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Algorithms are increasingly used to create markets, discover and disseminate information,

incentivize behaviors, and inform real-world decision-making in a variety of socially consequential

domains. In such settings, algorithms have the potential to improve aggregate utility by leveraging

previously acquired knowledge, reducing transaction costs, and facilitating the efficient allocation

of resources, broadly construed. However, ensuring that the distribution over outcomes induced

by algorithmic decision-making renders the broader system sustainable—i.e., by preserving

rationality of participation for a diverse set of stakeholders, and identifying and mitigating the

costs associated with unevenly distributed harms—remains challenging.

One set of challenges arises during algorithm or model development: here, we must decide

how to operationalize sociotechnical constructs of interest, induce prosocial behavior, balance

uncertainty-reducing exploration and reward-maximizing exploitation, and incorporate domain-

specific preferences and constraints. Common desiderata such as individual or subgroup fairness,



cooperation, or risk mitigation often resist uncontested analytic expression, induce combinato-

rial relations, or are at odds with unconstrained optimization objectives and must be carefully

incorporated or approximated so as to preserve utility and tractability. Another set of challenges

arises during model evaluation: here, we must contend with small sample sizes and high variance

when estimating performance for intersectional subgroups of interest, and determine whether ob-

served performance on domain-specific reasoning tasks may be upwardly biased due to annotation

artifacts or data contamination.

In this thesis, we propose algorithms and evaluation methods to address these challenges and

show how our methods can be applied to improve algorithmic acceptability and decision-making

in the face of uncertainty in public health and conversational recommendation systems. Our core

contributions include: (1) novel resource allocation algorithms to incorporate prosocial constraints

while preserving utility in the restless bandit setting; (2) model evaluation techniques to inform

harms identification and mitigation efforts; and (3) prompt-based interventions and meta-policy

learning strategies to improve expected utility by encouraging context-aware uncertainty reduction

in large language model (LLM)-based recommendation systems.
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Chapter 1: Introduction and Overview

“If this is the best of all possible worlds, what, then, are the others?”

— Voltaire, Candide

“[Y]es, even though the span between objective and act is most often impassable,

I must believe joy is not impossible.”
— Jean-Paul Pecqueur, “On the Way from Delphi”

Algorithms are increasingly used to create markets, discover and disseminate information,

incentivize behaviors, and inform real-world decision-making in a variety of socially consequential

domains. In such settings, algorithms have the potential to improve aggregate utility by exploiting

previously acquired knowledge, reducing transaction costs, and facilitating the efficient alloca-

tion of constrained resources, broadly construed. However, ensuring that the distribution over

outcomes induced by algorithmic decision-making renders the broader system sustainable—i.e.,

by preserving rationality of participation for a diverse set of stakeholders, and identifying and

mitigating the costs associated with unevenly distributed harms—remains challenging.

One set of challenges arises during algorithm or model development: here, we must decide

how to operationalize sociotechnical constructs of interest, induce prosocial behavior, balance

uncertainty-reducing exploration and reward-maximizing exploitation, and incorporate domain-

specific preferences and constraints. Common desiderata such as individual or subgroup fairness,

1



cooperation, or risk mitigation often resist uncontested analytic expression, induce combinato-

rial relations, or are at odds with unconstrained optimization objectives and must be carefully

incorporated or approximated so as to preserve utility and tractability. Another set of challenges

arises during model evaluation: here, we must contend with small sample sizes and high variance

when estimating performance for intersectional subgroups of interest, and determine whether

observed performance on domain-specific reasoning tasks may be upwardly biased due to annota-

tion artifacts or data contamination. In this work, we propose algorithms and evaluation methods

to address these challenges and show how our methods can be applied to improve algorithmic

acceptability and decision-making in the face of uncertainty in public health and conversational

recommendation systems.

This dissertation is organized as follows: in Chapter 2, we begin by considering two instances

of sequential decision-making under uncertainty with applications to the constrained allocation

of public health resources. Next, in Chapter 3, we consider two model evaluation tasks with

implications for algorithmic fairness, domain-specific reasoning, and model generalizability. In

Chapter 4, we consider large language model (LLM)-informed decision-making and propose

interventions to improve conversation-level outcomes in chat-based recommendation systems.

These interventions focus on encouraging context-aware uncertainty reduction when user queries

are under-specified. Finally, in Chapter 5, we conclude by identifying open research questions

related to LLM-informed decision-making, clinical decision support, and algorithmic fairness

in dynamic environments. This dissertation was supported in part by NSF CAREER Award IIS-

1846237, NIST MSE Award #20126334, ARL Award W911NF2120076, and NSF SCH Award

#2124270.
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1.1 Sequential Decision-making with Applications to Public Health

In Chapter 2, we specifically consider the restless multi-armed bandit (RMAB) setting, where

a decision-maker is tasked with determining which subset of individuals (referred to as arms)

should receive a beneficial intervention at each timestep, subject to the satisfaction of a budget

constraint (see Section 2.1 for details). Each restless arm is formalized as a Markov decision

process (MDP), and receipt of the intervention results in an increased probability of a favorable

state transition at the next timestep, relative to lack of receipt.

The problem instances we consider are motivated by concrete examples from the clinical

domain, where arms represent patients and a binary state space encodes compliance—or lack

thereof—with some type of desirable behavior (e.g., taking prescribed medication, exercising,

etc.). In such settings, the intervention represents a set of action(s) that make compliance more

likely, such as a reminder call from a physician or a supportive message from a peer. Each patient

is assumed to benefit from receipt of an intervention; however, the degree of marginal benefit

varies in accordance with their underlying state transition function. Resource constraints are

assumed to preclude universal allocation. We thus seek a policy that tells us which patients to

allocate an intervention to at each time step, such that we maximize total expected discounted

reward (i.e., time spent in the “desirable” state for any reward function that is non-decreasing in

state s), subject to the satisfaction of a budget constraint.

It is PSPACE-hard to pre-compute the optimal policy for a given set of restless arms in the

general case [1]. However, as conjectured by Whittle [2] and proven by Weber and Weiss [3],

when each arm is indexable, a tractable solution exists that is provably asymptotically optimal:

we can decouple the arms and consider a Lagrangian relaxation of the original problem. Our
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core contributions include the introduction of novel algorithms to address two limitations of

Whittle index-based policies: (1) the lack of distributive fairness guarantees (Section 2.2); and (2)

the inability to exploit externalities when resources are allocated within a community (Section 2.3).

These works were published in KDD 2023 and AAAI 2023, respectively—see [4] and [5].

1.2 Model Evaluation for Harms Identification and Mitigation

In Section 3.1, we consider the task of disaggregated evaluation, which involves assessing

the performance of a machine learning model or AI system across a set of intersectional subgroups

(i.e., subgroups defined by the combination of multiple sensitive attributes, such as race/ethnicity,

gender, or age), to determine whether—or to what extent—the deployment of the model will

cause any of these subgroups to experience allocative harms (i.e., disproportionately low selection

rates, or high false negative rates) or quality-of-service harms (i.e., disproportionately high task-

specific error rates) [6]. The prevailing approach is to compute the performance metric(s) of

interest for each subgroup individually. However, small subgroups are common, particularly

when higher-order interaction terms are used to define subgroup membership, and the resulting

performance estimates for such subgroups are often characterized by high variance, making it

difficult to accurately estimate model performance.

We introduce and empirically evaluate a structured regression-based approach that can be

used to produce reliable model performance estimates even for very small subgroups. We also

provide corresponding inference strategies for constructing confidence intervals and explore how

goodness-of-fit testing can yield insight into the structure of fairness-related harms experienced by
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intersectional groups. Our empirical results demonstrate that our method is considerably more

accurate than the standard approach, especially for small subgroups, and goodness-of-fit testing

helps identify the key factors that drive differences in performance.

In Section 3.2, we consider the task of clinical natural language inference (NLI), in which

a machine learning model is used to classify premise-hypothesis pairs based on whether the

hypothesis (i.e., a logical claim about a patient’s diagnosis, prognosis, or behavior) is entailed

by, neutral with respect to, or contradicted by the premise (i.e., information extracted from the

patient’s deidentified clinical notes). We specifically consider MedNLI, a clinical natural language

inference (NLI) dataset created by physician annotators [7], and assess whether, or to what extent,

performance estimates of models trained on MedNLI may be upwardly biased due to the presence

of annotation artifacts [8].

We empirically demonstrate that MedNLI, like its domain-agnostic, crowd-worker-constructed

predecessors—i.e., SNLI [9] and MultiNLI [10]—contains lexical and semantic annotation ar-

tifacts that are disproportionately associated with specific classes, allowing a hypothesis-only

classifier [11] to significantly outperform a majority-class baseline model, with negative implica-

tions for out-of-sample generalizability. We find that entailed hypotheses contain generic versions

of specific concepts in the premise, as well as modifiers related to responsiveness, duration, and

probability. Neutral hypotheses feature conditions and behaviors that co-occur with, or cause, the

medical condition(s) in the premise. Contradiction hypotheses feature explicit negation of the

premise and implicit negation via assertion of good health. We conduct adversarial filtering [12]

to demonstrate that performance degrades when evaluated on the difficult subset. We conclude by

providing partition information and recommendations for alternative dataset construction strategies

for knowledge-intensive domains.
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These works were published in FAccT 2024 [13] and ACL-IJCNLP 2021 [14], respectively.

1.3 Balancing Exploration & Exploitation in LLM-informed Decision-making

In Section 4.1, we formalize goal-directed, conversational interactions between human

users and LLM-based agents (i.e., chatbots or copilots) as a partially observable decision process

(PODP). In this setting, the ability of the chatbot to deliver well-tailored, query-aligned natural

language responses depends on the ability and willingness of users to specify their true intent and

preferences over the output distribution when issuing natural language queries. However, users

may fail to fully specify their preferences due to a variety of reasons, including their epistemic

uncertainty or rational desire to reduce their cognitive burden when interacting [15].

In such situations, the copilot may rely on its inductive bias acquired through training and

RLHF-based fine-tuning [16] to respond directly, or hedge by acknowledging the attribute(s) it

is uncertain about and producing a set of plausible responses to cover each case. However, in

the case of recommendation, such response strategies may yield low-utility recs (i.e., items that

violate a subset of the user’s latent preferences) or impose a high cognitive cost (due to response

length). In contrast, the copilot could reduce uncertainty by asking a small number of clarifying

questions, and use the information gained to produce a more tailored response in future timesteps.

We build upon this insight, coupled with the fact that prompts (also referred to as system

messages) can be an effective tool for steering the fixed policy an LLM acquires via training and

fine-tuning, to propose two interventions designed to make chatbots produce appropriate responses

in the face of query underspecification. Our first intervention is inspired by prior research on
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the generation of clarification questions [17, 18], and uses a static, “clarification-aware” prompt

to nudge the LLM to clarify when appropriate rather than reverting to default response behav-

ior. Our second intervention leverages historical conversation logs (when available) to learn a

meta-policy—i.e., a mapping from conversational prefixes to a finite set of prompts. In the online

PODP setting, the chatbot first invokes this meta-policy, and then calls the LLM with the resulting

prompt to produce a contextually appropriate PODP action (i.e., response). We evaluate each

of our proposed interventions on downstream recommendation tasks featuring a synthetic user

model. Each intervention achieves higher expected utility relative to baseline when queries are

underspecified, and converges to baseline as specification increases.

This work was published in UAI 2024; see [19].
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Chapter 2: Sequential Decision-making with Applications to Public Health

Section 2.1 features content from [4], which was done in collaboration with my co-first

author, Aviva Prins, as well as Aravind Srinivasan and John P. Dickerson, and [5], which was done

in collaboration with John P. Dickerson.

2.1 Restless Multi-armed Bandit Model

In Sections 2.2 and 2.3, we consider and extend the restless multi-armed bandit (RMAB)

setting; here, we provide an overview. Restless bandits are often used to model budget-constrained

resource allocation tasks in which a decision-maker must select a subset of arms (e.g., projects,

patients, assets) to receive a beneficial intervention at each timestep, while the state of each arm

evolves over time in an action-dependent, Markovian fashion. An RMAB consists of N ∈ N

independent arms, each of which evolves over a finite time horizon T ∈ N, according to an

associated Markov Decision Process (MDP). Each arm’s MDP is characterized by a 4-tuple

(S,A, P, r) where S represents the state space, A represents the action space, P represents an

|S|×|A|×|S| transition matrix, and r : S → R represents a local reward function that maps states

to real-valued rewards.

States, actions, and observability: We specifically consider a discrete two-state system

S := {0, 1} where 1 (0) represents being in the “good” (“bad”) state. In Section 2.2, we consider
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a set of two possible actions A := {0, 1}, where 1 represents the decision to select (“pull”) arm

i ∈ [N ] at time t ∈ [T ], and 0 represents the choice to be passive (not pull). In Section 2.3, we

consider an augmented action space, A := {0 : no-act, 1 : message, 2 : pull}, where the

message action represents an intermediate action with respect to desirability that gets “unlocked”

for vertex v at time t only when one of v’s in-degree neighbors receives a pull at time t (see

Section 2.3.2.3 for details).

In the general RMAB setting, each arm’s state sit is observable. In Section 2.2, we consider

the partially observable extension introduced by Mate et al. [20], where arms’ states are only

observable when they are pulled. In the absence of a pull, an arm’s state is replaced with the

probabilistic belief bit ∈ [0, 1] that it is in state 1. Such partial observability captures uncertainty

regarding patient status and treatment efficacy associated with outpatient or remotely-administered

interventions.

Transition matrices: Each arm i is characterized by a set of transition matrices P , where

P a,i
s,s′ represents the probability of transitioning from state s to state s′ when action a is taken

(the superscript i is often omitted when clear from context, i.e., for notational convenience). We

assume P to be (a) static and (b) known by the agent at planning time. Assumptions (a) and (b)

are likely to be violated in practice; however, they provide a useful modeling foundation, and

can be modified to incorporate additional uncertainty, such as the requirement that transition

matrices must be learned [21]. Clinical researchers often use longitudinal data to construct risk-

adjusted transition matrices that encode cohort-specific transition probabilities. These can guide

patient-level decision-making [22].

Consistent with previous literature, we assume strictly positive transition matrix entries, and

impose four structural constraints: (a) P 0
0,1 < P 0

1,1; (b) P 1
0,1 < P 1

1,1; (c) P 0
0,1 < P 1

0,1; (d) P 0
1,1 < P 1

1,1
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[20]. These constraints are application-motivated, and imply that arms are more likely to remain in

a “good” state than change from a bad state to a good one, and that a pull is helpful when received.

In the absence of such constraints, the effect of the intervention may be superfluous or harmful,

rather than desirable. In Section 2.3.2.3, we extend these constraints to a setting featuring more

than two actions.

Objective and constraints: In the canonical RMAB setting, the agent’s goal is to find a

policy π∗ that maximizes total expected reward argmaxπ Eπ[R(r(s))] while satisfying a budget

constraint, k ≪ N ∈ N, which allows the agent to select at most k arms at each timestep. In

Section 2.3, we modify this slightly by considering a real-valued budget constraint, B ∈ R≥0

to account for our incorporation of an intermediate action with real-valued cost ψ ∈ [0, 1) (see

Section 2.3.2.3 for details). In both Section 2.2 and 2.3, we consider a cumulative reward function,

R(·) :=
∑

i∈[N ]

∑
t∈[T ] β

t−1r(sit), for some discount rate β ∈ [0, 1], and non-decreasing r(s).
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2.2 Probabilistically Fair Allocation in the Restless Bandit Setting

This work was done in collaboration with my co-first author, Aviva Prins, as well as Aravind

Srinivasan and John P. Dickerson; see [4]. Non-archival versions of this work have appeared at the

Responsible Decision Making in Dynamic Environments workshop (ICML 2022) and at Equity

and Access in Algorithms, Mechanisms, and Optimization (EAAMO) 2022.

2.2.1 Introduction

Constrained resource allocation problems are common in healthcare, where clinicians may

be tasked with monitoring large, distributed patient populations and determining which individuals

to expend scarce resources on so as to maximize total welfare. Variants of the restless multi-armed

bandit (RMAB) framework introduced in Section 2.1 have been proposed to determine which

inmates should be prioritized to receive hepatitis C treatment in U.S. prisons [23], and which

tuberculosis patients should receive medication adherence support in India [20].

Current state-of-the-art (SoTA) approaches to solving RMABs rely on the indexing work

introduced by Whittle [2]. While the Whittle index solves an otherwise PSPACE-complete problem

in an asymptotically optimal fashion by decoupling arms [3], it fails to provide any guarantees

about how pulls will be distributed among arms.

Though the intervention is canonically assumed to be beneficial for every arm, the marginal

benefit (i.e., relative increase in the probability of a favorable state transition) varies in accordance

with each arm’s underlying state transition function. Consequently, Whittle index-based maxi-

mization of total expected reward without regard for distributive fairness empirically allocates all

available interventions to a small subset of arms, ignoring the rest [24].
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There are many application domains where this bimodal distributive outcome may be

perceived as unfair or undesirable by beneficiaries and decision-makers, thus motivating efforts to

incentivize or guarantee distributive fairness. In the aforementioned healthcare examples, resource

constraints and variation in transition dynamics interact. A practical consequence is that a majority

of patients will never receive the beneficial intervention(s) in question. This, in turn, means that

their clinical outcomes will be strictly worse in expectation than they would be under a policy that

guaranteed a non-zero probability of receiving the intervention at each timestep.

These considerations are not restricted to healthcare contexts. In animal poaching prevention,

the planner must select a subset of areas to patrol (i.e., arms to pull). Concentrating resources on a

handful of locations while repeatedly choosing not to patrol other areas may prevent the defenders

from learning about attacks in these areas, and/or cause poachers to modify their strategies [25].

In wireless scheduling, multiple processes compete to transmit packets over a shared wireless

channel. When scheduling the transmissions, the agent must not only maximize reward but also

ensure the performance of critical applications codified in Quality of Service (QoS) guarantees

[26, 27, 28].

To improve distributive fairness, we explore whether it is possible to modify the Whittle

index to guarantee each arm at least one pull per user-defined time interval, but find this to be

intractable. We then introduce PROBFAIR, a state-agnostic policy that maps each arm to a fairness-

constraint satisfying, stationary probability distribution over actions that takes the arm’s transition

matrix into account. At each timestep, we then use a dependent rounding algorithm [29] to sample

from this probabilistic policy to produce a budget-constraint satisfying discrete action vector.

We evaluate PROBFAIR on a randomly generated dataset and a realistic dataset derived from

obstructive sleep apnea patients tasked with nightly self-administration of continuous positive
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airway pressure (CPAP) therapy [30, 31]. Our core contributions include:

(i) A novel approach that is both efficiently computable and reward maximizing, subject to the

guaranteed satisfaction of budget and probabilistic fairness constraints.

(ii) Empirical results demonstrating that PROBFAIR is competitive vis-à-vis other fairness-

inducing policies, and stable over a range of cohort composition scenarios.

2.2.2 Restless Multi-Armed Bandit Model

We provide a formal overview of the restless multi-armed bandit (RMAB) model in Sec-

tion 2.1. Here, we briefly restate the key components for convenience and formalize our proposed

extension, which takes the form of a fairness-motivated constraint. Per Section 2.1, a restless

multi-armed bandit consists of N ∈N independent arms, each of which evolves over a finite time

horizon T ∈N, according to an associated Markov Decision Process (MDP). Each arm’s MDP is

characterized by a 4-tuple (S,A, P, r) where S represents the state space, A represents the action

space, P represents an |S|×|A|×|S| transition matrix, and r : S → R represents a local reward

function that maps states to real-valued rewards. Appendix A.1 summarizes notation; note that

[N ] denotes the set {1, 2, . . . , N}.

We extend the RMAB model by introducing a Boolean-valued, distributive fairness-motivated

constraint, which may take one of two general forms:

1. Time-indexed: A function g
(
∪t∈[T ]{a⃗t}

)
which is satisfied if each arm is pulled at least

once within each user-defined time interval ν ≤ T (e.g., at least once every seven days), or

a minimum fraction ψ ∈ (0, 1) of times over the entire time horizon [28].

2. Probabilistic: A function g′(p⃗i |⃗at ∼ p⃗i ∀t) which operates on the stationary probability
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vector p⃗i, from which discrete actions are drawn, by requiring the probability that each arm

receives a pull at any given t to fall within an interval [ℓ, u] where 0 < ℓ ≤ k
N
≤ u ≤ 1.

2.2.3 Context, Motivation & Related Work

In this section, we motivate our ultimate focus on probabilistic fairness by revisiting the

distribution of pulls under Whittle-index based policies. We begin by providing background

information on the Whittle index, and then proceed to ask: (1) Which arms are ignored, and why

does it matter? (2) Is it possible to modify the Whittle index so as to provide a time-indexed

fairness guarantee for each arm? In response to the latter, we demonstrate that time-indexed

fairness guarantees necessitate the coupling of arms, which undermines the indexability of the

problem. We then identify prior work at the intersection of algorithmic fairness, constrained

resource allocation, and multi-armed bandits, and identify desiderata that characterize our own

approach.

2.2.3.1 Background: Whittle Index-based Policies

Pre-computing the optimal policy for a given set of restless or collapsing arms is PSPACE-

hard in the general case [1]. However, as established by Whittle [2] and formalized by Weber and

Weiss [3], if the set of arms associated with a problem are indexable, we can decouple the arms

and efficiently solve the problem using an asymptotically-optimal heuristic index policy.

Mechanics: At each timestep t ∈ [T ], the value of a pull, in terms of both immediate

and expected discounted future reward, is computed for each decoupled arm, i ∈ [N ]. This

value-computation step relies on the notion of a subsidy, m, which can be thought of as the
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opportunity cost of passivity. Formally, the Whittle index is the subsidy required to make the

agent indifferent between pulling and not pulling arm i at time t. (Per Section 2.1, b denotes the

probabilistic belief that an arm is in state s = 1; for restless arms, bit = sit ∈ {0, 1}).

W (bit) = inf
m

{
m | Vm(bit, ait = 0) ≥ Vm(b

i
t, a

i
t = 1)

}
(2.1)

The value function Vm(b) represents the maximum expected discounted reward under passive

subsidy m and discount rate β for arm i with belief state bit ∈ [0, 1] at time t:

Vm(b
i
t) = max


m+ r(bit) + βVm

(
bit+1

)
passive

r(bit) + β
[
bitVm

(
P 1
1,1

)
+ (1− bit)Vm

(
P 1
0,1

)]
active

(2.2)

Once the Whittle index has been computed for each arm, the agent sorts the indices, and the k

arms with the greatest index values receive a pull at time t, while the remaining N − k arms are

passive. Weber and Weiss [3] give sufficient conditions for indexability:

Definition 2.2.1. An arm is indexable if the set of beliefs for which it is optimal to be passive for a

given m, B∗(m) = {b | ∀π ∈ Π∗
m, π(b) = 0}, monotonically increases from ∅ to the entire belief

space as m increases from −∞ to +∞. An RMAB is indexable if every arm is indexable.

Indexability is often difficult to establish, and computing the Whittle index can be com-

plex [32]. Prevailing approaches rely on proving the optimality of a threshold policy for a subset

of transition matrices [33]. A forward threshold policy pulls an arm when its state is at or be-

low a given threshold, and makes the arm passive otherwise; the converse is true for a reverse

threshold policy. Mate et al. [20] give such conditions for this RMAB setting, when r(b) = b,
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and provide an algorithm, THRESHOLD WHITTLE, that is asymptotically optimal for forward

threshold-optimal arms. Mate et al. [34] expand on this work for any non-decreasing r(b) and

present the RISK-AWARE WHITTLE algorithm.

2.2.3.2 Motivation: Individual Welfare & Whittle

Bimodal allocation: Existing theory does not offer any guarantees about how the sequence

of actions will be distributed over arms under Whittle index-based policies, nor about the prob-

ability with which a given arm can expect to be pulled at any particular timestep. Prins et al.

[24] demonstrate that Whittle-based policies tend to allocate all pulls to a small number of arms,

neglecting most of the population. We present similar findings in Appendix A.2.

This bimodal distribution is a consequence of how the Whittle index prioritizes arms. Whittle

favors arms for whom a pull is most beneficial to achieving sustained occupancy in the “good”

state, regardless of whether this results in the same subset of arms repeatedly receiving pulls. While

the structural constraints in Section 2.1 ensure that a pull is beneficial for every arm, marginal

benefit varies. Since reward is a function of each arm’s underlying state, arms whose trajectories

are characterized by a relative—but not absolute—indifference to the intervention are likely to be

ignored.

Ethical implications: This zero-valued lower bound on the number of pulls an arm can

receive aligns with a utilitarian approach to distributive justice, in which the decision-maker seeks

to allocate resources so as to maximize total expected utility [35, 36]. This may be incompatible

with competing pragmatic and ethical desiderata, including egalitarian and prioritarian notions of

distributive fairness, in which the decision-maker seeks to allocate resources equally among arms
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(e.g., ROUND-ROBIN), or prioritize arms considered to be worst-off under the status quo, for some

quantifiable notion of worst-off that induces a partial ordering over arms [37, 38]. We consider the

worst off to be arms who would be deprived of algorithmic attention (e.g., not receive any pulls),

or, from a probabilistic perspective, would have a zero-valued lower bound on the probability of

receiving a pull at any given timestep.

Why algorithmic attention? This choice is motivated by our desire to improve equality

of opportunity (i.e., access to the beneficial intervention) rather than equality of outcomes (i.e.,

observed adherence). The agent directly controls who receives the intervention, but has only

indirect control (via actions) over the sequence of state transitions an arm experiences. Additionally,

proclivity towards adherence may vary widely in the absence of restrictive assumptions about

cohort homogeneity, and focusing on equality of outcomes could thus entail a significant loss of

total welfare.

Distributive fairness and algorithmic acceptability: To realize the benefits associated with

an algorithmically-derived resource allocation policy, practitioners tasked with implementation

must find the policy to be acceptable (i.e., in keeping with their professional and ethical standards),

and potential beneficiaries must find participation to be rational.

With respect to practitioners, many clinicians report experiencing mental anguish when

resource constraints force them to categorically deny a patient access to a beneficial treatment,

and may resort to providing improvised and/or sub-optimal care [39]. Providing fairness-aware

decision support can improve acceptability [40, 41] and minimize the loss of reward associated

with ethically-motivated deviation to a sub-optimal but equitable approach such as ROUND-

ROBIN [42, 43]. For beneficiaries, we posit that an arm may consider participation rational when

it results in an increase in expected time spent in the adherent state relative to non-participation

17



(e.g., due to receiving a strictly positive number of pulls in expectation).

2.2.3.3 Time-indexed Fairness and Indexability

We now consider whether it is possible to modify the Whittle index to guarantee time-

indexed fairness (as defined in Section 2.2.2). To begin, recall that the efficiency of Whittle

index-based policies stems from our ability to decouple arms when we are only concerned with

maximizing total expected reward [2, 3]. However, guaranteeing time-indexed fairness in the

planning setting requires time-stamped record keeping. It is no longer sufficient to compute

each arm’s infimum subsidy in isolation and order the resulting set of values. Instead, for an

optimal index policy to be efficiently computable, it must be possible to modify the value function

(Equation 2.11) so as to ensure that the infimum subsidy each arm would require in the absence of

fairness constraints is minimally perturbed via augmentation or “donation”, so as to maximize

total expected reward while ensuring its own fairness constraint satisfaction or the constraint

satisfaction of other arms, respectively, without requiring input from other arms.

Plausible modifications include altering the conditions under which an arm receives the

subsidy associated with passivity, m, or introducing a modified reward function, r′(b) that is

capable of accounting for an arm’s fairness constraint satisfaction status in addition to its state

at time t. For example, we might use an indicator function to “turn off” the subsidy until arm

i has been pulled at least once within the interval in question, or increase reward as an arm’s

time-since-pulled value approaches the interval cut-off, so as to incentivize a constraint-satisfying

pull. When these modifications are viewed from the perspective of a single arm, they appear to

have the desired effect: if no subsidy is received, it will be optimal to pull for all belief states;
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similarly, for a fixed m, as reward increases it will be optimal to pull for an increasingly large

subset of the belief state space.

Recall, however, that structural constraints ensure that when an arm is considered in isolation,

the optimal action will always be to pull. Whether or not arm i is actually pulled at time t depends

on how the infimum subsidy, m, it requires to accept passivity at time t compares to the infimum

subsidies required by other arms. Thus, any modification intended to guarantee time-indexed

fairness constraint satisfaction must be able to alter the ordering among arms, such that any arm i

which would otherwise have a subsidy with rank > k when sorted in descending order will now be

in the top-k arms. Even if we were able to construct such a modification for a single arm without

requiring system state, if every arm had this same capability, then a new challenge would arise:

we would be unable to distinguish among arms, and arbitrary tie-breaking could again jeopardize

fairness constraint satisfaction. If it is not possible to decouple arms, then we must consider them

in tandem—as a result, the tractability of a Whittle index-based approach breaks down.

2.2.3.4 Additional Related Work

While multi-armed bandit problems are canonically framed from the perspective of the

decision-maker, interest in individual and group fairness in this setting has grown in recent

years [28, 44, 45]. In the stochastic multi-armed bandit setting, each arm is characterized by

a fixed but unknown average reward rather than by an MDP. The decision-maker thus faces

uncertainty about the true utility of each arm and must balance exploration (i.e., pulling arms

to gain information about their reward distributions) with exploitation (i.e., pulling the optimal

arm(s)) to maximize expected reward. Joseph et al. [44] examine fairness among arms in this
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setting, and introduce a definition that requires the decision-maker to favor (i.e., select) arms with

higher average reward over arms with lower average reward, even in the face of uncertainty. As the

authors note, this definition is consistent with reward maximization, but imposes a cost in terms

of per-round regret when learning the optimal policy, due to the fact that arms with overlapping

confidence intervals are chained until they can be separated with high confidence.

Prior work in other non-restless bandit settings demonstrates that alternative definitions—i.e.,

those which center distributive fairness among arms as opposed to the principle that arms with

similar average rewards should be treated similarly [46], generally entail deviation from optimal

behavior. Li et al. [28] study the combinatorial sleeping bandit setting, in which arms are stochastic

but may be unavailable at any given timestep. They introduce the minimum selection fraction

constraint, which we adapt and refer to as time-indexed fairness (see Section 2.2.2). Chen et al.

[45] consider the contextual bandit setting, and propose an algorithm that guarantees each arm a

minimum probability of selection at each timestep.

In the restless setting that we consider, prior works have tended toward opposite ends

of the reward-fairness spectrum by either: (1) redistributing pulls without providing arm-level

guarantees [34, 47]; or (2) guaranteeing time-indexed fairness without providing optimality

guarantees [24]. Recent work has also considered the adjacent problem of fairness among

intervention providers (i.e., workers) [48]. In contrast to prior work, we aim to guarantee rather

than incentivize fairness, without incurring an exponential dependency on the time horizon or

sacrificing optimality guarantees. We thus seek an efficient policy that is reward maximizing,

subject to the satisfaction of both budget and probabilistic fairness constraints.
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2.2.4 Methodological Approach

Here we introduce PROBFAIR, an approximately optimal solution to a relaxed version

of the allocation task in which we guarantee the satisfaction of probabilistic rather than time-

indexed fairness, along with the budget constraint. This relaxation is necessary for tractability,

as it allows us to precompute a stationary, state-agnostic probability vector, p⃗i, from which

constraint-satisfying discrete actions are drawn.

PROBFAIR maps each arm i to an arm-specific, stationary probability distribution over

atomic actions, such that for each timestep t, P [ait = 1] = pi and P [ait = 0] = 1− pi, where

pi ∈ [ℓ, u] for all i ∈ [N ] and
∑

i pi = k. Here, ℓ and u are user-defined fairness parameters

satisfying 0 < ℓ ≤ k
N
≤ u ≤ 1, per Section 2.2.2. Note that ℓT and uT can be interpreted as lower

and upper bounds on the expected number of pulls an arm will receive over the time horizon.

In Section 2.2.4.1, we describe how to construct the pi’s so as to efficiently approximate our

constrained reward-maximization objective within a multiplicative factor of (1− ϵ), for any given

constant ϵ > 0. We use a dependent rounding approach detailed in Section 2.2.4.2 to sample from

this distribution at each timestep independently, to produce a discrete action vector, a⃗t ∈ {0, 1}N ,

which is guaranteed to satisfy the budget constraint, k [29].

To motivate our approach, note that when we take the union of each arm’s stationary

probability vector, we obtain a system-level policy, πPF : {i | i ∈ N} → [1− pi, pi]N .

Regardless of the system’s initial state, repeated application of this policy will result in convergence

to a steady-state distribution in which (WLOG) arm i is in the adherent state (i.e., state 1) with

probability xi ∈ [ℓ, u], and the non-adherent state (i.e., state 0) with probability 1− xi ∈ [0, 1].
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By definition, for any arm i, xi will satisfy the equation:

xi
[
(1− pi)P 0

1,1 + piP
1
1,1

]
+ (1− xi)[(1− pi)P 0

0,1 + piP
1
0,1] = xi. (2.3)

Thus, xi = fi(pi), where

fi(pi) =
(1− pi)P 0

0,1 + piP
1
0,1

1− (1− pi)P 0
1,1 − piP 1

1,1 + (1− pi)P 0
0,1 + piP 1

0,1

(2.4)

We seek the policy which maximizes total expected reward, where reward is non-decreasing

in s (i.e., with time spent in the adherent state). Thus, PROBFAIR is defined as:

πPF = argmaxpi∈[ℓ,u]
∑
i

fi(pi) s.t.
∑
i

pi ≤ k (2.5)

Solving this constrained maximization problem is thus consistent with maximizing the expected

number of timesteps each arm will spend in the adherent state, subject to satisfying the budget and

probabilistic fairness constraints. We emphasize that our construction process takes the transition

matrices of each arm i into account via fi (Equation 2.4).

2.2.4.1 Computing the pi’s: Algorithmic Approach

Overview: To construct πPF , we: (1) partition the arms based on the shapes of their

respective fi functions (Equation 2.4); (2) perform a grid search over possible ways to allocate the

budget, k, between the two subsets of arms; (2a) solve each sub-problem to produce a probabilistic

policy for the arms in that subset; (2b) compute the total expected reward of the policy; (3) take

the argmax over this set of grid search values to determine the approximately optimal budget
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allocation; and (4) form πPF by taking the union over the policies produced by evaluating each

sub-problem at its approximately optimal share of the budget. Figure 2.1 visualizes; the remainder

of this section provides technical details.
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Figure 2.1: PROBFAIR: constructing and sampling from πPF

We begin by introducing two theorems (see Appendix A.4.1 for full proofs):

Theorem 2.2.2. For every arm i ∈ [N ], fi(pi) is either concave or strictly convex in all of

pi ∈ [0, 1].

Proof Sketch. WLOG, fix an arm i ∈ [N ]. The second derivative of fi is given by:

f
′′

i (pi) =
2c24

(
c1 − c2c3

c4

)
(c3 + c4pi)3

(2.6)
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For notational convenience, c1, c2, c3, and c4 are constants derived from an arm’s transition

matrix, P i. For all pi ∈ [0, 1], c3 + c4pi ∈ (0, 1). Thus, the sign of f ′′
i (pi) is determined by

c1 − c2c3
c4

, which does not depend on pi.

Theorem 2.2.3. For each arm i ∈ [N ], the structural constraints introduced in Section 2.1 ensure

that fi(pi) is monotonically non-decreasing in pi over the interval [0, 1].

By Theorem 2.2.2, the arms can be partitioned into two disjoint sets: X = {i | fi is concave}

and Y = {i | fi is strictly convex}. Then, πPF is the union of the solutions to P1 and P2 at the

optimal grid search value z∗ = arg maxz
∑

i∈X fi(pi) +
∑

i∈Y fi(pi):

(P1) maximize
∑

i∈X fi(pi) subject to: pi ∈ [ℓ, u] for all i ∈ X , and
∑

i∈X pi = z

(P2) maximize
∑

i∈Y fi(pi) subject to: pi ∈ [ℓ, u] for all i ∈ Y , and
∑

i∈Y pi = k − z

Algorithm 1 provides pseudocode.

Algorithm 1 PROBFAIR

1: procedure PROBFAIR([N ], k, ϵ, ℓ, u)
2: X ← {i |fi is concave in all of pi ∈ [0, 1]}
3: Y ← {i |fi is strictly convex in all of pi ∈ [0, 1]}
4: grid search vals← {ϵj | j ∈ [0, k − ℓ|Y|]}
5: for z ∈ grid search vals do
6: πX ,z ← SOLVEP1(X , k, z, ℓ, u)
7: πY,z ← SOLVEP2(Y , k, z, ℓ, u)
8: Vz ←

∑
pi∈πX ,z

fi(pi) +
∑

pi∈πY,z
fi(pi)

9: z∗ ← arg maxzVz
10: πPF ← πX ,z∗ ∪ πY,z∗
11: return πPF

P1 is a concave-maximization problem that can be solved efficiently via gradient descent.

The computational complexity is O
(

|X |
ε2

)
[49]. To solve P2, we begin by introducing a lemma

that we prove in Appendix A.4.1:
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Lemma 2.2.4. P2 has an optimal solution in which pi ∈ (ℓ, u) for at most one i ∈ Y .

Proof Sketch. Suppose for contradiction there exists some optimal solution p⃗ with distinct indices

i, j ∈ Y such that pi, pj ∈ (ℓ, u). Let us compare p⃗ with a perturbed solution pi := pi + ϵ and

pj := pj − ϵ. Using a Taylor series expansion, the change in objective must be (ϵ2/2) · (f ′′
i (pi) +

f ′′
j (pj)) + O(ϵ3). Since fi and fj are strictly convex, f ′′

i (pi) + f ′′
j (pj) > 0. Thus, the objective

increases regardless of the sign of (tiny) ϵ, a contradiction.

Given this structure, an optimal solution {p∗i | i ∈ Y} will set some number of arms γ ∈ Z+

to ℓ, at most one arm to p′ ∈ (ℓ, u], and the remaining |Y| − γ − 1 arms to u. We represent

these subsets by Y1,Y2, and Y3, respectively. Let γ =
⌊
|Y|u−(k−z)

u−ℓ

⌋
, and p′ = k − z − |Y1|ℓ −

|Y3|u ∈ (ℓ, u]. Intuitively, when the remaining budget k − z allows us to set all arms in Y

to u, γ = |Y1| = 0. Conversely, when there is only enough budget left to satisfy the fairness

constraint for arms in Y , γ = |Y1| = |Y|. With the cardinality of each subset thus established, per

Theorem 2.2.5 (see below), we use Algorithm 2 to optimally partition the arms in Y .

Algorithm 2 SOLVEP2
Note: all sorts are ascending; arrays are zero-indexed.

1: procedure SOLVEP2(Y ⊆ N, k, z, ℓ, u)
2: γ ←

⌊
|Y|u−(k−z)

u−ℓ

⌋
3: p′ ← k − z − γℓ− (|Y| − 1− γ)u
4: if |Y| − γ − 1 > 0 then
5: ∆Y = sort([fi(u)− fi(ℓ) ∀i ∈ Y ])
6: Y3 ← {(∆Y) [(|Y| − γ − 1) :]}
7: else Y3 ← ∅
8: ∆Y\Y3 = sort([fi(p′)− fi(ℓ) ∀i ∈ Y \ Y3])
9: Y1 ← {(∆Y\Y3) [: γ]}

10: Y2 ← {(∆Y\Y3) [γ]}
11: πY := i 7→ (ℓ|i ∈ Y1) ∨ (p′|i ∈ Y2) ∨ (u|i ∈ Y3)
12: return πY
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Theorem 2.2.5. Alg. 2 yields the mapping from arms in Y to subsets in {Y1,Y2,Y3} which

maximizes
∑

i∈Y fi(pi) s.t.
∑

i∈Y pi = k − z. (See Appendix A.4.1 for the complete proof).

Proof Sketch. By Lemma 2.2.4, there exists at most one arm with optimal value p∗i ∈ (ℓ, u). By

Lemma A.4.1, γ := |Y1| =
⌊
|Y|u−(k−z)

u−ℓ

⌋
and p′ = k − z − |Y1|ℓ− |Y3|u ∈ (ℓ, u]. Then, we can

rewrite Equation 2.5 as an optimization problem over set assignment:

arg max{Y1,Y2,Y3}
∑
i∈Y1

fi(ℓ) + fj(p
′) +

∑
i′′∈Y3

fi′′(u)

s.t. |Y1| = γ, Y2 = {j},
3⋂

x=1

Yx = ∅, and
3⋃

x=1

Yx = Y .

By algebraic manipulation, assigning the |Y|−γ− 1 arms with maximal values of fi(u)− fi(ℓ) to

Y3 produces a maximal solution. Similarly, we assign j ∈ Y2 if fj(p′)− fj(ℓ) is maximal among

the remaining arms. By definition, Y∗
1 = Y \ (Y2

⋃
Y∗

3 ), which completes the proof.

Corollary 2.2.6. Alg. 2 has time complexity O(|Y| log |Y|).

With our solutions to P1 and P2 so defined, the cost of finding our probabilistic policy in

this way is O
(
k−ℓ|Y|
ε

(
|X |
ε2

+ |Y| log|Y|
))

, which is at worst O
(
kN
ϵ3

)
when all N arms are in X .

2.2.4.2 Sampling Approach

For problem instances with feasible solutions, Algorithm 1 returns πPF , a mapping from

the set of arms to a set of stationary probability distributions over actions, such that for each arm

i, the probability of receiving a pull at any given timestep is in [ℓ, u]. By virtue of the fact that

ℓ > 0, this policy guarantees probabilistic fairness constraint satisfaction for all arms. We use a
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linear-time algorithm introduced by Srinivasan [29] and detailed in Appendix A.4.2 to sample

from πPF at each timestep, such that the following properties hold: (1) with probability one, we

satisfy the budget constraint by pulling exactly k arms; and (2) any given arm i is pulled with

probability pi. Formally, each time we draw a vector of binary random variables (X1, X2 . . . XN)

from the distribution πPF , Pr [|i : Xi = 1| = k] = 1 and ∀i,Pr[Xi = 1] = pi.

2.2.5 Experimental Evaluation

In this section, we empirically demonstrate that PROBFAIR enforces the probabilistic

fairness constraint introduced in Section 2.2.2 with minimal loss in total expected reward, relative

to fairness-aware alternatives. We begin by identifying our comparison policies, evaluation metrics,

and datasets. We then present results from three experiments: (1) PROBFAIR versus fairness-

inducing alternative policies, holding the cohort fixed and considering fairness-aligned sets of

hyperparameters; (2) PROBFAIR evaluated on a breadth of cohorts representing different types of

patient populations; and (3) PROBFAIR when fairness is not enforced (i.e., ℓ = 0), to examine the

cost of state agnosticism.

2.2.5.1 Experimental Setup

Policies: In each of our experiments, we compare PROBFAIR against a subset of the

following baseline§ and fairness-{inducing†, guaranteeing‡, and agnostic⋆} policies:

We specifically consider three THRESHOLD WHITTLE-based heuristics: HFIRST, HLAST,

and HRAND. These heuristics partition the k pulls available at each timestep into (un)constrained

subsets, where a pull is constrained if it is executed to satisfy a time-indexed fairness constraint.
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RANDOM§ Select k arms uniformly at random at each t.
ROUND-ROBIN§,‡ Select k arms at each t in fixed, sequential order.

TW-BASED

HEURISTICS‡

Select top-k arms based on Whittle index values.
Available arms vary based on time-indexed
fairness constraint satisfaction [24].

RISK-AWARE

TW (RA-TW)†
Select top-k arms based on Whittle index values.
Incentivizes fairness via concave reward function
[34].

THRESHOLD

WHITTLE (TW)⋆
Select top-k arms based on Whittle index values
[2, 20].

During constrained pulls, only arms that have not yet been pulled the required number of times

within a ν-length interval are available; other arms are excluded from consideration, unless all

arms have already satisfied their constraints. HFIRST, HLAST, and HRAND position constrained pulls

at the beginning, end, or randomly within each interval of length ν, respectively. Appendix A.4.3.1

provides pseudocode.

Objective: In all experiments, we assign equal value to the adherence of a given arm

over time. Thus, we set our objective to reward occupancy in the “good” state: a simple lo-

cal reward rt(s
i
t) := sit ∈ {0, 1} and undiscounted cumulative reward function, R(r(s)) :=∑

i∈[N ]

∑
t∈[T ] r(s

i
t).

Evaluation metrics: We are interested in comparing policies along two dimensions: reward

maximization and fairness (i.e., with respect to the distribution of algorithmic attention). To this

end, we rely on two performance metrics: (a) intervention benefit and (b) earth mover’s distance.

Intervention benefit (IB) is the total expected reward of an algorithm, normalized between

the reward obtained with no interventions (0% intervention benefit) and the asymptotically optimal

but fairness-agnostic THRESHOLD WHITTLE algorithm (100%) [20]. Formally,

IBNoAct,TW(ALG) :=
EALG[RALG(·)]− ENoAct[R(·)]
ETW[R(·)]− ENoAct[R(·)]

(2.7)
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Note that per Lemma A.4.3 (Appendix A.4.3.2), the price of fairness (PoF) [50] is inversely

proportional to intervention benefit. We thus report IB.

Earth mover’s distance (EMD) is a metric that allows us to compute the minimum cost re-

quired to transform one probability distribution into another [51]. We use it to compare algorithms

with respect to fairness—i.e., how evenly a set of pulls are allocated among arms. (Other metrics

that may measure individual distributive fairness are discussed in Appendix A.4.3.2).

For each algorithm, we consider a discrete distribution F of observed pull counts, where

each bucket, j ∈ {0 . . . T}, corresponds to a feasible number of total pulls that an arm could

receive, and F [j] ∈ {0 . . . N} corresponds to the number of arms whose observed pull count is

equal to j. Each algorithm produces kT total pulls, so the distributions have the same total mass.

We use ROUND-ROBIN as a fair reference algorithm since it distributes pulls evenly among

arms. We then compute the minimum cost required to transform each algorithm’s distribution,

FALG, into that of ROUND-ROBIN’s, FRR.

For our application, this is equivalent to:

EMDRR(ALG) :=

∣∣∣∣∣∣
T∑
h=0

h∑
j=0

FALG[j]− FRR[j]

∣∣∣∣∣∣ (2.8)

Unless otherwise noted, we normalize EMD such that the maximum distance we encounter,

that of TW, is one:

EMDRR(ALG)− EMDRR(RR)
EMDRR(TW)− EMDRR(RR)

=
EMDRR(ALG)

EMDRR(TW)
(2.9)

Datasets: We evaluate performance on two datasets: (a) a realistic patient adherence

behavior model and (b) a set of randomly generated synthetic transition matrices.

CPAP Adherence. Obstructive sleep apnea (OSA) is a common condition that causes
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interrupted breathing during sleep [52]; when used throughout the entirety of sleep, continuous

positive airway pressure therapy (CPAP) eliminates nearly 100% of obstructive apneas for the

majority of treated patients [53]. However, poor adherence behavior in using CPAP reduces its

beneficial outcomes. CPAP non-adherence affects an estimated 30-40% of patients [54].

We derive the CPAP dataset that we use in our experiments from the work of Kang et al.

[30, 31], who model the dynamics and patterns of patient adherence behavior as a basis for

designing effective and economical interventions. In particular, we adapt their Markov model

of CPAP adherence behavior (a three-state system based on hours of nightly CPAP usage) to a

two-state system using the clinical standard for adherence–at least four hours of CPAP machine

usage per night [53]. Kang et al. [30] find, via expectation-maximization on CPAP usage patterns,

that patients can be divided into two groups based on this clinical standard. Though patients in the

first cluster occasionally miss a night, these patients utilize a CPAP machine for more than four

hours every night without assistance, while patients in the second cluster do not. We refer to the

latter cluster as the non-adherent cohort in our analysis.

Kang et al. [31] consider many intervention effects. We specifically consider an intervention

effect, αinterv = 1.1, that broadly characterizes supportive interventions such as telemonitoring

and phone support, which are associated with a moderate 0.70 hours (95% CI ± 0.35) increase in

device usage per night [55]. We also add random σ = 1 logistic noise to the transition matrices

so that there is some variance in individual arm dynamics. To prevent overlap with the general

cohort we consider for contrast, added noise can only hinder the probability of adherence in the

non-adherent cohort.

Synthetic. In addition, we construct a synthetic dataset of randomly generated arms such that

the structural constraints outlined in Section 2.1 are preserved. We conjecture that forward (reverse)
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threshold-optimal arms are a subset of concave (strictly convex) arms (see Appendix A.4.3.3).

2.2.5.2 PROBFAIR vs. Fairness-aware Alternatives

Here we compare PROBFAIR to policies which either induce or guarantee fairness. The

former includes RISK-AWARE WHITTLE (RA-TW), which incentivizes fairness via concave

reward r(b) [34]. We use the authors’ suggested reward function r(b) = −eλ(1−b), λ = 20. This

imposes a large negative utility on lower belief values, which motivates preemptive intervention.

However, RA-TW does not guarantee time-indexed or probabilistic fairness for individual

arms. The latter includes ROUND-ROBIN and the FIRST, LAST, and RANDOM heuristics, which

guarantee time-indexed fairness but do not provide any optimality guarantees.

In Table 2.1, we report average results for each policy, along with margins of error for

95% confidence intervals, computed over 100 simulation seeds for a synthetic cohort of 100

collapsing arms, with k = 20 and T = 180. To facilitate meaningful comparisons between

PROBFAIR and the heuristics, we consider combinations of values for ℓ and ν that produce

equivalent, integer-valued lower bounds on the number of pulls any arm can expect to receive—

i.e., mini E[
∑

t 1(a
i
t = 1)] = ℓ× T = T

ν
. Key findings from this experiment include:

• Fairer hyperparameter values (ℓ ↑, ν ↓), correspond to decreases in E[IB] and E[EMD],

reflecting improved individual fairness at the expense of total reward.

• PROBFAIR is competitive with respect to RA-TW, outperforming when ℓ = 0.056, and

incurring a slight loss in E[IB] but improvement in E[EMD] for ℓ = 0.1.

• For each (ℓ, ν) combination, PROBFAIR performs competitively with respect to the best-

performing heuristic (which, like TW, are state-aware, see Section 2.2.5.4).
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mini E[# pulls] Policy E[IB] (%) E[EMD] (%)

10
ℓ = 0.056
ν = 18

PF ℓ 88.73 ± 0.26 81.78 ± 0.18
HFIRST ν 86.11 ± 0.26 71.53 ± 0.13
HLAST ν 87.37 ± 0.28 70.48 ± 0.12
HRAND ν 90.79 ± 0.22 74.12 ± 0.15

18
ℓ = 0.1
ν = 10

PF ℓ 80.80 ± 0.30 59.96 ± 0.19
HFIRST ν 76.62 ± 0.30 49.54 ± 0.09
HLAST ν 77.95 ± 0.30 49.26 ± 0.08
HRAND ν 81.53 ± 0.30 52.73 ± 0.10

30
ℓ = 0.167
ν = 6

PF ℓ 66.12 ± 0.35 23.61 ± 0.12
HFIRST ν 63.58 ± 0.31 18.98 ± 0.03
HLAST ν 64.63 ± 0.34 19.47 ± 0.04
HRAND ν 65.21 ± 0.32 19.64 ± 0.04

comparison
RA-TW 85.12 ± 0.42 95.80 ± 0.42
TW 100.00 ± 0.00 100.00 ± 0.00

baseline
RANDOM 50.02 ± 0.35 10.08 ± 0.10
NOACT 0.00 ± 0.00 73.48 ± 0.13
RR 56.96 ± 0.33 0.00 ± 0.00

Table 2.1: Expected IB and normalized EMD by policy and fairness bracket.

2.2.5.3 PROBFAIR on a Breadth of Cohorts

In this section we conduct sensitivity analysis with respect to cohort composition. For each

dataset, we identify a transition matrix characteristic that can be modified during the generation

process to produce a subset of arms that will exhibit less favorable transition dynamics than their

peers. For the synthetic dataset, this characteristic is strict convexity. For the CPAP dataset,

it is non-adherence, a mnemonic coined by Kang et al. [30] to characterize a cluster of study

participants, and contrast this to a model fit on the general patient population.

For each dataset, we generate ten different cohorts, each of which is characterized by the

percentage of unfavorable arms that it contains. We use a seed to control the generation process

such that each cohort contains 100 collapsing arms in total. A sliding window of the unfavorable

arms we can generate with this seed are included as we increase the cardinality of the unfavorable
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subset. For ease of interpretation, we present unnormalized results over 100 simulation seeds with

k = 20 and T = 180 in Figure 2.2, and then summarize normalized performance below.
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Figure 2.2: Expected total reward (left) and unnormalized EMD (right) on a
breadth of cohorts.

• Per Figure 2.2, for each dataset, expected total reward predictably declines for all policies

as the percentage of unfavorable arms increases, while unnormalized EMD increases for

TW and PROBFAIR.

– Synthetic: As the proportion of strictly convex arms increases, PROBFAIR’s allocation

of resources tends towards the bimodality of TW.
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– CPAP: As the proportion of non-adherent arms increases, the level of intervention

required to improve trajectories rises, but the budget is static.

• For each dataset, PROBFAIR’s normalized performance remains stable even as cohort

composition is varied:

– Synthetic: With respect to IB (EMD), PROBFAIR achieves an average (over all cohorts)

of averages (over 100 simulations per cohort) of 80.69% ± 1.42% (58.98% ± 1.29%).

– CPAP: The corresponding values for IB (EMD) are: 79.84%± 0.68% (59.68%± 1.08%).

2.2.5.4 PROBFAIR: Price of State Agnosticism

Here, we investigate the cost associated with PROBFAIR’s state agnosticism, relative to

state-aware THRESHOLD WHITTLE. To ensure a fair comparison, we set ℓ = 0 and u = 1,

effectively constructing a version of PROBFAIR in which probabilistic fairness is not enforced.

(Recall that TW is fairness-agnostic; in the previous results, we do not expect PROBFAIR to obtain

the same total reward as TW).

While PROBFAIR incorporates each arm’s structural information (i.e., transition matrices),

it produces a set of stationary probability distributions over actions from which all discrete actions

are subsequently drawn. TW, in contrast, ingests each arm’s current state at each timestep, and is

thus able to exploit realized sequences of state transitions.

While we thus expect PROBFAIR to incur some loss in intervention benefit, our results

(computed over 100 simulation seeds, with k = 20, N = 100, and T = 180) indicate that this loss

is acceptable rather than catastrophic. Relative to TW, PROBFAIRℓ=0 obtains 97.41%± 0.26 of

E[IB] and incurs an increase of only 4.56%± 0.19 with respect to E[EMD].
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2.2.6 Summary of Contributions

In Chapter 2.2, we introduce PROBFAIR, a novel, probabilistically fair algorithm for con-

strained resource allocation. Our theoretical results prove that this policy is reward-maximizing,

subject to the guaranteed satisfaction of both budget and tunable probabilistic fairness constraints.

Our empirical results demonstrate that PROBFAIR preserves utility while providing fairness guar-

antees. Promising future directions include: (1) extending PROBFAIR to address larger state and/or

action spaces; and (2) relaxing the requirement for stationarity in the construction of πPF .
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2.3 Networked Restless Bandits with Positive Externalities

This work was done in collaboration with John P. Dickerson; see [5]. A related, non-archival

version featured Pranav Goel as an additional collaborator and appeared at the Disinformation

Countermeasures and Machine Learning (DisCoML) workshop (ICML 2022); see [56].

2.3.1 Introduction

Here, we study the planning task of allocating budget-constrained indivisible resources so

as to maximize the expected amount of time that members of a cohort will spend in a desirable

state (e.g., adherent to a prescribed exercise regimen). Restless multi-arm bandits (RMABs) are

well-suited for such tasks, as they represent each individual as a Markov decision process (MDP)

whose stochastic state transitions are governed by an action-dependent transition function.

Conventionally, an arm must receive the resource at time t to derive any benefit from it, where

benefit takes the form of an increased probability of transitioning to the desirable state at time t+1

(i.e., relative to non-receipt). However, many resource allocation tasks occur within communities,

and can be characterized by positive externalities that allow arms to derive partial, indirect benefit

when their neighbor(s) receive the resource. We consider chronic disease management programs

as a motivating example. These programs often combine resource-constrained physician-support

with less cost-intensive, more scalable peer support to encourage participants to make lifestyle

modifications. To this end, we introduce networked restless bandits, a novel multi-armed bandit

setting in which arms are both restless and embedded within a directed graph. We then present

a graph-aware, Whittle-based heuristic algorithm that is constrained reward-maximizing in this

setting.
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Our core contributions include:

(i) Our networked restless bandit model, which lets us represent topological relationships

between arms, and associate arm i’s receipt of a pull with positive externalities for its

neighbors.

(ii) GRETA, a graph-aware, Whittle index-based heuristic algorithm that lets us efficiently con-

struct a constrained reward-maximizing mapping from arms to actions at each timestep.

(iii) Empirical results which demonstrate that GRETA outperforms comparison policies across a

range of hyperparameter values and graph topologies.

2.3.1.1 Related Work

Restless bandits: The restless multi-armed bandit (RMAB) framework was introduced

by Whittle [2] as a way to model the sequential allocation of a budget-constrained, indivisible

resource over a population of N dynamic arms, where: (1) at most k ≪ n arms can receive

the resource (i.e., a pull) at any given timestep; and (2) the state of each arm evolves over time,

regardless of whether or not it is pulled. We provide a formal description in Section 2.3.2.1.

Indexability: In the general case, it is PSPACE-hard to pre-compute the optimal policy for a

given cohort of restless arms [1]. However, as conjectured by Whittle [2] and proven by Weber and

Weiss [3], when each arm is indexable, a tractable solution exists that is provably asymptotically

optimal: we can decouple the arms and consider a Lagrangian relaxation of the original problem.

In this context, the Whittle index can be thought of as the infimum subsidy required to make an

arm indifferent between a pull and passivity, given its current state. Whittle-index based policies

use these index values to rank arms when selecting which k arms to pull.
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Proving indexability can be difficult and often requires the problem instance to satisfy

specific structural properties, such as the optimality of threshold policies [32]. Additionally, much

of the foundational work in this space focuses on the two-action setting, and cannot be directly

extended to the multi-action setting that we consider.

Glazebrook et al. [57] do consider the multi-action setting, but for divisible rather than

indivisible resources; they also require an arm to consume this resource at a level that is decreasing

in the resource charge. Killian et al. [58] study multi-action restless bandits and do not make any

of the structural assumptions required to verify indexability, but instead develop a Lagrangian

bound-minimization approach; however, they do not consider relationships among arms.

Mate et al. [20] introduce the collapsing bandit model, and demonstrate that this problem is

indexable when forward or reverse threshold policies are optimal. They also introduce an efficient,

closed-form approach to computing the Whittle index called THRESHOLD WHITTLE (TW), and

empirically demonstrate that this approach performs well even when optimality conditions are not

satisfied. We leverage TW as a subroutine within GRETA.

Bandits and graphs: Prior work at the intersection of multi-armed bandits and graphs has

tended to focus on stochastic, rather than restless arms, and on graph-structured feedback (i.e.,

rewards), rather than the embedding of arms within a directed graph, and/or the spillover effects

associated with allocation in the face of adjacency. For example, Valko [59] examines a graph

structure among actions in stochastic bandits, and Lu et al. [60] examines a graph structure over

rewards. However, we examine a graph structure among arms in the restless bandit setting.

In recent work, Ou et al. [61] look at a mobile intervention setting. Similarly to our model,

they combine the traditional restless bandit setting with network externalities; however, their

model and goal are fundamentally different. Their arms represent locations on a network with
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pulls impacting a mixture of subpopulations who are located at or near that pull, probabilistically.

In contrast, in our model, vertices represent individual arms, and our algorithm exploits—when

advantageous—the propensity for allocating a high-cost, high-benefit resource to one arm to

unlock potential lower-cost, intermediate-benefit resources for the arm’s neighbors.

2.3.2 Model Preliminaries

2.3.2.1 Restless Multi-arm Bandits

The restless bandit (RMAB) setting features an agent with n ∈ N arms. The state of each

arm evolves over time and in response to the agent’s actions, in a way that is governed by the

arm’s underlying Markov decision process (MDP). Each MDP is defined by a state space, S, an

action space, A, a cost function, C : A → R, a local reward function, r : S → R, and a transition

function, P : S × A → S. The objective is to find a policy, π : S → A, that maximizes total

expected discounted reward over a finite time horizon, T—i.e., π∗ = arg maxπEπ [R(·)]. The

agent must select exactly one action per arm at each timestep, and the associated costs must not

exceed the per-timestep budget, B ∈ R≥0.

2.3.2.2 Motivating Example

For ease of exposition, we ground our networked restless bandit model in a motivating

example: let arms represent patients striving to adhere to a chronic disease management program,

such as an exercise regimen. A patient’s “state” on any given day is thus determined by whether

they adhere (i.e., exercise), or fail to adhere to their regimen. To encourage adherence, many

such programs feature a combination of resource-constrained physician- and peer support [62].
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Examples include, but need not be limited to, a reminder call from a physician, a supportive

message from a fellow participant, or the provision of awareness-raising outreach materials. Thus,

a coordinator seeking to maximize the number of patients who exercise over the program’s duration

might select a small subset of patients each day to receive a call from a physician, and ask these

people to message a handful of their peers in-turn, or pass along an educational pamphlet to

their caregiver(s). In each case, the lower-cost, easier-to-scale information dissemination option

amplifies physician outreach, allowing a broader subset of individuals to receive partial benefit.

2.3.2.3 Networked Restless Bandits

With this motivating example in mind, we now introduce our networked restless bandit

model, which allows us to model directed relationships among arms. Given a set of n arms, let

G = (V,E) be a directed graph, and let there exist a bijective mapping φ from arms to vertices —

i.e., ∀v ∈ V, ∃! i ∈ [n] s.t. φ(i) = v. Let a directed edge, e ∈ E, exist between arms u and v if it is

possible for v to benefit indirectly when u receives a pull. LetNin(u) = {v ∈ V | ∃ev,u ∈ E} and

Nout(u) = {v ∈ V | ∃eu,v ∈ E} represent u’s one-hop indegree and outdegree neighborhoods,

respectively. This graph is assumed to be constructed or operated by the agent; as such, it is

assumed to be observable. Real-life examples with this property include mentoring programs and

online social networks.

State space: We consider a discrete state space, S := {0, 1}, where the states admit a total

ordering by desirability, such that state 1 is more “desirable” than state 0. In our example, state 0

represents non-adherence to the exercise regimen, while state 1 represents adherence. We assume

that each arm’s state is observable (e.g., via fitness tracker data).
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Action space: The traditional restless bandit setting considers a binary action space, A :=

{0, 1}, where 1 (or 0) represents the decision to pull (or not pull) arm i at time t. To model positive

externalities, we define an extended action space, A := {0 : no-act, 1 : message, 2 : pull}.

Here, actions 0 and 2 correspond to the actions don’t pull and pull respectively. We note that our

message action need not represent a literal message. Instead, it represents an intermediate action

with respect to desirability that gets “unlocked” as an available action for vertex v at time t only

when some vertex u ∈ Nin(v) receives a pull at time t.

Transition function: For each arm i ∈ [n], let P a,i
s,s′ represent the probability that arm i

will transition from state s to s′ given action a. In the offline setting, these transition matrices are

assumed to be static and known to the agent at planning time. This assumption is reasonable when

historical data from the same or similar population(s) provides a source for informative priors, as

is common in many domains, including healthcare and finance [22, 63]. Extension to the online

setting where transition matrices must be learned is possible via Thompson sampling [21, 64, 65,

66].

We assume nonzero transition matrix entries, and impose two sets of domain-motivated

structural constraints [20]:

(i) ∀a ∈ A, P a
0,1 < P a

1,1 and (ii) ∀(a, a′) ∈ A×A, a < a′ → P a
0,1 < P a′

0,1;P
a
1,1 < P a′

1,1.

Constraint set (i) implies that each arm is more likely to stay in the desirable state (i.e., s = 1) than

transition there from the undesirable state (i.e., s = 0). Constraint set (ii) implies that messages

and pulls are beneficial when received, and that a strict preference relation over actions can be

defined for each arm, such that no-act ≺ message ≺ pull.

Cost function: We map our action space to the cost vector c⃗ = [0, ψ, 1], where 0 ≤ ψ < 1.
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Intuitively, this mapping preserves the standard notion that no cost is incurred when an arm

does not receive any form of intervention. It also encodes the idea that the more beneficial an

action is, the more expensive it is to provide, which motivates us to exploit positive externalities.

Additionally, when there are no edges, i.e., E = ∅, and no messages can be sent, the unit cost of a

pull lets us recover the original restless bandit setting, where we must choose which k ≪ n arms

to pull at each timestep.

Objective and constraints: It is possible, though not tractable at scale, to take a constrained

optimization-based approach to solving for the optimal policy, π∗. We build on Killian et al. [58]’s

approach below to show how our constrained setting can be modeled. To begin, let s represent

a vector containing the state of each arm, i.e. [si ∈ S|i ∈ [n]], and let X represent a matrix

containing binary decision variables, one for each of n arms and |A| actions. We require our

local reward function, r : S → R to be non-decreasing in s, which is consistent with our goal

of maximizing the expected time that each arm spends in the “desirable” state. Equation 2.10

formalizes our task:

J(s) = max
X

{
n−1∑
i=0

ri(si) + βE[J(s′),X]

}

subject to
n−1∑
i=0

|A|−1∑
j=0

xi,j · cj ≤ B

xi,1 ≤
∨

i′∈Nin(i)

xi′,2 ∀i ∈ [n]

|A|−1∑
j=0

xi,j = 1 ∀i ∈ [n]

X ∈ {0, 1}n×|A|

(2.10)
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Our goal is to find assignments of the decision variables contained in X such that expected

discounted reward is maximized, subject to a series of feasibility constraints: (i) across all actions

and arms, do not expend more than B budget; (ii) ensure that if message is chosen for an arm i,

then that arm has at least one indegree neighbor i′ such that pull was chosen; and, (iii) ensure that

each arm receives exactly one action at each timestep. However, two challenges arise: (1) a direct

solution via value iteration is exponential in n and (2) Lagrangian relaxation-based approaches

rely on the decoupling of arms, which jeopardizes the satisfaction of our neighborhood constraint

on actions. This motivates us to propose a graph-aware, Whittle-based heuristic algorithm.

2.3.3 Algorithmic Approach

Here, we introduce GRETA, a graph-aware, Whittle-index based heuristic algorithm that

can be used to efficiently construct a constrained reward-maximizing policy. A key insight that

GRETA exploits is that while we cannot decouple arms in the networked setting, since we must

know whether any of an arm’s indegree neighbors will receive a pull at time t to know if the

arm is eligible to receive a message, we can compute two sets of Whittle indices for each arm,

by considering each active action as a separate instance of a two-action problem. Note that the

structural constraints ensure that for a given state, an arm will require a higher subsidy to forgo

a pull as opposed to a message. We can then construct an augmented graph which allows us

to compare the cumulative subsidy required for the arms represented by directed edge (u, v) to

forgo a pull and message, respectively to those required by other directed edges ∈ G (including,

importantly, the inverse action-pair implied by edge (v, u)).
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2.3.3.1 GRETA: A Graph-aware Heuristic

Set-up: We begin by building an augmented graph, G′. This graph contains every vertex

and edge in G, along with a dummy vertex, −1, and directed edge (u,−1) ∀u ∈ V . This lets

us map each directed edge (u, v) in G to the action pair (pull, message), and (u,−1) to

(pull, no-act). Figure 2.3 visualizes this process for an example graph, G, and corresponding

augmented graph, G′; Appendix B.1.1.1 gives pseudocode. We also construct an augmented arm

set, [n] ∪ {−1}, and extend our bijective mapping from arms to vertices such that φ : −1 7→ −1.

0

1

2

G
0

12

-1

G'

Figure 2.3: Augmented graph example: given graph, G, we construct aug-
mented graph, G′.

Next, we pre-compute the Whittle index for each vertex-active action combination (v, α) ∈

V ′ ×A \ {0}. When we compute the Whittle index for a given (v, α) pair, we seek the infimum

subsidy, m, required to make arm i (i.e., φ−1(v)) indifferent between passivity (i.e., no-act)

and receipt of action α at time t [2]. We cannot compute the Whittle index for our placeholder −1

vertex because it is not attached to an MDP, so we map it to 0.

Algorithm 3 Compute Whittle indices for V ′ ×A \ {0}
1: procedure WHITTLE(V ′, α ∈ {1, 2},φ)

2: λ := i 7→


0, if i = −1
infm{m | Vm(sit, a

i
t = 0) ≥

Vm(sit, a
i
t = α)}, otherwise

3: return Wα ← {λ ◦φ−1(v) | v ∈ V ′}

Per Equation 2.11, the value function in line 2 of Algorithm 3 represents the maximum
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expected discounted reward that arm i ∈ [n] with state sit can receive at time t given a subsidy m,

discount rate β, and active action α ∈ {1, 2}:

Vm(s
i
t) = max


m+ r(sit) + βVm

(
sit+1

)
no-act

r(sit) + β[sitVm
(
Pα
1,1

)
+ (1− sit)Vm

(
Pα
0,1

)
] α

(2.11)

GRETA: With our augmented graph and Whittle index values in hand, we now present our

algorithm. We provide pseudocode in Algorithm 4, and structure our exposition sequentially. At

each timestep t ∈ T , GRETA takes as input: (1) an augmented set of restless arms, [n] ∪ {−1}

embedded in an augmented directed graph, G′ = (V ′, E ′); (2) a budget, B ∈ R; (3) a cost function,

C : A → R; (4) a message cost, ψ ∈ [0, 1); and (5) a set of Whittle index values per active

action α ∈ {1, 2}, denoted by W1 and W2, respectively. Given these inputs, GRETA returns a

reward-maximizing, constraint-satisfying action vector, a⃗t.

Algorithm 4 GRETA: graph-aware, Whittle-based heuristic
Note: all sorts are descending; arrays are zero-indexed.
1: procedure GRETA(G′, V ′, E′, B,C, ψ,W1,W2)
2: a⃗t ← 0|V |

3: B′ ← B
4: while ∨e∈E′ GETCOST(u, v, a⃗t, C) ≤ B′ ∧ E′ ̸= ∅ do
5: b← min(B′, 2)

▷ Consider only pulls
6: â2, ν2 ← PULLONLY(E′, ⌊b⌋,W2)

▷ Consider pulls and messages
7: â(1,2), ν(1,2), E

′
⊘ ← MP(G′,b, C, ψ, a⃗t,W1,W2)

▷ Select max-val candidate actions; update a⃗t, B′, G′

8: if ν2 ≥ ν(1,2) then
9: a⃗t, B

′ ← MODACTSB(G′, C, â2, a⃗t, B
′)

10: E′, G′ ← UPDATEG(V ′, E′, â2, ∅)
11: else
12: a⃗t, B

′,← MODACTSB(G′, C, â(1,2), a⃗t, B
′)

13: E′, G′ ← UPDATEG(V ′, E′, â(1,2), E
′
⊘)

14: return a⃗t

In lines 2-3 of Algorithm 4, we initialize a⃗t such that each vertex is mapped to 0 (no-act),
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and set our remaining budget variable, B′, equal to the per-timestep budget, B.

In lines 4-13, we iteratively update our action vector a⃗t until we have insufficient remaining

budget to afford any available edge-action pair, or our augmented edge set, E ′ = ∅. The

termination check in line 4 requires us to: (1) check if we’ve already incurred the cost of a pull

or message (message) for vertex u (v); and (2) offset accordingly when we compute the cost of

(aut = 2, avt = 1), per Algorithm 5.

Algorithm 5 Compute cost to pull u and message v
1: procedure GETCOST(u, v, a⃗t, C)
2: cu ← C(2)(1− 1(aut > 0)) + 1(aut = 1)(C(2)− C(1))
3: cv ← C(1)(1− 1(avt = 1 ∨ v = −1))
4: return cu + cv

The subroutines called in lines 6-7 of GRETA serve to ensure that we will only deviate from

the pull-assignment choices of graph-agnostic THRESHOLD WHITTLE—i.e., by considering a

combination of pulls and messages—when it is strictly beneficial to do so.

Since pulls have unit cost, and ψ ∈ [0, 1), we consider our per-timestep budget in sequential

chunks of 2. We have two options for allocating each chunk over actions: (1) considering only

pulls, and selecting the two arms with highest W2 index values; or (2) considering messages and

pulls, and selecting the set of directed (u, v) edges with highest edge-level subsidies such that

each u receives a pull, and each v (excluding −1) receives a message. In lines 8-13, we select the

candidate action set with the highest cumulative subsidy, and update a⃗t, B′, and G′ accordingly.

Pulls only: Allocation option (1) maps arms who have yet to receive a pull at time t to

candidate actions ∈ {0, 2} by sorting their W2 index values in descending order and selecting the

top-2 arms to receive pulls. Appendix B.1.1 gives pseudocode (see Algorithm 13).

Messages and pulls: Allocation option (2) maps arms to candidate actions by computing an
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edge index value for each directed edge ∈ E ′. Algorithm 6 provides pseudocode.

Algorithm 6 Cumulative subsidy of max pull-message set
Note: all sorts are descending; arrays are zero-indexed.
1: procedure MP(G′,b ∈ R, C, ψ, a⃗t,W1,W2)
2: G

′′
= (V

′′
, E

′′
)← G′

3: â(1,2) : v ∈ V
′′ 7→ a⃗vt

4: f : (u, v) ∈ E′′ 7→ R
5: E′

⊘ ← ∅
6: ν(1,2) ← 0

7: while ∨e∈E′′ GETCOST(u, v, â, C) ≤ b ∧ E′′ ̸= ∅ do
8: for u ∈ V ′′ \ {−1} do
9: N ′

out(u)←
{
v|(u, v) ∈ E′′ ∧ âv(1,2) = 0

}
10: EDGEINDICES(f

′′
, u,N ′

out(u),b, ψ,W1,W2)
11: values← SORT({f((u, v))|(u, v) ∈ E′′})
12: if |values| = 0 then
13: break
14: for f((u, v)) ∈ values do
15: costu,v ← COMPUTECOST(u, v, â(1,2), C)
16: if costu,v ≤ b then
17: h : u 7→ 2; v 7→ 1
18: â(1,2),b← MODACTSB(G

′′
, C, h, â(1,2),b)

19: E
′′
, G

′′ ← UPDATEG(V
′′
, E

′′
, â(1,2), ∅)

20: ν(1,2) += f((u, v))
21: E′

⊘ ← E′
⊘ ∪ {(u, v)}

22: break
▷ Return best arm-actions, cumulative subsidy, E′

⊘
23: return â(1,2), ν(1,2), E′

⊘

In line 2 of Algorithm 6, we start by defining G′′ to be a local copy of our augmented graph,

G′. We then create a function, a⃗(1,2) to map each vertex v ∈ V ′′ to its candidate action, which

we initialize to be a⃗vt (line 3). We do this because we require the current G′ to determine which

(pullu,messagev) edge-action combinations are possible, and for a⃗t to correctly compute the

cost of these hypothetical actions, but we don’t want to modify a⃗t or G′ in-place. Next, in lines

4-5, we define a function, f that maps each edge (u, v) ∈ E ′ to a real-valued edge index value,

and a set, E ′
⊘, to hold the edges we will need to remove from G′ if we select the candidate actions

returned by Algorithm 6. In line 6, we initialize ν(1,2) = 0 to represent the cumulative subsidy of

our candidate action set.
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In lines 7-22 of Algorithm 6, we iteratively update our candidate action function, â(1,2), until

we run out of (small-b) budget, or E ′′
= ∅. Inside each iteration of the WHILE-loop, we begin

by computing an edge index value for each directed edge (u, v) ∈ E ′ (lines 8-10). To do this, we

loop over vertices in V ′ \ {−1} (line 8), and for each vertex u, let N ′
out(u) ⊆ Nout(u) represent

the subset of u’s one-hop out-degree neighbors currently slated to receive a no-act at time t.

For each edge (u, v) ∈ N ′
out(u), our edge index value represents the cumulative subsidy

required to forgo a pull for arm u (i.e., W u
2 ) and a message for arm v (i.e., W v

1 ). Note: if

we pull u, message v, and have budget left over, we can message up to |Mu
t | vertices v′ ∈

N ′
out(u) at time t without incurring additional pull costs, where |Mu

t | = |N ′
out(u)| if ψ = 0

and min(⌊b/ψ⌋, |N ′
out(u)|) for ψ ∈ (0, 1). To exploit this diminishing marginal cost, we sort u’s,

neighbors by their index-values and let the max-valued edge represent the cumulative, cost-feasible

value of N ′
out(u), rather than just (u, v). Algorithm 7 provides pseudocode.

Algorithm 7 Compute edge index values
Note: all sorts are descending; arrays are zero-indexed.
1: procedure EDGEINDICES(f, u,N ′

out(u),b, ψ,W2,W1)
2: n msgs← |N ′

out(u)| if ψ = 0 else min(⌊b/ψ⌋, |N ′
out(u)|)

3: msg values← SORT(g : v ∈ N ′
out(u) 7→W v

1 )
4: max edge← (u, arg maxvmsg values)
5: for v ∈ N ′

out(u) do
6: if (u, v) = max edge then
7: f((u, v))←Wu

2 +
∑n msgs−1
i=0 msg valuesi

8: else
9: f((u, v))←Wu

2 +W v
1

10: return ▷ f is updated in-place

Then, in lines 11-13 of Algorithm 6, we sort the edge-index values in descending order.

Note that we break if there are no values to be sorted; this corresponds to the scenario in which no

additional pulls are available/cost-feasible, and every arm not receiving a pull is already receiving

a message, but we still have budget left—i.e., when ψ = 0. In lines 14-22, we choose the top
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cost-feasible edge-action pair from our sorted list, and update our candidate action function, a⃗(1,2)

and local budget, b accordingly. Note that if ψ = 0 and arm u receives a pull, we message

every v ∈ N ′
out(u). Appendix B.1.1.3 provides pseudocode for the MODACTSB subroutine (see

Algorithm 14).

Finally, we update our local copy of the augmented graph by removing (u, v), as well as any

directed edge terminating in u, and the placeholder edge, (u,−1). This is because: (a) we do not

want to reconsider the edge-action pair we’ve selected; and (b) by virtue of how we select (u, v),

f((u, v)) ≥ f((·, u)) or any such u-terminating edge is cost-prohibitive. Appendix B.1.1 provides

pseudocode for the UPDATEG subroutine (see Algorithm 15). We conclude the MP subroutine

(Algorithm 6) by returning our candidate action function, â(1,2), the associated cumulative subsidy

value, ν(1,2), and the set of candidate edges to be removed from G′, E ′
⊘.

Putting the pieces together: With the exposition of each of GRETA’s subroutines complete,

we now return to lines 8-13 of Algorithm 4. We compare the cumulative subsidy values returned

by the PULLONLY and MP subroutines, and use the candidate action function associated with

the maximum cumulative subsidy to update our action vector, a⃗t, remaining budget, B′, and

augmented graph, G′. When the WHILE-loop terminates, we return a⃗t. By virtue of how this action

vector is constructed, it is reward-maximizing and guaranteed to satisfy the budget constraint.

2.3.3.2 Theoretical Analysis

Bounding expected reward: Per Theorem 2.3.1, the expected cumulative reward of GRETA

with message cost, ψ > 0, will be lower-bounded by that of graph-agnostic THRESHOLD WHIT-

TLE, and upper-bounded by GRETA with ψ = 0. See Appendix B.1.2 for a complete proof.
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Theorem 2.3.1. For a given set of [n] restless or collapsing arms with transition matrices satisfying

the structural constraints outlined in Section 2.3.2.3, corresponding directed graph, G = (V,E),

budget B ∈ R≥0, non-decreasing local reward function, r : S → R, cumulative reward function,

R, and cost vector c⃗ = [0, ψ, 1] such that ψ ∈ [0, 1), we have: ETW[R] ≤ EGH,ψ>0[R] ≤

EGH,ψ=0[R]

Proof Sketch. The first inequality follows from how GRETA constructs each a⃗t. The second

inequality follows from the fact that: (a) per our structural constraints and choice of r, E[rit|sit, ait]

is strictly increasing with ait ∀i, t; and (b) for ψ = 0, we can message at least as many arms as

when ψ > 0.

Computational complexity: Per Theorem 2.3.2, GRETA is efficiently computable in time

polynomial in its inputs; see Appendix B.1.2 for a complete proof.

Theorem 2.3.2. For convenience, let: ξ = 1(ψ > 0)×min(|E ′|2, ⌊B
ψ
⌋|E ′|)+1(ψ = 0)× |V ′||E ′|.

Then, for ψ ∈ [0, 1) and time horizon, T , the time complexity of GRETA is:



O
(
max

(
ξ2|V ′|2 log |V ′|, ξ2|V ′||E′|2

)
T
)
, if ψ > 0

O
(
max

(
ξ2|V ′|2 log |V ′|, ξ2|V ′||E′|2, ξ2|V ′|2|E′|

)
T
)
,

otherwise

These bounds indicate that GRETA is well-suited for sparse graphs and values of ψ = 0 or

ψ → 0.5 (ψ > 0.5 will also improve runtime, but may reduce opportunities to exploit externalities).

Conversely, pathological cases will include large-scale dense graphs and values of the message
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cost, ψ, which approach but do not equal 0. We consider improving scale to be a valuable direction

for future work. The combinatorial nature of the problem we consider suggests that sampling

and/or distributed methods will be critical in this regard [67, 68].

2.3.4 Experimental Evaluation

In this section, we demonstrate that GRETA consistently outperforms a set of robust graph-

agnostic and graph-aware comparison policies. We begin by identifying the set of policies we

compare against, as well as our evaluation metrics, graph generation, and mapping of arms to

vertices. We proceed to present results from three experiments: (1) GRETA versus the optimal

policy (for small n); (2) GRETA versus comparison policies for a fixed cohort and graph; and (3)

GRETA evaluated on a series of different budgets, message costs, and graph topologies.

2.3.4.1 Experimental Setup

Policies: In our experiments, we compare the policy produced by GRETA against a subset

of the following graph-{agnostic⊘ and aware†} policies:

THRESHOLD

WHITTLE (TW)⊘
Compute Whittle index values using pull as (only) active
action. Pull ⌊B⌋ arms with highest Whittle index values;
all others get no-act [2, 20].

RANDOM† Construct G′; select budget-feasible edge-action pairs
uniformly at random until budget exhausted.

CENTRALITY-
WEIGHTED RANDOM†

Construct G′; select budget-feasible edge-action pairs
weighted by out-degree centrality of src vertex until
budget exhausted.

MYOPIC† Construct G′; sort edge-action pairs by expected reward
at t+ 1. Select cost-feasible pairs until budget exhausted.

VALUE

ITERATION (VI)†
Find the optimal policy via value iteration for system-level
MDP (intractable at scale, but computable for small |V | and |E|).

We note that in the restless (but graph-agnostic) setting: (1) RANDOM and MYOPIC are
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common baselines. Here, we have extended them to the networked setting. (2) THRESHOLD

WHITTLE represents a state-of-the-art approach. To the best of our knowledge, no additional

(efficiently computable) graph-aware policies exist for the novel networked restless bandit setting

we propose.

Objective: Our optimization task is consistent with assigning equal value to each timestep

that any arm spends in the “desirable” state. This motivates our choice of a local reward function

rt(s
t
t) := sit ∈ {0, 1} and undiscounted cumulative reward functionR(r(s)) :=

∑
i∈[N ]

∑
t∈[T ] r(s

i
t).

Intervention benefit (IB): For each policy, we compute total expected reward, Eπ[R(·)], by

taking the average over 50 simulation seeds. We then compute the intervention benefit as defined

in Equation 2.12, where NOACT represents a policy in which no pulls or messages are executed,

and GH represents the policy produced by GRETA.

IBNoAct,GH(π) :=
Eπ[Rπ(·)]− ENoAct[R(·)]
EGH[R(·)]− ENoAct[R(·)]

(2.12)

Graph generation: For each cohort of n restless arms that we consider in our experiments,

we use a stochastic block model (SBM) to generate a graph with |V | = n vertices [69]. This

generator partitions the vertices into blocks and stochastically inserts directed edges, with hyper-

parameter pin(pout) ∈ [0, 1] controlling the probability that a directed edge will exist between two

vertices in the same (different) block(s).

We consider two options for φ : [n] → V : (1) random; and (2) by cluster. For mapping

(1), we generate ⌈ n
10
⌉ blocks of uniform size, and map arms to vertices—and, by extension, to

blocks—uniformly at random. This mapping represents allocation settings with a peer support

component where participants are randomly assigned to groups, without regard for their behavioral
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similarity.

For mapping (2), we use an off-the-shelf K-MEANS algorithm to cluster the arms in flattened

transition-matrix vector space [70]. We use the cardinality of the resulting clusters to determine

the size of each block, and map arms to vertices based on cluster membership. This mapping

represents intervention allocation settings with a peer support component where participants with

similar transition dynamics are grouped together.

2.3.4.2 GRETA vs. the Optimal Policy

In this experiment, we compare GRETA to π∗
VI, where π∗

VI denotes the optimal policy

obtained via value iteration for the system-level MDP [71]. This system-level MDP has state

space S ′ := {S}n, action space A′ := {A}n, a transition function, P : S ′ ×A′ → S ′, and reward

function, R′ =
∑

i∈[n] s
i. To ensure budget and neighborhood constraint satisfaction, only cost-

and topologically feasible actions, A′′ ⊆ A′ are considered.

1.0 1.5 2.0 2.5 3.0
(a) Budget

300

400

500

[R
]

CW-Rand
Greta

Myopic
NoAct

Rand
TW

VI

Figure 2.4: E[R] by policy and budget

Figure 2.4 reports results for a synthetic cohort of 8 arms embedded in a fully connected
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graph (i.e., pin = pout = 1.0). We let T = 120, ψ = 0.5, and report unnormalized Eπ[R], along

with margins of error for 95% confidence intervals computed over 50 simulation seeds for values

of B ∈ {1, 1.5, 2, 2.5, 3}. GRETA outperforms TW for each value of B (with predictably larger

gaps for values with remainders = ψ that graph-agnostic TW cannot exploit), and is competitive

with respect to π∗
VI.

2.3.4.3 GRETA vs. Alternative Policies

Here we compare GRETA to the graph-agnostic and graph-aware comparison policies

outlined in Section 2.3.4.1. We consider a synthetic cohort of n = 100 restless arms whose

transition matrices are randomly generated in such a way so as to satisfy the structural constraints

introduced in Section 2.3.2. We use a stochastic block model (SBM) generator with pin = 0.2

and pout = 0.05, and consider both the random and by cluster options for φ. We let T = 120,

B = 10, and ψ = 0.5. In Table 2.2, we report results for each mapping-policy combination,

along with margins of error for 95% confidence intervals computed over 50 simulation seeds.

φ(i) Policy E[IB] (%) (±)

randomly

RANDOM 75.82 ± 0.890

CWRANDOM 74.79 ± 1.068

MYOPIC 87.83 ± 1.115

TW 83.57 ± 0.779

GRETA 100.00 ± 0.000

by cluster

RANDOM 64.19 ± 0.786

CWRANDOM 63.59 ± 0.804

MYOPIC 76.24 ± 0.921

TW 72.65 ± 0.684

GRETA 100.00 ± 0.000

Table 2.2: E[IB], by φ and policy

Key findings from this experiment include:

• The policy produced by GRETA achieves significantly

higher Eπ[IB] than each comparison.

• The gap in Eπ[IB] between GRETA and MYOPIC (the

best-performing alternative) is larger for the by cluster

mapping than the random mapping. This suggests that

in assortative networks, relatively homogeneous tran-

sition dynamics within blocks facilitate exploitation of
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the diminishing marginal costs associated with the pull-message dynamic.

2.3.4.4 Sensitivity Analysis

We conduct sensitivity analysis with respect to: (1) the budget, B; (2) the message cost, ψ;

and (3) the underlying graph topology, via the pin and pout hyperparameters of our stochastic block

model graph generator. As we vary each of the aforementioned hyperparameters, we consider a

fixed cohort size of n = 100 randomly-generated, structural constraint-satisfying arms, a time

horizon, T = 120, and a mapping φ : i ∈ [n] 7→ v ∈ V from arms to vertices that is determined by

cluster. We report unnormalized Eπ[R], along with margins of error for 95% confidence intervals

computed over 50 simulation seeds, for GRETA, THRESHOLD WHITTLE, NOACT, and MYOPIC,

which is the best-performing non-TW alternative. We describe each task below, and present results

in Figure 2.5.

Budget: We hold message cost fixed at ψ = 0.5, let pin = 0.25, pout = 0.05, and consider

values of B ∈ {5%, 10%, 15%} of n. As Figure 2.5(a) illustrates, Eπ[R] intuitively rises with B

for each policy considered. For each value of B, we find that GRETA achieves higher Eπ[R] than

the comparison policies, and that the gap between GRETA and the best-performing alternative also

increases with B.

Message cost: Here, we hold the budget fixed at 6, let pin = 0.25, pout = 0.05, and consider

values of ψ ∈ {0.0, 0.25, 0.5, 0.75, 0.9}. As Figure 2.5(b) illustrates, Eπ[R] decreases as the

message cost, ψ, increases for GRETA and MYOPIC, while it remains constant for active-action

agnostic NOACT and message-agnostic TW. For each value of ψ that we consider, GRETA

achieves higher Eπ[R] than each of the comparison policies. This gap is intuitively largest when
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ψ = 0, and decreases until GRETA converges with TW—notably, without suffering loss in total

expected reward due to divisibility issues with respect to B, when ψ = 0.75.

Graph topology: We hold the budget fixed at B = 10, let message cost, ψ = 0.5, and

consider two sets of increasingly assortative (disassortative) (pin, pout) ordered pairs. In each

case, we start with E = ∅—i.e., (0.0, 0.0), and then hold pout (pin) fixed at 0.1 and steadily

increase pin (pout). Figure 2.5(c) and (d) present results. For GRETA, while Eπ[R] is generally

increasing in the number of edges, the rate of growth levels off as assortativity rises, but remains

5 10 15
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6.0
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(d) Disassortativity ( pout; pin = 0.1)
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Figure 2.5: Sensitivity results, by varied hyperparameter
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robust as disassortativity rises. This suggests that homophilic clustering of arms with respect to

transition dynamics may undermine total welfare by inducing competition within neighborhoods,

while heterophilic clustering can help to smooth out subgroups’ relative demand for constrained

resources over time.

2.3.5 Summary of Contributions

In Chapter 2.3, we introduce networked restless bandits, a novel multi-armed bandit setting

in which arms are restless and embedded in a directed graph. We show that this framework

can be used to model constrained resource allocation in community settings, where receipt of

the resource by an individual can result in spillover effects that benefit their neighbor(s). We

also present GRETA, a graph-aware, Whittle-based heuristic algorithm which is constrained

reward-maximizing and budget-constraint satisfying in our networked restless bandit setting. Our

empirical results demonstrate that the policy produced by GRETA outperforms a set of graph-

agnostic and graph-aware comparison policies for a range of different budgets, message costs, and

graph topologies. Future directions include: (1) relaxing the assumption of perfect observability

of transition matrices and/or graph topology; (2) considering individual and/or group fairness; and

(3) incorporating sampling and/or distributed methods to improve scalability.
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Chapter 3: Model Evaluation for Harms Identification and Mitigation

3.1 Evaluating Model Performance Across Intersectional Subgroups

This work was done in collaboration with my co-first author, Kimberly Truong, as well as

Alexandra Chouldechova and Miroslav Dudı́k; see [13].

3.1.1 Introduction

A core task when assessing the fairness of an AI system is measuring its performance across

different subgroups defined by combinations of demographic or other sensitive attributes. Many

of the best-known studies of algorithmic bias are grounded in this type of analysis. This includes

the Buolamwini and Gebru’s Gender Shades study [72], which found that commercial gender

classifiers have much higher error rates for darker-skinned women than other groups, and the

Obermeyer et al.’s study [73] finding bias in commercial algorithms used to guide health-care

decisions, as well as many others [74, 75, 76, 77].

In their work formalizing this type of analysis, Barocas et al. [6] introduce the term disag-

gregated evaluation to refer to this task. The authors draw attention to the many decisions that

often implicitly go into shaping any given disaggregated evaluation: from who will be involved, to

what data will be used, to the statistical approach taken, to drawing inferences from the data. In
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our work, we focus on the question of statistical methodology given an available dataset and pre-

determined subgroups and performance metrics of interest. Specifically, we introduce a method

for estimating performance across subgroups that we show (i) is more accurate than approaches

taken in standard practice; and (ii) can provide greater insight into which factors drive observed

variation in performance.

The “standard approach” to disaggregated evaluation proceeds by stratifying the evalua-

tion data across subgroups and then conducting inference (i.e., computing performance metrics,

confidence intervals, or other statistics) separately for each group. The primary challenge when

applying this approach are small sample sizes. Even for moderately-sized evaluation datasets,

sample sizes quickly get small once considering intersectional subgroups. For instance, in a

medical diabetes mellitus dataset we use later, we have a 5000-patient evaluation dataset, of which

2689 patients are female, 620 are female and over age 80, but only 6 are female, over age 80, and

Hispanic. Indeed, of the 32 distinct gender-age-race/ethnicity subgroups that can be formed in the

data, 8 (i.e., 25%) have fewer than 10 observations, and nearly half have fewer than 25 observations.

Inference based on so few observations is often uninformative, and may be unreliable. In practice,

subgroups that are too small tend to be either excluded from analysis or merged with other small

but potentially heterogeneous subgroups to form higher-level “catch-all” categories (e.g., “other”).

These practices greatly limit the extent to which intersectional groups are even considered in

many disaggregated evaluations. As a consequence, standard assessments may fail to surface

fairness-related harms that could disproportionately affect intersectional subgroups [78], which in

turn means that steps to mitigate those harms will not be taken.

In this work, we introduce a structured regression approach to disaggregated evaluation that

we demonstrate can yield reliable system performance estimates even for very small subgroups
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(e.g., for groups with fewer than 25 observations). We also provide corresponding inference

strategies for constructing confidence intervals for the subgroup-level performance estimates. We

then demonstrate how goodness-of-fit testing can provide insight into the structure of fairness-

related harms experienced by intersectional groups and also identify situations where observed

variation in performance is attributable to benign factors. Lastly, we present results on two publicly

available datasets, and several variants of semi-synthetic data. The results show that our method

is considerably more accurate than the standard approach, especially for small subgroups. They

further show that our method outperforms more statistically sophisticated baselines, including

the model-based metrics method introduced by Miller et al. [79], while also offering additional

advantages. We conclude by discussing limitations and future directions.

3.1.2 Background and Related Work

In their taxonomy of sociotechnical harms of algorithmic systems, Shelby et al. [80] identify

five high-level categories of harm: representational, allocative, quality of service, interpersonal, and

social system. Our work contributes to the broader literature characterizing and assessing allocative

and quality-of-service harms that can result from the use of algorithmic systems. Allocative harms,

first discussed by Barocas et al. [81], occur when systems produce an inequitable distribution

of information, opportunity, or resources across groups. As a running example, we consider a

hypothetical setting in which a model trained to predict 30-day hospital readmission is used to

prioritize high-risk patients for more intensive post-discharge care. Allocative harms might occur

in this setting if certain subgroups of patients are disproportionately under-prioritized for more

intensive care (i.e., have low selection rates) or are under-selected relative to their observed rate of
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readmission (i.e., have high false negative rates).

Quality-of-service harms occur when algorithmic systems underperform for certain socially

salient groups of users [80, 82]. We examine quality-of-service harms across race and gender

groups in the context of commercial automated speech recognition (ASR) systems using data previ-

ously analysed by Koenecke et al. [74]. Specifically, we assess whether there is significant variation

in the word error rate (WER) of the ASR systems across intersectional race and gender subgroups.

The term “intersectionality” was introduced by Crenshaw [78] to describe the distinct

patterns of discrimination and disadvantage experienced by Black women, which she argued

cannot be understood in terms of race or gender discrimination alone. In recent years, algorithmic

fairness research has examined intersectional bias from many perspectives. This includes work

introducing quantitative metrics intended to capture notions of intersectional fairness, such as

subgroup fairness [83], differential fairness [84, 85], and multi-calibration [86], along with

learning algorithms for estimating and achieving these criteria. Wang et al. [87] study “predictivity

differences” across intersectional subgroups, and discuss limitations of existing summary statistics

(such as the maximum disparity across all groups) in capturing meaningful notions of intersectional

harm. Our work differs from this literature because we are specifically interested in the task of

disaggregated evaluation. This entails estimating and reporting system performance for each

intersectional subgroup, rather than computing a particular fairness metric or learning a fairness-

constrained model.

Our work most directly contributes to the growing literature introducing more sample-

efficient methods for conducting disaggregated evaluations. This literature includes methods that

leverage unlabelled data in model evaluation [88, 89, 90]; methods that bound or approximate

performance for intersectional subgroups using marginal statistics [91]; and synthetic data aug-
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mentation approaches [92]. In work more closely related to the spirit of our structured regression

approach, Piratla et al. [93] introduce the Attributed Accuracy Assay (AAA) method, which mod-

els the accuracy of a model as a function of sensitive attributes and other features via a Gaussian

Process (GP). While we do not rely on GPs, we do proceed similarly by modeling the accuracy (or

error) of a given model. Whereas we are specifically concerned with fairness and disaggregated

evaluation, Piratla et al. [93] aim to produce an “accuracy surface” model that clients can use to

estimate the performance of an existing model on their data.

The most closely related work in recent literature is that of Miller et al. [79], who introduce a

Bayesian structured regression approach that they call model-based metrics (MBM). Their method

applies to AI models that produce a score (say to predict a risk of hospital readmission). By

modeling the distribution of scores given select features and the observed outcome, they are able to

make inference on any performance metric of interest, but the approach is not directly applicable

to the evaluation of models that do not produce classification scores (e.g., MBM does not directly

apply to the evaluation of WER in ASR systems). Unlike the MBM approach, we model the target

metric directly and fit separate models for each performance metric of interest. Our experiments

show that our method yields more accurate estimates than MBM (see Section 3.1.7.1).

Our approach is also related to the classical line of research on normal means estimation,

originating with the James-Stein (JS) estimator [94, 95]. The JS estimator works by shrinking

standard estimates towards zero (or some other constant), which leads to a substantial decrease

in variance, while only a moderate increase in bias. This favorable bias–variance trade-off in

turn leads to a more accurate estimator. Our estimator also works by optimizing bias–variance

trade-off, but it enjoys additional advantages: availability of confidence interval procedures and

flexibility to incorporate information in the form of covariates. In our experiments, we match and
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sometimes outperform the JS estimator (see Section 3.1.7.1).

Many important challenges lie outside the scope of this work. We focus on improving

the accuracy of disaggregated evaluation, especially on small groups, assuming that relevant

sensitive attributes and performance metrics have been determined and a suitable evaluation

dataset collected. However, many key sociotechnical challenges arise during the evaluation

conception and dataset construction phases [6, 96]. For instance, as Barocas et al. [6] discuss,

the sensitive attributes often include socially constructed—and potentially contested—features

(like race and gender), which makes the task of mapping people to attributes and corresponding

subgroups potentially fraught, particularly when it involves inference or use of proxy variables,

or poses a risk for members of already-marginalized subgroups. Another set of challenges arises

when deciding on a performance metric. In many high-stakes applications (like education and

health-care), we are not able to directly measure who might benefit, so we need to rely on proxies.

This step is critical, since a poor choice of a proxy may further exacerbate existing inequities, as is

the case, for instance, when predicting risk of re-offense from arrest records [97] or predicting

health-care needs based on health-care expenditures [73].

3.1.3 Problem setting

We would like to assess the fairness-related harms of an AI system by evaluating its

performance on intersectional subgroups of users specified by k ≥ 2 sensitive attributes (like

race and gender), taking values in finite sets A1, . . . ,Ak. The set of all possible k-tuples of

sensitive-attribute values is denoted A = A1 × · · · × Ak.

We assume that we have access to an evaluation dataset S, consisting of individuals described
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by tuples of the form (X,A, Y, Ŷ ) sampled i.i.d. from some underlying distribution D, where X

contains application-relevant information about the individual (e.g., the health history of a patient),

A ∈ A is a k-tuple of sensitive attributes, Y is an observed outcome variable (e.g., whether the

patient was readmitted within 30 days of discharge), and Ŷ is an output produced by the AI system

(e.g., a score used for prioritizing patients into post-discharge care).

For any k-tuple a ∈ A, we write a[1], . . . , a[k] to denote its components. In the ASR example

below, we consider two sensitive attributes, race and gender, with domains A1 = {Black,white}

and A2 = {male, female}. In that case, for example, if a = (Black, female), then a[1] = Black

and a[2] = female. When possible, we use mnemonic indices for components of a and write

a[race] and a[gender] to mean a[1] and a[2], and similarly Arace and Agender to mean A1 and A2.

For each a ∈ A, we define Da to be the distribution of individuals with A = a, so Da is

the conditional distribution D(X,A, Y, Ŷ | A = a), representing an intersectional group. Let ∆

denote the set of all probability distributions over tuples (X,A, Y, Ŷ ), so D ∈ ∆ and also Da ∈ ∆

for all a ∈ A. A performance metric is a function m : ∆→ R that maps a probability distribution

over tuples (X,A, Y, Ŷ ) into a real number. For example, if the underlying AI system performs

binary classification, so Y, Ŷ ∈ {0, 1}, we could measure its performance using accuracy, defined,

for any p ∈ ∆, as

ACC(p) = Pp[Y = Ŷ ],

where Pp[·] is the probability of an event with respect to p. The overall system performance is then

quantified by ACC(D) and the performance on the group a ∈ A by ACC(Da).

Given a performance metric m, the goal of disaggregated evaluation is to estimate the values
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m(Da) for all a ∈ A. We denote these values as

µa = m(Da).

Our only source of information about D is the evaluation dataset S of size n = |S|, sampled

i.i.d. from D. The standard approach to disaggregated evaluation splits the dataset S into groups

Sa =
{
(X,A, Y, Ŷ ) ∈ S : A = a

}

of size na = |Sa|, and then evaluates m on each Sa (or, more precisely, on the probability

distribution that puts an equal probability mass on each data point in Sa). We denote the resulting

standard estimates as

Za = m(Sa). (3.1)

For example, if m is accuracy, then

Za = ACC(Sa) =
1

na

∑
(X,A,Y,Ŷ )∈Sa

1{Y = Ŷ },

where 1{·} is an indicator equal to 1 if its argument is true and 0 if it is false.

We next connect this abstract framework to two concrete scenarios already mentioned in

Section 3.1.2.

Example 1 (Diabetes). We consider an AI system that refers high-risk patients into a post-discharge

care program. We wish to assess the allocative harms of this system. To explore this scenario, we

use a publicly available dataset of diabetes patients developed by Strack et al. [98]. The dataset
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contains information about patient hospital visits, including whether each patient was readmitted

within 30 days after discharge. We use the readmission as a proxy for whether the patient should

be recommended for the care program.

Each data point corresponds to a patient admission, where X describes the patient history

and hospital tests; A describes the patient’s race, gender, and (binned) age; Y ∈ {0, 1} indicates

whether the patient was readmitted within 30 days after discharge; and Ŷ ∈ [0, 1] is the score

produced by the AI system that has been trained to predict Y . We assume that the hospital uses

a threshold r, and patients with Ŷ ≥ r are automatically referred into the care program.

One type of allocative harm occurs when a subgroup of patients is disproportionately

under-prioritized, i.e., if a subgroup has a low selection rate, denoted as

SEL(Da) = PDa [Ŷ ≥ r].

We also consider a second type of harm, which occurs when a subgroup of patients expe-

riences a disproportionately large rate of false negatives (i.e., many of those patients that should

be recommended are not), measured by the false negative rate

FNR(Da) = PDa [Ŷ < r | Y = 1].

Example 2 (ASR). To assess quality-of-service harms of an ASR system, we use a dataset from

Koenecke et al. [74], consisting of audio snippets (of length between 5s and 50s) spoken by various

speakers. In the dataset, X describes properties of the snippet (like duration in seconds), A has two

components corresponding to the speaker’s race and gender, Y is the ground-truth transcription of

66



the snippet, and Ŷ is the transcription provided by the AI system.

The quality-of-service harms occur when the system underperforms for a subgroup of users.

The performance is evaluated by the word error rate

WER(Da) = EDa [wer(Ŷ , Y )],

where wer is a snippet-level word error rate defined as

wer(Ŷ , Y ) =
subst + del + ins

|Y |
,

where subst, del, and ins is the number of word substitutions, deletions, and insertions in Ŷ

compared with the ground truth Y , and |Y | is the number of words in Y .

To quantify the accuracy of an estimator, like the standard estimator introduced above, we

often use mean squared error (MSE). We will use a modified definition of MSE that accounts for

the fact that estimates like Za = m(Sa) are sometimes undefined, for instance, when the metric

m is defined as a conditional probability, like FNR in Example 1, and the set Sa has no samples

that satisfy the condition (e.g., no samples with Y = 1 in case of FNR). For an estimator µ̂ of a

quantity µ, let E denote the event that µ̂ is defined. The bias, variance, and mean squared error

(MSE) of µ̂ are defined as

Bias(µ̂) = E[µ̂ | E ]−µ, Var(µ̂) = E
[(
µ̂−E[µ̂ | E ]

)2 ∣∣ E], MSE(µ̂) = E
[(
µ̂−µ

)2 ∣∣ E],
(3.2)

where the expectations are with respect to the data-generating process giving rise to the dataset
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Figure 3.1: Point estimates and 95% confidence intervals of selection rate
(SEL) and false negative rate (FNR) on diabetes data. Confidence intervals of
the standard estimator are calculated using pooled variance (see Equation 3.7).

used to calculate µ̂ (which is itself a random variable). An estimator with bias equal to zero is

called unbiased.

Mean squared error decomposes into bias and variance terms as

MSE(µ̂) =
[
Bias(µ̂)

]2
+ Var(µ̂), (3.3)

so for unbiased estimators, mean squared error is equal to variance.

Throughout this chapter, we assume that the standard estimates Za are unbiased. Writing this

condition in terms of the metric m, we assume that for all D ∈ ∆ and all n ≥ 1, the performance

metric m satisfies

ES∼Dn [m(S) | m(S) is defined] = m(D), (3.4)

which is true for all the metrics in Section 3.1. Substituting Da for D and na for n in Eq. (3.4)

implies that E[Za | Za is defined] = µa. In the rest of this chapter, we drop conditioning on the

events like “Za is defined,” and just write E[Za] = µa for simplicity.
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Since the standard estimates Za are unbiased, their MSE is equal to their variance, which

typically scales as O(1/na). Thus, standard estimates are accurate when na is large, but less

accurate when na is small. Unfortunately, even for moderately sized evaluation datasets, the sizes

of intersectional groups can be quite small. In Figure 3.1, we show standard estimates of SEL and

FNR on diabetes data (alongside estimates produced by methods introduced later in this chapter).

Although the evaluation dataset has 5000 data points, the intersectional groups are as small as

size 2, and almost half of the groups are of size less than 25, leading to substantial errors in the

standard estimates.

3.1.4 Structured regression approach

We next develop a structured regression (SR) approach, which seeks to overcome the main

shortcoming of the standard estimator: its large variance for small groups. Our approach builds on

two main ideas. First, we leverage information across all data points, not just data points in Sa, to

estimate µa, by pooling the data across related groups, for example, across intersectional groups

that agree in one of their attributes (like age), and by using additional explanatory variables (like

X). This is accomplished by fitting a regression model for µas, with Zas viewed as observations.

Second, we make the regression model sufficiently expressive, so that it can express standard

estimates. Regularization is used to optimize the bias–variance trade-off between the high-variance

standard estimator and a high-bias (but low-variance) constant estimator.

To start, since the standard estimates are unbiased, that is, E[Za] = µa, we can write

Za = µa + εa
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for all a ∈ A, where εa’s are independent random variables with E[εa] = 0. We denote the

variance of Za as σ2
a = Var(Za) = E[ε2a]. In order to estimate µa, we consider a linear model of

the form

µa = θ0 + θ · ϕa

for all a ∈ A, where ϕa ∈ Rd is the feature vector describing the group a, and θ0 ∈ R, θ ∈ Rd

are the parameters of the linear model. It remains to specify how to define ϕa, how to fit the

parameters θ0 and θ, and how to estimate σa.

Defining feature vectors ϕa.

The coordinates of ϕa are referred to as features and denoted as ϕaj for j from some suitable

index set. We allow features to be linearly dependent. We consider the following types of features:

1. Sensitive features. These are derived directly from a. We always include group-identity

indicators for all the groups a′ ∈ A, yielding features of the form ϕaa′ = 1{a = a′}. This

allows the linear model to express any combination of values µa. Additionally, in order to

pool information across related groups, we also define indicators for individual attribute

values, that is, features of the form ϕai,v = 1{a[i] = v} for i ∈ {1, . . . , k} and v ∈ Ai.

In our diabetes example, there are three sensitive attributes: race, age, and gender, with

|Arace| = 4, |Aage| = 4, and |Agender| = 2, so |A| = 4 · 4 · 2 = 32. We use a total of 42

sensitive features: 32 group-identity indicators, 4 indicators of race, 4 indicators of age, and

2 indicators of gender. An example of a group-identity indicator is ϕa(Hispanic,80–99,female) and

an example of a sensitive-attribute indicator is ϕarace,Hispanic.

2. Explanatory features. These are derived from X , Y , and possibly Ŷ . We first featurize
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X using some real-valued functions fj(X), j = 1, . . . , ℓ, and then define explanatory

features ϕaj = EX∼Sa [fj(X)]. Additionally, when Y is categorical, we define features

ϕay = PY∼Sa [Y = y] measuring rates of different outcomes in the group a. In our diabetes

example, we use 7 explanatory features: 5 are derived from individual-level features fj ,

including, for example, the number of inpatient days of a given patient in the prior year; and

there are 2 features ϕay corresponding to 2 possible values of Y .

3. Interaction terms. Finally, it is also possible to consider various interaction terms, both

among features of the same type (such as interactions between gender and age indicators),

or of different types (like interactions between the outcome Y and age).

Fitting the linear model.

We fit (θ0,θ) by lasso regression [99], minimizing an ℓ1-penalized square loss. To improve

the statistical efficiency of the estimator, loss for each group a is weighted inversely proportional

to the variance of Za. Intuitively, since our model can express true µa, we expect the square loss

on each group to be on the order of the variance of Za, so inverse weighting “equalizes the scale”

of losses across groups. The penalized loss is then

Lλ(θ0,θ) =
∑
a∈A

1

σ2
a

(
θ0 + θ · ϕa − Za

)2
+ λ∥θ∥1, (3.5)

where λ is the regularization hyperparameter. Denoting the minimizer of Lλ (for a given λ) as

(θ̂0, θ̂), we obtain the estimates µ̂a = θ̂0 + θ̂ · ϕa.

Tuning λ allows us to navigate the bias–variance tradeoff. When λ = 0, the loss is minimized

by µ̂a = Za, which can always be expressed by suitable θ̂0 and θ̂, because sensitive features
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Figure 3.2: Bias–variance trade-off of structured regression estimates of
selection rate (SEL) on diabetes data. Averaged across all groups, small
groups (size at most 25), and large groups (size above 25), across 100 draws
of evaluation dataset. The scale of the MSE is different for different group
sizes, but the minimum MSE is attained around the same value of λ, thanks
to the weighting of the training loss.

include indicators of all values a ∈ A. As λ→∞, the optimization returns θ̂ ≈ 0. Fixing θ̂ = 0

and optimizing only over the intercept term yields the constant solution

µ̂a = µ̂0, with µ̂0 =

∑
a∈A Za/σ

2
a∑

a∈A 1/σ2
a

,

corresponding to a weighted average of Zas. This solution has a small variance, but it may suffer

from a large bias when the true values µa are far from identical. By tuning λ, we thus move

from the standard estimate to the constant estimate, decreasing the variance while increasing

the bias. The mean squared error is typically minimized at some intermediate value of λ (see

Figure 3.2). We tune λ by 10-fold cross-validation, where the individual folds are obtained by

stratified sampling of the dataset S with respect to the sensitive attribute tuple A.

Estimating variance σ2a.

Variances σ2
a are needed to determine weights in our optimization procedure. A simple

approach is to estimate σ2
a separately on each dataset Sa by using standard variance estimators

(when available), or, more generically, by bootstrap. Unfortunately, for small sample sizes, these
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variance estimates themselves might be inaccurate.

To overcome this limitation, we posit a parametric model for variance, namely, σ2
a = σ2/na,

for some parameter σ. To estimate σ, we proceed in two stages. We first use bootstrap on each

set Sa to obtain the initial estimate of σ2
a, which we denote (σ̂boot

a )2. Thus, na(σ̂boot
a )2 is the initial

estimate of σ2. We expect the variance of this estimate to be on the order O(1/na). Taking a

weighted average across groups, with weighting inversely proportional to (1/na), yields our final

estimator of σ2, which translates into an estimator of σ2
a:

σ̂2 =

∑
a∈A na ·

[
na(σ̂

boot
a )2

]∑
a∈A na

and σ̂2
a = σ̂2/na for all a ∈ A. (3.6)

We refer to these as the pooled estimates of variance. In our preliminary experiments, these

performed better than the initial estimates (σ̂boot
a )2, particularly on small datasets.

3.1.5 Confidence intervals

So far we have focused on obtaining point estimates µ̂a. However, in order for these estimates

to be useful in practice, we also need to quantify our uncertainty about their values. We do so by

using confidence intervals. For unbiased estimators, like the standard estimator Za, confidence

intervals can be derived by estimating the variance and then using normal approximation, which

works quite well for Za with the pooled estimates of variance (see Appendix C.1).

However, variance-based approach does not work with lasso estimates, because they are

biased—in fact, they achieve their improved accuracy by being biased—and so a simple ap-

proach of using variance-based confidence intervals or bootstrap percentiles yields confidence

intervals that are too narrow. Fortunately, there is a rich literature on lasso-based confidence
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intervals [100, 101, 102]. We use the residual bootstrap lasso+partial ridge (rBLPR) approach

of Liu et al. [103]. As the name suggests, it is based on a two-stage lasso+partial ridge (LPR)

point estimator, which first runs lasso as a feature-selection method, and then fits a ridge regression

model, which only penalizes the features that were not selected by lasso. The rBLPR method

calculates confidence intervals for the LPR estimate by residual bootstrap (see [103] for details).

3.1.6 Goodness-of-fit testing

When presenting the results of disaggregated evaluations, the most common approach is

to display point estimates and (sometimes) confidence intervals for every subgroup, as we see,

for example, in Figure 3.1. While this type of a plot can be helpful in identifying groups that

may experience poor performance or allocation, it does not provide a narrative for understanding

how these harms accrue. Goodness-of-fit testing can complement disaggregated evaluations by

allowing us to answer questions such as:

1. Do intersectional groups experience additive, sub-additive, or super-additive fairness-

related harms? For example, when a model is found to perform poorly for Black women, is

this explained by the model performing poorly for Black people and women, or are there

additional sources of error specific to the intersectional group of Black women? An answer

to this question can, for example, inform future collection of training data.

2. Are there benign factors that explain a significant amount of the observed performance

variation across groups? For example, are observed differences in the performance of

an ASR system attributable to systematically worse audio quality in the recordings for

speakers from certain groups? Presence of such benign factors does not lessen the harm,
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but the knowledge of the factors that drive performance differences can be used to design

mitigations (for example, denoising algorithms targeted at specific types of sensors or noise

characteristics).

These types of questions can be framed as goodness-of-fit tests. We consider goodness-of-fit

tests that compare two linear models: M0, with fewer features, and M1, with some additional

features. Such a test asks whether the additional features included in model M1 improve the

goodness of fit compared with model M0, where the goodness-of-fit is measured using the square

loss as in Eq. (3.5). To answer the first question above, we can compare a model M0, which

includes only indicators of race and gender, with a model M1, which also includes interaction

terms. To answer the second question, we can compare a model M ′
0, which only includes benign

factors, with a model M ′
1, which additionally includes indicators of race, gender, and age.

While there are goodness-of-fit tests that have been designed for lasso regression [104], in

this chapter, we use standard F -tests designed for unregularized linear regression. In contrast to

the foregoing discussion, we do not include features corresponding to the indicators of a (because

these would trivially yield standard estimates with perfect goodness-of-fit, which in this case

corresponds to overfitting).

3.1.7 Experiments

In this section, we evaluate the accuracy of point estimates and calibration of confidence

intervals produced by our structured regression (SR) approach. We also demonstrate how goodness-

of-fit tests can be used to provide insights about what drives the variation of performance across

groups.
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In our evaluation, we compare SR with several baselines. First, there is the standard

estimator Za = m(Sa). We construct confidence intervals for Za using normal approximation

with pooled variance estimates (σ̂a)2 from Eq. (3.6). Given a confidence level γ (say 95%), or a

significance level α = 1− γ (say 5%), we use the confidence interval

[Za + qα/2σ̂a, Za + q1−α/2σ̂a], (3.7)

where qp is the p-th quantile of the standard normal distribution.

Our second baseline is the model-based metrics (MBM) approach [79]. As mentioned

in Section 3.1.2, MBM is a Bayesian approach to structured regression that models the scores

produced by an AI system (like Ŷ in the diabetes example). However, it is not directly applicable

to performance metrics that are not based on scores, so we do not use it in the ASR experiments.

Similar to SR, MBM uses linear modeling, and so requires specifying features for each data point.

It comes with a boostrapping procedure for constructing confidence intervals.

And finally, we compare our point estimates with the classical James-Stein (JS) estima-

tor [94, 95]. The estimator works by shrinking standard estimates towards zero (or some other

constant). We use a variant due to Bock [105], which is adapted to unequal variances (in our case,

pooled estimates σ̂2
a = σ̂2/na), giving rise to

µ̂JS
a = µ̂0 +

(
1− (|A| − 3)σ̂2∑

a′∈A na′(Za′ − µ̂0)2

)
+

(Za − µ̂0),

where µ̂0 = (
∑

a∈A naZa)/n is a weighted average of Za’s. Compared with Bock’s original

estimator [105], we use |A| in the numerator, as this has been previously observed to lead to better
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performance [106]. This method does not have a standard procedure for confidence intervals.

3.1.7.1 Diabetes experiments

In our first set of experiments, we explore the scenario from Example 1 using the dataset

developed by Strack et al. [98], and previously used in an AI fairness tutorial [107] and to evaluate

the MBM approach [79]. The dataset contains hospital admission records from 130 hospitals

in the U.S. over a ten-year period (1998–2008) for patients who were admitted with a diabetes

diagnosis and whose hospital stay lasted one to fourteen days. It is a tabular dataset with 47

features describing each encounter, including patient demographics and clinical information (see

Strack et al. [98] for more details).

Following Miller et al. [79], we filter out records with missing demographic information

and those with age below 20. We preprocess clinical features as in [107]. To emulate an AI

system that scores patients for a post-discharge care program, we use 25% of the data to train a

logistic regression model to predict whether the patient will be readmitted into hospital within

30 days. The remaining 75% of the data, consisting of 73,988 hospital admissions across 55,157

individuals, is used as the ground truth D in all of our evaluation experiments.

We consider three sensitive attributes, race, age, and gender, withArace = {African American,

Hispanic,white, other}, Aage = {20–39, 40–59, 60–79, 80–99}, and Agender = {male, female}.

Hospital admissions are represented as tuples (X,A, Y, Ŷ ), where X includes the clinical features,

A = (race, age, gender), Y ∈ {0, 1} indicates whether the patient was readmitted within 30 days

of discharge, and Ŷ ∈ [0, 1] is the readmission probability predicted by the logistic regression

model. From the ground truth we then sample an evaluation dataset S of size 5000 by stratified
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sampling according to A.

As in Example 1, we assume that the hospital uses a threshold r, and patients with Ŷ ≥ r

are automatically referred into the care program. We set the threshold r so that PD[Ŷ ≥ r] = 0.2,

meaning that only 20% of patients are referred, and write π(Ŷ ) = 1{Ŷ ≥ r} to denote this

decision rule. We consider 6 performance metrics (including those already introduced earlier),

defined for any p ∈ ∆ as

SEL(p) = Pp
[
π(Ŷ ) = 1

]
, ACC(p) = Pp

[
π(Ŷ ) = Y

]
,

FNR(p) = Pp
[
π(Ŷ ) = 0

∣∣ Y = 1
]
, FPR(p) = Pp

[
π(Ŷ ) = 1

∣∣ Y = 0
]
,

PPV(p) = Pp
[
Y = 1

∣∣ π(Ŷ ) = 1
]
, AUC(p) = P(Y,Ŷ )∼p, (Y ′,Ŷ ′)∼p

[
Ŷ < Ŷ ′ ∣∣ Y = 0, Y ′ = 1

]
.

The first five metrics (selection rate, accuracy, false positive rate, false negative rate, and positive

predictive value) are derived from the confusion matrix. The final metric is the area under the

ROC curve; (Y, Ŷ ) and (Y ′, Ŷ ′) in its definition are sampled independently according to p.

In order to apply SR, we need to specify features ϕa. As sensitive features, we use indicators

of race, age, gender, as well as indicators of the triple (race,age,gender). We use 7 explanatory

features: indicators for 2 possible values of Y , and 5 additional clinical features describing the

number of inpatient visits, outpatient visits, and emergency visits in the preceding year, number of

diagnoses at admission, and whether any of the diagnoses was congestive heart failure. For MBM,

we use the same set of features, but without the triple indicators.

In Figure 3.1 from earlier, point estimates obtained by SR appear to be closer to the ground

truth than those obtained by the standard method and MBM. Confidence intervals constructed

by SR are of similar size as the standard confidence intervals, and occasionally smaller. MBM
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metrics constructed by 3 methods on diabetes data. Averaged across all groups
and across 20 draws of evaluation dataset. Relative width is with respect to
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appears to produce smaller confidence intervals than SR, but they seem to miss the ground-truth

metric values more often. We next evaluate these anecdotal observations more systematically.

In Figure 3.3, we evaluate the quality of point estimates using mean absolute error (MAE),

which is the mean deviation of the point estimate from the truth, averaged across 20 draws of

evaluation dataset, and over all groups, or separately over the groups of size at most 25 (which we

call small) and groups of size greater than 25 (which we call large). We see that JS and SR yield

substantially more accurate point estimates than the standard method and MBM. The improvement

is particularly dramatic for small groups. JS and SR exhibit similar performance, but in several

cases SR is somewhat better on small groups (e.g., for FPR and PPV). (We use MAE instead of

MSE, because MAE values are easier to interpret, but MSE results are qualitatively similar.)
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In Figure 3.4, we shift attention to confidence intervals. In the top plots, we evaluate

coverage, that is, how often the ground truth lies in the confidence intervals (across 20 draws of

evaluation dataset and across all groups). We show coverage as a function of the confidence level.

We see that both standard method as well as SR are well-calibrated, with their coverage close to

the confidence level, whereas MBM is over-confident, with coverage well below the confidence

level. In the bottom plots, we evaluate the mean relative width of confidence intervals, meaning

the mean of the ratio between the width of a confidence interval and the width of the standard

confidence interval. We see that MBM has the narrowest intervals, but this is at the expense of

coverage. On the other hand, SR is able to maintain well-calibrated coverage while still decreasing

the confidence intervals by up to 20% compared with the standard method.

Finally, in Table 3.1, we demonstrate the use of goodness-of-fit tests:

Estimated Goodness-of-fit test p-values
metric (comparing a more expressive vs a less expressive model)

expl sens expl + sens expl + sens + Y · sens
vs ∅ vs ∅ vs expl vs expl + sens

AUC 0.281 0.438 0.726 0.543
SEL 0.000 0.000 0.000 0.842
FNR 0.093 0.473 0.735 0.565
FPR 0.001 0.000 0.000 0.431
ACC 0.000 0.000 0.005 0.182
PPV 0.316 0.493 0.470 0.874

Model abbreviations: ∅=intercept only, expl=explanatory features,
sens=sensitive features, ·=interactions

Table 3.1: Goodness-of-fit tests on diabetes data. From left to right, we
consider increasingly more complex models with a growing set of features and
report the p-values of the corresponding goodness-of-fit tests; p-values below
0.05 are in bold.

From left to right, we consider increasingly more complex models with a growing set of

features. Beginning with just the intercept, adding explanatory features, then sensitive features (just
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the indicators of race, age, and gender, but not of their combination), and eventually interaction

terms between the outcome Y and sensitive features.

There is no evidence to go beyond the intercept-only model when estimating AUC, FNR,

PPV. This does not necessarily mean that there is no disparity in performance, but we might not

have enough data to tell. Indeed, for instance, confidence intervals for FNR in Figure 3.1 are large

for a vast majority of the groups, so in this case using SR is not sufficient to reduce uncertainty,

and additional data collection may be required. On the other hand, the table shows that both

explanatory and sensitive features help with modeling SEL, FPR, and ACC. In fact, sensitive

features improve the fit after the explanatory features have already been added, meaning that

differences in performance across the groups cannot be explained by the “benign” explanatory

features alone.

3.1.7.2 Experiments with synthetic data

We next provide a few more examples of goodness-of-fit analysis on synthetic data. We

continue to use the diabetes dataset as described in the previous section, but with different values

Ŷ . We consider the performance metric m(p) = Ep[Ŷ ] (this is quite similar to selection rate

or word error rate) and generate Ŷ in such a way that ground-truth metric values µa have a

specific structure. We consider 4 different ground-truth structures, titled modelage, modelage+rc,

modelage·rc, and modelexpl, according to the variables they depend on, with “+” denoting an additive

dependence and “·” presence of interactions (see Appendix C.2 for details).

In Table 3.2, moving from left to right, we test goodness-of-fit of more and more complex

models. In the first row, ground-truth depends only on age, but there is a significant improvement in
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goodness-of-fit from ∅ to expl, because of correlation between age and expl. After the explanatory

features have been included, age still helps (the improvement from expl to expl+age is significant),

so the variation in the performance metric cannot be explained by the “benign factors” alone. On

the other hand, if the data is drawn from modelexpl, there is no evidence that age or race help after

explanatory features have been added.

Data-generating Goodness-of-fit test p-values
model (comparing a more expressive vs a less expressive model)

expl age expl+ age expl+ rc expl+ age+ rc expl+ age+ rc expl+ age+ rc+ age · rc
vs ∅ vs ∅ vs expl vs expl vs expl+ age vs expl+ rc vs expl+ age+ rc

modelage 0.025 0.000 0.000 0.487 0.153 0.000 0.576
modelexpl 0.000 0.000 0.323 0.366 0.608 0.551 0.000
modelage+rc 0.013 0.661 0.142 0.000 0.000 0.000 0.089
modelage·rc 0.003 0.000 0.000 0.040 0.015 0.000 0.002

Model abbreviations: ∅=intercept only, expl=explanatory features, rc=race, ·=interactions

Table 3.2: Goodness of fit tests on synthetic data. From left to right, we
consider increasingly more complex models with a growing set of features and
report the p-values of the corresponding goodness-of-fit tests; p-values below
0.05 are in bold.

In the last two rows, we demonstrate how goodness-of-fit tests handle data from additive

models versus models with interactive terms. The former corresponds to the situation when harms

experienced by intersectional groups combine additively, the latter when there is an additional

intersectional effect. For the additive ground truth (modelage+rc), tests suggest a sequence of

variable additions expl + rc + age, but then show no support for including interaction terms. For

the data from modelage·rc, tests correctly provide support for an inclusion of interactions.

3.1.7.3 Experiments with ASR data

Finally, we explore the scenario from Example 2 using the data provided by Koenecke et al.

[74] as a supplement to their paper finding racial disparities in commercial ASR systems. Similar
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to Koenecke et al. [74], we use the matched dataset, which contains 4282 snippets across 105

distinct speakers. (Matching ensures that there is the same number of snippets from Black and

white speakers and that the marginal distributions of various descriptive statistics match.)

For each audio snippet, we are provided with various statistics (like duration and word

count), an anonymized speaker id, speaker demographics, and word error rates (WERs) on that

snippet by five ASR systems, developed by Google, IBM, Amazon, Microsoft, and Apple. This

information is encoded as a tuple (X,A,W1, . . . ,W5), where X contains the identity of the

speaker, the duration of the snippet in seconds, and word count, A contains two sensitive attributes,

gender and race, with Agender = {male, female} and Arace = {Black,white}, and finally, instead

of Y (human transcription) and Ŷ1, . . . , Ŷ5 (transcriptions by five ASR systems), we directly have

the corresponding word error rates Wi = wer(Ŷi, Y ). The performance metric for the system i is

thus m(p) = Ep[Wi] for any p ∈ ∆.

Although there appears to be a large number of samples (n = 4282), there are only 105

distinct speakers. We expect there to be a substantial amount of correlation between WERs of

the same individual, so an analysis that treats the WERs as independent is likely to overstate the

statistical significance of findings, and may arrive at incorrect conclusions, in particular, when

some speakers have many more snippets than others. In our experiments, we therefore present

results both from a snippet-level analysis that treats the WERs across all snippets as independent

(as done in [74]), and a speaker-level analysis that first reduces the data to speaker-level WERs

by taking an average of WERs across the speaker’s snippets.

We first compare disaggregated evaluation results obtained by SR versus the standard

method. To apply SR, we need to specify features ϕa. As sensitive features, we use indicators

of race and gender, as well as indicators of the pair (race,gender). We use only one explanatory
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Figure 3.5: Point estimates and 95% confidence intervals of word error rates
of five different ASR systems.

feature, equal to the log duration of the snippet.

In Figure 3.5, we report the results. At the snippet level, both methods generally replicate

the results of Koenecke et al. [74]: Black male speakers have the largest WER, followed by

Black female speakers, white male speakers, and white female speakers. The main difference is

that SR systematically shrinks the WER values of the extreme groups (Black male speakers and

white female speakers) towards the mean. Results at the speaker level have substantially larger

confidence intervals than the snippet-level results, reflecting smaller group sizes. Also, due to

smaller group sizes, the SR point estimates are shrunk towards the mean more aggressively.

We also carry out the goodness-of-fit analysis of structure of intersectional harms. At the

speaker level, we find that the variation of performance of all systems is well-explained by the

additive model expl+ race+gender (the p-values of adding each variable in turn are below 0.003),

but not by a model with interactions. This is in contrast with the snippet-level analysis, which

supports the model with interactions (with p-values below 0.001). We interpret this conservatively

and conclude that there is evidence for an additive structure of intersectional harms, but not for

an interaction term. This does not mean that there are no interaction effects, just that we cannot
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conclude that from the data at hand.

3.1.8 Summary of Contributions

In Chapter 3.1, we have introduced a structured regression (SR) approach to disaggregated

evaluation and compared its performance with a variety of baselines. We have seen that SR and

James-Stein (JS) estimator both substantially improve the accuracy of point estimates compared

with the standard approach and a more sophisticated MBM baseline. Both methods are simple

to implement, and are also close in terms of performance, so the choice among them should be

driven by their usability. Here, SR has some advantages. Its ability to include application-specific

features makes it more flexible, and it has a well-developed inference procedures like construction

of confidence intervals and goodness-of-fit tests. However, we have evaluated SR only in two

domains, so any applications in domains with different characteristics (including number and

types of explanatory and sensitive features, and dataset sizes) require additional validation.

In Section 3.1.2, we mentioned challenges that arise in conceptualization stages of dis-

aggregated evaluation. Once the disaggregated results are produced, a complementary set of

challenges arises in how to interpret them. We have conspicuously omitted analysis of regression

coefficients, because in our preliminary experiments, we found that lasso coefficients exhibit too

much variance for reliable inference. Instead, we suggest to use goodness-of-fit tests and we

have demonstrated several ways how. We acknowledge that we have just taken some initial steps

in this area, and there are many opportunities to apply more sophisticated statistical techniques.

Our exploration also completely leaves out important sociotechnical questions about how to draw

actionable conclusions, and how to best communicate the results to relevant stake-holders, both

85



of which are key in translating fairness assessments into a reduction in fairness-related harms.
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3.2 Identifying and Mitigating Clinical Natural Language Inference Artifacts

This work was done in collaboration with my co-author, Rachel Rudinger; see [14].

3.2.1 Introduction

In the clinical domain, the ability to conduct natural language inference (NLI) on unstruc-

tured, domain-specific texts such as patient notes, pathology reports, and scientific papers, plays a

critical role in the development of predictive models and clinical decision support (CDS) systems.

Considerable progress in domain-agnostic NLI has been facilitated by the development of

large-scale, crowdworker-constructed datasets, including the Stanford Natural Language Inference

corpus (SNLI), and the Multi-Genre Natural Language Inference (MultiNLI) corpus [9, 10].

MedNLI is a similarly-motivated, healthcare-specific dataset created by a small team of physician-

annotators in lieu of crowdworkers, due to the extensive domain expertise required [7].

Poliak et al. [11], Gururangan et al. [8], Tsuchiya [108], and McCoy et al. [109] empirically

demonstrate that SNLI and MultiNLI contain lexical and syntactic annotation artifacts that

are disproportionately associated with specific classes, allowing a hypothesis-only classifier

to significantly outperform a majority-class baseline model. The presence of such artifacts is

hypothesized to be partially attributable to the priming effect of the example hypotheses provided to

crowdworkers at annotation-time. Romanov and Shivade [7] note that a hypothesis-only baseline is

able to outperform a majority class baseline in MedNLI, but they do not identify specific artifacts.

We confirm the presence of annotation artifacts in MedNLI and proceed to identify their

lexical and semantic characteristics. We then conduct adversarial filtering to partition MedNLI

into easy and difficult subsets [12]. We find that performance of off-the-shelf fastText-based
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hypothesis-only and hypothesis-plus-premise classifiers is lower on the difficult subset than on the

full and easy subsets [110]. We provide partition information for downstream use, and conclude

by advocating alternative dataset construction strategies for knowledge-intensive domains.1

3.2.2 The MedNLI Dataset

MedNLI is domain-specific evaluation dataset inspired by general-purpose NLI datasets,

including SNLI and MultiNLI [7, 9, 10]. Much like its predecessors, MedNLI consists of premise-

hypothesis pairs, in which the premises are drawn from the Past Medical History sections

of a randomly selected subset of de-identified clinical notes contained in MIMIC-III [111, 112].

MIMIC-III was created from the records of adult and neonatal intensive care unit (ICU) patients.

As such, complex and clinically severe cases are disproportionately represented, relative to their

frequency of occurrence in the general population.

Physician-annotators were asked to write a definitely true, maybe true, and definitely false

set of hypotheses for each premise, corresponding to entailment, neutral and contradiction labels,

respectively. The resulting dataset has cardinality: ntrain = 11232; ndev = 1395; ntest = 1422.

3.2.3 MedNLI Contains Artifacts

To determine whether MedNLI contains annotation artifacts that may artificially inflate the

performance of models trained on this dataset, we train a simple, premise-unaware, fastText

classifier to predict the label of each premise-hypothesis pair, and compare the performance of

this classifier to a majority-class baseline, in which all training examples are mapped to the most

commonly occurring class label [8, 11, 110]. Note that since annotators were asked to create an

1See https://github.com/crherlihy/clinical_nli_artifacts for code and partition ids.
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entailed, contradictory, and neutral hypothesis for each premise, MedNLI is class-balanced. Thus,

in this setting, a majority class baseline is equivalent to choosing a label uniformly at random for

each training example.

The micro F1-score achieved by the fastText classifier significantly exceeds that of

the majority class baseline, confirming the findings of Romanov and Shivade [7], who report a

micro-F1 score of 61.9 but do not identify or analyze artifacts:

dev test
majority class 33.3 33.3
fastText 64.8 62.6

Table 3.3: Performance (micro F1-score) of the fastText hypothesis-only
classifier.

As the confusion matrix for the test set shown in Table 3.4 indicates, the fastText model

is most likely to misclassify entailment as neutral, and neutral and contradiction as entailment.

Per-class precision and recall on the test set are highest for contradiction (73.2; 72.8) and lowest

for entailment (56.7; 53.8).

entailment neutral contradiction
entailment 255 151 68
neutral 126 290 58
contradiction 69 60 345

Table 3.4: Confusion matrix for fastText classifier.

3.2.4 Characteristics of Clinical Artifacts

In this section, we conduct class-specific lexical analysis to identify the clinical and domain-

agnostic characteristics of annotation artifacts associated with each set of hypotheses in MedNLI.
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3.2.4.1 Preprocessing

We cast each hypothesis string in the MedNLI training dataset to lowercase. We then use

a scispaCy model pre-trained on the en core sci lg corpus for tokenization and clinical

named entity recognition (CNER) [113]. One challenge associated with clinical text, and scientific

text more generally, is that semantically meaningful entities often consist of spans rather than

single tokens. To mitigate this issue during lexical analysis, we map each multi-token entity to a

single-token representation, where sub-tokens are separated by underscores.

3.2.4.2 Lexical Artifacts

Following Gururangan et al. [8], to identify tokens that occur disproportionately in hypothe-

ses associated with a specific class, we compute token-class pointwise mutual information (PMI)

with add-50 smoothing applied to raw counts, and a filter to exclude tokens appearing less than

five times in the overall training dataset. Table 3.5 reports the top 15 tokens for each class.

PMI(token, class) = log2
p(token, class)

p(token, ·)p(·, class)
(3.8)

Entailment Entailment hypotheses are characterized by tokens about: (1) patient status and

response to treatment (e.g., responsive; failed; longer as in no longer intubated); (2) medica-

tions and procedures which are common among ICU patients (e.g., broad spectrum; antibiotics;

pressors; steroid medication; underwent; removal); (3) generalized versions of specific words in

the premise (e.g., comorbidities; multiple medical problems), which Gururangan et al. [8] also

observe in SNLI; and (4) modifiers related to duration, frequency, or probability (e.g., frequent,
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entailment % neutral % contradiction %

just 0.25% cardiogenic shock 0.33% no history of cancer 0.27%
high risk 0.26% pelvic pain 0.30% no treatment 0.27%
pressors 0.25% joint pain 0.30% normal breathing 0.27%
possible 0.26% brain injury 0.32% no history of falls 0.27%
elevated blood pressure 0.26% delerium 0.30% normal heart rhythm 0.28%
responsive 0.25% intracranial pressure 0.30% health 0.26%
comorbidities 0.26% smoking 0.42% normal head ct 0.26%
spectrum 0.27% obesity 0.41% normal vision 0.26%
steroid medication 0.25% tia 0.32% normal aortic valve 0.27%
longer 0.26% acquired 0.31% bradycardic 0.26%
history of cancer 0.26% head injury 0.31% normal blood sugars 0.27%
broad 0.26% twins 0.30% normal creatinine 0.28%
frequent 0.25% fertility 0.30% cancer history 0.26%
failed 0.26% statin 0.30% cardiac 0.33%
medical 0.29% acute stroke 0.30% normal chest 0.28%

Table 3.5: Top 15 tokens by PMI(token, class); % of class training examples
containing the token.

possible, high risk).

Neutral Neutral hypotheses feature tokens related to: (1) chronic and acute clinical conditions

(e.g., obesity; joint pain; brain injury); (2) clinically relevant behaviors (e.g., smoking; alcoholic;

drug overdose); and (3) gender and reproductive status (e.g., fertility; pre menopausal). Notably,

the most discriminative conditions tend to be commonly occurring within the general population

and generically stated, rather than rare and specific. This presumably contributes to the relative

difficulty that the hypothesis-only fastText model has distinguishing between the entailment

and neutral classes.

Contradiction Contradiction hypotheses are characterized by tokens that convey normalcy and

good health. Lexically, such sentiment manifests as: (1) explicit negation of clinical severity,

medical history, or in-patient status (e.g., denies pain; no treatment; discharged home), or (2)

affirmation of clinically unremarkable findings (e.g., normal heart rhythm; normal blood sugars),
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which would generally be rare among ICU patients. This suggests a heuristic of inserting negation

token(s) to contradict the premise, which Gururangan et al. [8] also observe in SNLI.

3.2.4.3 Syntactic Artifacts

Hypothesis Length In contrast to Gururangan et al. [8]’s finding that entailed hypotheses in SNLI

tend to be shorter while neutral hypotheses tend to be longer, hypothesis sentence length does not

appear to play a discriminatory role in MedNLI, regardless of whether we consider merged- or

separated-token representations of multi-word entities, as illustrated by Table 3.6:

entailment neutral contradiction
mean median mean median mean median

separate 5.6 5.0 5.2 5.0 5.6 5.0
merged 5.3 5.0 4.9 5.0 5.3 5.0

Table 3.6: Average and median hypothesis length by class and entity represen-
tation.

3.2.5 Physician-Annotator Heuristics

In this section, we re-introduce premises to our analysis to evaluate a set of hypotheses re-

garding latent, class-specific annotator heuristics. If annotators do employ class-specific heuristics,

we should expect the semantic contents, φ, of a given hypothesis, h ∈ H, to be influenced not

only by the semantic contents of its associated premise, p ∈ P , but also by the target class, c ∈ C.

To investigate, we identify a set of heuristics parameterized by φ(p) and c, and characterized

by the presence of a set of heuristic-specific Medical Subject Headings (MeSH) linked entities in

the premise and hypothesis of each heuristic-satisfying example. These heuristics are described

below; specific MeSH features are detailed in the Appendix.
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Hypernym Heuristic This heuristic applies when the premise contains clinical condition(s),

medication(s), finding(s), procedure(s) or event(s), the target class is entailment, and the generated

hypothesis contains term(s) that can be interpreted as super-types for a subset of elements in the

premise (e.g., clindamycin <: antibiotic).

Probable Cause Heuristic This heuristic applies when the premise contains clinical condition(s),

the target class is neutral, and the generated hypothesis provides a plausible, often subjective or

behavioral, causal explanation for the condition, finding, or event described in the premise (e.g.,

associating altered mental status with drug overdose).

Everything Is Fine Heuristic This heuristic applies when the premise contains condition(s)

or finding(s), the target class is contradiction, and the generated hypothesis negates the premise

or asserts unremarkable finding(s). This can take two forms: repetition of premise content plus

negation, or inclusion of modifiers that convey good health.

Analysis: We conduct a χ2 test for each heuristic to determine whether we are able to reject the

null hypothesis that pattern-satisfying premise-hypothesis pairs are uniformly distributed over

classes.

heuristic χ2 p-value top class

hypernym 59.15 1.4e−13‡ entail (45.2%)
probable cause 111.05 7.7e−25‡ neutral (57.8%)
everything fine 874.71 1.1e−190‡ contradict (83.8%)

Table 3.7: Results of χ2 test statistic by heuristic, computed using the combined
MedNLI dataset (‡ p < 0.001, † p < 0.01, * p < 0.5). Top class presented with % of
heuristic-satisfying pairs.

The results support our hypotheses regarding each of the three heuristics. Notably, the
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percentage of heuristic-satisfying pairs accounted for by the top class is lowest for the HYPERNYM

hypothesis, which we attribute to the high degree of semantic overlap between entailed and neutral

hypotheses.

3.2.6 Adversarial Filtering

To mitigate the effect of clinical annotation artifacts, we employ AFLite, an adversarial

filtering algorithm introduced by Sakaguchi et al. [12] and analyzed by Bras et al. [114], to create

easy and difficult partitions of MedNLI.

AFLite requires distributed representations of the full dataset as input, and proceeds in an

iterative fashion. At each iteration, an ensemble of n linear classifiers are trained and evaluated

on different random subsets of the data. A score is then computed for each premise-hypothesis

instance, reflecting the number of times the instance is correctly labeled by a classifier, divided by

the number of times the instance appears in any classifier’s evaluation set. The top-k instances

with scores above a threshold, τ , are filtered out and added to the easy partition; the remaining

instances are retained. This process continues until the size of the filtered subset is < k, or the

number of retained instances is < m; retained instances constitute the difficult partition.

To represent the full dataset, we use fastTextMIMIC-III embeddings, which have been

pretrained on deidentified patient notes from MIMIC-III [7, 111]. We represent each example as

the average of its component token vectors.

We proportionally adjust a subset of the hyperparameters used by Sakaguchi et al. [12] to

account for the fact that MedNLI contains far fewer examples than WINOGRANDE2: specifically,

2MedNLI’s training dataset contains 14049 examples when the training, dev, and test sets are combined, while
WINOGRANDE contains 47K after excluding the 6K used for fine-tuning.
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we set the training size for each ensemble, m, to 5620, which represents ≈ 2
5

of the MedNLI

combined dataset. The remaining hyperparameters are unchanged: the ensemble consists of

n = 64 logistic regression models, the filtering cutoff, k = 500, and the filtering threshold

τ = 0.75.

We apply AFLite to two different versions of MedNLI: (1) Xh,m: hypothesis-only, multi-

token entities merged, and (2) Xph,m: premise and hypothesis concatenated, multi-token entities

merged. AFLIte maps each version to an easy and difficult partition, which can in turn be split

into training, dev, and test subsets. We report results for the fastText classifier trained on the

original, hypothesis-only (hypothesis + premise) MedNLI training set, and evaluated on the full,

easy and difficult dev and test subsets of Xh,m (Xph,m), and observe that performance decreases on

the difficult partition:

model eval dataset full easy (∆) difficult (∆)

no premise majority class dev 0.33 0.34 (+0.01) 0.35 (+0.02)
no premise majority class test 0.33 0.35 (+0.02) 0.37 (+0.04)
no premise fastText dev 0.65 0.67 (+0.02) 0.46 (-0.19)
no premise fastText test 0.63 0.65 (+0.02) 0.4 (-0.23)
with premise majority class dev 0.33 0.45 (+0.12) 0.36 (+0.03)
with premise majority class test 0.33 0.48 (+0.15) 0.37 (+0.04)
with premise fastText dev 0.53 0.6 (+0.07) 0.43 (-0.1)
with premise fastText test 0.51 0.55 (+0.04) 0.4 (-0.11)

Table 3.8: Performance (micro F1-score) for the majority class baseline and
fastText classifiers, with and without premise, by partition (e.g., full, easy,
difficult).
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3.2.7 Discussion

3.2.7.1 MedNLI is Not Immune from Artifacts

In Chapter 3.2, we demonstrate that MedNLI suffers from the same challenge associated with

annotation artifacts that its domain-agnostic predecessors have encountered: namely, NLI models

trained on {Med, S, Multi}NLI can perform well even without access to the training examples’

premises, indicating that they often exploit shallow heuristics, with negative implications for

out-of-sample generalization.

Interestingly, many of the high-level lexical characteristics identified in MedNLI can be

considered domain-specific variants of the more generic, class-specific patterns identified in SNLI.

This observation suggests that a set of abstract design patterns for inference example generation

exists across domains, and may be reinforced by the prompts provided to annotators. Creative or

randomized priming, such as Sakaguchi et al. [12] ’s use of anchor words from WikiHow articles,

may help to decrease reliance on such design patterns, but it appears unlikely that they can be

systematically sidestepped without introducing new, “corrective” artifacts.

3.2.7.2 A Prescription for Dataset Construction

To mitigate the risk of performance overestimation associated with annotation artifacts,

Zellers et al. [115] advocate adversarial dataset construction, such that benchmarks will co-evolve

with language models. This may be difficult to scale in knowledge-intensive domains, as expert

validation of adversarially generated benchmarks is typically required. Additionally, in high-stakes

domains such as medicine, information-rich inferences should be preferred over correct but trivial
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inferences that time-constrained expert annotators may be rationally incentivized to produce,

because entropy-reducing inferences are more useful for downstream tasks.

We advocate the adoption of a mechanism design perspective, so as to develop modified

annotation tasks that reduce the cognitive load placed on expert annotators while incentivizing

the production of domain-specific NLI datasets with high downstream utility [116, 117]. An

additional option is to narrow the generative scope by defining a set of inferences deemed to be

useful for a specific task. Annotators can then map (premise, relation) tuples to relation-satisfying,

potentially fuzzy subsets of this pool of useful inferences, or return partial functions when more

information is needed.

3.2.8 Ethical Considerations

When working with clinical data, two key ethical objectives include: (1) the preservation of

patient privacy, and (2) the development of language and predictive models that benefit patients and

providers to the extent possible, without causing undue harm. With respect to the former, MedNLI’s

premises are sampled from de-identified clinical notes contained in MIMIC-III [111, 112], and

the hypotheses generated by annotators do not refer to specific patients, providers, or locations

by name. MedNLI requires users to complete Health Insurance Portability and Accountability

Act (HIPAA) training and sign a data use agreement prior to being granted access, which we have

complied with.

Per MedNLI’s data use agreement requirements, we do not attempt to identify any patient,

provider, or institution mentioned in the de-identified corpus. Additionally, while we provide

AFLite easy and difficult partition information for community use in the form of split-example
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ids and a checksum, we do not share the premise or hypothesis text associated with any example.

Interested readers are encouraged to complete the necessary training and obtain credentials so that

they can access the complete dataset [7, 112].

With respect to benefiting patients, the discussion of natural language artifacts we have

presented is intended to encourage clinical researchers who rely on (or construct) expert-annotated

clinical corpora to train domain-specific language models, or consume such models to perform

downstream tasks, to be aware of the presence of annotation artifacts, and adjust their assessments

of model performance accordingly. It is our hope that these findings can be used to inform error

analysis and improve predictive models that inform patient care.
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Chapter 4: Balancing Exploration & Exploitation in LLM-informed Decision-

making

4.1 Overcoming Miscalibrated Conversational Priors in LLM-based Chatbots

This work was done in collaboration with Jennifer Neville, Tobias Schnabel, and Adith

Swaminathan; see [19].

4.1.1 Introduction

In contrast to their task- or domain-specific predecessors, modern conversational agents have

employed large language models (LLMs) to achieve high proficiency levels (i.e., at or exceeding

that of humans) in challenging, open-domain settings [118]. The implicit objective for the agent

in such settings is to respond to a user in a way that maximizes the user’s utility given their

conversation goal(s).

However, humans are often unable or rationally unwilling to fully verbalize (i.e., explicitly

state) their goals and preferences for various reasons (e.g., efficiency) and may instead rely on

their conversational partner(s) to fill in the gaps [15]. This leads users to issue under-specified

queries in which the LLM-based chatbot observes only a subset of the preferences and constraints

required to provide a high-quality answer – see Figure 4.1 for an example.
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Figure 4.1: An example failure where a user’s query is under-specified (blue
text). Current LLM-based chatbots produce long responses to hedge against
uncertainty (purple text). Clarifying the user’s context can avert this failure.

Empirically, we observe that under-specification is common: we classified a random sub-

sample of the queries in the OpenAssistant dataset [119] and found that more than 23% of queries

posed to LLM-based chatbots today are severely under-specified (see Figure 4.2 and Section 4.1.3.1

for details).
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Figure 4.2: Real-world users asked severely under-specified queries more than
23% of the time in the OpenAssistant dataset (n = 600).

In this chapter, we explore the relationship between query under-specification, LLM response

behavior, and user satisfaction. We begin by proposing a taxonomy of LLM response strategy

types (see Table 4.2) to characterize the behavior of SoTA models in the face of query under-

specification—i.e., their “conversational priors”— with respect to utility and cognitive cost [120].
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Figure 4.3 provides a demonstrative example. Note that each response strategy (a) can be

characterized by syntactic and semantic features (i.e., length, presence or absence of conditional

statements/questions, etc.) and (b) will give rise to a joint distribution over cost and utility that

impose different trade-offs depending on the user’s true but latent preferences.

Cost

Usefulness

REFUSE
As an AI model, I
cannot answer.

DIRECT RESPONSE
Yes, it is!

HEDGE
Answer lists many factors
such as dress code, fabric,
colors, etc.

INTERROGATE
What is your height?
Are you wearing
pants? What is your
favorite color? ...

CLARIFY
What are you wear-
ing and what is the
dress code?

Q: “Is my outfit appropriate for the event?”

Figure 4.3: For a user query such as q: “Is my outfit appropriate for the event
I’m attending tonight?”, an LLM-based chatbot can choose different response
strategies. These strategies produce responses that differ in their cognitive costs
(x-axis) while providing final answers with different, user-specific levels of
usefulness (y-axis). A good chatbot should respond so as to maximize overall
utility—i.e., by providing useful and low-cost answers for the user.

We use this taxonomy and a combination of synthetic and real-world queries to empirically

demonstrate that: (a) SoTA LLMs are predisposed to respond directly or hedge in lieu of asking a

small number of clarifying questions when queries are under-specified; and (b) such miscalibration

can lead to unsatisfactory and/or sub-optimal performance on downstream tasks (as illustrated in

Figure 4.1 and Section 4.1.3.2).

To address the miscalibration of LLMs outlined above, we formalize user-chatbot interac-

tions as a partially observable decision process (PODP), where a user with a partially observable

goal engages in a turn-by-turn conversation with a chatbot. In this PODP, the chatbot’s policy π is
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a fixed mapping from conversation prefixes (which can span multiple turns) to natural language

responses. Then, for any given conversation and user goal, the chatbot seeks to provide a natural

language response that maximizes utility according to a fixed but unknown user utility function.

Note that utility is computed with respect to the user’s latent goal, which may be fully or partially

observable via their query.

Intuitively, when the goal is partially observable and the user is amenable to answering

a small number of clarifying questions, a policy that produces a natural language response

containing questions at timestep t0 and incorporates the information gained to produce higher-

quality responses at future timestep(s) will yield higher expected cumulative utility, relative to

a myopic policy that tends to respond directly or hedge at t0. We build upon this insight to

propose two interventions (Sections 4.1.4.1 and 4.1.4.2) to make LLM-based chatbots produce

better-calibrated responses in the face of query under-specification. Both of the interventions

require only API access to frozen, black-box LLMs.

Our first intervention (Section 4.1.4.1) is inspired by prior research on the generation

of clarification questions [18, 121], and uses a static, “clarification-aware” prompt to nudge

LLMs to clarify when appropriate rather than reverting to default response behavior. Our second

intervention (Section 4.1.4.2) leverages historical conversation logs to learn a meta-policy—i.e.,

a mapping from conversation prefixes to a finite set of prompts. Then during a PODP episode,

the chatbot first invokes this meta-policy, and then calls the LLM with the resulting prompt to

produce a contextually appropriate PODP action. We expect the two proposed interventions to be

effective in different data regimes — if high-quality logged data is readily available, the approach

in Section 4.1.4.2 is a practical alternative to resource-intensive approaches such as fine-tuning

LLMs on the collected data. Conversely, if we do not have access to sufficient high-quality data,
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we may prefer the data-agnostic approach of Section 4.1.4.1.

In Section 4.1.6, we highlight that our proposed interventions can be further improved—for

instance, by incorporating reasoning related to “good” clarification questions to ask (currently left

up to the LLM), and the propensity of users to answer with relevant information. Empirically,

we evaluate both interventions on recommendation tasks featuring a synthetic user model. We

find that each intervention achieves higher expected utility relative to baseline when queries are

under-specified, and converges to baseline as query specification increases.

4.1.2 Problem Formulation

In the PODP setting that we consider (see Figure 4.4), let θ ∈ Θ represent a user’s latent,

conversation-level goal. Each PODP episode—i.e., user-chatbot conversation—begins with the

user expressing their goal, θ, in a potentially lossy manner via a natural language query, q ∈ Q.

C := Q× [A,O]∗

β : C → p

θ

q

a o

 

π

 

πp

Figure 4.4: PODP plate diagram illustrating user-chatbot interactions, prompt-
induced policies (πp), and the meta-policy mapping from conversations to
prompts (β).

Per Definition 4.1.1, we consider a query q to be under-specified if there is an information

gap between the user’s goal and stated query:
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Definition 4.1.1 (Under-specification). Query under-specification is the partial observability of

user’s goal given a query, i.e., P(Θ | Q) is unknown and not deterministic.

Table 4.1 lists some examples of under-specified queries in the OpenAssistant dataset (see

Section 4.1.3.1 for details).

Once initiated, a conversation dialogue is assumed to proceed iteratively until terminated

by the user (see Figure 4.4). In this context, the chatbot’s natural language responses constitute

the action space of the PODP and are denoted by a ∈ A, while the user’s follow-up utterances

constitute observations denoted by o ∈ O. We denote the multi-turn, variable-length conversation

history between the user and chatbot by C := q × [a, o]∗. We use C := Q× [A,O]∗ to refer to the

space of conversation histories. Then, for any chat conversation C with user goal θ, the task of the

chatbot system is to produce actions with maximum utility according to a fixed but unknown user

utility function, U : Θ× C 7→ R.

Although the reward function of the PODP, U , is unknown we can observe samples from

it. For example, many LLM-based chatbots allow users to rate their conversations; these ratings

can be directly interpreted as U(Θ, C). Recent work [122] infers U across a user population

using a small sample of rated conversations. In general, U can rely on a mix of implicit factors,

such as response length, and explicit factors, such as thumbs up/down or user ratings of paired

responses. Moreover, in Figure 4.3 we saw that the cognitive cost imposed on the user can be

another component influencing U ; in our experiments, we use response length—len(a)—as a

simple proxy for a user’s cognitive cost from action a.

We define the policy π of a chatbot interacting with a user as a stationary (but not necessarily

Markovian) mapping from conversation histories to natural language responses, π : C → A
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(Figure 4.4). An optimal chatbot policy is one that maximizes expected utility:

π∗ ≈ arg maxπE{θ,q}Ea∼π[U(θ, q, [a, o]∗ , a)]. (4.1)

In Equation 4.1, note that the policy influences the responses a in all turns of the conversation, and

that P(Θ,Q) is sampled from the user population.

4.1.2.1 Policies Induced By Prompting LLMs

System messages (also known as prompts) are often used to “steer” an LLM and induce

specific behaviors (e.g., p =“Behave as a helpful assistant”). For LLMs that do not support a

separate system message p, the prompt and conversation transcript can be concatenated together

into the LLM’s input context := p ◦ C. Otherwise, PODP policies can be induced by using a

prompt p and LLM input context := C. Such PODP policies are denoted as πp. If we restrict

our attention to the chatbot policies we can access via prompting, we can rephrase the policy

optimization objective (i.e., Equation 4.1) in terms of prompt optimization:

p∗ ≈ arg maxpE{θ,q}Ea∼πp [U(θ, q, [a, o]∗ , a)]. (4.2)

When we implement a policy by querying a blackbox LLM API with context := C (i.e. p is

empty), we refer to the induced PODP policy as the RLHF policy, πRLHF. We can expect good

PODP performance out-of-the-box from an LLM only if its RLHF-finetuning guarantees that

πRLHF ≈ π∗ (which is unverifiable).
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4.1.2.2 Query Under-specification Causes Sub-optimal Interactions

Modern LLMs are typically fine-tuned via RLHF, where the training objective [123] corre-

sponds to:

πRLHF ≈ arg maxπE{θ,q}∼labEa∼π[U(θ, q, a)]. (4.3)

The combination of query under-specification and RLHF fine-tuning impacts policy learning

(i.e., via Equation 4.3) in two ways: (1) distribution shifts between the preferences of annotators

and those of end-users may skew the learned policy; and (2) RLHF’s emphasis on annotation of,

and optimization over, single-turn interactions produces myopic policies that greedily maximize

single-turn utility.

With respect to (1), annotators may not be able to reliably infer users’ true preferences

(i.e., θ) when evaluating possible responses to user queries—i.e., Plab(Θ | Q) ̸= P(Θ | Q).

Additionally, the utility function may also shift. For example, Singhal et al. [124] observe that

RLHF annotators may prefer longer, more detailed responses relative to end-users.

With respect to (2), the focus on single-turn interactions means annotators are less likely

to be exposed to conversations where a chatbot asks the user clarification questions to better

understand and respond to the user’s query, because such conversations will, by definition, require

multiple turns. In the single-turn setting, annotators may also perceive responses that attempt to

answer users’ queries (albeit incorrectly or verbosely) as more helpful than responses containing

clarification questions. Policy learning with such preferences may thus underestimate the value of

uncertainty-reducing behaviors such as clarification, and the resulting policy may be sub-optimal

for multi-turn conversational outcomes in PODPs. We empirically show that these challenges
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render πRLHF sub-optimal compared to π∗.

4.1.2.3 Meta-Policies

When prompting LLMs to produce chatbot responses, we are not limited to using a fixed

prompt for all conversation turns. Instead, we can define a meta-policy, β : C 7→ p as a mapping

from conversation prefixes to prompts. A PODP agent acting during an episode can first invoke

the meta-policy β, and then query the LLM with prompt p := β(C) to produce its action. For

PODP policies implemented through a composition of a meta-policy with an LLM, the original

problem of finding a good π∗ is replaced with finding a good meta-policy β∗:

β∗ ≈ arg maxβE{θ,q}Ea∼πp [U(θ, q, [a, o]∗ , a) |

p = β(q, [a, o]∗)].

Note that learning a meta-policy β is a different decision-making problem than the PODP

decision-making problem (i.e., an action space of prompts instead of chatbot responses).

4.1.2.4 Characterizing and Inducing Chatbot Response Behaviors

To empirically evaluate πRLHF and to design prompt-based interventions, we introduce a

taxonomy (detailed in Section 4.1.3.2) that can be used to (1) characterize LLM response behavior;

and (2) constrict the meta-policy’s action space. Regarding (1), we refer to the distribution of

response strategies of πRLHF as the LLM’s “conversational prior” (e.g., see Figure 4.7 for GPT-4’s

conversational prior).

To build intuition for how this taxonomy may serve both purposes, note that πRLHF can be
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viewed as a hierarchical probabilistic process (Figure 4.5) in which the chatbot first samples a

latent response strategy, τ ∼ T , and then generates a natural language response conditioned on

the response strategy, a | τ . Then, if πRLHF is found to be miscalibrated in its distribution over T ,

we can intervene via prompts to promote desired response behavior(s).

θ q τ a
  π πτ

Figure 4.5: πRLHF as an hierarchical probabilistic process.

We specifically consider a set of response strategies, T = {REFUSE,RESPOND,HEDGE,

CLARIFY, INTERROGATE}. To motivate this choice, recall that in the PODP, the chatbot cannot

observe the user’s intent, θ, and must instead act based on the belief state—i.e., P(θ | q, [a, o]∗). In

this context, possible response strategies lie along a spectrum characterized by the relative absence

or presence of (belief)-uncertainty-reducing behaviors (see Figure 4.6).

uncertainty-
agnostic

uncertainty-
reducingRESPOND HEDGE CLARIFY INTERROGATE

Figure 4.6: Spectrum characterizing the response strategies that a LLM-
based chatbot can take. RLHF fine-tuning encourages RESPOND and HEDGE,
whereas CLARIFY may be more appropriate when queries are under-specified.

On the uncertainty-agnostic end of this spectrum, the chatbot may rely on its inductive prior

to respond directly—i.e., despite uncertainty about the user’s preferences. Responding directly

relies on assumptions and/or potentially spurious semantic correlations between the preferences the

user does express and those that the LLM-based chatbot must infer. On the uncertainty-reducing

end, a chatbot may ask an unbounded number of questions before responding (Interrogate). This

can allow the system to best approximate a user’s fully specified intent but is completely irrational
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for the user to engage with. As Figure 4.3 shows, any deviations from the Respond response

strategy must be done in a thoughtful manner, lest the user have a worse cost-utility benefit even

as the system reduces uncertainty in its beliefs.

In a PODP, it is critical to balance information-seeking (exploration) against utility maxi-

mization (exploitation). In Section 4.1.3, we demonstrate that πRLHF places too much weight on

response strategies that myopically maximize one-step utility (i.e., RESPOND and HEDGE). In

Section 4.1.4.1, we demonstrate that a simple prompt is able to shift the distribution over response

strategies toward CLARIFY when queries are under-specified, and thereby improve the PODP

policy.

4.1.3 Motivating Experiments

Here, we establish that: (1) query under-specification is common in real-world human-

chatbot conversations; and (2) πRLHF can be sub-optimal when queries are under-specified.

4.1.3.1 Query Underspecification is Common

We annotated the OpenAssistant dataset [119] to explore how often users issue under-

specified queries to open-domain LLM-based chatbots. We restrict our study to queries in

English with at least 3 words (≈ 40% of over 10, 000 conversations) and subsample 600 queries

uniformly at random. We created an LLM-based classifier to map each query to a predicted under-

specification label, whose accuracy we also validate on a synthetic corpus (see Appendix E.1.1).

Class labels include:

• CRITICAL UNDER: One or more important factors upon which an answer to this query
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might depend are not specified or are unknown; it is difficult to provide a high-quality

response without knowing these factors.

• MINOR UNDER: Less important factors that the query might depend on are not specified

or are unknown; however, it is possible to provide a high-quality response even without

knowing these factors.

• SUFFICIENT: All important factors upon which an answer to this query might depend are

sufficiently specified.

Figure 4.2 summarizes the results of this experiment, which shows that query under-

specification is prevalent. A few examples of critically under-specified queries are listed in

Table 4.1. Note also that many OpenAssistant users have experience with prompting, and we

conjecture a higher prevalence of under-specified queries from novice user populations.

Critically Under-specified Queries (Abridged)

Suggest me places near 72nd St where I can park my car.

What are some up and coming and high quality youtube channels
in science and technology that I have probably not heard of?

A friend of mine barely talks to me anymore and I don’t know why.

Table 4.1: Examples from the OpenAssistant dataset tagged by our classifier
as critically underspecified (details in Appendix E.1.1).

4.1.3.2 LLM Policies Can Be Sub-optimal When Queries are Under-specified

When queries are under-specified, πRLHF has difficulties optimally trading-off information

seeking with greedy, utility-maximizing response tendencies. To study this, we define seven broad

categories for query responses in Table 4.2. We use these definitions with an LLM-based classifier,

which we validate in Appendix E.1.2. Let τ be the predicted response type of response a. Our
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experiments show that both for real-world and synthetic queries, the current SoTA LLM, GPT-4,

prefers to either directly respond or hedge, instead of clarifying via a short question.

Response type τ Response characteristics

REFUSE Contains an explicit or implicit refusal to answer.
DIRECT RESPONSE No questions or hedging; addresses query.
HEDGE Many answers, conditioned on uncertain factors.
CLARIFY Limited/prioritized set of questions (i.e., ≤ 3).
INTERROGATE Large/exhaustive number of questions (i.e., > 3).
MISSING The response is empty/blank.
MISCELLANEOUS Describes or follows query instructions.

Table 4.2: For the motivating experiments in Section 4.1.3, we categorize LLM
responses into seven response types.

Synthetic query corpus: The goal for the synthetic corpus is to have a full-information

setting where we can explicitly control the degree of under-specification and measure the utility of

any given response. We generate queries for three different recommendation domains (movies,

gifts, plants) that each have four constraint dimensions θi that can be active (set to a specific value,

e.g., θage = “25-35 years”), or inactive, (e.g., θage = ∅). We base this setup on Radlinski et al.

[125], who studied users’ preferences for movies expressed in a conversational recommendation

setting. The user goal is then to get a recommendation that satisfies all of these constraints.

Constraint values and the number of active dimensions are sampled via uniform sampling. After

determining the ground truth user goal θ, we generate a potentially under-specified user query by

sampling a subset of active constraint dimensions to reveal. With a slight abuse of notation, let q

be the vector of revealed active constraints. We categorize the resulting queries as:

q 7→



CRITICAL UNDER |q| ≤ 1,

SUFFICIENT |q| = |θ|,

MINOR UNDER otherwise.

(4.4)
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Details can be found in Appendix E.3.1.

Sub-optimality of LLM in single-step interaction: For each query, we use GPT-4 with the

default system message to generate a natural language response a ∼ πRLHF and assign it a response

type label τ from Table 4.2 using our LLM-based classifier. Figure 4.7 shows the distribution over

response strategies (by corpus and under-specification severity) for πRLHF.

Figure 4.7: Even under severe levels of under-specification, GPT-4 prefers to
directly answer a user’s query.

We observe that for both synthetic and real-world queries, using the uncertainty-agnostic

DIRECT RESPONSE strategy is preferred by a large margin across all under specification buckets.

While there is evidence that uncertainty-aware response strategies (i.e., HEDGE, CLARIFY, and

INTERROGATE) are increasingly used when under-specification rises, the sheer magnitudes still

express a clear bias for πRLHF to respond or hedge—rather than clarify—in the face of under-

specification. This indicates that there is headroom to improve utility even over SoTA LLMs.

Sub-optimality of LLM in multi-step interactions: Intuitively, a policy asking a few

relevant questions in the beginning should be able to outperform πRLHF in many cases since πRLHF

often defaults to DIRECT RESPONSE. The following two-step recommendation task shows this.

We compare πRLHF with two simple static policies described in Table 4.3. We use modified system
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messages to encourage different behavior for the first response, and follow πRLHF as the default

policy after (for full prompts, see Appendix E.2).

Policy πp System prompt p0

πRLHF Default LLM system message (unmodified).
πClarify Ask about ≤ 3 of most relevant factors.
πHedge Condition on option(s) for each uncertain factor.

Table 4.3: We evaluated three different policies that encourage different initial
response strategies to show the possible room for improvement in multi-step
interactions.

We use the queries and ground truth user goals from the synthetic query corpus outlined in

Section 4.1.3.2, but focus on the movie domain only, following Cheng et al. [126]. Each episode

begins at t = 0 (denoted t0) with the user issuing query q to ask for movie recommendations that

satisfy their true preferences θ. When the LLM-based chatbot provides recommendations (i.e.,

chooses action types DIRECT RESPONSE or HEDGE), we terminate the episode and compute

the utility of the recommendation. If the chatbot asks questions, we use another LLM as a user

simulator, requiring the latter to divulge information in a templatized format about constraints θi

only if explicitly asked (see Appendix E.3.4).

Item Utilities. We begin by measuring the utility of items recommend by each π, opera-

tionalized as the fraction of constraints (out of 4) that an item satisfies, averaged across all items

recommended to the user. Instead of comparing individual policies, we compare response types τ

to eliminate cases where setting the system message p did not induce the desired response type.

Figure 4.8 shows how multi-step episode utilities develop when we group by the type of the first

system response, τ0.

CLARIFY does not generate any utility at time t0, since no recommendations have been

made, but does much better in the second time step t = 1, especially for critically under-specified
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Figure 4.8: Distribution of accumulated item utilities U at timesteps t = 0, 1;
grouped by under-specification levels.

queries. When we HEDGE in the beginning, we do get utility at t0, but generate less than when

we directly reply, since utility is averaged over all (possibly irrelevant) recommendations. These

findings suggest that there is headroom for improvement over πRLHF in multi-step interactions.

Costs. We now consider how the cost of capturing this headroom—i.e., moving from

an under-specified query to a more fully specified version—varies over the uncertainty-aware

strategies that we consider—i.e., HEDGE and CLARIFY. To proxy for the cognitive burden

associated with reading and answering clarification questions or parsing the many cases or

conditions mentioned in hedging responses, we define a cost function, c : A → R≥0 := len(a)

(measured by counting all unigrams in a).

Figure 4.9 illustrates the benefit of CLARIFY – it carries a relatively low cost in terms of

output length. Interestingly, the DIRECT RESPONSE action produces the longest answer among

all other response types when queries are critically under-specified. Inspecting the produced

responses, we see that DIRECT RESPONSE produces long answers by adding explanations or

extended lists of recommendations. When queries are sufficiently specified, HEDGE leads to
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Figure 4.9: Distribution of response cost at t = 0 for each response strategy τ0;
grouped by under-specification levels.

the highest cost answers, as it still enumerates over many answer options. Overall, we see that

CLARIFY obtains the lowest average cost across all under-specification buckets, suggesting that

a policy could achieve higher utility with lower costs by considering the CLARIFY action more

often.

4.1.4 Algorithmic Approach

In this section, we outline two algorithmic interventions to improve upon πRLHF in PODPs.

The first intervention uses a fixed prompt to an LLM-based policy πp that nudges the LLM to prefer

cost-aware uncertainty-reducing response strategies like clarifications when appropriate. We saw in

Section 4.1.3 that this data-agnostic approach can be substantially better than πRLHF when queries

are under-specified and users patiently respond to all clarifications. However, real-world users may

have varying propensities to engage with clarifying questions. So, we devise a second intervention

in Section 4.1.4.2 that uses historical conversational logs to fit an appropriate meta-policy β that

can be more optimal for the PODP.
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4.1.4.1 Data-Agnostic Interventions

We saw in Section 4.1.3 that LLM-based chatbots have sufficient capabilities at detecting

under-specified queries (Section 4.1.3.1) and generating CLARIFY responses if prompted explicitly

(Section 4.1.3.2). However, they do not appear to sufficiently condition on their latent under-

specification judgments when generating responses in the absence of intervention (i.e., when

relying on the baseline system message in πRLHF). Thus, we consider two approaches that explicitly

emphasize the possibility of under-specification and the benefits of clarification when appropriate

and allow graceful recovery of default system behavior when warranted—e.g., when queries are

well-specified.

Approach 1: Chain of Thought (CoT): We evaluate a chain-of-thought [127] intervention in

the form of a modified system message that encourages the LLM-based chatbot to “ask yourself

whether you have sufficient information to provide a good answer, and then respond accordingly”

when responding to queries (see Appendix E.2).

Approach 2: Clarify When Appropriate (Clarify-Flex): We also evaluate a more flexible,

context-aware relaxation of the “always clarify” system message that we experimented with in

Section 4.1.3.2. This modified system message instructs the LLM-based chatbot to ask clarifying

questions about important factors only if they have not been specified, and to respond directly

otherwise (see Appendix E.2).

Key Findings and Limitations: In order to compare our data-agnostic interventions to πRLHF,

we conduct a slightly modified version of the two-step recommendation experiment presented
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in Section 4.1.3.2. Here, we consider p0 values ∈ {BASELINE,COT,CLARIFYFLEX}, and

sequential combinations ∈ {(p0,p1) | p1 = p0 ∨ p1 = BASELINE}.

We begin by using our LLM-based τ -classifier to map each intervention to a distribution over

response strategies, so as to assess the extent to which highlighting uncertainty and encouraging

contextual awareness at response generation time induces changes in response behavior relative

to baseline. As Figure 4.10 illustrates, while the COT intervention behaves quite similarly to

the BASELINE, CLARIFYFLEX meaningfully diverges, favoring interrogation when queries are

critically under-specified, then shifting toward clarify, and finally toward direct response (i.e.,

converging with BASELINE) as the degree of specification increases.

Figure 4.10: Distribution of the response strategies τ̂0 induced by the
three prompts = {BASELINE, COT, CLARIFYFLEX}; grouped by under-
specification levels.

Next, we examine the distribution over the average utility of recommended items for each

sequential combination of (p0,p1). As Figure 4.11 illustrates, (CLARIFYFLEX, BASELINE) is

the best-performing sequential combination when queries are critically under-specified, with

relative advantage diminishing as specification increases. When queries are sufficiently speci-

fied, (CLARIFYFLEX, BASELINE) and (COT, BASELINE) obtain slightly higher median Ū than
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(BASELINE, BASELINE), but we generally see convergence due to the fact that both baseline and

interventions tend toward direct response in this setting.

Figure 4.11: Distribution of Ū for each (p0,p1) sequence; grouped by under-
specification levels.

From this analysis, we conclude that among the data-agnostic interventions we consider,

CLARIFYFLEX is best able to improve upon the baseline πRLHF when queries are critically under-

specified, while maintaining the flexibility to converge to direct response as specification increases.

In summary, through Figures 4.10 and 4.11, we see that in a synthetic user model (that provides

templatized answers to clarification questions), it is possible to improve upon the performance of

the baseline LLM—i.e., CLARIFYFLEX performs better than πRLHF when evaluated in the PODP.

4.1.4.2 Data-Based Intervention

Here, we introduce an intervention that leverages collected conversation logs to learn when

and how to improve upon πRLHF—i.e., by redistributing probability mass away from uncertainty-

agnostic direct response and cost-agnostic hedging toward cost- and context-aware response

strategies such as clarify when appropriate—in a way that is more tunable and adaptive to different
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user populations than the data-agnostic interventions we consider in Section 4.1.4.1.

We begin by considering meta-policies β as described in Section 4.1.2.3. Remember that

learning a mapping β : C 7→ p is a different decision-making problem than the original PODP

policy. As described in Section 4.1.2.4, we will use the taxonomy we developed in Table 4.2 to

reduce the action space of the meta-policies. Given a T with corresponding prompts pτ : τ ∈ T ,

we consider the restricted set of meta-policies β : C 7→ T . A PODP agent using β will, at each

timestep, first calculate τ̂ = β(C), look up the corresponding prompt pτ̂ and finally query the

LLM with (pτ̂ , C) to produce an action in the PODP.

Conceptually, if we had the ability to simulate the PODP environment, then we could learn

a meta-policy β through online Reinforcement Learning (RL): i.e., sample prompts at each turn

in the conversation from the current β, observe the resulting conversation-level outcomes, and

update the parameters of β using e.g., PPO. However, we typically cannot simulate user-chatbot

conversations with high fidelity, and running online RL with users directly can be very sample

inefficient and result in a poor user experience.

Instead, we use an offline approach inspired by Asymmetric Imitation Learning [128]. We

assume access to a dataset D containing logs of user-chatbot dialogues along with conversation-

level utility ratings, D = {(C1, U1) . . . (Cn, Un)}. Such a dataset can be collected, for example,

from an already deployed chatbot. Notice that the data contains signals about the true θi (i.e.

Ui :− U(θi, Ci)) beyond what can be inferred from Ci, but the learner β does not have access to

θi. Hence, imitating optimal actions in D reduces to asymmetric imitation learning.

We use the τ -classifier developed in Section 4.1.3.2 to annotate all of the chatbot responses

in D with their response strategy τ̂ . Consequently, we can estimate a Q-value function Q(C, τ̂) on
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the annotated data as:

Q̂ = arg minQ
∑
i∈D

∑
aj∈Ci

(Q(Ci[: aj], τ̂(aj))− Ui)2,

where C[: a] denotes the conversation prefix up to the chatbot response indicated by a. The

Q-value function Q̂(C, τ) estimates the eventual utility the learner will receive if we take action

τ upon observing conversation C and then follow the baseline system (i.e., πRLHF) at all future

timesteps.

When new conversations arrive, we evaluate the predicted Q values for each τ ∈ T and

choose the argmax:

β(C) = arg maxτ∈T Q̂(C, τ). (4.5)

We empirically evaluate this Q-value estimation approach in the synthetic recommendation

experiment. We operationalize reward as the average utility (i.e., alignment between an item’s

features and the user’s true preferences) over the set of recommended items. In the synthetic setup,

we can generate responses (and eventual conversation rewards) for all possible τ ∈ T for each

query seen in the dataset D. So we compute Q∗ for all queries seen in D. However we need to

estimate Q for new queries as they arrive so as to implement Equation 4.5.

We construct a regressor to estimate Q∗ as follows: we use a pre-trained SentenceTrans-

former model [129] to encode a stratified sample of our synthetic corpus (we stratify by the degree

of under-specification so that the resulting distribution over labels mimics the OpenAssistant

results we report in Figure 4.2).

Then, for new conversation histories, e.g. q, we encode it using the same embedding
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model and retrieve its k-nearest neighbors, with k = 5. We then retrieve each neighbor’s Q∗ and

corresponding τ . We can then predict the Q-value of each candidate τ as the average of the Q∗(τ)

values contributed by neighbors. This is akin to an asymmetric imitation learning baseline [130].

We greedily choose the argmax τ at t0, simulate user answers to LLM responses containing

questions as in Section 4.1.3.2, follow πRLHF at t1, and report the resulting episode-level rewards

(i.e., average utility over items in the rec set). We present empirical results for this approach in

Figure 4.12, and observe that our learned meta-policy achieves higher reward relative to baseline.

The empirical results demonstrate that both strategies we evaluate—i.e., designing good prompts

(Section 4.1.4.1), and learning meta-policies (Section 4.1.4.2) can be better than πRLHF. We

observe in Figure 4.12 that the meta-policy is slightly preferred over CLARIFYFLEX, however this

ordering may not be universal: when historical data is not representative of future conversations,

we may prefer CLARIFYFLEX over learning a meta-policy.

Figure 4.12: Our learned meta-policy outperforms baseline across all under-
specification buckets, especially when queries are critically under-specified.
And it converges to baseline when queries are sufficiently specified.
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4.1.5 Related Work

Even though LLMs are powerful conversationalists and recommenders [131], they have

many failure modes [132] such as generating hallucinations or failing to complete more complex

reasoning tasks [133] (Section 8). Regarding LLM-powered conversations that require stronger

collaboration between two parties, Lin et al. [134] introduce the concept of “decision-oriented

dialogues” and show that current LLMs still are far from human performance. In this chapter, we

investigate a specific cause (query under-specification) and show how we can improve LLMs for

them.

We conjecture that query under-specification is an artifact introduced or amplified during

post-training and alignment workflows such as reinforcement learning from human feedback

(RLHF) [123]. In RLHF, LLMs are fine-tuned to output results that align with the preferences of

annotators. Status quo approaches focus on pairwise comparisons of single-step responses to a

given input query. As such, well-specified and/or simpler queries that admit multiple possible,

high-quality responses without the need for clarification questions may be over-represented during

fine-tuning. Additionally, when annotators do encounter under-specified queries, their preferences

about how to handle ambiguity may differ in meaningful ways from those of end-users, skewing

the learned policy. For example, Singhal et al. [124] observe that annotators tend to prefer longer

responses—which help to “cover all bases” when queries are under-specified—relative to end-

users, who must bear the cognitive cost of LLM verbosity. Annotators may also provide feedback

they feel is “expected” of them that diverges from their true conversational preferences (due to the

Hawthorne effect; see [135]).

Query under-specification has been studied and addressed in information retrieval [136, 137].
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There are two broad approaches: algorithmic or user-centric techniques. Algorithmic approaches

include query expansion [137], query reformulation [136] etc. User-centric approaches focus on

asking good clarifications [18, 121]. Hybrid approaches are possible: for instance, Diao et al.

[138] use active learning to determine what questions to ask in an LLM’s context window so as

to improve its reasoning. We take a user-centric approach of seeking clarification, and rely on

a suitably prompted LLM (rather than a separate active learning policy) to discover appropriate

questions to ask.

We showed that LLMs are misaligned when queries are under-specified. Others have shown

misalignment for other reasons (e.g. toxicity [139]) and studied better ways to align LLMs. There

are two kinds of approaches to align LLMs better: fine-tuning (e.g., DPO [140], KTO [141],

RLHF [123], etc.) and prompt injection (e.g., Constitutional A, I [139], meta-prompting [142]).

We take the latter approach and extend the meta-prompting of Qin and Eisner [142] to work not

only with soft-prompts but with natural language prompts and black-box LLMs.

Our proposed interventions rely on asking users clarification questions. User studies con-

ducted with search engines [143] and pre-LLM conversation systems [144] demonstrated that

users do engage with clarifying questions in those contexts. Conducting user studies in LLM-based

chatbots to assess users’ propensity to answer questions is an exciting avenue for future work.

We frame the conversation between a user and chatbot as a PODP, which is mathematically

equivalent to a partially observable Markov Decision Process (POMDP) [145]. Others have

framed the interactions as multiple rounds of bandit interactions [146], but as we argued before,

single-turn utility maximization is too myopic for multi-turn conversational outcomes. Thus, we

adapt solution concepts from POMDP like Q-learning [147], information-gathering [148] for use

with LLM-induced policies.
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4.1.6 Limitations

While our empirical results demonstrate that both of our proposed interventions improve

expected conversation-level utility when queries are under-specified, it is worth noting some

limitations associated with the way we have modeled user-chatbot interactions. First, we note that

our model relies on the assumption that users are both willing and able to answer clarification

questions when asked—that is, that they will (1) “tolerate” the questions with high probability

(i.e., will not defect by exiting the conversation), and (2) truthfully reveal their preferences. In

practice, the propensity and ability to answer will vary among users and over query intent domains

(e.g., due to personal preferences, epistemic uncertainty regarding a specific topic, etc.).

In our empirical results, the optimistic nature of these assumptions is offset by the conser-

vative nature of the information gain we consider: oftentimes, LLM questions will ask for more

granularity about already-revealed θs, and while real users would often be able to provide such

detail, our lossy, parameterized approximation cannot. As such, any improvement in expected

reward associated with sequential response strategies that incorporate uncertainty reduction at t0

may be underestimated. We have focused on undiscounted expected utility maximization, but the

incorporation of a discount rate would be one way to incorporate heterogeneity with respect to

question tolerance. Human validation of our proposed interventions will also be critical: while the

interventions are well-motivated from an information-theoretic perspective, for some users, the

marginal improvement in expected utility may not outweigh the cognitive cost associated with

having to answer questions.

Additionally, we note that while we have relied on helper LLMs to classify queries and

responses (i.e., with respect to under-specification, and response strategy), human validation
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of these classifiers is an important next step. We have considered a relatively restricted intent

domain, but in more general settings, reasonable annotators may disagree about whether a query is

under-specified when they do not have access to ground-truth θ. Relatedly, we have focused on a

recommendation setting (i.e., movie recs) that admits objective computation of utility; extension of

our approach to intents characterized by more subjective evaluation criteria may require alternative

approaches to modeling utility.

In the data-based intervention outlined in Section 4.1.4.2, we have assumed that historical

conversation logs are representative of the user population and joint distribution over users and

queries seen in the online setting. This assumption may be violated in practice, with potentially

negative consequences for meta-policy performance. Our estimates regarding the prevalence of

query underspecification may also contain artifacts—e.g., due to small sample size, and non-

stationarity of the user population.

Finally, we have made assumptions regarding the prompt-based steerability of LLMs,

along with the ability of LLMs to select “good” clarification questions when prompted to clarify.

Empirical validation of these assumptions on a broad set of LLMs, along with studying the

generation and selection of marginal information-gain maximizing questions, are important

directions for future work.

4.1.7 Summary of Contributions

This chapter explores how user underspecification affects the behavior of LLM-based

chatbots that are fine-tuned with human feedback. We show that chatbots have difficulty handling

vague user requests and explain how this issue stems from the annotation process of LLMs. Our
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study of a public chat logs dataset confirms that this problem is common – over 25% of the

queries are highly underspecified. We formulate the problem of underspecification as a partially

observable decision process (PODP) and generate synthetic data from a recommendation scenario

with hidden item values for experimental evaluation. Our experiments show that pre-trained

LLMs perform poorly on underspecified user queries and propose a method to adjust LLMs

through prompting (with learned control messages). We demonstrate that our lightweight learning

method can effectively leverage previous conversation data to improve the response behavior of

LLM-based chatbots for recommendation tasks.
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Chapter 5: Conclusion & Future Work

5.1 Summary of Contributions

In the preceding chapters, we have considered several instances of algorithmic decision-

making from the perspective of a decision-maker who must: (1) contend with partial observability;

(2) incorporate problem structure; (3) strike an appropriate balance between uncertainty-reducing

(or fairness-promoting) exploration and reward-maximizing exploitation; and (4) determine the

extent to which model outputs and behaviors are generalizable and desirable—versus upwardly

biased or myopic—for the purpose of identifying subgroups or domain-specific reasoning tasks at

risk, and proposing corrective interventions. We summarize our core contributions below.

In Chapter 2, we consider two sequential decision-making tasks framed as restless multi-

armed bandit (RMAB) problems, in which we must select a strict subset of individuals (i.e.,

arms) to receive a health-promoting intervention at each timestep. In Chapter 2.2, we empirically

demonstrate that asymptotically optimal, Whittle-index-based solutions to this problem produce

bimodal distributions, in which a small subset of arms repeatedly receive the intervention while

the majority of arms are ignored. To improve algorithmic acceptability while preserving utility,

we introduce PROBFAIR, a probabilistically fair policy that maximizes total expected constrained

reward and satisfies the budget constraint while ensuring a configurable, strictly positive lower

bound on the probability of being pulled at each timestep.
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Next, in Chapter 2.3, we begin by observing that while prior work in the RMAB space

assumes that arms only benefit if they receive the resource directly, many real-world allocation

tasks occur within communities and can be characterized by positive externalities that allow arms

to derive partial benefit when their neighbor(s) receive the resource. We introduce networked

restless bandits, a novel multi-armed bandit setting in which arms are both restless and embedded

within a directed graph. We then present GRETA, a graph-aware, Whittle index-based heuristic

algorithm used to efficiently construct a constrained reward-maximizing action vector at each

timestep.

In Chapter 3, we shift our focus from algorithm development to model evaluation. The

specific evaluation tasks we consider are motivated by prosocial concerns such as algorithmic

fairness and robustness (i.e., with respect to out-of-sample observations in domains such as health-

care where model predictions may inform high-stakes real-world decisions). In Chapter 3.1, we

consider disaggregated evaluation. In this setting, the objective is to estimate model performance

metrics for intersectional subgroups of interest in order to identify subgroups that may be at risk

of experiencing algorithmic harms. We propose a structured regression-based approach that can

be used to accurately estimate model performance, even for intersectional subgroups with small

sample sizes.

Next, in Chapter 3.2, we focus on model evaluation issues that may arise as unintended

consequences of the training data generation process. We specifically consider MedNLI, a

physician-annotator-constructed clinical natural language inference dataset, and demonstrate how

the priming effects of annotation examples and/or annotators’ use of domain-specific heuristics

to expedite the generation of logically sound (premise, hypothesis) pairs may lead to upwardly

biased performance estimates and poor generalizability for models trained on this dataset.
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Finally, in Chapter 4, we consider LLM-based conversational recommendation. This setting

is unique because it combines aspects covered in earlier chapters: first, the LLM-based chatbot

must “decide” which action (i.e., natural language response) to produce at each turn of the

conversation. In practice, this form of “decision-making” is operationalized by querying a black-

box LLM that has been trained on web-scale data and fine-tuned via single-turn reinforcement

learning from human feedback (RLHF). When we evaluate the default response behavior of

state-of-the-art LLM-based chatbots, we observe a myopic bias toward direct response or hedging

in the face of query underspecification. This insight informs our prompt- and meta-policy-

based interventions, which improve expected conversation-level utility relative to baseline by

encouraging context-aware clarification questions when appropriate, and allowing for subsequent

exploitation of the knowledge gained.

5.2 Future Research Directions

Looking toward the future, as LLMs are incorporated into a broader set of decision-making,

feature engineering, knowledge discovery, and information retrieval contexts, it will become

increasingly important to: (1) characterize the fine-tuning-induced “default” behaviors of LLMs

across a wide range of goal-directed use cases; (2) identify areas where LLMs’ inductive priors

(and the outcomes induced by their default behaviors) meaningfully diverge from the partially

observable and often heterogeneous preferences of human stakeholders; and (3) develop corrective

interventions that incorporate external, domain-specific knowledge and principles, encourage

grounded uncertainty quantification and calibration, and preserve rationality of participation by

preventing mode collapse and amplification of existing harms.
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Appendix A: Probabilistically Fair Allocation in the Restless Bandit Setting

A.1 Notation

In Table A.1, we present an overview of the notation used in Chapter 2.2. [N ] denotes the

set {1, 2, . . . , N}.
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Table A.1: Notation used in Chapter 2.2, with notes on interpretation.

MDP Variables Here, timestep t ∈ [T ] = {1, 2, . . . T} (subscript) and arm index i ∈ [N ] = {1, 2, . . . N} (superscript) are implied.

State space s ∈ S = {0, 1} s =

{
1 arm is in the ‘good’ state.
0 else

Belief space

b ∈ B = [0, 1]

bt+1 =

{
st+1 if known
btP

0
1,1 + (1− bt)P 0

0,1 else

If an arm’s true state is unknown,

the recursively computed belief state approximates it.

Action space a ∈ A = {0, 1} a =

{
1 pull arm (i.e., provide intervention)
0 else, don’t pull

MDP Functions

Transition function
P : S ×A× S → [0, 1]

st, at, st+1 7→ P(st+1 | st, at)

The probability of an arm

going from state st to st+1, given action at.

Equivalent (matrix) notation: P at
st,st+1

.

Reward function r : S or B → R r(b) is used in computing the Whittle index.

Policy function π : S → A
A policy for actions.

The set of optimal policies is π∗ ∈ Π∗.

RMAB Variables

Timestep {t ∈ N | t ≤ T} This timestep is implicit in the MDP.

Arm index i ∈ {1, 2, . . . , N}
Each arm can represent a patient.

k arms can be pulled at any timestep t.

Objective Functions The objective is to find a policy π∗ = maxπ Eπ[R(·)].

Discounted reward function
Rπ
β : SN → R

s10, s
2
0, . . . , s

N
0 7→

∑
i∈[N ]

∑
t∈[T ]

βt−1r(sit) β ∈ [0, 1] is some discount parameter.

Fairness-motivated Constraint Functions

Integer periodicity
⌈T
ν
⌉∧

j=0

(j+1)ν∑
t=jν+1

ait ≥ 1

A form of time-indexed fairness.

Guarantees arm i is pulled at least once

within each period of ν timesteps.

Minimum selection fraction
∧
i∈[N ]

1

T

T∑
t=1

ait ≥ ψ

A form of time-indexed fairness.

Arm i should be pulled at least some

minimum fraction ψ ∈ (0, 1) of timesteps.

Probabilistic
∧
i∈[N ]

∧
t∈[T ]

P(ait = 1 | i, t) ∈ [ℓ, u] Pull each arm with probability pi ∈ [ℓ, u],

where ℓ ∈
(
0, k

N

]
and u ∈

[
k
N
, 1
]
.
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A.2 Empirical Inequity in the Distribution of Actions under Whittle Index

Policies

Here, we present numerical results confirming Prins et al. [24]’s findings that THRESHOLD

WHITTLE (TW) tends to allocate pulls according to a bimodal distribution: a small subset of arms

are pulled frequently, while others are largely ignored.

Experimental Setup: For each iteration, we generate N = 2 forward threshold-optimal

arms and run TW for a T = 365 horizon simulation, where the budget constraint k = 1. We run

1, 000 such iterations.

Results: In 515 out of 1,000 (51.5%) simulations, the arms’ Whittle indices never overlap,

meaning that for any combination of initial states, state transitions, and pulls, TW would pull one

arm for all timesteps t ∈ T and completely ignore the second arm. We visualize one such case in

Figure A.1.

Recall that TW precomputes the infimum subsidy m per arm and belief combination. Since

belief is a function of last known state s ∈ {0, 1} and time-since-seen u ∈ [T ] (using the notation

of Mate et al. [20]), we plot the infimum subsidy of each arm-state combination with time-since-

seen, u, on the x-axis. There exists a horizontal line that divides the two arms, so arm i = 2 will

be pulled for every timestep and arm i = 1 will never be pulled.

In order to modify the Whittle index to guarantee time-indexed fairness constraint satisfac-

tion, one would need to ensure that no such horizontal line exists. Additionally, if we consider a

specific form of time-indexed fairness known as an integer periodicity constraint, which allows a

decision-maker to guarantee that arm i is pulled at least once within each period of ν days, the
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Figure A.1: The Whittle index values for Arm 1 and 2 can be separated by a
horizontal line, meaning that (WLOG) Arm 2 will always be chosen over Arm
1 because its index value dominates.

lines associated with the arms in Figure A.1 must cross before ν timesteps elapse to guarantee

fairness constraint satisfaction.

Another perspective we can take is to ask: what’s the smallest interval νi for each arm

i we could have specified such that THRESHOLD WHITTLE would have satisfied the integer

periodicity constraint? Note that this is retrospective, as there is no way to enforce this constraint

at planning time. We visualize the minimum such νi in Figure A.2. On the far right, we see the

515 cases where (WLOG) the second arm is never pulled—that is, the minimum νi such that

THRESHOLD WHITTLE satisfies the hard integer periodicity constraint must be larger than the

horizon, T = 365. There is one case where arm i = 2 is pulled exactly once. In a majority of the

remaining simulations, TW pulls each arm with approximately equal frequency.
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Figure A.2: The smallest interval νi such that TW satisfies an integer peri-
odicity definition of time-indexed fairness, given N = 2 random arms. In
over 50% of iterations, no such fairness constraint satisfaction is possible (i.e.,
∃i s.t. νi > T ).
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A.3 Intractability of Alternative Approaches

In this section, we motivate the algorithmic design choices we have made when constructing

PROBFAIR by discussing the feasibility of an alternative math programming-based approach.

A.3.1 Why not use a math-programming approach?

Our constrained maximization problem can be readily formulated as an integer program (IP)

with a totally unimodular (TU) constraint matrix. However, this approach is intractable because

the objective function coefficients of this IP cannot be efficiently enumerated. To support this

intractability claim, we begin by presenting an integer program (IP) that maximizes total expected

reward under both budget and time-indexed fairness constraints, for problem instances with

feasible hyperparameters. We then prove that any problem instance with feasible hyperparameters

yields a totally unimodular (TU) constraint matrix, which ensures that the linear program (LP)

relaxation of our IP will yield an integral solution. We proceed to demonstrate that tractability

issues arise because we incur an exponential dependency on the time horizon, T , when we

construct the IP’s objective function coefficients. We conclude by comparing PROBFAIR to the IP

for small values of N and T .

A.3.1.1 Integer Program Formulation

To leverage a math programming approach for our constrained reward maximization task, we

seek to construct an integer program (IP) whose solution is the policy x⃗ ∈ {0, 1}N |A|T . We require

this policy to be reward-maximizing, subject to the guaranteed satisfaction of both budget and time-
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indexed fairness constraints. To begin, let each decision variable xi,a,t ∈ {0, 1} represent whether

or not we take action a ∈ A = {0, 1} for arm i ∈ [N ] at time t ∈ [T ]. Then, let each objective

function coefficient ci,a,t represent the expected reward associated with an arm-action-timestep

combination.

To formalize the objective function, recall that the agent seeks to maximize total expected

reward, Eπ[R(·)]. For clarity of exposition, we specifically consider the linear global reward

function R(r(s)) =
∑N

i=1

∑T
t=0 s

i
t. Note that this implies the discount rate, β = 1; however, the

approach outlined here can be extended in a straightforward manner for β ∈ (0, 1). In order to

compute the expected reward associated with taking action a for arm i at time t, we must consider:

(1) what state is the arm currently in (i.e., what is the realized value of sit ∈ {0, 1})? (2) when the

arm transitions from st to st+1 by virtue of taking action a, what reward, r(·), should we expect to

earn?

Because we define r(s) = s, (2) can be reframed as: what is the probability p(st+1 = 1|sit, ait)

that action a causes a transition from st to the adherent state? Because each arm’s state at time t

is stochastic, depending not only on the sequence of actions taken in previous timesteps, but the

associated set of stochastic transitions informed by the arm’s underlying MDP, each coefficient of
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our objective function must be computed as the expectation over the possible values of st ∈ S:

c⃗ = Es[p(st+1 = 1|xi,a,t, st)] ∀i, a, t ∈ [N ]×A× [T ] (A.1)

=
1

2t

∑
s∈S

p(st = s)
∑
s′∈S

p(st+1 = s′|xi,a,t, st = s)r(s′) ∀i, a, t ∈ [N ]×A× [T ] (A.2)

=
1

2t

∑
s∈S

p(st = s)p(r(st+1) = 1|xi,a,t, st = s) ∀i, a, t ∈ [N ]×A× [T ] (A.3)

=
1

2t

∑
s∈S

p(st = s)p(st+1 = 1|xi,a,t, st = s) ∀i, a, t ∈ [N ]×A× [T ] (A.4)

Within the context of this IP, the time-indexed fairness constraint we introduce in Sec-

tion 2.2.2 can be more specifically defined as either an integer periodicity or minimum selection

fraction constraint. We formalize each of these below:

The integer periodicity constraint allows a decision-maker to guarantee that arm i is pulled

at least once within each period of ν days. We define this constraint as a function g, over the vector

of actions, a⃗i associated with arm i, and user-defined interval length ν ∈ [1, T ]:

g(⃗ai) =

(j+1)ν∑
t=jν+1

ait ≥ 1 (A.5)

∀j ∈
{
0, 1, 2, . . .

⌈
T

ν

⌉}
; ∀i ∈ {1, 2, . . . N}

The minimum selection fraction constraint introduced by Li et al. [28] forces the agent to

pull arm i at least a minimum fraction, ψ ∈ (0, 1), of the total number of steps, but is agnostic

to how these pulls are distributed over time. We define this constraint, g′, as a function over the

137



vector of actions, a⃗i associated with arm i and user-defined ψ:

g′(⃗ai) =
1

T

T∑
t=1

ait ≥ ψ ∀i ∈ {1, 2, . . . N} (A.6)

The resulting integer program is given by:

max cTx (A.7)

s.t.
|A|∑
a=1

xi,a,t = 1 ∀i ∈ [N ], t ∈ [T ] (a) Select exactly one action per

arm i at each t

if int. per:
∑
t∈Ij

xi,1,t ≥ 1 ∀j ∈
{
0, 1, . . .

T − ν
ν

}
(b.i) Pull each arm i at least once

during each interval of length ν

if min. sel:
1

T

T∑
t=1

xi,1,t ≥ ψ ψ ∈ (0, 1),∀i ∈ N (b.ii) Pull each arm i at least a

minimum fraction ψ of T rounds

N∑
i=1

xi,1,t = k ∀t ∈ [T ] (c) Pull exactly k arms at each t

xi,a,t ∈ {0, 1} ∀i ∈ [N ], a ∈ A, t ∈ [T ] (d) Each arm-action-timestep choice

is a binary decision variable

A.3.1.2 LP Relaxation and Integrality of Solution

We now prove that the IP we have formulated in Section A.3.1.1 has an attractive property:

namely, any feasible problem instance will produce a totally unimodular constraint matrix. Our

proof leverages a theorem introduced by Ghouila-Houri and restated below for convenience, which

can be used to determine whether a matrix, A ∈ Rm×n is totally unimodular:
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Lemma A.3.1. (Ghouila-Houri [149]) A matrix A ∈ Zm×n is totally unimodular (TU) if and only

if for every subset of the rows R ⊆ [m], there is a partition R = R1 ∪ R2 such that for every

j ∈ [n], ∑
i∈R1

Aij −
∑
i∈R2

Aij ∈ {−1, 0, 1} (A.8)

Theorem A.3.2. Within the context of the integer program outlined in Appendix A.3.1.1, any

feasible problem instance will produce a constraint matrix that is totally unimodular (TU).

Proof. To begin, we establish the dimensions of any such constraint matrix A and note the

maximum possible column-wise sum that each of its component submatrices may contribute.

Note that the minimum selection fraction constraint (b.ii in Equation A.7), which requires the

agent to pull each arm i at least a minimum fraction, ψ ∈ (0, 1), of T rounds, can be thought

of as a special case of the integer periodicity constraint, (b.i in Equation A.7), where ν = T

and each arm must be pulled at least ⌈Tψ⌉ times. As such, we assume that at most one of the

time-indexed fairness constraints can be selected, and focus on the more general of the two, which

is the integer periodicity constraint. For notational convenience, we refer to constraints by their

alphabetic identifiers. Let (b) represent the integer periodicity constraint, and define a function

φ : r ∈ R ⊆ A 7→ e ∈ {a, b, c} that maps each row to its corresponding constraint type.

First, recall that each xi,a,t represents a single binary decision variable, and corresponds to

a column in A. There are N × |A| × T such columns. Next, note that constraint (a) enforces

the requirement that we select exactly one action per arm per timestep. Formally, ∀i, t ∈ N × T ,

∃!a ∈ A s.t. xi,a,t = 1. Correspondingly, ∀a′ ∈ A \ a, xi,a′,t = 0. The column vectors of the

associated sub-matrix, Aa ∈ ZNT×N |A|T , are indexed by disjoint (i, a, t) ∈ N × |A| × T ; thus,
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each column vector contains a single non-zero entry and for Ra ⊆ Aa, taking the column-wise

sum will yield a vector v⃗ ∈ ZN |A|T with every entry equal to 1.

In a similar vein, equity constraint (b) enforces the requirement that we must pull each

arm, i at least once during each interval Ij of length νi. Within the associated sub-matrix,

Ab ∈ ZN⌈ T
νi

⌉×N |A|T , each column that corresponds to a passive action (e.g., xi,a=0,t) will have

only zero-valued entries, since passive action decision variables are not impacted by constraint

(b). Conversely, each column that corresponds to an active action (e.g., xi,a=1,t) will have a

single non-zero entry. Each active action column corresponding to a specific arm-timestep can

be mapped to exactly one interval. Thus, for Rb ⊆ Ab, taking the column-wise sum will yield a

vector v⃗ ∈ ZN |A|T with every entry taking a value ∈ {0, 1}.

The budget constraint (c) enforces the requirement that we must pull exactly k of the N

arms at each timestep. Much like equity constraint (b), only columns corresponding to active

actions are impacted. Thus, within the associated sub-matrix, Ac ∈ ZT×N |A|T , each column

that corresponds to a passive action (e.g., xi,a=0,t) will have only zero-valued entries, while each

column that corresponds to an active action (e.g., xi,a=1,t) can be mapped to a single timestep, and

will have a single non-zero entry. Thus, for Rc ⊆ Ac, taking the column-wise sum also yield a

vector v⃗ ∈ ZN |A|T with every entry taking a value ∈ {0, 1}.

The complete constraint matrix A thus contains NT + N⌈ T
νi
⌉ + T rows. Three possible

cases arise when we consider every subset of these rows: (1) R ⊊ A = ∅; (2) R ⊊ A;R∩A ̸= ∅;

(3) R ⊆ A.

Case 1. R ⊊ A = ∅. To satisfy Lemma A.3.1, partition R such that R = R1∪R2 = ∅∪∅. Then,
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for every j ∈ [n], ∑
i∈R1

Aij −
∑
i∈R2

Aij = 0− 0; 0 ∈ {−1, 0, 1}

Case 2. R ⊊ A;R ∩ A ̸= ∅. If we consider ∪r∈Rφ(r), there are
∑3

k=1

(
3
k

)
possible sets of

observed constraint types: {a} ∨ {b} ∨ {c} ∨ {a, b} ∨ {a, c} ∨ {b, c} ∨ {a, b, c}.

1. If | ∪r∈R φ(r)| = 1, then any partition of R will satisfy Lemma A.3.1. Without loss of

generality, let each row r ∈ R belong to R1 and R2 = ∅.

i. If ∪r∈Rφ(r) = {a}, taking the column-wise sum of R1 will yield a vector v⃗ ∈ ZN |A|T

with every entry ∈ {1} if R ⊆ Aa, and ∈ {0, 1} otherwise. Thus, ∀j ∈ [N |A|T ],

∑
i∈R1

Aij −
∑
i∈R2

Aij = 0− 0 ∨ 1− 0; {0, 1} ⊊ {−1, 0, 1}

ii. If ∪r∈Rφ(r) = {b} ∨ {c}, taking the column-wise sum of R1 will yield a vector

v⃗ ∈ ZN |A|T with every entry corresponding to a passive action column ∈ {0} and

every entry corresponding to an active action column ∈ {1} if R ⊆ Ab∨c, and ∈

{0, 1} otherwise. Thus, ∀j ∈ [N |A|T ],

∑
i∈R1

Aij −
∑
i∈R2

Aij = 0− 0 ∨ 1− 0; {0, 1} ⊊ {−1, 0, 1}

2. If | ∪r∈R φ(r)| = 2, without loss of generality, partition as follows: sort the elements

∈ ∪r∈Rφ(r) lexicographically, and let R1 = {r|φ(r) = min∪r∈Rφ(r)} and R2 = R\R1.

Per Case 2.1 (i) and (ii), taking the column-wise sums of R1 and R2 will yield two vectors,
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v⃗1, v⃗2 ∈ ZN |A|T , each of which will contain only entries ∈ {0, 1}. Thus, ∀j ∈ [N |A|T ],

∑
i∈R1

Aij −
∑
i∈R2

Aij = 0− 0 ∨ 0− 1 ∨ 1− 0 ∨ 1− 1; {−1, 0, 1} ⊆ {−1, 0, 1}

3. If | ∪r∈R φ(r)| = 3, partition according to Algorithm 8:

Algorithm 8 Partition for Case 2.3
1: procedure PARTITION(N , A, T , R)
2: CR1

;CR2
← {0}N |A|T ▷ Initialize two sets of counters

3: R1;R2 ← ∅
4: for element e ∈ {a, b, c} do
5: Re ← {r|φ(r) = e} ▷ Use φ to partition the rows of R by constraint type
6: for r ∈ Ra do
7: R1 ← R1 ∪ r ▷ Let r ∈ R1

8: for i ∈ 0 : N |A|T do
9: if r[i] > 0 then ▷ For each non-zero entry ∈ r

10: CR1
[i]← CR1

[i] + 1 ▷ Increment corresponding CR1
counter

11: for r ∈ Rb do
12: flag← false
13: for i ∈ 0 : N |A|T do
14: if r[i] > 0 ∧ CR1

[i] > 0 then ▷ If any non-zero element ri has CR1
> 0

15: flag← true ▷ Set flag to true
16: if flag then
17: R2 ← R2 ∪ r ▷ Let r ∈ R2

18: for i ∈ 0 : N |A|T do
19: if r[i] > 0 then ▷ For each non-zero entry ∈ r
20: CR2

[i]← CR2
[i] + 1 ▷ Increment corresponding CR2

counter
21: else
22: R1 ← R1 ∪ r ▷ Let r ∈ R1

23: for i ∈ 0 : N |A|T do
24: if r[i] > 0 then ▷ For each non-zero entry ∈ r
25: CR1 [i]← CR1 [i] + 1 ▷ Increment corresponding CR1 counter
26: for r ∈ Rc do
27: R2 ← R2 ∪ r ▷ Let r ∈ R2

28: for i ∈ 0 : N |A|T do
29: if r[i] > 0 then ▷ For each non-zero entry ∈ r
30: CR2

[i]← CR2
[i] + 1 ▷ Increment corresponding CR2

counter
return R1;R2

Taking the column-wise sums of the resulting R1 and R2 will yield two vectors v⃗1, v⃗2 ∈

ZN |A|T , which can contain entries ∈ {0, 1} and {0, 1, 2}, respectively. Note that since v⃗2 is

constructed by taking only rows with constraint types ∈ {b, c}, only entries corresponding to
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active action columns can take values > 1. Moreover, ∀j ∈ [N |A|T ],
∑

i∈R2
Aij = 2 →∑

i∈R1
Aij = 1. Thus, ∀j ∈ [N |A|T ],

∑
i∈R1

Aij −
∑
i∈R2

Aij = 0− 0 ∨ 0− 1 ∨ 1− 0 ∨ 1− 1 ∨ 1− 2; {−1, 0, 1} ⊆ {−1, 0, 1}

Case 3. R ⊆ A. Since | ∪r∈R φ(r)| = 3, proceed as outlined in Case 2.3. Only a slight

modification is required: since R is now equal to A, taking the column-wise sums of the resulting

R1 and R2 will yield two vectors v⃗1, v⃗2 ∈ ZN |A|T , which can contain entries ∈ {1} and {0, 2},

respectively. Thus, ∀j ∈ [N |A|T ],

∑
i∈R1

Aij −
∑
i∈R2

Aij = 1− 0 ∨ 1− 2; {−1, 1} ⊊ {−1, 0, 1}

A.3.1.3 Enumeration of Objective Function Coefficients

The key challenge we encounter when we seek to enumerate the IP outlined in Sec-

tion A.3.1.1 is that exact computation of the objective function coefficients, c⃗ ∈ RN |A|T is

intractable. Each arm contributes |A| × T coefficients, and while calculation is trivially par-

allelizable over arms, we must consider a probability tree like the one in Figure A.4 for each

arm.

The number of decision variables required to enumerate each arm’s game tree is of order

O(|A||S|T ) and there are N such trees, so even a linear program (LP) relaxation is not tractable

for larger values of T and N , which motivates us to propose PROBFAIR (Section 2.2.4) as an

efficient alternative.
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Example 3. Suppose we wish to find the coefficient c′ corresponding to xi,a=0,t=2. From Equa-

tion A.4, we have c′ = 1
22

∑
s∈S p(s2 = s)p(s3 = 1|xi,a=0,t=2, s2 = s). Equivalently, we sum the

weight of each path from the root node to the highlighted end nodes in Figure A.4 and normalize

by 1
22

:

c′ =
1

4

(
P 0
s0,0
P 0
0,0P

0
0,1 + P 0

s0,0
P 1
0,0P

0
0,1 + P 0

s0,0
P 0
0,1P

0
1,1 + P 0

s0,0
P 1
0,1P

0
1,1 (A.9)

+ P 1
s0,0
P 0
0,0P

0
0,1 + P 1

s0,0
P 1
0,0P

0
0,1 + P 1

s0,0
P 0
0,1P

0
1,1 + P 1

s0,0
P 1
0,1P

0
1,1

+ . . . ) For each of the (|A||S|)t = 16 paths to a blue node in Figure A.4.

A.3.1.4 Comparison of PROBFAIR with the True Optimal Policy

In Section 2.2.5, we normalize intervention benefit with THRESHOLD WHITTLE, which is

asymptotically optimal for forward threshold-optimal transition matrices under a budget constraint

k [20]. However, with the integer program (IP) we formulate in Section A.3.1.1, we can find the

optimal policy for any set of transition matrices under budget and fairness constraints as long as

N and T are small.

0 1 2 3 4 5 6 7

Distribution of arm adherences

0.0

0.5

C
ou

nt

IP
=0.33

IP
=3

Prob Fair
=0.33

Prob Fair
=0

IP
baseline

Figure A.3: Adherences of PROBFAIR, compared to the IP formulation

We generateN = 2 random arms such that the structural constraints outlined in Section 2.2.2

are satisfied. We set k = 1 and T = 6. Though the variance in reward is large due to the small
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T , Figure A.3 shows that PROBFAIR obtains 100% of the intervention benefit when no fairness

constraints are applied. Similarly, PROBFAIR with ℓ = 0.33 obtains the same adherence behavior

as the IP policy with under hard fairness constraint ν = 3 or minimum selection fraction constraint

ψ = 0.33. (within 95% confidence interval shown). All results shown are bootstrapped over 500

iterations.

Minimum Selection Fraction Constraints. As we discuss in Appendix A.2, the optimal policy

is often to pull the same k arms at every timestep and ignore all other arms. Under minimum

selection fraction constraints (Equation A.6), each arm must be pulled at least a minimum fraction

ψ of T rounds, with no conditions on when these pulls should take place. We confirm with the

optimal IP implementation our intuition that these additional pulls are allocated at the beginning or

end of the simulation. That is, the optimal policy under minimum selection fraction constraints is

to take advantage of the finite time horizon, which is not suitable for the applications we consider.
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Figure A.4: Illustration of the probability tree for finding the coefficient corre-
sponding to xi,a=0,t=2.
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A.4 PROBFAIR: a Probablistically Fair Policy

Our main contribution is the novel probabilistic policy PROBFAIR (see Section 2.2.4.1).

Here, in Section A.4.1, we present complete proofs to Theorems 2.2.2-2.2.5. Then, in Section

A.4.2, we provide additional details about how we sample from our probabilistic policy to select

discrete actions at each timestep.

A.4.1 Proofs

In this section, we provide proofs for the theorems introduced in Section 2.2.4.1. When

relevant, we begin by restating the theorem for convenience.

Theorem 2.2.2. For every arm i ∈ [N ], fi(pi) is either concave or strictly convex in all of

pi ∈ [0, 1].

Proof. For notational convenience, let:

c1 = P 0
0,1;

c2 = P 1
0,1 − P 0

0,1;

c3 = 1− P 0
1,1 + P 0

0,1;

c4 = P 0
1,1 − P 1

1,1 − P 0
0,1 + P 1

0,1.

Then, fi(pi) = c1+c2pi
c3+c4pi

. We observe that ∀i ∈ [N ], fi(pi) is a valid probability since the term

1 − (1 − pi)P 0
1,1 − piP 1

1,1 in the denominator is at least 1 − (1 − pi) − pi = 0 for all pi ∈ [0, 1].

Then, there are three cases which describe the possible shapes of fi(pi):
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Case 1. c4 = 0. Here, fi(pi) is linear and hence, concave.

Case 2. c4 ̸= 0; c2 = 0. Here, f ′′
i (pi) =

2c1c24
(c3+c4pi)3

≥ 0, so fi(pi) is linear (hence concave) if

c1 = 0 or strictly convex (if c1 > 0) in the domain pi ∈ [0, 1].

Case 3. c4 ̸= 0; c2 ̸= 0. Here,

fi(pi) =

c2
c4

(
c1c4
c2

+ c4pi

)
c3 + c4pi

=
c2
c4

+

(
c1 − c2c3

c4

)
c3 + c4pi

. (A.10)

Thus,

f
′′

i (pi) =
2c24

(
c1 − c2c3

c4

)
(c3 + c4pi)3

(A.11)

The sign of f ′′
i (pi) is the same as the sign of d = c1 − c2c3

c4
. It follows that fi(pi) is strictly convex

if c1 > c2c3
c4

, and concave otherwise for pi ∈ [0, 1].

Theorem 2.2.3. For each arm i ∈ [N ], the structural constraints introduced in Section 2.1 ensure

that fi(pi) is monotonically non-decreasing in pi over the interval [0, 1].

Proof. For notational convenience, let:

c1 = P 0
0,1;

c2 = P 1
0,1 − P 0

0,1;

c3 = 1− P 0
1,1 + P 0

0,1;

c4 = P 0
1,1 − P 1

1,1 − P 0
0,1 + P 1

0,1.

Then fi(pi) = c1+c2pi
c3+c4pi

and f ′
i(pi) =

c2c3−c1c4
(c3+c4pi)2

.
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Observe c2c3 − c1c4 ≥ 0 implies f ′
i(pi) ≥ 0.

c2c3 − c1c4 ≥ 0

c2c3 ≥ c1c4

(P 1
0,1 − P 0

0,1)(1− P 0
1,1 + P 0

0,1) ≥ P 0
0,1(P

0
1,1 − P 1

1,1 − P 0
0,1 + P 1

0,1)

(1− P 0
1,1)P

1
0,1 ≥ (1− P 1

1,1)P
0
0,1

Per our structural constraints, P 0
1,1 < P 1

1,1 and P 1
0,1 > P 0

0,1.

Lemma 2.2.4. P2 has an optimal solution in which pi ∈ (ℓ, u) for at most one i ∈ Y .

Proof. Note by compactness that P2 has not just a supremum, but an actual maximum solution.

Suppose for contradiction there is some optimal solution p⃗ with distinct indices i, j ∈ Y such that

pi, pj ∈ (ℓ, u). Now, suppose we perturb by an infinitesimal ϵ (of arbitrary sign but tiny positive

absolute value) such that pi := pi + ϵ and pj := pj − ϵ. This satisfies all our constraints for

small-enough |ϵ|. The change in the objective
∑

i∈Y fi(pi) is now ϵ · (f ′
i(pi)− f ′

j(pj)) + O(ϵ2);

hence, if f ′
i(pi)−f ′

j(pj) is nonzero, then we can take a tiny ϵ of the appropriate sign to increase the

objective, a contradiction. Therefore, f ′
i(pi)− f ′

j(pj) = 0, and so, we now focus on lower-order

terms: the change in the objective
∑

i∈Y fi(pi) is now (ϵ2/2) ·(f ′′
i (pi)+f

′′
j (pj))+O(ϵ

3). However,

since fi and fj are strictly convex, we have that f ′′
i (pi) + f ′′

j (pj) > 0, and hence the objective

increases regardless of the sign of (the tiny) ϵ, again a contradiction. Thus we have our structural

result.

Theorem 2.2.5. Alg. 2 yields the mapping from arms in Y to subsets in {Y1,Y2,Y3} which
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maximizes
∑

i∈Y fi(pi) s.t.
∑

i∈Y pi = k − z. (See Appendix A.4.1 for the complete proof).

We begin by introducing Lemma A.4.1, which we use in our proof of Theorem 2.2.5:

Lemma A.4.1. For a given γ, p′ ∈ (ℓ, u].

Proof. To begin, observe that z − k = γℓ+ (|Y| − 1− γ)u+ p′. Then, to prove the lower bound,

observe that:

γ =

⌊
|Y|u− (k − z)

u− ℓ

⌋
γ >
|Y|u− (k − z)

u− ℓ
− 1

→ γ >
|Y|u− (γℓ+ (|Y| − 1− γ)u+ p′)

u− ℓ
− 1

γ >
|Y|u− γℓ− |Y|u+ u+ γu− p′ − u+ ℓ

u− ℓ

0 > ℓ− p′ =⇒ p′ > ℓ

To prove the upper bound, observe that:

γ =

⌊
|Y|u− (k − z)

u− ℓ

⌋
γ ≤ |Y|u− (k − z)

u− ℓ

→ γ ≤ |Y|u− (γℓ+ (|Y| − 1− γ)u+ p′)

u− ℓ

γ ≤ γ(u− ℓ) + u− p′

u− ℓ

0 ≤ u− p′ =⇒ p′ ≤ u
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Thus, ℓ < p′ ≤ u.

Now, we proceed with our proof of Theorem 2.2.5.

Proof. Recall P2: maximize
∑

i∈Y fi(pi) such that pi ∈ [ℓ, u] for all i ∈ Y and
∑

i∈Y pi = k − z.

By Lemma 2.2.4, there exists at most one arm with optimal value p∗i ∈ (ℓ, u).

First, we discuss an edge case. If k − z = |Y|ℓ, Line 2 of Algorithm 2 assigns γ = |Y|, so

Line 11 assigns

πY := i 7→



ℓ, for i ∈ Y1 = {Y}

p′, for i ∈ Y2 = ∅

u, for i ∈ Y3 = ∅


(A.12)

Thus Algorithm 2 returns the only valid solution to P2 in this case, which is to set pi = ℓ for all

arms i ∈ Y .

For all other cases k − z > |Y|ℓ, we introduce the following notation: let Y1 be the set of

arms for which pi = ℓ, Y2 be a set containing exactly one arm (WLOG j) where pj = p′ ∈ (ℓ, u],

and Y3 be the remaining set of arms for which pi = u, with
⋂3
x=1 Yx = ∅. Then by Lemma A.4.1,

γ = |Y1| =
⌊
|Y|u−(k−z)

u−ℓ

⌋
and p′ = k − z − γℓ− (|Y| − 1− γ)u ∈ (ℓ, u].

151



P2 is then equivalent to finding a partition Y → Y1∪Y2∪Y3 which maximizes the following:

arg max{Y1,Y2,Y3}
∑
i∈Y1

fi(ℓ) + fj(p
′) +

∑
i′′∈Y3

fi′′(u)

s.t. |Y1| = γ, Y2 = {j},
3⋂

x=1

Yx = ∅, and
3⋃

x=1

Yx = Y (A.13)

Subtracting the constant
∑

i∈Y fi(ℓ) and simplifying yields:

arg max{Y1,Y2,Y3} fj(p
′)− fj(ℓ) +

∑
i′′∈Y3

fi′′(u)− fi′′(ℓ)

s.t. |Y1| = γ, Y2 = {j},
3⋂

x=1

Yx = ∅, and
3⋃

x=1

Yx = Y (A.14)

Suppose we sort arms in ascending order by fi(u)− fi(ℓ). Let us create the set Y ′
3 from the

last |Y| − γ − 1 arms.

By monotonicity, for all i ∈ Y ′
3 and j ̸∈ Y ′

3,

fj(p
′)− fj(ℓ) ≤ fi(u)− fi(ℓ) (A.15)

Thus, setting Y∗
3 = Y ′

3 reduces the optimization problem in Eq. A.13 to finding a partition
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over the remaining sets Y1 and Y2.

arg max{Y1,Y2} fj(p
′)− fj(ℓ)

s.t. |Y1| = γ, Y2 = {j},
2⋂

x=1

Yx = ∅, and
2⋃

x=1

Yx = Y \ Y∗
3 (A.16)

Finally, we solve Equation A.16 by finding the arm j with maximal value fj(p′) − fj(ℓ).

Then Y∗
2 = j, Y∗

1 = Y \ (Y2

⋃
Y∗

3 ), and we are done.

Corollary 2.2.6. Alg. 2 has time complexity O(|Y| log |Y|).

At worst, Algorithm 2 requires two sorts: once on Line 5, and a second time on Line 8, for a

total computational cost of O(2|Y| log |Y|). In total, the computational cost of Algorithm 1 is at

worst O
(
kN
ϵ3

)
when all N arms are in X .

A.4.2 Dependent Rounding Sampling Approach

Here we provide pseudocode for the sampling algorithm introduced in Section 2.2.4.2, along

with its associated SIMPLIFY subroutine [29].
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Algorithm 9 Sampling Subroutine (adapted from Srinivasan [29])

1: procedure SIMPLIFY(α ∈ [0, 1], β ∈ [0, 1])
2: if α = β = 0 then
3: pi, pj ← [0, 0]
4: else if α = β = 1 then
5: pi, pj ← [1, 1]
6: else if α + β = 1 then
7: flag← X ∼ B(n = 1, p = α)
8: pi, pj ← [1, 0] if flag else [0, 1]
9: else if 0 < α+ β < 1 then

10: flag← X ∼ B
(
n = 1, p = α

α+β

)
11: pi, pj ← [α + β, 0] if flag else [0, α+ β]
12: else if 1 < α+ β < 2 then
13: flag← X ∼ B

(
n = 1, p = 1−β

2−α−β

)
14: pi, pj ← [1, α+ β − 1] if flag else [α + β − 1, 1]

return pi, pj

Algorithm 10 Sampling Algorithm (adapted from Srinivasan [29])

1: procedure SAMPLE(G = (V,E))
2: H ← G \ {v|∃e ∈ G s.t. edst = v} ▷ Select subgraph containing nodes without a parent
3: if |H| = 1 then return G ▷ zv ∈ {0, 1}∀v ∈ G;

∑
v zv = k

4: else if |H| ≥ 2 then
5: A ⊊ G ∈

(
H

⌊ |H|
2

⌋

)
6: B ← G \ A
7: pairs← {(ai, bi) ∈ A×B|i ∈ I}
8: H ′ ← (V = ∅, E = ∅)
9: for (vi, vj) ∈ pairs do

10: H ′ ← H ′ ∪ {vi, vj}
11: H ′ ← H ′ ∪ {v′; ev′,vα |α ∈ {i, j}}
12: Xi, Xj ← SIMPLIFY(pvi , pvj) ▷ Defined in Algorithm 9
13: zvi ← Xi ▷ If Xi was fixed, zvi ∈ {0, 1}
14: zvj ← Xj ▷ If Xj was fixed, zvj ∈ {0, 1}
15: if zvi ∈ {0, 1} then
16: pv′ ← Xj

17: elsepv′ ← Xi

18: F ← G ∪H ′ ▷ ∀v ∈ G ∩H ′, update attribute values per H ′

19: return SAMPLE(F)

154



A.4.3 Additional Experimental Details

In this section, we discuss additional details of our empirical study in Section 2.2.5. We

provide a description and pseudocode of the heuristic policies (A.4.3.1), discuss our choice of

fairness metric (A.4.3.2), and provide details of our Synthetic dataset (A.4.3.3).

All results presented in this chapter are bootstrapped over 100 simulation iterations, with

a time horizon T = 180, cohort size N = 100, and budget k = 20, unless otherwise noted. We

utilize seeds to ensure reproducible variation for each randomized parameter, including actualized

transitions in each simulation. We have run simulations on an Intel(R) Core i7 CPU with 16Gb

of RAM. Simulations are configurable via configuration files; runs are trivially parallelizable via

these configuration files.

A.4.3.1 Heuristic Algorithms

In Section 2.2.5, three heuristics based on the THRESHOLD WHITTLE algorithm are intro-

duced: HFIRST , HLAST , and HRAND Here, we go into more detail and provide pseudocode.

Definition A.4.2. Within the context of Algorithm 11, we define a constrained pull to be one that

is executed to satisfy an integer periodicity constraint. Only arms that have not yet been pulled the

required number of times within the ν-length interval are available; other arms are excluded from

consideration, unless all arms have already satisfied their constraints. In this case, all arms are

available to be pulled.

If a pull is not constrained, we say it is unconstrained or residual.

The HFIRST heuristic requires that all constrained pulls must occur at the start of the interval.
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This implies that the first N/k timesteps in each interval are dedicated to pulling all N arms.

The HLAST heuristic requires that all constrained pulls must occur at the end of the interval.

Unlike the HFIRST heuristic, not all arms will necessarily be pulled in the last N/k timesteps, as

some arms will have already satisfied their constraint earlier in the interval via unconstrained

pull(s). These leftover constrained pulls function as unconstrained pulls, per Definition A.4.2.

The HRAND heuristic chooses random positions within the interval for constrained pulls

to occur. Similarly to the HLAST heuristic, some of the later constrained pulls may become

unconstrained pulls if all arms have already satisfied their constraint earlier in the interval.

Algorithm 11 Periodicity Constraint-Enforcing Heuristic Based on TW
1: procedure SIMULATION(A, T , ν, k)
2: for interval ∈ [0, T ] with step size ν do
3: Cinterval ← ∅ ▷ Cinterval := arm(s) with constraint satisfied during the interval
4:
5: for a ∈ A do
6: a.last observed state← 1
7: a.time since pull← 1

8:
9: for t ∈ T do

10: i← GetInterval(t)
11:
12: if t is a constrained pull ∧ Ci ⊊ A then
13: A′ ← {a|a ∈ A \ Ci} ▷ Consider arms with constraint not yet satisfied in interval
14: else if t is a residual pull ∨ Ci = A then
15: A′ ← A ▷ Consider all arms
16:
17: A′

k ← SelectTopK(A′, k, t) ▷ Select k arms with highest Whittle index
18: Ci ← Ci ∪A′

k

19:
20: for a ∈ A do
21: st+1(a)← UpdateState(a) ▷ Update each arm’s state using belief

return

A.4.3.2 Fairness Metric Choices

It is not immediately obvious which evaluation metric(s) best indicate whether we have

improved distributive fairness. While constraint satisfaction itself is a logical candidate, it is

156



Boolean-valued at the arm level, and thus does not reflect to what extent a policy fairly allocates

pulls. Even if we were to report population-level constraint satisfaction (i.e., by noting the

proportion of arms for which a given fairness constraint is satisfied, either over the course of a

single simulation, or in expectation over a set of simulation iterations), this would be tautologically

biased in favor of PROBFAIR and the THRESHOLD WHITTLE-based heuristics, which explicitly

encode constraint satisfaction. This observation motivates us to consider proxy metrics, including

the price of fairness (PoF), the Herfindahl–Hirschman Index (HHI), and the earth mover’s distance

(EMD).

Price of Fairness. Consider price of fairness, defined formally as:

POFTW(ALG) :=
ETW[R(·)]− EALG[R(·)]

ETW[R(·)]
(A.17)

Price of fairness is the relative loss in total expected reward associated with following a distributive

fairness-enforcing policy, as compared to THRESHOLD WHITTLE [50]. A small loss (∼ 0%)

indicates that fairness has a small impact on total expected reward; conversely, a large loss means

total expected reward is sacrificed in order to satisfy the fairness constraints.

Lemma A.4.3. Price of fairness is inversely proportional to intervention benefit.

Proof. The statement in Lemma A.4.3 is equivalent to the statement “Given y, z > 0, there

exists α ∈ R such that x−z
y−z = α z−x

z
for all x > 0”. Here x = EALG[R(·)], y = ENoAct[R(·)],

and z = ETW[R(·)]. Consider α = −z
y−z . Then α z−x

z
= x−z

y−z . Thus, for any algorithm ALG,

POFTW(ALG) ∝ IBNoAct,TW(ALG)−1.
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Herfindahl–Hirschman Index (HHI). The Herfindahl–Hirschman Index (HHI) [150], is a statisti-

cal measure of concentration useful for measuring the extent to which a small set of arms receive

a large proportion of attention due to an unequal distribution of scarce pulls [151]. It is defined as:

HHI(ALG) :=
N∑
i=1

(
1

kT

T∑
t=1

ait

)2

(A.18)

HHI ranges from 1/N to 1; higher values indicate that pulls are concentrated on a small subset

of arms. However, HHI is an imperfect evaluation metric for addressing our prioritarian concern

for arms that would be deprived of algorithmic attention (i.e., fail to receive any pulls) under

THRESHOLD WHITTLE (see Appendix A.2). Since entries are squared, reducing u offers a more

direct path to lowering HHI than increasing ℓ. However, reducing u will not accomplish our stated

goal of guaranteeing each arm a strictly positive lower bound on the probability that it will receive

a pull at any given timestep.

Earth Mover’s Distance The earth mover’s distance (EMD), or Wasserstein metric, is a measure

of distance between two distributions. Specifically, we measure the distance of an algorithm’s

distribution of cumulative pull allocations to a fair reference distribution, ROUND-ROBIN. Though

differences in distances are meaningful, EMD does not directly map to our fairness desiderata.

That is, a given level of fairness enforcement (e.g., as characterized by the hyperparameters ℓ or

ν) is not associated with a specific range of EMD values. Hence, our discussion of (normalized)

earth mover’s distances in Section 2.2.5 focuses on relative differences between policies.
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A.4.3.3 Synthetic Dataset

Conjecture A.4.4. The set of forward (reverse) threshold-optimal arms are a subset of the set of

concave (strictly convex) arms for the local reward function we consider, r(s) = s.

Mate et al. [34] provide conditions for threshold optimality. First, the arm must satisfy the

structural constraints (Section 2.1) and the indexability condition P 0
1,1 − P 0

0,1 + P 1
1,1 − P 1

0,1 ≤ 1.

Then, the following inequalities determine forward (reverse) threshold optimality:


P 0
1,1 − P 0

0,1 ≥ P 1
1,1 − P 1

0,1 forward threshold-optimal

P 0
1,1 − P 0

0,1 ≤ P 1
1,1 − P 1

0,1 reverse threshold-optimal

(A.19)

We conjecture that these conditions necessarily imply the conditions for concavity, repeated

here for convenience:


P 0
0,1 ≤

(
P 1
0,1 − P 0

0,1

) (
1− P 0

1,1 + P 0
0,1

)
P 0
1,1 − P 1

1,1 − P 0
0,1 + P 1

0,1

concave

P 0
0,1 >

(
P 1
0,1 − P 0

0,1

) (
1− P 0

1,1 + P 0
0,1

)
P 0
1,1 − P 1

1,1 − P 0
0,1 + P 1

0,1

strictly convex

(A.20)
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Appendix B: Networked Restless Bandits with Positive Externalities

B.1 Heuristic Policy

In this section, we provide additional details related to the heuristic policy we introduce in

Section 2.3.3, including pseudocode for subroutines and complete proofs for theorems.

B.1.1 Pseudocode

B.1.1.1 Construct G′

Recall from Section 2.3.3.1 that GRETA takes as input a pre-constructed augmented graph,

G′ = (V ′, E ′), where V ′ and E ′ represent augmented vertex and edge sets, respectively (Al-

gorithm 4, line 1). Algorithm 12 provides pseudocode for the construction of this augmented

graph:

Algorithm 12 Construct G′

1: procedure CONSTRUCT(V,E)
2: V ′ ← V ∪ {−1}
3: E′ ← E ∪ {(u,−1)|u ∈ V }
4: G′ = (V ′, E′)
5: return V ′, E′, G′
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B.1.1.2 PULLONLY subroutine

Here we present pseudocode for the PULLONLY subroutine called in line 6 of GRETA

(Algorithm 4).

Algorithm 13 Cumulative subsidy of top-2 arms (pulls)
Note: all sorts are descending; arrays are zero-indexed.
1: procedure PULLONLY(E′,b ∈ N,W2)
2: V ′

2 ← {u | (u, v) ∈ E′ ∧ v = −1}
3: b← min(|V ′

2 |,b)
4: pull vals← SORT(g : u ∈ V ′

2 7→ (u,Wu
2 ))

5: â2 : u ∈ πℓ(pull vals[:b]) 7→ 2
6: ν2 ←

∑b
i=0 πr(pull valsi)

7:
▷ Return top-b arm-actions and their cumulative subsidy

8: return â2, ν2

B.1.1.3 MODACTSB subroutine

Here we present pseudocode for the MODACTSB subroutine called in line 9 or 12 (depending

on the IF/ELSE in line 8) of GRETA (Algorithm 4), as well as in line 18 of the MP subroutine

(Algorithm 6).

Algorithm 14 Update a⃗t and budget per max-value action(s)
1: procedure MODACTSB(G′, C, â∗, a⃗t, B

′)
▷ For every vertex u with an updated action:

2: for u ∈ dom(â∗) do
3: if â∗(u) = 1 then

▷ New action is a message; update a⃗t, B′

4: B′ −= C(1)(1− 1(â∗(u) = 1 ∨ u = −1))
5: a⃗ut ← 1
6: else if â∗(u) = 2 then

▷ New action is a pull; update a⃗t, B′

7: B′ −= C(2)(1− 1(â∗(u) > 0))+
8: 1(â∗(u) = 1)(C(2)− C(1))
9: a⃗ut ← 2

▷ If C(1) = 0, message every v ∈ N ′
out(u)

10: if ψ = 0 then
11: for v ∈ N ′

out(u) do
12: a⃗vt ← max(⃗avt , 1)

13: return a⃗t, B′
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B.1.1.4 UPDATEG subroutine

Algorithm 15 Update E ′ and G′

1: procedure UPDATEGRAPH(V ′, E′, â∗, E′
⊘)

2: for u ∈ dom(â∗) do
3: if â∗(u) = 2 then
4: E′

⊘ ← E′
⊘ ∪ {es,t|es,t ∈ E′∧

5: (t = u ∨ (s = u ∧ t = −1))}
6: E′ ← E′ \ E′

⊘
7: return E′, G′ = (V ′, E′)

B.1.2 Proofs

B.1.2.1 Bounding expected reward

Here, we begin with Remark B.1.1, and proceed to prove Theorem 2.3.1 (restated for conve-

nience below).

Remark B.1.1. For any restless arm i ∈ [n] whose transition matrix entries satisfy the structural

constraints introduced in Section 2.3.2.3, action space A := {0 : no-act, 1 : message, 2 :

pull}, and non-decreasing local reward function, r : S → R, we have:

∀(a, a′) ∈ A×A, a < a′ → E[rit|sit, at] < E[rit|sit, a′t]

Theorem 2.3.1. For a given set of [n] restless or collapsing arms with transition matrices satisfying

the structural constraints outlined in Section 2.3.2.3, corresponding directed graph, G = (V,E),

budget B ∈ R≥0, non-decreasing local reward function, r : S → R, cumulative reward function,

R, and cost vector c⃗ = [0, ψ, 1] such that ψ ∈ [0, 1), we have: ETW[R] ≤ EGH,ψ>0[R] ≤
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EGH,ψ=0[R]

Proof. The first inequality, ETW[R] ≤ EGH,ψ>0[R], follows directly from how GRETA constructs

each a⃗t. GRETA’s PULLONLY subroutine (Algorithm 13) computes candidate action vector â2,

which represents the actions we would take when following graph-agnostic TW for each budget

chunk, b← min(B′, 2).

Since we do not execute a⃗t until we are finished constructing it—i.e., until we have run

out of budget or edges, per the WHILE-loop termination logic in line 8 of Algorithm 4, the arms’

states don’t change from while loop iteration i to i + 1. Thus, per the inequality on line 11,

GRETA will return the same mapping from arms to actions as that returned by graph-agnostic TW

with k = ⌊B⌋ if
∧
i 1(ν

i,(·)
2 ≥ ν

i,(·)
(1,2)), and a mapping containing pulls and at least one message

otherwise —i.e., when it is strictly advantageous to do so.

The second inequality, EGH,ψ>0[R] ≤ EGH,ψ=0[R], follows directly from Remark B.1.1 and

the fact that when ψ = 0, we can message at least as many arms as we can when ψ > 0. LetMu
t

represent the set of potential messages that is “unlocked” when a given node u receives a pull at

time t. The cardinality ofMu
t can be bound as follows:

|Mu
t | =


|N ′

out(u)|, if ψ = 0

min(⌊b/ψ⌋, |N ′
out(u)|), ψ > 0

(B.1)

This is because when ψ = 0, for each node u that we pull at time t, we message every

one-hop outdegree neighbor v ∈ N ′
out(u) that has not already received a pull or message at time t

(see Algorithm 14, lines 10-12). In contrast, when ψ > 0, we must take the budget constraint into

account.
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The original claim follows from the transitive property.

B.1.2.2 Computational complexity

Here, we prove that GRETA is efficiently computable in time polynomial in its inputs. We

begin by introducing several lemmas related to the runtime of GRETA’s subroutines, and then

proceed to prove Theorem 2.3.2 (restated for convenience below, immediately preceding its corre-

sponding proof).

Remark B.1.2. The CONSTRUCT subroutine (Algorithm 12) used to construct the augmented

graph, G′ , has computational complexity O(|V |), since we insert the dummy vertex, −1, and a

directed edge (u,−1) for each u ∈ V .

Lemma B.1.3. Using graph-agnostic THRESHOLD WHITTLE to pre-compute the Whittle index for

each vertex-active action combination (v, α) ∈ V ′×A\{0} has time complexity O(|V ||A||S|2T ).

Proof. Per Mate et al. [20], THRESHOLD WHITTLE has time complexity O(|S|2T ) per arm-active

action. There are N = |V | arms and |A \ {0}| active actions. Thus, Algorithm 3 has time

complexity O(|V ||A||S|2T ).

Lemma B.1.4. The PULLONLY subroutine (Algorithm 13) has time complexity O(|V ′| log |V ′|).

Proof. Line 2 of Algorithm 13 has cost O(|V ′|). Lines 3, 5, and 6 have cost O(1). The cost of

this subroutine is thus dominated by the cost of sorting the Whittle index values (line 4), which is

O(|V ′| log |V ′|).

Lemma B.1.5. The EDGEINDICES subroutine (Algorithm 7) has time complexity O(|V ′| log |V ′|).
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Proof. Lines 2 and 4 of Algorithm 7 have time complexity O(1). The FOR-loop on lines 5-9 has

time complexity O(|V ′|), since in the worst case, |N ′
out(u)| = |V ′|. Thus, the time complexity of

this subroutine is dominated by the O(|V ′| log |V ′|) cost of sorting the Whittle index values (line

3).

Lemma B.1.6. For ψ ∈ [0, 1), the MODACTSB subroutine (Algorithm 14) has time complexity

O(|V ′|) if ψ > 0 and O(|V ′|2) otherwise.

Proof. In the FOR-loop contained in lines 2-12 of Algorithm 14, we iterate over each vertex u

with an updated action (i.e., ∀u ∈ dom â∗), with cost O(|V ′|). In lines 3-9, we decrement our

remaining budget, B′, and update our candidate action vector; each of these operations have time

complexity O(1). If ψ > 0, lines 10-12 are not executed. Conversely, if ψ = 0, lines 10-12 are

executed, and we iterate over u’s one-hop, outdegree neighbors with cost O(|V ′|). Thus, the time

complexity of this subroutine is O(|V ′|) if ψ > 0 and O(|V ′|2) otherwise.

Lemma B.1.7. The UPDATEGRAPH subroutine (Algorithm 15) has time complexity O(|V ′||E ′|).

Proof. In the FOR-loop contained in lines 2-5 of Algorithm 15, we iterate over each vertex u with

an updated action (i.e., ∀u ∈ dom â∗). Lines 4-5 and 6 each have cost O(|E ′|). Thus, the time

complexity of this subroutine is O(|V ′||E ′|).

Lemma B.1.8. LetWMP represent the number of WHILE-loop iterations that occur during any

given call to the MSGPULL subroutine (i.e., Algorithm 6, lines 7-22). For ψ ∈ [0, 1), we can

upper-boundWMP as follows:


O(min(|E ′|, ⌊b=2

ψ
⌋)), if ψ > 0

O(|V ′|), otherwise
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Proof. There are two cases: ψ > 0 and ψ = 0. We consider each below:

Case 1. ψ > 0: For any given arm i ∈ [n], and WHILE-loop iteration j > 0, let an action

upgrade represent a modification to â(1,2) such that â(i,j)(1,2) > â
(i,j−1)
(1,2) . The small-b budget is

initialized = 2, and is strictly decreasing in the number of action upgrades when ψ > 0. The

worst case from a time complexity perspective will be when our only upgrades are messages, since

C(pull) > ψ for ψ ∈ [0, 1)—i.e., ⌊b=2
ψ
⌋ iterations.

Additionally, at each iteration we either: (a) have at least one cost-feasible action upgrade,

which results in the removal of at least one edge from E
′′ when we call UPDATEG in line 19 (note:

E
′′ is initialized in line 2 as a copy of E ′, so it is always the case that |E ′′| ≤ |E ′|); or (b) do not

have any cost-feasible action upgrades remaining, in which case, the WHILE-loop terminates when

we call GETCOST in line 7. Thus, we can conduct at most min(|E ′|, ⌊b=2
ψ
⌋) iterations before

breaking.

Case 2. ψ = 0: Each time we select to pull vertex u in lines 14-22, we message every vertex

v ∈ N ′
out(u) that is currently slated to receive a no-act (i.e., when we call the MODACTSB

subroutine on line 18). The next time we encounter u in the FOR-loop on line 8, the construction

of N ′
out(u) on line 9 will yield ∅, since we include only neighbors for which â(1,2) = 0. This will

hold for each vertex ∈ V
′′, so we will break on line 13 after at most O(|V ′|) iterations of the

WHILE-loop.

Lemma B.1.9. For notational convenience, let ξ = 1(ψ > 0)×min(|E ′|2, ⌊b=2
ψ
⌋|E ′|) + 1(ψ =

0)× |V ′||E ′|. For ψ ∈ [0, 1), the MSGPULL subroutine (Alg. 6) has time complexity:
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
O (max (ξ|V ′|2 log |V ′|, ξ|V ′||E ′|2)) , if ψ > 0

O (max (ξ|V ′|2 log |V ′|, ξ|V ′||E ′|2, ξ|E ′||V ′|2)) , otherwise

Proof. Regardless of the value of ψ, lines 2-6 of Algorithm 6 are dominated by the cost of

constructing G′′ (line 2), which has cost O(|V ′|+ |E ′|). The WHILE-loop termination check we

perform in line 7 has time complexity O(|E ′|) since we call GETCOST (Algorithm 5) for each

edge e ∈ E ′′.

In the FOR-loop contained in lines 8-10, we loop over each vertex v ∈ V ′′ (line 8; O (|V ′|)),

collect the one-hop, outdegree neighbors currently slated to receive a no-act (line 9; O (|E ′|)),

and then call EDGEINDICES. Thus, per Lemma B.1.5, the time complexity of lines 8-10 is

O (max (|V ′|2 log |V ′|, |V ′||E ′|)).

The cost to sort the edge index values in line 11 is O(|E ′| log |E ′|); the termination check

on line 12 has cost O(1).

In the FOR-loop contained in lines 14-22, we iterate over edge index values (line 14;O(|E ′|)).

Lines 15-16 and 20-21 each have cost O(1). Per Lemma B.1.6, the call to MODACTSB (Algo-

rithm 14) in line 18 has costO(|V ′|) if ψ > 0 andO(|V ′|2) otherwise. Per Lemma B.1.7, the call to

UPDATEG (Algorithm 15) in line 19 has time complexity O(|V ′||E ′|). Thus, for ψ ∈ [0, 1), lines

14-22 have time complexity O(|V ′||E ′|2) if ψ > 0 and O (max (|V ′||E ′|2, |V ′|2|E ′|)) otherwise.

Finally, we consider the subroutine in its entirety. For notational convenience, let ξ represent

the outer cost of the WHILE-loop, where the maximum number of iterations is defined per
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Lemma B.1.8:

ξ = 1(ψ > 0)×min(|E ′|2, ⌊b=2
ψ
⌋|E ′|) + 1(ψ = 0)× |V ′||E ′|

Then, for ψ ∈ [0, 1), the time complexity of the MSGPULL is:


O (max (ξ|V ′|2 log |V ′|, ξ|V ′||E ′|2)) , if ψ > 0

O (max (ξ|V ′|2 log |V ′|, ξ|V ′||E ′|2, ξ|V ′|2|E ′|)) , otherwise

Theorem 2.3.2. For convenience, let: ξ = 1(ψ > 0)×min(|E ′|2, ⌊B
ψ
⌋|E ′|)+1(ψ = 0)× |V ′||E ′|.

Then, for ψ ∈ [0, 1) and time horizon, T , the time complexity of GRETA is:



O
(
max

(
ξ2|V ′|2 log |V ′|, ξ2|V ′||E′|2

)
T
)
, if ψ > 0

O
(
max

(
ξ2|V ′|2 log |V ′|, ξ2|V ′||E′|2, ξ2|V ′|2|E′|

)
T
)
,

otherwise

Proof. Per Remark B.1.2 and Lemma B.1.3, the time complexity of constructing GRETA’s inputs

is dominated by precomputation of the Whittle indices, which has cost O(|V ||A||S|2T ). Lines

2-3 of GRETA (Algorithm 4) have cost O(1).

The WHILE-loop termination check we perform in line 4 has time complexity O(|E ′|) since

we call GETCOST (Algorithm 5) for each edge e ∈ E ′. Line 5 has cost O(1).

Inside the WHILE-loop (i.e., Algorithm 4, lines 4-13), the call to the MSGPULL subroutine

on line 7 contributes the dominating cost. Per Lemma B.1.9, for ψ ∈ [0, 1), this subroutine has
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time complexity:


O (max (ξ|V ′|2 log |V ′|, ξ|V ′||E ′|2)) , if ψ > 0

O (max (ξ|V ′|2 log |V ′|, ξ|V ′||E ′|2, ξ|V ′|2|E ′|)) , otherwise

where

ξ = 1(ψ > 0)×min(|E ′|2, ⌊b=2
ψ
⌋|E ′|) + 1(ψ = 0)× |V ′||E ′|

Next, we can bound the number of WHILE-loop iterations that occur during any given call to

GRETA in a way that proceeds identically to the bound we establish for the MSGPULL subroutine’s

WHILE-loop in Lemma B.1.8, with one small modification: we replace b with the full budget, B,

noting that b ≤ B. This accounts for the presence of the ξ2 term in Theorem 2.3.2.

Finally, we note that we call GRETA once per timestep t. Thus, when we consider the time

complexity over time horizon, T , the cost of computing a⃗t T times dominates the O(|V ||A||S|2T )

cost of precomputing the Whittle indices, and we are done.

B.2 Additional empirical results

Here we provide additional empirical support for Theorem 2.3.1, reproduced below for

convenience:

Theorem 2.3.1. For a given set of [n] restless or collapsing arms with transition matrices satisfying

the structural constraints outlined in Section 2.3.2.3, corresponding directed graph, G = (V,E),
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budget B ∈ R≥0, non-decreasing local reward function, r : S → R, cumulative reward function,

R, and cost vector c⃗ = [0, ψ, 1] such that ψ ∈ [0, 1), we have: ETW[R] ≤ EGH,ψ>0[R] ≤

EGH,ψ=0[R]

We note that for any given directed graph, G = (V,E), for fixed |V |, as |E| tends toward a

complete graph (i.e., |E| → |V | ∗ (|V | − 1)), as long as we have budget B ≥ C(2) + C(1) (or,

equivalently, B ≥ 1 + ψ), we can pull any arm and gain the ability to message any other arm.

Thus, in the complete graph setting, we can modify the constrained optimization-based approach

represented by Equation 2.10 (reproduced for convenience below) to: (1) include the requirement

that at least one arm receive a pull (i.e., constraint c); and (2) remove the neighborhood constraint

(i.e., constraint a), since it is guaranteed to be satisfied without being explicitly enforced.

J(s) = max
X

{
n−1∑
i=0

ri(si) + βE[J(s′),X]

}

subject to
n−1∑
i=0

|A|−1∑
j=0

xi,j · cj ≤ B

(a) xi,1 ≤
∨

i′∈Nin(i)

xi′,2 ∀i ∈ [n]

(b)

|A|−1∑
j=0

xi,j = 1 ∀i ∈ [n]

(c)
n−1∑
i=0

xi,2 ≥ 1

(d) X ∈ {0, 1}n×|A|

Thus, for fixed set of restless arms with cardinality |V |, and message cost, ψ, we can

upper-bound EGH,ψ[R] by the expected reward achieved by the modified math program when the
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graph in question is complete. Intuitively, this bound will become tighter as the cardinality of |E|

is increased.

To empirically validate this claim, we consider a synthetic cohort of n = 100 restless arms

whose transition matrices are randomly generated in such a way so as to satisfy the structural

constraints introduced in Section 2.3.2. We let T = 120, B = 10, and ψ = 0.5. We can then

construct graphs using this fixed vertex set but containing edge sets with varying cardinalities,

expressed as a percentage of the number of edges the complete graph would contain.

More concretely, we define a set of six edge generation seeds, and use each seed to select sub-

sets of edges uniformly at random, such that the subsets have cardinalities∈ {0.0, 0.1, 0.2, 0.3, 0.4,

0.5, 0.6, 0.7, 0.8, 0.9, 1.0} of the complete graph. For each graph so constructed, we report un-

normalized Eπ[R], along with margins of error for 95% confidence intervals computed over 30

simulation iterations (see subfigures a-f). We observe that:

1. For each seed, and every value of |E|, ETW,ψ[R] ≤ EGH,ψ[R] < EMP,ψ[R].

2. We note that while GRETA’s expected reward does not monotonoically increase with |E| in

every case, this is to be expected, since we are not guaranteed to get the same subset of edges

we had for smaller percentage values as we increase |E|. This being said, expected reward

is generally increasing with |E|, and as |E| → |V |(|V | − 1), EGH,ψ[R]→ EMP,ψ[R].
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Figure B.1: Edge generation seed 1

Figure B.2: Edge generation seed 2

Figure B.3: Edge generation seed 3
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Figure B.4: Edge generation seed 4

Figure B.5: Edge generation seed 5

Figure B.6: Edge generation seed 6
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B.3 Additional experimental details

Source code: Our supplemental materials contain the source code and instructions needed

to reproduce the experimental results we report in Section 2.3.4.

Compute resources: We ran all of our simulations on a MacBook Pro with a 2 GHz

Quad-Core Intel(R) Core i5 CPU and 16 GB of RAM.
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Appendix C: Evaluating Model Performance Across Intersectional Subgroups

C.1 Confidence intervals for standard estimates

We consider three methods for constructing confidence intervals for standard estimators Za

at a given confidence level γ (e.g., 95%), or equivalently, at a significance level α = 1− γ (e.g.,

5%).

Two of the methods are based on normal approximation and take form

[Za + qα/2σ̂a, Za + q1−α/2σ̂a],

where qp is the p-th quantile of the standard normal distribution and σ̂2
a is an estimate of variance

of Za. We consider either the pooled estimate of variance derived in Eq. (3.6), or the estimate

(σ̂boot
a )2 obtained by boostrap on Sa. The third method uses bootstrap percentiles on Sa.

In Figure C.1, we compare coverage properties of the resulting confidence intervals on

diabetes data. Confidence intervals constructed from pooled variance estimates are well-calibrated,

with coverage closely matching their confidence level. The other two methods substantially

undercover true values.
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Figure C.1: Comparison of methods for constructing confidence intervals for
the standard estimator. Showing coverage of confidence intervals constructed
for six metrics on diabetes data, averaged over all groups and over 20 draws of
evaluation dataset. Confidence intervals constructed from pooled variance are
close to the perfect line (corresponding to coverage equal to confidence level).
Confidence intervals derived from separately estimated variances undercover
true values.

C.2 Synthetic data generation

To generate synthetic data, we use the ground-truth diabetes dataset as described in Sec-

tion 3.1.7.1, but with different values Ŷ . Specifically, we consider the performance metric

m(p) = Ep[Ŷ ] (this is quite similar to the selection rate or word error rate) and generate Ŷ in

such a way that ground-truth metric values µa have a specific structure. We consider 4 different

ground-truth structures, which we refer to as modelage, modelage+rc, modelage·rc, and modelexpl,

depending which variables they depend on and how, with “+” denoting additive dependence and

“·” presence of interactions:

Model name Ground-truth value of µa Data-generating process

modelage µa = 0.35− 0.3 · ϕaage,40–60 Ŷ = Bernoulli(µA)

modelexpl µa = −0.93 + 0.16 · EDa [Xnumber diagnoses] Ŷ = N (µA, 0.1)

modelage+rc µa = 0.65− 0.15 · ϕaage,40–60 − 0.45 · ϕarace,white Ŷ = Bernoulli(µA)

modelage·rc µa = 0.32− 0.27 · ϕaage,40–60 · ϕarace,white Ŷ = Bernoulli(µA)

Model coefficients have been chosen to ensure that in all cases ED[Ŷ ] ≈ 0.27 and
(
VarD[Ŷ ]

)1/2 ≈
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0.44.
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Appendix D: Identifying and Mitigating Clinical Natural Language Inference

Artifacts

D.1 Hypothesis-only Baseline Analysis

To conduct the analysis presented in Chapter 3.2.3, we take the MedNLI training dataset as

input, and exclude the premise text for each training example. We cast the text of each training

hypothesis to lowercase, but do not perform any additional preprocessing. We use an off-the-

shelf fastText classifier, with all model hyperparameters set to their default values with the

exception of wordNgrams, which we set equal to 2 to allow the model to use bigrams in addition

to unigrams [110]. We evaluate the trained classifier on the hypotheses contained in the MedNLI

dev and test datasets, and report results for each split.

D.2 Lexical Artifact Analysis

To perform the analysis presented in Chapter 3.2.4.2, we cast each hypothesis string in

the MedNLI training dataset to lowercase. We then use a scispaCy model pre-trained on the

en core sci lg corpus for tokenization and clinical named entity recognition (CNER) [113].

Next, we merge multi-token entities, using underscores as delimiters—e.g., “brain injury” →

“brain injury”.
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When computing token-class pointwise mutual information (PMI), we exclude tokens that

appear less than five times in the overall training dataset’s hypotheses. Then, following Gururangan

et al. [8], who apply add-100 smoothing to raw counts to highlight particularly discriminative

token-class co-occurrence patterns, we apply add-50 smoothing to raw counts. Our approach is

similarly motivated; our choice of 50 reflects the smaller state space associated with a focus on the

clinical domain.

D.3 Semantic Analysis of Heuristics

To perform the statistical analysis presented in Chapter 3.2.5, we take the premise-hypothesis

pairs from the MedNLI training, dev, and test splits, and combine them to produce a single corpus.

We use a scispaCy model pre-trained on the en core sci lg corpus for tokenization and

entity linking [113], and link against the Medical Subject Headings (MeSH) knowledge base. We

take the top-ranked knowledge base entry for each linked entity. Linking against MeSH provides a

unique concept id, canonical name, alias(es), a definition, and one or more MeSH tree numbers

for each recovered entity. Tree numbers convey semantic type information by embedding each

concept into the broader MeSH hierarchy 1. We operationalize each of our heuristics with a set of

MeSH-informed semantic properties, which are defined as follows:

1. Hypernym Heuristic: a premise-hypothesis pair satisfies this heuristic if specific clinical

concept(s) appearing in the premise appear in a more general form in the hypothesis.

Formally: {(p, h)|φ(p) ⊊ φ(h)}. MeSH tree numbers are organized hierarchically, and

increase in length with specificity. Thus, when a premise entity and hypothesis entity are

1https://meshb.nlm.nih.gov/treeView
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left-aligned, the hypothesis entity is a hypernym for the premise entity if the hypothesis

entity is a substring of the premise entity. To provide a concrete example: diabetes mellitus

is an endocrine system disease; the associated MeSH tree numbers are C19.246 and C19,

respectively.

2. Probable Cause Heuristic: a premise-hypothesis pair satisfies this heuristic if: (1) the

premise contains one or more MeSH entities belonging to high-level categories C (diseases),

D (chemicals and drugs), E (analytical, diagnostic and therapeutic techniques, and equip-

ment) or F (psychiatry and psychology); and (2) the hypothesis contains one or more MeSH

entities that can be interpreted as providing a plausible causal or behavioral explanation for

the condition, finding, or event described in the premise (e.g., smoking, substance-related

disorders, mental disorders, alcoholism, homelessness, obesity).

3. Everything Is Fine Heuristic: a premise-hypothesis pair satisfies this heuristic if the

hypothesis contains one or more of the same MeSH entities as the premise (excluding the

patient entity, which appears in almost all notes) and also contains: (1) a negation word or

phrase (e.g., does not have, no finding, no, denies); or (2) a word or phrase that affirms the

patient’s health (e.g., normal, healthy, discharged).

For each heuristic, we subset the complete dataset to find pattern-satisfying premise-heuristic

pairs. We use this subset when performing the χ2 tests.

D.4 Adversarial Filtering

When implementing AFLite, we follow Sakaguchi et al. [12]. We use a smaller training

set size of m = 5620, but keep the remaining hyperparameters unchanged, such that the ensemble
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consists of n = 64 logistic regression models, the filtering cutoff, k = 500, and the filtering

threshold τ = 0.75.
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Appendix E: Overcoming Miscalibrated Conversational Priors in LLM-based

Chatbots

E.1 Helper LLM-based Classifiers

In this section, we provide descriptions, system messages, and validation results for each of

the helper-LLM-based classifiers that we rely on throughout Chapter 4.1.

E.1.1 LLM-based query underspecification classifier

Task description: We use a helper LLM to map queries from our synthetic and real-world

corpora to a set of class labels that describe the extent to which a given query is (or is not) under-

specified, i.e., {CRITICAL UNDER, MINOR UNDER, SUFFICIENT}. We introduce these labels in

Section 4.1.3.1, where we discuss them within the context of the labels we (i.e., human annotators)

manually assign to a randomly sampled subset of the OpenAssistant corpus, but they also apply

when the helper LLM is asked to classify queries. For convenience, we repeat them below:

• CRITICAL UNDER: One or more important factors upon which an answer to this query might

depend are not specified or are unknown; (annotators agree that) it is difficult to provide a

high-quality response without knowing these factors.

• MINOR UNDER: Less important factors that the query might depend on are not specified or are
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unknown; however, it is possible to provide a high-quality response even without knowing these

factors.

• SUFFICIENT: All important factors upon which an answer to this query might depend are

sufficiently specified.

Helper LLM prompt: The prompt that we provide to the helper LLM for this task is shown

below; it is also included within the helper task system messages.json file contained

within our supplemental materials.

1 {
2 "classify_queries_multiclass": "For each query in this list <list>{{input

.question}}</list>, assign exactly one of the following labels:\n
3 - sufficient: All important factors upon which an answer to this

query might depend are sufficiently specified.\n
4 - minor_under: One or more less important factors upon which an

answer to this query might depend are not specified or are
unknown; however, it is possible to provide a high-quality
response even without knowing these factors.\n

5 - critical_under: One or more important factors upon which an answer
to this query might depend are not specified or are unknown; it
is difficult to provide a high-quality response without knowing
these factors.\n

6 You MUST assign EXACTLY ONE label from the list above.\n
7 Return your answer as a string.\n
8 DO NOT answer any questions contained in the query, or include any

expository text.\n
9 The result should be DIRECTLY parsable in Python."

10 }

Helper LLM configuration: We use GPT-4 [118] for all query underspecification classification

calls.

Validation: We use our synthetic query corpus to validate our use of this LLM-based underspec-

ification classifier. As we describe in Section 4.1.3.2 and detail in Appendix E.3.1, by virtue of

how we construct these queries, we control the number of attributes that are revealed. As such, we
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have access to ground-truth underspecification labels defined in terms of the number of revealed

attributes, referred to (with slight abuse of notation) as |q| in the mapping shown below. Note that

|q| takes values in {0, . . . , |θ| − 1} for masked queries, and will be equal to |θ| for sufficiently

specified queries, where |θ| refers to the cardinality of the intent-specific attribute space.

q 7→



CRITICAL UNDER |q| ≤ 1,

SUFFICIENT |q| = |θ|,

MINOR UNDER otherwise.

We evaluate our LLM-based query underspecification classifier on our synthetic query cor-

pus, which contains 600 queries split across the following intent domains: movie recommendation,

gift recommendation, and plant recommendation. We report performance metrics and confusion

matrices over all synthetic queries, and broken down by intent-specific queries below.

precision recall f1-score support

critical under 0.583 0.139 0.224 202
minor under 0.443 0.472 0.457 398
sufficient 0.720 0.873 0.789 600
accuracy 0.617 1200
macro avg 0.582 0.495 0.490 1200
weighted avg 0.605 0.617 0.584 1200

Table E.1: Classifier performance: over all intents
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Figure E.1: Confusion matrix: all intents

precision recall f1-score support

critical under 0.059 0.010 0.017 99
minor under 0.284 0.214 0.244 196
sufficient 0.642 0.925 0.758 295
accuracy 0.536 590
macro avg 0.328 0.383 0.340 590
weighted avg 0.425 0.536 0.463 590

Table E.2: Classifier performance: movie recommendation queries

Figure E.2: Confusion matrix: movie recommendation queries
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precision recall f1-score support

critical under 0.852 0.371 0.517 62
minor under 0.652 0.861 0.742 122
sufficient 0.928 0.908 0.918 184
accuracy 0.802 368
macro avg 0.811 0.713 0.725 368
weighted avg 0.824 0.802 0.792 368

Table E.3: Classifier performance: gift recommendation queries

Figure E.3: Confusion matrix: gift recommendation queries

precision recall f1-score support

critical under 1.000 0.098 0.178 41
minor under 0.357 0.512 0.421 80
sufficient 0.683 0.694 0.689 121
accuracy 0.533 242
macro avg 0.680 0.435 0.429 242
weighted avg 0.629 0.533 0.513 242

Table E.4: Classifier performance: plant recommendation queries

E.1.2 LLM-based Response Strategy classifier

Task description: We use a helper-LLM-based τ classifier to map chatbot natural language

responses to a set of labels intended to characterize a given response’s syntactic and semantic

contents. We primarily use this classifier as a way of assessing whether and to what extent the
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Figure E.4: Confusion matrix: plant recommendation queries

behaviors we seek to induce via modified system messages actually produce observable effects in

the intended direction(s) and/or converge with the behavior of πRLHF.

The label set we use for this classifier includes the set of response strategies that we refer

to as T throughout Chapter 4.1—i.e., {INTERROGATE, CLARIFY, HEDGE},and also includes

additional options—i.e., {DIRECT RESPONSE, REFUSE, MISCELLANEOUS, MISSING}. While

we do not explicitly induce this latter set of behaviors, we need the DIRECT RESPONSE option to

characterize the baseline system behavior and (more broadly) uncertainty-agnostic LLM responses

in general. The REFUSE, MISCELLANEOUS, and MISSING options are needed to characterize the

behavior of πRLHF in open-domain settings such as the OpenAssistant corpus we consider, as well

as to handle rare parsing/extraction errors that result in inadvertently blank LLM responses. The

defining characteristics of each response strategy are presented/contained within the task system

message in the next section.

Helper LLM prompt: The prompt that we provide to the helper LLM for this task is shown

below; it is also included within the helper task system messages.json file contained

within our supplemental materials.
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1 {
2 "sm_map_llmr_to_tau": str = "For each (query,response) in this list <list

>{{input.pair}}</list>, map the response to exactly one of the
following labels:\n

3

4 - interrogate: The response contains a large number (i.e., more than
3) of follow-up questions and and does NOT contain plausible
responses conditioned on possible answers to these questions.\n

5 - clarify: The response contains a limited number (i.e., 3 or less)
of follow-up questions and does NOT contain plausible responses
conditioned on possible answers to these questions.\n

6 - hedging: The response does not commit to one specific answer but
instead provides many plausible/possible/qualified answers,
options, or conditions under which certain answers/options may or
may not hold. It may also discuss (potentially conflicting)

different view points without taking a definitive stance.\n
7 - direct_response: The response does NOT contain questions. The

response does NOT contain multiple plausible answers, with
corresponding descriptions of conditions or criteria under which
each response would be suitable.\n

8 - refuse: The response contains an explicit or implicit refusal to
answer. It may mention criteria which would be needed in order to
provide an answer, but it does NOT contain plausible responses

conditioned on these criteria.\n
9 - misc: The response may describe, summarize, or try to explain the

query, or appear to follow instructions provided in the query (
rather than answer an information-seeking request or ask
clarifying questions).\n

10 - missing_response: The response is empty or blank.\n
11

12 You MUST assign exactly one label from the list above.\n
13 Return your answer as a string.\n
14 DO NOT answer any questions contained in the response, or include any

expository text.\n
15 The result should be DIRECTLY parsable in Python."
16 }

Helper LLM configuration: We use GPT-4 [118] for all query underspecification classification

calls.

Validation: We manually annotate πRLHF responses to a subset of the OpenAssistant corpus

that we consider, and use these human-annotator assigned ground-truth τs to validate our helper

LLM-based τ classifier. We note that some of our τs of interest are not sufficiently represented
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amongst the πRLHF responses (i.e., CLARIFY, HEDGE, INTERROGATE). We thus use our system-

message-based interventions to induce responses for these strategies and include them (unlabeled)

in our manually annotated subset. We report classification performance metrics and a confusion

matrix below.

precision recall f1-score support

clarify 0.763 0.935 0.841 31
direct response 0.822 0.903 0.861 154
hedging 0.925 0.649 0.763 57
interrogate 1.000 0.680 0.810 25
misc 0.154 0.250 0.190 8
refuse 0.667 0.400 0.500 5
accuracy 0.807 280
macro avg 0.722 0.636 0.661 280
weighted avg 0.831 0.807 0.808 280

Table E.5: τ -classifier performance on human-annotated LLM responses to
OpenAssistant queries

Figure E.5: Confusion matrix: annotated OpenAssistant query responses
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E.2 Response-strategy system messages

In this section, we report the system messages used to operationalize each response strategy

τ ∈ T that we consider in Chapter 4.1, along with the data-agnostic interventions discussed in

Section 4.1.4.1.

1 {
2 "response strategies":
3 {
4 "baseline": "None",
5 "interrogate": "When you receive a query, always interrogate the user

about all factors upon which the answer might depend---but that
have not been specified---so that you will be able to produce a
good answer.",

6 "clarify": "When you receive a query, always ask the user about up to 3
most relevant factors upon which the answer might depend---but
that have not been specified---so that you will be able to produce
a good answer.",

7 "hedge": "When you receive a query, always identify important factors
upon which the answer might depend---but that have not been
specified---and then provide a plausible response conditioned on
each of these factors.",

8 }
9 "data-agnostic interventions":

10 {
11 "CoT": "When you receive a query, ask yourself whether you have

sufficient information to provide a good answer, and then respond
accordingly.",

12 "clarify_flex": "When you receive a query, if the query depends on a set
of important factors that have not been specified, ask the user about
the most relevant factors that have not been specified so that you

will be able to produce a good answer; otherwise, respond directly."
13 }
14 }
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E.3 Motivating Experiments

E.3.1 Synthetic Dataset Construction

We follow the synthetic query construction process outlined in Section 4.1.3.2 and for-

malized in Algorithm 16, along with the parameterized templates shown in Appendix E.3.2 to

generate a corpus of sufficiently specified queries. Then, for each sufficiently specified query, we

approximate a partially specified version by randomly selecting the number of attributes to omit,

n ∈ {1, . . . , |Θi|}. We keep the intent-declaring first sentence unchanged, shuffle the remaining

attribute-sentences, draw a subset of sentences to omit—i.e., with cardinality n— and concatenate

the remaining sentences.

Algorithm 16 GENERATE SYNTHETIC QUERY

function GenQuery(I,Θ(·))
1: i ∼ I Draw intent
2: for each θ ∈ Θi do Loop over intent attributes
3: selected option(s)← X ′ ∼ Xθ

4: templatei← templatei ∪ selected option(s)
5: end for
6: qs ← templatei Sufficient query := filled-in template
7: n ∼ U({1, . . . , |Θi|}) Draw # of attrs to mask
8: Θm

i ∼ U(Sn(Θi)) Draw n masked attrs
9: Θr

i := Θi \Θm
i Determine revealed attrs

10: qm ← concat(Θr
i ) Build masked version of qs

11: return qs, qm Return sufficient & masked queries

E.3.2 Synthetic Query Templates and Parameter Options

We use the intent-specific templates and parameter category-option mappings shown below

in conjunction with the query construction procedure outlined in Appendix E.3.1 to generate our
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synthetic queries:

Intent-specific query templates:

1 {
2 "movie_rec": {
3 "value": "I am looking for a movie recommendation.\n
4 The genre should be \"{param_0}\".\n
5 It should have been released \"{param_1}\".\n
6 The intended audience includes \"{param_2}\".\n
7 The runtime should be \"{param_3}\".\n
8 Please provide movie recommendations that satisfy all of my

requirements."
9 },

10

11 "gift_rec": {
12 "value": "I am looking for a gift recommendation.\n
13 The recipient likes \"{param_0}\".\n
14 The recipient is \"{param_1}\" years old.\n
15 The recipient prefers gifts to be \"{param_2}\" in nature.\n
16 My budget to purchase the recipient a gift is in the \"{param_3}\"

range.\n
17 Please provide gift recommendations that satisfy all of my

requirements."
18 },
19

20 "plant_rec": {
21 "value": "I am looking for a house plant recommendation.\n
22 I prefer a plant that \"{param_0}\".\n
23 I’m willing to expend a \"{param_1}\" amount of effort to care for

the plant.\n
24 My house gets a \"{param_2}\" amount of natural light.\n
25 I live \"{param_3}\".\n
26 Please provide house plant recommendations that satisfy all of my

requirements."
27 }
28 }

Intent-specific query parameter category-option mappings:

1 {
2 "movie_rec": {
3 "param_0": {"cat": "genre",
4 "opts": ["Action", "Adventure", "Animation", "Biography",

"Comedy", "Crime", "Documentary", "Drama", "Fantasy"
, "Film Noir", "History", "Horror", "Musical", "
Mystery", "Romance", "Sci-Fi", "Sport", "Superhero",
"Thriller", "War", "Western"],

5 "max_sel_allowed": 2,
6 "pref_constraint_type": "set_valued"},
7 "param_1": {"cat": "release date",
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8 "opts": ["in the 1980s", "in the 1990s", "in the 2000s",
"in the past few years"],

9 "max_sel_allowed":1,
10 "pref_constraint_type": "numeric_range"},
11 "param_2": {"cat": "who will be watching",
12 "opts": ["children", "adults and children", "teenagers

younger than 17", "adults only"],
13 "max_sel_allowed": 1,
14 "pref_constraint_type": "set_valued"},
15 "param_3": {"cat": "runtime",
16 "opts": ["less than 90 minutes", "90-104 minutes", "105-1

19 minutes", "120 minutes or more"],
17 "max_sel_allowed": 1,
18 "pref_constraint_type": "set_valued"}
19 },
20

21 "gift_rec": {
22 "param_0": {"cat": "recipient interests",
23 "opts": ["outdoors", "crafts", "technology", "books", "

active play/sports/fitness", "food/cooking", "music
and arts", "apparel/fashion/style"],

24 "max_sel_allowed": 2,
25 "pref_constraint_type": "set_valued"},
26 "param_1": {"cat": "recipient age range",
27 "opts": ["3-5", "6-12", "13-17", "18-40", "41-60", "61+"

],
28 "max_sel_allowed": 1,
29 "pref_constraint_type": "numeric_range"},
30 "param_2": {"cat": "recipient preferred gift type",
31 "opts": ["practical and everyday", "personalized and

sentimental", "adventurous and experience-driven", "
luxurious and pampering", "high-tech and innovative",
"creative and artistic", "sustainable and eco-
friendly"],

32 "max_sel_allowed": 1,
33 "pref_constraint_type": "set_valued"},
34 "param_3": {"cat": "giver budget",
35 "opts": ["less than $20", "$20-49", "$50-99", "$100-199"

, "$200+"],
36 "max_sel_allowed": 1,
37 "pref_constraint_type": "numeric_range"}
38 },
39

40 "plant_rec": {
41 "param_0": {"cat": "plant physical attributes",
42 "opts": ["has light green leaves", "has dark green leaves

", "has multi-colored leaves", "yields edible produce
", "produces a single bloom", "produces multiple
blooms", "is short in stature", "is tall in stature"]
,

43 "max_sel_allowed": 2,
44 "pref_constraint_type": "set_valued"},
45 "param_1": {"cat": "level of effort",
46 "opts": ["low", "moderate", "high"],
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47 "max_sel_allowed": 1,
48 "pref_constraint_type": "set_valued"},
49 "param_2": {"cat": "amount of natural light",
50 "opts": ["low", "indirect", "moderate", "bright"],
51 "max_sel_allowed": 1,
52 "pref_constraint_type": "set_valued"},
53 "param_3": {"cat": "household members",
54 "opts": ["by myself", "with young children", "with pets"

, "with a roommate with seasonal allergies"],
55 "max_sel_allowed": 1,
56 "pref_constraint_type": "set_valued"}
57 }
58 }
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E.3.3 Stable Diffusion Example: Policy-induced responses

Here, we present a query from the OpenAssistant dataset [119] as an example of a situation

where CLARIFY may be preferred over DIRECT RESPONSE and HEDGE. Table E.6 presents the

policy-induced responses generated by πRLHF, HEDGE, and CLARIFY.

Query text: “Please give me a prompt for stable diffusion to generate a good-looking image.”

Response strategy Response text

baseline ”Create an image that visually represents the process of stable diffu-
sion, showcasing the gradual and even spread of particles throughout a
medium. Use a color gradient to highlight the movement and distribution
of particles, and ensure the overall aesthetic is pleasing and balanced.”

hedge The query is asking for a prompt to generate a good-looking image using
stable diffusion. However, the important factors that are not specified
include:
1. The type of image or subject matter desired (e.g., landscape, portrait,
abstract, etc.) 2. The style or aesthetic the user prefers (e.g., realistic,
surreal, impressionistic, etc.) 3. The color scheme or palette the user
prefers (e.g., warm, cool, monochromatic, etc.)
Given these factors, here are some plausible responses:
1. If the user wants a landscape image in a realistic style with a warm color
scheme, a possible prompt could be: ”Generate a sunset over a serene lake
with autumn foliage using stable diffusion.” 2. If the user prefers a portrait
in a surreal style with a cool color scheme, a possible prompt could be:
”Generate a portrait of a woman with flowing blue hair and eyes that
mirror the ocean using stable diffusion.” 3. If the user is interested in an
abstract image in a monochromatic color scheme, a possible prompt could
be: ”Generate an abstract image using stable diffusion that represents the
concept of tranquility in shades of blue.”

clarify 1. What type of image are you looking to create? (e.g., abstract, realistic,
geometric) 2. Are there any specific colors or color schemes you would
like to incorporate into the image? 3. Do you have any specific themes
or elements you want to be included in the image? (e.g., nature, space,
patterns)

Table E.6: Policy-induced responses to the stable diffusion example query.
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E.3.4 Simulating User Responses to LLM Questions

In Section 4.1.3.2, we discuss how we leverage a series of helper LLM calls to construct

templatized responses to LLM questions based on the overlap (or lack thereof) between the

questions and the user’s true preferences, θ. Here, we provide the system messages used in these

helper calls. The first system message is for the extraction of recommended items and/or questions

from LLM responses. The second system message helps us to construct a mapping from the

LLM’s questions to the user’s true preferences, θ, such that we can determine what subset of

previously masked attributes can be “revealed” in the templatized user response we construct.

1 {"extract_recs_and_questions":
2

3 "For each response in this list <list>{{input.""" + f’{field_to_use}’
+"""}}</list>, read the response carefully and:\n

4

5 1. Extract the titles of each and every movie recommendation that
appears; they may show up as a list of titles.\n

6 Do not extract any additional metadata but DO extract any
mentioned titles; represent each title as a string.\n

7

8 Format your answer for task 1 as shown below:\n
9

10 ["rec" for rec in recommended movies] OR [], ONLY if NO movie
recommendations appear.

11

12 2. Extract any questions that appear; they may be prefaced with a
request to specify preferences, and/or show up as a list of

questions.\n
13 DO extract ANY mentioned questions; represent each question as

a string.
14

15 Format your answer for task 2 as shown below:\n
16

17 ["question" for question in questions] OR [], ONLY if NO
questions appear.\n

18

19 Return your results as a dict:\n
20

21 {"recs": [response to task 1], "questions": [response to task
2]} \n

22

23 DO NOT answer any questions contained in the response, or include
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ANY expository text.\n
24 The result should be DIRECTLY parsable as a valid dict in Python

.""""
25 }

1 {
2 "map_questions_to_thetas":
3

4 "You will receive a list containing sets of questions.\n
5 Each question is issued by an assistant to a user, in response to a

movie recommendation request submitted by the user.\n
6 For each set of questions in this list <list>{{input.questions}}</

list>,\n
7 You have the ability to ask the user about their preferences for each

of the following movie attributes:
8 [genre, release date, who will be watching, runtime].\n
9 Note that ’who will be watching’ is related to the user’s preferences

for the movie’s rating.
10 For each set of questions, map each question to one of these

attributes IF asking about this specific attribute would allow
you to answer the question.\n

11 If none of the attributes would give you the information you need to
answer a given question, map that question to "None".\n

12 Format your response as a list of strings, as shown in the example
below:\n

13 [’genre’, ’release date’, ’None’] \n
14 DO NOT answer any questions contained in the response, or include any

expository text.\n
15 The result should be DIRECTLY parsable as a list of strings in Python

."
16 }
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