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Large language models (LLMs) have made remarkable progress in complex reasoning tasks

by generating explicit chains of thought. However, the quality, efficiency, and structure of these

reasoning processes remain poorly understood. This thesis investigates reasoning models through three

complementary studies.

First, we identify a critical failure mode called Missing Premise Overthinking (MiP-Overthinking),

where reasoning models generate excessively long responses to ill-posed questions lacking necessary

premises. We show that this phenomenon contradicts the test-time scaling law: more computation does

not help models identify the missing information. Surprisingly, non-reasoning models demonstrate

better critical thinking ability in these scenarios.

Second, we introduce a novel analytical framework grounded in Schoenfeld’s Episode Theory,

a cognitive science framework originally developed for understanding human mathematical problem-

solving. By annotating reasoning traces with cognitive episode labels such as Read, Analyze, Plan,



Implement, Explore, Verify, and Monitor, we provide the first principled methodology for dissecting

the reasoning process of large reasoning models.

Third, we scale this episode-level analysis into ThinkARM (Anatomy of Reasoning in Models), a

framework that enables automatic, large-scale annotation and comparison of reasoning traces across 15

diverse models. Our analysis reveals consistent temporal organization in reasoning traces, identifies

structural differences between reasoning and non-reasoning models, and demonstrates that episode-level

patterns correlate with solution correctness and the behavioral impact of efficient reasoning methods.

Together, these three studies advance our understanding of how reasoning models think, where

they fail, and how their reasoning processes can be systematically characterized.
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Chapter 1: Introduction

Large language models (LLMs) have emerged as powerful tools for complex reasoning tasks [20,

35, 72]. By generating explicit chains of thought (CoT) [104], models such as OpenAI’s GPT-o1 and the

open-source DeepSeek-R1 have demonstrated remarkable performance improvements on mathematical

reasoning, code generation, and scientific problem-solving. These reasoning models are typically trained

through reinforcement learning or supervised fine-tuning to produce detailed, multi-step reasoning

paths, whose increased length is generally associated with improved performance — a phenomenon

known as the test-time scaling law [92].

Despite these advances, the reasoning processes of these models remain poorly understood. We

know that they can produce long reasoning traces, but several fundamental questions remain open:

Does more computation always help? What happens when models face ill-posed problems? Are

there meaningful patterns within these reasoning traces? What distinguishes the thinking process of

a reasoning model from a non-reasoning one? This thesis addresses these questions through three

complementary studies, each forming a chapter.

Chapter 2: MiP-Overthinking. We begin by identifying a critical failure mode of reasoning models.

When presented with ill-posed questions containing missing premises (MiP), reasoning models generate

dramatically longer responses (2× to 4× more tokens) than for well-defined questions, yet fail to

identify that the questions are unsolvable. This phenomenon, which we term MiP-Overthinking,
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contradicts the test-time scaling law and reveals a fundamental lack of critical thinking in current

reasoning models. Surprisingly, non-reasoning models perform substantially better in these scenarios,

quickly recognizing the missing information. Our analysis of thinking patterns, step-level similarity,

and in-process suspicion rates provides initial evidence that the excessive tokens are largely repetitive

and that models often suspect the problem early but fail to commit to that judgment.

Chapter 3: Schoenfeld’s Episode Theory for Reasoning Models. The observations from MiP-Overthinking

raise a deeper question: can we systematically characterize the structure of LLM reasoning traces? To

address this, we turn to cognitive science and apply Schoenfeld’s Episode Theory [87], a framework

originally developed for analyzing human mathematical problem-solving. We demonstrate that the

seven episode categories — Read, Analyze, Plan, Implement, Explore, Verify, and Monitor — align

well with the behaviors observed in LLM reasoning traces. We construct the first annotated corpus

of LLM reasoning episodes, develop detailed annotation guidebooks, and explore both LLM-based

and training-based automated annotation methods, establishing the feasibility of this cognitive lens for

machine reasoning.

Chapter 4: ThinkARM — Scaling Episode Analysis. Building on the proof-of-concept from the

previous chapter, we introduce ThinkARM (Anatomy of Reasoning in Models), a refined and scalable

episode annotation framework. We extend the analysis to 15 diverse models solving 100 competition-

level math problems, totaling over 410,000 annotated sentences. This large-scale study reveals consistent

temporal organization in reasoning traces (a “cognitive heartbeat”), systematic structural differences

between reasoning and non-reasoning models, and interpretable episode-level patterns that correlate

with solution correctness. We further demonstrate that different efficient reasoning methods alter
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episode-level dynamics in qualitatively distinct ways, beyond what surface metrics like response length

can capture.

Chapter 5: Conclusion and Future Work. We conclude by synthesizing the findings across all three

studies and discussing directions for future research, including episode-level reward design for training

and real-time reasoning monitoring during inference.
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Chapter 2: Are Reasoning Models Losing Critical Thinking Skill? Missing Premise

Exacerbates Overthinking1

We find that the response length of reasoning LLMs, whether trained by reinforcement learning or

supervised learning, drastically increases for ill-posed questions with missing premises (MiP), ending

up with redundant and ineffective thinking. This newly introduced scenario exacerbates the general

overthinking issue to a large extent, which we name as the MiP-Overthinking. Such failures are against

the “test-time scaling law” but have been widely observed on multiple datasets we curated with MiP,

indicating the harm of cheap overthinking and a lack of critical thinking. Surprisingly, LLMs not

specifically trained for reasoning exhibit much better performance on the MiP scenario, producing

much shorter responses that quickly identify ill-posed queries. This implies a critical flaw of the current

training recipe for reasoning LLMs, which does not encourage efficient thinking adequately, leading

to the abuse of thinking patterns. To further investigate the reasons behind such failures, we conduct

fine-grained analyses of the reasoning length, overthinking patterns, and location of critical thinking on

different types of LLMs. Moreover, our extended ablation study reveals that the overthinking is conta-

gious through the distillation of reasoning models’ responses. These results improve the understanding

of overthinking and shed novel insights into mitigating the problem.

1This chapter is based on a paper co-authored with Ming Li, Lichao Sun, and Tianyi Zhou, with equal contribution from
Ming Li and me [23].
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2.1 Introduction

Reasoning abilities in large language models (LLMs) have become a cornerstone of advanced

AI applications [5, 35, 54, 101], powering breakthroughs in mathematical reasoning [106, 108], code

generation [59], and commonsense question answering [102]. These gains often stem from the scaling

law of model/dataset sizes [40] in both pre-training [90] and post-training, which unlock emergent

capabilities such as step-by-step reasoning and reflection skills witnessed on OpenAI’s GPT-o1 [72] and

the open-source DeepSeek-R1. By leveraging supervised fine-tuning (SFT) on expert responses [54, 68,

111] and/or reinforcement learning (RL) [20], these models are tailored to produce detailed multi-step

reasoning paths, whose length increase usually associated with improved performance on complex tasks

such as math reasoning and programming.

Despite the fascinating reasoning capabilities exhibited on recent models, there is growing concern

about the efficiency and quality of the long reasoning process [94]. [12] first raises the “overthinking”

problem in reasoning LLMs, which is reflected by the excessively long reasoning paths generated for

extremely simple queries. For example, even for questions like “What is the answer of 2 plus 3?”,

existing reasoning models might generate hundreds of response tokens.

In particular, the ill-posed queries are unsolvable due to the lack of a necessary premise or

condition. We call the reasoning failure for the ill-posed queries Overthinking under Missing Premise

(MiP-Overthinking). For example, the simplest MiP question is What is the value of a? 2 , as shown

on the left part of Figure 2.1. Without providing any other information regarding a, it is evidently

unsolvable. However, DeepSeek-R1 generates thousands of tokens and spends several minutes thinking

2In The Hitchhiker’s Guide to the Galaxy, the supercomputer Deep Thought spends hundreds of years to answer the
the Ultimate Question of Life, the Universe, and Everything as 42, and we observe that DeepSeek-R1 spends thousands of
tokens to answer What is the value of a as 2, which we find them interestingly alike.
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Figure 2.1: Illustration of MiP-Overthinking. When queried by questions with missing
premises, the response length of reasoning models increases excessively, and they cannot
abstain from answering with MiP identified. The left shows a query with an undefined
variable, while the right compares a well-defined GSM8K question with its MiP variant
(with a critical numerical condition removed). Reasoning models’ responses to MiP
questions are much longer than those for well-defined questions and those generated by
non-reasoning models. The left corner of each response report the response length and
thinking time by DeepSeek-R1.

about this question before outputting the final meaningless answer. In this chapter, we find that a trivial

type of ill-posed queries will significantly exacerbate the overthinking of reasoning models, resulting in

excessively redundant and meaningless thinking. In contrast, humans and even non-reasoning models

are often immune to such scenarios and quickly end up by questioning the validity of the given query,

indicating the critical thinking capability. This exposes a risk of the abuse of thinking patterns and a

lack of critical thinking on the models trained for deep thinking. Ideally, a model with critical thinking

skills is expected to identify the missing premise and quickly respond by either requesting clarification

or gracefully indicating that it cannot proceed [6, 15].

MiP-Overthinking differs from the widely discussed overthinking issue [17], in which the query

is usually well-defined, but a model applies much more reasoning than necessary for little benefit. MiP-
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Overthinking, by contrast, happens when the question itself is ill-posed and lacks sufficient information

to be solved. For example, the right of Figure 2.1 presents a well-defined question from GSM8K and

a MiP variant, where the latter triggers a drastic increase of the generated tokens on recent reasoning

models compared with the general overthinking. Overthinking can be presented by the length

difference between models addressing the same well-defined questions, while MiP-Overthinking

can be presented by the additional tokens generated due to MiP. MiP-Overthinking further reveals

the lack of critical thinking that questions the validity of ill-posed questions and quickly identifies MiP,

thus abstaining from answering the questions. Moreover, we observe that reasoning models’ ineffective

and redundant thinking often cannot stop even after successful notice of MiP, violating the expectation

of test-time scaling law. Hence, MiP-Overthinking indicates potential drawbacks of current training

recipes of reasoning models.

To systematically investigate this issue, we construct a suite of MiP questions designed to trigger

the overthinking failures in a controlled way. These include synthetic questions generated by Rule-based

Formula (queries where a formula reference is empty or nonsensical) and careful modifications of

established datasets across diverse levels of difficulties, including SVAMP, GSM8K, and MATH500.

On the modified datasets of MiP questions, we empirically evaluate a wide range of state-of-the-art

LLMs, from reasoning models to non-reasoning models and from open-sourced models to proprietary

models, to ensure the generalizability of our findings. Our analysis is mainly based on three evaluation

metrics, the length of generated responses, the accuracy on well-defined questions, and the abstain rate

on ill-posed questions with MiP.

Our key findings:

1. Missing premise in questions induces reasoning models to generate significantly longer (2× to 4×
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more tokens) responses than general overthinking on well-defined questions. The increased tokens

fail to help identify MiP in the ill-posed questions, surprisingly contradicting the widely-discussed

test-time scaling law.

2. In contrast, given MiP questions, non-reasoning models generate consistently shorter responses

and quickly identify MiP, demonstrating greater robustness to the absence of critical information.

3. Reasoning models respond differently to well-defined vs. MiP questions: they mostly follow stable

chain-of-thoughts for the former, but are often trapped in a self-doubt loop, repeatedly revisiting

the question, and guessing the user intentions under MiP, resulting in an explosion of tokens.

4. Reasoning models often can notice the existence of MiP or identify it at an early stage, but they

hesitate to commit to this judgment and keep outputting ineffective thinking.

2.2 Missing Premise Definition and Construction

2.2.1 Definition of Missing Premise

Prior to introducing the construction our dataset and analyzing the behavior of reasoning models

on problems with missing premises, we formally define the Missing Premise (MiP) problem to establish

a rigorous foundation for our subsequent analysis.
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Definition 2.1 (Missing Premise Problem). Let Q be a question, and let P = {P1, . . . ,Pn} be a

set of premises. Define the function mapping premises and a question to the set of logically valid

answers as:

F (P,Q) = {A | P ` A,A is an answer resolving Q} (2.1)

where ` denotes logical entailment. Consider a proper subset P′ = P\{Pi} for some Pi ∈ P. The

tuple (P′,Q) forms a missing premise problem if and only if:

|F (P,Q)|= 1 and |F (P′,Q)|6= 1 (2.2)

This indicates that the removed premise Pi is essential for uniquely determining the logically

valid answer to the question Q.

According to Definition 2.1, an ideal reasoning system should efficiently identify the absence of

a critical premise and terminate its inference process upon recognizing that the available information

is insufficient to derive a unique solution to the given problem. However, our empirical analysis

in Section 2.3.2 demonstrates that state-of-the-art reasoning models consistently fail to exhibit this

capability. Instead, these models engage in extensive, redundant reasoning chains that consume

significant computational resources without ultimately identifying the missing premise.

2.2.2 Overview of Data Construction

To systematically investigate this MiP-Overthinking issue, we construct a suite of MiP questions in

a controllable manner. Our MiP questions are sourced from 3 math datasets across different difficulties.

In addition, we also construct a synthetic dataset consisting of formulas with unassigned variables. Our
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Dataset Example Diff Count Pair Method

MiP-Formula What is the value of ln(a+b)? ? 50 7
Rule-Based
Generation

MiP-SVAMP

Paco had 26 salty cookies and 17 sweet cookies. He
ate 14 sweet cookies and 9 salty cookies. How many
salty cookies did Paco have left? How many pencils
does she have?

? 300 7

Body-
Question
Swapping

MiP-GSM8K
James decides to run 3 sprints 3 times a week. He
runs 60 meters each sprint. How many total meters
does he run a week?

?? 582 3

Essential-
Premise
Removal

MiP-MATH

There are 360 people in my school. 15 take calcu-
lus, physics, and chemistry, and 15 don’t take any of
them. 180 take calculus. Twice as many students take
chemistry as take physics. 75 take both calculus and
chemistry, and 75 take both physics and chemistry.
Only 30 take both physics and calculus. How many
students take physics?

??
? 58 3

Essential-
Premise
Removal

Table 2.1: Statistics and examples of our curated MiP datasets. For GSM8K and MATH, a
premise is removed from the original questions (crossed out) to create MiP questions. Diff
represents the (estimated) difficulty for models to identify MiP. Count denotes the number
of questions in the subset. Pair indicates whether each MiP question is associated with
a well-defined original question. Method indicates the method used to generate the MiP
question.

ill-posed question generation employs three distinct methods covering three difficulty levels and three

strategies to create MiP questions:

• Rule-Based Generation: This approach generates MiP questions through a principled formula

construction process, where unassigned variables serve as the missing premises.

• Body-Question Swapping: We introduce logical inconsistencies by deliberately mismatching

problem bodies with their corresponding questions from the original dataset. This creates scenarios

where the premises and queries are fundamentally incompatible.

• Essential-Premise Removal: Through careful analysis of existing well-formed questions, we

identify and remove critical premises that are necessary for logical resolution. This transformation

preserves the question’s structure while rendering it unsolvable.
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The following sections provide a detailed overview of our data construction process for each

dataset category. For comprehensive implementation details and additional methodological considera-

tions, we refer readers to Appendix A.2.

MiP-Formula. We construct a dataset of 50 synthetic unsolvable formulas in a rule-based manner. The

formulas are generated recursively through combinations of variables and operators, with a maximum

recursion depth of three. While these formulas may appear complex at a glance, their unsolvability

should be immediately apparent due to the presence of undefined variables.

MiP-SVAMP. We utilize SVAMP [80], a benchmark dataset with elementary-school-level math prob-

lems, where each instance consists of a problem body and an associated question. We generate MiP

question by randomly permuting the problem bodies and associated questions and then manually inspect

them to avoid inadvertent cases. The resulting problems contain clear logical inconsistencies between

their body and question components, which is easy for a human to identify.

MiP-GSM8K. We further utilize GSM8K [14], a more complex mathematics dataset than SVAMP.

The questions in GSM8K typically contain multiple numerical conditions and require certain reasoning

capabilities to arrive at solutions. We first identify the questions containing two or three numerical

conditions and then randomly eliminate one numerical condition per question before conducting human

verification to filter out those questions that are still solvable in some way. Compared with previous

MiP questions, questions from this source require the basic logical analysis of models to identify that

the question is unsolvable.

MiP-MATH. For MATH 500 dataset [32], which contains challenging mathematical questions at the

competition level, it is difficult to build a rule-based filtering mechanism. Thus, we manually select 58

questions that are feasible for constructing the MiP questions and remove one necessary premise from

the question. Due to the sophisticated nature of this data source, identifying the insufficiency of these
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Figure 2.2: Response lengths, accuracy on well-defined questions, and abstain rate of
reasoning/non-reasoning models on MiP questions from our MiP-GSM8K dataset. (1)
Existing reasoning models generate significantly longer responses for MiP questions than
well-defined questions, while non-reasoning models generate responses of similar lengths
for both types of questions, indicating MiP-Overthinking for reasoning models. (2) For
both questions, reasoning models generate longer responses than non-reasoning models,
indicating General Overthinking. (3) Although the longer responses by reasoning models
slightly improve the accuracy for well-defined questions, it does not enhance the abstain
rate for MiP questions, indicating a contradiction on the test-time scaling law.

instances requires substantial mathematical reasoning capabilities, testing models’ ability to recognize

unsolvability in complex mathematical contexts.

2.3 Overthinking under Missing Premise

2.3.1 Evaluation Metrics

To systematically evaluate model responses under MiP, we conduct experiments with a diverse

set of reasoning and non-reasoning models. For each model, we analyze calculate the following metrics

for the responses across different datasets:
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• Response Length: The average number of tokens in the response, incorporating both reasoning steps

and final answer components.

• Abstain Rate for MiP Question: The proportion of answers where the model explicitly identifies

the missing premise and either declines to provide an answer or requests additional information

necessary for solving the problem.

• Accuracy for Well-defined Question: The proportion of answers where the model produces a

definitive response that aligns with the reference answer.

For datasets without reference answers (MiP-Formula and MiP-SVAMP), we only calculate the abstain

rate for the questions. Response evaluation is performed using GPT-4o as an automated evaluator.

Detailed experimental procedures and evaluation protocols are provided in Appendix A.1.

2.3.2 Main Results

Figure 2.2 compares average response length, accuracy on well-defined questions, and the abstain

rate on MiP questions across a range of state-of-the-art LLMs, revealing several significant patterns in

model behavior.

Firstly, existing reasoning models (left side of the figure) display an explosive increase in response

length when facing the MiP questions, often producing 2 – 4× more tokens than general overthinking

on well-defined questions. For example, QwQ-32B [99] and DeepSeek-R1 [20] exhibit a substantial

increase from already long reasoning paths on well-defined questions (approximately 1,000 tokens

for simple GSM8K questions) to highly lengthy outputs (more than 3,000 tokens) under missing

premise conditions. On the contrary, no similar issues exist for non-reasoning models (right side of the

figure), which generate similar token counts for both types of well-defined and MiP questions. This
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phenomenon directly illustrates the MiP-Overthinking phenomenon as introduced in the paper.

Secondly, comparing the token lengths on well-defined questions between the reasoning and

non-reasoning models, reasoning models tend to produce longer responses, even for simple questions,

than non-reasoning models, underscoring the inefficient and verbose responses of existing reasoning

models. For example, for the non-reasoning models, it only takes approximately 200 tokens for them

to generate the responses for well-defined questions, while taking 1,000 tokens for DeepSeek-R1 and

1,800 tokens for QWQ-32B to answer the exactly same questions. However, the explosive increase

in extra tokens does not lead to corresponding large accuracy improvements, shown in the green line,

highlighting the issue of the General Overthinking.

Finally, the abstain rates (red line) on MiP questions reveal that although some reasoning models

(e.g., GPT-o1) have promising capabilities in abstaining from the MiP questions, most of the other

reasoning models are not able to abstain from the given MiP questions correctly despite the dramatically

long reasoning paths. This phenomenon indicates that although most existing reasoning models

have thinking and reasoning capabilities to some extent, they lack the critical thinking capabilities

to “reject” ill-posed questions. By contrast, non-reasoning models, though they are not explicitly

trained for reasoning, tend to strike a better balance, generating shorter answers that are more likely to

acknowledge MiP when the question is ill-posed. This phenomenon reveals a surprising contradiction

on test-time scaling law.

Moreover, Table 2.2 further presents the comparisons on length and abstain rate on other MiP

datasets we curated. The preferred results are colored green (shorter responses and higher abstain

rate for MiP questions), and the worse results are colored red, from which we can easily discover

that reasoning models are prone to generate long responses while having low abstain rates across all

datasets, indicating the consistent MiP Overthinking issue of existing reasoning models. In addition, by
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Model Type MiP-Formula MiP-SWAMP Type MiP-GSM8K MiP-MATH
Length↓ Abstain↑ Length↓ Abstain↑ Length↓ Abstain↑ Length↓ Abstain↑

Non-Reasoning Models

Qwen2.5-32B-Instruct MiP 285 44.0 128 98.3 MiP 219 44.0 525 15.4
Well-defined 246 0.5 1114 1.9

GPT-4o MiP 338 70.0 122 96.3 MiP 202 46.9 487 15.4
Well-defined 212 0.5 472 1.9

Gemini 1.5 MiP 453 20.0 52 99.0 MiP 103 54.5 568 5.8
Well-defined 156 0.5 502 0.0

Gemma-2-27B-IT MiP 204 85.7 89 92.0 MiP 131 53.8 338 38.5
Well-defined 148 0.3 305 11.5

Phi-3-medium-128k MiP 1465 48.0 125 98.7 MiP 210 47.8 427 23.1
Well-defined 216 1.0 1549 3.8

Qwen3-32B (Non-Reason) MiP 496 90.0 184 100.0 MiP 279 32.6 1571 17.3
Well-defined 237 1.0 1287 0.0

Reasoning Models

GPT-o1 MiP 1123 78.0 581 99.0 MiP 838 55.7 4189 30.8
Well-defined 348 0.3 2502 0.0

GPT-o1mini MiP 958 66.0 639 96.7 MiP 762 40.0 2193 25.0
Well-defined 449 1.2 1913 0.0

GPT-o3mini MiP 1025 76.0 1299 93.0 MiP 1516 23.7 3772 11.5
Well-defined 384 1.4 1553 0.0

DS Distill Qwen2.5-32B MiP 12911 42.0 921 88.3 MiP 2302 24.6 9876 5.8
Well-defined 519 0.2 3246 0.0

DeepSeek R1 MiP 4757 6.0 1996 84.3 MiP 3246 16.5 7268 3.8
Well-defined 1226 0.2 3200 1.9

S1.1-32B MiP 5284 18.0 3358 57.0 MiP 5024 16.0 9322 15.4
Well-defined 1896 0.2 5037 0.0

QwQ-32B MiP 7937 0.0 3487 56.3 MiP 4780 10.1 10242 1.9
Well-defined 1896 0.2 5037 0.0

Qwen3-32B (Reason) MiP 5293 34.0 1872 58.0 MiP 3149 22.4 9468 5.7
Well-defined 1723 0.0 5555 0.0

Table 2.2: Comparing response length and abstain rate across different MiP datasets. Shorter
lengths and higher abstain rates are preferred. For each column, the top-3 preferred values
are colored in green, otherwise red. MiP-Overthinking, reflected by longer response
with low abstain rate, is commonly observed on most existing reasoning models across
all datasets, indicating a critical drawback of existing reasoning models.

comparing the behaviors of models on different datasets, we can observe that for the relatively harder

dataset (MiP-MATH), all models generate relatively longer responses and obtain lower abstain rates,

indicating that harder MiP questions require reasoning capabilities.

2.3.3 Thinking Patterns through Tokens

To gain deeper insight into the MiP-Overthinking issue, we compare the reasoning-related token

distribution [55, 58] on the MiP-GSM8K dataset. As shown in Table 2.3, we break down the average
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Models Type Alternatively Wait Check But Hypothesis Step
Cnt. ∆ Cnt. ∆ Cnt. ∆ Cnt. ∆ Cnt. ∆ Cnt. ∆

Non-Reasoning Models

Qwen2.5-32B MiP 0.0
0.0

0.0
0.0

0.0
0.0

0.3
0.2

0.0
0.0

4.3
-1.3

Well-defined 0.0 0.0 0.0 0.1 0.0 5.6

GPT-4o MiP 0.0
0.0

0.0
0.0

0.0
0.0

0.3
0.2

0.0
0.0

4.7
-1.5

Well-defined 0.0 0.0 0.0 0.1 0.0 6.2

Gemini 1.5 MiP 0.0
0.0

0.0
0.0

0.0
0.0

0.1
0.1

0.0
0.0

1.6
-2.2

Well-defined 0.0 0.0 0.0 0.0 0.0 3.8

Gemma-2-27B MiP 0.0
0.0

0.0
0.0

0.0
0.0

0.1
0.1

0.0
0.0

5.2
-0.5

Well-defined 0.0 0.0 0.0 0.0 0.0 5.7

Reasoning Models

DS-Distill Qwen MiP 11.5
11.4

19.7
19.3

1.0
0.8

40.1
39.3

38.4
38.0

54.9
42.2

Well-defined 0.1 0.4 0.2 0.8 0.4 12.7

DeepSeek R1 MiP 16.9
15.2

14.4
10.9

3.8
1.3

49.4
42.1

44.7
40.4

54.2
33.0

Well-defined 1.7 3.5 2.5 7.3 4.3 21.2

S1.1 MiP 42.0
38.0

21.9
15.9

5.5
2.5

87.2
74.1

84.8
77.0

79.9
50.9

Well-defined 4.0 6.0 3.0 13.1 7.8 29.0

QwQ MiP 47.0
40.3

19.4
13.0

5.0
1.6

66.1
54.2

94.1
81.7

97.9
58.7

Well-defined 6.7 6.4 3.4 11.9 12.4 39.2

Table 2.3: Comparisons of reasoning-related token counts on MiP-GSM8K dataset. Hy-
pothesis category includes several key words, including perhaps, maybe, and might. Step
represents the step counts, spited by \n\n, where negative values are colored in green and pos-
itive in red. ∆ denotes the difference between MiP and well-defined questions. When facing
MiP questions, reasoning models encounter explosive growths on reasoning-related
tokens and steps, indicating a severe abuse of thinking patterns, while non-reasoning
models use fewer steps for MiP questions than well-defined ones.

usages of several token patterns related to the thinking process, as well as the number of steps for

each model to solve the given questions. Specifically, values of alternatively, wait, check, and but

can be directly counted from the model responses, including the thinking paths of reasoning models.

Hypothesis category includes several key words, including perhaps, maybe, and might. Step represents

the step counts, spited by \n\n.

Reasoning models exhibit much higher occurrence of tokens such as alternatively, wait, and

check, compared with non-reasoning models, whose frequencies remain close to zero, indicating their

advanced thinking capabilities. However, when moving from well-defined to MiP questions, reasoning
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models encounter explosive growths on reasoning-related tokens, indicating a large redundancy in

thinking patterns. Moreover, when comparing the changes of steps, reasoning models exhibit a large

increase in step count for MiP questions, while non-reasoning models typically show fewer steps,

suggesting they quickly conclude the question is unanswerable. With this gap, together with the

consistently better abstain rates of the non-reasoning models, we conclude that the lengthy reasoning

steps are mostly redundant and indicate self-doubt thinking patterns for reasoning models.

2.3.4 Step-level Similarities

0.0 1.0
Well Defined MiP

Figure 2.3: The step-level similarity heatmaps
for s1.1 responses towards well-defined (left)
and MiP (right) questions in MiP-GSM8K
dataset. To avoid differences in matrix size,
we only consider responses with more than
50 steps and visualize the average similarity
matrix across first 50 steps. The heatmap for
MiP questions has a higher averaged sim-
ilarity and lower standard variance, also
shown in the heatmap, which indicates
the considerable redundancy in its content
when responding to MiP questions.

To further assess how redundant the gen-

erated content becomes under MiP conditions,

we examine the step-level similarity within the

model’s responses on our MiP-GSM8K dataset.

Specifically, we divide each response into discrete

steps, split by \n\n, and compute pairwise cosine

similarity scores with embeddings generated by

“all-MiniLM-L6-v2” [85]. The visualization is

shown in Figure 2.3, where each value in the

heatmap metrix represents the averaged cosine

similarities between the corresponding step in-

dex. The average similarity score for well-defined

question is 0.45 and 0.50 for MiP response. The

variance is 7.9e-3 and 8.2e-4 respectively.
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Model Type MiP-Formula MiP-SWAMP Type MiP-GSM8K MiP-MATH
Length↓ Abstain↑ Length↓ Abstain↑ Length↓ Abstain↑ Length↓ Abstain↑

Non-Reasoning Models

Qwen3-1.7B (Non-Reason) MiP 437 64.0 265 77.0 MiP 331 22.2 952 11.5
Well-defined 264 0.6 1235 0.0

Qwen3-8B (Non-Reason) MiP 410 94.0 246 98.0 MiP 337 40.5 1941 17.3
Well-defined 256 0.5 1538 0.0

Qwen3-32B (Non-Reason) MiP 496 90.0 184 100.0 MiP 279 32.6 1571 17.3
Well-defined 237 1.0 1287 0.0

Reasoning Models

Qwen3-1.7B (Reason) MiP 4986 34.0 3072 30.0 MiP 4000 10.2 9272 5.9
Well-defined 2538 0.0 5776 0.0

Qwen3-8B (Reason) MiP 5483 58.0 2656 49.4 MiP 3851 31.3 9933 4.0
Well-defined 2620 2.0 5895 1.9

Qwen3-32B (Reason) MiP 5293 34.0 1872 58.0 MiP 3149 22.4 9468 5.7
Well-defined 1723 0.0 5555 0.0

Table 2.4: Comparing the effects of model sizes and reasoning capabilities within the Qwen3
family. MiP-Overthinking is widely observed among models of different sizes consistently,
and there is no consistent pattern between size and severity. This phenomenon indicates
that MiP-Overthinking can not be mitigated by simply scaling up the model size.

As shown in the figure, responses to MiP questions have greater overall similarity across steps

and lower standard variance, indicating the considerable redundancy in the content. This means, in

many instances, the model revisits similar partial reasoning or repeats previous sentences with

only minor changes, showing a potential self-trapping issue. Together, these patterns confirm that

MiP questions induce a high degree of repetitive content in reasoning models. Rather than terminating

early to conclude for insufficient premise, the models fill their reasoning paths with repetitive re-checks

and reiterations, significantly inflating token usage without improving real abstain rates.

2.3.5 Effects of Model Sizes and Reasoning Capabilities

To investigate how the model sizes and reasoning capabilities affect the MiP-Overthinking issue

within the same model family, we conduct controlled experiments on Qwen3 family models as shown

in Table 2.4. The Reasoning and Non-Reasoning represent whether to utilize the reasoning mode for the

Qwen3 models. As shown in the table, the overall observations are consistent with the results in Figure

2.2, indicating the generalization of this issue. Moreover, by comparing this overthinking phenomenon
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MiP-Formula (Mix) MiP-SVAMP (Mix) MiP-GSM8K (Mix)
Metrics Recall Precision Time Length Recall Precision Time Length Recall Precision Time Length

(%) (%) (seconds) (words) (%) (%) (seconds) (words) (%) (%) (seconds) (words)
100 100 5.21 20.3 98 100 17.66 34.6 94 96 19.80 42.5

Table 2.5: Human evaluation on mixed datasets that contain MiP and solvable questions.
Humans reliably detect MiP questions while spending only a small amount of time per
question. This observation highlights the significant gap between the current models
and human critical-thinking behavior when facing ill-posed tasks.

across different model sizes within the same model family, we observe that the MiP-Overthinking issue

occurs consistently and there is no consistent patterns that are strongly correlated with the model size.

This observation especially highlights the significance of the MiP-Overthinking issue, which can not be

mitigated by simply scaling up the model size.

2.4 Further Discussion

2.4.1 How Humans React to MiP Questions?

To evaluate how humans respond to MiP questions, we conducted a small-scale user study with

three graduate-level participants. The participants were presented with mixed versions of the MiP-

Formula, MiP-SVAMP, and MiP-GSM8K splits, each consisting of 50 MiP problems and 50 ordinary

solvable questions3. For every question they were told to decide whether each question is solvable or

not and the time spent and the question length in words are recorded for further analysis.

As shown in Table 2.5, humans achieve near-perfect MiP identification: recall of ≥ 94% and

precision of ≥ 96% across all three datasets, while requiring only a few seconds for short algebra

problems (MiP-Formula) and under twenty seconds for longer word problems (MiP-SVAMP/GSM8K).

This performance is substantially better than the abstain rates of state-of-the-art reasoning LLMs

3The setting is slightly different from LLM’s MiP-Overthinking setting, which provides only the non-solvable questions.
In the setting, even if the participants are not told that some questions might be unsolvable, they can figure this out and
quickly annotate all the questions as non-solvable accordingly. Thus, we utilize the mixed version to avoid this issue.
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MiP-Formula MiP-GSM8K
Model DeepSeek-R1 DS-Qwen QwQ S1.1 DeepSeek-R1 DS-Qwen QwQ S1.1
In-Process Suspicion Rate 100% 100% 100% 100% 95.5% 83.3% 99.6% 100%
In-Process First Suspicion Index 1.32 1.36 1.42 1.16 2.01 3.90 1.77 1.61

Table 2.6: The in-process insufficiency suspicion information across different reasoning
models on MiP-Formula and MiP-GSMR datasets. The in-process insufficiency suspicion
is defined as when the reasoning model suspects the given question is unsolvable during its
thinking process. In-Process Suspicion Rate represents how many percent of the samples
trigger the in-process suspicion. First Suspicion Index is the averaged step index where
the model first suspects the question’s validity. Most reasoning models do notice the
existence of MiP at the very early steps, but they still suffer from low abstain rate
and cannot confidently stop the thinking.

reported in Table 2.2, highlighting a pronounced gap between current models and human critical-

thinking behavior when facing ill-posed tasks. This observation further highlights the significant

gap between the current models and human critical-thinking behavior when facing ill-posed

tasks.

2.4.2 Do Models Know Premises are Missing?

To investigate whether reasoning models recognize the potential unsolvability of questions during

their reasoning process, we conducted a detailed analysis of their reasoning chains. We segmented

each reasoning chain into discrete steps using \n\n as delimiters and performed step-wise verification to

detect whether models express doubt on the question solvability. We introduce two key metrics for this

analysis: In-Process Suspicion Rate, which measures the percentage of responses where the model

expresses doubt about solvability during reasoning, and First Suspicion Index, which captures the

average step number at which the model first suspects the missing premise. To ensure robust evaluation,

we employed GPT-4o to assess each step three times, using majority voting for our final step-level

result. The quantitative results of this analysis are presented in Table 2.6.

As we can see from the table, most of the existing reasoning models have suspected that the
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given question might be unsolvable at the very early stage of their reasoning process, demonstrating

the ability of reasoning models to recognize the potential MiP. However, these reasoning models lack

critical thinking capabilities: they are prone to keep digging the given unsolvable question by re-visiting

the question and related definitions again and again and again, rather than question the solvability of

the given question. Thus, as visualized in Figure 2.4, despite existing reasoning models suspecting the

solvability of most of the given MiP questions, they only abstain a very small proportion of them.

Based on the above observations, we conclude that reasoning models actually have the capabilities

to find out that the given MiP question is not solvable, but they do not “dare” to abstain it. Thus, our

MiP-Overthinking issue indicates the lack of critical thinking abilities of reasoning models.

In-Process Final Decision

Suspected

Unsuspected Abstain

Non-abstain

DeepSeek-R1 DS-Distill-Qwen QwQ S1.1

Figure 2.4: The transition flow between in-process suspicion of MiP and the final successful
abstention on different reasoning models. For each Sankey diagram, the left bars represent
whether the model suspects the given question is unsolvable during its thinking process,
i.e., Suspected or Unsuspected; the right bars represent the final abstention, categorized into
Abstain (preferred) or Non-abstain. Most existing reasoning models have suspected that
the given question might be unsolvable, but only for a very small portion, the models
insist on their suspicion.

2.4.3 What Caused MiP-Overthinking?

Figure 2.2 demonstrates that MiP-Overthinking manifests across both RL-based and SFT-based

reasoning models. We hypothesize this phenomenon primarily originates from inadequate length

constraints during the rule-based reinforcement learning phase of RL-based models, subsequently
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propagating to SFT-based models through distillation.

Current RL-based reasoning models predominantly employ rule-based training focused on format

and accuracy rewards [90, 94], with some incorporating step or length rewards to promote thorough

reasoning [22]. This approach can lead to reward hacking, where models explore excessive reasoning

patterns to achieve correct answers [4, 63, 91].

Qwen2.5-7B-Instruct MiP-Qwen2.5-7B-Instruct
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Figure 2.5: Comparison of response length, abstain
rate of MiP, and accuracy of well-defined ques-
tions before and after tuning on 50 responses from
DeepSeek-R1 on the MiP-Formula dataset. The re-
sults demonstrate rapid onset of MiP-Overthinking
behavior after exposure to a small number of MiP
examples during fine-tuning.

To demonstrate the transmissibility of this

behavior through distillation [109], we finetune

Qwen-2.5-7B-Instruct using small-scale 50 MiP

responses generated by DeepSeek-R1 on the MiP-

Formula dataset. As shown in Figure 2.5, the

fine-tuned model exhibits clear MiP-Overthinking

characteristics when evaluated on GSM8K: signif-

icantly increased response lengths for both MiP

and well-defined questions, emergence of a length

disparity between MiP and well-defined responses

absent in the original model, and decreased ab-

stain rates.

2.5 Related Work

2.5.1 Reasoning Large Language Model

Recent advances in LLMs have sparked significant research interest in enhancing their reason-

ing capabilities [5, 8, 11]. Research has focused on improving these capabilities through various
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post-training approaches. Several studies have employed reinforcement learning techniques to guide

models toward more effective reasoning strategies [18, 90, 108]. Additionally, researchers have demon-

strated that instruction tuning on carefully curated, high-quality datasets can significantly enhance

performance [48, 51, 53, 68, 111].

While Reasoning Models have demonstrated impressive performance on various benchmarks,

recent studies have begun to critically examine the quality and efficiency of their reasoning processes.

Xia et al. [106] conducted a comprehensive analysis of RLMs’ reasoning quality, revealing significant

redundancy in their solution approaches. Further investigations [12, 17, 55, 62, 82] identified a

concerning “overthinking” phenomenon, where reasoning models generate unnecessarily verbose

solutions even for simple problems. Building on these observations, Kumar et al. [43] demonstrated

the potential security implications of this behavior by developing a slowdown attack that exploits

overthinking through input perturbation.

2.5.2 Test-time Scaling

In contrast to earlier research on training-time scaling laws [40], recent literature has increasingly

focused on test-time performance scaling strategies, which aim to enhance model performance by

optimizing inference-time token generation [71, 92]. These approaches can be categorized into several

primary methodologies: parallel sampling techniques [10, 47], which generate multiple candidate

responses and select the optimal output; sequential refinement approaches [46, 92], which enable

iterative improvement of previous outputs; and tree-based methods [27, 34], which combine elements of

both parallel and sequential approaches. While the prevailing consensus suggests that increased token

generation during inference enhances reasoning capabilities, our investigation reveals a concerning
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counterpoint: under certain conditions, extended responses can lead to computational inefficiency and,

paradoxically, degraded performance outcomes.

2.5.3 Models’ Behavior Study in Ambiguous Condition

LLMs are prone to hallucination [36, 110], generating non-existent conditions that compromise

trustworthiness. An essential aspect of reliability is the ability to abstain under uncertainty. Prior

work [6, 15, 114] has proposed benchmarks assessing LLMs’ recognition of knowledge limits when

facing ambiguous or challenging queries. Different from theirs, our study explores reasoning models

under MiP condition. Surprisingly, we find these specialized models exhibit prolonged reasoning and

inferior performance.

2.6 Conclusion

We introduce the Overthinking under Missing Premise (MiP-Overthinking) issue, which is a

widespread but still under-explored phenomenon for current reasoning models. In this phenomenon,

when faced with ill-defined unsolvable questions with missing premises, existing models generate

dramatically long responses while having very low abstain rates. With systematic investigation of this

phenomenon, our findings show that while these models sometimes suspect the given MiP question

is not solvable in the early state of the thinking process, they typically fail to act on those suspicions

and instead generating repetitive and redundant thinking traces with the final answer that does not

address the missing premises, indicating a lack of critical thinking capability. This behavior highlights

a pressing gap: current training recipes for reasoning models, which emphasize thorough chains of

thought, do not sufficiently reward critical thinking or early exit from unsolvable tasks.

24



The observations in this chapter — particularly the self-doubt loops, repetitive reasoning patterns,

and token-level evidence of thinking behaviors (“wait”, “check”, “alternatively”) — reveal clear

symptoms of reasoning pathology. However, characterizing these phenomena through keyword counts

and step-level similarity provides only a surface-level view. This motivates a deeper question: can we

develop a principled, theoretically grounded vocabulary for describing the cognitive structure of LLM

reasoning traces? In the next chapter, we turn to cognitive science for such a framework.
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Chapter 3: Understanding the Thinking Process of Reasoning Models: A Perspective

from Schoenfeld’s Episode Theory1

While Large Reasoning Models (LRMs) generate extensive chain-of-thought reasoning, we lack a

principled framework for understanding how these thoughts are structured. In this chapter, we introduce

a novel approach by applying Schoenfeld’s Episode Theory, a classic cognitive framework for human

mathematical problem-solving, to analyze the reasoning traces of LRMs. We annotated thousands of

sentences and paragraphs from model-generated solutions to math problems using seven cognitive

labels (e.g., Plan, Implement, Verify). The result is the first publicly available benchmark for the

fine-grained analysis of machine reasoning, including a large annotated corpus and detailed annotation

guidebooks. Our preliminary analysis reveals distinct patterns in LRM reasoning, such as the transition

dynamics between cognitive states. This framework provides a theoretically grounded methodology for

interpreting LRM cognition and enables future work on more controllable and transparent reasoning

systems.

3.1 Introduction

Large Reasoning Models (LRMs) such as OpenAI GPT-o1 [72] and the open-source DeepSeek-

R1 [20] exemplify a shift toward producing long, explicit, chain-of-thought (CoT) [104] that boost
1This chapter is based on a paper co-authored with Ming Li, Nan Zhang, Hong Jiao, Yanbin Fu, Sydney Peters, Qingshu

Xu, Robert Lissitz, and Tianyi Zhou, with equal contribution from Ming Li, Nan Zhang, and me [56].
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Category Reasoning Trace Example (Sentence)
Read “The question asks us to find the value of x in the equation 2x+5 = 10.”
Analyze “According to the Pythagorean theorem, the square of the hypotenuse is equal to ...”
Plan “Next, we will differentiate both sides of the equation with respect to x.”
Implement “Substituting x = 3 into the equation, we get 2(3)+5 = 6+5 = 11.”
Explore “Maybe we can try substituting different values for x to see if we can find a pattern.”
Verify “Let me double-check my calculations: ... which matches the previous result.”
Monitor “But wait, hold on.”

Table 3.1: Representative examples for each episode category in the reasoning traces of
LRMs.

performance on demanding tasks [59, 90, 102, 106, 108, 109]. These extended and fine-grained

reasoning trajectories emerge either from reinforcement-learning optimization [20] or from supervised

fine-tuning on expert high-quality responses [49, 50, 53, 68, 111], showcasing increasingly sophisticated

thinking patterns.

However, we still lack a principled understanding of how these models organize their problem-

solving process. Are the thinking behaviors of these advanced LRMs similar to Humans? Can we

utilize the existing cognitive theories for humans to analyze the LRM reasoning behaviors? Some

researchers notice the extremely human-like thinking token patterns such as “Hmmm.”, “Wait.”, “Let

me check.”, “Am I correct?” [23, 55, 67, 113], and human-aligned meta-cognitive patterns [37, 93]. In

a more quantitative way, Shan et al. [89] and Musker et al. [69] utilized cognitive views on analyzing

the thinking process of LRMs. However, most of them are from observation and summary rather than

grounded in solid theories [28, 64].

Motivated by the advanced theoretical analysis on human behaviors in the area of cognitive

science, we propose to utilize the Schoenfeld’s Episode Theory [87] as an analytical framework to

understand the thinking process of LRMs. This theory was built on hundreds of hours of recorded tape

of students tackling non-routine math problems while being asked to think aloud. Widely regarded as a
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gold-standard framework in mathematics-education research, this theory offers a rigorously validated,

fine-grained lens for dissecting both expert and novice problem-solving strategies. After thorough

investigation, we find that the thinking process of LRMs can be well-aligned with the episodes in

the theory: the 7 fine-grained episode categories, including Read, Analyze, Plan, Implement, Explore,

Verify, and Monitor, are also presented in the reasoning traces of LRMs, as they also follow similar

problem-solving processes. Examples for each episode are shown in Table 3.1.

In this chapter, we apply Schoenfeld’s Episode Theory to the reasoning traces generated by one of

the most representative open-sourced LRMs, DeepSeek-R1 [20], for both paragraph-level and sentence-

level annotation and analysis. Specifically, we collect R1 responses on 1,385 SAT Mathematics items

retrieved from the SAT R© Suite Question Bank2, as it includes additional meta information, including

the difficulty level and the problem domain. Then the reasoning responses are annotated and analyzed

at both paragraph and sentence levels.

Specifically, in our annotation system, there are 3 general categories at the paragraph level,

including General, Verify, Explore, and 7 fine-grained episode categories at the sentence level. The

annotation procedure consists of two parts: Firstly, human annotators are trained to manually annotate

the responses into proper categories, until the inter-rater reliability reaches a certain level. Secondly,

all the generated reasoning traces are annotated by the trained annotators. In total, 38 math problems,

including 915 paragraphs and 3,087 sentences, are manually annotated into episode categories. We also

leverage LLM-based and SLM-based methods for labeling and evaluate their efficiency and consistency

compared to human labeling, not only formulating this as a well-defined task, but also providing a

replacement for the labor-intensive annotation process, making it a more scalable analytical framework

for analyzing the reasoning process of LRMs. Our contributions are summarized:

2https://satsuitequestionbank.collegeboard.org/
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• We propose the earliest exploration on applying Schoenfeld’s Episode Theory to reasoning traces of

LRMs, providing a unified view between how humans and LRMs solve math problems.

• We provide a theoretically grounded analytical framework for understanding and analyzing LRM

thinking process from a cognitive view.

• We release the open annotation protocol and annotated corpus with thousands of annotations for the

above-mentioned task, making it a well-defined task for controllable analysis.

3.2 Cognitive Foundations

3.2.1 Large Reasoning Models

LRMs differ from earlier instruction-following LLMs [13, 66, 70, 86, 100, 103] by dedicating

both their training and inference budgets to explicit chain-of-thought computation. For instance, GPT-o1

[74] is trained with reinforcement learning that rewards intermediate reasoning traces and is allowed to

“think longer” at inference, which means that the thinking time and output are both lengthened. This

steadily improves accuracy as additional test-time compute is spent. Following a similar philosophy,

DeepSeek-R1 [20] directly optimizes a reward that incentivizes logically coherent multi-step solutions,

yielding strong performance. These designs contrast with earlier instruction-following models such as

GPT-4o, whose inference paths remain short and lengths relatively fixed. Based on the open-sourced

thinking traces provided by R1, the communities have noticed the flexible response lengths of R1 when

targeting different problems, and the human-like thinking token patterns on the explicit textual thinking

traces. These human-like behaviors and human-readable thinking traces during problem-solving make

it possible to apply behavioral analysis from a cognitive perspective in human research.
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3.2.2 Schoenfeld’s Episode Theory

Schoenfeld’s Episode Theory [87, 88] frames problem-solving as a temporally ordered sequence

of “episodes” that reveal both the solver’s evolving goal structure and the meta-cognitive control. This

theory was built on hundreds of hours of recorded tape of students tackling non-routine math problems

while being asked to think aloud. The original episodes include 6 categories, i.e., Read, Analyze,

Plan, Implement, Explore, and Verify. Crucially, the theory disentangles what knowledge a solver

possesses from how it is strategically deployed, emphasizing that expert performance hinges less on

sheer domain knowledge than on the dynamic orchestration of planning, monitoring, and evaluation

processes. Episode theory has since become a foundational analytic lens in mathematics-education

research and in studies of human reasoning, offering a fine-grained vocabulary for tracing cognitive

control and strategy shifts [31]. All of the above characteristics are directly pertinent when we scrutinize

the reasoning traces generated by contemporary large language models. See Appendix B.1 for a more

detailed discussion and comparison on different cognitive theories used in human research.

3.2.3 Why Episode Theory Fits LRM Traces

Schoenfeld’s theory represents a natural framework for understanding problem-solving processes,

as it was originally developed to capture how humans naturally approach and resolve mathematical

challenges. The theory encapsulates the organic flow of cognitive processes that occur when individuals

encounter and work through math problems. After thorough investigation on LRM generated reasoning

traces, we actually find their reasoning structures are well-aligned with the theory: Typically, when

facing a given problem, the models will Read and restate the problem in a form that they can understand

better, then Analyze the potential strategies to solve the problem. After that, they will Plan for the
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future steps right before they Implement the calculation. Sometimes, when the problem cannot be

easily solved, LRMs will Explore other potential methods and Verify their generated traces. Among

these categories, Explore and Verify further represent the current trained on test-time scaling and the

occurrence of the “aha moment” [20] of LRMs.

Moreover, since LRMs externalize these transitions between episodes in natural-language form,

which shows a better form for further analysis than humans. LRM’s long reasoning traces can be

segmented clearly through paragraph-level and sentence-level boundaries, and then annotated at the

same fine-grained episode categories used to analyze human problem-solving sessions. This process

uncovers the system’s dynamic metacognitive regulation rather than leaving it a black box. Conse-

quently, Episode Theory offers a uniquely well-suited lens for analyzing the LRM reasoning behavior.

Representative examples for each episode category are shown in Table 3.1.

3.3 Dataset Construction

3.3.1 Data Source

Our experiments are conducted on 1,385 SAT Mathematics items retrieved from the SAT R© Suite

Question Bank, which contains 19 fine-grained skill categories. SAT serves as a nationwide college

admission test in the U.S., which is usually taken by junior and senior high school students. There are

two types of questions in SAT Math: multiple-choice (MC) items and student-produced response (SPR)

items. Each item consists of the following parts of information: question text, skill, difficulty level, and

a step-by-step human solution (rationale). Depending on the question type, choices, figures, or tables

could exist. For LRM-generated responses, DeepSeek-R1 is selected since its thinking trajectories

can be obtained during the inference. Specifically, 38 responses, 2 for each fine-grained skill category,
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including 915 paragraphs, and 3,087 sentences, are annotated.

3.3.2 Data Annotation

Annotation Strategy. We leverage Schoenfeld’s Episode Theory to systematically annotate the rea-

soning processes of LRMs. Compared to the traditional “think aloud” protocols used for human

problem-solving, LRM-generated responses often exhibit much finer granularity, with explicit steps

and monitoring indicators articulated in the output. This increased granularity can sometimes make it

challenging to assign clear episode labels to every sentence. For example, in some cases, all several

paragraphs in the response may be related to a certain behavior like Verify. However, during the whole

verify process, the model might still conduct more fine-grained behaviors, such as Plan, (plan on how

to verify), etc. Thus, a better annotation strategy is required to tackle these issues like “Plan during

Verify”.

To address this, we adopt a hierarchical annotation strategy that operates at both the paragraph

and sentence levels. At the paragraph level, we capture broader, long-term behaviors, such as the initial

attempt to solve a problem or the process of verifying an existing answer. At the sentence level, we

annotate more fine-grained strategies, for example, the specific planning, implementation, or verification

steps that occur within a broader verification episode. By leveraging contextual information and this

hierarchical approach, we are able to define and label sentences more precisely, even in cases where

boundaries between categories are subtle.

For paragraph-level annotation, each response is segmented into paragraphs following the original

formatting. Each paragraph is then assigned one of three labels, General if the paragraph is directly

solving the math problem, Explore if the paragraph diverges from the main solution to investigate
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possibilities or gather insights, or Verify if the paragraph is checking a solution, according to the

dominant episode it represented. For sentence-level annotation, we further split each response to isolate

individual sentences. Afterward, each sentence is labeled into one of the seven episodes: Read if

the sentence is repeating the question; Analyze if the sentence is recalling relevant theories, deducing

relationships, or introducing symbols; Plan if the sentence is announcing the next step; Implement if the

sentence is executing a planned strategy; Explore if the sentence is generating potential ideas or making

guesses; Verify if the sentence is judging the correctness. An extra category Monitor was added to serve

as transitions between episodes, such as self-monitoring or hesitation. Examples for each episode are

shown in Table 3.1. Since paragraphs and sentences form an interwoven hierarchy, annotators work in

sequence for each item: they first label all paragraphs, ensuring coherent episode-level categorization,

and then label each extracted sentence, capturing finer moves within those episodes.

Annotation Process. We first develop a preliminary annotation guidebook grounded in Schoenfeld’s

Episode Theory. Next, two of the authors each annotate 5 R1 responses using the initial guide. This

pilot annotation familiarizes the annotators with the structure of the responses and highlights areas of

ambiguity or inconsistency in the guide itself. Based on their annotation experience, the annotation

definitions and examples are further refined. After the guidebook is determined, three annotators

are trained and complete all the remaining responses. The full annotation guidebook is provided in

Appendix C.5.

3.4 Experiments and Analysis

In this section, we explore the potential automated annotation methods for our task.
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Model Base Example Guidebook Ex+Guide
Para Sent Para Sent Para Sent Para Sent

GPT-4.1 0.444 0.595 0.559 0.604 0.740 0.676 0.757 0.681
Gemini-2.0 0.460 0.590 0.647 0.628 0.723 0.655 0.697 0.626
GPT-4o 0.388 0.475 0.537 0.504 0.656 0.577 0.714 0.609

Table 3.2: Comparison of paragraph-level accuracy (Para) and sentence-level accuracy
(Sent) across models with different prompting techniques. Base uses zero-shot prompting
only; Example provides ground-truth in-context examples; Guidebook adds our detailed
guidebook; Ex+Guide combines both methods. The performance shows the extraordinary
performance improvement of using our detailed guidebook for automatic annotation.

GPT-4.1
Read Analyze Plan Impl. Expl. Verif. Monit.

Read 11.3 0.1 0.0 0.0 0.1 0.5 0.2
Analyze 0.8 16.6 0.3 0.2 2.3 4.8 0.6
Plan 0.1 0.0 5.7 0.1 0.2 0.5 0.6
Implement 0.0 0.5 0.5 17.1 0.4 3.2 0.1
Explore 0.0 0.0 0.1 0.0 6.1 0.4 0.1
Verify 0.0 0.4 0.1 0.3 0.3 18.5 0.7
Monitor 0.0 0.0 0.1 0.0 0.2 0.5 5.2

BERT
Read Analyze Plan Impl. Expl. Verif. Monit.

Read 9.0 2.6 0.2 0.2 0.2 0.1 0.0
Analyze 1.2 19.8 1.0 0.8 1.1 2.5 0.1
Plan 0.9 0.8 4.3 0.9 0.1 0.3 0.2
Implement 0.2 3.5 0.5 16.5 0.1 1.1 0.5
Explore 0.2 0.6 0.2 0.2 4.9 0.8 0.2
Verify 0.1 2.5 0.5 0.9 0.5 13.6 0.3
Monitor 0.0 0.2 0.3 0.0 0.1 1.0 4.2

Table 3.3: Sentence-level confusion matrices (percentage) for GPT-4.1 (top) and BERT
(bottom). Rows correspond to true labels and columns to predicted labels.

3.4.1 Transition Matrix

Figure 3.1 presents the state transition matrix for our ground-truth annotation. A darker color

represents a higher probability of transfer from one state to another. The darkest values aside from the

diagonal are Read-Analyze, Plan-Implement, and Explore-Analyze, representing that these categories

have a higher probability of appearing continuously. For example, Plan-Implement represents that

Implement has more chance to follow the Plan. This matrix directly shows the relation between different
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Model Accuracy Cohen’s κ

GPT-4.1 (Ex+Guide) 0.805 0.764
BERT 0.732 0.671
RoBERTa 0.730 0.670
SVM-Gemini 0.704 0.632
MLP-Gemini 0.684 0.613
KNN-Gemini 0.587 0.490

Table 3.4: Overall sentence-level accuracy and Cohen’s κ for each model on the 30% test
subset. GPT-4.1 obtains the best results, while for training-based methods, the BERT model
obtains the best performance.

categories, which further shows a strong alignment with human behaviors.

3.4.2 LLM-based Zero-shot Methods

In this section, we investigate how advanced LLMs perform on Schoenfeld’s Episode Theory

annotations as shown in Table 3.2. In the table, we present the results of using GPT-4.1, GPT-4o, and

Gemini-2.0-flash on different prompting techniques. Base represents using LLM zero-shot prompting

only. Guidebook represents using our detailed guidebook as the guidance. Example represents providing

some ground-truth examples for in-context learning. Ex+Guide represents using both of the mentioned

methods. These experiments are conducted on all of our annotated data. The performance shows the

extraordinary performance improvement of using our detailed guidebook for automatic annotation.

Comparing the performances of different LLMs, we notice that GPT-4.1 can obtain the best performance

most of the time. Gemini-2.0 can outperform others in the in-context learning scenarios.

3.4.3 Training-based Methods

For the training-based method, we split all our annotated data into training (70%) and testing

(30%) subsets, and finetune BERT-level models, including BERT [21] and RoBERTa [61]. In addition,
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Figure 3.1: The sentence-level state transition matrix for our ground-truth annotation. A
darker color represents a higher probability of transfer from one state to another.

to investigate how powerful embeddings help the task, we try stronger embedding models, Gemini,

and utilize its embeddings to train SVM and MLP for the classification. Based on Gemini embedding,

we also try KNN method to see how it performs. As shown in Table 3.4, GPT-4.1 obtains the best

results, with the highest accuracy (0.805) and the highest κ (0.764). The detailed confusion matrices on

sentence-level accuracy on both GPT-4.1 and BERT are shown in Table 3.3. According to the confusion

matrices, we can find the highest values aside from the diagonal are Analyze-Verify, Implement-Verify,

and Verify-Implement, which represent scenarios where even the best model can not perform well.
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3.5 Conclusion

In this chapter, we bridged a gap between cognitive science and artificial intelligence by using

Schoenfeld’s Episode Theory to analyze the reasoning of Large Reasoning Models. We demonstrated

that a framework designed for human problem-solving can effectively decode machine-generated

thought processes, revealing a structured, episodic nature in how LRMs tackle mathematical challenges.

The core of our contribution is a novel, large-scale annotated corpus and a reusable analytical protocol,

which we have made publicly available to foster further research. This research not only offers initial

insights into the thinking patterns of current models but also establishes a foundational methodology

for future investigations.

Limitations

The main limitation of this version of the study is the scope. Currently, only SAT math data is

taken into account and labeled. To enhance the dataset’s size and complexity, future iterations should

incorporate data from additional sources. For example, since the SAT is designed as a college admission

test in the U.S., the overall difficulty level is relatively moderate. As a next step, we plan to include other

datasets, which are derived from mathematical Olympiad competitions and feature more challenging

items. Besides, the accuracy for automatic annotation is not very high, further efforts are needed to

improve the accuracy.

This chapter established the feasibility and value of applying Schoenfeld’s Episode Theory to LLM

reasoning traces, producing the first annotated corpus and demonstrating that automated annotation
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is viable. However, the analysis was limited to a single model (DeepSeek-R1) on a single moderate-

difficulty dataset (SAT Math), and the automated annotation accuracy left room for improvement. In the

next chapter, we address these limitations by refining the annotation taxonomy and pipeline, scaling the

analysis to 15 diverse models on competition-level mathematics, and deriving actionable diagnostic

insights from the resulting episode-level representations.
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Chapter 4: Schoenfeld’s Anatomy of Mathematical Reasoning by Language Models1

Large language models increasingly expose reasoning traces, yet their underlying cognitive

structure and steps remain difficult to identify and analyze beyond surface-level statistics. We adopt

Schoenfeld’s Episode Theory as an inductive, intermediate-scale lens and introduce ThinkARM

(Anatomy of Reasoning in Models), a scalable framework that explicitly abstracts reasoning traces

into functional reasoning steps such as Analysis, Explore, Implement, Verify, etc. When applied

to mathematical problem solving by diverse models, this abstraction reveals reproducible thinking

dynamics and structural differences between reasoning and non-reasoning models, which are not

apparent from token-level views. We further present two diagnostic case studies showing that exploration

functions as a critical branching step associated with correctness, and that efficiency-oriented methods

selectively suppress evaluative feedback steps rather than uniformly shortening responses. Together, our

results demonstrate that episode-level representations make reasoning steps explicit, enabling systematic

analysis of how reasoning is structured, stabilized, and altered in modern language models.

4.1 Introduction

Large language models (LLMs) have demonstrated remarkable performance on complex rea-

soning tasks [16, 64, 72, 83], particularly when generating explicit chains of thought (CoT) [104].

1This chapter is based on a paper co-authored with Ming Li, Yize Cheng, Soheil Feizi, and Tianyi Zhou, with equal
contribution from Ming Li, Yize Cheng, and me [52].
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Figure 4.1: A condensed example of a reasoning trace that is annotated in our framework.
Each sentence in response is tagged with one of the eight episode categories.

Consequently, evaluation of reasoning models has predominantly focused on outcome-oriented metrics

such as accuracy, solution length, or aggregate token counts [38, 57]. While these measures are effective

for comparing final performance, they provide limited insight into how these models organize their

reasoning traces and how different reasoning behaviors emerge across models.

It is still unclear which parts of a generated chain-of-thought correspond to problem understanding,

exploration, execution, or verification, making it difficult to interpret model behavior beyond surface

statistics. This opacity is particularly salient when studying “overthinking” [12, 23, 43], where longer

or more elaborate reasoning does not necessarily translate into improved correctness [26], yet the

underlying thinking dynamics and structure are hard to characterize systematically. Various reasoning

behaviors that are often discussed conceptually, e.g., abstract planning versus concrete execution, open-

ended exploration versus evaluative checking, lack rigorous formulation and quantitative comparison

across models.

To better interpret such reasoning traces, a natural question is whether they contain meaningful

structure at an intermediate level of abstraction beyond individual tokens. Motivated by the work in the

previous chapter that introduced Schoenfeld’s Episode Theory [87] as a framework for characterizing

problem-solving behaviors, we adopt episode-level representations as an inductive lens for analyz-
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ing LLM reasoning traces. Episode Theory conceptualizes problem solving in terms of functional

episodes, thereby providing an interpretable intermediate-scale representation that bridges low-level

token statistics and high-level reasoning intents. A condensed example is shown in Figure 4.1.

While the previous chapter first leveraged this theory for reasoning models, its scope is limited

to one model and one dataset. Thus, it remains unclear whether such an episode-level abstraction can

reveal systematic, reproducible structure in LLM reasoning at scale. In this chapter, we build upon this

foundation and extend episode-level annotation to a broader, comparative setting, using it to examine

what principal patterns emerge when diverse reasoning traces are viewed through a theory-grounded

abstraction. Our study is organized around three research questions. RQ1: Do reasoning traces

exhibit consistent linguistic and dynamic structure when viewed through episode-level representations?

RQ2: How do reasoning dynamics differ across models and reasoning styles, as indicated by episode

sequencing and transition patterns? RQ3: Can we utilize this framework to analyze the correlation of

thinking patterns to final correctness, and the structural differences between overthinking and efficient

models?

To address these questions, we apply ThinkARM (Anatomy of Reasoning in Models), an episode-

level annotation framework grounded in Schoenfeld’s Episode Theory [31], to a large-scale analysis

of mathematical reasoning traces from a diverse set of LLMs. Concretely, we curate a corpus of

410,991 sentences generated by 15 models solving 100 problems from a subset of Omni-MATH [29].

To support reliable automated analysis, we construct a human-verified gold set of 7,067 sentences

and evaluate multiple state-of-the-art LLMs as automatic annotators, and finally select GPT-5 [76] for

full-scale episode labeling due to its strongest agreement with human annotations. This pipeline enables

consistent, sentence-level episode annotation at scale and sets up a controlled setting for comparing

reasoning dynamics across models and methods.
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Contributions. We extend a cognitive science-inspired episode annotation framework to an automatic,

scalable, sentence-level representation that supports large-scale analysis of reasoning traces and conduct

a systematic study of reasoning dynamics across a diverse set of LLMs. Moreover, we demonstrate the

practical utility of episode-level representations through downstream case studies on correctness and

efficiency, illustrating how reasoning dynamics can be analyzed beyond outcome-based metrics.

Key Findings.

1. When reasoning traces are analyzed at the episode level, a functional progression from abstract

reasoning to concrete execution, and finally to evaluative control, consistently emerges. Episodes

associated with analysis and exploration use more abstract, conceptual language and decrease steadily

as reasoning progresses, while execution-oriented episodes dominate the middle of the trace through

sustained concrete operations. In contrast, verification-related episodes are characterized by evaluative

and meta-level language and increase toward the end of the reasoning process.

2. Comparing reasoning and non-reasoning models, the difference is not merely how many tokens they

generate, but how reasoning is structured. Non-reasoning models allocate most of their response

trace to execution, with episode transitions largely following a feed-forward pattern toward imple-

mentation. In contrast, reasoning models distribute effort across analysis, exploration, execution,

and verification, and exhibit frequent iterative Explore-Monitor/Verify loops.

3. Through our correctness-oriented case study, we find that exploration reflects uncertainty and

serves as a critical branching point: correct solutions more often route exploration into monitoring

or re-analysis, whereas incorrect solutions tend to continue execution or terminate prematurely after

exploration.
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4. Through our efficiency-oriented case study, we find that different efficient reasoning methods se-

lectively suppress evaluation-oriented episodes and feedback loops, leading to varying degrees of

divergence from the reasoning patterns of the base model. Episode-level analysis thus reveals which

episodes can be removed to gain efficiency, beyond token-level pruning.

Together, these findings make explicit a range of intermediate-scale reasoning behaviors that are often

discussed intuitively but rarely characterized structurally.

4.2 The ThinkARM Framework

In this section, we formalize our analytical methodology. We first ground our approach in

cognitive science theory in mathematical problem solving and then detail the implementation of

ThinkARM, a scalable, automated pipeline to quantify the reasoning dynamics of LLMs with high

precision.

4.2.1 Schoenfeld’s Episode Theory

To scientifically dissect the reasoning traces of LLMs, we ground our framework in Schoenfeld’s

Episode Theory [87], a seminal framework in cognitive science originally developed to decode the

black box of human mathematical problem-solving. Schoenfeld’s theory is descriptive, derived from

the rigorous analysis of hundreds of hours of videotaped “think-aloud” protocols. By observing

students and mathematicians tackling mathematical problems, they identified that the performance is

not distinguished by superior domain knowledge alone, but by the dynamic regulation of that knowledge.

The theory frames problem-solving as a temporally ordered sequence of “episodes” that reveal the
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Reasoning Non-Reasoning Overall
Model Acc Kappa Acc Kappa Acc Kappa
GPT-4.1 85.75 82.39 89.34 85.36 86.10 82.74
GPT-5 86.02 82.54 89.34 85.35 86.33 82.85
Gemini-2.5-Flash 82.45 78.21 87.16 82.35 82.90 78.67
Gemini-2.5-Pro 80.53 75.60 84.43 78.62 80.89 75.96

Table 4.1: Performance of candidate annotators on the human-annotated gold set. GPT-
5 shows the highest agreement with human annotations overall and is used for further
large-scale annotation.

solver’s evolving goal structure and metacognitive decisions2.

Schoenfeld’s framework ultimately consists of 7 episodes: the original 6 episodes, including Read,

Analyze, Plan, Implement, Explore, and Verify, plus a later-added Monitor episode that specifically

captures the solver’s metacognitive behaviors. Episode theory has since become a foundational analytic

lens in mathematics-education research and in studies of human reasoning, offering a fine-grained

vocabulary for tracing cognitive control and strategy shifts [31].

4.2.2 A Refined Taxonomy

While Schoenfeld’s original taxonomy captures key functional stages of human problem solving,

it does not include an explicit state for structural convergence. In the context of LLM reasoning, where

models are trained to produce a final answer in a prescribed format, this distinction becomes practically

important. We therefore extend the taxonomy by introducing an Answer episode, resulting in Eight

episodes, which allows us to explicitly identify when the model commits to producing a final solution

and to analyze convergence behavior separately from verification or monitoring, as shown in Figure 4.1.

Prior work (Chapter 3) explored episode-based annotation using hierarchical schemes that com-

bine paragraph-level and sentence-level labels. In this study, we adopt sentence-level annotation only,

as it provides a uniform granularity that facilitates large-scale aggregation, transition analysis, and

2More discussion on mathematical problem solving in cognitive science can be found in Appendix C.1
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Figure 4.2: Word clouds visualizing the most frequent semantic tokens for each cogni-
tive episode. The distinct lexical distributions highlight the semantically separable
cognitive patterns captured by ThinkARM.

comparison across models. This design choice reflects a trade-off toward scalability and analytical

simplicity, rather than a claim about the relative merits of different annotation granularities.

4.2.3 Data Collection and Gold Annotation

To construct a diverse and representative dataset for our analysis, we sample problems from

Omni-MATH using its domain annotations. Specifically, we stratify the full benchmark by domain and

select problems from each group proportionally, aiming to preserve domain coverage while maintaining

diversity in problem types and difficulty. This procedure yields a subset of 100 problems spanning a

broad range of mathematical topics.

We then collect reasoning traces utilizing 15 widely used LLMs3 to solve each problem, resulting

in 1,500 responses and a total of 410,991 sentences. The collected traces include both thinking and

answering tokens for native reasoning models and their distilled variants, and only answering tokens for

standard instruction-following baselines and proprietary reasoning models without accessible thinking

tokens. This diverse model coverage enables comparative analysis across model families and reasoning

paradigms.

3The complete list of models is in Appendix C.2
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To support the reliable evaluation of automated episode annotation, we construct a human-verified

gold set. From the 100 sampled problems, we select 9 representative problems following the same

domain-based grouping strategy and manually annotate4 all resulting reasoning traces using the refined

episode taxonomy and guidebook. This process produces 7,067 annotated sentences, which we use as

the gold standard for testing the effectiveness of the automatic annotators and selecting the annotation

model used in our large-scale analysis.

4.2.4 The ThinkARM Annotation Pipeline

In ThinkARM, we utilize LLMs for automatic annotation. During the automatic annotation

process, we provide the detailed annotation guidebook, which consists of the definition and examples of

each episode, along with the previous contexts and annotated categories. Furthermore, when annotating

each sentence, we not only ask models to generate the annotated category, but also generate the

justifications for each annotation to ensure the reliability of the annotation5.

For the annotation model selection, we evaluate the performance of several state-of-the-art models,

including GPT-4.1 [75], GPT-5 [76], Gemini-2.5-Flash [16], and Gemini-2.5-Pro, on the gold standard

annotated traces. The performance of the annotation models is shown in Table 4.1, containing the

accuracy and kappa scores on the traces from reasoning and non-reasoning models. Based on the

performance, we select GPT-5 for the full-scale annotation and utilize its results for further analysis.

4The detailed annotation guidebook is in Appendix C.5
5The detailed ThinkARM Framework is in Appendix C.4 and the annotation prompt is in Appendix C.6
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Figure 4.3: Thinking dynamics of cognitive episodes reveal a three-phase “heartbeat”
pattern of reasoning models: (1) Initialization, dominated by Read, Analyze, and Plan;
(2) Execution, where Implement peaks; and (3) Convergence, characterized by a surge in
Verify and Monitor before the final Answer.

4.3 Episode Patterns of Reasoning Models

With ThinkARM, we now move beyond surface-level performance metrics to empirically analyze

the cognitive dynamics of current LLMs.

4.3.1 Episode Divergence

Our analysis asks whether different functional modes of reasoning, often discussed intuitively,

manifest as separable patterns in language. Figure 4.2 visualizes the most frequent tokens associated

with each episode and shows that episodes occupy distinct lexical regions, suggesting that ThinkARM

captures meaningful behavioral differences rather than superficial variation.

Analyze vs. Implement: A clear separation emerges between abstract reasoning and concrete

execution. Language associated with Analyze emphasizes conceptual and structural elements of the
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problem (e.g., “coprime”, “boundary”), reflecting the construction and manipulation of an abstract

problem representation. In contrast, Implement is dominated by procedural and symbol-level language

(e.g., variable names and concrete values), indicating step-by-step execution of a chosen approach. Thus,

ThinkARM captures a genuine shift from conceptual thinking to solid implementation in reasoning

behavior.

Verify vs. Monitor: Two qualitatively different forms of reflection also emerge. Verify is

characterized by decisive evaluative language (e.g., “wrong”, “helpful”), indicating explicit checking

of logical correctness or validity. Monitor, by contrast, is associated with meta-level expressions of

uncertainty or progress tracking (e.g., “confusing”, “messy”), reflecting awareness of the state of the

reasoning process rather than evaluation of a specific step. These two behaviors that are separated

lexically support treating verification and monitoring as distinct reasoning modes, which are important

in later temporal and structural analyses.

Plan vs. Explore: Forward-looking reasoning also exhibits two separable modes. Plan is

dominated by directive verbs and goal-oriented language (e.g., “calculate”, “formalize”), signaling

commitment to a concrete strategy. In contrast, Explore is marked by tentative and hypothesis-driven

expressions (e.g., “suspect”, “maybe”), reflecting open-ended search over possible solution paths. This

separation highlights exploration as a distinct behavioral mode characterized by uncertainty, rather than

merely an early stage of execution.

4.3.2 Temporal Dynamics

By normalizing each reasoning trace to a 0–100% progress scale6, we analyze how episode

frequencies evolve over the generation (Figure 4.3). A consistent coarse-grained temporal organization

6Details in Appendix C.2
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Model Percentage (%) Token Count (#) Avg
Read Ana Plan Imp Exp Ver Ans Mon Read Ana Plan Imp Exp Ver Ans Mon Tok

DeepSeek-R1 3.47 30.75 5.67 36.35 9.21 10.16 2.86 1.54 321 2844 524 3363 852 940 265 142 9250
R1-Distill-Qwen-1.5B 4.18 26.93 4.20 34.39 13.23 11.43 3.80 1.84 414 2666 416 3404 1309 1131 376 182 9897
R1-Distill-Qwen-7B 3.80 25.82 4.44 36.47 12.24 11.97 3.40 1.86 336 2280 392 3220 1081 1057 300 165 8831
R1-Distill-Qwen-32B 3.12 25.23 4.75 36.49 10.94 10.67 6.85 1.95 300 2422 456 3502 1050 1025 658 187 9598
QwQ-32B 3.03 24.53 6.28 35.71 13.98 11.05 3.32 2.09 378 3068 785 4466 1748 1382 416 261 12504
Phi-4-Reasoning 4.16 27.83 6.42 37.51 11.56 8.91 2.75 0.87 415 2771 639 3734 1151 887 273 86 9957
Qwen-3-32B (R) 2.88 25.58 7.79 36.86 11.56 10.54 3.04 1.76 372 3308 1007 4767 1495 1363 393 227 12931
GPT-4o 8.49 22.66 12.96 40.77 2.58 4.84 6.94 0.77 59 156 89 281 18 33 48 5 690
Gemini-2.0-Flash 5.63 19.24 4.33 61.17 0.97 4.45 4.14 0.08 63 215 48 682 11 50 46 1 1115
Qwen-2.5-32B 5.85 22.78 13.58 45.62 0.88 3.39 7.25 0.65 41 160 95 320 6 24 51 5 700
Phi-4 4.87 15.66 6.66 64.12 0.21 4.27 3.89 0.31 64 206 88 844 3 56 51 4 1316
Qwen-3-32B 6.87 13.03 6.82 65.76 0.97 3.42 2.82 0.30 182 345 181 1742 26 91 75 8 2649
Gemini-2.5-Flash 2.64 28.04 6.47 52.28 0.42 6.75 3.05 0.35 60 642 148 1197 10 155 70 8 2290
GPT-o1-mini 9.42 22.97 8.64 42.01 0.71 4.26 11.32 0.67 53 129 49 237 4 24 64 4 563
GPT-o3-mini 6.17 31.87 8.04 35.34 0.97 4.66 9.90 3.04 63 328 83 363 10 48 102 31 1027

Table 4.2: Episode-level allocation across model families. Standard instruction-following
models are strongly Implement-heavy, whereas reasoning models exhibit a more bal-
anced allocation with substantial mass on Analyze, Explore, and Verify. Distilled mod-
els largely preserve the teacher’s allocation profile across scales.

emerges, captured by ThinkARM, across reasoning models. We refer to this pattern as the cognitive

heartbeat of machine reasoning.

Early-stage scaffolding: Episodes associated with initial scaffolding (Read, Analyze, Plan,

Explore) exhibit distinct decay patterns. Read drops sharply after the beginning, while Analyze and

Plan decay more gradually, indicating that structural reasoning persists beyond the first few steps rather

than being confined to a fixed planning prefix. Explore is typically front-loaded as well, consistent with

early hypothesis search that narrows as execution proceeds.

Mid-stage execution: Implement exhibits a characteristic bell shape trajectory, peaking in the

middle of the trace. This pattern suggests that concrete execution occupies the longest continuous region

of the reasoning process, providing the backbone onto which other behaviors (e.g., exploration and

verification) attach. The model shifts from high-level strategizing to mechanical execution (symbolic

manipulation and calculation) as the core engine of the response.

Late-stage convergence: Verify increases steadily over progress, and Monitor follows a U-shaped

profile with elevated mass near the beginning and end. Together, these trends indicate that evaluative

and process-regulatory behaviors become more prominent as generation approaches completion, rather
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than appearing only as a final end check. Finally, Answer remains near-zero for most of the trace and

rises sharply near the end, reflecting that answer commitment is concentrated in the terminal stage.

4.3.3 Episode Coverage

Table 4.2 reports the episode-level allocation of generated tokens. We group models into: (i) open-

source reasoning models where full reasoning traces are available, (ii) standard instruction-following

models evaluated on their direct responses, and (iii) proprietary reasoning models where only the final

responses are observable.

From Doing to Thinking: A clear allocation gap emerges between reasoning and non-reasoning

models. Standard instruction-following models allocate the majority of tokens to Implement, with

minimal mass assigned to Explore, Verify, or Monitor. In contrast, reasoning models exhibit a more

balanced profile, allocating substantially more budget to Analyze and Explore, and maintaining non-

trivial allocation to Verify. This suggests that the distinguishing factor is not merely response

length, but how the generation budget is distributed across reasoning behaviors.

The Nature of Non-reasoning Responses: For proprietary reasoning models where only the

final formulated answers are accessible, the episode allocation from the observable outputs is much

closer to the non-reasoning group than to open-trace reasoning models. In other words, the externally

visible responses exhibit limited allocation to exploration- and verification-associated episodes.

Distillation Preserves Structure: Within the distilled series, we observe that episode allocation

profiles remain similar across model sizes. R1-Distill-Qwen-1.5B exhibits an episode distribution close

to its teacher DeepSeek-R1 despite large differences in parameter count. This indicates that distillation

can transfer not only answers but also episode-level reasoning structure, as reflected in allocation
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R vs. Reasoning (Answer) R vs. Non-Reasoning Models
Idx Score Pattern Idx Score Pattern
1 0.2862 Exp-Mon 1 0.2510 Exp-Mon
2 0.2815 Ver-Exp 2 0.2405 Mon-Exp
3 0.2771 Mon-Exp 3 0.2073 Exp-Ana-Imp
4 0.2754 Exp-Plan 4 0.2033 Ana-Exp-Ana
5 0.2605 Exp-Ver 5 0.2028 Exp-Ana-Exp
6 0.2579 Exp-Imp 6 0.1974 Exp-Ana
7 0.2568 Exp-Ana-Exp 7 0.1917 Ver-Exp
8 0.2567 Exp-Plan-Imp 8 0.1838 Exp-Ver
9 0.2560 Imp-Ver-Exp 9 0.1830 Exp-Mon-Exp

10 0.2519 Ana-Exp 10 0.1806 Ana-Exp-Mon

Table 4.3: Top discriminative episode N-grams ranked by Mutual Information (MI). Left:
patterns that distinguish a reasoning model’s reasoning trace from the final answer segment.
Right: patterns that distinguish reasoning traces from non-reasoning model responses.
Higher MI indicates a stronger association between the pattern and the source group.

patterns.

4.3.4 Transition Patterns

Beyond marginal episode allocations, episode transitions characterize how reasoning behaviors

interact with each other. We convert each trace into a symbolic episode sequence (e.g., Read →

Plan→ Implement) and use an information-theoretic criterion to identify distinctive local structures7.

Concretely, we compute the Mutual Information (MI) between the presence of episode N-grams and

the source group, and extract the most discriminative patterns. Formally, the MI between an episode

N-gram pattern presence X and the source group variable G is defined as:

I(X ;G) = ∑
x∈{0,1}

∑
g∈G

p(x,g) log
p(x,g)

p(x) p(g)
, (4.1)

where x ∈ {0,1} indicates whether a given episode N-gram is present in a trace, and g denotes the

source group. Since MI is symmetric and only measures the strength of association, we further use

conditional probability to determine which group each top-k discriminative pattern is attributed to.

7Details in Appendix C.2
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Positive Correlation Negative Correlation
# Feature β # Feature β

1 Trans (Exp→Mon) +0.41 1 Ratio (Exp) -0.54
2 Trans (Exp→ Ana) +0.31 2 Trans (Exp→ Ver) -0.45
3 Trans (Mon→ Ana) +0.28 3 Trans (Exp→ Ans) -0.41
4 Trans (Read→ Ver) +0.27 4 Count (Total) -0.36
5 Ratio (Think) +0.22 5 Trans (Imp→ Read) -0.32
6 Trans (Ans→ Ver) +0.22 6 Trans (Imp→ Imp) -0.28
7 Ratio (Ver) +0.21 7 Trans (Ana→Mon) -0.26
8 Trans (Read→Mon) +0.18 8 Trans (Ver→ Read) -0.25
9 Trans (Read→ Read) +0.17 9 Trans (Ver→ Plan) -0.25

10 Ratio (Mon) +0.16 10 Trans (Mon→ Read) -0.22

Table 4.4: Top predictive episode-level features for correctness in a diagnostic Lasso logistic
regression case study. Features are ranked by their coefficient magnitude (β ), where the
sign and magnitude of β indicate the direction and relative strength of association with
correctness under the fitted model.

Reasoning vs. Answer Tokens: Comparing the reasoning portion of a reasoning model to the

final formulated answer tokens, we find that the most discriminative patterns are short feedback loops

involving Explore, Monitor, and Verify (Table 4.3). In particular, Exp-Mon and Mon-Exp rank among

the top patterns, indicating frequent alternation between exploration and process monitoring during the

reasoning trace. Patterns such as Ver-Exp further suggest that verification is often followed by renewed

exploration rather than immediate convergence. In contrast, the final answer tokens are characterized

by more feed-forward transitions with limited recurrence of these evaluative loops.

Reasoning vs. Non-Reasoning Models: When comparing reasoning traces to responses from

standard instruction-following models, we observe an overlapping set of discriminative patterns:

non-reasoning responses are dominated by feed-forward transitions, where exploration-monitoring-

verification loops are much less prevalent. This indicates that the gap between reasoning and non-

reasoning models is reflected not only in how much time is allocated to different behaviors, but

also in the presence of recurrent transitions that interleave exploration with evaluation.
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Model Percentage (%) Token Count (#) Avg
Read Ana Plan Imp Exp Ver Ans Mon Read Ana Plan Imp Exp Ver Ans Mon Tok

R1-Distill-Qwen-1.5B 4.18 26.93 4.20 34.39 13.23 11.43 3.80 1.84 414 2666 416 3404 1309 1131 376 182 9897
L1 (1.5B) [4] 9.33 18.34 6.01 34.03 15.14 6.99 8.52 1.64 227 447 147 829 369 170 208 40 2437
ThinkPrune (1.5B) [33] 6.48 20.75 5.16 39.39 10.74 8.37 7.31 1.80 263 841 209 1597 436 339 297 73 4054
Qwen-1.5B [7] 5.12 28.32 4.69 36.90 8.76 9.94 4.63 1.64 272 1505 249 1960 465 528 246 87 5312

Table 4.5: Cognitive behavior divergence of different efficient reasoning methods. L1
and ThinkPrune drastically reduce the budget for Verify and Analyze, while the last one
maintains a distribution closer to the baseline.

R vs. L1 R vs. ThinkPrune R vs. Alpha
Idx Score Pattern Idx Score Pattern Idx Score Pattern
1 0.3762 N-V-N 1 0.1506 N-V-N 1 0.1039 M-E
2 0.2491 V-N-V 2 0.1465 V-N-I 2 0.0928 E-N-I
3 0.2476 M-N-V 3 0.1240 V-N 3 0.0919 M-E-I
4 0.2291 V-N 4 0.1200 I-N-V 4 0.0911 I-N-M
5 0.2261 M-V 5 0.1120 E-V-N 5 0.0897 N-M-I
6 0.2233 N-M 6 0.1073 V-N-V 6 0.0836 E-V-I
7 0.2144 I-V-M 7 0.1070 V-N-E 7 0.0789 V-A-M
8 0.2075 V-M 8 0.1018 I-V-N 8 0.0746 I-M-N
9 0.2017 I-N-M 9 0.0924 N-I-V 9 0.0701 E-I

10 0.1949 V-N-I 10 0.0881 V-M-P 10 0.0692 I-N-V

Table 4.6: Cognitive patterns that are lost in efficiency models compared to the baseline. L1
shows high distinctive scores, indicating a significant loss of complex verification loops
(V-N-V). Conversely, Alpha shows much lower divergence scores, suggesting it preserves
the baseline’s topological structure more effectively.

4.4 Applications

4.4.1 How Episodes Correlate to Correctness

To demonstrate the utility of our framework, we conduct a correctness-oriented case study

examining how episode-level patterns are associated with solution correctness. Using a stratified sample

of 500 reasoning traces from the 5 representative open-source reasoning models, we formulate a binary

classification setting that predicts answer correctness from quantitative cognitive features extracted

from episode annotations8.

Methodology We map each reasoning trace to a feature vector consisting of three components:

(i) global statistics (total token count, thinking-token count, and thinking-token ratio), (ii) episode

8Details in Appendix C.3
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intensities (token ratios for each of the eight episodes), and (iii) transition features (the flattened 8×8

episode transition matrix capturing frequencies of state shifts). Then, we fit a Lasso-regularized logistic

regression model to predict the correctness of a reasoning trace:

L =−∑
i
[yi log ŷi +(1− yi) log(1− ŷi)]+λ‖w‖1, (4.2)

where ŷ = σ(w>x), σ(·) denotes the sigmoid function and the `1 penalty encourages sparsity in the

coefficient vector. Table 4.4 reports the top features ranked by coefficient magnitude (β ). Here, each

coefficient β corresponds to a weight in w for a specific episode-level feature. A positive (negative)

β indicates that higher values of the feature are associated with increased (decreased) likelihood of a

correct answer under this model, and the magnitude of β reflects its relative importance among the

selected features.

Results The most predictive positive features highlight how exploratory behavior is resolved during

successful reasoning. In particular, Explore → Monitor and Explore → Analyze rank among the

strongest positive coefficients, suggesting that correct solutions tend to route exploratory uncertainty

into meta-level monitoring and renewed conceptual analysis. Similarly, Monitor→ Analyze indicates

that monitoring is often followed by additional analysis rather than immediate execution, consistent

with an uncertainty-to-reasoning redirection pattern. Verification-related transitions also appear as

informative signals at different points in the trace. Read→ Verify and Answer→ Verify suggest that

traces associated with correctness more frequently include explicit checking both near the beginning

and near the end.

On the negative side, a higher Explore ratio is a strong risk indicator, suggesting that sustained

exploration without subsequent stabilization is associated with incorrect outcomes. Two additional
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failure-associated patterns emerge. First, Explore → Verify reflects verification applied before ex-

ploration has been consolidated into a coherent hypothesis. Second, Implement → Read indicates

breakdowns during execution that coincide with reverting to problem re-reading, a signal of disrupted

reasoning flow.

This study illustrates how episode-level representations can surface interpretable transition-

level signatures associated with correctness, complementing outcome-based evaluation with a struc-

tured diagnostic view of reasoning behavior.

4.4.2 Episode Divergence for Efficient Models

Efficient reasoning methods for LLMs are often evaluated primarily through surface metrics

such as response length, leaving it unclear which reasoning behaviors are being altered. In this

case study, we use ThinkARM to characterize how different efficiency paradigms reshape episode-

level dynamics. Specifically, we compare a baseline model (R1-Distill-Qwen-1.5B) against three

representative strategies: (1) L1 [4], (2) ThinkPrune [33], and (3) model proposed by Arora and Zanette

[7].

Table 4.5 summarizes how episode-level token allocation changes for these methods. Compared

to the baseline, L1 and ThinkPrune substantially reduce the budget assigned to evaluative and conceptual

episodes (e.g., Verify and Analyze) and shift the profile toward a more Implement-heavy allocation.

In contrast, Arora and Zanette [7] maintains an allocation profile closer to the baseline, retaining a

substantial Verify and Analyze budget. These patterns suggest that efficiency methods are not uniformly

compressive: they can induce qualitatively different redistributions of reasoning behaviors.

To further localize which transition-level structures are most affected, Table 4.6 reports the most
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distinctive episode N-grams suppressed by each efficiency strategy relative to the baseline by computing

the Mutual Information. L1 exhibits high divergence scores (peaking at 0.37), particularly for loop-like

patterns such as N-V-N (Analyze→Verify→Analyze) and V-N-V, indicating that recurrent verification

loops are strongly attenuated. ThinkPrune shows a similar but generally weaker suppression of such

loop structures. By contrast, Arora and Zanette [7] yields much lower divergence scores (peaking

around 0.10), suggesting that it preserves more of the baseline transition topology while still reducing

overall cost.

Overall, this case study illustrates that efficiency is not behaviorally neutral: strategies that

achieve similar surface-level reductions in length can correspond to markedly different changes

in episode-level allocation and transition structure.

4.5 Related Work

4.5.1 Cognitive Theories of Math Problem Solving

Analyzing human problem-solving has evolved from broad cognitive taxonomies to domain-

specific frameworks. Early models like Bloom’s Taxonomy [42] categorized cognitive processes

hierarchically but failed to capture the iterative nature of mathematical problem-solving. Similarly,

instructional frameworks such as Pólya [81] four-phase model and subsequent refinements by Mason

et al. [65] and Yeo and Yeap [112] provided valuable pedagogical scaffolding but lacked the fine-grained

operationalization required for rigorous empirical annotation. Even more detailed models like Greenes

[30], while emphasizing metacognition, remained too sequential to effectively code the nonlinear

dynamics often observed in real-world reasoning tasks.
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Schoenfeld [87] episode theory offers a robust, empirically validated scheme for coding behaviors

into distinct episodes such as Reading, Analysis, Exploration, and Verification. Unlike prescriptive

models, Schoenfeld’s framework explicitly captures the strategic decisions and metacognitive control—

or lack thereof—that determine problem-solving success [44]. This granular focus on cognitive

transitions makes it particularly suitable for analyzing AI-generated reasoning, which often struggles

with self-regulation.

4.5.2 Efficient Reasoning Methods

Overthinking [12, 23] has been an identified issue of reasoning models. They tend to produce

excessive intermediate steps or consider unnecessary details, which can lead to inefficient reasoning.

To address this issue, several methods [25, 94] have been proposed to encourage the reasoning models

to reason more efficiently. Specifically, L1 [4] proposes a simple reinforcement learning method that

optimizes for accuracy and adherence to user-specified length constraints. ThinkPrune [33] offers a

simple solution that continuously trains the long-thinking LLMs via reinforcement learning with an

added token limit. Arora and Zanette [7] train reasoning models to dynamically allocate inference-time

compute based on task complexity. However, currently, very limited work explicitly analyzes how

these methods are different in behavior or episode-level patterns. Our work is the first to systematically

analyze the episode-level patterns of these methods in comparison to the baseline reasoning models.

4.5.3 Reasoning Analysis Methods

Chain-of-thoughts (CoT) [104] can significantly elicit the reasoning capabilities of models.

Various works have studied the different properties of CoT, including bias [105], faithfulness [45],
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and redundancy [12]. Specifically, for o1-like reasoning models that have particularly long reasoning

traces and showcase more system-II level reasoning abilities, efforts have been made to uncover the

structural patterns of CoT [39]. Bogdan et al. [9] introduced a black-box method that measures each

sentence’s counterfactual importance to understand the sentence-level importance in long CoT chains.

Feng et al. [26] introduced a graph view of CoT to extract structure and identified an effective statistic

that correlated to the correctness of the reasoning trace.

4.6 Conclusion

In this chapter, we introduced ThinkARM as an inductive, intermediate-scale framework that

abstracts reasoning traces into functional reasoning steps grounded in cognitive theory. Through large-

scale empirical analysis, we showed that this abstraction makes previously opaque reasoning structures

explicit, revealing consistent temporal organization and interpretable diagnostic patterns related to

correctness and efficiency. Our framework provides a principled lens for analyzing, comparing, and

diagnosing reasoning behavior in modern language models.

Limitations

Large-scale episode annotation relies on an automatic annotator, which may introduce labeling

noise despite strong agreement with human annotations on a verified gold set. Moreover, our exper-

iments focus primarily on mathematical problem solving; extending episode-level analysis to other

domains and reasoning settings remains an important direction for future work.

58



Chapter 5: Conclusion and Future Work

5.1 Summary

This thesis presents three complementary studies that investigate the reasoning processes of large

language models from the perspectives of failure analysis and cognitive characterization.

In Chapter 2, we introduced the Overthinking under Missing Premise (MiP-Overthinking) phe-

nomenon, revealing that reasoning models generate dramatically longer responses to ill-posed questions

while failing to identify the missing premises. This failure persists across multiple model families

and datasets of varying difficulty, and contradicts the widely held assumption that more test-time

computation leads to better performance. We showed that reasoning models often suspect the question

is unsolvable at an early stage of their thinking process, but they do not commit to this judgment, instead

continuing to generate redundant and repetitive reasoning steps. This behavior highlights a fundamental

gap between the ability to reason and the ability to think critically about whether reasoning is warranted.

Furthermore, we demonstrated that this behavior is contagious through distillation, suggesting that

current training recipes propagate overthinking patterns.

In Chapter 3, we bridged cognitive science and artificial intelligence by applying Schoenfeld’s

Episode Theory to the reasoning traces of large reasoning models. We demonstrated that a framework

originally developed for human mathematical problem-solving effectively characterizes the cognitive

structure of machine-generated reasoning. Our contribution includes the first annotated corpus of
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LLM reasoning episodes at both paragraph and sentence levels, detailed annotation guidebooks, and

an evaluation of automated annotation methods. The transition patterns observed in the annotations

showed strong alignment with known human problem-solving behaviors, validating the applicability of

this cognitive lens.

In Chapter 4, we scaled this cognitive analysis through ThinkARM, an automatic, sentence-

level episode annotation framework applied to 15 diverse models on competition-level mathematics.

The large-scale analysis revealed several key findings: reasoning traces exhibit a consistent temporal

progression from abstract reasoning to concrete execution to evaluative control; reasoning models

distribute effort across all episode types with frequent exploratory-evaluative feedback loops, while

non-reasoning models concentrate primarily on implementation; exploration functions as a critical

branching point where correct solutions diverge from incorrect ones through subsequent monitoring

and re-analysis; and different efficient reasoning methods achieve similar surface-level compression

through qualitatively different episode-level restructuring.

5.2 Connecting the Studies

The three studies form a coherent progression. The MiP-Overthinking analysis identified the

symptoms of reasoning failure — token explosion, repetitive content, and self-doubt loops — but char-

acterized them primarily through surface-level statistics such as token counts and keyword frequencies.

The Schoenfeld framework provided the vocabulary for describing these phenomena in principled,

cognitive terms. ThinkARM then supplied the methodology for applying this vocabulary at scale,

revealing that the pathological patterns observed in overthinking correspond to specific episode-level

signatures: excessive Explore episodes without stabilizing transitions into Monitor or Analyze, and the
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absence of decisive Verify-to-Answer convergence.

5.3 Future Directions

Episode-level reward design. Current reinforcement learning approaches for reasoning models pre-

dominantly use outcome-based rewards (correctness) and format constraints. The episode-level analysis

suggests that rewarding healthy transition patterns — such as Explore followed by Monitor or Analyze,

and appropriate early termination when Verify identifies an unsolvable problem — could improve both

reasoning quality and efficiency.

Real-time reasoning monitoring. A lightweight episode classifier running alongside generation could

enable adaptive compute allocation: detecting when a model enters a pathological loop (such as the

self-doubt cycles observed in MiP-Overthinking) and intervening to redirect or terminate the reasoning

process.

Sequential modeling of reasoning dynamics. The episode sequences extracted by our framework

naturally lend themselves to sequential models such as Hidden Markov Models or recurrent architectures.

These could capture longer-range dependencies in reasoning dynamics and enable predictive modeling

of reasoning outcomes from partial traces.

Extension beyond mathematics. While this thesis focuses on mathematical reasoning, the episode-level

framework is conceptually applicable to other domains such as code generation, scientific reasoning,

and multi-modal reasoning, where similar patterns of planning, execution, and verification are likely to

emerge.
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Cross-referencing human and machine reasoning. Schoenfeld’s Episode Theory was originally devel-

oped through observation of human problem-solvers. A direct comparison of episode distributions and

transition patterns between human experts, novices, and language models of varying capability could

yield insights into whether scaling moves models toward more human-like reasoning organization.
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Appendix A: Supplementary Material for Chapter 2

A.1 Detailed Experimental Setup

A.1.1 Models

We leverage a series of non-reasoning and reasoning model for our study, from both open-

source and proprietary source with different training recipes. The non-reasoning models we use

include Qwen2.5-32B-Instruct [98], Gemma-2-27B-it [97], Phi-3-medium-128k [1] ,GPT-4o [79]

and Gemini1.5 [96]. The reasoning models we use are QwQ-32B [99], DeepSeek-R1-Distill-Qwen-

32B [20], S1.1 [68], DeepSeek-R1 [20], GPT-o1 [72], GPT-o1mini [73] and GPT-o3mini [77].

A.1.2 Evaluation Metrics

In Section 2.3.2, we measure response length by considering both reasoning and answer compo-

nents. For open-source models, we employ model-specific tokenizers to calculate token counts, while

for proprietary models, we obtain generation lengths via their APIs. To determine abstain rates, we

parse responses by paragraphs (delimited by ‘\n\n‘) and analyze the final two paragraphs as the model’s

conclusion. These conclusions, along with reference answers when available, are evaluated by GPT-4o

to assess whether the model provides a definitive answer or abstains. For data sets with reference

answers (GSM8K and MATH), GPT-4o also evaluates the correctness of the response. The prompt we
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use for evaluation can be found in Appendix A.5.

A.1.3 Generation Setting

For all open-source models, we employ greedy decoding and utilize the default chat template

specific to each model. We deliberately omit system prompts prior to posing questions to maintain con-

sistency across evaluations. For proprietary models, we adhere to their default parameter configurations

as provided by their respective APIs. In the case of GPT-o1mini and GPT-o3mini, we configure the

‘reasoning_effort’ parameter to the medium setting by default.
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A.2 Data Construction Details

To systematically investigate this MiP-Overthinking issue, we construct a suite of MiP questions

in a controllable manner. Our MiP questions are sourced from 3 math datasets across different qualities,

including SVAMP, GSM8K, and MATH 500. In addition, we also construct a synthetic dataset,

rule-based Formula, for evaluation.

MiP-Formula. We construct a dataset of 50 synthetic unsolvable formulas in a rule-based manner.

The formulas are generated recursively through a combination of variables and operators, with a

maximum recursion depth of three. The variable set comprises numerical values, Latin letters, and

Greek symbols. The operator set includes arithmetic operators (’+’, ’−’), set operators (’∪’, ’⊃’),

mathematical functions (’sin’, ’sqrt’), and construct operators (’∑’, ’∇’). To ensure the formulas are

fundamentally unsolvable, we enforce the inclusion of at least one unassigned variable in each formula,

excluding commonly recognized mathematical or physical constants such as ’e’, ’π’, and ’g’. While

these formulas may appear complex at a glance, their unsolvability should be immediately apparent due

to the presence of undefined variables.

MiP-SVAMP. We utilize SVAMP [80], a benchmark dataset comprising 1,000 elementary-school-

level mathematical word problems, where each instance consists of a problem body and an associated

question. The MiP questions can be generated by randomly permuting the problem bodies and associated

questions. To maintain dataset integrity, we manually select 300 permuted questions after a thorough

human evaluation to eliminate any inadvertently solvable questions that may exist. The resulting

problems contain clear logical inconsistencies between their body and question components, making

their unsolvability readily apparent without additional context.

MiP-GSM8K. We further utilize GSM8K [14], a grade school mathematics dataset that presents
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more complex challenges compared to SVAMP. The questions in GSM8K typically contain multiple

numerical conditions and require certain reasoning capabilities to arrive at solutions. The MiP question

can be constructed by randomly removing a necessary premise from the original solvable question. We

first identify the questions containing two or three numerical conditions and then randomly eliminate

one numerical condition per question. Subsequently, a thorough human verification is conducted to filter

out those questions that are still solvable in some way and finally obtain 582 MiP questions. Compared

with previous MiP questions, questions from this source require the basic logical analysis of models to

identify that the question is unsolvable.

MiP-MATH. For the MATH dataset [32], which comprises challenging competition-level mathematical

questions, it is hard to build a rule-based filtering mechanism before human evaluation. Thus, we

directly read through all the questions in MATH500 and manually select 58 questions that are feasible

for constructing the MiP questions and remove one necessary premise from the question. Due to

the sophisticated nature of this data source, identifying the insufficiency of these instances requires

substantial mathematical reasoning capabilities, testing models’ ability to recognize unsolvability in

complex mathematical contexts.
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A.3 MiP on broader domain

To evaluate the impact of the MiP phenomenon in broader domains, we constructed a new MiP

dataset sourced from different fields in the MMLU dataset, consisting of both commonsense and

domain-specific questions, including clinical knowledge, chemistry, and physics. For each sample, we

manually removed a premise that contributes to the answer and made sure the question is unsolvable.

Non-Reasoning Models Reasoning Models
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Length↓ MiP 487 407 367 294 401 764 1538 1413 1977 4148 4795 6480 6385 5090
Well-defined 382 334 288 282 399 453 883 793 644 2707 3470 2809 3620 3034

Abstain↑ MiP 6.0 16.0 28.0 26.0 28.0 6.0 12.0 6.0 4.0 4.0 8.2 2.0 0.0 4.0
Well-defined 0.0 0.0 0.0 4.0 2.0 0.0 0.0 0.0 0.0 4.1 0.0 0.0 0.0 0.0

Table A.1: We evaluate the models with our constructed MiP-MMLU dataset. The sub-
stantial gap in average response length between reasoning and non-reasoning models is
consistent with our findings reported in the main paper. This consistency verifies the
generalizability of our findings about MiP-Overthinking

As we can see from Table A.1, the substantial gaps of response length between the MiP and

well-defined questions still exist on the MiP-MMLU dataset, which further verifies our findings.
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A.4 The Example of MiP-Overthinking on R1

Figure A.1 shows the example of MiP-Overthinking on DeepSeek-R1. When being asked What

is the value of a?, R1 spends a dramatically large amount of tokens on this MiP question1.

1This response is generated by the initial Deepseek R1 (2025/01/20).
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Figure A.1: The example of MiP-Overthinking on DeepSeek-R1. When being asked What
is the value of a?, R1 spends a dramatically large amount of tokens on this MiP question.
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A.5 Prompt Template for Evaluation

As we need LLM-as-a-judge to evaluate the open-end generations of the models in various

experiment in this study, in this section we showcase the prompt template we use for each kind of

evaluation.

For the evaluation of the models’ answer accuracy and abstain rate, we adopt the following

prompt templates designed for ’paired’ and ’non-paired’ data, respectively. As we observe that some

models, for example Gemma-2-27B-IT, often output an additional \n\n at the end of response, we take

the last two paragraph segmented by \n\n to avoid pasing in an empty string.

Prompt Template for Response Evaluation of Formula and SVAMP

You are a helpful assistant that evaluates the quality of a model’s answer. You will be given a
question and a model’s answer. You need to evaluate the correctness of the model’s answer. If the
answer explicitly says that the condition of the question is insufficient, you should return 0. If the
model provides an answer that is a number or formula with variables, you should return 1. Please
only return the number, no other text.
Model answer: [model_answer_short]

Figure A.2: The prompt we use to evaluate the accuracy and abstain rate of the model on
Formula and SVAMP. [model_answer_short] is the last two paragraphs of the model answer
and [reference_answer] is the answer for the orginal dataset.

We use the prompt template in Figure A.4 to find the first paragraph that the model suspected a

missing premise. We pass in the response sequentially by paragraph until the GPT-4o give a positive

response. In practice we find it is not very stable, so we repeat this process for 3 times and use the

median value.
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Prompt Template for Response Evaluation of GSM8K and MATH

Okay, so I have this problem here: I need to find the sum of f (k) from k = 2 to infinity, where f (k)
is defined as the sum from j = 2 to 2008 of 1/( jk). So f (k) is like 1/2k +1/3k + · · ·+1/2008k,
right? And then I have to sum that from k = 2 all the way to infinity. Hmm, okay, let me think
about how to approach this.
First, let me write down what exactly the problem is asking. The sum they want is: ∑

∞
k=2

[
∑

2008
j=2

1
jk

]
So, that’s a double sum. The inner sum is over j from 2 to 2008, and the outer sum is over k from
2 to infinity. Maybe I can switch the order of summation? Because sometimes switching the order
makes things easier. Let me check if that’s possible here.
If I switch the order, the sum becomes: ∑

2008
j=2

[
∑

∞
k=2

1
jk

]
Right? Because for each j, we’re summing

over all k from 2 to infinity. So instead of summing over k first and then j, I sum over j first
and then k. That seems valid because all terms are positive, so by Tonelli’s theorem, we can
interchange the order of summation. Okay, good. So now the problem reduces to computing, for
each j from 2 to 2008, the sum from k = 2 to infinity of 1/( jk). Then sum all those up.
[1547 More Tokens Here]
So the telescoping works here. Hence, the method is correct.
Therefore, confident that the answer is 2007/2008.

**Final Answer**
2007
2008

Figure A.3: The prompt we use to evaluate the accuracy and abstain rate of the model on
GSM8K and MATH. [model_answer_short] is the last two paragraphs of the model answer
and [reference_answer] is the answer for the orginal dataset.

Prompt Template for Response Evaluation of GSM8K and MATH

You are a helpful assistant. You will be given a paragraph which is part of the answer to a question.
You need to identify if the paragraph doubt that the answer depends on some other unspecified
condition.
Paragraph: [paragraph]
Answer in one word, yes or no.

Figure A.4: The prompt we use to judge if the model suspect there is a missing premise in
the response paragraph. [paragraph] is the part of the model response spited by \n\n.
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A.6 Thinking Patterns through Example

To further understand what happens in the reasoning chain of reasoning models when faced an

ill-post input, we present an example of reasoning model’s response to a MiP question in Figure A.5. We

summarize five major thinking patterns we found in the example and highlight them with different colors.

We can observe from the example that the model abuses these patterns to generate long responses, while

the responses are not only redundant but also not helpful for the model to abstain from the given MiP

question. More examples can be found in the appendix A.7.
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❶ Revisit Question  ❷ Visit Knowledge  ❸ Propose Assumption  ❹ Self Doubt  ❺ Pause/Check

Figure A.5: An example of reasoning model (s1.1-32B) response to a MiP question. The
response exhibits five distinct thinking patterns, highlighted in different colors: 1©Revisit
Question (yellow), where the model reexamines the original query; 2©Visit Knowledge
(red), where the model accesses domain-specific knowledge; 3©Propose Assumption
(blue), where the model proposes and investigates various hypotheses; 4©Self Doubt
(green), where the model questions its own reasoning and expresses uncertainty; and
5©Pause/Check (purple), where the model pauses to review previous steps. These pat-
terns demonstrate the model’s complex but potentially inefficient reasoning process when
confronted with missing premises.
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A.7 Examples of Model Response

In this section, we present some examples of the model response of both non-reasoning and

reasoning model on MiP data. As we can see from Figure A.6 and Figure A.7, the non-reasoning

models soon identify the missing premise issue of the question. They either abstain from answering

the question, as in Figure A.6, or friendly invite the user to provide more information. However, as

we can see from Figure A.7 and Figure A.9, reasoning models generate extremely verbose answers

on these two apparently premise missing problems. What is worse, they fail to abstain to answer the

question. The response in Figure A.7 arrives at an absurd answer, and the model in Figure A.9 generates

a hallucinated answer based on its assumption rather than provided information.

Model Response for a MiP-Formula Question from Gemini-1.5

Question: What is the value of ((γ))+Ξ?
Model Response:
The expression ((γ))+Ξ involves two symbols that need to be defined to determine the value of
the expression.
γ is the Euler-Mascheroni constant, approximately equal to 0.5772156649. The double parentheses
notation ((γ)) is not a standard mathematical notation. Without further definition of this notation,
we cannot evaluate this term.
Ξ is the Riemann Xi function. It is related to the Riemann zeta function, but the notation Ξ itself
isn’t a specific numerical value. The Riemann Xi function is defined as a function of a complex
variable, not a constant. So Ξ by itself doesn’t have a specific numerical value unless a specific
value is substituted for its argument.
Therefore, we cannot determine the value of ((γ)) +Ξ without knowing what ((γ)) and the
argument of Ξ represent. The expression is incomplete without definitions for these symbols.
Final Answer: The final answer is unde f ined

Figure A.6: An example of model response from Gemini_1.5 on MiP-Formula dataset. The
model quickly identify the missing premise and abstain to answer.
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Model Response for a MiP-GSM8k Question from GPT-4o

Question: Kyle bought last year’s best-selling book for $19.50. What was the original price of
the book?
Model Response:
To determine the original price of the book, we generally need to know the discount or markdown
percentage applied to calculate its selling price of $19.50. If Kyle bought the book for $19.50 and
we know it was discounted, we can use the following formula to find out the original price:

Selling Price = Original Price− (Original Price×Discount Rate)

Without additional information about discounts, promotions, or markdown rates applied, it’s not
possible to precisely determine the original price solely from the amount Kyle paid.
If you provide the discount percentage or rate, I can help calculate the original price for you!

Figure A.7: An example of model response from GPT-4o on MiP-GSM8k dataset. The
model quickly identify the missing premise and ask the user for more information.

Appendix B: Supplementary Material for Chapter 3

B.1 Theories of Mathematical Problem Solving

Analyzing human problem-solving behaviors has long been central to cognitive psychology and

mathematics education, informing theoretical models and annotation practices used extensively in

research. Early studies frequently employed broad cognitive taxonomies such as the revised Bloom’s

Taxonomy [42], which categorizes cognitive processes hierarchically into Remember, Understand,

Apply, Analyze, Evaluate, and Create. Although influential for setting educational objectives and

evaluating task complexity, Bloom’s framework was originally a classification system set for educational
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Model Response for a MiP-Formula Question from s1.1-32B

Question: What is the value of ((γ))+Ξ?
Model Response:
Okay, so I need to figure out the value of ((γ))+Ξ. Hmm, first off, I should probably clarify what
these symbols represent. The problem uses double parentheses around gamma, so ((γ)), and then
the Greek letter Xi (Ξ). I wonder if these are standard mathematical symbols or if they’re defined
in a specific context that I might not be aware of.
Let me start by recalling what I know about gamma. In mathematics, γ often refers to the Euler-
Mascheroni constant, which is approximately 0.5772. It’s a important constant in number theory
and analysis, related to the harmonic series and the gamma function. But here, the notation is ((γ)).
The double parentheses could mean something specific. Maybe it’s a notation from a particular
field or textbook? For example, in some contexts, double parentheses might denote an interval or
a floor function, but usually, floor is denoted by brackets like (γ). Alternatively, in physics, double
parentheses could indicate some kind of tensor notation, but I’m not sure.
Then there’s the Xi (Ξ). Xi is another Greek letter, but in mathematics, Ξ could stand for various
things. In set theory, sometimes Xi is used as a variable for ordinals, or in other areas like particle
physics, Ξ represents certain particles. But again, without context, it’s hard to say. Maybe it’s a
function or a constant defined in the problem’s context? Wait, the question is just asking for the
value of ((γ)) + Ξ without any additional information. That makes me think these symbols might
be part of a puzzle or a play on notation rather than standard mathematical constants.
..........94 more paragraphs here........
*Final Answer** 63 < /think>To determine the value of ((γ) + Ξ), we need to consider the
possible meanings of the symbols (γ) and (Ξ).
1. **Greek Numerals**: In the Greek numeral system, each letter has a specific numerical value.
The letter (γ) (gamma) represents the value 3, and the letter (Ξ) (Xi) represents the value 60. 2.
**Double Parentheses**: The notation ((γ)) might be a red herring or simply emphasize that (γ)
is being used as a numeral. The parentheses do not change the numerical value of (γ).
Combining these values, we add the numerical values of (γ) and (Ξ): - (γ = 3) - (Ξ = 60)
Thus, the value of ((γ) + Ξ) is (3 + 60 = 63).
63

Figure A.8: An example of response from s1.1 model on MiP-Formula data. The model
spend lots of time doing inefficient and redundant reasoning before outputting a meaningless
result.
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Model Response for a MiP-GSM8k Question from DeepSeek-R1

Question: Kyle bought last year’s best-selling book for $19.50. What was the original price of
the book?
Model Response:
Okay, let’s see. Kyle bought a book for $19.50, and the question is asking for the original price.
Hmm, wait a second. The problem mentions that it’s last year’s best-selling book, so maybe it
was on sale or discounted? The question doesn’t explicitly state that there was a discount, but it
does say "last year’s," which might imply that the book is now being sold at a reduced price.
But hold on, the problem doesn’t give any specific information about a discount percentage or a
markdown. Without that, how can we calculate the original price? Maybe there’s some context or
common knowledge I’m missing here. For example, sometimes best-selling books are sold at a
standard discount, but that’s not a universal rule.
........34 more paragraphs here.......
This is really confusing. Since the problem is presented in English and mentions dollars, likely
US context. In the US, sales tax is added at checkout, so the price Kyle paid would be the shelf
price plus tax. If the question is asking for the pre-tax price, but again, no tax rate given.
Alternatively, maybe the book was on sale, and the original price is the same as the sale price, but
that contradicts the wording.
Given all this, I think the most plausible answer, even though it’s based on an assumption, is
$26, assuming a 25% discount. Therefore, the original price was $26.<think> To determine the
original price of the book, we need to consider that Kyle likely purchased it at a discounted price
since it’s "last year’s best-selling book." A common assumption for such scenarios is a **25%
discount**.
Let P be the original price. If the discounted price is
$19.50, this represents 75% of the original price (100% - 25% discount):
[0.75P = 19.50]
Solving for P:
[P = 19.50

0.75 = 26]
*Original price of the book:**
26

Figure A.9: An example of model response from DeepSeek-R1 on MiP-GSM8k dataset.
After thinking for a long time, the model hallucinates an answer based on its assumption of
discount rate.
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learning objectives in the cognitive domain. Therefore, it failed to capture the nuanced cognitive

strategies and iterative processes inherent in mathematical problem-solving [19, 84] and was inconsistent

with our analysis purpose.

To address these limitations, researchers developed domain-specific frameworks. One seminal

model is Pólya [81] four-phase model, consisting of Understanding the problem, Devising a plan,

Carrying out the plan, and Reflecting (looking back). Pólya’s framework influenced both instructional

practices and subsequent theoretical developments. Teachers often use this model as an explicit guide

to help students structure their problem-solving approach in mathematics classrooms. In terms of

coding and annotation of behavior, Pólya’s phases provide a general partitioning of the problem-solving

timeline. For instance, early studies analyzed students’ think-aloud protocols or written solutions

by tagging broad segments as “understanding” versus “planning.” However, Pólya’s framework was

intended as a prescriptive guide and reflective tool, not a fine-grained analytical scheme. It captures the

high-level structure of an ideal solving process, but within each phase there can be a lot of cognitive

action that Pólya’s labels don’t distinguish.

Similarly, Mason et al. [65] introduced a three-phase model (i.e., Entry, Attack, and Review) that

sought to highlight both cognitive and emotional states during problem-solving. Mason’s framework

aimed primarily at helping students develop reflective habits in managing their thought processes. Later,

this model was refined by Yeo and Yeap [112], who provided additional subtasks (such as Specializing,

Conjecturing, and Generalizing) within these broader phases and added additional phases Extension

after the Review phase. Despite this enhancement, these models still function mainly as instructional

scaffolds, explicitly intended to guide students through the cognitive and metacognitive aspects of

problem-solving rather than serving as rigorous empirical coding tools. In other words, while useful for

teaching students how to engage effectively with mathematical tasks, their application in systematic
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behavior annotation and empirical cognitive analysis has been limited, primarily because their detailed

subtasks were not fully operationalized or validated for research annotation.

A more refined model explicitly emphasizing cognitive and metacognitive dimensions is Greenes

[30] five-stage framework. Greene proposed a sequential but detailed cognitive approach to problem-

solving, consisting of: (1) Problem representation, clearly interpreting and formulating the problem’s

meaning; (2) Strategy design, identifying potential solution approaches; (3) Implementation, executing

the selected strategy or calculation steps; (4) Monitoring and evaluation, continuously checking

progress and strategy effectiveness; and (5) Reflection and consolidation, critically reviewing the

final solution and reflecting on problem-solving strategies and outcomes for future problem-solving

situations. Greene’s model particularly highlighted the critical role of metacognitive monitoring

and evaluation, emphasizing that successful problem-solving involves active self-assessment and the

willingness to adapt strategies dynamically. However, despite its strength in explicitly addressing

metacognitive behaviors, Greene’s sequential stage structure can be limiting when coding nonlinear,

iterative problem-solving processes typically observed in real-world mathematics tasks.

The most comprehensive and empirically validated framework available is Schoenfeld’s episode

theory [87]. This model codes student behaviors into explicit problem-solving episodes such as Reading,

Analysis, Exploration, Planning, Implementation, and Verification. Schoenfeld’s episode theory is

empirically supported by using detailed protocol analyses, explicitly identifying strategic decisions

and critical moments of cognitive transition or failure, and distinguishing successful from unsuccessful

problem-solving attempts. By examining transitions between these episodes, Schoenfeld observed that

students often failed to solve problems not due to a lack of mathematical knowledge, but because of

ineffective metacognitive control. For instance, many students would read the problem and immediately

begin exploring solutions without adequate analysis or planning. This premature transition often led
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them down unproductive paths, highlighting the importance of strategic decision-making at episode

boundaries. Therefore, successful problem-solving is heavily influenced by the solver’s ability to

monitor and regulate their cognitive processes. Further empirical support comes from a study by

Kuzle [44], who investigated the problem-solving behaviors of preservice teachers using dynamic

geometry software. Applying Schoenfeld’s framework, Kuzle identified that participants who engaged

in thorough analysis and planning before implementation were more successful in solving problems.

Conversely, those who skipped these critical phases often encountered difficulties, underscoring the role

of strategic transitions between episodes in effective problem-solving. Because of its rich granularity

and robust empirical grounding, Schoenfeld’s model facilitates detailed insights into both cognitive and

metacognitive dimensions of mathematical reasoning.

Recently, as artificial intelligence (AI) systems increasingly produce mathematical explanations,

scholars have begun applying human-based frameworks to AI-generated reasoning. While broad

frameworks (Bloom’s, Pólya’s) are limited by their lack of specificity in coding detailed cognitive

actions, Schoenfeld’s detailed cognitive-metacognitive structure is especially appropriate. His explicit

focus on strategic control and self-monitoring aligns closely with known challenges in AI reasoning,

such as inadequate self-regulation and verification steps, making his framework uniquely suitable for

annotating and analyzing AI-generated responses systematically.

In summary, although broad cognitive frameworks (i.e., Bloom’s Taxonomy) and general phase-

based models [30, 65, 81] historically provided foundational instructional value, their limitations become

evident when applied to detailed empirical research annotations. Schoenfeld’s theory empirically robust,

fine-grained cognitive-metacognitive model addresses these limitations, effectively supporting detailed

analysis and annotation of both human and AI-generated mathematical reasoning, justifying its selection

for the present study.
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B.2 SAT Data Source

The SAT R©Suite Question Bank (https://satsuitequestionbank.collegeboard.org/) math section

assesses students’ proficiency across four domains, comprising a total of 19 distinct skills. In the

Algebra domain, the skills include "Linear equations in one variable," "Linear equations in two

variables," "Linear functions," and "Systems of two linear equations." The Advanced Math domain

includes "Equivalent expressions," "Nonlinear equations in one variable," "Systems of equations in two

variables," "Nonlinear relationships," and "Functions." Within the Problem Solving and Data Analysis

domain, the assessed skills are "Ratios, rates, and proportions," "Percents," "Units," "Tables and data

inferences," "Data collection and conclusions," and "Probability and conditional probability." Lastly,

the Geometry and Trigonometry domain includes "Area and volume," "Lines, angles, and triangles,"

"Right triangles and trigonometry," and "Circles." These skills collectively reflect the mathematical

knowledge and reasoning required for college readiness.

Two types of items are available in SAT math. Multiple-choice (MC) items have four options,

with each item having one and only one correct or best answer. Some items on the Math Tests are

student-produced response (SPR) items, which require the student to solve a problem and then grid

their response on the answer sheet. Each item consists of the following parts of information: Question

text, domain, skill, difficulty level, and a step-by-step human solution (rationale). Depending on the

question type, choices, figures, or tables could exist. All of the information was collected from the SAT

Suite Question Bank and put into a JSON file. The JSON file has the following fields: Question ID,

Assessment, Test, Domain, Skill, Question Difficulty, Item Stem, Question, Choice A, Choice B, Choice

C, Choice D, Correct Answer Rationale, Table, Figure. Assessment means the specific assessment from

the SAT Suite; test specifies the subject of the assessment; domain and skill refer to the aspect of math
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knowledge tested by each item, which was specified in the test specification of SAT; question difficulty

is a three-level categorical variable (i.e., easy, medium, hard), of which the calculation was provided in

Appendix; Item Stem is the content of the math problem without the question at the end, which was put

in the Question field; all other json fields represent what their names mean. Note that we converted the

math language into LaTeX format for the machine to understand.
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B.3 Example

In this section, we present an example of an annotated reasoning process under the adapted

Schoenfeld’s Episode Theory as shown in Figure B.1. Paragraph-level annotations are indicated by

square brackets on the left, while sentence-level annotations are color-coded by cognitive process

categories.

Appendix C: Supplementary Material for Chapter 4

C.1 Related Work

C.1.1 Cognitive Theories of Math Problem Solving

Analyzing human problem-solving has evolved from broad cognitive taxonomies to domain-

specific frameworks. Early models like Bloom’s Taxonomy [42] categorized cognitive processes

hierarchically but failed to capture the iterative nature of mathematical problem-solving. Similarly,

instructional frameworks such as Pólya [81] four-phase model and subsequent refinements by Mason

et al. [65] and Yeo and Yeap [112] provided valuable pedagogical scaffolding but lacked the fine-grained

operationalization required for rigorous empirical annotation. Even more detailed models like Greenes

[30], while emphasizing metacognition, remained too sequential to effectively code the nonlinear

dynamics often observed in real-world reasoning tasks.
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Figure B.1: This figure presents an example of an annotated reasoning process under the
adapted Schoenfeld’s Episode Theory. Paragraph-level annotations are indicated by square
brackets on the left, while sentence-level annotations are color-coded by cognitive process
categories.
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Schoenfeld [87] episode theory offers a robust, empirically validated scheme for coding behaviors

into distinct episodes such as Reading, Analysis, Exploration, and Verification. Unlike prescriptive mod-

els, Schoenfeld’s framework explicitly captures the strategic decisions and metacognitive control—or

lack thereof—that determine problem-solving success [44]. This granular focus on cognitive transi-

tions makes it particularly suitable for analyzing AI-generated reasoning, which often struggles with

self-regulation. Consequently, Schoenfeld’s model provides the necessary precision to systematically

annotate and evaluate the complex, often non-linear reasoning traces investigated in this study. Li et al.

[56] first applied this framework to analyze the reasoning process of large language models. However,

they haven’t conducted a systematic fine-grained analysis of the episode-level patterns of annotated

reasoning traces or compared the episode-level patterns between different models.

C.1.2 Large Reasoning Models

The surge in LLM development has catalyzed substantial efforts to bolster their reasoning

skills [5, 8, 11]. Most research has centered on enhancing these abilities via post-training methods.

For instance, reinforcement learning has been utilized to steer models towards superior reasoning

strategies [18, 90, 108]. Furthermore, instruction tuning using rigorously selected, high-quality datasets

has proven effective in boosting performance [48, 51, 53, 68, 111]. Moreover, OpenAI [71], Snell et al.

[92] have shown that scaling up test time compute can also improve the reasoning capabilities of models.

Yet, while these models demonstrate remarkable gains in mathematical reasoning on benchmarks, there

remains a notable gap in systematically understanding and quantifying how these enhancements alter

model behavior.
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C.1.3 Efficient Reasoning Methods

Overthinking [12, 23] has been an identified issue of reasoning models. They tend to produce

excessive intermediate steps or consider unnecessary details, which can lead to inefficient reasoning.

To address this issue, several methods [25, 94] have been proposed to encourage the reasoning models

to reason more efficiently. Specifically, L1 [4] proposes a simple reinforcement learning method that

optimizes for accuracy and adherence to user-specified length constraints. ThinkPrune [33] offers a

simple solution that continuously trains the long-thinking LLMs via reinforcement learning with an

added token limit. Arora and Zanette [7] train reasoning models to dynamically allocate inference-time

compute based on task complexity. More works [24, 55, 60, 107] have been proposed to encourage

the efficient reasoning of models. However, currently, very limited work explicitly analyzes how these

methods are different in behavior or episode-level patterns. Our work is the first to systematically

analyze the episode-level patterns of these methods in comparison to the baseline reasoning models.

C.1.4 Reasoning Analysis Methods

Chain-of-thoughts (CoT) [104] can significantly elicit the reasoning capabilities of models.

Various works have studied the different properties of CoT, including bias [105], faithfulness [45], and

redundancy [12]. Specifically, for o1-like reasoning models that have particularly long reasoning traces

and showcase more system-II level reasoning abilities, efforts have been made to uncover the structural

patterns of CoT [39]. Bogdan et al. [9] introduced a black-box method that measures each sentence’s

counterfactual importance to understand the sentence-level importance in long CoT chains. Feng

et al. [26] introduced a graph view of CoT to extract structure and identified an effective statistic that

correlated to the correctness of the reasoning trace. Li et al. [56] and Kargupta et al. [41] incorporated
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theories from cognitive psychology to label the episodes of CoT in analogy of human problem-solving

processes. Our work, built upon [56], is the first to systematically analyze the statistical patterns of

reasoning traces grounded in cognitive theories.
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C.2 Implementation Details

C.2.1 Full Model List

We conduct our analysis on a variety of reasoning and non-reasoning models. The reasoning

models include DeepSeek-R1 [20], DeepSeek-R1-Distill-Qwen, QwQ-32B [99], Phi4 [2], Qwen3-

32B [83], Gemini-2.5-Flash [16], GPT-o1-mini [73] and GPT-o3-mini [77]. The non-reasoning models

include GPT-4o [78], Gemini-2.0-Flash [95], Qwen2.5-32B [98] and the non-reasoning mode of Phi4

and Qwen3-32B. We also study some efficient reasoning models including L1 [3], ThinkPrune [33],

and models released by Arora and Zanette [7].

C.2.2 Temporal Dynamics Details

To investigate the temporal dynamics of reasoning phases across model responses, we analyze

how the distribution of cognitive phases evolves over the course of generation. For each annotated

response, we divide the sequence into B equal-sized temporal bins based on token position, where

B = 25 in our analysis. Within each bin, we compute the frequency of tokens belonging to each

reasoning phase category. Specifically, for a response with total length L tokens, we define bin size as

∆ = L/B. Each token at position t is assigned to bin b = bt/∆c, ensuring uniform temporal coverage

across responses of varying lengths. For each category c and bin b, we count the number of tokens

belonging to that category, yielding a raw frequency distribution fc,b.

To enable comparison across responses with different phase compositions, we normalize the

frequency distribution within each response. For category c in response r, we compute the normalized
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frequency in bin b as:

f̃ (r)c,b =
f (r)c,b

∑
B
b′=1 f (r)c,b′

(C.1)

where the denominator represents the total number of tokens of category c in response r. This

normalization ensures that the distribution sums to 1 for each category within each response, allowing

us to examine the relative temporal positioning of phases independent of their absolute frequency.

C.2.3 Transition Patterns Details

After annotation, each response can be represented with a sequence of cognitive phases. To study

which phase combinations are specific to a certain model or kinds of models (e.g. Deepseek vs others,

reasoning vs non-reasoning), we conduct the phase-based N-gram analysis that treats each phase as a

gram and investigate what combinations of grams are most significant patterns of a type of models.

Specifically, we use a letter to represent each phase (e.g. R for READ), and each response becomes a

string. We use the mutual information to identify the most discriminative patterns between two groups:

MI(g) = ∑
i, j

p(xi,y j) log2
p(xi,y j)

p(xi) · p(y j)
(C.2)

where xi ∈{present,absent} indicates whether n-gram g appears in a sequence, y j ∈{Group 1,Group 2}

denotes the model group membership, and p(xi,y j), p(xi), and p(y j) are the joint and marginal

probabilities computed from the 2×2 contingency table of n-gram occurrences across the two groups.
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C.3 Episode-level Diagnostics of Correctness Details

In this section, we provide the detailed implementation of the correctness diagnostic analysis

presented in Section 4.4.1. We formulate the problem as a binary classification task, where we predict

the correctness of a reasoning trace based on its episode-level cognitive features.

C.3.1 Feature Engineering.

For each reasoning trace, we extract a comprehensive set of features capturing global statistics,

episode intensity, and transition dynamics. Let S = {s1,s2, . . . ,sN} be the sequence of sentences in a

trace, where each sentence si is associated with an episode tag ei ∈ E and a token count ti. The set

of episode categories E consists of the 8 refined episodes: Read, Analyze, Plan, Implement, Explore,

Verify, Monitor, Answer. We compute the following feature groups:

• Global Statistics:

– Total Tokens: The total number of tokens in the response, ∑ ti, estimated using the GPT-4

tokenizer (‘cl100k_base‘).

– Think Ratio: The proportion of tokens belonging to the reasoning process (excluding the

final Answer content) relative to the total tokens.

• Episode Intensity (Token Ratios): For each episode category c ∈ E , we compute the proportion

of the total budget allocated to it:

Ratioc =
∑i:ei=c ti

∑ j t j

This yields 8 features representing the relative dominance of each cognitive behavior.

90



• Transition Features: We construct a transition matrix capturing the frequency of shifts between

reasoning states. We compute the raw count of transitions from episode src to episode tgt:

Transsrc→tgt =
N−1

∑
i=1

I(ei = src∧ ei+1 = tgt)

This results in 8× 8 = 64 transition features, capturing the structural flow of reasoning (e.g.,

Explore→ Verify).

C.3.2 Model Specification.

We employ a Lasso-regularized Logistic Regression model to identify the most predictive features

while enforcing sparsity for interpretability. The model predicts the probability of correctness p(y =

1|x):

p(y = 1|x) = σ(w>x+b)

where x is the standardized feature vector, w are the learned coefficients, and σ(·) is the sigmoid

function. To handle the high-dimensional feature space (particularly the transition matrix) and select

only the most robust signals, we use L1 regularization (Lasso). The objective function is:

min
w,b

(
− 1

M

M

∑
j=1

[
y j log ŷ j +(1− y j) log(1− ŷ j)

]
+λ‖w‖1

)

where M is the number of samples and λ controls the regularization strength.
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Implementation Details. We use the reasoning traces from 5 representative open-source reasoning

models (DeepSeek-R1, DeepSeek-R1-Distill-Qwen-32B, Phi-4, Qwen3-32B, and QwQ-32B). All

features are standardized using Z-score normalization before training. This ensures that the magnitude

of coefficients directly reflects the relative importance of features. We use the liblinear solver

which is well-suited for smaller datasets with L1 regularization. We set the regularization parameter

C = 0.5 (where C = 1/λ ) to promote feature selection, and use a maximum of 2,000 iterations to ensure

convergence. We analyze the learned coefficients w. Features with positive coefficients increase the

probability of a correct answer, while those with negative coefficients are associated with incorrect

outcomes. Features with zero coefficients are pruned by the Lasso regularization, indicating they are

less relevant for predicting correctness in this linear approximation.

C.3.3 Full Feature Coefficients.

Table C.1 shows the full feature coefficients for the Lasso logistic regression model in the

diagnostic Lasso logistic regression case study
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Positive Contributors Negative Contributors
# Feature β # Feature β

1 Trans (Exp→Mon) +0.41 1 Ratio (Exp) -0.54
2 Trans (Exp→ Ana) +0.31 2 Trans (Exp→ Ver) -0.45
3 Trans (Mon→ Ana) +0.28 3 Trans (Exp→ Ans) -0.41
4 Trans (Read→ Ver) +0.27 4 Count (Total) -0.36
5 Ratio (Think) +0.22 5 Trans (Imp→ Read) -0.33
6 Trans (Ans→ Ver) +0.22 6 Trans (Imp→ Imp) -0.28
7 Ratio (Ver) +0.21 7 Trans (Ana→Mon) -0.26
8 Trans (Read→Mon) +0.18 8 Trans (Ver→ Read) -0.25
9 Trans (Read→ Read) +0.17 9 Trans (Ver→ Plan) -0.25

10 Ratio (Mon) +0.16 10 Trans (Mon→ Read) -0.22
11 Trans (Read→ Imp) +0.15 11 Ratio (Ans) -0.21
12 Trans (Exp→ Read) +0.14 12 Trans (Plan→Mon) -0.19
13 Trans (Plan→ Ver) +0.12 13 Trans (Read→ Ans) -0.18
14 Trans (Plan→ Plan) +0.12 14 Trans (Imp→ Ans) -0.15
15 Ratio (Plan) +0.10 15 Trans (Ana→ Ana) -0.14
16 Trans (Imp→Mon) +0.07 16 Ratio (Read) -0.13
17 Trans (Ana→ Ver) +0.07 17 Trans (Ans→ Ana) -0.11
18 Trans (Ver→ Imp) +0.05 18 Trans (Read→ Exp) -0.11
19 Trans (Mon→ Ver) +0.05 19 Trans (Ver→Mon) -0.08
20 Trans (Ana→ Plan) +0.04 20 Trans (Exp→ Plan) -0.08
21 Trans (Mon→Mon) +0.04 21 Trans (Plan→ Imp) -0.06
22 Trans (Plan→ Read) +0.03 22 Trans (Ans→ Imp) -0.05
23 Trans (Plan→ Exp) +0.01 23 Trans (Ans→ Exp) -0.05

24 Trans (Imp→ Ana) -0.03
25 Trans (Read→ Plan) -0.03
26 Trans (Ans→Mon) -0.02
27 Trans (Ver→ Ana) -0.01

Table C.1: The full predictive episode-level features for correctness in the diagnostic Lasso
logistic regression case study. Features are ranked by their coefficient (β ) magnitude.
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C.4 Detailed ThinkARM Framework

The detailed ThinkARM Framework is shown in Figure C.1. For each batch of sentences in

the model response, the annotation model tags the episode category for each sentence based on the

guidebook, question, previous context and outputs the rationale and annotation in JSON format as

instructed by the format prompt. The labels after batch processing are then concatenated to form the

labels for the whole response. The guidebook and prompt template in the figure are in Appendix C.5

and Appendix C.6.

Question Model Response

Segmenting

Model Response by Sentences

Batching

[Guidebook] [End of Guidebook]

[Problem]

[Context] [End of Context]

[Input] [End of Input]Current Batch
[Format] [End of Format]Format

Prompting

Question
Guidebook

Previous Batch

[End of Problem]

Labels
Iterate until the 
end of response

Rationale

Figure C.1: The ThinkARM Framework. For each question-response pair, the model
response is first segmented into sentences. They are then tagged by the annotation models
in batches, along with information about the guidebook, question, context, and format. The
guidebook is in Appendix C.5, the prompt template is in Appendix C.6.
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C.5 Refined Annotation Guidebook

In this project, we aim to analyze the reasoning process of current large language models (LLMs)

with advanced reasoning capabilities, i.e., Large Reasoning Models (LRMs), based on a modified

version of Alan Schoenfeld’s (1985) “Episode-Timeline” framework for problem-solving. The original

Schoenfeld theory was built on hundreds of hours of recorded tapes of students tackling non-routine

math problems while being asked to think aloud. Widely regarded as a gold-standard framework

in mathematics education research, this theory offers a rigorously validated, fine-grained lens for

dissecting both expert and novice problem-solving strategies. After thorough investigation, we find

that the thinking process of LRMs can be well-aligned with the episodes in the theory, as they also

follow similar problem-solving processes. Thus, in this project, we aim to annotate the model (solver)

responses with these episode categories. To better apply the theory to the analysis of model responses,

we utilize sentence-level annotation, which is used to capture the fine-grained behavior of each sentence,

including eight categories: Read, Analyze, Plan, Implement, Explore, Verify, Monitor, and Answer.

The original Schoenfeld theory only has six categories: Read, Analyze, Plan, Implement, Explore, and

Verify. These categories describe the thinking behaviors of how humans solve a problem. Later, an

additional “Monitor” category was included in the system to capture behaviors that do not contain

specific content but are still important, such as “Let me think.” Moreover, when trying to apply the

theory to analyzing LLM behaviors, we introduce another category, “Answer,” to represent the sentence

that delivers the answer. Thus, in total, there are eight categories. For each sentence, the annotation

depends on both the current sentence itself and its context.
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C.5.1 Label Definitions and Guidelines

1. Read

• Definition: This is usually the initial phase, which focuses on extracting or restating the given

information, conditions, and the goal of the problem as presented. It involves understanding the

question without any inference of strategy or reasoning.

• Guidelines:

– Sentences in this category should directly present the content of the original problem

statement.

– Look for phrases that recall or repeat elements of the question.

– This label is mostly presented for the model’s initial processing of the problem.

• Potential Keywords/Indicators: “The question asks...”, “The problem requires...”, “We are

given...”, “The goal is to...”, “The choices are...”, direct quotes from the problem.

• Distinguishing Features:

– This stage is purely about understanding the input, not about processing it or deciding how

to solve it. It should not contain content like trying to understand or analyze the question.

– Avoid labeling sentences as Read if they include any form of analysis or evaluation of the

problem. The Read stage usually appears at the beginning of the reasoning. However, it

can also appear in the middle of the reasoning, in order to ensure that the question was

understood correctly.

• Example: “The question asks us to find the value of x in the equation 2x+5 = 10.”
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2. Analyze

• Definition: This stage involves constructing or recalling relevant theories, introducing necessary

symbols, and deducing relationships based on the problem statement and existing knowledge.

The core activity is explanation or logical inference that sets the stage for the solution but does

not involve concrete calculations yet.

• Guidelines:

– Sentences should explain the underlying mathematical concepts or principles relevant to the

problem.

– This category includes analysis of either the problem itself or intermediate results.

– This label applies to logical deductions and inferences made with certainty.

• Potential Keywords/Indicators: “According to...”, “We can define...”, “This implies that...”,

“Therefore...”, “Based on this...”, “We can infer that...”, “Let’s note that...”, “Let me observe

that...”, “Let’s recall that...”

• Distinguishing Features:

– The Analyze episode involves certain inferences and explanations, unlike Explore, which

shows uncertainty.

– The actual execution of calculations is mainly in the Implement stage.

– Analyze does not involve any concrete calculation, which is unlike Implement.

– The behavior of setting some basic notations should be in the Implement stage, e.g., “Let

me set a = 1, then...”.
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• Important Note: Be careful not to include sentences that involve substituting values or perform-

ing calculations, as those belong to the Implement stage.

• Example: “According to the Pythagorean theorem, in a right-angled triangle, the square of the

hypotenuse is equal to the sum of the squares of the other two sides.” or “If I can get the equation

in slope-intercept form (y = mx+b), then I can plug in y = 4 and solve for x, which should be d.”

3. Plan

• Definition: This stage involves announcing the next step or outlining the entire solution strategy.

It represents a commitment to a particular course of action before the actual execution begins.

• Guidelines:

– Sentences should clearly state the intended next step or the overall plan.

– Look for explicit declarations of intent, often using the first person or imperative voice.

– This stage signifies that a decision has been made on how to proceed, and the next step

should be related to math problem solving, rather than generally saying “let’s think about

it.”

• Potential Keywords/Indicators: “Next, we will...”, “The next step is to...”, “We need to...”,

“Let’s proceed by...”, “I will now...”, “The plan is to...”, “We should first...”, “To..., do...”, “The

xxx we need/want is...”, “Let’s...”, “Then/Now calculate/consider...”.

• Distinguishing Features:

– The Plan phase clearly indicates the intended action, unlike Analyze, which explains

concepts, or Explore, which suggests possibilities.
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– It precedes the actual carrying out of the plan in the Implement stage.

– Note that sentences like “Let’s denote...” are Analyze, because this is introducing a new

variable, rather than making a plan.

– Sentences like “let’s verify...”, “let’s test...” or “let’s double-check” are Verify.

• Example: “Next, we will differentiate both sides of the equation with respect to x.”

4. Implement

• Definition: This stage is the operational phase where the planned strategy is executed. It involves

setting up basic notations, performing specific calculations, constructing diagrams, enumerating

possibilities, or coding solutions using numerical values, symbols, or geometric objects.

• Guidelines:

– Sentences should describe the actual steps taken to solve the problem.

– Look for mathematical operations, substitutions, and the generation of intermediate results.

– This stage is about “doing” the math.

• Potential Keywords/Indicators: “Substituting x = 2, we get...”, “Therefore, P(1) =−1”, “Ex-

panding the expression...”, “The matrix becomes...”, “Let me set a = 1, then...”, “Let’s denote

x = 10...”, actual mathematical equations and calculations.

• Distinguishing Features:

– Implement involves concrete actions and calculations, unlike Analyze, which focuses on

theoretical explanations, or Plan, which outlines future actions.
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– If a conclusion follows the implementation of math, that conclusion is tagged as Implement,

such as “therefore, the sum of all possible values is 5.”

• Example: “Substituting x = 3 into the equation, we get 2(3)+5 = 6+5 = 11.”

5. Explore

• Definition: This stage is characterized by generating potential ideas, making guesses, drawing

analogies, or attempting trial calculations that might be abandoned later. The model is exploring

different avenues without committing to a specific solution path. This stage often involves

uncertainty.

• Guidelines:

– Sentences should suggest alternative approaches or possibilities.

– Look for tentative language and expressions of uncertainty.

– This stage involves brainstorming and initial investigations without a clear commitment to a

particular method.

• Potential Keywords/Indicators: “Maybe we can try...”, “Perhaps we could use...”, “What if

we consider...”, “Another possibility is...”, “Could this be related to...”, “Maybe I should...”,

“Maybe there is another way...”, “Maybe we can try...”, “Maybe there is a better way...”, “Maybe

consider...”, “Perhaps... is...”, “Let’s try...”, “Alternatively, maybe use...”, “Wait, but maybe...”,

“But in soccer, it’s possible to lose a game but still have more total goals?”; question marks

indicating uncertainty about a step.

• Distinguishing Features:
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– Explore is marked by uncertainty and a lack of commitment, unlike Plan, which announces

a definite course of action.

– It involves considering various options before settling on a specific plan. If a sentence

contains analyzing the problem, implementing the calculation, or verifying the result or

thought, even if it follows sentences like “Maybe we can try...”, the sentences are not

considered Explore at the sentence level, and therefore should not be labeled as Explore.

Rather, these sentences are considered Analyze, Implement, or Verify within the Explore

episode at the paragraph level. Only sentences like “Maybe we can try...” will be labeled as

Explore at the sentence level.

• Example: “Maybe we can try substituting different values for x to see if we can find a pattern.”

6. Verify

• Definition: This stage involves judging the correctness, effectiveness, or simplicity of the

obtained result or the method used. It might include checking the answer, using an alternative

method for calculation, or estimating bounds.

• Guidelines:

– Sentences should express an evaluation or confirmation of the solution or the process.

– Look for keywords related to checking, confirming, or validating.

– This stage ensures the solution and result are accurate and make sense.

• Potential Keywords/Indicators: “Let me double-check...”, “This is consistent with...”, “Plug-

ging it back in...”, “Therefore, the answer is correct.”, “Let’s confirm...”, “Let me check again...”,
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“We can confirm this by...”, “This result seems reasonable because...”, “The answer is...?”, “Is

the answer...?”, “Is there any mistake?”, “Did I make a mistake?”, “This is the same/correlated

as previous...”, “But this seems to contradict...”, “...lead/arrive to the same answer”, “Wait, we

don’t know... yet”, “Let’s try another way to verify...”, “XXX is possible/impossible.” When the

following sentences are meant as conclusions, “...is indeed...”, “...should be...”

• Distinguishing Features:

– Verify focuses on evaluating the solution, unlike Implement, which focuses on generating it.

– It often involves comparing the result with initial conditions or using alternative methods.

• Example: “Let me double-check my calculations: 2×3+5 = 11, which matches the previous

result.”

7. Monitor

• Definition: This additional category captures sentences that are typically short interjections

or expressions indicating the model’s self-monitoring, hesitation, or reflection at the juncture

between different episodes. These often do not contain substantial problem-solving content and

are brief pauses in the thought process.

• Guidelines:

– Sentences should be short phrases indicating a shift in thought or a brief pause.

– Look for expressions of uncertainty, reflection, or transition.

– This label is for meta-comments that don’t fit neatly into the other problem-solving stages.
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• Potential Keywords/Indicators: “Hmm...”, “Wait...”, “Let me think.”, “Okay...”, “Let’s see.”,

“Hold on.”, “But wait, hold on.”

• Distinguishing Features:

– Monitor sentences lack the substantive content of the other categories and primarily serve

as indicators of the model’s internal processing flow.

– They are often very short and act as bridges between more content-heavy stages.

– In most cases, it should not contain evaluation for previous steps or contain any specific

question or solution content. If it contains specific content, e.g., “Wait, the problem says...”,

it should be categorized into others like Read.

• Example: “Wait.”

8. Answer

• Definition: This stage is used for sentences that explicitly state an answer or conclusion to the

problem. These sentences deliver the result, either as a final answer at the end of the response or

as an intermediate answer that may be subject to later verification or revision. Note: it should be

the answer to the given problem, rather than an intermediate answer for a calculation step.

• Guidelines:

– Sentences should directly present a solution, value, or conclusion in response to the given

problem statement.

– Look for clear, declarative statements that summarize the outcome of the reasoning or

calculation.
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– This category applies whether the answer is final or provisional.

• Potential Keywords/Indicators: “The answer is...”, “Hence, the result is...”, “So, the final

answer is...”.

• Distinguishing Features:

– Answer sentences are characterized by their directness in providing a result to the given

problem, unlike Verify, which focuses on checking correctness, or Implement, which details

the process of obtaining the result.

– These sentences often appear at the end of a solution but can also occur mid-response as

provisional answers.

• Example: “Therefore, the answer is 24.”

C.5.2 Important Considerations for Annotators

• Sentence-Level Focus: Annotate each sentence individually based on its primary function within

the problem-solving process.

• Context is Key: While keywords can be helpful, always consider the context of the sentence

within the overall response. A sentence might contain a keyword but function differently based

on the surrounding text.

• Refer to Examples: The examples provided in this guidebook and any additional examples you

encounter should serve as valuable references.
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C.6 Annotation Prompt

We use the prompt template in Figure C.2 to annotate the reasoning traces in our study. The

detailed content of the guidebook can be found in Appendix C.5.
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Prompt Template for Annotation

In this project, we aim to analyze the reasoning process of current large language models (LLMs)
with advanced reasoning capabilities, i.e., Large Reasoning Models, LRMs, based on a modified
version of Alan Schoenfeld’s (1985) "Episode-Timeline" framework for problem-solving. Given
the model response you need to annotate the sentence-level behavior of the model response with
the eight categories: Read, Analyze, Explore, Plan, Implement, Verify, Monitor, and Answer.
The [Guidebook] - [End of the Guidebook] section provides the detailed introduction and definition
of each category. The [Math Problem] - [End of the Math Problem] section provides a math
problem. The [Overall Response] - [End of the Overall Response] section provides the overall
response of the model to the math problem. The [Previous Context] - [End of the Previous
Context] section provides all the previous context of the response that has been annotated and their
corresponding labels. The [Input] - [End of the Input] section provides the sentences that need
to be annotated. The [Format] - [End of the Format] section provides the format of the output.
[Guidebook] (Guidebook Content) [End of Guidebook]
[Math Problem] (The Question) [End of the Math Problem]
[Previous Context]
The previous sentences are:(Previous batch sentences)
[End of Previous Context]
[Input]
The following sentences that you need to classify:([1] xxx [2] xxx ... [batch_num] xxx)
[End of Input]
[Format]
You should format the output in JSON format regarding the index, a short rationale and the
fine-grained class of the indexed sentence. The format is as follows:"
{’sentences’: [
{’index’ ’The index of the sentence’, ’reason’: ’The short reason of the classification’, ’category’:
’The fine-grained class of the sentence’},
...
]}"
[End of Format]
Now, annotate the sentences in the [Input] - [End of the Input] section. Refer to the guidebook to
make the decision. Strictly follow the index number of the sentence in the [Input] - [End of the
Input] section for labeling. You should output the label for batch_num sentences.

Figure C.2: The prompt template we used to annotate the reasoning episode.
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