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Abstract

In this paper we address the problem of noninteracting control with stability for the
class of nonlinear square systems for which noninteraction can be achieved (without sta-
bility) by means of invertible static state—feedback. The use of both static state-feedback
and dynamic state—feedback is investigated. We prove that in both cases the asymptotic
stabilizability of certain subsystems is necessary to achieve noninteraction and stability.
We use this and some recent results to state a complete set of necessary and sufficient
conditions in order to solve the problem.
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I. Notations, basic assumptions and preliminary results

We consider a square nonlinear system X of the form

z =f(w)+];gj($)uw 0

yi = hi(z) v=1,...,m,

where f and g; are smooth vector fields, and h; are smooth scalar output functions defined
on some open subset of IR"™. Moreover, ¢ = 0 is an equilibrium point of f(z), i.e. f(0) =0.

We say that (1) is noninteractive with respect to the partition {wy,...,um} if the i—th
input does not influence the j—th output for j # i. If (1) is also asymptotically stable, we
say that (1) is noninteractive and stable.

We denote the m~tuple {g1(z),...,gm(z)} by g(z) and set G = span{¢(z)}. Moreover,
for any static state—feedback,

u=a(z) + f(z)v, (2)
let _)AF: f+ga, g; =¢85, 3 =1,...m, where B; is the j-th column of 3, and for any
dynamic state—feedback,

u=az,w)+ f(z,w)v,
w = 6(z,w)+ y(z,w)v,
let, f*(z,w) = ((f(2)+9(x)(w, )T, (§(z,w))T) , G, w) = ((9(2)8;(2, ), () (z, w))T),

where v; and 3; are respectively the j—th columns of v and . Similarly, we denote the

(3)

closed-loop system resulting from applying (2) to (1) by S and the closed-loop system
resulting from applying (3) to (1) by Z¢.

In what follows, we implicitly restrict our analysis to a neighborhood of the equilibrium
point and suppose that every feedback law we consider preserves the equilibrium point.

Both linear and nonlinear noninteracting control problems have been widely discussed
in the literature ([1,3,4,5,6,7,8,9,11,12,13,14,15,16]) and necessary and sufficient conditions
have been given to solve this problem. On the other hand, the problem of stability was
not addressed until recently in the enlighting papers [17], [18] and [19], where some nec-
essary conditions are given. In [23], the necessary condition given in [19], plus some rank
conditions, has been shown to be also sufficient to solve the problem. In [22], these results
are carried over to a global setting and suflicient conditions are given in terms of stability
(resp. stabilizability) of certain dynamics (resp. subsystems). The purpose of our paper is
to give a complete set of necessary and sufficient conditions to solve the problem of local
noninteraction and stability for the class of systems considered in [17], [19] and [23].

The paper is organized in the following way. In Section II necessary and sufficient
conditions are given to solve the problem of noninteracting control with stability by means
of regular (i.e. B is nonsingular at x¢) static state-feedback. In Section III the dynamic
case is addressed.



First we review some basic definitions and algorithms (the reader is referred to [20]).
A smooth distribution A is said to be invariant under f and g; for j = 1,...,mif [f,7] C A
and [g;,7] C Afor y =1,...,m and for all 7 € A. A smooth distribution A is said to be
controlled invariant if there exists a feedback law (2) such that [f, 7] C A and [§j,7] C A
for j = 1,...,m and for all 7 € A. The smallest distribution which is invariant under
f and g; for j = 1,...,m and contains a given smooth distribution D, denoted in what
follows by (f,g1,-.- ,gm]D), always exists and it is smooth. A smooth distribution A is
said to be a controllability distribution if it is involutive and there exists a regular feedback
(2) and a subset I C {1,...,m} such that

A = (f?gl)"'7§m|span{§j :j (- I}> .

Let g9 = f. The following algorithm,

Iy = D,
m
Iy = Z[gj7Ik—l] + Tp-1,
J=0
can be used to compute (f,¢1,... ,gmlD) on a dense and open set U* C IR", i.e. on U*

there exists k* < n such that (f,¢1,... ,gm|D) = I}« = Iy~41 and each I is of constant
dimension for k = 0,...,k*. Let I(D) = I-. If zy € U*, then we say that I(D) is regularly
computable at .

Finally, let I be a smooth involutive distribution. Let us consider the sequence,

=V*T)NG,

Sk =( Zg],sk 1DNG+ Sk_1,
j=0

where V*(T') is the maximal controlled invariant distribution contained in I' [20]. If there
exists k* < n such that Si« = Sgx41 and Sg« has constant dimension, then Si« is the
maximal controllability distribution contained in I'. In this case, we denote this distribution
by R*(T') and we say that R*(T') is regularly computable at zo.

We also say that (1) has relative degree {r1,...,rm} at xo if the following properties
hold:

a) ngL’}hi(x) =0for0<k<r;—1,7=1,...,mand all z in a neighborhood of z¢ and
Ly, L;‘_lhi(:vo) # 0 for some j;

b) the decoupling matrix,
LglL?'Ihl LgmL?*lhl
Ly L7 hm oo Ly L7 '

is nonsingular at .



Set RY = R*(Njgker dh;) , + = 1,...,m, (whenever these distributions exist) and
Ry = I(G). Moreover, set R* =N%; >°.,; RY. We assume the following in the remainder
of the paper.

(H1) dim Ry = n;

(H2) R} , : =1,...,m, and Ry are regularly computable at zg;
(H3) the distributions Ry, R*, R} Z R} and Z R} ,m,
J#i

have constant dimension;

(H4) X has some relative degree at .

(H1) means that (1) is strongly accessible at z¢ [2]. Should (H1) not hold, there would
be a subsystem of (1) which is not influenced by the input at all, so that if the dynamics
of such subsystem is unstable our problem becomes unsolvable (see [23] for the case that
this dynamics is asymptotically stable).

(H4) is a well-known sufficient condition to find a regular feedback (2) such that >
is noninteractive ( if we require that the relative degree is defined for each output , then
(H4) is also necessary) [13, 20]. The next lemma tells us that, no matter how we choose
this feedback law, the distributions R}, : = 1,...,m, are invariant under f and g; for
7=1,...,m

The proof of this lemma is rather easy and we will leave it to the reader. The arguments
needed can be found in the proofs of lemmas 1.1.8 and V1.4.2 of [20] , lemma III.1 of [23]

and proposition 4.14 in [25].

Lemma II.1. Suppose that (H2)-(H4) hold. Consider any regular feedback (2) such that

3 is noninteractive and suppose that (f,gl, .,gm‘span{g,}), i = 1,...,m, has constant
dimension. Then,

R;:<f7§17"'7§m|spa‘n{§i}>7 i:l,...,m,
ZR;:< 7517"'7§m|spa‘n{§j:j#i}% z':l,...,m,

ZR; :<f7§177§mlspa‘n{§] = 1”m}>

Thus, Z]-#l- R, 1=1,...,m, and S | RY are controllability distributions (in particular,
involutive).o

Let f,gl, ...,gm be as in lemma II.1. Note that,

R;"+ﬂZR;‘:iR}‘.

i k#j i=1



From this and lemma II.1, using essentially the same arguments as in [17, lemma 4.1], it is
easy to see that there is a coordinate system (21, ...,Zm+1) such that (1) takes the form

& = fi(zs) + Gulzius, i=1,...,m,

Emp1 = Fnia(z) + Z§m+1,j(fc)uja (4)
=1
yi = hi(z;), r=1,...,m,
where ). ,; R} = span{0/0z; : j # i}, i =1,...,m, and R* = span{0/0zm+1}. In what

follows, we suppose that (1) has already been put in the form (4) and for simplicity we
omit the tildas.

We now define the following distribution. Let 7 be the Lie ideal generated by the
vector fields {[gi,ad’}gj] tj #1415 j,i=1,...,m; k >0} in the Lie algebra generated by

{f7gla"' ,gm} . Leta
Appx = span{rt: 7 € T}.

We state the additional regularity assumption,

(H5) Apix and R + Aprx , @ = 1,...,m, have constant dimension in
a neighborhood of z.

Note that Aygx C R*, since Apyx C Z#I- Rifori=1,...,m

Lemma I1.2. Suppose that (H2)—(H35) hold. Let Afyx be the distribution defined in the
same way as Apygx but with f and g; replaced by fe and g; for j = 1,...,m and set R} =
(re,g5,... ,gfnlspan{fif}), i =1,...,m. Suppose also that R{ is regularly computable at

T . . S .
2§ = (a8 wd)", A4y and RE+ A,y have constant dimension and £¢ has some relative
. T .
degree at z§. Then, setting a = (af,...,al )", the functions a; are constant along leaves

of R¢ + A for j #tand 1,7 =1,...,m. Moreover, for 7 : U xV - U, w(z,w) ==z,
where U and V are open neighborhoods respectively of z¢ and w, we have

(ma)ze (Afx + Ri) (@) = (Amix + B )(2), r=1,...,m. (5)

Proof. Our assumptions meet those stated in [19, Prop. 2.4]. Thus we have
L;,;Deaj:(), Lht=1...,m; 3 #1 (6)

and D¢ is any product of factors L~ and L~ for h=1,...,m. Since R¥, 1 =1,...,m, 1s

e

regularly computable at zg, as in [20 lemma 1.8.6], it can be shown that it is spanned by
vector fields in the set

{lgjns---lgjrgils- - Jin—=12h 215 & =0,...,m; 0 <k <h} (7)
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with go = f. Since Ay and RS + Ay, ¢ = 1,...,m, have constant dimension, using
the definition of A§;x and the Jacobi identity, it is easy to see that the distributions
R{ + ASx, t = 1,...,m, are spanned by vector fields in the set

{[ad%§;h7[...,[ad%ﬁ%,ad%ﬁi]...]] :(j2 #71and h > 2)or (j; =i and h > 1); 5
Jk=1...om; [z >20; 1<k<h}. '

Similarly, the distributions R} + Apux, ¢ = 1,...,m, are spanned by vector fields in the
set

{[ad;"gjh,[...,[ad?gjz,ad?gjl]...]] :(j2#jrand h > 2)or (j;y =iand h > 1);

)
S

Thus, the first part of the lemma follows from (6) and (8.1). The equality (5) can be
proven by using (6), (8.1), (8.2) and induction as in [19].e

Under assumption (H5), Apx is nonsingular and thus by definition invariant under f
and g;j for j = 1,...,m. As a consequence, (4) can be further decomposed in the following
way

T; = f,(x,) + g”(w,)uz 1=1,...,m

m
Tmt1,1 = frnt1,1(Z15 0oy Ty Tmg11) + E Im+1,15(21, o T, 1,1 )
Jj=1
m
Tm41,2 — fm+2($17 <oy Tmy $m+1,1,$m+1,2) + E gm+1,2j(‘~l71, . 7$m,~"3m+1,1,‘£m+1,2)uj
J=1

yi = hi(z;) 1=1,...,m,

(9)

where R* = span{0/0t+1,1,0/0Cm+1,2} and Apyx = span{0/02 41,2}
We introduce now another coordinate system for (4), which will be useful in Section
III. The distributions R} + Apmrx, ¢ = 1,...,m, are constant dimensional (assumption
(H5)) and involutive. Moreover, they are also invariant under f and ¢, for j = 1,...,m,
since they are constant dimensional and R}, ¢ = 1,...,m, and Ayx are invariant under f
and g; for y = 1,...,m. As a consequence, the distributions (R} + Augx )N R* are constant
dimensional (from (HS5)), involutive and invariant under f and g¢; for j =1,...,m. Since

. . . T
Apgx C R*, for each ¢ = 1,...,m there exist a coordinate system (z{, --- ,zZ)

(which depends on ¢) such that

R} + Apgx = span{0/0zy,0/0z3,0/0z4,0/0z5},
R* = span{0/029,0/0z3,0/0z4,0/0z5 },
R*N(R; + Amix) = span{0/0z3,0/0z4,0/0z5}, (10)
Aprx = span{0/0z4,0/0z5}
Aprx N R = span{0/0z5} .
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Correspondingly, we have

fa (21, 26) 9zr,i(21, 26)
f22(22326)’ 0
fz3(21,22,23,26) Gzs i(217227z3726)7
f( ) fZ4(217Z27Z3)z4726)7 ’ gl( ) g24,i(21522723az4726) ( )
fz5(21722723724725726) gz5,i(21,22,23,24,2’5,2’6),
fze(z6)7 0

In what follows, we use also the following notation. Let A be a constant dimensional
involutive distribution. Let also £5* be the leaf of A passing through zo and F2 the
foliation induced by A. In what follows, we consider the restriction (when it is well-
defined) of a smooth vector field X to £ and we denote it by X |5

I1. Noninteracting control with stability via regular static state—feedback.

In this section we consider regular (i.e. 3 is nonsingular at z¢) feedback laws (2).
Consider the system (4). Since Rf + R* = span{0/0z;,0/0xm+1} is invariant under

fy f(0) = 0 and ¢g; € Rf for i = 1,...,m, the restrictions flﬁéz:JrR* |£§?+R*
t =1,...,m, are well-defined. For each 2 = 1,...,m we denote by

and g;

3

SE (LT JFRY gl (BT JFRY),

the system obtained from (4) by setting u; = 0 for j # ¢ and taking the restrictions

f|£§i+R and g,~|£§"+R with the x,,41 component omitted. Moreover, in what follows
we refer to the dynamics

Tmt1 = fm+1(0,...,0,2mt1) = f‘ﬁéz*

as R* dynamacs.
The main result of this section is the following

Theorem 1. Under assumptions (H1)—(H4), the problem of noninteracting control with
stability is solvable by means of regular static state—feedback if

(S1) the R* dynamics is asymptotically stable;

(S2) the subsystems ElR* ,t =1,...,m, are asymptotically stabilizable via

static state—feedback.

If in addition the distributions (f, g1, .- ,ﬁmispan {gi}), 7 = 1,...,m, have constant di-
mension, then (S1) and (S2) are also necessary. ¢

Remark 1. Theorem 1 states that, modulo singularities and for the class of noninteractive
(but not necessarily asymptotically stable) systems, the conditions (S1) and (S2) are
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necessary and sufficient to stabilize these systems via regular static state—feedback without
destroying the noninteraction property. The necessity of (S1) has been essentially proven
in [17]. Moreover, in [20] it is proved that the exponential stability of the R* dynamics and
the controllability of the linear approximation of (4) are necessary and sufficient conditions
to solve the problem of noninteracting control with exponential stability via regular static
state—feedback. On the other hand, in [17] the asymptotic stabilizability of (4) and (S1)
are shown to be sufficient to achieve noninteraction and asymptotic stability via dynamic
state—feedback.

Proof. We show first the necessity of (S1) and (S2). Suppose that % is noninteractive and

asymptotically stable. From lemma II.1 it follows that the distributions RY, ¢ =1,...,m,
are invariant under f and g; for j = 1,...,m. Then, we must have

R} > [f, T] = U+Z a;g;, 7] = [f, T]+Z[g]~,r]a]~+2(—l}ro¢j)g]~ t=1,...,m; 7 € R}.
=1 =1 =1

(12)
Moreover, span{g; : j # ¢t} N R = 0. As a matter of fact, if span{g, : j # i} N R} # 0, then
it would follow that span{g; : j # i} N V;* = span{g; : j # ¢} N (span{dh;,... ,dL;i_llzj :
j # i)t # 0, where {r1,...,7»} is the vector relative degree of (4) and “1” means
“annihilator of” (see [20]). This now implies that the decoupling matrix does not have full
rank, which is a contradiction. Since R} is invariant under f and g; for j = 1,...,m, from
(12) it easily follows that

Lraj=0 j=1,..,m,7€)Y R}.
1#]
Since ) _,.; Rf = span{0/0z; : i # j}, a; depends only on z;, hence «; is constant along
leaves of R} + R* = span{0/0z;,0/0xm41} for j # i. Since «(0) = 0, it follows that
ozj|£§:+R* = 0 for y # 1. Since R} + R* is also invariant under f: gi € R} + R* and
the class of feedback laws we consider preserves the equilibrium point, the restrictions
ﬂﬂ? TR and §i|£§ iR ore well-defined. Thus we have,

}.‘v|£gli+R _ (f + giai)|£§i+R
:(0’ ,(fi((Ei))T, 07 Y (fm-}-la(oa"'axiao"'vwrnﬁ-l))T)_}—
(0 R (gl(xl))T ’O’ e ,(gm+l,i(07 . ,iCi,O cee ’17171+1))T)a'i($i)

Since flﬁ(?:-i-R* must be asymptotically stable and f is tangent to L& then the R*

dynamics must be asymptotically stable also and the subsystems o= 1,...,m, must
be asymptotically stabilizable by means of static feedback u; = a;(z;).

The sufficiency of (S1) and (S2) easily follows from the triangular structure of (4)
and standard stability properties of triangular systems ([20, Appendix B].e

ITI. Noninteracting control with stability via dynamic state—feedback
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In this section we consider the class of feedback laws (3) such that S is nonin-
teractive and has still some relative degree at z§ . In analogy with [19], we call them
regular dynamic noninteraction feedback laws.

Fix: =1,...,m. Since R} + A pyx 1s invariant under f, f(0) = 0 and ¢; € R¥ + A pix,
it follows that the restrictions f |£(I)z Hlarx g gilﬁf FHAMIX e well-defined. Thus, we
can define,

Amrx | R} +Awmix A prx ) R} +Awix Anrrx
X F(f(L JFAMY gl (£ [FEMX)

where f|(['(l){?+AMIX [FAMxY) and g; |(£§?+AMIX | FAMIX) are given respectively by j‘[ﬁ?z+AMIx

and fl£§?+AMIX with the z4, 25 and z¢ components omitted (see (11)). Moreover, in what
follows we call Aprx dynamics the dynamics

<Z4> — ( f24(030a0724,0) ) :fIEAMIX
2:‘5 fz5(0,0,0,24,25,0) 0

Let be Ay the distribution defined as Apgx but with f and g; replaced by fe and @’]e
for 3 =1,...,m. The main result of this section is the following.

Theorem 2. Under assumptions (H1)-(HS5), the problem of noninteracting control with
stability is solvable via regular dynamic state—feedback if

(D1) the Apyx dynamics is asymptotically stable;
(D2) the subsystems EiAM‘X ,i=1,...,m, are asymptotically stabilizable via

dynamic state—feedback.

If in addition the distributions (fe,ﬁf, e ,§fn|span{§f}), t =1,...,m, are regularly com-

putable at z§ and (f¢, g5, ... ,ﬁ;ispan{ﬁf}) s ASx and A + (6,65, - - ,g;lspzmll{gf}>,
¢ =1,...,m, have constant dimension, then (D1) and (ID2) are also necessary. ¢

Remark 2. Theorem 2 states that, modulo singularities and for the class of noninteractive
systems (not necessarily asymptotically stable), the conditions (D1) and (D2) are necessary
and sufficient to stabilize these systems via regular dynamic state-feedback without de-
stroying the noninteraction property. Note that (D2) replaces the stronger condition given
in [23], which requires that the systems ¥; : (f|£(1){: , gifﬁf: ), =1,...,m, be exponientially
stabilizable by static state-feedback.

Proof. The necessity of (ID1) has been shown in [17]. We show now the necessity of (D2).
Suppose that £¢ is asymptotically stable and noninteractive. Set R¢ = (f¢,9%,...,¢5, |span{§i}),
1 =1,...,m. Fix1 =1,...,m. Reasoning as for R} + Ay, it can be shown that the

~

distribution Rf + A 1s constant dimensional, involutive and invariant under f and
5; for j = 1,...,m. Moreover, the restrictions fe|£§f+A}e‘ﬂx and gf]£§?+A§‘JIX are well-
defined. From lemma I1.2, aj = 0 for j # ¢ is constant along the leaves of R + A§;;y and
(T4 )ze (RS + ASx )(2°) = (RF + Apirx)(z). From (10) and (11), it follows that zo = 0 and
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A
zg == 0 on ,C Bit+Bhax Thus, 21, 23,24 and z5 can be taken as part of a coordinate system
R?
on Ly* TAMIX 56 that

{ f21((2)170) \

- e e fzg(zlaanSaO)
fe(zaw)|£§i+AM'X = f2(21,0, 23, 24, 0) +
fes (21,0, 23, 24, 25,0)
0
\f(21,0,23,24,25,0,u7))
g21,i(21’0)
[ om0y
gz3,i(21,0,23,0)
+ 9z4,i(71,0, 23, 24,0) ai(z1,0,23,24,25,0,0) ,
925,i(z1,0,23,24,25,0)
0
gi(21,0,23,2’4,25,0,7j))

Ri+Ajix

with suitable @, f and g; (depending on 7). Since feiﬁ must be asymptotically

stable, from (10) it follows that V‘f‘ MIX must be asymptotically stabilizable by means of
the dynamic feedback,

u; = ai(21,0, 23, 24, 25,0, ),

24 = f2,(21,0,23,24,0) + g.,.:(21,0, 23, 24, 0)vi (21,0, 23, 24, 25,0, W),

25 = fzs(Zl,O, Z3, %4, Z5,0) + ng’,‘(Zl ,0, 23, 24,25, O)Cki(zl ,0, z3,24,25,0,W),

/lb = f(21,0,23,24,z5,0,u_)) + gi(Zl,O,Zg,24,25,0,717)02'(21,0, 537247357077«5) .
The sufficiency of (D1) and (D2) can be essentially proved as in [1] and [2]. Since in this

case the proof is simpler, we shortly recall it here. R
Consider first the system (9) and the well-defined vector fields f and g; for j =

1,...,m obtained from f and g; by omitting the z,,41 2 component. Let also 7 denote
the coordinate system (x{ m+1 1 )T It is easy to see that, denoting by Ay the
distribution defined in the same way as Ay but with f and ¢;, 7 = 1,...,m, replaced

by f and g;, we have AMD« = 0. Consider the map o : U — U , 0’(.77) =z, WherP U and

U are open neighborhoods respectively of zg and ;. Denote by R the distribution which
assigns to each point o(z) the subspace (04). (R + Apzx)(z) and set 5; = dimR; (from the

regularity assumption, this integer is well-defined). From (10) and (11), it follows that R;
1s smooth and invariant under f and g; for j = 1,...,m. From (10), (11) and the regular

computability of R, it also follows that there exist vector fields {)?ik k= 1,....8},
1 =1,...,m, in the set

{gjn>--> G50 Gi) .- ]in—=12h>0; 55 =0,....,m; for 0 < k < h}
such that R R
R; =span{X;; : 1 <k <3} 1=1,...,m.
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It can be easily checked that the vector fields X ik(Z) are of the form
Xir(7) = (8/0xi)Vir(z:i) + (0/0xmir11)Zir(R)  i=1,....m: k=1,...,5,

(13)

where i}ik and 2,k are respectively the z; and z,4,; components of )2,-;; (see also [23]).

In what follows, for simplicity we omit the hats. Set
n; = dimz; r=1,...,m

g — dim:cm+1

Nawi = N; + N r=1,...,m
m

nwzznwi
=1

n® =n + ny

Consider the extended system

W = Uy
= h(z),
with
wn
w = ,dimw:nw,wi:(/y),dim)\i:ni,dim,ui:no 1=1,...
Wiy '
Set
7€ = 0 u® = u ¢ = Zg . 0
T \w ) T \uw/ T \we /T \O
and
g,(m)\ 0
0 0
f(z) :
0 ‘ ' .
fe(xe) = . ) gf(xe) = 0 ) ggﬂ-i(:ce) = Inwanwi 1=1,...
' 0 0
0 . :
\ 0 \ 0
g°(z) = (95(=°) ... ¢5,(2%)) and h{(z®) = hi(a;) i=1,...,m.

Let us now construct the following extended vector fields

Xir(z)
(X))

(@) = | Xh(xi, ) i=1,...,m,
0

11
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where from (13) we define

Xi(zs, ) = (?fk((aj;)) )

;=0 for j#i; Tmy1,1=p¢

and set
R = span{X}; : 1 <k <s;} e=1,...,m.

Since Aprx = 0, the distributions RS, ¢ = 1,...,m, are independent, involutive and have
the same dimension as R} in a neighborhood of z§ [23, lemma I1.2].
It can be also shown [ 1, 23] that there exists a smooth state—feedback

u = at(a) + B*(a* o (15)
such that

a) a®(0) = 0 and B%(2°) is nonsingular at z{;
b) R{ is invariant under fe =f*+g°a®andg; =g°B;fori =1,...,2m;5 =1,...,2m;

¢) g; € R t=1,...,m.

Moreover, it can be shown that for each ¢« = 1,...,m the two well-defined subsystems
(f £§‘,gi|£§i) and (fe|£(1){" ,§i|£§") are diffeomorphic. For, denoting by 7 the canonical

projection onto the first n coordinates, we prove first that = maps ,Cf ] diffeomorphically

onto ,Céz?. Fix : = 1,...,m. By Chow’s Theorem [24], any point in ﬁff can be joined
to the origin by a concatenation of integral curves of X, which satisfy the differential
equations,

;= ik(mi)’

g;=0  J#{,(m+1,1),(m+1,2)},
Tmt11 = Zik(T1, ..y Tmt1,1),

fri = Zir(0,. .. 24,0, ),

This means that on L'(l,{ '?,
z;=0  j#{i,(m+1,1),(m+1,2)},
Tr; = /\i,

Tm41 = M,

and our claim follows at once.
Since m(f¢) = f and 7. (gf) = ¢i, t = 1,...,m, it follows that for ecach i = 1,...,m
the two subsystems (f|£§i 2 i |£§i) and (f° ]/.:ézi , g% |L'§" ) are diffeomorphic.
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The closed-loop system resulting from applying (15) to (14) can be expressed in local
coordinates v = (¢f - ¥l )T by,

Vi = fui (Yis ¥ma1) + Gy i( @i Ymg1)vi + Gy ma1 (Vi Ymt1 )oms, i=1,...,m,

Y1 = fpmpr (Pmt1) + Goppr,m+1(Pmt1)Vmt1,
Yi :hi(¢ia¢m+1)’ i=1,...,m,

(16)
where dimv; = 1 and dimvg,41 = ny. It is worth noting that, if we set v,41 = 0, (16)
is noninteractive. We show now that (16) can be stabilized without destroying the above
noninteraction property. First, we prove that the matrix gy, m+1(¥m+1) has full rank.
It is sufficient to prove this fact pointwise, since in this case the regularity assumptions
ensure that it holds also in a neighborhood of z§. For, note that gy, ., m+1 has n, columns
and n+4ny, — Yoo, 8; Tows. If we show that dim((} i~ RE)NGy) = > v s; —n, then the
rows of gy, ... m+1 are independent, since otherwise dim((} ', R) N Gy) > Y00, si —n,
which is a contradiction. For, (3°'n, R¢) N G, is given by the kernel of the matrix,

X:(Xh- ){181 e X - Xmsm)-

But dim(span{X;x : ¢ = 1,...,m ; k£ = 1,...,s;}) = n, since from lemma II.1.c)
S RY =span{d/8z}. Our claim follows from well-known results of linear algebra.

Since, as it has been shown above, the two systems (f|£(1,2" , i lﬁ(]f") and (fe ‘Eéz? N |£§§

are diffeomorphic, from (D2) it follows that (fe|£§f,§,~|£§f) can be stabilized by means
of a suitable smooth dyanamic feedback,

~—

vi = Fi (i, (i) + 0
i = Fai(i, Gi)
with F31(0,0) = 0 and Fj2(0,0) = 0. It is worth noting that each feedback law (17) possibly

enlarges the dimension of the dynamic extension. Since gy, , +1,m+1(1/)m+1) has full rank,
in order to stabilize the 9,,+1 dynamics, we can apply the feedback

(17)

V41 = 05 mt1 (Cma )= Fir (Ymt) = Pmaa] (18)

where gim+1,m+1(¢m+1) is a suitable permutation matrix. Our claim follows from the
noninteracting structure of the stabilizing feedback (17)-(18) and from standard stability
results on triangular systems [20, Appendix B|.

Using again standard stability results on triangular systems [20, Appendix B], as-
sumption (D1) and the fact that the 2,412 dynamics does not influence the outputs
imply that the closed-loop system, resulting from applying to (9) the composite feedback
given by (15), (17) and (18), is asymptotically stable and noninteractive.e

Remark 3. Tt is worth noting that the composite feedback given by (15), (17) and (18) is

a regular dynamic feedback, since ¥ and 3¢ have the same relative degree respectively at
zo and xf (see [23]).
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Remark 4. It is important to note that (S1) and (S2) imply (D1) and (D2). First, (10),
(11) and (S1) imply (D1) since Aprx C R*. Moreover, (10), (11) and (S2) imply that,

21 = fz,(21,0) + g2,i(21, 0)ui,
must be stabilizable via static state—feedback. On the other hand, (S1) implies that,
2.:3 - f23(07 07 z3, 0)7

is asymptotically stable. It follows that E?M’X‘ is asymptotically stabilizable via static
state—feedback, which implies (D2).

IV.Conclusions

In this paper we have given a complete set of necessary and sufficient conditions to
solve the problem of local noninteracting control with stability for a class of nonlinear
systems. Besides some geometric obstructions recently pointed out in the literature (see
(S1) and (D1)), the stabilizability of certain subsystems has been shown to be crucial to
achieve noninteraction and stability. It is now clear that the R* and Ayrx play analogous
roles in this problem. In particular, in Remark 3 it is shown how (D1) and (D2) weaken
(S1) and (S2). For linear systems, while (S2) is trivially satisfied since ¥ is controllable
(assumption (H1)), (S1) still survives [1] ; this obstruction can be always overcome by
means of dynamic feedback, since (D1) and (D2) are always satisfied [3]. Note that in a
nonlinear setting (ID2) is not satisfied in general, even if (H1) holds.
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