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Gravitational-wave (GW) signals from the coalescence of almost a hundred binary systems
have been detected over the past few years. These observations have improved our understanding
of binary black holes and neutron stars, their properties, and astrophysical formation channels.
GWs also probe gravity in the nonlinear, strong-field regime, thus allowing us to search for, or
constrain, deviations from general relativity.

The focus of this dissertation is improving the analytical description of binary dynamics,
which is important for producing accurate waveform models that can be used in searching for
GW signals, inferring their parameters, and testing gravity. The research presented here can
be divided into three complementary parts: 1) extending the post-Newtonian (PN) approximation
for spinning binaries to higher orders, 2) improving effective-one-body (EOB) waveform models,
and 3) identifying some signatures of modified gravity theories in waveforms.

The PN approximation, valid for slow motion and weak gravitational field, is widely used

to model the dynamics of comparable-mass binaries, which are the main GW sources for ground-



based detectors. We derive PN results for spinning binaries at the third- and fourth-subleading PN
orders for the spin-orbit coupling, and at the third-subleading order for the spin;-spin, coupling.
We adopt an approach that combines several analytical approximation methods to obtain PN
results valid for arbitrary mass ratios from gravitational self-force results at first order in the
mass ratio. This is possible due to the simple mass dependence of the scattering angle in the
post-Minkowskian approximation (weak field but arbitrary velocities).

The EOB formalism produces accurate waveforms by combining analytical results for the
binary dynamics with numerical relativity information, while recovering the strong-field test-
body limit. To improve EOB models, we include spin-precession effects in the Hamiltonian up
to the fourth PN order, and extend the radiation-reaction force and waveform to eccentric orbits.
We also assess the accuracy of post-Minkowskian results, for both bound and scattering orbits,
and incorporate them in EOB Hamiltonians.

In the context of modified gravity theories, we derive the conservative and dissipative dy-
namics in Einstein-Maxwell-dilaton theory at the next-to-leading PN order, and compute the
Fourier-domain gravitational waveform. We also develop a theory-agnostic effective-field-theory
approach for describing spontaneous and dynamical scalarization: non-perturbative phenomena
in which compact objects can undergo a phase transition and acquire scalar charge. We apply
this approach to binary black holes in Einstein-Maxwell-scalar theory using a quasi-stationary
approximation, then extend it to account for the dynamical evolution of the scalar charge, and
apply it to binary neutron stars in a class of scalar-tensor theories.

Improving waveform models is important for current-generation GW detectors and neces-
sary for future detectors, such as LISA, the Einstein telescope, and Cosmic Explorer. The results

obtained in this work are important steps towards that goal.
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Chapter 1: Introduction and Overview

1.1 Gravitational waves in general relativity

General relativity (GR) predicts the existence of gravitational waves (GWs): wavelike per-
turbations in spacetime that carry energy and propagate at the speed of light. GWs were first
detected from a binary black hole coalescence (BH) in 2015 [12], and since then, about a hun-
dred GW signals have been observed [13—15], including from binary neutron stars (NS) [16] and
BH-NS binaries [17]. These observations ushered in the era of GW physics and astronomy, and
have revolutionized our understanding of compact binary systems, their properties, and astro-
physical formation channels [18-20].

This section gives a brief introduction to how GWs are described in GR, and how they

propagate in vacuum and interact with test masses. This section mostly follows Refs. [21-23].

1.1.1 Linearized gravity

In GR, gravity is described by the Riemann tensor R,,3,, with the metric g,,, dynamically

responding to matter according to the Einstein field equations’

1
R, — égWR + Ag = 87T, (1.1

"We use the metric signature (—, +, +, +), and the conventions of Ref. [24] for the Riemann tensor. We also use
geometric units in which the speed of light ¢ = 1, Newton’s constant G = 1, and the vacuum permittivity g = 1/4.
However, in post-Newtonian expansions, we write ¢ explicitly for clarity, and similarly for G in post-Minkowskian
expansions.



where R, = go‘ﬁRawV is the Ricci tensor, R = ¢g"”R,, is the Ricci scalar, A is a cosmo-
logical constant that we take to be zero, and 7}, is the stress-energy tensor, which satisfies the
conservation law V , 7" = 0.

To understand how GWs arise in GR, we start by expanding the metric around a flat space-

time background

Guv = Nuw + h,uzla (12)

where 7),,,, is the Minkowski metric and %, is a small perturbation, hw,| < 1. Then, we expand

the Einstein equations to linear order in h,,, for which it is more convenient to use the trace-

nuvs
reversed metric perturbation

- 1
huu = huu - inuuha (13)

where the trace h = n*"h,,,.

The invariance of GR under a coordinate transformation introduces a gauge freedom that
makes it possible to impose the Lorenz gauge (also referred to as the harmonic or De Donder
gauge)

&y =0, (1.4)

which reduces the number of independent components of the symmetric tensor A, from ten to

six. Under this gauge choice, the Einstein field equations reduce to the simple wave equation
Ohy, = —167T,,, (1.5)

where L] is the D’ Alambertian operator in flat spacetime, and the stress-energy tensor in lin-

earized theory satisfies the conservation condition 9,7*" = 0.



1.1.2 The transverse-traceless gauge

In vacuum, the wave equation (1.5) reduces to
Oh,, =0, (in vacuum), (1.6)

in which case, an additional gauge freedom exists under the coordinate transformation z* —
¥ + &* with 1J, = 0. These four conditions can be chosen such that /,, is spatial, traceless,
and transverse. That is,
h'" =0, h'; =0, dhi; =0, (1.7)
where we use Latin letters to denote spatial components.
This gauge is called the transverse-traceless (TT) gauge, and it reduces the number of
degrees of freedom in A, to two, corresponding to the two GW polarizations: the plus and cross
polarizations, h, and hy, respectively. Equation (1.6) admits a plane-wave solution, which we

assume propagates in the z direction with frequency w, yielding

he he 0
TT
h; (t,2) = hy —hy 0 cos|w(t — 2)], (1.8)
0 0 0

]
and the metric

ds* = —dt* + d2® + [1 + hy cos(w(t — 2))] da® + [1 — hy cos(w(t — 2))] dy?
+ 2hy cos(w(t — z))dzdy. (1.9)
A projector operator A\;; ; to the TT gauge can be defined such that h;-ro = Ay wihii, Where

1
Nijw = PPy = 5PyPa, Py = by = many, (1.10)

and m is a unit vector in the direction of propagation.
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1.1.3 Effect of GWs on test masses

Point particles in GR move along geodesics described by the geodesic equation

2 .00 v p
d°z dz¥ dx ~0 (111)

I - =
dr2 ve (z) dr dr ’

where I' () is the Christoffel symbol, and 7 is proper time.
For two nearby particles with worldlines z#(7) and z#(7) 4+ £*(7), the equation for the
displacement vector £ can be obtained by expanding the geodesic equation around the position

of one particle and subtracting it from the equation of the other particle, leading to

D2¢H dx¥ dz?
— = —R!, P — —, 1.12
D72 L7 dr dr (1.12)

where D /D7 is the covariant derivative. That is, the two particles experience a tidal gravitational
force proportional to the Riemann tensor.

For a test particle starting from rest at 7 = 0, with dz*/dr = 0, the geodesic equation (1.11)

;[ da® ?
- [FOO (?) ] . (1.13)

7=0

becomes
A%z’

dr?

In the TT gauge, (I')),—0 = 0, and thus d?z%/d7? = 0, which means that the TT coordinates
respond to an incoming GW such that the particle remains at rest. However, the proper distance
s changes as in Eq. (1.9), which implies that for a wave propagating in the z direction, the proper

distance corresponding to a coordinate separation L = x5 — 7 1S given by

s = (22 — x1) [L + hy cos(wt)]/?

~ [ [1 + %h+ cos(wt)} : (1.14)



For a vector L, the proper distance s ~ L + h;;L;L;/(2L); defining s = s;L;/ L, we get

1.

In the frame of a detector, the coordinate distance between test masses coincides with the

proper distance, and one can show that the geodesic deviation equation becomes
£ = —Rig;ofl. (1.16)

In linearized gravity, the Riemann tensor is invariant, and is given in the TT frame by R'p;o =
hTT /2, yielding

&= hTTgﬂ (1.17)

Hence, the effect of GWs on masses m in the detector’s frame can be described by a simple

Newtonian force F; = (m/2)h[T¢.

1.1.4 GW detection and analysis

The Laser Interferometer Gravitational-wave Observatory (LIGO) [25, 26] consists of two
detectors, each with two perpendicular 4 km arms with mirrors at the end of each arm acting
as test masses (see Fig. 1.1). A laser beam is passed through a beam splitter into Fabry-Perot
optical cavities along each arm, and the laser beams are reflected a few hundred times between
the mirrors at the ends of each arm, effectively increasing the arm length. When the beams
are recombined, the optical interference is accurately measured to detect changes in the relative
difference of the arms’ lengths due to GWs. In addition, signal recycling mirrors are used to
amplify the laser power and produce sharper interference patterns.

Together with the LIGO detectors in the USA, the Virgo detector in Italy [27] and the
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Figure 1.1: Simplified schematic of the laser interferometer used in LIGO. The mir-
rors act as test masses, and when a GW passes by the detector, the relative difference
of the arms length changes, which causes an interference of the laser beams.

KAGRA detector in Japan [28, 29] form a network of GW detectors, which improves the sky

localization of the source and increases the chances of detecting a GW signal [30].

The frequency band of Advanced LIGO ranges from 10 Hz to about 7 kHz, with a highest
strain sensitivity of 10723/ v/Hz around 100 Hz. A typical GW peak amplitude at 100 Hz is
h ~ 1072, which causes a displacement in the arm length of about AL ~ 107! m. Such a weak
signal has a smaller amplitude than the instrumental and environmental noise in the detector.

However, since the sources and characteristics of the noise are well understood, one can use data

analysis techniques to extract the signal from the noise.



The main technique used by ground-based detectors to observe GW signals from binary
compact objects is matched filtering, in which a filter is applied to amplify the GW signal relative
to the noise. The detector output can be written as d(t) = n(t) + h(t), where n(t) is the noise and
h(t) is the GW signal. The noise is assumed to be stationary, with power spectral density S, (f),
and is approximated by a Gaussian (normal) distribution n(f) ~ N (0; S,.(f)/2), with zero mean
and S,,(f)/2 as the variance. Since the true GW signal i(t) in the detector is unknown, we can
use a template waveform B(t) and check that d(t) — B(t) is consistent with our model for the
noise. To decide whether the data contain a GW signal, one uses Bayesian inference to compute
the likelihood of the null hypothesis: the data are only noise, and that of the signal hypothesis:
the data contain noise and GW signal. (See, e.g., Ref. [31] for details.)

Since the parameters of the signal are not known in advance, and producing a template
waveform takes a long time, matched filtering requires comparing the detector data with a tem-
plate bank that contains representative waveforms covering the range in parameter space of ex-
pected signals. More accurate waveform templates can lead to more confident detections and
avoid missing signals with weak signal-to-noise ratio. Waveforms are also needed for parameter
estimation studies, to extract the properties of the system, and for testing GR.

The research presented in this dissertation targets improving the accuracy of waveform
models for spinning binaries, extending the range of parameter space they cover by including
spin-precession and eccentricity effects, and identifying signatures of modified gravity theories

on the binary dynamics and waveforms.



1.2 Analytical approximation methods for the binary dynamics

The most accurate waveforms, for comparable-mass binaries in the LIGO-Virgo frequency
band, are produced in numerical relativity (NR) simulations, which are based on the 3+1 de-
composition of spacetime within the Arnowitt-Deser-Misner (ADM) formalism [32, 33]. The
first successful NR simulations were produced in 2005 by Pretorius [34] and soon after by Cam-
panelli et al. [35] and Baker et al. [36]. Since then, thousands of NR simulations have been
produced by several groups using different NR codes (see, e.g., Refs. [37—45] and for reviews
Refs. [46-49]).

However, NR simulations are computationally very expensive, requiring weeks to months
on supercomputers, making them impractical to cover the entire range of parameter space or to
produce long waveforms. Hence, it is crucial to have accurate analytical waveform models that
are much faster to compute, and can complement NR results. Analytical approximations also
improve our understanding of the two-body dynamics and their GW emissions, and can help in
characterizing modified gravity theories, which has been useful in experimental tests of GR [50].

GWs from binary systems can be divided into three phases: the inspiral, merger, and ring-
down. The inspiral phase occurs when the binary components are well separated and are slowly
coalescing on a time scale much larger than the orbital time scale. The early inspiral is well
described by analytical approximation methods, but the accuracy of those approximations dete-
riorates in the late inspiral. At the innermost stable circular orbit, the binary components plunge
towards each other at relativistic velocities; then, around the light ring, the merger phase begins,
which can only be described using NR simulations. Finally, the ringdown phase is when the

two compact objects merge into a single remnant with the perturbations being dissipated by GW



emission. The ringdown can be described by BH perturbation theory [51-59], whose accuracy is
confirmed by NR simulations.

The research in this dissertation focuses on the inspiral phase of the binary dynamics. Three
main analytical methods are often used to describe the inspiral: the post-Newtonian (PN) approx-
imation, the post-Minkowskian (PM) approximation, and gravitational self-force (GSF). The PN
approximation is valid for small velocities and weak gravitational potential, which are of the
same order for bound orbits, i.e. v?/c* ~ GM/c*r < 1, where M is the total mass of the binary.
The PM approximation is valid for arbitrary velocities in the weak field GM /c*r < 1, making it
more applicable for scattering motion, since high velocities can be achieved. GSF provides an ex-
pansion in the small-mass ratio ¢ = m;/ms < 1, and is most applicable for extreme-mass-ratio
inspirals (EMRIs), which can reach millions of orbits within the frequency band of space-based
detectors, thus requiring very accurate modeling of the phase.

The PM expansion encompasses the PN expansion, such that the (n + 1)PM order includes
all information up to the nPN order. For example, the 4PM conservative dynamics contains the
full 3PN information for generic orbits. This is illustrated in Fig. 1.2, which shows how each term
in PN and PM expansions depend on the velocity and separation for the conservative dynamics
of nonspinning binaries.

Figure 1.3 provides a schematic representation of the binary systems for which each ap-
proximation is most suited, while Fig. 1.4 illustrates the regions of parameter space in which
each approximation is applicable. These regions provide a rough estimate for where each ap-
proximation is more accurate, but the boundaries depend on the order in the expansion parameter
used in each approximation. For small eccentricity e ~ 0 (bound orbits), the PN and PM ap-
proximations give comparable predictions, since from the virial theorem v? ~ GM/r, and the

9
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Figure 1.2: The relation between PN and PM results for the nonspinning conservative
dynamics, and the dependence of each term in the expansions on the velocity v and
separation 7.

velocities are typically < 0.4 until the late inspiral. The PM approximation becomes more accu-
rate than the PN approximation for scattering encounters at large velocities, or equivalently large
eccentricities at fixed periastron distance, as illustrated in the right panel of Fig. 1.4. GSF can
produce long waveforms that cover the entire range in eccentricity, for arbitrary velocities and
separations, but for small mass ratios. NR, in principle, is valid for the entire parameter space,
but due to the computational complexity involved, it is usually applied for short waveforms and
comparable masses, with major difficulties for small mass ratios, since they lead to a large num-
ber of orbits. Furthermore, within the effective-one-body formalism, it is possible to combine
several approximations methods with NR results to provide more accurate waveforms that cover
the entire parameter space, as discussed in Sec. 1.3.

In the following subsections, we briefly discuss each of the approximation methods, while

focusing on the topics most relevant to the research presented in this dissertation. We also discuss
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Figure 1.3: Illustration of the analytical approximation methods for the binary in-
spiral. The PN approximation is most suited for comparable-mass binaries in bound
orbits, the PM approximation is suited for scattering motion, while GSF accurately
describes EMRIs.
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Figure 1.4: Regions of applicability of NR and the PN, PM, and GSF approxima-
tions, for small eccentricity e ~ 0 (left panel), and for comparable masses in generic
orbits (right panel).
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how spin is described in GR, since it enters all these methods, and is often treated as a small

expansion parameter.

1.2.1 Post-Newtonian approximation

The PN approximation is the most commonly used analytical method for describing the
motion of comparable-mass binaries in bound orbits, which are the main source of GWs for
ground-based detectors. The first PN calculations were done by Einstein to study the perihe-
lion precession [60], then the 1PN expansion for N-bodies was obtained by de Sitter, Lorentz
and Droste [61-63], and later by Einstein, Infeld and Hoffman [64] by solving the vacuum field
equations for two spherically-symmetric objects, showing that the internal structure of each body
does not affect their dynamics. In the 1960’s, Chandrasekhar extended PN calculations to hy-
drodynamics in a more systematic approach [65, 66], and paved the way to the 2PN expansion.
PN research intensified in the 1970’s after the discovery of the Hulse—Taylor binary pulsar [67].
Around that time, Ehlers et al. [68] published an important paper pointing out several problems
in how the binary motion was treated in GR, which motivated further scrutiny by the community
and by the 1990’s, those problems were mostly addressed. (For a historical overview of the PN
approximation, see Refs. [69-71].)

Over the past few decades, many studies have contributed to improving the PN approxima-
tion. For nonspinning binaries the conservative dynamics are known up to 4PN order [72-86],
with partial results at SPN [87-91] and 6PN [92-94]. Spin effects contribute to the conservative
dynamics starting at 1.5PN order, and they have been derived for the spin-orbit (SO) coupling

(linear in spin) up to 4.5PN [1, 2, 95-109], for the spin-spin coupling up to 4PN [110-122], and
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1PM
no spin N 1PN 2PN 3PN 4PN
2PM
spin-orbit LO NLO N2LO N3LO
3PM
spin? LO NLO N2LO
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5PM
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6PM
spin® LO
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Figure 1.5: Known PN results for the conservative dynamics of nonspinning and
spinning binaries. PN orders written in black font are fully known, while those in
gray are partially known. The shading of each PN order indicates the highest power
in GM /r at that order.

at higher orders in spin [123-128]. (For reviews, see Refs. [129-134].) Chapters 2, 3 and 4,
include the derivation of the PN results we obtained in Refs. [1-3] for the 4.5PN and 5.5PN SO
coupling, and the SPN aligned spin;-spin, coupling. The table in Fig. 1.5 summarizes the current
knowledge of PN results for the conservative dynamics, and the order at which spin contributions
enter the PN expansion.

Radiative effects (energy and angular momentum losses due to GW emission) contribute to
the equations of motion starting at 2.5PN, i.e., O(v°/c®); they appear as odd-in-velocity terms,
since they are not time-symmetric. The radiative sector is known for nonspinning binaries up to
3.5PN relative (beyond the leading) order [135-161], and for spinning binaries up to 4PN [162—
182]. In addition to the instantaneous contributions to the dissipative dynamics, nonlinear effects
arise due to GWs scattered off spacetime curvature back onto the binary. These are called tail

effects [183], and they start at 1.5PN relative order, with other nonlinear effects appearing at

13



higher orders, such as tail-of-tails [184] (GWs scattered twice). In Chapter 6 (Ref. [5]), we
derive the radiative dynamics for eccentric orbits at 2PN relative order, including the tail and spin
contributions.

Finite-size effects, e.g. for NSs, appear in PN expansions at SPN order, and are known
up to 2PN relative order for the conservative dynamics [185-190] and 2.5PN relative order for
the dissipative dynamics [191-196]. Despite appearing at such high PN orders, tidal effects in
NSs can have a measurable effect on GW observations, since the numerical values of the PN
coefficients are quite large. (See Ref. [197] for a review.)

The PN approach has also been useful in classifying and characterizing modified grav-
ity theories through the parametrized post-Newtonian formalism [50, 198]. In addition, PN re-
sults were derived in specific modified gravity theories, such as scalar-tensor theories [199-210],
quadratic gravity [211-214], and other theories [215-217]. In Chapter 8, based on Ref. [7], we
derive the 1PN conservative and dissipative dynamics in Einstein-Maxwell-dilaton (EMd) theory.

In what follows, we demonstrate how PN results can be obtained by summarizing the
derivation of the conservative and dissipative dynamics at next-to-leading PN order. But first,
we begin by discussing the quadrupole approximation (at leading PN order). Throughout this

subsection, we write ¢ explicitly for clarity.

1.2.1.1 The quadrupole approximation

In PN calculations, we assume that the distance R from the source to the observer is much
greater than the GW wavelength A\gw. If d is the source’s size and v its velocity, then A\gw ~ dc/v,

and thus slow motion v < ¢ implies A\gw > d. The region around the source, extending to

14



distance R < A\gw, is denoted the near zone, while the region with R > Agw is denoted the far
zone, as illustrated in Fig. 1.6. We use uppercase symbols for quantities in radiative coordinates
(T, X)) (in the far zone), and use lowercase symbols (¢, x) for quantities in the near zone. The two
coordinate systems are generally not the same, but they can be connected by matched-asymptotic
expansions in the matching (or buffer) region [137-139]. However, this subtlety only matters at
higher PN orders than what we consider in this section.

The linearized field equations (1.5) in the Lorenz gauge have the solution

. 4 Ty (Tret,
(T, X)) = C—?/d%ﬁ, (1.18)

where the retarded time 7., is given by

X —
To—7-X=2 (1.19)
&
To evaluate this integral in the far zone (see Fig. 1.7), we use
d2
|X—:n]:R—m-N+O(E), (1.20)

where N = X /R is the unit vector in the direction of propagation. Expanding Eq. (1.18) at
leading order in 1/ R, we obtain

T 4G x-IN 1
h};T(U,X) = %Aij,kl(N) /d?’:p T (U + p ,il?) + O (ﬁ) , (1.21)

where we defined U = T' — R/c, and used the A operator from Eq. (1.10) to project to the TT
gauge.

From the conservation law in linearized gravity of the stress-energy tensor 9, 7" = 0, the
spatial components of 7}, can be related to the time component via

1 H? o
TV = 5577 (2'27T) + boundary terms, (1.22)
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Figure 1.6: Schematic for the near zone (r < A\gw) and far zone (R > Agw) used in
the PN formalism. The shaded area is the matching region.

Figure 1.7: Illustration of the far zone expansion
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where the boundary terms involve spatial derivatives of 7, which can be dropped in the inte-

1
> +0 (R2> . (123)

Assuming small velocities, the above equation can be expanded in v/c. At leading order, we

gral (1.21), leading to

2 2 o
hi (U, X) = %Aij,kl(N)% / de:E’:BJTOO(

obtain
hij (U, X) =~ fiAw,kxN)d;%ij , (124)
with the quadrupole tensor
MY = /dgxxiochOO. (1.25)

To make the quadrupole tensor trace-free, we define

. . 1 ...
QU = M” — g(sl‘ijk

o 1 ...
= /d3x Py (xlxj — gé”zUQ) , (1.26)

where 7% is identified as the Newtonian mass density p, of the system. Then, the waveform in
the quadrupolar approximation can be written as

2G d2QV

hi (U, X) ~ RAZ-W(N)W . (1.27)

In the coordinate system covering the source, the total energy loss per unit solid angle can
be expressed as [21]

dE R%*c3

TT TT
dtd) 327rG<h g >
G i
= 55 Minu(n n)(QY Q") (1.28)

where the dots denote derivatives with respect to time ¢, and the angle brackets (. ..) denote an
appropriate time average, e.g., over an orbit for a binary. Integrating yields the total radiated
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power (or luminosity)

G 'uc/L' s c-;,L' s

P==(Q7Q"), (1.29)
C

which is the famous quadrupole formula derived by Einstein in 1918 [218]. The radiated angular

momentum at leading order can also be expressed in terms of the quadrupole moment as

AL 2G . e
== ﬁe”’ﬂ(QﬂQ”“y (1.30)

For a binary system with masses m, and ms in a circular orbit, the relative coordinates in

the center of mass are given by
x(t) = rcos Qt, y(t) = rsin Qt, z(t) =0, (1.31)

where r is the distance between the two bodies, and €2 is the orbital frequency. The nonzero

components of the quadrupole tensor M;; are
_ :u 2 _ H’ 2 o M 2 .
My, = 57 (1 4+ cos2Qt), Moy = 57 (1 —cos20t), My = 57 sin 200, (1.32)

where 1 = mymsy/(my + my) is the reduced mass. From Eq. (1.29), we obtain the total radiated
power
332G

P= g,ﬂ#m (1.33)

1.2.1.2 1PN expansion for the conservative dynamics

To obtain the equations of motion describing the binary dynamics, we need to work in the
near zone, where the size of the source is much smaller than the GW wavelength, and we can
neglect retardation effects. Here, we summarize the steps needed to derive the 1PN conservative
dynamics, which are detailed in Appendix M in the context of EMd theory, which reduces to GR
for zero charges.
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The action is given by

S = 8,4 S, (1.34)

Sy =

c! 3 v A A
T / dtd’x v/ —gg" (T, —T0,T7) (1.35)

S = — Z/dtmica/—gw vl [c2, (1.36)

where S, is the gravitational action written here in the (Einstein-)Landau-Lifshitz form? [219-

221], and S, is the matter action for point particles, from which the stress-energy tensor can be
obtained via T},, = —2/1/—¢0.5,,/0g"".

To expand the action, we start by expanding the metric in powers of v/c, such that [222]

Goo = —14+2V —2V24 ..,
goi = —4V;+ ..., (1.38)
g,J:513+2V(51J+,

where the potentials V ~ O(1/c?), and V; ~ O(1/c?). The inverse metric satisfies g**gy, = 0*,

and the connection coefficients are given in terms of the metric by

1
I, = §g“p (8Agp,, + &,gpA - 8pg,,A) . (1.39)

Plugging the metric expansion (1.38) in the action (1.34), imposing the harmonic-gauge

condition g‘“’Fl’)V = 0, and integrating by parts yields the 1PN action

04

59 = 167G

’The gravitational action can also be written in the more familiar Einstein-Hilbert form as

C4 3

which differs from Eq. (1.35) by boundary terms, but Eq. (1.35) is more convenient for PN calculations.
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1ot 3 1 ;
e Lo ]

1
S = /dtdgm {pg<—02+—02+\/02—1— 5

2 8 2

where the mass density p, is defined by

pg = mid* (@ — x3). (1.42)

Varying the total action with respect to V; and V' yields the field equations

ArG
V2V, = ——Zpif, (1.43)
c
inG 4G (3,

OV = - 2 Po= —a Py (5” — Ve ) ’ (1.44)
where [0 = —9? + V? is d’ Alembertian in flat spacetime. The solution of these field equations is
given by

V= % ( il L S L ) , (1.45)
A\|x—x| |x— x|
V—g LR e +£ ma—2|w—w|+ma—2|w—w|
S\ x| | 2¢4 " or? ! or 2
3G 2 5 G* 1 1
po (M TR ) + . (146)
2t \ | — x| |x — x4 ct rle — x|  rle— x|
where r = |x; — @3] and
2 2 2
U3 (ng - vy)
-z = —L pya O 1.47
8t2|w zi| | — x| e |z — x|’ (1.47)

withny = (x — x1)/|x — x|, and a; = dv, /dt is the acceleration.
Next, we use integration by parts in the gravitational action (1.40), and use the field equa-

tions (1.43) and (1.44) to get rid of the derivatives. The result for the total action is given by

( 1 vt 1 3 ,
— 3 2 T2 - - 2 e 2_2 b ) 14
S /dtd a:{pg( c +2v +802+2Vc —|—4Vv Vwc)} (1.48)
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Substituting the solution for V; and V', and integrating over space, leads to the 1PN Lagrangian

1 1 Gmim
L= —(my+ma)c® + émlvf + Emgvg + Rk
11 Gm1m2
Talgm T gt
_ Glemg(ml + mg)

272

[3(v} +v3) = T(v1 - va) — (- v1)(n - v3)]

(1.49)

The Hamiltonian in the center-of-mass frame can be derived from the Lagrangian using a
Legendre transformation [223]

where the relative velocity v = v; — vy and the center-of-mass momentum p; = 9L/ Ov'. This

leads to the Hamiltonian

2
=y GME
21 r
1171 p* GM 5 o GZM?p 1

where p, = mn - p is the radial momentum, and we define the total mass M, reduced mass u, and

symmetric-mass ratio v by

M =mi+msg, W= (1.52)

<
Il

Ll
R
1.2.1.3 Energy and angular momentum fluxes

In § 1.2.1.1, we expanded the metric in Eq. (1.23) at leading PN order to obtain the
quadrupole formula. The metric in a radiative coordinate system is given to all orders in a multi-
polar expansion by [135]

TT 4G 1 ) 2t ) "
hi; (U,N) = 7 T+ Np oM 5(U) - <£+1)CNhL—2€hk(iSj)kL—2 . (1.53)
0>2
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where U = T' — R/c, M, are the mass-type moments, and Sy, are the current-type moments. In

this notation, an uppercase index denotes a multi-index, such as N* = N4 N% . N while a

superscript in parentheses denotes derivatives, such as U\9(U) = d‘W /dU*.

These radiative moments agree with the near-zone source moments /;, and .J;, at low PN

orders, such that [138, 139, 200]
ML:IL+O(1/C3), SL:JL+O(1/C2),

with

1 0o 420+ 1) Jdo*
— 3 o 2 _ ~
]“”_/dﬁéﬂ+%%+@ax“aﬂ C+D20+3)2 ™ot |

Ji(t) = /d3$€hk<iﬁL1>h0k-

The source functions o and ¢* are related to the stress-energy tensor by

TOO + Tss ) TOi

and the field equations (1.44) and (1.43) can be written in terms of them as

v =G, gyio "G

c? 3

from which it follows that

o' = mls(x — xy) + movid®(x — x),

2 Giamimey
o= |m+ -—mv - ——5——

3
902 — 2, ]6(w—w1)+1e>2

(1.54)

(1.55)

(1.56)

(1.57)

(1.58)

(1.59)

(1.60)

The multipole moments needed for the next-to-leading order fluxes and waveform are M,

M;jk, and S;;, which are given by

Mij my + —5M1vy —

_ 3 2 Gumuma ) &,
2¢?



~20my d gk

51c2 grl1h +1¢2, (1.61)
Mg = myai?® 4 myalo® (1.62)
Sij = mwhk(jx?x?vf —+ mz&?hk(jxi>:z;gv§. (1.63)

where indices in angle brackets denote a symmetric trace-free projection; for example, (¥ =
ipf 1025
'r 3T dij.

In terms of the multipole moments, the energy flux is given by

& ORI
Yr=5.G /dQ (W)

G 1. 3,6 L@@, 16 0600 1
= g {SM” Mij + 18902MijkMijk +@Sij Sij + O g ) (1.64)

where the first term is the mass quadrupole flux, the second is the mass octopole, and the third is
the current quadrupole. Taking the time derivatives of the multipole moments and squaring, we

obtain the 1PN energy flux

8G3M? 12
Pp=——vo—— [120% — 1172
E 156574 [12v ]
8G3M2 2
—4206775 (785 — 852v)v* — 2(1487 — 1392v)v*i + 3(687 — 620v)r

G Mv? G M2 G2M?
— 160(17 — v) r” +8(367 — 15v) Tr +16(1 — dv) = } (1.65)

The angular momentum flux can be similarly expressed in terms of the source moments,

which at next-to-leading order read [149, 224]

G [2 32 1 1
By = —eijn {—1@)1(3) + QI + SIS0 )+ O (6—4)}

5L Tkl T g5e270 632 dlm” klm
8G? M i GM
Sl N {202 ~ 32y 2—]
accr r
120053 Ly {(307 — 548v)v* — 6(74 — 277v)v*r* — 4(58 + 95v)v -
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GM G*M?
+ 3(95 — 360v)7* + 2(372 + 197v)7? —2(745 — 2v)—;
r T

, (1.66)

where Ly = r X v.
In Chapter 8 (Ref. [7]), we extend the above derivation to obtain the next-to-leading order

energy flux in EMd theory (see Appendix N for the details).

1.2.1.4 Gravitational waveform modes

The waveform propagating in the far zone is given in terms of multipole moments by

Eq. (1.53), from which the two polarization states /., and hy can be obtained using

1

1
hs = 5 (PQ; = PiQi) by (1.68)

where P and @ are the polarization unit vectors that form an orthonormal triad with the direc-
tion of propagation IN. Several conventions exist in the literature for the polarization triad; one
common choice [158] is to use spherical coordinates with P = —eg and Q = eg, for a wave
propagating in the direction (O, ®).

The complex polarization waveform h = h, — ih is often decomposed in terms of spin-
weighted s = —2 spherical harmonics Y“3'(©, ®). These GW spherical harmonic modes are

denoted h*™ and are defined by

00 V4
h=>Y_Y h"y'g(e, ). (1.69)

=2 m=—{

The modes h™ can be computed from / via

him = / A*QrY (0, @), (1.70)

24



where Y7 is the complex conjugate, or they can be calculated directly from the radiative multi-

pole moments via [158, 170, 225]

1 l
R = ———— | M — 5t 1.71
v LAt a7

where R is the luminosity distance of the source, and the radiative multipole moments are related

to the symmetric trace-free multipole moments M, and Sy, by

167 (l+1)(0+2)

tm \lm
“@ir o\ 2i—1 °r M (1.72)
om 32T 00+ 2) .
i '_@€+Dﬂ¢mz+nw—19@55 (1.73)

where Y™ is the complex conjugate of the symmetric trace-free tensors relating the unit vectors

N1, to the spherical harmonics basis Y™ (0, ®) such that

YO, ®) = V" Ny (O, @), (1.74)
47T€' - \im~xfm
Nipy(©,9) = BT > yryie, ), (1.75)
Y m=—t¢
. 20 + 1)I! )
yfm — ( 47T€') /dQ N<L>Y€m, (176)
e (204 1)
pamyent - B 4M,> i (1.77)

and we can express the unit vector IV in terms of the angles © and ® as

N = sin O cos Pe, + sin O sin e, + cosOe.. (1.78)

For planar binaries, nonspinning or with aligned spins, it was shown in Ref. [158] that

the modes can be determined using the mass-type multipole moments for even ¢ + m, or the
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current-type multipole moments for odd ¢ + m, i.e.,

M /(v/2Rc"?), ¢+ m even
R = . (1.79)

—iS™/(v2Rc"3), £+ modd

In addition, under a change in the sign of m, the modes are related via
R = (=1)'hbm, (1.80)

and thus we can consider only positive integers for m.
The dominant mode is the (¢, m) = (2,2) mode, since it is the only contribution to h at

leading PN order, which is given by

4 - 1
h2 = ——h [T 2 K; +p° — pr) + i

Lp, 1
- — 1. 1.81
ARV S . © <02 )} (1.81)
In Chapter 6 (Ref. [5]), we extend the calculation described above to derive the leading

order spin-orbit and spin-spin contributions to the waveform modes for planar eccentric orbits.

1.2.2 Post-Minkowskian approximation

The PM approximation is valid for arbitrary velocities. So, unlike the PN approximation,
it is applicable in situations in which large velocities can be achieved at large separations, such
as scattering encounters.

PM approaches were pioneered in the 1950’s by Bertotti and collaborators [226, 227] at
1PM order, then 2PM results were obtained in the 1980’s in Refs. [136, 228-235], for the purpose
of clarifying retarded interactions and radiation reaction in binary systems. Interest in the PM
approximation was renewed recently, in part due to Refs. [236, 237], in which Damour showed
that the dynamics of a binary system can be mapped at 1PM order to the motion of a test mass in a
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Schwarzschild background. He also advocated for using quantum scattering amplitudes [238] to
derive PM results, which was done soon after in, e.g., Refs. [239-250], including the calculation
of the 3PM [243] and 4PM [246, 247] scattering angle. There has also been significant recent
progress using classical [251-253], effective field theory [254-259], and worldline quantum field
theory [260, 261] approaches. Spin effects were included in the PM approximation using all these
approaches in Refs. [262-276], in addition to tidal [277-284], and radiative [285-298] effects.
PM expansions is often expressed in terms of the impulse (net change in momentum) or the
gauge-invariant scattering angle (the angle by which the two bodies are deflected in the center-
of-mass frame). In the following subsections, we briefly demonstrate how the PM expansion can
be obtained by calculating the impulse at 1PM order. Then, we discuss the relation between the
impulse and scattering angle, and their simple dependence on the mass ratio, which we exploited
in Refs. [1-3] to derive novel PN results. Finally, we demonstrate how observables that describe
unbound orbits, such as the scattering angle, can be related to bound-orbit observables, such as

the periastron advance.

1.2.2.1 The impulse at I1PM order

In the PM approximation, one solves the Einstein equations and the geodesic equation in
an expansion in Newton’s constant G (or rather in the dimensionless quantity GM/c*r). The
metric, worldline, and momentum of nonspinning particles in a Schwarzschild background can

be written in a PM expansion of the form

G () = N + GhE)(2) + G*hQ) () + -+, (1.82)

2t (n) = xfy(n) + Gaty(n) + Gahy(n) + - -, (1.83)
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pi(m) = phi(m) + Gpliy(1) + GPphy(13) + -+, (1.84)

where 7; is the proper time for each mass, and the subscripti = 1, 2, ... denotes the label of each
particle.
At zeroth order, the metric is the flat spacetime metric 7,,,,, and the solution for the worldline

and momentum are given by
zoi(mi) = yi' + ul'm, phi(1) = maul’, (1.85)
where y!* is the displacement from the origin at 7 = 0, and u!" is the 4-velocity with u? = —1.
At linear order in (5, the metric satisfies the linearized field equations (1.5), with the stress-
energy tensor
e Z / dr plp?) \/_;gxi) . (1.86)
Plugging the zeroth order solution in 7#” and evaluating the integral gives the source term for

the linearized equations, which can be solved for the first-order metric perturbation h,(},,) The

solution in harmonic gauge reads
WY (z) = 42qu ul (1.87)

where 7y = { (2 — ;)% + [u; - (x — v;)]2}"/? is the (Minkowski) distance of the field point 2 from
the worldline x;o = ; + u;7; in its rest frame.
An important quantity that describes a scattering encounter is the impulse Ap;, = p;, — pi.-

To obtain it, we use the equation of motion for the momentum

dpi 1 a
mi g = ~5 0™ @)piapis, (1.88)

then integrate from —oo to +00. At 1PM order, the the total change in momentum reads [237]

+oo d .
Di
Apy, = / dr dT-M
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1 too

= T om / d7; 9,9 (2:)Piapis- (1.89)

In terms of the impact parameter, defined as the separation between the zeroth-order world-

lines v* = y' — 4, the 1PM impulse for a binary can be written as

2Gm1m2

V1

where v is the dimensionless energy variable

b*
(29* — 1) + O(G?), (1.90)

Apy = 2

I
— PP
mims ’

(1.91)

which can be written as 7 = 1/4/1 — v? in terms of the asymptotic relative velocity.

1.2.2.2 Mass-ratio dependence of the scattering angle

Based on the structure of the PM expansion, Poincaré symmetry, and dimensional analysis,
Ref. [252] (see also Refs. [255, 265, 299]) showed that the magnitude of the impulse, denoted

Q = (Ap1, Apt)/2, has the following dependence on the masses in the center-of-mass frame:

Q _ 2G’m1m2 |:Q1PM

b
G 2PM 2PM
+ miQ;, " + maQy,
GQ
+ (mgQggM e QEY mgQi%M) L } | (1.92)

That is, each PM order is a homogeneous polynomial in the two masses, with the leading order
depending on m;ms and each PM order adding another power in the masses. For nonspinning
bodies, the functions Q" on the right-hand side depend only on the energy (or velocity).

The scattering angle y, by which the two bodies are deflected in the center-of-mass frame,
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Figure 1.8: Tllustration of the scattering angle x and its relation to the impulse Apf'.

is related to Q via [252]

sinxz Q
2 2P. .

(1.93)

where F, ., is the magnitude of the total linear momentum in the center-of-mass frame, which is
the same as |p/’| and |p4]|. This relation can be understood from Fig. 1.8, since from momentum
conservation, the magnitude of p is the same before and after scattering, and the difference
between them is the impulse. From relativistic kinematics, we obtain the following relations for

P, . and the total energy F:

Pc.m. = mgfm V ’}/2 - 17 (194)

E = \/m% + m3 + 2mymyy

= My/1+2v(y—1). (1.95)

Therefore, the scattering angle scaled by F'/myms has the same mass dependence as Q. Equiva-
lently, M x/ E has the same mass dependence as Q/ .

Because of the symmetry under the exchange of the two bodies’ labels, the mass depen-
dence of My/E can be written as a polynomial in the symmetric mass ratio v = mymy/M?,

since any homogeneous polynomial in the masses (m;, my) of degree n can be written as a
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polynomial in v of degree |n/2]. For example, at 3PM and 4PM, the scattering angle contains
quadratic and cubic polynomials in the masses, respectively, which can be written as

em? 4 dmymy + emi = M?[c + (d — 2c)v), (1.96)

em? 4+ dmimy + dmym3 + cmi = M3[c + (d — 3c)v], (1.97)

for some mass-independent functions c and d. Thus, we find that the scattering angle, up to 5PM,

has the following mass dependence:

+ (GTM)S' [xg + uxg} v (GTM)4 [x4 + yxg}
n (GTMf’ X+ 05 + 02X+ (1.98)

where X+ are functions only of energy/velocity.
This simple dependence of the scattering angle on the mass ratio has been used in Refs. [90—
93] to derive PN results for nonspinning binaries from GSF results. We extended that approach

in Refs. [1-3] to spinning binaries, as explained below in § 1.5.1.

1.2.2.3 From scattering to bound orbits

An important quantity that describes bound orbits is the radial action, which contains the

same gauge-invariant information as the Hamiltonian. For planar orbits, it is defined by

1
I.(E,L) = 7 j{pr(r, E, L)dr, (1.99)

where the integral is evaluated over a bound orbit. By taking the integration bounds from —oo to

-++00, we obtain a radial action for hyperbolic orbits

1 [t
I?YP(E,L)Z%/ pr(r, E, L)dr. (1.100)

—00
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Figure 1.9: The scattering angle is related to the periastron advance via analytic continuation.

The periastron advance A® and the scattering angle y, which are depicted in Fig. 1.9, can

be obtained from the radial action using

I
AD = —27rg£ — 2, (1.101)
Jhyp
X = —27r88TL -, (1.102)

which follow from Hamilton-Jacobi theory, since the derivative of the action Sy = ¢L + [ p,dr

with respect to the angular momentum gives the azimuthal angle®

B Op(r,E, L)
b= /dra—L + const. (1.103)

Integrating ¢ over a bound orbit yields the total angle swept over an orbit, leading to the periastron
advance in Eq. (1.101). Similarly, integrating ¢ from —oo to 400 (and subtracting 7) defines the
scattering angle in Eq. (1.102).

The scattering angle and the periastron advance can be related to each other, for aligned

spins, via analytic continuation, resulting in the following relation

AO(E,L,a;) = x(E, L,a;) + x(E, —L, —a;). (1.104)

3The Hamilton-Jacobi equation for a conservative Hamiltonian is given by [300] 95/0t = —H, and the time
dependence of the action can be written as S = Sy — Et, where Sy = ¢L + [ p,dr is Hamilton’s characteristic
function. Hence, 9%S,/0tdL = 0, leading to Eq. (1.103).
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where a; = S;/m; are the spins of the two bodies, with i = 1,2. This relation was derived in
Refs. [255, 267] by relating the integration bounds of the integrals for y and A®, which can be

written as

"+ Op,
oL

= Opr
oL

AP = -2 dr — 27, X =-2 dr — 7. (1.105)

T— T

For bound orbits (£ < M), the integration bounds r_ and r, are the two roots of p, = 0, which
are positive at the turning points. For hyperbolic orbits (£ > M), one root is positive and the
other is negative, but the two roots are related by r_(E, —L, —a;) = r(FE, L, q;), similarly to
the bound case. This was used in Refs. [255, 267] to relate the two integrals and obtain the
relation (1.104).

A general map between bound and unbound observables was derived in Refs. [296, 297],

following similar arguments. If a bound-orbit observable Opgung is given by
Ovound(F, L, a;) / for,E, L, a;)dr (1.106)
and an unbound observable Oyppoung 18 given by
Ounbound(F, L, a;) = 2/Oof(r, E, L, a;)dr, (1.107)
then the two observables, for the local-in-time conservative dynamics, are related by
Obound(E; L, ai) = Ounbound (£, L, @i) + 0 f) Ounbouna (E, — L, —ai), (1.108)

where 0(f) = %1 if the function f is odd/even under a change in the sign of both L and «;. For
example, the bound-orbit radial action [, is even in L, i.e. (f) = —1, and thus it is related to the

unbound radial action I™P through the relation

I(E,L,a) = I™(E,L,a;) — I™(E, —L, —a;). (1.109)
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Relations like these demonstrate how studying unbound observables can be useful in in-
forming the bound-orbit dynamics. In Chapter 3 (Ref. [2]), we use such relations to relate the

coefficients of the scattering angle to those of the radial action or Hamiltonian.

1.2.3 Gravitational self-force

Extreme-mass-ratio inspirals (EMRIs) are one of the most promising GW sources for
space-based GW detectors, such as the Laser Interferometer Space Antenna (LISA) [301]. These
systems consist of a stellar-mass object orbiting a supermassive BH, with mass ratios typically
greater than 10%. For EMRISs, the number of GW cycles detectable by LISA is the same order of
magnitude as the mass ratio. Hence, it is important to use GSF to describe these systems, since
it provides an expansion in the small-mass ratio that is valid for arbitrary velocities and gravita-
tional potentials. Using the PN or PM approximations would not be sufficient, since they would
result in a large accumulated phase error over months/years of observations.

When a small mass ;« moves in the background of a Schwarzschild BH with mass M > p,
that motion can be approximated, at zeroth order in the mass ratio, by the geodesic motion of a
test mass. However, the small mass perturbs the background metric, and that perturbation can be
incorporated in the acceleration of the small mass, which is said to move under the effect of its
“self-force”.

The equations of motion of a small body beyond the test-mass approximation are known
as the MiSaTaQuWa equations, after Mino, Sasaki, and Tanaka [302], in addition to Quinn and
Wald [303]. For a particle moving on a geodesic of the metric ¢, = g, + hy, where hy,, is

the perturbation of the background metric g,,,, the equations of motion follow from the geodesic
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equation, leading to

Du# 1
d_i = —5@“” + ufu”) (2R np — hpw U, (1.110)

where u* is the 4-velocity and the covariant derivatives are evaluated on the background metric.
In Eq. (1.110), h,,, are singular at the location of the small body, and have to be regularized.
This is done by splitting the retarded metric perturbation hf}, into singular-symmetric (in time)

and regular-radiative pieces, i.e. h' = hS + hlljy. Detweiler and Whiting [304] showed that

ny nv

the radiative piece satisfies the homogeneous linearized Einstein equations, and argued that it

is solely responsible for the self-force acting on the particle. The metric can then be written as

9w = Guv + Ny, with the equations of motion given by Eq. (1.110) but with A5, instead of /,,,,

and

iy = =44 [uRyypae + Rupoeun] uPu® + him,, (1.111)
. T—E€ 1 , ,
h,ttj‘;/l/\ = 4“/ V)\ (Guu,u’u’ - ig,uqupu’y’> (Z, Z/)Uu u” dT/, (1112)

where z(7) is the instantaneous position of the particle, and we integrate over earlier positions
z(7') and take the limit e — 0*. The retarded Green function G,/ is the solution of the wave
equation

OyH + 2R,” P = —167TH, (1.113)

where the trace-reversed potentials Y = hy,,, — 26,9 Iy,

Numerical calculations of GSF at first order in the mass ratio have been performed using
several methods, such as mode-sum regularization [305, 306] and puncture schemes [307, 308],
both in Schwarzschild [309-314] and Kerr backgrounds [315-318]. There has also been sig-

nificant progress towards second-order self-force [319-325], which resulted in the numerical
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calculation of the binding energy, energy flux, and waveform [326-328], for quasi-circular orbits
and nonspinning BHs. For reviews on GSF see, e.g., Refs. [329-333].

There has also been analytical GSF results for gauge-invariant quantities in a PN expan-
sion [334, 335], such as the Detweiler-Barack-Sago redshift [336-345] (defined as z; = dr;/dt =
1/u'), the spin-precession frequency [346-352] (see § 1.2.4 below), and tidal invariants [353—
358]. In Appendix A, we show how the redshift and spin-precession frequency can be derived for
a spinning test body in a Schwarzschild background. These quantities are very useful since they
allow us to relate PN and GSF results, as we do in Chapters 2, 3, and 4 in a synergistic approach

to derive PN results valid for arbitrary-mass ratios from GSF results.

1.2.4 Spinning binaries in general relativity

Astrophysical compact objects are generally spinning, with the spins having a significant
effect on the orbital motion and the emitted GWs; for example, spin precession causes modula-
tions in GW signals [359]. Measuring the spin magnitudes and directions from GW observations
is useful in understanding the properties of compact binaries and their astrophysical formation
channels [19]. Therefore, it is important to include spin in analytical approximations for the bi-
nary dynamics to produce accurate waveforms that can be used to correctly infer the parameters
of the system.

In GR, the center-of-mass of a spinning body is not uniquely defined; this is illustrated in
Fig. 1.10, where we see that for a spinning sphere, the hemisphere moving in the direction of
motion is faster and thus heavier than the other hemisphere, causing the center-of-mass to shift,

which depends on the reference frame. To quantify this, we begin by defining the antisymmetric
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Figure 1.10: For a spinning sphere moving with velocity v, the hemisphere moving in
the direction of motion is faster and thus heavier than the other hemisphere, causing
the center-of-mass to shift.

spin tensor S*” as the difference between the total angular momentum J* and its orbital part,
that is

JH = Zrp” — pHt 4+ SHY, (1.114)

where p* is the linear momentum vector and z* is the spinning body’s worldline. Under a center-

of-mass shift z* — 2* — §2¢, the S component of S transforms as [360]

SO 5 S0 L EBs2 (1.115)

where £/ = pY is the total energy, implying that S% is the mass dipole relative to the center z'.
However, it is always possible to choose the center z* such that the mass dipole 5™ vanishes in a

local Lorentz frame defined by the timelike vector f*, that is

St f, = 0. (1.116)

This is called the spin-supplementary condition (SSC), and it ensures that S** has three indepen-

dent components only.
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The most commonly used SSC is the covariant Tulczyjew-Dixon SSC [96, 361-363], which

uses the body’s rest frame with f,, = p,, yielding
covariant SSC: S*p, = 0. (1.117)
Another important choice is the canonical, or Newton-Wigner, SSC [364, 365]
canonical SSC: S"p, + mS*n, =0, (1.118)

where m is the mass and n, is any timelike unit vector. This condition leads to the following

Poisson brackets [360]
{*,p;} = 6. {Sij, Sk} = 6iSi — duSu — 6uSjk + 615k, (1.119)

implying that 2*, p;, and S;; are canonical variables, which is why this SSC is usually used when
working in a Hamiltonian formulation of the spinning two-body dynamics. (For more details, see
Refs. [360, 366].)

The motion of a spinning test body is governed by the Mathisson-Papapetrou-Dixon (MPD)

equations [367-369], which to quadrupolar order in spin, read [360]

Dpt 1 1
= ——RVM,p3" S — VPR, s ] PP 1.120
dr 2 g ftwed (1120
DS 4
— oplezl L ZRlu N JVleaB 1.121
dT Pz + 3 paf ) ( )
where the tangent vector 2# = dz*/dr and is normalized by #*%, = —1. The linear momentum

p, and spin tensor S** play the role of the monopole and dipole moment, while J***? is the
quadrupole tensor, which depends on the internal degrees of freedom of the body. These equa-
tions, together with the SSC fully determine the evolution of z#, p,, and S,,,. We use the MPD
equations in Appendix A to obtain the redshift and spin-precession frequency. They can also be
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Figure 1.11: Illustration of spin precession in a binary system.

used to derive the scattering angle of a spinning test body in a Kerr background, which is needed
in Chapters 3 and 4 when relating the coefficients of the Hamiltonian to those of the scattering
angle.

Instead of the spin tensor S*”, it is often convenient to work with the Pauli-Lubanski spin

vector S*, defined by
1 vpA A
SH = —577“ P2, S ), e Sy = Nt S™. (1.122)

where u# is the 4-velocity, and 7,,,0 = \/—g€upx i the volume form with €p103 = 1. We
also sometimes use the mass-rescaled spin a = S/m since it simplifies some equations, such as
making the mass-ratio dependence of the scattering angle more evident, as discussed in § 1.5.1.2.

For a binary with spin vectors S; and masses m;, the total angular momentum J and spin
magnitudes |S;| are constant (for the conservative dynamics). If the spins are aligned, or anti-
aligned, with the angular momentum vector L, which is perpendicular to the orbital plane, then
the spin directions and orbital plane remain fixed. But if the spins are not aligned with L, then

both L and the spins precess around J = L + S; + S5, such that Sl + 5'2 = —L, where the
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dot indicates a derivative with respect to coordinate time. (See Fig. 1.11 for an illustration.) The

spin-precession frequency 2s, can be defined through the relation

ds;
dt

= Qg x Si. (1.123)

For the spin-orbit (SO) dynamics, the leading PN order in the Lagrangian and equations
of motion was derived in Refs. [95, 110, 163], and a Hamiltonian framework was developed in

Refs. [100, 101, 360]. The Hamiltonian at leading order (1.5PN) reads

HSO:(QJF%)L'Sw(H%)L'S? (1.124)

2my ) prd 2my ) prd

from which the equations of motion for the spins are given by

ds; oH

Thus, at SO level, the Hamiltonian can be written as Hso = ) . Qg, - Si.
The spin-spin contribution to the binary dynamics was first derived in the equations of
motion in Refs. [110-112], and in a Hamiltonian framework in Refs. [117, 118, 370]. At leading

order (2PN), the spin-spin part of the Hamiltonian reads

CQl meo CQ2 myq
Hss = 55 [3(n- 817 = 8i] + 5 5~ [3(n - 52)° — 8]
1
T3 [B(n-Si)(n-S2) —S1- S, (1.126)

where n = (x; — @3)/r is a radial unit vector from one body to the other, and C¢, are the
spin-induced quadrupole constants that equal one for BHs, but Cg, ~ 4 — 8 for NSs depending
on their equation of state [371, 372]. The spin-spin interactions cause nutations of the spin
directions, which are not present at SO level [359, 373, 374]. These nutations can reach 180
degrees in some configurations [375, 376], and have a significant effect on the binary dynamics
and waveforms [374, 377-379].
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Figure 1.12: The EOB formalism maps the binary motion to that of a test mass in a
deformed Kerr background.
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1.3 The effective-one-body formalism

The effective-one-body (EOB) formalism [380, 381] combines information from several
analytical approximations with NR results, while recovering the strong-field test-body limit, to
provide an accurate description of the binary dynamics and waveform in a larger region of pa-
rameter space than each approximation separately.

In the nonspinning case, the EOB formalism maps the motion of a compact binary to that
of a test mass in a deformed Schwarzschild background, as illustrated in Fig. 1.12. The mass of
the background BH is the total mass of the binary M = m; 4+ ms, while the mass of the test body
is the reduced mass p = mymsy /M, and the deformation parameter of the background spacetime
is the symmetric mass ratio v = u/M.

For spinning binaries, with mass-rescaled spins a; = S;/m; and as = Sy/ms, the map-
ping can be done to the effective metric of a deformed Kerr background with spin @ = a1 + a-
and a nonspinning test mass. Alternatively, another mapping for the spins that is also used in the
literature [382, 383] is to define the background spin as S = S; + S> and the test body’s spin

S* = Slmg/ml + ngl/mg + 0(1/02)
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EOB models have been constructed for nonspinning [80, 384—388], spinning [4, 370, 382,
383, 389—401], and eccentric binaries [5, 10, 402—404]. In addition, information from the post-
Minkowskian [6, 236, 237, 405, 406] and small mass-ratio approximations [407—410] have been
incorporated in EOB models.

The EOB approach consists of three main analytical components:
1. The Hamiltonian, which describes the conservative binary dynamics.

2. The radiation reaction (RR) force, which is added to the equations of motion, and accounts

for the energy and angular momentum losses due to the emitted GWs.

3. The gravitational waveform, which is resummed to improve the accuracy of the PN expan-
sion for the inspiral, includes a fit to NR results for the plunge, and models the ringdown

part based on BH perturbation theory.

We discuss each of these components in the following subsections, while restricting to the
case of nonspinning binaries for simplicity. Then, in § 1.5.2, we discuss precessing-spin binaries,

and in § 1.5.3, explore the case of binaries in eccentric orbits.

1.3.1 EOB Hamiltonian for nonspinning binaries

EOB Hamiltonians for arbitrary mass ratios have been derived for nonspinning binaries up
to 4PN order [80], with partial SPN and 6PN information [88, 91, 93]. Here, we explain how
such a Hamiltonian can be obtained, but for simplicity, restrict the explicit calculations to 2PN

order, following Refs. [380, 381].
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The effective background metric is defined by
gindatda” = —Adt* + Bdr? + r* (d6° + sin® 6d¢?) (1.127)
with the deformed mass-shell condition [384]
0 = gl pupy + 1° + Q, (1.128)

where () is an additional term that contains quartic and higher-orders-in-momenta contributions.

This relation can be solved for the effective energy/Hamiltonian Hey = Fer = —pg to obtain
2 L2
He = |A( 2+ 25+ 5 +Q, (1.129)
B r?

where we recall that p, is the radial momentum and L is the angular momentum. In the v — 0

limit, H.g reduces to the Schwarzschild Hamiltonian Hg for a test particle with mass y, which is

HS:\/(l—ﬂ) {uu (1—%)19%%7 (1.130)
r T T

ie,with A=1-2M/r, B=1/A, and Q = 0. From the effective Hamiltonian H.¢, one defines

given by

a two-body Hamiltonian Hgog via the energy map

H.
HEOB:M\/1+21/( ff—1), (1.131)
7

such that Hgogp is related to a PN-expanded two-body Hamiltonian through a canonical transfor-

mation. It was also found in Ref. [236] that the EOB map has the advantage of reproducing the
full 1PM two-body Hamiltonian when H = Hg.
To include high-order PN information in the EOB Hamiltonian, we write an ansatz for the

A, B and () potentials in Eq. (1.129), write an ansatz for a generating function of the canonical
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transformation, then match HF°B to a PN-expanded Hamiltonian in some gauge, and finally solve
for the unknown coefficients of the effective Hamiltonian and generating function.
To illustrate these steps at 2PN order, we use the following ansatz for the effective Hamil-

tonian

A=1-= = S (1.132)
27 —1
B |1 M , (1.133)
r 72
Q =0, (1.134)

with some unknown coefficients as, as, and by. Note that starting at 3PN order, we would need
to assume a nonzero () for a canonical transformation to exist.

The EOB Hamiltonian obtained with this ansatz has to agree, after a canonical transforma-
tion, with the 2PN two-body Hamiltonian in some gauge, such as ADM coordinates, in which

the Hamiltonian in the center-of-mass frame is given by [380]

2 M 1 M? 3) M p? Mp? 3v—1)pt
Hi%NM:Mg_i_p__ﬂ__f__gN _(V+) p- v pr+(V )p
21 r 2| 2r? 2ur 2ur 83
1[(8v+5)M?*p*  v2Mp*p?  3vM?*p?  (3v? + 20v —5) Mp!
ct 212 4p3r 2412 8usr
3v2Mp? 502 —5 1) pS 3 1) M3
8ur 165 473

Next, we write the following ansatz for the generating function of the canonical transfor-

mation:

TDr L2 9g:
g=- |:glp72~ +9— + —3]
c r r

+ 7 |oapl + + + 2+ 2 (1.136)

ror [ 4 gsL?p? gel* gt gsL® g
+
r2 rd r r3 r2
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perform the transformation using Poisson brackets, and match to the ansatz of the 2PN EOB

Hamiltonian, i.e.

1
Hids = Haom + {9, Hapw} + 5;{9: {9, Hipu}} (1.137)

where each bracket introduces a factor of 1/c?. Solving this equation for the unknowns yields
as =0, asz = 2v, by = 6v, (1.138)

for the coefficients of the effective Hamiltonian, and the following solution for the generating

function:
rp, (L*v  vp? v+2 Dy L*v  L*vp?
G (v vt L[ v Do
2\ 2r2 2 2r ct 8rt 4r?
L*v—4)yw  (v—12wp? wvp! —12P+Tv—1
e ] 1.139
+ 4r3 * 8r 8 + 4r? ( )

1.3.2 Radiation-reaction force

The equations of motion are obtained from the EOB Hamiltonian, with RR force added to

the right-hand side of those equations, such that

. OHgos . _aHEOB

r= ) pT' - + f?‘?
8ap,. ; or (1.140)
- Hgon . Hgop
e L = —

where F, and F, are the radial and azimuthal components, respectively, of the RR force, and
they start at 2.5PN order.

The RR force is related to the energy flux @5 and angular momentum flux @ ;, but while
the fluxes are gauge invariant, the RR force is gauge dependent. For quasi-circular orbits, the

fluxes satisfy &5 = Q& ; with Q = qﬁ being the orbital frequency, and a possible gauge choice
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for the RR force is [374]

F, = Fo=bp, - TE (1.141)

This force satisfies the balance equations between the energy/angular momentum losses by the

system and the fluxes at infinity, that is

Esystem = _(I)Ea jsystem = _(I)Ju (1142)
where
Esystem = % - T»Fr + 925]:057
st (1.143)
szstem = E = fd)-

However, these balance equations are only valid approximately for quasi-circular orbits [402].
We discuss their generalization in § 1.5.3, which is important for the derivation of the RR force
for eccentric orbits in Chapter 6.
A better agreement to NR results for the energy flux can be obtained by expressing the flux
as a sum over waveform modes
02 B! ) ,
@E:8—W;;m | Rhgm | (1.144)

with the modes resummed and factorized as in the following subsection.

1.3.3 Factorized waveform modes

The GW spherical harmonic modes h™ are the expansion of the complex polarization
waveform h = h, — ih, into spin-weighted spherical harmonics (see § 1.2.1.4). The PN-

expanded waveform does not give good agreement with NR, but the factorized waveform modes
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proposed in Refs. [386, 411-413] provide much better agreement, and are thus commonly used

in EOB waveform models. For circular orbits, the factorized modes are given by
P = Ty Sett Tem€™™ fom (1.145)

where £} is the Newtonian part (leading PN order), while S is an effective source term given

by either the Hamiltonian or angular momentum such that

H.g, ¢+ m even
Seff = . (1.146)

QV3L, ¢4+ modd
This term is motivated by the Regge-Wheeler-Zerilli equation [51, 53], whose source term de-
pends on the stress-energy tensor for a test body in a Schwarzschild background; since the EOB
formalism maps the binary dynamics to a test body in a deformed black hole background, the
source term can be viewed as the effective Hamiltonian or angular momentum. The third term
in Eq. (1.145), T},,, resums the infinite number of “leading logarithms” entering the tail effects
for circular orbits [184, 414, 415], and thus contains more information than a PN expansion. The
remaining part of the waveform modes is expressed as an amplitude f,,, and a phase d,,, such
that the expansion of 1}, = agrees with the known PN expansion for the modes. To improve the

agreement with NR, f,, is further resummed to reduce the magnitude of the 1PN nonspinning

coefficient, which grows linearly with ¢, such that [386, 413]

- m even
Jom = : (1.147)
(o) + Sy modd
where p)S and f3  contain the nonspinning and spin contributions, respectively. Explicit expres-
sions for these quantities are lengthy and are provided in Refs. [394, 397, 398, 413]. In Chapter 6,

we extend the factorized modes to eccentric orbits.
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Since the accuracy of the PN waveform degrades near the plunge, EOB models multiply
the factorized modes hj, by a phenomenological function N, called the non-quasicircular

correction, such that the inspiral-plunge part of the waveform is given by [395]

hiex;;p—plunge _ h? Ném- (1148)

m

The ansatz for Ny, is expressed in terms of p,., such that Ny,, — 1 as p,, — 0 in the early inspiral,
and the coefficients of that function are fitted to NR waveforms.
The ringdown part of the waveform is well described by BH perturbation theory, and can

be expressed as a superposition of quasi-normal modes (QNM)
hgn(t) = Agne'70me!, (1.149)
n=0

where Ay, are the complex amplitudes and o0y,,,, are the QNM frequencies, which only depend
on the mass and spin of the perturbed BH, and can be matched to the masses and spins of the
binary [416—418]. In the EOB approach, a simpler ansatz is used to model the merger-ringdown

signal, using [397, 419]
PR (1) A, ()9 B g mioemo (=) (1.150)

where o is the frequency of the dominant QNM, while Ay, (¢) and ¢y, (t) are tuned to NR
waveforms by requiring continuity between A% (¢) and AJ*PP""(¢) in the amplitude and

Im

its first derivative, and in the GW frequency. The time ¢, ., at which the two parts of the

waveform are matched, is taken at the peak of the amplitude of the inspiral-plunge waveform.

The full inspiral-merger-ringdown waveform is then given by

T () = hynt P ()0t — £) + D= P (00 — thticr), (1.151)

match

where 6(t) is the Heaviside step function.
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1.4 Modified gravity theories

General relativity is our most successful theory of gravity, and it has passed all experimental
tests. However, GR is a classical theory that is not renormalizable, but modifications of GR
with higher-curvature corrections can resolve this issue [420]. GR also includes singularities
in gravitational collapse and cosmology [421], which could be resolved in a quantum theory of
gravity. Therefore, it is expected that GR should be modified at high energies. Furthermore, it is
possible that strong-field modifications of GR might leak out at low energies and leave an imprint
on cosmological scales, thus providing an explanation for dark energy.

Many modifications of GR have been proposed in the literature, and they can all be classi-
fied based on which assumption of Lovelock theorem [422, 423] they violate. Lovelock’s theorem
states that GR is the unique theory of gravity under certain assumptions that can be expressed as

follows [424]:

“In four spacetime dimensions the only divergence-free symmetric rank-2 tensor
constructed solely from the metric and its derivatives up to second differential order,
and preserving diffeomorphism invariance, is the Einstein tensor plus a cosmological

term.”

Thus, modified gravity theories fall under one or more of the following classes: 1) theories with
extra field degrees of freedom,; ii) theories that violate diffeomorphism invariance, either by vi-
olating Lorentz invariance or by including massive gravitons; iii) theories built in dimensions
higher than four; and iv) theories that violate the weak equivalence principle. The diagram in

Fig. 1.13 summarizes these possibilities.
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Figure 1.13: Diagram illustrating Lovelock’s theorem. All modified gravity theories
violate one or more of the four assumptions underlying the theorem.

The simplest and most natural extensions to GR are scalar-tensor theories, which include
an extra scalar field non-minimally coupled to the metric, i.e. with a function of the scalar field
multiplying the Ricci scalar. The action for the most widely studied class of scalar-tensor theories

can be written in the Bergmann-Wagoner formulation as [424]

SST—— diz /-3 {qu— f)wauqsaugb U(@)| + Snl¥, G, (1.152)

where w and U are some functions of the scalar field ¢, Sy, 1s the matter part of the action, and W
are some matter fields that couple to the metric. The action written in this form is referred to as
the Jordan-frame action, and we use tilde to refer to quantities in that frame.

Performing a field redefinition ¢ = ¢(¢) and a conformal transformation of the metric

G = A72(0)Gyu» With A(p) = ¢1/2, defines the Einstein-frame action

Sst=—— [ d'z /=g [R — 29" 0,00, — U(@)] + Sin[¥, A%(©) 9], (1.153)

which simplifies the calculations because of the minimal coupling of the scalar field to R, at the
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expense of the non-minimal coupling to the metric in the matter action.

GWs emitted from compact binaries in scalar-tensor theories differ from GR due to the
emission of scalar energy flux, including dipole radiation that vanishes in GR, and the existence
of an additional polarization mode, namely a transverse breathing-mode.

In Chapters 8, 9 and 10, we consider some variations of scalar-tensor theories, and identify
some of their signatures on GWs. This helps in testing GR with GW observations, which offer
unprecedented opportunities to test gravity in the highly dynamical, strong-field regime, allowing
us to test gravity in pure spacetime events (binary BH mergers) or with highly-dense matter

(binary NS mergers).

1.5 Research Overview

This section summarizes the research presented in the rest of the dissertation, and it is

structured as follows:

* § 1.5.1 summarizes Chapters 2, 3, and 4, which were published as Refs. [1-3]. We discuss
a method for deriving PN results, which are valid for arbitrary mass ratios, from GSF re-
sults, by exploiting the simple mass dependence of the scattering angle in a PM expansion
(see § 1.2.2.2). We use this method to derive new results for the spin-orbit (SO) dynam-
ics at 4.5PN and 5.5PN orders, and for the aligned spin;-spiny dynamics at SPN order.
We demonstrate the improvement in accuracy by comparing the binding energy with NR

results.

e § 1.5.2 summarizes Chapter 5, which was published as Ref. [4]. We derive EOB Hamiltoni-

ans at 4PN order that are valid for precessing spins and generic compact objects, i.e., BHs
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or NSs. We also compare those Hamiltonians with NR results through the aligned-spin

binding energy, finding good agreement.

§ 1.5.3 summarizes Chapter 6, which was published as Ref. [5]. We derive the RR force and
gravitational waveform modes, in EOB coordinates, for aligned-spin binaries in eccentric
orbits through 2PN order, including tail effects, and SO and spin-spin couplings. These
PN results were used to extend the quasi-circular-orbit EOB multipolar waveform model

SEOBNRv4HM [397, 398] to the eccentric one SEOBNRv4EHM [10].

§ 1.5.4 summarizes Chapter 7, which was published as Ref. [6]. We assess the accuracy of
the 4PM conservative dynamics through comparisons with the PN approximation and NR
simulations for the scattering angle and the circular-orbit binding energy. We also incorpo-
rate the PM results in EOB Hamiltonians, which significantly improves the accuracy over

PM-expanded Hamiltonians.

§ 1.5.5 summarizes Chapter 8, which was published as Ref. [7]. We derive the conserva-
tive and dissipative binary dynamics in EMd theory at the next-to-leading PN order. We
compute the Fourier-domain gravitational waveform and the number of useful GW cycles

measurable by Advanced LIGO. We also construct two EOB Hamiltonians in EMd theory.

§ 1.5.6 summarizes Chapters 9 and 10, which were published as Refs. [8, 9]. We present a
theory-agnostic effective-field-theory approach for describing spontaneous and dynamical
scalarization, showing that all theories that exhibit spontaneous scalarization also manifest
dynamical scalarization in binary systems. We apply this approach to BHs in Einstein-

Maxwell-scalar theory, and to NSs in a particular class of scalar-tensor theories.
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1.5.1 Synergies between PN and GSF approaches

As discussed in Sec. 1.2, the PN expansion is an approximation for small velocities but ar-
bitrary mass ratios, while GSF provides an expansion in the mass ratio but for arbitrary velocities.
References [90, 91] introduced a method, sometimes dubbed the “Tutti Frutti” method [286], that
derives PN results valid for arbitrary mass ratios from GSF results at first order in the mass ratio.
We extended this method in Refs. [1-3] to include spin.

The method splits the conservative dynamics into local and nonlocal-in-time contributions.
The nonlocal part is calculated separately in a small-eccentricity expansion for bound orbits, or
in a large-eccentricity expansion for scattering orbits. The local part is determined from gauge-
invariant quantities—the redshift and spin-precession frequency—calculated at first order in the
mass ratio. This is done by exploiting the simple mass-ratio dependence of the scattering angle
in a PM expansion, as discussed in § 1.2.2.2, thus making it possible to derive the subleading PN
order from test-body results, and the full third-subleading PN order from first-order self-force
(1SF) results. The diagram in Fig. 1.14 illustrates this procedure, and the Table in Fig. 1.15
shows the relation between PN and GSF results for the local-in-time conservative dynamics.

This approach has been used to derive the SPN conservative dynamics for nonspinning
binaries except for two coefficients [90, 91], and the 6PN dynamics except for four coeffi-
cients [92, 93]. We extended that approach to spinning binaries, and derived the full 4.5PN
SO and 5PN aligned spin;-spin, dynamics [1, 2], and the 5.5PN SO dynamics except for one co-
efficient [3]. We explain these calculations in the following subsections, focusing on the 5.5PN

SO dynamics as an example.
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Figure 1.14: Overview of the “Tutti Frutti” method for deriving PN results from
GSF. The conservative dynamics is split into local and nonlocal-in-time contribu-
tions, with the local part determined from gauge-invariant quantities calculated from
GSF, by exploiting the simple mass-ratio dependence of the scattering angle.
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Figure 1.15: Relation between the PN, PM, and GSF approximations for the local-
in-time conservative dynamics. Circled PN orders indicate the results we derived
in Chapters 2, 3, and 4 using the “Tutti Frutti” method. PN orders in gray font are
partially known.
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1.5.1.1 Nonlocal-in-time contribution to the 5.5PN SO Hamiltonian

For an inspiraling binary, gravitational radiation emitted at earlier times can scatter off the
spacetime curvature back onto the binary, thus affecting the conservative dynamics [79, 183,
425]. These are called nonlocal-in-time contributions, or tail effects, since they depend on the
entire history of the binary. So far, there is no closed-form analytic solution for the nonlocal
contributions that is valid for arbitrary eccentricities, but they can be calculated in an eccentricity
expansion.

The total PN conservative action is split into local and nonlocal-in-time parts, such that

QPN GnPN' | GnPN (1.154)

tot loc nonloc

The nonlocal contribution starts at 4PN order for nonspinning binaries [79, 80], and at 5.5PN

order for the SO dynamics [3]. It is given by the following integral:

GM
SI%()OIIIOC - /dtPfZS/c/ ‘t E%ht t t) (1155)

which we evaluate at leading PN order, including both nonspinning and SO contributions. In
that integral, }"E%ht(t, t') is the time-split (or time-symmetric) GW energy flux, which is explained
below, and the Hadamard partie finie (Pf) operation is used since the integral is logarithmically
divergent at t’ = ¢.

It was shown in Refs. [79, 80] that the nonlocal part of the action can be written after a

change of variables 7 = t' — ¢ as

Sronioc = / dt 6 Hygpiee (1), (1.156)
GM dT spli soli r
O Hygioe(t) = = =5 -Phagsc HFL‘S‘(t,t +7)+ Bl £ In <;> . (1.157)
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The last term only depends on local time ¢, so we can simplify the local part by choosing the
arbitrary length scale s to be the radial distance r between the two bodies in harmonic coordi-
nates [91], thus removing the dependence of the local part on In 7.

The time-split (or time-symmetric) GW energy flux fﬁ’git(t, t') is expressed in terms of the

source multipole moments as [79]

spli G 1
FLI())lt(t>t,) =75 _1(3)

16
5 |01 @) + 57 0T + | (1.158)

Y 45¢2 7"
and to obtain the nonlocal 5.5PN contribution to the Hamiltonian, we need the mass quadrupole

moment /;; at 1.5PN order, and the current quadrupole moment J;; at 0.5PN order. These mo-

ments are given by [164, 426]

Ly = mizlad + Zali(v) x 81 — ——ali(x, x 1) +1 ¢ 2,
¢ 3c? dt (1.159)
; 3
Jij = myzt (@ x v + 287 41 ¢ 2.

2c

The integral in Eq. (1.157) can be evaluated in an eccentricity expansion using the quasi-

Keplerian parametrization [427], which is given for bound orbits, up to 1.5PN order, by

r=a.(1— e, cosu), (1.160)

{=nt=u— e sinu, (1.161)
1

¢ = 2K arctan [ t+ € tan E] , (1.162)
1—6¢ 2

where a, is the semi-major axis, u the eccentric anomaly, ¢ the mean anomaly, n the mean motion
(radial angular frequency), K the periastron advance, and (e,, e, €,) the radial, time, and phase
eccentricities. Using that parametrization, we express the source multipole moments (1.159) in

terms of the variables (a,., e;, t), and expand in eccentricity up to O(e?). We then perform an orbit
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average of the time-split flux

27 /n

<fi‘3“(t, t+ T)> FRNt, ¢+ 7)dt, (1.163)

=5 i
and perform the Pf operation with time scale 2s/c. The result of this calculation is the nonlocal
part of the harmonic-coordinate Hamiltonian expanded in ¢, as given by Eq. (4.28) in Chapter 4.

It is more convenient to work with a Hamiltonian in EOB coordinates, since it leads to
simpler expressions, and the results can be directly implemented in EOB waveform models. The
effective Hamiltonian for nonspinning binaries was discussed in § 1.3.1, and the simplest way of

extending it to include SO effects is to add a term proportional to LS/r3, such that

_ p2 L2
Har = \[A) |12+ A0)D0) S + 2+ Qo)
_1 *
+ 5 3L l9s(rp)S + gs- (1, pr) 57 (1.164)

In this Hamiltonian, we use D = 1/(AB), which is a more standard choice in the literature than

B(r) from Eq. (1.129). In addition, we define the spin combinations

S=8+8, S= @51+%Sg, (1.165)
2

ma

and include the PN SO corrections in the gyro-gravitomagnetic factors gs and gg-, given by

1 [27v p2 SvM I sse 5.5PN,nonl
_9_ Pr - . ,Jloc . ,nonloc 1.166
9s Z { 6 2 160 ] +oo 5 (0 + 93 ), (1.166)
3 1 v 5\ p? 3 v\M 1/ sseny 5.5PN,nonl
=2 = oV O\ Pr 2 R . - 3 Joc 3 ,nonloc 7 1.167
g5+ =5 CQ{(2+4)#2+(4+2)T]+ +68(g5 + g3 ), ( )

where we split the 5.5PN term into local and nonlocal parts. Note that the gyro-gravitomagnetic
factors are the same for both aligned and precessing spins, since the spin vectors in Eq. (1.164)
only couple to the angular momentum vector at SO level. Hence, even though the calculations
that follow are specialized to aligned spins, the final result is valid for precessing spins.
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Splitting the A, D, and @ potentials in Eq. (1.164) into local and nonlocal pieces, and

expanding the effective Hamiltonian to leading order in the nonlocal part, yields

1
Hes = HYS + HQ;;“IOC + O(5PN, 6.5PN SO), (1.168)
1 _ L
Hé)f(;nloc — 5 (Anonloc + Dnonlocpz + Qnonloc) 4 03r3 . [SggSPN,nonloc + S*ggEPN,nonloc} ) (1169)

3 5PNnonloc and ¢ 5 SPNnonloe w6 write them in terms of unknown coefficients, cal-

To determine gg
culate the orbit average of H""° in terms of (a,, ¢;), then match to the harmonic-coordinates

nonlocal Hamiltonian, given by Eq. (4.28) in Chapter 4, to obtain Eq. (4.33).

1.5.1.2 Local-in-time contribution to the 5.5PN SO Hamiltonian

The magnitude of the impulse Q has a simple mass dependence in the PM expansion as in
Eq. (1.92). We showed in Ref. [2] that this mass dependence holds when spin is included; we just

need to replace the mass-independent functions Q”PM ( ) in Eq. (1.92) by

nPM nPM ap az
g (©) = QU (0,55 ) (1.170)
a1a
M () + Q;f?ﬁ L)+ Q:; iy (V) + = QU () + Oad),
112 1M1 2 1Mpa1a2

where a; = S;/m; are the mass-rescaled spins, and b is the covariant impact parameter defined as
the orthogonal distance between the incoming worldlines when using the covariant (Tulczyjew-
Dixon) SSC.

Thus, we find that the linear-in-spin part of the scattering angle, when scaled by £ /M has

the following mass dependence:

oo %{G;” o (CM) T 4 o)

b
(GTM)3 [XB* + 0%+ VXE} + (GTM)4 [X4 + OXG + XY + voXy
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MN\5
+(—Gb ) [x5+5xg+yxg+u5xg5+y2xg2]+...}+1ez, (1171)

where 6 = (my —my)/M, and X;:- are functions only of the energy, or equivalently the velocity.
Terms independent of v, i.e. X, (v) and X’ (v), can be determined from the scattering angle of a
spinning test particle in a Kerr background, which was calculated in Ref. [428]. We then write
an ansatz for the other functions in terms of unknown coefficients in a 5.5PN expansion as in
Eq. (4.45).

The scattering angle can be obtained, as explained in § 1.2.2.3, by integrating dp,. /0L from
—o0 to +o00. This means that it can be calculated from the local Hamiltonian by inverting the

Hamiltonian for p,.(H = E, L, r), and evaluating the integral

B * Op,(E,L,r)

0

where 7 is the turning point, obtained from the largest root of p,.(E, L,r) = 0. We then relate
the coefficients of the local Hamiltonian to those of the scattering angle ansatz, which reduces
the number of unknowns in the Hamiltonian.

To determine the linear-in-v coefficients in Eq. (1.171) from 1SF results, we calculate the
redshift and spin-precession invariants from the total (local + nonlocal) Hamiltonian, since GSF
does not differentiate between the two, then match their small-mass-ratio expansions to 1SF
expressions known in the literature. A crucial component in this calculation is the first law of

binary mechanics [2, 429-432], which reads
dE = QdI, + QudL + > (zdm; + Q5dS), (1.173)

where (2, and (2, are the radial and azimuthal frequencies, I, is the radial action, z; is the redshift,
and (g, is the spin-precession frequency.
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The orbit-averaged redshift can be calculated from the Hamiltonian using

0OH 1 oH
= = — dt 1.174
A <3m1 > Tr % 8m1 ’ ( )
where 7. is the radial period. The spin-precession frequency (2g, is given by
0OH 1 0OH
Qs, =( == ) == ¢ —=dt. 1.175
o <851 > T, ]{ a5, (117>

Evaluating these integrals can be done in an eccentricity expansion using the Keplerian

parametrization

1
— - 1.176
: uy(1+ecosf)’ ( )

where u,, is the inverse semilatus rectum, e is the eccentricity, and £ is the relativistic anomaly.
This yields the redshift and spin-precession invariants in terms of the gauge-dependent u,, and e,
i.e., z1(up, €) and ¥y (u,, €). We then express them in terms of the gauge-independent variables

3z

z = (MQy)*?, = (1.177)

where k = T},/(27) — 1 is the (fractional) periastron advance.
Next, we expand the redshift z; (z, ¢) and spin-precession frequency {2, (z, ¢) to first order

in the mass ratio ¢ = my /ms. In doing so, we make use of another set of variables (y, \), defined

by
xz
y = (mefy)¥? = T (1.178)
_ 3y L
/\:?:m, (1.179)

which can be directly related to the variables used in GSF calculation, as explained in Ap-

pendix C. The result of this calculation can be schematically written as

2 =20+ a2 1+ g (85 + a5 + O, a?), (1.180)
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U1 =00+ quish + O(¢%,a) (1.181)

where the spin-precession invariant ¢y = (g, /Q, a is the Kerr spin, and each term is a PN
expansion. Thus, by matching z; and ¢y computed from the Hamiltonian with the 1SF results
derived in Refs. [341, 343, 349, 433], we can determine the remaining unknowns in the scattering
angle and Hamiltonian, allowing us to solve for all coefficients up to 5.5PN order except for one

coefficient at second-order in the mass ratio.

1.5.1.3 Comparison with numerical relativity

The binding energy £ provides a good diagnostic for the conservative dynamics of the
binary system [408, 434, 435]. In NR simulations, it is calculated by subtracting the total mass

and radiated energy F,,q from the initial energy Fj, at the beginning of the simulation [436]
Exg = Eyy — Eg — M. (1.182)

Even without including £, it is informative to compare the binding energy calculated from the
conservative Hamiltonian, while assuming exact circular orbits (i.e., not inspiraling). To compute
the circular-orbit binding energy £ = H — M, we set p, = 0 in the Hamiltonian and numerically
solve p, = 0 = —0H/Or for the angular momentum L at different orbital separations. We can

then obtain E as a function of the dimensionless parameter
vo = (MQ)Y3, (1.183)

which is the velocity at leading PN order, where the orbital frequency Q2 = 0H/0L.
To isolate the SO contribution £5° to the binding energy, we combine configurations with
different spin orientations (parallel or anti-parallel to the orbital angular momentum direction),
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Figure 1.16: The relative difference in the SO contribution to the binding energy £5°
between EOB and NR for equal masses (left panel) and ¢ = 1/3 (right panel), plotted
as a function of the frequency parameter vg,.

as explained in Refs. [437, 438]. One possibility is to use

E*(v,a,a) ~ = [E(v,a,a) — E(v, —a, —a)] (1.184)

where a here is the magnitude of the dimensionless spin of each BH, which varies between -1
and 1. This relation subtracts the nonspinning and spin-spin parts, with corrections remaining at
cubic order in spin, thus providing a good approximation for the SO contribution.

The binding energy was obtained from NR data in Ref. [438] for various spinning and
nonspinning configurations. In Fig. 1.16, we show the relative difference in the SO contribution
ES° between an EOB Hamiltonian and NR for two mass ratios, g = 1and g = 1/3, as a function
of v up to vy = 0.4, which corresponds to about an orbit before merger. We see that our 4.5PN
SO result provides a significant improvement over the 3.5PN order, with smaller improvement
at 5.5PN order. To produce the 5.5PN curve, we set the remaining quadratic-in-v coefficient
in the scattering angle, denoted ng,, to zero. Since this unknown is expected to be of 0(102),
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based on the other coefficients at that order in the scattering angle, we also plot the energy for
ng; = 500 and ng = —500, demonstrating that the effect of that unknown is less than the

difference between 4.5PN and 5.5PN, with decreasing effect for small mass ratios.

1.5.2 EOB Hamiltonians for precessing spins at 4PN order

In Ref. [4] (Chapter 5), we obtained EOB Hamiltonians that include the complete 4PN
conservative dynamics for precessing spins. Such a Hamiltonian is also valid for generic compact
objects, i.e. BHs or NSs, since we included the spin-induced multipole constants that parametrize
the deformation of the spinning body. We considered four Hamiltonians that are extensions of
the varieties found in the literature, and assessed their accuracy by comparing the binding-energy
to NR simulations, finding good agreement. Here, we briefly discuss one Hamiltonian to show
how it is constructed, and refer the reader to Chapter 5 for more details.

The Hamiltonian for a test mass in a Kerr background with spin a can be written in a

3-vector notation as follows: [4, 392]

H®" = HiG + Hien (1.185)
2r
HSm = KL ‘a, (1.186)
1/2
Kerr __ Kerr 2 Kerr, 2 Kerr 2 Kerr 2
HE — {A (4 + BY"p? + B"(n - p)? + Blei(n x p- a) )} SN CREY)

where HXS™ contains odd-in-spin contributions while HXST is even-in-spin, and where

AX r?
Kerr __ Kerr -
e BT 1.188
K r2 [A K r? (1.188)
I R
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with

Y=r’+(n-a) A=r?—2r+ad*
(1.189)

A= (r*+a*)? - Ad*+ A(n-a)’

We take the effective Hamiltonian H*" in the EOB description to be a deformation of the
Kerr Hamiltonian HX", with the deformation parameter being the symmetric mass ratio v =
/M. The masses of the Kerr BH and test mass are identified to be the total mass M = m;j + may
and reduced mass ;. = myms /M, respectively, while the Kerr spin a is mapped by a = a; + as.
This ensures that the Hamiltonian reproduces leading-order PN results for BHs at all even orders
in spin [127, 264].

We write the effective Hamiltonian as

H = Hogo + Hesen: (1.190)
with odd-in-spin PN corrections added in H®!, and even-in-spin PN corrections in HE . For the
odd-in-spin part, we use the ansatz

GMr
Hely = =2 [L - (955 +95-8") + L+ (G481 + 628, | (1.191a)

where S = S;+ S5 and S* = Syms/my + Samy /ms. The gyro-gravitomagnetic factors include
next-to-next-to-leading (3.5PN) SO corrections, while Gglg) and G(SQS) include the leading order
(3.5PN) cubic-in-spin corrections.

For the even-in-spin part of the effective Hamiltonian, we use the ansatz
1/2
Hejen = {A(l + Byp” + Bup(n - p)° + Bupa(n x p - a)® + @)] : (1.192)
with the potentials chosen such that

A= AKer (AO A5 ¢ AS4> , (1.193)
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B, = B¥ (14 B5) . (1.194)

(1-2+2%) (4D + B5) -1

By = O a , (1.195)
Bupa = Byer, (1.196)
Q=0qQ"+Q%, (1.197)

where A%(r), D°(r) and Q°(r) include PN corrections for nonspinning binaries; A%, BS*, B3
and Q° * include next-to-next-to-leading (4PN) spin-spin corrections, while A° " includes the lead-
ing order (4PN) quartic-in-spin corrections.

Then, we write those potentials in terms of unknown coefficients in a PN expansion. For

example, to include 4PN S? terms, we write
1
A% = 3 S aNa a4 BN (n - a)(n - a))]

1
+ i [af]PNa,- aj+ ﬂf’jPN(n -a;)(n - a;)]

—i—l[a

75 5 aia;+ BN (n - ag)(n - a))], (1.198)

%) v

where the unknown coefficients «;; and 3;; are assumed to be symmetric under the exchange of
the two bodies’ labels. For the S* contribution, we write the ansatz
S4 1
A == > (i a;)(ak - @) + Byu(a: - a;)(n-ax)(n - a)
i\G k=12

+vigu(n - a)(n - a;)(n-ap)(n-ap)|, (1.199)

and similarly for the other potentials. We solve for these coefficients by matching the EOB
Hamiltonian to a PN-expanded Hamiltonian written in a generic gauge after performing a canon-

ical transformation, as explained in § 1.3.1. The results are given in Chapter 5 and Appendix E.
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in-spin (right panel) contributions to the binding energy for the 4PN EOB Hamilto-
nian considered in this subsection. The NR error is indicated by the shaded regions.
Figure adapted from Ref. [4] (Chapter 5).
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66



To assess the accuracy of this Hamiltonian, we compared its circular-orbit binding energy
with NR simulations. Figure 1.17 shows the spin contributions at SO, S?, and S? levels. These
contributions were isolated by combining configurations with different spin orientations [437,
438]; for example, the SO contribution can be isolated using Eq. (1.184). We see from the
figure that the SO contribution is almost an order of magnitude larger than the S? contribution,
which is in turn an order of magnitude larger than the S® contribution. Figure 1.18 shows the
effect of each spin PN order on the binding energy for a configuration with dimensionless spins
a;/my = as/ms = 0.85 and mass ratio ¢ = 3. We see that the higher PN orders for the spin
contributions improve the agreement with NR results.

Because of the simplicity and accuracy of the Hamiltonian described above, it has been
used to inform the Hamiltonian of the next-generation EOB model SEOBNRv5, which we are

currently developing for use in the upcoming LIGO-Virgo-KAGRA runs.

1.5.3 Radiation reaction and waveform for eccentric orbits

GW observations have so far been consistent with binary coalescence in quasi-circular or-
bits [439-442], and it is expected that binaries would circularize before they enter the frequency
band of ground-based detectors [443—445]. However, depending on their astrophysical forma-
tion channels, a small fraction of binaries could have non-negligible orbital eccentricity as they
enter the LIGO-Virgo frequency band [446—448]. This can occur in dense stellar environments,
such as globular clusters or galactic nuclei, where dynamic capture [446—451] or the Lidov-Kozai
mechanism in hierarchical triples [452—455] can lead to eccentric binary inspirals at close sepa-

rations. Interestingly, the signal-to-noise ratio is expected to be higher for eccentric binaries than
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quasi-circular ones [456], and Ref. [442] pointed out that GW 190521 [457] could be consistent
with an eccentric nonprecessing binary.

Even though the expected fraction of eccentric GW observations with current detectors is
small, neglecting eccentricity for the parameter inference can cause significant bias [193]. Hence,
it is important to develop accurate waveform models for eccentric binaries to detect them, infer
their properties, and shed light on their astrophysical environment and formation channels.

In most EOB waveform models, the radiation-reaction (RR) force and waveform modes
are specialized to quasi-circular orbits. In Ref. [5] (Chapter 6), we derived eccentric-orbit PN
expressions for the RR force and the waveform modes in EOB coordinates through 2PN order,
including tail effects, and SO and spin-spin couplings. We recast those results in a factorized
form and included them in the state-of-the-art, quasi-circular-orbit model SEOBNRv4HM [397,
398] currently used in LIGO-Virgo analyses. In Ref. [10], we compared our eccentric model
SEOBNRv4EHM with publicly-available NR simulations with initial orbital eccentricities e < 0.3

and mass ratios up to 3, finding good agreement.

1.5.3.1 Radiation-reaction force

The RR force accounts for the energy and angular momentum losses by the system, and is
added to the right-hand side of the Hamilton equations (1.140). In general, the local energy and
angular momentum losses by the system, which are gauge-dependent quantities, are not equal
to the gauge-invariant energy and angular momentum fluxes, 5 and ® ;, because of additional

contributions due to interactions with the radiation field. The balance equations are modified by
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Schott terms [402] that appear as total time derivatives in the balance equations, which read

Esystem + ESchott + (I)E = Oa
(1.200)

jsystem + chhott + (I)J = 0

Substituting the expressions in Egs. (1.143) for the energy and angular momentum losses yields

rFr+ ¢.5~7'-¢ + Esehort + P =0,
(1.201)

Fo+ Jseho + @7 = 0.

The coordinate gauge freedom in the RR force is related to the freedom in defining the
Schott terms, and can be chosen such that the RR force for eccentric binaries reduces to the

following quasi-circular-orbit expressions:

o Pf
Fo=a
- (1.202)
qc C& — _ Ep?“
z ]:2 L QL ’

where () is the orbital frequency and ® is the quasi-circular-orbits energy flux. These expres-
sions were obtained in Refs. [374, 381], and have been used in the quasi-circular-orbit model
SEOBNRv4HM [397, 398], which we extended to eccentric orbits.

Hence, the approach we use to obtain the RR force is to write a generic ansatz with un-
known coefficients for the Schott terms, and calculate the RR force from the fluxes using the
balance equations (1.201), which can be solved for the force components to give

«Fqb = _(I)J - chhotta
(1.203)

T"fr = —(I)E + ¢¢J - ESchott + Q'Schhott-

Then, we specify the free unknown coefficients in the Schott terms such that the force reduces to
the conditions in Eq. (1.202) in the circular-orbit limit, i.e.,

Fo=—25+0(p:) + Op;),

F.L
f(i)pr

(1.204)

=1+0(p),
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since both p, and p, are zero for circular orbits.

To illustrate this procedure at leading PN order (2.5PN), we start by writing the energy and

angular momentum fluxes as

_ Su2 M4 2 2
pinst = 2 (12]9——11”),

o 1.205
5 \1Zz M (1.205)
- S8U2M3L 2 2 oM

pint = L (9P gPr 20 (1.206)
Spr3 u? w? r
and use the following ansatz for the Schott terms:
inst MngL
Schott — 1 MQTQ ) (1207)
_ M2p P2 »? Mps
1nst T T
Estho = 2 ( 1; + ﬁzﬁ + . . (1.208)

Calculating the RR force with this ansatz using Eqgs. (1.203) and requiring that F,. L /(Fsp,) — 1

satisfies the condition in Eq. (1.204) gives the solution

8 16 128
e — = —— = = — . 1.2
61 5a 52 3 ) 53 07 aq 15 ( 09)

With that solution, we obtain the leading order RR force

SUIMPL [ p? 2 99
Flo_ 2 =2 (1079—2 — 392 _ )

1.210
15pur3 1 7 r ( :
o 16°M%p, ( _p* pf 11M

The same procedure is performed in Chapter 6 up to 2PN relative order.

1.5.3.2 Initial conditions for eccentric orbits

To numerically evolve the equations of motion, we need to specify the initial conditions.
In Ref. [5], we obtained initial conditions for eccentric orbits starting at periastron, and then

generalized those conditions in Ref. [10] to start at an arbitrary point on the orbit.

70



We use the eccentricity e defined as in the Keplerian parametrization

1
= 1.212
" up(1+ecos)’ ( )

where u,, is the inverse semilatus rectum, and § is the relativistic anomaly, which equals O at
periastron and 7 at apastron. Given an initial orbital frequency (), eccentricity e, relativistic
anomaly &y, masses, and spins, we obtain the initial conditions for  and L in absence of RR by

solving the following equations:

|:8HEOB

or L = —[pr(L,e, &)l {3HEOB

o h = Qo, (1.213)

with p.(L, e,€) and p, (L, e, £) given by the 2PN expansion given in Appendix C of Ref. [10].
Using the solution for o and Lj, we obtain the initial condition for p,, by numerically

solving

- . (1.214)

|:aHEOB:| _ [7;(0) n 7;(1)]
0
where () is the 2PN expression for 7 in absence of RR, while (! accounts for the effect of RR

on 7, for which we use the quasi-circular expression derived in Ref. [374]

) _ _ 2 0"Heop/OrOL

IR (1.215)

1.5.3.3 Waveform modes

We derived the waveform modes to 2PN order beyond the leading order of the (2, 2) mode,
including the tail effects, and SO and spin-spin couplings for aligned spins. The instantaneous
nonspinning part of the modes was derived for eccentric orbits in Refs. [151, 159] in harmonic

coordinates and we converted their results to EOB coordinates using the transformations in
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Ref. [402]. For the tail part, we extended the results of Ref. [403] to higher orders in the ec-
centricity expansion to O(e%) and to higher modes using the Keplerian parametrization. The spin
contributions to the modes were derived up to 2PN order for circular orbits in Ref. [173], and we
extended that derivation to eccentric orbits following the steps discussed in § 1.2.1.4 while using
the spin contributions to source moments from Refs. [166, 173].

We included the eccentric corrections in the factorized modes (1.145) as follows:

hE = WG (T 4 Teee)eidem (fo 4 fecey, (1.216)

Im Im Im
where heN,fC is the quasi-circular leading PN order, the effective source term S is given by

Heg(r,pr, L), £+ meven
Seft = : (1.217)
Q3L ¢+ m odd

T~ contains the eccentric corrections to the tail contribution, d,, is the same as in the quasi-

circular case, and 3¢

e contains the eccentric corrections to the instantaneous contributions (both

spinning and nonspinning, including the Newtonian part).

1.5.3.4 Comparison with numerical relativity

In Ref. [10], we incorporated those PN results in an eccentric-orbit EOB model, denoted
SEOBNRvV4EHM, and compared its predictions with NR simulations. Since eccentricity is a
gauge-dependent quantity, its value in the model does not necessarily agree with the eccentric-
ity used in NR. Thus, to compare the waveforms produced by the model with NR results, we
vary the initial eccentricity and frequency used to evolve the equations of motion, compute the
waveform, then align it with the NR waveform to find the set of initial conditions giving the best
match with NR. Figure 1.19 shows an example for an eccentric waveform with mass ratio ¢ = 2
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Figure 1.19: Comparison of the (2, 2) waveform mode between SEOBNRv4EHM and
an NR waveform with initial eccentricity exg = 0.257, mass ratio my/m; = 2, and
zero spins. The mismatch is 0.35%. Figure from Ref. [10].

1071

—_
T
N

mismatch

103

10— 4+
25 50 75 100 125 150 175 200
M[Mg)]

Figure 1.20: Mismatch between the SEOBNRv4EHM model and 28 NR simulations
of eccentric binaries. The mismatch is less than 1%, indicating a good agreement.
Figure adapted from Ref. [10].
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and eccentricity exg = 0.257, leading to a mismatch with the NR waveform of about 0.35%. The
mismatch, also called unfaithfulness, is defined as a noise-weighted inner product between two
waveforms maximized over a set of extrinsic parameters [398, 399].

We also compared our model with 28 publicly available NR simulations for eccentric orbits,
which include configurations with mass ratios ms/m; < 3, initial orbital eccentricity e < 0.3,
and spin magnitudes < 0.7. These NR waveforms were produced by the Simulating eXtreme
Spacetimes (SXS) collaboration [41, 458]. For each waveform, we computed the mismatch be-

tween SEOBNRv4EHM and NR waveforms, finding it less than 1%, as shown in Fig. 1.20.

1.5.4 Energetics and scattering at fourth post-Minkowskian order

At 4PM (and 4PN) order, nonlocal-in-time (tail) effects contribute to the conservative dy-
namics. As discussed in § 1.5.1.1, these effects depend on the entire history of the binary, and are
thus different between bound and unbound orbits. The 4PM conservative dynamics (including
tail effects) was derived in Refs. [246, 247, 258, 259] for hyperbolic orbits. In Ref. [6] (Chap-
ter 7), we assessed the accuracy of those results through comparisons with the PN approximation
and NR simulations for the scattering angle and circular-orbit binding energy. We found that,
while the 4PM and 3PN approximations give comparable results for bound orbits, the 4PM ap-
proximation becomes more accurate for hyperbolic orbits. We also incorporated the PM results in
EOB Hamiltonians, which significantly improves the accuracy over PM-expanded Hamiltonians.

All GW detections so far have been consistent with bound-orbit inspirals, and there is no
consensus in the literature [459-465] on the event rate for hyperbolic encounters, with the ex-

pected event rates varying between 0.001 to 0.39 per year for upcoming LIGO-Virgo-KAGRA
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runs, depending on the model [465]. Detecting GW bursts from hyperbolic orbits would have
important implications on our understanding of dense stellar environments and the merger rate of
compact objects. Therefore, studying the effect of scattering encounters on GWs and incorporat-
ing them in waveform models, may increase the likelihood of detecting them and inferring their
parameters. We take a first step towards that goal by investigating the effect of hyperbolic-orbit

PM results in the Hamiltonian on the scattering angle.

1.5.4.1 PM-expanded Hamiltonian and scattering angle

The 4PM Hamiltonian can be written in an isotropic gauge—depending explicitly on r and

p? but not on the angular momentum L—as follows:

4
Gn
Hg& = \/m% +p? + \/m% +p*+ g o o (1.218)
n=1

where the 1PM and 2PM coefficients are given by [243]

¢ = l/;—i\/f(l —27%),
C2 = V2I’—]2\f 2(1 —57%) - 4V7(1r2 = - = —2?3(;— ) ’ (1.219)
with
r=f = hb szl.pngQ—mf—mg. (1.220)
M E? mime 2mymy

The 3PM and 4PM coefficients are lengthy and are given by Eq. (10) of Ref. [243] and Eq. (8) of
Ref. [247]. The 3PM Hamiltonian is valid for both bound and unbound motion, but the nonlocal
part of the 4PM coefficient c4 has only been derived for hyperbolic orbits.

The radial action for hyperbolic orbits (see § 1.2.2.3) at 4PM order can be written schemat-
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ically as

G4M7l/2p2

]hyp
16EL3

r4PM T Iy 3pm —

Vi —1 2
M+ v (4M;1nVT+MZ{ +M£fm>], (1.221)

where the 3PM part I, spy is valid for both bound and unbound motion. The terms M are
independent of the masses and are directly related to parts of the scattering amplitude [247]. The

scattering angle can be obtained from the radial action using Eq. (1.102), which reads

o hvp
] r
X oL

— . (1.222)

To estimate the effect of the hyperbolic piece of the 4PM Hamiltonian, we calculate the PN-
expanded circular-orbit binding energy and compare it to the energy calculated from a Hamilto-
nian valid for elliptic orbits. A 6PN bound-orbit EOB Hamiltonian was derived in Refs. [92, 93],
which contains unknown coefficients at O(G®) and higher orders, but is complete at O(G*).
Therefore, we can canonically transform the 6PN EOB Hamiltonian to isotropic gauge (the same
as the 4PM Hamiltonian), truncate it at O(G*), and analytically calculate the binding energy. We
find that the difference between the elliptic- and hyperbolic-orbit binding energy at 4PM(4PN)

order is given by

_. _ 37933 1036 113847608 In 2
iso0,h: 1s0,€. E
E4PM(nyN) - E4PM21PN) = v 45 + 15 45

14724991n 3 n 136718751In 5
20 12

~ 14.94v2” (1.223)

where » = (M2)*?. That is, the disagreement is in the linear-in-v coefficient, and is about 15%
of the corresponding coefficient in Ef{,’ﬁ&w). In Fig. 1.21, we plot the fractional difference in the

binding energy between hyperbolic and elliptic orbits at different PN orders, and for mass ratios
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Figure 1.21: The fractional difference in the binding energy when computed from
a hyperbolic-orbit Hamiltonian compared to an elliptic-orbit Hamiltonian. The en-
ergy is computed analytically at different PN orders, all truncated at 4PM order, and
plotted for mass ratios ¢ = 1 and 1/10. Figure adapted from Ref. [6] (Chapter 7).

g = 1l and ¢ = 1/10. We see that the fractional difference is < 2%, which justifies applying the
hyperbolic 4PM result to bound orbits. In Chapter 7 (see Fig. 7.3 there), we also complement the
hyperbolic-orbit 4PM Hamiltonian with bound-orbit corrections at 4PN, SPN, and 6PN orders,
finding very small differences, further demonstrating that the hyperbolic piece has a small effect
on the dynamics.

In the left panel of Fig. 1.22, we plot the binding energy calculated numerically from the
Hamiltonian at different PM orders, and compare it with NR simulations for an equal-mass bi-
nary. We see that the 4PM Hamiltonian gives much better agreement with NR than Hamiltonians
computed at lower PM orders. This is because the 4PM Hamiltonian contains the full 3PN infor-
mation, which provides a significant improvement over the 2PN order.

A comparison of the 4PM results in the case of hyperbolic orbits can be performed through
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Figure 1.22: Binding energy for the PM-expanded Hamiltonian (left panel) and the
PM-expanded scattering angle (right panel) compared with NR simulations for an
equal-mass binary.

the scattering angle, which was computed from NR simulations in Ref. [466] for equal masses
q = 1, initial asymptotic relative velocity v ~ 0.4, and impact parameter byg ranging from 9\
to 16 M. We see from the right panel of Fig. 1.22 that each PM order gives better agreement with
NR than the lower orders, with an overall good agreement at 4PM, especially considering that
these scattering angles are rather large while the PM expansion is an approximation away from a

straight line.

1.5.4.2 PM-EOB Hamiltonians and scattering angle

Incorporating PM results in an EOB Hamiltonian has the advantage of improving the ac-
curacy over PM-expanded Hamiltonians. We discussed in § 1.3.1 how to include PN results in
an EOB Hamiltonian via a canonical transformation and matching to a PN-expanded Hamilto-

nian. For PM results, it is more convenient to calculate the gauge-invariant scattering angle from
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an ansatz for the EOB Hamiltonian, then match it to the PM-expanded scattering angle from
Eq. (1.222).
We consider in Chapter 7 two ansatzes for a PM-EOB Hamiltonian: one based on the post-

Schwarzschild (PS) gauge used in Refs. [237, 405], and another gauge, denoted PS™ , that is given

by
. 2M M? M3 M*
(Heff,PS )2 _ (1 - + a2PM7 + G3PM—T3 + CL4PM_T4 >
oM L?
X {MQ + (1 — T) pf + ﬁ] ) (1.224)

with some unknown coefficients a,py that are determined by matching to the scattering angle.
In this ansatz, cf. Eq. (1.129), we choose the B potential to be the same as in the Schwarzschild
metric, i.e., B = 1/(1 — 2M/r), and include all the 4PM corrections into the A potential. The
result for these coefficients is provided in Appendix L.

In the left panel of Fig. 1.23, we plot the binding energy calculated numerically from the
PM-EOB Hamiltonian at different orders. We see that 4PM provides a significant improvement
over the lower PM orders, even though the 4PM Hamiltonian is for hyperbolic orbits.

In the right panel of Fig. 1.23, we compute the scattering angle from the PM-EOB Hamil-
tonian by evolving the equations of motion without RR force, then reading off the final azimuthal
angle after scattering. We find a very small disagreement with NR, which is why we plot the
relative difference. Furthermore, since we are interested in assessing the accuracy of conserva-
tive results, we included the effect of RR as obtained from NR simulations through the initial
conditions, as explained in Chapter 7 at the beginning of Sec. 7.5.

In both panels of Fig. 1.23, we also plot the binding energy and scattering angle obtained
from an EOB Hamiltonian in the same gauge but with the a,py coefficients expanded up to 3PN
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Figure 1.23: Binding energy (left panel) and scattering angle (right panel) for the
PM-EOB Hamiltonian compared with NR.

order. We see that the 3PN expansion gives slightly better agreement with NR for the bound-orbit
binding energy, while for scattering encounters, the full 4PM Hamiltonian leads to better results

than the 3PN expansion of its coefficients.

1.5.5 Two-body dynamics in Einstein-Maxwell-dilaton theory

In Ref. [7] (Chapter 8), we studied the binary dynamics in Einstein-Maxwell-dilaton (EMd)
theory, which originated as a low-energy limit of string theory [467, 468], and in which a massless
scalar field can be generated by electrically-charged BHs. Astrophysical BHs are not expected
to be electrically charged, since they would neutralize via spontaneous pair production [469] or
interactions with astrophysical plasma [470] over timescales that grow with the mass-to-charge
ratio of the fundamental particles. For electrons, this severely limits the charge that BHs can de-

velop through accretion, and guarantees that any charged BH would discharge quickly. However,
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particles with much larger mass-to-charge ratios are predicted in models of minicharged dark
matter [471-473] and dark photons [474-476]. It was argued in Ref. [477] that a charged BH in
these models can acquire large electric charges and discharge on a much larger time scale than
ordinary matter, under the assumption that the BH does not accrete ordinary charges. Studying
EMd theory, and searching for its predictions in GW observations, can provide constraints on
these dark matter models.

The action for EMd theory, in the Einstein frame, is given by

1
g — o dis —g (R — 29" 0,00, — G—QasoFWFW) + S (A(@) g, A, ¥),  (1.225)

where ¢ is a scalar field (the dilaton), a is the dilaton coupling constant*, F,, = V,A, — V, A,
is the electromagnetic field tensor, and 5, is the matter action. The action in the Jordan frame
can be obtained after a conformal transformation g,, = A?*(¢)g,, with A = e*¢. Constraints on
the theory were obtained from the spectra of accreting BHs [478] and the reflection spectrum of
the disk [479], leading to £ /Me®?° < 0.1, where £ is the electric charge of the BH.
The metric for electrically-charged non-rotating BHs in EMd theory was derived in Ref. [467,

468]. Using that metric, we studied the geodesic motion of a test BH in the background metric
of a more massive companion, wherein the scalar charge of the test BH decreases as it moves ra-
dially inwards. We found that the scalar charge exhibits a sharp transition, but we showed that it
occurs very close to the horizon of the background BH and only if both BHs are nearly-extremally
charged. Thus, we showed that binary BHs in EMd theory do not exhibit nonperturbative phe-

nomena akin to dynamical scalarization (see Fig. 8.3 in Chapter 8).

“4Not to be confused with the spin. We only consider nonspinning binaries in this subsection.
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1.5.5.1 PN approximation for the conservative dynamics

To derive the 1PN conservative dynamics in EMd theory, we follow similar steps as in

§ 1.2.1.2, with a few changes. We start by splitting the action into the following pieces:
S =85y+ S, + Sem + S, - (1.226)
The gravitational action S, is the same as in Eq. (1.34), while the dilaton part is given by

ct 3
=___ —aoM
S, = e /dtd T/ —99" 0,00,

C4
~

- 8@

/ dtd®z (—0ydop + 0ipdip) (1.227)

since ¢ is of order 1/c?. The electromagnetic part of the action, including the dilaton coupling,

is given by
-1
Sem = — dtd?’m\/—ge_QwFWF“”
167
1

where we used the Lorentz gauge condition 9, A* = 0.
For the matter action 5,,, each body is treated as a delta function with the dependence on

the scalar field incorporated into the masses [200, 480], such that

1
Sm = = Z / dt [mi(w)ch/ — G VOV % — EgiA“”M] . (1.229)

where m;(y) is the field-dependent mass of particle i, & is its electric charge, and v/ = da!'/dt.
The field-dependent mass m() does not have a closed-form expression, but it can be expanded

about the asymptotic/background value of the scalar field ¢y, such that

m(p) =m |1+ adp + %(az + B)dp® + O (%)} , (1.230)
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where 0p = ¢ — g, m = m(yy) is the constant mass evaluated at g, « is the (dimensionless)

scalar charge given by

, (1.231)

and to simplify the notation, we denote o = «(yp) and similarly for /.
Using the expansion of the field-dependent mass from Eq. (1.230), the matter action can be

expanded as

S, /dtd?’a: ool — &+ 17)2 +VE+ 111_4 + §Vv2 — 11/202 — 4Viv'e
g 2 8 c? 2 2

1 1 1.
+ pgap (—02 + 51}2 + V02> — §c2pg(oﬂ + B)* + pe (Ao + EAivl) 1 . (1.232)

where we define the mass density p, and electric-charge density p. by
Py = Zm153<w — @), Pe = 25153(50 —x;). (1.233)

From the expanded action, we obtain the field equations for V', V;, ¢, A and A;. Then, us-
ing these field equations and their solutions, the action can be written, after some simplifications,

as

1 4 1 3 ) 1 1 .
S = /dtd3m Pg —Z+ vt 4 v + =V + Vot —2Vie | + Pe | =Ap + —A0'
2 2 4 2 2¢

2 8
1 , 1L\ 1 1 G )
+ 3P90P (—c + 3V > + §peA0V — §apergp + 4—62pg(1 + a)Ag |- (1.234)

Substituting the solution for the field equations gives the 1PN Lagrangian, from which we obtain

the following center-of-mass Hamiltonian:

2 GaM
HEMd:MC2+p—— hal
21 r
1 1 pt GpM 3—aja 2 2
—!_Z(1-3)L _
+02{ 8( V),u3 2ur 1+a1a2——g]\14‘22+y Pt vp,
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M?pu &2 Et
+ 572 (1+ aran)? + Xa0361 + X107 0, + XIM_QM(I + aay) + XQM_,u(l + aay)
& & 1
-2 ]\i[; (1 + CLO./le + aOl2X2):| } + @ (g) s (1235)

where G2 = 1+ agan — E1E/(Mp), X1 =my /M, and Xy = my/M.

1.5.5.2 Dissipative dynamics at next-to-leading PN order

In § 1.2.1.3, we described how the energy flux is calculated in GR at 1PN order. The same
steps can be performed in EMd theory but the final result also depends on the scalar and electric
charges. In addition to the tensor flux, scalar and vector (electromagnetic) energy fluxes also exist
in EMd theory. In a PN expansion, the leading-order terms are the scalar and vector dipole fluxes,
which are O(1/¢?) (1.5PN), while the leading-order tensor flux is O(1/c%) (2.5PN), which is the
same as the next-to-leading order scalar and vector fluxes. The total energy flux is the sum of
these fluxes, that is

dp = 07 + O + OL. (1.236)

The details of the derivation of the total energy flux in EMd is provided in Appendix N; the

leading orders read

1 /(GpMp\? 1
s 124V [ 2
(I)E = @ ( 2 ) (Oél — 062) + @ (E) s (1237)
2 (GuMu\> (& &\° 1
v 1240 [ 1 C2 L
P, = 33 ( = ) <_m1 —mZ) +0 (05) , (1.238)
8 [GrMu\? 1
T 1241 2 .9
ol = T ( 3 ) (120% — 117%) + O (F) , (1.239)

where we see that the scalar and vector fluxes vanish for equal charges at leading order.
From the energy flux and binding energy, we can compute the Fourier-domain gravitational
waveform in the stationary-phase approximation (SPA), which can be used since the GW phase
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evolves much more rapidly than the amplitude during the inspiral. We begin by decomposing the

waveform modes into an amplitude and a phase
hom (t) = Agm(£)e™0) (1.240)
where ¢(t) is the orbital phase of the binary, then take the Fourier-transform

hem (f) = / Tt B ()e™ 271, (1.241)

Since the amplitude Ay, and orbital frequency €2 evolve more slowly than the orbital phase,
| Agm /Aem| < Q and |Q] < 92, we can approximate the above integral by expanding the inte-
grand about the time at which the complex phase is stationary. The SPA waveform for the (2, 2)

mode can be written as

WA (f) = Ana(f)e v m/ (1.242)
with the phase given by
2 Vet FE'(vq)
= 270 ftret — Gre 2 — g d 1.243
Vs (f) T fteet — Gret + Gl /Uf (Uf UQ) B (v0) Vg, ( )

where ¢, and t.¢ refer to an arbitrary reference point in the evolution of the binary, v =
(G1oMQ)Y3, and vp = (G M f)Y/3, with f being the GW frequency.

To evaluate the integral in Eq. (1.243), we need to distinguish between two regimes: one
in which the inspiral is driven by the tensor quadrupole flux, and another in which the inspiral is
driven by the dipole flux. If the electric/scalar charges are small, then the tensor flux dominates

and we can approximate the integrand in Eq. (1.243) by

- | Pp(va) + Pp(vo)

Dp(vn) ~ h(vn) T (ug) (1249
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Figure 1.24: Phase difference in radians between EMd theory and GR as a function of
vgq, computed in the quadrupole-driven regime, for equal masses, coupling constant
a = 1, and various charge-to-mass ratios & /m;. Figure from Ref. [7] (Chapter 8).

Then, we expand the integrand using the next-to-leading order fluxes, and evaluate the integral,

resulting in the quadrupole-driven phase

1 pgD
V(f) = 27 ftrer = frer + — U—f + o 4 pP3 + 0 (vh) | (1.245)
Q Q
with
5G & &\
0 = _716;; ) (m—ll _ é) + (g — a2)2] : (1.246)

and the other lengthy coefficients given by Eq. (8.64a).

To see how the GW phase in EMd differs from GR, we plot in Fig. 1.24 the difference in
phase between EMd theory with a = 1 and GR. We see that for dimensionless charge-to-mass
ratios® &;/m; < 0.01, the two waveforms differ by less than one radian over the frequency range

of a ground-based GW detector. Furthermore, we checked that the phase difference from our PN

>The maximum charge for BHs in EMd theory is Enax = e~ %%°+/1 + a2 M, which is greater than the charge of
an extremal Reissner-Nordstrom BH.
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results is consistent with the results of Ref. [481], in which the authors performed NR simulations

~Y

in EMd theory for charge-to-mass ratios &; /m; < 1073,

1.5.6 Theory-agnostic approach to spontaneous and dynamical scalarization

Spontaneous scalarization [482] is a non-perturbative phenomenon in several modified the-
ories of gravity [483-508], in which compact objects undergo a phase transition in the strong-
field regime due to the spontaneous symmetry breaking of the scalar field, thus acquiring a scalar
charge. This phenomenon is analogous to spontaneous magnetization, in which a ferromag-
netic material undergoes a phase transition below a certain critical temperature, as illustrated in
Fig. 1.25. In a binary system, scalar charges can similarly manifest as the separation between the
binary components decreases (Fig. 1.26). This phenomenon is called dynamical scalarization,
and it was shown to exist for binary NSs in scalar-tensor theories [484, 509] and for binary BHs
in scalar-Gauss-Bonnet gravity [S10-512].

An effective-action model for dynamical scalarization was introduced in Ref. [513] for a
specific class of scalar-tensor theories [200, 202, 482]. Building on that model, we developed in
Ref. [8] (Chapter 9) a theory-agnostic effective-field-theory approach for describing spontaneous
scalarization, and showed that all theories that exhibit spontaneous scalarization also manifest dy-
namical scalarization. We applied this approach to Einstein-Maxwell-scalar (EMS) theory [514]
as a simple example, while assuming the scalar field changes slowly (adiabatically). We later
extended our effective-action model in Ref. [9] (Chapter 10) to account for the dynamical evolu-
tion of the scalar field during the phase transition, and applied it to binary NSs in a scalar-tensor

theory, demonstrating how dynamical scalarization effects can be incorporated in GW models.
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Figure 1.25: In the spontaneous magnetization of a ferromagnetic material, the spins

align below a certain critical temperature. Analogously, spontaneous scalarization
appears above a critical compactness (in scalar-tensor theories).

e
e

Scalarization

Dynamical A K

Figure 1.26: Illustration of dynamical scalarization in a binary system.

1.5.6.1 Effective-action model

The field part of the action in a generic gravity theory with an extra scalar field can be

written, in the Einstein-frame, as

Sheld = / dz Vl(;rg (R —20,00"0 — flg, ¢, ...]), (1.247)

where f is some function of the metric, scalar field, and possibly matter degrees of freedom. The

scalar field equation from that action reads

2

0
Op = m2; ¢, miy = a—é;. (1.248)

DN | —

The scalar field ¢ can be decomposed into Fourier modes with frequency w and wave vector k,
such that w? ~ k? + mZ;. If m2%; is sufficiently negative, then w? is also negative, leading to
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a tachyonic instability that drives the system away from the unscalarized GR solution, breaking
the scalar-inversion symmetry (0 — —. For a scalarized equilibrium configuration to exist, this
mode instability must saturate in the nonlinear regime [515]. These two conditions, namely the
instability due to mZ; < 0 and its nonlinear saturation, are satisfied in the theories mentioned
above that permit stable scalarized solutions.

The matter part of the action in scalar-tensor gravity for a compact object is given by a

point-particle moving along a worldline y*(7), which reads

o = —/dTmE(go), (1.249)

where m g is the Einstein-frame mass depending on the external scalar field ¢(y*). This action is
valid for an instantaneous response of the compact object to the external scalar field ¢.

A simple model for scalarization can be realized in an effective-theory approach. We split
the fields of the full theory into short (UV) and long (IR) wavelength regimes, e.g. p = R+,
then spatially average over the UV parts. This effectively shrinks the compact object to a point
whose effective action is an integral over a worldline y*(7) (see Fig. 1.27 for an illustration).
Dynamical variables representing the internal dynamics are evolved along the worldline, and
we include in the effective action a dynamical variable ¢(7) representing the monopolar scalar
oscillation mode that becomes linearly unstable at scalarization.

The effective action can be constructed by writing an ansatz respecting certain symmetries:
scalar-inversion, diffeomorphism, worldline-reparametrization, and time-reversal invariance. In
addition, an oscillator equation for the mode ¢(7) driven by the IR field ¢™® can be written,
respecting these symmetries, as

e+ V'(q) = ¢ (y), (1.250)
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Figure 1.27: An illustration of the theory-agnostic approach of Ref. [8]. We split
the fields of the full theory into small (UV) and long (IR) wavelength regimes, and
integrate out the UV parts, effectively shrinking the compact object to a point whose
effective action is an integral over a worldline. Then, we write an ansatz for an
effective action respecting certain symmetries, and obtain a mapping between the
quantities of the full and effective theories, such as identifying the scalar charge ()
with a dynamical variable q.

where we assume the coefficient ¢,z > 0. Scalar inversion in the effective theory reads ¢'® —
—p™® and ¢ — —q, which means that the potential V' (¢) must be even in ¢, and we can express it

as a polynomial expansion, such that

C C
Vig) = %q2+%q4+---, (1.251)

where c(2) and c(4) are constant coefficients that can be matched to a specific theory, or constrained

directly from observations.

A generic effective action that leads to the oscillator equation (1.250) around the critical

point can thus be constructed as

. C.2 d2
e [ar {iq? T o(y)g = mlq) + O (—)} | (1.252)

2 72

where we include terms up to a given power in the cutoff between IR and UV scales (the size of
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the compact object d). We also define

c c d?
m(q) = m) — oq + %qQ + %q‘* +O (ﬁ) (1.253)
V(q)

and include a possible cosmological/asymptotic value of the scalar field . The coefficient m )
has the interpretation of the body’s ADM mass in GR when ¢ = 0.
If the external scalar field is not changing too rapidly, then ¢ =~ 0. In that case, varying the

effective action with respect to q yields

dm  dV cw ¢’ d?
- = = + +0 | —= 1.254
7 dqg  dq @9 3! (7“2 ’ ( )

then matching the UV and IR fields leads to the following relation:

m(q) = mp(e) + ¢q, (1.255)

which can be understood as a Legendre transformation. In analogy with thermodynamics, mg(y)
is the gravitational mass of the system, while m(q) represents the “gravitational free energy” of
the body, with —pq as the potential energy. This means that m(q) serves as a better representation
than mg(y) for the behavior of the compact object near the critical point. In particular, we find
that spontaneous scalarization occurs at m/(¢) = 0 with nonzero ¢, i.e. the stable solutions for

spontaneous scalarization occur at the minima of the potential V' (q).

1.5.6.2 Application to Einstein-Maxwell-scalar theory

As an example for how to apply the theory-agnostic approach described above, we consider
Einstein-Maxwell-scalar (EMS) theory, in which electrically-charged BHs can spontaneously

scalarize, and the action is given by [514]

Sﬁeld = /d4$ W_ﬂ"g |:R — 28#g08“¢ — e_aSDQF‘uVFw,] s (1256)
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Figure 1.28: The potential V' (¢) in EMS theory with coupling constant a = —8 and
various electric charges. The numerical solutions and polynomial fits are indicated
with points and lines, respectively. Figure adapted from Ref. [8] (Chapter 9).

where a is a coupling constant and F),,, is the electromagnetic field tensor. The dependence on
? allows for stable scalarized solutions, unlike the linear-in-¢ dependence of EMd theory. Since
the scalar field only couples to the electromagnetic field, this action can be considered a modified
theory of electrodynamics, which makes it a simpler example than EMd or scalar-tensor theories,
in which the scalar field couples non-minimally to gravity.

For an isolated BH in EMS theory, we numerically compute the ADM mass mpg(¢.) and
scalar charge ¢(p ) for different values of the asymptotic scalar field ¢, then compute m(q)
through m(q) = me(Ps) + Yooq(ps)- After that, we perform a numerical fit to the polynomial
in Eq. (1.253) to determine the coefficients c(2) and c(4). In Fig. 1.28, we plot the potential V' (q)

for different values of the electric charge £ and for coupling constant « = —8. We see that
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for electric charges smaller than a certain value, the coefficient c(zy > 0, which means that the
minimum of V'(g) is at ¢ = 0, implying that the GR solution is stable. For larger electric charges,
¢(2) < 0 and the minima of V'(¢) correspond to nonzero values of the scalar charge, implying that
scalarized solutions are stable. Thus, our approach allows one to easily determine the values of
the coupling constant and the electric charge at which spontaneous scalarization occurs without
performing a perturbative stability analysis.

To describe dynamical scalarization in EMS theory, we derive from the effective action a

two-body Lagrangian, at leading order, which is given by

.9 .9 - . . .
LLO:_mA {1_%} _mB{ _yTB} + q;’Aqi—F q;,Bq%

EAE
mamp n ACB n QAQB’ (1.257)
r r r

f@,A
4!

where ma = my 4 + C@%qi + q%, and similarly for mp. Assuming ¢ ~ 0, we obtain the

following Hamiltonian:

2 2

mam EAE

H=ma+mp+ pA+pB_ A B+ AB_QAQB'
2ma  2mp r r T

(1.258)

For identical bodies ¢4 = qp = ¢, and neglecting PN corrections, the equation of motion
for g reads

1
0= — ~ —2(] {— - 0(2) - %q21 . (1259)
r 6

This equation has three solutions, and their stability is determined from the condition 9? H/9q? >

0. Those stable solutions are given by

0 for 1/7“ S C2)
q= el : (1.260)
+,/—/—— C(2) for 1/7” Z C(2)
C(4) \/ r
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Figure 1.29: Total scalar charge (), of an equal-mass binary as a function of the
orbital frequency €2, or GW frequency fow = €1/, for coupling constant a = —8.
Figure adapted from Ref. [8] (Chapter 9).

which contains a phase transition at 7 = 1/c(2), with the GR solution stable at large separations,
while the scalarized solution is stable for r < 1/c(y).

For circular orbits, the orbital frequency is given by Kepler’s law as

EAE
02~ MAT M <1+ 1B SATD ) . (1.261)
T mamp mamp

In Fig. 1.29, we plot the total scalar charge of the binary (), = g4+ ¢p as a function of the orbital
frequency, for coupling constant a = —8 and various electric charges. The scalar charge vanishes
before the onset of dynamical scalarization, then increases abruptly at some critical frequency,

and after that grows as 1/4/r.
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1.5.6.3 Binary dynamics beyond the adiabatic approximation

In the previous subsection, we assumed that the external scalar field does not vary rapidly,
so we used the quasi-stationary (adiabatic) approximation ¢ ~ 0. In Ref. [9] (Chapter 10), we
incorporated the effect of ¢ and explored the full dynamical evolution of ¢ around the scalarization
phase transition.

The two-body Hamiltonian, at leading order, is given by Eq. (1.258). In the center-of-mass

frame, and for zero electric charges, the Hamiltonian reads

2 2 2
p yZ M
2 2¢cp 4 2cp B r r

(1.262)

where p = py = —pp is the center-of-mass momentum, p, 4,p are the canonical conjugates to

the variables g4, 5, and the total and reduced masses are defined in terms of the constant masses

mb /5 by
mYm}
M =mY +mb, w= ?\/[B (1.263)
The equations of motion are given by
oH 0H .
. — .r - fquad fdlp
" o b=y TS
: H : H ,
(b:??_L’ L:—%—¢+J-“g”“d+fglp,
SH oH (1.264)
L . 7 J,—_'mon
ga 3pq,A’ Dg,A an + qa
) 0H , 0OH on
4B pq,BZ—@+}_qB )

B apq,B7

where we include the RR forces at leading PN orders. The scalar monopole and dipole RR forces

are derived in Appendix R, and are given by

Folt=Fot = —qa(t) — gs(t), (1.265)
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2 M my mY ?
Fip Sl (—BqA _ —AqB) (1 + QA‘ZB) , (1.266)

3 M M My
T =5 (%OB% - mﬁ%fo (1 n qﬁ) , (1.267)
while the tensor quadrupole force reads [402]
. %]\i?zf (217,%2 _ g) ’ (1.268)
Fauad — _%M"Qq’s (—7'«2 + 2r%¢% + 2%) . (1.269)

The coefficients c(2) and c() can be determined from numerical solutions for an isolated
object in the full theory, as described above, by fitting a polynomial of the form (1.253) to obtain
m(q). To determine the coefficient c42, we start from the oscillator equation for ¢, Eq. (1.250),

which can be approximated in the force-free case by

. &
o~ —%q = —uwlg. (1.270)

q
Then, we can match wy to the (complex) scalar-led radial mode frequency w,, obtained from

neutron-star perturbation theory [516], leading to

C(2)
Coz = )
! |W<p|2

(1.271)

As an application, we consider the Damour and Esposito-Farese (DEF) class of scalar-
tensor theories. The action for DEF theory is given by Eq. (1.153) with the potential U(yp) =
0 and the coupling function A(p) = exp(B¢?*/2). We obtain numerical results for the three
coefficients c(2), ¢(4), and ¢ 2 for NSs in DEF theory with 3 = —5. The values of these coefficients
are shown in Figs. 10.2 and 10.4 in Chapter 10.

We then evolve the equations of motion (1.264), for an equal-mass binary with baryon mass
Myy = Myp = 1.18 M, 1nitial eccentricity e = 0.3, and initial radial separation at apastron r, ~
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33.6M . In Fig. 1.30, we plot (¢) and ¢(t), on a logarithmic and a linear scale. The horizontal and
vertical dashed lines in the figure indicate the maximum radial separation allowing for dynamical
scalarization rps = 1/ c(2) and the time tpg at which r(t) = rps. We see that the scalar charge
decreases until shortly after the mean separation 7 crosses rps, then the scalar charge increases
exponentially with small modulations until it reaches saturation, at which point the growth of ¢
is proportional to 1//7. The small oscillations in the scalar charge before scalarization are due
to the binary entering and exiting the dynamical scalarization region.

To compare the adiabatic approximation of the scalar charge with the full dynamical evo-
lution, we plot both in Fig. 1.31. That is, we plot the approximate analytic solution from
Eq. (1.260), and the result of numerically evolving the equations of motion (1.264). We see
very good agreement between the two, except around the scalarization phase transition. This is
because including the coefficient c;2 accounts for the time scale of the exponential growth of the
scalar charge, delaying reaching saturation.

We also plot in Fig. 1.32 the binding energy as a function of the orbital frequency for a
configuration with baryon mass M4 = Mg = 1.17M on a quasi-circular orbit. We define the
binding energy as the value of the Hamiltonian minus the constant ADM mass, i.e. £ = H — M,

which is given in terms of frequency by

~ p2 p2 " 4aq 2/3
E=ma+mp— M+ R A IDRE (1 + ﬂ) . (1.272)
Ci2 A 20 B uM

We see from the figure that the binding energy after scalarization decreases less rapidly than
in GR, due to the sudden increase in the orbital frequency, causing the binary to become more

tightly bound, which qualitatively agrees with the quasi-equilibrium numerical calculations of

Ref. [485].
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Figure 1.30: Effect of dynamical scalarization on the separation and scalar charge
of an equal-mass binary with baryon mass M4 = Mg = 1.2M, initial eccen-
tricity e = 0.4, and initial separation at apastron r, = 40M. The oscillations in
the scalar charge are due to the eccentric binary entering and exiting the dynamical
scalarization region.
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Figure 1.32: The leading-order binding energy as a function of the orbital frequency
(left panel) and the real part of the (2,2) waveform mode at leading PN order around
scalarization (right panel), for a binary in a quasi-circular inspiral with the same
parameters as in Fig. 1.31.
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In the right panel of Fig. 1.32, we plot the real part of the leading-order (2,2) waveform
mode, which is given by Eq. (1.81). We see that the waveform in DEF theory agrees with GR
until the onset of dynamical scalarization, which significantly changes the phase of the waveform,
causing it to approach merger more quickly.

Thus, our approach demonstrates how dynamical-scalarization effects can be incorporated
in PN waveform models for compact binaries in gravity theories that allow for scalarization.
Alternatively, one could use the model to directly constrain the coefficients of the effective action

from GW observations.
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Chapter 2:  Gravitational spin-orbit coupling through third-subleading post-

Newtonian order: from first-order self-force to arbitrary mass ratios

Authors': Andrea Antonelli, Chris Kavanagh, Mohammed Khalil, Jan Steinhoff. and Justin
Vines

Abstract: Exploiting simple yet remarkable properties of relativistic gravitational scat-
tering, we use first-order self-force (linear-in-mass-ratio) results to obtain arbitrary-mass-ratio
results for the complete third-subleading post-Newtonian (4.5PN) corrections to the spin-orbit
sector of spinning-binary conservative dynamics, for generic (bound or unbound) orbits and
spin orientations. We thereby improve important ingredients of models of gravitational waves
from spinning binaries, and we demonstrate the improvement in accuracy by comparing against

aligned-spin numerical simulations of binary black holes.

2.1 Introduction

The success of gravitational-wave (GW) astronomy in the next decades relies on signif-
icantly improved theoretical predictions of GW signals from coalescing binaries of spinning
compact objects such as black holes (BHs). A network of GW detectors [517, 518] has now

observed dozens of signals from binary BHs, measuring distributions of the BHs’ masses and

!Originally published as Phys. Rev. Lett. 125, no.1, 011103 (2020)
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spins and extrinsic properties, enabling diverse applications in astro- and fundamental physics
[13, 18, 519, 520]: e.g., discerning binary BH formation channels [18], measurement of the
Hubble constant [520], and tests of general relativity (GR) [519]. The search for and parame-
ter estimation of GW signals require accurate predictions, from the inspiral (treated by analytic
approximations) to the last orbits and merger of the binary (treated by numerical relativity, NR).
The current accuracy of theoretical predictions, from combined analytic and numerical methods,
will likely become insufficient when current detectors reach design sensitivity around 2022 [521].
More accurate predictions for gravitational waves are thus key to enable the physics applications
mentioned above.

The primary relevant analytic approximation is the post-Newtonian (PN, weak-field and
slow-motion) approximation. The conservative orbital dynamics is known for nonspinning bina-
ries to the fourth-subleading PN order [79, 84—86, 522] (with partial results at the fifth [89, 90,
251, 253, 523] and sixth [93, 524, 525]), but only to second-subleading order (or next-to-next-
to-leading order, N2LO) in the spin-orbit sector [102, 107, 108]. The gravitational spin-orbit
couplings, linear in the component bodies’ spins, are analogous to those in atomic physics. Re-
cently, the three-loop Feynman integrals at N3LO in the spin-orbit case were calculated [109],
leaving however plenty of tensorial lower-loop integrals as a comparably large computational
task. Innovations that complement these massive algebraic manipulations are thus of great po-
tential value.

In this paper, we follow a line of reasoning which leads to a complete result for the sought-
after N®LO-PN spin-orbit dynamics (at 4.5PN order for rapidly spinning binaries), requiring rel-
atively little computational effort by building on a diverse array of previous results. We extend to

the spinning case a novel approach based on special properties of the gauge-invariant scattering-
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angle function [90, 252, 265], which encodes the complete binary dynamics (both bound and
unbound). The weak-field approximation of the scattering angle is strongly constrained by re-
sults in the small-mass-ratio approximation?, as treated in the gravitational self-force paradigm
[332]. The scattering-angle constraints imply that known first-order (linear-in-mass-ratio) self-
force results with spin [341, 349, 433] uniquely fix the full N>LO-PN spin-orbit dynamics for
arbitrary mass ratios. This result completes the 4.5PN conservative dynamics of (rapidly) spin-
ning binaries, together with the NLO cubic-in-spin couplings [125] (see also [128]).

As applications, we compute quantities which can be employed to improve waveform mod-
els for GW astronomy: the circular-orbit aligned-spin binding energy and the effective gyro-
gravitomagnetic ratios. The former is a crucial ingredient in the construction of faithful models
(together with the GW energy flux), for which we quantify the accuracy gain due to the present
results by comparing to NR simulations. The latter parametrize spin effects in the SEOBNR
waveform codes [396-399] used in LIGO-Virgo searches and inference analyses [13] and in
the upcoming TEOBResumS waveform models [400, 401]. The gyro-gravitomagnetic ratios
are analogous to the famous “g-factor” describing the anomalous magnetic dipole moment of
the electron, where contributions at the fifth subleading order were obtained [526] and lead to
spectacular agreement with experiment [527]. Regarding the gravitational analog, experimental
constraints on the gyro-gravitomagnetic ratios are so far seemingly out of reach. In fact, only
two GW events were observed to contain nonvanishing spin effects with 90% confidence [13]
(see also Refs. [528, 529]). However, this will change, e.g., when systems with precessing
spins are observed in the future, since the precession of the orbital plane leads to a characteristic

modulation of the emitted GWs. This may allow improved tests of GR and inference of spins.

>We define the small-mass-ratio limit as ¢ = % < 1, where my > are the masses of the compact objects.
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Figure 2.1: Illustration of aligned-spin scattering BHs.

Measuring BH spins and their orientations is also important for discriminating binary formation
channels [18].

We begin by extending the link between weak-field scattering and the self-force approx-
imation [90, 252, 265] to the spin-orbit sector. Using existing self-force results, we are then
able to uniquely determine the N®LO-PN spin-orbit dynamics, as encoded in the gauge-invariant
scattering angle. We continue by calculating the gyro-gravitomagnetic ratios and circular-orbit
aligned-spin binding energy. We compare to NR simulations to quantify the accuracy improve-

ment and present our conclusions. GG denotes Newton’s constant, and c the speed of light.

2.2 The mass dependence of the scattering angle

The local-in-time conservative dynamics of a two-massive-body system (without spin or
higher multipoles) is fully encoded in the system’s gauge-invariant scattering-angle function
x(my, ma,v,b) [236, 237]. This gives the angle y by which both bodies are deflected in the
center-of-mass frame, as a function of the masses m, (a = 1, 2), the asymptotic relative velocity
v, and the impact parameter b. Based on the structure of iterative solutions in the weak-field

(post-Minkowskian) approximation, it has been argued in Sec. II of Ref. [252] that this function
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exhibits the following simple dependence on the masses (at fixed v and b), through the total mass

M = my 4+ ms and the symmetric mass ratio v = mlmg/MZ,

X+ (50 xew) (2.12)

b
n (GTM)?’ [Xg% (v) + vX% (v)}

G GM
+( ).

TM>4[X53<U>+VX54< | +o(5-

where I' = E/Mc?, with E? = (m? + m3 + 2m;myy)c* being the squared total energy, and
v = (1 —v?/c?)~1/2 the asymptotic relative Lorentz factor. The remarkable fact to be noted here
is that the O(<X)!? terms are independent of v, while the O(%M )34 terms depend linearly on v.

As will be argued in detail in future work [2],% this result generalizes straightforwardly to
the case of spinning bodies in the aligned-spin configuration, i.e., spins pointing in the direction
of the orbital angular momentum (as shown in Fig. 2.1). The aligned-spin dynamics is fully de-
scribed by the aligned-spin scattering-angle function y(m,, S,, v, b) [265]. Here, S, = maca,
are the signed spin magnitudes, positive if aligned as in Fig. 2.1, negative if anti-aligned. At the
spin-orbit (linear-in-spin) level, the form of Eq. (2.1a) holds, with the X functions acquiring ad-
ditional (linear) dependence on the spins only through the dimensionless ratios a,/b = S,/macb,

as follows: >

Xot = Xg1 () + TEXG,, (0) + 5

*Note that our Eq. (2.1) is equivalent to Egs. (2.14) and (2.15) of Ref. [252], but with all the functions Q"F™ ()

on the right-hand side of (2.15) replaced by functions Q"F™ (v, a; /b, az/b) which are linear in a;/b and as /b,

and with the additional constraints imposed by symmetry under (m1,a;1) <> (ms,az). The arguments leading to

this result are very much analogous to those for the spinless case as given in Ref. [252] — using the structure of

the PM expansion, Poincaré symmetry, dimensional analysis, etc. — with the given mass dependence holding at

fixed “geometric quantities,” except that these are now v, b, a1, as instead of just v (or ) and b. The rescaled spins

a, = S,/mac and the “covariant” (Tulczyjew-Dixon) worldlines (separated by the “covariant” impact parameter b)

are identified as the appropriate geometrical (mass-independent) quantities, because it is in terms of these variables
that the first-order metric perturbation is linear in the masses.

X, (), (2.1b)
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where a+ = as + a; and 6 = (my — my)/M, with the special constraints Xgﬁa_ =0= Xgé,a_;
cf. Eq. (4.32) of Ref. [265], where this is seen to hold through N2LO in the PN expansion. It
is crucial to note that the impact parameter b in Eq. (2.1), is the (“covariant”) one orthogonally
separating the asymptotic worldlines defined by the Tulczyjew-Dixon condition [96, 361] for
each spinning body [264, 265].

Now, the fourth order in G M /b encodes the complete spin-orbit dynamics at N°LO in the
PN expansion, and according to Eq. (2.1) only terms up to linear order in the mass ratio v appear

on the right-hand side (noting 6 — =+1 as v — 0)—that is, first-order self-force (linear-in-v/)

results can be employed to fix the functions X, (”;TS,,, (v) forn < 4.

2.3 Scattering angle, Hamiltonian, and binding energy

We now connect the scattering angle to an ansatz for a local-in-time binary Hamiltonian
including spin-orbit interactions. If nonlocal-in-time (tail) effects are present, this step requires
extra care [90], but this is not the case at the N*LO-PN spin-orbit level. Crucially, the Hamiltonian
describes the dynamics for both unbound (scattering) and bound orbits. The latter are not only
most relevant for GW astronomy, but are also where the vast majority of self-force results are
available. Hence, a gauge-dependent Hamiltonian allows us to connect the scattering angle (2.1)
with known self-force results.

Let us parametrize our binary Hamiltonian H (v, p, S, S2) in the effective-one-body (EOB)

o
H:Mc2\/1+2y( 3-1), (2.2)
ue

where H.gx(r,p, S1,S2) is the effective Hamiltonian and ;1 = Mv is the reduced mass, with

[380] form,
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canonical Poisson brackets {r?,p;} = &%, {S¢, S} = €4,.S*, and all others vanishing. At the
spin-orbit level, to linear order in the spins, parity invariance implies that /7 can depend on the
spins only through the scalars L-S,, where L = r x p is the canonical orbital angular momentum.

Thus, a generic Hamiltonian ansatz is of the form
ns 1 *
Heff = Heff + _027’-3L . (gSS + gS*S ), (23)

where HZ;(r,p) is the nonspinning Hamiltonian. We use the conventional spin combinations
S = 5+8, 8 = 25 + 1Sy, while gs(r,p) and gg«(7r,p) are the effective gyro-
gravitomagnetic ratios. In specializing to the case of aligned spins, in which S, = S,L are
(anti)parallel to L = LL (L = |L|), the motion is confined to the plane orthogonal to the angular

momenta, and Eq. (2.3) simplifies to
ns 1 * .
Hee = HJy + WL(gSS + gs+-5"), (aligned) 2.4)

where, crucially, gs and gg- are unmodified by this specialization (as they are independent of
the spins). The aligned-spin Hamiltonian is therefore sufficient to reconstruct the generic-spin
Hamiltonian, up to the spin-orbit level. We can adopt polar coordinates (r, ) in the orbital plane,
with canonically conjugate momenta (p,, L), and the Hamiltonian is independent of ¢ due to
rotation invariance. Then HJj}, gs, and gs- are each functions of (r,p,, L). We take HJ; to be
given to 4PN order by Eqgs. (5.1) and (8.1) in Ref. [80]. Considering the freedom under canonical
transformations, it can be shown that there exists a gauge in which gg and gg- are independent
of L [383, 389, 390]; we adopt this choice and parametrize our spin-orbit Hamiltonian with the
undetermined gyro-gravitomagnetic ratios gs(r, p,) and gs- (7, p,-). Each term in a PN-expanded

ansatz for gg and gg~ carries a certain power in ¢, from which the PN order can be read off; we
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include terms up to ¢~% here. (¢~2 corresponds to one PN order and ¢ — oo to the Newtonian
limit.)

To ascribe physical significance to the spin-orbit Hamiltonian, we point to the striking
similarity with the electromagnetic spin-orbit interactions in atomic physics, which makes gg
and gg- analogous to the “g-factor” of the electron (except that gg and gs- depend on dynamical
variables). This is no accident, since the gravito-magnetic field generated, e.g., by a rotating
mass, can be interpreted to exert a Lorentz-like force. The relativistically preferred geometrical
interpretation is that gravito-magnetic fields are dragging inertial/free-falling reference frames,
as impressively demonstrated by the Gravity Probe B satellite experiment [530].

We constrain the ansatz for the Hamiltonian by requiring that it reproduces (i) the mass
dependence of the scattering angle (2.1), (ii) the v — 0 limit of the scattering angle, for a spinning
test particle in a Kerr background, as obtained, e.g., by integrating Eq. (65) of Ref. [428], and
(1i1) certain gauge-invariant self-force observables, namely, the Detweiler-Barack-Sago redshift
[314, 336, 338, 339, 341, 433, 531, 532] and the spin-precession frequency [346-350, 532-534]
for bound eccentric aligned-spin orbits, to linear order in the mass ratio. The scattering angle y
is obtained from the Hamiltonian (2.2) via Eq. (4.10) of Ref. [265], with the translation from
the total energy £ = H and canonical orbital angular momentum L to the asymptotic relative
velocity v and “covariant” impact parameter b accomplished by Egs. (4.13) and (4.17) of Ref.

[265]. The redshifts z, and spin-precession frequencies {2, (a = 1, 2) are given by

OH 0H
Za_<ama>7 Qa_<8sa>7 (25)

where (- - - ) denotes an average over one period of the radial motion, following from a first law of

binary mechanics for eccentric aligned-spin orbits [429—431, 535]. The procedure for expressing
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these quantities, in the small-mass-ratio limit, in terms of variables used in self-force calculations
is detailed in Ref. [343]. In this process, to reach the N*LO-PN accuracy in the spin-orbit sector,
it is necessary to include the nonspinning 4PN part of the Hamiltonian, including the nonlocal
tail part [79], given as an expansion in the orbital eccentricity as in Ref. [80]. After lengthy
calculation, working consistently in the small-mass-ratio and PN approximations, we obtain,
from our Hamiltonian ansatz, expressions for the redshift z; and precession frequency €2; of the
smaller body, which can be directly compared with the self-force results in Eq. (4.1) of Ref.
[341], Eq. (23) of Ref. [433] and Eq. (20) of Ref. [343] for the redshift, and Eq. (3.33) of Ref.
[349] for the precession frequency. The resultant constraints uniquely fix gs(r, p,) and gs= (7, p,-)
at N>LO, via an overdetermined system of equations.

From the Hamiltonian, we can finally calculate the aligned-spin circular-orbit binding en-
ergy F, = H — Mc? as a function of the circular-orbit frequency w = dip/dt = OH/OL. This is
a gauge-invariant relation that can be compared to NR. We decompose Ej, into nonspinning and

spin-orbit (SO) parts, and further into PN orders, as in
Ey° = Epto + Epio + Eprero + Eynoro + -+ - (2.6)

We can decompose the gg, gs+, and xso results from the previous discussion in the same way.

The N3LO pieces of all these quantities are the main results of this paper:

XIS\ISLO v 1 177y 00 GM 3 3 —91 + 13v V2
s = — <a+ (5a_> - — +7
r ch 4 8 v2b
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4 2
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128 s’
Eporo = _(ZL]\?;[U_E [S (45 - 1967911417%2” - 1229 v %VS)
+ 2 (% i+ 02 g—(l’f»)] | 2.10)

where v, = (GMw)Y? = 2'/2¢c. One needs to add our Eq. (2.7) to Eq. (4.32b) in Ref. [265]
to obtain the complete spin-orbit scattering-angle contribution through N*LO-PN and through
O(EM)4 The lower-order corrections to E5© can be found in Eq. (5.4) of Ref. [108], and
the lower-order gyro-gravitomagnetic ratios in Eqgs. (55) and (56) of Ref. [390] (see also Ref.
[383, 389]). Through the results for gs and gg- presented above, one can straightforwardly im-
prove the SEOBNR waveform models [396-399] used in contemporary gravitational-wave data
analysis [13]. Likewise, one can use them to improve the upcoming TEOBResumS waveform
models [400, 401]. The other main waveform model used by LIGO-Virgo data analysis [13] is
the IMRPhenom family [536-542], which can also be improved using our results, though less

directly.
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2.4 Comparison to NR

We now quantify the improvement in accuracy from the new N3LO spin-orbit correction.
The circular-orbit aligned-spin binding energy is a particularly good diagnostic for this, since it
encapsulates the conservative dynamics of analytical models, and can be obtained from accurate
NR simulations [434, 435]. Of particular interest for us is the possibility to (approximately) iso-
late the linear-in-spin (spin-orbit) contribution by combining the binding energy for two configu-
rations with spins parallel and anti-parallel to the direction of the angular momentum as follows
[437, 438]

1

EX°((v,a,a) = 3 [Ey(v,a,a) — Ey(v, —a, —a)], (2.11)

with dimensionless spin @ = a, = ¢S,/(Gm?2). The result, based on recent NR simulations
[438, 458], is shown in Fig. 2.2. The figure also shows the spin-orbit binding energy extracted
numerically from the EOB Hamiltonian (2.2), combining two binding energies for different spin
directions in the same way as in the NR case. The N3LO spin-orbit result shows a clear advan-
tage over the N?LO one, and that improvement is more pronounced for equal masses than for
slightly unequal masses. [The N®LO PN binding energy (2.10) is very similar to the EOB one
for the shown mass ratios.] This indicates that an inclusion of the N3LO into existing waveform
models may lead to improvements even in the strong-field regime, otherwise only accessible by
computationally-expensive NR simulations. Recall that gravitational waves are observed from
low frequencies (where approximation methods are applicable) to high frequencies (where PN

theory is expected to break down).
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Figure 2.2: Comparison of the gauge-invariant relation between the circular-orbit
aligned-spin spin-orbit binding energy £, and v,,. The figure shows results obtained
numerically from the (PN-resummed) EOB Hamiltonian (2.2) and NR results from
Refs. [438, 458]. The linear-in-spin contribution is isolated using Eq. (2.11) with
spin magnitudes @ = 0.6 and for mass ratios ¢ = 1 and 1/3.
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2.5 Conclusions

Currently-operating (second-generation) gravitational-wave detectors require accuracy im-
provements for GW predictions by the time they reach design sensitivity around 2022, which
become even more stringent for future upgrades and the upcoming third generation of detectors
[521]. The detector upgrades [543] in the coming years and a concurrent growing network of
observatories [544, 545] also imply an increased number of detections [30], making it overall
more likely to observe binaries oriented “edge on” instead of “face on,” which allows measur-
ing precession and extracting spin values with higher accuracy. The accurate modeling of GW
modulations caused by precession, and also the phase accuracy in the aligned-spin case and the
contingent improvement in the estimation of spin parameters, motivate us to push predictions for
gravitational spin effects to higher orders.

For this purpose, we extended to spin-orbit couplings a link between the weak-field and
small-mass-ratio approximations, via the scattering-angle function, as proposed in the nonspin-
ning case in Ref. [90, 252] (see also Ref. [265]). We employed existing self-force results
[341, 349, 433] to uniquely determine a N3LO PN spin-orbit binary Hamiltonian. We calcu-
lated the effective gyro-gravitomagnetic ratios as they would enter the SEOBNR [396-399] and
TEOBResumsS [400, 401] waveform models, and we obtained the gauge-invariant scattering an-
gle and circular-orbit binding energy for aligned spins. Since the spin-orbit interaction is uni-
versal, our results are applicable to generic spinning binaries, e.g., binaries containing neutron
stars.

In Fig. 2.2 we compared the EOB-resummed binding energy against NR results. The EOB

resummation shows a nice convergent behavior towards NR (for aligned spins) even in the strong
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field regime, which is usually not expected for asymptotic series expansions like the PN one.
More importantly, the new contribution obtained in this paper roughly halves the gap to NR in the
high-frequency regime compared to earlier N2LO results for ¢ = 1. This indicates that improved
(resummed) analytical predictions based on our result can be trusted to higher frequencies, which
may alleviate the need for longer and computationally very expensive NR waveforms. Hence, it
is of particular value and urgency to improve the accuracy of the PN-approximate analytic part
of GW models.

A clear avenue for future work is to consider higher orders in spin (and higher multi-
poles). In particular, in a forthcoming publication, we fix the S;S, couplings at N3LO (5PN
order) for aligned spins using known self-force results. It seems reasonable to expect that com-
plete quadratic-in-spin contributions at N®LO, for BHs, for aligned and perhaps even generic
spins, should be within reach of first-order self-force computations. These would require both
further self-force observables and new conceptual developments, in particular, generalizations
of first-law relations to include higher orders in spin and higher multipoles, and to the case of
generic spin orientations (the precessing case). Future first-order self-force results for unbound
orbits may also enable obtaining spin effects to fourth order in the weak-field (post-Minkowskian)
approximation—for generic masses and velocities—for BH scattering events (only the second or-
der is currently known [263]). While this scenario is unlikely to be of astrophysical relevance, it
is still very interesting to consider from a conceptual point of view: after all, scattering encounters

are the most elementary form of interaction.
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Chapter 3:  Gravitational spin-orbit and aligned spin;-spin, couplings through

third-subleading post-Newtonian orders

Authors': Andrea Antonelli, Chris Kavanagh, Mohammed Khalil, Jan Steinhoff. and Justin
Vines

Abstract: The study of scattering encounters continues to provide new insights into the
general relativistic two-body problem. The local-in-time conservative dynamics of an aligned-
spin binary, for both unbound and bound orbits, is fully encoded in the gauge-invariant scattering-
angle function, which is most naturally expressed in a post-Minkowskian (PM) expansion, and
which exhibits a remarkably simple dependence on the masses of the two bodies (in terms of
appropriate geometric variables). This dependence links the PM and small-mass-ratio approxi-
mations, allowing gravitational self-force results to determine new post-Newtonian (PN) infor-
mation to all orders in the mass ratio. In this paper, we exploit this interplay between relativistic
scattering and self-force theory to obtain the third-subleading (4.5PN) spin-orbit dynamics for
generic spins, and the third-subleading (SPN) spin;-spiny dynamics for aligned spins. We fur-
ther implement these novel PN results in an effective-one-body framework, and demonstrate the

improvement in accuracy by comparing against numerical-relativity simulations.

!Originally published as Phys. Rev. D 102, 124024 (2020)
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3.1 Introduction

The burgeoning field of gravitational-wave (GW) astronomy has already shown its potential
to revolutionize our understanding of our universe [520], gravity [519], and the nature of compact
objects [13, 18], such as black holes (BHs) and neutron stars. The detection of compact-binary
GW sources and the accurate inference of their parameters is contingent on having accurate
theoretical predictions for their coalescence. As a result of this, a variety of techniques, both
analytical and numerical, have been developed to understand the coalescence of binary compact
objects, with the final goal of providing faithful waveform models that can be used in GW data
analysis.

Post-Newtonian (PN) theory, the best known of the analytical techniques, has provided the
foundation for the analytical studies of the two-body problem in general relativity which are most
directly useful for gravitational-wave astronomy [129-131, 133, 134, 152, 546, 547]. In this ap-
proximation, most applicable to bound systems, one simultaneously assumes weak gravitational
potential and small velocities, i.e., GM/rc* ~ v?/c? < 1. The PN expansion is thus a power-
ful tool for describing the early inspiral of the binaries observed by LIGO and Virgo [13, 14].
PN studies have been carried out at high orders both in the nonspinning [79, 80, 82, 84—86, 89—
93, 522, 523, 548] and in the spinning sectors, including spin-orbit (SO) [102, 105-109], bilinear-
in-spin (spin;-spiny, S1S9) [120, 121, 549, 550] and spin-squared (S?) [122, 124, 132, 550] cou-
plings, as well as cubic and higher-in-spin corrections [123, 125-128]. PN information on the
spin dynamics has also been included in effective-one-body (EOB) waveform models [4, 383,
390, 396-401].

In parallel to PN formalisms, the small-mass-ratio approximation, based on gravitational
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self-force (GSF) theory, has also seen rapid development (see Ref. [332] and references therein
for areview). As suggested by the name, the expansion parameter in this limit is the mass ratio of
the two bodies ¢ = m;/my < 1. The leading order in this approximation is given by the geodesic
motion of a test body in a Schwarzschild or Kerr background. Successive corrections, which can
be interpreted as a force moving the body away from geodesic motion, are due to the perturbation
of the background sourced by the small body’s nonzero stress-energy tensor. This self-force effect
on the motion of a nonspinning body has currently been numerically calculated to first order in ¢
for generic orbits in Kerr spacetime [318]. In a recent breakthrough [326], the second-order-in-g
binding energy in a Schwarzschild background has been calculated and compared to predictions
from the first law of binary black-hole mechanics [429]. Meanwhile, much activity has led to the
analytic calculation at very high PN orders (but at first order in ¢) of gauge-invariant quantities,
such as the Detweiler redshift [336—344, 551] and the precession frequency [343, 346-350, 533],
including effects of the smaller body’s spin. This has quite naturally led to related activity in
confronting and validating the PN and GSF approximations [429, 552, 553] in the domain which
both are valid, i.e., for large orbital separations and small mass ratios, as well as in constructing
EOB models based on both approximations [408—410, 554].
Recently, there has also been rapid advance in understanding and employing post-Minkowskian

(PM) techniques, using a weak-field approximation GM /rc¢®> < 1 in a background Minkowski
spacetime, with no restriction on the relative velocity of the two bodies [236, 237, 239, 241,
243, 299]. This approximation most naturally applies to the weak-field scattering of compact
objects, in which possibly relativistic velocities can be reached. Recent advances in PM gravity
and in our understanding of the scattering of compact objects have been spearheaded by modern

on-shell scattering-amplitude techniques, developed originally in the context of quantum particle
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physics (see, e.g., Ref. [299] and references therein).

Scattering amplitudes were used in Ref. [239] to calculate the nonspinning 2PM (O(G?),
one-loop) scattering angle, reproducing with astonishing efficiency the decades-old results of
Westpfhal [228, 229] obtained by classical methods; an equivalent canonical Hamiltonian at 2PM
order was derived from amplitudes in Ref. [241]. The scattering angle plays a key role in PM
gravity: it encodes the complete local-in-time conservative dynamics of the system (at least in a
perturbative sense) and it can be used to specify a Hamiltonian in a given unique gauge [237],
which can in turn be used for unbound as well as bound systems (with potential relevance for
improving waveform models [405]); see in particular Refs. [255, 267]. In Refs. [243, 299],
the scattering angle and a corresponding Hamiltonian have been obtained at 3PM (two-loop)
order for nonspinning systems, and the results have been confirmed and expounded upon in
Refs. [91, 256, 524, 525].

The PM approximation for two-spinning-body systems was first tackled only very recently,
with the SO dynamics at the 1PM and 2PM levels first derived by classical means in Refs. [262,
263]. These results have since been confirmed by amplitudes methods in Ref. [268], which also
gave the 1PM and 2PM dynamics for the S;S, sector, rounding out the current state of the art for
generic-spin PM results beyond tree level. Several other works have also considered amplitudes
methods in relation to spinning two-body systems, also beyond the SO and S;S, sectors (beyond
the dipole level in the bodies” multipole expansions), in particular for special cases such as bodies
with black-hole-like spin-induced multipole structure and/or for the aligned-spin configuration
(in which the bodies’ spins are [anti-]parallel to the orbital angular momentum); see, e.g., [128,
269, 555] and references reviewed therein.

These works demonstrate that the study of gravitational scattering continues to provide
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novel results and useful insights on the relativistic two-body problem, with implications for pre-
cision gravitational-wave astronomy yet to be explored. A particularly powerful example of such
an insight concerns the nontrivially simple dependence of the scattering-angle function on the
masses [252] (see also [255, 265, 299]). This was exploited in Refs. [90, 91] to obtain almost
all the 5PN dynamics (with the exception of 2 out of 36 coefficients in the EOB Hamiltonian;
see also Refs. [89, 523]) from first-order self-force calculations (while appropriately dealing with
nonlocal-in-time tail terms). This approach has also been used in Refs. [93, 548] to obtain most
of the 6PN dynamics. An extension of this approach to spinning systems was used by the current
authors in Ref. [1] to obtain the next-to-next-to-next-to-leading order (N*LO) SO PN dynamics.

In this paper, we provide details for the calculation of the N*LO-PN SO dynamics pre-
sented in Ref. [1], which completes the PN knowledge at 4.5PN order together with the NLO
S? dynamics from Ref. [125] (see also [128]). Furthermore, we extend our analysis to include
a derivation of the N3LO S;S, effects, contributing at 5PN order, for the case of spins aligned
with the orbital angular momentum. We note that partial results of the N*LO-PN SO and N*LO
S1S, dynamics have previously been presented in Refs. [109, 550], where all terms at G* were
calculated within the powerful effective field theory framework using Feynman integral calculus.
The latter of these references gives further results for all quadratic-in-spin terms at N3LO.

Our derivations are organized in the following procedures:

1. We argue that the scattering angle for an aligned-spin binary has a simple dependence on
the masses (when expressed in terms of appropriate geometrical variables), which extends
the result of Ref. [252] for nonspinning binaries. This mass dependence implies that the

4PM part of the scattering angle, which encodes the N*LO PN dynamics, is determined by
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terms up to linear order in the mass ratio. We use analytic results for the test-spin scattering
angle to fix all terms at zeroth order in the mass ratio, leaving the linear terms to be fixed

by first-order GSF results.

. Assuming the existence of a PN Hamiltonian at the desired 4.5PN SO and 5PN S; S, orders,
and making use of its associated mass-shell constraint with undetermined coefficients, we
calculate the scattering angle and match it to the constrained form from step 1. This pro-
cedure fixes its lower orders in velocity at 3PM and 4PM orders, leaving but half of the
linear-in-mass-ratio coefficients to be determined by GSF calculations. We construct the
bound-orbit radial action from the scattering angle (via the Hamiltonian dynamics), noting

its simple dependence on the bodies’ masses.

. From the radial action, we calculate the redshift and spin-precession invariants and compare
them with GSF results available in the literature to determine the remaining coefficients of
the scattering angle. Vital to this step is the first law of spinning binary mechanics [429—
431], which is used to relate the radial action to the redshift and precession frequency,
and for which we herein discuss an extension to arbitrary-mass-ratio aligned-spin eccentric

orbits.

(Although we work with aligned spins throughout, we note that the aligned SO result actually

fixes the SO Hamiltonian also for precessing spins [1].)

The paper is organized as follows. Sections 3.2, 3.3 and 3.4 discuss points 1, 2 and 3,

respectively. In Sec. 3.5, we implement the new PN results in the scattering angle in an EOB

model, and use it to compare our results against NR simulations. We conclude in Sec. 3.6 with

a discussion of results and potential future work. Finally, Appendix A contains expressions for
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tail terms in the radial action, while Appendix B contains explicit expressions for a certain map-
ping between variables used to connect redshift and precession-invariant results from the radial
action to GSF results in the literature, which have been previously erroneously (yet innocuously)

reported in the literature.

Notation

We use the metric signature (—, +, +, +), and use units in which the speed of light is ¢ = 1.
For a binary of compact objects with masses m; and ms, we use the following combinations of

the masses

mimes 1% o my
M 3 M’ q m27 M )

M = my + ma, H= 3.1

with m; < ms. We often make use of the rescaled versions of the canonical spins S; and Ss, i.e.,

S S
ar =", ay=-, (3.2)
mq mo
and define the following combinations of spins
S—8,+8, S8 -=-"g+"Mg,
mi mo
S S,
ab = M’ a’t = M (33)

The relative position and momentum 3-vectors are denoted by r and p, respectively. Using an

implicit Euclidean background, it holds that
p=pts3 pn=np L=rxp (3.4)
where n = r/r with r = |r|, and L is the orbital angular momentum with magnitude L.
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3.2 The mass dependence of the scattering angle

Here we argue that the structure of the PM expansion, applied to the conservative orbital
dynamics of a two-massive-body system, leads to simple constraints on the dependence of the
scattering-angle function on the bodies’ masses, at fixed geometric quantities characterizing the
incoming state. We closely follow the arguments given in Sec. II of Ref. [252] for the nonspinning
case, considering only the local-in-time, conservative part of the dynamics, while generalizing to
the case of spinning bodies, finally, in the aligned-spin configuration.

The motion of a two-point-mass system (the nonspinning case) is effectively governed by
the coupled system of (i) geodesic equations for the worldlines of the two point masses, using
the full two-body spacetime metric (with a suitable regularization or renormalization procedure),
and (ii) Einstein’s equations for the metric, sourced by effective point-mass energy-momentum
tensors. In the case of spinning bodies, to dipolar order in the bodies’ multipole expansions, the
geodesic equations are replaced by the pole-dipole Mathisson-Papapetrou-Dixon (MPD) equa-

tions [367-369],

Dp; 1 y apo
dzj—.“ — _§R}ngx;’5ip , (3.5a3)
DS
S gl (3.5b)
dTi
0 = piSHY, (3.5¢)

where, for the ith body (i = 1,2), p!'(n) is the linear momentum vector, S!’(7;) is the an-
tisymmetric spin (intrinsic angular momentum) tensor, and 4!'(7;) is the tangent to the body’s
worldline z;(7;). The constraint (3.5c), the “covariant” or Tulczyjew-Dixon spin supplemen-
tary condition [96, 361-363], combined with (3.5a) and (3.5b), uniquely determines a first-order
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equation of motion for the worldline, &!' = &!'(x;, ps, Si)[g]. The corresponding effective energy-

momentum tensor,

A( o . 4l _ o,
() =Y / dr; {pi(“i?;/)(”x—\/__gxl) +V, (Sf(“j;;’)(s(x—\/__gxl))}, (3.6)

sources Einstein’s equations,

1

RM,,—2

Rg,, = 87GT,,. 3.7)

In the PM scheme, an iterative solution to these equations is obtained as an expansion in GG of the

worldlines, momenta and spins,

2l (1) = aly(n) + Gl (1) + GPaly () + -+,
pi(m) = plo(m) + Gpli (1) + GPply(m) + -+, (3.8)

St () = Sk (1) + GSH (1) + G*SL (1) + - - -,

and of the metric,

g/“’<x> = Nw + Ghluu(x) + GQhQ,uz/(x) + - s (39)

where 7),,,, 1s the Minkowski metric, which we henceforth use instead of the full metric g,,,, for all
4-vector manipulations (index raising and lowering, dot products and squares of vectors, etc.).

At the leading orders in (3.8), given by the solutions to (3.5) with g = 7, each body moves
inertially in flat spacetime,

who(n) =y + ul'n,

pla(m) = (3.10)
Sty (1) = mye”” jpulal.
Here, y! are constant displacements from the origin at 7, = 0, and u!" are constant 4-velocities,
with u? = —1, so that 7; are the (Minkowski) proper times, and p? = —m? where m; are the
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constant rest masses. The zeroth-order spin tensors S/ are also constant, and, being orthogonal
to us,, have been parametrized in terms of a constant mass-rescaled (Pauli-Lubanski, “covariant™)

spin vector,

1

my

ey potid S (3.11)

1

with dimensions of length, the magnitude of which would measure the radius of the ring singu-
larity of a corresponding (linearized) Kerr black hole. We identify the zeroth-order geometric
(mass-independent) quantities, 3!, u!’ and a!, with those characterizing the asymptotic incoming
state, along with the masses m; and ms.

Inserting (3.10) into (3.6) (with g = 1) yields the zeroth-order stress-energy tensor, which
serves as a source for the first-order metric perturbation h,,,, in the linearization of (3.7). The

solution for the trace-reversed i} = h{"” — $n"hs,”, in harmonic gauge (9,1} = 0), reads

R (z) = 4 Z m; (ui“ui" +ulte ,\ufai“(())‘> % (3.12)
- i

where 1, = {(z — %1)? + [u; - (x — )]?}"/? is the (Minkowski) distance of the field point =
from the (zeroth-order, flat geodesic) worldline zip = v; + w7 in its rest frame, and 9, is the
flat covariant derivative. (Note that the result for the first-order field (3.12) would be the same
whether we used the physical retarded Green’s function or the time-symmetric Green’s function,
given the nature of the zeroth-order source, constant momentum and spin along a flat-spacetime
geodesic.) A key property to be noted here is that h; is linear in the masses m;, while having a
more intricate dependence on the geometric quantities y!', u!* and af'. (It is linear in the spins a!’
here only because we are working to linear order in the spins, to dipolar order in the multipole
expansions.)

In the next step of the iterative scheme, one uses ¢ = 71 + h; in the bodies’ equations
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of motion (3.5) to solve for the first-order perturbations in (3.8) [for which it is sufficient to
integrate the RHSs of (3.5a) and (3.5b) along the zeroth-order motion (3.10), and to regularize
by simply dropping the divergent self-field contribution]. Importantly, one finds that !}, pf; /m;
and S!”/m; are each linear functionals of hy,,(x), and are thus linear in the masses. From
Poincaré symmetry, it follows that these results can depend on the positions ¥; only through the
vectorial impact parameter b* = y|' — 4, where the y!" here are chosen along the two zeroth-order
worldlines by the conditions u; - b = us - b = 0 (at mutual closest approach). For example, the

impulse (net change in momentum) for body 1, Ap}' = Gp!, (11 — o) + O(G?), is given by>

2Gm1m2 _(2’72 . 1)[)#

V-1

292 — 1
bo

2
+ 210 — B )eyporuiug (a} + ad) (3.13)

an = R

+2 (406" — 3617 ay, a0, | + O(G?),

where

Y= —Up - Usg (3.14)

is the asymptotic relative Lorentz factor, and I1#, = e***Pe¢,, , suausguuy/(v* — 1) is the pro-
jector into the plane orthogonal to both u; and u,. Here, as below, we work to linear order in
each spin, a; and as, keeping the cross term. We note again in (3.13) the simple dependence on
the masses, with an overall factor of m;m., at fixed geometric quantities b*, uf and a{‘ .

In continuing the iterative PM solution, the O(G") terms in the bodies’ degrees of freedom
(3.8) correct the source (3.6) for the field equation (3.7), determining the O(G™ ) metric pertur-
bation in (3.9); the latter, via the bodies’ equations of motion (3.5), determines the O(G™*!) cor-

rections in (3.8). As in Ref. [252] we are assuming here a systematic use of the time-symmetric

ZResults equivalent to the first two lines of Eq. (3.13) were first derived in Ref. [262], and the last line results
from an expansion in spins of the all-orders-in-spin results for black holes from Ref. [264], both references having
worked from purely classical considerations; see also [266, 270] for derivations from quantum scattering amplitudes.

125



Green’s function, to pick out the conservative sector of the dynamics. It becomes evident from
the structure of these expansions that the O(G™) metric perturbation 2% in (3.9) can be expressed

as a homogeneous polynomial of degree n in the masses,

R () = muhly (2) + mahly (2),
hb" (z) = mfh%”% (x) + mgh% () +mimahly | (),

(3.15)

where the h"” on the RHSs are functions only of the (asymptotic incoming) geometric quantities
(y!, ul', al') and the field point x. The first line of (3.15) matches (3.12). Similarly, the O(G")
corrections xt,, ph /my, Sk /m; for the body degrees of freedom (3.8) will be homogeneous
polynomials of degree n in the masses; this is the crucial point for the following analysis (and
for its conceivable extensions beyond the aligned-spin case). The zeroth-order quantities xf, =
Yyl + ul'n, plo/mi = Wl and S /my = e ,ulaf from (3.10) are (taken to be) independent
of the masses, as is the zeroth-order metric hy = 7); they, along with the masses, both (i) fully
parametrize the asymptotic incoming state and (ii) can be used to parametrize all the higher-order
corrections.

Let us now specialize to the case of aligned spins, in which both spin vectors a!' are (anti-
)parallel to the orbital angular momentum, all of which remain constant throughout the scattering,
while the orbital motion is confined to the fixed plane orthogonal to the angular momenta (just
as for the nonspinning case). This entails u; - a; = uy - a; = 0 and b - a; = 0. Choosing z#
(with 22 = 1) to be the direction of the orbital angular momentum (cx —€upottfubb?), let us
write al’ = a;z* for the constant rescaled spin vectors (equal to their incoming values), where
the scalars a; are positive for spins aligned with Z# and negative for anti-aligned. Crucially, in
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this case, the only nontrivial independent Lorentz-invariant scalars that can be constructed from

the vectors u!, a!' and b" are the magnitude b = (b*)'/2 of the impact parameter and the two

i
spin lengths a; and as, all three with dimensions of length, and the dimensionless Lorentz factor
Y= —uj - Us.

Now consider the extension to higher orders in G of the impulse Ap{ (3.13), which equals
—Apl (under the conservative dynamics) as the total momentum p§’ + p4 is conserved. Its mag-
nitude Q := (Apy,Ap})'/? must be a Lorentz-invariant scalar. In the aligned-spin case, given
the previous discussion, and due to Poincaré symmetry and dimensional analysis, it must be a
function only of the dimensionless scalar y and the dimension-length scalars b, a1, as, Gm; and
Gms. Given also the conclusion from above that, in (3.8) with i = 1, p}’ /m; is a homogeneous

polynomial of degree n in the masses, with the leading n = 1 result seen in (3.13), it follows that

the magnitude Q of the impulse must take the following form through fourth order in G (through

4PM order),
2G
Q= % [Q”’M (3.162)
G 2PM 2PM
+ i miQ,,," +maQy,,
GQ
+ el <mef%M + m2Q3PM + mlmng’E\fm>
G* 3APM 4PM 4PM 4PM 5
T myQus + m2Q +mima Qs 2my T T 1myQ, +0(G7),
where the Q’s on the RHS are functions of the dimensionless scalars v, a; /b and ay /b,
nPM nP a1 az
= 3.16b
aa
- Q;PM ( ) Q:”LPl:?/I’LQal (7) Q;P%Qag (f}/) + 11)2 : Q:LnPlI;/InQMaQ <,Y)

(with 2 + 7 = n — 1). In the second equality, we have expanded to linear order in each spin
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(assuming regular limits as the spins go to zero), and we are finally left with a set of undetermined
functions depending only on the Lorentz factor .

Furthermore, Q must be invariant under an exchange of the two bodies’ identities, (m1, a;) <>
(ma, as). At 1PM order, this tells us that Q"™ (v, a, /b, a5 /b) is symmetric under a; <+ as, and
thus Q."™ = QI'™, so that the third line of (3.16b) in this case is proportional to a; + as. Indeed,
the explicit expression for Q'*™ is given by the magnitude of the aligned-spin specialization of

(3.13) (divided by 2G'mym, /b),’

272 — 1
QIPM — 7_(1 + 2%) _ oy tax (3.18)

Vo1 b2 b

At 2PM order, the 1 <+ 2 symmetry tells us that each of the two functions in the second line of

(3.164a) determines the other,

Q. (7, % a—;) = Qn (v, = ) (3.19)
This function, like Q'*™, is in fact fully determined by the (extended) test-body limit of Q/(m1m5)
— the limit where one of the masses, say, m, goes to zero, while keeping fixed ms, a and a,
(and ~ and b). The result for Q/m; in this limit can be consistently determined by solving the
pole-dipole MPD equations (3.5) for a spinning test body in a stationary Kerr background; we
will present explicit results from this procedure below in terms of the scattering-angle function.

This test-body limit, with m; — 0, determines all of the functions anlf}\,/[l with no powers of m,
2

for all n, and the 1 <+ 2 symmetry also tells us that

nPM (. @1 02y ~ppm o G2 Q1
mP! (77 ?7 ?) T Xppot (’Ya ?7 ?) (3.20)
*Note that this is the expansion to linear order in the spins of the result (80) from [264] for a two-black-hole
system,
2 2 1 2\ —1
QIPM _ ( Y - 27(11 + 02) <1 . (al +2a,2) > , (317)
V72 -1 b b

to all orders in the spin-multipole expansion at 1PM order.
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The only remaining functions in (3.16a), those not determined by the test-body limit and ex-
mims2° mimsa

change symmetry, are Q3*M ~Q4FM and fol 1:7412. They are however still constrained by the
1 2

exchange symmetry as follows. Firstly,

a1 G2y QM

Ao
Qf?’f)ll}ﬂ/[w(/y’ b ) b ) mlmg(’% ?27 ?1)7 (321)

which implies that the third line of (3.16b) for Q¥ (like for Q'™ above) is proportional to

ay + as. Secondly,

QiEM (v, ar @) _ Q4PM2<,Y’_ -, (3.22)

mima 17 p mamg

so that one of these two functions determines the other.
Taking all of these constraints from exchange symmetry, we can eliminate all of the Q’s
with more m4’s in the subscript for those with more ms’s, while those with the same number of
my’s and my’s must be symmetric under a; <> a,. First focusing on the nonspinning (a°) part of

(3.164a), this becomes

b b h2 m% mimoal

2G'mim G G? ,
Qupo = — 12 { WM = (g + ma) Qo + — ((mf + m3) QLN + mima QY )

GS
+ 55 ((mi’ + 1) Qo + mama(my +ms) 4PM%GO>:| : (3.23)

mim

recalling that all the Q’s on the right-hand side are functions only of v [henceforth dropping
+(’)(G5)]. Introducing the total rest mass M = m; + my and the symmetric mass ratio v =

mymo/M? = /M as in (3.1), and noting

my + mo = M,
mi +m3 = M?*(1 —2v), (3.24)

mi +mi = M>(1 — 3v),
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this becomes

Qo — 2Gmymy { IPM GM _opy (G_M)2<Q3PM ~3PM )

%ao +v mimoa®

b a’ p o mea® b
GMA 3 .
+ (50 (s + et )| (325)
where we defined Qf’fl a0 = QUM o — ZQS’%% and Qi}z I;An%ao = Qﬁhﬁzgao — 3er%lfo, still

functions only of +. Remarkably, through 4PM order, this is just linear in the mass ratio v at
fixed M. Precisely the same manipulations go through for the a;a, terms, replacing a” with a;a,
in all the subscripts and with an overall factor of a;ay/ b? on the right-hand side.

Next consider just the 1PM and 2PM terms of the SO (a') part of (3.16a), after accounting
for the exchange symmetry in the same way as in the previous paragraph (with Q}'™ = QI'™,

Q2PM — Q2PM and Q2PM — Q2PM ). we find

mial maa2 miaz maal

2Gm1m2 a1 + as G miai + MoGo MoQ1 + M1ao
Qu +O(G°) = 2 2 Qa, '+ 0 TQﬂfQ + fQﬂi :
(3.26)
We recognize the following spin combinations often used in the PN and EOB literature,
S = 1Ma1 + Mol = Sl + SQ,
(3.27)
m m
S* = Mmea; +miag = —251 -+ —182
my ma
We will find it convenient to rescale each of these by the total rest mass M, defining
S mia1 + MoQo
T T T,
e (3.28)
Se  Mmaay + miag
ay ' = — = ——
‘ M my + Mo

where b stands for background (or big) and t stands for test (or tiny). The (first) reason for these
labels is that, in the extended test-body limit [, — 0 at fixed my (or M) and fixed a; and as], we
see that a;,, — ay becomes the spin-per-mass of the big background object with mass M = meo,
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and a; — a; becomes the spin-per-mass of the tiny spinning test body with negligible mass (with
a further reason explained below). Note that a;, + a; = a; + as. Now extending (3.26) to 4PM

order, from (3.16a) accounting for exchange symmetry, using our new notation, we find

Qu = X [Q;}jwab ra)+2Y (aniﬁab +QEY at)
+(EMY (cqf,ggab £ QUM 0+ QY (ay + at>)
+ ( GTM )3 <Qfg¥2ab + Qi ax + v [Qiﬁﬁﬁn%@ab + Q‘,ﬂﬁg@at})] , (3.29)
where we defined Qf’,}; M ay = Qoo 0 — Qi%“fQ — Qi%“fl, Q4mpl M 25, = Q‘gl %gm — ZQ%ZAQ — Qi%lfl
and Qfﬁ%@ = Qf‘ff;/[ngaz — erf)gl\fz — QQi%l\fl, all still functions only of . We see that (3.29), like

(3.25), is linear in the symmetric mass ratio v (at fixed M, a}, and ay).

Now, just as in Eq. (2.14) of [252] — following from conservation of the total momentum
Py + ply and simple geometry and kinematics (which is identical for the nonspinning and aligned-
spin cases) — the scattering angle y, by which both bodies are deflected in the system’s center-

of-mass (cm) frame, is related to the magnitude Q of the impulse by

sin & = — (3.30)

where p., (called “P,. ,,” by Damour) is the magnitude of the bodies’ equal and opposite spatial

momenta in the cm frame, at infinity,

- 21, (3.31)

Here, E is the total energy in the cm frame,

E? = m] +mj + 2mymyy
= M*(1+2v(y - 1)), (3.32)

131



determined by the asymptotic Lorentz factor v and the rest masses. Note also the definition of

the asymptotic relative velocity v as used e.g. in [1, 128, 265],

vorolo ] (3.33)
5 T i '

v =

We will find it convenient to define yet another variable equivalent to y or v, namely

Pt )2 (3.34)

gi=79—1=7%%= (
mqme
which, like v2, can serve as a PN expansion parameter, and unlike v, is real for both unbound and

bound orbits,

unbound: E > M <& >0,
(3.35)

bound: E<M <& <0,

noting that v = i4/1 — 72/ and p,, are imaginary for bound orbits. (Note that our ¢ = ?v? is
Damour’s “p? = p2,” [the squared momentum per mass of the effective test body], while our

Poo 18 Damour’s “ P, ,, ”’.) We will also find it convenient to define a notation for the dimensionless

ratio [' (Damour’s “h’”) between the total energy and the total rest mass,

I= % =1+ 2u(y—1), (3.36)

with I' > 1 (v > 1) for unbound orbits, and I' < 1 (v < 1) for bound orbits. Then p,, =
pyv/T = py/e /T

With this notation in order, we can take our simplified result for the impulse magnitude Q
(3.16a) [namely the sum of (3.25), its analogous aja, version, and the SO part (3.29)], insert it
into (3.30), and solve for the aligned-spin scattering angle x. After this process, x/I" turns out

to be linear in v in the same way that Q is, thanks to the facts that the sine function is odd in its
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argument and that I'? is linear in v. The result can be expressed as follows,

X GM GM GM 0 1
VEAC 2 ( f) (b\/_> X+ x|
GM GM
T2 XY 4 ox ] 0( ) , 3.37
(b\/E ) Xen+vxi] + 05 (3-372)
where each XY, ¢ takes the form
= Xm ><mb X (e C“‘” X (e 3.37b
with x standing for the “cross term” a,a9, and with the special constraints
XP =Xy, X=Xy, (3.38)

recalling from (3.28) that May, = mya; + moas and Ma, = maa; + myas. *  All the X’s
on the right-hand side of (3.37b) are dimensionless and are functions only of the dimensionless
e = % — 1; they can be expressed in terms of the above Q(7)’s alone.

We see that the 1PM and 2PM terms in (3.37) are independent of the symmetric mass ratio
v and are thus fully preserved in the (extended) test-body limit v — 0 (at fixed M, or equivalently
my; — 0 at fixed M, and at fixed a1, as, b and y), while the 3PM and 4PM terms are linear in v.
This allows us to deduce the complete 1PM and 2PM results for x/T" from its test-body limit, and
the complete 3PM and 4PM results from first-order self-force (linear-in-mass-ratio) calculations.

The special constraints (3.38) are consequences of the 1 <+ 2 symmetry, as seen in the G'1/°
and G31! SO terms in (3.29). This is a prediction of the above arguments which our considera-

tions below will be able to test, rather than to rely on. For the case of the G3v! SO terms, which

“In Ref. [1], the expression of the result (3.37) for the mass dependence of the scattering angle differed in that

(i) we did not pull a factor of 1/4/¢ out of the X’s for every factor of 1/b, (ii) we used v instead of ¢, and (iii) we

used a4 and 0 a_ in place of ap, and ay, with ax := as + a1 and 0 := (mg — my)/M; the equivalence of the two
expressions is apparent since

ar +da_ = 2ayp, ay —da_ = 2ay. (3.39)
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we will determine (in a PN expansion) below from matching to first-order self-force calculations,
we will allow X}, and X}, to be independent — in fact, X3, will be determined by the redshift
invariant in a Kerr background and X3, by the spin-precession invariant in a Schwarzschild back-
ground — and we will find from the matching procedure that they are indeed equal through the
considered PN orders. The fact that the complete content of Egs. (3.37) holds through N?LO in
the PN expansion can be seen in Egs. (4.32) of Ref. [265].

The +° terms in (3.37) can be determined by solving the MPD equations of motion (3.5)
for a spinning (pole-dipole) test body in a stationary background Kerr spacetime. An integrand
for the test-spin-in-Kerr aligned-spin scattering angle function, to all PM orders, was derived in
Ref. [428]; see, e.g., their Eq. (66) (which also includes pole-dipole-quadrupole terms for a test
black hole). The results of the integration are as follows, to all orders in ¢ (to all PN orders at each
PM order), extending Eq. (5.5) of Ref. [265] to 4PM order in the spin-orbit and bilinear-in-spin

terms. The nonspinning parts are

14 2e 272 —1 1+ v?
XY =2 =2 = , 3.40a
! Ve VE—1 vV/1—? ( )
3 3
X$ =S4+ 5¢) = (347 - 1),
4 4
0 o—1+ 12+ 726 + 643
X9 =2 ;
3e3/2
105
X0 = =T (16 + 48¢ + 332),
64
the SO parts are
XPay, + X a, = —4yv/e(ay + ay), (3.40b)

XPay, + XSta, = —%7(2 + 5¢)(4ay, + 3ay),

1+ 12¢ + 16£2

NG
134

XPay, + X a, = —4y (3ay, + 2ay),



21
X%Pay, + X%a, = —1—(?7(8 + 36¢ + 332%)(8ap, + Hay),

and the bilinear-in-spin parts are

X0 = 44/2(1 + 2¢), (3.40¢)

3
X0x = 5(2 + 19 + 20%),

ox _ gl 38+ 128¢* + 96¢®
3 \/E )
1057

X = T(M + 212¢ + 447£% + 264¢?)

withy = /1 +¢.°

The v! terms in (3.37), at 3PM and 4PM orders, can be determined in a PN expansion
(here, an expansion in ¢) from first-order self-force results (as well as from consistency with
lower orders), as we will explicitly demonstrate below for the spin parts. We will use the known

nonspinning coefficients through 4PM-3PN order [265],

8+ 94e +313e* + O(£?)
12y/2 ’

a0 (12 ) o]

XL = (3.41a)

2 " \128" 7B
noting the transcendental (2) contribution in the last term (the 4PM-3PN term). We will parametrize

the SO coefficients as

X = 2 (o e + X0 1 X + 0(),

Note that, through 2PM order and up through the SO terms, the first two lines of the right-hand side of (3.37a),
with (3.40a) and (3.40b) plugged into the first two lines of (3.37b), correctly give either (i) the aligned-spin scattering
angle for a spinning test body with rescaled spin ay in a Kerr background with mass M and rescaled spin ay,, or (ii) the
rescaled aligned-spin scattering angle x/T" for the arbitrary-mass two-spinning-body system, using the “spin maps”
(3.28); this is a further reason for the labels a; and ay,. This gives a different “EOB scattering-angle mapping,” an
alternative to Eq. (3.16) of [265], which produces the 1PM and 2PM SO terms in the two-body scattering angle from

its extended test-body limit. [Note however that this different mapping fails at quadratic order in the spins, while
Eq. (3.16) of [265] still holds, according to all known results.]
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XL = 7y (x};l 4 Xle 4 Xlie2 4 0(53)), (3.41b)
with i = b, t, and the bilinear-in-spin coefficients as

1
X = 2 (X X xige 4 X+ 0(e),

\/E
Xp< = (XE o+ Xige + Xi et 4+ 0(). (3.41¢)

We have included all the same powers of ¢ present in the 1° coefficients (3.40), up to the orders
in ¢ which will contribute at the N®LO PN level. (We have also factored out v = /1 + ¢ in
the SO terms and  in the 4PM terms, following the patterns at v°.) For these X}, which are
all pure numbers, k£ gives the PM order, and n gives the maximum PN order (N"LO) which
determines that coefficient. This labeling and the consistency and sufficiency of this ansatz for
the scattering angle will become evident in the matching between the scattering angle and a
canonical Hamiltonian described in the following section.

Finally, it is important to note that the impact parameter b appearing everywhere in this sec-
tion is the distance orthogonally separating the two spinning bodies’ asymptotic incoming world-
lines as defined by the “covariant” or Tulczyjew-Dixon condition [96, 361-363], Eq. (3.5¢) above,
for each body—the so-called “proper” or “covariant” impact parameter b = b.., [128, 265, 556].
This is crucial to the above argument because only with the covariant condition (3.5¢) (or some-
thing equivalent to it at OPM order) does it hold that the first-order field (3.12) is linear in the
masses. Below, we will also work with the canonical orbital angular momentum L = L., =
Poobean, Where b.., is the impact parameter orthogonally separating the asymptotic incoming
worldlines defined by cm-frame Newton-Wigner conditions [364, 365] for each body. This coin-

cides with the conserved canonical orbital angular momentum L appearing in a canonical Hamil-
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tonian formulation of aligned-spin two-body dynamics [366, 557]. [Note that, for the aligned-
spin case, the covariant/Pauli-Lubanski spin vectors m;a!’ used above coincide with the canonical
spin vectors S!* (spatial vectors in the cm frame) which would be associated with the cm-frame
Newton-Wigner conditions, and thus so do the aligned-spin (signed) magnitudes, S; = m;a;.] As

shown in [264, 265], the canonical L =: L.,, is related to the covariant b by

L = Lo, + AL, (3.42)

u u
cov P F’Yv F\/E ;

AL = <\/m%+p§o—m1)a1—l— (\/mg—i—pgo—mQ)az

I'-1 ap — a
=M 5 (ab—i-at— bF t).

Solving this for b, inserting the result into (3.37) [or (3.43)], and re-expanding to bilinear order in
the (mass-rescaled) spins a; and as, one obtains the final parametrized form for the aligned-spin
scattering angle function x(FE, L; m;, a;) used in the following matching calculations.

Let us finally rewrite the scattering angle to include both the v° and v! terms in single
coefficients (or which could allow mass dependence differing from that deduced above), and

which would accommodate general quadratic-in-spin terms, with sums over i and j implied,

X GM\*k aj . a;a; ..
X X Lx, i — XN 3.43
T ZM (b\/§> { o) + 2 Xl (Ev) £ X e ) (3.43)
+0(a?), with
aiXil = apXi,® + aXet, (3.44)

a;a; X" = ayasXy” + O(a?,a?).

Our prediction for the mass-ratio dependence of the kPM coefficients X;* = {Xk, XiP, X, X}
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1s that

R X904 (e), k=1,2
Xt (g, v) = : (3.45)

X0 (e) + vXit(e), k=3,4

The 1° coefficients X{*(¢) from the extended test-body limit are given explicitly in (3.40), and
the ! coefficients X}*(g) which we will determine from self-force results are parametrized in
a PN expansion in (3.41). Note that we will also be able to use the self-force results to test the
fact that there are no v! terms at 1PM and 2PM orders in this parametrization of the scattering
angle. The fact that there are no v or higher terms through 4PM order cannot be probed with
first-order self-force results, but has already been confirmed by arbitrary-mass PN results through
NZ2LO. Our prediction for the mass dependence will yield new arbitrary-mass results at the N°LO
PN level once we have fixed the PN expansions of the coefficients X}* from first-order self-force

calculations.

3.3 From the unbound scattering angle to the bound radial action via canonical

Hamiltonian dynamics

Besides the mass dependence of the scattering angle function established in the previous
section, and the inputs of test-body results (discussed above) and first-order self-force results
(discussed below), the other central ingredient in our derivation is the assumption of the existence
of a (local-in-time) canonical Hamiltonian governing the aligned-spin conservative dynamics in
the cm frame, for generic (both bound and unbound) orbits, with the Hamiltonian having well-
defined (regular, polynomial) PN and PM expansions. Through the desired 4.5PN order in the SO
sector and 5PN S;S, one, we can safely ignore nonlocal-in-time (tail) contributions in the final
dynamics/scattering angle. While these do appear at the 4PN level in the nonspinning sector [79]
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(see e.g., Ref. [558] for a translation into a nonlocal-in-time scattering angle), they only start
appearing at 5.5PN order in the spinning one. This can most easily be seen in the first line of
Eq.(68a) in Ref. [180], where the linear-in-spin tails are a relative 1.5PN order from the leading
quadrupolar contributions to the tail. [As mentioned at the very end of this section, we find
it necessary to include tail terms at 4PN order in the nonspinning sector to make contact with
available results in the GSF literature.]

Our ultimate goal in this section is to take the gauge-invariant scattering-angle function
x for unbound orbits, parametrized in the previous section, and derive from it a parametrized
expression for the gauge-invariant radial-action function [/, which characterizes bound orbits,
from which we can derive all the bound-orbit gauge invariants to be compared with self-force
results in Sec. 3.4.2 below.

We do this by passing through the gauge-dependent canonical Hamiltonian dynamics. It
is to some extent true that this process (as we implement it here) can be bypassed by using
relationships between gauge invariants for unbound and bound orbits found in [267], but not
entirely. Those relationships yield 7, through O(G*) from x through O(G*), but the complete
PN expansion of I, through N3LO extends to O(G®) (for the spin terms). The extra terms in I,
are obtained here via the canonical Hamiltonian dynamics, which determines them from (the PN
re-expansion of) x through O(G*). Note that x through O(G*) does not contain the complete
PN expansion of  through N3LO, nor through LO, since even the Newtonian scattering angle
has contributions at all orders in GG. But the PN expansion of the 4PM scattering angle, x through
O(G*), does contain the complete information of the N*LO PN Hamiltonian (contained in its
O(G*) truncation), which determines the N*LO PN radial action I, (contained in its O(G?®)
truncation).
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We begin in Sec. 3.3.1 by discussing canonical Hamiltonians for aligned-spin binaries,
the resultant equations of motion, and their gauge freedom under canonical transformations, in
a PM-PN expansion. We fix a unique gauge by imposing simplifying conditions not on the
Hamiltonian function H itself, but on its corresponding “mass-shell constraint” (or “impetus
formula[255]), which is simply a rearrangement of the expression of the Hamiltonian, in which
the squared momentum is given as a function of the Hamiltonian H (of the energy £ = H).
In Sec. 3.3.2, we describe how the scattering-angle function can be derived from the canonical
mass-shell constraint, or vice versa (with our gauge-fixing for the mass shell), and derive the
explicit relationships between the scattering-angle coefficients and the mass-shell coefficients.
Finally, in Sec. 3.3.3, we compute the radial action /,, and point out a hidden simplicity in its
dependence on the mass ratio, when expressed in terms of appropriate (covariant rather than
canonical) variables, which is a simple consequence of the mass dependence of the scattering

angle y and the relationship between y and [, discovered in [267].

3.3.1 The canonical Hamiltonian and/or the mass-shell constraint

For an aligned-spin binary canonical Hamiltonian,

H(r,¢,p., Lymi, a;) = H(r,p,, Ly myi, a;) (3.46)

the dynamical variables (depending on a time parameter ¢) are polar coordinates (r, ¢) in the
orbital plane, with r being the orbital separation, and their conjugate momenta (p,, p, = L). The
Hamiltonian does not depend on the angular coordinate ¢ due to the system’s axial symmetry,

and it otherwise depends only on the constant masses and spins (m;, a;) = (my, mg, a1, as). The
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Hamiltonian equations of motions read

. O0H ) oOH

=5 =g (3.47)
. OH . 0OH

= a7

where we note that the canonical orbital angular momentum L is a constant of motion.

Such a Hamiltonian is not unique, but is subject to a type of gauge freedom, namely under
canonical transformations: diffeomorphisms of the phase space which preserve the canonical
form (3.47) of the equations of motion. In a quite general gauge (one which encompasses all
gauges encountered in previous PN or PM aligned-spin Hamiltonians), the Hamiltonian takes the

following form through quadratic order in the spins, through 4PM order,

, LGk , L?

H = Hy(p*mi) + )~ [cmo gim) (3.48)

k=1
La; ;, , L? @i 55, o L 5
+ r2 Ck(p 7ﬁ;mj) + r2 Cli(p 7T_2;mk) +O(G )7
where

LQ

P =p+ 5 (3.49)

is the total squared canonical linear momentum. Here, H is the OPM (free) Hamiltonian, and
the functions ¢, ¢, and ci,g encode respectively the nonspinning, spin-orbit, and quadratic-in-spin
gravitational couplings at the kPM orders. The c’s are assumed to have regular Taylor series
around L? = 0 and p*> = 0. We will work here with the standard (gauge) choice for the free

Hamiltonian in the cm frame,

m:¢ﬁ+ﬁ+¢@+ﬁ, (3.50)
such that, as r — oo, the magnitude /p? of the canonical linear momentum corresponds to the

two bodies’ physical equal and opposite spatial momenta in the cm frame.
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The expression (3.48) of the Hamiltonian can be solved, working perturbatively in G, for

p?(r, E, L;mi,a;), where E = H(r, p,, L; m;, a;) is the total energy; one finds

) ) Gk LQ
P :POO(E;mi)-FZT—k{fk(E;p;mi) (3.5

k>1

La; ; L? ;@i L?
— (B, —5my) + Jka(EaﬁJWk) )

_l’_
r2’

TQ TQ
where the OPM part p? is found by (exactly) inverting (3.50), Hyo(p?) = E < p* (E) = p?,

(B? —mi —m3)® —dmim3 _ ,9* — 1
AE? AT

(3.52)

po =

which we recognize as the same p,, from (3.31). The functions f, f; and f,ij are determined by
(and carry all of the information of) the ¢, coefficients in the Hamiltonian (3.48). Importantly,
the f;" functions will have regular limits as v — 1 = € — 0 (as po, — 0) and as L? — 0, given
our assumption that the ¢; functions were regular as p> — 0 and L? — 0. The quantities v, ¢
and I are all defined in terms of the energy £ and the rest masses just as in the previous section.

As discussed in Ref. [265] (through N?LO in the PN expansion, and as we have explicitly
verified through N®LO), it is possible to find a perturbative canonical transformation which brings
the Hamiltonian (3.48) into a “quasi-isotropic” form, i.e., a form in which the ¢’s depend only
p? and not on L?/r?. Furthermore, the freedom in canonical transformations [among Hamilto-
nians of the form (3.48)] is completely fixed once one imposes this quasi-isotropic-Hamiltonian
condition and uniquely specifies a OPM Hamiltonian H,, as we have done in (3.50). For such a
quasi-isotropic Hamiltonian, one finds that the corresponding “mass shell constraint,” the expres-
sion for p? (3.51), has nonspinning and SO coefficients f; fi which are independent of L?/r?,
but its quadratic-in-spin coefficients f,ij have terms at zeroth and first orders in L?/r?. However,
there also exists a different (non-quasi-isotropic) gauge for the Hamiltonian (3.48) (one with
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L? /7% terms in ¢}) such that its mass shell constraint (3.51) is quasi-isotropic, with the f, fi and

,? all depending only on E (and the masses) and not on L? /r%. Because both the scattering angle
and the radial action are more directly related to the f coefficients in the mass shell, we will find
it convenient to adopt this quasi-isotropic-mass-shell gauge (which is also unique with a given

choice for H), specializing (3.51) to the form

;@

FOB;my) | (3.53)

G* La;
2 _ .2 . 2 : . 1opi .
D _poo(E?ml)+ 7"k |:fk(Eaml)+ 7'2 fk:(E7mJ>+ 7“2

k>1

Regrouping in terms of powers of r instead of powers of (G, we have

2 L? 2 2 G* -
P+ =P =+ —fr (3.54)
r = r
where we define
= La; aia; i
Je=Jfe + @fH + ?; 2, (3.55)

with 7} = fi" = 0, and we need to extend the sum to £ = 6 (while dropping the nonspinning
f5 and fg). Our starting point for the following calculations will be this ansatz for the mass shell
constraint, which is fully equivalent to an ansatz for a Hamiltonian of the form (3.48) modulo
gauge freedom. Our fundamental assumption is the existence of such a canonical Hamiltonian.
We will find that the coefficients f;"(F;m;) are uniquely determined by the expansion of the

scattering-angle function to £PM order.

3.3.2 The scattering angle

As shown in [237], the scattering angle x(E, L; m;, a;) for an unbound orbit can be found

directly from the canonical mass-shell constraint as follows. The constraint (3.54) can be solved
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for the radial momentum p,(r, E, L; m;, a;), and then the scattering angle is given by the integral

4 x(E, L) = — / dr ;Lpr(r B L) (3.56)
S GF
) I ALy 8
"'min oL k>1

where 7, is the largest real root of p, = 0. In the direct evaluation of this integral, it would
matter that the fk in (3.55) depend on L (in the SO terms). But let us define an antiderivative of

m + x with respect to L to be “the unbound radial action,”

1 /91
W — —%(a—L) (7 +v), (3.57a)

which is essentially a partie finie of the radial action integral for unbound orbits,

1 o
W(E,L) = 5Pt / dr p,(r, E, L). (3.57b)

o0

The eikonal phase [239, 268, 559, 560] is /A (up to a constant). For the expression of W in
terms of the fk it does not matter that the fk depend on L. That expression will be identical to
the L-antiderivative of the nonspinning scattering angle expressed in terms of the nonspinning
fr, with f, — fk, so this reduces the evaluation of the integral for the spinning case to the non-
spinning problem, using the coefficient mapping (3.55). The results of the nonspinning integral

(for , from which constructing W is trivial) have been tabulated at high orders, e.g., in [244].

One finds
GlnL _ G* )2
W = —7L — R Dy 7= : (3.58)
& k>2 Pos
where Y. are the entries of Table 1 in [244] with f,, — fk; the first few read
X1 =fi, (3.59)

= _poof27
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£3

- < == f
N3 = 200 fa + P2 fifo — 1—127

3 o
X4 = gpio(szoﬂ + f242f1f3),

The scattering angle  is then given by

ow

T+X = —QWa—L,

(3.60)

with the L-derivative acting also inside the fi in (3.55). To obtain W or y through quadratic
order in spins and through 4PM order, O(G*), counting both the G* in (3.58) and the 1/G? in
(3.55), we must include parts of the contributions up to f¢ and up to ys. The resultant explicit
expression of the scattering angle x in terms of the f; coefficients up to 4PM order and quadratic

order in spins is

B Gf+7rG2f+ e
Topel’t 2027 T PRI

Gpoo ,, TG?
+ai{ 12 f1+

4
[—%ff’ +pififa+ 2piof3} + 3 {fg T2t 2p20f4]

X LA

3

Doo LA

2L3{ﬁfi+piﬁ4% {%fﬁﬂ%imé(ﬁfi+flﬁ>+2n;ﬁ}

G* : : , : . .
+%ﬁ{w¢ﬁ+ﬁﬁ+m§@m+ﬁg+ﬁﬁ)w&ﬂ}

2Gpoo i 37TG2 i i pi ii
+wm{m f+1mﬂth+pi@ﬁﬁ+4ﬁﬂ

G? i~ : . N8 .
o {ff !+ AP (fsz +hhhi+ 56 ;) + 30k (2f1f§ + f;)}
15mG*

b (AR AR 4k (57 101+ a1))

+Mi(ﬂw?+5ﬁﬁﬁ+4h;LPmﬁﬁﬁ+4ﬁ§ﬂ}

+ O(a®) + O(G®). (3.61)
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We see that the kPM coefficients f;~ first enter in the G* terms; however, they do not enter those
terms at the leading orders in p,, (in the PN expansion of each PM coefficient). Recalling that
all of the f’s are finite as p,, — 0 (¢ — 0), we see that, within each set of square brackets
multiplying G*, the lowest orders in p,, do not depend on f;", rather only on the lower-PM-
order f’s (with some exceptions at G' and G?). Similarly, for the scattering-angle coefficients
at even higher orders in GG (some of which will be relevant below), the lower orders in their PN
expansions will be determined by coefficients from lower orders in GG already appearing here.
This gives the scattering angle y in terms of the mass-shell coefficients fy, fi, f,?, as an
expansion in the canonical orbital angular momentum L. Equating that expression to a paramet-
rization of y of the form (3.43) in terms of the covariant impact parameter b, using the translation
(3.42) while re-expanding in spins, one can solve for the f coefficients in the mass shell in terms
of the X coefficients in the scattering angle (or vice versa), order by order in the PM expansion.

Recall po, = p14/€/T. Rewriting AL = L — p.b from (3.42) as a sum over (effective) spins,
AL = %fiai - %(@ab + ftat>, (3.622)

with

1
- 1 _ g +O(e?), (3.62b)

the results for the f’s through 2PM order are as follows: nonspinning,

€ 20> M?
fi= N2M%X17 fa= M?TF Xa, (3.63a)
spin-orbit,
h= % (Xll + Xl€1> , (3.63b)
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. M?[2_ . . 4 .
Aot {—x; XX+ (-x2 - r(x&)g]
e |r T
and quadratic in spin,
o uEM ) . .
D= gr 2 (00 20X 406, (3.63¢)
2 2
j oMt 4 1 iy 3 iy
2J — Fg |:3_7TXZJ — §FX1X1J — erl XlJ

+ (%x; . grxle)é + (%X2 - gF(Xl)z)Eiﬁj}

with symmetrization over i and j understood. These 1PM and 2PM results are exact (to all
orders in €). With our predicted mass-ratio dependence from the previous section, we have, for
k=1,2,X(e,v) = XY(e), aXi' (g, ) = apXP () +a X% (), and aia; X, (e, v) = a1a:X)* () +
O(a?,a3), all independent of v, and the XY (¢) from the extended test-body limit are given
explicitly by (3.40). Though it is not immediately obvious here, each of these f’s has a finite
limit as € — 0, as is required by our Hamiltonian ansatz. We will need the expansions of the f;"
up to O(g?), and of the f;" up to O(e?). Along with f;" up to O(e') and f;" at O(£"), we will
then have a complete mass-shell constraint (3.53) up to N3LO in the PN expansion, which could
be solved for the corresponding canonical Hamiltonian (3.48).

At 3PM and 4PM orders, one can also solve for the f’s in terms of the X’s, obtaining exact
expressions analogous to the above. But we will now work in a PN expansion, an expansion in ¢,
while enforcing our predicted mass-ratio dependence [which (3.63) did not]. For the nonspinning

coefficients, using the known results (3.40a) and (3.41a) for the X’s, we find

f3 17—10v 36 — 91v + 1302

— 2
2N 5 + 1 e+ O(e7),
41 160 7
M;}\l/ﬂ =8+ (3—272 - T)” + §u2 + O(e), (3.64)
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through the orders that contribute to the N®LO PN level. Here again we note the finite limits as
¢ — 0. For the spinning contributions, we must enforce that all the f’s have finite limits as ¢ — 0,
which will fix some of the unknown coefficients in our parametrization (3.41) of the v! parts of
the scattering angle, or relationships between them, from consistency with the lower-order f’s
and X’s [recall the discussion following (3.61)]. At the SO level, this determines or constrains

the lower-PN-order scattering-angle coefficients,
Xzha; = 0, (3.65)
X3iai = 10(ay + ay),
, 21
Xiai = @+ 9ay,

. 3 .
Xihor = <68ab + 49a, + 2X§‘2ai> ,

and expressions for fi and f} which are explicitly regular as ¢ — 0 and depend on the remaining

i oyl Hoogith §
unknowns X35, X535, and X5, withi = b, t,

la;  —64 4v — 52 —3—31v — 92 Vo
55)\43 = 5 an, + 1 ay + §X:§2ai
—24 + 1720 — 2761% + 2113 —166v — 9012 + 93
+ arp, + ag (3.66a)
16 8
+ % (X};2 + 2X§;> ai] e+ 0O(e?),

and

fia; 811 , 13 1 1577 41 , 35, 3,
P G T R L R R T T R L ko

+u [(4 +u)Xb ol gx}lg] ai + O(e). (3.66b)

Similarly, for the bilinear-in-spin coefficients, we find

15 45
Xi=0,  Xi=8 X=X = (-24X5). 66D
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while flaia; = fXayas + O(a?,a?) with £ and f; given in terms of the remaining unknowns

X35, X35, and X} (and remaining unknowns from the SO level) by

£ 5 /9 3

TEE Rl Cha ) (o8

3 2

+3 {4 — 150 — 1602 + 4% + 20(1 — 20)X1E + 42X — %xgg +uXb | e+ O(e?),
and
£ 187 13
/H?W =2+ v - 2112 + gu + 4(19 +2u)XEb 4 > e
3 1>< 3 1x 6 1x

We now have a complete expression of the mass-shell constraint (3.53) through N3LO in the
PN expansion and through bilinear order in spins, which could be solved for the corresponding
canonical Hamiltonian. It depends on the remaining unknown (dimensionless, numerical) coef-
ficients X152, X312, and X3 with A = {b,t, x}, from (3.41). Recall, for X2, k is the PM order,

and n 1is the relative PN order.

3.3.3 The radial action

For a bound orbit (72 — 1 = y?v? = ¢ < 0), the same canonical mass-shell constraint (3.53)
governs the motion. The (gauge-dependent) radial momentum function p,.(r, E, L; m;, a;) is still

given by

L2 G* La; a;a;
pT:ﬂ:\/poo—T——l— " {f}ﬁ— fi+ Jf (3.69)
k

but now p2, = (u/T)%e is negative. As a result, p>(r) has two positive real roots r = r between

which p? is positive, with r, being the largest real root, and the trajectory oscillates between
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these radial turning points 1. The canonical radial action function I,.(F, L, m;, a;) is defined as

the integral of p,dr over one period of the radial motion,

T r_
2rl, :j[d?“pr:/L dr<+ p%) ‘|‘/T+ dr(—\/p_?~>
= 2/70+ dry/p?, (3.70)

and it is a gauge-invariant function, from which one can derive several other gauge-invariant
functions physically characterizing bound orbits [255, 267]. Like the “unbound radial action” W
(the L-antiderivative of the scattering-angle x) (3.57), the bound radial action I,.(E, L, m;, a;) en-
codes the complete gauge-invariant information content of the canonical Hamiltonian (governing
both unbound and bound orbits) (at least up to the N*LO PN level) — though in a subtly different
way, concerning orders in the PM-PN expansion of I, versus that of V.

It was shown in [267] that the periastron-advance angle, & = 27 + AP = —2701, /0L,
the angle swept out by a bound orbit during one period of the radial motion, is related to the

scattering angle, 7 + x = —270W /0L, by
®(E,L,m;,a;) =21 + x(E, L,m;, a;) + x(E, —L,m;, —a;), (3.71)

where the right-hand side requires an analytic continuation from £ > M (unbound, for which
x 1s real) to & < M (bound, for which x is complex), as detailed below. It follows from
a straightforward extension of their argument that a particular L-antiderivative of this relation

holds, giving the bound radial action /, in terms of the unbound radial action W,
IT(E7 L, my, ai) = W(E, L, my, CLi) — W(E, —L, my, —Cli), (372)

as can also be verified by explicit calculation.
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Consider the unbound radial action in the form (3.58), after replacing x; using (3.59) and

(3.63a),

L 14+2Inl 1 Gk %
W=-=—-GM e P
2 W +27T;p’goLk1k—l

In continuing this from the unbound case, £ > 0, p2, > 0, to the bound case, ¢ < 0, p%, < 0,

(3.73)

the second term with 1/4/c becomes imaginary, as do all of the terms in the sum with & odd,
having odd powers of p, = (1/T")/e. Note, from (3.59) and (3.55), and from the fact that all of
the f’s have regular Taylor series in € about ¢ = 0, that all of the x;, are still real for the bound
case, and that the Y, are unchanged by (L, a;) — (—L,—a;). Thus, plugging the continuation
of (3.73), with /e = iy/—¢, into (3.72), we see that all of the odd-k terms are canceled; after
using In L — In(—L) = In(—1) = —in (choosing the branch which yields the physically sensible

result), we are left with

14+2 1 G? Xy

— 3.74
V—¢ * il pA L2A-12] — 1’ (3.74)

I, =—L+GMy

which is real for bound orbits. Only the y; with k& even (k = 2[) remain, and those with £ odd
are gone (except for y;). This may make it seem as though we have lost information in passing
from W to I, but in fact we have not, as long as we are sure to keep all terms in the consistent
PN expansion of /. (at least up to the N°LO PN level); this is due to relationships between the Y,
as discussed below (3.61).

As we will make clearer below, the complete PN expansion of I, up to N3LO is contained
in its PM expansion up to O(G?®) for the nonspinning terms and up to O(G®) for the spin-orbit
and quadratic-in-spin terms. This can be computed directly from (3.74), recalling that the Yy
are the entries of Table 1 of [244] with f, — fk, as in (3.61) above, with the fk given by
(3.55). We need again the contributions from f, fi, ,lj up to £k = 4, contained in the fk =
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frt fi_oLai/G?+ £ ,a;a;/G? up to k = 6. To reach the all the G® quadratic-in-spin terms, we
must take the sum in (3.74) up to | = 6, involving parts of 1.

This process yields the radial action I, through the N®LO PN level as an expansion in the
inverse canonical orbital angular momentum L = L.,,. To express the results of that process, it
will be advantageous to use the covariant orbital angular momentum L., which we define for
the bound-orbit case by

Leoy := L — AL, (3.75)

with AL(E, a;) still given by the last two lines of (3.42) or by (3.62), in which we note that
everything is still real for bound orbits [unlike in the second line of (3.42), where we would need
to continue to imaginary b to keep L.,y = poob real].

In fact, the expression of the radial action (mostly) in terms of L., is simply related to the
expression of the scattering angle in terms of L., as follows. Taking the form (3.43) for the

scattering angle and eliminating b in favor of L.,, = (u/T")+/€b,

GM k a; . a;a; ..
x=T> (+—= {xk + =X+ —Jxkll} (3.76)
e (b\/E ) by/z b2e

GMp\*k pai o 5 praia; g
=T, (FLCOV) {X’“ TP e K|

k>1 cov

and then using (3.57a), being sure to match up the constant of integration with (3.73), we find

L In Loy 1 (GMp)k X,
W=——-GMpuX,——— + —
2 X T (CLeon )1k — 1
k>2
1 GM,u k in ,u2aiaj inj
Ly (G e pem ]
2 —~ 'Ly k I'Leov K+ 1

(3.77)

Then applying (3.72), as we did between (3.73) and (3.74), noting Loy, — — Loy under (L, a;) —
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(—L, —a;), we are left with

I, = —L+GMu

14 2¢ 1 Z ((GM,LL)QI [ Xgl Hai Xgli u2aiaj Xglij 7 (378)

V=t T (TLeow)® 1 [20— 1 TlLeoy 21 (TLeow)? 20 +1

where these X, (e, v) are precisely the same coefficients from the scattering angle in (3.76).
These coefficients up through £ = 2] = 4 are those we gave or parametrized above in (3.40)
and (3.41), with (3.45). Recollecting them here, while using the constraints (3.65) and (3.67)
obtained in matching between the scattering angle and the canonical mass shell, we have the G?

coefficients which are independent of v and are known exactly,

_37T

Xa 1

(4 + 5¢), (3.79)

Xola; = —57(2 + 5¢) (4ay, + 3ay),

x _ 3T

Xs 5 (2 + 19 + 20¢?),

and the G* coefficients which are linear in v,

1057 15 123 557
_ AUT 4 2 _ 19 149 9 99/ 2 .
X4 il (16 4 48¢ + 33¢ )—|—7r{ 5+ (1287T A )€+O(€ ):|V, (3.79b)

. 21
Xyia; = — (8 + 36¢ + 33%)(8ay + 5ay)

16
21 3 . .
+ 7y [7% +9a + <68ab + 49a; + 2X:1,,12ai)€ + Xihaie? + (9(53)] v,
105 15 45
X = 1—67T(24 + 212¢ + 447¢* + 264¢°) + 7 [7 + 35 (—22 + Xé;)g + Xixe® + (’)(63)] v.

As mentioned above, for the complete expression of the radial action at the N®LO PN level, we
need the low orders in the PN expansions of X¢ ™ and (for the spin terms) Xg". We have obtained
these from the procedure to compute the radial action described in the paragraph containing (3.74)
and the following paragraph, in which the inputs are the f,” up to £ = 4 found in the previous
subsection, finally changing variables using (3.75) to bring the result into the form (3.76). At G,
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we find the nonspinning

Xe 231 123 , 125 21 ,
=== (1287r - >y+ SV H00), (3.79¢)

spin-orbit,

Xg'a; 127 5 231 167 9 1 o

o (—99 + V- Zﬁ)ab + <_T + V- §y2>at + Ka (3.79d)
4989 123 225 2) (733 1617 123 183 2)

—i—{( 693 + 16V 327r1/ 161/ b 41/ 1 647”/ 161/ at
T—3v,; Hop .
+ V(TVX§12 — sz)l)g + X}é)al] €+ O(€2>,

and bilinear-in-spin,

Xg* 495 123v 9 , 3 . [10197 4835 123 , 399 ,
37 2 16 8 Tpet| g TVt R (3.79%)
3 3 9 15 2
— gu(1 + 20)X5h — Zu(1 — v)X3h + 6—4u(2 — U)Xy — 3—2ux§§ + gux}g} e+ O(e?).

At G®, spin-orbit,

Xsla; 23947 41 97 , 13 4
T <—715+ 15 V—gﬂ' V—?V +EIJ )ab
6435 6883 41 277 5, 3 4
(- e w e
2—V i, 2y
+v( X = Xl + §X43)ai +0(e), (3.79f)

and bilinear-in-spin

Xg* 5005 6599 41 199 ) 1 1
LA — R §V(1 + 20)X3h — ZV(l — V)Xh

S50~ 16 96 "t 1"V T Y TG
(3.799)

3 3 1
+ 6—41/(2 — U)Xy — 3—2yx},,§ + 1—5uxi§ + O(e). (3.79h)

Note that the X4 coefficients in (3.79d) and (3.79e) are exactly quadratic in v, in spite of
the fact that the f’s from which they are constructed, in (3.66) and (3.68), are cubic in v. Less
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surprisingly, the X¢ " are cubic in v, and more surprisingly the X, are linear in v and the Xy~
are independent of v. This is all in fact a simple consequence of (i) the link (3.78) between the
scattering-angle coefficients X, and the radial-action coefficients, and (ii) the (straightforward)
extension of the predicted mass-ratio dependence (3.45) to kPM order: X, is a polynomial of
degree L%J in v. This is the spinning analog of the “hidden simplicity” of the mass dependence
of (the local-in-time part of) the radial action (which is the complete radial action through the
N3LO PN level) emphasized in Ref. [91]; here in the spin terms, this is crucially dependent on
expressing /.. in (3.78) in terms the covariant L., rather than the canonical L.

Finally, we can make the PN order counting explicit by restoring factors of 1/c. Through

N3LO, (3.78) reads

oV @ aTLey | A 3n(TLey)’ | & 57(T Logy)?
LBy [y (CGMuP Xd (GMu)' Xe' (GMu)®  Xs' (GMu)® oL
7 27(TLheoy)? ' 2 4m(TLeoy)* | ¢* 6m(TLeoy)® 8 8m(T Looy)® 3

2 4 6
I = {—L Lot K (GMu” X (GMp) | Xs (GMp) 1 )}

+0(

. (GMp)? X (GMp)? X (GMp)® X (GMp)d 1

+M2aiaj X21J ( lu) 4 ( ,u) 6 ( /~L) 8 ( M) +O(—) 7
3m([' Leoy)? e 5m(T Leoy)® c* T(T Leoy)” 8 91 (I Loy )? 8

(3.80)

with all the coefficients, to the orders in ¢ = 7* — 1 = O(c™?) contributing here at N°LO,
relative O(c %), given explicitly by (3.79). These depend on the remaining unknowns X} from
the parametrization of the scattering angle, at kPM order and relative nPN order.

In all the above manipulations, it was consistent to keep the nonspinning, spin-orbit, and
bilinear-in-spin terms all through the same relative PN orders, here relative 3PN order, N3LO.
However, in matching to self-force results, due to certain changes of variables discussed below,
the treatment of the N®LO spin-orbit and bilinear-in-spin terms will require the inclusion of the
4PN nonspinning terms. We thus need to add to (3.80) the 4PN nonspinning part of the radial
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action for bound orbits, which includes contributions from the nonlocal-in-time tail integrals. We
present in Appendix B the additional terms at 4PN order, which have been computed from (3.70)
applied to the 4PN EOB Hamiltonian derived in [80], valid in an expansion in eccentricity (about
the circular orbit limit) to sixth order. Replacing the first two lines of (3.80) with (B.1) yields
the final form of the radial-action function which we will use to compute the gauge-invariant

quantities to be compared with self-force calculations.

3.4 Third-subleading post-Newtonian spin-orbit and spin;-spiny couplings

The remaining unknowns in the parametrization of the scattering-angle function (3.41) can
be fixed with available self-force results. The key feature here is the existence of a Hamilto-
nian/radial action allowing us to connect the scattering-angle to the redshift and spin-precession
invariants that, in the small-mass-ratio limit, can be matched to expressions independently calcu-
lated in GSF literature. A vital step in this calculation is the first law of BBH mechanics, which

we extend to aligned-spins and eccentric orbits.

3.4.1 The first law of BBH mechanics

The first law of BBH mechanics [429] was first derived for nonspinning point particles in
circular orbits in Ref. [429], then generalized to spinning particles on circular orbits in Ref. [430],
to nonspinning particles in eccentric orbits in Refs. [431, 432], and to precessing eccentric orbits
of a point mass in the small mass-ratio approximation [535]. In the following, we briefly review
the arguments leading to these incarnations of the first law for binaries, making explicit how they

apply to generic mass-ratio aligned-spin systems on eccentric orbits.
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Let us follow Ref. [430] and start out with an action S for the binary,
S =S8y +S1+ S5z, (3.81)

where the compact objects are approximated by effective point-particles moving along worldlines

xf(ﬁ),

DAg”
dr

S = /de {—mi + %Siu,,Aic“ + NSyl + .. |, (3.82)
and the gravitational action S, is given by the Einstein-Hilbert one with appropriate gauge-
fixing and boundary terms. Here A{" are frame transformations between the coordinate frame and
a body-fixed frame (labeled by ¢ = 0, 1, 2, 3) that is Lorentz-orthonormal (A;.*Aig, = 1cq). We
take 7; to be the (full-metric) proper times from now on. The equations of motion are obtained by
varying the action with respect to the dynamical variables X 4 = {x;, S,., A{", M, g, }, leading
to Egs. (3.5)—(3.7), see, e.g., Refs. [362, 366]. The dots in Eq. (3.82) represent nonminimal
(curvature) couplings to the worldline that may carry undetermined coefficients. These terms
also include couplings of quadratic and higher orders in spin related to spin-induced multipole

moments of the body [362].

Let us write the action as an integral of a Lagrangian L over coordinate time ¢ as

S = /dtL. (3.83)

We can vary the Lagrangian L not only with respect to the dynamical variables X 4, but also
vary certain constants appearing in the action, e.g., the masses Cz = {my, my}. Furthermore,
taking the dynamical variables X 4 on-shell (fulfilling their equations of motion) after variation,

we arrive at (using summation convention for A, B)

oL oL
L=—"" — §X 84
) acBéCB—i— X, 0X 4+ (td), (3.84)
~——
=0 (on-shell)
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with a total time derivative (td). Now, if one performs a transformation of the dynamical variables

Xa — X'y, which may depend on the C, then on-shell it holds

oL SL 6X4 0X', SL 6XA .,
L=—" e . . .
0L = 56-0Cs + {MA X a0 +(td)}5CB+5XA 30 X + () (3.85)
0 0

Also allowing for changes of the Lagrangian of the form L = L' 4 (td), we arrive at

oL oL
<<8CB)X;\,> = <(E) XA> (on-shell) , (3.86)

where the subscripts indicate quantities that are kept fixed during differentiation and with (.. .)

an appropriate on-shell averaging that removes the total time derivatives.

For generic bound orbits, one can average the conservative motion in Eq. (3.86) over an
infinite time in order to remove total time derivatives, which can be traded for a phase-space
average in regions where the motion is ergodic; see, e.g., Refs. [535, 561]. For the aligned-spin
case where the motion is confined to a plane, all oscillatory behavior can be removed by an
average over a single orbit [431] (defined as an oscillation cycle of the radial distance r); this is
the averaging used in the present paper. Further specializing to circular orbits, the radial distance
is constant and hence the average becomes trivial [430]. Finally, note that another benefit of
the averaging in Eq. (3.86) is that it helps to make expressions manifestly gauge invariant [535],
which is important when matching PN Hamiltonians to (eccentric-orbit) self-force results.

It is straightforward to generalize the discussion from Lagrangians L’ to Hamiltonians H'.
Hamilton’s dynamical equations for some pairs of canonical variables (¢, p.) are equivalently
encoded by Hamilton’s action principle,

dq* ,
0—68—6/dt[zc:pC%—H}. (3.87)

J/

-~

L/
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Noting that the dynamical variables are now X';, = {¢, p.}, and that the kinematic pg-terms
in I/ are independent of the C'z, we see that either Lagrangian in Eq. (3.86) can be replaced
by minus a Hamiltonian (i.e., it can be applied also to canonical transformations between two
Hamiltonians). The rather general on-shell relation (3.86) is interesting on its own, aside from
facilitating the derivation of the first law of binary dynamics as demonstrated below.

We are now in a position to elaborate on the redshift variables z; [429-431],

o dTi . 8L
Zi:<dt>__<8mi>’ (3.88)

where the first equality is the definition of 2; adopted by us and the second equality is a con-

sequence of the definition of L (3.83) together with the original point-particle action (3.82),
f dt L ~ —my f dt dr;/dt. We note that this relation holds to all orders in spin if the coefficients
in the nonminimal couplings (the dots) in Eq. (3.82) are normalized such that no further explicit
dependence on the masses m; arises [344]. Now, several nontrivial transformations of the origi-
nal action (3.81) are performed to arrive at a PN Hamiltonian (see, e.g., Refs. [132, 430, 432]):
a transformation to SO(3)-canonical (Newton-Wigner) variables for the spin degrees of free-
dom, integrating out the orbital/near-zone metric or tetrad field (calculating the “Fokker action”),
reduction of higher-order time derivatives via further variable transformations, a Legendre trans-
form to the Hamiltonian H, specialization to the cm system, and eventually reducing nonlocal-
in-time tail contributions to local ones. However, all of these transformations fall into the class
of transformations (X4, L) — (X, L’) discussed above, so we may apply Eq. (3.86) (with

L' — —H) to Eq. (3.88) and conclude that the redshift variables z; can be obtained from a PN

OH
2z = <0mi> . (3.89)

Hamiltonian H via




Beside the redshift, let us introduce the (averaged) spin precession frequency €; as another
important observable [430],

QEq@m>. (3.90)

The (instantaneous, directed) precession frequency Q?‘St can be read off from the equations of

motion for the SO(3)-canonical spin vectors S generated by the Hamiltonian H,

—

dsS;

N . N OH
= Qi 5, i =
dt

=55

(3.91)

Indeed, this describes a precession of the spin vector; it is straightforward to see that the spin

length S; = (S; - S))/2 is constant,
inst 0 S, =10. (3.92)

From now on, as in previous sections, we simplify the discussion to nonprecessing (aligned
or anti-aligned) spins, so that ™ || S, and dS;/dt = 0. That is, the spin degrees of freedom

% We can now

become nondynamical and can be dropped from the set of dynamical variables.
include the spin lengths into our set of constants, Cz = {m;, S;}. Furthermore, the spin-direction

component of the defining relation for (™' (3.91) reads || = 9H/dS;. Hence Eq. (3.90)

becomes

OH
O, = < 5 Si> (nonprecessing). (3.93)
We have now arrived at the important Egs. (3.89) and (3.93) for the (gauge-invariant) observables
z and €2;, that could be used to relate a PN Hamiltonian H to self-force results [343, 351].

But here, for the purpose of matching to self-force, we perform a canonical transformation to

®More precisely, their contribution to the kinematic terms in Hamilton’s principle (3.87) (have to) vanish or turn
into total time derivatives.
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different phase-space variables that simplify explicit calculations and connects to the radial action
introduced above.

As a first step in that direction, we choose the (nonprecessing) motion to be in the equatorial
plane § = 7/2, removing the polar angle # and its canonical conjugate momentum p, from the
phase space; the Hamiltonian is now of the form discussed in Sec. 3.3.1. Furthermore, since we
consider a system where the Hamilton-Jacobi equation is separable, one can construct a special

canonical transformation (for bound orbits) where the constant action variables

1 1
I, =— ¢d Iy=— ¢d =1L 94
r 271_% T Pr, ) QW% ¢p¢ ) (39)

are the new momenta [300], with the cm orbital angular momentum of the binary p;, = L = const
conjugate to the azimuthal angle ¢. The advantage of these variables for our purpose is that the
averaging (... ) over one radial period becomes trivial due to the integral over one radial period ¢
in their definition. The canonical conjugates to /., I, are the so-called angle variables ¢,, ¢, and
evolve linear in time, i.e., their angular frequencies €2, = ¢,, {1, = ¢4 are constant [300]; overall

Hamilton’s equations of motion for the new, canonically transformed, Hamiltonian H'([,, I, =

L; Cp) read
OH' OH'
Q, = o const, Qp = 9L = const , (3.95)
: OH' . OH'
I, = — =0, L=-— =0. (3.96)
8%‘ aQQﬁ

Recalling that Cz = {m;, Si}, we can apply Eq. (3.86) (with both Lagrangians replaced by
Hamiltonians) for the canonical transformation to action-angle variables as well. Equations (3.89)
and (3.93) then turn into

o g o (3.97)
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where the averaging over one radial period is inconsequential and can be dropped. Collecting

Eqgs. (3.95) and (3.97), we see that the differential of the cm energy £ = H' can be written as
dE = QudI, + QudL + ) (zdm; + %dS;). (3.98)

In analogy to the first law of thermodynamics for the differential of the internal energy, this can
be called the first law of conservative spinning binary dynamics for nonprecessing bound orbits
(covering eccentric orbits and generic mass ratios). It also resembles the first law of BH ther-
modynamics, which provides a relation for the differential of the Arnowitt-Deser-Misner (ADM)
energy dm; of an isolated BH and can be generalized to other compact objects as well [562].
Recall that Eq. (3.98) is valid to all orders in spin, if the coefficients of possible nonminimal
coupling terms denoted by dots in Eq. (3.82) are normalized such that no additional dependence
on m; arises. It would be interesting to consider these coefficients as part of the constants C'g in
future work.

Since the fundamental function introduced in the last section that generates observables for

bound orbits is the radial action I,.(F, L; m;, S;), we consider the first law (3.98) in the form
21 dl, = T,dE — ®dL — > (Tidm; + ®dS)) (3.99)

where we have introduced

P
T,,:Q—W:jl{dt, @:Q(bTT:qus, (3.100)
7; = ZiTT = dei, CI)i = QiTr . (3101)

As a consequence of the first law, we hence obtain

T, oI, d ol,
Ir 7 - , (3.102a)
2 oF L. S, 2 oL Boms.S,
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i oI, P; o1,
T R N _ (3.102b)
27T ami E,L,mj,Si 27T aSl E,L,mi,Sj

Now the redshift variables can be calculated, from a given radial action I, as the ratio of proper
and coordinate times,
Ti

i = 1
z T (3.103)

which manifestly agrees with the (inverse of the) Detweiler-Barack-Sago redshift invariant cal-
culated in GSF literature [314, 336]. The spin-precession frequency €); is given by ; = &; /7,

from which we obtain the spin-precession invariant [346]

;
=g =g (3.104)

3.4.2 Comparison with self-force results

Starting from the radial action (3.78), we calculate the redshift z; and spin-precession in-
variants ; of the small body using Egs. (3.103) and (3.104). To compare with results available

in the literature, we express them in terms of the gauge-invariant variables’

3z

$:<GMQ¢)2/3, L:W.

(3.105)

which are linked to (g, L) via Egs. (3.95) and (3.102). The expressions we obtain for z;(x,¢) and
¥ (z, 1) agree up to N2LO with those in Eq. (50) of Ref. [343] and Eq. (83) of Ref. [351]. The full
expressions up to N>LO are lengthy, which is why we provide them as a Mathemat ica file in

the Supplemental Material [? ].

"Note that the denominator for ¢ in Eq. (3.105) is of 1PN order, which effectively scales down the PN ordering
in such a way that manifestly nonlocal-in-time (4PN nonspinning) terms appear in the N®LO correction to the
spin-precession invariant. For this reason, we have included the 4PN nonspinning tail terms in the radial action as
discussed at the end of the previous section.
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Next, we expand U; = z; ! and ¢, to first order in the mass ratio g, first order in the massive

body’s spin a9, and zeroth order in the spin of the smaller companion a;,

Uy = U

1a0

+aU +q (SUE +adUF) + 0%, a?), (3.106a)

Ur =P +atiy +q (O +adyR’) +0(¢, 6%, (3.106b)
with G = as/ms. In performing that expansion, we make use of the gauge-independent variables

y and A, which are related to x and ¢ via

X
(1+q)¥3’
3y B L
d/2m) -1 (1+¢q)2/3°

y = (GmaQy)?? = (3.107a)

A= (3.107b)

To compare the 1SF corrections dUSSF and §¢P5F with those derived in the literature, we
express the redshift and spin-precession invariants in terms of the Kerr-geodesic variables (u,, €),
where e is the eccentricity and u,, is the inverse of the dimensionless semilatus rectum (see Ap-
pendix C for details.) The terms needed to solve for the N°LO SO unknowns are UZSF and

6yp33E, for which we obtain

SUGSE = (3—7—62—e—4>u

117¢* 251 1 287¢?
5/2 1 (18 _4e? %) W2 1 [i +oXib 4 87e

2 )" p PR 2
- (T 1) e |5 - s S g
e (- - - ot
+ et (—238297 + 2035;2 + %x;‘; + %xgg - 5x}1§) ]uy/? , (3.108a)
YT = —uy, + (Z + 62) ul + [% — %22 — %Xég + ¢ (g — %Zf - gx},);)} u
{ - 22&73231 + 122?3% * 1569154347T2 + %X%’E + gxég - gx}lg * %6 2+ ? 3
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628 20557 5367y  55217x% 55 25
b | 2 . _Xlt _Xlt . 2xlt
T35 n“”“(480 5 1006 16 w2 T g s T s
11720 10206 268
- In2— In3 4 —1n up)}u;. (3.108b)

These results can be directly compared with the GSF results in Eq. (4.1) of Ref. [341], Eq. (23)
of Ref. [433] and Eq. (20) of Ref. [343] for the redshift, and Eq. (3.33) of Ref. [349] for the
precession frequency. At N?LO, as expected, our expressions depend on the scattering-angle
coefficients. Upon matching these with the above-mentioned equations in the literature, we get

the following four constraints (at each order in eccentricity):

1 97 1455 15
u2/2 {ﬁxég - 4ot ( 5 16)(?5)} =0, (3.109a)
97 1 291 3

which can be consistently solved for the two unknowns

97
X3 = X&) = 5 (3.110)

Note that the special constraint (3.38), due to symmetry under interchanging the two bodies’ la-

bels 1 <+ 2, is thus satisfied. Similarly, at N>LO order, after substituting in the N2LO coefficients,

it holds that
e[ 2L B s Dy B0 20T Do)
e4<271697275 B 12102587T2 . %E)X;; - 5Xj§)} 0 Gilla)
| B - A 2 - e (1 - 2 B )] o0,

These five equations can be consistently solved for the remaining four unknowns in the N°LO

SO scattering angle,

1
X3 = X5 = % (3.112)
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17423 2417
48 128

2759 123
— = 7.
8 32

1b __ 1t
X43 - X43 -

Again, the special constraint (3.38) is satisfied by X12 and X1%. Considering the S;S, dynamics,
the relevant constraints can be obtained from the linear-in-spin correction to the spin-precession

invariant, which in terms of the remaining unknown coefficients X}jx reads

3/2 2 2
A1 e 63 12372 3
SUSSF — CUup ©N,52 |22 Zxlx 3.113
Yol 2 s T 27 61 160 (3.113)

1 12372 417° 4496717 12
L (71+ 227(; +%Xé§)]u;/2+[758 rt MOGTIT | 1256y | 39,

6144 2760 N 15 32

15 8 206 729 628 770372 1016249
Dyax - Syax 20 o 29 g 025 2 _

BT e R T S T SRR T T 640
5367 195 75 8 11720 10206 268

At N?LO, this can be matched to Egs. (52) and (56) of Ref. [351] to get the two constraints (at

each order in e)

75 3 225 9
7/2 1x 2 1x _
u, 3 + —16X32 +e (_16 + —32X32>] 0, (3.114)
which can be solved for
XéQX = —50. (3.115)

Similarly, at N3LO it holds that

8
_— X o —xlx 3.116
16+ 32 +1633 1543 ( )

L ( 41943 36972 75
6 —

o2 6299 123w 15
up —
8
TYwlx o Pylx _
32 3 o 3°® 43)} 0.

Each order in eccentricity is solved for the remaining S; S, unknown coefficients

1383
5 )

9795 n 184572
8 256

1x _ Ix __
X33 - x43 -

(3.117)
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Combining the solutions obtained in this section with the results of Sec. 3.2 yields the scat-
tering angle containing the complete local-in-time conservative SO and S;S, dynamics through

the third-subleading PN order

- (G_Mfi {21 —12e — 72% — 643 . (8-’—946-}-31362)}
WE) VE 3¢ 2
4 (%)4 [16045(16 +48¢ + 33¢%) + u<—12—5 + (%2# - %7)5)}
() e (3 ez
+ (%)3 % {12(1 + 12¢ + 1662) —v (106 + %52 + % )]
+ (%)47?7 {22—1(8 + 36¢ + 3382) —v (% + %5 + <1744823 — 2;%5) €2>1 }
() (5 e (38 e
+ (%)3 % [8(1 + 12¢ + 16¢?) — <10€ + %75 + 117 )}
+([();7]\Z>4m [11065(8+365+33e) (9+¥s+ <¥—%w2) 52)] }
(%) { (%) ig(g+252) + (f%) . (2 4 19¢ 4 2022)
n (%)3 ig 8(1 4 38¢ 4 128¢* 4 96¢%) + v <85 — 50e” — %53’)}
+ (%)4 . l%(m + 212z + 447 + 2645%)

15 4055 n 9795 n 184572 22
v|—— — — .
2 4 8 256

Importantly, we have checked that all the above results can be reproduced by starting from a
Hamiltonian ansatz (rather than a radial action), constraining it via the mass-ratio dependence

of the scattering angle (calculated via (3.56)), and obtaining the redshift and spin-precession
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invariants through Egs. (3.89) and (3.93).

3.5 Effective-one-body Hamiltonian and comparison with numerical relativity

In this section, we quantify the improvement in accuracy from the new N3LO SO and
S1Ss corrections using numerical relativity (NR) simulations as means of comparison. We do
this using an EOB Hamiltonian, calculated using the scattering angle obtained above, since the
resummation of PN results it grants is expected to improve the agreement with NR in the high-
frequency regime.

The EOB Hamiltonian is calculated from an effective Hamiltonian H* via the energy map

Heff
HEOB:M\/HQV( —1), (3.119)
)

where we use for the effective Hamiltonian an aligned-spin version of the Hamiltonian for a

nonspinning test mass in a Kerr background (denoted SEOBry in Ref. [4]) with SO and S;S, PN
corrections. The effective Hamiltonian is given by

1242 1/2 GM
H = [A (M2+p2+Brp3+BL - +u2Q)} + 7L (gsS + g5057),  (3.120)

r? A
where A = (r? + a?)? — Aa® with A = r?> — 2GMr + a?. The Kerr spin a is mapped to the

binary’s spins via a = a; + a, and the potentials are taken to be

B Ar?

A== (A% 4 4%), (3.121a)
2
B, = (1 - 2€M + 2_2) (A°D° + BSS) — 1, (3.121b)
2
B = _ﬂ7 (3.121¢)
A
Q=0Q"+Q%, (3.121d)
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i.e., we factorize the PN corrections to the Kerr potentials. The zero-spin corrections A°(r), D%(r)
and Q°(r) are given by Eq. (28) of Ref. [4] and are based on the 4PN nonspinning Hamiltonian
derived in Ref. [80]. The SO corrections are encoded in the gyro-gravitomagnetic factors gg, and
gs+, while the 1S, corrections are added through ASS, BSTS, and Q5S.

For those PN corrections, we choose a gauge such that gg, and gg-~ are independent of

L [383, 389, 390]; we write an ansatz such that, up to N3LO,

i 2(i~j)

3
gs(r,pr) = QZZ(XU}Z&T’

3 D
gs+(ripr) = 5 St (3.122)

for some unknown coefficients «; and o;. For the S;S; corrections, A% and B)® start at NLO
and are independent of p,, while Q5 starts at NNLO and depends on p? or higher powers of p,,

i.e., we use an ansatz of the form
A A A
o o «
SS 4 5 6
A = 5152 6.4 + 3.5 + 10..6 3
Ar cSr cOr

B B B
BSS:SISQ(&?’ e )

ctr3 cbrd cSrd

4 4 6
0% — $.5, (aga o+ o+ o, Cf;g) . (3.123)
To determine those unknowns, we calculate the scattering angle from such an ansatz using
Eq. (3.56) (which entails inverting the EOB Hamiltonian for p, in a PN expansion, differentiating
with respect to L, and integrating with respect to 7). We then match the result of that calculation
to the scattering angle calculated in the previous section and solve for the unknown coefficients
in the Hamiltonian ansatz. This uniquely determines all the coefficients of the spinning part of
the Hamiltonian since our choice for the ansatz fixes the gauge dependence of the Hamiltonian.

(See Sec. 3.3.1 for a discussion of the gauge freedom in the Hamiltonian.)
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We obtain the gyro-gravitomagnetic factors

v 27 p? 5 GM v 5 350\ pt 21 23v\ p, GM
o2l [ ) ral (e ) - (5%
(5_ _) )2}+£[( 80399 24172 379w )(GM)
8 r2 6 256
v
H2

2304 * 384 * 64 r3
. 2283 . 1557y L 6912 (GM)? 781 831y TT1WA\ ptGM
128 32 128

256 T 64 256 o

2 6
T 63 66w ) &1 } (3.124a)
3
1

v GM n l 1512 . 5_V L3 35
2 r A 8 3 24
v

_l’_
1902 3u 23> pGM (__2 13w g) (GM)Z}
12

r2

8 ) r

N

L[/ 135 n 4%y 7627y N 2372 A\ (GM)?
b 64 48 288 32 16

15 279v  78Tv: 93\ p? (GM)?
+(—= - )

2 16 * 16 8 r?

1105 53v 1172 81y3> ptGM

92 96 32 16 )t r

1 1 2 3 6
n (_E _ e T 35; ) p_G} } (3.124b)

64 96 32 1

and the S;S, corrections

(GM)? (171/ 11312 3y3>

S1Sy [ (GM)*
ASS = { (2v — %) + st 3t

G2 M2 2 (O S
(GM)® [61y  41x%v?  3791% 2503 214
_ 3.125
clops \ 2 6 T 13 (3.125a)
M)3 M)*
pss— S fOM)7T (o 90)  (GM) 00, 4 96,2 4 1008
N VENER P 9 64
(GM)® , 375 3Tt
2 — — A2
e L e T e (3.125b)
T GM22 \ St o3 2 8 4
Py (GM)* [ Tv  63° 3507 N 24504
c8 ,u6 73 4 16 8 32
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Figure 3.1: Binding energy versus the velocity parameter v,, for the SO contribution
to the EOB (left panels) and PN-expanded (right panels) binding energies for mass
ratios ¢ = 1 (top panels) and ¢ = 1/3 (bottom panels).

4 4 2 4
Py (GM) 183v 5 437y
— | -1 — — . A2
+ i 3v + 1 63v 16 (3.125¢)

Importantly, the factors gs and gg«, obtained here for the aligned-spin case, also fix the generic-

spin case by simply writing the odd-in-spin part of the effective Hamiltonian as

o GMr
e = 4

L-(9sS+gs-S7), (3.126)

with gg and gg« unmodified since they are independent of the spins (see Ref. [1] for more details.)
However, the spin;-spiny corrections in Eq. (3.125) are only for aligned spins since the generic-
spins case has additional contributions proportional to (n - Sp)(n - Ss), where n = 7/r. Such
terms vanish for aligned spins and cannot be fixed from aligned-spin self-force results or be
removed by canonical transformations.

For comparison with NR, a particularly good quantity to consider is the binding energy,
since it encapsulates the conservative dynamics of analytical models, and can be obtained from
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Figure 3.2: Binding energy versus the velocity parameter v, for the S;S, contribution
to the EOB (left panels) and PN-expanded (right panels) binding energies for mass
ratios ¢ = 1 (top panels) and ¢ = 1/3 (bottom panels). The NR error is indicated by
the shaded regions.

accurate NR simulations [434, 435]. The NR data for binding energy that we use were extracted
in Ref. [438] from the Simulating eXtreme Spacetimes (SXS) catalog [458]. The binding energy

calculated from NR simulations is defined by
EMR = Expm — Erag — M ¢, (3.127)

where F,4 is the radiated energy, and Eapy is the ADM energy at the beginning of the sim-
ulation. We then calculate the binding energy from the EOB conservative Hamiltonian using
E, = HEOB — M ¢? for exact circular orbits at different orbital separations, i.e., we neglect the ra-
diation reaction due to the emitted GWs. As a result of this assumption, the circular-orbit binding
energy we calculate is not expected to agree with NR in the last few orbits.

To obtain the binding energy from a Hamiltonian in an analytical PN expansion, we set
p» = 0 for circular orbits and perturbatively solve p, = 0 = —9H /Or for the angular momentum

172



L. The orbital frequency w is given by w = 0H /0L from which we define the velocity parameter
v, = (GMw)'/3. (3.128)
Expressing the PN-expanded Hamiltonian in terms of v,, yields, for the SO part,

4 31 53
A= e[ gs-s] v fs (1) v (2-3)]

+ v, P (—324 + 633y — 14°) + % (—27 4 156V — 5y2)]

24
19679 + 17472 1979 265
11 2 3
S| —45 — -
e { ( + 144 T 3888”)
S* /135 1109 , 50 ,
= - = 12
8(2 565v + 2 ”+81”>H’ (3.129)

while for the S; S, part,

SS 6 8 10 2

L (M3, 1280214 U7, 13
v —_— —_—V —V —VUV .
© \ 16 32 8 16

(3.130)
The same steps can be performed numerically to obtain the EOB binding energy without a PN
expansion.

To examine the effect of the new N3LO terms on the binding energy, we isolate the SO
and the S;S, contributions to the binding energy by combining configurations with different
spin orientations (parallel or anti-parallel to the orbital angular momentum), as explained in

Refs. [437, 438]. For the SO contribution, we use

1
EP(v,a,a) = 5 [Bo(v;0,0) = Ey(v, —a,—a)] + O(a*), (3.131)

while for the S;S, contribution, we use

ES(v,a,a) = Ey(v,a,0) + Ey(v,0, —a) — Ey(v,a, —a) — Ey(v,0,0) + O(@*).  (3.132)
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In Fig. 3.1, we plot the SO contribution to the EOB and PN-expanded binding energies
versus the velocity parameter v,, for spin magnitudes a = 0.6. We also plot the NR results
by combining the binding energies of configurations with different spins using results from
Refs. [438, 458]. From the figure, we see that, adding each PN order improves agreement of
the EOB binding energy with NR, especially in the high-frequency regime, with better improve-
ment for equal masses than for unequal masses. In contrast, the PN binding energy, plotted using
Eq. (3.129), seems not to converge towards NR in the high-frequency regime, with little differ-
ence between the N?LO and N3LO SO orders. Figure 3.2 shows the S;S, contribution to the EOB
and PN binding energies. As in the SO case, adding the new N®LO significantly improves agree-
ment of the EOB binding energy to NR, especially for equal masses, but there is little difference
between PN orders for the PN binding energy.

Note that Figs. 3.1 and 3.2 should not be interpreted as a direct comparison between PN
and EOB dynamics since our results were obtained for simplicity using exact circular-orbits,
which leads to a very different behavior than for an inspiraling binary; Refs. [410, 435, 438], for
example, show that EOB results are significantly better than PN when taking into account the
binary evolution. Let us also stress that while the EOB and PN curves are based on the same PN
information, the EOB Hamiltonian represents a particular resummation of the PN results. We

leave the exploration of other resummations and a calibration to NR for future work.

3.6 Conclusions

GW astronomy allows a multitude of applications in fundamental and astrophysics [13,

18, 519, 520] that rely on accurate waveform models for inferring the source parameters. In
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this paper, we improved the PN description of spinning compact binaries using information from
relativistic scattering and self-force theory, which is an extension of the approach introduced and
used in Refs. [90, 91, 252] for the nonspinning case. We started by extending the arguments from
Ref. [252] to show that the scattering angle for an aligned-spin binary has a simple dependence
on the masses. This allowed us to determine the SO and aligned S;S, couplings through N*LO
in a PN expansion using GSF results for the redshift and precession frequency of a small body
on an eccentric orbit in a Kerr background. This result is neatly encapsulated in the gauge-
invariant aligned-spin scattering-angle function, given explicitly in Eq. (3.118). The derivation
presented here provides the full details for the recently reported result at SO level in Ref. [1],
while extending the analysis to aligned S; S, couplings.

Using these new PN results, we calculated the circular-orbit binding energy, the EOB gyro-
gravitomagnetic factors, and implemented these results in an EOB Hamiltonian. To illustrate
the effect of the new N®LO terms, we compared the binding energy with NR simulations (see
Figs. 3.1 and 3.2,) showing an improvement over the N2LO. These results could be implemented
in state-of-the-art SEOBNR [396-399] and TEOBResumsS [400, 401] waveform models used in
LIGO-Virgo searches and inference analyses [13].

While it is arguable whether PM results already provide a useful resummation of the PN
ones [405], the present work shows that, with the crucial contribution of GSF theory, advances in
PM theory already allow one to advance the PN knowledge in the spin sector. We thus beseech
further research to explore synergies between GSF, PM, and PN theory, along the lines of Refs. [1,
90, 91, 93, 128, 548] and the present paper. One could, for instance, extend the results in this
paper to N°LO S? couplings, i.e. at quadratic order in each spin. This is an important step to
complete the aligned-spin SPN dynamics for BBHs. However, we leave such a calculation for
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future work, since it would require currently unavailable GSF results.

One can envision further important work at the interface between the PM and GSF approx-
imations. With knowledge of first-order GSF theory, one can in principle determine the full 3PM
and 4PM scattering angle in a completely independent way from techniques employed, e.g., in
Ref. [243]. To this end, one could calculate the PM expansion of GSF gauge-invariant quantities
for bound orbits directly (e.g., expansions in u, valid at all orders in the eccentricity e). This
enterprise would have to take great care in the inclusion of tail terms in the dynamics, as well
as in the analytical continuation of such results to scattering systems. Should these quantities be
calculated, one could exploit the method herein presented to fix the 3PM and 4PM scattering an-
gles without further PN re-expansions. Even better would be a direct GSF treatment of scattering
orbits and the scattering angle. This is likely to first come in the form of numerical calculations
at first-order in the mass ratio. It will however be worth exploring whether “experimental math-
ematics” techniques can be used to obtain analytic expressions for the 4PM scattering angle by
pushing such numerical calculations to extreme precision (see, e.g., Ref. [S51] for an example
along these lines in the GSF literature).

Finally, we stress that it is paramount to check our results with more established PN cal-
culations (e.g., with the EFT approach, as was done partially at N°LO in Refs. [109, 550]), as
they have been obtained with a so-far completely unexplored method in the spinning sector that

is begging to be further scrutinized.
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Chapter 4: Gravitational spin-orbit dynamics at the fifth-and-a-half post-

Newtonian order

Author': Mohammed Khalil

Abstract: Accurate waveform models are crucial for gravitational-wave data analysis, and
since spin has a significant effect on the binary dynamics, it is important to improve the spin
description in these models. In this paper, we derive the spin-orbit (SO) coupling at the fifth-
and-a-half post-Newtonian (5.5PN) order. The method we use splits the conservative dynamics
into local and nonlocal-in-time parts, then relates the local-in-time part to gravitational self-force
results by exploiting the simple mass-ratio dependence of the post-Minkowskian expansion of
the scattering angle. We calculate the nonlocal contribution to the 5.5PN SO dynamics to eighth
order in the small-eccentricity expansion for bound orbits, and to leading order in the large-
eccentricity expansion for unbound orbits. For the local contribution, we obtain all the 5.5PN
SO coefficients from first-order self-force results for the redshift and spin-precession invariants,
except for one unknown that could be fixed in the future by second-order self-force results. How-
ever, by incorporating our 5.5PN results in the effective-one-body formalism and comparing its
binding energy to numerical relativity, we find that the remaining unknown has a small effect on

the SO dynamics, demonstrating an improvement in accuracy at that order.

'Originally published as Phys. Rev. D 104, no.12, 124015 (2021)
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4.1 Introduction

Gravitational-wave (GW) observations [12—14] have improved our understanding of com-
pact binary systems, their properties, and their formation channels [18, 19]. A crucial component
in searching for GW signals and inferring their parameters is accurate analytical waveform mod-
els, in which spin is an important ingredient given its significant effect on the orbital dynamics.

Three main analytical approximation methods exist for describing the dynamics during the
inspiral phase: the post-Newtonian (PN), the post-Minkowskian (PM), and the small-mass-ratio
(gravitational self-force (GSF)) approximations.

The PN approximation is valid for small velocities and weak gravitational potential v?/c? ~
GM/rc* < 1, and is most applicable for comparable-mass binaries in bound orbits. Many
studies have contributed to improving the description of the conservative PN dynamics, for
nonspinning binaries [74, 76, 79-88, 152, 563, 564], at spin-orbit (SO) level [96-100, 102—
109, 166, 172], spin-spin [113-116, 119-122, 181], and higher orders in spin [123-128]. For
reviews, see Refs. [129—134].

The PM approximation is valid for arbitrary velocities in the weak field GM/rc¢* < 1,
and is most applicable for scattering motion since relativistic velocities can be achieved. It
was pioneered by the classic results of Westpfahl [228, 229], with rapid progress using classi-
cal methods [232, 233, 236, 237, 251-253], scattering amplitudes [238-246, 289], effective field
theory [254-258], and worldline quantum field theory [260, 261]. Spin effects were included
in PM expansions using all these approaches in Refs. [262-275], and radiative contributions in
Refs. [285-287, 296, 565].

The small-mass-ratio approximation m/my < 1 is based on GSF theory, and is most
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applicable for extreme-mass-ratio inspirals (see, e.g., Refs. [302-304, 309, 310, 312, 314, 315,
317-323, 325, 561, 566-569] and the reviews [330-333].) Analytic GSF calculations to high
PN orders were performed at first order in the mass ratio for the gauge-invariant redshift [336—
344] and the spin-precession frequency [346—351]. There has also been recent important work on
numerically calculating the binding energy and energy flux at second order in the mass ratio [326,
3271.

The effective-one-body (EOB) formalism [380, 381] combines information from different
analytical approximations with numerical relativity (NR) results, while recovering the strong-
field test-body limit, thereby extending each approximation’s domain of validity and improving
the inspiral-merger-ringdown waveforms. EOB models have been constructed for nonspinning
[80, 384-388], spinning [4, 382, 383, 389—401], and eccentric binaries [5, 402—404]. In addition,
information from the post-Minkowskian [236, 237, 405, 406] and small mass-ratio approxima-
tions [407—410] have been incorporated in EOB models.

Recently, a method [90], sometimes dubbed the “Tutti Frutti” method [286], that combines
all these formalisms has been used to derive PN results valid for arbitrary mass ratios from GSF
results at first order in the mass ratio. The method relies on the simple mass-ratio dependence
of the PM-expanded scattering angle [252] (see also Ref. [265]), making it possible to relate
the local-in-time part of the Hamiltonian, or radial action, to GSF invariants, such as the red-
shift and precession frequency. The nonlocal-in-time part of the conservative dynamics, due to
backscattered radiation emitted at earlier times, is derived separately, since it is calculated in an
eccentricity expansion that differs between bound and unbound orbits. This approach has been
used to derive the SPN conservative dynamics for nonspinning binaries except for two coeffi-

cients [90, 91], the 6PN dynamics except for four coefficients [92, 93], and the full 4.5PN SO
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and 5PN aligned spin;-spin, dynamics [1, 2].

In this paper, we determine the 5.5PN SO coupling for the two-body dynamics, which
is the fourth-subleading PN order, except for one coefficient at second order in the mass ratio.
Throughout, we perform all calculations for spins aligned, or antialigned, with the direction of
the orbital angular momentum. However, the results are valid for precessing spins [1], since at
SO level, the spin vector only couples to the angular momentum vector.

The results of this paper and the procedure used can be summarized as follows:

1. In Sec. 4.2, we calculate the nonlocal contribution to the 5.5PN SO Hamiltonian for bound
orbits, in a small-eccentricity expansion up to eighth order in eccentricity. We do this for a
harmonic-coordinates Hamiltonian, then incorporate those results into the gyro-gravitomag-

netic factors in an EOB Hamiltonian.

2. In Sec. 4.3, we determine the local contribution by relating the coefficients of the local
Hamiltonian to those of the PM-expanded scattering angle. We then calculate the redshift
and spin-precession invariants from the total Hamiltonian, and match their small-mass-
ratio expansion to first-order self-force (1SF) results. This allows us to recover all the
coefficients of the local part except for one unknown. However, by computing the EOB
binding energy and comparing it to NR, we show that the effect of the remaining unknown

on the dynamics is small.

3. In Sec. 4.4, we complement our results for unbound orbits by calculating the nonlocal part

of the gauge-invariant scattering angle, to leading order in the large-eccentricity expansion.

4. In Sec. 4.5, we provide two gauge-invariant quantities that characterize bound orbits: the
radial action as a function of energy and angular momentum, and the circular-orbit binding
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energy as a function of frequency.

We conclude in Sec. 4.6 with a discussion of the results, and provide in Appendix D a summary
of the quasi-Keplerian parametrization at leading SO order. The main results of this paper are

provided in the Supplemental Material as a MATHEMATICA file [3].

Notation

We use the metric signature (—, +, +, +), and units in which G = ¢ = 1, but sometimes
write them explicitly in PM and PN expansions for clarity.
For a binary with masses m; and ms, with my > my, and spins S; and S5, we define the

following combinations of the masses:

mima Y my ma — My
M = = = — = — 6 - 4.1
my + ma, 1% M ) v M’ q Mo ) M ) ( )
define the mass-rescaled spins
S S
a; =", ay=2 (4.2)
mq mo
the dimensionless spin magnitudes
S S
X1 = |_12’7 X2 = ’_22’a (43)
my my
and the spin combinations
S=8+8, S§="2g4+Mg,
mq mo
1 1
xs =50 +xe),  xa=50e-x) (4.4)

We use several variables related to the total energy E of the binary system: the binding
energy I/ = E — Mc?, the mass-rescaled energy I' = E//M, and the effective energy E. defined
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by the energy map

E:M\/1+2V (E;ff—l). (4.5)

We also define the asymptotic relative velocity v and Lorentz factor ~y via

Eefe
V= )
W
72 —1 1
v = , & = —, 4.6
5 TV 0
and define the dimensionless energy variable

e =72 —1=~%7 4.7

(Note that € used here is denoted p? in Ref. [91].)
The magnitude of the orbital angular momentum is denoted L, and is related to the relative

position r, radial momentum p,., and total linear momentum p via

L2
p=p*+ = (4.8)

We often use dimensionless rescaled quantities, such as

7,phys Lphys pphys Ephys thys
— _ 1r — —

9 L_ 9 pr 9 I 9
M Mp It J I

r =

4.9)

and similarly for related variables, e.g. E = FEphys /1, etc. It should be clear from the context

whether physical or rescaled quantities are being used.

4.2 Nonlocal 5.5PN SO Hamiltonian for bound orbits

The total conservative action at a given PN order can be split into local and nonlocal-in-time
parts, such that
SN = SpeN + Spen (4.10)

loc nonloc?’
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where the nonlocal part is due to tail effects projected on the conservative dynamics [79, 183,
425], 1.e., radiation emitted at earlier times and backscattered onto the binary. The nonlocal
contribution starts at 4PN order, and has been derived for nonspinning binaries up to 6PN or-
der [80, 91, 92]. In this section, we derive the leading-order spin contribution to the nonlocal
part, which is at 5.5PN order.

The nonlocal part of the action can be calculated via the following integral:

GM
Sr];(glloc = /dtPf2s/c/ ‘t EI();H t t) (411)

where the label ‘LO’ here means that we include the leading-order nonspinning and SO contri-
butions, and where the Hadamard partie finie (Pf) operation is used since the integral is logarith-
mically divergent at ¢ = ¢. The time-split (or time-symmetric) GW energy flux ]—"]%it(t, t') is

written in terms of the source multipole moments as [79]

opli G|l ¢ 16 (s :
spli 3 3 3 3
Fio'(tt) = 2 |15 (O] () + 575 01 . (4.12)

The mass quadrupole 7% and the current quadrupole J% (in harmonic coordinates and using the

Newton-Wigner spin-supplementary condition [364, 365]) are given by [164, 426]

i q 3 4 d
[ij = m1x§ .I'j1> + g.%’% (’Ul X Sl) 3 3 dt$§ (331 X Sl) + 1< 2
Jij = m1x§ (x1 X vl)]> + 2—QZ§ S{> + 1 2, (4.13)
C

where the indices in angle brackets denote a symmetric trace-free part.
As was shown in Refs. [79, 80], the nonlocal part of the action can be written in terms of

T=t —tas

Snonloc - / dt 5H1];()(1)1100( )
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GM dr
5HLO (t) = _C_3Pf2s/c

nonloc

. M .
F 4 )+ 290 i () (4.14)

I7l ¢

Following Ref. [91], we choose the arbitrary length scale s entering the partie finie operation to
be the radial distance r between the two bodies in harmonic coordinates. This has the advantage

of simplifying the local part by removing its dependence on In r.

4.2.1 Computation of the nonlocal Hamiltonian in a small-eccentricity expan-
sion

The integral for the nonlocal Hamiltonian in Eq. (4.14) can be performed in a small-
eccentricity expansion using the quasi-Keplerian parametrization [427], which can be expressed,

up to 1.5PN order, by the following equations:

r=a,(1 — e, cosu), (4.15)

{=nt =u— e sinu, (4.16)

L8 an Y 4.17)
1 — 6¢ 2

where a, is the semi-major axis, u the eccentric anomaly, ¢ the mean anomaly, n the mean motion

¢ = 2K arctan

(radial angular frequency), K the periastron advance, and (e,, e, e,) the radial, time, and phase
eccentricities.

The quasi-Keplerian parametrization was generalized to 3PN order in Ref. [570], and in-
cluding SO and spin-spin contributions in Refs. [571, 572]. We summarize in Appendix D.1 the
relations between the quantities used in the quasi-Keplerian parametrization and the energy and
angular momentum at leading SO order. Using the quasi-Keplerian parametrization, we express
the source multipole moments in terms of the variables (a,, e;,t), and expand the moments in
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eccentricity.
In the center-of-mass frame, the position vectors of the two bodies, &, and -, are related

tox = x1 — xy via [165]

i M2 v i g wk
=3 gt (57 - 57,
i my v i ¥
1’2 = —Mx — WG jk'l)](Sk — S k), (418)

where v = v; — v, and hence the source moments from Eq. (4.13) can be written as

o 1 2 . . . .
Iy = Myals?) + — {% <4u<1(51 x ) — 5208, x ru)ﬂ) Tl 2} , (4.19)

Jij = M5V5E<Z(U X m)3> + —

2 aretsl - Fpatsi].

M M
In polar coordinates,

x = r(cos ¢, sin ¢),

v = 1(cos ¢, sin ¢) + ro(— sin ¢, cos P), (4.20)

with 7 and ¢ given by Eqs. (4.15) and (4.17), e, and e, related to e, via Egs. (D.12) and (D.13),

while 7 and qﬁ are given by

) e;sinu
r =
Var (1 — e cosu)’
_ 2
G— VT &% (4.21)

a2 (1 — e, cos u)”
which are only needed at leading order. We then write the eccentric anomaly w in terms of time ¢

using Kepler’s equation (4.16), which has a solution in terms of a Fourier-Bessel series expansion

= 2
u=nt+ Z EJk(ket) sin(knt)

k=1
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1
~ nt + e; sin(nt) + 56? sin(2nt) + .. .. (4.22)

We perform the eccentricity expansion for the nonlocal part up to O(e?) since it corre-
sponds to an expansion to O(p?), which is the highest power of p, in the 5.5PN SO local part.
However, to simplify the presentation, we write the intermediate steps only expanded to O(e;).

Plugging the expressions for (7, ¢, 7, ¢) in terms of (a,, e;, t) into the source moments used

in the time-split energy flux (4.12) and expanding in eccentricity yields

i 32 12
filz)ln(ta t+7)= Vgafn6{€ cos(2nT) + Eet [9 cos(nt 4+ 3nt) + 9 cos(nt — 2nt)
812 g 5/2 .
— cos(nt —nt) — cos(nt + 2n7)} + ST 48nTsin(2n7) (20x4 — Vs + 2Xs)

—32cos(2n7) (90x4 — bvxs + Ixs) — cos(nT) (0xa — 4vxs + xs)

3nt

+ e, cos (nt n %) {cos (T) (35204 + 352xs — 157vys)

— 27 cos (57177—) (846xa — 4Tvxs + 84x5s)
. nt . onT 9
— 36nT ( sin - ) - 9sin - (26xa —vxs +2xs) | ¢ + O (€f), (4.23)

the orbit average of which is given by

27 /n

<Ff}3“(t, t 4 T)> — % F2U(E b+ 7)dt
0

32 8
= €y2n6af cos(2nt) + Blﬂnﬁai/z [48717' sin(2n7) (20x4 — vxs + 2xs)

—cos(nt) (0xa — 4vxs + Xs)

— 32cos(2n7) (9xa — 5vxs + 9Xs)] +0(e}). (4.24)
In the limit 7 = 0, this equation agrees with the eccentricity expansion of the energy flux from
Eq. (64) of Ref. [572].
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Then, we perform the partie finie operation with time scale 2s/c using Eq. (4.2) of Ref. [79],

which reads
< Tq ol
oty [ o) = [ Tl - g0+ [ gt (4.25)
o U 0 v

The first line of Eq. (4.14) yields

ol 64
Pfgs/c/ 7] (A )> - —v*n’a} [In(4ns) + vg]

151/%%5/2{ (2890 4 + (289 — 164v)xs]In(ns) + [289v5 + 48 + 5771n 2] §x 4

+ [75(289 — 164v) — 120(2 + 271 2) + 48 + 5771n 2] XS} +0(e), (4.26)

while the second line

2 <]-"Elgit(t,t)> In (g) = %IJ nSat In <(Z>

16
- vl ( - ) (2890 4 + (289 — 164v)ys] + O (¢2). 4.27)

Adding the two expressions removes the dependence on s.
When performing the calculation to O (e?), we obtain the following Delaunay-averaged

nonlocal Hamiltonian:

(GHO,.) == " [A4PN( ¢) + B (er) Ina,]
L P 584 164, 1168
P S B R
, [2908 5816 2172 3304 10206
€ —DCLT—T’YE‘FT_? n2— In3
([43843, 0 STOSG 114901 201362 48843
6 — n n
t17 15 15 P73 5
$[55313 55313 061807 | 6806021 3236031,
e na, — n2— n
6 3 T 60 15 160
24206875 ] ([134921 134921 135264629
————————In e na, — A —
288 t 3 IF 2880
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InQ 4 —2 20292919,
135 2T T orgm WO 5120

LV [ 64 3w 806y LES) (5Tor 464) )
—==0 — — - —— | In
JETEN 5 15 )" 5 3

(584 448V) 2{2172 4412v (42161/ 5816)
na, — - - VE

94244416 12145234375 16844976271 ] }
e — _—————— n

15 15 5 15 5 5
. (51921/ - @) o (6561u - 10206) 3 (% B 2108y> lnar]
5 15 5 5 5 5
\ {114991 387020 (621341/ 87686) (3864141/ 201362>
€ - + - E — In2
30 15 15 15 15
. (48843 - 28431V) - (43843 - 31067y> . ar}
1 1 15 15
[961807 215703y  (193718v 55313 6896921 12343118
et{ 60 20 +( 5 3 )7E+( 5 135 >1n2
. (3768201u - 3236031) | (92421875V - 24296875) L
320 160 1728 238
(55313 96859y) } . {135264629 45491177v
+ — na, €; —
6 15 2830 1440
938500 134921 118066123y 94244416
+( 3 3 )7E+( 270 135 >ln2
(537837489V - 1684497627) 13 (12145234375 - 37907031251/) L
2560 5120 27648 13824
N (1346921 B 4693251/) I ar} } L0, (4.28)

where the functions A*N(e;) and B*N(e;) in the 4PN part are given in Table I of Ref. [91].

4.2.2 Nonlocal part of the EOB Hamiltonian

The (dimensionless) EOB Hamiltonian is given by the energy map

1
Hgop = ;\/1 + 20 (Heir — 1), (4.29)

where the effective Hamiltonian

He = \JA(r) [1+ 92 + (A()D(r) — 1) 52 + Q(r,p,)]
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1
+ @L lgs(r,p)S + gs-(r,p,)S™] . (4.30)

The nonspinning potentials A, D, and () were obtained at 4PN order in Ref. [80]. The
4.5PN gyro-gravitomagnetic factors, gs and ggs-, are given by Eq. (5.6) of Ref. [2], and are in a
gauge such that they are independent of the angular momentum. Note that the gyro-gravitomagnetic
factors are the same for both aligned and precessing spins, since the spin vector only couples to
the angular momentum vector at SO level. Hence, even though the calculations are specialized to
aligned spins, the final result for the gyro-gravitomagnetic factors is valid for precessing spins.

Splitting the potentials A, D, Q into a local and a nonlocal piece, and writing the gyro-

gravitomagnetic factors as

1
gs = Qe 5 (gg.SPN,loc + ggSPN,nonloc) 7
_ 3 1 5.5PN.loc 5.5PN,nonloc 4 31
QS*—§+"'+5(QS* + g5- ) 4.31)

yields the following LO nonlocal part of the PN-expanded effective Hamiltonian

1
Her = Hif + — HE"™ + O(SPN, 65PN SO),

_ L
(Anonloc + Dnonlocpz + Qnon]oc) + v . [Sgg.SPN,nonloc + S*gngN,nonloc] ) (432)

nonloc __
Heff - 373

N | —

Then, we write the nonlocal piece of the potentials and gyro-gravitomagnetic factors in
terms of unknown coefficients, calculate the Delaunay average of H'$"°° in terms of the EOB
coordinates (a,, e;), and match it to the harmonic-coordinates Hamiltonian from Eq. (4.28). Since
harmonic and EOB coordinates agree at leading SO order, no canonical transformation is needed
between the two at that order.

This yields the results in Table IV of Ref. [91] for the 4PN nonspinning part, and the
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following SO part expanded to O (p?):

QS.SPN,nonloc _ QV{(QI 32 584 232 ) 1

r————7g— —1In2

s 57515 3 =
12782 32744 11664 2
+ ——1 04yg + ——In2 — In3+52Inr Pr
15 r3
12503 635456 218943 P
+ In2+ In3
15 1"2
6
L (38246 1767992321 ,_ 2517237 3015625\ pf
25 225 r
503000 898982848 6352671875 31129029
- In2 4 2222002000 5 22T 3 ) 10
+< 350 R0 T T 0T g n?’)p’"JrO(pT)}’
3 2912 1
55PN nonloc __ * e .
=5 {(16lnr 32vg 5 In 2) -
35024 1024ny 93952 10692 512\ p?
n2— 3+ >y )
+(45 LT 5 °T 15 )7"3
4
(o2 2978624 g 200061, .\ pt
15 r2
L (33048 1407436672 1100034 12593750, -\ pf
25 2025 5 81 r
651176 9076395968 2226734375 697653
+ In24+ —1In In3
525 2025 1134
L0 ) } (4.33)

4.3 Local 5.5PN SO Hamiltonian and scattering angle

In this section, we determine the local part of the Hamiltonian and scattering angle from

ISF results by making use of the simple mass dependence of the PM-expanded scattering angle.

4.3.1 Mass dependence of the scattering angle

Based on the structure of the PM expansion, Poincaré symmetry, and dimensional analysis,
Ref. [252] (see also Ref. [265]) showed that the magnitude of the impulse (net change in momen-
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tum), for nonspinning systems in the center-of-mass frame, has the following dependence on the

masses:

Q = (Ap1Ap')'?

_%ﬂ@q@m+§0mﬁy+mﬁﬂg

b
G2
I ﬁ( 2Q3PM +my sziﬁ%Q m%fogM) +...}’ (4.34)

where each PM order is a homogeneous polynomial in the two masses. For nonspinning bodies,
the Q’s on the right-hand side are functions only of energy (or velocity v). This mass dependence

has been extended in Ref. [2] to include spin, such that

nPM _ nPM a1 02)
Qmmz_ mimy (U b’ b
a
= QN () + TR, )+ QN (0) + O(a?), (4.35)

where 0 is the covariant impact parameter defined as the orthogonal distance between the incom-
ing worldlines when using the covariant (Tulczyjew-Dixon) spin-supplementary condition [96,
3611 pi, S = 0. (See Refs. [2, 264, 265, 366] for more details.)

The scattering angle x by which the two bodies are deflected in the center-of-mass frame

is related to Q via [252]

sinzz Q
2 2P

(4.36)

where P, ., is the magnitude of the total linear momentum in the center-of-mass frame and is

given by

7* -1, (4.37)

where we recall that

E? = mf + m% + 2mymsay
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(4.38)

Therefore, the scattering angle scaled by E/m;m has the same mass dependence as Q. (Equiv-
alently, y/I" has the same mass dependence as Q/u, where I' = E/M.)

For nonspinning binaries, and because of the symmetry under the exchange of the two
bodies’ labels, the mass dependence of x/I" can be written as a polynomial in the symmetric
mass ratio v. This is because any homogeneous polynomial in the masses (m,mz) of degree n

can be written as polynomial in v of degree |n/2]. For example,
cim’ + comims + comimi + exmis = M[c; + (e — 3¢V, (4.39)

for some mass-independent factors ¢;. Hence, at each nPM order, x/I" is a polynomial in v of
degree [(n —1)/2].
When including spin, we also obtain a dependence on the antisymmetric mass ratio § =

(mg —my)/M, since
a; (clmi}’ + comimg + csmym3 + c4m§) = M3ay (o) + a8 + asv + auvd), (4.40)

where «; are some linear combinations of ¢;.
Thus, we find that the scattering angle, up to SPM and to linear order in spin, has the

following mass dependence:

X = Xa® + Xa + O(a?), (4.41)
= (5) X
+ (GTM>3 [Xg + uxg’”} + <GTM>4 [XZ + VXZ’”]
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N (G_M>5 XS+ Q7 + 08| (4.42)

b
F= i () b

+ (GTM)S [Xg 4 ox yxg} + (GTM>4 [X4 +6X§ + XY + V5XZ‘1
n (GTM>5 [x5 +OXE + VXY + XY 4+ y2xg2] ¥ } F1e2 (4.43)

where the X;-- are functions only of energy/velocity. Since v and v/) are of order ¢ when expanded
in the mass ratio, their coefficients can be recovered from 1SF results.

This mass-ratio dependence holds for the fotal (local + nonlocal) scattering angle. How-
ever, by choosing the split between the local and nonlocal parts as we did in Sec. 4.2, i.e., by
choosing the arbitrary length scale s to be the radial distance r, we get the same mass-ratio
dependence for the local part of the 5.5PN SO scattering angle. This is confirmed by the in-
dependent calculation of the nonlocal part of the scattering angle in Eq. (4.92) below, which is
linear in v. (In Ref. [91], the authors introduced a ‘flexibility’ factor in the relation between s and
r to ensure that this mass-ratio dependence continues to hold at SPN order for both the local and
nonlocal contributions separately.)

Terms independent of v in the scattering angle can be determined from the scattering angle
of a spinning test particle in a Kerr background, which was calculated in Ref. [428]. For a test
body with spin s in a Kerr background with spin a, the SPM test-body scattering angle to all PN
orders and to linear order in spins can be obtained by integrating Eq. (65) of Ref. [428], leading

to

Xtest = b 02 bo b -

GM {2@2 +2  4a+ 5)] +7r<GM>2 {3(1}421}—21— 4)  (30? _|_22)Iﬂ(};1a+38)]
(5

2 (508 + 450 + 150% — 1) 4 (50 +100% + 1) (3a + 2s)

306 bvd
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. <GM>4 105 (0! + 1602 +16) 21 (50" + 200% + 8) (8a + 55)
- _
b 6404 16bv°

. (GM>5 [2 (2102 4 5250 4 105008 + 2100* — 1502 + 1)
b 5v10

4 (63v® + 4200° + 378v* + 36v% — 1) (5a + 3s)
3bv?

+ O (G%) + 0(a’, as, ). (4.44)

Plugging this into Eq. (4.43) determines all the X;(v) and X?(v) functions. Hence, we can write

the SPM SO part of the local scattering angle, expanded to 5.5PN order, as follows:

Fo{ () (B G- (-2

3
+ (GM) {(25 — 10 + X%,0)v + (206 — 100 + X40)0?

v2b

+ (106 — 50 + X4)v° + X4 00" + ngyvg]

M 2
+ (G2b> [(Xi’fdu+ley) (635—§+X 51/+XZSV) v?

315 1365 3156 1365
(?5 ——5 + X3¥ov + X45V) v+ ( 59 33 + X%ov + X471/) V7
(Xigéy + Xjgv) v }

GM\’ 46 16
+<02b) [(—§+§+Xg‘1’5V—I—Xll/+X5ly)

<48(5 — 192+ X5u + X¥yv + Xbav ) 3
+ (5048 — 2016 + X3y + Xt + X502 o
+ (5608 — 2240 + Xedw + X + X502 ) o

+ (846 — 336 + X6v + XUy + Xeov ) 9] } +1¢2, (4.45)

where the X;’j and Xf;-’ coefficients are independent of the masses, and can be determined, as
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explained below, from 1SF results. The coefficient Xg; could be determined from future second-

order self-force results.

4.3.2 Relating the local Hamiltonian to the scattering angle

The scattering angle can be calculated from the Hamiltonian by inverting the Hamiltonian

and solving for p,.(F, L, ), then evaluating the integral

* op.(E,L,r)
— o [ P\ 44

where 7 is the turning point, obtained from the largest root of p,.(E, L,r) = 0. E and L represent
the physical center-of-mass energy and canonical angular momentum, respectively.

As noted above, we express the scattering angle in terms of the covariant impact parameter
b, but use the canonical angular momentum L in the Hamiltonian (corresponding to the Newton-

Wigner spin-supplementary condition). The two are related via [264, 265]

L= Lcov + AL;

Lcov = Pc.m.b = %’vaa

-1 )
a; + as — f(az —a)|, (4.47)

AL=M

which can be used to replace L with b in the scattering angle. We can also replace £ with v using
Eq. (4.38).

Starting from the 4.5PN SO Hamiltonian, as given by Eq. (5.6) of Ref. [2], determines all
the unknown coefficients in the scattering angle in Eq. (4.45) up to that order. Writing an ansatz

for the local 5.5PN part in terms of unknown coefficients, such as

4 6

2
P} P Pl
+ 9235 + Ja2 2 + or” - + gsop),

55PNJoc __ Y04 Dy
r4 r

S
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* 2 4 6
5.5PN,loc 9o4 « Pr « Pr « Pr *
S = Py + 923ﬁ + 942§ + 9617 + g80p§v (4.43)

calculating the scattering angle, and matching to Eq. (4.45) allows us to relate the 10 unknowns

in that ansatz to the 6 unknowns in the scattering angle at that order. This leads to

S ri

1 3X3y 35X, 3XY, 309077 3544972
5.5PN,loc 59 v 39 v 59
=2 2X50 — + 2X5o — +
g { [V( 32 49 16 49 32 1152 3072 )

32 192

64 512

o (235111 3Xy, 58377\ 4 41300
2304

2T 4 3 2 v

2300 8250, (198133 108772\ 3nRY, 1125

g _ 2X% _oxy, 4 22
N T ( TV DT R G TS
LP[_10TY TIATA 3191307 (8507 35Xy,

—_— j— j— ]/ RSSO ——

2| 6d 512 256 28 24

PO [157T04 113978 255302 893v] o [18904 94508 902 2Ty
+ B - - - +p + 2 ,

- | 320 512 256 256 64 512 256 128

32 64 * 512

3] 1 1701 150 11123 3XY 12372 29081
gS.SPN,loc _ { |: . . . + V2 <_ 59 >

5 AR 512 512 128

ov v v 2
(o 28 2% 00y
2 v 2
17104 B 48913 (77201 _ 1237?2> V2:| L p_ﬁ { B 137704 _ 1390513 n 1213502
256 8 256 16 r? 512 128 512
5 (10569 _ 35X§9) n 2525} N p_ff {160771/4 _ 239113 _ 87912 N 7Ty n 3555}
256 24 512 r 2560 640 512 32 512

4.4
TP T s T e T s T (4.49)

8 [945u4 3150%  1053v% 189w 693} }
where we switched to dimensionless variables. We see that the 5 unknowns (X4, X4, X35, X%y, X24)
from the scattering angle only appear in the linear-in-v coefficients of the gyro-gravitomagnetic
factors up to order p?, while the unknown Xg; only appears in the quadratic-in-v coefficients of
the circular-orbit (1/r%) part. All other coefficients have been determined, due to the structure of

the PM-expanded scattering angle, and from lower-order and test-body results.
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4.3.3 Redshift and precession frequency

To determine the linear-in-v coefficients in the local Hamiltonian from 1SF results, we
calculate the redshift and spin-precession invariants from the fotal (local + nonlocal) Hamiltonian,
since GSF calculations do not differentiate between the two, then match their small-mass-ratio
expansion to 1SF expressions known in the literature.

An important step in this calculation is the first law of binary mechanics, which was derived
for nonspinning particles in circular orbits in Ref. [429], generalized to spinning particles in
circular orbits in Ref. [430], to nonspinning particles in eccentric orbits in Refs. [431, 432], and

to spinning particles in eccentric orbits in Ref. [2]. It reads
dE = QdI, + QudL + > (zdm; + Q5dS), (4.50)

where (2, and (2, are the radial and azimuthal frequencies, I, is the radial action, z; is the redshift,
and (g is the spin-precession frequency.
The orbit-averaged redshift is a gauge-invariant quantity that can be calculated from the

Hamiltonian using

oH 1 oH

where 7T, is the radial period. The spin-precession frequency €1g, and spin-precession invariant

1, are given by

OH 1 [OH
Do =( — V= — ¢ —
o < 83, > 7 P a5,

_ QS1

U = o (4.52)

In evaluating these integrals, we follow Refs. [343, 351] in using the Keplerian parametrization
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for the radial variable

1
"= u, (14 ecos§)’ (4.53)

where u, is the inverse of the semi-latus rectum, e is the eccentricity, and £ is the relativistic

anomaly. The radial and azimuthal periods are calculated from the Hamiltonian using

(0 “dr
T.= ¢ dt =2 & e, 4.54
]{ /0 (apr) 3 < (3:%)

B . [TOH (0H\ 'dr
T, = fdQs_Q/O L (8]%) &% (4.55)

Performing the above steps yields the redshift and spin-precession invariants in terms of

the gauge-dependent u, and e, i.e., 21 (u,, €) and ¥ (u,, €). We then express them in terms of the

gauge-independent variables

3z

v = (MQy)*3, 1= = (4.56)

where k = T,/(2m) — 1 is the fractional periastron advance. The expressions we obtain for
z1(x, 1) and 9 (z, 1) agree up to 3.5PN order with those in Eq. (50) of Ref. [343] and Eq. (83) of
Ref. [351], respectively.

Note that the denominator of ¢ in Eq. (4.56) is of order 1PN, which effectively scales down
the PN ordering such that, to obtain the spin-precession invariant at fourth-subleading PN order,

we need to include the SPN nonspinning part of the Hamiltonian, which is given in Refs. [90, 91].

4.3.4 Comparison with self-force results

Next, we expand the redshift z; (z, ¢) and spin-precession invariant 1 (x, ¢) to first order in

the mass ratio g, first order in the massive body’s spin a; = a, and zeroth order in the spin of the
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smaller companion a;. In doing so, we make use of another set of variables (y, \), defined by

x
3y B L
T,/2m) =1 (1+q)?*

y = (may)?/? =

\ = (4.57)

where the mass ratio ¢ = m; /ms.
Schematically, those expansions have the following dependence on the scattering-angle

unknowns:

2y, ) =g [ a { X5, Xl — Xig, Xig — X5g ]

Ui(y,A) =---+¢q {nga Xio + Xiga X5o + ng} ; (4.58)

which can be seen from the structure of the scattering angle in Eq. (4.45). In those expressions,
the O(a) part of the redshift depends on the unknown X%, and the difference of the two pairs of
unknowns (XY, X95) and (X%, X2%), while the spin-precession invariant depends on X%, and the
sum of the two pairs of unknowns. This means that solving for X%, requires 1SF result for either
21 or ¥, while solving for the other unknowns requires both.

Hence, to solve for all five unknowns, we need at least three (or two) orders in eccentricity
in the redshift, at first order in the Kerr spin, and two (or three) orders in eccentricity in the spin-
precession invariant, at zeroth order in both spins. Equivalently, instead of the spin-precession
invariant, one could use the redshift at linear order in the spin of the smaller body a;, but that is
known from 1SF results for circular orbits only [342]. Incidentally, the available 1SF results are
just enough to solve for the five unknowns, since the redshift is known to 0(64) [341, 343, 433]
and the spin-precession invariant to O(e?) [349].

The last unknown xg; in the 5.5PN scattering angle appears in both the redshift and spin-
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precession invariants at second order in the mass ratio, thus requiring second-order self-force
results for circular orbits.

To compare z;(y, A) and 11 (y, A) with GSF results, we write them in terms of the Kerr
background values of the variables (y, \) expressed in terms of (u,,e). The relations between
the two sets of variables are explained in detail in Appendix B of Ref. [2], and we just need to

append to Egs. (B16)-(B20) there the following PN terms

Y(up, €) = yo(up, €) + aya(up, €) + O(a?), (4.59)

AMtp, €) = No(uy, €) + aXg(uy, €) + O(a?),

4829¢* 2\ ,13/2
ya(up,e)z---Jr( D —49846)%/7

4671 13959¢? 19657\ 9
)\a(up7€):"'+( g + 3 — D )up/.

We obtain the following 1SF part of the inverse redshift U; = 1/z; and spin-precession

invariant ¢,

Ul Ul(ao ta Ula + q (Ullao +a UllsF) + O(q27 a2)7

Y =0 + Uit + O(¢, ), (4.60)
e 11764 287¢2  6277¢
1SF 5/2 2 7/2 9/2
U, = (3————)up/ +(18—4e - )up/ +(87+ 5 " " 1g )up/
3890 2417 (5876 5697\ , (202572 A
- — 3547 11/2
+[9 96 +(3 64 )e+<128 )e “p
3X8& 35Xy 3XY, 1791772 2027413 233675  9281n2
gy _ 2759 39 _ gy 59
+{ v g Ty v T T T o8R0 R
11681 48321 21X3 175X 21XY
g0y 2 (TO02 T 24Xy — 9 39 24Xy, + 0
15 16
18241172 31389241  9664~p
—1728In2 + 29161n 3
1536 2880 15 net et )
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af 1248 In u, 63X%5 175X, 63X5, 24967
5 32 4 32 5

20039372 137249131 N 782912In2  3287791n 3 13/2
— — — U
1024 7680 15 10 L

9 739 12372 /341 12377
ISF _ Jd 9 2 oJ oxl 2| 3
a0 = ”p+(4+€)“p+{16 64 +<16 256)6]%

+[6281nup 3169772 587831 12567 296 7291n 3

— 42X3 4 + 42XY, —

(4.61)

_ 20, 9
5 T 614 2880 13 15 Mt

g <268 Inw, 164123 237297% 5367 | 117202 10206 1n3>}u4
5 480 4096 5 3 5 P
3XY, 679311172 2230675 115984853
16 24576 35 57600
15X2%
16

3X%5 35X
16 8

22058 In2 31347In3 11153 o 4248047
+ — — Inu, +e
105 28 35 4800

35Xy, 15X, | 48956077 226827,  44301331n3
2 16 16384 15 320

9765625In5  4836254In2  11341In up) } ;

— — U

+ {4xgig — 4 4XY, —

+ 18X%y —

4 18XY, —

. 4.62
1344 105 15 b (4.62)

These results can be directly compared with those derived in GSF literature. In particular,
for the redshift, we match to Eq. (4.1) of Ref. [341], Eq. (23) of Ref. [433], and Eq. (20) of
Ref. [343], while for the precession frequency, we match to Eq. (3.33) of Ref. [349]2 . The

matching to 1SF results leads to the following solution for the unknown coefficients in the scat-

tering angle:

, 26571
3977 11207
5, 533669 9758572
X49 = - )
4800 8192
, ____403129_+ 8082372
49774800 8192
s, 285673 247772
X59 = - s
240 16
402799 413572
XY, = — . 4.
59 270 144 (4.63)

Note that the O(eng) term in Eq. (3.33) of Ref. [349] has a typo, but the correct expression is provided in the
Black Hole Perturbation Toolkit [573].
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Note that all the logarithms and Euler constants, which are purely nonlocal, cancel between GSF

results and those in Egs. (4.61) and (4.62), thus providing a good check for our calculations.
Another check would be possible once 1SF results are computed at higher orders in eccen-

tricity, since one could directly compare them to our results for the redshift and spin-precession

invariants that are provided in the Supplemental Material [3] expanded to O(e®).

4.3.5 Local scattering angle and Hamiltonian

Inserting the solution from Eq. (4.63) into the scattering angle in Eq. (4.45), yields

E - () e () (G- (%)

M 3
+ (C;b ) {(25 — 10)v + (206 — 100 + 100)v® + (105 w0 %7”) E

177 . 26571 Ug]

T T 0

+7 M 4 @5—E—§61/+@1/ v+ ﬁé——1365—4—5&+ﬂy v°
v?b 4 4 4 4 8 8 8 8

<3155 1365 ( 257 251%2) (23717 7337r2> ) .
o+ |~ — ov + - v)v

32 32 96 256 96 256
533669 9758572 8082372 403129 9
+ — ov + — vi|wv
4800 8192 8192 4800
GM\° 46 16 ,
+(v2b> {(—34-?)U+<485—192—4(51/+321/)U

+ (5046 — 2016 — 1096v + 1032 — 161°) v°

921995 8072 150220 275572
—|—<560(5—2240+<——— W)5y+( _ 7T)y—168y2)v7

54 9 27 36
285673 24777 402799 413572 L2 9\ 9
+<84(5—336+< 510 16 )(51/+( 50 144 >V+X591/)v1
+ 1< 2. (4.64)

For the gyro-gravitomagnetic factors, which are one of the main results of this paper, sub-
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stituting the solution (4.63) in Eq. (4.49) yields the following local part:

32 192 i 2304

= -

e _ o Vi 41303 L 3Xy, 58372 235111
64 512

<620417T2 B 11646877) } 1

3072 57600 ) 7|
EZ: (198133 - 1087712) 2 (3612403 - 22301#) V} P
E 128 384 128 6400 512 3
L[ 10wt TsanS 310130 8337@ p
6 512 256 256 | 2
L [Tt nsomt osss SQSV} P
320 512 256 256 | r
B 4 3 2
)

5 21| 128 8 6 " 334 3072 2

sspjoc 3 A Y Xy  dln? | 20081 2366372 55
g 128 32

5677 1 4590t 463503 N 404512 N 107v N 25257 p?
128 | r4 128 32 128 12 384 | r2
N (57t 16303 77201 417?\ , (34677 482972 91 p?
| 64 2 192 4 160 384 16 | 73
[5359v%  797v3 2932 77w 11857 pf
+ — — + + —
| 640 160 128 24 128 | r
(31504 1050°  351v2  63v  231] |
: 4.
* | 128 Ty T T +128]])’“} (4.66)

4.3.6 Comparison with numerical relativity

To quantify the effect of the 5.5PN SO part on the dynamics, and that of the remaining
unknown coefficient xg;, we compare the binding energy calculated from the EOB Hamiltonian
to NR. The binding energy provides a good diagnostic for the conservative dynamics of the binary

system [408, 434, 435], and can be calculated from accurate NR simulations by subtracting the
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radiated energy F,q from the ADM energy Eapy at the beginning of the simulation [436], i.e.,
ENR = EADM - Erad - M (467)

To isolate the SO contribution E5° to the binding energy, we combine configurations with
different spin orientations (parallel or anti-parallel to the orbital angular momentum), as ex-

plained in Refs. [437, 438]. One possibility is to use

E°(v,x,x) ~ = [E(v,x.X) — E(v,—x,—X)] , (4.68)

| —

where  here is the magnitude of the dimensionless spin. This relation subtracts the nonspinning
and spin-spin parts, with corrections remaining at order x*, which provides a good approximation
since the spin-cubed contribution to the binding energy is about an order of magnitude smaller
than the SO contribution, as was shown in Ref. [438].

We calculate the binding energy for circular orbits from the EOB Hamiltonian using Egop =
Hgop — M while neglecting radiation reaction effects, which implies that Frog is not expected
to agree well with Exg near the end of the inspiral. We set p, = 0 in the Hamiltonian and nu-
merically solve p, = 0 = —0H /Or for the angular momentum L at different orbital separations.

Then, we plot E versus the dimensionless parameter
vo = (MQ)Y3, (4.69)

where the orbital frequency 2 = OH/OL. Finally, we compare the EOB binding energy to
NR data for the binding energy that were extracted in Ref. [438] from the Simulating eXtreme
Spacetimes (SXS) catalog [41, 458]. In particular, we use the simulations with SXS ID 0228

and 0215 for ¢ = 1, 0291 and 0264 for ¢ = 1/3, all with spin magnitudes y = 0.6 aligned
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and antialigned. The numerical error in these simulations is significantly smaller than the SO
contribution to the binding energy.

In Fig. 4.1, we plot the relative difference in the SO contribution £5° between EOB and
NR for two mass ratios, ¢ = 1 and ¢ = 1/3, as a function of v up to vq = 0.38, which
corresponds to about an orbit before merger. We see that the inclusion of the 5.5PN SO part
(with the remaining unknown ng = 0) provides an improvement over 4.5PN, but the difference
is smaller than that between 3.5PN and 4.5PN. In addition, since the remaining unknown Xg; is
expected to be about O(10?), based on the other coefficients in the scattering angle, we plotted
the energy for xgﬁ, = 500 and Xg; = —500, demonstrating that the effect of that unknown is less

than the difference between 4.5PN and 5.5PN, with decreasing effect for small mass ratios.

4.4 Nonlocal 5.5PN SO scattering angle

The local part of the Hamiltonian and scattering angle calculated in the previous section is
valid for both bound and unbound orbits. However, the nonlocal part of the Hamiltonian from
Sec. 4.2 is only valid for bound orbits since it was calculated in a small-eccentricity expansion.
In this section, we complement these results by calculating the nonlocal part for unbound orbits
in a large-eccentricity (or large-angular-momentum) expansion.

The nonlocal part of the 4PN scattering angle was first computed in Ref. [558], in both the
time and frequency domains, at leading order in the large-eccentricity expansion. This was ex-
tended in Ref. [91] at SPN at leading order in eccentricity, and in Ref. [92] at 6PN to next-to-next-
to-leading order in eccentricity. In addition, Refs. [548, 574] recovered analytical expressions for

the nonlocal scattering angle by using high-precision arithmetic methods.
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Figure 4.1: The relative difference in the SO contribution to the binding energy
between EOB and NR, plotted versus the frequency parameter vg. The 5.5PN curve
corresponds to Xg; = 0, while the upper and lower edges of the shaded region around
it correspond to xg; = —500 and Xg; = 500, respectively.
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It was shown in Ref. [558] that the nonlocal contribution to the scattering angle is given by

10
Xnonloc — ; a_L Wnonloc (E> L) ) (470)
Wnonloc = / dt 5Hn0nloc; (47 1)

with 6 Hponioe given by Eq. (4.14), leading to

Whonloe = Wﬂux Split + Wﬁux7 (4.72)
. GM d -
gy esplic — c3 /dt Pf2s/c/ ﬁfﬁr)ollt(tu t+ T), (4.73)
2GM
i~ / dt Fio(t.t)In (=) 4.74)

To evaluate the integral in the large-eccentricity limit, we follow the steps used in Refs. [91,

558]. We use the quasi-Keplerian parametrization for hyperbolic motion [427, 575]

r = a,(e.coshu — 1), (4.75)

nt = e;sinhu — u, 4.76)
1 _

¢ = 2K arctan €o tanh E] , 4.77)
6¢ -1 2

which is the analytic continuation of the parametrization for elliptic orbits in Eqs. (4.15)—(4.17).
In Appendix. D.2, we summarize the relations for these quantities in terms of the energy and
angular momentum.

We begin by expressing the variables (7, &, 1), which enter the multipole moments, in terms

of (¢, L, e;), such that

- L2 25XA+(2—I/)XS
l1+ecosg  L(e,cose+1)°

(e,cos ¢ + 1) N (ercosp+1) (20xa + (2 —v)xs)
L3 215

X (2¢et sin ¢ + 4e; cos ¢ + €2 + 3) ,

b=
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X (—8¢>et sin ¢ + €2 cos(2¢) — 12¢; cos ¢ — 3e? — 10) ,

P szncb L (20x4 —QFL(42 — V)xs) X (e, 8in(20) — 2sin ¢ + 4¢ cos @) . (4.78)

We then use these relations to obtain an exact expression for the flux-split function F;2"(¢, ¢/),
with no eccentricity expansion, which takes the form

2

spli 4v
Fio'(6,0) = Topag(1+ ercos 0)*(1 + e, cos ) x (Fo + Fiey + Faey)

2

v
+ E(l + e cos @) (1 + ey cosd') x (Fy + Fie + -+ Fgel) , (4.79)

where the functions F}(¢, ¢') are given by Eq. (92) of Ref. [262], but the functions F*(¢, ¢') in
the SO part are too lengthy to write here. Instead, we expand fﬁ%“t(gzﬁ, ¢') to leading order in a
large-eccentricity expansion (in powers of 1/e;). To do that, we define the rescaled mean motion

n = n/e,;, write the Kepler Eq. (4.76) as

it = sinh i — —, (4.80)
€t
and solve for @ in a 1/e; expansion
sinh ™" (t7)
o = sinh ™ (t7) + ————= + O(e; 2). 4.81
Wt e ) (481
Substituting in Eq. (4.77) and expanding yields

o(t) = tan" (t) + O (e; ')

tne; [26 2 —
_ né [20xa + (2 — v)xs] o) (e?) . (4.82)

L3vt?n? + 1
Defining ¢ = nt and 7 = 77, then substituting in Eq. (4.79) and expanding yields

4v2el fo(f, 7)

FP(t 4 7) =
( )= 150 (2+1)"? 2F + 2+ 72 +1)

+O(e})

5/2
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4y2e§ Xng(Ea %) + 5XAfé4(£a 7~_)
IBLY (2 4 1) (27l + 2+ 72+ 1)

S TO0(),  (4383)

with

fo(t,7) = 2t° + 671° + (67° + 28) " + 27 (7* 4 28) ¢* + (397> 4 50) #* + 7 (117 + 50) ¢
—12(7*-2),
fS(1,7) = 4(9v — ) + 16(9v — 5)7t" + 2¢° [18v (67 + 5) — 637> — 67|
+ 278 [18v (472 + 15) — 497 — 201]
+ ¢ [18v (27" + 3577 + 18) — 2 (197" + 2067 + 141)]
— 271° [=36v (57° +9) + 37" + 7777 + 282] + 227! — 5277 — 74
— 120 (371 4 27* — 6) + 1% [3v (357" + 1307° 4 84) — 2 (87" 4 1697% + 121)
+ 7t [3v (57" + 2277 + 84) — 2 (37" + 287 + 121)],
f(£,7)=—2(+1) [40%55 + (637% + 57) t* + 77 (77° + 23) £ + (197" + 1437 4 84) ¢
+ 7 (37 + 2877 + 121) £ + 10¢° — 117" + 267> + 37] . (4.84)
Then, we evaluate the partie finie integral in Eq. (4.73), after writing it in terms of 7' =

2ns/c, to obtain

8r2el
15010 (2 4 1)°

2t2 + 2

— Pf; /| | FPU(tt+7) =

36+ 78 +2(* +12) In (L)

161%e?
15013 (2 4+ 1)

{XS {GOV + (3v — 5)i' — (2(5 — 9)i® — 361 +37) In (2£2T+ 2)

}. (4.85)
Integrating over ¢, we obtain the flux-split potential

e [0+ 9mn (1) |+ s 9100 |- oo ()|
1004+37TIn | ——= || + ==—5—=3 31dxa |—137—46In | ———
15¢}ar all? 4eta§/ 2 30‘3?&? 4a§/ 2et

210

36v + 5)t2 — 53| — o 1022 + 37) 1 _
+ (36v + 5) ] XA[( + )n(2t2+2

>+5£4—5£2+53

Wﬂux split _




+Xs {277@ — 4247 — 2(713 — 457v) In (L)} } (4.86)

3/2
4a7«/ ey

The second contribution W1 in Eq. (4.74) can be easily integrated to yield

212 2
Wﬂux_%[—§—37ln< i >}+6L{5XA [2255—1—2852111(

s
2a,6;

15€tar 4 2a,¢; Ociab
+ s [2255 — 13650 + (2852 — 1828) In <2;€t>] } (4.87)
where we used
r(t) = @ + % [20xa + (2 —v)xs]- (4.88)

Adding the two contributions leads to

2

Nz
prmentee — T (7411 (4a,) — 315] (4.89)
30eda,/?
2
+ o= { s [4183v — 6289 + 2(713 — 4570) In(da, )] + dxa [~6239 + 14261n (da,)] |,
efad

where we see that s cancels. In terms of the energy and angular momentum, and expanding in

1/L to leading order,
212 B2 E
Jp/nonloc — 315+ 741In [ = 4.90
1513 { e ( 2 )} (4.90)
22 E3

1514

E
{(41831/ —~ 6239) x5 — 623904 — 2 [T130x.4 + (713 — 457v)xs] In (5) }

and the nonlocal part of the scattering angle

2 F? E
e — 7;’24 {315 1+ 741n (5)] 4.91)

SrvE?
15L5

E
{(41831/ —6239) x5 — 62399y 4 — 2[7130x4 + (713 — 457v)xs] In <§) }

In terms of b and v, using Eqs. (4.47) and (4.38),

\onloe — —% [148 In (%) + 315} (4.92)
VU

v
~ 1o {‘“H (5) (6790 — 824) x5 — 8246x 4] + (6073 — T184)xs — 71845y A}.
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4.5 Gauge-invariant quantities for bound orbits

In this section, we obtain two gauge-invariant quantities that characterize bound orbits: the
radial action as a function of the energy and angular momentum, and the binding energy for

circular orbits as a function of the orbital frequency.

4.5.1 Radial action

The radial action function contains the same gauge-invariant information as the Hamilto-
nian, and from it several other functions can be derived that describe bound orbits, such as the
periastron advance, which can be directly related to the scattering angle via analytic continua-
tion [255, 267]. This means that the entire calculation in Sec. 4.3 could be performed using the
radial action instead of the Hamiltonian, as was done in Ref. [2].

The radial action is defined by the integral

1
I, = — j{prdr, (4.93)
27

and we split it into a local contribution and a nonlocal one, such that
I = L+ I}, (4.94)

We calculate the local part from the local EOB Hamiltonian, i.e., Eq. (4.29) with the non-
local parts of the potentials and gyro-gravitomagnetic factors set to zero. We invert the local

Hamiltonian iteratively to obtain p,. (e, L, ) in a PN expansion, where we recall that

1
Hgog = —v/1+2v(y - 1),

v
€= 72 -1, (4.95)
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with ¢ < 0, v < 1 for bound orbits. Then, we integrate

1 [
I, = —/ pr(e, L,r)dr, (4.96)
T Jr_

where 7 are the zeros of the Newtonian-order pf»o) = /e + 2/r — L?/r?, which are given by

1+ V14 L2

—&

ry =

(4.97)

It is convenient to express the radial action in terms of the covariant angular momentum Lo, =
L — AL, with AL given by Eq. (4.47), since it can then be directly related to the coefficients of
the scattering angle, as discussed in Ref. [2], and leads to slightly simpler coefficients for the SO
part.

We obtain for the local part

I I3 I3 I
Iloc — —L ] 2 4
d T T oy T T2 T Lo T (TLeor)?
[5 Ig I? Igs [9 [180
4.98
L) T L " L) T L) T ML) T TLeyo? 7%

where each term starts at a given PN order, with 0.5PN order corresponding to each power in
1/L. Also, as noted in Ref. [91], when the radial action is written in this form, in terms of T, the
coefficients 12(2) .1 become simple polynomials in v of degree |n].

The coefficients [,, for the nonspinning local radial action up to SPN order are given by
Eq. (13.20) of Ref. [91]. The SO coefficients I were derived in Ref. [2] to the 4.5PN order, but

we list them here for completeness. The coefficients Iy, 1, I5 are exact, and are given by

_1+2€

=
0 \/_—87

3
Il = Z(4+ 55),

1
I3 = —(52 +2) (day + 3a) (4.99)
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2909907
128

ar + O(e). (4.100)

The nonlocal part can be calculated similarly by starting from the total Hamiltonian, ex-
panding Eq. (4.93) in eccentricity, then subtracting the local part. Alternatively, it can be calcu-

lated directly from the nonlocal Hamiltonian via [92]

Hion
[pomes — — 2 4.101
T Qr ) ( )

where 2, = 27 /T, is the radial frequency given by Eq. (D.8).

The nonlocal Hamiltonian H,gnoc in Eq. (4.28) is expressed in terms of (e, a,.), but we
can use Egs. (D.6) and (D.12) to obtain I™"°°(E, L), i.e., as a function of energy and angular
momentum. Then, we replace £ with (e;, L) using Eq. (D.10), expand in eccentricity to O(e?),
and revert back to (F, L). This way, we obtain an expression for /™" in powers of 1/L that is
valid to eighth order in eccentricity, and in which each £ contributes up to order e2".

The result for the 4PN and 5.5PN SO contributions reads

_ 1
v LT, 3 3 96 0 512

15081309 In 3) € (244 In Leoy  244vp n 157823 10040414

2560 L3, 5 5 360 45
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4.5.2 Circular-orbit binding energy

Here, we calculate the gauge-invariant binding energy £ analytically in a PN expansion, as

opposed to the numerical calculation in Sec. 4.3.6 for the EOB binding energy.

For circular orbits and aligned spins, E can be calculated from the Hamiltonian (4.29) by

setting p, = 0 and perturbatively solving p, = 0 = —9H/Or for the angular momentum L(r).

Then, solving 2 = OH/JL for (£2), and substituting in the Hamiltonian yields F as a function

of the orbital frequency. It is convenient to express F in terms of the dimensionless frequency
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parameter v = (MQy)1/3.

The nonspinning 4PN binding energy is given by Eq. (5.5) of Ref. [79], and the 4.5PN SO

part is given by Eq. (5.11) of Ref. [2]. We obtain for the 5.5PN SO part

_ 4725 1411663 1032572 3525  2080In2\ 352
FSSPNSO _ o, 13) of _ 2221
v 32 Y\ 60 i 3 g JTgvnm
3107951 N 3504 L 5XY, N 24257 1975415
5184 1458 8 864 5184

g 2835 (126715 10235572 | 160y , 992 In?2 L 160 )
_ 1% — —VrVInv
128 144 1536 3 9 3 @

2<5xg; 20572 275245) 4676503 875u4”
+v .

8 576 3456 S61 31104

(4.103)

4.6 Conclusions

Improving the spin description in waveform models is crucial for GW observations with the
continually increasing sensitivities of the Advanced LIGO, Virgo, and KAGRA detectors [30],
and for future GW detectors, such as the Laser Interferometer Space Antenna (LISA) [301], the
Einstein Telescope (ET) [576], the DECi-hertz Interferometer Gravitational wave Observatory
(DECIGO) [577], and Cosmic Explorer (CE) [578]. More accurate waveform models can lead
to better estimates for the spins of binary systems, and for the orthogonal component of spin
in precessing systems, which helps in identifying their formation channels [18, 19]. For this
purpose, we extended in this paper the SO coupling to the 5.5PN level.

We employed an approach [2, 90] that combines several analytical approximation meth-
ods to obtain arbitrary-mass-ratio PN results from first-order self-force results. We computed
the nonlocal-in-time contribution to the dynamics for bound orbits in a small-eccentricity expan-

sion, Eq. (4.33), and for unbound motion in a large-eccentricity expansion, Eq. (4.92). To our
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knowledge, this is the first time that nonlocal contributions to the conservative dynamics have
been computed in the spin sector. For the local-in-time contribution, we exploited the simple
mass-ratio dependence of the PM-expanded scattering angle and related the Hamiltonian coef-
ficients to those of the scattering angle. This allowed us to determine all the unknowns at that
order from first-order self-force results, except for one unknown at second order in the mass ratio,
see Egs. (4.64)—(4.66). We also provided the radial action, in Sec. 4.5.1, and the circular-orbit
binding energy, in Eq. (4.103), as two important gauge-invariant quantities for bound orbits. We
stress again that, although all calculations in this paper were performed for aligned spins, the SO
coupling is applicable for generic precessing spins.

The local part of the 5.5PN SO coupling still has an unknown coefficient, but as we
showed in Fig. 4.1, its effect on the dynamics is smaller than the difference between the 4.5
and 5.5PN orders. Determining that unknown could be done through targeted PN calculations,
as was illustrated in Ref. [286], in which the authors related the two missing coefficients at SPN
order to coefficients that can be calculated from an EFT approach. Alternatively, one could
use analytical second-order self-force results, which might become available in the near future,
given the recent work on numerically computing the binding energy and energy flux [326, 327].
Until then, one could still use the partial 5.5PN SO results in EOB waveform models com-
plemented by NR calibration. Such an implementation would be straightforward, since we
obtained the gyro-gravitomagnetic factors that enter directly into the SEOBNR [397-399] and
TEOBResumsS [388, 401, 404] waveform models, and less directly in the TMRPhenom mod-

els [536, 537, 539, 541], which are used in GW analyses.
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Chapter 5: Fourth post-Newtonian effective-one-body Hamiltonians with generic

spins

Authors': Mohammed Khalil, Jan Steinhoff, Justin Vines, Alessandra Buonanno

Abstract: In a compact binary coalescence, the spins of the compact objects can have
a significant effect on the orbital motion and gravitational-wave (GW) emission. For generic
spin orientations, the orbital plane precesses, leading to characteristic modulations of the GW
signal. The observation of precession effects is crucial to discriminate among different binary
formation scenarios, and to carry out precise tests of General Relativity. Here, we work to-
ward an improved description of spin effects in binary inspirals, within the effective-one-body
(EOB) formalism, which is commonly used to build waveform models for LIGO and Virgo data
analysis. We derive EOB Hamiltonians including the complete fourth post-Newtonian (4PN)
conservative dynamics, which is the current state of the art. We place no restrictions on the spin
orientations or magnitudes, or on the type of compact object (e.g., black hole or neutron star),
and we produce the first generic-spin EOB Hamiltonians complete at 4PN order. We consider
multiple spinning EOB Hamiltonians, which are more or less direct extensions of the varieties
found in previous literature, and we suggest another simplified variant. Finally, we compare

the circular-orbit, aligned-spin binding-energy functions derived from the EOB Hamiltonians to

!Originally published as Phys. Rev. D 101, no.10, 104034 (2020)
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numerical-relativity simulations of the late inspiral. While finding that all proposed Hamiltoni-
ans perform reasonably well, we point out some interesting differences, which could guide the
selection of a simpler, and thus faster-to-evolve EOB Hamiltonian to be used in future LIGO and

Virgo inference studies.

5.1 Introduction

The observation of gravitational waves (GWs) from coalescing binaries [12, 13, 16, 579]
using a continually improving network of GW detectors [517, 518, 544, 545] is a milestone in
fundamental physics and astrophysics. As the detectors increase their sensitivity, we will observe
more events, with larger signal-to-noise ratios, spanning a larger region of the parameter space.
Thus, to faithfully recover the sources’ properties, it is important to improve the accuracy of
models of waveforms from binaries of compact objects (black holes and/or neutron stars) on
generic orbits and with generic spin orientations. In the generic case, the orbital plane and the
objects’ spins precess about the direction of the system’s total angular momentum, leading to
modulations of the GW signal which are a smoking-gun signature of the dynamical influence of
the spins. Including such precession effects in GW template models, as opposed to restricting to
the simpler aligned-spin case with no precession, is important for more inclusive GW searches,
more accurate inference studies and tests of General Relativity.

The effective-one-body (EOB) framework [380, 381] aims at providing a synergy between
multiple analytical approximations and numerical-relativity (NR) simulations of relativistic inspi-
raling binaries. The core ingredient of the EOB approach is the EOB Hamiltonian, a canonical

Hamiltonian describing the binary’s (conservative) orbital dynamics, which both (i) agrees, in its
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post-Newtonian (PN) expansion,? with known results for arbitrary mass ratios from PN calcula-
tions (in the weak-field and low-speed regime), and (ii) becomes, in the extreme-mass-ratio limit,
an exact Hamiltonian for a test (or probe) particle in an exact black-hole spacetime, valid for arbi-
trary separations and speeds. The EOB Hamiltonian is naturally expressed as a deformation of the
zero-mass-ratio test-particle Hamiltonian, with the deformation determined by finite-mass-ratio
results from the PN approximation. For example, the original (nonspinning) EOB Hamiltonian
[380] becomes, as the mass ratio goes to zero, the exact Hamiltonian for a test mass undergoing
geodesic motion in a Schwarzschild (nonspinning black hole) spacetime.

In generalizing to spinning black holes, the first natural replacement for the Schwarzschild-
geodesic Hamiltonian is the Hamiltonian for geodesic (test-mass) motion in an exact Kerr (spin-

ning black hole) spacetime. *

A spinning EOB (SEOB) Hamiltonian incorporating the Kerr-
geodesic limit was first constructed in Ref. [370] including leading-order (LO) spin-orbit and LO
spin-squared effects in the PN expansion. This was later extended to the next-to-leading (NLO)
[389] and next-to-NLO (NNLO) [390] spin-orbit levels, and to the NLO spin-squared level for
aligned spins [580, 581] and then for generic (precessing) spins [392]. The Kerr-geodesic-based
approach for aligned spins has been further developed in Refs. [391, 401, 435, 582-585], e.g., by
including matter effects (for neutron stars) and calibration to NR simulations. A second category
of SEOB Hamiltonians is based on the Hamiltonian for a spinning test-body (test spin) in a Kerr

background [366, 557], first developed with NLO [382] and then NNLO [383] spin-orbit terms

and with LO spin-squared terms. Such Hamiltonians have always been applicable for generic

Recently, also the post-Minkowskian (weak-field) approximation for unbound orbits is considered; see below.

3With the aim of building a first inspiral-merger-ringdown waveform model for generic spins, Ref. [374] em-
ployed a spinning EOB Hamiltonian built by adding to the Schwarzschild-geodesic EOB Hamiltonian the PN-
expanded spin Hamiltonian.
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(precessing) spins. They have been generalized to include tidal effects in Refs. [586, 587], they
have been used for studies of extreme-mass-ratio binaries in Ref. [588] and periastron advance in
Ref. [589], and they have been refined and calibrated to NR simulations in Refs. [393-398]. EOB
Hamiltonians have also been constructed to include information from gravitational self-force cal-
culations [407-410] (for extreme mass ratios) and from the post-Minkowskian approximation
[236, 237, 405] (assuming weak fields but allowing arbitrary speeds). A recent comparison of
various SEOB waveform models is given in Ref. [590]. Waveform models constructed with the
SEOB Hamiltonians based on a spinning test-body in a Kerr background [393, 395-398] have
been employed in template banks of LIGO and Virgo, and inference studies of binary black
holes [12, 13, 579]. For parameter estimation of binary neutron stars both classes of SEOB
Hamiltonians have been employed in Ref. [13].

The goal of the present paper is to construct SEOB Hamiltonians for compact binaries
(black holes or neutron stars) that include all known PN results to 4PN order for generic orbits
and spin orientations. Beyond the up-to-NNLO spin-orbit and spin-squared contributions, the
4PN level includes also the LO cubic and quartic in spin terms. Previous work is not complete to
4PN order for generic spins [382, 383, 392] or complete to 4PN but valid for aligned spins only
[391, 400, 401, 584]. We construct three SEOB Hamiltonians in this paper: (i) a Hamiltonian
based on Ref. [392], which uses the idea of “centrifugal radius” r. [391], while recovering the
Kerr-geodesic limit; (ii) a simplified version of the Hamiltonian from Ref. [392] that does not
use a centrifugal radius and has a different factorization for the PN spin corrections, similarly
recovering the Kerr-geodesic limit; and (iii) one Hamiltonian following Refs. [382, 383, 557]
which recovers the dynamics of a spinning test-body in the Kerr spacetime in the small-mass-ratio
limit (see Table 5.1 for a summary of the differences between these Hamiltonians). As we wish
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to somewhat fairly compare different treatments of spin effects in the EOB formalism, we have
modified some details of the original proposals of Refs. [383, 392] such that all the Hamiltonians
agree in the zero-spin limit. We compare the aligned-spin circular-orbit binding energy functions
from the different Hamiltonians with NR simulations and with the aligned-spin Hamiltonian from
Refs. [391, 400, 401]. This enables one to assess compromises between accuracy and simplicity
of the SEOB Hamiltonians.

The paper is organized as follows. In Sec. 5.2 we provide an overview of SEOB Hamilto-
nians and their construction. Sections 5.3 and 5.4 present the ansitze of the SEOB Hamiltonians,
with explicit results matched to 4PN in Appendix E. We then compare the aligned-spin circular-
orbit binding energy of the Hamiltonians against NR in Sec. 5.5. Our conclusions are given in

Sec. 5.6.

Table 5.1: The SEOB Hamiltonians used in this paper and the differences between them. All
Hamiltonians include complete 4PN results for generic spins and compact objects, except for the
last Hamiltonian, which is for aligned spins.

SEOB definition references

SEOBTg based on the Hamiltonian for a test spin (TS) in Kerr space- [382, 383]
time

SEOB13, based on the Hamiltonian for a test mass (TM) in Kerr space- [392]

time; it uses the centrifugal radius 7,

SEOBM simplified version of SEOB;,; it does not use r.; it uses dif- [this paper]
ferent factorization for spin corrections

SEOB}5™¢"  similar to SEOBTS,, but for aligned spins and includes S? and  [391, 400, 401]
S* corrections, differently
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Notation

We use geometric units such that the speed of light ¢ and the Newton constant G are equal

to 1. We utilize various combinations of the masses m;i, ms of the binary’s components,

mqime 2
M = = __— - -
mi +me, W T v i
ma mq mo
=—, Xj=—, Xy=— 5.1
1=y T M P M -1
For the spins S, S5, we define the dimensionless versions
a S a S
SRR W - ) 52
my  my ms M5

along with the intermediate a;, as. The relative position and momentum are denoted by 7 and p,

respectively. Using an implicit Euclidean background, it holds

2

p2=p2+ﬁ, pr=mn-p, L=rxp, (5.3)

where n = r/r with r = |r|, and L is the orbital angular momentum with magnitude L. For

convenience, we also introduce rescaled dimensionless variables,

P = p==, H= (5.4)

r
M?

=1

a
) ]\4’u ) M )
and similarly for the magnitudes 7 = ||, etc.; here, H is any of several Hamiltonians encountered

below, and a = Sk.;/M is the rescaled spin of an effective Kerr black hole.

5.2 Spinning effective-one-body Hamiltonians

In this section, we give an overview of spinning EOB Hamiltonians and their construction
[370, 380, 382, 383, 389-392, 400, 401, 557, 580, 581], on which current EOB waveform models
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are built [381, 386, 393-397, 401, 435, 583, 585]. The EOB Hamiltonians are constructed such
that (i) they describe geodesic motion in Kerr spacetime in the limit of vanishing mass ratio
and that (ii) they agree (up to a canonical transformation) with a PN approximate Hamiltonian
describing the conservative binary motion up to a certain order (here the 4PN order [124]). A
certain class of EOB Hamiltonians [382, 383, 557] also incorporates the (nongeodesic) motion
of spinning test particles in Kerr spacetime in the small mass-ratio limit, as described by the
Matthisson-Papapetrou-Dixon equations [361, 367, 368, 591, 592].

We consider a spinning binary in the center-of-mass frame. The orbital dynamics is de-
scribed by the relative separation r and linear momentum p vectors, and the internal dynamics
is assumed to be captured by the spins S; and Ss of each body. The Poisson brackets between

these dynamical variables are the standard ones,

{r',p;} = b, (5.52)
{Si, 51} = €S, (5.5b)
{557 S%} = Eiij§7 (5.5¢)

with all others vanishing. The dynamics on phase space is generated by a Hamiltonian function

H(r,p,S1,Ss). The equation of motion of a generic phase-space function A reads

dA 0A
E_{A,H}+E. (5.6)

Here the Hamiltonian is either the PN HFN or the EOB HEOB one. The EOB Hamiltonian HEOB

itself is given in terms of another Hamiltonian, the effective Hamiltonian H°®, via the energy

Heff
FEOB _ M\/l + 2 ( - 1) . (5.7)
o)
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The utility of this energy map was demonstrated, e.g., in Refs. [236, 380, 384]. For instance,
if for H°" one just takes the Hamiltonian of geodesics in Schwarzschild spacetime, then HEOB

correctly describes both the 1PN and first post-Minkowskian dynamics [236, 380].

5.2.1 The effective Hamiltonian

The central idea of the EOB Hamiltonian is to combine the dynamics in the test-body
limit (with no restriction on the speed or field strength) with the PN dynamics (not restricted
in the mass ratio). In this way, one might overcome some of the limitations of the individual
approximations. This can be achieved by making an ansatz for H° as a deformation of the test-
body-limit Hamiltonian (deforming it such that PN results are recovered), which is the purpose
of this section. Note that in the test-body limit HE9B ~ H* + const.

Let us review the Hamiltonian of a spinning test-body in Kerr spacetime [366, 557]. One
can easily specialize this to the nonspinning (geodesic) case, which is the basis of some SEOB
models. These test-body Hamiltonians are the basis for all SEOB models. The (inverse) Kerr

metric gi.. in Boyer-Lindquist coordinates (z#) = (¢, 7,0, ¢) is given by the line element

—d7'2 = gwj @ﬁy

Kerr

A A 1 > —2Mr 4Mra
= ——— P+ =0+ =9? 9% — 0,0 5.8
Ax TR0 TSN SAmze% T SA 4O (5:8)
where M is the mass of the black hole, o = Ma is its spin, and
Y =72+ a’cos? 0, A=7r*—2Mr +d?, (5.9a)
A= (r*+a*)? —a*Asin® 6. (5.9b)

The Hamiltonian of a spinning test-body H*®" can be obtained as a solution of the mass-shell
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constraint (see, e.g., Ref. [366])

v 1 a 1 a
- Mz - gI'L(Lerr (p,u - §wpabs*b) (pl/ - §w,uabs*b) + O(‘Sf)a (510)
where p, = (—H*" p, pg,pys), it is the mass of the test-body, S2° = —S% is its spin tensor

in a local Lorentz frame (e,"e™ = gku.)> Wuav = €0V u€q” are the Ricci rotation coefficients,
and V, is the covariant derivative. The canonical spin vector of the test-body S, is given by
Sz’

*

= 1€Y%SI* and the components Sy; are fixed by the supplementary condition S*(eyp, +
p20y) = 0+ O(S?), all in the local frame.
Let us split H%" into a part dependent on the test-spin S, and the remaining S,-independent

terms into parts even and odd in the Kerr spin a,

HKer _ ppKerr | H;Eiedrr + Hgfrf' (5.11)

even

Following the procedure outlined above, and choosing the local frame from Ref. [382], this leads

to
Holy = o \/ 12 Vel VierD? + Vi (5.12a)
Hi = 85%"p, (5.12b)
Kerr . $¢
HE™ = | F, + <5Kerr+ W) F,| -8,
qurr
Kerr
+ Korr (’YI?Zc‘rrp'r‘Fr + 7]6(erp9F9) . S* + O(S}%), (512C)
vV 4
with
1 AY
O = ——e = 5 (5.13a)

) (5.13b)



th  td >
% o IKerrYKerr __ (5.13¢)

VKerr = YKerr gf(tm T Asin2g’

Verr = JKerr = %, (5.13d)

W = ol = 5 (5.130)
Vgker = % (5.130)

and with explicit expressions for the fictitious gravito-magnetic (frame-dragging) force interact-
ing with the test-spin S, given in Ref. [589] in terms of the vectors F), (reproduced here in
Sec. 5.4). A simplified version of this Hamiltonian for aligned spins and motion in the equatorial
plane can be found in Ref. [593]. Simplifications for the generic-spin case are possible by making
a different choice for the local frame which may simplify the Ricci rotation coefficients, see, e.g.,
Appendix C of Ref. [366].

The Hamiltonian above is written in terms of components instead of vectors, which is
a disadvantage for some purposes. Following Ref. [392], we transform to a 3-vector notation
(with an implicit flat Euclidean background) by treating (7,0, ¢) as spherical coordinates, with
r = (z,y,2) = r(sinfcos¢,sinfsin ¢, cosf) and a = (0,0,a). This is accompanied by a

transformation of the momenta p,, pg, p, to the new momenta p,

Pr=m-D, Dy = Lz = (7‘ X p)z (5143)
2 2
Po oo o (5.14b)

which makes it an overall canonical transformation. Noting that a*p3 /r* = (nxp-a)?, acos§ =

n - a, and a’sin® @ = a®> — (n - a)?, this results in the even-in-a Hamiltonian
1/2
HEow = [AK‘“ (/ﬁ + By "p? + By (n - p)* + B (n X p - a)2)} : (5.15)
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with

AY
AKerr _ (aKerr)Q =—__ (516&)
A
7,.2
B}Ifen _ TQ’YIG(irr — 57 (516b)
2
Kerr T 2,00 r A
Bnp = TKerr — 7 VKerr = E [ﬁ - 1:| ’ (5.16¢)
7”2 ,}/99 ,’,.2
BKerr _ ¢¢ _ _IKerr | _ ' 3 2IM 5.16d
npa (12 |:7Kerr SiH2 0 ZA( + T)v ( )
and
S=r+(n-a)? A =71?—2Mr + a’, (5.17a)
A=(?+a*?— Ad>+ An-a). (5.17b)
Similarly, the odd-in-a part reads
2M
H(I)%%rr — BKerrpd) — A 7nIJ -a. (518)

We now have all ingredients in order to discuss how an ansatz for the effective Hamiltonian
can be built. In general, one takes the effective Hamiltonian to be a deformation of the Kerr
Hamiltonian (the deformation parameter being the symmetric mass ratio v), either for a test spin
or a test mass. While all EOB models agree on the identification of the masses between the test-
body and comparable mass case (M = my + may, i = myms /M), different choices are made for
mapping the spins a and S, to S; and S>. Let us consider a simple explicit example. We could

write the even-in-a part of the effective Hamiltonian as
. 1/2
Heyen = {A@Z + B,p” + Bup(n - p)* + Bupa(n x p - a)® + /J"Qﬂ : (5.19)

where the momentum-independent potentials A, B,, B,,, B,,, are the Kerr potentials given
above modified by PN corrections (to be determined). The quantity () is a momentum-dependent
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potential introduced in Ref. [384], which may accommodate PN terms that do not fit into the

momentum-independent potentials. (In cases where () vanishes, the deformed Hamiltonian can

be interpreted as describing geodesic motion in a v-deformed Kerr metric.) The mentioned po-

tentials should all be of even order in spin, while terms of odd order in spin should be included
Kerr

via a deformation of H_gi". More explicit ansitze for the PN-corrected SEOB Hamiltonians and

their potentials are discussed below.

5.2.2 Matching to post-Newtonian results

To fix the potentials in the ansatz for an effective Hamiltonian, one demands that the EOB
Hamiltonian HE°B agrees with the Hamiltonian in the PN approximation H™ up to a canoni-
cal transformation. This will eventually not uniquely fix the potentials, but leave some (gauge)
freedom.

Here we use the spinning PN Hamiltonian derived in the framework and gauges introduced
in Ref. [132], since it is available to 4PN order in the spinning sector [124]. Broken up into
leading order (LO), next-to-LO (NLO), next-to-NLO (NNLO) PN parts and into powers of spin,
it reads

HY +HNLO +FNLO
FHE +HYO FHYO
+H

Hiy = (5.20)
+HG?

O(F)+0()+0(F) +0(5)+O0(F) +O0(F)
where columns correspond to PN orders counted by the inverse of the speed of light ¢ (one PN
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order is O(c™?)). Except for the self-spin-squared interactions in Hg)-© calculated in Ref. [122],
these results have been derived in different frameworks and checked against each other: H5°
in Refs. [96, 110, 111, 162, 594-597], H5™© in Refs. [97, 99-101, 103, 104, 598], H3™-© in
Refs. [102, 105-108], Hg? in Refs. [110, 111, 162, 595, 599], H3© in Refs. [114-117, 119,
177, 600-602], Hgi\”‘o in Refs. [105, 120-122, 549], H]§30 in Refs. [113, 123, 176, 603, 604],
and H¢Q in Refs. [113, 123, 603, 604]. These Hamiltonians are valid for both black holes and
neutron stars. They depend on coefficients (C'(Esz), C’(Bss), C'(ES4)) which are the proportion-
ality constants between the spin-induced multipoles (quadrupole, octupole, hexadecapole) and
symmetric-tracefree tensors built out of (two, three, four) spin vectors (respectively). The pro-
portionality constants depend on the type of compact object (and on the equation of state in case
of a neutron star); here they are normalized to O for black holes (in the original paper [124], they
are normalized to 1 and denoted without a tilde; see also Appendix E). This normalization makes
sense here since we base the EOB Hamiltonian on a deformation of the Kerr one. Of course, the
PN Hamiltonian H™ = H;N + HJY must be supplemented by its nonspinning (ns) part .Y,
which we only need to 2PN order here in order to construct the canonical transformation of the
spin sector; it can be derived, e.g., from the Lagrangian in Ref. [605]. The nonspinning part was
derived to 4PN order using independent methods [79, 84, 86, 522] and partial results at SPN have
already been obtained [89, 90, 523].

The condition that the EOB Hamiltonian HEB must coincide with results for the PN-

approximate binary Hamiltonian H™ up to a canonical transformation reads
1 1
HPP = BN 4 {G, H™} + 5 {G 4G, B} + {9, {9 {G. H™ W} +... (52D

where G is the generating function of the canonical transformation. If G is small in the PN
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approximation, then the series in Eq. (5.21) terminates after a finite number of terms at a given
PN order. In practice, one makes a PN-approximate and manifestly rotation invariant ansatz for
G in terms of the canonical variables; we provide an explicit expression for G as Mathematica
code in the supplementary material. Equation (5.21) then leads to constraints on the coefficients
in the ansatz for G and H°". The remaining freedom in the coefficients is a gauge freedom within
the EOB formalism.

Let us note some general considerations about how part of this gauge freedom can be fixed
in SEOB models. Since binaries are expected to be on almost circular orbits during their last
orbits, it makes sense to fix the gauge freedom of the EOB Hamiltonian such that it simplifies for
circular orbits, for which p, = n - p = 0 [384]. Taking the ansatz in Eq. (5.19) as an example,
this means that—using the canonical transformation discussed above—one should transform as
many PN terms as possible into a form such that they can be included in the potential B,Iff;“,
which drops out of the Hamiltonian for circular orbits. In the nonspinning case, it is additionally
possible to require that the potential () depends on the momentum only via p,., and this uniquely
fixes all EOB gauge freedom [380, 384]. For the example in Eq. (5.19), following the structure
of the nonspinning Hamiltonian, it is natural to require that: (i) the momentum-dependence of
H (’)El‘if is expressed in terms of p, whenever possible [389], (ii) B,,,, = B,’f;g [392], and (iii) terms
in () have a power in p, that is as high as possible. The last requirement ensures that () vanishes
for circular orbits, as in the nonspinning case.

These considerations still leave some remaining gauge freedom in the spinning case, which
we fix such to simplify the EOB Hamiltonian also for aligned spins. For example, it is possible
to choose PN corrections in the potential B, such that it only depends on terms of the form n - S

but not S - S. Any remaining gauge freedom beyond that may be chosen arbitrarily.
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5.3 Spinning effective-one-body Hamiltonians with test mass

In this section we present different ansétze for effective Hamiltonians based on the Kerr
geodesic one. That is, we do not include the Kerr test-spin Hamiltonian HE*™ here and instead
make an ansatz of the form

H = H + 0 (5.22)

even

The explicit lengthy results from the matching at 4PN order against PN results (and fixing of
the remaining gauge freedom) are given in Appendix E. We start with an extension of the SEOB
Hamiltonian from Ref. [392], which we call SEOB7;,, to 4PN order, here including spin effects
at LO S?, and NNLO S2. We also extend that Hamiltonian from black holes to generic compact
objects, e.g., neutron stars. We proceed with a simplified version of the SEOB7;, Hamiltonian
to 4PN order that does not make use of the “centrifugal radius” introduced in Ref. [391]. For
completeness, we also summarize the SEOB%\;f“g“ Hamiltonian from Refs. [391, 400, 401, 584]
which is valid for aligned spins only. We do not include additional PN terms in the SEOB/5 "
Hamiltonian since it is already 4PN complete for generic bodies. For convenience we summarize

the Hamiltonians in Table 5.1.

5.3.1 Effective-one-body Hamiltonian with test-mass limit and centrifugal ra-
dius: SEOB7y,

Reference [392] was the first to construct an SEOB Hamiltonian with NLO spin-squared
terms for generic spin orientations (but omitting a subtle contribution, included here, see Ap-

pendix A of Ref. [4]). Here we extend the Hamiltonian to include NNLO spin-squared and LO
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spin-cubed terms, and add multipole constants to make it applicable to generic bodies like neutron
stars.

For the even-in-spin part of the SEOB 15, Hamiltonian, we use the ansatz in Eq. (5.19),
1/2
Hegen = {A (42 + Byp* + Buy(n p)* + Bua(n x p-a)* + u@)] , (5.23)
where the Kerr spin is mapped according to
a=a,+a;. (5.24)

This ensures that the Hamiltonian reproduces leading-order PN results at all even orders in spin
[127]. The effective Hamiltonian further uses the “centrifugal radius” r., which was introduced

in Ref. [391] and is defined such that the Kerr Hamiltonian for aligned spins and equatorial orbits

even

can be written as HXST = \/ AXerr (12 4 p2 /r2 + p2/ B(r)), which implies the definition

M a2
rc:\/r2+a2—|— i (5.25)
T

The centrifugal radius was generalized to generic spin orientations in Ref. [392]. In terms

of 7., the Kerr potential AX™ from Eq. (5.16a) can be written equivalently as

2M 2
2M <1+ " ) 1+ gk
Kerr __ o c r2
A= (1 re ) (1+25) 1+ Al 520

In the nonspinning limit, only the first term above remains, which reduces to the Schwarzschild
A-potential. This is the reason why Ref. [392] adds the zero-spin PN corrections to 1 — 2M /r...
However, in this paper we intend to investigate spin effects across different Hamiltonian descrip-
tions, so we need to make sure that the nonspinning Hamiltonians are identical. That is, we need
to choose a method for adding zero-spin corrections that can be applied to all four EOB Hamilto-
nians considered here. We simply multiply the Kerr potential AX®™ by zero-spin PN corrections
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denoted A below (without performing a Padé or log resummation* of A°). For the spin-squared
corrections, we follow Ref. [392] and add spin-squared corrections of the form n - S to the term
1+ (n-a)?/r?, and add corrections of the form S - S to 1 + 2M/r,, since it has an expansion
of the form 1 + 2M/r — Ma?/r® + .... One employs similar considerations for adding PN

corrections to the B-potentials in Eq. (5.23), leading to the following ansatz:

oy ()

re (1+21) (1+ a0 A(re) (5.27a)

o= [l ! (n#ay * Bgs] R (527b)
Bon = H%—’ Kl - g " i—j) (A%(re) D°(re) + B, + By)) = 1} . (5.270)
Bopa = B (5.27d)
Q=0Qr.)+Q%. (5.27¢)

Note that we use the gauge choice from Ref. [392], i.e., there are no corrections of the form S - S
in the potential 5, which simplifies the Hamiltonian for aligned spins and circular orbits.

The 4PN corrections to the nonspinning effective Hamiltonian were obtained in Ref. [80].
Since we factor the PN corrections in A°(r,), we choose it such that the PN expansion of the A
potential agrees, in the nonspinning limit, with the results of Ref. [80]. Writing the PN corrections

using scaled variables (5.4) to simplify notation, we obtain

2 /106 41 ,\ 1 1 41 221 963 128
AO(TC)ZHV{ +<— 2) +(2—0+ - vt + —p

— ——n" | = — —
73 3 32" )7l 32 6 512 5
256 64 1\1
+—mIn24+ —In— )= (5.28a)
5 5 7. )T

1 1 592 1 123
0 _ 2 2 2
D%(r.) =1 +6I/TA.—3 + (521/ — 6v ) f_g’ + {—15 l/ln—72C + (_16 I 260) v

4The justification for the Padé or log resummations is that they improve agreement with NR in some models
and may hence be seen as an implicit calibration. In this paper, however, we consider EOB Hamiltonians with no
calibration to NR, so we try to avoid such resummations, in particular in the nonspinning part.
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( 23761 , 533 1184 6496 2916 >} 1 (5.28b)

e 2 e~ T P 2+ ) | =
536" 45 15 T 15 T M) R

1 5308 496256 33048 1
Q(r.) = [2(4 — 3y)1/@ + ((— B + 15 In2— In 3) v — 831% + 101/3> f_g’} P
827 2358912 1399437 390625 27 Ji
St eidtuiny Y B Tty | 1 22 3| &
—l—[( 5 5% n2+ 0 n3+ T n5)1/ v —|—6u]f§,
(5.28¢c)

where the corrections are expressed in terms of the centrifugal radius r., with 7. = r./M, and
pr = pr/p. Note that here and in the SEOB models discussed below, we are using Taylor-
expanded and not resummed versions of these potentials—we want to compare the different
ansdtze of the Hamiltonians irrespective of possible resummations for the potentials (see also
footnote 4).

Spin-squared contributions, up to NNLO, are added to the Hamiltonian using the following

ansatz

AR = 5 X X X X X (5.292)
nS Cn Cn Cn

A = ﬁ(n X)) (e x) + ﬁ(n “xi) (e xg) + 7;_5('” “xi) (- xG), (5.29b)
nsS Cn Cn

By” = (- xi)(n-xg) + (- xa)(m x;), (5.29¢)
nsS Cn Cp,

By = i) xg) + (- xa)(nx;), (5.29d)

Cn Cn,

Bff - ﬁXi "Xt f—4Xi "X (5.29¢)

s2 Dy p;
5.29
Q7 =5 leaxi - x5 + ealmxa) (- xg)] + Z5ealp - xi) (- X5), (5.29f)

where we followed Ref. [392] in expressing the corrections in terms of .. We employ notation
such that, e.g., ¢, xi - X; = CnX% 4+ cuX1 X2 + cnxg. Each ¢, stands for an independent unde-

termined coefficient in our ansatz, i.e., we use the same symbol ¢, for all coefficients to simplify
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notation. The full expressions after matching to PN results are provided in Appendix E. Note that
we added LO S? corrections to the A-potential above (which vanish for black holes) to account
for the multipole constants of neutron stars.

The NLO S? contributions were included in the effective Hamiltonian in Ref. [392], how-
ever the authors missed a contribution in matching the EOB Hamiltonian to PN results, namely
from the LO S? generating function applied to the LO SO Hamiltonian, i.e., from the Poisson
bracket {G59, HE®}. (See Appendix A of Ref. [400].)

The leading-order quartic-in-spin terms AS5" are zero for black holes, since the Kerr Hamil-
tonian, with the mapping a = a; + a,, automatically reproduces them, but they are nonzero for

other types of compact objects. We take the most generic expression for the S* corrections

A% = el x0) O x) + ea(xi - x5) (- xe) (e xa)

+en(n-xa) (- x;) (- xe) (- xa) | (5.30)
where a summation over the spins of the two bodies is implied, and terms symmetric under the
exchange of the two bodies’ labels are only included once.

The spin-orbit and spin-cubed PN corrections are added to the odd-in-spin part of the Kerr
Hamiltonian HXI". For the SO part we use the ansatz in Refs. [391, 392], and we add to it S?

corrections,

3 Gs A . Gs /2 .
A = - (XL x+ X3L %) + v (Loxi+ Lo xo)

<1+A<na)2> 73

G [ G (5.31a)




3 ~9 -1
GS* = 5 |:]. + — + npr + oy + anf_ + Cnpr:| (5323.)

c

1
GS3 = 7@_ [CnX1 " X1 + CnX2 " X2 + Cn X1 X2 + Cn(” : Xl)2 + Cn(n : X2)2 + Cn(n : Xl)(n : X?)]

52 ea(m - X0)* + enlm xo)? + cnln - xa) (1 X))

12
+ 55 el xa) 4 ealm o) + ealnxa)(n- xa)|.

Ggs = Ggs with 14 2. (5.32b)

Note that an inverse-Taylor resummation is used for Gs and G g+, which improves the description
of the binary dynamics for aligned spins [391]. In the spin-cubed corrections Ggs and Ggs, a
gauge freedom exists which we chose such that terms of the form p?x; - x; or L?x; - x; are not

included. Explicit results after matching at 4PN can be found in Appendix E.1.

5.3.2 A simplified effective-one-body Hamiltonian with test-mass limit: SEOBy

Since it is important to have fast and simple EOB waveform models, in this section, we
consider a simplified version of the SEOB’;, Hamiltonian that uses r instead of 7. for the PN
corrections. In order to assess the effect of this simplification, we also avoid resummations that
are not motivated by the structure of the interactions, i.e., we factorize spin corrections to the
Kerr potentials and do not use an inverse-Taylor resummation for the spin-orbit part.

The potentials of the effective Hamiltonian are simply taken to be

_ AKer (AO ASS LoAmS | A54) , (5.33a)
(

A
B, =B (1+ B}®), (5.33b)

By =

p
(1 — 2+ “—2) (A°D° + B + Br5) — 1
7 , (5.33¢)

+ (n-a)?/r?
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Bipa = BXT (5.33d)

npa’

Q=0Q"+Q%, (5.33¢)

where the zero-spin corrections A°(r), D°(r) and Q°(r) are given by Eq. (5.28) but in terms
of r instead of r.. The ansiitze for the S? and S* corrections are given by the corresponding
expressions from the previous section, i.e., Egs. (5.29) and (5.30), but using r instead of r. (and
with different coefficients c,). For HXI, we modify the odd-in-a part of the Kerr Hamiltonian

by the SO and S* PN corrections, that is

A 1 ~ ~ o A
Hggd: 5 [GS <X12L'X1+X22L'X2>+GS*V<L-X1—|—L~X2>
iz (1+ a0
Ggs - Ggs -
+ :3 L-x:+ :3 L- X2} ; (5.34a)

with the ansitze for the coefficients given in Egs. (5.32a) and (5.32b), but again written with
r instead of r. (and different c,). Explicit results after matching at 4PN can be found in Ap-

pendix E.2.

5.3.3 Aligned effective-one-body Hamiltonian with test-mass limit and cen-
trifugal radius: SEOB%{;‘“gn

In this section, we consider the aligned-spin EOB Hamiltonian proposed by Damour and
Nagar in Ref. [391] and extended in Refs. [400, 401, 584], which we denote SEOB/5"". That
Hamiltonian is similar to the aligned-spin limit of the SEOB1;, Hamiltonian from above, except

that the even-in-spin PN corrections are added to the centrifugal radius.
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The even-in-spin effective Hamiltonian is given by

rreff IA/Q ﬁ?” 0
A = A1+ S+ o). (5.35)
T2 B

The EOB potentials A and B are given in Ref. [391], but we do not use Padé resummation
and we modify how the zero-spin PN corrections are added such that they agree with the other

Hamiltonians in this paper, that is

2\ 1HE
A= (1 — f_c) T 7%A (re), (5.36a)
r? 1
B = r_g—A D) (5.36b)

where A% DY and Q" are given by Eq. (5.28). Note that Refs. [400, 401, 590] use Q = 2v(4 —

3v)p?/r? instead of Q°, and use p,, = p,+/A/B instead of p,.

The spin-squared and spin-quartic corrections are added to the centrifugal radius, which is

here defined by
2\  dag dag day
=21 (1 + 7) + Ao 4 TN | Lo, (5.37)
T T T T
and where ag depends on the compact object’s multipolar constants
a3 = a® + Ci(s)i? + Cyrpge) a2 (5.38)
Q 1(es?)t 2(ES2)A9, .

where a; = a;/M, a = |a|/M, and recalling Eq. (5.24).

The spin-orbit part was obtained in Ref. [391] with NNNLO v-independent spinning-test-
body contributions and v-dependent contributions calibrated to NR. We do not include those
higher-order corrections here, but we follow Ref. [391] in using an inverse-Taylor resumma-

tion/calibration of the coefficients G5 and G g+ in

: G . . Gs (+ - Gss - Gss
Ay = =5 (X + Xl ) + =5v (La + Le) + 2L+ =Lye,  (5.39)
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see Egs. (E.7a), and where G g3 and G g3 for aligned spins take the simple form

1
Ggs = Fy (CnX% + CnX1X2) ;

Cc

. 1
Gss = — (caX3 + Ccaxaxz) - (5.40)

Including spin-cubic contributions was discussed in Appendix A of Ref. [400], which we imple-
ment here so that the effective Hamiltonian includes all PN information at the same order as the
other Hamiltonians considered in this paper. Explicit results after matching at 4PN can be found

in Appendix E.3.

5.4 Effective-one-body Hamiltonian with test-spin limit: SEOBrg

The SEOB Hamiltonian proposed in Refs. [382, 383] is based on the Hamiltonian of a
spinning test body in the background of a Kerr black hole, which we here denote by SEOBrg
(see Table 5.1). In this section, we extend that Hamiltonian to 4PN order; compared to previous
results, we add NLO S?, NNLO S? LO S3, and LO S* PN corrections, for generic compact objects
and spin orientations.

The SEOBrg Hamiltonian, as expressed in Ref. [589], is given by

];Ieff _ Heff + Hggii + ]:Ieff

even * )

HE = av/q+Q, (5.41b)

(5.41a)

HES = B, (5.41¢)
i = [Bs (5+ 0V B 8ok S (v 4o u) - 8
- t - = )k I rLyr : *
U fa oy A
+ 55 [3(5* n)?— 8. S*} , (5.41d)
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where
q=1+~""p, + " b +~"p3, (5.42)

and S, = S, /M 1 is a rescaling of the spin of the test body. The spins are mapped according to

S, =o.[1+vf(r,p)+vg(r,p)o, (5.43a)

=S+, (5.43b)

o.— 28 + g, (5.43c)
mi mo

where the functions f, and g, are given by Eqgs. (50)-(52) of Ref. [383], and that 0 = Ma
is the spin of the background Kerr metric; it does not hold a = a; + a, as for the models
discussed above. The spin maps are analogous to the mapping of the masses M, i according to
Eq. (5.1), with the difference that the spin maps relate dynamical variables. The deformed metric

is obtained by substituting A, ¥, and A in the Kerr metric by

Ay =P A(r) + 62, (5.44a)
A, = AD(r), (5.44b)

S =72 + 62 cos® 6, (5.44c)
Ay = (72 +6°)% — 62 A sin? 0, (5.44d)

as in

o= , = — (5.45a)
VA b Ay
)3 A 1
66 _ e Sro e 5.45b
gl AsinZe = T T3 ( )
The potential D°(r) is given by Eq. (5.28b), and the potential A is given by

1 1 1 1 0’
ama (b= (G- ) - % (5.46)

T T+ r rg,— T



where A° is given by Eq. (5.28a), and 7+ are the scaled inner and outer radii of a Kerr black

hole, i.e.,

Pre=1£v1-4a2. (5.47)

Finally, the vectors 13’,5, 13}, 13’9, and ﬁ’¢ describe the fictitious force acting on the test-body
spin S, (frame dragging) in the deformed Kerr metric. They are given by Eq. (6) in Ref. [589],

which we rewrite here for convenience,

F¢> =cosf n+ v, (5.48a)

e /5% /~00 {maﬁ(l +2\/9) 0y cot 6 (1-— 2\/5)679}
T — _ IS VA Vet
NG 1+ q) ¢ 260
g SOV VO Phga, (24— 1)B, + apgyy?
Ve | (1+1/9) 2\/q ’

Y V% (Bopr + Brbo) o csc O (867" o + 297" B.r)

' 200/ (1 + \/q) 2000/722 /(1 + \/q)
é csc O/ | 24/qag + Py g 047%6

27 | va) )

. 00 A3 csc O T ,
B = —n VY B.oDe N VDo,

(5.48b)

(5.48¢)

ar/v*(1+/q) 2000/ (1 4+ \/q)

. T 2 - N - 60
tEescl |14+ YT VAo, T hofr 00 | (5.48d)
2004/~ (1+v4) v

~

Here, the unit vectors (ﬁ,é,ﬁ) are defined by n = %, § = € xn,and v = n x £, where
é7 = o /o denotes the direction of the (deformed) Kerr spin.

For the purpose of extending the SEOB1s Hamiltonian to 4PN in the spinning sector, we
deviate from the original philosophy of Refs. [382, 383] in that we do not modify the spin maps

or deform the metric entering Hg" with terms of quadratic and higher order in spin. Instead, we
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only slightly modify the ansatz for the effective Hamiltonian (keeping H¢' unchanged) as

HeT = \/a2+A53+A”S+A54\/q+B”5 32 + (BSS + Bro)p2 + Q0 + Q% + Q5"
(5.49a)

GS A Ggs »

Hegy = o Loxe (5.49b)

where we introduced potentials into He  at quadratic and higher order in spin following the

structure of Eq. (5.19). These potentials A5, A5, BnS, B55 Brs 5 and A" are given by

Egs. (5.29) and (5.30) but with r instead of r. (and different ¢,,), and similarly for the spin-cubic

corrections G g3 and G g3 from Eq. (5.32b). We take the function QS4 to have the form

Q% = fﬁ ca(n - x1)* (- x2) + en(m - x1)2 (X1 X2) + e(X1 - Xa) (- x1) (- X2)

+en(m-x2)?(n-x1) + cn(m - x2)* (X1 - X2) + (X2 - X2)(n - x1) (1 - X2)
+cn(m - x1)%(n - x2)* 4 (- x1) (2 - x2) + en(xa - X1) (X2 - X2)

Feba )

Dr
+p- X171 {CH(X2 x2)(1 - X2) + a(n x2)® + cu(n - xa)* (- xo2)

T ennx) (- X2) + en(m - x2) (- X2)? + enln - x1) (e - xﬁ]

+p- XQ% {Cn(X1 x1)(1 - x1) + en(mnx1)? + en(n o x2)?(n - xa)
Fenn - xa)(x - X2) + ealn - X2) (- x0)% + enln - x2) (1 - xo] 550

Out of 38 possible terms in the most general expression for Q5", 16 terms were removed via a
gauge choice. We started by removing the three terms that do not vanish for aligned spins, but
the other 13 terms were chosen arbitrarily. Explicit results after matching at 4PN can be found in
Appendix E.4.
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5.5 Comparison with numerical relativity

In this section, we compare the four SEOB Hamiltonians considered in this paper to NR
simulations through the binding energy for circular orbits and aligned spins. The NR binding
energy data we use here were extracted from the Simulating eXtreme Spacetimes (SXS) catalog
[458] in Ref. [438]. Hereafter, in this section, we use the term “aligned spins” to mean spins
parallel to, and in the same direction as, the orbital angular momentum L, but we use the term
“antialigned spins” to mean spins opposite to the direction of L.

The binding energy is calculated by evaluating the EOB Hamiltonian for circular orbits
(pr = 0) and solving numerically p, = —0Hgog/Jr = 0 for the angular momentum p,; at some

radius. The orbital frequency (2 is obtained from

o — ks (5.51)
Opy

We then calculate the binding energy and orbital frequency as r goes from the beginning of the
NR simulation to the innermost-stable circular orbit (ISCO) of the Hamiltonian, which marks the
end of the inspiral phase of the binary coalescence and the beginning of the plunge. The ISCO is
calculated by setting both the first and second derivatives of the Hamiltonian with respect to 7 to
zero, i.e., 0Hgop /Or = 0 = 0% Hgop/Or>.

It should be noted that the binding energy is extracted from NR simulations from an evolv-
ing binary, tracking the radiated energy in GWs. From the EOB Hamiltonians, however, we
obtain the binding energy here by assuming exact circular orbits at different orbital separations,
neglecting the orbital decay (radiation-reaction) due to the emitted GWs. The NR and EOB bind-

ing energies are thus not expected to agree exactly here during the last few orbits (see discussions
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in Ref. [405]).

In Fig. 5.1, we plot the binding energy for nonspinning configurations with different mass
ratios ¢ as a function of the “velocity” parameter v = (M)/3, and we see that the binding
energy increases with increasing mass ratio. The top axis of the figure indicates the number of
GW cycles before merger, computed from the SXS waveform, for the case of ¢ = 1, which
is close to the other values of ¢; for example, at 2 GW cycles before merger, v = 0.416 for
g = 1 while v = 0.415 for ¢ = 10. Since all SEOB Hamiltonians considered here agree
in the nonspinning limit by construction, this figure gives a rough estimate for the zero-spin
contributions to the binding energy. In all plots of this section the number of GW cycles from
merger is always computed from the SXS waveforms, and the merger is defined as the peak of
the (2,2) gravitational mode.

The different spin contributions to the binding energy are depicted in Fig. 5.2. They can be

extracted by combining results for various spin combinations as (see Refs. [437, 438])

1 8 1
Eso = —¢(~0.6,0) + 5(0.3,0) = 2(0,0) — (0.6,0),

3 3
5 8 1 1 1
Egs = —2(=06,0) = 2(0.3,0) +3(0,0) = 5(0.6,0) + (0.6, ~0.6) + 5(0.6,0.6), (5.522)

where the numbers in brackets refer to the values of the dimensionless spins of the two bodies
(X1, X2)- The spin-squared contributions to the binding energy Esg: refer to both S? and 5.5,
interactions. Similarly, spin-cubic contributions Egs refer to both S? and S25;. We see that
the spin-orbit contribution is about an order of magnitude larger than the spin-squared contribu-
tion, which in turn is an order of magnitude larger than the spin-cubic contribution. All SEOB
Hamiltonians give comparable results for the spin-orbit part, however for the spin-squared con-
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Figure 5.1: Binding energy (left panel) and fractional binding energy (right panel)
versus the “velocity” parameter v for nonspinning binary—black-hole configurations
with different mass ratios. The four SEOB Hamiltonians considered here are iden-
tical for zero spin. The relative NR error shown in the right panel is a conservative
1.1% estimate. The initial value of v (the left end of the plots’ domain) here is de-
termined by the beginning of the NR simulation with ¢ = 10; those with lower mass
ratios have several cycles at lower frequencies not shown here. We stress that the
SEOB Hamiltonians at 4PN order are not calibrated to NR simulations.
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Figure 5.2: Binding energy versus the “velocity” parameter v for the linear-in-spin
(left panel), quadratic-in-spin (central panel) and cubic-in-spin (right panel) contri-
butions of the four SEOB Hamiltonians. The NR error is indicated by the shaded
regions. In the left panel, the blue and orange curves overlap since the SEOB3, and
SEOB/"¢" Hamiltonians are identical in the spin-orbit limit.
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Figure 5.3: Fractional difference in the binding energy between NR and SEOB
Hamiltonians for different spin configurations with mass ratio ¢ = 3 at 4 GW cy-

cles before merger.
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tribution, the SEOBrg and SEOB1y, Hamiltonians give better agreement with NR than the other
two Hamiltonians. For the cubic-in-spin contributions, the NR error is larger than the EOB values
for the binding energy, and hence we cannot conclude which Hamiltonian is better in terms of S3
contributions.

In Fig. 5.3, we compare the fractional energy difference |E, — E)~|/EN® at four GW
cycles (i.e., two orbits) before merger for various spin configurations with mass ratio ¢ = 3. We
see that, for all configurations at that frequency, the relative difference with NR is around 1%.
For aligned spins, all Hamiltonians give comparable results, but the SEOB1g Hamiltonian gives
better agreement with NR for antialigned spins.

We also compare the binding energy as a function of velocity for some configurations with
aligned spins (Fig. 5.4) and antialigned spins (Fig. 5.5). The curves in these figures start at
the beginning of the available NR simulations and end at the ISCO of the EOB Hamiltonians.
All effective Hamiltonians considered here have an ISCO for arbitrary spins, except that the
SEOBts Hamiltonian does not have an ISCO for large aligned spins = 0.92. From the three
panels at the top of Fig. 5.4, we see that for large aligned spins (2 0.8), the SEOBtg Hamiltonian
shows slightly better agreement with NR than the other Hamiltonians. However, for smaller
spins (< 0.6), all Hamiltonians give very similar results. This is also the case when the two
spins are both large but in opposite directions. For antialigned spins, the difference between
the four Hamiltonians is smaller than in the aligned-spin case; the SEOBrg Hamiltonian gives
better agreement with NR than the other Hamiltonians, but the difference is small, even for spin
magnitudes of 0.97, and becomes negligible for smaller spins.

Finally, in Fig. 5.6, we compare the effect of adding spin PN orders to the effective Hamil-

tonian for a configuration with mass ratio ¢ = 3 and spins x; = 2 = 0.85. For all Hamiltonians,
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Figure 5.4: Binding energy comparison with NR for different aligned-spin configu-
rations for the four SEOB Hamiltonians. Curves that end with a point indicate the
location of the ISCO. For the NR error, we used 1.1% relative error as a very conser-
vative estimate.
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Figure 5.5: As in Fig. 5.4 but for configurations with antialigned spins.
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Figure 5.6: Comparing the effect of adding spin contributions to the binding energy
at different PN orders for the four SEOB Hamiltonians.
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adding higher spin orders improves agreement with NR, except for the SEOB1s Hamiltonian
where adding LO S? and LO S* gives slightly worse agreement. We checked that using different
spin configurations gives qualitatively similar behavior.

Overall, beside the small differences pointed out above, all Hamiltonians perform reason-
ably well compared to NR simulations. One should expect that the differences that accumulate
during the last orbits can be compensated by a calibration of the Hamiltonians, applying also fur-
ther resummations to the potentials, which we leave for future work. This would be of particular
interest for the simplified Hamiltonian, in order to prepare and evaluate it as a possible starting

point for an EOB waveform model.

5.6 Conclusions

In this paper, we built spinning EOB Hamiltonians that include the complete fourth post-
Newtonian conservative dynamics for generic (precessing) spins. These Hamiltonians are also
valid for generic compact objects (e.g., black holes or neutron stars) since we included multipole
constants that parametrize the deformation of the compact object due to its rotation.

In particular, we considered and extended four SEOB Hamiltonians: (i) an extension of the
SEOB Hamiltonian from Ref. [392] by adding NNLO S? and LO S? contributions, in addition to
adding the multipole constants; (ii) a simplified version of that Hamiltonian that differs in how
the spin corrections are added to the Kerr metric, and that does not use the concept of centrifugal
radius; (ii1) the aligned-spin Hamiltonian from Refs. [391, 400, 401], which already includes
complete 4PN information for generic compact objects, but considered here for comparison with

the other Hamiltonians; (iv) an extension of the SEOB Hamiltonian from Refs. [382, 383], which
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uses a test spin, by adding NLO S2, NNLO S2, LO S3, and LO S* contributions, in addition to
adding the multipole constants. Since our goal in this paper was to improve the description of
spin effects in the EOB formalism, we modified the zero-spin part of the above Hamiltonians such
that they are identical in that limit. Furthermore, we did not include NR calibration parameters
or resummations of the PN corrections (e.g., with Padé or log resummations of the zero-spin
part) since they constitute an implicit calibration to NR that improves the performance of EOB
Hamiltonians only in certain models.

We compared the four SEOB Hamiltonians considered here with NR simulations by cal-
culating the binding energy for circular orbits and aligned spins. We found that all Hamiltonians
show good agreement with NR, and that the difference between the Hamiltonians is quite small
up to moderate values of the spins and a handful number of GW cycles before merger. For large
spins, the SEOBrg Hamiltonian performs better at large frequencies, but since all Hamiltonians
have an error of about 1% compared to NR at about four GW cycles before merger, the simplest
SEOB Hamiltonian SEOBrt); could be an excellent candidate for building an improved EOB
waveform model with precessing spins. The simplicity will allow one to have a fast-to-evolve
set of equations of motion, and could help in calibrating the EOB waveforms built with SEOBy
to NR simulations. However, more analyses, which include dissipative effects, and a careful
study of how the GW frequency approaches merger, are needed to pin down the more suitable
SEOB Hamiltonian. Indeed, as several studies have shown [393—-398], to attach robustly the
merger-ringdown waveform to the inspiral-plunge one in the EOB formalism, dynamical quan-
tities, such as the orbital frequency, radial separation and momentum vectors, have to behave
regularly around and beyond the EOB photon orbit.

We leave for future work to complete the SEOB Hamiltonians to a gravitational wave-
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form model, i.e., provide resummed expressions for GW modes and associated radiation-reaction
forces. Once radiation-reaction forces are included in the model, it is important to perform
comparisons with NR for precessing spins and to use those comparisons to study different re-
summation options and to add calibration parameters in order to improve the accuracy of EOB

waveforms toward merger.
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Chapter 6: Radiation-reaction force and multipolar waveforms for eccentric,

spin-aligned binaries in the effective-one-body formalism

Authors': Mohammed Khalil, Alessandra Buonanno, Jan Steinhoff, Justin Vines

Abstract: While most binary inspirals are expected to have circularized before they en-
ter the LIGO/Virgo frequency band, a small fraction of those binaries could have non-negligible
orbital eccentricity depending on their formation channel. Hence, it is important to accurately
model eccentricity effects in waveform models used to detect those binaries, infer their properties,
and shed light on their astrophysical environment. We develop a multipolar effective-one-body
(EOB) eccentric waveform model for compact binaries whose components have spins aligned or
anti-aligned with the orbital angular momentum. The waveform model contains eccentricity ef-
fects in the radiation-reaction force and gravitational modes through second post-Newtonian (PN)
order, including tail effects, and spin-orbit and spin-spin couplings. We recast the PN-expanded,
eccentric radiation-reaction force and modes in factorized form so that the newly derived terms
can be directly included in the state-of-the-art, quasi-circular—orbit EOB model currently used in

LIGO/Virgo analyses (i.e., the SEOBNRv4HM model).

!Originally published as Phys. Rev. D 104, no.2, 024046 (2021)
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6.1 Introduction

The observation of gravitational waves (GWs) by the LIGO-Virgo detectors [13, 14] have
corroborated the existence of binary black holes (BBHs) in our universe. But how and in which
astrophysical environments these binaries form is not yet fully understood. However, the masses,
spins (magnitude and orientation), and binary eccentricities inferred from GWs provide invalu-
able clues to determine BBH formation channels [18, 19]. So far, the observed GWs are consis-
tent with binary coalescences of negligible eccentricity, i.e., on quasi-circular orbits [439-442].

In general, binaries are expected to circularize [443, 444] as they approach merger due to
the emission of gravitational radiation. But depending on their astrophysical formation channel,
a small fraction of binaries could have non-negligible orbital eccentricity, as they enter the fre-
quency bands of current detectors. This can occur in dense stellar environments, such as globular
clusters or galactic nuclei, where dynamic capture [446—451] or the Lidov-Kozai mechanism in
hierarchical triples [452—454] can lead to eccentric binary inspirals at close separations.

In particular, Ref. [446] (and Ref. [447]) showed that ~ 5% (or ~ 10%) of all mergers in
globular clusters enter the LIGO band with eccentricity e > 0.1. Binaries formed via dynamic
capture in galactic nuclei are expected to have high eccentricities [448], with 92% having e > 0.1
and 50% — 85% having e > 0.8 at 10 Hz. For a BBH around a supermassive BH, the Lidov-
Kozai mechanism can secularly drive the BBH to eccentricities near unity for some orientations
[454]. Hence, inferring those eccentricities from GWs is important for understanding the origin
and environment of BBHs. Interestingly, Ref. [442] pointed out that GW190521 [457] could
be consistent with either an eccentric nonprecessing or a quasi-circular precessing binary, which

illustrates both the difficulties and prospects of further observations in the upcoming and future
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LIGO, Virgo and KAGRA runs [30].

While the expected fraction of eccentric GW observations with current detectors is small,
neglecting eccentricity for the parameter inference can cause significant bias [193]. This be-
comes more relevant for LISA where a large fraction of stellar-mass binaries is expected to be
eccentric [606—-610]. Hence, it is important to develop accurate waveform models for eccentric
binaries to detect them, infer their properties, and shed light on their astrophysical environment
and formation channels. Several studies developed post-Newtonian (PN) waveform models for
eccentric orbits, such as Refs. [154, 570, 611-619], or hybrid models that use PN results for
the inspiral and quasi-circular numerical-relativity (NR) simulations near merger [620—622]. Re-
cently, NR simulations for eccentric binaries were reported in Refs. [41, 622, 623], and the first
NR surrogate model for eccentric BBHs has been developed in Ref. [624].

The effective-one-body (EOB) formalism [80, 380, 38 1] improves inspiral-merger-ringdown
waveforms by combining information from PN theory, NR simulations, and the strong-field test-
body limit. EOB Hamiltonians have been constructed to include spin [4, 370, 382, 383, 389-392,
580], tidal effects [187, 586, 587, 625], information from the small mass-ratio [407—410, 588] and
the post-Minkowskian approximations [236, 237, 405], and have been refined and calibrated to
NR simulations [393-397, 399, 401, 413, 582]. While the EOB Hamiltonian is valid for generic
orbits, most EOB waveform models use quasi-circular orbit results for the radiation-reaction (RR)
force, gravitational waveform modes, and the calibration with NR simulations.

Recent approaches to extend the EOB formalism to eccentric orbits include Ref. [402],
which derived the RR force with eccentricity up to 2PN order, but without tail effects and for
nonspinning BHs. More recently, Ref. [403] incorporated eccentricity effects in the RR force and
in the (2, 2) waveform mode through 1.5PN order, including tail effects, using the Keplerian para-
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metrization and phase variables that evolve only due to RR. References [626, 627] extended the
quasi-circular SEOBNRv 1 [394] model to eccentric orbits, while Ref. [628] added eccentric cor-
rections in the SEOBNRv4 [397, 398] waveform model, notably in the (2,2),(2,1),(3,3), (4,4)
modes through 2PN order, including spin-orbit (SO) and spin-spin (SS) couplings?, but not tail
effects. They employed these eccentric modes to construct a RR force for eccentric orbits, which
however does not include the Schott terms. As argued in Ref. [402] and Sec. 6.2 below, these
Schott terms are necessary for generic orbits to satisfy the flux-balance equations. Furthermore,
Refs. [404, 629] incorporated noncircular effects in the TEOBResumS_SM [401, 630] model at
leading PN order in the azimuthal component of the RR force, and used a quasi-circular 2PN-
expanded radial RR force without spin or tail effects. They included eccentric corrections at
leading PN order to all modes m # O up to ¢ = |m| = 5.

In this paper, we develop a multipolar EOB waveform model for eccentric binaries with
the compact-objects’ spins aligned or antialigned (henceforth, for short aligned) with the orbital
angular momentum. We derive the eccentric PN expressions for the RR force (including the
Schott terms) and the gravitational modes up to ¢ = |m| = 6, including the m = 0 mode, through
2PN order, including tail effects, and SO and SS couplings. We recast our results for the RR force
and modes in a form that can be directly incorporated in the state-of-the-art, quasi-circular—orbit
EOB model currently used in LIGO/Virgo analyses (SEOBNRv4HM [397, 398]).

The paper is structured as follows. In Sec. 6.2, we derive the RR force from the energy
and angular momentum fluxes using the balance relations. We use the gauge freedom in the RR

force to impose that it reduces to the relation used in SEOBNRv4HM in the quasi-circular—orbit

20ur results for those modes are mostly in agreement with Ref. [628] except for the SO part, where we disagree
with their findings (their expressions contain two extra SO terms).
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limit. In Sec. 6.3, we obtain initial conditions for eccentric orbits. In Sec. 6.4, we calculate all
the gravitational waveform modes that contribute up to 2PN order relative to the leading order
(LO) of the (2,2) mode, i.e., up to the £ = |m| = 6 mode. These higher-order modes are even
more important for eccentric orbits than for quasi-circular ones [631]. We conclude in Sec. 6.5
with a discussion of results and potential future work. Finally, Appendix F provides the coordi-
nate transformation from harmonic to EOB coordinates, Appendix G includes a derivation of the
LO spin-squared contribution to the angular momentum flux, Appendix H lists the spin contri-
butions to the waveform modes in harmonic coordinates, Appendix I provides some relations for
dynamic quantities in the Keplerian parametrization, and Appendix J includes the transformation

to tortoise coordinates.

Notation

We use the metric signature (—, +, +, +), and use units in which ¢ = G = 1, but write ¢
explicitly in PN expansions.
We consider an aligned-spin binary with masses m; and my, with m; > ms, and we define

the following constants:

mim
M=my+mqe, p= ]1\42, 1/2%,
mi — Mo my ma
o= Xi=—, Xo=—2. 6.1
M ) 1 M: 2 M ( )

In the binary’s center of mass, we introduce the canonical phase-space variables (R, ¢, Pr, Py),
where R is the separation, ¢ the azimuthal angle, P the radial momentum, and P, the angular

momentum. The total relative momentum P is given by P? = P2 + Pg /R%. We use the rescaled
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dimensionless variables

R T P, P,
r=—-— = 37 r = T = )
~  H A S; S;
7 R B 6.2)
K Mp m;

where the dimensionless quantities are denoted with either a hat or a lowercase letter.

The energy and angular momentum fluxes far away from the binary are denoted by ® 5 and
®; respectively, and scale as follows:
Op =GPdp, @ :ééi (6.3)
E E, J M ) .

where quantities with a tilde are the physical dimensionful fluxes. The components of the RR

force are denoted by F,. and F;, and are scaled similarly to ® and ®;, respectively.

6.2 Radiation reaction force

The RR force accounts for the energy and angular momentum losses by the system, and is

added to the right-hand side of the Hamilton equations of motion (EOMs) such that

. OH _ oH

r_apr7 pr—_ﬁ—"fm

. OH OH

_on = O (6.4)
Ops Po="9g ¢

where the leading order of F, ; is of order 1/ ¢® (2.5 PN). From the EOMs, with 0H /¢ = 0, the

time derivatives of energy and angular momentum are given by

: dH | -
Esystern = E = fr +¢‘F¢>7

: dpy

szstem = % = «Fqb- (65)
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The energy and angular momentum lost by the system are not equal to the energy and angular
momentum fluxes, ® and P ;, because of additional contributions to £ and .J due to interactions
with the radiation field. The balance equations are modified by Schott terms, as in electrodynam-

ics, that appear as total time derivatives in the balance equations [402]

Esystem + ESchott + &g = 0,

jsystem + chhott + (I)J = 0. (66)
Substituting the expressions for the energy and angular momentum losses, we obtain

f’fr"i‘q‘ﬁf(ﬁ‘i‘E'Schott‘i‘q)E = 0,

Fy + Jschow + @y = 0. (6.7)

The energy and angular momentum fluxes are gauge-independent, but the RR force and Schott
terms are gauge-dependent. This coordinate gauge freedom in the RR force was discussed by
Iyer and Will in Refs. [146, 147], and by Gopakumar et. al. in Ref. [150]. Bini and Damour
showed in Ref. [402] how the gauge freedom in F is related to the freedom in defining the Schott
terms.

Note that while we only consider aligned spins in this paper, an extension to precessing
spins is straightforward; the RR force F is added to the EOM for the total momentum p and a

RR contribution is added to the spin evolution equations, such that

dr OH  dp  OH

a " op  a - or T
as; O0H .
ﬁ:asx&+§? (6.8)

The balance equations are then given by

Esystem + ESchott + (I)E =0
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Jiysiem + Tsehon + B = 0, (6.9)
with
Eygem = 7 - F,
Joystem = 7 X F + SFR 1 SRR (6.10)

See, e.g., Refs. [167, 168] for more details.

6.2.1 Summary of the approach used in this paper for the RR force

The aim of this paper is to extend the quasi-circular RR force and gravitational modes
employed in the SEOBNRv4HM waveform model to eccentric orbits. The Hamilton equations
that describe the dynamics of the SEOBNRv4HM model use the following relations between the

RR force and the energy flux for quasi-circular orbits, which are based on results from Refs. [374,

381],
¢ OF
o=
. 0%,
Fe = ;;cp_ _ _ZBbr 6.11)
Do Qpy

with 2 being the (angular) orbital frequency. However, these two relations are only valid for
quasi-circular orbits and are not consistent for generic orbits, since they use the circular-orbit
relation @ = Q&% and do not include the Schott terms.

Hence, the approach we use to obtain the RR force is to write a generic ansatz with un-
known coefficients for the Schott terms, and calculate the RR force from the fluxes using the

balance equations
-ng = _(I)J - JSCl’lOttJ
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iFp = —®p + P — Eschon + Jschon- (6.12)

Then, we specify the free unknown coefficients in the Schott terms such that the force reduces to

the conditions in Eq. (6.11) in the limit of quasi-circular orbits, i.e.,

Fs=—0;+O0(p:) + O(p}),

Trbs _ 1+ O@p?), (6.13)

F. ¢Pr
since both p, and p, are zero for circular orbits. Finally, we factorize the RR force into the

quasi-circular part used in SEOBNRv4HM times eccentric corrections
Fo=FFRS Fo=FEFS 19
where the quasi-circular parts are given by Eq. (6.11), and the eccentric corrections scale as

FP ~ 1+ p,.+p?+....In the following subsections, we provide the details of these steps.

6.2.2 EOB Hamiltonian and angular momentum

The EOB Hamiltonian is calculated from an effective Hamiltonian H.g via the energy map

H.
Heop = M\/l + 2 ( L. 1>, (6.15)

L
with H.q given in Refs. [4, 382, 383]. When calculating the RR force to 2PN, we only need to

work with the PN expansion of the EOB Hamiltonian. The nonspinning part to 2PN order is

given by
. A p 1 1[v=-1p* 1+v p2 1+v
HO _ ro - s _ 4  r
FOB * 2 r * 02{ 2r 8 r 272
1[14v+ 12 1+2v)p? (1+v-3vH)p* (1+v-32)p
L1 p6+( ;. ( ) )P
c 16 r? 472 8r
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IR A S

1
2 23 |’ (6.16)
the LO (1.5PN) spin-orbit part

HGs = 5 Do (2425 =) + X2 (2= 26 — )], (6.17)

2c373

and the LO (2PN) spin-spin part

r

. 1 p2 p2
55, = W{X% (1= 2 ) - Cuex?] g [ (12 224 ) - Ot

1/2p2
+ 2X1X2 |:(l/ — 1)1/ — . ¢ —+ 1/27’]?7%:| }, (618)

where C¢2 are the spin quadrupole constants, which equal one for BHs.

The orbital frequency expanded to 2PN is given by

. OH
Q= ¢ — JEoB
Ipy
P by [v—1 (v 1)p? 1
_ Lo by { - S a2 - v) a2 - 2 - )
L P 32 4+v+1)pt N (=32 +v+1)p? N (v +1)p? B 324+ v+1
%)
— <07 (2700 + X+ (6.19)

From the EOM p, = —H /dr, we can obtain an expression for P (7, Pr, Pr)

2

p : 1 : : :
?d) =1+, + 22y [6 + (w+D)r'p2 — (v = 5)r’p, +rp (v + D)rPp, + 4) }

3/ 13,
VALY Uil X1(2+20 —v) + x2(2 — 20 — v)]

2¢372

iy [ (V2 + 50+ 1) 1552 — (V¥ — v+ 1) riplp, + 2(50 + 8)r'p? — 24(v — 3)

— (VP + v —63) %P, + 2 (8 — 24w + 3ur'p?) rp? + 2 (V¥ + v + 3) pf?“?’pr]
+ 2017& {X% [3Cpse XT+X7 (1+4r°p, — 2rp}) ]
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+ Xg [302E52X22 + X§ (1 + 4r2pr — 2rp3)} + vx1X2 [2 (l/ + 4w2pr + 3) — 4W’pﬂ },

(6.20)

which we use to express the noncircular part of the RR force and modes in terms of p, and p,.. It
will also be useful below, when taking the circular-orbit limit, to have an expression for p, as a

function of r for circular orbits. Setting p, = 0 = p,. in the previous equation yields

2
p¢> circ 3 3(3 — l/) 3
Pt e el S v ety 7 X1 (=20 +v —2) + x2 (20 + v — 2)]
1
+ Y X7 (3CiEs2 X7 + X7) + 2vx1x2 (B34 v) + x5 (3Coeee X5 + X3) | (6.21)

6.2.3 Energy and angular momentum fluxes

The energy and angular momentum fluxes for nonspinning binaries were derived to 3PN
order in harmonic and Arnowitt-Deser-Misner (ADM) coordinates in Refs. [155-157]. The 2PN

instantaneous part of the fluxes for nonspinning bodies is given in EOB coordinates in Appendix

A of Ref. [402]. The leading order reads

: 812 1
inst __ 2 2 -
(I)E = _157"4 (12p 11p7“) +0O (02) ’
ins 812 2 1
7 = 58P0 <2p2 —3p; + ;) +0 (C—2) : (6.22)

The hereditary contributions to the fluxes can be expressed as an infinite sum over Bessel
functions [156, 403] that can be evaluated numerically, or resummed analytically [160, 613].
Here, we follow the method from Ref. [403] to obtain the LO tail part (1.5 PN) of the orbit-

averaged fluxes in an eccentricity expansion and we extend their derivation to O(e%), which
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yields?
1287r1/ 2335 , 42955 , 6204647 ,
@tall — 13/2 1 2 4 O 8
(') = +T02¢ T 7es © T agaed © O]

128702 [ 200 , 2415 , 730751 .
14+ 22 24
53 { T T TRz O] (6:24)

(o57) -

where = Q2/3. The eccentricity e in these equations is defined using the Keplerian paramet-

rization, which is given by
1
(6.25)

up(1l+ecosy)’

r =
where u,, is the inverse semilatus rectum and  is the relativistic anomaly.
Since we are not using the adiabatic approximation and are not working with orbit-averaged

fluxes, we can obtain an approximate expression for the tail contribution to the fluxes by writing

an ansatz in terms of (7, p,, py) in a p, expansion of the form

128712 1 pt
=T P { S+ cl& + 62— + e3pl + (’)(pf)} :

q)tail —
E 5c3rd r
a1 128m2 1 p p

calculate the average of that ansatz in terms of (e, z) (see Appendix I), and then match it to the

average flux in Eq. (6.24) to determine the unknowns c,,. This yields

128112 1 415p%>  5pt 738
T Py {_ Py . 5p; Py +O(p§)]7

(ptail — _
E 5c3rd 96r2  288r 11520
128 1 49p2 49y
tall 2 r r 8
- -4 0 . 6.27
7= 2 { T6r2 5760 T O Pr) (6:27)

3Calculating the tail contribution to the fluxes is similar to that for the waveform modes (see Sec. 6.4.2) except

for using the integrals [130]

.4 o T
tail __ (3) (5)
o —fIZ.‘ / dr I; (t—T)ln(g),
i 2 [ 5 T 3 [~ 4 T
plil — gew [I( >/O ar 1 (t =) (7) +I](.l>/0 dr IV (t —7)In (b)]

—11/12 with r( a gauge parameter.

(6.23)

where I;; is the mass quadrupole moment, and b = 2r¢e
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The LO (1.5PN) SO fluxes for generic orbits and generic spins were derived in Refs. [164,
167]. (The next-to-leading-order (NLO) SO energy flux was derived in Ref. [174].) It should
be noted that Ref. [164] used the Tulczyjew-Dixon (covariant) spin supplementary condition
(SSC) [96, 361-363], while Ref. [167] used the Newton-Wigner (NW), or canonical, SSC [364,
365]. In this paper, we use the NW SSC since we are working in a canonical Hamiltonian
formulation of the spinning two-body dynamics [366, 557]. Changing the velocities in Eq. (17)

of Ref. [167] to momenta, which involves spin-orbit terms, the aligned-spin fluxes reduce to

4(9+ 96 — 4v)
+

4v2%p
P50 = 1503;2 {Xl {p2(361/ — 37 — 376)

+9p2(3+30 — 2@} +1e 2},

412 9496 — 4v
PP = W{Xl {pﬁ‘(&/ —96 —9) + 2 + (9 + 96 — 24v)p*p?
vy v
— (17 + 176 + 6v)= + 15vpt + (11 + 115 + 10v) —] +1<« 2}. (6.28)
r r

For the LO (2PN) SS contributions, the LO spin;-spin, energy and angular momentum
fluxes in harmonic coordinates were derived in Refs. [164, 168], while the spin-squared energy
flux was derived in Refs. [177, 179], and we obtain in Appendix G the spin-squared angular
momentum flux. Transforming from harmonic to EOB coordinates, using the transformations in

Appendix F, we get the following SS contributions to the fluxes for aligned-spins:

2
P = ﬁ{x? [ (1496 — 28016 + 2801° — 578v + 149) p? + Cigs2(6 — 2v + 1)
cr

x (144p* = 156p) + 3 (9608 — 476 — 960 + 1900 — 47) p?|

+uxaxa [10(280 — 33)p2 — 6(48v — AT)p?] +1 2}.

2

1

oSS = ;f‘g{ﬁ[(?ﬁyé—15(5—32V2—|—621/—15)——|— (6 — 260 + 2% — dv + 1)
c'r T

24
x (22p7 — 20p°) + Clps2(6 — 2v + 1) (12p2 — 30p? + —) ]
.

{2(23 — 16v)
+rxaxe| ———— —

8(5v — 3)p* + 4(11v — 15)pi} +1+¢ 2}. (6.29)
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The total 2PN energy and angular momentum fluxes are the sum of all the above contribu-
tions, i.e.,
g = PP 4 O + B + OP

By = O+ O 4 250 4 Y. (6.30)

6.2.4 Ansatz for the Schott terms

As an ansatz for the Schott terms Fgchore and Jseporr, We consider

2
ins v prp 1 Qy
= T2 oy (0t + o+ )

1 a
+c (OZ5PT+046P pr+047p + agp? +049p—+£)],

V T
Edon = p [51]% + Bop® + = ﬁg (54297« + Bsp’p} + 56 + Brp* + 58— %)
1 4
+ a (510]953 + Bup’py + 512& + Bisp'p; + Bua v pr + 515pT
o
+ Biep° + 517— + 518 519)} . (6.31)

Note that this ansatz for Fg.p 1s more general than the one used in Eq. (4.4) of Ref. [402], since
we found that such an ansatz is needed for the RR force to satisfy the conditions in Eq. (6.11).

For the LO tail, we use the ansatz

al TV p’f )\
Jécliott T3 9 <)\1pr + )‘2p + )
i v p Dr A
Ethon = 3—‘2 (Mpi + Asp? + —6> : (6.32)
c3r r
while for the LO SO part,
Vzpr 2 2, 93 2 2, %6
Tsehon = B2 {Xl <Ulpr +o2p” + 7) + X2 <U4pr + os5p” + ?> } :
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V=Dr g o
ESQon = % {xl (72 + o0 + 22) + x2 (01002 + oap? + 22 } , (6.33)
and for the SS part,

V2 Py,
Jommott = 04—:11 [X% (¢ + Crps2Ca) + xax283 + X5 (G + CzEs2C5)] :

yQp
Egson = ) [ <C6pr +Gp° + CS) + x3Cgs2 (C{)pr + Cop” + Cu)
C14 9 C17
+ X1X2 C12P,« + C3p® + + X2 C15pr + Gep® + =

+ X%OQESQ (Q&PT + §19p + @)] (6.34)

The total energy and angular momentum Schott terms are the sum of the above contribu-

tions, i.e.

inst tail
J; Schott — =J Schott + J, Schott J Schott J Schott>

inst tail SS
E, Schott — E Schott T ESchott + ESchott + ESchott (635)

Note that when taking the time derivative of these Schott terms using the EOMs, the LO nonspin-

ning part contributes to the LO SO and SS parts of the RR force.

6.2.5 Solving for the eccentric-orbits RR force

Using the fluxes and the Schott terms, the RR force can be calculated from the balance
equations (6.12), which fix some of the unknowns in the ansatz for the Schott terms. The remain-
ing unknowns can be determined by requiring that the RR force satisfies the conditions (6.13) in

the circular-orbits limit.
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6.2.5.1 Leading order

At leading order, calculating the RR force with the ansatz in Eqgs. (6.31) and expanding in

Dy gives

1/2

Bs

r

Fr

1
= 5prr3 (p2 — ;) |:p2 (50{1 - 5/82 + 16) - 5

Requiring that the 1/p, term is zero, leads to the solution
1
ps =0, o = 3(532 — 16).

Expanding F.p,/(Fspr) — 1 in p, yields

522_1_9@@—8nﬂ—@wﬁ+%@+8&ﬁ
FyDr n 153502 + 3 (32 — 56,) /7

r

Requiring that the first term in that series expansion is zero gives the solution

16 128
15

With that solution, we obtain the LO RR force
7o 8 (1op - s0p2 — 2
o R 1 5T3 p¢ P pr r )

1612 11
FrO=— VpT —5p* + 12p2 + — ).
1513 r

This force satisfies the conditions in Eq. (6.13) for circular orbits since

128
LO __ LO 2 2 .
Fo =05 — 15,30V (207 — por)
F%ps _ 15p;
Fiop, 10p% — 39p2 — 22/r°
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+ O(p?).

(6.36)

(6.37)

(6.38)

(6.39)

(6.40)
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6.2.5.2 1PN

Following the same steps as above, we obtain the following solution for the unknowns at

1PN:

1 1
Bs = 75 (371 — 1505 +268v),  ap = o= (3565 + 108y — 22),

15
By = —2 (10503 — 1760v + 1743) 3 32 (4v — 1)
= — 0 — v [ v —
6= 315 09 ’ TV )
2 893 29241
- (4 =2 i 42
B7 a3+35( v+ 93), o o1 o3 + 105 (6.42)

with 3 arbitrary coefficients out of 9 coefficients at that order. To simplify the resulting expres-
sions for the RR force, we choose to set all arbitrary coefficients to zero, i.e. a3 = 84 = 5 = 0,

which yields the following 1PN contribution to the RR force:

2
F™N = Tee [18(41/ +93)p;p® — 6(4v + 93)p" + 180(7v — 5)p;

~105¢2r3
2 2 1684 6213
+ (97800 + 19198)2F — (484 + 3833) + %] ,
r r T
e 180(7v — 5)p* — 6(4v + 93)p* + 4(691v + 3958)1)—2
" 105¢2r3 " r
2 1684 6213
—198(6v — 13)p2p* — (484v + 3833) 2 4 %] . (6.43)
T T
6.2.5.3 LO tail
Solving for the unknowns at the LO tail contribution leads to the solution
334 128 334
2 15 9 3 5 ) 4 15 + 1,
334 128
N = 22 N = =2 6.44
5 15 ) 6 5 ) ( )
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with either \; or \4 arbitrary. Choosing A\; = 0, the tail contribution to the RR forces becomes

g _ TV (334pT TI8T  334p"pl  308p; +49p§§
¢ T 32\ 15 15r2 5r 1502 ' 225 )7

il _ T pyp, (334p? B ﬁ B 7034p? B 718 (6.45)
r c3rd 157 18 457 1572 '
6.2.5.4 LO spin-orbit
At LO SO, we obtain the solution
1
o5 = 5 (=360 — 32v + 15017 + 36),
1
O = B (—68(5 —40v + 150’12 + 68) 3
1
02 = 12 (366 — 32v + 1505 + 36) ,
1
03 = ¢ (686 — 40v + 1509 + 68)
_ 8 (40 + 3v —4)
012 = 15 )
8
09 — —E(45 —3v+ 4),
1
04 = B (—65 + 44v + ]_50'10 + 6) s
1
o= 1—5(65+44V+1507+6),
2
011 = —1—5(95 + 22v — 9),
2

where either o or o7 is arbitrary, and either o4 or oy is arbitrary. Choosing o7 = 019 = 0, we

obtain
212 4 4 P2
F¥ = —=x1|p'(22v — 96 — 9) + 5(3 + 3 + 16v)p; + (66v — 235 — 23)—~
15¢37r3 r
2
(179 + 1795 — 1460) 5 1+ 6(9 + 95 — 220)p%p?| +1 5 2. (6.47)
r
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2 2p,ps  [1796 — 1460 + 179
Fo = Zhle = (220 - 95— 9)p? — 5(3 436 + Lov)p2| + 145 2.

(6.48)

6.2.5.5 2PN no spin

At 2PN, we obtain

463v%  1909v 922

% =Ms = 3=~ 315 T3
2815 106002  12116v 347236
b5 = — + — — ,
3 189 189 2835
527612 109609v 9175
b6 = — P17 — Pis — 315 630 + 378
4 2617 2Bis . 24417 124660 28204
= Oé — J— J— —
M=ty 3 45 135 2835

6400*  416v 2608

bo=—""T50 " 35 "9’
501802 105491y 52223
as = =P = s = ==~ —5z + 300
92,2 309» 10019
0410:518— 9 - 5 - 315
2
o — G 787V . 1290(;y . 51721617 6.49)

with 8 arbitrary coefficients out of 16. Choosing a5 = a7 = 19 = [11 = P12 = b3 = b7 =

B1g = 0 yields

PN _
Fy o =

v2py [ (527612 n 109609v 91751 ¢ 1519 996412 _100847v p_4
315 630 378 54 315 630 r

(35121/2 4234y 3355)]92 <9175 52761 1096091/) 4.9
r2

cr3

315 45 ' a1 126 105 210 )PP

104206 1512102 254732\ p2p* (52 1527 3100\
+( 945 105 315 ) r +(?_T_ 9 )pr
18502 2171u 269\ , , (4112 2782 344 p!
+( _E)prp+(35_ 15 +35>7
+( 16041/ 20540 8803) P (81/2 L9728y 190244) 1 } 650
7 21 15 315 2835 ) 13 '
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xR0y (527607 100609y 9175\ 5 (1519  9964v% 100847y
F = + —_ _ _
T @\ 315 630 378 54 315 630
3120 4234y 3355\ pP (9718 21200 350537Tv
315 15 21 )12 126 15 630 )PP
L (26459 17451/ 90T\ pp? (52 1527 8100
945 315 - 3 9 g )Pr
203 14Ty 1361\, (41612 180407 286480 pf
n - - n Pr
21 21 63 315 15 315 ) 1
| (345287 481624 18761 + Sy 0728y 190244 1 651)
045 045 15 15 " 315 2835 )3 [

6.2.5.6 LO spin-spin

At LO SS, we obtain the unique solution

1
G =55 [0(73 — 1280) + 12807 — 274v + 73],

—v(64r — 261),

42
G2 = —3(5— v+ 1)7 (3= 15

1
G=35 [6(128v — 73) + 128v% — 274w + 73],
42
G = €<5+2V - 1)7
74

==

7 (F200 46427 —dv 4 1),

1

(= o [6(43 — 80v) + 80v* — 166v + 43] ,
C8:O7 C9:2(5—2l/+1),

Cio = —6(6 —2v + 1), G =0,

T v O (40w~ 63)

Gz = 17

74
C14:0, C15——E [5(2V—1)+2V2—4V+1] s

1
G = 15 [6(80r — 43) + 801 — 166w + 43] |

Gi7 =0, Gs = —2(6 +2v - 1),
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Clg =6(0+2v — 1), G20 = 0. (6.52)

With that solution, we get

FS = Vs {X% [24)(12011552 <15p2 — 90p; — §>
c'r r
+ (3616 — 63208 + 63202 — 13541 + 361) p?
+ (40006 — 2096 — 4000* + 818v — 209) p?
+ (3550 — 70416 + T04v* — 1414w + 355) ﬂ

704y — 1182
r

+ Ux1X2 {(378 — 4000)p? + (6320 — 2250)p? + +16 2}, (6.53)

2p, 49

F5S = %{ﬁ [24X1201E32 <15p2 — 55p? — 7)
+ (3010 — 5120v + 5120 — 1114w + 301) p;
+ (40006 — 2096 — 4000° + 818v — 209) p

1
+ (3550 — 7046w + 704v* — 1414w + 355) —}
.

4y — 1182
+ vx1xz | (378 — 400v)p? + (5121 — 1410)p? + 70”%] +1« 2}. (6.54)

6.2.6 Factorizing the RR force into circular and noncircular parts
The total RR force is the sum of the contributions calculated in the previous section, i.e.,

JT_'¢ — F(IgO + .F(;PN + .F;PN 4 .F(;aﬂ + JT_'(§O _‘_‘FSS’

Fo=F0+ RN+ BN R RO+ R (6.55)

We have checked that our gauge-dependent RR force agrees with that in Refs. [167, 168, 402]

by using the balance equations. Denoting the RR force from those references by (F,, F,) with
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corresponding Schott terms ( Eschott, Jschott)» EGs. (6.7) lead to

rF, + 5-7:} + ESchott =7rF + ¢f¢ + Fschots

Ty + Jsehow = Fis + Jschor. (6.56)

Then, by writing an ansatz for (ESchotta jsma) with unknown coefficients, we checked that a
solution exists, implying that (F,, F4) and (F,., F,) are related via a coordinate transformation.
To implement our results in the SEOBNRv4HM model, we factorize the RR force into a

quasi-circular part times eccentric corrections as in Egs. (6.14) and (6.11), which read

]_—¢ _ fgc ;cc7 F. = fﬁc }'Tecc7

Y PYp
Ff=-—-1L F¥ = B2 6.57
(75 Q 9 r de) ) ( )

and for the quasi-circular part we use the unexpanded force used in SEOBNRv4HM, in which the

energy flux has the following PN expansion in terms of the orbital velocity vg = Q'/3:

P 32 2 128
—E = o) — 15 (9800 + 1247)0f + —5; v
4ol
+ @ [X1(12I/ — 116 — 11) + X2(121/ + 116 — 11)]
14 2
+ SggEaite (327600° + 1668781 — 44711)
2
+ 5?2)(124 [(32C kg2 + D)XTXT 4 62vx1x2 + (32Cses2 + 1)X3X5]. (6.58)

This leads to the eccentric part

e 29p2r —10p,r? + 12 [..]

o = . 2/3 . 53 T
12 (pr2 +1) Ar(pr?+1)

Tpir — 5p.rt + 6 [...]

6 (p,r2 +1)%° cAr(pr2+1)

ecc __
.=

Ry (6.59)

The full 2PN expressions are provided in the Supplemental Material to Ref. [5].
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In these eccentric corrections to the RR force, we used p, instead of p, because it improves
the agreement of our model with SEOBNRv4HM in the quasi-circular orbit limit, in which p, =
0 = p, leading to F7f = 1. However, having p, on the right-hand side of the EOM for p,
would complicate solving the system of differential equations (6.4). Therefore, when evolving
the EOMs, we simply replace p, in the RR force with the derivative of the Hamiltonian with
respect to r calculated numerically, i.e. p, — —8HEOB Jor.

SEOBNR waveform models use p,, (the conjugate momentum to the tortoise radial co-
ordinate r,) instead of p, since it improves stability of the EOMs near the EOB event hori-

zon [411, 582]. The two momenta are related by Eq. (J.3). In Appendix J, we also obtain Eq. (J.8)

for the transformation between p,. and p,., .

6.3 Initial conditions

Having determined the RR force that enters the EOMs, we need to specify the initial con-
ditions to be used in evolving the system of equations. In this section, we first review how the
initial conditions are implemented in SEOBNRv4HM for quasi-circular orbits [374, 381], and then

discuss a simple extension for eccentric orbits.

6.3.1 Initial conditions for quasi-circular orbits

Let us recapitulate the initial conditions for quasi-circular/spherical orbits in the SEOBNRv4HM
model as derived in Refs. [374, 381]. We start by specifying an initial orbital frequency €2, with

initial orbital phase ¢y = 0, and solve

oOH oH
[WL —0, {8_%] ~q, (6.60)
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for the initial values of r and p,, while neglecting RR, p, ~ 0. The initial condition for p, is then

obtained by solving

. [oH
[0 = {apr]o (6.61)

for p,, after calculating [r] using the result from adiabatic evolution [381]

E
dE /dr

: (6.62)

0

where F is the circular-orbits energy flux, and the derivative dF /dr = dH /dr can be determined

using the following equations for circular orbits:

oOH OH oOH
dH = —dr + —dp, + —dpy, 6.63
aTT+arp+8p¢P¢ (6.63)
oOH
pr=0, dp,=0, d (—) = 0. (6.64)
or
This leads to
d OH O*H  0*H dp,
———-=0= — 6.65
dr Or FIEI Ordpy dr’ (6.65)
which can be solved for dp,/dr to obtain
d 2H/or?
d __ O H[Or (6.66)

dr —  O*H/ordpy
Plugging that solution into dH /dr = (0H /Jp,)dps/dr yields the result in Eq. (4.14) of Ref. [374],

which reads

dH _ (OH/0p,)(0*H/0r?)

e~ H[ordp, (6.67)
and hence
OH| .. [ dBE  0*H/Ordpy
|:8p7":|0 =[lo = {_%(GH/apqs)((’)?H/arz) . (6.68)

The complete procedure to obtain the initial conditions for the orbital phase-space is now
as follows. Given 2, masses, and spins, we numerically solve the relations in Eq. (6.60) for
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the initial values 7 and pg,, choosing ¢9 = 0 and assuming p, =~ 0. Using these values, we

numerically solve Eq. (6.68) for the initial value p,.

6.3.2 Initial conditions for eccentric orbits

Since eccentricity is a gauge-dependent concept, we do not need to calculate accurate initial
conditions for eccentric orbits in a specific gauge. Instead, we can choose a measure for eccen-
tricity that can be adjusted to be as convenient as possible for numerical implementation. The
only strict requirement is that for zero eccentricity e = 0 one recovers the quasi-circular case.
Hence, we can start with very accurate initial conditions for quasi-circular orbits and perturb
them for eccentric orbits.

We choose to specify an initial orbital frequency €2y and an initial eccentricity eq using
the Keplerian parametrization 1/r = u,(1 4 ecos x). We also assume that the orbit starts with
¢o = 0 at periastron (x = 0), where p, = 0 in absence of RR, which simplifies calculating the
initial conditions for r and p,. An advantage of starting at periastron instead of apastron is that
the specified initial frequency is then the maximum orbital frequency (over the first orbit), and
can be used to estimate the frequency at which the binary enters a GW detector’s frequency band.

To obtain 7 and pg,,, we solve Eq. (6.60) with a nonzero p,, i.e.,
0H )
[8_:| = = [pr(p% 6)]0, |:_:| = QOa (669)
" 1o 0
with p, ~ 0, and [p,]o given as a 2PN expansion in terms of p, and e. For quasi-circular orbits,
these equations reduce exactly to Egs. (6.60) since p, o e.

To obtain the PN expansion for p, at periastron, we first invert the Hamiltonian at the

turning points ry = 1/(u,(1 £ €)) with p, = 0 and solve for the energy and angular momentum
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as functions of e and w,, which are given by Eqgs. (I.2). Then, we invert py(e,u,) to obtain
Eq. (I.3) for u,(py, €) and insert it into the PN expansion for p, = —0H/Or at periastron (r =
1/[u,(1 + e)]). This yields

1)2 1)?

60(604+ ) 60(602—; ) [eg<5 — 1) — deg + V_'_7]

Pgo 2c Pgo

N eoleo + 1)2 (3e2 — 2¢e¢ + 3)
203p;0

[pr]O =

|:(V —20 —2)x1 + (v +20 — 2))(2}

eo(eo + 1)

0<8004—ps) [31/2 — v+ 95 — 6eg (v° + 5v — 39) + 8eo(v — 25)
$0

+ €y (3v° — 17v + 55) + 8¢j (v — 7)}

1 2
LD 0 (36200 +9) X 4 (3 60 - 9) X]
0

+ vxix [§(5r + 3) — 260(3v +1) = 3v + 3] +1 2}, 6.70)

The initial condition can now be obtained in analogy to the quasi-circular case: given (),
eg, masses, and spins, we obtain 7, and pg, from Egs. (6.69) and (6.70) (assuming p, = 0), p.o
then follows from Eq. (6.68) as before, and ¢y = 0 by convention. We can keep using the circular-
orbits energy flux in Eq. (6.68), instead of replacing F with QQF, for eccentric orbits, because
the difference on the orbital dynamics is negligible since it involves p, (which at periastron is
numerically much smaller than r or py).

To assess the accuracy of the initial conditions for eccentric orbits, we compare the speci-
fied value for the eccentricity in the Keplerian parametrization with the value calculated from the
orbital frequency (or the frequency of the (2,2) mode) at periastron 2, and apastron §2,, which

is given by [632]

VAV
Q \/Q_p—f—\/Q_a,

and to calculate it, we follow the steps explained after Eq. (2.8) of Ref. [622]. Since we evaluate

(6.71)
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eq by evolving the binary over one orbit (including RR), it only holds approximately that €2, =~ €2,
in the quasi-circular case. That is, e does not vanish exactly for quasi-circular orbits, in contrast
to our ey. Table 6.1 shows the value of the eccentricity e, calculated from the orbital frequency
compared to the specified eccentricity ey, and we see good agreement between the two measures

of eccentricity.

Table 6.1: Nonspinning initial conditions given the parameters (eg, {2y, /), and the eccentricity
eq measured from the orbital frequency using Eq. (6.71). The initial frequency {2, was chosen to
give ~ 30 GW cycles between 7y and r = 5.

) Qo v To  DPg¢g Pro €Q
0.01 003 0.25]104 3.8 -0.0012 0.0087
02 0045 025] 81 3.7 -0.0024 0.19

07 0065 025] 6.7 4.0 -0.0033 0.69

0.2 0.058 0.1 6.8 3.6 -0.0011 0.20

6.4 Gravitational waveform modes

In this section, we obtain the 2PN waveform modes to 2PN order including LO tail effects,
and SO and SS couplings for aligned spins. The instantaneous nonspinning part of the modes
was derived for eccentric orbits in Refs. [151, 159] in harmonic coordinates and we convert their
results to EOB coordinates. For the LO tail part, we extend the results of Ref. [403] to O(e")
and to higher modes using the Keplerian parametrization, and then convert those results to an
expansion in p, and p,.. The spin contributions to the modes were derived to 2PN order for
circular orbits in Ref. [173], and here we derive them for eccentric orbits.

The GW spherical harmonic modes h‘™ are the expansion of the complex polarization
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waveform h = h, — ih, into spin-weighted s = —2 spherical harmonics Y“3*(0, ®) such that

00 0
hy —ihe =Y Y KMY(0,0). (6.72)

£=2 m=—{

The modes A" can be calculated directly from the radiative multipole moments via [158, 170,
225]

1 i
M= ———— U™ — Vi 6.73
\/§DLCZ+2 [ c ( )

where Dy is the luminosity distance of the source, and the radiative multipole moments are

related to the symmetric trace-free (STF) moments Uy, and V}, by

. 160 [(+1)(C+2)

. \im
T e+n\ 20 —1) ViU,
m —327 E(f—l— 2) —0m
V= (2e+1)n\/2(e+1)(e—1)yL Vi, (6.74)

where )¢™ is the complex conjugate of the STF tensors relating the unit vectors N, (y (which

point from the source to the detector) to the spherical harmonics basis Y™ (0, ®) such that

YO, D) = VIMN (O, @), (6.75)
47/ ¢ It
Nipy(©,9) = o > yryie,e), (6.76)
Y m=—t¢
_ 20 + _
_ ) 20 +
pemygm 2L+ DY zw') - (6.78)

and we can express the unit vector IV in terms of the angles © and ¢ as

N = sin O cos Pe, + sin O sin e, + cosOe,. (6.79)

For planar binaries, nonspinning or with aligned spins, it was shown in Ref. [158] that the modes
can be determined using the mass-type multipole moments for even ¢ 4+ m, or the current-type
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multipole moments for odd ¢ 4+ m, i.e.,

1
tm _ WUW? ¢ 4+ m even

L.C
pem — _mvm, ¢ +m odd. (6.80)

L

We define H“" such that
] .

W = - gL \/gemfﬂm, (6.81)

which makes the LO part of H??> = z for circular orbits. Note that different conventions for the
phase origin contribute a factor of (—:)™ to the modes [169].

In this paper, we compute the modes to 2PN order beyond the leading order of the (2, 2)
mode, which means we consider modes up to the / = 6, m = even modes. To 2PN order, the in-
stantaneous contributions to the radiative multipole moments coincide with the source multipole
moments. Including the hereditary terms that contribute to 2PN, the radiative multipole moments

are given by [159, 170, 225]

) 2M e (4) T 1
Uj = I 5 i dr I;’(t — 7)In (E) +0 (g) ,

G) 2M & (5) T 1
Uz]k Iljk—i_ 3 . drl k(t—T)ll'l (E) +O (g) 3

1
v, =J"4+0 (—) , (6.82)

where the constants b; are gauge parameters that will be eliminated via a phase shift as was
done in Ref. [225]. The source multipole moments for nonspinning binaries are given in, e.g.,
Refs. [159, 225], while the spin contributions to the source moments are given in Refs. [166, 173].
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6.4.1 Instantaneous nonspinning contributions

The instantaneous contributions to the modes for nonspinning binaries in eccentric orbits

were derived in Ref. [151] to 2PN, and in Ref. [159] to 3PN. The results of Ref. [159] are in

harmonic coordinates and in terms of the variables (r, ¢, 7, (;5). Hence, we can simply transform

their results from harmonic to EOB coordinates using the transformations in Appendix F. For the

(2,2) mode we obtain

- 1 /1 Popr 1 v 5) 3lv 157\ p?
H2 =2 (= 4 p* — 2p? Porr 0 (2 2 ) prg (22 - 20 )
it 2<r+p pprem ey \®m o w)P T s T )

Polr ((v 5\ o (2v 18531
L Km 14)p * < 7w
1 172 13 5\ 67102 13750 481\ p*
b e — ) P (- - +o— ) =
ot 336 336 48 1008~ 1008 ' 504) 7
12702 13550 5519\ p? (172 13v 5\ L,
- - - L + = | P
54 189 3024/ .2 " 168 " 168 24

N ( 6702 20v 659) pip? N < 4640%  2249v 811 ) p?

126 T 9 “504) 189 T 756 3024

n 1702 _2v 919 + 2051/ A n 9\ 1
18 36 1008 ) r 252 36 63

DrPo _17V 13v i p_ 4% 29v 6_7 p_2
L {( 168 168+24 . 21+28+56 r2
31/

n 523u2+12261/ 193 4 1251/ 787
378 189 126 504 ’

(6.83)

The expressions for the other modes that contribute to 2PN, i.e., up to ¢ = |m| = 6, are provided

as a Mathematica file in the Supplemental Material to Ref. [5]. Note that the (¢,0) modes are

zero for circular orbits but not for eccentric orbits. For example, the LO part of the (2,0) mode
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is given by

. 1 1 1
20 _ + (.2 1 -
H: = 7 ( r) +0 (02> , (6.84)

which is zero for circular orbits since p? = 1/r + .. ..

6.4.2 Hereditary contributions

The hereditary contributions to the modes can be calculated analytically in an eccentricity
expansion, as was done in Ref. [403] for the (2, 2) mode to O(e?), and in Ref. [161] for all modes
to 3PN order and to O(e%). The results of Ref. [161] use the quasi-Keplerian parametrization,
while here we use the Keplerian parametrization following the method developed in Ref. [403],
which is based on results from Refs. [156, 225, 633], to derive the leading order tail effects
that contribute to the modes up to 2PN order and to O(e®). (See Ref. [403] for a discussion of
the advantages of the Keplerian parametrization over the quasi-Keplerian parametrization.) We

finally convert the eccentricity-expanded tail contributions to an expansion in p, and p;..

6.4.2.1 Modes with even £ + m
The LO mass-type multipole moments are given by [156]
It = ,usz'ren<L>, (6.85)

where s, = X5 ' + (—1)*X{™", and the unit vectors n‘" are related to spherical harmonics via
Eq. (6.76), leading to

J4
"= " Viagrte ™, (6.86)

m=—/
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with the coefficients (for equatorial orbits)

Apsl! - /7
m=-———Ym(=,0). 6.87
n = gy e (5+0) (087

Decomposing the phase ¢ into an oscillatory part and a linearly growing part ¢ = ¢ +

wet + Ag, allows expressing the oscillatory part A¢, as a Fourier series expansion. Hence,

)4
I" = 3" Vi amJume ™, (6.88)

m=—/

with the functions Jy,, defined by

o0

k=—o00

where 1, and 14 are the radial and azimuthal angle variables associated with the frequencies

w, = dip, /dt and w, = dip,/dt. The coefficients Jy,,;, are given by

1 21 )
Jka - 5 d¢r elkwr Jém
2 Jo

Wy 2m dX '
= — —_r
2m Jo

2T
_ Wro 32 dx —imA¢y [ikir 6.90
27rup /0 (1+ecosx)€+2e o (020)

efzm¢>0 efzmAdn ezkwr

where, in the last line, we assume ¢, = 0. The function P denotes the conservative part of x and
is related to the radial angle v, via di, /dy = w,/P, with P = (1 + ecos x)?u3'* at LO (see
Ref. [403] for more details).

Thus, the Newtonian mass multipole moments can be expressed as

l 00
"= 3" > Viam e Frtmee), (6.91)

m=—{ k=—o0

where the azimuthal angle is related to the radial angle by ¢y = ¢ — A¢, with A¢p, = x — 1, at

LO. This allows us to write the LO tail contribution to the mass-type radiative moments as

. 2M [
U= =7 / ar IEP (=) (7).,
0
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2]\/[ ,

m=—{ k=—o0

where (),,,;, = mwy + kw, and

I(z) = /OOO dr ¢ In (%)

I . .
== [gsgn(x) +iln(|z]b) + WE] . (6.93)

The exponential e~ %" can be expressed in terms of x and e by integrating di), = w,dx/P, with

w, = (u, — e*u,)*?, leading to Eq. (3.41) of Ref. [403], which reads

k

V1 —e2 i
ik _ k= ( L+ VI—etee ) (6.94)
e+ (1+ V1 —e?)eix
Hence, the modes with ¢ = 2 and m even are given by
MCLQ
V2 m 7zm¢ imx —t(k+m)r
hit =5 k_zoo Jomp Qe ™Xe Z(Qr), (6.95)
while the modes with ¢ = 3 and m odd are given by
4v5Masg
pim — L M emime T2 XM () 6.96
tail 3\/_C8R Z 3mk? dmk ( ) ( )

To obtain analytical expressions for the modes, we expand the above equations in eccen-
tricity, where the infinite sum over £ can be stopped at the order of the expansion in e. The result
of that expansion is complicated, but we can perform a phase redefinition in the leading order
instantaneous part* of the form ¢ — ¢ + 2%/ 204, and absorb in d, all terms that are not propor-

3/2

tional to 7°/“. This modifies the phase at 4PN relative order, which we can ignore when working

“One first needs to express the leading order part in terms of the variables (e, x, ) instead of (7, p,., ps) using the
relations from Appendix I. For example, for the (2, 2) mode, we obtain

=8 [T e T e, _; ; e? o,
22 _ 2i¢ Z(e—ix ix Z_e2ix
hLO_c4 L,/5e o2 {1—}—4((3 + be )—|—2e .
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to 2PN order. (See Ref. [225] for more details.) The result for the (2, 2) mode to O(e%) is given

by
by 2T 116X 13eiX 5 T o
Héi?l:c—?)xf’/2[1+e( SR )+62<§e 2X+§e2x+4>
121e™X  143¢% 3 . 1 95 . 203, 5 . 65
3 7 a3 —2ix Ve 20 Y i e
+6( 32 T o pS TR >+e (16e LT T +8>
L (5RO 62BN 15 L 9816T 530
(& —C
8 768 | 64 1536 | 7680
175 . 1869 ,.  449e"X 315X 30247
6 219 —2ix 2ix _ 6.97
‘ (64e T3¢ 3840 23040 2304)]’ (637)

while for the (2,0) mode

mad/? ) ) ) ) ) , 1 ) 1 ..
HY = e(e™™X +e) e (e7?X +e¥X +2) +e® [ BeT™N 4 3N 4 —e N 4 —e¥X
2v/6¢3 4 4
29 29 i 9\ 5 (179 179N 125 . 125 4
+e (12 TR\ T T Tt Tt
805 o 805 i T T . 121
ix § S0z Lot _L_gix 4 220 | 6.98
e (192 192° "~ 960° 960 16 (6:98)

The (3, 3) mode is given by

. 9imd ATe X 19eix 61 , 91 155
H33 1 2 (T~ —2ix 22)(
il = 44\/14 [+e( o7 9 )+€ 5 TS T
691e—Z>< | BI85t et
108 108 108
—43 41
32 2ix + 22X oe” X n 115e™x 4 3139
144 1728 ' 216

5036’”‘ 61361X+35e’3i>< 3095e%x 45765"’“)

36 36 1728 25020
131 _,,  150503¢%X 5 _, 151 ,  4le%X 219
6 —2ix L Tty TE T i — 6.99
‘ (18e 3824 a8° TR0 20736 8 ” (6:59)

and the (3, 1) mode

~ o’ . , 27 .. 5 ..
HS} — Z7T— |:1 Te ezx - 9e—1x + 62 (__e—QzX o _esz o 15)
w12y 14t ( ) 2 4
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AT o 19e% 25 g 4 s
1 2 1 3

(S B 1T0)

2 24 16 192 32
10141, 286Te™ 75 L 620 5 T a
96 96 1 192 960

142003¢ %X 2065 ,, 45 _, 239 . 375X 16343
— — R — — etix -
1536 256 16 240 23040 144

(6.100)

We checked that our results agree with those of Ref. [161] after converting between the quasi-
Keplerian and Keplerian parametrization, and performing a phase shift.
To express the modes in terms of (7, p,, ps) instead of (x, e, x), we use the following leading

order relations:

1
pr = ey/u,sin x, — =u,(l+ecosy), r=u,(l—e*). (6.101)
r

As explained above, it is advantageous to replace p;, with p, using p, = (p} — r)/r° and expand

in both p, and p, (since p, and p, are both of order e) to obtain

2 | p 1Dy 7 7 p3 7
22 re T
thll C3 {T3 + Ar2 + |:32p¢>prp7” 96p¢ pr + <96 32 p?’pr

+ _3?g¢r5pf ];¢ rPpip; + %f +i (éprpr - %prpr> }
+ :33814% Py — 1731];“’2%72575" - 1;2%7”417?1?? +i (ggg i 348947’319315? %)]
+ Wﬁ’;;ﬁ - 1—16p¢r6p3pf 3481% pipi + %

+i ( 6147“ pep) + —13712?22]9’% - %7‘2]9?257«) }

T | pepr 3 4.4 1 . 7 PoDr
H = \/—03{ O — peri} + [Zp¢r3p§ - ;lmpfpr} + { DL Gl

1B 4o 11

9D s
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139 11 3 F3phn2 p¢p76~
+[320p¢TpT oD PP T P P — | (o

. 9irs [15 (1 [23p,  10ipyp,] 292 25 25 _
33 — _ ) r r| _ “Pr . 3,
il = " ger 14{7«3 * {2% T oms | ame T | agaterPe — pgpten P
_ 25r°p; ETQ 22 25p;
1728 288 TPr T 1728y
{. <1O9p¢'r5prpi‘f I 41p¢p§) R N i 1577’1?3@]
1

2592 1296 12960r
[2845r3p§p3 15617998 775r%p2pt  653p8

25920 1296 5184

41472 207360 13824 69120
N (4211p¢7’p§pr 2173pyr pd 307p¢r4p§p§) ] }

103680 103680 3456

73 r

A8 _ i 1 10tpyp,  1lp, 11ipypypyr n 13p? n 11rp?
@l 19 /14¢4 2r 4r? 4

r 3 2,
. -2 PeDy % 33 D:-Dr
+ _@ <6p¢rprpr 2 > + 127“ D, 5 }

/45 . 61 o o) 269 50 3T 0 63p!
(16p¢p’“pr 167? prp’") 192" Pr 3" PP T Gy

643 101 83 3 L., 379p¢p§)]

_|_

5
75 423
0" Br " Prb g Pebe T (32 rpebr = ggPer Pp e

BIT 5 40 5039°P0 289 ¢,y  297pf

768" PP T 11520 768" PPt T 180

151 4 4. 4267pyrppd 271
202 _ 2201PsT Prbr RERY 6.102
e (576p rpipy 030+ gapPerPP (6.102)

where terms in each square bracket are the same order in eccentricity.

6.4.2.2 Modes with odd ¢ + m

The Newtonian order current quadrupole moment is given by [156]

J9 = —§ur’nguend) = —drpy élin?, (6.103)
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él i i i z-direction. esyn?) can be expressed in terms of )2,
where €, is the unit vector in the z-direction. The term < 51

as was done in Ref. [189], by defining the complex vector

("= e + ey, (6.104)
which leads to
i __\/>< (6.105)
Since, for equatorial orbits, 7' = cos ¢ &, + sin ¢ &}, and \' = —sin ¢ €, + cos ¢ €, we obtain
n' + i\ = e ¢t (6.106)

Hence,

clnd =Re[eelc?] = —2/ TeRe [e 0]

e YR + V) . (6.107)

Since V;; is contracted with ;)71‘;’” in Eq. (6.74), and ymy” = 0, only the term with )2 in the

above equation contributes to the modes. Thus, we only need to consider the following part of

J9 = u(s,/ Vipsre ™ 4 ... (6.108)

Then, we follow the same steps as in the previous subsection. Decomposing the phase into

the current quadrupole

¢ = wyt + A¢ leads to
JU = ,ucﬂ/ y21p¢e_ Yo Iy 4., (6.109)
with

JH = re*iM) = Z JllkeiikwT, (61 10)

k=—00
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and

1 27 )
Juk = —/ di, JnezWT
2 Jo

2

W dx —iAg ik

= e 2P, (6.111)
2muy? /0 (1 +ecosx)?

Thus, the current quadrupole source moment can be expressed as
i 27 i = —i
9= o e Vstpe Y Jue T 4 (6.112)
k=—oc0

and the current quadrupole radiative moment

Wl 2Mpd 2w - i
i — . ﬁyﬁ%k; JieQh x e ket (), (6.113)

leading to the (2, 1) mode

160 [m0M _, o
ht2a1il = ?\/;ﬁe ¢p¢ kz_oo Jlleilke Xxe (k+1)er(Q1k)7 (6.114)

with p, = 1/,/u, = \/(1 — €?)/z. Expanding in eccentricity yields

72 = gﬁ {1 +e(3e7X 4 eX) + € (3e‘2i>< + }le%x + 6)
+ ¢ (45Z_ix + de™ + Ze?’ix + ée?’i")
+ 64 (geﬂx 4 ge%x 4 %GMX + %GMX 4 %)
. <237§gix n 865;“ n ?6—37:)( 4 %esix _ %7()65“)

which is in agreement with the results of Ref. [161]. In terms of (r, p,., py, P, ), We obtain

Cdpep} 1
612 12

r r3

_ L 3.3 1. o
3 2r 4r2+47"p’“1+{ " T b

o _ im0 | 1 [pe 2ipepe] | [ipebepr D
@il = 34 + T Ty T2
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- g T g W %ﬂ } (6.116)

6.4.3 Aligned-spin contributions

The spin contributions to the modes were derived for circular orbits in Refs. [169, 173, 180].
To derive the spin part of the modes to 2PN for eccentric orbits, we use the source moments
from Refs. [166, 173], which are in harmonic coordinates and in terms of the covariant SSC.
Differentiating the source moments to obtain the radiative moments (6.82), and plugging them
into Eq. (6.73), we obtain the modes listed in Appendix H. Transforming from harmonic to EOB
coordinates, and from the covariant to the NW SSC using the transformations in Appendix F, we

obtain the following spin contributions to the modes:

2 L[ xa )
22 _
Hg = — {127"3 [(60 + v+ 6)py + 2i(30 — v + 3)rp,]
X2 .
+ 12,3 [(=60 + v+ 6)py — 2i(30 + v — B)Tpr]]

1
+ Ache3 {X% [301ES2X12 - X (2p27’ + 1)] +x3 [3CZESQX22 - X} (2]927’ X 1)}

— 2Ux1X2 (1/ -3+ 2yp27“) },

] i X1
prlm = 102,72 [—(14)x1+ (1 —3d)xa] + Shci2 [ (4305 — 426 + 153v — 42)

+ PP (35(20 + 49) — 104y + 147) + Sp2(3(38v + 105) + Tdv + 105)
.

+ §(635 3806 — Tdv + 63)]
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The circular-orbit limit of these modes, when expressed in terms of the orbital frequency, agrees

with the results of Refs. [173, 180]. The spin contributions to the (2,2), (2,1), and (3, 3) modes

for eccentric orbits were calculated in Ref. [628]; however, we find a small disagreement with
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their results for the SO part. >

6.4.4 Factorized modes

The quasi-circular waveform modes used in SEOBNRv4HM are factorized as follows [386,
398, 412, 413]:

thc hN qCSqC ch 10¢m f€m7 (6.118)

where heN’ is the Newtonian part of the mode, Sa i 18 an effective source term given by

. Hegr(vq) { + m even

Seir = : (6.119)
Letr = va pe(va) ¢+ m odd

T,° resums the infinite number of “leading logarithms” entering the tail effects, d,,, contains the

part of the tail not included in 7,% , and f,, contains PN corrections such that the expansion of

hy% agrees with the known PN expansion of the modes. See Refs. [398, 413] for more details

and for expressions of these terms.

We include the eccentric corrections in the factorized modes as follows:

A

hio = Serr(1 + Ty ) fis*,

h}; hN qCSeff(Tgfl + ecc) z&zm( + fecc) (6.120)

SThe difference between the modes in Ref. [628] (denoted with a bar) and the modes in Eq. (6.117) (with Cypg2 =
Cogg2 = 1) is given by
iwpy
pr%n Hst?n = 20372 (Xl + X2)7

zéup
pr}n H52p}n = Gt ; (rpT + Zp¢) (Xl + X2)

2 féypr .
Hs3p?1’n - Hs:;?‘;n = m (17pg + 5irp;) (X1 + X2) »

which is likely due to the coordinate/SSC transformations detailed in Appendix F.

296



where the effective source term is given by

~

. Hege(r, prypy) £+ meven
Sett = : (6.121)

~

Letr = vapy ¢+ m odd

T~ contains the eccentric corrections to the hereditary contributions, g, is the same as in the

ecc
Im

quasi-circular case, and contains the eccentric corrections to the instantaneous contributions
(both spinning and nonspinning, including the Newtonian part). For example, for the leading

order of the (2, 2) mode, we obtain

1

. . 1/3 . .
5= s s |2 e =2 (e ) P 2ip /P |+ (6.122)

For the tail part, we simplified the results of Sec. 6.4.2 and eliminated the gauge param-
eter by using a phase shift, which led to the circular part of the tail contribution to the (2, 2)
mode simply being 27vg,; however, this phase redefinition is not done in SEOBNRv4HM, and the
corresponding expression reads v, (27 + 124 log (2evq) — 17i/3 + 12iyg/3). Therefore, when
including the eccentric corrections in 7}°, we assume that the phase redefinition was done only
for the eccentric part and keep using the same circular part as in SEOBNRv4HM. In addition, since
we expanded the tail part in eccentricity to O(e%), when factorizing the modes as in Eq. (6.120)
and writing the quasi-circular part in terms of frequency, we reexpand 7;°° in eccentricity (or p,

and p,.). For example, for the (2,2) mode, we obtain
7T . . .
Tgt = = [4r°7pe +ipy (1D, + 6) + 2v/rp] + O(p))] (6.123)

The full expressions for 775 and f;<° are provided in the Supplemental Material [? ].
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6.5 Conclusions

Extending the waveform models used today in GW astronomy from quasi-circular to ec-
centric orbits is important for future observations with LIGO, Virgo and KAGRA detectors [? ],
and with new facilities on the ground (Cosmic Explorer and Einstein Telescope), and in space
(LISA). In fact, sources with non-negligible eccentricity might come into reach of observations
soon and should routinely be included in searches and parameter inference. While this presents
a challenge for waveform modeling and data analysis, it also offers the unique opportunity to un-
veil the formation channels of compact binaries and probe their environment (through eccentricity
measurements). In this paper, we constructed an EOB waveform model for eccentric binaries.
For this purpose, we obtained analytical results for the RR force and waveform modes to 2PN
order, including the leading-order tail effects, and SO and SS couplings for aligned spins.

In particular, we first derived the RR force for eccentric orbits in PN expanded form, and
then we recast it in a form that it can be directly incorporated in the quasi-circular RR force em-
ployed in the SEOBNRv4HM [397, 398] model, currently used in LIGO/Virgo analyses [14]. We
then obtained initial conditions for the binary evolution which generalize those from Ref. [374] to
eccentric orbits, and which allow starting the binary’s evolution from a specified initial frequency
at periastron and an initial eccentricity (in the Keplerian parametrization). We also calculated all
the waveform modes that contribute up to 2PN order relative to the leading order of the (2, 2)
mode. It should be noted that the (¢, 0) modes are proportional to the eccentricity and are hence
important for eccentric orbits, especially the (2,0) mode since it starts at the same PN order as
the (2,2) mode. Also the gravitational modes were rewritten in a factorized form to be straight-

forwardly implemented in the SEOBNRv4HM model.
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Our results for the RR force and modes are valid for moderate to high eccentricities during
the inspiral phase, since we do not use an eccentricity expansion except for the tail part, which
is known analytically as an infinite series expansion. We provided expressions for the tail part in
an expansion to O(e%), but we checked that expanding to O(e'?) produces negligible difference
on the waveform even for high eccentricities (< 0.9). If results for e close to 1 are needed, one
could calculate the series expansion for the tail part numerically, or use analytical resummation
methods as was done in Refs. [160, 613].
We are currently incorporating the eccentric RR force and gravitational modes of this paper
in the inspiral-merger-ringdown quasi-circular—orbit SEOBNRv 4 HM waveform model (SEOBNRv4EHM [?
]) and validating it against NR simulations with eccentricity. We leave to future work the exten-

sion of the model to higher PN orders and the inclusion of spin precession.
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Chapter 7: Energetics and scattering of gravitational two-body systems at fourth

post-Minkowskian order

Authors': Mohammed Khalil, Alessandra Buonanno, Jan Steinhoff, Justin Vines

Abstract: Upcoming observational runs of the LIGO-Virgo-KAGRA collaboration, and
future gravitational-wave (GW) detectors on the ground and in space, require waveform mod-
els more accurate than currently available. High-precision waveform models can be developed
by improving the analytical description of compact binary dynamics and completing it with
numerical-relativity (NR) information. Here, we assess the accuracy of the recent results for
the fourth post-Minkowskian (PM) conservative dynamics through comparisons with NR simu-
lations for the circular-orbit binding energy and for the scattering angle. We obtain that the 4PM
dynamics gives better agreement with NR than the 3PM dynamics, and that while the 4PM ap-
proximation gives comparable results to the third post-Newtonian (PN) approximation for bound
orbits, it performs better for scattering encounters. Furthermore, we incorporate the 4PM results
in effective-one-body (EOB) Hamiltonians, which improves the disagreement with NR over the
4PM-expanded Hamiltonian from ~ 40% to ~ 10%, or ~ 3% depending on the EOB gauge, for
an equal-mass binary, two GW cycles before merger. Finally, we derive a 4PN-EOB Hamilto-

nian for hyperbolic orbits, and compare its predictions for the scattering angle to NR, and to the

'Originally published as Phys. Rev. D 106, no.2, 024042 (2022)
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Figure 7.1: The left panel shows the region of applicability of NR and the PN, PM,
and GSF approximations for small eccentricity e ~ 0, in which case the PN and
PM approximations overlap. The right panel shows the range in eccentricity for
which each approximation is applicable for comparable masses ¢ ~ 1. The PM
approximation is more accurate than the PN approximation for scattering encounters
at large velocities, or equivalently large eccentricities at fixed periastron distance.

scattering angle of a 4PN-EOB Hamiltonian computed for elliptic orbits.

7.1 Introduction

Gravitational-wave (GW) observations [12—15] have improved our understanding of com-
pact binaries, composed of black holes and/or neutron stars, their properties, and their astro-
physical formation channels [18-20]. Searching for GW signals and estimating their parameters
require accurate waveform models or templates. Since numerical-relativity (NR) simulations are
computationally expensive, analytical approximation methods become essential for producing

such waveforms.
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The post-Newtonian (PN) approximation is valid for slow motion, v?/c?> < 1, and weak
gravitational potential, GM /rc¢* < 1, making it most applicable for binaries in bound orbits
where v?/c* ~ GM /rc?, which are the main sources observed by ground-based GW detectors,
such as LIGO, Virgo and KAGRA [517, 518, 634]; for reviews, see Refs. [129-134].

Similarly, the post-Minkowskian (PM) approximation is a weak-field expansion, but places
no restriction on the magnitude of velocities. Next to entirely classical approaches to the PM
approximation [228, 229, 232, 233, 236, 237, 251-253], recent progress is pioneered by methods
starting out from (quantum) scattering amplitudes [11, 238—-250]. In addition, manifestly classical
methods that make use of quantum-field-theory techniques show great promise for advancing
the PM approximation, namely effective field theory [254-259] and worldline quantum field
theory [260, 261] approaches. The PM approximation has also been applied to spin [262-275,
556, 635-639], tidal [277-284] and radiative effects [285-298, 640].

The PM expansion encompasses the PN expansion, such that the (n + 1)PM order includes
all the information up to the nPN order, making it potentially more accurate. Binaries in bound
orbits can reach velocities on the order of 0.4 or larger when spiraling over the last orbits before
merger. This means that the relativistic corrections become more and more important in the last
stages of the inspiral and plunge. Thus, we might expect that at some high PM order, the PM
expansion may start to become more accurate than the PN expansion. Furthermore, scattering
encounters on hyperbolic trajectories can reach high velocities, for which the PM approximation
becomes more relevant. The gravitational self-force (GSF) approximation [302, 303, 309, 315,
318, 320, 326, 332, 333, 336, 567, 568, 641] expands the Einstein’s equations in power of the
binary’s mass ratio my/m; < 1. It is thus valid for any velocity and is not restricted to the
weak fields. Figure 7.1 illustrates the regions of parameter space in which the PN, PM and GSF
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approximations are (roughly) applicable when generic orbits are considered.

Detecting GW bursts from hyperbolic encounters would have important implications on
our understanding of dense stellar environments and the merger rate of compact objects formed
through this astrophysical channel. Currently, there does not seem to be a consensus in the lit-
erature [459-465] on the event rate for scattering encounters, due to the high uncertainty in the
astrophysical models; the expected event rates vary between 0.001 to 0.39 per year for upcom-
ing LIGO-Virgo-KAGRA runs, depending on the model [465], with higher rates expected for
future detectors. Gravitational waves from hyperbolic encounters would be expected at higher
rates in the LIGO-Virgo-KAGRA frequency band if a large population of primordial black holes
exists in dense stellar clusters, as was proposed in Refs. [642-645] based on some inflationary
models. Other GW sources that could reach highly-relativistic velocities are binaries in galactic
nuclei, where dynamical capture and three-body interactions can drive binaries to high eccentric-
ities [445, 448, 450, 454, 455, 461, 646-651].

Most studies of hyperbolic and parabolic encounters use the PN approximation, for both the
dynamics [402, 427, 565, 575] and the GW energy spectrum [462, 652-655]. The effective-one-
body (EOB) formalism [380, 381] has also been applied to scattering, as in Refs. [10, 404, 466,
656-658]. EOB waveform models improve the inspiral-merger-ringdown waveforms by combin-
ing test-body, PN, black-hole perturbation, and NR results. PM results have been incorporated in
EOB Hamiltonians in Refs. [236, 237, 405, 406].

In this paper, we study the results of Refs. [246, 247, 258, 259] for the 4PM conservative
dynamics, both the “vanilla” 4PM Hamiltonians and the EOB Hamiltonians constructed with
4PM conservative information. Generally, the waveform models are evaluated on the two-body

dynamics, which is derived from the Hamiltonian and the radiation-reaction (RR) force. The
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Hamiltonian describes the conservative dynamics, while the RR force accounts for the energy and
angular momentum losses due to GWs, and it is included in the right-hand side of the Hamilton
equations. Since the RR force has not been computed in PM theory at sufficiently high PM
order, in this paper, we restrict our study to the conservative sector, and therefore focus on the
Hamiltonian. As shown in Refs. [408, 434, 435], a good diagnostic to assess the accuracy of
models for the conservative dynamics is to compare the binding energy from the Hamiltonians
and NR. The latter contains both conservative and dissipative effects. When augmenting the
models’ dynamics with RR effects, the binding energy can change (e.g., see Fig. 6 in Ref. [405]).
However, it is still very informative to perform studies that compare to NR only the conservative
dynamics at various orders of the perturbative expansion, and also develop different flavors of
Hamiltonians, and explore their closeness to NR. Eventually, when RR effects in PM theory
become available, one will be able to identify the most suitable model for the full dynamics that
best represent the NR results. Quite interestingly, in the case of the scattering angle, for which
we can add the RR effects to the models’ predictions, we show that the radiative contribution is
much smaller than the conservative one (see Fig. 7.6 below).

The paper is structured as follows. In Sec. 7.2 and Sec. 7.3, we summarize the 4PM results
and incorporate them in EOB Hamiltonians. Then, in Sec. 7.4, we compare the circular-orbit
binding energies with NR, while in Sec. 7.5, we compare the scattering angles. We conclude in

Sec. 3.6, and write in Appendices K and L the expressions for the PN and EOB Hamiltonians.

Notation

We adopt units in which the speed of light ¢ = 1.
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For a binary with masses m, and my, with m; > msy, we define the following quantities:

mimes
M

M=mi+my, p= v=

el
M 7
From the total energy £, we define the binding energy:

E—-—M

E ,
1

and the effective energy F. through the EOB energy map [380]

E:M\/1+2y (Eeff—1).
W

We also introduce the following quantities:

2 2 2
Eegr  E*—mj—m;

7= W 2mima
E
FEM:\/l—i-QV(fy—l),

where 7 is related to the asymptotic relative velocity v by

Ve !

vV=E+Y——, or

vy 7_\/1—1)2'

q

=M (7.1)
ma

(7.2)

(7.3)

(7.4)

(7.5)

When dealing with PN expansions, it is convenient to define the dimensionless energy variable

e=~%—1=~%"2%

(7.6)

The orbital angular momentum is denoted L, and is related to the relative position R, radial

momentum Pp, and total linear momentum P via

L?
2 2
Pr=Fet g

2Note that € used here is denoted pgo in Refs. [91, 247].
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We use Hyy, to denote a Hamiltonian with PM or PN information that is valid for un-
bound/hyperbolic motion, and use H,); for a Hamiltonian valid for bound/elliptic orbits. A Hamil-
tonian written without a ‘hyp’ or ‘ell’ subscript is valid for generic motion.

We often use the following dimensionless rescaled quantities:

.

Gl (7.8)

r

Il
IS
Il

i
3
Il

=
e~
~
.

7.2 PM-expanded scattering angle and Hamiltonian

The 4PM conservative dynamics (including tail effects) has been derived recently in Refs. [246,
247, 258, 259] for hyperbolic orbits in a large-eccentricity expansion. We note that this 4PM re-
sult agrees with the 6PN result of Refs. [92, 93, 286], and exhibits a simple mass dependence,
which is expected due to Lorentz invariance and dimensional analysis, as argued in Ref. [252].
The result of Refs. [246, 247, 258, 259] also agrees with the SPN result of Refs. [87, 88, 564],
except for a single term that does not have the expected mass dependence, and is proportional

to v2. 3

Furthermore, Ref. [259] argued that conservative memory terms are still missing at
4PM order. However, at the PM order we are working, there is no unique definition of the
conservative dynamics. In this paper, we follow the definition of the conservative dynamics of
Refs. [92, 93, 286], which implies that memory effects at 4PM order will appear in the dissipative
dynamics, and will be accounted for when they become available. Thus, here we assume that the

conservative-dynamics results in Refs. [246, 247, 258, 259] are complete.

The two-body dynamics can be conveniently encoded in the gauge-invariant radial action,

3The difference in the SPN conservative scattering angle between Refs. [91, 247] and [88], which is given by
Eq. (69) of the latter, is proportional to v?v®/L*. In all configurations considered in this paper, the velocities
reached by a binary system are typically < 0.5. As a consequence, such a difference has a very small effect in our
study — for example on the order of 10~ degrees for the range of parameters in Fig. 7.6.
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1., which at 4PM order can be written schematically as

G4M7 2P2 /~2 1
I:,}AIL%M = Ir3pm — 7T8E—LV3 M+ v <4M§1 In 77 + Mf + Miem) ] , (1.9

which includes the lower PM orders, with the 3PM part I, 3py valid for both bound and unbound
motion. The terms M are directly related to parts of the scattering amplitude; they are inde-
pendent of the masses, and are written in Eq. (3) of Ref. [247]. An expression for these terms
that is valid for generic orbits (bound and unbound) is difficult to derive and has not yet been
found. The physical reason is that the tail effects [183] starts to enter at 4PM order, which is a
nonlocal-in-time interaction depending on the entire history of the binary. Thus, it is different for
bound and unbound orbits.

The scattering angle, by which the two bodies are deflected in the center-of-mass frame, is a
gauge-invariant function that contains the same information as the radial action or the hyperbolic-
orbit Hamiltonian. It can be obtained from the derivative of the radial action with respect to the

angular momentum, that is,

oI
X= L

(7.10)

The 3PM and 4PM pieces of the conservative scattering angle have a logarithmic diver-
gence in the high-energy (massless) limit. However, that divergence at 3PM order was shown
to cancel with a corresponding divergence in the radiative contribution [285, 288, 289, 293, 294,
640], and it is expected that such divergence also cancels at 4PM order [286]. In this paper, we
only consider comparable-mass binaries, for which the singularity in the massless limit is irrele-
vant, and we demonstrate in Fig. 7.6 that the radiative contribution to the 3PM scattering angle is
negligible for the range of parameters we consider.

Reference [247] also derives a two-body Hamiltonian from the radial action, following the
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steps in Refs. [241, 299]. The 4PM Hamiltonian in isotropic gauge, and for hyperbolic orbits, is

given by

4

HBP = \/m%+P2+\/mg+P2+;%cn, (7.11)
where the c,-coefficients are given by Eqgs. (10) of Ref. [243] and Eq. (8) of Ref. [247]. Like
the radial action, the 3PM part of H,3¥ is valid for generic motion, but the 4PM piece is for
hyperbolic orbits. This Hamiltonian is determined in Ref. [247] from an ansatz that matches the
scattering angle that follows from the radial action / ?,Z%M’ which is determined from the scattering
amplitude.

To assess how close Hfgﬁ,[ is to a bound-orbit 4PM Hamiltonian, we complement /. j‘g& with
bound-orbit corrections A Hgpyypx» such that the nPN expansion of H b+ AH SPMapN) gives the
correct nPN Hamiltonian up to O(G*) for bound orbits in isotropic gauge. We obtain AH. ﬂ}M(nPN)
to 6PN order, as explained in Appendix K, since the 6PN Hamiltonian is fully known up to
O(G*) [92, 93]. In Sec. 7.4, we compare the binding energy calculated from these Hamiltonians

with NR, finding a small difference between Hi’gﬁ,{ and its bound-orbit corrections.

7.3 Effective-one-body Hamiltonians

In the case of nonspinning compact objects, the EOB formalism [380, 381] maps the binary
motion to that of a test mass in a deformed Schwarzschild background. The two-body Hamilto-

nian HEOB is related to an effective Hamiltonian H°T via the energy map

H,
HEOB — M\/l 12w ( L 1) : (7.12)
W

The effective metric is defined by

g datda” = —AdT? + BAR? + R? (d6 + sin 0d¢?) , (7.13)
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with the mass-shell condition [384]

0=giP.P,+ 1> +Q, (7.14)
leading to the effective Hamiltonian H.y = —F,
Pz I?
ijsz(u2+§R+§+Q). (7.15)

In the v — 0 limit, H. reduces to the Schwarzschild Hamiltonian for a test mass, which is given
by

HE = (1—2u) [1+ (1 —2u)p? + 1*u?]. (7.16)

To include higher PN information in an EOB Hamiltonian, we write an ansatz for the A, B
and () potentials in Eq. (7.15), perform a canonical transformation, then match HEOB to the
PN-expanded Hamiltonian. This procedure is explained in more detail in Appendix K. For PM
results, it is more convenient to calculate the gauge-invariant scattering angle from the ansatz
for OB, then match it to the PM-expanded scattering angle in Eq. (7.10). These calculations
will lead to the first derivation of 4PM-EOB Hamiltonians (and their nPN limits) for hyperbolic
orbits.

As an ansatz, we choose the B potential to be the same as in the Schwarzschild metric,
ie., B = 1/(1 — 2u), and include all the 4PM corrections into either () or A. When included
in (), we get a 4PM generalization of the post-Schwarzschild (PS) Hamiltonian considered in

Refs. [237, 405], which is given by
(HPS)2 = H2 + (1 — 2u) <UQQZPM + u’qspm + U’ qupm + A%N) , (7.17)

where ¢,pm can in general be any scalar function of the energy or the dynamical variables. In this
ansatz, we include a 4PN correction term A?PN as explained below.
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The other gauge we consider in this paper incorporates PM corrections in the A potential,

and reads
(ﬁeff,PS*)2 = (]_ —2u + U2a2pM + U3a3PM + U46L4PM + AfPN) [1 + (]. — 2u)pz + ZQUZ] s (718)

which is meant to more closely resemble, in the circular-orbit limit, the standard EOB gauge of
Refs. [80, 380, 384], which is often used in EOB waveform models for LIGO-Virgo-KAGRA
observations.

To determine the g,py and a,py coefficients, we calculate the scattering angle from the
Hamiltonian. To achieve this, we invert the Hamiltonian HE°B(I,r,p,) = E + 1/v to obtain

pr(E, 1, 1), then evaluate the integral

X = _2/ Mdr -, (719)
WOl

where 7 is the turning point obtained from the largest root of the unperturbed (1PM) radial
momentum pﬁo)(E ,I,7) = 0. To simplify evaluating this integral, we assume that a canonical
transformation has been performed such that ¢,py and a,,pv are functions only of the effective
energy F.g, which is constant. However, since ¢,py and a,pyv themselves define H., their de-
pendence on F.g should be understood perturbatively in the PM scheme. When working up to
3PM order, that energy can be taken to be the (1PM-accurate) Schwarzschild Hamiltonian H g
(see Refs. [237, 405] for more details). However, at 4PM order, we need to account for nonlinear
effects by using the 2PM effective energy, as explained in Appendix L.

Since the scattering angle is gauge invariant, matching y calculated from the EOB Hamil-
tonian to the PM-expanded scattering angle in Eq. (7.10) enables us to solve for the coefficients
dnpm () and a,pm(7y), where v = Feg/p. (See Appendix L for the expressions of these coeffi-
cients.).
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Table 7.1: Summary of the Hamiltonians considered in this paper.

Hamiltonian definition

H,px PN-expanded Hamiltonian to O(c=")

H,pm PM-expanded Hamiltonian to O(G")

H2P + AHZ}}M(”PN) 4PM hyperbolic-orbit Hamiltonian plus a bound-orbit correction up to
orders nPN and 4PM

Hepien PN-expanded Hamiltonian truncated at O(G*) in isotropic coordinates,
valid for bound orbits

Hsgl\lla PN-EOB Hamiltonian in the gauge used in Refs. [80, 380, 384]

HEOB.PS EOB Hamiltonian in Eq. (7.17), based on the PS gauge [237, 405]

FHEOB.PST EOB Hamiltonian in the gauge used in Eq. (7.18)

H flﬁ?’;j’;m 4PM-EOB Hamiltonian (for hyperbolic orbits) complemented with the

missing 4PN part (for bound orbits).

We also complement the 4PM EOB Hamiltonians above with the missing 4PN(5PM) piece.

This is done by writing an ansatz for Aypy, such that
5
AN = Z e + (aumu’e + aspu’) Inu + aggpeu’ Ine, (7.20)
n=2

where we use the PN expansion parameters v and ¢ = 72 — 1, each of one PN order. Then,
we perform a canonical transformation and match the result to the elliptic 4PN Hamiltonian of
Ref. [80]. Note that the In ¢ term is there to cancel a corresponding term that appears in the 4PM
hyperbolic-orbit Hamiltonian. The coefficients in Eq. (7.20) are written in Appendix L.

We summarize in Table 7.1 the different Hamiltonians considered in this paper.

7.4 Binding energy for circular orbits

The 4PM part of the Hamiltonian in Eq. (7.11) is valid in the large-eccentricity limit, which
means it is not consistent with the circular-orbit binding energy at 4PN and higher orders. How-
ever, we show that the tail contribution to that Hamiltonian has a small effect on the dynamics,

and so we use it to get an estimate for the 4PM contribution to the binding energy.
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7.4.1 PN-expanded binding energy

We start by comparing the PN-expanded binding energy calculated from a bound-orbit
Hamiltonian to the unbound case.

In Appendix K, we compute the bound-orbit 6PN Hamiltonian in isotropic coordinates, by
canonically transforming the EOB Hamiltonian of Refs. [92, 93]. We truncate that Hamiltonian

at 4PM, and calculate the binding energy, which at 4PN reads

Fisoel B () 4 27 11795 518, 42807172 7899659 . 10361n 2
\ = )+ 2| —=— —Vv——1Inzx —
4PN(@PM) 3PN 768 45 36864 34560 45
143572 122815\ 534103 77
V2 T ke L (7.21)
576 6912 3456 62208

where Espy(z) is given by Eq. (232) of Ref. [130], and z = (MQ)?/3, with 2 being the orbital
frequency. Note that the 4PN part of this result is not gauge-invariant, but is only valid for
isotropic coordinates. The reason is that PN-accurate coordinate transformations — for example
to isotropic coordinates — in general span several PM orders.
We find that the difference between the binding energy in Eq. (7.21) and the energy com-
puted from the hyperbolic-orbit Hamiltonian (7.11) at 4PN is given by
EleIEJNII(ZL%M) - Ezitsf?ﬁle(lz]tPM)

5| 37933 n 1036y  1138476081n2  14724991n3 n 136718751n 5
45 45 45 20 12

~ 14.94vz° (7.22)

where we see that the disagreement is in the non-logarithmic, linear-in-v coefficient of Eq. (7.21).
That coefficient is —112.96 in Ejpiipyy and is —98.01 in Ejgaiiyy,. with the difference being
14.94. (Note that the In z term in Eq. (7.21) is the same for bound and unbound orbits, as was
shown to all PN orders in Ref. [297].)
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Figure 7.2: Relative difference in the circular-orbit binding energy, computed ana-
lytically from an elliptic versus a hyperbolic-orbit Hamiltonian.

In Fig. 7.2, we plot the relative difference in the binding energy at different PN orders,
and for mass ratios ¢ = 1 and ¢ = 10, finding disagreement < 2%, which justifies applying the
hyperbolic 4PM result to bound orbits as we do below, since we find that the disagreement with

NR is larger than 2%.

7.4.2 Binding energy from PM-expanded Hamiltonians

To compute the binding energy for circular orbits from the PM-expanded Hamiltonian
in Eq. (7.11), we do so numerically by setting p, = 0 in the Hamiltonian and solving p, =
—0H /Or = 0 for the angular momentum [ at different orbital separations. We then plot £ =
I:Ian — 1/v versus the orbital frequency M2 = OH /Ol (see Ref. [405] for more details).

In Fig. 7.3, we compare the binding energy with NR data that were extracted in Ref. [438]
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Figure 7.3: Binding energy versus orbital frequency for the PM-expanded Hamilto-
nians compared to the NR prediction for a nonspinning equal-mass (left panel) and
mass-ratio ¢ = 10 (right panel) binary black hole. The top axis gives the number
of GW cycles before merger, which is twice the number of orbits. The lower panels
show the relative difference of the 4PM curves with NR.
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from numerical simulations produced by the Simulating eXtreme Spacetimes (SXS) collabora-
tion [41, 458]. In particular, we use the simulations with SXS ID 0180 for mass ratio ¢ = 1 and
ID 0303 for ¢ = 10, for which the numerical error is too small to show in the figure.

We see that the 4PM Hamiltonian gives much better agreement with NR toward merger
than Hamiltonians computed at lower PM orders. This is because the 4PM Hamiltonian contains
the full 3PN information, which is known to give considerably better results than 2PN. The
improvement at 4PM is even more significant for mass ratio ¢ = 10 than ¢ = 1, because the 3PN
coefficient in the binding energy increases significantly with increasing mass ratio. In addition, it
seems that H}3P is very close to what a bound-orbit 4PM Hamiltonian would be, as evidenced by
how close the curves Hyse; + AHSh 1 px)» computed at 4PN, SPN and 6PN orders, are to Hp.

For comparison, the figure also shows the 3PN EOB Hamiltonian in the gauge of Refs. [80,
380, 384], which gives better agreement with NR (also when considering different mass ratios)
because it includes the exact test-body limit, and the associated resummation of the PN results.
In the plots, we stop the numerical evaluation of the energy either at the innermost-stable circular
orbit (ISCO) or at two GW cycles (one orbit) before merger. We note that the EOB results on the
figures do not contain any NR information, and the gy effective metric contains PN terms in a

Taylor-expanded form.

7.4.3 Binding energy from PM-EOB Hamiltonians

Similarly, computing the binding energy from the PM-EOB Hamiltonians leads to Fig. 7.4
for ¢ = 1 and Fig. 7.5 for ¢ = 10. In both figures, we plot the binding energy at each PM

order, and complement 4PM with 4PN information. We stop the numerical evaluation either at
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Figure 7.4: Binding energy versus orbital frequency for the PM-EOB Hamiltonians,
compared to the NR prediction for ¢ = 1. The left panels contain results for the
EOB Hamiltonian in the PS gauge in Eq. (7.17), while the right panels are for the
PS* gauge in Eq. (7.18).
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Figure 7.5: Similar to Fig. 7.4 but for mass ratio ¢ = 10, and we only show the
relative difference since the EOB curves are closer to the NR curve than for equal
masses. All curves end at the ISCO.

the ISCO or at one GW cycle before merger.

From the figures, we observe the following:

* The 4PM order provides a significant improvement over the lower orders, even though the

PM Hamiltonian is for hyperbolic orbits.

* The PS™ gauge performs better than the PS gauge, for both equal and unequal masses. That
difference is due to higher-order terms resulting from the resummation of the Hamiltonian

coefficients. We expect that the more PN/PM orders are included, the closer different

gauges would be to each other.

* Complementing 4PM with the missing 4PN information for bound orbits gives results for

the PS* gauge that are comparable to the standard PN-EOB gauge.

» Using 4PN-expanded potentials in H, fg\?’“' gives almost the same result as the 4PM+4PN
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Figure 7.6: Comparison of the PM-expanded scattering angle with NR. The left panel
shows the conservative scattering angle, except for the y3pm + X5sr; curve that also
includes the leading-order (3PM) radiative contribution. The right panel incorporates
the effect of the radiative losses from the NR simulations using Eq. (7.25).

Hamiltonian, although for the PS* gauge, the 4PM+4PN Hamiltonian is slightly better for

equal masses than its 4PN expansion.

7.5 Scattering angle comparison with NR

Since the 4PM part of the radial action in Eq. (7.9) is valid for hyperbolic orbits, a better
comparison with NR is through the scattering angle.

NR simulations for the scattering angle were reported in Ref. [466] for equal masses ¢ =
1 and initial linear momentum |p| = 0.11456439M. The initial energy in these simulations
is approximately FhR ~ 1.02259 (corresponding to velocity v ~ 0.4), and the initial angular
momentum LYR is proportional to the impact parameter by, which ranges between 9M to 16

The NR error in the scattering angle is ~ 1 — 2 degrees.
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Reference [466] also reported the energy and angular momentum losses due to the emitted
GWs, which can be used to account for the radiative contributions to the scattering angle. It
was proven in Ref. [402] that when working to linear order in RR, the radiative contribution to
the total scattering angle is half the difference of the conservative scattering angle evaluated as a

function of the outgoing and incoming states, i.e.,

rad

X = [Xcons.(Eouta Lout) - Xcons.(Ein’ Lin)] ) (723)

N | —

which means that the total scattering angle is given by

X (Ein, Lin) = X (Ein, Lin) + X" (Ein, Lin)
= % X" (Eins Lin) + X" (Eouts Louw)] » (7.24)
which can be written as
X" (Ein, Lin) = X" (Bavg: Lave) (7.25)
where
Eog = Ein + Eout’ Lug = Lin + Lout. (7.26)

2 2

We emphasize that the relation (7.25) holds when neglecting contributions quadratic in RR, which

start at SPN order.

7.5.1 PM-expanded scattering angle

In the left panel of Fig. 7.6, we plot the conservative PM-expanded scattering angle, cal-
culated from Eq. (7.10), for the initial values of energy and angular momentum used in the NR
simulations, which are written in Table I of Ref. [466]. We see that each PM order gives better
agreement with NR than the lower orders, with an overall good agreement at 4PM, especially
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considering that these scattering angles are rather large while the PM expansion is an approxima-
tion away from a straight line.

We also plot the 3PN expansion of the 4PM scattering angle, finding that the difference
with the full 4PM angle is only ~ .1 degrees. This is because the initial velocity is v ~ 0.4,
for which a PN expansion provides a good approximation. Higher velocities would lead to larger
differences between the PM scattering angle and its PN expansion. Furthermore, the figure shows
the 3PM conservative scattering angle plus the leading order (3PM) radiative contribution, which
is given by Eq. (5.7) of Ref. [285], however the effect of that radiative contribution is so small
that it is almost the same as the conservative 3PM curve.

In the right panel of Fig. 7.6, we plot the scattering angle taking into account the effect of
RR by modifying the initial conditions, as explained above in Eq. (7.25). We see that all curves

are shifted closer to the NR curve, but their order remains the same.

7.5.2 Scattering angle from PM-EOB Hamiltonians

To compute the scattering angle from the EOB Hamiltonians, we start with an initial az-
imuthal angle ¢;, = 0, evolve the equations of motion without RR force, then read off the final
angle ¢, leading to the scattering angle xgop = Gou — ¢in — 7. We start the evolution with

initial separation r;, = 10*, initial angular momentum LY, and solve EN? = HEOB for the initial

mn °
Pr-

In Fig. 7.7, we plot the relative difference in the conservative scattering angle between EOB
and NR, finding much smaller difference than the PM-expanded angles in Fig. 7.6. Similarly, in

Fig. 7.8, we plot the same quantity but using initial conditions that account for the NR energy
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and angular momentum losses, as in Eq. (7.25). For comparison, both figures show the scattering
angle calculated from a 3PN EOB Hamiltonian in the gauge of Refs. [80, 380, 384], which is
valid for arbitrary trajectories since 3PN is purely local in time (no tails contributions).

From Fig. 7.7, we see that 4PM performs better than 3PM for the PS gauge, but 3PM is
better for the PS* gauge. However, when including the NR RR in Fig. 7.8, 4PM becomes closer
to NR than 3PM for both gauges. We also see that the PS™ gauge gives better agreement with NR
than the PS gauge.

For bound orbits, we saw in the previous section that PN-expanding the PM Hamiltonians
gave almost the same results. For scattering encounters on the other hand, we see from both
Fig. 7.7 and Fig. 7.8 that the 4PM Hamiltonians lead to better results than the 3PN expansion of

their potentials, for both EOB gauges and whether or not RR is included.

7.5.3 4PN EOB Hamiltonian for hyperbolic orbits

The 4PN EOB Hamiltonian derived in Ref. [80] included the tail part in a small-eccentricity
expansion, and is thus valid for bound orbits. The 4PN tail contribution for hyperbolic orbits
was derived in Ref. [558], analytically at leading order in the large-eccentricity expansion, and
numerically for eccentricity > 1. However, it is not straightforward to translate the all-orders-
in-eccentricity result of Ref. [558] to an EOB Hamiltonian in the form of Eq. (7.15). Therefore,
here, we compute a hyperbolic-orbit 4PN EOB Hamiltonian at next-to-leading order in the large-
eccentricity expansion. We use that Hamiltonian to compare the effect of using an elliptic versus

a hyperbolic-orbit Hamiltonian on the scattering angle.
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We start by writing an effective Hamiltonian of the form

R 2
H:t!;N,hyP — \/ Ahyp {1 + % + 1242 4 Q| |

(Bhyp)—l = AP Dhyp

in which the potentials contain local and nonlocal-in-time contributions, starting at 4PN order.

The local part is valid for generic motion, and is given by Eqgs. (4.4), (9.6) and (9.7) of Ref. [91],

which we follow in how the local and nonlocal parts are split.

We then write an ansatz for the potentials with unknown coefficients for the nonlocal con-

tribution, that is

94 41
AP — 1 — 2 + 20 + (? — 3—27r2) vut

(st 221y L (22mm 42T )
32 6 512 60

nloc nloc nloc 2 5
+ (a5 +agp,, Inu+agy, Inp ) u’,

DMP = 1 4+ 6vu® + (52V — 6u2) u?

19372 1679 2376172
— 260 | v? — 4
+K 16 )”+(9 1536 )”}“

+ (dZIOC + dzloc Inu + dnloc In p2) ’LL4,

Jnu 4,Inp

Q™ = 2v(4 — 3v)u’p; + (100° — 83v% + 20v) u’p;

2729 ,
+ (61/3 b —V) u?p’.

d )

In this ansatz, the 4PM nonlocal coefficients in D™P are at leading order in the large-eccentricity

expansion, while those at SPM in A™P are at next-to-leading order, with no nonlocal contributions

to Q™P. We also assume in the ansatz a dependence on In p? because it simplifies the result, but

other possible choices include In(/?u?) or In Ey, with Ey being the Newtonian energy.
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To fix the unknown coefficients in the ansatz, we calculate the scattering angle from the
Hamiltonian using Eq. (7.19), then match the result to the fotal SPM(4PN) scattering angle,

which schematically reads

loc nloc loc nloc
X4pN X1, X2 | X3 Xa T X4 X5 1+ Xs
> ottt

(7.32)

where the local x,, coefficients are given by Eq. (10.1) of Ref. [91], and the nonlocal part by
Eq. (6.11) of Ref. [92]. After matching the scattering angle and solving for the Hamiltonian

coefficients, we obtain the following solution
2752 5464
Al =v | =—Fn2-—-),
15 75

nloc __ 641/ nloc __ 0
a5,lnp - 5 ) a5,lnu -

1184
di = v (168 ———In2],

15
992v
dzlffﬁp - 15 ’ dzl,(l)liu = 07 (733)

that is, with no dependence on In w.

In Fig. 7.9, we compare to NR the scattering angle computed from the elliptic-orbit Hamil-
tonian of Ref. [80] and the angle computed from the hyperbolic-orbit Hamiltonian in Eq. (7.27).
We see that, unexpectedly, the elliptic-orbit Hamiltonian gives better agreement with NR. How-
ever, that result depends on the particular resummation of the potentials.

To illustrate this, we consider a simple factorization of the A potential given by

i 1 4172
mmmzu_mo%+mw+(%9—3g>m4 (7.34)
L[ 28 27522\ o (dla? 221N L 64 L)
512 300 15 )7 32 ¢ )V TEUHRY

which agrees with Eq. (7.29) when Taylor expanded. Similarly, the factorized version of the
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Figure 7.9: Scattering angle calculated from 4PN EOB Hamiltonians for elliptic
and hyperbolic orbits. The solid lines are for Hamiltonians with Taylor-expanded
potentials, while the dashed lines are for Hamiltonians with factorized potentials.

elliptic-orbits A potential in Eq. (8.1) of Ref. [80] reads
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Comparing the scattering angle computed from Hamiltonians with these factorized potentials
(dashed lines in Fig. 7.9), we see that the hyperbolic-orbit Hamiltonian now gives better agree-
ment with NR than the one for elliptic orbits.

These results show that there can be differences between elliptic and hyperbolic-orbit
Hamiltonians when applied to scattering encounters, but which performs better depends on the

particular gauge of the Hamiltonian and the resummations of its coefficients.
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7.6 Conclusions

In this paper, we investigated the conservative 4PM Hamiltonian with nonlocal-in-time
(tail) effects for hyperbolic orbits, which was derived in Refs. [246, 247, 258, 259], by comparing
it to NR simulations for the binding energy and scattering angle. We found an improvement over
lower PM orders, which was expected since 4PM order contains the full 3PN information. In
addition, even though the nonlocal part of the 4PM Hamiltonian is valid for hyperbolic motion,
we showed that it performs well for bound orbits, and that the hyperbolic piece has a small effect
on the dynamics. This was demonstrated by comparing the PN-expanded binding energy for
bound versus unbound orbits (see Fig. 7.2), and by complementing the 4PM Hamiltonian with
bound-orbit corrections at 4PN, SPN, and 6PN orders (see Fig. 7.3).

As a first study, we incorporated the 4PM information in two EOB Hamiltonians, given
by Egs. (7.17) and (7.18). (The EOB Hamiltonians are not calibrated to NR simulations, and do
not use resummations of the effective-metric components.) For bound orbits, we found that the
PM Hamiltonians gave similar results to the same Hamiltonians with PN-expanded potentials.
However, for the scattering angle, the PM-EOB Hamiltonians showed better agreement with NR
than PN-EOB Hamiltonians in the same gauge (see Figs. 7.7 and 7.8).

In particular, we found that including 4PM results in EOB Hamiltonians improved the dis-
agreement with the NR binding energy from about 40%, for equal masses at 2 GW cycles before
merger, to about 10% for the PS gauge and 3% for the PS* gauge (see Figs. 7.3 and 7.4). These
results have been obtained for the conservative dynamics, but will change, and likely improve,
once RR is included and the equations of motion are evolved for an inspiraling trajectory. For the

scattering angle, the difference with NR was 8% and 2%, respectively for the two EOB gauges,
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at impact parameter b = 11G'M and initial relative velocity v ~ 0.4 (see Figs. 7.6 and 7.8). Our
comparisons of the scattering angle also highlighted the importance of including RR effects even
when comparing conservative results with NR. For example, the conclusions one draws would
be different between Fig. 7.7, which is purely conservative, and Fig. 7.8, which includes the NR
radiative losses.

Furthermore, we worked out a 4PN EOB Hamiltonian for hyperbolic orbits, which extends
the elliptic-orbit Hamiltonian of Ref. [80]. We compared the scattering angles of the two Hamil-
tonians to NR and showed that the Hamiltonian gauge and the resummations of its coefficients
can affect the agreement with NR.

The only NR simulations currently available in the literature for the scattering angle [466]
are for equal masses and for a specific value of the energy corresponding to v ~ 0.4. It would be
interesting to see how PM and PN information compare with NR for unequal masses and higher
velocities. Such studies would enable the construction of accurate waveform models over the

whole binary parameters space including large eccentricities and large velocities.
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Chapter 8: Hairy binary black holes in Einstein-Maxwell-dilaton theory and

their effective-one-body description

Authors': Mohammed Khalil, Noah Sennett, Jan Steinhoff, Justin Vines, Alessandra Buo-
nanno

Abstract: In General Relativity and many modified theories of gravity, isolated black holes
(BHs) cannot source massless scalar fields. Einstein-Maxwell-dilaton (EMd) theory is an excep-
tion: through couplings both to electromagnetism and (non-minimally) to gravity, a massless
scalar field can be generated by an electrically charged BH. In this work, we analytically model
the dynamics of binaries comprised of such scalar-charged (“hairy”’) BHs. While BHs are not ex-
pected to have substantial electric charge within the Standard Model of particle physics, nearly-
extremally charged BHs could occur in models of minicharged dark matter and dark photons. We
begin by studying the test-body limit for a binary BH in EMd theory, and we argue that only very
compact binaries of nearly-extremally charged BHs can manifest non-perturbative phenomena
similar to those found in certain scalar-tensor theories. Then, we use the post-Newtonian approx-
imation to study the dynamics of binary BHs with arbitrary mass ratios. We derive the equations
governing the conservative and dissipative sectors of the dynamics at next-to-leading order, use

our results to compute the Fourier-domain gravitational waveform in the stationary-phase approx-

!Originally published as Phys. Rev. D 98, no.10, 104010 (2018)
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imation, and compute the number of useful cycles measurable by the Advanced LIGO detector.
Finally, we construct two effective-one-body (EOB) Hamiltonians for binary BHs in EMd the-
ory: one that reproduces the exact test-body limit and another whose construction more closely
resembles similar models in General Relativity, and thus could be more easily integrated into ex-
isting EOB waveform models used in the data analysis of gravitational-wave events by the LIGO

and Virgo collaborations.

8.1 Introduction

The first observations of gravitational waves (GWs) from coalescing binary black holes
(BHs) [12, 659-662] and neutron stars [16] offer unprecedented opportunities to test the highly
dynamical, strong-field regime of General Relativity (GR) [50, 424, 663]. Leveraging the ex-
traordinary precision of GW detectors to test gravity requires waveform models that incorporate
potential deviations from GR. One can construct such models in a theory-independent way by
considering phenomenological deviations to waveform models in GR and then constraining the
magnitude of these corrections, see, e.g., the constructions of [664—667]. Such an approach has
been used by the LIGO and Virgo collaborations to test GR with binary BHs [579, 660, 668].
Alternatively, one can compute the waveform produced in a particular alternative theory, which
can then be used to measure directly the fundamental quantities that define that modified theory
of gravity [50].

In this paper, we adopt the latter approach, focusing on the dynamics of binary BHs in
Einstein-Maxwell-dilaton (EMd) theory. This theory originated as a low-energy limit of string

theory [467, 468]. In EMd theory, a scalar field (the dilaton) couples to a vector field (the photon)
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such that BHs with electric charge also source the scalar; the BH develops a scalar charge, or
hair. It has been shown that in GR (and some scalar extensions) isolated BHs cannot carry such a
charge [669, 670]; these results are often referred to as “no-hair theorems.” Analytic solutions ex-
ist in EMd theory for spherically symmetric BHs parameterized by the dilaton coupling constant
a [see Egs. (8.1) and (8.2) below for the action]. For a = 0, the theory reduces to Einstein-
Maxwell (EM) theory and the BH solution is the Reissner-Nordstrom metric. For a = 1, the
solution corresponds to the low energy limit of heterotic string theory. For a = /3, the solution
corresponds to Kaluza-Klein BHs [671], and an analytic solution for charged spinning BHs in
EMd theory is only known for that value of a [672].

In the absence of electric charge, isolated BHs in EMd theory behave as in GR. Within the
Standard Model, astrophysical BHs are expected to be electrically neutral; however, there exist
various theoretical mechanisms beyond the Standard Model that would allow BHs to accumulate
non-negligible charge. For a BH with charge () and mass M to accrete a particle with the same-
sign charge ¢ and mass m, gravitational attraction between the two bodies must overpower their
electrostatic repulsion, i.e., ¢ Q@ < m M, or equivalently Q /M < m/q.? Furthermore, a charged
BH will neutralize via spontaneous pair production [469] or interactions with astrophysical plas-
mas [470] over timescales that grow with the mass-to-charge ratio of the available fundamental
particles. For electrons, the dimensionless mass-to-charge ratio m./q. ~ 1072? severely limits
the charge that BHs can develop through accretion, and guarantees that any BH charged through
other means will discharge quickly. However, particles with much larger mass-to-charge ratios

are predicted in models of minicharged dark matter [471-473] and would allow BHs to acquire

2Throughout this work, we use geometric units, in which G = ¢ = 4mweg = 1, where G is the bare gravitational
constant.
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and retain a much larger electric charge [477]. Similarly, models in which dark matter is charged
under a hidden U(1) gauge field [474-476], a “dark photon,” would allow for BHs to develop
significant hidden charge, provided that the ratio of the dark-matter particle’s mass to its (hidden)
charge is sufficiently large [477]. These two types of dark matter models are consistent with
laboratory experiments and cosmological observations [673—-675]; current constraints restrict the
new particles’ mass to 1 GeV < m < 10 TeV [476] and its charge to < 1071 (m/GeV)q. [676]
(see also Fig. 1 in Ref. [477]).

The dynamical evolution of binary BHs in EMd theory has been studied in various contexts.
Numerical-relativity simulations of single and binary BHs were performed in Ref. [481]. The
authors considered small electric charges and found that the resulting gravitational waveforms
are difficult to distinguish from those in GR. Numerical-relativity simulations of the collision of
charged BHs with large electric charges in EM theory were performed in Refs. [677, 678], where
it was found that a significant fraction of the energy is carried away by electromagnetic radiation.

In this work, we compute the conservative and dissipative dynamics of a binary BH, and
the resulting gravitational waveform, in EMd theory, to first order in the (weak-field and slow-
motion) post-Newtonian (PN) approximation. We also construct an effective-one-body (EOB)
Hamiltonian description [380, 381] of the conservative dynamics, which provides an analytical
resummation of the PN dynamics to exactly recover the test-body limit. In late 2017, the 1PN
Lagrangian for a two-body system in EMd theory was derived independently in Ref. [210] using
a method different from our own. In that work, the author also discussed an abrupt transition
in the scalar charge of a BH as the external scalar field is varied. However, we show here that
this transition occurs only in binaries composed of nearly-extremal charged BHs and only near

the end of their coalescence. Although extremally charged BHs are excluded when restricting to
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the Standard Model of particle physics, they are still viable in minicharged dark matter and dark
photons models, as we have discussed above.

The paper is structured as follows. In Sec. 8.2, we study the behavior of a small BH in
the background of a much more massive companion. By exploring the response of this test BH
to its external environment, we discuss whether non-perturbative, strong-field phenomena, akin
to those seen in binary neutron stars in scalar-tensor (ST) theories, can occur in binary BHs in
EMd theory. In Sec. 8.3, we use the PN approximation to study the dynamics of a binary system
with an arbitrary mass ratio. We derive the two-body 1PN Lagrangian and Hamiltonian (with
details relegated to Appendix M) and calculate the scalar charge of the two bodies. Further,
we derive (with details in Appendix N) the next-to-leading order PN scalar, vector, and tensor
energy fluxes emitted by the binary. Restricting our attention to quasi-circular orbits, we compute
the Fourier-domain gravitational waveform at next-to-leading-order using the stationary-phase
approximation. In Sec. 8.4, we work out an EOB description of the PN Hamiltonian in EMd
theory. We construct two EOB Hamiltonians: one based on the exact BH solution, and the other
based on an approximation to that solution. The former is more physical in the strong-gravity
regime because it exactly reproduces the dynamics in the test-body limit; the latter uses the same
gauge as EOB models in GR, and thus would be easier to integrate into existing data-analysis
infrastructure. We compare these two EOB Hamiltonians by calculating the binding energy and
the innermost stable circular orbit to determine the region of the parameter space in which they

agree. Finally, we present some concluding remarks in Sec. 8.5.

8.2 Einstein-Maxwell-dilaton theory
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8.2.1 Setup

We consider a generalization of EMd theory presented in Refs. [467, 468] in the Jordan

frame

5= / ate Y e (R (62 = 25"V ,6V,0

_F;J,I/F‘LW) + Sm(g,ulu A/u w)a (81)

where ¢ is a scalar field (the dilaton), a is the dilaton coupling constant, F,,, = V, A, — V,A,, is
the electromagnetic field tensor, and tildes signify quantities in the Jordan frame. We also include
some matter fields 1), which couple minimally to g,, and, through some fundamental electric
charge, to A,; we represent this total matter action schematically with S,,. By construction,
electrically neutral, non-self-gravitating matter configurations will follow geodesics of g,,,, and
thus this theory respects the weak equivalence principle. However, self-gravitating systems are
bound (in part) through non-linear interactions of the scalar field. The back-reaction of the scalar
field on the metric exerts an additional force on such systems, causing them to no longer follow
geodesics; thus, this theory violates the strong equivalence principle.

The Einstein frame provides a more convenient representation of EMd theory. Performing

the conformal transformation g,, = A’2(<,0) G, With A = e, the action becomes

S = /d4x ~16_g (R — 29" 0,00, — 672“¢F#,,F””)
T
+ S (A () Guw» Aps ), (8.2)

where g,,,, is the Einstein-frame metric. In this paper, we primarily work in the Einstein frame,
but occasionally use quantities in the Jordan frame, denoted with tildes. For a discussion of the
equivalence between the two frames see Ref. [679].
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For the matter action .S,,, we adopt the approach introduced by Eardley [480], in which each
body is treated as a delta function and the dependence on the scalar field is incorporated into the
masses. For charged monopolar point particles, neglecting dipoles/spins and higher multipoles,

the matter action in the Einstein frame can be written as [200]

Sm==)_ / dt [mA@O)\/ — G V4V — qAAuvZ] : (8.3)
A

where m4(y) is the field-dependent mass of particle A, g4 is the electric charge, v} = u/} /uY
where /4 is its four-velocity, and the fields are evaluated at the particle’s location. The mass in

the Einstein frame m(¢p) is related to the mass in the Jordan-Fierz frame m(y) by

m(p) = A(p)m(p), (8.4)

where m() is generally not a constant except for bodies with negligible self-gravity.
In most cases, a closed-form expression for the field-dependent mass m(() cannot be found.
Instead, one expands the mass about the external/background value ¢, of the scalar field

dlnm(yp)
de

d*Inm(yp)

1
Inm(p) =Inm(pg) + op + 2 dp?

5p* + O <16) , (8.5)
C

¥»o %o

where 0 = ¢ — ¢o. The mass expansion can be parameterized in terms of

ap) = TEHE gy = 10

) (8.6)

where « is referred to as the (dimensionless) scalar charge. With these parameters, the mass

expansion can be written as

m(p) =m |14 adp + %(oz2 + B)op* + O (%)] , (8.7)

where the field-dependent mass is denoted by the Gothic script m, while the mass evaluated at
the background value of the scalar field is denoted by m. We also drop the dependence of the
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parameters on the background value to simplify the notation, i.e., « = «(yy), and 8 = (). For
the field-dependent parameters, we always explicitly write «(¢) and 5(¢). The expression for
a(p) depends on the structure of the body; for static BHs, it depends only on the charge-to-mass
ratio, whereas for baryonic matter, it also depends on the body’s composition.

We note that Eq. (8.3) together with the expansion of the mass (8.7) provide a systematic
construction of an effective source or action for an extended object in a PN expansion. We neglect
couplings to derivatives of the field, which would correspond to dipole/spin and higher multipole
interactions. Due to invariance under gauge transformations A, — A, + J,¢, the charges g

must be constant; they cannot depend on the scalar field like the masses.

8.2.2 Black-hole solution

The metric for an electrically-charged non-rotating BH in EMd theory is given by [467,
468]

ds* = —A(r)dt* + B(r)dr® + r*C(r)dQ?, (8.8)

with

A(r) = (1 - Ti) (1 - T—‘) v (8.92)

T T
1
B0 = 05 (8.9b)
C(r) = (1 - 7"7) e (8.9¢)

where the constants r, and r_ are given in terms of the Arnowitt-Deser-Misner mass M and

electric charge () by

Ty 1—a?\ r_
M= -——"L — N
2+(1+a2) 27 8.10)
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— = %0 (8.11)

The constant r, corresponds to the outer horizon, and r_ corresponds to the inner horizon. The
surface area of the horizon (entropy of the BH) is proportional to riC’ (ry). Here, we refer to the
metric (8.8) as the GHS metric, after Garfinkle, Horowitz and Strominger who found the solution
in that form in Ref. [468].

The electromagnetic four-potential A,,, for an electrically-charged BH, is given by
_ Q 2apo _
Ap(r) = —=e%°, Ai(r) =0, (8.12)
r

and the scalar field ¢ is given by

1fa2 In (1-%). (8.13)

p(r) = ¢o+
While we consider only electric charges in this paper, we note that the solution for a magnetically
charged BH can be obtained from the above solution via the duality rotation that sends F},, —
te72%¢,, M Fy\, and ¢ — —p. * In addition to the electric charge, BHs in EMd theory can

acquire scalar charge, also called dilaton charge, defined by [468]

1
D= o /d2zﬂvu¢, (8.14)

where the integral is over a two-sphere at spatial infinity, leading to

a

D= ——r_.
14+ a?

(8.15)

Far from the BH, we have ¢(r) =~ o — D /r+O(1/r*), which means that D acts as the monopole

charge sourcing the scalar field.

3The results of Sec. 8.2 hold also for magnetic charges if we flip the sign of . However, the PN and EOB
results in the following sections would change in non-trivial ways for the magnetic case, since the BH’s I, is given
by Fys = Qy, sinf with a magnetic charge Q,,, as opposed to Fy, = @/r? with an electric charge @ (all other
components being zero in each case).
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The constants r, and r_ can be expressed in terms of the mass and the dilaton charge, or

the mass and electric charge, as

1 2
r_ = rta D
a
1+a2 2 2 2,2
- (M— VM2~ (1— a?)Q% s0> , (8.162)
1 — 2
ro=2M - —2p
a
= M+ /M2 — (1 — a2)Q2e2%0 (8.16b)

Expressing quantities in terms of the dilaton charge D, rather than the electric charge (), makes
most equations simpler as it avoids the square root. Therefore, in most of the equations below,
we use D instead of (). The relation between () and D can be read off from Eq. (8.16a), or
Eq. (8.16b),

Q? 270 = D — D?. (8.17)

The maximum electric charge of the BH occurs when 7 = r_, which leads to

Qmax €*¥° = V1 + a?M. (8.18)

Hence, for nonzero values of a, an EMd BH can be more charged than an extremal Reissner-
Nordstrom BH with the same mass. Since the dilaton charge is related to the electric charge
via Eq. (8.17), the maximum electric charge (8.18) corresponds to the maximum dilaton charge
Dpax = aM.

Without loss of generality, we set the background scalar field to zero, i.e., 99 = 0. To
recover the dependence on ¢, one can simply rescale all electric charges by the factor e*#°, and

add the constant ( to the scalar field. * We also consider only non-negative values of a since

“To see why this is true, consider the action (8.2) with the transformation Q@ — Qe and ¢ — ¢ + . The

337



O{(L,D) fora=1 “(‘P) for q= 0.95 qmax

Lor g/m=14 Pttt 1
[ o
OSj 'I "o i
N 061 :" 1
S , S
T 0 ; 3
0.4r ; ]
0.2r ]
r PRt
O.U L L e L L \7
-4 -2 0 2 4
¥ 14

Figure 8.1: a(y) for a = 1 with different charge-to-mass ratios (left), and for differ-
ent values of a with ¢ = 0.95 gyax (right).

the action (8.2) is invariant under a — —a and ¢ — —¢, so the predictions for negative dilaton

couplings are given by changing the sign of the scalar field.

8.2.3 Dynamics of a test black-hole in a background black-hole spacetime

Before turning to the dynamics of a generic two-BH system in EMd theory, it will be useful
to study the test-body limit of such a system, i.e., the limit in which one body’s mass is negligible
compared to the other’s. In EM theory (without the dilaton), the test-body limit of a charged BH
corresponds simply to a monopolar point-mass with constant mass and constant charge. In EMd
theory, however, a BH’s mass must retain a dependence on the dilaton field even as its size goes
to zero. In the zero-size limit, we can use the local value of the (background) dilaton field ¢, at

the small BH’s location, to determine its mass m(¢) in the same way that a lone finite-size BH’s

vacuum part of the action is symmetric under that transformation, and in the matter action (8.3), the mass m(y) is
parameterized in terms of the difference ¢ — . The electromagnetic part of the matter action is more subtle; it
depends on gv*A,, o Qqezw’0 /7, and hence, one can absorb a factor of e*#° into each of the two charges. However,
since Ag = —Qe?*¥0 /r, the transformation Q — Qe®?°, ¢ — ¢ + ¢y is not valid in equations that depend on A,,;
one first needs to express A,, in terms of the charges before performing that transformation.
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Figure 8.2: «a(r) for a = 1 with different charge-to-mass ratios (left), and for dif-
ferent values of a (right). In both plots, the charge of the large BH is extremal
@ = V1 + a?M, and r is scaled by the horizon radius, which is given by Eq. (8.16b).
For a = 1, the horizon radius is 2M independently of the charge or the coupling con-
stant.

mass would be determined by the asymptotic value of the field (as in the previous subsection).
This defines what we mean by a “test BH” in EMd theory. >

Let us suppose a test BH with mass m(y), electric charge ¢, and dilaton charge d moves
in the fixed background spacetime of a larger BH with mass M, electric charge (), and dilaton
charge D. The mass of the test BH m(i) depends on the scalar field ¢ generated by the larger
BH. The expansion of m(¢) is given in terms of the parameters o and § by Eq. (8.7), and the
scalar field ¢ is given by Eq. (8.13).

To find how « and S depend on the mass and charge of the BH, one needs to find the
dependence of the mass on the scalar field. We can get a differential equation for m(y) from

Eq. (8.16a), or Eq. (8.16b), by identifying the mass M and charge () with those of the test BH,

>This is not to be confused with some uses of the phrase “test body” in the context of ST theories, where one
means a body with negligible self-gravity (unlike a BH), so that the mass in the Jordan-Fierz frame is constant and
the scalar charge is zero.

339



ie., M — m(p) and QQ — ¢. The background value of the scalar field can be identified with
the field from the more massive BH ¢y — ¢, and the scalar charge by D — dm(p)/dp, as was

shown by the matching conditions in Ref. [210]. This leads to the equation

d
“;f;p) = ——m [m(p) = Vm(p)? = (1 - a?)ge™| (8.19)

which, as far as we know, has no analytic solution for arbitrary values of a. Nevertheless, we can

still obtain an expression for the dimensionless scalar charge, which is defined by Eq. (8.6),

a(p) = —2 [1—\/1—(1—a2)@], (8.20)

1—a? m?2(p)
and
&2q262ag0 2
= 8.21
/B(SD) (1 _ a2 m2 \/1 . - q 2e2ap ( )
m2(p)

in agreement with Ref. [210].
It is interesting to note that an exact analytic solution to the differential equation (8.19) can

be found when the coupling constant @ = 1, that is

1
m(p) = \/const. + §q2e2%0. (8.22)

Since the above expression should give m when ¢ = 0, the integration constant is found to be

m? — £¢°. Hence,

1 1
= \/m2 — §q2 + §q262¢’. (8.23)

By differentiating m((), we get the parameters

2 2 4

q q q
=1 =4 _ 2 8.24
a B 2 o (8.24)

In Fig. 8.1, we plot a(y) as a function of p. We see that the test BH’s a(y) transitions
between two values: zero and a. The function a(p) reaches its maximum value when the quan-

tity ¢2 €?*? /m? approaches 1 + a2, which means that in the Jordan-Fierz frame, the charge ¢
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approaches the extremal value V/1 + a2, where the mass in the Jordan-Fierz frame m is given
by Eq. (8.4). Changing the charge-to-mass ratio shifts the curve on the horizontal axis, while
changing a changes the maximum value of a and determines how quickly this transition occurs.

We emphasize that the scalar field ¢ generated by the more massive BH is always negative,
as can be seen from Eq. (8.13), so the test BH always descalarizes. Further, because of the
logarithm, the magnitude of ¢ increases slowly with decreasing separation until r approaches the
inner horizon r_, where it diverges. For the scalar charge of the test BH to change dramatically
before merging with its much larger companion, both BHs must be close to extremally charged.
As discussed in Sec. 8.1, extremally-charged BHs an exist in minicharged dark matter and dark
photon models. If the test BH is not sufficiently charged, its scalar charge is close to zero when
well separated from its companion, and then monotonically decreases toward zero as the binary
evolves. The total shift in the scalar field that the test BH experiences prior to crossing the outer

horizon is given by

a 1— D/Dmax
—= n .
1+a> |1—(1—a?)D/2Dmu

p(ry) — (o) (8.25)

Thus, if the large BH is not also sufficiently charged, then the test BH’s scalar charge does not
change dramatically.

In Fig. 8.2, we substitute the expression for the scalar field of the larger BH () into that
for the scalar charge of the test BH a(y), and plot a(r) versus the separation r scaled by the
horizon radius. When setting the charge of the large BH to its extremal value, Q = /1 + a2M,
we see that the charge of the test BH also needs to be near extremal for the descalarization
transition to occur. Yet, the transition only occurs very close to the horizon of the background

BH. Hence, we expect this descalarization to drastically affect the GW signature only during the
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late inspiral and plunge of a test BH into a more massive BH and only when the BHs are nearly-
extremally charged, when the horizon, the innermost-stable circular orbit, and the divergence in ¢
coincide. This result is analogous to extremal Kerr BHs, where the plunge occurs at significantly
smaller separations [680]. However, a comparable-mass binary does not perform many orbits
at small separations due to stronger radiation reaction, and thus we expect that the transition in
the scalar charge would have a negligible effect on GWs from the inspiral of a comparable-mass
binary.

We note that, while the descalarization transition occurs for near-extremal BHs, the largest
change in the value of « from infinity until, e.g., » = 2r, occurs when the electric charge is
g/m ~ 1, as can be seen in the left panel of Fig. 8.2. This is due to the slope of a(y) at the
background value of the scalar field ¢y = 0. So, in order to increase the change in the scalar

charge to observe descalarization, it is important to have a maximal 5(¢) = da(y)/dep.

8.2.4 Compact objects in Einstein-Maxwell-dilaton and scalar-tensor theories

Certain ST theories can exhibit non-perturbative phenomena, known as induced or dynam-
ical scalarization, in binary systems of neutron stars [483-485, 509]. Having established how
a BH responds to its scalar environment, we now investigate whether such effects could arise
in binary BHs in EMd theory. In Ref. [481], the authors suggested that dynamical and induced
scalarization are much less significant in EMd theory than in ST theories. In this subsection, we
support this claim using more quantitative arguments by directly comparing the behavior of BHs
and neutron stars in the respective theories.

In Ref. [681], the authors argued that the onset of induced and dynamical scalarization
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coincide with a breakdown of the PN approximation. Specifically, these non-perturbative phe-
nomena indicate that the scalar field has grown beyond the validity of a PN expansion of m, e.g.,
Eq. (8.7). A useful diagnostic for determining the onset of such phenomena is to compare the
relative size of the coefficients of such a power series to the small parameter with which one
constructs the expansion.

While both EMd theory and ST theories include an additional scalar field, the non-minimal
coupling of that field to the Jordan-Fierz (physical) metric can differ substantially. To facilitate
comparisons between these theories, we consider an expansion of m in Gx(¢), the parameter that
characterizes the gravitational force felt between two test bodies placed in the scalar background

. In both EMd theory and ST theories, this Newton’s “constant” is given by

Gn(p) = A2(p) [1 + (dlsiA) ] . (8.26)

We expand m in terms of this quantity

G- GY G—GY\?
m(Gy) = m |1+ ¢, (—ON> +Cy (—ON) +. ] , (8.27)
N G
where we have defined
G = Gn(p = 0), (8.28a)
dlogm
C, = 8.28b
! {dlog GN‘| Gn=GY 7 ( :
1| d?logm dlogm \> dlogm

Cy == - 8.28

T2 [(dlog GN)? (dlog GN) dlog Gn e (O (8259

We compare these coefficients for BHs in EMd theory to that of neutron stars in Brans-

Dicke gravity [682—684], defined by the coupling

App(p) = €77, (8.29)
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Figure 8.3: Ratio of the coefficients C5/C defined in Egs. (8.28b) and (8.28c¢) as
a function of Gy for BHs in EMd theory (solid) and neutron stars in various ST
theories (dashed). Annotated points depict this ratio at various separations for a test
BH with ¢ = 0.99¢y,.x in the background of a BH with () = Q,,,.x in EMd theory (.
refers to the outer horizon of the background spacetime).

and theories first considered by Damour and Esposito-Farese (DEF) [200, 482]
Aper(p) = e ¢/, (8.30)

in which induced and dynamical scalarization can occur when [, is sufficiently negative. In
Fig. 8.3, we plot the ratio Cy/C'; for compact objects in the various theories. For the ST theories,
we consider neutrons stars with m = 1.45M, with the piecewise polytropic fit to the SLy equa-
tion of state constructed in Ref. [685]. The solid curve depicts this ratio for BHs in EMd theory
with coupling @ = 10. By comparison, this same quantity is shown with red and blue dashed
curves for neutron stars in Brans-Dicke gravity with ap = 0.03 and in the theory of Damour and
Esposito-Farese with 5y = —4.4, respectively. Note that by inserting Eq. (8.30) into Eq. (8.26),

one sees that this theory is only defined for Gn(¢) > GY. For reference, we indicate with black
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points the separation at which these values are achieved in EMd theory when the test BH in
placed in the background of an extremally charged BH; r, corresponds to the outer horizon of
the background BH. We see that the magnitude of the ratio C/C' drastically differs between ST
theories that manifest induced and dynamical scalarization (DEF) and EMd theories. This result
indicates that a perturbative expansion of the dynamics has a larger regime of validity, and that
non-perturbative phenomena are less likely to emerge during the coalescence of binary BHs in

EMd theory.

8.3 Post-Newtonian approximation in Einstein-Maxwell-dilaton theory

8.3.1 Two-body dynamics

To go beyond the test-body limit, treating two-body systems with arbitrary mass ratios, we
employ the PN approximation, which is valid in the weak-field, slow-motion regime [130]. In
Appendix M, we derive results for the conservative dynamics of a binary BH system in EMd
theory, at next-to-leading order in the PN expansion, i.e., at IPN order. We employ the Fokker
action method [686] (see also Ref. [201]), which has been used to treat the 4PN dynamics in
GR [425], and the 2PN [201] and 3PN [206] dynamics in ST theories. We begin by considering
the PN expansions of the EMd action in Eq. (8.2) and the matter action for point particles in
Eq. (8.3), using the mass expansion in terms of the « and § parameters from Eq. (8.7). From the
initial full action expanded to 1PN order, we obtain field equations for the scalar field, the metric
potential, and the electromagnetic 4-potential. The Fokker action is obtained by plugging the
(regularized) solutions to the field equations back into the action, eliminating the field degrees of

freedom, yielding an action depending only on the matter variables. We work in the harmonic
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gauge g“”F;\W = (0 and the Lorenz gauge 0, A* = 0 throughout. The final result for the two-body

Lagrangian is given by

1 1
L =—my —mg + =myv; + =mavj + (1 t gy — B ) e
2 2 mqme T
+ Lt 4 gt 1+ B8 (0 4 (- w1)(m - w3)]
] 11 3 202 o 1°02 1 2
mym
;7’ = [(3 - 051(342)(71% + U%) — (7 — 041062)(’01 . ’Ug) — (1 —+ Ogﬂ)@)(n . Ul)(n . ’Ugﬂ
mim
=T (1 4 2na0)(my + ma) + mad(od + B2) + maa3od + 5]
4192 1 9 ) 1
+ 2 [m1 (1 + aay) + mo(l + aas)] — ) [m1g3 (1 + acy) + magi(1 + aas)] + O )
(8.31)

where 7 = x; — x, is the separation between the two bodies, and n = r/r. This Lagrangian
agrees with the one derived by Damour and Esposito-Farese [200, 201] when the Maxwell fields
are zero. The standard 1PN Lagrangian in GR is obtained by setting ¢; = «; = 5; = 0, while
the Lagrangian in EM theory is obtained when a; = 3; = 0. Note that, since we use the mass
expansion in Eq. (8.7) given in terms of generic parameters « and /3, our results are not restricted
to BHs in EMd theory, but are applicable to more generic bodies as well.

During the course of this project, the same 1PN Lagrangian for a two-body system in EMd
theory was derived independently by Julié in Ref. [210]. While our results agree, our derivation
differs from that of Ref. [210] in some notable respects. In Ref. [210], the (unexpanded) field
equations were directly obtained from the action (8.2), and then those equations were expanded
and solved for the fields. The primary difference with our derivation is in how Ref. [210] con-
structed the two-body Lagrangian: (i) taking (only) the matter action for one body (without the
field part of the action, and without the matter action for the other body), which would apply if
the body were a test body in some given fields, (ii) inserting for those fields the (regularized)
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solutions to the field equations resulting from the total (two bodies + fields) action, and (iii) tak-
ing the resultant Lagrangian and “symmetrizing” it with respect to the two bodies. While this
procedure does produce a correct Lagrangian at 1PN order, it is not justified in general, and it is
important to see how the result can be obtained from a consistent treatment of the full action for
the two bodies and fields. In Ref. [210], it was also found that it is possible to parameterize the
1PN Lagrangian in EMd theory to have the same structure as the 1PN Lagrangian in ST theories,
which means that many results in ST theories can be directly extended to EMd theory at 1PN
order. We choose not to use that parameterization to make the dependence on the electric charges
more apparent, and because many of our results are specific to EMd theory, such as calculating
the vector energy flux and developing the EOB Hamiltonians.

The Hamiltonian in the center-of-mass frame can be derived from the Lagrangian using the
Legendre transformation [223]

H=v-p—1L, (8.32)

where the relative velocity v = v; — vy and the center-of-mass momentum

oL

pi= 55 (8.33)
This leads to the energy
1 GioMp 3 Gi2Mp 3 — .
E=M - 2 Z(1-3 4 2 2
+gmw +8( v)pot + 5 1+a1a2—%+y v+ vr
M2y ¢ ¢
T 52 (1+ ar0n)® + Xo03 61 + X107, + XlM—Z(l + aaq) + XzM—lu(l + aas)
1
. 2% (14 ao X + a&zxg)] +0 (C—4> , (8.34)

where = m - v, and we defined the total mass M, reduced mass y, symmetric mass ratio v, and
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Figure 8.4: Scalar charges scaled by their asymptotic value as a function of the sep-
aration r of a binary BH scaled by the total mass. In both plots, the charge-to-mass
ratio q; /my = g2 /ms = 1 and the dilaton coupling a = 1; in the left panel v = 0.24,
while in the right v = 0.1.

the mass ratios X; in terms of the constant masses m and ms by

mime I
M = = = —
my + mg ; w M ) v M )
my mgy
X, = — Xy = —. .
1= 90 2= ) (8.35)
We also define the coefficient GG15 by
q192

Gip=1 - — 8.36
12 + arao My ( )

which reduces to the usual definition in ST theories when the electric charges are zero. The
advantage of including the charges in (G5 is that the Newtonian-order acceleration is simply
givenby a = —G1oMn/r* + O(1/c?).

Expressing the energy in terms of the center-of-mass momentum p = p; = —p-, instead

of the velocity, we obtain the Hamiltonian
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Figure 8.5: Scalar charges of a binary BH as a function of r for equal masses (v =
1/4), dilaton coupling @ = 1, and charge-to-mass ratios ¢;/m; = 1, ga/mgs = 1.4
(left) and ¢; /m; = 1, g2/my = 0.5 (right).

M?p 5 2 5 % i
+ 2’["2 (1 + 0610[2> + XQCU251 + Xl(XlﬁQ + XlM_Iu(l + CLOél) —+ XQM_,LL<1 + aag)
1
— qu\lf_q/j (14 acq X7 + aongQ)} + O (C—4) , (8.37)

where p, = n - p.

Next, we examine how the scalar charges of the two bodies change with their separation.

The dilaton charge is given by
D(p) = —=—= = m(p)a(p). (8.38)
For the two bodies, the dilaton charge as a function of the separation r has the expansion

Dy(r) =my [041 + (af + B)er(r) + %(3&041 +ai + 8))pi(r) + O (1/F°) } , (8.39a)

Ds(r) =ma [ozz + (03 + Ba)pa(r) + %(362042 +aj + B)pi(r) + O (1/c) } . (8.39b)

where 8" = dB(p)/depl . 1 is the scalar field at the location of body 1, and ¢, is the scalar field
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at the location of body 2. From the 1PN scalar field in Eq. (M.32),

aqqx . aq

Q2112 mimes 2
o1(r) = — . + " (042 + aja; + 04152) T 52
1
+ §a2m2(n caz) + O (1/°) (8.40a)
2
o aamy MMy 2 aqiqz | aqy
p2(r) = — . + 2 (a1 + ap0? + asfh) — 2 52
1
— §0z1m1(n ar) + 0 (1/F°), (8.40b)
where, using @ = —G12Mn/r?* + O(1/c?) and Eq. (N.19),
_me, o Gume o1y 8.41
a = 5ra=——5 n+ (/c), (8.41a)
ma Giamy 2
ay=—7ra=—75-n+0 (1/¢%) . (8.41b)

In Fig. 8.4, we plot Dy (r) and Dy (r) for charge-to-mass ratios ¢; /m; = go/mo = 1, dilaton
coupling constant ¢ = 1, and symmetric mass ratios v = 0.24 and v = 0.1. The curves are plotted
until » = 3M because the PN expansion becomes inaccurate well before that separation. From
the figure, we see that the scalar charge of both bodies decreases as the separation decreases,
with the charge of the lighter body decreasing more quickly. Figure 8.5 shows the scalar charge
as a function of the separation for equal masses but with different charge-to-mass ratios. We
keep ¢1/m1 = 1 while ¢, /m, takes the values 1.4 and 0.5. The scalar charge of the less-charged
body decreases more quickly with decreasing separation. These results are consistent with what
was found in the previous section for the scalar charge of a test BH, but here, we do not see a

transition or a divergence near the horizon.
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Figure 8.6: Energy flux in EMd theory and EM relative to the uncharged GR flux
plotted versus the gauge-invariant velocity for circular orbits v = (G, M Q)3 for
coupling constant @ = 1, for equal masses, and for charge-to-mass ratio ¢;/m; =
1, QQ/TRQ =0.8 (left) and ql/ml = 17 QQ/’ITLQ =—-0.8 (nght)

8.3.2 Gravitational energy flux

From the 1PN expansion, we computed the next-to-leading order scalar, vector, and tensor
energy fluxes for general orbits (see Appendix N for the derivation). In a 1/c¢ expansion, the
leading terms are the scalar and vector dipole fluxes, which are of order 1/c?, while the leading
order tensor flux is of order 1/ ¢, which is the same as the next-to-leading order scalar and vector
fluxes. We computed the next-to-leading order tensor flux, which is of order 1/ ¢’, because that
is the maximum level of approximation accessible by use of the 1PN near-field equations. The
scalar and vector dipole fluxes depend on the difference between the charges of the two bodies.
The scalar flux also includes a monopole term that vanishes for circular orbits.

The total energy flux is the sum of the scalar, vector, and tensor fluxes

F = Fs+ Fv + Fr, (8.42)
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where the expressions for the fluxes through next-to-leading order for general orbits are given in

Appendix N. The fluxes for circular orbits are given by

vixt v2x®

S S 2
Fs = e (a1 — a)® + [He [20fy (o1 = 2)® +5 (f2 + f1),) + 16 (Xyaa + Xo01)7]
1
+0 (‘7) ’ (8.43a)
C
20224 (¢ G 2 9,2,5 " 0 2 " " 5
Fv = i 20f, (L) yg(x, 1y x, 2
' 3G, <m1 m2> i 15G%2{ & (ml mz) i ( 2my * 1M2>
1
+5(f + fi)r) } +0 (;) : (8.43b)
32120 2126 . . . 1
FT = 5G%2 + 105G%2 < v + 1)2/r _l_ fl/TQ + 672ffy> ‘I‘ O (g) 5 (843C)

where the coefficients f are given by Egs. (N.36), (N.57), (N.80), and (N.86). The energy flux is

expressed in terms of the parameter = defined by
v = (GMQ)*?, (8.4)

where () is the orbital frequency, which is “perturbatively gauge-invariant” in the sense that it
remains fixed under coordinate transformations to arbitrary PN order.

In Figs. 8.6 and 8.7, we plot the total energy flux in EMd theory with a = 1 relative to the
flux when all charges are zero versus the binary’s gauge-invariant velocity v = (G, MQ)'/3, i.e.,
we plot (F — F,—o)/Fy=o. For comparison, Fig. 8.6 also includes the energy flux in EM, when
scalar charges are zero but not the electric charges. The plots start at v = (G, MQ)'/? = 0.15
which corresponds to a total mass M = 20M, and a lower GW frequency in the detector
of 10 Hz. In the plots, we used the next-to-leading order scalar and vector fluxes, but only
used the leading Newtonian order tensor flux, because the 1PN energy flux in GR is given by
FGr ~ x° — const. 2°; the minus sign of the second term causes the flux to become negative at
large frequencies.
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From the plots, we see that at small frequencies (large separations), the difference with
GR i1s greater than at larger frequencies because the dipole scalar and vector fluxes dominate
(Fs ~ x* while Fr ~ 2°). For equal charges, the scalar and vector dipole fluxes are both zero,
which means the total energy flux is the tensor flux that is proportional to z°. Hence, the next-
to-leading order flux in EMd theory becomes a constant shift to the GR flux, and the relative flux
plotted in the figures becomes a straight line, as can be seen in Fig. 8.7.

In the two panels of Fig. 8.6, we use charge-to-mass ratios q; /m; = 1, ga/mq = 0.8 (left)
and ¢1/m; = 1, q¢a/my = —0.8 (right). For same-sign charges, at a fixed frequency, there is a
greater difference from GR than for opposite-sign charges and also a greater difference between
EMd and EM. This is because the energy flux is inversely proportional to G2, = (1 + ayas —
q1q2/m1ms)?, which is larger when the electric charges have opposite signs than when they have
the same sign. In the right panel, the plotted curves become negative when F < F,—y, which
occurs because G5 > 1 for opposite-sign charges, which makes the EMd flux smaller than the
GR flux at some frequency.

In Fig. 8.7, we plot the energy flux for several charge-to-mass ratios. In that figure, we
do not plot the flux in EM theory, because it is almost the same as the EMd flux for charges
qi/m; < 0.5 since Fg o< o? o< qf/m{, which is much smaller than Fy, o< ¢?/m? for small
charges. The plot shows the flux for same-sign charges in a log plot; for small charges < 0.01,
the EMd flux decreases significantly and becomes very close to the GR flux.

The most salient feature that differentiates EMd theory from GR from the perspective of
GW observations is the presence of dipole radiation. At leading order, the energy flux can be
written as

F=For (1+Bz"), (8.45)
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Figure 8.7: Energy flux in EMd theory relative to the uncharged GR flux for coupling
constant ¢ = 1 plotted versus v = (G, MQ)'/3, for equal masses, and for various
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Figure 8.8: Allowed values of EMd coupling a consistent with a dipole flux con-
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indicate various possible electric dipoles consistent with the bound on B.
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where Fgr is the GR quadrupole flux, and B parameterizes the strength of dipolar emission,

which is given by

2
B— > [(al — )% 42 (ﬂ - 2) ] . (8.46)

~ 9% my o my

The presence of dipole flux has been constrained in several types of binary systems. The
best constraints on the B come from radio observations of pulsar—white-dwarf binaries, which
lead to the bound |B| < 1079 [687]. For binaries containing a single BH, the strongest bound
comes from low-mass X-ray binaries, in which the companion is a main-sequence star: |B| <
2 x 1073 [688]. To date, no bound has been set from GW observations of binary BHs, but at
design sensitivity, LIGO could set a bound of |B| < 8 x 10~* for a GW150914-like event, and
LISA could lower that bound to 10~8 [688].

We wish to understand how well such a bound on dipole radiation in binary BHs can con-
strain EMd theory. Given the discussion above, we consider a hypothetical binary BH observation
that constrains the dipole flux to | B| < 1073, The coupling a that characterizes EMd theory enters
the prediction of B through the dimensionless scalar charges of the two bodies. Equation (8.46)
demonstrates that for a given value of B, the scalar and electric dipoles are degenerate, and thus
no constraint can be set on a directly with only a bound on the dipole flux. However, if an inde-
pendent measurement of the total charges could be made — e.g., through measurements of the
ringdown spectrum of the final remnant—one can potentially break this degeneracy and constrain
EMd theory.

In Fig. 8.8, we show the values of a consistent with |B| < 1073 as a function of mass-
weighted total charge |q; /m1 + g2 /ms| for various possible values of the electric dipole |q; /m; —

¢2/ms|. The maximum allowed electric dipole is achieved in the limit that « = 0, wherein the
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scalar charges of the BHs vanish and our bound on the dipole flux translates directly to the bound
on the electric dipole |q; /m1 — ga/ms| < 0.098. Unsurprisingly, we find that the constraint that
can be set on a depends primarily on the magnitude of the electric charges in the binary: for
equal-mass systems, the strongest constraints can be set when the BHs have large, nearly-equal
charges, and the weakest constraints when the BHs have small, opposite charges. We see that
for any realistic constraint on dipole flux, the parameter a is completely unbounded without an

independent measurement of the electric charges.

8.3.3 Gravitational-wave phase in the stationary-phase approximation

Equipped with PN descriptions of the conservative and dissipative sectors of binary dy-
namics in EMd theory, we compute a key observable for GW detections: the Fourier-domain
gravitational waveform. We utilize the stationary-phase approximation to perform this calcula-
tion, relying on the fact the GW phase evolves much more rapidly than its amplitude during the
adiabatic inspiral along quasi-circular orbits.

We consider a GW detector a distance R > Agr ~ /v from a binary BH. In the vicinity

of the detector, the metric takes the form

Guv = Ny + h,uua (8.47)

where 7, is the Minkowski metric and h,,,, contains two propagating, transverse-traceless polar-

izations . and h,, which comprise the GW produced by the binary. ® At the fixed distance R,

®A GW detector also responds to the scalar field through the coupling given in Eq. (8.2). These scalar waves
represent a transverse breathing polarization of perturbations to the Jordan-Fierz metric. Because standard search
techniques are targeted at the transverse-traceless polarizations, we consider only those gravitational modes in this
work. Differentiating between the various polarizations of GWs requires a network of detectors; our ability to
identify additional GW polarizations will improve as more ground-based detectors come online.

356



the GW can be decomposed into spin-weighted spherical harmonics

l
hi =il =) Yim(0, ®)hen (1), (8.48)

£>2 m=—/{
where ®, © are angular coordinates that define the propagation direction from the source to the

detector [130]. We further decompose each mode into an amplitude and complex phase
P (t) = Agm (t)e™0), (8.49)

where ¢(t) is the orbital phase of the binary.

We compute the Fourier-transform of the GW using

him (f) = / T B (t)e™ 271 (8.50)

During the adiabatic inspiral, the amplitude and orbital frequency evolve much more slowly than

Apm [Apm| < Q and Q| < Q2 for m # 0 modes. Thus, the integral in

the orbital phase, i.e.,
Eq. (8.50) is highly oscillatory and can be approximated by expanding the integrand about the
time at which the complex phase is stationary. Using the stationary-phase approximation, the

Fourier-domain waveform is then given by

WA (f) = Agm (f)eem(D=im/4, (8.51)
Yen(f) = 20 ftI — map(t\™), (8.52)
2

A (f) = Agm (15) (8.53)

mQ(t!")
where 7" is defined implicitly as the time at which mQ(t}m)) = 2n f. Following the notation
common in the literature, we employ the binary’s gauge-invariant velocity for circular orbits

1/2

v = 2% = (G19MQ)'3 and introduce a similar notation for the GW frequency f as v; =
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(mG12M f)'/3. Then, by construction, one finds v(t}m)) = (2/m)*/3v; and can rewrite Eq. (8.52)
as

bon( ) = pet) — 60 )

(8.54)

v=(2/m)/3v;
From here onwards, we focus only on the dominant ¢ = |m| = 2 modes and drop the explicit
mode numbers for notational simplicity; because we restrict our attention to non-spinning sys-

tems, the modes obey the symmetry relation
hem = (1)1 .., (8.55)

and thus we can consider only the m = 2 mode without loss of generality.
The orbital phase and frequency are computed using the balance equation

dE

i —F. (8.56)

From this equation, we deduce

1 L E(D)

— _ A3
D(V) =ret Gl ), dod 7o)’ (8.57)
v dE/db
t(U) _tref — /vref d’l}m, (858)

where ¢t and . refer to an arbitrary reference point in the evolution of the binary. Inserting

these results into Eq. (8.54), the Fourier-domain phase is given by

_ 2 g 5y E'(v)
W(f) = 27 ftrer — Gref + Gl /Uf (vf — ) F0) dv. (8.59)

The energy flux in terms of x is given by Eq. (8.43a). The energy F is given by Eq. (8.34),

and it can be expressed in terms of x using Eqgs. (N.83) and (N.86), which leads to

E=—La[l+ for+0 (1)), (8.60)
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where the coefficient fg is given by

-1 1+v 3 — o«
fe= [G% < T = ) — (1 +aap)® = X056 — X1a76y

3G%2 4 1 + g — %
¢ a G142
— XIM_Z'u(l + ClOél) — XQM_lﬂ(l + aOég) + 2M_M (1 -+ aXlal + (IXQOZQ) . (861)

To evaluate the integral in Eq. (8.59), we need to distinguish between two regimes, similarly
to what was done in Ref. [209]. In one regime, the electric charges are small and the inspiral is
driven by the tensor quadrupole flux. In the other regime, the electric charges are large and the
inspiral is driven by the dipole flux.

For the quadrupole-driven (QD) case, we approximate the integrand in Eq. (8.59) by

12

E'(v)  FE'(v) {1 ~ Fs(v) + Fv(v)} ‘ (8.62)

Fv)  Fr(v) Fr(v)
Then, we expand the integrand using the next-to-leading order fluxes. Evaluating the integral

leads to the phase

QD

1
Y(f) = 27 ftrer = bt + — |5 + pv;j +p$Pv + O (04)] , (8.63)

with the coefficients

G 5 2
QD 12 T T T a1 q2 2
Po = —m{@ <336fE — 672]87 — fl/r2 — fv2/r — fv4> [2 <— — —) + (Oél - Oé?) ]

2 2
— 96 +5 (f5, + f5) +10 (), + 3§)+40f7(£—2) +16(X2%+X12>
1

ma ma Mo
+ 20, (a1 — a2)”+ 16 (Xp01 + Xya2)° } (8.64a)
5G 2
QD 12 Q1 QQ 9
- 2\ T - 8.64b
P2 7168y (ml m2) + (al a?) ] ) ( )
_5G o @\
QD 12 1 9 )
=— — 32256 48 — 20 fp [ — ) _ 10 _
P2 1548288y{ Je+ fe (m1 mQ) fe (a1 = a)
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ma mo

5 2
X (672f7 + flpe + foy + fﬁ) + 351 [2 <ﬂ _ 2) + (ay — %)2]

2
) (672f, + iy + fhy + SB) = (6720, + [Ty + flay, + [ — 3365

2
<[5 U5 £5) 10+ £8) + 208, (o o, (- 22
my mg
2
q1 42 2
+ 16 X2_ + Xl— + 16 (Xgal + Xlag) s (8640)
ma mo

where the coefficients f are given by Egs. (N.36), (N.57), (N.80), and (N.86). When the charges
are zero, this phase reduces to the next-to-leading order GR result, i.e., pOQD — 3/128v, pSD —
5(743 4 9241/) /322561, and p) — 0.

For the dipole-driven (DD) case, we take the tensor flux at the same order as the scalar and

vector fluxes, i.e., to O(z°). Evaluating the integral in (8.59) leads to

DD
wDD(f) = 27Tftref — ¢r€f + pv% |:1 + pgD’UZ -+ O(’U4):| , (865)
where the coefficients are given by
G 2 -
P =712 (ﬂ - 2) + (a1 — 042)2] : (8.662)
v mq meo

5 -1
P [2 (2 _ 2) + (a1 — a2)2] [96 +10 () + f22) +5 (f + f2)

10 my Mo

2
100 25— ) 16 (o + X 20075 28 (24 22)

q1G1

+80(f — 2f,) -

2
416 (XQﬂ + X12> } . (8.66b)
mi mo

When we set the electric charges to zero, but keep the scalar charges nonzero, this result agrees
with the (ST) result derived in Ref. [209].

We wish to understand how well a GW signal produced in EMd theory [e.g. Eq. (8.63)] can
be distinguished observationally from a signal in GR. Answering this question definitively falls
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beyond the scope of this paper. To perform such a study, one would need to perform a Bayesian
hypothesis test on injections of EMd signals into detectors with realistic noise, comparing the
relative evidence that the signal matches template waveforms in either EMd theory or GR; for
examples of such analyses for other modifications to GR, see Refs. [667, 689—-692]. Instead of
this detailed study, we compute two comparatively simple measures of distinguishability: the
difference in total phase, and, in Sec. 8.3.4, the number of “useful” GW cycles.

To compare the phase calculated in EMd theory with that in GR, we need to align the
waveforms and then compute dephasing from this alignment point. We choose to do the align-
ment around the “merger frequency,” which for simplicity we choose to be the innermost-stable
circular orbit (ISCO) frequency fisco = 6-3/2 /7 M for a Schwarzschild BH. Next, we determine
trer and ¢¢ such that the waveform reaches a local maximum at this point and the phase reaches
some fixed value, e.g., zero. To satisfy these two conditions, one can choose t..f and ¢,.s such that

at fisco, d(f)/df = 0 and ¢(f) = 0. For the QD case, this leads to

= 1080 G, (100?4%8" + G 4 84,82) ,

ref

6% = 12v6G]" (8GH 8 + GIL S + 60p% ) (8.67)

ref

Similarly, for the DD case, we get

tet = 6MG15 pp"° (18 + G%?’/JSD) ,

ref
2,
o = 4\/;(?1;/)5]’ (9+E"). (8.68)

In Fig. 8.9, we plot the difference between the phase calculated in EMd theory with a =
1 and the phase when all charges are zero, which is the phase in GR up to 1PN order. For

the configurations considered here, v = 0.15 corresponds to approximately 10 Hz for a 200,
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Figure 8.9: Phase difference in radians between EMd theory and GR as a function of
v, computed in the quadrupole-driven regime, for various charge-to-mass ratios, and
for equal masses (v = 1/4).

system. Because the charges are relatively small, we compute the phase using Eq. (8.63). For

< 0.01, the two waveforms differ by less

~Y

systems whose component’s charge-to-mass ratio g; /m;
than one radian over the frequency range of a ground-based GW detector. The phase difference
does not depend strongly on the value of a; for values of a ~ 1000 and charge-to-mass ratios
q;/m; < 1073 analogous to those considered in Ref. [481], the phase difference agrees with that

~Y

shown in Fig. 8.9 within 10%.

8.3.4 Number of useful gravitational-wave cycles

The total number of GW cycles between frequencies fy;, and fi.y is given by

fmax df d¢
Nw = / & do (8.69)
o fon 2 df

min
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where ¢ is the gravitational wave phase. The instantaneous number of cycles spent near some

frequency f is defined by multiplying the above integrand by f

d
NWE%%. (8.70)

However, GW detectors are not equally sensitive to all parts of the waveform because the noise
spectral density of the detector is frequency dependent. A better proxy for how observationally
different two waveforms are is to compare the number of “useful” cycles in each. This measure
was originally introduced in Ref. [693]. One computes the total phase accumulated in each
frequency bin and then weights this estimate by the sensitivity of a detector at that frequency.
Because the strain sensitivity of the detector is concentrated in just a window of frequency space,
the result would also depend on the mass of the system. The number of useful cycles is defined

by [693]
Nostu(f) = { /f f %wuw(f)] { /f f %wm] - 8.71)

where the weight w(f) = A%(f)/fS.(f), while A(f) is the GW amplitude, and S,,(f) is the
noise spectral density of the detector. We use the zero-detuned high-power noise spectral density
of Advanced LIGO at design sensitivity [694].

Using the balance equation dE/dt = —F, and the relation between the GW phase and

orbital frequency ¢ = Q, the instantaneous number of cycles in Eq. (8.70) can be reformulated as

vt E'(v)

N(f) - _37TMG12 f(l)) ’

(8.72)

which can be computed in the quadrupole-driven regime using Eq. (8.62). For the GW amplitude,
we used the Newtonian order approximation for the transverse-traceless polarizations A(f) o v?,
since the effect from the amplitude on the number of cycles is small compared to the phase. We

can then calculate numerically the number of useful cycles using Eq. (8.71).
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In Fig. 8.10, we show the relative difference between Ny in EMd theory with a = 1
and the same quantity when all charges are zero (GR to 1PN order). The number of cycles in
EMd theory is less than in GR except for equal charges, because the leading dipole radiation
dominates the Newtonian order corrections to the binding energy. We find that for systems with
¢i;/m; ~ 0.1, the number of useful cycles in GR and EMd differs by O(1).

The quantity plotted in Fig. 8.10 provides a rough estimate of the observable size of devia-
tions from GR relative to the overall GW signal strength. We recast this quantity in terms of the

optimal signal-to-noise ratio (SNR) of the waveforms, defined by

o JACS)
SNR? = 4 / df =22 (8.73)
fmin Sn<f)
Using Eq. (8.53), this relation can be rewritten as
) fimax df
SNR* =4 7w(f)N(f), (8.74)
fmin

and thus

‘Nfsjf?ﬂ - Nuseful’ o ‘ (SNRZ)QZO - (SNR2) ‘
=0 = =0 (8.75)
N, lilseful (SNRQ)q

_ 2|ASNR| ASNR) *
=“s\m O (( SNR > ) : (8.76)

where, ASNR = (SNRq:0 — SNR) is the difference in SNR between signals in GR and EMd

theory. Thus, Fig. 8.10 indicates that corrections arising from the presence of electric and scalar
charges in EMd theory can account for only a few percent of the total SNR for systems with

electric dipole ~ 0.1.

364



10(),
U S— 0.4, 0.1
S
e (U T T 0.1, 0.01
Z% 10-
|
CE O 0.01, 0.011
I é ------------------
27 105k
N T 0.001, 0.002
107 L Tmmmmmmmmmmnammnnnnnnnannannnnnnnnnnnnnt N
20 40 60 80 100
M[M)]

Figure 8.10: Number of useful cycles versus the total mass for various charge-to-

mass ratios, and for equal masses (v = 1/4). The number of cycles in EMd theory is
less than in GR except for equal charges.

8.4 Effective-one-body framework

In this section, we construct two EOB Hamiltonians: one based on the EMd metric in
Eq. (8.8), in which the potential C'(r) # 1, which we call the GHS gauge; the other is based on
an approximation to the EMd metric by making a transformation to a gauge were the potential
C(r) = 1, which we call the Schwarzschild gauge.

The EOB Hamiltonian in the GHS gauge is more physical in the strong-gravity regime
since it exactly reproduces the test-body limit of the two-body dynamics. That is, it belongs
to a class of Hamiltonians implementing exact solutions to the field equations for isolated ob-
jects/BHs. However, this class of Hamiltonians is very theory specific — for example the analytic
ST vacuum metric in Refs. [695, 696] is distinct from the analytic EMd metric when we set the

electromagnetic fields to zero. In addition, many BH solutions in alternative theories do not even
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have an analytic solution that can be used. The advantage of using a Hamiltonian based on the
approximate metric in the Schwarzschild gauge, is that it is easier to implement in data-analysis
studies of GWs observed by LIGO and Virgo. One would take the existing EOB Hamiltonians
in GR as a starting point and add EMd corrections in the same way as, e.g., tidal corrections are
added [625]. Within the regime of small deviations from GR, the two EOB Hamiltonians in EMd
theory are expected to closely agree.

In Refs. [696, 697], the EOB framework was extended to ST theories. In Ref. [696], the
motion of a binary BH was mapped to the motion of a test body, such that the effective metric
is a v-deformation of the ST metric. This approach is similar to our EOB Hamiltonian in the
GHS gauge, but we find a different mapping for the scalar charge. In Ref. [697], the motion of
the binary in ST theory was mapped to the motion of a test body around an effective BH in GR,
but the effective metric does not reproduce exactly the test-body limit of ST theory. In contrast,
whereas our EOB Hamiltonian in the Schwarzschild gauge is also not exact in the test-body limit,

it still maps the real problem to an effective one in EMd theory (not in GR).

8.4.1 Effective-one-body Hamiltonian in Garfinkle-Horowitz-Strominger gauge

In the EOB framework, the motion of a binary is mapped to the motion of a test body in
the background of an effective metric. In the effective problem in EMd theory, we assume that
a test body, with mass p and electric charge ¢, is moving in the background of a charged BH
with mass M and electric charge (). To relate the real two-body problem to the effective one, we
impose the following conditions: (a) M and p are the total mass and reduced mass of the real

description, i.e., M = my + my and p = myms/M; (b) the effective charges () and ¢ are related
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to the real charges by Q¢ = ¢1¢2, but we do not assume that () is the total charge; and (c) the

mapping between the real and effective Hamiltonians takes the form

(8.77)

HE (R, P)  H™(r,p) {1+ zHNR(ﬂP)]
ft 0 ’

2 p

where the superscript NR means non-relativistic, i.e., HNX = H — M, and the real Hamiltonian
H 1is given by Eq. (8.37). The form (8.77) for the “EOB energy map” [380] has proven useful in
GR up to 4PN order [80], in classical electrodynamics to 2PN order [698], and in ST gravity to
2PN order [236, 697]. In the first post-Minkowskian approximation, i.e., to all orders in v/c at
linear order in G, it can be shown to exactly resum the dynamics, producing the arbitrary-mass-
ratio two-body Hamiltonian from the test-body Hamiltonian [236, 264]. For the coordinates in
the effective problem, we use uppercase letters, such as R and P, while for the real problem, we

keep using lowercase letters, such as r and p.

The effective action for the test body is given by

Seff = / [—m(gp) dTeff + qAMdX“] s (878)

where 7.4 is the proper time of the BH and the effective test-mass m(y) depends on the scalar

field  generated by the BH, and has the expansion in terms of the parameters « and (3 as

1
m(p) = p [1 + ap + §(a2 + B)p* + O (1/06)} . (8.79)
Since we do not know, a priori, how the parameters « and (3 of the effective test body are related

to the real problem, we expand the mass in a 1/ R expansion

m(R) = p {1 + % + % + O (1/06)] (8.80)

and solve for the unknown coefficients f; and fs.
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We take the effective metric of the background to be a deformation of the EMd metric in

the GHS gauge

dsky = —dri = —A(R)dT? + B(R)dR* + R*C(R)d)*, (8.81)
with
(. R. R_\ it
A(R) = (1 F) (1 f) , (8.82a)
1 by
B(R) = AT 1+ R) : (8.82b)
C(R) = (1 _ %) o (8.82¢)

where R_ and R, are the radii of the inner and outer horizons of the effective BH, which are
given by Egs. (8.16a) and (8.16b), i.e.,

|+ a? 1 — a2
Yy Ri—om - ¢
a a

R_

D. (8.83)

We choose to define R_ and R, by these relations in terms of D, but not in terms of (), because
the relation between () and D is deformed by the mapping. We note that in the above metric’s
ansatz, we have added a deformation to B(R) only because, in EMd theory at 1PN order, the
mapping leads to three equations in fi, f5, and any deformation to the metric. Thus, we can only
determine uniquely one unknown coefficient in the effective metric. So we choose to take that
coefficient to be by, and assume the possible deformations to A(R) or C'(R) to be zero at 1PN
order.

The scalar field for a single BH is given by Eq. (8.13); we add a PN deformation g,/ R>

such that the effective scalar field is given by

_a R 1+a® g
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The electric potential is given by

Ap(R) = — (8.85)

Q
7
We do not add PN corrections to Ay because those corrections can be absorbed in the PN correc-

tions to the scalar field or to the relation between D and (). The coefficient g- is not independent

of f; and f5, because the mass expansion can also be expanded directly in ¢ [see Eq. (8.7)]

Da 1 D*a  a 1 545 1 5 6
m(R)—,u{l—F+ﬁ(gg ~ 5 —§Da+§Da +§Dﬁ)+(9(1/c) . (8.86)

In what follows, we uniquely solve for the coefficients by, f1, and f5 by matching the real Hamil-
tonian to the effective one by a canonical transformation. Matching the two mass expansions in
Egs. (8.80) and (8.86) allows us to determine the mapping for the parameters o and (3, and for
the coefficient g,. The mapping for « is unique, but the mapping for 5 and g, is not unique at
1PN order.

To find the effective Hamiltonian, we first find the effective Lagrangian, in the equatorial

plane © = 7/2,
dXHdXV
Lesr = qAo — m(gp)\/_guyd_Td_T’
= qA, — m(<p)\/ A(R) — B(R)R? — C(R)R2®2, (8.87)

Then, applying the Legendre transformation H.y = PRR + P@‘i) — L yields the effective

Hamiltonian

P? N P
(R)R* ~ B(R)]’

Hefr = —qAo + \/A(R) {mQ(SO) + I (8.83)

where Py = 0L/ O is the angular momentum, and Pr = O Leg/ OR is the radial momentum.
Before matching the Hamiltonians, we need to apply a canonical transformation from the
real variables, r and p, to the effective ones, R and P. At 1PN order, this transformation is given
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by [380]

, . 0G oG
Ri=r'+ =" P=p——, (8.89)
(3pi or?
with the generating function
2 G2
Girn(r.p) = (r-p) (ep® + =) (8.90)

where the coefficients ¢; and c, are to be determined by the mapping.
Inserting the expansions of the real and effective Hamiltonians into Eq. (8.77), and applying

the canonical transformation, we obtain the five equations:

22 +v =0, (8.91a)
fi+ Majay =0, (8.91b)
M —co+ p+ pogog — % +aD + o Mp? — pciqQ — per fipp =0, (8.91c¢)
by + % +2M + 2aD + de1pigQ + dey i fL — 269 — 1 — oo — det Mp? =0, (8.91d)
¢°Q* 2 2
e + ;X1 (L4 aar) + ¢ Xe (1 + aag) — 2puce + 4pfi + 2vea fi1 + 2M p

— v =2y — @ +2aDp — vD?* + VD—2 + 4M poag + 2M paas

+ Xguﬁlozg + leﬁgoﬁ + 1+ 200 + ,uzozfoé

+ qQ (2— —2— 2% — 2a00 X1 — 2a00 X5 — 201000 — 2V — 2ua1a2) =0. (8.9le)

Solving these equations respectively for the coefficients ¢y, fi, co, b1, and f5 yields

¢ = —2—/’:2, (8.92a)
Ji=—Majay, (8.92b)

=M+ % + ;Ml/ozlozg — % +aD, (8.92¢)
by =0, (8.92d)
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D* D? MD D
_—— = — — CLMDOélOZQ + % — GM@ (X1a1 —I—XQOéQ)
12

]02:2_612 2 a 1

1 1
Y [am ~Lenaa - L (i + Xlozfﬁz)}

M 2 2
+ = [q—Q(l + aoy) + (Z_1(1 + CLOZ2>:| ) (8.92¢)
2 mo ma

To find the mapping of the scalar charge, we identify the mass expansion in Eq. (8.80) with

the expansion in Eq. (8.86) to give

—Da=f, (8.93a)
D? 1 1

gpa— =2 D204 “D22 4 DB = f,. (8.93b)
20 2 2 2

Inserting the solution for f; and f, gives a unique mapping for o

M
> =pHma, (8.94)
and suggests the following mapping for [
M2
B =—5 (Xea3B + X1ai0,) . (8.95)

D

Further, we take the mapping of the dilaton charge D of the effective BH to be the sum of the

asymptotic value of the scalar charges of the two bodies, i.e.,
D = myjoq + moas . (8.96)

The mapping for o and [ agrees with what was found in Ref. [696], but the mapping for D is
different. The reason we choose this mapping for D is that it leads to a simple deformation to the

scalar field

1= a® (o — ap)?

g2 = DMv. (8.97)

2a? o109
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This deformation vanishes in the test-mass-limit ¥ — 0, and also when @ = 1 or oy = 5. Other
choices for D lead to complicated expressions for g». In obtaining this result for g,, we used the

expression for the electric charge in terms of the scalar charge, which is valid for BHs only,

2 2 1—a?
A 2o, a2, (8.98)
m; a a

This relation follows from Eq. (8.20) after solving for ¢; in terms of «; and setting the scalar field
to its asymptotic value.

A convenient mapping for the electric charge is

2 2
Q=M (q—l + q—2> : (8.99)

my mo

The reasoning behind this choice is that it is symmetric under the exchange of the two bodies;
it has the correct test-body limit, () — ¢; when my/m; — 0 with g2 /m» held constant; and it
appears naturally in EM theory as we show in the next subsection. With that mapping for () and

D, the relation between them is given by

(o — )M (8.100)

One could choose to enforce Eq. (8.17) for generic masses by making a different choice for D or

(, but this seems to lead to very complicated expressions for them.

8.4.2 Effective-one-body Hamiltonian in Schwarzschild gauge

In the EMd metric, the potential C'(r) # 1, but the standard EOB gauge is the Schwarzschild
gauge C'(r) = 1. This is the gauge that was used to derive the original EOB Hamiltonian [380],

which was then improved by calibrating it to numerical-relativity simulations [582]. Therefore,
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to profit from the best available EOB Hamiltonian in GR, we need to construct an EMd-EOB
Hamiltonian that is also in the Schwarzschild gauge.

The EMd metric can be transformed to the Schwarzschild gauge by the coordinate transfor-
mation 72 = r2C(r). However, for arbitrary values of the coupling constant a, the metric cannot
be analytically transformed. Instead, we expand the EMd metric (8.8) and transform it to get an
approximate EMd metric in the Schwarzschild gauge. We make the coordinate transformation,
valid to 1PN order,

2a°%r_
7 =12 1__@7“ )
(1+a®)r

Cl2

With that transformation, and inserting the expressions for _ and r, in terms of M and @)

[Egs. (8.16a) and (8.16b)], we get

2M 2 2M
g5 — — (1 M, Q—) e (1 + —) 47 + PP, (8.102)
T

7 72
which is the same as the Reissner—Nordstrom metric to 1PN order.

As an ansatz for the effective metric, we assume a metric based on the approximate metric

(8.102)
dsty = —A(R)dt> + B(R)dR* + R*d)?, (8.103)
with
aq a9
AR)= 1+ 5+ g oo (8.104a)
b
B(R) = 1+ Ef T (8.104b)

and we write the mass expansion as

m(R) = u 1+%+%+O(1/cﬁ) , (8.105)
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where the unknown coefficients a1, as, by, f1, and f5 are to be determined by the mapping. How-
ever, the mapping leads to three equations in those five coefficients, making two of them arbitrary.
We choose to take a; = —2M and ay, = Q? so that the effective metric would agree with the
EMd metric in the Schwarzschild gauge to 1PN order. When we solve for b, we get by = 2M,
in agreement with the EMd approximate metric.

For the effective electric potential, we apply the coordinate transformation (8.101) with

7 = Rto get

Q

Ao(R) = " R+aD"’

(8.106)

Applying the same transformation to the scalar field, and adding a PN deformation g,/ R?, we

obtain

a 1+a®> D 14+ a? go
In|1-— =

8.107
a R—l—aD+ a R? ( )

The mass expansion in terms of ¢, Eq. (8.79), can now be written as an expansion in 1/ R by

Do 1 < D3«
gox —

a9 1oy o 1. 6
5 TaPla+ gD’ + oD /3)—1-(9(1/0)]. (8.108)

Following the same method used in the previous subsection, the effective Hamiltonian is
given by Eq. (8.88) with the potential C'(R) = 1. The relation between the real and effective
Hamiltonians is given by Eq. (8.77), and the canonical transformation that relates the real and
effective variables is given by Eq. (8.89). Matching the real and effective Hamiltonians, we

obtain the five equations:

202 +v =0, (8.109a)
a; + 2f1 + 2M(1 + 041052) = 0, (8109b)
2cy — ay — AM + cragp® + 2frc i + 2% —2u(1 + aqay — ¢1qQ) =0, (8.109¢)
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by — 2¢co + 4 puq@Q + 2a101,u2 + 401f1,u2 — [ — poag + ﬂ =0, (8.109d)

M
2 D 2
M?a2a3 + M*Xp008, + M? X103 8y — ay — 2M vy + 2qQ + mLQQ (14 aay)
Y qQ
+ (1 + CLO[2) — 2a—(m1a1 + mQOQ) — 2f2 =0. (81096)
T [

Solving these equations respectively for the coefficients c;, fi, co, b1, and f5 yields

v
c = —Q—qu, (8.110a)
fi=—Maas, (8.110b)
M 1
=M+ e, — 19 (8.110¢)
2 3 2
by =2M (8.110d)
as  aqiqD M ¢ 2
fo=—— 4 hi2z 1% (myay + maa) + — q_2(1 +aay) + q—l(l + aqw)
2 i 1 2 [mo my
1 1
_ M2 109 — 5(0{10[2)2 — 5 (X20é§5]_ + XlOé%BQ):| . (8.1106)

Choosing a; = (2, so that the effective metric agrees with the EMd metric to 1PN order,

the above solution for f5 leads to the mapping

2 2
Q?:M(q—1+q—2>. 8.111)

mp; Mo
This is because, for the case of EM theory, when we take the parameters « and /3 in the solution
for f; to be zero, we get fo = —ay/2 + M(q?/m1 + q5/ms)/2. Hence, requiring that fo = 0 in
EM theory and that a; = Q?, naturally leads to the charge map (8.111).

Identifying the mass expansion in Eq. (8.105) with that in Eq. (8.108), leads to the following

mapping for « and (3

a=—ai0as, (8.112)
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2

M
B =57 (Xaash + Xiaifh) (8.113)

which is the same mapping that was found in the previous subsection. Further, taking the mapping

of the dilaton charge to also be given as in the previous subsection
D = miQq + meoQig, (8114)

leads to the astonishingly simple result

g2 = 0. (8.115)

With that mapping for D and @), the relation between them is given by Eq. (8.100).
Interestingly, the above mappings also lead to a ST EOB Hamiltonian in Schwarzschild
gauge at 1PN order. A 2PN EOB Hamiltonian based on an exact analytic solution for the metric
and scalar field can be found in Ref. [696]. The metric in that work also includes a potential
C(R) # 1, Eq. (IL.3) in Ref. [696], and that metric is unrelated to the EMd metric when the

electric charges are zero. The scalar field is given by

Ay a,% —2Ma,
+ -

D
psr = —log [1— & , (8.116)
Qs r 212

where a? = 4(M? + D?). The author of Ref. [696] found the same mapping for « and /3 that
we got, but used a different mapping for D (at 2PN order). When we approximately transform
the metric and the scalar field to the Schwarzschild gauge, in which the potential C'(R) = 1, and
repeat the same analysis in this section, we get an EOB Hamiltonian with the same mapping for
the scalar charge given in Eq. (8.114), and with no deformation to the metric or the scalar field to
1PN order. The point is that the mapping of the scalar charge would be the same in EMd theory

and ST theory, which is another hint that Eq. (8.114) is a good choice at 1PN order.
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Figure 8.11: Binding energy F'p normalized by the total mass M as a function of
M for equal masses, v = 1/4, and for charge-to mass-ratios ¢;/m; = ga/mg =
0.99, 0.9, 0.5, and ¢;/m; = —g2/ms = 0.9. To improve readability, we show the
plots only up to the frequency corresponding to R = 1.05R g or to energy Fp/M =
0.015. The point on each curve indicates the location of the ISCO.

8.4.3 Comparison of two effective-one-body Hamiltonians in Einstein-Maxwell-

dilaton theory

In this subsection, we compare the two EMd-EOB Hamiltonians with each other, and also
with the EOB Hamiltonian in GR, by calculating the binding energy and the ISCO. The goal is
to investigate the range of parameter space where the two EMd-EOB Hamiltonians agree.

The mappings of the electric charge, scalar charge, and the parameters « and ( are the
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same for the two EMd-EOB Hamiltonians, i.e.,

Q2 — (_ + —) D = miQ + Mot

my

a= —041042, B = Xoa361 + X1050) . (8.117)

D D2 -
For the EOB Hamiltonian in the GHS gauge, the effective metric is the GHS metric for v =
0 [Egs. (8.81)—(8.83) with by = 0]. For the EOB Hamiltonian in the Schwarzschild gauge,
the effective metric agrees with the Reissner-Nordstrom metric for v = 0 [Eq. (8.102)]. Other
differences between the two Hamiltonians are in the parameters of the mass expansion (8.80), the

canonical transformation (8.90), and the correction to the scalar field [Egs. (8.84) and (8.107)].

The parameters in those equations are shown in Table 8.1.

Table 8.1: Difference between the two EOB Hamiltonians in terms of the effective metric and the
parameters of the mass expansion, the canonical transformation, and the scalar field.

EOB in GHS gauge EOB in Schw gauge

effective metric  Eqgs. (8.81)—(8.83) Eq. (8.102)
c o1 = —v/2u?
Co Eq. (8.92¢) Eq. (8.110c)
Ji fi= Mooy
fa Eq. (8.92e) Eq. (8.110e)
92 Eq. (8.97) g2 =0

To find the binding energy from the two EOB Hamiltonians, we start with the energy map in
Eq. (8.77), which gives the relation between the effective Hamiltonian and the real Hamiltonian.

Inverting that relation, we obtain the resummed EOB Hamiltonian

Hog
HggB:M\/sz( d )—M. (8.118)
1

To obtain the binding energy for circular orbits, we set Pz = 0, and solve PR = —0He/OR =0

for the angular momentum Fg. However, that equation cannot be solved analytically because of
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Figure 8.12: Angular frequency at ISCO as a function of the charge-to-mass ratio

q1/my from -0.99 to 0.99. In the left panel, ¢o/ms = ¢;/m4, while in the right,
q2/ms = —q1/mqi. An ISCO frequency of 0.062 corresponds to an ISCO radius

~ 6.4M, and a frequency of 0.13 corresponds to radius ~ 3.9M.

the non-linearity of the Hamiltonian. Hence, we solve the equation numerically for Py at specific
values of R. Since we want to plot the binding energy as a function of the orbital frequency (2,
we need to calculate the orbital frequency via

_ OHgop _ OHgpop OHer (8.119)

Q = .

Then, we calculate the binding energy and orbital frequency as R goes from 100M to the radius
of the light ring. The light ring (or photon orbit) of a (charged) BH metric in GR is defined as
the circular-orbit solution to the geodesic equation of massless particles. This geodesic equation
is actually encoded by our effective Hamiltonian if we set ¢ = 0 (geodesic motion) and 1 = 0
(massless particle). To obtain the light-ring solution in EMd theory, we hence take the effective
Hamiltonian for the case ;4 = 0 = ¢, and impose the conditions for circular orbits P = 0 and

Pgr = 0. The latter condition means that we look for an extremum of the effective Hamiltonian,

0= py— _ OHen (8.120)

- I

OR

pn=q=Pr=0
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which is actually a maximum, 92 Hei/OR? < 0, and the light-ring solution is therefore unstable.
For the Schwarzschild metric in GR, solving this equation for R gives the known value Rig =
3M. For the EMd metric in the GHS gauge

3 D 1
Rug = 5M + == + 5-[9a*M? = 16aMD + 6a*MD
a

+8D? —8a*D* + a*D?]"?, (8.121)

while for the approximate metric in the Schwarzschild gauge

Rig = % [3M +J9M? — 8@2] , (8.122)

which is the same as the Reissner-Nordstrom metric since the potential A(R) is the same in both
cases.

In Fig. 8.11, we plot the binding energy scaled by the total mass, F'z/M, versus the orbital
frequency M) for equal masses, v = 1/4, and for charge-to mass-ratios q; /m; = ga/mg =
0.99, 0.9, 0.5 and ¢;/m; = —q2/my = 0.9. The binding energy diverges at the light ring; to
improve readability, we show the plots only up to the frequency corresponding to R = 1.05Rg
or to energy Ep/M = 0.015. We plot the binding energy for four cases: (a) EMd-EOB Hamilto-
nian in the GHS gauge; (b) EMd-EOB Hamiltonian in the Schwarzschild gauge; (c) EMd-GHS
Hamiltonian with a = 0, which is EM theory; and (d) EMd-GHS Hamiltonian in the limit where
all charges are zero () = 0, which is the standard uncharged GR case. [The effective Hamiltonian
for case (c) is that of a charge moving in the Reissner-Nordstrom spacetime, and for (d) it is that
of a reduced mass in Schwarzschild spacetime.] The difference between the EM case (a = 0
curve) and the standard astrophysical scenario of uncharged BHs () = 0 curve) quantifies the
effect of the electric charges, while the difference between the EMd Hamiltonian(s) and the EM
case quantifies the effect of the scalar charges.
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We see from Fig. 8.11 that the electric charges have a larger effect on the binding energy
than the additional scalar charges in EMd theory (except for almost extreme charges). For small
electric charges < 0.5 (lower left panel of Fig. 8.11), the difference in binding energy between
EMd theory and EM theory at the ISCO is only 9% of the difference between EMd theory and
GR with no charges, i.e., the scalar charge has a very small effect. The difference between the
two EMd-EOB Hamiltonians increases with increasing electric charge and frequency, but they
still agree well. The binding energy of the two Hamiltonians at the ISCO differs by ~ 6% for
charge-to-mass ratio 0.99 and by ~ 0.1% for charge-to-mass ratio 0.5. For charge-to-mass ratios
larger than one, a naked singularity appears in the effective metric in the Schwarzschild gauge;
this is an unphysical feature arising from the choice of gauge, and thus the EOB Hamiltonian
should not be used for small separations (high frequencies) approaching this singularity. Note
that, if one is only interested in the inspiral, then the comparison of the Hamiltonians via the
binding energy can be stopped already at the ISCO frequency instead of the LR frequency.

The ISCO marks the end of the inspiral phase of the binary coalescence and the beginning
of the plunge. To find the value of the ISCO, we set both the first and second derivatives of the
effective Hamiltonian to zero O Hegr/OR = 0 = 0> Hoy/OR? and set Pr = 0. Then, we solve the
two equations numerically for the ISCO radius and angular momentum. The orbital frequency at
ISCO can then be calculated from Eq. (8.119).

In Fig. 8.11, the location of the ISCO is indicated by the point on each curve. In Fig. 8.12,
we plot the orbital frequency at ISCO, scaled by the mass, i.e., M{sco, versus the charge-to-
mass ratio ¢;/my with ¢a/mo = ¢ /m; in the left panel, and go/ms = —gq;/m; in the right.
From the left panel, we see that for high charge-to-mass ratios, the two EOB Hamiltonians do

not agree well at this high frequency. For same-sign charges, the ISCO orbital frequency is lower
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than the uncharged case, which means the ISCO radius is greater than the Schwarzschild value of
6M . This is because the binding energy of charged BHs is higher (less bound) than the energy of
uncharged BHs, as can be seen from the binding energy in Fig. 8.11. For opposite-sign charges,
the ISCO orbital frequency is higher than the uncharged case because the binding energy is lower

than the energy of uncharged BHs.

8.5 Conclusions

In this paper, we analytically modeled the dynamics of binary BHs in EMd theory. In this
theory, electrically charged BHs also carry a scalar charge, whereas in GR (and many modified
theories of gravity) the scalar charge is zero. Thus, the identification of a BH with scalar charge
through GW observations could point to modifications of gravity in the strong-field regime and
violations of the strong equivalence principle. Observation of a large electric charge on BHs
could be a trace of minicharged dark matter and/or dark photons.

We began by considering the case of a test BH in the background of a more massive com-
panion in EMd theory, wherein the scalar charge of the test BH decreases as it moves radially
inwards. Consistent with the results of Ref. [210], we found that the dimensionless charge ()
exhibits a sharp transition [see Figs. 8.1 and 8.2]. However, we showed that in a binary system,
the scalar charge of the test BH will change dramatically only very close to the horizon of the
background BH and only if both BHs are nearly-extremally charged. Thus, these features can
be observationally relevant only in minicharged dark matter and dark photons models, but not in
the Standard Model of particle physics. Our study also showed that binary BHs in EMd theory

will not exhibit non-perturbative phenomena akin to induced or dynamical scalarization that are
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found in certain ST theories [see Fig. 8.3].

We then used the PN approximation in EMd theory to study the dynamics of a two-body
system with an arbitrary mass ratio. We derived the two-body 1PN Lagrangian and Hamiltonian,
and investigated how the bodies’ scalar charges decrease with their separation at next-to-leading
PN order. As in the test-BH case, we expect that dramatic changes could occur only for nearly-
extremal charged BHs on very compact orbits; this is a regime most easily probed by systems with
extreme mass ratios and/or rapidly spinning BHs. We derived the scalar, vector, and tensor energy
fluxes at next-to-leading PN order. From the energy flux and binding energy, we calculated the
Fourier-domain gravitational waveform for binaries on quasi-circular orbits using the stationary-
phase approximation.

Using our PN result, we discussed the possibility of constraining EMd theory with GWs.
Given current and projected constraints on dipole radiation, we examined how the degeneracies
between electric and scalar charges limit the bounds that can be set on the EMd parameter a
— constraining this parameter requires one to measure the electric charges of each BH inde-
pendently, and the strength of this bound improves for larger total electric charge [see Fig. 8.8].
We also estimated the observational deviations from GR predicted in EMd theory with two mea-
sures: the dephasing between PN waveforms in the stationary-phase approximation [Fig. 8.9],
and the difference in the number of useful GW cycles [Fig. 8.10]. For ground-based GW de-
tectors, we found that the presence of electric and scalar charges contributes < 1 radian to the
phase provided the black holes have charge-to-mass ratios of ¢;/m; < 0.01 for coupling constant
a = 1. We showed that the relative difference in useful cycles between EMd theory and GR
provides an estimate of the fractional correction to SNR by non-GR corrections; for systems with

qi/m; < 0.1, the deviations from GR affect the total SNR by a few percent.
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Finally, we constructed two EOB Hamiltonians for binary BHs in EMd theory: an EOB
Hamiltonian in the GHS gauge, which is based on the exact BH solution, and an EOB Hamilto-
nian in the Schwarzschild gauge, which is based on an approximation to that solution. The EOB
Hamiltonian in the GHS gauge is more physical in the strong-gravity regime, since it exactly
reproduces the dynamics of a test body, and hence will be more accurate for systems with a very
asymmetric mass ratio. The EOB Hamiltonian in Schwarzschild gauge is easier to implement by
taking the existing EOB Hamiltonians in GR as a starting point and adding to it corrections due
to EMd theory. We compared the two Hamiltonians by calculating the binding energy and the
innermost stable circular orbit, and found that they agree well, except for nearly-extremal charges
at high frequencies [see Figs. 8.11 and 8.12]. The binding energy of the two Hamiltonians at the
ISCO differs by ~ 6% for charge-to-mass ratio 0.99 and by ~ 0.1% for charge-to-mass ratio 0.5.

An important goal in future continuations of our work would be the construction of a full
(inspiral-merger-ringdown) EOB waveform model in EMd theory. For accurate predictions in
the late inspiral, one likely needs PN results for the Hamiltonian, fluxes, and modes to the same
order as they are available in GR, next to a calibration of the model to NR simulations in EMd
theory. Modeling the merger and ringdown requires predictions for the parameters of the fi-
nal black hole and its quasi-normal modes as a function of the EMd coupling constant a (see,
e.g., Refs. [699, 700] for partial results). Since EOB waveform models in existing data-analysis
infrastructure are formulated in the Schwarzschild gauge, this gauge is probably the best compro-
mise for the purpose of GW data analysis. This gauge is also better suited for creating a single
EOB waveform model covering various alternative theories; for example, we demonstrated that
our EOB Hamiltonian in the Schwarzschild gauge can describe both ST and EMd theories. Ulti-

mately, one could aim to construct a generalized EOB framework that uses a physically motivated
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parameterization to encode a range of possible deviations from GR.
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Chapter 9: Theory-agnostic framework for dynamical scalarization of compact

binaries

Authors': Mohammed Khalil, Noah Sennett, Jan Steinhoff. Alessandra Buonanno

Abstract: Gravitational wave observations can provide unprecedented insight into the fun-
damental nature of gravity and allow for novel tests of modifications to General Relativity. One
proposed modification suggests that gravity may undergo a phase transition in the strong-field
regime; the detection of such a new phase would constitute a smoking-gun for corrections to
General Relativity at the classical level. Several classes of modified gravity predict the exis-
tence of such a transition—known as spontaneous scalarization—associated with the sponta-
neous symmetry breaking of a scalar field near a compact object. Using a strong-field-agnostic
effective-field-theory approach, we show that all theories that exhibit spontaneous scalarization
can also manifest dynamical scalarization, a phase transition associated with symmetry breaking
in a binary system. We derive an effective point-particle action that provides a simple paramet-
rization describing both phenomena, which establishes a foundation for theory-agnostic searches
for scalarization in gravitational-wave observations. This parametrization can be mapped onto
any theory in which scalarization occurs; we demonstrate this point explicitly for binary black

holes with a toy model of modified electrodynamics.

!Originally published as Phys. Rev. D 100, no.12, 124013 (2019)
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9.1 Introduction

Classical gravity described by General Relativity (GR) has passed many experimental tests,
from the scale of the Solar System [50] and binary pulsars [701, 702] to the coalescence of
binary black holes (BHs) [12, 519, 579, 660, 668] and neutron stars (NSs) [703]. Despite its
observational success, certain theoretical aspects of GR (e.g., its nonrenormalizability and its
prediction of singularities [704]) impede progress toward a complete theory of quantum gravity;
yet, strong-field modifications of the theory may alleviate these issues [420].

Gravitational wave (GW) observations probe the nonlinear, strong-field behavior of gravity
and thus can be used to search for (or constrain) deviations from GR in this regime. Because
detectors are typically dominated by experimental noise, sophisticated methods are required to
extract GW signals. The most sensitive of these techniques rely on modeled predictions of sig-
nals (gravitational waveforms), which are matched against the data. This same approach can be
adopted to test gravity with GWs; to do so requires accurate signal models that faithfully incorpo-
rate the effects from the strong-field deviations one hopes to constrain [50]. Ideally, these models
would be agnostic about details of the strong-field modifications to GR, so that a single test could
constrain a variety of alternative theories of gravity.

This work establishes a framework for such tests given the hypothetical scenario in which
the gravitational sector manifests phase transitions, with only one phase corresponding to classi-
cal GR. This proposal comprises an attractive target for binary pulsar and GW tests of gravity;
if the transition between phases arises only in the strong-gravity regime (e.g., in the presence of
large curvature, relativistic matter, etc.), then such a theory could generate deviations from GR in

compact binary systems while simultaneously evading stringent constraints set by weak-gravity
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tests. We consider the case wherein the “new” phases arise via spontaneous symmetry break-
ing in the gravitational sector. Similar phase transitions occur in many areas of contemporary
physics—perhaps the most famous example is the electroweak symmetry breaking through the
Higgs field [705-707]—so it is sensible to consider their appearance in gravity as well. As a first
step, we focus on a simple set of such gravitational theories, in which the transition from GR to
a new phase most closely resembles the spontaneous magnetization of a ferromagnet; however,
these theories can also be extended to instead replicate the standard Higgs mechanism in the
gravitational sector [494, 708].

Specifically, we investigate the nonlinear scalarization of nonrotating compact objects
(BHs and NSs), which arises from spontaneous symmetry breaking of an additional scalar com-
ponent of gravity [202, 513]. Spontaneous scalarization—the scalarization of a single, isolated
object—has been found in several scalar extensions of GR, including massless [482, 514, 709-
713] and massive [486, 487, 489] scalar-tensor (ST) theories and extended scalar-tensor-Gauss-
Bonnet (ESTGB) theories [497-501, 714]. Similar phenomena can also occur for vector [491,
495], gauge [494], and spinor [493] fields. In contrast, dynamical scalarization—scalarization
that occurs during the coalescence of a binary system—has been demonstrated and modeled only
for NS binaries in ST theories [483—485, 509, 513, 681, 692, 715].

A scalarized compact object emits scalar radiation when accelerated, analogous to an ac-
celerated electric charge. In a binary system, the emission of scalar waves augments the energy
dissipation through the (tensor) GWs found in GR, hastening the orbital decay. Radio observa-
tions of binary pulsars [701, 702, 716, 717] and GW observations of coalescing BHs and NSs
[519, 703] are sensitive to anomalous energy fluxes, and thus can be used to constrain the pres-

ence of scalarization in such binaries. Binaries containing spontaneously scalarized components
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emit scalar radiation throughout their entire evolution. In contrast, dynamically scalarizing bi-
naries transition from an unscalarized (GR) state to a scalarized (non-GR) state at some critical
orbital separation, only emitting scalar waves after this point. Because this is a second-order
phase transition [513], the emitted GWs contain a sharp feature corresponding to the onset of
dynamical scalarization. This feature cannot be replicated within typical theory-agnostic frame-
works used to test gravity [664, 665, 667, 718], as these only consider smooth deviations from
GR predictions, e.g., modifications to the coefficients of a power-series expansion of the phase
evolution.

While one could attempt to model dynamical scalarization phenomenologically by adding
nonanalytic functions to such frameworks [692, 719], in this paper, we propose a complementary
theory-agnostic approach. We focus on a specific non-GR effect, here scalarization, but remain
agnostic toward the particular alternative theory of gravity in which it occurs. The basis for
our framework is effective field theory. Scalarization arises from strong-field, nonlinear scalar
interactions in the vicinity of compact objects; the details of this short-distance physics depends
on the specific alternative to GR that one considers. By integrating out these short-distance scales,
we construct an effective point-particle action for scalarizing bodies in which the relevant details
of the modification to GR are encapsulated in a small set of form factors. The coefficients of
these couplings offer a concise parametrization ideal for searches for scalarization with GWs.
The essential step in constructing this effective theory is identifying the fields and symmetries
relevant to this phenomenon. Starting from the perspective that scalarization coincides with the
appearance of a tachyonic scalar mode of the compact object, we derive the unique leading-

order effective action valid near the critical point of the phase transition. Though this effective
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action matches that of Ref. [513]—which describes the scalarization of NSs in ST theories’>—the
approach described here is valid for a broader range of non-GR theories.

Our proposed parametrization of scalarization is directly analogous to the standard treat-
ment of tidal interactions in compact binary systems. Tidal effects enter GW observables through
a set of parameters that characterize the response of each compact object to external tidal fields [191].
These parameters are determined by the structure of the compact bodies—for example, the short-
distance nuclear interactions occurring in the interior of a NS. This description of tidal effects
is applicable to a broad range of nuclear models (i.e., NS equations of state) and offers a more
convenient parametrization of unknown nuclear physics for GW measurements [16, 720] than
directly incorporating nuclear physics into GW models. From the perspective of modeling com-
pact binaries, the primary difference between tidal effects and scalarization is that the latter is an
inherently nonlinear phenomenon, necessitating higher-order interactions in an effective action.

Beyond offering a convenient parametrization for GW tests of gravity, our effective action
also elucidates certain generic properties of scalarization phenomena. Using a simple analysis
of energetics based on the effective theory, we argue that any theory that admits spontaneous
scalarization must also admit dynamical scalarization. Additionally, this type of analysis can
provide further insights regarding the (nonperturbative) stability of scalarized configurations and
the critical phenomena close to the scalarization phase transition. We illustrate these points by
applying our energetics analysis to a simple Einstein-Maxwell-scalar (EMS) theory in which
electrically charged BHs can spontaneously scalarize, complementing previous results for NSs in
ST theories [513].

The paper is organized as follows. In Sec. 9.2, we first review the mechanism of scalariza-

’Dynamical scalarization was also modeled at the level of equations of motion in Refs. [483, 681].
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tion as the spontaneous breaking of the Z, symmetry of a scalar field driven by a linear scalar-
mode instability. Then, we construct an effective worldline action for a compact object interacting
with a scalar field valid near the onset of scalarization. In Sec. 9.3, we discuss how the relevant
coefficients in the action can be matched to the energetics of an isolated static compact object
in an external scalar field, demonstrating the procedure explicitly with BHs in the EMS theory
of Ref. [514]. In Sec. 9.4, we employ the effective action to further investigate scalarization
in this EMS theory: we examine the stability of scalarized configurations, compute the critical
exponents of the scalarization phase transition, and predict the frequency at which dynamical
scalarization occurs for binary BHs. We also argue that dynamical scalarization is as ubiquitous
as spontaneous scalarization in modified theories of gravity. Finally, in Sec. 9.5, we summarize
the main implications of our findings, and discuss future applications of our framework. The
appendixes provide a derivation of a more general effective action and details on the construction

of numerical solutions for isolated BHs in EMS theory.?

9.2 Linear mode instability and effective action close to critical point

In this section, we review the connection between the appearance of an unstable scalar
mode in an unscalarized compact object and the existence of a scalarized state for the same body.
We then derive an effective action close to this critical point at which this mode becomes unstable.

As an illustrative toy model for this discussion, we consider the modified theory of elec-

trodynamics introduced in Ref. [514] (hereafter referred to as EMS theory for brevity), whose

3Throughout this work, we use the conventions of Misner, Thorne, and Wheeler [? ] for the metric signature and
Riemann tensor and work in units in which the speed of light and bare gravitational constant are unity.
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action is given by

Sﬁeld = /d4$ 1(;Tg [R - 2au¢au¢ - f(¢)FMVFMV] ) (91)
where R is the Ricci scalar, g is the determinant of the metric g,,,,, and F},, = 0, A, — 0, A,, is the

electromagnetic field tensor. In this paper, we consider two choices of scalar couplings:

fi(9) =e ", 9.2)

-1
fa(o) = <1 + ag? — %oﬁb‘l) , (9.3)

where « is a dimensionless coupling constant. While the two couplings have the same behavior
near ¢ = 0, their behavior for large field value differs drastically. The former choice was used
in Ref. [514] to construct stable scalarized BH solutions, whereas we introduce the latter in this
work to demonstrate a theory in which no stable scalarized BH configurations exist (see Sec. 9.4).

The absence of any linear coupling of ¢ to the Maxwell term implies that any solution
in Einstein-Maxwell (EM) theory, i.e., with ¢ = 0, also solves the field equations of Eq. (9.1);
however, stable solutions in EM theory may be unstable in EMS theory. To see this, we write the

scalar-field equation schematically as

f'(9) oy
15 " P

9.4)

2 2
O¢ = mgy ¢, Mg =

We consider an electrically charged BH, for which F#*"F),, <0 and thus the effective-mass
squared m?; is negative for a < 0. One can decompose ¢ into Fourier modes with frequency w
and wave vector k, which satisfy the dispersion relation w? ~ k? + m?Z(k), where curvature cor-
rections have been dropped for simplicity. We see that if mZ;(k) is sufficiently negative, then w?
is also negative, leading to a tachyonic instability. The critical point at which this tachyonic insta-
bility first appears can be determined by identifying linearly unstable quasinormal scalar modes
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Figure 9.1: An illustration of the approach used in this paper (read from left to right).
(Left) The fields describing an isolated compact object in equilibrium are decom-
posed into short- (UV) and long- (IR) wavelength modes, depicted in blue and red,
respectively. (Center) We integrate out the UV modes via an IR projection. (Right)
By matching asymptotics, we identify the coarse-grained compact object with an ef-
fective point-particle model that describes the IR sector of the full theory. Section 9.3
contains a detailed description of this procedure and the definitions of all quantities
shown above.

of the EM solution [499, 721] or by constructing sequences of fully nonlinear, static scalarized
solutions (as we do here) [514, 721].

The tachyonic instability drives the body away from the unscalarized solution, thereby
breaking the symmetry ¢ — —¢ in Eq. (9.1). For a stable scalarized equilibrium configuration
to exist, this instability must saturate in the nonlinear regime [515]. These two conditions—the
existence of a tachyonic instability and its eventual saturation—are satisfied in all of the theories
discussed previously [482, 486, 487, 489, 491, 493-495, 497-501, 514, 709-714]. The only
difference between these theories is the form of mZ; for example, in ST theories m2; depends
on the stress-energy tensor, while in ESTGB it depends on the Gauss-Bonnet invariant. Indeed,
theories which meet these two criteria can be straightforwardly constructed, which is the reason
why scalarization is such a ubiquitous phenomenon.

An even simpler perspective on scalarization arises from a coarse-grained, or effective,
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theory. Let us derive it explicitly. We start by splitting the fields into the short- (or ultraviolet,
UV) and long- (or infrared, IR) wavelength regimes separated by the object’s size ~ R, i.e.,
¢ = ™ + ¢VV, and spatially average over (integrate out) the UV parts. This effectively shrinks
the compact object to a point and its effective action is given by an integral over a worldline
y"(7), where 7 is the proper time (see Fig. 9.1 for a schematic illustration). Dynamical short-
length-scale processes like oscillations of the object are represented by dynamical variables on
the worldline. For simplicity, we assume that we can also average over fast oscillation modes and
only retain the monopolar mode associated to a linear tachyonic instability, denoted by ¢(7). This
mode ¢(7) can indeed be excited by IR fields, since its frequency (or effective mass) vanishes at
the critical point.

Effective actions are usually constructed by making an ansatz respecting certain symme-
tries and including only terms up to a given power in the cutoff between IR and UV scales. The
relevant symmetries here are diffeomorphism, U(1)-gauge, worldline-reparametrization, time-
reversal *, and scalar-inversion invariance. The last reads ¢ — —¢ in the full theory, so in the
effective action it decomposes into simultaneous IR ¢'® — —¢™ and UV ¢ — —¢ transforma-
tions. The IR fields are of order ¢'™® ~ O(R/r) on the worldline, where r is the typical IR scale
(e.g., the separation of a binary). Now, the oscillator equation for the mode ¢(7) driven by the IR

field ™ can be schematically written as

. C C
cpd+V'(g) =o™y), Vg = %qz + %cf‘ o (9.5)

where " = d/dr and the c__ are constant coefficients determined by the UV physics. (The singular

self-field contribution to ¢™®(y) must be removed using some regularization prescription.) The

“Time reversal is an approximate symmetry of compact objects in an adiabatic setup, like the inspiral of a binary
system. In this case, a compact object’s entropy remains approximately constant.
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normalization of ¢ is chosen to fix the coefficient of ¢'® (y); for all that follows, we simply assume
that c;2 > 0. Close to the critical point, the quadratic term in V' is negligible, and thus from
Eq. (9.5), one finds that for equilibrium configurations (§ = 0), ¢ scales as ¢° ~ ¢®. More
generally, the mode ¢ oscillates around this equilibrium point provided that the IR field evolves
slowly relative to the frequency of the mode, i.e., )R = y"0,¢™ < ¢/q; this condition is satisfied
for binary systems on quasicircular orbits (which we restrict our attention to in this work), but
could be violated for highly eccentric orbits. For small perturbations around equilibrium, one
finds that ¢ ~ 01/¢® and § ~ 6¢™® where § = (¢ — qo)/qo < 1 is the fractional deviation from
the equilibrium point ¢.

Using the scaling relations derived above, we construct the most generic effective action
for a nonrotating compact object with a dynamical mode ¢(7) described by Eq. (9.5) close to the

critical point, up to order O(R?/r?)

‘ Cia c c . R?
Sco = /dT {%QQ + ™ (y)g — o) — %f - %Cfl + Al ()t + O <ﬁ)] . (9.6)
_ Cq2 .9 IR IR/, N\ i R?
= [ dr| 5@+ (W)a—mlg) +eadi (w)y" + O 5 ||, (9.7)

where CO stands for compact object and for later convenience we define
m(q) = c) + V(q). (9.8)

Terms containing time derivatives of ¢™® all enter at higher order in R/r than we work, e.g.,

PRq ~ PG ~ ¢ ~ O(R?/r?), and thus are absent in Eq. (9.7). A reparametrization-invariant

action is obtained by inserting dr = da\/ —gi8(y)dyt/dody” /do, where o is an arbitrary affine

parameter, and replacing derivatives d/d7 accordingly. The complete effective action reads

Sett = Shaa + 50 (9.9)
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where more copies of S& can be added depending on the number of objects in the system and
SR 4 1s given by Eq. (9.1) with IR labels on the fields. The equations of motion and field equations
are obtained by independent variations of y* (), ¢(o), and ¢'% (), g5 (), AR ().

The simplicity of S&U is striking, but we recall that it is only valid close to the critical
point of a monopolar, tachyonic, linear instability of a scalar mode. (A more generic effective
action valid away from the critical point is discussed in Appendix O.) Despite its simplicity,
the effective action (9.9) is theory agnostic, in the sense that it is constructed assuming only
the scalar-inversion symmetry and that the nonrotating compact object hosts such a mode; in
particular, it should hold for the cases studied in Refs. [482, 486, 487, 489, 491, 493-495, 497-
501, 514, 709-714] and similar work to come. We emphasize that strong-field UV physics at
the body scale is parametrized through the numerical coefficients c_, which can be matched to
a specific theory and compact object, or be constrained directly from observations (analogous to

tidal parameters [703, 720]).

9.3 Matching strong-field physics into black-hole solutions

As an illustrative example of the effective-action framework derived above, we now com-
pute the sought-after coefficients c_ for BHs in EMS theory.

For this purpose, we match a BH solution in the full theory (9.1) to a generic solution of the
coarse-grained effective theory (9.9) for an isolated body. Schematically, the former represents
the full solution at all scales, while the latter only represents its projection onto IR scales. We
focus first on BH solutions of the full theory (9.1), restricting our attention to equilibrium/static,

electrically charged, spherically symmetric solutions.
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In EMS theory, this family of solutions is characterized by three independent parameters,
which we take to be the electric charge £, the BH entropy S, and the asymptotic scalar field ¢y,
assuming a vanishing asymptotic electromagnetic field and an asymptotically flat metric. The
electric charge is globally conserved by the U(1) symmetry of the theory and the entropy remains
constant under reversible processes, which we have implicitly restricted ourselves to by assuming
time-reversal symmetry in the effective action. Thus, we use a sequence of solutions with fixed
& and S to represent the response of a BH to a varying scalar background ¢,. Since EMS theory
modifies electrodynamics, but not gravity or the coupling to gravity, the entropy of a charged BH
is the same as in GR, i.e., it is proportional to the horizon area. See also Ref. [514] for the first
law of BH thermodynamics in EMS theory.

The asymptotic behavior of the fields take the form

¢ ®o Q(0)

1
A | =1 o [ +] —gest x " O(1X17?), (9.10)
9oo -1 2 M(¢o)

where Q(¢y) is the scalar charge of the BH and M (¢y) is its gravitational mass.> We construct
these solutions numerically (see Appendix P for details), and then compute ¢, M, and () directly
from their asymptotic behavior.

Next, we turn our attention to the description of these BH solutions in the effective the-
ory (9.9). We set up the solution under the same boundary conditions as the numerical se-
quence described above; in particular, we look at isolated equilibrium configurations, y“d, gﬁf, ~

Y O, AR = y*0,¢™ & ¢ ~ 0. We construct a coordinate system x in which the worldline has

>The quantities Q (o) and M (¢) describing the asymptotic behavior of the solution also depend on the param-
eters £ and S, but we suppress the dependence in our notation for brevity. Derivatives of () and M are taken holding
& and S constant.
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Figure 9.2: The potential V'(¢q) for « = —8 and different electric charges £. The left
and right panels correspond to BHs in EMS theory with coupling fi(¢) [Eq. (9.2)]
and f5(¢) [Eq. (9.3)], respectively. The numerical solutions and polynomial fits are
indicated with points and lines, respectively.

spatial components y = 0, so that all fields are independent of time. Furthermore, relying on the
fact that both solutions are asymptotically flat, we choose the coordinates & such that they match
the numerical coordinates X in the asymptotic region, i.e., x = X + O(|X | "). Then working

to linear order in the fields, we find

PR ®o q

IR 2 1
A{)R = 0 + —cAea[¢ ()] m + ... (9.11)
900 -1 2[m(q) — o™ (y)q]

These fields are singular when evaluated on the worldline, * = y = 0. This can be cured by
appropriately regularizing the solution; here, we simply keep the finite part and drop the singular
self-field part, e.g., o™ (y) = ¢o. The situation is analogous to the singular fields that arise in

electrostatics when an extended source is approximated by a point charge.
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In addition to a solution for the fields, a variation of ¢ in the effective action leads to

dm dV 0(4)(13 R?
e S + + — . 12
%o dqg  dq @1 3! © 72 ©-12)

The matching now consists of identifying the IR-scale fields in the solution of the full the-
ory (9.10) with the fields predicted in the IR effective theory (9.11). We extract the IR-scale fields
from the former solution using an appropriate IR projector P'R[-], such that the matching condi-
tions are given explicitly as PR[¢] = ¢ (and likewise for the other fields). Such a projector is

most easily formulated in the Fourier domain, so we first compute the (spatial) Fourier transform

of the fields (9.10), denoted by a tilde

HK) = ood (1) + THO) | ok, ©.13)

We employ the simple projector P'R[¢] = ¢(K)O(KR—|K|), where O is the Heaviside function
and K™ is the cutoff scale. Applying this projection to Eq. (9.13) and taking the inverse Fourier
transform, one finds that P'® [¢] takes the same form as Eq. (9.10) on scales longer than the cutoff,
i.e., for | X| > 1/K™. Then, our matching conditions PR[¢] = ¢'R, PIR[Ag] = AR, PR[goo] =
gk reduce to

Qo) =q, E=ca, M(po) =m(q) — ¢ogq, 9.14)

where we have used ¢'®(y) = ¢, as discussed above. Note that the last equation and m’(q) =
®o (9.12) reveal that the two measures of energy M and m are related by a Legendre transfor-
mation of the conjugate variables (g, ¢). Hence, we find that Q = ¢ = — M'(¢y), in agreement
with the first law of BH thermodynamics [722, 723].

While M(¢y) is the gravitational mass of the system, m(q) represents the “gravitational

free energy” of the body (see also Sec. III.A of Ref. [513]). That is, m is the mass/energy with
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the potential energy —¢oq (due to the external scalar field) subtracted from M. We find below
that m—not M—serves as better representation of “point-particle mass” found in the Lagrangian
or Hamiltonian description of a binary system; of course, both quantities reduce to the standard
ADM mass in GR in the absence of scalarization. Furthermore, away from the critical point, it is
not necessary to treat the mode ¢ as a dynamical variable. This means that we can set ¢ = 0 and
remove ¢ from the action (9.7). The latter is achieved by virtue of the Legendre transformation

between m(q) in Eq. (9.7) and M (¢ (y)),

Sco = /dr{—/\/l(gbm(y)) +EAR ()" + .. |. (9.15)

We see that M plays the role of the Eardley mass [480] in the action now. We note that since
the Eardley mass and m(q) are related by a Legendre transformation, they contain the same
information.

To compute the values of the various c_, we numerically construct a sequence of BH so-
lutions as described above and extract the functions M (¢g) and Q(¢p). From there we obtain
m(q) and V (¢) numerically from Eq. (9.14), as illustrated in Fig. 9.2. Each curve indicates a BH
sequence with a different electric charge-to-mass ratio £ /m®), where m(®) = C(0) 1s the mass of
the isolated BH with no scalar charge. The points indicate the numerically computed solutions,
which are calculated by solving the field equations with different boundary conditions for the
scalar field (see Appendix P). The solid lines are polynomial fits of the form (9.5), from which
we extract the values of the coefficients c(z) and cy).

It is remarkable that from equilibrium solutions one can fix the potential of a dynamical
(nonequilibrium) mode to order ¢*. This connection is nontrivial, and it breaks down when one

relaxes the assumption of being close to the critical point. For instance, if terms like (¢'®)?
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are included in Eq. (9.7), then ) # ¢; or consider the case of a minimally coupled scalar field
(o = 0), wherein no-hair theorems [669, 670] guarantee that M (¢y) = const—the energy of an
equilibrium BH obviously does not encode any information about dynamical modes.

Having described how to compute the coefficients c__in the effective action (9.7), the fol-
lowing section illustrates how this action can be used to study spontaneous and dynamical scalar-

ization.

9.4 Modeling strong-gravity effects within the theory-agnostic framework

In this section, we show how spontaneous and dynamical scalarization can be understood
from the effective theory (9.7), based on a simple analysis of energetics. We use this effective
action to investigate the properties of these critical phenomena, namely their critical exponents.
Though we use EMS theory to make quantitative predictions throughout this section, we empha-
size again that the qualitative behavior we find should hold generically for all theories in which
spontaneous scalarization occurs. More specifically, theories in which scalarized configurations
are stable are analogous to EMS theory with scalar coupling fi(¢), whereas those where such
configurations are unstable correspond to the coupling f5(¢) (see the following subsection for
details). Extending the predictions made below to other theories only requires computation of
the effective mode potential V' (¢), as described in the previous section, and the inclusion of any

new long-range fields not present in EMS theory that impact the motion of binary systems.
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9.4.1 Spontaneous scalarization

Recall that a spontaneously scalarized object is one that hosts a nonzero scalar charge
even in the absence of an external scalar field ¢ = 0. From Eq. (9.12) we see that ¢y = 0
corresponds to extrema of V' (q) for equilibrium configurations. Furthermore, since V'(q) is the
oscillation-mode potential, ¢ dynamically evolves into a minimum of V' (¢) [see Eq. (9.5)]. Thus,
the existence of spontaneously scalarized configurations is indicated by nontrivial extrema of
V(q), and the stability of these configurations depends on whether such points are local minima
(stable) or maxima (unstable). For example, the left panel Fig. 9.2 depicts the appearance of
spontaneously scalarized BH solutions as one increases the charge-to-mass ratio in EMS theory
with coupling f;(¢). Without enough electric charge (e.g., the red and orange curves, with c(9) >
0), the EM (unscalarized) solutions are the only stable BH solutions, but by increasing the charge
beyond a critical value (e.g., the green and blue curves, with c(3) < 0), the EM solution becomes
unstable and the stable solutions instead occur at nonvanishing values of q.

Our approach allows one to determine the values of the coupling o and the electric charge
& at which spontaneous scalarization first occurs (c(2y = 0) using only sequences of equilibrium
BH solutions. A more direct approach employed in the past was to search for instabilities of
linear, dynamical scalar perturbations on a (GR) Reissner-Nordstrom background [721]. We find
that the two methods provide the same predictions. For the choice of coupling f;(¢), we compute
the critical coupling as a function of the electric charge . (£) where ¢(2) = 0 and find that our
results agree with the predictions of Ref. [721] at the onset of the linear instability of the ¢ = 0
scalar mode to within 1%. For theories in which scalarized solutions are easy to construct, like

the EMS theory considered here, our approach can more efficiently compute this critical point
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than a perturbative stability analysis. We see that the effective potential V' (¢) provides strong
indications for a linear scalar-mode instability and its nonlinear saturation.

The same energetics argument reveals drastically different behavior in the EMS theory with
coupling f>(¢), depicted in the right panel of Fig. 9.2. Recall that f;(¢) ~ f2(¢) for small field
values, but the two choices differ in the nonlinear regime, which will dramatically impact the
stability of scalarized solutions. This distinction is reflected in our effective action by the sign
of c(); this coefficient is positive for the choice of coupling f1(¢) and negative for f5(¢). Our
simple energetics arguments reveal that above some critical electric charge (e.g., the green and
blue curves with ¢y < 0), no spontaneously scalarized solutions exist, whereas below this value
(e.g., the red and orange curves with c(3) > 0) spontaneously scalarized solutions may exist, but
are unstable to scalar perturbations. In the former case (the green and blue curves), there is no sign
of a nonlinear saturation of the tachyonic instability of the EM solution; no stable equilibrium
solutions seem to exist. However, it is impossible to infer how the unstable EM solutions would
evolve using our effective theory, since the assumption of time-reversal symmetry (or constant
BH entropy) will likely break down. Numerical-relativity simulations are needed to answer this
question (or the construction of a more generic effective theory).

The importance of nonlinear interactions in stabilizing spontaneously scalarized solutions
has been studied extensively in the context of ESTGB theories [724—726]. For those theories,
exponential couplings (equivalent to our f;) or quartic couplings (f ~ —¢? + ¢*) provide stable
scalarized solutions, whereas with quadratic couplings (f ~ —@?), all scalarized solutions are
unstable. Interestingly, quadratic couplings predict stable scalarized solutions in EMS theories
[727], but our analysis suggests that stability is not guaranteed for generic couplings. The stability
analyses in these references involve studying linearized perturbations on scalarized backgrounds.
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Though technically only valid near the critical point of the spontaneous scalarization phase tran-
sition and for small ¢, our approach offers a much easier alternative for estimating stability. We
find that our approach correctly reproduces the findings of these stability analyses for scalarized

BHs in EMS theories [727, 728].

9.4.2 Critical exponents of phase transition in gravity

The point-particle action (9.7) also offers some insight into the critical behavior that arises
near the onset of spontaneous scalarization. For this discussion, we restrict our attention to the
scalar coupling fi(¢), for which spontaneously scalarized configurations are stable. Considering
the various coefficients c_ as functions of the electric charge £ and entropy S of a BH and the
overall coupling constant «, the effective potential V' (¢) corresponds precisely to the standard
Landau model of second-order phase transitions [729, 730]. Compared to the archetypal example
of ferromagnetism, the role of temperature 7" is played by either £ or . This connection reveals
that (i) spontaneous scalarization is a second-order phase transition and (ii) the critical exponents
characterizing this phase transition match the universal values predicted by the Landau model.
Point (i) was already demonstrated for NSs in ST theories in Ref. [513], but point (ii) is new to
this work; we elaborate on (ii) below.

Critical exponents dictate how a system behaves close to a critical point (e.g., the location
of a second-order phase transition). Such phenomena have first been discovered in GR in the
context of critical collapse [731-734], but also appear in perturbations of extremal BHs [735,
736]. Applied to the current example of spontaneous scalarization, we study how the structure of

the BH solutions varies as we approach the critical point at which spontaneous scalarization first
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occurs, parametrized by £ — 0 where £ could be either £ = (o — o)/ at fixed € (identifying
temperature as 7' ~ —1/a) or £ = (€ — &.) /&, at fixed « (identifying 7' ~ 1/&). For example,
the critical exponent 3 of a Landau model is given by the scaling of the order parameter ¢ o< £”
as & — 0T,

The effective potential V' (¢) in Eq. (9.5) depends on the properties of the BH solution;
this dependence is suppressed in the notation used in the previous section, but here we explicitly

restore it. In particular, close to the critical point, the potential takes the form

c (€ c@ (€
V(g;€) = %()cf + %pq‘*- (9.16)
If c(2)(&) and ¢(4)(§) are analytic functions, they must take the following form near { = 0,
c(€) =as+0(&), cw@=0+0(), (9.17)

where a and b are positive constants. Then, the minima of V'(g; £) occur at

[—6 —6
g=+ % —+ T“g”?, 9.18)
4

thus, ¢ oc £/2 as € — 07, For this system, ¢ represents an order parameter, and thus the critical
exponent /3 is 1/2.

We numerically confirm this claim by computing the scalar charge ¢ of electrically charged
BHs as a function of £ near the critical point. Fixing the electric charge £, we first determine
the critical coupling . at which c(;) vanishes. We then compute g for couplings just below this
value, i.e., for £ = (@ — agit) /aie 2, 0. The dependence of ¢ on ¢ is depicted in Fig. 9.3; we find
that ¢ o< £1/2 agrees well with our numerical results.

Similarly, we compute the other standard critical exponents describing the phase transition.
In particular, both the analytic model (9.16) and our numerical solutions indicate that v = 1
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Figure 9.3: Scalar charge ¢ as a function of £ = (a — «..)/«. for different electric
charges with coupling f(¢) [Eq. (9.2)]. The numerical solutions are indicated with
points, while the solid lines are best fits with slope 1/2. We see that the solutions
agree well with the expected scaling g oc £/2.

where x = dq/dgy o< |£|77 for & — 0%, and § = 3 where ¢ qb(l)/é at £ = 0. These findings
are consistent with the Landau model for phase transitions. It would be interesting to find a
correspondence to a correlation length in the future, so that all standard critical exponents can be
studied. The introduction of a correlation length (becoming infinite as ¢(o) — 0) as another scale
next to the size of the compact object could also allow for a more formalized power counting for

the construction of the effective action close to the critical point.

9.4.3 Dynamical scalarization

We now employ our effective action to study the dynamical scalarization of binary systems
in EMS theory, only considering the scalar coupling f;(¢) except where noted. For this purpose,

we integrate out the remaining IR fields from the complete action (i.e., the field part, suitable
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gauge-fixing parts, and a copy of S for each body). ©  We employ a weak-field and slow-
motion (i.e., post-Newtonian, PN) approximation. These approximations are not independent
here, since a wide separation of the binary (weak field) implies slow motion due to the third
Kepler law for bound binaries. The leading order in this approximation is just the Newtonian
limit of the relativistic theory we are considering. Therefore, the Lagrangian of the binary to

leading order (LO) reads’

LM = —my [1 — y—;] —mp [ - %B} + q;’AquL q;’BQQB

(9.19)

mam EAE
AB+AB+QAQB7

T T r

where A and B label the bodies, 7 = |y4 — yp| is their separation, and in this section the dot
indicates a derivative with respect to coordinate time. We have suppressed the dependence of m 4

on g4 for brevity, but recall that the “free energy” of each body takes the form

ma(ga) = m)a+V(qa)

C(2),A C4),A
— oy + %qi n (4—)'@11' (9.20)

Notice that ma(q4) plays the role of the body’s mass in the binary Lagrangian because (i) it
couples to gravity like a mass, see Eq. (9.7), and (ii) it is independent of the fields, so that for
the purpose of integrating out the fields it can be treated as a constant. The Hamiltonian for the

binary can be obtained via a Legendre transformation

HY — s+ mn + Pi i P% P Py 5 _mams Ea€B  qags
A B 2mA ZmB 2642714 QCQQ,B r r T

. (9.21)

with the pairs of canonical variables (ya,5,Pa/p) and (qa/B; Pg,a/B)-

6Strictly speaking, the IR fields are split again into body-scale and radiation-scale parts, and we integrate out the
body-scale fields [737]. This would be necessary for a treatment of radiation from the binary using effective-field-
theory methods [738].

"We have also gauge-fixed the worldline parameters to the coordinate time o = ¢ as usual in the PN approxima-
tion.
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Following Ref. [513], let us now consider a special case that allows simple analytic so-

lutions for the scalar charges of the bodies. We henceforth assume that the scalar charges

evolve adiabatically p, 4/p ~ 0 and that the two bodies are identical, i.e., ¢ = qa = ¢p,
C(2) = €@2),A = C(2),B, €tc. The Hamiltonian in the center-of-mass system p = ps = —pp
now reads
HLOadiab. _ o) 4 112 _ 22 + 8_2 — f (9.22)
m r r r

Under these assumptions and recalling again that m = m(q), the equation of motion for the scalar

charge ¢ is given by

: c4) 3\ 2q
0~ :—:2( — )——, 9.23
Dq e z (c@)q+ G ¢ . (9.23)
with the redshift
2
P m
=1-—— —. 9.24
i 2m?2  r ( )

For simplicity, we neglect relativistic corrections to the redshift from here onward, i.e., z ~ 1;
restoring these corrections does not affect the qualitative behavior that we describe. Equa-
tion (9.23) has three solutions: an unscalarized solution with ¢ = 0 and a two scalarized solutions
with nonzero ¢ of opposite signs. The condition for stability of these solutions is that they are

located at a minimum of the energy of the binary,

aQHLO,adiab. 2
0 S a—qQ =~ 20(2) — ; + C(4)q2, (925)

which is violated for ¢ = 0 when 1/r > c(,). Hence, the stable solutions are given by
r 1/r <cq

0 fo
q= 6 1 ) (9.26)
+ —/ = — @ for 1/7‘26(2)
0(4) r
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Figure 9.4: Scalar charge Q, of an equal mass binary as a function of orbital fre-
quency 2 or GW frequency fow = Q /7 for coupling f1(¢) [Eq. (9.2)] with o = —8.

which contain a phase transition at = 1/¢(y) corresponding to the spontaneous breaking of the
q — —q symmetry of the effective action. Recall that c(3y < 0 corresponds to the case where
each object is spontaneously scalarized, for which the bottom condition in Eq. (9.26) always
holds, and thus ¢ # 0 over all separations.

Restricting our attention to circular orbits, we plot in Fig. 9.4 the total scalar charge of the

binary Q. = g4 + ¢ as a function of orbital frequency, given by Kepler’s law as

1
QZ——(mA+mB) (1+

(9.27)

73 maimpg  Mampg

qaqs 5A53)

For simplicity, we only show the positive scalar charge branch of solutions. The frequency is

(0) (0)

shown both as the dimensionless combination M2 with M = m’ + my’ and as the equivalent

GW frequency fow = /7 for a (30Mg + 30M,) binary system. The plotted curves correspond
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to solutions with coupling constant a = —8, and the colors correspond to different values of
the electric charge. The scalar charge vanishes below the onset of dynamical scalarization; the
scalar charge grows abruptly at some critical frequency ()., (as evidenced by kinks in the plotted
curves) because dynamical scalarization is a second-order phase transition—see Ref. [513] for a
more detailed argument that dynamical scalarization is a phase transition.

In Fig. 9.5, we depict the scalarization of binary systems for various charge-to-mass ratios
and couplings . The solid lines indicate the critical frequency (), at which dynamical scalar-
ization begins; the heavily shaded regions above these lines correspond to dynamically scalarized
binaries after the onset of this transition. The critical point ¢(2) = 0, corresponding to 21 — 0,
represents the division between binaries that dynamically scalarize and those whose component
BHs (individually) spontaneously scalarize; we depict all spontaneously scalarized configurations
with a lighter shading. Thus, we see that our effective action, which was matched to isolated ob-
jects and models spontaneous scalarization, predicts dynamical scalarization as well. Refined
predictions can be obtained by perturbatively calculating the binary Lagrangian to higher PN
orders and also the emitted radiation; both are possible using effective-field-theory techniques
[737-739] or more traditional methods where extended bodies are represented by point particles,
e.g., Refs. [130, 206].

The same calculation can be repeated for binary systems with the choice f(¢) = fo(¢). As
before, the unscalarized ¢ = 0 solution is stable for above r = 1/ c(2). However, because ¢4y < 0,
no stable dynamically scalarized branch exists below that separation; instead, the system becomes
“dynamically” unstable after this critical point. The phase diagram for this choice of coupling
takes the same form as Fig. 9.5, but here the shaded regions correspond to scenarios in which no

stable configuration exists. At the onset of instability, the scalar radiation will likely grow rapidly
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Figure 9.5: Scalarization of binary systems with various electric charges for scalar
coupling f1(¢) [Eq. (9.2)] with different coupling strengths «. Lightly and heavily
shaded regions indicate spontaneously and dynamically scalarized configurations,
respectively. The solid lines depict the onset of dynamical scalarization ), as a
function of electric charge.
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and the GW frequency will decrease more rapidly compared to the EM case. However, long-
term predictions are not possible with our effective theory since the assumption of time-reversal

symmetry likely breaks down, as for the unstable isolated BHs.

9.5 Conclusions

In this paper, we developed a simple energetic analysis of spontaneous and dynamical
scalarization, based on a strong-field-agnostic effective-field-theory approach (extendable beyond
the scalar-field case [491, 493, 494] in the future). We demonstrated our analysis for BHs with
modified electrodynamics here, complementing the study of NS in ST gravity from Ref. [513].
The theory-agnostic nature of our approach allowed us to draw general conclusions about scalar-
ization As an example, we found that dynamical scalarization generically occurs in theories that
admit spontaneous scalarization. Specific examples of theories for which our findings apply in-
clude those discussed in Refs. [487, 491, 493-495, 497-501, 709, 710].

The recent discovery of spontaneous scalarization in ESTGB theories [497-501] has sparked
significant interest in this topic. Our work predicts that dynamical scalarization can occur in bi-
nary systems in these theories and allows one to straightforwardly estimate the orbital frequency
at which it occurs using only information derivable from isolated BH solutions. Such informa-
tion is valuable for guiding numerical-relativity simulations in these theories, for which there has
been recent progress [740]. Eventually higher PN orders in specific theories could be added to
our model to derive more accurate predictions, and the framework could be extended to massive
scalars or other types of new fields.

We demonstrated how scalarization, as an exemplary strong-gravity modification of GR,
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is parametrized by just a few constants in the effective action (which vanish in GR). Hence, our
effective action provides an ideal foundation for a strong-field-agnostic framework for testing
dynamical scalarization. Ultimately, one needs to incorporate self-consistently such effects into
gravitational waveform models. This undertaking will require the computation of dissipative
effects (analogous to the standard PN treatment in GR) and the mode dynamics during scalar-
ization, characterized (in part) by c,2. The effective action can also, in principle, be extended to
include other strong-field effects influencing the inspiral of a binary, e.g., phenomena like floating
orbits [741, 742] or induced hair growth [743, 744].

Independent of GW tests of GR, further study of dynamical scalarization could offer some
insight into the nonlinear behavior of merging binary NSs in GR. As discussed in the Introduction,
scalarization and tidal interactions enter models of the inspiral dynamics in a similar manner; in
fact, the effective action treatment of dynamical tides (in GR) [587] is completely analogous to
the approach adopted here for scalarization. Unlike the case with tides, our model of scalarization
includes nonlinear interactions via the ¢* term. Nonlinear tidal effects could be relevant for GW
observations of binary NSs [745, 746], but are difficult to handle in GR. Furthermore, mode
instabilities also occur for NSs in GR [747, 748]. Dynamical scalarization can be used as a
toy model for these types of effects, and further exploration of this non-GR phenomenon could
improve gravitational waveform modeling in GR.

Our effective action approach allowed us to study the critical phenomena at the onset of
scalarization; further study could also provide insight into critical phenomena in GR. The critical
exponents we obtained numerically agree with the analytic predictions from Landau’s mean-field
treatment of ferromagnetism [729? ]. Only missing here is a proper definition of correlation
length, which we leave for future work. In GR, the BH limit of compact objects has been sug-
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gested to play the role of a critical point and lead to the quasiuniversal relations for NS properties
[749, 750]. These quasiuniversal relations are invaluable for GW science because they reduce
the number of independent parameters needed to describe binary NSs, improving the statistical
uncertainty of measurements. In the BH limit (for nonrotating configurations), the leading tidal
parameter vanishes [751-753], like c(y) at the critical point here. Better theoretical understanding
of the origin of these universal relations could help improve their accuracy; utilizing information
from the critical phenomena at the BH limit is a compelling idea, and scalarization could serve

as a toy model in that regard.
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Chapter 10: Effective-action model for dynamical scalarization beyond the adi-

abatic approximation

Authors': Mohammed Khalil, Raissa F. P. Mendes, Néstor Ortiz, Jan Steinhoff

Abstract: In certain scalar-field extensions to general relativity, scalar charges can de-
velop on compact objects in an inspiraling binary—an effect known as dynamical scalarization.
This effect can be modeled using effective-field-theory methods applied to the binary within the
post-Newtonian approximation. Past analytic investigations focused on the adiabatic (or quasi-
stationary) case for quasi-circular orbits. In this work, we explore the full dynamical evolution
around the phase transition to the scalarized regime. This allows for generic (eccentric) orbits
and to quantify nonadiabatic (e.g., oscillatory) behavior during the phase transition. We also find
that even in the circular-orbit case, the onset of scalarization can only be predicted reliably when
taking the full dynamics into account, i.e., the adiabatic approximation is not appropriate. Our
results pave the way for accurate post-Newtonian predictions for dynamical scalarization effects

in gravitational waves from compact binaries.

!Originally published as arXiv:2206.13233 [gr-qc]
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10.1 Introduction

Compact astrophysical objects such as black holes and neutron stars offer special environ-
ments for tests of general relativity. Not only do perturbative corrections to Newtonian gravity
become more pronounced, but gravity might also hold surprises in the strong-field regime, due
to the possible onset of nonperturbative effects. A paradigmatic example is the so-called sponta-
neous scalarization of neutron stars. In the 90’s, Damour and Esposito-Farese (DEF) showed that
in a broad class of scalar extensions of general relativity, the scalar field may remain dormant in
the weak-field regime, only to be activated around sufficiently compact material bodies such as
neutron stars [482]. Although most of the parameter space for spontaneous scalarization in the
original DEF model has now been ruled out by pulsar-timing observations [202, 716, 754-756],
similar-type effects have been found in other contexts, including massive scalar fields [486—489],
more general scalar-tensor theories [490], charged black holes [514, 713, 757], higher-spin fields
[491-495, 758], as well as neutron stars [496] and black holes in scalar-tensor-Gauss-Bonnet
gravity, in which scalarization can be either curvature-induced [497-503, 714, 759-761] or spin-
induced [504-508, 762].

In the original setup of the DEF theory, scalarization was found to be potentialized in a
dynamical setting. In Ref. [509], it was shown that two neutron stars which were not compact
enough to scalarize in isolation could scalarize dynamically in a close binary system. A simi-
lar phenomenon, though different mechanisms are involved, has been observed in scalar-Gauss-
Bonnet theories of gravity [S10-512]. In the case of DEF theory, dynamical scalarization (DS)
was demonstrated in fully nonlinear numerical evolutions, but it appears already in numerically

constructed quasi-equilibrium solutions [484, 485], and can be understood as a result of a feed-
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back mechanism between the two neutron stars [483], or more thoroughly, in the context of a
resumed post-Newtonian expansion [681].

A particularly elegant way to model DS is by an effective field theory for compact bina-
ries [737, 738, 763] that systematically takes into account the various scales in the problem, in-
cluding nonperturbative effects in the strong-field regime close to the compact objects. Compact
bodies are modeled by point-particles moving along a worldline in the effective theory. Their in-
ternal dynamics, in particular from oscillation modes, is encoded in dynamical variables evolved
along the worldlines. This allows for the incorporation of scalar oscillation modes; scalarization
arises when such modes become linearly unstable [8, 513]. DS is in fact modeled similarly to
dynamical tides [191, 587, 764], where fluid oscillation modes are incorporated into the effec-
tive theory. See also Refs. [765, 766] for further similarities between tidal effects and finite-size
corrections in scalar-tensor theories.

While the effective action approach to DS was first formulated specifically for DEF the-
ory [513], it can be straightforwardly generalized to other gravity theories containing scalar fields.
The main ingredient is a monopolar scalar mode close to the critical point of instability, which
is included in the effective worldline action [8]. At leading order, the effective action contains
only three parameters for each star. These parameters must be matched to a specific gravity
theory and compact object, but the form of the effective theory and hence its phenomenology
is theory-independent. Past work on this effective-action approach focused on an adiabatic (or
quasi-stationary) analysis of the binary on quasi-circular orbits and its energetics, requiring only
two of the three parameters of the action [8], finding good qualitative and quantitative agreement
with numerical relativity [513]. In the present work, we study the full dynamical evolution of
the binary and its scalar charges on generic (eccentric) orbits, where all three parameters be-
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come relevant. This is an important step towards improving gravitational waveform models for
dynamical-scalarization effects [692, 719].

This work is organized as follows. In Sec. 10.2, we recapitulate the effective action for
DS. Section 10.3 develops the leading-order equations of motion for the binary and the scalar
modes of the bodies, in particular the radiation-reaction (damping) forces. The matching of all
parameters of the effective action to neutron stars is performed in Sec. 10.4, using the DEF class
of scalar-tensor gravity as an example. This allows for the investigation of the binary dynamics
around the critical point of scalarization in Sec. 10.5. Our conclusions are given in Sec. 8.5,
followed by a couple of appendices providing detailed calculations on oscillation equations, as
well as fluxes and radiation-reaction forces. We use units such that c = G = 1 throughout the

text.

10.2 Effective action model

In this section, we briefly review the effective action model for DS of compact objects
introduced in Refs. [8, 513]. We emphasize the fact that the following formalism is theory-
independent [8]. Let us first recapitulate the widely used “instantaneous” effective action for a
neutron star in scalar-tensor gravity given by a point-particle moving along a worldline y*(7),

which in the Einstein frame reads

st — —/dTmE(QO), (10.1)

where mp is the Einstein-frame mass depending on the external scalar field ¢(y*). This action
is valid for an instantaneous response of the neutron star to the external scalar field ¢, i.e., when
internal relaxation timescales are much shorter than external timescales at which ¢ varies. Small
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corrections to this approximation can be incorporated through terms involving ¢. However, when
internal timescales exceed external ones, as for DS, additional dynamical variables representing
the internal dynamics need to be evolved along the worldline.

Hence, we include in the effective action a dynamical variable ¢(7) representing the monopo-
lar scalar oscillation mode that becomes linearly unstable at scalarization. That is, the fundamen-
tal scalar mode has a frequency that vanishes (its period timescale diverges) at the critical point
associated with the transition to a scalarized state. For simplicity, we do not include further
dynamical modes such as scalar-mode overtones or fluid oscillation modes in the effective the-
ory (see, e.g., Refs. [587, 764] for the latter), and neglect rotation of the star, but otherwise the
model is rather generic or theory-independent. Let us now consider a binary neutron star system.

Around the critical point, the action describing the dynamics of ¢ can then be written as [8]

. 2 R?
= [ar L ot -mia+0 ()] (102)

r2
where " = d/dr and the effective action is expanded in powers of the neutron-star size R over the

orbital separation r of the binary. Likewise, m(q) can be expanded as

C(2 C(4 R?
m(q) = co) — Poq + %qQ + %q”‘ 10 <ﬁ> (10.3)

(. J/

V(g)

where we include a possible cosmological value of the scalar field ¢, (while ¢ represents the
field at the worldline which emanates from the binary companion); the function m(q) is even
in ¢ if ¢y = 0. Note that ¢> = O(R/r) close to the critical point where c(s) becomes small.
The coefficient c(g) has the interpretation of the body’s ADM mass when ¢ = 0 (i.e., in general

relativity). The Euler-Lagrange equation yields (suppressing the power-counting in R/r from
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now on)
cG+V'(q) = ¢(y) + ¢o. (10.4)

A stationary-state solution (¢ ~ 0) for ¢ can be employed if the external scalar field is not varying
too rapidly. In this case it holds m(q) = mg(p) + ¢q, which can be understood as a Legendre
transformation (note that ¢ = —dmpg/dp).

By computing the Hamiltonian at leading, Newtonian order, one obtains [8, 513]

2 2 2 2
p p mam
o4 YeB Py | Pp  MAMB QAQB’

H=m m
at B+20427A 2c2p 2my  2mp r

(10.5)

where A, B label the two bodies in the binary, p4 /B are their linear momenta, r is the interbody
distance, and p, 4,p are the canonical conjugates to the variables q4,. Restricting to the (quasi-

)stationary case p, 4,p ~ 0, the equation of motion for g4 reads

_oH
0qa

C(4),A - q
=24 <—900 + C(2),494 + %ﬁ) - 737 (10.6)

0
where z4 = 0H/Oms = 1 — p%/(2ma) — mp/r is the redshift of body A. Assuming, for

simplicity, that ¢y = 0, that the two bodies are identical (¢ = g4 = ¢qp), and that we can neglect

post-Newtonian corrections to the redshift (z4 ~ 1), one obtains

8H 1 6(4) 2
0= —=—-2¢(—-— - — . 10.7
B4 q (r C) ~ 5 4 (10.7)

There are three solutions for the equation above, the trivial one, with ¢ = 0, and

6 (1

The stability condition, 9°H/0¢* > 0, is violated for the trivial solution if 1/r > ¢(3). This is

fulfilled for all r if ¢(z) < 0, which corresponds to the case of spontaneous scalarization. DS is
captured in this setup by the fact that even when c(3) > 0 the trivial solution can become unstable
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for sufficiently small binary separations. In the present work, we go beyond the quasi-stationary

case and investigate the dynamical evolution of ¢ around the moment of DS.

Let us elaborate on the matching of the coefficients c;2, c(,) of the effective theory to

the properties of the compact object obtained by solving the inner problem. If one restricts to

equilibrium configurations, with ¢ = 0, the procedure described in Ref. [8] reduces operationally

to the one presented for scalar-tensor theories in Ref. [513]. In particular, one can obtain the

coefficients c(z) and c(4) through the following steps:

@

(i)

(111)

Solve (numerically) the relevant structure equations for an isolated object in the full theory,
computing a sequence of solutions at a fixed baryon mass M, and for different values of
the asymptotic scalar field ¢, then extract the Einstein-frame ADM mass mp(¢) and
scalar charge ¢(¢ ). Note that for each value of ¢, more than one equilibrium solution

may exist.

Compute m(q) through

m(q) = mp(Pso) + Pool($oo); (10.9)
for each each value of ¢, and each possible equilibrium solution.
Fit the polynomial in Eq. (10.3) (with ¢ = 0) to the numerical values of m/(q), and extract

the quadratic c(3) and quartic c(4) coefficients, which encode the existence of spontaneous

and dynamical scalarization, as described above.

We can additionally match the coefficient c;2 by making the connection to the oscillation

frequency of the fundamental scalar mode. For this purpose, we specialize Eq. (10.4) to the

force-free case ¢ + ¢y = 0 and to small oscillations of frequency wy around the nonscalarized
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equilibrium ¢ = 0,

=——"q=—wiq. (10.10)

However, this picture is not complete, since ¢ also sources monopolar scalar radiation and should
include a radiation-reaction force (a damping term involving ¢) in the oscillator equation, which is
derived in Appendix Q. Now, the parameters in our damped harmonic oscillator ¢ can be matched
to the (complex) quasi-normal mode frequency w,, obtained from neutron-star perturbation the-
ory, resulting in w2 = |w,|? = R[w,]* + F[w,]?, which was worked out in detail within a different

context in Ref. [767]. We can hence express the remaining coefficient as

€(2)
Cpp = ———.
! |y |2

(10.11)
A different match for ¢4z can be obtained by comparing damping times from radiation reaction
(Appendix Q) and the quasi-normal mode frequency. While this alternative matching is only
approximate (with our radiation-reaction force based on a weak-field expansion), we find similar
results for c;2, at least for the specific model explored in Secs. 10.4 and 10.5.

Finally, one can also expand Eq. (10.4) around a spontaneously scalarized solution ¢y such
that V'(qo) = 0, or g9 = £1/—6¢(2)/c(s). Plugging ¢ = qo + ¢ in Eq. (10.4) and ¢ + ¢ = 0, and

expanding to linear order in ¢, yields

. C
Cpp o — <c(2) n ﬂq%;) g, (10.12)

|we|? 2
2¢(9) lar ut
— PNE (around scalarized solution ¢). (10.13)
©
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10.3 Binary dynamics

In this section, we obtain the set of equations governing the dynamics of a compact binary
under the effective action model described in the previous section. Notice that this formalism is
still theory-independent.

In the center-of-mass frame, and using polar coordinates, the Hamiltonian for a binary at
leading order, Eq. (10.5), can be written as

P’ Doa N Pas My qags

H=myg+mp+ —+ (10.14)
2 2¢cpa4 2cp B r r
where the center-of-mass momentum p = p4 = —pg, p*> = p> + L?/r?, where L is the orbital
angular momentum of the system, and the total and reduced masses are defined by
m%m?
M=mb+my,  pu= MB, (10.15)

i.e., in terms of the constant masses m’, /B = C(0),4/B 1O keep the equations of motion at leading

order. These equations are given by

OH OH ,
s ’ .r _ 7 Fquad fdlp’
" op, b or ARAR
. OH . OH uad "
*=or L=—gg + 7%+ 75
0OH OH
R . - _ _Fmon
ga ap%A’ pq,A an + qa
_ 0OH ) OH on
4B = Opg.B’ DPg.B = " dgqx P (10.16)

where we add the leading-order tensor quadrupole, scalar dipole, and scalar monopole radiation-
reaction forces; the dipole force is expected to dominate in the scalarized phase for binaries with

unequal masses and charges, while the quadrupole dominates in the unscalarized phase.
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For the tensor quadrupole radiation-reaction force, we use the leading-order expressions

given by Egs. (3.67) and (3.68) in Ref. [402], which read

8 Muy? . M

" 15 73 r
8 Mu? . o oM

gd — _ — i <—7'~2 + 2r2¢? + 2—) : (10.17)
15 r

The monopole and dipole radiation-reaction forces are derived in Appendix R, and are given by

o = P = —ia(t) — ds(). (10.18
2 M mY mY ? qAqB
Fdlp =", B, _ A 1
. 1ML [(mY m, 2 qaqB
Fdp — _— "= (B, A 1 . 10.19
s 3MT3(MQA a7 1B +Mu ( )

Note that the monopole radiation-reaction force enters the equations of motion for the scalar
charges, but not the orbital equations, since the monopole energy flux depends only on ¢ but not
on the orbital variables.

In order to set initial conditions, the following relations are useful:

k L?

_ v E=a(l—e?) = ——"— 10.20
" 1+ecose’ ol =€) M’ ( )

where k is the semilatus rectum, a the semi-major axis, and e the eccentricity of the orbit. The
periastron distance is then 7, = k/(1 + €) and the apastron distance is r, = k/(1 — e), with the
eccentricity e = (r, — r,,) /(74 + 7). If we start the orbit at apastron and assume that the binary

starts unscalarized, then the initial conditions read

¢=m, T =Tq, L=p\/roM(1—e). (10.21)

In the absence of radiation reaction, p, = 0 at apastron. However, for slowly varying L due
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to radiation, and for circular orbits, the initial condition for p, reads

. . 64 p? M?
_ Fquad _
Pr=pr= ,u_ML n ,u_M v 15 3 (10.22)

This also provides a good approximation for eccentric orbits at apastron.
For the scalar charge, in the presence of a (small) cosmological scalar field ¢y, and assum-

ing stationarity, ¢ = 0, one gets from Eq. (10.4) that

q

c.ata +O(dh) = g0+ =,
qA

¢85 + O(dp) = ¢o+ ==, (10.23)

leading to
po 1T C<2>1.B’" ©o
g = RS , (10.24)
Al ————2 (@24

€(2),4¢(2),BT°

and similarly for ¢g. Notice that the last approximation only holds away from the scalarization
point, since ¢y T ~ 1 close to scalarization.

Given that we start the evolution in the unscalarized regime, the initial value of p, is zero.
However, if we set the cosmological scalar field ¢y = 0, one needs to take p, as a small but
nonzero number to perturb the system away from the unstable solution, ¢ = 0, and allow the

transition to the DS regime.

10.4 A particular scalar-tensor model

In this section, we illustrate how to compute the effective action coefficients c(s), ¢(4), and

c42 for the case of a massless scalar-tensor theory defined by the (Einstein-frame) action

1

S =—
167

d*z\/—g (R =2V ,oV*0) + Sp[W¥m; a(go)QgW], (10.25)
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where g = det(g,,) and R is the Ricci scalar. The function a(y) —which defines the Jordan-

frame metric §,, = a()*g,, to which matter fields ¥,, couple universally— is fixed to

a(p) = exp(By®/2). (10.26)

This model, introduced by Damour and Esposito-Farese [482], is arguably the simplest one dis-
playing spontaneous scalarization, and most works on the subject revolve around it. Although
most (or all) of the range 5 < —4.5 allowing for spontaneous scalarization in this model [768—
771] has now been ruled out by pulsar timing observations [202, 716, 754—756], it is still a good
prototype for our discussion. We have analyzed both the cases where 8 = —5 and —6, and found
very similar behaviors. In what follows, results for 5 = —5 will be displayed. Additionally, the
stellar fluid will be described by a two-piece polytrope with adiabatic index I';y = 3 in the core,
and I'; = 1.3 in the crust, with the transition happening at 1.66 x 10'3g/cm?; this is the same
equation of state adopted for the computation of radial mode frequencies in Ref. [516], which

will be used in what follows.

10.4.1  Potential coefficients: ¢(9) and cy)

In order to feed the effective action model with the potential parameters c(z) and c(y), one
must consider the “inner” problem of an isolated neutron star with some fixed baryon mass
M,, subject to an external (varying) scalar field —as per item (i) in Sec. 10.2. The structure
equations in this case are given, e.g., by Egs. (31)—(34) of Ref. [712]. Next, following item
(ii), one computes m(q) in Eq. (10.9) from the ADM mass mg (@) and scalar charge ¢(¢oo)
—in Ref. [712] these are denoted by M and w, and are given in Eqgs. (37) and (38), respec-

tively. For baryon masses close to the critical value for the onset of spontaneous scalarization
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(Mper = 1.3474 M, for the scalar-tensor model and equation of state described above), the po-

tential V' (¢) = m(q) — c(o) [with ¢y = m(0)] is well approximated by the truncated expansion

C C
Vig) = %qz + %q‘*. (10.27)

The final step (ii1) consists in extracting the coefficients c(z) and c(4) of the best fit to the numerical
data.

Figure 10.1 illustrates the potential V' (¢) for some baryon masses around M, .,. Before the
critical point, cp) > 0, the potential has a single minimum at ¢ = 0. After the critical point,
ciz) < 0, the potential has a local maximum at ¢ = 0 (corresponding to a GR-like unstable
equilibrium solution) and two local minima ¢ # 0 with opposite signs (corresponding to stable
scalarized solutions). The local extrema of V'(¢) correspond to ¢, = 0, since from Eq. (10.9),
V() = ¢oc-

In Fig. 10.1, the numerically computed points are fitted by a polynomial expression of the
form (10.27), with the coefficients c(z) and c(4) represented in Fig. 10.2. Their dependence on the

baryon mass is well captured by the following polynomial fits:

Moce) = (x — ) (—0.3796 + 0.32942 — 0.0917427) , (10.28)

M3y =~ 4.270 — 7.804x + 5.5452° — 1.3372, (10.29)

where © = M,,/M, and we set z.,. = 1.3474.

10.4.2  Scalar modes and the coefficient c;

The coefficient c;2 determines the strength of the kinetic term in Eq. (10.2); in order to feed

the model with this parameter, one can consider the dynamics of scalar field perturbations around
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Figure 10.1: V(q) for fixed baryon masses (ranging from 0.9 to 1.5M,). Points rep-
resent the numerically computed values, which are fitted by polynomial expressions
of the form (10.27). Fit coefficients are represented in Fig. 10.2.
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Figure 10.2: Coefficients c(y) and c(4) for some baryon masses around the critical
point (represented by the dashed vertical line). Points represent the numerically com-
puted values, which are fitted by expressions (10.28) and (10.29).
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a neutron star in equilibrium. As per Eqgs. (10.11) and (10.13), c;2 depends on the potential
coefficients c(z) and c(4), and on the frequency wy, which encodes the dynamical timescale of
scalar field oscillations. In this work, we adopt the following prescription: wi = R[w,]* 4+ S[w,]%
where w,, is the fundamental scalar-led radial mode (or p-mode) frequency.

The p-mode frequency was computed in Ref. [516] for stars subject to a vanishing asymp-
totic scalar field (¢, = 0), and the result is reproduced in Fig. 10.3 for the range of baryon
masses considered previously (0.9M, < M, < 1.5M). For M, < M, i.e. before the onset
of spontaneous scalarization, the (radial) perturbation equations for the scalar field and the fluid
decouple, and the ¢-modes are purely scalar perturbations. For M, > M, ., three equilibrium
solutions exist. The trivial one, with ¢ = 0, is unstable under scalar field perturbations. Corre-
spondingly, its ¢-mode has (w) < 0 and R(w) = 0 (not shown in the plot). The two nontrivial
solutions are scalarized, with opposite scalar charges and identical oscillation frequencies (shown
in Fig. 10.3). These correspond to coupled scalar and fluid oscillations [516, 772].

Around the critical point, we obtain the following polynomial interpolations for #(w,,) and

S (w,,) as a function of x = M, /Me:

R(w,)(z) ~
(2 — 20)? (0.4465 — 0.9698z + 0.667022), o < &ur
(10.30)
(x — 2er)? (18.753 — 20.205x + 5.3742%), = > x(r

and

CQ

(r — zer) (—0.20769 + 0.216292 — 0.116472%) , x < z,
(10.31)

(r — zer) (1.5439 — 1.2407z + 0.207062%), x> @,
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Figure 10.4: Coefficient c4 as a function of baryon mass around the critical point
(displayed as a dashed vertical line).
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From Eq. (10.11), ¢z = ¢(2)/|w,|? before the critical point, and from Eq. (10.13), ¢;2 =
—2¢(2)/|w,|? after it. *  Figure 10.4 shows the coefficient ¢,z as a function of baryon mass,
where the polynomial interpolations in Egs. (10.28), (10.30), and (10.31) were used. From these
expressions and our prescription for ¢4, it is apparent that the coefficient diverges at the critical

point. Consequences of this divergence are discussed in Sec. 10.5.2.

10.5 Results for the binary dynamics

In this section, we show results for the binary dynamics in the context of scalar-tensor
gravity of the DEF class with § = —5. We start by considering two representative examples of
an equal-mass binary on an eccentric orbit. Then, we show how each of the model parameters
affects the scalar charge evolution. After that, we study binaries in a quasi-circular-orbit inspiral;
we compare the quasi-stationary approximation with the full dynamical evolution, and compare
the binding energy and waveform with general relativity. We finally consider the case of unequal

masses to show the effect of the dipole flux.

10.5.1 Eccentric orbits

We recall that, if we assume that the scalar charge evolves adiabatically, i.e., p, ~ 0, then
DS occurs for r < rpg = 1/ c(2), where we denote the maximum radial separation allowing for
DS by rps. We also consider the mean radial separation 7, or the length of the semi-major axis,

which we calculate by obtaining interpolating functions for the local maxima r,(¢) and minima

2A caveat here is that in the spontaneously-scalarized regime, one has to take into account the coupling be-
tween scalar and fluid oscillations, the latter requiring a more sophisticated effective action with further dynamical
variables.
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rp(t) of the solution r(t), then evaluating

ra(t) + 1p(t)
5 :

7 (t) (10.32)

Figure 10.5 shows an example for an equal-mass binary with baryon mass My = Mg =
1.18 M, initial eccentricity e = 0.3, and initial radial separation at apastron r, = rpgs + 22M., ~
33.6M. (Equal mass implies that the scalar charges ¢4 and ¢p are identical, thus we refer to
only one scalar charge q.) We assume the asymptotic scalar field ¢y = 0, which means the
initial scalar charge, calculated from Eq. (10.24), is zero. So we take p,a = p,p = 1072,
representing some small perturbation to move the solution away from the unstable ¢ = 0 solution.
For all configurations considered in this paper, we stop the numerical evolution of the equations
of motion at r = 10M.

In the left panel of Fig. 10.5, we plot r(¢) and 7(¢). The dashed horizontal line represents
the radius rpg at which DS is expected, while the vertical line indicates the time ¢pg at which
7 crosses that radius. The initial separation is such that 7 > rpg. Correspondingly, the scalar
charge is initially dominated by an exponential damping, as shown in the middle panel. Even
though the periastron distance at the beginning is smaller than rpg, the binary does not spend
enough time inside rpg for DS to occur. However, the small oscillations in the scalar charge in
this phase are due to the binary entering and exiting the DS region.

Shortly after 7 becomes smaller than rpg, an exponential growth kicks in, and the scalar
charge grows exponentially with small modulations. It eventually saturates, and the saturation
point of the exponential growth agrees with the quasi-stationary solution ¢* ~ 6/c(4)[1/r(t)—c)]
from Eq. (10.8), as can be seen in the right panel of Fig. 10.5. After reaching saturation, the

increase in the scalar charge is proportional to 1/4/7.
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Figure 10.5: Separation and scalar charge for an equal-mass binary with baryon
mass My4 = My = 1.18 M, initial eccentricity e = 0.3, initial separation r, ~
33.6 M, and asymptotic scalar field oy = 0. The right panel shows the scalar charge
around the time it reaches saturation, and compares it with the approximate solution
in Eq. (10.8).
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Figure 10.6: Similar to Fig. 10.5 but for initial eccentricity e = 0.7 and asymptotic
scalar field ¢y = 107°. The local maxima of the scalar charge occur at periastron,
which is below the expected separation allowing for DS.
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In Fig. 10.6, we consider another example for a binary with the same baryon mass as
in Fig. 10.5, but with eccentricity ¢ = 0.7 and asymptotic scalar field oo = 107°. We see
that the high eccentricity and nonzero ¢, cause the scalar charge to increase at periastron and
decrease at apastron. This behavior was first demonstrated in Ref. [483] for eccentric binaries
and was dubbed “transient DS”. The magnitude of the oscillations of the scalar charge increases
with increasing eccentricity and for baryon masses closer to the critical value M, ... However,
the increase in the scalar charge compared to its initial value, given by Eq. (10.24), is mostly
independent of ), e.g., for the mass and eccentricity used in Fig. 10.6, the charge increases by

about an order of magnitude regardless of the value of .

10.5.2 Effect of the parameters on the scalar charge

In order to explore the phenomenology of our theory-independent effective action, it makes
sense to slightly move away from the specific effective parameters predicted by the DEF theory.
In what follows, we focus on an equal-mass binary with baryon mass M4 = My = 1.2M,
which would be characterized by the parameters c(;) = 0.01716, ¢4y = 0.5791, and ¢z = 53.7
for the DEF model with 5 = —5 (cf. Sec. 10.4).

To explore the effect of each parameter on the scalar charge, we vary one at a time and
plot the charge in Fig. 10.7. For all panels in that figure, the middle curve corresponds the DEF
values of those parameters. In the first three panels, we take the initial eccentricity as e = 0.2 and
the asymptotic scalar field as ¢y = 1072°, and explore the effects of varying e and ¢y in the last
two panels. We start the evolution with initial separation such that 7 is just above the DS radius,

so that the plots focus on the DS transition. In particular, all curves in Fig. 10.7 start at initial
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Figure 10.7: Each panel shows the effect on the scalar charge of varying one of the
parameters of the effective action (c(2), ¢4, and ¢,2), or varying the asymptotic scalar
field y and eccentricity e. The middle orange curve is the same in all panels, repre-
senting a configuration with baryon mass M4 = M,z = 1.2M), initial eccentricity
e = 0.2, initial separation 7, ~ 31.2M, and asymptotic scalar field ¢, = 102,
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separation r, ~ 31.2M, except for the last panel, in which we use r, = 36M for eccentricity
e = 0.4 and r, = 27M for e = 0 for a better visualization.

From the figure, we observe the following:

¢ The coefficient c(y) has a significant effect on when scalarization occurs, since rpg = 1 / C(2)»
but it has a small effect on the magnitude of the charge after scalarization, as can be under-

stood from Eq. (10.8).

e The coefficient c(4) affects the magnitude of the charge but not the DS radius, since from

Eq. (10.8), we see that the charge after scalarization is proportional to 1/, /¢ (1.

e The coefficient ¢, affects the time scale for the exponential growth of the scalar charge dur-
ing scalarization, with smaller values leading to a shorter time. Sufficiently increasing the
value of ¢;2, while keeping the other coefficients constant, would increase the scalarization

timescale and prevent the binary from scalarizing before merger.

* The asymptotic scalar field ¢, changes the initial value of the scalar charge, and hence how

early it reaches saturation. This is because ¢ = ¢g/c(2) before scalarization.

» The eccentricity e affects the oscillations near saturation, with larger eccentricity leading
to larger oscillations, because the binary spends more orbits going in and out of the DS

region.

Note that, as one approaches the critical mass for spontaneous scalarization, c(z) goes to
zero, and rpg becomes arbitrarily large. On the other hand, the coefficient c;2, which governs the
timescale for variations of the scalar charge, diverges at the critical point (cf. Fig. 10.4). These
two effects compete in the initial phase of exponential growth of the scalar charge: as the critical
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Figure 10.8: Comparison of the quasi-stationary (adiabatic) approximation with the
full dynamical evolution of the scalar charges, plotted versus the orbital frequency
for equal-mass binaries on quasi-circular orbits.

point is approached, the growth of the scalar charge starts at earlier times due to the increase
in rpg (favoring DS), but with a larger timescale due to the increase in c; (disfavoring DS).
Since the growth of the scalar field is exponential and the inspiral timescale is proportional to 74
one expects DS to be favored as one moves closer to the critical point, which we have checked

numerically.

10.5.3 Quasi-circular orbits

If the scalar charge is assumed to change adiabatically (¢ ~ 0), then the charge after scalar-
ization is given by Eq. (10.8). In Fig. 10.8, we compare that approximation with the numerical
solution of Egs. (10.16), which include ¢, for quasi-circular inspirals.

We consider two configurations: one with baryon mass M4, = Myp = 1.2M, and the

other with mass My4y = Mg = 1.15M,. For both, we use ¢y = 1072°, and start with initial
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separation r, = 1/c(2) + 0.1Mg ~ 19.8M, which is just above the expected DS radius. We see
very good agreement between the analytical approximation and numerical solution, except at the
beginning of the evolution, during the onset of DS. That is because including the cz2 coefficient
accounts for the time scale of the exponential growth of the scalar charge, and hence delays
reaching the saturation point.

For the configuration with mass M4 = My = 1.15M,,, we plot in Fig. 10.9 the binding
energy for the binary, which we define as the value of the Hamiltonian minus the constant ADM
mass, that is

Ey,=H — M. (10.33)

To obtain E, for circular orbits as a function of the orbital frequency, we solve 0H /0r = 0 and
OH/OL = Q for r(2) and L(2), with p, = 0. Substituting that solution into the Hamiltonian

yields

PQA PZB o qAqp 2/3
Ey, = — M i o8 Byt (14 42 . 10.34
b =14+ mp + 2 + 2t 5 (MQ) + Y, (10.34)

In Fig. 10.9, we see that the binding energy after scalarization decreases less rapidly than in gen-
eral relativity, due to the sudden increase in the orbital frequency, causing the binary to become
more tightly bound than in general relativity in a very short time. This behavior qualitatively
agrees with the quasi-equilibrium numerical calculations of Ref. [485].

We also plot in Fig. 10.10 the Newtonian-order waveform, and compare it with general

relativity. The leading order of the (2, 2) waveform mode, for general orbits, is given by

_ T _2i¢ M L? p? Lp,
h22 = —4IU\/;€ (T + /ﬂrQ - E + 24 /ﬂr N (1035)

which can be written as a magnitude and phase hoy = |hoo |ew22. We see from Fig. 10.10 that the
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Figure 10.9: Binding energy as a function of the orbital frequency (left panel) and
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Figure 10.10: The leading order of the (2,2) waveform mode for a quasi-circular
inspiral. The left and middle panels show the magnitude and phase of the waveform
versus the orbital frequency, while the right panel shows the real part of the waveform
around scalarization.
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Figure 10.11: Scalar charge (left panel) and the ratio of the scalar dipole flux to the
tensor quadrupole flux (right panel), for a configuration with unequal masses on a
quasi-circular orbit.

waveform agrees with general relativity until the onset of DS, which leads to a sudden change in

the phase of the waveform, causing it to approach merger more quickly.

10.5.4 Dipole flux

So far, we have considered equal-mass systems, for which the leading-order dipole radia-
tion vanishes [cf. Eq. (R.12)]. To see the effect of the dipole flux, we consider a configuration
with baryon masses M4 = 1.1M, and M,z = 1.3M., on a quasi-circular orbit with initial
separation 7, = 80M, and asymptotic scalar field ¢g = 0.

In Fig. 10.11, we plot the two scalar charges and see that they scalarize at almost the same
time, with larger magnitude for the larger mass. The right panel of that figure shows the ratio of
the leading-order scalar dipole energy flux (b%p , Eq. (R.12), to the tensor quadrupole flux, which
is given for quasi-circular orbits by &' = 32/312/(5r%). That ratio is of order 10~ after

. . . . dip - . . d .
scalarization, but decreases at small separations since @7 is proportional to 1/r* while ®%* is
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proportional to 1/75.

10.6 Conclusions

Dynamical scalarization is a non-perturbative phenomenon that shows up in scalar-tensor
theories of gravity, and involves the development of nontrivial scalar charges on inspiraling com-
pact objects. Although this effect was originally discovered in fully nonlinear numerical simu-
lations of neutron stars in scalar-tensor gravity [509], it is captured by compact-binary models
that employ effective-field-theory methods [8, 513]. By construction, this effective approach is
designed to capture the UV and IR scales of the system, where the UV physics is simplified by
modeling the binary components as point-particles, while relevant internal degrees of freedom
are captured by variables that evolve along the worldlines. In this way, the model can incorporate
physical aspects such as tidal deformations and/or stellar oscillations.

Earlier effective-action models for DS considered the case where the evolution is quasi-
stationary, and were restricted to quasi-circular orbits. In this work, we considered the full
dynamical evolution predicted by the model for general (eccentric) orbits. This is achieved at
leading order in the effective action, which contains only three parameters for each binary com-
ponent. One of these parameters —the coefficient c;2 of the kinetic term in Eq. (10.2)—was
neglected in previous works dealing with the quasi-stationary case [8]. Here we suggested a pre-
scription to match this coefficient to properties of the fundamental scalar mode of a neutron star,
and considered its effect on the binary evolution. Additionally, radiation-reaction effects were
incorporated at the level of the equations of motion. In order to show how the model works in

practice, we chose to work with the well-known DEF scalar-tensor theory [cf. Egs. (10.25) and
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(10.26)] with the parameter § = —5. We have thus worked out the full dynamics of eccentric,
oscillatory binary neutron stars in DEF theory, near the phase transition to the scalarized regime.

The main effect of including the c;2 term in the model is to account for the initial phase of
exponential growth of the scalar charge, before it reaches saturation and the evolution becomes
well described by the adiabatic solution. The time spent in the initial phase also depends on the
cosmological value of the scalar field (¢(), which determines the magnitude of the scalar charges
prior to scalarization. ¢, impacts the theory’s parameterized post-Newtonian parameters [50]
and is thus subject to an upper bound from solar system observations; on the other hand, a lower
bound is provided by the scalar field vacuum fluctuations.

General eccentric orbits were also considered. For such orbits, the scalar charge is am-
plified and suppressed successively as the binary enters and exits the DS radius—defined as the
maximum radial separation allowing for DS in the stationary limit—, with the mean radial sepa-
ration determining the overall behavior (see Fig. 10.5).

By incorporating the effects of mode dynamics and dissipation, our work makes important
steps towards improving the accuracy of post-Newtonian waveform models for compact binaries
in gravity theories that allow for scalarization, and can thus be useful in constraining scalarization
with gravitational-wave observations [692, 716, 719, 773-776].

It is worth emphasizing that, although many of our results were obtained for a specific grav-
ity theory, the effective action model introduced here is theory independent. Thus, it can be used
as the basis for both theory-specific and theory-agnostic tests of DS. In the latter case, one could
attempt to constrain directly the leading coefficients (c(s), c(), ¢;2) of the effective action— or
combinations thereof, taking into account possible degeneracies in their relation to observables.

Degeneracies related to uncertainties in the nuclear equation of state may also be relevant for
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the case of binary neutron star systems, but we note that scalarization also shows up for black
holes in some scalar extensions of GR. In any case, waveform models for DS would benefit from
higher-order post-Newtonian calculations in specific frameworks (see e.g. Refs. [203, 206, 208]
for efforts in a class of scalar-tensor models) and of possible refinements to the effective action,

such as accounting for the interplay between fluid and scalar oscillation modes.
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Chapter 11:  Conclusions and future work

The work presented in this dissertation targeted improving the analytical approaches for
the dynamics of compact binaries, which is important for producing accurate waveforms that
can be used in gravitational-wave (GW) detection and parameter estimation. This was achieved
by extending the post-Newtonian (PN) approximation for the dynamics of spinning binaries,
improving the accuracy of effective-one-body (EOB) waveform models, and identifying some

signatures of modified gravity theories on the binary dynamics and waveforms.

11.1 PN approximation for spinning binaries

The PN approximation is the most commonly used analytical approach for describing the
motion of comparable-mass binaries, which are the main GW sources for ground-based detectors.
Therefore, extending the PN expansion to higher orders and including spin effects can improve
the accuracy of waveform models, which are crucial for GW observations.

In Chapters 2, 3, and 4, we presented an approach that combines several analytical ap-
proximation methods to derive new PN results from gravitational self-force (GSF) results, by
making use of the mass dependence of the scattering angle in a post-Minkowskian (PM) expan-
sion. We used this method to derive the 4.5PN and 5.5PN spin-orbit (SO) conservative dynamics

for precessing spins [1, 3], and the SPN spin;-spiny, dynamics for aligned spins [2].
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The 5.5PN SO conservative dynamics involves nonlocal-in-time contributions, due to back-
scattered radiation emitted at earlier times. The calculation of these nonlocal contributions in
Chapter 4 was done for the first time for the spinning conservative dynamics. For the local-
in-time contributions at 5.5PN order, all coefficients have been computed from GSF results at
first order in the mass ratio, except for one unknown that has a small effect on the dynamics, as
demonstrated by comparing the binding energy with numerical relativity (NR).

The method used to derive these novel results demonstrates the importance of combining
PN, PM, and GSF techniques to improve our understanding of the binary dynamics. It also
highlights how studying observables for unbound orbits, such as the scattering angle, is also
useful for bound orbits. A recent check of this method was the independent calculation of the
SPN spin; -spin, binding energy for circular orbits in Ref. [777], which is in complete agreement
with our results.

Related future work includes the following:

* The remaining unknown coefficient in the 5.5PN SO scattering angle is at second order in
the mass ratio, and as such it requires analytical GSF results at second order in the mass
ratio, which might become available in the near future since numerical results have al-
ready been reported in Refs. [326-328]. Alternatively, that coefficient could be determined
through targeted PN calculations, along the lines of Ref. [286], in which the authors related
the two missing coefficients at SPN order to coefficients that can be calculated from an

effective-field-theory approach.

* The 5PN quadratic-in-spin dynamics for aligned spins can be fully determined from GSF

results. This requires the derivation of new results for the spin-precession frequency at first
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order in the mass ratio, in a Schwarzschild background to linear order in the secondary
spin, which is something we are working on. Another important point in this calculation
is extending the first law of binary mechanics to spin-quadrupole, and relating it to tidal

invariants [344, 353, 354].

It would be interesting to investigate how to obtain PN results for precessing spins from
invariants calculated in GSF. The PM expansion of the impulse (net change in momentum)
and the spin kick (net change in the spin vector) should have a similar mass dependence
as in the aligned-spin case, which could make it possible to relate arbitrary-mass-ratio
PN results to GSF invariants. However, the challenge would be in obtaining analytical
GSF results for generic orbits in a Kerr background, which are currently only available

numerically [318].

11.2 Effective-one-body formalism

PN expansions become inaccurate in the late inspiral. However, resumming PN results in

the EOB formalism extends their applicability in the strong field regime. This is because EOB

combines information from several analytical approximations with NR results, while recovering

the strong-field test-body limit, thus providing a more accurate description of the binary dynamics

throughout the parameter space.

In Chapter 5, we obtained EOB Hamiltonians that include the complete 4PN conservative

dynamics for precessing spins and generic compact objects, i.e. black holes or neutron stars. We

considered four Hamiltonians, which are variations of the Hamiltonians often used in EOB mod-

els, and compared their circular-orbit binding-energy to NR simulations finding good agreement.
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In Chapter 6, we dealt with the dissipative dynamics for eccentric orbits. We derived the
radiation-reaction force and waveform modes in EOB coordinates through 2PN order, including
tail and spin effects. We recast those results in a factorized form and used them to extend the
quasi-circular—orbit model SEOBNRv4HM [397, 398], which is currently used in LIGO-Virgo
analyses. We compared our eccentric model SEOBNRv4EHM [10] with NR simulations with
initial orbital eccentricities up to e ~ 0.3, finding good agreement.

In Chapter 7, we assessed the accuracy of the 4PM conservative dynamics, which were de-
rived in Refs. [246, 247, 258, 259], through comparisons with the PN approximation and NR sim-
ulations for the circular-orbit binding energy and the scattering angle. We also incorporated the
PM results in EOB Hamiltonians, which significantly improves the accuracy over PM-expanded
Hamiltonians. We found that while the 4PM approximation gives comparable results to the 3PN
approximation for bound orbits, it performs better for scattering encounters.

Related future work includes the following:

* The results in Chapters 5 and 6 have been employed in building the next-generation EOB
waveform model for use in the upcoming LIGO-Virgo-KAGRA runs in 2023. For example,
we used a variation of one of the 4PN Hamiltonians in Chapter 5, based on the Hamiltonian
for a test mass in Kerr, and extended it by including higher PN orders. In addition, the

results obtained in Chapter 6 are being used to extend the model to eccentric orbits.

* In Chapter 6, we restricted to the case of binaries with aligned spins. Extending our calcu-
lation for the radiation-reaction force to precessing spins is straightforward, as outlined in
Sec. 6.2. However, the waveform modes for precessing spins are only known for spherical

orbits at leading PN order [169], so it would be important to extend them to generic orbits
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and higher PN orders.

The study of PM results in Chapter 7 would be useful in developing a full inspiral-merger-
ringdown EOB waveform model, combining PN and PM results, and including radiation-
reaction effects, with a particular emphasis on hyperbolic orbits. All GW detections so
far have been consistent with bound-orbit inspirals. However, the detection of hyperbolic
encounters can be useful in determining the binary formation channels; using waveform

models that are accurate for scattering orbits may increase the likelihood of detecting them.

Furthermore, it would be interesting to incorporate spin information in EOB Hamiltonians
in a PM expansion. For spinning binaries, PM results were derived in Refs. [262-276],
and NR simulations have been reported in Ref. [778], which noted that PN EOB models
do not give satisfactory agreement for spinning configurations. Therefore, it could be that

combining PN and PM results might improve the agreement with NR.

11.3 Modified gravity theories

GW observations offer a unique opportunity to test gravity in the strong-field regime, which

requires incorporating potential deviations from GR in waveform models, either in a theory-

specific or theory-agnostic approach. Therefore, the PN techniques and EOB formalism dis-

cussed above are important when trying to identify the effect of modified gravity theories on GW

observations.

In Chapter 8, we used a theory-specific approach and focused on the binary dynamics in

Einstein-Maxwell-dilaton (EMd) theory, deriving the 1PN Lagrangian governing the conservative

binary dynamics, and the next-to-leading order energy flux. We also computed the Fourier-
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domain gravitational waveform in the stationary-phase approximation, and the number of useful
cycles measurable by Advanced LIGO.

In Chapters 9 and 10, we presented a theory-agnostic effective-field-theory approach for
describing spontaneous and dynamical scalarization, showing that all theories that exhibit spon-
taneous scalarization for isolated compact objects also manifest dynamical scalarization in bi-
nary inspirals. We applied this approach to black holes in Einstein-Maxwell-scalar theory using
a quasi-stationary approximation, examined the stability of scalarized solutions, computed the
critical exponents of the scalarization phase transition, and estimated the frequency at which
dynamical scalarization occurs. Then, we extended our approach to account for the dynamical
evolution of the scalar charge during scalarization, and applied it to binary neutron stars in a
scalar-tensor theory, demonstrating how eccentric-orbit inspirals cause oscillations in the scalar
charge.

Related future work includes the following:

* The construction of a full (inspiral-merger-ringdown) EOB waveform model in EMd the-
ory. This can be done by incorporating the PN results from Chapter 8 into waveform

models that include higher PN orders in GR.

* Applying the effective-action approach to other theories. In particular, ongoing work con-
cerns studying scalarization in scalar-Gauss-Bonnet theories, and we were able to recover

some results in the literature [499] using this simpler method.

* Incorporating the effects of dynamical scalarization in existing waveform models to con-
strain theories that exhibit scalarization with GW observations. This can be done in either a

theory-agnostic or theory-specific approach through the coefficients of the effective action.
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Appendix A: Redshift and spin-precession frequency

In this Appendix, we outline how the redshift and spin-precession frequency are computed,
first for a spinning test body, then at first order in the mass ratio in terms of the metric perturba-

tions. We follow the derivation from Refs. [338, 342, 347, 779].

A.1 Spinning test body in a Schwarzschild background

We start from the MPD equations (1.120) and (1.121) at linear order in spin, and assume
that a spinning test body in a Schwarzschild background has a spin vector along the 2z direction
given by S = se,, where s is the spin magnitude, and that it moves along a circular orbit in the
equatorial plane. Because of the helical symmetry of the problem, the 4-velocity can be written
as [336]

u" = u' (0, + Q0y), (A.1)

where (2 is the angular frequency, and u* coincides with 2# = dx* /dr at linear order in spin [366].
In this Appendix, we use a bar to denote quantities evaluated on the background Schwarzschild
metric.

The normalization condition u*u,, = —1 leads to

_ (1 _ ﬂ) R (A2)

r
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while the r-component of Eq. (1.120) leads to
u' (—Mp+ 3sMQ+ pQ*r®) = 0. (A3)

Solving these two equations yields

3 u52
_ - A4
s (). (A4
3.
2

MQ = u?/? <1 — 3/2) , (A.5)

where we define u = M/r and § = s/(Mp). From the solution for €2, we define the frequency
variable y = (MQ)?/3, leading to
y = u(l — 5u*?), u=y(1+ 5y%?). (A.6)
The gauge-invariant redshift is defined as z = dr/d¢ = 1/4', and from Eq. (A.4) it reads
F VT B+ S
= /1-3y. (A7)

For the spin-precession frequency (g, it was shown in Ref. [347] that it is related to the

helical Killing vector k* = 0, + €20,, via
Qs =0 —|VEk|, (A.8)
where the quantity |V k| is defined by
2 __ 1 v
VK" = 5 K K™, (A.9)
with the antisymmetric tensor K, = V ,k,. To zeroth-order in spin, we obtain

M|VE| = y*2/1 =3y, (A.10)
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leading to the spin-precession invariant

v

Qg
— =1—-+/1- . A.l1
O 3y ( )

A.2 Spinning body in a perturbed Schwarzschild background

Equations (A.7) and (A.11) give the redshift and spin-precession invariants for a test spin
in a Schwarzschild background. To account for the perturbation caused by the small mass p of

the test body on the background metric, we write the perturbed metric as

9, = G +qhll, (A.12)

where ¢ = 11/ M is the mass ratio, and hfy is the regularized metric perturbation, which we write

as the sum of a nonspinning and a linear-in-spin term

R — p(0) | ap(3
hli, = ) + 3h). (A.13)
The normalization condition for the perturbed 4-velocity u*u,, = —1 leads to
2M
— ()= (—1 + T 0% qhkk) : (A.14)
T

where hy, = hask®k?, which can be solved for u! in terms of r and 2. To solve for Q(r), we
write

MQ = u?? {1 — g§u3/2 +q (Ql + sQlﬂ , (A.15)
then the r-component of Eq. (1.120) yields the solution
~ M
_ (0)
0 = —4—uz&hkk, (A.16)

and le is given by Eq. (B11) of Ref. [342].
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From the solution for u* given in Eq. (A.14), the redshift reads

0 ~7(8
1 \/1 M|y q(m&;ﬁ _Shék)>
T r " 2(1—¥—Q2T2)
ORI (M\/ga,,h,g(;) + h§jj>

=+/1—3y— kk A.17
R Wi 2/ — 3y A.17

The first-order regularized metric perturbations can be computed by solving the Regge-Wheeler-
Zerilli equation [51, 52] in a series expansion over modes using the Mano, Suzuki and Takasugi

(MST) method [334]. The first few PN terms in the redshift read [337, 342]

76 4172
z:\/1—3y+q{y—y2—y3+(§— = )y4—|—...

15 11/2
+§<y7/2—3y9/2— Y +)} (A.18)

2

For the spin precession, to zeroth order in spin, we calculate |V£| in the perturbed metric

and obtain
M|VE| = y*/23/1 = 3y [1 + ¢6] (A.19)
where
5o = _aéhf«?g) n arhésok) _ h;(ﬁ?y 1O (y B 1)
2y 2y 262 -5y+1) 7 2

bl G = 3y)y?
M —2My " 2M*(2y—1)

(A.20)
The spin-precession invariant is then given by

¥ =1 — q\/1 - 3ydo, (A.21)

with 1) given by Eq. (A.11). In a PN expansion, the first few terms are given by [347]

15
v=1-—+/1-3y+q y2—3y3—?y4+... : (A.22)
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Appendix B: The nonspinning 4PN terms in the bound radial action through

sixth order in eccentricity

Here we present the additional 4PN-order terms in the radial action for bound orbits, com-
puted via (3.70) applied to the 4PN EOB Hamiltonian given in [80], valid to sixth order in the

orbital eccentricity e. Note that the expansion in eccentricity has occurred only in the 4PN terms,

at O(c™®), where it is sufficient to use the Newtonian relation e = /1 + £(L/GMpu)2 + O(c2).
The complete radial action we employ above, through 4PN order for the nonspinning terms and

through NNNLO for the spin terms, is obtained by replacing the first two lines of (3.80) with

1+ 2¢ c 1 (GMp)?
cy/ — 2 ' Legy
1 1 GMM 2 Xy
1>

I, =—L+GMy

X (B.1)

+%O(e )+ O(

ClO)

(DLooy )21 21 —
where
X: 5 105 41 , 557 1155 /65383 33601
A I et (—2——) ( 2 B.2
r Al W { 1 "\128" T ]5 { 64 1440 © 24576" B-2)
4 6122 24057 74 cL 81, 45
— e -2+ 3+ ) ~ 0
5" 73 20 avp)’ 32" 16" }5 +O(E),
Xe 231 (123 , 125\ 21 ,  [9009 < 64730 51430 , 244
AT (e i YR i = B.3
5r 4 (1287T 2 >” s { 52 "\ a0 Taoee” 5 e B
60172 22599 244 cL 483 369 45
- In2 I3+ =1 C°V> (———2>2 @
TR T RS e) VY A 256" )Y T 17 |E T OE):
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and

Xs 32175 534089 425105 , 170 9982 21141
28 _ 2l (L BV g N In3 B.4
n 64 ( 720 T oasre T 3 BT Tm meT . B4)
170 L 4TI 1025 15
fali | COV) <___2> 2_ 208 1L 0(e).
Ty eVt e T )Y s 06
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Appendix C: Kerr-geodesic variables

We provide here the relevant details to compute the change of variables from (y, \) to
(uyp, €) needed for comparison with the 1SF calculations of the perturbed redshift and spin pre-
cession invariants. Since we are working with perturbed quantities we need only compute this
change of variables at the geodesic level.

The geodesic equations in Kerr spacetime when specialized to the equator 6 = 7 are

,g:l[E(M_ﬁ)jLaL(l_T”aQﬂ? (C.1)

2 A A
= %\/(E(TQ +a2) —al)’ — A(r2 + (L — aE)?), (C.2)
b= % [(L —aB) + % (r2E — a(L — aE))} , (C.3)

where = %. The radial motion is commonly parametrized using the Darwin relativistic anomaly

X as

map
== C4
" (1+ecosy)’ 4

where e is the eccentricity and p the (dimensionless) semilatus rectum. This defines the turning
points of the orbit to be at y = 0, 7. Note that here we use p instead of u, = 1/p from the
text since it makes the equations below simpler. To determine the constants of motion £, L as

functions of (p, e) we set 7 = 0 at the turning points. While these simultaneous equations can be
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solved fully, we give their expansion in a, which will be sufficient for this work,

(p—2)? — 4e? (e2 —1)2
be \/p(p “3_)  pp—3—eprt T O(a?), (C.5)

—9)2 _ 42
L= \/ﬁ + (3+62)\/Ha+0(a2). (C.6)

Next, we calculate the radial and azimuthal periods 7,y and ®, in the Kerr background

geometry
27 dt
Tro :%dt = —dyx, (C.7)
o dx
27 d
d, :fdgzﬁ = —¢dx, (C.8)
o dx
where

dt  tdr do  ¢dr

-7 = C.9
dy  rdy’ dy  rdy €9

Further expanding the integrands in eccentricity, and integrating order by order in a and e gives

for the periods a result of the form

Tro(p,e) :Troo(p, e)+ Trlo(p, e)a+ O(az) , (C.10)
Do(p, e) =5 (p, e) + ®i(p, e)a + O(a?), (C.11)
with
2 3 2 _
T — 27p [1 N 3(2p® —32p —;— 165p 266)62
p—6 4(p—6)*(p — 2)
3et
40p" — 1296p° + 17556p° — 128448p* + 546523p> — 1350786p>
+64(p_6)4<p_2)3( p 29 + 17556p P+ » »
+ 1803396p — 1016920) + 0(66)} , (C.12)

T 6m/p(p +2) (2p® — 32p* +139p + 6) ,
" (p — 6)2 Ap —6)*(p +2)
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(24p° — 656p + 6844p® — 32576p> + 60889p + 210) ;
O C.13
- 64(p — 6)4(p + 2) e +0()], (C.13)

and
105
30 =2 P11 2 4 6 C.14
0 =2m p—6[ +4(p_6)26 +64(p—6)4e —|—(9(e)}, ( )
ol 87 [ 3(90p—34) ,  3(T39p° - 6962p* + 23332p — 28824)
= — (&
0 (p—6)3/2 A(p—6)%(p—2) 64(p — 6)4(p — 2)3
+ (9(66)] : (C.15)

With these we can use Eq. (4.57) to obtain (y, A) to the desired 4.5PN accuracy by expand-
ing about small u, = 1/p as
y(up, €) =y° (up, €) + ay®(uy, ) + O(a®,u) (C.16)

Aup, €) =X(up, ) + a X (up, €) + O(a®, 1)), (C.17)

with

23¢* 13¢*
Y(up,e) =(1—e*)uy —2¢° (=1 +€*) ul + (662 — T) us + (2462 ~— ) u)

1 2 2 5
- 1€ (—480 + ¢*) u?, (C.18)

2 1 353¢’
Y (uyp, €) =3 (=1 —2¢* 4 3¢*) uf,/2 + 562 (=52 + 37¢%) u;/z + (—10262 + ) ui/Q
n <—704e2 n 767364) a2, (€.19)
0 2 1 2 4 1 2 4 2
A(up,e) =1 — € + 7 (18 +25¢” — Te )u,,+1—6 (=36 — 36> + 115€")
+ 634 (—144 — 220¢® + 421¢") u) + % (—405 — 807e* + 1007¢*) u,)
+ 2156 (—9072 — 24772¢* + 22501¢*) u) (C.20)
A (up, €) :g (1—¢%) u, — § (1—¢) uf)/? + (6 - 25662 - %64) uz/Q
N <§ L3962 %264> u (@ N 17681@2 - 2622364) W2l
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Appendix D:  Quasi-Keplerian parametrization

D.1 Elliptic orbits

For a binary in a bound orbit in the orbital plane, and using polar coordinates (7, ¢), the

quasi-Keplerian parametrization [427], up to 1.5PN, reads

r=a,(l — e, cosu), (D.1)

{=nt =u— esinu, (D.2)
1

¢ = 2K arctan + € tan E] , (D.3)
1-— 6¢ 2

where a, is the semi-major axis, u is the eccentric anomaly, ¢ is the mean anomaly, n is the
mean motion (radial angular frequency), K is the periastron advance, and (e,, e;, e,) are the
radial, time and phase eccentricities. Spin was included in the quasi-Keplerian parametrization in
Refs. [571, 572]. (See Fig. 2 of Ref. [572] for a geometric picture for some of these quantities.)

The (dimensionless) harmonic-coordinates Hamiltonian with LO SO reads

2 2

1
H:C_+])___
v 2 T

L
t 55 [26x4 — (v —2)xs] - (D.4)
By inserting = a,.(1—e, cosu) into the Hamiltonian at periastron (v = 0) and apastron (u = 7),

one can solve for the energy and angular momentum (with p,, = 0) as a function of @, and e, i.e.,

—1 (v —=2)xs —20xa
2a, 2 /ad (1 —e2)

E =

) (D.5)
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(€24 3) [20xa + (2 —v)xs]

L= 7’]-_2 )
ar ( )+ 2a, (2 —1)

T

where £ = E —1/v < 01is the dimensionless binding energy, which is negative for bound orbits,
and we only include the LO nonspinning and SO terms. These expansions can be inverted to

obtain e,.(E, L) and a,(E, L) leading to

AE (1 + EL?) [20x4 + (2 = v)xs]

e, =V 1+2EL2 +

LV1+2EL? ’
%:§%+2@”+f_wa (D.6)
The radial period 7, and periastron advance K can be calculated from the integrals
R
r v, OH/Op:
K:é%%mézaxfmgggi, (D.7)

where 7, and r, are the periastron and apastron separations calculated from the solution of p, = 0,

which yields the PN expansion

2 -
n:iizaﬁng2

_ 1, 3[20xa+ (2~ v)xs] (D.8)

b/’ 2a3+/1 — €2 ’
2(v —2)xs — 40x4a
I3
40xa +2(2 = v)xs
=1 AT (D.9)
ar'” (1 —ef)

K=1+

The three eccentricities (e,, e, e,) agree at LO, and can be related to each other, and to the

energy and angular momentum, via

— 2F [20x4 + (2 —v)xs]
e, =\V1+2EL2 + _ , (D.10)
! IV1+2EL2
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_ AE (14 EL?) (26 2 —
_ Trai g B BLY) 20xa + v)xs| D.11)

IV1+2EL?
e oF
1 22 26xa + (2 - v)xs], (D.12)
Ct L
e 2F
(j’ =1+ [26x4 + (2 — v)xs] - (D.13)
t

D.2 Hyperbolic motion

The quasi-Keplerian parametrization for hyperbolic motion [427, 575] can be summarized,

up to 1.5PN, by the following equations:

r = a.(e,coshu — 1), (D.14)

nt = e; sinhu — u, (D.15)
1 _

¢ = 2K arctan €o + tanh E] . (D.16)
6¢ -1 2

The equations for hyperbolic motion are related to the elliptic-orbit equations via analytic
continuation from £ < 0to £ > 0, and u — it [427]. In particular, the energy and angular

momentum are given by

1 (v —=2)xs —20x4

E = , D.17
2a, 2\/ab (e2 —1) ( )
_\/7 (e2+3)] 25XA+(2—1/)X5]
B 2a, (e2—1)
Inverting these expansions, we obtain
g, = 1 26xa+(2-v)xs (D.18)

2F L ’
and e, (E, L) the same as in Eq. (D.6).

The mean motion 7 and periastron advance K are given by
_ 27 [73/2
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1 3[20xa + (2 —v)xs]

_ _ , D.19
a® 2a3\/e2 — 1 ©.19)
2(v —2)xs —40xa
K=1+ 0
4 2(2 —
_ o xa 2@ v)xs (D.20)

&7 (- 1)
The eccentricities e; and ey are given in terms of energy and angular momentum by Eqgs. (D.10)

and (D.11), respectively.
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Appendix E: SEOB Hamiltonian coefficients

In this Appendix, we present the results of matching the SEOB Hamiltonians using the

procedure described in Sec. 5.2.2. Here, we express the multipole constants as

Ci(ESZ) = Ci(ESQ) - 17 CN’i(BSQ) = Ci(Bs2) - 17 etC. (El)

such that the black hole results are easily obtained by setting C.=0.

E.1 Coefficients of the SEOBQ‘M Hamiltonian

The spin-orbit and spin-cubed PN corrections in Eq. (5.31a) are given by

Gs=2{1+i5—y+@ﬁ2 Al(41”2+51—”)+1?—3<21—y—4gy2)
P16 1607 72\ 256 8 P\ 4 128
I (fi? - %) ﬁi} 71, (E.2a)
GS*:S[H%(g+§l)+(3§+§>ﬁi+§<—%ﬂ+5y—1)
+%(%V2+2?Ty+?—g>+(%y2+2f—;+%)pﬁ}_l, (E.2b)

1 ~ v X 92\ -~ v
Ggs = f_{ (’n, . X1)2 |:(5V + (5V — 5)X1) CI(BS3) + ( 1 L T) Cl(ES2) + (3 - 2) X1

c

502 ~ 3?2 3vXy\ = v vX

15VX1

~ 502 2wX,
)%Wﬁa"‘g]

32 3vXy)\ -~ 4% 5vX,
Txexe |ty ) G oy T

+n-xi1m- X2 {(—67/2—
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3vX 32\ ~ 1312 2vX,
x| (M) G~ T

4
o [(32  15vX,)\ -~ 2502 17vX,
+ (1 x2) [(T_ 1 )Gt ——
12 o (V2 vX, vXy, 32
+ 72 {W'Xl) (7—7) TN X1n X (V2—VX1)+(n'X2) 5 9
. ovX 512
—|—pf[(n Xl) < 5 : __) TNn-X1m- X2 (3VX1—V2)
Tv 2 VXQ
- — E.2
o (1225 20
(E.2d)

é53 = G53 with 1 < 2.

The spin-squared corrections in Eq. (5.29) are given by

1
ASS = ﬁX% VvV — Xl) C 1(ES?)

- 2 1
{X |: 6V + 2V — )Xl) Cl(ESQ) — % + 3VX1:| + §X1 * X2 (21/ — V2) }
3v3 15712

2071/ 275V 533y 275 ~

+

14 28 14

123v 45y 1 33 14502 25p

X -1 - —_— — 12 (E3

+(4 8) 1}+2X1 X2(4+ 3 +2>}+ , (E.3a)

+
oH| = S|

1 ~
AnS’ = ﬁ (n . X1)2 <3X1 — 31/) Cl(ESQ)

1 2 57/
+ T{ (m-x1) [( 3% — 9y + (9 — 30)X1) Cygs2) — - 7VX1]

c

+ 1('n “x2)(n - X1) <97V2 B %) }

2
1 9 % 64112 150V 4712 22v 150 ~
W{W'Xl) K—?_T_ 7T (‘ s T T )N G
113 712 6312 v
_ _ X,
4 12 4 3
1 33 26502 387v

5v 2
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41 20 4
-n-x1n- v —
5 X1 X2 1

1 v 2212 15v 472 169v 15 ~
+ 4{(” X1)2|:(___ s T35t (— s T2 _?)Xl)cl(ESQ)

8
88912 n 2713 n 323y 21712 X
24 8 12 8 !
1 113 42702 57v
Zn. . — 1 2 E.3
—i—2n X1 M X2<4 1 +16)}+ 2, (E.3¢)
1 1512 1 15v 45y
ngszf_g{(nxl)2< 4 _15VX1)+§n'X1"'X2<— 5 _T>}
1 9 Wi ovr o v 2502 121y 9 ~
-I—%{(n-xl) [(—T—Z‘f—?"‘( 9 + 4 —5 X3 CI(ES2)
1703 " 18512 2312 619y
8 24 8
1 473 4411
Foneoxamexe | -2 v +16e2 (E.3d)
2 4 2
ss 1 2 2
B, = ﬁ{Xl {(—3V +3v+ (3v — 3)X1) Cy L(ES?) — 4 1
1 /92 1 (1
+§ (T—FGV) X2}+TC{2(1OV + 3812 +20y) X1 X2
15902  23v 197v 23 ~
+x7 { <— 1 + N + (—12u2 + i ?) X1> Cles?)
275
4 50% — 6112 + ( v v 371/2) Xl] } F1e2 (E.3e)
g2 13,?3 R 3 9 9 ~ 1993 108512
n 130v 51702 x|+ R 7913 n 791/ n 45y
— n . . J—
3 8 ! X1Prx2 |77y 12 " 16
4 2 3 2
Dy 35v 35v ~ 25V 105v
+f—3{X%{ 5V3— 1 + (T—5V X1 Cl(ES2)+T_ 3
912 101502

4 8
24512 245 -
+ ( 4” — 3507 + (351/2 - ”> X1> CMESQ)}

N 1 2513 N 4512 N 5v
2X1 X2 1 3 5

o 14502 9 5 1015w
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1 TV 72102 105v
m . . — — 1 2. E.
+omexan x2<2 51 8)}+ < (E.31)

The spin-quartic corrections in Eq. (5.30) are given by
a1 212 21y 21
AS — 75{ ('n, Xl) |: ( 5 — T + <7 — 21V) Xl) Ol(E82

3502 3bv 35v 35 ~
(B (3T

+n- X2 (n . Xl) 3 |:(35y2 — 35I/X1) él(BS3) + (21VX1 — 21v ) é (ES2 :|

+ Xl . X2 (n . X1)2 |:(15VX1 — 15V2) C Bsd + 31/2 - 3I/X1) C (ESQ):|

9?9y «
(4% (gy_-) )
1502 15 15

S = 1512
+x3 (- Xl)2 [602(1552)”2 + C(es?) ( C, (Es2)V v? + 5 )}

1

~ 1 ~ ~

+ %n Xa X1 XaT - X [2702(E52)u2 + Cesry (306*2(E32)u2 + 27u2)]

+x1 - x2 X1 (307 = 3vXy) Cl(Bss +xi {—3% + %V - (37” — z> Xl} Cl(ES4

+ %X%X% [él(ES2) <_%362(E82)V2 - 371/2) - ;V262(Es2)}

+ ; (x1- Xx2)° [CHESQ (—36*2(E52)V2 _ 3,/2) _ 3;/262(]532)} } +12. (E.4)

E.2 Coefficients of the SEOBTy Hamiltonian

The spin-orbit and spin-cubed PN corrections in Eq. (5.34a) are given by

27 5v 3502 bu P2 (2302 2lv
Gg =2|1 - —vp? — )4+ = -
S 1677 16f+<16 +16>pr+f<16 4)
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+ % (—:—Z — 5%) } (E.5a)
o3 (5 )= (35) (S 5B
Ggs = %{ (n-x1)> [(51/ + (5 — 5)X1) Cypss) + <9Vfl — 97”2) Csz) — 2v° + 21/)(1}

~ 2 ~ v ovX,

32 3vX, V2 hvX,
txixe || 55— CIES2_E_ 19

2 2
3vX 32\ -~ 2 vX
2 2 9
X K 4 _T) G ~ 5 T g }
15 X 82 10vX
9 3?2 15vXs)\ - 14V2 4vXs
. ) Gy = _
) K 4 4 AL T g 3
% 2 vX vX, 312
+ﬁ [("'Xl)2 (? - Tl> +n-x1m- X2 (V2—VX1) +(n-x2)2 (TQ—T)}
SvX 502
+ﬁ?{(n~xl)2 ( 5 - —7) +n-xin-xz (3vX, — 1%
w2 vX
+(n - x2)’ (7 - 72) } (E.5¢)

The spin-squared and spin-quartic corrections in Eq. (5.33) read

ASS = X% (v —X1) él(ES2)

ﬁ>|
)

2

{Xf {(4y+(2y— D)X7) Cres?) —%+3VX1]+;X1 X2(2y—y)}

J[(20m2 163 421y 163\ | o 3 12502
X1 2 14 28 14 ) 1) tEsh T g 8

_l’_
ﬂﬂil'ﬁ

_l’_
ﬁ&l,_‘
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. 87y 4512 x|+ 1 33 L 11302 . 17v 10
1 3 1 2X1 X2 1 3 B )

(E.6a)

X )
A" = o (0 x1)" (3X1 = 3v) Cese)

1 B 52
+ ﬁ{ (n - Xl)2 [(—3y2 -+ (9- 3V>X1) C’l(ESQ) — % _ 7VX11

N 1 92 27v
—n-X1MN - _——
B X1 X2 5 1

1 9 T3 641v%  150v 4702 22v 150 ~
**{“”'Xl) K‘?_T_ 7 *(— s T T )N Ges

113 712 632 T9v
_ + — I, ){1
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E.3 Coefficients of the SEOBJ;2"®" Hamiltonian

The coefficients of the SEOB}5*"" Hamiltonian are given in Ref. [400], but we rewrite
them here for convenience in the notation used in the rest of the paper.

The spin-orbit and spin-cubic correction in Eq. (5.39) are given by
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The spin-squared and spin-quartic corrections in Eq. (5.37) are given by
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E.4 Coefficients of the SEOB1g Hamiltonian

The spin-squared corrections in Eq. (5.49) are given by
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The spin-cubed corrections in Eq. (5.49b) are
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The spin-quartic corrections in Eq. (5.49) read
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Appendix F:  Coordinate transformation from harmonic to EOB coordinates

The coordinate transformation from harmonic to EOB coordinates with no spin is given
in Appendix A of Ref. [402]. In this appendix, we include LO SO and SS contributions to
the transformation. We label harmonic, ADM, and EOB coordinates by (x, v;), (€4, Pa), and

(x, p), respectively.

F.1 ADM to EOB transformation

To find the canonical transformation from the ADM Hamiltonian with LO SO and SS using
the NW SSC (see e.g. Refs. [101, 384, 780]) and the 2PN expansion of the EOB Hamiltonian
of Ref. [382], we write an ansatz with unknown coefficients for the generating function G(x, p),

perform the following transformation on the ADM Hamiltonian [380]:

! *xiJraG _8_G_62G +0 L
@ Op;  OxJ Op;Op; )’

: . 0G  0G 9*G 1
=D — — 40| = F.1
Pa=P =gt o0 Op 07 + (Cﬁ) ; (E.1)
and match it to the EOB Hamiltonian to solve for the unknowns.
The result for the generating function is given by
Dy v 1 pr|1 4 1 , VP—Tr+1
G(z,p) = = [—1 ~3 + P 7} + 7 [gy(?)u — 1)pr — gy(l/ + 14)p” — —
1 V2 A A N N N A
+ §V2p72~1 + Y [ W(S1+8:)° —(n-S14+n-8)(p-Si+p-Ss)|, (F2)
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which has no LO SO terms since the ADM and EOB Hamiltonian are the same at that order. This

generating function yields

1 vp? v +2 1 3(v—2p? 1
To =T+ {zc <£— )—l—urpr} +C—4{w{&—gu(u+l)p4

2 2r ]r
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37 12 + pp, §(V Dvp“r + —
V2T a6 avw® a4 . .
+ g [(Sl + 52)2? - (Sl + SQ)(’I’L . Sl +n- Sg)} }7
1 v+2  vp? (v +2)p, 1 1 . v(Tv+2)p?
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Do =D+ 2 {p( or 5 ) x 52 + i P 81/(31/—l— )p <
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52 [_(Sl +85)°p + (S1+ S,)(p- S +p- 52)] } (F3)

F.2 Harmonic to EOB transformation

The transformation from harmonic to ADM coordinates is given by Eq. (E1) of Ref. [402],
which is independent of spin since the ADM and harmonic coordinates agree at LO SO and
SS. Using that equation together with Eq. (F.3), we obtain the following transformation from

harmonic to EOB coordinates:
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and for the scalars (¢, r, é, 7"), we obtain
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F.3 Transformation for the SSC

When calculating the spin contributions to the waveform modes, we used the source mo-

ments from Refs. [166, 173] which are in terms of the covariant SSC. To transform the resulting
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modes to the NW SSC, we use the center-of-mass shift [164]

7 7 1 i
xA(COV) — Tyt 203mA (UA X SA) ) (F6)

and the spin transformation [97]

1
s = (1= 52) 81+ s go(on - 51), (E7)

c2r 2¢2
where the spin transformation is only required for the NLO SO part of the 2PN (2, 1) mode.
For the scalars (r, ¢, r, {b, X1, X2), we obtain the transformations

vro

F(Xl + X2),

Teov =T —
¢cov ¢ + (Xl + X2)

vr
Tcov =7 + _Qb(Xl + X2)7

903
. . v . .
¢cov = ¢ - 20313 (1 + 7“7"2 - T3¢2> (Xl + X2)7
cov __ X1
X1 =X1— ﬁ(l —9),
A = o — 2X22 (1+96). (E.8)
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Appendix G:  Angular momentum flux at leading-order spin-squared

In this appendix, we derive the angular momentum flux at leading spin-squared (S?) order.
Here, we use unscaled variables in harmonic coordinates, but we drop the subscript ‘A’ to sim-
plify the notation. We denote the orbital angular momentum L = pur X v, the relative position

r = x; — X, and relative velocity v = dr/dt.

The relative acceleration a = a; — a, with LO SO and SS contributions, in harmonic

coordinates and the NW SSC, is given by [164]

n 1 3mo n 3mo
a:—]\/[—+g{3<2+2—)n~(vx51)r—3—(4+—>

r? my mq
’U><Sl+3 2+% Lnxsl+1€>2
73 2m, ) r3
3
a cturt {n(‘% - 82) + 81(n - 82) + Sa(n - §1) —5m(n - Si)(n- 52)}
3 m2CIES2 _n52+5n(n51)2_251(n51) +1 2] (Gl)
244 | mgp !

Since the spin evolution equations start at 1PN order, we can assume S, = 0 = S, for the

calculation of the LO fluxes.

The source multipole moments needed are the spin quadrupole 7% and the current quadrupole

J%, which are given by [164, 166, 179]

Y = m1{E§ l’j1> + C—3$§ (’Ul X Sl)]) — @Elﬁ (.’L‘l X Sl)]) — 6417]’?73,12 Si S{> + 142 (GZ)
J9 = myzl(my x v)) + =25 +1 42, (G.3)
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where the indices in angle brackets denote a symmetric trace-free part.
To transform from the coordinates of the two bodies x% and % to the center-of-mass relative

coordinates 7' = ¢ — x%, we use [165]

= %x +oat, ol = —%xi +oxt, (G.4)

where

1 (’U X Sl)Z (’U X 52)1
503 o - . (G.5)

oxt =

The energy and angular momentum fluxes in terms of the multipole moments, to the order

needed for the LO fluxes, are then calculated from [135, 164]

1 16
o, = L7®® . 16 0 50

- 5 ij g @ iy Yij (G6)
i 2 2) (3 32 2 3
(I)J = 55ijk—]]('l)llgz) + @Eijkj;l )Jlil) (G7)

This yields the LO SO and S;S, fluxes derived in Refs. [164, 167, 168], in addition to the S?

energy flux from Ref. [179]. For the S? angular momentum flux, we obtain

52 om2 [ L
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This is in agreement with the recent results of Ref. [181], although our expression appears simpler

because of using the individual spins .S; and masses m;, instead of different combinations of them.
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Appendix H:  Aligned-spin contributions to the modes in harmonic coordinates

The modes calculated from the source moments of Refs. [166, 173] in harmonic coordi-

nates and using the covariant SSC have the following spin contributions:
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+ i p(=T00v — 126 + 621 — 12) + 72r(—306v + 125 — 50v + 12)

{X1 { — 44 2000 — 46 + 20w + 13 (—310v — 246 + 8Tv — 24)
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+ X {4 + 2060 — 40 — 200 + rPd3 (=316 — 246 — 87w + 24)

+ irr2p(—T00v — 120 — 620 + 12) 4 72r(—306v + 126 + 500 — 12)} }, (H.5)

- 5 v T
ngQin = \/; (47"¢ + 27ﬂ) (Xl + X2) ) (H6)

6c3r2
. /5 i .
33 _ 3.2
+ i G(— T80 + 360 — 154v + 36) + 727 (3001 — 128 + 500 — 12)}
+ X2 { — 4 — 200V + 46 + 200 + 13 (—330v + 246 + 1191 — 24)

+ itr2¢(—T86V + 366 + 154y — 36) + 72 (305 — 126 — 50v + 12)} } (H.7)

JZR —i\/g S (1006 = 100720 4 6% = 12) [0 Dy + 6+ el (H8)

336¢4r3
2 > v 3 S0 o .
prfn =\ 11843 (—23zr3¢2 + 107r%¢ + 207 r — 42) [(0—1)x1+ (04 1)xa]. (H.9)
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Appendix I:  Keplerian parametrization

This appendix provides expressions for some orbital quantities in the Keplerian paramet-
rization that are needed for calculating the initial conditions, and the tail part of the RR force and
waveform modes.

In the Keplerian parametrization,

1
_ L1
" u,(1+ecosy)’ @1

where u,, is the inverse semilatus rectum and Y is the relativistic anomaly. Inverting the Hamilto-
nian at the turning points r+ = 1/(u,(1 = €)) and solving for the energy and angular momentum

to 2PN order yields

+—F (v — 20 = 2) + x2(v + 26 — 2)]
2 8 (Cupe X+ X]) + 201+ v)xaxa + 28 (Copse X3+ X3) |,

1 i u3/2
Py = \/u_p+ QCQP (62+3) —|—8p?(62+3) (362—4V—|—9)

+ 25 (2 +3) (=20 + v = 2) + xa(20 + v — 2]
3/2

(e +3)u
I [ (Cupst XE 4 XE) 48 (Conse XE + XF) |
l/u3/2
p X1X2
2ct

[(Br+1)+v+3]. 1.2)
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Inverting p,(u,, €), we obtain u,(py, €)

(e2+3)  (e2+3)(2¢* —v+6)

1
Up(p(z,? 6) - 3 +

AT o
3+ e?
—_— — 26 —2 20 — 2
255 [(v X1+ (v + )X
1

+2pﬁ 4

+1e>2}.

Inverting the Hamiltonian to obtain p,(E, py), and plugging E(e, u,) and py(e, u,), yields

3/2
= e\/u smx—i— 52 smx(e +2€COSX+1)+

The radial and azimuthal periods are given, respectively, by

T COHN\ "' dr
() o] ()
7{ Op, o \Op, dxX

(v —6)
= 57 +...,
p—eup) c2\/u, — e?u,

u
67rup
bdt = OH 1 _on + ...
Ipg

The associated frequencies are

2T . T¢

The dimensionless frequency variable x = wi/ ? to 2PN order is given by

w2
x:up—62up+3—2( e’ —1) (e’(v—6) —v)
y

 36¢!

(e —1) {64 (8% — 33w + 180) + 8v°

— 9¢? [3 (12\/1 o 5) v —90v1 — e + 8% + 27}

+9(8m—13>u—180<m—1)}

486

{VX1X2 [ 2Br+1)+v+ 3} +xi [Cuas? (62 + 3) Xt + (362 + 1) Xﬂ

{d.3)

1.4)

1.5)

1.6)



5/2

+ 5 (- 1) 32+ 1) 2420 1) + 16 2]
“13; 2 4 2 2 2 54
+xixe [+ 1) = 2 + v 1] + 16 2}, (L7)
which can be inverted to obtain u,(z, €), the IPN part of which reads
T 2?2 [e*(v — 6) — V]
Up =~ 32 (1) +.... (I1.8)
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Appendix J: P, in tortoise coordinates

The tortoise-coordinate r, is defined by [411, 582]

dr. +/D(r) 1

= = J.1
dr A(r) &(r)’ @D
where A(r) and D(r) are the metric potentials
D
dsty = —A(r)dt* + ﬂdrz + 7r2d2. J.2)

A(r)
The conjugate momentum to 7, is denoted p,.,, and invariance of the action gives the relation
pr. = pr&(r). (J.3)

The Hamiltonian and EOMs used in SEOBNRvV4 (see Egs. (10) of Ref. [387]) are expressed
in terms of the variables (7, p,., ¢, ps). However, the RR force we derived in Sec. 6.2 is expressed
in terms of (7, p,., p.). We use Eq. (J.3) to replace p, with p,,, and to obtain a relation between p,

and the derivatives of Hgog (7, pr., ps). We use the following relations:

OH OH OH
dH = ( ) dr + ( ) dpr, + ——dpy
pT* T

or pr. Ipy
oH oH OH
—(=2) 4 dp, + ——dp,, )4
(a> ” (apr)r Pt B 0
_ {9p,. Ipr.,
dp’f'* - ( a/r >pT dr + < ar )po'r‘7 (J'S)

leading to

OH OH OH op
(@), =), @) (&), &
ar pr 8T Pry 8pr* T 87’ pr
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where

opr.\ _ d§(r)
( or )pr_pr dr

Hence,

(o1

-G, (). &%)
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Appendix K: PN Hamiltonian for bound orbits in isotropic gauge

In this appendix, we canonically transform the 6PN-EOB Hamiltonian of Refs. [92, 93]
to the isotropic gauge, in which the Hamiltonian only depends on 7 and p? with no explicit
dependence on the angular momentum.

We start by writing an ansatz with unknown coefficients for the Hamiltonian

7 7 7
.. 1 p* 1 p2(=9) (i—5)
Higy=—+75 =~ ZZ% +ZZ% Inr, (K.1)
1=2 j =5 j=1
where the OPM coefficients are given by the PN expansion of
Higg = /m? + P24 \/m3 + P2. (K.2)

Then, we write an ansatz for the generating function G, perform a canonical transformation

using Poisson brackets, and match to the 6PN EOB Hamiltonian, i.e.,
is0 is0 1 is0 1 iso
Héng? = Hepn + 19, Hepn } + E{ga {G, Hgpn} )+ g{ga GG, Hpn )+ (K.3)

where each bracket introduces a factor of 1/c?.
The result for the full 6PN Hamiltonian, which contains 6 coefficients that have not yet
been determined in Refs. [92, 93], is provided in the Supplemental Material. Here, we write that

Hamiltonian truncated at O(G*)

63v4 10503 18912  63v
Helllso HISO o o 10
4pNupM) = HaeN T 506 T Hag 128 " 256 256"
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Gp* [ 45 204051  108344961n2  6501861In3  277343751n5
T [1_28 v <_ %00 45 T w0 25 )
Ay 511/2] G*p® {E N 3504 N 33713 N 45312
8 2 |8 32 16 32
(9062513 | 21212084, 120648437505 282031380 1n3>]
16800 15 2016 5600
G3p* [105 2872367  233388068In2  16351713In3  4058593751n5
3 [3_2 v (_ 2400 75 T T o )
4878 258002 G105 St 2T (2057 dlx?\
_16_32}+r4[32_1_6+2 (48_64)V
( T4lnr 4086400 2966572 148y 680106004 196484375 1n 5
+v| — — + — In2+
15 3600 12288 15 225 144
- 371223811113)}7 -
400

1024 T 1024 1024 T 1024 256 1024 | P
Gp'® 77 s o 18236 10834496In2 6591861In3  138671875In5
+ V42— + + —

— — 01 2315 115504 16174 2317 23Lw
HsgN(thM) = H4gl’\1(4PM) + [ 1 2

r 256 35 9 140 252
54 9513 (1212079 5417248 27734375In5 6591861 1113) }
- 4 v — In2+ -
2 8 22400 45 504 1400
G2p8[ 425 31505  TI0TvA 262518
2 {_% 25 256 | 256
P (48228101 _ 2125906693 | 242787134673In3 3671798828125 In5
13440 378 286720 1548288
96889010407 In 7) " (82224409 _ 249145033 121660799218751n 5
221184 53760 60 6193152
968890104071n7 103980982797 In 3
884736 a 229376 )1
G3pS[ 273 66074 152718
r3 [_ 64 128 8
L ( 5713223 | 105895904239 In2 | 2588320706587 In7 _ 0308816520303 In3
560 13230 1105920 2007040
281191261718751n 5 29226874966211n2 4523914911
B 10838016 ) ( 132300 627200
134695031956291n3  2588320706587In7  1503690123593751n 5
5734400 B 4423680 B 14450688 )}
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32 64 * 64

+

Gp? 165 3505 205501 56249 417\ ,
— v
192 64

rd

296y 9735062548 In 2

, (72487381  148Inr  27697x>
Y ( 5040 15 6144 15 33075
143373063211831n3  6505404984471n7 2701666015625 In 5
1254400 a 138240 a 1354752 >
V( _ 107Inr 108897 976047931 | 107yp 526259559517 1n2
140 4096 78400 70 13230
33874913921875In5 | 650540498447 In7 641012819877 1n3>] KS)
1806336 552960 143360 ’ '

33 42915 3003v°  3003v% 12873 214512 4291/} 14
p

f{ell,iso _ ﬁ]ell,iso o _ _
SENWAPM) sNpM) T 2048+ 2048 2048 + 1024 512 + 2048 2048

Gp12{273 L 3( 218307  10834496In2 19775583 1n3 1386718751n5)
v — —

r 1024 140 * 3 * 140 84

10614711 1 27734375In5 59326749 1n 3 305
2| ———— — =54172481n2 — — 8-
( ppa00 | g ATz T 1400 ) YT

1860381 n 13543121n 2 n 197755831In3  277343751n5 n 7501
44800 15 5600 672 4

G?p'°[441 69305 1717505 25050°
r2 [% TS T TRz T 256
s (1752882443 | 5077217751112 | 151402432877191n3 | 157462121093751n 5

134400 3780 2867200 3096576

1065779114477 1In 7 o (930216823 188966394467 In 2 n 1472391838281251n 5
442368 107520 7560 12386304

484445052035In 7 7125985899279 1n 3 . 29016839 N 154094423 1n 2
589824 2293760 35840 72

527065116993In3  968890104071In7 ~ 125335799218751n 5
2293760 1769472 12386304

G3p® [2805 194250° B 16813114 n V3( 5539742599 38790406370519 In 2

512 256 512 120960 - 1786050

10092796949218751n 5 n 4538419660335891In7  2440474658834131n 3
877879296 89579520 10035200

2 180308862367  116606471572979 In 2 n 3680972377512689In 7
2822400 1071630 358318080

~ 448065058976289In 3 181279182489765625 In 5
40140800 3511517184

r3
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3456473588783 3690575363155371n2  607401830370627 In 3
”( T 304819200 9185400 * 80281600
12673739114421491In7  44240036362654375 In 5
a 429981696 B 2341011456 )}

Gp® [2275 _ 1050°  18550° <146987 B 41#2) A

r4 | 256 128 * 32 192 64

L ( _ Tdlnr 25720m% 1701353519 148yp  23484230271491n2
5 4096 20160 5 51030
8674336284777In3  250707235071713In7  22326097480468751n5
286720 * 17915904 a 125411328 )
r (1971nr 197y 1049397 2714159093323  126132398166437 In 2
140 70 16384 16934400 1071630
7636939323883831In3  204623745011171875In5  4304025048065071 In 7
8028160 * 3511517184 B 71663616 )
(_ 5827Iny  23371397° | 3571766093993 | 582775  616925145960877 In 2
1008 25165824 76204800 504 3214890
52541416380715625In5  1554400159532395In7  144912376553769 In 3
585252864 * 107495424 B 4014080 )}

(K.6)

This Hamiltonian can be used to check the PN expansion of a bound-orbit isotropic-gauge

4PM Hamiltonian, once the latter is computed in the future. Currently, it only agrees with the
hyperbolic-orbit Hamiltonian of Ref. [246] at 3PN order.

In Sec. 7.4, we complement the 4PM Hamiltonian Hfgi’,[ with bound-orbit PN corrections

AH ZEM(HPN) to get an estimate for its effect on the circular-orbit binding energy. We obtain those

bound-orbit corrections using
AHeH _ Hell,iso . thp (K 7)
4PM@PN) — H1nPN@4PM) 4PM| o .

PN

i.e., we subtract the nPN expansion of H,3Y, from the isotropic-coordinate Hamiltonian in Eq. (K.6).
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Appendix L: Coefficients of the 4PM-EOB Hamiltonians

In this appendix, we list the coefficients of the PM-EOB Hamiltonians, in the PS gauge of

Eq. (7.17) and the PS* gauge of Eq. (7.18).

L.1 Hamiltonian in the PS gauge

When matching the scattering angle calculated from the EOB Hamiltonians to the PM-
expanded scattering angle in Eq. (7.10), we solve for the coefficients ¢,pm () as functions of the
effective energy.

The 2PM coefficient was derived in Ref. [237], and it reads

3(5v2—-1)(I' =1
qrm() = 5 23( ). (L.1)

When working up to 3PM order, as in Ref. [405], it was enough to replace y by the Schwarzschild
Hamiltonian Hg. However, at 4PM order, we need to replace v by the 2PM effective energy,

which we take to be the 2PM expansion of Eq. (7.17), i.e.,

~

. i
o g g 2euHs) o (L.2)

2Hg

In the 3PM and 4PM coefficients, we simply replace v by Hs.

The 3PM coefficient is given by Eq. (2.17) of Ref. [405], which reads

8(4' = 129" =3)v . 1(\/7—1>
— sinh
q3PM(7) \/’ﬁFQ \/5
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1
+ mp (107 = 792 +1) T — 9 (109* — 792 + 1) T2

+ 8y (149" + 1147 — 25) y} . (L.3)

The 4PM coefficient we obtain reads

I3 7 —1
—€Q4PM(7) =3 (3807° + 380+° + 1697 + 169) E <L)
14

v+1
2095y 417 v —1\?
/N VKL=
(300 + 205 2) (w)

2020y 1183\ _ [~ -1 v 1
300 665 — +— | E K| ——
( V005 ) (wl) (wl)

8(129% — 409 +3+2+3)TIn (V7 — L+ 7 + 1)
NG
72 (3 =292 (3575 — 657" + 4192 — 11) In? (v + /7 — 1y/7 + 1)
8e3
N 2 (757® — 21575 — 143+* — 56972 + 852) In y
3¢

+ = (—259° + 12579° + 1807° — 499" + 487® — 972 — 228y — 42) In*(y + 1)
2

1
4
( 1)lne

T [21076 — 5529° + 37*(70e In 2 + 113) + 247 (15 In 2 — 38)
g

+ v%(3148 — 900 In 2) + 247(19¢In 2 — 139) — 30eIn2 + 1151
+1In(y +1) lne% (—3579° — 607° + 185v* — 167° — 145+* + 767y — 5)

—In(y + 1)% {150 T 754%In2 — 8327°

4 187*(5e1n 2 — 68) + 2v*(90In 2 — 739) 4+ 7*(1053c In 2 — 272)

+129(19¢In2 — 420) + 4(39¢In 2 — 76)]

+In (7 + 7= 1y + ) [4 =7 (707® — 23575 + 2779* — 145+° + 33)

4dyIn(y + 1)
o £3/2
(2 =52+ 3)
125/2

(307° — 719" + 359° + 6)

(21076 — 72079° + 37*(70eIn 2 + 113) — 5767
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+~2(3148 — 900 In 2) — 3504y — 30sIn 2 + 1151)}

2y . v—1 5 4 3 2
+ —=Liy | —y/——=) (309° = 607" — 79 + 827" — 57y + 12
\/E 2( 74_1)( Y Y v Y 7 )

1_
+ (—25+% + 5570 4+ 817* — 91~% — 20) Liy [ ——
(=257 + 557" + 819" — 017 — 20) Lz (

1 1—
— 5(7 +1)%(257° = 507° 4 207" + 707 — +* — 52y — 12) Li, (T)

29Lis (/35
TR

where we recall that ¢ = 72 — 1.

) (307° — 607" — 79" + 829* — 57y + 12), (L.4)

The bound-orbit 4PN correction term A?PN in Eq. (7.17) is given by

X H2—1)% ([ 1027 147432 13994371n3  19531251n5
A9, (Hg,r) = U5 - -~ In2
n(Hs,7) 2 12 5 M4t T 60 T ass
H2 — 120 / 78917 14099512 143362711n3  42968751n5
S
+ — — In2+ +
3 300 225 800 288
HZ — 1) (29675 27139 9766576 11826811In3  3906251n5
S
+ — — In2+ +
rd 15 75 225 100 36
1 , 136y; 34499 299177 254936 2t 10611811n 3 N 390625 In 5
5 3 1800 6144 25 400 144
N 20572 2387\ N 913
—_— — V R
64 24 4
68 148(HZ — Vv ., 148(HZ — 1)
—ﬁylnr—Tln(HS—l)—TlAnr. (LS)

L.2 Hamiltonian in the PS* gauge

For the EOB Hamiltonian in the gauge in Eq. (7.18), the 2PM coefficient is given by

3572 —1) (T — 1
azeu(y) = 27 QM)Q( ) (L.6)

and we replace «y by the 2PM-expanded effective Hamiltonian, i.e.,

A

. i
v — Hs + GZPQM—}(IS) (1+p? + Pu?) u?. (L.7)
S
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The 3PM coefficient is given by

_aem(y) 6 =D —1)

- s , (L.8)

azpm(7)

where we replace 7y by Hs. Similarly, for the 4PM coefficient, we obtain

a (ry) _ q4apMm (7) 1
M 2 12941 3e

{9 (1957° — 2099* + 499* — 3) I
— 18 (1357° — 1577 + 4172 — 3) T2 + 72y In 2 [7578 In2 — 30077 + 4575 In 2
+4~°(416 +451In2) — 34*(6911n2 — 816) + 47°(739 + 121n 2)
4 A2(544 + 17671n.2) — 127(191n2 — 840) + 608 + 186 1n 2}
-T [89677u — 37° (256v/evIn2 + 225) + 704~°v
+ 97! (256v/ev In 2 + 105) — 16007’ + 94* (64y/evIn2 — 33) + 27]
+47*v1n (VTH) [152 — 7577 4+ 1057° In 2 + 4+°(104 + 451n 2)
+~44(612 — 5551 2) + 7*(739 + 481n 2) + +*(136 + 4351n 2)
(2520 — 2281n2) + 151n 2}
+ 372 (257° — 1007* — 1807° — 519% — 228y — 42) ev In*(y + 1)

1
— 37*v1n? (%) [2578 — 12575 — 180+ + 499" — 4873 4 992 + 228~ + 42

+ 38472 (—4y* + 1292 + 3) I'yevIn <\/7 — 1+ + 1)
9 %uIn(y + 1) [7578 N2 — 15077 — 1657°In2 + ~°(832 — 1801n2)
— 9y (117In2 — 2(68 + 51n 2)) + v*(1478 — 481n2) + (272 + 8971n 2)

+129(420 + 1910 2) + 4(76 + 39 In 2)] } (L.9)

The bound-orbit 4PN correction term AzLy in Eq. (7.18) is given by

- - 4 4172
Agpn(Hs, 1) = Mgy (Hs, ) + u° [(% — 87T ) v— 141/2} . (L.10)
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Appendix M: The 1PN two-body Lagrangian in Einstein-Maxwell-dilaton the-

ory

In this appendix, we derive the 1PN two-body Lagrangian in EMd theory using the Fokker
action method [686] (see also Refs. [201, 206, 425]). To derive the Lagrangian, we expand the
EMd action in Eq. (8.2), together with the matter action for point particles in Eq. (8.3) and the
mass expansion from Eq. (8.7). After that, we obtain the field equations for the potentials, solve
them, and plug the solutions back into the action to get the Lagrangian. Throughout, we work in
the harmonic gauge g“”l“f“, = 0 and the Lorenz gauge 9, A" = 0. Also, in this appendix and the

next, we explicitly write ¢ and G for bookkeeping.

M.1 Expanding the metric and connection coefficients

Before expanding the EMd action, we start by expanding the metric in powers of v/c [222],

Goo = —1+2V —2V2 4 ...,
goi = —4Vi+ ...,

where the potentials V ~ O(1/c?), and V; ~ O(1/c?). The inverse metric satisfies g#*gy, = 0* .
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The connection coefficients in terms of the metric are given by

1
FMV)\ = 59/”) (a)\gpl/ + augp)\ - apgz/)\) . (Mz)

Plugging the metric expansion in terms of the potentials yields the connection coefficients to

O(1/c)

FO00 = -0V,

% = -0,V

Tl = =0,V +20,V? — 49,V ,
I%; =2(0;V; + 8;V;) + 6;;0V
[lo; = 2(0V; — 03Vi) + 6,00V,

[ = (1= 2V) (6:0,V + 00V — §0,V) . (M.3)

M.2 Expanding the action
The action of EMd theory is given by Eq. (8.2). We can divide that action into four pieces
S =985+ S, + Sem + S (M.4)

where S, is the gravitational action, .S, is the dilaton action, Sey, is the electromagnetic action
with the dilaton coupling, and S, is the matter action.
In the Einstein frame, the gravitational action is the same as in GR. The Einstein-Hilbert

gravitational action can be written in the Landau-Lifshitz form

04

5 = TonG

/ dtd’x /=gg" (T4,T5, —T0,17) . (M.5)
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Substituting the connection coefficients from Eq. (M.3) in terms of the potentials leads to

C4

59 = 167G

/ dtdPx [ —20,VOV — 168,V 8,Vi — 60,V OV

+80,V,0V; — 8aivjajvi] . (M.6)

Imposing the harmonic gauge condition g‘“’l“fw = 0 gives 9V + 0;V; = 0. Applying that
condition in the action and integrating by parts yields

C4

5 = To7G

/ dtd*x [ —20,VO,V + 20,0,V + 8aivjaiv;] . (M.7)

The dilaton action is given by

ct 3
— —aqg™v . M.
Sy e /dtd T/ —99"" 0,00, ¢ (M.B)

Since ¢ is of order 1/c?, then to O(1/c?)

C4

S, = e /dtd3a: (—0op0op + 0;00;p) - (M.9)

The electromagnetic action including the dilaton coupling is given by

-1

Sem = T
167

dtd*x/—ge > F,, F" (M.10)

with the electromagnetic field F,,, = V,A, — V, A, = 0,A, — 0, A, and the vector potential
A, = (Ao, A;). The component 49 = O(1) + O(1/c*) + ..., while the components A; =

O(1/c) + .. .. Therefore, expanding F),, F* to O(1/c?) leads to
FW,F’W/ - — 28214082140 + QGJAZ@A% + 48014181140 - 28214]8]./4@ . (Ml 1)

Because the last two terms in Eq. (M.11) are of order 1/c?, we can use integration by parts and
the Lorentz gauge condition (0, A" = 0) to replace these last two terms by 20y Ay0y)Ay. Since
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V—g=1+4+2V, and e 2% ~ 1 — 2ap + ..., the action becomes

1
Sem = 8_7'(' dtd3a: [(]. + 2V — 2@@)811408,140 - 8JA183A2 - aQAoaoAg] . (M12)

The matter action .S,,, for point particles at monopolar order (dipole/spin and higher multi-

poles neglected) is given by

1 dzt
Sy = — 2A:/dt {ﬂm(%@)c?1 /—g,ﬂ, Uff‘vg/(ﬁ _ EQAA“W} , (M.13)

where the field-dependent mass of each body has the expansion given by Eq. (8.7)

m(p) =m {1 + ap + %(aQ +B)p* + 0 (1/c6)] : (M.14)

Defining the mass density p, in terms of the constant masses

pg =Y mad’(x — x4), (M.15)
A

and defining the electric charge density by

pe=>_ qad’(—xa), (M.16)
A

then the matter action to O(1/c?) can be written as

S, = /dtd% po| — A+ Ly + Ve + 1 + Sy = Ly 4Viv'ie
g 2 8c2 ' 2 2

1 1 1 4
+ pgvp <_02 + 5”2 + VCQ) - 502%(042 +8)9* + pe (Ao + EAiUZ) 1 - (ML17)

The parameters e and 3 will be assigned a subscript when multiplied by the delta functions in p,.

M.3 The field equations

Combining the expansion of the action from the previous section, the total action at 1PN

order is given by

4
S = / dtdz { 16C 5 (200 1200V 00V +80,V;0.V)] (M.18)
T
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1 1ot 3 1 -
+pg | =+ 51)2 + Ve + gv_Z + EVUQ — 5\/202 — 4\/;1210}
c

C4

G

1 1
(=000 + 0;00;p) + pgovp (—02 + 502 + VCQ) - 502&;(@2 + B)¢”

1 1 .
-+ 8_ [(1 + 2V — 2@90)811408“40 - 8JAZ<9]AZ — 80A080A0] + Pe (AU + gAﬂﬂ) }
™

Varying the action with respect to the potentials V;, A;, V, ¢, and Ay respectively yields

the field equations

G
V2V, = —%pgvz, (M.19)
2 Am
VA, = ——p', (M.20)
c
A G drG 3 A G G
av = —7pg — 7[)!] <§U2 — VC2> — 02 PgOP — gaiAOaiA()y (M21)
4G 1 G
Dgp = — :4 Pg |:_Oé + 5@1)2 +aV — (a2 + 5)@0} + c—faonaon s (M22)
OA = 4rp, — 2VV2Ag — 20,V 0; Ag + 2a0V? Ag + 2a0;00; Ao (M.23)

where 0 = —9% + V? is the flat d’ Alembertian.

The first two equations can be solved directly for V;, and A;

G ) )

V= (g T ) (M.24)
A \|x—x1| |x— x
1 7 7

A= _( LR oL ) . (M.25)
c\|x—x1| |x—

To solve the other three equations, we first rewrite the terms 0; Ay0; Ag, 9;00; Ao, and 9;V 0; Ay
using the identity

V2(x€) = XV + EV2x + 20,x0i€ (M.26)
where y and ¢ are any scalar functions. Using that identity, Eqs. (M.21), (M.22), and (M.23) can

be written as

4G ArG <3 5 VCZ) _ArnG

v = - 2 Pg — A Py EU - 2 Pg@
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G G
- 2—C4V2(A0)2 + gAOV2AO, (M.27)
Oy = —#pg —co+ %OMJ? +c2aV —c(a? + By
c
Ga Ga
— ?AOVQAO + 2—C4V2(A0)2 , (M.28)

OAg = 4rp. — VAV Ag) — VV2Ag + AgV2V + aV3 (pAg) + apV2 Ay — aAgVie. (M.29)

At this point, one could split the fields into separate PN orders, followed by further simpli-
fications of the action through partial integrations and use of the field equations. Eventually one
would only need an explicit expression for the leading order solution to the field equations here
in order to obtain the 1PN Fokker action. This is essentially the “n+2” method from Ref. [425].
However, at this order this does overall not provide a big simplification, and we need a solution
for the 1PN scalar field for Figs. 8.4 and 8.5. We therefore proceed by solving the 1PN field
equations and straightforwardly insert the solution into the complete action.

To solve those three equations, we first solve for the leading order terms of V', ¢, and Ay,

and then insert that solution back into the right hand side of the equations. Equation (M.27) yields

V—G m + 2 —|—G maZ\m x| +m a2|:1r: o]
S \|r -z | — 2¢4 \ o2 ! 2o ?
3G [ myv? mov3 G? 1 1
+ 5.4 + - —4m1m2 +
2t \|x — x|  |x — oo c rle — x|  rle— x]
G 1 1 G ?
— —4a1a2m1m2 + ~ 54 n + E
c rle—ax|  rle— x| 24 \ |z — x|  |x — o

G 1 1
+ 0 ( + ) ; (M.30)
c 7

r—x| rlr—

where r = |z, — x| and

2 2

2
v ng -v
@@ — x| = . ny-a; — (o) (M.31)

|:13—:131|_ |z — x|

with ny = (x — x1)/|x — x|, and a; = dwv,/dt is the acceleration.
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Solving Eq. (M.28) and using Eq. (M.31), we get

G [ am aam G ng - v1)?
QOZ—C—2< 2 )—i——alml(nl-al%—g)

|l — x| |z — x| 2ct | — x|
Gaym Ny - vy)? G*mimy (o + ao(ad + s + ai(aj +
4 22 2-a2+( 2 Vs) + 1ma (o o0 51)+ 2 1(az + B2)
2ct |z — x| ct r|le — x| r|le — x|
Ga 1 1 a ?
— e + oty ) (M.32)
c rle— x| rle— x| 2\ |z — x| |z — a9

The solution of Eq. (M.29) for Ay is given by

2 2
7 Q2 7 U3 (ny - vy)
Ay = — AL gy — T
0 (|w—w1|+|w—w2|> 2c2<|m—w1\ e |w—w1|>

2 'n,-'v2
g2 <| Y2 _nQ_az_(2 2))

22 \ |z — | — 4|

G m m
+ = <(1+aa1)—1+(1+aa2) 2 ) ( U )
c |z — x| |x — x| |l — x| |z — x|

G m m
+ 2 ((1 + aag)& +(1+ aal)&)

rle — x| r|le — 2|
G m m
— 2 (14 ao) 2B 4 (14 aa) 20 ) (M.33)
c? rle — | rle — s

M.4 The 1PN Lagrangian

The total action, after using the field equations and integrating by parts, can be written as

S = /dtcz% pg | =%+ L + v + Lye + B2 - 2Viv'e | + pe 1140 + iAﬂ/
g 2 82 2 4 2 2c
1 1 1 1 G
+ S (—02 + 51}2> + 5,061401/ — éapeAggo + @pg(l + aa)Agl . (M.34)

Substituting the potentials gives acceleration terms that can be eliminated using integration by

parts in the action

/dt (n-a1) = /dt (—”7%+ (n-v) (n-v)e-v) ”17;”2), (M.35)
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where n = (x; — x3)/|x1 — x5|, and a; = ;. Finally, integrating over space term by term and

simplifying leads to the 1PN Lagrangian

with

LOI

L1:

1
L =—myc® —myc® + Lo+ 5 L1, (M.36)
c
1 5 1 9 myms 142
—myv] + —mav; + G(1 4+ ajas) - =, (M.37)
2 2 r r
1 1
g??’l,l’l)zlL + gmwg + q;_? [’Ul c V2 + (n . vl)(n . ’Uz)]
Gmim
2; : (3 — anaa) (v +v3) — (T — c1ae)(v1 - v2) — (1 + das)(n - v1)(n - v2)]
G*myim
ﬁ (14 2a100) (Mg + ma) + miai(a3 + B2) + macs (e + Br)]

G G
4 z;% [m1(1 + acy) + ma(1 + aay)] — 53 [mag3 (1 + ac) + magi (1 + aas)] .
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Appendix N: Energy flux to next-to-leading PN order in Einstein-Maxwell-

dilaton theory

In this appendix, we derive the next-to-leading order scalar, vector, and tensor energy fluxes

for general orbits. The derivation follows the one used in Ref. [200] in the context of ST theory.

N.1  Scalar energy flux

The scalar field in a radiative coordinate system can be written as

By — oo+ & =
PX) = g0+ 00N +0 (). o)

where R = |X|,U =T — R/c, N = X /R, and the Einstein-frame radiative scalar multipole

moments are defined by

1
Y(UN)=GY_ IEE NP (). (N.2)

£>0

In this notation, an uppercase index denotes a multi-index, such as N* = NNz Nic, A
superscript in parentheses denotes derivative, such as ¥ (U) = ‘¥ /dU".

Next, to relate the radiative moments to the source moments, one defines ‘algorithmic’ mo-
ments that serve as functional parameters for a general external metric. Based on the arguments

in Refs. [138, 200], the radiative moments coincide with the algorithmic ones to O(1/c?), and
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the algorithmic moments agree with the source moments K7, to order O(1/c?)

U, =0 L 01/, (N.3)

T — K+ O(1/ch. (N.4)

The source moments are defined by

1 ,. %S

_ — N.5
032" o | (N-3)

K, :/d% FLS+

where the hat on x; denotes a symmetric trace-free projection on the ¢ indices. The source

function S is defined by the field equation for ¢ as

ArG
Op = ——28. (N.6)
C
The scalar energy flux
a:%mfmwm, (N.7)

where the scalar part of the stress-energy tensor is given by

c* 1
TS, = wC {Vucpvuso — §g,w(Vso)2] : (N.8)
In the far zone,
75~ € ouptp ~ Ni(8op)? (N.9)
% T 4G 0TIy = 4G 0¥) :

where, in the last step, we used the relation
dip = —N;Oop + O(r/R?). (N.10)
The scalar flux becomes

c o\
Fs = e d (@)
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1 dS) p P (e41) (t+1)
:Gzczzﬂ(ﬁ)z EN N (U)e 7 (U). (N.11)
>0

To integrate over the solid angle, we use the integration formula given by Eq. (A 29a) in Ref.

[137], which yields

1 (t+1) (£+1)
Fs=GY EyTICT 1)”% (e ()
>0
g gPg®  g@g
7 7 + J J + ...

=G
1 + 3c3 30¢5

: (N.12)

where the first term is the monopole flux, the second is the dipole flux, and the third is the
quadrupole flux. In terms of the source function S, those multipole moments needed for the

calculation of the next-to-leading order flux are given by

1 d
_ 3 2
U= /d x [S+ 2@ S)} : (N.13)
v, = /d3x 'S + Li (xQxiS) (N.14)
! 10c2 dt ’ '
U, = / d*x <mf — éx%zj) S. (N.15)

The 1PN field equation for ¢ is given by Eq. (M.28)

e IR 9
Op = — —5 P [—a—i— 52 +aV — (« +5)g0}

Ga

ct

Ga
@W(AO)? . (N.16)

AgV? Ay +
The last term in that equation can be moved to the left hand side by a redefinition of the field, and

since A% ~ 1/R?, we can neglect that term to O(1/R). The other terms are expressed in terms

of delta functions. Hence, we can write the source function S as

S(x,t) =Y oad*(@—x4), (N.17)
A
with
2
. (] mims 2 aqiqz
o1 = —mM10 < — 2_62) + 2y (041 + (6 2Ye%) +ﬁ10&2) — 2 s (N18)
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and similarly for o5, where » = @1 — x5. In the center-of-mass coordinates, we define

dr d
v= — a=—
dt dt’
20 (2
T, = —7r —
1 M 02 9
ma 1
Thus, o; can be written as
v 2V 2 aq1q2
o] = —miaq + 2—2m1alv + a1 + ajas + frag — M (N.20)

The multipole moments can now be written in terms of o after integrating the delta functions

d0'1 mioq d2

\IJ(DZ%_ 62dt21—|—1H2 (N.21)
2 . myay d*
v = ﬁ(;ﬁlgl) — 15 — yr 222t 41 2, (N.22)
® U OV R
where, in the higher order terms, we used 07 = —mjq;.

For the monopole and quadrupole fluxes, the multipole moments in the center-of-mass

coordinates can be written as

d v d3r2
o) — T (014 02) = = (Mmoo + M) —, (N.24)
3) P 1,
U, = —v(maoy +m1a2)dt3 rir) = vy ) (N.25)
Differentiating, and using the relations
d*r GioM 1
@~ "TOa)
dn v —r1rn
a7 (N.26)
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where

G =G (1 +ajon — @) , (N.27)
My
we get
2G1 oMy,
\I/(l) = —g Z§T2MT (XgOél + X1042>
My . 2a
— CQ_7ZT |:Oé1 + a9 + OC%OQ + 063041 —+ /8]_042 -+ ﬁzO&l — ]\31152:| s
Gi1aM o o . 9
v — 2T (X0, + Xoa) [67"7117# — 4(n*? + nIv') + gr@,} . (N.28)
r
Squaring leads to the monopole and quadrupole scalar fluxes
PO (D)
F§o = G———
c
2 2 2 _ 2aq19
G (GlgM,u) o {al + a2 + ajag + aza; + frag + faan My
== 7
& r? 14 ayan — %
9 2
+ 3 (X201 + X1042)] . (N.29)
VAR N6
Quad __ 1y i
G (GuMp\? 2 5 88,
= 308 ( > (Xyjag + Xaaq)™ | 320" — 37’ . (N.30)

For the dipole flux, we need to write @, and x5 in the center-of-mass coordinates to 1PN

order. From the boost invariance of the Lagrangian, we obtain [200]

1
T = F2 T+O(_4>,
M1+ 2 c

H1 1
Ty = — r+0(—), N.31
? p1 + e (04) ( )
where
(% G12m2 1
= 1+— — O —
f =1 < N 2c? 2¢%r ) (04)



— M (X1 X G”M”) o) (i) , (N.32)

2¢2 2c2r A

and similarly for p». This leads to the dipole moment ¥, in the center-of-mass coordinates

d 2 i d? i I d* .
v = ‘o) =3 : o (X2ay - X 20), (N.33
' dt? (Nl + ,Uzr 01) dt? <M1 + M2r 72 )+ 10c2 ( 142 = 2a1) dt4( ). ( )

To calculate the dipole flux, we also need the 1PN acceleration, which can be derived from the

1PN Lagrangian, and we obtain

d27' G12M { ’U2
= n

- = 1+ — [31/ + L —aiap + ql(h/QM“] 3 .o Gi1aM
dt? r2

~ 229
1+ oy — quqo/Mp 2¢2 vr v c?r
G12M 1

c2r

4192 i
5 2v (1 + g — M_Iu) + X —1(1 + aag)

1+ vy — 192
<+ 1662 Muy

2
+ Xl Mlu(l + CLOél) - QCL% (XlOél + XQOCQ) — %(5 — 041062) + 4(1 + 041042>

Gle 4—qq/Mp 1
XoBi02 + X180 | b — 2 °\a)
+ Xof1a5 + 152041]} 027’2 [ v L+ ajog — g2/ Mp i ct

(N.34)

Finally, we obtain the dipole scalar flux

. 2 72
Fop _G <G12M“) {(m — )+ fS v + fl/TG”M } (N.35)

3c3 r2

with the coefficients

-1

1 Ozoz—qqu
oo — o0

f5 = {8(041 —a)? — 2v(a; — a)*(1 4+ ajan)

+ (Ql — (1/2)(1 + CYlOéQ) [Xl(Oél + 30(2) — XQ(O(Q + 30(1)] + 2(&1 — ag) (Xloqﬁg — X2a2/81)

_ ?\1;1: [2(1 = v) (1 — a2)® + (X1 — X3) (a1 — o) (2a + a; + )] } (N.36a)
2
fq}gz = {5(a1 — )} (1 — o) + 5(ag — o) (X100 Ba — Xoanfy)
5) (1 + (650 %)
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25 11 35
+ (a1 — Ozg)(l + alag) |:—?(1 — I/)(Ozl — 042) —+ ? (X;Oq — X12(X2> + ? (X1a1 — XQGQ)

+ qul\jz(al — ) [5(1 = Bv) (e — as) — 10a (X1 — X5) — 11 (Xja; — Xion)]
5¢1G2
— QMM (041 — 052) [2 (Xl(l/l - XQO(Q) + 3 (Xloég - XQO[l)] s (N36b)
2
fig/r = —g{fw(al — CYQ)Q + 5((1/% — Cl/g) (Xl — XQ) + 6(0(1 — 042) (X;Oq — Xlza/g)
5 _ 2 2
-+ (@1 OQ) 2 |i— ?\IJCD (5 — o + 2&X1041 + QGXQOQ) -+ XQJ\Z,—I(l -+ CZO&Q)
(1 + onap — %) o I

2

+ Xlz\%(l + aal)} +

5(0[1 — 042)2

5 [4(1+ onan) + X038 + X107 6] }

1 O{O[_Q1QQ
+ o0 —

(N.36¢)
This flux reduces to the ST dipole flux derived in Ref. [200] in the limit where the electric charges

are Zero.

N.2  Vector energy flux

The calculation of the vector flux is similar to that of the scalar flux. The vector potential

can be written in terms of radiative multipole moments as [139]

1 1
Ao(X,T) = = Z WNLQ(LZ)(U%
>0

_ 1 1 © ¢ 0
A(X,T) = = ; Vv [NL—IQiL_1<U) - mﬁiabNaL—leL,l : (N.37)

As was done in the previous section, the radiative moments can be related to the source moments

using algorithmic moments. At leading order, the three agree, and we can express the electric
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and magnetic multipole moments directly in terms of the source moments

1 d?p 20+ 1 dJ,
= | &Pz |Tp+ =T = — Tar—r |, (2
QL(U) / v [prJr 2020+ 3)2" Far T U+ D2l + DR L at ] 20,
(N.38)
M (U) —/d3x T_1mi, + __ im» 0>1 (N.39)
L - <L—1 Zg> 2(2£+3)C2 <L_1dt2 ”L£> Y — Y °

where the magnetization density m = a x J. The source functions p and J; are defined by

4
OAg = 4np,  OA; = ——2J,. (N.40)
C
The vector flux
Fy = —cR? jé NTIMAQ, (N.41)

where the electromagnetic part of the stress-energy tensor is given by

1 1
Tfy = 876_2W (QFWFVC“ — 5gWF2> . (N.42)
In the far zone,
EM 1 j
Toiw = EFOJ‘E
1
= 1 (O4; = 9;40) (0,45 — 9; A1) (N.43)

The vector flux becomes

R? 0A; 04, - 0A; 0A;
Fr=—[d L N'NT . N.44
VT dre {8U U U 8U] (N44)
The vector potential A;, to the required order, has the multipole expansion
111 1 . 1 .
— ) (1) (2)
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which leads to

| (2) (2)
L dﬁ(%> _le, M, +Q Q) +(9(1>

4e oU 3 605 12¢° c’
B 1 2041 (041) A (0+1) 4 (O41) 3 r(E4+1)
_Zc2f+1€!(2£+1)!!{ R +02(€—|—1)ML My, (N46)
and
R? i v OA; OA; 1 (41) A (+1)
4rre MN'NT T oU oU = 21020 + 1)!!QL o
(3) ~(3)
Q@)Q@) Qi Qi 1
= = "t ol—=]. N.47
3c3 + 30c¢d + c? ( )
Hence, the vector flux
B 1 C+ 1 (e41) (41 4 (041) 5 p(6+1)
]:V_ezczﬂlﬂ(%ntl)!! ¢ cr @ +c2(€+1)ML My (N48)
>1
(2) ~(2) (2) 2 7(2) 3)
20P0® MO M 1
_ 26 Q0 M, +Q Q5 +. (N.49)

3c3 6¢d 20¢5
The first two terms give the dipole flux, and the third term is the quadrupole flux. There is no

monopole flux because of the conservation of the total electric charge.

The 1PN field equations are given by Eqs. (M.20) and (M.29), which are

OA; = ——Pe ; (N.50)
OAy = 4mp. — VV2Ay + AgV2V + apV? Ay — aA Vi

— V2(V Ap) + aV3(pAy). (N.51)

The last two terms in the above equation are of order 1/R?, and hence do not contribute to the

next-to-leading order flux. The source functions p and .J? are then given by

p=pe=q0 (T —x1) + 26*(x — T2), (N.52)
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J' = pv' = quid(x — 1) + @uid®(z — x»). (N.53)

The function p is simply the electric charge density because the higher order terms from the field
equation cancel when summed over the two bodies.
For the dipole flux, we need Q; and M; to O(1/c?)

1 d? ; 3 d
— 3 2 1 ~
Q; —/d iy {xipe + @pe—lt2 (x x) 02 dl (xiij)}

_ H2 H1 i, L m%_ m} d_2 i 2
_(ql,ulJrug qzu1+u2)r+102( WVE ng?* dt2(rr>

3 m3 d P U
o 10¢2 ( Mé — 4 M3> d_ ( il — §7’2(5]> v’ ) (N.54)
M; = %&jkﬂﬁ + C]2€z'jk$§?}§
m3 m?
= ( 1372 + qQM ) emkrjvk. (N.55)

Differentiating and using the 1PN acceleration from Eq. (N.34), we obtain the next-to-leading

order vector dipole flux

i 2 (GrMp\? o @\ G12M
FoP = = e V2 N.56
\%4 3c3 ( r2 my Mo +fv f + fl/r ) ( )
with the coefficients
o2yl xe e\ (42 2 vy (L2
v TR 2my Yng my Mo M 2/ 2 my Mo
1 q q2 9192
-_— - = 2+ 6 2 3v—1 —=(1—6v N.57
1+ agan —%<m1 mz) { T 6y + 20002(3 )+Mu( )| ( 2)

2 q1q92
X X 8§ —4v(l + o« —2—1—2V
1% ( 0 q2 ) 3y (X1 — Xo)(q1 + @) ( 102) ( )

= mip Mg M<q_1_q_2> 1+ a0 —3\1;5 ’
mi ma
(N.57b)
P (ﬂ _ 2)2 o+ 2 X3qi/mi — Xiqo/mo @125 — a1 + 2a (Xian + Xoas)
L mp o My 5 Q1/m1—CI2/m2 M <1+a1a2—%>2
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4(1 + a1a2) + XQM (1 + aag) + XlM (1 + CLOél) + X2a251 + Xlalﬁz

+ 2
(1+ s — 22)
X — X
(Xy 2)(q1 + ¢2) (N.57¢)
(-2
mi mo
For the quadrupole flux,
C) 3 ,,_12” 2 d’ ij_12ij
Q d’z | z;z; x70i; | pe (X2q1 + quQ) rr r v |, (N.58)
3 dat? 3
which leads to
3)H®) 2 2
Quad __ Qij Qi _ 1 (GuMp v, oy 2 3902 — 88 . N.59
Fv 30¢5 30c5( r? VAN o) (N9
N.3 Tensor energy flux
The metric in radiative coordinates
1
G (X*) = n + RHW(U N)+O <R2> : (N.60)
where the radiative multipole moments M}, and Sy, are defined by
A 2( o 1"
HTT U N = 4GZ Ilci+? |: z]L Q(U) — mNhL_2€hk(iSj)kL2:| . (N.61)
£>2
The radiative multipoles agree with the source multipoles /;, and .J;, up to order
My = I+ O(1/c%), Sy =J,+0(1)c%), (N.62)
where [139, 200]
1 loale} 420+ 1) Jdo*®
I &’z T — TLs N.63
rlt) = / [“"* 2013 o T s )it 3 o (N.63)
JL(t) = /dgl‘ &Thk(ie/ZL’\L_l)hO'k. (N64)
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In terms of the multipole moments, the tensor flux is given by

A OHIT?
Fg:32wG/dQ( U )

i ) (0+1)(0+2)
= G; L0120 + 1)1 { (=1

MV @YMITD W)

4000+ 2) , i1
SIS
02(6— 1)(€+ 1) L ( ) L ( )
G @y, G @@ 166G (6 o3 0
= 5 My My + Tgo7 MinMign + 575 S + 0 (1/€°). (N.65)

where the first term is the mass quadrupole flux, the second is the mass octopole, and the third is
the current quadrupole.

The source functions ¢ and ¢* are given by

TOO Tss ] TOi
i i N (N.66)

Cc

and from the 1PN field equations (M.27) and (M.19)

4 . 4 .
Ov — —”—QGJ, Ovi— — ”?)G o, (N.67)
¢ c
with
o' = mid® (e — 1) + mavid®(z — ), (N.68)

2 Giamims
o= m1+—2m1v1—T
2c cer

} O —ax) + 1 2. (N.69)
The multipole moments needed for the next-to-leading order flux are M;;, M;;i, and S;;,

which are given by

2
( 3 2 G12m1m2) i oma d° 5 i 20my d g i

My = \mut ggmt = —5— |0+ 5700 ~ S gt t1e?

(N.70)
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Mije = mZ{" + myzy", (N.71)
Sij = mlehk<jxi>xlfvf +1+2 (N.72)

In the center-of-mass coordinates, this becomes

G12M 1% d2

3 9 o i
Mij = U [1 + ﬁ(l — 3V>U — 027” (1 — 2V> -+ Ecz(l — 3V)%7" ?LJ
20 d i
. Téé(l = 8y) o (N.73)
m2  m?] .
=i ] i
m2  m? -
Sy — p {Vi _ Mg} PG (N.75)
where
. o 1
P pipd 57425“’ (N.76)
2
Pk — pipiph _ % (Ti5jk + g 4 Tk5ij) ; (N.77)
1 1, . 1
ehk(j,r’L),rh/Uk _ |:§5hkjrz + 58hkzrj _ §€hkm7”m:| T’hvk. (N.78)

Taking the time derivatives of the multipole moments and squaring, we obtain the tensor flux

Mu\? Mu\?
Fr = 185(; <G122 M) [120% — 117%] + 8¢ <G122 /”L) [ Tt + fL v

T 420c7 T
) G Mv? Go M7 G?, M?
+ FE A T fp e+ e } (N.79)
with the coefficients
785 + 113 g — 281422
fh = - 8520 (N.80a)
-+ a1Qg — M_M
1487 + 255ai; g — H63 L2
T o= M 13990 | (N.80b)
1+ 10y — M_,u
687 4+ 12719 — 267422
T i M Goow| (N.80c)
1 -+ 10 — %
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[l = 16(1 — 4v), (N.80d)

8
g;/r = — 20(1 + ) (17 — v) + dagas(1 + ) (22 — 5v)
(1+a10: - in)
2 2 q q
- 84M Xo(1+ aag) + 84M Xi(1+4 aa;) + Mg 267 — 20v)
a
168 f}fﬁ (X101 + Xoas) — %(491 — 40v) — 041042%(71 — 40v)
+ 84 (X103 + X203 1) ] : (N.80e)
T 8
fizy = (1 4+ a1a9)(367 — 15v) + 3ayas(l + aras) (29 — 5v)
(1+mas — 22)
2 2 q q
+ 84MMX2(1 + aoy) + 84MMX1(1 +am) + Ml2;2 (73 — 15v)
2
_ 168@;}7; (X1Oz1 +X2a2) 40192 q192

262 — 15v) — 22— 38 =15
T )~ 2 e (38 — 150)

+84 (X107 6 + Xa0361) (N.80f)

This flux reduces to the one derived in Ref. [205], in the context of ST theory, when the electric

charges are zero and after converting the notation to the Jordan-Fierz frame.

N.4 Energy flux for circular orbits

In this section, we express the energy flux for circular orbits in terms of the gauge-independent

parameter x, which is defined by

2/3
T = (G”MQ) : (N.81)

3
where (2 is the orbital frequency. To do that, we need to find the relation between r and {2 to
1PN order (Kepler’s third law). We start by writing the Lagrangian (8.31) in the center-of-mass
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coordinates

1 GioM 1 (G M
9 9 124 [ 1240 [
L=—-Mc + -pv*+ — + _02{

3 — a1 2 .9

2 2r o
1 2
+ §(1 — 3v) vt — 27; {(1 + ajan)? — 2q]\14_q/j (14 aon X7 + aas Xs)
5 a
+ Xoad 1 + X103 B2 + M_2/LX1<1 +aoy) + M—IMXz(l + aaz)} } (N.82)

Applying the Euler-Lagrange equation and using 7 = 0 and v = r(2 leads to
Gi1o M 1
v G g o(1)] N
r c

where the parameter -y is defined by

Gi1aM
T=G (N.84)
and the the coefficient f, is defined by
1
fr = oz G2,(1 — 20) + G12(3 — ) + 2(1 + anan)? + 2X003 8, + 2X 1025,
% i 11
+ 2M_2,uX1(1 -+ (ZC(l) —+ 2M—,uX2(1 -+ CLCYQ) — 4M_M (1 -+ CLXlOél + aXQCQ) (N85)

Substituting x instead of €2 and inverting Eq. (N.83), we obtain
v=uz [1+f7x+0(1/c4)} . (N.86)

To express the flux for circular orbits in terms of v, we set » = 0 and v = {2 and then use

Egs. (N.83) to obtain

Gc5 9 4 2 GC5 s S 16 )
fS = —3G%2V Y (Oél - 042) 3G%2V ’7 02 + fl/r + E (XlOCQ + XQOél) , (N.87a)
2Gc 1 G2 2G¢ 8 ¢ @ 2
]: = — 2.4 2L 42 2.5 2 X, AL X, 2 ‘/2- %
’ 3G%2V K (ml mo + 3G%2V v 5 2m1 + 1m2 + fv + fl/r 3

(N.87b)
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332G, o 2G°
vy v
5G2, 105G2,

FT = 276 (fgzl + fg;/r + flrI;TQ + 1008f7> : (N87C)

Using Eq. (N.86) to express the energy flux in terms of x instead of ~y leads to Eq. (8.43a).
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Appendix O: Effective action for compact objects away from critical point

A crucial assumption made in the construction of the effective action (9.7) is the near-
criticality of the scalar mode q. The power counting used in the main text to formulate this
relatively simple effective theory is not valid without this assumption. For example, if ¢zy > 0
(i.e., the object does not spontaneously scalarize), then away from the critical point one finds
q ~ ¢®(y) ~ O(R/r) and must include terms like [¢™(1)]? to the action to work consistently
at the given order in R/r. For scalarized compact objects c(»y < 0 far from the critical point, the
scalar field ¢™® (y) and mode ¢ reach values too large for our polynomial expansion around zero
to be valid. If one expands the fields around their true (nonzero) equilibrium values instead, the
effective action no longer respects the spontaneously broken scalar-inversion symmetry of the
underlying theory.

In this appendix, we relax this assumption that the scalar mode ¢ is nearly critical. We
construct an effective action valid in this broader context, and then show that the model (9.7)
is recovered as one approaches the critical point. We still ignore derivative couplings involving
0,,9™ (y) since they belong to multipoles above the monopole (¢ > 0) and we are only interested
in a monopolar mode ¢g. The most generic effective action in the scalar-inversion-symmetric

(unbroken) phase then reads
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C C
R el S ©2
Ve = QB0 R e g SR e derivatives .. )

Ve = g™ (w)g + W)’ + T W)
(0.4)

@ 1) [d)lR( )] q + time derivatives + . . .,

where the subscripts in ¢(; ;) indicate the powers of ¢'® and ¢, respectively; the coefficients ¢y
in the main text correspond to ¢(o,,, in this notation. All terms must be even polynomials in ¢'%,
q due to scalar-inversion symmetry and must contain an even number of time derivatives due to
time-reversal symmetry. Higher time derivatives that would appear in V' can always be removed
by appropriate redefinition of ¢ [781]; we assume that such field redefinition has been done. This
allows for an interpretation of V' as an ordinary potential for the mode ¢ in the absence of an
external driving field ¢'}.

To fix all coefficients in the action, one needs to match against the exact solution for an
isolated body in a generic time-dependent external scalar field. In general, this is a complicated

endeavor, and we do not attempt it here. !

Instead, we explore what information can be gleaned
from the sequences of equilibrium solutions considered in the main text. Using only this restricted
class of solutions, we do not expect to find a unique match for all coefficients in the effective
action above, but rather a series of relations relating them to the exact solutions.

Solutions for compact objects in equilibrium are manifestly time independent, and thus
cannot inform the terms containing time derivatives in the effective action; we omit these terms

from the action below for brevity. We perform the same procedure outlined in the main text to

match the IR fields of the effective theory (O.1) to the IR projection of the UV solutions (9.10)

'Note that our assumption of time-reversal symmetry needs to be imposed on the exact solution as well, so, in
the case of a BH, one must impose somewhat unphysical (reflecting) boundary conditions at the horizon.
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and find c4 = &, ¢y = ¢ (y), and

LOVE(g,¢%)  dVO(R)

Q(¢o) = DR doR (0.5)
M(do) = o) +V +V?+ V. (0.6)
Together with the equation of motion for ¢,
- dZ;Q) N aVQ¢éc(11, ¢IR)’ ©.7)
we see that
IM = d‘;éq) N GV”’(;Z, ¢IR)] dg+ [W‘lggl;dﬂ“‘) dV;EfR) Qo™ (08)

in agreement with the first law of BH thermodynamics [722, 723]. We see that ¢, and () are
conjugate variables, and therefore we can construct the “gravitational free energy” M(Q) via a

Legendre transformation of M (¢y),

M(Q) = M(¢o) + 0@, (0.10)

such that ¢g = dM/d@. As in the main text, from a sequence of exact compact-object solutions
in the full theory, one obtains M (¢g) and Q(¢o) and then can compute M(()) numerically from
Eq. (0.10).

To aid comparison, we also define

V(Q) =M(Q) — ¢(0,0), (O.11)

which represents the component of the “free energy” due to the scalar charge (). It admits an
expansion around ) = 0
C Cl
V(Q) = %QQ + f@‘* .., (0.12)

524



whose coefficients can be extracted numerically. Unlike V/, this quantity does not correspond to
the potential of any dynamical variable, but instead simply represents the energetics of a sequence
of equilibrium solutions. While these two quantities are not directly related in general, in the
vicinity of the critical point it is possible to reconstruct the potential V' from the energetics V (as
we found in the main text). In the remainder of this appendix, we demonstrate this connection
explicitly by expressing the C|,,) in terms of the coefficients in the effective action c(; ), and then
take the limit that ¢ becomes unstable c(g2) — 0, i.e., approaches the critical point.

Working perturbatively in ¢y = ¢™®, we solve the equation of motion (O.7) for g, relate this
solution to () and M via Egs. (0.5) and (O.6), and then insert these solutions into Eq. (O.11) and

read off the coefficients C,,) from the expansion in Eq. (0.12). We find that

C(0,2
Cloy =7, (0.13)
— €(0,2)¢(2,0)
1 2 3 4
Clyy = 7 [0 + 4c02)¢0.3) + 6 9)C@2) + 4¢(2)C3.1) T C02)C@0)] -

(1 = c2)ce0)
We see that, in general, an instability in the mode ¢ cannot be inferred directly from V(Q), i.e.,
Cro) <0 % cp2) <0andcgg <0+ Cp < 0. However, close to the critical point ¢ 2) ~ 0,

we find

Cla) = co2) + Oc(o2))5 (0.14)

Clay = o) + Olcp2); (0.15)

which confirms the link between the dynamical mode potential V' (¢) and the energetics of equi-
librium solutions V(Q), close to the critical point.

The relation between the mode ¢ and the scalar charge () along a sequence of equilibrium
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solutions reads

Q. .

Cl—copceo 3L —coce

) [6(1,3) + €(2,00C0,4) T 30(0,2)(6(2,2) + 0(2,0)0(1,3))

-+ 30%0’2) (6(371) + 0(270)0(2,2)) —+ 6?072) (0(470) -+ 0(270)0(371)) =+ ... (016)

Note that Eq. (0.16) does not lead to () = ¢ as in the main text when c(g 2y = 0. But full agreement
with the main text (ignoring higher orders in c(g 2) throughout) is achieved if we redefine

i

37 [0 + ceocon] + Olen), Q7). (0.17)

q—q+
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Appendix P:  Numerical calculation of V' (¢)

In this appendix, we detail the numerical calculation of equilibrium BH solutions in EMS
theory used to construct V' (¢q) through the matching procedure discussed in the main text. A
Mathematica code that illustrates this calculation is provided as supplemental material [? ]. We
consider the class of theories in Eq. (9.1) and restrict our attention to static, spherically symmetric
configurations. Starting with the ansatz for vector potential and metric

A=) dt, (P.1)

2

d
ds? = —N(r)e 2" at? + Sl

20902 | win2 2
N + r°(d6* + sin” 0dy”?), (P.2)

where N(r) = 1 — 2m(r)/r and m(r) is the Misner-Sharp mass (not to be confused with m(q)

introduced in the main text), the field equations reduce to

-5 £

N = _fe(—d))ﬁ’ (P.3a)
I 1 2 2 &?

m' =SNG + T (P3b)

§ +re? =0, (P.3c)
—6,.2 N __ —6 f/(¢)g2

(6 T N¢) = —€ W’ (P3d)

where ' = d/dr and €& is the electric charge of the BH. Here, the field equation for the electric po-

tential \ was already integrated once, introducing the electric charge £ as an integration constant.
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We impose the following boundary conditions at the horizon

m(rg) :%7 d(ry) = ou, o(ry) = on,
/ _ f'(¢n) £?
) = oy (f(%)@ - 52) ' ®4)

Note that 0 represents a simple rescaling of the time coordinate, and thus can be chosen arbi-
trarily; we ultimately rescale ¢ such that 6(r = oco) = 0. For computational simplicity, we rescale
all dimensional quantities by the horizon radius ry, i.e., 7 = r/ry, m = m/ry, and E=¢& /TH,

and then compactify the domain over which they are solved using the variable

r—ry r—1

S Yy b

(P.5)

where the constant b is chosen to adequately resolve the solution.

As discussed in the main text, we consider sequences of BH solutions with fixed electric
charge £ and entropy S (or horizon area), which is equivalent to fixed £ and ry. Fixing these
two parameters, we generate a sequence of solutions by solving Egs. (P.3) and (P.4) for several
values of ¢y. We then extract the mass M, asymptotic field ¢y, and scalar charge () from the

asymptotic behavior of the solution

m<r>%M+o(1), ¢<r>%¢o+9+o(é), ®6)
T T T

allowing us to implicitly construct the functions M () and Q(¢o) used in the main text to

compute the effective potential V' (q).
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Appendix Q: Oscillator equation with damping term

In Sec. 10.2, we approximated ¢ ~ 0 and used the oscillator equation c;2G ~ —c(2)q to
relate cg2 to the p-mode frequency as in Eq. (10.11). In this appendix, we investigate the effect
of the monopole radiation-reaction force as a damping term.

In Appendix R, we show that the radiation-reaction force for an isolated compact object is
given by F, = —¢. Inserting that force on the right-hand side of the oscillator equation (10.4)
yields

cipd+V'(q) = o + Fy. Q.1
Assuming vanishing cosmological scalar field ¢y = 0, and keeping only the leading term in
V'(q), we get

cpd +q+ ca =0, (Q2)

which is the equation for a damped harmonic oscillator and can be written as

G+ Y04 +wpg =0, (Q.3)
with the definitions
1 c
Yo=—, w=22, (Q.4)
Cp2 Cp2

The solution of this equation is given by

q(t) = e 1" [a cos(wrt) + bsin(wgt)], (Q.5)
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where

wi=3,  wr=\Jub— (/2 Q)

leading to w§ = w¥ + wj. These relations can be inverted to obtain ¢z and c(s) in terms of wg
and wy, 1.€.,

2
Yo

Q.7

Ci2 = 2—0.)1, C(g) = 2(,‘)1.

It was argued in Ref. [767] that wgr and w; can be identified as the real and imaginary parts,
respectively, of the mode frequency. Hence, the relation (Q.7) for c42, obtained by including a
damping term in the oscillator equation, is the same as the one in Eq. (10.11), which was obtained
by assuming ¢ ~ 0. However, c() calculated from the p-mode frequency in Eq. (Q.7) gives a
different result from the one calculated from the quartic fit in Fig. 10.1, with a relative difference
of about ~ 50%. Such a difference would then propagate to c,2, but we showed in Fig. 10.7 that
the scalarization time has a weak dependence on the value of ¢;2. Thus, we choose to identify

Cq2 = C(2) / wg, with c() calculated from the quartic fit, which is more accurate.
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Appendix R:  Scalar fluxes and radiation-reaction force

In this appendix, we derive the leading order scalar monopole energy flux, and the scalar
dipole energy and angular momentum fluxes, following the steps in Ref. [200]. From the fluxes,
we obtain the radiation-reaction force that enters the equations of motion (6.4).

R.1 Energy flux

The scalar-field equation is given by

Up = —4nS, (R.1)
with the source term
S =qa(t)8*(x —x4) + qp(t)0*(x — xp). (R.2)
The scalar field has the solution
= / d*z’ % : (R.3)

where « is the distance to the detector at near spatial infinity, and the retarded time ¢, = t — | —
x|

Defining R = |z|, N = /R, and t' =t — R, we expand the scalar field, in the far zone,

in terms of multipole moments such that

gpz/dgx’ {S(x,t) +125(x’,t’)w-N+...

R ROt
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1
R

@+@M+”), (R.4)

where the monopole and dipole moments are defined by

NG E/d3xS:qA+qB, (R.5)
. . mo mo .
V= | Pra’S=—-Lgs— -2 i R.6
[ aets = (Ga - "han) ®6)
and we have used the center-of-mass relations €4 = m%r/M, g = —mr/M, and r =

Ly — Ip.

The energy flux due to scalar radiation is related to the stress-energy tensor via
Op = —R? / dQ Ty NY, (R.7)
where Ty; = Oyp0;p/4m ~ —N;(Dowp)? /4, since O;p ~ —N,;0pp + O(r/R), which yields

1 .
bp=— [ dQ(V + VN, +...)?
BE= (¥ + +...)

:‘IIQ—i—g\IIZ\I/Z—i—.... (R.8)

The first term in this equation is the monopole flux, while the second is the dipole flux. To
evaluate the angular integral, we have used the relation [ dQ2 N*N7 = 474" /3.

In taking the time derivatives, we assume that ¢ is small compared to ¢q. So we neglect terms
with ¢ in the dipole part of the energy flux, but we keep them in the leading-order monopole flux.

Hence, we obtain

1 /mY mY, 2
Pp e~ (a+ip)+=(-Lga— -4 32 R.9
g~ (¢a+dB) +3(MQA MQB) T, (R.9)
with
3 M qaqB\ .
=——11 R.10
i r2<*‘Mp>T’ (R.10)



leading to the monopole and dipole energy fluxes

O = (4a + dp)°, (R.11)
i M? [mY mY 2 qaq 2
() (o).

The dipole flux vanishes for equal masses and charges, in which case, the next-to-leading
order monopole flux and the leading order quadrupole flux become the leading contributions.
The scalar quadrupole flux can be computed following the same steps outlined above, with the
additional contribution ¥ §* /15 in Eq. (R.8). However, it is at the same post-Newtonian order
as the next-to-leading monopole flux, which requires the equations of motion at next-to-leading

order, and is thus beyond the scope of this work.

R.2  Angular momentum flux

The angular momentum carried by the scalar field is related to the stress-energy tensor via
Ji — Eikl / de kaOl

= %eikl/d?’x (Do) (0 ). (R.13)

Using #? N* = (6" — NYN7)/R, and d®*z = R*dtdS), the above equation yields

LA / dQRN* [\If + \IﬁNﬂ']

dt 4T
. . 1 .
X {—Nl\p — N'N™O™ + i (6™ — N™N") ¥™]| . (R.14)
Due to the antisymmetry of €*!, the only term that does not vanish is

dJ’ L
= —¢
dt 47

/ dQ N* NI g

533



1 ., .
::gé“wk@% (R.15)

Differentiating the dipole moment, while assuming ¢ ~ 0, leads to

Thus, we obtain the angular momentum flux
@?:—ﬁf
dt ,

R.3 Radiation-reaction force

To obtain the monopole radiation-reaction force, we use the balance equation Eg‘;{‘em =
—®7°", where the energy loss by the system is the time derivative of the Hamiltonian in Eq. (10.14)
after substituting the equations of motion (6.4) without the dipole or quadrupole radiation-reaction
force, leading to

Bt = Foqa + Fp . (R.18)

system

Setting this equal to the energy flux in Eq. (R.11), and solving for the radiation-reaction force
yields

Fou" = Fay" = —da— i (R.19)
This force is the same for both ¢4 and ¢p, which implies that the equation of motion for the
combination g4 — gp does not have a damping term at that order. Therefore, for equal masses but

opposite charges, such that the sum ¢4 + ¢p vanishes, the monopole force would not affect the

charges. The damping in this case would be provided by terms in the scalar dipole flux with time
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derivatives of the scalar charges. We dropped these contributions in Eq. (R.12) for simplicity, but
we checked that they have negligible effect on the results considered in this paper.

For the dipole radiation-reaction forces, we follow the arguments in Ref. [402], and use
the energy and angular momentum balance equations including Schott terms, which represent
additional contributions to energy and angular momentum due to interaction with the radiation

field, i.e.,

Sdip . dip
Esystem + ESchott + (I)E - 07

Tk e A Jschou + PG = 0. (R.20)

The energy and angular momentum losses by the system are given by

i dH _ .
d . i . i
S;IS)tBIIl - E = T‘ng + 90]:21)
. i dL ;
Joyhem = —- = F". (R:21)
We choose to set chhott = 0, which corresponds to part of the coordinate gauge freedom.

The components of the radiation-reaction force are then related to the fluxes via

- ~di -
TJT_;« P + Eschott = _CI)EJy

FoP = -0, (R.22)

where we define ®p; = Op — gz.SCD J with ng being the orbital frequency.
For circular orbits ®;; = 0 since &5 = gz.ﬁq) J. Hence, ®; can be written in terms of quan-

tities that vanish for circular orbits, such as p? and p,., which also satisfy time-reversal symmetry,

Opy = flp? + fopr

B dfy d
= Dr (prfl - E) + a(fﬂ?r)? (R.23)
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for some arbitrary functions f; and f,, which leads to

ESchott - _f2pr7

dip _ _Pr _dh
‘Fr /r <p7'f1 dt)

Applying that approach using the dipole fluxes from Eq. (R.12) leads to

M (m% my 1\’ qaqs
= (DBy, -4 1 .
f2 e ( AL + M

Thus, we obtain the Schott energy and F4P

M mj m ’ q49B
Eschon = Wpr <—BCIA - —AQB) (1 + )

M M M
. 2 M mY mY, 2 qaq
dip _ = B _ A 1 B .
Iy Bur3p7"<MQA MqB) ( + Mu)
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