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Chapter 1: Introduction

1.1 Business context: bike-sharing systems

Bike-sharing systems have become an increasingly popular mode of transportation in
urban areas around the world, offering a low-cost, convenient, and eco-friendly alternative
to traditional modes of transportation. As of August 2022, there were 1,914 bike-sharing
systems in 1,590 cities worldwide, with over 26 million bikes available for rent [1].

There are two main types of bike-sharing systems: station-based and dockless. Station-
based systems were the first to be introduced, requiring fixed locations and capacities for
each station. While they provide an organized and predictable system that is easy for
users to navigate, they also require significant investment in infrastructure and mainte-
nance. Dockless systems, on the other hand, allow users to park bikes anywhere within a
designated area, making them more flexible and convenient but also more challenging to
manage and maintain.

To meet the needs of bike-sharing users, it is essential to effectively manage and
maintain the supply of bikes at each station to match user demand. This process, known
as rebalancing, involves redistributing bikes from stations with a surplus to those with a
deficit. Fricker et al. [2] studied the dynamics by applying mean-field theory to some het-

erogeneous bike-sharing systems. Traditionally, bike-sharing companies rebalanced their



bikes by employing drivers to operate trucks that can accommodate a certain number of
vehicles. However, with the rise of the gig economy in recent years, bike-sharing compa-
nies such as Bird and Lime have adopted a decentralized approach by hiring independent
contractors, known as gig workers, to reposition bikes in real-time [3].

These companies hire a certain number of rebalancers and post rebalancing tasks on
their map at a specific time of day, usually in the evening. The map shows the locations
of bikes that need to be repositioned, along with a price label. Another map shows the
locations with high demand for bikes. Rebalancers pick up bikes from supply locations
and drop them off at demand locations according to the demand map, and they are paid
the price shown in the supply map per bike. This approach allows bike-sharing companies
to optimize the rebalancing process in real-time, reducing the need for costly and time-
consuming truck-based operations. Additionally, gig workers benefit from the flexible and
dynamic nature of the job, enabling them to earn money on a task-by-task basis. Overall,
this decentralized approach has the potential to enhance the efficiency and sustainability
of bike-sharing systems while creating new opportunities for gig workers in the sharing
economy.

Motivated by this strategy, our research employs a stylized model where each agent
is assigned the task of moving a single bike. Our rebalancing strategy aligns with the
decentralized nature of the gig-based setting, where agents cannot be directly assigned
specific tasks but can be influenced through pricing mechanisms. Although our model

simplifies the scenario, it captures the essential decentralized aspects of the system.



1.1.1 Related research

Over the years, extensive research has been conducted on bike-sharing systems. La-
porte et al. provide a comprehensive survey of the main operational research issues and
corresponding methods in vehicle sharing systems in their works [4] and [5]. In the bike-
sharing literature, we identify three main topics: demand analysis, strategic planning, and
rebalancing operations. These topics are explored using various approaches, including em-
pirical studies and theoretical modeling.

In the field of demand analysis, researchers examine the patterns of demand and
investigate the factors that influence the service usage, aiming to provide guidelines for the
operation of bike-sharing services. Zou et al. [6] analyze dockless e-scooter trip trajectories
in the Washington DC area using real-time data, offering insights into route choices. Kabra
et al. [7] conduct an analysis that reveals a numerical relationship between bike-sharing
usage and station availability for customers. Goh et al. [8] develop a locational demand
model with distance ranking parametrization to account for substitution behaviors based
on proximity. Eren and Uz [9] provide a practical perspective and address the impact of
factors such as weather conditions, urban environment, station-level design, and temporal
considerations on service usage.

The literature on strategic planning explores optimal strategies for managing the sys-
tem to maximize its benefits. Lin and Yang [10] address the station location problem by
formulating a non-linear integer program that considers user flow, station locations, and
bicycle lanes. Fricker and Gast [11] propose a queueing-based approach to determine the

desirable fleet size, aiming to reduce the number of stations without bikes or available



slots. Datner et al. [12] focus on inventory level management and develop an approach that
minimizes expected dissatisfaction over the planning horizon.

In terms of rebalancing, Faghih-Imani et al. [13] perform station-level analysis us-
ing data from Barcelona and Seville, Spain, and propose a logistic model to estimate the
amount of rebalancing. As for operations, Various models for rebalancing are developed
based on different strategies. These strategies are often categorized into truck-based rout-
ing and user incentives. Truck-based routing involves manually redistributing bikes be-
tween stations using trucks or vans and is commonly modeled as a one-commodity ve-
hicle pickup-and-delivery vehicle routing problem, as proposed by Hernandez-Perez and
Salazar-Gonzalez in [14]. Osorio et al. [15] provide a more specific modeling approach
where e-scooters are allowed to be charged while being transported. On the other hand, the
user-incentive strategy aims to encourage users to ride bikes from over-capacity stations
to under-capacity stations. Fricker and Gast [11] study the pricing strategy by propos-
ing a two-choice (of stations) model and show that the strategy helps improve the perfor-
mance even if only a small proportion of users choose the less-loaded station. Furthermore,
researchers have investigated special programs, such as volunteer-based rebalancing pro-
grams, as studied by Huang et al. [16].

To the best of our knowledge, the agent-based rebalancing strategy discussed in the
previous subsection has not been explored in prior research. Different from the truck-based
approach, the agent-based strategy considers the problem in a decentralized way. Unlike the
truck-based approach, the agent-based strategy takes a decentralized approach to address
the problem. While the user-incentives approach also adopts a decentralized perspective, it
balances between daily usage and repositioning, whereas agent-based rebalancing focuses

4



solely on achieving rebalance objectives.

1.1.2  Pricing models

In our research, we introduce a decentralized pricing structure for rebalancing in
bike-sharing systems. Pricing models commonly used in shared vehicle services include
dynamic pricing and spatial pricing. Dynamic pricing has been proven beneficial in ride-
sharing platforms, as confirmed by Cachon et al. [17]. It involves adjusting prices based
on real-time demand and supply conditions. On the other hand, spatial pricing focuses on
pricing strategies based on different regions. Bimpikis et al. [18] examine spatial pricing in
ride-sharing systems while analyzing the demand pattern in the network. They demonstrate
that the effectiveness of this strategy depends on the balance of demand across different
regions. Banerjee et al. [19] propose an elevated flow relaxation of the non-convex pricing
problem as a basis for a general approximation framework to design pricing policies in
shared vehicle systems.

The pricing structure proposed in our research aims to optimize operations in de-
centralized settings, and we refer to this pricing as decentralized pricing. It is designed to
incentivize efficient behavior and coordination among agents in the decentralized rebalanc-

ing operation in the bike-sharing system.

1.2 Decentralized models

Decentralized networks have gained significant attention in today’s business land-

scape, particularly with the emergence of gig workers in the market over the past decades.



The idea of decentralization is closely connected to the principal-agent problem in microe-
conomics, where the decisions made by agents are considered by the principal decision-
maker. Sternberg and Andersson [20] give a research review on decentralized intelligence
in freight transport and measure its necessity in supply chain management by incorporat-
ing the literature. Demirag and Swann [21] examine decentralized logistics networks in
the sea cargo industry and compare their performance with that of centralized networks.
The authors recognize the NP-hard nature of the multi-route decentralized problem and
propose several heuristic methods to obtain upper bounds. They conclude that the perfor-
mance gap between the decentralized and centralized solutions relates to the performance
gap between the upper bound and the centralized solution. Decentralized models are also
discussed in the ride-sharing business where the matching between drivers and passengers
is based on auctions, as proposed by Kleiner et. al in [22]. Nourinejad and Roorda [23]
present an agent-based model that could match single or multiple drivers with single or
multiple passengers.

It is worth noting that when optimization problems involve agent decisions, they
are often formulated as bilevel problems, which can be difficult to solve. To address this
challenge, a common approach is to reformulate the bilevel problem as a single-level opti-
mization problem, as the approach adopted by Aslan et. al in [24]. Fortunately, our model

can be transformed into a single-level problem, which simplifies the optimization process.



1.3 Dissertation outline

Chapter 2 of this dissertation presents the formulation of the model. Initially, it is
formulated as a Mixed-Integer Quadratic Programming (MIQP) problem, but by exploiting
structural properties that we identify, we can simply it into a Mixed-Integer Linear Program
(MILP). Furthermore, we introduce and prove several theoretical results that transform the
MILP into a combinatorial optimization problem. Furthermore, we develop an efficient
algorithm to carry out a portion of the optimization process without the need for solvers.
The proof of its effectiveness is provided in the chapter as well. Additionally, we extend
the model with corresponding optimization problems by making slight modifications to the
assumptions, allowing us to gain further insights into the formulation.

Chapter 3 focuses on exploring computational methods to address the Decentralized
Rebalancing and Pricing (DRAP) problem introduced in Chapter 2. We discuss both ex-
act and heuristic methods. The exact methods include branch-and-cut, which theoretically
solve the MILP formulation precisely. On the other hand, the heuristic methods involve
derivative-free searching techniques such as hill-climbing local search, simulated anneal-
ing, and genetic algorithms. We thoroughly examine these methods and propose potential
refinements to their underlying formulations. Notably, we highlight certain methods that
will be employed in the subsequent chapter for experimental purposes.

In Chapter 4, we conduct a comparative analysis of the most efficient algorithms
identified in the previous chapter through a comprehensive case study. To do this, we gen-
erate numerical instances by making up a realistic business situation that utilizes real-world

data. Subsequently, we conduct extensive numerical experiments using these methods to



evaluate their performance. Additionally, we present visualizations of the solutions on a
map to gain a comprehensive understanding of the characteristics of the heuristic solutions.
Finally, in the concluding chapter, we summarize the key findings of the entire dis-

sertation and provide potential directions for future research and discussion.



Chapter 2: Models and related results

2.1 Overview

In this chapter, we present the formulation of an optimization problem for agent-
based rebalancing operations. We propose multiple versions of the problem with a gradual
reduction in complexity. Additionally, we provide theoretical results that offer a new per-
spective, greatly simplifying the problem. Furthermore, we introduce extensions of the

models that allow for further evaluations.

2.2 Model formulation

We investigate the model setup of our research by analyzing the dynamics that arise
when a team of independent contractors, known as rebalancers, are hired by the platform
to operate within the bike-sharing system. The platform assigns tasks by setting prices for
each origin-destination pair and labeling the demand and supply for each location, which
the rebalancers will act upon. We assume that each contractor can only carry one bike
from their pick-up location, transporting it to the designated drop-off point and receiving
the agreed-upon compensation. In this proposal, the assignment process occurs within a

single time round, disregarding the time aspect. In this framework, rebalancers act au-



tonomously and the platform guides their behavior only indirectly by setting prices. This
arrangement enables the rebalancers to determine their workflow, creating a decentralized
system where the platform does not control the assignment of tasks. Notice that the model

we are formulating is a one-time operation that does not include the factor of time.

2.2.1 MIQP formulation

Let i, € {1,..., N} represent regions, which can be either stations in the station-
based system or spots where shared bikes accumulate in the dockless setting. The distri-
bution of vehicles to be picked up and dropped off is denoted by the vectors 0 = (0;) and
t = (t;), respectively. The conservation equation ), 0; =}, t; ensures that the number of
vehicles to be picked up is equal to that to be dropped off. Let ¢ € {1, ..., L} represent the
rebalancers in the system. The model assumes that each rebalancer rebalances one bike,
and all bikes will be rebalanced, which indicates that L = Zl o;. Later, in Section 2.3,
we will also consider the situation where there is a surplus of rebalancers, i.e., L > ZZ 0;.
Let c;; denote the personalized cost associated with rebalancer ¢ moving a bike from lo-
cation 7 to location j. This personalized cost can vary based on various factors that are
specific to each rebalancer, such as their preferences for the time taken, travel distance,
road conditions, and other relevant factors. The personalized cost can be determined using
a personalized utility function that reflects the preferences of the rebalancers. Ultimately,
the cost is expressed as a value associated with different origin and destination pairs.

The binary decision variable z,;; indicates whether or not the rebalancer ¢ chooses to

take a route from region ¢ to region j in the decentralized system. The vector « describes
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the assignment of all available tasks.

Based on the aforementioned assumptions, the following equations can be derived:

szﬁj =1 W
g

ZZQ]&']‘:OZ' VZ
Y4

J

SN au=t; Vj
0

i

The first condition signifies the constraint that each rebalancer can transport only one bike
at a time. The second and third conditions represent the supply and demand requirements
for bikes, respectively. In addition, we assume that the personalized cost matrix ¢, = (cy;;)
for each rebalancer ¢ is known to the platform.

Though the decision variables x,;; are explicitly modeled in our framework, these
decisions are made by rebalancers. The decision made by the platform consists of prices
pi,; that the platform is willing to pay rebalancers for moving one bike from region 7 to
j. These prices are independent of ¢, so each rebalancer sees the same set of prices. In
addition, a rebalancer will only be willing to participate in the rebalancing system and
undertake the corresponding task if the payment exceeds their personal cost. This condition

can be expressed as:

Dij — Cei; >0 whenxy; =1 V4] (2.2.1.1)

or, alternately,

Dij > Ceij%ei; VU, 1,7
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In the model, we assume that a rebalancer selects the most profitable route, where
higher profits indicate greater desirability. Mathematically, if we define (i(¢), j(¢)) as the

origin-destination pair chosen by rebalancer /, the assumption can be expressed as:

Di(e)j(e) — Cei()j(e) = r{l&f{m —cuij}  when zyyj =1 VL
7/7‘7

This condition resembles a type of principal-agent problem formulation in microeconomics,
and unlike other formulations, our condition can be expressed as a set of inequalities im-

plying that the chosen route yields the highest profit compared to all other options:

Pij — Ceij = Py — Cevjy Whenag; =1 V4,7, e (2.2.1.2)

Then we use the big-M technique to eliminate the logical element:

Pij — Dirjr > (Coij — Coirjr) oy — M(1 — xgj) YL, 0,5,7, 7,

where the constant M satisfies M > max; ; p;;. The pricing that satisfies the aforemen-
tioned property for a given assignment x = (z;;) is referred to as decentralized pricing.

Ultimately, the platform aims to minimize its cost by considering all feasible decen-
tralized pricing options. This objective is represented by the function ) 0.i.j Dij%eij, Which
calculates the total cost incurred by the platform based on the chosen prices and assignment
of rebalancers to bike movements.

With all the preparations described above, we can now outline the optimization prob-

12



lem as follows:

p7x

5.t S au=o0; Vi (2.2.1.3b)
L

J

S aw=t; Vj (2.2.1.3¢)
L

%

SN wmy =1 W (2.2.1.3d)
J

%

min SN by (2.2.1.3a)
l % 7

Pij = CeijTei; VUi, j (2.2.1.3¢)
Dij — Pirjr = (Coij — Coirjr)Toij — M (1 — xgj) Vi, 5,4, 5 (2.2.1.3f)
ze; € {0,1} VL, j (2.2.1.3¢)

pij >0 Vi, j (2.2.1.3h)

Since the objective function is quadratic (product of decision variables) and the constraints

are linear, the formulation is a mixed-integer quadratic programming problem.

2.2.2  MIQP linearization

To proceed with the formulation, we can linearize the quadratic problem by employ-
ing a common technique known as variable substitution. In this approach, we introduce
additional variables z;; to replace the quadratic term p;;x,;;. Therefore, we have the fol-

lowing formulation:

p?x

min SN (2.2.2.1a)
l % J
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st (2.2.1.3b) — (2.2.1.3h)

2hj < Mxg; Vi, (2.2.2.1b)
2ej < pij VUi, j (2.2.2.1¢)
205 > pij — M1 —z45) VUi, j (2.2.2.1d)
2o >0 Vi, (2.2.2.1e)

The last four constraints enforce the relationship between the original variables p;; and x;;
and the substitution variables z;;, ensuring that zy;; = p;;x;. This substitution works in
this case because it is the product of a binary variable and a continuous variable. The valid-
ity of this substitution can be justified by separating the case into two scenarios: zy;; = 0
and zy; = 1. As aresult, (2.2.1.3a) and (2.2.2.1a) are equivalent. Due to the maturity of
linear programming methods compared to quadratic programming methods, the linearized
formulation (2.2.2.1a) is considered more favorable than the original formulation (2.2.1.3a)
in terms of computational efficiency, despite the increased number of variables and con-

straints.

2.2.3 MILP reformulation

The MIQP (2.2.1.3a) represents a natural formulation of the model and incorporates
two key aspects: how rebalancers make job choices individually and how the platform
globally sets prices on the map. However, when considering the perspective of rebalancers,
their compensation can be divided into two components: the cost incurred and the surplus

(profit) earned. From this, we can derive an alternative formulation.

14



If we define g, as the surplus obtained by rebalancer ¢ upon completing their task, we

can express this relationship as follows:

qr = Pij — Cuij, when LTeij = 1
= Pi(e)j(e) — Cei(e)je)
= (Piwj) — cawiw)Taw;e (2.2.3.1)

= (Piwiw — cawio)Tawio + Y Py — cuy)Ta
(i.0) A (i£5(0))

- Z(pij — Cuij)Tuij
1]

where (i(£), j(¢)) is selected such that ¢y = 1. The fourth line is a consequence of our
model assumption, where only one route, specifically (i(¢), j(¢)), is chosen by rebalancer
¢, and all other routes (i, j) invalidate their corresponding assignment variable, resulting in
Teij = 0.

It is worth noting that if no rebalancer chooses route (i, 7), then all the constraining
conditions in (2.2.1.3a) for p;; simplify to p;; > 0. Consequently, the minimization process
leads to the conclusion that p;; = 0. Based on this observation, we can deduce that every
pair (7, 7) where p;; > 0 is associated with at least one rebalancer, and specifically, p;; =

ceij + qe if rebalancer £ is one of those associated.

%

= Z (Z Z(C&'j + W)xfij)
¢ i g
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_ %: Z zj: CoijTeij + ze: Z EJ: Qi

i

Zzzzc&'jwzj + Zqé
e i ¢

The first equation prompts us to consider the perspective of rebalancer ¢, who always se-
lects a task from the system, while the last equation directly follows from the original
formulation.

Now let us re-evaluate constraints (2.2.1.2) as an equivalence to (2.2.1.3f). For (7', j')
that is not chosen by any rebalancer, the condition p;; = 0 implies p;; > cp; — copjr, for
¢ such that z4;; = 1, which is automatically true given the other constraint p;; > c4;; when

x4; = 1. For (i, j') chosen by rebalancer ¢, we have

Pij — Cuij > Pirjr — Coryy Whenxg; =1 Vi, 5,7, 7

(C&‘j + qK) — Crij Z (Cg/i/j/ + QZ’) — Cyytjr when Tpij = 1, \V/f, 6/, i,j, i,7j/
Qo — Qe > cpiryp — cory When gy =1, zppy =1 VO 0, 5,75

Qe — Qe = Cyrirjr — Coyrjr when Lyripjr = 1 Ve, 5/7 ilaj/

qe — qp Z (Cfli/j/ — cfi/j/)xfli/j/ when xf/i/_j’ =1 Vﬁ, 6/, il,j/

P v

Q@ —qu = E (coiryr — curyr)vowy VL
i, j/

Constraints on (4, j) in the third equivalence are removed as the variable has already been

eliminated in the previous deduction. The last equivalence is derived similarly to (2.2.3.1).
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With these preparations, we can substitute the price variables p;; with the new surplus

variables ¢, in (2.2.1.3a) and reformulate the problem into the following mixed-integer

linear program (MILP):

minimize E E E CeijTeij + E Qe
¢ i ¢

q7x

S.t Z Z Trij = O W)
4

J

ZZ.T&']' = tj VJ
¢

7

ZZQ]@U =1 W
J

i

Tygij € {0, 1} VK,Z,L]

Qo —qs = szij(csij — C&'j) Vf, S

/Z:7j

q >0 W

(2.2.3.22)

(2.2.3.2b)

(2.2.3.2¢)

(2.2.3.2d)

(2.2.3.2¢e)

(2.2.3.2f)

(2.2.3.2g)

where the last constraint is justified by a straightforward reformulation of (2.2.1.1) which

is equivalent to (2.2.1.3e). We observe that this MILP formulation not only simplifies the

complexity of (2.2.1.3a) by converting it into a linear form, but also reduces the number of

both variables and constraints involved. And the optimal prices can be recovered from the

optimal surplus values using p;; = q¢ + ¢, when 4;; = 1.

In the given formulation, let us consider the case where we have a parameter cy;;,

resulting in an optimal solution x7,;, g7, and an objective value z. Now, if we modify the

parameter cy;; to acy;j, where av is a constant multiplier, we observe that the new optimal

solution becomes axy,;; and ag;, with the corresponding objective value being az. This
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indicates that both the parameter c,;; and the objective value exhibit the same scaling factor
a. Therefore the scale of the parameter cy;; does not alter the fundamental aspects of
the problem. If required, we can adjust the scale of the parameter during computation as
needed.
The formulation is referred to as the Decentralized Route Assignment Problem (DRAP).

The term decentralized emphasizes the autonomous decision-making of rebalancers in se-
lecting routes, while route assignment highlights the task of assigning specific routes to
individual rebalancers. The DRAP provides a comprehensive framework for addressing
this problem and will be used throughout this dissertation to discuss the proposed method-

ologies and findings.

2.2.4 Minimal agent cost model

Another model is the minimal agent cost problem (MACP), which does not consider
the decentralized pricing structure. The solution of this model will be used to construct
a feasible solution to DRAP for computational purposes. In this model, we assume that
the platform has control over the assignments, and all contractors will follow the assigned
tasks. Prices are not generated from the optimization problem; instead, we only produce
an assignment. Therefore the program is formulated with a single set of decision variables
x, and the objective is to minimize the overall cost of rebalancers, referred to as the agent

cost:

minimize E CpijToij
X
4,3, 2.24.1)

s.L. (2.2.1.3b) — (2.2.1.3d).
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where only constraints on assignments in (2.2.3.2) are kept. We notice that the problem is
a three-index transportation problem.

In later sections of the dissertation, we establish that the solution to MACP can be
used to construct a feasible solution for DRAP. This conclusion implies that the solution
obtained from MACP can serve as an initial point for the proposed algorithms in Chapter

3, enhancing their efficiency and effectiveness.

2.3 Theoretical results

We observe that, in some cases, the assignment variables z,;; satisfying constraints
(2.2.3.2b)-(2.2.3.2e) may not be able to induce a set of surplus variables g, that make DRAP
feasible. In this section, our focus is on investigating the pattern. In Section 2.2.1, we will
demonstrate the conditions under which the assignment variables z,;; allow the existence
of a feasible set of surplus g,. Section 2.2.2 presents an algorithm designed to determine
the surplus g, when the aforementioned conditions for x,;; in the previous subsection are

satisfied.

2.3.1 Existence of decentralized pricing

From the assignment variable @ = (zy;), we introduce a new variable y, y;; =
> ¢ Tei;. We interpret y;; as the number of bikes to be moved from region ¢ to region j and
refer to it as the flow variable. It is worth noting that, as the bike routes are determined by
fixing y;;, we are now assigning L bikes to L rebalancers. Therefore, for a fixed flow y,

there are L! feasible assignments @ by bipartite matching. The variable y is subject to the
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following constraints:

Z%‘j = 0Oi,
J
Zy’j =1, (2.3.1.1)

Yij € L.
In this section, we show that the flow uniquely determines the decentralized assignment,
which allows us to focus on a lower dimensional problem in further computational ap-

proaches.

Theorem 2.3.1. There exists a set of decentralized pricing p (hence q) for the assignment
x of given flow y if and only if the assignment achieves the minimal agent cost among all

feasible assignments for the flow.

The aforementioned finding establishes a connection between the existence of decen-
tralized pricing and the assignment of rebalancers. The implication is that, when aiming
to facilitate a decentralized pricing structure, there is no requirement to impose additional
constraints on the flow of vehicles, as long as the flow remains valid by satisfying the de-
mand and supply requirements. In simpler terms, as long as the flow of vehicles fulfills
the necessary demand and supply conditions, the platform can promptly determine the ap-
propriate assignment and prioritize the establishment of a decentralized pricing mechanism
without necessitating further constraints on the flow itself. As a result, any flow configura-
tion can generate a feasible assignment that corresponds to the minimum agent cost. This

observation supports the following argument:

Corollary 2.3.1. For any given flow vy, there exists an assignment x producing a decen-
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tralized pricing p. Since (2.3.1.1) is always feasible, so is DRAP.

The corollary provides additional confirmation of DRAP’s feasibility by demonstrat-
ing a feasible flow with valid parameters. Moreover, as implied by Theorem 2.3.1, it is
indeed possible to obtain the feasible assignment that corresponds to the lowest agent cost
for a given flow y. Therefore, when the flow vy is held constant, the computation of the
assignment feasible for decentralized pricing can be achieved by solving the following
problem:

minimize Z CeijTeij

x ..
41,5

S.t. Z Trijg = Yij (2312)
L

2.2 =1
g

Note that this problem can be formulated as a classical assignment problem, which can be
efficiently solved using the Hungarian algorithm [25]. The Hungarian algorithm is widely
available in modern programming language packages such as Scipy for Python.

It is worth noting that there might be more than one solution to (2.3.1.2). In order to
guarantee the consistency of the problem, we need a result showing that all of them lead to

the same objective value to DRAP:

Proposition 2.3.1. If two assignments x and €' can both induce decentralized pricing and
correspond to the same flow y, i.e., Y cojToj = Y CuijTy;; and Do Teii =, y;; for all
1,7, then they will also yield the same total surplus. As a result, the objective value for

DRAP will be the same for both assignments as well.

The proposition implies that the corresponding optimal assignment, in terms of cost,
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will also yield the optimal objective value for DRAP, regardless of the specific assignment
chosen within the set of minimal-agent-cost assignments. In other words, the solution to
DRAP, given a specific flow, is unique in the sense that it yields the same objective value.
Furthermore, we observe that the assignment that minimizes the total cost of global
rebalancers is automatically minimal for its corresponding flow. This implies that the solu-
tion to MACP not only allows for the enforcement of a decentralized pricing structure but

also provides a feasible solution to DRAP.

2.3.1.1 Proofs

In this subsection, our goal is to provide comprehensive proof for Theorem 2.3.1. To
achieve this, we will demonstrate the if direction and the only if direction separately. We
will begin by proving the if direction, followed by the only if direction, within which we
will establish a lemma that enhances the statement and contributes to the overall proof.

From the assignment variable @ = (x;;), we can derive an assignment of routes.
Specifically, when x;; = 1, it signifies that the route (¢, j) (denoted as i(¢) for convenience)
is assigned to rebalancer /. We define a permutation of an assignment as a rearrangement
of the rebalancers while preserving the distribution of routes. For example, let {;, k =
1,...,n, represent n rebalancers, and i(¢;) denote the route assigned to rebalancer ¢;. An
assignment can be represented as (¢1,i((1)), ({2,9(¢s)), ..., ({n,i(¢,)). A permutation of
this assignment could be (¢1,i(¢s)), (¢2,i(43)), ..., (bn_1,i(£y)), (ln,i(f1)).

For convenience, we introduce the notation mg, = cir) — Csi(e) for any rebalancers

s and ¢. The quantity m, can be interpreted as the switching cost for rebalancer s to take
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the route assigned to rebalancer ¢. As a direct result, we have m,, = 0 for all /.

Proposition 2.3.2. If an assignment of routes allows for decentralized pricing, then the
assignment achieves the minimum agent cost among all its permutations. In other words,

it attains the minimum agent cost for the corresponding flow.

Proof. Since the assignment « inducing (¢,7(¢)) makes a decentralized pricing structure

exist, it implies the existence of a surplus vector ¢ = (g,) such that:

Qs — Qe = Cei(e) — Csi(e) = Mg

Consider a permutation of the assignment for n rebalancers:

(l1,i(L2)), (bayi(€3)), s (bn1,0(Ln)), (€, i(£1)),

which is a permutation of

(617 Z(€1>>7 (627 2(62))7 X (&1717 Z'(gnfl))v (£n7 Z@“))

We can observe the following inequalities:

Qo, — Qey = My

Gey — oz = My,

qfn,1 - qﬂn Z m€n71€n
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e, — 4o Z mye,e,

Add them all up, and we obtain:

0 2> Mgy, + Mgty + oo+ My, + Mgy

By the definition of mg,, we can rewrite the inequality as follows:

Coyi(ey) T Clyi(ey) + - F Cop_qien) T Clni(en)

SCoyiey) T Coni(es) T -+ Cop_qi(en) T Coni(er)

Notice that the left-hand side of the inequality represents the total agent cost of the orig-
inal assignment, while the right-hand side represents the total agent cost of the permuted
assignment. Since the inequality holds for any permutation of the rebalancers, it implies
that the original assignment achieves the minimal agent total cost among all its permuta-
tions. Since all permutations of an assignment give rise to the same flow, it implies that the

assignment also corresponds to the minimal agent cost for the given flow. [

Next, we prove the converse of Proposition 2.3.2:

Proposition 2.3.3. If an assignment of routes achieves the minimum agent cost among all

its permutations, then it enables a decentralized pricing structure.

Proof. To prove the proposition, it suffices to show that there exists (qi, ..., ¢,) such that
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qs > 0, Vs and

s — Qv > mg Vs, l,s # L.

Consider the following linear program:

maximize g M
y

N
s.L. S ye=> s Vs (2.3.1.3)
1 l
Yse Z 0 \V/S,f

Let (3s), Bs > 0 be dual variables associated with the first set of constraints. The objective
value of the dual problem is 0 if my — 5, + 6, < 0 for all s, ¢, or co otherwise. It is
important to note that () satisfying mg, — s + 8¢ < 0 is exactly a set of surplus (gs) we
desire.

By the strong duality of linear programs, we can claim that the existence of g = (gs)
is equivalent to the primal problem reaching an objective value of 0. In other words, if
there exists a dual solution () that satisfies mg, — 55 + B, < 0 for all s, ¢, then the primal
problem achieves an optimal objective value of 0.

To prove that the objective value of the primal problem (2.3.1.3) is 0, we can in-
troduce an additional lemma that shows under the given constraints, Zsi Mg Ys; can be
expressed as a sum of terms of the form (m, 5, + Ms,s, + ... + My, s, )d for some d > 0 and
(S1, 82, vy Sp)-

Once this lemma is proven, we can utilize the assumption that the assignment achieves

the smallest total agent cost, which implies that (1, s, +Msys, + ... + M, 5, ) < 0 following
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the same derivation as in Proposition 2.3.2. Then we can conclude that (m, s, + M, +

.. +my s, )d < 0. Consequently, the objective value of (2.3.1.3) is also 0, as desired. [

We will now proceed to prove the lemma indicated in the previous proof, which is

necessary to conclude the overall proof:

Lemma 2.3.1. Given constraints ) ,Ys = Y, Yus, Vs, and ys > 0, >, Mgy can be
expressed as sum of terms in the form of (M, s, + Msysy + ... + M, s, )d for some d > 0 and

S1yeeeySp € 2.

Proof. To simplify the analysis, we can represent m = (my) and y = (ys) as an L X
L matrix, where each entry corresponds to a switching cost mg and a flow value y,
respectively. The first constraint in (2.3.1.3) can be interpreted as the requirement that
in the matrix y = (yy), the sum of entries in each row is equal to the sum of entries in each
column.

Now we proceed with the proof of the lemma using induction on the number of non-
zero entries in the matrix y = (ys)-

The base case yields a zero matrix, which automatically satisfies the statement. Now
we consider the case where y is a non-zero matrix with at least one non-zero entry. We will
update y to a new matrix y’ with fewer non-zero entries while satisfying both constraints in
the (2.3.1.3). We start by defining d > 0 as the minimum value among all non-zero entries
of y, i.e., d = ming Yy = Ys,s5,- Next, we construct the matrix y’ by setting y; ,, = 0,
effectively removing the non-zero entry with the minimum value. Then we examine the
entries of y row by row. For each row s, (starting from s;), we look for a non-zero entry

Yspsis, = d- If such an entry exists, we subtract d from it and set y;, .1 = Yss,,, — -
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If s 1 = s1, we stop the process. Otherwise, we continue to the next row sj.1. During
this process, we have updated y to y’ by subtracting d from certain entries. The first
constraint, which requires the sum of entries in each row to be equal to the sum of entries
in each column, is still satisfied for y’. Additionally, the entries of ¢’ remain non-negative.

Therefore, we can express ), M Ys as:

Z MseYse = d(m8182 + ...+ msnsl) + Z msfy;[
s, N

Since y; ,, = 0 < d = ys,y,, there is less number of non-zero entries in ¢’ than in y.

Then the principle of induction validates the lemma. ]

Theorem 2.3.1 then follows as a direct consequence of Proposition 2.3.2 and Propo-

sition 2.3.3.

2.3.2 Aniterative algorithm for pricing

Once we have obtained a feasible assignment for DRAP that enables decentralized
pricing, the next step is to determine the pricing structure and compute the exact prices for
the corresponding flow and assignment. We will focus on the linear part of DRAP with the
assignment variable x fixed, which corresponds to enforcing the decentralized pricing on
the assignment determined by x.

minimize Z qe
! ‘ 2.3.2.1)

s.L. (2.2.3.2f) — (2.2.3.2¢).
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The following theorem highlights the key property of the optimal solution to the

problem:

Theorem 2.3.2. If g* = (q;) is optimal to (2.3.2.1), then we have q; = maxs{ms + ¢*}

for all /.

The property states that ¢; = max, mys + q; = mys, + g5, for some sq. This property
implies the existence of impact chains between the rebalancers. Each rebalancer surplus is
either directly influenced by itself (surplus of 0) or impacted by another rebalancer. The
concept of impact can be seen as a one-to-one mapping from the set of rebalancers L to
itself, indicating the influence between rebalancers. It is worth noticing that there may
exist multiple possible one-to-one mappings for a solution, each yielding the same total
surplus. In other words, different rebalancers may impact each other in different ways, but
the overall surplus remains unchanged.

Building upon the theorem, we present an alternative approach to solve the optimiza-
tion problem (2.3.2.1) without the need for an LP solver. This approach is advantageous
due to the potentially high computational cost of LP solvers, particularly for large-scale
problems where traditional techniques like simplex methods can have exponential worst-
case time complexity. Meanwhile, our algorithms offer increased interpretability, allowing
for better insights into the problem, and can be a cost-effective solution for companies
seeking alternatives to LP solvers.

By considering mys as a matrix, we observe that the algorithm employs matrix ad-
dition during each iteration until it converges to the desired equation outlined in Theorem

2.3.2. Each iteration can be viewed as a step towards achieving a balance between rebal-
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Algorithm 1 Iterative Algorithm For Pricing

Initialization: set k = land ¢f =0,/ =1,2,..., L
while True do
= e=1,2,..,L
qe maxs{mfs + qs }’ g Ly eeey
if ¢/ ™' = ¢/ then
break
end if
k+—k+1

end while
L
d= Zé:l qéc

ancers, and the iteration process terminates when a favorable trade-off is achieved. This
iterative approach not only demonstrates good interpretability but also allows for a clear
understanding of how the algorithm progressively solves the problem by iteratively refin-
ing the solution until reaching a desired equilibrium.

We now provide a result regarding the computational complexity of the algorithm.

Theorem 2.3.3. For an assignment x that is feasible for decentralized pricing, Algorithm
1 requires at most L — 1 iterations. Consequently, the algorithm has the computational

complexity of O(L?).

Based on the previous analysis, we can develop a subroutine to find a unique solution
to DRAP up to the same objective value, given a flow variable y. The proposed outline for

the subroutine is given as follows:

Algorithm 2 Subroutine

Initialization: flow variable y;

Step 1 apply Hungarian algorithm to find a feasible assignment variable x;
Step 2 apply Iterative algorithm to find the corresponding surplus variable q;
Step 3 calculate objective value of DRAP with x and q.

Now we claim that we can greatly reduce the complexity of the problem by trans-
forming it from searching for feasible assignment  and surplus g to searching for an
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optimal flow y. This reduction in complexity is attributed to the fact that every feasible
flow y satisfies the market-clearing condition and that the dimension of the flow variable y

is much smaller compared to the combined dimensions of  and q.

2.3.2.1 Proofs

In this section, we proceed to prove Theorem 2.3.2 and Theorem 2.3.3. Throughout
the proofs, we will maintain the notation introduced in Algorithm 1. Additionally, we will

provide proof for Proposition 2.3.1 using the results obtained from the previous theorems.

Lemma 2.3.2. After every iteration k, the rebalancer surplus qf can be expressed as a sum

of terms myp. More precisely, qf = My, + Mepyey + ... + My, 0, for some Uy, s, ... L.

Proof. We prove the lemma by induction. The base case when k£ = 1 holds automatically
since ¢ = 0 = my. As for k > 2, by the construction of ¢} in the algorithm, ¢} =
Mye, + qé?fl for some /;. By assumption of the induction, qéf;l = My, 0, + ... +my, 14, for
some /5, ..., {,,. Therefore we obtain qf = My, + My, + ... +My, —10, for some 01, lo, ..., L,

as desired and complete the proof. [
Later in the section, for k > 1, we refer to ¢f as an update if ¢f > ¢F~*.

Lemma 2.3.3. If q; updates in the k-th iteration, then qf can be expressed as the sum of

exactly k terms from the set my .

Proof. Again we prove it by induction. Let T'(¢}) be the number of terms of {myy} in ¢}
written as sum. For k = 1, if qéf updates, then for some ¢, # ¢, we have ql} = My, =

man/#{mgg/}, which indicates T(q}) = 1.

30



For case when k > 2, ¢ updates, there exists {; # ¢ such that ¢f = my, + g, ' >
qéf_l. Therefore we have T'(¢f) = 1 + T(C]Z_l)-

Now we claim that ¢/ ' must have updated in iteration k& — 1. If not, then ¢} ' =

k-1 k-2 k—1 k-1
Q= My, + G " =Mmu 4 > q

which is a contradiction. Thus we conclude that (¢, ') = k—1and T'(¢f) = (k—1)+1 =

k,i.e. ¢} has exactly k terms of {my, } in the sum. O
With the lemmas stated above, we are now ready to prove Theorem 2.3.3.

Proof. We will prove the claim by contradiction.
Suppose the number of iterations reaches L, then at the L-th iteration, there exists ¢

such that ¢ updates, meaning g~ > ¢;~'. We will have

L
e = Mype, T Moy qep 5+ Mg

where ¢/;, = (. Among the values ¢, ¢} 1,...,{y, where each element takes a value in
the set 1,2, ..., L, there must exist indices ¢ and j such that ¢ > j and {; = ¢;. From the

construction of qéf , we conclude that gy, updates at iteration ¢ and that:

i
qgi = mgigi_l —f- .+ mgj+1gj + mg].gj_l 4+ ...+ mf1€0'
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Since myp,_y + oo+ My, 0, = Mg,y + oo+ My, < 0, we have

i Jj—1 _ Jj—1 J
Qo < Mejey G = Mue; Gy, <,

which means ¢,, doesn’t update during iteration j + 1, ..., %, leading to a contradiction.
Since each iteration of the algorithm involves a matrix addition that requires L? cal-

culations, the overall complexity of the algorithm is at most O(L?). [

Now we have established the proof for the computational complexity of Algorithm
1. To prove Theorem 2.3.2, our objective is to show that the final solution produced by the
algorithm is optimal for the problem (2.3.2.1), as indicated by the termination condition of

the algorithm.

Theorem 2.3.4. Let d = Zle qe be the total surplus computed in the algorithm, and let z

be the objective value of problem (2.3.2.1), then d = z.

Proof. On the one hand, when the algorithm terminates, the following property holds:

Q= mﬁx{ﬁbw +aqu} > mes+qs, Vs

= Q¢ — (s Z Mys, VK,S

And since we have qé‘” > My + qf_l = qf_l, we can confirm that qéf is non-decreasing with

each iteration and that ¢, > 0. Therefore, ¢, is a feasible solution of problem (2.3.2.1). As

a result, we have d > z.
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To prove the other side of the equation, we consider the dual problem of (2.3.2.1):

maximize E BesMys

4 l,s
s.t. Z Nps — Z A <1, 4 (2.3.2.2)
)\se > O, Vf, S

Let \j, = #{my; appeared in d}. Then for each ¢,

DBRYED PR
=#{mys, Vs appeared in d} — #{mg, Vs appeared in d}

= Z [#{mgs, Vs appeared in qp } — #{mg, Vs appeared in qg/}}
E/

= Z [#{my,, Vs appeared in gy } — #{m., Vs appeared in g, }]
.

+ [#{mgs, Vs appeared in ¢} — #{ms, Vs appeared in Qg}}

Note that for ¢’ # (, every my, appeared in ¢, as the sum of terms follows a m,, which

means

#{mys, Vs appeared in g, } — #{mg, Vs appeared in g, } < 0.

While in ¢,

#{mys, Vs appeared in ¢} — #{mg, Vs appearedin ¢,} =1 —0 = 1.

Therefore, we obtain that ) | _Aj, — > A%, < 1, V/. Together with the fact that A}, > 0 for
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all Z and s, we can conclude that \J, is a feasible solution to the dual problem of (2.3.2.1).

By weak duality, we have

d= Z(H = Z/\Zsmzs <z

V4 ls
Now we can conclude that d = z. ]

We will then prove Proposition 2.3.1 and begin by stating a lemma that is needed for

the proof.

Lemma 2.3.4. For a given flow, if x and x' both minimize the total agent cost and induce

the switching costs (mys) and (m),,) respectively, then there exists a permutation of assign-
ments from (i1,i(i1)), (ia,9(i2)), ..., (ix, i(ix)) to (i1,1(i2)), ..., (ix—1,0(ix)), (ix,7(71))). We

claim that the following equations hold:

LAZEED + ...+ Mg, 14, + mii = 0.

Proof. We recall that for a fixed flow, different assignments are permutations of each other,

which justifies the first part of the lemma. From the construction of m,, we obtain that

My, = Cijiij) — Cli(ij41)

“Cijpri(ije1) T Ciji(ijpn) T Cijpri(ie) — Clilijr)
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= mgij_H - mim“ ] = 1, ,k’

and that when s # iy, ..., i, My, = Cai(s) — Cri(s) = Mps.
Since (my,) and my; are both induced by feasible assignment, the last equality can

be justified by the following:

where we used the fact that for any feasible m = (mys), my = 0 V5 and myp, + .... +

me, 10, + Mgy < 0V, . 0. 0
Now we prove the proposition.

Proof. We keep the notation in the proof of the lemma above. Suppose the algorithm
outputs ¢, for ’. As discussed previously, ¢, can be written as a sum of terms in m’ =
(m},). Now we construct ¢, as follows:

Consider ¢y = my,, + ... + my,_, forsome ly, ..., L. If there is an mj,; term in the

sum, we substitute via the equation:



and for other terms, we can immediately substitute with its counterpart in the set {ms }/..
The new sum is denoted as ¢, and we have that ¢, = ¢;.

By following the same process as in the proof of Theorem 2.3.4, we can show that
q = (qu) generates a set of dual variables () that is feasible for the dual problem (2.3.2.2)
with (mys). Therefore, we have d < > g, = > q, = d’, where we denote d and d’ as the
total surplus corresponding to « and «’, respectively.

Finally, since the two assignments are symmetric in the problem, we can claim the

other direction d’ < d. Therefore, we conclude that d’ = d. O

2.4 Model extension

In this section, we will explore three distinct models. In Subsection 2.3.1, we will
extend DRAP by relaxing the constraint that governs the number of rebalancers, and present
associated results. Subsequently, in Subsection 2.3.2 and Subsection 2.3.3, we will provide
a brief overview of alternative pricing structures as substitutes for the prices determined by

the origin-destination pair.

2.4.1 Model with extra agents

We consider an extended model of DRAP where the number of rebalancers exceeds
the number of bikes in the system. In this scenario, instead of assuming that every rebal-
ancer moves exactly one bike, we allow rebalancers to move at most one bike while still sat-
isfying the bike supply and demand constraints. To preserve the decentralized nature of the

problem, rebalancers who are not assigned a task are unable to generate any profit and have
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a maximum profit of zero for all routes. This can be expressed as max; ;) pij — cei; = 0, or
equivalently, p;; — ¢ < 0 for all (i, 7).

In the corresponding MIQP formulation, constraint (2.2.1.3d) is relaxedto >, >~ i Teij <
1, allowing for rebalancers to have at most one assignment. However, constraints (2.2.1.3e)
and (2.2.1.3f) still remain intact as they apply only when z;; = 1. Therefore, the extended

formulation can be expressed as follows:

rgi}gl Z Z Zpiszij
’ ¢ i g
S.t Z Z.Tgij S 1 W
J

‘ (2.4.1.1)

pij < i When E Zg; =0
ihj

(2.2.1.3b) — (2.2.1.3¢), (2.2.1.3¢) — (2.2.1.3h)

To gain further insights, we introduce a notation called the fictitious route, denoted
as f = (is, jr). This notation represents a route that does not actually exist. Instead of
considering the scenario where extra rebalancers are not assigned any task, we assume that
they have chosen the fictitious route. Additionally, we make the assumption that on this

fictitious route, all rebalancers have a zero cost, denoted as cy; sy = 0. Then we have the
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following MIQP formulation:

min DD D P+ ) Pig iy,
’ A ¢
s.t Z Zﬂ%j + Toigj, = 1 v
i J

Dijp = Cigj Ttiyjy Ve, i, g
L 2.4.1.2)
Pisjp — Diry > (Cf’ifjf - Cﬁi’j’)xéifjf - M(l - Wifjf) Ve, i, g
Pij — Piggy = (Coij — Cuipgp)Toig — M(1 — o) Vi, j
>0

Pisjs

(2.2.1.30) — (2.2.1.3¢), (2.2.1.3¢) — (2.2.1.3R)

Following the same process as in Section 2.2, we can demonstrate that (2.4.1.2) is

equivalent to the following MILP:

minimize E E 5 CrijToij + E :c“fjfxeifjf + Z qe
q,X . .
4 7 J ¢ ¢
s.t E E Teij + Toigj, =1 VL

i (2.4.1.3)

Qe —qs = E Isz’j(csij - CZij) + $sifjf(Csifj,-) - Cﬁfjf) Ve, s
i7j

(2.2.3.2b) — (2.2.3.2¢), (2.2.3.29)

Since cy;,j, = 0 for all /, the first constraint reduces to (2.2.3.2f), and the MILP can be
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simplified as follows:

minimize E E E CoijToij + E Qe
q7x
¢ i ¢

s SN a1 e (2.4.14)
J

)

(2.2.3.20) — (2.2.3.2d), (2.2.3.2f) — (2.2.3.29)

We will prove the fictitious route version (2.4.1.2) and (2.4.1.3) formulation is equiv-

alent to (2.4.1.1).

Lemma 2.4.1. In the optimal solution of (2.4.1.3), rebalancers who are assigned to the

fictitious route gain zero surpluses.

Proof. Assume that rebalancer ¢, taking the fictitious route with surplus ¢;, = go. Then for

any rebalancer ¢, we have

Qe — ey = Ceyij; — Croigip =0 == Qe 2 qo, = Do-

Then similarly, for ¢; who assigned to a fictitious route as well, we have

QKO_Qél ZO - %1 SQZOZPO

Thus, we conclude that ¢,, = q4, = po < ¢ for all ¢, indicating that all rebalancers
taking the fictitious route have the same surplus, which is the minimum among all existing

surpluses. Since the minimization process ensures that min, g, = 0, we obtain po = 0. [

As a consequence of the lemma, we can deduce the existence of an optimal solution
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such that p; 1ir = Ctoipjy T e, = 0. Based on this observation, we can re-evaluate (2.4.1.2).
The first constraint implies the first constraint in (2.4.1.1). The second and fifth constraints
become redundant. The third constraint reduces to p;jr < ¢y for xy; s = L which is
equivalent to the second constraint in (2.4.1.1). The fourth constraint remains unchanged
and corresponds to (2.2.1.3e). Therefore, we can conclude that (2.4.1.2) is equivalent to
(2.4.1.1). We refer to (2.4.1.4) (or equivalently, (2.4.1.3)) as the Decentralized Route As-
signment Problem with Extra Agents (DRAP-EA).

Notice that the lemma states that the platform does not need to pay the rebalancers
if they are not assigned any task. As a direct consequence, if we increase the number of
rebalancers in the system while keeping the other factors constant, the total platform cost
will decrease. This is because the increase in the number of rebalancers provides more
combinations and options for the platform to choose from, potentially leading to lower
Ccosts.

We observe that the corresponding MACP-EA is obtained by replacing the last con-
straint with a <-inequality. If we determine the cost of rebalancers by distances between
locations, i.e., c;; = d;;j + A(dy + dy;), and consider a scenario where there is a substan-
tial number of rebalancers densely distributed across the region, we can reasonably infer
that there are an ample number of individuals positioned at the most cost-effective loca-
tions along all potential routes. As a result, their cost only relies on the distances between
the stations, leading to a total surplus of 0 in the optimal solution. Hence, the optimal
assignment to DRAP-EA for this scenario coincides with that of MACP-EA.

The concept of fictitious routes allows us to view DRAP-EA as an extension of the

standard DRAP by expanding the cost parameter ¢ = (cg;, cor), Without making any
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changes to the objective functions and constraints. This extension enables us to gener-
alize the theoretical results in previous sections without requiring significant modifications
to the existing framework.

Lastly, we observe that this idea can be further extended by relaxing the capacity
assumption (Zi, i T = 1) to ZZ ; Tt < uy. This relaxation is equivalent to introducing

uy — 1 additional agents with the same personalized cost to the system.

2.4.2 Pricing over stations

In order to demonstrate the advantages of pricing over origin-destination pairs, we
aim to compare the model that prices with other strategies. All the other assumptions of
DRAP are kept.

We first consider a pricing structure where the platform sets prices separately for

pick-up stations (p;) and drop-off stations (¢;). The optimization problem can be formulated
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as follows:

min Z oipi + ; t;q;
S.t Z Z Tpij = O Vi
¢

J

ZZZE&]' = tj VJ
)4

7

sz&'j =1 W
J

i

(2.4.2.1)

Di + @ > cuijTe; V1,
pi +q; — (pir + q) > (coj — corjr)xoy — M(1 — xpj) Vi, 5,47, 5

It is evident that the solution to the problem is feasible for (2.2.1.3a) by defining p;; =
p; + q; and but the opposite is not always true, thus resulting in the same or a higher

objective value than DRAP.
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2.4.3 Pricing over pick-up station

Next we consider the case where the company price the bike by pick-up location (p;).

If we maintain the decentralized pricing element, we can formulate the following program:

min E o;P;
pP,q )
i
S.t E E Tpij = 04 Vi
l

J

ZZI&']' = tj v,]
l

%

ZZ[L’QU =1 W
J

7

(2.4.3.1)

Di = CpijTyij Ve, i, g
pi — pir > (Coij — corjr) oy — M(1 — xpy) Vi, 4,4, 5

zyj € {0,1}, p;i>0 Vi35

Unfortunately, unlike DRAP, there is no guarantee that this optimization problem will be
feasible. A counter-example can be created from a star network where there is only one

pick-up station but multiple drop-off stations.
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Chapter 3: Computational methods

3.1 Overview

DRAP is a mixed-integer linear program (MILP), which is NP-hard in general [26].
To solve MIPs, branch-and-cut is a widely used approach that combines the branch-and-
bound algorithm with the cutting plane method. In addition to these methods, this section
also explores several search techniques that can be used to solve DRAP: hill-climbing as a
local search method and simulated annealing as a global search method. We aim to evaluate
these algorithms on DRAP and hopefully draw possible insights.

In the context of DRAP, a flow variable y defined by (2.3.1.1) determines a feasible
solution and hence an objective value, as shown in the previous section. As a result, one
possible approach to finding a solution to DRAP is to search through flows in the feasible

set. This is indicated by solving the following optimization problem:

minimize  f(y) (3.1.0.1)

subject to  (2.3.1.1)

where the realization of f(y) is defined by the subroutine we defined earlier in Algorithm

2. We observe that f(y) is not expressible in closed form and therefore not differentiable.
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3.2 Branch-and-cut

The branch-and-cut (B&C) method [27] is widely used to solve mixed-integer linear
programming (MILP) problems by combining branch-and-bound and cutting plane tech-
niques.

In the branch-and-bound framework, the problem is solved iteratively by traversing
a tree-like structure. At each node, the linear programming (LP) relaxation of the MILP is
solved. If the LP relaxation yields integer solutions, an upper bound is updated. Otherwise,
the node is branched into two child nodes, creating subproblems. This branching process
continues until infeasibility is detected or the optimal value of a subproblem exceeds the
current upper bound. The algorithm terminates once all nodes have been explored.

The cutting plane method is employed to improve the lower bound and tighten the
formulation of the MILP. Undesirable fractional solutions are removed by introducing cut-
ting planes, namely valid inequalities. This method plays a crucial role in the branch-and-
cut approach, reducing the search space and enhancing the efficiency of the branch-and-
bound algorithm.

Branch-and-cut is a commonly employed technique in modern optimization solvers.
For our research on DRAP, we will utilize Gurobi, a state-of-the-art MIP solver, to obtain

computational results, which can serve as a benchmark for other proposed methods.
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Algorithm 3 Branch-and-cut Framework

Initialize the tree: 7" = {o} where o has no branching constraints; z, := +o0.
while 7" is nonempty do
Selectanode o’ € T,
Initialize z; := —o0.
if o’ is feasible then
Let z be the value by LP relaxation and update z; = max{z, z},
Apply cutting planes and update z; accordingly,

else
T:=T\{J}.
end if
if z > z, then
T:=T\{0}.
else if r is integer then
T:=T\{J},
Update z, by plugging solution r, g into DRAP.
else
Branch, resulting in nodes o* and 0**, T := T'U {o*, 0™*}.
end if
end while

3.3 Hill-Climbing algorithm

Hill-climbing, as a heuristic approach, is a classical local search algorithm for finding
the optimal solution to a complex optimization problem. The algorithm works by starting
with an initial solution and repeatedly searching for the direction of improvement in the
search space. At each step, the algorithm adopts one of two main strategies: complete
search where it selects the neighbor with the best objective function value and first-accept
where it accepts the first move with an improvement. The algorithm terminates when a local
optimum is reached. Although hill-climbing can be efficient for large-scale problems [28],
it is easily stuck at a local optimum. A common way to tackle this is to randomly restart
the program with different initial points multiple times [29].

In order to apply searching methods, we need to generate neighboring solutions for
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a given flow variable. We can achieve this by considering the swapping of destinations
between two bikes. For instance, if we have a flow y where y;,;, > 0 and y;,;, > 0, with
11 # 19 and j; # 7jo, it implies that there is a bike moving from 7; to j; and another bike
moving from 75 to jo. By swapping the destinations of these two bikes, we create a new
solution where the first bike travels from i, to j; and the second bike travels from i, to j;.
As a result, y;,;, and y,,;, decrease by 1, while y;,;, and y;,;, increase by 1. Importantly,
this maintains the constraints (2.3.1.1). The algorithm to realize this process is outlined

below:

Algorithm 4 Generate Neighbor

Initialize y, 4" =y
while True do
random generate 71, i, i, # i5 from pick-up stations
random generate ji, jo, j1 7 jo from drop-off stations
if Yirj1 = 0 and Yigjo = 0 then
y?fx = Yirjr — L y”?;jv; = Yizjo — 1
yznf]v; = Yijo T L, y?;j“i = Yigjy T+ 1
end if
end while

Return y"*"

3.3.1 Hierarchical hill-climbing

We propose a new strategy to the classical hill-climbing method, which combines the
complete search and first-accept strategies in hill-climbing algorithms. The search space is
divided into ordered groups (i1, . .., G,, with probability py,...,p, where p; > --- > p,
and ) p; = 1. The algorithm samples groups based on their probability, and evaluates all
possible solutions within each group to select the one with the best objective value. This

process is repeated for subsequent groups until the best solution within the group improves
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the current solution. The strategy aims to enhance the efficiency of hill-climbing algorithms
by narrowing down the search space while still obtaining high-quality solutions. However,
it should be noted that this algorithm relies on having a predefined preference for neighbors,
which may not be readily available in many problem scenarios. Additionally, we can see
that the algorithm terminates at local optimum.

We provide a detailed description of the algorithm below where the solution to MACP

is chosen to construct the initial point.

Algorithm 5 Hierarchical Hill-climbing

Initialize an ordered groups: (4, ..., G, with probability py, ..., p,, initial solution y
obtained from MACP, k& = 0.
while True do
Sample a number & from {1, ..., n} based probability pi, . .., p,.
Initialize f* = 0
for y' € Gy, do
if f(y/) < f* then
Update: f* < f(y), y* < o/
end if
end for
if /% < f(y) then
Break
end if
k+—k+1
y <y
end while

To introduce preference in our problem (3.1.0.1), we assume that the rebalancer cost
parameter cy;; is positively correlated with the distance d;; between stations 7 and j. This
allows us to deduce that rebalancers generally prefer pick-up and drop-off locations that
are close to each other. When generating neighbors for a given flow, we consider swapping
two origin-destination pairs, such as (iq, j1) and (i, j2), to (i1, j2) and (i, j1). To judge

the preference of a neighbor, we compare the ratio between d,, ;, +d,,;, and d;, ;, +d;,;,. A
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larger ratio indicates a preferable swap. Notice that this preference is independent of flows
and hence can be predefined.

Then we can group the neighbors in order from the most preferred to the least pre-
ferred. This creates a sorted list of groups for the algorithm, with each group contain-
ing similarly preferred neighbors. The probability of selecting the group can be adjusted

through experimentation by algorithm tuning.

3.3.2 Extended local search

We propose an extended local search method, a modified version of the complete-
search hill-climbing algorithm by combining tabu search [30] which uses a memory-based
mechanism to guide the search process and escape local optima. In this approach, we
maintain a tabu list that keeps track of all local optima reached by the algorithm, and
we exclude these optima from the neighbor search process. This modification allows the
algorithm to continue exploring and avoid getting trapped in local optima. The algorithm
is designed to run indefinitely, adapting to any runtime duration. The steps of the algorithm

are outlined below:

Algorithm 6 Extended Local Search

Initialize y = vy, tabu list .S.
for k=1,2,... do

Search thoroughly excluding S and find the neighbor 3’ of  with minimal objective
value

if (i) > f(y) then

add y to the S

end if

y<y
end for
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3.4 Simulated annealing

Simulated annealing (SA) is an enhancement to the hill-climbing algorithm that in-
troduces stochasticity. It draws inspiration from the annealing process in metallurgy, which
involves heating and slowly cooling metal to enhance its properties by removing defects.
The idea of simulated annealing was first introduced by Metropolis et al. [31], who devel-
oped a Monte Carlo simulation method at a fixed temperature level. Kirkpatrick et al. [32]
later extended the Metropolis algorithm to incorporate varying temperatures, giving rise to
the concept of simulated annealing.

In simulated annealing algorithm, an initial solution is iteratively modified, and these
modifications are accepted or rejected based on a probabilistic criterion determined by the
current temperature of the system. As the optimization process progresses, the temperature
gradually decreases, enabling the algorithm to explore the solution space more effectively.
This temperature annealing allows simulated annealing to escape local optima and poten-
tially converge towards a global optimum, given certain conditions [33].

The initial temperature in simulated annealing is a critical parameter that influences
the trade-off between exploration and exploitation in the search process. By controlling the
likelihood of accepting worse solutions, the initial temperature guides the algorithm’s be-
havior in the early stages. With a higher initial temperature, the algorithm is able to perform
a random walk, allowing it to explore different regions of the search space and escape local
optima. Conversely, a lower initial temperature prioritizes exploitation, causing the algo-
rithm to focus on refining the current solution and potentially converge faster. The choice of

the initial temperature depends on the specific problem and is typically determined through
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experiments [34].

Cooling schedules in the simulated annealing algorithm control the temperature re-
duction throughout the search process. They determine the transition from exploration
to exploitation by gradually decreasing the temperature. The convergence of simulated an-
nealing relies on the cooling schedule’s ability to escape local optima and converge towards
the global optimum [35]. Popular cooling schedules include linear, logarithmic, exponen-
tial, and adaptive schedules [36]. The choice of a cooling schedule depends on the problem
and desired search behavior, often requiring experimentation to find the most effective one.

Below is the pseudo-code for the simulated annealing algorithm with a geometric

cooling schedule, where T}, 1 = pT} and p is typically chosen from the range [0.9, 1):

Algorithm 7 Simulated Annealing

Initialize the current solution y, the initial temperature 7", and the number of steps K at
each temperature
fori=1,2,... do
for k < 1to K do
Generate a new solution 3’ by swapping two origin-destination pairs defined in y
Calculate the difference of objective value Af = f(y') — f(v)
if Af < 0orrandom(0,1) < e=2//T then
Accept the new solution: y < ¢/
end if
end for
Cool down the temperature: 1" < pT’
end for

3.4.1 Shaking procedure

In our simulated annealing algorithm, we utilize a shaking procedure to enhance
exploration and avoid local optima. This procedure involves generating new candidate

solutions by introducing random changes to the current solution. By incorporating this
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shaking step, the algorithm gains the ability to explore a larger search space, allowing for
the discovery of alternative solutions.

We propose a novel algorithm that integrates a shaking procedure to generate neigh-
boring solutions. Our algorithm includes a mechanism to monitor the number of rejections,
denoted as R, for a given solution. The shaking procedure is then employed with a proba-
bility that is determined by the inverse of the rejection count, i.e., p = 1/R. This adaptive
shaking approach enhances the algorithm’s exploration capability by encouraging it to ex-
plore a broader range of solutions, particularly when it is easier to transition away from
the current solution. By dynamically adjusting the shaking probability based on the ease
of transition, the algorithm increases its chances of finding improved solutions during the
optimization process.

The neighbor generation algorithm and the corresponding modified simulated an-

nealing algorithm are presented in Algorithm 8 and Algorithm 9, respectively.

Algorithm 8 Generate Neighbor with Probabilistic Shaking

Initialize y, p

Generate i’ by swapping from y

if random(0, 1) < p then
Generate y” by swapping from 7/
y — yll

end if

Return 7/,
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Algorithm 9 Simulated Annealing with Probabilistic Shaking

Initialize the current solution y, the initial temperature 7', the number of steps K at each
temperature, number of rejection r = 0.
fori:=1,2,... do
for k < 1to K do
Generate a new solution 3’ from y with shaking probability p = 1/(R + 1).
Calculate the difference of objective value Af = f(y') — f(v)
if Af < 0orrandom(0,1) < e=2//T then
Accept the new solution: y < ¢/
Setr = 0.
else
R+ R+1
end if
end for
Cool down the temperature: 7' <— pT’'
end for

3.5 Conclusion

After conducting extensive testing on various instances of the DRAP model, it has
been observed that all the search methods have shown promising performance. In the up-
coming section, we will implement three specific algorithms, namely simulated annealing
(SA), simulated annealing with probabilistic shaking (SA-PS), and extended local search
(ELS), to obtain numerical results.

To ensure a comprehensive evaluation, we will employ branch-and-cut algorithm
in Gurobi (GRB) as a benchmark. In order to enhance the performance of Gurobi, we
will utilize a warm start solution obtained through hierarchical hill-climbing. This warm
start solution is particularly crucial as it significantly increases the likelihood of generating

feasible solutions using Gurobi.
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Chapter 4: Numerical experiments

4.1 Overview

In this chapter, our objective is to perform a comprehensive numerical study of DRAP
using the algorithms proposed in the previous chapter. To generate instances for our study,
we collect real data from the DC area and present a detailed case study. We carefully
design various scenarios and create 24 instances to analyze. To test the effectiveness of
our approach, we propose four algorithms for experimentation. Subsequently, we analyze
the numerical results obtained from these algorithms and provide visualizations of selected

solutions to gain further insights into the problem.

4.2 Case study

Our research focuses on analyzing the operations of a bike-sharing company lo-
cated in the Washington DC area. This company uses freelancers to help manage the
re-distribution of their bikes, with each freelancer only allowed to move one bike. In our
experiment, the payment for each freelancer is based on the bike’s origin and destination,
with each freelancer’s cost calculated using their home location.

The company has developed an app for their freelancers to make the bike rebalancing
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process easier. This app enables freelancers to register their availability three hours before
the rebalancing process begins. Every evening at 10 pm, the company activates its app and
presents a comprehensive list of rebalancing tasks, each accompanied by a designated pay-
ment amount. These tasks involve picking up bikes from specified locations and delivering
them to assigned drop-off points. Freelancers who have registered with the company can
access the app and review the available jobs, taking into account their own individual costs
and potential profits. Once a freelancer selects a job, they are responsible for collecting
the bike from the designated pick-up location and transporting it to the specified drop-off
point. Upon successful completion of the task, the freelancer receives payment and returns
where they started.

To simulate the bike distribution, we obtained real-time data from Capital Bikeshare,
a station-based bike-sharing company in Washington DC. The data used for the simula-
tion was collected from November 7th to November 8th, 2020. For the initial distribution,
we utilized the data recorded at 11:00 PM on November 7th, which represents the end
of operations for that day. Conversely, for the target distribution, we utilized the data
recorded at 5:00 AM on the following morning, just prior to the commencement of opera-
tions for that day. This choice was motivated by the understanding that the desired morning
bike distribution reflects the public demand that needs to be met, while the distribution at
night represents the outcome after the system has been operational throughout the day. We
specifically selected stations within DC for designing our instances, even though Capital
Bikeshare stations extend beyond the city.

In our numerical experiment, we considered instance sizes ranging from N = 20,
30, 40, 50, where N represents the number of pick-up locations. For each instance size,
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we randomly generated a set of pick-up and drop-off locations by sampling without re-
placement from the set of stations in the data, while ensuring that the total number of bikes
available for pick-up and drop-off remained constant across all instances. The pick-up lo-
cations were determined based on stations with an increase in bike count at night, while the
drop-off locations were chosen from stations with a decrease in bike count. Table 4.1 pro-
vides detailed information on the number of drop-off locations and bikes for each instance
size N.

The rebalancers in our dataset were generated randomly from a spatial distribution
proportional to the population density across the city of DC. This density information is
publicly available. Each rebalancer in the dataset is assigned a home location, which signi-
fies their starting and ending point for the rebalancing tasks. All locations in our dataset, in-
cluding pick-up stations, drop-off stations, and rebalancer home locations, are represented
by latitude and longitude coordinates.

Figure 4.1 provides a visual representation of the original regional distribution of
stations and residency in Washington DC before being selected for our instances. The
two figures highlight that the stations requiring rebalancing are primarily concentrated in
the central area of the city, while the residents are more evenly distributed throughout the
entire region. Larger circles in Figure 4.1 (a) indicate larger numbers of bikes. Red circles
represent pickup stations, while blue circles represent drop-off stations. Similarly, in Figure
4.1 (b), larger circles indicate larger numbers of rebalancers in a particular area.

In our model, each rebalancer has an individual cost structure. We use a cost cal-
culation based on the total travel distance associated with a particular job. This cost cal-

culation consists of two components: the distance between stations and the distance be-
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Figure 4.1: Bike and resident distribution from raw data

pick-up locations (/N) | drop-off locations | bikes
20 19 100
30 30 155
40 35 210
50 45 271

Table 4.1: Number of drop-off stations and bikes for each instance size
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tween the rebalancer home and the stations. The formula of the cost is represented as:
cuij = dij + )\(df + dﬁ) where d;; denotes the distance between station ¢ and station j, and
d¢ represents the distance between station i and the home of rebalancer ¢. The parameter
A chosen from {0.7,1, 1.5} plays as a tradeoff parameter reflecting the weight assigned to
traveling empty versus moving the bike. In other words, it represents the ratio of the cost
for a rebalancer to move between their home and stations compared to the cost of moving
between stations. For instance, when A = 1, the cost is equal. A smaller value of A = 0.7
implies a higher cost for moving between stations, while a larger value of A = 1.5 indicates
a relatively higher cost for moving between the rebalancer home and stations. All distances
are calculated from latitudes and longitudes using the Haversine formula. In addition, as
discussed in Chapter 2, the scale of the cost parameter has no impact on the solution, except
for a constant multiple. Therefore, we can use the distance as a reliable proxy for the utility
of rebalancers.

In our experiments, we will compare two models: the original DRAP and its extended
version, DRAP-EA, which were introduced in Chapter 2. In the DRAP model, the number
of rebalancers is the same as the number of bikes. In contrast, the DRAP-EA model in-
cludes approximately 50% more rebalancers to serve as additional resources in the system.
We introduce the parameter r to represent the ratio between the number of rebalancers and
the number of bikes. In our subsequent discussions, we will refer to the DRAP model as the
standard model with » = 1, and the DRAP-EA model as the EA (Enhanced Availability)
model with » = 1.5.

In summary, our experimental setup focuses on four sets of regional distributions

for bikes and rebalancers. This setup encompasses a total of 24 instances, which explore
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parameter values range
N 20, 30, 40, 50
A 0.7,1,1.5
r 1,15

Table 4.2: Values range for instances

different combinations of instance sizes (/N), models (r), and cost structures (A). The

specific parameter settings for these instances are summarized in Table 4.2.

4.3 Numerical results

The primary objective of this section is to assess and compare the effectiveness of the
proposed approaches, namely simulated annealing (SA), simulated annealing with proba-
bilistic shaking (SA-PS), Gurobi (GRB), and extended local search (ELS). In our experi-
ments with large instance sizes (/N = 40, 50), we observed that Gurobi alone might not be
able to find an incumbent solution, even with the assistance of its built-in heuristic func-
tion, within a reasonable time frame (approximately 3 days). To address this issue and
further improve the performance, we employed the hierarchical hill-climbing algorithm as
a warm-start strategy for Gurobi. All algorithms have been implemented in Python 3.9 and
executed on a system equipped with an Intel Core 17 8700 CPU (3.70 GHz) and 16 GB
RAM. Gurobi 9.5 Solver is employed for the optimization tasks.

Table 4.3 provides the hyperparameters that have been tuned for each instance size.
The second column includes the initial temperature 7 for both SA and SA-PS approaches.
The third column shows the number of steps we iterated at each temperature level in SA and

SA-PS. The fourth column indicates the number of groups utilized in the hierarchical hill-
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climbing algorithm to determine Gurobi warm-start solutions. The final column displays
the time limit extended as the problem instances grow in size. To strike a practical balance,
we imposed a maximum time limit of three hours for all algorithms. During the search for
Gurobi warm-start solutions, we imposed a time limit of 1500 seconds on the hierarchical
hill-climbing algorithm. This restriction applies specifically to larger instance sizes. Both

simulated annealing methods in this study utilize a geometric cooling schedule: 7},; =

0.95Tk.
N To K groups time limit (s)
20 500 100 2 1800
30 1000 100 4 7200
40 1500 100 8 10800
50 2000 100 16 10800

Table 4.3: Algorithmic parameters for each instance size

Due to the inherently stochastic nature of the SA, SA-PS, and hierarchical hill-
climbing algorithm, it is expected that the results obtained from these methods may vary
across different runs. To ensure a robust evaluation, we conducted 10 instances for each of
the three methods: SA, SA-PS, and Gurobi with warm-start. For each of the three meth-
ods, we recorded the average objective value (avg_obj) and standard deviation (std) across
the 10 instances. Additionally, we compared the results of SA, SA-PS, and ELS with the
warm-started Gurobi method by computing a column called gap. The gap is calculated

using the formula:

obj — Gurobi_obj
Gurobi_obj

gap = x 100%

with obj being the (average) objective value for the method and Gurobi_obj being the aver-
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age objective value for the warm-started Gurobi method. A comprehensive summary of the
numerical results can be found in Table 4.4. For better visualization and comparison of the
four methods, we also present boxplots obtained from all runs for all instances in Figure
4.2 and Figure 4.3.

Based on the results in Table 4.4 and the boxplots shown in Figures 4.2 and 4.3, it
is evident that the two simulated annealing methods consistently outperform the other two
approaches in all tested scenarios. Both SA and SA-PS consistently achieve better solutions
compared to the ELS and GRB methods, resulting in an average decrease in objective
values of 5.8% from GRB. We also note that the ELS algorithm demonstrates comparable
performance to GRB across all cases, with no significant superiority or inferiority observed.
This is indicated by the even distribution of positive and negative values in the ELS gap
column.

To visualize the solution evolution over time, we selected one instance for each of
the stochastic methods (SA-PS, SA, GRB) and a single instance for the ELS algorithm,
and plotted the results. Figure 4.4 illustrates the solution progression over time for instance
N = 20 in the standard case. It is worth mentioning that the GRB method starts with a
starting solution derived from hill-climbing, resulting in a later start in the recorded data.
From the figure, we can observe that the ELS algorithm initially converges faster than the
two SA methods. However, after approximately 600 seconds, the SA methods stabilize
around their best solutions, while the ELS and GRB methods continue to make slow but
steady improvements at much higher iterations. It is notable that Gurobi updates its best
solution fewer than 7 times from its initial solution. ELS has the tendency to stagnate for a

prolonged period before reaching a point where it can make multiple significant improve-
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Figure 4.2: Boxplots of solutions for the standard model
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Figure 4.3: Boxplots of solutions for EA model
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ments.

These findings provide insights into the performance dynamics of the four methods
and their convergence behavior over time. The results suggest that for the instances we
examined, the two SA methods are effective in finding high-quality solutions, while the

ELS algorithm and GRB method exhibit a more gradual convergence.
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Figure 4.4: Evolution of four methods over time

4.3.1 SA methods comparison

In this subsection, we will compare the two simulated annealing methods, SA and
SA-PS. We recall that SA-PS incorporates an adaptive neighborhood search technique by
introducing a shaking procedure, which adjusts based on the number of rejections. The
objective is to evaluate the influence of this added shaking procedure on the DRAP problem

within this subsection of the study.
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First, based on the numerical results presented in Table 4.4, we observe that the per-
formance differences in terms of the obtained best objective values between the two meth-
ods, SA-PS and SA, are not substantial across all instances. On average, SA-PS achieves
an objective value of 1166.1975, while SA achieves a slightly lower value of 1166.099.
However, SA-PS consistently exhibits a smaller average standard deviation of 4.972 com-
pared to SA’s average standard deviation of 6.019, resulting in a decrease of 17.4%. This
indicates that SA-PS demonstrates a higher level of robustness in its results.

Next, we analyze and compare the dynamic behaviors of the two methods using
Figure 4.5. The graphs illustrate the results for all 10 instances of the standard model,
where N = 20 and A = 1. The numerical results indicate an average objective value of
822.429 for SA-PS and 821.797 for SA, specifically for this instance. It is worth noting
that this particular instance is representative of the overall comparison between the two
methods in terms of their behaviors across the remaining 23 instances. From the graphs, it
can be observed that SA initially converges faster compared to SA-PS. However, once both
methods reach a steady state, there is no significant difference in their convergence rates.
Additionally, we note that SA exhibits a wider range of solution levels as the computation
time increases, whereas SA-PS consistently produces more concentrated and consistent
results across multiple runs. Furthermore, we observe that SA-PS displays a slightly higher
peak in its solution search compared to SA, suggesting that SA-PS explores a broader range

of solutions during its search process.
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Figure 4.5: Evolvement of SA methods over time

Overall, the comparison between the SA and SA-PS methods indicates similar con-
vergence behavior and solution quality performance. SA demonstrates faster initial con-
vergence, while SA-PS exhibits more robust results. This can be attributed to the fact that

SA-PS tends to explore a broader region of the solution space before reaching convergence.

4.4 Solution visualization

In this section, we focus on visualizing the solutions for the instance with N = 20
and A = 1 obtained by SA-PS. We consider two solutions in this case: one for the standard
model and another for the EA model. These solutions correspond to objective values,
representing the platform costs, of 819.73 and 388.52 respectively, from where we observe
a decrease of 52.6% in the total cost for the extended model.

Figure 4.6 showcases the regional distribution of data for both the standard and EA
models of the instance. Both models exhibit the same distribution of stations and bikes. In
the standard model, there are a total of 100 rebalancers and bikes, while in the EA model, an

additional 50 rebalancers are added, resulting in a total of 150 rebalancers with an excess
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ratio of r =

1.5. The additional rebalancers in the EA model are randomly distributed,

ensuring consistent overall distribution between the two models.
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Figure 4.6: Bike and resident distribution for instance size N = 20

Based on our previous discussions in Chapter 2, we can infer that the platform cost
for the EA model is lower compared to its standard counterpart. This is because the EA
model provides more flexibility in selecting the 100 rebalancers to perform the actual job.
As the cost is determined by the Euclidean distance between rebalancers and stations, we
can expect the selected 100 rebalancers in the EA solutions to be more concentrated around
the stations. This observation is clearly demonstrated by the solutions depicted in Figure
4.7. In the figure, each black circle represents the distribution of all rebalancers, while
the opacity of the filled color represents the rebalancers that have been selected. A hollow
black circle indicates that none of the rebalancers in that region have been picked, a black
disk indicates that all rebalancers in that region have been assigned a job, and a gray disk

indicates that some rebalancers have been selected. From the figure, it is evident that most
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Figure 4.7: Rebalancers picked for EA model

of the unpicked rebalancers are located far from the stations and tend to be distributed
around the edges of the area. In other words, although the platform is not directly paying
the cost of the empty travel time, it is still doing this indirectly because a low price is less
likely to be accepted by a rebalancer who has to travel farther. In contrast, in regions where
the stations are densely located, the black circles are completely filled in with black ink,
indicating that all rebalancers in those regions have been selected. The right graph further
illustrates this observation by drawing a rough circle within which the picked rebalancers
reside.

Next, we examine the graphs depicting the flow distribution for the two solutions in
Figure 4.8 and Figure 4.9. In these graphs, each line represents a connection between
a pick-up and drop-off station, indicating the movement of bikes in a specific origin-
destination direction. The presence of a line signifies that bikes are assigned to be relocated

along that route, and the width of the line reflects the volume of bike traffic on that partic-
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ular route. A wider line indicates a higher number of bikes being moved in that direction,
while a thinner line represents a lower volume of bike movement.

Upon observation, we can identify four distinct clusters of stations in the graph. To
highlight these clusters, dark blue circles are placed on the right graphs of both figures,
alongside the plain flow for comparison. In other words, most of the demand tends to be
satisfied by matching stations that are very close together.

By comparing the two distributions, we can clearly observe significant variations in
the flow after incorporating an additional 50 rebalancers into the system. Upon closer in-
spection, we notice that the flows become more concentrated within the clusters of stations,
and fewer connections are established between different clusters. This observation aligns
with our intuition, as it is more cost-effective to relocate bikes between stations that are
close to each other rather than between stations that are farther apart.

So far, we can conclude from the visualization of the solutions that it effectively high-
lights the advantages of the EA model in terms of reducing platform costs and concentrat-
ing rebalancers around the stations for efficient operations. Additionally, the visualization
demonstrates the aggregate distribution of bike flows, showcasing the increased concentra-
tion of flows within localized clusters. These insights provide a clear understanding of the
improved efficiency and cost-effectiveness achieved by the EA model.

Lastly, we examine specific connections between rebalancers and their assigned origin-
destination pairs in Figure 4.10. The colored labels highlight three locations of rebalancers,
with the number beside indicating the count of rebalancers in each location.

The colored lines in the graph represent the origin-destination pairs assigned to the
rebalancers, originating from the corresponding colored source points. The number on each
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Figure 4.8: Flow distribution from the standard model
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Figure 4.9: Flow distribution from EA model
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Figure 4.10: Specific connections of the standard model

line denotes the number of rebalancers from that location assigned to the specific route.
From the graph, we can observe the difference in assignments for rebalancers from
different locations. For example, in the case of the purple rebalancers, one rebalancer is
assigned to the thinner purple line, while the other two are assigned to the thicker purple
line. These crossing lines depict distinct origin-destination directions and do not exhibit a
similar distribution. This is a consequence of considering the needs of other rebalancers
who are closer to the stations, as well as the size of the stations. In the cases of the green and
grey points, both rebalancers are assigned to the same origin-destination pairs. Thus far,
our observations indicate that the assigned origin-destination pairs are relatively close to
the starting points for all three locations. However, we also note that the grey line does not

represent the closest drop-off location in terms of optimizing personal cost. In fact, we can
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identify a closer drop-off location located directly beneath the assigned pick-up location.
This decision is made because the assignment process aims to optimize the overall cost,
taking into account the needs of all rebalancers. Therefore, the assignment process involves

a trade-off to minimize costs while satisfying the requirements of all rebalancers.
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Chapter 5:  Conclusion and future discussions

5.1 Conclusion

Our research primarily focused on addressing the rebalancing problem in bike-sharing
systems. We formulated a rebalancing strategy by incorporating real-world observations of
freelancers and developed a decentralized assignment optimization problem which we call
DRAP. We then introduced theoretical results that provide a new perspective, emphasizing
a lower-dimensional flow variable. We demonstrated the crucial role of this variable in
determining the feasibility of DRAP and proposed an algorithm to address the remaining
aspects of the problem. This subroutine significantly reduces the problem size, allowing us
to employ search methods that mitigate the computational challenges.

To explore potential solution approaches, we considered various methods including
branch-and-cut, simulated annealing, and the hill-climbing method. We made modifica-
tions to some of these approaches to enhance their performance in solving the problem.
Specifically, we selected two simulated annealing methods: SA, which utilizes Gurobi with
a warm-started solution obtained from a modified hill-climbing method called hierarchical
hill-climbing, and SA-PS, an extended local search algorithm that does not terminate on its
own.

In order to evaluate the performance of the different methods, we conducted numer-
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ical experiments on 24 instances generated based on real data and a set of predefined pa-
rameters. Our experimental results consistently demonstrated that the simulated annealing
methods, SA and SA-PS, outperformed the other approaches across different instances and
scenarios. The extended local search algorithm also exhibited comparable performance to
Gurobi in most cases, indicating its potential as a viable heuristic method. Additionally,
the comparison between SA and SA-PS provided insights into the nature of the problem
and the effectiveness of exploring slightly further from the initial starting point.

To gain a deeper understanding of the problem, we employed visualizations of the
solutions obtained. By analyzing the regional and flow distributions, we were able to ob-
serve how the addition of rebalancers and variations in the cost matrix influenced the spatial
patterns and traffic flows within the bike-sharing system. These visualizations help us bet-
ter understand the trade-offs involved in rebalancer assignments and their impact on the

overall performance of the system.

5.2 Future discussions

The model we examine represents a simplified version of the real-world rebalancing
scenario we are interested in. In our study, we make the assumption that each rebalancer
can only handle one bike at a time and that all the work must be completed within a single
round. However, it is important to note that the actual real-world situation can be much
more complex. Rebalancers may have the flexibility to handle multiple bikes simultane-
ously and perform consecutive tasks. As we continue our research, we plan to explore these

aspects further and extend the model accordingly.
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Our pricing structure has the potential for further extension. Currently, we have im-
plemented a pricing mechanism based on the origin-destination pair. However, we aim to
explore and evaluate the advantages and disadvantages of this pricing strategy by compar-
ing it with alternative pricing approaches like the ones mentioned in Section 2.3.2 and 2.3.3
of Chapter 2. By conducting such comparisons, we can gain a deeper understanding of the
strengths and weaknesses of our current pricing structure and potentially identify areas for
improvement or alternative strategies that may offer additional benefits.

The algorithms we have primarily analyzed in our study rely on heuristic approaches,
which offer upper bounds for the original optimization problem. However, obtaining lower
bounds using Gurobi and branch-and-cut techniques based on LP relaxations has proven to
be inefficient in our current implementation. Looking ahead, our future research efforts will
focus on developing methods that can provide practical lower bounds for larger problem
instances. This may involve devising specific algorithms or adopting heuristic approaches
to enhance the estimation process of lower bounds. By doing so, we aim to improve the
efficiency and effectiveness of obtaining lower bounds, enabling more accurate assessments
of solution quality and facilitating decision-making in practical applications.

As an extension of traditional simulated annealing algorithms, the simulated anneal-
ing with probabilistic shaking technique deserves further attention and exploration. This
research has demonstrated some of its benefits, particularly in terms of stability. However,
there is still room for additional analysis and experimentation on various problem instances
and parameter settings.

In Chapter 4, we analyzed the solutions obtained from the instances generated based

on real data. Through this analysis, we gained insights that were visually represented
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in the graphs. These insights have sparked our interest in developing heuristics specifi-
cally tailored to the characteristics of the instances, particularly focusing on refining the
cost structure by incorporating real distance functions. A promising objective is to devise
heuristics that can potentially improve the quality of solutions or expedite the convergence
of algorithms. By leveraging these heuristics, we aim to enhance the overall efficiency and

effectiveness of the bike rebalancing process.
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