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Athigh Reynolds numbers, an incompressible fluid will become turbulent — a phenomenon
where the fluid is sensitive to external noise, develops chaotic time dynamics, and can develop
eddy-type structures which break apart into smaller and smaller versions of themselves to dissi-
pate energy as heat. In the field of mathematical physics, turbulent flows are typically modeled
using stochastic partial differential equations to model the apparent randomness of the turbulent
flow. Moreover, from a physics perspective, this method accounts for external noise on the sys-
tem, such as the vibrations of the table holding the cup of coffee. Parameterizing these solutions
by the viscosity (or the inverse of the Reynolds number) we can then study the behavior of the
flow in the inviscid limit — or as the viscosity decreases toward 0.

One striking feature of three-dimensional turbulence is the presence of anomalous dissi-
pation, or that the mean rate of energy dissipation is bounded below by a positive number in

the inviscid limit. This is thought to be due to the convective acceleration acting in part like a



dissipation mechanism instead of a pure transport mechanism at asymptotically large Reynold’s
numbers (i.e. in the inviscid limit). Moreover the amount of anomalous dissipation dictates how
fast the various eddy structures in the flow can break apart into smaller and smaller versions of
themselves known as an energy cascade. In 1941, Kolmogorov predicted the rate of the energy
cascade to be %56 where ¢ is the size of the eddy structure and ¢ is the amount of anomalous
dissipation. Kolmogorov’s work has been experimentally verified and simulated in numerous
studies, but has faced serious mathematical obstacles in its analysis. In the first part of this dis-
sertation we focus on finding necessary and sufficient conditions for Kolmogorov’s flux laws on
the movement of kinetic energy. We complete this over a torus in both two and three dimensions
and discusses both the physical and mathematical differences encountered due to the dimension.

In the second part of this dissertation we examine the anomalous dissipation assumption
itself. Here we consider the case of a bounded domain, subject to the Navier slip condition
and show that the existence of (global) anomalous dissipation — anomalous dissipation over the
entire domain — can be caused in a linear problem through lack of control over the tangential

component of the velocity at the boundary.
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Chapter 1: Introduction

Despite the ubiquitousness of fluid turbulence in our everyday lives, rigorous mathematical
analysis of such phenomena is minimal. Examples of fluid turbulence encountered daily range
from the airflow around our car or bike, to mixing milk and coffee in the morning, to the weather
itself. While all of these examples are distinct from one another, the underlying statistics about
the flow tend to be the same: sensitive to external noise, far away from the boundary the flow
is 1sotropic, and the fluid tends to develop eddy-type structures which break apart into smaller
and smaller eddies [32]. Here eddies mean fluid structures that hold kinetic energy and deviate
from the general flow field. Examples of such structures include vortices (the most common type
of eddy structure), plumes, and Rossby waves. When these eddies break down into smaller and
smaller versions of themselves, the kinetic energy stored within the structure also moves across
length scales until it can be dissipated as heat and the eddy itself vanishes from the flow. This
movement of energy across length scales is known as an energy cascade.

The focus of this dissertation is to study sufficient and necessary conditions for this break-

down of eddy structures within an incompressible fluid over a domain D C R? for d = 2, 3. To



do this, we consider the stochastically forced incompressible Navier Stokes Equations:

(

du’ +u” - Vu’ dt = (vAu¥ —Vp”' + f)dt+gdW, x € D, t>0,

Vo =0 (1.1

where v > 0 is the kinematic viscosity, u” is the viscous velocity field, p” is the associated
pressure which enforces the conservation of mass on the fluid, uq € [L?(D)]? is a divergence
free vector field and represents the initial flow velocity, and f, g are [L?((0,T) x D)]* vector
fields which are divergence free and model the external forces on the system. We let IV, be a
one-dimensional Wiener Process supported on a canonical filtered probability space denoted as
(Q, F, (F:),P). Then we model the external noise — which is defined in the Ito sense i.e. gdW;

— as a white-in-time, colored-in-space Gaussian process which satisfies the coloring condition

T
E / 1912y < o0

for some 7" > (. Additionally we will assume that u” satisfies some appropriate boundary
conditions depending on the choice of domain D.

Equation (1.1) models the macroscopic motion of the fluid with constant density and should
be understood as the conservation of momentum (i.e. Newton’s second law) and the conservation
of mass for a fluid over the domain D. However, we are introducing a random white-in-time,
colored-in-space stochastic forcing to the system to represent noise from the external environment

such as vibrations in the ground slightly affecting our coffee as we mix in the milk. Due to this



noise, solutions to (1.1) are stochastic processes with an underlying stochastic basis, meaning
that individual realizations of the flow may be different but the statistics of the flow are the same.
This, along with the fact that (1.1) has a positive Lyapunov exponent [7] and is both Galilean and
rotationally invariant, in the absence of boundaries, makes (1.1) a good representative model for
a turbulent fluid. See [9,12,36,51,61] and the references within for examples.

While there is no rigorous definition for when a flow is turbulent, all of the features of a
turbulent flow (i.e. the sensitivity to external noise, break down of eddy structures, chaotic time
dynamics, statistically spatially homogeneous far from the boundaries) tend to appear when the
Reynolds number [32]

UL
Re = — > 2500.
v

Here U is the mean velocity of the flow, and L is the length scale of the flow which were implicitly
normalized when formulating (1.1). Thus in our problem the Reynolds number becomes Re =
v~! and we study the inviscid limit problem v — 0 in order to extract information about the

transfer of energy and the breakdown of eddy structures for turbulent flows at asymptotically

large Reynolds numbers.

1.1  Anomalous Dissipation

While solutions to (1.1) exist in a weak sense (see Chapter 2) they need not be unique.
In the deterministic case, this is known to be true in the absence of forcing over the torus T?
[14]. However, the underlying statistics of the flow should remain the same. This means that the
quantities such as the average velocity of the flow or the average energy injected via the noise

will be the same across the various realizations of the flow. Surprisingly, experimental evidence



suggests that on average the amount of kinetic energy dissipated by the viscosity does not vanish
as v — 0. Specifically, this means that there exists £y > 0 such that if 7" is the maximum time of

existence of the flow, then

T
lim sup I/E/ HVUVH%2(D) dt > ¢¢ > 0. (1.2)
0

v—0

See for example [32,62,74,79] and the references within. This phenomenon is known as (global)
anomalous dissipation and is thought to be due to the convective term, u” - Vu", accelerating the
rate of dissipation of kinetic energy[9, 59] and acting as a dissipation mechanism for sufficiently
rough velocity fields [25,26]. While this is the usual notion of what is meant by anomalous
dissipation, we mention that this is a quantity which is global in space as this will be an important
distinction in the case of bounded domains. Here (1.2) represents a particular rate of blow up
for the H' norm for u” of O(v~!). Heuristically this comes about similarly to the formulation
of the Weierstrass function: the dissipation only smooths out the smallest length scales, so as
v — 0 more small scale oscillations are included until the limiting solution does not have a
weak derivative in L?(D) anymore. More physically, this can be understood as the convective
term stretching each of the vortex tubes within the flow, thereby increasing the total vorticity
(tendency of fluid to swirl and form vortex eddys) within the flow and making the “texture of the
motion even finer”’[59].

It should be noted that while (1.2) is usually taken to be the definition of anomalous dis-
sipation within a fluid, for stochastic flows this definition can be accomplished by statistically
stationary solutions to the stochastic heat equation (i.e. the law of " is invariant under time

translations) [9]. This is an issue as the stochastic heat equation does not possess a nonlinear



term so there is nothing “anomalous” occurring. As such several other notions of “weak anoma-
lous dissipation” have been proposed which try to account for the participation of the nonlinearity
[9,26,60]. We will explore this more in Chapters 3 and 4. Furthermore, even in the determinis-
tic case where such issues are not present, there are still no analytical examples of flows which
exhibit anomalous dissipation in the sense of (1.2). However there has been recent progress in
the case of passive scalar flows over a 2D torus [4] and strong 2.5 dimensional solutions (when
u” is a 3 dimensional vector field but only depends on 2 spatial input variables) over T° whose

inviscid limit blows up in finite time [13].

1.1.1 In the Context of Bounded Domains

In a bounded domain, there is an additional mechanism by which the total vorticity within
the flow may increase: through the shear stress at the wall [54]. Due to the friction the fluid
experiences along the wall, thin regions known as boundary layers begin to develop next to the
wall in which dissipation plays the dominant role in the dynamics [65] and as such while both
eddies and vorticity are generated at the wall, only a shear flow persists next to the wall. It is
not until the flow is further from the wall that the vortical structures can mix together, transport
energy, and possibly separate from the wall entirely [63,75]. These regions of dissipation are
thought to be as a boundary correction as the bulk flow wishes to freely slip past the boundary
while at some non-zero viscosity, the viscous solution is experiencing friction at the boundary
hindering its ability to slip past. For instance the viscous fluid may stick to the boundary which is
known as a no-slip condition. As aresult, this potential mismatch in boundary conditions between

(1.1) and its inviscid limit may introduce an uncontrollable amount of vorticity into the flow in



order to satisfy both conditions. When the viscous fluid is allowed to slip along the boundary,
the difference between the behavior of the viscous and inviscid fluids is less distinct leading to
less restrictions on the behavior of fluid near the boundary. However, we will show in Chapter
4 that it is still possible to introduce an infinite amount of vorticity from the wall in this case as
well. The mismatch of boundary conditions, particularly in the no-slip case, has been the subject
of much research regarding the issue of boundary layers, see [41, 50, 69, 70] and the references

within.

1.1.2  Onsager’s conjecture

While we have discussed the physical implications of anomalous dissipation, from a math-
ematical standpoint, this is an issue of the invariant regularity of the system in the inviscid limit.
This was first conjectured by Onsager in 1949, [59]: if f,g = 0 and a solution to the Euler

equations (i.e. (1.1) with v = 0) is in the class [C(0, T, C*(D))]3
e for some s > %, then u° conserves kinetic energy;
* for some s < %, then u° dissipates kinetic energy.

This is particularly astonishing as the Euler system formally defines a Hamiltonian system,
meaning it should always conserve its kinetic energy. When D = T? is the three-dimensional
torus, both directions of Onsager’s conjecture have been shown to be true in the determinis-
tic case and even extended to the slightly larger space of L* Besov spaces [C(0, T, B5 . (D))]*
[19,25,28,37,58]. When s < % the dissipative examples were constructed using “convex inte-
gration” techniques which in the majority of cases can be obtained as the inviscid limit of mild

solutions to Navier Stokes equations [14]. Therefore, in the context of anomalous dissipation,

6



Onsager’s conjecture can be restated that if the family of viscous solutions {u"},~¢ is precom-
pactin [C(0,T,C*(D))]? then (1.2) is satisfied if and only if s < . While this seems easier now
that examples of dissipative Euler flows have been constructed, explicitly identifying a family
of viscous solutions which approximate the dissipative Euler solution are incredibly difficult to
do. Hence, despite this open path to constructing families of solutions which exhibit anomalous
dissipation, no such work has been completed to the authors knowledge.

Nevertheless, in the presence of a boundary, some results are already known. For instance,
Kato [41] showed that the absence of anomalous dissipation for C* solutions with a no-slip

boundary condition is equivalent to
T
lim v Vu"||? =0
tim e 190 e,

where C, = {y € D | dist(y,0D) < v} is a strip of width v next to the boundary. Meanwhile,
Kato’s work has been improved to larger classes of functions [17,24,76], but a similar theory to
Kato’s seems to be missing for flows with boundary conditions other than the no-slip condition.
Regardless, one can quickly surmise that control over how vorticity is injected into the system
from the wall should be a sufficient condition for the lack of anomalous dissipation. In Chap-
ter 4 we confirm this by constructing solutions to the Stokes problem which are not uniformly

controlled at the boundary and exhibit anomalous dissipation.

1.2 The Energy Cascade in Three Dimensions

As previously discussed anomalous dissipation occurs when the convective term stretches

the vortex tubes within the flow and increases the total vorticity making the texture of the fluid



even finer. It is within these infinitesimally small scale structures that energy is being removed
from the system as heat. However, typically energy is injected into the system at large length
scales (i.e. on the size of the system), so in order for the system to reach a stationary distribution
the kinetic energy must somehow move between the two length scales where it is injected and
dissipated as heat. In 1922, Richardson [66] conjectured that there was a cascade of kinetic
energy from the large to small length scales by breaking apart the eddies into smaller and smaller
eddies. In order to experimentally measure the fluctuation in the velocity, Taylor considered the
difference in velocity at two different points: d,u”(x) = u”(x + h) — u”(x) for all h € R3,
and averaged multiples of these differences together [32,77]. These combinations are referred
to as structure functions. Later, Kolmogorov provided a heuristic argument for the rate at which
energy is transferred to the small scales for statistically stationary, isotropic flows in a series of
papers in 1941 now known as K41 theory [43—45].

To do this, Kolmogorov made three assumptions about the statistics of the flow:

1. the flow is homogeneous and isotropic away from the boundary i.e. d,u” is statistically
invariant under translations and rotations away from the boundary (in the case of a bounded

domain);

2. the flow has mono-fractal scaling, i.e. the system is self similar with a single fractal scaling
exponent s € R such that jcpu” = (*0,u” for all ¢ > 0 and the increments ¢, (¢ <K i

where (;,,; is the scale of energy injection [71];

3. there is an finite non-zero mean rate of dissipation € per unit mass independent of v, 1.e. u”

satisfies the anomalous dissipation condition.

Using these three assumptions on top of assuming that the flow is statistically stationary, Kol-

8



mogorov argued that there is an inertial range ¢, < ¢ < {;,; such that

gl

vel,p

(0) := E(6pu” - n)P ~ C,eP/3eP/3,

Here C,, is a fixed diffusion constant depending on the dimension and the power of p (and inde-
pendent of v), E is the expected value with respect to the underlying probability measure [P and

sl

vel,p 18 the pth order universal longitudinal velocity structure function. Landau famously ob-

jected to Kolmogorov’s second assumption of mono-fractal scaling due to intermittency effects
— rare events and non-uniformity in the roughness of the velocity field [32]. Indeed, the mono-
fractal scaling assumptions has been found to be generally false due to such intermittency effects
[9,23,32,39]. However such errors can be corrected for by including an intermittency corrector
7(p) to the exponent on the right hand side of the law. See [39] and the references within for
more details regarding intermittency. Nevertheless, experimental results show that the p = 3 case
correlates exceptionally close to Kolmogorov’s prediction to the point that it is considered the
only exact law in the physics literature [23]. This is because the p = 3 case doesn’t rely on the
statistical assumptions of isotropy and mono-fractal scaling, but can be derived directly from the
Navier Stokes equations via the von Karman-Howarth-Monin (KHM) relations (see Section 3.2
for more details).

When p = 3, Kolmogorov’s prediction is known as the Zgl—law due to its diffusion coeffi-
cient:

h

E(dpu” ’ 4h 14 hl < ¢ 1.3
(Bu )~ =5l b <A< i (1.3)

where the dissipation scale is given by £, = (13/¢)!/* is the scale at which dissipation effects



begin to dominate the flow and is known as the Kolmogorov scale.

The negative sign on the flux indicates that energy is moving from large scales to small
scales and one can see that the rate of the flux decreases proportional to the scale. By this we
mean that if we pick a point z( in the domain D and construct balls with radii ¢, < ¢ < 0,
around the point z, then the flux of energy across the various balls moves linearly from the
largest ball to the smallest at a rate proportional to the radius of the ball. However, this energy
transfer is only within the scale space (i.e. with respect to ¢) and not the physical space (i.e. with
respect to ) due the homogenity of the flow. This means that due to the homogeneity of the
flow, there is no physical movement of energy in space, but the amount of energy within the balls

decreases linearly with the size of the radius.

1.3 The Dual Cascade in Two Dimensions

The Richardson-Kolmogorov theory of an energy cascade has also been extended to 2D
flows by Batchelor [6], Kraichnan [46], Leith [48], and Fjgrtoft [30] independent of each other.
They each heuristically showed that while energy does still move across length scales, it no longer
goes from large to small length scales. The culprit for this change in the energy cascade is the
lack of vortex stretching in two-dimensions. Due to the lack of vortex stretching the vorticity is
no longer deformed by the convection term and is only transported through the flow, leading to a
second conserved quantity: the mean enstrophy. Hence, as long as the initial velocity has finite
mean enstrophy

Ellw” (0)[172(p) < 00 w”(t) = dyus(t) — dyut ()

10



then the 2D dynamics are largely different from the 3D dynamics, in that there is a cascade of
enstrophy from large to small scales and an inverse cascade of kinetic energy from small to large
scales.

More specifically, let us consider the corresponding vorticity equation to (1.1) in two di-

mensions:

dw” + (u” - V)w” dt = (vVAw” + curlf) dt + curlg dW; (1.4)

u’ = VH(=A)"lw,

Here V+ := (=0, ;) and we call the second relation u” = V+(—A)~w" the Biot-Savart law.
As there is no vortex stretching, the vorticity equation is an advection-diffusion equation which is
fairly well behaved. First, one can construct mild solutions through use of a semi-group operator
(see Section 2.1.3 for the definition and further details). Second, the total enstrophy is conserved
for all time, in the absence of forcing due to a simple energy argument. This results in a second
invariant for the system which should be conserved in the invisicid limit in some sense.

Hence, while extending Kolmogorov’s K41 theory to 2D, Kraichnan [46], Batchelor [6],
Leith [48], and Fjortoft [30] independently observed two different inertial zones, one for each
conserved quantity. It was observed that now energy moves toward large scales in an inverse cas-
cade, while enstrophy moves to small scales via a (direct) cascade. Such situations are frequently
called dual cascades and are generally known to exist in systems with two conserved quantities
[8]. Specifically the direct cascade flux laws for the velocity (and the vorticity as predicted by

Eyink [29]) can be informally stated as follows: there exists a dissipation scale ¢, such that for

11



h € R? within the inertial range ¢, < |h| < lin;

h
E(|6pw”|?0pu” - — ) ~ —2n|h
(1o P ) ~ —2lh

h 1
v|2 v, ") o = 3
B (o P’ - ) ~ galh

E((Shu” . %)% ~ ényhlg’.

Moreover, there is a second inertial range ¢;,; < |h| < {, < )\ (where \ is the size of the

system) for the inverse cascade such that

h
E<|5hu”|25hu”-—> 2|
1]
h\3 3
E(0u - o) ~ Selh
)
where
T
limsupz/E/ |w” |72 dt =: ¢ (1.5)
v—0 0
T
limsupyE/ [Vw”|32 dt =: 7. (1.6)
v—0 0

A simple heuristic argument for the existence of two separate inertial ranges with different

flux coefficients can be seen from the two associated balance laws for the system (assuming

12



f = 0, the absence of boundaries, and the flow is statistically stationary):

1

T T
VE/ VW |72 dt = §E/ |curlg||7. = n < oo;
0 0

T 1 T
Z/E/ HCL)VH%2 dt = —E/ “gHiz =& < 0.
0 2 0

The first comes from Ito’s lemma and computing the energy balance for stationary solutions to
the vorticity equation (1.4), while the second is the energy balance for stationary solutions to the
Navier Stokes equations (1.1) after we applied the Biot-Savart Law. Since neither of the right
hand sides depend on the viscosity, it can be seen that at least one wave-number of w” must
become singular. Moreover, if there are two singular wave-numbers then the flux of energy to
these scales must occur at different rates as one is moving like |k|?E|w”(k)|? and the other is
moving like E|w” (k)|?.

While the existence of both cascades simultaneously had been conjectured for a while,
only recently in [12] did researchers experimentally observe such a phenomena in soap films.
This is because the inverse cascade is somewhat unstable due to the difference in the amount of
energy at large scales and how much energy the force pushes towards this end of the spectrum.
Moreover, as we show in Corollary 3.12.1 if the enstrophy does not blow up fast enough at small
wave-numbers then there is no inverse cascade. For these reasons most works regarding inverse
cascades include a friction force to dampen the contribution of the large wave-number terms as
well as to collect the energy at small wave-numbers; or a hyper/hypo-viscosity term to heighten
the effects of the viscous dissipation. See [61,68] and the references within for more information.
Within the mathematics literature far fewer two dimensional theoretical analysis works have been

produced compared to the three dimensional case. However, we note that a major inspiration for

13



this project was the work by Bedrossian et. al. [8] where they showed sufficient conditions for

the existence of a dual cascade to the Navier Stoke’s equations with a frictional term of the form:

a(=A)"2,

1.4 Outline of Thesis

In Chapter 2 we cover the definition and existence of martingale solutions to (1.1). We
also outline how one uses the stochastic basis to construct the noise in the system as well as why
we specifically restrict ourselves to additive noise throughout this work. Then in Chapter 3 we
present necessary and sufficient conditions on the velocity profile for a Kolmogorv type energy
cascade to occur. This project is completed over a torus in both two and three dimensions, and
shows that Kolmogorov’s flux laws measures how much kinetic energy “escapes to infinity” in
Fourier space in the inviscid limit. Finally in Chapter 4 we construct a solution to the linear Stokes
problem which blows up at the boundary in the inviscid limit and exhibits (global) anomalous

dissipation in the sense of (1.2).

1.5 Notation

Let X be any Banach space containing scalar fields & : R? — R subject to some require-
ment. We will denote the vector space equivalent as [X|? = {h | h; € X, i € {1,2,...,d}} for
d=2,3. Forz € R%and R > 0 we write B(x, R) C R for the ball centered at = with a radius of
R. Let C°(D) be the space of continuously differentiable functions compactly supported within

D. And when D has a boundary, we will use #%~! to express the surface measure of 9D.
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For s € (0, 1) and define the following spaces

[L2(D)* ={f € [L*(D)*|V-f=0}
[Hy (D)= {f e H(DN*|V-f=0 n Vf+af =00}

1e0) = (€ 20) 111 = [ [ HE=LOE dedy < .

Each space will be equipped with its induced (semi-) norm. Without loss of generality, the (semi-
) norm over X and [X]? will be denoted by || - ||x for simplicity. Here [H} (D)]* will be only
used in the case that D has a boundary subject to the Navier-slip boundary condition, and f is
the tangential component of f to the boundary and n? - V f, + a.f, = 0|sp holds in the sense of
distributions.

Let S be the space of Schwartz functions, then for h € S the Fourier transform of h is
given by

h(&) = /}R3 e Eh(x) d.

In the case when D = T{ = R?\ 27\Z?, we denote the averaged L*-norm in space as

1/2
I fllx == < fra | F ()] dx) . Furthermore, we will use the following Fourier analysis conven-
A
tions:
1 iy iz
fa)=+5 D Fere
ce(Xrz)d

Throughout this work we will use component free tensor notation. For example, given two
vectors a and b we will denote the tensor product (a ® b);; = a;b;. Also for convenience we will
use the Einstein summation convention: a;b; = S a;b;. Moreover, for two given rank-two

j=1

tensors A and B we define the Frobenius product and normas A : B = A;;B;; = >, > i A;;iBj;
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and |[A| = VA : A
Finally, we will commonly use C' to denote a constant independent of v, ©”, but may depend
on s, D, 0D or T. Furthermore, without loss of generality, we will use C repeatedly across

inequalities even if the constant of the coefficient increases/decreases.
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Chapter 2: Martingale Solutions

In order for us to study the movement of kinetic energy, we need a rigorous definition of
what a solution to (1.1) is, whether such a solution exists, and its underlying regularity. In this
thesis we will only concern ourselves with solutions which satisfy (1.1) in the sense of distribu-
tions, known as Leray-Hopf solutions in the deterministic literature. However, due to the presence
of the stochastic forcing, solutions to (1.1) will in fact consist of a stochastic basis as well as a
solution process u”. When the associated stochastic basis is generated along with the solution
process (i.e. the basis is unknown apriori) such a solution is known as a probabilistically weak
solution. Martingale solutions to (1.1), are the probabilistically weak-weak solution processes to
(1.1) which satisfy the associated martingale problem. In this chapter we will cover the existence
of such solutions in both bounded and periodic domains as well as the existence of stationary

solutions.

2.1 Existence and Regularity of Martingale Solutions

To be more specific, we define a martingale solution as:

Definition 2.1. A stochastic basis (0, F, P, (Fi)ecpo,r, {15 (t) }rejo.r1 }jen) along with a com-
plete right-continuous filtration and an JF;-progressively measurable stochastic process u’
Q x [0,T] — [L2(D)]¢ is called a martingale solution to (1.1) on [0, T] in d-dimensions if
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* the trajectories of u” (i.e. the sample paths u”(-,t) for t € [0,T)) belong P-a.s. to

[C(0, T3 HE (D)) N [L%(0, T Ly (D)) 0 [L*(0, T; Hy (D)), for some ¢ < 0;

 forallt € [0,T], u” solves (1.1) in the sense of distributions P-a.s.

Throughout this thesis, a process ©” will be called a martingale solution without reference
to its stochastic basis unless there is a risk of confusion.

The existence of martingale solutions to (1.1) were first shown to exist in R3 [10] through an
analogous argument to Leray’s construction of deterministic weak solutions [49]. Later, Flandoli
and Gaterak [31] constructed martingale solutions over a bounded regular domain subject to the
no-slip condition (i.e. homogeneous Dirichlet boundary conditions u”|sp = 0). Their approach
consisted of a Faedo-Galerkin type argument where the solution (and the associated noise) is
constructed from the eigenfunctions of the Stokes operator. It is this approach that we adapt here
to both periodic and Navier-slip boundary conditions. It should be noted that this argument is
very similar to the deterministic case (see [16,57,81] and the reference within) except we also

require a stochastic basis on which to construct the solution.

2.1.1 The Stokes Operator

Define A = Pr(—A) to be the Stokes operator where Pr : [L?(D)]? — [L2(D)]? is
the Leray projection and A : [H%(D)]* N [HY(D)]* — [L*(D)]¢ is the Laplacian subject to
the appropriate boundary conditions. When A is subject to Dirchlet, Periodic, or the Navier-slip
conditions with slip length o > 0, then A is known to be a positive, self-adjoint, unbounded linear
operator, with a compact resolvent. Hence, by the Spectral Theorem the eigenvalues of A are
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strictly positive and non-decreasing (i.e. 0 < A\; < Ay < ...) and their associated eigenfunctions
{q;};en form an orthonormal basis for [L2(D)]? [3,16].

Therefore, the noise can be represented in [L>°(0, T, L*(D))]? P-a.s. as

e}

gdW, = (9,45) 4;d5;(t)

=1

: - T T . :
with the cross-variation [ [gdW;, gdWi] = [ ||gll72(p) < oo Here (-, ) is the [L?(D)]? inner
product, and {3;(t) } jen is a family of i.i.d. 1-dimensional standard Brownian motions. For more
explicit information regarding the construction of the noise, see [21]. Similarly, we consider a

finite dimensional approximation to the solution 1" constructed as

N
uy = Z(u”,qj> qj- (2.1

j=1

Then we apply (2.1) to (1.1) and find uniform energy estimates on u%; with respect to N using
Ito’s lemma. However, these uniform energy bounds are in L?(2) and therefore do not have to
hold P-a.s. to u” as N — oo. In order to remedy this issue, we employ the Skorohod Embedding
theorem to represent a subsequence of u%; on a new stochastic basis where %, and its duplicate
share the same law, but now convergence occurs P-a.s.. This step of representing ', on a new
stochastic basis, is why the stochastic basis of the full solution " is unknown apriori is proba-
bilistically weak. The full details of this approach can be found in [31] for the case of no-slip
boundary conditions.

Let Ap, Ap, and Ayg be the Stokes operator subject to homogeneous Dirichlet boundary

conditions (i.e. the no-slip condition), periodic boundary conditions, and Navier-slip boundary
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conditions respectively. Then using integration by parts, we can define for all h € H'(D)

1/2

IAB R)122py = V32
1/2

IA2R|Z: ) = IV A 22p)

AN 322 (py == V)22 + Vv (B[22 0p)

where v : H'(D) — L*(0D) is the trace operator.

Theorem 2.2. Consider the following two kinds of boundary conditions:

o When D = T (i.e. u” is subject to periodic boundary conditions) there exists a martingale

solution u” to (1.1) and

SupE< sup ||u” ||L2 ) < 0o
v>0 t€[0,T]

T
1/2 o
sup IJE/ ||AP/ u ||%2(D) < 00.
v>

 Suppose D C R? is bounded and regular. Furthermore assume u" is subject to the Navier-

slip boundary condition then there exists a martingale solution u” to (1.1) and

supE( sup [|lu”||22(p ) < 00
v>0 te[0,7)

supyE/ HA}V/;'U/V”%Z(D) < 00.

v>0

Proof. The proof of existence is exactly the same as in [31] using the definition of HA}@ : H%z( D)

or ||A}D/2 - || 2(py instead of ||A1/ 2 12, py for the viscous dissipation term. The proof was briefly
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sketched above. The uniform bounds follow from Ito’s formula applied to the martingale so-
lutions to (1.1). Explicitly it means that u” satisfy an “on average energy inequality”: for all

t>0

1 v ! v
R AR o VU A 2.2
0

1 t , 1 t
< yBlunlay + B [ [ £ou dadt+ 5 [ gl
0 D 0

Here A. is either Ap or Axg depending on the choice of boundary conditions. Then by Young’s
inequality and the fact that ug, f, and g are all independent of v the uniform bounds (with respect

to v) follow. L]

Remark 2.3. Flandoli and Gatarek’s [31] method was proven to work for an even more general
class of noise, G(u")dW; where G : L2(D) — Lo(Q, L2(D)) is a continuous mapping and
grows at most linearly with respect to u”. This means that G is allowed to takes values in the
space of Hilbert-Schmidt operators from Q2 to L?(D) as long as there exists constants Xy, p > 0

such that

||G(UV)H%2(Q,L?,(D)) < /\OHUVH%Q(D) + p.

As such Theorem 2.2 similarly holds for multiplicative noise, whenever \g and p are independent

of v with )\ sufficiently small.

Even though Theorem 2.2 can be stated for multiplicative noise as in Remark 2.3, we
purposely choose to restrict ourself to the case of additive noise for one important reason: the

existence of statistically stationary solutions.
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2.1.2 Stationary Martingale Solutions

In a general dynamical system, fixed point solutions, or solutions which do not change
over time make up an important class of solutions. Within the case of martingale solutions,
these fixed point type solutions are known as “statistically stationary” solutions as the law of the
trajectories is independent of time translations while the trajectory itself is not. This allows for

the construction of global in time solutions, and are defined as

Definition 2.4. A d-dimensional stochastic basis (S, (Fi)ico ), Py {{5i(t) }icp,) }jen) along
with a complete right-continuous filtration and an JF-progressively measurable stochastic pro-
cess u’ : Q x [0,00) — [L2(D)]? is called a statistically stationary martingale solution to (1.1)

on [0, 00) if
* u” is a martingale solution in the sense of Definition 2.1;
e the path of u(- + s) = u(-) in law on [C([0, 00); L*(D))]¢ for all s > 0.

Again, we will simply call a process u"” a statistically stationary martingale solution and
omit reference to the associated stochastic basis.

The existence of statistically stationary martingale solutions to the Navier Stokes equations
was first shown in [31], provided the linear growth rate of the noise was bounded by twice the
smallest eigenfunction of the Stokes operator A. In the general case of multiplicative noise

G(u”)dW, as commented on in Remark 2.3, this means that as long as

/\0 <2\

22



there exists a statistically stationary martingale solution to (1.1). Importantly, when the noise
is additive it is always guaranteed that one can construct a statistically stationary martingale

solution.

2.1.3 Mild Solutions in 2D

Due to the lack of vortex stretching in two-dimensions, there is a stark difference in the ex-
istence and regularity of solutions which we will comment on in this section. First and foremost,
in two-dimensions the vorticity is a passive scalar within the flow, meaning that the vorticity
equation (1.4) is an advection-diffusion equation and is fairly well-behaved. The improved be-
havior of the solutions means that the martingale solutions can be upgraded from weak solutions
to mild solutions which are evolving under a semi-group operator [8]. For convenience we only
consider domains without boundary such as tori T3 where A > 0, then the associated semi-group

over the torus is formed from the Stokes operator Ap.

Definition 2.5. Given a complete filtered probability space (2, F, (Fi)icjo,r], P), a mild solution

(wY) to (1.4) is an F; adapted process w” : [0, T] x Q — L*(T3) satisfying

¢ ¢
W’ (t) = e APty — / eV E=DAP (¥ (5) - Vw”(s)) ds + / e Vt=)4renr] f ds
0 0

t
+ / e V=Ar curl g dW, (2.3)
0

where A is the Laplacian operator subject to periodic boundary conditions on T3 and curlh =

Opyho — Oy, hy for all h € H'(T3) is the two-dimensional curl operator:
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Similarly,

Definition 2.6. A complete filtered probability space (2, F, (F)icjo,r), P), along with a process

(w") is called a statistically stationary mild solution to (1.4) provided
* W is a mild solution in the sense of Definition 2.5;
o the path of W (+) = w”(- + s) in law on C(|0, 00); L*(T%)) for all s > 0.

Again, we will simply call a process w” a (statistically stationary) mild solution and omit
reference to the associated stochastic basis unless there is a risk of confusion.
In order to guarantee the existence of stationary measures we make the following compact-

ness assumption on the forcing:

Assumption 2.7. There exists a constant C' > 0 such that

1
sup —-E Vgg 2 < C.
U T IV2gll72r3)

This is a purely mathematical assumption inspired by the work of Bedrossian et. al. [8]
which ensures the existence of stationary measures for the 2D vorticity equation due to the fol-

lowing well known result. See for instance [47] for details.

Proposition 2.8. Suppose that ¢ and n (from (1.5)) are both independent of \ > 1 and that
Assumption 2.7 holds. Then for all v > 0 and \ > 1, the vorticity equation (1.4) admits a global
in time, P-a.s. unique, mild solution w" with initial data wg. Moreover, w” defines a Feller Markov
process which has at least one stationary probability measure p supported on W*?(T3). That is,

a measure satisfying the following: for all bounded measurable functionals ¢ : L*(T3) — R and
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/L?(nrg) Bo(w (1)) uldwy) = / ¢ dp.

LA(T3)

Then we have the following corollary which we reproduce from [8]

Corollary 2.8.1. Under the same assumptions as Proposition 2.8 there exists a statistically sta-

tionary mild solution to (1.4) in the sense of Definition 2.6.

Proof. By Proposition 2.8 there exists a stationary probability measure 1 on W32(T%). Choose
wg to be distributed according to x and define w”(t) as in (2.3). As p is stationary, so is the law

of w”, hence w"” is a statistically stationary mild solution to (1.4). [
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Chapter 3: Necessary and Sufficient Conditions for Kolmogorov’s Flux Laws

on T? and T3

The contents of this chapter have been published in [26].

In this chapter, we characterize the necessary and sufficient conditions for the formulation
of Kolmogorov’s turbulent flux laws in 2 and 3 dimensions. For simplicity, we consider only
toroidal domains and such that the external forcing is drift free (i.e. D = T = R?\ 27 \Z¢
ford = 2,3 and A > 0, and f = 0 in equation (1.1)). The reason for this is that the presence
of a boundary introduces anisotropy into the flow and makes the KHM equations (see Section
3.2) we use to analyze the flow of energy across length scales no longer hold. Furthermore
by setting f = 0, we can balance the amount of energy dissipation exactly with the amount
of energy injected by the noise a useful fact to carry out several computations in the proof of
Kolmogorov cascade laws. Lastly, in order to guarantee the existence of statistically stationary
solutions we will consider g € C°°(T4) which is divergence free and independent of time, such

that Assumption 2.7 holds when d = 2.

26



3.1 Turbulence Flux Laws

As outlined in Chapter 1, numerous experimental and numerical simulations support the
existence of an energy cascade in turbulent fluids along the lines of Kolmogorov’s predictions.
However, an important distinction the requires attention is which statistical assumptions about
the flow are truly required and which are byproducts of the very physics governing the motion of
the fluid itself.

Inspired by the ideas in [8, 9,25, 60], in this work we characterize the presence of a direct
energy cascade in terms of (possible) finite time singularities that arise due to the invariant regu-
larity of the flow and the amount of the energy which moves out to infinite wave-numbers. This
is summed up in the anomalous dissipation condition (1.2). However, it was shown in [9] that in
the stochastic regime, such a condition can be exhibit by statistically stationary solutions to the
heat equation, where nothing “anomalous” is occurring. As such we consider what we will refer

to as weak anomalous dissipation:

Definition 3.1. We say that a sequence {u"},>( of stationary martingale solutions satisfies weak
anomalous dissipation if either
liminf ED(u”) > 0 (3.1)
v—0
where D(u") is a positive Radon measure defined in 3.15, or there exists N,, — oo such that

T
liminfv > E][ |Vur (K)|? > 0. (3.2)
0

v—0
|k|= Ny

Physically this would mean that in the inviscid limit, infinitely many length scales have
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been introduced to the system in order to let the energy “escape to the molecular level” where it
can be dissipated as heat by the particles as they collide with one another, or that the flow velocity
is kinked in such a why that energy must be expended/dissipated in order for the flow to remain

statistically stationary.

Remark 3.2. Previously, the authors in [9] and [60] defined weak anomalous dissipation in terms
of the Taylor micro-scale

3 v 2 — >
lim VB[ (D)3 =0 ¥ > 0.

Such a condition is sufficient to guarantee the existence of a sequence N, such that (3.2) holds.

For example, if N, * = o(VE||u”||3,) then

T
lim sup v Z E][ (Vur (k)|* < limSélefl/ Z Elu” (k)]* < lims[glenyHu”H%g = 0.
v—r v—r

20 k<, V0 kI<N,

Therefore

T T
.. S 2 7 S 2 _
llinjglfy Z E][ |Vuv(k)|* = e — limsupv Z E][ |Vuv (k)| =¢e> 0.

k=N, 70 PO ks, 0
T : . :
where e = $E { ||g|[3dt is the average energy injected by the noise.

As discussed previously, due to the lack of vortex-stretching in two-dimensions, the move-
ment of kinetic energy is different in two and three dimensions, as such we discuss the direct

cascade separately for both dimensions.

Theorem 3.3 (3D Direct Cascade Characterization). Suppose {u"},~¢ is a sequence of statisti-

cally stationary solutions to the statistically forced Navier Stokes equations (1.1) on T3. There
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exists N,, > 1 such that liH(l) N, = oo and
v—

hmmf Z ][ ]Vu )I? +ED(u ))

k|>N,

if and only if there exists {,, € (0,1) such that lin%) l, =0and
v—

lim limsup sup
Li—0 50 €ty 41]

—e'| =0; (3.3)

T
—E][ ][ 600 u” |? (Sgnut” - ) dxdtdS(n) +
S2 T3

4
][ ][ ][ (Senu” - n)? dodtdS(n) + —€*
S2 T3 5

A similar characterization in 2D also holds, but now in terms of the dissipation of enstrophy

lim limsup sup
£r—0 v—0 ZE[ZU ZI

=0. (3.4)

instead of the dissipation of kinetic energy.

Theorem 3.4 (2D Direct Cascade Characterization). Let {u”},~q be a sequence of statistically
stationary solutions to the stochastically forced Navier Stokes equations (1.1) and the 2D vorticity

equation (1.4) on T3. There exists N,, > 1 such that hH(l) N, = oo and
v—

. S 2 _ o«
h{/n_glfz/ Z E|Vw (k)| =n

Ik|>N,

if and only if there exists {,, € (0, 1) such that hH(l) ¢, = 0and
v—

lim limsup sup
f]—)() v—0 éG[[u e[]

T
—E][ ][ |60nw”|?(Senu” - ) dadtdS(n) + 2n*| = 0; (3.5)
Sl T2

lim limsup sup
=0 0 L€[ly 01

1
f ][ 6ent” |2 (gnu” - ) dadtdS(n) — —n*| = 0; (3.6)
S1 rﬂ*Q 4

lim limsup sup
Lr—0 0 L€[l, 1]

][ ][ (8enu” - n)? dwdtdS(n) — 17)* = 0. 3.7
S1 T2 8
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Here the limit ¢; — 0 should not be confused with injection scale of energy moving to
small scales. Instead /; is acting as a dummy variable signifying when the scales go to 0. This is

similar to the limits shown in [8,9, 32, 60].

Remark 3.5. In both 2D and 3D, the size of the torus X is insignificant. This is because the
direct cascade limit localizes the structure function, i.e. only nearby points contribute to the
energy dynamics. For this reason, one can also extend these ideas to domains with boundaries

by localizing each of the quantities. See [60] for details.

Remark 3.6. This characterization of a direct cascade is in agreement with the weak anomalous
dissipation results from [9], under the additional assumption that ED(u”) = 0 in 3D. By this we
mean, that if the energy blows up at most like 1/v, then a sufficient estimate for N, is given by:

Ny = o((VE[u”|I3)).

14

See Remark 3.2 for details.

In contrast to the direct cascade, we characterize an inverse cascade by how much energy
moves toward the wave-numbers near 0 due to an imbalance in the strength of the noise across
the entire domain. This would mean that at the largest length scales in the system some parts of
the domain receive more energy from the noise than other areas leading to some of the fluid’s
kinetic energy moving up in length scales to balance out the system. In this way, the existence
of an inverse cascade is nearly identical in both two and three dimensions. However, an inverse
cascade typically requires some kind of dampening process to erase the contribution of the high

Fourier modes and emphasize the low order modes, see [8, 11, 18,64] and the references within
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for various examples. In this chapter, we accomplish this by taking the period of the domain

A — oo. Physically this would be equivalent to filtering out all of the non-constant modes from

the spectral solution.

Theorem 3.7 (Inverse Cascade Characterization). Suppose that A\ = \(v) < oo is a continuous

monotone increasing function such that lim \ = oo. Let {u"},~¢ be a sequence of statistically

v—0

stationary solutions to (1.1) with divergence free forcing g. There exists a decreasing sequence

M, satisfying liH(l) M, = 0 such that
v—

T
—_— 1
hmmh/Z:Ef?WM%MP:€+§mﬂ®P
0

v—0
k| <M,

if and only if there exists an increasing sequence l, € (1, \) satisfying hH(l) (, = oo such that:
v—r

1 T
lim limsup sup ’ZE][ ][ |6ent” |2 (6gn” - m) dxdtdS(n) — v4e*| =0
si-1Jo JTd

br=00 vs0 ye;,0,)]

1 T
lim limsup sup ’ZE][ ][ ][ (S’ - m)? dxdtdS(n) — mda*‘ =0
sd-1 Jo J1¢

=00 vs0 ye(e0,]

where the coefficients are given by

2 d=2 3/2 d=2

Rq =

4/3 d=3 4/5 d=3

Yd

(3.8)

(3.9

Remark 3.8. Notice that the difference in coefficients 4 and kg when d = 2,3 are due to the

difference in dimension but the proof is otherwise exactly the same.

Remark 3.9. Due to the Biot-Savart law, in 2D, the equivalent condition for the inverse cascade
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can be reformulated as

—~ 1
1' : U 2 o - ~ 2.
1£n_3(1)1fy Z E|lw’ (k)| =¢" + 2E|g(0)|
k<M,
Remark 3.10. Notice that the flux laws for the direct cascades are defined in the energy/enstrophy
dissipated by the viscosity at the infinite wave-numbers and any potential finite time local singu-
larities. Whereas, as an artifact of the proof to Theorem 3.7 an inverse cascade is a difference

between the average force and the energy dissipation at the largest scales.

Remark 3.11. If one knows the spectrum of u” through a scaling argument or an ad-hoc as-
sumption, then one can quickly find the sequences N, and M, such that either an inverse or

direct cascade can occur.

Corollary 3.11.1. Suppose that for some o € (0,1) the family of viscous flows {u"},~¢ takes
values in L>=(0,T, C*(T4)) uniformly in v. Then the smallest possible cutoff sequence is given
by N, = O(VTI—Q). In particular if o« = £, then ED(u”) = 0 and N, = o(v=*/*) which is the

inverse of the Kolmogorov microscale.

Proof. Forany 0 < s < «

T
Bf |
0

T v v 2
2 |u”(z) —u”(y)|
- =CE dxdydt
H(T4) ]f /T&‘ /Ti o — glires W

T
1
<C drdydt < oo,
N 7€/w/w [ — gz SEE S
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Hence if we use the Fourier transform definition of H* instead we get that

T
oS B SRR =y 3 PR S B0 <o L e
0

|k| <Ny |k| <Ny

Hs(Td)"

Choosing N, = o(uﬁ), the infimum of which being o(yﬁ), results in

hmmfu Z ][ |Vu” | =¢ — limsupv Z ][ |Vu” 2=¢>0.

k|>N, k|<N,
This implies there is a direct cascade of kinetic energy in the sense of Theorem 3.3. A similar
argument can be made for the direct cascade of enstrophy as in Theorem 3.4.
Furthermore, if o = 5 then

|ED(u” y<thE/ / |6enu”|? dn < Clim ¢ =0

£—0

and N, = O(Vﬁ) forall 0 < s < 1 the infimum of which is o(v~%/4). u

Remark 3.12. At first glance one may consider the equivalence conditions for Theorems 3.3,
3.4, and 3.7 may seem difficult to prove. However, by Remark 3.2, it is enough to know that the
expected value of the kinetic energy does not grow faster than v=". In the physics and engineering
literature, it is common to assume that the the kinetic energy remains finite independent of the
viscosity v making it feasible to show the conditions for a cascade are satisfied.

Furthermore, better estimates on the cutoff sequences N, and M, can be achieved based
on the regularity of the viscous flow fields. For instance in Corollary 3.11.1 we showed that if u”

are uniformly (inv) C s -valued random fields then one can find N, ~ v=3/* which is the inverse
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of Kolmogorov microscale, while the roughness measure
liminf ED(u”) = 0.
v>0

Regardless of how one estimates the cutoff sequences, the equivalent conditions for each of
the main Theorems describe how small scale structures develop by making sure enough energy
can “escape to infinity” in spectral space or the solutions are sufficiently rough (in a fractal-like
manner) so that the convection term D(u") dissipates the energy instead. Therefore, one needs
only to relate the regularity of the solution to its Fourier spectrum such as through Besov spaces

as seen in Remark 3.2 and Corollary 3.11.1.

Not only does the work here provide necessary and sufficient conditions for direct and in-
direct cascades as noted by Kolmogorov[43], Batchelor [6], Kraichnan [46], and Fjortoft[30],
but it also characterizes split cascades (were energy moves in both directions), isolated cascades
(movement in only one direction) without frictional forces in both 2D and 3D, and condensates
where energy becomes trapped within an eddy structure at a finite non-zero length scale. For
example flows which exhibit split cascades have been observed in experiments in thin film turbu-
lence [34,55] and soap films [68]. Furthermore, using the Biot-Savart law, one can reformulate
the dual cascade problem (where there is a direct cascade of enstrophy and an inverse cascade of

energy simultaneously) of 2D turbulence, as a the velocity having a split cascade [46].

Corollary 3.12.1. Suppose {u"},~¢ is a sequence of statistically stationary solutions to (1.1) on
Ti, then

: v 2 _
lim vE[[u”(t)][2p5) =0 V1
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is a sufficient condition for an isolated direct cascade in the sense of Theorem 3.3
This follows directly from Theorem 3.3 and Remark 3.2.

Corollary 3.12.2. Suppose {u"},~¢ is a sequence of smooth statistically stationary solutions to

(1.1) on T3, and [g(0)| > 0. Assume there exists a wave-number c € (0, 00) such that

. -, 2 . < 2
Iljlg%)i/ZEm (k)["=0 and llir(l)VZE|vu (k)|* <e.

|k|=c |k|<c

If there is no flux of energy to large scales in the sense of (3.8) and (3.9), then there is a split

cascade (i.e. there exist both sequences N, and M,,).

Proof. By assumption the zero energy flux of the structure functions at large scales, it follows

from Theorem 3.7 that there exists M, — 0 such that

1
hmmfu Z ][ \Vu” = EE\Z}\(O)P > 0.

k|<M,

Now choose N, — oo such that lim v|N,|? Z E|u”(k)|? = 0. Then
V—r00

|k[=c

hmmfl/ Z ][ \Vu (k —5—limsupl/z ][ \Vu” P=¢c">0.

|k|= Ny |k|<c

Finally in the case of 2D flows

Corollary 3.12.3. Suppose {u"},~ is a sequence of statistically stationary solutions to both the
Navier Stokes equations (1.1) and the vorticity equation (1.4) on T3 with mean-zero forcing (i.e.
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9(0) = 0). Assume there exists a wave-number ¢ € (0, 00) such that

: V()2 — : T ()2 —
E})VZE@ (k)>=0 and %VZE\W (k)2 = 0.

|k|>c |k|<c
Then there is a dual cascade in the sense of Theorems 3.4 and 3.7.

T
Proof. Pick N, — 0o such that NJv ) E][ ¥ (k)|> = 0 as v — 0. Then
0

c<[KI<N,

T T T
v Z E][ \Vw”(k)\QSVZE][ |V (k)| + v Z E][ N2 (E)*> =0 asv— 0.
0 0 0

KI<N, lkl<e c<|k[<N,

Hence by the enstrophy balance (3.17)

. /\V 2 _
lim > E[Vw(k)?=n>0.

|k|> Ny

Similarly, for the inverse cascade we pick M,, — 0 such that for M, sufficiently small it holds

2
M, <|k|<ec ™Y

that v Z | |E][ |w? (k)| = 0 as v — 0. Then
0

r T AL T
23 E]f Iw”(k’)I?guZE]ﬁ FEPr S |M|2E]€ D=0 asv— 0.

|k|> M, |k|>c M, <|k|<c ™Y
Thus by the energy balance (3.14) (after applying the Biot-Savart law) it follows that
lim v Elw’(k)|> =¢ > 0.

v—0
|k|<M,
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3.1.1 Outline of the Chapter

The remainder of the chapter focuses on proving each of the three main Theorems listed
above. First in section 3.2 we discuss the von Karman-Howarth-Monin relations, which we use
to derive both an energy balance as well as an enstrophy balance (in the two-dimensional case).
Furthermore, we show that the isotropric tensors used to construct the structure functions has a
nice power series representation in spectral space. Then in Section 3.3 we prove Kolmogorov’s
% and % flux laws, while in Section 3.4 we prove the Batchelor-Kraichnan flux laws hold true in
two-dimensions. Finally in Section 3.5 we find necessary and sufficient conditions for the inverse

cascade laws in both two and three dimensions.

3.2 The von Karman-Howarth-Monin Relations

The main tool we use to analyze the existence of Kolmogorov’s flux laws are the von
Karman-Howarth-Monin (KHM) relations. These relations connect the various structure func-
tions to two point correlations of the velocity or vorticity dissipation through the Navier Stokes
equations. More simply stated, they are the weak formulation of (1.1) applied to a mollified ver-
sion of the flow velocity. These kinds of energy relations were first derived for classical solutions
to the deterministic Navier Stokes equations by Karman and Howarth for the 4/5th law (1.3) in
[22]. Later, they were generalized (for strong solutions) by Monin in [53]. It was shown in [32]
that the KHM relations eradicated the need of Kolmogorov’s mono-fractal scaling assumption,
creating a consistant theory of turbulence with experimental results. In the stochastic regime,
Bedrossian et.al. [8,9] generalized them for stationary martingale solutions on T¢ for d = 2, 3.

To clarify how the KHM relations are found, let us briefly take ¢ € (0,)) and ¢ €
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[C°(T4)]? such that V - ¢ = 0. Now we consider the weak formulation of (1.1) on D = T¢:

t t
/ u”(t) - ¢(t)+1// Vu” : Vo — / / u’ - (u”-V)o (3.10)
T¢ 0 JT¢ 0 JT¢
t t t
~ [Lwo0+ [ [ ogawer [ wdor [ gawiag
T¢ 0 JT¢ 0 JT¢ 0 JT¢
where |-, -] is the cross variation of the random processes gIV; and ¢. To derive the KHM rela-

tionships, we choose ¢ to be a mollified version of u” of length ¢: ¢ = ay, * u” where 1)y is a
standard mollifier of size ¢ (scalar valued) and a is an isotropic 2-tensor. In particular, we focus
on the cases when a = I (identity tensor) or a = n ® n for n € S, For a closer look at how
this is applied see the proof of Theorem 3.14.

Let T, be the translation operator T,h(-) = h(- +y) for all y € R then for any martingale
solution to the Navier Stokes equations (1.1) and the vorticity equation (1.4) (when d = 2) we

define the following vorticity and velocity structure functions

T
Svor(£) = E][ ][ ][ |6enw” |26’ - n dadtdS(n)
sd-1.Jo J1d

T
Sou(6) = E][ ][ ][ (Sntt? 2t - 1 dadtdS(n)
sd-1.Jo J1¢

T
Sha(0) =E][d ][ ][d(éenuy-nP dadtdS(n)
sa=1Jo J1¢

where dS(n) be the surface measure of the unit sphere S~1. We also define the the following

38



two-point correlations:

T
Coor(€) = E]f fgdl ]{rd w” - Typw"” dxdS(n)dt
A

T
Lper(0) = E]€ ]idl ]{rd u” - Topu” dadS(n)dt

T
() = E][ ][ ][ (n®@n): v’ @ Ty’ dedS(n)dt
0 Jgd-1.Jrd
1
Ayor(€) = —E][ ][ curlg : Ty,curlg dxdS(n)
2 Sd-1.JT1d
1
Ayer(0) = —E][ ][ g Ting dzdS(n)
2 Sd-1.Jd

1
alez(@ = —E][ ][ (n®n):g® Tpg dedS(n).
2 Sd-1.J1d

Proposition 3.13. Suppose u” is a solution to (1.1) in the sense of Definition 2.4 on TS for

d=2,3. Then
4 l
Spet(0) = —4vT ,(0) — gd_l/ 1 ayer (1) dr; (3.11)
0
|| ! 2 ("4 4"
Sy (0) = —4v(T, ) (0) + W/o 74 Sper (1) dr — m/o r™a)  (r) dr. (3.12)

When d = 2, if w¥ is a solution to (1.4) in the sense of Definition 2.6 then there is the additional

KHM relation:

¢
Svor(0) = —4vT"__(£) — %/ TQyor (1) dr. (3.13)
0

Moreover, for three-dimensional flows u”, the correlations T, FLZ € C?(R) while for two-

dimensional flows the correlations T, € C?(R) and Ty, Fﬂel e CY(R).

Proof. See [9] for details about the derivation and regularity of the identities in 3D. In the two-
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dimensional case, the derivation of the structure functions is similar to the 3D case, but there is an

increase in regularity due to boundedness of the average enstrophy. See [8] for more details. [

3.2.1 Balance Laws for the Stochastic Navier Stokes Equations

In Proposition 3.13, we used the fact that u” is statistically stationary to eliminate any initial
and final kinetic energy correlation terms. This is because when v” is statistically stationary, then

on average the total kinetic energy is conserved for all time:
1 v 2 1 v 2
SElw @Oy = SEllw" ()X Vs € [0, 00).

Moreover, this remains true for the autocorrelation for the kinetic energy. As such if we take
¢ — 0 then (3.11) will provide us with the mean viscous kinetic energy balance for the system.
This idea was first heuristically considered in the work on Onsager [59] and then again more
rigorously by Duchon and Robert in [25] for deterministic flows. As such this result has been
around for awhile in the deterministic setting and is relatively well-known [23], but the author
could find no reference to it within the stochastic literature. Therefore, the proof of this result

will be included here.

Theorem 3.14. Suppose u"” is a statistically stationary martingale solution to (1.1) in the sense

of Definition 2.4. Then the following energy equality holds:

T 1 T
B VeI ds+Ef D)) = 3B ol == (3.14)
0 0

d
T)\
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where

D(u”)(x) := lim — ][ ][ Voul(y) - d,u” (z)|6,u” (x)]? dydt (3.15)
£—0 4 Td
is a non-negative Radon measure and ¢, is a standard mollifier of size {. Moreover, D(u") is

independent of the choice of mollifier and D(u") = 0 when d = 2 (i.e. 2D flow).

Proof. This is a simple application of the ideas from [25] to the case of martingale solutions. Let
¢ € C2°(B(0,1)) such that ¢ > 0 and [,y ¢ dz = 1. For £ < 1 we define ¢¢(z) = (~¢(z/()

and mollify

= dexu’,  (wjul)e = gox (ujuy), pi=9¢;*p, (9dW,)e= d¢* gdWy.

Implicit here is that we are using the isotropic tensor a = I in our mollification. Each of these
mollified variables now resides in C>°(T¢), and as u” solves the Navier Stokes equations (1.1) it

follows that:

duj + (V- (v @ u”)e + Vpy)dt = vAuy dt + (gdWy),

V.-uy =0.

Now fix ¢, we apply Ito’s lemma, integration by parts, and the independence of the Brown-
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ian motions to get

d/ (u” - uy) dx :/ uy - du” dx—i—/ u” - duy d:c—l—/ d[u”, uy] dx
Td Td Td Td
= —2v [ Vu”:Vuy dxdt +/ ((u” ®@u”): Vuy —u” -V - (v ® u”)g) dxdt
Td

Td

+ / g - ge dxdt + / (uy - gdW; + u” - (gdWy),) dx.
Td Td

Define

Ay(s) == /Td u”(s) - V- (u”(s) @u"(s)); do — / (u”(s) @ u”(s)) : Vuy(s) du.

Td

As g € L*(TY), the noise terms are each martingales with mean 0. Thus when we take the

expected value of both sides and write everything in integral form we get

T

E/ u(T) - uf(T) dx = E/ u”(0) - uy (0) do — 21/E/ Vu”(s) : Vuy(t) dedt

0 Td

T T
—E/ Ay(t) dt+E/ / g - g¢ dxdt.
0 o Jrd

Next, since u” € [L*(Q x [0, T], H*(T4)) N L*(Q, L>°(0, T, L*(T4)))]?, the map ¢ > |Ju”(t)]| 2
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is bounded over the interval [0, 7] and due to the continuity of translations in L? it follows that

‘E)/gdu”(T)-uZ(T)dx——IEjgdu”(T)~u”(T)dx’
= ’E/Td oe(y) /Td (w(T,x +y) —uw(T,z)) -u’(T,z) dxdy’
< CE /Supp . ||u”(T)HLz(/Td (T, z +y) — u” (T, )| dm) 2 dy
— 0

‘E/T ' (0) - u¥(0) da — E/T u?(0) - u”(0) dm’
= ‘E/Td ou(y) /Td (u”(0,z +y) —u’(0,2)) - u”(0,z) d:xdy‘
gCEL;MJm%mm;(AJMmﬂwﬂn—uqamﬁ¢g”z@

—0

as ¢ — 0. Similar analysis shows that E [\ [, g- g, dzdt — E [ ||g||%, dt and E [ [, Vu” :
A

Vi dzdt — E fOT |Vu”(t)||3, dt as ¢ — 0. Hence by the stationarity of the law of u":

T T T
limE][ Agdt:—ZyE][ HVu”H%erE][ g% (3.16)
£—0 0 0 0

Next, akin to [25] we consider the function:

1

T
Di)a) =3 f [ Vortn) 515,00 dydr

Let T,h(-) = h(-+y) forall y € R%. Applying the incompressibility condition, Fubini’s theorem,
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and integration by parts we get:

/Td y V¢g(y)~5yu”|5yu"|2 dydx

= //8yj¢g(y) (Tyuj”-Tyu,’;TyuZ — 2T u Ty ujuy,
+ Tyujupuy — ui TyupTyuy + 2ufu Tyuy — u}’u%u%) dydx

= /%ﬂ.@(y)(/u?u%uz d:v—Z/Tyuj”»TyuZuZ dm—l—/Tyu}’uZuZ dx
— /T_yu}’u’;uz dx + 2/u;uZTyuz dz — /u;’ul,;uz d:t) dy

= —Q/Gngbg(y)(/Tyu?TyuZuz dx — /uj”uZTyuZ da:) dy

= —2/u?(z)u%(z)8zj /@(z — 2)uy(z) dedz
+ Q/UZ(Z)azj /gbg(z — z)uy(v)ug(z) drvdz

= Z/uz i(ufug)e dz — Q/U?ul,;(()j(u@g dz

= 24,.

Define
T

D(u”)(dx) = %im Dy(u”)(dz) = ! lim A, dt.

Then after combining D(u") with Equation (3.16) the desired energy balance appears:

T , , 1 T
B VR + B F D)dn) = JEF 9l
0 T 0

It follows directly from [25] that D(u") is at most non-negative in 3 dimensions and is identically

zero in 2 dimensions using the same proof so we omit the details. [
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Duchon and Robert [25] showed that in two-dimensions D(u”) = 0 which leads to a pure
energy balance. We show here that for a fixed v > 0 the same argument is true for the enstrophy.
Therefore, when (u”, w”) are statistically stationary solutions to (1.1) and (1.4) respectively, there

are two conserved invariants leading to the presence of a dual-cascade.

Corollary 3.14.1. Let w” be a statistically stationary mild solution to (1.4), then

T 1 T
VE][ |]Vw”(s)|]§ds:§E][ eurlg|Z = . (3.17)
0 0

Proof. Similar to the velocity case let ¢ € C°(B(0,1)) such that ¢ > 0 and fB(O @ de =1

For { < 1 we define ¢y(x) = ¢~*¢(x /() and mollify
u; = ¢gexw”’, (W)= ¢px (u'w”), (curl gdWi), = ¢y * curl gdW;.

We also define

1 T
Dy(u”,w")(x) = Z]ﬁ /Td Vou(y) - S,u”|6,0" |° dydt.

Then similar to the proof of (3.14) we apply Ito’s lemma, integration by parts and the continuity

of translation in L? spaces to get

T 1 T
I/E][ ||Vw”||?\ + limEf D(u”,w")(dx) = = ][ ||curl gH?\ =.

Note that for any norm || - || we have that ||d,z|| < 2||z|| and in particular when it is the L?

norm we can write ||0,z|/z2 < |y|||z||g:. Moreover, due to the interpolation inequality ||z||s <
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CI21135112]132 it follows that

H1

1 T
Dy ) ()| < § ][ /B o L ITo@ el ndear

T
< C’E_l][ sup ||545U HL3(T )H5Z£W ||L5 T2)
(U

T
_ 2/3 1/3 4/3 2/3
<ct ][ sup e’ 17tz 19t 172 g 19 | o I0ee” Ui )
0 S

T
<Cf Ol B,
0

< Clw"| Lo,z L2cn2)y lo” | 20,2, 10 (2

which goes to 0 as £ — 0. Note that in the last line we have used the fact that [|u”[| g1 (2) =
|w”|[z2(r2) by integration by parts as well as Holder’s inequality along with the fact that w” €

L>=(0,T, L*(T3)) N L*(0, T, H'(T3) P-a.s. O

3.2.2 Expression for Isotropic Tensors

In order to prove Kolmogorov’s flux laws hold, we will take the KHM equations and con-
sider two subsequent limits: v — 0 and £ — 0. Here v — 0 analyzes the affect of the singular
limit (i.e. the disappearance of viscous dissipation) on the auto-correlations, while ¢ — 0 ana-
lyzes the inherent structure of the isotropic tensor used in the auto-correlation. In this section,
we construct power-series representations for the structure functions to make applying the limits

¢ — 0 and v — 0 easier in the future.

Lemma 3.15. Let k € Nand {i;}3%, C {1,2,...,d}. We define Sj to be the space of all
pairwise combinations of the elements {i;} and let n € S for d = 2,3 and dS(n) be the
surface measure of the unit sphere S4=1. If o(p) is the pth particular set of pairings of {i;} (i.e.
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o(p) € Sy, with 1 < p < |Sk|), then the following identity holds:

2k |Sk|
i dS = k Oa 3.18
£ I aso =3 11 o 15
j=1 J=1 (a,b)€0(4)
where
de d=2
Ba(k) =
k! _
(2i+1)! d=3
1 i=y
and 0;; = is the Kronecker delta tensor.

0 otherwise

Proof. Due to the odd symmetry of each of the components n; over the unit sphere S¢~*, the

isotropic tensor

k
][ [, dS(n) >0
Sd—1

j=1
if and only if there is an even number of each of the components (i.e. k is an even number). From
[42] it is known that products of Kronecker delta tensors of all possible pairings of the elements
{i;} form a spanning set for the space of isotropic tensors.

Claim: Moreover, as the ordering of the {i;} are interchangeable in f, , H?il ni; dS(n), all

possible Kronecker delta pairings for the same set {7; } must occur with the same factor.

Proof. For simplicity, we will show this in the case for £ = 2 but the result can be repeated for
any k > 2 by the same argument (just the notation is messier). Let {i;} = {«, 3,7,e} where

a,f,7v,e € {1,...d}. As

I :/ NaNgn,ne dS(n)
gd—1
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is an isotropic tensor, we can express it by a linear combination of product of Kronecker deltas
[42]. So

I = al(Saﬁ(SVE -+ a2(5a7(555 + a35a55/5’y.

Now swap 3 and . As ngn., = n,ng (as these are real functions thus commutative) the value of

I remains the same. However, the expansion of Kronecker delta products become

I = aléwéﬁa + a25a5575 -+ a35a5557.

Comparing this with the previous expansion we see that a; = ay. Repeat this process with o and
{3 to get that a3 = a,. Hence all of the possible Kronecker delta pairings for the set {7; } have the

same coefficient factor. L]

Now we return to proof of Lemma 3.15. Then

2%k Sk
Fo o ase =0 >. T o
gd—1 e J=1 (a,b)€c(j)

where Sy, is the collection of all pairwise combinations of {i;} and o(p) € S}, is the pth collection

of pairings. For example when k = 2 we have

S = {{(i, iguig, @'4)},:{(¢1,¢3),V(¢2, i)}, {(in, u),jg, is)} }.
a(2)

( (

q

~

q

=

@)

It is a well known combinatorial result that the number of pairings is |Sy.| = Sz

Now all that is left is to compute the constant 5;(k). As all possible pairings have the same

factor we consider the case with i; = i3 = - -+ = 79;,. As none of the terms on the left hand side
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vanish, we get

S5l = ot dS(o)

The right hand side depends on the dimension so we consider each case separately. When d = 2

we use the reduction formula to deduce:

ok L k=D k=10 2(2k—1)!
]i1<"i1) ds(")_%/o cosT0d0 = o T @k — 22k 4k — 1)

where we have used the identity (2k)!! = H?Zl 2j = 2!, Thus

22k —1)! 1 1
4k (kb — 1)k Sk 2k

52(@ =

Whereas when d = 3:

o i/?’f/ﬂ . g
]iQ(n“) dS(n)—47T ) cos ¢sm¢d¢d9—2k+1

SO

1 1 2k !

Bsk) = 5553 Se] — (2k+ 1)

Two direct consequences of Lemma 3.15 are the following lemmas:

Lemma 3.16. Lerr € R, p € NU {0}, and k € R%. Then

(=1)™(r[k])*™ (2m + 2p)!
2m+r(m + p)l(2m)!

éR(]idl(n ) k,)Qpe—z‘r(n.k) dS(n)) _ |k|2p f: Ba(m + p)
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where R(2) is the real part of a complex number z.

Proof. We use the power series expansion of ¢” and the fact that it is an entire function to consider

the integration term-wise:

m.2m 2(m-+p)

where k;.n;; is the jth copy of the inner product k;n; = k - n. Then it follows from Lemma 3.15

that

2(m+p) 2(m-+p) 2(m+p)

][ I Fini, dS(n) Hk”][ IT ni dsn)
Sd—1 j=1 j=1

Sd—1
(m+ S+l
2(m +p) H Z
=1 g=1

J

(a,b)€a(q)
|Sm+p‘

:Bd(m‘i‘p) Z ’k|2m+2p

qg=1
= Ba(m + p)|Smpl [

(2m + 2p)!

::/gd(rn'+-p)2nv+P(n1—Flﬁ!

|k|%n+2p'

Now we substitute this back into the sum to conclude the proof. 0

Lemma 3.17. Let u be a divergence free random vector field of dimension d and let p € NU {0}
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andr € R, then for a,b € {1,...,d}

i ]i - B AS(n)BL ()T (F))

(=)™ (r[k])*™(2m + 2p)!
2mtP(m + p)!(2m)!

= [k Y Balm +p+1) Ela(k)|*

m=0
where R(2) is the real part of a complex number z.

Proof. Similar to the proof of Lemma 3.16, we use the power series expansion of e and the fact

that it is an entire function to consider the integration term-wise:

i ]i (- B AS(n)BaL () (k)

= (—ir)™ . R R
= §R< 2:0 ( m!) ]idl nany(n - k)" dS(n)Eua(k)ub(k)>
i 1 mTQm 2(m+p)
= Z ][ Mg M H ki;ni; dS(n)Eug(k)uy(k).
2 em) Jo "

Note that on the Fourier side, the divergence free condition can be written as kjuAj = (. Now, as
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there are 2n + 2p + 2 many n; when we apply Lemma 3.15 we get

2(m+p)
][ namy [ ki, dS(n)E, (k) (k)
gd—1 ey
2(m+p) 2(m+p)

H k][ nany [ i, dS(n) B (k)i (k)

j=1
=utm+p 1) I b (}ja@ [[ duwBaak)

2(m+p) [Sm+pl
(a’,b")€a(q)

d—1

|Sm+p|

—+ Z Z b’éa’b -+ 5a’a5b’b) H 6c’d’Eaa(k>ab(k>>

g=1 (a',V)€c(q (¢'.d")€a(q)
(c/,d")#(a’ 1)

‘Sm+p|
= Ba(m+p+1) Y [k TPE[u(k)|”
q=1
|Sm+p|
+2Ba(m+p+1) > (KPP Bk, (k) Ky, (k)

q=1
= Ba(m + p + 1)|Spp| [K[*" TP E[a(k)

(2m + 2p)!

gty Bl

= Ba(m +p+1)
Substituting this back into the sum concludes the proof. 0

3.2.3 Filtration Limits

Now that we have expressions for the isotropic tensors in spectral space, we want to filter
out the high frequency modes or low frequency modes in order to characterize the existence of a
direct or inverse cascade. We begin with characterizing the direct cascade by filtering out the low

frequency terms leaving only the energy which can “escape to infinity”.

Lemma 3.18 (Small Scale Limit). Let ¢ : R, x Z% — R be a bounded function such that
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lim c(f,k) = 0and lim c({,k) = L with L # 0. Let ¥ be a sequence of [L*(2 x T¢)]*
£ k|—0 Lk|—o00

random variables such that

lim sup E|| /|3 < oc.
v—0

Then there exists ¢, — 0 such that

. .. . ) 2 _
i gt faly 2 e REISBF =10
By

if and only if there exists N,, — oo such that

.. ) 2
llgl_}élf Z E|fv(k)|* =9.

k>N,

Proof. (=) Suppose there exists ¢, — 0 such that

. . . ) 2 _
i gt fafy 2 bRBIFER =10
By

Pick N,, — oo such that lin(l) f,N, = oo and consider the sums
v—

D b REFERP = b HEF R+ Y KB RP =+ L.

ke(2rz)? |k|<Ny |k|>N,

First consider [, and observe

inf c(6,k) S B[f/(H) << sup c(6,k) Y E[f(k).

k|> N,
H=N Ik[>N, k|2 N, k[>N,
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Apply the inf in ¢ to each side of the inequality:

inf c(l, k Elf' (k)< inf I
EIkIIZHZVNuC(7 )|k|§;\/ ’f ( )‘ _EE(IE,KI) 2

< inf e(tk) S E[f(k)P

T k>0, N,

|k|>Ny
< sup ¢l k) E[f7 (k).
L|k|>4, Ny, |k|2>J:VV

Next we take the limits in ~ and ;. Note that by our choice of IV, and the fact that lim ¢(¢, k) =

£ k|—oc0

L it follows that

lim liminf inf c(f,k) E\}?(k)|2:aniglf S E[f(k)P
v—

=0 v=0  (k|>(,N,
|k[>Ny |k[>Ny

lim liminf sup c(f,k) E|F(k)|2:mim%qf ST E[f(R)P

lr—0 v—0
I Llk|>0, N, k|>N,, k|>N,

Hence by the Squeeze theorem

lim liminf inf Ig—LllE/n_}(l]qf Z E|fv(k)|".

=0 v—=0  fk|>0,N,
|k|=Ny

Next we claim that
lim liminf inf : |I,| = 0.

=0 v—=0  ee(l,

For the sake of contradiction suppose that

lim liminf inf |[;| > 0.
lr—0 v—0 ZE(EU,EI)
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Then there exists |k| < N, and €y > 0 such that for all v > 0,¢; > 0 there exists v* < v and

07 < {5 such that

Eo < inf
e(0,6%)

(6B (K) < int le(t k)B]

2<C sup |e(t, k).
nf = O “|( )|

EO? I

However, as e‘lki‘m c(¢, k) = 0, we can find ¢; small enough such that
—0

sup |c(l, k)| < e9/C
ée(o,é;)

a contradiction. Thus |I;| — 0 as £; — 0 and v — 0. Putting it all together now we get

_ 1 _

. . v 2 IRT . . . v 2 —

llggglf E E|fv(k)|* = 7 eljlﬂ) hgla%lfze(l}fz,) E c(l,B)E|f(k)|* = 0.
k[>N,, ke(32z)3

(<) Now we assume that there exists [NV, — oo such that

.. ry 2
lllgljglf Z E|fv(k)|* = o.

[k|=Ny

Pick ¢,, — 0 such that hII(l] ¢, N, = oco. Repeat the steps above to conclude that
v—

lim liminf inf I, =0
lr—0 v—=0 ZG(&,,Z})

lim liminf inf I, = L.
Lr—0 v—=0 (le(ly,,lg)

]

Notice that the small scale limit filters out everything except what happens to the random
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variables at infinite wave-numbers. As such we will sometimes refer to Lemma 3.18 as the
high-frequency filtration limit. Similarly we can characterize the large scale limit as filtering out

everything except what happens at low frequencies.

Lemma 3.19 (Large Scale Limit). Let A = \(v) < oo be a continuous monotone increasing

function such that lim,_,o A\ = oco. Let ¢ : R, x Z% — R be a bounded continuous function such

that lim c({,k) = 0and lim c(¢,k) = L with L # 0. Let f” is a sequence of [L*(Q x T4)]?
{|k|—0 Llk|—o00

random variables such that

limsup E||f*[5 = A < .

v—0

Then there exists !2, < Xand Zy — 00 such that

lim limsup sup Z c(l, k)E|?;(k)|2 = L(A =)

bi—00 50 ZE(ZI,EV)kE(QTﬂZ)d

if and only if there exists M, — 0 such that

.. /; 2
lim nf > Elf(k)] =4

k[ <M,

Proof. The proof is very similar to the proof of Lemma 3.18.

(=) Suppose there exists ¢, < X such that lirr(l) ¢, = oo and
v—

lim limsup sup Z c(l, k)E]};(k)\2 = L(A —9).
=00 50 ee(elju)ke(%ﬂz)d
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Pick M, — 0 such that M, = O((;"). By assumption ¢(¢, 0) = 0 for all . Hence

> (6, k)E|F (k ZcmEyfv NE

ke(22z)4 |k|>0
= Y cLRE[fERP+ D et kB (k)
2 <|k| <M, [k|> My
= Il—|—]2.

As the sequence c(¢, k) is bounded uniformly in ¢ and &k and from our choice of ), it follows

that

lim limsup sup [|[;] < Climsup Z E|f;(k)\2 < C'limsup Z E\ﬁ(k)P = 0.

51—>oo
v=0 ee(tr,y) v e, v20 ociki<,

Next consider the term 5. Then

inf c(l,k) > B[f'(k)P <L < sup c(t,k) Y E[f(k).

k|>M,
I+= |k|> M, lk|2 M, Ik[> M,

Apply the sup in ¢ to each side of the inequality:

inf e(t,k) S E[f(R)P <sup inf c(t,k) Y E[fr(k)}

€k|>07 M, Py >0y |k|>My T3
< sup Ip
ZE(ZI7ZI)
Y 2
< sup c(tk) Y E[f(k)P.
ok|>e; M, |> M,

d
Ask € (%”Z) , We can represent k as k = (27;# for z € Z“. By our choice of M, and the fact
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that £, < \ along with d > 1 we have

A4 ~ A4

k| > M, =)z| > U M,—— = {il,M,=——— —
2 bl = o1 = G Gy = M

as v — 0. Therefore, using the fact that lim c¢(¢, k) = L we get:

L) k|—o0

lim limsup inf «¢(4, k) Z E|?;(k;)|2:Llimsup Z E|?;(k:)|2

Lr—00 Lk|>0r M,
I v—0 |k|>€r M, k|> M, v—0 K[> M,

lim limsup sup ¢(4,k) Z E|ﬁ(l{:)|2:Llimsup Z E|?;(k;)|2
v—

Lr—00
I v—=0  Lk|>0r M, k| > M 0 k> M,

Hence by the Squeeze theorem

lim limsup sup I = Llimsup Z E|j£(k’)|2

L;—00 5
I v—0 Le(l5,0,) v—0 k|> M,

Putting it all together results in

. T2 AT T2
liminf ) E|f7(k) = A lim sup > E|f(k)
K<, K>,

1 —_
=A—-= ehm lim sup sup Z c(¢, k)E|f”(k)|2
I—00 10 Le(lr ) kE(QT"Z)d

=0.
(«=) Now assume that there exists M, — 0 such that

— lim; TOV2 — A T o) (2
(5—11151_}(1;& Z E|fY(k)|F = A 11If/1j(l)lp Z E|fv(k)|°.
k| <M, k| =M.,
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Simplifying, we have lim sup E E|?;(k)|2 =A—9.
v—0
R K[> M,
Choose £, = O(M ') and repeat the steps above to conclude that

lim limsup sup I; =0
EIA)O v—=0 EE(KV’ZI)

lim limsup sup Io = L(A —9).
=0 0 e, .Lr)

3.3 The 3D Direct Cascade

In this section we establish the characterization of the direct cascade flux laws in 3D.

Theorem 3.20 (3D Direct Cascade Characterization). Suppose {u”},~¢ is a sequence of statisti-

cally stationary solutions. There exists N,, > 1 such that lir% N, = oo and
V—

lim inf (y 3 E|@(k)|2+ED(u”)> —

v—0
|k[= N,

if and only if there exists {,, € (0, 1) such that lir% l, =0and
v—

. . Svel(g)
lim limsup su + " =0; 33
r—=0 L0 pge[@ul;]] 63 3 ( )
Iy 4
lim limsup sup ve () + =& =0. (3.4)
=0 0 e, .0 14
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3.3.1 Proof of (3.3)

First, recall the KHM equation for .S,; in three dimensions:

She 4v_, 4 [
7 L —TFM(E) — €_3/0 7“2%61(7“) dr.

Step 1: Beginning with the forcing term, we show that

—4 [ 4
=T Ayl (1) dr = —3¢ + 0s-0(1).
0

Note that

T
ayer(0) = §E]€ g lg(z) | dedt =: ¢.
A

Furthermore, as g is smooth, we Taylor expand around r = 0 using the Peano formulation of the

error (as we do not need a rigorous analysis of the error in this case).

—4 [ _9 [t T
a 2 Qe (1) dr = 5_3/ T‘QE][ fs ][3 g - Trng dxdS(n)dtdr
0 0 0 2J13

_o t T
= —3/ r2E][ ][ \g|? dwdS(n)dt + r*ho(r)dr
& Jo o Js2Jm3

—_—QJ[T][ E| \2dx—|—_—2 zr2h (r) dr
e 0o JT3 I G "
—4 2 [t

= ?5 + 2—3 i r?ho(r) dr

where h(r) is a function such that lir% ho(r) = 0. The error disappears as ¢ — 0 or in other
r—

words 7 f(f r2ho(r) dr = o40(1).
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Step 2: Next we show that

—dv_, 4 A T
/¢ Fvel<€> = 58 - gED(U ) - Z C(k7€)E o ’vu (k)‘
ke(2rz)3
here lim ¢({, k) =0and lim c(¢, k) = 4
WHELE e C ) = ke ) T g

From Proposition 3.13 it is known that I",; € C?*(R), so if we Taylor expand I", _; around

0 and use the Lagrange formulation of the error to get:

—4 —4 —4v [*
I () = =21 (0) + —2 / T
0

/¢ vel / vel / vel (T) dr.

By integration by parts

e (0) = —E][ ][ niun,Ouy, drdS(n) = 0.
52 J12

Next, consider the error term, which we will note is real valued. We use Plancheral’s theorem

to rewrite the L? inner product in z into a Fourier series. Then we apply Fubini’s theorem and
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Lemma 3.16 when p = 1 to get

—4
— F;’el dr = — / ][ ][ ][ nin;Opun,0; Tpul, dxdS(n)dtdr
g 0 S2 T3

_ Z/ ][S n- k)2 —““"'fE][ [ ()2 dtdS(n)dr

keZ3

|k| 2m ][T . )
— E v
E / |k|? E 2m m+3) dr i |uv (k)|* dt

kez3

_ " (L]k[)>m L e
B Z Z 2m+1 )(2m + 3) ]ﬁ [Vur (k)
:%” 3 E][ |V (k)|? dt

0

v Y Z D™ (k] ][Tﬁ\uv(k)ﬁdt
2m+1 Ne2m+3)  J,

ke( 27fz3m 1

:ilg—%ED(u”)— > c(z,k)E][ IVur (k)[? dt.

3
ke(ZE2)3 0

Notice that when applying Lemma 3.16 we substituted in for the value of 33(m-+1) and simplified
the coefficient in the power series in m. Also the ultimate equality comes from the energy balance

(3.14) to write the first term as j¢.
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From the definition of ¢(¢, k) it is readily seen that lim ¢(¢, k) = 0.

£|k[—=0

N (DT kD
3 _C(E’k)‘ B 42 (2m+1)!(2m+3)‘

m=0

B 4 Z €|k|)2m+3
B (4]k[)? 4 2m+1 N(2m + 3)

o

_ |4 UL (—qymy2m+2
(€1k1) /0 (2m + 1)! ‘

3
m=0

4 @|k‘ .
= (£|k‘)3/0 tsmtdt‘

A 0k|
tdt
(C1k])? /0

IN

4
li .
SO ak}r_)noo c(l k)= 3

Step 3: It follows from Lemma 3.18 that there exists ¢, — 0 such that

—4v 4 4
lim lims S —T'(0) = = — = liminf ED (v
elliﬂo lrz{l—ﬂl)lpéﬂzl%l] t ( ) 3 3 w20 ( )

6111§0111§ngf€€%2fgl]y Z c(l, k)E|Vu (k)|
ke(22z)3

e 4T
33

if and only if there exists /V, — oo such that

L. v .. S 2 %
thIlﬁlgleD(tL )+111;nﬁ151fy Z E|\Vuv (k)" =¢".

[k|= Ny

Finally, combine Steps 1-3 with the KHM equation to derive (3.3).
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3.3.2 Proof of (3.4)

Recall the KHM equation for Sﬂel on T3 :

Sha(0)
l = __(Fl‘)el

, 14 4 Y4
/ 7 )'(0) + 6_5/0 73 Ser (1) dr — €_5/0 r4alel(7‘) dr.

—4 [ —4
a i ria,,(r) dr = —1—55 + 0g0(1).
Note that
1 T €
b0 = 3B lo(o) dade = 3,
A

Furthermore, as g is smooth, we Taylor expand around r = 0 using the Peano formulation of the

error (as we do not need a rigorous analysis of the error in this case).

05 iz
—4 4 [,
:Eg_é_f’ ] ho(’f’) dr

where hg(r) is a function such that lin% ho(r) = 0. Hence by L’hopital’s Theorem, the error
7
disappears as ¢ — 0 uniformly with respect to v or in other words ;—;" f(f r?ho(r) dr = o40(1).

Step 2: Next we show that



4
where the coefficients satisfy lim ¢(¢, k) =0and lim c(¢,k) = —.
£]k|—0 k| =00 15

From Proposition 3.13, we know Fﬂel € C?*(R). We Taylor expand this about r = 0 and

use the Lagrange formulation of the error to get:

—4v Y] _—41/ I\ 4 ¢ I \w
=y = E ko - [ rlye) a

By integration by parts

_4 4
gu T‘(O) = TVE ]i ]1[r2 nmjnk(?kul’-’u]”- dxdS(n) = 0.

Next, consider the error term, which we will note is real valued. We use Plancheral’s theorem

to rewrite the L? inner product in z into a Fourier series. Then we apply Fubini’s theorem and
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Lemma 3.17 when p = 1 to get

i‘IV/ = / ][ ][ ][ ninjnpngdsu, 05 Tpuy drdS(n)dr
tJo s2 JT3

_ - v )
kZ /][npnqn k) kE][ w(kyab (k) dS(n)d

e 27TZ

TS e B f, T

- 2m 2m—|—3)(2m+5
ke( X173
0|k T e
= ) Z 2m + 1 2m(4|rzL))(2m+5)E][ [Vur (k)
ke(2’“Z3m 0 0
Z ][ IV (k
ke(Q”Z
— L)k .
—4 v(k)?
Y 22: Z m+ ) (2m + 3)(2m + 5) ]ﬁ [Vur (k)
ke(2E7)3 m=1
¥ dwpe) - Y aekmpf [gEmr
=TT u c(l, i u .
ke(3zZ)3

Note that when we applied Lemma 3.17, we substituted in the definition of 33(m + 2) and then

simplified the coefficient. Then in the final equality we have applied the energy balance (3.14)
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From the definition of ¢(¢, k) it is readily seen that lim ¢(¢, k) = 0. Also

£|k[—=0

B D™ (1]
E_C(é’k)‘_ 42 2m+1 2m+3)(2m+5)‘
)" (

o (
_ Z (k] ‘
B E]k] )? 2m—|— 2m+3)(2m+5)

o 2= (2m+1)/(2m+3)

4 L)k t (_1>m
_ " 2m+2 ’
<£|l~cr>5/@ / _ Qmr it

4
s Mim e(t.k) = 75

Step 3: Apply Lemma 3.18 to conclude that there exists ¢, — 0 such that

lim limsup sup ——1I"(¢) = — — lim liminf inf c(l, k)E|Vur (k)|?
£r—0 u—>0pee(e p@,) 14 ”() 15 ¢—=0 v—0 Ze(h,@;)ke(%;z)g (6, k)E| (k)]
A
_ 4 4
“ 15 15

if and only if there exists /V, — oo such that

L. v .. S 2 %
hgl_}l(l]quD(u ) + liminf v Z E|\Vur (k)" = €".

v—0
|k|=Ny

Step 4: Next we use Equation (3.3), to conclude that the if and only if condition in step 3, also
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implies

2 [f 2 [* . Spalr -8,
7 i 73 Sper(r) dr = 7 i r ;n( ) dr = 1—56 + 0p50(1).

Finally combine Steps 1-4 with the KHM equation to derive (3.4).

3.4 The 2D Direct Cascade

In this section, we characterize the existence of a direct cascade in 2D. Note that the proof
is almost identical to the 3D case, but as some of the details are not trivial we fully show the

derivation in 2D.

Theorem 3.21 (2D Direct Cascade Characterization). Suppose {(u”,w")},~0 is a sequence of
statistically stationary solutions satisfying both the Navier Stokes equations (1.1) and the vorticity

equation (1.4). Then there exists N, > 1 such that lir% N, = oo and
v—

. . /\V 2 %
hggl(l)lfl/ Z E|lVw (k)" =7

Ik|>N,

if and only if there exists {,, € (0, 1) such that lir% l, =0and
v—

S’UOT 'g
lim limsup sup (0 +2n*| =0; (3.5)
a=0 =0 eefe, ] 14
: : Svel (6) 1 * .
gljlgo 11151_%11) ZES[Z,I,:Z[] B Zn = 0; 3.6)
. Spall) 1.
}Ilglo 11151_%11) ZES[Z,I,;]] 5 3T 0. (3.7
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3.4.1 Proof of (3.5)

First, recall the KHM equation for .S, :

Step 1: We begin with the forcing term and show that

—4 [
v Tyor (1) dr = =210 + 0p—0(1).
0
Note that
1 [ )
ayor(0) = = E |curlg|® dzdt =: 1.
2 Jo Jm

Furthermore, as curlg is smooth we Taylor expand around » = 0 and use the Peano formulation

of the error:

4 [t 4 _ ¢
" TQyor (1) dr = 3 Tyor(0) dr + " r2h1(r) dr
0 0 0
—4 [
= =2+ — 7“2h1(7’) dr
e Jo

where lim, o 11 (r) = 0. Note, this implies that f(f r2hy(r) dr = o40(1).

Step 2: Next we show that

ke(3z)?
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where lim c¢(¢,k) =0and lim c¢({,k) =
L|k|—0 L) k| =00

From Proposition 3.13 we know that I',,, € C?(R), we Taylor expand I"" about 0 using the

Lagrange formulation of the error:

vor

Due to the fact that f, n dS(n) = 0 it follows from Fubini that

Lo ( ][ ][ ][ n;Ow’w” dxdS(n) dt =
S1 T2

Consider the error term, which we will note is real valued. We apply Fourier transformation to

the integral in x, Fubini, along with Lemma 3.16 when p = 1:

—4
—r onr / ][ ][ ][ nin;Ojw” T 0jw” dxdS(n)dtdr
6 0 S1 TQ

> / ]l ]ln k)% B (k)] dS (n)dtdr

ke(32)?
—1)™(r|k])*™(2m + 2)! —~ 2
Z |k]2 m+1 dr E|w”(k)\ dt
ke(m 4 Cm)(m+ Dl(m+1)! " J,
(LIk])>™ —— 2
—w Y Z m—l—l‘m'][ E[Vor (k)| 2dt
ke(22z)2 m= 0
=20 Y ][|va )|? dt
ke(222)2

) m+1 €|k’)2m T — " 2d
T ev Z Z 4m m_|_1 Im! 0 |Vw ( )| ¢
k

e( 2”22771 1

=m-v Y ¢ ][ IV (k) [2dt.
0

ke(3E17)2
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Note that the application of Lemma 3.16 we use the definition of y(m + 1) and simplified the

coefficient. Then in the ultimate equality we have used the enstrophy balance (3.17) to get the 2n

for the first component. It is clear from the definition of ¢(¢, k) that E\lkllm c(¢, k) = 0. Moreover,
_>

using the power series representation of .J; (z)[1] (note J; is the first order Bessel function of the

first kind) one can write

et -5 I

Since Ji(z)/x — 0 as x — oo, this implies that lim ¢(¢, k) = 2.

L) k|—o0

Step 3: Next we apply Lemma 3.18 to conclude that there exists ¢, — 0 such that

T
lim limsup sup ﬂf’ (¢) = 2n — lim liminf inf v Z C(E,k)E][ |V (k)|? dt

vor
Lr—0 v—0 ée[gu f[] € lr—0 v—0 ZE[K f[] ke(ZWZ)Q 0
By

=2n—2n"

if and only if there exists /V,, — oo such that

o Y (k)2
llrgl_gglfu Z ][ |Vw )|© dt =n".

|k| >N,

Finally, combine Steps 1-3 with the KHM equation to derive (3.5).
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3.4.2 Proof of (3.6)

First, recall the KHM equation for .S,; :

She 4v_, 4 [
E?’l = _ﬁrvez(@ — £—4/0 Tyer (1) dr.

Step 1: Once again, we begin with the forcing term and show that

—4 [ —2¢e
" Tyer (1) dr = N + g + 0p—0(1).
0

Recall that a,; is defined by

1 T
Aper (1) = §E]€ ]Q]i g - Trng dzdS(n)dt.
A

As g is smooth we Taylor expand them around » = 0 and use the Peano formulation of the error
(this is because we don’t require an in-depth analysis of the error term for the forcing term).

Moreover, as f,n; dS(n) = 0 it follows from Fubini that

T
1E][ ][ ][ g - n;0;g dzdS(n) = 0.
2 Jo JsJm

Then by integration by parts we obtain

T T 2

E][ ][ g Trmg do = E][ lg|* + T—nmmg - 0;0mg + r?ho(r) dadt
o J12 o Jr2 2

A A

T 2
= E][ lgI* — T_ninmaig - Omg dx + 12ha(r) dxdt
o Jr2 2
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where lin% ho(r) = 0. Since fs NNy, = %&-m we use the definition of 7 and ¢ to conclude that
r—

—4 1 /[t T
— ver (1) dr = E 2 dxd 3E][ > dad
/i Taye(r) dr = o / r ][ - lg|® dxdr + — 57 . |Vg|* dxdr
4t
+ 5_4 TShQ(T’) dx
4t 1 4,
— srdr+— 7"77d7“+ r°ha (1) dr
Bz Iz o),
—25 n —4 e
62 €—4 3h2(7”) d

Finally, note that since lim hy(r) = 0 the term 7 f(f r3ha(r) dr = 040(1).

r—0

Step 2: Next we show that

—4v_,
R A I (A0 \

ke(327)?

—1
where lim c¢(/,k) =0and lim c({, k)= o 8 lk| — oc.

Llk|—0 Lk|—o0

From Proposition 3.13 we know that T,.; € C*(R), thus we Taylor expand about 0 while

using the Lagrange formulation of the error:

—4 —4 —4 —2 —2v [*
—1V(@=7%HA®+7¥HA®+7;HM®+7§LM—)Wﬁwd.

From Lemma 3.15 we have ., n dS(n) = 0, o, nyn; dS(n) = 30, and fo, nynjng dS(n) = 0,
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hence by Fubini

., 0)= —E][][ n;0ul,uy, dedS(n) = 0;
T2
1
rr.0) = —E][][ nin;Ojuy, O;ul, dxdS(n) = —§E||Vu”|]§;
T3

[7a(0) =E ][ ][ nin;npd;dul, Ou, dadS(n) =
3

Considering the error term, which we note is real valued. We use Fourier analysis to convert
the integral in z to a Fourier series in k£ (wave-number), and apply Fubini along with Lemma 3.16

when p = 2:

C—2p(¢
/ %Fiﬁgz( ) dr
0
¢ 2
—2v(l —r) v v
:/o g—aE][ ][ ity Oyt 0y 0, Tty dizdS (n)dr

— —2y _T n - 4e—i7’n~k ,&}, 2 n)dr
= Y [ e asid

ke(3E7)2

—2V — )20kt &~ (D)™ @2m A 3) (R s
= 2 / e Z4m(2m)(m+2).(m+1)!E|u (k)]

ke(317)2

7,.)2 2m

—v m(2m + 3)!|k|*™ /‘f (0 —7)2r —
_ drE|Vw (k
kZ Z4m 2m Nm+2)(m+1) ), 6 rE|Vewr (k)]

e( 277sz 0

_ ([K[)>m = 2
-5 X Z4mm+2 o Ve (vl

ke(2rz)2 m=0

—v (CED>™ e e
= E|[Vor (k)2 - = E|Ver (k
T > BIVe Z Z4mm+2 N it Ve (bl
kE(QT’TZ) k€(2ﬂz2m 1
— _T” — c(t, k)E|Var (k)[2.
ke(37)2
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Note that when applying Lemma 3.16 we use the definition of 53(m + 2) and simplified the

coefficient. Furthermore, we can relate ¢” and @V via the Biot-Savart law:

o~ —‘k'|2 — — —_
K| |a (k) |* = |’f|4WIW”(’€)I2 = —|k|w” (k)|* = [V (k)"
Then in the ultimate equality we have used the enstrophy balance (3.17) to get the 1/4 for the

first component. It is clear from the definition of ¢(¢, k) that £|1]€1|Hl c(¢, k) = 0. Moreover,
_>

. CS1E (LR | (1) (U]
|I c(l, k)| —’724 m+2)(m+1 ’_‘£|k|224mm+2) (2m—|—2)‘
e\k\ 1ymg2mts £|k|
= 4m 4m(m + 2)!m! ‘ B ‘ (L]k])? / L) dt‘
4 /zk C /Zlkl .
< tlha@)|dt < ——= [ t'/?dt
@E J, 1RONES G
e
(kD2

where we have used the power series representation of the Bessel function J»(z) and that there

—1
exists C' > 0 such that | Jy(x)| < C|2|~'/? for all z [1]. Hence legm cll, k) = e
—00

Step 3: Next we apply Lemma 3.18 to conclude that there exists ¢, — 0 such that

¢ 2
_ou(f —
lim limsup sup / MFH”(S) ds

a=0 vs0  refe, 0] Jo 03

. __77 T .. . e 2
= zl,lg}o hryn_glfeeﬁi[]yk (QZZ) c(l,k)E|Vw(k)]|
€(52)?

-n.,n
4+4
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if and only if there exists /V,, — oo such that

. . = = 2 %
lnyn_}(glfy Z E|Vw(k)|* =n".

k|> N,

Finally, combine Steps 1-3 with the KHM equation to derive (3.6).
3.4.3 Proof of (3.7)
Recall the KHM equation for Sﬂel :

sl v, 2 [ 4 [
2t~ 2O + 5 [ Sty - [ el
0 0

Step 1: Once again, we begin with the energy injection term and show that

—4 [* —€&
6_6/ T3aﬂel(r) dr = oY + 277—4 + 04—0(1).
0

This follows exactly the same as in [9] but we will include it for the sake of completeness. Recall

that

al (r) = %E ]fT ]é 1 fT (n-g)(n-Tyng) dzdS(n)dt.

As g is smooth, we Taylor expand about » = 0 and use the Peano formulation of the error. After

integration by parts we have

T T 2
Bf f (ng)n-Tog) dodt =B (n-9f = Snimnym,drg.0,9, ducdt + r*ha(r)
0o JT3 0o JT

2
A
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where liII(l) hy(r) = 0. Note that this implies 7 foe r%ho(r) dr = 04_(1). From Lemma 3.15 we
r—

have the identities f, n;n; dS(n) = 36;; and
1
][ nnEnyng dS(n) = §(5¢k5pq + GipOkq + 0igOpk)-
s

Since the vector field g is divergence free it follows that

£
][ / ][]{T2 n - g)? dedS(n)drdt = €6 rie = o

][ / ][][ ninENpNgO0kgi0pg, dxdS(n)drdt = 176 ][ / ][ \Vg|? dedrdt = —.
T2 T2

Then putting everything together we get

—4 [t
76/0 Sl () / 3E][ ][]fr 1) (1 Tong) dudS(n)dtdr = =+ +0, (1)

Step 2: Next we show that

—4v 5 n —
WiE — (L)' (0) = 5 ot > et k)E[Vw(k)|®
ke(E7)2

By

1
where the coefficients satisfy lim c¢(¢,k) =0and lim c({,k) = —.
k|0 £|k]—o0 24

From Proposition 3.13, I’y € C*(IR) so we Taylor expand it about ¢ = 0 with the Lagrange

formulation of the error to get
0 = Z2 o) - 2ty - 2ty - 2 [ el ) d
/3 ( vel) - /3 vel /2 vel /¢ vel /3 0 r vel r T.
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We know from Lemma 3.15 that

][ ninny, dS(n) = ][ nin;ngnyng dS(n) =0
st st

1
][ NNy, dS(n) = g((sij(skm + 0ik0jm + Oimdjk).-
S1
Now we apply Fubini’s theorem and the energy balance (3.14) to see

—4 4
Y I‘H “( "E ][ ][ ninngOpuy vy drdS(n) =
stJ12

03
—4y | \n 4v v » 5 c
/2 (F'L}el) (O) = - E o1 Jp2 nlnjnk‘npak‘uz apu] dl’dS( ) 2€2E||V ||/\ 262
=2V L m 2v va v
T( vet) (0) = 7E o T ninnpnyngOrOyu; Oguy dzdS(n) = 0.
A

Next, we consider the error term, which we will note is real valued. Using Fourier Analysis,

Fubini’s theorem, and Lemma 3.17 when p = 2 it follows that

)l///( )d?“
= Y 2 / —7) ][ nin;(n - k) "OPEG (k)a; (k) dS(n)dr

ke (2 z)3

2”/ E— 2|k § (_1)m(2m+3) ( |k‘)2m El&}(k,)|2

2v ¢ I
6_3 (E ) (Fvel

ke(222)2 = am (m + 1)!(m + 3)!(2m)!

v DR e
1 > 24 m(m + 1)!(m + 3)! Ve
L U
= —E|Vw(k) ——V Z Z4mm+1)(m+3)

24
kE(Qﬂ'Z)Q m=1

E[Ve(k)[?

— L ST et REVw(k)
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Note that we applied the definition of f5(m + 3) and simplified the coefficient when applying

Lemma 3.17. Also by construction ‘11‘m c(¢, k) = 0. Moreover,
k|—0

I L& (COmE N s
o1~ k’ ‘422 m+1 m+3)’ ‘ (WﬁDQZ_4mm!(m+3>!(2m+2>‘
1 £)k| (— 1>mt2m+3 k|
~lsamr ), S e =l ], 0

A tlk] C
< -
< <£|k|>2/o SOl dt < 7

where we have used the power series representation of the Bessel function .J5(z) and the fact that
1
there exists C' > 0 such that |J5(z)| < C uniformly for all z[1]. Hence wgm c(l, k) = o
—00

Step 3: Apply Lemma 3.18 to conclude that there exists ¢, — 0 such that

—4y , € n n*
g—g(rlez) (0) = 27 24 T 0r0(1)

if and only if there exists /V, — oo such that

. . /\y 2 %
lnyn_}glfu Z E|Vw (k)| =n".

|k[> N,

Step 4: Next we use Equation (3.6) which was proved in Section 3.4.2, to conclude that the if

and only if established in step 3, also equivalently shows that

2 [ 2 2 [ 5Svel(7’) n*
) 7 Syer (7 )dr—é—(), . (- dr:E—f—oe_m(l).

Finally combine Steps 1-4 with the KHM equation to derive (3.7).
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3.5 The Inverse Cascade
In this section, we characterize the existence of an inverse cascade in both 2D and 3D.

Theorem 3.22 (Characterization of the Inverse Cascade). Suppose that A\ = A(v) < oo is a

continuous monotone increasing function such that hH(l) A = oo. Let {u"},~0 be a sequence of
v—r

statistically stationary solutions to the Navier Stokes equations (1.1) on T4 with divergence free

stochastic forcing g. Then there exists a decreasing sequence M, such that lir% M, =0and
v—r

. 1
.. b 2 % R i 2
111311(1)1fy g E|\Vur (k)" =¢"+ 2E|g(0)|

|k|<M,

if and only if there exists {,, € (1, \) such that hII(l) (, = 0o and
v—

Svyel (¢
lim limsup sup ‘# —4B4(1)e*| = 0; (3.19)
li—00 50 fe[fj,gu}
Sl 864(1)
lim limsup su ‘L— 464(2) + —=)e"| = 3.20
fr—o0 'Hopee[&gl} ¢ ( i d+2 ) 2
Explicitly the coefficients can be computed as
2 d=2 3/2 d=2
8Ba(1
4B4(1) = 464(2) + dﬁi( 2) =
4/3 d=3 4/5 d=3.

The proof of Theorem 3.7 is split into two different subsections, one for each of the flux laws.
While the details are slightly different for each one, similar to the direct cascade case the me-

chanics are similar for both flux laws.
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3.5.1 Proof of (3.19)

First, recall the KHM equation for S,;:

Sea() v, 4 [t
2( ) 7 —1I.,(0) — f_d/o ré layel(r) dr.

Step 1: Beginning with the source term a,(7), we apply Fourier analysis, Fubini and Lemma

3.16 with p = 0 to derive:

4 ¢ _ —’I/I"’n
[t ar=2 S [ e asmamgny
Sd—1

0 ke(2”Z

S A “Zﬁ CAPERD™ g

> > hulm) ) (ﬂ’jg B[k

e QWde 0

= POz, + 3 et BGHRIPE

ke(2Ez)d

1
Recall that when d = 2, f5(m) = Sy SO
mm

—0

}252(0) et )| ’i ml €|k|)2m‘

J1(€|k|)’
2 4m(m + 1)!m!

(k|

m=0

as (|k| — oo. Here we have used the power series representation of the Bessel function of the

first kind and that |.J;(x)| < 1 uniformly for all z € R [1]. Alternatively when d = 3, recall that
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fs(m) (22;?1!)! S0

2633(0) RS " (k])?
=5 etk = mZ:% 2m+3 2m—|—1).‘
B 9 L|k| (_1)mr2m+2
= (€|k|)3/0 mzzo @m+ 1) ar|
9 0|k
= —(€|k;|)3/0 rsin(r) dr
1

as (|k| — oo. Hence in both cases c(¢, k) — —%‘50). By Lemma 3.19 it follows that

4 1 254(0 254(0 .
Jim timsup sup 2o [ tan(r) dr = 22Dz, — 20 g2, — 5oy
1=  p0 KE(EIZU) 0
25d(0>A 2
= 0
19 3(0)

Step 2: Next, we use Fourier analysis to translate the energy correlation term I',,; as

_?V L) = 4Bu(e+v Y C<£’k)E]£ Vi

ke(2Lz)?

where lim c¢(¢,k) =0and lim c({, k) = —484(1).

£|k|—0 £|k|—o00

By Proposition 3.13 we know I',; € C?*(R). Thus we Taylor expand I/ ; about 0 and use

the Lagrange formulation of the error:

—4v —4v —4v [*
—Tall) = = Tal0) + = [ Tate) dr

From the proof of Lemma 3.15 we know that fsd71 n dS(n) = 0, so after applying Fubini’s
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theorem we have

r.,0)= —E][ ][ ][ n;0ur ury, dedtdS(n) =
gd—1 T4

Next, we consider the error term, which is real valued. We use Plancheral’s theorem to rewrite

the integral in x in terms of the Fourier series and apply both Fubini and Lemma 3.16 when p = 1

to get:
—4v " _4V 2 —zrnk v 2
— rvd( ydr=— ) dln k) E \u( )|? dtdS(n)dr
ke(Z7) S
k)2 (2m + 2)! T
k|? 5m+1 —1)"(r] drE][ uw (k)|?
ke;@d/ i Z 2m+1(2m)l(m + 1)! 0 [ (k)]

2> Zﬁ m+1 )W“') ]ﬁ Vv (k)|

ke(2rz)d m=0

= 454(1 Z f Vur (k

ke(2Ez)e

b S S Bulm ) )27,5 e f 1w

kE(Q’TZ d m=1

= 4B4(1)e — 4B4(VED(W") +v > e(C, k)E[Vur (k)|

ke(3z)d

Note that the final equality follows from the energy balance (3.14).

It is clear from the definition of ¢(¢, k) that é‘lkl‘ﬂl c(¢, k) = 0. Moreover, using the same
—0

argument as in step 1 we can show

()P (kP C
2mm) — k|

[484(1) + e(€, k)| = [4 Y Balm +1)
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Therefore

lim c(l, k) = —484(1).

L) k| =00

Step 3: Apply Lemma 3.19 to conclude that there exists (¢, — oo such that

4
lim limsup sup il (0)

br=>00 vs0 pefeyiy)

=484(1)(e = ED(u")) + lim limsup sup v Z (¢, k)E\VU( )|

Li—00 50 Ke[fzﬂu} k€(2’TZ)

— 45,(1)( ~ BD()) ~ 45:(1) (= - BD() — =" — S E0 o))
2/34(0)

= 4g,0)e" + 242 o)

if and only if there exists M,, — 0 such that

limipty 3 BT =&+ g8

k| <M,

GO =€+ 5 Ig( ).
Finally, combine Steps 1-3 with the KHM equation to derive (3.19).

3.5.2 Proof of (3.20)

Recall the KHM equation for S |

vel :

Szl)'el (f) 4

2 [ 4 [
(FH )'(0) + —/ 9 Spe (1) dr — — rdtig) (r) dr.
14 14 0 0

vel
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vel

Step 1: Beginning with the source term a,_,(7), we apply Fourier analysis, Fubini and Lemma

3.17 with p = 0 to derive:

4 : JUPNR

27TZ

ke 2z7yd m=0

mgk. 2m R )
=2 > Zﬁ 2mml()2(|+|d)+2)|g(k)|

ke( 27rzdm 0

_ 2f4(1) (=D™ED>™ e
B ETLY ||L2+2kz Zﬁ m1 2mm'(2m—|—d+2)|g(k)|

e( 27rz)dm 0

=20y S e bak)

d+2
ke(37Z)4
Recall that when d = 2, f5(m) = Sy SO
mmi!
262(1) B ‘1 N €|k|)2m‘ ’2J2(€|k|)‘
| T = 22 T 1 2)] )2 —0 as/|k| = oo.

Here we have used the power series representation of the Bessel function of the first kind and that

|Ja(x)| < 1 uniformly for all x € R [1]. Alternatively when d = 3, recall that 53(m) = (227:—}:11'),
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SO

253(1) B > (€|k|)
! +C(£>k)|_ (2m +5) 2m—|—3)(2m+1)!‘

\V)

mO

B 2: k| ° (— 1)mT2m+4
= I<:| 5/ (2m+3)(2m+1) ]

€|k\ m 2m+2
- dqd
€|k| / / —~ 2 2m+ ol Y

L|k|
= €|k‘| / /qsm dqdr‘

—— =0 as/|k|] —» .
Wfl)

IN

—~

Hence in both cases limyjx| . c(¢, k) = —Q’SdT(Ql). Moreover, by definition the coefficients ¢(¢, k) —

0 as ¢|k| — 0. By Lemma 3.19 it follows that

~264(1) 2834(1)
lim li — Qe == - 2 —
611_r}r(1)O 1r£1_>s(1)1p€€5212) / o7 d+2 HQHL d+2 (||9||L 19(0 )| )
2Ba(1) 1~/ 2
p— 0 .
d12 19(0)]

Step 2: Next we show that

—4y

(0 (0 =482 = D et E@R)P

ke(Zrz)d

where the coefficients satisfy ‘h‘mo c(l,k) = 0and wgm c(l, k) = —464(2) (Note these coeffi-
— 00

cients ¢(¢, k) may be different from the ones found in Step 1).

From Proposition 3.13, F . € C*(R). Thus we Taylor expand (Fﬂel)’ about ¢ = 0 and use
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the Lagrange formulation of the error to get

—4v , —4v ' v [* "
= = =y o = F [y

As fuy ninjny, dS(n) = 0 it follows from Fubini’s theorem that

—4v 4y
/ (Fuel)/(o) = 7E]id1 ]'[]Td ninjnkakuiuj dde(n) =
b

Next, consider the error term, which we will note is real valued. Using Fourier Analysis, Fubini’s

Theorem, and Lemma 3.17 when p = 1 it follows that

—4 4
7” /O @l Yy dr = Z v / ]i (0 - kY% T VE ][ (k)@ (k) dtdS(n)dr

€(3Ez)d
B 4y —1)™(2m + 2)!(r|k|)*™ r = 2
R [ - S 0 1w

m(p|k])2m T
2 Zﬂ m+2 )Qm(n’ﬂ’) E]ﬁ IVur (k)|
k

e( 27\'de 0

= 4uﬁd(2)E][ Vu”||?

S S [

ke( 27TZ d m=1

4842 — 4BED) + S et K)E ]f T (k)2

ke(2rz)?
Note that by construction lim c¢(¢, k) = 0. Moreover, by a similar argument to that done in step

£ k|—0

1, one can show that wgm c(l, k) = —4B4(2).
—00

Step 3: Apply Lemma 3.19 to the result from step 2 to conclude that there exists l, — oo
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such that

—4y
lim limsup sup —(Fq“;el
I—00 0 Le(l5,0,)

Y(€) = 4B4(2)e — 464(2) lim inf ED(u)

+ lim limsup sup Z c(ﬁ,k)E|V/1;’(k)|2

e ~
170 0 Ee(é;,&,)ke(%ﬂz)d

=4B4(2)e — 454(2) limjglf ED(u")

— 454(2) (e — lim inf ED(u") — &” — 2522(2)1) 19(0)[?)
284(2)84(0) -
— 4,2 + I o)
if and only if there exists M,, — 0 such that
—— 0) . 1.
liin_}glfu Z E|Vur|? =" + 252—2()1)]9(0)\2 =c*+ 5\9(0)]2.

Ik|<M,

Step 4: Next we use Equation (3.19), which was proved in Section 3.5.1, to conclude that the if

and only if established in Step 3, also equivalently shows that

2 ‘ d 2 ‘ a1 Svel (1) 8Ba(1) .

Step 5: For both d = 2, 3, one can check that

234(2)Ba(0)  2B4(1)

dBa(1) itz O

Now we combine Steps 1-4 with the KHM equation to derive (3.20).
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Chapter 4: On the Existence of Anomalous Dissipation for the Stokes equation

over Bounded Domains

In this chapter we consider the problem of defining a flow field which exhibits anomalous
dissipation over a bounded domain. We recall from Chapter 1 that anomalous dissipation is a
non-vanishing amount of mean viscous dissipation which remains in the system as v — 0 (or
equivalently as the Reynolds number Re — oc0). This is thought to be due to the nonlinear
convective acceleration term u” - Vu” elongating vortex tubules within the flow which in turn
increases the total vorticity (and small scale oscillations) within the flow. However as this is a
rather abstract quantity, the question becomes how to measure it. Recall that (in the absence of

boundaries) the Navier Stokes equations (1.1) satisfy the energy inequality

1 14 ! 14 1 14 ! v 1 !
SEI O ey + 7B | 196 By < GBI Oy + B [ [ 7204 5B [ gl
0 0 D 0

Formally, if we assumed that rather than an inequality the above was a perfect energy balance
(i.e. an equality instead) and we took the limit v — 0 then we should achieve the energy balance

for the Euler system. Hence the usual way to define anomalous dissipation is to check that the
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viscous dissipation is non-vanishing: there exists €y > 0 such that

t
limsupyE/ IVu"||72(py = €0 > 0. (1.2)
0

v—0

This definition of (global) anomalous dissipation [32] can be readily extended to a local
type definition over compact subsets X C D and is easily computable within a numerical simu-
lation meaning it is used extensively within the literature. An interesting mathematical question,
is how much regularity does u” need to retain in its inviscid limit for (1.2) to hold. Onsager
conjectured that if v € [C(0,T,C7(D))]* with v < 5 then u” exhibits anomalous dissipation.
Onsager’s conjecture is supported by the fact that there exist Euler flows over unbounded do-
mains with Holder regularity v < % which are dissipative [37] and even in the larger space of
Besov regular solutions [58]. Moreover, recently Armstrong and Vicol [4] were able to construct
a highly oscillatory flow field by gluing together shear flows together at infinitely many length
scales such that a passive scalar subject to this flow field exhibits anomalous dissipation. Based
on this approach, Brue and de Lellis [13] were able to construct 2.5 dimensional solutions (when
u” 1s a 3 dimensional vector field but only depends on 2 spatial input variables) to the Navier
Stokes equations which exhibit (1.2) by setting the z-velocity to be a passive scalar type quantity.
Despite this great progress, the case of a fully three-dimensional analytical velocity field to the
Navier Stokes equations which exhibits (1.2) remains open to the authors knowledge.

In this work, we wish to address how the presence of a boundary affects the existence of
anomalous dissipation. Typically, the presence of a boundary makes most classical techniques
harder to use, for instance Calderon-Zygmund estimates for the pressure fail to hold due to the

boundary, and in the inviscid limit a boundary layer will form [40, 65,69]. In the case of a no-slip
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boundary condition, Kato was able to show that for a highly regular domain and [C"((0,T) x D)}?
solutions then there is no anomalous dissipation if and only if the amount of vorticity within a thin
region next to the boundary vanishes [40]. Kato’s proof uses a boundary correction type approach
and there have been many variants of Kato’s criterion for the lack of anomalous dissipation. In
particular, we refer to the result by Drivas and Nguyen [24] which uses a mollifier type approach
and breaks the flow into the bulk and boundary components to show the regularity assumptions
required on each part. In that work the authors were able to show that if the bulk flow is uniformly
[L3(0,T, BS,,(D)]* where o € [3,1] and the boundary flow is [L>°((0,7") x D)]? then there is
no anomalous dissipation. However, the authors in [24] work with an unforced flow which would
almost never appear in nature. Motivated in part by their work, we work with the Navier-slip
condition instead of the no-slip condition and we will study flows which are only L*((0,7) N
H*(D)) near the boundary with s € (0,1). This is substantially less control over how the flows
behave at the boundary and we will show that we get a non-zero limit in (1.2) which is the
opposite result from [24]. Moreover our example should be able to be extended to show an non-
vanishing limit over any compactly supported subset in the domain by taking a properly weighted
sum of external forces which concentrate energy on concentric shells with radii from a countable
dense set in R, which shows that one sufficient condition for (1.2) is to concentrate energy over
sets of Lebesgue measure 0 within the domain. Furthermore, contrary to most comments within
articles for unbounded domains, our example uses a fixed external forcing which is not highly
irregular (it is in fact C'* within the interior of the domain) but rather just concentrates energy
at the boundary. This is highly analogous to how Stokes 2nd problem which is not “anomalous”
which shows that (1.2) is not a good way of measuring the contribution of the nonlinear term to

the acceleration of viscous dissipation in the inviscid limit.
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Results of this kind are known already in the context of stationary solutions to the stochas-
tically forced Navier Stokes equations over unbounded domains. For instance, Bedrossian et.al.
[9] showed that (1.2) is not a good definition for anomalous dissipation in the case of statisti-
cally stationary solutions, because stationary solutions to the stochastic heat equation subject to
a zero drift, white-in-time colored-in-space noise (which is independent of ) will satisfy the

non-vanishing viscous dissipation assumption due to its energy balance:

dw = vAwdt + gdW,; t 1 t
=B [ [Vullan = 3E | Il #0.
0 0

w(0) = wy

As such in the case of stochastic flows, authors have tried finding alternative definitions for
anomalous dissipation which are directly related to how the convection term contributes to the
energy balance. See [9,23,26,60] and Chapter (3). However to the authors knowledge, the ex-
ample we outline here is the first such example in the for non-statistically stationary solutions. In
particular, we show that in the presence of a boundary, we can build non-statistically stationary
solutions to the linear Stokes equation which still satisfy (1.2). This analysis also works for the
linear heat equation, but we will work with the Stokes operator as it is closely tied to the Navier
Stokes equation which is the motivating system for this problem. Heuristically, one can argue that
our approach still increases the total vorticity within the flow — without any vortex stretching —

as the boundary is a natural source for generating vorticity within the flow.
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4.1 The Physical Implications of Including a Boundary

In this work, we take the domain D = B(0, R) C R? where R € (0, 00) is a fixed value.
We will further assume that this boundary is impermeable to the fluid, but the total shear stress
induced on the fluid is proportional to the momentum of the fluid at the wall, that is to say 2"

satisfies the Stokes equation with the Navier-slip conditions:

dz¥ = (VAZY + Vp¥ + f)dt + gdW, z €D, t>0

V-2vy=0 reD, t>0

2v-nfP =0 x€edD, t>0 (4.1)
noP . Vz¥ + azl =0 r€0D,t>0

\z”(O) = 2o z e D.

Here o € L>®(9D) is called the slip length, n°” is the outward unit normal vector to the boundary

n9P . 2"Yn9P|5p is the trace of 2" in the tangential direction along the

0D, and 2 |sp = 2"|op — (
boundary.

The slip-type boundary condition proposed here was first considered by Navier [56]. Here
a > 0 is a “constant” of proportionality that balances the friction the fluid experiences along
the boundary with the acceleration due to the pressure gradient. Alternatively, one can consider
the slip condition as a growth rate for the tangential component of the vorticity generated at the

wall (after accounting for the curvature of the wall as well) [16]. In particular, this friction-type

boundary condition has been derived from the kinetic theory of homogenization in [5,20] and
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has been justified as the effective boundary condition for flows over rough boundary [33, 52].
Furthermore, experimental evidence suggests that at sufficiently large Reynolds numbers or in
domains with curvature the no-slip boundary condition fails to capture important information
about the flow [27, 38, 82]. As such, the study of (4.1) with Navier Slip boundary condition
has become more prevalent within the literature, see [16,57,81] and the references within for a
sample. Moreover, as &« — oo one can recover the non-slip condition and as o« — 0 we recover
the full slip (also known as the zero-flux) boundary condition; marking the Navier-slip condition
as a generalization of the other types of physical boundary conditions typically encountered in
experiments [16]. In this work, the Navier-slip condition is used not only to account for physical
relevance but also as a measure to ensure the kinetic energy at the boundary is non-zero. As we
will show in the following sections, lacking control over the kinetic energy at the boundary is a
sufficient condition to show the existence of anomalous dissipation over the entire domain even

if there is no convective term to mix length scales together.

4.1.1 Outline for the Chapter

First in Section 4.2.1 we elabortate on how the Stokes problem and the Navier Stokes
problem are related, and physical intuition for the problem. Then in Section 4.2 we construct a
family of non-statistically stationary solutions to the Stokes problems which satisfy (1.2). Finally,
in Section 4.3 we numerically simulation our example using finite differences to illustrate how
the family of constructed solutions from the previous section behave in both the stochastic and

deterministic setting.
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4.2 Existence of (Global) Anomalous Dissipation

In order to construct our family of martingale solutions {z"},~ which satisfy both the lin-
ear Stokes problem as well as (1.2) we will concentrate the external forcing near the boundary.
This has the affect of speeding up the fluid velocity at the wall causing larger shearing affects
(due to the slip boundary condition) which then moves into the interior as small scale oscilla-
tions. Before getting into the specific details to ensure the family of solutions exhibit anomalous

dissipation, we first recall a few results about the linearized Stoke problem.

4.2.1 The Linearized Stokes problem

Consider a solution process z” to the equation

(dz”: (—vPr(—Apng)z" + f)dt+ gdW, xz€ D, t>0
V.-2vy=0 reD, t>0
noP . ¥ =0 r€ID, t>0
no . V¥ +azt =0 redD, t>0
Kz”(O):O r€D

which can be recast using the Stokes operator Ayg as a general linear parabolic problem:

dz¥ = (—I/ANSZV—f—f)dt—I—ngVt reD, t>0
4.2)

2(0) =0 r e D.
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It is known that — A yg generates an analytic semigroup provided D is at least C'*'[78]. As such

define:

t t
2"(t) = / e VI=9)ANS £ (g +/ e VIESANS o QI
0 0

Then z” is the unique weak solution to (4.2) [21], and by both Ito’s formula and Young’s inequal-

ity z¥ satisfies the following energy inequality

1 y SRRV
§E( sup |12 (t)[172()) +2VE/ 1AV 5 1720y 4.3)
te[0,7) 0

T T
§2E/ ||f||2LZ(D)+E/ 190122
0 0

Thus the trajectories of 2 are in [L>°(0, T, L2(D))]* N [L*(0, T, H; ,(D))]* P-a.s. when v > 0.
It is possible to show higher classes of regularity by appealing to the analyticity of the semigroup

operator, but such results are unneeded here.

4.2.2 The Nonlinear Problem

It is worth noting that solutions to the full Navier Stokes problem (1.1) can be formed

using the Stokes problem as a base: For each fixed w € ) we consider the trajectory of v”(w) =
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u”(w) — z”(w) which will be the weak solution to random differential equation:

(

dv” = (= vPr(=Ang)v” = Pr((v¥ + 2 - V(v* +2¥))dt z €D, t>0

V- =0 reD, t>0

noD v = xredD, t>0 (4.4)
noP . V! + av? =0 r€0D,t>0

v”(0) = wyg r € D.

\

We remark that (4.4) is entirely deterministic (for fixed w) and v” only inherits its probabilistic
behavior from the linear solution z” through the convection term. Furthermore, construction of
weak solutions to (4.4) are straight forward to establish by using the eigenfunctions of the Stokes
operator Ayg similar to the method used in [31] and the full solution u” = 2" + v” will be a

martingale solution to (1.1).

Remark 4.1. Here the convection term u” - Vu” shows the mixing of the (dissipative) linear

problem across different length scales within the interior of the domain.

Remark 4.2. The property that v¥ is a suitable weak solution to (4.4) so that v¥ = v” + 2" is
a weak solution to (1.1) seems to depend on the solution 2" to the linear problem. However this
is not true. See Theorem 2.8 in [67] for the proof of such a result. As such when g = 0 there is
no difference between suitable weak solutions in the classical deterministic sense of Caffarelli,

Kohn and Nirenberg [15] and the stochastic case.

Remark 4.3. In the next subsection we choose the external forcing f, g which are concentrated
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at the boundary to ensure that
t
. 2
0<eg < llg[l)uE/O IV \72(p)-

This is done through the use of the trace theorem to bound the viscous dissipation below by the
behavior of the flow at the wall. Hence if v¥ is compactly supported within the bulk/interior of the
domain then a similar argument shows that u” will also exhibit anomalous dissipation. We note
that while we were unable to show that v¥ is compactly supported within the interior in order
to show the existence of solutions to the Navier Stokes problem which satisfy (1.1), this kind of

assumption is well supported by experimental evidence [63] and the references within.

4.2.3 Construction of a Stokes Family Exhibiting Global Anomalous Dissipa-
tion

Now we will choose specific choices for f, g so that the family of (viscous) martingale
solutions {z"} to the Stokes problem (4.2) satisfy (1.2) by blowing up at the boundary. While
it may be possible to generalize the arguments used here to arbitrary C'! or even Lipschitz
domains, for clarity we will restrict ourselves to the case when D = B(0, R) C R? to make the
computation along the boundary easier to work with. Furthermore, we expect a similar behavior
to be true for the full Navier Stokes solution {u”}, however our approach is not immediately
amendable to this question due to possible contributions v may make at the boundary. See 4.3.

Before getting into all of the details, let us naively sketch out our approach.

Remark 4.4. Let 0 < ¢ < 1. Since D € C there exists a trace operator v : Hzt¢(D) —
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L2(0D) [72). Moreover H2"(D) is an interpolation space for L2(D) and H'(D). Thus by

Holder’s inequality

T T
1 1
V2+EE/ HZVH%Q(BD) < V2+ECE/ ||ZV||Z%+E(D)
0 0
T

T - 1/2—¢ - 1/2+e
<C(® [ 1710) (B[ 1hw)
0

Recall that when f,g € [L*(D)]? then the kinetic energy within the interior of the domain is
uniformly bounded meaning that if 2 blows up at the boundary then its H' norm also blows up
at the same rate. Note that there is no contradiction in requiring 2" to have a uniform bound on
its bulk kinetic energy (i.e. kinetic energy over the interior) and requiring the kinetic energy at

the boundary to blow up since the boundary 0D is a set of 3-dimensional Lebesgue measure 0.

While this naive approach seems great at first, its impossible to construct a solution z”

which blows up faster than V2 at the boundary.

Remark 4.5. Suppose a € (%7 1). Now select € = % € (0, %) Then the linear trace operator

v : H3%(D) — L*(dD) is uniformly bounded and by the same argument as in Remark 4.4

T T T
a v a—e—3 v 1_. v 1., a—e—1L
”EA”Zm%mﬁSCV 4Eﬂuu@ww wséuu@ww+g0u 3
Here the last inequality comes from the uniform bounds on the mean kinetic energy and viscous
dissipation of z¥ from (4.3). Hence the right hand side vanishes as v — 0. As such our naive

approach to the problem which we outlined in Remark 4.4 needs to be adjusted slightly.

Since the Stokes problem 4.2.1 is linear, to examine how z” behaves at the wall it is enough
to study how the noise/ external forcing interacts with the wall to introduce vorticity into the fluid.
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We now explicitly construct an example of external forcing which is in [L2(D)]? and blows up

along the boundary when convolved with a Gaussian kernel.

Proposition 4.6. Let 6 € (0,1), R > 0, D = B(0, R), and {e;}’_, be the standard basis in R®.

Let dist(x, A) = infl |z — y||s2 be the Euclidean distance to set the A. Define
ye

1 —\/22 + x2e1 + 236
L 271 372 z e D.

9@ = S oDy 2]

Then g € [L*(0,T,L2(D))]*. Furthermore, for all c,b,w > 0 there exists a constant Cs =

C(e,b,0) > 0 such that

T t eyl 2
g WWE/O /8D‘/0 /Dme_b”“‘y” e g(y)dydW| H*(du)dt

> CsT?7%% > 0.

Proof. Notice that for z € B(0, R) then dist(z, D) = R — |z| and ¢(z) = —Y mitrgertwser 4o

||

the azimuthal unit vector. As such we can rewrite g is spherical coordinates as

1 -~
g(z) = mﬁb

where || = r. Then using spherical coordinates and the change of variables R — r — r provides

T , T prR r2
g dxdt:/ / / —— dS(n)drdt
/0 /D|| o Jo 52(3_7‘)6 )
2

R J—
§47TT/ (_RTT)dT<OO
0
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and by applying the definition of divergence in spherical coordinates we can show that g is diver-

gence free:

1 0 1
B rsin98_¢((R—r)5/2> =0

Let xp(z) be the indicator function for the set D and let € dD. Consider the change of

variables £ = Z-¢, Note the Triangle inequality implies that for all 1 € R3

ﬂ

1
| — h < |z| + |h| = R+ [ = |g(z — h)|* > G

Thus by applying Ito’s isometry and our lower bound on g(z — h) we obtain

t & - lo—y|? wr(t—s 2
50 =8| [ [ e e gy
=c V5/2E‘/ / 7b|§\2 —wr(t—s) Z‘ _§ t_ S XD T — 5\/ t— S dde ‘
R3
:CQV5/2/ g ’efb\élz v(t— s) —&Jv t—S | XD 1‘—5\/ t—s dde

—2b|§|2 —2wu(t—s)
> ¢ ,/6/2/ /Rs e )5/2XD — &\/v(t — ) déds.

Since D = B(0, R) is convex, the radial lines 2 — &+/v(t — s) remain inside D for v sufficiently
small whenever the angle between the vectors = and & is between 7 and 37” radians. In other
words if (-,-)5 is the ¢* inner product in R? (i.e. the standard dot product in R?) then z —
£\/v(t —s) € D for some v sufficiently small whenever (x, &), < 0. As such, the indicator
functions yp(x — & m) — X(¢,z)2<0 10 the sense of distributions as v — 0 and for any
fixed x € OD, in the inviscid limit, the indicator function is supported over exactly half of the

unit sphere (in &) relative to . Hence by applying Fatou’s Lemma and writing the £ integral in
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spherical coordinates, we obtain

hmmf/ S, (t) H*(dz)dt

oD
/ / liminf S, (t) H*(dx)dt
oD v—0

o~ 2blEP2
-—c/ / ‘W%ﬁ/m/ deds(z)
52 J{EeR3|(¢,x)2<0} ‘f’

2T2 5/2 o2 o s
~ s —6) / /{H}/ e drdS(y)dS(a)

972 2T2-58/2

~(20)C-D2(1 - 6/2)(2 - 6/2)

(3 6)

= CgTQ_(S/Q > 0.

Proposition 4.7. For ¢ € (0,1), let pd < 1 and s € (0,1) such that

6
0—2s+3—->0
p

then g € [L*(0, T, H*(D))]>.

Proof. By the definition of gg, the Triangle inequality, and Young’s inequality

IR o VA RIEE JRVAT RAT S A

[ 1yl

| 7] |
2y’ |z — yI* + 2ly/*|z — y[?
- ERE
4z —y|?
|2
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Then using the Triangle (and Reverse Triangle) inequality, we have that for all x,y € D

gt 20
o) =901 = [ = oy~ |yy|>5/2
_ ’ 1 B ‘ N ) — o(y)|
R T
|z — y|*/? 2’95_9’

T (R=[2z)2(R = [y |=[(R = |y

Moreover, for z, y € D the max difference |z — y| < 2R and we can extend g to R? as

e el <R

g(x) =
0 |z| > R

Putting this all together allows us to bound the H* semi-norm by

/ / |g’1’ - ’3+25‘2dxdy = / / |z — [>T (R |x:!yl|’(|s)5(R— ly[)° dydx
// — |y|) |:v| lz — [ dxdy
_ a0
) /Dw/lx—ySR% (y)* dydz
_ a0
+/ ﬁ/}kx y<2R% (y ) dydx

dxd
/ / ) |as| i — y[rees Y

=L+ 1+ Is.
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As g € L*(R3) it follows quickly that for any s > 0 and § € (0,1)

I 1 (2R)° 2 Jude < 2° R-25-3| 4|12
2= | R— )y et yl<o R3+289(Z/) yar < 191172 (p) < 0.

Next to study /; we use a technique from [35] to write the inner integral as a convolution which
is averaged over a ball of radius R. Let p > 1 be chosen such that pd < 1 and let ¢ > 1 be its

Holder conjugate, i.e. Il? + % = 1. Then by Young’s Convolution inequality for all » > 0

3—3w 47

172X B0 * @y < 12X B0 | Lo@e)]| ] Lo@sy = 7= (?)1/w\|92HLP(D)-
Here
1 1 1
4= p el oty =1
q p w q w

and when pd < 1

R 2 R
2Ne = 2 Jp — r < 2 —pd
197120 () /D|g| dx /52/0 = r)pédrdS(n) <A4rR /0 u Pdu < oo.

Thus by Holder’s inequality

o0

h=[ s> o
o BTl 24 o

=0/ R27 " 1<|z—y|<R2™ |z —

1 — (R27) / 9
< g°(y) dydx
/D<R—m>6 R f T

< 8Z(R2")525(R2”)3/ QQ(x)XB(O,RQ*") g (z) dx
D
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To ensure that this geometric series converges we choose ¢, s, p, ¢ such that pd < 1 and

6 — 3¢q 3p—6

60— 2s+ =0 — 25+ > 0.

Lastly, we consider the /3 integral due to differences in the azimuthal angle. It follows by Young’s

convolution inequality that provided ¢ > 1 satisfies

1 3 1
]_)+Z+¥:2 and t(142s) <3

then

1 1
dxdy
// Iyl Ifc—y|”25|$|2

_ d l/p 3/4 Py
<(), |y|>p6y |y18/3 / i W) <o

Importantly we note that it is always possible to choose ¢ such that this is true. We see that by

substituting in our relationship for ¢ into 4.5 results in

6 1 9 6
O<5—28+3——:6—28—9+6(2——):5—23——+—
P P 2 t

and thus

7 3
5=

The supremum (in ¢) of which is g, so for every value of & we can choose ¢ sufficiently small so

that ¢(1 + 2s) < 3 which implies I3 is finite. O
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Remark 4.8. Ler 0 < ¢ < % and define s = % then (4.5) is satisfied for all § < 11—1(\)/5 ~

0.45969.

To see why, note that by substituting in for s we make a common dominator for the fractions

to get

5_2(1—(5+25)+3_§:p((5—(52+4—45)+65—12
2—6 p p(2—9)
12— 66
P 4

>0

=

Also, it is assumed that pd < 1 so

12 — 66 1
= 41 —¢)—11 2,
4+5—62—45<p<5:>0< (1—¢) 0+ 50

Which is satisfied for § < 2oy 12110_80(1_6) < 11’15/5 ~ 0.45969

Now that we have a possible candidate for our noise coloring, let us show that z” inherits
this behavior at the wall. To avoid confusion, we keep g according to Proposition 4.6 but for

simplicity we take f = 0.

Theorem 4.9. Let g be as in Proposition 4.6 and assume f = 0. Then there exists a kernel

K; € [L=(D x D)]**® forall t > 0 such that

t
z”(:c,t):/o /DKy(t—s)(fE,y)g(y) dydWs
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is the unique weak solution to the linear Stokes problem (4.2.1) and
T
hm_)i(l)lf VJ/QE/ H’ZVH%2(8D) dt > 0.
v 0

Proof. Recall that B(0, R) is of class C' and a € L*>(9D). Moreover the Stokes operator

Ans = P(—A) is associated with the sesquilinear form a,, : H} (D) x H, (D) = R

Ao (2,9) :V/aDozz-quQ(dx)—i—y/DVz:ng dx—/ng-gth(x).

Thus the semigroup generated by Ayg: e *4~s, has a kernel K, € [L>°(D x D)]? forall ¢ > 0

[78]. As such the solution z” can be represented for all z € Dandt > 0as

t t
2 (x,t) = / e V=) ANs g qTY, = / / Ky—s(2,9)9(y) dW(y).
0 0o JD

Moreover, as Ay is a self-adjoint operator, K, also satisfies the lower Gaussian bound [78]: for

all z,y € D and t > 0 there exists b, ¢, w > 0 such that

lz—y[?

Ki(z,y) > ™3 = e = Hy(x,y).

Thenas g > 0and K;, H, > 0

2 t 2
ZE‘ / / Hy (2, y)g(y)dydWs| .
0 D

t
B / / Koo (2, 9)g(y)dydW,
0 D
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Therefore, by Proposition 4.6

T T t 2
limiglfu‘WE/ 12"[| 729y = lim inf V6/2E/ / ‘/ /Kl,(t_s)(:z:,y)g(y) dydWy| dH?(x)dt
v 0 v—=0 o Jap'Jo Jp
T t 2
zliminfl/‘s/QE/ / ’/ / Hyi—s)(x,y)g(y) dydWs| dH?(x)dt
v=0 o Jap'Jo Jp
> 05T2_5/2 > 0.
[

Remark 4.10. While we have shown that the kinetic energy at the wall can be made to blow up
like /% we cannot apply the same arguement as in Remark 4.4 since its blow up rate is too slow
for the interpolation between L*(D) and H'(D). Instead we amend this approach to instead

interpolate between H*® and H* for an appropriate choice of s.

Proposition 4.11. Let z§ be the solution to the Stokes problem under the same assumptions as in

Theorem 4.9. Let § < 1YL and 0 < ¢ < & then v = 15542 ¢ (122 1) and

T
sup E/ 125 || v () < 00.
ve0,1)  Jo

Proof. By Ito’s Isometry

T T t
B[ 1t =B [ [ 1 g dsat

Then since B(0, R) is C*, it follows that the Stokes semigroup e~“*~s is C;, [78] and thus there

exists constants wy > 0 and M > 1 such that ||e ! 4¥s|| < Me¥0!, As T' < oo it follows from
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Remark 4.8 that

T
sup E/ 125 |2 (py < sup ME/ / wo(t= S)]\gl\H7 dsdt < oo.
0

ve(0,1) ve(0,1)

]

11—v41
10

Theorem 4.12. Under the same assumpations as Theorem 4.9 with § < , if 25 is the

martingale solution to (4.2), then

T
limsupVE/ HVZ(I;H%Q(D) > 0.
0

v—0

Proof. Step 1: Let 0 < ¢ K g. Define s5 = 15 5+25 . By Proposition 4.11

H%5 (D) < OQ.

T
sup B / 121
ve(0,1) 0

Step 2: As D = B(0, R) is C, there exists a bounded linear trace operator tr : [H/2+¢(D)]3 —
[L2(0D)]? [2,73]. Moreover, the Sobolev space H'/>*¢(D) is an interpolation space for H* (D)

and H'(D) with interpolation exponent § € (0, 1) given by [2, 80]

1 )
§+5—(1—6)35+9$9:§
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Therefore, after applying Holder’s inequality with conjugates p = 2 and ¢ = 325 we get

T T
B[ 151x0m < CE | 1B

2-6 [

T 2-9 T [
<C(B [ Ilnw) " (B 1hw) . @6

Step 3: It then follows from Theorem 4.9 and (4.6) that

T

0 < limsup l/gE/ 1251172 (o) dt
v—0 0

2-6 5

T T 5
. v 2 v ’

< hmsupC’(E/ H%H%{Ss([))) (VE/ ”%H%ﬂ(D))
v—0 0 0

T b
< C'limsup (I/E/ ||VZ§||%2(D) dt) g
0

v—0

Here the last inequality is due to the uniform bound on the kinetic energy in (4.3) so

T

T T
limsupuE/ ||25||%{1(D) ZlimsupyE/ ||Z§||%2(D) +limsupuE/ ||V25||%2(D)
0 0 v—0 0

v—0 v—0

v—0

T
zlimsupyE/ ||VZ5||%2(D).
0

O]

Remark 4.13. Here we were able to construct a linear problem with a non-vanishing viscous
dissipation term by concentrating the kinetic energy at the wall. This shows that even for non-
statistically stationary solutions (1.2) is not a good measure of how the nonlinearity contributes
to the increase in small scale oscillations and accelerates viscous dissipation within a turbulent
flow. In part, this is because (1.2) measures the total enstrophy in the system and not how the
convective acceleration speeds up dissipation within the interior [16]. As such if we choose our
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forcing appropriately we can create a sufficient amount of vorticity at the boundary so that the

average total enstrophy in the system blows up at its max possible rate of O(v™1).

Remark 4.14. Previously Bedrossian et.al. [9] showed that global anomalous dissipation could
be achieved by statistically stationary solutions to the heat equation where nothing “anomalous”
is actually occurring. This pointed to the fact that (1.2) is not a good definition for saying a fluid
exhibits anomalous dissipation in the context of stochastic flows. Similarly, we have constructed
an example of a solution to the linear Stokes problem which satisfies (1.2) but is not statistically
stationary which is a complementary result. However, our approach can also be extended to the
case of deterministic solutions by choosing f to blow up at the boundary and setting g = 0.
Hence (1.2) is not a good definition for saying a fluid exhibits anomalous dissipation if one only

requires the external forcing to be L>.

Remark 4.15. In order to account for the issue of statistically stationary solutions Bedrossian
et.al. [9] suggested the concept of a solution satisfying what they call as weak anomalous dissi-
pation where

: v 2 _
llL%VEHu Ollz2p) =0 Vte[0,7T].

However by the uniform bounds on the kinetic energy we see that both v and 2" satisfy this
definition as well meaning this does not capture the role of the nonlinearity to accelerate the
amount of dissipation that occurs within the interior of the flow. Instead we posit that anomalous
dissipation should be measured as a local phenomena instead of a global one.

One possible local approach would be that instead of using (1.2), for a non-statistically
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stationary fluid to truly exhibit anomalous dissipation it should hold that

T
lim sup VE/O HVu”H%lgoc(D) > 0.

v—0

This does not work in the case of statistically stationary solutions due to the heat equation (again)
satisfying this bound without anything anomalous occurring. As such we expect that one can
similarly construct non-statistically stationary solutions using the techniques here which also
satisfy this requirement possibly by using g like we defined here but it concentrates energy on
concentric shells with radii from a countable dense set subset of (0, 00).

Another (local) approach, is to just measure how much the nonlinearity contributes to the

dissipation of energy using the regularity measure of Duchon and Robert[25]:

T
limsupE/ / D(u”)(dz)dt > 0
o Ju

v—0

where

£—0

D(u¥)(x) = limi Vouly) - 6,u" (2)[5,u" (@) dy ¥z € D.
D

Here ¢y is a standard mollifier of size { and d,u” (x) = u”(x +y) — u”(x). See Theorem 3.14 for
how D(u") acts as a measure of the dissipation due to the convective term in the energy balance

over a torus.

Remark 4.16. By construction the noise gdW, is concentrated at the boundary. This is strictly
different from Kolmogorov’s theory of turbulence which assumes that the external forcing on the
system is confined to only the largest length scales of the problem (i.e. within the interior of the
domain). Nevertheless one can still analyze the structure functions over the interior such as in
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[60] to examine the impact of the nonlinearity on the energy dynamics.

Remark 4.17. While we have shown that the existence of (global) anomalous dissipation for a
system subject to an arbitrary choice of [L*(D)]? forcing and initial conditions, is not well defined
as a nonlinear phenomena, one could alternatively redefine the problem to be subject to [L*(D))?
forcing which is bounded over the closure of D, like in Kolmogorov’s theory of turbulence. In this
way the forcing will only exist over the largest length scales of the problem and (possibly) cannot
be concentrated on sets of Lebesgue measure 0. In this case, the nonlinearity will (possibly) be
the driving source of vorticity generation and once again allow (1.2) to be a good definition of
anomalous dissipation. This problem remains open, however we note that vorticity will still be
generated at the wall so one will need to account for how this affects the existence of global

anomalous dissipation.

4.3 Simulation Examples

In order to confirm the results from Section 4.2 we will simulate the Linear Stokes problem
over a semi-infinite plate and inside a sphere and measure the amount of viscous dissipation
as v — 0. Throughout this section we implement a finite difference approach while evolving in
time using the Euler-Maruyama method (a forward Euler approach in the context of deterministic
flows) for simplicity. In order to ensure that the dissipation is fully resolved we take the spatial
step size on the order of the Kolmogorov length scale dy = v*/* and temporal step size of
dt = 0.005 (smaller than the Kolmogorov time scale for all values of v we consider here and is
compatible with the CFL condition). Finally for all stochastic simulations we average the results

over 250 different realizations of the flow.
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(a) Average Kinetic Energy (b) Average Dissipation

Figure 4.1: The Average Kinetic Energy and Viscous Dissipation above an infinite plate

First we consider the numerically simplest case: an incompressible fluid above an infinite
stationary plate contained within the plane y = 0. We will also assume that the flow is symmetric
with respect to both the x and z axes and decays to 0 as y — oo. We take our coloring to be
g(x,y,z) = 0,0, y(;%] with the initial condition of zy = 0. For now we will fix § = 0.75.
Later we will check to see how the various quantities of interest change with §. For the actual
simulation space we will take the domain to have a height of y,,,, = 10, and we fix the slip
length o = 0.0005.

Due to the symmetry assumption in this setting we can reduce the full 3D problem to a 1D
problem which is perpendicular to the plate greatly simplifying the numerical complexity of the
problem. In Figure 4.1, we show that both the mean global kinetic energy and global viscous
dissipation remain roughly constant as ¥ — 0. This agrees with our earlier analysis that along
the boundary the kinetic energy is blowing up as v — 0, so even through the energy within
the interior of the flow is uniformly bounded with respect to v, the viscous dissipation does not
vanish as vorticity continues to be created from the singularity in the noise at the boundary. See

how the mean kinetic energy at the boundary remains roughly constant in Figure 4.2.
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Average Kinetic Energy at Wall over Time
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Figure 4.2: The Average Kinetic Energy at the Plate

We note that a similar problem to what we have analyzed so far is Stokes’ 1st problem
where we take a no-slip condition at the boundary and allow the plate to oscillate with fixed
speed U. This is analogous to the problem we have analyzed as the forcing is concentrated at the
boundary and a Brownian motion is normally distributed about 0 so in our case the noise gdIV;
may flip signs with every time step. However we note that the creation of anomalous dissipation
and the blow up of the kinetic energy are not due to the oscillations but instead due to the singu-
larity of g at the boundary. Indeed, if we instead look at the deterministic system with external
forcing still given as f(z,y, z) = [0,0, yﬁ] we still see the existence of global anomalous dissi-
pation and a blow up in the kinetic energy at the boundary. See Figure 4.3. Moreover, looking at
the various quantities for the deterministic and stochastic settings, we see that the oscillations at
the boundary actually reduce how much energy can accumulate at the boundary and how much
vorticity can be introduced into the bulk flow. Most likely this is because in the deterministic
setting, the forcing pushes the flow in only one direction, while in the stochastic case the forc-
ing is able to change directions — meaning that in the deterministic setting the fluid velocity at

the boundary increases much faster due to a mono-directional forcing while the oscillatory-like
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Global Viscous Dissipation over Time
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Figure 4.4: The Average Viscous Dissipation above an infinite plate in a Stochastic and a Deter-

ministic System as § — 1~

forcing from the stochastic case limits how fast the velocity at the boundary can grow.

So far we have fixed o and seen how the quantities of interest change with . Moreover the

choice of 9 used is outside of the values we used in Theorem 4.12, however this is inconsequential

as can be seen in Figure 4.4 both the stochastic and deterministic systems behave the same for

each value of ¢ with only the total amount of viscous dissipation over time increases with the

strength of the singularity at the wall. This suggests that Theorem 4.12 should be able to be

extended to all 6 € (0, 1) but the validity of which remains open.
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Figure 4.5: The Average Viscous Dissipation and Kinetic Energy over a Sphere of Radius 5

Next we consider the same (Stokes) problem but over a sphere of radius R = 5 instead
of in a flat semi-infinite domain. We do this first to confirm the results from Theorem 4.12 as
well as to check if the curvature / symmetry assumptions we used in the previous simulation are
impacting the results. Note that in this setting the coloring on the noise is given by g(r, 0, ¢) =
0,0, 527)

Once again we use a finite difference approach to compute the solution z” but now we take
the mesh sizing in the 7, §, ¢ directions to all be on the size of the Kolmogorov scale %/, Since
this mesh sizing is in all 3 dimensions, the cost of each time step has greatly increased compared

to the halfplane case where the symmetry assumptions reduced the problem to 1 dimension.
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Moreover we impost the (implicit) assumption used throughout that at the origin z” is bounded.
In practice this was done by saying that at the origin z” is equal to the average of 2" over the
smallest shell containing the origin.

In order to compensate for the extra computational difficulties, in this case we restrict v to a
smaller range of values: v = [0.5,0.25,0.1,0.075, 0.05]. Nevertheless, we still observe that once
again the solution to the linear Stokes problem z” exhibits a blow up in the kinetic energy at the
wall as well as satisfies the global anomalous dissipation assumption. See Figure 4.5. However
when comparing the spherical case in Figure 4.5 with the infinite plate case in 4.1 and 4.2 we
see that the curvature of the domain causes the kinetic energy at the boundary to blow up much
faster. Moreover, it causes the total amount of viscous dissipation and kinetic energy to increase.
Most likely this is because in the bounded domain, any oscillations that do not dissipate out near
the origin are eventually reflected back at the wall and the curvature makes the newly created
oscillations which are moving into the interior to collide with one another leading to the waves

amplifying one another.

4.4 Future Directions

This work has shown that (1.2) is not a good definition for how nonlinear affects contribute
to anomalous dissipation even in the non-statistically stationary/ deterministic setting when the
external forcing is taken to be only L2. But it remains open whether requiring the external forcing
to be in L™ could fix this issue. Another area of interest is to consider the converse: what are

sufficient conditions such that solutions to the Navier Stokes equations u” behave well-enough
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such that

llmSUpVE/ |Vu” ||L2(D = 0.

One possible approach is to examine the techniques used in [24] for the no-slip boundary condi-
tion to the slip boundary condition where certain quantities may be easier to work with. Another
interesting approach is that Bourgain, Brezis, and Mironescu showed that for Lipschitz domains

Dand h € [H\(D)]?

. [h(x) — h(y)[? 27
lim (1 — 8)/D . W dxdy = ?HVhH?ﬂ(D)

s—1—

Hence if one can find a condition so that this point-wise limit in the H* semi-norms is uniform,

then using interpolation theory

T T
hmsupyE/ ||Vul’HL2 (py = lim limsup(1 — S)VE/ [|u”|% s(py = -
0 0

v—0t s=17 0t
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