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Chapter 1: Introduction

1.1 Background

1.1.1 Kihler manifold

A complex manifold is a smooth manifold M on whose charts the transition functions are

holomorphic. It admits an almost-complex structure acting on its tangent bundle:

J:T,M = T,M, pe M,

st. J?P=—1d.

Example 1.1.1 (The complex spaces C™ and P™). The complex space C" can be equipped with
a natural almost-complex structure: by letting (21, ..., 2,) = (v1 ++v—1y1, ...z, + V—1y,) be

its Euclidean coordinates, and defining

0 0
= ,=1,...
J(aﬂ%‘) ayi’ ! ’ o

9 0
-2 i=1....n
J(ay) oz, L "

The projective space P is defined as the space C"*! \ {0} modulo the equivalence relation

where two elements 2; and zy in C"*! \ {0} are considered equivalent if there exists 0 # A € C



such that z; = Azy. On P" we use the homogeneous coordinate [7; : ..., Z,]. An atlas of P"
includes charts {Z; # 0},i = 0,...,n. Each chart is identical to C" and this implies that P"
admits a natural complex structure. Thus, P” is a complex manifold. The spaces C" and P" are

respectively examples of non-compact and compact complex manifolds.

Let g be a Riemannian metric on a complex manifold (), .J), that is

g:T,M xT,M—R, pel,
such that g is bilinear, positive-definite and varies smootly over M. We call g compatible with J

if

9(,) =g(J-, J").

Given a compatible Riemannian metric g, one can associate a 2-form defined as

The triple (M, J,w) is called Kéhler if

dw =0,

and then such w is called a Kihler form, or sometimes by abuse of language, a Kidhler metric.

A fundamental result on the Kihler manifold is the 99-lemma.

Lemma 1.1.2. [52, Lemma 1.14] Let M be a compact Kdhler manifold. If w, and wsy are two

real (1,1)-forms in the same cohomology class in H*(M,R), i.e., wi — wy = dn for some real



1-form n, then there exists f : M — R such that
W] — W =V —185f

From now on, let (M, w) be a compact Kihler manifold. Then, for any point p € M there

exists a smooth real function p in a neighborhood of p such that

W= \/—lﬁép:\/—lzgﬁdzi/\déj. (1.1)

1,j=1

The function p is called a Kéhler potential.

The Ricci form of w, denoted by Ric w, has the following formula in local coordinates
Ricw = —\/—18310gdet(gl;). (1.2)

Example 1.1.3 (Fubini—Study metric). The projective space P" admits a naturally defined Kéhler
metric, namely the Fubini—Study metric. Indeed, on the local chart with homogeneous coordi-
nate [Zy : Z : --- Z,] that satisfies Zy # 0, consider the complex coordinate (z1, ..., z,) :=

Z Zn
<Zo""’ Zo) and define

p = log <1+Z|Zi|2). (1.3)
=1

By (1.3), the function p defined on different charts only differs by a quantity that vanishes

after taking the d0-operation. Thus, we can define the Fubini-Study metric wpg := +/—109p



Computing using (1.2), the Fubini—Study metric on P" that is defined by (1.3) satisfies
Ricwps = 2(n + 1)wgs. (1.4)

Definition 1.1.4. A Kihler metric w is Kdhler—Einstein if there exists some constant iz € R such
that

Ricw = pw. (1.5

The formula (1.2) shows that Ricw is a real closed (1, 1)-form and its cohomology class is

independent of the choice of w. Indeed, the first Chern class of M can be defined by

(M) = %[Ricw].

Clearly, if w is Kdhler—Einstein , then the first Chern class of M needs to be definite. Under

this assumption, one can rewrite (1.5) in terms of Kéhler potentials by considering a reference

metric w in the class 277rcl(M ). Given a Kihler metric w € 27”01(]\4 ), by Lemma 1.1.2, there

exists a smooth function f, on M such that
Ricw = pw + v/ —199f,,.

Denote by

Wy = w +V/—100¢

another Kahler metric in the same class, and assume w,, solves (1.5).



Lemma 1.1.5. For w,, there holds
(w4 V—=100p)" = elo—reym,

after renormalizing f,, by an appropriate constant.

Proof. Subtracting the following
Ricw = puw + v —190f,,

from

Ricw, = uw,,

we obtain

Ricw, — Ricw = v/—=199(up — f.,).

Combining this with (1.2), there holds
V—=1001log 2 = \/—100(up — f.,).
wn
@

Using the fact that M is compact, there exists some constant ¢ such that

w'I’L
log — — (up — fu) = c.
Wo



We renormalize f,, by that c, then it follows that the Kihler-Einstein metric w,, satisfies

(w4 V=100p)" = elo7rey", (1.6)

Locally by writing

w=+v-1 Zgj,;dzj A dzF

Jsk

we can rewrite (1.6) as

P
0zj82k

det (gjk + ) = efom1% det (gj,;,) . (1.7)

The equation (1.7) is a complex Monge—Ampere equation in . It has been extensively
studied by geometers and analysts in both the smooth and singular cases, partly due to its geo-
metric interpretation as we just explained.

In summary, the Kihler—Einstein equation (1.5) can be reformulated in the form of (1.6),

and locally, it is a complex Monge—Ampere equation (1.7).

1.1.2 Kihler edge metric

In this thesis we are concerned with the aforementioned Kihler-Einstein metrics, as well
as two generalizations. The first generalization is the Kdhler—Einstein edge (KEE) metric, which

as implied by its name, is both Einstein and possesses Kihler edge singularities. A model edge



metric on C" with a cone angle /3 along the divisor {z; = 0} is given by

21208

2V/=1dzt NdEt P
Weone, 3 1= b : i + Z v —=1dz"* N dZ.
=2

Let M be a compact Kéhler manifold of dimension n and D C M a smooth hypersurface.

Then:

Definition 1.1.6. A Kihler edge metric w on M with angle 273 (0 < 5 < 1) along D is a Kéhler
current on M that is smooth on M \ D and, there exists some C' > 0 such that in any coordinate
chart where D = {z; = 0},

1

6Wcone,ﬁ S w S chone,ﬁ'

A Kihler edge metric w is called Kdhler—Einstein edge (KEE) if there exists 4 € R such
that

Ricw = pw +27(1 — B)[D], 0< B <1, (1.8)

where [D] represents the current associated to the integration along D.

1.1.3 Kihler—Ricci soliton

The second generalization of Kihler—Einstein metrics is the concept of Kéhler—Ricci soli-
ton. Assume X is a real smooth vector field on M, and 6 is the complete flow of X. For any
p € M and sufficiently small ¢, the map 6; : M — M is a diffeomorphism from a neighborhood

of p to a neighborhood of 0;(p). Hence, d(6;);, pulls back tensors at ¢(p) to ones at p. Given any



smooth tensor field A on M, the Lie derivative of A with respect to X is defined by

d(6;)x(A —A
i (G:A)p = lim ( t)p( Gt(P)) p7
dt|,_, t—0 t

(1.9)

(EXA)p =

and L x A is a smooth tensor field on M.

Let Aut(M, J) be the complex Lie group of automorphisms (i.e., biholomorphisms) of
(M, J) and denote by aut(M, J) its Lie algebra of infinitesimal automorphisms composed of
real vector fields X satisfying £y J = 0, where L is the Lie derivative defined in (1.9).

The following definition generalizes the concept of Kédhler—Einstein metrics.

Definition 1.1.7. A Kihler metric w is called a Kdhler—Ricci soliton if there exists a real holo-

morphic vector field X € aut(M, J) such that

Ricw = pw + Lxw. (1.10)

Given a Fano manifold and a Kihler metric w, any real holomorphic vector field X induces
a smooth function 6 such that £yw = /=199 [47, (42)]. When (w, X) exists in Definition

1.1.7, we can rewrite (1.10) as follows:

Ricw = juw + v/—1000. . (1.11)

Now, fix a reference metric w and denote by f,, its Ricci potential. Assume w,, and a real



holomorphic vector field X satisfy (1.10). Then there hold

Ricw = pw + /=190, (1.12)

Ricw, = puw, +V/—1000] . (1.13)
We normalize 6 for any w such that
/ 695’(&}” — / wn’
M M
then there holds fow = 60X + X(p) [47, p. 1550, line 1]. Thus, (1.13) becomes
Ricw, = uw, +vV—190(05 + X (). (1.14)

By the same reduction procedure for (1.7), subtracting (1.14) from (1.12) leads to

0
8zj82k

det (gﬂ; + > = el mp=05=X(9) et (gj,;) : (1.15)

1.2 Limit behavior of Kéihler-Einstein edge manifolds

Recalling the definition of KEE metrics in (1.8), an analogue of Calabi’s conjecture was
made by Tian [54] regarding the existence of such metrics. The following theorem resolves Tian’s

conjecture:

Theorem 1.2.1. [38, Theorem 2] Let (M,wy) be a compact Kihler manifold with D C M a

smooth divisor. Suppose that 4-[wo] + (1 — B)[D] = c1(M), where 8 € (0,1] and p € R. If



w > 0, additionally assume that the twisted K-energy Eg is proper. Then there exists a KEE
metric with Ricci curvature | and with an angle of 273 along D. This metric is unique when
w < 0, unique in its Kdihler class when p = 0, and unique up to automorphisms that preserve D

when p > 0.

One reason that KEE metrics receive attention is Donaldson’s idea to employ them in study-
ing the existence problem of smooth Kihler—Einstein metrics of positive curvature by deforming
the cone angle to 27 [18]. Since then much research has gone into understanding the large
angle limits (when 5 — 1) of Kihler (-Einstein) edge metrics in connectino with the Yau-Tian—
Donaldson conjecture.

Cheltsov and Rubinstein initiated the program of studying KEE metrics in another extreme,
where the cone angle goes to zero [14]. One topic of their program is to understand the limit,
when such exists, of KEE metrics as the cone angle tends to 0. In particular, they made the

conjecture:

Conjecture 1.2.2. [14, Conjecture 1.11] Suppose that (M, D) is strongly asymptotically log
Fano manifold with D smooth and irreducible. Suppose that k = inf{k € N : (K + D)* =
0} < dim M, and that there exist KEE metrics wg, for € (0,¢€) on (M, D) and some € > 0.
Then, (M, D,wpg) converges in an appropriate sense as [3 tends to zero to a generalized Kiihler—

Einstein metric wo, that is Calabi-Yau along its generic (dim M + 1 — k)-dimensional fibers.

In this thesis, we consider two situations regarding the behavior of KEE metrics when the

cone angles vary.

10



1.2.1 Small angle limits of Kdhler—Einstein crossing edge metrics

The first part of the thesis treats the Kihler—FEinstein crossing edge metrics on compact
Kédhler manifold M that has edge singularities along a simple normal crossing divisor D =
Di+---4 D, in M with cone angles 2731, . . ., 27 3,. The existence of such metrics is confirmed

in [27,44]:

Theorem 1.2.3. Let M be a compact Kdihler manifold, and D = ,(1— ;) D; an R-divisor with
simple normal crossing support such that ; € (0,1) for all i. If Ky + D is ample, then there
exists a unique KEE metric with negative curvature. If Ky, + D is numerically trivial, then there
exists in each Kiihler class a unique KEE metric. If —(Ky; + D) is ample and the log-Mabuchi

functional is proper, then there exists a unique KEE metric with positive curvature.

The cone angles of crossing edge metrics can vary along each component in D and we
study the limit behavior of such Kihler—FEinstein crossing edge metrics when multiple angles

converge to zero at (possibly) different rates. In particular, we prove that

Theorem 1.2.4. Let M be a compact Kihler manifold and D = %' (1 — 3;)D; a simple
normal crossing divisor such that Ky + D is ample. The Kdhler—Einstein crossing edge metrics
wg converges to the Kiihler-Einstein cusp metric on (M, D) globally in a weak sense of currents

and locally in the smooth sense when (f1,...,5,) =8 —0¢€[0,1)".

We also prove the following result regarding the local limit behavior of Kéhler-Einstein crossing

edge metrics near the divisor:

Theorem 1.2.5. Let {3, i, } ren be a sequence of positive numbers converging to 0. Assume further

that forany i = 2, ..., r such that {; ;. } ken also converges to 0, there holds limy,_, % € [0,1].

11



Assume B, € (0, %] fori=1,2,....randall k € N. Let wg, be the Kiihler-Einstein crossing
edge metric on (X, Dy = Y. (1 — B, 1)D;). Then there exists a subsequence of the metric
spaces consisting of a neighborhood of Dy, denoted as (U B Wos, / ﬁlzk) converging in pointed
Gromov—Hausdorff topology to ((C*)™ x C"™™, @y, ), where Wy, is a mixed cylinder and edge

metric and 0 < m < n.

A detailed overview of this part starts from Section 2.1. The main results are listed in

Section 2.1.3.

1.2.2 Large and small angle limits of KEE metrics on Calabi—Hirzebruch man-

ifolds

In the second part of the thesis, we focus on a specific family of Kéhler manifolds, Calabi—

Hirzebruch manifolds, denoted by F,, ., where n, £ € N, and defined as follows:

]Fn’k = P(_kH]pnfl @ (C]P)nfl), TL, k E N7

where Hpn-1 is the hyperplane bundle over P"~! and Cpn-1 is the trivial one.

Calabi—Hirzebruch manifolds are P!-fibrations over P"~! base. Hence, it is a generalization
of P! to higher dimensions. By identifying P as the round sphere S?, we realize that it has
two disjoint divisors (that are points in this case): the north and the south poles. The Calabi—
Hirzebruch manifolds also has two disjoint divisors: the zero and infinite section along each
P!-fiber.

We will construct KEE metrics on Calabi—Hirzebruch manifolds using Calabi ansatz, and

12



show that the cone angle at either divisor then determines the angle on the other divisor. As a
result, we construct two families of KEE metrics.
We then study the different large and small-angle limits that arise from these KEE metrics

when the cone angles approach to extreme values. In particular, we show the following:

Theorem 1.2.6. The Eguchi—-Hanson metric defined on the total space of —2Hp: and Calabi’s
Ricci-flat metrics on the total space of —nHpn-1 are respectively pointed Gromov—Hausdorff
limits of the KEE metrics we constructed on sy and T, ,, as the cone angle along the zero

section approaches 1.

The motivation for this part starts from Section 3.1. The main results are summarized in

Section 3.2.

1.3 Numerical implementation of the Riccti iteration for finding Kéhler—Einstein

and soliton metrics

The last part of the thesis focuses on numerical implementation of the Ricci iteration, and
in turn provides a novel method to find Kihler—Einstein and Kihler—Ricci soliton metrics on toric
del Pezzo surfaces.

While there are celebrated theoretical studies on the existence of Kidhler—Einstein metrics,
cf. Definition 1.1.4, explorations into them from a numerical point of view are also of great
importance. The direction was pioneered by Headrick—Wiseman [33] and Donaldson [17], and
later captured attention from both mathematicians and physicists [6, 19,20, 30, 34].

To this end, we introduce a systematic way of finding numerical approximations to Kdhler—
Einstein metrics and Kéhler—Ricci solitons that exist on toric del Pezzo surfaces. Our method

13



relies on the fundamental framework known as the Ricci iteration, which is introduced by Rubin-
stein [45—47] and later studied in-depth by Hunter in the real case [36,37]. The Ricci iteration
provides a unified way to treat both Kéihler—Einstein and Kihler—Ricci soliton metrics.

It has been pointed out in [47, §10.5] that one can iteratively employ Donaldson’s al-
gorithm [17] to perform a given step in the Ricci iteration to numerically compute Kihler—
Einstein metrics. In this thesis, we instead perform each step by solving a second boundary value
problem of a real Monge—Ampere equations. Specifically, our focus is on the Ricci iteration on
toric del Pezzo surfaces. In this case, the Calabi—Yau equations arising from each iteration reduce
to a second boundary value problem of Monge—Ampere equations. This problem exhibits a PDE
nature and also has connection to the optimal transport theory. Numerical methods to address it
have been proposed by Lindsey—Rubinstein [43], where an algorithm based on solving a convex
optimization problem is introduced, accompanied by a convergence theorem [43, Theorem 6].

In our numerical implementation, we use Guillemin’s potential (cf. (4.101)) to help choose
a suitable finite domain instead of the whole R? to perform the Ricci iteration. We also use
the mass balance condition (cf. (4.102)) to normalize the solution obtained through the Ricci
iteration. In each iteration step, we employed the numerical method proposed by Bonnet—
Mirebeau [5]. We configure their numerical implementation by setting the parameters according
to our geometric problems. The choice of a numerical solver in each iteration step is flexible.

The numerical method [5] provides an efficient way to solve the second boundary value
problem of the real Monge—Ampere equations when the dimension is 2. For dimension 3, imple-
menting the Ricci iteration can be achieved using either the method in [43] or [5]. However, in
higher dimensions, the discretization required in the method [5] becomes challenging, while the
optimization approach in [43] remains standard.

14



Our experimental results show that the solutions obtained through the Ricci iteration do
converge to the potential functions of Kéhler—Einstein and Kédhler—Ricci soliton metrics. Conse-
quently, our numerical implementation of the Ricci iteration provides a way to approximate the
aforementioned metrics. Compared to existing works, one advantage of our numerical method
is that minimal modification in the implementation is needed when seeking canonical metrics
between different manifolds. Furthermore, the convergence is achieved within several minutes.

Our numerical results provide an evidence that the convergence of the Ricci iteration occurs
for toric del Pezzo surfaces without the necessity of twisting the metrics by automorphisms. This
suggests the possibility of a stronger convergence result in the toric case, compared to the existing

best result:

Theorem 1.3.1. [15, Theorem 1.2] Let (M, J, wy) be a compact Kihler manifold admitting a
Kiihler—Einstein metric. Suppose the Kdhler class associated to wy is 2mcy (M, J) and let {w; }ien
by given by Ricw;1 = w;. Then there exist holomorphic diffeomorphisms h; such that hw;

converges smoothly to a Kihler—Einstein metric.

The convergence of the numerical Ricci iteration observed in the experiments also raises
the question of whether a convergence theorem for numerical Ricci iterations can be established,
in comparison to the convergence theorem proved for a single second boundary value problem of
Monge—-Ampere equations, cf. [43, Theorem 6 and 9] and [5, Theorem 5.25].

We provide comprehensive background in geometry in Section 4.2, which includes neces-
sary definitions and results for readers who are not experts in toric Kéhler geometry. In Section
4.3, we present the formulation of the Ricci iteration in the toric case, and more precisely three

slightly different equations for either Kdhler—Einstein or Kdhler—Ricci soliton metrics. From Sec-

15



tion 4.4 to Section 4.8, we present a self-contained exposition of the numerical method [5]. Then,
we use this numerical scheme to solve Monge—Ampere equations sequentially and implement the

Ricci iteration. The numerical results of our method are summarized in Chapters 5 and 6.
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Chapter 2: Small angle limits of negatively curved Kéihler—Einstein metrics with

crossing edge singularities

2.1 Introduction

2.1.1 One-dimensional observation

Let D* = {z € C: 0 < |2| < 1} be the punctured unit disc in C. Consider for € (0, 1),

the following Kihler metric

wpp- : = —v/—1901og(1 — |2]*")
VTR

(1 = [2[2)?

2.1
dz Ndz.

It has negative constant curvature and cone singularity with cone angle 27n at 0 € C, as

shown by the following calculation

. ~7a5 |z
Ric Wy,D* = —100 IOg (m)
(2.2)

= 2m(1 — n)dy — 2wy p~,

where dy denotes the Dirac measure at 0.
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For a fixed z € D*,

2 2n—2 1
tim ;. 2.3)
10 (L= 2212 |22 (log |2[?)

Thus, for any compact K € ID*, the metric w, p- converges uniformly to the Poincaré metric

defined as follows

v—1dz Ndz
Wppe 1= (2.4)

BERCERE
when 7 tends to 0.

The same calculation as (2.2) shows that
Ric wppx = 277'50 — QCUP,D*.

Thus, the metric wpp- is a Kihler—Einstein cusp metric on D* with cusp singularity at 0. And we

have shown that it is also a limit of the Kidhler—Einstein edge metrics.

2.1.2 Guenancia’s convergence result

The one-dimensional observation can be generalized to higher dimensions. Consider the

pair (X, D) where X is a compact Kihler manifold of dimension n and D is a smooth divisor.

Definition 2.1.1. A metric wy on X \ D is said to have cusp singularities along D if whenever D

is locally given by {z; = 0}, there exists a constant C' > 0 such that

-1
O wcusp S Wo S C'Wcuspy
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where weysp 18 the model cusp metric:

V—1dz Ndz -
RN e LETAL S S VASPIOY o1
1=2

|21]2 log? | 21 |2

Assuming that Kx + D is ample, Kobayashi [40, Theorem 1] and Tian—Yau [55, Theorem
2.1] showed that there exists a unique complete Kihler-Einstein metric wy on X \ D with cusp
singularity along D such that Ric wy = —wy.

Since ampleness is an open condition [42, Theorem 1.2.17], there exists some [, such that
Kx + (1 — B)D is also ample for 0 < 5 < . Under this condition, Theorem 1.2.1 guarantees
the existence of a unique negatively curved KEE metric ws for each such small 8 € (0, 5.
The family of metrics {ws}o<s<p, can be seen as currents on X satisfying the twisted Kahler—

Einstein equation (note that here we allow g = 0, cf. (1.8)):
Ricws = —wg+ (L = B)[D], 0< 5 < fo.

As a generalization of the one-dimensional observation discussed in §2.1.1, Guenancia

related these two metrics as follows:

Theorem 2.1.2. [26, Theorem A and B] For § € (0,1/2], there exists a constant C' > 0
independent of (8 such that on any coordinate chart U where D is given by {z; = 0}, the KEE

metric wg satisfies

C_lw,ﬁ,mod S wp S Cwﬁ,moda (25)
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where

L 62\/ —1d21 N d21 - _
i=2
In particular, the metric {wg }o<p<p, converges to wy in both the weak topology of currents

and the C22.(X \ D)-topology as B — 0.

loc

The relation between the convergence result in Theorem 2.1.2 and (2.5) is that the weak
convergence from (ws)o<p<p, t0 woy can be recovered from (2.5) by using Lebesgue’s Dominated
Convergence Theorem. A very useful observation is that the limit behavior of the model metric
wg,mod relates the edge metric to the cusp metric, cf. Lemma 2.2.7.

As an application of Theorem 2.1.2, Guenancia studied the asymptotic behavior of ws near
D as B — 0. Fix a point p € D, let Ug denote the punctured metric ball B, (p, 1) of radius
1 centered at p with respect to the metric ws. Then after renormalization by 572, there exists
a subsequence of the metric spaces (Ug, %wg) converging to (C* x C" !, w.,) in the pointed

Gromov—Hausdorff sense, where w,y 1s a so-called cylindrical metric:

Definition 2.1.3. Let 7 : C* — C* x C"! be the universal cover of C* x C"~! given by
m(z1...,20) = (e™,22,...,2,). A Kihler metric we,; on C* x C"! is called cylindrical if

T*w = F*Weya1, Where F' € GL(n, C) and wey is the usual Euclidean metric on C”.

Theorem 2.1.4. [26, Theorem C] Let (S )ren be a sequence of positive numbers converging
10 0. Then, up to extracting a subsequence, there exists a cylindrical metric wey on C* x C"!
such that the metric spaces (Ug, , 5, ZW5k) converge in pointed Gromov-Hausdorff topology to

(C* x C" ! wey1) when k tends to +00.
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2.1.3  Ouwur results

A natural problem is to generalize Theorems 2.1.2 and 2.1.4 to the snc case when all or
some of the cone angles tend to 0.
From now on, let X be an n-dimensional compact Kihler manifold. Fix a divisor Ds :=

r

Z(l —0;)D;, where 3; € (0,1) fori = 1,...,7. Assume each D; is smooth and irreducible. We
i=1

further assume that D4 has simple normal crossing support, i.e., for any p € supp(Dp) lying in
the intersection of exactly m components Dy, . .., D,,, there exists a coordinate chart (U, {z; }" ;)
containing p such that D,|y = {z; = 0} for j = 1,...,m, m < n. Suppose Ky + ZT:Di is
ample. Let s; denote a defining section of D; and h; = | - |;, be a smooth hermitian r;:eltric on

Lp,, which is the line bundle induced by D;. We normalize h; such that log |sz|,2l + 1 < 0 for

each 7. Denote

B :=(B1,...,0-) € (0,1)".

Let w be a fixed smooth Kihler metric with [w] = ¢; (Kx + >_,_, D;). We introduce a

reference metric,

1—|s~25i

r 2
Qp=w— Y V-109log [Th] : (2.6)
i=1 v

Let wy, = w + v/—100¢5 be the KEE metric on X whose existence is guaranteed by

Theorem 1.2.3. Our first result is as follows.

Theorem 2.1.5. Let wgy, be given by Theorem 1.2.3. Let Sz be given by (2.6). There exists a
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uniform constant C' > 0, independent of 5 € (0, 5]", such that
Cing < Wepg < CQg

The key point of Theorem 2.1.5 is that the constant C' is uniform with respect to small
Bi,t =1,...,7r. According to Theorem 2.1.5 and Lebesgue’s Dominated Convergence Theorem,
we obtain the weak convergence from wy,, to the Kéhler-Einstein mixed cusp and edge metric wy
constructed in [25] as some of the cone angles tend to 0. In particular, when § — 0 € [0, 1)", the

T

limiting metric of such wy, is the unique Kahler-Einstein cusp metric on (X, Z D;) constructed
i=1
in [40,55]. More precisely, the following result is shown in Section 2.2.3.
Theorem 2.1.6. The Kdhler-Einstein crossing edge metric wy, converges to a Kihler—Einstein mixed
cusp and edge metric on (X, Dg) globally in a weak sense of currents and locally in a smooth

sense when some of the cone angles tend to 0. In particular, wg, converges to the Kihler—

Einstein cusp metric on (X, Z D;) when 3 — 0 € [0,1)".
i=1

As an application of Theorem 2.1.5, we study the asymptotic behavior of the Kihler—
Einstein crossing edge metric wy, near Dz when the smallest cone angle approaches 0, with
possibly other cone angles also converging to 0.

To state the result, without loss of generality, we assume for § = (f3, ..., 3.) there holds
p1 < By < -+ < f,. Fixapoint p € Ds. Choose a coordinate chart (U, {z;}! ;) containing p

such that D;|; = {#z; = 0} forj = 1,...,m, m < n. Consider a small neighborhood Uz about
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p defined by

A

1
Bj
Ug = {ZG(C*)mXCnm:|Zl| <€_ﬁ,‘2j| < <_) ’ ,j:2,..-,m,’2}g’ <17£:m+177n}

B

We show that after normalization by factor 3, %, a subsequence of metrics Wy, converges to a
mixed cylinder and edge metric on (C*)™ x C"™ (see Definition 2.3.1 for more details. Note
that Definition 2.3.1 is in a weaker sense of quasi-isometry comparing to Definition 2.1.3.) as [,
tends to 0. The limiting metric has cylindrical part along the component ); where the cone angle
B1 approaches 0 while has edge singularities along other components. More precisely, the third

result is as follows:

Theorem 2.1.7. Let {3, i, } ren be a sequence of positive numbers converging to 0. Assume further
that {5; i, }ren does not converge to 0 for each i = 2, ..., r and all B;, € (0, %] Let we,, be the
(negatively curved) Kiihler—Einstein crossing edge metric on (X, Dy, =Y ., (1— B, )D;). Then
there exists a subsequence of the metric spaces (Ug,, W, / @fk) converging in pointed Gromov-

Hausdorff topology to ((C*)™ x C"™™, wy,) where wo, is a mixed cylinder and edge metric.

Regarding complex dimension 1, i.e., in the Riemann surface case, but in the positive cur-
vature regime, Rubinstein—Zhang showed that the (American) football equipped with the Ricci
soliton metric converges to the cone-cigar soliton on R, as two cone angles converge to 0 at a
different speed and to a flat cylindrical metric as two cone angles converge to 0 at a compara-
ble speed [49, Theorem 1.1-1.3]. In higher dimensions, we generalize Theorem 2.1.7 to allow
more than one cone angles to tend to 0 and study the limit behavior of metrics under this joint

degeneration of cone angles. The result is as follows.
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Theorem 2.1.8. Let {5, 1. } ren be a sequence of positive numbers converging to 0. Assume further

B1,k

Bur ©

that for any i € {2,...,r} such that {B; x }ren also converges to 0, there holds limy_,
0,1] and all By, € (0,3]. Let we, be the (negatively curved) Kihler-Einstein crossing edge
metric on (X, Dy = Y. (1 — Bix)D;). Then there exists a subsequence of the metric spaces
(Usy» weg, /Bi 1) converging in pointed Gromov-Hausdorff topology to ((C*)™ x C*™™, wy),

where wo, is a mixed cylinder and edge metric with cylindrical part along components whose

cone angles converge to 0 and conical part along other components.

2.1.4 Ingredients of the proof

We first recall that the key ingredient in the proof of Theorem 2.1.2 is the boundedness
of the holomorphic bisectional curvature of the model metric wg o4, Which makes it possible
to use the Chern—Lu inequality to obtain the Laplacian estimates. Therefore, to prove our result
in the snc setting, we extend [26, Theorem 3.2] to the snc setting, i.e., prove boundedness of
holomorphic bisectional curvature of the model metric 25 (see (2.6) for details). This is done
in Lemma 2.2.3 by adapting arguments in [38, Lemma 2.3] and making use of the fact that we
only need to deal with small 3;’s. Then the proof of Theorem 2.1.5 uses a modified maximum
principle argument and Chern—Lu’s inequality to give respectively the C° and Laplacian estiamte.
A useful fact in the proof is the observation that (25 shares the same crossing edge singularities
as wg, (see Claim 2.2.5 for the detail).

An important observation is that the reference metric (25 has the property of converging to
a Kihler metric with mixed cusp and edge singularities when some of the cone angles tend to

0. This observation, combined with the content of Theorem 2.1.5, give us the result of Theorem
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2.1.6 as a corollary. As another consequence of Theorem 2.1.5, Theorem 2.1.7 and Theorem
2.1.8 treat the limit behavior of the Kahler—Einstein crossing edge metric wy, near the divisor Dg
when some of the cone angles approach 0. After fixing a point in the divisor Dg, we first rescale
the reference metric to obtain its convergence to a mixed cylinder and edge metric (see Definition
2.3.1) as the smallest cone angle tends to 0 in a small neighborhood of Dg. To obtain the pointed
Gromov-Hausdorff convergence of the rescaled Kéhler-Einstein crossing edge metric wy, near
the divisor, we actually show a stronger local smooth convergence result. We use Theorem 2.1.5
and the limit behavior of {23 mentioned above to obtain C”-estimates of rescaled wg,. By a stan-
dard use of Evans—Krylov theory and Arzela—Ascoli Theorem, we obtain the C}%.-convergence

of the rescaled wy, as some of the cone angles tend to 0.

2.2 Small angle limits of the Kidhler—FEinstein crossing edge metrics

2.2.1 A reference metric

The metric (25 defined in (2.6) can be seen as a generalization of w, p- defined in (2.1) to

higher dimensional manifolds.

Lemma 2.2.1. [26, Lemma 3.1] The previously defined (g is a Kdiihler edge form with cone

angle 27 [3; along D; fori1 = 1,...,r. More precisely,

T 28i

B2 Bilsily,

Qﬁ =w+2- E (\/ —1 525, ; <D1’03i7 D1’03i> — m@ , 2.7)
ilp,

i=1 |si hy (1- |52|Z?1)

where D0 is the (1,0)-part of the Chern connection of (Lp,,h;) for each i. Up to rescaling
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Proof. Tt suffices to show (2.7) when » = 1. Hence, below we suppose » = 1 and drop the
subscript ¢ for simplicity.

If we set

f(x)=—log<1_ﬁx6)2,

6 =lsff =P

then 5 = w++1/—100f o¢. Recall there holds v/—1900fop = /—1(f"($)dd NI+ f'($)0Dp).

We calculate

f/ . 26'176_1
1 =B
f// _ _25x6_2 2521-5—2

1—2b (1 —:1:5)2'
Then

— 25! !2“ —

267l 25\ -

(L—1Isli)?  1—1sl

) O|s|2 A D|sl3.
Note

00|s|: = 50s A\ Oh + |s|?00h + hds A 05 + sOh A 03, (2.8)

O|s|2 A D|s|: = |s|*Oh A Oh + sh|s|*0h A 05 + 3h|s|*0s A Oh + |s|*h*0s A 05, (2.9)

26



and the fact

h h oh

—v/—1001logh = +/— (a NO 82) ) (2.10)

(DY0s, D) = (9s - e + %s e,0s e+ %s - e) (2.11)
2

= hOs A\ 05 + 505 A Oh + sOh A 05 + ‘%%/\ah. (2.12)

We calculate

9 28—2 932 26—4 9 28—4 B
O = w+ VI B'S"waarlhw (f‘f") 5"” Olsf2 A D)sf2
2B2 26—4
:w+<\/_21ﬁ| ||h26\|286h V_Qﬁ’ ||h25’|43h/\6h>

- lh

fzm P
+ BYNED (s@s/\@h—kh@s/\@s—i—sah/\as)
5
2 2 Zﬁ 4 2 2ﬁ 4 B _ B
+V-1 ((f |T| e 5“9" = (sh|s|20h A D5 + 5h|s|20s A Dh + |s|2h2Ds A D3)
—|s
+ V- (5 |||‘ 7 |s|*Oh A OR
20|s[2" Oh A Oh 90
=w— ——5zvV—1
A
252| ‘25 ’ AL - = ~ s _
+ V- ( 57)2 (h83A83+385/\8h+36h/\83+T@h/\@h)
2| .|28—-2 28
—w42-/-1—h Flsl, (D" s,D1703>—2-—B|5h2ﬁ0,
(1= Is[z")? 1= sl
(2
which is what we need. Since v/'—1———z—————7—(D"%;, D'%s;) contributes as a non-
|Sz (1= sl ™)
6i’37, 26
negative (1, 1)-form for each i, we will show that up to rescaling h;, 1—25 can be made
o 1 . : . Bit’

arbitrarily small to conclude that 25 > jw. To see this, consider the function fg, (¢) := 15"
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fs,(t) is increasing in (0, 1) and satisfies f3,(0) = 0. Hence for any 6 > 0, 3¢5 € (0, 1), such that

1
fort € (0,ts], f5,(t) < dforeachi =1,...,r. Now take 6 = and rescale each
dr - supx; [[6i]|.

h; such that |s;|7 < t5. Then

. Bilsi ;2151 1
2.y R g >y

=1
and therefore Q5 > 1w. O

Whenr =1land § = ; € (0, %} , the following result of Guenancia states that the reference

metric {23 has uniformly bounded holomorphic bisectional curvatures on X \ Dj.

Lemma 2.2.2. [26, Theorem 3.2] When r = 1, there exists a constant C' > 0 depending only on

X such that for all 5 € (0, %], the holomorphic bisectional curvature of Qg is bounded by C.
We generalize this result to the snc case by adapting arguments from [38, Lemma 2.3].

Lemma 2.2.3. There exists a constant C' > 0 depending only on X such that for all  where
Bi € (0,1/2] for each i = 1,...,r, the holomorphic bisectional curvature of Qg is uniformly

bounded by C on X \ D.

Proof. Since the idea of the proof is the same for general » > 1, we assume r = 2 for simplicity.
Step 1: Estimate the metric tensor.
Fix a point p € X \ D. We can find local holomorphic coordinates such that s; = z,

Sy = 27 and the hermitian metric hy, on Lp, is given by hy, = e~ % with ¢4 (p) = 0 and déx(p) = 0
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for k£ = 1, 2. In these local coordinates, write

w = \/—1§i3dzi AdE,

= V—10%dz" N dZ,

where g;; and (9% are smooth functions of the coordinate z and k£ = 1, 2. Moreover, for k = 1, 2,

we have

(D0s),, DYs,.) = (dzy - ex — 2x 0y, - €y, dzy, - ) — 2,00y - )

- <1—zkaif’“—zk%+y o2 a¢ka¢k)d A dzt
VA 2k

8 k 8 aZk 8
—~ _ (%k 0¢r O ~
T 2 %
+ Z e ( Z, a5, + | 2| Do 07 dz* N dz
i#k
—~ oJom ol 5¢k)
+ % | —zpmr dz? A dz
; ‘ ( Dz 2l zj 0%, ©
+ Z —¢k| |28¢k a¢kd i A dz ]
1,77k

For the sake of brevity, we introduce the following notations for k£ = 1, 2:

w = 500 9% P 200k Oy,
K k@zk k@zk k 8Zk 82k’
0¢r _ 0¢r 00 .
k __
Oy, Oy, .
kT
ij 8Zi a-]a a]%k

Then ay, b¥ and c% are smooth and vanish at p. Writing Qg = /—1g;;dz" A dz7, by (2.7)
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we have

- 22 5k|5k‘}2{f k 22: ﬂk k|2ﬁk ? 1.0
=1 1 |Sk‘h k= )

1— |Sk|

2 B B0k 5, 2612

o 5k€7’8’“¢’“|2k|2ﬂ’“ 1,0 1,0
=9 —2 ; 1 — 242 - e~ Pron 0 +2- Z (1 — |24 2P e—Bror)2 (D™ Vs, D™ ).
=1

For each component, we have

6126*(51*1)¢1|z1|2[3172
(1 — |Zl|2ﬂ1€—ﬁ1¢1)2

2
~ ﬁkefﬁkm 2k 2Bk
9112911—2'2 |2 9]1“1—1—2-

—¢1
<1 - |21, | 2Pk - e~ Brox e +a)

B2e=(Pam1)02| 5, |22 =2

. =25 |2
2 (1 — |29|PP2e—Patn)? |l
2 _ _ _ _
) . Z Bke 6k¢k|zk‘2ﬂk K Lo, 516 (b1 1)¢1|21’2,31 26_¢12 -
912 < T — [z 2P - it 12 (1 — |21 [2PrePron)2 192
2 ,—(B2—1)¢p2 2822
1o b2 2| e 2 2b7,

(]_ — |22|2626_’B2¢2)2
2,—(Br— 1)¢k|zk|25k

e R Pre bk, |2 e
9 = 9 ~ Zl—’szﬁk- i+ 2 Z (1 — |on[PPreBrony2 © |2l i =3,

Note that go5 (respectively g,7) can be treated similarly as g;7 (respectively g;3). The first
observation is that the term 3}, /(1 — |z |*** - e7##%k) (and also its square) which appears in each
g;; will not blow up as 3, — 0 for & = 1, 2. Indeed, the function z — 3/(1 — 2”) is uniformly
bounded for all small 3 under the assumption z < e~'. Since we always assume \sk|,2”c <e!
for k = 1,2, we only need to consider a point p that is near D (i.e., |z1| and |2z;| are small)
and show the holomorphic bisectional curvature at p is uniformly bounded in 5. To achieve
this, we consider a change of coordinate &, = z,f’“ / Bk for k = 1,2. Such &, is multi-valued.
/Bk.

Thus, we need to choose a single-valued branch of the Riemann surface associated to z; — z

More specifically, whenever we work with £, denoting the polar coordinates of & by (ry, 6),
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we always assume 0, € [0,275;). Under this assumption, { always take values in the space
{(r,0) € C : 6 € [0,7)} for k = 1,2 for varying 3 as we have (3, € (0,1/2]. Moreover,
when we consider the inverse map of the change of coordinates 2z, = (ﬁkfk)l/ Pk, we assume
& € {(r,0) € C: 0 € [0,2n0)} and hence z;, € {(r,0) € C: 0 € [0,2n)} for varying f. In

the new coordinates, we have

dzi Adz = |B&r| 7 2des A dE,

1 1 1 1

=1 =-1 =—-1_2-1 —
le VAN dég = 151 252 fl 2'52 dfl VAN dé'g

From now on, we make the change of coordinates summarized as above:

Bk
gk:zca k:172
k

fgIZg, 523,...,71.
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We record the components of (25, denoted by (23 = +/ —1hl-;d£"‘ A d€7, in the new coordinates:

—51¢1|£1|31 B —/32¢2|£2| ’51§1|7_2
hyi = g — 2 _ 9. 26 0%
11 ’3151 911 1 i 31¢1|51£1’2 1 — e 5292 By |2 11
22
Bie 1o I ARERSIE
+2- — jml (1l a) +2- —= o i1,
(1—e |81&11%) (1—e | B2&2]?)
Lg 1og L3 1.9\ 6—,81¢1§1 Loyo L_g 1 1 4
hli = ( 161 QBZ lﬂ1 QBZ ) g12 — 2. 1 — 6751@51‘5151'2 ( 1,61 2[32 1/31 252 ) 9%2
L_1
—P2¢2 1.1 149 1_7_1 3 e~ P11 52 cBa
_9. eﬁ 52 2([31 262 1131 §2>0%2+2‘ gﬁ 22b1
1 — e=P202{ 356, (1 —ePron|B1£)?)
2.
t (1— 6*52@\5252\2)2 L
19 19
h — 611 -1 ﬁ_lg _ 2 _61¢1§ gl 6‘1* _ 2 lﬁ1 ﬁ36_52¢2‘€2|2£181 027‘
1j 1 1 — e 61¢1’5151|2 1j 1 — e=B202| By, |2 1j
Be—Bid1 £ 4081 6—52052 2 ﬁfl
+2- BM 3 b +2- 5157 _M|§2|€212 A, j=3,....n
(1_6 191]3£1]2)% (1 — e=P292(356,]2)
_ __22 Bre” PRk Bri|? +22 Bre Pror| 5[ ki3 n
J 1—e 6k¢k|5k§k’2 zg 1 _ 676’“¢’“’Bk€k|2)2 150 ) IEEERENLZ
(2.13)

Note that hy; can be treated similarly as h;;. A first observation is that since £, € (0,1/2],
both ﬂ,fl’“ - and |§k|é72 are uniformly bounded. Regarding the metric tensor of {23, terms that
involve g;; or 6% are also uniformly bounded. Moreover, after the change of coordinates, there
does not exist singular term in each component /;;. In conclusion, /;; is uniformly bounded for

any i, j, i.e., by (2.13), in coordinates (&1, &2, &3 = 23,...,&, = 2z,), there holds

In other words, we have shown that the metric tensor /;; is bounded from above for all i, j.

However, the metric tensor may degenerate as 3; or (3 tends to 0. According to (2.13), we have
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for rather small 3, and (3, the following asymptotic behaviors of each metric tensor:

hli ~ ﬁ%? h?i ~ 5;

h’liv hQi ~ 5%5§|€1||€2|a

(2.14)
hig~ Bilal, §=3,....n
hi; =0(1), i,j=3,...,n
Step 2: Estimate the inverse of the metric tensor
Recall the curvature tensor is given by
Rige = —hij e + hsghif,khsj,f- (2.15)

To estimate the holomorphic bisectional curvature, we take two unit vectors (w.r.t. the

metric h,;) uia% and v’ a%-' Then by (2.14) there holds

(2.16)

To finish the proof we need to bound Rﬁkgu’ﬂj v*v*. We first consider R;57. We need to analyze

h/ij, hl3,k and h‘z;,kg
We first treat h¥J. By (2.13) and (2.14), one finds that det{hﬁ} is uniformly bounded and

tends to 0 as 3; or 3, tends to 0. More precisely, by (2.14) there holds

det{hi} ~ 6753 (2.17)
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Since hi = Cji/ det{h;;}, where C; is the ji-th cofactor of the matrix {h;;}, we deduce
from (2.14) and (2.17) that
WY R~ BIR G £ 2
hli ~ 51_262_27 (218)

R =0(1), i,j#1,2,

while 1% and h’? can be treated in the same way. Roughly speaking, hii are bounded for fixed
£ near p but may tend to infinity with respect to § as described above. However, by (2.13) and
(2.14), for any j, hy; (respectively h,;) degenerate at the rate of at least 3% (respectively 37), when
B (respectively (32) is small, and taking derivatives may only cause the terms /5, and A3 ;7 to
converge to 0 at a faster speed in 3. Thus, the singularity in 2%/ does not cause a problem when
we consider the curvature tensor (2.15), where the hiJ terms are multiplied by corresponding 7z 1,
or h; . We explain this in detail later in Step 4.

Step 3: Estimate derivatives of the metric tensor

Now we turn to show that %;; ,, and h;; ;7 are uniformly bounded and find their dependence
on 3y and . For k,¢ € {3,...,n}, as taking derivative w.r.t. 0/0z3 = 0/03,...,0/0z, =
0/0&, will not contribute extra singular terms, the uniform boundedness of h;; implies that this
also holds for such h;; ;. and h

7. It remains to deal with A5, and h; ;7 for k, £ € {1,2}.

ij,k ij.k

By the exact formula of each /;; in (2.13), we find that the exponent of the terms &, £,6,&
is at least 1 when 3, and f3, are rather small, and indeed both the term A,; and their first or second
order derivatives are smooth in &, &1, &, &. In summary, taking derivatives of the metric tensor

does not cause singularities in &, &1, &, &. We only need to derive the asymptotic behavior of the

derivatives with respect to 3. To achieve this, it is enough to deal with the following term 7" from
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(2.13). The reason is that any other terms in (2.13) have higher order dependence in /3; and (s,

before and after taking the derivatives. So we consider taking derivatives of the following term

5%6—51%
=T
(1 — B2|&1|2eFron)?

(2.19)

w.r.t. 9/0¢; and 0/0&,, since this is the most singular term appearing in the metric tensor. And

by symmetry of indices we only need to consider 3/9¢,(T'), 0%/0¢,06,(T) and 02 /9&,0&,(T).

In the coordinates (&1, 82,83 = 23, ..., & = 2n),

0 _0u 0 _ suysm-1/m-1 0
351 351 0z - ! 5’217
9 0%0n O
06,06, €, 0€; 02107,
9?0205 O
96,08, O 01 02107

Thus, we have

2 ,—Bid1
0 (T) 0 Bie

96T 06 (1= B2y |Pe—Pron )2
B 11/51+1 11/51718%1(6—,31%) 2511/51+3e—61¢151£11/51%(6—51%) 26116,251(;5151
(1 - Blefre-mo)? (- Blafenn) (1 - Blafenon)’
= 0(Bilal) = O(1),
since 51 € (0,1/2] and ¢, is smooth w.r.t. 21, ..., z,. Similarly, we get

% i
5605, 1) = 0615 allel ) = o),
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since we only need to address 0/0&(e~#191) when taking derivative of 9/9&,(T) w.r.t. 9/0&,.

Finally, direct calculations yield

o2 Bf/ﬁllgl‘Z/[ﬁ—Qa 8;7 e~ Bié1 2511/51-&-3 1/B1— 188 —B1b1 (516_51¢1 + |€1‘2ﬂ%/ﬁ1 151//31 138 —ﬂ1¢1>
— T = £1071 _|_ 21 Z1
06106 (1= B3|éafPePron)? (1 — B3|&sPePron)’

251 (_e—ﬁm ([a2eron) 4 e g 2 —ml)

(1= B3l [2e-Pron)?
. 6B6 —B1é1 agl(lf ‘2 —51¢1) (’g |2 —51¢1)
(1= B|&[Pe Ml)

=0(B)).

In conclusion, we have shown

hzj k — O(l)a
hz] Kkl — 0(1)7
for fixed  and any ¢, 7, k,¢ = 1,...,n. In other words, the derivative of the metric tensor is

bounded for fixed 5. Moreover, by taking derivatives of (2.13), we find that the derivatives of the
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metric tensor degenerate (w.r.t. 5; and [35) at the rate shown below:

hys ks = O(ﬁfﬂg’), E#1,0=1,...,n

hijr=08), j#1,2,k#2,

hijo = O(BI03), 7 #1,2 (2.20)
hijue = O(BY), 5 # 1,2,k # 2,0 # 2,

hijue = O(B83), J#1,2,k=20rl=2,

higa=O0B/" ), i #1,2

hia=0(8'""), i,j#1,2

hi 11— O( f/ﬁlﬂ)’ i, 7"é 1,2
hijoe = OB, ij #1,2

higas o = OB '8/, i #1,2

R higpe = O(1), 4,4,k € #1,2.

Step 4: Estimate the sum R, ;u'u/v v’

We have shown the derivatives of /,; are bounded. To show that ngguiﬂj v*5 is bounded,

37



we consider

ikt ST ik
Ri}kiu Wt = <—h2~37k@+ h hiﬂkhij)u TR

We consider three different cases.

When none of i, j, k., ¢, s,t is 1 or 2: then the sum is uniformly bounded because none of
the term blow up w.r.t. 5 or [3.

When s,t # 1,2 and ¢, j, k, ¢ may take values from 1 or 2: then we found from (2.20)
that the common factors of powers of 3; or 3, in h;; , and h;; ;7 compensate for the degeneracy
of u', u? and v', v2.

When s or t = 1, 2: then in the worst case, where s = 1, = 2, we find from (2.20) that
all the derivatives that have 1 or 2 in the subscript have at least a degeneracy rate of 33 or 3;.
However, h*' blows up at the rate of 5, %3, 2. Combining this fact with (2.16) we find that the
common factors of 3; and /3, in the derivatives can still compensate for the degeneracy of h* and
U, v.

Then we conclude that when [ satisfies that 5, € (0,1/2] for each k, the holomorphic

bisectional curvature of {13 is uniformly bounded in 3. 0

2.2.2 A priori estimates

By Theorem 1.2.3, there exists a unique Kéhler-Einstein crossing edge metric on X with

cone angle 27 3; along each D;, denoted by wy, = w — >/, it + v —100¢; such that

€f+¢g W

1 2(1-B)°
IT_,[si hi 7

wo, =w — > _ Bl + V10005 > 0,
i=1

n

Wy =
(2.21)
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where f € C°°(X). In this section, we establish a Laplacian estimate for wy, with respect to the

reference metric {)g by proving the following result.

Theorem 2.24. For f = (51,...,0,) € (0, %]7", there exists a constant C' > 0 (independent of

B, ..., B) such that

C'Q5 < wy, < O, (2.22)

on X \ supp(D).

Define

then

Qﬁ =w+ V —185’¢3

Proof of Theorem 2.2.4. We divide the proof into two steps. First, we deduce the C-estimate
for potential functions ¢z and 13 by using a modified maximum principle. Then we derive the
Laplacian estimate by applying Chern-Lu’s inequality to the identity map (X, wg,) — (X, Q).

Step 1: C-estimate: Comparing ¢ with 3.
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We first compare the potential functions of wgy, and §25. Let bp = b — U3, then we get

Wy =, (2.23)
’ ITie !Si!hE )
=(Q5 — Y Bl + V=100¢5)" = e? 1o, (2.24)
=1
wn

where Fg = Y5 + f + log ( ) . Then we claim that

2(1-5:
T, [sif3 =7 - an

Claim 2.2.5. For some uniform constant C' > 0,
| Fs|lcox\py < C. (2.25)

Proof. First note that f is smooth on X by construction, hence it is bounded as X is compact.

Therefore, it suffices to show

w'fl
Fﬁ—f:¢5+log< . 5(1-3 )
Hi:1 |5z|h( o) QE

= log ( I1i, 67 - w" >
T 2(1— i i n
Hi:1 |3i|h5 ’ )(1 —[si ?f )2 Qg

is bounded. To prove the claim, it is equivalent to showing

H;:l 512 O(l)wn

(&
2(1-54 i
2070 (1 — |s,[ 252

5
szl |3i

near the divisor. This amounts to saying that Q2 has a pole of order [];_, |s; |i§1_6 9 Without loss
of generality, we can assume r = 1 and thus below we drop the ¢ in the subscript for simplicity.

Let p € M \ D near D. Let e be a local holomorphic frame for Lp, and (21, ..., 2z,) be a local
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holomorphic coordinate chart such that s = zje. Let h = e~? be a smooth hermitian metric on

Ox (D) and @ the curvature form of (Lp, h). Denote

w=+V—1g;dz Ndz;,

0= V —1¢Z§d21 A déj.
Recall the expression (2.7) of €25. We calculate

<D1’OS, D1’08> = 6_¢(d21 + Zl%dzk) VAN (d§1 + zlgjgbdik)
k

0zk
O O d¢p O

— e ? 5 7 e 2 Y% YY -
e (147 A + 2 9o + | 2| r ail)dzl A dz

—,_ ¢ 2 09 9¢ _

~,_ 09 5 00 0¢ _
+ ;(21 aZk + ’21’ aZk 821)d2k A le

n 9 9 -
E 209 _¢
+ | 21| e dz N dz).

k=2

41



Hence,

/62 1,0 1,0
D>"s, D>"s
sl (1 - |sr?f>2< >
= ( ) i 5, T O(1))dz; Ndz + i(% +O(1))dzy A dzg,
|| (1 —1s];")? o Al —1s]y))
n 21128 2
+Z(%+O( 1))dzi N dz; + Z Plsli ——"—dz, AN dz
k=2 21(1_|3|h) k= 2( | | )
52 _ 62|5|h —
= ( = +0())dzy Ndzy + Yy (———5— 4+ O0(1))dz A dz,
s (1 — |72 Z a1 —s))?

tLBsf? RN _
+ ) (———L—+0))dzi, Ndz + Y  O(1)dz, A dz.
;<zl<1—|s|iﬂ>2 D)z Z e da

Let

BI s 32
(AZ]>Z] 1= (gm)z] 1= 7 28 ((b”)z] 1 -+ 5175) % 2<D1’OS,D1’OS>,
— [sl, |s|7 (1—|s];")

Write (A;;)7,—; as a block matrix

(Aij)ijmr = : (2.26)
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then

Bls B
1_|| \|h (1 —[s[}")
=915 — 1_’ |2,8¢1]+ (| | )+ (’S‘h )+ (1)7 ]_27"'ana

Aj = gii — lsli ——A i+ O(sl ) + O(lsi) +0(1), i=2,...,n,

L~ |sly

Aw =0(sY+0(1), kil=2,...,n.
Recall the formula for determinant of block matrices as in (2.26),

det(Ay;);

1,j=1

= det(Ay);

Pio (A — AL (A7) 1AL, (2.27)

Using (2.27),
Bls|2? 2
on det(gij — %(sz ﬁuDl,OS’ D1’05>)
L= lslh sl (1=sl”)
wr det(g7)
det(Ay)?-

1,7=1
det(gi;)

= %W det(Aij)?,j:z (A — Er((Aij)ijz)_lAc)

2
=00 (015 + O + O(sl ) + O(1s) + 08l + 0(1) )
‘S|h (1— |5’h )

52

Thus, one finds that the dominant term is 25 . In another word, we have shown
1 —

. ST sl
Qp = O S 25 2w", which is exactly what we need. [l
|3|h (1- |3|h )

43



Lemma 2.2.6. There exists a uniform constant C' > 0 in (8 such that,

sup 5] < C,
X\D

when (3; are small enough for every i.

Proof. First note that for a fixed [, &5 is bounded according to [27,38]. We aim to derive a
uniform bound for ¢4 in 3. Let x5, = ¢35 + €31, log |si5,. for small € > 0. Since xg.(p)

approaches —oo when p — D, xg . obtains its maximum on X \ D, at say pmax. Then

T

0 2 \/—_]_aéggﬁ(pmax) - ez 0i(prnax>7

i=1

where 6; is the curvature of the Chern connection on (Lp,, h;). Then at pyax,

(Qs = > Bibli +V=10005)" < (5 + Y (e — B:)6;)" (2.28)
=1 i=1

<m0 (2.29)

by the fact that Q5 > r(e— f3;)0; for small enough € and f3;, as shown in Lemma 2.2.1. Combining

(2.24) and (2.29), at ppax,

2B (Pria) < 27

= qbﬂ(pmax) S nlog 2— Fﬁ<pmax)

<nlog2 — inf Fj.
<nlog2 - fuf Py
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Forany p € X \ D,

$5(p) = Xp.c(p) — GZ log |si7, (p)
< X B,e pmax - Zlog |Sl|h

<nlog2— mf Fg+6210g|51’h Pmax) Zlog]sllh

=1

<C

for some constant C' > 0, when letting ¢ — 0 and using (2.25). Similarly by considering
Npe =g — € >_i_ilog]si|; achieving its minimum on X \ D, we can show a lower bound for

dgon X \ D. 0

Step 2: The Laplacian estimates for w,, and {2.
In this section, we use Chern—Lu’s inequality to deduce the Laplacian estimate of wy, with
respect to (2.

Consider the identity map
d: (X \ D,wg,) — (X \ D,Qp).

By definitions, Ric wy 5 = —Ws for some constant C3 > 0

when 3; € (0, 3] for every i. Then by Chern-Lu’s inequality [38, Proposition 7.1] (see also [48,

Proposition 7.2]),

A%ﬂ (log trw% Qp) > —1—2C4 trw% Qp. (2.30)
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Setfor 0 < e <« 1,

Hg, = logtr,, Qg — 4(C5 + 1)¢3 + EZIOg |53l

i=1
then
Auy Hae = A, (logitr, Q5 —4(Cs+1)dg) —e > tro, 0 (2.31)
i=1
1
> A%ﬁ (logtr%ﬁ Qg) +4(C5+1) (5 tr%ﬁ Qs — n) — trwﬁgﬁ, (2.32)

where the last inequality is true by noting that 6; < M2 for some uniform constant M/ > 0 and
assuming € < 54— and Y., 3; < 557

Combine (2.30) and (2.32),

Dy, Hpe > tr,, Q5 — C (2.33)

for some uniform constant C' > 0. Hj achieves its maximum on X \ D, at, say Gmax. Then by

(2.33),

trw(bﬁ Q,B(Qmax) < C.
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Forany ¢ € X \ D,

log tr,,, Qs(q) = Hs(q) + 4(Cs + 1)ds(q) — eZlog |sil7. (g
< Hp o(gmax) +4(Cs + 1)ds(q) — eZloglsAh 9)
S C - 4<C3 + 1)&B(Qmax> + € Z log ‘Si‘ii(Qmax)
i=1

+4(C5 4+ 1)ielq —eZlog|s,|h

< some uniform constant C,

where the last inequality is true by Lemma 2.2.6 and letting ¢ — 0 for fixed q. Hence we have

shown
w¢,ﬁ Z C- Q@, (234)

on X \ supp(D) as desired. Since wy, and {1g are equivalent on X, we obtain the estimate (2.22)

on X \ D.

2.2.3  Global convergence of wy,

A smooth Kihler metric Qpc on X \ D is said to have mixed cusp and edge singularities

along a divisor D if whenever D is locally givenby D = >"'_ {2, = 0} + Y (L=B){z =
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0} with t < m < n, Qp¢ is quasi-isometric to the following metric:

ZF dz N dz | Z BW_ dzﬂd% Z V—Tdz A dz.

In particular, when ¢ = m, wpc has merely cusp singularities along D.

In the case t = m, it is well known [40, 55] that if Kx + D is ample, there exists a unique
Kihler—Einstein metric on X \ D with cusp singularities along D. In general, it is shown that
if Ky + D is ample, there exists a unique Kidhler-Einstein metric on X \ D with mixed cusp
and cone singularities along D [25, Theorem A]. As a corollary of Theorem 2.2.4, we study the
global weak convergence and local smooth convergence of the Kihler—Einstein crossing edge
metrics wgy, to a Kihler-Einstein mixed cusp and edge metric on (X, Dg) as some of the cone

angles tend to 0. The first observation is the following lemma.

Lemma 2.2.7. Assume 5; — 0, fori=1,...;t <r,and B; — d; € (0,1) forj=t+1,...,r,
then Qg weakly converges to some Kdhler mixed cusp and edge metric Q2pc. Moreover, ()3

converges to Qpc in C2.(X \ supp(Dp)).

2
Proof. Recall the definition of Q5. Note that log [(1 —|si27)/ 52-] converges to loglog” |s;|?.

in L'(X,w) and C2. (X \ supp(D;g)) as 3; — 0 foreach i = 1,. .., t. Thus Q5 converges to

loc

. 2d;
Qpc ::w—Z\/—18510g10g2|Si|h Z V=190 log [ c|i] ]
i=1

j=t+1 J

> (X \ supp(Dg)) sense and weakly in the sense of currents. It remains to show that 2p¢

has mixed cusp and edge singularities along Ds. To see this, recall we denote by 6, the Chern
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curvature form of (Lp,, h;) for each 4, then by (2.8) and (2.10), we calculate that

t
Z V—1801oglog? s;|;.
i=1

S;

t 2 )(Isil7.) — 0(log |s;
:ZZ\/—1. h,.)(|8u;i)2 (20g2|sZ
i=1 (log [ss[,)*(Isil7,)

B Z 2v/—1({D"s;, D*0s;) 2

log? sl |sil7, log |siff,

Zi)5|3i

n,) (log |s; s hs

i=1
Thus, Q2pc has cusp singularities along D, fori = 1, ... t. The result follows. 0

Theorem 2.2.8. The Kiihler-Einstein crossing edge metric wy, converges to the Kihler—Einstein mixed
cusp and edge metric on (X, Dg) globally in a weak sense and locally in a strong sense when

Bi—=0fori=1,....,t<randp; —d; € (0,1)forj=t+1,... 1.

Proof. By Theorem 2.2.4, the family of wg, has uniformly bounded mass. Thus, the family of

W, 1s relatively compact in the weak topology. The same arguments in the proof of Lemma
2.2.6 and elliptic estimates give respectively the C-estimate and all higher-order estimates for
the family of wy,. Therefore, any weak limit wy is smooth on X \ supp(Dgs) and this C-
convergence indicates that such wy is Kidhler-Einstein outside Dg. Lemma 2.2.7 shows any such
wo also admits mixed cusp and edge singularities along Dg. Thus, by the uniqueness argument
in this setting [25, Proposition 2.5], all such wy coincides with the unique Kédhler-Einstein metric
on X \ supp(Dp) with mixed cusp and cone singularities along Dz. Hence we have shown the

locally strong and globally weak convergence of wy, to a Kéhler-Einstein mixed cusp and edge

metricas ; — Ofori=1,...,tand 8; = d;forj =t +1,... 7. O
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2.3 Asymptotic behavior near divisors in the small angle limit

Theorem 2.2.8 only gives us the smooth convergence of w,, to a Kihler-Einstein mixed
cusp and edge metric away from the divisor when cone angles approach 0. In this section, we
study the asymptotic behavior of ws, near D when some of the cone angles tend to 0. More pre-
cisely, consider a fixed point p € Dg with a holomorphic coordinate chart (U, {z;}}-,) centered
atpsuchthat DgNU = {2 -2, =0}, form <nand D;NU ={z; =0} forj=1,....m
Let (; denote the cone angle along D; for each . From now on, assume 3; < B < --- < f3,,.
We allow other cone angles to tend to 0, but we always assume that 3; goes to 0 in the fastest

speed, i.e., B1/5; -+ +oo,fori =2,....m

2.3.1 A small neighborhood of Dy

By choosing an appropriate coordinate system [10, Lemma 4.1], whenever Dg is locally

given by {z; - - - z,,, = 0}, the reference metric {25 is equivalent to the following metric:

5 v =1dz; N dz; - _
Wo.mod : Z e + Y V-ldz A d. (2.35)

B (1 — |2 [28)2 et

Thus, Theorem 2.2.4 tells us on X \ supp(Djp), there exists a uniform constant C' > 0 such that
C™'Wgmod < Wes < Cwg mod- (2.36)

Thanks to (2.36), it is enough to consider ((C*)™ x C"™™, wg moa) When dealing with a small

neighborhood of Dg under the metric wg,. Let us fix a point p € Dg. Let (U, z1,...,2,)
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be a holomorphic coordinate chart centered at p, such that U N Dg = {21--- 2, = 0} and
UND; ={z =0}fori=1,...,m. Let D := {|z| < 1,i = 1,...,n} be the unit polydisk.

Then we claim that the distance function dg induced by the completion of wg meq on I satisfies

m

1 1+ |25 a
ds(0,2) ~ > 5 log (ﬁ) + >zl zeD, (2.37)

=1

,’N,’

1 1 Bi
where ”~” means "is equivalent up to a constant independent of z to”. Indeed, 3 log (1 e 3 )
p— x’ 3
Bi

2B (1 — 227)

the discussions above, it is enough to study the polydisk in C"

is the primitive of , and (2.37) follows from this fact and (2.35). Summarizing

1 —e 2@
{|zl~'8i<m,izl,...,m,zj<a,j:m—i—1,...,n}, a >0,
e

when we study a neighborhood of Dg given by the geodesic ball B, 45 (p,a) centered at p of

radius a with respect to the metric wy,,.

2.3.2 Mixed cylinder and edge metric

In this section, we focus on a small neighborhood of Dg and show that in a neighborhood
of Dg, a renormalization of ws m0q locally converges to a mixed cylinder and edge metric (see

Definition 2.3.1 below) in the C'*°-sense.

Definition 2.3.1. A Kihler metric @ on (C*)™ x C"~™ is called a mixed cylinder and edge metric
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if @ is quasi-isometric to the following metric:

t _ m 2 — n
\V —]_dZZ N de ﬁj V —1dZ] A de
Whnix 1= E — g . + E vV —=1dz; N dz,
i=1 |22 j=t+1 2520 =5) t=m+1

where 5; € (0,1) forj =t+1,...,m.

Denote by
D(ay,...,am,b) ={z€ (C)"xC"™: |z <a,i=1,...,m, |z <bj=m+1,...,n}
Let

oo (BYE (B
e (e (25 (1))

1
From Section 2.3.1, one realizes Ug as a neighborhood of Dg. We endow Uz with Ew@mod.
1

Define a map

: @ (22 & Pom i 1 _ (P 25 B o
voon (v (2) 7 ()T A ) v (e (2) () )

B\ 7 By \ P

_1 1 2 1 m

(w17' <o Wiy, W41y - - - 7wn) — (6 /31w17 (E) W, ..., (ﬁ_> wmvﬁlwm+la' .- 761wn> .
2 m
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On V' (Upg), the pull-back metric reads

1 e’2|w1\251 v —1dw A diog n Xm: vV —1dwz N dU_)l

Ui(—5wWsmod) =
B2 (1 — e2[uw [291)? jwy |2 = w208 (1 — B fuy[294)2
(2.38)

+ > V/=Tdw; A dw;. (2.39)

j=m+1

Note that for (w1, ..., Wn, Wit ..., wy) € (C)™ x C*™, |w | — 1as B — 0 and
2
%]wﬁﬂi — 0 as % — 0. Moreover, for any compact subset K C (C*)™ x C"™™, when [ is

small enough, K C \IJEI(U 3). Hence we have indeed shown the following result.

Lemma 2.3.2. The pull-back of ;?w@mod by Vg on any compact subset K C (C*)™ x C*~™
converges to a mixed cylindrical and conical metric in C*°(K) when 3y — 0 and (; does not

converge to 0 for eachi = 2,...,m.

Proof. Summarizing the discussions above, \I/Z(Bl%w@mod) converges to

e2  /—ldwy ANdib, <~ V—1dw; Adiw; o~ — .
(1 —e2)2 ' |wy |2 T Zz |w;[2(1—50) * Zl —ldw; N dw; = @,
i= Jj=m+

which is a mixed cylinder and edge metric by Definition 2.3.1, in C*°(K) as 5 — 0 and % —

0,Vi=2,...,m. O

2.3.3  Convergence of renormalized wy, near Dy

- 1
For a Kéhler metric £ on C", let us denote § := W (—2§> .
1
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Theorem 2.3.3. Let {5, i } ren be a sequence of positive numbers converging to 0. Assume further
that limy,_, B; 1, > 0 for each i = 2, ... r. Assume all 5, € (0, %] Let W, be the (negatively
curved) Kihler—Einstein crossing edge metric on (X,Dy = > . (1 — B;)D;). Then there
exists a subsequence of the metric spaces (U B s #kw%k) which converges in pointed Gromov-
Hausdorff topology to ((C*)™ x C"™™ Wy, ), where W, is a mixed cylindrical and conical metric.

Indeed, a subsequence of s, converges in i ((C*)™ x C"~"™)-topology 10 Wec.

Proof. First note that wg, admits a potential function on Up since wgmoq admits one. Thus,
Wy, admits a potential function on ‘I!EI(U 3), denoted by ggg. The proof consists of three steps.
We first deduce the C°-estimate of ¢ using Theorem 2.2.4. Then we derive the C*“-estimates
for ¢ by the standard regularization arguments for Monge~Ampere equations. This combining
with Arzela—Ascoli Theorem gives us a cluster value of the metrics. Finally, we use that smooth
convergence to conclude the pointed Gromov—Hausdorff convergence as wanted.

Step 1: C°-estimates.

Discussions in Section 2.3.1 indicate that there exists a uniform constant C' > 0 (indepen-

dent of 3 € (0, 3]") such that
C ' wWamod < Wy, < Cwpmod
on Ug. Thus
Cige [ _ e
C g (5—%0.75@0(1) < Wy, <OV (5—%0.75@0(1) .

By Lemma 2.3.2, \If%(%w@mod) converges in C*°(K) to w for any compact K C (C*)"™ x C"~",
1
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Hence, there exists a constant C'c > 0 (independent of 3) such that
Cx'w <y, < Cg. (2.40)

By (2.40), Wy, is uniformly bounded in mass on K. Then by the weak compactness of positive

currents and the equivalence between this and the L'-convergence of potential functions, we can

p
loc

find a normalized potential function ¢ such that it has a uniform L. _ bound, hence uniform L
bounds, for any p > 1. By (2.40), A¢ 3 1s uniformly bounded. Thus by standard elliptic regularity

results, [23, Theorem 8.17], there exists a constant C' independ of (3 such that
psllcoy < C,  for C = C(K). (2.41)

Step 2: Higher-order estimates and the smooth local convergence.

Since wy, satisfies the Kéhler-Einstein equation outside Dg, (g, satisfies
Ricwg, = —fwy, on K. (2.42)

Let dVy,q denote the Euclidean volume form on (C*)™ x C"~™. Define

@ e~ Pids

Hﬁ = 10g C;V—l

Hpg is pluriharmonic by (2.42). By the definition of H3g,

(V=10d¢s)" = P19+ s gV, . (2.43)
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By (2.40),
185 + Hgl|cory < +o0. (2.44)

Combining (2.41) and (2.44), we see || Hp||co(x) < +00. Then by gradient estimates for pluri-

harmonic functions,
|[Hgl||cr(xy < C(k, K), where C(k, K) only depends on & and K not on 3. (2.45)

Define

(vV=100¢)"e 71?

d: ¢ log Vo

® is a uniform elliptic concave operator as a function of 99¢. Hence by Evans—Krylov theory,
||@]|c2.0(x) is controlled by [|¢||co(kr), ||Ad||co(xry and ||P(¢)||co.1 (k) for some K’ 3 K. Since
®(¢3) = Hg, by (2.45), (2.41) and the fact || A¢g||co(xry < +00, there exist some a € (0,1) and

a uniform constant C' > 0 such that

|9l c2.e ) < C.

By standard bootstrapping arguments, every derivative of ¢4 is uniformly bounded on K. Then
Arzela-Ascoli theorem indicates (g, )ren has a convergent subsequence in C>(K)-topology.

Recall (2.42), letting 31 — 0 then due to the C'°*°-convergence above we get a cluster value W
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such that
Ricw, = 0.

By (2.40), W is quasi-isometric to w, and therefore is a mixed cylinder and edge metric.

Step 3: Pointed Gromov—Hausdorff convergence

It remains to show a subsequence of (Ug, , @w(ﬁ 5, ) converges in pointed Gromov-Hausdorff
topology to ((C*)™ x C" ™, ws). Fix ¢ € (C*)™ x C* ™ and fix a radius ¢ > 0. First
note that by construction, B 45, (q,a) is isometric to B ﬁ 005, (Vg,(q),a). Secondly, by let-
ting the index k € N be large enough, we have B, (¢,2a) C V! (Up,). Finally, due to the
local C'*°-convergence, B@%k (¢,a) C Ba.(q,2a) and B@%k (q,a) converges to B;_(q,a) in

the Gromov-Hausdorff topology. Therefore (U, , ﬁwd,ﬂk) converges (up to a subsequence) in
1,k

pointed Gromov-Hausdorff topology to ((C*)™ x C"~™, @) by [7, Definition 8.1.1]. O

By the same idea in the proof of Theorem 2.3.3, we have the following results by modifying

the result of Lemma 2.3.2.

Theorem 2.3.4. Let {5, i } ren be a sequence of positive numbers converging to 0. Assume further
that for any i = 2, ..., r such that { 5; ; }ren also converges to 0, there holds limy,_, % € [0,1].
Assume f3; ), € (0, %] fori = 1,2,....rand all k € N. Let Weg, be the (negatively curved)
Kdihler—Einstein crossing edge metric on (X, Dy =Y. (1 — B, 1)D;). Then there exists a sub-
sequence of the metric spaces (Ug, , éc% ﬂk) converging in pointed Gromov-Hausdorff topology

to ((C*)™ x C" ™ @y, ), where Wy, is a mixed cylinder and edge metric with cylindrical part

along components whose cone angles converge to O and conical part along other components.
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Chapter 3: Large and small angle limits of KEE metrics on Calabi—Hirzebruch

manifolds

This is based on joint work with Yanir A. Rubinstein and Kewei Zhang.

3.1 Motivation

In the preceding chapter, we considered the small angle limits of KEE metrics that are
negatively curved. In this chapter, we will focus on certain KEE metrics that are positively

curved.

3.1.1 KEE metrics on P!

Recall (1.4), there exists a positively curved Kihler—Einstein metric on P", namely the
Fubini-Study metric. In the simplest case, P!, let us denote the homogeneous coordinate by
[Zo : Z;] and consider the chart {Z; # 0} with local holomorphic coordinate z := Z,/Z,. The

Fubini—Study metric is given by

wrs = vV —190log(1 + |z|?)
N
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We identify P! with the unit sphere S? C R3 such that the north pole N corresponds to
[1: 0] € P! and the south pole S to [0 : 1] € P'. Under this identification, the chart {Z, # 0} is

exactly S? \ {S}, on which the standard round metric reads

20/—1
%dz A dz. (3.1)

Wround = 2C‘-)FS =

From now on, we identify P! with S? and make no difference between them. The KEE
metric on P! with edge singularities along {Z, = 0} and {Z; = 0} is exactly the KEE metric
on S? with edge singularities at the two poles. The KEE equation in this case is as follows (cf.
(1.8)):

Ricw = w + 27(1 — £1)[N] + 27(1 — B2)[5], (3.2)

where 3, and [, are cone angles.
The solution to (3.2) is explicitly known as follows. The cone angles must satisfy 5; = [,
to admit a solution. Denoting by 3 the cone angle 3, = (3, the KEE metric reads

2722
1+ PP

Ws2 KEE = V —1 dz N\ dz. (33)

Remark 3.1.1. Indeed, the KEE metric wg2 xpp can be obtained by pulling back the standard

round metric from a wedge to C, under the map z — 2°:

C—{w=re?cC:r>0,0<0<2r8}

2 2P,

According to (3.3), the KEE metric on P! converges smoothly to the standard round metric
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(3.1) on P! as B — 1. On the other side, the renormalized metric ws2 kEE/ B3? restricted to

P!\ {ZyZ; = 0} converges to the cylinder metric

)

2]z[?

dzNdz, zeC*

smoothly as 3 — 0.

Remark 3.1.2. In [49], the authors further studied on P! the Kihler—Ricci soliton equation with

edge singularities, cf. (1.11),

Ricw = w — vV—=190h + 2r(1 — 3,)[N] + 27(1 — 32)[9],

where h is a real-valued smooth function with holomorphic gradient vector field. Under this
setting, the cone angles must be different to recover non-trivial soliton metrics other than the
trivial one: the KEE metric on P*. The small angle limits of such edge soliton metrics lead to

either the cigar soliton or cylinder metrics under different renormalizations [50, Theorem 1.2 and

1.3].

3.1.2 Calabi-Hirzebruch manifolds as a generalization of P!

A natural generalization of P! to the higher dimension is P". However, by identifying P!
as a P!-fibration over a point, there is another way to generalize it to higher dimensional spaces:

we consider P!-fibration over P"~! base, for n > 2.
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To this end, Hirzebruch [35] constructed a family of complex surfaces

Fk = P(—kHﬂml D (Cpl), ,k Z 1

where —k Hp: is the total space of the k-times tensor product of the tautological bundle, and Cp:
is the trivial bundle over P'. This construction can be understood as P! bundles over the base P'.
Calabi [9] generalized the idea of Hirzrbruch to P!-fibrations over the base P"~!, and in-

troduced the following definition, which will be the focus of this chapter:

Definition 3.1.3. The Calabi—Hirzebruch manifold, denoted by [F,, ;, where n, k& € N, is defined
as follows:

ka = ]P)(—kH]pn—l D C]Pm—l), n, k e N,

where Hpn-1 is the hyperplane bundle over P"~! and Cpn-1 is the trivial one.

The similarity between F,, , and P! lies in the fact that they both admit disjoint divisors: on
P!, we have the KEE metrics (3.3) that admit edge singularities at the north and south poles. On
F, .k, we denote by [Z; : - - - : Z,] the homogeneous coordinates on the base P"~!. Working on the
chart {Z; # 0}, we shall use the nonhomogeneous coordinates z; := Z;/Z; for all j # i. Denote
by w the coordinate along each fiber on —k Hpn—1. Then w € C for —kHpn—1 and w € C U {o0}

for IF,, ;.. Analogous to P!, we also have two disjoint divisors on [F,, x: the zero section

Zp = {w =0} (3.4)
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and the infinity section

Zp—k = {w = o0} (3.5)

In this chapter, we will construct positively curved KEE metrics that admit edge singu-
larities along these two divisors on [, ;, which generalizes the construction of KEE metrics on
PL.

Furthermore, we study the asymptotic behavior of these KEE metrics and show that the

limit metrics recover several classical constructions.

3.1.3 Examples of Ricci-flat metric

In the preceding sections, we focused on KEE metrics that are positively curved. In this
section, we briefly divert (though not entirely) our attention to introduce two classical construc-
tions of Ricci-flat metrics.

We start from a specific dimension: the complex dimension 2.

Eguchi—Hanson metrics are constructed about half a century ago [21]. It is one of the
earliest discovered Ricci-flat metrics that are not flat. They are initially defined locally on C?\ {0}
and soon be extended (so that no longer being singular) to the complex manifold: the total space
of the line bundle —2Hp:.

We start from the construction on C2 \ {0}. For (z; + v/—1y1, 79 + v/—1ys) € C2, the

Hopf coordinates are defined as:

0 =
1 + VvV —1y; = £ cos iegww’),

0 -
Ty + VvV —1ys = {sin §€le_¢),
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for£ > 0,60 € [0,7],¢ € [0,4n] and ¢ € [0, 27]. Then, we define one-forms on C? by

1 1
(z1dys — Yodxy + y1dxe — Todyy) = i(sin 1df — sin 6 cosdo),

g1 .= 5—2
1 1 . :

09 = g(yldyz — Yodyy + Todry — 21d22) = 5(_ cos 1hdf) — sin 0 sin dep), (3.6)
1 1

o3 = g—Q(xzdyz — yidzy + 21dy; — yidey) = §(d¢ + cos 0dg).

Direct calculations yield:

d0'1 = 20'2 N g3,
d0'2:20'3/\0'1, (37)

dos = 201 N\ 09.

The standard Euclidean metric on C? can be written as
dri + dy; + day + dyy = d&* + &(07 + 03 + 03).

The Eguchi—-Hanson metric with parameter € > 0 is defined by

aN —1 4
JEH, = (1 — 2—4) d{g —1—52 (0‘% + ag + (1 — 2—4> Jg) , &> (3.8)

Proposition 3.1.4. Eguchi—Hanson metrics defined in (3.8) are Ricci-flat.

Proof. We provide a proof by directly calculating connection forms and curvature forms of the
metric. See Remark 3.1.5 for another proof using Kéhler forms of Eguchi—-Hanson metrics.

Consider a change of variable ( = ((£) such that d¢ = (1 — (e/€)*)"'/2d¢. Then we can
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write (3.8) in the form

gene = d¢ + f2(Q) (07 + a5 + g*(¢)o3),

where f = ¢ and g = (1 — (¢/£)*)/2. Consider an orthonormal basis

<w07 w17 w27 w3) = (d<7 f9037 fo-lu fUZ)'
Then g = 3. o(w?)? and {w'}2_, satisfy the following equations:

dw® = W’ /\w;, fori=0,1,2,3,

wl +w; =0, fori,j=0,1,23
i3

where {w] }],_, are connection forms with respect to {w'}3_,. Next let us determine connection

forms. For 7 = 1, we have

A
fg

2
dw? Awt + 7gw2 Aw?,

where f’ and ¢’ denote the derivative with respect to (. Without loss of generality, we let

v g+ f9

fg ’
1 g 3
o = 9., (3.9)
P
1 g o
Wy = —Zw
° f
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It remains to find w?, w} and w3 due to the skew-symmetry of connection forms.

calculations we have

2 fl 0 2 2 3 1
dw* = =W ANw+ —w’ Aw,
/ fag

3 ' 0 3 2 1 2
dw® = =w” Aw” + —w Aw”.
f fg

Thus, combining (3.9) and (3.10) we obtain

/
Wl = f7w2,
/
W = f7w3,
2
-2
o =* [y
Notice that
dg
! = — = 1 — 4 1/2 =
f= = =(/e"" =g,
g =2 f70.
Combining (3.9), (3.11) and (3.12) we see
wy = —ws,
wy = Wy
w3 = —wg.

By similar

(3.10)

(3.11)

(3.12)

(3.13)

By (3.13) and the fact that Rf = dwg — wf A\ wi, fori,5 = 0,1, 2,3, we obtain that the curvature
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forms also satisfy

Rl = R},

Ry = R},

R — —R2.
Finally, the Ricci-flatness comes from the formula Ric;; = Zi:o Rfkj and the first Bianchi
identity. [

Introduce
T4 = — 647 g Z €,
then (3.8) can be written as
2 1
OBH, = (dr* +1%03) + (¢* + )2 (0] + 03), r>0. (3.14)

(et +14)2

From (3.14) we are able to convert Eguchi—-Hanson metrics into complex form by letting (z1, 25) €

C? satisfy

0 g

Z] =T Cos —e 2 ,
2 (3.15)

.0 =
29 = T SIn §eT(w_¢).

Denote by wgn . the Kéhler form corresponding to ggn.. Then by (3.14) we have in complex
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coordinates,

were = V—100[Vr* + et +logr® — log(€* + Vr* + ¢4)] (3.16)

B V—1r?
Vit 4+ et

64

Vrd + et

(dzy Adzy + dzg N dZ) + V—10010g(r?). (3.17)

Remark 3.1.5. By calculating the Ricci form of wgy ¢ as in (3.17), we can also derive the Ricci-

flatness of Eguchi—-Hanson metrics. Indeed, from (3.17) we calculate

2

. . r et|zo)? _
Ricwgn, = Ricv -1 < {\/7”4 — + N 647’4:| dzi N dzy

4, = 4, =
€ 2921 _ € 2129 _
— ————dzy NdZy — ———=—dz NdZz;

Vit 4 elrt Vit 4 et

2 4 2
J{ ! + <l :|d22/\d22>

Vit + et rd 4 edrd
9

- r Azl 1?
= —v/—100log +

Vit + et rd 4 etrd
€4|21’2\22|2)

(rt 4 e*)r8

= —v/—1001og 1

=0.

From (3.14) one finds that ggy . is defined on C? with singularity at r = 0. Since JEH,c 18
invariant under the antipodal reflection, we have an induced metric on (C? \ {0})/Z, that admits
no singularity. The last step is to consider the blow-up of (C? \ {0})/Z, at the origin, which
is biholomorphic to the total space of the line bundle —2 Hp:1, then a calculation in (3.76) below

shows that 02 + 2 is the pull-back of the Fubini-Study metric from the exceptional divisor.
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Hence ggn . extends to a metric on the total space —2Hp: by letting 7 = 0 when restricting ggg
to the exceptional divisor, as in (3.17).

More generally, Calabi constructed the following family of Ricci-flat (See Theorem 3.6.1
for a proof of Ricci-flatness) metrics that generalizes the construction of Eguchi and Hanson, on
the total space of —nHpn-1. To streamline the presentation, we recall the coordiante system we
used when defining (3.4) and (3.5).

Consider the Hermitian norm on —k Hpr-1 (and also [F,, ;) that is defined as

n k
(21,0 2oy 20, )] = Jwf? <1+Z|Zj|2> :

JFi

on the chart {Z; # 0}. Let s be the logarithm of this fiberwise norm, i.e.,

s == log |w|? + klog <1+Z|zj|2>. (3.18)

J#i

Let s be defined in (3.18). Fix k = n, i.e., assume that the fibers are those of the line bundle

—nHpn-1. Considers a change of coordinate A € (1, +00) such that
A= (e*+1)n. (3.19)

Note that {\ = 1} corresponds to the zero section Z,,,, = {w = 0} on —nHpn-1. Calabi’s

metrics, denoted by weeh ,, is defined by giving its potential function as follows:

fA) :==nA+ n/ /\nl_ 1 dA, (3.20)
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where the last term denotes an indefinite integral, and

Weehn := vV —100f(N). (3.21)

3.1.4 Relating the KEE and Ricci-flat metrics

The contribution of us is to first construct KEE metrics on [F,, ;, and then study the limit
behavior of these metrics. We summarize all the interesting limit behaviors in Table 3.1, and
in particular, we show that the Eguchi-Hanson metric and Calabi’s Ricci flat metrics defined
on non-compact spaces are pointed Gromov—Hausdorff limits of the singular metrics defined on

compact spaces.

3.2 Results

In Section 3.3, we will define two (families of) model metrics. The first are Ricci-flat edge

metrics on the total space of the (non-compact) line bundle —k Hpn-1,

Weh,n k>

and an edge singularity of the angle 27n/k along Z,, ;. The second are compact Kihler—Einstein edge

spaces with positive Ricci curvature (n + 1)/k and an edge singularity of angle 27 /£,

Worb,n,k»
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on the weighted projective space P"(1,..., 1, k), cf. Definition 3.3.3. These two model spaces
turn out to be the different Gromov—Hausdorff limits of large-angle limits of the KEE metrics we

construct on the Calabi—Hirzebruch manifolds.

3.2.1 Large angle limits

The following result describes precisely the different large-angle limits that arise from the
KEE metrics we construct, by either using different pointed limits or else parametrizing the angles
in different ways. Denote by 7, the KEE metrics that exist on I, ;, with cone angle 3; along Z,, 1,
and by £z, the one with cone angle (3, along Z,, _;. It will be shown that /5, ranges in (0, n/k)

and [ ranges in (0, 1/k).

Theorem 3.2.1. Fix a base point p on the zero section of I, and q on the infinity section.
The pointed metric space (F, , 1 ,p) converges in the pointed Gromov—Hausdorff sense to
(—kHpn-1,Wehnk,p) as By tends to n/k. On the other hand, (F,,&s,,q) converges in the

pointed Gromov-Hausdorff sense to (P"(1,...,1,k), Worbnk, q) as B2 — 1/k.

In particular, when n = k = 2, Theorem 3.2.1 amounts to saying that the Eguchi-Hanson
metric (3.14) is the Gromov—Hausdortf limit of compact Kihler—Einstein edge metrics that we
construct on the second Hirzebruch surface (see Remark 3.6.3 for more details). More generally,
when n = k, Theorem 3.2.1 recovers Calabi’s Ricci-flat metrics (3.21), once again as a limit of
compact Einstein spaces.

The proof of Theorem 3.2.1 is divided into two parts. In Section 3.5, we study asymptotic
behaviors of Kihler—Einstein edge metrics 73, and £, when /31, or respectively (3, is close to

n/k or 1/k. In Section 3.6, we prove the convergence results by studying a family of ODEs that
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Pl > Z, = {w = oo}

Figure 3.1: The upper part shows the Kéhler edge structure on the Calabi—Hirzebruch manifold
F,r. Whenn = 2, [y, is the k-th Hirzebruch surface and Z5 1, is a Fk-curve. The lower part
shows the different limits described in Theorem 3.2.1. Note that on the left, we get a non-compact
limit, with ¢ (together with all of Z,, _;) pushed-out to infinity. On the right we get a compact
limit, with p limiting (together with all of Z,, ;) to an isolated orbifold point.
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arises from the construction of 73, and &g, .

Remark 3.2.2. The two families of Kéhler—Einstein edge metrics 73, and &g, are related via a
simple, but important, rescaling. In Theorem 3.2.1, we see that different limits airse for those
two family of metrics. The normalization factor can be obtained by studying the asymptotic

behavior of {g,: see Proposition 3.5.5 for details.

Remark 3.2.3. As noted before Theorem 3.2.1, 3; ranges in (0, n/k) and (5 ranges in (0, 1/k). In
proving Theorem 3.2.1 for the family 75, one obtains the asymptotic dependence of 35 on 3, in
terms of a parameter that controls the length of the fibers in the Hirzebruch fibration—see (3.55).
This shows that as (31 tends to its maximal value n/k, 55 tends to its maximal value as well, 1/k,
and the divisor Z,, ;, gets pushed-off to infinity. When we consider the family {3, parametrized
in terms of (3, let 35 tend towards 1/k, while the parameter f3; still tends towards its maximal
value n/k we get a completely different limiting behavior: instead of a non-compact limit we
get a compact limit via a metric degeneration along Z,, ;. Thus, studying the two families is an
essential feature of the setting and leads to two completely different Gromov—Hausdorff limits as

in Theorem 3.2.1.

Remark 3.2.4. Abreu [1, §5] and subsequently Atiyah-LeBrun [3, (5.5)—(5.6)] also studied a
family of Einstein metrics with orbifold/edge singularities converging (roughly) to the Eguchi—
Hanson metric. However, there are important differences between their construction and ours:
(i) their metrics are not Kihler, (ii) they work on the space P? while we work on the second
Hirzebruch surface 5 (which generalizes to IF,, ;, in higher-dimensions), (iii) the metrics they
construct in the sequence are singular along a single P! divisor instead of two P! divisors, as in

our construction, (iv) their limit metric is not precisely the Eguchi-Hanson metric, but rather its
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double cover (they obtain an angle of 47 along a P! divisor).

3.2.2 Small angle limits

Next, we consider small angle limits in the setting of IF,, ;.. Denote by 75, and S;; fiber-wise

rescalings of 7, , £3,, respectively (see (3.71) and §3.7).

Theorem 3.2.5. Both (F,, ., 1) and (F, 1, &s,) converge in the Gromov—Hausdorff sense to

(P!, kwys) as By or B tends to 0. Moreover, as 1 \, 0, (F,.x,73,, p) converges in the pointed

Gromov—Hausdorff sense to (P"~! x C*,

k

n

where p,q € I, j, are as in Theorem 3.2.1.

(nmiwrs + Tiwey), p) and similarly for (Fy, 5;;, q),

A compendium of the limit theorems in [49, 50] and the present work is shown in Table 1.

n|k ‘ 54 53 Sequence Limit Reference

1k 81\ 0 Ba(B1) = 51 football metrics (C*, wey) folklore, [49, Thm 1.3]
1k B 1 Ba(B1) = 51 football metrics (P!, wrs) folklore, [49, Thm 1.2]
2 |k BN\ 0 Ba(B1) = B1 + O(B}) KEE metrics (P!, kwrs) [50, Thm 1.2]

2 |k B1\ 0 Ba(B1) = B1+ O(3?) | rescaled KEE metrics (P! x C*, kmjwrs + kmjwey) [50, Thm 1.2]
211 B —1 Ba(01) = V3 -1 KEE metrics KEE metric on (Fy, Z_1) [50, Cor 1.5]
211 B 2 Ba(B1) /1 KEE metrics Ricci-flat metric on (—Hp1, Z4) Thm 3.9.3

2 | 1| the metric degenerates on Z; By /1 KEE metrics (P2, wrs) Thm 3.9.5.

211 B1(Ba2) /2 By /1 rescaled KEE metrics | Ricci-flat metric on (—Hp:, Z) Thm 3.9.7

212 B N1 Ba(B1) /2 KEE metrics Eguchi—Hanson metric (¢ = 1) Thm 3.6.1

2 | k | the metric degenerates on Zs j, Ba(81) S 1)k KEE metrics (P2(1,1,k), Worb 2 k) Thm 3.6.4

n | 1 | the metric degenerates on Z,, | Ba(B1) /1 KEE metrics (P, wrs) Thm 3.6.4

n |k B /S n/k Ba(61) S 1)k KEE metrics (—kHpn—1, Weh i) Thm 3.6.1

n|k B\ 0 Ba(B1) = B1 + O(BY) | rescaled KEE metrics | (P"~! x C*, £ (nrwps + mjwey)) Thm 3.7.6

n | k | the metric degenerates on Z, By S 1/k KEE metrics (P(1,...,1, k), Worb k) Thm 3.6.4

nlk Bi(B2) S n/k B /M 1/k rescaled KEE metrics (—kHpn-1, Weh k) Cor 3.6.5

n|k B1(B2) = Ba + O(B2) B2\ 0 rescaled KEE metrics | (P"~! x C*, & (nmfwrs + mjweyt)) Thm 3.7.11

Table 3.1: Limits of Kdhler—Einstein edge metrics on [F,, ;, the k-th Calabi-Hirzebruch manifold

of dimension n.
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3.2.3 Organization

In Section 3.3, we define two families of model metrics respectively on the total space of
line bundles —k Hpr-1 and the weighted projective space. In Section 3.4, we construct Kidhler—
Einstein edge metrics on the Calabi—Hirzebruch manifolds following Calabi ansatz. In Section
3.5, we study the asymptotic behaviors of Kihler—Einstein edge metrics by reducing it to the
study of some ODEs. In Section 3.6, we consider the Gromov—Hausdorff limits of the Kédhler—
Einstein edge metrics on the Calabi—Hirzebruch manifolds and find out the model metrics in
the limit. Theorem 3.2.1 is then proved in two parts: Theorem 3.6.1 and Theorem 3.6.4. The
first statement of Theorem 3.2.5 about the non-rescaled limits is proved in Theorems 3.7.1 and
3.7.10. The second statement of Theorem 3.2.5 concerning rescaled limits and pointed limits is
contained in Theorems 3.7.6 and 3.7.11. We also discuss the relation between Theorem 3.6.1
and Theorem 3.6.4 as mentioned in Remark 3.2.2 in Corollary 3.6.5. P!-fibrations over the base
P"~! Appendices 3.8 explain how to understand Eguchi-Hanson metrics as Gromov—Hausdorff
limits of Kéhler—Einstein edge metrics. In Appendix 3.9, we provide more examples of Kidhler—

Einstein edge metrics and their Gromov—Hausdorff limit metrics.

3.3 Model metrics

In this section, we introduce two model metrics weh 1 and wWob 1, that are defined respec-
tively on the total space of line bundles —k Hpn-1 and the weighted projective space P"(1, ..., 1, k),
cf. Definition 3.3.3. They will serve as the candidates of limit metrics in the latter sections.

Recalling the logarithmic of the fiberwise norm (3.18), we will define model metrics that
depend only on s on —kHpn—1 and P (1, ..., 1, k).
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3.3.1 Non-compact case: model metrics on —k Hpn-1

The first model metric, wenn k. 1S @ Ricci-flat edge metric with edge singularity of angle
2nm /k along the zero section Z,, j, of —kHpn-1. In particular, when n = k, this metric is smooth.
Indeed, when n = k, wep 1 coincides with the Ricci-flat metric on the canonical bundle of pr1

that was constructed by Calabi [8].

Definition 3.3.1. Let s be defined in (3.18). To define weh %, introduce another coordinate

A € (1, +00) such that

n

A= (eF* 4+ 1)n. (3.22)

3=

Thus {\ = 1} corresponds to the zero section Z,, , = {w = 0} on —kHpn—1. We define wep , 1

by giving its potential function as follows:

FOVi= Ak [ (3.23)

where the last term denotes an indefinite integral, and

Wehnk = \/—_185f(5)

The metric wen ,k i @ Ricci-flat metric on —k Hpn—1 with edge singularity of angle 2n7/k
along the zero section (See Theorem 3.6.1 for details). It can be seen as a generalization of

Eguchi-Hanson metrics to higher dimensional manifolds (See Remark 3.3.2 for details). More
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precisely, in local coordinates,

n 1 ES _]_d /\d_
e = k(eF + 1) Fmiwps + — < Y V=Tana+
k(ex® + 1) |wl
dw dw
vV—-laN—+vV-1—Aa|,
W w
where
a=k—Z ——  onthechart {z; # 0},
1+Zi;ﬁj’2i|2 {J7é }
and
m([Zy - Zpw) =[Zy -+ Z)

is the projection map from the total space —k Hpn—1 to the base space P L,

Remark 3.3.2. Fixingn = k = 2 in (3.22) and (3.23), we obtain that on —2Hp: the model metric

Weh,n,k has the expression

V—=100(2\ +log(A — 1) —log(A+ 1)), A > 1. (3.24)

Set

ri=et®, >0 (3.25)

Plugging (3.22) and (3.25) in (3.24), one finds wep ,, 1 has the following expression on —2Hp::

V—100[Vr* 4+ 1 +logr? — log(Vri + 1+ 1)]. (3.26)

Equation (3.26) coincides with (3.16) when we put ¢ = 1. In other words, when n = k£ = 2,

76



the metric we, 1, recovers the famous Eguchi—Hanson metric [21] that is constructed on the total
space of —2Hp:.

It is recalled in Proposition 3.1.4 that the Eguchi—-Hanson metric is Ricci-flat. The metric
Weh n.k» Which is also Ricci-flat but with edge singularities along Z,, , when n # k, can be seen as a

generalization of Eguchi—-Hanson metrics to the total space of —k Hpn—1 for arbitrary n, k € N-.

3.3.2 Compact case: model metrics on P"(1,... 1, k)

In this section, we introduce another model metric Wb that is defined on the weighted
projective space P™(1,..., 1, k). We first recall the construction of the weighted projective space

and its orbifold structure.

Definition 3.3.3. For k € N, consider the group action of C* on C"™! \ {0} given by

A (205 Zne1,%n) = (M2 s A2ne1, A20), A EC, (20,. .., Zne1, 2n) € C*TH\ {01

Then the weighted projective space P"(1, ..., 1, k) is defined as the quotient of this group action:

P*(1,...,1,k) :== (C"""\ {0})/C*.

We use homogeneous coordinates on P (1, ..., 1, k). Apoint [zg : -+ : xp_y : xy] € P*(1,...,1, k)

corresponds to an equivalence class in C**! \ {0}. More precisely,

(201 Tyt ) i= {20y ., Ay, Ny, 0 A € C*}L (3.27)
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Consider the Zj, action on C" such that the Zy, orbit of a point (z1, ..., z,) € C"is

27/—14 2my/—14
k k

Z1y-+-,€

{e Zzn 0 =0,...,k—1}.

Then near the point [0 : 0---: 0 : 1] € P*(1,...,1, k) the local structure is C"/Z. The

next lemma shows the relation between P"(1,...,1,k) and IF,, ;.

Lemma 3.3.4. The total space of the line bundle k Hpn—1 can be embedded in the weighted pro-
Jective space P"(1,...,1,k) and the complement is a single pointp = [0 : --- : 0 : 1] €

P*(1,...,1,k). Moreover, F,, . is the blow up of P"(1,...,1,k) at p.

Proof. Since for any vector bundle A and line bundle L we have P(A ® L) = P(A), it follows
that IF,, _j, is biholomorphic to [F,, ;, by taking L = 2kHpn-1 in Definition 3.1.3 with the biholo-
morphism exchanging the zero and the infinity sections Z,, ;, and Z,, _,. Thus, we identify I,

as

]Fn,k - P(kH[PJnfl @ (C[[Jmfl). (328)

We first show the total space of kHp«—1 can be naturally embedded in P"(1,...,1, k).
Consider P*(1,...,1, k) with homogeneous coordinate [zg : - -+ ,z,] and embed P"~! in
P" as {z,, = 0}. Recall the transition function at a point [z : --- : 2, 1] € P""! of the line

bundle £ Hpn-1 is given by

k
x.
gij([zo -1 xp]) = (x_]> . (3.29)
Then the fiber of kHpn—1 at an arbitrary point [xg : --- ,x, 1 : 0] € P*(1,...,1,k) can be
identified as the set of all [zg : --- : x,—; : A\ for A € C, where [z : -+ : x,1 : A is

defined in (3.27). By definition of the weighted projective space and (3.29), this is well-defined.

78



Thus, kHpn—1 can be naturally embedded in P"(1,...,1,k) and the complement is the point
[0:---:0:1]. We have mentioned that the local structure of P™(1,..., 1, k) near this point is
C" | Z.

Next, we blow up P*(1,...,1,k)at[0: ---: 0 : 1]. The exceptional divisor can be identi-
fied as adding an infinity section that is biholomorphic to P"~! to the total space k Hpn-1. Com-
bining this observation with (3.28), one realizes the manifold upstairs is the Calabi—Hirzebruch

manifold [F,, . We henceforth denote by 7 the blow down map. 0

Now we are ready to define woh, 5. To do so, we first define another family of model
metrics Worp n,k ON F), 4. Dorb i is @ Kdhler-Einstein edge metric with Ricci curvature (n + 1) /k
and an edge singularity of angle 27 /k along Z,, _; that degenerates on Z,, ;. In particular, this
metric is smooth along Z,, _; when £ = 1 and collapses along Z,, ;. Indeed, when k£ = 1 this
metric coincides with the Fubini—Study metric on P". We will then define w1, as the pull-back

of the metric W, under the blow up map.

Definition 3.3.5. Let s be defined in (3.18). To define Wbk, introduce another coordinate
v € (0,1) such that

v=1-(er +1)7L

Note that { = 0} and {v = 1} correspond to the zero section Z,, ; and the infinity section Z,,

respectively. We define Wy, » 1 by giving its potential function as follows:

g(v) = —klog(l —v), ve(0,1),
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and

Qorbnk = V — 1859(3).

Note that O, 1 is a degenerate Kihler—Einstein edge metric on IF,, ,, with Ricci curvature (n +
1)/k and an edge singularity of the angle 27 /k along Z,, _j, while Wop, 1 collapses along Z,,

(See Theorem 3.6.4 for details). More precisely, in local coordinates,

ket ek v —1ldw A dw
(Dor nk — Ts T Wwrs + s ++vV—1la A a+
PR el k(ek+1)( [w]?
dw d
\/—104/\Tw+\/—1—w/\64>,
w w
where
a=kFk—"Z ____  onthechart {z; # 0},
and
m([Zy - Zpw) =[Zy - Z)

is the projection map from I, ;, to the zero section Z,, , identified as Pl

Definition 3.3.6. For & > 1, the model metric wop ,x on P*(1,...,1, k) is defined away from
[0:---:0: 1] as the pull-back of the metric Dop, i 00 Fy, i \ {Z, 1} under the inverse of the

blow up map. For k& = 1, we define wyp, 1 as the Fubini—Study metric on P™(1,...,1,1) = P".

3.4 Construction of KEE metrics

In this section, we aim to construct Kihler—Einstein edge metrics defined on the Calabi—

Hirzebruch manifold I, ;, with edge singularities along the zero section Z,, ; and the infinity
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section Z,, _j using Calabi ansatz. By Kéhler—Einstein edge metrics we mean Kéhler edge cur-
rents that satisfy the Kdhler—Einstein equation on smooth locus. The reader may refer to [48] for

detailed exposition of Kihler edge metrics.

3.4.1 Construction of 775, on F,,

Recall, the coordinate s is defined in (3.18), where w and z;, j # ¢ are coordinates we use

when working on the chart {Z; # 0} C F,, x. We seek a Kdhler—Einstein edge metric

n = v/—190f(s)

for some smooth function f on F,, ;. Define

(3.30)

Let 7; and 5 be projections from [F,, ;, to the zero section Z,, ;, and each fiber respectively,

i.e.,
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Denote by wrg the Fubini—Study metric on P"~! and define

v —=1dw A dw
|wl?
]{72]#1 Zdej
Q==

1+ Zj;éi 2]

Y

Weyl =

on the chart {Z; # 0}.

Then direct calculation (cf. [50, Section 3.3] for detailed computations in dimension n=2)

yields

n= /{ZTﬂ'TwFs + (W;wCyl +vV—-1la A a+

. . (3.31)
\/—104/\Tw+\/—1—w/\64) .
w w

Positive definiteness of 7 then implies f' > 0 and f” > 0 for s € (—o0, +00).

Proposition 3.4.1. Assume that Z, , is non-collapsed, then inf,cg 7(s) > 0. Moreover, there

holds sup,p 7(s) < 400.

Proof. Assume by contradiction that inf,cg 7(s) = 0. Then by (3.31), 7 is identically zero when
restricted to Z,, . However, we assume Z,, ;. is non-collapsed. Thus we must have inf g 7(s) >
0. To see sup,cg 7(s) < +o0o, we follow the arguments in [50, Lemma 3.2]. Indeed, restricting 7

to the fiber {Z; = 0,V # i}, in (3.31) we get

*
1 = YWyl

v —1dw A dw

|w]?

(3.32)

Y

and also in this case s = log |w|?. Then we use the coordinate w = e*>+V=1 on this fiber, and
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by (3.32) n restricted on the fiber gives a metric

gy = dr? + 2p(7)db?. (3.33)

2¢(7)

Thus, the volume form on the fiber is d7 A df, and the volume of the fiber is 27 (sup . 7(s) —
infser 7(s)). Since for any Kiahler edge metric the volume of a complex submanifold is finite, we

conclude sup,p 7(5) < 00. N

By Proposition 3.4.1, we may rescale f by a positive constant such that inf 7 = 1 and

sup7 = T < oo. Thus, we henceforth assume that 7 ranges from [1, 7.

Proposition 3.4.2. If ) is a Kdhler edge metric with conic singularities along Z, , and Z,, _,

then

d
P(1) =0, =E(1) =4,
T (3.34)

dy

—/(T) =—
dr ( ) BQa
if we denote by 273, and 2 3, respectively the angles of ) along Z,, j, and Z,, _.

Proof. Recall we assume 7 ranges from [1, 7'|. In particular, this implies that

) dr
Jm o= =0,

which combines with (3.30) show that
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Next, we follow the arguments in the proof of [50, Proposition 3.3]. Indeed, it follows from [38,
Theorem 1, proposition 4.4] that the potential function f of 1 has complete asymptotic expansions
near both w = 0 and w = oco. Near w = 0, the leading term in the expansion is |w|?’'. More

precisely, by (3.18),

o~ C+ Cz’U)’Q’Bl + (C3sin @ + Cy cos 0)|w|* + O(|w]**€)
= Oy + Cye?® + (Cssin b + Oy cosB)e® + O(elH99),

We first find C; = 0 by the fact that (1) = ¢(7") = 0 in (3.34). Moreover, the expansion can be

differentiated term-by-term as |w| — 0 or s — —o0. As ¢'(7) = g—fj—j = g—f /e, we obtain

@/(1) = .

The same arguments imply that

90/(T> = —[a,

where the minus sign comes from the fact that the leading term in this expansion is |w|~2% =

e P2s, ]

Definition 3.4.3. A Kéhler—Einstein edge metric w is a Kdhler edge metric that has constant Ricci

curvature away from the singular locus.

By Definition 3.4.3, n is a Kdhler—Einstein edge metric if and only if it satisfies the follow-

ing Kihler-FEinstein edge equation:

Ricn = Mg+ (1= B1)[Zas] + (1 = B2)[Zuil, (3.35)
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where by A we denote the Ricci curvature.

The next proposition shows that (3.35) is equivalent to an ODE satisfied by 7 and ¢ with

boundary conditions given in (3.34).

Proposition 3.4.4. The Kdhler edge metric 1 given in (3.31) satisfies the Kdhler—Einstein edge

equation (3.35) if and only if

)\:%—51, B € (O,%>7

17 -1 1 n "t —1
= ) 7>
e L

o(T)

Moreover, By and T are determined by [y such that T > 1 and 55 > 0.
Proof. By (3.31), we calculate Ricn:
Ricn = —v/—190logn"
= —V/—1991log (K" '7" p(miwrs)" " A Tiwey)

= (1—51)[Zns) + (1 = B2)[Zn—] + (n —k(n — 1)% — l{:j—f) TWFS
— gp% ((n — 1)% + Z—f) (T3wey + V—laAa+

dw d
v—la/\gij\/—lgw/\a).

Plugging (3.31) and (3.38) in (3.35), (3.35) is equivalent to

d
n—kn -1 - k%2 = xkr,

T dr
d w d
— ~ _1_ ) = .
s@dT((n )T+d7) Ap
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Now we first observe that (3.39) and (3.40) are equivalent since taking derivative of (3.39) with
respect to 7 gives (3.40). Thus we conclude (3.35) is equivalent to the ODE (3.39) together with
boundary conditions (3.34). Solving this ODE with boundary conditions gives (3.36) and (3.37).
We need the assumption 5, € (0,n/k) to ensure the existence of 7" and /3, that satisfy (3.34).
Indeed, (3, and 7" are determined by [, due to (3.34) and (3.37). More precisely, 1" should be a
root of the polynomial that appears in the right hand side of (3.37) and — /3, should be determined

by the derivative dp/dr at T. Writing (3.37) as (1) = P(7)/7""!, we factor P(1) as

P(r)=(r—1) {%(T”‘1+---+1)+%+1<51—%> (T”+~-+1)}

0P (e erre]

Under the assumption 5, € (0,n/k), one finds P(1) > 0for 1 < 7 <« 2 and P(7) < 0 for

(3.41)

T — oo. Thus, P(7) has at least one real root that is greater than 1. Denote by 7 the first root of
P after 1. In particular, dp/d7(T') < 0. By (3.34), this implies that 85 > 0 as claimed. O

By (3.30), there holds

ds 1

Combining (3.31), (3.42) and Proposition 3.4.4 altogether, we realize that given 51 € (0,n/k) we
can construct a Kédhler-Einstein edge metric 77 on [F,, ;, using coordinates 7 and ¢. This Kahler—
Einstein edge metric has Ricci curvature A = n/k — 1, and has edge singularities of angle 273
along Z, ;, and angle 273, along Z,, _. Note that 3, is determined by /3. In other words, we
can construct a family of Kéhler—Einstein edge metrics on I, ;, parametrized by £, € (0,n/k).

In Section 3.5, we study the asymptotic behavior of this family of metrics when (3, approaches
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the two extremes: n/k or 0.

Recall, in the construction of 1 we rescale the metric such that 7 ranges from [1, T'|. Note
that 7" is determined by ;. By Proposition 3.4.1, we may also rescale the metric such that 7
ranges from [¢, 1] for some 0 < ¢ < 1. In such a way, we construct another family of Kihler—
Einstein edge metrics on [, ;, parametrized by /3, in the remainder of this section. Such metrics
can be seen as obtained after renormalizing metrics in the family that is parametrized by f;.

However, when studying their asymptotic behaviors they give rise to different limit metric.

3.4.2  Construction of £z, on I, 4

Now consider a change of coordinate u := 1/w. Then (3.18) can be written as

s = —log |u|® + klog (1 + Z ]zj‘2> :

J#i

We still denote by f(s) a smooth function on [, and seek Kéhler—Einstein edge metrics that

have the form /—190f(s). Recall 7(s) and (s) are defined in (3.30). Let

£:=+/—100f(s)
= krmiwrs + ¢ (Tswep + V—1a A a—

- ; (3.43)
Y PN L a) ,
u u

where 7, T and « are the same as those in (3.31). Recall by Proposition 3.4.1,

0 < inf 7(s) < sup7(s) < +o0.
seR sER
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We rescale the potential function f such that for some ¢ > 0,

sup7(s) =1, inf7(s)="1. (3.44)

seR s€R

Assume ¢ is a Kihler edge metric on [, ;. Then, under the renormalization given by (3.44),
Proposition 3.4.2 and Proposition 3.4.4, which respectively describe the boundary conditions for

 and the ODE satisfied by ¢, translate to the following two Propositions.

Proposition 3.4.5. Assume & has edge singularities of angle 23, and 27 (35 respectively along

i and Zy,, _y. Recall @ in (3.43). Then,

do
e(t) =0, —=(t)=p,
dr 1 (3.45)

dyp
p(1) =0, E(l) = —[s.

Proposition 3.4.6. Under the same assumptions in Proposition 3.4.5, the Kdihler edge metric £

satisfies the Kdihler—Einstein edge equation if and only if

1
p= 4By e (0, E) , (3.46)

17 -1 1 n il 1
— - n T ret
()0(7-) E pn—l n4+1 </{? +ﬁ2> Fn—1 ) T ( ) )7

where by 1 we denote the Ricci curvature of . Moreover, 31 and t are determined by [s.

By Propositions 3.4.5 and 3.4.6, we realize that given (3, we can construct a family of
Kéhler—Einstein edge metrics on F,, ; parametrized by (2 such that 5, and ¢ are determined by

B2. This family of metrics can be obtained by renormalizing the family of metrics parametrized
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by /.

3.5 Angle asymptotics

In this section, we study the asymptotic behaviors of Kihler—Einstein edge metrics 7 in
(3.31) (respectively, & in (3.43)) as 3 (respectively, 32) approaches either of its extremes.
We first study the limit behavior of n when 3; * n/k. It is enough to study the limiting

behavior of ¢ and 7 thanks to Proposition 3.4.4.
Proposition 3.5.1. When f3; is close to n/k, we have T > 1 and T — oo as 51 / n/k.

Proof. Recall by (3.34), 1 and T are both roots of (7). By Proposition 3.4.4, T' > 1. To prove

T — oo as By / n/k, we write (3.37) as

1 1 n
(1) = g (B =D =D —a) - (r e =T), (4

where oy, ..., a, 1 € C. Comparing (3.37) to (3.47), we have

1+k _
(T—al)---(T—an_l)(T—T):T"+kﬁl_ﬁ;(7"1+---+1).
By Vieta’s formulas,

1+ kB

Doy 1T = 4

(=11 an PR (3.48)
1+k

Q1+t apy + T = 0L (3.49)
n — kb
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By (3.37), ¢(7) has n + 1 (possibly complex) roots. Since

17" — 1

QO(T) — EF, as 61 /‘ n/k,

we conclude that the n roots of ¢ except T converge to the nth root of unity as 51 * n/k. In

particular, ||, ..., |a,_1| converge to 1 as B, * n/k. However, by (3.48) we see

laq| -+ |1 ||T| = 400, as By~ n/k.

Thus we must have 7" — 400 as 5, " n/k. O

Proposition 3.5.2. As 31 " n/k, the length of the path on each fiber between the intersection
point of the fiber with Z,, ;, and that of the fiber with Z,, _, tends to infinity. In other words, Z,, _j,

gets pushed—off to infinity as 5, ,/* n/k if we fix a base point on Z,, .

Proof. Restricted to each fiber, by (3.33), n = p/—1dw A dw/|w|? gives a metric

g= dr® + 2¢(7)d6>.

2(7)

Up to some constant, the distance between {7 = 1} and {7 = T'} is given by

Zﬁ‘”:

ot (3.50)
dr.

T 2

J IR D —a) =T )
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Recall in the proof of Proposition 3.5.1, we have shown

n—kﬂl k n/k:—ﬁl’

T ~ as 81/ n/k. (3.51)

For any fixed ¢ > 0, consider

n—1

T: dr.
Jo dd =D —a) (= e )T 7)

We can find f3; close to n/k such that
T—e>-T.

Then in [T — €, T, we have

(3.52)

V=D =) (T —an1) < V20" = 1) < V2T

By (3.51) and (3.52), there exists a constant C' > 0 that is independent of € such that

[ — :
a
T VD ) = an)(T - 7)
T T
> C'- - dr
Tl//{?—ﬁlT§ e NI — T
> (Cle.

Since € is arbitrarily chosen, the integral in (3.50) diverges as 51 " n/k. Thus, we have shown
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Z ., gets pushed-off to infinity as 8; * n/k if we choose a base point on Z,, . ]
Proposition 3.5.3. lim (5(5;) !
5.3, lim = —,
P gya Y T g

Proof. We calculate

dp 1 T2 1 n. T2

R e A A LG

27" +n - 1).

By ¢,(T') = —f2 we have

kT 1) %H(ﬁl R (3.53)
Recall ¢(T') = 0, then we have
Tnk_ L, - i (51~ %)(T"“ —1)=0. (3.54)
Combining (3.53) and (3.54),
(F-8)T =p+ 7 (3.55)
Since ' — oo as B; /" n/k, there holds 5y — 1/k as 51 " n/k. O

In Section 3.6, we use asymptotic behaviors discussed above to study the limit metric of 7
as (1 approaches n/k or 0. In the remainder of this section, we focus on the family of metrics &

that is parametrized by 5. Inspired by Proposition 3.5.3, we study the asymptotic behaviors of £

as By " 1/k.
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Proposition 3.5.4. When 3, % as an analogue of (3.55), there holds

(%+51)tn=%—ﬁ2-

Proof. Let p(7) and t be as in (3.45) and (3.46). We calculate

n—2 1

dp 1 7 " n
=1 — 1 (54 5)

dr  k (rn—1)2

By the fact that dp/d7(t) = f31,

1 1 /n 1
e+t —1)— (— )—Qt"“ —1).
I3 k:t”<n+ ) —— k+62 t”( +n—1)

Combining this with the fact that p(t) = 0, there holds

1 2(t" —1) n
= oy 2
b1 k(n+ ) 2 2 P2
1.1
—_Et +E_627

which implies
1 1
— tn — — —
(51 + k) 2 B2

as claimed.

]

3=

k n+1

when (s 1/k. Moreover, the length of the path on each fiber between the intersection point of

1 k 1 "
Proposition 3.5.5. As 3, * —, t = O (( ) (E — /62) ) In particular, t tends to 0

the fiber with Z,, ;. and that of the fiber with Z,, _;. converges to a finite number as B2 /* 1/k.
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Proof. Recall t is a root of

Direct calculations yield

1/k — By
n+1

o(r) 1 ( 1

r—1 1\ niti1

(%+52)r”+ (r"1+~~+7+1)>-

Then it is easy to see that every root of ¢(7) except for 7 = 1, denoted by «, satisfies that
lal = O((k/(n + 1))Y"(1/k — )"/") when 3,  1/k. In particular, as 3, * 1/k, all roots
of ¢(7) = 0 except for 7 = 1 converge to 0. We conclude that ¢ — 0. To see that the length
between Z,, , and Z,, _; converges to a finite number in the limit, one follows the arguments in

the proof of Proposition 3.5.2 and Proposition 3.9.4. U

3.6 Large angle limits

In this section, we first study the Gromov—Hausdorff limit of the family of metrics 7 when

the parameter 3; approaches n/k.

Theorem 3.6.1. Fix an arbitrary base point p on Z, . As b1 /* n/k, the Kiihler-Einstein edge

metric (F,, i, na,, p) converges in the pointed Gromov—Hausdorff sense to a Ricci-flat Kiihler edge
Ck

metric (—kHpn-1, 000, p) described in (3.60). Moreover, away from Z,, 1, one has ng, —= N

for any k > 0 on the total space of —kH (seen as an open subset in I, ;.), and the limit metric

oo coincides with the model metric wen 1, defined in Section 3.3.

Proof. We use notation 7s,, 7(51) and ¢(/31) to emphasize the dependence of metrics and coor-
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dinates on ;. Combining (3.30) and (3.37), we have

ds 1 7(By)" 1

dr(B)  e(B) KB 1)+ B (B - 1)

n+1

Claim 3.6.2. The pointwise limits of functions

Too(8) 1 = Blli/xg/kT(ﬁl, s), §€ (—o0,+00),

oo = 1 ,S), € (—oo,+
Poo(8) BI}IS/RQD(/BI s), s € (—00,+00)

exist. Moreover, 7. (s) and ¢ (s) are smooth in s.

(3.56)

Proof of the Claim. By the continuous dependence of ODEs in (3.56) on the parameter 3, the

pointwise limit function 7, exists. Since 7(/31, s) is smooth in s for each [, 7 () is smooth in

s. By (3.37) and the existence of 7., (), ¥uo () also exists. Moreover, ¢ (s) is smooth in s due

to the smoothness of 7 (s).

Thanks to Claim 3.6.2, 7, and ¢, satisfy

Solving the first equation in (3.57), we get

Too(8) = (1 + eC~9%)/"  for some constant C.
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By considering a change of coordinate w’ = C’w for some appropriate C’ in (3.18), we may

choose C'in (3.58) to be 0. Plugging (3.58) into the second equation in (3.57), one finds

(3.59)

Plugging (3.58) and (3.59) into (3.31), we obtain the convergence of Kdhler—Einstein edge metric

1, on any compact subsets of I, ;. in every C*-norm to the following metric:

o - = lim
n 51/‘71/1677/81

S-

=3

n 1 e
= k(1+e ) "miwps + — - ——————
F et r)s

+\/—1oz/\d—w—|—\/—1d—w/\oz).
W w

(W;‘wcyl +vV-laAa (3.60)

Recall by (3.36), the Ricci curvature of 73, is given by A\g, = n/k — (1, which converges to 0 as
B1 / n/k. Thus, 14 is a Ricci-flat Kéhler edge metric on —k Hpn-1. 15, has edge singularity of
angle 2nn/k along Z,, j, C —kHpn—1. Indeed, 7, coincides with the model metric wey, 5, ; defined
in Section 3.3. To obtain the convergence in the pointed Gromov—Hausdorff sense, we first recall
by Proposition 3.5.2 the distance between Z,, _j, and Z,, j, tends to infinity as 5 ,* n/k. Once we
choose a base point on Z,, ;. Since 1)z, converges to 7., on any compact geodesic balls centered
at the base point, we conclude that 73, converges in the pointed Gromov—Hausdorff sense to 7

on —kHpn-1. O

Remark 3.6.3. If welet n = k = 2 in Theorem 3.6.1, then by Remark 3.3.2 we obtain in the limit
the Eguchi—-Hanson metric with parameter € set as 1 (see (3.16)). In other words, the Eguchi—

Hanson metric arises as the pointed Gromov—Hausdorff limit of Kédhler—FEinstein edge metrics
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ng, when 31 1. This interesting observation has been conjectured in [50, Remark 5.1].

Next, we fix a base point on the infinity section Z,, _j to study the Gromov—Hausdorff
limit of the family of Kahler-Einstein edge metrics { on I, ;.. In the limit, we obtain an orbifold
Kihler-Einstein edge metric instead of the Ricci-flat edge metric obtained in Theorem 3.6.1.

From now on, we use &g,, 7(32) and ¢(52) to emphasize the dependence of metrics and

coordinates on 5. We consider the case 3, ' 1/k.

Theorem 3.6.4. Fix an arbitrary base point p on the infinity section Z,, _y. As B2 / 1]k, the
Kiihler—Einstein edge metric (F,, 1, &s,,p) on F, i converges in the pointed Gromov—Hausdorff
sense to an orbifold Kihler—Einstein edge metric (P"(1,...,1,k), &, p) on the weighted projec-
tive space P*(1, ..., 1, k) with an edge singularity of angle 27 |k along Z,, _y. This limit metric

coincides with the model metric Wy, , 1, defined in Definition 3.3.6.

Proof. By similar notation and calculations as in the proof of Theorem 3.6.1, we have

ds _ 1 _ 7—(62)71—1
dr(®) o) Hr(B)r = 1) — () 1)
As By ' 1/k, we have
ds k
oo T (3.61)
1 2

Poo(Too) = E(Too —T%)-

Solving (3.61) and considering a change of coordinate ' = C’u for some appropriate C', we have

Too(8) =1 — ————, s € (—00,+00),

s € (—00, +00).



Thus, the limit metric on F,, ; is as follows:

es/k 1 es/k:

Soo = ks + RS (mswen + V—laAa

—f—\/—la/\d—w—i—\/—ld—w/\a).
w w

Recall the Ricci curvature g, is given in (3.46) by n/k + [, and converges to (n + 1)/k in the
limit. Thus &, has Ricci curvature (n + 1)/k. Moreover, &, has an edge singularity of angle
27 /k along Z,, _j. It degenerates on Z,, . since 7 = 0 on Z,, . Indeed, foo coincides with the
model metrics defined in Definition 3.3.5. Then by Definition 3.3.6, we denote by &, the model
metric on P"(1,..., 1, k) that is the pull-back of &, under the blow up map.

We have shown that foo is the limit of &g, as tensors in the pointwise smooth sense. Next,
fix an arbitrary base point on Z,, _;. By Proposition 3.5.5 and the local smooth convergence
result, we conclude that (P"(1,...,1,k), &) is the limit of (F,, x,&s,) in the pointed Gromov—
Hausdorff sense when 8 * 1/k. Moreover, the limit metric coincides with the model metric

Worb,n,; defined in Section 3.3. ]

As we pointed out in Section 3.5, the family of metrics £, can be obtained by renormalizing
the family of metrics 7)5,. Comparing Theorem 3.6.1 to Theorem 3.6.4, we obtain different limit
metrics for those two family of metrics. However, we show that after a proper normalization of
&p,,» we obtain the same limit metric for both {3, and 7g,. The normalization factor is actually

given by Proposition 3.5.5.

Corollary 3.6.5. Rescale the Kdihler-Einstein edge metric £, by ((n+1)/k)Y"/(1/k — )Y/,

then the normalized metric converges in the pointed Gromov-Hausdorff sense to a Ricci-flat
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metric on —kHpn-1 when By ' 1/k, where the base point is chosen from Z,, ;. See the proof for
a more precise explanation. Moreover, this Ricci-flat metric coincides with the one obtained in

Theorem 3.6.1, i.e., the model metric Wep 1

Proof. Consider a change of coordinate

y(B2) = (n Z 1) l

By Proposition 3.5.5, the interval of definition of y(;) converges to [1, +oc] as 5, * 1/k. The

3
=
~~
=
no
~—

rescaled metric reads

(n+1>i' £,
k) (=B
1

n +

= ]{Zyﬂikas + < (W;WCyl +vV—-1laha—

.
VaanZ - y1%na
Uu u

Recall

<n;—1>i, ()

<n+ 1>i LB 1) = 25 G+ B (B - 1)
! .

(3.62)

Denote by y the coordinate in the limit. Letting 82 " 1/k, the right hand side of (3.62) converges

to

n

Yyt —1
k-yn—l )

y € [1, +00].
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Solving

ds _ 1 ds 1 (n + 1)5 o
dTﬁQ B2 (7-62) dyﬁz (% - 52)% k ¥Ba (yﬁz) ’
we obtain in the limit

k
s=- log(y" —1), vy € (1,400). (3.63)

Thus the limit metric is given by

n

Eoo = kymiwrs + %@T (W;wcyl +vV—-1laNa—
Y (3.64)

di d
V_lanZ _yT%A a) ,
u u

where y and s satisfy (3.63). This limit metric is Ricci-flat. And it coincides with the limit metric
in Theorem 3.6.1, i.e., the model metric we 5, 1, defined in Section 3.3. Fix an arbitrary base point
on Z, . By Proposition 3.5.5, the distance between Z,, ;, and Z,, _j tends to +oo in the limit
under the renormalized metric. Thus, Z,, _, gets pushed-off to infinity in the limit. We obtain the
pointed Gromov-Hausdorff convergence of (F,, s, ((n + 1)/k)""¢s, /(1 — B2)"/") to —kHpn—

with the metric obtained in (3.64). ]

3.7 Small angle limits and fiberwise rescaling

In this section we first consider the 3; N\, 0 case for 73, .

Theorem 3.7.1. As 3, tends to 0, (F,, 1, m, ) converges in the Gromov-Hausdorff sense to (P" ™!, kwys).
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Proof. As (81 \ 0, by (3.37) we have

1 1 n
= i = —(r"=1) - —— (" =1
o= i o = 5 (§0" = 1) = (= )

1 1 n n
= FnT D) Tn_l(—m' T+ 17" —1).

Then we observe ¢y does not have any root greater than 1. Indeed, notice that

M+ D)1=t -1+ + 7 —nr")

=(r—-1)A—-7"4+7—7" 4+ F =),
Thus ¢, is always positive when 7 > 1. However, combining this fact with (3.47), we conclude
that

lim T"=1. (3.65)
B1N\0

Since p(1) = ¢(T') = 0, we have p(51) — 0 as 51 0. Since 7 ranges from 1 to 7', by (3.31)
we conclude that as 3, \, 0, 73, converges to k7jwrs. Thus we have shown (IF,, j, 15, ) converges

in the Gromov—Hausdorff sense to (P"~!, kwgs) when 51 ™\ 0. O

Roughly speaking, Theorem 3.7.1 says that as 5; \, 0, the fibers collapse to the zero
section. This motivates us to rescale the metric g, along the fiber so that we can obtain a non-

collapsed metric in the limit. We first need the following lemma.
Lemma 3.7.2. For 51 > 0 and close to zero, T =T(f1) = 1 + O(f).

Proof. By Proposition 3.4.4, T'(;) is determined by 3;, and T'(/3;) is the first root of the poly-
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nomial in (3.41). We rewrite the polynomial in (3.41) as

P(r) = %( —1) <r”+l’§gll—fi(7“+~-+1)>.

Lettingy =7 — 1,

L <( 1)”+kﬁ1+1((y+1)"1+---+(y+1)+1))

Ply) = k(n+1)y kBi —n
. kﬁl —n n k)ﬁl—i‘l k:(n—l—l)ﬁl
ity (900 )

where ()(y) is a polynomial of degree n — 1 whose coefficients depend on /3, and whose constant

term is

B kB + 1  (n=1)(kBi+1) nA4+1nkp —n
Q(O)—n—l—kﬁl_n(1+...+n—1)—n T R R S v (3.67)

By Proposition 3.4.4, T' — 1 is a root of the term in the parenthesis of the second equation in

(3.66), i.e.,
k
0= (T—l)Q(T—l)Jr%.

In particular, it follows that Q(7 — 1) # 0 for small enough /3;. Thus, dividing we obtain

4 k(n+1)B
== G o =1
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By (3.65) limg,~ 07 = 1, and so limg,\ o Q(7'— 1) = (n + 1)/2 by (3.67). Altogether,
2k
Ir—-1= ;51 + o(B1), (3.68)

as claimed. [
Remark 3.7.3. The last display generalizes [50, (5.1)] from the surface case n = 2 to any dimen-
sion. Note that in op. cit. n corresponds to our k.

It follows that in the small angle limit, both angles approach zero at the same rate:
Lemma 3.7.4. For 31 > 0 and close to zero, B = B2(B1) = B1 + O(5?).

Proof. Combining (3.65) and (3.55) it follows that limg,\ o B2 = 0. Using this, and plugging

(3.68), in (3.55) we find that

51+%=%+251—52+0(51)7

$0 35 = 31 + 0(/31), and so bootstrapping we obtain 3, = 3; + O(3%), as claimed. O

Lemma 3.7.4 motivates treating the angles 273, and 273, on the same footing in the small
angle regime, so that it reasonable to hope that under some appropriate rescaling the fibers con-
verge to cylinders, as in [49,50]. This is precisely what we prove next.

We change variable from 7 € (1,7T) in (3.31) and (3.37) to

r—1- k&
n
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with z € (—Bil, B% + O(l)> by (3.68). Note that z = 0 roughly corresponds to the middle

section between Z,, ,, and Z,, ;. By (3.37) and (3.69),

1 1

o) = g+ Egto o). ae (_E’ 1y

0(1)) . (3.70)

Letp € F,, ; be a fixed base point chosen from the section {x = 0}, which will serve as the
base point we use later for pointed Gromov—Hausdorff convergence.
To find a fiberwise-rescaled limit, we next rescale the metric 73, in (3.31) along each fiber,

1.e., we define
— 1 -
Ng, = kTmiwrs + ?w@‘wcyl +o(vV—laNa+vV-laANdw/w+vV—1dw/w A a). (3.71)
1

Remark 3.71.5. This fiberwise rescaled metric is no longer Kihler. Indeed, since the metric 7, in

(3.31) is Kihler, i.e., dng, = 0, there holds

_ 1\ .
dng, =d (7751 - (1 - —2> szcw)
Ioh

1 *
= — (1 - —2) dp N Tywey
Ioh

£ 0.

Theorem 3.7.6. As 3, \, 0, (F,, 1,7, D) converges in the pointed Gromov—-Hausdorff sense to

(P! x C*, %(mrprs + Tiwey), p)-

Proof. We first show on compact subsets, the following pointwise convergence holds:

Claim 3.7.7. The restriction of 75, to a fiber converges to a cylindrical metric pointwise on com-
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pact subsets. More precisely,

lim i(pﬁ*wc | = — oWyl
BN 12 2 Yy n 2 Yy

Proof of the Claim. As shown in (3.33), the restriction of 7, is given by

dr? + 2¢(T1 d92,
2¢(7) elr)

thus the restriction of 75, to a fiber, using the new coordinates (3.69) is given by

2122

2n%p(2) B
As (1 N\ 0, by (3.70), (3.72) converges pointwise on compact subsets to

k k k
—dl’2 + —d92 = —Weyl,
n n n

as claimed.

(3.72)

]

By the collapsing arguments in the proof of Theorem 3.7.1 and the claim above, we have

—~ . . k * * 1
shown 75, converges pointwise to H(mrl Wrs + Ty wcyl) on compact subsets as 3; \ 0. It remains

to prove the pointed Gromov—Hausdorff convergence. Indeed, by arguments in the proof of

Proposition 3.5.2, the distance between Z,, ;, and {x = 0} and the distance between Z,, 4 and

{x = 0} tend to infinity under the metric 73,. Thus in the limit 3; \, 0, we get the product

differential structure on P"~! x C* as claimed. Choosing the point p as the base point, the
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pointwise convergence result implies that

1m = —(nmw TToW
BINO 161 n 1WFS 2WCyl

in the pointed Gromov—Hausdorff sense. ]

The B2 N\, 0 case for £z, is similar to Theorem 3.7.1 and Theorem 3.7.6.
The asymptotic behaviors of ¢(32) and 3;(f2) when B2 N\, 0 are similar to those described

in Lemma 3.7.2 and Lemma 3.7.4. We collected them as follows.

Lemma 3.7.8. For 5 > 0 and close to zero,

t=t(p)=1- %52 + 0(B2).

Lemma 3.7.9. For 5 > 0 and close to zero,

B1 = Bi(Ba) = B2+ O(S33).

Now we state the non-rescaling limit of {g, as 32 \, 0.

Theorem 3.7.10. As (3, tends to 0, (F,,&s,) converges in the Gromov—Hausdorff sense to
(]mel, kas).
Proof. By Proposition 3.4.5 and Proposition 3.4.6, ¢ tends to 1 as S \, 0. The remaining proof

is similar to that of Theorem 3.7.1. O]

To obtain a non-collapsed metric in the limit, we consider rescaling &g, in the way of (3.71)
and denote the rescaled metric by g};:
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N 1 -
£p, 1= kTmwps + —5¢mowey + @(V—laAa —vV—=la Adu/u — vV—1du/u N\ &).
2

Moreover, we consider a change of variable as (3.69):

T—14 %5

u =
k
53

As before, we choose a fixed base point from the section {u = 0}.

Theorem 3.7.11. As 52 N\, 0, (F,, 5;2 ,q) converges in the pointed Gromov—Hausdorff sense to

(P! x C*, &(nmwps — mwey), 9)-

Proof. By Lemma 3.7.8 and Lemma 3.7.9, we have similar asymptotic behaviors as Lemma 3.7.2
and Lemma 3.7.4 in the 35 case. Then we can apply similar arguments as in the proof of Theorem

3.7.6. ]

3.8 Appendix on Eguchi—-Hanson metric as Gromov—Hausdorff limits of KEE

metrics

In this section we give a direct proof of a special case of Theorem 3.6.1 whenn = k = 2.
We already know we will obtain Eguchi-Hanson metrics in the limit.

Recall in (3.31) we denote by 1 a Kéhler—Einstein edge metric on Calabi-Hirzebruch man-
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ifolds IF,, ;, that has the following form:
¥ . _ dw dw
N = kTm{wrs + ¢ 772wcy1+\/—1a/\a+\/—104/\g—l—\/—l?/\a , (3.73)

where 71, 7y and « are defined below (3.31).

From now on, we assume & = 2 and n = 2, i.e., consider the second Hirzebruch surface
IF,. To build a connection between ggy . and the Kéhler edge metric 77 on o, we first write 7 in
terms of one forms introduced in (3.6).

Consider a change of coordinate w = v2. The reason to do this is that w is the coordinate
along each fiber of the line bundle —2 Hp:. Recall (3.15), then we have the following correspon-

dence:

0 =
2] = VZ = T COS —eg(w”’),
02 (3.74)
Z9 = U = 7rsin —e@(w_‘ﬁ).
2
In particular,
r? = o] (1 + |2[?)
(3.75)

— w](1+[=]2).

By the definition of «vin (3.31), (1, 1)-forms that appear in 7 are

dz Ndz AG 4dv N dv /\Qd@ 2dv/\_
A+l “0" T YN e

Let us first calculate O'% + a% in terms of the coordinate z and v. By (3.6) and (3.74) we
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have

1 1
ol +o5 = ZdGQ +3 sin? Od¢?

1 (_ 2ldz  |zldz )2+
4\ (1422 (1222

3.76
1/ 212 \* ([ 1 [dz dz\\° G-70)
4\ 1+ |z|? 2y/-1\z %
dz ® dz
=Re—m—.
NEAFEDE
For dr? and o3, By (3.6) and (3.74) we have
4 2dv  2dv\”
ar2drt =1 (Oé—l—OZ—F—U“‘TU) ,
4 v v
1 2 2dv\?
2 4d dv 2dv  2d
dr? + r?o? = = Re OB | vgatae X gal.
4 [v|? v v

Denote by g, the corresponding Riemannian metric on —2Hp1 with respect to 7. Then combining

(3.73), (3.76) and (3.77) we obtain
2, 2 4 00 2o
gy =27(07 +035) + - 7"_2(dr +ro3). (3.78)

For 7 and ¢ in (3.78), results in Section 3.4 apply after we fix n = k = 2 there. A key
feature when n = 2 is the right hand side in (3.37) is a cubic polynomial, which is easy to handle.
In other words, we will be able to derive more precise dependence of 7" and 35 on 3; comparing
to results in Proposition 3.5.1 and Proposition 3.5.3. Indeed, this was done in the work of [50].

In this and the next section, we fix n = 2 and make use of several results obtained in [50].
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Since n = k = 2, we find 5; € (0,1). We will study the asymptotic behaviors of Kéhler—

Einstein edge metrics n when 3; — 1. Recall [50, (4.20)]

Bo = 2(251 +/3(3 = 281)(1+281) — 3).

So we have 35 — % as /1 — 1. Recall, 7 ranges from [1, T] and T is given by [50, (5.1)]

V128 — 487 +26 -1
143

T
4 — 4

Thus, " — 400 as 51 — 1. Moreover, recall in (3.37) (7) is given by

p(r) = 5— 3B —1)— (3.79)
- %(51 (= 1)(r—a)(r=T)/7, forre[1,T],

A L L
- i—4p;

as 1 — 1. Below we first recall as 5; — 1, the divisor Z_, gets pushed-off to infinity. This

where a4 is given in [50, (5.2)] by oy and o tends to —1

result is a special case of Proposition 3.5.2.

Proposition 3.8.1. The length of the path on each fiber between the intersection point of the fiber

with Z, and that of the fiber with Z_5 tends to infinity as 1 — 1.

From now on, we use (3; as a subscript to emphasize the dependence on angles. By (3.73)

and (3.79), on any compact subsets of F, we have the following convergence in the C*-norm for
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every k:

Moo : = lim g,
v—ldzNdz 1 1 v —1ldw A dw _
=275 ————— + — - | —F+V-1laA
P pE 2\, VTN
dw d
+\/—1aAEw+\/—1Ew /\a). (3.80)
Recall the Ricci curvature tensor of 73, is given by
: vV—1ldz Ndz ~
Ric Ng, = (1 — /61)[01] + (1 — ﬁg)[Cg] + QW -V —18010g751

(3.81)
— /=100 1log @, .

The Ricci curvature g, of 7s, is given by A\g, = 1 — ;. Notice that A\, — 0 as 5; — 1. Hence,

by (3.81) and facts that ¢ — (72 — 1) /27 in the limit and 7 is a function of r* = |w|?(1 + |2|?)?

(recall (3.75)) we have

2\/—1dz ANdz

SESEEE —V/—10010g Too — V/—10010g poe = 0,

= Too oo = Clw]*(1 + |2%)?,

(C+ 7’4)%, for some constant C' > 0. (3.82)

N

=T =C"

Replacing 7 and ¢ in (3.78) using (3.82), we have

2

=202 [(C+rY)3(o? +0d) + ——
n (( ) ( 1 2) (C’+7‘4)5

(dr® + r%?,)) : (3.83)
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Comparing (3.83) to (3.14) we see 7 converges on compact subsets to an Eguchi—~Hanson metric
as $; — 1. Summarizing discussions above, we have shown the following result. It is a special

case of Theorem 3.6.1 and provides a new way of understanding Eguchi—-Hanson metrics.

Theorem 3.8.2. Fix an arbitrary base point p on the zero section. The Kdihler—Einstein edge met-
ric (Fa,mp,, p) on Iy converges in the pointed Gromov—Hausdorff sense to the following Eguchi—

Hanson metric (—2Hp1,1y,), p on —2Hp1 as ; — 1:

2

00220_% C +rH2(0? + o2 R
Ul (( )2 (o7 7) (C+ 1)

(dr* + r2a§)> :

where C' > 0 is a constant.

Proof. The convergence on any compact subset of —2Hp1 of such 7 to an Eguchi—-Hanson metric
in C*-norm for every k can be seen from (3.83). Combining this fact, the fact that Z_, gets
pushed-off to infinity as $; — 1 and choosing an arbitrary base point from the exceptional
divisor Z,, we obtain the convergence in the pointed Gromov—Hausdorff sense by considering
convergence of 7) to an Eguchi—-Hanson metric on compact geodesic balls centered at the base

point. 0

3.9 Appendix on examples of limit of KEE metrics

In this section, we fix £ = 1 and n = 2. Then we follow Section 3.5 and Section 3.6 to
give more concrete examples as limit of Kéhler—Einstein edge metrics. In the previous work, we
treated the case 5; \, 0 and 5; — 1 [50]. In this section, we consider the several cases: 3; 2,

B2 1 with no rescaling and 35 * 1 with rescaling. The asymptotic behaviors in such cases are
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summarized in Table 3.1.
Under the assumption & = 1 and n = 2, ; ranges from (0, 2). 7 ranges from [1,7]. We
will study the limiting behaviors of Kéhler—Einstein edge metrics when 5, — 2.

By (3.37) (1) satisfies

|

plr) = =+ 5B -2 - 1)

T

S T e A Y

where 7" and o satisfy [50, (5.1), (5.2)]

VI+26 =36 +5 -1
T=1+3

1-25 |
—1+ 28— 15+ -1
=23, |

(3.84)

041:1+3

Obviously 7' — +oc and a; — —1 as 1 — 2. B, is given by [50, (4.20)]

51—3+3\/1+§51—%ﬁ12

2 9

Thus B2 — 1 as ; — 2. More precisely, we have the following asymptotic behavior of 32(/5;):
Lemma 3.9.1. For 8, < 2 and close t0 2, 5(1) = 351 + o(1).

The length of the path on each fiber between the intersection point of the fiber with Z; and
that of the fiber with Z_, is given by the integration of ¢(7) from 1 to 7". A similar calculation

as in the proof of Proposition 3.8.1 shows the following result.

Proposition 3.9.2. The length of the path on each fiber between the intersection point of the fiber
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with 7y and that of the fiber with Z_; tends to infinity as 1 — 2.

Recall we assume Kihler-Einstein edge metrics on [F; have the form as in (3.73). The Ricci
curvature form of such Kihler—Einstein edge metrics, denoted by 7, is given by (3.81). From now
on, we denote by 7),, 73, and ¢, to emphasize the dependence of metrics and coordinates on (3.

Let us consider on any compact subsets of [y,

_ > 2 _ _ 7
lim 75, V—1dz AN dz (7’ 1 N %(ﬁl _ o) — 1)) (\/_1dw A dw

s = 0 T Ry
i d
+\/—1a/\@+\/—1a/\fw+\/—1—w/\@>
w w
V=1ldzNdz 72>—1 (/—1dw A dw dw
= © S < v w—b—\/—loz/\@—i—\/—loz/\fw
w

R ER [wP?

—l-\/—l%U A d) .

The Ricci curvature \g, of 7, is given by g, = 2 — 3. As 81 — 2, the Ricci curvature \g,

tends to 0. Thus, the limit metric 7, has Ricci curvature 0. Hence by (3.81), 7, and ¢, satisfy

2\/—1dz NdZ

0522 —v/—=19010g 7o — V/—1001l0g ¢ = 0,

= Toopoo = Clul* (1 + |2[*)%,

=700 = (14 Clw|*(1 + |,z|2)2)%7 for some constant C' > 0. (3.85)

Thus we obtain the following theorem, which is a special case of Theorem 3.6.1.

Theorem 3.9.3. Fix an arbitrary base point p on Z; C Fy. As 51 — 2, the Kdhler—Einstein edge
metric (F1,np,,p) on Fy converges in the pointed Gromov—Hausdor{f sense to a Ricci-flat metric
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(—Hp1, Moo, p) on — Hp1 with conic singularity of angle 4 along Z;.

Proof. By (3.85), the limit metric 7)., has the form

v—=1dz Ndz

(1 +[2[%)?

4 1 2\2 —1 7 -
Clw[*(1+ |2]%) 1 <\/ de/\dw—i—\/—_loz/\d—l—\/—_la/\dTw
(14 Clw|*(1 + |2|2)?)2 |w] w

d
—H/—l—w/\d),
w

Moo =(1+ Cluw|!(1 4 |2[?)?)2

for some constant C' > 0. Thus 7. has edge singularity of angle 47 along Z;. For a fixed
base point on Z;, Proposition 3.9.2 shows that Z_; gets pushed-off to infinity in the limit. The

remaining proof is the same as that of Theorem 3.8.2. [

3.9.1 Calculation in (3

In this section, we choose a base point from the infinity section and then study the limiti
behavior of the Kihler—Einstein edge metrics. In the language of Section 3.5, we will consider
the Kéhler—Einstein edge metrics that are parametrized by (5.

As in Section 3.5, we consider v := 1/w as the fiber coordinate. Then {u = 0} is the

infinity section and {u = oo} is the zero section. We still define s as follows:

s = log(1 + |2|*) — log |ul*.

Then as before {s = —oo} still corresponds to the zero section while {s = +oc} corresponds to

the infinity section.
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Denote now by ¢ the Kéhler-Einstein edge metric that we seek on ;. Assume £ =

v/—190f (s) for some smooth function f(s). As (3.43) we calculate

_ v/ —1 u U
77:v—l@f)f(s):Tﬂi‘wps—l—cp(MqLa/\a—a/\d—u—d—u/\a),

|ul? uou

where a = zdz/1 + |2)*, 7 = f'(s) and ¢ = f”(s) as before. As in Section 3.5, after a

renormalization of the metric we may assume

sup f'(s) = 1.

We also assume inf f'(s) = ¢, for some ¢ > 0. In other words, 7 ranges from [t, 1].

Now we calculate the Ricci curvature form 7 using coordinates v and z:

Ricn = —v/—190log n?

_ Tgp
-V 19dlog — '
OOl8 [T 1 22

= (1 - 51>[Z1] + (1 - ﬁQ)[Z—l] + 27miwrs — \/—_1(9610g7'

—V/—1001og ¢.

Denote the Ricci curvature by p. The Kédhler—Einstein edge equation

Ricn = pn+ (1 — B1)[Z1] + (1 — B2)[Z-4]
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is equivalent to

2—p,—p/T=pr, TEI,1]. (3.86)

Note that (3.86) gives us the same ODE derived in [50, (4.12)]. Now let us determine boundary

conditions satisfied by (7). The same arguments in [50, Proposition 3.3] give us that

e(t) =p(1) =0, ¢{t)=701, ¢(1)=—/po. (3.87)

Plugging boundary conditions in (3.86) implies that

p=2+ Pa.

The solution to (3.86) is

_72—1+2+ﬁ21—73‘
T 3 T

(3.88)

Combining (3.87) and (3.88), we obtain the dependence of ¢ and 1 on [s:

_ 1 — Br+ /(B2 — 1)(—3B2 — 9)
22+ ) ’ (3.89)

B = g + %ﬁz - %\/(1 — [2)(362 4 9).

t

Next, inspired by the result in Theorem 3.9.3, we study the limiting behavior of Kdhler-Einstein edge

metrics when (5 tends to 1. The proof is similar to that of Proposition 3.8.1 and is omitted.

Proposition 3.9.4. The length of the path on each fiber between the intersection point of the fiber

with Zy and that of the fiber with Z_| converges to a finite number as 35 — 1.

From now on, we denote by {3,, 75, and g, to indicate the dependence of metrics and
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coordinates on [s.

Theorem 3.9.5. Fix an arbitrary base pointpon Z_1 C Fy. As o — 1, the Kiihler—Einstein edge

metric (F1,£&s,,p) on Fy converge in the pointed Gromov—Hausdorff sense to the Fubini—Study

metric (P? wrs, p). We will show that s, converges pointwise smoothly to a degenerate metric

tensor that is the pull-back of the Fubini—Study metric under the blow-up map on F.

Proof. Denote by &, T and (., the metric and coordinates in the limit when $, — 1. To find

a relation between 7., ¢, and s, consider the ODE satisfied by s and 7,:

ds 1 T8,

drs,  ©s, (2+362)(1 —Tg2) —1—752 —1

Letting 8> — 1 1in (3.90), we obtain (up to a constant that can be chosen to be 0)

Too

1 -7y’

s = log Too € (0,1),

where 7, ranges from (0, 1) since ¢ — 0 as S — 1. Obviously there holds

Voo = Too(l — Teo)-

(3.90)

(3.91)

(3.92)

Recall s = log(1 + |2]*) — log|u|*>. Combining (3.91) and (3.92), the limit metric ., has the
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form:

du d
oo = TooMIWFS + Yoo (Wgwcyl +vV-laNha—v—-1aA Tu — \/—1—u A a)
a U

1+ |22 1+ |22 ~
=— 7 ¥ V—=1du A d (3.93)
M+ 1+ 2 S T QuE Lt ey N
(1 + |2?)

(v—la/\d—\/—la/\d—u—\/—1d—u/\o7).
U U

(lul* +1 4 [2[2)?

Next, we derive the explicit formula for £.,. Recall,

(3.94)

Plugging (3.94) in (3.93) and by calculations:

1+ 2|2 V—1ldz Ndz 1+ |2]? Jodu A di
: —1du A da
ul + 1422 (T+22)? 0 (Jul? + 14 [2)?

21 2 2 > > 7 >
[ul?( +|z|)2(\/_—1'|Z|dz/\dz_\/_—1 zdz /\dTu_ Tld—u/\&)

é-oo:

(uP + 1+ [2?) (1+ 2P T+ @ u TP
1+ |ul? _ zu ~ uz B
=1 dz \Ndz — dz N du — duNd
(<1+\u|2+|z|2>2 S T I ) P G oy P
1+ |22 _
du N d
T+ a2 + 222
=V/—1001log(1 + |ul]* + |2[*).
(3.95)

This limit metric does not have singularity along Z_1 since 55 — 1 in the limit. Moreover,
£~ has Ricci curvature 3 since p4, tends to 3 when 35 — 1. Moreover, the metric £, degenerates
along Z; = {u = oo} as &, — 0 as |u| = +oo.

We next show that &, is the pull-back of the Fubini-Study metric wrg on P? under the

blow-down map 7 : F; — P2 Figure 3.2 shows the blow up of P?(1,1, k) at p giving rise
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to IF;. To see this, we regard [F;, which is the blow-up of P? at one point p (WLOG assuming

p=[1:0:0]), as the variety embedded in P? x P!

Fi = {([o : 21 : 2], [yo : 1)) € P2 x P12 2y = w90}

Then the blow-down map 7 is given by:

7. F, — P?

([ro = 1 = x2, [yo : y1]) ¥ [wo @ @1 & x2).

Restricted on the chart {x; # 0}, there hold:

Zo i)
u = -, = —
I T
and
m(u, 2) = (u, z) € P2 (3.96)

Recall the Fubini-Study metric on P? (restriced to the chart {z; # 0}) has the formula

wrs = vV —1log(1 4+ |ul® + |2]*).

Thus by (3.95) and (3.96) we have shown,

Eoo = T Wrs,
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confirming that £, degenerates along the exceptional curve 7.

We have shown {3, converges on any compact subset of [F; to {,,. Now fix an arbitrary base
point on Z_; C [F,. By Proposition 3.9.4, the length between Z; and Z_; remains to be finite
when 3, — 1. Thus (Fy, £s,, p) converges in the pointed Gromov—Hausdorff sense to (P2, wys, p)

when 3y — 1. 0

blow up

P

N

2
P(L LK) o

Figure 3.2: Blow up of P2(1,1, k) at p (with k& > 1).

Next, we consider the limiting behavior of properly renormalized Kéhler—Einstein edge

metrics on [F; when 3y — 1.

Lemma 3.9.6. Rescaling the metric £ by a factor 2(2+ 32) /(1 — Bo+ /(1 — B2) (362 + 9)), the

interval of definition of T will change from [t, 1] to [1,T] as in (3.84).

Proof. When we calculate in terms of 3;, we have

Br— 3431+ 26 — 12
2 = )
2
V1+28— 48+ -1
4— 25, |

(3.97)

T—1+3 (3.98)
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When we calculate in terms of 35, we have

fr=3+ 58— 5V (B~ D36~ 9), (3.99)
_ 1—52+\/(52—1)(—352—9)'

t

3.100
2(2 + Bo) ( )

Direct calculation shows (3.97) and (3.99) are equivalent. Combining (3.97) and (3.98), we have

T 2(2 + 62)'
4—=20
Combining (3.99) and (3.100), we have
426
t=—
2(2 + B9)

Thus, 7' = 1/t and we can rescale the metric 7 by the factor 1/t to change the domain of 7 from

[t,1] to [1,T7. O
Inspired by Lemma 3.9.6, we normalize {g, by the factor V/3/+/1 = B, and study its limit-

ing behavior when [, tends to 1.

Theorem 3.9.7. Rescaling the metric £a, by V3 /1 — Po, then as By — 1, the renormalized
metric converges in the pointed Gromov—Hausdorff sense to a Ricci-flat metric on — Hp1, where
the base point is chosen from Z,. See the proof for an explicit explanation. This metric coincides

with the one obtained in Theorem 3.9.3.
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Proof. Consider the change of coordinate y3, := v/373,/v/1 — B in the following ODE:

ds 1
dTBz ¥Bs (Tﬁz) 7

In the following equations, we omit the subscript Js:

dsdy 1
dydr  o(y)
ds /3 (1 =759y

Ty 8 T Br 1+ B (VI Ba))

By an abuse of notation, still denote by y the coordinate in the limit. As 5, — 1, there holds

ds vy
dy y2—1

y € (1,+00), (3.101)

where the range of y comes from (3.100). Recall the renormalized metric /3¢ 3,/ 1 — [ reads

\/gfﬁ \/ng \/3905 ( du
2 = 2 mrwpg + ——— | mhwen +V—1laAa —vV—-1la N —

(3.102)
_\/_—161_“ A a) |

Combining (3.101) and (3.102) we obtain the limit metric

- . e2s . _ di
Eoo = Ve + 1miwrs + \/ﬁ (772wcy1 +v—-laNha—v—-1aA =

d
—v—l;u A 04) .

Note that this limit metric is Ricci-flat. It coincides with the metric obatined in Theorem 3.9.3 if
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we choose C' = 1 there. We have shown the renormalized Kéhler—Einstein edge metrics converge
to £ in smooth local sense. Next, fix a base point from the zero section Z;. Then by Proposition
3.9.4, we conclude that the infinity section Z_; gets pushed-off to infinity in the limit. Combining

this fact with the local smooth convergence, we conclude the pointed Gromov—Hausdorff limit

of (F1,V/3ne,/v/T— Ba) is (—Hp1,Ex). O
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Chapter 4: Numerical Ricci iteration on toric surfaces

4.1 Introduction

Analytical expressions for Kdhler—FEinstein metrics are unknown except in very few cases.
For example, using Calabi ansatz of previous chapter one can write down explicit solutions to the
Kidhler-Einstein equation (1.5) on certain manifolds (cf. [52, §4.4-4.5]).

Kihler-Einstein metrics are important not only in the study of complex geometry but also
other subjects. For example, when setting 1 = 0 in (1.5), the resulting equation is known as the
Calabi—Yau equation. Solutions to this equation, namely Calabi—Yau metrics, are fundamental
building blocks in superstring theory [11,24]. Typically, explicit formula for such metrics are
unavailable. Despite lacking an explicit form, numerical solutions for them, and more gener-
ally for Kéihler—Einstein metrics have been developed across various settings for the underlying
manifolds, and an incomplete list includes [6, 17,19, 20,30, 34].

A systematic way to study (1.5) is pioneered by Rubinstein [45-47], where he introduced

the Ricci iteration:

Definition 4.1.1. Let M be a Kéhler manifold and 2 be a Kihler class satisfying pu$2 = ¢, (M)

for some ;1 € R. Given a Kihler form w in the class 2 and a number 7 > 0, define the time 7
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Ricci iteration to be the sequence of forms {wy, } x>0, satisfying the equations

Whr = W(k—1)r + THWEr — T Ricwy,, k€N,

Wy = W,

for each k£ € N for which a solution exists.

Our focus is on the case where M is Fano, i.e., c;(M) > 0, and 7 = 1. In this setting,

given [wo| = 2mey (M), the Ricci iteration reduces to the following dynamical system

R,iC(JJH_l = Wy, Z:(),l, (41)

The motivations behind the introduction of the Ricci iteration are to discretize the Ricci
flow [31, §3] and treat easier equations than original in each iteration step.

The Kéhler-Einstein metric is a fixed point of (4.1). Thus, we may expect that convergence
of the Ricci iteration will yield Kihler—Einstein metrics. The idea to use the Ricci iteration as a
numerical method, as discussed in [45-47], is that, assuming the sequence of metrics produced
by Ricci iteration converging to the Kihler—Einstein metric, then numerically computing pos-
itively curved Kihler-Einstein metric amounts to solving a sequence of Calabi—Yau equations
(4.1). The exploration of numerically solving Calabi—Yau equations commenced with Donald-
son’s algorithm, proposed in [17], which relies on the theory on balanced metrics.

However, it is not guaranteed that the Ricci iteration will converge to a Kdhler—Einstein metric.
In (4.1), theoretical results for convergence require a sequence of automorphisms applied to each

solution obtained from iterations:
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Theorem 4.1.2. [15, Theorem 1.2] Let (M, J,wy) be a compact Kihler manifold admitting a
Kiihler-Einstein metric. Suppose the Kdhler class associated to wy is 2mei (M, J) and let {w; }ien
by given by (4.1). Then there exist holomorphic diffeomorphisms h; such that h}w,; converges

smoothly to a Kdhler—Einstein metric.

We only consider the case where M is a toric manifold (cf. Definition 4.2.3). Then each
step in the Ricci iteration reduces to a real Monge—Ampere equation. More precisely, we need to

solve

det V244 (2) = e @z € R",
4.2)
Vi1 (R") = int P,
where 1y(z) : R™ — R serves as an initial choice and P is the Delzant polytope (cf. Theorem
4.2.8) of M. Iteration schemes regarding (4.2) are studied by Hunter [36,37]. In particular, his
result [37, Theorem 2.1] recovered the convergence of the Ricci iteration in the toric setting.
Our goal is to numerically implement the Riccl iteration for toric manifolds. In each step,
it suffices to solve (4.2), which is known as the second boundary value problem for real Monge—
Ampere equations. Such equations are linked to the optimal transport theory, as their solutions
give rise to optimal transport maps. Back in 2016, Lindsey and Rubinstein proposed a numerical
scheme for solving (4.2) and proved a corresponding convergence theorem [43, Theorem 1.6].
They also pointed out the potential to apply their numerical method to the Ricci iteration [43,
§8]. Recently, Bonnet—Mirebeau proposed another numerical method for solving (4.2) with a
convergence theorem proved [5, Theorem 5.25].

We successfully implement the Ricci iteration for toric del Pezzo surfaces. In our imple-

mentation, we choose the numerical solver in [5] in each step. Their approach is efficient for
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the specific dimension we are concerned: the real dimension 2. However, in higher dimensions,
Lindsey and Rubinstein’s method will have the advantage of being straightforward to apply, while
in [5] a non-trivial discretization procedure is required, cf. [5, §7].

Our numerical results suggest that the Ricci iteration in the toric surface case converges
without the need of applying automorphisms to the metrics obtained from each iteration. This
finding leads to the question of whether the theoretical results of Theorem 4.1.2 and also [37,
Theorem 2.1] can be further strengthened. Moreover, thanks to the convergence achieved through
the Ricci iteration, our numerical implementation provides a new approach for finding canonical
metrics on toric del Pezzo surfaces. This will be discussed in Chapters 5 and 6.

The contribution of this work also lies in demonstrating the applicability of the Ricci itera-
tion in the numerical domain. We compare the Ricci iteration as an approach to finding numerical
canonical metrics to previous works with the same goal in Sections 5.3 and 6.3. Furthermore,
the present work provides a unified way to treat both Kédhler—Einstein metrics and Kidhler—Ricci
soliton metrics on the toric del Pezzo surfaces, as both are governed by real Monge—Ampere

equations.

4.1.1 Organization

In Section 4.2, we introduce the definition of toric K&dhler surfaces and review existence
results of canonical metrics on them. In Section 4.3, we present the formulation of the Ricci
iteration on toric surfaces and also present existing theoretical results regarding its convergence.

From Section 4.4 to Section 4.8, we explain in detail the numerical method in [5]. The

method is used in this work to solve the Monge—Ampere equations. We present both the con-
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vergence and existence results for solutions to their numerical scheme. These theoretical results
guarantee the robustness of our numerical implementation.

In Section 4.9, we specify the surfaces on which we implement the Ricci iteration and
clarify corresponding boundary conditions. We present detailed settings of our numerical work,

including how to choose a suitable domain of solutions and properly normalize solutions.

4.2 Canonical metrics on toric del Pezzo surfaces

4.2.1 Toric Kihler manifold

We introduce the following notation for the n-dimensional real torus:

T := R"/27Z" = (S*)"

and in comparison, the n-dimensional complex torus:

¢=C"/2rv/—-1Z" = R" x v/—1T".

From now on, we will consider Kédhler manifolds that admit toric symmetry, as described
in the following definitions.

Just as Kihler geometry can be seen as an intersection of complex and symplectic geome-
tries, a Kéhler toric manifold will be both a toric variety, from the complex geometry side and a
symplectic toric manifold from the symplectic side. For readers’ convenience, we include these

definitions here and the main reference is [2].
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From the complex geometry side, we have

Definition 4.2.1. A toric variety is a normal variety )/ that contains the complex torus T¢ as
a dense open subset, and is equipped with an holomorphic action of T{ on M that extends the

natural action of T¢ on itself.
From the symplectic geometry side, we have

Definition 4.2.2. A symplectic toric manifold is a symplectic manifold (M, w) equipped with an

effective Hamiltonian action of the real torus T” on (M, w).
The toric Kéhler manifold is defined to have both structures.

Definition 4.2.3. An n-dimensional Kihler manifold (M, w, J) is said to be toric if it is a toric
variety that contains T¢ as a dense open set, and the induced action T C T on (M, w, J) makes

it also a symplectic manifold.

From now on, we only consider toric Kéhler manifolds, and Kéhler metric on which that is
invariant under the T" action.

By the theory of toric Kédhler geometry, cf. [2, Section 2.2], the set
Mopen := {p € M : T" action is free at p} = T¢
is an open dense subset of M, moreover, we have the holomorphic coordinates as follows:

1
Meopen = C" 27/ 17" = R" x /—1T" = {z = §x +v—-10: 2z € R",0 € T"} ,
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such that the T" action is given by
1 1
t-z=t1- (§$ + \/—19) =57 +V—=1(t+0), z € Mypen,t € T". (4.3)

We summarize this fact into the next definition.

Definition 4.2.4. The complex coordinates (z, ) on My, is defined using the following identi-

fication:
Mepen = C"/27y/—1Z" = R™ x /—1T" = {z = %x +vV—10:z€R", 0 € T“} . (44
On Mpen, a toric invariant Kéhler metric has a local potential function as (1.1):
W[ Mypen = V—10,059.

Lemma 4.2.5. In the complex coordinates (x, ),
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Proof. By (4.4), there holds

W[ Mopen = V—1000

B FZ (aazz aw) s

=v-1 Z ( —1 ;;) (S—Z + m%) (%d:pi + \/—_1d0,-) (%dxj — J—_ldej)

1,7=1

n 2
= Zaa w dl‘i/\dej,

4.5)

where we assume that w is toric invariant, so that 9v/06; = 0 due to (4.3). [

The positivity of w implies that the potential function () is strongly convex, which allows

us to consider the Legendre transform of )(x) and also its gradient image.

Lemma 4.2.6. The gradient map
Vi(z) : R" — int P (4.6)

is a diffeomorphism of R™ onto the interior int P of a convex polytope P C R™.

Such polytopes satisfy several combinatorial properties and form a set called Delzant poly-

topes, as we define below.
Definition 4.2.7. A convex polytope P in R" is Delzant if:
1. there are n edges meeting at each vertex p;

2. the edges meeting at a vertex p satisfy that each edge is of the form p +tv;, for 0 < ¢ < o0,
i1=1,...,nand v; € Z";
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3. the vq,...,v, in (2) can be chosen to be a basis of Z".

Theorem 4.2.8. [12, Theorem 28.2] There is an one-to-one correspondence between Delzant

polytopes and symplectic toric manifolds.

Let x € R" as in (4.4) be the real part of the complex coordinates on Mpe,. Define

y = Vip(x). 4.7)

By Lemma 4.2.6, we can define a second coordinate system on Mpey,.

Definition 4.2.9. The symplectic coordinates on M., is defined as

Mopen = int P x T" = {(y,0) : y € int P as in (4.7), 6 is the same as before}. 4.8)

Using the symplectic coordinates, the Kdhler form w has the simplest form w = > dy A df
and the complex structure .J is determined by a potential function 1)*(y), which is the Legendre
transform of ¢ (z) [2].

The complex coordinate x and the symplectic coordinate y will both be used. Next,
we write down the concerned real equations arising from geometric equations using the real

coordinates x € R". Consider two toric invariant Kihler metrics which are given by w; =

V=100, (x) and wy = /—109y(x) on Mypen.

Proposition 4.2.10. [36, Lemma 3.3.2] If there exists f € C°°(M) such that

Ricw; = wy + vV —100f,
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then

det v2¢1 (z) = 6—1Z12($)—J”(:v)+c7

for some constant c.

4.2.2 Kihler—Einstein metrics on toric del Pezzo surfaces

We only consider toric del Pezzo surfaces, i.e., complex dimension 2 toric manifold with

positive first Chern class. They are
P2, P! x P!, P?4#P2, P242P2, P?43P2, (4.9)

where P2#nP? is the blowup of P? at n distinct points in general position.

By Theorem 4.2.8, each toric Kihler surface is associated with a convex polytope P C R?,
namely the Delzant polytope. There is a canonical choice of the formula for such polytopes,
cf. [39, 27)]:

P=({yeR": (na,y) +1 >0}, (4.10)

where {n,} denotes a set of inward pointing normal vectors in Z" and the components of each
ne are required to be relatively prime over Z. From now on, when we refer to a Delzant polytope
this canonical formula is used.

More precisely, the Delzant polytope of P? is a triangle, denoted by P, with vertices

(—1,-1),(2,—1), (~1,2).
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The Delzant polytope of P! x P! is a square P, with vertices

(—=1,-1),(1,-1),(1,1),(=1,1).

The Delzant polytope of P?#3P2 is a hexagon P; with vertices

(—1,0), (0, 1), (1,—1), (1,0), (0, 1), (~1, 1).

The Delzant polytope of P?#2P? is a pentagon P, with vertices

(1,-1),(1,0),(0,1),(=1,1),(=1,—1).

The Delzant polytope of P24 P2 is a trapezoid P; with vertices

(2,-1),(0,—1),(—1,0),(—1,2).

-2

1]
B

-2

2 -2

Figure 4.1: Delzant polytope Figure 4.2: Delzant polytope Figure 4.3: Delzant polytope
of P? of Pt x P! of P24:3P2
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-2

Figure 4.4: Delzant polytope of Figure 4.5: Delzant polytope of
P24 P2 P24£2P2

The problem of existence of Kéhler—Einstein metrics on del Pezzo surfaces is solved by
Tian [53, Main theorem]. By Tian’s theorem, among all toric del Pezzo surfaces, only P2, P! x P
and P?#3P? admit Kihler—Einstein metrics.

By Theorem 4.2.8 and Proposition 4.2.10, existence of Kéhler—Einstein metrics requires

certain real Monge—Ampere equation to be solvable:

Theorem 4.2.11. When P equals Py, P, or P, the following equation is solvable:

det V2(z) = e V@ 2z € R?
4.11)

Vi) (R?) = int P.

From the geometry point of view, a solution 1) corresponds to a Kihler—Einstein metric w

on a surface S such that on the open orbit w|s, ., = V/ —190.
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4.2.3 Kihler—Ricci solitons on toric del Pezzo surfaces

The existence result of Kéhler—Ricci solitons on toric Fano manifolds is proved by Wang

and Zhu [56, Theorem 1.1]:

Theorem 4.2.12. Any toric Fano manifold admits a Kdhler—Ricci soliton, unique up to holomor-

phic automorphisms.

Denote by p € R? the barycenter of Delzant polytope P. By [16, p. 53, line -12], the
Futaki invariant of a toric manifold vanishes if and only if p is the origin. By [56, Corollary 1.2],
the Ricci soliton on a toric del Pezzo surface is Kdhler—FEinstein if and only if the Futaki invariant
vanishes. Thus, among all toric del Pezzo surfaces only P2#P?2 and P?#2P? admit Ricci solitons
that are not Kihler—Einstein, as only the barycenter of P, or P; is not the origin.

We only consider the surface S to be P2#4P?2 or P2#2P2. Let w be a Kiihler—Ricci soliton on
S that solves (1.10) for 1 = 1. Let X be the soliton vector field. Let 8 be the soliton potential
such that Lxw = /=100, cf. Section 1.1.3. Given wlg,,,, = /—190%, by Proposition

4.2.10, up to a constant the metric potential v satisfies

det V2i)(z) = ¢ @00 4 e R
(4.12)

Vi (R?) = int P.
The following result gives an explicit formula for the soliton potential in case of P2#P?
and P2#2P2.

Proposition 4.2.13. [56, Lemma 2.2] Let S be P24P? or P2#2P2. Let P be the Delzant polytope.
Let y = (y1,y2) be the symplectic coordinate in (4.2.9). Then up to a constant, the soliton
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potential is given by

where cq, cy are constant such that

/ yie” TR dy dy, = 0,
P

fori=1,2.

Next we use Proposition 4.2.13 to compute an exact formula for the soliton potential on

P2#2P2 and P?>#P2. Let y = (y1, ) be the symplectic coordinate.
Proposition 4.2.14. On P?#2P2, ¢, = ¢, ~ 0.434748.

Proof. By Proposition 4.2.13, the constant c¢; and ¢, satisfy
/ yie TR dydy, = 0, (4.13)
Py
for ¢ = 1,2. By [29, Corollary 12], there holds ¢; = c; = ¢ for some c. Hence, (4.13) reduces to

/ yre” W dy, dy, = 0, / yae~ W) dy, dy, = 0, (4.14)
P4 P4

for some c. Adding the two equations in (4.14), we have

/ (y1 + yo)e W) dy,dy, = 0. (4.15)
Py
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It remains to find c that satisfies (4.15). Consider the function of ¢

K(c) 3:/ efc(yﬁyz)d%dy%
Py

then

K'(c) = /P —(y1 + yo)e W) dy, dys.

Hence, the constant ¢ satisfies (4.15) if £'(c¢) = 0.

We calculate using (4.16) that

Now by numerical root finding method, we solve

K'(c)=0

and obtain that ¢ ~ 0.434748.
Proposition 4.2.15. On P>#P?, ¢, = ¢, = ¢ ~ —0.52762.

Proof. The proof follows the same steps as Proposition 4.2.14.

4.3 The Ricci iteration on toric del Pezzo surfaces

(4.16)

Our goal is to find a numerical solution to (4.11) and (4.12) that are associated to toric

del Pezzo surfaces. One difficulty in solving these equations, both theoretically and numerically,

comes from the fact that the right hand side involves nonlinear terms of ¢ (z). A strategy to
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overcome this is to use the Ricci iteration (4.1). Indeed, it has been pointed out that one can use
the Ricci iteration to find numerical approximations to both Kihler—Einstein and Kidhler—Ricci
soliton metrics in [45-47], e.g., cf. [47, §10.5]. To streamline the presentation, we introduce the

following iteration system that is directly related to (4.11) and (4.12):

Definition 4.3.1. [37, (11)] Let 0 < ¢ € N. The Monge—Ampere iteration of (4.11) is defined as

a sequence of equations

det V2ipipq(z) = e %@ 2 € R?,
Vii1(R?) = int P, 4.17)

/ e~ Vi+1(@) 1 — ‘P‘,
R2

with an initial choice 1y(z) : R? — R, where | P| denotes the area of P.

The Monge—Ampere iteration (4.17) is proposed by Hunter [36,37]. It is a real analogue

of the Ricci iteration on general Kédhler manifolds.

4.3.1 Kihler—Einstein metrics

We implement the Ricci iteration on P2, P! x P! and P2#3P?2 by solving (4.17) sequentially.

The convergence result regarding (4.17) is established as follows:

Theorem 4.3.2. [37, Theorem 1.2] Let {1;(x)}ien be solutions to (4.17), then there exists a

sequence of a; € R? such that the {1;(x + a;) }sen converges to a solution to (4.11).

When P in (4.17) is a Delzant polytope, Theorem 4.3.2 recovers the result in Theorem
4.1.2. In [36,37], Theorem 4.3.2 is proved for more general convex bodies.

Our numerical results, presented in Section 5.2, indicate that this convergence occurs with-
out needing the translation of variables. Theoretical results to this end remain unknown.
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The Monge—Ampere equations (4.17) have the second boundary condition, and we will

employ the numerical scheme proposed in [5] to solve such problems.

4.3.2 Solitons

Regarding the soliton case (4.12), the corresponding iterative scheme reads

det V)4 () = e Vi@ =0@) 5 e R2)

Vi1 (R?) = int P, (4.18)

/ e Vi+1(@) 1 — |P|,
R2

where

0;(z) := 0.434748( e T o, )

for P2#2P? and

0;(x) := —0.52762 (Wi(m) + 8%(9@))

8I1 812

for P?#P2, indicated by Propositions 4.2.14 and 4.2.15.

The convergence of (4.18), or more generally of the Ricci iteration in the soliton case is
conjectured by Rubinstein [47, p. 1546, line 1-2]. Our numerical results, presented in 6.2, suggest
that the convergence does happen in the toric surface case.

Compared to (4.17), a difficulty in solving (4.18) arises as the right hand side consists not
only of the solution obtained from the last iteration but also its first order derivative. A more
complicated right hand side usually means more time needed to achieve a numerical solution.

We propose an alternative implementation as a possible way to get around this issue. Recall,
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the equation (4.18) is obtained by spelling out the soliton equation (1.15) directly. Also, recall the
soliton potential function in (1.15) is explicitly known for P?#P2 and P>#2P2, cf. Propositions
4.2.14 and 4.2.15. More precisely, given x = (21, x2) and y = (y1, y2) respectively the complex
and symplectic coordinates of either P2#4P?2 or P242P2, the push-forward of the soliton potential
under the gradient map of the metric potential is linear in y. By (4.7), coordinates y are the
gradient image under the metric potential v of x. Consequently, under the gradient image of the

Legendre transform )*, coordinates y are mapped to x. We consider the following lemma:

Lemma 4.3.3. Let ¢(z) : R™ — R be a convex function. Let 1)*(y) be its Legendre transform.

For any v € R", the Legendre transform of the function ¥)(x) + (v, x) is given by

Proof. By definition of the Legendre transform, for any y in the domain of ",

Y*(y) = sup (y, r) — ¥(x). (4.19)

z€R™

Hence, for any y such that y — v is in the domain of ¢*,
¢*(y) = Suﬂg <y7l’> - w(l‘) - <va>
T€R"?

= sup (y — v, z) —1(x)
T€R™

=Y (y —v).
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Inspired by Lemma 4.3.3, we realize that the existence of a linear soliton potential in y
roughly corresponds to a translation of variable in = for the metric potential ). Instead of solving
(4.18), we may still solve (4.17) sequentially, but translate the variable in solutions obtained from
each iteration by a constant before feeding it into the next step.

Consider

det V24, (z) = e Vilmitesate) 0 e R2

Vi1 (R?) = int P, (4.20)

/ e Vit1(®) 1o — |P|’
R2

where ¢ = 0.434748 for P242P2 and ¢ = —0.52762 for P?#P? by Propositions 4.2.14 and

4.2.15. We solve both (4.18) and (4.20) to approximate Ricci solitons.

4.4 Gaveau’s reformulation of Monge—Ampere equations

Starting this section, we present an exposition of the numerical method in [5]. In this
section, our goal is to revisit Gaveau’s reformulation of the Monge—Ampere equations. This result
is essentially a characterization of the determinant operator. The key result is an observation in
linear algebra, see Lemma 4.4.3.

From now on, let K be an open bounded convex subset of R™ that contains the origin. In our
applications it will always be a cube. Let f € L*°(K). Gaveau gave an ingenious reformulation

of the Monge—Ampere equation

det VZu(z) = f(z), z €K, (4.21)
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that is crucial for the numerical scheme used later.

Denote by Sym?(R") the set of n x n symmetric matrices, and let P C Sym?*(R") be

the set of positive semidefinite matrices. Let int P be the set of positive definite matrices. We

consider the following operator.

Definition 4.4.1. Define the Monge—Ampere operator Fyp : K X P — R as

Fua(z, M) := max [n(f(z)-det B)Y/™ — Tr(BM)]

BEP,Tr B=1

The aim of this section is to prove the following result.

Theorem 4.4.2. The Monge—Ampére equation (4.21) is equivalent to

Fua(z, Vu(x)) =0, in K.

Proof. The key ingredient is the following observation by Gaveau:

Lemma 4.4.3. [22, Lemma 1] For M € P,

3=

n(det M)n = inf Tr(BM).

Beint P,det B=1

(4.22)

(4.23)

(4.24)

Proof of the lemma. Let )\, ..., \, be eigenvalues of a matrix (), then det Q) = A\;--- )\, and

Tr(Q) = A1 + -+ + \,.. Assume that () € P, then for each i there holds \; > 0. Applying the

inequality of arithmetic and geometric means, we obtain

n(det Q)" < Tr(Q),
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and the equality holds when () has equal eigenvalues. We apply this fact to the matrix BM,

where M € P, B € int’P,anddet B =1,

n(det M)V = n(det(BM))"/™ < Tr(BM).

Finally, to show n(det M)# is the limit of a sequence of Tr(BM ), where B € int P and
det B = 1, we choose a sequence of B; so that all the eigenvalues of B;M approach to the same
value. More precisely, one choice can be B, = (M + tI)~ - det(M + ¢I)/™ and in the limit we

lett — 0. ]

By Lemma 4.4.3, equation (4.21) can be reformulated as follows.

det V*u(z) = f(z), in K,

= sup [nf(x)l/” — Tr(BV?u(z))] =0, inK. (4.25)

Beint P,det B=1

<~ sup [n(f(x)-det B)Ym — Tr(BV?u(z))] =0, inK.
BEP,Tr B=1

Lemma 4.4.4. The supremum in (4.25) is attained, i.e.,

sup  [n(f(x) - det B)Y/™ — Tr(BViu(z))] =0, inK,

BeP, Tr B=1

<~ max [n(f(x)-det B)Y/™ — Tr(BV?u(z))] =0, inK.

BeP,Tr B=1

Proof of the lemma. The set {B € P : Tr B = 1} is a compact subset of Sym?(R"™), where we

identify Sym?(IR™) as a subset of R"*" and use its Euclidean topology. Consider the map

B € Sym*(R") + C - (det B)"/" — Tr(BM),
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where C is a real number and M € Sym?(R"™). The map is a continuous map, when considering
Sym?(R™) as a subset of R™*™ and use its topology. Hence, the concerned supremum is taken

over a compact set for a continuous function, which implies the maximum can be attained. [

By Lemma 4.4.3 and 4.4.4, the following two equations are equivalent:

det V?u(x) = f(x), in K,
(4.26)

= penax | [n(f(z) - det B)Ym — Tr(BV?u(z))] =0, inK.

Hence, by the definition of Fy;5, we have shown the equivalence between (4.21) and (4.23).

]

In summary, given the simplest form of Monge—Ampere type equations, denoted as (4.21),
we revisited Gaveau’s reformulation. The reformulation essentially involves substituting the de-
terminant operator in (4.21) with a maximum operator applied to a certain subset of semi-positive
matrices, defined as follows:

Po:={BeP:TrB=1}. 4.27)
One crucial input in [5] entails an additional reformulation of the Monge—Ampere equation,
achieved by studying this set P,.
4.5 An approximation result for semi-positive matrices with trace one

In this section, we provide a detailed explanation of the discretization process applied to
the set Py in (4.27). The primary result is Theorem 4.5.9. It is important that this theorem is

specifically valid for dimension n = 2. Built upon Theorem 4.4.2, this result on P, leads to a
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further reformulation for Monge—Ampere equations.

4.5.1 Motivation, summation of rank one matrices, and Selling’s formula

The motivation behind investigating P, stems from the necessity to discretize the equation
(4.26). In our applications, it is unfeasible to numerically find a maximum over P as required in
(4.22) or (4.26). Therefore, we aim to approximate this set using finitely many matrices.

Let

N:=n(n+1)/2.

Let

V:{Ul,...,’UN}

represent a collection of N vectors in Z" (to be specified later), and let

v=,--,IN) E]Rf.

Define

N
P(v,y) =Y vva], (4.28)
=1

which is a symmetric matrix expressed as a positive linear (as opposed to merely a linear (i.e.,
v € RY) combination of rank one matrices. Our goal is to show that any matrix in P, can be

approximated in a sense by such P(v, 7).

Remark 4.5.1. The requirement that v € RY as opposed to v € R" arises since we intend to

develop a monotonic numerical scheme (See Definition 4.8.1). For instance, when n = 2, if
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we were to allow ~y to take values in the whole R? rather than only non-negative values, then
the standard choice vgq = (v1,v2,v3) = ((1,0)7,(0,1)T, (=1, —1)T) already gives that for any

M € Py,

M = = (a — b)v1v] + (d — b)vavg + busva .

Consequently, by setting v = (a — b,d — b, b), we then have M = P(vgq, ). However, such
not necessarily in R? . The fact that, in dimension 2, given M and vgq a corresponding ~ can be

produced such that M = P(vgq,y), will be generalized in Proposition 4.5.4. below.

The 3-tuple of vectors vgq in Remark 4.5.1 is an example of the following:

Definition 4.5.2. A set of vectors v = {vy, vo, v3} C Z? is called a superbase of Z? if

U1+U2+U3:0€Z27

and

det[vy, v9] = 1or — 1.

A superbase can be considered either as a 3-tuple of vectors, or equivalently as a 2-by-3
integer matrix,

2x3
v ez,

whose columns are vy, vs, V3.
In summary, one easily has P(vgq, R?) = Py, however, this will not be enough for a mono-
tone numerical scheme used later on. As a compromise, we instead will use many superbases and

only consider their images under P( - ,Ri). The main result, Theorem 4.5.9, is that a certain
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well-chosen collection of superbases will approximate P,.

By treating the set Py as a subset of R"*" and considering the Euclidean distance on the
latter space, we see the former set is a metric space. Consequently, the Hausdorff distance, which
we define below, serves as a natural measure of whether another set of matrices approximates the

set.

Definition 4.5.3. Let X and Y be two non-empty subsets of a metric space with distance function

d. The Hausdorff distance is given by

dy(X,Y) := max { supd(z,Y),supd(y, X)}

zeX yey

From now on, and as in [5], fix

n=2,

i.e., we will only consider 2 X 2 matrices in Py. So,
N=n(n+1)/2=3, v={v,vm,v}CZ* ~eR

To conclude this section, we prove the following Selling’s formula, which provides a way
to write any symmetric matrix in the form of (4.28) for a fixed v, with the caveat that the resulted
~ may take its value in R?.

For any vector w = (wy, ws) € R?, denote by

wt = (—wa, wy),

(4.29)

W = (wy, —ws).
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For any superbase v = (v1, v5,v3) and any M € Sym?*(R?), define

Y(v, M) == (—(vy, Mvy), —(vy, Mot), — (v, Muy)) . (4.30)

The following is the 2-dimensional version of the Selling’s formula [51].

Proposition 4.5.4. Let P(-,-) be defined as in (4.28) with N = 3 and ~(-,-) as in (4.30). If

v = (v1, Vo, v3) is a superbase as in Definition 4.5.2, then for any M € Sym?(R?),

M = P(v,y(v,M)).

Proof. Let v = (v1,v9,v3) be a superbase. By Definition 4.5.2, v; and v, form a basis of R2.
And so do v; and vy as defined by (4.29). Thus, to prove the proposition it suffices to show that
forany 1 <i <5 <2,

(v, Mv) = (vi, P(v,y(v, M)v?). (4.31)

We write out the right hand side in (4.31):

3
(it Py, (v, M)oj) = ()" |3 = (i) "Mujcyy - vl | o (4.32)
k=1
3
= Z —(Vje1) T My - det[v;, vg] - detvg, v, (4.33)
k=1

where we use

(v, v;) = det[v;,v;], foranyi,j=1,2,3
which follows from the definition in (4.29). Now we divide into two cases. First, if i # j in
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(4.33),thensince 1 <i<j <2, wehavei:=1,5 =2, and

3
(v, P(v,~(v, M)vj) = Z — (V1) Mty - det[v;, vg] - detv;, vg]
k=1

= —(viey) " Mug,, - det[vg, vg] - det[v;,vy], wherei=1,j=2k=3,

= (vi', Muy)
as expected. Second, if 7 = j in (4.33), then if ¢ = j = 1, there hold

3
(v, P(v,y(v, M)vj) = Z — (V1) Moy, - detfv;, vy] - det[vg, vy
k=1

= —(v3)" Moy — ()" Mvy
= —(vi)" Mug — ()" Moy
= —(v1)" M(vy +vy)

= (vi', M)
since v + v +v3 = 0. If = 7 = 2, then

3
(v, P(v, v (v, M)oj) = —(viy) " Mujy, - detfor, ve] - det[v;, v]
k=1

= —(vy)" Muy — ()" Mvy
= —(vy)" Muy — (vy)" Moy
= —(v3)" M(vi +vy)

= (vj,Mvzl).
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4.5.2 Strategy to prove the approximation result, Stern—Brocot Tree and its il-
lustration

With Selling’s formula in mind, cf. Proposition 4.5.4, the goal to write a matrix M € P,
as M = P(v,) reduces to finding a superbase v = (vy, vq, v3), such that (v, M) in (4.30) has
non-negative components, i.e.,

UiLMUjL <0, (4.34)
forany 1 < i # j < 3. The following definition characterizes (4.34).

Definition 4.5.5. Let M € P C Sym?(R?). A superbase v = (vy, vy, v3) of Z? is M-obtuse if
forany 1 <i <5 <3,

v} Mv; < 0.

Our strategy to prove the approximation result in Theorem 4.5.9 is by showing how to find
such v for almost all M € Py. The proof is constructive and relies on an intriguing structure
known as the Stern—-Brocot Tree. By Definition 4.5.2 of the superbase, in a superbase v =
(v1, v9,v3), the value of vz is completely determined by the other two vectors. Therefore, we
consider the following definition of direct basis and then introduce the construction of the Stern—

Brocot Tree, which essentially consists of a subset of direct basis.

Definition 4.5.6. An ordered pair of two vectors (vy,vs), where vy, v € Z2, is called a direct
basis if
det[vl,vg] =1.
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By Definition 4.5.6 and Definition 4.5.2, given a direct basis (v;,v2), a superbase v =

(v1,v9, v3) can be produced by letting v3 = —v; — wvs.
Definition 4.5.7. The Stern—Brocot Tree T is the set of direct basis that satisfies
1. The direct basis consisting of (1,0)7, (0, 1) belongs to 7.

2. If (v, v2) is a direct basis and (vy,v9) € T, then (v, vy + v1) and (vy + ve, v2) also belong

to 7.

The set T has a tree structure because each direct basis (v1,v2) € T, viewed as a node, has
exactly two child nodes (vy, v2 + v1) and (vq + vo, v2). Therefore, 7 is indeed a complete binary

tree. The tree has the following direct basis as its root:

((1,0)", (0,1)T) .

The further a direct basis (vq, v2) € T, as a node, is away from the root, the larger both |v |

and |v,| are, and the angle between v; and vs is closer to 0.

Remark 4.5.8. A visualization of the Stern—Brocot Tree 7 is given in Figure 4.6. We denote by

v4* the kth node in the Ith level of the Stern—Brocot Tree.
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Figure 4.6

The root node of the Stern—Brocot
Tree is the direct basis

W= (@) = ((1,0)7, (0, 1)T).

The second level of the Stern—Brocot
Tree has two child nodes of the root
node v°:

ot = ((L O)T> (17 1)T)
and
vt = ((1, 1)T> (0, 1>T)'

They are constructed following Defini-
tion 4.5.7:

1,1 _ 0,1 0,1 0,1
v _(Ul 7U1 +U2 )7

v = (v?’l + vg,vg’l).

The third level of the Stern—Brocot
Tree has four child nodes of the parent
nodes v'! and v

o™t = (ot oyt = ((1,0)7, (2, 1)7),
v = (o oyt eyt = (2,7, (L D7),
v = (7% 017 +0y%) = (LT, (1,2)7),

M= (0" F ) = ((1L,2)7, (0, )7).
The fourth level:

v = (ot o o) = ((L0)T, (3,1)7),
v = (ot oyt o) = (3, D)7, (2,1)7),
vt = (o 0P +0y?) = (2,7, (3,2)7),
v = (o oy ) = ((3,2)7, (L )T,
v = (o 07 + ") = (LD, (2,3)7),
v = (o + 0y ") = ((2,3)7,(1,2)7),
v = (ot ot o) = ((1L,2)7,(1,3)7),
v = (0t ot uyt) = ((1,3)7, (0, 1))



4.5.3 A geometric interpretation of the approximation result

In the remainder of the chapter, we prove Theorem 4.5.9, the approximation result for P,.
The set can be reformulated as follows:

1(L+pr  po
Po={McP:TrM=1} = p€D2:§ , (4.35)

P2 L—p1
where D? is the unit disk in R2. Geometrically, the set Py can be identified as the unit disk. In
Remark 4.5.11 below, we will see that for a fixed superbase v, the matrices in the set { P(v,~) :
v € R3, Tr(P(v,~)) = 1} correspond to a triangle in the unit disk. Hence, the approximation of
Py using { P(v,v) : v € R%, Tr(P(v,v)) = 1} for different v is geometrically a triangulation of

D2,

Theorem 4.5.9. There exists a countable sequence of sets {V.}, indexed by € > 0, such that each

V. consists of a finite number of superbases, i.e., V. is a finite collection of matrices in 7Z>** and
lir(l)a+ dy (Po, {P(v,7):v €V,,y €RL, Tr P(v,7) =1}) = 0.
€E—

Remark 4.5.10. The Stern—Brocot Tree is used in the proof of Theorem 4.5.9 to construct such
V.. Since the Stern—-Brocot Tree consists of 2-dimensional vectors, Theorem 4.5.9 only applies

to 2 X 2 matrices.

Remark 4.5.11. Before proving Theorem 4.5.9, we provide a geometric illustration of it.
Thanks to (4.35), the set P, of matrices corresponds to the unit disk in R?, and it is plotted

in Figure 4.7.
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Figure 4.7: P, viewed as the unit disk and its triangulation

Henceforth, we use the notation

I+ m P2

1
M, =3
p2 1—pi.

Now fix a superbase v = (vy, v9, v3), then the set of matrices

{P(v,7) : v € R}, Te(P(v,7)) = 1}

corresponds to a triangle within the unit disk. Indeed, by Proposition 4.5.4, there is a 1-to-1

correspondence between

{P(v,7) : v € R}, Te(P(v,7)) =1}
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and

{peD?:y(v,M,) e R3}.

The condition (v, M,) € R3, by (4.30) is equivalent to

_<UIL7MPUQL> > 07
—(vy, Myvz) >0, (4.36)

_<U§_7 Mpvf_> > 0.

For any two vectors u = (u1,us) and v = (vy, v3), the inequality

—{ut, Mty >0

is equivalent to

U1V1 — U2V 4 U101 + U2V2

p2 > 1 .
— U1V — U2V U1V2 + UV

Therefore, those three inequalities in (4.36) altogether define a triangle within the unit disk.
As a result of how V. will be constructed in the proof of Theorem 4.5.9, any V,,, as a
collection of superbases, is a subset of V,, for any 0 < €5 < €;. The collection of triangles that

arise from superbase v € V has the following patterns.

1. The first two superbases included in V, are

((17 O>T7 (07 1)T<_17 _1)T)

157



and

((17 O)Tv (0’ _1)T7 (_17 1)T)‘

They, identified as two triangles, are the two largest triangles

{lp| €D?: py > 0,p2 < p1 4+ 1,p2 > —p1 + 1},

{lpl €D®: pa <0,p2> p1 —1,p2> —p1 — 1}

in Figure 4.7, illustrated in blue. They correspond to the matrices belonging to the follow-

ing sets:

{P(v1,7) : v € R:, Tr(P(vy,7)) = 1}, where vi = ((1,0)", (0, 1)", (-1,-1)"),

{P(va,7) : v € R:, Tr(P(va,7)) = 1}, where vo = ((1,0)", (0, —=1)", (-1, 1)").

These triangles share a common edge along the x-axis.

. As € > 0 becomes smaller, V, contains more superbases. The subsequent four triangles
with the second largest area all share a common edge with the two largest triangles, and
are shown in yellow in Figure 4.7. Furthermore, the distinct vertex on each of these four
triangles has coordinates (—0.6,0.8), (—0.6, —0.8), (0.6, 0.8) and (0.6, —0.8) respectively.
The eight smaller triangles in magenta share common edges with these four triangles as

well.

. The ratio of the area of the two largest triangles to the unit disk is about 64%. The ratio of
the area of the six largest triangles to the unit disk is about 89%. The ratio of the area of

the fourteen triangles to the unit disk is about 99%. This result is helpful for determining
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the desired accuracy in our experiments. The ratio of the triangle’s area to that of the unit

disk represents the percentage of matrices in P that can be approximated using V..

In Section 4.5.6, we will provide validation for these items.
In conclusion, as € becomes smaller and closer to 0, the set V. contains more superbases,
also generating more triangles in the unit disk. And a finer triangulation of the unit circle is then

achieved, which means a larger set of matrices in Py has been approximated.

4.5.4 Proof of the approximation result

We prove Theorem 4.5.9 in this section. In the proof, the construction of the collection
of superbases V. relies on the Stern—Brocot Tree defined in Definition 4.5.7. Roughly speaking,
each direct basis in Stern—Brocot Tree leads to two superbases, and V. contains more and more

superbases as € — 0.

Proof of Theorem 4.5.9. Let T be the Stern—Brocot Tree in Definition 4.5.7. Recall that the
further a direct basis, as a node, is away from the root node ((1,0)7, (0,1)7), the vectors in the

pair have larger norms and smaller angle between each other. Define

Ts = {(vi,v2) € T : vl vy < s}. 4.37)

Then 7 is a subtree with a finite number of nodes and contains the root for any given s > 0. For
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any M € int P C Sym?(R?), let Ay, > \; > 0 be eigenvalues of M. Define

p(M) = /22 (4.38)

(4.39)

The following lemma shows that there is an upper bound on the norm of vectors that belong

to a direct basis within a given subtree 7, for s > 0.

Lemma 4.5.12. Let > 1. For any direct basis (v, v3) € Tu—p—1y/2:

-1

[+ p
2

max{|v|, |ve|} < < p.

Proof of the lemma. Any pair (v, v9) in T satisfies |v1| > 1 and |vy| > 1. We have
[v1]? < |ui]?|va|? = det[vy, va]? 4 (v] v2)2. (4.40)

Assuming (vq,v2) € T(,—,-1)/2, We also have

-1 2 + —1\ 2
det[vy, vo]* + (viw)? < 1+ (%) = (%) . (4.41)

Then the desired inequality for v; follows from (4.40) and (4.41). The proof for v, is the same.

]

The next lemma relates M -obtuseness between a pair of vectors in a direct basis, cf. Defi-

nition 4.5.5, to their inner product compared to s(M ) defined in (4.39).
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Lemma 4.5.13. Let (v,v5) € T and M € intP. Let s(M) be defined in (4.39). Assume
vivg > s(M), then vl Muvy, > 0.

Proof of the lemma. Denote by 6 the angle between v; and vy. Then

det[vy, vg] T 2y —1/2
= (1 ) 442
\/(v1 v9)? + det[vy, v5]? ( + (oree) ) (+42)

sinf =

Denote by cos(+, -) the cosine of the angle between any two vectors. Then for any w = (wy, ws) €

R? and M € int P with eigenvalues Ay > \; > 0,
wl Mw
cos(w, Mw) =
[w][ Mw]’
and by a change of basis,

cos(w, Mw) = i + )\Zw% (4.43)
Vi +wiy/Afwi 2“’2

Write k1 = M\w? and ky = \ow3, then (4.43) reads

ki + K
cos(w, Mw) = LR
Mok Nk A+ Aok

k1 + ko (4.44)
- % (kv + ko) (/22 + 1/32)

p(M) +M(M)‘1’
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where the second inequality follows from the following inequality [32, p. 62]

ki &k 1 [Ade A
)\—1—1—)\—2 )\1k1+)\2k2§§(/€1+k2)< /\—;‘1‘ /\_j>7 VE1, kg 20, A1, A2 > 0.

By (4.44),

cos(vy, Mvy) - ((M) + u(M)™h) > 2. (4.45)

Plugging in the following assumption

p(M) — (M)~
2

vivy > s(M) =

into (4.42) and comparing (4.42) to (4.45), we have

sin @ = sin(vy, v) < cos(vy, Muvs).

Hence, the sum of § and the angle between v, M v, cannot exceed /2. Consequently, the angle

between v; and M, also cannot exceed 7 /2. This is equivalent to the desired result. O

Now, we explain how to choose direct basis from 7 that gives rise to a corresponding

superbase.

Lemma 4.5.14. For any M € int P, there exists (vi,vs) € T satisfying that, first, vivy < s(M),

and second, either (vy, Vo, —v1 — V) oF (01, Uy, —01 — Ug) is an M-obtuse superbase.

Proof of the lemma. First, assume the off diagonal entries of M are negative. Consider the set

{(Ul,UQ) eT: U?MUQ < O}
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The set is non-empty, as the pair consisting of the standard basis satisfies

el Mey < 0.

By Lemma 4.5.13, any basis (vy, vs) belonging to this set satisfies v7 vy < s(M). Hence, it is
guaranteed there exists a pair (v, v9) in the set which achieves the maximum inner product. By

this construction, there must hold

U?M(’Ul + ’U2) > O,

(Ul + UQ)TMUQ Z O,

by Lemma 4.5.13 and using v{ (v; + vy) > s(M),vI(vy +v9) > s(M). As a result, the triple
(v1,v9, —v1 — vg) is M -obtuse, and it is also a superbase because (vq, v7) is a direct basis.

On the other hand, if the off diagonal entries of M are not negative, we can reverse the ori-
entation of the 2-dimensional coordinate system to make it a matrix having negative off diagonal
entries. In other words, the triple (0;, U2, —0; — 7,) will form a M-obtuse superbase in this case

by the same arguments. 0

Let us now prove the theorem. For € > 0, we choose a family of real numbers 1. indexed
by e, such that

pe>1, Ye>o0, (4.46)

and

lim pe = 400, (4.47)
e—0
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and

lim ep, = 0. (4.48)
e—0

Inspired by Lemma 4.5.12 and Lemma 4.5.14, define

Vo= U {(vh vl ) (<0, 0, 00+ 03)) (449)
(v1,v2)€T,

(ne—nty/2

A (rough) visualization of the superbase in set V. is given in Figure 4.8.
It remains to show that V, fulfills the desired property in Theorem 4.5.9.

For any M € int P, there exists ¢ > 0 such that u(M) < p.. Then by (4.39),

Now, by Lemma 4.5.14, there exists a superbase v = (v, v9,v3) € V. such that (vi, vy, v3) is

M -obtuse.
Now, fix € > 0. And consider M € int P such that (M) < .. As previously discussed,
let v = (vy,v9,v3) € V. such that (v, vy, vy ) is M-obtuse. Defining v := v(M, v) as (4.30),

we have v € R3. By Selling’s formula,

Thus, we have shown

{MeintP:TeM=1,u(M) < p} C{P(v,y):veV,y R Tr(P(v,7)) = 1}.
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<_T
A N7

/ \/ \/\/F\H\

Level 3

Let € be rather small in (4.49) so that there
are many superbases in V.. Then, the first
two superbases in V,, denoted by v*! and v%?
are constructed using the root node v%!
((1,0)T,(0,1)7) in Figure 4.49 and the formula
(4.49). In this case, vy and v in (4.49) are (1,0)7
and (0,1)T. Then, we have

VO,l = (_,UlLv _Ué_> Uf- + Ué-)
= ((07 _1)T’ (17 O)Ta (_L 1>T)
and
vO? = (=01, =0y, 07 + Ty)

((07 _1)T7 (_17 O)T’ (17 l)T)'

The second level of superbases in V,, denoted as
vI* for k = 1,2,3,4, are derived from (4.49)
using the two direct basis

bt = ((17 O)T> (17 1)T)

and
oM = ((1,1)7,(0,1)7),

cf. Remark 4.5.8. More precisely, we have

vil = ((0,-1)7, (1, =17, (=1,2)"),
vh? = ((0,-1)7, (=1, -1)7, (1,2)"),
v = ((1, =17, (1,007, (=2, 1)"),
vt = ((1, -7, (-1,0)7, (2, D)7).

Subsequently, there are eight superbases in the
third level in V., as originally there are four di-
rect basis v?!, v%2, v%3, v2* in the third level in
the Stern—Brocot Tree, cf. Figure 4.6. Each di-
rect basis leads to two superbases.

Figure 4.8
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Finally, note that any direct basis (vq, v2) € 7@6_ 1) /o satisfies that

1], [va| < pte

by Lemma 4.5.12. Hence, we conclude

hH(l)dH ({MeP:TrM =1} {P(v,7):veV,yeR,,TrP(v,y) =1})
e—
< lir%dH({M eP:-TrM=1},{M €intP: Tr M =1, u(M) < pc})
e—

= 0.

In particular, we find that for a fixed V., by (4.49) it contains only a finite number of superbases.

]

4.5.5 Anexample

Example 4.5.15. Adopting notations from the proof of Theorem 4.5.9, we consider two se-

quences
1
€p = ) n = 1)27
n+1
and
Le, =Vn+1, n=12 ... (4.50)
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These two sequences satisfy (4.46), (4.47) and (4.48). Therefore, the set V. constructed in (4.49)

has an explicit form:

‘/En - U {(-U%,—U;‘,U%+U§),(—@f,—@;,7~)f—+7j§_)}
(Ul’w)ET(uen —ngh)/2
= U {(_UlL7_UQLaU1L+UQL)7(_61L’_62L761L+@2L)}
(v1,02)ET_n__
2v/n+1

If we take n = 1 in (4.51), then

V., = U {(=vf, —vy,vi +vy), (=07, =0y, 0 + 05) }.
(v1,v2)€T 1
2v2

By (4.37), the only direct basis v = (v, v3) in Figure 4.6 that satisfies

(’Ul, UQ) c Tﬁ

is v%!, Consequently,

‘/61 - U {(_UlLv_UQL7U1L+U2l)7(_61L7_1~)2L761L+1~}2L)}
(v1,v2)€T 1
2v2
= U {<—’Uf_,—1]§_,vf_+U§_>,(—@f—,—@j,@f—+ﬁ;)}

(’01 7”2)6{((170)T7(071)T)}

= {<(17 1>T7 (07 _1)T’ (_17 O)T)v ((_17 _1)T’ (07 _1)T7 (1’ O)T)}
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Let n = 37 in (4.51), then
‘/637 = U {(—Uf‘,—vé',?)f'+U§'),(—1~}f,—?~);,1~)f‘—l—1~}§')}

- U {(_vlLv_'UQL7U1L+02L)a(_6f7_62lvﬁf+1~)2L)}

(v1,v2)€T3.001

By (4.37), the direct bases that satisfy

(v1,v2) € T3.001

are the following 9 direct bases, cf. Figure 4.6

v =((1,0)",(0, 1))
vt =((L,0)", (1, D))
v = ((L, D", (0,1)7)
v =((1L0)", (2,1)7)
v = (2, D), (L")
v = (L7, (1,2)7)
v =((1,2)",(0, 1))
v =((1,0)", (3, )7)

'U378 = ((17 3)T> (07 1)T)
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and in turn V.

-4, contains 18 superbases

((0,-1)", (1,0)", (=1, 1)")
((0,-1)", (=1,0)", (1, 1)")
((0,=1)", (1, =1)", (=1,2)")
((0,—1)", (=1, -1)", (1,2)")
(L, =1)" (1,07, (=2,1)")
(L =-1" (=10 (2,1)")
((0,1)", (=1,2)", (1, =3)")
((0,1)",(1,2)", (-1, -3)")
(-1,2)" (-1, 1)",(2,-3)")
((1,2)", (1,17, (2,-3)")
(L7 (=2, D)% (3,-2)")
(LD, (2,17, (=3,-2)")
(=2, 1", (=1,0)", (3, -1)")
(2,17, (L,0)", (=3, -1)7)
(0, )%, (=1,3)", (1, —4)")
(0, )7, (1,3)", (=1, -4)")
(=3, )", (=1,0)", (4,-1)")

((37 1)T7 (1v O)T7 (_47 _1)T)'

By the 3rd item in Remark 4.5.11, the set {P(v,7) : v € V,,.,y € R}, Tr P(v,v) = 1}
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already contains more than 99% of matrices in P, as defined in (4.27).

The method in [5] uses Theorem 4.5.9 to find a finite set of superbases to approximate
all matrices in Py. In principle, we want to approximate as many matrices in P, as possible.
However, this also means more and more superbases needed. In practice, the numerical solver
in [5] has a parameter, called condition number, which is defined as p?(M) for M and
in (4.38). Users use this parameter to specify how fine the approximation should be, i.e., how to
make a choice of the set of superbases.

After one specifies the condition number parameter, accordingly a finite set of super-
bases can be generated. Indeed, by the proof of Theorem 4.5.9 and definitions (4.38) and (4.39),

given a positive real number j, > 0, all the matrices in the following set:
{M € Py: (M) < po}

can be written as P(v, ) for some ~ determined by Propositon 4.5.4 and some v that belongs to

V. such that

He = Ho-

More precisely, say one inputs condition number = 15, then a set of superbases
will be produced and it includes all superbases that are constructed using direct basis v = (v, v3)

with

o] <

V15— V15
2 )
V15— V15
—_ 2 .

[vg| <
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These direct bases are exactly the first three direct bases in Figure 4.6. They in turn give the first
six superbases in Figure 4.8.
We will discuss in Section 5.2.1, Remark 5.2.1 how we choose this parameter in our appli-

cations.

4.5.6 Properties of the set of superbases

We address the items mentioned in Remark 4.5.11. Recalling the construction of V, from
the proof of Theorem 4.5.9, each direct basis © = (v, v2) in the Stern—Brocot Tree leads to two
superbases

(—vi, —vy, 01 + ),

(=01, =0y, B +Ty).
These superbases are corresponding to two triangles in the unit disk. In particular, the standard
basis ((1,0)7, (0,1)T) gives rise to two superbases and, consequently, the two largest triangles in
Figure 4.7.

The children nodes of any direct basis @, denoted as 7! = (v} +vy, v3) and 3 = (v, v, +
v9) will give rise to four triangles. These four triangles share common edges with the triangles
associated with the parent node. To see this, note that the superbase (—vi-, —vy, v{+v;-), derived
from @, and the superbase (—vi — vy, —vy,v{ + 2vy), derived from (Y, respectively have
components of —v3-, vi- + vy and —vy, —v{ — vy. By (4.36), they define the same edge within
the unit disk. In particular, the four superbases that arise from child nodes of ((1,0)7, (0,1)T)

give rise to the four yellow triangles in Figure 4.7.

In this section, we conclude by introducing two additional properties of the set V., which

171



has been constructed in the proof of Theorem 4.5.9. Furthermore, we briefly describe how V, will
be applied within the numerical scheme.

Henceforth, we adopt the notation /& > 0 to index this set and refer to the sequence using

{Vh}h>0-

Indeed, the notation A > 0 will be used for the grid size that we later need in the discretization
of the domain where the equation is solved. In principle, as h approaches 0, the grid points
approximate the domain more precisely. Correspondingly, the set 1/}, is expected to, and indeed
can provide a better approximation to P, for smaller & > 0, as suggested by Theorem 4.5.9.

Based on the construction of V},, we have the following result.

Proposition 4.5.16. Let V), be defined as in the proof of Theorem 4.5.9. Then

lim max max |e| = 0. (4.52)
h—0 veV, ecv

Furthermore, for any h > 0,

(1,0)" =er € | J ([ J{ze} (4.53)

vEV) e€v
Proof. To prove (4.52), we fix h > 0 and consider any v = (v, vo,v3) € V},. By Lemma 4.5.12

and the construction (4.49), we have

max [v;] < 2

Consequently, (4.52) can be derived from (4.48).

172



Next, to prove (4.53), we have from the Definition 4.5.7 that any subtree 7?

pn—pyy by /2 €O

tains the basis (e1,e2) = ((1,0)7,(0,1)T). Now by (4.49), it is evident that (—es, €1, 3 — €;)

always belongs to V},. [

4.6 Reformulation of the second boundary value problem for Monge—Ampere

equations

In this section, our objective is to expound Bonnet—Mirebeau’s approach to reformulating

the second boundary value problem for the Monge—Ampere equations.

* In Section 4.6.1, we explain how they reformulate the equation under consideration, cf.
Theorems 4.6.2 and 4.6.5. This reformulation relies on Gaveau’s result, along with the
discretization of the set Py, which we have seen from the preceding section, and elementary

convex geometry.

* In Section 4.6.2, we show that this reformulation, when viewed as an optimization problem,
has a partially closed-form solution, as illustrated in Theorem 4.6.8. This feature enhances

its computational efficiency when applied in the numerical work.

4.6.1 Bonnet—Mirebeau’s reformulation

In their work [5], the authors developed a numerical scheme for a type of Monge—Ampere
equations in a more generalized form, as we will define in the forthcoming Definition 4.6.1. The
reformulation utilizes Gaveau’s results (4.22) and (4.23), and subsequently employs Theorem

4.5.9 to discretize the set Py.
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Let K be the same open bounded convex subset as in (4.21) and P a convex polytope
defined in (4.6). Let A(z,p) : K x R* — Sym*(R") and B(z,p) : K x R* — Rx be two

bounded maps. The following definition is the second boundary value problem that we will solve.

Definition 4.6.1. The second boundary value problem of Monge—Ampere equation is the follow-
ing equation

det(V?u(x) — A(z, Vu(z))) = Bz, Vu(z)) in K, (4.54)

combined with a constraint on the solution’s gradient image:
Vu(K) € P. (4.55)

We reformulate the equation (4.54) and (4.55) respectively. For (4.54):

Proposition 4.6.2. Let {V},},~0 be a sequence of collection of superbases that is constructed in

Theorem 4.5.9. The equation (4.54) is equivalent to

lim max max [n (B(z, Vu(z)) det P(v, 7)™ — Te(P(v,7)(V2u(z) — Az, Vu(x))))] =0, in K.

h—0+ VEV,  yeRY

Tr P(v,y)=1
(4.56)
Proof. By Lemma 4.4.3 and 4.4.4, the equation (4.54) is equivalent to
max [n(B(z, Vu(z)) det M)Y™ — Te(M(V2u(z) — Az, Vu(z))))] = 0. (4.57)

MePy

This can be also proved by using Theorem 4.4.2 and replacing f(x) in (4.23) with B(z, Vu(z))

and M with V2u(z) — A(z, Vu(z)).
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Since we only consider 2 x 2 matrices in (4.57), Theorem 4.5.9 is valid and can be used to
discretize the set Py;. We have that for any M € int P that belongs to a compact subset of Py,
there exists & > 0 such that M = P(v,v) for some v € V, and v € R%. Hence, (4.57) can
be seen to be equivalent to (4.56) by approximating Py using {V},},~0 and the matrices P(v,~)

derived from it. ]

Henceforth, denote by

FMA<U(I)) =

lim max max n (B(z, Vu(z)) det P(v, 7)™ = Te(P(v,)(Vu(z) — Az, Vu(:z:))))] :

h—0+ VEV, v€R,Tr P(v,y)=1
(4.58)

forx € K.

In addressing the boundary condition (4.55), note that this condition essentially requires
that a vector Vu(z) € R" resides either inside a convex set P C R™ or on its boundary, for
a given function v and any x € K. Hence, we can employ tools from convex geometry to
reformulate this condition.

Let P be a convex polytope as in Definition 4.6.1. The following definition is classic in

convex geometry.

Definition 4.6.3. The support function ip : R — R of P is given by

hp(v) = ilelg{v -p}.
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Definition 4.6.4. The boundary operator is defined for p € R" as

Fgv(p) == max (v-p—hp(v)) (4.59)

vER™ |v|=1

Proposition 4.6.5. The boundary condition (4.55) is equivalent to

Fpy(Vu(z)) <0, zeK.

Proof. It suffices to prove that a vector w € R” belongs to P if and only if Fpy(w) < 0. Assume

w € P, then by Definition 4.6.3, for any v such that |v| = 1,

v-w < hp(v) =supv-p.
peP

Hence, we have Fzy(w) < 0 in this case.
It remains to prove the other direction. For any vector b € JP, denote by n(b) the outward
normal vector to 0P at b. The function

H(p) = max{n(b) - (p~ b)}

satisfies that H(p) < 0 if and only if p € P. Instead of considering such b € 9P, for any v such
that |v| = 1 we denote by b(v) a point on 0P whose normal vector has the same direction as v.
Then the function

H(p):= max {v-(p—>b(v))}

vER™ |v|=1
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also satisfies that H(p) < 0 if and only if p € P. For any vector v such that |v| = 1, there holds
hp(v) = v - b(v). Thus,

Fav(p) = H(p)
and it follows that w € P if Fgy(w) < 0. O

Finally, we combine the reformulation for (4.54) and (4.55) to rewrite the second boundary

value problem.

Theorem 4.6.6. Assume that we consider a second boundary value problem in Definition 4.6.1

whose solutions are smooth. An equivalent formulation of (4.54) along with (4.55), is as follows:

max{Fya(u(z)), Fgv(Vu(z))} =0, =€ K. (4.60)

Proof. For x € K such that Vu(z) € Int P, there holds Fgyv(Vu(z)) < 0 by Proposition 4.6.5.
In that case, the equation (4.60) reduces to Fya(u(z)) = 0. For other € K, there still holds

Fua(u(z)) = 0 due to the continuity of w. The result then follows from Proposition 4.6.2. [

4.6.2 Properties of the reformulation

In this section, we digress briefly to explore the key advantages of the reformulation (4.60)
when applied later in the numerical method.

Firstly, Theorem 4.5.9 ensures that the collection of matrices {P(v,7) : v € V},, v € R3}
approximates the set Py as h — 0%, and each V}, only contains a finite number of superbases v.
In practical terms, this implies that we can choose a small 2 > 0 such that all the matrices in the

set {P(v,7y) : v € V;,7 € R}, Tr(P(v,v)) = 1} already cover a large portion of matrices in
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Po. Simultaneously, there is only a finite number of v in such V},. By Remark 4.5.11, as long
as V}, contains the first six superbases, 89% of matrices in P, will have been included. In the
numerical experiments, when taking maximum in (4.58), we fix h such that V}, contains the first
Six superbases.

Secondly, for any given superbase v, the maximum in (4.56) over v € R3, after a modifi-
cation, can be determined through a closed form solution, which we will now describe. This and
the aforementioned properties provide us a way to achieve numerical efficiency: we only need to
consider finitely many superbases, and for each superbase the maximum can be computed using
a closed form formula.

Definition 4.6.7 below is a modified version of the quantity presented within the brackets

in (4.56). The modification is valid, since

Tr (P(v,7)(Vu(z) — A(z, Vu(z)))) = Tr (Z vl (V2u(z) — Az, Vu(x))))
= (4.61)

=3 (Te(wed (Vula) — Al V()

In other words, the trace operator can be reformulated as an inner product involving ~.

Definition 4.6.7. Let N = 2. 3. Letv = (v1,...,vy) and v € RY. Let b € R and m € RV,
Define

Ly (b,m) :=n-b"/" - (det P(v,7))"/™ = (v, m), (4.62)

Using Definition 4.6.7, the equation (4.56) can be expressed as

lim max max Ly (B(z,Vu(x)), m
h—0t VGVh ’YERQ’,TI" P(V,’y):]_ VV’V( ( 9 ( )), )
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where m = (my, mg, m3) such that

m; = Tr(vw! (Vu(z) — A(z, Vu(z)))), i=1,2,3.

Theorem 4.6.8. [5, Theorem 1.2] Let the operator L, ., be defined in (4.62). If v = (v1,v2) is a

direct basis of 72, then for any b > 0 and m € R?,

max L,.(b,m)=H,(b,m), (4.63)

YERZ , Tr(P(v,y))=1

where

; o\ 1/2

~ ma meo my ma
H,(b,m) := . - - .
o (rvlrzwvzwﬁ(zw 2|v2|2>> Tl 2P

Furthermore, if v = (v1, vy, v3) is a superbase of 7, then for any b > 0 and m € R?,

max Ly (b,m) = max {Hv(b, m), max I:I(ij)(b, m)} ,

’yERi,Tr(P(v;y):l 1<i<j<3

where

N[
[N

(b + <m7 va>> + <U)v, m>7 lvam + (b + <TTL, va>> Wy <vec 07

H,(b,m) :=

—o00, else,

and

\712|2|113|2 <v17U2>’US|Q (U1;Us>|vz|2
1

Qui= 1| wrwadles flPlos? (oo vs)lonl* |

<01703>\U2\2 <U2a03>’1}1!2 \01\2!1)2!2
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and

(va, v3)

' 1
Wy = 5 <Ul,1)3> ;
<U17U2>

and for a € R%, we write a <. 0 if all components of a are negative.
We conclude this section after proving the preceding theorem.

Proof of the Theorem. We first prove the result when v = (vq, v2) is a direct basis. The set under

consideration can be parameterized by a single variable:

{y €R} : Te(P(v,7)) = 1} = {(ﬁ i) te[—1, 1]} . (4.64)

This set is a collection of points on the segment with endpoints

() = ()
——— ], an y——= | .
|v1]?,0 |v2]?

By (4.64), the left hand side of (4.63) can be written as

1
1+t 1-—t 2 1+t 1—1¢
max L,~(b,m) = max 23 - (detP <v, (%, —2>>) — %ml — s
VERZ Tr(P(v,y))=1 te[-1,1] 2|v1|?7 2|ve| 2|vq] 2|vo|

(4.65)

180

)



A direct calculation yields

1+¢ 1—t 1+¢ 1—t
det P T ) ) =det ( =——v; 0T + vy -]
¢ <“’<2|vlr2’2\v2|2)> ¢ (2|v1|2”1 ST R )

2
S o UL (4.66)
4 [v1]?|ve]
1=
Aoy [Pfoa]?
To simplify notations, we introduce
1
0
W, =
S o leef?
1 1 -1
1
w, == +—=,—% |, (4.67)
2 <|Ul|2 |Uz|2>
1 1 1
2
w, ===, —5 |-
2 <|vl|2 IszQ)
Substituting (4.66) in (4.65) and using (4.67), we have
max L,~(b,m) = max <(w2)%b%(1 — tg)% — (Wi, m) — <w3,m>> . (4.68)
YEeR2,Tr P(v,y)=1 te[-1,1]

Taking the derivative with respect to ¢ in, we find the optimal ¢ satisfies

b wl + (wy,m)*
Plugging this into (4.68), we obtain
max Ly~ (b,m) = (b- w? + (wi,m)z)Q — (w2, m)

+€RZ T P(v,7)=1
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which precisely aligns with the definition of H, (b, m).

Now, let us prove the result when v = (vy, vo, v3) is a superbase. Define a map

D : R? — Sym*(R"),

I+ p1 P2

1
p = (p1,p2) — 5
p2 l—p

Then, the set P, satisfies

Po={M ecP:TrM =1} ={D(p) : |p| < 1}. (4.69)

For any p € R?,

Recall that the following map

N

f: M det(M)

is concave in P. Hence, for

ye{yeR?: P(v,y) € P,Tr(P(v,7)) = 1},

the map

v+ Ly~ (b,m)
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is also concave by Definition 4.62. The following is well-defined:

v(v,b,m) = argmax Ly (b,m).
YER3,P(v,y)EP, Tr(P(v,y))=1

There are two possibilities. Firstly, if there exist any components in (v, b, m) that are

non-positive, then

max L(v,v)(b,m) = max Hw;,v;)(b,m).
YERS Ty P(v,7)=1 (v:7)(6,m) 1<icj<3 3)(bsm)

On the other hand, if (v, b,m) € R3, then Proposition 4.5.4 and (4.69) imply that

max Ly (b,m) =max Ly (v b,m).
8 o b i prvpr 1) = T Bvatepion (B m)

Define

p(v,b,m) = argmax, <1 Ly (v.p(p) (b, M),

then

7(V7 b, m) = 7(V7 D(p(V, b, m))) 4.70)

Observe that (), can be factorized as

Qv:Wv'WUT
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where

Ug,1U31 — V22V32, V21V32 1+ V22031

1
W, = =
2

V1,131 — V1,2V32, V1,1V32 — V1,2V31
V1,1V2,1 — V1,2V22, U1,1V22 — V1,2V21.
By (4.30), we have

(v, D(p)) = Wop — wy.

Plugging (4.71) into the Definition 4.6.7, we obtain

Ly v (o)) (b:m) = b2 (1 — |p[*)2 — (Wyp — wy,, m).

Setting the derivative with respect to p in (4.72) to be zero, we have

WIm
(b+ [WTm|?)
WIm

(b+ (m, Qum))

p(V,b, m) =

N

Plugging this into (4.70), we have

7(V7 b, m) = 7(V7 D(p(v, b, m)))
Qum

= — T — Wy
(b+ (m,Q,m))z
Finally, substituting v(v, b, m) in Definition 4.6.7 yields
Lyaeban) = (b4 (m, Qum))2 + (wy, m),
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This equality has matched with H,, (b, m). The proof is finished. O

4.7 Discretization

In this section, we use the finite difference method to discretize the reformulated problem
(4.60) and then construct a corresponding numerical scheme. The numerical scheme is presented

in equation (4.79).

4.7.1 An overview on numerical schemes

Ultimately, our aim is to solve the problem (4.60) numerically. The approach we use will
be the finite difference method. It consists of the following steps. We discretize the domain on
which the equation is defined, which is K. And then we define finite difference operators which
are approximations to derivative terms that appear in the equation. Finally, on each grid point,
by replacing the exact solution with these approximations, we obtain a resulting linear system of
equations. Solving this linear system gives us a numerical solution.

From now on, let 2~ > 0. This A should be understood as the grid size. Denote by

Gn:= KNhz" 4.73)

the set of integer points in K with grid size h.

Definition 4.7.1. A numerical scheme is a function S : R9 — R

Usually a numerical scheme is denoted as S” to indicate its dependence on the grid size

h. For a function v : K — R, which we may think of as a solution to certain PDEs, the set
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{u(x) : x € G} is indexed by z and thus will be identified as a vector in R9. For any numerical

scheme S", we introduce the notation
Shufz] = S" ({u(m) X € gh})(x), Va € G,

In the following sections, we construct a numerical scheme S' that is closely related to the second
boundary value problem (4.60).

Roughly speaking, we discretize all components in their reformulation (4.60) by the fi-
nite difference method, and then aim to solve a resulting system of equations for its associated
numerical scheme S”:

Shulz] =0, Yz € G

The solution {u(x) : x € G} is expected to be an approximation of the true solution values
evaluated on Gj,.

The numerical scheme will be shown to be consistent with the original PDE, by Definition
4.8.5 below. More importantly, we will prove the existence of solutions to such numerical scheme
in Theorem 4.8.10 below, and present the fact that the numerical solution to the scheme is an

approximation to solutions to the original problem in next chapter’s Theorem 4.8.18.

4.7.2 Bonnet—Mirebeau’s numerical scheme

In this section, we revisit the construction of the numerical scheme for (4.60).
Step 1: reformulation of the problem. By Theorem 4.6.6, the original second value prob-

lem (4.54) and (4.55) is equivalent to (4.60). The two components in (4.60) have the following
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forms:
Fua(u(z)) =0, =z € K,
(4.74)
Fav(Vu(z)) <0, z€K,
where Fya 1s defined in (4.58) and Fgy in (4.59).
From now on, we aim to discretize each component in (4.74) by finite difference method.
We assume that in (4.74) A(-, -) is bounded from below and Lipschitz continuous, and B(-,-)'/™

is Lipschitz continuous. More precisely, assume that there exist constants a; > 0,a, < 0,01 > 0

such that for any x € K and vy, v, € R",

|A(z,v1) — Az, v2)|2 < ar|vr — a1,
|B(x, v1)Y™ — B(x,v5)™| < by|vy — va1, 4.75)

Az, v1) > asl,.

These assumptions are made so that the proposed numerical scheme is monotonic, as de-
fined in Definition 4.8.1 below.

Step 2: Discretizations of the equation and the boundary condition. The discretization
of (4.74) is based on the finite difference method. Let h be the grid size and G, the grid integer
points as in Definition 4.7.1. Always denote by e € Z" an arbitrary vector. Let (eq,...,e,)
always be the standard basis (1,0,...,0)7,...,(0,0,...,1)T of Z".

Since (4.60) is a second order PDE, below we will define the first order and second order
finite difference operators, in particular the gradient operator and the Laplace operator, and based

on which the discrete expression of functions A, B and Fgy.

Definition 4.7.2. Let u : G, — R, and x € G;,. The first order finite difference operator d5u|x] is
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defined as

ulz+he]—ulz]

- , if x + he € Gj,.

drulz] ==

400, else.

Definition 4.7.3. Let u and z be the same as in Definition 4.7.2. The second order finite difference

operator Afu[z] is defined as follows.

u[x+he]+u$*h€]*2“[m], if v + he € Gy,.

00, else.

The discretizations 5 u[x] and A§u|x] are used as approximations to the directional deriva-

tives along direction e.

Definition 4.7.4. Let v and x be as in Definition 4.7.2. The finite difference operator for the

gradient is defined as

Viyulz] :

|
VR
>,
B
£
B
o |
>,
S|
Q
£
B,
~~
A
A
3

such that V,u[z] € (R U +o0)™.

Definition 4.7.5. Let u and x be as in Definition 4.7.2. The finite difference operator of Laplacian
is given by
Apulx] := Z A ulx]
i=1

recalling that {e; }1<;<, is the set of standard basis of R”. We have that A,u[z] € R U +oc.

The discretizations of A(z, Vu(z)) and B(z, Vu(z)) on Gy, denoted by A u[z] and Byu[z],

are then as follows.
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Definition 4.7.6. Define

At ula] = max { ((e, A(z, Vyulz])e) — Laile|?Apulz]) , asle[?},  if Apulz] < +o0,

aslel?, else.

max { (B(z, Vyu[z])V/™ — 2biApulz])” 0}, if Ajulz] < 400
Bpulz] =
0, else.

where a1, as, b; are the same constants in (4.75).

Remark 4.7.7. A more natural way to discretize A(z, Vu(z)) or B(z, Vu(z)) is as follows:

Asulz] == (e, Az, Vyulz)])e),

Byulz] := B(z, Vyulz]).

However, the reason to use Definition 4.7.6 in the construction of the numerical scheme lies in the

fact that this definition allows us to prove several properties enjoyed by the scheme. For example,

we prove the monotonicity in Proposition 4.8.2 below by using Definition 4.7.6.

The discretization in Definition 4.7.6 is called Lax—Friedrichs approximations. A straight-

forward yet helpful observation is that, as h — 0, when Aju[x] < 400, we have

Afu[z] — max {(e, A(z, Vyulz))e), a2|6|2}

Bhu[z] = max{B(x, Vyulz]),0}

which is in accordance with intuition.

In summary, in the discretization of B(z, Vu(z)) we replaces Vu(z) with V,u(z). And for
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A(z,Vu(x)), which is a symmetric matrix, we consider the value e’ A(x, Vu(z))e for arbitrary

e. For each e, we replace Vu(z) in e’ A(x, Vu(r))e with V,u(z).

Definition 4.7.8. Let Afu|x] be defined in Definition 4.7.3. Let Afu[z] be defined in 4.7.6. Let
v be a superbase. Define
Ajulz] = (Apule])ev,
Ajulr] = (A ulz])vey-
Hence, for any superbase v, the vector Ayu[z] or AYu[z] is of size that is equal to the

cardinality of v.

Remark 4.7.9. By the observation made in (4.61), it is enough to take care of

vf - (Vu(x) — Az, Vu(z)))v; (4.76)

for each v; € v in (4.74) when considering the trace operator. This is why we consider A} and

Ay in Definition 4.7.8.

To discretize the boundary condition, we define a different finite difference operator for the
gradient, compared to Definition 4.7.4, also in order to maintain the properties enjoyed by the

numerical scheme.

Definition 4.7.10. Let u and z be as in Definition 4.7.4. We define the upwind gradient operator

to be

Lulr] = Z (min{0, e”e; } o5 u[z] — max{0, e’ e; }6; “ulz])

=1

so that V§ulz] € R U +o0.

With all the preparations, we discretize (4.74) as follows.
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Definition 4.7.11. Let V}, be the same as V, in (4.74), with only the notation ¢ written as h. Let

h, Gy, be as in Definition 4.7.1. Let L, , be defined in (4.62). Define

Stau[z] :=max max Ly, (Byulz], AYul[z] — Ayulz)), 4.77)
veVy WGR?‘_
Te(P(v,7)=1)

for x € Gy,

Remark 4.7.12. The function S{;, is the discretization that we will use for the first equation in
(4.74). The term

Ajulz] = Ajulz]

appears since the following term
Tr (P(v,7) (Vu(z) — A(z, Vu(z))))

in (4.74) can be approximated by

Tr (P(v,7) (V?u(z) — A(z, Vu(z)))) = Tr (é Yo (Vu(z) — A(z, Vu(x))))
— iy Tr (vv] (Vu(z) — Az, Vu(z))))
— 2;7 Tr (v] (Vu(z) — Az, Vu(z))) v;)
= (7, (AYulz] — AJulz])) + O(h?).

Definition 4.7.13. Let h and G, be as in Definition 4.7.1. Let hp be defined in Definition 4.6.3.
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Define

Stoulr] = max (Viu[z] — hp(v)). (4.78)

vER™ [v]=1
Remark 4.7.14. The function S} is the discretization of Fyy in Definition 4.6.4. The component
v - Vu(x) in Fgy(Vu(r)) is discretized by V?u[z]. In practice, if P is a polytope then Sk,
reduces to several linear constraints. Indeed, as argued in the proof of Proposition 4.6.5, assume

the polytope P is defined as

P::{meRz::U-nz-—l—bigo,i:l,...,m},

where n; is the outward normal vector of each edge of P with |n;] = 1. Then Shulz] =

m{Viiu[z] + b;}.

.....

Step 3: Combine the discretizations for the equation and the boundary condition.

Definition 4.7.15. Let  and G}, be as in Definition 4.7.1. Let S}, be as in Definition 4.7.11 and

Sk, in Definition 4.7.13. Denote by « a real number. Define

S&:BVU[ZU] = max{ Sy, ulz] + a, Sgyul]}. (4.79)

This definition is the discrete version of (4.60) but with the modification of an extra . The
constant « is introduced, by authors of [5], to guarantee that the numerical scheme has solutions,
as will be discussed in Theorem 4.8.10 and Remark 4.8.11.

In our application, to numerically solve (4.74), we first fix a grid size h > 0. Then we solve
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the following equation on Gy:

Speavulr] =0, Va € Gy, (4.80)

The solution to the numerical scheme (4.80) includes a constant « and the value of the function

u, denoted by u[z] on the grid points = € Gj,.

4.8 Existence and convergence results of Bonnet—Mirebeau’s numerical scheme

In this section, we address two important questions concerning the numerical scheme
(4.80): first, is it always solvable? Second, if it is solvable, does the solution converge to the

original Monge—Ampere equation as we reduce the grid size h to 0?

* In Section 4.8.1, we demonstrate that the proposed numerical scheme admits several prop-

erties, as shown in Propositions 4.8.2, 4.8.3, 4.8.6 and 4.8.8.

* The answers to the previous two questions are in Theorems 4.8.10 and 4.8.18.

The proofs of these theorems primarily rely on various properties that the numerical scheme

(4.80) has, as we will describe now.

4.8.1 Properties of the numerical scheme

The first property is the monotonicity.

Definition 4.8.1. A monotonic numerical scheme S" : R9» — R satisfies that for any h > 0,
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any x € Gp,, and any uy, us : G, — R such that u;[z] = us[z] and u; > uy on Gy, there holds

Sty 1] < SMuglx].

age . h .
Proposition 4.8.2. For any fixed «, the numerical scheme S,;y 5y is a monotone scheme.

Proof. Leth > 0, a € R, z € G, and consider u;, us such that u;(z) = us(x) and u; > uy in

Gh.

We aim to show

h, h,
SMZBVul [z] < M:BVU2 [z],

which is equivalent to

maX{S{\‘,[Aul[x] + a, ngul[x]} < maX{S{}[AuQ [z] + a, SSVUQ [z]}.

We will show the following stronger result:

SKL/[AUI [ZE] < SIGIAUQ [x],

Sgvui[z] < Sgyus[z].

First, by Definition 4.7.10, it is obvious that for any e, V§u;[z] < V§uy[x]. Then, by the

definition of S}, in (4.78), there holds

Sgvurlr] < Spyusl].
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Hence, it remains to show for any v = (v, v, v3) and v € R3,

Ly (Byun[z], Ajun[] = Ajun[z]) < Ly (Buus[z], Ajus[] — Ajus[z]).

To achieve so, we use Definition (4.6.7), and will show

Bru[2]Y™ < Bpug[z]t™,
Afuy[z] < AYuslx],

AYus[z] < AYuy|x].

The last inequality is obvious. For the first inequality, we consider two cases. First, if

Bjuy[x] = 0, then we must have

0 = Bpuy[z]Y™ < Buug|z]'/"

as By, > 0 for any function. On the other hand, if Bju;[z] > 0, then first it indicates that

rte €Gy
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for any ¢ = 1, ..., n. Then, we use the Lipschitz continuity of B:

h
Buy [x]l/” — Bhuy [x]l/” < Bz, Dhul[:v])l/" — B(xz, Dhu2[:v])1/” — §blAh(u1 — uy)|x]

< by(|Dpanle] — Dyualall — 5 Anon — )]
b —
=5 [[(w1 — ug)[z + he;] — (w1 — ug)[z — hei]|—

i=1

(ug — ug)[x + he;] — (ug — ug)[z — he;l]

<0.

Hence, we have shown in both cases
Bhul[a:}l/” S BhUQ[ZL’]l/n.

Finally, for the A function we also consider two cases. For any e € v, if ASu,[z] = as|e?,
then ASu[x] < ASus[x] by Definition 4.7.6. On the other side, if ASu,[z] # ase|?, then we also

use the Lipschitz continuity of A:

Ajun[z] = Ajus[z] < (e, (A(z, Dhua[z]) — A(z, Dyus[z]))e) — ga1|6|2Ah(U1 — uz)[2]
< arle*(| Dpurfz] — Dyus[z]| — gAh(ul — uz)[z])

<0.

Thus, we have proved Afu;[x] < ASuy[z]. Hence by the definition of Sy, there holds

Swatilz] < Shiaus[z].
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The next property is the continuity of the proposed numerical scheme.
Proposition 4.8.3. Assume for any small h > 0 and for any x € Gy, there exists e € R" such
that le| = 1 and x — he € Gy,. Then for such small h > 0, the map

R x R9 — R
(4.81)

h,a
(r, u) = Syapyu
takes finite values and is continuous.

Proof. First, the scheme S{\l4 A» as defined in (4.77), is continuous, because it is a maximum over
two compact sets, V, and {y € R? : forafixed v € Vj,, Tr(P(v,7) = 1)}, of a continuous
function L, . The continuity of L, ., can be seen by the same argument in the proof of Lemma
4.4.4. Moreover, the scheme Sﬁv, defined as in (4.78), is continuous because it is also a maximum
over a compact set: {v € R" : |v| = 1}, of a continuous function. Consequently, the map (4.81)
is continuous since it is composed of two previously established continuous components.

It remains to show that the numerical scheme only takes finite values. Based on the con-
structions in (4.77) and (4.78), if Slil/szV takes non-finite values, it must be —oo. To show that this
is not possible for sufficiently small 4 > 0, we use the assumption that for small A, for a given

z € Gy, there exists some e such that x — he € G;,. Then we have

Sninpvi[t] = Shyult] = Viula] — hp(e) > —oo.

197



The next property we consider is a crucial one to relate a numerical scheme to a PDE. To

state this property, we will consider PDEs that admit the following form:

F(x,Vu(r),Vu(r)) =0, VrekK. (4.82)

Usually, the operator ' is discontinuous and it may admit different formulae respectively in K
and on the boundary. Hence, naturally we will also consider lim sup F'(z) and lim inf F'(z).
Following Theorem 4.6.6, the problem (4.54) along with (4.55) can be written in the form

(4.82) by letting

Fuasv(z, Vu(z), Viu(z)) = max{Fya (u(z)), Fev(Vu(z))}. (4.83)

For the PDE in the form (4.82), we introduce a type of weak solutions.
Definition 4.8.4. A functionu : K — Risa viscosity subsolution to (4.82) if
1. w is upper semicontinuous.

2. Forany ¢ € C? (F) if  is a local maximum of © — ¢ in K, then

liminf F(z, Vo(z), Vié(z)) < 0.

The function u is a viscosity supersolution if

1. u is lower semicontinuous.
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2. Forany ¢ € C*(K), if x is a local minimum of u — ¢ in K, then

limsup F(x, Vé(x), VZ¢(x)) > 0.

Finally, u is a viscosity solution if it is both a viscosity subsolution and supersolution.
Now, we relate a numerical scheme to a certain PDE as in (4.82) by the following definition.

Definition 4.8.5. A numerical scheme S” : R9 — RY is consistent with respect to a PDE that
has the form (4.82) if for any ¢ € C*°(K) and z € K,
limsup S"¢[z'] < limsup F(z, Vo(z), Vih(z)),

' eGp,x’ —x
h—07T

ligl inf S"¢[2'] > liminf F(z, Vo(x), V2¢(x)).
2’ eGy,x' =z
h—0T

Note that our numerical scheme (4.79) has a parameter «. Thus, to further discuss consis-
tency between numerical schemes and PDEs in our specific setting, we generalize the form for
PDEs as in (4.82) to one that also has a parameter «.. Specifically, we add a parameter o € R to

modify the formulation (4.83), i.e., define

Fia(u(z)) =

a+ max [n-(B(z,Vu(z)) - det MY™ — Te(M - (Vu(z) — Az, Vu(z))))] -

MeP, Tr M=1
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Next, consider

max{ Fyj,(u(x)), Fgv(Vu(x))}, ifr e K,
F gy (@, Vu(x), Vu(x)) = (4.84)

—00, ifre K\ K.

Then, when o = 0 the formulation (4.84) coincides with (4.83) assuming that K is an open
set.
We are ready to show the consistence between the numerical scheme (4.79) and the PDE

(4.84).

Proposition 4.8.6. For any sequence of (a,)n~o such that limy,_ .o+ o, = « for some «, the

scheme S|2%% is consistent with respect to the corresponding F{s o, in terms of Definition 4.8.5.

Proof. First, we prove the proposition assuming the following: let ¢ € C*(K) and (a,)s>0 be
a sequence such that lim,_,o+ o, = a € R. Then assume for any compact subset K of K, there

hold

Sf/[’i’]gv [z] < Fyiapy(z, Vo(x), V2¢(z)) + op_o+ (1), uniformly for z € Gy,

(4.85)
Sty dla] > Fiapy(@, Vo(x), V’6(x)) + opsor (1), uniformly for = € K 1 G
Assuming (4.85), then to prove the proposition, it suffices to prove
limsup  Syihyo[r'] < limsup Fjapy (2, Vo(2), V26(2)),
h—0%t 2’ €Gy 2’ —x (486)

liminf — Spoh é[z] > liminf FSpy (2, Vo(z), V26(x)).

h—0t ' €Gp o’ —x

If x in (4.86) belongs to some compact subset K of K, then (4.86) follows from (4.85). If
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not, then (4.86) still holds as in this case

lim inf FﬁABV(x7 V(b(x), VQ(b(‘r)) = —00.

Now, let us prove (4.85). Denote by K an arbitrary compact subset of K. It suffices to

show that forany h > 0 and x € G, N K , there hold

Suadla] = Fya(z, Vo(z), V() + o(1),

(4.87)
Sivelr] = Fav(Vo(x)) + o(1),
uniformly with respect to z, if x € K , and
SKL/IA¢[Z'] S FISIA(x7 VQS(‘I)’ v2¢(l‘)) + 0(1)7
(4.88)

Shvolz] < Fav(Vo(x)) + o(1),

uniformly if 2 € G, but not necessarily belong to K.

We first deal with the Fgy operator in (4.87) and (4.88). Note that by Definition 4.7.2, there
always holds ;' u[z] > u[x + he;| — u[x]. Thus, we choose h small enough so that for any x in
the compact subset K, there holds 6 u[z] = u[x + he;] — u[z]. And then the two equations that
involve Fyy hold by Definition 4.7.10.

Now, we consider the F}j, operator in (4.87) and (4.88). We first treat the B(-, -) function.

If there holds A¢[x] < +oo. Then this enforces that

x £ he; € Gy,
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for each e;. Hence, it follows from Definition 4.7.4 and Definition 4.7.5 that

Viglz] = Vo(x) + O(h?),

Apdla] = Ag(x) + O(h?).

Then by the Lipschitz continuity of B(-, -), we have:
Blr, Vadle) " — ShiAofa] = Bz, Vo(a)) " + O(h)
Then it follows from Definition 4.7.6 that
Byolz]V" = B(z, Vo(x))Y™ + O(h). (4.89)

On the other hand, if A,¢[z] = +o00, then we must have ¢ K. By Definition 4.7.6, this

forces Bj¢[x] = 0, which in particular means By ¢[z] < B(x, V¢(z)). Then we also have
—00 = Byé[z]™ < B(z, V()™ + O(h) (4.90)

forz € K\ K.

Next, we treat the A(-, -) function. More precisely, we consider A§¢[x] and A§¢[x] for an
arbitrary superbase v € V}, and e € v. As before, assume we choose i small enough so that
r+heeG,ifzr e K.

Then by the Lipschitz continuity of A(x, Vé(x), V2¢(x)), there holds

Ajgla] < (e, Az, V(z))e) + O(hle]?)
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for any z, and the equality holds when z € K.

By Definition 4.7.5, we also have
—Asp[z] < —(—e, V?¢(z)e) + O(h’|el*)

for any x, and the equality holds when z € K.

Now, consider any superbase v € V}, and v € R? such that
TY(P(V,’)/)) =1,

then (4.91) requires
3
Y el =1
i=1

For the term we care in (4.77), there then holds

— (7, Ayole] = Ajgla]) = — Z%(AWM — Ay lx)))

< — Z Yi{vi, (V2 (z) — A(z, Vé(2))v;) + Z %O(hlv]?)

= —(P(v,7), V?¢(z) — Az, Vo(x))) + O(h)

= —(P(v,7), V2la] — A(z, Vo(2))) + o(1)

for any z, and the equality holds when z € K.

Then by definition in (4.62), and (4.89), (4.90) and (4.92), we proved that

St o[x] < max max Ly~ (B(x,Vé(z)), V2é(z) — Az, Vé(z))) + o(1).

veVy 'yERi,Tr P(v,yy)=1
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for any z, and the equality holds when z € K. Then by (4.57), we have shown the inequality

(4.87) for S{,, and F)j,. This finishes the proof. [l

The final property of our numerical scheme is as follows: roughly speaking, we will show
that the numerical scheme admits subsolutions. This fact will play a crucial role when we proceed
to construct a solution to the numerical scheme, following a modification of Perron’s argument,

see Theorem 4.8.10.
Definition 4.8.7. A numerical scheme S}’ with parameter o € R is said to be stable if

* For any small h > 0, there exists a subsolution (v, u) to the scheme, i.e.,

Seulz] <0, Vz € Gy

* There exists a function w : R x R, — R, that is non-increasing w.r.t. its first variable
and satisfies lim; ,ow(c,t) = 0 for any @ € R, such that for any small ~ > 0, and any

subsolution (o, u) and any x1, 5 € Gy, there holds

[ufx1] — ufwo]| < wla, w1 — 23]).

* There exists @ such that for any small 4 > 0 and any subsolution (v, u) there holds o < @.
* There exists « such that for any small ~ > 0 and any solution (v, u), there holds a < a.
Proposition 4.8.8. Assume there exists a function ¢ € C=(K) such that Vé(x) € P for all

r € K. Assume there exists a positive constant Cg such that for any small h > 0 and any
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functionu : G, — R,

max |U[I1] — U[ZEQ” < Cg max |U(l‘1) — U($2)| ) (4.93)
T1#T2€G), |$1 — £L’2| 21,22€Gp,|T1—T2|=h h

Then the numerical scheme SA}}’X‘ gy is stable in terms of Definition 4.8.7.

Remark 4.8.9. The existence of such ¢ in Proposition 4.8.8 is indeed satisfied in our applications;

the potential function v itself, defined as in Theorem 4.2.11 fulfills this requirement.

Proof of the Proposition. First, let us establish the existence of subsolutions. By the assumption
that ¢(z) satisfies

Fay(Vé(r)) <0, forxe K.

Additionally, recalling that A(z, V¢(z)) and B(x, Vé(x)) are bounded, we can choose o < 0

negative enough so that

(2, Vo(z), Vié(r)) < —a, forz € K.

By combining these two inequalities, we obtain

lim sup FﬁABV(x7 v¢($)a vng(ﬂf)) <0.

Then, using (4.85) from the proof of Proposition 4.8.6, for any small » > 0 and z € G;,, we have

Spe o[z < 0. (4.94)
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Thus, for any small A > 0, («, ¢) is a subsolution.
Next, let us construct the function w(c, t). Let h > 0 be small enough, and then let (o, )

be a subsolution, as previously demonstrated. In particular, we have

Shoulr] <0, forz € Gy

By the construction in (4.78), this inequality implies

—05% < hp(Fe;) (4.95)

for all e;. As the closure of P is compact, there exists a constant C'» > 0 such that

hp(Fe;) < Cp.

Consequently:

0 ufz] < Cp.
Replacing the right hand side in assumption (4.93) with 52[62', we obtain

max ol vl oo
T1#£72,21,02E€G |1171 — $2|

Therefore, we just need to define w(«, t) := CpCgt, which is independent of «.

Finally, let us address the existence of aforementioned & and «. Still, let 4 > 0 be small
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and let (v, u) be a subsolution. In particular,

Stufz] < —a, forx € G

By (4.53) from the Proposition 4.5.16, we consider the superbase v € V}, and v € R? such that

P<V7f}/) = 616{'

Choosing this pair of v = (e1, vy, v3) and v = (1,72, v3) in S{;, yields

Staulz] < —a = APulr] — Afulr] < —a.

Combining this inequality with the assumption that A;' u[z] > a., we have

Atulz] > as + a.

Now let ¢ > 0 be small enough that the segment [0, fe;] belongs to K. Note that such ¢ is
independent of h. Let nj, := [¢/h]. We choose h small enough such that ihe; € K fori €

{0,...,n, + 1}. Then for any such i,
hA ulihe,] = 07 ulihey] + 0, “ulihe,]
= 0y'ufihe] — 6 uf(i — 1)heq].

Hence, there hold

dptufiher] = 07 ul(i — 1)her] + hAJ ulihe],
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and in particular
np,
ditulnphey] = 07 ul0] + h Z Ajtulihe]
i=1
> 07 ul0] + nph(a + az).

Since nph > £, if o« > —as, then

dplulnpher] > 6, ul0] 4+ £(az + )
= —0; “ulher] + (o + as).
Finally, since
Sptulnpher] < Cp
d, “ulhey] < Cp,

we obtain

20,
__2Cp
“=77

— a9.

To address the existence of «, let us assume in this part that («, u) is a solution. Let a; > 0 be

the o we have in (4.94). Up to a constant, we have for u there exists z € G, such that
ulg] = ¢z], uw=¢, inG.

By the Proposition 4.8.2,

h, h,
SMKIIBVU[m] < SMKllav [z].
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We have shown that S;:%%, ¢[x] < 0. Thus SgoLyufz] < 0 and in particular

S{\‘,[Au[x] < —ay,

Spoulz] < 0.

On the other hand, the equality S% u[z] = 0 yields

max{Spyulr], Smau[z] + a} = 0.

Since Shyu[z] < 0, we deduce that o = — S, u[x] > ;. Le., we just choose o = a;.

4.8.2 Existence of solutions to the numerical scheme

Thanks to these properties enjoyed by SﬁXBV, especially the stability of the scheme which
guarantees the existence of subsolutions, cf. Proposition 4.8.8, the idea of the Perron’s method

can be applied to show the existence of solution to this scheme.
Theorem 4.8.10. [5, Theorem 2.15] For small h > 0 there exists a solution to (4.80).

Remark 4.8.11. The Perron’s method, formally speaking, aims to construct a solution 1, € RY"

to a numerical scheme S" by considering

Usor[7] := sup{a[z] : Vy € Gy, S"ay] < 0}.

In other words, a solution is constructed by taking supremum over all the subsolutions. However,
in our case the numerical scheme S&’%BV has a property that if @ is a subsolution then @ + c is
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also a subsolution for any constant c¢. Hence, a supremum over all the subsolutions will lead to

+00. To overcome this, an extra real number « is introduced in (4.79).

: h
Proof. For ease of notations, we use 5™ as a shorthand for S};4gy-

Define the set of subsolutions to the numerical scheme to be the following:

U= {(a,u) € R x R : Shyz] <0}

Then since S is stable, it always admits subsolutions and U is not empty. We define

@ = sup «.
(a,u)eU

The first step is to show that there exists u defined on grid points such that (@, @) is a subsolution.
To achieve so, let {(ax, u) }ren be an increasing sequence in oy, that gives the supremum in the
definition of @. Set avy;, := mingey . Assume further that up to a constant uy[0] = 0 for all k.

Then by the stability in Definition 4.8.7, there holds

|ug[z] — 0] < w(ak) < w(min)-

In particular, this shows that {u }ren is bounded in R9, and up to a subsequence we proved that

{uy, }ren converges to some u € R9. Now, by the continuity of the scheme, there holds

ShOT[x] <0, Vo€ Gy

as desired. We have found that (@, @) is a subsolution.
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We have shown that the set

U :={u: G, — R|(@,u) is a subsolution}

is not empty. Next, for any u € U , consider the set

Gu = {x € G, : Styulz] < 0}.

and denote by G, the set among all G, that has a max cardinality. Denote by « the subsolution
corresponding to G..

The first observation is that G, # Gj. Otherwise, there would exist @ > @ such that (&, i)
1s also a subsolution, and this violates the definition of a.

Thus, inspired by Perron’s method, we can consider a family of functions

ue(z) = sup{u(z) : (@,u) € Uyu = in Gy \ G, Seivpyulz] < —ein G, }, (4.96)

and note that we only consider € > 0 that is small enough so that the set in (4.96), which is

{u(z) : (@,u) € Uyu=ain G, \ G., Stlyulz] < ein G,}

contains @ and hence is not empty.
Finally, the idea is to apply a type of Perron’s method argument to the family of functions
{u.}, and show the limit lim,_,o u. is a solution to the scheme.

For a fixed € > 0 that is small enough, for any = € G, there exists u such that (@, u) € U,
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Spau[z] < —ein Gy, ue > win G, and u[x] = u[z]. Then by the monotonicity,

SMABVUe[ | < SMABVU[ ],

and thus (@, u.) is a subsolution and satisfies that

S&fBVue[x] < —¢, Vzeg,.

Furthermore, there indeed holds S{;%, uc[z] = —e, by the definition (4.96).
We define ey, [x] := lim,_,o+ uc[z]. Then by the continuity, for any = € G,, there already
holds

SlcuvaUcan[I] =0,

and (@, Ucyy) 18 @ subsolution.
Then assume, for sake of contradiction, that u.,, is not a solution. Then there must exist
x € Gp, \ G, such that

SM gy Uean|[Z] < 0.

Then there also exists small enough € such that

SMABVUE can ] < 0 (4.97)

as well. But note that such (@, u.) belongs to U, and (4.97) indicates that G, which is associated
with 4 does not have the maximum cardinality. A contradiction arises. We have finished the

proof.
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4.8.3 Convergence results: relating numerical scheme’s solution to original
equations.

In the previous section, we established the existence of solutions to (4.80). In this section,
we aim to show that such solutions do converge to the original Monge—Ampere equation, which
is (4.54) combined with (4.55), as h — 0. However, this convergence result requires to assume

that in (4.54), the functions A(x, Vu(x)) and B(x, Vu(x)) have the following form:

Alep =0 (4.98)
B(x,p) = %,

where f, g : R” — R are bounded.

In our application, the Ricci iteration, as presented in (4.17) and (4.18), does have the same
form as in Definition 4.6.1, with the feature that the functions A and B satisty that A = 0 and
B(z,Vu(z)) = f(z) in (4.54). Thus, our A(-,-) and B(-, ) functions do take the desired form,
making the convergence results readily applicable.

There are three equations under consideration. The first one is the original problem we
defined in (4.54) and (4.55). The second one is the equation Fi} gy (7, Vu(z), Viu(z)) = 0,
where Fi},py 18 defined in (4.84). The third one is the numerical scheme (4.80). In this section
we aim to show, roughly speaking, the solutions to (4.80) converge to a type of weak solutions to
(4.84), and such weak solutions to (4.84) are also weak solutions to (4.54) and (4.55).

Theorem 4.8.10 guarantees us the existence of solutions to the numerical scheme (4.80).
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The following result then builds a connection between solutions to the scheme and the viscosity
solutions to the corresponding continuous problem (4.84).

Let {h, },en be a sequence of positive numbers such that lim,, o, b, = 0. Let {a, }nen
be a sequence of real numbers such that lim,, ., o, = @ € R. Assume {u,} is a sequence of

functions u,, : G, — R such that (o, u,) is a solution to (4.80). Define for z € K,

u(z) := limsup wu,[2'],
' €Gy,, ;&' —x
n—oo
u(z) ;= liminf wu,[2'].

' €Gp,, ;&' =
n—$00

Theorem 4.8.12. The functions u and u above are respectively a viscosity subsolution and vis-

cosity supsolution to (4.84).

Remark 4.8.13. In [4, Theorem 2.1], the authors proved that the limit inferior and limit superior of
a solution uy, to a monotone, stable and consistent numerical scheme S”, in terms of Definitions
4.8.1,4.8.5 and 4.8.7, are respectively viscosity sub- and supersolutions of the original equation.
This result can be directly applied to prove Theorem 4.8.12.

The next result links viscosity solutions to (4.84) with weak solutions to the corresponding
problem defined in Definition 4.6.1. We first give the definition of such weak solutions. Assuming

that v : K — R is a convex function, we will denote by

ou(x) :={y € R" : u(z') > u(x) + (y, 2’ — z),Va' € K}

its subgradient.

Definition 4.8.14. A function v : K — R is an Aleksandrov solution to (4.54) and (4.55) if it is

214



convex and for any Borel subset £/ C K,
/ B(z)dx = Volume(P N ou(E)).
E

An Aleksandrov solution is minimal if Ju(K) € P.

Remark 4.8.15. Such Aleksandrov solution can be seen as a weak solution by considering the
integral || - 1dy. Then we can calculate the integral using a change of variable y = Vu(z) and

(4.54).

Theorem 4.8.16. If v : K — R is a viscosity solution to (4.84) for some o € R, then o = 0 and

u is a minimal Aleksandrov solution to (4.54) and (4.55).

Remark 4.8.17. A detailed proof of this result can be found in [5, Section 5].

We conclude this section by the following convergence result. It shows that the solutions to

the numerical scheme converge to a weak solution to the original second boundary value problem.

Theorem 4.8.18. [5, Theorem 5.25] Assume that K is strongly convex and (4.98) is satisfied
in (4.54). Then there exists a sequence of solutions (ay,,uyp,) to (4.80) such that u,[0] = 0 for

small h > 0. Furthermore, as h — 07, it follows that oy, — 0, and u;, converges to a minimal

Aleksandrov solution u to (4.54) and (4.55) satisfying that u(0) = 0.

Proof. The existence of sequence (o, uy,) follows from Theorem 4.8.10. Given the stability of
the scheme by Proposition 4.8.8, the sequence {«y, } is bounded, and {uy, } is uniformly bounded
and equicontinuous. It follows from the sequential compactness of R and Arzela—Ascoli theorem
that, up to a subsequence, {«y,} converges to some o € R and {u;} converges to a continuous
function u© : K — R. By Theorem 4.8.12, u is both a viscosity sub- and supsolution, hence
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a viscosity solution to (4.84). By Theorem 4.8.16, there also hold &« = 0 and u is a minimal

Aleksandrov solution to (4.54) and (4.55). L]

4.9 Numerical implementation of the Ricci iteration

We are ready to implement the Ricci iterations. The equations under consideration, namely
4.17), (4.18) and (4.20), have the same form as (4.54) and (4.55). Hence, the numerical Ricci
iteration can be done by solving an associated numerical scheme (4.80) for a sequence of func-
tions.

The equation (4.17) will be solved for P, P, and P;. The equations (4.18) and (4.20) are

solved for P, and Fs.

4.9.1 (Non)existence of exact solutions to the Ricci iteration

When P = P, (respectively, P%), the solutions to the Ricci iteration (4.17) correspond
to potential functions of the Kihler—Einstein metrics on the surface P? (respectively, P! x P!).
These metrics are the Fubini—Study metrics, cf. Example 1.1.3. The explicit forms of the metrics,
equivalently, of the solutions to (4.17) when P = P, P, are as follows:

¥(x) 1 = —2log3 — 1 — x5 + 3log(1 + €™ + €™),
(4.99)

sMx) 1 = —2log 2 — x; — my + 2log(1 + ™) + 2log(1 + ™).

When P = Pj, the exact solution to (4.17) is the potential function of the Kdhler—Einstein metric

on P2#3P2. There is no explicit form available for this metric (Indeed, finding its closed-form

is still an open problem [2, p. 12]). We implement the Ricci iteration in this case and obtain a
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numerical approximation to the metric.

When P = P,, the equation 4.17 is not solvable as P?#2P?2 does not admit any Kihler—
Einstein metric. Instead, we solve (4.18). Its solution corresponds to the Kéhler-Ricci soliton on
P24:2P2. The explicit form of this metric is not available. We also solve (4.20) to approximate the
soliton. When P = P, due to the same reason we also consider (4.18) and (4.20). The Kéahler-
Ricci soliton on P?#P? is known to satisfy certain ODE and that was discovered independently

by Koiso [41] and Cao [13].

4.9.2  Approximation of R? using bounded domains, Guillemin potentials and
mass balance condition

It is worth noting that in equations (4.17), (4.18), the functions ;.1 and 1); are defined
on R?, and the equation should ideally be solved over the entire R?. However, in practical im-
plementations, it is necessary to confine the solution to a bounded domain. Thus, we constrain

ourselves to solving equations within a finite domain represented by a box,

[—b,b]%, 0 <b< o0, (4.100)

and discretize this domain by dividing each axis into n equal parts. We refer to the lattice gener-

ated by this approach as G,,, and we conduct the Ricci iterations for a total of I times.

Remark 4.9.1. To choose an appropriate value for b in (4.100), we consider the Guillemin poten-
tials on these toric del Pezzo surfaces [28]. Recall from Theorem 4.2.8 that each toric del Pezzo

surface is associated with a Delzant polytope, P, with the formula (4.10). To simplify notation,
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we define

la(y) = (na,y) + 1, y€ P, n, €R?

where n,,, y are specified in (4.10). Then on such toric del Pezzo surface S associated with the
Delzant polytope P, for any y € int P, there holds /,(y) > 0, and the following Guillemin

potential is well defined in the symplectic coordinates, cf. (4.8),

ZE Ylogly(y), vy € int P.

The Guillemin potential is convex and its Legendre transform is a function defined in the

complex coordinates, cf. (4.4),
= log (Z emzﬁ) ,  where z, is lattice point in P, x € R (4.101)
For example, when S = P2, the polytope P is the triangle in Figure 4.1. Each /,, satisfies
) =y +1, Lly)=yp+1 ) =—n -y +1,
and lattice points in P include
(—=1,2),(-1,1),(0,1),(—=1,0),(0,0),(1,0), (=1, —1),(0,—-1), (1, —-1), (2, —1).

The function ¢ () in this case recovers the Kihler potential of the Fubini-Study metric on P2,

More generally, for any toric del Pezzo surface S with its Delzant polytope P, its Guillemin
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potential ¢ () is still a convex function in R? whose gradient image is P. We can see 1¢(x) as

a model metric potential for S. Motivated by that, we choose b large enough so that
Va([—b,b)?) ~ P,

i.e., the gradient image is a good approximation to P. In practice, a choice of b = 7.5 fulfills this

requirement for all surfaces we concern.

Remark 4.9.2. The integral equality in (4.17) or (4.18) is to ensure a specific solution can be
chosen at each iteration, as solutions are only unique up to an additive constant. Indeed, taking

(4.17) as an example, the requirement
/ e Vi@ dg = |P| (4.102)
R2

is essentially the so-called mass balance condition when regarding (4.17) as an optimal transport
problem and ensuring the mass given by e~¥ on R? and 1 on P being the same.
In practice, we compute this integral over the bounded domain [—b, b]?, as previously dis-

cussed.
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Chapter 5: Approximating Kdhler—Einstein metrics

In this chapter, we present a new method to approximate Kihler—Einstein metrics based
on numerical implementation of the Ricci iteration. In Section 5.1, we survey existing works on
numerically compute Kihler—Einstein metrics. Analysis on our numerical results are presented
in Section 5.2. We show the accuracy results of our method in tables and plots. We also present
several visualizations of our solutions. Accuracy results and comparison to other works are sum-

marized in 5.3.

5.1 Related works on numerically approximating Kdhler—Einstein metrics

The existence results for Kdhler—Einstein metrics on toric manifolds have been reviewed
in Section 4.2. These theoretical results are remarkable, yet the majority of them are of a con-
structive nature. Indeed, there are plenty of canonical metrics known to exist that do not admit an
exact formula. Consequently, mathematicians and physicists have been trying to obtain concrete
estimations of these geometries through numerical methods.

Headrick and Wiseman pioneered the study on numerically computing Kéhler—Einstein metrics
in 2005 [33]. Their method essentially simulates the Ricci flow and uses the fact that Kidhler—
Einstein metrics are limit of the flow. Following the same idea, Doran, Headrick, Herzog, Kantor

and Wiseman approximate the Kihler—Einstein metric on P?#3P2 [19]. Essentially, they con-
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sider the parabolic equation:

% = log det V3, + 9, + ¢ 5.1)

where ¢; is a constant at given time ¢ and ¢/, is the Kéhler potential at £. The evolution of (5.1)
is simulated by choosing an initial function w,|;—¢ and applying finite difference method. Their
simulation was done for up to a grid of 400 x 400 points. Their approximation to the potential
function of the metric is therefore at an array of points.

At around the same time, in 2005, Donaldson proposed a distinct approach to numerically
approximate Kéhler—-Einstein and more broadly, extremal metrics [17]. Given a line bundle L. —
M over an n-dimensional compact Kéhler manifold M and a large integer £ > 0, denote by
HO(LF) the complex vector space of holomorphic sections. Suppose that M can be embedded
into the projective space P(H?(L*)*). For an arbitrary Hermitian matrix G = (G5), it gives
a metric on H°(L*) and there is correspondingly a metric g on L* satisfying that if (s;) is any

orthonormal basis of H°(L*), the function

Z |silé:

i

is equal to 1 pointwise on M. The curvature of this metric induces a Kihler metric wg on M. Let

2 be coordinates on P(HY(L¥)*) D M. Define

(5.2)

where R := dim H°(L*)/volume of (X, w?) is a constant. Then 7" maps G to another Hermitian
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matrix. Donaldson’s algorithm starts with an initial Hermitian metric Gy on H°(L*), which is
essentially a Hermitian matrix. Then, for large enough r, the Hermitian metric 7" (G) leads to a
metric on M that approximates the Kdhler—Einstein metric.

Following the same idea, Bunch—Donaldson [6] numerically compute the Kédhler—Einstein metric
on P?43P2 and also other extremal metrics on toric surfaces. In this specific setting, they con-

sider Kihler potential ugp : R> — R in the form

Ypp(z) = log (Z ave@’“)) (5.3)
Y

where 2, takes values of lattice points in certain polytope and a, € R serves as parameters that
will be tweaked to vary the metric. This metric should be compared to (4.101). This metric
relates to the general discussion in [17] as it is the specific form of aforementioned metrics wg
for certain G. The T-map in (5.2) will be evaluated iterative to update the metric ugp and lead to
an approximation to the Kédhler—Einstein metric.

In [19], the authors also proposed another numerical method that shares some similar-
ity with Bunch—Donaldson’s formulation, other than their simulation approach. They consider
a space of polynomials in the symplectic coordinates up to certain order. Their goal is to
choose a polynomial from this space that approximates well the smooth part of the Kihler—
Einstein potential for P?#3P2. This amounts to finding one polynomial that almost solve the
Monge—Ampere equation (4.11) pointwise. To this end, they insert the polynomial into (4.11)
and move every term to one side of the equality. Then minimizing a resulting objective function
determines the unknown coefficients in the polynomial.

The two methods in [19] give similar results in terms of accuracy [19, p. 359, line 17].
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5.2 Analysis on numerical results

In this section we show the numerical results we obtained after computing the Kéhler—

Einstein metrics on P2, P! x P! and P243P2.

5.2.1 Parameters

In implementation of the Ricci iteration, three parameters affect the accuracy: range of the
domain in which we solve the equation, denoted by [—b, b]?, number of grid points along each
axis, denoted by n, and number of the iterations, denoted by /.

For the three concerned surfaces, we find that the gradient image of corresponding Guillemin
potentials on [—7.5,7.5]% has already closely approximates the desired polytopes, cf. Remark
4.9.1. Hence, we use b = 7.5 for most cases. We also examine the convergence of numerical
solutions against different b experimentally in Table 5.3 and Figures 5.4, 5.5 and 5.6.

We obtain more accurate results for a larger n. In our experiments we tried n = 64, 128, 256, 512
and 896. Accuracy result for different n is shown in Tables 5.1, 5.2, 5.5 and 5.6.

If not specified, the number of the iterations is taken as I = 10, since the Ricci iteration

numerically converge at / = 10 for all three surfaces, cf. Figures 5.2 and 5.3.

Remark 5.2.1. Other than the three aforementioned parameters, the numerical solver by Bonnet—
Mirebeau itself also admits some parameters.

In particular, we experiment with different choices for the parameter condition number,
whose meaning is explained in Section 4.5.5, which determines the number of superbases in-
cluded in V}, in Proposition 4.6.2 that are used to discretize the equation (4.54). Different choices
15,30 and 60 for condition number lead to different numbers of superbases used, which
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are 6,10 and 18. Experiment results for the three cases only have a difference in residuals no
more than 1%. Moreover, we observe that in some cases, using more superbases causes even
larger residuals, indicating that this parameter cannot be directly adjusted to guarantee improved
accuracy.

Due to these findings, in our experiments, we keep using the same setting, where condition

number = 15 for the numerical solver as in their demo on Bonnet’s website.

5.2.2 Initial choice

To make a good initial choice vo(z) in (4.17), we recall the solution to (4.17) is expected
to be the potential function of Kihler—Einstein metrics. Thus, it is natural to take the Guillemin
potential (4.101) for an initial choice as it provides a model metric potential. However, for P2
and P! x P!, the Guillemin potential coincides with the true solution we want to approximate. In
these two cases, we simply use the quadratic function |z|?> = 22 + 3 as an initial choice.

For P?43P2, the Guillemin potential no longer represents the Kihler-Einstein metric, so it
can serve as an initial choice. In our experiments, we indeed use the numerical solution obtained
by Bunch—Donaldson as an initial choice. Their solution has a closed form (5.3) and it has a
similar form as the Guillemin potential. We also experiment using the quadratic function as
an initial choice. We observe that for grid whose size is no bigger than 512 x 512, the initial
choice does not cause much difference, in terms of both computing time and accuracy. However,
to obtain a very high resolution solution, we employ Bunch—Donaldson’s solution as an initial

choice to save computing time.

'https://github.com/gbonnet1/ma-ot-monotone
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5.2.3 Residual functions

We always denote by 1, our numerical solution obtained from the Ricci iteration, and by
Upenchmark ANy solution to which we want to compare. We use two types of residual functions to
assess the accuracy of our numerical method.

Let G,, be a set of n x n grid points, cf. (4.73). First, define

1 wnum (l‘ ) - ¢benchmark (l’ )
Cretative (Vnum) 1= ) >4
! <¢ ) | Qn | Z wbenchmark (-T) ( )

$€gn

The function /a4y Will be only used for P2, P! x P!. We use the true solutions in (4.99)

as wbenchmark .

Next, define

Eremainder(wnum) =5

The function Z,ive assesses the proximity of our numerical solutions to the true solutions
(or any other function chosen as a benchmark). The function (painger measures the extent to

which our numerical solutions satisfy the objective equation (4.17).

5.2.4 Dependence on the parameters

Resolution of the grid
Fix b = 7.5 and I = 10. For /,c1ative, the result is presented in Table 5.1.

For £,emainder» the result is presented in Table 5.2.
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b=751=10| P> P'xP!

n = 64 2.58% 0.115%
n =128 1.16% 0.077%
n = 256 2.09% 0.069%
n =512 1.78% 0.064%

Table 5.1: For P2, our numerical solutions differ from the existing solutions by on average 1.78%

when n = 512. For P! x P!, the approximation is extremely close.

b="751=10 P? P! x P! P243P?
n = 64 1.5x 103 32x107° 3.5x 104
n =128 81x107% 1.5x10° 1.9x 1074
n = 256 42x107% 74x107% 99x107°
n =512 24x107% 35x1076% 52x10°°

Table 5.2: For all cases, the residual £,cainder dECreases as n increases.

Size of the box

To explore dependence of convergence on b, we experiment with P2, as in this case we have
a true solution to assess accuracy of our numerical results.

The number of iteration [ is set to be 20 and we pick the smallest residual we reach during
the iteration. To maintain a consistent resolution of the grid, we fix the ratio b/n, and more
precisely we use a 64 x 64 grid for b = 7.5 and accordingly a 256 x 256 grid for b = 30.

We observe that solutions obtained from a larger box approximate the true solution better.
This is illustrated in Table 5.3 and Figure 5.1.

Number of iterations

We experiment with P2. Fix b = 7.5 and n = 256. In Table 5.4, we record the evolution of
residuals £yelative and Cremainder against iteration times. More pictures regarding the convergence

against iteration times are shown in the next section.
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b/n = 0117, 1 < 20 | Lrelative Tor P Lremainder for P2

b="7.5 0.0187 0.00144
b=11.7 0.0157 0.00061
b=15 0.0149 0.00039
b=17.6 0.0146 0.00029
b=234 0.0142 0.00018
b =30 0.0139 0.00011

Table 5.3: The Residual is calculated for P? by comparing i, to the true solution.

=k~ Residual on different bin

0018

0017

Residuals

0016

0015

0014

750 172 1500 1758 144 30/00
size of box

Figure 5.1: For P2, by keeping b/n constant and iterating less than 20 times to pick a smallest
residual among the iterations, the function value of /.. .:ive decreases as we enlarge the size of
box on which we solve the equation.

5.2.5 Rate of convergence

Fix b = 7.5 and n = 256. The residual function ¢,..t;ve against iteration times is presented
in Figure 5.2. Note that the Ricci iteration is essentially a process to produce a solution that min-
imizes the {.emainder fUnction, not Cyqpative, as the iteration itself discretizes the original equation
(4.11) from which we define ¢,y ainder- This may be related to the fact that £,).¢ive NOt necessarily
decreases after more iterations.

The residual function /,epainder @gainst iteration times is presented in Figure 5.3. As ex-

pected, more iterations lead to smaller residuals in ¢;¢yainder, and a convergence is observed once
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b=70,n=256| [=5 [=10 [I=15 1=20

Crelative for P2 0.0209  0.0055 0.0219  0.0415
Cremainder TOr P2 0.00042  0.00045 0.00044 0.00043

Table 5.4: The convergence is relatively fast regarding the iteration times needed.

0.06 —d~ Residual per Iteration —d~ Residual per Iteration

0.05

o
=3
4

Residuals
Residuals

001

1 2 3 4 5 6 7 B 9% 1011 1213 14 15 16 17 18 19 20 1 2 3 4 5 6 7 B 9% 1011 1213 14 15 16 17 18 19 20
Number of lterations Number of lterations

Figure 5.2: Fix b = 7.5,n = 256. The left plot is for P2, It shows that after 10 iterations, our
numerical solution reached its best estimate of the true value. Continuing to iterate, the estimation
accuracy worsened. The right plot is for P! x P!,

Lremainder dO€s not change too much any more.

0014 0014

0012

0012 0012

0010

0010 0010
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0008 1 0008

£ o006 g 0a0e & 0006

0004
0004 0.004

0002 0002

0002

0000 0.000

0000

123245 6 78 9101121318 151617181 2 123245 6 7 8 9101 1213115111818 20 12345 6 7 8 9101 1213115111818 20
Number of Iterations. Number of Iterations. Number of Iterations

Figure 5.3: Fix b = 7.5, n = 256. From left to right, the plots correspond to P2, P! x P!, P243P?2
respectively. The plots themselves represent the relationship between ¢;epmainder and iteration
times.

We also experiment with different n, while fixing b = 7.5 and I = 10, to examine corre-
sponding convergence rate. The plots suggest a first order convergence.

For P2, the log-log plots of {yejaive (respectively, Cremainger) against different n are shown in

Figures 5.4.
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Figure 5.4: Plots are for P? with fixed b = 7.5 and I = 10. The left plot shows /;cative against

the grid size n. The right plot shows (;emainder-

For P! x P!, the log-log plots of lreaive (respectively, fremainder) against the grid size are

shown in Figure 5.5.

100!

107#
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—— order 2

10t

102
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\ell_rem

107t

10

._.
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w0

10

— \ell_rem
order 1
—— order 2
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Figure 5.5: Plots are for P! x P! with fixed b = 7.5 and I = 10. The left plot shows (;c1tive
against the grid size n. The right plot shows ¢;cmainder-

For ]P’z#SIPT?, the log-log plot of £ emainder against the grid size is in Figure 5.6.

5.2.6 Visualization

The triangle

We plot color maps on [—7.5,7.5]% for both the numerical solution and the exact solution

in Figure 5.7. From the figure, we find that the numerical solution closely approximates the exact

solution.
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Figure 5.6: The plot is for P2#3P2 with fixed b = 7.5 and I = 10. It shows behavior of the

residual function yepainder against the grid size.

Colormap of the iter solution for tri to the Scheme
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Figure 5.7: Take b = 7.5,n = 256 and I = 10.
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Colormap of the true solution to the Scheme
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The left plot shows the colormap of the

numerical solution to the Kéhler-Einstein equation on P2, This numerical solution serves as an
approximation to the Kihler—Einstein potential function. The right plot shows the colormap of
the a priori known Kihler—Einstein potential function on P2,
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The colormap of the difference from the numerical solution to the exact solution is shown

in Figure 5.8.
Colormap of the difference between two functions

0.25
0.20
0.15
0.10

0.05

-8 —6 —4 -2 0 2 4 6 8

Figure 5.8: Take b = 7.5,n = 256 and I = 10. For P2, the difference between the exact and
numerical solutions are shown in the figure.
We plot the colormaps of the Legendre transform of both solutions in Figure 5.9. We find

that their Legendre transforms have very similar colormaps.

Legendre Transform ground truth Legendre Transform of 8th iteration

15

10

05 A

0.0+

—0.5 -0.5

-1.0

-1.0 -05 00 05 10 15 20 - -10 -05 00 0.5 10 15 20

Figure 5.9: Take b = 7.5,n = 256 and I = 8. For P2, the left plot shows the colormap of the
Legendre transform of the exact solution. The right plot shows that of the numerical solution.
The square
We plot the color maps of both the numerical solution and the exact solution in Figure 5.11.
We find from the figure that the numerical solution approximates well the true solution.
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Colormap of the iter solution for squa to the Scheme Coloermap of the true solution to the Scheme
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Figure 5.10

Figure 5.11: Take b = 7.5,n = 256 and / = 10. The left plot shows the colormap of the
numerical solution to the Kihler—Einstein equation on P* x P!. The numerical solution aims to
approximate the K#hler—Einstein potential function. The right plot shows the colormap of the
exact solution.

The difference between the exact solution and the numerical solution is plotted in Figure

5.12.

Colormap of the difference between two functions

0.012
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0.008
0.006
0.004

0.002

-8 —6 —4 -2 0 2 4 6 8

Figure 5.12: Take b = 7.5,n = 256 and I = 10. Plot is the difference between the exact solution
and the numerical solution for P! x P!,

The colormap of the Legendre transform of the numerical solution on the square is Figure
5.13.

The value of /., is plotted in Figure 5.14. We found from the figure that the numerical
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Figure 5.13: Take b = 7.5,n = 256 and / = 10. The colormap of the Legendre transform of the
numerical solution is plotted on the Delzant polytope, which is a square, for P! x P,

solution act as a good approximation of the Einstein metric.
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Figure 5.14: Take b = 7.5,n = 256 and I = 10. The loss function £, is plotted for P! x P! on

its Delzant polytope.

The hexagon

The colormap of the Legendre transform of the numerical solution is plotted on the hexagon

in Figure 5.15. From the figure, we roughly see the symmetry of this function governed by a

dihedral group of order 12.

The value of the loss function /.., is plotted on Figure 5.16, and we see from the figure that
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Legendre Transform of after MA iterations
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Figure 5.15: Take b = 7.5,n = 256 and I = 10. The numerical solution to the Kéhler—
Einstein equation on P2#3P2 has a symmetry under a dihedral group of order 12.

the numerical solution approximates well the Einstein metric.
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Figure 5.16: Take b = 7.5,n = 256 and I = 10. The colormap of the loss function /., is plotted
for P2#3P?2 on its Delzant polytope, which is the hexagon.

5.3 Accuracy results and comparison to other works

5.3.1 An overview

The simulation procedure in [19, 34] is claimed to be slow, which may take many hours

on a 400 x 400 grid [19, p. 389, line -14]. As the number of integral grid points grows larger,
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the method in [6] also becomes slow [6, p. 12, line -11]. On the other hand, the optimization
approaches in [19] do not admit a convergence guarantee.
Our method seems to be more efficient and can be run on a personal computer for a gird of

256 x 256 within 12 minutes and a 512 x 512 grid within 1 hour and 10 minutes.

5.3.2 The triangle

The highest resolution result we obtained for P2, correspondingly P = P, in (4.17), is
under the setting n = 512, b = 7.5, ] = 10. Residuals of this solution have been shown in Table

5.1 and Table 5.2.

5.3.3 The square

The highest resolution result we obtained for P! x P!, correspondingly P = P, in (4.17), is
under the setting n = 512, b = 7.5, [ = 10. Residuals of this solution have been shown in Table

5.1 and Table 5.2.

5.3.4 The hexagon

Due to lack of an existing explicit solution, for our numerical solution on IP)Q#BIET?, we
compare it to the numerical solution presented in [6], denoted by ¥gpresut. We do so in two
ways. First, taking ©¥gpresuit @S @ benchmark solution ¥penchmark in (5.4), we compute Cyejative
accordingly in Table 5.5:

Second, we compute {;emainder for both 1, and ¥pp in Table 5.6. The result shows that

our solution serves better as an approximation to the solution to equation (4.17). However, it is
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compare Yyym 0 YBDResult

n = 64 5.82%
n = 128 3.48%
n = 256 2.21%
n =512 1.64%
n = 896 1.22%

Table 5.5: When n = 896, the two solutions differ by on average 1.22%.

noted on [6, p. 14] that better solutions are obtained although not presented in the text.

¢num Q/JBDResult

n=64 3.5x10"* 5.749 x 1073
n=128 19x10~* 5.661 x 1073
n=256 9.9x10"° 5.618 x 1073
n=>512 52x107° 5.597 x 1073
n=2896 29x10"° 5588 x 1073

Table 5.6

A high resolution solution

Using Bunch-Donaldson’s approximation as an initial choice, we implement the Ricci it-
eration on a relatively high resolution of 896 x 896 lattice. The ¢;emainder residual of this solution
is 2.9 x 107°. The /,lative residual of this solution w.r.t. upp is 1.22%. We regard this solution
as the most accurate result we achieved. We expect it to be of practical use for certain cases.

Visualization

We now present some pictures showing similarity between our numerical solution and that
of [6,19].

Recall our numerical solution takes values on [—7.5,7.5]> C R?. The corresponding nu-
merical solution in [6] take values on the whole R?, while in [19] it takes values on the subset

{(x1,29) € R? : 2y > 239,221 > xo}. Therefore, when we plot the results of ours and [6] we
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consider grid points within [—7.5,7.5]%. For our result and that of [19], we only use grid points
within [0, 1] x [—1,0].
The colormaps of our result and that in [6] are shown in Figure 5.17. The colormaps of our

result and that in [19] are shown in Figure 5.18.

Colormap of the Bunch--Donaldson numerical solution to the Scheme

Colormap of the our numerical solution to the Scheme
6 1 80 B 80
70 1 70
44 4
(] &0
2 2
50 50
j o4
0 a0 40
-2 4 10 -2 1 10
_a 20 —4 0
& 10 —6 10
0
-75 -50 -25 00 25 50 75 -75 -50 -25 00 25 50 75

Figure 5.17: Take b = 7.5,n = 256 and I = 10. The left plot shows our numerical solution
for the potential function of the Kihler—Einstein metric on P2#3P2. The right plot shows the
numerical solution obtained by Bunch—Donaldson.

Our Method DHHKW Method

Figure 5.18: The left plot shows our numerical solution for the potential function of the Kéhler—
Einstein metric on P2#3P2. The right plot shows the numerical solution obtained by DHHKW.
Note that the solutions are plotted on [0, 1] x [—1,0] C R?, which is a piece of common area
where both methods provide a numerical solution. Our numerical solution is calculated by taking
b="7.5,n=160and I = 10.
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Chapter 6: Approximating Ricci solitons

In Section 6.1, we summarized previous works that numerically compute Kéahler Ricci
solitons on P2#P2 and P?#2P2. Analysis on our numerical results are presented in Section 6.2.
The accuracy results and comparison to related works is presented in Section 6.3. In Section
6.4, we use the numerical results to explore a geometric property of the Kihler—Ricci solitons on
P24P? and P2#2P?: the scalar curvature. This shows the potential of applying our method to

study geometric structure of these manifolds from a numerical perspective.

6.1 Related works on numerically approximating Ricci solitons

Headrick and Wisemen [34] applied the method developed in aforementioned works [19,
33] to simulate the Ricci flow on P2#2P2. Numerical Kihler—Ricci soliton then arises as the
convergence point of the simulation.

Hall and Murphy [30] treated both P?#P2 and P?#2P? using a way that is similar to
the second method proposed in [19]. They solve certain optimization problems in a space of
polynomials to search for Kédhler—Ricci soliton metrics in that form. The objective function of

the optimization is directly derived from the Kihler—Ricci soliton equation.
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6.2 Analysis on numerical results

6.2.1 Parameters, initial choice and residual functions

We implement the Ricci iteration for solitons using two formulations. We solve both (4.18)
and (4.20).

It is the same three parameters in Section 5.2.1 that will affect the experimental results in
the soliton case. If not specified, the settings of these parameters are b = 7.5, I = 10 and n takes
values from 64 to 512.

Note that when we solve (4.20), we will start from the box [—7.5,7.5]2. However, after
every iteration, the box will be translated by c. We continue the next iteration in the translated
box. Hence, each solution u; will take values on a grid G; that discretizes a different B;, and we
always assume the boundary condition V;(B;) = int P.

We experiment with both the Guillemin potential and the quadratic function as an initial
choice, and the results does not vary much. The results presented are obtained using the quadratic
function as an initial choice.

The only residual function that we will use is as follows:

1

gremainder (wnum) =

where

O (z) — 0.434748 O

3x1 )

0(z) = —0.434748 (x)
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for P2#2P? and

awnum
8$ 1

awnum

0(z) = 0.52762 r (x),

(z) 4 0.52762

for P2#P2. The constant numbers in # are determined by Propositions 4.2.14 and 4.2.15.
The function /;emainder Measures the extent to which our numerical solutions satisfy the

objective equation (4.18).

6.2.2 Dependence on grid size

We fix b = 7.5 and I = 10. For l,cmainder> the residual against different n is presented in

Table 6.1.

b=751=10 | P>#P? w/ translation P?#2P? w/ translation =~ P2#P?2 P242P?

n =64 2.5 x 1073 6.0 x 1074 1.3x1073 2.7x 1074
n =128 1.6 x 1073 5.2 x 1074 93x 1073 4x10*
n = 256 1.2 x 1073 5.9 x 1074 87x107% 6x10*
n =512 9.9 x 1074 6.5 x 1074 1.9x 1073 59x107*

Table 6.1: Fix b = 7.5, 1 = 10. For P?>42P2, we found the residual may increase as we enlarge
n. This may be caused by the definition of /,¢ainders in Which we a priori need the solution to be
accurate to guarantee the residual function itself to be a good measure.

6.2.3 Rate of convergence

The residual function ¢yepainder against iteration times is presented in Figure 6.1.

6.2.4 Visualization

The pentagon
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Figure 6.1: Fix b = 7.5 and n = 256. From left to right, the plots correspond to P242P2 and
P244P2. The plots themselves represent the relationship between {,emainder and iteration times.
The result shown here comes from the Ricci iteration without translation of variables.

We compare our numerical solution on the pentagon to the solution obtained by Headrick—
Wiseman [34] and Hall-Murphy [30]. As the two previous works have similar numerical so-
lutions [30, p. 629, line -3], we only compare ours to [30]. The colormaps of each numerical

solution are shown in Figures 6.2.

Legendre Transform of our method Legendre Transform of HM Colormap

100 100 1
0.75 0.75 1 25
2

0.50 0.50 1 20

0.25 1 0.25 1
15

0.00 0.00 1
—0.25 A 0 -0.25 10

—0.50 1 —0.50 1
0.50 05

-0.75 { 1 g7
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-1.0 -0.5 0.0 05 10 -1.0 0.5 0.0 05 10

Figure 6.2: We take b = 7.5,n = 256 and I = 10. The left plot shows the colormap of our
numerical solution for the potential function of the Kihler—Ricci soliton on P2#2P2, plotted on
the pentagon. The right plot shows that of Hall-Murphy.

The trapezoid
We compare our numerical solution on the trapezoid to the solution obtained by Hall-

Murphy [30]. The colormaps of each numerical solution are shown in Figure 6.3.
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Figure 6.3: We take b = 7.5,n = 256 and I = 10. The left plot shows the colormap of our
numerical solution for the potential function of the Kéhler—Ricci soliton on P2#P2, plotted on
the trapezoid. The right shows that of Hall-Murphy.

6.3 Accuracy results and comparison to other works

The highest resolution result we obtained is on a grid of 512 x 512. The accuracy of these
results is shown in Table 6.1.
Comparison in picture between our results and previous works have been presented in

Figures 6.2 and 6.3.

6.4 Numerical scalar curvature of Kdahler—Ricci solitons

Focusing on the first and the second del Pezzo P2#P? and P?4#2P2, We aim to exploit our
numerical solutions for Ricci solitons to study scalar curvature of the metrics.

Let (M, w) be an n-dimensional Kéhler manifold. Assume in local coordinates the metric

satisfies w = /=1 g;5dz" A dZ and Ricw = /=131 Rzd2" A dZ,
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Definition 6.4.1. The scalar curvature of (M, w) is defined by
S = Zg’;Rg, (6.1)
1,]
where {g"/} is the inverse matrix of {g;;}.

6.4.1 Numerical results on scalar curvature of Kédhler—Einstein potentials

By Definition 6.4.1, any Kihler—Einstein metric has constant scalar curvature, as in that
case there holds R;; = pg;; for some p € R, and it follows S = pun. We calculate numerically
the scalar curvature of the Kihler—Einstein metrics we solved for P2, P! x P! and P?#3P2, and
the following colormaps indicate constant functions (whose values are approximately 2 at all grid

points):

T T T T T T T T T T T T T T T T T
-0 -05 oo 05 10 15 20 -1.0 -0.5 0.0 05 10 -1.0 -0.5 00 05 10

Figure 6.4: Scalar Curvatures of KE metrics on P? (left), on P! x P! (middle), and on P>#3P?
(right). We take b = 7.5,n = 256 and I = 10.

The plot of scalar curvature on P! x P! against iterations is shown in the Figure 6.5.

5

o5 00 05 1o TR 00 05 10 Er— 00 05 10 ETI

Figure 6.5: Fix b = 7.5,n = 256. From iteration 2 to 6. The scalar curvature converges to the
constant 2 as the iterations progress; it changes dramatically from iteration 2 to 3.
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6.4.2 Numerical results on scalar curvature of Ricci solitons

Kihler-Ricci solitons may have non-constant scalar curvature. By definitions (6.1) and
(1.11), the scalar curvature of an n-dimensional Kéhler—Ricci soliton (A, w) with soliton poten-

tial 6 is given by

S = ZgﬁRﬁ
,J

G 0%
= Z 97 (95 + 5.9 (6.2)
2,7

We are interested when M is either P2#4P? or P2#2P2, and w is its unique Ricci soliton
metric. In those cases, we numerically solved the Ricci iteration (4.18) and let us denote by
¥;11 and 1); in that equation respectively the (i + 1)th and ith Kéhler potential functions we
obtained. Denote by w;; and w; respectively the corresponding Kéhler metrics. In local complex
coordinates, cf. (4.4), assume w; 1 = v/—1(giy1)edz" Adz* and w; = /—1(g;),zdz" Adz*. Then
there hold

Ric Wi+1 = W; + vV —1859“

and recalling that u; 1 and wu; is written in (x1,25) € R2, which is the real part of the complex

coordinates,
( ) ) o aQle ( N 821%
gl"rl k¢ — 81‘]4381'@7 gZ k¢ — 8xkaxe7
00, 00,
b0) = (@) + el

o0 _ o o
0z, 0% N Oxy, Oy’

where ¢ = 0.52762 for P24P? and ¢ = —0.434748 for P?#2P2. Hence, the scalar curvature S, |
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of the metric w;;; can be calculated numerically in the same spirit of (6.2):

~ 0%6;
S’i - i i)kl + ‘ .
+1 ;gz-kl <(9 )i 8xk8xg>
The colormaps of the scalar curvatures of u;, for i = 5, against the gradient image of u;

(which is the Delzant polytope) is plotted in Figure 6.6.

100 A
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Figure 6.6: The left shows the scalar curvature as a function plotted on pentagon, which is the
Delzant polytope of the second del Pezzo, for the numerical Kidhler—Ricci soliton. The function
values range roughly from 1 to 3. The right shows that on trapezoid, which is the Delzant polytope
of the first del Pezzo The function values range roughly from 1 to 5. We take b = 7.5, n = 256
and [ = 10.
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Appendix A: Code

A.1 Overview of the code

Our implementation is in Python. The libraries we use in our code include the following:

from agd import Domain
import agd.LinearParallel as lp
import matplotlib.pyplot as plt
import numpy as np

import ma

The full name of the agd library is Adaptive Grid Discretizations using Lattice Basis Re-
duction. It will be used to discretize PDEs on cartesian grids and implement finite difference
method. The ma library is developed by Bonnet and Mirebeau [5] and provides a numerical
solver for the second boundary value problem for Monge—Ampere equations.

The numerical solver we will call has the following general form:
u = ma.NewtonRootBV2 (u, x, domain, A_func, B_func, ul0, F_func, stencil)

Each variable has the following meanings: u is the array of function values at all grid points,
x is the array of grid points, domain serves as a helper to take finite difference, A_func and

B_func respectively correspond to the A and B function in (4.54), u0 is the value of u at the
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origin, F_func corresponds to gy in Definition 4.6.4, and stencil determines the number of
superbases in V}, in (4.56), which is used to discretize the equation (4.54), cf. Proposition 4.6.2.
We will use the numerical solver in five different cases, corresponding to the five toric del
Pezzo surfaces. We need to specify all those inputs for the solver.
In the next section, we will explain in detail our implementation using our code, including
the main function’s definition, how to specify the A_func, B_func and F_func, normalize the
solution obtained from the iteration, how the plots are generated and how to implement the Ricci

iteration coupled with translation in each step.

A.2 Explanation of some code

A.2.1 Main function

Our main function is as follows:
def ric_iter(poly: str, grid_size: int, grid_scale: float, iter_num: int):

We have five options for po 1y, corresponding to the five toric del Pezzo surfaces. The parameters
have such correspondence: grid_sizeisn,grid_scaleisband iter_numis [, cf. Section

5.2.1.

A.2.2 A func

In our case, A_func in the code is as follows:
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def A_func(x: np.ndarray, r: np.ndarray, p: np.ndarray) -> np.ndarray:

return np.zeros((2, 2) + x.shapel[l:])

It reflects the fact that A in (4.54) is zero in our case, cf. (4.17) and (4.18).

A.2.3 B_func

B_func has different forms in the Kdhler—Einstein case and soliton case, cf. (4.17) and

(4.18). Our code is as follows:

global cur_u

cur_u = np.copy (u)

global cur_dx
tmp_dx = bc.DiffUpwind(u, [1, 01)

cur_dx = np.copy (tmp_dx)

global cur_dy
tmp_dy = bc.DiffUpwind(u, [0, 1])

cur_dy = np.copy (tmp_dy)

def B_func(x: np.ndarray, r: np.ndarray, p: np.ndarray) -> np.ndarray:
# cur_u refers to u_1i, and will be updated in each iteration

return np.exp(-1. * cur_u)

def pen_B_func(x: np.ndarray, r: np.ndarray, p: np.ndarray) -> np.ndarray:
# cur_u refers to u_i, and will be updated in each iteration

return np.exp(-1. % cur_u - 0.434748 % cur_dx - 0.434748 x cur_dy)
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def trap_B_func(x: np.ndarray, r: np.ndarray, p: np.ndarray) —-> np.ndarray:
# cur_u refers to u_i, and will be updated in each iteration

return np.exp(-1. * cur_u + 0.52762 % cur_dx + 0.52762 * cur_dy)

Global variables cur_u, cur_dx and cur_dy respectively correspond to the array of function

values of

i O

¢i7 83:1 ) 61'2

in (4.17) and (4.18). They are updated after each iteration. The numerical derivative is taken
using bc . D1 f fUpwind, which is the finite difference helper in agd.

In the Kéhler-Einstein case, the right hand side in (4.17) reads

and in the code we use B_func for it. In the soliton case, the right hand side of (4.18) reads

o~ vi(@)—0i()

and in the code we use respectively pen_B_func and t rap_B_func for P?42P2 and P?#P2.

A24 F_func

We define different F_func for different polytopes. In this section, we take squa_F_func,

which is the F_func for the square to illustrate its definition.
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def squa_F_func(x, r, p0, pl):

tmp = np.maximum(-p0[0]-1, -pO[1l]-1)

tmp np.maximum (tmp, -pl[0]-1)

return 20 * np.maximum (tmp, -pl[l]-1)

The square has four facets. And the square is defined to be the intersection:

i —1<0pN{-n—-1<0}N{ya =1 <0} N{~1p -1 <0}

Equivalently, a single inequality that defines it is

max{yl - 17 —Y1 — 17y2 - 173/2 - 1} S 0.

Now, to define squa_F_func, we first have that the input p0O and p1 have the following mean-
ings: pO[0] 1Sy, PO[1] 1Sy, pLl[0] is —y; and pl [1] 1S —Yyo.

To define squa_F_func, we translate from the polytope’s definition to

y1 — 1 becomes — pl1[0] — 1,
—y; — 1 becomes — p0[0] — 1,
y2 — 1 becomes — pl[1] — 1,

—ys — 1 becomes — pO[1] — 1.

And the squa_F_func returns maximum of these four terms.

In other cases, we also write the polytope as an intersection of inequalities 71y +noys+c <
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0. Then we recast this inequality by replacing v, y> using p0O and p1. For example, if n; > 0,

then n,y; becomes —n; p1 [0];if ny < 0, then nyy; becomes ny p0[0].

A.2.5 Normalization of the solution

Recall (4.102), we normalize the solution 1);(x) obtained by requiring the integral of e~
over R? to be equal to the area of the polytope. Using P! x P! as an example, the code for

normalization is as follows:

if poly == 'squa':
area = 4
for i in range(iter_num) :
if poly == 'squa':
u = ma.NewtonRootBV2 (u, x,domain,A_func,B_func,ul0, squa_F_func, stencil)

c = -1 = np.log(area / (4+d_l*+2/n*x+2+np.sum(np.exp(—-1xu))))

The integral is numerically computed by taking a sum of the value e~% at all points and then

multiplying it by the area of the small square produced by the discretization.

A.2.6 Plot functions

The gradient image is numerically computed as follows:

def grad_img(u_d: np.ndarray) -—> None:

rro

plot gradient image given u_d, the function values on the grid

rro
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grad = bc.DiffUpwind(u_d, [[1, 01, [0, 111)
grad_x, grad_y = grad[0].flatten(), grad[l].flatten()

plt.scatter (grad_x, grad_y)

Given any array representing function values at a grid of points, we calculate for each point
its corresponding gradient value. However, the calculation is done for numpy array and thus
efficient.

The Legendre transform is calculated using:

def legendre_transform(x_grid, u, title: str, poly: str):

# plot Legendre transform of a function u(x) on its gradient image

u_x0 = bc.DiffUpwind(u, [1, 0])

u_xl = bc.DiffUpwind(u, [0, 17)

y = np.stack ([u_x0, u_x11])

new_y0, new_yl = y[0][:-1, :=11, y[1l][:-1, :-1]

new_x0, new_x1 = x_grid[O0][:-1, :-1], x_grid[1][:-1, :-1]
u=ul:-1, —1]

x_grid = np.stack([new_x0, new_x1])

y = np.stack([new_y0, new_yl])

u_l = x_grid[0] = y[0] + x_grid[l] = y[1l] - u

y_0, yv_1 = y[0].flatten(), y[l].flatten()

plt.scatter(y_0, y_1)
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plt.title('Gradient Image {}'.format (title))

plt.show()

im = plt.pcolormesh(xy, u_1l, shading='nearest')
plt.colorbar (im)

plt.axis('equal')

plt.title('Legendre Transform of {}'.format (title))
plt.show ()

return u_1

Given an array of function values u and a grid x_grid, we find at each point its gradient, and
then calculate u_1, the numerical Legendre transform using the formula of Legendre transform,
as shown in the line starting with u_1 in the code block.

Colormaps are generated using the following code:

def colormaps(u_l, u_2, x_grid, namel, name?2):
plt.title("Colormap of {}".format (namel))
im = plt.pcolormesh (*x_grid, np.where (bc.interior, u_1l, np.nan))
plt.colorbar (im)
plt.axis ("equal")

plt.show ()

plt.title("Colormap of {}".format (name2))

im = plt.pcolormesh (*x_grid, np.where(bc.interior, u_2, np.nan))
plt.colorbar (im)

plt.axis ("equal")

plt.show ()
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A.2.7 The Ricci iteration coupled with translation

def

The implementation of (4.20) for P?4P? and P2#2P? is as follows:

manual_version(poly: str,grid_size: int,grid_scale: float,iter_num:

stencil = ma.StencilForConditioning(15)
n = grid_size
d_1 = grid_scale

b1 =4d.1* 2

X = np.stack(
np.meshgrid (
np.linspace(-d_1, d_1, n + 1),
np.linspace(-d_1, d_1, n + 1),

indexing="i]j"

domain = Domain.Box(sides=((-b_1, b_ 1), (-b_1, b_1)))
global bc

bc = Domain.Dirichlet (domain, np.inf, x)

u = lp.dot_VV(x, x) # Initial value of the solution = [x["2

u0 = 0

global cur_u

cur_u = np.copy (u)
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if poly == 'trap':

area = 4.
if poly == 'pen':
area = 3.5

for i in range(iter_num) :
if poly == 'pen':
u = ma.NewtonRootBV2 (u, x,domain,A_func,B_func, u0,pen_F_func,stencil)
elif poly == 'trap':

u = ma.NewtonRootBV2 (u, x,domain,A_func,B_func,u0, trap_F_func, stencil)

c = -1 » np.log(int_const / (4*d_1lx*2/n**2+np.sum(np.exp(-1+u))))
u += ¢
if poly == 'pen':
x —= 0.434748
bc = Domain.Dirichlet (domain, np.inf, x)
else:

x += 0.527620

bc = Domain.Dirichlet (domain, np.inf, x)

cur_u = np.copy (u)

When we initialize the domain, we make it twice as large as the box where we start solving
(4.20). We use a global variable bc to keep track of the translated grids. After each iteration, x,

which represents the grid, gets translated accordingly. This has the same effect as defining a new
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function ¢ (x + a) for an existing ¢)(x) and a vector a.
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