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Abstract

We present a new method for improving frequency stability in a self-sustained oscillator using

a secondary feedback loop acting outside the main sustaining loop with adaptively-controlled am-

plitude and phase shift. We show that quite simple adaptive control laws for the control states

of the secondary feedback signal can affect the way that noise circulates in the oscillator so as

to reduce or even eliminate (in theory) phase diffusion, i.e., the rate of linear growth with time

of the variance of the oscillator output phase. Our rigorous treatment of this effect is based on

a linearized analysis of the noisy slow-flow amplitude and phase equations for a relevant general

class of systems, from which we derive an explicit expression for the corresponding asymptotic rate

of phase diffusion. Using this result, we consider different choices for tailoring the actuation from

the secondary feedback loop. This includes tuning a phase coupling constant that ensures that

the noise driving the output phase also drives one of the adaptive control states, which represents

a generalization of a desirable behavior observed in internally resonant coupled mode operation.

We show that such feedback design may be used to eliminate effects that commonly arise from

the conversion of amplitude fluctuations to phase diffusion, analogous to operation at zero disper-

sion points, and to improve upon the phase cleaning effect associated with internal resonance to

even achieve the ideal situation of zero phase diffusion. We validate our theoretical findings with

numerical simulations that agree remarkably well with the theory. The presented results estab-

lish a framework for achieving extraordinary frequency stability using slowly varying states of the

resonator and feedback.

I. INTRODUCTION

Oscillator frequency stability is an essential feature for many modern technologies, in-

cluding navigation, computing, network operations, telecommunications, and scientific mea-

surements [1]. Frequency synthesis is achieved using a self-sustained oscillator of a desired

period. The oscillator is built from a resonant device that sets the frequency and a means

of countering dissipation to maintain the oscillation, typically by a feedback loop that con-

tains an energy source. Important qualities of these systems include size, power usage, cost,

∗ Contact author: danko@umd.edu
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robustness to environmental conditions, and precision (frequency stability). Short-term fre-

quency stability is determined by the effects of noise in the resonator and the sustaining

elements [2].

An ideal oscillator would output a perfectly periodic signal; however, the presence of

noise results in fluctuations in the periodicity of the output signal. These fluctuations are

commonly quantified by different measures including the frequency spectrum of the output,

which has a finite linewidth rather than the ideal delta function at the desired frequency;

computing the Allan variance, which calculates precision over different timescales; or looking

at the rate of phase diffusion, which is a consequence of the lack of dynamic rigidity of the

dynamics tangent to the limit cycle that describes the self-oscillation. All of these measures

are interrelated [3].

The resonator element of an oscillator is characterized by the properties of the vibration

mode of interest, specifically its natural frequency, dissipation rate (or Q value), and Duffing

nonlinearity. The natural frequency dictates the oscillator frequency, dissipation influences

the power needs and is intrinsically linked to the resonator noise [4], and nonlinearity limits

the acceptable operating vibration amplitude [5]. The latter two directly affect frequency

stability through the level of noise (linked to dissipation) and by limiting the signal strength

relative to the noise (via stiffness nonlinearity). The nonlinearity converts amplitude noise

into frequency noise, the so-called A-F noise conversion, which results in fluctuations in

the oscillator period. The design of oscillators for precise and reliable long-term operation

involves many engineering challenges, including mechanical design, circuit design, and device

packaging.

In terms of fundamental research, various approaches for improving frequency stability

(or, equivalently, reducing phase diffusion) may be found in the literature. By analysis

of dynamic models, these examine how noise in the oscillator components translates into

phase diffusion and finite linewidth. Many of these investigations use an understanding of

nonlinearities to tune device parameters and operating conditions to mitigate the effects

of noise. These include evasion of amplifier noise by operation at bifurcation points [6, 7],

minimizing A-F conversion by using zero-dispersion (ZD) operating points [8–11], use of

parametric feedback and nondegenerate parametric drive [12, 13], and other similar effects

[14–17]. These approaches are based on oscillator models that use a single mode of vibration

of the resonator.
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Recent studies have shown that another method for reducing phase diffusion is by cou-

pling the resonator’s operational mode in real time to a passive secondary mode in an

internal resonance (IR). The first experimental observation of this effect is described in [18],

where a 1:3 IR resulted in reduced fluctuations of the oscillator frequency by three orders of

magnitude. Subsequently, 1:2 resonances have shown similar beneficial effects [19–21]. The

recent paper [22] describes an analytical treatment and experimental validation of a generic

model for 1:3 IR with noise that is found to be capable of predicting the observed reductions

in phase diffusion by examining the effects of coupling on a slow timescale. The predicted

and measured improvements are dramatically below those of a linear resonator running at

the corresponding amplitude, thereby exceeding the performance capabilities of single-mode

operation. The analysis in [22] reveals that there are two mechanisms behind these improve-

ments. The first mechanism is a consequence of the interaction of the amplitude-dependent

frequencies of the modes, which leads to frequency veering in the region where the uncoupled

frequencies interact. This results in an amplitude range of significantly reduced dispersion

and even the possibility of a ZD amplitude. The second mechanism is related to a modal

phase constraint inherent to IR that leads to synchronization of the modes. In this IR

synchronization, fluctuations of the first mode are reduced by its phase coupling with the

second mode, an effect referred to as phase cleaning [23]. The veering effect is described in

detail for 1:2 and 1:3 IR in Ref. [24]. Both effects and experimental validation are analyzed

for 1:3 IR in Ref. [22]. Phase cleaning is the only known method for suppressing the effects

of multiplicative noise sources beyond their intrinsic single-mode limitation, thus removing a

restriction that limits single-mode approaches. It is noteworthy that these two mechanisms

are generic for IR and do not require non-monotonic resonator frequency characteristics.

However, realizing IR operation in production devices is challenging since it is difficult to

maintain the desired frequency mistuning and intermodal coupling in the face of temper-

ature drifts and other environmental effects. So, while the basic idea of mode coupling is

appealing, it would be useful to have an alternative approach with similar benefits.

Here, we present an original alternative approach that achieves the equivalent of both

reduced dispersion and phase cleaning using a single-mode oscillator with a generic Duffing

nonlinearity, i.e., without the need for either specially designed nonlinearities, operation near

a bifurcation point, or coupled-mode operation. This is accomplished through the introduc-

tion of a secondary control input, acting outside the primary sustaining loop and expressed
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in terms of an amplitude and phase shift that are made to evolve on the slow timescale of

the resonator decay according to user-designed, implementable, adaptive feedback laws. As

shown through a linearized analysis of the stochastic dynamics around a steady operating

condition found in the deterministic limit, such feedback laws may be designed to reduce

and even eliminate phase diffusion to the dominant order of approximation. Among the

many advantages over using resonator-based special operating points or internal resonances

in coupled-mode resonators, the proposed feedback design may be realized in either hard-

ware (analog) or software (digital) and tuned a priori to the desired properties. Notably,

the resonator element can be of the generic Duffing type, requiring no special engineering.

Also, the secondary loop is not restricted by physics and is, therefore, more flexible in terms

of parameter choices, yielding the possibility of improved performance beyond what can

otherwise be achieved. As an example, the approach includes a free coupling constant that

generalizes the integer ratio between the phases of coupled modes operating near internal

resonance. As shown in later sections, the free tuning of this parameter is a useful ingredient

in designs that completely eliminate, in an asymptotic limit, phase diffusion of the oscillator.

The remainder of this paper is organized as follows. Section II describes a generic mathe-

matical model for a closed-loop oscillator that includes both the primary sustaining feedback

loop and the secondary noise-responsive feedback loop for tailoring the phase response. The

method of averaging is used to derive a set of coupled stochastic differential equations that

govern the resonator’s slowly varying amplitude and phase. An abstract form is then pro-

posed for implementable feedback laws that govern slow variations of two control states that

parameterize the amplitude and phase of the secondary control input. This construction

relies on a coupling parameter that allows the noisy input to the resonator phase dynam-

ics to also drive the relative phase of the adaptive controller. A discussion on paths to

realization demonstrates how the proposed feedback design captures the known effects of

operation with passively coupled resonant modes, while also providing opportunities for sig-

nificant generalization and design flexibility, albeit with additional engineering challenges,

e.g., the tracking of the oscillator’s phase without an external reference. Section III presents

motivating results from numerical simulation of different candidate designs for the adaptive

feedback controller, including a design that completely eliminates phase diffusion to dom-

inant order. The numerical results are supported by the rigorous derivation in Sec. IV of

closed-form expressions for the corresponding asymptotic diffusion constant for a general
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class of systems with free-running phase along a limit cycle and specialized to the model

at hand. The analytical expression forms the basis for general observations regarding the

ability of different design choices to reduce or even eliminate phase diffusion. Finally, the

concluding Sec. V summarizes the main findings and points to current work to validate the

proposed theory in physical devices.

II. MODEL WITH SECONDARY LOOP

This section describes the adaptive feedback design proposed in this paper to suppress

phase diffusion of a self-sustained oscillator subject to frequency and thermal noise, with

emphasis on a realization that is implementable, i.e., for which the back action may be

computed without knowledge of the noise inputs.

A. Model schematic

A typical closed-loop oscillator used for frequency synthesis consists of a resonator element

that sets the operating frequency of self-oscillation, and an electronic feedback loop that

destabilizes the thermal response and ensures that the energy dissipated by the resonator

element is balanced out on average by energy provided by an amplifier, resulting in self-

oscillation at a desired amplitude and frequency. A common realization of a closed-loop

oscillator uses electronic feedback to drive the resonator synchronously with its oscillation

frequency with some preset excitation amplitude and phase shift. A schematic of this is

depicted by the resonator and the primary feedback in Fig. 1. The primary feedback includes

a phase shift (typically π/2) and a saturated amplifier gain designed to keep the feedback

magnitude constant regardless of the amplitude of the resonator response. This scheme is

known as a phase feedback oscillator and is commonly used to suppress one quadrature of

the amplifier noise [6, 16, 25, 26].

To suppress phase diffusion, we propose the purposeful addition of a secondary feedback

loop, as shown in Fig. 1. This acts similarly to the primary loop in that it drives the

resonator synchronously with its oscillation frequency. In contrast to the input from the

primary feedback, however, the excitation amplitude T and phase shift θ of the secondary

drive signal are not set to fixed values but, instead, vary slowly according to a pair of
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+

f(a, T ), θ

a, T, θ

FIG. 1. Schematic block diagram of the closed-loop oscillator with a primary sustaining feedback

loop and a proposed secondary feedback loop designed to reduce phase diffusion, i.e., the linear

rate of growth with time of the variance of the phase ϕ of the lowest-order dominant contribution

a cos(ωt+ ϕ) to the resonator response. In both the primary (inner) and secondary (outer) loops,

the oscillator output signal is strongly amplified into diode limiters (with saturation levels S and

f(a, T )) and phase-shifted (by ∆ and θ) to ensure a combined feedback signal of a desired amplitude

and relative phase that is used to drive the oscillator and shape its response to noise. While S and

∆ have fixed values, the control states T and θ evolve on a slow timescale according to user-designed

stochastic adaptive control equations implemented in an external controller. Fig. 2 illustrates the

computational algorithm that is implemented in the proposed controller.

appropriately designed stochastic adaptive control equations.

B. Governing equation

As a basic model of the proposed closed-loop oscillator, we consider a single-mode res-

onator with (i) stiffness nonlinearity that results in frequency pulling, (ii) linear dissipation,

(iii) two independent noise sources that act directly on the resonator, namely, thermal (ad-

ditive) noise and frequency (multiplicative) noise, and (iv) self-sustaining and secondary
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feedback loops. We let x, ẋ, and ẍ denote variables that describe the displacement, velocity,

and acceleration of the resonator mode. A mathematical model that captures the resonator

dynamics in the presence of both the primary and the proposed secondary feedback is then

given by the stochastic differential equation

ẍ+ 2Γẋ+ ω2(1 + η(t))x+ γx3 = S cos(ωt+ ϕ+∆) + f(a, T ) cos(ωt+ ϕ+ θ) + ξ(t) (1)

where the parameters Γ, ω, and γ describe the decay rate, eigenfrequency, and cubic stiffness

(Duffing/Kerr) nonlinearity, respectively, of the resonator. The frequency and thermal noise

terms, denoted here by η(t) and ξ(t), respectively, are assumed to be zero-mean, white,

Gaussian, delta-correlated, and independent, so that1 ⟨η(t)⟩ = ⟨ξ(t)⟩ = ⟨ξ(t)η(t + h)⟩ = 0,

⟨η(t)η(t+h)⟩ = 2Iηδ(h), and ⟨ξ(t)ξ(t+h)⟩ = 2Iξδ(h). In this formulation, we neglect noise

from either of the feedback loops (for the self-sustaining feedback loop, this is suppressed,

in practice, when ∆ = π/2 [16]).

The two harmonic terms on the right-hand side of Eq. (1) represent the inputs of the

primary and secondary feedback loops on the resonator dynamics. Here,

aeiϕ =
2

nTp

∫
nTp

x(t)e−iωt dt, (2)

where
∫
nTp

refers to integration over an interval of length nTp = 2πn/ω for some experimen-

tally convenient integer n (cf. Fig. 2). For slowly varying control signals T and θ and under

assumptions made explicit in the next section, this choice is motivated by the lowest-order

dominant contributions to the resonator response: a cos(ωt+ ϕ) with slowly varying ampli-

tude a and phase shift ϕ. It is the goal of this paper to show that suitable adaptive design

of the variations in f(a, T ) and θ over the slow timescale can modify the resonator response

to noise-induced fluctuations in desirable ways.

To model the dominant dynamics of interest, we assume that the model in Eq. (1) ex-

periences slow decay compared to its oscillation timescale (Γ ≪ ω) and, therefore, requires

only weak drive to maintain self-oscillation (|S| ≪ ω2|x|). It is also assumed to operate with

weak nonlinearity (|γx2| ≪ ω2) and to be subjected to small-intensity noise (as defined in

the sequel). In addition, the secondary drive is assumed to be small (|f(a, T )| ≪ ω2|x|).
1 Here, ⟨g(t)⟩ denotes the time average of g(t), which is equal to the ensemble average over realizations for

ergodic processes. This idealization of the noise terms can also be used for general stationary, zero-mean,

non-Gaussian processes, as long as their correlation times are considerably shorter than the relaxation

time of the resonator [27], i.e., for τcor = ⟨ξ2⟩−1
∫∞
0

⟨ξ(t))ξ(t+ h)⟩dh≪ 1/Γ.
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Motivated by these assumptions, we define the non-dimensional scaling parameter ε = Γ/ω

and let x(t) = y(ωt) to obtain the equation

y′′ + y = ε
(
S cos(τ + ϕ+∆) + f(a, T ) cos(τ + ϕ+ θ)− 2y′ − γy3

)
+
√
ε(ξ − ηy). (3)

Here, ′ denotes differentiation with respect to τ = ωt and we have substituted γ 7→ εω2γ,

S 7→ εω2S, f(a, T ) 7→ εω2f(a, T ), ξ(t) 7→
√
εω2ξ(τ), η(t) 7→

√
εη(τ) (such that Iξ 7→ εω3Iξ

and Iη 7→ εω−1Iη), and

aeiϕ =
1

πn

∫
2πn

y(τ)e−iτ dτ, (4)

where
∫
2πn

refers to integration over an interval of length 2πn.

For ε ≪ 1, while the resonator exhibits fast oscillations with frequency 1, its amplitude

a and phase ϕ and, by design, the control signals T and θ, are slowly-varying and effectively

constant over the fast timescale. We make this explicit in the following section using the

method of stochastic averaging [27].

C. Amplitude and phase dynamics

To capture the slow amplitude and phase dynamics assuming ε≪ 1 and consistent with

Eq. (4), we define the slowly varying stochastic processes a(ετ) and ϕ(ετ) by the equalities

y(τ) = a(ετ) cos(τ + ϕ(ετ)), y′(τ) = −a(ετ) sin(τ + ϕ(ετ)) (5)

such that, by construction,

a′ cos(τ + ϕ)− aϕ′ sin(τ + ϕ) = 0. (6)

Substitution of Eq. (5) into Eq. (3) and Gauss elimination using Eq. (6) then yields

a′ = fa(a, T, θ)− ξ sin(τ + ϕ) +
1

2
η a sin (2τ + 2ϕ) , (7)

ϕ′ = fϕ(a, T, θ)−
ξ

a
cos(τ + ϕ) + η cos2(τ + ϕ), (8)

where differentiation is with respect to the slow time variable s = ετ = Γt,

fa(a, T, θ) = −a+ S sin∆ + f(a, T ) sin θ

2
, (9)

fϕ(a, T, θ) =
3γa2

8
− S cos∆ + f(a, T ) cos θ

2a
, (10)
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we have substituted ξ(τ) 7→
√
εξ(s) and η(τ) 7→

√
εη(s), and we have neglected oscillatory

terms on the right-hand sides of Eqs. (7) and (8) that average to zero on the fast timescale.

Then, following Section 7.2 of [27], for sufficiently small ε and to lowest order in ε, the

stochastic processes a and ϕ can be approximately modeled by Markov processes on the

slow timescale governed by the equations

a′ = fa(a, T, θ) +
√
Ia(a)χ1(s), (11)

ϕ′ = fϕ(a, T, θ) +
√
Iϕ(a)χ2(s), (12)

where (see the appendix for a derivation)

Ia(a) =
a2Iη

4
+ Iξ, Iϕ(a) =

3Iη

4
+

Iξ

a2
, (13)

and χ1 and χ2 are delta-correlated random processes with means ⟨χi(s)⟩ = 0 and correlations

⟨χi(s)χj(s+ σ)⟩ = δijδ(σ).

It is important to note that neither fa nor fϕ depend on the free-running phase ϕ. This

quality is innate for self-oscillation and critical for both the design of the proposed feedback

architecture and its theoretical analysis.

D. Feedback design

The expressions for fa and fϕ in Eqs. (9) and (10) suggest an opportunity to regulate

the noise-perturbed dynamics of a(ετ) and ϕ(ετ) by suitable (slow) time variations of T (ετ)

and θ(ετ). We propose realizing such time variations by engineering dynamics that result

in adaptive Langevin equations of the particular form

T ′ = fT (a, T, θ), (14)

θ′ = fθ(a, T, θ) + k
√
Iϕ(a)χ2(s) (15)

for some user-defined functions fT and fθ and user-selected scalar constant k. Consistent

with the forms of fa and fϕ, neither fT nor fθ depend on ϕ. Moreover, a nonzero value

of k implies that the noise input driving θ is a scaled version of the noise input driving ϕ.

Such coupling with k fixed by the physics of an internal resonance has been shown to allow

coupled-mode oscillators to achieve significant reductions in phase diffusion [22]. At will

selection of k without reference to any inherent physics, coupled with the design of fT , fθ
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(and the amplitude factor f(a, T )), provides a rich opportunity for the adaptive feedback

to respond to noise-driven fluctuations in the phase dynamics. Indeed, as shown in later

sections, a suitable adaptive feedback design can completely eliminate phase diffusion to

leading order. As of yet, this level of frequency stability has not been found achievable using

properties such as zero dispersion points or internal resonance.

Since Eq. (14) lacks an explicit noise term, it is implementable, e.g., in a computer

simulation that runs in parallel to the oscillator dynamics, provided that one has access to

measurable values of a, T , and θ. In contrast, by the very nature of noise, the explicit noise

term in Eq. (15) makes this equation unimplementable. By design, however, the coupled

phase variable ψ = θ − kϕ must satisfy the Langevin equation

ψ′ = fθ(a, T, θ)− kfϕ(a, T, θ), (16)

which is implementable. Provided that a and ϕ are measurable, both T and θ = ψ + kϕ

are measurable, and the desired dynamics for T and θ may be realized using implementable

real-time computations.

The closed-loop system dynamics may thus be understood either in terms of the state

(a, ϕ, T, ψ) and Langevin equations (11), (12), (14), and (16) with θ = ψ+kϕ or, equivalently,

in terms of the state (a, ϕ, T, θ) and Langevin equations (11), (12), (14), and (15). While the

former represents an actual implementation in which (a, ϕ) are obtained from the resonator

response and (T, ψ) are integrated numerically (as also illustrated in Fig. 2), the latter

formulation is particularly useful for the theoretical analysis in Sec. IV.

E. Paths to realization

As shown in the previous sections, the proposed secondary feedback loop acts directly on

the resonator on the fast timescale but with control parameters that are regulated only on

the slow timescale. This reflects the fact that while phase diffusion manifests itself primarily

on the slower timescale, control actuation must be realized in real time. With this in mind,

we recognize two paths to realizing the feedback laws (14) and (16) and discuss these in

some detail here.

According to the first path, feedback laws (14) and (16) are the result of real-time physical

interactions that, when averaged over the fast timescale, yield slowly-varying quantities T
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a

ϕ
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x

FIG. 2. Schematic block diagram of the algorithm implemented in the controller block of Fig. 1.

Here, the two rightmost operator blocks implement Eq. (2), while the adaptive updates to T and ψ

in the leftmost block implement the feedback design in Eqs. (14) and (16). The latter are expressed

in terms of the designable functions fT and fθ and the model function fϕ, all of which depend on

a, T , and θ = ψ + kϕ.

and θ that satisfy stochastic differential equations of the form (14) and (15) without any

manual intervention.

For example, for two passively-coupled vibration modes in approximately 1:2 resonance,

i.e., with natural frequencies ω1 and ω2 = 2ω1 − ε∆ω where ε = Γ1/ω1 ≪ 1, the slow

amplitude and phase dynamics may be modeled in the limit of small noise by

a′1 = −a1 +
αa1a2 sinφ

4
+
S sin∆

2
+
√
Ia1(a1)χ1(s), (17a)

ϕ′
1 =

1

4

(
3γa21
2

+ αa2 cosφ− 2S cos∆

a1

)
+
√
Iϕ1(a1)χ2(s), (17b)

a′2 = −Γ2

Γ1

a2 −
αa21 sinφ

8
, (17c)

φ′ =
∆ω

ω1

+
1

2

(
3γa21
2

+ αa2 cosφ− 2S cos∆

a1

)
− αa21 cosφ

8a2
+ 2

√
Iϕ1(a1)χ2(s), (17d)

where φ = 2ϕ1−ϕ2, α is the inter-modal coupling parameter from the single-term interaction

potential of the 1:2 internal resonance [28], i.e., Ucpl = αx21x2, and the subscripts 1 and 2

refer to various quantities of the first and second mode, respectively. We recover Eqs. (11),

(12), (14), and (15) by identifying a = a1, ϕ = ϕ1, T = a2, and θ = −φ, and letting
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f(a, T ) = −αaT/2, k = −2, and

fT = −Γ2

Γ1

T +
αa2 sin θ

8
, (18)

fθ = −∆ω

ω1

− 1

2

(
3γa2

2
+ αT cos θ − 2S cos∆

a

)
+
αa2 cos θ

8T
. (19)

For this resonance, experimental observations of improved frequency stability below the

noise levels of single-mode oscillators have been documented in the literature [19–21].

Similar observations apply to the equations modeling two passively-coupled modes with

an approximate 1:3 internal resonance, which experimentally showed three orders of magni-

tude improvement in frequency stability when operated in resonance [18], results that were

analyzed and explained in [22] in terms of reduced dispersion and phase cleaning. In the

limit of small noise, the corresponding amplitude and phase dynamics are modeled by

a′1 = −a1 +
3αa21a2 sinφ

8
+
S sin∆

2
+
√
Ia1(a1)χ1(s), (20a)

ϕ′
1 =

1

4

(
3γa21
2

+
3αa1a2 cosφ

2
− 2S cos∆

a1

)
+
√
Iϕ1(a1)χ2(s), (20b)

a′2 = −Γ2

Γ1

a2 −
αa31 sinφ

24
, (20c)

φ′ =
∆ω

ω1

+
3

4

(
3γa21
2

+
3αa1a2 cosφ

2
− 2S cos∆

a1

)
− αa31 cosφ

24a2
+ 3

√
Iϕ1(a1)χ2(s), (20d)

where φ = 3ϕ1 − ϕ2, ε∆ω = 3ω1 − ω2, ε = Γ1/ω1, and α is the inter-modal coupling

parameter from the single-term interaction potential of the 1:3 internal resonance [23], i.e.,

Ucpl = αx31x2. In this case, we recover Eqs. (11), (12), (14), and (15) by identifying a = a1,

ϕ = ϕ1, T = a2, and θ = −φ, and letting f(a, T ) = −3αa2T/4, k = −3, and

fT = −Γ2

Γ1

T +
αa3 sin θ

24
, (21)

fθ = −∆ω

ω1

− 3

4

(
3γa2

2
+

3αaT cos θ

2
− 2S cos∆

a

)
+
αa3 cos θ

24T
. (22)

In both of these examples, the value of k is not selectable at will, but instead constrained

by the resonance. The forms of fT and fθ are likewise constrained by the nature of the

physical coupling, albeit with the potential for tuning the inter-modal coupling parameter α

to reduce phase diffusion at a desired operating amplitude. We surmise the possibility that

other forms of physical coupling, including with nonlinear active elements rather than purely

passive coupling, can provide additional design flexibility and opportunities for optimal

tuning, but are not aware of such work to date.
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According to the second path, on the other hand, feedback laws (14) and (16) are im-

plemented algorithmically only on the slow timescale, while the action of the secondary

feedback loop is exactly as shown in Figs. 1 and 2 and modeled in (1), without any further

physical coupling.

As discussed in conjunction with (16), feedback according to this second path requires

tracking the slowly-varying amplitude and phase of the oscillator. While the amplitude is

readily measured, estimation of the phase poses a greater challenge, as this typically requires

demodulation with a reference oscillator that is cleaner than the oscillator of interest. But if

such a reference oscillator is readily available, why bother transferring its frequency stability

to the resonator at hand? Self-referencing demodulation against a time-delayed version of

the oscillator’s own response [29, 30] may offer an alternative to the use of such an external

reference.

Compared to the realization according to the first path, the algorithmic implementation

operates using only a single resonator mode, eliminating the need for careful device engineer-

ing as is necessary for the case of zero dispersion or internal resonance. Moreover, whereas

resonance is associated with integer values of k (= −n for 1:n internal resonance), here the

value of k may be set arbitrarily and thus optimized to achieve desired performance. Fi-

nally, while internal resonance may produce favorable noise suppression characteristics near

critical operating amplitudes, the secondary feedback parameters may be freely designed to

achieve such behavior near any amplitude.

Following either path, the analysis in later sections assumes that no additional effects of

noise are introduced in (14) and (16). Indeed, in the derivation of (17a-17d) and (20a-20d),

it was assumed a priori that the stochastic terms need only account for the effects of the

primary feedback loop, rather than uncertainty inherent in each oscillatory mode. Similarly,

in the algorithmic realization, it is assumed a priori that no additional uncertainty arises

due to the secondary feedback loop, including as a result of phase demodulation against a

time-delayed signal. We briefly reiterate these assumptions in the concluding section.

III. NUMERICAL SIMULATIONS

To motivate the detailed analysis in the next section, as well as to provide data against

which this analysis may be compared, we present here the results of numerical simulations
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of the nonlinear coupled stochastic differential equations given by Eqs. (11), (12), (14), and

(15) for several choices of feedback design and near operating conditions that correspond

to steady-state dynamics in the deterministic limit, i.e., (a, T, θ) = (ass, Tss, θss) such that

fa = fT = fθ = 0. We note that without the secondary loop (f(a, T ) = 0) the deterministic

operating condition has amplitude ass = S sin∆/2. Our focus is on control designs that

maintain this steady operating condition, albeit with different dynamics.

Since we are concerned only with noise-induced perturbations near a deterministic steady-

state limit, we restrict attention to feedback designs for which fT and fθ are linear in the

deviations of a, T , and θ from their steady-state values, i.e.,

fT (a, T, θ) = GaT (a− ass) +GTT (T − Tss) +GθT (θ − θss), (23)

fθ(a, T, θ) = Gaθ(a− ass) +GTθ(T − Tss) +Gθθ(θ − θss). (24)

We fix the self-sustaining feedback parameters2 at S = 3 and ∆ = π/2, the cubic nonlinearity

at γ = 1, and the thermal and frequency noise intensities at Iξ = Iη = 10−4. We restrict

attention to designs with f(a, T ) = −T and θss = 0, from which it follows that ass =

S sin∆/2 = 3/2, Ia(ass) = 1/6400, and Iϕ(ass) = 43/360000.

To quantify the simulation results and compare them with the theory developed below, we

focus on the statistics of the phase ϕ. Of primary interest is the asymptotic phase diffusion,

which we expect to be dominated by a linear growth of the phase variance ⟨ϕ2(s)⟩−⟨ϕ(s)⟩2 ∼

Dϕs provided that the corresponding asymptotic phase diffusion constant Dϕ is nonzero. It

can be shown that in the case of small and confined amplitude fluctuations and small diffusion

constant relative to the eigenfrequency (Dϕ ≪ 1), the diffusion coefficient Dϕ represents

the linewidth of the oscillator output. This provides a convenient connection between our

theoretical predictions and a commonly measured quantity describing the frequency stability

of an oscillator [22, 31, 32].

We simulated the resultant stochastic dynamics for three different designs of the secondary

loop characterized by select choices of gain parameters G∗∗, phase coupling constant k, and

steady-state value Tss. Brief descriptions of these controllers is provided, but the details of

their selection requires the analysis in the subsequent sections. The control parameters and

descriptions are as follows:

2 The value ∆ = π/2 maximizes the value of ass, which in turn minimizes the contribution to Iϕ(ass)

from thermal noise as seen in Eq. (13). Normally, the optimal operating amplitude occurs where this

beneficial large amplitude effect is countered by the increased phase diffusion from amplitude-to-frequency

conversion. 15



(i) GaT = GθT = Gaθ = GTθ = 0, GTT = Gθθ = −1, k = 0, and Tss ∈ [1, 10]. This control

simply drives T → Tss and θ → 0. For Tss = 0, the asymptotic dynamics corresponds

to the absence of the secondary loop and replicates the response of a standard oscillator

with resonator Duffing nonlinearity, a result used for baseline reference.

(ii) GθT = Gθθ = 0, 2GaT = −2GTT = 2Gaθ = GTθ = 2, k = 0, and Tss ∈ [1, 10].

As described in Section IV, this control eliminates effects analogous to amplitude-to-

frequency conversion but does not utilize phase coupling since k = 0.

(iii) GθT = Gθθ = 0, 2GaT = −2GTT = 2Gaθ = GTθ = 2, k ∈ [0, 5], and Tss = 1.

As described in Section IV, this control eliminates effects analogous to amplitude-to-

frequency conversion and also utilizes phase coupling.

To produce the results reported below, we used the Euler–Maruyama method [33] with

a constant time-step of ∆s = 10−4 for N = ⌊smax/∆s⌋ time-steps, i.e., for s ∈ [0, smax].

For ensemble statistics, we collected the results of M = 103 simulations. In each case, we

emphasize the time-dependence of the phase variance ⟨ϕ2(s)⟩ − ⟨ϕ(s)⟩2 and characterize as

phase diffusion an approximately linear asymptotic growth of this quantity with s.

Fig. 3 shows the results of numerical simulations of the fully nonlinear slow equations

for (a, ϕ, T, θ) for feedback designs of type (i) with Tss = 0, (ii) with Tss = 1, and (iii)

with k = 216/89, respectively. The results shown in the upper panel reveal that the phase

variances for feedback designs (i) and (ii) increase approximately linearly in time while the

phase variance for feedback design (iii) appears to be approach a finite bound dc ≈ 3.8×10−4

without any asymptotic linear growth. The time histories match closely to the dashed lines

in the figure obtained using a closed-form expression for the diffusion constant Dϕ that is

derived in Sec. IV. Indeed, in the case of feedback design (iii), the theory predicts Dϕ = 0,

which is certainly consistent with the observed absence of asymptotic linear growth. As

shown in the lower panels, the phase distribution when scaled by
√
s is in all cases Gaussian,

consistent with the use in Sec. IV of a linearized theory, as both the input and output of

the dynamical system are Gaussian.

The boundedness of the phase variance for feedback design type (iii) implies near-ideal

long-term frequency stability, since the corresponding line width scales as dc/smax. There-

fore, as we increase smax, the phase distribution becomes more narrowly peaked (Fig. 4).
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FIG. 3. Numerical simulations and theoretical predictions of phase diffusion for feedback design

(i) with Tss = 0 (blue), (ii) with Tss = 1 (black), and (iii) with k = 216/89 (red). The upper

panel shows the phase variance as a function of time along with straight lines representing the

asymptotically linear trends predicted using a linearized theory in Sec. IV. The inset in the upper

panel shows a zoomed-in view of the phase variance for feedback design (iii) showing asymptotic

growth to a finite bound dc = 3.8× 10−4. The lower panels show the distribution for 103 samples

of the deviation δϕ(s) = ϕ(s)− ⟨ϕ(s)⟩ of the phase at s = 100 (i.e., after 106 time-steps) from its

mean, normalized by
√
s.

This path toward the delta function distribution of an ideal oscillator is limited by our as-

sumptions and the stochastic analysis that considers only the short-term frequency stability

of the oscillator. In practice, when increasing the integration time, long time-scale effects,

such as aging and 1/f noise processes, which are not accounted for in our analysis, will

become dominant and control the long-term frequency stability [2].

We collect the estimated diffusion constants from numerical simulations of the fully non-

linear slow equations for (a, ϕ, T, θ) for feedback designs types (i)-(iii) across the indicated
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FIG. 4. Numerical simulations and theoretical predictions of the phase distribution around the

mean phase for feedback design (iii) at s = 50 (left), s = 100 (middle), and s = 200 (right). The

theoretical predictions (dashed curves) are zero-mean Gaussian distributions with variance dc/s.

ranges of Tss and k in Fig. 5. Theoretical predictions, based on the linearized stochastic

equations derived in Sec. IV, are shown for comparison. Interestingly, while for feedback de-

sign (i), the diffusion constant depends apparently quadratically on Tss, it is independent of

Tss for feedback design (ii) and apparently equal to the minimum value observed for feedback

design (i). This operating condition is the best that can be achieved using this controller

and corresponds to the baseline reference in the absence of the secondary loop. In contrast,

for feedback design (iii), we observe a quadratic dependence on k that appears to achieve

its minimum at Dϕ = 0 for k ≈ 2.4 consistent with the theoretical prediction of 216/89.

As suggested by the figures in this section, an asymptotic theory is available to compute

the diffusion constant in terms of the given model and adaptive gain parameters. We turn

to this theory next and use the results to support a purposeful selection of gain parameters

that optimally enhance frequency stability in the asymptotic limit.

IV. THEORETICAL ANALYSIS

The results in the previous section show that, after a brief initial transient, the phase

variance typically grows linearly in time, described by the form ⟨ϕ2(s)⟩ − ⟨ϕ(s)⟩2 ∼ Dϕs,

where the rate Dϕ is the diffusion coefficient, the key quantity used in our analysis to measure

the frequency stability of the oscillator. In this section, we use an asymptotic linearized

analysis of the stochastic system near the deterministic steady-state condition to derive a
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FIG. 5. Numerical simulations and theoretical predictions (from Sec. IV) of the normalized phase

diffusion Dϕ/Iϕ(ass) for feedback designs (i)-(iii). Left panel: the black dots and dashed curve

correspond to variations in Tss for design (i), while the black squares and dotted curve correspond

to variations in Tss for design (ii). Right panel: the black diamonds and dashed-dotted curve

correspond to variations in k for design (iii).

closed-form prediction for the corresponding asymptotic diffusion coefficient. We use the

resulting expression to guide the feedback design and to explain the numerical observations.

In particular, we find a class of feedback designs for which the predicted asymptotic diffusion

constant equals zero.

A. Asymptotic phase diffusion

Let (a, T, θ, ϕ) denote the slowly varying state of the closed-loop dynamics in Sec. II.

Then, if we ignore the small drift terms in Eq. (11), we obtain the governing state-space

dynamics


a′

T ′

θ′

ϕ′

 =


fa(a, T, θ)

fT (a, T, θ)

fθ(a, T, θ)

fϕ(a, T, θ)

+B
√
Iχ(a)χ(s), (25)
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where

B =


1 0

0 0

0 k

0 1

 ,
√

Iχ(a) =

√
Ia(a) 0

0
√
Iϕ(a)

 , χ(t) =

χ1(s)

χ2(s)

 , (26)

and, as advertised, the right-hand sides are notably independent of ϕ. When χ1(s) = χ2(s) ≡

0, we define a steady oscillatory state by a condition (a, T, θ) = (ass, Tss, θss), such that

fa(ass, Tss, θss) = fT (ass, Tss, θss) = fθ(ass, Tss, θss) = 0, and a constantly rotating phase with

ϕ′ = ϕ′
ss := fϕ(ass, Tss, θss), such that the noise-free oscillator frequency equals Ω = 1 + εϕ′

ss.

We assume that this steady state is locally exponentially stable, i.e., that the eigenvalues

of the Jacobian matrix of (fa, fT , fθ)
T with respect to (a, T, θ) and evaluated at (ass, Tss, θss)

have negative real parts.

In the presence of sufficiently weak noise, we expect (a, T, θ) to fluctuate near their

steady-state values and are interested in the effects of such fluctuations on the dynamics in

the phase ϕ. To analyze this situation, we linearize Eq. (25) around the steady oscillatory

state and obtain a set of linear stochastic equations of the form

v′ = Av +B
√

Iχ(ass)χ(s), v =

δu
δϕ

 , A =

J 0

gT 0

 , (27)

where δu = (a− ass, T − Tss, θ− θss)
T and δϕ = ϕ− ϕ0 − ϕ′

sss for some constant ϕ0. Here, J

is the aforementioned Jacobian matrix while the components of the row vector gT are the

partial derivatives of fϕ with respect to (a, T, θ) evaluated at (ass, Tss, θss).

A key result that is relied upon repeatedly in the sequel is the prediction of a diffusion

constant that describes the rate of asymptotic linear growth with time s of the variance

of the scalar phase variable δϕ in Eq. (27). By the assumption on the eigenvalues of J ,

and for a noise vector χ(s) that is zero-mean and delta-correlated (i.e., ⟨χ(s)⟩ = 0 and

⟨χi(s)χj(s+ σ)⟩ = δijδ(σ)), the first two moments of v are given by

⟨v(s)⟩ = esAv(0) (28)

and

〈
(v(s)− ⟨v(s)⟩)(v(s)− ⟨v(s)⟩)T

〉
=

∫ s

0

es
′ABIχ(ass)B

Tes
′AT

ds′, (29)
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where the matrix exponential

esA =

 esJ 0

gTJ−1(esJ − I) 1

 (30)

has entries that are either constant or converge exponentially fast to constants. In particular,

the asymptotic values of the right-hand side of Eq. (28) may be determined by letting

esJ → 0, from which it follows that ⟨δu(s)⟩ → 0 and that ⟨δϕ(s)⟩ converges to a constant.

Similarly, the entries on the right-hand side of Eq. (29) converge exponentially fast to

functions that grow linearly in time at a rate that may be determined by letting esJ → 0 in

the expression for esA and evaluating the integrand. In terms of the notation

BIχ(ass)B
T =

Bu b

bT Bl

 , (31)

these asymptotic rates of linear growth are given by the entries of

esABIχ(ass)B
TesA

T ∼

0 0

0 gTJ−1BuJ
−1,Tg − 2bTJ−1,Tg +Bl

 . (32)

The non-trivial entry corresponds to the advertised rate of asymptotic linear growth with s

of the variance of δϕ(s). Therefore, we conclude that

Dϕ = gTJ−1BuJ
−1,Tg − 2bTJ−1,Tg +Bl (33)

is the corresponding asymptotic diffusion constant, the quantity of principal interest. This

is linear in the diagonal entries of Iχ.

From Eq. (26), we obtain

Bu =


Ia(ass) 0 0

0 0 0

0 0 k2Iϕ(ass)

 , bT =
(
0 0 kIϕ(ass)

)
, Bl = Iϕ(ass). (34)

In terms of the notation

g =
(
g1 g2 g3

)
,J−1 =


i11 i12 i13

i21 i22 i23

i31 i32 i33

 , (35)
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the corresponding asymptotic diffusion constant then equals

Dϕ = (g1i11 + g2i21 + g3i31)
2 Ia(ass) + (1− k(g1i13 + g2i23 + g3i33))

2 Iϕ(ass). (36)

The expression in Eq. (36) suggests that the terms that multiply Ia(ass) and Iϕ(ass) may

both be eliminated by a suitable choice of adaptive feedback design and numerical value of k

(unless the coefficient multiplying k vanishes, in which case we cannot modify the factor of

Iϕ(ass)). In comparison, for standard oscillators, the coefficient of Ia(ass) is associated with

amplitude-to-frequency (A-F) noise conversion arising from dispersion and can be reduced

or eliminated by running at small amplitudes or near special zero-dispersion points, which

can be realized in both single-mode [10, 11] and coupled-mode operation [22]. As discussed

in Sec. II E, near-resonant mode coupling affords an alternative means of realizing nonzero

(but necessarily rational values of) k.

In the next subsection, we apply the result in Eq. (36) to classes of feedback designs that

include those investigated numerically in Sec. III.

B. Model predictions

Many possibilities exist for the selection of adaptive control laws for the secondary loop.

Here, we focus on classes of feedback designs that are simple yet offer the possibility of

significantly reducing, or even eliminating (to leading asymptotic order) phase diffusion.

These include the feedback designs introduced in the motivating results of Sec. III. In this

section, we use Eq. (36) to provide the theoretical basis for these and other design choices.

As in Sec. III, we limit the analysis to the case f(a, T ) = −T (but see Sec. II E) and select

controllers that preserve the stable steady operating amplitude obtained in the absence of

noise and the secondary loop, namely, a = ass := S sin∆/2. Some generalizations are

discussed in Sec. IVC.

Feedback design (i) in Sec. III is a special case of a class of designs with fT = −GT (T−Tss),

and fθ = −Gθθ (recall that θss = 0), where the constants GT , Gθ > 0 ensure that T and θ

converge exponentially fast to Tss and 0, respectively. In the absence of noise, the steady

condition given by a = ass, T = Tss, and θ = 0 is then invariant and locally exponentially

attracting. In the limit of small noise, linearization yields a system of the form of Eq. (27)
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with g and J obtained from

g1 =
3γa3ss + 4ass cot∆− 2Tss

4a2ss
, g2 =

1

2ass
, g3 = 0 (37)

and

i11 = −1, i13 =
Tss
2Gθ

, i22 = − 1

GT

, i33 = − 1

Gθ

, i12 = i21 = i23 = i31 = i32 = 0. (38)

The corresponding asymptotic diffusion constant equals

Dϕ =

(
3γa3ss + 4ass cot∆− 2Tss

4a2ss

)2

Ia(ass)

+

(
1− kTss(3γa

3
ss + 4ass cot∆− 2Tss)

8a2ssGθ

)2

Iϕ(ass). (39)

Note that Dϕ reduces to Iϕ(ass) independently of the value of k precisely when the Ia(ass)

term is eliminated by setting

Tss =
(3γa2ss + 4 cot∆)ass

2
. (40)

With this choice, no benefit results from a non-zero value of k. The latter is true also for

the case that Tss = 0 as this corresponds asymptotically to the absence of the secondary

feedback loop for which

Dϕ =

(
3γa2ss + 4 cot∆

4ass

)2

Ia(ass) + Iϕ(ass). (41)

With the numerical values in Sec. III, we obtain the minimum value Dϕ ≈ 1.2 × 10−4 for

(from Eq. (40)) Tss = 81/16, compared with the reference value Dϕ ≈ 3.2× 10−4 for Tss = 0.

These predictions are in excellent agreement with the numerical results (cf. Figs. 3 and 5).

Per the closed-form expression for Dϕ in Eq. (36), the simultaneous vanishing in Eq. (39)

of the coefficient of Ia(ass) and the coefficient of k in the factor multiplying Iϕ(ass) is a

consequence of the independence of fT on a and θ, since then i21 = i23 = 0 and, already,

g3 = 0. Indeed, such simultaneous vanishing holds true as long as fT is independent of θ,

since then i11i23 = i21i13. In contrast, taking fT = −GT (T − Tss) + GθT θ and fθ = −Gθθ

for GT , Gθ > 0 and GθT ̸= 0, then the coefficient of Ia(ass) in Eq. (39) remains unchanged,

while the coefficient of k in the factor multiplying Iϕ(ass) in Eq. (39) changes to

Tss(3γa
3
ss + 4ass cot∆− 2Tss)

8a2ssGθ

− GθT

2assGTGθ

. (42)
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In this case, the assignment in Eq. (40) results in

Dϕ =

(
1 +

kGθT

2assGTGθ

)2

Iϕ(ass), (43)

which vanishes when k = −2assGTGθ/GθT , a marked improvement over the previous design.

Further inspection of Eq. (36) shows that the coefficient of Ia(ass) may be eliminated

for arbitrary Tss by designing fT and fθ such that i11 = i21 = 0. By Cramer’s rule, this

follows if fT and fθ are both independent of θ, e.g., fT = GaT (a− ass) +GTT (T − Tss) and

fθ = Gaθ(a−ass)+GTθ(T −Tss), where the gain coefficients are chosen such that the matrix

J =


−1 0 −Tss/2

GaT GTT 0

Gaθ GTθ 0

 (44)

is Hurwitz. This case corresponds to feedback designs (ii) and (iii) in Sec. III. Here, in the

absence of noise, the line a = ass := S sin∆/2, T = Tss, and θ = 0 is again invariant and

locally exponentially attracting. In the limit of small noise, the corresponding asymptotic

diffusion constant equals

Dϕ =

(
1− k

−2assGaT +GTT (−2Tss + 3γa3ss + 4ass cot∆)

4a2ss(GaθGTT −GaTGTθ)

)2

Iϕ(ass), (45)

which vanishes when

k = kopt :=

(
−2assGaT +GTT (−2Tss + 3γa3ss + 4ass cot∆)

4a2ss(GaθGTT −GaTGTθ)

)−1

, (46)

provided that −2assGaT +GTT (−2Tss + 3γa3ss + 4ass cot∆) ̸= 0. With the numerical values

in Sec. III, we obtain the value Dϕ ≈ 1.2×10−4 for k = 0 and Dϕ = 0 for k = kopt = 216/89.

These predictions are in excellent agreement with the numerical results (cf. Figs. 3 and 5).

For these same parameter values, Fig. 6 shows a graphical representation of Eqs. (45) and

(46).

C. Discussion of the Control Laws

As discussed below, the results in the previous section compare favorably to those ob-

tained in the absence of secondary feedback, and illustrate how the introduction of secondary

feedback can result in dramatic suppression of phase diffusion.
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FIG. 6. Dependence of Dϕ on Tss and k from Eq. (45) for the set of model and gain parameters:

γ = 1,∆ = π/2, GθT = Gθθ = 0, 2GaT = −2GTT = 2Gaθ = GTθ = 2, ass = 3/2 and Iξ = Iη =

10−4. The white dashed curve depicts kopt versus Tss from Eq. (46).

It is straightforward to see that the asymptotic analysis in Sec. IVA applies also to the

state-space dynamics a′
ϕ′

 =

fa(a, 0, ·)
fϕ(a, 0, ·)

+
√

Iχχ(s) (47)

obtained from Eq. (25) by eliminating the secondary feedback loop. In the notation of

Sec. IVA, we obtain

Bu =
(
Ia(ass)

)
, b =

(
0
)
, Bl = Iϕ(ass), g =

(
∂afϕ(ass, 0, ·)

)
, J =

(
∂afa(ass, 0, ·)

)
, (48)

from which we predict the asymptotic diffusion constant

Dϕ =

(
∂afϕ(ass, 0, ·)
∂afa(ass, 0, ·)

)2

Ia(ass) + Iϕ(ass). (49)

Here, Ω(a) := 1+εfϕ(a, 0, ·) is the frequency-amplitude dispersion relationship whose deriva-

tive Ω′(a) corresponds to the gain by which variations in amplitude convert to variations

in frequency. From the expression for Dϕ, we see that such conversion, when present, is

responsible for a non-vanishing coefficient of Ia(ass). For example, given the expression for

fϕ in Eq. (10) and in the case that ∆ = π/2 and γ ̸= 0, Ω′(ass) := ∂afϕ(ass, 0, ·) = 3γass/4

is nonzero for all nonzero ass and the resonator nonlinearity degrades the oscillator’s fre-

quency stability as the oscillation amplitude increases; this is amplitude-frequency (A-F)

noise conversion [31].
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For a single-mode oscillator with a properly designed nonlinearity (i.e., a modified form

of fϕ(a, 0, ·)), the frequency-amplitude dispersion may be made non-monotone, such that

Ω′(ass) vanishes at some locally unique ass known as a zero-dispersion (ZD) point [10, 11].

At such a point, Dϕ then reduces to Iϕ(ass) just as was obtained in the previous section with

Tss given by Eq. (40). The latter, however, applies across the entire viable range of values

of ass and is neither limited to a unique value of ass nor constrained by the need for proper

design of the oscillator nonlinearity.

It is clear from Eq. (36) that a lower bound for Dϕ when k = 0 is Iϕ(ass). In this case,

one can select ass as large as feasible so as to approach from above the large amplitude limit

Dϕ ∼ 3Iη/4 (see Eq. (13)) that is set by the intrinsic frequency fluctuations of the resonator.

It is only by taking advantage of nonzero values of k that the last two adaptive feedback

designs in Sec. IVB are able to improve frequency stability further. They do so by operating

in a phase-coupled condition for which θ = ψ + kϕ ≈ 0 and by steering a scaled version of

the noise χ2(s) that drives ϕ into the secondary feedback loop, allowing T and θ to respond

accordingly.

V. CONCLUSIONS

In this work, we presented a method for suppressing noise-induced phase diffusion in a

resonator with self-sustaining oscillations due to a primary feedback loop by using a sec-

ondary feedback loop with feedback-controlled amplitude and phase shift. As motivation for

our feedback design and to verify our theoretical predictions, we simulated the fully nonlin-

ear and stochastic slow amplitude and phase dynamics over large collections of sample noise

histories. We found that the ensemble statistics of the numerical simulations of the fully

nonlinear model agree remarkably well with the theoretical predictions, which are based on

an asymptotic analysis of closed-form solutions of the noisy equations linearized about a

stable nonlinear operating state.

The specific feedback designs considered in the previous sections were linear in the de-

viations of a, T , and θ from their steady-state values. In all cases, the amplitude factor

f(a, T ) was chosen to equal −T . That neither is a limiting assumption on the applicability

of the analysis was evidenced by the highly non-trivial slow amplitude and phase dynamics

obtained from the equations modeling nearly phase-locked dynamics of coupled oscillator
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modes in the presence of an approximate internal resonance. Indeed, since the result in

Eq. (36) was derived without any assumptions on f(a, T ) or linearity of fT and fθ, the cor-

responding expression for Dϕ applies to both cases of internal resonance and may be used

to explain experimental observations of coupled-mode resonators.

Importantly, we found that (i) complex coupling among the variables a, T , and θ, as

found for the coupled-mode oscillators, is not necessary to improve frequency stability; and

(ii) that the restriction to integer values of k may prevent optimal use of phase coupling.

Instead, we showed that the proposed control architecture enables one to tailor the actuation

from the secondary loop with a degree of flexibility and in parameter domains not achievable

in physical single- or multiple-mode oscillators. In particular, we showed that we can design

the secondary loop in ways that generate noise filtering characteristics that are impossible

to realize in a standard oscillator configuration. For example, one design results in an

oscillator with the equivalent of zero A-F conversion regardless of the operating amplitude,

and another design utilizes phase coupling to theoretically reduce the phase diffusion to zero,

realizing and surpassing the benefits of zero-dispersion and mode-coupling with potentially

simpler engineering.

Our theoretical and numerically validated findings serve as motivation for the implemen-

tation of the described method in physical devices. We considered two paths to such realiza-

tion, one in terms of two-mode operation with suitable physical coupling at the fast timescale,

and one in terms of single-mode operation with regulation only on the slow timescale. In

the latter case, we noted challenges with measuring the phase ϕ, or at least changes in ϕ

over a slow timescale. While we proposed the possibility of self-referencing demodulation

using a delay line, it remains an open question whether this would introduce stochastic ef-

fects that would outweigh the benefits of the secondary feedback. Other issues that need to

be considered for the realization of the secondary loop using hardware or software include

the effects of noise and uncertainties in the secondary feedback loop, which might arise, for

example, from sampling and/or delay effects or noise in circuits. A study that points to

the potential feasibility of the proposed approach is represented in [34], where small control

pulses are applied at times based on a slowly varying amplitude of a MEMS device under-

going a complicated coupled-mode response. Given this, we view the results presented here

as motivation to explore the implementation of slowly varying control to improve frequency

stability.
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Appendix A: Stochastic averaging

Given Eqs. (7) and (8), let

ζ1(τ) = −ξ(s) sin(τ + ϕ) +
aη(s)

2
sin(2τ + 2ϕ), (A1)

ζ2(τ) = −ξ(s)
a

cos(τ + ϕ) + η(s) cos2(τ + ϕ), (A2)

where s = ετ . The method of stochastic averaging implies that

Ia(a) ⟨χ1(s)χ1(s+ σ)⟩ = δ(σ)

∫ ∞

−∞
⟨ζ1(τ)ζ1(τ + τ ′)⟩ dτ ′, (A3)√

Ia(a)Iϕ(a) ⟨χ1(s)χ2(s+ σ)⟩ = δ(σ)

∫ ∞

−∞
⟨ζ1(τ)ζ2(τ + τ ′)⟩ dτ ′, (A4)

Iϕ(a) ⟨χ2(s)χ2(s+ σ)⟩ = δ(σ)

∫ ∞

−∞
⟨ζ2(τ)ζ2(τ + τ ′)⟩ dτ ′. (A5)

To dominant order in the analysis, oscillatory contributions that average to 0 on the fast

timescale may be neglected in the integrands. It follows that

⟨ζ1(τ)ζ1(τ + τ ′)⟩ = cos τ ′

2
⟨ξ(τ)ξ(τ + τ ′)⟩+ a2 cos 2τ ′

8
⟨η(τ)η(τ + τ ′)⟩

=

(
Iξ cos τ

′ +
Iηa

2

4
cos 2τ ′

)
δ(τ ′), (A6)

⟨ζ1(τ)ζ2(τ + τ ′)⟩ = −sin τ ′

2a
⟨ξ(τ)ξ(τ + τ ′)⟩ − a sin 2τ ′

8
⟨η(τ)η(τ + τ ′)⟩

= −
(
Iξ
a
sin τ ′ +

Iηa

4
sin 2τ ′

)
δ(τ ′), (A7)

28



and

⟨ζ2(τ)ζ2(τ + τ ′)⟩ = cos τ ′

2a2
⟨ξ(τ)ξ(τ + τ ′)⟩+

(
1

4
+

cos 2τ ′

8

)
⟨η(τ)η(τ + τ ′)⟩

=

(
Iξ
a2

cos τ ′ + Iη

(
1

2
+

cos 2τ ′

4

))
δ(τ ′), (A8)

from which Eq. (13) and the correlations of χ1 and χ2 follow. The diffusion approximation

relied upon to replace Eqs. (7) and (8) with Eqs. (11) and (12) also produces deterministic

contributions to order O(ε0). To compute these, let

ζ3(τ) =
η(s)

2
sin(2τ + 2ϕ), (A9)

ζ4(τ) = −ξ(s) cos(τ + ϕ) + aη(s) cos(2τ + 2ϕ), (A10)

ζ5(τ) =
ξ(s)

a2
cos(τ + ϕ), (A11)

ζ6(τ) =
ξ(s)

a
sin(τ + ϕ)− η(s) sin(2τ + 2ϕ). (A12)

Then, by again neglecting oscillatory terms that average to 0 on the fast timescale, this

deterministic contribution to Eq. (11) is given by∫ 0

−∞
⟨ζ3(τ)ζ1(τ + τ ′) + ζ4(τ)ζ2(τ + τ ′)⟩ dτ ′ = Iξ

2a
+

3aIη
8

(A13)

while that to Eq. (12) is given by∫ 0

−∞
⟨ζ5(τ)ζ1(τ + τ ′) + ζ6(τ)ζ2(τ + τ ′)⟩ dτ ′ = 0. (A14)

In the main analysis, we neglect the contribution from (A13) by focusing on the limiting

case of small noise, for which Iη ≪ 1 and Iξ ≪ a2.

Data Availability Statement

AMatlab script sufficient to generate the numerical results reported here may be freely down-

loaded from [35]. Note that small deviations from the numerical results shown in Figs. 3-5

are expected, since the analysis relies on ensemble simulations of stochastic processes.
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[28] A. Keşkekler, O. Shoshani, M. Lee, H. S. van der Zant, P. G. Steeneken, and F. Alijani, Tun-

ing nonlinear damping in graphene nanoresonators by parametric–direct internal resonance,

Nature communications 12, 1099 (2021).

[29] M. Hasan, C. Nicholls, K. Pitre, B. Spokoinyi, and T. Hall, Delay drift compensation of an

optoelectronic oscillator over a large temperature range through continuous tuning, Commu-

nications Engineering 3 (2024).

[30] S. Johnson, S. Mishra, A. Pathak, and S. De, Frequency drift corrected ultra-stable laser

through phase-coherent fiber producing a quantum channel, Communications Physics 8

(2025).

[31] A. Demir, A. Mehrotra, and J. Roychowdhury, Phase noise in oscillators: A unifying the-

ory and numerical methods for characterisation, in Proceedings of the 35th annual Design

Automation Conference (1998) pp. 26–31.

[32] M. Cross, Improving the frequency precision of oscillators by synchronization, Physical Review

E—Statistical, Nonlinear, and Soft Matter Physics 85, 046214 (2012).

[33] D. J. Higham, An algorithmic introduction to numerical simulation of stochastic differential

equations, SIAM review 43, 525 (2001).
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