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Abstract

In some hard real-time systems, relative timing constraints may be imposed on task executions, in addition
to the release time and deadline constraints. A periodic task may have jitter constraints between the start
or finish times of any two consecutive executions. Relative constraints such as separation or relative deadline
constraints may be given between start or finish times of tasks [4].

One approach is to find a total order on a set of N jobs in a scheduling window, and cyclically use this
order at run time to execute the jobs. However, in the presence of the relative constraints, if the job execution
times are nondeterministic with defined lower and upper bound, it is not always possible to statically assign
start times at pre-runtime without sacrificing the schedulability [4].

We develop a technique called dynamic cyclic dispatching to enforce relative constraints along with release
time and deadline constraints. An ordered set of N jobs is assumed to be given within a scheduling window
and this schedule(ordering) is cyclically repeated at runtime. An off-line algorithm is presented to check the
schedulability of the job set and to obtain parametric lower and upper bounds on the start times of jobs, if
the job set is schedulable. Then, these parametric bounds are evaluated at runtime to obtain a valid time
interval during which jobs can be started. The complexity of this off-line component is shown to be O(n2N3)
where n 1s the number of jobs in a scheduling window that have relative constraints with jobs in the next
scheduling window. An online algorithm can evaluate these bounds in O(N) time. Especially, for a certain
class of relative constraints, it is shown that the off-line component requires O(N3 + n5) computation time.

Unlike static approaches which assign fixed start times to jobs in the scheduling window, our approach
not only allows us to flexibly manage the slack times with the schedulability of a task set not affected, but
also yields a guaranteed schedulability in the sense that, if other dispatching mechanism can schedule the job

sequences satisfying all given constraints, then our mechanism can also schedule them.

*This work is supported in part by ONR and ARPA under contract N66001-95-C-8619 to the Computer Science Department at
the University of Maryland. The views, opinions, and/or findings contained in this report are those of the author(s) and should not
be interpreted as representing the official policies, either expressed or implied, of the Advanced Research Projects Agency, ONR or
the U.S. Government.



1 Introduction

A common approach to characterize hard real-time tasks with repetitive requests is to use periodic task model [7].
In the model, every task needs to be executed once during each of its periods, and the executions, called jobs,
of the same task in different periods are independent. However, in some hard real-time systems, relative timing
constraints should be satisfied between event occurrence times. as well as release tsme and deadline constraints
on jobs. For example, control output events in two successive jobs of a periodic task may have to occur with
the jitter requirement satisfied. That is, the difference of two event occurrence times, called jitter, should lie
between a lower and an upper bound. The occurrences of events in different tasks may also be constrained from
the requirements and characteristics of the environment by separation or relative deadline constraints [4]. These
relative constraints have to be enforced in many real-time control systems such as process control systems and
flight control systems [1], etc. For example, in process control systems, it has been shown that jitter constraints
have more influence on control systems performance than the frequency constraints [6].

Usually, these relative constraints between events are transformed into relative constraints between start or
finish times of the jobs to make feasible the process of scheduling and dispatching of jobs [5, 4]. In [5] a preemptive
fixed priority scheduling algorithm is developed to schedule periodic tasks with relative deadline constraints
between finish times of two successive jobs of periodic tasks. However, other types of relative constraints are
not allowed in that work and it is not possible to flexibly manage slack times at runtime for dynamic tasks. In
[4] dispatching of a totally ordered non-preemptive job set with any min/max constraints is studied and a new
scheduling mechanism called parametric scheduling 1s developed. In that paper, it 1s also shown that a traditional
static scheduling approach, in which job start times are statically scheduled under the assumption that every
job spends its worst case execution time, doesn’t work any more for job sets with general min/max constraints
even when a total ordering among jobs is given. Furthermore, in parametric scheduling scheme, it is possible to
effectively schedule aperiodic tasks at run-time by dynamically managing job start times. However, the job set in
parametric scheduling scheme consists of a finite number of jobs with a finite number of constraints. This implies
that the approach cannot be applied to a periodic task model, since periodic tasks may invoke an infinite number
of jobs with an infinite number of relative constraints. In a traditional time-based scheduling scheme the job
start times are statically decided in a scheduling window, and this static schedule is cyclically used at run-time.
In the presence of jitter constraints between start times of non-preemptive jobs, the problem of finding a static
schedule has been addressed in [2]. However, this static cyclic scheduling approach only allows certain types
of min/max constraints to be specified, and it only works under low utilization. Moreover, it is very difficult to
flexibly manage job start times at run-time to incorporate any dynamic tasks such as aperiodic tasks into the
schedule.

In this paper, we develop a new job dispatching scheme, called dynamic cyclic dispatching, that overcomes the
above-mentioned limitations of previous approaches. Every job i1s assumed to be non-preemptive, and a totally

ordered N cyclic jobs, < 71,72,...,7n >, are assumed to be given on a scheduling window [0, L] where L is a



scheduling window size'. This schedule is cyclically repeated at runtime. Let IV = {T{, ce TJ{,}, j > 1, denote a
set of NV jobs to be scheduled in a j-th scheduling window [( — 1)L, jL]. Relative constraints may be given in the
form of standard relative constraints ? between the start or finish times of the jobs in two consecutive scheduling
windows, i.e., in IV and [V+! as well as the jobs within one scheduling window I'V. These relative constraints
as well as the release time and deadline constraints need to be satisfied throughout the system operation time.
Figure 1 shows an example job set with their constraints, where each job set, IV, consists of N = 2 jobs and the
relative constraints are defined across the boundaries of the job sets as well as within a job set. In the figure, Sg

and ff are runtime variables denoting the actual start and finish times of a job Tij, respectively.
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Figure 1: Example Job Sequence
In this paper, we find an off-line algorithm to check the schedulability of job sets, I'', I'?, .... And, if they

are schedulable, the parametric lower bound and upper bound functions for each job start time are found in
terms of the start or finish times of the previous jobs. These bounds are evaluated at runtime within O(N) time.
Suppose that Tij belongs to IV, then the parametric lower and upper bound functions of 5?, are parameterized
in terms of the start and finish times of already executed jobs in IV~ and IY. Another important result is
that only N pairs of parametric bound functions have to be stored and cyclically used at runtime. The off-line
algorithm has a pseudo-polynomial complexity O(n? N3), where n is the number of jobs in one scheduling window
that have relative constraints with jobs in the next scheduling window. Especially, if only jitter constraints on
periodic tasks are allowed, it can be shown that the off-line and online components require O(n*N) and O(n)
times, respectively. Also, it is shown that, for a certain subset of standard constraints, called restricted standard
constraints, the off-line algorithm requires at most O(N3 + n?).

The dynamic cyclic scheduling scheme not only enables us to check the schedulability of the cyclically-
constrained job set in the presence of relative constraints, but also makes 1t possible to flexibly manage the
slack times at runtime without affecting the schedulability of the jobs, which is not possible in static scheduling
approach.

The rest of the paper is organized as follows. In Section 2, we present a formal definition of the parametric

11t is allowed in this paper that the deadline of a job to be greater than the end of a scheduling window to which the job belongs.
?Standard constraints are defined in Section 2.



scheduling problem. In Section 3, we summarize the related works on scheduling task sets with relative constraints.
And then, in Section 4, the parametric scheduling approach is developed by using the quantifier elimination
techniques, and by transforming the constraint set into an equivalent graph. In Section 5, example task instance
sequences are given with parametric calendars found from the off-line algorithm. Finally, a conclusion of the

paper follows in Section 6.

2 Problem Description

Let TV = {TZ] | i=1,..., N} denote an ordered set of N jobs to be dispatched sequentially in a j-th scheduling
window [(j — 1)L, jL] where L is a positive integer denoting a scheduling window size.. The jobs are executed
non-preemptively in this order. At runtime, this job set will be cyclically scheduled in consecutive scheduling
windows. In other words, Tij and 7F are jobs of the same task.

Then, let I = TP UT?U...UT* denote a set of jobs to be executed in a time interval [0, kL]. Each job Tij
(j > 1,1 <i < N) has the following set of parameters that may have integer values:

e A runtime variable 5? denoting the actual start time of Tij

A runtime variable e} representing the actual execution time spent for 77

A runtime variable fZ] = Sg + eg denoting the actual finish time of Tij

A constant ¥ corresponding to the minimum execution time of 77

A constant u] denoting the maximum execution time of 77.

Note that it is simply assumed that execution times of jobs are nondeterministic and bounded from above
and below, which is a realistic assumption in many real-time systems.

Standard constraints are defined next that may be imposed on {5]: ¢l | 1<j<k, 1<i<N}for 'V,

IR

Definition 1 (Standard Constraints) A standard constraint involves the variables of at most two jobs, 74 and
T(1<a<b<N,|j—1|<1), where s (or s), + e ) appears on one side of “<,” and s\ (or s\ + el ) appears on
the other side of the “<.” For two jobs, T4, T,f, the following constraints are permitted(where ¢; is an arbitrary

constant) and called relative standard constraints:
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5{1—5,} < ¢ sb—sfl < ¢5
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In addition, each job has release time and deadline constraints. These constraints are called absolute standard

constraints. A job ) has the following absolute constraints:



cg < s 5%—1—6{1 < ¢ (2)

a

We also include as standard any constraint that can be rewritten in one of the above forms; e.g., sl >

sh 4+ el — el + ¢ falls into this category.

Next, the k-fold cyclically constrained job set is formally defined. 2 Any I'''* considered in this paper belongs

to this class.

Definition 2 (k-fold Cyclically Constrained Job Set) A jobset ' =Tt UT?2uU...UT* (k=1,2,...,00)

1s classified as a k-fold cyclically constrained job set «f it has the following linear constraints:

1. The set of standard relative constraints:
Vi€l k) = Aixl + AsxiTl < a (3)
where x7 is a 2N -dimensional column vector [5{,6{, sé,eé, ey sg\,,ej 7. Ay, As are my x 2N (my > 0)

matrices of 0, 1, or —1, and a is an my-dimensional column vector whose elements are integers. Included

i the my constraints are those denoting the total ordering on jobs:

Vie[l,k] = Yie[l,N) = 5? —I—eg < Sg_l_l
Viellk) = sg\, —|—e§v < 5{"’1
2. The set of release time and deadline constraints:

Vi e[l,k] = Bx) <b (4)

Viel,k] = Dxl <d’ (5)
where bl is an ms-dimensional column vector of non-positive integers satisfying:
b/ =b' +(1-j)L
and d7 is an ma-dimensional column vector of non-negative integers satisfying:

d=d'+(G-1L

3Note that k& may be equal to co.



We define C1* to represent the logical conjunction of the constraints induced by each row of (3), (4), and

(5).

In the above definition, the same matrices Ay, As, B, D are cyclically used to represent the standard constraints

on consecutive job sets.

The example job set shown in Figure 1 is presented here with corresponding matrices and vectors defined in

(3), (4), and (5).

Example 1 Consider the example job set depicted in Figure 1. Each job set IV, 1 < j < k, consists of two

jobs, 7 and 73 (i.e. N = 2), whose execution time bounds are:
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The standard relative constraints defined within TY or within T9t! are:
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Similarly, the set of standard relative constraints across the boundary of IV and I'V*! are:
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Finally, the absolute constraints on IV and IV*" are:
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All standard relative constraints can be denoted by the following inequality:
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And, the set of absolute constraints is represented by the following inequality:
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One traditional approach for scheduling with complex timing constraints is a time-based scheduling scheme
that assigns static start times to the jobs in the scheduling window such that the relative constraints are satisfied
if the static schedule is cyclically repeated at runtime. However, this approach can’t be used in the presence of
arbitrary relative constraints between start or finish times of jobs [4]. Also, this approach suffers from the loss of
schedulability problem. Some task sets are not schedulable in this approach, even though they are schedulable
if our approach is employed. This will be explained through an example later. To cope with some of the above
limitations the parametric scheduling scheme was developed in scope of real-time transaction scheduling [4].
However, as far as we know, the solution approach has not been found for general periodic task models where
jobs in different scheduling windows may have relative constraints. The objective of this paper is to develop a

schedulability test for >, and to develop a flexible job dispatching mechanism for schedulable job sets, I'"»°°,

3 Prior Work

In this section, we briefly describe two scheduling schemes closely related to ours. The first one is the static cyclic

scheduling scheme [2] and the second one is the parametric scheduling scheme [4].
3.1 Static Cyclic Scheduling

The static cyclic scheduling problem has been studied in [2]. The periodic task model is used, which means that
every job has a release time and a deadline constraints, and only the jitter constraints between two job start
times are allowed. An important assumption made in the work is that the start times of jobs in IV are statically
determined as offsets from the start of the j-th scheduling window [(j — 1)L, jL], and this schedule is invoked
repeatedly by wrapping around the end point of the current schedule to the start point of the next. In other
words, sg-l'l = Sg + L holds for all 1 < j.

In the presence of jitter constraints, the job start times should be chosen carefully such that the jitter con-
straints are satisfied at run-time as well as the absolute constraints. Obtaining the ordering and job start times
is an NP-hard problem, since non-preemptive scheduling problem with release time and deadline constraints is
NP-hard. Several priority based non-preemptive scheduling algorithms are presented and their performances are

compared in [2].

Suppose that a job 7'2»]1 belongs to IV, and a job ngl belongs to I[V+! and they have jitter constraints

c1 < 55:—1 —sgl <2 (0 < g € ez <L), From the above assumption, ngl = L—I—sg2 holds. Thus, a new constraint
J
21

< ¢y — L, which is again equal to L — ¢y < Sg — < L — ¢;. Therefore, the
1

is created, ¢; — L < s — s
= 2 12

jitter constraints across the boundary of IV and I¥*! are transformed into jitter constraints between two jobs in
I7. As a consequence, if we can find a static schedule for IV that satisfy the above transformed constraints and
the constraints between jobs within IV it is clear that all timing constraints will be satisfied if that schedule is
repeatedly used at run-time. This approach is depicted in figure 2.

However, this approach suffers from the following limitations:
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Figure 2: Static Cyclic Scheduling

e The relative constraints allowed are limited to jitter type constraints between start times of two jobs.
e The schedulability of job sets are reduced due to the static start time assignments.

e It is very difficult to effectively incorporate dynamic tasks, such as aperiodic tasks, into a schedule by

dynamically adjusting the start times of the jobs.

In some real-time applications, the jitter constraints may be imposed between the finish times of the jobs rather
than between the start times [5]. Furthermore, a periodic task may be decomposed into several subtasks and
any kind of standard constraints may be defined between these subtasks [4]. In these cases this static scheduling
approach is no more applicable without sacrificing the schedulability [4].

By transforming the jitter constraints across the boundary of IV and I+ into those between jobs within IV
we are affecting the schedulability of job sets. We will show that, under our new scheduling scheme in which this
transformation is not necessary, the schedulability of job sets is increased, 1.e., some job sets are not schedulable

according to this scheme whereas it 1s schedulable by our scheme.
3.2 Parametric Scheduling

Gerber et al. [4] proposes a parametric scheduling scheme in the scope of transaction scheduling, in which any
standard constraints may be given between jobs in one transaction. Let Il =< 7, ..., 7n > denote a sequence of
jobs constituting one transaction with a set of standard constraints, C. Then, a schedulability of II is defined as

follows:
Sched = 3sy ::Vey € [l1,u1] ... :: Asy = Vew € [Inv,un] 1 C (9)

From this Sched predicate, parametric lower and upper bound functions for each start time s; are obtained by
eliminating the variables in an order ey, sy, ..., ;. The parametric lower and upper bound functions, denoted
as f;’?m and F*9%, are parameterized in terms of the runtime variables, s1, €1, ..., s;_1, ¢;_1 of already executed

jobs. The parametric calendar structure is shown in figure 3.



fmzn() S s1 S f;)zax()
Fmin(si,er) < so < FM(sy,e)
FiM(s1,e1,82,62,...,sn-1,en—1) < sy < FO%(si,e1,82,€3,...,5N_1,6N_1)

Figure 3: Parametric Calendar Structure

This parametric calendar is obtained from an off-line component of the algorithm by applying variable elim-
ination techniques that will be given later in this section, and the actual bounds of s; are found at runtime by
evaluating the parametric functions in the parametric calendar by using the start times and the finish times of
already executed jobs, 71, ..., 7;,_1. The actual form of these parametric functions are given in the following

proposition.

Proposition 1 (Parametric Bound Functions [4]) A parametric lower bound function for s; is of the fol-

lowing form:

fmln(slafla"'asj—lafj—l)

= HlaX(p1—|—cl,p2—|—62,...,pa—|—ca, mln) (10)

where each p;, 1 < i < a, belongs to {s1, f1,...,8j-1,fj—1}, and ¢; is an arbitrary constant.* And, o' s a
non-negative integer.

Simalarly, a parametric upper bound function for s; is of the following form:

fmax(slafla"'asj—lafj—l)

= min(q, +di,q2+da, ..., qp + dp, ) (11)
where each ¢;, 1 < i <b, belongs to {s1, f1,...,s5-1, fi—1}, and d; is an arbitrary constant..
The main result obtained by the paper is that, for an arbitrary set of standard constraints on 11 = {m,..., 7n },

we can find the parametric calendar in O(N?3) time and the run-time evaluation of each bound function can be
carried out in O(N) time.

By applying this parametric scheduling scheme, we are not only able to schedule any sequence of jobs with
standard constraints, but also able to take advantage of the flexibility offered by the scheme. That is; the job
start times may be decided dynamically at runtime to incorporate other dynamic activities in the system. Even
though this scheme is directly applicable to our k-fold cyclically constrained job sets, if the number of jobs in I'V*
becomes large, the bounds need to be found on the size of parametric functions and for the memory requirements
for them.

In the rest of this section, the parametric scheduling scheme in the paper is presented with an example.

4Note that f; = s; + e;.



3.2.1 Elimination of Quantified Variables
Consider a set of linear constraints C' in n variables (1, za,..., ),
C = Hx<h

which must be satisfied with respect to some defined existential and universal quantification over the variables.
In this section we show how an innermost universally quantified variable x,,, with associated lower (/,,) and upper
(ttn) bounds can be eliminated to obtain a new set of equivalent constraints. The set of constraints C' may be

partitioned into three subsets, depending on whether the coefficient of z, is positive, negative or zero. Thus,

C=CpAN CnNCyz

where
Cr = {ra> Di(x), 1<i<p)
Cny = {r, < EBj(x), 1<j<q}
Cz = {0 Fp(x), 1<k <r}
D;(x"), E;(x'), Fr(x') are linear functions of x' = [z1, - -, Zn_1]7. The elimination of variable z, leads to a new

system of constraints ¢’ obtained from C by substituting z,, with [, or u,, depending on its coefficient:
C" = (Cp)ir A (Cn)in A (Cz)

Lemma 1 ([4]) Let C be a system of linear constraints and let C' be the resulting set of constraints after
eliminating a uniwersally quantified variable v, with lower bound 1, and upper bound wu,. Then the sentence

Va, € [ln,un] 2 C holds if and only if C' holds.

The existential quantifier can be eliminated by using Fourier-Motzkin variable elimination technique [3].

Fourier-Motzkin Elimination. Consider a system of linear constraints C in n variables (#1, 22, ..., 2,). We
wish to find a system of linear constraints C’ over x' = [z1,...,2,_1]7, such that x’ is a solution to C’ if and

only if x’ is a solution to 3z, :: C. As before, the constraints in C' may be partitioned into three subsets.

Ty, > Dz(xl)a 1<i<p
¢ =4 < B, 1<i<
0 < Fx), 1<k<r

D;(x') < <
0 < Fx), 1<k<r

A
=
B
—
A
A
=
—
A
L)
A
]

C' =3z, C =



The correctness of this procedure is stated in the following lemma.

Lemma 2 ([4]) Let C be a sel of linear constraints. Let C' represent the set of constraints as a result of

eliminating x,, using Fourier Motzkin elimination as described above. Then,
dz, 2 C
holds if and only if C' holds.

3.2.2 Example

Here, the variable elimination technique is applied to
sy 1 Vey € [5,8] :: Jsg 1 Veo € [8,10] :: sz :: Ves € [5,8] :: Jsq :: Veq € [8,10] = ch?

where C1'? is a constraint set given on I'y » in Example 1. Initially, since e4 is the innermost universally quantified

variable, it can be eliminated first. The constraints involving e4 in C1'? are:

54+ ey < 40
54—|—64—(52 —|—62) S 22
18 S Sa+ €a —(52 —|—62)

The elimination of e4 from these constraints results in the following derived constraints:

S4 < 30 (eq4 := uq = 10)
sg—(s24+e) < 12 (eq4 := uq = 10)
10 S 54 — (52 + 62) (64 = l4 = 8)

Therefore, these three constraints are substituted for the original constraints containing e4. Thus, the complete

set of constraints is given below:

0 < 51

- ss—(s1+e) < b

52 +;(2) E 20 15 S s34+ e3 — (51 + 61)
w < 30 sstes—(mite) < 25 (12)

s14+ e 2 55 10 S 5S4 — (52 + 62)

2 S4 — (52 + 62) S 12
sphez S8 S4—(ss+e3) < b
sz3t+ez < sg

Next, an existentially quantified variable s4, which is the innermost one, is eliminated. The constraints

containing s4 in the above constraint set are:

55 < sydex+12
S92 +ea+ 10 S S4 4 S s3+es+ 5 (13)
s3t+es < sg
54 S 30

From these constraints, the parametric lower and upper bound functions are obtained as follows:

Fi0(s1,€1,52,€2,53,€3) = max(ss + 3,52 + ez + 10)
Fie%(s1,€1,52,€2,83,€3) = min(sa + ea + 12,55 + €3 + 5, 30)

10



And, as a result of eliminating s4, the constraints in (13) are replaced by the following constraints:

10 < 12
52—|—62—|—10 S 53+63+5 S9 + €2 S 20
52—|—62—|—10 S 30 . 52+62+5 S s3 + €3

s3t+ez < sptex+12 s3+e3 <

0 < 5 s3t+es < 30

s3 + e3 S 30

59 + 9 + 12

(14)

If we continue this process until sy is eliminated, then we will obtain all the parametric bound functions, or the

predicate will turn out to be false during the process. Figure 4 shows the obtained parametric bound functions.

0 S 51 S 2
max(8,s1+e1) < s3 < min(10,s; + €3 +5)
max(20,s1 +e; + 10,82 +e2) < s3 < min(22,s1 +e1 + 17,50+ €3 +4)
max(sz +es,s2+ea+10) < s4 < min(30,s2 +e2 + 12,53+ e3+5)

Figure 4: Parametric Calendar for Example

4 Dynamic Cyclic Dispatching

As in the parametric scheduling approach developed for transaction scheduling [4], we want to devise a schedulabil-

ity test and an efficient dispatching mechanism when an oo-fold cyclically constrained job set, I''**, is given with

its constraint matrices and vectors. We say I'''F is schedulable if there exists any method which can successfully

dispatch the jobs in T1*.

Definition 3 (Schedulability of [''*) The k-fold cyclically constrained job set TY* (1 < k) is schedulable if

the following predicate holds:

sched"® = Fsi = Vel €1, uf] : 3sk 0 Ved € [13,ud] o ...

R E k1. plk
ElSN o V@N € [IN,UN] o C
h Cl’k N dard N d d 1 .1 k k
where is a set of standard constraints defined on {sy,e1,..., sk, ent-

Then, the following proposition holds for all £ > 1.

Proposition 2

Yk > 1 = schedV !t — sched™*

Proof: Obvious from the definition of a cyclically constrained job set and from the definition of sched™* in

(15). m

Hence, once sched™* turns out to be False, then all sched'?, k < j, are False, too. By this proposition, the

schedulability of T is defined.

11



Definition 4 (Schedulability of I'1>°) TV s schedulable if and only if

lim sched"* = True

k—o0

In [4], it is shown that checking Predicate (9) is not trivial because of the nondeterministic job execution times
and because of the existence of standard relative constraints among the jobs. This applies to the above sched*
predicate, too. The variable elimination techniques are used in [4] to eliminate variables from Predicate (9). At
the end of the variable elimination process parametric bound functions for s;, that are parameterized in terms of
the variables in {sq,e1,...,e;_1}, are found as well as the predicate value.

However, if we want to apply the variable elimination technique to sched'*, the following problems have to

be addressed first:

1. On which subset of {si,ei,.. .,Sg_l, eg_l} does the parametric bound functions for 5? depend?
2. Is it required to store parametric bound functions for every job in T''*?

3. What parametric bound functions have to be used if £ is not known at pre-runtime and dynamically decided

at runtime?

Let f:}m’k and f:}”’k denote parametric lower and upper bound functions for Sg, respectively, that are found

after tllle variable ellimination algorithms are applied to sched"*. If the number of variables is unbounded with
which f:}m’k or f:}”’k is parameterized, then it 1s not possible to evaluate them at run-time within bounded
computatlion times. l Also, if it is required that parametric bound functions for every job in I'''* be stored at
runtime, the scheme is not implementable for large k& because of memory requirements. Finally, if the value of %
is not known at pre-runtime and is decided dynamically at runtime, which is true in most real-time applications,
parametric bound functions to be used have to be selected.

In this section, the answers to the above questions are sought by first transforming sched"* into a constraint
graph and by investigating the properties of such graphs. In section 4.1 the transformation rule is presented with
lemmas showing the equivalence relationship between sched™* and its constraint graph with respect to variable
elimination process. In section 4.2 several terminologies are defined for constraint graphs, and in section 4.3 the
properties of constraint graphs are investigated. Then, in section 4.4 a complete off-line algorithm is presented
to check sched™™ and to obtain parametric bound functions for job start times if it is schedulable. In addition,

for a certain class of standard constraints, it is shown in section 4.5 that the off-line algorithm can be executed

within O(N3 4 n®) time by pre-eliminating certain nodes from the constraint graph.

4.1 Transforming a Constraint Set into a Constraint Graph

Let T = {r,m,...,7n} be a finite set of jobs with a set of standard constraints, C. Consider eliminating

quantified variables from the following predicate:

Sched = Fsy 2 Vey € [l1,u1] ... sy 2 Ven € [In,un] 2 C
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Then, predicates on subsets of {s1,e1,...,sn,en} are defined next that are found after eliminating variables.

Definition 5 Sched(sy)(1 < a < N )} is defined to be a predicate on a set of variables {s1,e1,...,84} that are
found after eliminating variables of < fn,sn,..., fa > from Sched. Sched(e,) is defined similarly.

That is, Sched(s,) can be expressed as
Sched(sq) = Js1:: Vey € [, ur] ... 3sq 0 C(sq)

It will be shown that Sched(or Sched(s,), or Sched(ey)) can be transformed into a directed graph, which is
called a constraint graph, such that the variable elimination process can be mapped into a corresponding node
elimination operation in the graph. Note that, in the following definition of a constraint graph, semi-ezclusive-
ORed edges are defined, which will be used in defining restricted paths in constraint graphs. Also, v; — vy

denotes an edge from a node v; to a node vy with a weight w, and < vy Ty 22 kit v; > denotes a path

. . 1—1 . . . . w
from a node v; to a node v; with a weight sum w = ijl wj. If no confusion is caused, a brief notation, vy ~ v;,

will be used to denote such a path.

Definition 6 (Constraint Graph) A constraint graph G(V, E) is found from Sched (or Sched(s,), or Sched(e,))

as follows:
1. node set V 1s obtained as follows:

OUQEV

e s;, fi €V for 1 <i< N where f; = s; + ¢;.
2. edge set F is obtained as follows:

e For each tuple < s;, f; >, add the following semi-exclusive-ORed edges to E:
(0) si == f;
(b) fi = si
e For each constraint in C that can be converted to:
(a) vi—v; <c (vi,v; €{s;, i | 1<i<N}):  addv; v to E.
(b) vi<ec: add vo — v; 1o E.

(¢) —v; <e:  add v — v to E.

Definition 7 The constraint graph found from Sched(s,) is denoted as G(s4).5 Similarly, G(f,) represents a
graph found from Sched(e,).

Figure 5 shows a graph created from the example job set I'''? defined in Example 1. Note that v, is an extra
node created to represent a constant 0 that is used to specify absolute constraints such as the release time and

the deadline constraints. In the figure, the edges connected by & are semi-exclusive-ORed edges.

5The full notation would be G(s4)(V, E). But, if no confusion is caused, G(sq) will be used in this paper.

13



Figure 5: Constraint Graph for I''2

Note that there may exist only one edge from one node to another from the uniqueness of inequality in the
constraint set. For example, if there are two constraints v1 — vs < ¢ and vy — v3 < ¢5 in C, then one of them is
redundant. Therefore, we can denote an edge from vy to v2 in a constraint graph as vy — vs without its weight
specified. Also, note that any edge from f; to s; is semi-exclusive-ORed to any edge from s; to f;. That is, even
if any of these two edges is created from another constraint in C rather than from the minimum or maximum

execution time constraint, they are semi-exclusive-ORed.

Definition 8 (Restricted Path) In a constraint graph, a path, < vy —= vy — ... v;_; Al >, 15 called a

restricted path from vy to v; of the following is satisfied:

o If f; — s; appears in the path, then its semi-exclusive-ORed edge s; — f; may appear at most once in the

path, and vice versa.

o If two semi-exclusive-ORed edges, f; — s; and s; — f;, appear in the path, then they belong to a sub-path

<fj—>5]'—>f]'>.

Note that if a sub-path < f; — s; — f; > appears once in the path, then neither f; — s; nor s; — f; should

appear at another place in the path, and vice versa.

Definition 9 (Restricted Cycle) A restricted cycle in a constraint graph is defined to be a cycle® such that
1. 1t satisfies the definition of a restricted path.
2. i is not a sub-path of < f; — s; — f; > forany 1 < j < N.

For example, a path < f; — s5; — f; — s; — f; > 1s a restricted cycle while a path < f; — s; — f; > is not.
Also, a restricted path without any restricted cycle in it is called an acyclic restricted path.

The elimination algorithm of a node f, from a graph G(f,) is presented next.

Algorithm 1 (Elimination of f, from a Graph G(f,)) Elimination of f, from G(f,) is performed by the
following algorithm.

1. For each edge pair, < y —= fq, fo —2 sq >, that are not semi-exclusive-ORed in G(fa):

8 A cycle is defined to be a path < y — v1 ... — v; — y > where ¢ > 1, or to be a path <y — y >.
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Wi1+Wwa
e create an edge y —" 54.

(a) If y = 54 and wy + ws < 0, then return False.”

(b) If y = sq and wy + wy >0, then remove this edge.®

(¢) If there already exists an edge y . s, before creating y ity Sq, then the edge with less weight

remains, while the other is removed.

2. For each edge pair, < sq —= fo, fo —2> 2 >, 2 # Sa, that are not semi-exclusive-ORed in G(f,):

Wi1+wWs
e create an edge s, —

(a) If there already exists an edge s, L 2 before creating sq ity z, then the edge with less weight

remains, while the other is removed.

3. Set V=V —{f.} and remove all edges to or from fq in G(fa).

Let BElim(G(fa), fa) denote a new graph created after eliminating f, from the graph G(f,;) according to

Algorithm 1 in case False is not found. In this case, the following lemma proves the equivalence, with regards

to the graph transformation rule, between the elimination of an universal quantifier from the predicate and the

elimination of a node, f,, from the constraint graph.

Lemma 3 Elim(G(fq), fa) is equal to G(sg).

Proof: Given in appendix.

Next, we show how a node corresponding to an existential quantifier s, may be eliminated from the graph

G(8q).

Algorithm 2 (Elimination of s, from a Graph G(s,)) Elimination of s, from G(s,) is performed by the

following algorithm.

1. For each edge pair, <y — 54,50 —2 2 >, in G(s4):

Wi1+Wwa
e create an edge y ——

(a) If y =z and w1 4+ wy < 0, then return False.

(b) If y = z and wy + w2 > 0, then remove this edge.

Wi1+wWs

(¢) If there already exists an edge y . 2 before creating y "7 z, then the edge with less weight

remains, while the other is removed.

2. Set V=V —{sq} and remove all edges to or from s, in G(s4).

"This is because y — y = 0 < wi +wz < 01is a contradiction.
8This is because y — y = 0 < wy + wy is a tautology.
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Again, let Elim(G(sq), sq) denote a new graph created after eliminating s, from the graph G(s,) according to
Algorithm 2 in case False is not found. Then, the following lemma shows the equivalence between the elimination

of a node in the graph and the elimination of an existential quantifier from the constraint set.
Lemma 4 Elim(G(s,),84) ts equal to G(fq—1).
Proof: Given in appendix.

By inductively applying Lemma 3 and 4, the equivalence relationship between node elimination and variable
elimination processes can be established. This relationship is shown in Figure 6 with respect to the constraint

graph derivation rules.

Graph Transform
Sched(e) G(fa
EVanabIeEhmmation 3 Node Elimination
\
Sched(s,) G(s9
' f
Sched(e,1) G(fq1)

Figure 6: Equivalence between Predicates and Graphs

The elimination process of nodes, f, and s,, from the graph G(f,) can be viewed as preserving the connectivity
between any two nodes in {vg, s1, f1,...,8¢—1, fa—1} through f, and s, in G(f,). That is, if there exists any
restricted path from y to z only through s, and f, in G(f,), then a new edge from y to z is created to maintain
the connectivity from y to z even after f, and s, are eliminated. This is formally proved in Lemma 5.

Figure 7 shows a graph and its node elimination processes for sched"? that is derived from I''>? in Example

The following proposition describes a necessary condition for Sched to be true in terms of its constraint graph.
Proposition 3 If a constraint graph for Sched has a negative weight restricted cycle, then Sched = False.

Proof: Given in appendix.

The following lemma shows how the connectivity is maintained during the node elimination process, which is

quite an useful property that will be frequently used throughout the paper.

Lemma 5 Let {vg,s1, f1,.. . Sa, fat, | < a < N, denote a node set of G(fa) that is found after eliminating
nodes of < fn, SN, ..., fat1, Sat1 > from G(fn). Also, assume that no contradiction has been found yet. Then,

the following two conditions are equivalent:

1. yLZ S G(fa)
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Figure 7: Elimination of f? and s3 from '’

2. there exists a minimum weight acyclic restricted path y~> z in G(fn) where all intermediate® nodes of the

path belong to {Sa-l-la fa-l—la -3 SN, fN}‘lO
Proof: Given in appendix.

In the next corollary it is assumed that v and v denote any two nodes that are located consecutively in a

sequence < vg, s1, f1,---SN, fn >

Corollary 1 Let{vy,s1, f1,...,v}, denote a node set of G(v) that is found after eliminating nodes of < fy,sn, ..., v >
from G(fn). Also, assume that no contradiction has been found yet. If an edge from y to z exists in G(v), then

there exists a path from y to z in G(fn) whose intermediate nodes belong to {vl, o8N, N
Proof: Given in appendix.

For example, in the example shown in figure 7, after eliminating { fZ, s2} an edge fi 12 J? is created since, in

the initial graph, there exists a minimum weight acyclic restricted path < fi 22 2 -1 52 R J? > whose weight

sum is 12 and whose intermediate nodes belong to {s2, fZ}. Also, an edge f4 2, f4 is created in G12(f?), since

%{v1,v2,...,v;} is a set of intermediate nodes of a path < y — v — v ...v; — z > where { > 1, or {} is an intermediate node
set if the path consists of one edge.
104 — 2 may also be considered as a path whose intermediate nodes belong to {sat1, fat1s-- 18N, [N}
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. . . . 22 -10 8 —18 . . .
there exists a minimum weight restricted path < fi — f3 — s} — f7 — f1 > without any intermediate

restricted cycle.

4.2 Definitions for Constraint Graphs

In this section, we define several terminologies regarding constraint graphs. They will be used in investigating
properties of constraint graphs in the next section. In this section, 1t is assumed that an initial graph is obtained
from the predicate sched* that is defined in (15) for T'1*.

Before defining terminologies for constraint graphs, the following function is defined on node sets of constraint

graphs.

Definition 10 (g) g is an one-to-one mapping
(1 1<i< N Amax(l,—y+1) < j)

—{s), f/ | 1<i< N Amax(y+1,1) < j}

by the following rule:
Vg if v = wvp.
gy(v) =< ST dfv=s] where 1<i<N.
fg‘w zfv:ff where 1 < ¢ < N.

g4(V') on a node set V is defined to be a set of g,(v) where v is an element of V.

For example, 5?1 in TV can be related to a node 5?2 in T72 by

812 = G(jomin)(51)

In this case 5?2 is called a corresponding node of 5?1 in a job set IV2, and vice versa.

As in Definition 5, schedl’k(sg) (1 <i< NALLj<k)is defined to be a predicate on a set of variables
{st et ..., si} that is obtained after eliminating the variables, e%;, s&, ... eg, from sched™*. That is, it can be
expressed as

schedl’k(sg) = sy Vel €[, uf] = ...Elsf: :: Cl’k(sg)

where Cl’k(sg) is a set of standard constraints obtained after variable elimination. schedl’k(eg) is defined similarly.

Also, as in Definition 7, the graphs found from the above predicates are denoted as follows:
® Gl’k(sg) denotes a graph constructed from schedl’k(sg).
° Gl’k(fg) denotes a graph constructed from schedl’k(eg).

Note that, from Cl’k(sg)(or Gl’k(sg)), we can find out the parametric lower and upper bound functions for 5?

in the forms presented in Proposition 1.
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First, several terms are defined for constraint graphs. Let £ denote a subset of edges in a graph Gl’k(sg), (or

Gl’k(fg)) in the following two definitions.
Definition 11 (Node Set from &) Node(€) denotes a set of nodes that are connected by any edge in £.

Definition 12 (Preceding Node Set from &) PrecNode(E) is defined to be a subset of Node(E) in the graph
such that v € PrecNode(E) if and only if

o there exists a node v that lies after v in the sequence < vo, st, fi,.. sj(, ff) > satisfying:

cy 5y

v—w}lES\/vl—w}ES

In the example constraint graph shown in Figure 5 let £ be {f3 — f2, s2 — f2 vo — f2}. Then, a node set
from &£, Node(€) is found to be {vo, f1,s3, f2}. Also, the preceding node set, PrecNode(€), is {vo, f1, s3}.
In the following definition, let < wg,st, ff,...,y,2,...,5%, f% > denote a sequence of nodes in the initial

graph GU5(f%), where y, z denote any two consecutive nodes in the sequence.

Definition 13 (Crossing Edge Set over a Node y) A crossing edge set ®1F(y) is defined to be a set of edges

vy — vy in GUE(FE) satisfying either of the following two conditions:
1 g1 E gk
1. vi €< v, 89, [,y > and vo €< 2, ..., 5%, f >

2. vy €< wo, st fl, ...,y > and v €< z,...,sﬁ“\,,fﬁ, >,

For example, in Figure 8, ®12(f}) is shown with dashed edges. Informally speaking, any edges created in
GY*(y) after eliminating nodes < z, ..., sk, f¥% > may connect only the nodes that belong to PrecNode(®>*(y)).

This is proved in Proposition 5.

Figure 8: ®12(f1) is denoted as dashed edges meeting with a vertical line.

Definition 14 (Created Edge Set in Gl’k(fg)) A created edge set \Ill’k(fg), 1<j<k—1, is defined to be a

set of edges v — vy in Gl’k(fg) where vy, vy satisfy the following condition:
o there exists a path vy ~ va in GUE(fX) such that

1. it has at least one intermediate node.
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2. all of its intermediate nodes belong to {vo, s, fi,...,s%, &} —{vo,si, fl,..., ff}
\Ill’k(sg) is defined similarly.

That is, a created edge set in Gl’k(fg) contains edges that have possibilities of being newly created during the
variable elimination process. Note that, if a newly created edge is implied by an already existing edge in G1* (%)
with a less weight and thus removed during the elimination process as explained in Algorithm 1 and 2, then the
already existing edge is included into the created edge set instead of the removed one that is actually created

during the variable elimination process. In figure 9, the constraint graph is shown corresponding to Example 1.

Dashed edges are used to represent W13(s3) and W13(s3).

Next, the semi-homogeneity and homogeneity relationships are defined between two edge sets in two constraint

graphs that are found during variable elimination processes from two job sets, T'V'¥ and T'\(k < [), respectively.

Definition 15 (Semi-homogeneous Edge Sets) Let £ and &, be subsels of edges in Gl’k(fgl) and Gl’l(ff)
(or, Gl’k(sgl) and Gl’l(ng)), respectively, where k <1 A j3 <k A jo <. Then, & is semi-homogeneous to E if
and only if

& =& A (v —va €61) = (9G,—jn)(V1) = 9Ga—ji)(v2) € &)

Here, note that, if & is semi-homogeneous to &, then

(v3 = va €&) = (9(j1-j»)(V3) = 9(j1—j»)(v4) € &1)

holds, too, since | & |=| & | and &; is mapped onto &> under the index function g(;,_;,) which is one-to-one.
The homogeneity relationship is defined next which is stronger than semi-homogeneity relationship. Again,
let & and &; be subsets of edges in Gl’k(fgl) and Gl’l(ff) (or, Gl’k(sgl) and Gl’l(sg2)), respectively, where
k<IN <kANj<L
Definition 16 (Homogeneous Edge Sets) & is homogencous to &, denoled as & ~ &, if and only if
1. & and &5 are semi-homogeneous.
2. For two nodes vi(# vo), va(# vo), (01 == v2 €&1) = (9(jo-j)(11) == g(jamjn)(v2) € &2)
3. For two nodes vy, va, where va # vy,  (vo uy € &) <= (v w(a—j)L 9(jamji)(v2) € E2)

L
4. For two nodes vy, vy, where v1 £ vg, (v1 Loy € &1) = (9(a—jn(v1) w=z=iy) vg € &)

Homogeneity relations are commutative and transitive, i.e.,
E1~E <= E~&

(51 ~ 52)/\(52 Ngg) = &1~ &3
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which can be easily proved from the definition of homogeneity. Two homogeneous created edge sets, W3(s3) and

W13(s2), are shown in Figure 9 with dashed edges where L = 20.

A constant, n, is defined next that will be used in obtaining a complexity bound of our algorithm.
Definition 17 (n) n =| PrecNode(®V*(f5)) |, k> 2

Note that | PrecNode(q)l’k(fJ];,)) | is same for all 2 < k and all 1 < j < k — 1 from the definition of a cyclically
constrained job set and the definition of a preceding node set. n — 1 is the number of jobs in one scheduling

window that have standard relative constraints with jobs in the next scheduling window.

4.3 Characteristics of Constraint Graphs

From now on, the properties of constraint graphs will be examined that remain true during the node elimination
process. Note that, from Proposition 3 if a negative weight restricted cycle exists in the constraint graph,
Algorithm 1 or 2 will detect it and return False. In this case the predicate sched™* is false and the job set I'l»>
is not schedulable as well as I''"*. If a constraint graph appears in any of the following propositions, it is assumed
that no contradiction has been found in the process of obtaining that graph. First, it is shown that the parametric
bound functions for 5? found from a constraint graph Gl’k(sg) depend on the start or finish times of the jobs in
I7-" and IV that are already executed. This means that the number of jobs it may actually be dependent on is
shown to be bounded by O(N). This bounds the number of variables to O(N) that have to be used in evaluating

parametric bound functions at runtime.

Proposition 4 In a graph Gl’k(sg), if Sg 1s connected to a node v, then
v € PrecNode(q)l’k(sg)) U P

where P={y | y€<vo, sy i il > Ay — sl € GYE(R) v sl —y e GUR(E))
Proof: Given in appendix.

Similar result holds for a graph Gl’k(fg).
Then, the following proposition implies that the set of nodes, to which additionally created edges in Gl’k(sg )(or
Gl’k(fg)) may be connected, is a subset of PrecNode(@l’k(Sg))(or PrecNode(q)l’k(fg))).

Proposition 5
Node(U"*(s1)) C PrecNode(®F(s1))

Node(UF(f1)) C PrecNode(®VF (1))
Also, | \Ill’k(fjj\,) | < n(n—1) holds.

Proof: Given in appendix.
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Figure 9: Homogeneous edge sets, ¥13(s3) and Wh3(s3)

These two propositions give an upper bound on the actual number of nodes 5? may be connected to in Gl’k(sg),
which is O(N). If only jitter constraints are allowed from periodic tasks, it is easy to see that Sg in Gl’k(sg) is
connected to at most O(n) number of jobs. This is because | PrecNode(®M*(s])) |<n and | P |< 2.

Then, an interesting property of an additionally created edge set, \Ill’k(fjj\,), is given in the following proposi-
tion. After eliminating 4N variables of the last 2V jobs (belonging to I'* and T'*~1) from sched'* we periodically

obtain semi-homogeneous created edge sets once eliminating each 2N variables for [V, 2 < j < k — 2.
Proposition 6 An edge set \Ill’k(fjj\,) s semi-homogeneous to \Ill’k(fJ];,_l) for2 <j<k-2.
Proof: Given in appendix.

In addition, the edge weight change patterns between two semi-homogeneous edge sets, \Ill’k(fJ];,_l) and

\Ill’k(fjj\,), are presented in the following proposition.

Proposition 7 Consider two semi-homogeneous created edge sets, Wh¥( Jj\,_l) and \Ill’k(fjj\,), where 2 < j < k—2.

Suppose vi — vy € \Ill’k(fjj\,) and g(—1y(v1) =, g-1)(v2) € \Pl’k(ff;,_l). Then, the following is satisfied:
1. If vy #vg and va #vg, w <w
2. Ifvy =vg and va #vg, w <w-—1L
3. If v1 #vg and vy = vy, wlgw—i—L

Proof: Given in appendix.

Once we find two homogeneous created edge sets, \Ill’k(fjj\,) and WLA( Jj\,_l) for some j, then the following

proposition enables us to stop the variable elimination process, since homogeneous created edge sets will be found

to the ones already obtained, if the node elimination process continues.
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Proposition 8 If an edge set \Ill’k(fjj\,) is homogeneous to an edge set \Pl’k(ff;,_l), where 2 < j < k —2, then
VI2<i<j—1Vi:l1<i<N = WP~ Whr(F) A WhE(sh) ~ UhE(sT)
Proof: Given in appendix.

More generalized result i1s presented next which holds whenever two homogeneous edge sets, \Ill’k(fjj\,) and

\Pl’k(ff;,_l), are found during the variable elimination process.

Proposition 9
WA ~ W) = (Vi L W TR gl ()

Proof:  This is obvious from the cyclic structures of constraint graphs, GY*(f%) and Gl’k*’i(fﬁ,"'i), and from

Proposition 7 and 8. &

From the definition of homogeneity between edge sets in constraint graphs, the following proposition is derived.
Proposition 10 Suppose \Ill’kl(sg) ~ Whk2(sl)y holds. Then,

1. the set of edges to Sg in Gl’kl(sg) is homogeneous to the set of edges to st in G1*2(sh).

2. the set of edges from 5? in Gl’kl(sg) is homogeneous to the set of edges from st in GL*2(sl).

Note that from the set of edges to s! in G1*1(s!) we can obtain the parametric upper bound function fs

max, ki
7
i

J

)

fmin,kl

s]
z

for Sg by inversely transforming the edge set into constraints. Two parametric lower (upper) bound functions for

for 51, and from the set of edges from Sg in GUFi(s

i ) we can obtain the parametric lower bound function

5? and s! are defined to be homogeneous if they satisfy condition 1(2) in the above proposition. If Fmimkr and

7
5
:
f:fln’ ? are homogeneous, it is denoted as:

z

min,k min,k
fj lefSI K2

EN i

We have the following lemma from Proposition 8 and 9.
Lemma 6 If\Ill’k(fJ];,_l) ~ \Ill’k(fjj\,) holds for 2 < j <k — 2, then

LVE:2<I<j—1 2 Vil <i< N w FRmba grimk g pmank  prak

REES s §G=D+a s

2 Va:1<a:: j_-mm,k+a ~ j:ﬂ}iz,k+a A }-max,k+a - }-n}iax,k+a

This lemma enables us to obtain asymptotic ' parametric bound functions, F';*"* and F"*"™ once we
s s

find two homogeneous created edge sets during node elimination process from the constraint graph. By using

11« Asymptotic” means “converging” in the sense that homogeneous parametric bound functions will be found to the ones already
obtained, if the variable elimination process continues.
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asymptotic parametric bound functions at run-time we can guarantee that the constraint set C1* will be satisfied

with any arbitrary value of k.

Note that asymptotic parametric bound functions, f:}m’oo and f:}ax’oo

z z

variables in {5{_1, f{_l, cey fg_l} and in terms of the index variable j. By knowing the scheduling window(job

, are parameterized in terms of the

set) index j at run-time, only one pair of asymptotic parametric bound functions need to be stored for all 5?
where ¢ is fixed and j < 2. In addition to this, another pair of parametric bound functions needs to be stored for

1
S; -

4.4 Off-line Component

In this section, a 4 N-node graph, called basis graph, is obtained to which we can cyclically apply variable elimina-
tion algorithm without explicitly obtaining a large constraint graph Gl’k(fﬁ,) for large k. That is, by recursively
applying variable elimination algorithm to this smaller graph, it can be decided whether the created edge set

sequence, \Ill’k(fjj\,), j=k,k—1,... will converge or not.
Definition 18 (Basis Graph) A basis graph Gy(Vy, Ey) ts defined as a subgraph of GV2(f%) as follows'?.

1. Ve =Voa UVh o U{wg} where:
Vi1 = PrecNode(®2(fx)) — {vo}

‘/IJ,Z = {S%aflza"'asjz\fasz\f}
2. All edges in GY2(f%) connecting any two nodes in Vi are included into Ey.

Then, the variable elimination process for a graph G1*(f%) can be transformed into an equivalent one by

using a basis graph as follows:
Algorithm 3 Cyclic algorithm to obtain GY*(f%).
o Input: k, Basis Graph Gy(Vs, Ey)
o Qutput: GLE(f2)
1. Initialize ¢ = 1.
2. Initialize G} (Vy, EL) = Gy(Vy, E}).
3. Fromi=11to1=k— 2 repeat the following:

(a) Eliminate, from G (Vy, EL.), the nodes of Vi o by alternately using Algorithm 1 and 2.
(b) If False is returned from Algorithm 1 or 2, then return False.

(c) Let G¢ . (Vi1 U{vo}, EC,;) denote the resulting graph.

out out

12G12 (fJ2\7) is found from I''»2.
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(@) If i >2 and G, (Vo U {vo}, Bly) = Goud (Vi U{VO}, Eqid), then return G, (Vi E,).
() Let Gif'(Vi, Eif') = Go(Vi, )
(f) For each edge vi 2 vy in G%, (V1 U {vo}, Blyy),
i. Ifvi #vo and va # vo,  add an edge g1y(v1) ey g(1y(vz) to Gi:l(%,Eﬁl),
i Ifvi =vo, add an edge g1)(v1) waatl g(1y(vz) to GV, ESFYY.
wi. Ifvo =vo, add an edge g(1)(v1) WL g(1)(v2) to Gl (vy, BIFhY.

(9) Seti=1i+1.

At step 3 — (d) the graph G%,(V;, EY,) is returned. By utilizing Proposition 8, this graph can be shown to
be equal to GV*(f%). Once we find homogeneous created edge sets on V; 1 U {vg} at step 3 — (d), asymptotic
parametric bound functions for job start times can be found from the graph Gl’k(sz\,). From this graph the
variables in the sequence < f%,s%,..., [, s > are eliminated to obtain the parametric bound functions for each
52,1 <i < N. During this elimination process, the weights of edges connected to or from vy have to be modified

appropriately to reflect scheduling window index j > 2 as well as the node index of the graph. For example,

2

o if an edge vy — s? is obtained after eliminating < f%,s%,..., f? >, then a formula 5? <w+4(j-—2)L

must be used in deriving asymptotic parametric bound functions for 55

e if an edge s? . o is obtained after eliminating < [, 8%, ..., 7 >, then a formula —w + (j — 2)L < 5?

must be used in deriving asymptotic parametric bound functions for 55

o if an edge s} = s7, is obtained after eliminating < f%,s%,..., f? >, then a formula 5? — sJ71 < w must

be used in deriving asymptotic parametric bound functions for 55

After obtaining asymptotic parametric bound functions for Sg, 2 < j, we can also find parametric bound functions
for T'! by eliminating nodes from GY*(f1).

Note that, at each iteration in the above algorithm, no explicit transformation of node indices are performed
by using g(_1). This is because our purpose is to check the schedulability and obtain asymptotic parametric
bound functions, and this may be done without explicit knowledge of node indices. The key property that this
algorithm makes use of is that the basis graph is recursively used and transformed until the schedulability is
checked. Tt is clear that this algorithm produces exactly the same result (True or False) and graph as the node
elimination algorithm applied to G**(f%) does.

The following theorem provides an upper bound on the number of loop iterations in Algorithm 3 that have

to be performed before the schedulability is checked.
Theorem 1 If Algorithm 3 doesn’t terminate within n? —n + 2 loop iterations, then schedV™ is not schedulable.
Proof: Given in appendix.

Therefore, we obtain the final algorithm for checking sched"® and deriving asymptotic parametric bound

functions if IT'1'*° is schedulable. The overview of off-line component is shown in Figure 10.
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G\, Ep)

Algorithm 3
with  k=n%*n+4

Homogeneous
No
Created Edge Sets I~ Not Schedulable
are found
2
G(fy) | Yes

Eliminate variables

from G(f2)

T

Parametric Bound Functions Parametric Bound Functions
for s, i=1,2,..N for s, j=23..., i=12..N

Figure 10: Overview of off-line component

From Theorem 1 the total complexity of the off-line algorithm is O(n?N?), since each loop iteration of
Algorithm 3 may take at most O(N?3) computation time [4]. If only jitter constraints are allowed from periodic
tasks, then the off-line algorithm will be finished within O(n*N) time where n is the number of periodic tasks
that have jitter constraints, since each loop iteration in this case takes at most O(n?N) time. This is because
| PrecNode(q)l’k(sg)) U P | < n+2 holds, and because from Proposition 4 we know that at most O(n) number of
edges exist in Gl’k(sg) that are connected to or from 55 This implies that the elimination of 5? from the graph

Gl’k(sg) will require at most O(n?) time, and eliminating nodes of one job set requires O(n?N) time. Also, the

on-line component in this case requires at most O(n) execution time.

4.5 Off-line Component with Restricted Standard Constraints

For a certain class of standard constraints, called restricted standard constraints, 1t will be shown that the off-line

component can be carried out in O(N3 + n®) time instead of O(n?N3) time.

Definition 19 (Restricted Standard Constraints) For two jobs, 75 and 7}, where (j = [-=1)V(j = IAa < b),

the following constraints are defined as restricted standard constraints:

), — s} c1 sé — st

IN

C3

IN

(16)

. . . . . .
sl 4el —s, < oeg sp4+e—8, < ey

Also, as in the definition for standard constraints, release time and deadline constraints can also be classified
as restricted standard constraints. We also include as restricted standard any constraint that can be rewritien in

one of the above forms.
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For this class of constraints the following lemma makes it possible to pre-process the basis graph and to
obtain a smaller graph that can be used in the off-line algorithm instead of the basis graph. This graph is called

a compact basis graph.

Lemma 7 ([8]) If I'V* is constructed with restricted standard constraints, it is schedulable if and only if it is

schedulable for the marimum execution times of the jobs.

Let the following be a predicate representing a schedulability for a job set II.
Sched = Jsy :: Vey € [li,u1] ... sy =0 Ve; € [li,ui] =2 Isy 2 Ven € [Iv,un] = C

From Lemma 7 this predicate is equivalent to the following predicate where C only consists of restricted standard
constraints.

sy oo 3sy oo Fsvoq sy Clejfuy 2 1< j < N

where e; /u; denotes a substitution of u; for a variable e;. In other words, Sched can be checked by first replacing
every universally quantified variable e; with u; for 1 < j < N, and then by eliminating existentially quantified
variables sy, ..., $1.

However, eliminating the existentially quantified variables, sy, sy_1, ..., siy1, in any order will produce
the same constraint graph G(s;). This is because there exists no exclusively-ORed edges between nodes in
{v0, 8i+1, Si+2,...,sn} after substituting the maximum execution times for the variables e;, 1 < j < N, and
because any minimum weight acyclic restricted paths through the nodes of {s;11,...,sx5} are preserved in the
remaining constraint graph after eliminating the variables s;, 1 +1 < j < N, regardless of the elimination order.

This property is used to find a compact basis graph from schedb?( %) as follows:
Algorithm 4 (Compact Basis Graph) Algorithm to obtain a compact basis graph.

o Input: schedV?(f%)

o Output: Compact Basis Graph G(Vey, Eep)

1. Let GI(VI, EI) denote a graph from a predicate that is found by substituting u; for each unwersally quantified

variable e; in sched?(f%).
2. Let <I>I(511\,) denote a crossing edge set of s found from GI(VI,EI).

3. Let G”(V”,E”) denote a graph found after eliminating the following nodes from GI(VI,EI).

{5%, 5%, e 512\7} — g(l)(PrecNode(CI)l(sle)))

4. Let Goy(Vey, Eep) be a subgraph of G”(V”, E”):
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(a) Vey = Vep,1 U Vip 2 U{vo} where:

Vg1 = {s1,85 ..., 551N PrecNode(q)l(sle))

Vere = g(y(Ven 1)

(b) All edges in G”(V”, E”) connecting two nodes of Vo defines Ep.

We can apply Algorithm 3 to this compact basis graph instead of the basis graph. This limits the complexity
of obtaining homogeneous created edge sets to O(N?3 + n®) instead of O(n?N3). Once we find homogeneous
created edge sets on V.3 1, asymptotic parametric bound functions can be found by first unrolling the final graph
from the algorithm to obtain G1°°(f%) and then by eliminating from this graph the nodes in the sequence
< f%,s%,...,Jf,s? >. During this elimination process, as in Section 4.4 the weights of edges connecting vo have

to be modified appropriately to reflect scheduling window index as well as the node indices of the graph.

5 Example

The asymptotic parametric bound functions are found for the job set, I'''**°, in Example 1. Figure 11 shows the

parametric bound functions found from I'''*, and Figure 12 shows asymptotic parametric bound functions for

sched! .

0 < s < 2
max(8,si +e1) < s3 < min(10,s} +ef +5)
max(20, 55 +ed, 57 +ef +10) < s < min(22,s] +ef + 17,55 +ed +4)
max(28,s7 + e, 55 +el+10) < s < min(30,s) +el +12, 57+ €7 +5)
max(40, 53 +e3,87 +ef +10) < s7 < min(42,s7 +ef + 17,55+ €35 +4)
max(48,s7 + €%, 52 +e24+10) < s3 < min(50,s3 + €5+ 12,57 + €7 +5)
max(60, 53 +e3,s7 +ef +10) < s < min(62,s7 +ef + 17,55 + €3 +4)
max(st +e},s5+e5+10) < si < min(70,s3 +e5 + 12,57 + €] +5)

Figure 11: Parametric bound functions found from sched'*

A N

f;’lgm = max(8,s} +el)

Fmer = min(10,s] + e + )

Fn = max(204 (= 2)20,87 4 e 57 e 74 10)
Frer = min(22+4 (- 2)20,8 7 el 417,57 e 4 4)
FU = max(284 (- 2205 + el 7L 4 10)

fmx = min(30 + (j - 2)20,8, " + 57 + 12,51+ ¢f +5)

Figure 12: Asymptotic parametric bound functions for sched*
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It is clear from this figure that the following hold:

min,4 min,4
fsf ) Nfsi’ )

maw,4 maw,4
752 L 753 )
1 1

min,4 min,4
fsg ) Nfsg )

maw,4 maw,4
Fo ~Fa
2 2

Note that n =| PrecNode(®1*(f1)) |= 3, and n? — n + 2 = 8 is the iteration bound given in Theorem 1. But,
Algorithm 3 found homogeneous created edge sets after 3 loop iterations. This shows that the upper bound on
the number of loop iterations given in Theorem 1 is not tight in general, and the schedulability may be checked

within less amount of time.

6 Conclusion

In this paper, we proposed a dynamic cyclic dispatching scheme that may be applied to real-time systems with
complex timing constraints, such as relative constraints between start or finish times of jobs. A schedule(ordering)
of N jobs is assumed to be given on a scheduling window, and it is required that this schedule be repeated at run
time. The relative constraints may be cyclically defined across the boundaries of the scheduling windows as well
as between jobs in one scheduling window.

Unlike static approaches which assign fixed start times to jobs in a scheduling window, our approach not
only allows us to flexibly manage the slack times with the schedulability of a job set not affected, but also yields
an guaranteed schedulability in the sense that, if other dispatching mechanism can dispatch the job sequences
satisfying all given constraints, then our mechanism can also schedule them.

A pseudo-polynomial time off-line algorithm is presented to check the schedulability of a cyclically constrained
job set and to obtain parametric lower and upper bound functions for each job start time. The off-line algorithm
requires at most O(n?N?3) time where n is the number of relative constraints defined across the boundary of
two consecutive scheduling windows. Then, the parametric bound functions for each start time can be evaluated
by an on-line algorithm within O(N) time. Especially, with restricted standard constraints it is shown that the
off-line component requires at most O(N3 + n®) execution time.

We believe that the dynamic cyclic dispatching scheme can be applied to many real-time applications that

have complex timing constraints and provide more flexibility in managing system resources at runtime.
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A Proofs

Proof of Lemma 3: It is obvious that there exists an one-to-one correspondence between an edge pair set in
G(f4) from which a new edge will be created after f, is eliminated, and a constraint in Sched(e,) to be changed
after eliminating e,. Also, it is clear that a new constraint created in Seched(s,) will correspond to a new edge

created in G(sq). Therefore, Elim(G(f,), fa) is equal to G(sg).
Proof of Lemma 4: The proof for this lemma is similar to that of Lemma 3, and is omitted.

Proof of Proposition 3: Let 7 be a negative weight restricted cycle in G(fn) satisfying:
e no restricted cycle appears as a proper sub-cycle of 7.

If there exists a negative weight restricted cycle in G(fn), then 7 also exists in G(fn). Also, let y be a node in

7 that appears first in a sequence < vy, s1, f1,...,sn5, fv >. Then, 7 can be denoted as
Wi Wa Wit
<Y ——UV] —= V...V — Y >
where 23111 w; < 0. By eliminating nodes that lie after y in the node sequence < vg,s1, f1,...,sn, v >, we

i

will obtain a negative weight edge y — y where w' < 0. This is clear from the path preserving property of
node elimination algorithms. Then, from the equivalence relationship between constraint graphs and predicates, a
contradiction is obtained during the elimination of the variables from Sched. Therefore, Sched is equal to False.

Proof of Lemma 5: Claim 1: If y — z € G(f4) holds where y # z, then there exists an acyclic!® restricted
path y ,v\v/; z in G(fn) where w' < w and all its intermediate nodes belong to {sat1, fat1, -, 5N, In}-
If v = fn, then the claim holds. Suppose that there exists an edge y — z in G(fs) where 1 <a < N —1.
Assume that there exists an acyclic restricted path in G(f3) with a weight sum w, e <b < N — 1,

T L (17)
where i > 0, and v; € {sqq1, fat1,-.-, 5, fo} for 1 < j < 4. If all edges constituting this path exist in G(fp41)
with same weights, then there exists an acyclic restricted path in G(f341) with a weight sum w where all its
intermediate nodes belong to {sqt1, fat1, .-, 8641, fs+1}. So, assume that at least one of these edges is created
in G(f3) just after eliminating fy4+1 and spyq from G(fp41). Let T = {j1,J2,.- -, ), where 1 <k < i+ 1 and
1 <ji<i+41forl <<k, denote an index set of edges in the above path which are newly created in G(f3).
The indices in J is assumed to be increasing. FEach edge v;,_; ey vj,, for 1 <1<k, is created! just after fyiq

and spq are eliminated from G(fp41).

13For a case when y = z, it can be similarly shown that a restricted path without any intermediate restricted cycle(i.e., excluding
y and z) is obtained, even though the resulting restricted path is not acyclic.
14 For the purpose of convenience vy denotes a node y, and v;41 denotes a node z.
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Fact 1: In G(fp41) the weight of an edge sp41 — fo41 is equal to ly41, and the weight of fy11 — sp41 is equal
to —upy1.

If the fact is not true, then a contradiction should have been derived, which is against the assumption.

From the node elimination algorithm we know that the edge v;, 1 ik v;, 1s created from one of the following

restricted paths in G'(fy41) whose weight sum is wp j,:

1 2
Wht1,5 Wht1,5
1. < Vj—1 — Spp1 —— V5 >

1 2
What1,i; —Ub41 Wht1,5
2. < Vj—1 —— fb+1 — Sp41 —— V5 >

1 2
3 What1,i; lbt1 Wht1,5
<1 — Syl — fop1 — v >

1 2
We41,j; —Ub41 lpg1 We41,j;
4. <wvjo1 — foy1 — Spp1 — fop1 — v >

We can extend the path in (17) into a path in G(fy41) by replacing each edge in (17) with an index j; by one
of the above paths via spy1 and fpq1.

If £ = 1, i.e., only one edge is created after eliminating f;4+1 and sp41 from G(fp41), then it is obvious that
the extended path is also a restricted path with a weight w in G(fy41). So, assume that & > 2. In this case, there
exists a cycle in the extended path.

First, consider two edges, vj, 1 ke vj, and vj,_1 ki vj,. For all 16 possible combinations of the above 4
paths from which these two edges will be created, a restricted cycle is obtained after extending these two edges

in (17). For example, if both of these two edges are created from the paths of the form 4, then the extended path

will be of the following form:

< Yy — Vv —V2... V5,1
< fot1 = soq1 = fop1r = Ujy - Vjpm1 — fop1 >

—>5b+1—>fb+1—>vj2...vi—>z>

The inner path, < fiy1 — sp41 — fog1 — V5, ...vj,—1 — fo41 >, is a restricted cycle, since the sub-path
< vj, ...Vj,—1 > is arestricted path and neither s;;1 nor f;11 appears in this sub-path. Then, from Proposition 3
the weight sum of this restricted cycle is non-negative. If it is negative, then a False should have been derived
during eliminating the nodes in {fx,sn, ..., fat+1, Sat1}, which is a contradiction to the assumption. Therefore,
if we reduce this restricted cycle into a single node f41, then we obtain the following restricted path whose weight

sum is less than or equal to w:
<Yy—v1 —v2...Y,-1— fop1 = Spp1 — Jop1 — V5,0 — 2>
Wh,ig

Wh,iy .
As a result, two edges, v;,_1 — v;, and v;,_1 —= v;,, are merged into one sub-path

Vjy—1 = Jor1 = Sp41 — for1 — vj,
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- L Wiy Wb, i3 o
Similarly, for other combinations for two edges, v;,_1 — wv;; and v;,_1 —= wvj,, the similar results can be

obtained.

If we continue this merging process for an edge, vj,_1 ol vj,, and for the sub-path < v;,_1 — foq1 —
sp+1 — fo4+1 — vj, > found above, we will obtain a merged acyclic sub-path from v;, _; to v;, through f;41 or
Sh1-

Therefore, after k& — 1 iterations of the above process, we will obtain an acyclic restricted path in G(fp41)
whose intermediate nodes belong to {sqt+1, fat+1,- - -, Se+1, fo41} and whose weight sum is less than or equal to w.

Therefore, by inductively applying the above argument, we know that there exists an acyclic restricted path
in G(fn) whose intermediate nodes belong to {sq41, fat1, - - -, 55, v} and whose weight sum is less than or equal
to w.

Claim 2: If there exists an acyclic '® restricted path y ~> z in G(fn) whose intermediate nodes belong to
{sa41, fat1,-- -, 8N, fn}, then y W—I> z € G(f,) holds where w < w.

The proof for this claim is similar to that for Proposition 3, and is omitted.

From claim 1 and 2 the lemma is proved. B

Proof of Corollary 1: Suppose that an edge y — z exists in G(v). If v = f, for some a, then from Lemma 5
it is obvious that there exists a path y ~ z in G(fny) whose intermediate nodes belong to {vl, ..., 8N, In . So,
assume that v = s, for some a in [1, N].

If there exists an edge from y to z in G(f,), then the condition 2 holds. Hence, further assume that an edge
y — z is created just after eliminating f, from G(f,;). From the node elimination algorithm, the edge is created

from either of the following paths:
Ly—fa— sa
2. 84 — fo— 2

From Lemma 5 we know that there exist two acyclic restricted paths whose intermediate nodes belong to

{8441, fat1,-- -, 8N, fn}. By merging these paths, we obtain a path from y to z whose intermediate nodes

belong to {fa, sax1, fat1, -, SN, fn}. 1

Proof of Proposition 4: If there exists an edge connecting Sg and v in GL(f%), then it is obvious that v
belongs to a node set P. So, assume that there exists no such edge in GL*(f%).

Two cases must be considered.

Case 1: v — 5? € Gl’k(sg)
From Corollary 1 there exists a path from v to Sg in GU*(f%) whose intermediate nodes belong to
{fZ], ...,sn, fn}. Note that this path has at least one intermediate node. From the definition of a crossing

edge set <I>1’k(sg), it is clear that v € PrecNode(q)l’k(sg)).

15For a case when y = 2z, it can be similarly shown that the claim holds for a restricted path without any intermediate restricted
cycle(i.e., excluding y and z).

33



Case 2: 5? v e Gl’k(sg)

Similarly, the proposition can be proved in this case. B

Proof of Proposition 5: Suppose that v belong to Node(\Ill’k(sg)). Then, there exist an edge v €
{vo, st, fi,. ..,Sg} such that an edge v — v exists in G(sﬁ) Then from Corollary 1, we know that there
exists a path v ~ v in GYF(f5) where all intermediate nodes in the path belong to {fZ], oy SR fEY. From
the definition of \Ill’k(sg) there exist two edges v — v and vy — v in v ~ v where v; and vs belong to
{fZ], ..., s% F&}. Note that v; may be equal to v3. This means that v is an element of PrecNode(q)l’k(sg)). Thus,
Node(\Ill’k(sg)) C PrecNode(q)l’k(sg)) is proved. The second assertion, Node(\Ill’k(fg)) C PrecNode(q)l’k(fij)),
can be proved in a similar way. Also, from these we know that a maximum number of edges in \Ill’k(fjj\,),

1 <j<k—1,isless than or equal to n(n — 1), since n is the number of nodes in PrecNode(®'?(fi)). ®

Proof of Proposition 6: Claim 1: If there exists an edge from vy to vy in \Pl’k(ff;,_l), then there also exists
an edge from g(1)(v1) to g(1)(v2) in \Ill’k(fjj\,)

First suppose that vy — vy € \Ill’k(fJ];,_l) where 1 < j—1 <k — 3. Then, from the definition of a created edge
set, there exists a path from vy to vs that has at least one intermediate node and whose intermediate nodes belong
to {5{, f{, ce 55“\,, fﬁ,} By applying a technique similar to the one used in the claim 1 of the proof for Lemma 5,
we can reduce this path into an acyclic restricted path from v; to vs that has at least one intermediate node.
Let this reduced path be denoted as < v1 — #1 — x3... — 7 — vy >, | > 1, where every intermediate node xp
(1 < h <) belongs to < si,f{, ooy SR fE > If all nodes z, 1 < h <1, belong to {5{,]”{, : ..,sﬁc\,_l,fjli,_l}, then

it is clear from the cyclic nature of constraint graphs that there exists an acyclic restricted path from g(1)(v1) to

g(1y(v2) in GHE(fE) whose intermediate nodes belong to {5{+1, {‘H, o SR PR

Hence, assume that there exists at least one z,,,, 1 < m < [, that belongs to {s¥, ff,... s% f&}. Note that
x1, 2 € {5{, f{, .. .,sg\,, fJ]\,} There are two possible cases to be considered:

1. @ is located later than x; in the node sequence < 5{, f{, ce sg\,, fJ]V >.

e In this case there exists an acyclic restricted path < vy — x; ~ x; — v5 > whose intermediate
nodes belong to {5{, f{, ce sg\,, fJ]V} This is because every node in constraint graphs has an edge to
its previous node in the node sequence < si, fl ... sk f& >. In other words, gy < V1 — T~
x; — vy > is an acyclic restricted path from g1)(v1) to g(1)(v2) in GHE(fE) whose intermediate nodes
belong to {5{+1, {‘H, o, R fRL16 Hence, from Lemma 5 there exists an edge gy(v1) — gy(v2)
in Gl’k(fJ];,). Because there exists a path from g(1)(v1) to g(1)(v2) satisfying the condition given in

definition of a created edge set, this edge belongs to \Ill’k(fjj\,)
2. z1 1s located before z;.

e Let the reduced path be denoted as < vy — x1 ~ ©; ~ x,;, — ¥ — v9 > where x; is a first node

appearing in this path that lies after #; in the node sequence < si,f{, .., 8% f% > Note that

16g(a) <Y1 = Y2...— y; > is defined to be < giay(y1) — g(a)(¥2) - -+ — gray (i) >
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x; € {5{, f{, ce sg\}l'l, J];,+1}. Again, since j + 1 <k — 1 and every node has a path to its predecessor
in the node sequence, there exists an acyclic restricted path < vy — #1 ~ x; ~ x; — vy > that
doesn’t have a node for a job in I'*. Hence, there exists an acyclic restricted path gy < v —
xy1 ~> &; ~ 7 — vz > whose intermediate nodes belong to {5{+1, {‘H, .. .,55“\,, fﬁ,} This means that

gy(v1) = gay(ve) € Gl’k(fJ];,). Also, because the above path satisfies the definition for a created edge
set, this edge belongs to \Ill’k(fjj\,)

Claim 2: If there exists an edge from vs to vy in \Ill’k(fjj\,), then there also exists an edge from g(_1)(vs) to
gi—1)(va) in WLE(FTY).

Suppose that there exists an edge from vs to vs In \Ill’k(fjj\,) Then, from the definition of a created edge
set, there exists a path from vz to v4 that has at least one intermediate node and whose intermediate nodes
belong to {5{+1, {‘H, ..., 8% fE1. By applying the technique in the claim 1 of the proof for Lemma 5, we
can reduce this path into an acyclic restricted path from vz to v4 that has at least one intermediate node. Let
this path be denoted as < vg ~» v~ vg > where v belongs to {5{+1, J];,+1, . ..,sﬁv,fﬁ,}. In this case, the
path g_1) < vz ~ v~ vy > is also an acyclic restricted path in G(f%) whose intermediate nodes belong to
{5{,]”]{,, . ..,séc\,_l, J]i,_l}. Then, from Lemma 5 there exists an edge g(_1)(v3) — g(-1)(v4) in Gl’k(f%_l). Also,
because the path g(_1) < vz ~ v~ vy > satisfies the condition in the definition of a created edge set, this edge
belongs to \Pl’k(ff;,_l), too.

From Claim 1 and 2, we conclude that \Ill’k(fjj\}) is semi-homogeneous to \Ill’k(fjj\?) for1<j1<j3<k—-2. 1

Proof of Proposition 7: From Lemma 5 there exists a minimum weight acyclic restricted path m =< vy ~-

vy > whose intermediate nodes belong to {5{+1, {‘H, cey 55“\,, fﬁ,}, and a minimum weight acyclic restricted path
Ty =< g—1)(v1) L g(-1)(v2) > whose intermediate nodes belong to {5{, f{, ooy 8% fEY. Three cases must be

examined:
Case 1: v1 # vg and vy # vg

In this case it is clear that w' is less than or equal to w, since the set of acyclic restricted paths from vy to vs

in GLR(f%) whose intermediate nodes belong to {5{+1, {‘H, ..., 8%, %} is a subset of a set of acyclic restricted
paths from vy to vy in GU*(f%) whose intermediate nodes belong to {s1, f7,... sk f&}.

Case 2: v1 = vg

The path g(_1ym is also an acyclic restricted path. The weight of a path g(_1)m is equal to w — L, since
every edge weight in this new path is the same as that of corresponding edge in 71 except for the first edge
vg — g(_l)(xl) of g(-1)m where x1 denotes the first node appearing after vy in 71. The weight of this edge is L
less than that of vy — 21 which is the first edge of 7. This implies w < w — L from Lemma 5.

Case 3: va = vg

The path g(_1ym is also an acyclic restricted path. The weight of a path g(_1)m is equal to w + L, since
every edge weight in this new path is the same as that of corresponding edge in 7 except for the last edge
g(_l)(xl) — vg of g(—1)T1- The weight of this edge is L more than the weight of ; — vy which is the last edge of

1. This implies w' <w+ L from Lemma 5. &
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Proof of Proposition 8: Note that two created edge sets, \Ill’k(fg_l) and \Ill’k(fg), can be shown to be
semi-homogeneous by employing similar proof to that for Proposition 6 where 2 < 57 <k — 2

The following claim is proved where 7 is any integer satisfying 1 <i < N.

Claim 1: WhF(FI71) ~ Wb (f))

First, suppose that vy —% vy € \Ill’k(fg_l), where v1 # wvo,va # vp. Consider a graph Gl’k(f%_l).

From Lemma 5, we can find a minimum weight acyclic restricted path within this graph, 7 =< v ~& vy >

whose intermediate nodes belong to {55;11, fg_l__ll, ce sg\,_l, Jj\,_l}. From the assumption of homogeneity between
\Ill’k(fjj\,) and \Pl’k(ff;,_l), every edge r1 — 3 In Gl’k(f%_l), where x1, 25 € {55;11, Cel sg\,_l, Jj\,_l}, has the same

weight as an edge g(1)(z1) — g(1)(x2) in Gl’k(fjj\,). This one-to-one correspondence between created edge sets
implies that an acyclic restricted path g(;)m1 has the same weight w; as that of 71, and g(1)m; is a minimum
weight acyclic restricted path among the acyclic restricted paths in Gl’k(fJ];,) whose intermediate nodes belong
to {sﬁfH, C ng, fJ]V} Hence, g(1)(v1) -, gy(v2) € Gl’k(fij) holds from Lemma 5. Because \Ill’k(fg_l) and
YLE(f1) are semi-homogeneous, this edge also belongs to Wh*(f7).

Second, suppose that vs — v, € \Ill’k(fg), where vs # vo,va # vg. Consider a graph Gl’k(fjj\,). From
Lemma 5, we can find a minimum weight acyclic restricted path within this graph, 7o =< wvs ~3 v4 > whose
intermediate nodes belong to {Sg_l_l, z’j+1a ce sg\,, fJ]V} Again, from the one-to-one correspondence between cre-
ated edge sets, a path g_1)m2 has the same weight ws as that of 72, and the path is also a minimum weight
acyclic restricted path among the acyclic restricted paths in Gl’k(fjj\,_l) whose intermediate nodes belong to
{55;11, . ng—l’ fjj\,_l}, Hence, g(_1)(vs) 2, gi-1)(va) € Glyk(fg_l) holds from Lemma 5. Because \Ill’k(fg_l)
and \Ill’k(ff) are semi-homogeneous, this edge also belongs to \Ill’k(fg_l).

Therefore, the following is proved where v1 # vy and va # vg:
(v vy €UVE(FATY) = (gy(v1) = ga1y(va) € THF(F))

For cases where one of vy or vs is equal to vg, the condition 3 or 4 in the definition of homogeneous edge sets
may be proved in a similar way to the above one by using the definition of homogeneity between created edge
sets and Lemma 5.

Therefore, the Claim 1 is proved. Then, from the transitivity of homogeneous relations, it is clear that the
following holds:

VI2<i<j—1:Vi:l1<i<N = WHR(fh) ~ whh(f))

Claim 2: VI :2<{<j—1 = Vi: 1 <i< N = Uhk(sh~ \Ill’k(sg)
For fixed [ and i, we know that WH*(f) ~ \Ill’k(ff) holds from claim 1. From this homogeneity, it is clear

that W% (sl) ~ WH#(s!) holds from node elimination algorithms. That is, ¥1*(f!) is obtained after eliminating
f! from G(f!), and \Ill’k(ff) is obtained after eliminating ff from G(ff) ]

Proof of Theorem 1: Let G3(V;, E}) denote a basis graph obtained from an initial constraint graph for a

cyclically constrained job set.

36



Claim: If the Algorithm 3 applied to G4(V4, Ep) doesn’t terminate within n? —n +2 loop iterations, then there
exists a negative weight cycle in GL*(f%) for k > n?.
Suppose that the algorithm doesn’t terminate within n? — n 4 2 loop iterations. From Proposition 6, we know

that WLF( =2y whe(fE=3) wLE(fL) are semi-homogeneous. Thus, G¢ (Vs 1U{wvo}, EX ), 2 < i< n?—n+2,
N N N g :

out out

are semi-homogeneous, too. This means that after each loop iteration for ¢ > 3 in the algorithm, there exists
at least one edge in G%,, (Vi1 U {vo}, Elyy), 3 < i < n? —n + 2, whose weight has been reduced from the
corresponding one in Gi_l(bel U {vo},Ei_l). If not, then the algorithm should have been completed within

out out

n? —n + 2 loop iterations at step 3 — (d), because homogeneous created edge sets are already found, which is

against the assumption. For the purpose of clarity, each node v;(€ V4) used in this proof will be denoted as v]
to represent that v; belongs to a node set V; in a graph ng(Vb,Egn), or to a node set V31 U {vp} of a graph
Giut(vb,l U {vo}, Egut)

Let 0?2_""'2 — v§2_"+2, v1,v2 € Vi 1U{woH(v1 # v2), denote one such edge in G"Q_"‘i'z(belU{vo}, E”2_"+2)

out out

whose weight is less than that of the corresponding edge in G"Q_"H(bel U {vo}, E"Q_"‘H). Equivalently, from

out out
the cyclic operation performed at step 3 — (f) in Algorithm 3 we can say that v?2_"+2 — v§2_"+2 is an edge in
GZ;;""’Z(V;]J U{vo}, E?:_""'Z) whose weight is less than or equal to

e w — 1, if the edge doesn’t connect vyg.
e w— L —1,if the edge is from vg.
e w+ L —1,if the edge is to vg.

where w is a weight of an edge (g(l)(vl))”2_”+2 — (g(l)(vz))”2_”+2 of G?:_"‘i'z(vb, Ef:_"‘l'z).

2 2
n+2 to vg n+2

Let p; denote a minimum weight acyclic restricted path from o7 with a weight wis In

G?:_"‘i'z(vb, E?:_""'Z) whose intermediate nodes belong to Vj 5. Note that no intermediate node, if there exists

any, is equal to vg. p; exists from Lemma 5. Then, after (n? — n + 2)-th loop iteration, the weight of v?2_"+2 —
2_ . . 2_ 2_
2772 will be changed to wys in GZyy "2 (Vi1 U {vo}, BL7"H2).

sub-claim 1: In G?:_"‘i'z(vb, Ef:_"‘l'z), p1 has at least one edge connecting two different nodes that belong to

91)(Vo,1) U {vo}.

Suppose the claim is not true. Then, p; is also a minimum weight acyclic restricted path from 0?2_""'1 to
052_""'1 with a weight wis in G?:_"‘H(Vb, Ef:_"‘l'l), since only the weights of edges connecting two different
nodes of g(1)(Vs,1) U {vo} may be reduced after each loop iteration of the algorithm. This contradicts to the
definition of the path p;.

Then, the following is proved. Here, it is assumed that vs,v4 (vs # v4) belong to g(1)(V3,1) U {vo}, and thus
9(-1)(v3), g(=1)(va) belong to V3 1 U {vo}.

. . . 2_ W 2_
sub-claim 2: There exists at least one edge in py, v ~"T2 224 g —n+2

, v3,v4 € g(1)(Vs,1) U {vo}, satisfying
W3q < Way

7 . . 2_ 2_ . 2_ 2_
where ws, is a weight of an edge v3 ~"T! — o2 7 in G L (Y BT,
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Suppose that the claim is not true. Then, all edges lying in p; that connect two nodes of g(1y(Vs,1) U {vo}
don’t satisfy the above condition. In other words, all edge weights of py in G?:_"‘i'z(vb, E?:_""'Z) are not reduced
compared to the edge weights of p; in G?:_"‘H(Vb, Ef:_"‘l'l). This means that p; is also a minimum weight
acyclic restricted path with a weight wiy in G?:_"H(%,Ef:_"‘l'l), which is clear from Proposition 7. From
Lemma 5 this implies that the weight of 0?2_""'1 — 052_""'1 in G?:_"H(%,Ef:_""'l) is equal to wys. This
contradicts to the definition of the path p;. Therefore, sub-claim 2 is proved.

Hence, we know that Iin path p; there exists an edge vs —=% v, whose weight is less than that of the corre-
sponding edge 032_""'1 Tog, 022_""'1 in G?:_"‘H(Vb, Ef:_"‘l'l).

From the cyclic operation performed at step 3 — (f) in Algorithm 3 and from Lemma 5, we know that there
exists a minimum weight acyclic restricted path from g_1)(vs) to g_1)(v4) in G?:_"H(%,Ef:_""'l) whose

intermediate nodes belong to V4 2 and which is equal to one of the following forms:

1. If vg # vg and va # vg,
(9= (ve))™ =" (g (wa))™ T

2. If vg3 = vg and vq # vy,

vp TS (g (o)) T

3. If vg # vg and vq = vy,
2_n41 Wég/j'L 0612—n+1

(9(-1)(vs3))"
Note that, if any edge weight in the above minimum weight acyclic restricted path is reduced, the weight of
an edge vz — v4 in G?:_"‘i'z(vb, E?:_""'Z) will also be reduced by at least the same amount after (n? — n+ 1)-th
loop iteration of Algorithm 3.
Hence, p; can be denoted as:

2_ 2_ W 2_ 2_
< U? n+2 ~ vg n+2 34 UZ n+2 ~ v;z n+2 >

Pon42 Wai 1}22_""'2 can be replaced by one of the above minimum weight paths. Then p; can

where the edge vj
be denoted as:
2 2 2 2
< U? —n+2 ~r < (g(_l)(vg))" —n+l ~ (g(_l)(u))" —n+l > Ug —n+2 >

2
—n+2 Wsaq
+ ALY

where the inner path, < (g(_l)(vg))”Q_”H ~ (g(_l)(v4))”2_”+1 >, will be reduced to an edge vy

022_""'2 after (n? —n + 1)-th loop iteration if Algorithm 3 is applied to the above extended path.
Note that applying Algorithm 3 to this new path will produce an edge v?2_"+2 iz v§2_"+2, and if some

edge weight is reduced, wy2 will be reduced, too.
From the above result and from ws4 < w;4, we know that the edge weight of g(_1)(vs) — g(~1)(va) in a graph

G”Q_”H(VM U{vo}, E”2_"+1) is:

out out

1 .
o wg, — 1 or less, if vz # vy and va # vg.
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7 .
o wy, — L —1or less, if vg = vg.
7 .
o wg, + L —1 or less, if vg = vp.
1 . . . 2_ 2_
where wg, is an edge weight of v — vy in G7, ”+1(Vb, £ "+1).

This enables us to repeatedly apply the same procedure to a new minimum weight acyclic restricted path

g(=1)(v3) ~ g(—1)(va) in G?:_"‘H(Vb, Ef:_"‘l'l). Therefore, we obtain the following extension of path py:

<TTRE Lc (gy(0a) T e < (g (vs)) T~ (g () T >

(e (a)" T e )

—-n

where the intermediate nodes of < (g(_l)(v5))”2_” ~ (g(_l)(v6))”2
G (Ve BT,

> in the above path belong to V3 o of

And, this extension may be continued until the following is obtained:

n2—n+2

< vy ~ < (g=ny(vs))" T < (g (vs)) T

~ < (g1 (Vanz—nt1)=1))7 ~ (9(=1)(V2(n2=n41)))” >~

o (g (6))" T > (g (va))P T s T2

Consider the following set of node pairs in V3 1 U {vg} of ng(Vb, Efn), 2 < j < n? —n+ 2, that have been

included in the extension of path p; at each iteration of the process.

{77700 7, (g (us)™ " (g-n(ea)™ 7,

((9-1)(va(n2—ns1)-1))?, (9= 1) (Va2 —ny1))) )}

Note that this set has n* — n + 1 node pairs. Because there exist n nodes in V, 1 U {vg}, there may exist only

n? —n distinct node pairs. Hence, there should exist at least one node pair that appears twice in the above node

pair set. Let (vgl,vf»;), (053,1}54), l < j, denote two such node pairs where i; = ig A i3 = i4. Therefore, in the

extension process of p; performed above, we should have encountered the following path:

<l ~o< vl ol >0l > (18)

[ ig

) : ) : : ) ) - -
Because the extension process choose an edge vfl — 1}52 in GJ,(Vy, E!) whose weight is less than vfl — 1}52

at the (n? —n + 2 — j + 1)-th iteration of Algorithm 3, we know that the weight of an edge vll»l — vll»Q is greater

than the weight of the edge vgl — 1}52 since j > [.

This implies that there exists a path that reduces the the edge weight of vgl — vf»; from that of vll»l — vll»Q
after j-th loop iteration in Algorithm 3. Then, from Proposition 7 we know that, after [+ k(j — {) loop iteration
in Algorithm 3 where & > 1, the edge weight of v;; — w;, in the resulting graph will be reduced from the
corresponding edge weight in the graph found after [ + (k — 1)(j — {) loop iteration. This means that the edge

weight of v;, — wv;, will be infinitely decreased. But, since every job has a release time and a deadline constraints,
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this repeated process will eventually create a negative weight cycle during the variable elimination process applied
to a constraint graph for sched'°.

This contradicts to the assumption, and proves Claim 1 and the theorem. B
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