaf Node 

(b) Intermediate Node 

(c) Root Node 

Figure 17: l 111pl<' ll l<'IIL-it io,, s or t li e lc,d· IIOdC', i11tn11wdi;it(' 11odc· ;111d rool 11odc 



- - ~ · oL: --- ,.., .. _ -. .. ... 

/// 
II I 

~ m~ 0 1 1 0 1 1 1 0 

0 0 

1 

0 
1 0 0 0 

so s1 s2 53 s4 s5 s5 S7 

Figure 18: Operat ion o f t.lw ( IG ,K) - h,dan cer . 

hits in t,11(' inp1it.s is odd), a nd t.li e root nod<' s<' ls t lw control i11p11t of t hi s l<'i ll" 

no de ,1ccorcl i11 g to the type i11fo rlllat.io11: it se t s the co ntrol inp11t to/ .,. if .r 1s 

I , a nd t.o l y if !I 1s I . T li r f11n ct io n ,111d i111ple11w11t.at io n o ft lw root 11 0<!<- irn' 

s hown in Figure l(i (c) and Fig ure 17(c), r<'s p<'ctiu,l y. 

/\ II t.ll('s<' s t.cps MC' illu sLnit cd i11 <111 C':--:<1 111plc i11 Fig11r<' IK fn r ii hcd i11 1n·r " ·itl1 l(i 

inputs irn d 8 o utput s, wh<'re t.lw da shed lin <'s lwb1T<'n t lw no d<'s i11di cill< · tl!ill 

tll(' u n 11 s<'d iHCS for the g i1·<· 11 pattern of CO llll( 'Ct.i ng hit s. 

4.2.2 Concentrator Construction 

\ Is in g the o dd -e1·<' 11 s plitL<'rs nrns trnc t<-d 111 Il l<' 1rn ·1·101 1s s1il >s!'clio11 , i111 11 

co1 1cc11t.rator 1s rcc 11rsi1TI _\" co 11 st. ru ct<'d c1 s shml" n in 1"i .e,1 11T I !l, wlww 11 
1s ii 

pown or 2. 



inputs 

• 
• 

odd-even 
n-splitter 

"!' _ .. ..,.. .... .. .. 

banyan connection 

outputs 

n/2-concentrator 

n/2-concentrator 

n-shuffle connection 

Figure 19: Tlw recu r sive co 11 st rn ct io n of ;-11 1 11 -co 11 ce 11t.rat.or . 

Theorem 4.2 '/'/, (' 11-nclwork shown in Fi_r;11n 1.9 is r11111-rnnr-111/mlol'. 

Proof: C:ive11 k p ackets at any k bu sy inputs, 1 l l<' oclcl -<·,·<•Jl 11 -splitt <'r u1 11 s i11111I ­

Lcuwo 11 sly co11ncct. so I1 w f !.-/21 o f t.ll<' k p,1ckcLs o nt o so 111 c f k/21 <·,·c11- 11111 1ilwr('( I 

o ut.p11Ls, ,u1d t he rc n1ai11i11 g l !.·/2J packets 0 111.o so111c lk/2J od d - 1111111h<'r<'d o ut. 

p1 1ts . Ikea. use t ll<' ou t puts o f t. hc 11 -sp li t t.cr a r<' fo llo\\'cd b_v ,1 h<111Y;111 co11 11< -ct io11 , 

LI)(' f!.:/21 p;-i cke t s ,1 1 it s ('\'(' ll - ll l !IlllH' red outputs <11'(' ro11t.ed t o tlw i11p11l s or tll<' 

1Ipp<'I' 11/2- co 11 n·nt.r<1t o r , <1nd th e o i.lH'r l k /:2J p<1c k<'1. s ,11 i ts odd - 111111il><'r<'d tnI1 -

p11t.s ;ire routed t. o th e inpu ts o f the lo \\·(•r 11/:2-co 11 n·1itrnt o r . lh ind11 cl iOI1. tlw 

t.wo ·n/2-co 11 c<'1ilra.t.ors cc1n r01I1.e tlwse f k /21 ;-ind l!.'/2J p;ick<'!.s 0 1d o lil<'ir fi rsl 

f !.: /21 ,llld firs t. l !.f~j o ut.puts . 1Ts Iwct i,TI _,·. The 11 - sh1dlle co1111(•dio11, \\'l 1i c l1 

follm,·s th e t ,,·o ·11 /2-co 11 c< ·11trators, th( ' Il 111m·<·s tll<'s<' J..- p;1ckets i1 tl u llw first/.; 

o ft !LC 11 0 111 p11t s o f t.l1e 11 -co 11 cent r ,itor . II 

Th e co n ce 11t.ra.t o r i11 Fi g 11rc I f) can lw r ('C! Irsi ,·(·h- deco111pos<·d i1ito ;1 11< ·111·t>rk 

con sistin g o f sp lit krs o nl y. Such ;-1 deco1npos it io 11 i s slimrn i11 l ·\!.!, 111T :2 0 I'm 

II = l(i . \•\le 11 01c' that t.lI<' (2. 2) -splitl<'rs in LII<' lc1 sl s!itg(' do 11ul ll( '('d l>i11 ,1 11 cns 

sIII n · t lw _,. u1 II lw s<'1 d irect I_, . by 1IsInµ, t ll<' co 1111('C1 i11 g I,i ts t 11< ·,· r<'(TJ\ '<' . \\ '<· 
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Figure 20: A 11 full y d cco 111 posed ·11 - co1 1e<'1it r i-lto r fo r II I (i. 
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o l so 11 01<' t.l1 i-1L t.li c fi xed co 1111 cc t.i o 11 l'o l lo\l' i11 µ; t i !(' l ast st <1µ;<' ol' 2 x 2 sw i tcll<'s 

I S i-1 !"( '\'(T S(' CO llll( 'dio 11 \\· liicl, rcs ult s l'ro 111 ti!(' co 111pos it io 11 o l' t ]I(' ("il SCil( I(' or 

s l,ufll<' ("() IJIJ ('Ct. io 11 s \ h a t a rc .(!;<' JJ(' J" ilkd Il l t II(' I"('Clll"SJ\"(' dcn>11 1posit io 11 or I I J<' 

I (i - co 11 c<· 11t.ra t. o r. 
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4.3 The Multicasting N etwork 

( :i v<' ll tire /1 - co n ce rit.ra.t o r j 11 st. d <'scr ii>cd , IV<' procf'<'d wit.Ir t.11<' co11 strnctio11 of 

;-1 1rntlt.ic;-1.st.i11g net.wo rk in t.ltis s<'c1 ion. 

4.3.1 Multicasting Network Construction 

T he 
1
nult.i cast.ing network i s sl1ow11 i11 l •' ig 11r<' 2 1. It. is co 11 st. rnd<'d n·c11rsin·lv 

wh<'r<' Lli c 
11 0 11

- rcc ursi n· part consists o f a distributor st..-1g<' .-1. 11<1 t.wo (11 , 11/"1) 

co 11 c<·11t.rat o r s. Tlw dist.rihul or is ;-111 a rray o r 11 ( I , 2) -co pi<'rs wl1<'r<' <'acli (I.:!. )­

co pier Ci-111 I11 a p it.s i11p1tl to 11 0 11 <', a ny O il (' o r both o r i ts (1m 01 tlp1it s, ,111< I t.11<' 

co 11 c<' 11 1.ra.1.ors ca.ti lw rc .-t!i :;;cd hy t.lr<' co 11 st ruction g i v<' II i11 111<' p1T1·io11 s S<'<"1 io11. 

w(' fir st. csU1b li slt t.11 ;-11, tl1i s 11<'1Wo rk is i-1 11111I1.i n ,st.in g 11 - l l<' lmnk . 

Theorem 4.3 '/ 'hr· 11d11 1o r/,· .,how11 in Vi.11111·1 :! I is o 11111/lirnslinq 11 - 111 lll'ntk 

Proof: ( 'o n sid<'r ;-111 ;-1. rhit rary. hut. fi x<'d 1rntlt in1st ass ig1 111 l<' 1tl o f t lw i rip irh to 

t 11<' <J11t.put.s. If ;-w i11p1tl. in t.lti s ;-i.ssig111ncnt is p.-1ired wit Ir ;1 11 ()I t( p1tl i11 t I1<' lirst 

lr ;-1 l f o f out.put s t.lt<'tl rout.<' it. t.o 1 Ir e upp er (n, 11 /2) -co 11 c<' tlLrnt o r . if it is p,1iwd 

wi LI, <1.11 011t.p1it i11 t.lrf' s<'rn11d Ira.If of o utput s 111<'11 l'l)II( .(' it t o tll(' !own ( 11 , 11 / :!.) 

('0 11 ('(' 111 r ;-dor ; and if it. i s pa.ir<'d wit l1 o u t put s i11 hot It lr ,ilf o r 0 111 pr ti s 1 l l(' tl ro1 1k 

it. Lo hot.It co 11e<' 11t.r,d ors. Now , 1.h<' p oi 11I is t li ,11 110 n1,d tn h o w 111<' tllltlt ic;1st 

;.1ss ig 111 ne11t. is fi x <'d , ea ch co11<Tll1ralor c..1 I1 r<'c<'i1·<, 11 0 I11o rc th ,11 1 11 / :!. p;Ick<' l s. 

since o t.lwrwi s<' an 0 1t1put nlll st. lw i1ssig1l<'d t o llHJW th;111 0 11<' i1 1p 11I 1rliicl I i s 

illlpossih lc. Tl1u s. tll<' ( 11 , 11 /2) - co 11 cc11t.rat o r s c,1II route tll<' p;1c k< ·l s t lw 1· r<'n·i, ·<· 

t.o t.lic input s o r tll<' Illllili n1s t.i11 g (11 / 2) - 11<'l 11·o rks . ;111 d tlw s1il1('111('111 fo ll ow s hi' 

ind11 c tio11 . II 
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Figure 21: Tl1c rcClll'Si vc ('()IISl. rll ct io 11 o r a lllllltica sti11 g 1/ - ll<'l\\'ork . 

l l 11likc tli c previously repo rt ed llllliticasti11g net.works. tlw 1111ilt.ic;1sti11 g network 

g i ve n l l('r<' cl cH's 11 01. IIs<' ;-111y dcdinitccl cop_\· nctll'ork . !Li.t.lwr , it g<· 1wr,1ks tlw 

co pies or t li c packets as tlw_\· circ lw i11 g routed to tlwir dcst.in ,itio11 s. 1\ s 11T 

sl1;-dl sec su hscquc11t.l y, t.lii s approacl 1 rcd11n·s t II(' ;u110111it or dcst in ;1t io11 ;1ddr<'ss 

i nl"ori 11 ;-1tio11 Ll1 ;-1t, <•acli i11p11t 11H1st. us< ' in order to route it s p;1c k<'t tot II(' (>Ill p11t s 

it, desires. 

4.3.2 Routing Multicast Assign1ne 11ts 

In t.liis subsect io n. 11·<· s l1 0\I" lio11· 1rn1lt.ic;1st ;1ss ig 11111<·nts ;m• ro11l<·d tl1rn11gl I t ll(' 

prn·I0IIs lllliiti cast i 11g /1 - 11('1\Vork hy 11 sing 0(11) hit s or ro11ti11g i,1ror111 ;1t io11 pn 

i II })ll t. 
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D e finition 4. 3 Fo r a giPC II 11111l! inu-;/ (fssig11111r11I , n 11111l/i f'asl 11al/1 ,.,, for r1 11 

i11plll ; (or f o r rt. p(f r{rl (( / that i11p11I) i 11 rt 11111l!if'asli11g 11 - 11rl11•01-k is (( bi11r11 ·_11 

srr.i ·tl (' ·i,r·f· ( ) when a_1 = I if n11d 011/y if inpu t i is painrl 111il/1 a 0 , a 1 , •. • ,a.,, _ 1 , 

0 11.lp-ul j . II 

P 
. . I It . (, 0 

• // - )l( ' t.11·()1'1; , c'' l l _\ · rr 11·c11 °l ll l )l l l. Ci\ 11 l1 i l\"( ' i\ 11 \' 
ropos1t1on 4 .1: 11 a 11111 1u1 s 111 g , • " 

O il <' o f 2" 11111'1.i ca.s t. p a.t.Lr rn s. 

Proof: It foll ows fro 1ll D cfillit.i o ll 1.:L JI 

Proposition 4.2: If a ll ill put. ill a 11nil t.i cast. ill g ·11 - ll c t wor k 11l11 st sp<'cify t I}(' 

o u t. p11t.s t o w lti c lt it. is ass ig ll c d i11 dc pc ll dc1il l_v o f ot. li <' r i11 p u t s, t l 1< ·11 i t. 11111 st 11s<' 

;-1 t l<'as t. .,, bi Ls. 

Proof: 13y p ro p os i t io 11 -1. I , .-I ll ill put 111 ;-1y Il a \' (' ;-1 ll _\ ' () }} (' o r 2" lllll I t. ic;1s t j) i l t t (' J' ll S. 

Ir t.!t c i1q)l}t, i s t o sp<'c ify all } O J} (' o f tll('S(' pa tt.c rn s w itl1 ot 1I. r <' l _y ill g O il tl w 

sp cc iri c;1t.io 11 s o r ti}(' o tl}('r illput s, tlt r ll it. o l)\' io 11 sly ll <'<' cl s lg 2 " = II hi t s. II 

\ ,Ve n o te th at. tit<' illdc pclld<'ll CC ;-1ss11111ptio 11 u sed l }(' r<' is 1Tr1· 11 111 d 1 li k<' ;i s­

s11111111 g t !ta.I ca.c h input. 11lus t. u s<' ;-ii l<'a st lg II hit s to sp <'ci fy t II<' 01!1 p11t t o 

w l1icl1 it. 1s a ss ig 1}('d ill a 1111i cas l.ill g 11 - 11 <' l11·o rk w l1 <' r<' <'ac lt i11p11t c;111 IH' p ;1i rc d 

w it.It a.t. 111os t. o n<' 01it.put.. \,V<' a lso note t l!iil. if t I}(' i11cl <' p<'lld <· 11e< ' ;i ss 11111pt io 11 

i s r <' laxcd , t li <' ll it. is poss ihl <' t lt c1 t a ll ( 11 -1 I )" ass ig n111 1· 11(.s for ;1 11n1II ic ,1sl ing 

11 - 11 f't w o rk c;-111 lw co d <'d o nl_,. 11· itlt lg( 11 + I )" = 0 ( 11 lg 11 ) hit s. 111 f;1c t , t l 1i s 

coding sc li <' 11 1<' c;111 lw <' nforc<'d if ti }(' ;1 ss ig n11 H'1il s ;11T sp <'c ifi <'d fr011 1 0 111 p1it s t o 

i11p11Ls, sin e<' <'ac li 0 1Jt p1Jt u 111 0 1il _1· IH' crn 111 <·ckd l o a t 111os l 0 11< ' i1 1p 1it , ;i 11d I l111 s 

O ( lg 11.) hit s o f so urc<' addn·ss p<' r o utp 11t ll' ill s1dli cc. ll o11T\'<' r , ill tl1 <' r1n1ll i 

n 1stir1 g rl('t wo rk co 11 strncti o 11 g i l'<' ll li n<' , it i s ,1ss 11r1wd tlt ,11 tll<' illp1il s ;1n · Il l(' 

ac t i v<' p o rt s a rid i11it.i ;-1(<- t I}(' co r1r 1r-c t ior 1 r <'<j l l('Sf s. 111 I !t i s c;1 s<· . 11T d o n o t k 11 m 1· 

o r i'lll .)' codin g sc!J< ' ll l(' tl1 ;-it \\'() }' k s ll' i t li O ( lµ, 11 ) d(',- f ill ;llior1 h it s j)<' l" i 11p1 1t to 

(i I 
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s p<'cify a.11y tllt1lt.i cast 
71

-ass ig t1nw11t a lt li o11gl1 SOll H ' 1111111 ica st ;-1ssig 1111H' lll s c,111 

IH' i11d< '('d he s p<'cifi<'d by O( lg n.) d('s t.inat ion h its per i11pt1t . For <'X<1.111pk. t lw 

1111111 in1st 
11

-ass ig 1111 w11 ts fo r which ('ac li input is pair<'d wit 11 ;-1 set. of co11s<'Ct1 -

Livcly 11ut11l )(' rcd o ut.puts ca n be spec ifi ed by l lg II d<'st.i11at io11 !,its p<'r i11p1it 

wit.l, the fir st. lg 
II 

hits spec ify in g, t.li<' 1111nil )('r o f 0 111 p11t.s p,tircd \\·it Ii an inp ut 

and the S('COJ1<l lg n hits s pec ify in g t lw s 111 ,1 1l cst. 111111i! H'rcd 011tp11t. ' l' lwrdor<', 

we a.ss1111H' tltat. tlw i11p11t.s i11dcp c11d c1itl _,· sp<'c ify tll<'ir 1ll11lti cilst p,tlk r11 s by 

us in g 0(11) hits pn input. \,Ve will dcscr ib <' 1\rn d<'sL in a t io 11 codi11 g sc lt <' 11ws, 

bot It 11 s i11 g 0(11) d <'s t.i11 ;-1t.io11 hits per i11p11t, to tT,1 li zc n1t1lti u1s t ;issig11t1 wtils. 

First., we estab li sh t.ltf' fo llowin g propos iti ons wl1iclt will lH' 11 s('( I in ti)(' t,,·o 

d<'stina.Lion codi t1 g scltct11es. Let (o0 ,o 1 , •. . ,o,,_ ,) h<' a nllllt.irnst p,itkrn of il 

p;-1.c kct. at . an i11pt1L of t.lw 1ll1ilt icas t i11 g 11 -11<'t,,·o rk ,ts s l1 ow tt in l•' ig111·<' 2 1. It 

1s obvious tl,at. t.lw packet. is routed to t.li<' fir s t. ha lf o f 01t!pul s if ,111rl 0 11! _,· 

if the cknwnts 0
0

, 0
1

, ... , 0
11

;'2- t arc tlOl all zero , o r <'qt1iv,1l<'11t ly, 11 11 I 01 -f 

··· +a,,;
2

_
1 

= I / ;-111d , it is rot1lcd to tit< ' scco 11d ha lf o f output s if ;1 11d o ttl ,· if 

a,,;2 + a ,,;2+ 1 + • • • + 0
11

_ , = I. !\ lo re g<' ll< ' r,illY, t lw l'ollm1·i11 g propos iti o n hold s. 

Proposition 4.3: St1pp os<' t.11 ,tl t.11(' 0 111 puts in t II(' twt \\'C Jrk of 1-' ig i,r<' 2 1 

,He pa.rt .it.io 1wd int.o 2k groups o f 11 /lf co 11 s<Tt1 ti ,·<, outpit! s l'rn11 1 to p to IJO t 

t.0111 , I 'S A· 'S lg 11. Then . a packet at ,111 i11p1Jt wl,os<' 1ll11lti c,ts l p,tll<-1'11 is 

(ou,<1 1, ... , o ,, _ 1) is routed to t!H' i tl1 gro up o f outp1t! s, () S i "-- ·>
1
• I , if il 11d 

o nl y if ,it, l<' as(. o n< 'Of(ll('o ,, i11/2" 'S .i < (i+ l )11nk is I. II 

lkfi11<' ;-1 hi11 ,1.ry ,·ar iab lc d~- 0 11 A· ;-rnd i, () 'S i 'S i· - I , ilS if" I 

if a t. l< 'i\St. O il( ' of tlw o,. i11/2k 'S .i < (it 1)11/lk is I . Le t ut rl <' II Ok (I I(' i tl1 

'.! lln<' + d <' 11 0 1, ,,- t lw ili 11;iry OH o p n;it io 11. 



gro 11p of o u t. puts ddin <'d 111 !'ropos it io 11 -1.:L \\I<' li,1\·<' ( lw follcmi11g <'q1 1i \·,il( ' Jt! 

1>ro pos iti o 11 . 

Proposition 4.4: Suppose t.li ,it, ,1 packet at. ;1 11 i11put o ft lw ,rnilt.i rnst i11 µ, 11 -

11<'1.work s lt ow, 1 i11 Fig11rc 21 l1 a.s a 111ulti cast paLt<'rn (o 0 .o 1 , •••• o,, _ 1 ). L<'! d~ 

a11d 0{ he d<'fi11cd as abov<' , 0 :=:: i :=:: 2' - I. I :=:: /; :=:: lg11. Tlw11. t.lw p;ickc ( 

wo uld I><' rou!ccl to CY. if a11cl 011lr if d~ = I. II I • 

To ro u t. <, ,1 pack ct. w i t It a , 11 u I!. i ca s L p ;d. k rn ( o o, o , . . . . . 11 ,, - 1 ) t.l I ro 11 g Ii LI )(' 1111 ii t i -

cas t i11 g '/1 - li <'l.WOrk, I lw ( I . 2) -co pic rs a lo 11 g t II<' pell lt (s) o r t II(' p,1ck<'t C, 111 !I S(' r1~·s 

11 -11d\\'ork lt as lg II distributo r s!ag<'s. II' t lws<' di s( rihut o r s t ,1g<'s ,H<' 111111tl HT( 'd 

' · 2, 

0, I , 

lg 11 , fro,11 ldt to right , t.lw11 stage k lt ;is :zi, - i di s trih11!ors. 1111111' H' r<'d 

1,k - l - 1 fro111 Lop to bo tt.0111. I :=:: /..- :=:: lg11. 1,;,,cl1 ( 1.~) -rn picr i11 tll<' 

itlt distributor ,i t s t age I.· uses Llw pa ir (rlt. d~,+ 1 ) it r('C<'i\TS to d<'cid<' it s 011· 11 

A: Routing with 211 - 2 Destination Bits 

111 I.lie first co di11 g sc li<' lll <'. cac li p ,1ckd ,1 t a 11 i11p11t is ).!, l\ .< 'II a (:!, 11 :!.) -hit 

dcs t.i11a.Lio11 hit s arc ddi11ed ,is i11 l'ropos it.io 11 -1. -1. l-' ig 11rc 2:!. s l1 (ms ,1 11 (':,;,111 1pi<­

of t.lti s cod i11 g sclwnw for 11 = ~- Ci\"('11 s 11 cli ;1 codi 11 g of <i<'s ti11 ,1tio11 ,1ddr<'ss<'s , 

rout. i11 g 1111ilt iu1st nss ig 1111w11Ls is s tr,1 ig l1t fo n1·;1rd . i"or ('i1Cl1 \",iill(' ()r /, · d' () • I ' 

I :::: 1,1.: - I , s pecif_\· 2' dcsti11 ,it.io11 hit s 11scd h_\' tll(' di s trillll tors ;it sti ll!,( ' 1.-. 1r 

a. ( I , 2) -co picr i11 t li e it.I i di s tributor a t s tag(' /..- is 0 11 a p,d 11 o f ,1 p;ick<'t , t ll<'il 

I ' ·)' I I . 

I :=:: '1· :=:: lg 11 . If (d~,. dt+ i l = (0, I ) tl w 11 th ,1t pc1ck<'l is rn11tcd to t! w loiiTr 

o, tt .p 11L of Lite cop ier . if (dt, dj°,_~ 1) = ( I . 0) t lw11 it is rn1 1tcd to t II<' 1,ppn 

(i (i 



input Multicast Pattern 
Destination Code 

aoa1a2a3a4a53E, a7 
d1d1 d§d~~d~ d~~d~d~dldJd~d~ 

0 1 

0 10000010 
11/1001/10000010 

1 00000000 
00 10 000 1000 00000 

2 00000100 01 / 0010 / 000001 00 

3 01110000 10 / 1100 / 01110000 

4 00000000 00 10000 100000000 

5 00001000 01 / 0010 / 00001 000 

6 00000001 01 / 0001 / 00000001 

7 00000000 00 10000 100000000 

Figure 22: lkst. i11 a.t.io11 cod in g for 111ult.i u1s t ro, it i11g. 

C)IJ tput.
1 

,rncl ir(dt,d3
I
+

1
) = ( J. 1) t.ii<'ll i t is rout.<'d t o l)()t l1 o ut put s. 1\lo11g 11·it.li 

that pa.ckct, LIi<' co pi<'r ;-il so ro 111 <'S ;-1 rn li d d <'s t. i11a1 io11 cod<' for 111<' r<·11li1i11 i1 1g 

st.ag<'s 011 t.li <' pat.li( s) o f th at pa ckcf.. The clc1<'rllli11at.io11 o r t II(' des! i11,it.io 11 cud<' 

d c p<'11ds 0 11 Lii<' 0 1Jtp11t( s) t.liat 1l1at packet is routed to . Ir t.lw packl't is ro1 it.<'d 

t.o tlw upp<' r o utput o f tli <' co pie r , 111<'11 111<' first. li ,1lf of 11 1<' d <'sti1 1iilio1 I rnclc 

for <'ac li o f 1'1<' r <' 111 ;-1.i11i11 g s t.<1 g<'s i s r<'1.c1i1wd , a 11d t lw s<'concl ha lf is di scr1rclcd. 

c111cl if it i s ro1 1tcd t o tll<' lown 0 1itp11t , 1l l<' ll the s<'rn llcl ha l f of tll<' d csti1i;dio II 

Tll('rdo r<' , a t a ll di st. ribut.o r st ,1gcs, 111 <' ldt111os1 (11·0 hih o f tlw d<'sti 1I ,itioI1 

co d <' that a rri v<' s wit Ii c1 p ;-1ckct ;-it c1 ( I , 2) -cop i<'r ar<' t1 s<'d t o d(-cid<' t lw sl'I I i 11 g 

o r Lil(' co pier . 

Thi s ro1 1t.i11 g sclH ' lll<' is il l 11 s1r;-i1 cd i11 l \l'; t1r<' 2:l by 11si11g t lw II II 1llic;isl p;ilkrn 

for i11p11t. :\ s l1 0 11·11 i11 I -' igm<' L! ;i s ;-111 il \: il lllpl c , 11· l1 c'1T i11p11I :l is rniii<'d lo 

0 11tp1Jt s I , 2 ,rnd :l , ,llld o nl y 11w fir s! fo 11r 01 1tput s ;-rn• d(·picl<'d . Tilt' ( I .-~) 

, 1,1 a r <' ;-1< peen 111 I<' r l'<' ,ll'C' S(' J>ilr,dnl h1· ,1 coiicc·iit r;ilur CO J>i <' r S (( ']> s·) 1J ( 1· 1 . ti t 

s t. c1µ;c- w liicl1 i s no t sli o 1rn . ,\ 11101(' co 11 1p ll'k d l'sn i p1 iu11 or I lw l'Ol il i 11 g scll('J\\( ' 
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I

. \ 1 · 
111

(·111 (\1· 11 g· the co11cc11 t nd or st.<1 O"('S, 1s s ho,,· 11 i 11 

or ;-1 111t1 t ict1s t.i11g 8-11ct.wor z, 1:-> 

Fig, " ,. '2 I. The ,.,.,11 icasl i ng ncl, wo,·k is obi a i nnl hv dccon ,pos i og I lw I" o 

mu\ticas\ing /4- nel.w•H·ks hascd o" tlw ,onsl,rucl iou g ivc n iu Fig,u·c 22. '\'\,c 

urn It ica.st assigu" ,,..,t that is real i,cd is I h con<' gi v,·n i" Figu ,.,. 2:1. l t is ass, u ucd 

that , in rooting thcir hos) iupul s, I hc co uccul ,at.ors opcratc as d,·sniiwd in 

Sccl.ic)ll ,\ .2. 

B: Routing with 11 Destination Bits 

The lcngt.l, of thc dcst i nation cod•· ra.o I>" rcd occd Iron• 2n - 2 to n. hv· inn• •;, s in g 

th,· rompb i ty of ro u Ii ng at ,•ad, copicr uodc In th is ,·as,•, t 1w pack, ·I a I ,•;, d, 

iupul ,·a,,i,•s its ow n n -hit, undti casl. pal.lc,n (no,"•• .• . . n ,,. ,) ;,sits ,ksliu;,tio" 

add ,.,.,,. Tlw ( I , 2 )-co piNs n ,ust ,.,,[y on u W<' hi ts in ord,·,· 1.o dcl ,., , ui o•· w hi,.\, 

way to rout.,, 1,l,c packets t h,·y w,·ci , .,. ~I or<' sp<'<'i lica 11.v. t hc , op i,·, s in I hc kt h 

dist, i ho I"' sta.g•· o ",st cxa o ,inc o / 2"' hi ts , I <; k <; lg o, to d..t.,·rn, i ,,,. 1 I wi, 

sc·Lt. i ngs . Ot i,c, tha o th is, th is o ,o It ir as l. pa tl cm ,·od i og sd "'",,. is , ., ,,., · s i "',la, 

to the prcvio11s 011<' , a 11d it s ck\ ails arc 0 111i\ tcd . 

Rernark 4.1 I \ir- 110/( //,al 11sinq 0(-11) hi/ ., /H ,. in p11/ lo rncoi/1 11111I/ 
1
c

11
.,/ 

11

.,-

.,i<J rrrncn/.s i.s <JUil< ,J]i,·i,·rrl "·' ,·orn1urrnl lo //rr ,odhrr/ s,/r, "" ·' rrsul irr wrr/linr., -

Ii r, 'J n< / uw r b I Ir" I rdy o rr ·" 1ur m I, co I' <J rrr I r, •o , k.s / 1,u 88}. 'f'/«r.« ,1, .,Ii,,,, Ji 
O

,, 

("()ding sch1111rs nq11il"( 0(11 \gn) hi/., lo ,,p(cify o 11111/lico ., / 110/111 ·11 fo,- ((,d, in -

1"' I , o ,. 0( n ' lg n) f o, «II I I« , rr I'" I., " ·' co"',,,,,.,,/ Io 0( n ') l,i/ ., of o ,,, ,.,,,/ ""' 

sr-/1(111<"-" - II 

4.4 Perforn1ance Analysis 

l11 this scct iott. we 1l<'l1·1·111 ·111l' \,\1 <' c·c>L,··\ cl<'1>tl1 \ 1· · 1· 
. ' rlll( roll .111 µ; \ Jill(' () ( Ill' 1111ilt i 

cast.i ttg 1wl.work desnil)('d i11 t lw 1ne,·io 11 s sec\ io 11 . \ I 1· 
: s H'Ol'l', \\"l' co1iti111w to 



- - - --

Output 
,,,_.o 

/ 
/ 

01 
CP 

1(3) 

11 10111 CP 2(3) 

10 /1100/01110000 _. CP 
CP 

Input 3 
3(3) 

Figure 23: J\ lu st. ra.t io 11 ol' t lw 111ult icast. ro11ti11 g sc \w11 w. 

Multicast Codes Dist ri butor 
Stage 

concentrator Distributor 
Stage Stage 

11 ,100111000001 0......1J.--+----+----+-=-F.::.-r--= 

input O 

0 1/0010/00000100 
input 2 

10/1100/01 11 0000 
input 3 

00 /0000/00000000 
input 4 

01 /0010/00001000 
input 5 

0 1 /0001/00000001 
input 6 

00/0000/00000000 

input 7 

Concentrator Distributor Concentrator 
Stage Stage Stage 

0 

2 

Figure 24: i\ 1lll 1lti cast. i11 g t"-111'1 m>rk s \io11·11 to n ·,i\i 1/,<' t II<' 1111tlt i<",1 s l ;i s~ i.e,
11111

<·i1I 

g i,·<· 11 in Fi µ; url' ·.t2. 

(i\J 



ass unw 
111 

I.hi s sC'cl. io n tlt a.t. a.II o ur 11 ct.wo rks l, a ,-c a power o f t \\ 'O 11111 1ilwr of 

i 11 i>l!l s· >\.Jl(i () lit ) t . ·I II .s . 

Firs t. , we co rnpute t.lw cos t. , d <' ptl1 , a nd ro 11 t. i11 g t. i 11w, C-o"'.(11 ), /)con,· (11) , 'f: ,,,, J11) 

fo r t.lw •n.- co nc<' Jil.ra t.o r. As descr ibed i11 Scct.i o 11 ,1. '2, t.l1i s 11 -co 11 cc' 11 t. r;1tor 1s 

'
·< · I t t I l 11 s·,· ,, g· "'·'' <>< icl-<•ve 11 ·11 -s1)lit te r fro lll whi ch \\·e li ;ix<' 'C llrSJV(' .Y CO II S .ru e .ec ).)' " 

( ',.,, ,,,.('11) 

/J,.,,,,,.( ·,, ) 

'l'.-0 11., ('II) 

= c,,,11 ( n ) + :2c,,,,,. ( 11 ;:2), 

/) S/liil ('/I ) + /),.,,,,,( II /'2)' 

r ,,,1;1( n ) + '/; .. ,,,,,.( 11 /'2), 

w ll(' r<' C 
1

-
1
(n) [) 1-1(·11 ) '/ ' 1-1(11) de note t. he cos t , de pt It , ;-111d ro ut.i11 g t.i1t1 <' o l' 

- - SfJ I. i - S7J / i S J> I 

t h<' o dd -e ve n 11.- s p littc r , in t hat. o rd e r. T he o clcl -<•ve 11 11 -splitt.<' r is rn 1t1 poscd o f 

a n a 1'J';-1y o f ·11 / '2 '2 x '2 switches a 11 d a 11 ('11 , 11 /:2 )-ba la11 u 'r , wh<'r<' (i i(' h,11i111cn 

is used t. o set t. he swit. cli es . O1 1ce t he sw it.cll('s a rc sci. . t.lw p;-1ckds c;-111 p,1ss 

t.l1ro 11 g lt t. lt c switcll('s. I lc1 1ce, t.lt c rou t. i1 1g t. i11)(' o ft he odd -c·,·e11 11 -spli t tn is 

decided by ti }(' ro 11 t i11 g t. i111 <' of the ba la 11 ccr , and I.li e de pt.Ii o f tll(' s plittn is tl l(' 

dep t.Ii o f a :2 x '2 swit. c l1 . J\ ss u1 11i11 g I l1;-1t ;-1 :2 X '2 swit.cl1 Celli lw i11 1p l<'111< ·11 k d 1>_1· 

11 s i11 g s ix b it - leve l log ic gal.cs wit. Ii l'a11i11 '2, c111d dept.Ii :2, ,,.,, li a ,·1· 

C., ,,l i t. ( II ) 

·) ~, 

'f'.,,,/it ( II ) 

'"' '" "'· ,r 11 , 1 ''"' ' " '('(,. 11. < <' 11 0 .<' 1e cos . ;111 c ro ut 111 g t 11 11<' ol t. 11(' h;i l;111 cTr. w l1 <·n · C ( ) ., , ( ) I t t I t I . · · 

r<'s pec1. ive ly. T he (11 , n / '2 )- lrn la11n' r li as 11 - I 11 od<'s ;-11 1d t lt c lo 11 g<'s t. p,ll.h l' roi n ;111 

i11p 11 t. to a 11 0 1i1.p 11 t. is '2 lg 11 . J\ s sl1ow 11 i11 1-'ig m e 17. e;1cli no d<' i11 tlw h,ii c1 111T r 

c;-11 1 be i1t1 pkn w11 t.ccl b_,. 11 0 1no re tli ,111 11 hit - lc •,·1·1 log ic g,d <'s ll' itli f,111 j11 :! , 

;rnd wit.lii11 i-1 11 .)' 11 o d<' , t. liC' l;-irgC's t llllllli H' r o r :2- i11p1it logic g;\I C'S n lo 11 µ, il p ,1 1 I, 
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l'ro!ll an input t.o ,rn o ut.put is ,I. Ilcn cc, Csp/11( 11 ) ~ 1711 ,-111d 'f'.,,,t,t(II) ~ 
X lg 'II . S

11
hst.it

11
t,i

11
g all these' express io ns i1it o the cos t , dept.Ii ;-rnd rout i11 g I i11 w 

rcc utTC' ll ccs fo r the 'II -CO tl ce iit rat.or, and so h ·ing t lw rc•e11rrc· 11 c<'S ,,·i t Ii ( ',." 11 cU) = 

G I) (·>) ·> I '/ ' .. (·>) = I we find ' ,·,me ~ = ~, c),11( con, ~ ' 

C:c,mc (11) < 1711 lg 11 - 1-111 , 

/) con,· ( 11 ) 
2 lg II , 

'/ ' ( ) < 1 lg· 2
11 + 110· 11. 

C (J//C '/I C-, 

\
1
\lc 110L<· t.liat. fo r 

71 
= 2, t,II(' 11 -co 11 cc·11t.nd.o r rccluc<'S to <1 2 X 2 s,,· itclr l'ro111 

which the va l11c·s for C', . .,,,,.( 2), /) ,..,,,,,.(2), ,111d 'f '.v11,- (2) foll ow, 

\,Vit,h these expressions , ,,.f' ca ll now co111put.c t.li c cost, dcptl1 , clll<I rout i11 g I i11w 

of our tllt1 lt.ica.sti11g 11, -11et.work. Let C,,,,,u;(-11) , /) ,,,11/1,('11), and '/ '.,, 11 11, (n) dc11ot<' 

it. s cost., dept.Ii and ro11Li11g t i11w. J\ s sl1own i11 Fig uw 21, t lw 1111ilt iu 1s t.i11 g 

11 -ndwork is rec11rs iw·l y co11st.ruct.ed hy 11 s i11 g a11 ( 11. 211 )-di s t ril)l}tor ,l!1d t 11·o 

( n , 11 /2) -co11cc11t rat.ors. I k11 cc. 

( ', ,,, ,,u;(n) Ct,str( 11) + 2(',.,,,.(11) + 2(',,,,,11,(11/'.!.), 

/) 111.11//i (II) /) di, tr(n) + /) c,,11 c(11) /) ,1111/1i(11j'.!.). 

' f '.1111//i( n) '/ ;lis lr( n) + '/ ic,11,- (11) + 'f',,,,,[1;( 11 /2) . 

Tlw (n , 211 )-di s trih11t.or is ;-111 cl!Tc1_1· o l' 11 ( I. '.!.) -copiers ,lll<i c•;ic li ( I .'.!) rnpicr c, 111 

IH' i111p l<'illCIIL<'d by t.1,·o lorri c Pi\l<'S or r,rni11 2. llc11 C<', C', -1-(11) = ·>,, /) (11) b t"> r 1.-; 1 .... • r/1.,/ f' -

,., 11 , II . ,,,,,, II . I ;-11J<I 7 ;,;, 1,( 11 ) = I . S11bst. it.ut.i11 g t ll<'s<', ,rnd I lw cx 1>wssio 11 s !'or (' ( ) /) ( ) 

h \\' I I 11111//1 '._ a11d 't ; .. ,,,,,.( ·11) i11to t i}(' aho,·<· c rc·c111T<'ll C<'S, c1 11d so h ·i1w tll<'lll ·11 (' ( >) 

n,,, ,,u;(2) = '/ 'Ill 11lli(2) = 2, \\'(' li ,llT 

(',,,,, /1,(11) < 2 l 7n lg 11. 
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/)""'11;( 11) 
l.r/11 + 2 lg II + 1. 

r1 • ( ) < ,I ;:~ lg l 11 + -I lg 2 
II + I In lg 'II. 

J 1111 1/ti '/1. 

Tlw ro uti,, g tilll<' g ivc ll above ca.11 he furt.l1 cr reduced by pipc li11i11 µ; co 11 scrn1 .iv<' 

IllliiLicasL a.ss ig n,n ciiLs 
0

,-er (,}ie 111ul ticc1sL i11 g n -nc( wo rk. Suppos<' !.li ;-1 1 ( ii <'re ,m' 

n co
11 

sec u t, i \'C' 
1111 

il t, i cas t. ;-i.ss ig n 11 w11 t.s to he rou (.eel L li rou g h (. l w , rn ii ( i ca.st i II g 11 -

11 dwo r k. J\n ;-iss ig nrne!l!. ca ll c11Ln ;-1s t.a ge a ft.er tlw 1ne,·iow-; ass ig 1111 1c111 lc;l\·i11 g 

t.lia1 s t.age, a 11 cl }wn cc ro ut.i 11 gs i11 difrerc11t. s1;-1ges Ulll lw ove rl ap ped . l-'ro 111 

t.lie pre vio us u
1
kul ;-1t.io ,1, t,lic ocld -e,-c 11 11 -s plit I.er 1l<'ccls O( lg 11 ) ro 11I i11 g 1 i11w . 

;-111d is the " hott. lc-,wck stage" o r t.lii s 111ult ica.st.i 11 g 11 -11 c1 work . Tli11s, i1 1 ;ik<'s 

O( lg:1 11. + (n - I ) lg n) t,i 11 w t.o ro 11t.c ( lwsc n co 11 scc11t.i,·(' 111ul1 ic;1s !. nss ig 11111 ('!lls, 

2 

a 11cl t.lic ro11Li11g Li111 c per a.ss ig 1111w11t. is red uced 1.o O( lg ·11) if n > lg ·11. 

4.5 Su1nmary 

111 this cl1apt.e r , we presc11t.ccl ;-1 11nil t.i c;-1sti11g 11 c1\\'o rk . l l1ilik<' 11w pr! ·, io 11 ,- ly 

reported 111ul t.icc1st. i11 g ne1\\'ork s, t.lii s 11 dwo rk l1 as a ,Tr_\' s i111pl c (ksiµ,11, ;11HI c,lll 

IH' ro 11t.cd very l'c1 s 1.. l11 c lu cli11g 1il<' ro11!.i11 g cost., i1 li ,1s 0(11 Iµ/ 11) cost. O( lg
2

11 ) 

d( •ptl1 , a11d O( lg:i 1,) ro 11Li11 g t.i 11 w " ·itli o u1 p ipcli11i11 g. ;-111d O( lg11) r011 ti11 µ, ti11H' 

wit h pipf'l ini11 g, ;-ill i11 hit leve l. Tlwsc co111plex it i!·s co111 p;ir(' r,1\·o r;1hh· 11·i1 l1 

those of Ll1e best gc 11cr<1lizecl co n11 ccto rs rcpo rkrl rn rli <·r. 

\tV liil c tlii s chapter clid 1101. explicit,!_,· I re ;-11 u11i c;ist ;1ss ig 1111 w111 s. t l1 ose c,lll ;i ls() 

lw reali zed bv the 1111ilt.i c;-1s t i11 g 11 -1w1 ll'urk dcscr il wd . II' t lw 1n11l1.ic;is l i11 g 11 -

11dwork is s011g l1 L t.o reali ze 0 11!_1· u11i c;-1st ass ig1111w11t s. 111<'11 t II(' di s t ril, 11 1or 

des igll a 11d t.11<' clcs t i11 at. io 11 co d i11 g C<lll bot Ii he s i111plificd (0111'· lg II d( ·s1 iii;il i01l 

bit s per input. is suffi cie111 ). This , li m1·c·,·cT , do<'s 11 01 reduce· tll<' cos t . rl l'pt li ;i 11 d 

ro11t.i11g t.inlC' co lllpl c x i1 ies o f 111(' 11 <' 111·o rk. 

--) ,_ 



'J'I . )( ., 
II s c li ,tpl<'r ;-1lso g,1n · r1 co 11 sl.n1 c ti o 11 fo r i-l ll 11 -co 11 c<'11tr,d.o r t l i;1 t. l1 ;-1 s ( 11 lg- 11 ) 

cost , 0(1µ;2 11 ) d<'pl I, . ,111 d O( lg' 11 ) rn 1il i11 g ti11I<' wit l1 0 1!1 pip<' li11i11 g. ,1 11 cl 0( lg 11) 

ro,rt.ir, g ti11w will, pipcli11ill g , .-di ill hit 1,, ,·, ,I. If t!IC's<' rn111plc:--: ili <'s u 1n lw 

reduced , as o f Ill<' llrt.,,·orks t o lw constru cted ill tlw 11<':--: I c/i;1pter , tl lC' n 111<' 

corirplex it.ies of tire mull iu 1sting 11 - nc h rn rk Cn ll ;-i/ so IH' sca lc·cl dow n i>y 1 lw 

s;-i rir,· facto r o f reduct.i o n . 



CHAPTER 
FIVE 

EXPANDERS,BOUNDED 
CONCENTRATORS AND 

SUPERCONCENTRATORS 

5.1 Introduction 

Tli<' cost o f t.lie 1null iu1.s f.i11 g 11<'1.wo rk dC'scri lwd i11 ( 'li ;-i pf<-r I <"<111 IH' n ·d1J cC'd 

fro,n 0(11 lg
2 

'II ) t. o O(n lg 11 ) if 111(' co11n'11Lrcl1,o rs u 111 I><' rn 11 str11cLC'd wil /1 O( 11) 

i 11 :-; I <'ad o f 0( 11 lg ·11) cos t. 011<' <1pproc1c li t o co 11 sl rn cl s11C!i ()( 11) cos I rn 11 

c<·1ll.r<1Lors is Lo <'111p loy so c<1,l lcd li1 l<',1r-siz<' <·xpa11dcrs. 'I'll<' k< ·.,· sf<-p f() ,
1
c 

co, npli s/1 Ll1i s is t.o co 11 sl r11 c l <·x p<1 11d<'rs 11·i1 Ii lc1rµ;<' <'1 10 11 g l1 <'X p,111 sio 11 nwf li 

c ic11ts. J\ ltli o 11 g li li11< ',-tr-si z<· <'Xpcllldc rs li ,1 1'<' <'Xplici l ly IH'<' II co ns! f'll cl<-d I><' 

fo r<' [ivL-1.r7:3 , C:C:8 1, J\1\ 18.'i, J\lo.SG , NJ\1\ 187, .Jl\1 87], tll( ' ir <'xp,111 sio 11 rnd li c i<'Jll s 

ill<' q11it.<' s 11 1a. ll (O .,l (i(i fo r Llw <'X p,111<l <' r i11 [NAl\ 187 .. / 1\1.~7]) . 

111 I hi s cliapl <'r, IV< ' i11 n-s l ip;c11<' t II(' poss ihil ity of <·xpli<"it rn 11 st f'll cl j0 11 s ll l' lill <'ill' 

si,w <'X p;111d<' r s w i t.Ii l,1rgn <'X jl illl sio 11 n><' fli c i<· 11l s tli ,111 tl1os<' uf tlw pr<·i ·iui isly 
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consLruct.<·d expa nde rs. Specifically. \\"<' co nstruct a 11<'\V fa111il_v of li11<',ir -s iz<' 

cxpanclns wit.I i dc 11 sil_y :n a11d cxp,-111s io11 rndlicic11 t. 0.(ilG wll('!l n = I ,rnd (l.X(iX 

w lw11 (\ = o .. '). Tl1csc cxp;-1.11dcrs <If"(' o l>t.ai,wd hy 11 s 111 g t.11(' IIIC't l1od of .\1011 <'t 

a l. [NJ\1\11~7] ,111 d .Ji,nbo a.11 d l\ l,nuok;-1 [.Jl\ '1~7] t.l1at ti<'s t.lic <'Xpc111sio11 codl ici<'11t 

o f ;-1.11 <·xp;-1 nd <'r t o t II(' srcond l;-1rgest. <'ig<'ll\·;-iluc of ;-1 111 ;-lf rix n·pr<'s<·11t.nl ion of 

that. <'xp,111d <' r . lJsi ng t.i l<'s<' cxp;-111dcrs, WC' also ohl;-1 i11 a li1 1(';1r-s iz<' ho1111d ed 

co 11 c<' 11 t. rat.o r w it Ii dc 11 sit.y J:j_ .') ;-111d a li11c ;-1r-s izc s11jHTco11n·11t rat or ll'it.l1 ,k11sily 

Tlw res t. o f tl,i s c li a ptrr is o rg,111 izcd ;-1s fo ll ows. Sect.io n Ti.2 g1v<·s i II<' rn11 

s Lrnct.io11 o f 0 11r expander , ;-rnd dctcrr11i1ws it s cxpa 11 s io11 cod li cic· 11i . S<'ci io11 .',.:! 

0 11tli 1l('s . li ow 0 11r cxpa11dcr u111 lw used t.o obta in li11 c<1r-s izc co1 1cc·1tlrntors ;111< 1 

s 11pcTco 11 cc 11 t.ra.to rs. Sect io 11 !"J. ,I s1 111111 1arizes 1 his chapter. 

5.2 Linear-Size Expander Construction 

111 t l1 is S<'ct. io 11 , W(' 11·ill co 11 st. r11 cl. i-l li1 w;-1r-sizc 11 - i11p 11t ('Xp,1 11 dn ll'il iJ dc11 s ii_1 · :n 

w linc 11 = '/11 ·
2 for ;1.11y pos iii1 ·c, i11t. <'g<' r 111 . This co11st ru ctio11 fulloll' s Ill<' origi, 1,1' 

forll11 dat. io 11 g ivc 11 b_y 1\ 1;-u g uli s [l\ lM 7:l] a11d tlic ,ll1c1'1·s is i11 [1\loX(i, .JJ\i ;,-;7). 

5.2.1 Expander Construction 

L< ·t. ½,,, = {O , l , ... , 111 - I} d<' 11 ot.<' t lw 111 od11 l0 - 111 i11iq.?,<T ri11 g ll'ii 11 i II<' 11 s 11 ,i! 

11 1o d 11l 0 c1dditio11 i-ll1< I 1n11ltipli u1 t.i o 11 o pcrn tio 11 s. ;-1 11d lc't •I _ /, 
• 11/ " Ill X /.,, , 11· I IC'r(' 

X d c 11 ot.c's t.lw (\1 r tcs ia 11 prod11ct .. Ddi11C' iii<' folloll'i11g IHT11111t ;1tio 11 s 0 11 .- 1,,, : 

7f 1 (,/' ' .I/) 

7f :l (./''_If) 

(.1· + (i,11._11). 

(.1' + (iy.y - I ), 

I : ) 



( ) (.r+Gy,y+l), 
lf:1 .i: , !/ 

( ) ( .I' + (i !/, !I + 2)' 
lf,1 ./'' y 

( ) (.,· + 2y , - 2. r - l11) , 
lfr, ,/'' y 

( ) (.r + 2y, - 2.r - :Jy - I ), 
lf t; .l' , !I 

( ) = (.r + 2y , - 2.r - :Jy + I ), 
Jf7 ./' ' !I 

( ) ( .r + 2y, - 2.r - :Jy + 2) , 
lfis ,/' ' y 

lfn(.r , y ) (.r ,(i.r + y) , 

7f Io (:r ' ,I/) ( .r - I 'G.r + y)' 

lf i i( :r, y ) (.r + I, G.r + y ), 

7f
1
, (.r , y) (.r + 2,G.r + y), 

Jr
1

;i ( .r , y ) (.r - 2y ,2.r - :{ y ), 

Jr
1

,
1
(. r , y ) (.r - 2y - I . 2.r - :Jy), 

Jr
1
,,(.r , y ) ( .r - 2y + l .:!..r - :3y), 

7r 1f,(,r , y ) (:r - 2y + 2, 2.1· - :ly), 

fo r ;-u1 y (:r , y ) E /\.,,,, \\' ll<'rC' tlt C' a. rit.hnwti c o p<' ra ti o 11 s a rc dd i1 l<'d m·c· r 1/,,,,. It 1~ 

f'i-1.sy to V<'ri fy t.lii-1.t lfJ . I :S i :S I (i , a rc p<' rnlllt ,it ions o ,T r ½,,, x /,,,. 

Now defi ne a. :32- rcg 11l a r g raph ( ,' = ( \ ·, /~') 0 11 t.h C' ,·<' rl<' x ~w t I · = . \ ,,, h_, .. io i11iI1 g 

each verl.<' x (.r , y ) E \l t.o \'C' rt.i ces lf;(.r,y) a nd lf ,:--
1
(.r.y). for I =- ! ,:!. , ... , l (i. 

Th<'n , based on ( ,', co ns tru ct a hi par t ii<' g ra ph (,' = ( I . 0. f,,' ) wit 11 t li e sc· t or 

i11p11L s / = \/ a nd t.11<' set o f out.put s() = 1· s uch tli ,11 .. l'ur ,11 1\· (.r , .11) ( / 

a 11d i-lll} (.r' , y') E 0, (( .r , y ),(.r',y')) E L' if a ll d o lll _y ii' (.r,.11) _ (.r' , .11') or 

( (.r , y) , (.r' , y' )) is ,ill edge o f ( ,'. Oh,·i0t1sly. ( ,' has 11 0 !lt ()l'(' t h,111 :l:\ 11 <' <i g<'s . 
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J\ 1 
· I I 1· /\ I ,t • I \V"<' h a \·c t. h c fo ll ow ing tll<'orc111 . 

pp _y 111 g t, l(' !"('S Ii (. s O O il ( , cl , 

The ore n
1 

5.1 ( ,'i, ,, 
11 

( ,' and ( ,' drjinul a/JOI'( , /cl ,'1r: b< th , adjaffnty 11/(/IJ'i.r 

of (,' and fr-I ,,\ br !h r .-; rco nd fa,:q rsl r ig < 11 Nil11 r of tin 111 0 / ri .r ,, \ = ( I /:1"2): \ r;. 

'f'hr·n , ( ,' is 011 (n ,:H .c,,, n) - (. /'jHllld r 1· lt'ilh 

8( 1 -,\ ) 

,,\ + ,Jo( I - >-) + J>-2 + 8n( I - >.)("2 - >-) 

for any n ,O :S n < I. 

Proof: S('c 'l' hcorc 111 "2 . 1 t o C oro ll a r_\· J. :I i1 1 [N ,\1\ 187]. II 

Fo r a fi xed n , it. i s 11 0 t, t oo diffi c ult t o check t. h ,it c., i s ii d c n C'i1s i11 g 1'1 11 1ct io 11 

o f A so t h ;-it. ;-1
11 11 ppcr h o u n d 0 11 ,\ \\·ill \ ·ic l d ;-1 lo \\'e r lw 1111 d 0 11 tl l<' <'X p ,1 11:-; io n 

cod fi c i<' 11 L c,,. In t.1 1<' llC' Xt, sub:-;cct.i o n , we dni v<' a ll uppn h 01 111d Oil ,\ , ,Ille! t l l<' ll 

c;-1k1d ;-l! C' t. l w c x p ;-111 sio 11 coef fi c ien t. o f t h i s ex p a nder . 

5. 2 .2 E x p a ns ion C o effi c ient Calculation 

l <'o r n o t at io n a l co 11 ,·<' ll l<' ll C<' , \\'<' :-; h ;-1 II ;-1:-;:-; t111H' t h ;-1(. e;-1c li p ,ur 111 . \ ,,, i \ :-; ii t 11·0 

<' IC' 111 e11!. . co l1111111 , ·<•ct.o r . C i \'< ' ll 11 11 1', let N = {O . l , . . . ,11 I } . l k fi 1l<' ;111 

a.ut.0 111o r p h i s111 11 IH't wee n N ;-wd /\ 111 s11 c li t h a t., V_j 1\ ' , ,,( _j ) ( ./ 
1 

) . \ ,,,. 

I' • 

w here .J = ./1 + 111j, .O :S j , . j , :S /II - I. ( i .e .• Ci1-.i1) i :-; il ll //1 ill' _\' rnd<· () r j) , 

I k n ee . fo r ;-111_, · J>< ·1·1111 1t c·1t ·1<> 11 rr,· <> 11 \ · I ·> I (' t I · ' ,' ,,, .I = . -· .... ), l('J"( ' IS ii ('() lllil !'r p ;1r l 

JH' rn 1ut.at.io 11 (T; 0 11 .V defi ned hy (T,(j) = ,, - 1-rr, ,, (.i) = ,, - 1( 11 ,(, , (j))). Vj ( .\ '. 

For ea ch p <T 11111I at io n (T ;, \\'(' h a,·<' ii pC'r1rnit ;It io 11 111 ,lt r i x .\/ ,, , 

e ntries ar<· g i ,·<·11 h y 111 _',,. = b(-rr; 11(.i). 11(/.·)). 0 :S j, I.· :S 11 - I. \\' l l<'r<' ,~(- .· ) is Ill(' 

\\'(' l1 - k11 ow 11 l,ro1wckc r 's dcl t;-1 fun ct io n . Ld .\/;, d1 •11 () k il l<' t r il ll Sjl!)S(' 111 ,ilri x () r 

< JH' l'l lll l ii IOll l llill r1 :,,; ilSSO('Ji ll ('d /\!", · I t. i s 11 0 1 dif lirnlt t o \ '('r if_,, t l 1a t .\/"' , is t l1 , t 1· · · 

I I 



,v·,1 l t l · · - I __ 
1
1- 1.,,-,- 111. ' l ' l1crcforc , A(,· ( t l}(' ,H l_·J, l<"<' l lC_,. 

, 1 , l<' 111,·c r s<' pcrll11 1tat1on rr ; " 

111;1!.ri x o r (,') is t.l1 c Slllllll la,ti o n o ft l}('S(' :U p<'rllllili-11 ion lll i-11.ri c<'S, illld lll ,11 ri x 

i \ = ( I n2) 1\r.- i s g i,·<'n b_,· 

l 11 Lli<' const.rnction o f I.I}(' expa nder, w<' 11 sc t.wo type's of pc rin111 at ion s u1 1 ,- \ 111
• 

Il i-llll<'l _y li11 ca.r 1>< -r1111it.a.tions and affin e JH' /"llllllalio11 s. T h<' li11< ',1r 1wr1ll11Lllions 

a.r<' <'XJ)r<'sscd by lll\111.ipl _vi ng a 2 x 2 inn-rt.iii!<' n1at.r ix m ·cr 1/,11 , \\·it Ii c;1cl1 clc 111<'1il 

o r A11,., i-llld I.lie a ffi n<' JH' rlllli1,;-1.t.io 11 s ,n<' <'XJ) l"<'SS<'d by add ing" co nsLuit \Tctor 

to lin f'a r p crin u t.a.t ions. l\ l or<' specificall y, \\"f' use t I}(' fo llow ing 111,11 ri ces ,i nd 

V<'cLo r s: 

l ~ (; 1 [ 1 1 /J;} = /j~ I 
- 2 - :I 

[ ;i 
O 

1 
IJ, = IJ;; I [ =: 1 2 

(/,J (a) 0-z = ( II ) 

111 l.(' J"lll S o r Uwsc 111 ,ll.r iccs a 11d u-ctors, t.l1l' pc rnlllt,1tio11 s 0 11 .V ill"(' ITll"ritl< ' II 

0"1 //- I IJ111, 0"·2 // - I ( - (I ·2 + /JI // ), 

l'.T :3 // - 1 ( (I 2 + /JI // ), a .1 11 - 1(2u 2 + !J 11,), 

a ;; 11-
1 l/ I I1, a(; 11- 1( - 11 -2 + IJ:111 ). 

0"7 - I ( II 0 2 + /J:111 ) . (Tl' 
- I (·) /I _(/·2 + /J:111 ) , 



/J"!) /I - I J3 r, II, 0" 10 = //- I ( - (I I + j] r, // )' 

- I (") + /J,, 11), 
/J" I I // - I ( (I I + / ]c, /I ) ' 0"12 = // ~0 I 

0" 1:i 11- ' !hJJ, 0" 1-1 = I1- '( - o , + IJ,11), 

<ii(; 
11- 1 (2o I + !J,11 ). 

0" 1:, 11- 1(0 , + /J, 11) , 
n [ ] over t l l<' co11 11 >lcx 111 111il><'rs h~-

Now, ddi11 c a u11i t.a r_v 111a tri x H = u.'.1 .1.-
11 x

11 

w.1.k = ( I / '111 )w < u(.1). u (k) > , 0 ::; j, l · < 11 - I , w he re w 

(
. 1> cca 11 se 11 i s s_, ·11111 I<·t. r ic ;111d t I}(' 

<, > ck11 0 L<'S t.h c i11,1 e r pro d11 c t o \·cc t o r s. ' , 

(
. j . . ! '() \ •\ " 0 1· <~ 11 _)' ('() ILilllll o r 1\ is I , W(' kn ow t.h at. 

Slllll O (' 11 ,rl<'S Ill a.11 y " 

0 0 

() 

II 

0 

w h e re // = [ / l . a ll e \'lllit.i a 11 m a tri x, / \, = n· ,, \1 0 i }I l(I : \ 2 
l _j.k (11 - l) x ( 11 - I) IS 

n· A2n, T he l;ugcs t. c igc 11 n1 luc o r ; \ i s I sin e!' t. he Slllll o r e 11t ri es i11 ('i1C l1 nm O\' 

each co !J111111 o f ; \ i s I , and hen ce t.l1 c second la rges t c ige11\·,1 \11(' o f . I i s eq 11 ,il t o 

ti\(' IMg est. e i gc 11 \'al11 c o f /I . 

I, 0 1111d 011 t.h c la r ges t. c ige11 va luc o f // . 1-'irst , \\'(' need t l l<' fo llo11·i11 g t 1m l<' 111111 ;1s 

o f .limbo ;111d l\ l ;-1ru o kc1. [.l l\ 1~7]: 

Len1n1a 1: If 1r is a li1 J<'c1.r p c rn111 L-tt io 11 0 11 .- \ 111 , i .<' . i f t l l(' r <' <'x ist s soi11<' ~ X ~. 

i11 vc rt.ihlc 111 ;-1.t.ri x / j over 1/,
111 

su ch t.li at t lw co 1111 1<' r p;nt 1wr 1111 1Ld io 11 IT 
I ' I 7r / I 

L e n1n1a 2: If 7r i s i-l ll ;-i[li1}(' IH' l'llllif ;-1 ti o ll 0 11 : \ ,,, . i.<' . ir t l w r <' t·x i st s " (J I} }(''.! X .! . 

i11 vcrtihl c lll id ri x fl () \"(']' I'. ,,, i-\Il(I SO i l!(' 1 \\'O (' l(' l }H' l\ t ('() 11 Slilll1 n1 !111 1111 \'('('{()r <I 

s 11 ch th a t t I}(' co1111t.< ·rp ;1 rl p<' l'llllll ;-1 1 ion IT = , ,-
11r I1 of 7r i s p;i\"!' ll h_,· IT I I I ( (/ 



{ 
( ) > } " - I \/ w Ii ere IT == II - I (( /J - I n-I // ;rn d 

/3)11, t. li c 11 n* J\/~n == diog w<-(1,/I .I i=U I 
17

' 

dio.g{·} <k11 otc·s a di ago 11 ;-tl nrnt.rix . 

App ly ing t.licse le 111111 as, we ca n co111pute A, as 

l(i 

A , ( 1n2)I:O*/\l;,n 

I l ·. { I + < <1 2,1,(.1l > + ,<- 112,1, (.1) > 
- ( ,'/{l(j w u., :u . 

+ W <-2fl'2,11(.ll > } [ /\ / 1,- ' ((H;- 1 )' )- ' ,, + /\I ,,- , ( ( H:-;- ' )' i - 1 ,,] 

I . { <•" .v(.i l> + <- 11, .11(.I )> + - d/(/r; I + w w :u . 
+ W -< "2<11 .,,(j) > } [/\f,, - 1 ((H ,-;- ' )') - 1,, + f\l ,, , ((H;- ' )' J- 1,,] 

Fmtlwrmorc,11s i11 g t.hcl'a ct.stliat.((/3, 1n- 1 == /J:,, ((/J1
1

n - l == IJ, , < 111 , l
1
(.i) >=­

.i1 and < a
2

, 11(j) >== j 2, w here (j 1, j 2) is t,lic 111 -ary code of j, we o hL1i11 

/\ 1 == ( I j:3'2) di o g { I + w.1 ' + w - .1' + w -
2

.1 ' } [ J\/" , + /\ I (1,] 

+ ( 1/ :3'2)di og{1 +w.12 +u.-• - 12 +c..,, - ·2.1
2
}[/\/" ,, + /\/(1,] 

Si Ill i I <'l ,·I, ·. l I . t l 1· t t l t \. J , S Ill g , )(' cl C ,S , l cl / ·2 
.\ I - , for 

(T 1 1- I 

1 = l , 2,:Ltl, we co111putc /\ 2 ;-1s 

( I j:12)diag { I + w -.i , + w;' 

+ ( I j:12)diog {I + 1,..,, - .1 2 + w.12 + u.:
2.1 2

} [1\/{T,-;- ' I 1\/,,;- ,] 

'l'ltc j , l: -t.h c 11tr v or// is t. lic Sllllllll<lfio11 of tlw j. k-t h (' lilrics or . \1 ,\lld : \ 2. 

;-111d is lwn ce g iven by 

h ;,k 

+ 

. + 

+ 

I :i) I + u.!11 + w --" + u.,, -·2.1,) [ii( /J 111(j ), 11(k )) + h( /1 ,11(.i ), 11( k) )] 

I . :l
2 

( I + w-.1 , + w·" + u.,,2.") [h( IJ-211(.i), ,,( k)) + h( /J1,,(.i), 1,(l·))] 

I :
12

( 1 +w12 +w- 12 +u.,• -·2ll )[<l(/J"11(.i). 11( k)) I h( fl71,(j), i1(k))] 

I :t2(1 +u.:-)l +u.,•.12 +,,_,-212)[b( lli; 1'(.i ),1,( k)) b( IJs1{j).,,(k))] 



l'or I :'S; j, /,: :'S; 17 _ I . 

To 11pper 1)
01111

<1 t li c largest e ige nva l1 w A or// , ,,·c define a r<',ii - v,il 11('d 111 ,ll ri :--; 

(' = k.1,d(11 - l) x(11 - I ) hy 
-I 

<".1 ,k 

_I I 1 + u.-' - .I' + w.1, + u.?" \ I>r, ( LJ i 11 (j ) , 11 ( k) ) 
J] i= I 

+ 

8 

~ II +w- .1 2 +u.,'i2 +u.-'2.12 1 "i:,t,(/J;//(j).11(/,:)) 
.12 i = ~ 

(:>. I ) 

wlwre I :'S; j , I,- :'S; 
11 

_ I . Then ('j./. 2: lh .i,1. I, I ~ j, k ~ 11 - I , ,i nd (' is sy 11111)('t ric 

heca11sc II is Ilcrllliti a n. By tlw we ll -k110\\'ll principal o f Haylci g lt . t. lt crc (':--; ists 

a.11 tipp e r hou11cl O il t li e largest. cige11,·a luc ,\ c or C', ;:111d, in t 11r11 . ,\ (t lw l;1rg<'sl 

<' igc n va lu <' or// ) is 1tppn bounded by ,\c (Sec P ropositions :I.:>,'\· :l.(i in [.li\ 1~7] 

for deta il ). Specifica ll y, we have t. hc fo ll ow in g i11cq11a lit.y : 

n- 1 

A < 111a x L 11 .1,.c·,.1. 
- l 5' ) 5' 11 - I 1.-= I .. 

whe re ,j.k is ;-rny re,d valued fun ction o f j a.nd k. \\'lticlt sat isfies t 11(' c0t1dit io11 ,; 

Now, in o rd er t.o 11ppe r bo 11nd A, ,,·<· tl('cd a rcal - ,·,1 l11 ccl 1'11nct ion l.1 .1. .. l·' ir:-;t. let 

II ( • ) II lw a "°'"' o n ,1,,, ddi ncd by II ( ~'. ) II = II<("'" H //, i"'" I lo, ,,,., 1, 

(.1 1, J-2) E , \ ,,,, wli<'r<' H1 (·) cl cnok,; tlw r<'al part. o f ;-1 co n, pl<':--; 111 1111I H'r. 'l'lt(' II. 

ddi I I (' /1,k by 

l.1.k 

1/JTI if 11 11U) \\ >II 11( !. ·) 11 

if II 11 (.i) 11 =11 11 ( !.·) 11 

J[I ir II 11U) 11 <1111(!.·) 11 
(l//u),,(11 11(.i) 11 - 11 11 (1.·) II)+ b(\\ 11 (.i) II - \\ 1

1
(/,) Ill 

+ J:u,,(11 11(!. ·) II - II 1,Ci ) II ) 



wll<'rr ti(.) is t.lir Dirac delta f1111 ct io 11 a11d 11( •) is the s tep f1111ct ion ddi1wd a s 

11( .I') = I i r .I' > O; otlwrwise 11 (.r) = O. 

Frolll l•:qu;-d,io n :i. l , we find t. li at t lier<' a rc a. t rnos\. 8 distinct. l,'s swlt t it;-tl. 

('1 .k f. 0 for a.ny gi,·cn j, I ~ j ~ 11 - I. Spec ifi ca ll _v, they arc I.:; = 11-
1

13;11(.i) . i = 

I , 2 . ... . 8. I lcn cc, t.l 1e co rrcs po11di11 g ,.,.1., 's a rc ex pressed as 

11 11 U) 11 - 11 11( k, l 11 
11,k, = ( 1/J:8) 11 ( f,,';)+f> (f~;)+JCT11 ( - f•; ,) wlwre e; 

= 11 // ( j ) 11 - 11 /3 i II (.i ) 11 r O r i = I. 2' . .. , 8. 

Co 111hi11i11 g these, /) .i c;-1 11 be wr itt.c11 as 

I . ,t [ I l Oi = ~I 1 + w - .1, + w" + w 2.,, IL 10111( f•;;) +M I~; )+~,,( - /•,', ) 
•J- i = I V-3. •1 

I . . ~ [ I r,-; l +:>·>I ! + w- .12 + w.12 + w 2.n I~- r.;,f'( L';) + 8( I~;)+ V :L111( - /•,'; ) 
>- - " v -L 1 , _ ,) 

::•;o;:' now

1 

0

1

1

1

1, for ca ln ila.t io 11 co11 vc 11i c 11 c<·, we wi ll c lt a11g<(' t:;1
1
<· )di snctc ,·<•rsion 

., 111 .o , 1c co 11 t. i1111 0 11 s w rs io 11. C:iwn ;-111 _\' 11(.i) . .0 S j 1,_j2 ~ 
./ 2 

111· - I , let. .r = 21rj , /111 a nd y = 21rjifrn. Since u) = c.r/1[(21r/111)y'i"] . iv< · 

lia.vc II +w- -'' +w.11 +wl.i,I = llrns(.r )co.-:(.1'/2)I ;rnd II +u.-• - u -j u.-,.12 -j u-,212 1 -

'1ir"0-"(:1; )rn.,(y/2)I. F11rt.\wn1101T, lwc,1usc II JJ(.i) II = ll< (u.-•
1
')+n(u.:

12
) = rns(.r) t-­

co.,( y) , /•;;'scan IH' ex pressed ,ts 

lsi'll(:(11 - ./').,i11(: ly). 

/-,'_, 

' . . :1 ,11 + .I' . ,/' + .ti . .I' + 1/ 
;:i.,111( - -- )s!ll(-- )<'OSl(--' ) •) . ) . > • 

, . :3.1' + _I/ . ./' -f- I/ . ./' ~ 1/ 
::is111(--- ).,111(--' )co., 2

(--· ) 
2 l l . 

lsi11(:l.r + y)si11(:l.r). 

l.si11(:l.r - y).si11(Tr). 

,~. , . (: \If - ./' 1/ - /' I/ , 
°/:islll . ·) ).-:111( -·-- .)- · )C<>., 2( ~ ). - - • ) 

:-c.·> l -



:3.l' - I/ . ,/' - .lJ 2 ,/' - ,I/) 
,~•~ = ~.,in( T )s111( ~ )cos ( ~ • 

(-~.2) 

T lwrdo rc, \V(' get t II(' co 11 t. i1111 011s \'('l'SiOll f)( .r. !/)or / ) _, gi\'(' ll h,· 

Now,,\ is l>0 u ll dcd by,\ ::::: 1n;i :L,r <.r,y <ir f)(.r,y). \l'll<'r<' .r ,1 11d ,I/ ill'<' 11 0 I 1)01'1 

0. 111 ;iddiLio 11 , we no t.c that. IJ(.r,!J) is sy 1lll1 l<'tric. i.<' .. /)(.r , ,1/) = /}(,IJ .. 1') = 

/J( - .r , .'J ) = f)(.r , - !})- Tl1 c rdorc, 

,\ ~ 1n ;-1x f) (.r, .'J ), wlicrcl? = {(.r,,IJ)I0 ::::: .11 ::::: ,r ::::: rr,. r + .'J =/:- O} . 
(.r,y )E / 1 

\ Ve wi ll show t. li ;-1 !. t.ll(' ri g l1t-lia1 1d s ide oft ll<' a lH)\·c· i11 cq u,ilit.y is 11ppn ho1111d<'d 

by 0.70!'i. Fro111 l·'.q11;-1(io11 s.: l , we fir st 11 ot.c 1h ,1t. f) (.r,,IJ) clcpc 11 cls bo ll1 011 ill<' 

s ig ns o f /•;;'s a.11d t. li c rn l11 cs o f ico,,( .r )('().,(.r/:2)1 ;-111d lrn.,( ,IJ )rns(y/2)1. \\ .<· tll('ll 

p,1r t. it. io 11 /f i11 to t.l l(' fo ll ow i11 g s1il n a 11 gcs: 

ll2 {( :r , .'J)l .r + :3,1; < L7l',.l' - :3y ::::; o. :l.r - y 2: :!rr} 

!( \ {(.1' , .'J)I,/' + :l,1/ < L7l' ,. /' - :\y ::::: o, :l.r - y < 2rr.:\.r + ,11 '> :!rr} 

n, {( .r , .'J )l.r - :1,1/ > o,:3.r + y 2: :i rr} 

/f ,, {(.r,y)l.r - :\,I/ > 0, 2rr ::::: Tr + ,11 < :\rr} 

I?<; { (.r, y )j.r - :\y > 0, 7r ::::: :3.r + ,11 < :h} 

I?, {(. r , ,IJ)l ,r - :\y ::::: o,:3.r + ,11 < L7l',. I' + :\ ,11 2: rr } 

I?~ {(. r , .1J )l.r - :1y ::::: 0,:1.,. y 2: rr .. r + :1.11 < ,r} 

H:1 {(.r , y)l :3.1· +,I/ < rr} . 



I I I 
.· . 1· ,. ·11 /•,'· i = I. 2, ...• S ,1J1d c,1 lrn l,ll <' 

ll c,-1c lt s t1 bra ng;<', \\'<' c;-1 !I clwc, 1 IC s1g 11 ° < cl( , , 

t I · · ( /·>)I• I I· ,( ,1)co,( 11/·>)I. St1i>scq11('1!1 IY, it is c;1 s1· 
IC 111 ax 1111111 ns ol lco ., (. r) cos ./' ~ cl.l H (O. . · · ~ · · 

I I 1)1· 0 .70G ill <'c1cl1 s t1hr c1 11 g< ·. ;111d tli c 11 
t o V<'r if'y t. li a t f)( .r , y) is 11ppcr ho u1 1< <'< 

n (.r, y ) is upper bo u lld cd by 0.70-S i11 /? . 1\ lso, ,\ is uppn ho1111dcd hy 0.7(l!'i. 

I ,. 11 ' l' I ~ I we lta.,·c, · 111 <1. y , a p pl y i11 g t l1i s rcs til t. t.o 1co rc in .). · 

2. :Hi 

c,, > o. ,o.s + 1. 18n + JLOGn + 0. -197 1 

Taki!l g; n I , O lli' co 11 s t rn cL io 11 y ield s <i l l (11 , :n . 0.(d2. I )-('X p,1 11d<' r. , lll(I 1,tki1 1g 

(\' = o .. 1i , it. .,·ic ld s ;-111 ('11 , T3 , 0. c'rns , 0 .:i)-cx pa 11 dcr. Hot 11 t IJ('s(' <'X p,11, d <' rS Iii\ \'(' 

1,ngcr ('Xpa ,i s io n cod fi c ic n t. s t it a n t. lt c c x p,111dcrs co 11 s t rn c tcd s iJ11i lM l_1· [1\li1r 7:L 

CC 8 I , AMS.\ A lo8G, N /\1\ 187, .J l\ 187]. 

R e 111 a rk 5. 1 'f'h. r· ,,.; r-/ rd io n of 0 111 · pr 1·11111 /ol io 11 ,,.; is ba,,.;ul 011 <111 0/J .-; 1 1·1·11l io 11 11 ,,.; 

f o llow,,.;. If di.ff <1 ·r 11I p< 1·11111/ol io 11 ., 0 11 ,- \ ,,, at ·( r-/1 0,,.;r•11 , 1111 IIJJ /J<,. l)()1111d 011 tlu 

,,.;((·0 11d lrug1·,,.; / (' ig1 l/ 11(/I/I ( /\ 111 0 .') br di.flr /'Cll l . fu foci , di.fir/'( 11/ /ii 1·11111/ol io11., u•il l 

ui r/rl di/Jr·t'('!J/ , ,;; \ ; ,, / -,'q11 al io 11 s 5 . ..! (/ /I d(/ di.lf11·r11I n (. r . y ) i ll l '.'q110/ io 11 ,i .,J. 

/11 l ll r11 , ii ·11 •i ll gr11 r·1·0/( a d1jfr1 '('!1 / JHtl'l il io 11 0 11 I? = { (.r , y ) IO ~ y ~ ./' <... 

7r, .1· + y =f O}. Finollu . i11 rn r·li .•;i1b rn11gr /?;\ . /J( .r.y) is llf) /J< 1· lu111111l1d by 11 

rl i.[Jr /'( /// l/, /1,/11.b(' /' , !Ju /rial 0 11 rl ('/'/'()/ ', /I '( found //,o/ Oil/ ' /111·11111/al io11 ,,.; ll' ill lu11•r 

/ /,r ,,.; 1110./11·,,.; / ll /JJH ,. bo und 011 /) ( .r . y) in ((/c l, ,,.;11brn11_<J< nnd lir 11r ·r 0 11 ,\ . II 

5.3 Bounde d Concentrators a nd Supcrcouccutrators 

11 1 thi s sc ct.i o 11 , we ti s<' t. hc <'x pa 11 d< 'r co 11 s t.r 11 ctcd i1 1 tl 1<' <',1r li<'r scc t io 11 t.o o hL1i 11 

<'x pli c it co 11 s t rn ct io ns o f' li1 1(' ,1r-s iz<' co 11c<·1l1 r;d o rs ,llld s11p<Tco ,1 n ' ilt r,d o rs . l' lw 

co 11s t rn ct io 11 s fo ll m \· t. lt os<' i11 [i> ip 77. CC SI ]. 
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inputs 

0 

np/(p+1) -1 

Expander with 
np/(p+ 1) inputs 

outputs 

0 

n/(p+1)-1 
n/(p+1) 

n/(p+ 1)+1 

2n/(p+1)-1 

L----.,1.~',."'-- -,,"',,-~ n(p-1) /(p+1)+1 

n(p-1 )/(p+ 1) 

np/(p+1 )-1 

np/(p+1) _-_-_-:_•_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_--~ np/(p+1)+1 

n-1 

Fi g ure 25 : J\ 11 <'x pli c it co 11 s truct io 11 o f h o 11 ncl<'cl co 11C<' 11 t.r c1 t o r s. 

5. 3.I Bounde d Concentra tor Cons truc tion 

J\ li11 <'a r - s i 1/,<' b o u 11 d <' cl CO II C<' rr t. r ,1t.or ca 11 h e n m s f r1 1c t c d h_v 1I s I II g ;-i l i11c •;1r s I1/,<' 

<' x p r1 11d<' r . Fi g 11r<' 2-'> s lr ow s s 11 c lt ;-1 co 11 s t rn c t.io 11 o f a h o u11 dc •cl co I1c<· 1rt r ;ll o r 

w lri c li lr a.s II i11p11ts ,111cl 7)// / (p + I ) o u t. put s. Fo r t.! 1<' l as t 11 /( p + I ) i11p11t s, 1·;1c/1 

o f t. ii <· rn is j o i11 <'d h_y 11 c<i g<'s t o 11 o u t. pu t s, a 11d 11 0 t. wo o f t. ii <' 111 ;1 r<' jo ir wd t o f lw 

Si-Ill! (' o utp11t.. 

Th e ore n1 5.2 '/'/11 n r /11 •01·!.· co ·11 .·dr 11r!ul /11 Flg111 ·1 J ;j Is r111 ( 11 , 1111 /( 11 + 1 ); l.-'. O.:"i) ­

bo 1111drd co11 cr 11/m/0 1· 1/ !h r r.r1H111dr1 · Is 011 (1111 /( 11 + l ); l.- ,c,( / 2 - l )/ ::.1i2) ­

r.r1Jr1.11dr 1· 1p ///1 a11 r·.r1Jr111 s w11 r·or.f}icir 11/ r· ~ '2 / 2 /( 11 2 + I )( 11 - I ). 11'/1< n I.-' _ 

JI ( /. · + I )/( 71 + I ) . 

Proof: OI J\·io 11 s l_\ ·, Ill<' ll <'f 11·o rk ;-i s s li mrn i 11 l" ig 11rc :}_.') is hip;1rlit <• ;i
11

d lt ;i s 

JI( /. ·+ I )11 /( 11 + I ) <'d g <'s . By Ddi11if io 11 '2 .(i , it s11f l i c<'s to s l1 m1· t.l r;rt .. for ;r
II

_
1
-

s 11h s<' t X o f i11p11t. s wi t It /.\' / :=:; 0 .. 111 , /1\ ·/ ~ /.\" /, ll' it <' I'< ' I '_\· i s t.li< · S<' I o f o 11fprrt s 



;-1d ·1·
1
n,

1
,t 

1 
· t 

1
- \ . I t \. I \ hctlici 11 tcrsrct.io11sofX a11d tli<'subsds 

. < · , ,0 111 j) 11 S O . . ,(' , • J i-11 I ( · '2 ' 

o f t.11<' fir s t. in i/( i, + I) illput. s a lld t.ll<'last 11 /(71+ I ) i11put s, r,·spcct. i,·cl_Y. Tlie11, 

IXI = 1-'t ,I + 1x
2

1. Ir IX, I 2: iXl/!J, jl' xl 2: IXI sin ce t. li c 11u111lwr o f outp1t!s 

a dj o int t o i11puts X
2 

is exactly 11 1X2 1. OLlw rwisc. IX1I 2: ((11
- 1)/Ji)IXI, a

11
cl le! 

.\:" ' h<' a (( p - [ )/J,)IXl -subset o f X,. It. is clc,1r t.lt;-d. X' is a subset o f i11p1it s of 

the (p11./( Ji + l ); k .c,( 112 _ l )j2J12)-cxp;-1 11<l c r ;-111d IX'I :::; (( 1/ - l )/JJ1·)(/J11 /(J
1+ 

I) ) l><'c;-111s,· JXI ::; () _.5
11

_ l•'rom th e dcfi11it.i o 11 o f ex pa nder (Sec Dcfi11iti o 11 2.7), 

if'x,I 2: [I+ c( I - (J
1
1 - I )/J/)] IX'I . ,,-ltcrc I'x, is tlic sci o f 0 1!1 puts adjac('Jlt to 

i11p11t s of X' . T lwrdore, II'xl 2: jl'_x·,I 2: (71 /(JJ - I ))IX'I = IX I if t. li c ('Xpc1 11 sio11 

rnc ffi c i<'11t. c 2: 2p2 /(p2 + I )( 11 - I) . II 

Tak in g 71 = :! a11d s ubstitutin g th e 1nr,· io 11 sly cons tru cted (: !11 /- l ;:n.(Ull, ·l/! J)­

c:-:: pa.1,dcr i,it o tlw co 11 s t.r11 ct.io11 i11 Fig ure 2S, we oh t a i11 a 11 ( 11 .:!11/-1;2.'i.r>. ll .:i) -

bo u11dcd co 11 n·11t.rat.or. 

5.3.2 Superconcentrator Construction 

lls in g t.wo ('11 , /111 /(71 + l ); k , 0.S )- bo uncl cd co 11 cc1itra t.or, l•' ig 11rc 2(i slim\'s ;1 re 

n 1rsivc co11s t.rudio11 o f ;-1 11 n -i11put. supc1-co 11 c, ·11t.rat.or i11 whi ch !.lier<' is ;1 11 cdg<' 

_i o i11i11 g i11put. i a11d 011Lput. i , 0 :S ·i :S 11 - I. 

Theore1n 5.3 '/'h r 11.dwol'I, co11slrnciul in Fig111 ·( :J (i is n11 (11: d) -8 11p11 ·1·0 111 ·111/r-

o Io.,. fo,. d = ( p + I ) ( 21.: + I ) . 

Proof: ., a 11 y ,., 01 1 put s. _ ,,- :S 11. 1('1 i11p11t i IH' l•'o r a 11 y k i,11 >11(.-.·· c'lll (i I ( I < I 

pr1 ircd wit.Ii o u!j)llt. i if i111)11( i is <> II <' <> I. tit <' 1
· ,·11 i>it! -.·· I t · · /\ ., ill ll O 11 p I I I I Is O I I(' 

o f tltc I.. : 0 11 t.put.s, a 11 d let. X a 11d ) · he t lie set s o f 111<' re11 1c1i11i11 g i11p11ts ;i 11 d 

0 11!.p11!.s t.liat ca11 not. h<' pa ired i11 I lii s w;1_y, r<' S[H'c\ i,·<' I_, ·. Tli,·,i. I.\ I I) · 1. 

~ (i 



n-1 

. ············ ·························· 
. --~ ... ······ ··················· ········· ························ ··········· 

············· ... •··· · . 

······························ ··· ········ 
• •• • ••••• • •••••• •• • •• ••••• • •••••••••~•••••• • •••••• • ••••n• • •••••••••••••••••••• • ••••••• • 

(n ,np/(p+ 1 ) ;k ,0 .5) 
Bounded 

Concentrator 

(np/(p+ 1 )) 
superconcentrator 

Reverse 
(n ,np/(p+ 1) ;k,0.5) 

Bounded 
Concentrator 

outputs 
0 

Figure 26 : /\ rC'c urs ivc co 11 s t.r11 ct.i o 11 o f an n- i11put s iipcrco ii e< 'llt.I"<if or. 

IXI + ll .l <; k and IX I, l\' I <; ,, ;2 . Now find a uui cas l ass ignnwnl r, ·o,o S 

o nt o so i11 c set. , say X', o f o ut.puts o f t.h c (u , JJII /( 11 + l ): I.- , O.!"i) -bo tillci <'d co ll -
, f 

C(' nt.r ;-
1
.to r , a11cl fi11cl a u11i n 1s t. a ss ig n111e 11t. fro 111 ) . o nt o so

111
c set. , sa_\" ) . '

0 

1
11p11t.s o ft.lie reve rse ( n , pn /( p + I ): k , 0 .!"S) - bound cd co11 cc11t.rat.o r. 

indiidi o 11 , t.ltc sa11dwicltccl (
1111

/(p + I )) -supNco 11 cc11Lrc1t.o r 0 111 rc,ili zc ;i 
1111

j c;i SI 

i-lss ig 11111 c 11L frorn X' o nto ) ., _ Co 111 bi 11 i11 g t.liC uni cas t ass ig 11111 <• 11t.s fro
1

11 .\" on­

to X' , fro 111 X' 0 111.o )··1 a. ncl fro lll ) ·1 01 it.o } ·, we 11 ;-1,·c a u11i n-1s t ass ig 11
1

11c it1 

fro in X 0 11(0 L Tltcrcfo rc, t lw ne two rk i11 Fig urC' :W is a s11pcrco 11(T ld r;-it.o r. If 

.'-,' ( ,
11

) cl c 11 0 Lcs t.!1< ' 1111111bcr of ed ges o f s uch a 11 11 -input s111)('rco 11 c<'1itn-d or, t lt (' II 

,'--,'('n ) = S(J111) (J1 + I) )+ (2/,· + I )11. So h-i11 g t.!ti s rccmrcnc<', \\'(' lt ,l\ '< ' t lw dcnsit _,· 

o ft.lie s11pcrco 11 cc11tra.t. o r g iv<' II b,· d = (JI + I )(21.- + I ). II 

l ls i11 g t.lw ( 11 ,: ~11 /'1;2.').:i, O. G) -hcrn11dcd co 11 (Tlltra to rs c011 s t.r1 1d <'d 111 t it(' pn·,·
1 

01
1s scct.i o 11 , we !ia,·c a f;-w1il y o f s1qH'rco11n·1it.ra to rs wit It ckn sit _,· :.W~- \\"c 

1rn1 s t 11 0 k t.!1 ;-d thi s clc11 s ity is 11 0 ( t. lt c s 111 a llcst dcns it _,, t.lt ,d is k11 ow 11 : :\1 011 

ct. a l [N /\i\1 8 7], and .Ji111ho ;-111cl i\l a rn o ki-1 [.Ji\1 87] ;-1 lrca d_,, co ns trn ct<'d s1q H' r 

co 11 n'11trat.ors wit.It cl c 11 s it.v 122 . ll o,,·c \"<'r , we should ,il so 11 o tc tl 1<1t. it is slill 

87 



poss ibl <' to reduce t. h <' dc 11 si t.y by 11s111g o 11 r <'xpa11clc r 111 a. s11pcrco11c<'1il r;-dor 

d <'s i rJ' 1 r·rr· 1· . [( ( ' ] · n 1 < 1 c rc 11 t. ro 111 t. 11 ;-i t, g i ven 11 1 ; ;1-, 1 . 

5.4 Summary 

T li<' ex p ;-u1 d<'r co nstru c t io n g 1n' 11 111 t hi s ch a pt.er has a \'c ry large exp,iiis ioii 

co<' ffi c i<' nt hut. i t.s cl <'n sit.\· is aJc;o qui t.e l ,1rge as co 111pa red Lot lw de11 sit ics oft II<' 

prcv io ii s <'x p ;-111d <' r co nst rn ct io ns. Fo r ex pli cit. co nstru c t io 11 s o f 11 i<-<'.\ !) i-llidNs, 

t li <·fcll · > ow in g p ro bl c 1J1 s rc 111 a i11 o pen : 

(a.) D o <'s t,l l<' r c ex is t. ;-rn ex p;111 dcr wi t. Ii a slll a ll er dc11 si t.y, lll it. w ith aho ut. Il l<' 

Si-11 ll(' ('X ) . . rr . I I . I ? J <I II SJOn ('()(' II Cl('Jt t. i-lS t, I(' cx p a.nc er g t\·cn w rc. 

( I> ) f) ()('S Lll<'r<' <'X ist a n ex p ander w i t. Ii d c 11 si ty:::; :20 and cxpa 11 s10 11 co<' fli cic iil 

- · I so, tli1 s will g i ve a. s11p<'rco n e<' n t ra t.o r vv it.11 cl c 11 sit.y ;-d 1110s( S-1. > 0.7? , . . ·. · .· 

( c) M o re gc11<' r a lly, ca n o nr (i 11 c( a. t,i p; lit. lower bo 11 ncl 0 11 t. li c rx p,rn s io 11 cod l ic ic1Jt, 

as ;-1 f11n ct io n or tll<' den si ty? 

Th <' ;-w swns t.o Lll<'s<' quest. io ns w ill l a.rgcly set. tic t he d e 11 sit y ques t io n fo r co 11 -

C<' llt,r ;-it,o rs ;-1 nd sup e1-co ncc 11tra t.o rs. 



CONCLUSIONS 

6.1 Sun1mary of Contributions 

CHAPTER 

SIX 

'vV<:> l1 ;-1v(' pn'sc 11 1cd para ll <:> I ro uting a lgo rit.lim s w i t h t. hc fastes t ro 11ti11g ti11 J<' 

fo r t lw lk11 cs 11f'f.wo rks . lJs i 11 g t.l 1Cs<' ;-1'go ri t. l11n s, a 11 11 - i11pu t l k 11 <'S 11 <'1 \\'O r k 

Celli ro 11f.<, a 11y 1111i c;-1st. l.:-ass ig 11 11 w11t., I ~ I.- ~ 11, i11 O( lp/ k + lg 11) f i 11 w w i l Ii­

o ut pip<·li11i11 g a.11cl O( lg I. :) t,i 11 w wit.Ii pip<' li11i11 g if <'i-1cl1 pa ir o f p roc<'sso rs il r<' 

direc tl y co 1111 <'d<'d , a 11 d i 11 O( lg '1 I.: + lg2 k lg 11) t. i1n <' wi t. li o uf, pipcli11i11g ;1 11d 

O( li 1 k + lg I.: lg ·11 ) t i111c w i t. Ii pipc li11i11 g if t II<' p rocesso rs ;-ire <'Xl<'11d <'d pn fec t 

shuffle co n11 cdcd. \ ,Ve li st t l lf' co1np;-1. ri so 11 o f ,·ari ous p;-u;-ill<' I ro 11f i11 g ,ilgor i l l1111 s 

fo r t.li c I k11 cs 11d.wo rks i11 T,ilH'I l . 

\i\le l1 ;:1v<' a lso i11t.rodu cccl 11 <' \\' 11d\\'o rk s \\'it 11 s<' ll'- rcJ11t.i11 g sc lw11 ws i<J r ro 11I i11g ;111y 

n1ult.i cas t. ;-1ss ig 111nc 11t.. Fo r II input s, tl1C 111ulti c;-1.s ti11 g tl(' l\rn rk li as 0(11 1µ;
1

11) 

bi t. - lc, , ·e l co 11 s t.a 11 t. fa11i11 log ic g;-itcs and O( lg.2 ) hi t - lc\'f· I d<'pt. li , and c,111 '"" 

a li ze a 11 y 1rnil t. ic;-1s t. ass ig 11rn<' 11t s i11 O( ll11) hit. - lc\'C' I ti n w \\'i t. li o1it pipc l i11i11g 



!\ lgo ri t.11111 

L<'vdal [LP\/8 1] 

011 r A lgo ritl 11 n 

Topology 

co111plct.c 

pcrl"C'ct. shuffle 

CO lllpktc 

CO lllpirt.<' 

p<' r fcct sliufTlc 

Hout in g Tilll<' for 

k-Assig11111c11t.s 

CJ( ig'2 II) 

O(lg 1 'fl) 

O( lg2 II) 

O( lg2 k + lg 11) 

O(lg /.·) pip<' l i11 l i11 g 

O(lg'1 I.·+ lg 2 k lg II) 

O( lg3 k + lg /.· lg,,1) pipcl ini11g 

' !';-, h ie I : C<rn 1pari so n or p;-11" ;-1 l !cl routing algorit.lin1s for lk,ws nct1rnrks. 

!JO 



l 
· 1 . 1·. p; t·o ,· O(lg·'- 11) rn1rlticast assig11111<' 11t s. 

i-1 ll< O(lg 11) b it. - l<'v<'I t.irll<' \\"JI, 1 prpc 1111ll 

'! ' I . . ' 1 ·rr·'.' ' It 'cast i11 g· rJ<'I \\"Orks . 
a )<' I 2 -s lr ows 1.11 <' co 111plcx 1L1cs o f I.Irr<'<' c 1 < r< 111 lllll ·' · 

l•'· · II - - - . · f - f- ·1 · of li11c,u-si;;,c cxpandns 
11Id· Y, we lr av<' gIv<·1 I a n ,,x pl1c1t co 11 st n1< t,on ° d an ti) 

wi• l l ' rr· . ' 0 '-'(>''-' "l h rni l \ ' o f bou11dccl CO II C(' II -
' I I ( ('JJs r1 y :n and C'X j) i-l 1JSio 11 CO<' JCJ('llt . ( l (), < < ' 

Lr;-1.tors w it Ii den sity 2-'"i.2 ,111d a f;-ll!Jily of SlfJ)(' r co rrccntr;-tl o rs wi1 Ir dc11 sit_\" 20s . 

T lr <'s<' ndwo rks c;-1 II he used 1 o red uc<' 1 IJ<' cost o f o 1r r niu II icas t i11 g rJ<'two rks t o 

0( I ) · I -· · · r· lir l<'ar si;;,c <'X /J;-111clers. 
11. g ·11. i,1 hit. le·,·<,!. Tabe l :~ co riip ;-ir<'S v;-1r I0 11 s c es 1g 11 s o · - , , · 

6.2 Future R esearch 

Ottr p a r a. li e! ro u t ing a lgo ritl1n1 fo r the Herres 11 d \1·orks ca r! rt11J ri ot o, rl y 
0 11 

Lire co rnplde a nd ti)(' <1xtcndccl pcr/'<1ct -slrllrrl c topo logies ;-is descr il wcl i11 1 Iri s 

di ssertation , h11t ;-1 lso o n ot. li <' r topolog i<'s. 011<' f11t.trr<' rcs<·a rcli is to co 11 sid <' r 

otl re r t.opologi<'s tl1 ;-1t will fit 1.11 <' a lgorit.l11n , ;-11 1d a rr ot.lwr clircctio11 or r,rt Ill'( ' 

l"<'s<•arc/ 1 i s t.o h1rilcl li a.rclware p rot.ot.ypc route rs 1o i1nplc 111 errl ,1 11d de111011 st rate 

t.lrc · a lgo ri1.l1 r11. 

I t. S<'<' llls t.!1 ;-1.t. o ur ;-ilgori1.lllll lr as p oss ibly pro1·idcd t ir e fa stes t rou t i11g t illH' 

fo r Lir e Bcrr<'s netwo rk , a 11 d 1.11 ;-it. it. is diffirn l t t o ch;-111 ge tl l<' s trll('t.11 n' or 111<' 

a lgo ritlrrn t.o get a r11 ;-1jor gai11 of ro 11t.i11 g tinw. \\ ' i1lr 111i11or ad_j11 sti1 1g. 011 r 

;-i/go rit 111n ;-1 /so fit s o tlr e r u11i cas t i11g 11 et \\"orks t.i i;-11 caI I lw rcc 11rsi \"f' l_1· co11st rnckcl 

il s Li l<' B<'nes 11<'1.wor k , suclr ;-1s ti re o r11 cga pl11 s rc 1·erse 0 I11 cg;-1 net. wo r ks ;1 11d t 11(' 

base lin e plus h ;-1sel i1w net.wo rk s. llc·rr ce , it is also d ifli c1 rlt t o o ht ;-1 i11 ;1 f;-1stcr 

ro uti ng 1.i rrw fo r Llwse 11<'Lwo rk s tlrnn t.lra.t. fo r t. l rc lkrws 11<'1.wo rk . l l o 11'<' l '<'f'. Oil<' 

poss i l>l c excep t. io n is t Ire 2 lg 11 - I st ages slnrflle/nclia1 1g<' 11et 11·ork lwca rr s<' it is 

not ren rrs ivc ly co 11 s l.rt1da.hle. /\ I t l rcrng lr t lri s 11d1rnrk l1 ;-1s IH'<' JJ prm·<·d t o IH' ;1 

r111icasting n e t wo rk [F.1 1)1] , i t. st. i l l lacks ;-1 ro 11ti11g ;-1lgo ritl1r11 and <· 1·<· 11 ;-1 p;irall< ·l 
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( '0 11 s tr11 ct. io 11 ( 'ost. Depth 
Hout i11 g T i11l<' 

Nass illli ;-w d 
'l O( nlg· 11.) O( lg2 II ) 

()( lp/1 II ) 

Salt11i [NSS2 b] 

Tl1 0 111pso 11 0 (11lg n ) O( lg 11 ) 
0('11 lg II ) 

[Tlt o7S] 

O ur Nd .wo rk 
'2 O( lg' 11 ) 

O( lg:l II ) 
0( 11l g n ) 

O( lg 11.) pipe li11i11 g 

T ,1ble 2: ( :o lllplcx ities o f , ·a. ri o us lllllit.i cas ti11 g 11 ctwo rk des ig ns 
111 

hit lc, e l. 

ro iit i11 g a lgo rit.hm. 011e r11Lur<' research is t. o in ves tigate thi s poss ihilit._v. 

J\s for 11111 lt,i c;-1s t.i11 g 11 C'l.wo rks , \\'(' l1<1.\'(' s howed cl ll dri c ic nt. lllC'ili od I li cit II S('S 

0 (11) bits pe r inp1it. t.o c 11 coclc ;-rn y 11 1111!.i ca st a ss ig n111 c 11 L. 13ut., \\'<' s till d o 11 01 

kn ow ho w Lo rcd11 cc it. t o O( lg n) b it s per i11pu1 . llc11 cc , a f11t.11r <' r< 'S<'clf'Cii is lo 

fi11d a 111orc e fficient. c 11 cocli11 g 111dhod ro r input.- init.i a t. cd n11ilt.i cas t.i11 g 11 c l1rnrks . 

ln sLc;-ul, a s s hown i11 this cl isscrt.at.i o n , o ut put. -i11it.i ;-1tccl 1111111 in 1s l in g 11 <'1 wo rk s 

c;-111 be used , a 11d O ( lg ·11) hits of so urce ,Hlclress co di11 g per 01tip11t. ,m ' ~rnfli c i<' llt . 

J\ dirc c1 io11 fo r fut.m<' rcsc,1rcl1 is t. o i11n·s li gat.c Lil(' ad n lllL\ l?/'S o ft l1i s ;1pJHOi1C li 

a nd co 11 sLrncL 011t.p11l - i11i t.i ;lled 111ult.i cas l i11 g ne t wo rk s wit l1 lom· r cost ;i11d d <' pt Ii 

t l1 a 11 the i11p11t. - i11it.ia.t.ecl co u111crp ,Hl.s . 

Hcgardi11 g lin ca r - s i ✓,e cx pa11clcrs , it. W<)llld lw 11·ort.lil\'liil e to co ns1 ru e!. li11 <·nr 

s i ✓,< ' c·x pa11ders w ith s 111 ,il ln dc 11 s il y a 11cl la rger cx p;rn sio 11 codli ci<' til.s, ,rnd l \l 11 s<' 



( :0 11 s t.ru ct. io n l)c11sit.y l~xpa11s io 11 ( :od li cic11t 

Ma rg uli s [l\1la.rn] :i l I I I k I l() \I' 11 

Ca.bbcr a.nd Cal ii [CC: 81] :i 0.007 

J\ 1011 ct al [NJ\1\11 87] illtcl 9 ().I 12 

.Ji llliio a.11d Maru oka. [Jl\11 87] I :3 ()..161 
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