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This thesis is divided into two parts. The first part focuses on theoretical problems arising

from the study of Kähler edge geometry. The second part introduces a practical method for

finding Kähler–Einstein and soliton metrics that exist on toric Fano surfaces. This method is

based on a numerical implementation of the Ricci iteration, which essentially solves a sequence

of Monge–Ampère equations.

Let M be a compact Kähler manifold and D = D1 + . . . Dr be a simple normal crossing

divisor. Given that KM + D is ample, there exist Kähler–Einstein crossing edge metrics on

M with edge singularities of cone angle βi along each component Di for small βi. The first

result in the thesis shows that such negatively curved Kähler–Einstein crossing edge metrics

converge to the Kähler–Einstein mixed cusp and edge metrics smoothly away from the divisor,

as some of the cone angles approach 0. We further show that, near the divisor, a family of

appropriately renormalized Kähler–Einstein crossing edge metrics converges to a mixed cylinder



and edge metric in the pointed Gromov–Hausdorff sense as some of the cone angles approach 0

at (possibly) different speeds.

Generalizing P1, Calabi–Hirzebruch manifolds are constructed by adding an infinite section

to the total space of a tensor product of the hyperplane bundle over the projective space, leading

to two disjoint divisors: the zero and infinite sections.

The second main result in the thesis is the discovery of Kähler–Einstein edge metrics with

singularities along the two divisors on Calabi–Hirzebruch manifolds, and the study on Gromov–

Hausdorff limits of these metrics when either cone angle tends to its extreme value. As a very

special case, we show that the Eguchi–Hanson metric arises in this way naturally as a Gromov–

Hausdorff limit. We also completely describe all other (possibly rescaled) Gromov–Hausdorff

limits which exhibit a wide range of behaviors, resolving in this setting a conjecture of Cheltsov–

Rubinstein. This gives a new interpretation of both the Eguchi–Hanson space and Calabi’s Ricci

flat spaces as limits of compact singular Einstein spaces.

The second part of the thesis focuses on numerical implementation of the Ricci iteration

on toric del Pezzo surfaces: P2, P1 × P1, and blow-up of P2 at one, two or three distinct points

in general position. The Ricci iteration on these surfaces can be reduced to solving a sequence of

real Monge–Ampère equations in R2 with the second boundary value condition.

As the third contribution of the thesis, we successfully conduct the Ricci iteration on the

aforementioned surfaces. We find that the resulting solutions numerically converge to either the

unique Kähler–Einstein metric on P2,P1 × P1, and P2#3P2, or the unique Kähler–Ricci soliton

metric on P2#P2 and P2#2P2. This provides a novel numerical approach to finding Kähler–

Einstein and soliton metrics on these manifolds.

Our numerical results also provide evidence that, in the toric case, the Ricci iteration may



converge and produce canonical metrics without the necessity of modifying the metrics obtained

during the iterations by automorphisms.
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Chapter 1: Introduction

1.1 Background

1.1.1 Kähler manifold

A complex manifold is a smooth manifold M on whose charts the transition functions are

holomorphic. It admits an almost-complex structure acting on its tangent bundle:

J : TpM → TpM, p ∈M,

s.t. J2 = − Id .

Example 1.1.1 (The complex spaces Cn and Pn). The complex space Cn can be equipped with

a natural almost-complex structure: by letting (z1, . . . , zn) = (x1 +
√
−1y1, . . . xn +

√
−1yn) be

its Euclidean coordinates, and defining

J

(
∂

∂xi

)
=

∂

∂yi
, i = 1, . . . , n

J

(
∂

∂yi

)
= − ∂

∂xi
, i = 1, . . . , n.

The projective space Pn is defined as the space Cn+1 \ {0} modulo the equivalence relation

where two elements z1 and z2 in Cn+1 \ {0} are considered equivalent if there exists 0 ̸= λ ∈ C
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such that z1 = λz2. On Pn we use the homogeneous coordinate [Z0 : . . . , Zn]. An atlas of Pn

includes charts {Zi ̸= 0}, i = 0, . . . , n. Each chart is identical to Cn and this implies that Pn

admits a natural complex structure. Thus, Pn is a complex manifold. The spaces Cn and Pn are

respectively examples of non-compact and compact complex manifolds.

Let g be a Riemannian metric on a complex manifold (M,J), that is

g : TpM × TpM → R, p ∈M,

such that g is bilinear, positive-definite and varies smootly over M . We call g compatible with J

if

g(·, ·) = g(J ·, J ·).

Given a compatible Riemannian metric g, one can associate a 2-form defined as

ω(·, ·) := g(J ·, ·).

The triple (M,J, ω) is called Kähler if

dω = 0,

and then such ω is called a Kähler form, or sometimes by abuse of language, a Kähler metric.

A fundamental result on the Kähler manifold is the ∂∂̄-lemma.

Lemma 1.1.2. [52, Lemma 1.14] Let M be a compact Kähler manifold. If ω1 and ω2 are two

real (1, 1)-forms in the same cohomology class in H2(M,R), i.e., ω1 − ω2 = dη for some real
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1-form η, then there exists f :M → R such that

ω1 − ω2 =
√
−1∂∂̄f.

From now on, let (M,ω) be a compact Kähler manifold. Then, for any point p ∈ M there

exists a smooth real function ρ in a neighborhood of p such that

ω =
√
−1∂∂̄ρ =

√
−1

n∑
i,j=1

gij̄dz
i ∧ dz̄j. (1.1)

The function ρ is called a Kähler potential.

The Ricci form of ω, denoted by Ricω, has the following formula in local coordinates

Ricω = −
√
−1∂∂̄ log det(gij̄). (1.2)

Example 1.1.3 (Fubini–Study metric). The projective space Pn admits a naturally defined Kähler

metric, namely the Fubini–Study metric. Indeed, on the local chart with homogeneous coordi-

nate [Z0 : Z1 : · · ·Zn] that satisfies Z0 ̸= 0, consider the complex coordinate (z1, . . . , zn) :=(
Z1

Z0
, . . . , Zn

Z0

)
and define

ρ := log

(
1 +

n∑
i=1

|zi|2
)
. (1.3)

By (1.3), the function ρ defined on different charts only differs by a quantity that vanishes

after taking the ∂∂̄-operation. Thus, we can define the Fubini–Study metric ωFS :=
√
−1∂∂̄ρ
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Computing using (1.2), the Fubini–Study metric on Pn that is defined by (1.3) satisfies

RicωFS = 2(n+ 1)ωFS. (1.4)

Definition 1.1.4. A Kähler metric ω is Kähler–Einstein if there exists some constant µ ∈ R such

that

Ricω = µω. (1.5)

The formula (1.2) shows that Ricω is a real closed (1, 1)-form and its cohomology class is

independent of the choice of ω. Indeed, the first Chern class of M can be defined by

c1(M) :=
1

2π
[Ricω].

Clearly, if ω is Kähler–Einstein , then the first Chern class ofM needs to be definite. Under

this assumption, one can rewrite (1.5) in terms of Kähler potentials by considering a reference

metric ω in the class 2π
µ
c1(M). Given a Kähler metric ω ∈ 2π

µ
c1(M), by Lemma 1.1.2, there

exists a smooth function fω on M such that

Ricω = µω +
√
−1∂∂̄fω.

Denote by

ωφ := ω +
√
−1∂∂̄φ

another Kähler metric in the same class, and assume ωφ solves (1.5).
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Lemma 1.1.5. For ωφ there holds

(ω +
√
−1∂∂̄φ)n = efω−µφωn,

after renormalizing fω by an appropriate constant.

Proof. Subtracting the following

Ricω = µω +
√
−1∂∂̄fω

from

Ricωφ = µωφ,

we obtain

Ricωφ − Ricω =
√
−1∂∂̄(µφ− fω).

Combining this with (1.2), there holds

√
−1∂∂̄ log

ωn

ωnφ
=

√
−1∂∂̄(µφ− fω).

Using the fact that M is compact, there exists some constant c such that

log
ωn

ωnφ
− (µφ− fω) = c.
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We renormalize fω by that c, then it follows that the Kähler–Einstein metric ωφ satisfies

(ω +
√
−1∂∂̄φ)n = efω−µφωn. (1.6)

Locally by writing

ω =
√
−1
∑
j,k

gjk̄dz
j ∧ dz̄k

we can rewrite (1.6) as

det

(
gjk̄ +

∂2φ

∂zj∂z̄k

)
= efω−µφ det

(
gjk̄
)
. (1.7)

The equation (1.7) is a complex Monge–Ampère equation in φ. It has been extensively

studied by geometers and analysts in both the smooth and singular cases, partly due to its geo-

metric interpretation as we just explained.

In summary, the Kähler–Einstein equation (1.5) can be reformulated in the form of (1.6),

and locally, it is a complex Monge–Ampère equation (1.7).

1.1.2 Kähler edge metric

In this thesis we are concerned with the aforementioned Kähler–Einstein metrics, as well

as two generalizations. The first generalization is the Kähler–Einstein edge (KEE) metric, which

as implied by its name, is both Einstein and possesses Kähler edge singularities. A model edge
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metric on Cn with a cone angle β along the divisor {z1 = 0} is given by

ωcone,β :=
β2

√
−1dz1 ∧ dz̄1

|z1|2(1−β)
+

n∑
i=2

√
−1dzi ∧ dz̄i.

Let M be a compact Kähler manifold of dimension n and D ⊂ M a smooth hypersurface.

Then:

Definition 1.1.6. A Kähler edge metric ω on M with angle 2πβ (0 < β ≤ 1) along D is a Kähler

current on M that is smooth on M \D and, there exists some C > 0 such that in any coordinate

chart where D = {z1 = 0},

1

C
ωcone,β ≤ ω ≤ Cωcone,β.

A Kähler edge metric ω is called Kähler–Einstein edge (KEE) if there exists µ ∈ R such

that

Ricω = µω + 2π(1− β)[D], 0 < β ≤ 1, (1.8)

where [D] represents the current associated to the integration along D.

1.1.3 Kähler–Ricci soliton

The second generalization of Kähler–Einstein metrics is the concept of Kähler–Ricci soli-

ton. Assume X is a real smooth vector field on M , and θ is the complete flow of X . For any

p ∈ M and sufficiently small t, the map θt : M → M is a diffeomorphism from a neighborhood

of p to a neighborhood of θt(p). Hence, d(θt)∗p pulls back tensors at θt(p) to ones at p. Given any
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smooth tensor field A on M , the Lie derivative of A with respect to X is defined by

(LXA)p :=
d

dt

∣∣∣∣
t=0

(θ∗tA)p = lim
t→0

d(θt)
∗
p(Aθt(p))− Ap

t
, (1.9)

and LXA is a smooth tensor field on M .

Let Aut(M,J) be the complex Lie group of automorphisms (i.e., biholomorphisms) of

(M,J) and denote by aut(M,J) its Lie algebra of infinitesimal automorphisms composed of

real vector fields X satisfying LXJ = 0, where L is the Lie derivative defined in (1.9).

The following definition generalizes the concept of Kähler–Einstein metrics.

Definition 1.1.7. A Kähler metric ω is called a Kähler–Ricci soliton if there exists a real holo-

morphic vector field X ∈ aut(M,J) such that

Ricω = µω + LXω. (1.10)

Given a Fano manifold and a Kähler metric ω, any real holomorphic vector field X induces

a smooth function θXω such that LXω =
√
−1∂∂̄θXω [47, (42)]. When (ω,X) exists in Definition

1.1.7, we can rewrite (1.10) as follows:

Ricω = µω +
√
−1∂∂̄θXω . (1.11)

Now, fix a reference metric ω and denote by fω its Ricci potential. Assume ωφ and a real
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holomorphic vector field X satisfy (1.10). Then there hold

Ricω = µω +
√
−1∂∂̄fω, (1.12)

Ricωφ = µωφ +
√
−1∂∂̄θXωφ

. (1.13)

We normalize θXω for any ω such that

∫
M

eθ
X
ω ωn =

∫
M

ωn,

then there holds θXωφ
= θXω +X(φ) [47, p. 1550, line 1]. Thus, (1.13) becomes

Ricωφ = µωφ +
√
−1∂∂̄(θXω +X(φ)). (1.14)

By the same reduction procedure for (1.7), subtracting (1.14) from (1.12) leads to

det

(
gjk̄ +

∂2φ

∂zj∂z̄k

)
= efω−µφ−θ

X
ω −X(φ) det

(
gjk̄
)
. (1.15)

1.2 Limit behavior of Kähler–Einstein edge manifolds

Recalling the definition of KEE metrics in (1.8), an analogue of Calabi’s conjecture was

made by Tian [54] regarding the existence of such metrics. The following theorem resolves Tian’s

conjecture:

Theorem 1.2.1. [38, Theorem 2] Let (M,ω0) be a compact Kähler manifold with D ⊂ M a

smooth divisor. Suppose that µ
2π
[ω0] + (1 − β)[D] = c1(M), where β ∈ (0, 1] and µ ∈ R. If
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µ > 0, additionally assume that the twisted K-energy E0
β is proper. Then there exists a KEE

metric with Ricci curvature µ and with an angle of 2πβ along D. This metric is unique when

µ < 0, unique in its Kähler class when µ = 0, and unique up to automorphisms that preserve D

when µ > 0.

One reason that KEE metrics receive attention is Donaldson’s idea to employ them in study-

ing the existence problem of smooth Kähler–Einstein metrics of positive curvature by deforming

the cone angle to 2π [18]. Since then much research has gone into understanding the large

angle limits (when β → 1) of Kähler (–Einstein) edge metrics in connectino with the Yau–Tian–

Donaldson conjecture.

Cheltsov and Rubinstein initiated the program of studying KEE metrics in another extreme,

where the cone angle goes to zero [14]. One topic of their program is to understand the limit,

when such exists, of KEE metrics as the cone angle tends to 0. In particular, they made the

conjecture:

Conjecture 1.2.2. [14, Conjecture 1.11] Suppose that (M,D) is strongly asymptotically log

Fano manifold with D smooth and irreducible. Suppose that κ := inf{k ∈ N : (KM + D)k =

0} ≤ dimM, and that there exist KEE metrics ωβ , for β ∈ (0, ϵ) on (M,D) and some ϵ > 0.

Then, (M,D, ωβ) converges in an appropriate sense as β tends to zero to a generalized Kähler–

Einstein metric ω∞ that is Calabi–Yau along its generic (dimM + 1− κ)-dimensional fibers.

In this thesis, we consider two situations regarding the behavior of KEE metrics when the

cone angles vary.
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1.2.1 Small angle limits of Kähler–Einstein crossing edge metrics

The first part of the thesis treats the Kähler–Einstein crossing edge metrics on compact

Kähler manifold M that has edge singularities along a simple normal crossing divisor D =

D1+ · · ·+Dr inM with cone angles 2πβ1, . . . , 2πβr. The existence of such metrics is confirmed

in [27, 44]:

Theorem 1.2.3. LetM be a compact Kähler manifold, andD =
∑

i(1−βi)Di an R-divisor with

simple normal crossing support such that βi ∈ (0, 1) for all i. If KM + D is ample, then there

exists a unique KEE metric with negative curvature. If KM +D is numerically trivial, then there

exists in each Kähler class a unique KEE metric. If −(KM +D) is ample and the log-Mabuchi

functional is proper, then there exists a unique KEE metric with positive curvature.

The cone angles of crossing edge metrics can vary along each component in D and we

study the limit behavior of such Kähler–Einstein crossing edge metrics when multiple angles

converge to zero at (possibly) different rates. In particular, we prove that

Theorem 1.2.4. Let M be a compact Kähler manifold and D =
∑r

i=1(1 − βi)Di a simple

normal crossing divisor such that KM +D is ample. The Kähler–Einstein crossing edge metrics

ωβ converges to the Kähler–Einstein cusp metric on (M,D) globally in a weak sense of currents

and locally in the smooth sense when (β1, . . . , βr) =: β → 0 ∈ [0, 1)r.

We also prove the following result regarding the local limit behavior of Kähler–Einstein crossing

edge metrics near the divisor:

Theorem 1.2.5. Let {β1,k}k∈N be a sequence of positive numbers converging to 0. Assume further

that for any i = 2, . . . , r such that {βi,k}k∈N also converges to 0, there holds limk→∞
β1,k
βi,k

∈ [0, 1].
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Assume βi,k ∈ (0, 1
2
] for i = 1, 2, . . . , r and all k ∈ N. Let ωβk be the Kähler–Einstein crossing

edge metric on (X,Dk =
∑r

i=1(1 − βi,k)Di). Then there exists a subsequence of the metric

spaces consisting of a neighborhood of Dk, denoted as (Uβk , ωϕβk/β
2
1,k) converging in pointed

Gromov–Hausdorff topology to ((C∗)m × Cn−m, ω̄∞), where ω̄∞ is a mixed cylinder and edge

metric and 0 < m ≤ n.

A detailed overview of this part starts from Section 2.1. The main results are listed in

Section 2.1.3.

1.2.2 Large and small angle limits of KEE metrics on Calabi–Hirzebruch man-

ifolds

In the second part of the thesis, we focus on a specific family of Kähler manifolds, Calabi–

Hirzebruch manifolds, denoted by Fn,k, where n, k ∈ N, and defined as follows:

Fn,k := P(−kHPn−1 ⊕ CPn−1), n, k ∈ N,

where HPn−1 is the hyperplane bundle over Pn−1 and CPn−1 is the trivial one.

Calabi–Hirzebruch manifolds are P1-fibrations over Pn−1 base. Hence, it is a generalization

of P1 to higher dimensions. By identifying P1 as the round sphere S2, we realize that it has

two disjoint divisors (that are points in this case): the north and the south poles. The Calabi–

Hirzebruch manifolds also has two disjoint divisors: the zero and infinite section along each

P1-fiber.

We will construct KEE metrics on Calabi–Hirzebruch manifolds using Calabi ansatz, and
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show that the cone angle at either divisor then determines the angle on the other divisor. As a

result, we construct two families of KEE metrics.

We then study the different large and small-angle limits that arise from these KEE metrics

when the cone angles approach to extreme values. In particular, we show the following:

Theorem 1.2.6. The Eguchi–Hanson metric defined on the total space of −2HP1 and Calabi’s

Ricci-flat metrics on the total space of −nHPn−1 are respectively pointed Gromov–Hausdorff

limits of the KEE metrics we constructed on F2,2 and Fn,n as the cone angle along the zero

section approaches 1.

The motivation for this part starts from Section 3.1. The main results are summarized in

Section 3.2.

1.3 Numerical implementation of the Ricci iteration for finding Kähler–Einstein

and soliton metrics

The last part of the thesis focuses on numerical implementation of the Ricci iteration, and

in turn provides a novel method to find Kähler–Einstein and Kähler–Ricci soliton metrics on toric

del Pezzo surfaces.

While there are celebrated theoretical studies on the existence of Kähler–Einstein metrics,

cf. Definition 1.1.4, explorations into them from a numerical point of view are also of great

importance. The direction was pioneered by Headrick–Wiseman [33] and Donaldson [17], and

later captured attention from both mathematicians and physicists [6, 19, 20, 30, 34].

To this end, we introduce a systematic way of finding numerical approximations to Kähler–

Einstein metrics and Kähler–Ricci solitons that exist on toric del Pezzo surfaces. Our method
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relies on the fundamental framework known as the Ricci iteration, which is introduced by Rubin-

stein [45–47] and later studied in-depth by Hunter in the real case [36, 37]. The Ricci iteration

provides a unified way to treat both Kähler–Einstein and Kähler–Ricci soliton metrics.

It has been pointed out in [47, §10.5] that one can iteratively employ Donaldson’s al-

gorithm [17] to perform a given step in the Ricci iteration to numerically compute Kähler–

Einstein metrics. In this thesis, we instead perform each step by solving a second boundary value

problem of a real Monge–Ampère equations. Specifically, our focus is on the Ricci iteration on

toric del Pezzo surfaces. In this case, the Calabi–Yau equations arising from each iteration reduce

to a second boundary value problem of Monge–Ampère equations. This problem exhibits a PDE

nature and also has connection to the optimal transport theory. Numerical methods to address it

have been proposed by Lindsey–Rubinstein [43], where an algorithm based on solving a convex

optimization problem is introduced, accompanied by a convergence theorem [43, Theorem 6].

In our numerical implementation, we use Guillemin’s potential (cf. (4.101)) to help choose

a suitable finite domain instead of the whole R2 to perform the Ricci iteration. We also use

the mass balance condition (cf. (4.102)) to normalize the solution obtained through the Ricci

iteration. In each iteration step, we employed the numerical method proposed by Bonnet–

Mirebeau [5]. We configure their numerical implementation by setting the parameters according

to our geometric problems. The choice of a numerical solver in each iteration step is flexible.

The numerical method [5] provides an efficient way to solve the second boundary value

problem of the real Monge–Ampère equations when the dimension is 2. For dimension 3, imple-

menting the Ricci iteration can be achieved using either the method in [43] or [5]. However, in

higher dimensions, the discretization required in the method [5] becomes challenging, while the

optimization approach in [43] remains standard.
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Our experimental results show that the solutions obtained through the Ricci iteration do

converge to the potential functions of Kähler–Einstein and Kähler–Ricci soliton metrics. Conse-

quently, our numerical implementation of the Ricci iteration provides a way to approximate the

aforementioned metrics. Compared to existing works, one advantage of our numerical method

is that minimal modification in the implementation is needed when seeking canonical metrics

between different manifolds. Furthermore, the convergence is achieved within several minutes.

Our numerical results provide an evidence that the convergence of the Ricci iteration occurs

for toric del Pezzo surfaces without the necessity of twisting the metrics by automorphisms. This

suggests the possibility of a stronger convergence result in the toric case, compared to the existing

best result:

Theorem 1.3.1. [15, Theorem 1.2] Let (M,J, ω0) be a compact Kähler manifold admitting a

Kähler–Einstein metric. Suppose the Kähler class associated to ω0 is 2πc1(M,J) and let {ωi}i∈N

by given by Ricωi+1 = ωi. Then there exist holomorphic diffeomorphisms hi such that h∗iωi

converges smoothly to a Kähler–Einstein metric.

The convergence of the numerical Ricci iteration observed in the experiments also raises

the question of whether a convergence theorem for numerical Ricci iterations can be established,

in comparison to the convergence theorem proved for a single second boundary value problem of

Monge–Ampère equations, cf. [43, Theorem 6 and 9] and [5, Theorem 5.25].

We provide comprehensive background in geometry in Section 4.2, which includes neces-

sary definitions and results for readers who are not experts in toric Kähler geometry. In Section

4.3, we present the formulation of the Ricci iteration in the toric case, and more precisely three

slightly different equations for either Kähler–Einstein or Kähler–Ricci soliton metrics. From Sec-
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tion 4.4 to Section 4.8, we present a self-contained exposition of the numerical method [5]. Then,

we use this numerical scheme to solve Monge–Ampère equations sequentially and implement the

Ricci iteration. The numerical results of our method are summarized in Chapters 5 and 6.

16



Chapter 2: Small angle limits of negatively curved Kähler–Einstein metrics with

crossing edge singularities

2.1 Introduction

2.1.1 One-dimensional observation

Let D∗ = {z ∈ C : 0 < |z| < 1} be the punctured unit disc in C. Consider for η ∈ (0, 1),

the following Kähler metric

ωη,D∗ : = −
√
−1∂∂̄ log(1− |z|2η)

=

√
−1η2|z|2η−2

(1− |z|2η)2
dz ∧ dz̄.

(2.1)

It has negative constant curvature and cone singularity with cone angle 2πη at 0 ∈ C, as

shown by the following calculation

Ricωη,D∗ =
√
−1∂∂̄ log

(
η2|z|2η−2

(1− |z|2η)2

)
= 2π(1− η)δ0 − 2ωη,D∗ ,

(2.2)

where δ0 denotes the Dirac measure at 0.
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For a fixed z ∈ D∗,

lim
η→0

η2|z|2η−2

(1− |z|2η)2
=

1

|z|2 (log |z|2)2
. (2.3)

Thus, for any compact K ⋐ D∗, the metric ωη,D∗ converges uniformly to the Poincaré metric

defined as follows

ωP,D∗ :=

√
−1dz ∧ dz̄

|z|2 (log |z|2)2
, (2.4)

when η tends to 0.

The same calculation as (2.2) shows that

RicωP,D∗ = 2πδ0 − 2ωP,D∗ .

Thus, the metric ωP,D∗ is a Kähler–Einstein cusp metric on D∗ with cusp singularity at 0. And we

have shown that it is also a limit of the Kähler–Einstein edge metrics.

2.1.2 Guenancia’s convergence result

The one-dimensional observation can be generalized to higher dimensions. Consider the

pair (X,D) where X is a compact Kähler manifold of dimension n and D is a smooth divisor.

Definition 2.1.1. A metric ω0 on X \D is said to have cusp singularities along D if whenever D

is locally given by {z1 = 0}, there exists a constant C > 0 such that

C−1ωcusp ≤ ω0 ≤ Cωcusp,
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where ωcusp is the model cusp metric:

ωcusp :=

√
−1dz1 ∧ dz̄1

|z1|2 log2 |z1|2
+

n∑
i=2

√
−1dzi ∧ dz̄i.

Assuming that KX +D is ample, Kobayashi [40, Theorem 1] and Tian–Yau [55, Theorem

2.1] showed that there exists a unique complete Kähler–Einstein metric ω0 on X \ D with cusp

singularity along D such that Ricω0 = −ω0.

Since ampleness is an open condition [42, Theorem 1.2.17], there exists some β0 such that

KX + (1 − β)D is also ample for 0 < β < β0. Under this condition, Theorem 1.2.1 guarantees

the existence of a unique negatively curved KEE metric ωβ for each such small β ∈ (0, β0].

The family of metrics {ωβ}0≤β<β0 can be seen as currents on X satisfying the twisted Kähler–

Einstein equation (note that here we allow β = 0, cf. (1.8)):

Ricωβ = −ωβ + (1− β)[D], 0 ≤ β < β0.

As a generalization of the one-dimensional observation discussed in §2.1.1, Guenancia

related these two metrics as follows:

Theorem 2.1.2. [26, Theorem A and B] For β ∈ (0, 1/2], there exists a constant C > 0

independent of β such that on any coordinate chart U where D is given by {z1 = 0}, the KEE

metric ωβ satisfies

C−1ωβ,mod ≤ ωβ ≤ Cωβ,mod, (2.5)
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where

ωβ,mod :=
β2

√
−1dz1 ∧ dz̄1

|z1|2(1−β)(1− |z1|2β)2
+

n∑
i=2

√
−1dzi ∧ dz̄i.

In particular, the metric {ωβ}0<β<β0 converges to ω0 in both the weak topology of currents

and the C∞
loc(X \D)-topology as β → 0.

The relation between the convergence result in Theorem 2.1.2 and (2.5) is that the weak

convergence from (ωβ)0<β<β0 to ω0 can be recovered from (2.5) by using Lebesgue’s Dominated

Convergence Theorem. A very useful observation is that the limit behavior of the model metric

ωβ,mod relates the edge metric to the cusp metric, cf. Lemma 2.2.7.

As an application of Theorem 2.1.2, Guenancia studied the asymptotic behavior of ωβ near

D as β → 0. Fix a point p ∈ D, let Uβ denote the punctured metric ball Bωβ
(p, 1) of radius

1 centered at p with respect to the metric ωβ . Then after renormalization by β−2, there exists

a subsequence of the metric spaces (Uβ,
1
β2ωβ) converging to (C∗ × Cn−1, ωcyl) in the pointed

Gromov–Hausdorff sense, where ωcyl is a so-called cylindrical metric:

Definition 2.1.3. Let π : Cn → C∗ × Cn−1 be the universal cover of C∗ × Cn−1 given by

π(z1 . . . , zn) = (ez1 , z2, . . . , zn). A Kähler metric ωcyl on C∗ × Cn−1 is called cylindrical if

π∗ω = F ∗ωeucl, where F ∈ GL(n,C) and ωeucl is the usual Euclidean metric on Cn.

Theorem 2.1.4. [26, Theorem C] Let (βk)k∈N be a sequence of positive numbers converging

to 0. Then, up to extracting a subsequence, there exists a cylindrical metric ωcyl on C∗ × Cn−1

such that the metric spaces (Uβk , β
−2
k ωβk) converge in pointed Gromov-Hausdorff topology to

(C∗ × Cn−1, ωcyl) when k tends to +∞.
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2.1.3 Our results

A natural problem is to generalize Theorems 2.1.2 and 2.1.4 to the snc case when all or

some of the cone angles tend to 0.

From now on, let X be an n-dimensional compact Kähler manifold. Fix a divisor Dβ :=
r∑
i=1

(1−βi)Di, where βi ∈ (0, 1) for i = 1, . . . , r. Assume eachDi is smooth and irreducible. We

further assume that Dβ has simple normal crossing support, i.e., for any p ∈ supp(Dβ) lying in

the intersection of exactlym componentsD1, . . . , Dm, there exists a coordinate chart (U, {zi}ni=1)

containing p such that Dj|U = {zj = 0} for j = 1, . . . ,m, m ≤ n. Suppose KX +
r∑
i=1

Di is

ample. Let si denote a defining section of Di and hi = | · |hi be a smooth hermitian metric on

LDi
, which is the line bundle induced by Di. We normalize hi such that log |si|2hi + 1 < 0 for

each i. Denote

β := (β1, . . . , βr) ∈ (0, 1)r.

Let ω be a fixed smooth Kähler metric with [ω] = c1 (KX +
∑r

i=1Di). We introduce a

reference metric,

Ωβ := ω −
r∑
i=1

√
−1∂∂̄ log

[
1− |si|2βihi

βi

]2
. (2.6)

Let ωϕβ = ω +
√
−1∂∂̄ϕβ be the KEE metric on X whose existence is guaranteed by

Theorem 1.2.3. Our first result is as follows.

Theorem 2.1.5. Let ωϕβ be given by Theorem 1.2.3. Let Ωβ be given by (2.6). There exists a
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uniform constant C > 0, independent of β ∈ (0, 1
2
]r, such that

C−1Ωβ ≤ ωϕβ ≤ CΩβ.

The key point of Theorem 2.1.5 is that the constant C is uniform with respect to small

βi, i = 1, . . . , r. According to Theorem 2.1.5 and Lebesgue’s Dominated Convergence Theorem,

we obtain the weak convergence from ωϕβ to the Kähler–Einstein mixed cusp and edge metric ω0

constructed in [25] as some of the cone angles tend to 0. In particular, when β → 0 ∈ [0, 1)r, the

limiting metric of such ωϕβ is the unique Kähler–Einstein cusp metric on (X,
r∑
i=1

Di) constructed

in [40, 55]. More precisely, the following result is shown in Section 2.2.3.

Theorem 2.1.6. The Kähler–Einstein crossing edge metric ωϕβ converges to a Kähler–Einstein mixed

cusp and edge metric on (X,Dβ) globally in a weak sense of currents and locally in a smooth

sense when some of the cone angles tend to 0. In particular, ωϕβ converges to the Kähler–

Einstein cusp metric on (X,
r∑
i=1

Di) when β → 0 ∈ [0, 1)r.

As an application of Theorem 2.1.5, we study the asymptotic behavior of the Kähler–

Einstein crossing edge metric ωϕβ near Dβ when the smallest cone angle approaches 0, with

possibly other cone angles also converging to 0.

To state the result, without loss of generality, we assume for β = (β1, . . . , βr) there holds

β1 ≤ β2 ≤ · · · ≤ βr. Fix a point p ∈ Dβ . Choose a coordinate chart (U, {zi}ni=1) containing p

such that Dj|U = {zj = 0} for j = 1, . . . ,m, m ≤ n. Consider a small neighborhood Uβ about
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p defined by

Uβ :=

{
z ∈ (C∗)m × Cn−m : |z1| < e

− 1
2β1 , |zj| <

(
β1
βj

) 1
βj

, j = 2, . . . ,m, |zℓ| < 1, ℓ = m+ 1, . . . , n

}
.

We show that after normalization by factor β−2
1 , a subsequence of metrics ωϕβ converges to a

mixed cylinder and edge metric on (C∗)m × Cn−m (see Definition 2.3.1 for more details. Note

that Definition 2.3.1 is in a weaker sense of quasi-isometry comparing to Definition 2.1.3.) as β1

tends to 0. The limiting metric has cylindrical part along the component D1 where the cone angle

β1 approaches 0 while has edge singularities along other components. More precisely, the third

result is as follows:

Theorem 2.1.7. Let {β1,k}k∈N be a sequence of positive numbers converging to 0. Assume further

that {βi,k}k∈N does not converge to 0 for each i = 2, . . . , r and all βi,k ∈ (0, 1
2
]. Let ωϕβk be the

(negatively curved) Kähler–Einstein crossing edge metric on (X,Dk =
∑r

i=1(1−βi,k)Di). Then

there exists a subsequence of the metric spaces (Uβk , ωϕβk/β
2
1,k) converging in pointed Gromov-

Hausdorff topology to ((C∗)m × Cn−m, ω∞) where ω∞ is a mixed cylinder and edge metric.

Regarding complex dimension 1, i.e., in the Riemann surface case, but in the positive cur-

vature regime, Rubinstein–Zhang showed that the (American) football equipped with the Ricci

soliton metric converges to the cone-cigar soliton on R+ as two cone angles converge to 0 at a

different speed and to a flat cylindrical metric as two cone angles converge to 0 at a compara-

ble speed [49, Theorem 1.1-1.3]. In higher dimensions, we generalize Theorem 2.1.7 to allow

more than one cone angles to tend to 0 and study the limit behavior of metrics under this joint

degeneration of cone angles. The result is as follows.
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Theorem 2.1.8. Let {β1,k}k∈N be a sequence of positive numbers converging to 0. Assume further

that for any i ∈ {2, . . . , r} such that {βi,k}k∈N also converges to 0, there holds limk→∞
β1,k
βi,k

∈

[0, 1] and all βi,k ∈ (0, 1
2
]. Let ωϕβk be the (negatively curved) Kähler–Einstein crossing edge

metric on (X,Dk =
∑r

i=1(1 − βi,k)Di). Then there exists a subsequence of the metric spaces

(Uβk , ωϕβk/β
2
1,k) converging in pointed Gromov-Hausdorff topology to ((C∗)m × Cn−m, ω∞),

where ω∞ is a mixed cylinder and edge metric with cylindrical part along components whose

cone angles converge to 0 and conical part along other components.

2.1.4 Ingredients of the proof

We first recall that the key ingredient in the proof of Theorem 2.1.2 is the boundedness

of the holomorphic bisectional curvature of the model metric ωβ,mod, which makes it possible

to use the Chern–Lu inequality to obtain the Laplacian estimates. Therefore, to prove our result

in the snc setting, we extend [26, Theorem 3.2] to the snc setting, i.e., prove boundedness of

holomorphic bisectional curvature of the model metric Ωβ (see (2.6) for details). This is done

in Lemma 2.2.3 by adapting arguments in [38, Lemma 2.3] and making use of the fact that we

only need to deal with small βi’s. Then the proof of Theorem 2.1.5 uses a modified maximum

principle argument and Chern–Lu’s inequality to give respectively theC0 and Laplacian estiamte.

A useful fact in the proof is the observation that Ωβ shares the same crossing edge singularities

as ωϕβ (see Claim 2.2.5 for the detail).

An important observation is that the reference metric Ωβ has the property of converging to

a Kähler metric with mixed cusp and edge singularities when some of the cone angles tend to

0. This observation, combined with the content of Theorem 2.1.5, give us the result of Theorem
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2.1.6 as a corollary. As another consequence of Theorem 2.1.5, Theorem 2.1.7 and Theorem

2.1.8 treat the limit behavior of the Kähler–Einstein crossing edge metric ωϕβ near the divisor Dβ

when some of the cone angles approach 0. After fixing a point in the divisor Dβ , we first rescale

the reference metric to obtain its convergence to a mixed cylinder and edge metric (see Definition

2.3.1) as the smallest cone angle tends to 0 in a small neighborhood of Dβ . To obtain the pointed

Gromov–Hausdorff convergence of the rescaled Kähler–Einstein crossing edge metric ωϕβ near

the divisor, we actually show a stronger local smooth convergence result. We use Theorem 2.1.5

and the limit behavior of Ωβ mentioned above to obtain C0-estimates of rescaled ωϕβ . By a stan-

dard use of Evans–Krylov theory and Arzelà–Ascoli Theorem, we obtain the C∞
loc-convergence

of the rescaled ωϕβ as some of the cone angles tend to 0.

2.2 Small angle limits of the Kähler–Einstein crossing edge metrics

2.2.1 A reference metric

The metric Ωβ defined in (2.6) can be seen as a generalization of ωη,D∗ defined in (2.1) to

higher dimensional manifolds.

Lemma 2.2.1. [26, Lemma 3.1] The previously defined Ωβ is a Kähler edge form with cone

angle 2πβi along Di for i = 1, . . . , r. More precisely,

Ωβ = ω + 2 ·
r∑
i=1

(
√
−1

β2
i

|si|2−2βi
hi

(1− |si|2βihi
)2
⟨D1,0si, D

1,0si⟩ −
βi|si|2βihi

1− |si|2βihi

θi

)
, (2.7)

where D1,0 is the (1, 0)-part of the Chern connection of (LDi
, hi) for each i. Up to rescaling

{hi}i=1,...,r, there holds Ωβ ≥ 1
2
ω.
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Proof. It suffices to show (2.7) when r = 1. Hence, below we suppose r = 1 and drop the

subscript i for simplicity.

If we set

f(x) = − log

(
1− xβ

β

)2

,

ϕ = |s|2h = h · |s|2,

then Ωβ = ω+
√
−1∂∂̄f ◦ϕ. Recall there holds

√
−1∂∂̄f ◦ϕ =

√
−1(f ′′(ϕ)∂ϕ∧∂̄ϕ+f ′(ϕ)∂∂̄ϕ).

We calculate

f ′ =
2βxβ−1

1− xβ
,

f ′′ =
−2βxβ−2

1− xβ
+

2β2xβ−2

(1− xβ)2
.

Then

Ωβ = ω +
√
−1 · 2β|s|

2β−2
h

1− |s|2βh
∂∂̄|s|2h +

√
−1 ·

(
2β2|s|2β−4

h

(1− |s|2βh )2
− 2β|s|2β−4

h

1− |s|2βh

)
∂|s|2h ∧ ∂̄|s|2h.

Note

∂∂̄|s|2h = s̄∂s ∧ ∂̄h+ |s|2∂∂̄h+ h∂s ∧ ∂̄s̄+ s∂h ∧ ∂̄s̄, (2.8)

∂|s|2h ∧ ∂̄|s|2h = |s|4∂h ∧ ∂̄h+ sh|s|2∂h ∧ ∂̄s̄+ s̄h|s|2∂s ∧ ∂̄h+ |s|2h2∂s ∧ ∂̄s̄, (2.9)
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and the fact

θ = −
√
−1∂∂̄ log h =

√
−1(

∂h ∧ ∂̄h
h2

− ∂∂̄h

h
) (2.10)

⟨D1,0s,D1,0s⟩ = ⟨∂s · e+ ∂h

h
s · e, ∂s · e+ ∂h

h
s · e⟩ (2.11)

= h∂s ∧ ∂̄s̄+ s̄∂s ∧ ∂̄h+ s∂h ∧ ∂̄s̄+ |s|2

h
∂h ∧ ∂̄h. (2.12)

We calculate

Ωβ = ω +
√
−1

2β|s|2β−2
h

1− |s|2βh
∂∂̄|s|2h +

√
−1

(
2β2|s|2β−4

h

(1− |s|2βh )2
− 2β|s|2β−4

h

1− |s|2βh

)
∂|s|2h ∧ ∂̄|s|2h

= ω +

(
√
−1

2β|s|2β−2
h

1− |s|2βh
|s|2∂∂̄h−

√
−1

2β|s|2β−4
h

1− |s|2βh
|s|4∂h ∧ ∂̄h

)

+
√
−1

2β|s|2β−2
h

1− |s|2βh
(s̄∂s ∧ ∂̄h+ h∂s ∧ ∂̄s̄+ s∂h ∧ ∂̄s̄)

+
√
−1

(
2β2|s|2β−4

h

(1− |s|2βh )2
− 2β|s|2β−4

h

1− |s|2βh

)
(sh|s|2∂h ∧ ∂̄s̄+ s̄h|s|2∂s ∧ ∂̄h+ |s|2h2∂s ∧ ∂̄s̄)

+
√
−1

2β2|s|2β−4
h

(1− |s|2βh )2
|s|4∂h ∧ ∂̄h

= ω − 2β|s|2βh
1− |s|2βh

√
−1(

∂h ∧ ∂̄h
h2

− ∂∂̄h

h
)

+
√
−1

2β2|s|2β−2
h

(1− |s|2βh )2
(h∂s ∧ ∂̄s̄+ s̄∂s ∧ ∂̄h+ s∂h ∧ ∂̄s̄+ |s|2

h
∂h ∧ ∂̄h)

= ω + 2 ·
√
−1

β2|s|2β−2
h

(1− |s|2βh )2
⟨D1,0s,D1,0s⟩ − 2 · β|s|2βh

1− |s|2βh
θ,

which is what we need. Since
√
−1

β2
i

|si|2−2βi
hi

(1− |si|2βih )2
⟨D1,0si, D

1,0si⟩ contributes as a non-

negative (1, 1)-form for each i, we will show that up to rescaling hi,
βi|si|2βihi

1− |si|2βihi

can be made

arbitrarily small to conclude that Ωβ ≥ 1
2
ω. To see this, consider the function fβi(t) :=

βit
βi

1− tβi
.
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fβi(t) is increasing in (0, 1) and satisfies fβi(0) = 0. Hence for any δ > 0, ∃tδ ∈ (0, 1), such that

for t ∈ (0, tδ], fβi(t) ≤ δ for each i = 1, . . . , r. Now take δ =
1

4r · supX,i ||θi||ω
and rescale each

hi such that |si|2hi ≤ tδ. Then

2 ·
r∑
i=1

−
βi|si|2βihi

1− |si|2βihi

θi ≥ −1

2
ω

and therefore Ωβ ≥ 1
2
ω.

When r = 1 and β = β1 ∈ (0, 1
2
], the following result of Guenancia states that the reference

metric Ωβ has uniformly bounded holomorphic bisectional curvatures on X \Dβ .

Lemma 2.2.2. [26, Theorem 3.2] When r = 1, there exists a constant C > 0 depending only on

X such that for all β ∈ (0, 1
2
], the holomorphic bisectional curvature of Ωβ is bounded by C.

We generalize this result to the snc case by adapting arguments from [38, Lemma 2.3].

Lemma 2.2.3. There exists a constant C > 0 depending only on X such that for all β where

βi ∈ (0, 1/2] for each i = 1, . . . , r, the holomorphic bisectional curvature of Ωβ is uniformly

bounded by C on X \D.

Proof. Since the idea of the proof is the same for general r > 1, we assume r = 2 for simplicity.

Step 1: Estimate the metric tensor.

Fix a point p ∈ X \ D. We can find local holomorphic coordinates such that s1 = z1,

s2 = z2 and the hermitian metric hk onLDk
is given by hk = e−ϕk with ϕk(p) = 0 and dϕk(p) = 0
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for k = 1, 2. In these local coordinates, write

ω =
√
−1g̃ij̄dz

i ∧ dz̄j,

θk =
√
−1θkij̄dz

i ∧ dz̄j,

where g̃ij̄ and θkij̄ are smooth functions of the coordinate z and k = 1, 2. Moreover, for k = 1, 2,

we have

⟨D1,0sk, D
1,0sk⟩ = ⟨dzk · ek − zk∂ϕk · ek, dzk · ek − zk∂ϕk · ek⟩

= e−ϕk
(
1− z̄k

∂ϕk
∂z̄k

− zk
∂ϕk
∂zk

+ |zk|2
∂ϕk
∂zk

∂ϕk
∂z̄k

)
dzk ∧ dz̄k

+
n∑
i ̸=k

e−ϕk
(
−z̄k

∂ϕk
∂z̄i

+ |zk|2
∂ϕk
∂zk

∂ϕk
∂z̄i

)
dzk ∧ dz̄i

+
n∑
j ̸=k

e−ϕk
(
−zk

∂ϕk
∂zj

+ |zk|2
∂ϕk
∂zj

∂ϕk
∂z̄k

)
dzj ∧ dz̄k

+
n∑

i,j ̸=k

e−ϕk |zk|2
∂ϕk
∂zi

∂ϕk
∂z̄j

dzi ∧ dz̄j.

For the sake of brevity, we introduce the following notations for k = 1, 2:

ak = −z̄k
∂ϕk
∂z̄k

− zk
∂ϕk
∂zk

+ |zk|2
∂ϕk
∂zk

∂ϕk
∂z̄k

,

bkj =
∂ϕk
∂zj

+ z̄k
∂ϕk
∂zj

∂ϕk
∂z̄k

, j ̸= k,

ckij̄ =
∂ϕk
∂zi

∂ϕk
∂z̄j

, i, j ̸= k.

Then ak, bkj and ckij̄ are smooth and vanish at p. Writing Ωβ =
√
−1gij̄dz

i ∧ dz̄j , by (2.7)
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we have

g = g̃ij̄ − 2 ·
2∑

k=1

βk|sk|2βkhk

1− |sk|2βkhk

θkij̄ + 2 ·
2∑

k=1

β2
k|sk|

2βk−2
hk

(1− |sk|2βkhk
)2
⟨D1,0sk, D

1,0sk⟩

= g̃ij̄ − 2 ·
2∑

k=1

βke
−βkϕk |zk|2βk

1− |zk|2βk · e−βkϕk
θkij̄ + 2 ·

2∑
k=1

β2
ke

−(βk−1)ϕk |zk|2βk−2

(1− |zk|2βke−βkϕk)2
⟨D1,0sk, D

1,0sk⟩.

For each component, we have

g11̄ = g̃11̄ − 2 ·
2∑

k=1

βke
−βkϕk |zk|2βk

1− |zk|2βk · e−βkϕk
θk11̄ + 2 · β

2
1e

−(β1−1)ϕ1|z1|2β1−2

(1− |z1|2β1e−β1ϕ1)2
e−ϕ1 (1 + a1)

+ 2 · β
2
2e

−(β2−1)ϕ2|z2|2β2−2

(1− |z2|2β2e−β2ϕ2)2
e−ϕ2|z2|2c211̄,

g12̄ = g̃12̄ − 2 ·
2∑

k=1

βke
−βkϕk |zk|2βk

1− |zk|2βk · e−βkϕk
θk12̄ + 2 · β

2
1e

−(β1−1)ϕ1|z1|2β1−2

(1− |z1|2β1e−β1ϕ1)2
e−ϕ1 z̄1b̄

1
2

+ 2 · β
2
2e

−(β2−1)ϕ2|z2|2β2−2

(1− |z2|2β2e−β2ϕ2)2
e−ϕ2z2b

2
1,

gij̄ = g̃ij̄ − 2 ·
2∑

k=1

βke
−βkϕk |zk|2βk

1− |zk|2βk · e−βkϕk
θkij̄ + 2 ·

2∑
k=1

β2
ke

−(βk−1)ϕk |zk|2βk−2

(1− |zk|2βke−βkϕk)2
e−ϕk |zk|2ckij̄, i, j = 3, . . . , n.

Note that g22̄ (respectively g21̄) can be treated similarly as g11̄ (respectively g12̄). The first

observation is that the term βk/(1− |zk|2βk · e−βkϕk) (and also its square) which appears in each

gij̄ will not blow up as βk → 0 for k = 1, 2. Indeed, the function x 7→ β/(1 − xβ) is uniformly

bounded for all small β under the assumption x < e−1. Since we always assume |sk|2hk < e−1

for k = 1, 2, we only need to consider a point p that is near D (i.e., |z1| and |z2| are small)

and show the holomorphic bisectional curvature at p is uniformly bounded in β. To achieve

this, we consider a change of coordinate ξk = zβkk /βk for k = 1, 2. Such ξk is multi-valued.

Thus, we need to choose a single-valued branch of the Riemann surface associated to zk 7→ zβkk .

More specifically, whenever we work with ξk, denoting the polar coordinates of ξk by (rk, θk),
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we always assume θk ∈ [0, 2πβk). Under this assumption, ξk always take values in the space

{(r, θ) ∈ C : θ ∈ [0, π)} for k = 1, 2 for varying βk as we have βk ∈ (0, 1/2]. Moreover,

when we consider the inverse map of the change of coordinates zk = (βkξk)
1/βk , we assume

ξk ∈ {(r, θ) ∈ C : θ ∈ [0, 2πβk)} and hence zk ∈ {(r, θ) ∈ C : θ ∈ [0, 2π)} for varying βk. In

the new coordinates, we have

dz1 ∧ dz̄1 = |β1ξ1|
2
β1

−2
dξ1 ∧ dξ̄1,

dz1 ∧ dz̄2 = β
1
β1

−1

1 β
1
β2

−1

2 ξ
1
β1

−1

1 ξ̄
1
β2

−1

2 dξ1 ∧ dξ̄2.

From now on, we make the change of coordinates summarized as above:

ξk =
zβkk
βk
, k = 1, 2

ξℓ = zℓ, ℓ = 3, . . . , n.
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We record the components of Ωβ , denoted by Ωβ =
√
−1hij̄dξ

i ∧ dξj , in the new coordinates:

h11̄ = |β1ξ1|
2
β1

−2
g̃11̄ − 2 · β

2
β1

+1

1 e−β1ϕ1|ξ1|
2
β1

1− e−β1ϕ1|β1ξ1|2
θ111̄ − 2 · β

3
2e

−β2ϕ2|ξ2|2|β1ξ1|
2
β1

−2

1− e−β2ϕ2|β2ξ2|2
θ211̄

+ 2 · β2
1e

−β1ϕ1

(1− e−β1ϕ1|β1ξ1|2)2
(1 + a1) + 2 · β4

2 |ξ2|2|β1ξ1|
2
β1

−2

(1− e−β2ϕ2|β2ξ2|2)2
c211̄,

h12̄ =

(
β

1
β1

−1

1 β
1
β2

−1

2 ξ
1
β1

−1

1 ξ̄
1
β2

−1

2

)
g̃12̄ − 2 · e−β1ϕ1 ξ̄1

1− e−β1ϕ1|β1ξ1|2

(
β

1
β1

+2

1 β
1
β2

−1

2 ξ
1
β1
1 ξ̄

1
β2

−1

2

)
θ112̄

− 2 · e−β2ϕ2ξ2
1− e−β2ϕ2|β2ξ2|2

(
β

1
β1

−1

1 β
1
β2

+2

2 ξ
1
β1

−1

1 ξ̄
1
β2
2

)
θ212̄ + 2 · β

3
1e

−β1ϕ1 ξ̄1β
1
β2

−1

2 ξ̄
1
β2

−1

2

(1− e−β1ϕ1|β1ξ1|2)2
b̄12

+ 2 · β
3
2e

−β2ϕ2ξ2β
1
β1

−1

1 ξ
1
β1

−1

1

(1− e−β2ϕ2 |β2ξ2|2)2
b21,

h1j̄ = β
1
β1

−1

1 ξ
1
β1

−1

1 g̃1j̄ − 2 · β
1
β1

+2

1 e−β1ϕ1 ξ̄1ξ
1
β1
1

1− e−β1ϕ1|β1ξ1|2
θ11j̄ − 2 · β

1
β1

−1

1 β3
2e

−β2ϕ2|ξ2|2ξ
1
β1

−1

1

1− e−β2ϕ2 |β2ξ2|2
θ21j̄

+ 2 · β3
1e

−β1ϕ1 ξ̄1
(1− e−β1ϕ1|β1ξ1|2)2

b̄1j + 2 · β
4
2β

1
β1

−1

1 e−β2ϕ2|ξ2|2ξ1
1
β1

−1

(1− e−β2ϕ2|β2ξ2|2)2
c21j̄, j = 3, . . . , n

hij̄ = g̃ij̄ − 2
2∑

k=1

βke
−βkϕk |βkξk|2

1− e−βkϕk |βkξk|2
θkij̄ + 2

2∑
k=1

β2
ke

−βkϕk |βkξk|2

(1− e−βkϕk |βkξk|2)2
ckij̄, i, j = 3, . . . , n.

(2.13)

Note that h2̄i can be treated similarly as h1j̄ . A first observation is that since βk ∈ (0, 1/2],

both β
2
βk

−2

k and |ξk|
2
βk

−2 are uniformly bounded. Regarding the metric tensor of Ωβ , terms that

involve g̃ij̄ or θkij̄ are also uniformly bounded. Moreover, after the change of coordinates, there

does not exist singular term in each component hij̄ . In conclusion, hij̄ is uniformly bounded for

any i, j, i.e., by (2.13), in coordinates (ξ1, ξ2, ξ3 = z3, . . . , ξn = zn), there holds

hij̄ = O(1), for i, j = 1, . . . , n.

In other words, we have shown that the metric tensor hij̄ is bounded from above for all i, j.

However, the metric tensor may degenerate as β1 or β2 tends to 0. According to (2.13), we have
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for rather small β1 and β2 the following asymptotic behaviors of each metric tensor:

h11̄ ∼ β2
1 , h22̄ ∼ β2

2 ,

h12̄, h21̄ ∼ β3
1β

3
2 |ξ1||ξ2|,

h1j̄ ∼ β3
1 |ξ1|, j = 3, . . . , n

hij̄ = O(1), i, j = 3, . . . , n.

(2.14)

Step 2: Estimate the inverse of the metric tensor

Recall the curvature tensor is given by

Rij̄kℓ̄ = −hij̄,kℓ̄ + hst̄hit̄,khsj̄,ℓ. (2.15)

To estimate the holomorphic bisectional curvature, we take two unit vectors (w.r.t. the

metric hij̄) ui ∂∂ξi and vj ∂
∂ξj

. Then by (2.14) there holds

u1, v1 = O(β−1
1 ), u2, v2 = O(β−1

2 ),

ui, vi = O(1), i = 3, . . . , n.

(2.16)

To finish the proof we need to bound Rij̄kℓ̄u
iūjvkv̄ℓ. We first consider Rij̄kℓ̄. We need to analyze

hij̄ , hij̄,k and hij̄,kℓ̄.

We first treat hij̄ . By (2.13) and (2.14), one finds that det{hij̄} is uniformly bounded and

tends to 0 as β1 or β2 tends to 0. More precisely, by (2.14) there holds

det{hij̄} ∼ β2
1β

2
2 . (2.17)
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Since hij̄ = Cjī/ det{hij̄}, where Cjī is the ji-th cofactor of the matrix {hij̄}, we deduce

from (2.14) and (2.17) that

h1j̄, hi1̄ ∼ β−2
1 , i, j ̸= 2

h12̄ ∼ β−2
1 β−2

2 ,

hij̄ = O(1), i, j ̸= 1, 2,

(2.18)

while h2j̄ and hj2̄ can be treated in the same way. Roughly speaking, hij̄ are bounded for fixed

β near p but may tend to infinity with respect to β as described above. However, by (2.13) and

(2.14), for any j, h1j̄ (respectively h2j̄) degenerate at the rate of at least β2
1 (respectively β2

2), when

β1 (respectively β2) is small, and taking derivatives may only cause the terms hij̄,k and hij̄,kℓ̄ to

converge to 0 at a faster speed in β. Thus, the singularity in hij̄ does not cause a problem when

we consider the curvature tensor (2.15), where the hij̄ terms are multiplied by corresponding hit̄,k

or hsj̄,ℓ. We explain this in detail later in Step 4.

Step 3: Estimate derivatives of the metric tensor

Now we turn to show that hij̄,k and hij̄,kℓ̄ are uniformly bounded and find their dependence

on β1 and β2. For k, ℓ ∈ {3, . . . , n}, as taking derivative w.r.t. ∂/∂z3 = ∂/∂ξ3, . . . , ∂/∂zn =

∂/∂ξn will not contribute extra singular terms, the uniform boundedness of hij̄ implies that this

also holds for such hij̄,k and hij̄,kℓ̄. It remains to deal with hij̄,k and hij̄,kℓ̄ for k, ℓ ∈ {1, 2}.

By the exact formula of each hij̄ in (2.13), we find that the exponent of the terms ξ1, ξ̄1, ξ2, ξ̄2

is at least 1 when β1 and β2 are rather small, and indeed both the term hij̄ and their first or second

order derivatives are smooth in ξ1, ξ̄1, ξ2, ξ̄2. In summary, taking derivatives of the metric tensor

does not cause singularities in ξ1, ξ̄1, ξ2, ξ̄2. We only need to derive the asymptotic behavior of the

derivatives with respect to β. To achieve this, it is enough to deal with the following term T from
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(2.13). The reason is that any other terms in (2.13) have higher order dependence in β1 and β2,

before and after taking the derivatives. So we consider taking derivatives of the following term

β2
1e

−β1ϕ1

(1− β2
1 |ξ1|2e−β1ϕ1)

2 =: T (2.19)

w.r.t. ∂/∂ξ1 and ∂/∂ξ2, since this is the most singular term appearing in the metric tensor. And

by symmetry of indices we only need to consider ∂/∂ξ1(T ), ∂2/∂ξ1∂ξ̄2(T ) and ∂2/∂ξ1∂ξ̄1(T ).

In the coordinates (ξ1, ξ2, ξ3 = z3, . . . , ξn = zn),

∂

∂ξ1
=
∂z1
∂ξ1

∂

∂z1
= β

1/β1−1
1 ξ

1/β1−1
1

∂

∂z1
,

∂2

∂ξ1∂ξ̄2
=
∂z̄2
∂ξ̄2

∂z1
∂ξ1

∂2

∂z1∂z̄2
,

∂2

∂ξ1∂ξ̄1
=
∂z̄1
∂ξ̄1

∂z1
∂ξ1

∂2

∂z1∂z̄1
.

Thus, we have

∂

∂ξ1
(T ) =

∂

∂ξ1

β2
1e

−β1ϕ1

(1− β2
1 |ξ1|2e−β1ϕ1)

2

=
β
1/β1+1
1 ξ

1/β1−1
1

∂
∂z1

(e−β1ϕ1)

(1− β2
1 |ξ1|2e−β1ϕ1)

2 +
2β

1/β1+3
1 e−β1ϕ1 ξ̄1ξ

1/β1
1

∂
∂z1

(e−β1ϕ1)

(1− β2
1 |ξ1|2e−β1ϕ1)

3 +
2β4

1e
−2β1ϕ1 ξ̄1

(1− β2
1 |ξ1|2e−β1ϕ1)

3

= O(β4
1 |ξ1|) = O(1),

since β1 ∈ (0, 1/2] and ϕ1 is smooth w.r.t. z1, . . . , zn. Similarly, we get

∂2

∂ξ1∂ξ̄2
(T ) = O(β4

1β
1/β2−1
2 |ξ1||ξ2|1/β2−1) = O(1),
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since we only need to address ∂/∂ξ2(e−β1ϕ1) when taking derivative of ∂/∂ξ1(T ) w.r.t. ∂/∂ξ̄2.

Finally, direct calculations yield

∂2

∂ξ1∂ξ̄1
T =

β
2/β1
1 |ξ1|2/β1−2 ∂2

∂z1∂z̄1
e−β1ϕ1

(1− β2
1 |ξ1|2e−β1ϕ1)

2 +
2β

1/β1+3
1 ξ

1/β1−1
1

∂
∂z1
e−β1ϕ1(ξ1e

−β1ϕ1 + |ξ1|2β1/β1−1
1 ξ̄

1/β1−1
1

∂
∂z1
e−β1ϕ1)

(1− β2
1 |ξ1|2e−β1ϕ1)

3

+
2β4

1

(
∂
∂ξ̄1
e−β1ϕ1 ∂

∂ξ1
(|ξ1|2e−β1ϕ1) + e−β1ϕ1 ∂2

∂ξ1∂ξ̄1
|ξ1|2e−β1ϕ1

)
(1− β2

1 |ξ1|2e−β1ϕ1)
3

+
6β6

1e
−β1ϕ1 ∂

∂ξ1
(|ξ1|2e−β1ϕ1) ∂

∂ξ̄1
(|ξ1|2e−β1ϕ1)

(1− β2
1 |ξ1|2e−β1ϕ1)

4

= O(β4
1).

In conclusion, we have shown

hij̄,k = O(1),

hij̄,kℓ̄ = O(1),

for fixed β and any i, j, k, ℓ = 1, . . . , n. In other words, the derivative of the metric tensor is

bounded for fixed β. Moreover, by taking derivatives of (2.13), we find that the derivatives of the

36



metric tensor degenerate (w.r.t. β1 and β2) at the rate shown below:

h11̄,1, h11̄,1ℓ̄ = O(β4
1), ℓ = 1, . . . , n

h11̄,2, h11̄,2̄i = O(β3
1β

3
2), i = 1, . . . , n,

h11̄,kℓ̄ = O(β3
1), k ̸= 1, 2, ℓ = 1, . . . , n

h12̄,1 = O(β4
1β

4
2),

h12̄,k = O(β3
1β

3
2), k ̸= 1,

h12̄,1ℓ̄ = O(β4
1β

4
2), ℓ = 1, . . . , n,

h12̄,kℓ̄ = O(β3
1β

3
2), k ̸= 1, ℓ = 1, . . . , n

h1j̄,k = O(β3
1), j ̸= 1, 2, k ̸= 2,

h1j̄,2 = O(β3
1β

3
2), j ̸= 1, 2

h1j̄,kℓ̄ = O(β3
1), j ̸= 1, 2, k ̸= 2, ℓ ̸= 2,

h1j̄,kℓ̄ = O(β3
1β

3
2), j ̸= 1, 2, k = 2 or ℓ = 2,

hij̄,1 = O(β
1/β1−1
1 ), i, j ̸= 1, 2

hij̄,2 = O(β
1/β2−1
2 ), i, j ̸= 1, 2

hij̄,11̄ = O(β
2/β1−2
1 ), i, j ̸= 1, 2

hij̄,22̄ = O(β
2/β2−2
2 ), i, j ̸= 1, 2

hij̄,12̄, hij̄,21̄ = O(β
1/β1−1
1 β

1/β2−1
2 ), i, j ̸= 1, 2

hij̄,k, hij̄,kℓ̄ = O(1), i, j, k, ℓ ̸= 1, 2.

(2.20)

Step 4: Estimate the sum Rij̄kℓ̄u
iūjvkv̄ℓ.

We have shown the derivatives of hij̄ are bounded. To show that Rij̄kℓ̄u
iūjvkv̄ℓ is bounded,
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we consider

Rij̄kℓ̄u
iūjvkv̄ℓ = (−hij̄,kℓ̄ + hst̄hit̄,khsj̄,ℓ)u

iūjvkv̄ℓ.

We consider three different cases.

When none of i, j, k, ℓ, s, t is 1 or 2: then the sum is uniformly bounded because none of

the term blow up w.r.t. β1 or β2.

When s, t ̸= 1, 2 and i, j, k, ℓ may take values from 1 or 2: then we found from (2.20)

that the common factors of powers of β1 or β2 in hij̄,k and hij̄,kℓ̄ compensate for the degeneracy

of u1, u2 and v1, v2.

When s or t = 1, 2: then in the worst case, where s = 1, t = 2, we find from (2.20) that

all the derivatives that have 1 or 2 in the subscript have at least a degeneracy rate of β3
1 or β3

2 .

However, hst̄ blows up at the rate of β−2
1 β−2

2 . Combining this fact with (2.16) we find that the

common factors of β1 and β2 in the derivatives can still compensate for the degeneracy of hst̄ and

u, v.

Then we conclude that when β satisfies that βk ∈ (0, 1/2] for each k, the holomorphic

bisectional curvature of Ωβ is uniformly bounded in β.

2.2.2 A priori estimates

By Theorem 1.2.3, there exists a unique Kähler–Einstein crossing edge metric on X with

cone angle 2πβi along each Di, denoted by ωϕβ = ω −
∑r

i=1 βiθi +
√
−1∂∂̄ϕβ such that


ωnϕβ =

ef+ϕβωn

Πr
i=1|si|

2(1−βi)
hi

,

ωϕβ = ω −
r∑
i=1

βiθi +
√
−1∂∂̄ϕβ > 0,

(2.21)
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where f ∈ C∞(X). In this section, we establish a Laplacian estimate for ωϕβ with respect to the

reference metric Ωβ by proving the following result.

Theorem 2.2.4. For β = (β1, . . . , βr) ∈ (0, 1
2
]r, there exists a constant C > 0 (independent of

β1, . . . , βr) such that

C−1Ωβ ≤ ωϕβ ≤ CΩβ, (2.22)

on X \ supp(D).

Define

ψβ := −
r∑
i=1

log

[
1− |si|2βihi

βi

]2
,

then

Ωβ = ω +
√
−1∂∂̄ψβ.

Proof of Theorem 2.2.4. We divide the proof into two steps. First, we deduce the C0-estimate

for potential functions ϕβ and ψβ by using a modified maximum principle. Then we derive the

Laplacian estimate by applying Chern–Lu’s inequality to the identity map (X,ωϕβ) → (X,Ωβ).

Step 1: C0-estimate: Comparing ϕβ with ψβ.
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We first compare the potential functions of ωϕβ and Ωβ . Let ϕ̃β := ϕβ − ψβ , then we get

ωnϕβ =
eϕβ+fωn∏r
i=1 |si|

2(1−βi)
hi

, (2.23)

⇒(Ωβ −
r∑
i=1

βiθi +
√
−1∂∂̄ϕ̃β)

n = eϕ̃β+FβΩn
β, (2.24)

where Fβ = ψβ + f + log

(
ωn∏r

i=1 |si|
2(1−βi)
hi

· Ωn
β

)
. Then we claim that

Claim 2.2.5. For some uniform constant C > 0,

||Fβ||C0(X\D) ≤ C. (2.25)

Proof. First note that f is smooth on X by construction, hence it is bounded as X is compact.

Therefore, it suffices to show

Fβ − f = ψβ + log

(
ωn∏r

i=1 |si|
2(1−βi)
hi

· Ωn
β

)

= log

( ∏r
i=1 β

2
i · ωn∏r

i=1 |si|
2(1−βi)
hi

(1− |si|2βihi
)2 · Ωn

β

)

is bounded. To prove the claim, it is equivalent to showing

Ωn
β =

∏r
i=1 β

2
i∏r

i=1 |si|
2(1−βi)
hi

(1− |si|2βihi
)2
eO(1)ωn

near the divisor. This amounts to saying that Ωn
β has a pole of order

∏r
i=1 |si|

2(1−βi)
hi

. Without loss

of generality, we can assume r = 1 and thus below we drop the i in the subscript for simplicity.

Let p ∈ M \ D near D. Let e be a local holomorphic frame for LD, and (z1, . . . , zn) be a local
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holomorphic coordinate chart such that s = z1e. Let h = e−ϕ be a smooth hermitian metric on

OX(D) and θ the curvature form of (LD, h). Denote

ω =
√
−1gij̄dzi ∧ dz̄j,

θ =
√
−1ϕij̄dzi ∧ dz̄j.

Recall the expression (2.7) of Ωβ . We calculate

⟨D1,0s,D1,0s⟩ = e−ϕ(dz1 + z1
∂ϕ

∂zk
dzk) ∧ (dz̄1 + z̄1

∂ϕ

∂z̄k
dz̄k)

= e−ϕ[(1 + z̄1
∂ϕ

∂z̄k
+ z1

∂ϕ

∂z1
+ |z1|2

∂ϕ

∂z1

∂ϕ

∂z̄1
)dz1 ∧ dz̄1

+
n∑
k=2

(z̄1
∂ϕ

∂z̄k
+ |z1|2

∂ϕ

∂z1

∂ϕ

∂z̄k
)dz1 ∧ dz̄k

+
n∑
k=2

(z1
∂ϕ

∂zk
+ |z1|2

∂ϕ

∂zk

∂ϕ

∂z̄1
)dzk ∧ dz̄1

+
n∑

k,l=2

|z1|2
∂ϕ

∂zk

∂ϕ

∂z̄l
dzk ∧ dz̄l].
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Hence,

β2

|s|2(1−β)h (1− |s|2βh )2
⟨D1,0s,D1,0s⟩

= (
β2

|s|2(1−β)h (1− |s|2βh )2
+O(1))dz1 ∧ dz̄1 +

n∑
k=2

(
β2|s|2βh

z1(1− |s|2βh )2
+O(1))dz1 ∧ dz̄k

+
n∑
k=2

(
β2|s|2βh

z̄1(1− |s|2βh )2
+O(1))dzk ∧ dz̄1 +

n∑
k,l=2

β2|s|2βh
(1− |s|2βh )2

dzk ∧ dz̄l

= (
β2

|s|2(1−β)h (1− |s|2βh )2
+O(1))dz1 ∧ dz̄1 +

n∑
k=2

(
β2|s|2βh

z1(1− |s|2βh )2
+O(1))dz1 ∧ dz̄k

+
n∑
k=2

(
β2|s|2βh

z̄1(1− |s|2βh )2
+O(1))dzk ∧ dz̄1 +

n∑
k,l=2

O(1)dzk ∧ dz̄l.

Let

(Aij)
n
i,j=1 = (gij̄)

n
i,j=1 −

β|s|2βh
1− |s|2βh

(ϕij̄)
n
i,j=1 +

β2

|s|2(1−β)h (1− |s|2βh )2
⟨D1,0s,D1,0s⟩.

Write (Aij)
n
i,j=1 as a block matrix

(Aij)
n
i,j=1 =

A11 A⃗r

A⃗c (Aij)
n
i,j=2

 , (2.26)
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then

A11 = g11̄ −
β|s|2βh

1− |s|2βh
ϕ11̄ +

β2

|s|2(1−β)h (1− |s|2βh )2
+O(|s|2β−1

h ) +O(|s|2βh )O(1),

A1j = g1j̄ −
β|s|2βh

1− |s|2βh
ϕ1j̄ +O(|s|2β−1

h ) +O(|s|2βh ) +O(1), j = 2, . . . , n,

Ai1 = gi1̄ −
β|s|2βh

1− |s|2βh
ϕi1̄ +O(|s|2β−1

h ) +O(|s|2βh ) +O(1), i = 2, . . . , n,

Akl = O(|s|2βh ) +O(1), k, l = 2, . . . , n.

Recall the formula for determinant of block matrices as in (2.26),

det(Aij)
n
i,j=1 = det(Aij)

n
i,j=2 · (A11 − A⃗r((Aij)

n
i,j=2)

−1A⃗c). (2.27)

Using (2.27),

Ωn
β

ωn
=

det(gij̄ −
β|s|2βh
1−|s|2βh

ϕij̄ +
β2

|s|2(1−β)
h (1−|s|2βh )2

⟨D1,0s,D1,0s⟩)

det(gij̄)

=
det(Aij)

n
i,j=1

det(gij̄)

= eO(1) · det(Aij)ni,j=2 · (A11 − A⃗r((Aij)
n
i,j=2)

−1A⃗c)

= eO(1) ·

(
β2

|s|2(1−β)h (1− |s|2βh )2
+O(|s|4β−2

h ) +O(|s|2β−1
h ) +O(|s|4β−1

h ) +O(|s|2βh ) +O(|s|4βh ) +O(1)

)
.

Thus, one finds that the dominant term is
β2

|s|2(1−β)h (1− |s|2βh )2
. In another word, we have shown

Ωn
β = eO(1) β2

|s|2(1−β)h (1− |s|2βh )2
ωn, which is exactly what we need.
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Lemma 2.2.6. There exists a uniform constant C > 0 in β such that,

sup
X\D

|ϕ̃β| ≤ C,

when βi are small enough for every i.

Proof. First note that for a fixed β, ϕ̃β is bounded according to [27, 38]. We aim to derive a

uniform bound for ϕ̃β in β. Let χβ,ϵ = ϕ̃β + ϵ
∑r

i=1 log |si|2hi for small ϵ > 0. Since χβ,ϵ(p)

approaches −∞ when p→ D, χβ,ϵ obtains its maximum on X \D, at say pmax. Then

0 ≥
√
−1∂∂̄ϕ̃β(pmax)− ϵ

r∑
i=1

θi(pmax),

where θi is the curvature of the Chern connection on (LDi
, hi). Then at pmax,

(Ωβ −
r∑
i=1

βiθi +
√
−1∂∂̄ϕ̃β)

n ≤ (Ωβ +
r∑
i=1

(ϵ− βi)θi)
n (2.28)

≤ 2nΩn
βi
, (2.29)

by the fact that Ωβ ≥ r(ϵ−βi)θi for small enough ϵ and βi, as shown in Lemma 2.2.1. Combining

(2.24) and (2.29), at pmax,

eϕ̃β+Fβ(pmax) ≤ 2n

⇒ ϕ̃β(pmax) ≤ n log 2− Fβ(pmax)

≤ n log 2− inf
X\D

Fβ.
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For any p ∈ X \D,

ϕ̃β(p) = χβ,ϵ(p)− ϵ

r∑
i=1

log |si|2hi(p)

≤ χβ,ϵ(pmax)− ϵ

r∑
i=1

log |si|2hi(p)

≤ n log 2− inf
X\D

Fβ + ϵ

r∑
i=1

log |si|2hi(pmax)− ϵ
r∑
i=1

log |si|2hi(p)

≤ C

for some constant C > 0, when letting ϵ → 0 and using (2.25). Similarly by considering

χ̃β,ϵ := ϕ̃β − ϵ
∑r

i=1 log |si|2hi achieving its minimum on X \D, we can show a lower bound for

ϕ̃β on X \D.

Step 2: The Laplacian estimates for ωϕβ
and Ωβ.

In this section, we use Chern–Lu’s inequality to deduce the Laplacian estimate of ωϕβ with

respect to Ωβ .

Consider the identity map

id : (X \D,ωϕβ) → (X \D,Ωβ).

By definitions, Ricωϕβ = −ωϕβ . From Lemma 2.2.3, |BisecΩβ
| ≤ C3 for some constant C3 > 0

when βi ∈ (0, 1
2
] for every i. Then by Chern–Lu’s inequality [38, Proposition 7.1] (see also [48,

Proposition 7.2]),

∆ωϕβ
(log trωϕβ

Ωβ) ≥ −1− 2C3 trωϕβ
Ωβ. (2.30)
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Set for 0 < ϵ≪ 1,

Hβ,ϵ = log trωϕβ
Ωβ − 4(C3 + 1)ϕ̃β + ϵ

r∑
i=1

log |si|2hi ,

then

∆ωϕβ
Hβ,ϵ = ∆ωϕβ

(log trωϕβ
Ωβ − 4(C3 + 1)ϕ̃β)− ϵ

r∑
i=1

trωϕβ
θi (2.31)

≥ ∆ωϕβ
(log trωϕβ

Ωβ) + 4(C3 + 1)

(
1

2
trωϕβ

Ωβ − n

)
− trωϕβ

Ωβ
, (2.32)

where the last inequality is true by noting that θi ≤MΩβ for some uniform constant M > 0 and

assuming ϵ < 1
2rM

and
∑r

i=1 βi <
1

2M
.

Combine (2.30) and (2.32),

∆ωϕβ
Hβ,ϵ ≥ trωi,ℓ

Ωβi − C (2.33)

for some uniform constant C > 0. Hβ,ϵ achieves its maximum on X \D, at, say qmax. Then by

(2.33),

trωϕβ
Ωβ(qmax) ≤ C.
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For any q ∈ X \D,

log trωϕβ
Ωβ(q) = Hβ,ϵ(q) + 4(C3 + 1)ϕ̃β(q)− ϵ

r∑
i=1

log |si|2hi(q)

≤ Hβ,ϵ(qmax) + 4(C3 + 1)ϕ̃β(q)− ϵ

r∑
i=1

log |si|2hi(q)

≤ C − 4(C3 + 1)ϕ̃β(qmax) + ϵ

r∑
i=1

log |si|2hi(qmax)

+ 4(C3 + 1)ϕ̃i,ℓ(q)− ϵ

r∑
i=1

log |si|2hi(q)

≤ some uniform constant C,

where the last inequality is true by Lemma 2.2.6 and letting ϵ → 0 for fixed q. Hence we have

shown

ωϕβ ≥ C · Ωβ, (2.34)

on X \ supp(D) as desired. Since ωϕβ and Ωβ are equivalent on X , we obtain the estimate (2.22)

on X \D.

2.2.3 Global convergence of ωϕβ

A smooth Kähler metric ΩPC on X \D is said to have mixed cusp and edge singularities

along a divisor D if whenever D is locally given by D =
∑t

i=1{zi = 0}+
∑m

j=t+1(1− βj){zj =
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0} with t < m ≤ n, ΩPC is quasi-isometric to the following metric:

ωPC :=
t∑
i=1

√
−1dzi ∧ dz̄i

|zi|2 log2 |zi|2
+

m∑
j=t+1

β2
j

√
−1dzj ∧ dz̄j
|zj|2(1−βj)

+
n∑

ℓ=m+1

√
−1dzℓ ∧ dz̄ℓ.

In particular, when t = m, ωPC has merely cusp singularities along D.

In the case t = m, it is well known [40, 55] that if KX + D is ample, there exists a unique

Kähler–Einstein metric on X \ D with cusp singularities along D. In general, it is shown that

if KX + D is ample, there exists a unique Kähler–Einstein metric on X \ D with mixed cusp

and cone singularities along D [25, Theorem A]. As a corollary of Theorem 2.2.4, we study the

global weak convergence and local smooth convergence of the Kähler–Einstein crossing edge

metrics ωϕβ to a Kähler–Einstein mixed cusp and edge metric on (X,Dβ) as some of the cone

angles tend to 0. The first observation is the following lemma.

Lemma 2.2.7. Assume βi → 0, for i = 1, . . . , t < r, and βj → dj ∈ (0, 1) for j = t + 1, . . . , r,

then Ωβ weakly converges to some Kähler mixed cusp and edge metric ΩPC . Moreover, Ωβ

converges to ΩPC in C∞
loc(X \ supp(Dβ)).

Proof. Recall the definition of Ωβ . Note that log
[
(1− |si|2βihi

)/βi

]2
converges to log log2 |si|2hi

in L1(X,ω) and C∞
loc(X \ supp(Dβ)) as βi → 0 for each i = 1, . . . , t. Thus Ωβ converges to

ΩPC := ω −
t∑
i=1

√
−1∂∂̄ log log2 |si|2hi −

r∑
j=t+1

√
−1∂∂̄ log

[
1− |sj|

2dj
hj

dj

]2

in C∞
loc(X \ supp(Dβ)) sense and weakly in the sense of currents. It remains to show that ΩPC

has mixed cusp and edge singularities along Dβ . To see this, recall we denote by θi the Chern
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curvature form of (LDi
, hi) for each i, then by (2.8) and (2.10), we calculate that

t∑
i=1

√
−1∂∂̄ log log2 |si|2hi

=
t∑
i=1

2
√
−1 ·

(∂∂̄|si|2hi)(log |si|
2
hi
)(|si|2hi)− ∂(log |si|2hi |si|

2
hi
)∂̄|si|2hi

(log |si|2hi)2(|si|
2
hi
)2

=
r∑
i=1

2
√
−1⟨D1,0si, D

1,0si⟩
log2 |si|2hi|si|

2
hi

+
2

log |si|2hi
θi.

Thus, ΩPC has cusp singularities along Di for i = 1, . . . , t. The result follows.

Theorem 2.2.8. The Kähler–Einstein crossing edge metric ωϕβ converges to the Kähler–Einstein mixed

cusp and edge metric on (X,Dβ) globally in a weak sense and locally in a strong sense when

βi → 0 for i = 1, . . . , t < r and βj → dj ∈ (0, 1) for j = t+ 1, . . . , r.

Proof. By Theorem 2.2.4, the family of ωϕβ has uniformly bounded mass. Thus, the family of

ωϕβ is relatively compact in the weak topology. The same arguments in the proof of Lemma

2.2.6 and elliptic estimates give respectively the C0-estimate and all higher-order estimates for

the family of ωϕβ . Therefore, any weak limit ω0 is smooth on X \ supp(Dβ) and this C∞
loc-

convergence indicates that such ω0 is Kähler–Einstein outside Dβ . Lemma 2.2.7 shows any such

ω0 also admits mixed cusp and edge singularities along Dβ . Thus, by the uniqueness argument

in this setting [25, Proposition 2.5], all such ω0 coincides with the unique Kähler–Einstein metric

on X \ supp(Dβ) with mixed cusp and cone singularities along Dβ . Hence we have shown the

locally strong and globally weak convergence of ωϕβ to a Kähler–Einstein mixed cusp and edge

metric as βi → 0 for i = 1, . . . , t and βj → dj for j = t+ 1, . . . , r.
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2.3 Asymptotic behavior near divisors in the small angle limit

Theorem 2.2.8 only gives us the smooth convergence of ωϕβ to a Kähler–Einstein mixed

cusp and edge metric away from the divisor when cone angles approach 0. In this section, we

study the asymptotic behavior of ωϕβ near D when some of the cone angles tend to 0. More pre-

cisely, consider a fixed point p ∈ Dβ with a holomorphic coordinate chart (U, {zi}ni=1) centered

at p such that Dβ ∩ U = {z1 · · · zm = 0}, for m ≤ n and Dj ∩ U = {zj = 0} for j = 1, . . . ,m.

Let βi denote the cone angle along Di for each i. From now on, assume β1 ≤ β2 ≤ · · · ≤ βm.

We allow other cone angles to tend to 0, but we always assume that β1 goes to 0 in the fastest

speed, i.e., β1/βi ↛ +∞, for i = 2, . . . ,m.

2.3.1 A small neighborhood of Dβ

By choosing an appropriate coordinate system [10, Lemma 4.1], whenever Dβ is locally

given by {z1 · · · zm = 0}, the reference metric Ωβ is equivalent to the following metric:

ωβ,mod :=
m∑
i=1

β2
i

√
−1dzi ∧ dz̄i

|zi|2(1−βi)(1− |zi|2βi)2
+

n∑
j=m+1

√
−1dzj ∧ dz̄j. (2.35)

Thus, Theorem 2.2.4 tells us on X \ supp(Dβ), there exists a uniform constant C > 0 such that

C−1ωβ,mod ≤ ωϕβ ≤ Cωβ,mod. (2.36)

Thanks to (2.36), it is enough to consider ((C∗)m × Cn−m, ωβ,mod) when dealing with a small

neighborhood of Dβ under the metric ωϕβ . Let us fix a point p ∈ Dβ . Let (U, z1, . . . , zn)
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be a holomorphic coordinate chart centered at p, such that U ∩ Dβ = {z1 · · · zm = 0} and

U ∩ Di = {zi = 0} for i = 1, . . . ,m. Let D := {|zi| ≤ 1, i = 1, . . . , n} be the unit polydisk.

Then we claim that the distance function dβ induced by the completion of ωβ,mod on D satisfies

dβ(0, z) ≃
m∑
i=1

1

2
log

(
1 + |zi|βi
1− |zi|βi

)
+

n∑
j=m+1

|zj|, z ∈ D, (2.37)

where ”≃” means ”is equivalent up to a constant independent of z to”. Indeed,
1

2
log

(
1 + xβi

1− xβi

)
is the primitive of

βi
x1−βi(1− x2βi)

, and (2.37) follows from this fact and (2.35). Summarizing

the discussions above, it is enough to study the polydisk in Cn

{
|zi|βi <

1− e−2a

1 + e−2a
, i = 1, . . . ,m, zj < a, j = m+ 1, . . . , n

}
, a > 0,

when we study a neighborhood of Dβ given by the geodesic ball Bωϕβ
(p, a) centered at p of

radius a with respect to the metric ωϕβ .

2.3.2 Mixed cylinder and edge metric

In this section, we focus on a small neighborhood of Dβ and show that in a neighborhood

of Dβ , a renormalization of ωβ,mod locally converges to a mixed cylinder and edge metric (see

Definition 2.3.1 below) in the C∞-sense.

Definition 2.3.1. A Kähler metric ω̃ on (C∗)m×Cn−m is called a mixed cylinder and edge metric
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if ω̃ is quasi-isometric to the following metric:

ωmix :=
t∑
i=1

√
−1dzi ∧ dz̄i

|zi|2
+

m∑
j=t+1

β2
j

√
−1dzj ∧ dz̄j
|zj|2(1−βj)

+
n∑

ℓ=m+1

√
−1dzℓ ∧ dz̄ℓ,

where βj ∈ (0, 1) for j = t+ 1, . . . ,m.

Denote by

D(a1, . . . , am, b) := {z ∈ (C∗)m × Cn−m : |zi| < ai, i = 1, . . . ,m, |zj| < b, j = m+ 1, . . . , n}.

Let

Uβ := D

(
e
− 1

2β1 ,

(
β1
β2

) 1
2β2

, . . . ,

(
β1
βm

) 1
2βm

, 1

)
.

From Section 2.3.1, one realizes Uβ as a neighborhood of Dβ . We endow Uβ with
1

β2
1

ωβ,mod.

Define a map

Ψβ : D

(
e

1
2β1 ,

(
β2
β1

) 1
2β2

, . . . ,

(
βm
β1

) 1
2βm

,
1

β1

)
→ Uβ = D

(
e
− 1

2β1 ,

(
β1
β2

) 1
2β2

, . . . ,

(
β1
βm

) 1
2βm

, 1

)

(w1, . . . , wm, wm+1, . . . , wn) 7→

(
e
− 1

β1w1,

(
β1
β2

) 1
β2

w2, . . . ,

(
β1
βm

) 1
βm

wm, β1wm+1, . . . , β1wn

)
.
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On Ψ−1
β (Uβ), the pull-back metric reads

Ψ∗
β(

1

β2
1

ωβ,mod) =
e−2|w1|2β1

(1− e−2|w1|2β1)2
·
√
−1dw1 ∧ dw̄1

|w1|2
+

m∑
i=2

√
−1dwi ∧ dw̄i

|wi|2(1−βi)(1− β2
1

β2
i
|wi|2βi)2

(2.38)

+
n∑

j=m+1

√
−1dwj ∧ dw̄j. (2.39)

Note that for (w1, . . . , wm, wm+1, . . . , wn) ∈ (C∗)m × Cn−m, |w1|2β1 → 1 as β1 → 0 and

β2
1

β2
i
|wi|2βi → 0 as β1

βi
→ 0. Moreover, for any compact subset K ⊂ (C∗)m × Cn−m, when β1 is

small enough, K ⊂ Ψ−1
β (Uβ). Hence we have indeed shown the following result.

Lemma 2.3.2. The pull-back of 1
β2
1
ωβ,mod by Ψβ on any compact subset K ⊂ (C∗)m × Cn−m

converges to a mixed cylindrical and conical metric in C∞(K) when β1 → 0 and βi does not

converge to 0 for each i = 2, . . . ,m.

Proof. Summarizing the discussions above, Ψ∗
β(

1
β2
1
ωβ,mod) converges to

e−2

(1− e−2)2
·
√
−1dw1 ∧ dw̄1

|w1|2
+

m∑
i=2

√
−1dwi ∧ dw̄i
|wi|2(1−βi)

+
n∑

j=m+1

√
−1dwj ∧ dw̄j =: ω̂,

which is a mixed cylinder and edge metric by Definition 2.3.1, in C∞(K) as β1 → 0 and β1
βi

→

0, ∀i = 2, . . . ,m.

2.3.3 Convergence of renormalized ωϕβ
near Dβ

For a Kähler metric ξ on Cn, let us denote ξ̄ := Ψ∗
β

(
1

β2
1

ξ

)
.
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Theorem 2.3.3. Let {β1,k}k∈N be a sequence of positive numbers converging to 0. Assume further

that limk→∞ βi,k > 0 for each i = 2, . . . , r. Assume all βi,k ∈ (0, 1
2
]. Let ωϕβk be the (negatively

curved) Kähler–Einstein crossing edge metric on (X,Dk =
∑r

i=1(1 − βi,k)Di). Then there

exists a subsequence of the metric spaces
(
Uβk ,

1
β2
1,k
ωϕβk

)
which converges in pointed Gromov-

Hausdorff topology to ((C∗)m×Cn−m, ω̄∞), where ω̄∞ is a mixed cylindrical and conical metric.

Indeed, a subsequence of ω̄ϕβk converges in C∞
loc((C∗)m × Cn−m)-topology to ω̄∞.

Proof. First note that ωϕβ admits a potential function on Uβ since ωβ,mod admits one. Thus,

ω̄ϕβ admits a potential function on Ψ−1
β (Uβ), denoted by ϕ̄β . The proof consists of three steps.

We first deduce the C0-estimate of ϕ̄β using Theorem 2.2.4. Then we derive the C2,α-estimates

for ϕ̄β by the standard regularization arguments for Monge–Ampère equations. This combining

with Arzelà–Ascoli Theorem gives us a cluster value of the metrics. Finally, we use that smooth

convergence to conclude the pointed Gromov–Hausdorff convergence as wanted.

Step 1: C0-estimates.

Discussions in Section 2.3.1 indicate that there exists a uniform constant C > 0 (indepen-

dent of β ∈ (0, 1
2
]r) such that

C−1ωβ,mod ≤ ωϕβ ≤ Cωβ,mod

on Uβ . Thus

C−1Ψ∗
β

(
1

β2
1

ωβ,mod

)
≤ ω̄ϕβ ≤ CΨ∗

β

(
1

β2
1

ωβ,mod

)
.

By Lemma 2.3.2, Ψ∗
β(

1
β2
1
ωβ,mod) converges in C∞(K) to ω̂ for any compact K ⊂ (C∗)m×Cn−m.
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Hence, there exists a constant CK > 0 (independent of β) such that

C−1
K ω̂ ≤ ω̄ϕβ ≤ CKω̂. (2.40)

By (2.40), ω̄ϕβ is uniformly bounded in mass on K. Then by the weak compactness of positive

currents and the equivalence between this and the L1-convergence of potential functions, we can

find a normalized potential function ϕ̄β such that it has a uniform L1
loc bound, hence uniform Lploc

bounds, for any p > 1. By (2.40), ∆ϕ̄β is uniformly bounded. Thus by standard elliptic regularity

results, [23, Theorem 8.17], there exists a constant C independ of β such that

||ϕ̄β||C0(K) ≤ C, for C = C(K). (2.41)

Step 2: Higher-order estimates and the smooth local convergence.

Since ωϕβ satisfies the Kähler–Einstein equation outside Dβ , ω̄ϕβ satisfies

Ric ω̄ϕβ = −β2
1 ω̄ϕβ on K. (2.42)

Let dVeucl denote the Euclidean volume form on (C∗)m × Cn−m. Define

Hβ := log
ω̄nϕβe

−β2
1 ϕ̄β

dVeucl
.

Hβ is pluriharmonic by (2.42). By the definition of Hβ ,

(
√
−1∂∂̄ϕ̄β)

n = eβ
2
1 ϕ̄β+HβdVeucl. (2.43)
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By (2.40),

||β2
1 ϕ̄β +Hβ||C0(K) < +∞. (2.44)

Combining (2.41) and (2.44), we see ||Hβ||C0(K) < +∞. Then by gradient estimates for pluri-

harmonic functions,

||Hβ||Ck(K) < C(k,K), where C(k,K) only depends on k and K not on β. (2.45)

Define

Φ : ϕ 7→ log
(
√
−1∂∂̄ϕ)ne−β

2
1ϕ

dVeucl
.

Φ is a uniform elliptic concave operator as a function of ∂∂̄ϕ. Hence by Evans–Krylov theory,

||ϕ||C2,α(K) is controlled by ||ϕ||C0(K′), ||∆ϕ||C0(K′) and ||Φ(ϕ)||C0,1(K′) for some K ′ ⋑ K. Since

Φ(ϕ̄β) = Hβ , by (2.45), (2.41) and the fact ||∆ϕ̄β||C0(K′) < +∞, there exist some α ∈ (0, 1) and

a uniform constant C > 0 such that

||ϕ̄β||C2,α(K) ≤ C.

By standard bootstrapping arguments, every derivative of ϕ̄β is uniformly bounded on K. Then

Arzelà-Ascoli theorem indicates (ϕ̄βk)k∈N has a convergent subsequence in C∞(K)-topology.

Recall (2.42), letting β1 → 0 then due to the C∞-convergence above we get a cluster value ω̄∞
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such that

Ric ω̄∞ = 0.

By (2.40), ω̄∞ is quasi-isometric to ω̂, and therefore is a mixed cylinder and edge metric.

Step 3: Pointed Gromov–Hausdorff convergence

It remains to show a subsequence of (Uβk ,
1
β2
1,k
ωϕβk ) converges in pointed Gromov-Hausdorff

topology to ((C∗)m × Cn−m, ω̄∞). Fix q ∈ (C∗)m × Cn−m and fix a radius a > 0. First

note that by construction, Bω̄ϕβk
(q, a) is isometric to B 1

β2
1,k

ωϕβk

(Ψβk(q), a). Secondly, by let-

ting the index k ∈ N be large enough, we have Bω̄∞(q, 2a) ⊂ Ψ−1
βk
(Uβk). Finally, due to the

local C∞-convergence, Bω̄ϕβk
(q, a) ⊂ Bω̄∞(q, 2a) and Bω̄ϕβk

(q, a) converges to Bω̄∞(q, a) in

the Gromov-Hausdorff topology. Therefore (Uβk ,
1
β2
1,k
ωϕβk ) converges (up to a subsequence) in

pointed Gromov-Hausdorff topology to ((C∗)m × Cn−m, ω̄∞) by [7, Definition 8.1.1].

By the same idea in the proof of Theorem 2.3.3, we have the following results by modifying

the result of Lemma 2.3.2.

Theorem 2.3.4. Let {β1,k}k∈N be a sequence of positive numbers converging to 0. Assume further

that for any i = 2, . . . , r such that {βi,k}k∈N also converges to 0, there holds limk→∞
β1,k
βi,k

∈ [0, 1].

Assume βi,k ∈ (0, 1
2
] for i = 1, 2, . . . , r and all k ∈ N. Let ωϕβk be the (negatively curved)

Kähler–Einstein crossing edge metric on (X,Dk =
∑r

i=1(1− βi,k)Di). Then there exists a sub-

sequence of the metric spaces (Uβk ,
1
β2
1,k
ωϕβk ) converging in pointed Gromov-Hausdorff topology

to ((C∗)m × Cn−m, ω̄∞), where ω̄∞ is a mixed cylinder and edge metric with cylindrical part

along components whose cone angles converge to 0 and conical part along other components.
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Chapter 3: Large and small angle limits of KEE metrics on Calabi–Hirzebruch

manifolds

This is based on joint work with Yanir A. Rubinstein and Kewei Zhang.

3.1 Motivation

In the preceding chapter, we considered the small angle limits of KEE metrics that are

negatively curved. In this chapter, we will focus on certain KEE metrics that are positively

curved.

3.1.1 KEE metrics on P1

Recall (1.4), there exists a positively curved Kähler–Einstein metric on Pn, namely the

Fubini–Study metric. In the simplest case, P1, let us denote the homogeneous coordinate by

[Z0 : Z1] and consider the chart {Z0 ̸= 0} with local holomorphic coordinate z := Z1/Z0. The

Fubini–Study metric is given by

ωFS =
√
−1∂∂̄ log(1 + |z|2)

=

√
−1

(1 + |z|2)2
dz ∧ dz̄.
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We identify P1 with the unit sphere S2 ⊂ R3 such that the north pole N corresponds to

[1 : 0] ∈ P1 and the south pole S to [0 : 1] ∈ P1. Under this identification, the chart {Z0 ̸= 0} is

exactly S2 \ {S}, on which the standard round metric reads

ωround = 2ωFS =
2
√
−1

(1 + |z|2)2
dz ∧ dz̄. (3.1)

From now on, we identify P1 with S2 and make no difference between them. The KEE

metric on P1 with edge singularities along {Z0 = 0} and {Z1 = 0} is exactly the KEE metric

on S2 with edge singularities at the two poles. The KEE equation in this case is as follows (cf.

(1.8)):

Ricω = ω + 2π(1− β1)[N ] + 2π(1− β2)[S], (3.2)

where β1 and β2 are cone angles.

The solution to (3.2) is explicitly known as follows. The cone angles must satisfy β1 = β2

to admit a solution. Denoting by β the cone angle β1 = β2, the KEE metric reads

ωS2,KEE =
√
−1

2β2|z|2β−2

(1 + |z|2β)2
dz ∧ dz̄. (3.3)

Remark 3.1.1. Indeed, the KEE metric ωS2,KEE can be obtained by pulling back the standard

round metric from a wedge to C, under the map z 7→ zβ:

C → {w = reiθ ∈ C : r > 0, 0 ≤ θ < 2πβ}

z 7→ zβ.

According to (3.3), the KEE metric on P1 converges smoothly to the standard round metric
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(3.1) on P1 as β → 1. On the other side, the renormalized metric ωS2,KEE/β
2 restricted to

P1 \ {Z0Z1 = 0} converges to the cylinder metric

√
−1

2|z|2
dz ∧ dz̄, z ∈ C∗

smoothly as β → 0.

Remark 3.1.2. In [49], the authors further studied on P1 the Kähler–Ricci soliton equation with

edge singularities, cf. (1.11),

Ricω = ω −
√
−1∂∂̄h+ 2π(1− β1)[N ] + 2π(1− β2)[S],

where h is a real-valued smooth function with holomorphic gradient vector field. Under this

setting, the cone angles must be different to recover non-trivial soliton metrics other than the

trivial one: the KEE metric on P1. The small angle limits of such edge soliton metrics lead to

either the cigar soliton or cylinder metrics under different renormalizations [50, Theorem 1.2 and

1.3].

3.1.2 Calabi–Hirzebruch manifolds as a generalization of P1

A natural generalization of P1 to the higher dimension is Pn. However, by identifying P1

as a P1-fibration over a point, there is another way to generalize it to higher dimensional spaces:

we consider P1-fibration over Pn−1 base, for n ≥ 2.
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To this end, Hirzebruch [35] constructed a family of complex surfaces

Fk := P(−kHP1 ⊕ CP1), , k ≥ 1

where −kHP1 is the total space of the k-times tensor product of the tautological bundle, and CP1

is the trivial bundle over P1. This construction can be understood as P1 bundles over the base P1.

Calabi [9] generalized the idea of Hirzrbruch to P1-fibrations over the base Pn−1, and in-

troduced the following definition, which will be the focus of this chapter:

Definition 3.1.3. The Calabi–Hirzebruch manifold, denoted by Fn,k, where n, k ∈ N, is defined

as follows:

Fn,k := P(−kHPn−1 ⊕ CPn−1), n, k ∈ N,

where HPn−1 is the hyperplane bundle over Pn−1 and CPn−1 is the trivial one.

The similarity between Fn,k and P1 lies in the fact that they both admit disjoint divisors: on

P1, we have the KEE metrics (3.3) that admit edge singularities at the north and south poles. On

Fn,k, we denote by [Z1 : · · · : Zn] the homogeneous coordinates on the base Pn−1. Working on the

chart {Zi ̸= 0}, we shall use the nonhomogeneous coordinates zj := Zj/Zi for all j ̸= i. Denote

by w the coordinate along each fiber on −kHPn−1 . Then w ∈ C for −kHPn−1 and w ∈ C ∪ {∞}

for Fn,k. Analogous to P1, we also have two disjoint divisors on Fn,k: the zero section

Zn,k := {w = 0} (3.4)
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and the infinity section

Zn,−k := {w = ∞}. (3.5)

In this chapter, we will construct positively curved KEE metrics that admit edge singu-

larities along these two divisors on Fn,k, which generalizes the construction of KEE metrics on

P1.

Furthermore, we study the asymptotic behavior of these KEE metrics and show that the

limit metrics recover several classical constructions.

3.1.3 Examples of Ricci-flat metric

In the preceding sections, we focused on KEE metrics that are positively curved. In this

section, we briefly divert (though not entirely) our attention to introduce two classical construc-

tions of Ricci-flat metrics.

We start from a specific dimension: the complex dimension 2.

Eguchi–Hanson metrics are constructed about half a century ago [21]. It is one of the

earliest discovered Ricci-flat metrics that are not flat. They are initially defined locally on C2\{0}

and soon be extended (so that no longer being singular) to the complex manifold: the total space

of the line bundle −2HP1 .

We start from the construction on C2 \ {0}. For (x1 +
√
−1y1, x2 +

√
−1y2) ∈ C2, the

Hopf coordinates are defined as:

x1 +
√
−1y1 = ξ cos

θ

2
e

√
−1
2

(ψ+ϕ),

x2 +
√
−1y2 = ξ sin

θ

2
e

√
−1
2

(ψ−ϕ),
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for ξ ≥ 0, θ ∈ [0, π], ψ ∈ [0, 4π] and ϕ ∈ [0, 2π]. Then, we define one-forms on C2 by

σ1 : =
1

ξ2
(x1dy2 − y2dx1 + y1dx2 − x2dy1) =

1

2
(sinψdθ − sin θ cosψdϕ),

σ2 : =
1

ξ2
(y1dy2 − y2dy1 + x2dx1 − x1dx2) =

1

2
(− cosψdθ − sin θ sinψdϕ),

σ3 : =
1

ξ2
(x2dy2 − y1dx2 + x1dy1 − y1dx1) =

1

2
(dψ + cos θdϕ).

(3.6)

Direct calculations yield:

dσ1 = 2σ2 ∧ σ3,

dσ2 = 2σ3 ∧ σ1,

dσ3 = 2σ1 ∧ σ2.

(3.7)

The standard Euclidean metric on C2 can be written as

dx21 + dy21 + dx22 + dy22 = dξ2 + ξ2(σ2
1 + σ2

2 + σ2
3).

The Eguchi–Hanson metric with parameter ϵ > 0 is defined by

gEH,ϵ :=

(
1− ϵ4

ξ4

)−1

dξ2 + ξ2
(
σ2
1 + σ2

2 +

(
1− ϵ4

ξ4

)
σ2
3

)
, ξ ≥ ϵ. (3.8)

Proposition 3.1.4. Eguchi–Hanson metrics defined in (3.8) are Ricci-flat.

Proof. We provide a proof by directly calculating connection forms and curvature forms of the

metric. See Remark 3.1.5 for another proof using Kähler forms of Eguchi–Hanson metrics.

Consider a change of variable ζ = ζ(ξ) such that dζ = (1 − (ϵ/ξ)4)−1/2dξ. Then we can
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write (3.8) in the form

gEH,ϵ = dζ2 + f 2(ζ)(σ2
1 + σ2

2 + g2(ζ)σ2
3),

where f = ξ and g = (1− (ϵ/ξ)4)1/2. Consider an orthonormal basis

(ω0, ω1, ω2, ω3) = (dζ, fgσ3, fσ1, fσ2).

Then gEH,ϵ =
∑3

i=0(ω
i)2 and {ωi}3i=0 satisfy the following equations:

dωi = ωj ∧ ωij, for i = 0, 1, 2, 3,

ωji + ωij = 0, for i, j = 0, 1, 2, 3,

where {ωji }3i,j=0 are connection forms with respect to {ωi}3i=0. Next let us determine connection

forms. For i = 1, we have

dω1 =
f ′g + fg′

fg
ω0 ∧ ω1 +

2g

f
ω2 ∧ ω3,

where f ′ and g′ denote the derivative with respect to ζ . Without loss of generality, we let

ω1
0 =

f ′g + fg′

fg
ω1,

ω1
2 =

g

f
ω3,

ω1
3 = − g

f
ω2.

(3.9)
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It remains to find ω2
0 , ω3

0 and ω3
2 due to the skew-symmetry of connection forms. By similar

calculations we have

dω2 =
f ′

f
ω0 ∧ ω2 +

2

fg
ω3 ∧ ω1,

dω3 =
f ′

f
ω0 ∧ ω3 +

2

fg
ω1 ∧ ω2.

(3.10)

Thus, combining (3.9) and (3.10) we obtain

ω2
0 =

f ′

f
ω2,

ω3
0 =

f ′

f
ω3,

ω3
2 =

g2 − 2

fg
.

(3.11)

Notice that

f ′ =
dξ

dζ
= (1− (ϵ/ξ)4)1/2 = g,

g′ = 2ϵ4f−5.

(3.12)

Combining (3.9), (3.11) and (3.12) we see

ω1
0 = −ω3

2,

ω1
2 = ω3

0,

ω1
3 = −ω2

0.

(3.13)

By (3.13) and the fact that Rj
i = dωji − ωki ∧ ω

j
k, for i, j = 0, 1, 2, 3, we obtain that the curvature
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forms also satisfy

R1
0 = −R3

2,

R1
2 = R3

0,

R1
3 = −R2

0.

Finally, the Ricci-flatness comes from the formula Ricij =
∑3

k=0R
k
ikj and the first Bianchi

identity.

Introduce

r4 = ξ4 − ϵ4, ξ ≥ ϵ,

then (3.8) can be written as

gEH,ϵ =
r2

(ϵ4 + r4)
1
2

(dr2 + r2σ2
3) + (ϵ4 + r4)

1
2 (σ2

1 + σ2
2), r ≥ 0. (3.14)

From (3.14) we are able to convert Eguchi–Hanson metrics into complex form by letting (z1, z2) ∈

C2 satisfy

z1 = r cos
θ

2
e

√
−1
2

(ψ+ϕ),

z2 = r sin
θ

2
e

√
−1
2

(ψ−ϕ).

(3.15)

Denote by ωEH,ϵ the Kähler form corresponding to gEH,ϵ. Then by (3.14) we have in complex
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coordinates,

ωEH,ϵ =
√
−1∂∂̄[

√
r4 + ϵ4 + log r2 − log(ϵ2 +

√
r4 + ϵ4)] (3.16)

=

√
−1r2√
r4 + ϵ4

(dz1 ∧ dz̄1 + dz2 ∧ dz̄2) +
ϵ4√
r4 + ϵ4

√
−1∂∂̄ log(r2). (3.17)

Remark 3.1.5. By calculating the Ricci form of ωEH,ϵ as in (3.17), we can also derive the Ricci-

flatness of Eguchi–Hanson metrics. Indeed, from (3.17) we calculate

RicωEH,ϵ = Ric
√
−1

([
r2√
r4 + ϵ4

+
ϵ4|z2|2√
r4 + ϵ4r4

]
dz1 ∧ dz̄1

− ϵ4z2z̄1√
r4 + ϵ4r4

dz1 ∧ dz̄2 −
ϵ4z1z̄2√
r4 + ϵ4r4

dz2 ∧ dz̄1

+

[
r2√
r4 + ϵ4

+
ϵ4|z1|2√
r4 + ϵ4r4

]
dz2 ∧ dz̄2

)

= −
√
−1∂∂̄ log

([
r2√
r4 + ϵ4

+
ϵ4|z2|2√
r4 + ϵ4r4

]2
− ϵ4|z1|2|z2|2

(r4 + ϵ4)r8

)
= −

√
−1∂∂̄ log 1

= 0.

From (3.14) one finds that gEH,ϵ is defined on C2 with singularity at r = 0. Since gEH,ϵ is

invariant under the antipodal reflection, we have an induced metric on (C2 \ {0})/Z2 that admits

no singularity. The last step is to consider the blow-up of (C2 \ {0})/Z2 at the origin, which

is biholomorphic to the total space of the line bundle −2HP1 , then a calculation in (3.76) below

shows that σ2
1 + σ2

2 is the pull-back of the Fubini–Study metric from the exceptional divisor.
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Hence gEH,ϵ extends to a metric on the total space −2HP1 by letting r = 0 when restricting gEH,ϵ

to the exceptional divisor, as in (3.17).

More generally, Calabi constructed the following family of Ricci-flat (See Theorem 3.6.1

for a proof of Ricci-flatness) metrics that generalizes the construction of Eguchi and Hanson, on

the total space of −nHPn−1 . To streamline the presentation, we recall the coordiante system we

used when defining (3.4) and (3.5).

Consider the Hermitian norm on −kHPn−1 (and also Fn,k) that is defined as

||(z1, . . . , ẑi, . . . , zn, w)|| := |w|2
(
1 +

n∑
j ̸=i

|zj|2
)k

,

on the chart {Zi ̸= 0}. Let s be the logarithm of this fiberwise norm, i.e.,

s := log |w|2 + k log

(
1 +

∑
j ̸=i

|zj|2
)
. (3.18)

Let s be defined in (3.18). Fix k = n, i.e., assume that the fibers are those of the line bundle

−nHPn−1 . Considers a change of coordinate λ ∈ (1,+∞) such that

λ = (es + 1)
1
n . (3.19)

Note that {λ = 1} corresponds to the zero section Zn,n = {w = 0} on −nHPn−1 . Calabi’s

metrics, denoted by ωceh,n is defined by giving its potential function as follows:

f(λ) := nλ+ n

∫
1

λn − 1
dλ, (3.20)
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where the last term denotes an indefinite integral, and

ωceh,n :=
√
−1∂∂̄f(λ). (3.21)

3.1.4 Relating the KEE and Ricci-flat metrics

The contribution of us is to first construct KEE metrics on Fn,k and then study the limit

behavior of these metrics. We summarize all the interesting limit behaviors in Table 3.1, and

in particular, we show that the Eguchi–Hanson metric and Calabi’s Ricci flat metrics defined

on non-compact spaces are pointed Gromov–Hausdorff limits of the singular metrics defined on

compact spaces.

3.2 Results

In Section 3.3, we will define two (families of) model metrics. The first are Ricci-flat edge

metrics on the total space of the (non-compact) line bundle −kHPn−1 ,

ωeh,n,k,

and an edge singularity of the angle 2πn/k alongZn,k. The second are compact Kähler–Einstein edge

spaces with positive Ricci curvature (n+ 1)/k and an edge singularity of angle 2π/k,

ωorb,n,k,
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on the weighted projective space Pn(1, . . . , 1, k), cf. Definition 3.3.3. These two model spaces

turn out to be the different Gromov–Hausdorff limits of large-angle limits of the KEE metrics we

construct on the Calabi–Hirzebruch manifolds.

3.2.1 Large angle limits

The following result describes precisely the different large-angle limits that arise from the

KEE metrics we construct, by either using different pointed limits or else parametrizing the angles

in different ways. Denote by ηβ1 the KEE metrics that exist on Fn,k with cone angle β1 along Zn,k,

and by ξβ2 the one with cone angle β2 along Zn,−k. It will be shown that β1 ranges in (0, n/k)

and β2 ranges in (0, 1/k).

Theorem 3.2.1. Fix a base point p on the zero section of Fn,k and q on the infinity section.

The pointed metric space (Fn,k, ηβ1 , p) converges in the pointed Gromov–Hausdorff sense to

(−kHPn−1 , ωeh,n,k, p) as β1 tends to n/k. On the other hand, (Fn,k, ξβ2 , q) converges in the

pointed Gromov–Hausdorff sense to (Pn(1, . . . , 1, k), ωorb,n,k, q) as β2 → 1/k.

In particular, when n = k = 2, Theorem 3.2.1 amounts to saying that the Eguchi–Hanson

metric (3.14) is the Gromov–Hausdorff limit of compact Kähler–Einstein edge metrics that we

construct on the second Hirzebruch surface (see Remark 3.6.3 for more details). More generally,

when n = k, Theorem 3.2.1 recovers Calabi’s Ricci-flat metrics (3.21), once again as a limit of

compact Einstein spaces.

The proof of Theorem 3.2.1 is divided into two parts. In Section 3.5, we study asymptotic

behaviors of Kähler–Einstein edge metrics ηβ1 and ξβ2 when β1, or respectively β2, is close to

n/k or 1/k. In Section 3.6, we prove the convergence results by studying a family of ODEs that
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Figure 3.1: The upper part shows the Kähler edge structure on the Calabi–Hirzebruch manifold
Fn,k. When n = 2, F2,k is the k-th Hirzebruch surface and Z2,±k is a ∓k-curve. The lower part
shows the different limits described in Theorem 3.2.1. Note that on the left, we get a non-compact
limit, with q (together with all of Zn,−k) pushed-out to infinity. On the right we get a compact
limit, with p limiting (together with all of Zn,k) to an isolated orbifold point.
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arises from the construction of ηβ1 and ξβ2 .

Remark 3.2.2. The two families of Kähler–Einstein edge metrics ηβ1 and ξβ2 are related via a

simple, but important, rescaling. In Theorem 3.2.1, we see that different limits airse for those

two family of metrics. The normalization factor can be obtained by studying the asymptotic

behavior of ξβ2: see Proposition 3.5.5 for details.

Remark 3.2.3. As noted before Theorem 3.2.1, β1 ranges in (0, n/k) and β2 ranges in (0, 1/k). In

proving Theorem 3.2.1 for the family ηβ1 one obtains the asymptotic dependence of β2 on β1 in

terms of a parameter that controls the length of the fibers in the Hirzebruch fibration—see (3.55).

This shows that as β1 tends to its maximal value n/k, β2 tends to its maximal value as well, 1/k,

and the divisor Zn,k gets pushed-off to infinity. When we consider the family ξβ2 parametrized

in terms of β2, let β2 tend towards 1/k, while the parameter β1 still tends towards its maximal

value n/k we get a completely different limiting behavior: instead of a non-compact limit we

get a compact limit via a metric degeneration along Zn,k. Thus, studying the two families is an

essential feature of the setting and leads to two completely different Gromov–Hausdorff limits as

in Theorem 3.2.1.

Remark 3.2.4. Abreu [1, §5] and subsequently Atiyah–LeBrun [3, (5.5)–(5.6)] also studied a

family of Einstein metrics with orbifold/edge singularities converging (roughly) to the Eguchi–

Hanson metric. However, there are important differences between their construction and ours:

(i) their metrics are not Kähler, (ii) they work on the space P2 while we work on the second

Hirzebruch surface F2 (which generalizes to Fn,k in higher-dimensions), (iii) the metrics they

construct in the sequence are singular along a single P1 divisor instead of two P1 divisors, as in

our construction, (iv) their limit metric is not precisely the Eguchi–Hanson metric, but rather its
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double cover (they obtain an angle of 4π along a P1 divisor).

3.2.2 Small angle limits

Next, we consider small angle limits in the setting of Fn,k. Denote by η̃β1 and ξ̃β2 fiber-wise

rescalings of ηβ1 , ξβ2 , respectively (see (3.71) and §3.7).

Theorem 3.2.5. Both (Fn,k, ηβ1) and (Fn,k, ξβ2) converge in the Gromov–Hausdorff sense to

(Pn−1, kωFS) as β1 or β2 tends to 0. Moreover, as β1 ↘ 0, (Fn,k, η̃β1 , p) converges in the pointed

Gromov–Hausdorff sense to (Pn−1 ×C∗, k
n
(nπ∗

1ωFS + π∗
2ωCyl), p) and similarly for (Fn,k, ξ̃β2 , q),

where p, q ∈ Fn,k are as in Theorem 3.2.1.

A compendium of the limit theorems in [49, 50] and the present work is shown in Table 1.

n k β1 β2 Sequence Limit Reference

1 k β1 ↘ 0 β2(β1) ≡ β1 football metrics (C∗, ωCyl) folklore, [49, Thm 1.3]

1 k β1 ↗ 1 β2(β1) ≡ β1 football metrics (P1, ωFS) folklore, [49, Thm 1.2]

2 k β1 ↘ 0 β2(β1) = β1 +O(β2
1) KEE metrics (P1, kωFS) [50, Thm 1.2]

2 k β1 ↘ 0 β2(β1) = β1 +O(β2
1) rescaled KEE metrics (P1 × C∗, kπ∗

1ωFS + kπ∗
2ωCyl) [50, Thm 1.2]

2 1 β1 → 1 β2(β1) →
√
3− 1 KEE metrics KEE metric on (F1, Z−1) [50, Cor 1.5]

2 1 β1 ↗ 2 β2(β1) ↗ 1 KEE metrics Ricci-flat metric on (−HP1 , Z1) Thm 3.9.3

2 1 the metric degenerates on Z1 β2 ↗ 1 KEE metrics (P2, ωFS) Thm 3.9.5.

2 1 β1(β2) ↗ 2 β2 ↗ 1 rescaled KEE metrics Ricci-flat metric on (−HP1 , Z1) Thm 3.9.7

2 2 β1 ↗ 1 β2(β1) ↗ 2 KEE metrics Eguchi–Hanson metric (ϵ = 1) Thm 3.6.1

2 k the metric degenerates on Z2,k β2(β1) ↗ 1/k KEE metrics (P2(1, 1, k), ωorb,2,k) Thm 3.6.4

n 1 the metric degenerates on Zn,1 β2(β1) ↗ 1 KEE metrics (Pn, ωFS) Thm 3.6.4

n k β1 ↗ n/k β2(β1) ↗ 1/k KEE metrics (−kHPn−1 , ωeh,n,k) Thm 3.6.1

n k β1 ↘ 0 β2(β1) = β1 +O(β2
1) rescaled KEE metrics (Pn−1 × C∗, k

n
(nπ∗

1ωFS + π∗
2ωCyl)) Thm 3.7.6

n k the metric degenerates on Zn,k β2 ↗ 1/k KEE metrics (Pn(1, . . . , 1, k), ωorb,n,k) Thm 3.6.4

n k β1(β2) ↗ n/k β2 ↗ 1/k rescaled KEE metrics (−kHPn−1 , ωeh,n,k) Cor 3.6.5

n k β1(β2) = β2 +O(β2
2) β2 ↘ 0 rescaled KEE metrics (Pn−1 × C∗, k

n
(nπ∗

1ωFS + π∗
2ωCyl)) Thm 3.7.11

Table 3.1: Limits of Kähler–Einstein edge metrics on Fn,k, the k-th Calabi–Hirzebruch manifold
of dimension n.
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3.2.3 Organization

In Section 3.3, we define two families of model metrics respectively on the total space of

line bundles −kHPn−1 and the weighted projective space. In Section 3.4, we construct Kähler–

Einstein edge metrics on the Calabi–Hirzebruch manifolds following Calabi ansatz. In Section

3.5, we study the asymptotic behaviors of Kähler–Einstein edge metrics by reducing it to the

study of some ODEs. In Section 3.6, we consider the Gromov–Hausdorff limits of the Kähler–

Einstein edge metrics on the Calabi–Hirzebruch manifolds and find out the model metrics in

the limit. Theorem 3.2.1 is then proved in two parts: Theorem 3.6.1 and Theorem 3.6.4. The

first statement of Theorem 3.2.5 about the non-rescaled limits is proved in Theorems 3.7.1 and

3.7.10. The second statement of Theorem 3.2.5 concerning rescaled limits and pointed limits is

contained in Theorems 3.7.6 and 3.7.11. We also discuss the relation between Theorem 3.6.1

and Theorem 3.6.4 as mentioned in Remark 3.2.2 in Corollary 3.6.5. P1-fibrations over the base

Pn−1 Appendices 3.8 explain how to understand Eguchi–Hanson metrics as Gromov–Hausdorff

limits of Kähler–Einstein edge metrics. In Appendix 3.9, we provide more examples of Kähler–

Einstein edge metrics and their Gromov–Hausdorff limit metrics.

3.3 Model metrics

In this section, we introduce two model metrics ωeh,n,k and ωorb,n,k, that are defined respec-

tively on the total space of line bundles −kHPn−1 and the weighted projective space Pn(1, . . . , 1, k),

cf. Definition 3.3.3. They will serve as the candidates of limit metrics in the latter sections.

Recalling the logarithmic of the fiberwise norm (3.18), we will define model metrics that

depend only on s on −kHPn−1 and Pn(1, . . . , 1, k).
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3.3.1 Non-compact case: model metrics on −kHPn−1

The first model metric, ωeh,n,k, is a Ricci-flat edge metric with edge singularity of angle

2nπ/k along the zero section Zn,k of −kHPn−1 . In particular, when n = k, this metric is smooth.

Indeed, when n = k, ωeh,n,k coincides with the Ricci-flat metric on the canonical bundle of Pn−1

that was constructed by Calabi [8].

Definition 3.3.1. Let s be defined in (3.18). To define ωeh,n,k, introduce another coordinate

λ ∈ (1,+∞) such that

λ = (e
n
k
s + 1)

1
n . (3.22)

Thus {λ = 1} corresponds to the zero section Zn,k = {w = 0} on −kHPn−1 . We define ωeh,n,k

by giving its potential function as follows:

f(λ) := kλ+ k

∫
1

λn − 1
dλ, (3.23)

where the last term denotes an indefinite integral, and

ωeh,n,k :=
√
−1∂∂̄f(s).

The metric ωeh,n,k is a Ricci-flat metric on −kHPn−1 with edge singularity of angle 2nπ/k

along the zero section (See Theorem 3.6.1 for details). It can be seen as a generalization of

Eguchi–Hanson metrics to higher dimensional manifolds (See Remark 3.3.2 for details). More
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precisely, in local coordinates,

ωeh,n,k = k(e
n
k
s + 1)

1
nπ∗

1ωFS +
e

n
k
s

k(e
n
k
s + 1)

n−1
n

(√
−1dw ∧ dw̄

|w|2
+
√
−1α ∧ ᾱ +

√
−1α ∧ dw̄

w̄
+
√
−1

dw

w
∧ ᾱ
)
,

where

α = k

∑
i ̸=j z̄idzi

1 +
∑

i ̸=j |zi|2
, on the chart {zj ̸= 0},

and

π1([Z1 : · · · : Zn], w) = [Z1 : · · · : Zn]

is the projection map from the total space −kHPn−1 to the base space Pn−1.

Remark 3.3.2. Fixing n = k = 2 in (3.22) and (3.23), we obtain that on −2HP1 the model metric

ωeh,n,k has the expression

√
−1∂∂̄(2λ+ log(λ− 1)− log(λ+ 1)), λ > 1. (3.24)

Set

r := e
1
4
s, r > 0. (3.25)

Plugging (3.22) and (3.25) in (3.24), one finds ωeh,n,k has the following expression on −2HP1:

√
−1∂∂̄[

√
r4 + 1 + log r2 − log(

√
r4 + 1 + 1)]. (3.26)

Equation (3.26) coincides with (3.16) when we put ϵ = 1. In other words, when n = k = 2,
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the metric ωeh,n,k recovers the famous Eguchi–Hanson metric [21] that is constructed on the total

space of −2HP1 .

It is recalled in Proposition 3.1.4 that the Eguchi–Hanson metric is Ricci-flat. The metric

ωeh,n,k, which is also Ricci-flat but with edge singularities alongZn,k when n ̸= k, can be seen as a

generalization of Eguchi–Hanson metrics to the total space of −kHPn−1 for arbitrary n, k ∈ N>0.

3.3.2 Compact case: model metrics on Pn(1, . . . , 1, k)

In this section, we introduce another model metric ωorb,n,k that is defined on the weighted

projective space Pn(1, . . . , 1, k). We first recall the construction of the weighted projective space

and its orbifold structure.

Definition 3.3.3. For k ∈ N, consider the group action of C∗ on Cn+1 \ {0} given by

λ · (z0, . . . , zn−1, zn) = (λz0, . . . , λzn−1, λ
kzn), λ ∈ C∗, (z0, . . . , zn−1, zn) ∈ Cn+1 \ {0}.

Then the weighted projective space Pn(1, . . . , 1, k) is defined as the quotient of this group action:

Pn(1, . . . , 1, k) := (Cn+1 \ {0})/C∗.

We use homogeneous coordinates on Pn(1, . . . , 1, k). A point [x0 : · · · : xn−1 : xn] ∈ Pn(1, . . . , 1, k)

corresponds to an equivalence class in Cn+1 \ {0}. More precisely,

[x0 : · · · : xn−1 : xn] := {λx0, . . . , λxn−1, λ
kxn : λ ∈ C∗}. (3.27)
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Consider the Zk action on Cn such that the Zk orbit of a point (z1, . . . , zn) ∈ Cn is

{e
2π

√
−1ℓ
k z1, . . . , e

2π
√
−1ℓ
k zn : ℓ = 0, . . . , k − 1}.

Then near the point [0 : 0 · · · : 0 : 1] ∈ Pn(1, . . . , 1, k) the local structure is Cn/Zk. The

next lemma shows the relation between Pn(1, . . . , 1, k) and Fn,k.

Lemma 3.3.4. The total space of the line bundle kHPn−1 can be embedded in the weighted pro-

jective space Pn(1, . . . , 1, k) and the complement is a single point p = [0 : · · · : 0 : 1] ∈

Pn(1, . . . , 1, k). Moreover, Fn,k is the blow up of Pn(1, . . . , 1, k) at p.

Proof. Since for any vector bundle A and line bundle L we have P(A ⊗ L) = P(A), it follows

that Fn,−k is biholomorphic to Fn,k by taking L = 2kHPn−1 in Definition 3.1.3 with the biholo-

morphism exchanging the zero and the infinity sections Zn,k and Zn,−k. Thus, we identify Fn,k

as

Fn,k = P(kHPn−1 ⊕ CPn−1). (3.28)

We first show the total space of kHPn−1 can be naturally embedded in Pn(1, . . . , 1, k).

Consider Pn(1, . . . , 1, k) with homogeneous coordinate [x0 : · · · , xn] and embed Pn−1 in

Pn as {xn = 0}. Recall the transition function at a point [x0 : · · · : xn−1] ∈ Pn−1 of the line

bundle kHPn−1 is given by

gij([x0 : · · · : xn−1]) =

(
xj
xi

)k
. (3.29)

Then the fiber of kHPn−1 at an arbitrary point [x0 : · · · , xn−1 : 0] ∈ Pn(1, . . . , 1, k) can be

identified as the set of all [x0 : · · · : xn−1 : λ] for λ ∈ C, where [x0 : · · · : xn−1 : λ] is

defined in (3.27). By definition of the weighted projective space and (3.29), this is well-defined.
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Thus, kHPn−1 can be naturally embedded in Pn(1, . . . , 1, k) and the complement is the point

[0 : · · · : 0 : 1]. We have mentioned that the local structure of Pn(1, . . . , 1, k) near this point is

Cn/Zk.

Next, we blow up Pn(1, . . . , 1, k) at [0 : · · · : 0 : 1]. The exceptional divisor can be identi-

fied as adding an infinity section that is biholomorphic to Pn−1 to the total space kHPn−1 . Com-

bining this observation with (3.28), one realizes the manifold upstairs is the Calabi–Hirzebruch

manifold Fn,k. We henceforth denote by π the blow down map.

Now we are ready to define ωorb,n,k. To do so, we first define another family of model

metrics ω̃orb,n,k on Fn,k. ω̃orb,n,k is a Kähler–Einstein edge metric with Ricci curvature (n+ 1)/k

and an edge singularity of angle 2π/k along Zn,−k that degenerates on Zn,k. In particular, this

metric is smooth along Zn,−k when k = 1 and collapses along Zn,k. Indeed, when k = 1 this

metric coincides with the Fubini–Study metric on Pn. We will then define ωorb,n,k as the pull-back

of the metric ω̃orb,n,k under the blow up map.

Definition 3.3.5. Let s be defined in (3.18). To define ω̃orb,n,k, introduce another coordinate

ν ∈ (0, 1) such that

ν = 1− (e
s
k + 1)−1.

Note that {ν = 0} and {ν = 1} correspond to the zero section Zn,k and the infinity section Zn,−k

respectively. We define ω̃orb,n,k by giving its potential function as follows:

g(ν) := −k log(1− ν), ν ∈ (0, 1),
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and

ω̃orb,n,k :=
√
−1∂∂̄g(s).

Note that ω̃orb,n,k is a degenerate Kähler–Einstein edge metric on Fn,k with Ricci curvature (n+

1)/k and an edge singularity of the angle 2π/k along Zn,−k, while ω̃orb,n,k collapses along Zn,k

(See Theorem 3.6.4 for details). More precisely, in local coordinates,

ω̃orb,n,k =
ke

s
k

e
s
k + 1

π∗
1ωFS +

e
s
k

k(e
s
k + 1)

(√
−1dw ∧ dw̄

|w|2
+
√
−1α ∧ ᾱ+

√
−1α ∧ dw̄

w̄
+
√
−1

dw

w
∧ ᾱ
)
,

where

α = k

∑
i ̸=j z̄idzi

1 +
∑

i ̸=j |zi|2
, on the chart {zj ̸= 0},

and

π1([Z1 : · · · : Zn], w) = [Z1 : · · · : Zn]

is the projection map from Fn,k to the zero section Zn,k identified as Pn−1.

Definition 3.3.6. For k > 1, the model metric ωorb,n,k on Pn(1, . . . , 1, k) is defined away from

[0 : · · · : 0 : 1] as the pull-back of the metric ω̃orb,n,k on Fn,k \ {Zn,k} under the inverse of the

blow up map. For k = 1, we define ωorb,n,1 as the Fubini–Study metric on Pn(1, . . . , 1, 1) = Pn.

3.4 Construction of KEE metrics

In this section, we aim to construct Kähler–Einstein edge metrics defined on the Calabi–

Hirzebruch manifold Fn,k with edge singularities along the zero section Zn,k and the infinity
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section Zn,−k using Calabi ansatz. By Kähler–Einstein edge metrics we mean Kähler edge cur-

rents that satisfy the Kähler–Einstein equation on smooth locus. The reader may refer to [48] for

detailed exposition of Kähler edge metrics.

3.4.1 Construction of ηβ1
on Fn,k

Recall, the coordinate s is defined in (3.18), where w and zj , j ̸= i are coordinates we use

when working on the chart {Zi ̸= 0} ⊂ Fn,k. We seek a Kähler–Einstein edge metric

η :=
√
−1∂∂̄f(s)

for some smooth function f on Fn,k. Define

τ(s) : = f ′(s), s ∈ (−∞,+∞)

φ(s) : = f ′′(s) = τ ′(s), s ∈ (−∞,+∞).

(3.30)

Let π1 and π2 be projections from Fn,k to the zero section Zn,k and each fiber respectively,

i.e.,

π1([Z1 : · · · : Zn], w) = [Z1 : · · · : Zn],

π2([Z1 : · · · : Zn], w) = w.
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Denote by ωFS the Fubini–Study metric on Pn−1 and define

ωCyl :=

√
−1dw ∧ dw̄

|w|2
,

α :=
k
∑

j ̸=i z̄jdzj

1 +
∑

j ̸=i |zj|2
, on the chart {Zi ̸= 0}.

Then direct calculation (cf. [50, Section 3.3] for detailed computations in dimension n=2)

yields

η = kτπ∗
1ωFS + φ

(
π∗
2ωCyl +

√
−1α ∧ ᾱ+

√
−1α ∧ dw̄

w̄
+
√
−1

dw

w
∧ ᾱ
)
.

(3.31)

Positive definiteness of η then implies f ′ ≥ 0 and f ′′ ≥ 0 for s ∈ (−∞,+∞).

Proposition 3.4.1. Assume that Zn,k is non-collapsed, then infs∈R τ(s) > 0. Moreover, there

holds sups∈R τ(s) < +∞.

Proof. Assume by contradiction that infs∈R τ(s) = 0. Then by (3.31), η is identically zero when

restricted to Zn,k. However, we assume Zn,k is non-collapsed. Thus we must have infs∈R τ(s) >

0. To see sups∈R τ(s) < +∞, we follow the arguments in [50, Lemma 3.2]. Indeed, restricting η

to the fiber {Zj = 0,∀j ̸= i}, in (3.31) we get

η = φπ∗
2ωCyl

= φ

√
−1dw ∧ dw̄

|w|2
,

(3.32)

and also in this case s = log |w|2. Then we use the coordinate w = es/2+
√
−1θ on this fiber, and
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by (3.32) η restricted on the fiber gives a metric

gη =
1

2φ(τ)
dτ 2 + 2φ(τ)dθ2. (3.33)

Thus, the volume form on the fiber is dτ ∧ dθ, and the volume of the fiber is 2π(sups∈R τ(s) −

infs∈R τ(s)). Since for any Kähler edge metric the volume of a complex submanifold is finite, we

conclude sups∈R τ(s) <∞.

By Proposition 3.4.1, we may rescale f by a positive constant such that inf τ = 1 and

sup τ = T <∞. Thus, we henceforth assume that τ ranges from [1, T ].

Proposition 3.4.2. If η is a Kähler edge metric with conic singularities along Zn,k and Zn,−k,

then

φ(1) = 0,
dφ

dτ
(1) = β1,

φ(T ) = 0,
dφ

dτ
(T ) = −β2,

(3.34)

if we denote by 2πβ1 and 2πβ2 respectively the angles of η along Zn,k and Zn,−k.

Proof. Recall we assume τ ranges from [1, T ]. In particular, this implies that

lim
s→±∞

dτ

ds
= 0,

which combines with (3.30) show that

φ(1) = φ(T ) = 0.
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Next, we follow the arguments in the proof of [50, Proposition 3.3]. Indeed, it follows from [38,

Theorem 1, proposition 4.4] that the potential function f of η has complete asymptotic expansions

near both w = 0 and w = ∞. Near w = 0, the leading term in the expansion is |w|2β1 . More

precisely, by (3.18),

φ ∼ C1 + C2|w|2β1 + (C3 sin θ + C4 cos θ)|w|2 +O(|w|2+ϵ)

= C1 + C2e
β1s + (C3 sin θ + C4 cos θ)e

s +O(e(1+ϵ)s).

We first find C1 = 0 by the fact that φ(1) = φ(T ) = 0 in (3.34). Moreover, the expansion can be

differentiated term-by-term as |w| → 0 or s→ −∞. As φ′(τ) = ∂φ
∂s

ds
dτ

= ∂φ
∂s
/φ, we obtain

φ′(1) = β1.

The same arguments imply that

φ′(T ) = −β2,

where the minus sign comes from the fact that the leading term in this expansion is |w|−2β2 =

e−β2s.

Definition 3.4.3. A Kähler–Einstein edge metric ω is a Kähler edge metric that has constant Ricci

curvature away from the singular locus.

By Definition 3.4.3, η is a Kähler–Einstein edge metric if and only if it satisfies the follow-

ing Kähler–Einstein edge equation:

Ric η = λη + (1− β1)[Zn,k] + (1− β2)[Zn,−k], (3.35)
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where by λ we denote the Ricci curvature.

The next proposition shows that (3.35) is equivalent to an ODE satisfied by τ and φ with

boundary conditions given in (3.34).

Proposition 3.4.4. The Kähler edge metric η given in (3.31) satisfies the Kähler–Einstein edge

equation (3.35) if and only if

λ =
n

k
− β1, β1 ∈

(
0,
n

k

)
, (3.36)

φ(τ) =
1

k

τn − 1

τn−1
+

1

n+ 1
(β1 −

n

k
)
τn+1 − 1

τn−1
, τ ≥ 1. (3.37)

Moreover, β2 and T are determined by β1 such that T > 1 and β2 > 0.

Proof. By (3.31), we calculate Ric η:

Ric η = −
√
−1∂∂̄ log ηn

= −
√
−1∂∂̄ log

(
kn−1τn−1φ(π∗

1ωFS)
n−1 ∧ π∗

2ωCyl

)
= (1− β1)[Zn,k] + (1− β2)[Zn,−k] +

(
n− k(n− 1)

φ

τ
− k

dφ

dτ

)
π∗
1ωFS

− φ
d

dτ

(
(n− 1)

φ

τ
+
dφ

dτ

)(
π∗
2ωCyl +

√
−1α ∧ ᾱ+

√
−1α ∧ dw̄

w̄
+
√
−1

dw

w
∧ ᾱ
)
.

(3.38)

Plugging (3.31) and (3.38) in (3.35), (3.35) is equivalent to

n− k(n− 1)
φ

τ
− k

dφ

dτ
= λkτ, (3.39)

−φ d

dτ
((n− 1)

φ

τ
+
dφ

dτ
) = λφ. (3.40)
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Now we first observe that (3.39) and (3.40) are equivalent since taking derivative of (3.39) with

respect to τ gives (3.40). Thus we conclude (3.35) is equivalent to the ODE (3.39) together with

boundary conditions (3.34). Solving this ODE with boundary conditions gives (3.36) and (3.37).

We need the assumption β1 ∈ (0, n/k) to ensure the existence of T and β2 that satisfy (3.34).

Indeed, β2 and T are determined by β1 due to (3.34) and (3.37). More precisely, T should be a

root of the polynomial that appears in the right hand side of (3.37) and −β2 should be determined

by the derivative dφ/dτ at T . Writing (3.37) as φ(τ) = P (τ)/τn−1, we factor P (τ) as

P (τ) = (τ − 1)

[
1

k
(τn−1 + · · ·+ 1) +

1

n+ 1

(
β1 −

n

k

)
(τn + · · ·+ 1)

]
=

(τ − 1)

n+ 1

[(
β1 −

n

k

)
τn +

(
1

k
+ β1

)
(τn−1 + · · ·+ 1)

]
.

(3.41)

Under the assumption β1 ∈ (0, n/k), one finds P (τ) > 0 for 1 < τ ≪ 2 and P (τ) < 0 for

τ → ∞. Thus, P (τ) has at least one real root that is greater than 1. Denote by T the first root of

P after 1. In particular, dφ/dτ(T ) < 0. By (3.34), this implies that β2 > 0 as claimed.

By (3.30), there holds

ds

dτ
=

1

φ(τ)
. (3.42)

Combining (3.31), (3.42) and Proposition 3.4.4 altogether, we realize that given β1 ∈ (0, n/k) we

can construct a Kähler–Einstein edge metric η on Fn,k using coordinates τ and φ. This Kähler–

Einstein edge metric has Ricci curvature λ = n/k− β1, and has edge singularities of angle 2πβ1

along Zn,k and angle 2πβ2 along Zn,−k. Note that β2 is determined by β1. In other words, we

can construct a family of Kähler–Einstein edge metrics on Fn,k parametrized by β1 ∈ (0, n/k).

In Section 3.5, we study the asymptotic behavior of this family of metrics when β1 approaches
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the two extremes: n/k or 0.

Recall, in the construction of η we rescale the metric such that τ ranges from [1, T ]. Note

that T is determined by β1. By Proposition 3.4.1, we may also rescale the metric such that τ

ranges from [t, 1] for some 0 < t < 1. In such a way, we construct another family of Kähler–

Einstein edge metrics on Fn,k parametrized by β2 in the remainder of this section. Such metrics

can be seen as obtained after renormalizing metrics in the family that is parametrized by β1.

However, when studying their asymptotic behaviors they give rise to different limit metric.

3.4.2 Construction of ξβ2
on Fn,k

Now consider a change of coordinate u := 1/w. Then (3.18) can be written as

s = − log |u|2 + k log

(
1 +

n∑
j ̸=i

|zj|2
)
.

We still denote by f(s) a smooth function on Fn,k and seek Kähler–Einstein edge metrics that

have the form
√
−1∂∂̄f(s). Recall τ(s) and φ(s) are defined in (3.30). Let

ξ : =
√
−1∂∂̄f(s)

= kτπ∗
1ωFS + φ

(
π∗
2ωCyl +

√
−1α ∧ ᾱ−

√
−1α ∧ dū

ū
−
√
−1

du

u
∧ ᾱ
)
,

(3.43)

where π1, π2 and α are the same as those in (3.31). Recall by Proposition 3.4.1,

0 < inf
s∈R

τ(s) < sup
s∈R

τ(s) < +∞.
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We rescale the potential function f such that for some t > 0,

sup
s∈R

τ(s) = 1, inf
s∈R

τ(s) = t. (3.44)

Assume ξ is a Kähler edge metric on Fn,k. Then, under the renormalization given by (3.44),

Proposition 3.4.2 and Proposition 3.4.4, which respectively describe the boundary conditions for

φ and the ODE satisfied by φ, translate to the following two Propositions.

Proposition 3.4.5. Assume ξ has edge singularities of angle 2πβ1 and 2πβ2 respectively along

Zn,k and Zn,−k. Recall φ in (3.43). Then,

φ(t) = 0,
dφ

dτ
(t) = β1,

φ(1) = 0,
dφ

dτ
(1) = −β2.

(3.45)

Proposition 3.4.6. Under the same assumptions in Proposition 3.4.5, the Kähler edge metric ξ

satisfies the Kähler–Einstein edge equation if and only if

µ =
n

k
+ β2, β2 ∈

(
0,

1

k

)
, (3.46)

φ(τ) =
1

k

τn − 1

τn−1
− 1

n+ 1

(n
k
+ β2

) τn+1 − 1

τn−1
, τ ∈ (t, 1),

where by µ we denote the Ricci curvature of ξ. Moreover, β1 and t are determined by β2.

By Propositions 3.4.5 and 3.4.6, we realize that given β2 we can construct a family of

Kähler–Einstein edge metrics on Fn,k parametrized by β2 such that β1 and t are determined by

β2. This family of metrics can be obtained by renormalizing the family of metrics parametrized
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by β1.

3.5 Angle asymptotics

In this section, we study the asymptotic behaviors of Kähler–Einstein edge metrics η in

(3.31) (respectively, ξ in (3.43)) as β1 (respectively, β2) approaches either of its extremes.

We first study the limit behavior of η when β1 ↗ n/k. It is enough to study the limiting

behavior of φ and τ thanks to Proposition 3.4.4.

Proposition 3.5.1. When β1 is close to n/k, we have T > 1 and T → ∞ as β1 ↗ n/k.

Proof. Recall by (3.34), 1 and T are both roots of φ(τ). By Proposition 3.4.4, T > 1. To prove

T → ∞ as β1 ↗ n/k, we write (3.37) as

φ(τ) =
1

τn−1
· 1

n+ 1
(β1 −

n

k
)(τ − 1)(τ − α1) · · · (τ − αn−1)(τ − T ), (3.47)

where α1, . . . , αn−1 ∈ C. Comparing (3.37) to (3.47), we have

(τ − α1) · · · (τ − αn−1)(τ − T ) = τn +
1 + kβ1
kβ1 − n

(τn−1 + · · ·+ 1).

By Vieta’s formulas,

(−1)nα1 · · ·αn−1 · T =
1 + kβ1
kβ1 − n

, (3.48)

α1 + · · ·+ αn−1 + T =
1 + kβ1
n− kβ1

. (3.49)

89



By (3.37), φ(τ) has n+ 1 (possibly complex) roots. Since

φ(τ) → 1

k

τn − 1

τn−1
, as β1 ↗ n/k,

we conclude that the n roots of φ except T converge to the nth root of unity as β1 ↗ n/k. In

particular, |α1|, . . . , |αn−1| converge to 1 as β1 ↗ n/k. However, by (3.48) we see

|α1| · · · |αn−1||T | → +∞, as β1 ↗ n/k.

Thus we must have T → +∞ as β1 ↗ n/k.

Proposition 3.5.2. As β1 ↗ n/k, the length of the path on each fiber between the intersection

point of the fiber with Zn,k and that of the fiber with Zn,−k tends to infinity. In other words, Zn,−k

gets pushed–off to infinity as β1 ↗ n/k if we fix a base point on Zn,k.

Proof. Restricted to each fiber, by (3.33), η = φ
√
−1dw ∧ dw̄/|w|2 gives a metric

g =
1

2φ(τ)
dτ 2 + 2φ(τ)dθ2.

Up to some constant, the distance between {τ = 1} and {τ = T} is given by

∫ T

1

1√
φ(τ)

dτ =∫ T

1

τ
n−1
2√

n/k−β1
n+1

·
√

(τ − 1)(τ − α1) · · · (τ − αn−1)(T − τ)
dτ.

(3.50)
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Recall in the proof of Proposition 3.5.1, we have shown

T ∼ 1 + kβ1
n− kβ1

∼ 1 + n

k
· 1

n/k − β1
, as β1 ↗ n/k. (3.51)

For any fixed ϵ > 0, consider

∫ T

T−ϵ

τ
n−1
2√

n/k−β1
n+1

·
√

(τ − 1)(τ − α1) · · · (τ − αn−1)(T − τ)
dτ.

We can find β1 close to n/k such that

T − ϵ >
1

2
T.

Then in [T − ϵ, T ], we have

τ
n−1
2 > (T − ϵ)

n−1
2 >

(
1

2
T

)n−1
2

,

√
(τ − 1)(τ − α1) · · · (τ − αn−1) <

√
2(τn − 1) <

√
2T n.

(3.52)

By (3.51) and (3.52), there exists a constant C > 0 that is independent of ϵ such that

∫ T

T−ϵ

τ
n−1
2√

n/k−β1
n+1

·
√

(τ − 1)(τ − α1) · · · (τ − αn−1)(T − τ)
dτ

> C · T
n−1
2√

n/k − β1 · T
n
2

∫ T

T−ϵ

1√
T − τ

dτ

> Cϵ.

Since ϵ is arbitrarily chosen, the integral in (3.50) diverges as β1 ↗ n/k. Thus, we have shown
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Zn,−k gets pushed-off to infinity as β1 ↗ n/k if we choose a base point on Zn,k.

Proposition 3.5.3. lim
β1↗n

k

β2(β1) =
1

k
.

Proof. We calculate

dφ

dτ
=

1

k

τn−2

(τn−1)2
(n+ τn − 1) +

1

n+ 1
(β1 −

n

k
)
τn−2

(τn−1)2
(2τn+1 + n− 1).

By φτ (T ) = −β2 we have

1

kT n
(n+ T n − 1) +

1

n+ 1
(β1 −

n

k
)
1

T n
(2T n+1 + n− 1) = −β2. (3.53)

Recall φ(T ) = 0, then we have

T n − 1

k
+

1

n+ 1
(β1 −

n

k
)(T n+1 − 1) = 0. (3.54)

Combining (3.53) and (3.54), (1
k
− β2

)
T n = β1 +

1

k
. (3.55)

Since T → ∞ as β1 ↗ n/k, there holds β2 → 1/k as β1 ↗ n/k.

In Section 3.6, we use asymptotic behaviors discussed above to study the limit metric of η

as β1 approaches n/k or 0. In the remainder of this section, we focus on the family of metrics ξ

that is parametrized by β2. Inspired by Proposition 3.5.3, we study the asymptotic behaviors of ξ

as β2 ↗ 1/k.
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Proposition 3.5.4. When β2 ↗ 1
k
, as an analogue of (3.55), there holds

(
1

k
+ β1

)
tn =

1

k
− β2.

Proof. Let φ(τ) and t be as in (3.45) and (3.46). We calculate

dφ

dτ
=

1

k

τn−2

(τn−1)2
(τn + n− 1)− 1

n+ 1

(n
k
+ β2

) τn−2

(τn−1)2
(2τn+1 + n− 1).

By the fact that dφ/dτ(t) = β1,

β1 =
1

ktn
(n+ tn − 1)− 1

n+ 1

(n
k
+ β2

) 1

tn
(2tn+1 + n− 1).

Combining this with the fact that φ(t) = 0, there holds

β1t
n =

1

k
(n+ tn − 1)− 2(tn − 1)

k
− n

k
− β2

= −1

k
tn +

1

k
− β2,

which implies (
β1 +

1

k

)
tn =

1

k
− β2

as claimed.

Proposition 3.5.5. As β2 ↗ 1

k
, t = O

((
k

n+ 1

) 1
n
(
1

k
− β2

) 1
n

)
. In particular, t tends to 0

when β2 ↗ 1/k. Moreover, the length of the path on each fiber between the intersection point of

the fiber with Zn,k and that of the fiber with Zn,−k converges to a finite number as β2 ↗ 1/k.
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Proof. Recall t is a root of

φ(τ) =
1

k

τn − 1

τn−1
− 1

n+ 1

(n
k
+ β2

) τn+1 − 1

τn−1
= 0.

Direct calculations yield

φ(τ)

τ − 1
=

1

τn−1

(
− 1

n+ 1

(n
k
+ β2

)
τn +

1/k − β2
n+ 1

(τn−1 + · · ·+ τ + 1)

)
.

Then it is easy to see that every root of φ(τ) except for τ = 1, denoted by α, satisfies that

|α| = O((k/(n + 1))1/n(1/k − β2)
1/n) when β2 ↗ 1/k. In particular, as β2 ↗ 1/k, all roots

of φ(τ) = 0 except for τ = 1 converge to 0. We conclude that t → 0. To see that the length

between Zn,k and Zn,−k converges to a finite number in the limit, one follows the arguments in

the proof of Proposition 3.5.2 and Proposition 3.9.4.

3.6 Large angle limits

In this section, we first study the Gromov–Hausdorff limit of the family of metrics η when

the parameter β1 approaches n/k.

Theorem 3.6.1. Fix an arbitrary base point p on Zn,k. As β1 ↗ n/k, the Kähler–Einstein edge

metric (Fn,k, ηβ1 , p) converges in the pointed Gromov–Hausdorff sense to a Ricci-flat Kähler edge

metric (−kHPn−1 , η∞, p) described in (3.60). Moreover, away from Zn,k, one has ηβ1
Ck

loc−−→ η∞

for any k ≥ 0 on the total space of −kH (seen as an open subset in Fn,k), and the limit metric

η∞ coincides with the model metric ωeh,n,k defined in Section 3.3.

Proof. We use notation ηβ1 , τ(β1) and φ(β1) to emphasize the dependence of metrics and coor-
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dinates on β1. Combining (3.30) and (3.37), we have

ds

dτ(β1)
=

1

φ(β1)
=

τ(β1)
n−1

1
k
(τ(β1)n − 1) + β1−n/k

n+1
(τ(β1)n+1 − 1)

. (3.56)

Claim 3.6.2. The pointwise limits of functions

τ∞(s) : = lim
β1↗n/k

τ(β1, s), s ∈ (−∞,+∞),

φ∞(s) : = lim
β1↗n/k

φ(β1, s), s ∈ (−∞,+∞)

exist. Moreover, τ∞(s) and φ∞(s) are smooth in s.

Proof of the Claim. By the continuous dependence of ODEs in (3.56) on the parameter β1, the

pointwise limit function τ∞ exists. Since τ(β1, s) is smooth in s for each β1, τ∞(s) is smooth in

s. By (3.37) and the existence of τ∞(s), φ∞(s) also exists. Moreover, φ∞(s) is smooth in s due

to the smoothness of τ∞(s).

Thanks to Claim 3.6.2, τ∞ and φ∞ satisfy

ds

dτ∞
=

τn−1
∞

1
k
(τn∞ − 1)

,

φ∞(τ∞) =
1

k

τn∞ − 1

τn−1
∞

.

(3.57)

Solving the first equation in (3.57), we get

τ∞(s) = (1 + e(s−C)n
k )1/n, for some constant C. (3.58)
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By considering a change of coordinate w′ = C ′w for some appropriate C ′ in (3.18), we may

choose C in (3.58) to be 0. Plugging (3.58) into the second equation in (3.57), one finds

φ∞(s) =
1

k
· es·

n
k

(es·
n
k + 1)

n−1
n

. (3.59)

Plugging (3.58) and (3.59) into (3.31), we obtain the convergence of Kähler–Einstein edge metric

ηβ1 on any compact subsets of Fn,k in every Ck-norm to the following metric:

η∞ : = lim
β1↗n/k

ηβ1

= k(1 + es·
n
k )1/nπ∗

1ωFS +
1

k
· es·

n
k

(es·
n
k + 1)

n−1
n

(
π∗
2ωCyl +

√
−1α ∧ ᾱ

+
√
−1α ∧ dw̄

w̄
+
√
−1

dw

w
∧ ᾱ
)
.

(3.60)

Recall by (3.36), the Ricci curvature of ηβ1 is given by λβ1 = n/k − β1, which converges to 0 as

β1 ↗ n/k. Thus, η∞ is a Ricci-flat Kähler edge metric on −kHPn−1 . η∞ has edge singularity of

angle 2nπ/k along Zn,k ⊂ −kHPn−1 . Indeed, η∞ coincides with the model metric ωeh,n,k defined

in Section 3.3. To obtain the convergence in the pointed Gromov–Hausdorff sense, we first recall

by Proposition 3.5.2 the distance between Zn,−k and Zn,k tends to infinity as β1 ↗ n/k. Once we

choose a base point on Zn,k. Since ηβ1 converges to η∞ on any compact geodesic balls centered

at the base point, we conclude that ηβ1 converges in the pointed Gromov–Hausdorff sense to η∞

on −kHPn−1 .

Remark 3.6.3. If we let n = k = 2 in Theorem 3.6.1, then by Remark 3.3.2 we obtain in the limit

the Eguchi–Hanson metric with parameter ϵ set as 1 (see (3.16)). In other words, the Eguchi–

Hanson metric arises as the pointed Gromov–Hausdorff limit of Kähler–Einstein edge metrics

96



ηβ1 when β1 ↗ 1. This interesting observation has been conjectured in [50, Remark 5.1].

Next, we fix a base point on the infinity section Zn,−k to study the Gromov–Hausdorff

limit of the family of Kähler–Einstein edge metrics ξ on Fn,k. In the limit, we obtain an orbifold

Kähler–Einstein edge metric instead of the Ricci-flat edge metric obtained in Theorem 3.6.1.

From now on, we use ξβ2 , τ(β2) and φ(β2) to emphasize the dependence of metrics and

coordinates on β2. We consider the case β2 ↗ 1/k.

Theorem 3.6.4. Fix an arbitrary base point p on the infinity section Zn,−k. As β2 ↗ 1/k, the

Kähler–Einstein edge metric (Fn,k, ξβ2 , p) on Fn,k converges in the pointed Gromov–Hausdorff

sense to an orbifold Kähler–Einstein edge metric (Pn(1, . . . , 1, k), ξ∞, p) on the weighted projec-

tive space Pn(1, . . . , 1, k) with an edge singularity of angle 2π/k along Zn,−k. This limit metric

coincides with the model metric ωorb,n,k defined in Definition 3.3.6.

Proof. By similar notation and calculations as in the proof of Theorem 3.6.1, we have

ds

dτ(β2)
=

1

φ(β2)
=

τ(β2)
n−1

1
k
(τ(β2)n − 1)− n/k+β2

n+1
(τ(β2)n+1 − 1)

.

As β2 ↗ 1/k, we have
ds

dτ∞
=

k

τ∞ − τ 2∞
,

φ∞(τ∞) =
1

k
(τ∞ − τ 2∞).

(3.61)

Solving (3.61) and considering a change of coordinate u′ = C ′u for some appropriate C, we have

τ∞(s) = 1− 1

e
s
k + 1

, s ∈ (−∞,+∞),

φ∞(s) =
1

k

es/k

(es/k + 1)2
, s ∈ (−∞,+∞).
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Thus, the limit metric on Fn,k is as follows:

ξ̃∞ = k
es/k

es/k + 1
π∗
1ωFS +

1

k

es/k

(es/k + 1)2
(
π∗
2ωCyl +

√
−1α ∧ ᾱ

+
√
−1α ∧ dw̄

w̄
+
√
−1

dw

w
∧ ᾱ
)
.

Recall the Ricci curvature µβ2 is given in (3.46) by n/k + β2 and converges to (n + 1)/k in the

limit. Thus ξ̃∞ has Ricci curvature (n + 1)/k. Moreover, ξ̃∞ has an edge singularity of angle

2π/k along Zn,−k. It degenerates on Zn,k since τ ≡ 0 on Zn,k. Indeed, ξ̃∞ coincides with the

model metrics defined in Definition 3.3.5. Then by Definition 3.3.6, we denote by ξ∞ the model

metric on Pn(1, . . . , 1, k) that is the pull-back of ξ̃∞ under the blow up map.

We have shown that ξ̃∞ is the limit of ξβ2 as tensors in the pointwise smooth sense. Next,

fix an arbitrary base point on Zn,−k. By Proposition 3.5.5 and the local smooth convergence

result, we conclude that (Pn(1, . . . , 1, k), ξ∞) is the limit of (Fn,k, ξβ2) in the pointed Gromov–

Hausdorff sense when β2 ↗ 1/k. Moreover, the limit metric coincides with the model metric

ωorb,n,k defined in Section 3.3.

As we pointed out in Section 3.5, the family of metrics ξβ2 can be obtained by renormalizing

the family of metrics ηβ1 . Comparing Theorem 3.6.1 to Theorem 3.6.4, we obtain different limit

metrics for those two family of metrics. However, we show that after a proper normalization of

ξβ2 , we obtain the same limit metric for both ξβ2 and ηβ1 . The normalization factor is actually

given by Proposition 3.5.5.

Corollary 3.6.5. Rescale the Kähler–Einstein edge metric ξβ2 by ((n+ 1)/k)1/n/(1/k− β2)
1/n,

then the normalized metric converges in the pointed Gromov–Hausdorff sense to a Ricci-flat
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metric on −kHPn−1 when β2 ↗ 1/k, where the base point is chosen from Zn,k. See the proof for

a more precise explanation. Moreover, this Ricci-flat metric coincides with the one obtained in

Theorem 3.6.1, i.e., the model metric ωeh,n,k.

Proof. Consider a change of coordinate

y(β2) :=

(
n+ 1

k

) 1
n

· τ(β2)

( 1
k
− β2)

1
n

.

By Proposition 3.5.5, the interval of definition of y(β2) converges to [1,+∞] as β2 ↗ 1/k. The

rescaled metric reads

(
n+ 1

k

) 1
n

· ξβ2

( 1
k
− β2)

1
n

= kyπ∗
1ωFS +

(
n+ 1

k

) 1
n

· φ(β2)

( 1
k
− β2)

1
n

(
π∗
2ωCyl +

√
−1α ∧ ᾱ−

√
−1α ∧ dū

ū
−

√
−1

du

u
∧ ᾱ
)
.

Recall (
n+ 1

k

) 1
n

· φ(β2)

( 1
k
− β2)

1
n

=

(
n+ 1

k

) 1
n

·
1
k
(τ(β2)

n − 1)− 1
n+1

(n
k
+ β2)(τ(β2)

n+1 − 1)

(τ(β2)n−1)( 1
k
− β2)

1
n

.

(3.62)

Denote by y the coordinate in the limit. Letting β2 ↗ 1/k, the right hand side of (3.62) converges

to

yn − 1

kyn−1
, y ∈ [1,+∞].
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Solving

ds

dτβ2
=

1

φβ2(τβ2)
⇒ ds

dyβ2

1

( 1
k
− β2)

1
n

·
(
n+ 1

k

) 1
n

=
1

φβ2(yβ2)
,

we obtain in the limit

s =
k

n
log (yn − 1) , y ∈ (1,+∞). (3.63)

Thus the limit metric is given by

ξ̃∞ = kyπ∗
1ωFS +

yn − 1

kyn−1

(
π∗
2ωCyl +

√
−1α ∧ ᾱ−

√
−1α ∧ dū

ū
−
√
−1

du

u
∧ ᾱ
)
,

(3.64)

where y and s satisfy (3.63). This limit metric is Ricci-flat. And it coincides with the limit metric

in Theorem 3.6.1, i.e., the model metric ωeh,n,k defined in Section 3.3. Fix an arbitrary base point

on Zn,k. By Proposition 3.5.5, the distance between Zn,k and Zn,−k tends to +∞ in the limit

under the renormalized metric. Thus, Zn,−k gets pushed-off to infinity in the limit. We obtain the

pointed Gromov–Hausdorff convergence of (Fn,k, ((n + 1)/k)1/nξβ2/(
1
k
− β2)

1/n) to −kHPn−1

with the metric obtained in (3.64).

3.7 Small angle limits and fiberwise rescaling

In this section we first consider the β1 ↘ 0 case for ηβ1 .

Theorem 3.7.1. As β1 tends to 0, (Fn,k, ηβ1) converges in the Gromov–Hausdorff sense to (Pn−1, kωFS).
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Proof. As β1 ↘ 0, by (3.37) we have

φ0 := lim
β1↘0

φβ1 =
1

τn−1

(
1

k
(τn − 1)− n

k(n+ 1)
(τn+1 − 1)

)
=

1

k(n+ 1)
· 1

τn−1
(−nτn+1 + (n+ 1)τn − 1).

Then we observe φ0 does not have any root greater than 1. Indeed, notice that

−nτn+1 + (n+ 1)τn − 1 = (τ − 1)(1 + · · ·+ τn−1 − nτn)

= (τ − 1)(1− τn + τ − τn + · · ·+ τn−1 − τn).

Thus φ0 is always positive when τ > 1. However, combining this fact with (3.47), we conclude

that

lim
β1↘0

T = 1. (3.65)

Since φ(1) = φ(T ) = 0, we have φ(β1) → 0 as β1 ↘ 0. Since τ ranges from 1 to T , by (3.31)

we conclude that as β1 ↘ 0, ηβ1 converges to kπ∗
1ωFS. Thus we have shown (Fn,k, ηβ1) converges

in the Gromov–Hausdorff sense to (Pn−1, kωFS) when β1 ↘ 0.

Roughly speaking, Theorem 3.7.1 says that as β1 ↘ 0, the fibers collapse to the zero

section. This motivates us to rescale the metric ηβ1 along the fiber so that we can obtain a non-

collapsed metric in the limit. We first need the following lemma.

Lemma 3.7.2. For β1 > 0 and close to zero, T = T (β1) = 1 +O(β1).

Proof. By Proposition 3.4.4, T (β1) is determined by β1, and T (β1) is the first root of the poly-
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nomial in (3.41). We rewrite the polynomial in (3.41) as

P (τ) =
kβ1 − n

k(n+ 1)
(τ − 1)

(
τn +

kβ1 + 1

kβ1 − n
(τn−1 + · · ·+ 1)

)
.

Letting y = τ − 1,

P (y) =
kβ1 − n

k(n+ 1)
y

(
(y + 1)n +

kβ1 + 1

kβ1 − n

(
(y + 1)n−1 + · · ·+ (y + 1) + 1

))
=

kβ1 − n

k(n+ 1)
y

(
yn + . . .+ y

(
n+

kβ1 + 1

kβ1 − n
(1 + . . .+ n− 1)

)
+
k(n+ 1)β1
kβ1 − n

)
=

kβ1 − n

k(n+ 1)
y

(
yQ(y) +

k(n+ 1)β1
kβ1 − n

)
,

(3.66)

where Q(y) is a polynomial of degree n− 1 whose coefficients depend on β1 and whose constant

term is

Q(0) = n+
kβ1 + 1

kβ1 − n

(
1 + . . .+ n− 1) = n

(n− 1)(kβ1 + 1)

2(kβ1 − n)
=
n+ 1

2

nkβ1 − n

kβ1 − n
. (3.67)

By Proposition 3.4.4, T − 1 is a root of the term in the parenthesis of the second equation in

(3.66), i.e.,

0 = (T − 1)Q(T − 1) +
k(n+ 1)β1
kβ1 − n

.

In particular, it follows that Q(T − 1) ̸= 0 for small enough β1. Thus, dividing we obtain

T − 1 =
k(n+ 1)β1

(−kβ1 + n)Q(T − 1)
.
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By (3.65) limβ1↘0 T = 1, and so limβ1↘0Q(T − 1) = (n+ 1)/2 by (3.67). Altogether,

T − 1 =
2k

n
β1 + o(β1), (3.68)

as claimed.

Remark 3.7.3. The last display generalizes [50, (5.1)] from the surface case n = 2 to any dimen-

sion. Note that in op. cit. n corresponds to our k.

It follows that in the small angle limit, both angles approach zero at the same rate:

Lemma 3.7.4. For β1 > 0 and close to zero, β2 = β2(β1) = β1 +O(β2
1).

Proof. Combining (3.65) and (3.55) it follows that limβ1↘0 β2 = 0. Using this, and plugging

(3.68), in (3.55) we find that

β1 +
1

k
=

1

k
+ 2β1 − β2 + o(β1),

so β2 = β1 + o(β1), and so bootstrapping we obtain β2 = β1 +O(β2
1), as claimed.

Lemma 3.7.4 motivates treating the angles 2πβ1 and 2πβ2 on the same footing in the small

angle regime, so that it reasonable to hope that under some appropriate rescaling the fibers con-

verge to cylinders, as in [49, 50]. This is precisely what we prove next.

We change variable from τ ∈ (1, T ) in (3.31) and (3.37) to

x :=
τ − 1− kβ1

n
kβ2

1

n

, (3.69)
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with x ∈
(
− 1
β1
, 1
β1

+O(1)
)

by (3.68). Note that x = 0 roughly corresponds to the middle

section between Zn,k and Zn,−k. By (3.37) and (3.69),

φ(x) =
k

2n
β2
1 +

k

n
β3
1x+ o(β2

1), x ∈
(
− 1

β1
,
1

β1
+O(1)

)
. (3.70)

Let p ∈ Fn,k be a fixed base point chosen from the section {x = 0}, which will serve as the

base point we use later for pointed Gromov–Hausdorff convergence.

To find a fiberwise-rescaled limit, we next rescale the metric ηβ1 in (3.31) along each fiber,

i.e., we define

η̃β1 := kτπ∗
1ωFS +

1

β2
1

φπ∗
2ωCyl + φ(

√
−1α ∧ ᾱ +

√
−1α ∧ dw/w +

√
−1dw/w ∧ ᾱ). (3.71)

Remark 3.7.5. This fiberwise rescaled metric is no longer Kähler. Indeed, since the metric ηβ1 in

(3.31) is Kähler, i.e., dηβ1 = 0, there holds

dη̃β1 = d

(
ηβ1 −

(
1− 1

β2
1

)
φπ∗

2ωCyl

)
= −

(
1− 1

β2
1

)
dφ ∧ π∗

2ωCyl

̸= 0.

Theorem 3.7.6. As β1 ↘ 0, (Fn,k, η̃β1 , p) converges in the pointed Gromov–Hausdorff sense to

(Pn−1 × C∗, k
n
(nπ∗

1ωFS + π∗
2ωCyl), p).

Proof. We first show on compact subsets, the following pointwise convergence holds:

Claim 3.7.7. The restriction of η̃β1 to a fiber converges to a cylindrical metric pointwise on com-
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pact subsets. More precisely,

lim
β1↘0

1

β2
1

φπ∗
2ωCyl =

k

n
π∗
2ωCyl.

Proof of the Claim. As shown in (3.33), the restriction of ηβ1 is given by

1

2φ(τ)
dτ 2 + 2φ(τ)dθ2,

thus the restriction of η̃β1 to a fiber, using the new coordinates (3.69) is given by

k2β2
1

2n2φ(x)
dx2 +

2φ(x)

β2
1

dθ2. (3.72)

As β1 ↘ 0, by (3.70), (3.72) converges pointwise on compact subsets to

k

n
dx2 +

k

n
dθ2 =

k

n
ωCyl,

as claimed.

By the collapsing arguments in the proof of Theorem 3.7.1 and the claim above, we have

shown η̃β1 converges pointwise to k
n
(nπ∗

1ωFS+π
∗
2ωCyl) on compact subsets as β1 ↘ 0. It remains

to prove the pointed Gromov–Hausdorff convergence. Indeed, by arguments in the proof of

Proposition 3.5.2, the distance between Zn,k and {x = 0} and the distance between Zn,−k and

{x = 0} tend to infinity under the metric η̃β1 . Thus in the limit β1 ↘ 0, we get the product

differential structure on Pn−1 × C∗ as claimed. Choosing the point p as the base point, the
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pointwise convergence result implies that

lim
β1↘0

η̃β1 =
k

n
(nπ∗

1ωFS + π∗
2ωCyl)

in the pointed Gromov–Hausdorff sense.

The β2 ↘ 0 case for ξβ2 is similar to Theorem 3.7.1 and Theorem 3.7.6.

The asymptotic behaviors of t(β2) and β1(β2) when β2 ↘ 0 are similar to those described

in Lemma 3.7.2 and Lemma 3.7.4. We collected them as follows.

Lemma 3.7.8. For β2 > 0 and close to zero,

t = t(β1) = 1− 2k

n
β2 + o(β2).

Lemma 3.7.9. For β2 > 0 and close to zero,

β1 = β1(β2) = β2 +O(β2
2).

Now we state the non-rescaling limit of ξβ2 as β2 ↘ 0.

Theorem 3.7.10. As β2 tends to 0, (Fn,k, ξβ2) converges in the Gromov–Hausdorff sense to

(Pn−1, kωFS).

Proof. By Proposition 3.4.5 and Proposition 3.4.6, t tends to 1 as β2 ↘ 0. The remaining proof

is similar to that of Theorem 3.7.1.

To obtain a non-collapsed metric in the limit, we consider rescaling ξβ2 in the way of (3.71)

and denote the rescaled metric by ξ̃β2:
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ξ̃β2 := kτπ∗
1ωFS +

1

β2
2

φπ∗
2ωCyl + φ(

√
−1α ∧ ᾱ−

√
−1α ∧ du/u−

√
−1du/u ∧ ᾱ).

Moreover, we consider a change of variable as (3.69):

u :=
τ − 1 + k

n
β2

k
n
β2
2

.

As before, we choose a fixed base point from the section {u = 0}.

Theorem 3.7.11. As β2 ↘ 0, (Fn,k, ξ̃β2 , q) converges in the pointed Gromov–Hausdorff sense to

(Pn−1 × C∗, k
n
(nπ∗

1ωFS − π∗
2ωCyl), q).

Proof. By Lemma 3.7.8 and Lemma 3.7.9, we have similar asymptotic behaviors as Lemma 3.7.2

and Lemma 3.7.4 in the β2 case. Then we can apply similar arguments as in the proof of Theorem

3.7.6.

3.8 Appendix on Eguchi–Hanson metric as Gromov–Hausdorff limits of KEE

metrics

In this section we give a direct proof of a special case of Theorem 3.6.1 when n = k = 2.

We already know we will obtain Eguchi–Hanson metrics in the limit.

Recall in (3.31) we denote by η a Kähler–Einstein edge metric on Calabi–Hirzebruch man-
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ifolds Fn,k that has the following form:

η = kτπ∗
1ωFS + φ

(
π∗
2ωCyl +

√
−1α ∧ ᾱ +

√
−1α ∧ dw̄

w̄
+
√
−1

dw

w
∧ ᾱ
)
, (3.73)

where π1, π2 and α are defined below (3.31).

From now on, we assume k = 2 and n = 2, i.e., consider the second Hirzebruch surface

F2. To build a connection between gEH,ϵ and the Kähler edge metric η on F2, we first write η in

terms of one forms introduced in (3.6).

Consider a change of coordinate w = v2. The reason to do this is that w is the coordinate

along each fiber of the line bundle −2HP1 . Recall (3.15), then we have the following correspon-

dence:

z1 = vz = r cos
θ

2
e

√
−1
2

(ψ+ϕ),

z2 = v = r sin
θ

2
e

√
−1
2

(ψ−ϕ).

(3.74)

In particular,

r2 = |v|2(1 + |z|2)

= |w|(1 + |z|2).
(3.75)

By the definition of α in (3.31), (1, 1)-forms that appear in η are

dz ∧ dz̄
(1 + |z|2)2

, α ∧ ᾱ, 4dv ∧ dv̄
|v|2

, α ∧ 2dv̄

v̄
,
2dv

v
∧ ᾱ.

Let us first calculate σ2
1 + σ2

2 in terms of the coordinate z and v. By (3.6) and (3.74) we
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have

σ2
1 + σ2

2 =
1

4
dθ2 +

1

4
sin2 θdϕ2

=
1

4

(
− |z|dz
(1 + |z|2)z

− |z|dz̄
(1 + |z|2)z̄

)2

+

1

4

(
2|z|

1 + |z|2

)2

·
(

1

2
√
−1

(
dz

z
− dz̄

z̄

))2

= Re
dz ⊗ dz̄

(1 + |z|2)2
.

(3.76)

For dr2 and σ3, By (3.6) and (3.74) we have

4r2dr2 =
r4

4

(
α + ᾱ +

2dv

v
+

2dv̄

v̄

)2

,

σ2
3 = − 1

16

(
α− ᾱ +

2dv

v
− 2dv̄

v̄

)2

.

dr2 + r2σ2
3 =

r2

4
Re

(
4dv ⊗ dv̄

|v|2
+ α⊗ ᾱ + α⊗ 2dv̄

v̄
+

2dv

v
⊗ ᾱ

)
.

(3.77)

Denote by gη the corresponding Riemannian metric on −2HP1 with respect to η. Then combining

(3.73), (3.76) and (3.77) we obtain

gη = 2τ(σ2
1 + σ2

2) + φ · 4

r2
(dr2 + r2σ2

3). (3.78)

For τ and φ in (3.78), results in Section 3.4 apply after we fix n = k = 2 there. A key

feature when n = 2 is the right hand side in (3.37) is a cubic polynomial, which is easy to handle.

In other words, we will be able to derive more precise dependence of T and β2 on β1 comparing

to results in Proposition 3.5.1 and Proposition 3.5.3. Indeed, this was done in the work of [50].

In this and the next section, we fix n = 2 and make use of several results obtained in [50].
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Since n = k = 2, we find β1 ∈ (0, 1). We will study the asymptotic behaviors of Kähler–

Einstein edge metrics η when β1 → 1. Recall [50, (4.20)]

β2 =
1

4
(2β1 +

√
3(3− 2β1)(1 + 2β1)− 3).

So we have β2 → 1
2

as β1 → 1. Recall, τ ranges from [1, T ] and T is given by [50, (5.1)]

T = 1 + 3

√
1 + 4

3
β1 − 4

3
β2
1 + 2β1 − 1

4− 4β1
.

Thus, T → +∞ as β1 → 1. Moreover, recall in (3.37) φ(τ) is given by

φ(τ) =
1

2

τ 2 − 1

τ
+

1

3
(β1 − 1)

τ 3 − 1

τ
(3.79)

=
1

3
(β1 − 1)(τ − 1)(τ − α1)(τ − T )/τ, for τ ∈ [1, T ],

where α1 is given in [50, (5.2)] by α1 = 1+ 3
−
√
1 + 4

3
β1 − 4

3
β2
1 + 2β1 − 1

4− 4β1
and α1 tends to −1

as β1 → 1. Below we first recall as β1 → 1, the divisor Z−2 gets pushed-off to infinity. This

result is a special case of Proposition 3.5.2.

Proposition 3.8.1. The length of the path on each fiber between the intersection point of the fiber

with Z2 and that of the fiber with Z−2 tends to infinity as β1 → 1.

From now on, we use β1 as a subscript to emphasize the dependence on angles. By (3.73)

and (3.79), on any compact subsets of F2 we have the following convergence in the Ck-norm for

110



every k:

η∞ : = lim
β1→1

ηβ1

= 2τβ1

√
−1dz ∧ dz̄
(1 + |z|2)2

+
1

2

(
τβ1 −

1

τβ1

)(√
−1dw ∧ dw̄

|w|2
+
√
−1α ∧ ᾱ

+
√
−1α ∧ dw̄

w̄
+
√
−1

dw

w
∧ ᾱ
)
. (3.80)

Recall the Ricci curvature tensor of ηβ1 is given by

Ric ηβ1 = (1− β1)[C1] + (1− β2)[C2] + 2

√
−1dz ∧ dz̄
(1 + |z|2)2

−
√
−1∂∂̄ log τβ1

−
√
−1∂∂̄ logφβ1 .

(3.81)

The Ricci curvature λβ1 of ηβ1 is given by λβ1 = 1− β1. Notice that λβ1 → 0 as β1 → 1. Hence,

by (3.81) and facts that φ → (τ 2 − 1)/2τ in the limit and τ is a function of r4 = |w|2(1 + |z|2)2

(recall (3.75)) we have

2

√
−1dz ∧ dz̄
(1 + |z|2)2

−
√
−1∂∂̄ log τ∞ −

√
−1∂∂̄ logφ∞ = 0,

⇒τ∞φ∞ = C|w|2(1 + |z|2)2,

⇒τ∞ = C− 1
2 (C + r4)

1
2 , for some constant C > 0. (3.82)

Replacing τ and φ in (3.78) using (3.82), we have

η∞ = 2C− 1
2

(
(C + r4)

1
2 (σ2

1 + σ2
2) +

r2

(C + r4)
1
2

(dr2 + r2σ2
3)

)
. (3.83)
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Comparing (3.83) to (3.14) we see η converges on compact subsets to an Eguchi–Hanson metric

as β1 → 1. Summarizing discussions above, we have shown the following result. It is a special

case of Theorem 3.6.1 and provides a new way of understanding Eguchi–Hanson metrics.

Theorem 3.8.2. Fix an arbitrary base point p on the zero section. The Kähler–Einstein edge met-

ric (F2, ηβ1 , p) on F2 converges in the pointed Gromov–Hausdorff sense to the following Eguchi–

Hanson metric (−2HP1 , η∞), p on −2HP1 as β1 → 1:

η∞ = 2C− 1
2

(
(C + r4)

1
2 (σ2

1 + σ2
2) +

r2

(C + r4)
1
2

(dr2 + r2σ2
3)

)
,

where C > 0 is a constant.

Proof. The convergence on any compact subset of −2HP1 of such η to an Eguchi–Hanson metric

in Ck-norm for every k can be seen from (3.83). Combining this fact, the fact that Z−2 gets

pushed-off to infinity as β1 → 1 and choosing an arbitrary base point from the exceptional

divisor Z2, we obtain the convergence in the pointed Gromov–Hausdorff sense by considering

convergence of η to an Eguchi–Hanson metric on compact geodesic balls centered at the base

point.

3.9 Appendix on examples of limit of KEE metrics

In this section, we fix k = 1 and n = 2. Then we follow Section 3.5 and Section 3.6 to

give more concrete examples as limit of Kähler–Einstein edge metrics. In the previous work, we

treated the case β1 ↘ 0 and β1 → 1 [50]. In this section, we consider the several cases: β1 ↗ 2,

β2 ↗ 1 with no rescaling and β2 ↗ 1 with rescaling. The asymptotic behaviors in such cases are
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summarized in Table 3.1.

Under the assumption k = 1 and n = 2, β1 ranges from (0, 2). τ ranges from [1, T ]. We

will study the limiting behaviors of Kähler–Einstein edge metrics when β1 → 2.

By (3.37) φ(τ) satisfies

φ(τ) =
τ 2 − 1

τ
+

1

3
(β1 − 2)(τ 3 − 1)

=
1

3
(β1 − 2)(τ − 1)(τ − α1)(τ − T )/τ,

where T and α1 satisfy [50, (5.1), (5.2)]

T = 1 + 3

√
1 + 2

3
β1 − 1

3
β2
1 + β1 − 1

4− 2β1
,

α1 = 1 + 3
−
√
1 + 2

3
β1 − 1

3
β2
1 + β1 − 1

4− 2β1
.

(3.84)

Obviously T → +∞ and α1 → −1 as β1 → 2. β2 is given by [50, (4.20)]

β2 =
β1 − 3 + 3

√
1 + 2

3
β1 − 1

3
β2
1

2
.

Thus β2 → 1 as β1 → 2. More precisely, we have the following asymptotic behavior of β2(β1):

Lemma 3.9.1. For β1 < 2 and close to 2, β2(β1) = 1
2
β1 + o(1).

The length of the path on each fiber between the intersection point of the fiber with Z1 and

that of the fiber with Z−1 is given by the integration of φ(τ) from 1 to T . A similar calculation

as in the proof of Proposition 3.8.1 shows the following result.

Proposition 3.9.2. The length of the path on each fiber between the intersection point of the fiber
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with Z1 and that of the fiber with Z−1 tends to infinity as β1 → 2.

Recall we assume Kähler–Einstein edge metrics on F1 have the form as in (3.73). The Ricci

curvature form of such Kähler–Einstein edge metrics, denoted by η, is given by (3.81). From now

on, we denote by ηβ1 , τβ1 and φβ1 to emphasize the dependence of metrics and coordinates on β1.

Let us consider on any compact subsets of F1,

lim
β1→2

ηβ1 = lim
β1→2

τ

√
−1dz ∧ dz̄
(1 + |z|2)2

+

(
τ 2 − 1

τ
+

1

3
(β1 − 2)(τ 3 − 1)

)(√
−1dw ∧ dw̄

|w|2

+
√
−1α ∧ ᾱ +

√
−1α ∧ dw̄

w̄
+
√
−1

dw

w
∧ ᾱ
)

= τ

√
−1dz ∧ dz̄
(1 + |z|2)2

+
τ 2 − 1

τ

(√
−1dw ∧ dw̄

|w|2
+
√
−1α ∧ ᾱ +

√
−1α ∧ dw̄

w̄

+
√
−1

dw

w
∧ ᾱ
)
.

=: η∞

The Ricci curvature λβ1 of ηβ1 is given by λβ1 = 2 − β1. As β1 → 2, the Ricci curvature λβ1

tends to 0. Thus, the limit metric η∞ has Ricci curvature 0. Hence by (3.81), τ∞ and φ∞ satisfy

2

√
−1dz ∧ dz̄
(1 + |z|2)2

−
√
−1∂∂̄ log τ∞ −

√
−1∂∂̄ logφ∞ = 0,

⇒τ∞φ∞ = C|w|4(1 + |z|2)2,

⇒τ∞ = (1 + C|w|4(1 + |z|2)2)
1
2 , for some constant C > 0. (3.85)

Thus we obtain the following theorem, which is a special case of Theorem 3.6.1.

Theorem 3.9.3. Fix an arbitrary base point p on Z1 ⊂ F1. As β1 → 2, the Kähler–Einstein edge

metric (F1, ηβ1 , p) on F1 converges in the pointed Gromov–Hausdorff sense to a Ricci-flat metric
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(−HP1 , η∞, p) on −HP1 with conic singularity of angle 4π along Z1.

Proof. By (3.85), the limit metric η∞ has the form

η∞ =(1 + C|w|4(1 + |z|2)2)
1
2

√
−1dz ∧ dz̄
(1 + |z|2)2

+
C|w|4(1 + |z|2)2

(1 + C|w|4(1 + |z|2)2) 1
2

(√
−1dw ∧ dw̄

|w|2
+
√
−1α ∧ ᾱ +

√
−1α ∧ dw̄

w̄

+
√
−1

dw

w
∧ ᾱ
)
,

for some constant C > 0. Thus η∞ has edge singularity of angle 4π along Z1. For a fixed

base point on Z1, Proposition 3.9.2 shows that Z−1 gets pushed-off to infinity in the limit. The

remaining proof is the same as that of Theorem 3.8.2.

3.9.1 Calculation in β2

In this section, we choose a base point from the infinity section and then study the limiti

behavior of the Kähler–Einstein edge metrics. In the language of Section 3.5, we will consider

the Kähler–Einstein edge metrics that are parametrized by β2.

As in Section 3.5, we consider u := 1/w as the fiber coordinate. Then {u = 0} is the

infinity section and {u = ∞} is the zero section. We still define s as follows:

s = log(1 + |z|2)− log |u|2.

Then as before {s = −∞} still corresponds to the zero section while {s = +∞} corresponds to

the infinity section.
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Denote now by ξ the Kähler–Einstein edge metric that we seek on F1. Assume ξ =

√
−1∂∂̄f(s) for some smooth function f(s). As (3.43) we calculate

η =
√
−1∂∂̄f(s) = τπ∗

1ωFS + φ

(√
−1du ∧ dū

|u|2
+ α ∧ ᾱ− α ∧ dū

ū
− du

u
∧ ᾱ
)
,

where α := z̄dz/1 + |z|2, τ = f ′(s) and φ = f ′′(s) as before. As in Section 3.5, after a

renormalization of the metric we may assume

sup f ′(s) = 1.

We also assume inf f ′(s) = t, for some t > 0. In other words, τ ranges from [t, 1].

Now we calculate the Ricci curvature form η using coordinates u and z:

Ric η = −
√
−1∂∂̄ log η2

= −
√
−1∂∂̄ log

τφ

|u|2(1 + |z|2)2

= (1− β1)[Z1] + (1− β2)[Z−1] + 2π∗
1ωFS −

√
−1∂∂̄ log τ

−
√
−1∂∂̄ logφ.

Denote the Ricci curvature by µ. The Kähler–Einstein edge equation

Ric η = µη + (1− β1)[Z1] + (1− β2)[Z−1]
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is equivalent to

2− φτ − φ/τ = µτ, τ ∈ [t, 1]. (3.86)

Note that (3.86) gives us the same ODE derived in [50, (4.12)]. Now let us determine boundary

conditions satisfied by φ(τ). The same arguments in [50, Proposition 3.3] give us that

φ(t) = φ(1) = 0, φ′(t) = β1, φ′(1) = −β2. (3.87)

Plugging boundary conditions in (3.86) implies that

µ = 2 + β2.

The solution to (3.86) is

φ(τ) =
τ 2 − 1

τ
+

2 + β2
3

1− τ 3

τ
. (3.88)

Combining (3.87) and (3.88), we obtain the dependence of t and β1 on β2:

t =
1− β2 +

√
(β2 − 1)(−3β2 − 9)

2(2 + β2)
,

β1 =
3

2
+

1

2
β2 −

1

2

√
(1− β2)(3β2 + 9).

(3.89)

Next, inspired by the result in Theorem 3.9.3, we study the limiting behavior of Kähler–Einstein edge

metrics when β2 tends to 1. The proof is similar to that of Proposition 3.8.1 and is omitted.

Proposition 3.9.4. The length of the path on each fiber between the intersection point of the fiber

with Z1 and that of the fiber with Z−1 converges to a finite number as β2 → 1.

From now on, we denote by ξβ2 , τβ2 and φβ2 to indicate the dependence of metrics and
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coordinates on β2.

Theorem 3.9.5. Fix an arbitrary base point p onZ−1 ⊂ F1. As β2 → 1, the Kähler–Einstein edge

metric (F1, ξβ2 , p) on F1 converge in the pointed Gromov–Hausdorff sense to the Fubini–Study

metric (P2, ωFS, p). We will show that ξβ2 converges pointwise smoothly to a degenerate metric

tensor that is the pull-back of the Fubini–Study metric under the blow-up map on F1.

Proof. Denote by ξ∞, τ∞ and φ∞ the metric and coordinates in the limit when β2 → 1. To find

a relation between τ∞, φ∞ and s, consider the ODE satisfied by s and τβ2:

ds

dτβ2
=

1

φβ2
=

τβ2
(2+β2

3
)(1− τ 3β2) + τ 2β2 − 1

. (3.90)

Letting β2 → 1 in (3.90), we obtain (up to a constant that can be chosen to be 0)

s = log
τ∞

1− τ∞
, τ∞ ∈ (0, 1), (3.91)

where τ∞ ranges from (0, 1) since t→ 0 as β2 → 1. Obviously there holds

φ∞ = τ∞(1− τ∞). (3.92)

Recall s = log(1 + |z|2) − log |u|2. Combining (3.91) and (3.92), the limit metric ξ∞ has the
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form:

ξ∞ = τ∞π
∗
1ωFS + φ∞

(
π∗
2ωCyl +

√
−1α ∧ ᾱ−

√
−1α ∧ dū

ū
−
√
−1

du

u
∧ ᾱ
)

=
1 + |z|2

|u|2 + 1 + |z|2
π∗
1ωFS +

1 + |z|2

(|u|2 + 1 + |z|2)2
√
−1du ∧ dū

+
|u|2(1 + |z|2)

(|u|2 + 1 + |z|2)2

(√
−1α ∧ ᾱ−

√
−1α ∧ dū

ū
−
√
−1

du

u
∧ ᾱ
)
.

(3.93)

Next, we derive the explicit formula for ξ∞. Recall,

α =
z̄dz

1 + |z|2
. (3.94)

Plugging (3.94) in (3.93) and by calculations:

ξ∞ =
1 + |z|2

|u|2 + 1 + |z|2
·
√
−1dz ∧ dz̄
(1 + |z|2)2

+
1 + |z|2

(|u|2 + 1 + |z|2)2
√
−1du ∧ dū

+
|u|2(1 + |z|2)

(|u|2 + 1 + |z|2)2

(√
−1 · |z|

2dz ∧ dz̄
(1 + |z|2)2

−
√
−1

z̄dz

1 + |z|2
∧ dū

ū
−
√
−1

du

u
∧ zdz̄

1 + |z|2

)
=

√
−1

(
1 + |u|2

(1 + |u|2 + |z|2)2
dz ∧ dz̄ − z̄u

(1 + |u|2 + |z|2)2
dz ∧ dū− ūz

(1 + |u|2 + |z|2)2
du ∧ dz̄

+
1 + |z|2

(1 + |u|2 + |z|2)2
du ∧ dū

)
=

√
−1∂∂̄ log(1 + |u|2 + |z|2).

(3.95)

This limit metric does not have singularity along Z−1 since β2 → 1 in the limit. Moreover,

ξ∞ has Ricci curvature 3 since µβ2 tends to 3 when β2 → 1. Moreover, the metric ξ∞ degenerates

along Z1 = {u = ∞} as ξ∞ → 0 as |u| → +∞.

We next show that ξ∞ is the pull-back of the Fubini–Study metric ωFS on P2 under the

blow-down map π : F1 → P2. Figure 3.2 shows the blow up of P2(1, 1, k) at p giving rise
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to F1. To see this, we regard F1, which is the blow-up of P2 at one point p (WLOG assuming

p = [1 : 0 : 0]), as the variety embedded in P2 × P1:

F1 = {([x0 : x1 : x2], [y0 : y1]) ∈ P2 × P1 : x1y1 = x2y0}.

Then the blow-down map π is given by:

π : F1 → P2

([x0 : x1 : x2], [y0 : y1]) 7→ [x0 : x1 : x2].

Restricted on the chart {x1 ̸= 0}, there hold:

u =
x0
x1
, z =

x2
x1

and

π(u, z) = (u, z) ∈ P2. (3.96)

Recall the Fubini–Study metric on P2 (restriced to the chart {x1 ̸= 0}) has the formula

ωFS =
√
−1 log(1 + |u|2 + |z|2).

Thus by (3.95) and (3.96) we have shown,

ξ∞ = π∗ωFS,
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confirming that ξ∞ degenerates along the exceptional curve Z1.

We have shown ξβ2 converges on any compact subset of F1 to ξ∞. Now fix an arbitrary base

point on Z−1 ⊂ F1. By Proposition 3.9.4, the length between Z1 and Z−1 remains to be finite

when β2 → 1. Thus (F1, ξβ2 , p) converges in the pointed Gromov–Hausdorff sense to (P2, ωFS, p)

when β2 → 1.

Figure 3.2: Blow up of P2(1, 1, k) at p (with k > 1).

Next, we consider the limiting behavior of properly renormalized Kähler–Einstein edge

metrics on F1 when β2 → 1.

Lemma 3.9.6. Rescaling the metric ξ by a factor 2(2+ β2)/(1− β2 +
√

(1− β2)(3β2 + 9)), the

interval of definition of τ will change from [t, 1] to [1, T ] as in (3.84).

Proof. When we calculate in terms of β1, we have

β2 =
β1 − 3 + 3

√
1 + 2

3
β1 − 1

3
β2
1

2
, (3.97)

T = 1 + 3

√
1 + 2

3
β1 − 1

3
β2
1 + β1 − 1

4− 2β1
. (3.98)
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When we calculate in terms of β2, we have

β1 =
3

2
+

1

2
β2 −

1

2

√
(β2 − 1)(−3β2 − 9), (3.99)

t =
1− β2 +

√
(β2 − 1)(−3β2 − 9)

2(2 + β2)
. (3.100)

Direct calculation shows (3.97) and (3.99) are equivalent. Combining (3.97) and (3.98), we have

T =
2(2 + β2)

4− 2β1
.

Combining (3.99) and (3.100), we have

t =
4− 2β1
2(2 + β2)

.

Thus, T = 1/t and we can rescale the metric η by the factor 1/t to change the domain of τ from

[t, 1] to [1, T ].

Inspired by Lemma 3.9.6, we normalize ξβ2 by the factor
√
3/
√
1− β2 and study its limit-

ing behavior when β2 tends to 1.

Theorem 3.9.7. Rescaling the metric ξβ2 by
√
3/
√
1− β2, then as β2 → 1, the renormalized

metric converges in the pointed Gromov–Hausdorff sense to a Ricci-flat metric on −HP1 , where

the base point is chosen from Z1. See the proof for an explicit explanation. This metric coincides

with the one obtained in Theorem 3.9.3.
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Proof. Consider the change of coordinate yβ2 :=
√
3τβ2/

√
1− β2 in the following ODE:

ds

dτβ2
=

1

φβ2(τβ2)
,

In the following equations, we omit the subscript β2:

ds

dy

dy

dτ
=

1

φ(y)

⇒ ds

dy
=

√
3

3
· (1− β2)y

(
√
1− β2y)2 − 1 + 2+β2

3
(1− (

√
1− β2y)3)

.

By an abuse of notation, still denote by y the coordinate in the limit. As β2 → 1, there holds

ds

dy
=

y

y2 − 1
, y ∈ (1,+∞) , (3.101)

where the range of y comes from (3.100). Recall the renormalized metric
√
3ξβ2/

√
1− β2 reads

√
3ξβ2√
1− β2

=

√
3τβ2√
1− β2

π∗
1ωFS +

√
3φβ2√
1− β2

(
π∗
2ωCyl +

√
−1α ∧ ᾱ−

√
−1α ∧ dū

ū

−
√
−1

du

u
∧ α
)
.

(3.102)

Combining (3.101) and (3.102) we obtain the limit metric

ξ̃∞ =
√
e2s + 1π∗

1ωFS +
e2s√
e2s + 1

(
π∗
2ωCyl +

√
−1α ∧ ᾱ−

√
−1α ∧ dū

ū

−
√
−1

du

u
∧ α
)
.

Note that this limit metric is Ricci-flat. It coincides with the metric obatined in Theorem 3.9.3 if
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we chooseC = 1 there. We have shown the renormalized Kähler–Einstein edge metrics converge

to ξ̃∞ in smooth local sense. Next, fix a base point from the zero section Z1. Then by Proposition

3.9.4, we conclude that the infinity section Z−1 gets pushed-off to infinity in the limit. Combining

this fact with the local smooth convergence, we conclude the pointed Gromov–Hausdorff limit

of (F1,
√
3ηξ2/

√
1− β2) is (−HP1 , ξ̃∞).
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Chapter 4: Numerical Ricci iteration on toric surfaces

4.1 Introduction

Analytical expressions for Kähler–Einstein metrics are unknown except in very few cases.

For example, using Calabi ansatz of previous chapter one can write down explicit solutions to the

Kähler–Einstein equation (1.5) on certain manifolds (cf. [52, §4.4-4.5]).

Kähler–Einstein metrics are important not only in the study of complex geometry but also

other subjects. For example, when setting µ = 0 in (1.5), the resulting equation is known as the

Calabi–Yau equation. Solutions to this equation, namely Calabi–Yau metrics, are fundamental

building blocks in superstring theory [11, 24]. Typically, explicit formula for such metrics are

unavailable. Despite lacking an explicit form, numerical solutions for them, and more gener-

ally for Kähler–Einstein metrics have been developed across various settings for the underlying

manifolds, and an incomplete list includes [6, 17, 19, 20, 30, 34].

A systematic way to study (1.5) is pioneered by Rubinstein [45–47], where he introduced

the Ricci iteration:

Definition 4.1.1. Let M be a Kähler manifold and Ω be a Kähler class satisfying µΩ = c1(M)

for some µ ∈ R. Given a Kähler form ω in the class Ω and a number τ > 0, define the time τ
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Ricci iteration to be the sequence of forms {ωkτ}k≥0, satisfying the equations

ωkτ = ω(k−1)τ + τµωkτ − τ Ricωkτ , k ∈ N,

ω0 = ω,

for each k ∈ N for which a solution exists.

Our focus is on the case where M is Fano, i.e., c1(M) > 0, and τ = 1. In this setting,

given [ω0] = 2πc1(M), the Ricci iteration reduces to the following dynamical system

Ricωi+1 = ωi, i = 0, 1, . . . (4.1)

The motivations behind the introduction of the Ricci iteration are to discretize the Ricci

flow [31, §3] and treat easier equations than original in each iteration step.

The Kähler–Einstein metric is a fixed point of (4.1). Thus, we may expect that convergence

of the Ricci iteration will yield Kähler–Einstein metrics. The idea to use the Ricci iteration as a

numerical method, as discussed in [45–47], is that, assuming the sequence of metrics produced

by Ricci iteration converging to the Kähler–Einstein metric, then numerically computing pos-

itively curved Kähler–Einstein metric amounts to solving a sequence of Calabi–Yau equations

(4.1). The exploration of numerically solving Calabi–Yau equations commenced with Donald-

son’s algorithm, proposed in [17], which relies on the theory on balanced metrics.

However, it is not guaranteed that the Ricci iteration will converge to a Kähler–Einstein metric.

In (4.1), theoretical results for convergence require a sequence of automorphisms applied to each

solution obtained from iterations:
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Theorem 4.1.2. [15, Theorem 1.2] Let (M,J, ω0) be a compact Kähler manifold admitting a

Kähler–Einstein metric. Suppose the Kähler class associated to ω0 is 2πc1(M,J) and let {ωi}i∈N

by given by (4.1). Then there exist holomorphic diffeomorphisms hi such that h∗iωi converges

smoothly to a Kähler–Einstein metric.

We only consider the case where M is a toric manifold (cf. Definition 4.2.3). Then each

step in the Ricci iteration reduces to a real Monge–Ampère equation. More precisely, we need to

solve

det∇2ψi+1(x) = e−ψi(x), x ∈ Rn,

∇ψi+1(Rn) = intP,

(4.2)

where ψ0(x) : Rn → R serves as an initial choice and P is the Delzant polytope (cf. Theorem

4.2.8) of M . Iteration schemes regarding (4.2) are studied by Hunter [36, 37]. In particular, his

result [37, Theorem 2.1] recovered the convergence of the Ricci iteration in the toric setting.

Our goal is to numerically implement the Ricci iteration for toric manifolds. In each step,

it suffices to solve (4.2), which is known as the second boundary value problem for real Monge–

Ampère equations. Such equations are linked to the optimal transport theory, as their solutions

give rise to optimal transport maps. Back in 2016, Lindsey and Rubinstein proposed a numerical

scheme for solving (4.2) and proved a corresponding convergence theorem [43, Theorem 1.6].

They also pointed out the potential to apply their numerical method to the Ricci iteration [43,

§8]. Recently, Bonnet–Mirebeau proposed another numerical method for solving (4.2) with a

convergence theorem proved [5, Theorem 5.25].

We successfully implement the Ricci iteration for toric del Pezzo surfaces. In our imple-

mentation, we choose the numerical solver in [5] in each step. Their approach is efficient for
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the specific dimension we are concerned: the real dimension 2. However, in higher dimensions,

Lindsey and Rubinstein’s method will have the advantage of being straightforward to apply, while

in [5] a non-trivial discretization procedure is required, cf. [5, §7].

Our numerical results suggest that the Ricci iteration in the toric surface case converges

without the need of applying automorphisms to the metrics obtained from each iteration. This

finding leads to the question of whether the theoretical results of Theorem 4.1.2 and also [37,

Theorem 2.1] can be further strengthened. Moreover, thanks to the convergence achieved through

the Ricci iteration, our numerical implementation provides a new approach for finding canonical

metrics on toric del Pezzo surfaces. This will be discussed in Chapters 5 and 6.

The contribution of this work also lies in demonstrating the applicability of the Ricci itera-

tion in the numerical domain. We compare the Ricci iteration as an approach to finding numerical

canonical metrics to previous works with the same goal in Sections 5.3 and 6.3. Furthermore,

the present work provides a unified way to treat both Kähler–Einstein metrics and Kähler–Ricci

soliton metrics on the toric del Pezzo surfaces, as both are governed by real Monge–Ampère

equations.

4.1.1 Organization

In Section 4.2, we introduce the definition of toric Kähler surfaces and review existence

results of canonical metrics on them. In Section 4.3, we present the formulation of the Ricci

iteration on toric surfaces and also present existing theoretical results regarding its convergence.

From Section 4.4 to Section 4.8, we explain in detail the numerical method in [5]. The

method is used in this work to solve the Monge–Ampère equations. We present both the con-
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vergence and existence results for solutions to their numerical scheme. These theoretical results

guarantee the robustness of our numerical implementation.

In Section 4.9, we specify the surfaces on which we implement the Ricci iteration and

clarify corresponding boundary conditions. We present detailed settings of our numerical work,

including how to choose a suitable domain of solutions and properly normalize solutions.

4.2 Canonical metrics on toric del Pezzo surfaces

4.2.1 Toric Kähler manifold

We introduce the following notation for the n-dimensional real torus:

Tn := Rn/2πZn ∼= (S1)n

and in comparison, the n-dimensional complex torus:

TnC := Cn/2π
√
−1Zn ∼= Rn ×

√
−1Tn.

From now on, we will consider Kähler manifolds that admit toric symmetry, as described

in the following definitions.

Just as Kähler geometry can be seen as an intersection of complex and symplectic geome-

tries, a Kähler toric manifold will be both a toric variety, from the complex geometry side and a

symplectic toric manifold from the symplectic side. For readers’ convenience, we include these

definitions here and the main reference is [2].
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From the complex geometry side, we have

Definition 4.2.1. A toric variety is a normal variety M that contains the complex torus TnC as

a dense open subset, and is equipped with an holomorphic action of TnC on M that extends the

natural action of TnC on itself.

From the symplectic geometry side, we have

Definition 4.2.2. A symplectic toric manifold is a symplectic manifold (M,ω) equipped with an

effective Hamiltonian action of the real torus Tn on (M,ω).

The toric Kähler manifold is defined to have both structures.

Definition 4.2.3. An n-dimensional Kähler manifold (M,ω, J) is said to be toric if it is a toric

variety that contains TnC as a dense open set, and the induced action Tn ⊂ TnC on (M,ω, J) makes

it also a symplectic manifold.

From now on, we only consider toric Kähler manifolds, and Kähler metric on which that is

invariant under the Tn action.

By the theory of toric Kähler geometry, cf. [2, Section 2.2], the set

Mopen := {p ∈M : Tn action is free at p} ∼= TnC

is an open dense subset of M , moreover, we have the holomorphic coordinates as follows:

Mopen
∼= Cn/2π

√
−1Zn = Rn ×

√
−1Tn =

{
z =

1

2
x+

√
−1θ : x ∈ Rn, θ ∈ Tn

}
,
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such that the Tn action is given by

t · z = t ·
(
1

2
x+

√
−1θ

)
=

1

2
x+

√
−1(t+ θ), z ∈Mopen, t ∈ Tn. (4.3)

We summarize this fact into the next definition.

Definition 4.2.4. The complex coordinates (x, θ) on Mopen is defined using the following identi-

fication:

Mopen
∼= Cn/2π

√
−1Zn = Rn ×

√
−1Tn =

{
z =

1

2
x+

√
−1θ : x ∈ Rn, θ ∈ Tn

}
. (4.4)

On Mopen, a toric invariant Kähler metric has a local potential function as (1.1):

ω|Mopen =
√
−1∂z∂z̄ψ.

Lemma 4.2.5. In the complex coordinates (x, θ),

ω|Mopen =
n∑

i,j=1

∂2ψ

∂xi∂xj
dxi ∧ dθj.
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Proof. By (4.4), there holds

ω|Mopen =
√
−1∂∂̄ψ

=
√
−1

n∑
i,j=1

(
∂

∂zi

∂ψ

∂z̄j

)
dzi ∧ dz̄j

=
√
−1

n∑
i,j=1

(
∂

∂xi
−

√
−1

∂

∂θi

)(
∂ψ

∂xj
+
√
−1

∂ψ

∂θj

)(
1

2
dxi +

√
−1dθi

)(
1

2
dxj −

√
−1dθj

)

=
n∑
i,j

∂2ψ

∂xi∂xj
dxi ∧ dθj,

(4.5)

where we assume that ω is toric invariant, so that ∂ψ/∂θi ≡ 0 due to (4.3).

The positivity of ω implies that the potential function ψ(x) is strongly convex, which allows

us to consider the Legendre transform of ψ(x) and also its gradient image.

Lemma 4.2.6. The gradient map

∇ψ(x) : Rn → intP (4.6)

is a diffeomorphism of Rn onto the interior intP of a convex polytope P ⊂ Rn.

Such polytopes satisfy several combinatorial properties and form a set called Delzant poly-

topes, as we define below.

Definition 4.2.7. A convex polytope P in Rn is Delzant if:

1. there are n edges meeting at each vertex p;

2. the edges meeting at a vertex p satisfy that each edge is of the form p+ tvi, for 0 ≤ t <∞,

i = 1, . . . , n and vi ∈ Zn;
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3. the v1, . . . , vn in (2) can be chosen to be a basis of Zn.

Theorem 4.2.8. [12, Theorem 28.2] There is an one-to-one correspondence between Delzant

polytopes and symplectic toric manifolds.

Let x ∈ Rn as in (4.4) be the real part of the complex coordinates on Mopen. Define

y := ∇ψ(x). (4.7)

By Lemma 4.2.6, we can define a second coordinate system on Mopen.

Definition 4.2.9. The symplectic coordinates on Mopen is defined as

Mopen
∼= intP × Tn = {(y, θ) : y ∈ intP as in (4.7), θ is the same as before}. (4.8)

Using the symplectic coordinates, the Kähler form ω has the simplest form ω =
∑
dy∧dθ

and the complex structure J is determined by a potential function ψ∗(y), which is the Legendre

transform of ψ(x) [2].

The complex coordinate x and the symplectic coordinate y will both be used. Next,

we write down the concerned real equations arising from geometric equations using the real

coordinates x ∈ Rn. Consider two toric invariant Kähler metrics which are given by ω1 =

√
−1∂∂̄ψ1(x) and ω2 =

√
−1∂∂̄ψ2(x) on Mopen.

Proposition 4.2.10. [36, Lemma 3.3.2] If there exists f ∈ C∞(M) such that

Ricω1 = ω2 +
√
−1∂∂̄f,
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then

det∇2ψ1(x) = e−ψ2(x)−f(x)+c,

for some constant c.

4.2.2 Kähler–Einstein metrics on toric del Pezzo surfaces

We only consider toric del Pezzo surfaces, i.e., complex dimension 2 toric manifold with

positive first Chern class. They are

P2, P1 × P1, P2#P2, P2#2P2, P2#3P2, (4.9)

where P2#nP2 is the blowup of P2 at n distinct points in general position.

By Theorem 4.2.8, each toric Kähler surface is associated with a convex polytope P ⊂ R2,

namely the Delzant polytope. There is a canonical choice of the formula for such polytopes,

cf. [39, (27)]:

P =
⋂
α

{y ∈ Rn : ⟨nα, y⟩+ 1 ≥ 0}, (4.10)

where {nα} denotes a set of inward pointing normal vectors in Zn and the components of each

nα are required to be relatively prime over Z. From now on, when we refer to a Delzant polytope

this canonical formula is used.

More precisely, the Delzant polytope of P2 is a triangle, denoted by P1, with vertices

(−1,−1), (2,−1), (−1, 2).
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The Delzant polytope of P1 × P1 is a square P2 with vertices

(−1,−1), (1,−1), (1, 1), (−1, 1).

The Delzant polytope of P2#3P2 is a hexagon P3 with vertices

(−1, 0), (0,−1), (1,−1), (1, 0), (0, 1), (−1, 1).

The Delzant polytope of P2#2P2 is a pentagon P4 with vertices

(1,−1), (1, 0), (0, 1), (−1, 1), (−1,−1).

The Delzant polytope of P2#P2 is a trapezoid P5 with vertices

(2,−1), (0,−1), (−1, 0), (−1, 2).

Figure 4.1: Delzant polytope
of P2

Figure 4.2: Delzant polytope
of P1 × P1

Figure 4.3: Delzant polytope
of P2#3P2
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Figure 4.4: Delzant polytope of
P2#P2

Figure 4.5: Delzant polytope of
P2#2P2

The problem of existence of Kähler–Einstein metrics on del Pezzo surfaces is solved by

Tian [53, Main theorem]. By Tian’s theorem, among all toric del Pezzo surfaces, only P2, P1×P1

and P2#3P2 admit Kähler–Einstein metrics.

By Theorem 4.2.8 and Proposition 4.2.10, existence of Kähler–Einstein metrics requires

certain real Monge–Ampère equation to be solvable:

Theorem 4.2.11. When P equals P1, P2 or P3, the following equation is solvable:

det∇2ψ(x) = e−ψ(x), x ∈ R2,

∇ψ(R2) = intP.

(4.11)

From the geometry point of view, a solution ψ corresponds to a Kähler–Einstein metric ω

on a surface S such that on the open orbit ω|Sopen =
√
−1∂∂̄ψ.
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4.2.3 Kähler–Ricci solitons on toric del Pezzo surfaces

The existence result of Kähler–Ricci solitons on toric Fano manifolds is proved by Wang

and Zhu [56, Theorem 1.1]:

Theorem 4.2.12. Any toric Fano manifold admits a Kähler–Ricci soliton, unique up to holomor-

phic automorphisms.

Denote by p ∈ R2 the barycenter of Delzant polytope P . By [16, p. 53, line -12], the

Futaki invariant of a toric manifold vanishes if and only if p is the origin. By [56, Corollary 1.2],

the Ricci soliton on a toric del Pezzo surface is Kähler–Einstein if and only if the Futaki invariant

vanishes. Thus, among all toric del Pezzo surfaces only P2#P2 and P2#2P2 admit Ricci solitons

that are not Kähler–Einstein, as only the barycenter of P4 or P5 is not the origin.

We only consider the surface S to be P2#P2 or P2#2P2. Let ω be a Kähler–Ricci soliton on

S that solves (1.10) for µ = 1. Let X be the soliton vector field. Let θXω be the soliton potential

such that LXω =
√
−1∂∂̄θXω , cf. Section 1.1.3. Given ω|Sopen =

√
−1∂∂̄ψ, by Proposition

4.2.10, up to a constant the metric potential ψ satisfies

det∇2ψ(x) = e−ψ(x)−θ
X
ω (x), x ∈ R2

∇ψ(R2) = intP.

(4.12)

The following result gives an explicit formula for the soliton potential in case of P2#P2

and P2#2P2.

Proposition 4.2.13. [56, Lemma 2.2] Let S be P2#P2 or P2#2P2. Let P be the Delzant polytope.

Let y = (y1, y2) be the symplectic coordinate in (4.2.9). Then up to a constant, the soliton
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potential is given by

θXω (x) = c1
∂ψ

∂x1
(x) + c2

∂ψ

∂x2
(x)

where c1, c2 are constant such that

∫
P

yie
−c1y1−c2y2dy1dy2 = 0,

for i = 1, 2.

Next we use Proposition 4.2.13 to compute an exact formula for the soliton potential on

P2#2P2 and P2#P2. Let y = (y1, y2) be the symplectic coordinate.

Proposition 4.2.14. On P2#2P2, c1 = c2 ≈ 0.434748.

Proof. By Proposition 4.2.13, the constant c1 and c2 satisfy

∫
P4

yie
−c1y1−c2y2dy1dy2 = 0, (4.13)

for i = 1, 2. By [29, Corollary 12], there holds c1 = c2 = c for some c. Hence, (4.13) reduces to

∫
P4

y1e
−c(y1+y2)dy1dy2 = 0,

∫
P4

y2e
−c(y1+y2)dy1dy2 = 0, (4.14)

for some c. Adding the two equations in (4.14), we have

∫
P4

(y1 + y2)e
−c(y1+y2)dy1dy2 = 0. (4.15)
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It remains to find c that satisfies (4.15). Consider the function of c

K(c) :=

∫
P4

e−c(y1+y2)dy1dy2, (4.16)

then

K′(c) =

∫
P4

−(y1 + y2)e
−c(y1+y2)dy1dy2.

Hence, the constant c satisfies (4.15) if K′(c) = 0.

We calculate using (4.16) that

K(c) =
e2c − 2 + (1− c) · e−c

c2
.

Now by numerical root finding method, we solve

K′(c) = 0

and obtain that c ≈ 0.434748.

Proposition 4.2.15. On P2#P2, c1 = c2 = c ≈ −0.52762.

Proof. The proof follows the same steps as Proposition 4.2.14.

4.3 The Ricci iteration on toric del Pezzo surfaces

Our goal is to find a numerical solution to (4.11) and (4.12) that are associated to toric

del Pezzo surfaces. One difficulty in solving these equations, both theoretically and numerically,

comes from the fact that the right hand side involves nonlinear terms of ψ(x). A strategy to
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overcome this is to use the Ricci iteration (4.1). Indeed, it has been pointed out that one can use

the Ricci iteration to find numerical approximations to both Kähler–Einstein and Kähler–Ricci

soliton metrics in [45–47], e.g., cf. [47, §10.5]. To streamline the presentation, we introduce the

following iteration system that is directly related to (4.11) and (4.12):

Definition 4.3.1. [37, (11)] Let 0 ≤ i ∈ N. The Monge–Ampère iteration of (4.11) is defined as

a sequence of equations

det∇2ψi+1(x) = e−ψi(x), x ∈ R2,

∇ψi+1(R2) = intP,∫
R2

e−ψi+1(x) dx = |P |,

(4.17)

with an initial choice ψ0(x) : R2 → R, where |P | denotes the area of P .

The Monge–Ampère iteration (4.17) is proposed by Hunter [36, 37]. It is a real analogue

of the Ricci iteration on general Kähler manifolds.

4.3.1 Kähler–Einstein metrics

We implement the Ricci iteration on P2, P1×P1 and P2#3P2 by solving (4.17) sequentially.

The convergence result regarding (4.17) is established as follows:

Theorem 4.3.2. [37, Theorem 1.2] Let {ψi(x)}i∈N be solutions to (4.17), then there exists a

sequence of ai ∈ R2 such that the {ψi(x+ ai)}i∈N converges to a solution to (4.11).

When P in (4.17) is a Delzant polytope, Theorem 4.3.2 recovers the result in Theorem

4.1.2. In [36, 37], Theorem 4.3.2 is proved for more general convex bodies.

Our numerical results, presented in Section 5.2, indicate that this convergence occurs with-

out needing the translation of variables. Theoretical results to this end remain unknown.
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The Monge–Ampère equations (4.17) have the second boundary condition, and we will

employ the numerical scheme proposed in [5] to solve such problems.

4.3.2 Solitons

Regarding the soliton case (4.12), the corresponding iterative scheme reads

det∇2ψi+1(x) = e−ψi(x)−θi(x), x ∈ R2,

∇ψi+1(R2) = intP,∫
R2

e−ψi+1(x) dx = |P |,

(4.18)

where

θi(x) := 0.434748

(
∂ψi(x)

∂x1
+
∂ψi(x)

∂x2

)
,

for P2#2P2 and

θi(x) := −0.52762

(
∂ψi(x)

∂x1
+
∂ψi(x)

∂x2

)

for P2#P2, indicated by Propositions 4.2.14 and 4.2.15.

The convergence of (4.18), or more generally of the Ricci iteration in the soliton case is

conjectured by Rubinstein [47, p. 1546, line 1-2]. Our numerical results, presented in 6.2, suggest

that the convergence does happen in the toric surface case.

Compared to (4.17), a difficulty in solving (4.18) arises as the right hand side consists not

only of the solution obtained from the last iteration but also its first order derivative. A more

complicated right hand side usually means more time needed to achieve a numerical solution.

We propose an alternative implementation as a possible way to get around this issue. Recall,
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the equation (4.18) is obtained by spelling out the soliton equation (1.15) directly. Also, recall the

soliton potential function in (1.15) is explicitly known for P2#P2 and P2#2P2, cf. Propositions

4.2.14 and 4.2.15. More precisely, given x = (x1, x2) and y = (y1, y2) respectively the complex

and symplectic coordinates of either P2#P2 or P2#2P2, the push-forward of the soliton potential

under the gradient map of the metric potential is linear in y. By (4.7), coordinates y are the

gradient image under the metric potential ψ of x. Consequently, under the gradient image of the

Legendre transform ψ∗, coordinates y are mapped to x. We consider the following lemma:

Lemma 4.3.3. Let ψ(x) : Rn → R be a convex function. Let ψ∗(y) be its Legendre transform.

For any v ∈ Rn, the Legendre transform of the function ψ(x) + ⟨v, x⟩ is given by

ψ̃∗(y) = ψ∗(y − v).

Proof. By definition of the Legendre transform, for any y in the domain of ψ∗,

ψ∗(y) = sup
x∈Rn

⟨y, x⟩ − ψ(x). (4.19)

Hence, for any y such that y − v is in the domain of ψ∗,

ψ̃∗(y) = sup
x∈Rn

⟨y, x⟩ − ψ(x)− ⟨v, x⟩

= sup
x∈Rn

⟨y − v, x⟩ − ψ(x)

= ψ∗(y − v).
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Inspired by Lemma 4.3.3, we realize that the existence of a linear soliton potential in y

roughly corresponds to a translation of variable in x for the metric potential ψ. Instead of solving

(4.18), we may still solve (4.17) sequentially, but translate the variable in solutions obtained from

each iteration by a constant before feeding it into the next step.

Consider

det∇2ψi+1(x) = e−ψi(x1+c,x2+c), x ∈ R2,

∇ψi+1(R2) = intP,∫
R2

e−ψi+1(x) dx = |P |,

(4.20)

where c = 0.434748 for P2#2P2 and c = −0.52762 for P2#P2 by Propositions 4.2.14 and

4.2.15. We solve both (4.18) and (4.20) to approximate Ricci solitons.

4.4 Gaveau’s reformulation of Monge–Ampère equations

Starting this section, we present an exposition of the numerical method in [5]. In this

section, our goal is to revisit Gaveau’s reformulation of the Monge–Ampère equations. This result

is essentially a characterization of the determinant operator. The key result is an observation in

linear algebra, see Lemma 4.4.3.

From now on, letK be an open bounded convex subset of Rn that contains the origin. In our

applications it will always be a cube. Let f ∈ L∞(K). Gaveau gave an ingenious reformulation

of the Monge–Ampère equation

det∇2u(x) = f(x), x ∈ K, (4.21)
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that is crucial for the numerical scheme used later.

Denote by Sym2(Rn) the set of n × n symmetric matrices, and let P ⊂ Sym2(Rn) be

the set of positive semidefinite matrices. Let intP be the set of positive definite matrices. We

consider the following operator.

Definition 4.4.1. Define the Monge–Ampère operator FMA : K × P → R as

FMA(x,M) := max
B∈P,TrB=1

[
n(f(x) · detB)1/n − Tr(BM)

]
(4.22)

The aim of this section is to prove the following result.

Theorem 4.4.2. The Monge–Ampère equation (4.21) is equivalent to

FMA(x,∇2u(x)) = 0, in K. (4.23)

Proof. The key ingredient is the following observation by Gaveau:

Lemma 4.4.3. [22, Lemma 1] For M ∈ P ,

n(detM)
1
n = inf

B∈intP,detB=1
Tr(BM). (4.24)

Proof of the lemma. Let λ1, . . . , λn be eigenvalues of a matrix Q, then detQ = λ1 · · ·λn and

Tr(Q) = λ1 + · · · + λn. Assume that Q ∈ P , then for each i there holds λi ≥ 0. Applying the

inequality of arithmetic and geometric means, we obtain

n(detQ)1/n ≤ Tr(Q),
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and the equality holds when Q has equal eigenvalues. We apply this fact to the matrix BM ,

where M ∈ P , B ∈ intP , and detB = 1,

n(detM)1/n = n(det(BM))1/n ≤ Tr(BM).

Finally, to show n(detM)
1
n is the limit of a sequence of Tr(BM), where B ∈ intP and

detB = 1, we choose a sequence of Bt so that all the eigenvalues of BtM approach to the same

value. More precisely, one choice can be Bt = (M + tI)−1 · det(M + tI)1/n and in the limit we

let t→ 0.

By Lemma 4.4.3, equation (4.21) can be reformulated as follows.

det∇2u(x) = f(x), in K,

⇐⇒ sup
B∈intP,detB=1

[
nf(x)1/n − Tr(B∇2u(x))

]
= 0, in K.

⇐⇒ sup
B∈P,TrB=1

[
n(f(x) · detB)1/n − Tr(B∇2u(x))

]
= 0, in K.

(4.25)

Lemma 4.4.4. The supremum in (4.25) is attained, i.e.,

sup
B∈P,TrB=1

[
n(f(x) · detB)1/n − Tr(B∇2u(x))

]
= 0, in K,

⇐⇒ max
B∈P,TrB=1

[
n(f(x) · detB)1/n − Tr(B∇2u(x))

]
= 0, in K.

Proof of the lemma. The set {B ∈ P : TrB = 1} is a compact subset of Sym2(Rn), where we

identify Sym2(Rn) as a subset of Rn×n and use its Euclidean topology. Consider the map

B ∈ Sym2(Rn) 7→ C · (detB)1/n − Tr(BM),
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where C is a real number and M ∈ Sym2(Rn). The map is a continuous map, when considering

Sym2(Rn) as a subset of Rn×n and use its topology. Hence, the concerned supremum is taken

over a compact set for a continuous function, which implies the maximum can be attained.

By Lemma 4.4.3 and 4.4.4, the following two equations are equivalent:

det∇2u(x) = f(x), in K,

⇐⇒ max
B∈P,TrB=1

[
n(f(x) · detB)1/n − Tr(B∇2u(x))

]
= 0, in K.

(4.26)

Hence, by the definition of FMA, we have shown the equivalence between (4.21) and (4.23).

In summary, given the simplest form of Monge–Ampère type equations, denoted as (4.21),

we revisited Gaveau’s reformulation. The reformulation essentially involves substituting the de-

terminant operator in (4.21) with a maximum operator applied to a certain subset of semi-positive

matrices, defined as follows:

P0 := {B ∈ P : TrB = 1}. (4.27)

One crucial input in [5] entails an additional reformulation of the Monge–Ampère equation,

achieved by studying this set P0.

4.5 An approximation result for semi-positive matrices with trace one

In this section, we provide a detailed explanation of the discretization process applied to

the set P0 in (4.27). The primary result is Theorem 4.5.9. It is important that this theorem is

specifically valid for dimension n = 2. Built upon Theorem 4.4.2, this result on P0 leads to a
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further reformulation for Monge–Ampère equations.

4.5.1 Motivation, summation of rank one matrices, and Selling’s formula

The motivation behind investigating P0 stems from the necessity to discretize the equation

(4.26). In our applications, it is unfeasible to numerically find a maximum over P0 as required in

(4.22) or (4.26). Therefore, we aim to approximate this set using finitely many matrices.

Let

N := n(n+ 1)/2.

Let

v = {v1, . . . , vN}

represent a collection of N vectors in Zn (to be specified later), and let

γ = (γ1, . . . , γN) ∈ RN
+ .

Define

P (v, γ) :=
N∑
i=1

γiviv
T
i , (4.28)

which is a symmetric matrix expressed as a positive linear (as opposed to merely a linear (i.e.,

γ ∈ RN ) combination of rank one matrices. Our goal is to show that any matrix in P0 can be

approximated in a sense by such P (v, γ).

Remark 4.5.1. The requirement that γ ∈ RN
+ as opposed to γ ∈ RN arises since we intend to

develop a monotonic numerical scheme (See Definition 4.8.1). For instance, when n = 2, if
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we were to allow γ to take values in the whole R3 rather than only non-negative values, then

the standard choice vstd = (v1, v2, v3) = ((1, 0)T , (0, 1)T , (−1,−1)T ) already gives that for any

M ∈ P0,

M =

a b

b d

 = (a− b)v1v
T
1 + (d− b)v2v

T
2 + bv3v

T
3 .

Consequently, by setting γ = (a − b, d − b, b), we then have M = P (vstd, γ). However, such γ

not necessarily in R3
+. The fact that, in dimension 2, given M and vstd a corresponding γ can be

produced such that M = P (vstd, γ), will be generalized in Proposition 4.5.4. below.

The 3-tuple of vectors vstd in Remark 4.5.1 is an example of the following:

Definition 4.5.2. A set of vectors v = {v1, v2, v3} ⊂ Z2 is called a superbase of Z2 if

v1 + v2 + v3 = 0 ∈ Z2,

and

det[v1, v2] = 1 or − 1.

A superbase can be considered either as a 3-tuple of vectors, or equivalently as a 2-by-3

integer matrix,

v ∈ Z2×3,

whose columns are v1, v2, v3.

In summary, one easily has P (vstd,R3) = P0, however, this will not be enough for a mono-

tone numerical scheme used later on. As a compromise, we instead will use many superbases and

only consider their images under P ( · ,R3
+). The main result, Theorem 4.5.9, is that a certain
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well-chosen collection of superbases will approximate P0.

By treating the set P0 as a subset of Rn×n and considering the Euclidean distance on the

latter space, we see the former set is a metric space. Consequently, the Hausdorff distance, which

we define below, serves as a natural measure of whether another set of matrices approximates the

set.

Definition 4.5.3. LetX and Y be two non-empty subsets of a metric space with distance function

d. The Hausdorff distance is given by

dH(X, Y ) := max
{
sup
x∈X

d(x, Y ), sup
y∈Y

d(y,X)
}
.

From now on, and as in [5], fix

n = 2,

i.e., we will only consider 2× 2 matrices in P0. So,

N = n(n+ 1)/2 = 3, v = {v1, v2, v3} ⊂ Z2, γ ∈ R3
+.

To conclude this section, we prove the following Selling’s formula, which provides a way

to write any symmetric matrix in the form of (4.28) for a fixed v, with the caveat that the resulted

γ may take its value in R3.

For any vector w = (w1, w2) ∈ R2, denote by

w⊥ := (−w2, w1),

w̃ := (w1,−w2).

(4.29)
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For any superbase v = (v1, v2, v3) and any M ∈ Sym2(R2), define

γ(v,M) :=
(
−⟨v⊥2 ,Mv⊥3 ⟩,−⟨v⊥3 ,Mv⊥1 ⟩,−⟨v⊥1 ,Mv⊥2 ⟩

)
. (4.30)

The following is the 2-dimensional version of the Selling’s formula [51].

Proposition 4.5.4. Let P (·, ·) be defined as in (4.28) with N = 3 and γ(·, ·) as in (4.30). If

v = (v1, v2, v3) is a superbase as in Definition 4.5.2, then for any M ∈ Sym2(R2),

M = P (v, γ(v,M)).

Proof. Let v = (v1, v2, v3) be a superbase. By Definition 4.5.2, v1 and v2 form a basis of R2.

And so do v⊥1 and v⊥2 as defined by (4.29). Thus, to prove the proposition it suffices to show that

for any 1 ≤ i ≤ j ≤ 2,

⟨v⊥i ,Mv⊥j ⟩ = ⟨v⊥i , P (v, γ(v,M)v⊥j ⟩. (4.31)

We write out the right hand side in (4.31):

⟨v⊥i , P (v, γ(v,M)v⊥j ⟩ = (v⊥i )
T

[
3∑

k=1

−(v⊥k+1)
TMv⊥k+2 · vkvTk

]
v⊥j (4.32)

=
3∑

k=1

−(v⊥k+1)
TMv⊥k+2 · det[vi, vk] · det[vj, vk], (4.33)

where we use

⟨v⊥i , vj⟩ = det[vi, vj], for any i, j = 1, 2, 3

which follows from the definition in (4.29). Now we divide into two cases. First, if i ̸= j in
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(4.33), then since 1 ≤ i ≤ j ≤ 2, we have i = 1, j = 2, and

⟨v⊥i , P (v, γ(v,M)v⊥j ⟩ =
3∑

k=1

−(v⊥k+1)
TMv⊥k+2 · det[vi, vk] · det[vj, vk]

= −(v⊥k+1)
TMv⊥k+2 · det[vi, vk] · det[vj, vk], where i = 1, j = 2, k = 3,

= ⟨v⊥1 ,Mv⊥2 ⟩

as expected. Second, if i = j in (4.33), then if i = j = 1, there hold

⟨v⊥i , P (v, γ(v,M)v⊥j ⟩ =
3∑

k=1

−(v⊥k+1)
TMv⊥k+2 · det[vi, vk] · det[vj, vk]

= −(v⊥3 )
TMv⊥1 − (v⊥1 )

TMv⊥2

= −(v⊥1 )
TMv⊥3 − (v⊥1 )

TMv⊥2

= −(v⊥1 )
TM(v⊥3 + v⊥2 )

= ⟨v⊥1 ,Mv⊥1 ⟩

since v1 + v2 + v3 = 0. If i = j = 2, then

⟨v⊥i , P (v, γ(v,M)v⊥j ⟩ =
3∑

k=1

−(v⊥k+1)
TMv⊥k+2 · det[vi, vk] · det[vj, vk]

= −(v⊥2 )
TMv⊥3 − (v⊥1 )

TMv⊥2

= −(v⊥2 )
TMv⊥3 − (v⊥2 )

TMv⊥1

= −(v⊥2 )
TM(v⊥1 + v⊥3 )

= ⟨v⊥2 ,Mv⊥2 ⟩.
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4.5.2 Strategy to prove the approximation result, Stern–Brocot Tree and its il-

lustration

With Selling’s formula in mind, cf. Proposition 4.5.4, the goal to write a matrix M ∈ P0

as M = P (v, γ) reduces to finding a superbase v = (v1, v2, v3), such that γ(v,M) in (4.30) has

non-negative components, i.e.,

v⊥i Mv⊥j ≤ 0, (4.34)

for any 1 ≤ i ̸= j ≤ 3. The following definition characterizes (4.34).

Definition 4.5.5. Let M ∈ P ⊂ Sym2(R2). A superbase v = (v1, v2, v3) of Z2 is M -obtuse if

for any 1 ≤ i ≤ j ≤ 3,

vTi Mvj ≤ 0.

Our strategy to prove the approximation result in Theorem 4.5.9 is by showing how to find

such v for almost all M ∈ P0. The proof is constructive and relies on an intriguing structure

known as the Stern–Brocot Tree. By Definition 4.5.2 of the superbase, in a superbase v =

(v1, v2, v3), the value of v3 is completely determined by the other two vectors. Therefore, we

consider the following definition of direct basis and then introduce the construction of the Stern–

Brocot Tree, which essentially consists of a subset of direct basis.

Definition 4.5.6. An ordered pair of two vectors (v1, v2), where v1, v2 ∈ Z2, is called a direct

basis if

det[v1, v2] = 1.
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By Definition 4.5.6 and Definition 4.5.2, given a direct basis (v1, v2), a superbase v =

(v1, v2, v3) can be produced by letting v3 = −v1 − v2.

Definition 4.5.7. The Stern–Brocot Tree T is the set of direct basis that satisfies

1. The direct basis consisting of (1, 0)T , (0, 1)T belongs to T .

2. If (v1, v2) is a direct basis and (v1, v2) ∈ T , then (v1, v2 + v1) and (v1 + v2, v2) also belong

to T .

The set T has a tree structure because each direct basis (v1, v2) ∈ T , viewed as a node, has

exactly two child nodes (v1, v2 + v1) and (v1 + v2, v2). Therefore, T is indeed a complete binary

tree. The tree has the following direct basis as its root:

(
(1, 0)T , (0, 1)T

)
.

The further a direct basis (v1, v2) ∈ T , as a node, is away from the root, the larger both |v1|

and |v2| are, and the angle between v1 and v2 is closer to 0.

Remark 4.5.8. A visualization of the Stern–Brocot Tree T is given in Figure 4.6. We denote by

vl,k the kth node in the lth level of the Stern–Brocot Tree.
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The root node of the Stern–Brocot
Tree is the direct basis

v0,1 = (v0,11 , v0,12 ) = ((1, 0)T , (0, 1)T ).

The second level of the Stern–Brocot
Tree has two child nodes of the root
node v0:

v1,1 = ((1, 0)T , (1, 1)T )

and

v1,2 = ((1, 1)T , (0, 1)T ).

They are constructed following Defini-
tion 4.5.7:

v1,1 = (v0,11 , v0,11 + v0,12 ),

v1,2 = (v0,11 + v02, v
0,1
2 ).

The third level of the Stern–Brocot
Tree has four child nodes of the parent
nodes v1,1 and v1,2:

v2,1 = (v1,11 , v1,11 + v1,12 ) = ((1, 0)T , (2, 1)T ),

v2,2 = (v1,11 + v1,12 , v1,12 ) = ((2, 1)T , (1, 1)T ),

v2,3 = (v1,21 , v1,21 + v1,22 ) = ((1, 1)T , (1, 2)T ),

v2,4 = (v1,21 + v1,22 , v1,22 ) = ((1, 2)T , (0, 1)T ).

The fourth level:

v3,1 = (v2,11 , v2,11 + v2,12 ) = ((1, 0)T , (3, 1)T ),

v3,2 = (v2,11 + v2,12 , v2,12 ) = ((3, 1)T , (2, 1)T ),

v3,3 = (v2,21 , v2,21 + v2,22 ) = ((2, 1)T , (3, 2)T ),

v3,4 = (v2,21 + v2,22 , v2,22 ) = ((3, 2)T , (1, 1)T ),

v3,5 = (v2,31 , v2,31 + v2,32 ) = ((1, 1)T , (2, 3)T ),

v3,6 = (v2,31 + v2,32 , v2,32 ) = ((2, 3)T , (1, 2)T ),

v3,7 = (v2,41 , v2,41 + v2,42 ) = ((1, 2)T , (1, 3)T ),

v3,8 = (v2,41 + v2,42 , v2,42 ) = ((1, 3)T , (0, 1)T ).
Figure 4.6
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4.5.3 A geometric interpretation of the approximation result

In the remainder of the chapter, we prove Theorem 4.5.9, the approximation result for P0.

The set can be reformulated as follows:

P0 = {M ∈ P : TrM = 1} =

ρ ∈ D2 :
1

2

1 + ρ1 ρ2

ρ2 1− ρ1


 , (4.35)

where D2 is the unit disk in R2. Geometrically, the set P0 can be identified as the unit disk. In

Remark 4.5.11 below, we will see that for a fixed superbase v, the matrices in the set {P (v, γ) :

γ ∈ R3
+,Tr(P (v, γ)) = 1} correspond to a triangle in the unit disk. Hence, the approximation of

P0 using {P (v, γ) : γ ∈ R3
+,Tr(P (v, γ)) = 1} for different v is geometrically a triangulation of

D2.

Theorem 4.5.9. There exists a countable sequence of sets {Vϵ}, indexed by ϵ > 0, such that each

Vϵ consists of a finite number of superbases, i.e., Vϵ is a finite collection of matrices in Z2×3 and

lim
ϵ→0+

dH
(
P0, {P (v, γ) : v ∈ Vϵ, γ ∈ R3

+,TrP (v, γ) = 1}
)
= 0.

Remark 4.5.10. The Stern–Brocot Tree is used in the proof of Theorem 4.5.9 to construct such

Vϵ. Since the Stern–Brocot Tree consists of 2-dimensional vectors, Theorem 4.5.9 only applies

to 2× 2 matrices.

Remark 4.5.11. Before proving Theorem 4.5.9, we provide a geometric illustration of it.

Thanks to (4.35), the set P0 of matrices corresponds to the unit disk in R2, and it is plotted

in Figure 4.7.
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Figure 4.7: P0 viewed as the unit disk and its triangulation

Henceforth, we use the notation

Mρ :=
1

2

1 + ρ1 ρ2

ρ2 1− ρ1.


Now fix a superbase v = (v1, v2, v3), then the set of matrices

{P (v, γ) : γ ∈ R3
+,Tr(P (v, γ)) = 1}

corresponds to a triangle within the unit disk. Indeed, by Proposition 4.5.4, there is a 1-to-1

correspondence between

{P (v, γ) : γ ∈ R3
+,Tr(P (v, γ)) = 1}
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and

{ρ ∈ D2 : γ(v,Mρ) ∈ R3
+}.

The condition γ(v,Mρ) ∈ R3
+, by (4.30) is equivalent to

−⟨v⊥1 ,Mρv
⊥
2 ⟩ > 0,

−⟨v⊥2 ,Mρv
⊥
3 ⟩ > 0,

−⟨v⊥3 ,Mρv
⊥
1 ⟩ > 0.

(4.36)

For any two vectors u = (u1, u2) and v = (v1, v2), the inequality

−⟨u⊥,Mρv
⊥⟩ > 0

is equivalent to

ρ2 >
u1v1 − u2v2
−u1v2 − u2v1

ρ1 +
u1v1 + u2v2
u1v2 + u2v1

.

Therefore, those three inequalities in (4.36) altogether define a triangle within the unit disk.

As a result of how Vϵ will be constructed in the proof of Theorem 4.5.9, any Vϵ1 , as a

collection of superbases, is a subset of Vϵ2 for any 0 < ϵ2 < ϵ1. The collection of triangles that

arise from superbase v ∈ Vϵ has the following patterns.

1. The first two superbases included in Vϵ are

((1, 0)T , (0, 1)T (−1,−1)T )
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and

((1, 0)T , (0,−1)T , (−1, 1)T ).

They, identified as two triangles, are the two largest triangles

{|ρ| ∈ D2 : ρ2 ≥ 0, ρ2 ≤ ρ1 + 1, ρ2 ≥ −ρ1 + 1},

{|ρ| ∈ D2 : ρ2 ≤ 0, ρ2 ≥ ρ1 − 1, ρ2 ≥ −ρ1 − 1}

in Figure 4.7, illustrated in blue. They correspond to the matrices belonging to the follow-

ing sets:

{P (v1, γ) : γ ∈ R3
+,Tr(P (v1, γ)) = 1}, where v1 = ((1, 0)T , (0, 1)T , (−1,−1)T ),

{P (v2, γ) : γ ∈ R3
+,Tr(P (v2, γ)) = 1}, where v2 = ((1, 0)T , (0,−1)T , (−1, 1)T ).

These triangles share a common edge along the x-axis.

2. As ϵ > 0 becomes smaller, Vϵ contains more superbases. The subsequent four triangles

with the second largest area all share a common edge with the two largest triangles, and

are shown in yellow in Figure 4.7. Furthermore, the distinct vertex on each of these four

triangles has coordinates (−0.6, 0.8), (−0.6,−0.8), (0.6, 0.8) and (0.6,−0.8) respectively.

The eight smaller triangles in magenta share common edges with these four triangles as

well.

3. The ratio of the area of the two largest triangles to the unit disk is about 64%. The ratio of

the area of the six largest triangles to the unit disk is about 89%. The ratio of the area of

the fourteen triangles to the unit disk is about 99%. This result is helpful for determining
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the desired accuracy in our experiments. The ratio of the triangle’s area to that of the unit

disk represents the percentage of matrices in P0 that can be approximated using Vϵ.

In Section 4.5.6, we will provide validation for these items.

In conclusion, as ϵ becomes smaller and closer to 0, the set Vϵ contains more superbases,

also generating more triangles in the unit disk. And a finer triangulation of the unit circle is then

achieved, which means a larger set of matrices in P0 has been approximated.

4.5.4 Proof of the approximation result

We prove Theorem 4.5.9 in this section. In the proof, the construction of the collection

of superbases Vϵ relies on the Stern–Brocot Tree defined in Definition 4.5.7. Roughly speaking,

each direct basis in Stern–Brocot Tree leads to two superbases, and Vϵ contains more and more

superbases as ϵ→ 0+.

Proof of Theorem 4.5.9. Let T be the Stern–Brocot Tree in Definition 4.5.7. Recall that the

further a direct basis, as a node, is away from the root node ((1, 0)T , (0, 1)T ), the vectors in the

pair have larger norms and smaller angle between each other. Define

Ts := {(v1, v2) ∈ T : vT1 v2 ≤ s}. (4.37)

Then Ts is a subtree with a finite number of nodes and contains the root for any given s > 0. For
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any M ∈ intP ⊂ Sym2(R2), let λ2 ≥ λ1 > 0 be eigenvalues of M . Define

µ(M) :=

√
λ2
λ1
, (4.38)

s(M) :=
µ(M)− µ(M)−1

2
. (4.39)

The following lemma shows that there is an upper bound on the norm of vectors that belong

to a direct basis within a given subtree Ts, for s > 0.

Lemma 4.5.12. Let µ > 1. For any direct basis (v1, v2) ∈ T(µ−µ−1)/2,

max{|v1|, |v2|} <
µ+ µ−1

2
< µ.

Proof of the lemma. Any pair (v1, v2) in T satisfies |v1| ≥ 1 and |v2| ≥ 1. We have

|v1|2 ≤ |v1|2|v2|2 = det[v1, v2]
2 + (vT1 v2)

2. (4.40)

Assuming (v1, v2) ∈ T(µ−µ−1)/2, we also have

det[v1, v2]
2 + (vT1 v2)

2 < 1 +

(
µ− µ−1

2

)2

=

(
µ+ µ−1

2

)2

. (4.41)

Then the desired inequality for v1 follows from (4.40) and (4.41). The proof for v2 is the same.

The next lemma relates M -obtuseness between a pair of vectors in a direct basis, cf. Defi-

nition 4.5.5, to their inner product compared to s(M) defined in (4.39).
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Lemma 4.5.13. Let (v1, v2) ∈ T and M ∈ intP . Let s(M) be defined in (4.39). Assume

vT1 v2 ≥ s(M), then vT1Mv2 ≥ 0.

Proof of the lemma. Denote by θ the angle between v1 and v2. Then

sin θ =
det[v1, v2]√

(vT1 v2)
2 + det[v1, v2]2

=
(
1 + (vT1 v2)

2
)−1/2

. (4.42)

Denote by cos(·, ·) the cosine of the angle between any two vectors. Then for anyw = (w1, w2) ∈

R2 and M ∈ intP with eigenvalues λ2 ≥ λ1 > 0,

cos(w,Mw) =
wTMw

|w||Mw|
,

and by a change of basis,

cos(w,Mw) =
λ1w

2
1 + λ2w

2
2√

w2
1 + w2

2

√
λ21w

2
1 + λ22w

2
2

. (4.43)

Write k1 = λ1w
2
1 and k2 = λ2w

2
2, then (4.43) reads

cos(w,Mw) =
k1 + k2√

k1
λ1

+ k2
λ2

√
λ1k1 + λ2k2

≥ k1 + k2
1
2
(k1 + k2)(

√
λ1
λ2

+
√

λ2
λ1
)

=
2

µ(M) + µ(M)−1
,

(4.44)
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where the second inequality follows from the following inequality [32, p. 62]

√
k1
λ1

+
k2
λ2

√
λ1k1 + λ2k2 ≤

1

2
(k1 + k2)

(√
λ1
λ2

+

√
λ2
λ1

)
, ∀k1, k2 ≥ 0, λ1, λ2 > 0.

By (4.44),

cos(v2,Mv2) · (µ(M) + µ(M)−1) ≥ 2. (4.45)

Plugging in the following assumption

vT1 v2 ≥ s(M) =
µ(M)− µ(M)−1

2

into (4.42) and comparing (4.42) to (4.45), we have

sin θ = sin(v1, v2) ≤ cos(v2,Mv2).

Hence, the sum of θ and the angle between v2,Mv2 cannot exceed π/2. Consequently, the angle

between v1 and Mv2 also cannot exceed π/2. This is equivalent to the desired result.

Now, we explain how to choose direct basis from T that gives rise to a corresponding

superbase.

Lemma 4.5.14. For any M ∈ intP , there exists (v1, v2) ∈ T satisfying that, first, vT1 v2 ≤ s(M),

and second, either (v1, v2,−v1 − v2) or (ṽ1, ṽ2,−ṽ1 − ṽ2) is an M -obtuse superbase.

Proof of the lemma. First, assume the off diagonal entries of M are negative. Consider the set

{(v1, v2) ∈ T : vT1Mv2 < 0}.
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The set is non-empty, as the pair consisting of the standard basis satisfies

eT1Me2 < 0.

By Lemma 4.5.13, any basis (v1, v2) belonging to this set satisfies vT1 v2 < s(M). Hence, it is

guaranteed there exists a pair (v1, v2) in the set which achieves the maximum inner product. By

this construction, there must hold

vT1M(v1 + v2) ≥ 0,

(v1 + v2)
TMv2 ≥ 0,

by Lemma 4.5.13 and using vT1 (v1 + v2) ≥ s(M), vT2 (v1 + v2) ≥ s(M). As a result, the triple

(v1, v2,−v1 − v2) is M -obtuse, and it is also a superbase because (v1, v2) is a direct basis.

On the other hand, if the off diagonal entries of M are not negative, we can reverse the ori-

entation of the 2-dimensional coordinate system to make it a matrix having negative off diagonal

entries. In other words, the triple (ṽ1, ṽ2,−ṽ1 − ṽ2) will form a M -obtuse superbase in this case

by the same arguments.

Let us now prove the theorem. For ϵ > 0, we choose a family of real numbers µϵ indexed

by ϵ, such that

µϵ > 1, ∀ϵ > 0, (4.46)

and

lim
ϵ→0

µϵ = +∞, (4.47)

163



and

lim
ϵ→0

ϵµϵ = 0. (4.48)

Inspired by Lemma 4.5.12 and Lemma 4.5.14, define

Vϵ :=
⋃

(v1,v2)∈T(µϵ−µ−1
ϵ )/2

{(−v⊥1 ,−v⊥2 , v⊥1 + v⊥2 ), (−ṽ⊥1 ,−ṽ⊥2 , ṽ⊥1 + ṽ⊥2 )}. (4.49)

A (rough) visualization of the superbase in set Vϵ is given in Figure 4.8.

It remains to show that Vϵ fulfills the desired property in Theorem 4.5.9.

For any M ∈ intP , there exists ϵ > 0 such that µ(M) < µϵ. Then by (4.39),

s(M) <
µϵ − µ−1

ϵ

2
.

Now, by Lemma 4.5.14, there exists a superbase v = (v1, v2, v3) ∈ Vϵ such that (v⊥1 , v
⊥
2 , v

⊥
3 ) is

M -obtuse.

Now, fix ϵ > 0. And consider M ∈ intP such that µ(M) < µϵ. As previously discussed,

let v = (v1, v2, v3) ∈ Vϵ such that (v⊥1 , v
⊥
2 , v

⊥
3 ) is M -obtuse. Defining γ := γ(M,v) as (4.30),

we have γ ∈ R3
+. By Selling’s formula,

M = P (v, γ).

Thus, we have shown

{M ∈ intP : TrM = 1, µ(M) < µϵ} ⊂ {P (v, γ) : v ∈ Vϵ, γ ∈ R3
+,Tr(P (v, γ)) = 1}.
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Let ϵ be rather small in (4.49) so that there
are many superbases in Vϵ. Then, the first
two superbases in Vϵ, denoted by v0,1 and v0,2

are constructed using the root node v0,1 =
((1, 0)T , (0, 1)T ) in Figure 4.49 and the formula
(4.49). In this case, v1 and v2 in (4.49) are (1, 0)T

and (0, 1)T . Then, we have

v0,1 = (−v⊥1 ,−v⊥2 , v⊥1 + v⊥2 )

= ((0,−1)T , (1, 0)T , (−1, 1)T )

and

v0,2 = (−ṽ⊥1 ,−ṽ⊥2 , ṽ⊥1 + ṽ⊥2 )

= ((0,−1)T , (−1, 0)T , (1, 1)T ).

The second level of superbases in Vϵ, denoted as
v1,k for k = 1, 2, 3, 4, are derived from (4.49)
using the two direct basis

v1,1 = ((1, 0)T , (1, 1)T )

and
v1,2 = ((1, 1)T , (0, 1)T ),

cf. Remark 4.5.8. More precisely, we have

v1,1 = ((0,−1)T , (1,−1)T , (−1, 2)T ),

v1,2 = ((0,−1)T , (−1,−1)T , (1, 2)T ),

v1,3 = ((1,−1)T , (1, 0)T , (−2, 1)T ),

v1,4 = ((1,−1)T , (−1, 0)T , (2, 1)T ).

Subsequently, there are eight superbases in the
third level in Vϵ, as originally there are four di-
rect basis v2,1, v2,2, v2,3, v2,4 in the third level in
the Stern–Brocot Tree, cf. Figure 4.6. Each di-
rect basis leads to two superbases.

Figure 4.8
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Finally, note that any direct basis (v1, v2) ∈ T(µϵ−µ−1
ϵ )/2 satisfies that

|v1|, |v2| ≤ µϵ

by Lemma 4.5.12. Hence, we conclude

lim
ϵ→0

dH
(
{M ∈ P : TrM = 1}, {P (v, γ) : v ∈ Vϵ, γ ∈ R3

+,TrP (v, γ) = 1}
)

≤ lim
ϵ→0

dH ({M ∈ P : TrM = 1}, {M ∈ intP : TrM = 1, µ(M) < µϵ})

= 0.

In particular, we find that for a fixed Vϵ, by (4.49) it contains only a finite number of superbases.

4.5.5 An example

Example 4.5.15. Adopting notations from the proof of Theorem 4.5.9, we consider two se-

quences

ϵn =
1

n+ 1
, n = 1, 2, . . .

and

µϵn :=
√
n+ 1, n = 1, 2, . . . (4.50)
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These two sequences satisfy (4.46), (4.47) and (4.48). Therefore, the set Vϵn constructed in (4.49)

has an explicit form:

Vϵn =
⋃

(v1,v2)∈T(µϵn−µ−1
ϵn )/2

{(−v⊥1 ,−v⊥2 , v⊥1 + v⊥2 ), (−ṽ⊥1 ,−ṽ⊥2 , ṽ⊥1 + ṽ⊥2 )}

=
⋃

(v1,v2)∈T n
2
√

n+1

{(−v⊥1 ,−v⊥2 , v⊥1 + v⊥2 ), (−ṽ⊥1 ,−ṽ⊥2 , ṽ⊥1 + ṽ⊥2 )}.
(4.51)

If we take n = 1 in (4.51), then

Vϵ1 =
⋃

(v1,v2)∈T 1
2
√
2

{(−v⊥1 ,−v⊥2 , v⊥1 + v⊥2 ), (−ṽ⊥1 ,−ṽ⊥2 , ṽ⊥1 + ṽ⊥2 )}.

By (4.37), the only direct basis v = (v1, v2) in Figure 4.6 that satisfies

(v1, v2) ∈ T 1
2
√
2

is v0,1. Consequently,

Vϵ1 =
⋃

(v1,v2)∈T 1
2
√

2

{(−v⊥1 ,−v⊥2 , v⊥1 + v⊥2 ), (−ṽ⊥1 ,−ṽ⊥2 , ṽ⊥1 + ṽ⊥2 )}

=
⋃

(v1,v2)∈{((1,0)T ,(0,1)T )}

{(−v⊥1 ,−v⊥2 , v⊥1 + v⊥2 ), (−ṽ⊥1 ,−ṽ⊥2 , ṽ⊥1 + ṽ⊥2 )}

= {((1, 1)T , (0,−1)T , (−1, 0)T ), ((−1,−1)T , (0,−1)T , (1, 0)T )}.
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Let n = 37 in (4.51), then

Vϵ37 =
⋃

(v1,v2)∈T 37
2
√
38

{(−v⊥1 ,−v⊥2 , v⊥1 + v⊥2 ), (−ṽ⊥1 ,−ṽ⊥2 , ṽ⊥1 + ṽ⊥2 )}

=
⋃

(v1,v2)∈T3.001

{(−v⊥1 ,−v⊥2 , v⊥1 + v⊥2 ), (−ṽ⊥1 ,−ṽ⊥2 , ṽ⊥1 + ṽ⊥2 )}.

By (4.37), the direct bases that satisfy

(v1, v2) ∈ T3.001

are the following 9 direct bases, cf. Figure 4.6

v0,1 = ((1, 0)T , (0, 1)T )

v1,1 = ((1, 0)T , (1, 1)T )

v1,2 = ((1, 1)T , (0, 1)T )

v2,1 = ((1, 0)T , (2, 1)T )

v2,2 = ((2, 1)T , (1, 1)T )

v2,3 = ((1, 1)T , (1, 2)T )

v2,4 = ((1, 2)T , (0, 1)T )

v3,1 = ((1, 0)T , (3, 1)T )

v3,8 = ((1, 3)T , (0, 1)T )
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and in turn Vϵ37 contains 18 superbases

((0,−1)T , (1, 0)T , (−1, 1)T )

((0,−1)T , (−1, 0)T , (1, 1)T )

((0,−1)T , (1,−1)T , (−1, 2)T )

((0,−1)T , (−1,−1)T , (1, 2)T )

((1,−1)T , (1, 0)T , (−2, 1)T )

((1,−1)T , (−1, 0)T , (2, 1)T )

((0, 1)T , (−1, 2)T , (1,−3)T )

((0, 1)T , (1, 2)T , (−1,−3)T )

((−1, 2)T , (−1, 1)T , (2,−3)T )

((1, 2)T , (1, 1)T , (2,−3)T )

((−1, 1)T , (−2, 1)T , (3,−2)T )

((1, 1)T , (2, 1)T , (−3,−2)T )

((−2, 1)T , (−1, 0)T , (3,−1)T )

((2, 1)T , (1, 0)T , (−3,−1)T )

((0, 1)T , (−1, 3)T , (1,−4)T )

((0, 1)T , (1, 3)T , (−1,−4)T )

((−3, 1)T , (−1, 0)T , (4,−1)T )

((3, 1)T , (1, 0)T , (−4,−1)T ).

By the 3rd item in Remark 4.5.11, the set {P (v, γ) : v ∈ Vϵ37 , γ ∈ R3
+,TrP (v, γ) = 1}
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already contains more than 99% of matrices in P0 as defined in (4.27).

The method in [5] uses Theorem 4.5.9 to find a finite set of superbases to approximate

all matrices in P0. In principle, we want to approximate as many matrices in P0 as possible.

However, this also means more and more superbases needed. In practice, the numerical solver

in [5] has a parameter, called condition number, which is defined as µ2(M) for M and µ

in (4.38). Users use this parameter to specify how fine the approximation should be, i.e., how to

make a choice of the set of superbases.

After one specifies the condition number parameter, accordingly a finite set of super-

bases can be generated. Indeed, by the proof of Theorem 4.5.9 and definitions (4.38) and (4.39),

given a positive real number µ0 > 0, all the matrices in the following set:

{M ∈ P0 : µ(M) < µ0}

can be written as P (v, γ) for some γ determined by Propositon 4.5.4 and some v that belongs to

Vϵ such that

µϵ = µ0.

More precisely, say one inputs condition number = 15, then a set of superbases

will be produced and it includes all superbases that are constructed using direct basis v = (v1, v2)

with

|v1| ≤
√
15−

√
15

−1

2
,

|v2| ≤
√
15−

√
15

−1

2
.
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These direct bases are exactly the first three direct bases in Figure 4.6. They in turn give the first

six superbases in Figure 4.8.

We will discuss in Section 5.2.1, Remark 5.2.1 how we choose this parameter in our appli-

cations.

4.5.6 Properties of the set of superbases

We address the items mentioned in Remark 4.5.11. Recalling the construction of Vϵ from

the proof of Theorem 4.5.9, each direct basis ṽ = (v1, v2) in the Stern–Brocot Tree leads to two

superbases

(−v⊥1 ,−v⊥2 , v⊥1 + v⊥2 ),

(−ṽ⊥1 ,−ṽ⊥2 , ṽ⊥1 + ṽ⊥2 ).

These superbases are corresponding to two triangles in the unit disk. In particular, the standard

basis ((1, 0)T , (0, 1)T ) gives rise to two superbases and, consequently, the two largest triangles in

Figure 4.7.

The children nodes of any direct basis ṽ, denoted as ṽ(1) = (v1+v2, v2) and ṽ(2) = (v1, v1+

v2) will give rise to four triangles. These four triangles share common edges with the triangles

associated with the parent node. To see this, note that the superbase (−v⊥1 ,−v⊥2 , v⊥1 +v⊥2 ), derived

from ṽ, and the superbase (−v⊥1 − v⊥2 ,−v⊥2 , v⊥1 + 2v⊥2 ), derived from ṽ(1), respectively have

components of −v⊥2 , v⊥1 + v⊥2 and −v⊥2 ,−v⊥1 − v⊥2 . By (4.36), they define the same edge within

the unit disk. In particular, the four superbases that arise from child nodes of ((1, 0)T , (0, 1)T )

give rise to the four yellow triangles in Figure 4.7.

In this section, we conclude by introducing two additional properties of the set Vϵ, which
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has been constructed in the proof of Theorem 4.5.9. Furthermore, we briefly describe how Vϵ will

be applied within the numerical scheme.

Henceforth, we adopt the notation h > 0 to index this set and refer to the sequence using

{Vh}h>0.

Indeed, the notation h > 0 will be used for the grid size that we later need in the discretization

of the domain where the equation is solved. In principle, as h approaches 0, the grid points

approximate the domain more precisely. Correspondingly, the set Vh is expected to, and indeed

can provide a better approximation to P0 for smaller h > 0, as suggested by Theorem 4.5.9.

Based on the construction of Vh, we have the following result.

Proposition 4.5.16. Let Vh be defined as in the proof of Theorem 4.5.9. Then

lim
h→0

max
v∈Vh

max
e∈v

|e| = 0. (4.52)

Furthermore, for any h > 0,

(1, 0)T = e1 ∈
⋃
v∈Vh

⋃
e∈v

{±e}. (4.53)

Proof. To prove (4.52), we fix h > 0 and consider any v = (v1, v2, v3) ∈ Vh. By Lemma 4.5.12

and the construction (4.49), we have

max
1≤i≤3

|vi| ≤ 2µh.

Consequently, (4.52) can be derived from (4.48).
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Next, to prove (4.53), we have from the Definition 4.5.7 that any subtree T(µh−µ−1
h )/2 con-

tains the basis (e1, e2) = ((1, 0)T , (0, 1)T ). Now by (4.49), it is evident that (−e2, e1, e2 − e1)

always belongs to Vh.

4.6 Reformulation of the second boundary value problem for Monge–Ampère

equations

In this section, our objective is to expound Bonnet–Mirebeau’s approach to reformulating

the second boundary value problem for the Monge–Ampère equations.

• In Section 4.6.1, we explain how they reformulate the equation under consideration, cf.

Theorems 4.6.2 and 4.6.5. This reformulation relies on Gaveau’s result, along with the

discretization of the set P0, which we have seen from the preceding section, and elementary

convex geometry.

• In Section 4.6.2, we show that this reformulation, when viewed as an optimization problem,

has a partially closed-form solution, as illustrated in Theorem 4.6.8. This feature enhances

its computational efficiency when applied in the numerical work.

4.6.1 Bonnet–Mirebeau’s reformulation

In their work [5], the authors developed a numerical scheme for a type of Monge–Ampère

equations in a more generalized form, as we will define in the forthcoming Definition 4.6.1. The

reformulation utilizes Gaveau’s results (4.22) and (4.23), and subsequently employs Theorem

4.5.9 to discretize the set P0.
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Let K be the same open bounded convex subset as in (4.21) and P a convex polytope

defined in (4.6). Let A(x, p) : K × Rn → Sym2(Rn) and B(x, p) : K × Rn → R≥0 be two

bounded maps. The following definition is the second boundary value problem that we will solve.

Definition 4.6.1. The second boundary value problem of Monge–Ampère equation is the follow-

ing equation

det(∇2u(x)− A(x,∇u(x))) = B(x,∇u(x)) in K, (4.54)

combined with a constraint on the solution’s gradient image:

∇u(K) ∈ P . (4.55)

We reformulate the equation (4.54) and (4.55) respectively. For (4.54):

Proposition 4.6.2. Let {Vh}h>0 be a sequence of collection of superbases that is constructed in

Theorem 4.5.9. The equation (4.54) is equivalent to

lim
h→0+

max
v∈Vh

max
γ∈RN

+

TrP (v,γ)=1

[
n (B(x,∇u(x)) detP (v, γ))1/n − Tr(P (v, γ)(∇2u(x)− A(x,∇u(x))))

]
= 0, in K.

(4.56)

Proof. By Lemma 4.4.3 and 4.4.4, the equation (4.54) is equivalent to

max
M∈P0

[
n(B(x,∇u(x)) detM)1/n − Tr(M(∇2u(x)− A(x,∇u(x))))

]
= 0. (4.57)

This can be also proved by using Theorem 4.4.2 and replacing f(x) in (4.23) with B(x,∇u(x))

and M with ∇2u(x)− A(x,∇u(x)).
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Since we only consider 2× 2 matrices in (4.57), Theorem 4.5.9 is valid and can be used to

discretize the set P0. We have that for any M ∈ intP that belongs to a compact subset of P0,

there exists h > 0 such that M = P (v, γ) for some v ∈ Vh and γ ∈ R3
+. Hence, (4.57) can

be seen to be equivalent to (4.56) by approximating P0 using {Vh}h>0 and the matrices P (v, γ)

derived from it.

Henceforth, denote by

FMA(u(x)) :=

lim
h→0+

max
v∈Vh

max
γ∈Rn

+,TrP (v,γ)=1

[
n (B(x,∇u(x)) detP (v, γ))1/n − Tr(P (v, γ)(∇2u(x)− A(x,∇u(x))))

]
,

(4.58)

for x ∈ K.

In addressing the boundary condition (4.55), note that this condition essentially requires

that a vector ∇u(x) ∈ Rn resides either inside a convex set P ⊂ Rn or on its boundary, for

a given function u and any x ∈ K. Hence, we can employ tools from convex geometry to

reformulate this condition.

Let P be a convex polytope as in Definition 4.6.1. The following definition is classic in

convex geometry.

Definition 4.6.3. The support function hP : Rn → R of P is given by

hP (v) := sup
p∈P

{v · p}.
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Definition 4.6.4. The boundary operator is defined for p ∈ Rn as

FBV(p) := max
v∈Rn,|v|=1

(v · p− hP (v)) (4.59)

Proposition 4.6.5. The boundary condition (4.55) is equivalent to

FBV(∇u(x)) ≤ 0, x ∈ K.

Proof. It suffices to prove that a vector w ∈ Rn belongs to P if and only if FBV(w) ≤ 0. Assume

w ∈ P , then by Definition 4.6.3, for any v such that |v| = 1,

v · w ≤ hP (v) = sup
p∈P

v · p.

Hence, we have FBV(w) ≤ 0 in this case.

It remains to prove the other direction. For any vector b ∈ ∂P , denote by n(b) the outward

normal vector to ∂P at b. The function

H(p) := max
b∈∂P

{n(b) · (p− b)}

satisfies that H(p) ≤ 0 if and only if p ∈ P . Instead of considering such b ∈ ∂P , for any v such

that |v| = 1 we denote by b(v) a point on ∂P whose normal vector has the same direction as v.

Then the function

H̃(p) := max
v∈Rn,|v|=1

{v · (p− b(v))}
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also satisfies that H(p) ≤ 0 if and only if p ∈ P . For any vector v such that |v| = 1, there holds

hP (v) = v · b(v). Thus,

FBV(p) = H̃(p)

and it follows that w ∈ P if FBV(w) ≤ 0.

Finally, we combine the reformulation for (4.54) and (4.55) to rewrite the second boundary

value problem.

Theorem 4.6.6. Assume that we consider a second boundary value problem in Definition 4.6.1

whose solutions are smooth. An equivalent formulation of (4.54) along with (4.55), is as follows:

max{FMA(u(x)), FBV(∇u(x))} = 0, x ∈ K. (4.60)

Proof. For x ∈ K such that ∇u(x) ∈ IntP , there holds FBV(∇u(x)) < 0 by Proposition 4.6.5.

In that case, the equation (4.60) reduces to FMA(u(x)) = 0. For other x ∈ K, there still holds

FMA(u(x)) = 0 due to the continuity of u. The result then follows from Proposition 4.6.2.

4.6.2 Properties of the reformulation

In this section, we digress briefly to explore the key advantages of the reformulation (4.60)

when applied later in the numerical method.

Firstly, Theorem 4.5.9 ensures that the collection of matrices {P (v, γ) : v ∈ Vh, γ ∈ R3
+}

approximates the set P0 as h → 0+, and each Vh only contains a finite number of superbases v.

In practical terms, this implies that we can choose a small h > 0 such that all the matrices in the

set {P (v, γ) : v ∈ Vh, γ ∈ R3
+,Tr(P (v, γ)) = 1} already cover a large portion of matrices in
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P0. Simultaneously, there is only a finite number of v in such Vh. By Remark 4.5.11, as long

as Vh contains the first six superbases, 89% of matrices in P0 will have been included. In the

numerical experiments, when taking maximum in (4.58), we fix h such that Vh contains the first

six superbases.

Secondly, for any given superbase v, the maximum in (4.56) over γ ∈ R3
+, after a modifi-

cation, can be determined through a closed form solution, which we will now describe. This and

the aforementioned properties provide us a way to achieve numerical efficiency: we only need to

consider finitely many superbases, and for each superbase the maximum can be computed using

a closed form formula.

Definition 4.6.7 below is a modified version of the quantity presented within the brackets

in (4.56). The modification is valid, since

Tr
(
P (v, γ)(∇2u(x)− A(x,∇u(x)))

)
= Tr

(
3∑
i=1

γiviv
T
i (∇2u(x)− A(x,∇u(x)))

)

=
3∑
i=1

γi
(
Tr(viv

T
i (∇2u(x)− A(x,∇u(x))))

)
.

(4.61)

In other words, the trace operator can be reformulated as an inner product involving γ.

Definition 4.6.7. Let N = 2, 3. Let v = (v1, . . . , vN) and γ ∈ RN . Let b ∈ R and m ∈ RN .

Define

Lv,γ(b,m) := n · b1/n · (detP (v, γ))1/n − ⟨γ,m⟩, (4.62)

Using Definition 4.6.7, the equation (4.56) can be expressed as

lim
h→0+

max
v∈Vh

max
γ∈RN

+ ,TrP (v,γ)=1
Lv,γ(B(x,∇u(x)),m)
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where m = (m1,m2,m3) such that

mi = Tr(viv
T
i (∇2u(x)− A(x,∇u(x)))), i = 1, 2, 3.

Theorem 4.6.8. [5, Theorem 1.2] Let the operator Lv,γ be defined in (4.62). If v = (v1, v2) is a

direct basis of Z2, then for any b ≥ 0 and m ∈ R2,

max
γ∈R2

+,Tr(P (v,γ))=1
Lv,γ(b,m) = H̃v(b,m), (4.63)

where

H̃v(b,m) :=

(
b

|v1|2|v2|2
+

(
m1

2|v1|2
− m2

2|v2|2

)2
)1/2

− m1

2|v1|2
− m2

2|v2|2
.

Furthermore, if v = (v1, v2, v3) is a superbase of Z2, then for any b ≥ 0 and m ∈ R3,

max
γ∈R3

+,Tr(P (v,γ)=1
Lv,γ(b,m) = max

{
Hv(b,m), max

1≤i<j≤3
H̃(vi,vj)(b,m)

}
,

where

Hv(b,m) :=


(b+ ⟨m,Qvm⟩)

1
2 + ⟨wv,m⟩, if Qvm+ (b+ ⟨m,Qvm⟩)

1
2 wv <vec 0,

−∞, else,

and

Qv :=
1

4


|v2|2|v3|2 ⟨v1, v2⟩|v3|2 ⟨v1, v3⟩|v2|2

⟨v1, v2⟩|v3|2 |v1|2|v3|2 ⟨v2, v3⟩|v1|2

⟨v1, v3⟩|v2|2 ⟨v2, v3⟩|v1|2 |v1|2|v2|2

 ,
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and

wv :=
1

2


⟨v2, v3⟩

⟨v1, v3⟩

⟨v1, v2⟩

 ,

and for a ∈ Rd, we write a <vec 0 if all components of a are negative.

We conclude this section after proving the preceding theorem.

Proof of the Theorem. We first prove the result when v = (v1, v2) is a direct basis. The set under

consideration can be parameterized by a single variable:

{γ ∈ R+
2 : Tr(P (v, γ)) = 1} =

{(
1 + t

2|v1|2
,
1− t

2|v2|2

)
: t ∈ [−1, 1]

}
. (4.64)

This set is a collection of points on the segment with endpoints

(
1

|v1|2, 0

)
, and

(
0,

1

|v2|2

)
.

By (4.64), the left hand side of (4.63) can be written as

max
γ∈R2

+,Tr(P (v,γ))=1
Lv,γ(b,m) = max

t∈[−1,1]

(
2b

1
2 ·

((
detP

(
v,

(
1 + t

2|v1|2
,
1− t

2|v2|2

))) 1
2

− 1 + t

2|v1|2
m1 −

1− t

2|v2|2
m2

))
.

(4.65)
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A direct calculation yields

detP

(
v,

(
1 + t

2|v1|2
,
1− t

2|v2|2

))
= det

(
1 + t

2|v1|2
v1 · vT1 +

1− t

2|v2|2
v2 · vT2

)
=

1

4
(1− t2)

det[v1, v2]
2

|v1|2|v2|2

=
1− t2

4|v1|2|v2|2
.

(4.66)

To simplify notations, we introduce

ω0
v :=

1

|v1|2|v2|2

ω1
v :=

1

2

(
1

|v1|2
,
−1

|v2|2

)
,

ω2
v :=

1

2

(
1

|v1|2
,

1

|v2|2

)
.

(4.67)

Substituting (4.66) in (4.65) and using (4.67), we have

max
γ∈R2

+,TrP (v,γ)=1
Lv,γ(b,m) = max

t∈[−1,1]

(
(ω0

v)
1
2 b

1
2 (1− t2)

1
2 − ⟨ω1

v ,m⟩ − ⟨ω2
v ,m⟩

)
. (4.68)

Taking the derivative with respect to t in, we find the optimal t satisfies

t2 =
⟨ω1

v ,m⟩2

b · ω0
v + ⟨ω1

v ,m⟩2
.

Plugging this into (4.68), we obtain

max
γ∈R2

+,TrP (v,γ)=1
Lv,γ(b,m) =

(
b · ω0

v + ⟨ω1
v ,m⟩2

)2 − ⟨ω2
v ,m⟩
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which precisely aligns with the definition of H̃v(b,m).

Now, let us prove the result when v = (v1, v2, v3) is a superbase. Define a map

D : R2 → Sym2(Rn),

ρ = (ρ1, ρ2) 7→
1

2

 1 + ρ1 ρ2

ρ2 1− ρ1

 .

Then, the set P0 satisfies

P0 = {M ∈ P : TrM = 1} = {D(ρ) : |ρ| ≤ 1}. (4.69)

For any ρ ∈ R2,

detD(ρ) =
1

4
(1− |ρ|2)

κ(D(ρ)) =
1 + |ρ|
1− |ρ|

.

Recall that the following map

f :M 7→ det(M)
1
2

is concave in P . Hence, for

γ ∈ {γ ∈ R3 : P (v, γ) ∈ P ,Tr(P (v, γ)) = 1},

the map

γ 7→ Lv,γ(b,m)
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is also concave by Definition 4.62. The following is well-defined:

γ(v, b,m) := argmax
γ∈R3,P (v,γ)∈P,Tr(P (v,γ))=1

Lv,γ(b,m).

There are two possibilities. Firstly, if there exist any components in γ(v, b,m) that are

non-positive, then

max
γ∈R3

+,TrP (v,γ)=1
L(v, γ)(b,m) = max

1≤i<j≤3
H̃(vi, vj)(b,m).

On the other hand, if γ(v, b,m) ∈ R3
+, then Proposition 4.5.4 and (4.69) imply that

max
γ∈R3,P (v,γ)∈P,Tr(P (v,γ))=1

Lv,γ(b,m) = max
|ρ|≤1

Lv,γ(v,D(ρ))(b,m).

Define

ρ(v, b,m) := argmax|ρ|≤1 Lv,γ(v,D(ρ))(b,m),

then

γ(v, b,m) = γ(v,D(ρ(v, b,m))). (4.70)

Observe that Qv can be factorized as

Qv = Wv ·W T
v
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where

Wv :=
1

2


v2,1v3,1 − v2,2v3,2, v2,1v3,2 + v2,2v3,1

v1,1v3,1 − v1,2v3,2, v1,1v3,2 − v1,2v3,1

v1,1v2,1 − v1,2v2,2, v1,1v2,2 − v1,2v2,1.

 .

By (4.30), we have

γ(v,D(ρ)) = Wvρ− wv. (4.71)

Plugging (4.71) into the Definition 4.6.7, we obtain

Lv,γ(v,D(ρ))(b,m) = b1/2(1− |ρ|2)
1
2 − ⟨Wvρ− wv,m⟩. (4.72)

Setting the derivative with respect to ρ in (4.72) to be zero, we have

ρ(v, b,m) = − W T
v m

(b+ |W T
v m|2)

1
2

= − W T
v m

(b+ ⟨m,Qvm⟩) 1
2

.

Plugging this into (4.70), we have

γ(v, b,m) = γ(v,D(ρ(v, b,m)))

= − Qvm

(b+ ⟨m,Qvm⟩) 1
2

− wv.

Finally, substituting γ(v, b,m) in Definition 4.6.7 yields

Lv,γ(v,b,m) = (b+ ⟨m,Qvm⟩)
1
2 + ⟨wv,m⟩.
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This equality has matched with Hv(b,m). The proof is finished.

4.7 Discretization

In this section, we use the finite difference method to discretize the reformulated problem

(4.60) and then construct a corresponding numerical scheme. The numerical scheme is presented

in equation (4.79).

4.7.1 An overview on numerical schemes

Ultimately, our aim is to solve the problem (4.60) numerically. The approach we use will

be the finite difference method. It consists of the following steps. We discretize the domain on

which the equation is defined, which is K. And then we define finite difference operators which

are approximations to derivative terms that appear in the equation. Finally, on each grid point,

by replacing the exact solution with these approximations, we obtain a resulting linear system of

equations. Solving this linear system gives us a numerical solution.

From now on, let h > 0. This h should be understood as the grid size. Denote by

Gh := K ∩ hZn (4.73)

the set of integer points in K with grid size h.

Definition 4.7.1. A numerical scheme is a function S : RGh → RGh .

Usually a numerical scheme is denoted as Sh to indicate its dependence on the grid size

h. For a function u : K → R, which we may think of as a solution to certain PDEs, the set
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{u(x) : x ∈ Gh} is indexed by x and thus will be identified as a vector in RGh . For any numerical

scheme Sh, we introduce the notation

Shu[x] := Sh
(
{u(x) : x ∈ Gh}

)
(x), ∀x ∈ Gh.

In the following sections, we construct a numerical scheme S that is closely related to the second

boundary value problem (4.60).

Roughly speaking, we discretize all components in their reformulation (4.60) by the fi-

nite difference method, and then aim to solve a resulting system of equations for its associated

numerical scheme Sh:

Shu[x] = 0, ∀x ∈ Gh.

The solution {u(x) : x ∈ Gh} is expected to be an approximation of the true solution values

evaluated on Gh.

The numerical scheme will be shown to be consistent with the original PDE, by Definition

4.8.5 below. More importantly, we will prove the existence of solutions to such numerical scheme

in Theorem 4.8.10 below, and present the fact that the numerical solution to the scheme is an

approximation to solutions to the original problem in next chapter’s Theorem 4.8.18.

4.7.2 Bonnet–Mirebeau’s numerical scheme

In this section, we revisit the construction of the numerical scheme for (4.60).

Step 1: reformulation of the problem. By Theorem 4.6.6, the original second value prob-

lem (4.54) and (4.55) is equivalent to (4.60). The two components in (4.60) have the following
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forms:

FMA(u(x)) = 0, x ∈ K,

FBV(∇u(x)) ≤ 0, x ∈ K,

(4.74)

where FMA is defined in (4.58) and FBV in (4.59).

From now on, we aim to discretize each component in (4.74) by finite difference method.

We assume that in (4.74) A(·, ·) is bounded from below and Lipschitz continuous, and B(·, ·)1/n

is Lipschitz continuous. More precisely, assume that there exist constants a1 ≥ 0, a2 ≤ 0, b1 ≥ 0

such that for any x ∈ K and v1, v2 ∈ Rn,

|A(x, v1)− A(x, v2)|2 ≤ a1|v1 − v2|1,

|B(x, v1)
1/n −B(x, v2)

1/n| ≤ b1|v1 − v2|1,

A(x, v1) ≥ a2In.

(4.75)

These assumptions are made so that the proposed numerical scheme is monotonic, as de-

fined in Definition 4.8.1 below.

Step 2: Discretizations of the equation and the boundary condition. The discretization

of (4.74) is based on the finite difference method. Let h be the grid size and Gh the grid integer

points as in Definition 4.7.1. Always denote by e ∈ Zn an arbitrary vector. Let (e1, . . . , en)

always be the standard basis (1, 0, . . . , 0)T , . . . , (0, 0, . . . , 1)T of Zn.

Since (4.60) is a second order PDE, below we will define the first order and second order

finite difference operators, in particular the gradient operator and the Laplace operator, and based

on which the discrete expression of functions A, B and FBV.

Definition 4.7.2. Let u : Gh → R, and x ∈ Gh. The first order finite difference operator δehu[x] is
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defined as

δehu[x] :=


u[x+he]−u[x]

h
, if x+ he ∈ Gh.

+∞, else.

Definition 4.7.3. Let u and x be the same as in Definition 4.7.2. The second order finite difference

operator ∆e
hu[x] is defined as follows.

∆e
hu[x] :=


u[x+he]+u[x−he]−2u[x]

h2
, if x± he ∈ Gh.

+∞, else.

The discretizations δehu[x] and ∆e
hu[x] are used as approximations to the directional deriva-

tives along direction e.

Definition 4.7.4. Let u and x be as in Definition 4.7.2. The finite difference operator for the

gradient is defined as

∇hu[x] :=

(
δeih u[x]− δ−eih u[x]

2

)
1≤i≤n

such that ∇hu[x] ∈ (R ∪+∞)n.

Definition 4.7.5. Let u and x be as in Definition 4.7.2. The finite difference operator of Laplacian

is given by

∆hu[x] :=
n∑
i=1

∆ei
h u[x]

recalling that {ei}1≤i≤n is the set of standard basis of Rn. We have that ∆hu[x] ∈ R ∪+∞.

The discretizations ofA(x,∇u(x)) andB(x,∇u(x)) on Gh, denoted byAehu[x] andBhu[x],

are then as follows.
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Definition 4.7.6. Define

Aehu[x] :=


max

{(
⟨e, A(x,∇hu[x])e⟩ − h

2
a1|e|2∆hu[x]

)
, a2|e|2

}
, if ∆hu[x] < +∞,

a2|e|2, else.

Bhu[x] :=


max

{(
B(x,∇hu[x])

1/n − h
2
b1∆hu[x]

)n
, 0
}
, if ∆hu[x] < +∞

0, else.

where a1, a2, b1 are the same constants in (4.75).

Remark 4.7.7. A more natural way to discretize A(x,∇u(x)) or B(x,∇u(x)) is as follows:

Ãehu[x] := ⟨e, A(x,∇hu[x])e⟩,

B̃hu[x] := B(x,∇hu[x]).

However, the reason to use Definition 4.7.6 in the construction of the numerical scheme lies in the

fact that this definition allows us to prove several properties enjoyed by the scheme. For example,

we prove the monotonicity in Proposition 4.8.2 below by using Definition 4.7.6.

The discretization in Definition 4.7.6 is called Lax–Friedrichs approximations. A straight-

forward yet helpful observation is that, as h→ 0, when ∆hu[x] < +∞, we have

Aehu[x] → max
{
⟨e, A(x,∇hu[x])e⟩, a2|e|2

}
Bhu[x] → max{B(x,∇hu[x]), 0}

which is in accordance with intuition.

In summary, in the discretization ofB(x,∇u(x)) we replaces ∇u(x) with ∇hu(x). And for
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A(x,∇u(x)), which is a symmetric matrix, we consider the value eTA(x,∇u(x))e for arbitrary

e. For each e, we replace ∇u(x) in eTA(x,∇u(x))e with ∇hu(x).

Definition 4.7.8. Let ∆e
hu[x] be defined in Definition 4.7.3. Let Aehu[x] be defined in 4.7.6. Let

v be a superbase. Define

∆v
hu[x] := (∆vi

h u[x])vi∈v,

Av
hu[x] := (Avih u[x])vi∈v.

Hence, for any superbase v, the vector ∆v
hu[x] or Av

hu[x] is of size that is equal to the

cardinality of v.

Remark 4.7.9. By the observation made in (4.61), it is enough to take care of

vTi · (∇2u(x)− A(x,∇u(x)))vi (4.76)

for each vi ∈ v in (4.74) when considering the trace operator. This is why we consider ∆v
h and

Av
h in Definition 4.7.8.

To discretize the boundary condition, we define a different finite difference operator for the

gradient, compared to Definition 4.7.4, also in order to maintain the properties enjoyed by the

numerical scheme.

Definition 4.7.10. Let u and x be as in Definition 4.7.4. We define the upwind gradient operator

to be

∇e
hu[x] :=

n∑
i=1

(
min{0, eT ei}δeih u[x]−max{0, eT ei}δ−eih u[x]

)
so that ∇e

hu[x] ∈ R ∪+∞.

With all the preparations, we discretize (4.74) as follows.
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Definition 4.7.11. Let Vh be the same as Vϵ in (4.74), with only the notation ϵ written as h. Let

h, Gh be as in Definition 4.7.1. Let Lv,γ be defined in (4.62). Define

ShMAu[x] := max
v∈Vh

max
γ∈R3

+

Tr(P (v,γ)=1)

Lv,γ(Bhu[x],∆
v
hu[x]− Av

hu[x]), (4.77)

for x ∈ Gh.

Remark 4.7.12. The function ShMA is the discretization that we will use for the first equation in

(4.74). The term

∆v
hu[x]− Av

hu[x]

appears since the following term

Tr
(
P (v, γ)

(
∇2u(x)− A(x,∇u(x))

))

in (4.74) can be approximated by

Tr
(
P (v, γ)

(
∇2u(x)− A(x,∇u(x))

))
= Tr

(
3∑
i=1

γiviv
T
i

(
∇2u(x)− A(x,∇u(x))

))

=
3∑
i=1

γiTr
(
viv

T
i

(
∇2u(x)− A(x,∇u(x))

))
=

3∑
i=1

γiTr
(
vTi
(
∇2u(x)− A(x,∇u(x))

)
vi
)

= ⟨γ, (∆v
hu[x]− Av

hu[x])⟩+O(h2).

Definition 4.7.13. Let h and Gh be as in Definition 4.7.1. Let hP be defined in Definition 4.6.3.
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Define

ShBVu[x] := max
v∈Rn,|v|=1

(∇v
hu[x]− hP (v)) . (4.78)

Remark 4.7.14. The function ShBV is the discretization of FBV in Definition 4.6.4. The component

v · ∇u(x) in FBV(∇u(x)) is discretized by ∇v
hu[x]. In practice, if P is a polytope then ShBV

reduces to several linear constraints. Indeed, as argued in the proof of Proposition 4.6.5, assume

the polytope P is defined as

P := {x ∈ R2 : x · ni + bi ≤ 0, i = 1, . . . ,m},

where ni is the outward normal vector of each edge of P with |ni| = 1. Then ShBVu[x] =

maxi=1,...,m{∇ni
h u[x] + bi}.

Step 3: Combine the discretizations for the equation and the boundary condition.

Definition 4.7.15. Let h and Gh be as in Definition 4.7.1. Let ShMA be as in Definition 4.7.11 and

ShBV in Definition 4.7.13. Denote by α a real number. Define

Sh,αMABVu[x] := max{ShMAu[x] + α, ShBVu[x]}. (4.79)

This definition is the discrete version of (4.60) but with the modification of an extra α. The

constant α is introduced, by authors of [5], to guarantee that the numerical scheme has solutions,

as will be discussed in Theorem 4.8.10 and Remark 4.8.11.

In our application, to numerically solve (4.74), we first fix a grid size h > 0. Then we solve
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the following equation on Gh:

Sh,αMABVu[x] = 0, ∀x ∈ Gh. (4.80)

The solution to the numerical scheme (4.80) includes a constant α and the value of the function

u, denoted by u[x] on the grid points x ∈ Gh.

4.8 Existence and convergence results of Bonnet–Mirebeau’s numerical scheme

In this section, we address two important questions concerning the numerical scheme

(4.80): first, is it always solvable? Second, if it is solvable, does the solution converge to the

original Monge–Ampère equation as we reduce the grid size h to 0?

• In Section 4.8.1, we demonstrate that the proposed numerical scheme admits several prop-

erties, as shown in Propositions 4.8.2, 4.8.3, 4.8.6 and 4.8.8.

• The answers to the previous two questions are in Theorems 4.8.10 and 4.8.18.

The proofs of these theorems primarily rely on various properties that the numerical scheme

(4.80) has, as we will describe now.

4.8.1 Properties of the numerical scheme

The first property is the monotonicity.

Definition 4.8.1. A monotonic numerical scheme Sh : RGh → RGh satisfies that for any h > 0,
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any x ∈ Gh, and any u1, u2 : Gh → R such that u1[x] = u2[x] and u1 ≥ u2 on Gh, there holds

Shu1[x] ≤ Shu2[x].

Proposition 4.8.2. For any fixed α, the numerical scheme Sh,αMABV is a monotone scheme.

Proof. Let h > 0, α ∈ R, x ∈ Gh and consider u1, u2 such that u1(x) = u2(x) and u1 ≥ u2 in

Gh.

We aim to show

Sh,αMABVu1[x] ≤ Sh,αMABVu2[x],

which is equivalent to

max{ShMAu1[x] + α, ShBVu1[x]} ≤ max{ShMAu2[x] + α, ShBVu2[x]}.

We will show the following stronger result:

ShMAu1[x] ≤ ShMAu2[x],

ShBVu1[x] ≤ ShBVu2[x].

First, by Definition 4.7.10, it is obvious that for any e, ∇e
hu1[x] ≤ ∇e

hu2[x]. Then, by the

definition of ShBV in (4.78), there holds

ShBVu1[x] ≤ ShBVu2[x].
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Hence, it remains to show for any v = (v1, v2, v3) and γ ∈ R3
+,

Lv,γ(Bhu1[x],∆
v
hu1[x]− Av

hu1[x]) ≤ Lv,γ(Bhu2[x],∆
v
hu2[x]− Av

hu2[x]).

To achieve so, we use Definition (4.6.7), and will show

Bhu1[x]
1/n ≤ Bhu2[x]

1/n,

Av
hu1[x] ≤ Av

hu2[x],

∆v
hu2[x] ≤ ∆v

hu1[x].

The last inequality is obvious. For the first inequality, we consider two cases. First, if

Bhu1[x] = 0, then we must have

0 = Bhu1[x]
1/n ≤ Bhu2[x]

1/n

as Bh ≥ 0 for any function. On the other hand, if Bhu1[x] > 0, then first it indicates that

x± ei ∈ Gh
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for any i = 1, . . . , n. Then, we use the Lipschitz continuity of B:

Bhu1[x]
1/n −Bhu2[x]

1/n ≤ B(x,Dhu1[x])
1/n −B(x,Dhu2[x])

1/n − h

2
b1∆h(u1 − u2)[x]

≤ b1(|Dhu1[x]−Dhu2[x]|1 −
h

2
∆h(u1 − u2)[x])

=
b1
2h

n∑
i=1

[|(u1 − u2)[x+ hei]− (u1 − u2)[x− hei]|−

(u1 − u2)[x+ hei]− (u1 − u2)[x− hei]]

≤ 0.

Hence, we have shown in both cases

Bhu1[x]
1/n ≤ Bhu2[x]

1/n.

Finally, for the A function we also consider two cases. For any e ∈ v, if Aehu1[x] = a2|e|2,

then Aehu1[x] ≤ Aehu2[x] by Definition 4.7.6. On the other side, if Aehu1[x] ̸= a2|e|2, then we also

use the Lipschitz continuity of A:

Aehu1[x]− Aehu2[x] ≤ ⟨e, (A(x,Dhu1[x])− A(x,Dhu2[x]))e⟩ −
h

2
a1|e|2∆h(u1 − u2)[x]

≤ a1|e|2(|Dhu1[x]−Dhu2[x]|1 −
h

2
∆h(u1 − u2)[x])

≤ 0.

Thus, we have proved Aehu1[x] ≤ Aehu2[x]. Hence by the definition of ShMA there holds

ShMAu1[x] ≤ ShMAu2[x].
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The next property is the continuity of the proposed numerical scheme.

Proposition 4.8.3. Assume for any small h > 0 and for any x ∈ Gh, there exists e ∈ Rn such

that |e| = 1 and x− he ∈ Gh. Then for such small h > 0, the map

R× RGh → RGh

(α, u) 7→ Sh,αMABVu

(4.81)

takes finite values and is continuous.

Proof. First, the scheme ShMA, as defined in (4.77), is continuous, because it is a maximum over

two compact sets, Vh and {γ ∈ R3
+ : for a fixed v ∈ Vh,Tr(P (v, γ) = 1)}, of a continuous

function Lv,γ . The continuity of Lv,γ can be seen by the same argument in the proof of Lemma

4.4.4. Moreover, the scheme ShBV, defined as in (4.78), is continuous because it is also a maximum

over a compact set: {v ∈ Rn : |v| = 1}, of a continuous function. Consequently, the map (4.81)

is continuous since it is composed of two previously established continuous components.

It remains to show that the numerical scheme only takes finite values. Based on the con-

structions in (4.77) and (4.78), if Sh,αMABV takes non-finite values, it must be −∞. To show that this

is not possible for sufficiently small h > 0, we use the assumption that for small h, for a given

x ∈ Gh, there exists some e such that x− he ∈ Gh. Then we have

Sh,αMABVu[x] ≥ ShBVu[x] ≥ ∇e
hu[x]− hP (e) > −∞.
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The next property we consider is a crucial one to relate a numerical scheme to a PDE. To

state this property, we will consider PDEs that admit the following form:

F (x,∇u(x),∇2u(x)) = 0, ∀x ∈ K. (4.82)

Usually, the operator F is discontinuous and it may admit different formulae respectively in K

and on the boundary. Hence, naturally we will also consider lim supF (x) and lim inf F (x).

Following Theorem 4.6.6, the problem (4.54) along with (4.55) can be written in the form

(4.82) by letting

FMABV(x,∇u(x),∇2u(x)) := max{FMA(u(x)), FBV(∇u(x))}. (4.83)

For the PDE in the form (4.82), we introduce a type of weak solutions.

Definition 4.8.4. A function u : K → R is a viscosity subsolution to (4.82) if

1. u is upper semicontinuous.

2. For any ϕ ∈ C2(K), if x is a local maximum of u− ϕ in K, then

lim inf F (x,∇ϕ(x),∇2ϕ(x)) ≤ 0.

The function u is a viscosity supersolution if

1. u is lower semicontinuous.
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2. For any ϕ ∈ C2(K), if x is a local minimum of u− ϕ in K, then

lim supF (x,∇ϕ(x),∇2ϕ(x)) ≥ 0.

Finally, u is a viscosity solution if it is both a viscosity subsolution and supersolution.

Now, we relate a numerical scheme to a certain PDE as in (4.82) by the following definition.

Definition 4.8.5. A numerical scheme Sh : RGh → RGh is consistent with respect to a PDE that

has the form (4.82) if for any ϕ ∈ C∞(K) and x ∈ K,

lim sup
x′∈Gh,x

′→x
h→0+

Shϕ[x′] ≤ lim supF (x,∇ϕ(x),∇2ϕ(x)),

lim inf
x′∈Gh,x

′→x
h→0+

Shϕ[x′] ≥ lim inf F (x,∇ϕ(x),∇2ϕ(x)).

Note that our numerical scheme (4.79) has a parameter α. Thus, to further discuss consis-

tency between numerical schemes and PDEs in our specific setting, we generalize the form for

PDEs as in (4.82) to one that also has a parameter α. Specifically, we add a parameter α ∈ R to

modify the formulation (4.83), i.e., define

Fα
MA(u(x)) :=

α + max
M∈P,TrM=1

[
n · (B(x,∇u(x)) · detM)1/n − Tr(M · (∇2u(x)− A(x,∇u(x))))

]
.
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Next, consider

Fα
MABV(x,∇u(x),∇2u(x)) :=


max{Fα

MA(u(x)), FBV(∇u(x))}, if x ∈ K,

−∞, if x ∈ K \K.

(4.84)

Then, when α = 0 the formulation (4.84) coincides with (4.83) assuming that K is an open

set.

We are ready to show the consistence between the numerical scheme (4.79) and the PDE

(4.84).

Proposition 4.8.6. For any sequence of (αh)h>0 such that limh→0+ αh = α for some α, the

scheme Sh,αh
MABV is consistent with respect to the corresponding Fαh

MABV in terms of Definition 4.8.5.

Proof. First, we prove the proposition assuming the following: let ϕ ∈ C∞(K) and (αh)h>0 be

a sequence such that limh→0+ αh = α ∈ R. Then assume for any compact subset K̃ of K, there

hold

Sh,αh

MABVϕ[x] ≤ Fα
MABV(x,∇ϕ(x),∇2ϕ(x)) + oh→0+(1), uniformly for x ∈ Gh,

Sh,αh

MABVϕ[x] ≥ Fα
MABV(x,∇ϕ(x),∇2ϕ(x)) + oh→0+(1), uniformly for x ∈ K̃ ∩ Gh.

(4.85)

Assuming (4.85), then to prove the proposition, it suffices to prove

lim sup
h→0+,x′∈Gh,x′→x

Sh,αh
MABVϕ[x

′] ≤ lim supFα
MABV(x,∇ϕ(x),∇2ϕ(x)),

lim inf
h→0+,x′∈Gh,x′→x

Sh,αh
MABVϕ[x

′] ≥ lim inf Fα
MABV(x,∇ϕ(x),∇2ϕ(x)).

(4.86)

If x in (4.86) belongs to some compact subset K̃ of K, then (4.86) follows from (4.85). If
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not, then (4.86) still holds as in this case

lim inf Fα
MABV(x,∇ϕ(x),∇2ϕ(x)) = −∞.

Now, let us prove (4.85). Denote by K̃ an arbitrary compact subset of K. It suffices to

show that for any h > 0 and x ∈ Gh ∩ K̃, there hold

ShMAϕ[x] = F 0
MA(x,∇ϕ(x),∇2ϕ(x)) + o(1),

ShBVϕ[x] = FBV(∇ϕ(x)) + o(1),

(4.87)

uniformly with respect to x, if x ∈ K̃, and

ShMAϕ[x] ≤ F 0
MA(x,∇ϕ(x),∇2ϕ(x)) + o(1),

ShBVϕ[x] ≤ FBV(∇ϕ(x)) + o(1),

(4.88)

uniformly if x ∈ Gh but not necessarily belong to K̃.

We first deal with the FBV operator in (4.87) and (4.88). Note that by Definition 4.7.2, there

always holds δeih u[x] ≥ u[x + hei] − u[x]. Thus, we choose h small enough so that for any x in

the compact subset K̃, there holds δeih u[x] = u[x + hei]− u[x]. And then the two equations that

involve FBV hold by Definition 4.7.10.

Now, we consider the F 0
MA operator in (4.87) and (4.88). We first treat the B(·, ·) function.

If there holds ∆hϕ[x] < +∞. Then this enforces that

x± hei ∈ Gh,
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for each ei. Hence, it follows from Definition 4.7.4 and Definition 4.7.5 that

∇hϕ[x] = ∇ϕ(x) +O(h2),

∆hϕ[x] = ∆ϕ(x) +O(h2).

Then by the Lipschitz continuity of B(·, ·), we have:

B(x,∇hϕ[x])
1/n − h

2
b1∆hϕ[x] = B(x,∇ϕ(x))1/n +O(h).

Then it follows from Definition 4.7.6 that

Bhϕ[x]
1/n = B(x,∇ϕ(x))1/n +O(h). (4.89)

On the other hand, if ∆hϕ[x] = +∞, then we must have x /∈ K̃. By Definition 4.7.6, this

forces Bhϕ[x] = 0, which in particular means Bhϕ[x] ≤ B(x,∇ϕ(x)). Then we also have

−∞ = Bhϕ[x]
1/n ≤ B(x,∇ϕ(x))1/n +O(h) (4.90)

for x ∈ K \ K̃.

Next, we treat the A(·, ·) function. More precisely, we consider Aehϕ[x] and ∆e
hϕ[x] for an

arbitrary superbase v ∈ Vh and e ∈ v. As before, assume we choose h small enough so that

x+ he ∈ Gh if x ∈ K̃.

Then by the Lipschitz continuity of A(x,∇ϕ(x),∇2ϕ(x)), there holds

Aehϕ[x] ≤ ⟨e, A(x,∇ϕ(x))e⟩+O(h|e|2)
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for any x, and the equality holds when x ∈ K̃.

By Definition 4.7.5, we also have

−∆e
hϕ[x] ≤ −⟨−e,∇2ϕ(x)e⟩+O(h2|e|4)

for any x, and the equality holds when x ∈ K̃.

Now, consider any superbase v ∈ Vh and γ ∈ R3
+ such that

Tr(P (v, γ)) = 1, (4.91)

then (4.91) requires
3∑
i=1

γi|vi|2 = 1.

For the term we care in (4.77), there then holds

−⟨γ,∆v
hϕ[x]− Av

hϕ[x]⟩ = −
3∑
i=1

γi(∆
vi
h ϕ[x]− Avih ϕ[x])⟩

≤ −
3∑
i=1

γi⟨vi, (∇2ϕ(x)− A(x,∇ϕ(x))vi⟩+
3∑
i=1

γiO(h|vi|2)

= −⟨P (v, γ),∇2ϕ(x)− A(x,∇ϕ(x))⟩+O(h)

= −⟨P (v, γ),∇2ϕ[x]− A(x,∇ϕ(x))⟩+ o(1)

(4.92)

for any x, and the equality holds when x ∈ K̃.

Then by definition in (4.62), and (4.89), (4.90) and (4.92), we proved that

ShMAϕ[x] ≤ max
v∈Vh

max
γ∈R3

+,TrP (v,γ)=1
Lv,γ(B(x,∇ϕ(x)),∇2ϕ(x)− A(x,∇ϕ(x))) + o(1).
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for any x, and the equality holds when x ∈ K̃. Then by (4.57), we have shown the inequality

(4.87) for ShMA and F 0
MA. This finishes the proof.

The final property of our numerical scheme is as follows: roughly speaking, we will show

that the numerical scheme admits subsolutions. This fact will play a crucial role when we proceed

to construct a solution to the numerical scheme, following a modification of Perron’s argument,

see Theorem 4.8.10.

Definition 4.8.7. A numerical scheme Sαh with parameter α ∈ R is said to be stable if

• For any small h > 0, there exists a subsolution (α, u) to the scheme, i.e.,

Sαhu[x] ≤ 0, ∀x ∈ Gh.

• There exists a function ω : R × R+ → R+ that is non-increasing w.r.t. its first variable

and satisfies limt→0 ω(α, t) = 0 for any α ∈ R, such that for any small h > 0, and any

subsolution (α, u) and any x1, x2 ∈ Gh there holds

|u[x1]− u[x2]| ≤ ω(α, |x1 − x2|).

• There exists α such that for any small h > 0 and any subsolution (α, u) there holds α ≤ α.

• There exists α such that for any small h > 0 and any solution (α, u), there holds α ≤ α.

Proposition 4.8.8. Assume there exists a function ϕ ∈ C∞(K) such that ∇ϕ(x) ∈ P for all

x ∈ K. Assume there exists a positive constant CG such that for any small h > 0 and any
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function u : Gh → R,

max
x1 ̸=x2∈Gh

|u[x1]− u[x2]|
|x1 − x2|

≤ CG max
x1,x2∈Gh,|x1−x2|=h

|u(x1)− u(x2)|
h

. (4.93)

Then the numerical scheme Sh,αMABV is stable in terms of Definition 4.8.7.

Remark 4.8.9. The existence of such ϕ in Proposition 4.8.8 is indeed satisfied in our applications;

the potential function u itself, defined as in Theorem 4.2.11 fulfills this requirement.

Proof of the Proposition. First, let us establish the existence of subsolutions. By the assumption

that ϕ(x) satisfies

FBV(∇ϕ(x)) < 0, for x ∈ K.

Additionally, recalling that A(x,∇ϕ(x)) and B(x,∇ϕ(x)) are bounded, we can choose α ≤ 0

negative enough so that

F 0
MA(x,∇ϕ(x),∇2ϕ(x)) < −α, for x ∈ K.

By combining these two inequalities, we obtain

lim supFα
MABV(x,∇ϕ(x),∇2ϕ(x)) < 0.

Then, using (4.85) from the proof of Proposition 4.8.6, for any small h > 0 and x ∈ Gh, we have

Sh,αMABVϕ[x] < 0. (4.94)
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Thus, for any small h > 0, (α, ϕ) is a subsolution.

Next, let us construct the function ω(α, t). Let h > 0 be small enough, and then let (α, u)

be a subsolution, as previously demonstrated. In particular, we have

ShBVu[x] ≤ 0, for x ∈ Gh.

By the construction in (4.78), this inequality implies

−δ±eih ≤ hP (∓ei) (4.95)

for all ei. As the closure of P is compact, there exists a constant CP ≥ 0 such that

hP (∓ei) ≤ CP .

Consequently:

−δ±eih u[x] ≤ CP .

Replacing the right hand side in assumption (4.93) with δ±eih , we obtain

max
x1 ̸=x2,x1,x2∈Gh

|u[x1]− u[x2]|
|x1 − x2|

≤ CP · CG.

Therefore, we just need to define ω(α, t) := CPCGt, which is independent of α.

Finally, let us address the existence of aforementioned α and α. Still, let h > 0 be small
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and let (α, u) be a subsolution. In particular,

ShMAu[x] ≤ −α, for x ∈ Gh.

By (4.53) from the Proposition 4.5.16, we consider the superbase v ∈ Vh and γ ∈ R3
+ such that

P (v, γ) = e1e
T
1 .

Choosing this pair of v = (e1, v2, v3) and γ = (1, γ2, γ3) in ShMA yields

ShMAu[x] ≤ −α =⇒ Ae1h u[x]−∆e1
h u[x] ≤ −α.

Combining this inequality with the assumption that Ae1h u[x] ≥ a2, we have

∆e1
h u[x] ≥ a2 + α.

Now let ℓ > 0 be small enough that the segment [0, ℓe1] belongs to K. Note that such ℓ is

independent of h. Let nh := ⌈ℓ/h⌉. We choose h small enough such that ihe1 ∈ K for i ∈

{0, . . . , nh + 1}. Then for any such i,

h∆e1
h u[ihe1] = δe1h u[ihe1] + δ−e1h u[ihe1]

= δe1h u[ihe1]− δe1h u[(i− 1)he1].

Hence, there hold

δe1h u[ihe1] = δe1h u[(i− 1)he1] + h∆e1
h u[ihe1],
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and in particular

δe1h u[nhhe1] = δe1h u[0] + h

nh∑
i=1

∆e1
h u[ihe1]

≥ δe1h u[0] + nhh(α + a2).

Since nhh ≥ ℓ, if α ≥ −a2, then

δe1h u[nhhe1] ≥ δe1h u[0] + ℓ(a2 + α)

= −δ−e1h u[he1] + ℓ(α + a2).

Finally, since

δe1h u[nhhe1] ≤ CP

δ−e1h u[he1] ≤ CP ,

we obtain

α ≤ 2CP
ℓ

− a2.

To address the existence of α, let us assume in this part that (α, u) is a solution. Let α1 ≥ 0 be

the α we have in (4.94). Up to a constant, we have for u there exists x ∈ Gh such that

u[x] = ϕ[x], u ≥ ϕ, in Gh.

By the Proposition 4.8.2,

Sh,α1

MABVu[x] ≤ Sh,α1

MABVϕ[x].
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We have shown that Sh,α1

MABVϕ[x] < 0. Thus Sh,α1

MABVu[x] < 0 and in particular

ShMAu[x] < −α1,

ShBVu[x] < 0.

On the other hand, the equality Sh,αMABVu[x] = 0 yields

max{ShBVu[x], S
h
MAu[x] + α} = 0.

Since ShBVu[x] < 0, we deduce that α = −ShMAu[x] > α1. I.e., we just choose α = α1.

4.8.2 Existence of solutions to the numerical scheme

Thanks to these properties enjoyed by Sh,αMABV, especially the stability of the scheme which

guarantees the existence of subsolutions, cf. Proposition 4.8.8, the idea of the Perron’s method

can be applied to show the existence of solution to this scheme.

Theorem 4.8.10. [5, Theorem 2.15] For small h > 0 there exists a solution to (4.80).

Remark 4.8.11. The Perron’s method, formally speaking, aims to construct a solution usol ∈ RGh

to a numerical scheme Sh by considering

usol[x] := sup{ũ[x] : ∀y ∈ Gh, Shũ[y] ≤ 0}.

In other words, a solution is constructed by taking supremum over all the subsolutions. However,

in our case the numerical scheme Sh,0MABV has a property that if ũ is a subsolution then ũ + c is
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also a subsolution for any constant c. Hence, a supremum over all the subsolutions will lead to

+∞. To overcome this, an extra real number α is introduced in (4.79).

Proof. For ease of notations, we use Sh,α as a shorthand for Sh,αMABV.

Define the set of subsolutions to the numerical scheme to be the following:

U := {(α, u) ∈ R× RGh : Sh,αu[x] ≤ 0}

Then since Sh,α is stable, it always admits subsolutions and U is not empty. We define

α := sup
(α,u)∈U

α.

The first step is to show that there exists u defined on grid points such that (α, u) is a subsolution.

To achieve so, let {(αk, uk)}k∈N be an increasing sequence in αk that gives the supremum in the

definition of α. Set αmin := mink∈N αk. Assume further that up to a constant uk[0] = 0 for all k.

Then by the stability in Definition 4.8.7, there holds

|uk[x]− 0| ≤ ω(αk) ≤ ω(αmin).

In particular, this shows that {uk}k∈N is bounded in RGh , and up to a subsequence we proved that

{uk}k∈N converges to some u ∈ RGh . Now, by the continuity of the scheme, there holds

Sh,αu[x] ≤ 0, ∀x ∈ Gh

as desired. We have found that (α, u) is a subsolution.
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We have shown that the set

Ũ := {u : Gh → R|(α, u) is a subsolution}

is not empty. Next, for any u ∈ Ũ , consider the set

Gu := {x ∈ Gh : Sh,αMABVu[x] < 0}.

and denote by G∗ the set among all Gu that has a max cardinality. Denote by ũ the subsolution

corresponding to G∗.

The first observation is that G∗ ̸= Gh. Otherwise, there would exist α̃ > α such that (α̃, ũ)

is also a subsolution, and this violates the definition of α.

Thus, inspired by Perron’s method, we can consider a family of functions

uϵ(x) := sup{u(x) : (α, u) ∈ U, u = ũ in Gh \ G∗, S
h,α
MABVu[x] ≤ −ϵ in G∗}, (4.96)

and note that we only consider ϵ > 0 that is small enough so that the set in (4.96), which is

{u(x) : (α, u) ∈ U, u = ũ in Gh \ G∗, S
h,α
MABVu[x] ≤ ϵ in G∗}

contains ũ and hence is not empty.

Finally, the idea is to apply a type of Perron’s method argument to the family of functions

{uϵ}, and show the limit limϵ→0 uϵ is a solution to the scheme.

For a fixed ϵ > 0 that is small enough, for any x ∈ Gh, there exists u such that (α, u) ∈ U ,
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Sh,αMABVu[x] ≤ −ϵ in G∗, uϵ ≥ u in Gh and uϵ[x] = u[x]. Then by the monotonicity,

Sh,αMABVuϵ[x] ≤ Sh,αMABVu[x],

and thus (α, uϵ) is a subsolution and satisfies that

Sh,αMABVuϵ[x] ≤ −ϵ, ∀x ∈ G∗.

Furthermore, there indeed holds Sh,αMABVuϵ[x] = −ϵ, by the definition (4.96).

We define ucan[x] := limϵ→0+ uϵ[x]. Then by the continuity, for any x ∈ G∗, there already

holds

Sh,αMABVucan[x] = 0,

and (α, ucan) is a subsolution.

Then assume, for sake of contradiction, that ucan is not a solution. Then there must exist

x ∈ Gh \ G∗ such that

Sh,αMABVucan[x] < 0.

Then there also exists small enough ϵ such that

Sh,αMABVuϵ,can[x] < 0 (4.97)

as well. But note that such (α, uϵ) belongs to Ũ , and (4.97) indicates that G∗ which is associated

with ũ does not have the maximum cardinality. A contradiction arises. We have finished the

proof.
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4.8.3 Convergence results: relating numerical scheme’s solution to original

equations.

In the previous section, we established the existence of solutions to (4.80). In this section,

we aim to show that such solutions do converge to the original Monge–Ampère equation, which

is (4.54) combined with (4.55), as h → 0+. However, this convergence result requires to assume

that in (4.54), the functions A(x,∇u(x)) and B(x,∇u(x)) have the following form:

A(x, p) = 0,

B(x, p) =
f(x)

g(p)
,

(4.98)

where f, g : Rn → R are bounded.

In our application, the Ricci iteration, as presented in (4.17) and (4.18), does have the same

form as in Definition 4.6.1, with the feature that the functions A and B satisfy that A ≡ 0 and

B(x,∇u(x)) = f(x) in (4.54). Thus, our A(·, ·) and B(·, ·) functions do take the desired form,

making the convergence results readily applicable.

There are three equations under consideration. The first one is the original problem we

defined in (4.54) and (4.55). The second one is the equation Fα
MABV(x,∇u(x),∇2u(x)) = 0,

where Fα
MABV is defined in (4.84). The third one is the numerical scheme (4.80). In this section

we aim to show, roughly speaking, the solutions to (4.80) converge to a type of weak solutions to

(4.84), and such weak solutions to (4.84) are also weak solutions to (4.54) and (4.55).

Theorem 4.8.10 guarantees us the existence of solutions to the numerical scheme (4.80).
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The following result then builds a connection between solutions to the scheme and the viscosity

solutions to the corresponding continuous problem (4.84).

Let {hn}n∈N be a sequence of positive numbers such that limn→∞ hn = 0. Let {αn}n∈N

be a sequence of real numbers such that limn→∞ αn = α ∈ R. Assume {un} is a sequence of

functions un : Ghn → R such that (αn, un) is a solution to (4.80). Define for x ∈ K,

u(x) := lim sup
x′∈Ghn ,x

′→x
n→∞

un[x
′],

u(x) := lim inf
x′∈Ghn ,x

′→x
n→∞

un[x
′].

Theorem 4.8.12. The functions u and u above are respectively a viscosity subsolution and vis-

cosity supsolution to (4.84).

Remark 4.8.13. In [4, Theorem 2.1], the authors proved that the limit inferior and limit superior of

a solution uh to a monotone, stable and consistent numerical scheme Sh, in terms of Definitions

4.8.1, 4.8.5 and 4.8.7, are respectively viscosity sub- and supersolutions of the original equation.

This result can be directly applied to prove Theorem 4.8.12.

The next result links viscosity solutions to (4.84) with weak solutions to the corresponding

problem defined in Definition 4.6.1. We first give the definition of such weak solutions. Assuming

that u : K → R is a convex function, we will denote by

∂u(x) := {y ∈ Rn : u(x′) ≥ u(x) + ⟨y, x′ − x⟩, ∀x′ ∈ K}

its subgradient.

Definition 4.8.14. A function u : K → R is an Aleksandrov solution to (4.54) and (4.55) if it is
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convex and for any Borel subset E ⊂ K,

∫
E

B(x)dx = Volume(P ∩ ∂u(E)).

An Aleksandrov solution is minimal if ∂u(K) ∈ P .

Remark 4.8.15. Such Aleksandrov solution can be seen as a weak solution by considering the

integral
∫
E
1dy. Then we can calculate the integral using a change of variable y = ∇u(x) and

(4.54).

Theorem 4.8.16. If u : K → R is a viscosity solution to (4.84) for some α ∈ R, then α = 0 and

u is a minimal Aleksandrov solution to (4.54) and (4.55).

Remark 4.8.17. A detailed proof of this result can be found in [5, Section 5].

We conclude this section by the following convergence result. It shows that the solutions to

the numerical scheme converge to a weak solution to the original second boundary value problem.

Theorem 4.8.18. [5, Theorem 5.25] Assume that K is strongly convex and (4.98) is satisfied

in (4.54). Then there exists a sequence of solutions (αh, uh) to (4.80) such that uh[0] = 0 for

small h > 0. Furthermore, as h → 0+, it follows that αh → 0, and uh converges to a minimal

Aleksandrov solution u to (4.54) and (4.55) satisfying that u(0) = 0.

Proof. The existence of sequence (αh, uh) follows from Theorem 4.8.10. Given the stability of

the scheme by Proposition 4.8.8, the sequence {αh} is bounded, and {uh} is uniformly bounded

and equicontinuous. It follows from the sequential compactness of R and Arzelà–Ascoli theorem

that, up to a subsequence, {αh} converges to some α ∈ R and {uh} converges to a continuous

function u : K → R. By Theorem 4.8.12, u is both a viscosity sub- and supsolution, hence
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a viscosity solution to (4.84). By Theorem 4.8.16, there also hold α = 0 and u is a minimal

Aleksandrov solution to (4.54) and (4.55).

4.9 Numerical implementation of the Ricci iteration

We are ready to implement the Ricci iterations. The equations under consideration, namely

(4.17), (4.18) and (4.20), have the same form as (4.54) and (4.55). Hence, the numerical Ricci

iteration can be done by solving an associated numerical scheme (4.80) for a sequence of func-

tions.

The equation (4.17) will be solved for P1, P2 and P3. The equations (4.18) and (4.20) are

solved for P4 and P5.

4.9.1 (Non)existence of exact solutions to the Ricci iteration

When P = P1 (respectively, P2), the solutions to the Ricci iteration (4.17) correspond

to potential functions of the Kähler–Einstein metrics on the surface P2 (respectively, P1 × P1).

These metrics are the Fubini–Study metrics, cf. Example 1.1.3. The explicit forms of the metrics,

equivalently, of the solutions to (4.17) when P = P1, P2 are as follows:

ψsol
1 (x) : = −2 log 3− x1 − x2 + 3 log(1 + ex1 + ex2),

ψsol
2 (x) : = −2 log 2− x1 − x2 + 2 log(1 + ex1) + 2 log(1 + ex2).

(4.99)

When P = P3, the exact solution to (4.17) is the potential function of the Kähler–Einstein metric

on P2#3P2. There is no explicit form available for this metric (Indeed, finding its closed-form

is still an open problem [2, p. 12]). We implement the Ricci iteration in this case and obtain a
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numerical approximation to the metric.

When P = P4, the equation 4.17 is not solvable as P2#2P2 does not admit any Kähler–

Einstein metric. Instead, we solve (4.18). Its solution corresponds to the Kähler-Ricci soliton on

P2#2P2. The explicit form of this metric is not available. We also solve (4.20) to approximate the

soliton. When P = P5, due to the same reason we also consider (4.18) and (4.20). The Kähler-

Ricci soliton on P2#P2 is known to satisfy certain ODE and that was discovered independently

by Koiso [41] and Cao [13].

4.9.2 Approximation of R2 using bounded domains, Guillemin potentials and

mass balance condition

It is worth noting that in equations (4.17), (4.18), the functions ψi+1 and ψi are defined

on R2, and the equation should ideally be solved over the entire R2. However, in practical im-

plementations, it is necessary to confine the solution to a bounded domain. Thus, we constrain

ourselves to solving equations within a finite domain represented by a box,

[−b, b]2, 0 < b < +∞, (4.100)

and discretize this domain by dividing each axis into n equal parts. We refer to the lattice gener-

ated by this approach as Gn, and we conduct the Ricci iterations for a total of I times.

Remark 4.9.1. To choose an appropriate value for b in (4.100), we consider the Guillemin poten-

tials on these toric del Pezzo surfaces [28]. Recall from Theorem 4.2.8 that each toric del Pezzo

surface is associated with a Delzant polytope, P , with the formula (4.10). To simplify notation,
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we define

ℓα(y) := ⟨nα, y⟩+ 1, y ∈ P, nα ∈ R2,

where nα, y are specified in (4.10). Then on such toric del Pezzo surface S associated with the

Delzant polytope P , for any y ∈ intP , there holds ℓα(y) > 0, and the following Guillemin

potential is well defined in the symplectic coordinates, cf. (4.8),

G(y) :=
1

2

∑
α

ℓα(y) log ℓα(y), y ∈ intP.

The Guillemin potential is convex and its Legendre transform is a function defined in the

complex coordinates, cf. (4.4),

ψG(x) := log

(∑
γ

e⟨x,zγ⟩

)
, where zγ is lattice point in P, x ∈ R2. (4.101)

For example, when S = P2, the polytope P is the triangle in Figure 4.1. Each ℓα satisfies

ℓ1(y) = y1 + 1, ℓ2(y) = y2 + 1, ℓ3(y) = −y1 − y2 + 1,

and lattice points in P include

(−1, 2), (−1, 1), (0, 1), (−1, 0), (0, 0), (1, 0), (−1,−1), (0,−1), (1,−1), (2,−1).

The function ψG(x) in this case recovers the Kähler potential of the Fubini–Study metric on P2.

More generally, for any toric del Pezzo surface S with its Delzant polytope P , its Guillemin
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potential ψG(x) is still a convex function in R2 whose gradient image is P . We can see ψG(x) as

a model metric potential for S. Motivated by that, we choose b large enough so that

∇ψG([−b, b]2) ≈ P,

i.e., the gradient image is a good approximation to P . In practice, a choice of b = 7.5 fulfills this

requirement for all surfaces we concern.

Remark 4.9.2. The integral equality in (4.17) or (4.18) is to ensure a specific solution can be

chosen at each iteration, as solutions are only unique up to an additive constant. Indeed, taking

(4.17) as an example, the requirement

∫
R2

e−ψi(x) dx = |P | (4.102)

is essentially the so-called mass balance condition when regarding (4.17) as an optimal transport

problem and ensuring the mass given by e−ψ on R2 and 1 on P being the same.

In practice, we compute this integral over the bounded domain [−b, b]2, as previously dis-

cussed.
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Chapter 5: Approximating Kähler–Einstein metrics

In this chapter, we present a new method to approximate Kähler–Einstein metrics based

on numerical implementation of the Ricci iteration. In Section 5.1, we survey existing works on

numerically compute Kähler–Einstein metrics. Analysis on our numerical results are presented

in Section 5.2. We show the accuracy results of our method in tables and plots. We also present

several visualizations of our solutions. Accuracy results and comparison to other works are sum-

marized in 5.3.

5.1 Related works on numerically approximating Kähler–Einstein metrics

The existence results for Kähler–Einstein metrics on toric manifolds have been reviewed

in Section 4.2. These theoretical results are remarkable, yet the majority of them are of a con-

structive nature. Indeed, there are plenty of canonical metrics known to exist that do not admit an

exact formula. Consequently, mathematicians and physicists have been trying to obtain concrete

estimations of these geometries through numerical methods.

Headrick and Wiseman pioneered the study on numerically computing Kähler–Einstein metrics

in 2005 [33]. Their method essentially simulates the Ricci flow and uses the fact that Kähler–

Einstein metrics are limit of the flow. Following the same idea, Doran, Headrick, Herzog, Kantor

and Wiseman approximate the Kähler–Einstein metric on P2#3P2 [19]. Essentially, they con-
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sider the parabolic equation:

∂ψt
∂t

= log det∇2ψt + ψt + ct (5.1)

where ct is a constant at given time t and ψt is the Kähler potential at t. The evolution of (5.1)

is simulated by choosing an initial function ut|t=0 and applying finite difference method. Their

simulation was done for up to a grid of 400 × 400 points. Their approximation to the potential

function of the metric is therefore at an array of points.

At around the same time, in 2005, Donaldson proposed a distinct approach to numerically

approximate Kähler–Einstein and more broadly, extremal metrics [17]. Given a line bundle L→

M over an n-dimensional compact Kähler manifold M and a large integer k > 0, denote by

H0(Lk) the complex vector space of holomorphic sections. Suppose that M can be embedded

into the projective space P(H0(Lk)∗). For an arbitrary Hermitian matrix G = (Gij̄), it gives

a metric on H0(Lk) and there is correspondingly a metric g on Lk satisfying that if (si) is any

orthonormal basis of H0(Lk), the function

∑
i

|si|2G

is equal to 1 pointwise on M . The curvature of this metric induces a Kähler metric ωG on M . Let

z be coordinates on P(H0(Lk)∗) ⊃M . Define

(T (G))ij̄ := R

∫
M

ziz̄j∑
k,ℓ=1G

kℓ̄zkz̄ℓ

ωnG
n!
, (5.2)

where R := dimH0(Lk)/volume of (X,ωnG) is a constant. Then T maps G to another Hermitian
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matrix. Donaldson’s algorithm starts with an initial Hermitian metric G0 on H0(Lk), which is

essentially a Hermitian matrix. Then, for large enough r, the Hermitian metric T r(G0) leads to a

metric on M that approximates the Kähler–Einstein metric.

Following the same idea, Bunch–Donaldson [6] numerically compute the Kähler–Einstein metric

on P2#3P2 and also other extremal metrics on toric surfaces. In this specific setting, they con-

sider Kähler potential uBD : R2 → R in the form

ψBD(x) = log

(∑
γ

aγe
⟨x,zγ⟩

)
(5.3)

where zγ takes values of lattice points in certain polytope and aγ ∈ R serves as parameters that

will be tweaked to vary the metric. This metric should be compared to (4.101). This metric

relates to the general discussion in [17] as it is the specific form of aforementioned metrics ωG

for certain G. The T -map in (5.2) will be evaluated iterative to update the metric uBD and lead to

an approximation to the Kähler–Einstein metric.

In [19], the authors also proposed another numerical method that shares some similar-

ity with Bunch–Donaldson’s formulation, other than their simulation approach. They consider

a space of polynomials in the symplectic coordinates up to certain order. Their goal is to

choose a polynomial from this space that approximates well the smooth part of the Kähler–

Einstein potential for P2#3P2. This amounts to finding one polynomial that almost solve the

Monge–Ampère equation (4.11) pointwise. To this end, they insert the polynomial into (4.11)

and move every term to one side of the equality. Then minimizing a resulting objective function

determines the unknown coefficients in the polynomial.

The two methods in [19] give similar results in terms of accuracy [19, p. 359, line 17].

222



5.2 Analysis on numerical results

In this section we show the numerical results we obtained after computing the Kähler–

Einstein metrics on P2, P1 × P1 and P2#3P2.

5.2.1 Parameters

In implementation of the Ricci iteration, three parameters affect the accuracy: range of the

domain in which we solve the equation, denoted by [−b, b]2, number of grid points along each

axis, denoted by n, and number of the iterations, denoted by I .

For the three concerned surfaces, we find that the gradient image of corresponding Guillemin

potentials on [−7.5, 7.5]2 has already closely approximates the desired polytopes, cf. Remark

4.9.1. Hence, we use b = 7.5 for most cases. We also examine the convergence of numerical

solutions against different b experimentally in Table 5.3 and Figures 5.4, 5.5 and 5.6.

We obtain more accurate results for a larger n. In our experiments we tried n = 64, 128, 256, 512

and 896. Accuracy result for different n is shown in Tables 5.1, 5.2, 5.5 and 5.6.

If not specified, the number of the iterations is taken as I = 10, since the Ricci iteration

numerically converge at I = 10 for all three surfaces, cf. Figures 5.2 and 5.3.

Remark 5.2.1. Other than the three aforementioned parameters, the numerical solver by Bonnet–

Mirebeau itself also admits some parameters.

In particular, we experiment with different choices for the parameter condition number,

whose meaning is explained in Section 4.5.5, which determines the number of superbases in-

cluded in Vh in Proposition 4.6.2 that are used to discretize the equation (4.54). Different choices

15, 30 and 60 for condition number lead to different numbers of superbases used, which
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are 6, 10 and 18. Experiment results for the three cases only have a difference in residuals no

more than 1%. Moreover, we observe that in some cases, using more superbases causes even

larger residuals, indicating that this parameter cannot be directly adjusted to guarantee improved

accuracy.

Due to these findings, in our experiments, we keep using the same setting, where condition

number = 15 for the numerical solver as in their demo on Bonnet’s website. 1

5.2.2 Initial choice

To make a good initial choice ψ0(x) in (4.17), we recall the solution to (4.17) is expected

to be the potential function of Kähler–Einstein metrics. Thus, it is natural to take the Guillemin

potential (4.101) for an initial choice as it provides a model metric potential. However, for P2

and P1 ×P1, the Guillemin potential coincides with the true solution we want to approximate. In

these two cases, we simply use the quadratic function |x|2 = x21 + x22 as an initial choice.

For P2#3P2, the Guillemin potential no longer represents the Kähler–Einstein metric, so it

can serve as an initial choice. In our experiments, we indeed use the numerical solution obtained

by Bunch–Donaldson as an initial choice. Their solution has a closed form (5.3) and it has a

similar form as the Guillemin potential. We also experiment using the quadratic function as

an initial choice. We observe that for grid whose size is no bigger than 512 × 512, the initial

choice does not cause much difference, in terms of both computing time and accuracy. However,

to obtain a very high resolution solution, we employ Bunch–Donaldson’s solution as an initial

choice to save computing time.

1https://github.com/gbonnet1/ma-ot-monotone
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5.2.3 Residual functions

We always denote by ψnum our numerical solution obtained from the Ricci iteration, and by

ψbenchmark any solution to which we want to compare. We use two types of residual functions to

assess the accuracy of our numerical method.

Let Gn be a set of n× n grid points, cf. (4.73). First, define

ℓrelative(ψnum) :=
1

|Gn|
∑
x∈Gn

∣∣∣∣ψnum(x)− ψbenchmark(x)

ψbenchmark(x)

∣∣∣∣ . (5.4)

The function ℓrelative will be only used for P2, P1 × P1. We use the true solutions in (4.99)

as ψbenchmark.

Next, define

ℓremainder(ψnum) :=
1

|Gn|
∑
x∈Gn

(
det(∇2ψnum(x))− e−ψnum(x)

)
.

The function ℓrelative assesses the proximity of our numerical solutions to the true solutions

(or any other function chosen as a benchmark). The function ℓremainder measures the extent to

which our numerical solutions satisfy the objective equation (4.17).

5.2.4 Dependence on the parameters

Resolution of the grid

Fix b = 7.5 and I = 10. For ℓrelative, the result is presented in Table 5.1.

For ℓremainder, the result is presented in Table 5.2.
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b = 7.5, I = 10 P2 P1 × P1

n = 64 2.58% 0.115%
n = 128 1.16% 0.077%
n = 256 2.09% 0.069%
n = 512 1.78% 0.064%

Table 5.1: For P2, our numerical solutions differ from the existing solutions by on average 1.78%
when n = 512. For P1 × P1, the approximation is extremely close.

b = 7.5, I = 10 P2 P1 × P1 P2#3P2

n = 64 1.5× 10−3 3.2× 10−5 3.5× 10−4

n = 128 8.1× 10−4 1.5× 10−5 1.9× 10−4

n = 256 4.2× 10−4 7.4× 10−6 9.9× 10−5

n = 512 2.4× 10−4 3.5× 10−6 5.2× 10−5

Table 5.2: For all cases, the residual ℓremainder decreases as n increases.

Size of the box

To explore dependence of convergence on b, we experiment with P2, as in this case we have

a true solution to assess accuracy of our numerical results.

The number of iteration I is set to be 20 and we pick the smallest residual we reach during

the iteration. To maintain a consistent resolution of the grid, we fix the ratio b/n, and more

precisely we use a 64× 64 grid for b = 7.5 and accordingly a 256× 256 grid for b = 30.

We observe that solutions obtained from a larger box approximate the true solution better.

This is illustrated in Table 5.3 and Figure 5.1.

Number of iterations

We experiment with P2. Fix b = 7.5 and n = 256. In Table 5.4, we record the evolution of

residuals ℓrelative and ℓremainder against iteration times. More pictures regarding the convergence

against iteration times are shown in the next section.
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b/n = 0.117, I ≤ 20 ℓrelative for P2 ℓremainder for P2

b = 7.5 0.0187 0.00144
b = 11.7 0.0157 0.00061
b = 15 0.0149 0.00039
b = 17.6 0.0146 0.00029
b = 23.4 0.0142 0.00018
b = 30 0.0139 0.00011

Table 5.3: The Residual is calculated for P2 by comparing unum to the true solution.

Figure 5.1: For P2, by keeping b/n constant and iterating less than 20 times to pick a smallest
residual among the iterations, the function value of ℓrelative decreases as we enlarge the size of
box on which we solve the equation.

5.2.5 Rate of convergence

Fix b = 7.5 and n = 256. The residual function ℓrelative against iteration times is presented

in Figure 5.2. Note that the Ricci iteration is essentially a process to produce a solution that min-

imizes the ℓremainder function, not ℓrelative, as the iteration itself discretizes the original equation

(4.11) from which we define ℓremainder. This may be related to the fact that ℓrelative not necessarily

decreases after more iterations.

The residual function ℓremainder against iteration times is presented in Figure 5.3. As ex-

pected, more iterations lead to smaller residuals in ℓremainder, and a convergence is observed once
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b = 7.5, n = 256 I = 5 I = 10 I = 15 I = 20

ℓrelative for P2 0.0209 0.0055 0.0219 0.0415
ℓremainder for P2 0.00042 0.00045 0.00044 0.00043

Table 5.4: The convergence is relatively fast regarding the iteration times needed.

Figure 5.2: Fix b = 7.5, n = 256. The left plot is for P2. It shows that after 10 iterations, our
numerical solution reached its best estimate of the true value. Continuing to iterate, the estimation
accuracy worsened. The right plot is for P1 × P1.

ℓremainder does not change too much any more.

Figure 5.3: Fix b = 7.5, n = 256. From left to right, the plots correspond to P2, P1×P1, P2#3P2

respectively. The plots themselves represent the relationship between ℓremainder and iteration
times.

We also experiment with different n, while fixing b = 7.5 and I = 10, to examine corre-

sponding convergence rate. The plots suggest a first order convergence.

For P2, the log-log plots of ℓrelative (respectively, ℓremainder) against different n are shown in

Figures 5.4.
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Figure 5.4: Plots are for P2 with fixed b = 7.5 and I = 10. The left plot shows ℓrelative against
the grid size n. The right plot shows ℓremainder.

For P1 × P1, the log-log plots of ℓrelative (respectively, ℓremainder) against the grid size are

shown in Figure 5.5.

Figure 5.5: Plots are for P1 × P1 with fixed b = 7.5 and I = 10. The left plot shows ℓrelative
against the grid size n. The right plot shows ℓremainder.

For P2#3P2, the log-log plot of ℓremainder against the grid size is in Figure 5.6.

5.2.6 Visualization

The triangle

We plot color maps on [−7.5, 7.5]2 for both the numerical solution and the exact solution

in Figure 5.7. From the figure, we find that the numerical solution closely approximates the exact

solution.
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Figure 5.6: The plot is for P2#3P2 with fixed b = 7.5 and I = 10. It shows behavior of the
residual function ℓremainder against the grid size.

Figure 5.7: Take b = 7.5, n = 256 and I = 10. The left plot shows the colormap of the
numerical solution to the Kähler–Einstein equation on P2. This numerical solution serves as an
approximation to the Kähler–Einstein potential function. The right plot shows the colormap of
the a priori known Kähler–Einstein potential function on P2.
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The colormap of the difference from the numerical solution to the exact solution is shown

in Figure 5.8.

Figure 5.8: Take b = 7.5, n = 256 and I = 10. For P2, the difference between the exact and
numerical solutions are shown in the figure.

We plot the colormaps of the Legendre transform of both solutions in Figure 5.9. We find

that their Legendre transforms have very similar colormaps.

Figure 5.9: Take b = 7.5, n = 256 and I = 8. For P2, the left plot shows the colormap of the
Legendre transform of the exact solution. The right plot shows that of the numerical solution.

The square

We plot the color maps of both the numerical solution and the exact solution in Figure 5.11.

We find from the figure that the numerical solution approximates well the true solution.
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Figure 5.10

Figure 5.11: Take b = 7.5, n = 256 and I = 10. The left plot shows the colormap of the
numerical solution to the Kähler–Einstein equation on P1 × P1. The numerical solution aims to
approximate the Kähler–Einstein potential function. The right plot shows the colormap of the
exact solution.

The difference between the exact solution and the numerical solution is plotted in Figure

5.12.

Figure 5.12: Take b = 7.5, n = 256 and I = 10. Plot is the difference between the exact solution
and the numerical solution for P1 × P1.

The colormap of the Legendre transform of the numerical solution on the square is Figure

5.13.

The value of ℓrem is plotted in Figure 5.14. We found from the figure that the numerical
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Figure 5.13: Take b = 7.5, n = 256 and I = 10. The colormap of the Legendre transform of the
numerical solution is plotted on the Delzant polytope, which is a square, for P1 × P1.

solution act as a good approximation of the Einstein metric.

Figure 5.14: Take b = 7.5, n = 256 and I = 10. The loss function ℓrem is plotted for P1 × P1 on
its Delzant polytope.

The hexagon

The colormap of the Legendre transform of the numerical solution is plotted on the hexagon

in Figure 5.15. From the figure, we roughly see the symmetry of this function governed by a

dihedral group of order 12.

The value of the loss function ℓrem is plotted on Figure 5.16, and we see from the figure that
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Figure 5.15: Take b = 7.5, n = 256 and I = 10. The numerical solution to the Kähler–
Einstein equation on P2#3P2 has a symmetry under a dihedral group of order 12.

the numerical solution approximates well the Einstein metric.

Figure 5.16: Take b = 7.5, n = 256 and I = 10. The colormap of the loss function ℓrem is plotted
for P2#3P2 on its Delzant polytope, which is the hexagon.

5.3 Accuracy results and comparison to other works

5.3.1 An overview

The simulation procedure in [19, 34] is claimed to be slow, which may take many hours

on a 400 × 400 grid [19, p. 389, line -14]. As the number of integral grid points grows larger,
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the method in [6] also becomes slow [6, p. 12, line -11]. On the other hand, the optimization

approaches in [19] do not admit a convergence guarantee.

Our method seems to be more efficient and can be run on a personal computer for a gird of

256× 256 within 12 minutes and a 512× 512 grid within 1 hour and 10 minutes.

5.3.2 The triangle

The highest resolution result we obtained for P2, correspondingly P = P1 in (4.17), is

under the setting n = 512, b = 7.5, I = 10. Residuals of this solution have been shown in Table

5.1 and Table 5.2.

5.3.3 The square

The highest resolution result we obtained for P1×P1, correspondingly P = P2 in (4.17), is

under the setting n = 512, b = 7.5, I = 10. Residuals of this solution have been shown in Table

5.1 and Table 5.2.

5.3.4 The hexagon

Due to lack of an existing explicit solution, for our numerical solution on P2#3P2, we

compare it to the numerical solution presented in [6], denoted by ψBDResult. We do so in two

ways. First, taking ψBDResult as a benchmark solution ψbenchmark in (5.4), we compute ℓrelative

accordingly in Table 5.5:

Second, we compute ℓremainder for both ψnum and ψBD in Table 5.6. The result shows that

our solution serves better as an approximation to the solution to equation (4.17). However, it is
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compare ψnum to ψBDResult

n = 64 5.82%
n = 128 3.48%
n = 256 2.21%
n = 512 1.64%
n = 896 1.22%

Table 5.5: When n = 896, the two solutions differ by on average 1.22%.

noted on [6, p. 14] that better solutions are obtained although not presented in the text.

ψnum ψBDResult

n = 64 3.5× 10−4 5.749× 10−3

n = 128 1.9× 10−4 5.661× 10−3

n = 256 9.9× 10−5 5.618× 10−3

n = 512 5.2× 10−5 5.597× 10−3

n = 896 2.9× 10−5 5.588× 10−3

Table 5.6

A high resolution solution

Using Bunch–Donaldson’s approximation as an initial choice, we implement the Ricci it-

eration on a relatively high resolution of 896× 896 lattice. The ℓremainder residual of this solution

is 2.9 × 10−5. The ℓrelative residual of this solution w.r.t. uBD is 1.22%. We regard this solution

as the most accurate result we achieved. We expect it to be of practical use for certain cases.

Visualization

We now present some pictures showing similarity between our numerical solution and that

of [6, 19].

Recall our numerical solution takes values on [−7.5, 7.5]2 ⊂ R2. The corresponding nu-

merical solution in [6] take values on the whole R2, while in [19] it takes values on the subset

{(x1, x2) ∈ R2 : x1 ≥ 2x2, 2x1 ≥ x2}. Therefore, when we plot the results of ours and [6] we
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consider grid points within [−7.5, 7.5]2. For our result and that of [19], we only use grid points

within [0, 1]× [−1, 0].

The colormaps of our result and that in [6] are shown in Figure 5.17. The colormaps of our

result and that in [19] are shown in Figure 5.18.

Figure 5.17: Take b = 7.5, n = 256 and I = 10. The left plot shows our numerical solution
for the potential function of the Kähler–Einstein metric on P2#3P2. The right plot shows the
numerical solution obtained by Bunch–Donaldson.

Figure 5.18: The left plot shows our numerical solution for the potential function of the Kähler–
Einstein metric on P2#3P2. The right plot shows the numerical solution obtained by DHHKW.
Note that the solutions are plotted on [0, 1] × [−1, 0] ⊂ R2, which is a piece of common area
where both methods provide a numerical solution. Our numerical solution is calculated by taking
b = 7.5, n = 160 and I = 10.
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Chapter 6: Approximating Ricci solitons

In Section 6.1, we summarized previous works that numerically compute Kähler Ricci

solitons on P2#P2 and P2#2P2. Analysis on our numerical results are presented in Section 6.2.

The accuracy results and comparison to related works is presented in Section 6.3. In Section

6.4, we use the numerical results to explore a geometric property of the Kähler–Ricci solitons on

P2#P2 and P2#2P2: the scalar curvature. This shows the potential of applying our method to

study geometric structure of these manifolds from a numerical perspective.

6.1 Related works on numerically approximating Ricci solitons

Headrick and Wisemen [34] applied the method developed in aforementioned works [19,

33] to simulate the Ricci flow on P2#2P2. Numerical Kähler–Ricci soliton then arises as the

convergence point of the simulation.

Hall and Murphy [30] treated both P2#P2 and P2#2P2 using a way that is similar to

the second method proposed in [19]. They solve certain optimization problems in a space of

polynomials to search for Kähler–Ricci soliton metrics in that form. The objective function of

the optimization is directly derived from the Kähler–Ricci soliton equation.
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6.2 Analysis on numerical results

6.2.1 Parameters, initial choice and residual functions

We implement the Ricci iteration for solitons using two formulations. We solve both (4.18)

and (4.20).

It is the same three parameters in Section 5.2.1 that will affect the experimental results in

the soliton case. If not specified, the settings of these parameters are b = 7.5, I = 10 and n takes

values from 64 to 512.

Note that when we solve (4.20), we will start from the box [−7.5, 7.5]2. However, after

every iteration, the box will be translated by c. We continue the next iteration in the translated

box. Hence, each solution ui will take values on a grid Gi that discretizes a different Bi, and we

always assume the boundary condition ∇ψi(Bi) = intP .

We experiment with both the Guillemin potential and the quadratic function as an initial

choice, and the results does not vary much. The results presented are obtained using the quadratic

function as an initial choice.

The only residual function that we will use is as follows:

ℓremainder(ψnum) :=
1

|Gn|
∑
x∈Gn

(
det(∇2ψnum(x))− e−ψnum(x)−θ(x)

)
,

where

θ(x) = −0.434748
∂ψnum

∂x1
(x)− 0.434748

∂ψnum

∂x2
(x)
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for P2#2P2 and

θ(x) = 0.52762
∂ψnum

∂x1
(x) + 0.52762

∂ψnum

∂x2
(x),

for P2#P2. The constant numbers in θ are determined by Propositions 4.2.14 and 4.2.15.

The function ℓremainder measures the extent to which our numerical solutions satisfy the

objective equation (4.18).

6.2.2 Dependence on grid size

We fix b = 7.5 and I = 10. For ℓremainder, the residual against different n is presented in

Table 6.1.

b = 7.5, I = 10 P2#P2 w/ translation P2#2P2 w/ translation P2#P2 P2#2P2

n = 64 2.5× 10−3 6.0× 10−4 1.3× 10−3 2.7× 10−4

n = 128 1.6× 10−3 5.2× 10−4 9.3× 10−3 4× 10−4

n = 256 1.2× 10−3 5.9× 10−4 8.7× 10−3 6× 10−4

n = 512 9.9× 10−4 6.5× 10−4 1.9× 10−3 5.9× 10−4

Table 6.1: Fix b = 7.5, I = 10. For P2#2P2, we found the residual may increase as we enlarge
n. This may be caused by the definition of ℓremainder, in which we a priori need the solution to be
accurate to guarantee the residual function itself to be a good measure.

6.2.3 Rate of convergence

The residual function ℓremainder against iteration times is presented in Figure 6.1.

6.2.4 Visualization

The pentagon
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Figure 6.1: Fix b = 7.5 and n = 256. From left to right, the plots correspond to P2#2P2 and
P2#P2. The plots themselves represent the relationship between ℓremainder and iteration times.
The result shown here comes from the Ricci iteration without translation of variables.

We compare our numerical solution on the pentagon to the solution obtained by Headrick–

Wiseman [34] and Hall–Murphy [30]. As the two previous works have similar numerical so-

lutions [30, p. 629, line -3], we only compare ours to [30]. The colormaps of each numerical

solution are shown in Figures 6.2.

Figure 6.2: We take b = 7.5, n = 256 and I = 10. The left plot shows the colormap of our
numerical solution for the potential function of the Kähler–Ricci soliton on P2#2P2, plotted on
the pentagon. The right plot shows that of Hall–Murphy.

The trapezoid

We compare our numerical solution on the trapezoid to the solution obtained by Hall–

Murphy [30]. The colormaps of each numerical solution are shown in Figure 6.3.
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Figure 6.3: We take b = 7.5, n = 256 and I = 10. The left plot shows the colormap of our
numerical solution for the potential function of the Kähler–Ricci soliton on P2#P2, plotted on
the trapezoid. The right shows that of Hall–Murphy.

6.3 Accuracy results and comparison to other works

The highest resolution result we obtained is on a grid of 512× 512. The accuracy of these

results is shown in Table 6.1.

Comparison in picture between our results and previous works have been presented in

Figures 6.2 and 6.3.

6.4 Numerical scalar curvature of Kähler–Ricci solitons

Focusing on the first and the second del Pezzo P2#P2 and P2#2P2, We aim to exploit our

numerical solutions for Ricci solitons to study scalar curvature of the metrics.

Let (M,ω) be an n-dimensional Kähler manifold. Assume in local coordinates the metric

satisfies ω =
√
−1
∑n

i,j gij̄dz
i ∧ dz̄j and Ricω =

√
−1
∑n

i,j Rij̄dz
i ∧ dz̄j .
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Definition 6.4.1. The scalar curvature of (M,ω) is defined by

S :=
n∑
i,j

gij̄Rij̄, (6.1)

where {gij̄} is the inverse matrix of {gij̄}.

6.4.1 Numerical results on scalar curvature of Kähler–Einstein potentials

By Definition 6.4.1, any Kähler–Einstein metric has constant scalar curvature, as in that

case there holds Rij̄ = µgij̄ for some µ ∈ R, and it follows S = µn. We calculate numerically

the scalar curvature of the Kähler–Einstein metrics we solved for P2, P1 × P1 and P2#3P2, and

the following colormaps indicate constant functions (whose values are approximately 2 at all grid

points):

Figure 6.4: Scalar Curvatures of KE metrics on P2 (left), on P1 × P1 (middle), and on P2#3P2

(right). We take b = 7.5, n = 256 and I = 10.

The plot of scalar curvature on P1 × P1 against iterations is shown in the Figure 6.5.

Figure 6.5: Fix b = 7.5, n = 256. From iteration 2 to 6. The scalar curvature converges to the
constant 2 as the iterations progress; it changes dramatically from iteration 2 to 3.
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6.4.2 Numerical results on scalar curvature of Ricci solitons

Kähler–Ricci solitons may have non-constant scalar curvature. By definitions (6.1) and

(1.11), the scalar curvature of an n-dimensional Kähler–Ricci soliton (M,ω) with soliton poten-

tial θ is given by

S =
∑
i,j

gij̄Rij̄

=
∑
i,j

gij̄
(
gij̄ +

∂2θ

∂zi∂z̄j

)

= n+
∑
i,j

gij̄
∂2θ

∂zi∂z̄j
.

(6.2)

We are interested when M is either P2#P2 or P2#2P2, and ω is its unique Ricci soliton

metric. In those cases, we numerically solved the Ricci iteration (4.18) and let us denote by

ψi+1 and ψi in that equation respectively the (i + 1)th and ith Kähler potential functions we

obtained. Denote by ωi+1 and ωi respectively the corresponding Kähler metrics. In local complex

coordinates, cf. (4.4), assume ωi+1 =
√
−1(gi+1)kℓ̄dz

k∧dz̄ℓ and ωi =
√
−1(gi)kℓ̄dz

k∧dz̄ℓ. Then

there hold

Ricωi+1 = ωi +
√
−1∂∂̄θi,

and recalling that ui+1 and ui is written in (x1, x2) ∈ R2, which is the real part of the complex

coordinates,

(gi+1)kℓ̄ =
∂2ψi+1

∂xk∂xℓ
, (gi)kℓ̄ =

∂2ψi
∂xk∂xℓ

,

θi(x) = c

(
∂θi
∂x1

(x) +
∂θi
∂x2

(x)

)
,

∂

∂zk

∂θi
∂z̄ℓ

=
∂

∂xk

∂θi
∂xℓ

,

where c = 0.52762 for P2#P2 and c = −0.434748 for P2#2P2. Hence, the scalar curvature Si+1
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of the metric ωi+1 can be calculated numerically in the same spirit of (6.2):

Si+1 =
2∑
k,ℓ

gkℓ̄i+1

(
(gi)kℓ̄ +

∂2θi
∂xk∂xℓ

)
.

The colormaps of the scalar curvatures of ui, for i = 5, against the gradient image of ui

(which is the Delzant polytope) is plotted in Figure 6.6.

Figure 6.6: The left shows the scalar curvature as a function plotted on pentagon, which is the
Delzant polytope of the second del Pezzo, for the numerical Kähler–Ricci soliton. The function
values range roughly from 1 to 3. The right shows that on trapezoid, which is the Delzant polytope
of the first del Pezzo The function values range roughly from 1 to 5. We take b = 7.5, n = 256
and I = 10.
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Appendix A: Code

A.1 Overview of the code

Our implementation is in Python. The libraries we use in our code include the following:

from agd import Domain

import agd.LinearParallel as lp

import matplotlib.pyplot as plt

import numpy as np

import ma

The full name of the agd library is Adaptive Grid Discretizations using Lattice Basis Re-

duction. It will be used to discretize PDEs on cartesian grids and implement finite difference

method. The ma library is developed by Bonnet and Mirebeau [5] and provides a numerical

solver for the second boundary value problem for Monge–Ampère equations.

The numerical solver we will call has the following general form:

u = ma.NewtonRootBV2(u, x, domain, A_func, B_func, u0, F_func, stencil)

Each variable has the following meanings: u is the array of function values at all grid points,

x is the array of grid points, domain serves as a helper to take finite difference, A func and

B func respectively correspond to the A and B function in (4.54), u0 is the value of u at the
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origin, F func corresponds to FBV in Definition 4.6.4, and stencil determines the number of

superbases in Vh in (4.56), which is used to discretize the equation (4.54), cf. Proposition 4.6.2.

We will use the numerical solver in five different cases, corresponding to the five toric del

Pezzo surfaces. We need to specify all those inputs for the solver.

In the next section, we will explain in detail our implementation using our code, including

the main function’s definition, how to specify the A func, B func and F func, normalize the

solution obtained from the iteration, how the plots are generated and how to implement the Ricci

iteration coupled with translation in each step.

A.2 Explanation of some code

A.2.1 Main function

Our main function is as follows:

def ric_iter(poly: str, grid_size: int, grid_scale: float, iter_num: int):

We have five options for poly, corresponding to the five toric del Pezzo surfaces. The parameters

have such correspondence: grid size is n, grid scale is b and iter num is I , cf. Section

5.2.1.

A.2.2 A func

In our case, A func in the code is as follows:
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def A_func(x: np.ndarray, r: np.ndarray, p: np.ndarray) -> np.ndarray:

return np.zeros((2, 2) + x.shape[1:])

It reflects the fact that A in (4.54) is zero in our case, cf. (4.17) and (4.18).

A.2.3 B func

B func has different forms in the Kähler–Einstein case and soliton case, cf. (4.17) and

(4.18). Our code is as follows:

global cur_u

cur_u = np.copy(u)

global cur_dx

tmp_dx = bc.DiffUpwind(u, [1, 0])

cur_dx = np.copy(tmp_dx)

global cur_dy

tmp_dy = bc.DiffUpwind(u, [0, 1])

cur_dy = np.copy(tmp_dy)

def B_func(x: np.ndarray, r: np.ndarray, p: np.ndarray) -> np.ndarray:

# cur_u refers to u_i, and will be updated in each iteration

return np.exp(-1. * cur_u)

def pen_B_func(x: np.ndarray, r: np.ndarray, p: np.ndarray) -> np.ndarray:

# cur_u refers to u_i, and will be updated in each iteration

return np.exp(-1. * cur_u - 0.434748 * cur_dx - 0.434748 * cur_dy)
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def trap_B_func(x: np.ndarray, r: np.ndarray, p: np.ndarray) -> np.ndarray:

# cur_u refers to u_i, and will be updated in each iteration

return np.exp(-1. * cur_u + 0.52762 * cur_dx + 0.52762 * cur_dy)

Global variables cur u, cur dx and cur dy respectively correspond to the array of function

values of

ψi,
∂ψi
∂x1

,
∂ψi
∂x2

in (4.17) and (4.18). They are updated after each iteration. The numerical derivative is taken

using bc.DiffUpwind, which is the finite difference helper in agd.

In the Kähler–Einstein case, the right hand side in (4.17) reads

e−ψi(x)

and in the code we use B func for it. In the soliton case, the right hand side of (4.18) reads

e−ψi(x)−θi(x)

and in the code we use respectively pen B func and trap B func for P2#2P2 and P2#P2.

A.2.4 F func

We define different F func for different polytopes. In this section, we take squa F func,

which is the F func for the square to illustrate its definition.
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def squa_F_func(x, r, p0, p1):

tmp = np.maximum(-p0[0]-1, -p0[1]-1)

tmp = np.maximum(tmp, -p1[0]-1)

return 20 * np.maximum(tmp, -p1[1]-1)

The square has four facets. And the square is defined to be the intersection:

{y1 − 1 ≤ 0} ∩ {−y1 − 1 ≤ 0} ∩ {y2 − 1 ≤ 0} ∩ {−y2 − 1 ≤ 0}

Equivalently, a single inequality that defines it is

max{y1 − 1,−y1 − 1, y2 − 1, y2 − 1} ≤ 0.

Now, to define squa F func, we first have that the input p0 and p1 have the following mean-

ings: p0[0] is y1, p0[1] is y2, p1[0] is −y1 and p1[1] is −y2.

To define squa F func, we translate from the polytope’s definition to

y1 − 1 becomes − p1[0]− 1,

−y1 − 1 becomes − p0[0]− 1,

y2 − 1 becomes − p1[1]− 1,

−y2 − 1 becomes − p0[1]− 1.

And the squa F func returns maximum of these four terms.

In other cases, we also write the polytope as an intersection of inequalities n1y1+n2y2+c ≤
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0. Then we recast this inequality by replacing y1, y2 using p0 and p1. For example, if n1 > 0,

then n1y1 becomes −n1 p1[0]; if n1 < 0, then n1y1 becomes n1 p0[0].

A.2.5 Normalization of the solution

Recall (4.102), we normalize the solution ψi(x) obtained by requiring the integral of e−ψi

over R2 to be equal to the area of the polytope. Using P1 × P1 as an example, the code for

normalization is as follows:

if poly == 'squa':

area = 4

for i in range(iter_num):

if poly == 'squa':

u = ma.NewtonRootBV2(u,x,domain,A_func,B_func,u0,squa_F_func,stencil)

c = -1 * np.log(area / (4*d_l**2/n**2*np.sum(np.exp(-1*u))))

u += c

The integral is numerically computed by taking a sum of the value e−ψi at all points and then

multiplying it by the area of the small square produced by the discretization.

A.2.6 Plot functions

The gradient image is numerically computed as follows:

def grad_img(u_d: np.ndarray) -> None:

'''

plot gradient image given u_d, the function values on the grid

'''
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grad = bc.DiffUpwind(u_d, [[1, 0], [0, 1]])

grad_x, grad_y = grad[0].flatten(), grad[1].flatten()

plt.scatter(grad_x, grad_y)

Given any array representing function values at a grid of points, we calculate for each point

its corresponding gradient value. However, the calculation is done for numpy array and thus

efficient.

The Legendre transform is calculated using:

def legendre_transform(x_grid, u, title: str, poly: str):

# plot Legendre transform of a function u(x) on its gradient image

u_x0 = bc.DiffUpwind(u, [1, 0])

u_x1 = bc.DiffUpwind(u, [0, 1])

y = np.stack([u_x0, u_x1])

new_y0, new_y1 = y[0][:-1, :-1], y[1][:-1, :-1]

new_x0, new_x1 = x_grid[0][:-1, :-1], x_grid[1][:-1, :-1]

u = u[:-1, :-1]

x_grid = np.stack([new_x0, new_x1])

y = np.stack([new_y0, new_y1])

u_l = x_grid[0] * y[0] + x_grid[1] * y[1] - u

y_0, y_1 = y[0].flatten(), y[1].flatten()

plt.scatter(y_0, y_1)
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plt.title('Gradient Image {}'.format(title))

plt.show()

im = plt.pcolormesh(*y, u_l, shading='nearest')

plt.colorbar(im)

plt.axis('equal')

plt.title('Legendre Transform of {}'.format(title))

plt.show()

return u_l

Given an array of function values u and a grid x grid, we find at each point its gradient, and

then calculate u l, the numerical Legendre transform using the formula of Legendre transform,

as shown in the line starting with u l in the code block.

Colormaps are generated using the following code:

def colormaps(u_1, u_2, x_grid, name1, name2):

plt.title("Colormap of {}".format(name1))

im = plt.pcolormesh(*x_grid, np.where(bc.interior, u_1, np.nan))

plt.colorbar(im)

plt.axis("equal")

plt.show()

plt.title("Colormap of {}".format(name2))

im = plt.pcolormesh(*x_grid, np.where(bc.interior, u_2, np.nan))

plt.colorbar(im)

plt.axis("equal")

plt.show()
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A.2.7 The Ricci iteration coupled with translation

The implementation of (4.20) for P2#P2 and P2#2P2 is as follows:

def manual_version(poly: str,grid_size: int,grid_scale: float,iter_num: int):

stencil = ma.StencilForConditioning(15)

n = grid_size

d_l = grid_scale

b_l = d_l * 2

x = np.stack(

np.meshgrid(

np.linspace(-d_l, d_l, n + 1),

np.linspace(-d_l, d_l, n + 1),

indexing="ij",

)

)

domain = Domain.Box(sides=((-b_l, b_l), (-b_l, b_l)))

global bc

bc = Domain.Dirichlet(domain, np.inf, x)

u = lp.dot_VV(x, x) # Initial value of the solution = |x|ˆ2

u0 = 0

global cur_u

cur_u = np.copy(u)
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if poly == 'trap':

area = 4.

if poly == 'pen':

area = 3.5

for i in range(iter_num):

if poly == 'pen':

u = ma.NewtonRootBV2(u,x,domain,A_func,B_func, u0,pen_F_func,stencil)

elif poly == 'trap':

u = ma.NewtonRootBV2(u,x,domain,A_func,B_func,u0,trap_F_func,stencil)

c = -1 * np.log(int_const / (4*d_l**2/n**2*np.sum(np.exp(-1*u))))

u += c

if poly == 'pen':

x -= 0.434748

bc = Domain.Dirichlet(domain, np.inf, x)

else:

x += 0.527620

bc = Domain.Dirichlet(domain, np.inf, x)

cur_u = np.copy(u)

When we initialize the domain, we make it twice as large as the box where we start solving

(4.20). We use a global variable bc to keep track of the translated grids. After each iteration, x,

which represents the grid, gets translated accordingly. This has the same effect as defining a new
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function ψ(x+ a) for an existing ψ(x) and a vector a.
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