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including data cleaning, network pruning and constrained problems.
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Chapter 1: Introduction

Modern machine learning rests on two fundamental pillars: models and data. Over

the past few years, remarkable success has been achieved by training large-scale models on

vast datasets. However, machine learning often requires navigating multiple data sources

and handling various model constraints, which can interleave and lead to nested problems.

This dissertation presents efficient algorithms for addressing these nested challenges in both

centralized and federated learning environments.

In chapter Chapter 2, we propose a novel Hessian inverse free Fully Single Loop Algo-

rithm (FSLA) for bilevel optimization problems. Classic algorithms for bilevel optimization

either admit a double loop structure which is computationally expensive. Recently, several

single loop algorithms have been proposed with optimizing the inner and outer variable

alternatively. However, these algorithms not yet achieve fully single loop. As they overlook

the loop needed to evaluate the hyper-gradient for a given inner and outer state. In order to

develop a fully single loop algorithm, we first study the structure of the hyper-gradient and

identify a general approximation formulation of hyper-gradient computation that encom-

passes several previous common approaches, e.g. back-propagation through time, conjugate

gradient, etc. Based on this formulation, we introduce a new state variable to maintain the

historical hyper-gradient information. Combining our new formulation with the alternative
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update of the inner and outer variables, we propose an efficient fully single loop algorithm.

We theoretically show that the error generated by the new state can be bounded and our

algorithm converges with the rate of O(ϵ−2).

In chapter Chapter 3, we address a common limitation in bilevel algorithms: presump-

tion of independent sampling. The independent sampling assumption can lead to increased

computational costs due to the complicated hyper-gradient formulation of bilevel problems.

To address this challenge, we study the example-selection strategy for bilevel optimization

and introduce a without-replacement sampling based algorithm which achieves a faster con-

vergence rate compared to its counterparts that rely on independent sampling. Beyond the

standard bilevel optimization formulation, we extend our discussion to conditional bilevel

optimization and also two special cases: minimax and compositional optimization.

In chapter Chapter 4, we extend the discussion of bilevel optimization to the

Federated/Distributed Learning setting. We investigate Federated Bilevel Optimization

problems and propose a communication-efficient algorithm, named FedBiOAcc. The algo-

rithm leverages an efficient estimation of the hyper-gradient in the distributed setting and

utilizes the momentum-based variance-reduction acceleration. Remarkably, FedBiOAcc

achieves a communication complexity O(ϵ−1), a sample complexity O(ϵ−1.5) and the linear

speed up with respect to the number of clients. We also analyze a special case of the

Federated Bilevel Optimization problems, where lower level problems are locally managed

by clients. We prove that FedBiOAcc-Local, a modified version of FedBiOAcc, converges

at the same rate for this type of problems.

In Federated Learning (FL), learning and communication have fundamentally diver-

gent requirements for parameter selection, akin to two opposite teams in a tug-of-war game.
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To mitigate this discrepancy, we introduce FedSep in chapter Chapter 5, a novel two-layer

federated learning framework. FedSep consists of separated communication and learning

layers for each client and the two layers are connected through decode/encode operations.

In particular, the decoding operation is formulated as a minimization problem. We view

FedSep as a federated bilevel optimization problem and propose an efficient algorithm to

solve it. Theoretically, we demonstrate that its convergence matches that of the standard

FL algorithms. The separation of communication and learning in FedSep offers innovative

solutions to various challenging problems in FL, such as Communication-Efficient FL and

Heterogeneous-Model FL.

In FL, the data is kept locally by each user. This protects the user privacy, but also

makes the server difficult to verify data quality, especially if the data are correctly labeled.

Training with corrupted labels is harmful to the federated learning task; however, little

attention has been paid to FL in the case of label noise. In chapter Chapter 6, we focus on

this problem and propose a learning-based reweighting approach to mitigate the effect of

noisy labels in FL. More precisely, we tuned a weight for each training sample such that the

learned model has optimal generalization performance over a validation set. More formally,

the process can be formulated as a Federated Bilevel Optimization problem. We identify

that the high communication cost in hypergradient evaluation is the major bottleneck. So

we propose Comm-FedBiO to solve the general Federated Bilevel Optimization problems;

more specifically, we propose two communication-efficient subroutines to estimate the hy-

pergradient. Convergence analysis of the proposed algorithms is also provided. Finally, we

apply the proposed algorithms to solve the noisy label problem.

Neural network pruning, particularly channel pruning, is a widely used technique for
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compressing deep learning models to enable their deployment on edge devices with limited

resources. Typically, redundant weights or structures are removed to achieve the target re-

source budget. Although data-driven pruning approaches have proven to be more effective,

they cannot be directly applied to federated learning (FL) because of distributed and confi-

dential datasets. In response to this challenge, we design a new network pruning method for

FL in chapter Chapter 7. We propose device-wise sub-networks for each device, assuming

that the data distribution is similar within each device. These sub-networks are generated

through sub-network embeddings and a hypernetwork. To further minimize memory usage

and communication costs, we permanently prune the full model to remove weights that are

not useful for all devices. During the FL process, we simultaneously train the device-wise

sub-networks and the base sub-network to facilitate the pruning process. We then finetune

the pruned model with device-wise sub-networks to regain performance. Moreover, we pro-

vided the theoretical guarantee of convergence for our method. Our method achieves better

performance and resource trade-off than other well-established network pruning baselines,

as demonstrated through extensive experiments.

Many crucial FL applications, like disease diagnosis and biomarker identification, of-

ten rely on constrained formulations such as Lasso and group Lasso. In chapter Chapter 8,

we apply adaptive gradient methods to FL problems with constrains. More specifically, we

introduce FedDA, a novel adaptive gradient framework for FL. This framework utilizes a

restarted dual averaging technique and is compatible with a range of gradient estimation

methods and adaptive learning rate schedules. Specifically, an instantiation of our frame-

work FedDA-MVR achieves sample complexity Õ(K−1ϵ−1.5) and communication complexity

Õ(K−0.25ϵ−1.25) for finding a stationary point ϵ in the constrained setting with K be the
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number of clients. We conduct experiments over both constrained and unconstrained tasks

to confirm the effectiveness of our approach.
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Part I

Solving Nested Problems via Bilevel Optimization
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Chapter 2: A Fully Single Loop Algorithm for Bilevel Optimization with-

out Hessian Inverse

2.1 Introduction

In this paper, we study the bilevel optimization problem, which includes two levels

of optimization: an outer problem and an inner problem. The outer problem depends on

the solution of the inner problem. Many machine learning tasks can be formulated as a

bilevel optimization problem, such as hyper-parameter optimization [4], meta learning [5],

Stackelberg game model [6], equilibrium model [7], etc. However, Bilevel optimization is

challenging to solve. The gradient-based algorithm [6] requires a double loop structure.

For each inner loop, the inner problem is solved with the given outer state. In the outer

loop, the hyper-gradient (the gradient w.r.t the outer variable) is evaluated based on the

solution of the inner loop and the outer state is updated with a gradient-based optimizer

(such as SGD). This simple double loop algorithm is guaranteed to converge under mild

assumptions and works well for small scale problems. But when the inner problem is in

large scale, the double loop algorithm is very slow and becomes impractical.

In fact, hyper-gradient evaluation is the major bottleneck of bilevel optimization. The

solution of the inner problem is usually implicitly defined over the outer state, and naturally
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its gradient w.r.t the outer variable is also implicitly defined. To evaluate hyper-gradient,

we need to approximate this implicit gradient via an iterative algorithm (the inner loop).

Various algorithms have been proposed for hyper-gradient evaluation [4, 6, 7, 8, 9]. These

methods were designed from various perspectives and based on different techniques, thus

they look quite different on the first sight. However, we can use a general formulation to

incorporate all these methods under one framework. Roughly, the hyper-gradient evaluation

can be expressed as a finite sum of terms defined over a sequence of inner states and

momentum coefficients, and these states and coefficients are chosen differently in distinct

algorithms. Our general formulation provides a new perspective to help understand the

properties of these classic methods. In particular, we derive a sufficient condition such that

the general formulation converges to the exact hyper-gradient.

One benefit of our general formulation is to inspire new algorithms for bilevel opti-

mization. Based on our general formulation, we propose a new fully single loop algorithm

named as ‘FSLA’. Compared to previous single loop algorithms [10, 11, 12, 13, 14], our

FSLA does not require any inner loop. In literature [12, 13], the existing methods either

reuse the last hyper-iteration’s inner solution as a warm start of the current iteration,

or just alternatively update the inner and outer variables with carefully designed learn-

ing rate schedule [15]. They also utilize the variance-reduction techniques to control the

variance [13]. However, these methods focus on solving the inner problem and pay little

attention to the hyper-gradient evaluation process which also requires a loop. In our new

algorithm, we introduce a new state vk to keep track of the historical hyper-gradient infor-

mation. During each iteration, we perform one step update. We study the bias caused by

vk and theoretically show that the convergence of our new algorithm is with rate O(ϵ−2).
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The main contributions of this paper can be summarized as follows:

1. We propose a general formulation to unify different existing hyper-gradient approxi-

mation methods under the same framework, and identify the sufficient condition on

which it converges to the exact hyper-gradient;

2. We propose a new fully single loop algorithm for bilevel optimization. The new

algorithm avoids the need of time-consuming Hessian inverse by introducing a new

state to track the historical hyper-gradient information;

3. We prove that our new algorithm has fast O(ϵ−2) convergence rate for the nonconvex-

strongly-convex case, and we validate effectiveness of our algorithm over different

bilevel optimization based machine learning tasks.

Organization: The rest of this paper is organized as follows: in Section 2, we briefly review

the recent development of Bilevel optimization; in Section 3, we introduce the general

formulation of hyper-gradient approximation and the sufficient condition of convergence;

in Section 4, we formally propose our new fully single loop algorithm, FSLA; in Section 5,

we present the convergence result of our algorithm; in Section 6, we perform experiments

to validate our proposed methods; in Section 7, we conclude and summarize the paper.

Notations: We use∇x to denote the full gradient w.r.t. the variable x, where the subscript

is omitted if clear from the context, and ∂x denotes the partial derivative. Higher order

derivatives follow similar rules. || · || represents ℓ2-norm for vectors and spectral norm for

matrices. [K] represents the sequence from 0 to K. Πn
i=mAi = Am × . . . An if m ≤ n, and

Πn
i=mAi = I if m > n.
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2.2 Related Works

Bilevel optimization dates back to the 1960s when Willoughby [16] proposed a reg-

ularization method, and then followed by many research works [8, 17, 18, 19]. In ma-

chine learning community, similar ideas in the name of implicit differentiation were also

used in Hyper-parameter Optimization for a long time [20, 21, 22, 23]. However, im-

plicit differentiation needs to compute an accurate inner problem solution in each update

of the outer variable, which leads to high computational cost for large-scale problems.

Thus, researchers turned to solve the inner problem with a fix number of steps, and com-

puted the gradient w.r.t the outer variables with the ‘back-propagation through time’

technique [24, 25, 26, 27, 28]. Domke [24] considered the case when the inner optimizer

is gradient-descent, heavy ball, and LBFGS method, and derived their reversing dynamics

with the energy models as example; Maclaurin et al. [25] considered momentum-based SGD

method, furthermore, Franceschi et al. [26] discussed two modes, a forward mode and a

backward mode, and compared the trade-off of these two modes in terms of memory-usage

and computation efficiency; Pedregosa [27] studied the influence of inner solution errors to

the convergence of bilevel optimization; Shaban et al. [28] proposed to truncate the back

propagation path to save computation.

The back-propagation based methods work well in practice, but the number of inner

steps usually relies on trial and error, furthermore, it is still expensive to perform multiple

inner steps for modern machine learning models with hundreds of millions of parameters.

Recently, it witnessed a surge of interest in using implicit differentiation to derive single

loop algorithms. Ghadimi and Wang [6] introduced BSA, an accelerated approximate
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implicit differentiation method with Neumann Series. Hong et al. [15] proposed TTSA, a

single loop algorithm with a two-timescale learning rate schedule. Ji et al. [12] and Ji and

Liang [29] presented warm start strategy to reduce the number of inner steps needed at

each iteration. Khanduri et al. [13] designed SUSTAIN which applied variance reduction

technique [30, 31] over both the inner and the outer variable. Chen et al. [11] proposed

STABLE, a single loop algorithm accumulating the Hessian matrix, and achieved the same

order of sample complexity as the single-level optimization problems. Yang et al. [32]

proposed two algorithms: MRBO and VRBO. The MRBO method uses double variance

reduction trick and resembles SUSTAIN, while VRBO is based on SARAH/SPIDER. Huang

and Huang [33] proposed BiO-BreD which is also based on the variance reduction technique

with a better dependence over the condition number of inner problem. Huang and Huang

[14] proposed BiAdam which accelerates Bilevel Optimization with adaptive gradients.

Meanwhile, there are also works utilizing other strategies such as penalty methods [34], and

also other formulations like the case where the inner problem has non-unique minimizers [35,

36].

The bilevel optimization has been widely applied to various machine learning ap-

plications. Hyper-parameter optimization [4, 5, 37] uses bilevel optimization extensively.

Besides, the idea of bilevel optimization has also been applied to meta learning [38, 39, 40],

neural architecture search [41, 42, 43], adversarial learning [44, 45], deep reinforcement

learning [46], sparse learning [47, 48, 49] etc. For a more thorough review of these applica-

tions, please refer to the Table 2 of the survey paper by Liu et al. [50].
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2.3 A General Formulation of Hyper-Gradient Approximation

In general, bilevel optimization has the following form:

min
λ∈Λ

f(λ) := F (λ, ωλ) s.t. ωλ = arg min
ω

G(λ, ω) (2.1)

where F , G denote the outer and inner problems, λ, ω denote the outer and inner variables.

Under mild assumptions, the hyper-gradient ∇λf can be expressed in Proposition 1:

Proposition 1. If for any λ ∈ Λ, ωλ is unique, and ∂ω2G(λ, ωλ) is invertible, we have:

∇λf = ∂λF (λ, ωλ) +∇λωλ × ∂ωF (λ, ωλ) (2.2)

and ∇λωλ = −∂ωλG(λ, ωλ)∂ω2G(λ, ωλ)−1.

The proof of this proposition is a direct application of the implicit function theorem (we

include it in Appendix B.2 for completion). Eq. (2.2) is hard to evaluate due to the involved

matrix inversion, and we instead evaluate it approximately. Various approximate methods

are proposed in the literature. The most well-known ones are: Back Propagation through

Time (BP), Neumann series (NS) and conjugate gradient descent (CG). They look quite

different on the first sight: BP is derived based on the chain rule, NS and CG are based on

different ways of approximating ∂ω2G(λ, ωλ)−1. However, they share a common structure,

as stated in the following lemma. We use ∇λf to represent ∇λf(λ) when the outer state

λ is clear from the context. In the remainder of this section: we use [K] to denote the

sequence, k refers to kth element of [K], while s refers to sth element of sub-sequence [k].
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Lemma 2. Given a positive integer K, a sequence of inner variable states {ωk}, vectors

{pk} and a sequence of coefficients {βk} for k ∈ [K]. A general form of approximate

hyper-gradient evaluated at state λ is:

∇λfK = ∂λF (λ, ωK)−
K−1∑

k=0

βksk

where sk has two modes:

sk =

{ ∂ωλG(λ, ωk)
∏K−1

s=k+1(I − βs∂ω2G(λ, ωs))pK

∂ωλG(λ, ωK)
∏K−1

s=k+1(I − βs∂ω2G(λ, ωs))pk

We call these two modes as backward and forward respectively (in terms of pk). More

specifically, we have:

1. BP is in backward mode with ωk = ω̂k, pk = ∂ωF (λ, ω̂k) and βk = ηk for k ∈ [K].

{ω̂k} are an inner variable sequence generated by the gradient descent algorithm and

{ηk} is the corresponding learning rate sequence;

2. NS is in backward mode with ωk = ω̂, pk = ∂ωF (λ, ω̂) and βk = β for k ∈ [K]. ω̂ is

an inner variable state and β is some constant;

3. CG is in the forward mode with ωk = ω̂ for k ∈ [K]. ω̂ is an inner variable state,

{pk} and {βk} is chosen adaptively by the conjugate steps.

Proof. In the proof, we justify that the three cases mentioned above indeed satisfy the

proposed general hyper-gradient computation formulation.

Case (1): Without loss of generality, assume we run a gradient descent optimizer K steps
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over the inner problem in the BP method. In other words, it solves:

min
λ∈Λ

fK(λ) := F (λ, ω̂K)s.t. ω̂k = ω̂k−1 − ηk∇G(λ, ω̂k−1), k ∈ [K]

where ηk is the learning rate. By the chain rule, we get the hyper-gradient ∇λfK of this

problem:

∇λfK =∂λF (λ, ω̂K)−
K−1∑

k=0

(

ηk∂ωλG(λ, ω̂k)×
K−1∏

s=k+1

(I − ηk∂ω2G(λ, ω̂s))

)

∂ωF (λ, ω̂K)

It is easy to verify the claim in the lemma;

Case (2): The NS method is based on the hyper-gradient expression in Proposition 1,

but it assumes access of an approximate solution ω̂ instead of the optimum ωλ and then

approximates ∂ω2G(λ, ω̂)−1 with the first K terms of the Neumann series. More precisely:

∂ω2G(λ, ω̂)−1 ≈ β
K−1∑

k=0

(

I − β∂ω2G(λ, ω̂)

)k

(2.3)

where β is a small constant. Then we replace ωλ with ω̂ in Eq. (2.2) and combine with

Eq. (2.3). We have:

∇λfK =∂λF (λ, ω̂)−
K−1∑

k=0

(

β∂ωλG(λ, ω̂)×
(

I − β∂ω2G(λ, ω̂)

)k)

∂ωF (λ, ω̂)

Substitute k with K − k − 1, it is straightforward to verify the claim in the lemma;

Case (3): The CG method uses the fact that x = ∂ω2G(λ, ω̂)−1∂ωF (λ, ω̂) is the minimizer
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of the quadratic optimization problem: arg min
v

1
2
xTAx − xT b, where A = ∂ω2G(λ, ω̂) and

b = ∂ωF (λ, ω̂). Solving this quadratic problem with the conjugate gradient descent, we

have the following update rule:

xk+1 = xk − αk(pk) = (I − αkA)xk + αk(b+ γkpk−1)

Then second equality follows the update rule of linear CG algorithm. αk, γk are the learning

rate and pk is the conjugate directions. Please refer to section 5 by Nocedal and Wright

for more details. Then xK takes the following form:

xK =
K−1∑

k=0

αk

K−1∏

s=k+1

(I − αsA)(b+ γkpk−1) (2.4)

Substitute the values of A and b into Eq. (2.4) and then combine it with Eq. (2.2), where

we approximate ∂ωλG(λ, ωλ) with ∂ωλG(λ, ω̂). It is straightforward to verify the claim in

the lemma. This completes the proof.

The general formulation in the lemma provides a unified view of the BP, NS and

CG methods. Firstly, we can verify that using the NS method is equivalent to solving

the quadratic problem (defined in case (3)) with (constant learning rate) the gradient

descent. Since the CG method usually performs better than gradient descent in solving

linear systems, we expect the CG method requires smaller K than the NS method to reach

a given estimation error. Then we compare NS with BP, their difference lies in the sequence

{ωk} and {βk}: NS uses a single state ω̂(β) , while BP uses a sequence of states {ωk}({βk}).

It would be interesting to identify sufficient conditions for {βk}, {ωk} and {pk} such
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that the general formulation converges to the exact hyper-gradient ∇λf . In fact, we have

the following lemma:

Lemma 3. Suppose we denote mk =
∏k

s=0(1 − µGβs), eω,k = ||ωk − ωλ||, ep,k = ||pk −

∂ωF (λ, ωλ)|| for k ∈ [K]. Then if lim
K→∞

mK = 0, lim
k→∞

eω,K = 0, lim
K→∞

mK
∑K−1

k=0 βkeω,k/mk is

finite, in addition, for the backward mode: lim
K→∞

ep,K = 0; for the forward mode:

lim
K→∞

mK

K−1∑

k=0

βkep,k/mk

is finite. Then we have ∇λfK → ∇λf , when K →∞, where ∇λfK is defined in Lemma 2.

We defer the proof of Lemma 3 in in Appendix C, we show some basic ideas here.

Firstly, it is straightforward to show ∂λF (λ, ωK) → ∂λF (λ, ωλ) by using the smoothness

assumption and the condition ωK → ωλ. For the term
∑K−1

k=0 βksk, we take the backward

mode as an example (the forward mode follows similar idea). We denote AK and A∗ as:

AK =
K−1∑

k=0

βk∂ωλG(λ, ωk)
K−1∏

s=k+1

(I − βs∂ω2G(λ, ωs)) (2.5)

and A∗ = ∂ωλG(λ, ωλ)∂ω2G(λ, ωλ)−1. To show AK → A∗, we use the recursive relation of

Ak and A∗:

Ak+1 =Ak (I − βk∂ω2G(λ, ωk)) + βk∂ωλ(λ, ωk)

=(1− βk)Ak + βk(Ak(I − ∂ω2G(λ, ωk)) + ∂ωλG(λ, ωk))

(2.6)

and A∗ = A∗(I − ∂ω2G(λ, ωλ)) + ∂ωλG(λ, ωλ). Based on the recursive relation above and
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some linear algebra derivation, we get:

||Ak+1 − A∗|| ≤(1− µGβk)||Ak − A∗||+ C1βkeω,k
(2.7)

It is straightforward to verify that the conditions in the lemma guarantee the convergence

of Eq. (2.7). As shown in Eq. (2.7), the momentum coefficient βk represents the trade-off

between the progress and the induced error in one iteration: Larger βk leads to better

contraction factor ϵ, but also bigger bias term eω,k. In fact, we can get meaningful conver-

gence rate of ∇λfK for several special choices of sequences. As shown in Corollary 4 and

Corollary 5:

Corollary 4. Given a positive integer K, inner state ω̂K and constant β. Then we set

ωk = ω̂K, pk = ∂ωF (λ, ω̂K) and βk = β for k ∈ [K]. If ∃ ϵ ∈ (0, 1), such that βk ∈

(ϵ/µG, 1/µG), then we have: ||∇λfK −∇λf || = O(eω,K)

Corollary 5. Given a positive integer K, we have sequence {ω̂k} and {β̂k} for k ∈ [K].

We pick ωk = ω̂k, pk = ∂ωF (λ, ω̂K) and βk = β̂k for k ∈ [K]. Suppose we have βk = O(k−1)

and eω,k = O(k−0.5), then: ||∇λfK −∇λf || = O(K−0.5)

In fact, the sequences chosen in Corollary 4 correspond to that in the NS method, and

we show that if we choose β properly, the hyper-gradient estimation converges in the rate of

eω,K . The BP method corresponds to Corollary 5. Suppose we optimize the inner problem

with stochastic gradient descent and learning rate βk = O(1/k), we get eω,k = O(1/
√
k).

This satisfies the condition in the corollary.

To the best of our knowledge, this is first complexity result of the stochastic case.
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Grazzi et al. considered the linear convergence case for BP method. We introduce some

more examples of the application of Lemma 3 in the Appendix C.

2.4 Fully Single Loop Algorithm (FSLA)

In this section, we introduce a new single loop algorithm for bilevel optimization. In

section 2.3, we identify a general formulation of hyper-gradient approximation in Lemma 2:

∇λfK = ∂λF (λ, ωK) −∑K−1
k=0 βksk, where sk has two modes: forward mode and backward

mode. For both modes, they can be expressed by a recursive equation. In the backward

mode, we write a recursive relation in terms of Ak as defined in Eq. (2.5) and Eq. (2.6).

Similarly, we define vK =
∑K−1

k=0 βk
∏K−1

s=k+1 (I − βs∂ω2G(λ, ωs)) pk in the forward mode, and

derive a recursive relation as:

vk+1 = (I − βk∂ω2G(λ, ωk)) vk + βkpk
(2.8)

Based on this observation, we can propose a new single loop bilevel optimization algorithm

without Hessian Inverse. In previous literature, researchers maintain a inner state ωk to

avoid the inner loop solving ωλ for each new outer state λ. On top of this, we maintain a

new state vk and evaluate the hyper-gradient as follows:

vk = βk∂ωF (λ, ωk) + (I − βk∂ω2G(λ, ωk))vk−1

∇λfk = ∂λF (λ, ωk)− ∂ωλG(λ, ωk)vk

(2.9)
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Note we set pk = ∂ωF (λ, ωk). Then we alternatively update ωk, vk and λk, and achieve a

fully single loop algorithm without Hessian-Inverse. Note that it is also possible to keep

track of Ak, but then we need to store a matrix, which cost more storage. More formally,

we get the following new alternative update rule:

λk = λk−1 − αk−1∇λfk−1

ωk = ωk−1 − τk∂ωG(λk, ωk−1)

vk = βk∂ωF (λk, ωk) + (I − βk∂ω2G(λk, ωk))vk−1

∇λfk = ∂λF (λk, ωk)− ∂ωλG(λk, ωk)vk

(2.10)

where τk and αk are learning rates for inner and outer updates. As a comparison, existing

single loop algorithms recompute ∇λf from scratch for each new λ, while our algorithm

performs one step update over vk. What’s more, we can express ∇λfk in Eq. (2.10) as

follows:

∇λfK(λK) =∂λF (λK , ωK)−
K−1∑

k=0

βk∂ωλG(λK , ωK)×
K−1∏

s=k+1

(I − βs∂ω2G(λs, ωs))∂ωF (λk, ωk)

This almost fits the forward mode of the general formulation in Lemma 2 except that

the outer state is a sequence {λk}. In Lemma 3, we show that ωK → ωλ is a sufficient

condition of ∇λfK(λ) → ∇λf(λ). It is reasonable to guess that if λK → λ and ωK → ωλ,

the convergence is also guaranteed. But the analysis is more challenging than Lemma 3

as the three terms λk, ωk and ∇λfk entangle with each other. However, we will show in

the next section that λK → λ∗ when K → ∞, where λ∗ is the optimal point of the outer
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Algorithm 1 Fully Single Loop Bilevel Optimization Algorithm (FSLA)

1: Input: Initial state λ0 ∈ Λ, ω0 ∈ Rn; the number of hyper-iterations K; constants cτ ,
cβ, cη, δ

2: for k ← 0 to K − 1 do
3: αk ← δ/

√
k, λk+1 ← λk − αkdk

4: τk+1 ← cταk, βk+1 ← cβαk and ηk+1 ← cηαk

5: Sample ξk+1(ξk+1,1 − ξk+1,5)
6: ωk+1 ← ωk − τk+1∂ωG(λk+1, ωk; ξk+1,1)
7: vk+1 ← βk+1∂ωF (λk+1, ωk; ξk+1,2) + (I − βk+1∂ω2G(λk+1, ωk; ξk+1,3))vk

8: ∇fk+1(ξk+1)← ∂λF (λk+1, ωk+1; ξk+1,4)− ∂ωλG(λk+1, ωk+1; ξk+1,5)vk+1

9: dk+1 ← ∇fk+1(ξk+1) + (1− ηk+1)(dk −∇fk(ξk+1));
10: end for

function f(λ).

Finally in Algorithm 1, we provide the pseudo code of our fully single loop algo-

rithm. Compared to Eq. (2.10), we assume access of the stochastic estimate of related

values. What’s more, we also maintain a momentum of the hyper-gradient dk with vari-

ance reduction correction in Line 10. This term is used to control the stochastic noise. The

momentum-based variance reduction technique is recently widely used in the single level

stochastic optimization, such as STORM [30].

2.5 Theoretical Analysis

In this section, we prove the convergence of our proposed single loop bilevel optimiza-

tion algorithm. We consider the non-convex-strongly-convex case. We first briefly state

some assumptions needed in our theoretical analysis for the convenience of discussion. A

formal description of the assumptions is in the Appendix A.

We first bound the one iteration progress in the following lemma, which follows the

usage of smoothness assumption.
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Lemma 6. Under Assumptions A, B, C, we have:

E[f(λk+1)] ≤f(λk)− αk

2
||∇f(λk)||2 + αkΓ2

2E[||ωk − ωλk
||2]

+ 4αkΓ2
1E[||vk − vλk

||2] + αkE[||∇fk − dk||2]− αk

2
(1− αkLf )E[||dk||2]

where vλ = (I−∂ωΦ(λ, ωλ))−1∂ωF (λ, ωλ) and Γ2
1 = C2

G,ωλ, Γ2
2 = 2L2

F,λ +4C2
F,ωL

2
G,ωλ/µ

2
G are

constants.

The proof is in Appendix D.2. Lemma 6 shows that there are three kinds of errors

at each iteration: estimation error of ωλk
(||ωk+1 − ωλk

||2), error of vλk
(||vk+1 − vλk

||2)

and error of momentum dk (||∇fk − dk||2). We denote them as Ak, Bk and Ck in the

remainder of this section. The three errors entangle with each other as shown by Line 7-10

of Algorithm 1, e.g. the estimation error to ωλk−1
will contribute to the error of momentum

dk as shown in Line 8. In fact, we can bound them with the following inequality (use Ak

as an example): Ak ≤ βAk−1 + C1Bk−1 + C2Ck−1 + C3 with β < 1 and C1, C2, C3 are

terms not relevant to Ak, Bk and Ck. Please check the Appendix D.3 for more details.

Specially, the momentum term Ck reduces the variance similarly to that in the single level

variance-reduction optimizers, by which we mean:

E[||dk −∇fk||2] ≤(1− ηk)2E[||dk−1 −∇fk−1||2] + 2η2
kσ

2

+ 2(1− ηk)2 E[||∇fk(ξk)−∇fk−1(ξk)||2]
︸ ︷︷ ︸

Π

The part of noise proportional to (1−η2
k)σ2 is absorbed in the term Π due to the correction

made by ∇fk−1(ξk) in the dk update rule. However, the key difference is that Π not only

relies on E[||dk−1|||2] but also Ak−1 and Bk−1.
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Finally, to show the the convergence of Algorithm 1, we denote the following potential

function:

Φk =f(λk) +D1Ak +D2Bk +D3Ck

where D1, D2 and D3 are some constants. Combine Lemma 6 with the inequalities for

Ak, Bk and Ck, and we have: Φk+1 − Φk ≤ −αk/2||∇f(λk)||2 + Cα2
kσ

2 where C is some

constant. With the above inequality, we can get a convergence rate of O(1/
√
K) (O(1/ϵ2))

by choosing the learning rate with O(1/
√
k). More formally, we have:

Theorem 7. With Assumption A, B, C hold, and take βk = cβαk, τk = cταk, ηk = cηαk,

and αk = δ√
k
. We have:

1

K

K−1∑

k=0

||∇f(λk)||2 ≤ 2Φ0

δ
√
K

+
2δC̄σ2

√
K

where C̄, δ, cβ, cτ and cη are some constants.

The proof of the theorem is included in Appendix D.4.

2.6 Numerical Experiments

In this section, we perform experiments to empirically verify the effectiveness of our

algorithm. We first perform experiments over a quadratic objective with synthetic dataset

to validate Lemma 3. Then we perform a common benchmark task in bilevel optimization:

data hyper-cleaning. The experiments are run over a machine with Intel Xeon E5-2683
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CPU and 4 Nvidia Tesla P40 GPUs.

2.6.1 Synthetic Dataset: Quadratic Objective

In this experiment, we verify Lemma 3 over some synthetic data. We consider the

bilevel optimization problem where both outer and inner problems are quadratic. To make

it simpler, the outer problem does not depend on the outer variable directly. More precisely,

we study:

min
λ∈Λ

f(λ) := ||Aoωλ − bo||2 s.t. ωλ = arg min
ω
||Ai,λλ+ Ai,ωω − bi||2

For this bilevel problem, we can solve the exact minimizer of the inner problem and then

evaluate the exact hyper-gradient based on the Proposition 1. This makes it easier to

compute and compare the approximation error of different methods. In experiments, we

pick problem dimension 5 and randomly sample 10000 data points. We construct the

dataset as follows: first randomly sample Ao, Ai,λ, Ai,ω ∈ R
104×5 and λ, ω, ωλ ∈ R

5 from the

Uniform distribution, then we construct bo and bi by Aoωλ+σo and Ai,λλ+Ai,ωω+σi, where

σi and σo are Gaussian noise with mean zero and variance 0.1. We use this simple task to

validate our claim in Lemma 3. More precisely, we fix the outer state λ and estimate the

hyper-gradient with different sequence {ωk}, {βk}, {pk} and then compare their estimation

errors. The results are shown in Figure 2.1.

We perform two sets of experiments. The first set includes our single loop method

FSLA, and NS, BP and CG, which are three cases discussed in Lemma 2. For these

methods, we generate the sequence {ωk} through solving the inner problem with K steps

23



Figure 2.1: The estimation error of hyper-gradient ||∇fK − ∇f ||2 for different sequences
{ωk}.

of gradient descent and we use learning rate βk we pick 2 × 10−5. Note since the second

order derivatives of the quadratic objective are constant, BP and NS are the same. As

shown by the figure, the hyper-gradient estimation errors of all the four methods converge.

Our FSLA takes a bit more number of iterations to converge, however, our algorithm takes

less running time. Our method requires O(1) matrix-vector query for every given K, while

the other methods requires O(K) queries. In the next set of experiments, we compare with

some synthetic {ωk} sequences which have different convergence rate. More precisely, we

use sequence {ω + ω̃/(kα)}, where ω̃ is some random start point, we pick different alpha

values (2, 1, 0.5, 0.25). We estimate ∇λf according to Corollary 4 (same as the NS), the

learning rate is chosen as 2× 10−5. Corollary 4 bounds the convergence rate of ∇λfK with

the rate of ωk, which is well verified through the results shown in Figure 2.1.
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Figure 2.2: FSLA vs BP plot of Validation Loss w.r.t Number of hyper-iterations (Left)
and log10(Running Time) (Right). The perturbation rate γ is 0.8. The post-fix of legend
represents the number of inner iterations T .

2.6.2 Hyper Data-cleaning

In this experiment, we demonstrate the efficiency of our FSLA, especially the effect

of tracking hyper-gradient history with vk. More precisely, we compare with three hyper-

gradient evaluation methods: BP, NS and CG. For NS and CG methods, we consider both

the double loop version and the single loop version. In the single loop version, we update

the inner variable with the warm start strategy.

Data cleaning denotes the task of cleaning a noisy dataset. Suppose there is a noisy

dataset Di with Ni samples (the label of some samples are corrupted), the aim of the task

is to identify those corrupted data samples. Hyper Data-cleaning approaches this problem

by learning a weight per sample. More precisely, we solve the following bilevel optimization

problem:

min
λ∈Λ

l(ωλ;Do) s.t. ωλ = arg min
ω∈Rd

1

Ni

Ni∑

j=1

σ(λj)l(ω,Di,j)
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Figure 2.3: FSLA vs NS and CG plot of Validation Loss w.r.t Number of hyper-iterations
(Top) and log10(Running Time) (Bottom). The perturbation rate γ is 0.8. The post-fix
of legend represents the number of inner iterations T and approximate steps K.If inner
gradient steps equal to 1, we use the warm start trick, otherwise not.

In the inner problem, we minimize a weighted average loss l over the training dataset Di,

with σ(λ) the sample-wise weight (σ(·) is a normalization function and we use Sigmoid in

experiments), suppose the minimizer of the inner problem is ωλ. In in the outer problem,

we evaluate ωλ (a function of λ) over a validation dataset Do. Then the bilevel problem

will find λ such that ωλ is optimal as evaluated by the validation set.

More specifically, we perform this task over several datasets: MNIST [52], Fashion-

MNIST [53] and QMNIST [54]. We construct the datasets as follows: for the training setDi,

we choose 5000 images from the training set, and randomly perturb the label of γ percentage

of images. While for the validation set Do, we randomly select another 5000 images but

without any perturbation (all labels are correct). We adopt a 4-layer convolutional neural

network in the training. The experimental results are shown in Figure 2.2 and Figure 2.3.

For all the methods, we solve the inner problem with stochastic gradient descent, while
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for the outer optimizer, all the methods use the variance reduction for fair comparison.

In experiments, we vary the number of inner gradient descent steps T and the number of

hyper-gradient approximation steps K. The legend in the figures has the form of method-

T -K. For other hyper-parameters, we perform grid search for each method and choose the

best one (hyper-parameters selection is in Appendix E).

Figure 2.4: FSLA vs CG plot of Validation Loss w.r.t log10(Running Time). The Left plot
shows Fashion-MNIST and the right plot shows the QMNIST. γ is set 0.8.

As shown by the figures, our method converges much faster than the baseline methods.

Compared with BP, FSLA surpasses the best BP variant BP201 at the 500 iteration, as for

the running time, FSLA runs much faster. For NS and CG, T = 1 in figures represents

using the warm start, where the inner variable is updated from the state of last hyper-

iteration. The warm start trick has some kind of acceleration effects. However, for NS,

the running time is dominated by the evaluation of Neumann Series. For CG, it converges

with around 10 steps, but the extra time is still considerable compared to FSLA. Even with

similar computation cost, FSLA still outperforms CG. CG 1 1 and FSLA both perform one

step update per hyper-iteration, but CG converges much slower. This is due to failure of

reusing the historical information. Finally, Figure 2.4 includes results for Fashion-MNIST
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and QMNIST, where we compare with the best baseline method CG. Our FSLA still

outperforms it.

2.7 Proof of Theorems

We first state the full assumptions needed in our analysis:

Assumption 8. (Outer function) Function F has the following properties:

a) F (λ, ω) is possibly non-convex, ∂λF (λ, ω) and ∂ωF (λ, ω) are Lipschitz continuous

with constant LF,λ and LF,ω respectively

b) ∥∂λF (λ, ω)∥ ≤ CF,λ and ∥∂ωF (λ, ω)∥ ≤ CF,ω for some constants CF,λ and CF,ω

Assumption 9. (Inner function) Function G has the following properties:

a) G(x, y) is continuously twice differentiable, and µG-strongly convex w.r.t ω for any

given λ

b) ∂ωG(λ, ω) is Lipschitz continuous with constant LG,ω, ∥∂2
ωλG(λ, ω)∥ ≤ CG,ωλ for some

constant CG,ωλ

c) ∂2
ωλG(λ, ω) and ∂ω2G(λ, ω) are Lipschitz continuous with constant LG,ωλ and LG,ωω

respectively

For convenience, we assume Assumption A and Assumption B also hold for their stochastic

version. Next we make the bounded stochastic noise assumption, i.e.:

Assumption 10. (Bounded Variance) We have access to a stochastic unbiased estimate

of ∂2
ω2G(λ, ω), ∂2

ωλG(λ, ω), ∂ωG(λ, ω), ∂ωF (λ, ω), ∂λF (λ, ω) with their variance bounded by

σ2:
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a) E[∂λF (λ, ω; ξ)] = ∂λF (λ, ω) and var(∂λF (λ, ω; ξ)) ≤ σ2

b) E[∂ωF (λ, ω; ξ)] = ∂ωF (λ, ω) and var(∂ωF (λ, ω; ξ)) ≤ σ2

c) E[∂ωG(λ, ω; ξ)] = ∂ωG(λ, ω) and var(∂ωF (λ, ω; ξ)) ≤ σ2

d) E[∂2
ω2G(λ, ω; ξ)] = ∂2

ω2G(λ, ω) and var(∂2
ω2G(λ, ω; ξ)) ≤ σ2

e) E[∂2
ωλG(λ, ω; ξ)] = ∂2

ωλG(λ, ω) and var(∂2
ωλG(λ, ω; ξ)) ≤ σ2

2.7.1 Propositions

Proposition 11. (relaxed triangle inequality) Let {xk}, k ∈ K be K vectors. Then the

following are true:

1. ||xi + xj||2 ≤ (1 + a)||xi||2 + (1 + 1
a
)||xj||2 for any a > 0, and

2. ||∑K
k=1 xk||2 ≤ K

∑K
k=1 ||xk||2

Proposition 12. (separating mean and variance) Let {Ξk}, k ∈ K be K random variables.

Suppose that E(Ξi) = ξi and V ar(Ξi) ≤ σ2, then:

E[||
K∑

i=1

Ξk||2] ≤ ||
K∑

k=1

ξi||+K2σ2

Please refer to Lemma 3 and Lemma 4 in [55] for the proof of the two propositions.

We first restate Proposition 1 as follows:

Proposition 13. If for any λ ∈ Λ, ωλ is unique, and ∂ω2G(λ, ωλ) is invertible, we have:

∇λωλ = −∂ωλG(λ, ωλ)∂ω2G(λ, ωλ))−1
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and the hyper-gradient w.r.t λ has the following form:

∇λf = ∂λF (λ, ωλ)− ∂ωλG(λ, ωλ)∂ω2G(λ, ωλ))−1∂ωF (λ, ωλ)

This is a standard result in Bilevel optimization, we omit the proof here. Please refer to

Lemma 2.1 in [6] for more details.

2.7.2 Proof for Lemma 3 and its Application

We first restate Lemma 3 as follows:

Lemma 14. (Lemma 3 of main text) Suppose we denote mk =
∏k

s=0(1 − µGβs), eω,k =

||ωk − ωλ||, ep,k = ||pk − ∂ωF (λ, ωλ)|| for k ∈ [K]. Then if lim
K→∞

mK = 0, lim
k→∞

eω,K = 0,

lim
K→∞

mK
∑K−1

k=0 βkeω,k/mk is finite, in addition, for the backward mode: lim
K→∞

ep,K = 0; for

the forward mode: lim
K→∞

mK
∑K−1

k=0 βkep,k/mk is finite. Then we have ∇λfK → ∇λf , when

K →∞, where ∇λfK is defined in Lemma 2 of the main text.

Proof. Firstly, we prove for the backward mode case. We define:

AK =
K−1∑

k=0

βk∂ωλG(λ, ωk)
K−1∏

s=k+1

(I − βs∂ω2G(λ, ωs))

and A∗ = ∂ωλG(λ, ωλ)∂ω2G(λ, ωλ)−1. Then a recursive equation satisfied by Ak is:

Ak+1 =Ak (I − βk∂ω2G(λ, ωk)) + βk∂ωλ(λ, ωk)

=(1− βk)Ak + βk(Ak(I − ∂ω2G(λ, ωk)) + ∂ωλG(λ, ωk))

(2.11)
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then by reorganizing the terms in the definition of A∗, we have:

A∗ = A∗(I − ∂ω2G(λ, ωλ)) + ∂ωλG(λ, ωλ) (2.12)

By combining Eq. (2.11) and Eq. (2.12), we have:

||Ak+1 − A∗||

≤(1− βk)||Ak − A∗||+ βk||Ak(I − ∂ω2G(λ, ωk)) + ∂ωλG(λ, ωk)

− A∗(I − ∂ω2G(λ, ωλ))− ∂ωλG(λ, ωλ)||
(i)

≤(1− βk)||Ak − A∗||+ βk||Ak(I − ∂ω2G(λ, ωk))− A∗(I − ∂ω2G(λ, ωλ))||

+ βk||∂ωλG(λ, ωk)− ∂ωλG(λ, ωλ)||
(ii)

≤ (1− βk)||Ak − A∗||+ βk||(I − ∂ω2G(λ, ωk))||||Ak − A∗||

+ βk||A∗||||∂ω2G(λ, ωk)− ∂ω2G(λ, ωλ)||+ βk||∂ωλG(λ, ωk)− ∂ωλG(λ, ωλ)||
(iii)

≤ (1− βk + βk||(I − ∂ω2G(λ, ωk))||)||Ak − A∗||+ βk(LG,ωλ + CG,ωλLG,ω2/µG)eω,k

(iv)

≤ (1− µGβk)||Ak − A∗||+ C1βkeω,k

where (i) uses the triangle inequality; (ii) uses the Cauchy-schwarz inequality, (iii) uses the

property ||A∗|| ≤ CG,ωλ/µG (The property is straightforward, please refer to Lemma 2.2

in [7] for a proof); in (iv) we denote C1 = LG,ωλ + CG,ωλLG,ω2/µG for ease of writing. In

summary:

||Ak+1 − A∗|| ≤ (1− µGβk)||Ak − A∗||+ C1βkeω,k (2.13)
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Multiplying both sides by 1/mk and sum, we have:

||AK − A∗|| ≤ mK

(

||A0 − A∗||+ C1

K−1∑

k=0

βkeω,k/mk

)

Then since ∇λfK = ∂λF (λ, ωK) − AKpK and ∇λf = ∂λF (λ, ωλ) − A∗∂ωF (λ, ωλ), so we

have:

||∇λfK −∇λf || =||∂λF (λ, ωK)− AKpK − ∂λF (λ, ωλ) + A∗∂ωF (λ, ωλ)||
(i)

≤||∂λF (λ, ωK)− ∂λF (λ, ωλ)||+ ||∂ωF (λ, ωλ)||||AK − A∗||+ ||A∗||ep,K

(ii)

≤LF,λeω,K +
CG,ωλ

µG

ep,K + LF,ω||AK − A∗||

(2.14)

where (i) uses triangle inequality and Cauchy-Schwartz inequality; (ii) uses Assumption 8.a.

It is straightforward to verify ||∇λfK−∇λf || → 0 as k →∞. if the conditions in the Lemma

is satisfied.

Next for the forward mode, we take similar approaches. Suppose we define

vK =
K−1∑

k=0

βk

K−1∏

s=k+1

(I − βs∂ω2G(λ, ωs)) pk

and v∗ = ∂ω2G(λ, ωλ)−1∂ωF (λ, ωλ). Then we get the recursive equation for vk as:

vk+1 = (I − βk∂ω2G(λ, ωk)) vk + βkpk = (1− βk)vk + βk((I − ∂ω2G(λ, ωk))vk + pk) (2.15)
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then by reorganizing the terms in the definition of v∗, we have:

v∗ = (I − ∂ω2G(λ, ωλ))v∗ + ∂ωF (λ, ωλ) (2.16)

By combine Eq. (2.15) and Eq. (2.16), we have:

||vk+1 − v∗|| ≤(1− βk)||vk − v∗||+ βk||(I − ∂ω2G(λ, ωk))vk + pk

− (I − ∂ω2G(λ, ωλ))v∗ − ∂ωF (λ, ωλ)||
(i)

≤(1− βk)||vk − v∗||

+ βk||(I − ∂ω2G(λ, ωk))vk − (I − ∂ω2G(λ, ωλ))v∗||+ βkep,k

(ii)

≤ (1− βk)||vk − v∗||+ βk||(I − ∂ω2G(λ, ωk))||||vk − v∗||

+ βk||v∗||||∂ω2G(λ, ωk)− ∂ω2G(λ, ωλ)||+ βkep,k

(iii)

≤ (1− βk + βk||(I − ∂ω2G(λ, ωk))||)||vk − v∗||+ βkCF,λLG,ω2/µGeω,k + βkep,k

(iv)

≤ (1− µGβk)||vk − v∗||+ C2βkeω,k + βkep,k

where (i) uses the triangle inequality; (ii) uses the Cauchy-schwarz inequality; (iii) uses the

property ||v∗|| ≤ CF,λ/µG; (iv) denotes C2 = CF,λLG,ω2/µG. In summary:

||vk+1 − v∗|| ≤ (1− µGβk)||vk − v∗||+ C2βkeω,k + βkep,k (2.17)

Multiplying both sides by 1/mk and sum, then we have:

||vK − v∗|| ≤ mK

(

||v0 − v∗||+ C2

K−1∑

k=0

βkeω,k/mk +
K−1∑

k=0

βkep,k/mk

)
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Finally, since∇λfK = ∂λF (λ, ωK)−∂ωλG(λ, ωK)vK and∇λf = ∂λF (λ, ωλ)−∂ωλG(λ, ωλ)v∗,

so we have:

||∇λfK −∇λf || =||∂λF (λ, ωK) + ∂ωλG(λ, ωK)vK − ∂λF (λ, ωλ))− ∂ωλG(λ, ωλ)v∗||
(i)

≤||∂λF (λ, ωK)− ∂λF (λ, ωλ)||+ ||∂ωλG(λ, ωλ)|| ∗ ||vK − v∗||

+ ||v∗|| ∗ ||∂ωλG(λ, ωK)− ∂ωλG(λ, ωλ)||
(ii)

≤
(

LF,λ +
CF,λLG,ωλ

µG

)

eω,k + CG,ωλ||vK − v∗||

where (i) uses triangle inequality and Cauchy-Schwartz inequality and (ii) uses assump-

tion 8.a. It is straightforward to verify ||∇λfK −∇λf || → 0 as k →∞ if the conditions in

the lemma are satisfied. This completes the proof.

Next we show some corollaries that use specific sequences:

Corollary 15. Given a positive integer K, inner state ω̂K and constant β. We use backward

mode of sk and set ωk = ω̂K, pk = ∂ωF (λ, ω̂K) and βk = β for k ∈ [K]. If ∃ ϵ ∈ (0, 1),

such that βk ∈ (ϵ/µG, 1/µG), then we have: ||∇λfK −∇λf || = O(eω,K)

Corollary 16. Given a positive integer K, we have sequence {ω̂k} and {β̂k} for k ∈ [K].

We use backward mode of sk and pick ωk = ω̂k, pk = ∂ωF (λ, ω̂K) and βk = β̂k for k ∈ [K].

Suppose we have βk = O(k−1) and eω,k = O(k−0.5), then: ||∇λfK −∇λf || = O(K−0.5)

Corollary 17. Given a positive integer K, we have sequence {ω̂k} and {β̂k} for k ∈ [K].

We use forward mode of sk and pick ωk = ω̂k, pk = ∂ωF (λ, ω̂k) and βk = β̂k for k ∈ [K].

Suppose we have βk = O(k−1) and eω,k = O(k−0.5), then: ||∇λfK −∇λf || = O(K−0.5)

Proof. We first prove Corollary 15. Based on Lemma 14, Take corresponding values from
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Corollary 15, we have:

||AK − A∗|| ≤ mK

(

||A0 − A∗||+ C1

K−1∑

k=0

βkeω,k/mk

)

≤ (1− ϵ)K+1||A0 − A∗||+ C1eω,K

µG

K−1∑

k=0

(1− ϵ)K−k

≤ (1− ϵ)K+1||A0 − A∗||+ C1(1− ϵ)(1− (1− ϵ)K)

µGϵ
eω,K

≤ (1− ϵ)K+1||A0 − A∗||+ C1(1− ϵ)
µGϵ

eω,K = O(eω,K)

The last equality holds if eω,k converges slower than linear rate. Then we combine with

Eq. (2.14), and notice that ep,K = ||∂ωF (λ, ω̂K) − ∂ωF (λ, ωλ)|| ≤ LF,ωeω,K . It is straight-

forward to verify ||∇λfK −∇λf || = O(eω,K). This completes the proof for Corollary 15.

Next we use induction to prove Corollary 16. By the condition in the corollary, we

have βk = θ1

k+1
and eω,k = θ2

(k+1)0.5 for some constants θ1 > 1/2µG and θ2. Now we pick

θ3 = max(||A0−A∗||, C1θ1θ2

µGθ1−0.5
) with θ3 some constant. Then the base of induction satisfies

naturally, next suppose we have ||Ak − A∗|| ≤ θ3

(k+1)0.5 . By Eq. (2.13):

||Ak+1 − A∗|| ≤(1− µGθ1

k + 1
)

θ3

(k + 1)0.5
+

C1θ1θ2

(k + 1)1.5
≤ (1− µGθ1

k + 1
)

θ3

(k + 1)0.5
+

C1θ1θ2

(k + 1)1.5

≤(1− µGθ1

k + 1
)

θ3

(k + 1)0.5
+
θ3(µGθ1 − 0.5)

(k + 1)1.5
≤ θ3

(k + 1)0.5
+
−0.5θ3

(k + 1)1.5

≤ θ3

(k + 1)0.5

(

1− 1

2(k + 1)

)

≤ θ3

(k + 1)0.5
× (k + 1)0.5

(k + 2)0.5
≤ θ3

(k + 2)0.5

To get the second to last inequality, it is equivalent to get
(

1− 1
2(k+1)

)2 ≤ 1− 1
k+2

, which

is straightforward to verify. Then we combine with Eq. (2.14), and notice that ep,K =

||∂ωF (λ, ω̂K) − ∂ωF (λ, ωλ)|| ≤ LF,ωeω,K . It is straightforward to verify ||∇λfK − ∇λf || =

O(eω,K) = O(K−0.5). This finishes the proof for Corollary 16. As for Corollary 17, we follow
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similar induction steps as in the proof for Corollary 16, but we instead use the recursive

relation in Eq. (2.17)

It is also possible to consider other sequences, for example, when eω,k converges in a slower

rate such as O(K0.25), but these cases are not as realistic and inspiring as the three corol-

laries here.

2.7.3 Proof for Theorem 5 and the Lemmas

2.7.3.1 Preliminary Results and Notations

We first restate some definitions: ωλk
= arg min

ω
G(λk, ω);

vλk
= ∂ω2G(λk, ωλk

)−1∂ωF (λk, ωλk
); ∇fk = ∂λF (λk, ωk)− ∂ωλG(λk, ωk)vk, ∇fk(ξk) denotes

its stochastic estimate as in Algorithm 1. The expectation in the subsequent sections is in

terms of the randomness of ϵk as defined in the Algorithm 1 of the main text. Next, we

show some properties for ωλ and vλ in the following proposition:

Proposition 18. With Assumption 8 and 9 hold , we have:

||ωλ1 − ωλ2 || ≤ Cω||λ1 − λ2||, ||vλ1 − vλ2 || ≤ Cv||λ1 − λ2||

Where Cω =
CG,ωλ

µG
and Cv =

(

CF,ωLG,ωω

µ2
G

+
LF,ω

µG

)

(1 + Cω). Furthermore, we have ||vλ|| ≤

CF,ω

µG
, and we denote it as M =

CF,ω

µG
.

Proof. The Lipschitzness of ωλ is a rephrase of Lemma 2.2, case b) [6]. Please refer to the

paper for the proof. Then based on the definition of vλ = ∂ω2G(λ, ωλ)−1∂ωF (λ, ωλ), we get
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its bound based on Assumption 8.b and 9.a; as for its Lipschitzness, we have:

||vλ1 − vλ2|| =||∂ω2G(λ1, ωλ1)−1∂ωF (λ1, ωλ1)− ∂ω2G(λ2, ωλ2)−1∂ωF (λ2, ωλ2)||

≤||∂ωF (λ1, ωλ1)||||∂ω2G(λ1, ωλ1)−1 − ∂ω2G(λ2, ωλ2)−1||

+ ||∂ω2G(λ2, ωλ2)−1||||∂ωF (λ1, ωλ1)− ∂ωF (λ2, ωλ2)||

≤
(

CF,ωLG,ωω

µ2
G

+
LF,ω

µG

)

(||λ1 − λ2||+ ||ωλ1 − ωλ2||)

≤
(

CF,ωLG,ωω

µ2
G

+
LF,ω

µG

)

(1 + Cω)||λ1 − λ2||

To bound the term ||∂ω2G(λ1, ωλ1)−1 − ∂ω2G(λ2, ωλ2)−1||, we use the fact that ||H−1
2 −

H−1
1 || = ||H−1

1 (H2 − H1)H−1
2 || ≤ ||H−1

1 ||||H2 − H1||||H−1
2 ||. Then it is straightforward to

get the bound by Assumption 8 and 9. This completes the proof.

Next we show two useful bounds for ||ωk − ωλk
||2 and ||vk − vλk

||2:

Proposition 19. With Assumption 8 and 9 hold, we have:

E[||ωk − ωλk
||2] ≤(1 + γωαk−1)E[||ωk − ωλk−1

||2] +
C2

ωαk−1

γω

(1 + γωαk−1)E[||dk−1||2]

where γω is some constant.
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Proof. Firstly, we have:

E[||ωk − ωλk
||2]

(i)

≤(1 + γωαk−1)E[||ωk − ωλk−1
||2] + (1 +

1

γωαk−1

)E[||ωλk−1
− ωλk

||2]

(ii)

≤ (1 + γωαk−1)E[||ωk − ωλk−1
||2] + (1 +

1

γωαk−1

)C2
ωE[||λk−1 − λk||2]

≤(1 + γωαk−1)E[||ωk − ωλk−1
||2] + (1 +

1

γωαk−1

)C2
ωα

2
k−1E[||dk−1||2]

≤(1 + γωαk−1)E[||ωk − ωλk−1
||2] +

C2
ωαk−1

γω

(1 + γωαk−1)E[||dk−1||2]

where (i) uses Proposition A.1 and we take α as γωαk−1. (ii) is based on Proposition C.1.

This completes the proof.

Proposition 20. With Assumption 8 and 9 hold, we have:

E[||vk − vλk
||2] ≤(1 + γvαk−1)E[||vk − vλk−1

||2] +
C2

vαk−1

γv

(1 + γvαk−1)E[||dk−1||2]

where γv is some constant.

Proof. Firstly, we have:

E[||vk − vλk
||2]

(i)

≤(1 + γvαk−1)E[||vk − vλk−1
||2] + (1 +

1

γvαk−1

)E[||vλk−1
− vλk

||2]

(ii)

≤ (1 + γvαk−1)E[||vk − vλk−1
||2] + (1 +

1

γvαk−1

)C2
vE[||λk−1 − λk||2]

≤(1 + γvαk−1)E[||vk − vλk−1
||2] + (1 +

1

γvαk−1

)C2
vα

2
k−1E[||dk−1||2]

≤(1 + γvαk−1)E[||vk − vλk−1
||2] +

C2
vαk−1

γv

(1 + γvαk−1)E[||dk−1||2]

(2.18)

where (i) uses Proposition A.1 and we take α as γvαk−1. (ii) is based on Proposition C.1.

This completes the proof.
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2.7.3.2 Proof for Iteration Progress Lemma 4

Lemma 21. (Lemma 4 in the main text) With all the assumptions hold, we have:

E[f(λk+1)] ≤f(λk)− αk

2
||∇f(λk)||2 + αkΓ2

2E[||ωk − ωλk
||2] + 4αkΓ2

1E[||vk − vλk
||2]

+ αkE[||∇fk − dk||2]− αk

2
(1− αkLf )E[||dk||2]

where Γ2
1 = C2

G,ωλ, Γ2
2 = 2L2

F,λ + 4L2
G,ωλM

2, and M is denoted in Proposition 18.

Proof. Since f(λ) is smooth, we have: f(λk+1) ≤ f(λk) + ⟨∇f(λk), λk+1−λk⟩+ Lf

2
||λk+1−

λk||2 (The proof of f(λ) is smooth can be found in Lemma 2.2 of [6]). Combine with the

update rule λk+1 = λk − αkdk, we have:

E[f(λk+1)] ≤f(λk)− αkE[⟨∇f(λk), dk⟩] +
Lfα

2
k

2
E[||dk||2]

≤f(λk)− αk

2
||∇f(λk)||2 − αk

2
E[||dk||2]

+
αk

2
E[||∇f(λk)− dk||2] +

Lfα
2
k

2
E[||dk||2]

≤f(λk)− αk

2
||∇f(λk)||2 +

αk

2
E[||∇f(λk)− dk||2]− αk

2
(1− αkLf )E[||dk||2]

≤f(λk)− αk

2
||∇f(λk)||2 + αk E[||∇f(λk)−∇fk||2

︸ ︷︷ ︸

Π

+αkE[||∇fk − dk||2]

− αk

2
(1− αkLf )E[||dk||2]

In the last inequality, we use the relaxed triangle inequality. Next we bound the term Π.
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By the definition of ∇fk and ∇f(λk), we have:

E[||∇fk −∇f(λk)||2]

=E[||∂λF (λk, ωk)− ∂λF (λk, ωλk
)− (∂ωλG(λk, ωk)vk − ∂ωλG(λk, ωλk

)vλk
) ||2]

(i)

≤2E[||∂λF (λk, ωk)− ∂λF (λk, ωλk
)||2] + 2E[||∂ωλG(λk, ωk)vk − ∂ωλG(λk, ωλk

)vλk
||2]

(ii)

≤2L2
F,λE[||ωk − ωλk

||2] + 4E[||∂ωλG(λk, ωk)(vk − vλk
)||2]

+ 4E[||(∂ωλG(λk, ωk)− ∂ωλG(λk, ωλk
))vλk

||2]

(iii)

≤ 2L2
F,λE[||ωk − ωλk

||2] + 4E[||∂ωλG(λk, ωk)||2 ∗ ||vk − vλk
||2]

+ 4E[||∂ωλG(λk, ωk)− ∂ωλG(λk, ωλk
)||2 ∗ ||vλk

||2]

(iv)

≤ (2L2
F,λ + 4M2L2

G,ωλ)E[||ωk − ωλk
||2] + 4C2

G,ωλE[||vk − vλk
||2]

≤Γ2
2E[||ωk − ωλk

||2] + 4Γ2
1E[||vk − vλk

||2]

(2.19)

(i) and (ii) uses the relaxed triangle inequality, (iii) is by the smoothness Assumption 8.a

for the first term and the Cauchy-Schwartz inequality for the second and the third term;

(iv) uses the Assumption 9.b, 9.c and Proposition 18. Combine Eq. (2.19) and Eq. (2.19),

we have:

E[f(λk+1)] ≤f(λk)− αk

2
||∇f(λk)||2 + αkΓ2

2E[||ωk − ωλk
||2]

+ 4αkΓ2
1E[||vk − vλk

||2] + αkE[||∇fk − dk||2]− αk

2
(1− αkLf )E[||dk||2]

This completes the proof.
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2.7.3.3 Bounds for the Three Types of Errors

As shown by Lemma 21 of Section D.2, we have three types of errors: ||ωk − ωλk
||2,

||vk − vλk
||2 and ||∇fk − dk||2. We bound these errors in the subsequent three lemmas.

Lemma 22. With Assumption 8, 9 and 10 hold, and for 0 < ηk < 1, we have:

E[||dk −∇fk||2] ≤(1− ηk)E[||dk−1 −∇fk−1||2] + Cd,dα
2
k−1E[||dk−1||2] + Cd,nα

2
k−1σ

2

+ Cd,ωα
2
k−1E[||ωk−1 − ωλk−1

||2] + Cd,vα
2
k−1E[||vk−1 − vλk−1

||2]

where Cd,d = 2Γ2
2, Cd,ω = 2(c2

τ Γ2
2Γ2

3 + 4c2
βΓ2

1Γ2
4), Cd,v = 32c2

βΓ2
1Γ2

3, Cd,n = 2(c2
τ Γ2

2 + 4c2
β(1 +

M2)Γ2
1 + c2

η(1 +M2)), cβ, cτ and cη are some constants.

Proof. By the definition of dk, we have:

E[||dk −∇fk||2] = E[||∇fk(ξk) + (1− ηk)(dk−1 −∇fk−1(ξk))−∇fk||2]

=E[||(1− ηk)(dk−1 −∇fk−1) +∇fk(ξk)−∇fk + (1− ηk) ∗ (∇fk−1 −∇fk−1(ξk))||2]

(i)
=(1− ηk)2E[||dk−1 −∇fk−1||2] + E[||ηk(∇fk(ξk)−∇fk)

+ (1− ηk)(∇fk(ξk)−∇fk−1(ξk)− (∇fk −∇fk−1))||2]

(ii)

≤ (1− ηk)2E[||dk−1 −∇fk−1||2] + 2η2
kE[||∇fk(ξk)−∇fk||2]

+ 2(1− ηk)2E[||∇fk(ξk)−∇fk−1(ξk)− (∇fk −∇fk−1)||2]

(iii)

≤ (1− ηk)2E[||dk−1 −∇fk−1||2] + 2(1 +M2)η2
kσ

2

+ 2(1− ηk)2 E[||∇fk(ξk)−∇fk−1(ξk)||2]
︸ ︷︷ ︸

Π

(i) is because ξk is independent of dk−1, (ii) is because of the relaxed triangle inequality,
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and (iii) uses the inequality E[||X||2] ≥ E[||X − E[X]||2]. For the term Π:

E[||∇fk(ξk)−∇fk−1(ξk)||2]

=E[||∂λF (λk, ωk; ξk,4)− ∂ωλG(λk, ωk; ξk,5)vk − ∂λF (λk−1, ωk−1; ξk,4)

+ ∂ωλG(λk−1, ωk−1; ξk,5)vk−1||2]

(i)

≤2E[||∂λF (λk, ωk; ξk,4)− ∂λF (λk−1, ωk−1; ξk,4)||2]

+ 2E[||∂ωλG(λk, ωk; ξk,5)vk − ∂ωλG(λk−1, ωk−1; ξk,5)vk−1||2]

(ii)

≤2E[||∂λF (λk, ωk; ξk,4)− ∂λF (λk−1, ωk−1; ξk,4)||2]

+ 4M2E[||∂ωλG(λk, ωk; ξk,5)− ∂ωλG(λk−1, ωk−1; ξk,5)||2] + 4C2
G,ωλE[||vk − vk−1||2]

≤(2L2
F,λ + 4M2L2

G,ωλ)(E[||λk − λk−1||2] + E[||ωk − ωk−1||2]) + 4C2
G,ωλE[||vk − vk−1||2]

≤α2
k−1Γ2

2E[||dk−1||2]

+ Γ2
2E[||ωk − ωk−1||2]
︸ ︷︷ ︸

Π1

+4Γ2
1 E[||vk − vk−1||2]
︸ ︷︷ ︸

Π2

(i) is by the relaxed triangle inequality, (ii) uses Cauchy-Schwartz inequality, Assump-

tion 9.b and 9.c, we also use ||vk|| ≤ M , this can be proved by induction. Assume ||v0|| ≤

M , then by the triangle inequality and Cauchy-Schwartz inequality we have: ||vk+1|| ≤

βk+1||∂ωF (λk+1, ωk; ξk+1,2)|| + ||(I − βk+1∂ω2G(λk+1, ωk; ξk+1,3))||||vk|| ≤ βk+1CF,ω + (1 −

βk+1µG)M = M .

Next we bound the term Π1 and Π2 separately. For the term Π1, by separating mean and

variance, we firstly have:

E[||ωk − ωk−1||2] = τ 2
kE[||∂ωG(λk, ωk−1; ξk,1)||2] ≤ τ 2

kE[||∂ωG(λk, ωk−1)||2] + τ 2
kσ

2
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As for the term E[||∂ωG(λk, ωk; ξk,1)||2], we have:

E[||∂ωG(λk, ωk−1)||2]
(i)
=E[||∂ωG(λk, ωk−1)− ∂ωG(λk, ωλk

)||2]
(ii)

≤ L2
G,ωE[||ωk−1 − ωλk

||2]

(i) uses the definition of ωλk
; (ii) uses Assumption 9.b. Next for the term Π2, firstly by

separating mean and variance, we have:

E[||vk − vk−1||2] =β2
kE[||∂ωF (λk, ωk−1; ξk,2)− ∂ω2G(λk, ωk−1; ξk,3) ∗ vk−1||2]

≤β2
kE[||∂ωF (λk, ωk−1)− ∂ω2G(λk, ωk−1) ∗ vk−1||2] + β2

k(1 +M2)σ2

As for the term E[||∂ωF (λk, ωk−1)− ∂ω2G(λk, ωk−1) ∗ vk−1||2], we have:

E[||∂ωF (λk, ωk−1)− ∂ω2G(λk, ωk−1) ∗ vk−1||2]

(i)

≤E[||∂ωF (λk, ωk−1)− ∂ω2G(λk, ωk−1) ∗ vk−1 − (∂ωF (λk, ωλk
)− ∂ω2G(λk, ωλk

) ∗ vλk
)||2]

(ii)

≤2E[||∂ωF (λk, ωk−1)− ∂ωF (λk, ωλk
)||2]

+ 2E[||∂ω2G(λk, ωk−1) ∗ vk−1 − ∂ω2G(λk, ωλk
) ∗ vλk

||2]

(iii)

≤ 2L2
F,ωE[||ωk−1 − ωλk

||2] + 4M2E[||∂ω2G(λk, ωk−1)− ∂ω2G(λk, ωλk
)||2]

+ 4L2
G,ωE[|vk−1 − vλk

|||2]

(iv)

≤ 2(L2
F,ω + 2M2L2

G,ωω)E[||ωk−1 − ωλk
||2] + 4L2

G,ωE[|vk−1 − vλk
|||2]

≤Γ2
4E[||ωk−1 − ωλk

||2] + 4Γ2
3E[|vk−1 − vλk

|||2]

where (i) uses the definition of vλk
; (ii) uses generalized triangle inequality; (iii) uses

Assumption 9.b; (iv) uses the Assumption 9.c. Put everything back into Eq. (2.20), and
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re-organize the terms, we get:

E[||∇fk(ξk)−∇fk−1(ξk)||2]

≤α2
k−1Γ2

2E[||dk−1||2] + (τ 2
k Γ2

2Γ2
3 + 4β2

kΓ2
1Γ2

4)E[||ωk−1 − ωλk
||2] + 16β2

kΓ2
1Γ2

3E[|vk−1 − vλk
|||2]

+ (τ 2
k Γ2

2 + 4β2
k(1 +M2)Γ2

1)σ2

(2.20)

Finally, we put Eq. (2.20) back into Eq. (2.20) and get:

E[||dk −∇fk||2] ≤(1− ηk)2E[||dk−1 −∇fk−1||2] + 2(1− ηk)2α2
k−1Γ2

2E[||dk−1||2]

+ 2(1− ηk)2(τ 2
k Γ2

2Γ2
3 + 4β2

kΓ2
1Γ2

4)E[||ωk−1 − ωλk
||2]

+ 32(1− ηk)2β2
kΓ2

1Γ2
3E[||vk−1 − vλk

||2]

+ 2(1− ηk)2(τ 2
k Γ2

2 + 4β2
k(1 +M2)Γ2

1)σ2 + 2(1 +M2)η2
kσ

2
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Suppose we have τk = cταk−1, βk = cβαk−1 and ηk = cηαk−1, then:

E[||dk −∇fk||2]

≤(1− ηk)2E[||dk−1 −∇fk−1||2] + 2(1− ηk)2α2
k−1Γ2

2E[||dk−1||2]

+ 2(1− ηk)2α2
k−1(c2

τ Γ2
2Γ2

3 + 4c2
βΓ2

1Γ2
4)E[||ωk−1 − ωλk

||2]

+ 32(1− ηk)2α2
k−1c

2
βΓ2

1Γ2
3E[|vk−1 − vλk

|||2]

+ 2(1− ηk)2α2
k−1(c2

τ Γ2
2 + 4c2

β(1 +M2)Γ2
1)σ2 + 2(1 +M2)c2

ηα
2
k−1σ

2

≤(1− ηk)E[||dk−1 −∇fk−1||2] + 2(1− ηk)2α2
k−1Γ2

2E[||dk−1||2]

+ 2α2
k−1(c2

τ Γ2
2Γ2

3 + 4c2
βΓ2

1Γ2
4)E[||ωk−1 − ωλk

||2] + 32α2
k−1c

2
βΓ2

1Γ2
3E[|vk−1 − vλk

|||2]

+ 2α2
k−1(c2

τ Γ2
2 + 4c2

β(1 +M2)Γ2
1)σ2 + 2(1 +M2)c2

ηα
2
k−1σ

2

we use the fact that (1 − ηk)2 < (1 − ηk) < 1 in the last inequality. Then combine with

Proposition 19 and Proposition 20, we get:

E[||dk −∇fk||2]

≤(1− ηk)E[||dk−1 −∇fk−1||2] + 2α2
k−1Γ2

2E[||dk−1||2]

+ 2α2
k−1(c2

τ Γ2
2Γ2

3 + 4c2
βΓ2

1Γ2
4)(1 + γωαk−1)E[||ωk−1 − ωλk−1

||2]

+ 32α2
k−1c

2
βΓ2

1Γ2
3(1 + γvαk−1)E[|vk−1 − vλk−1

|||2]

+ 2α2
k−1(c2

τ Γ2
2 + 4c2

β(1 +M2)Γ2
1 + c2

η(1 +M2))σ2

≤(1− ηk)E[||dk−1 −∇fk−1||2] + 2Γ2
2α

2
k−1E[||dk−1||2]

+ 2(c2
τ Γ2

2Γ2
3 + 4c2

βΓ2
1Γ2

4)α2
k−1E[||ωk−1 − ωλk−1

||2]

+ 32c2
βΓ2

1Γ2
3α

2
k−1E[|vk−1 − vλk−1

|||2] + 2
(

c2
τ Γ2

2 + 4c2
β(1 +M2)Γ2

1 + c2
η(1 +M2)

)

α2
k−1σ

2
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In the first inequality, we omit the higher order terms of αk−1 for E[||dk−1||2]; In the second

inequality, notice 1 + γωαk−1 and 1 + γvαk−1 is O(1). Then we get the inequality shown in

the lemma. This completes the proof.

Lemma 23. With Assumption 8, 9, 10 hold and 0 < βk < 1/µG, we have:

E[||vk − vλk
||2] ≤(1 + γvαk−1)3(1− βkµG)E[||vk−1 − vλk−1

||2]

+ Cv,ωαk−1E[||ωk−1 − ωλk−1
||2] + Cv,dαk−1E[||dk−1||2] + Cv,nα

2
k−1σ

2

Where Cv,ω = c2
β

(

L2
F,ω +M2L2

G,ωω

)

/γv, Cv,d = C2
v/γv, Cv,n = c2

β(1 +M2) ,γv, cβ are some

constants.

Proof. Following the definition of vλ, it is easy to get:

vλ = β∂ωF (λ, ωλ) + (I − β∂ω2G(λ, ωλ)) vλ

. Next by the update rule of vk and separating mean and variance, we have:

E[||vk − vλk
||2] =E[||βk∂ωF (λk, ωk−1; ξk,2) + (I − βk∂ω2G(λk, ωk−1; ξk,3)) ∗ vk−1

− (βk∂ωF (λk, ωλk
) + (I − βk∂ω2G(λk, ωλk

)) ∗ vλk
) ||2]

≤E[||βk∂ωF (λk, ωk−1) + (I − βk∂ω2G(λk, ωk−1)) ∗ vk−1

− (βk∂ωF (λk, ωλk
) + (I − βk∂ω2G(λk, ωλk

)) ∗ vλk
) ||2] + (1 +M2)β2

kσ
2
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For the first term in the above equation, we have:

E[||βk∂ωF (λk, ωk−1) + (I − βk∂ω2G(λk, ωk−1)) ∗ vk−1

− (βk∂ωF (λk, ωλk
) + (I − βk∂ω2G(λk, ωλk

)) ∗ vλk
) ||2]

(i)

≤(1 +
1

γvαk−1

)β2
kE[||∂ωF (λk, ωk−1)− ∂ωF (λk, ωλk

)||2]

+ (1 + γvαk−1)E[||(I − βk∂ω2G(λk, ωk−1)) ∗ vk−1 − (I − βk∂ω2G(λk, ωλk
)) ∗ vλk

||2]

(ii)

≤ (1 +
1

γvαk−1

)L2
F,ωβ

2
kE[||ωk−1 − ωλk

||2]

+ (1 + γvαk−1)(1 +
1

γvαk−1

)M2β2
kE[||∂ω2G(λk, ωk−1)− ∂ω2G(λk, ωλk

)||2]

+ (1 + γvαk−1)2E[||(I − βk∂ω2G(λk, ωk−1)) ∗ (vk−1 − vλk
)||2]

(iii)

≤ (1 +
1

γvαk−1

)L2
F,ωβ

2
kE[||ωk−1 − ωλk

||2]

+ (1 + γvαk−1)(1 +
1

γvαk−1

)M2L2
G,ωωβ

2
kE[||ωk−1 − ωλk

||2]

+ (1 + γvαk−1)2(1− βkµG)2E[||(vk−1 − vλk
)||2]

≤
(

(1 +
1

γvαk−1

)L2
F,ω + (1 + γvαk−1)(1 +

1

γvαk−1

)M2L2
G,ωω

)

β2
kE[||ωk−1 − ωλk

||2]

+ (1 + γvαk−1)2(1− βkµG)2E[||(vk−1 − vλk
)||2]

where (i), (ii) uses relaxed triangle inequality case 2; (iii) uses Assumption 9. Finally,

combine the above two equations together we have:

E[||vk − vλk
||2]

≤
(

(1 +
1

γvαk−1

)L2
F,ω + (1 + γvαk−1)(1 +

1

γvαk−1

)M2L2
G,ωω

)

β2
kE[||ωk−1 − ωλk

||2]

+ (1 + γvαk−1)2(1− βkµG)2E[||(vk−1 − vλk
)||2] + (1 +M2)β2σ2
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Then we combine with Proposition 19 and 20 to have:

E[||vk − vλk
||2] ≤(1 + γvαk−1)3(1− βkµG)2E[||vk−1 − vλk−1

||2] + β2
k(1 +M2)σ2

+

(

(1 +
1

γvαk−1

)L2
F,ω + (2 + γvαk−1 +

1

γvαk−1

)M2L2
G,ωω

)

×

β2
k(1 + γωαk−1)E[||ωk−1 − ωλk−1

||2]

(ii)

+

(

(1 +
1

γvαk−1

)L2
F,ω + (2 + γvαk−1 +

1

γvαk−1

)M2L2
G,ωω

)

×

β2
k

C2
ωγvαk−1

γω

(1 + γωαk−1)E[||dk−1||2]

(iii)

+ C2
v (1 + γvαk−1)2(1 +

1

γvαk−1

)(1− βkµG)2γvα
2
k−1E[||dk−1||2]

Notice that (1 + γωαk−1) is O(1), so the term (ii) is O(α2
k), while (iii) is O(αk), so we can

omit the term (ii). Then use the fact that (1− βkµg)2 < (1− βkµG) < 1, we have:

E[||vk − vλk
||2] ≤(1 + γvαk−1)3(1− βkµG)E[||vk−1 − vλk−1

||2] + β2
k(1 +M2)σ2

+

(

(1 +
1

γvαk−1

)L2
F,ω + (2 + γvαk−1 +

1

γvαk−1

)M2L2
G,ωω

)

×

β2
k(1 + γωαk−1)E[||ωk−1 − ωλk−1

||2]

+ C2
v (1 + γvαk−1)2(1 +

1

γvαk−1

)α2
k−1E[||dk−1||2]

Finally suppose we have τk = cταk−1, βk = cβαk−1 and ηk = cηαk−1, and omit the higher

order terms, we get:

E[||vk − vλk
||2] ≤(1 + γvαk−1)3(1− βkµG)E[||vk−1 − vλk−1

||2] + c2
βα

2
k−1(1 +M2)σ2

+
(

L2
F,ω +M2L2

G,ωω

)

c2
βαk−1/γvE[||ωk−1 − ωλk−1

||2]

+ C2
vαk−1/γvE[||dk−1||2]
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Lemma 24. With Assumption 8, 9 and 10 hold, and 0 < τk < min( µG

L2
G,ω
, 1

µG
), we have:

E[||ωk − ωλk
||2] ≤(1− µGτk)(1 + γωαk−1)E[||ωk−1 − ωλk−1

||2]

+ Cω,dαk−1E[||dk−1||2] + Cω,nα
2
k−1σ

2

Where Cω,d = C2
ω/γω, Cω,n = c2

τ , γω and cτ are some constants.

Proof. Firstly by the update rule of ωk, we have:

E[||ωk − ωλk
||2] = E||ωk − τk∂ωG(λk, ωk; ξk,1)− ωλk

||2]

=E[||ωk − ωλk
||2] + τ 2

kE||∂ωG(λk, ωk; ξk,1)||2]− 2τkE[⟨ωk − ωλk
, E[∂ωG(λk, ωk; ξk,1)]⟩]

=E[||ωk − ωλk
||2] + τ 2

kE||∂ωG(λk, ωk; ξk,1)||2]− 2τkE[⟨ωk − ωλk
, ∂ωG(λk, ωk)⟩]

(i)

≤(1− 2µGτk)E[||ωk − ωλk
||2] + τ 2

kE[||∂ωG(λk, ωk; ξk,1)||2]

(ii)

≤ (1− 2µGτk)E[||ωk − ωλk
||2] + τ 2

kE[||∂ωG(λk, ωk)− ∂ωG(λk, ωλk
)||2] + τ 2

kσ
2

(iii)

≤ (1− 2µGτk + τ 2
kL

2
G,ω)E[||ωk − ωλk

||2] + τ 2
kσ

2
(iv)

≤ (1− µGτk)E[||ωk − ωλk
||2] + τ 2

kσ
2

(2.21)

Where (i) uses the strong convexity of G and the inequality for strongly convex function:

⟨ωk − ωλk
, ∂ωG(λk, ωk)⟩ ≥ µG||ωk − ωλk

||2. (ii) uses separating mean and variance and the

definition of ωλk
; (iii) uses Assumption 9.b; (iv) uses the condition that τk < µG/L

2
G,ω.
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Finally, we combine Eq. (2.21) with Proposition 19, we get:

E[||ωk − ωλk
||2] ≤(1− µGτk)(1 + γωαk−1)E[||ωk−1 − ωλk−1

||2]

+
C2

ω

γω

αk−1E[||dk−1||2] + c2
τα

2
k−1σ

2

Where we omit the term 1 + γωαk−1 for E[||dk−1||2], and use the fact that τk = cταk−1.

This completes the proof.

2.7.3.4 Proof for the convergence Theorem 5

Theorem 25. (Theorem 5 in the main text) With Assumption 8, 9 and 10 hold, and

suppose βk = cβαk−1, τk = cταk−1, ηk = cηαk−1, and αk = δ/
√
k + 1, then we have:

1

K

K−1∑

k=0

||∇f(λk)||2 ≤ 2Φ0

δ
√
K

+
2δC̄σ2 ln(K + 1)√

K

where γv = 32Γ2
1C

2
v , γω = 8Γ2

2C
2
w

cτ = (2γvΓ2
2γω + 2γvΓ2

2 + 4Γ2
1c

2
β

(

L2
F,ω +M2L2

G,ωω

)

)/(γvΓ2
2µG),cη = 4Γ2

2/Lf , cβ = 2(3γv +

1)/µG, C̄ = Cd,n/cη + 4Γ2
1Cv,n + Γ2

2Cω,n, δ is a constant such that it satisfies Eq. (2.30).

Proof. We firstly denote the following potential function:

Φk = f(λk) + Γ2
2Ak + 4Γ2

1Bk + Ck/cη

where Ak = ||ωk−ωλk
||2, Bk = ||vk− vλk

||2, Ck = ||∇fk− dk||2. Next we bound Φk+1−Φk,
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which is composed of four terms, we get a bound for each of them based on Lemma 21-24.

By Lemma 21, we have:

E[f(λk+1)− f(λk)] ≤− αk

2
||∇f(λk)||2 + αkΓ2

2E[Ak]

+ 4αkΓ2
1E[Bk] + αkE[Ck]− αk

2
(1− αLf )E[||dk||2]

(2.22)

By Lemma 22, we have:

E[Ck+1 − Ck] ≤ −cηαkE[Ck] + Cd,dα
2
kE[||dk||2] + Cd,ωα

2
kE[Ak] + Cd,vα

2
kE[Bk] + Cd,nα

2
kσ

2

(2.23)

By Lemma 23, we have:

E[Bk+1 −Bk] ≤((1 + γvαk)3(1− βk+1µG)− 1)E[Bk]

+ Cv,ωαkE[Ak] + Cv,dαkE[||dk||2] + Cv,nα
2
kσ

2

(2.24)

By Lemma 24, we have:

E[Ak+1 − Ak] ≤ ((1− µGτk+1)(1 + γωαk)− 1)E[Ak] + Cω,dαkE[||dk||2] + Cω,nα
2
kσ

2 (2.25)

Sum inequalities Eq. (2.22)- (2.25), we have:

Φk+1 − Φk ≤−
αk

2
||∇f(λk)||2 +

(

Cd,n/cη + 4Γ2
1Cv,n + Γ2

2Cω,n

)

α2
kσ

2 (2.26)

The terms related to E[||dk||2], E[Ak] and E[Bk] are eliminated by using the facts shown
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in Eq. (2.27)- (2.29). Firstly, for terms related to E[||dk||2], we have:

2Γ2
2

cη

α2
k +

4Γ2
1C

2
v

γv

αk +
Γ2

2C
2
ω

γω

αk <
αk

2
(1− αkLf ) (2.27)

Next for the term related to E[Bk], we have:

4Γ2
1((1 + γvαk)3(1− βk+1µG)− 1) + 32c2

βΓ2
1Γ2

3α
2
k/cη + 4Γ2

1αk < 0 (2.28)

Finally, for the term involved with E[Ak], we have:

Γ2
2((1 + γωαk)(1− µGτk+1)− 1) + 2(c2

τ Γ2
2Γ2

3

+ 4c2
βΓ2

1Γ2
4)α2

k/cη + 4Γ2
1c

2
β

(

L2
F,ω +M2L2

G,ωω

)

αk/γv + Γ2
2αk < 0

(2.29)

We can verify the correctness of the inequalities Eq. (2.27)- (2.29) by taking the cor-

responding values of γv = 32Γ2
1C

2
v , γω = 8Γ2

2C
2
w, cη = 4Γ2

2/Lf , cβ = 2(3γv + 1)/µG,

cτ = (2γvΓ2
2γω + 2γvΓ2

2 + 4Γ2
1c

2
β

(

L2
F,ω +M2L2

G,ωω

)

)/(γvΓ2
2µG) as stated in the Theorem and

let δ satisfy the following condition:

δ < min

(

1

4Lf

,
2Γ2

2µGcβ

12Γ2
2γ

2
v + 8Γ2

3Lfc2
β

,
cηΓ2

2(1 + γω)

2(c2
τ Γ2

2Γ2
3 + 4c2

βΓ2
1Γ2

4) + Γ2
2cη

,

1

cη

,
1

2(3γv + 1)
,

1

cτµG

,
µG

cτL2
G,ω

)

Now we summarize both sides of Eq. (2.26), and rearrange the terms:

K−1∑

k=0

αk

2
||∇f(λk)||2 ≤(Φ0 − ΦK) + C̄

K−1∑

k=0

α2
kσ

2
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We denote C̄ = Cd,n/cη + 4Γ2
1Cv,n + Γ2

2Cω,n. Suppose we take αk = δ√
k+1

where δ is chosen

s.t. Eq. (2.30) is satisfied, we get:

δ√
K

K−1∑

i=0

||∇f(λk)||2 ≤
K−1∑

i=0

δ√
k
||∇f(λk)||2 ≤2Φ0 + 2C̄δ2σ2 ln(K + 1)

Divide both sides by K, we have:

1

K

K−1∑

i=0

||∇f(λk)||2 ≤ 2Φ0

δ
√
K

+
2δC̄σ2 ln(K + 1)√

K

2.8 More Experimental Details

In the Hyper Data-cleaning task, we test over MNIST [52], Fashion-MNIST [53] and

QMNIST [54]. The datasets are created as described in the main text. In experiments,

we use batch-size 256 and run 2000 hyper-iterations. Other hyper-parameters are chosen

as follows: we pick δ = 1000, cτ = 0.001, cβ = 10−4 and cη = 9 ∗ 10−4 for our FSLA.

For BP method, we pick δ = 1000, cτ = 0.001 and cη = 9 ∗ 10−4; For NS method, we

choose δ = 1000, cτ = 0.001, cη = 9 ∗ 10−4 and β as 0.1; For CG method, we choose

δ = 1000, cτ = 0.001, and cη = 9 ∗ 10−4. Next, we present some ablation studies of the

hyper-parameters for FSLA, and the results are shown in Figure 2.5 and Figure 2.6. In

each plot, we vary one hyper-parameter and fix other hyper-parameters whose values are

taken as just mentioned. We do not include hyper-parameters that diverge. For example,

when the batch-size is 32 or when cβ is 5× 10−4, the algorithm does not converge.
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Figure 2.5: Ablation Study for Batch Size (Left) and outer learning rate coefficient δ
(Right).

Figure 2.6: Ablation Study for cτ (Left) and outer cη (Middle)a and cβ (Right).

54



Chapter 3: Provably Faster Algorithms for Bilevel Optimization via Without-

Replacement Sampling

3.1 Introduction

Bilevel optimization [16, 17] has received a lot of interest recently due to its wide-

ranging applicability in machine learning tasks, including hyper-parameter optimization [37],

meta-learning [38] and personalized federated learning [56]. A bilevel optimization problem

is a type of nested two-level problems as follows:

min
x∈Rp

h(x) := f(x, yx) s.t. yx = arg min
y∈Rd

g(x, y), (3.1)

which includes an outer problem f(x, y) and a inner problem g(x, y). The outer problem

f(x, y) relies on the solution yx of the inner problem g(x, y). Eq. (3.1) can be solved through

gradient descent: xt+1 = xt − η∇h(xt), with η be the stepsize and ∇h(xt) be gradient at

the state xt. Specially, the gradient ∇h(x) [6] is a function of the inner problem minimizer

yx, first order derivatives ∇xf(x, y), ∇yf(x, y), ∇yg(x, y) and second order derivatives

∇xyg(x, y), ∇y2g(x, y). In particular, yx can be solved though gradient descent: yt+1 =

yt − γ∇yg(x, yt) with γ be the stepsize and ∇yg(xt, yt) be gradient at the iterate (xt, yt).

In the standard setup, the outer and inner problems are defined over two datasets Du =

55



{ξi, i ∈ [m]} and Dl = {ζj, i ∈ [n]}, respectively:

f(x, y) =
1

m

m∑

i=1

f(x, y; ξi), g(x, y) =
1

n

n∑

j=1

g(x, y; ζj),

Naturally, we sample from the datasets to estimate the first and second-order derivatives

in the hyper-gradient formulation. And to guarantee convergence, previous approaches re-

quire the examples be mutually independent [12] even at the same state (x, y). For example,

two different examples ζ1 and ζ2 are sampled to estimate ∇yg(x, y) and ∇y2g(x, y), respec-

tively. This leads to extra computational cost in practice. Indeed, two backward passes

are required to evaluate ∇xf(x, y) and ∇yf(x, y), while five backward passes are needed to

evaluate ∇yg(x, y), ∇y2g(x, y) and ∇xyg(x, y) for a given state of (x, y). In contrast, one

backward pass are needed to evaluate the former and two backward passes for the latter

if not sampling independently for each property. This leads to notable computational cost

difference for the current large-scale machine learning models [57]. Therefore, it is ben-

eficial to explore other example-selection strategies beyond independent sampling. More

specifically, we aim to answer the following question in this work: Can we solve the bilevel

optimization problem without using independent sampling?

Although example-selection is under-explored for bilevel optimization, it has been

well studied in the single level optimization literature [60, 61, 62]. For single level prob-

lems: min
x∈Rp

f(x) = 1
n

∑n
i=1 f(x; ξi), we iteratively perform the stochastic gradient step

xt+1 = xt − η∇f(xt, ξt), where the sample gradient is used to estimate the full gradi-

ent and the example ξt is sampled according to some order. More specifically, the sam-

pling schemes are roughly divided into two categories: with-replacement sampling and
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Table 3.1: Comparisons of the Bilevel Opt. & Conditional Bilevel Opt. al-
gorithms for finding an ϵ-stationary point. We include comparison with stochastic
gradient descent type of methods and a more comprehensive comparison including other ac-
celeration methods can be found in Table 3.2 of Appendix. An ϵ-stationary point is defined
as ∥∇h(x)∥ ≤ ϵ. Gc(f, ϵ) and Gc(g, ϵ) denote the number of gradient evaluations w.r.t.
f(x, y) and g(x, y); JV (g, ϵ) denotes the number of Jacobian-vector products; HV (g, ϵ) is
the number of Hessian-vector products. m and n are the number of data examples for the
outer and inner problems, in particular, n is the maximum number of inner problems for
conditional bilevel optimization. Our methods have a dependence over example numbers
(max(m,n))q, q is a value decided by without-replacement sampling strategy and can have
value in [0, 1] (A herding-based permutation [1] can let q = 0).

Setting Algorithm Gc(f, ϵ) Gc(g, ϵ) JV (g, ϵ) HV (g, ϵ)

B.O.

BSA [6] O(ϵ−4) O(ϵ−6) O(ϵ−4) O(ϵ−4)
TTSA [15] O(ϵ−5) O(ϵ−5) O(ϵ−5) O(ϵ−5)

StocBiO [12] O(ϵ−4) O(ϵ−4) O(ϵ−4) O(ϵ−4)
SOBA [58] O(ϵ−4) O(ϵ−4) O(ϵ−4) O(ϵ−4)

AID/ITD [12] O(max(m,n)ϵ−2) O(max(m,n)ϵ−2) O(max(m,n)ϵ−2) O(max(m,n)ϵ−2)
WiOR-BO(Ours) O((max(m,n))qϵ−3) O((max(m,n))qϵ−3) O((max(m,n))qϵ−3) O((max(m,n))qϵ−3)

Cond. B.O.
DL-SGD [59] O(ϵ−4) O(ϵ−6) O(ϵ−4) O(ϵ−4)

RT-MLMC [59] O(ϵ−4) O(ϵ−4) O(ϵ−4) O(ϵ−4)
WiOR-CBO (Ours) O((max(m,n))qϵ−3) O((max(m,n))2qϵ−4) O(n(max(m,n))qϵ−3) O((max(m,n))2qϵ−4)

without-replacement sampling. Traditional stochastic gradient descent typically employs

with-replacement sampling to ensure an unbiased estimation of the full gradient in each

iteration. In contrast, the without-replacement sampling has biased estimation at each

iteration. Despite this, when averaging the gradients of consecutive examples, without-

replacement sampling can approximate the full gradient more efficiently [63]. In fact, any

permutation-based without-replacement sampling has that the gradient estimation error

contracts at rate of O(K−2) [63] where K is the number of steps, while stochastic gradi-

ent descent only has a rate of O(K−1). Inspired by the properties of without-replacement

sampling demonstrated in the single-level optimization, we design the algorithm named

WiOR-BO (and its variants) which performs without-replacement sampling for bilevel op-

timization. Naturally, WiOR-BO does not require the independent sampling as in previous

methods. In fact, our algorithm enjoys favorable convergence rate. As shown in Table 3.1,

WiOR-BO converges faster compared with their counterparts (e.g. StocBiO [12]) using in-
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dependent sampling. Actually, WiOR-BO gets comparable convergence rate with methods

using more complicated variance reduction techniques (e.g. MRBO [32]). In Table 3.2, we

perform a more comprehensive comparison with other variance reduction techniques and

in Section 3.8 of Appendix, we further compare WiOR-BO with these methods.

The contributions of our work can be summarized as:

1. We propose WiOR-BO which performs without-sampling to solve the bilevel op-

timization problem and converges to an ϵ stationary point with a rate of O(ϵ−3).

This rate improves over the O(ϵ−4) rate of its counterparts (e.g. stocBiO [12]) using

independent sampling.

2. We propose WiOR-CBO for the conditional bilevel optimization problems and show

that our algorithm converges to an ϵ stationary point with a rate of O(ϵ−4). This

rate improves over the O(ϵ−6) rate of its counterparts (e.g. DL-SGD [59]) using

independent-sampling.

3. We customize our algorithms to the special cases of minimax and compositional

optimization problems and demonstrate similar favorable convergence rates.

Notations. ∇ (∇x) denotes full gradient (partial gradient, over variable x), higher

order derivatives follow similar rules. [n] represents sequence of integers from 1 to n. O(·)

is the big O notation, and we hide logarithmic terms.

3.2 Related Works

Bilevel Optimization has its roots tracing back to the 1960s, beginning with the

regularization method proposed by [16], and then followed by many research works [8,
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17, 19, 64]. In the field of machine learning, similar implicit differentiation techniques

were used to solve Hyper-parameter Optimization [20, 21, 23]. Exact solutions for Bilevel

Optimization solve the inner problem for each outer variable but are inefficient. More

efficient algorithms solve the inner problem with a fixed number of steps, and use the ‘back-

propagation through time’ technique to compute the hyper-gradient [24, 25, 26, 27, 28].

Recently, single loop algorithms [6, 12, 13, 15, 32, 58, 65, 66] are introduced to perform the

outer and inner updates alternatively. Besides, other aspects of the bilevel optimization

are also investigated: [59] studied a type of conditional bilevel optimization where the inner

problem depends on the example of the outer problem; [67, 68] studied the Hessian-

free bilevel optimization and proposed an algorithm with optimal convergence rate; [69]

proposed an efficient single loop algorithm for the general non-convex bilevel optimization;

[70, 71] studies the bilevel optimization in the federated learning setting.

Sample-selection in stochastic optimization has been extensively studied for the

case of single level optimization problems [60, 72, 73, 74]. Beyond the with-replacement

sampling adopted by SGD, various without-replacement strategies were also studied in

the literature. The random-reshuffling strategy shuffles the data samples at the start of

each training epoch, and its property was first studied in [61] via the non-commutative

arithmetic-geometric mean conjecture and followed by [73, 75]. [62, 76] studied the shuffling-

once strategy, where the data samples are only shuffled at the start of the training once; [77]

investigated data echoing where one data sample is repeatedly used. Quasi-Monte Carlo

sampling is also applied in stochastic gradient descent [63, 78]. Recently, [1, 63] proposed to

use average gradient error to study the convergence of various example order strategies and

then proposed a herding-based sampling strategy [79] to proactively minimize the average
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gradient error.

3.3 Without-Replacement Sampling in Bilevel Optimization

In this work, we focus on the following finite-sum bilevel optimization problem:

min
x∈Rp

h(x) := f(x, yx) =
1

m

m∑

i=1

f(x, yx; ξi), s.t. yx = arg min
y∈Rd

g(x, y) =
1

n

n∑

j=1

g(x, y; ζj)

(3.2)

where both the outer and the inner problems are defined over a finite dataset, and we denote

them as Du = {ξi, i ∈ [m]} and Dl = {ζj, j ∈ [n]}, respectively. Under mild assumptions,

the hyper-gradient of h(x) is:

∇h(x) = ∇xf(x, yx)−∇xyg(x, yx)ux, ux = ∇y2g(x, yx)−1∇yf(x, yx) (3.3)

Our objective is to minimize h(x) by exploiting Eq. (3.3) with examples from Du and Dl at

each step. More specifically, for a given example order π denoting the following example-

selection sequence as {ξπ
t ∈ Du} and {ζπ

t ∈ Dl} for t ∈ [T ], where T denotes the length

of the sequence and can be arbitrarily large. We then perform the following update steps

iteratively for t ∈ [T ]:

yt+1 = yt − γt∇yg(xt, yt; ζ
π
t ) (3.4a)

ut+1 = ut − ρt(∇y2g(xt, yt; ζ
π
t )ut −∇yf(xt, yt; ξ

π
t )) (3.4b)

xt+1 = xt − ηt(∇xf(xt, yt; ξ
π
t )−∇xyg(xt, yt; ζ

π
t )ut) (3.4c)
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Algorithm 2 Without-Replacement Bilevel Optimization (WiOR-BO)

1: Input: Initial states x0
I , y0

I and u0
I ; learning rates {γr

i , ρ
r
i , η

r
i }, i ∈ [I], r ∈ [R], I :=

lcm(m,n) denotes the least common multiple of m and n.
2: for epochs r = 1 to R do
3: Randomly sample I/m permutations of outer dataset and concatenate them to have

{ξπ
i , i ∈ [I]}, sample I/n permutations of inner dataset and concatenate them to

have {ζπ
i , i ∈ [I]};

4: Set yr
0 = yr−1

I , ur
0 = Pι(u

r−1
I ) and xr

0 = xr−1
I

5: for i = 0 to I − 1 do
6: yr

i+1 = yr
i − γr

i∇yg(xr
i , y

r
i ; ζπ

i ); ur
i+1 = ur

i − ρr
i (∇y2g(xr

i , y
r
i ; ζπ

i )ur
i −∇yf(xr

i , y
r
i ; ξπ

i ));
7: xr

i+1 = xr
i − ηr

i (∇xf(xr
i , y

r
i ; ξπ

i )−∇xyg(xr
i , y

r
i ; ζπ

i )ur
i );

8: end for
9: end for

where Eq. (3.4) adopts the single-loop [65] update. More specifically, Eq. (3.4a) per-

forms gradient descent to estimate the minimizer yx; Eq. (3.4b) performs gradient descent

to estimate ux defined in Eq. (3.3); and Eq. (3.4c) perform the gradient descent step given

the estimation of yx and ux.

Note that at each step t, we use a pair of examples {ξπ
t , ζ

π
t } to estimate the involved

properties and require only three backward passes, i.e. ∇f(xt, yt; ξ
π
t ), ∇g(xt, yt; ζ

π
t ) and

∇(∇yg(xt, yt; ζ
π
t )). In contrast, if we independently sample examples for each property,

seven backward passes are needed. For large-scale machine learning models where back-

propagation is expensive, our method can lead to significant computation saving in practice.

Equation (3.4) is independent of the specific order of samples. It can accommodate

both with-replacement and without-replacement sampling strategies. In particular, we

consider two most widely-used without-replacement sampling methods: random-reshuffling

and shuffle-once. For random-reshuffling, we set T = R × lcm(m,n), where lcm(m,n)

denotes the least common multiple of m and n and R is a constant. More specifically, we

generate R× lcm(m,n)/m random permutations of examples in Du then concatenate them
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to get {ξπ
t ∈ Du}, and we follow similar procedure to generate {ζπ

t ∈ Du}. In algorithm 2,

we show our WiOR-BO algorithm for solving Eq. (3.2) with random-reshuffling sampling.

Note that in Line 4 of Algorithm 2, Pι(·) is the projection operation to an ι-size ball and we

perform projection to make ut be bounded during updates. Shuffle-once is another widely

used without-replacement sampling strategy, where a single permutation is generated and

reused for both Du and Dl, and we can modify Line 3 of Algorithm 2 to incorporate shuffle-

once. Finally, compared to independent sampling-based algorithm such as stocBiO [12], we

require extra space to generate and store the orders of examples, but this cost is negligible

compared to memory and computational cost of training large scale models.

3.3.1 Conditional Bilevel Optimization

In Eq. (3.2), we assume the outer dataset Du and the inner dataset Dl are independent

with each other. However, it is also common in practice that the inner problem not only

relies on the outer variable x, but also the current outer example. This type of problems is

known as conditional (contextual) bilevel optimization problems [59] in the literature and

we consider the finite setting as follows:

min
x∈Rp

h(x) := f(x, yx) =
1

m

m∑

i=1

f(x, y(ξi)
x , ξi), (3.5)

s.t. y(ξi)
x = arg min

y∈Rd

g(ξi)(x, y) =
1

nξi

nξi∑

j=1

g(x, y; ζξi,j), (3.6)

Note that in Eq. (3.5), the outer problem is defined on a finite dataset Du = {ξi, i ∈ [m]},

and for each example ξi ∈ Du, we have a inner problem g(ξi)(x, y) defined on a dataset
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Dl,ξi
= {ζξi,j, j ∈ [nξi

]}. The hyper-gradient of Eq. (3.5) is:

∇h(x) =
1

m

m∑

i=1

(

∇xf(x, yξi
x ; ξi)−∇xyg

(ξi)(x, yξi
x )uξi

x

)

, uξi
x = ∇y2g(ξi)(x, yx)−1∇yf(x, yx; ξi),

(3.7)

The key difference of Eq. (3.7) with Eq. (3.3) is that yξi
x and uξi

x are defined for each example

ξi ∈ Du. To minimize h(x) in Eq. (3.5), we assume a sample order π denoting the following

example selection sequence as {ξπ
t ∈ Du, t ∈ [T ]}, where T denotes the example sequence

length and can be arbitrarily large. We then perform the following update steps iteratively:

xt+1 = xt − ηt(∇xf(xt, ŷt; ξ
π
t )−∇xyg

ξπ
t (xt, ŷt)ût) (3.8)

where ŷt and ût are estimations of y
ξπ

t
xt u

ξπ
t

xt . We get them by performing the following rules

Tl steps over the sample order {ζπ
ξπ

t ,tl
∈ Dl,ξπ

t
, tl ∈ [Tl]}}:

ytl+1 = ytl
− γtl

∇yg(xt, ytl
; ζπ

ξπ
t ,tl

), utl+1 = utl
− ρtl

(∇y2g(xt, ytl
, ζπ

ξπ
t ,tl

)utl
−∇yf(xt, ytl

; ξπ
t ))

(3.9)

where both the outer variable state xt and sample ξπ
t are fixed. We then set ŷt = yTl

and

ût = uTl
in Eq. (3.8). Note that Eq. (3.8) and Eq. (3.9) perform a double-loop update

rule [59]. Since the inner problem relies on the example of the outer problem, we compute

yξi
x and uξi

x for each new state x and sample ξi instead of reusing them as in the single loop

update of Eq. (3.4).

Note that an important feature of our algorithm is that we select samples based on
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Algorithm 3 Without-Replacement Conditional Bilevel Optimization (WiOR-CBO)

1: Input: Initial state x0, learning rates {ηr
i }, i ∈ [m], r ∈ [R].

2: for epochs r = 1 to R do
3: Randomly sample a permutation of outer dataset to have {ξπ

i , i ∈ [m]} and set
xr

0 = xr−1
m or x0 if r = 1.

4: for i = 0 to m− 1 do
5: Initial states y0 and u0, learning rates {γs

j , ρ
s
j}, j ∈ [ni], s ∈ [S].

6: for s = 1 to S do
7: Sample a permutation of inner dataset to have {ζπ

ξi,j
, j ∈ [ni]} , set ys

0 = ys−1
ni

and us
0 = Pι(u

s−1
ni

) or ys
0 = y0 and us

0 = u0 if s = 1.
8: for j = 0 to ni − 1 do
9: ys

j+1 = ys
j − γs

j∇yg(xr
i , y

s
j ; ζπ

ξi,j
);

10: us
j+1 = us

j − ρs
j(∇y2g(xr

i , y
s
j ; ζπ

ξi,j
)us

j −∇yf(xr
i , y

s
j ; ξπ

i ));
11: end for
12: end for
13: xr

i+1 = xr
i − ηr

i (∇xf(xr
i , y

S
ni

; ξπ
i )−∇xyg

ξπ
i (xr

i , y
S
ni

)uS
ni

);
14: end for
15: end for

an example order π at each step instead of sampling independently. Similar to the un-

conditional bilevel optimization, various example orders can be incorporated. For random-

reshuffling, we set T = Rm with R be a constant. Then we generate R random permuta-

tions of examples in Du and concatenate them to get the example order {ξπ
t ∈ Du, t ∈ [T ]}.

Similarly, we concatenate S random permutations of the inner dataset Dl,ξt to get {ζπ
ξπ

t ,tl
∈

Dl,ξπ
t
, tl ∈ [Tl]}} with a sequence length Tl = S × nξi

. We summarize this in Algorithm 3

and denote it as WiOR-CBO. We slightly abuse the notation to replace nξi
with ni in the

inner loop update for better clarity.

3.3.2 MiniMax and Compositional Optimization Problems

Our discussion of without-replacement sampling for bilevel optimization can be cus-

tomized for two important nested optimization problems: compositional optimization and

minimax optimization problems, as they can be viewed as a special type of bilevel opti-
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mization problem. Suppose we let the outer problem only rely on y, set the inner problem

as g(x, y) = 1
2
∥y − r(x)∥2. Consider the finite case of f(y) and r(x), we have the following

compositional optimization problem:

min
x∈Rp

h(x) :=
1

m

m∑

i=1

f(r(x); ξi) =
1

m

m∑

i=1

f(
1

n

n∑

j=1

r(x; ζj); ξi) (3.10)

Then we can derive the hyper-gradient as: ∇h(x) = ∇xr(x)ux,where ux = ∇yf(r(x)),

meanwhile, we have ∇yg(x, y) = y − r(x). Then we can instantiate Algorithm 2 to get

an algorithm for compositional optimization problem using without-replacement sampling

(Algorithm 4 of Appendix). Similar to the SCGD algorithm [80], we track the exponential

moving average of the inner state y, besides we also track the exponential moving average

of inner gradient (the update rule of u in Algorithm 4).

Next, similar to the unconditional case, the conditional compositional optimization

problem can be specialized from the conditional bilevel optimization problem Eq. (3.5) to

have:

min
x∈Rp

h(x) :=
1

m

m∑

i=1

f(
1

ni

ni∑

j=1

r(x; ζξi,j); ξi) (3.11)

and we can instantiate Algorithm 3 in the special case of Eq. (3.11) to get Algorithm 6 (in

the Appendix).

The minimax optimization can also be viewed as a special type of bilevel optimization.

More specifically, if we have g(x, y) = −f(x, y) in Eq. (3.2), then we get the following
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minimax problem:

min
x∈Rp

h(x) :=
1

m

m∑

i=1

max
y∈Rd

f(x, y; ξi) (3.12)

In the special case of Eq. (3.12), the hyper-gradient ∇h(x) in Eq. (3.3) degenerates to

∇h(x) = ∇xf(x, yx) due to the fact that ∇yf(x, yx) = −∇yg(x, yx) = 0 by the optimality

condition. Meanwhile, we have ∇yg(x, y) = −∇yf(x, y). As a result, we can simplify Al-

gorithm 2 to get an alternative update algorithm for minimax optimization using without-

replacement sampling (Algorithm 5 in the Appendix). Note that due to the linearity of

minimax problem w.r.t. examples, the conditional case for minimax optimization degen-

erates to the unconditional case. [81, 82] also considers the without-replacement sampling

for the minimax problem, however, they focus on the strongly-convex-strongly-concave and

two-sided Polyak- Lojasiewicz settings, in contrast, our WiOR-MiniMax can be applied to

nonconvex-strongly-concave setting.

3.4 Theoretical Analysis

In this section, we provide theoretical analysis of our algorithms. We first state some

assumptions:

Assumption 26. Function f(x, y; ξ), ξ ∈ Du, is possibly non-convex, L-smooth and has

Cf -bounded gradient w.r.t. the variable y.

Assumption 27. Function g(x, y; ζ), ζ ∈ Dl, is µ-strongly convex w.r.t y for any given x,

and L-smooth. Furthermore, ∇xyg(x, y; ζ) and ∇y2g(x, y; ζ) are Lipschitz continuous with

constants Lxy and Ly2 respectively.
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Assumption 28. For all examples ξi ∈ Du and states (x, y) ∈ R
p+d, there exists an upper

bound A such that the sample gradient errors satisfy ∥∇f(x, y; ξi)−∇f(x, y)∥ ≤ A.

Assumption 29. For all examples ζj ∈ Dl and states (x, y) ∈ R
p+d, there exists an upper

bound A such that the sample gradient errors satisfy ∥∇g(x, y; ζi) − ∇g(x, y)∥ ≤ A and

∥∇2g(x, y; ζi)−∇2g(x, y)∥ ≤ A.

As stated in The assumption 26 and 27, we consider the non-convex-strongly-convex

bilevel optimization problems, this class of problems is widely studied in bilevel optimization

literature [6, 12].Assumption 28 and 29 guarantee that the example gradients are good

estimation of full gradient and is widely used in the analysis of single-level finite-sum

optimization problems [76]. Note that as the hyper-gradient (Eq. 3.3) involves second

order derivatives, Assumption 29 also requires that the second order example gradients

have bounded bias.

We next make the following assumptions about the example selection sequence. We

assume {ξπ
t ∈ Du, t ∈ [T ]} and {ζπ

t ∈ Dl, t ∈ [T ]} satisfy:

Assumption 30. Given sequences of samples: {ξπ
t ∈ Du, t ∈ [T ]} and {ζπ

t ∈ Dl, t ∈ [T ]},

we assume there exists some constants α, C such that for any step t and any interval k > 0,

we have:

∥
∥
∥

1

k

t+k−1∑

τ=t

∇f(xt, yt; ξ
π
τ )−∇f(xt, yt)

∥
∥
∥

2 ≤ k−αC2

and similar bounds hold for ∇g and ∇2g (See Appendix 3.6.1 for the full version of this

assumption.)
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Assumption 30 measures how well the sample gradients approximate the full gradient

over an interval on average. Similar assumptions are used to study the sample order in

single level optimization problems [63]. If samples are selected independently at each step,

we get α = 1 and C = A based on Assumption 28 and 29. For any permutation-based

order (e.g. random-reshuffling and shuffle-once), we can show the assumption holds with

α = 2 and C = max(m,n) × A. Note that the C depends on the number of samples

m (n), this dependence can be reduced to (max(m,n))0.5 for sufficiently small learning

rates [63, 83]. More recently, [1] proposed a herding-based algorithm which explicitly

optimizes the gradient error in Assumption 30 and shows that we can reach α = 2 and

C = O(A).

Bilevel Optimization. We are ready to show the convergence of Algorithm 2.

Firstly, we denote the following potential function Gt := Gt = h(xt) + ϕy∥yt − yxt∥2 +

ϕu∥ut− uxt∥2, where ϕy and ϕu are constants that relates to the smoothness parameters of

h(x). Then we have:

Theorem 31. Suppose Assumptions 26-29 are satisfied, and Assumption 30 is satisfied

with some α and C for the example order we use in Algorithm 2. We choose learning rates

ηt = η, γt = c1η, ρt = c2η and denote T = R × I be the total number of steps. Then for

any pair of values (E, k) which has T = E × k and η ≤ 1
kL̃0

, we have:

1

E

E−1∑

e=0

∥∇h(xke)∥2 ≤ 2∆

kEη
+ 2L̃2k−αC2

where c1, c2, L̃0, L̃ are constants related to the smoothness parameters of h(x), ∆ is the

initial sub-optimality, R and I are defined in Algorithm 2.
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To reach an ϵ stationary point, we choose η = 1
kL̃0

, and for (E, k), we choose: E =

4L̃0∆
ϵ2 and k =

(
4L̃2C2

ϵ2

)1/α
, which means we need to choose the number of epochs R = T

I
=

4L̃0(4L̃2C2)1/α∆

Iϵ2+2/α . Specially, if we choose examples independently at each step, we have C = A

and α = 1, then we need T = O(ϵ−4) steps to reach an ϵ-stationary point. This recovers

the rate of stocBiO algorithm [12] and SOBA [58]. Next, if we use some permutation-

based without-replacement sampling strategy witch has C = (max(m,n))q ×A (q ∈ [0, 1])

and α = 2, then we need T = O((max(m,n))qϵ−3). In particular, by adopting a herding-

based permutation as in [1], we get q = 0, and our WiOR-BO strictly outperforms the

independent sampling-based stocBiO and SOBA algorithms.

Conditional Bilevel Optimization. Next, we study the convergence rate of Al-

gorithm 3. Besides Assumptions 28 and 29, we need the bias of sample hyper-gradient be

bounded too:

Assumption 32. For all examples ξi ∈ Du and states x ∈ R
p, there exists an upper bound

A such that the sample gradient errors satisfy ∥∇h(x; ξi)−∇h(x)∥ ≤ A.

We also augment Assumption 30 to include the case of ∇h(x) (Seem Appendix 3.6.1

for more details.). Then we are ready to show the convergence rate, we use the potential

function Gt = h(xt) and have:

Theorem 33. Suppose Assumptions 26-29 and 32 are satisfied, and Assumption 30 is

satisfied with some α and C for the example order we use in Algorithm 3. We choose

learning rates ηt = η = 1
8kL̄

, γt = γ = 1
256kLκ

, ρt = ρ = 1
512kLκ

and denote T = R ×m be

the total number of outer steps and Tl = S ×max(ni) be the maximum inner steps. Then
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for any pair of values (E, k) which has T = E × k and Tl = El × k, we have:

1

E

E−1∑

e=0

∥∇h(xke)∥2 ≤ 8∆h

kEη
+ Cu(1− kµρ

2
)El∆u + Cy(1− kµγ

2
)El∆y + (C

′

)2C2k−α

where Cu, Cy, C
′

, L̃ are constants related to the smoothness parameters of h(x), ∆h, ∆u,

∆y are the initial sub-optimality, R and S are defined in Algorithm 3.

To reach an ϵ stationary point, we choose: E = 128L̄∆
ϵ2 , and , k =

(

2(C
′

)2C2

ϵ2

)1/α

and

El = O(log(ϵ−1)). Then the sample complexity of Algorithm 3 is EElk
2 = O(C4/αϵ−(2+4/α)),

where we omit the logarithmic term El. Specially, if we choose examples independently at

each step, then we have sample complexity O(ϵ−6) steps for an ϵ-stationary point. This re-

covers the rate of DL-SGD algorithm [59]. Next, if we use some permutation-based without-

replacement sampling strategy, then we have sample complexity O((max(m,n))2qϵ−4),

which can match the state-of-art algorithm RT-MLMC [59] if we choose an example order

with q = 0 [1].

MiniMax and Compositional Optimization. As special cases of Bilevel Opti-

mization, we can also show that Algorithm 4, Algorithm 5 and Algorithm 6 converge under

similar rate. Please see Corollary 54 and Corollary 53 for more details.

3.5 Numerical Experiments

In this section, we verify the effectiveness of the proposed algorithm through a syn-

thetic invariant risk minimization task and two real world bilevel tasks: Hyper-Data Clean-

ing and Hyper-representation Learning. The code is written in Pytorch. Our experiments
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Figure 3.1: Comparison of different sampling strategies for the Invariant Risk-Minimization
task.

were conducted on servers equipped with 8 NVIDIA A5000 GPUs. Experiments are av-

eraged over five independent runs, and the standard deviation is indicated by the shaded

area in the plots.

3.5.1 Invariant Risk-Minimization

In this section, we consider a synthetic invariant risk minimization task [84]. More

specifically, we perform logistic regression over a set of examples {(ci, bi), i ∈ [M ]} with

c be the input and b be the target. However, we does not have access to c but a set of

noisy observations {cj,i, j ∈ ni} for each ci. To learn the coefficient x between c and b, we

optimize the following objective:

min
x∈Rp

1

m

m∑

i=1

log
(

1 + exp
(

−biy
(i)
x

))

, s.t. y(i)
x = arg min

y∈Rd

1

ni

ni∑

j=1

1

2
∥y − cj,ix∥2

This is a conditional bilevel optimization problem and we can solve it using our WiOR-CBO.

We generate synthetic data to test the effects of different sample order (sample generation

process is described in Appendix 3.7). More specifically, we compare independent-sampling
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(WiR-CBO), shuffle-once (WiOR-CBO (SO)) and random-reshuffling (WiOR-CBO (RR)).

As shown in Figure 3.1, the two without-replacement sampling methods outperforms the

independent sampling one.

3.5.2 Hyper-Data Cleaning

In the Hyper-Data Cleaning task, we are given noisy training dataset whose labels

are corrupted by noise, meanwhile, we have a validation set whose labels are not corrupted.

Our target is then using the clean validation samples to identify corrupted samples in the

training set. More specifically, we learn optimal weights for training samples such that

a model learned over the weighted training set performs well on the validation set. We

can formulate this task as a bilevel optimization problem (Eq. (3.2)). A mathematical

formulation of the task is included in Appendix 3.7.

Dataset and Baselines. We construct datasets based on MNIST [85]. For the

training set, we randomly sample 40000 images from the original training dataset and then

randomly perturb a fraction of labels of samples. For the validation set, we randomly

select 5000 clean images from the original training dataset. In our experiments, we test our

WiOR-BO algorithm (Algorithm 2), with the shuffle-once (WiOR-BO-SO) and random-

reshuffling (WiOR-BO-RR) sampling; additionally, we also consider the following non-

adaptive bilevel algorithms as baselines: reverse [26], stocBiO [12], BSA [6], AID-CG [7],

MRBO [32], VRBO [32] and WiR-BO (the variant of our WiOR-BO using independent

sampling, which is similar to the single loop algorithms such as SOBA [58], AmIGO [86]

and FLSA [65]). We perform grid search for hyper-parameters and report the best results.
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Figure 3.2: Comparison of different algorithms for the Hyper-data Cleaning task.
The left two plots show validation error/F1 score vs Number of Hyper-Iterations and the
right two plots show validation error/F1 score vs Running Time. The fraction of the noisy
samples is 0.6.

Figure 3.3: Comparison of different algorithms for the Hyper-Representation
Task over the Omniglot Dataset. From Left to Right: 5-way-1-shot, 5-way-5-shot,
20-way-1-shot, 20-way-5-shot.

We summarize the results in Figure 3.2. In the figure, we compare the validation loss

and F1 score w.r.t. both Hyper-iterations and running time. As shown in the figure, the

two variants of our algorithm WiOR-BO-SO and WiOR-BO-RR get similar performance

and they both outperform other baselines. In particular, note that WiR-BO differs with

WiOR-BO-SO (RR) only over the example order, but the later converges much faster in

terms of running time, this is partially due to less umber of backward passes needed by

without-replacement sampling per iteration.
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3.5.3 Hyper-Representation Learning

In this section, we consider Hyper-representation learning task. In this task, we learn

a hyper-representation of the data such that a linear classifier can be learned quickly with

a small number of samples. We consider the Omniglot [87] and MiniImageNet [88] data

sets. This task can be viewed as a conditional bilevel optimization problem (Eq. (3)) and

a mathematical formulation of the task is included in Appendix 3.7.

Dataset and Baselines. The details of the datasets are included in Appendix 3.7

and we consider N-way-K-shot classification task following [89]. In our experiments, we

test our WiOR-CBO (Algorithm 3), using the shuffle-once (WiOR-BO-SO) and random-

reshuffling (WiOR-BO-RR) sampling. Besides, we compare with the following baselines:

DL-SGD [59] and RT-MLMC [59]. Note that our WiOR-CBO can also use independent

sampling, and it has similar performance as DL-SGD. We perform grid search of hyper-

parameters for each method and report the best results.

We summarize the experimental results for the Omniglot dataset in Figure 3.3 and we

defer the results for MiniImageNet to the Appendix 3.7. As shown in the figure, our WiOR-

CBO SO/RR outperforms DL-SGD and is comparable to the state-of-the-art algorithm

RT-MLMC.

3.6 Proof for Theorems

In this section, we provide proof for the convergence results in the main text. First,

we restate all assumptions needed in our proof below:
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Assumption 34 (Assumption 4.1). The function f(x, y) is possibly non-convex and uni-

formly L-smooth, i.e. for any x1, x2 ∈ X , y1, y2 ∈ R
d, any ξ ∈ Du. Denote z1 = (x1, y1),

z2 = (x2, y2), then we have:

f(z1; ξ) ≤ f(z2; ξ) + ⟨∇f(z2, ξ), z1 − z2⟩+
L

2
||z1 − z2||2.

or equivalently: ||∇f(z1; ξ)−∇f(z2; ξ)|| ≤ L||z1− z2||. We also assume for any x ∈ X and

any y ∈ R
d, and we denote z = (x, y), then we have ||∇yf(z)|| ≤ Cf .

Assumption 35 (Assumption 4.2). Function g(x, y) is uniformly µ-strongly convex w.r.t

y for any given x and uniformly L-smooth, i.e. for any y1, y2 ∈ R
d and ζ ∈ Dl, we have:

g(x, y1; ζ) ≥ g(x, y2; ζ) + ⟨∇yg(x, y2; ζ), y2 − y1⟩+
µ

2
||y2 − y1||2.

and we have:

g(z1; ζ) ≤ g(z2; ζ) + ⟨∇g(z2; ζ), z1 − z2⟩+
L

2
||z1 − z2||2.

equivalently: ||∇g(z1; ζ)−∇g(z2; ζ)|| ≤ L||z1 − z2||. Furthermore, we have ∇xyg(x, y) and

∇y2g(x, y) are Lipschitz continuous with constant Lxy and Ly2 respectively, i.e. we have:

||∇xyg(z1; ζ)−∇xyg(z2; ζ)|| ≤ Lxy||z1−z2|| and ||∇y2g(z1; ζ)−∇y2g(z2; ζ)|| ≤ Ly2||z1−z2||.

Assumption 36 (Assumption 4.3). For all examples ξi ∈ Du and states (x, y) ∈ R
p+d,

there exists an outer bound A such that the sample gradient errors satisfy ∥∇f(x, y; ξi) −

∇f(x, y)∥ ≤ A.
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Algorithm 4 Without-Replacement Compositional Optimization (WiOR-Comp)

1: Input: Initial states x0
I , y0

I and u0
I ; learning rates {γr

i , ρ
r
i , η

r
i }, i ∈ [I], r ∈ [R], I =

lcm(m,n).
2: for epochs r = 1 to R do
3: Generate sample order sequence {ξπ

i } and {ζπ
i } for i ∈ [I] as Line 3 of Algorithm 2;

4: Set yr
0 = yr−1

I , ur
0 = Pι(u

r−1
I ) and xr

0 = xr−1
I

5: for i = 0 to I − 1 do
6: yr

i+1 = (1− γr
i )yr

i + γr
i r(x

r
i , ζ

π
i ); ur

i+1 = (1− ρr
i )u

r
i + ρr

i∇yf(yr
i ; ξπ

i );
7: xr

i+1 = xr
i − ηr

i∇r(xr
i ; ζ

π
i )ur

i ;
8: end for
9: end for

Assumption 37 (Assumption 4.4). For all examples ζj ∈ Dl and states (x, y) ∈ R
p+d,

there exists an outer bound A such that the sample gradient errors satisfy ∥∇g(x, y; ζi) −

∇g(x, y)∥ ≤ A and ∥∇2g(x, y; ζi)−∇2g(x, y)∥ ≤ A.

Assumption 38 (Assumption 4.7). For all examples ξi ∈ Du and states x ∈ R
p, there

exists an upper bound A such that the sample gradient errors satisfy ∥∇h(x; ξi)−∇h(x)∥ ≤

A.

Assumption 39. Given two sequences {ξπ
t ∈ Du, t ∈ [T ]} and {ζπ

t ∈ Dl, t ∈ [T ]}, we

assume there exists some constants α, C such that for any step t and any k > 0, we have:

∥
∥
∥

1
k

∑t+k−1
τ=t ∇f(xt, yt; ξ

π
τ )−∇f(xt, yt)

∥
∥
∥

2 ≤ k−αC2,
∥
∥
∥

1
k

∑t+k−1
τ=t ∇g(xt, yt; ζ

π
τ )−∇g(xt, yt)

∥
∥
∥

2 ≤

k−αC2,
∥
∥
∥

1
k

∑t+k−1
τ=t ∇2g(xt, yt; ζ

π
τ )−∇2g(xt, yt)

∥
∥
∥

2 ≤ k−αC2,
∥
∥
∥

1
k

∑t+k−1
τ=t ∇h(xt; ξ

π
τ )−∇h(xt)

∥
∥
∥

2 ≤

k−αC2(Only for the conditional bilevel optimization case).

3.6.1 Proof for Bilevel Optimization Problems

Suppose we define:

Φ(x, y) =∇xf(x, y)−∇xyg(x, y)× [∇y2g(x, y)]−1∇yf(x, y)
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Algorithm 5 Without-Replacement MiniMax Opt. (WiOR-MiniMax)

1: Input: Initial states x0
m, y0

m; learning rates {γr
i , η

r
i }, i ∈ [m], r ∈ [R].

2: for epochs r = 1 to R do
3: sample a permutation of outer dataset to have {ξπ

i , i ∈ [m]};
4: Set yr

0 = yr−1
m and xr

0 = xr−1
m

5: for i = 0 to m− 1 do
6: yr

i+1 = yr
i + γr

i∇yf(xr
i , y

r
i ; ξπ

i );
7: xr

i+1 = xr
i − ηr

i∇xf(xr
i , y

r
i ; ξπ

i );
8: end for
9: end for

Algorithm 6 Without-Replacement Conditional Compositional Optimization (WiOR-
CComp)

1: Input: Initial state x0, learning rates {ηr
i }, i ∈ [m], r ∈ [R].

2: for epochs r = 1 to R do
3: Randomly sample a permutation of outer dataset to have {ξπ

i , i ∈ [m]} and set
xr

0 = xr−1
m or x0 if r = 1.

4: for i = 0 to m− 1 do
5: Initial states y0 and u0, learning rates {γs

j , ρ
s
j}, j ∈ [ni], s ∈ [S].

6: for s = 1 to S do
7: Sample a permutation of inner dataset to have {ζπ

ξi,j
, i ∈ [ni]}, set ys

0 = ys−1
ni

and
us

0 = Pϵ(u
s−1
ni

) or ys
0 = y0 and us

0 = u0 if s = 1.
8: for j = 0 to ni − 1 do
9: ys

j+1 = (1− γs
j )ys

j + γs
j r(x

r
i ; ζ

π
ξi,j

);
10: us

j+1 = (1− ρs
j)u

s
j + ρs

j∇f(ys
j ; ξπ

i );
11: end for
12: end for
13: xr

i+1 = xr
i − ηr

i∇rξπ
i (xr

i )u
S
ni

;
14: end for
15: end for

Then we have ∇h(x) = Φ(x, yx). Furthermore, we have the following proposition:

Proposition 40. Suppose Assumptions 26 and 27 hold, the following statements hold:

a) yx is Lipschitz continuous in x with constant ρ = κ, where κ = L
µ

is the condition

number of g(x, y).

b) ∥Φ(x1; y1)− Φ(x2; y2)∥2 ≤ L̂2(∥x1 − x2∥2 + ∥y1 − y2∥2), where L̂ = O(κ2).

c) h(x) is smooth in x with constant L̄ i.e., for any given x1, x2 ∈ X, we have ∥∇h(x2)−
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∇h(x1)∥ ≤ L̄∥x2 − x1∥ where L̄ = O(κ3).

This is a standard results in bilevel optimization and we omit the proof here.

The main technique we use to analysis the convergence of Algorithm 2 is aggregated

analysis, in other words, we perform analysis over a block of length k instead of the more

common per step analysis in stochastic bilevel optimization. Note that this technique is

essential in analyzing without-replacement sampling for single-level optimization problems,

and we extend them to the bilevel setting. More specifically, suppose the total number

of training steps are T := R × I, where R and I are denoted in Algorithm 2, then we

consider a block of training steps [t, t + k] for t ∈ [T − k]. Furthermore, we denote:

η̄t =
∑t+k−1

τ=t ητ , and ν̄t = 1
η̄t

∑t+k−1
τ=t ητντ ; γ̄t =

∑t+k−1
τ=t γτ and w̄t = 1

γ̄t

∑t+k−1
τ=t γτwτ ; ρ̄t =

∑t+k−1
τ=t ρτ , and q̄t = 1

ρ̄t

∑t+k−1
τ=t ρτqτ , where νt = ∇xf(xt, yt; ξt) − ∇xyg(xt, yt; ; ζt)ut, wt =

∇yg(xt, yt; ζt) and qt = ∇y2g(xt, yt; ζt)ut−∇yf(xt, yt; ξt). In particular, we denote rx(u) as:

rx(u) =
1

2
uT∇y2g(x, yx)u−∇yf(x, yx)Tu,

by assumption it is L smooth and µ strongly convex. It is straightforward to see that ux =

arg min
u∈Rd

rx(u), where ux is defined in Eq. (3.3). Finally, in the proof, we consider the general

case of different orders for all involved example derivatives. In other words, we have {ξt,1},

{ξt,2}, {ζt,1}, {ζt,2} and {ζt,3} for ∇yf(x, y), ∇xf(x, y),∇yg(x, y), ∇y2g(x, y), ∇xyg(x, y)

respectively. The two orders used by Algorithm 2 is a special case of the proof and is

practically appealing as they can reuse computation as we discussed in the introduction.

Lemma 41. For τ > t ≥ 0, the bias of ∥∑τ−1
τ̄=t ητ̄

(

ντ̄ − ∇h(xt)
)

∥2,
∥
∥
∥
∑τ−1

τ̄=t ρτ̄

(

∇rxt(ut) −

qτ̄

)∥
∥
∥

2
and ∥∑τ−1

τ̄=t γτ̄

(

∇yg(xτ̄ , yτ̄ , ζτ̄ ,1)−∇yg(xt, yt)
)

∥2 are bounded by Eq. (3.16), Eq. (3.17)
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and Eq. (3.18).

Proof. First for ∥∑τ−1
τ̄=t ητ̄ (ντ̄ −∇h(xt))∥2, we have:

∥
∥
∥

τ−1∑

τ̄=t

ητ̄

(

∇h(xt)− ντ̄

)∥
∥
∥

2

=
∥
∥
∥

τ−1∑

τ̄=t

ητ̄

(

∇xf(xt, yxt)−∇xyg(xt, yxt)uxt − (∇xf(xτ̄ , yτ̄ ; ξτ̄ ,2)−∇xyg(xτ̄ , yτ̄ ; ζτ̄ ,3)uτ̄ )
)∥
∥
∥

2

≤ 2∥
τ−1∑

τ̄=t

ητ̄

(

∇xf(xt, yxt)−∇xf(xτ̄ , yτ̄ ; ξτ̄ ,2)
)

∥2

+ 2∥
τ−1∑

τ̄=t

ητ̄

(

∇xyg(xt, yxt)uxt −∇xyg(xτ̄ , yτ̄ ; ζτ̄ ,3)uτ̄

)

∥2

≤ 2∥
τ−1∑

τ̄=t

ητ̄

(

∇xf(xt, yxt)−∇xf(xτ̄ , yτ̄ ; ξτ̄ ,2)
)

∥2

+ 4∥
τ−1∑

τ̄=t

ητ̄∇xyg(xτ̄ , yτ̄ ; ζτ̄ ,3)
(

uxt − uτ̄

)

∥2

+
4C2

f

µ2
∥

τ−1∑

τ̄=t

ητ̄

(

∇xyg(xt, yxt)−∇xyg(xτ̄ , yτ̄ ; ζτ̄ ,3)
)

∥2

≤ 2∥
τ−1∑

τ̄=t

ητ̄

(

∇xf(xt, yxt)−∇xf(xτ̄ , yτ̄ ; ξτ̄ ,2)
)

∥2 + 4L2η̄τ
t

τ−1∑

τ̄=t

ητ̄∥(uxt − uτ̄ )∥2

+
4C2

f

µ2
∥

τ−1∑

τ̄=t

ητ̄

(

∇xyg(xt, yxt)−∇xyg(xτ̄ , yτ̄ ; ζτ̄ ,3)
)

∥2 (3.13)

For the first and the third terms above, we have:

∥
τ−1∑

τ̄=t

ητ̄

(

∇xf(xt, yxt)−∇xf(xτ̄ , yτ̄ ; ξτ̄ ,2)
)

∥2

≤ 3L2(η̄t)
2∥yxt − yt∥2

+ 3L2η̄t

τ−1∑

τ̄=t

ητ̄∥zt − zτ̄∥2 + 3∥
τ−1∑

τ̄=t

ητ̄

(

∇xf(xt, yt)−∇xf(xt, yt; ξτ̄ ,2)
)

∥2 (3.14)

79



and

∥
τ−1∑

τ̄=t

ητ̄

(

∇xyg(xt, yxt)−∇xyg(xτ̄ , yτ̄ ; ζτ̄ ,3)
)

∥2

≤ 3L2
xy(η̄τ

t )2∥yxt − yt∥2 + 3L2
xyη̄

τ
t

τ−1∑

τ̄=t

ητ̄∥zt − zτ̄∥2

+ 3∥
τ−1∑

τ̄=t

ητ̄

(

∇xyg(xt, yt)−∇xyg(xt, yt; ζτ̄ ,3)
)

∥2 (3.15)

Combine Eq (3.14) and (3.15) with Eq. (3.13) and denote L̃2
1 =

(

L2 +
2L2

xyC2
f

µ2

)

to have:

∥
τ−1∑

τ̄=t

ητ̄

(

ντ̄ −∇h(xt)
)

∥2

≤ 6L̃2
1(η̄τ

t )2∥yxt − yt∥2 + 6L̃2
1η̄

τ
t

τ−1∑

τ̄=t

ητ̄∥zt − zτ̄∥2 + 8L2(η̄τ
t )2∥uxt − ut∥2

+ 8L2η̄τ
t

τ−1∑

τ̄=t

ητ̄∥ut − uτ̄∥2 + 6∥
τ−1∑

τ̄=t

ητ̄

(

∇xf(xt, yt)−∇xf(xt, yt; ξτ̄ ,2)
)

∥2

+
12C2

f

µ2
∥

τ−1∑

τ̄=t

ητ̄

(

∇xyg(xt, yt)−∇xyg(xt, yt; ζτ̄ ,3)
)

∥2 (3.16)

Next, for the term ∥∑τ−1
τ̄=t ρτ̄ (∇rxt(ut)− qτ̄ )∥2, we have:

∥
∥
∥

τ−1∑

τ̄=t

ρτ̄

(

∇rxt(ut)− qτ̄

)∥
∥
∥

2

≤
∥
∥
∥

τ−1∑

τ=t

ρτ̄

(

∇y2g(xτ̄ , yτ̄ , ζτ̄ ,2)uτ̄ −∇yf(xτ̄ , yτ̄ , ξτ̄ ,1)−
(

∇y2g(xt, yxt)ut −∇yf(xt, yxt)
)∥
∥
∥

2

≤ 2∥
τ−1∑

τ̄=t

ρτ̄

(

∇yf(xt, yxt)−∇yf(xτ̄ , yτ̄ ; ξτ̄ ,1)
)

∥2

+ 2∥
τ−1∑

τ̄=t

ρτ̄

(

∇y2g(xt, yxt)ut −∇y2g(xτ̄ , yτ̄ ; ζτ̄ ,2)uτ̄

)

∥2

≤ 2∥
τ−1∑

τ̄=t

ρτ̄

(

∇yf(xt, yxt)−∇yf(xτ̄ , yτ̄ ; ξτ̄ ,1)
)

∥2

80



+ 4∥
τ−1∑

τ̄=t

ρτ̄∇y2g(xτ̄ , yτ̄ ; ζτ̄ ,2)
(

ut − uτ̄

)

∥2

+
4C2

f

µ2
∥

τ−1∑

τ̄=t

ρτ̄

(

∇y2g(xt, yxt)−∇y2g(xτ̄ , yτ̄ ; ζτ,2)
)

∥2

≤ 2∥
τ−1∑

τ̄=t

ρτ̄

(

∇yf(xt, yxt)−∇yf(xτ̄ , yτ̄ ; ξτ̄ ,1)
)

∥2 + 4L2ρ̄τ
t

τ−1∑

τ̄=t

ρτ̄∥(ut − uτ̄ )∥2

+
4C2

f

µ2
∥

τ−1∑

τ̄=t

ρτ̄

(

∇y2g(xt, yxt)−∇y2g(xτ̄ , yτ̄ ; ζτ,2)
)

∥2

The first and the third terms can be bounded similarly as in Eq. (3.14) and Eq. (3.15), and

denote L̃2
2 =

(

L2 +
2L2

y2 C2
f

µ2

)

, then we have:

∥
∥
∥

τ−1∑

τ̄=t

ρτ̄

(

∇rxt(ut)− qτ̄

)∥
∥
∥

2

≤ 6L̃2
2(ρ̄τ

t )2∥yxt − yt∥2 + 6L̃2
2ρ̄

τ
t

τ−1∑

τ̄=t

ρτ̄∥zt − zτ̄∥2 + 4L2ρ̄τ
t

τ−1∑

τ̄=t

ρτ̄∥ut − uτ̄∥2

+ 6∥
τ−1∑

τ̄=t

ρτ̄

(

∇yf(xt, yt)−∇yf(xt, yt; ξτ̄ ,1)
)

∥2

+
12C2

f

µ2
∥

τ−1∑

τ̄=t

ρτ̄

(

∇y2g(xt, yt)−∇y2g(xt, yt; ζτ̄ ,2)
)

∥2 (3.17)

Finally, for ∥∑τ−1
τ̄=t γτ̄ (∇yg(xτ̄ , yτ̄ , ζτ̄ ,1)−∇yg(xt, yt))∥2, we have:

∥
τ−1∑

τ̄=t

γτ̄

(

∇yg(xτ̄ , yτ̄ , ζτ̄ ,1)−∇yg(xt, yt)
)

∥2

≤ 2∥
τ−1∑

τ̄=t

γτ̄

(

∇yg(xτ̄ , yτ̄ , ζτ̄ ,1)−∇yg(xt, yt, ζτ̄ ,1))
)

∥2

+ 2∥
τ−1∑

τ̄=t

γτ̄

(

∇yg(xt, yt, ζτ̄ ,1)−∇yg(xt, yt)
)

∥2

≤ 2L2γ̄τ
t

τ−1∑

τ̄=t

γτ̄∥zτ̄ − zt∥2 + 2∥
τ−1∑

τ̄=t

γτ̄

(

∇yg(xt, yt)−∇yg(xt, yt, ζτ̄ ,1)
)

∥2 (3.18)

This completes the proof.
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Lemma 42. For all t ≥ 0 and any constant m > 0, suppose η̄t <
1

2L̄
, the iterates generated

satisfy:

h(xt+k) ≤ h(xt)−
η̄t

2
∥∇h(xt)∥2 − η̄t

4
∥ν̄t∥2 + 3L̃2

1η̄t∥yxt − yt∥2 + 3L̃2
1

t+k−1∑

τ=t

ητ∥zt − zτ∥2

+ 4L2η̄t∥uxt − ut∥2 + 4L2
t+k−1∑

τ=t

ητ∥ut − uτ∥2

+
3

η̄t

∥
t+k−1∑

τ=t

ητ

(

∇xf(xt, yt)−∇xf(xt, yt; ξτ,2)
)

∥2

+
6C2

f

η̄tµ2
∥

t+k−1∑

τ=t

ητ

(

∇xyg(xt, yt)−∇xyg(xt, yt; ζτ,3)
)

∥2

Proof. By the smoothness of f , we have:

h(xt+k) ≤ h(xt) + ⟨∇h(xt), xt+k − xt⟩+
L̄

2
∥xt+k − xt∥2

= h(xt)− η̄t⟨∇h(xt), ν̄t⟩+
η̄2

t L̄

2
∥ν̄t∥2

(a)
= h(xt)−

η̄t

2
∥∇h(xt)∥2 +

η̄t

2
∥∇h(xt)− ν̄t∥2 −

(

η̄t

2
− η̄2

t L̄

2

)

∥ν̄t∥2

(b)

≤ h(xt)−
η̄t

2
∥∇h(xt)∥2 +

η̄t

2
∥∇h(xt)− ν̄t∥2 − η̄t

4
∥ν̄t∥2 (3.19)

where equality (a) uses ⟨a, b⟩ = 1
2
[∥a∥2 + ∥b∥2 − ∥a− b∥2]; (b) follows the assumption that

η̄t < 1/2L̄. Next, for the third term, by using Eq. (3.16), we have:

η̄t

2
∥∇h(xt)− ν̄t∥2 ≤ 3L̃2

1η̄t∥yxt − yt∥2 + 3L̃2
1

t+k−1∑

τ=t

ητ∥zt − zτ∥2

+ 4L2η̄t∥uxt − ut∥2 + 4L2
t+k−1∑

τ=t

ητ∥ut − uτ∥2

+
3

η̄t

∥
t+k−1∑

τ=t

ητ

(

∇xf(xt, yt)−∇xf(xt, yt; ξτ,2)
)

∥2
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+
6C2

f

η̄tµ2
∥

t+k−1∑

τ=t

ητ

(

∇xyg(xt, yt)−∇xyg(xt, yt; ζτ,3)
)

∥2

where L̃2
1 =

(

L2 +
2L2

xyC2
f

µ2

)

. This completes the proof.

Lemma 43. When γ̄t <
1

4L
, the error of the inner variable yt are bounded through Eq. (3.20).

Proof. then by proposition 52 and choose γ̄t <
1

4L
, we have:

∥yt+k − yxt∥2 ≤ (1− µγ̄t

2
)∥yt − yxt∥2 − γ̄2

t

2
∥∇yg(xt, yt)∥2 +

4γ̄t

µ
∥∇yg(xt, yt)− w̄t∥2

Furthermore, by the generalized triangle inequality, we have:

∥yt+k − yxt+k
∥2 ≤ (1 +

µγ̄t

4
)∥yt+k − yxt∥2 + (1 +

4

µγ̄t

)∥yxt+k
− yxt∥2

≤ (1 +
µγ̄t

4
)∥yt+k − yxt∥2 +

5κ2

µγ̄t

∥xt − xt+k∥2

≤ (1− µγ̄t

4
)∥yt − yxt∥2 − γ̄2

t

2
∥∇yg(xt, yt)∥2 +

5κ2

µγ̄t

∥xt − xt+k∥2

+
10L2

µ

t+k−1∑

τ=t

γτ∥zt − zτ∥2

+
10

µγ̄t

∥
t+k−1∑

τ=t

γτ

(

∇yg(xt, yt)−∇yg(xt, yt; ζτ,1)
)

∥2 (3.20)

where the second inequality is due to γ̄t <
1

4L
< 1

µ
and uses Eq. (3.18). This completes the

proof.

Lemma 44. When ρ̄t <
1

4L
, the error of variable ut are bounded through Eq. (3.21).

Proof. suppose we choose ρ̄t <
1

4L
, then we have:

∥ut+k − uxt∥2 ≤ (1− µρ̄t

2
)∥ut − uxt∥2 − (ρ̄t)

2

2
∥∇rxt(ut)∥2 +

4ρ̄t

µ
∥∇rxt(ut)− q̄t∥2
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Furthermore, by the generalized triangle inequality, we have:

∥ut+k − uxt+k
∥2 ≤ (1 +

µρ̄t

4
)∥ut+k − uxt∥2 + (1 +

4

µρ̄t

)∥uxt+k
− uxt∥2

≤ (1 +
µρ̄t

4
)∥ut+k − uxt∥2 +

5L̂2

µρ̄t

∥xt − xt+k∥2

≤ (1− µρ̄t

4
)∥ut − uxt∥2 − ρ̄2

t

2
∥∇rxt(ut)∥2 +

5L̂2

µρ̄t

∥xt − xt+k∥2

+
30L̃2

2ρ̄t

µ
∥yxt − yt∥2 +

30L̃2
2

µ

t+k−1∑

τ=t

ρτ∥zt − zτ∥2

+
20L2

µ

t+k−1∑

τ=t

ρτ∥ut − uτ∥2

+
30

µρ̄t

∥
t+k−1∑

τ=t

ρτ

(

∇yf(xt, yt)−∇yf(xt, yt; ξτ,1)
)

∥2

+
60C2

f

µ3ρ̄t

∥
t+k−1∑

τ=t

ρτ

(

∇y2g(xt, yt)−∇y2g(xt, yt; ζτ,2)
)

∥2 (3.21)

where in the last inequality, we use the condition that ρ̄t <
1

4L
and Eq. (3.17). This

completes the proof.

Lemma 45. Suppose η̄t ≤ min
(

1
96L̃2

1
, 1

32L2c2
1
, 1

128L2 ,
1

64L2c2
2
, 1

96L̃2
2c2

2

)

, then the drift of zτ =

(xτ , yτ ) and uτ can be bounded as in Eq. (3.26) and Eq. (3.25).

Proof. We first have:

∥xt − xτ∥2 = ∥
τ−1∑

τ̄=t

ητ̄ντ̄∥2 ≤ 2∥
τ−1∑

τ̄=t

ητ̄

(

ντ̄ −∇h(xt)
)

∥2 + 2(η̄τ
t )2∥∇h(xt)∥2

∥yt − yτ∥2 = ∥
τ−1∑

τ̄=t

γτ̄ωτ̄∥2 ≤ 2∥
τ−1∑

τ̄=t

γτ̄

(

∇yg(xτ̄ , yτ̄ , ζτ̄ ,1)−∇yg(xt, yt)
)

∥2

+ 2(γ̄τ
t )2∥∇yg(xt, yt)∥2

∥ut − uτ∥2 = ∥
τ−1∑

τ̄=t

ρτ̄qτ̄∥2 ≤ 2∥
τ−1∑

τ̄=t

ρτ̄

(

qτ̄ −∇rxt(ut)
)

∥2 + 2(ρ̄τ
t )2∥∇rxt(ut)∥2 (3.22)
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For the term ∥zt− zτ∥2, we have ∥zt− zτ∥2 = ∥xt− xτ∥2 + ∥yt− yτ∥2. Combine Eq. (3.22)

with Eq. (3.16) and (3.18), sum τ over [t, t+ k − 1] and use Proposition 51 to have:

t+k−1∑

τ=t

ητ∥zt − zτ∥2 ≤
t+k−1∑

τ=t

ητ

( τ−1∑

τ̄=t

(

12L̃2
1η̄

τ
t ητ̄ + 4L2γ̄τ

t γτ̄

)

∥zt − zτ̄∥2
)

+ 2ᾱtη̄
2
t ∥∇h(xt)∥2 + 2ᾱtγ̄

2
t ∥∇yg(xt, yt)∥2

+ 12L̃2
1ᾱt(η̄t)

2∥yxt − yt∥2 + 16L2ᾱt(η̄t)
2∥uxt − ut∥2

+ 16L2η̄t

t+k−1∑

τ=t

ητ

( τ−1∑

τ̄=t

ητ̄∥ut − uτ̄∥2
)

+ 12η̄tη
2
t k

2−αC2 +
24C2

f

µ2
η̄tη

2
t k

2−αC2 + 4η̄tγ
2
t k

2−αC2

By the fact that τ ≤ t+ k, we have:

t+k−1∑

τ=t

ητ∥zt − zτ∥2 ≤
t+k−1∑

τ=t

(

12L̃2
1(η̄t)

2ητ + 4L2η̄tγ̄tγτ

)

∥zt − zτ∥2

+ 2η̄3
t ∥∇h(xt)∥2 + 2η̄tγ̄

2
t ∥∇yg(xt, yt)∥2

+ 12L̃2
1(η̄t)

3∥yxt − yt∥2 + 16L2(η̄t)
3∥uxt − ut∥2

+ 16L2(η̄t)
2

t+k−1∑

τ=t

ητ∥ut − uτ∥2

+ 12η̄tη
2
t k

2−αC2 +
24C2

f

µ2
η̄tη

2
t k

2−αC2 + 4η̄tγ
2
t k

2−αC2 (3.23)

For ∥ut− uτ∥2, we combine Eq. (3.22) with Eq. (3.17) and sum τ over [t, t+ k− 1] and use

the fact that τ ≤ t+ k to have:

t+k−1∑

τ=t

ητ∥ut − uτ∥2 ≤ 2η̄t(ρ̄t)
2∥∇rxt(ut)∥2 + 12L̃2

2η̄t(ρ̄t)
2∥yxt − yt∥2
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+ 12L̃2
2η̄tρ̄t

t+k−1∑

τ=t

ρτ∥zt − zτ∥2 + 8L2η̄tρ̄t

t+k−1∑

τ=t

ρτ∥ut − uτ∥2

+ 12η̄tρ
2
tk

2−αC2 +
24C2

f η̄t

µ2
ρ2

tk
2−αC2 (3.24)

Suppose we have γτ = c1ητ = 20κL̃3

µ
ητ , ρτ = c2ητ = 40κL̂ητ and set:

(η̄t)
2 < min

(

1

96L̃2
1

,
1

32L2c2
1

,
1

128L2
,

1

64L2c2
2

,
1

96L̃2
2c

2
2

)

Then we combine Eq. (3.23) and Eq. (3.24) to have:

t+k−1∑

τ=t

ητ∥ut − uτ∥2 ≤ 4c2
2(η̄t)

3∥∇rxt(ut)∥2 + 4η̄3
t ∥∇h(xt)∥2 + 4c2

1η̄
3
t ∥∇yg(xt, yt)∥2

+
(

24 +
48C2

f

µ2
+ 8c2

1 + 24c2
2 +

48c2
2C

2
f

µ2

)

η̄tη
2
t k

2−αC2 (3.25)

and

t+k−1∑

τ=t

ητ∥zt − zτ∥2 ≤ 4c2
2(η̄t)

3∥∇rxt(ut)∥2 + 4η̄3
t ∥∇h(xt)∥2 + 4c2

1η̄
3
t ∥∇yg(xt, yt)∥2

+
(

24 +
48C2

f

µ2
+ 8c2

1 + 24c2
2 +

48c2
2C

2
f

µ2

)

η̄tη
2
t k

2−αC2 (3.26)

This completes the proof.

Suppose we define the potential function G(t):

Gt = h(xt) + ϕy∥yt − yxt∥2 + ϕu∥ut − uxt∥2

where ϕu = 32L2η̄t

µρ̄t
, ϕy =

8L̃2
3η̄t

µγ̄t
and L̃2

3 = 960κ2L̃2
2 + 3L̃2

1.
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Theorem 46. Suppose Assumptions 26-29 are satisfied, and Assumption 30 is satisfied

with some α and C for the example order we use in Algorithm 2. We choose learning rates

ηt = η, γ = c1η, ρ = c2η and denote T = R× I be the total number of steps. Then for any

pair of values (E, k) which has T = E × k and η ≤ 1
kL̃0

, we have:

1

E

E−1∑

e=0

∥∇h(xke)∥2 ≤ 2∆

kEη
+ 2L̃2k−αC2

where c1, c2, L̃0, L̃ are constants related to the smoothness parameters of h(x), ∆ is the

initial sub-optimality, R and I are defined in Algorithm 2.

Proof. First we combine Lemma 42-Lemma 44, and use the condition that γt = 20κL̃3

µ
ηt,

ρt = 40κL̂ηt, and by the assumption about gradient error:

Gt+k − Gt ≤ −
η̄t

2
∥∇h(xt)∥2 − 4c1L̃

2
3(η̄t)

2

µ
∥∇yg(xt, yt)∥2 − 16c2L

2(η̄t)
2

µ
∥∇rxt(ut)∥2

− L̃2
3η̄t∥yxt − yt∥2 − 4L2η̄t∥uxt − ut∥2

+
t+k−1∑

τ=t

(

960κ2L̃2
2ητ + 3L̃2

1ητ + 80κ2L̃2
3ητ

)

∥zt − zτ∥2

+
t+k−1∑

τ=t

(

640κ2L2ητ + 4L2ητ

)

∥ut − uτ∥2

+
(

3 +
6C2

f

µ2
+

80L̃2
3

µ2
+ 960κ2 +

1920κ2C2
f

µ2

)η2
t k

2−αC2

η̄t

(3.27)

Suppose we denote L̃2
4 =

(

960κ2L̃2
2 + 3L̃2

1 + 80κ2L̃2
3 + 640κ2L2 + 4L2

)

, and set:

(η̄t)
2 < min

( 1

16L̃2
4

,
L̃4

3

c2
1µ

2L̃4
4

,
16L4

c2
2µ

2L̃4
4

,
L̃2

3

48L̃2
4L̃

2
2c

2
2

,
L̃2

3

48L̃2
4L̃

2
1

,
1

8L̃2
4

)
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and we bound the terms ∥uxt − ut∥2 and ∥zt − zτ∥2 through Lemma 45 to have:

Gt+k − Gt ≤ −
η̄t

2
∥∇h(xt)∥2 +

(

24 +
48C2

f

µ2
+ 8c2

1 + 24c2
2 +

48c2
2C

2
f

µ2

)

L̃2
4η̄tη

2
t k

2−αC2

+
(

3 +
6C2

f

µ2
+

80L̃2
3

µ2
+ 960κ2 +

1920κ2C2
f

µ2

)η2
t k

2−αC2

η̄t

Next suppose we set L̃4η̄t < 1, then we have:

Gt+k − Gt ≤ −
η̄t

2
∥∇h(xt)∥2 +

(

24 +
48C2

f

µ2
+ 8c2

1 + 24c2
2 +

48c2
2C

2
f

µ2
+

3 +
6C2

f

µ2
+

80L̃2
3

µ2
+ 960κ2 +

1920κ2C2
f

µ2

)η2
t k

2−αC2

η̄t

For ease of notation we denote L̃2 =
(

24 +
48C2

f

µ2 + 8c2
1 + 24c2

2 +
48c2

2C2
f

µ2 + 3 +
6C2

f

µ2 +
80L̃2

3

µ2 +

960κ2 +
1920κ2C2

f

µ2

)

, then we have:

Gt+k − Gt ≤ −
η̄t

2
∥∇h(xt)∥2 +

L̃2η2
t k

2−αC2

η̄t

Sum the above inequality over E phases to have:

E−1∑

e=0

η̄ke

2
∥∇h(xke)∥2 ≤ G0 − GkE +

E−1∑

e=0

L̃2η2
kek

2−αC2

η̄ke

≤ ∆h + ϕy∆y + ϕu∆u +
E−1∑

e=0

L̃2η2
kek

2−αC2

η̄ke

we define ∆h = h(x0)−h∗ as the initial sub-optimality of the function, ∆y = ∥y0−yx0∥2 as

the initial sub-optimality of the inner variable estimation, ∆u = ∥u0 − ux0∥2 as the initial

sub-optimality of the hyper-gradient estimation. Then suppose we choose ηt = η be some
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constant, then we have:

kη

2

E−1∑

e=0

∥∇h(xke)∥2 ≤ ∆h + ϕy∆y + ϕu∆u + L̃2Ek1−αC2η

Divide by kEη/2 on both sides to have:

1

E

E−1∑

e=0

∥∇h(xke)∥2 ≤ 2

kEη

(

∆h + ϕy∆y + ϕu∆u

)

+ 2L̃2k−αC2

Suppose we choose the largest η = 1
kL̃0

such that the conditions of Lemma 42-Lemma 45

are satisfied, then we have:

1

E

E−1∑

e=0

∥∇h(xke)∥2 ≤ 2L̃0

E

(

∆ + ϕy∆y + ϕu∆u

)

+ 2L̃2k−αC2

Then to reach an ϵ-stationary point, we need to have:

E ≥ 4L̃0∆

ϵ2
, and , k ≥

(

4L̃2C2

ϵ2

)1/α

in other words T = Ek ≥ 4L̃0(4L̃2C2)1/α∆

ϵ2+2/α . This completes the proof.

3.6.2 Proof for conditional bilevel optimization problems

In this section we study the convergence rate of Algorithm 3.

Lemma 47. For all t ≥ 0 and any constant k > 0, suppose η̄t <
1

4L̄
, the iterates generated
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satisfy:

h(xt+k) ≤ h(xt)−
kη

8
∥∇h(xt)∥2 − kη

4
∥ν̄t∥2

+ 3
(

1 +
4κ2(192C2

f + 96 ∗ 24L̃2
2)

µ2
+

48L̃2
1

µ2

)

ηk1−αC2

+ 12ηkL2(1− kµρ

2
)El∆u + 3ηk(2L̃2

1 + 4 ∗ 96κ2L̃2
2)(1− kµγ

2
)El∆y

Proof. By the smoothness of f , follow similar derivation as in Eq. (3.19), we have:

h(xt+k) ≤ h(xt)−
η̄t

2
∥∇h(xt)∥2 +

η̄t

2
∥∇h(xt)− ν̄t∥2 − η̄t

4
∥ν̄t∥2

In particular, for the term ∥∑τ−1
τ̄=t ητ̄ (ντ̄ −∇h(xt))∥2, we have:

∥
∥
∥

τ−1∑

τ̄=t

ητ̄

(

∇h(xt)− ντ̄

)∥
∥
∥

2

≤ 3
∥
∥
∥

τ−1∑

τ̄=t

ητ̄

(

∇h(xt)−∇h(xt; ξτ̄ )
)∥
∥
∥

2

+ 3
∥
∥
∥

τ−1∑

τ̄=t

ητ̄

(

∇h(xt; ξτ̄ )−∇h(xτ̄ ; ξτ̄ )
)∥
∥
∥

2
+ 3

∥
∥
∥

τ−1∑

τ̄=t

ητ̄

(

∇h(xτ̄ ; ξτ̄ )− ντ̄

)∥
∥
∥

2

≤ 3
∥
∥
∥

τ−1∑

τ̄=t

ητ̄

(

∇h(xt)−∇h(xt; ξτ̄ )
)∥
∥
∥

2

+ 3L̄2η̄τ
t

τ−1∑

τ̄=t

ητ̄

∥
∥
∥xt − xτ̄

∥
∥
∥

2
+ 3η̄τ

t

τ−1∑

τ̄=t

ητ̄

∥
∥
∥∇h(xτ̄ ; ξτ̄ )− ντ̄

∥
∥
∥

2
(3.28)

For the third term, we follow similar derivation as in Eq. (3.13)-Eq. (3.16), we have:

∥
∥
∥

(

∇h(xτ ; ξτ )− ντ

)∥
∥
∥

2

=
∥
∥
∥

(

∇xf(xτ , y
ξτ
xτ

; ξτ )−∇xyg
ξτ (xτ , y

ξτ
xτ

)uξτ
xτ
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− (∇xf(xτ , yτ,Tl
; ξτ )−∇xyg

ξτ (xτ , yτ,Tl
)uτ,Tl

)
)∥
∥
∥

2

≤ 2L̃2
1∥yξτ

xτ
− yτ,Tl

∥2 + 4L2∥uξτ
xτ
− uτ,Tl

∥2 (3.29)

where L̃2
1 =

(

L2 +
2L2

xyC2
f

µ2

)

. Combine Eq. (3.28) and Eq. (3.29), we have:

h(xt+k) ≤ h(xt)−
η̄t

2
∥∇h(xt)∥2 − η̄t

4
∥ν̄t∥2 +

3

2η̄t

∥
∥
∥

t+k−1∑

τ=t

ητ

(

∇h(xt)−∇h(xt; ξτ )
)∥
∥
∥

2

+
3L̄2

2

t+k−1∑

τ=t

ητ

∥
∥
∥xt − xτ

∥
∥
∥

2
+

t+k−1∑

τ=t

ητ

(

3L̃2
1∥yξτ

xτ
− yτ,Tl

∥2 + 6L2∥uξτ
xτ
− uτ,Tl

∥2
)

(3.30)

For the term
∑t+k−1

τ=t ητ

∥
∥
∥xt − xτ

∥
∥
∥

2
, by Eq. (3.28) and Eq. (3.29), we have:

∥
∥
∥xt − xτ

∥
∥
∥

2 ≤ 2∥
τ−1∑

τ̄=t

ητ̄

(

ντ̄ −∇h(xt)
)

∥2 + 2(η̄τ
t )2∥∇h(xt)∥2

≤ 6
∥
∥
∥

τ−1∑

τ̄=t

ητ̄

(

∇h(xt)−∇h(xt; ξτ̄ )
)∥
∥
∥

2
+ 6L̄2η̄τ

t

τ−1∑

τ̄=t

ητ̄

∥
∥
∥xt − xτ̄

∥
∥
∥

2

+ 6η̄τ
t

τ−1∑

τ̄=t

ητ̄

(

2L̃2
1∥yξτ̄

xτ̄
− yτ̄ ,Tl

∥2 + 4L2∥uξτ̄
xτ̄
− uτ̄ ,Tl

∥2
)

+ 2(η̄τ
t )2∥∇h(xt)∥2

≤ 6η2
t k

2−αC2 + 6L̄2η̄t

t+k−1∑

τ̄=t

ητ̄

∥
∥
∥xt − xτ̄

∥
∥
∥

2

+ 6η̄t

t+k−1∑

τ̄=t

ητ̄

(

2L̃2
1∥yξτ̄

xτ̄
− yτ̄ ,Tl

∥2 + 4L2∥uξτ̄
xτ̄
− uτ̄ ,Tl

∥2
)

+ 2(η̄t)
2∥∇h(xt)∥2

Multiply ητ on both sides and sum over [t, t+ k − 1], we have:

(1− 6L̄2(η̄t)
2)

t+k−1∑

τ=t

ητ

∥
∥
∥xt − xτ

∥
∥
∥

2 ≤ 6(η̄t)
2

t+k−1∑

τ̄=t

ητ̄

(

2L̃2
1∥yξτ̄

xτ̄
− yτ̄ ,Tl

∥2 + 4L2∥uξτ̄
xτ̄
− uτ̄ ,Tl

∥2
)

+ 2(η̄t)
3∥∇h(xt)∥2 + 6η̄tη

2
t k

2−αC2
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By the condition that η̄t <
1

4L̄
, we have:

t+k−1∑

τ=t

ητ

∥
∥
∥xt − xτ

∥
∥
∥

2 ≤ 12(η̄t)
2

t+k−1∑

τ̄=t

ητ̄

(

2L̃2
1∥yξτ̄

xτ̄
− yτ̄ ,Tl

∥2 + 4L2∥uξτ̄
xτ̄
− uτ̄ ,Tl

∥2
)

+ 4(η̄t)
3∥∇h(xt)∥2 + 12η̄tη

2
t k

2−αC2 (3.31)

Combine Eq. (3.31) with Eq. (3.30), then we have:

h(xt+k)

≤ h(xt)− (
η̄t

2
− 6L̄2(η̄t)

3)∥∇h(xt)∥2 − η̄t

4
∥ν̄t∥2 +

3

2η̄t

∥
∥
∥

t+k−1∑

τ=t

ητ

(

∇h(xt)−∇h(xt; ξτ )
)∥
∥
∥

2

+ 18L̄2η̄tη
2
t k

2−αC2 + (1 + 12(η̄t)
2L̄2)

t+k−1∑

τ=t

ητ

(

3L̃2
1∥yξτ

xτ
− yτ,Tl

∥2 + 6L2∥uξτ
xτ
− uτ,Tl

∥2
)

≤ h(xt)−
η̄t

8
∥∇h(xt)∥2 − η̄t

4
∥ν̄t∥2 +

3

η̄t

η2
t k

2−αC2

+
t+k−1∑

τ=t

ητ

(

6L̃2
1∥yξτ

xτ
− yτ,Tl

∥2 + 12L2∥uξτ
xτ
− uτ,Tl

∥2
)

(3.32)

where the second inequality uses the conditions that η̄t <
1

4L̄
. By Lemma 49,we have:

h(xt+k) ≤ h(xt)−
kη

8
∥∇h(xt)∥2 − kη

4
∥ν̄t∥2

+ 3
(

1 +
4κ2(192C2

f + 96 ∗ 24L̃2
2)

µ2
+

48L̃2
1

µ2

)

ηk1−αC2

+ 12ηkL2(1− kµρ

2
)El∆u + 3ηk(2L̃2

1 + 4 ∗ 96κ2L̃2
2)(1− kµγ

2
)El∆y (3.33)

where ∆u and ∆y denotes the upper bounds of the initial estimation errors of yx and ux.

This completes the proof.

Lemma 48. Suppose we have γ̄l < 1
2L

and ρ̄l < 1
2L

, then
∑l+k−1

l
′
=l

γl
′∥yl

′ − yl∥2 and
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∑l+k−1
l′ =l

ρl
′∥ul − ul

′∥2 can be bounded as in Eq. (3.34) and Eq. (3.35)

Proof. We first bound
∑l+k−1

l
′
=l

γl
′∥yl

′ − yl∥2, in fact, we have:

∥yl − yl
′∥2 = ∥

l
′ −1∑

l̄
′
=l

γ
l̄′
w

l̄
′∥2 ≤ 2∥

l
′ −1∑

l̄′ =l

γ
l̄
′

(

∇yg
ζ¯

l
′ (x, y

l̄
′ )−∇yg(x, yl)

)

∥2 + 2(γ̄l
′

l )2∥∇yg(x, yl)∥2

≤ 4L2γ̄l
′

l

l
′ −1∑

l̄
′
=l

γ
l̄′
∥y

l̄′
− yl∥2 + 2(γ̄l

′

l )2∥∇yg(x, yl)∥2

+ 4∥
l
′ −1∑

l̄
′
=l

γ
l̄′

(

∇yg
ζ¯

l
′ (x, yl)−∇yg(x, yl)

)

∥2

≤ 4L2γ̄l

l+k−1∑

l̄′ =l

γ
l̄
′∥y

l̄
′ − yl∥2 + (γ̄l)

2∥∇yg(x, yl)∥2 + 4γ2
l k

2−αC2

Multiply γl′ on both sides, and then sum l
′

in [l, l + k − 1], we have:

(1− 4L2γ̄2
l )

l+k−1∑

l′ =l

γl
′∥yl

′ − yl∥2 ≤ 2(γ̄l)
3∥∇yg(x, yl)∥2 + 4γ̄lγ

2
l k

2−αC2

Since we have γ̄l <
1

2L
, we have:

l+k−1∑

l
′
=l

γl′∥yl′ − yl∥2 ≤ 4(γ̄l)
3∥∇yg(x, yl)∥2 + 8γ̄lγ

2
l k

2−αC2 (3.34)

Next for
∑l+k−1

l′ =l
ρl

′∥ul − ul
′∥2, we have:

∥ul − ul
′∥2 = ∥

l
′ −1∑

l̄′ =t

ρ
l̄
′q

l̄
′∥2 ≤ 2∥

l
′ −1∑

l̄′ =l

ρ
l̄
′

(

q
l̄
′ −∇rx(ul)

)

∥2 + 2(ρ̄l
′

l )2∥∇rx(ul)∥2

≤ 12L̃2
2(ρ̄l

′

l )2∥yx − yTl
∥2 + 8L2ρ̄l

′

l

l
′ −1∑

l̄′ =l

ρ
l̄
′∥ul − ul̄

′∥2 + 2(ρ̄l
′

l )2∥∇rx(ul)∥2

+
24C2

f

µ2
∥

l
′ −1∑

l̄′ =l

ρ
l̄
′

(

∇y2g(x, yTl
)−∇y2g

ζ¯
l
′ (x, yTl

)
)

∥2
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≤ 12L̃2
2(ρ̄l)

2∥yx − yTl
∥2 + 8L2ρ̄l

l+k−1∑

l̄
′
=l

ρ
l̄
′∥ul − ul̄′

∥2 + 2(ρ̄l)
2∥∇rx(ul)∥2

+
24C2

f

µ2
ρ2

l k
2−αC2

Multiply ρl′ on both sides, and then sum l
′

in [l, l + k − 1], we have:

(1− 8L2ρ̄2
l )

l+k−1∑

l′ =l

ρl
′∥ul − ul

′∥2 ≤ 12L̃2
2(ρ̄l)

3∥yx − yTl
∥2

+ 2(ρ̄l)
3∥∇rx(ul)∥2 +

24C2
f

µ2
ρ̄lρ

2
l k

2−αC2

Since we have ρ̄l <
1

2L
, we have:

l+k−1∑

l′ =l

ρl
′∥ul − ul

′∥2 ≤ 24L̃2
2(ρ̄l)

3∥yx − yTl
∥2 + 4(ρ̄l)

3∥∇rx(ul)∥2 +
48C2

f

µ2
ρ̄lρ

2
l k

2−αC2 (3.35)

Lemma 49. When γ̄t <
1

128Lκ
and ρ̄t <

1
256Lκ

, the error of the inner variable yl and the

variable ul are bounded through Eq. (3.36) and Eq. (3.37).

Proof. Since the outer iteration t is fixed for each inner loop, we omit t and ξt in the

notation for clarity. Furthermore, we assume performing the updates to y and u separately

in Algorithm 3. Although the alternative updates in Algorithm 3 is appealing in practice

as we can reuse ∇yg for ∇y2g, update y first and u next can avoid treating complicated

higher order terms. Follow similar derivation of Lemma 43, if γ̄t <
1

4L
, we have:

∥yl+k − yx∥2 ≤ (1− µγ̄l

2
)∥yl − yx∥2 − γ̄2

l

2
∥∇yg(x, yl)∥2
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+ 8Lκ
l+k−1∑

l′ =l

γl′∥yl′ − yl∥2 +
8

µγ̄l

∥
l+k−1∑

l′ =l

γl′

(

∇yg(x, yl)−∇yg(x, yl; ζl′ )
)

∥2

Combine with Eq. (3.34) and use the condition that γ̄l <
1

128Lκ
< 1

4L
, we have:

∥yl+k − yx∥2 ≤ (1− µγ̄l

2
)∥yl − yx∥2 − γ̄2

l

4
∥∇yg(x, yl)∥2 + 64Lκγ̄lγ

2
l k

2−αC2 +
8

µγ̄l

γ2
l k

2−αC2

Suppose we perform El rounds, then by telescoping, we have:

∥yTl
− yx∥2 ≤ (1− kµγ

2
)El∥y0 − yx∥2

+
24k−αC2

µ2
+

El−1
∑

e=0

(1− kµγ

2
)El−e

(

− k2γ2

4
∥∇yg(x, yek)∥2

)

(3.36)

Next, follow similar derivations as in Lemma 44 and choose ρ̄t <
1

4L
, then we have:

∥ul+k − ux∥2 ≤ (1− µρ̄l

2
)∥ul − ux∥2 − (ρ̄l)

2

2
∥∇rx(ul)∥2 +

24L̃2
2(ρ̄t)

µ
∥yx − yTl

∥2

+ 16Lκ
l+k−1∑

l
′
=l

ρl
′∥ul − ul

′∥2

+
48C2

f

µ3ρ̄l

∥
l+k−1∑

l′ =l

ρl′

(

∇y2g(x, yTl
)−∇y2g(x, yTl

; ζl
′ )
)

∥2

Combine with Eq. (3.35) and use the condition that ρ̄l <
1

256Lκ
< 1

4L
, we have:

∥ul+k − ux∥2 ≤ (1− µρ̄l

2
)∥ul − ux∥2 − (ρ̄l)

2

4
∥∇rx(ul)∥2

+
48L̃2

2(ρ̄l)

µ
∥yx − yTl

∥2 +
96C2

f

µ3ρ̄l

ρ2
l k

2−αC2
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we perform El rounds, then by telescoping, we have:

∥uTl
− ux∥2 ≤ (1− kµρ

2
)El∥u0 − ux∥2 +

192C2
fC

2k−α

µ4
+

96L̃2
2

µ2
∥yx − yTl

∥2

+
El−1
∑

e=0

(1− kµρ

2
)El−e

(

− k2ρ2

4
∥∇yrx(uek)∥2

)

(3.37)

This completes the proof.

Theorem 50. Suppose Assumptions 26-29 and 32 are satisfied, and Assumption 30 is

satisfied with some α and C for the example order we use in Algorithm 3. We choose

learning rates ηt = η = 1
8kL̄

, γt = γ = 1
256kLκ

, ρt = ρ = 1
512kLκ

and denote T = R ×m be

the total number of outer steps and Tl = S ×max(ni) be the maximum inner steps. Then

for any pair of values (E, k) which has T = E × k and Tl = El × k, we have:

1

E

E−1∑

e=0

∥∇h(xke)∥2 ≤ 8∆h

kEη
+ Cu(1− kµρ

2
)El∆u + Cy(1− kµγ

2
)El∆y + (C

′

)2C2k−α

where Cu, Cy, C
′

, L̃ are constants related to the smoothness parameters of h(x), ∆h, ∆u,

∆y are the initial sub-optimality, R and S are defined in Algorithm 3.

Proof. First, by Lemma 47, we have:

h(xt+k) ≤ h(xt)−
kη

8
∥∇h(xt)∥2 − kη

4
∥ν̄t∥2

+ 3
(

1 +
4κ2(192C2

f + 96 ∗ 24L̃2
2)

µ2
+

48L̃2
1

µ2

)

ηk1−αC2

+ 12ηkL2(1− kµρ

2
)El∆u + 3ηk(2L̃2

1 + 4 ∗ 96κ2L̃2
2)(1− kµγ

2
)El∆y
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Sum the above inequality over E phases to have:

kη

8

E−1∑

e=0

∥∇h(xke)∥2 ≤ ∆h + 12ηkEL2(1− kµρ

2
)El∆u

+ 3ηkE(2L̃2
1 + 4 ∗ 96κ2L̃2

2)(1− kµγ

2
)El∆y

+ 3E
(

1 +
4κ2(192C2

f + 96 ∗ 24L̃2
2)

µ2
+

48L̃2
1

µ2

)

ηk1−αC2

Divide by kEη/8 on both sides to have:

1

E

E−1∑

e=0

∥∇h(xke)∥2 ≤ 8∆h

kEη
+ 96L2(1− kµρ

2
)El∆u + 24(2L̃2

1 + 4 ∗ 96κ2L̃2
2)(1− kµγ

2
)El∆y

+ 24
(

1 +
4κ2(192C2

f + 96 ∗ 24L̃2
2)

µ2
+

48L̃2
1

µ2

)

k−αC2

By the condition η < 1
4kL̄

, γ < 1
128kLκ

and ρ < 1
256kLκ

, we choose η = 1
8kL̄

, γ = 1
256kLκ

and

ρ = 1
512kLκ

, then we have:

1

E

E−1∑

e=0

∥∇h(xke)∥2 ≤ 64L̄∆h

E
+ 96L2(1− kµρ

2
)El∆u + 24(2L̃2

1 + 4 ∗ 96κ2L̃2
2)(1− kµγ

2
)El∆y

+ 24
(

1 +
4κ2(192C2

f + 96 ∗ 24L̃2
2)

µ2
+

48L̃2
1

µ2

)

k−αC2

Then to reach an ϵ-stationary point, we need to have:

E ≥ 128L̄∆

ϵ2
, and , kα ≥ 48C2

ϵ2

(

1 +
4κ2(192C2

f + 96 ∗ 24L̃2
2)

µ2
+

48L̃2
1

µ2

)

and El = O(log(ϵ−1)). This completes the proof.

Proposition 51. Given Assumptions 28-29, Assumption 32 and Assumption 30 hold, then
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we have: ∥∑τ−1
τ̄=t ητ̄

(

∇yg(xt, yxt)−∇yg(xτ̄ , yτ̄ ; ζτ̄ ,1)
)

∥2 ≤ η2k2−αC2 for any τ ≤ t+k−1. The

same upper bound is achieved for other properties: ∇h(x), ∇xf(x, y),∇yg(x, y), ∇y2g(x, y),

∇xyg(x, y)

Proof. This proposition can be adapted from Lemma 2 of [63].

Proposition 52. Suppose we have function g(y), which is L-smooth and µ-strongly-convex,

then suppose γ < 1
2L

, the progress made by one step of gradient descent is:

∥yt+1 − y∗∥2 ≤
(

1− µγ

2

)

∥yt − y∗∥2 − γ2

2
∥∇yg(yt)∥2 +

4γ

µ
∥∇yg(yt)− wt∥2

where y∗ is the minimum of g(y) and we have update rule yt+1 = yt − γωt.

Proof. First, by the strong convexity of of function g(y), we have:

g(y∗) ≥ g(yt) + ⟨∇yg(yt), y
∗ − yt⟩+

µ

2
∥y∗ − yt∥2

= g(yt) + ⟨∇yg(yt), y
∗ − yt+1⟩+ ⟨∇yg(yt), yt+1 − yt⟩+

µ

2
∥y∗ − yt∥2 (3.38)

Then by L-smoothness, we have:

L

2
∥yt+1 − yt∥2 ≥ g(yt+1)− g(yt)− ⟨∇yg(yt), yt+1 − yt⟩ (3.39)

Combining the 3.38 with 3.39, we have:

g(y∗) ≥ g(yt+1) + ⟨∇yg(yt), y
∗ − yt⟩+ γ⟨∇yg(yt), wt⟩+

µ

2
∥y∗ − yt∥2 − L

2
∥yt+1 − yt∥2

≥ g(yt+1) +
γ

2
∥wt∥2 +

γ

2
∥∇yg(yt)∥2 − γ

2
∥wt −∇yg(yt)∥2 + ⟨wt, y

∗ − yt⟩
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+ ⟨∇yg(yt)− wt, y
∗ − yt⟩+

µ

2
∥y∗ − yt∥2 − Lγ2

2
∥ωt∥2

≥ g(yt+1) +
(γ

2
− Lγ2

2

)

∥wt∥2 +
γ

2
∥∇yg(yt)∥2 − γ

2
∥wt −∇yg(yt)∥2 + ⟨wt, y

∗ − yt⟩

+ ⟨∇yg(yt)− wt, y
∗ − yt⟩+

µ

2
∥y∗ − yt∥2

By definition of y∗, we have g(y∗) ≥ g(yt+1). Thus, we obtain

0 ≥
(γ

2
− Lγ2

2

)

∥wt∥2 +
γ

2
∥∇yg(yt)∥2 − γ

2
∥wt −∇yg(yt)∥2 + ⟨wt, y

∗ − yt⟩

+ ⟨∇yg(yt)− wt, y
∗ − yt⟩+

µ

2
∥y∗ − yt∥2 (3.40)

Considering the outer bound of the second term ⟨∇yg(yt)− wt, y
∗ − yt⟩, we have

− ⟨∇yg(yt)− wt, y
∗ − yt⟩ ≤

1

µ
∥∇yg(yt)− wt∥2 +

µ

4
∥y∗ − yt∥2

Combining with Eq. 3.40:

0 ≥
(γ

2
− Lγ2

2

)

∥wt∥2 +
γ

2
∥∇yg(yt)∥2 −

(γ

2
+

1

µ

)

∥wt −∇yg(yt)∥2 + ⟨wt, y
∗ − yt⟩

+
µ

4
∥y∗ − yt∥2

By yt+1 = yt − γωt, we have:

∥yt+1 − y∗∥2 = ∥yt − γωt − y∗∥2 = ∥yt − y∗∥2 − 2γ⟨ωt, yt − y∗⟩+ γ2∥ωt∥2

≤
(

1− µγ

2

)

∥yt − y∗∥2 − γ2∥∇yg(yt)∥2 + Lγ3∥ωt∥2

+
(

γ2 +
2γ

µ

)

∥∇yg(yt)− wt∥2
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Then since we choose γ < 1
4L
< 1

µ
, we obtain:

∥yt+1 − y∗∥2 ≤
(

1− µγ

2

)

∥yt − y∗∥2 − γ2

2
∥∇yg(yt)∥2 +

4γ

µ
∥∇yg(yt)− wt∥2

This completes the proof.

Corollary 53. For Algorithm 4 and Algorithm 5, suppose Assumptions (the bounded gra-

dient assumption is not required for the minimax problem) and conditions are satisfied as

in Theorem 31, to reach an ϵ-stationary point, we need O(ϵ−4) examples if they are sam-

pled independently, while O((max(m,n))pϵ−3) if some random-permutation-based without-

replacement sampling is used.

Corollary 54. For Algorithm 6, suppose Assumptions and conditions are satisfied as in

Theorem 33, to reach an ϵ-stationary point, we need O(ϵ−6) examples if they sampled in-

dependently, while O((max(m,n))2pϵ−4) if examples are sampled following some random-

permutation-based without-replacement sampling.

It is straightforward to derive the above corollaries from Theorem 31 and Theorem 33,

we omit the proof here.

3.7 More Experimental Details

In this section, we introduce more details of the experiments.
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Table 3.2: Comparisons of the Bilevel Opt. & Conditional Bilevel Opt. al-
gorithms for finding an ϵ-stationary point. An ϵ-stationary point is defined as
∥∇h(x)∥ ≤ ϵ. Gc(f, ϵ) and Gc(g, ϵ) denote the number of gradient evaluations w.r.t.
f(x, y) and g(x, y); JV (g, ϵ) denotes the number of Jacobian-vector products; HV (g, ϵ) is
the number of Hessian-vector products. m and n are the number of data examples for the
outer and inner problems, in particular, n is the maximum number of inner problems for
conditional bilevel optimization. Our methods have a dependence over example numbers
(max(m,n))q, q is a value decided by without-replacement sampling strategy and can have
value in [0, 1] (A herding-based permutation [1] can let q = 0).

Setting Algorithm Gc(f, ϵ) Gc(g, ϵ) JV (g, ϵ) HV (g, ϵ)

B.O.

BSA [6] O(ϵ−4) O(ϵ−6) O(ϵ−4) O(ϵ−4)
TTSA [15] O(ϵ−5) O(ϵ−5) O(ϵ−5) O(ϵ−5)

StocBiO [12] O(ϵ−4) O(ϵ−4) O(ϵ−4) O(ϵ−4)
SOBA [58] O(ϵ−4) O(ϵ−4) O(ϵ−r) O(ϵ−4)
MRBO [32] O(ϵ−3) O(ϵ−3) O(ϵ−3) O(ϵ−3)
VRBO [32] O(ϵ−3) O(ϵ−3) O(ϵ−3) O(ϵ−3)
SABA [58] O(max(m,n)2/3ϵ−2) O(max(m,n)2/3ϵ−2) O(max(m,n)2/3ϵ−2) O(max(m,n)2/3ϵ−2)
SRBA [90] O(max(m,n)1/2ϵ−2) O(max(m,n)1/2ϵ−2) O(max(m,n)1/2ϵ−2) O(max(m,n)1/2ϵ−2)

WiOR-BO(Ours) O((max(m,n))qϵ−3) O((max(m,n))qϵ−3) O((max(m,n))qϵ−3) O((max(m,n))qϵ−3)

Cond. B.O.
DL-SGD [59] O(ϵ−4) O(ϵ−6) O(ϵ−4) O(ϵ−4)

RT-MLMC [59] O(ϵ−4) O(ϵ−4) O(ϵ−4) O(ϵ−4)
WiOR-CBO (Ours) O((max(m,n))qϵ−3) O((max(m,n))2qϵ−4) O(n(max(m,n))qϵ−3) O((max(m,n))2qϵ−4)

3.7.1 Invariant Risk-Minimization

The data generation process is as follows: we first randomly sample a ground truth

x∗, then we randomly generate m = 1000 input variables c, and calculate the ground truth

label b = cx, then for each ci, we generate a set of n = 100 noisy observations by adding

Guassian noise of scale 0.1. We also add a L2 regularization term of strength 0.1 for the

outer problem. During trainging, we use both the inner and outer learing rates of 0.001.

3.7.2 Hyper-Data Cleaning

The formulation of the problem is as follows:

min
x∈Rp

h(x) := f(x, yx) =
1

N (val)

N(val)
∑

n=1

Θ(yx; ξval
n ) s.t. yx = arg min

y∈Rd

g(x, y) =
N(tr)
∑

n=1

xnΘ(y; ξtr
n )
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In the above formulation, we have a pair of (noisy) training set {ξtr
n }N(tr)

n=1 and validation

set {ξval
n }N(val)

n=1 , and xn, n ∈ [N (tr)] are weights for training samples, y is the parameter of a

model, and we denote the model by Θ. Note that yx is the model learned over the weighted

training set. We fit a model with 3 fully connected layers for the MNIST dataset. We also

use L2 regularization with coefficient 10−3 to satisfy the strong convexity condition. In the

Experiments, we choose inner learning rate (γ, ρ) as 0.1 and outer learning rate η 1000.

Figure 3.4: Comparison of different algorithms for the Hyper-Representation Task over the
MiniImageNet Dataset. From Left to Right: 5-way-1-shot, 5-way-5-shot, 20-way-1-shot,
20-way-5-shot.

3.7.3 Hyper-Representation Learning

min
x∈Rp

h(x) := f(x, yx) =
1

N

N∑

n=1

( 1

N val
n

Nval
n∑

i=1

Θ(x, y(Tn)
x ; ξval

i )
)

s.t. y(Tn)
x = arg min

y∈Rd

g(Tn)(x, y) =
1

N tr
n

Ntr
n∑

i=1

Θ(x, y; ξtr
i )
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In the above formulation, we have N tasks and each task Tn is defined by a pair of training

set {ξtr
i }

Ntr
n

i=1 and validation set {ξval
i }

Nval
n

i=1 . Θ defines the model, x is the parameter of the

backbone model and y is the parameter of the linear classifier. In summary, the lower level

problem is to learn the optimal linear classifier y given the backbone x, and the upper level

problem is to learn the optimal backbone parameter x.

The Omniglot dataset includes 1623 characters from 50 different alphabets and each

character consists of 20 samples. We follow the experimental protocols of [89] to divide

the alphabets to train/validation/test with 33/5/12, respectively. We perform N -way-K-

shot classification, more specifically, for each task, we randomly sample N characters and

for each character, we sample K samples for training and 15 samples for validation. We

augment the characters by performing rotation operations (multipliers of 90 degrees). We

use a 4-layer convolutional neural network where each convolutional layer has 64 filters

of 3×3 [91]. For the MiniImageNet, it has 64 training classes and 16 validation classes.

Similar to Omniglot, we also perform the N -way-K-shot classification. We use a 4-layer

convolutional neural network where each convolutional layer has 64 filters of 3×3 [91] for

experiments. For the experiments, we use inner learning rates 0.4 and outer learning rates

0.1 for Omniglot related experiments and inner learning rates 0.01 and outer learning rates

0.05 for MiniImageNet-related experiments. We perform 4 inner gradient descent steps and

set Kmax = 6 for the RT-MLMC method. The experimental results for the MiniImageNet

dataset is shown in Figure 3.4.
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3.8 Comparison of WiOR-BO with Other Methods

In this section, we compare our algorithms with other variance reduction based al-

gorithms for bilevel optimization. For the unconditional case, WiOR-BO obtain the same

O(ϵ−3) rate as STORM-based algorithm MRBO [32], while is slower than SVRG-type algo-

rithms which have O(nqϵ−2) such as VRBO [32], SABA [58] and SRBA [90]. This relation-

ship is similar to that for the single level optimization problems. However, as a SGD-type

algorithm, WiOR-BO is much simpler to implement in practice compared to STORM-based

and ARVG-based algorithms. More specifically, WIOR-BO has fewer hyper-parameters

(learning rates for inner and outer problems) to tune compared to MRBO, which has six

independent hyper-parameters, and the optimal theoretical convergence rate is achieved

only if the complicated conditions among hyper-parameters are satisfied in Theorem 1

of [32] are satisfied, and this requires significant effort in practice. Next, SRBO/SABA

evaluates the full hyper-gradient at the start of each outer loop, where we need to evaluate

the first and second order derivatives over all samples in one step, which is very expensive

for modern ML models (such as the transformer model with billions of parameters). In

contrast, our WiOR-BO never evaluates the full gradient. Note that the inner loop length

I = lcm(m,n) is analogous to the concept of ”epoch” in single level optimization: where

we go over the data samples following a given order, but at each step we evaluate gradient

over a mini-batch of samples. The practical advantage of our WiOR-BO is further verified

by the superior performance over MRBO and VRBO in the Hyper-Data Cleaning Task.
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Part II

Nested Problems in Federated/Distributed Learning
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Chapter 4: Communication-Efficient Federated Bilevel Optimization with

Global and Local Lower Level Problems

4.1 Introduction

Bilevel optimization [16, 17] has increasingly drawn attention due to its wide-ranging

applications in numerous machine learning tasks, including hyper-parameter optimiza-

tion [37], meta-learning [38] and neural architecture search [41]. A bilevel optimization

problem involves an upper problem and a lower problem, wherein the upper problem is a

function of the minimizer of the lower problem. Recently, great progress has been made

to solve this type of problems, particularly through the development of efficient single-loop

algorithms that rely on diverse gradient approximation techniques [12]. However, the ma-

jority of existing bilevel optimization research concentrates on standard, non-distributed

settings, and how to solve the bilevel optimization problems under distributed settings

have received much less attention. Federated learning (FL) [92] is a recently promising

distributed learning paradigm. In FL, a set of clients jointly solve a machine learning task

under the coordination of a central server. To protect user privacy and mitigate communi-

cation overhead, clients perform multiple steps of local update before communicating with

the server. A variety of algorithms [93, 94, 95, 96, 97] have been proposed to accelerate
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Table 4.1: Comparisons of the Federated/Non-federated bilevel optimization al-
gorithms for finding an ϵ-stationary point. Gc(f, ϵ) and Gc(g, ϵ) denote the number
of gradient evaluations w.r.t. f (m)(x, y) and g(m)(x, y); JV (g, ϵ) denotes the number of
Jacobian-vector products; HV (g, ϵ) is the number of Hessian-vector products; κ = L/µ is
the condition number, p(κ) is used when no dependence is provided. Sample complexities
are measured by client.

Setting Algorithm Communication Gc(f, ϵ) Gc(g, ϵ) JV (g, ϵ) HV (g, ϵ) Heterogeneity

Non-Fed
StocBiO [98] O(κ5ϵ−2) O(κ9ϵ−2) O(κ5ϵ−2) O(κ6ϵ−2)
MRBO [32] O(p(κ)ϵ−1.5) O(p(κ)ϵ−1.5) O(p(κ)ϵ−1.5) O(p(κ)ϵ−1.5)

Federated

CommFedBiO [99] O(p(κ)ϵ−2) O(p(κ)ϵ−2) O(p(κ)ϵ−2) O(p(κ)ϵ−2) O(p(κ)ϵ−2) ✓

FedNest [100] O(κ9ϵ−2) O(κ5ϵ−2) O(κ9ϵ−2) O(κ5ϵ−2) O(κ9ϵ−2) ✓

AggITD [101] O(p(κ)ϵ−2) O(p(κ)ϵ−2) O(p(κ)ϵ−2) O(p(κ)ϵ−2) O(p(κ)ϵ−2) ✓

FedMBO [102] O(M−1p(κ)ϵ−2) O(M−1p(κ)ϵ−2) O(M−1p(κ)ϵ−2) O(M−1p(κ)ϵ−2) O(M−1p(κ)ϵ−2) ✓

SimFBO [103] O(p(κ)ϵ−1) O(M−1p(κ)ϵ−2) O(M−1p(κ)ϵ−2) O(M−1p(κ)ϵ−2) O(M−1p(κ)ϵ−2) ✓

Local-BSGVR [104] O(p(κ)ϵ−1) O(M−1p(κ)ϵ−1.5) O(M−1p(κ)ϵ−1.5) O(M−1p(κ)ϵ−1.5) O(M−1p(κ)ϵ−1.5) ✗

FedBiOAcc (Ours) O(κ19/3ϵ−1) O(M−1κ8ϵ−1.5) O(M−1κ8ϵ−1.5) O(M−1κ8ϵ−1.5) O(M−1κ8ϵ−1.5) ✓

this training process. However, most of these algorithms primarily address standard single-

level optimization problems. In this work, we study the bilevel optimization problems in

the Federated Learning setting and investigate the following research question: Is it possi-

ble to develop communication-efficient federated algorithms tailored for bilevel optimization

problems that also ensure a rapid convergence rate?

More specifically, a general Federated Bilevel Optimization problem has the following

form:

min
x∈Rp

h(x) :=
1

M

M∑

m=1

f (m)(x, yx), s.t. yx = arg min
y∈Rd

1

M

M∑

m=1

g(m)(x, y) (4.1)

A federated bilevel optimization problem consists of an upper and a lower level problem,

the upper problem f(x, y) := 1
M

∑M
m=1 f

(m)(x, y) relies on the solution yx of the lower prob-

lem, and g(x, y) := 1
M

∑M
m=1 g

(m)(x, y). Meanwhile, both the upper and the lower level

problems are federated: In Eq.(4.1), we have M clients, and each client has a local upper

problem f (m)(x, y) and a lower level problem g(m)(x, y). Compared to single-level federated

optimization problems, the estimation of the hyper-gradient in federated bilevel optimiza-
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tion problems is much more challenging. In Eq.(4.1), the hyper-gradient is not linear

w.r.t the local hyper-gradients of clients, whereas the gradient of a single-level Federated

Optimization problem is the average of local gradients. Consequently, directly applying

the vanilla local-sgd method [92] to federated bilevel problems results in a large bias. In

the literature [99, 100, 101, 102], researchers evaluate the hyper-gradient through multiple

rounds of client-server communication, however, this approach leads to high communica-

tion overhead. In contrast, we view the hyper-gradient estimation as solving a quadratic

federated problem and solving it with the local-sgd method. More specifically, we formulate

the solution of the federated bilevel optimization as three intertwined federated problems:

the upper problem, the lower problem and the quadratic problem for the hyper-gradient

estimation. Then we address the three problems using alternating gradient descent steps,

furthermore, to manage the noise of the stochastic gradient and obtain the fast convergence

rate, we employ a momentum-based variance reduction technique.

Beyond the standard federated bilevel optimization problem as defined in Eq. 4.1,

another variant of Federated Bilevel Optimization problem, which entails locally managed

lower-level problems, is also frequently utilized in practical applications. For this type of

problem, we can get an unbiased estimate of the global hyper-gradient using local hyper-

gradient, thus we can solve it with a local-SGD like algorithm, named FedBiOAcc-Local.

However, it is challenging to analyze the convergence of the algorithm. In particular, we

need to bound the intertwined client drift error, which is intrinsic to FL and the bilevel-

related errors e.g. the lower level solution bias. In fact, we prove that the FedBiOAcc-Local

algorithm attains the same fast rate as FedBiO algorithm.

Finally, we highlight the main contributions of our paper as follows:
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• We propose FedBiOAcc to solve Federated Bilevel Optimization problems, the al-

gorithm evaluates the hypergradient of federated bilevel optimization problems ef-

ficiently and achieves optimal convergence rate through momentum-based variance

reduction. FedBiOAcc has sample complexity of O(ϵ−1.5), communication complexity

of O(ϵ−1) and achieves linear speed-up w.r.t the number of clients.

• We study Federated Bilevel Optimization problem with local lower level problem for

the first time, where we show the convergence of a modified version of FedBiOAcc,

named FedBiOAcc-Local for this type of problems.

• We validate the efficacy of the proposed FedBiOAcc algorithm through two real-world

tasks: Federated Data Cleaning and Federated Hyper-representation Learning.

Notations ∇ denotes full gradient, ∇x denotes partial derivative for variable x,

higher order derivatives follow similar rules. [K] represents the sequence of integers from 1

to K, x̄ represents average of the sequence of variables {x(m)}M
m=1. t̄s represents the global

communication timestamp s.

4.2 Related Works

Bilevel optimization dates back to at least the 1960s when [16] proposed a regu-

larization method, and then followed by many research works [8, 17, 18, 19], while in

machine learning community, similar ideas in the name of implicit differentiation were

also used in Hyper-parameter Optimization [20, 21, 22, 23]. Early algorithms for Bilevel

Optimization solved the accurate solution of the lower problem for each upper variable. Re-

cently, researchers developed algorithms that solve the lower problem with a fixed number
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of steps, and use the ‘back-propagation through time’ technique to compute the hyper-

gradient [24, 25, 26, 27, 28]. Very Recently, it witnessed a surge of interest in using implicit

differentiation to derive single loop algorithms [6, 11, 12, 13, 14, 15, 32, 58, 65, 66, 105].

In particular, [58, 65] proposes a way to iteratively evaluate the hyper-gradients to save

computation. In this work, we view the hyper-gradient estimation of Federated Bilevel Op-

timization as solving a quadratic federated optimization problem and use a similar iterative

evaluation rule as [58, 65] in local update.

The bilevel optimization problem is also considered in the more general settings.

For example, bilevel optimization with multiple lower tasks is considered in [106], further-

more, [107, 108, 109, 110] studies the bilevel optimization problem in the decentralized

setting, [111] studies the bilevel optimization problem in the asynchronous setting. In con-

trast, we study bilevel optimization problems under Federated Learning [92] setting. Fed-

erated learning is a promising privacy-preserving learning paradigm for distributed data.

Compared to traditional data-center distributed learning, Federated Learning poses new

challenges including data heterogeneity, privacy concerns, high communication cost, and

unfairness. To deal with these challenges, various methods [96, 112, 113, 114, 115, 116]

are proposed. However, bilevel optimization problems are less investigated in the federated

learning setting. [117] considered the distributed bilevel formulation, but it needs to com-

municate the Hessian matrix for every iteration, which is computationally infeasible. More

recently, FedNest [100] has been proposed to tackle the general federated nest problems, in-

cluding federated bilevel problems. However, this method evaluates the full hyper-gradient

at every iteration; this leads to high communication overhead; furthermore, FedNest also

uses SVRG to accelerate the training. Similar works that evaluate the hyper-gradient with
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multiple rounds of client-server communication are [99, 101, 102, 103]. Finally, there is

a concurrent work [104] that investigates the possibility of local gradients on Federated

Bilevel Optimization, however, it only considers the homogeneous case, this setting is quite

constrained and much simpler than the more general heterogeneous case we considered.

Furthermore, [104] only considers the case where both the upper and the lower problem

are federated, and omit the equally important case where the lower level problem is not

federated.

4.3 Federated Bilevel Optimization

4.3.1 Some Mild Assumptions

Note that the formulation of Eq.(4.1) is very general, and we consider the stochastic

heterogeneous case in this work. More specifically, we assume:

f (m)(x, y) := E
ξ∼D(m)

f

[f (m)(x, y, ξ)], g(m)(x, y) := E
ξ∼D(m)

g
[g(m)(x, y; ξ)]

where D(m)
f and D(m)

g are some probability distributions. Furthermore, we assume the local

objectives could be potentially different: f (m)(x, y) ̸= f (k)(x, y) or g(m)(x, y) ̸= g(k)(x, y) for

m ̸= k,m, k ∈ [M ]. Furthermore, we assume the following assumptions in our subsequent

discussion:

Assumption 55. Function f (m)(x, y) is possibly non-convex and g(m)(x, y) is µ-strongly

convex w.r.t y for any given x.

Assumption 56. Function f (m)(x, y) is L-smooth and has Cf -bounded gradient;
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Assumption 57. Function g(m)(x, y) is L-smooth, and ∇xyg
(m)(x, y) and ∇y2g(m)(x, y)

are Lipschitz continuous with constants Lxy and Ly2 respectively;

Assumption 58. We have unbiased stochastic first-order and second-order gradient oracle

with bounded variance.

Assumption 59. For any m, j ∈ [M ] and z = (x, y), we have: ∥∇f (m)(z)−∇f (j)(z)∥ ≤ ζf ,

∥∇g(m)(z)−∇g(j)(z)∥ ≤ ζg, ∥∇xyg
(m)(z)−∇xyg

(j)(z)∥ ≤ ζg,xy, ∥∇y2g(m)(z)−∇y2g(j)(z)∥ ≤

ζg,yy, where ζf , ζg, ζg,xy, ζg,yy, are constants.

As stated in The assumption 55, we study the non-convex-strongly-convex bilevel

optimization problems, this class of problems is widely studied in the non-distributed bilevel

literature [6, 29]. Furthermore, Assumption 56 and Assumption 57 are also standard as-

sumptions made in the non-distributed bilevel literature. Assumption 58 is widely used in

the study of stochastic optimization problems. For Assumption 59, gradient difference is

widely used in single level Federated Learning literature as a measure of client heterogene-

ity [13, 118]. Please refer to the full version of Assumptions in Appendix.

4.3.2 The FedBiOAcc Algorithm

A major difficulty in solving a Federated Bilevel Optimization problem Eq. (4.1) is

evaluating the hyper-gradient ∇h(x). For the function class (non-convex-strongly-

convex) we consider, the explicit form of hypergradient h(x) exists as ∇h(x) = Φ(x, yx),

where Φ(x, y) is denoted as:

Φ(x, y) =∇xf(x, y) − ∇xyg(x, y) × [∇y2g(x, y)]−1∇yf(x, y), (4.2)
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Algorithm 7 Accelerated Federated Bilevel Optimization (FedBiOAcc)

1: Input: Constants cω, cν , cu, γ, η, τ , r; learning rate schedule {αt}, t ∈ [T ], initial state
(x1, y1, u1);

2: Initialization: Set y
(m)
1 = y1, x

(m)
1 = x1, u

(m)
1 = u1, ω

(m)
1 = ∇yg

(m)(x1, y1,By), ν
(m)
1 =

∇xf
(m)(x1, y1; Bf,1) − ∇xyg

(m)(x1, y1; Bg,1)u1 and q1 = ∇y2g(m)(x
(m)
1 , y

(m)
1 ; Bg,2)u1 −

∇yf
(m)(x

(m)
1 , y

(m)
1 ; Bf,2) for m ∈ [M ]

3: for t = 1 to T do
4: ŷ

(m)
t+1 = y

(m)
t − γαtω

(m)
t , x̂

(m)
t+1 = x

(m)
t − ηαtν

(m)
t , û

(m)
t+1 = Pr(u

(m)
t − ταtq

(m)
t )

5: Get ω̂
(m)
t+1 , ν̂

(m)
t+1 and q̂

(m)
t+1 following Eq. (4.7)

6: if t mod I = 0 then
7: y

(m)
t+1 = 1

M

∑M
j=1 ŷ

(j)
t+1; x

(m)
t+1 = 1

M

∑M
j=1 x̂

(j)
t+1, u

(m)
t+1 = 1

M

∑M
j=1 û

(j)
t+1

8: ω
(m)
t+1 = 1

M

∑M
j=1 ω̂

(j)
t+1, ν

(m)
t+1 = 1

M

∑M
j=1 ν̂

(j)
t+1, q

(m)
t+1 = 1

M

∑M
j=1 q̂

(j)
t+1,

9: else
10: y

(m)
t+1 = ŷ

(m)
t+1 , x

(m)
t+1 = x̂

(m)
t+1, u

(m)
t+1 = û

(m)
t+1

11: ω
(m)
t+1 = ω̂

(m)
t+1 , ν

(m)
t+1 = ν̂

(m)
t+1 , q

(m)
t+1 = q̂

(m)
t+1

12: end if
13: end for

Based on Assumption 55∼57, we can verify Φ(x, yx) is the hyper-gradient [6]. But since

the clients only have access to their local data, for ∀m ∈ [M ], the client evaluates:

Φ(m)(x, y) =∇xf
(m)(x, y) − ∇xyg

(m)(x, y) × [∇y2g(m)(x, y)]−1∇yf
(m)(x, y), (4.3)

It is straightforward to verify that Φ(m)(x, y) is not an unbiased estimate of the full hyper-

gradient, i.e. Φ(x, yx) ̸= 1
M

∑M
m=1 Φ(m)(x, yx). To address this difficulty, we can view the

Hyper-gradient computation as the process of solving a federated optimization

problem.

In fact, Evaluating Eq. (4.2) is equivalent to the following two steps: first, we solve

the quadratic federated optimization problem l(u):

min
u∈Rd

l(u) =
1

M

M∑

m=1

uT (∇y2g(m)(x, y))u− ⟨∇yf
(m)(x, y), u⟩ (4.4)

113



Suppose that we denote the solution of the above problem as u∗, then we have the following

linear operation to get the hypergradient:

∇h(x) =
1

M

M∑

m=1

(

∇xf
(m)(x, yx) − ∇xyg

(m)(x, yx)u∗
)

(4.5)

Compared to the formulation Eq. (4.2), Eq. (4.4) and Eq. (4.5) are more suitable for the

distributed setting. In fact, both Eq. (4.4) and Eq. (4.5) have a linear structure. Eq. (4.4)

is a (single-level) quadratic federated optimization problem, and we could solve Eq. (4.4)

through local-sgd [92], suppose that each client maintains a variable u
(m)
t , and performs the

following update:

u
(m)
t+1 = Pr(u

(m)
t − τt∇l

(m)(u
(m)
t ; B))

∇l(m)(u
(m)
t ; B) = ∇y2g(m)(x

(m)
t , y

(m)
t ; Bg,2))u

(m)
t − ∇yf

(m)(x
(m)
t , y

(m)
t ; Bf,2)

where ∇l(m)(u
(m)
t ; B) is client m’s the stochastic gradient of Eq. (4.4), and (x

(m)
t , y

(m)
t )

denotes the upper and lower variable state at the timestamp t, the Pr(·) denotes the

projection to a bounded ball of radius-r. Note that Clients perform multiple local up-

dates of u
(m)
t before averaging. As for Eq. (4.5), each client evaluates ∇h(m)(x) locally:

∇h(m)(x) = ∇xf
(m)(x, yx) − ∇xyg

(m)(x, yx)u∗ and the server averages ∇h(m)(x) to get

∇h(x). In summary, the linear structure of Eq. (4.4) and Eq. (4.5) makes it suitable for

local updates, therefore, reduce the communication cost.

More specifically, we perform alternative update of upper level variable x
(m)
t , the lower

level variable y
(m)
t and hyper-gradient computation variable u

(m)
t . For example, for each
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client m ∈ [M ], we perform the following local updates:

y
(m)
t+1 = y

(m)
t − γt∇yg

(m)(x
(m)
t , y

(m)
t ,By), u

(m)
t+1 = Pr(u

(m)
t − τt∇l

(m)(u
(m)
t ; B))

x
(m)
t+1 = x

(m)
t − ηt

(

∇xf
(m)(x

(m)
t , y

(m)
t ; Bf,1) − ∇xyg

(m)(x
(m)
t , y

(m)
t ; Bg,1)u

(m)
t

)

(4.6)

Every I steps, the server averages clients’ local states, this resembles the local-sgd method

for single level federated optimization problems. Note that in the update of the upper

variable x
(m)
t , we use u

(m)
t as an estimation of u∗ in Eq. (4.5). An algorithm follows Eq. (4.6)

is shown in Algorithm 2 of Appendix and we refer to it as FedBiO.

Comparison with FedNest. The update rule of Eq. 4.6 is very different from that

of FedNest [100] and its follow-ups [101, 102]. In FedNest, a sub-routine named FedIHGP

is used to evaluate Eq. (4.2) at every global epoch. This involves multiple rounds of client-

server communication and leads to higher communication overhead. In contrast, Eq. (4.6)

formulates the hyper-gradient estimation as an quadratic federated optimization problem,

and then solves three intertwined federated problems through alternative updates of x, y

and u.

Note that Eq. 4.6 updates the related variables through vanilla gradient descent steps.

In the non-federated setting, gradient-based methods such as stocBiO [12] requires large-

batch size (O(ϵ−1)) to reach an ϵ-stationary point, and we also analyze Algorithm 2 in

Appendix to show the same dependence. To control the noise and remove the depen-

dence over large batch size, we apply the momentum-based variance-reduction technique

STORM [30]. In fact, Eq. (4.6) solves three intertwined optimization problems: the bilevel

problem h(x), the lower level problem g(x, y) and the hyper-gradient computation problem
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Eq (4.4). So we control the noise in the process of solving each of the three problems. More

specifically, we have ω
(m)
t , ν

(m)
t and q

(m)
t to be the momentum estimator for x

(m)
t , y

(m)
t and

u
(m)
t respectively, and we update them following the rule of STORM [30]:

ω̂
(m)
t+1 = ∇yg

(m)(x
(m)
t+1, y

(m)
t+1 ,By) + (1 − cωα

2
t )(ω

(m)
t − ∇yg

(m)(x
(m)
t , y

(m)
t ,By))

ν̂
(m)
t+1 =

(

∇xf
(m)(x

(m)
t+1, y

(m)
t+1 ; Bf,1) − ∇xyg

(m)(x
(m)
t+1, y

(m)
t+1 ; Bg,1)u

(m)
t+1

)

+ (1 − cνα
2
t )
(

ν
(m)
t −

(

∇xf
(m)(x

(m)
t , y

(m)
t ; Bf,1) − ∇xyg

(m)(x
(m)
t , y

(m)
t ; Bg,1)u

(m)
t

))

q̂
(m)
t+1 =

(

∇y2g(m)(x
(m)
t+1, y

(m)
t+1 ; Bg,2)u

(m)
t+1 − ∇yf

(m)(x
(m)
t+1, y

(m)
t+1 ; Bf,2)

)

+ (1 − cuα
2
t )
(

q
(m)
t −

(

∇y2g(m)(x
(m)
t , y

(m)
t ; Bg,2)u

(m)
t − ∇yf

(m)(x
(m)
t , y

(m)
t ; Bf,2)

))

(4.7)

where cω, cν and cu are constants, αt is the learning rate. Then we update the x
(m)
t , y

(m)
t

and u
(m)
t as follows:

ŷ
(m)
t+1 = y

(m)
t − γαtω

(m)
t , x̂

(m)
t+1 = x

(m)
t − ηαtν

(m)
t , û

(m)
t+1 = Pr(u

(m)
t − ταtq

(m)
t ) (4.8)

where γ, η, τ are constants and αt is the learning rate. The FedBiOAcc algorithm following

Eq. (4.8) is summarized in Algorithm 7. As shown in line 6 and 12 of Algorithm 7, Every

I iterations, we average both variables and the momentum.
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4.3.3 Convergence Analysis

In this section, we study the convergence property for the FedBiOAcc algorithm. For

any t ∈ [T ], we define the following virtual sequence:

x̄t =
1

M

M∑

m=1

x
(m)
t , ȳt =

1

M

M∑

m=1

y
(m)
t , ūt =

1

M

M∑

m=1

u
(m)
t

we denote the average of the momentum similarly as ω̄t, ν̄t and q̄t. Then we consider the

following Lyapunov function Gt:

Gt = h(x̄t) +
18ηL̃2

µγ
(∥ȳt − yx̄t∥

2 + ∥ūt − ux̄t∥
2) +

9bMη

64αt

∥ω̄t −
1

M

M∑

m=1

∇yg
(m)(x

(m)
t , y

(m)
t )∥2

+
9bMη

64αt

∥q̄t −
1

M

M∑

m=1

(∇y2g(m)(x
(m)
t , y

(m)
t )u

(m)
t − ∇yf

(m)(x
(m)
t , y

(m)
t )))∥2

+
9bMη

64αt

∥ν̄t −
1

M

M∑

m=1

(∇xf
(m)(x

(m)
t , y

(m)
t ) − ∇xyg

(m)(x
(m)
t , y

(m)
t )u

(m)
t )∥2 (4.9)

where yx̄t denotes the solution of the lower level problem g(x̄t, ·),

ux̄t = [∇y2g(x̄, yx̄)]−1∇yf(x̄, yx̄)

denotes the solution of Eq (4.4) at state x̄t. Besides, γ, η, τ are learning rates and L, L̃ are

constants. Note that the first three terms of Gt: h(x̄t), ∥ȳt − yx̄t∥
2, ∥ūt − ux̄t∥

2 measures

the errors of three federated problems: the upper level problem, the lower level problem

and the hyper-gradient estimation. Then the last three terms measure the estimation error

of the momentum variables: ω̄t, ν̄t and q̄t. The convergence proof primarily concentrates
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on bounding these errors, please see Lemma C.2 - C.6 in the Appendix for more details.

Meanwhile, as in the single level federated optimization problems, local updates lead to

client-drift error. More specifically, we need to bound ∥x
(m)
t − x̄t∥

2, ∥y
(m)
t − ȳt∥

2 and

∥u
(m)
t − ūt∥

2, please see Lemma C.7 - C.11 for more details. Finally, we have the following

convergence theorem:

Theorem 60. Suppose in Algorithm 7, we choose learning rate αt = δ
(u+t)1/3 , t ∈ [T ],

for some constant δ and u, and let cν, cω, cu choose some value, η, γ and τ , r be some

small values decided by the Lipschitz constants of h(x), we choose the minibatch size to be

bx = by = b and the first batch to be b1 = O(Ib), then we have:

1

T

T −1∑

t=1

E

[

∥∇h(x̄t)∥
2
]

= O
(κ19/3I

T
+

κ16/3

(bMT )2/3

)

To reach an ϵ-stationary point, we need T = O(κ8(bM)−1ϵ−1.5), I = O(κ5/3(bM)−1ϵ−0.5).

As stated in the Theorem, to reach an ϵ-stationary point, we need T = O(κ8(bM)−1ϵ−1.5),

then the sample complexity for each client is Gc(f, ϵ) = O(M−1κ8ϵ−1.5),

Gc(g, ϵ) = O(M−1κ8ϵ−1.5), Jv(g, ϵ) = O(M−1κ8ϵ−1.5), Hv(g, ϵ) = O(M−1κ8ϵ−1.5). So Fed-

BiOAcc achieves the linear speed up w.r.t. to the number of clients M . Next, suppose we

choose I = O(κ5/3(bM)−1ϵ−0.5), then the number of communication round E = O(κ19/3ϵ−1).

This matches the optimal communication complexity of the single level optimization prob-

lems as in the STEM [119]. Furthermore, compared to FedNest and its variants, FedBiOAcc

has improved both the communication complexity and the iteration complexity. As for Lo-

calBSCVR [104], FedBiOAcc obtains same rate, but incorporates the heterogeneous case.

Note that it is much more challenging to analyze the heterogeneous case. In fact, if we
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assume homogeneous clients, we have local hyper-gradient (Eq. (4.3)) equals the global

hyper-gradient (Eq. (4.2)), then we do not need to use the quadratic federated optimization

problem view in Section 3.2, while the theoretical analysis is also simplified significantly.

4.4 Federated Bilevel Optimization with Local Lower Level Problems

In this section, we consider an alternative formulation of the Federated Bilevel Opti-

mization problems as follows:

min
x∈Rp

h(x) :=
1

M

M∑

m=1

f (m)(x, y(m)
x ), s.t. y(m)

x = arg min
y∈Rd

g(m)(x, y) (4.10)

Same as Eq. (4.1), Eq. (4.10) has a federated upper level problem, however, Eq. (4.10)

has a unique lower level problem for each client, which is different from Eq. (4.1). In

fact, federated bilevel optimization problem Eq (4.10) can be viewed as a special type of

standard federated learning problems. If we denote h(m)(x) = f (m)(x, y(m)
x ), then Eq. (4.10)

can be written as min
x∈Rp

h(x) := 1
M

∑M
m=1 h

(m)(x). But due to the bilevel structure of h(m)(x),

Eq. (4.10) is more challenging than the standard Federated Learning problems.

Hyper-gradient Estimation. Assume Assumption 55∼Assumption 57 hold, then

the hyper-gradient is Φ(x, yx) = 1
M

∑M
m=1 Φ(m)(x, yx), where Φ(m)(x, y) is defined in Eq. (4.3),

in other words, the local hyper-gradient Φ(m)(x, y) is an unbiased estimate of the full hyper-

gradient. This fact makes it possible to solve Eq. (4.10) with local-sgd like methods. More

specifically, we solve the local bilevel problem h(m)(x) multiple steps on each client and

then the server averages the local states from clients. Please refer to Algorithm 3 and the

variance-reduction acceleration Algorithm 4 in the Appendix. For ease of reference, we
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name them FedBiO-Local and FedBiOAcc-Local, respectively.

Several challenges exist in analyzing FedBiO-Local and FedBiOAcc-Local. First,

Eq. (4.3) involves Hessian inverse, so we only evaluate it approximately through the Neu-

mann series [120] as:

Φ(m)(x, y; ξx) = ∇xf
(m)(x, y; ξf ) − τ∇xyg

(m)(x, y; ξg)

×
Q−1
∑

q=−1

Q
∏

j=Q−q

(I − τ∇y2g(m)(x, y; ξj))∇yf
(m)(x, y; ξf ) (4.11)

where ξx = {ξj(j = 1, . . . , Q), ξf , ξg}, and we assume its elements are mutually independent.

Φ(m)(x, y; ξx) is a biased estimate of Φ(m)(x, y), but with bounded bias and variance (Please

see Proposition D.2 for more details.) Furthermore, to reduce the computation cost, each

client solves the local lower level problem approximately and we update the upper and

lower level variable alternatively. The idea of alternative update is widely used in the non-

distributed bilevel optimization [12, 32]. However, in the federated setting, client variables

drift away when performing multiple local steps. As a result, the variable drift error and

the bias caused by inexact solution of the lower level problem intertwined with each other.

For example, in the local update, clients optimize the lower level variable y(m) towards the

minimizer y
(m)

x(m) , but after the communication step, x(m) is smoothed among clients, as a

result, the target of y
(m)
t changes which causes a huge bias.

In the appendix, we show the FedBiOAcc-Local algorithm achieves the same optimal

convergence rate as FedBiOAcc, which has iteration complexity O(ϵ−1.5) and communica-

tion complexity O(ϵ−1). However, since the lower level problem in Eq. (4.10) is unique

for each client, FedBiOAcc-Local does not have the property of linear speed-up w.r.t the
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number of clients as FedBiOAcc does.

4.5 Numerical Experiments

In this section, we assess the performance of the proposed FedBiOAcc algorithm

through two federated bilevel tasks: Federated Data Cleaning and Federated Hyper Repre-

sentation Learning. The Federated Data Cleaning task involves global lower level problems,

while the Hyper-representation Learning task involves local lower level problems. The im-

plementation is carried out using PyTorch, and the Federated Learning environment is

simulated using the PyTorch.Distributed package. Our experiments were conducted on

servers equipped with an AMD EPYC 7763 64-core CPU and 8 NVIDIA V100 GPUs.

4.5.1 Federated Data Cleaning

In this section, we consider the Federated Data Cleaning task. In this task, we are

given a noisy training dataset whose labels are corrupted by noise and a clean validation

set. Then we aim to find weights for training samples such that a model that is learned over

the weighted training set performs well on the validation set. This is a federated bilevel

problem when the noisy training set is distributed over multiple clients. The formulation

of the task is included in Appendix B.1. This task is a specialization of Eq. (4.1).

Dataset and Baselines. We create 10 clients and construct datasets based on

MNIST [85]. For the training set, each client randomly samples 4500 images (no overlap

among clients) from 10 classes and then randomly uniformly perturb the labels of ρ (0 ≤

ρ ≤ 1) percent samples. For the validation set, each client randomly selects 50 clean images
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Figure 4.1: Validation Error vs Communication Rounds. From Left to Right: ρ =
0.1, 0.4, 0.8, 0.95. The local step I is set as 5 for FedBiO, FedBiOAcc and FedAvg.

Figure 4.2: Validation Error vs Communication Rounds with different number of clients
per epoch. From Left to Right: ρ = 0.1, 0.4, 0.8, 0.95. The local step I is set as 5.

from a different class. In other words, the mth client only has validation samples from the

mth class. This single-class validation setting introduces a high level of heterogeneity, such

that individual clients are unable to conduct local cleaning due to they only have clean

samples from one class. In our experiments, we test our FedBiOAcc algorithm, including

the FedBiO algorithm (Algorithm 2 in Appendix) which does not use variance reduction;

additionally, we also consider some baseline methods: a baseline that directly performs

FedAvg [92] on the noisy dataset, this helps to verify the usefulness of data cleaning; Local-

BSGVR [104], FedNest [100], CommFedBiO [99], AggITD [101] and FedMBO [102]. Note

that Local-BSGVR is designed for the homogeneous setting, and the last four baselines all

need multiple rounds of client-server communication to evaluate the hyper-gradient at each

global epoch. We perform grid search to find the best hyper-parameters for each method

and report the best results. Specific choices are included in Appendix B.1.
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Figure 4.3: Validation Error vs Communication Rounds with different number of local steps
I. From Left to Right: ρ = 0.1, 0.4, 0.8, 0.95.

In figure 4.1, we compare the performance of different methods at various noise levels

ρ. Note that the larger the ρ value, the more noisy the training data are. The noise

level can be illustrated by the performance of the FedAvg algorithm, which learns over the

noisy data directly. As shown in the figure, FedAvg learns almost nothing when ρ = 0.95.

Next, our algorithms are robust under various heterogeneity levels. When the noise level

in the training set increases as the value of ρ increases, learning relies more on the signal

from the heterogeneous validation set, and our algorithms consistently outperform other

baselines. Finally, in figure 4.2, we vary the number of clients sampled per epoch, and the

experimental results show that our FedBiOAcc converges faster with more clients in the

training per epoch; in figure 4.3, we vary the number of local steps under different noisy

levels. Interestingly, the algorithm benefit more from the local training under larger noise.

4.5.2 Federated Hyper-Representation Learning

In the Hyper-representation learning task, we learn a hyper-representation of the data

such that a linear classifier can be learned quickly with a small number of data samples. A

mathematical formulation of the task is included in Appendix B.2. Note that this task is an

instantiation of Eq. (4.10), due to the fact that each client has its own tasks, and thus only
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Figure 4.4: Validation Error vs Communication Rounds. The top row shows the result
for the Omniglot Dataset and the bottom row shows MiniImageNet. From Left to Right:
5-way-1-shot, 5-way-5-shot, 20-way-1-shot, 20-way-5-shot. The local step I is set to 5.

the upper level problem is federated. We consider the Omniglot [87] and MiniImageNet [88]

data sets. As in the non-distributed setting, we perform N -way-K-shot classification.

In this experiment, we compare FedBiOAcc-Local (Algorithm 4 in the Appendix)

with three baselines FedBiO-Local (Algorithm 3 in the Appendix), DistBiO and Dist-

BiOAcc. Note that DistBiO and DistBiOAcc are the distributed version of FedBiO-Local

and FedBiOAcc-Local, respectively. In the experiments, we implement DistBiO and Dist-

BiOAcc by setting the local steps as 1 for FedBiO-Local and FedBiOAcc-Local. We perform

grid search for the hyper-parameter selection for both methods and choose the best ones,

the specific choices of hyper-parameters are deferred to Appendix B.2. The results are

summarized in Figure 4.4 (full results are included in Figure 5 and Figure 6 of Appendix.

As shown by the results, FedBiOAcc converges faster than the baselines on both datasets

and on all four types of classification tasks, which demonstrates the effectiveness of variance

reduction and multiple steps of local training.

124



4.6 Assumptions

In this section, we restate all assumptions needed in our proof below:

Assumption 61 (Assumption 1). The function f (m)(x, y) is possibly non-convex and

g(m)(x, y) is µ-strongly convex w.r.t y for any given x, i.e. for any y1, y2 ∈ R
d, we have:

g(m)(x, y1) ≥ g(m)(x, y2) + ⟨∇yg
(m)(x, y2), y2 − y1⟩ +

µ

2
||y2 − y1||

2.

Assumption 62 (Assumption 2). Function f (m)(x, y) is L-Lipschitz, i.e. for for any x1,

x2 ∈ X and for any y1, y2 ∈ R
d, and we denote z1 = (x1, y1), z2 = (x2, y2), then we have:

f (m)(z1) ≤ f (m)(z2) + ⟨∇f (m)(z2), z1 − z2⟩ +
L

2
||z1 − z2||

2.

or equivalently: ||∇f (m)(z1) − ∇f (m)(z2)|| ≤ L||z1 − z2||. We also assume and f (m)(x, y)

has Cf -bounded gradient, i.e. for for any x ∈ X and any y ∈ R
d, and we denote z = (x, y),

then we have ||∇f(z)|| ≤ Cf .

Assumption 63 (Assumption 3). Function g(m)(x, y) is L-Lipschitz. i.e. for for any x1,

x2 ∈ X and for any y1, y2 ∈ R
d, and we denote z1 = (x1, y1), z2 = (x2, y2), then we have:

g(m)(z1) ≤ g(m)(z2) + ⟨∇g(m)(z2), z1 − z2⟩ +
L

2
||z1 − z2||

2.

equivalently: ||∇g(m)(z1)−∇g(m)(z2)|| ≤ L||z1 −z2||. For higher-order derivatives, we have:

a) ∇xyg
(m)(x, y) and ∇y2g(m)(x, y) are Lipschitz continuous with constant Lxy and Ly2
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respectively, i.e. for for any x1, x2 ∈ X and for any y1, y2 ∈ R
d, and we denote

z1 = (x1, y1), z2 = (x2, y2), then we have: ||∇xyg
(m)(z1)−∇xyg

(m)(z2)|| ≤ Lxy||z1−z2||

and ||∇y2g(m)(z1) − ∇y2g(m)(z2)|| ≤ Ly2 ||z1 − z2||.

Assumption 64 (Assumption 4). We have an unbiased stochastic first order and second

order derivative oracle with bounded variance, more specifically, denote z = (x, y), we have:

a) we have ∇f (m)(z; ξ), such that: E[∇f (m)(z; ξ)] = ∇f (m)(z)

and var(∇f (m)(z; ξ)) ≤ σ2.

b) we have ∇g(m)(z; ξ), such that: E[∇g(m)(z; ξ)] = ∇g(m)(z)

and var(∇g(m)(z; ξ)) ≤ σ2.

c) we have ∇y2g(m)(z, ξ), such that: E[∇y2g(m)(z; ξ)] = ∇y2g(m)(z)

and var(∇y2g(m)(z; ξ)) ≤ σ2;

d) we have ∇xyg
(m)(z; ξ), such that: E[∇xyg

(m)(z; ξ)] = ∇xyg
(m)(z)

and var(∇xyg
(m)(x, y; ξ)) ≤ σ2;

Assumption 65 (Assumption 5). For any m, j ∈ [M ] and z = (x, y), we have: ∥∇f (m)(z)−

∇f (j)(z)∥ ≤ ζf , ∥∇g(m)(z)−∇g(j)(z)∥ ≤ ζg, ∥∇xyg
(m)(z)−∇xyg

(j)(z)∥ ≤ ζg,xy, ∥∇y2g(m)(z)−

∇y2g(j)(z)∥ ≤ ζg,yy, where ζf , ζg, ζg,xy, ζg,yy, are constants.

Assumption 66 (Assumption 6). For any m, j ∈ [M ] and z = (x, y), we have: ∥∇f (m)(z)−

∇f (j)(z)∥ ≤ ζf , ∥∇xyg
(m)(z) − ∇xyg

(j)(z)∥ ≤ ζg,xy, ∥∇y2g(m)(z) − ∇y2g(j)(z)∥ ≤ ζg,yy,

∥y(m)
x − y(j)

x ∥ ≤ ζg∗, where ζf , ζg,xy, ζg,yy, ζg∗ are constants.
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4.7 Proof for Global Lower Level Problem

This section includes proofs related to the Federated Bilevel Optimization problems

with global lower level problems (Eq. 4.1). First, we have the global and local hyper-

gradient ∇h(x) = Φ(x, yx), ∇h(m)(x) = Φ(m)(x, yx) as defined in Eq. 4.2 and Eq. 4.3, and

the following proposition:

Proposition 67. Suppose Assumptions 56 and 57 hold, the following statements hold:

a) yx is Lipschitz continuous in x with constant ρ = κ, where κ = L
µ

is the condition

number of g(x, y).

b) ∥Φ(x1; y1) − Φ(x2; y2)∥2 ≤ L̂2(∥x1 − x2∥
2 + ∥y1 − y2∥

2), where L̂ = O(κ2).

c) h(x) is Lipschitz continuous in x with constant L̄ i.e., for any given x1, x2 ∈ X, we

have ∥∇h(x2) − ∇h(x1)∥ ≤ L̄∥x2 − x1∥ where L̄ = O(κ3).

This is a standard results in bilevel optimization and we omit the proof here.

4.7.1 Proof for the FedBiOAcc Algorithm

In this section, we prove the convergence of the FedBiOAcc Algorithm. To simplify

the notation, we denote

µ
(m)
t,ξ = ∇xf

(m)(x
(m)
t , y

(m)
t ; ξf,1) − ∇xyg

(m)(x
(m)
t , y

(m)
t ; ξg,1)u

(m)
t ,
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and we have:

Eξ[µ
(m)
t,ξ ] = ∇xf

(m)(x
(m)
t , y

(m)
t ) − ∇xyg

(m)(x
(m)
t , y

(m)
t )u

(m)
t

where the expectation is w.r.t {ξf,1, ξg,1} at iteration t, we denote µ
(m)
t = Eξ[µ

(m)
t,ξ ] for short.

Similarly, we denote

p
(m)
t,ξ = ∇y2g(m)(x

(m)
t , y

(m)
t ; ξg,2)u

(m)
t + ∇yf

(m)(x
(m)
t , y

(m)
t ; ξf,2),

and we have:

Eξ[p
(m)
t,ξ ] = ∇y2g(m)(x

(m)
t , y

(m)
t )u

(m)
t + ∇yf

(m)(x
(m)
t , y

(m)
t ).

where the expectation is w.r.t {ξf,2, ξg,2} at iteration t, we denote p
(m)
t = Eξ[p

(m)
t,ξ ] for short.

4.7.1.1 Hyper-Gradient Bias and Inner-Gradient Bias

Lemma 68. Suppose we have cuα
2
t < 1, then we have:

E

[∥
∥
∥q̄t − p̄t

∥
∥
∥

2]

≤ (1 − cuα
2
t−1)E

[∥
∥
∥q̄t−1 − p̄t−1

∥
∥
∥

2]

+
2(cuα

2
t−1)2

bxM
σ2

+
4L̃2

2

bxM2

M∑

m=1

E

[∥
∥
∥x

(m)
t − x

(m)
t−1

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − y

(m)
t−1

∥
∥
∥

2]

+
8L2

bxM2

M∑

m=1

E

[∥
∥
∥u

(m)
t − u

(m)
t−1

∥
∥
∥

2]
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where L̃2
2 =

(

L2 +
2L2

y2 C2
f

µ2

)

and the expectation outside is w.r.t all the stochasity of the

algorithm.

Proof. First, we have:

E

[∥
∥
∥q̄t − p̄t]

∥
∥
∥

2]

= E

[∥
∥
∥p̄t,Bx + (1 − cuα

2
t−1)(q̄t−1 − p̄t−1,Bx) − p̄t

∥
∥
∥

2]

= E

[∥
∥
∥(1 − cuα

2
t−1)

(

q̄t−1 − p̄t−1

)

+
(

p̄t,Bx − p̄t + (1 − cuα
2
t−1)(p̄t−1 − p̄t−1,Bx)

)∥
∥
∥

2]

≤ (1 − cuα
2
t−1)E

[∥
∥
∥q̄t−1 − p̄t−1

∥
∥
∥

2]

+ E

[∥
∥
∥p̄t,Bx − p̄t + (1 − cuα

2
t−1)(p̄t−1 − p̄t−1,Bx)

∥
∥
∥

2]

≤ (1 − cuα
2
t−1)E

[∥
∥
∥q̄t−1 − p̄t−1

∥
∥
∥

2]

+
1

b2
xM

2

M∑

m=1

∑

ξx∈Bx

E

[∥
∥
∥p

(m)
t,ξx

− p
(m)
t + (1 − cuα

2
t−1)(p

(m)
t−1 − p

(m)
t−1,ξx

)
∥
∥
∥

2]

where the first inequality uses the fact that the cross product term is zero in expectation,

the condition that cνα
2
t < 1 and the second inequality follows that samples are independent

among clients. We denote the second term of above as T1, then we have:

T1

(a)

≤ 2(cuα
2
t−1)2

E

[∥
∥
∥p

(m)
t,ξx

− p
(m)
t

∥
∥
∥

2]

+ 2(1 − cuα
2
t−1)2

E

[∥
∥
∥p

(m)
t,ξx

− p
(m)
t−1,ξx

− (p
(m)
t − p

(m)
t−1)

∥
∥
∥

2]

(b)

≤ 2(cuα
2
t−1)2σ2 + 2E

[∥
∥
∥p

(m)
t,ξx

− p
(m)
t−1,ξx

∥
∥
∥

2]

where inequality (a) follows the generalized triangle inequality; (b) and the bounded vari-

ance assumption. We denote the second term above as T1,2, we have:

T1,2 = 2E
∥
∥
∥∇y2g(m)(x

(m)
t , y

(m)
t ; ξg,2)u

(m)
t + ∇yf

(m)(x
(m)
t , y

(m)
t ; ξf,2)

−
(

∇y2g(m)(x
(m)
t−1, y

(m)
t−1 ; ξg,2)u

(m)
t−1 + ∇yf

(m)(x
(m)
t , y

(m)
t−1 ; ξf,2)

)∥
∥
∥

2
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≤ 4E
∥
∥
∥∇yf

(m)(x
(m)
t , y

(m)
t ; Bf,1) − ∇yf

(m)(x
(m)
t−1, y

(m)
t−1 ; Bf,1)

∥
∥
∥

2

+ 4E
∥
∥
∥∇y2g(m)(x

(m)
t , y

(m)
t ; Bg,1)u

(m)
t − ∇y2g(m)(x

(m)
t−1, y

(m)
t−1 ; Bg,1)u

(m)
t−1

∥
∥
∥

2

≤ 4
(

L2 +
2L2

y2C2
f

µ2

)

E

[∥
∥
∥x

(m)
t − x

(m)
t−1

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − y

(m)
t−1

∥
∥
∥

2]

+ 8L2
E

[∥
∥
∥u

(m)
t − u

(m)
t−1

∥
∥
∥

2]

Combine everything together finishes the proof.

Lemma 69. Suppose we have cνα
2
t < 1, then we have:

E

[∥
∥
∥ν̄t − µ̄t

∥
∥
∥

2]

≤ (1 − cνα
2
t−1)E

[∥
∥
∥ν̄t−1 − µ̄t−1

∥
∥
∥

2]

+
2(cνα

2
t−1)2

bxM
σ2

+
4L̃2

1

bxM2

M∑

m=1

E

[∥
∥
∥x

(m)
t − x

(m)
t−1

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − y

(m)
t−1

∥
∥
∥

2]

+
8L2

bxM2

M∑

m=1

E

[∥
∥
∥u

(m)
t − u

(m)
t−1

∥
∥
∥

2]

where L̃2
1 =

(

L2 +
2L2

xyC2
f

µ2

)

and the expectation outside is w.r.t all the stochasity of the

algorithm.

Proof. First, we have:

E

[∥
∥
∥ν̄t − µ̄t]

∥
∥
∥

2]

= E

[∥
∥
∥µ̄t,Bx + (1 − cνα

2
t−1)(ν̄t−1 − µ̄t−1,Bx) − µ̄t

∥
∥
∥

2]

= E

[∥
∥
∥(1 − cνα

2
t−1)

(

ν̄t−1 − µ̄t−1

)

+
(

µ̄t,Bx − µ̄t + (1 − cνα
2
t−1)(µ̄t−1 − µ̄t−1,Bx)

)∥
∥
∥

2]

≤ (1 − cνα
2
t−1)E

[∥
∥
∥ν̄t−1 − µ̄t−1

∥
∥
∥

2]

+ E

[∥
∥
∥µ̄t,Bx − µ̄t + (1 − cνα

2
t−1)(µ̄t−1 − µ̄t−1,Bx)

∥
∥
∥

2]

≤ (1 − cνα
2
t−1)E

[∥
∥
∥ν̄t−1 − µ̄t−1

∥
∥
∥

2]

+
1

b2
xM

2

M∑

m=1

∑

ξx∈Bx

E

[∥
∥
∥µ

(m)
t,ξx

− µ
(m)
t + (1 − cνα

2
t−1)(µ

(m)
t−1 − µ

(m)
t−1,ξx

)
∥
∥
∥

2]

where the first inequality uses the fact that the cross product term is zero in expectation,
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the condition that cνα
2
t < 1 and the second inequality follows that samples are independent

among clients. We denote the second term of above as T1, then we have:

T1

(a)

≤ 2(cνα
2
t−1)2

E

[∥
∥
∥µ

(m)
t,ξx

− µ
(m)
t

∥
∥
∥

2]

+ 2(1 − cνα
2
t−1)2

E

[∥
∥
∥µ

(m)
t,ξx

− µ
(m)
t−1,ξx

− (µ
(m)
t − µ

(m)
t−1)

∥
∥
∥

2]

(b)

≤ 2(cνα
2
t−1)2σ2 + 2E

[∥
∥
∥µ

(m)
t,ξx

− µ
(m)
t−1,ξx

∥
∥
∥

2]

where inequality (a) follows the generalized triangle inequality; (b) and the bounded vari-

ance assumption. We denote the second term above as T1,2, we have:

T1,2 = 2E
∥
∥
∥∇xf

(m)(x
(m)
t , y

(m)
t ; Bf,1) − ∇xyg

(m)(x
(m)
t , y

(m)
t ; Bg,1)u

(m)
t

−
(

∇xf
(m)(x

(m)
t−1, y

(m)
t−1 ; Bf,1) − ∇xyg

(m)(x
(m)
t−1, y

(m)
t−1 ; Bg,1)u

(m)
t−1

)∥
∥
∥

2

≤ 4E
∥
∥
∥∇xf

(m)(x
(m)
t , y

(m)
t ; Bf,1) − ∇xf

(m)(x
(m)
t−1, y

(m)
t−1 ; Bf,1)

∥
∥
∥

2

+ 4E
∥
∥
∥∇xyg

(m)(x
(m)
t , y

(m)
t ; Bg,1)u

(m)
t − ∇xyg

(m)(x
(m)
t−1, y

(m)
t−1 ; Bg,1)u

(m)
t−1

∥
∥
∥

2

≤ 4
(

L2 +
2L2

xyC
2
f

µ2

)

E

[∥
∥
∥x

(m)
t − x

(m)
t−1

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − y

(m)
t−1

∥
∥
∥

2]

+ 8L2
E

[∥
∥
∥u

(m)
t − u

(m)
t−1

∥
∥
∥

2]

Combine everything together finishes the proof.

Lemma 70. Suppose we have cωα
2
t−1 < 1, then for t ̸= t̄s, with s ∈ [S], we have:

E

[∥
∥
∥ω̄t −

1

M

M∑

m=1

∇yg
(m)(x

(m)
t , y

(m)
t )

∥
∥
∥

2]

≤ (1 − cωα
2
t−1)E

[∥
∥
∥ω̄t−1 −

1

M

M∑

m=1

∇yg
(m)(x

(m)
t−1, y

(m)
t−1)

∥
∥
∥

2]

+
2(cωα

2
t−1)2σ2

byM

+
2L2

byM2

M∑

m=1

E

[∥
∥
∥x

(m)
t − x

(m)
t−1

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − y

(m)
t−1

∥
∥
∥

2]
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where the expectation is w.r.t the stochasticity of the algorithm.

Proof. First, we have:

E

[∥
∥
∥ω̄t −

1

M

M∑

m=1

∇yg
(m)(x

(m)
t , y

(m)
t )

∥
∥
∥

2]

= E

[∥
∥
∥

1

M

M∑

m=1

(

∇yg
(m)(x

(m)
t , y

(m)
t ,By)

+ (1 − cωα
2
t−1)(ω

(m)
t−1 − ∇yg

(m)(x
(m)
t−1, y

(m)
t−1 ,By)) − ∇yg

(m)(x
(m)
t , y

(m)
t )

)∥
∥
∥

2]

= E

[∥
∥
∥(1 − cωα

2
t−1)(ω̄t−1 −

1

M

M∑

m=1

∇yg
(m)(x

(m)
t−1, y

(m)
t−1)

+
1

M

M∑

m=1

(

∇yg
(m)(x

(m)
t , y

(m)
t ,By) − ∇yg

(m)(x
(m)
t , y

(m)
t )

+ (1 − cωα
2
t−1)(∇yg

(m)(x
(m)
t−1, y

(m)
t−1) − ∇yg

(m)(x
(m)
t−1, y

(m)
t−1 ,By))

)∥
∥
∥

2]

(a)

≤ (1 − cωα
2
t−1)E

[∥
∥
∥ω̄t−1 −

1

M

M∑

m=1

∇yg
(m)(x

(m)
t−1, y

(m)
t−1)

∥
∥
∥

2]

+
1

b2
yM

2

M∑

m=1

E
∑

ξy∈By

[∥
∥
∥

(

∇yg
(m)(x

(m)
t , y

(m)
t , ξy) − ∇yg

(m)(x
(m)
t , y

(m)
t )

+ (1 − cωα
2
t−1)(∇yg

(m)(x
(m)
t−1, y

(m)
t−1) − ∇yg

(m)(x
(m)
t−1, y

(m)
t−1 , ξy))

)∥
∥
∥

2]

where inequality (a) uses the fact that the cross product term is zero in expectation and

the condition that cωα
2
t < 1, t ∈ [T ], furthermore, the samples are sampled independently

on clients.

We denote the second term in the above inequality as T1, we have:

T1

(b)

≤ 2(cωα
2
t−1)2

E

[∥
∥
∥∇yg

(m)(x
(m)
t , y

(m)
t , ξy) − ∇yg

(m)(x
(m)
t , y

(m)
t )

∥
∥
∥

2]

+ 2(1 − cωα
2
t−1)2

E

[∥
∥
∥− ∇yg

(m)(x
(m)
t , y

(m)
t )

+ ∇yg
(m)(x

(m)
t , y

(m)
t , ξy) + ∇yg

(m)(x
(m)
t−1, y

(m)
t−1) − ∇yg

(m)(x
(m)
t−1, y

(m)
t−1 , ξy)

∥
∥
∥

2]

132



(c)

≤ 2(cωα
2
t−1)2σ2 + 2E

[∥
∥
∥∇yg

(m)(x
(m)
t , y

(m)
t , ξy) − ∇yg

(m)(x
(m)
t−1, y

(m)
t−1 , ξy)

∥
∥
∥

2]

(d)

≤ 2(cωα
2
t−1)2σ2 + 2L2

E

[∥
∥
∥x

(m)
t − x

(m)
t−1

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − y

(m)
t−1

∥
∥
∥

2]

inequality (b) uses the generalized triangle inequality; inequality (c) follows the bounded

variance assumption 58, Proposition 111; inequality (d) uses the smoothness assumption 57.

4.7.1.2 Lower Problem Solution Error

Lemma 71. Suppose we choose γ ≤ 1
2L

and αt < 1. Then for t ∈ [T ], we have:

∥ȳt+1 − yx̄t+1∥2 ≤
(

1 −
µγαt

4

)

∥ȳt − yx̄t∥
2 −

γ2αt

4
∥ω̄t∥

2 +
9κ2η2αt

2µγ
∥ν̄t∥

2

+
9γαtL

2

µM

M∑

m=1

[

∥x
(m)
t − x̄t∥

2 + ∥y
(m)
t − ȳt∥

2
]

+
9γαt

µ
∥

1

M

M∑

m=1

∇yg
(m)(x

(m)
t , y

(m)
t ) − w̄t∥

2

Proof. First, we exploit Proposition 114, and choose the function g(x̄t, ·), by assumption it

is L smooth and µ strongly convex, and we choose γ < 1
2L

and αt < 1, thus:

∥ȳt+1 − yx̄t∥
2 ≤ (1 −

µγαt

2
)∥ȳt − yx̄t∥

2 −
γ2αt

4
∥ω̄t∥

2 +
4γαt

µ
∥∇yg(x̄t, ȳt) − w̄t∥

2. (4.12)

Next, we decompose the term ∥ȳt+1 − yx̄t+1∥2 as follows:

∥ȳt+1 − yx̄t+1∥2 ≤ (1 +
µγαt

4
)∥ȳt+1 − yx̄t∥

2 + (1 +
4

µγαt

)∥yx̄t − yx̄t+1∥2
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≤ (1 +
µγαt

4
)∥ȳt+1 − yx̄t∥

2 + (1 +
4

µγαt

)κ2∥x̄t − x̄t+1∥
2 (4.13)

where the second inequality is due to case a) of Proposition 3.9. Combining the above

inequalities 4.12 and 4.13, we have

∥ȳt+1 − yx̄t+1∥2 ≤ (1 +
µγαt

4
)(1 −

µγαt

2
)∥ȳt − yx̄t∥

2 − (1 +
µγαt

4
)
γ2αt

4
∥ω̄t∥

2

+ (1 +
µγαt

4
)
4γαt

µ
∥∇yg(x̄t, ȳt) − w̄t∥

2 + (1 +
4

µγαt

)κ2η2α2
t ∥ν̄t∥

2

Since we choose γ ≤ 1
2L

, αt < 1, we have:

(1 +
µγαt

4
)(1 −

µγαt

2
) = 1 −

µγαt

4
−
µ2γ2α2

t

8
≤ 1 −

µγαt

4

and −(1 + µγαt

4
) ≤ −1, (1 + µγαt

4
) ≤ 9

8
, µγαt <

1
2
. Thus, we have

∥ȳt+1 − yx̄t+1∥2 ≤
(

1 −
µγαt

4

)

∥ȳt − yx̄t∥
2 −

γ2αt

4
∥ω̄t∥

2

+
9γαt

2µ
∥∇yg(x̄t, ȳt) − w̄t∥

2

︸ ︷︷ ︸

T1

+
9κ2η2αt

2µγ
∥ν̄t∥

2

For the term T1 in the inequality above, we have:

∥∇yg(x̄t, ȳt) − w̄t∥
2 ≤ 2∥∇yg(x̄t, ȳt) −

1

M

M∑

m=1

∇yg
(m)(x

(m)
t , y

(m)
t )∥2

+ 2∥
1

M

M∑

m=1

∇yg
(m)(x

(m)
t , y

(m)
t ) − w̄t∥

2

≤
2L2

M

M∑

m=1

[

∥x
(m)
t − x̄t∥

2 + ∥y
(m)
t − ȳt∥

2
]
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+ 2∥
1

M

M∑

m=1

∇yg
(m)(x

(m)
t , y

(m)
t ) − w̄t∥

2

This completes the proof.

Lemma 72. Suppose we choose τ ≤ 1
2L

and αt < 1, r =
Cf

µ
. Then for t ∈ [T ], we have:

∥ūt+1 − ux̄t+1∥2 ≤
(

1 −
µταt

4

)

∥ūt − ux̄t∥
2 −

τ 2αt

4
∥q̄t∥

2 +
9κ2η2αt

2µτ
∥ν̄t∥

2 +
9ταt

µ
∥p̄− q̄t∥

2

+
18ταtL̃

2
2

µM

M∑

m=1

[

∥x
(m)
t − x̄t∥

2 + ∥y
(m)
t − ȳt∥

2
]

+
18ταtL

2

M

M∑

m=1

∥
∥
∥u

(m)
t − ūt

∥
∥
∥

2

where L̃2
2 = (L2 +

2L2
y2 C2

f

µ2 ) is a constant.

Proof. First, we exploit Proposition 114, and choose the function

1

2
xT ∇y2g(x̄, yx̄)x− ∇yf(x̄, yx̄)Tx

, by assumption it is L smooth and µ strongly convex, and we choose τ < 1
2L

and αt < 1,

thus:

∥ūt+1 − ux̄t∥
2 ≤ (1 −

µταt

2
)∥ūt − ux̄t∥

2 −
τ 2αt

4
∥q̄t∥

2 +
4ταt

µ
∥∇y2g(x̄, yx̄)ūt − ∇yf(x̄, yx̄) − q̄t∥

2.

where we also use the fact that

∥ūt+1 − ux̄t∥
2 ≤ ∥ūt − ταtq̄t − ux̄t∥

2
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for r =
Cf

µ
≥ ∥ux̄t∥. Next, we decompose the term ∥ūt+1 − ux̄t+1∥2 as follows:

∥ūt+1 − ux̄t+1∥2 ≤ (1 +
µταt

4
)∥ūt+1 − ux̄t∥

2 + (1 +
4

µταt

)∥ux̄t − ux̄t+1∥2

≤ (1 +
µταt

4
)∥ūt+1 − ux̄t∥

2 + (1 +
4

µταt

)L̄2∥x̄t − x̄t+1∥
2

where the second inequality is due to case a) of Proposition 3.9. Combining the above

inequalities 4.12 and 4.13, we have:

∥ūt+1 − ux̄t+1∥2 ≤ (1 −
µταt

4
)∥ūt − ux̄t∥

2 −
τ 2αt

4
∥q̄t∥

2

+
9ταt

2µ
∥∇y2g(x̄, yx̄)ūt − ∇yf(x̄, yx̄) − q̄t∥

2

︸ ︷︷ ︸

T1

+
9L̄2η2αt

2µτ
∥ν̄t∥

2

where we use the fact that τ ≤ 1
2L

, αt < 1 For the term T1 in the inequality above, we have:

T1 ≤ 2∥∇y2g(x̄, yx̄)ūt − ∇yf(x̄, yx̄) − p̄t∥
2 + 2∥p̄t − q̄t∥

2

≤ 2
∥
∥
∥∇y2g(x̄, yx̄)ūt − ∇yf(x̄, yx̄)

−
1

M

M∑

m=1

(

∇y2g(m)(x
(m)
t , y

(m)
t )u

(m)
t + ∇yf

(m)(x
(m)
t , y

(m)
t )

)∥
∥
∥

2
+ 2∥p̄t − q̄t∥

2

We denote the first term of the above inequality as T1,1, we have:

T1,1 ≤ 4
∥
∥
∥∇yf(x̄, yx̄) −

1

M

M∑

m=1

(

∇yf
(m)(x

(m)
t , y

(m)
t )

)∥
∥
∥

2

+ 4
∥
∥
∥∇y2g(x̄, yx̄)ūt −

1

M

M∑

m=1

(

∇y2g(m)(x
(m)
t , y

(m)
t )u

(m)
t

)∥
∥
∥

2

≤
(4L2

M
+

8L2
y2C2

f

µ2M

) M∑

m=1

[∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − ūt

∥
∥
∥

2]

+
4L2

M

M∑

m=1

∥
∥
∥u

(m)
t − ūt

∥
∥
∥

2
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Combine everything completes the proof.

4.7.1.3 Upper Variable Drift

Lemma 73. For any t ̸= t̄s, s ∈ [S], we have:

∥x
(m)
t − x̄t∥

2 ≤ Iη2
t−1∑

ℓ=t̄s−1

α2
ℓ

∥
∥
∥ν

(m)
ℓ − ν̄ℓ

∥
∥
∥

2

∥y
(m)
t − ȳt∥

2 ≤ Iγ2
t−1∑

ℓ=t̄s−1

α2
ℓ

∥
∥
∥ω

(m)
ℓ − ω̄ℓ

∥
∥
∥

2

∥u
(m)
t − ūt∥

2 ≤ Iτ 2
t−1∑

ℓ=t̄s−1

α2
ℓ

∥
∥
∥q

(m)
ℓ − q̄ℓ

∥
∥
∥

2

Proof. Note from Algorithm and the definition of t̄s that at t = t̄s with s ∈ [S], x
(m)
t = x̄t,

for all k. For t ̸= t̄s, with s ∈ [S], we have: x
(m)
t = x

(m)
t−1 − ηαt−1ν

(m)
t−1 , this implies that:

x
(m)
t = x

(m)
t̄s−1

−
∑t−1

ℓ=t̄s−1
ηαℓν

(m)
ℓ and x̄t = x̄t̄s−1

−
∑t−1

ℓ=t̄s−1
ηαℓν̄ℓ. So for t ̸= t̄s, with s ∈ [S]

we have:

∥x
(m)
t − x̄t∥

2 =
∥
∥
∥x

(m)
t̄s−1

− x̄t̄s−1
−
( t−1∑

ℓ=t̄s−1

ηαℓν
(m)
ℓ −

t−1∑
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)∥
∥
∥

2
=
∥
∥
∥

t−1∑

ℓ=t̄s−1

ηαℓ

(

ν
(m)
ℓ − ν̄ℓ

)∥
∥
∥

2

≤ Iη2
t−1∑

ℓ=t̄s−1

α2
ℓ

∥
∥
∥ν

(m)
ℓ − ν̄ℓ

∥
∥
∥

2

We can derive the bound for ∥y
(m)
t − ȳt∥

2 and∥u
(m)
t − ūt∥

2 similarly. This completes the

proof.

Lemma 74. Suppose ηαt <
1

16IL̃1
, then for t ̸= t̄s, s ∈ [S], we have:

M∑

m=1

E∥ν̂
(m)
t − ν̄t∥

2
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≤
(

1 +
17

16I

) M∑

m=1

E∥ν
(m)
t−1 − ν̄t−1∥

2 + 8IL̃2
1α

2
t−1

M∑

m=1

E

[

2∥ην̄t−1∥
2 + ∥γω

(m)
t−1∥2

]

+ 16IL2α2
t−1

M∑

m=1

E∥τq
(m)
t−1∥2 + +128I(cνα

2
t−1)2L̃2

1

M∑

m=1

E

[∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2

+
∥
∥
∥y

(m)
t − ȳt

∥
∥
∥

2]

+ 32I(cνα
2
t−1)2L2

M∑

m=1

E

∥
∥
∥u

(m)
t − ūt

∥
∥
∥

2

+ 8IM(cνα
2
t−1)2σ

2

bx

+ 32IM(cνα
2
t−1)2ζ2

f + 64I(cνα
2
t−1)2M

C2
fζ

2
g,xy

µ2

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. For t ̸= t̄s, we have:

E∥ν̂
(m)
t − ν̄t∥

2 = E

∥
∥
∥µ

(m)
t,Bx

+ (1 − cνα
2
t−1)

(

ν
(m)
t−1 − µ

(m)
t−1,Bx

)

−
(

µ̄t,Bx + (1 − cνα
2
t−1)

(

ν̄t−1 − µ̄t−1,Bx

))∥
∥
∥

2

= E

∥
∥
∥(1 − cνα

2
t−1)

(

ν
(m)
t−1 − ν̄t−1

)

+ µ
(m)
t,Bx

− µ̄t,Bx

− (1 − cνα
2
t−1)

(

µ
(m)
t−1,Bx

− µ̄t−1,Bx

)∥
∥
∥

2

(a)

≤ (1 +
1

I
)(1 − cνα

2
t−1)2

E∥ν
(m)
t−1 − ν̄t−1∥

2

+
(

1 + I
)

E

∥
∥
∥µ

(m)
t,Bx

− µ̄t,Bx − (1 − cνα
2
t−1)

(

µ
(m)
t−1,Bx

− µ̄t−1,Bx

)∥
∥
∥

2

≤
(

1 +
1

I

)

E∥ν
(m)
t−1 − ν̄t−1∥

2

+
(

1 + I
)

E

∥
∥
∥µ

(m)
t,Bx

− µ̄t,Bx − (1 − cνα
2
t−1)

(

µ
(m)
t−1,Bx

− µ̄t−1,Bx

)∥
∥
∥

2
(4.14)

where (a) follows from the the generalized triangle inequality.

Next we bound the second term of the above inequality:

M∑

m=1

E

∥
∥
∥µ

(m)
t,Bx

− µ̄t,Bx − (1 − cνα
2
t−1)

(

µ
(m)
t−1,Bx

− µ̄t−1,Bx

)∥
∥
∥

2
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≤ 2
M∑

m=1

E

∥
∥
∥µ

(m)
t,Bx

− µ̄t,Bx −
(

µ
(m)
t−1,Bx

− µ̄t−1,Bx

)∥
∥
∥

2
+ 2(cνα

2
t−1)2

M∑

m=1

E

∥
∥
∥µ

(m)
t−1,Bx

− µ̄t−1,Bx

∥
∥
∥

2

where the inequality follows the triangle inequality. We bound the two terms separately,

for the first term, we have:

M∑

m=1

E

∥
∥
∥µ

(m)
t,Bx

− µ̄t,Bx −
(

µ
(m)
t−1,Bx

− µ̄t−1,Bx

)∥
∥
∥

2 (a)

≤
M∑

m=1

E

∥
∥
∥µ

(m)
t,Bx

− µ
(m)
t−1,Bx

∥
∥
∥

2

≤
M∑

m=1

E

∥
∥
∥∇xf

(m)(x
(m)
t , y

(m)
t ; ξf,1) − ∇xyg

(m)(x
(m)
t , y

(m)
t ; ξg,1)u

(m)
t

−
(

∇xf
(m)(x

(m)
t−1, y

(m)
t−1 ; ξf,1) − ∇xyg

(m)(x
(m)
t−1, y

(m)
t−1 ; ξg,1)u

(m)
t−1

)∥
∥
∥

2

(b)

≤ 2
(

L2 +
2L2

xyC
2
f

µ2

) M∑

m=1

E

[

∥x
(m)
t − x

(m)
t−1∥2 + ∥y

(m)
t − y

(m)
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]

+ 4L2
M∑

m=1

E∥u
(m)
t − u

(m)
t−1∥2

≤ 2L̃2
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2
t−1

M∑

m=1

E

[

∥ην
(m)
t−1 ∥2 + ∥γω

(m)
t−1∥2

]

+ 4L2α2
t−1

M∑

m=1

E∥τq
(m)
t−1∥2 (4.15)

where (a) follows Proposition 111; (b) follows Proposition 67 and the fact that x̂
(m)
t = x

(m)
t

when t ̸= t̄s; Next for the second term, we have:

M∑

m=1

E

∥
∥
∥µ

(m)
t−1,Bx

− µ̄t−1,Bx

∥
∥
∥

2
=

M∑

m=1

E

∥
∥
∥µ

(m)
t−1,Bx

− µ
(m)
t−1 −

(

µ̄t−1,Bx − µ̄t−1

)

+ µ
(m)
t−1 − µ̄t−1

∥
∥
∥

2

(a)

≤ 2
M∑

m=1

E

∥
∥
∥µ

(m)
t−1,Bx

− µ
(m)
t−1 −

(

µ̄t−1,Bx − µ̄t−1

)∥
∥
∥

2
+ 2

M∑

m=1

E

∥
∥
∥µ

(m)
t−1 − µ̄t−1

∥
∥
∥

2

(b)

≤ 2
M∑

m=1

E

∥
∥
∥µ

(m)
t−1,Bx

− µ
(m)
t−1

∥
∥
∥

2

︸ ︷︷ ︸

T1

+2
M∑

m=1

E

∥
∥
∥µ

(m)
t−1 − µ̄t−1

∥
∥
∥

2

︸ ︷︷ ︸

T2

(4.16)

Note for the term T1 of Eq. 4.16, we have E

∥
∥
∥µ

(m)
t−1,Bx

−µ
(m)
t−1

∥
∥
∥

2
≤ σ2

bx
by the bounded variance
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assumption; Next for the term T2, we have:

T2 =
M∑

m=1

∥
∥
∥∇xf

(m)(x
(m)
t−1, y

(m)
t−1) − ∇xyg

(m)(x
(m)
t−1, y

(m)
t−1)u

(m)
t−1

−
1

M

M∑
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∇xf
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(j)(x
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∥
∥

2
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2
f
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E
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∥
∥x

(m)
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∥
∥
∥

2
+
∥
∥
∥y

(m)
t − ȳt

∥
∥
∥

2]

+ 4L2
M∑
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E

∥
∥
∥u

(m)
t − ūt

∥
∥
∥

2
+ 4Mζ2

f +
8MC2

fζ
2
g,xy

µ2

Finally, combine Eq. 4.15, Eq. 4.16 with Eq. 4.14 and use the fact that I ≥ 1, we have:

M∑

m=1

E∥ν̂
(m)
t − ν̄t∥

2

≤
(

1 +
1

I

) M∑

m=1

E∥ν
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2

+ 8IL̃2
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2
t−1
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E

[

∥ην
(m)
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︸ ︷︷ ︸
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∥
∥x
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∥
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2
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∥
∥
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∥
∥
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E

∥
∥
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∥
∥
∥
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2
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2
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+ 32IM(cνα
2
t−1)2ζ2

f + 64I(cνα
2
t−1)2M

C2
fζ

2
g,xy

µ2

We separate the term T1 with triangle inequality to get:

M∑

m=1

E∥ν̂
(m)
t − ν̄t∥

2

≤
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1 +
1

I
+ 16IL̃2
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m=1

E∥ν
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2
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+ 8IL̃2
1α

2
t−1
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E

[
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∥
∥x
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∥
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2
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∥
∥
∥y
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∥
∥
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E

∥
∥
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∥
∥
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2
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2
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+ 32IM(cνα
2
t−1)2ζ2
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2
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C2
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2
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This completes the proof.

Lemma 75. Suppose γαt <
1

16IL
, then for t ̸= t̄s, s ∈ [S], we have:

M∑

m=1

E∥ω
(m)
t − ω̄t∥

2

≤
(

1 +
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32I

) M∑
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E∥ω
(m)
t−1 − ω̄t−1∥
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E

[

2∥γω̄t−1∥
2 + ∥ην
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2
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E
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2
]
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2
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m=1

E

[

∥y
(m)
t−1 − ȳt−1∥

2
]

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. By the update step in Line 7 of Algorithm 7, for t ̸= t̄s, we have:

E∥ω̂
(m)
t − ω̄t∥

2

= E

∥
∥
∥(1 − cωα

2
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ω
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)
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1

M
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1
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∥
∥

2
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≤ (1 +
1

I
)(1 − cωα

2
t−1)2

E∥ω
(m)
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2
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∥
∥
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)∥
∥
∥

2
(4.17)

where the inequality follows from the the generalized triangle inequality and the condition

that cωα
2
t < 1.

Next we denote the second term in Eq. 4.17 as T1, then we have:

T1 ≤ 2
M∑
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E

∥
∥
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∥
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2

We bound the two terms separately, we denote them as T1,1 and T1,2 separately, then we

have:

T1,1

(a)

≤
M∑

m=1

E

∥
∥
∥∇yg

(m)(x
(m)
t , y

(m)
t ,By) − ∇yg

(m)(x
(m)
t−1, y

(m)
t−1 ,By)

∥
∥
∥

2

(b)

≤ L2
M∑

m=1

E

[

∥x
(m)
t − x

(m)
t−1∥2 + ∥y

(m)
t − y

(m)
t−1∥2

]

≤ L2α2
t−1

M∑

m=1

E

[

∥ην
(m)
t−1 ∥2 + ∥γω

(m)
t−1∥2

]

(4.18)

where (a) follows Proposition 111; (b) follows Proposition 67.b) and the fact that x̂
(m)
t =
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x
(m)
t and ŷ

(m)
t = y

(m)
t when t ̸= t̄s; Next for the second term, we have:

T1,2 =
M∑

m=1

E

∥
∥
∥∇yg

(m)(x
(m)
t−1, y

(m)
t−1 ,By) − ∇yg

(m)(x
(m)
t−1, y

(m)
t−1)

−
1

M

M∑

j=1

(

∇yg
(j)(x

(j)
t−1, y

(j)
t−1,By) − ∇yg

(j)(x
(j)
t−1, y

(j)
t−1)

)

+ ∇yg
(m)(x

(m)
t−1, y

(m)
t−1) −

1

M

M∑

j=1

∇yg
(j)(x

(j)
t−1, y

(j)
t−1)

∥
∥
∥

2

(b)

≤ 2
M∑

m=1

E

∥
∥
∥∇yg

(m)(x
(m)
t−1, y

(m)
t−1 ,By) − ∇yg

(m)(x
(m)
t−1, y

(m)
t−1)

∥
∥
∥

2

+ 4
M∑

m=1

1

M
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2
(4.19)

We denote the three terms above as T1,2,1−T1,2,3 respectively. For the term T1,2,1 of Eq. 4.19,

we have T1,2,1 ≤ 2Mσ2/by by the bounded variance assumption; For the term T1,2,2 of

Eq. 4.19, by the bounded intra-node heterogeneity assumption we have T1,2,2 ≤ 4Mζ2
g .

Finally, For the term T1,2,3 of Eq. 4.19:
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∥
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2
]

Finally, combine Eq. 4.17, Eq. 4.18 with Eq. 4.19 and use the fact that I ≥ 1, we have:
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2
]

We separate the term T1 with triangle inequality to get:
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[

∥x
(m)
t−1 − x̄t−1∥

2
]

+ 16IL2(cωα
2
t−1)2

M∑

m=1

E

[

∥y
(m)
t−1 − ȳt−1∥

2
]

This completes the proof.

Lemma 76. Suppose ταt <
1

32IL
, then for t ̸= t̄s, s ∈ [S], we have:

M∑

m=1

E∥q̂
(m)
t − q̄t∥

2 ≤
(

1 +
33

32I

) M∑

m=1

E∥q
(m)
t−1 − q̄t−1∥

2 + 8IL̃2
2α

2
t−1

M∑

m=1

E

[

∥γω
(m)
t−1∥2 + ∥ην

(m)
t−1 ∥2

]

+ 32IL2α2
t−1

M∑

m=1

E∥τ 2q̄t−1∥
2 + 8IM(cuα

2
t−1)2σ

2

bx

+ 16IM(cuα
2
t−1)2ζ2

f + 32IM(cuα
2
t−1)2C

2
fζ

2
g,yy

µ2

+ 64I(cuα
2
t−1)2L̃2

2

M∑

m=1

E

[∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − ȳt

∥
∥
∥

2]

+ 16I(cuα
2
t−1)2L2

M∑

m=1

E

∥
∥
∥u

(m)
t − ūt

∥
∥
∥

2
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where the expectation is w.r.t the stochasticity of the algorithm.

Proof. For t ̸= t̄s, we have:

E∥q̂
(m)
t − q̄t∥

2

= E

∥
∥
∥(1 − cuα

2
t−1)

(

q
(m)
t−1 − q̄t−1

)

+ p
(m)
t,Bx

− p̄t,Bx − (1 − cuα
2
t−1)

(

p
(m)
t−1,Bx

− p̄t−1,Bx

)∥
∥
∥

2

≤ (1 +
1

I
)(1 − cuα

2
t−1)2

E∥q
(m)
t−1 − q̄t−1∥

2

+ (1 + I)E
∥
∥
∥p

(m)
t,Bx

− p̄t,Bx − (1 − cuα
2
t−1)

(

p
(m)
t−1,Bx

− p̄t−1,Bx

)∥
∥
∥

2

where the inequality follows from the the generalized triangle inequality and the condition

that cuα
2
t < 1.

Next we sum over M for the second term in Eq. 4.17 and denote it as T1, then we have:

T1 ≤ 2
M∑

m=1

E

∥
∥
∥p

(m)
t,Bx

− p̄t,Bx −
(

p
(m)
t−1,Bx

− p̄t−1,Bx

)∥
∥
∥

2
+ 2(cuα

2
t−1)2

M∑

m=1

E

∥
∥
∥p

(m)
t−1,Bx

− p̄t−1,Bx

∥
∥
∥

2

We bound the two terms separately, we denote them as T1,1 and T1,2 separately, then we

have:

T1,1

(a)

≤
M∑

m=1

E

∥
∥
∥p

(m)
t,Bx

− p
(m)
t−1,Bx

∥
∥
∥

2

(b)

≤ 2
(

L2 +
2L2

y2C2
f

µ2

) M∑

m=1

E

[

∥x
(m)
t − x

(m)
t−1∥2 + ∥y

(m)
t − y

(m)
t−1∥2

]

+ 4L2
M∑

m=1

E∥u
(m)
t − u

(m)
t−1∥2

≤ 2L̃2
2α

2
t−1

M∑

m=1

E

[

∥ην
(m)
t−1 ∥2 + ∥γω

(m)
t−1∥2

]

+ 4L2α2
t−1

M∑

m=1

E∥τ 2q
(m)
t−1∥2

where (a) follows Proposition 111; (b) follows Proposition 67 and the fact that x̂
(m)
t = x

(m)
t
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and ŷ
(m)
t = y

(m)
t when t ̸= t̄s; Next for the second term, we have:

T1,2 =
M∑

m=1

E

∥
∥
∥p

(m)
t−1,Bx

− p
(m)
t−1 − (p̄t−1,Bx − p̄t−1

)

+ p
(m)
t−1 − p̄t−1

∥
∥
∥

2

(b)

≤ 2
M∑

m=1

E

∥
∥
∥p

(m)
t−1,Bx

− p
(m)
t−1

∥
∥
∥

2
+ 2

M∑

m=1

E

∥
∥
∥p

(m)
t−1 − p̄t−1

∥
∥
∥

2

We denote the two terms above as T1,2,1, T1,2,2 respectively. For the term T1,2,1 of Eq. 4.19,

we have T1,2,1 ≤ 2Mσ2/bx by the bounded variance assumption; For the term T1,2,2 of

Eq. 4.19, we have

T1,2,2 ≤ 16
(

L2 +
2L2

y2C2
f

µ2

) M∑

m=1

E

[∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − ȳt

∥
∥
∥

2]

+ 4L2
M∑

m=1

E

∥
∥
∥u

(m)
t − ūt

∥
∥
∥

2
+ 4Mζ2

f +
8MC2

fζ
2
g,yy

µ2

Finally, combine everythin together and use the fact that I ≥ 1, we have:

M∑

m=1

E∥q̂
(m)
t − q̄t∥

2 ≤
(

1 +
1

I

) M∑

m=1

E∥q
(m)
t−1 − q̄t−1∥

2 + 8IL̃2
2α

2
t−1

M∑

m=1

E

[

∥γω
(m)
t−1∥2 + ∥ην

(m)
t−1 ∥2

]

+ 16IL2α2
t−1

M∑

m=1

E ∥τ 2q
(m)
t−1∥2

︸ ︷︷ ︸

T1

+ 8IM(cuα
2
t−1)2σ

2

bx

+ 16IM(cuα
2
t−1)2ζ2

f + 32IM(cuα
2
t−1)2C

2
fζ

2
g,yy

µ2

+ 64I(cuα
2
t−1)2L̃2

2

M∑

m=1

E

[∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2

+
∥
∥
∥y

(m)
t − ȳt

∥
∥
∥

2]

+ 16I(cuα
2
t−1)2L2

M∑

m=1

E

∥
∥
∥u

(m)
t − ūt

∥
∥
∥

2
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We separate the term T1 with triangle inequality to get:

M∑

m=1

E∥q̂
(m)
t − q̄t∥

2 ≤
(

1 +
1

I
+ 32IL2τ 2α2

t−1

) M∑

m=1

E∥q
(m)
t−1 − q̄t−1∥

2

+ 8IL̃2
2α

2
t−1

M∑

m=1

E

[

∥γω
(m)
t−1∥2 + ∥ην

(m)
t−1 ∥2

]

+ 32IL2α2
t−1

M∑

m=1

E∥τ 2q̄t−1∥
2 + 8IM(cuα

2
t−1)2σ

2

bx

+ 16IM(cuα
2
t−1)2ζ2

f + 32IM(cuα
2
t−1)2C

2
fζ

2
g,yy

µ2

+ 64I(cuα
2
t−1)2L̃2

2

M∑

m=1

E

[∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − ȳt

∥
∥
∥

2]

+ 16I(cuα
2
t−1)2L2

M∑

m=1

E

∥
∥
∥u

(m)
t − ūt

∥
∥
∥

2

This completes the proof.

Next, to simply the notation, we denote At = E∥ν̄t − µ̄t∥
2, Bt = E∥ȳt − yx̄t∥

2,

Ct = E∥ω̄t − 1
M

∑M
m=1 ∇yg

(m)(x
(m)
t , y

(m)
t )∥2, Dt = 1

M

∑M
m=1 E∥ν

(m)
t − ν̄t∥

2, Et = E∥ν̄t∥
2,

Ft = E∥ω̄t∥
2, Gt = 1

M

∑M
m=1 E∥ω

(m)
t − ω̄t∥

2, Ht = E[∥q̄t − p̄t∥
2], It = E[∥ūt − ux̄t∥

2],

Jt = E∥q
(m)
t − q̄t∥

2, Qt = E∥q̄t∥
2.

Lemma 77. For η < min( L̃2

cν
, L̃2

cω
, L̃2

cu
, 1), γ < min( L̃2

cν
, L̃2

cω
, L̃2

cu
, 1), τ < min( L̃2

cν
, L̃2

cu
, 1

2
) and

αt <
1

16L̃I
, where L̃ = max(L̃1, L̃2) , we have:

t̄s−1∑

t=t̄s−1

αtDt ≤
t̄s−1∑

t=t̄s−1

(

αtEt + αtFt + αtQt +
c2

ωα
3
t

L̃2

σ2

by

+
c2

ωα
3
t

L̃2
ζ2

g

+
c2

να
3
t

L̃2

σ2

bx

+
c2

uα
3
t

L̃2

σ2

bx

+
c2

να
3
t ζ

2
f

L̃2
+
c2

uα
3
t ζ

2
f

L̃2
+

2c2
να

3
t

L̃2

C2
fζ

2
g,xy

µ2
+

4c2
uα

3
t

L̃2

C2
fζ

2
g,yy

µ2

)

t̄s−1∑

t=t̄s−1

αtGt ≤
t̄s−1∑

t=t̄s−1

(

αtEt + αtFt + αtQt +
2c2

ωα
3
t

L̃2

σ2

by

+
2c2

ωα
3
t

L̃2
ζ2

g
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+
c2

να
3
t

L̃2

2σ2

bx

+
c2

uα
3
t

L̃2

σ2

bx

+
c2

να
3
t ζ

2
f

L̃2
+
c2

uα
3
t ζ

2
f

L̃2
+
c2

να
3
t

L̃2

C2
fζ

2
g,xy

µ2
+

2c2
uα

3
t

L̃2

C2
fζ

2
g,yy

µ2

)

t̄s∑

t=t̄s−1+1

αtJt ≤
t̄s−1∑

t=t̄s−1

(

αtFt + αtEt + αtQt +
c2

ωα
3
t

L̃2

σ2

by

+
c2

ωα
3
t

L̃2
ζ2

g

+
c2

uα
3
t

L̃2

σ2

bx

+
c2

να
3
t

L̃2

σ2

bx

+
c2

uα
3
t ζ

2
f

L̃2
+
c2

να
3
t ζ

2
f

2L̃2
+
c2

να
3
t

L̃2

C2
fζ

2
g,xy

µ2
+

40c2
uα

3
t

L̃2

C2
fζ

2
g,yy

µ2

)

Proof. Based on Lemma 74, for t ̸= t̄s, we have:

Dt ≤
(

1 +
17

16I

)

Dt−1 + 16IL̃2
1α

2
t−1η

2Et−1 + 16IL̃2
1α

2
t−1γ

2Ft−1 + 16IL̃2
1α

2
t−1γ

2Gt−1

+ 32IL2τ 2α2
t−1Jt−1 + 32IL2τ 2α2

t−1Qt−1 + 8Ic2
να

4
t−1

σ2

bx

+ 32Ic2
να

4
t−1ζ

2
f

+ 64Ic2
να

4
t−1

C2
fζ

2
g,xy

µ2
+ 128I2L̃2

1η
2c2

να
4
t−1

t−2∑

ℓ=t̄s−1

α2
lDl + 128I2L̃2

1γ
2c2

να
4
t−1

t−2∑

ℓ=t̄s−1

α2
lGl

+ 32I2L2τ 2c2
να

4
t−1

t−2∑

ℓ=t̄s−1

α2
l Jl

while for t = t̄s, we have Dt̄s
= 1/M

∑M
m=1 E∥ν

(m)
t̄s

− ν̄t̄s
∥2 = 0. Apply the above equation

recursively from t̄s−1 + 1 to t. so we have:

Dt ≤
ℓ∑

ℓ=t̄s−1

(

1 +
17

16I

)t−ℓ(

16IL̃2
1α

2
ℓη

2Eℓ + 16IL̃2
1α

2
ℓγ

2Fℓ + 16IL̃2
1α

2
ℓγ

2Gℓ + 32IL2τ 2α2
ℓJℓ

+ 32IL2τ 2α2
ℓQℓ + 8Ic2

να
4
ℓ

σ2

bx

+ 32Ic2
να

4
ℓζ

2
f + 64Ic2

να
4
ℓ

C2
fζ

2
g,xy

µ2

+ 128I2L̃2
1η

2c2
να

4
ℓ

ℓ−1∑

ℓ̄=t̄s−1

α2
l̄Dℓ̄ + 128I2L̃2

1γ
2c2

να
4
ℓ

ℓ−1∑

ℓ̄=t̄s−1

α2
ℓ̄Gℓ̄

+ 32I2L2τ 2c2
να

4
ℓ

ℓ−1∑

ℓ̄=t̄s−1

α2
ℓ̄Jℓ̄

)

≤
t−1∑

ℓ=t̄s−1

(

48IL̃2
1α

2
ℓη

2Eℓ + 48IL̃2
1α

2
ℓγ

2Fℓ + 48IL̃2
1α

2
ℓγ

2Gℓ + 96IL2τ 2α2
ℓJℓ

+ 96IL2τ 2α2
ℓQℓ + 24Ic2

να
4
ℓ

σ2

bx

+ 96Ic2
να

4
ℓζ

2
f + 192Ic2

να
4
ℓ

C2
fζ

2
g,xy

µ2
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+ 384I2L̃2
1η

2c2
να

4
ℓ

ℓ−1∑

ℓ̄=t̄s−1

α2
l̄Dℓ̄ + 384I2L̃2

1γ
2c2

να
4
ℓ

ℓ−1∑

ℓ̄=t̄s−1

α2
ℓ̄Gℓ̄

+ 96I2L2τ 2c2
να

4
ℓ

ℓ−1∑

ℓ̄=t̄s−1

α2
ℓ̄Jℓ̄

)

The second inequality uses the fact that t − l ≤ I and the inequality log(1 + a/x) ≤ a/x

for x > −a, so we have (1 + a/x)x ≤ ea, Then we choose a = 17/16 and x = I. Finally, we

use the fact that e17/16 ≤ 3.

Next we multiply αt over both sides and take sum from t̄s−1 + 1 to t̄s, we have:

t̄s∑

t=t̄s−1+1

αtDt

≤
t̄s−1∑

t=t̄s−1

αt

t−1∑

ℓ=t̄s−1

(

48IL̃2
1α

2
ℓη

2Eℓ + 48IL̃2
1α

2
ℓγ

2Fℓ + 48IL̃2
1α

2
ℓγ

2Gℓ + 96IL2τ 2α2
ℓJℓ

+ 96IL2τ 2α2
ℓQℓ + 24Ic2

να
4
ℓ

σ2

bx

+ 96Ic2
να

4
ℓζ

2
f + 192Ic2

να
4
ℓ

C2
fζ

2
g,xy

µ2

+ 384I2L̃2
1η

2c2
να

4
ℓ

ℓ−1∑

ℓ̄=t̄s−1

α2
l̄Dℓ̄ + 384I2L̃2

1γ
2c2

να
4
ℓ

ℓ−1∑

ℓ̄=t̄s−1

α2
ℓ̄Gℓ̄ + 96I2L2τ 2c2

να
4
ℓ

ℓ−1∑

ℓ̄=t̄s−1

α2
ℓ̄Jℓ̄

)

(a)

≤
t̄s−1∑

t=t̄s−1

(

3IL̃1α
2
t η

2Et + 3IL̃1α
2
tγ

2Ft + 3IL̃1α
2
tγ

2Gt + 6ILτ 2α2
tJt

+ 6ILτ 2α2
tQt +

3Ic2
να

4
t

2L̃

σ2

bx

+
6Ic2

να
4
t ζ

2
f

L̃
+

12Ic2
να

4
t

L̃

C2
fζ

2
g,xy

µ2

+ 32I2L̃1η
2c2

να
4
t

t−1∑

ℓ=t̄s−1

α2
ℓDℓ + 32I2L̃1γ

2c2
να

4
t

t−1∑

ℓ=t̄s−1

α2
ℓGℓ + 6I2Lτ 2c2

να
4
t

t−1∑

ℓ=t̄s−1

α2
ℓJℓ

)

(b)

≤
t̄s−1∑

t=t̄s−1

(3η2

16
αtEt +

3γ2

16
αtFt +

3γ2

16
αtGt +

3τ 2

8
αtJt +

3τ 2

8
αtQt

+
3c2

να
3
t

32L̃2

σ2

bx

+
3c2

να
3
t ζ

2
f

8L̃2
+

3c2
να

3
t

4L̃2

C2
fζ

2
g,xy

µ2
+

η2c2
ν

8 ∗ 163I2L̃4
αtDt

+
γ2c2

ν

8 ∗ 163I2L̃4
αtGt +

3τ 2c2
ν

8 ∗ 164I2L̃4
αtJt

)
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In inequalities (a) and (b), we use αt < 1
16L̃I

≤ 1
16L̃1I

. Note that
∑t̄s

t=t̄s−1+1 αtDt =

∑t̄s−1
t=t̄s−1

αtDt as Dt̄s
= Dt̄s−1

= 0.

Then if we choose η < L̃2

cν
and γ < L̃2

cν
, τ < L̃2

cν
, we have

t̄s−1∑

t=t̄s−1

αtDt ≤
t̄s−1∑

t=t̄s−1

(η2

4
αtEt +

γ2

4
αtFt +

γ2

2
αtGt + τ 2αtJt +

τ 2

2
αtQt

+
c2

να
3
t

8L̃2

σ2

bx

+
c2

να
3
t ζ

2
f

2L̃2
+
c2

να
3
t

L̃2

C2
fζ

2
g,xy

µ2

)

(4.20)

Based on Lemma 75, for t ̸= t̄s, we have:

Gt ≤
(

1 +
33

32I

)

Gt−1 + 8IL2η2α2
t−1Dt−1 + 8IL2η2α2

t−1Et−1 + 8IL2γ2α2
t−1Ft−1

+ 8Ic2
ωα

4
t−1

σ2

by

+ 16Ic2
ωα

4
t−1ζ

2
g + 16I2L2η2c2

ωα
4
t−1

t−2∑

ℓ=t̄s−1

α2
lDl

+ 16I2L2γ2c2
ωα

4
t−1

t−2∑

ℓ=t̄s−1

α2
lGl

Follow similar derivation, by recursively applying the above inequality, we have:

Gt ≤
t−1∑

ℓ=t̄s−1

(

24IL2η2α2
ℓDℓ + 24IL2η2α2

ℓEℓ + 24IL2γ2α2
ℓFℓ

+ 24Ic2
ωα

4
ℓ

σ2

by

+ 48Ic2
ωα

4
ℓζ

2
g + 48I2L2η2c2

ωα
4
ℓ

ℓ−1∑

ℓ̄=t̄s−1

α2
ℓ̄Dℓ̄ + 48I2L2γ2c2

ωα
4
ℓ

ℓ−1∑

ℓ̄=t̄s−1

α2
ℓ̄Gℓ̄

)

Next we multiply αt over both sides and take sum from t̄s−1 + 1 to t̄s, use the condition

that αt <
1

16IL̃
< 1

16IL
, η < L̃2

cω
and γ < L̃2

cω
, we have:
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t̄s−1∑

t=t̄s−1

αtGt ≤
t̄s−1∑

t=t̄s−1

(1

2
η2αtDt +

1

8
η2αtEt +

1

8
γ2αtFt +

c2
ωα

3
t

8L̃2

σ2

by

+
c2

ωα
3
t

8L̃2
ζ2

g

)

(4.21)

Based on Lemma 76, we have:

Jt ≤
(

1 +
33I

32I

)

Jt−1 + 16IL̃2
2τ

2α2
t−1Gt−1 + 16IL̃2

2τ
2α2

t−1Ft−1 + 16IL̃2
2η

2α2
t−1Dt−1

+ 16IL̃2
2η

2α2
t−1Et−1 + 16IL2τ 2α2

t−1Qt−1 + 8Ic2
uα

4
t−1

σ2

bx

+ 16Ic2
uα

4
t−1ζ

2
f + 32Ic2

uα
4
t−1

C2
fζ

2
g,yy

µ2
+ 64I2c2

uη
2α4

t−1L̃
2
2

t−2∑

ℓ=t̄s−1

α2
lDl

+ 64I2c2
uγ

2α4
t−1L̃

2
2

t−2∑

ℓ=t̄s−1

α2
lGl + 16I2c2

uτ
2α4

t−1L
2

t−2∑

ℓ=t̄s−1

α2
l Jl

Suppose we have αt <
1

16L̃I
, η < L̃2

cu
, γ < L̃2

cu
, τ < L̃2

cu

t̄s∑

t=t̄s−1+1

αtJt ≤
t̄s−1∑

t=t̄s−1

(τ 2

2
αGt +

τ 2

4
αtFt +

η2

2
αtDt +

η2

4
αt−1Et

+
τ 2

4
αtQt +

c2
uα

3
t

8L̃2

σ2

bx

+
c2

uα
3
t ζ

2
f

4L̃2
+

3c2
uα

3
t

L̃2

C2
fζ

2
g,yy

µ2

)

(4.22)

Next, we combine Eq. 4.20, Eq. 4.21 and Eq. 4.22 to have the result in the lemma.

4.7.1.4 Descent Lemma

Lemma 78. For all t ∈ [t̄s−1, t̄s − 1], the iterates generated satisfy:

E

∥
∥
∥∇h(x̄t) − µ̄t

∥
∥
∥

2
≤

2L̃2
1

M

M∑

m=1

E

[∥
∥
∥x̄t − x

(m)
t

∥
∥
∥

2
+ 2

∥
∥
∥ȳt − y

(m)
t

∥
∥
∥

2
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+ 2
∥
∥
∥yx̄t − ȳt

∥
∥
∥

2]

+ 4L2
E

∥
∥
∥ux̄t − ūt

∥
∥
∥

2

where we denote ux̄t = [∇y2g(x̄t, yx̄t)]
−1∇yf(x̄t, yx̄t) and L̃2

1 =
(

L2 +
2L2

xyC2
f

µ2

)

is a constant.

Proof. This lemma follows the same derivation as Lemma 88.

Lemma 79. Suppose ηαt <
1

2L̄
, for all t ∈ [t̄s−1, t̄s − 1] and s ∈ [S], the iterates generated

satisfy:

E

[

h(x̄t+1)
]

≤ E

[

h(x̄t)
]

−
ηαt

4
E

[∥
∥
∥ν̄t

∥
∥
∥

2]

−
ηαt

2
E

[

∥∇h(x̄t)∥
2
]

+ ηαtE

[∥
∥
∥ūt − ν̄t

∥
∥
∥

2]

+
2L̃2

1ηαt

M

M∑

m=1

E

[∥
∥
∥x̄t − x

(m)
t

∥
∥
∥

2
+ 2

∥
∥
∥ȳt − y

(m)
t

∥
∥
∥

2

+ 2
∥
∥
∥yx̄t − ȳt

∥
∥
∥

2]

+ 4L2ηαtE

∥
∥
∥ux̄t − ūt

∥
∥
∥

2

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. By the smoothness of h(x) we have:

E[h(x̄t+1)] ≤ E

[

h(x̄t) + ⟨∇h(x̄t), x̄t+1 − x̄t⟩ +
L̄

2
∥x̄t+1 − x̄t∥

2
]

(a)
= E

[

h(x̄t) − ηαt⟨∇h(x̄t), ν̄t⟩ +
η2α2

t L̄

2
∥ν̄t∥

2
]

(b)
= E

[

h(x̄t) −
ηαt

2

∥
∥
∥ν̄t

∥
∥
∥

2
−
ηαt

2
∥∇h(x̄t)∥

2 +
ηαt

2

∥
∥
∥∇h(x̄t) − ν̄t

∥
∥
∥

2
+
ηα2

t L̄

2

∥
∥
∥ν̄t

∥
∥
∥

2]

= E

[

h(x̄t) −
ηαt

4

∥
∥
∥ν̄t

∥
∥
∥

2
−
ηαt

2
∥∇h(x̄t)∥

2 +
ηαt

2

∥
∥
∥∇h(x̄t) − ν̄t

∥
∥
∥

2

︸ ︷︷ ︸

T1

]

where equality (a) follows from the iterate update given in Algorithm 7; (b) uses ⟨a, b⟩ =
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1
2
[∥a∥2 + ∥b∥2 − ∥a− b∥2] and ηαt <

1
2L̄

; For the term T1, we have:

E

[∥
∥
∥∇h(x̄t) − ν̄t

∥
∥
∥

2]

≤ 2E
[∥
∥
∥∇h(x̄t) − ūt

∥
∥
∥

2]

+ 2E
[∥
∥
∥ūt − ν̄t

∥
∥
∥

2]

Use Lemma 69 for the first term and combine everything together finishes the proof.

4.7.1.5 Proof of Convergence Theorem

We first denote the following potential function G(t):

Gt = h(x̄t) +
9bMη

64αt

∥
∥
∥ν̄t − µ̄t

∥
∥
∥

2
+

18ηL̃2

µγ

∥
∥
∥ȳt − yx̄t

∥
∥
∥

2
+

9bMη

64αt

∥
∥
∥q̄t − p̄t

∥
∥
∥

2

+
9bMη

64αt

∥
∥
∥ω̄t −

1

M

M∑

m=1

∇yg
(m)(x

(m)
t , y

(m)
t )

∥
∥
∥

2
+

18ηL2

µτ

∥
∥
∥ūt − ux̄t

∥
∥
∥

2

Furthermore, we have constants L̃2
1 =

(

L2 +
2L2

xyC2
f

µ2

)

and L̃2
2 =

(

L2 +
2L2

y2 C2
f

µ2

)

, to ease

the writing, without loss of generality, we assume the second order Lipschitz constants

Lxy = Ly2 , as a result L̃2
1 = L̃2

2, we denote it as L̃ in the subsequent proof.

Theorem 80. Suppose we choose cν = 64
9bM

+ 2
3b2M2 , cω = 482

bMµ2 + 2
3b2M2 , cu = 482

bMµ2 + 2
3b2M2

u = (bMσ)2ū, where ū = max
(

2, 162I3L̃2, c3/2
ν , c3/2

ω

)

, δ = (bMσ)2/3

(16L̃)1/3 , αt = δ
(u+t)1/3 , t ∈ [T ],

γ < min
(

1

8C
1/2
1

, L̃

4C
1/2
1

, L̃2

cν
, L̃2

cω
, L̃2

cu
, 1

2L
, 1
)

, η < min
(

µγ
36κL̃

, 1

8C
1/2
1

, L̃

4C
1/2
1

, L̃2

cν
, L̃2

cω
, L̃2

cu
, 1

2L̄
, 1
)

, τ <

min
(

1

8C
1/2
1

, L̃

4C
1/2
1

, L̃2

cν
, L̃2

cu
, 1

2L
, 1

2

)

where C1 is a constant, we set the mini-batch size bx = by = b

and the first batch with size b1 = O(Ib), r =
Cf

µ
, then we have:

1

T

T −1∑

t=1

E

[

∥∇h(x̄t)∥
2
]

= O
(κ19/3I

T
+

κ16/3

(bMT )2/3

)
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To reach an ϵ-stationary point, we need T = O(κ8(bM)−1ϵ−1.5), I = O(κ5/3(bM)−1ϵ−0.5).

Proof. By the condition that u ≥ c3/2
ν δ3, it is straightforward to verify that cνα

2
t < 1. By

Lemma 69, we have:

At

αt−1

−
At−1

αt−2

≤
(

α−1
t−1 − α−1

t−2 − cναt−1

)

At−1 +
2c2

να
3
t−1σ

2

bM
+

16L2τ 2αt−1

bM
(Jt−1 +Qt−1)

+
8L̃2η2αt−1

bM
(Dt−1 + Et−1) +

8L̃2γ2αt−1

bM
(Ft−1 +Gt−1)

where we choose bx = by = b. For α−1
t−1 − α−1

t−2, we have:

α−1
t − α−1

t−1 =
(u+ σ2t)1/3

δ
−

(u+ σ2(t− 1))1/3

δ

(a)

≤
σ2

3δ(u+ σ2(t− 1))2/3

(b)

≤
22/3σ2δ2

3δ3(u+ σ2t)2/3

(c)
=

22/3σ2

3δ3
α2

t ≤
2

3Ib2M2
αt ≤

22/3σ2

3δ3
α2

t ≤
2

3b2M2
αt

where inequality (a) results from the concavity of x1/3 as: (x + y)1/3 − x1/3 ≤ y/3x2/3,

inequality (b) used the fact that ut ≥ 2σ2, inequality (c) uses the definition of αt, By

choosing cν = 64
9bM

+ 2
3b2M2 , we have:

At

αt−1

−
At−1

αt−2

≤ −
64

9bM
αt−1At−1 +

2c2
να

3
t−1σ

2

bM
+

16L2τ 2αt−1

bM
(Jt−1 +Qt−1)

+
8L̃2η2αt−1

bM
(Dt−1 + Et−1) +

8L̃2γ2αt−1

bM
(Ft−1 +Gt−1)

Next, we telescope from t̄s−1 + 1 to t̄s:

( At̄s

αt̄s−1

−
At̄s−1

αt̄s−1−1

)

≤ −
64

9bM

t̄s−1∑

t=t̄s−1

αtAt +
2c2

νσ
2

bM

t̄s−1∑

t=t̄s−1

α3
t +

16L̃2η2

bM

t̄s−1∑

t=t̄s−1

αtDt
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+
8L̃2η2

bM

t̄s−1∑

t=t̄s−1

αtEt +
8L̃2γ2

bM

t̄s−1∑

t=t̄s−1

αtFt +
16L̃2γ2

bM

t̄s−1∑

t=t̄s−1

αtGt

+
32L2τ 2

bM

t̄s−1∑

t=t̄s−1

αtJt +
16L2τ 2

bM

t̄s−1∑

t=t̄s−1

αtQt (4.23)

Next, we follow similar derivation as At/αt−1 − At−1/αt−2. By Lemma 70. we choose

cω = 482

bMµ2 + 2
3b2M2 , to obtain:

Ct

αt−1

−
Ct−1

αt−2

≤ −
482αt−1

bMµ2
Ct−1 +

2c2
ωα

3
t−1σ

2

bM

+
4L2η2αt−1

bM
(Dt−1 + Et−1) +

4L2γ2αt−1

bM
(Ft−1 +Gt−1)

Then telescope from t̄s−1 + 1 to t̄s, we have:

Ct̄s

αt̄s−1

−
Ct̄s−1

αt̄s−1−1

≤ −
482

bMµ2

t̄s−1∑

t=t̄s−1

αtCt +
2c2

ωσ
2

bM

t̄s−1∑

t=t̄s−1

α3
t +

16L2η2

bM

t̄s−1∑

t=t̄s−1

αtDt

+
8L2η2

bM

t̄s−1∑

t=t̄s−1

αtEt +
8L2γ2

bM

t̄s−1∑

t=t̄s−1

αtFt +
16L2γ2

bM

t̄s−1∑

t=t̄s−1

αtGt (4.24)

Next from Lemma 68, we choose cu = 482

bMµ2 + 2
3b2M2 , to obtain:

Ht

αt−1

−
Ht−1

αt−2

≤ −
482αt−1

bMµ2
Ht−1 +

2c2
uα

3
t−1

bM
σ2 +

8η2αt−1L̃
2

bM
(Dt−1 + Et−1)

+
8γ2αt−1L̃

2

bM
(Ft−1 +Gt−1) +

8τ 2αt−1L
2

bM
(Jt−1 +Qt−1)
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Then telescope from t̄s−1 + 1 to t̄s, we have:

Ht̄s

αt̄s−1

−
Ht̄s−1

αt̄s−1−1

≤ −
482

bMµ2

t̄s−1∑

t=t̄s−1

αtHt +
2c2

u

bM

t̄s−1∑

t=t̄s−1

α3
tσ

2 +
8η2L̃2

bM

t̄s−1∑

t=t̄s−1

αt−1(Dt + Et)

+
8γ2L̃2

bM

t̄s−1∑

t=t̄s−1

αt−1(Ft +Gt) +
8τ 2L2

bM

t̄s−1∑

t=t̄s−1

αt(Jt +Qt−1) (4.25)

Next from Lemma 71, for t ̸= t̄s, we have:

Bt+1 −Bt ≤ −
µγαtBt

4
−
γ2αtFt

4
+

9γαtCt

µ
+

9κ2η2αtEt

2µγ

+
9γαtL

2

µ

t−1∑

ℓ=t̄s−1

Iη2α2
ℓDℓ +

9γαtL
2

µ

t−1∑

ℓ=t̄s−1

Iγ2α2
ℓGℓ

When t = t̄s, we do not have the last two terms in the above inequality. Next, we telescope

from t̄s−1 + 1 to t̄s and have:

Bt̄s
−Bt̄s−1

≤ −
µγ

4

t̄s−1∑

t=t̄s−1

αtBt −
γ2

4

t̄s−1∑

t=t̄s−1

αtFt +
9γ

µ

t̄s−1∑

t=t̄s−1

αtCt +
9κ2η2

2µγ

t̄s−1∑

t=t̄s−1

αtEt

+
9Iη2γL2

µ

t̄s−1∑

t=t̄s−1+1

αt

t−1∑

ℓ=t̄s−1

α2
ℓDℓ +

9Iγ3L2

µ

t̄s−1∑

t=t̄s−1+1

αt

t−1∑

ℓ=t̄s−1

α2
ℓGℓ

≤ −
µγ

4

t̄s−1∑

t=t̄s−1

αtBt −
γ2

4

t̄s−1∑

t=t̄s−1

αtFt +
9γ

µ

t̄s−1∑

t=t̄s−1

αtCt +
9κ2η2

2µγ

t̄s−1∑

t=t̄s−1

αtEt

+
9L2η2γ

162L̂2µ

t̄s−1∑

ℓ=t̄s−1

αℓDℓ +
9L2γ3

162L̂2µ

t̄s−1∑

ℓ=t̄s−1

αℓGℓ (4.26)

where we use the fact that αt <
1

16L̂I
. Next, from Lemma 72, we have:

It+1 − It ≤ −
µταt

4
It −

τ 2αt

4
Qt +

9κ2η2αt

2µτ
Et +

9ταt

µ
Ht
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+
18Iη2ταtL̃

2

µ

t−1∑

ℓ=t̄s−1

α2
ℓDℓ +

18Iγ2ταtL̃
2

µ

t−1∑

ℓ=t̄s−1

α2
ℓGℓ + 18Iτ 3αtL

2
t−1∑

ℓ=t̄s−1

α2
ℓJℓ

when t = t̄s, we do not have the last three terms in the above inequality. Next, we telescope

from t̄s−1 + 1 to t̄s and have:

It̄s
− It̄s−1

≤ −
µτ

4

t̄s−1∑

t=t̄s−1

αtIt −
τ 2

4

t̄s−1∑

t=t̄s−1

αtQt +
9κ2η2

2µτ

t̄s−1∑

t=t̄s−1

αtEt +
9τ

µ

t̄s−1∑

t=t̄s−1

αtHt

+
18Iη2τL̃2

µ

t̄s−1∑

t=t̄s−1

αt

t−1∑

ℓ=t̄s−1

α2
ℓDℓ +

18Iγ2τL̃2

µ

t̄s−1∑

t=t̄s−1

αt

t−1∑

ℓ=t̄s−1

α2
ℓGℓ

+ 18Iτ 3L2
t̄s−1∑

t=t̄s−1

αt

t−1∑

ℓ=t̄s−1

α2
ℓJℓ

≤ −
µτ

4

t̄s−1∑

t=t̄s−1

αtIt −
τ 2

4

t̄s−1∑

t=t̄s−1

αtQt +
9κ2η2

2µτ

t̄s−1∑

t=t̄s−1

αtEt +
9τ

µ

t̄s−1∑

t=t̄s−1

αtHt

+
18η2τ

162µ

t̄s−1∑

t=t̄s−1

αtDt +
18γ2τ

162µ

t̄s−1∑

t=t̄s−1

αtGt +
18τ 3L2

162L̃2

t̄s−1∑

t=t̄s−1

αtJt (4.27)

Next, by Lemma 79, when t+ 1 ̸= t̄s, we have:

E[h(x̄t+1)] ≤ E[h(x̄t)] −
ηαt

4
Et −

ηαt

2
E[∥∇h(x̄t)∥

2] + ηαtAt + 4L̃2ηαtBt + 4L2ηαtIt

+ 2L̃2Iη3αt

t−1∑

ℓ=t̄s−1

α2
lDl + 4L̃2Iγ2ηαt

t−1∑

ℓ=t̄s−1

α2
lGl

When t = t̄s, we do not have the last two terms. Next, we telescope from t̄s−1 to t̄s − 1 to

have:

E[h(x̄t̄s
) − h(x̄t̄s−1

)]

≤ −
t̄s−1∑

t=t̄s−1

ηαt

4
Et −

t̄s−1∑

t=t̄s−1

ηαt

2
E[∥∇h(x̄t)∥

2] + 4L2η
t̄s−1∑

t=t̄s−1

αtIt +
t̄s−1∑

t=t̄s−1

ηαtAt
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+
t̄s−1∑

t=t̄s−1

4L̃2ηαtBt + 2L̃2Iη3
t̄s−1∑

t=t̄s−1

αt

t−1∑

ℓ=t̄s−1

α2
lDl + 4L̃2Iγ2η

t̄s−1∑

t=t̄s−1

αt

t−1∑

ℓ=t̄s−1

α2
lGl

≤ −
t̄s−1∑

t=t̄s−1

ηαt

4
Et −

t̄s−1∑

t=t̄s−1

ηαt

2
E[∥∇h(x̄t)∥

2] + 4L2η
t̄s−1∑

t=t̄s−1

αtIt +
t̄s−1∑

t=t̄s−1

ηαtAt

+
t̄s−1∑

t=t̄s−1

4L̃2ηαtBt +
η3

128

t̄s−1∑

t=t̄s−1

αtDt +
γ2η

64

t̄s−1∑

t=t̄s−1

αtGt (4.28)

In the inequality, we use the fact that t̄s − t̄s−1 ≤ I, αt <
1

16L̃I
.

Combine Eq. (4.23),Eq. (4.24), Eq. (4.26) and Eq. (4.28) and we have:

E[Gt̄s
] − E[Gt̄s−1

]

≤ −
t̄s−1∑

t=t̄s−1

ηαt

2
E[∥∇h(x̄t)∥

2] +
(9ηc2

ωσ
2

32
+

9ηc2
νσ

2

32
+

9ηc2
uσ

2

32

) t̄s−1∑

t=t̄s−1

α3
t

−
L̃2η

2

t̄s−1∑

t=t̄s−1

αtBt −
L2η

2

t̄s−1∑

t=t̄s−1

αtIt −
t̄s−1∑

t=t̄s−1

(9ηγL̃2

2µ
−

9ηγ2L̃2

4
−

9ηγ2L2

8

)

αtFt

−
t̄s−1∑

t=t̄s−1

(1

4
−

81κ2L̃2η2

µ2γ2
−

81κ2L2η2

µ2τ 2
−

9L2η2

8
−

9L̃2η2

4

)

ηαtEt

−
t̄s−1∑

t=t̄s−1

(9τηL2

2µ
−

9ητ 2L2

4

)

αtQt +
(81κ2

64
+

9L2

4
+ 9L̃2

)

τ 2η
t̄s−1∑

t=t̄s−1

αtJt

+
( 1

128
+

81κ2

128
+

81κ2

64
+

9L2

4
+

9L̃2

2

)

η3
t̄s−1∑

t=t̄s−1

αtDt

+
( 1

64
+

81κ2

128
+

81κ2

64
+

9L̃2

4
+

9L2

2

)

γ2η
t̄s−1∑

t=t̄s−1

αtGt

By the condition that η < µγ
36κL̃

and γ ≤ 1
2L
< 1

2µ
. Next, we denote:

C1 =
1

64
+

81κ2

32
+ 9L̃2 = O(κ2)
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Then, we have:

E[Gt̄s
] − E[Gt̄s−1

]

≤ −
t̄s−1∑

t=t̄s−1

ηαt

2
E

[

∥∇h(x̄t)∥
2
]

+
(9ηc2

ωσ
2

32
+

9ηc2
νσ

2

32
+

9ηc2
uσ

2

32

) t̄s−1∑

t=t̄s−1

α3
t

−
9ηγ2L̃2

8

t̄s−1∑

t=t̄s−1

αtFt −
η

8

t̄s−1∑

t=t̄s−1

αtEt −
L̃2η

2

t̄s−1∑

t=t̄s−1

αtBt −
L2η

2

t̄s−1∑

t=t̄s−1

αtIt

−
9ητ 2L2

4

t̄s−1∑

t=t̄s−1

αtQt + C1η
3

t̄s−1∑

t=t̄s−1

αtDt + C1γ
2η

t̄s−1∑

t=t̄s−1

αtGt + C1τ
2η

t̄s−1∑

t=t̄s−1

αtJt (4.29)

Combine Eq. (4.29) with Lemma 77, and use the condition that η < min
(

1

8C
1/2
1

, L̃

4C
1/2
1

, 1
)

,

γ < min
(

1

8C
1/2
1

, L̃

4C
1/2
1

, 1
)

and τ < min
(

1

8C
1/2
1

, L̃

4C
1/2
1

, 1
)

we have:

E[Gt̄s
] − E[Gt̄s−1

] ≤ −
t̄s−1∑

t=t̄s−1

ηαt

2
E

[

∥∇h(x̄t)∥
2
]

+ Cσ,ζη
t̄s−1∑

t=t̄s−1

α3
t

For ease of notation, we denote

Cσ,ζ =
(

4c2
ωσ

2 + 4c2
uσ

2 + 4c2
νσ

2 + 3c2
uζ

2
f + 3c2

νζ
2
f + 3c2

ωζ
2
g +

3c2
νC

2
fζ

2
g,xy

µ2
+

120c2
uC

2
fζ

2
g,yy

µ2

)

.

Next, sum over all s ∈ [S] (assume T = SI + 1 without loss of generality), we have:

E[GT ] − E[G1] ≤ −
T −1∑

t=1

ηαt

2
E

[

∥∇h(x̄t)∥
2
]

+ ηCσ,ζ

T −1∑

t=1

α3
t

Rearranging the terms and use the fact that αt is non-increasing, we have:

ηαT

2

T −1∑

t=1

E

[

∥∇h(x̄t)∥
2
]

≤ E[G1] − E[GT ] + ηCσ,ζ

T −1∑

t=1

α3
t
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≤ h(x1) − h∗ +
9bMηA1

64α1

+
18ηL̃2B1

µγ

+
9bMηC1

64α1

+
9bMηH1

64α1

+
18ηL2I1

µτ
+ ηCσ,ζ

T −1∑

t=1

α3
t

where we use GT ≥ h∗ (h∗ is the optimal value of h), and for the last term, we use the

following fact:

T∑

t=1

α3
t =

T∑

t=1

δ3

u+ σ2t
≤

T∑

t=1

δ3

σ2 + σ2t
=
δ3

σ2

T∑

t=1

1

1 + t
≤
δ3

σ2
ln(T + 1) =

b2M2 ln(T + 1)

16L̃

the first inequality follows ut > σ2, the last inequality follows Proposition 112.

Next, we denote the initial sub-optimality as ∆ = h(x̄1) − h∗, initial inner variable

estimation error i.e. B1 = ∥y1 − yx1∥2 ≤ ∆y and the initial hyper-gradient computation

error I1 = ∥u1 − [∇y2g(x1, yx1)]−1∇yf(x1, yx1)∥2 ≤ ∆u.

Furthermore, we have A1 =≤ σ2

b1M
, C1 ≤ σ2

b1M
, H1 ≤ σ2

b1M
where b1 be the size of the

first batch. Then, we divide both sides by ηαTT/2 to have:

1

T

T −1∑

t=1

E

[

∥∇h(x̄t)∥
2
]

≤
(2∆

η
+

27bσ2

32b1α1

+
36L̃2∆y

µγ
+

36L2∆u

µτ
+
b2M2Cσ,ζ ln(T )

8L̃

) 1

TαT

Note that we have:

1

αtt
=

(u+ σ2t)1/3

δt
≤
u1/3

δt
+
σ2/3

δt2/3

where the inequality uses the fact that (x+ y)1/3 ≤ x1/3 + y1/3. In particular, when t = 1,
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we have

1

α1

≤
u1/3 + σ2/3

δ
=

(16L̃)1/3((bM)2/3ū1/3 + 1)

(bM)2/3
(4.30)

when t = T , we have:

1

αTT
≤
u1/3

δT
+

σ2/3

δT 2/3
= (16L̃)1/3

(

ū1/3

T
+

1

(bMT )2/3

)

(4.31)

In summary, we have:

1

T

T −1∑

t=1

E

[

∥∇h(x̄t)∥
2
]

≤
(2∆

η
+

27bσ2

32b1α1

+
36L̃2∆y

µγ
+

36L2∆u

µτ
+
b2M2Cσ,ζ ln(T )

8L̃

)((16L̃ū)1/3

T
+

(16L̃)1/3

(bMT )2/3

)

Recall that L̃ = O(κ), L̄ = O(κ3), therefore we have cν = Θ((bM)−1), cω = Θ(κ2(bM)−1),

cu = Θ(κ2(bM)−1) ū = Θ(I3κ3), then for η, γ, τ , we have:

γ < min
( 1

8C
1/2
1

,
L̃

4C
1/2
1

,
L̃2

cν

,
L̃2

cω

,
L̃2

cu

,
1

2L
, 1
)

τ < min
( 1

8C
1/2
1

,
L̃

4C
1/2
1

,
L̃2

cν

,
L̃2

cu

,
1

2L
,
1

2

)

η < min
( µγ

36κL̃
,

1

8C
1/2
1

,
L̃

4C
1/2
1

,
L̃2

cν

,
L̃2

cω

,
L̃2

cu

,
1

2L̄
, 1
)

where C1 = O(κ2), so we have γ−1 = O(κ), η−1 = O(κ3), τ−1 = O(κ), furthermore,
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α−1
1 = O(Iκ4/3), Cσ,ζ = O(κ6(bM)−2), assume we choose the size of the first batch to be

b1 = Ib.

Combine everything together, we have:

1

T

T −1∑

t=1

E

[

∥∇h(x̄t)∥
2
]

= O
(κ19/3I

T
+

κ16/3

(bMT )2/3

)

To reach an ϵ-stationary point, we need T = O(κ8(bM)−1ϵ−1.5), I = O(κ5/3(bM)−1ϵ−0.5).

The communication cost is E = T/I ≥ κ19/3ϵ−1, the sample complexity is Gc(f, ϵ) =

O(M−1κ8ϵ−1.5), Gc(g, ϵ) = O(M−1κ8ϵ−1.5), Jv(g, ϵ) = O(M−1κ8ϵ−1.5),

Hv(g, ϵ) = O(M−1κ8ϵ−1.5)

4.7.2 Proof for the FedBiO Algorithm

Algorithm 8 follows Eq. 4.6, and we discuss its convergence property in this subsection.

4.7.2.1 Lower Problem Solution Error and Hyper-gradient Estimation Er-

ror

Lemma 81. When γ < 1
2L

, we have:

E

∥
∥
∥ȳt − yx̄t

∥
∥
∥

2
≤ (1 −

µγ

4
)E
∥
∥
∥ȳt−1 − yx̄t−1

∥
∥
∥

2
+

9κ2η2

2µγ
E

∥
∥
∥ν̄t−1

∥
∥
∥

2
−
γ2

4
E∥ω̄t−1∥

2

+
9L2γ

2µM

M∑

m=1

E

[

∥x
(m)
t−1 − x̄t−1∥

2 + ∥y
(m)
t−1 − ȳt−1)∥2

]

+
4γσ2

µbyM
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Algorithm 8 Federated Bilevel Optimization (FedBiO)

1: Input: Initial states x1, y1 and u1; learning rates {γt, ηt, τt}
T
t=1

2: Initialization: Set x
(m)
1 = x1, y

(m)
1 = y1, u

(m)
1 = u1;

3: for t = 1 to T do
4: Randomly sample mutually independent minibatch of samples By and Bx =

{Bg,1,Bg,2,Bf,1,Bf,2} of size b;

5: ω
(m)
t = ∇yg

(m)(x
(m)
t , y

(m)
t ,By)

6: ν
(m)
t = ∇xf

(m)(x
(m)
t , y

(m)
t ; Bf,1) − ∇xyg

(m)(x
(m)
t , y

(m)
t ; Bg,1)u

(m)
t ;

7: ŷ
(m)
t+1 = y

(m)
t − γtω

(m)
t , x̂

(m)
t+1 = x

(m)
t − ηtν

(m)
t ;

8: if t mod I = 0 then
9: y

(m)
t+1 = 1

M

∑M
j=1 ŷ

(j)
t+1; x

(m)
t+1 = 1

M

∑M
j=1 x̂

(j)
t+1

10: else
11: y

(m)
t+1 = ŷ

(m)
t+1 , x

(m)
t+1 = x̂

(m)
t+1

12: end if
13: û

(m)
t+1 = Pr(τt∇yf

(m)(x
(m)
t , y

(m)
t ; Bf,2) + (I − τt∇y2g(m)(x

(m)
t , y

(m)
t ; Bg,2))u

(m)
t );

14: if t mod I = 0 then
15: u

(m)
t+1 = 1

M

∑M
j=1 û

(j)
t+1

16: else
17: u

(m)
t+1 = û

(m)
t+1

18: end if
19: end for

Lemma 82. Suppose we choose τ < 1
L

, then we have:

E

∥
∥
∥ūt+1 − ux̄t+1

∥
∥
∥

2

≤ (1 −
µτ

4
)E
∥
∥
∥ūt − ux̄t

∥
∥
∥

2
+

5τ 2σ2

4bxM
+

5η2L̄2

µτ
E

∥
∥
∥ν̄t

∥
∥
∥

2

+
5

4

(3τL2

µM
+
τL2

y2C2
f

2µ3M

) M∑

m=1

E

[∥
∥
∥x̄t − x

(m)
t

∥
∥
∥

2
+ 2

∥
∥
∥ȳt − y

(m)
t

∥
∥
∥

2
+ 2

∥
∥
∥yx̄t − ȳt

∥
∥
∥

2]

We provide the proof for Lemma 82 here and Lemma 81 can be derived similarly.

Proof. First, by proposition 114 (set α = 1) and choose γ < 1
2L

, we have:

E∥ȳt − yx̄t−1∥2 ≤ (1 −
µγ

2
)E∥ȳt−1 − yx̄t−1∥2 −

γ2

4
E∥ω̄t−1∥

2
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+
4γ

µ
E∥∇yg(x̄t−1, ȳt−1) −

1

M

M∑

m=1

∇yg(x
(m)
t−1, y

(m)
t−1)∥2 +

4γσ2

µbyM

≤ (1 −
µγ

2
)E∥ȳt−1 − yx̄t−1∥2 −

γ2

4
E∥ω̄t−1∥

2

+
4γ

µM

M∑

m=1

E∥∇(m)
y g(x̄t−1, ȳt−1) − ∇yg(x

(m)
t−1, y

(m)
t−1)∥2 +

4γσ2

µbyM

≤ (1 −
µγ

2
)E∥ȳt−1 − yx̄t−1∥2 −

γ2

4
E∥ω̄t−1∥

2

+
4L2γ

µM

M∑

m=1

E

[

∥x
(m)
t−1 − x̄t−1∥

2 + ∥y
(m)
t−1 − ȳt−1)∥2

]

+
4γσ2

µbyM

Furthermore, by the generalized triangle inequality, we have:

E

∥
∥
∥ȳt − yx̄t

∥
∥
∥

2
≤ (1 −

µγ

4
)E
∥
∥
∥ȳt−1 − yx̄t−1

∥
∥
∥

2
+ (1 +

4

µγ
)E
∥
∥
∥yx̄t − yx̄t−1

∥
∥
∥

2
− (1 +

µγ

4
)
γ2

4
E∥ω̄t−1∥

2

+ (1 +
µγ

4
)
4L2γ

µM

M∑

m=1

E

[

∥x
(m)
t−1 − x̄t−1∥

2 + ∥y
(m)
t−1 − ȳt−1)∥2

]

+
4γσ2

µbyM

≤ (1 −
µγ

4
)E
∥
∥
∥ȳt−1 − yx̄t−1

∥
∥
∥

2
+

9κ2η2

2µγ
E

∥
∥
∥ν̄t−1

∥
∥
∥

2
−
γ2

4
E∥ω̄t−1∥

2

+
9L2γ

2µM

M∑

m=1

E

[

∥x
(m)
t−1 − x̄t−1∥

2 + ∥y
(m)
t−1 − ȳt−1)∥2

]

+
4γσ2

µbyM

where the second inequality is due to γ < 1/2L. This completes the proof.

4.7.2.2 Local Variable Drift

Lemma 83. For any t ̸= t̄s, s ∈ [S], we have:

∥x
(m)
t − x̄t∥

2 ≤ Iη2
t−1∑

ℓ=t̄s−1

∥
∥
∥ν

(m)
ℓ − ν̄ℓ

∥
∥
∥

2
, ∥y

(m)
t − ȳt∥

2 ≤ Iγ2
t−1∑

ℓ=t̄s−1

∥
∥
∥ω

(m)
ℓ − ω̄ℓ

∥
∥
∥

2
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Proof. Note from Algorithm and the definition of t̄s that at t = t̄s with s ∈ [S], x
(m)
t = x̄t,

for all k. For t ̸= t̄s, with s ∈ [S], we have: x
(m)
t = x

(m)
t−1 − ην

(m)
t−1 , this implies that:

x
(m)
t = x

(m)
t̄s−1

−
∑t−1

ℓ=t̄s−1
ην

(m)
ℓ and x̄t = x̄t̄s−1

−
∑t−1

ℓ=t̄s−1
ην̄ℓ. So for t ̸= t̄s, with s ∈ [S] we

have:

∥x
(m)
t − x̄t∥

2 =
∥
∥
∥x

(m)
t̄s−1

− x̄t̄s−1
−
( t−1∑

ℓ=t̄s−1

ην
(m)
ℓ −

t−1∑

ℓ=t̄s−1

ην̄ℓ

)∥
∥
∥

2
=
∥
∥
∥

t−1∑

ℓ=t̄s−1

η
(

ν
(m)
ℓ − ν̄ℓ

)∥
∥
∥

2

≤ Iη2
t−1∑

ℓ=t̄s−1

∥
∥
∥ν

(m)
ℓ − ν̄ℓ

∥
∥
∥

2

We can derive the bound for ∥y
(m)
t − ȳt∥

2 similarly. This completes the proof.

Lemma 84. For any t ∈ [T ], we have:

1

M

M∑

m=1

E

∥
∥
∥

(

ν
(m)
t − ν̄t

)∥
∥
∥

2
≤

4L2

M

M∑

m=1

E

∥
∥
∥u

(m)
t − ūt

∥
∥
∥

2
+ 4ζ2

f +
8C2

fζ
2
g,xy

µ2
+

2σ2

bx

+
(16L2

M
+

32L2
xyC

2
f

µ2M

) M∑

m=1

E

[∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − ȳt

∥
∥
∥

2]

Lemma 85. For t ∈ T , we have:

1

M

M∑

m=1

E

∥
∥
∥

(

ω
(m)
t − ω̄t

)∥
∥
∥

2
≤

2L2

M

M∑

m=1

E

∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+

2L2

M

M∑

m=1

E

∥
∥
∥y

(m)
t − ȳt

∥
∥
∥

2
+

2σ2

by

+ 2ζ2
g

Lemma 86. For t ∈ [T ], we have:

1

M

M∑

m=1

E

∥
∥
∥

(

u
(m)
t+1 − ūt+1

)∥
∥
∥

2

≤ (1 +
1

I
)

1

M

M∑

m=1

E

∥
∥
∥u

(m)
t − ūt

∥
∥
∥

2
+

64Iτ 2C2
fζ

2
g,yy

µ2
+ 32Iτ 2ζ2

f +
2τ 2σ2

bx
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+
(128IL2τ 2

M
+

256Iτ 2L2
y2C2

f

µ2M

) M∑

m=1

E

[∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − ȳt

∥
∥
∥

2]

Lemma 84-Lemma 86 bounds the local drift of ν
(m)
t , ω

(m)
t and u

(m)
t+1. We provide the

proof for Lemma 84 here and the other two bounds can be derived similarly.

Proof. We have:

1

M

M∑

m=1

E

∥
∥
∥

(

ν
(m)
t − ν̄t

)∥
∥
∥

2

≤
1

M

M∑

m=1

E

∥
∥
∥∇xf

(m)(x
(m)
t , y

(m)
t ) − ∇xyg

(m)(x
(m)
t , y

(m)
t )u

(m)
t

−
1

M

M∑

j=1

∇xf
(j)(x

(j)
t , y

(j)
t ) − ∇xyg

(j)(x
(j)
t , y

(j)
t )u

(j)
t

∥
∥
∥

2
+

2σ2

bx

≤
2

M

M∑

m=1

E

∥
∥
∥∇xf

(m)(x
(m)
t , y

(m)
t ) −

1

M

M∑

j=1

∇xf
(j)(x

(j)
t , y

(j)
t )

∥
∥
∥

2

︸ ︷︷ ︸

T1

+
2

M

M∑

m=1

E

∥
∥
∥∇xyg

(m)(x
(m)
t , y

(m)
t )u

(m)
t −

1

M

M∑

j=1

∇xyg
(j)(x

(j)
t , y

(j)
t )u

(j)
t

∥
∥
∥

2

︸ ︷︷ ︸

T2

+
2σ2

bx

For the term T1, we have:

T1 ≤
16

M

M∑

m=1

E

∥
∥
∥∇xf

(m)(x
(m)
t , y

(m)
t ) − ∇xf

(m)(x̄t, ȳt)
∥
∥
∥

2

+
4

M

M∑

m=1

E

∥
∥
∥∇xf

(m)(x̄t, ȳt) − ∇xf(x̄t, ȳt)
∥
∥
∥

2

≤
16L2

M

M∑

m=1

E

[∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − ȳt

∥
∥
∥

2]

+ 4ζ2
f
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Next for the term T2, we have:

T2 ≤
4L2

M

M∑

m=1

E

∥
∥
∥u

(m)
t − ūt

∥
∥
∥

2
+

4C2
f

µ2M2

M∑

m=1

M∑

j=1

E

∥
∥
∥∇xyg

(m)(x
(m)
t , y

(m)
t ) − ∇xyg

(j)(x
(j)
t , y

(j)
t )

∥
∥
∥

2

≤
4L2

M

M∑

m=1

E

∥
∥
∥u

(m)
t − ūt

∥
∥
∥

2
+

32L2
xyC

2
f

µ2M

M∑

m=1

E

[∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − ȳt

∥
∥
∥

2]

+
8C2

fζ
2
g,xy

µ2

Combine everything together, we get the claim in the lemma.

Lemma 84-Lemma 86 have recursive dependence of each other. Next, we provide an

un-intertwined bound for each of them. For ease of notation, we denoteDt = 1
M

∑M
m=1 E∥ν

(m)
t −

ν̄t∥
2, Bt = 1

M

∑M
m=1 E∥ω

(m)
t − ω̄t∥

2, At = 1
M

∑M
m=1 E∥u

(m)
t − ūt∥

2 and Ct = E

∥
∥
∥ȳt − yx̄t

∥
∥
∥

2
.

Lemma 87. For γ ≤ 1
8IL̃1

and η < 1
8IL̃2

, τ < 1
128IL̃2

, where L̃2
1 =

(

L2 +
2L2

xyC2
f

µ2

)

and

L̃2
2 =

(

L2 +
2L2

y2 C2
f

µ2

)

are constants, then we have:

t̄s−1∑

t=t̄s−1

Dt ≤ 96Iζ2
f + 16Iζ2

g +
16IC2

fζ
2
g,yy

µ2
+

32IC2
fζ

2
g,xy

µ2
+

16Iσ2

by

+
20Iσ2

bx

t̄s−1∑

t=t̄s−1

Bt ≤ 24Iζ2
f + 8Iζ2

g +
4IC2

fζ
2
g,yy

µ2
+

8IC2
fζ

2
g,xy

µ2
+

8Iσ2

by

+
5Iσ2

bx

Proof. Based on Lemma 84, and sum from t̄s−1 + 1 to t̄s − 1, we have:

t̄s−1∑

t=t̄s−1+1

Dt ≤ 16Iη2L̃2
1

t̄s−1∑

t=t̄s−1+1

t−1∑

ℓ=t̄s−1

Dℓ + 16Iγ2L̃2
1

t̄s−1∑

t=t̄s−1+1

t−1∑

ℓ=t̄s−1

Bℓ

+ 4L2
t̄s−1∑

t=t̄s−1+1

At + 4(I − 1)ζ2
f +

8(I − 1)C2
fζ

2
g,xy

µ2
+

2(I − 1)σ2

bx

≤ 16I2η2L̃2
1

t̄s−1∑

t=t̄s−1+1

Dt + 16I2γ2L̃2
1

t̄s−1∑

t=t̄s−1+1

Bt

+ 4L2
t̄s−1∑

t=t̄s−1+1

At + 4(I − 1)ζ2
f +

8(I − 1)C2
fζ

2
g,xy

µ2
+

2(I − 1)σ2

bx
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where we denote L̃2
1 = (L2 +

2L2
xyC2

f

µ2 ). Combine with the case of t = t̄s in Lemma 84, we

have:

t̄s−1∑

t=t̄s−1

Dt ≤ 16I2L̃2
1η

2
t̄s−1∑

t=t̄s−1

Dt + 16I2L̃2
1γ

2
t̄s−1∑

t=t̄s−1

Bt

+ 4L2
t̄s−1∑

t=t̄s−1

At + 4Iζ2
f +

8IC2
fζ

2
g,xy

µ2
+

2Iσ2

bx

(4.32)

Based on Lemma 85, and sum from t̄s−1 + 1 to t̄s − 1, we have:

t̄s−1∑

t=t̄s−1+1

Bt ≤ 2Iη2L2
t̄s−1∑

t=t̄s−1+1

t−1∑

ℓ=t̄s−1

Dℓ + 2Iγ2L2
t̄s−1∑

t=t̄s−1+1

t−1∑

ℓ=t̄s−1

Bℓ + 2(I − 1)σ2 + 2(I − 1)ζ2
g

≤ 2I2η2L2
t̄s−1∑

ℓ=t̄s−1

Dℓ + 2I2γ2L2
t̄s−1∑

ℓ=t̄s−1

Bℓ +
2(I − 1)σ2

by

+ 2(I − 1)ζ2
g

Combine with the case of t = t̄s in Lemma 85, we have:

t̄s−1∑

t=t̄s−1

Bt ≤ 2I2η2L2
t̄s−1∑

ℓ=t̄s−1

Dℓ + 2I2γ2L2
t̄s−1∑

ℓ=t̄s−1

Bℓ +
2Iσ2

by

+ 2Iζ2
g (4.33)

Apply Lemma 86 recursively, we have:

At ≤
t−1∑

ℓ=t̄s−1

(1 +
1

I
)t−ℓ

(64Iτ 2C2
fζ

2
g,yy

µ2
+ 32Iτ 2ζ2

f +
2τ 2σ2

bx

+ 128I2η2τ 2L̃2
2

ℓ−1∑

ℓ̄=t̄s−1

Dℓ̄ + 128I2γ2τ 2L̃2
2

ℓ−1∑

ℓ̄=t̄s−1

Bℓ̄

)

≤
t−1∑

ℓ=t̄s−1

(192Iτ 2C2
fζ

2
g,yy

µ2
+ 96Iτ 2ζ2

f +
6τ 2σ2

bx

+ 384I2η2τ 2L̃2
2

ℓ−1∑

ℓ̄=t̄s−1

Dℓ̄ + 384I2γ2τ 2L̃2
2

ℓ−1∑

ℓ̄=t̄s−1

Bℓ̄

)
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where we denote L̃2
2 = (L2 +

2L2
y2 C2

f

µ2 ), and the second inequality uses the fact that t− l ≤ I

and the inequality log(1 + a/x) ≤ a/x for x > −a, so we have (1 + a/x)x ≤ ea, Then we

choose a = 1 and x = I. Finally, we use the fact that e1 ≤ 3. Next, we sum from t̄s−1 to

t̄s − 1 to have:

t̄s−1∑

t=t̄s−1

At ≤
t̄s−1∑

ℓ=t̄s−1

(48I2τ 2C2
fζ

2
g,yy

µ2
+ 96I2τ 2ζ2

f +
6Iτ 2σ2

bx

(4.34)

+ 24I3η2τ 2L̃2
2

ℓ−1∑

ℓ̄=t̄s−1

Dℓ̄ + 24I3γ2τ 2L̃2
2

ℓ−1∑

ℓ̄=t̄s−1

Bℓ̄

)

≤
192I3τ 2C2

fζ
2
g,yy

µ2
+ 96I3τ 2ζ2

f +
6I2τ 2σ2

bx

(4.35)

+ 384I4η2τ 2L̃2
2

t̄s−1∑

ℓ=t̄s−1

Dℓ + 384I4γ2τ 2L̃2
2

t̄s−1∑

ℓ=t̄s−1

Bℓ (4.36)

Combine Eq. 4.32, Eq. 4.33 and Eq. 4.34, and we choose η, γ and τ such that I2γ2L2 < 1
4

, I2γ2L̃2
1 <

1
64

, I2η2L̃2
1 <

1
32

, I2η2L2 < 1
16

, I2τ 2L̃2
2 <

1
1282 , I2τ 2L2 < 1

48
, we get the claim in

the lemma, by using the fact that L̃1 > L and L̃2 > L, we get the simplified condition in

the lemma.

4.7.2.3 Descent Lemma

Lemma 88. For all t ∈ [t̄s−1, t̄s − 1], the iterates generated satisfy:

E

∥
∥
∥∇h(x̄t) − Eξ[ν̄t]

∥
∥
∥

2
≤

2L̃2
1

M

M∑

m=1

E

[∥
∥
∥x̄t − x

(m)
t

∥
∥
∥

2

+ 2
∥
∥
∥ȳt − y

(m)
t

∥
∥
∥

2
+ 2

∥
∥
∥yx̄t − ȳt

∥
∥
∥

2]

+ 4L2
E

∥
∥
∥ux̄t − ūt

∥
∥
∥

2
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where we denote ux̄t = [∇y2g(x̄t, yx̄t)]
−1∇yf(x̄t, yx̄t) and L̃2

1 =
(

L2 +
2L2

xyC2
f

µ2

)

is a constant.

Proof. By ∇h(x̄t) = Φ(x̄, yx̄), we have:

E

∥
∥
∥∇h(x̄t) − Eξ[ν̄t]

∥
∥
∥

2
≤ E

∥
∥
∥∇xf(x̄t, yx̄t) − ∇xyg(x̄t, yx̄t) × [∇y2g(x̄t, yx̄t)]

−1∇yf(x̄t, yx̄t)

−
1

M

M∑

m=1

(

∇xf
(m)(x

(m)
t , y

(m)
t ) − ∇xyg

(m)(x
(m)
t , y

(m)
t )u

(m)
t

)∥
∥
∥

2

≤ 2E
∥
∥
∥∇xf(x̄t, yx̄t) −

1

M

M∑

m=1

∇xf
(m)(x

(m)
t , y

(m)
t )

∥
∥
∥

2

+ 2E
∥
∥
∥∇xyg(x̄t, yx̄t) × [∇y2g(x̄t, yx̄t)]

−1∇yf(x̄t, yx̄t)

−
1

M

M∑

m=1

∇xyg
(m)(x

(m)
t , y

(m)
t )u

(m)
t

∥
∥
∥

2

We denote the two terms above as T1, T2 respectively. For the first term T1, we have:

T1 ≤
2L2

M

M∑

m=1

E

[∥
∥
∥x̄t − x

(m)
t

∥
∥
∥

2
+
∥
∥
∥yx̄t − y

(m)
t

∥
∥
∥

2]

≤
2L2

M

M∑

m=1

E

[∥
∥
∥x̄t − x

(m)
t

∥
∥
∥

2
+ 2

∥
∥
∥ȳt − y

(m)
t

∥
∥
∥

2
+ 2

∥
∥
∥yx̄t − ȳt

∥
∥
∥

2]

For the second term T2, we have:

T2 ≤
4C2

f

µ2M

M∑

m=1

E

∥
∥
∥∇xyg

(m)(x̄t, yx̄t) − ∇xyg
(m)(x

(m)
t , y

(m)
t )

∥
∥
∥

2

+ 4L2
E

∥
∥
∥[∇y2g(x̄t, yx̄)]−1∇yf(x̄t, yx̄t) − ūt

∥
∥
∥

2

We denote the first term above as T2,1. For the term T2,1, we have:

T2,1 ≤
4L2

xyC
2
f

µ2M

M∑

m=1

E

[∥
∥
∥x̄t − x

(m)
t

∥
∥
∥

2
+ 2

∥
∥
∥ȳt − y

(m)
t

∥
∥
∥

2
+ 2

∥
∥
∥yx̄t − ȳt

∥
∥
∥

2]
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Combine everything together, we get the claim in the lemma.

Lemma 89. For all t ∈ [t̄s−1 +1, t̄s −1] and s ∈ [S], suppose η < 1
2L̄

, the iterates generated

satisfy:

E[h(x̄t+1)] ≤ E[h(x̄t)] −
η

2
E∥∇h(x̄t)∥

2 −
η

4
∥Eξ[ν

(m)
t ]∥2 +

η2L̄σ2

2bxM
+ 2ηL2

E

∥
∥
∥ux̄t − ūt

∥
∥
∥

2

+
ηL̃2

1

M

M∑

m=1

E

[∥
∥
∥x̄t − x

(m)
t

∥
∥
∥

2
+ 2

∥
∥
∥ȳt − y

(m)
t

∥
∥
∥

2
+ 2

∥
∥
∥yx̄t − ȳt

∥
∥
∥

2]

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. Using the smoothness of f we have:

E[h(x̄t+1)] ≤ E[h(x̄t)] + E⟨∇h(x̄t), x̄t+1 − x̄t⟩ +
L̄

2
E∥x̄t+1 − x̄t∥

2

= E[h(x̄t)] − ηE⟨∇h(x̄t),Eξ[ν̄t]⟩ +
η2L̄

2
E∥Eξ[ν̄t]∥

2 +
η2L̄σ2

2bxM

(a)
= E[h(x̄t)] −

η

2
E∥∇h(x̄t)∥

2 +
η

2
E∥∇h(x̄t) − Eξ[ν̄t]∥

2

−

(

η

2
−
η2L̄

2

)

∥Eξ[ν̄t]∥
2 +

η2L̄σ2

2bxM

(b)

≤ E[h(x̄t)] −
η

2
E∥∇h(x̄t)∥

2 −
η

4
∥Eξ[ν

(m)
t ]∥2 +

η2L̄σ2

2bxM

+
ηL̃2

1

M

M∑

m=1

E

[∥
∥
∥x̄t − x

(m)
t

∥
∥
∥

2
+ 2

∥
∥
∥ȳt − y

(m)
t

∥
∥
∥

2
+ 2

∥
∥
∥yx̄t − ȳt

∥
∥
∥

2]

+ 2ηL2
E

∥
∥
∥ux̄t − ūt

∥
∥
∥

2

where equality (a) uses ⟨a, b⟩ = 1
2
[∥a∥2 + ∥b∥2 − ∥a− b∥2]; (b) follows the assumption that

η < 1/2L̄ and Lemma 88.
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4.7.2.4 Proof of Convergence Theorem

We first denote the following potential function G(t):

Gt = E[h(x̄t)] +
9ηL̃2

1

µγ
E

∥
∥
∥ȳt − yx̄t

∥
∥
∥

2
+

9ηL2

µτ
E

∥
∥
∥ūt − ux̄t

∥
∥
∥

2

Theorem 90. Suppose we choose τ = min( 1
128IL̃2

, 1
144κL

), then denote γ̄ = min( 1
8IL̃2

, τ
36κL̄

, 1
4L̄
, 1

8IL̃1
),

if we choose η = µγ
36κL̃1

, and γ = min
(

γ̄,
(

∆
′

C′

γT

)1/3 )

and r =
Cf

µ
where ∆

′

and C
′

γ are con-

stants denoted in Eq. 4.38, then we have:

1

T

T∑

t=1

E∥∇h(x̄t)∥
2 = O




κ8

T
+

(

κ12

T 2

)1/3

+
κ4σ2

byM
+

σ2

bxM





and to reach an ϵ stationary point, we choose the inner batch size by = O(M−1κ4ϵ−1), upper

batch size bx = O(M−1ϵ−1), and T = O(κ6ϵ−1.5) number of iterations.

Proof. Similar to Lemma 87, we denote Dt = 1
M

∑M
m=1 ∥ν

(m)
t − ν̄t∥

2, Bt = 1
M

∑M
m=1 ∥ω

(m)
t −

ω̄t∥
2, Ct = E∥ȳt − yx̄t∥

2 and At = 1
M

∑M
m=1 E∥u

(m)
t − ūt∥

2, additionally, we denote Et =

∥Eξ[ν̄t]∥
2 and Ft = E∥ūt − ux̄t∥

2. Combine Lemma 81, Lemma 82 and the definition of the

potential function we have:

Gt̄s
− Gt̄s−1

≤ −
η

2

t̄s−1∑

t=t̄s−1

E∥∇h(x̄t)∥
2 −

ηL2

4

t̄s−1∑

t=t̄s−1

Ft −
ηL̃2

1

4

t̄s−1∑

t=t̄s−1

Ct

−
η

4

(

1 −
162κ2η2L̃2

1

µ2γ2
−

180κ2η2L̄2

τ 2

)
t̄s−1∑

t=t̄s−1

Et +
(

L̃2
1 +

81κ2L̃2
1

2

+
45κ2L̃2

2

16

)

I2η3
t̄s−1∑

t=t̄s−1

Dt
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+
(

2L̃2
1 +

81κ2L̃2
1

2
+

45κ2L̃2
2

16

)

I2γ2η
t̄s−1∑

t=t̄s−1

Bt +
81Iκ2L̃2

1η
3σ2

2µ2γ2bxM
+

36IL̃2
1ησ

2

µ2byM

+
45Iκ2L̄2η3σ2

τ 2bxM
+

45IκLτησ2

4bxM
+
η2IL̄σ2

2bxM

to bound the coefficients above, we choose η ≤ min
(

µγ
36κL̃1

, τ
36κL̄

, 1
4L̄

)

, τ < 1
144κL

and we

denote C1 =
(

2L̃2
1 +

81κ2L̃2
1

2
+

45κ2L̃2
2

16

)

I2. Then we have:

Gt̄s
− Gt̄s−1

≤ −
η

2

t̄s−1∑

t=t̄s−1

E∥∇h(x̄t)∥
2 −

ηL2

4

t̄s−1∑

t=t̄s−1

Ft −
ηL̃2

1

4

t̄s−1∑

t=t̄s−1

Ct −
η

8

t̄s−1∑

t=t̄s−1

Et

+ C1η
3

t̄s−1∑

t=t̄s−1

Dt + C1γ
2η

t̄s−1∑

t=t̄s−1

Bt +
Iησ2

2bxM
+

36IL̃2
1ησ

2

µ2byM

Next, we combine with lemma 87 to have:

Gt̄s
− Gt̄s−1

≤ −
η

2

t̄s−1∑

t=t̄s−1

E∥∇h(x̄t)∥
2 −

ηL2

4

t̄s−1∑

t=t̄s−1

Ft −
ηL̃2

1

4

t̄s−1∑

t=t̄s−1

Ct

−
η

8

t̄s−1∑

t=t̄s−1

Et +
Iησ2

2bxM
+

36IL̃2
1ησ

2

µ2byM

+ C1η
3
(

96Iζ2
f + 16Iζ2

g +
16IC2

fζ
2
g,yy

µ2
+

32IC2
fζ

2
g,xy

µ2
+

16Iσ2

by

+
20Iσ2

bx

)

+ C1γ
2η
(

24Iζ2
f + 8Iζ2

g +
4IC2

fζ
2
g,yy

µ2
+

8IC2
fζ

2
g,xy

µ2
+

8Iσ2

by

+
5Iσ2

bx

)

Sum over all s ∈ [S] (assume T = SI + 1 without loss of generality) to obtain:

η

2

T∑

t=1

E∥∇h(x̄t)∥
2

≤ G1 − GT +
Tησ2

2bxM
+

36TL̃2
1ησ

2

µ2byM

+ C1η
3
(

96Tζ2
f + 16Tζ2

g +
16TC2

fζ
2
g,yy

µ2
+

32TC2
fζ

2
g,xy

µ2
+

16Tσ2

by

+
20Tσ2

bx

)
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+ C1γ
2η
(

24Tζ2
f + 8Tζ2

g +
4TC2

fζ
2
g,yy

µ2
+

8TC2
fζ

2
g,xy

µ2
+

8Tσ2

by

+
5Tσ2

bx

)

≤ ∆ +
9ηL̃2

1∆y

µγ
+

9ηL2∆u

µτ
+
Tησ2

2bxM
+

36TL̃2
1ησ

2

µ2byM

+ C1η
3
(

96Tζ2
f + 16Tζ2

g +
16TC2

fζ
2
g,yy

µ2
+

32TC2
fζ

2
g,xy

µ2
+

16Tσ2

by

+
20Tσ2

bx

)

+ C1γ
2η
(

24Tζ2
f + 8Tζ2

g +
4TC2

fζ
2
g,yy

µ2
+

8TC2
fζ

2
g,xy

µ2
+

8Tσ2

by

+
5Tσ2

bx

)

we define ∆ = h(x1) − h∗ as the initial sub-optimality of the function, ∆y = ∥y1 − yx1∥2 as

the initial sub-optimality of the inner variable estimation, ∆u = ∥u1 − ux1∥2 as the initial

sub-optimality of the hyper-gradient estimation. Then we divide by ηT/2 on both sides

and have:

1

T

T∑

t=1

E∥∇h(x̄t)∥
2 ≤

2∆

ηT
+

18L̃2
1∆y

µγT
+

18L2∆u

µτT
+

σ2

bxM
+

72L̃2
1σ

2

µ2byM

+ 2C1η
2
(

96ζ2
f + 16ζ2

g +
16C2

fζ
2
g,yy

µ2
+

32C2
fζ

2
g,xy

µ2
+

16σ2

by

+
20σ2

bx

)

+ 2C1γ
2
(

24ζ2
f + 8ζ2

g +
4C2

fζ
2
g,yy

µ2
+

8C2
fζ

2
g,xy

µ2
+

8σ2

by

+
5σ2

bx

)

For ease of notation, we denote constants Cη = 2C1(96ζ2
f + 16ζ2

g +
16C2

f ζ2
g,yy

µ2 +
32C2

f ζ2
g,xy

µ2 +

16σ2

by
+ 20σ2

bx
) and Cγ = 2C1(24ζ2

f + 8ζ2
g +

4C2
f ζ2

g,yy

µ2 +
8C2

f ζ2
g,xy

µ2 + 8σ2

by
+ 5σ2

bx
), we have:

1

T

T∑

t=1

E∥∇h(x̄t)∥
2 ≤

2∆

ηT
+

18L̃2
1∆y

µγT
+

18L2∆u

µτT
+

σ2

bxM
+

72L̃2
1σ

2

µ2byM
+ Cηη

2 + Cγγ
2 (4.37)

Recall that, we have the condition that η ≤ min
(

1
8IL̃2

, µγ
36κL̃1

, τ
36κL̄

, 1
4L̄

)

, γ ≤ 1
8IL̃1

, τ ≤
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min( 1
128IL̃2

, 1
144κL

). Suppose we choose τ = min( 1
128IL̃2

, 1
144κL

), then denote

γ̄ = min(
1

8IL̃2

,
τ

36κL̄
,

1

4L̄
,

1

8IL̃1

),

and let γ ≤ γ̄, and η = µγ
36κL̃1

, then we have:

1

T

T∑

t=1

E∥∇h(x̄t)∥
2 ≤

72κL̃1∆ + 18L̃2
1∆y

µγT
+
( Cηµ

2

362κ2L̃2
1

+ Cγ

)

γ2 +
18L2∆u

µτT
+

σ2

bxM
+

72L̃2
1σ

2

µ2byM

We denote

C
′

γ =
( Cηµ

2

362κ2L̃2
1

+ Cγ

)

, ∆
′

=
72κL̃1∆ + 18L̃2

1∆y

µ
, (4.38)

then we choose γ as:

γ = min
(

γ̄,

(

∆
′

C ′

γT

)1/3
)

and obtain:

1

T

T∑

t=1

E∥∇h(x̄t)∥
2 ≤

∆
′

γ̄T
+

(

C
′

γ(∆
′

)2

T 2

)1/3

+
18L2∆u

µτT
+

σ2

bxM
+

72L̃2
1σ

2

µ2byM

Finally, since L̃1 = O(κ) , L̄ = O(κ3), suppose we choose I = O(1), then we have τ−1 =

O(κ), γ̄−1 = O(κ5), ∆
′

= O(κ3), C1 = O(κ4), Cη = O(κ6), Cγ = O(κ6), C
′

γ = O(κ6) then

we have:

1

T

T∑

t=1

E∥∇h(x̄t)∥
2 = O




κ8

T
+

(

κ12

T 2

)1/3

+
κ4σ2

byM
+

σ2

bxM




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and to reach an ϵ stationary point, we choose the inner batch size by = O(M−1κ4ϵ−1),

upper batch size bx = O(M−1ϵ−1), and T = O(κ6ϵ−1.5) number of iterations.
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Algorithm 9 FedBiO- Local Lower Level Problem

1: Input: Initial states x1, y1; learning rates {γt, ηt}
T
t=1

2: Initialization: Set x
(m)
1 = x1, y

(m)
1 = y1;

3: for t = 1 to T do
4: Randomly sample mutually independent minibatch of samples By and Bx of size b;

5: ω
(m)
t = ∇yg

(m)(x
(m)
t , y

(m)
t ,By) and ν

(m)
t = Φ(m)(x(m), y(m); Bx);

6: ŷ
(m)
t+1 = y

(m)
t − γtω

(m)
t , x̂

(m)
t+1 = x

(m)
t − ηtν

(m)
t ;

7: if t mod I = 0 then
8: y

(m)
t+1 = ŷ

(m)
t+1 , x

(m)
t+1 = 1

M

∑M
j=1 x̂

(j)
t+1

9: else
10: y

(m)
t+1 = ŷ

(m)
t+1 , x

(m)
t+1 = x̂

(m)
t+1

11: end if
12: end for

4.8 Proof for Local Lower Level Problem

The FedBiOAcc-Local and FedBiO-Local are presented in Algorithm 10 and Algo-

rithm 9, respectively. Then in this section, we discuss the convergence rate of the two

algorithms. Please see Theorem 102 and Theorem 109 for the convergence rates.

For Eq. (4.10), we also assume Assumptions 55 -58, with a slightly different assump-

tion to the heterogeneity as follows:

Assumption 91. For any m, j ∈ [M ] and z = (x, y), we have: ∥∇f (m)(z)−∇f (j)(z)∥ ≤ ζf ,

∥∇xyg
(m)(z) − ∇xyg

(j)(z)∥ ≤ ζg,xy, ∥∇y2g(m)(z) − ∇y2g(j)(z)∥ ≤ ζg,yy, ∥y(m)
x − y(j)

x ∥ ≤ ζg∗,

where ζf , ζg,xy, ζg,yy, ζg∗ are constants.

Note that we remove the requirement of gradient dissimilarity ζg in Assumption 59

and add the dissimilarity bound ζg∗ for the minimizer of the lower level problem. Note that

Assumption 91 is a sufficient condition such that the dissimilarity of local hyper-gradient

is bounded by some constant ζ.

Proposition 92. (Lemma 4 and 7 in [32]) Suppose Assumptions 56, 57 and 58 hold and
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Algorithm 10 FedBiOAcc - Local Lower Level Problem

1: Input: Constants cω, cν , γ, η; learning rate schedule {αt}, t ∈ [T ], initial state (x1,
y1);

2: Initialization: Set y
(m)
1 = y1, x

(m)
1 = x1, ω

(m)
1 = ∇yg

(m)(x1, y1,By), ν
(m)
1 =

Φ(m)(x1, y1; Bx) for m ∈ [M ]
3: for t = 1 to T do
4: ŷ

(m)
t+1 = y

(m)
t − γαtω

(m)
t , x̂

(m)
t+1 = x

(m)
t − ηαtν

(m)
t , û

(m)
t+1 = u

(m)
t − ταtq

(m)
t

5: if t mod I = 0 then
6: y

(m)
t+1 = ŷ

(m)
t+1 , x

(m)
t+1 = 1

M

∑M
j=1 x̂

(j)
t+1

7: else
8: y

(m)
t+1 = ŷ

(m)
t+1 , x

(m)
t+1 = x̂

(m)
t+1,

9: end if
10: Randomly sample minibatches By and Bx

11: ω̂
(m)
t+1 = ∇yg

(m)(x
(m)
t+1, y

(m)
t+1 ,By) + (1 − cωα

2
t )(ω

(m)
t − ∇yg

(m)(x
(m)
t , y

(m)
t ,By))

12: ν̂
(m)
t+1 = Φ(m)(x

(m)
t+1, y

(m)
t+1 ; Bx) + (1 − cνα

2
t )(ν

(m)
t − Φ(m)(x

(m)
t , y

(m)
t ; Bx))

13: if t mod I = 0 then
14: ω

(m)
t+1 = ω̂

(m)
t+1 , ν

(m)
t+1 = 1

M

∑M
j=1 ν̂

(j)
t+1,

15: else
16: ω

(m)
t+1 = ω̂

(m)
t+1 , ν

(m)
t+1 = ν̂

(m)
t+1

17: end if
18: end for

τ < 1
L

, the hypergradient estimator Φ(x, y; Bx) w.r.t. x based on a minibatch Bx has bounded

variance and bias:

a) ∥E[Φ(m)(x, y; Bx)] − Φ(m)(x, y)∥ ≤ G1, where G1 = κ(1 − τµ)Q+1Cf

b) E∥Φ(m)(x, y; Bx) −E[Φ(m)(x, y; Bx)]∥2 ≤ G2
2, where G2

2 = (2C2
f + 12C2

fL
2τ 2(Q+ 1)2 +

4C2
fL

2(Q+ 2)(Q+ 1)2τ 4σ2)/bx

Proposition 93. Suppose Assumptions 56 and 57 hold, the following statements hold:

a) y(m)
x is Lipschitz continuous in x with constant ρ = κ, where κ = L

µ
is the condition

number of g(m)(x, y).

b) ∥Φ(m)(x1; y1) − Φ(m)(x2; y2)∥2 ≤ L̂2(∥x1 − x2∥
2 + ∥y1 − y2∥

2), where L̂ = O(κ2).
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d) h(m)(x) is Lipschitz continuous in x with constant L̄ i.e., for any given x1, x2 ∈ X,

we have ∥∇h(m)(x2) − ∇h(m)(x1)∥ ≤ L̄∥x2 − x1∥ where L̄ = O(κ3).

This is a standard results in bilevel optimization and we omit the proof here.

Proposition 94. In Eq. 4.10, suppose Assumption 55, 56, 57, 91 hold, we have:

∥∇h(m)(x) − ∇h(j)(x)∥ ≤ (1 + κ)ζf +
Cf

µ
ζg,xy +

κCf

µ
ζg,yy

+
(

(1 + κ)L+
CfLxy

µ
+
κCfLy2

µ

)

ζg∗ := ζ

Proof. For h(m)(x) = f (m)(x, y(m)
x ),m ∈ [M ] in Eq. 4.10, we have:

∥∇h(m)(x) − ∇h(j)(x)∥

= ∥∇xf
(m)(x, y(m)

x ) − ∇xyg
(m)(x, y(m)

x )[∇y2g(m)(x, y(m)
x )]−1∇yf

(m)(x, y(m)
x )

−
(

∇xf
(j)(x, y(j)

x ) − ∇xyg
(j)(x, y(j)

x )[∇y2g(j)(x, y(j)
x )]−1∇yf

(j)(x, y(j)
x )

)

∥

≤
∥
∥
∥∇xf

(m)(x, y(m)
x ) − ∇xf

(j)(x, y(j)
x )

∥
∥
∥+

∥
∥
∥∇xyg

(m)(x, y(m)
x )

− ∇xyg
(j)(x, y(j)

x )
∥
∥
∥

∥
∥
∥

(

∇yyg
(m)(x, y(m)

x )
)−1

∇yf
(m)(x, y(m)

x )
∥
∥
∥

+
∥
∥
∥∇xyg

(j)(x, y(j)
x )

∥
∥
∥

∥
∥
∥

(

∇yyg
(m)(x, y(m)

x )
)−1

∇yf
(m)(x, y(m)

x )

−
(

∇yyg
(j)(x, y(j)

x )
)−1

∇yf
(j)(x, y(j)

x )
∥
∥
∥

Next we bound the three terms separately. For the first term:

∥
∥
∥∇xf

(m)(x, y(m)
x ) − ∇xf

(j)(x, y(j)
x )

∥
∥
∥ ≤

∥
∥
∥∇xf

(m)(x, y(m)
x ) − ∇xf

(j)(x, y(m)
x )

∥
∥
∥

+
∥
∥
∥∇xf

(j)(x, y(m)
x ) − ∇xf

(j)(x, y(j)
x )

∥
∥
∥
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≤ ζf + L
∥
∥
∥y(m)

x − y(j)
x

∥
∥
∥ ≤ ζf + Lζg∗ (4.39)

where the second inequality is due to Assumption 56 and Assumption 91. The last inequal-

ity also follows the Assumption 91. Next, for the second term, we have:

∥
∥
∥∇xyg

(m)(x, y(m)
x ) − ∇xyg

(j)(x, y(j)
x )

∥
∥
∥

∥
∥
∥

(

∇yyg
(m)(x, y(m)

x )
)−1

∇yf
(m)(x, y(m)

x )
∥
∥
∥

≤
Cf

µ

∥
∥
∥∇xyg

(m)(x, y(m)
x ) − ∇xyg

(j)(x, y(j)
x )

∥
∥
∥

≤
Cf

µ

∥
∥
∥∇xyg

(m)(x, y(m)
x ) − ∇xyg

(j)(x, y(m)
x )

∥
∥
∥+

Cf

µ

∥
∥
∥∇xyg

(j)(x, y(m)
x ) − ∇xyg

(j)(x, y(j)
x )

∥
∥
∥

≤
Cfζg,xy

µ
+
CfLxy

µ

∥
∥
∥y(m)

x − y(j)
x )

∥
∥
∥ ≤

Cfζg,xy

µ
+
CfLxyζg∗

µ

where the first inequality follows from the Assumption 55, 56; the third inequality follows

from Assumption 91, 57, the last inequality follows from Assumption 91. Next, for the

third term, we have:

∥
∥
∥∇xyg

(j)(x, y(j)
x )

∥
∥
∥

∥
∥
∥

(

∇yyg
(m)(x, y(m)

x )
)−1

∇yf
(m)(x, y(m)

x ) −
(

∇yyg
(j)(x, y(j)

x )
)−1

∇yf
(j)(x, y(j)

x )
∥
∥
∥

≤ L
∥
∥
∥

(

∇yyg
(m)(x, y(m)

x )
)−1

∇yf
(m)(x, y(m)

x ) −
(

∇yyg
(j)(x, y(j)

x )
)−1

∇yf
(j)(x, y(j)

x )
∥
∥
∥

≤ L
∥
∥
∥

(

∇yyg
(m)(x, y(m)

x )
)−1∥∥

∥

∥
∥
∥∇yf

(m)(x, y(m)
x ) − ∇yf

(j)(x, y(j)
x )

∥
∥
∥

+ L
∥
∥
∥

(

∇yyg
(m)(x, y(m)

x )
)−1

−
(

∇yyg
(j)(x, y(j)

x )
)−1∥∥

∥

∥
∥
∥∇yf

(j)(x, y(j)
x )

∥
∥
∥

≤
L

µ

∥
∥
∥∇yf

(m)(x, y(m)
x ) − ∇yf

(j)(x, y(j)
x )

∥
∥
∥

+ CfL
∥
∥
∥

(

∇yyg
(m)(x, y(m)

x )
)−1

−
(

∇yyg
(j)(x, y(j)

x )
)−1∥∥

∥

≤
L(ζf + Lζg∗)

µ
+ CfL

∥
∥
∥

(

∇yyg
(m)(x, y(m)

x )
)−1∥∥

∥×
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∥
∥
∥∇yyg

(m)(x, y(m)
x ) − ∇yyg

(j)(x, y(j)
x )

∥
∥
∥

∥
∥
∥

(

∇yyg
(j)(x, y(j)

x )
)−1∥∥

∥

≤
L(ζf + Lζg∗)

µ
+
CfL(ζg,yy + Ly2ζg∗)

µ2

where the first inequality is by Assumption 57; the third inequality is by Assumption 57, 56;

the fourth inequality is by Cauchy Schwartz inequality; the last inequality is by Assump-

tion 55, 57 and the result in Eq. 4.39. Combine everything together, we have:

∥
∥
∥∇xf

(m)(x, y(m)
x ) − ∇xf

(j)(x, y(j)
x )

∥
∥
∥ ≤ ζf + Lζg∗ +

Cfζg,xy

µ
+
CfLxyζg∗

µ
+
L(ζf + Lζg∗)

µ

+
CfL(ζg,yy + Ly2ζg∗)

µ2

which completes the proof.

4.8.1 Proof for the FedBiOAcc-Local Algorithm

4.8.1.1 Hyper-Gradient Bias and Inner-Gradient Bias

Lemma 95. Suppose we have cνα
2
t < 1, then:

E

[∥
∥
∥ν̄t − Eξ[µ̄t,Bx ]

∥
∥
∥

2]

≤ (1 − cνα
2
t−1)E

[∥
∥
∥ν̄t−1 − Eξ[µ̄t−1,Bx ]

∥
∥
∥

2]

+
2c2

να
4
t−1

bxM
G2

2

+
2L̂2

bxM2

M∑

m=1

E

[∥
∥
∥x

(m)
t − x

(m)
t−1

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − y

(m)
t−1

∥
∥
∥

2]

where µ
(m)
t,ξ = Φ(m)(x

(m)
t , y

(m)
t ; Bx) and the expectation outside is w.r.t all the stochasity of

the algorithm.

Proof. For ease of notation, we denote µ
(m)
t,ξ = Φ(m)(x

(m)
t , y

(m)
t ; ξx), and µ

(m)
t = Φ(m)(x

(m)
t , y

(m)
t ),
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then by the definition of ν̄t we have:

E

[∥
∥
∥ν̄t − Eξ[µ̄t,Bx ]

∥
∥
∥

2]

= E

[∥
∥
∥

1

M

M∑

m=1

(

ν̂
(m)
t − Eξ[µ

(m)
t,Bx

]
)∥
∥
∥

2]

= E

[∥
∥
∥

1

M

M∑

m=1

(

µ
(m)
t,Bx

+ (1 − cνα
2
t−1)(ν

(m)
t−1 − µ

(m)
t−1,Bx

) − Eξ[µ
(m)
t,Bx

]
)∥
∥
∥

2]

= E

[∥
∥
∥(1 − cνα

2
t−1)

(

ν̄t−1 − Eξ[µ̄t−1,Bx ]
)

+
(

µ̄t,Bx − Eξ[µ̄t,Bx ] + (1 − cνα
2
t−1)(Eξ[µ̄t−1,Bx ] − µ̄t−1,Bx)

)∥
∥
∥

2]

≤ (1 − cνα
2
t−1)E

[∥
∥
∥ν̄t−1 − Eξ[µ̄t−1,Bx ]

∥
∥
∥

2]

+
1

b2
xM

2

M∑

m=1

∑

ξx∈Bx

E

[∥
∥
∥µ

(m)
t,ξx

− Eξ[µ
(m)
t,ξx

] + (1 − cνα
2
t−1)(Eξ[µ

(m)
t−1,ξx

] − µ
(m)
t−1,ξx

)
∥
∥
∥

2]

where inequality (a) uses the fact that the cross product term is zero in expectation, the

condition that cνα
2
t < 1 and the fact that clients independently choose samples.

We denote the second term above as T1, then we have:

T1

(a)

≤ 2(cνα
2
t−1)2

E

[∥
∥
∥µ

(m)
t,ξx

− Eξ[µ
(m)
t,ξx

]
∥
∥
∥

2]

+ 2(1 − cνα
2
t−1)2

E

[∥
∥
∥µ

(m)
t,ξx

− µ
(m)
t−1,ξx

− (Eξ[µ
(m)
t ] − Eξ[µ

(m)
t−1])

∥
∥
∥

2]

(b)

≤ 2(cνα
2
t−1)2

E

[∥
∥
∥µ

(m)
t,ξx

− Eξ[µ
(m)
t ]

∥
∥
∥

2]

+ 2E
[∥
∥
∥µ

(m)
t,ξx

− µ
(m)
t−1,ξx

∥
∥
∥

2]

(c)

≤ 2(cνα
2
t−1)2G2

2 + 2L̂2
E

[∥
∥
∥x

(m)
t − x

(m)
t−1

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − y

(m)
t−1

∥
∥
∥

2]

where inequality (a) follows the generalized triangle inequality; (b) follows Proposition 111

due to the definition of µ
(m)
t ; (c) follows the smoothness property of L̂ and the bounded

variance assumption; This completes the proof.
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Lemma 96. Suppose we have cωα
2
t−1 < 1, then we have:

1

M

M∑

m=1

E

[∥
∥
∥ω

(m)
t − ∇yg

(m)(x
(m)
t , y

(m)
t )

∥
∥
∥

2]

≤
(1 − cωα

2
t−1)

M

M∑

m=1

E

[∥
∥
∥ω

(m)
t−1 − ∇yg

(m)(x
(m)
t−1, y

(m)
t−1)

∥
∥
∥

2]

+
2(cωα

2
t−1)2σ2

by

+
2L2

byM

M∑

m=1

E

[∥
∥
∥x

(m)
t − x

(m)
t−1

∥
∥
∥

2
+
∥
∥
∥y

(m)
t − y

(m)
t−1

∥
∥
∥

2]

where the expectation is w.r.t the stochasticity of the algorithm.

The proof of Lemma 96 can be derived similar as Lemma 95

4.8.1.2 Lower Problem Solution Error

Lemma 97. Suppose we choose γ ≤ 1
2L

and αt < 1. Then for t ̸= t̄s, we have:

E

[∥
∥
∥y

(m)
t − y
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for t = t̄s, we have:
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Proof. First, we exploit Proposition 114, and choose the function g(m)(x
(m)
t , ·), by assump-
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tion it is L smooth and µ strongly convex, and we choose γ < 1
2L

and αt < 1, thus:
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(4.40)

Next, we decompose the term ∥y
(m)
t+1 − y

(m)

x
(m)
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∥2 as follows:
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where the first inequality holds by the generalized triangle inequality, and the second in-

equality is due to case a) of Proposition 3.9. Combining the above inequalities 4.40 and

4.41, we have
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Since we choose γ ≤ 1
2L

, αt < 1, we have:
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. Thus, we have
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+
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for t+ 1 = t̄s. This completes the proof.

4.8.1.3 Upper Variable Drift

Lemma 98. For t ∈ [t̄s−1 + 1, t̄s], with s ∈ [S] we have:
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where the equality (a) follows from the fact that x
(m)
t̄s−1

= x̄t̄s−1
; inequality (b) is due to

t− t̄s−1 ≤ I and the generalized triangle inequality.
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Lemma 99. Suppose αt <
1

16IL̂
, η < 1, then for t ̸= t̄s, s ∈ [S], we have:
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where the expectation is w.r.t the stochasticity of the algorithm.

Proof. By the update step in Line 7 of Algorithm 7, for t ̸= t̄s, we have:
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(4.43)

where (a) follows from the the generalized triangle inequality.

Next we bound the second term of the above inequality (denoted as T1):
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where the second inequality follows Proposition 111. We bound the two terms separately,

for the first term, we have:
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where the inequalities follow Proposition 93.b) and the fact that x̂
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t = x
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t when t ̸= t̄s;

Next for the second term, we have:
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Note for the term T1 of Eq. 4.45, we have E
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of Eq. 4.45, by the bounded intra-node heterogeneity assumption we have:
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Finally, For the term T3 of Eq. 4.45
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where inequality (b) follows Proposition 93.c) and d).

Combine Eq. 4.42, Eq. 4.44 and Eq. 4.45, use the fact that I ≥ 1, we have:
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We separate the term T1 with triangle inequality to get:
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Finally, choose ηαt <
1

16L̂I
and combine with Lemma 98 to bound the term T1, we get the

bound in the lemma. This completes the proof.

Next, to simply the notation, we denoteAt = E∥ν̄t−Eξ[µ̄t,Bx ]∥2, Bt = 1
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Lemma 100. For αt <
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, we have:
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where the terms Dt, Et and Ft are denoted above.

Proof. Based on Lemma 99, for t ̸= t̄s, we have:
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recursively from t̄s−1 + 1 to t. so we have:
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The second inequality uses the fact that t − l ≤ I and the inequality log(1 + a/x) ≤ a/x

for x > −a, so we have (1 + a/x)x ≤ ea, Then we choose a = 33/32 and x = I. Finally, we

use the fact that e33/32 ≤ 3.

Next we multiply αt over both sides and take sum from t̄s−1 + 1 to t̄s, we have:
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αtDt ≤
t̄s−1∑

t=t̄s−1

αt

t−1∑

ℓ=t̄s−1

(

384IL̂2c2
να

4
ℓBℓ + 24IL̂2η2α2

ℓEℓ + 12IL̂2γ2α2
ℓFℓ

+

(

24Ic2
νG

2
1 +

24Ic2
νG

2
1

bx

+ 48Ic2
νζ

2

)

α4
ℓ + 384I2L̄2η2c2

να
4
ℓ

ℓ∑

ℓ̄=t̄s−1

α2
ℓ̄Dℓ̄

)

(a)

≤
t̄s−1∑

ℓ=t̄s−1

(

24I1/2L̂c2
να

4
ℓBℓ +

3I1/2L̂η2

2
α2

ℓEℓ +
3I1/2L̂γ2

4
α2

ℓFℓ

+

(

3I1/2c2
νG

2
1

2L̂
+

3I1/2c2
νG

2
2

2bxL̂
+

3I1/2c2
νζ

2

L̂

)

α4
ℓ +

24I3/2L̄2η2c2
ν

L̂
α4

ℓ

ℓ∑

ℓ̄=t̄s−1

α2
ℓ̄Dℓ̄

)

(b)

≤
3c2

ν

2 ∗ 162I4L̂2

t̄s−1∑

ℓ=t̄s−1

αℓBℓ +
3η2

32I

t̄s−1∑

ℓ=t̄s−1

αℓEℓ +
3γ2

64I

t̄s−1∑

ℓ=t̄s−1

αℓFℓ

+

(

3c2
νG

2
1

32IL̂2
+

3c2
νG

2
2

32IbxL̂2
+

3c2
νζ

2

16IL̂2

)
t̄s−1∑

ℓ=t̄s−1

α3
ℓ +

3κ2η2c2
ν

4 ∗ 163I5L̂4

t̄s−1∑

t=t̄s−1

αtDt

In inequalities (a) and (b), we use αt <
1

16L̂I3/2 . Note that
∑t̄s

t=t̄s−1+1 αtDt =
∑t̄s−1

t=t̄s−1
αtDt
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as Dt̄s
= Dt̄s−1

= 0, so we have:

(

1 −
3κ2η2c2

ν

4 ∗ 163I5L̂4

) t̄s−1∑

t=t̄s−1

αtDt ≤
3c2

ν

2 ∗ 162I4L̂2

t̄s−1∑

ℓ=t̄s−1

αℓBℓ +
3η2

32I

t̄s−1∑

ℓ=t̄s−1

αℓEℓ +
3γ2

64I

t̄s−1∑

ℓ=t̄s−1

αℓFℓ

+

(

3c2
νG

2
1

32IL̂2
+

3c2
νG

2
2

32IbxL̂2
+

3c2
νζ

2

16IL̂2

)
t̄s−1∑

ℓ=t̄s−1

α3
ℓ

This completes the proof.

4.8.1.4 Descent Lemma

Lemma 101. Suppose η < 1
2L̄

, αt < 1, for all t ∈ [t̄s−1, t̄s − 1] and s ∈ [S], the iterates

generated satisfy:

E[h(x̄t+1)] ≤ E[h(x̄t)] −
ηαt

4
E[∥ν̄t∥

2] −
ηαt

2
E[∥∇h(x̄t)∥

2] + 2ηαtE[∥Eξ[µ̄t,Bx ] − ν̄t∥
2] + 4ηαtG

2
1

+
L̄2Iη3αt

M

t−1∑

ℓ=t̄s−1

α2
l

M∑

m=1

E∥
(

ν
(m)
ℓ − ν̄ℓ

)

∥2 +
4L̂2ηαt

M

M∑

m=1

E∥y
(m)

x
(m)
t

− y
(m)
t ∥2

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. By the smoothness of h(x) we have:

E[h(x̄t+1)] ≤ E

[

h(x̄t) + ⟨∇h(x̄t), x̄t+1 − x̄t⟩ +
L̄

2
∥x̄t+1 − x̄t∥

2
]

(a)
= E

[

h(x̄t) − ηαt⟨∇h(x̄t), ν̄t⟩ +
η2α2

t L̄

2
∥ν̄t∥

2
]

(b)
= E

[

h(x̄t) −
ηαt

2

∥
∥
∥ν̄t

∥
∥
∥

2
−
ηαt

2
∥∇h(x̄t)∥

2 +
ηαt

2

∥
∥
∥∇h(x̄t) − ν̄t

∥
∥
∥

2
+
ηα2

t L̄

2

∥
∥
∥ν̄t

∥
∥
∥

2]

= E

[

h(x̄t) −
ηαt

4

∥
∥
∥ν̄t

∥
∥
∥

2
−
ηαt

2
∥∇h(x̄t)∥

2 +
ηαt

2

∥
∥
∥∇h(x̄t) − ν̄t

∥
∥
∥

2

︸ ︷︷ ︸

T1

]
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where equality (a) follows from the iterate update given in Algorithm 7; (b) uses ⟨a, b⟩ =

1
2
[∥a∥2 + ∥b∥2 − ∥a− b∥2] and ηαt <

1
2L̄

; For the term T1, we have:

E

[∥
∥
∥∇h(x̄t) − ν̄t

∥
∥
∥

2]

≤ 2E
[∥
∥
∥∇h(x̄t) −

1

M

M∑

m=1

∇h(x
(m)
t )

∥
∥
∥

2]

+ 4E
[∥
∥
∥

1

M

M∑

m=1

∇h(x
(m)
t ) − Eξ[µ̄t,Bx ]

∥
∥
∥

2]

+ 4E
[∥
∥
∥Eξ[µ̄t,Bx ] − ν̄t

∥
∥
∥

2]

For the first term, we have:

2E
[∥
∥
∥∇h(x̄t) −

1

M

M∑

m=1

∇h(x
(m)
t )

∥
∥
∥

2]

≤
2

M

M∑

m=1

E

[∥
∥
∥∇h(x̄t) − ∇h(x

(m)
t )

∥
∥
∥

2]

≤
2L̄2

M

M∑

m=1

E

[∥
∥
∥x̄t − x

(m)
t

∥
∥
∥

2]

≤
2L̄2Iη2

M

t−1∑

ℓ=t̄s−1

α2
l

M∑

m=1

E

∥
∥
∥

(

ν
(m)
ℓ − ν̄ℓ

)∥
∥
∥

2

where the last inequality uses Lemma 98. For the second term, we have:

4E
[∥
∥
∥

1

M

M∑

m=1

∇h(x
(m)
t ) − Eξ[µ̄t,ξ]

∥
∥
∥

2]

≤
8

M

M∑

m=1

E

[∥
∥
∥∇h(x

(m)
t ) − µ

(m)
t

∥
∥
∥

2]

+
8

M

M∑

m=1

E

[∥
∥
∥µ

(m)
t − Eξ[µ

(m)
t,Bx

]
∥
∥
∥

2]

≤
8L̂2

M

M∑

m=1

E

[∥
∥
∥y

(m)

x
(m)
t

− y
(m)
t

∥
∥
∥

2]

+ 8G2
1

Plug the bound for term T1 back gets the claim in the lemma.
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4.8.1.5 Proof of Convergence Theorem

We first denote the following potential function G(t):

Gt = h(x̄t) +
9bMη

16αt

∥
∥
∥ν̄t −

1

M

M∑

m=1

∇h(x
(m)
t )

∥
∥
∥

2
+

18ηL̂2

µγ
×

1

M

M∑

m=1

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2

+
9bML̂2η

16L2αt

×
1

M

M∑

m=1

∥
∥
∥ω

(m)
t − ∇yg

(m)(x
(m)
t , y

(m)
t )

∥
∥
∥

2

Theorem 102. Suppose γ ≤ 1
2L

, η < min
(

µγ

144κL̂
, L̂2

C
1/2
1 cν

, 1
(C1I)1/2 ,

L̂
(C1I)1/2 ,

IL̂2

κcν
, 1
)

, cν = 32
9bM

+

L̂
24Ib2M2 , cω = 144L2

bMµ2 + L̂
24Ib2M2 , u = (bMσ)2ū, where ū = max

(

2, 163I9/2L̂, c3/2
ν , c3/2

ω

)

, δ =

(bMσ)2/3

L̂2/3 , then we have:

1

T

T −1∑

t=1

E

[

∥∇h(x̄t)∥
2
]

= O
(κ19/3I3/2

T
+

κ16/3

(bMT )2/3
+ κ3b2M2I9/2G2

1

)

To reach an ϵ-stationary point, we need T = O(κ8(bM)−1ϵ−1.5), I = O(κ10/9(bM)−2/3ϵ−1/3)

and Q = O(κ log
(

κ
bMϵ

)

).

Proof. By the condition that u ≥ c3/2
ν δ3, it is straightforward to verify that cνα

2
t < 1. By

Lemma 95 (in new notation), when t ̸= t̄s, we have:

At

αt−1

−
At−1

αt−2

≤
(

α−1
t−1 − α−1

t−2 − cναt−1

)

At−1 +
2c2

να
3
t−1G

2
2

bM

+
4L̂2η2αt−1

bM
(Dt−1 + Et−1) +

2L̂2γ2αt−1Ft−1

bM
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Note we choose bx = b. For α−1
t−1 − α−1

t−2, we have:

α−1
t − α−1

t−1 =
(u+ σ2t)1/3

δ
−

(u+ σ2(t− 1))1/3

δ

(a)

≤
σ2

3δ(u+ σ2(t− 1))2/3

(b)

≤
22/3σ2δ2

3δ3(u+ σ2t)2/3

(c)
=

22/3σ2

3δ3
α2

t ≤
2L̂2

3M2
α2

t ≤
L̂

24Ib2M2
αt

where inequality (a) results from the concavity of x1/3 as: (x + y)1/3 − x1/3 ≤ y/3x2/3,

inequality (b) used the fact that ut ≥ 2σ2, inequality (c) uses the definition of αt. By

choosing cν = 32
9bM

+ L̂
24Ib2M2 , we have:

At

αt−1

−
At−1

αt−2

≤ −
32

9bM
αt−1At−1 +

2c2
να

3
t−1G

2
2

bM
+

4L̂2η2αt−1

bM
(Dt−1 + Et−1) +

2L̂2γ2αt−1Ft−1

bM

When t = t̄s, by Lemma 95 and Lemma 98, we have:

At

αt−1

−
At−1

αt−2

≤ −
32

9bM
αt−1At−1 +

2c2
να

3
t−1G

2
2

bM
+

8L̂2η2αt−1

bM
(Dt−1 + Et−1)

+
2L̂2γ2αt−1

bM
Ft−1 +

8L̂2

bM

t−1∑

ℓ=t̄s−1

Iη2αℓDℓ

Note we use the fact αt/αt̄s−1 < 2 in the last term, which is due to:

αt

αt̄s−1

=
(ut̄s−1 + σ2(t̄s − 1))1/3

(ut + σ2t)1/3
=
(

1 +
ut̄s−1 − ut + σ2(t̄s − 1 − t)

ut + σ2t

)1/3

≤
(

1 +
(I − 1)σ2

ut + σ2t

)1/3
≤ 1 +

(I − 1)

3(t+ I + 1)
≤ 2
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where we use the condition ut ≥ (I + 1)σ2. Next, we telescope from t̄s−1 + 1 to t̄s:

( At̄s

αt̄s−1

−
At̄s−1

αt̄s−1−1

)

≤ −
32

9bM

t̄s−1∑

t=t̄s−1

αtAt +
2c2

νG
2
2

bM

t̄s−1∑

t=t̄s−1

α3
t +

16IL̂2η2

bM

t̄s−1∑

t=t̄s−1

αtDt

+
8L̂2η2

bM

t̄s−1∑

t=t̄s−1

αtEt +
2L̂2γ2

bM

t̄s−1∑

t=t̄s−1

αtFt (4.46)

Next, we follow similar derivation as At/αt−1 − At−1/αt−2. By Lemma 96, For t ̸= t̄s, we

choose cω = 144L2

bMµ2 + L̂
24Ib2M2 , to obtain:

Ct

αt−1

−
Ct−1

αt−2

≤ −
144L2αt−1

bMµ2
Ct−1 +

2c2
ωα

3
t−1σ

2

bM
+

4L2η2αt−1

bM
(Dt−1 + Et−1) +

2L2γ2

bM
αt−1Ft−1

Note we choose by = bM . When t = t̄s, by Lemma 95 and Lemma 98, we have:

Ct

αt−1

−
Ct−1

αt−2

≤ −
144L2αt−1

bMµ2
Ct−1 +

2c2
ωα

3
t−1σ

2

bM
+

8L2η2αt−1

bM
(Dt−1 + Et−1)

+
2L2γ2αt−1

bM
Ft−1 +

4L2

bM

t−1∑

ℓ=t̄s−1

Iη2αℓDℓ

Divide ĉω for both sides and then telescope from t̄s−1 + 1 to t̄s, we have:

( Ct̄s

αt̄s−1

−
Ct̄s−1

αt̄s−1−1

)

≤ −
144L2

2bMµ2

t̄s−1∑

t=t̄s−1

αtCt +
2c2

ωσ
2

bM

t̄s−1∑

t=t̄s−1

α3
t +

16IL2η2

bM

t̄s−1∑

t=t̄s−1

αtDt

+
8L2η2

bM

t̄s−1∑

t=t̄s−1

αtEt +
2L2γ2

bM

t̄s−1∑

t=t̄s−1

αtFt. (4.47)

Next from Lemma 97, for t ̸= t̄s, we have:

Bt −Bt−1 ≤ −
µγαt−1Bt−1

4
−
γ2αt−1Ft−1

4
+

9γαt−1Ct−1

2µ
+

9κ2η2αt−1Dt−1

µγ
+

9κ2η2αt−1Et−1

µγ
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When t = t̄s, we have:

Bt −Bt−1 ≤ −
µγαt−1Bt−1

4
−
γ2αt−1Ft−1

4
+

9γαt−1Ct−1

2µ
+

18κ2η2αt−1Dt−1

µγ

+
18κ2η2αt−1Et−1

µγ
+

9κ2Iη2αt−1

µγ

t−1∑

ℓ=t̄s−1

αℓDℓ

For the coefficient of the last term, we use αt/αt̄s−1 < 2. We telescope from t̄s−1 + 1 to t̄s

and have:

Bt̄s
−Bt̄s−1

≤ −
µγ

4

t̄s−1∑

t=t̄s−1

αtBt −
γ2

4

t̄s−1∑

t=t̄s−1

αtFt +
9γ

2µ

t̄s−1∑

t=t̄s−1

αtCt

+
36Iκ2η2

µγ

t̄s−1∑

t=t̄s−1

αtDt +
18κ2η2

µγ

t̄s−1∑

t=t̄s−1

αtEt (4.48)

Next, by Lemma 101, we have:

E[h(x̄t+1)] ≤ E[h(x̄t)] −
ηαt

4
Et −

ηαt

2
E[∥∇h(x̄t)∥

2]

+ L̄2Iη3αt

t−1∑

ℓ=t̄s−1

α2
lDl + 2ηαtAt + 4L̂2ηαtBt + 4ηαtG

2
1

We telescope from t̄s−1 to t̄s to have:

E[h(x̄t̄s
) − h(x̄t̄s−1

)] ≤ −
t̄s−1∑

t=t̄s−1

ηαt

4
Et −

t̄s−1∑

t=t̄s−1

ηαt

2
E[∥∇h(x̄t)∥

2] + 4η
t̄s−1∑

t=t̄s−1

αtG
2
1

+ L̄2Iη3
t̄s−1∑

t=t̄s−1

αt

t−1∑

ℓ=t̄s−1

α2
lDl +

t̄s−1∑

t=t̄s−1

2ηαtAt +
t̄s−1∑

t=t̄s−1

4L̂2ηαtBt

≤ −
t̄s−1∑

t=t̄s−1

ηαt

4
Et −

t̄s−1∑

t=t̄s−1

ηαt

2
E[∥∇h(x̄t)∥

2] + 4η
t̄s−1∑

t=t̄s−1

αtG
2
1
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+
κ2η3

64

t̄s−1∑

t=t̄s−1

αtDt +
t̄s−1∑

t=t̄s−1

2ηαtAt +
t̄s−1∑

t=t̄s−1

4L̂2ηαtBt (4.49)

In the last inequality, we use the fact that t̄s − t̄s−1 ≤ I, αt <
1

16L̂I
and L̄/L̂ = κ+ 1 ≤ 2κ

Combine Eq. (4.46),Eq. (4.47), Eq. (4.48) and Eq. (4.49) and we have:

E[Gt̄s
] − E[Gt̄s−1

]

≤ −
t̄s−1∑

t=t̄s−1

ηαt

2
E[∥∇h(x̄t)∥

2] +
(9L̂2ηc2

ωσ
2

8L2
+

9ηc2
νG

2
2

8

) t̄s−1∑

t=t̄s−1

α3
t −

L̂2η

2

t̄s−1∑

t=t̄s−1

αtBt

−
t̄s−1∑

t=t̄s−1

(9ηγ2L̂2

2
−

9ηγ2L̂2

8
−

9ηγL̂2

8µ

)

αtFt

−
t̄s−1∑

t=t̄s−1

(1

4
−

324κ2L̂2η2

µ2γ2
−

9L̂2η2

2
−

9L̂2η2

2

)

ηαtEt

+
(κ2

64
+

648Iκ2L̂2

µ2γ2
+ 9IL̂2 + 9IL̂2

)

η3
t̄s−1∑

t=t̄s−1

αtDt + 4η
t̄s−1∑

t=t̄s−1

αtG
2
1

By the condition that η < µγ

144κL̂
. So we have:

E[Gt̄s
] − E[Gt̄s−1

]

≤ −
t̄s−1∑

t=t̄s−1

ηαt

2
E

[

∥∇h(x̄t)∥
2
]

+
(9ηc2

ωσ
2

8µγ
+

9ηc2
νG

2
2

8µγ

) t̄s−1∑

t=t̄s−1

α3
t + 4η

t̄s−1∑

t=t̄s−1

αtG
2
1

−
9ηγ2L̂2

4

t̄s−1∑

t=t̄s−1

αtFt −
3η

16

t̄s−1∑

t=t̄s−1

αtEt −
L̂2η

2

t̄s−1∑

t=t̄s−1

αtBt + C1Iη
3

t̄s−1∑

t=t̄s−1

αtDt (4.50)

where we denote C1 =
(

κ2

64
+ 648κ2L̂2

µ2γ2 + 9L̂2 + 9L̂2
)

. By Lemma 100 and choose η < L̂2

κcν
, we

have:

t̄s−1∑

t=t̄s−1

αtDt ≤
c2

ν

128I4L̂2

t̄s−1∑

t=t̄s−1

αtBt +
η2

8I

t̄s−1∑

t=t̄s−1

αtEt +
γ2

16I

t̄s−1∑

t=t̄s−1

αtFt
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+
(c2

νG
2
1

8IL̂2
+

c2
νG

2
2

8IbL̂2
+
c2

νζ
2

4IL̂2

) t̄s−1∑

t=t̄s−1

α3
t (4.51)

Combine Eq. (4.50) and Eq. (4.51), and use the condition that η < min
(

L̂2

C
1/2
1 cν

, 1

C
1/2
1

, L̂

C
1/2
1

, 1
)

,

the fact that I ≥ 1, we have:

E[Gt̄s
] − E[Gt̄s−1

] ≤ −
t̄s−1∑

t=t̄s−1

ηαt

2
E

[

∥∇h(x̄t)∥
2
]

+ 4η
t̄s−1∑

t=t̄s−1

αtG
2
1

+ η
(9L̂2c2

ωσ
2

8L2
+

9c2
νG

2
2

8
+
c2

νG
2
1

8
+
c2

νG
2
2

8b
+
c2

νζ
2

4

) t̄s−1∑

t=t̄s−1

α3
t

Sum over all s ∈ [S] (assume T = SI + 1 without loss of generality), we have:

E[GT ] − E[G1] ≤ −
T −1∑

t=1

ηαt

2
E

[

∥∇h(x̄t)∥
2
]

+
(

ηCσ,ζ +
4ηG2

1

α2
T

) T −1∑

t=1

α3
t

For ease of notation, we denote Cσ,ζ =
(

9L̂2c2
ωσ2

8L2 +
9c2

νG2
2

8
+

c2
νG2

1

8
+

c2
νG2

2

8b
+ c2

νζ2

4

)

. Rearranging

the terms and use the fact that αt is non-increasing, we have:

ηαT

2

T −1∑

t=1

E

[

∥∇h(x̄t)∥
2
]

≤ E[G1] − E[GT ] +
(

ηCσ,ζ +
4ηG2

1

α2
T

) T −1∑

t=1

α3
t

≤ h(x1) − h∗ +
9bMηA1

16α1

+
18ηL̂2B1

µγ
+

9bMηC1

16α1

+
(

ηCσ,ζ +
4ηG2

1

α2
T

) T −1∑

t=1

α3
t

where we use GT ≥ h∗ (h∗ is the optimal value of h), and for the last term, we use the
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following fact:

T∑

t=1

α3
t =

T∑

t=1

δ3

u+ σ2t
≤

T∑

t=1

δ3

σ2 + σ2t
=
δ3

σ2

T∑

t=1

1

1 + t
≤
δ3

σ2
ln(T + 1) =

b2M2

L̂2
ln(T + 1)

the first inequality follows ut > σ2, the last inequality follows Proposition 112. Next, we

denote the initial sub-optimality as ∆ = h(x̄1) − h∗, and initial inner variable estimation

error i.e. B1 = 1
M

∑M
m=1 ∥y

(m)
1 − y

(m)

x
(m)
1

∥2 ≤ ∆y, and we assume ∆y = O(κ−1), furthermore,

we have:

A1 = E

[∥
∥
∥

1

M

M∑

m=1

(

Φ(m)(x
(m)
1 , y

(m)
1 ; Bx) − Φ(m)(x

(m)
1 , y

(m)
1 )

)∥
∥
∥

2]

≤
σ2

b1M

and

C1 =
1

M

M∑

m=1

E∥ω
(m)
1 − ∇yg

(m)(x
(m)
1 , y

(m)
1 )∥2 ≤

σ2

b1

where we choose the size of the first minibatch to be bx = b1 and by = b1M . Then, we

divide both sides by ηαTT/2 to have:

1

T

T −1∑

t=1

E

[

∥∇h(x̄t)∥
2
]

≤
2∆

ηαTT
+

9bσ2

8b1Tα1αT

+
36L̂2∆y

κµγTαT

+
9bσ2

8b1Tα1αT

+
2b2M2Cσ,ζ ln(T )

L̂2TαT

+
8b2M2G2

1 ln(T )

L̂2Tα3
T

Note that we have:

1

αtt
=

(u+ σ2t)1/3

δt
≤
u1/3

δt
+
σ2/3

δt2/3
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where the inequality uses the fact that (x+ y)1/3 ≤ x1/3 + y1/3. In particular, when t = 1,

we have

1

α1

≤
u1/3 + σ2/3

δ
=
L̂2/3(ū1/3(bM)2/3 + 1)

(bM)2/3

when t = T , we have:

1

αTT
≤
u1/3

δT
+

σ2/3

δT 2/3
=
L̂2/3ū1/3

T
+

L̂2/3

(bMT )2/3

In summary, we have:

1

T

T −1∑

t=1

E

[

∥∇h(x̄t)∥
2
]

≤
(2∆

η
+

9bσ2

8b1α1

+
36L̂2∆y

κµγ
+

9bσ2

8b1α1

+ 2 ln(T )
(b2M2Cσ,ζ

L̂2
+

4b2M2G2
1

L̂2α2
T

))( L̂2/3ū1/3

T
+

L̂2/3

(bMT )2/3

)

Note that L̂ = O(κ2), L̄ = O(κ3), cν = O((bM)−1κ2) and cω = O((bM)−1κ2), ū =

O(I9/2κ2 + (bM)−3/2κ3), α−1
1 = O(I3/2κ2 + (bM)−1/2κ7/3), then for η, we have:

η ≤ min
( µγ

144κL̂
,
L̂2

κcν

,
L̂2

C
1/2
1 cν

,
1

C
1/2
1

,
L̂

C
1/2
1

,
1

2L̄
, 1
)

Recall that C1 =
(

κ2

64
+ 648κ2L̂2

µ2γ2 + 9L̂2 + 9L̂2
)

, suppose we choose γ = 1
2L

, then C1 = O(κ8)

and η−1 = O(κ4), µγ = O(κ−1). recall that Cσ,ζ =
(

9L̂2c2
ωσ2

8L2 +
9c2

νG2
2

8
+

c2
νG2

1

8
+

c2
νG2

2

8b
+ c2

νζ2

4

)

, so

we have Cσ,ζ = O((bM)−2κ8), suppose we choose b1 = O(I3/2). Finally, for the coefficient

200



of the hyper-gradient bias term G2
1, we have:

8b2M2 ln(T )

L̂1/3α2
T

( ū1/3

T
+

1

(bMT )2/3

)

≤
16b2M2ū

T
+ 16

(

b2M2ū

T

)2/3

+ 16

(

b2M2ū

T

)1/3

+ 16

= O(κ3b2M2I9/2)

Then, we have:

1

T

T −1∑

t=1

E

[

∥∇h(x̄t)∥
2
]

= O
(κ19/3I3/2

T
+

κ16/3

(bMT )2/3
+ κ3b2M2I9/2G2

1

)

To reach an ϵ-stationary point, we need T = O(κ8(bM)−1ϵ−1.5), I = O(κ10/9(bM)−2/3ϵ−1/3)

and Q = O(κ log
(

κ
bMϵ

)

). The communication cost is E = T/I ≥ κ62/9(bM)−1/3ϵ−7/6,

the sample complexity is Gc(f, ϵ) = O(M−1κ8ϵ−1.5), Gc(g, ϵ) = O(κ8ϵ−1.5), Jv(g, ϵ) =

O(κ8ϵ−1.5), Hv(g, ϵ) = O(κ9ϵ−1.5)

Suppose we choose b = O(ϵ−0.5), we have T = O(κ8M−1ϵ−1)), I = κ10/9M−2/3,

Q = O(κ log
(

κ
Mϵ

)

) and E = κ62/9M−1/3ϵ−1. If we instead choose b = O(1), we have

T = O(κ8M−1ϵ−1.5), I = O(κ10/9M−2/3ϵ−1/3) and Q = O(κ log
(

κ
Mϵ

)

). The communication

cost is E = O(κ62/9M−1/3ϵ−7/6).

4.8.2 Proof for the FedBiO-Local Algorithm

In this section, we investigate the convergence rate for the FedBiO-Local algorithm

(Algorithm 9).
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4.8.2.1 Lower Problem Solution Error

Lemma 103. When γ < 1
L

, when t ̸= t̄s, we have:

1

M

M∑

m=1

E

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2
≤ (1 −

µγ

2
)

1

M

M∑

m=1

E

∥
∥
∥y

(m)
t−1 − y

(m)

x
(m)
t−1

∥
∥
∥

2
+

5κ2η2

µγM

M∑

m=1

E

∥
∥
∥ν

(m)
t−1

∥
∥
∥

2
+

3γ2σ2

by

when t = t̄s, we have:

1

M

M∑

m=1

E

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2
≤ (1 −

µγ

2
)

1

M

M∑

m=1

E

∥
∥
∥y

(m)
t−1 − y

(m)

x
(m)
t−1

∥
∥
∥

2
+

10κ2η2

µγM

M∑

m=1

E

∥
∥
∥ν

(m)
t−1

∥
∥
∥

2

+
10κ2

µγM

M∑

m=1

E

∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+

3γ2σ2

by

Proof. First, we have:

E

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2
≤ (1 +

µγ

2
)E
∥
∥
∥y

(m)
t − y

(m)

x
(m)
t−1

∥
∥
∥

2
+ (1 +

2

µγ
)E
∥
∥
∥y

(m)

x
(m)
t

− y
(m)

x
(m)
t−1

∥
∥
∥

2

≤ (1 +
µγ

2
)(1 − µγ)E

∥
∥
∥y

(m)
t−1 − y

(m)

x
(m)
t−1

∥
∥
∥

2
+ (1 +

2

µγ
)E
∥
∥
∥y

(m)

x
(m)
t

− y
(m)

x
(m)
t−1

∥
∥
∥

2

+ (1 +
µγ

2
)
2γ2σ2

by

≤ (1 −
µγ

2
)E
∥
∥
∥y

(m)
t−1 − y

(m)

x
(m)
t−1

∥
∥
∥

2
+

3κ2

µγ
E

∥
∥
∥x

(m)
t − x

(m)
t−1

∥
∥
∥

2
+

3γ2σ2

by

where the second inequality is due to Proposition 113 where we choose γ < 1/L; in the last

inequality, we use γ < 1/(L) and µ ≤ L, For the last term, when t ̸= t̄s, we have:

E

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2
≤ (1 −

µγ

2
)E
∥
∥
∥y

(m)
t−1 − y

(m)

x
(m)
t−1

∥
∥
∥

2
+

5κ2η2

µγ
E

∥
∥
∥v

(m)
t−1

∥
∥
∥

2
+

3γ2σ2

by
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Then when t = t̄s, we have

E

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2
≤ (1 −

µγ

2
)E
∥
∥
∥y

(m)
t−1 − y

(m)

x
(m)
t−1

∥
∥
∥

2

+
10κ2η2

µγ
E

∥
∥
∥v

(m)
t−1

∥
∥
∥

2
+

10κ2

µγ
E∥x

(m)
t − x̄t∥

2 +
3γ2σ2

by

Average over all clients, we get the claim in the lemma.

4.8.2.2 Upper Variable Drift

Lemma 104. For any t ̸= t̄s, s ∈ [S], we have:

∥x
(m)
t − x̄t∥

2 ≤ Iη2
t−1∑

ℓ=t̄s−1

∥
∥
∥ν

(m)
ℓ − ν̄ℓ

∥
∥
∥

2

Proof. Note from Algorithm and the definition of t̄s that at t = t̄s with s ∈ [S], x
(m)
t = x̄t,

for all k. For t ̸= t̄s, with s ∈ [S], we have: x
(m)
t = x

(m)
t−1 − ην

(m)
t−1 , this implies that:

x
(m)
t = x

(m)
t̄s−1

−
∑t−1

ℓ=t̄s−1
ην

(m)
ℓ and x̄t = x̄t̄s−1

−
∑t−1

ℓ=t̄s−1
ην̄ℓ. So for t ̸= t̄s, with s ∈ [S] we

have:

∥x
(m)
t − x̄t∥

2 =
∥
∥
∥x

(m)
t̄s−1

− x̄t̄s−1
−
( t−1∑

ℓ=t̄s−1

ην
(m)
ℓ −

t−1∑

ℓ=t̄s−1

ην̄ℓ

)∥
∥
∥

2 (a)
=
∥
∥
∥

t−1∑

ℓ=t̄s−1

η
(

ν
(m)
ℓ − ν̄ℓ

)∥
∥
∥

2

≤ Iη2
t−1∑

ℓ=t̄s−1

∥
∥
∥ν

(m)
ℓ − ν̄ℓ

∥
∥
∥

2

This completes the proof.
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Lemma 105. For t ̸= t̄s, s ∈ [S], we have:

1

M

M∑

m=1

E

∥
∥
∥

(

ν
(m)
t − ν̄t

)∥
∥
∥

2
≤

4L̂2

M

M∑

m=1

E

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2
+

12L̄2Iη2

M

M∑

m=1

t−1∑

ℓ=t̄s−1

E

∥
∥
∥ν

(m)
ℓ − ν̄ℓ

∥
∥
∥

2

+ 8ζ2 + 4G2
1 +

4G2
2

bx

for t = t̄s, s ∈ [S], we have:

1

M

M∑

m=1

E

∥
∥
∥

(

ν
(m)
t − ν̄t

)∥
∥
∥

2
≤

4L̂2

M

M∑

m=1

E

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2
+ 8ζ2 + 4G2

1 +
4G2

2

bx

Proof. For t ∈ [T ], we have:

E

∥
∥
∥

(

ν
(m)
t − ν̄t

)∥
∥
∥

2

(a)

≤ 2E
∥
∥
∥

(

ν
(m)
t − ∇h(m)(x

(m)
t )

)

−
(

ν̄t −
1

M

M∑

m=1

∇h(j)(x
(j)
t )
)∥
∥
∥

2

+ 2E
∥
∥
∥

(

∇h(m)(x
(m)
t ) −

1

M

M∑

j=1

∇h(j)(x
(j)
t )
)∥
∥
∥

2

(b)

≤ 2E
∥
∥
∥ν

(m)
t − ∇h(m)(x

(m)
t )

∥
∥
∥

2
+ 2E

∥
∥
∥∇h(m)(x

(m)
t ) −

1

M

M∑

j=1

∇h(j)(x
(j)
t )
∥
∥
∥

2

≤ 4L̂2
E

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2
+ 4G2

1 +
4G2

2

bx

+ 2E
∥
∥
∥∇h(m)(x

(m)
t ) −

1

M

M∑

j=1

∇h(j)(x
(j)
t )
∥
∥
∥

2
(4.52)

where the equality (a) uses triangle inequality and (b) follows from the application of

Proposition 111. Next, for the second term of 4.52 we have:

M∑

m=1

∥
∥
∥∇h(m)(x

(m)
t ) −

1

M

M∑

j=1

∇h(j)(x
(j)
t )
∥
∥
∥

2

(a)

≤ 2
M∑

m=1

∥
∥
∥∇h(m)(x

(m)
t ) − ∇h(m)(x̄t)

∥
∥
∥

2
+ 4M

∥
∥
∥∇h(x̄t) −

1

M

M∑

j=1

∇h(j)(x
(j)
t )
∥
∥
∥

2
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+ 4
M∑

m=1

∥
∥
∥∇h(m)(x̄t) − ∇h(x̄t)

∥
∥
∥

2 (b)

≤ 6L̄2
M∑

m=1

∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+ 4Mζ2 (4.53)

where (a) follows the generalized triangle inequality; (b) utilizes the heterogeneity Assump-

tion 59. Next for the first term, it is 0 when t = t̄s and when t ̸= t̄s, we use Lemma 104.

Substituting 4.53 back to 4.52, we get the results in the lemma.

Lemma 106. For s ∈ [S], we have:

(1 − 12L̄2I2η2)
t̄s−1∑

t=t̄s−1

Dt ≤ 4L̂2
t̄s−1∑

t=t̄s−1

Bt + 8Iζ2 + 4IG2
1 +

4IG2
2

bx

Proof. For ease of notation, we denoteDt = 1
M

∑M
m=1 E∥(ν

(m)
t −ν̄t)∥

2 andBt = 1
M

∑M
m=1 E∥y

(m)
t −

y
(m)

x
(m)
t

∥2. Based on Lemma 105, we have:

Dt ≤ 4L̂2Bt + 12L̄2Iη2
t−1∑

ℓ=t̄s−1

Dℓ + 8ζ2 + 4G2
1 +

4G2
2

bx

Next, we sum from t̄s−1 + 1 to t̄s − 1, we have:

t̄s−1∑

t=t̄s−1+1

Dt ≤ 4L̂2
t̄s−1∑

t=t̄s−1+1

Bt + 12L̄2Iη2
t̄s−1∑

t=t̄s−1+1

t−1∑

ℓ=t̄s−1

Dℓ + 8(I − 1)ζ2 + 4(I − 1)G2

≤ 4L̂2
t̄s−1∑

t=t̄s−1+1

Bt + 12L̄2I2η2
t̄s−1∑

ℓ=t̄s−1

Dℓ + 8(I − 1)ζ2 + 4(I − 1)G2
1 +

4(I − 1)G2
2

bx

In the second inequality, we use t − 1 ≤ t̄s − 1, combine with the case when t = t̄s−1 in

lemma 104, we have:

(1 − 12L̄2I2η2)
t̄s−1∑

t=t̄s−1

Dt ≤ 4L̂2
t̄s−1∑

t=t̄s−1

Bt + 8Iζ2 + 4IG2
1 +

4IG2
2

bx
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This completes the proof.

4.8.2.3 Descent Lemma

Lemma 107. For all t ∈ [t̄s−1, t̄s − 1], the iterates generated satisfy:

E

∥
∥
∥∇h(x̄t) − Eξ[ν̄t]

∥
∥
∥

2
≤

2L̂2

M

M∑

m=1

(

4κ2
E

∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+ 2E

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2)

+ 2G2
1

Proof. By definition of ν̄t and ∇h(x̄t), we have:

E

∥
∥
∥∇h(x̄t) − Eξ[ν̄t]

∥
∥
∥

2 (a)

≤
1

M

M∑

m=1

E

∥
∥
∥Eξ[ν

(m)
t ] − ∇h(m)(x̄t)

∥
∥
∥

2

≤
2

M

M∑

m=1

E

[∥
∥
∥Eξ[ν

(m)
t ] − µ

(m)
t

∥
∥
∥

2
+
∥
∥
∥µ

(m)
t − ∇h(m)(x̄t)

∥
∥
∥

2]

(b)

≤
L̂2

M

M∑

m=1

(

E

∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+ E

∥
∥
∥y

(m)
t − y

(m)
x̄t

∥
∥
∥

2)

+ 2G2
1

≤
2L̂2

M

M∑

m=1

(

E

∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+ E

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

+ y
(m)

x
(m)
t

− y
(m)
x̄t

∥
∥
∥

2)

+ 2G2
1

≤
2L̂2

M

M∑

m=1

((

1 + 2κ2
)

E

∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2
+ 2E

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2)

+ +2G2
1

where inequality (a) follows the generalized triangle inequality; inequality (b) follows the

Proposition 93 and Proposition 92.

Lemma 108. For t ̸= t̄s, the iterates generated satisfy:

E[h(x̄t+1)] ≤ E[h(x̄t)] −
η

2
E∥∇h(x̄t)∥

2 −
η

4
E

∥
∥
∥Eξ[ν̄t]

∥
∥
∥

2
+
η2L̄G2

2

2bxM
+ ηG2

1

+
ηL̂2

M

M∑

m=1

(

4κ2Iη2
t−1∑

ℓ=t̄s−1

E

∥
∥
∥ν

(m)
ℓ − ν̄ℓ

∥
∥
∥

2
+ 2E

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2)
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for t = t̄s, we have:

E[h(x̄t+1)] ≤ E[h(x̄t)] −
η

2
E∥∇h(x̄t)∥

2 −
η

4
E

∥
∥
∥Eξ[ν̄t]

∥
∥
∥

2

+
η2L̄G2

2

2bxM
+ ηG2

1 +
2ηL̂2

M

M∑

m=1

E

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. Using the smoothness of f we have:

E[h(x̄t+1)] ≤ E[h(x̄t)] + E⟨∇h(x̄t), x̄t+1 − x̄t⟩ +
L̄

2
E∥x̄t+1 − x̄t∥

2

(a)
= E[h(x̄t)] − ηE⟨∇h(x̄t),Eξ[ν̄t]⟩ +

η2L̄

2
E∥Eξ[ν̄t]∥

2 +
η2L̄G2

2

2bxM

(b)
= E[h(x̄t)] −

η

2
E∥∇h(x̄t)∥

2 +
η

2
E∥∇h(x̄t) − Eξ[ν̄t]∥

2

−

(

η

2
−
η2L̄

2

)

E∥Eξ[ν̄t]∥
2 +

η2L̄G2
2

2bxM

(c)

≤ E[h(x̄t)] −
η

2
E∥∇h(x̄t)∥

2 −
η

4
E

∥
∥
∥Eξ[ν

(m)
t ]

∥
∥
∥

2
+
η2L̄G2

2

2bxM
+ ηG2

1

+
ηL̂2

M

M∑

m=1

(

4κ2
E

∥
∥
∥x

(m)
t − x̄t

∥
∥
∥

2

︸ ︷︷ ︸

T1

+2E
∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2)

where equality (a) follows from the iterate update given in Step 6 of Algorithm 8; (b) uses

⟨a, b⟩ = 1
2
[∥a∥2 + ∥b∥2 − ∥a − b∥2]; (c) follows the assumption that η < 1/2L̄. Finally, use

lemma 107 to bound T1 when t ̸= t̄s finishes the proof.
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4.8.2.4 Proof of Convergence Theorem

We first denote the following potential function G(t):

Gt = E[h(x̄t)] +
9ηL̂2

µγ
×

1

M

M∑

m=1

E

∥
∥
∥y

(m)
t − y

(m)

x
(m)
t

∥
∥
∥

2

Theorem 109. Suppose we have constant η̄ = min
(

1

2C
1/2
1

, µγ

12κL̂
, 1

2L̄
, 1

6IL̂

)

, if we choose η =

min
(

η̄,
(

2∆
CηT

)1/3 )

and γ = 1
2L

, we have:

1

T

T∑

t=1

∥∇h(x̄t)∥
2 = O




κ5

T
+

(

κ16

T 2

)1/3

+
κ5σ2

by

+
G2

2

bxM
+G2

1





To reach an ϵ stationary point, we choose the inner batch size by = O(κ5ϵ−1), upper batch

size bx = O(M−1ϵ−1) and Q = O(κ log
(

κ
ϵ

)

) in Eq. 4.11, and T = O(κ8ϵ−1.5) number of

iterations.

Proof. Similar to Lemma 106, we denoteDt = 1
M

∑M
m=1 ∥

(

ν
(m)
t −ν̄t

)

∥2, Bt = 1
M

∑M
m=1 ∥y

(m)
t −

y
(m)

x
(m)
t

∥2, additionally, we denote Et = ∥Eξ[ν̄t]∥
2. First, by Lemma 103, when t ̸= t̄s, by the

triangle inequality, we have:

Bt −Bt−1 ≤ −
µγ

2
Bt−1 +

10κ2η2

µγ
Dt−1 +

10κ2η2

µγ
Et−1 +

10κ2η2G2
2

µγbxM
+

3γ2σ2

by

When t = t̄s, we have:

Bt −Bt−1 ≤ −
µγ

2
Bt−1 +

20κ2η2

µγ
Dt−1 +

20κ2η2

µγ
Et−1 +

10κ2Iη2

µγ

t−1∑

ℓ=t̄s−1

Dℓ +
10κ2η2G2

2

µγbxM
+

3γ2σ2

by
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We telescope from t̄s−1 + 1 to t̄s and have:

Bt̄s
−Bt̄s−1

≤ −
µγ

2

t̄s−1∑

t=t̄s−1

Bt +
40κ2Iη2

µγ

t̄s−1∑

t=t̄s−1

Dt +
20κ2η2

µγ

t̄s−1∑

t=t̄s−1

Et +
10Iκ2η2G2

2

µγbxM
+

3Iγ2σ2

by

(4.54)

Next, by Lemma 108, when t ̸= t̄s, we have:

E[h(x̄t+1)] − E[h(x̄t)]

≤ −
η

2
E∥∇h(x̄t)∥

2 −
η

4
Et + 4κ2L̂2Iη3

t−1∑

ℓ=t̄s−1

Dl + 2ηL̂2Bt +
η2L̄G2

2

2bxM
+ ηG2

1

and when t = t̄s, we have:

E[h(x̄t+1)] − E[h(x̄t)] ≤ −
η

2
E∥∇h(x̄t)∥

2 −
η

4
Et + 2ηL̂2Bt +

η2L̄G2
2

2bxM
+ ηG2

1

We telescope from t̄s−1 to t̄s to have:

E[h(x̄t̄s
)] − E[h(x̄t̄s−1

)] ≤ −
t̄s−1∑

t=t̄s−1

η

2
E∥∇h(x̄t)∥

2 −
t̄s−1∑

t=t̄s−1

η

4
Et + 4κ2L̂2Iη3

t̄s−1∑

t=t̄s−1+1

t−1∑

ℓ=t̄s−1

Dl

+
t̄s−1∑

t=t̄s−1

2L̂2ηBt +
Iη2L̄G2

2

2bxM
+ IηG2

1

≤ −
t̄s−1∑

t=t̄s−1

η

2
E∥∇h(x̄t)∥

2 −
t̄s−1∑

t=t̄s−1

η

4
Et + 4κ2L̂2I2η3

t̄s−1∑

t=t̄s−1

Dl

+ 2L̂2η
t̄s−1∑

t=t̄s−1

Bt +
Iη2L̄G2

2

2bxM
+ IηG2

1 (4.55)

In the last inequality, we use the fact that t̄s − t̄s−1 ≤ I.

Next, by the definition of the potential function and combine with Eq. 4.54 and
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Eq. 4.55, we have:

Gt̄s
− Gt̄s−1

≤ −
η

2

t̄s−1∑

t=t̄s−1

E∥∇h(x̄t)∥
2 −

5ηL̂2

2

t̄s−1∑

t=t̄s−1

Bt −
η

4

(

1 −
720κ2η2L̂2

µ2γ2

)
t̄s−1∑

t=t̄s−1

Et

+

(

360

µ2γ2
+ 4I

)

η3κ2L̂2I
t̄s−1∑

t=t̄s−1

Dt +
27IL̂2γησ2

byµ

+
90Iκ2L̂2η3G2

2

µ2γ2bxM
+
Iη2L̄G2

2

2bxM
+ IηG2

1

to bound the coefficients above, we choose η ≤ µγ

48κL̂
. Then we have:

Gt̄s
− Gt̄s−1

≤ −
η

2

t̄s−1∑

t=t̄s−1

E∥∇h(x̄t)∥
2 −

5ηL̂2

2

t̄s−1∑

t=t̄s−1

Bt −
η

8

t̄s−1∑

t=t̄s−1

Et

+

(

360

µ2γ2
+ 4I

)

η3κ2L̂2I
t̄s−1∑

t=t̄s−1

Dt +
27IL̂2γησ2

byµ

+
90Iκ2L̂2η3G2

2

µ2γ2bxM
+
Iη2L̄G2

2

2bxM
+ IηG2

1

By lemma 106, and choosing η < 1
6IL̄

, we have:

t̄s−1∑

t=t̄s−1

Dt ≤ 6L̂2
t̄s−1∑

t=t̄s−1

Bt + 18Iζ2 + 6IG2
1 +

6IG2
2

bx

Next, we denote C1 =
(

360
µ2γ2 + 4I

)

κ2L̂2, and choose η < min( 1

2C
1/2
1

, µγ

12κL̂
, 1

2L̄
) then we have:

Gt̄s
− Gt̄s−1

≤ −
η

2

t̄s−1∑

t=t̄s−1

E∥∇h(x̄t)∥
2 −

5ηL̂2

2

t̄s−1∑

t=t̄s−1

Bt −
η

8

t̄s−1∑

t=t̄s−1

Et

+ C1Iη
3



6L̂2
t̄s∑

t=t̄s−1+1

Bt + 18Iζ2 + 6IG2
1 +

6IG2
2

bx




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+
27IL̂2γησ2

byµ
+

5IηG2
2

8bxM
+
Iη2L̄G2

2

2bx

+ IηG2
1

≤ −
η

2

t̄s−1∑

t=t̄s−1

E∥∇h(x̄t)∥
2 + 18C1IL̂

2η3ζ2 + 6C1IL̂
2η3G2

1 +
6C1IL̂

2η3G2
2

bx

+
5IηG2

2

8bxM

+
27IL̂2γησ2

byµ
+
Iη2L̄G2

2

2bxM
+ IηG2

1

Sum over all s ∈ [S] (assume T = SI + 1 without loss of generality) to obtain:

η

2

T∑

t=1

E∥∇h(x̄t)∥
2 ≤ G1 − GT + 18C1TL̂

2η3ζ2 + 6C1TL̂
2η3G2

1 +
6C1TL̂

2η3G2
2

bx

+
5TηG2

2

8bxM
+

27TL̂2γησ2

byµ
+
Tη2L̄G2

2

2bxM
+ TηG2

1

≤ ∆ +
9ηL̂2∆y

µγ
+ 18C1TL̂

2η3ζ2 + 6C1TL̂
2η3G2

1 +
6C1TL̂

2η3G2
2

bx

+
5TηG2

2

8bxM
+

27TL̂2γησ2

byµ
+
Tη2L̄G2

2

2bxM
+ TηG2

1

we define ∆ = h(x1)−h∗ as the initial sub-optimality of the function and ∆y = 1
M

∑M
m=1

∥
∥
∥y

(m)
1 −

y(m)
x1

∥
∥
∥

2
as the initial sub-optimality of the inner variable estimation, then we divide by ηT/2

on both sides and have:

1

T

T∑

t=1

E∥∇h(x̄t)∥
2 ≤

2∆

ηT
+
ηL̄G2

2

2bxM
+

(

36C1L̂
2ζ2 + 12C1L̂

2G2
1 +

12C1L̂
2G2

2

bx

)

η2

︸ ︷︷ ︸

T1

+
18L̂2∆y

µγT
+

54L̂2γσ2

byµ
︸ ︷︷ ︸

T2

+
5G2

2

4bxM
+G2

1

︸ ︷︷ ︸

T3

As shown in the inequality, we break the bound into three parts. The T1 part has a structure

similar to that for the single level federated learning problems. Then the T2 part includes

the optimization error of the lower problem, and the statistical error of sampling. Finally,
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the T3 part includes the bias and variance of the hyper-gradient estimate.

Next, by η < 1
2L̄

, we have

1

T

T∑

t=1

E∥∇h(x̄t)∥
2 ≤

2∆

ηT
+

(

36C1L̂
2ζ2 + 12C1L̂

2G2
1 +

12C1L̂
2G2

2

bx

)

η2

+
18L̂2∆y

µγT
+

54L̂2γσ2

byµ
+

G2
2

4bxM
+

5G2
2

4bxM
+G2

1 (4.56)

Next, we denote constant η̄ = min
(

1

2C
1/2
1

, µγ

12κL̂
, 1

2L̄
, 1

6IL̂

)

and

Cη =

(

36C1L̂
2ζ2 + 12C1L̂

2G2
1 +

12C1L̂
2G2

2

bx

)

we choose

η = min
(

η̄,

(

2∆

CηT

)1/3 )

and γ = 1
2L

, and obtain:

1

T

T∑

t=1

E∥∇h(x̄t)∥
2 ≤

2∆

η̄T
+

36κL̂2∆y

T
+

(

4Cη∆2

T 2

)1/3

+
27L̂2σ2

µbyL
+

3G2
2

2bxM
+ 2G2

1

Finally, since L̂ = O(κ2) , L̄ = O(κ3) and and µγ = O(κ−1). Suppose we choose I = O(1),

then η̄ = O(κ−4) and C1 = O(κ8), ζ = O(κ2), Cη = O(κ16), thus, we have

1

T

T∑

t=1

∥∇h(x̄t)∥
2 = O




κ5

T
+

(

κ16

T 2

)1/3

+
κ5σ2

by

+
G2

2

bxM
+G2

1





and to reach an ϵ stationary point, we choose the inner batch size by = O(κ5ϵ−1), upper

batch size bx = O(M−1ϵ−1) and Q = O(κ log
(

κ
ϵ

)

) in Eq. 4.11, and T = O(κ8ϵ−1.5) number
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of iterations.

4.9 Useful Propositions

In this section, we state some propositions useful in the proof:

Proposition 110 (Lemma 3 of [55]). (generalized triangle inequality) Let {xk}, k ∈ K be

K vectors. Then the following are true:

1. ||xi + xj||
2 ≤ (1 + a)||xi||

2 + (1 + 1
a
)||xj||

2 for any a > 0, and

2. ||
∑K

k=1 xk||2 ≤ K
∑K

k=1 ||xk||2

Proposition 111 (Lemma C.1 of [13]). For a finite sequence x(k) ∈ R
d for k ∈ [K] define

x̄ := 1
K

∑K
k=1 x

(k), we then have
∑K

k=1 ∥x(k) − x̄∥2 ≤
∑K

k=1 ∥x(k)∥2.

Proposition 112 (Lemma C.2 of [13]). Let a0 > 0 and a1, a2, . . . , aT ≥ 0. We have

T∑

t=1

at

a0 +
∑t

i=t ai

≤ ln
(

1 +

∑t
i=1 ai

a0

)

.

Proposition 113. Suppose we have function g(y), which is L-smooth and µ-strongly-

convex, then suppose γ < 1
L

, the progress made by one step of gradient descent is:

E∥yt+1 − y∗∥2 ≤ (1 − µγ)∥y∗ − yt∥
2 + 2γ2σ2

where y∗ is the minimum of g(y) and we have update rule g(yt+1) = g(yt) − γ∇g(yt, ξ),

where the error of stochastic gradient estimate is bounded by σ2.
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Proof. First, by the strong convexity of of function g(y), we have:

g(y∗) ≥ g(yt) + ⟨∇yg(yt), y
∗ − yt⟩ +

µ

2
∥y∗ − yt∥

2

= g(yt) + ⟨∇yg(yt), y
∗ − yt+1⟩ + ⟨∇yg(yt), yt+1 − yt⟩ +

µ

2
∥y∗ − yt∥

2

Then by L-smoothness, we have: L
2
∥yt+1 − yt∥

2 ≥ g(yt+1) − g(yt) − ⟨∇yg(yt), yt+1 − yt⟩,

Combining above two inequalities and take expectation on both sides, we have

g(y∗) ≥ Eg(yt+1) + E⟨∇yg(yt), y
∗ − yt+1⟩ +

µ

2
∥y∗ − yt∥

2 −
L

2
E∥yt+1 − yt∥

2

≥ Eg(yt+1) + γ∥∇yg(yt)∥
2 + ⟨∇yg(yt), y

∗ − yt⟩ +
µ

2
∥y∗ − yt∥

2 −
Lγ2

2
E∥∇yg(yt, ξ)∥

2

≥ Eg(yt+1) + γ∥∇yg(yt)∥
2 + ⟨∇yg(yt), y

∗ − yt⟩

+
µ

2
∥y∗ − yt∥

2 −
Lγ2

2
E∥∇yg(yt)∥

2 −
Lγ2σ2

2

≥ Eg(yt+1) + ⟨∇yg(yt), y
∗ − yt⟩ +

µ

2
∥y∗ − yt∥

2 +

(

γ −
Lγ2

2

)

∥∇yg(yt)∥
2 −

Lγ2σ2

2

By definition of y∗, we have g(y∗) ≥ g(yt+1). Thus, we obtain

0 ≥ ⟨∇yg(yt), y
∗ − yt⟩ +

µ

2
∥y∗ − yt∥

2 +

(

γ −
Lγ2

2

)

∥∇yg(yt)∥
2 −

Lγ2σ2

2

By yt+1 = yt − γ∇yg(yt, ξ), we have:

E∥yt+1 − y∗∥2 = E∥yt − γ∇yg(yt, ξ) − y∗∥2

= ∥yt − y∗∥2 − 2γ⟨∇yg(yt), yt − y∗⟩ + γ2
E∥∇yg(yt, ξ)∥

2

≤
(

1 − µγ
)

∥yt − y∗∥2 − 2γ
(

γ −
Lγ2

2
−
γ

2

)

∥∇yg(yt)∥
2 +

(

Lγ3 + γ2
)

σ2
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Then since we choose γ < 1
L

, we obtain:

E∥yt+1 − y∗∥2 ≤ (1 − µγ)∥y∗ − yt∥
2 + 2γ2σ2

This completes the proof.

Proposition 114. Suppose we have function g(y), which is L-smooth and µ-strongly-

convex, then suppose γ < 1
2L

and αt < 1, the progress made by one step of gradient descent

is:

∥yt+1 − y∗∥2 ≤ (1 −
µγαt

2
)∥yt − y∗∥2 −

γ2αt

4
∥ωt∥

2

+
4γαt

µ
∥∇yg(xt, yt) − E[wt]∥

2 +
3γ2αt

2
V ar[ωt].

where y∗ is the minimum of g(y) and we have update rule g(yt+1) = g(yt) − γαtωt.

Proof. First, Suppose we denote ỹt+1 = yt − γωt, then we have yt+1 = yt + αt(ỹt+1 − yt).

By the strong convexity of of function g(y), we have:

g(y∗) ≥ g(yt) + ⟨∇yg(yt), y
∗ − yt⟩ +

µ

2
∥y∗ − yt∥

2

= g(yt) + E⟨E[wt], y
∗ − ỹt+1⟩ + E⟨∇yg(yt) − E[wt], y

∗ − ỹt+1⟩

− γ⟨∇yg(yt),E[wt]⟩ +
µ

2
∥y∗ − yt∥

2 (4.57)

where the expectation is w.r.t the stochasity of ωt. Then by L-smoothness, we have:

L

2
E∥ỹt+1 − yt∥

2 ≥ Eg(ỹt+1) − g(yt) + γ⟨∇yg(yt),E[ωt]⟩ (4.58)
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Combining the 4.57 with 4.58, we have

g(y∗) ≥ Eg(ỹt+1) + E⟨E[wt], y
∗ − ỹt+1⟩ + E⟨∇yg(yt) − E[wt], y

∗ − ỹt+1⟩

+
µ

2
∥y∗ − yt∥2 − L

2
E∥ỹt+1 − yt∥2

≥ Eg(ỹt+1) + γ∥E[wt]∥2 + ⟨E[wt], y
∗ − yt⟩ + E⟨∇yg(yt) − E[wt], y

∗ − ỹt+1⟩

+
µ

2
∥y∗ − yt∥2 − Lγ2

2
E∥ωt∥2

≥ Eg(ỹt+1) + ⟨E[wt], y
∗ − yt⟩ + E⟨∇yg(yt) − E[wt], y

∗ − ỹt+1⟩

+
µ

2
∥y∗ − yt∥2 +

(

γ − Lγ2

2

)
∥E[ωt]∥2 − Lγ2

2
V ar[ωt]

where V ar denotes the variance. By definition of y∗, we have g(y∗) ≥ g(ỹt+1). Thus, we

obtain

0 ≥ ⟨E[wt], y
∗ − yt⟩ + E⟨∇yg(yt) − E[wt], y

∗ − ỹt+1⟩

+
µ

2
∥y∗ − yt∥2 +

(
γ − Lγ2

2

)
∥E[ωt]∥2 − Lγ2

2
V ar[ωt] (4.59)

Considering the upper bound of the second term ⟨∇yg(yt) − wt, y
∗ − yt+1⟩, we have

− E⟨∇yg(yt) − E[wt], y
∗ − ỹt+1⟩

= −⟨∇yg(yt) − E[wt], y
∗ − yt⟩ + ⟨∇yg(yt) − E[wt],E[ωt]⟩

≤ 1

µ
∥∇yg(yt) − E[wt]∥2 +

µ

4
∥y∗ − yt∥2] +

1

µ
∥∇yg(yt) − E[wt]∥2 +

µγ2

4
∥E[ωt]∥2

=
2

µ
∥∇yg(yt) − E[wt]∥2 +

µ

4
∥y∗ − yt∥2 +

µγ2

4
∥E[ωt]∥2.
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Combining with Eq. 4.59:

0 ≥ ⟨E[wt], y
∗ − yt⟩ − 2

µ
∥∇yg(yt) − E[wt]∥2

+
(
γ − 3Lγ2

4

)
∥E[wt]∥2 +

µ

4
∥y∗ − yt∥2 − Lγ2

2
V ar[ωt]

By yt+1 = yt − γαtωt, we have:

E∥yt+1 − y∗∥2 = E∥yt − γαtωt − y∗∥2 = ∥yt − y∗∥2 − 2γαt⟨E[ωt], yt − y∗⟩ + γ2α2
tE[∥ωt∥2]

≤
(
1 − µγαt

2

)
∥yt − y∗∥2 − 2γαt

(
γ − γαt

2
− 3Lγ2

4

)
∥E[ωt]∥2

+
4γαt

µ
∥∇yg(yt) − E[wt]∥2 + (Lγ3αt + γ2α2

t )V ar[ωt]

Then since we choose γ < 1
2L

, αt < 1, we obtain:

E∥yt+1 − y∗∥2 ≤ (1 − µγαt

2
)∥y∗ − yt∥2 − γ2αt

4
∥E[ωt]∥2

+
4γαt

µ
∥∇yg(xt, yt) − E[wt]∥2 +

3γ2αt

2
V ar[ωt].

This completes the proof.

4.10 More Experimental Details

In this section, we introduce more details of the experiments.

217



4.10.1 Federated Data Cleaning

The formulation of the problem is as follows:

min
x∈Rp

h(x) :=
1

M

M∑

m=1

f (m)(x, y(m)
x ) =

1

M

M∑

m=1

( 1

N
(val)
m

N
(val)
m∑

n=1

Θ(yx; ξval
m,n)

)

s.t. yx = arg min
y∈Rd

g(x, y) =
1

M

M∑

m=1

N
(tr)
m∑

n=1

xm,nΘ(y; ξtr
m,n)

In the above formulation, we have M clients, each client m ∈ [M ] has a pair of (noisy)

training set {ξtr
m,n}N

(tr)
m

n=1 and validation set {ξval
m,n}N

(val)
m

n=1 , and xm,n, n ∈ [N (tr)
m ] are weights for

training samples, y is the parameter of a model, and we denote the model by Θ. Note

that yx is the model learned over the weighted training set. We fit a model with 3 fully

connected layers for the MNIST dataset. We also use L2 regularization with coefficient

10−3 to satisfy the strong convexity condition.

In the Experiments, for FedNest and CommFedBiO, we choose learning rate 1 and

hyper-learning rate 10000, for FedBiO, we choose learning rate 0.5, hyper learning rate

1000, for FedBiOAcc, we choose δ as 30, u as 10000, cη as 0.2, Cγ as 0.2, τ as 0.01, η as

200 and γ as 1.

4.10.2 Federated Hyper-Representation Learning

min
x∈Rp

h(x) :=
1

M

M∑

m=1

f (m)(x, y(m)
x ) =

1

M

M∑

m=1

( 1

Nm

Nm∑

n=1

( 1

N val
m,n

Nval
m,n∑

i=1

Θ(x, y(Tm,n)
x ; ξval

i )
))
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s.t. y(Tm,n)
x = arg min

y∈Rd

g(Tm,n)(x, y) =
1

N tr
m,n

Ntr
m,n∑

i=1

Θ(x, y; ξtr
i )

In the above formulation, we have M clients, each client m ∈ [M ] has Nm tasks and each

task Tm,n is defined by a pair of training set {ξtr
i }Ntr

m,n

i=1 and validation set {ξval
i }Nval

m,n

i=1 . Θ

defines the model, x is the parameter of the backbone model and y is the parameter of the

linear classifier. In summary, the lower level problem is to learn the optimal linear classifier

y given the backbone x, and the upper level problem is to learn the optimal backbone

parameter x.

The Omniglot dataset includes 1623 characters from 50 different alphabets and each

character consists of 20 samples. We create the Federated version of the Omniglot dataset.

Firstly, we follow the experimental protocols of [89] to divide the alphabets to train

/validation/test with 33/5/12, respectively. Then we distribute three alphabets to a client,

in other words, we consider 11 clients in experiments. As in the non-distributed setting, we

perform N -way-K-shot classification, more specifically, for each task, we randomly sample

N characters from the alphabet over that client and for each character, we sample K sam-

ples for training and 15 samples for validation. We augment the characters by performing

rotation operations (multipliers of 90 degrees). We use a 4-layer convolutional neural net-

work where each convolutional layer has 64 filters of 3×3 [91]. For the MiniImageNet, it

has 64 training classes and 16 validation classes. We distribute the training classes into

four clients, similar to Omniglot, we also perform the N -way-K-shot classification. We

use a 4-layer convolutional neural network where each convolutional layer has 64 filters of

3×3 [91] for experiments.
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Figure 4.5: Results for the Omniglot Dataset. From Left to Right: 5-way-1-shot, 5-way-5-
shot, 20-way-1-shot, 20-way-5-shot.

In the Experiments for Omniglot, for FedBiO, we choose learning rate 0.4, hyper

learning rate 1, τ 0.5, for FedBiOAcc, we choose δ as 2, u as 10000, Cη as 100, τ as 0.5,

eta as 1 and γ as 0.4. For MiniImageNet, for FedBiO, we choose learning rate 0.05, hyper

learning rate 0.1, τ 0.01, for FedBiOAcc, we choose δ as 2, u as 10000, Cη as 100, τ as 0.01,

eta as 1 and γ as 0.05.
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Figure 4.6: Results for the MiniImageNet Dataset. From Left to Right: 5-way-1-shot,
5-way-5-shot, 20-way-1-shot, 20-way-5-shot.
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Chapter 5: Resolving the Tug-of-War: A Separation of Communication

and Learning in Federated Learning

5.1 Introduction

In Federated Learning (FL) [92], a set of clients jointly solve a machine learning task

under the coordination of a central server. The process of FL involves two category of

operations: Learning and Communication. For the learning operation, each client opti-

mizes their local objectives, and for the communication operation, clients exchange local

parameters to facilitate knowledge sharing. In the existing FL pipeline, both Learning

and Communication operations hinge on the same set of parameters. However, these two

operations have fundamentally divergent requirements, akin to two teams engaged in a

tug-of-war, each pulling in opposite directions. In fact, on the communication side, it is

imperative that the parameters of all clients reside in a uniform space. Moreover, to miti-

gate the high communication costs, a major bottleneck in FL, it is beneficial to maintain

these parameters within a low-dimensional space. In contrast, on the learning side, given

the heterogeneity of devices, including variations in hardware and data distribution, it is

advantageous to allow the parameter space to differ across clients. Furthermore, to accom-

modate the implementation of state-of-the-art large-scale machine learning models (such as
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Transformers [121]), a high-dimensional parameter space is desirable. In summary, a huge

discrepancy of requirements to parameter selection exists between the communication and

the learning in FL.

To mitigate this discrepancy, we opt to ‘break the rope’ in this tug-of-war scenario.

More precisely, we propose a two-layer structure on clients: a communication layer and a

learning layer. As shown in Figure 5.1, we denote this framework as FedSep: The com-

munication layer connects with the server and uploads/downloads parameter, while the

learning layer performs local objective optimization. Then the communication layer and

the learning layer are connected through encode/decode operations. The decode operation

maps the parameter of the communication layer to the parameter of the learning layer and

the encode operation performs the mapping in the opposite direction. More specifically,

we formulate the decode operation as solving a minimization problem and does not assume

an explicit relation between the parameter of communication layer and the parameter of

the learning layer. In summary, we aim to use two distinct sets of parameters in FedSep to

resolve the ‘competition’ between the communication and learning operations, meanwhile,

the two set of parameters are close connected through decode/encode operations. Math-

ematically, FedSep can be formulated as solving a federated bilevel problem. The upper

level problem corresponds to the learning problems on clients, while the lower level problem

is the minimization problem in the decode operation. We propose an efficient algorithm

to solve this bilevel problem, which is composed of three consecutive steps: Decode the

communication parameter, Learning on local problems and Encode the learning parameter

to the communication parameter. The convergence of the algorithm is guaranteed.
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Figure 5.1: The structure of FedSep. FedSep
follows the one-server-multiple-clients struc-
ture, in particular, each client has two lay-
ers: the communication layer and the learning
layer. The two layers are connected through
the decode and encode operations.

To demonstrate the flexibility of Fed-

Sep in incorporating the contradictory

requirements of the communication and

learning, we study two real-world FL

tasks. In the first task, we study the

communication-efficient FL task. In this

task, we set the dimension of the communi-

cation parameter to be much smaller than

the learning parameter, furthermore, we de-

code the communication parameter through

a LASSO problem. In the second task, we study the model-heterogeneous FL task. In this

task, the learning parameters on different clients have different dimension. We set the com-

munication parameter to be the parameter of the server model, and the learning parameter

be a subset of the communication parameter (server model). In particular, the decode

operation is to select the subset adaptively based on the client’s local data. We empirically

verify the superior performance of our methods compared to other baselines. Finally, we

summarize the main contributions of our work as follows:

1. We propose a novel two-layer Federated Learning framework, i.e. FedSep, where the

communication layer and the learning layer are separated on clients;

2. We let the decode operation from the communication layer to the learning layer

be solving a minimization problem, and therefore, the FedSep framework has a

bilevel optimization formulation. We propose an efficient algorithm to solve the bilevel
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problem and show that its convergence rate matches that of the standard Federated

Learning algorithms;

3. We apply the FedSep framework to solve two important FL tasks: Communication-

Efficient FL and Model-Heterogeneous FL. Numerical experiments show the superior

performance of the methods based on FedSep.

Notations. ∇ denotes the full gradient, ∇x is the partial derivative for variable x, and

higher-order derivatives follow similar rules. || · ||2 is ℓ2-norm for vectors and the spectral

norm for matrices. AB denotes the multiplication of the matrix between the matrix A and

B. [K] represents the sequence of integers from 1 to K.

5.2 Related Works

Federated Learning. FL is a promising paradigm for performing machine learning tasks

on distributed located data. Compared to traditional distributed learning in the data

center, FL poses new challenges such as heterogeneity [96, 113, 115, 116], privacy [92, 122,

123] and communication bottleneck [124, 125, 126, 127, 128]. In particular, communication

cost is one of the major bottlenecks in FL. A widely used approach to reduce communication

burden is through compression: clients compress parameters before transmitting to the

server. Various compressors [124, 125, 126, 127] have been studied in the literature. In

particular, the local Top-K compressor selects the K largest coordinates of the parameter to

transmit. From the view of FedSep: the vector of Top-K coordinates is the communication

parameter, while the encode operation is finding these coordinates. Count Sketch [129]

based compressors [128, 130] are also widely studied. Since the count sketch is linear,
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from the point of view of FedSep: count sketch performs a linear mapping between the

communication parameter and the learning parameter. Next, model-heterogeneous FL

is also studied to solve the device heterogeneity issue. There are two main categories

of heterogeneous model methods: knowledge-distillation (KD) [131, 132, 133] based and

partial-training (PT) [134, 135, 136] based. KD-based methods treat the server model as

the teacher and the clients’ model as the student. A disadvantage of this category is the

dependence on a public dataset. In contrast, PT-based methods select a subset of the

server model for each client, and in the aggregation phase, the server simply aggregates the

updated sub-models. We also develop a PT-based method where we select the sub-models

adaptively based on the clients’ local data.

Bilevel Optimization. Bilevel problem is a type of two-layer optimization problem. It

includes an upper-level problem and a lower-level problem, and the upper-level problem

relies on the solution of the lower-level problems. The study of bilevel problems dates

back at least to the 1960s [16] and is followed by [8, 17, 18, 19]. In the machine learning

community, Hyper-parameter Optimization problems [20, 21, 22, 23] are one of the most

studied bilevel problems. Early bilevel optimization algorithms solved the lower problem

exactly to update the upper variable. Recently, researchers developed algorithms that solve

the lower problem approximately with a fixed number of steps and use the back-propagation

technique to compute the approximate hyper-gradient [24, 25, 26, 27, 28]. More recently,

single-loop algorithms [6, 11, 12, 13, 14, 15, 32, 33, 58, 65] based on alternative updates of

lower and upper level problems are proposed. However, less work studies bilevel problems

under the federated setting. [99, 100, 137] studies a type of federated bilevel problems where

the lower level problems are federated. In particular, [99] solves the noisy label problem in
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FL. Note that our FedSep is formulated as a type of federated bilevel problems, however,

our problem is different from that in [99, 100], as our problem has a unique lower problem

for each client.

5.3 Separating Communication and Learning in Federated Learning

In this section, we propose FedSep, a novel two-layer Federated Learning Framework.

As shown in Figure 5.1, FedSep has the one-server-multiple-clients structure as in the

classical Federated learning framework, we assume M clients in the training. The difference

between the FedSep and classical FL framework lies in the client. Different from the classical

FL, FedSep includes two separated layers on clients: a communication layer and a learning

layer. The two layers have different responsibilities. As the name shows, the learning layer

is responsible of finishing the learning task, e.g. fitting a neural network over a dataset.

We assume that the learning layer on client m ∈ [M ] has parameter y(m) ∈ R
d(m)

. Note

that the choice of y(m) should be adapted to the specific setting of each client, such as

the data distribution, hardware resources etc.. Next, the communication layer performs

communication with the server (other clients), which includes the upload and download

operations. We assume the communication layer on client m has parameter x ∈ R
p. Note

that the parameter of communication layer has identical formulation for all clients. Finally,

the communication layer and the learning layer are connected through the encode and

decode operations.

To model the various potential relationship between the communication and learning

layer, we abstract the decode operation as solving a minimization problem, and the encode
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Algorithm 11 Separating Communication and Learning in FL (FedSep)

1: Input: Initial states x1; learning rates γ, η; mini-batchsize bx, by

2: for t = 1 to T do
3: Randomly sample a subset Mt of clients;
4: for m ∈ Mt in parallel do
5: // Decode stage, estimate y(m)

x = Dec(m){x};

6: Receive the global state xt from the server and set x(m) = xt, and initialize y
(m)
0 ;

7: for i = 1 to Idec do
8: Randomly sample a minibatch of by samples By;

9: y
(m)
i = y

(m)
i−1 − γ∇yg

(m)(x(m), y
(m)
i−1 ,By)

10: end for
11: Set ŷ

(m)
0 = y

(m)
Idec

as the estimation of Dec(m)(x(m));

12: // Learning stage, optimize f (m)(y);
13: for i = 1 to I do
14: Randomly sample a minibatch of by samples Bŷ;

15: ŷ
(m)
i = ŷ

(m)
i−1 − η∇f (m)(ŷ

(m)
i−1 ; Bŷ);

16: end for
17: // Encode stage, encode the update of the learning layer back to the communica-

tion layer;

18: Set ∆ŷ(m) = ŷ
(m)
I − ŷ

(m)
0 and compute ∆x̂

(m)
t = Ẽnc

(m){∆ŷ(m)}, where Ẽnc
(m){·}

is defined in Eq. (5.3) and we choose |Bx| = bx.
19: end for
20: xt+1 = xt − 1

|Mt|
∑

m∈Mt
ηg∆x̂

(m)
t

21: end for

operation be its reverse operation. As a result, we have the following bilevel formulation

for the FedSep framework.

min
x∈Rp

h(x) :=
1

M

M∑

m=1

h(m)(x) :=
1

M

M∑

m=1

f (m)(y(m)
x ), y(m)

x = arg min
y(m)∈Rd(m)

g(m)(x, y(m)) (5.1)

In Eq. (5.1), M is the number of clients; f (m)(y),m ∈ [M ] denotes the local problem solved

by the client m; g(m)(x, y) is the minimization problem solved in the decode operation by

the client m; x is the parameter of the communication layer; y(m) denotes the parameter

of the learning layer on the client m.

Next, we propose a three-stage algorithm to solve Eq. (5.1). As shown by Algo-
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rithm 11, we perform T global steps, and at each step t ∈ T , we randomly choose a subset

of clients Mt to perform the training and then the server performs aggregation. The Client

training is divided into three stages: Decode stage (lines 7-12), Learning stage (lines

14-17), and Encode Stage (line 19).

Decode Stage. In Eq. (5.1), the decode operation solves the lower optimization

problem g(m)(x, y) to obtain y(m)
x . We denote the decode operator on the mth client by

Dec(m){·}, thus we have: y(m)
x = Dec(m){x}. In Algorithm 11, we solve g(m)(x, y) approxi-

mately with Idec steps of stochastic gradient descent (Line 8-11) and use the output as an

approximation of y(m)
x , i.e.. y

(m)
Idec

= D̃ec
(m)

(x(m)) ≈ y(m)
x , where D̃ec

(m)
(·) represents the

approximation of the exact decoder Dec(m){·}.

Learning Stage. Next, we perform I steps of stochastic gradient descent to solve

the local learning problem f (m)(y) (Line 14 - 17). This stage is similar to the local gradients

in classical FL framework. Note we get ŷ
(m)
I as the updated learning parameter y(m), more

formally, we use ∆ŷ(m) = ŷ
(m)
I − ŷ

(m)
0 = ŷ

(m)
I − y

(m)
Idec

to represent the update in the learning

stage.

Encode Stage. After the learning stage, we get the update of the local learning problem

∆ŷ(m). Suppose we denote the encode operator Enc(m){·}, then we get the update of the

communication parameter as ∆x̂(m) = Enc(m)(∆ŷ(m)) (Line 19). In particular, we choose

the following encode operator:

Enc(m){·} := −∇xy
(m)
x = ∇xyg

(m)(x, y(m)
x )

(
∇yyg

(m)(x, y(m)
x )

)−1
(5.2)

where y(m)
x = Dec(m)(x) is the output of the exact decode operation and the second equal-
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ity can be derived following the implicit function theorem under mild assumptions [6].

To reduce the computation complexity, we use Neumann series to approximate the in-

verse operation in Eq. (5.2). More specifically, we have the following approximation:

(
∇yyg

(m)(x, y)
)−1 ≈ τ

∑Q
q=0(I−τ∇yyg

(m)(x, y))q, where Q and τ are some constants. Since

in the decode stage, we use y(m)
x ≈ y

(m)
Idec

, we get a stochastic approximation of Eq. (5.2) as:

Ẽnc
(m){·} :=

Q∑

q=0

τ∇xyg
(m)(x, y

(m)
Idec

; Bx)(I − τ∇yyg
(m)(x, y

(m)
Idec

; Bx))q (5.3)

Remark 115. We use Eq. (5.2) as the encode operator due to the following fact about the

hyper-gradient:

∇h(m)(x) = ∇xy
(m)
x (∇f (m)(y(m)

x ))

Note that suppose ∆ŷ(m) = −∇f (m)(y(m)
x ), which means the learning layer performs one

step of gradient descent with learning rate 1 in the learning stage of Algorithm 11, then

we have: ∇h(m)(x) = Enc{∆ŷ(m)} = ∆x(m). Therefore, we update the communication

parameter x such that it optimize the overall problem ∇h(m)(x).

Server Aggregation. Finally, the server aggregates the local updates of communi-

cation parameter ∆x̂(m),m ∈ Mt to get the new communication parameter as shown in

Line 21 of Algorithm 11.

Difference with existing bilevel algorithms. Bilevel optimization problems are

widely studied in the literature [6, 12]. However, FedSep cannot directly apply existing

algorithms. In a standard bilevel algorithm, each step of update to the upper level variable
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requires (approximately) solving of the corresponding lower level problem. However, in

each epoch of FedSep, we only solve the lower level problem once and perform multiple

steps of update to the upper level variable.

5.3.1 Convergence Analysis

In this section, we provide the convergence analysis of Algorithm 11. Before we state

the convergence result, we first make the following assumptions.

Assumption 116. Function f (m)(y) is possibly non-convex and g(m)(x, y) is µ-strongly

convex w.r.t y for any given x.

Assumption 117. Function f (m)(y) is L-smooth and has Cf -bounded gradient.

Assumption 118. Function g(m)(x, y) is L-smooth; ∇xyg
(m)(x, y) and ∇y2g(m)(x, y) are

Lipschitz continuous with constants Lxy and Ly2, respectively.

Assumption 119. We have unbiased stochastic first-order and second-order gradient oracle

with bounded variance.

Note that Assumption 116-Assumption 118 are standard assumptions used to analyze

bilevel problems [6, 12]. Assumption 119 is standard in analyzing stochastic optimization

problems. For a full version of Assumption 119, please refer to Assumption C.1 in the

Appendix.

In the learning stage of Algorithm 11, we perform I steps of updates to optimize the

learning problem, and the update has the form of: ∆ŷ(m) = ŷ
(m)
I −ŷ(m)

0 =
∑I−1

i=0 −η∇f (m)(ŷ
(m)
i ; Bŷ),

therefore we have: ∆x̂
(m)
t = Ẽnc

(m){∆ŷ(m)} =
∑I−1

i=0 ηẼnc
(m){−∇f (m)(ŷ

(m)
i ; Bŷ)}. We de-
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note ∆x̂
(m)
t,i = Ẽnc

(m){∇f (m)(ŷ
(m)
i ; Bŷ)}. Then the main effort of the proof is bound-

ing the estimation error of ∆x̂
(m)
t,i to the hyper-gradient ∇h(m)(x).

More specifically, we first show that ∆x̂
(m)
t,i estimates a term µ

(m)
i with bounded vari-

ance and bias as stated in the following proposition:

Proposition 120. Suppose Assumptions 116-118 and 119 hold and τ < 1
L

, we have

∥Eξ[∆x̂
(m)
t,i ]−µ(m)

i ∥ ≤ G1, where µ
(m)
i = −∇xyg

(m)(x, y
(m)
Idec

)
(
∇yyg

(m)(x, y
(m)
Idec

)
)−1∇f (m)(ŷ

(m)
i ),

and E∥∆x̂
(m)
t,i −Eξ[∆x̂

(m)
t,i ]∥2 ≤ G2

2. G1 and G2 are some constants related to Q in Eq. (5.3)

and mini-batch size.

Please refer to Proposition C.3 for the specific form of the constants in Proposi-

tion 120. Next, we have that µ
(m)
i ≈ ∇h(m)(x) as shown in the following proposition:

Proposition 121. Suppose Assumptions 117 and 118 hold, the following statements hold:

a) ∥µ(m)
i − ∇h(m)(x)∥2 ≤ 2L̂2∥y(m)

Idec
− y(m)

x ∥2 + 2κ2L2∥ŷ(m)
i − y(m)

x ∥2, where L̂ = O(κ2).

b) h(m)(x) is Lipschitz continuous in x with constant L̄ i.e., for any given x1, x2 ∈ R
p,

we have ∥∇h(m)(x2) − ∇h(m)(x1)∥2 ≤ L̄2∥x2 − x1∥, where L̄ = O(κ3).

where we denote the condition number as κ = L/µ.

Please refer to Proposition C.2 for the proof. Proposition 121 shows that µ
(m)
i esti-

mates the true hyper-gradient ∇h(m)(x) with two types of errors: the estimation error of

the decode operation (∥y(m)
Idec

−y(m)
x ∥2) and the drift of the learning process (∥ŷ(m)

i −y(m)
x ∥2),

where Lemma C.4 and Lemma C.5 show bounds for these two errors. Furthermore, Propo-

sition 121.b) shows that h(m)(x) is smooth. Next, we are ready to show the convergence of

Algorithm 11:
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Theorem 122. Suppose Assumptions 116-119 hold, and we run T iterations of Algo-

rithm 11, with the learning rates satisfy γ < 1
L

, ηηg <
1

2IL̄
, then we have:

1

T

T∑

t=1

(
E∥∇h(xt)∥2 +

1

2I

I∑

i=1

E∥Eξ[∆̄x̂t,i]∥2

)

≤ 2h(x1)

TIηηg

+
ηηgL̄G

2
2

bxM
+ 12I2κ2L2η2Cf +

4I2κ2L2η2σ2

by

+
4(3κ2L2 + L̂2)γσ2

µby

+ 2G2
1 + 2(3κ2L2 + L̂2)(1 − µγ)IdecC0

where the expectation Eξ is w.r.t the noise of stochastic gradient. bx, by denotes the batch

size, and G1, G2 and C0 are some constants.

Please refer to Theorem C.8 in the Appendix for the proof. We can further control

the noise terms in Theorem 122 by choosing the learning rates carefully:

Corollary 123. Suppose we choose the learning rates as γ = min( 1
2L
, ( 1

CγT
)1/2), η =

min

(
1,

(
8IbxML̄h(x1)

T G2
2

)1/2

,
(

4L̄h(x1)
CηI2T

)1/3
)

and ηg = 1
2IL̄

, then we have:

1

T

T∑

t=1

E

(
∥∇h(xt)∥2 +

1

2I

I∑

i=1

∥Eξ[∆̄x̂t,i]∥2
)

= O


κ

3

T
+

(
κ5

T

)1/2

+

(
κ6

T 2

)1/3

+ G̃




where G̃ = κ2(1 − τµ)2(Q+1) + κ4(1 − µγ)Idec, Cη and Cγ are some constants.

To reach an ϵ stationary point, we need to run Algorithm 11 with T = O(κ5ϵ−2)

number of iterations, furthermore, we need Q = O(κ log
(

κ
ϵ

)
), Idec = O(κ log

(
κ
ϵ

)
). Note

that this matches the iteration complexity of standard FL algorithms [118] up to some

logarithm factors (Q and Idec). Note that Corollary 123 shows that the following term

converges to 0: E∥∇h(xt)∥2 + 1
2I

∑I
i=1 E∥Eξ[∆̄x̂t,i]∥2. In fact, for the first term, it shows
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that xt reaches to a stationary point of the bilevel problem h(x), meanwhile, since we have:

Eξ[∆̄x̂t,i] =
1

M

M∑

m=1

Q∑

q=0

τ∇xyg
(m)(x, y

(m)
Idec

) × (I − τ∇yyg
(m)(x, y

(m)
Idec

))q∇f (m)(ŷ
(m)
i )

Therefore, if ∥∇xyg
(m)(x, y)∥ is lower-bounded and ∥∇yyg

(m)(x, y)∥ is upper-bounded, we

also get the learning parameter ŷ
(m)
i converges to the stationary point of the local learning

problem f (m)(y).

5.4 Application of FedSep to Real-world FL Problems

In FedSep, the separation of the communication layer and the learning layer makes

it able to solve various challenges in Federated Learning. In this section, we apply FedSep

to solve two challenging problems in Federated Learning: communication-efficient FL and

model-heterogeneous FL.

5.4.1 Communication-efficient Federated Learning

Communication-cost is one of the major bottlenecks in Federated Learning due to

slow connections between clients and the server. In Federated Learning, compression is

commonly employed to mitigate communication costs, where clients compress the local

updates before transferring to the server. A common compressor is choosing the Top-K

coordinates, however, this approach is only good at reducing the upload communication

cost. Since clients have different Top-K coordinates, the aggregated updates are often

dense. More complicated approaches can save both upload and download communication

cost, such as the Count-sketch based compressor [130]. In fact, we can develop a simple
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yet effective approach to reduce the communication cost based on FedSep.

In our FedSep framework, suppose we have the learning parameter θ ∈ R
d, and the

communication parameter ω ∈ R
p. We choose p ≪ d to have a communication efficient

federated learning algorithm. More specifically, we consider the following formulation:

min
ω∈Rp

1

M

M∑

m=1

L(θ(m)
ω ; D(m)

tr ) s.t. θ(m)
ω = arg min

θ∈Rd

1

2

∥∥∥S(m)θ − ω
∥∥∥

2

2
+ β

∥∥∥θ
∥∥∥

1
(5.4)

where D(m)
tr denotes the training distribution of the mth client; L(·) denotes the loss func-

tion. In particular, S(m) ∈ R
p×d (p ≪ d) is a random sketch matrix whose coordinates

are sampled from Gaussian distribution. We choose the quadratic optimization problem

(LASSO) as the decode function.

Eq. (5.4) is a special case of Eq. (5.1): θ corresponds to the learning parameter y,

ω corresponds to the communication parameter x, L(θ; D(m)
tr ) corresponds to the learning

problem f (m)(y) and the decoding problem is a LASSO problem. We can solve it through

Algorithm 11.

The LASSO problem of the decode operation involves a non-smooth L1 regularization

term and we solve it with the standard proximal gradient method [138]. For the encode

operation, we have:

Enc(m){·} = −∇ωθ
(m)
ω = γS(m)U

(
I −

(
I − γ(S(m))TS(m)

)
U
)−1

(5.5)

where I is the identity matrix and U = Diag{Iγβ(θ(m)
ω + γ(S(m))T (ω − S(m)θ(m)

ω ))} where

Iγβ(·) is an indicator operator, which outputs 1 if the absolute value of the input is greater
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than γβ. Please refer to Appendix A.1 for more details of the proximal gradient method

and the encode operator.

Remark 124. If we set β = 0 in Eq. (5.4), i.e. we remove the sparsity constraints, both

encode and decode operators have explicit solutions. More specifically, we have the de-

code operator Dec(m){·} :=
(
(S(m))TS(m)

)−1
(S(m))T and the encode operator Enc(m){·} :=

S(m)
(
(S(m))TS(m)

)−1
. If we choose S(m) = S for all m ∈ [M ], we get a linear compressor.

5.4.2 Model-Heterogeneous Federated Learning

In practical Federated Learning applications, the scale of the model is inherently

limited by the on-device resources of the participating clients, which often exhibit significant

diversity. As a result, we can choose different scale of models based on the available

resources of each individual client. One widely-used approach is the sub-model extraction,

i.e. each client selects a part of the server model to perform local training. Different

strategies can be used to do extraction: fixed [134, 139], random [135] and roll [136]. In

contrast, we provide a data-dependent approach to select the sub-models. As shown by the

following formulation:

min
ω∈Rp

1

M

M∑

m=1

L(θ(m)
ω ; D(m)

tr ) (5.6)

s.t. θ(m)
ω = a(m)

ω ⊙ ω, a(m)
ω = arg min

a∈{0,1}p

L(a⊙ ω; D(m)
val ) + βR(T (a), p(m)Ttol)

where D(m)
tr denotes the training distribution; L(·) denotes the loss function and θ and ω

are the learning parameter. Note that ω denotes the parameter of the full model and θ is
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the parameter of the sub-model. In particular, we denote a mask vector a(m)
ω , whose value

is from {0, 1}. ⊙ represents the coordinate-wise multiplication.

For the decode operation, we have θ(m)
ω = a(m)

ω ⊙ω. So we first need to find an optimal

mask a(m)
ω , instead of solving the complicated integer programming as in Eq. (5.6), we solve

the following relaxed continuous problem:

a(m)
ω = arg min

a∈[0,1]p
L(a⊙ ω; D(m)

val ) + βR(T (a), p(m)Ttol) (5.7)

Eq. (5.7) includes two parts. L(a ⊙ ω; D(m)
val ) measures the loss of the extracted sub-

model over D(m)
val . The second part R(T (a), p(m)Ttol) is called resource loss [140]. Ttol

denotes FLOPS of the server model and T (a) denotes FLOPS of the sub-model. There-

fore, p(m) ∈ [0, 1] controls the size of the sub-model. Following [140], we choose R(·)

as: R(T (a), p(m)Ttol) = log
(
max(T (a), p(m)Ttol)/p

(m)Ttol

)
. In summary, we choose the

’best’ sub-model which keeps the loss value small and meanwhile, satisfies the FLOPS

constraint. Note that this is in contrast to the data-independent sub-model selection meth-

ods [134, 135, 136].

Next for the encode operator Enc{·}, we follow the definition of Eq. (5.2) to have:

Enc(m){·} = −∇ωθ
(m)
ω = −∇ω

(
a(m)

ω ⊙ ω
)

= −Diag{a(m)
ω } −Diag{ω}∇ωa

(m)
ω (5.8)

Where the last equality follows from the chain rule. Finally, combine Eq. (5.7) and Eq. (5.8),

we can solve Eq. (5.6) with Algorithm 11.

Remark 125. For the encode operator Eq. (5.8), we have Enc(m)(·) ≈ −Diag{a(m)
ω } by
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omitting the second term in Eq. (5.8), where ∆θ denotes the updates to the sub-model θ.

As shown in Line 21 of Algorithm 11, we have the update of the server model be ∆ω =

1
|Mt|

∑
m∈Mt

ηgDiag{a(m)
ω }∆θ. In other words, the server simply aggregates the updates of

the sub-model, this is the aggregation rule widely used in the partial training literature [134,

135, 136].

5.5 Numerical Experiments

In this section, we perform numerical experiments to validate the efficacy of FedSep

in solving communication-efficient FL and model-heterogeneous FL as discussed in Sec-

tion 5.4. The code is written with Pytorch [141], and the Federated Learning environment

is simulated via Pytorch.Distributed Package. We used servers with AMD EPYC 7763

64-core CPU and 8 NVIDIA V100 GPUs to run our experiments.

5.5.1 Experiments for Communication-Efficient Federated Learning

In this section, we provide numerical experiments for the communication-efficient FL

task discussed in Section 5.4.1. We first introduce the experimental settings.

Dataset. We consider MNIST [52] and CIFAR-10 [142] in our experiments. We create the

federated version of these datasets by evenly distributing the training samples among 10

clients. We consider an I.I.D setting and a Non-I.I.D setting. For the I.I.D setting, each

client has data samples from all 10 classes, while for the Non-I.I.D setting, each client only

has data samples from 2 classes.

Model. For experiments related to MNIST, we use a four-layer convolutional neural
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Figure 5.2: Test Accuracy w.r.t Communication Rate for FedSep and other baseline meth-
ods for MNIST Dataset. The first two plots show results under the I.I.D case, and the last
two plots show results for the Non-I.I.D case. p in the second and the fourth plot is the
dimension of the communication parameter. The local learning steps are set as I = 5.

network. The first three layers contain 32 kernels of size 3×3 and the fourth layer contains

32 kernels of size 2×2. For the experiments related to CIFAR-10, we increase the number

of kernels to 64. The total number of parameters of the model is around 105. For the sketch

matrix S(m) of our FedSep, we let all clients choose the same sketch matrix, and we test the

dimension of the communication parameter p ∈ {10, 100, 500, 1000, 2000, 5000, 10000, 20000}.

Baselines and Hyper-parameters. For baselines, we first compare with the un-

compressed baseline (the communication parameter and the learning parameter are in the

same dimension); Next we compare with the local Top-K compressor (with error feed-

back [143]) and the Count-Sketch compressor [130]. Please refer to the Appendix for the

hyper-parameter selection of FedSep and baselines.

The experimental results are summarized in Figure 5.2 for MNIST (Figure 3 in the

Appendix for CIFAR-10). As shown by the figures, FedSep outperforms other baselines.

In particular, our FedSep achieves much better performance in the high-compression-rate

regime and can get similar performance as other baselines in the low-compression-rate

regime. Please refer to the Appendix for more ablation studies.
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Table 5.1: Test accuracy comparison between FedSep with other model hetero-
geneous FL baseline methods. High data heterogeneity represents K = 2 for CIFAR-10
and K = 20 for CIFAR-100; Lower data heterogeneity represents K = 5 for CIFAR-10 and
K = 50 for CIFAR-100.

Method
High Data Heterogeneity Low Data Heterogeneity

CIFAR-10 CIFAR-100 CIFAR-10 CIFAR-100

KD-based
FedDF [131] 73.81 (± 0.42) 31.87 (± 0.46) 76.55 (± 0.32) 37.87 (± 0.31)
DS-FL [132] 65.27 (± 0.53) 29.12 (± 0.51) 68.44 (± 0.47) 33.56 (± 0.55)
Fed-ET [133] 78.66 (± 0.31) 35.78 (± 0.45) 81.13 (± 0.28) 41.58 (± 0.36)

PT-based
HeteroFL [134] 63.90 (± 2.74) 52.38 (± 0.80) 73.19 (± 1.71) 57.44 (± 0.42)
Federated Dropout [135] 46.64 (± 3.05) 45.07 (± 0.07) 76.20 (± 2.53) 46.40 (± 0.21)
ZeroFL [144] 64.61 (± 2.18) 51.39 (± 0.45) 83.31 (± 0.78) 53.62 (± 0.51)
FedDST [145] 67.65 (± 1.27) 54.21 (± 0.34) 84.57 (± 0.28) 54.97 (± 0.44)
Flash [139] 67.08 (± 1.46) 54.92 (± 0.29) 84.61 (± 0.37) 55.04 (± 0.32)
FedRolex [136] 69.44 (± 1.50) 56.57 (± 0.15) 84.45 (± 0.36) 58.73 (± 0.33)
FedSep (Ours) 71.13 (± 0.94) 58.16 (± 0.25) 84.61 (± 0.37) 61.41 (± 0.29)

Homogeneous (smallest) 38.82 (± 0.88) 12.69 (± 0.50) 46.86 (± 0.54) 19.70 (± 0.34)
Homogeneous (largest) 75.74 (± 0.42) 60.89 (± 0.60) 84.48 (± 0.58) 62.51 (± 0.20)

5.5.2 Experiments for Model-Heterogeneous Federated Learning

In this section, we provide numerical experiments for the task of a model-heterogeneous

FL task discussed in Section 5.4.2. First, we introduce the experimental settings.

Dataset. We consider CIFAR-10 and CIFAR-100 [142] in our experiments. We

create Federated datasets by evenly distributing images among clients; we have 100 clients

in our experiments. We create data heterogeneity by controlling the number of classes K

a client can have [136]. For CIFAR-10, we test K ∈ {2, 4, 5, 8}, while for CIFAR-100, we

test K ∈ {5, 10, 20, 50}. Note that smaller values of K mean higher heterogeneity of the

data. For FedSep, the validation and training set are the same.

Model. We choose ResNet-18 [146] in the experiments. Following the setting in [134,

136], we replace the batch normalization layer with static batch normalization and add a

scalar module after each convolution layer. Instead of using the coordinate mask as defined

in Eq. (5.6), we select kernels in each convolutional layer of ResNet-18; furthermore, we
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parameterize the mask a with a neural network HN(ϕ) [140], i.e. a = HN(ϕ); finally, we

reuse the masks and only update the masks every two epochs, this stabilizes the training.

This reduces the dimension of a that we need to optimize. In experiments, the size of

the submodel p (Eq. (5.6)) of a client is randomly chosen from {1, 0.5, 0.25, 0.125, 0.0625},

where the ratio p is w.r.t the server model. For our FedSep, after optimizing Eq. (5.7),

we select the top p percent kernels of each convolutional layer by the value of the leaned

mask a, and then we only use the selected kernels to perform the training. In the encode

operation, we only evaluate the first term of Eq. (5.8) as stated in Remark 125.

Baselines and Hyper-parameters. We compare with both state-of-the-art Knowl-

edge Distillation-based methods: FedDF [131], DS-FL [132] and Fed-ET [133], and Partial

Training Based methods: HeteroFL [134], ZeroFL [144], Federated Dropout [135], Fed-

DST [145], Flash [139] and FedRolex [136]. Fjord [147] gets similar performance as Het-

eroFL, so we do not include it in the comparision. For ZeroFL, FedDST and Flash, we

consider their heterogeneous-model version by varying the compression rate among clients.

The experimental results are summarized in Table 5.1. As shown in the table, our Fed-

Sep gets comparable performance with the Knowledge Distillation based methods, which

needs additional public data, furthermore, FedSep outperforms the partial training based

methods, including the state-of-the-art FedRolex [136] method. This result shows the ef-

fectiveness of the adaptive sub-model extraction strategy used by our FedSep. Our method

chooses the most important part of the model at each step for clients, thus our method con-

verges faster than other data-independent methods. For more experimental results, please

refer to the Appendix.
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5.6 Proof of Theorems

In this section, we present the proofs for Algorithm 11. First, we denote some notation

for clarity. Recall that we denote ∆ŷ(m) = ŷ
(m)
I − ŷ

(m)
0 =

∑I−1
i=0 −η∇f (m)(ŷ

(m)
i ; Bŷ) to be the

update of the learning problem on client m. Then we denote µ
(m)
i as:

µ
(m)
i = −∇xyg

(m)(x, y
(m)
Idec

)
(
∇yyg

(m)(x, y
(m)
Idec

)
)−1∇f (m)(ŷ

(m)
i )

and denote µ(m) as:

µ(m) = −∇xyg
(m)(x, y

(m)
Idec

)
(
∇yyg

(m)(x, y
(m)
Idec

)
)−1

∆ŷ(m)

while in Algorithm 11, we use the stochastic encoder Ẽnc{·} to compute ∆x̂
(m)
t ,

∆x̂
(m)
t =

Q∑

q=0

τ∇xyg
(m)(x, y

(m)
Idec

; Bx)(I − τ∇yyg
(m)(x, y

(m)
Idec

; Bx))q∆ŷ(m)

Since x(m) is not updated during local steps, we omit the superscript when clear from the

context. We further denote ∆x̂
(m)
t,i as

∆x̂
(m)
t,i = −

Q∑

q=0

τ∇xyg
(m)(x, y

(m)
Idec

; Bx)(I − τ∇yyg
(m)(x, y

(m)
Idec

; Bx))q∇f (m)(ŷ
(m)
i ; Bŷ)

Lastly, recall the hyper-gradient of h(m)(x) has the form of:

∇h(m)(x) = −∇xyg
(m)(x, y(m)

x )
(
∇yyg

(m)(x, y(m)
x )

)−1∇f (m)(y(m)
x )
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Assumption 126 (Assumption 4). We have unbiased stochastic first order and second

order derivative oracle with bounded variance, more specifically, denote z = (x, y), we

have:

a) we have ∇f (m)(y; ξ), such that: E[∇f (m)(y; ξ)] = ∇f (m)(y)

and var(∇f (m)(y; ξ)) ≤ σ2;

b) we have ∇g(m)(z; ξ), such that: E[∇g(m)(z; ξ)] = ∇g(m)(z)

and var(∇g(m)(z; ξ)) ≤ σ2;

c) we have ∇y2g(m)(z, ξ), such that: E[∇y2g(m)(z; ξ)] = ∇y2g(m)(z)

and var(∇y2g(m)(z; ξ)) ≤ σ2;

d) we have ∇xyg
(m)(z; ξ), such that: E[∇xyg

(m)(z; ξ)] = ∇xyg
(m)(z)

and var(∇xyg
(m)(z; ξ)) ≤ σ2;

Proposition 127. Suppose Assumptions 117 and 118 hold, the following statements hold:

a) ∥µ(m)
i − ∇h(m)(x)∥2 ≤ 2L̂2∥y(m)

Idec
− y(m)

x ∥2 + 2κ2L2∥ŷ(m)
i − y(m)

x ∥2, where L̂ = O(κ2).

b) h(m)(x) is Lipschitz continuous in x with constant L̄ i.e., for any given x1, x2 ∈ R
p,

we have ∥∇h(m)(x2) − ∇h(m)(x1)∥2 ≤ L̄2∥x2 − x1∥ where L̄ = O(κ3).

where we denote the condition number as κ = L/µ.

Proof. We prove the Part a) here. Proof of b) and can be referred in Lemma 2.2 of [6].

∥µ(m)
i − ∇h(m)(x)∥

=

∥∥∥∥∥∇xyg(x, y
(m)
Idec

)

(
∇yyg(x, y

(m)
Idec

)

)−1

∇f (m)(ŷ
(m)
i )
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− ∇xyg(x, y(m)
x )

(
∇yyg(x, y(m)

x )

)−1

∇f (m)(y(m)
x )

∥∥∥∥∥

≤
∥∥∥∥∥∇xyg(x, y

(m)
Idec

) − ∇xyg(x, y(m)
x )

∥∥∥∥∥

∥∥∥∥∥

(
∇yyg(x, y(m)

x )

)−1

∇f (m)(ŷ
(m)
i )

∥∥∥∥∥

+

∥∥∥∥∥∇xyg(x, y(m)
x )

∥∥∥∥∥

∥∥∥∥∥

(
∇yyg(x, y

(m)
Idec

)

)−1

∇f (m)(ŷ
(m)
i ) −

(
∇yyg(x, y(m)

x )

)−1

∇f (m)(y(m)
x )

∥∥∥∥∥

≤ CfLxy

µ

∥∥∥∥∥y
(m)
Idec

− y(m)
x

∥∥∥∥∥+ L

∥∥∥∥∥

(
∇yyg(x, y

(m)
Idec

)

)−1

∇f (m)(ŷ
(m)
i ) −

(
∇yyg(x, y(m)

x )

)−1

∇f (m)(y(m)
x )

∥∥∥∥∥

≤ CfLxy

µ

∥∥∥∥∥y
(m)
Idec

− y(m)
x

∥∥∥∥∥+ CfL

∥∥∥∥∥

(
∇yyg(x, y

(m)
Idec

)

)−1

−
(

∇yyg(x, y(m)
x )

)−1∥∥∥∥∥

+ κ

∥∥∥∥∥∇f
(m)(ŷ

(m)
i ) − ∇f (m)(y(m)

x )

∥∥∥∥∥

≤
(
CfLxy

µ
+
κCfLyy

µ

)∥∥∥∥∥y
(m)
Idec

− y(m)
x

∥∥∥∥∥+ κ

∥∥∥∥∥∇f
(m)(ŷ

(m)
i ) − ∇f (m)(y(m)

x )

∥∥∥∥∥

Suppose we denote L̂ =

(
Cf Lxy

µ
+

κCf Lyy

µ

)
, then we have:

∥∥∥∥∥µ
(m)
i − ∇h(m)(x)

∥∥∥∥∥

2

≤ 2L̂2

∥∥∥∥∥y
(m)
Idec

− y(m)
x

∥∥∥∥∥

2

+ 2κ2

∥∥∥∥∥∆∇f (m)(ŷ
(m)
i ) − ∇yf(y(m)

x )

∥∥∥∥∥

2

which completes the proof.

Proposition 128. (Lemma 4 and 7 in [32]) Suppose Assumptions 117, 118 and 119 hold

and τ < 1
L

, we have

a) ∥Eξ[∆x̂
(m)
t,i ] − µ

(m)
i ∥ ≤ G1, where G1 = κ(1 − τµ)Q+1Cf

b) E∥∆x̂
(m)
t,i − Eξ[∆x̂

(m)
t,i ]∥2 ≤ G2

2, where G2
2 = (2C2

f + 12C2
fL

2τ 2(Q + 1)2 + 4C2
fL

2(Q +

2)(Q+ 1)2τ 4σ2)/bx

where we assume the mini-batch has |Bx| = bx
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5.6.1 Lower Problem Solution Error

Lemma 129. When γ < 1
L

, we have:

1

M

M∑

m=1

E

∥∥∥∥∥y
(m)
Idec

− y
(m)

x(m)

∥∥∥∥∥

2

≤ (1 − µγ)Idec

M

M∑

m=1

E

∥∥∥∥∥y
(m)
0 − y

(m)

x(m)

∥∥∥∥∥

2

+
2γσ2

µby

Proof. First, follow the property of the strong convex function, we have:

E

∥∥∥∥∥y
(m)
i − y

(m)

x(m)

∥∥∥∥∥

2

≤ (1 − µγ)E

∥∥∥∥∥y
(m)
i−1 − y

(m)

x(m)

∥∥∥∥∥

2

+
2γ2σ2

by

where we choose γ < 1/L. Next, we telescope from i = 1 → Idec to have

E

∥∥∥∥∥y
(m)
Idec

− y
(m)

x(m)

∥∥∥∥∥

2

≤ (1 − µγ)IdecE

∥∥∥∥∥y
(m)
0 − y

(m)

x(m)

∥∥∥∥∥

2

+
2γ2σ2

by

I∑

i=0

(1 − µγ)i

≤ (1 − µγ)IdecE

∥∥∥∥∥y
(m)
0 − y

(m)

x(m)

∥∥∥∥∥

2

+
2γσ2

µby

Average over all clients, we get the claim in the lemma.

Lemma 130. For I ≥ 1, than we have:

1

M

M∑

m=1

I∑

i=1

E∥ŷ(m)
i − y(m)

x ∥2

≤ 3I

M

M∑

m=1

E∥ŷ(m)
0 − y(m)

x ∥2 + 6I2η2 1

M

M∑

m=1

I∑

i=1

∥∇f (m)(ŷ
(m)
i )∥2 +

2I3η2σ2

by

Proof. By the update rule in Algorithm 11, we have:

E∥ŷ(m)
i − y(m)

x ∥2 = E∥ŷ(m)
i−1 − η∇f (m)(ŷ

(m)
i−1 ; Bŷ) − y(m)

x ∥2
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≤ (1 +
1

I
)E∥ŷ(m)

i−1 − y(m)
x ∥2 + (1 + I)η2∥∇f (m)(ŷ

(m)
i−1 ; Bŷ)∥2

≤ (1 +
1

I
)E∥ŷ(m)

i−1 − y(m)
x ∥2 + 2Iη2∥∇f (m)(ŷ

(m)
i−1 ; Bŷ)∥2

≤ (1 +
1

I
)E∥ŷ(m)

i−1 − y(m)
x ∥2 + 2Iη2∥∇f (m)(ŷ

(m)
i−1)∥2 +

2Iη2σ2

by

where the first inequality is by the generalized inequality. Next we telescope over i, to

obtain:

E∥ŷ(m)
i − y(m)

x ∥2 ≤
i∑

j=1

(1 +
1

I
)i−j

(
2Iη2∥∇f (m)(ŷ

(m)
j )∥2 +

2Iη2σ2

by

)
+ (1 +

1

I
)i
E∥ŷ(m)

0 − y(m)
x ∥2

≤ (1 +
1

I
)I

I∑

i=1

(
2Iη2∥∇f (m)(ŷ

(m)
i )∥2 +

2Iη2σ2

by

)
+ (1 +

1

I
)I
E∥ŷ(m)

0 − y(m)
x ∥2

≤ 3E∥ŷ(m)
0 − y(m)

x ∥2 + 6Iη2
I∑

i=1

∥∇f (m)(ŷ
(m)
i )∥2 +

2I2η2σ2

by

The third inequality uses the inequality log(1 + a/x) ≤ a/x for x > −a, so we have

(1 + a/x)x ≤ ea, Then we choose a = 1 and x = I. Finally, we use the fact that e ≤ 3. It

completes the proof by summing over all i.

5.6.2 Descent Lemma

Lemma 131. For all t ∈ [T ], the iterates generated satisfy:

E

∥∥∥∥∥∇h(xt) − Eξ[∆̄x̂t,i]

∥∥∥∥∥

2

≤ 1

M

M∑

m=1

(
2L̂2

E∥y(m)
Idec

− y(m)
x ∥2 + 2κ2L2

E∥ŷ(m)
i − y(m)

x ∥2

)
+ 2G2

1
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Proof. By definition of ∆̄x̂t,i, µ
(m)
t,i and ∇h(xt), we have:

E

∥∥∥∥∥∇h(xt) − Eξ[∆̄x̂t,i]

∥∥∥∥∥

2

(a)

≤ 1

M

M∑

m=1

E

∥∥∥∥∥Eξ[∆x̂
(m)
t ] − ∇h(m)(xt)

∥∥∥∥∥

2

≤ 2

M

M∑

m=1

E

[∥∥∥∥∥Eξ[∆x̂
(m)
t,i ] − µ

(m)
t,i

∥∥∥∥∥

2

+

∥∥∥∥∥µ
(m)
t,i − ∇h(m)(xt)

∥∥∥∥∥

2]

(b)

≤ 1

M

M∑

m=1

(
2L̂2

E∥y(m)
Idec

− y(m)
x ∥2 + 2κ2

E∥∇f (m)(ŷ
(m)
i ) − ∇f (m)(y(m)

x )∥2

)
+ 2G2

1

≤ 1

M

M∑

m=1

(
2L̂2

E∥y(m)
Idec

− y(m)
x ∥2 + 2κ2L2

E∥ŷ(m)
i − y(m)

x ∥2

)
+ 2G2

1

where inequality (a) follows the generalized triangle inequality; inequality (b) follows the

Proposition 127 and Proposition 128.

Lemma 132. Suppose ηηg ≤ 1
2IL̄

For t ∈ [T ], the iterates generated satisfy:

E[h(xt+1)] ≤ E[h(xt)] − Iηηg

2
E∥∇h(xt)∥2 − ηηg

4

I∑

i=1

E

∥∥∥∥∥Eξ[∆̄x̂t,i]

∥∥∥∥∥

2

+
Iη2η2

gL̄G
2
2

2bxM
+ IηηgG

2
1

+
ηηg

M

M∑

m=1

I∑

i=1

(
L̂2

E∥y(m)
Idec

− y(m)
x ∥2 + κ2L2

E∥ŷ(m)
i − y(m)

x ∥2

)

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. Using the smoothness of f we have:

E[h(xt+1)] ≤ E[h(xt)] + E⟨∇h(xt), xt+1 − xt⟩ +
L̄

2
E∥xt+1 − xt∥2

(a)
= E[h(xt)] − ηgE⟨∇h(xt),Eξ[∆̄x̂t]⟩ +

η2
gL̄

2
E∥Eξ[∆̄x̂t]∥2 +

Iη2η2
gL̄G

2
2

2bxM
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= E[h(xt)] − ηgη
I∑

i=1

E⟨∇h(xt),Eξ[∆̄x̂t,i]⟩ +
Iη2η2

gL̄

2

I∑

i=1

E∥Eξ[∆̄x̂t,i]∥2 +
Iη2η2

gL̄G
2
2

2bxM

(b)
= E[h(xt)] − Iηηg

2
E∥∇h(xt)∥2 +

ηηg

2

I∑

i=1

E∥∇h(xt) − Eξ[∆̄x̂t,i]∥2

−
(
ηηg

2
− Iη2η2

gL̄

2

)
I∑

i=1

E∥Eξ[∆̄x̂t,i]∥2 +
Iη2η2

gL̄G
2
2

2bxM

(c)

≤ E[h(xt)] − Iηηg

2
E∥∇h(xt)∥2 − ηηg

4

I∑

i=1

E

∥∥∥∥∥Eξ[∆̄x̂t,i]

∥∥∥∥∥

2

+
Iη2η2

gL̄G
2
2

2bxM
+ IηηgG
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M

M∑
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I∑
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(
L̂2

E∥y(m)
Idec

− y(m)
x ∥2 + κ2L2

E∥ŷ(m)
i − y(m)

x ∥2

)

where equality (a) follows from the iterate update given in Step 21 of Algorithm 11; (b)

uses ⟨a, b⟩ = 1
2
[∥a∥2 + ∥b∥2 − ∥a − b∥2]; (c) follows the condition that Iηηg ≤ 1/2L̄ and

Lemma 131. This completes the proof.

5.6.3 Proof of Convergence Theorem

We prove the convergence of Algorithm 11 in this section.

Theorem 133. Suppose we the learning rates

η = min

(
1,

(
8IbxML̄h(x1)

TG2
2

)1/2

,

(
4L̄h(x1)

CηI2T

)1/3 )
, γ = min

(
1

2L
,

(
1

CγT

)1/2)

and ηg = 1
2IL̄

, then we have:

1

T

T∑

t=1

(
E∥∇h(xt)∥2 +

1

2I

I∑

i=1

E∥Eξ[∆̄x̂t,i]∥2
)

= O


κ

3

T
+

(
κ5

T

)1/2

+

(
κ6

T 2

)1/3

+ κ2(1 − τµ)2(Q+1) + κ4(1 − µγ)Idec



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To reach an ϵ stationary point, we choose Q = O(κ log
(

κ
ϵ

)
), Idec = O(κ log

(
κ
ϵ

)
) and

T = O(κ3ϵ−1.5) number of iterations.

Proof. By Lemma 132, and combine with Lemma 129 and Lemma 130 to have:

E[h(xt+1)] ≤ E[h(xt)] − Iηηg
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E∥∇h(xt)∥2 − ηηg

4
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By Algorithm 11, we have ŷ
(m)
0 = y

(m)
Idec

, then we have:

E[h(xt+1)] ≤ E[h(xt)] − Iηηg

2
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Assume that ∥y(m)
0 − y

(m)

x(m)∥2 ≤ C0 for some constant C0, and use Assumption 117. We sum

over t ∈ [T ] to obtain:
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T
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(Iηηg
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ηηg
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2bxM
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+
6Iκ2L2ηηgγσ

2

µby

+ 6I3κ2L2η3ηgCf +
2I3κ2L2η3ηgσ

2

by

Then we divide by (Iηηg)/2 on both sides and have:

1

T

T∑

t=1

(
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1

2I
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2
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+
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µby

+ 2G2
1 + 2(3κ2L2 + L̂2)(1 − µγ)IdecC0

Next, we denote constant Cη =
(
12κ2L2Cf + 4κ2L2σ2

by

)
and Cγ = 4(3κ2L2+L̂2)σ2

µby
, and set

ηg = 1
2IL̄

, then we have:
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T

T∑

t=1

(
E∥∇h(xt)∥2 +
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ηG2
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2IbxM
+ CηI

2η2 + Cγγ + 2G2
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Then we choose

η = min

(
1,

(
8IbxML̄h(x1)

TG2
2

)1/2

,

(
4L̄h(x1)

CηI2T

)1/3 )
, γ = min

(
1

2L
,

(
1
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Then we obtain:
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+

(
Cγ

T

)1/2

+ 2G2
1 + 2(3κ2L2 + L̂2)(1 − µγ)IdecC0

Finally, since L̂ = O(κ2) , L̄ = O(κ3) and µγ = O(κ−1). Suppose we choose I = O(1),

then Cη = O(κ2), Cγ = O(κ5), and use G1 = κ(1 − τµ)Q+1Cf in Proposition 128, we have:

1

T

T∑

t=1

(
E∥∇h(xt)∥2 +

1

2I

I∑

i=1

E∥Eξ[∆̄x̂t,i]∥2
)

= O


κ

3

T
+

(
κ5

T

)1/2

+

(
κ6

T 2

)1/3

+ κ2(1 − τµ)2(Q+1) + κ4(1 − µγ)Idec




and to reach an ϵ stationary point, we choose Q = O(κ log
(

κ
ϵ

)
), Idec = O(κ log

(
κ
ϵ

)
) and

T = O(κ5ϵ−2) number of iterations.

5.7 More Experimental Details

5.7.1 Communication-efficient FL

Figure 5.3: Test Accuracy w.r.t Communication Rate for FedSep and other baseline meth-
ods for CIFAR-10 Dataset. The left figure shows results under the I.I.D case, and the right
figure show results for the Non-I.I.D case. The local learning steps are set as I = 5.

In this section, we include more details related to the Communication-efficient FL.

We first introduce details of some definitions.
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Soft-threshold Operator. We use the definition of the soft threshold operator

Qγβ(·) in Section 4.1, formally, we have the following definition:

Qγλ(x) = sign(x)max(abs(x) − γλ, 0) (5.9)

Proximal Gradient Descent. we solve θ(m)
ω through the following update rule:

θ+ = Qγβ

(
θ + γ(S(m))T (ω − S(m)θ)

)
(5.10)

where Qγβ(·) is the soft-threshold operator and its definition is in Eq. (5.9) and γ is some

constant. We denote the generalized gradient based on Eq. (5.10) as:

G∗(θ) =
1

γ

(
θ − θ+

)
(5.11)

In summary, for the decode operation Dec{·} in Eq. (5.4), we solve decode problem through

gradient descent with the gradient operator defined by Eq. (5.11). As for the encode

operation, we have G∗(θ(m)
ω ) = 0 by definition of θ(m)

ω , then take derivation over ω on both

sides, and use the chain rule, we get the expression in Eq. (5.5).

Next, we introduce more details of experimental settings.

Baselines and Hyper-Parameter. We first compare with the uncompressed base-

line (the communication parameter and the learning parameter are in the same dimension);

Next we compare with the local Top-K compressor and the Count-Sketch compressor [130].

For the count-sketch, we tune the size of sketch table; a typical good value for the length

of the sketch table is half of the communication parameter dimension. For our FedSep, we
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Figure 5.4: Test Accuracy w.r.t Communication Round for FedSep over the MNIST
Dataset. The left figures shows results under the I.I.D case, and the right figure show
results for the Non-I.I.D case. We vary the value of local step I ∈ {2, 5, 10, 20, 50} in the
figure, and we fix the dimension of the communication parameter as p = 2000.

tune the values of β and γ. A typical good value for γ is [0.5, 5] and it depends on the

dimension of the communication parameter p, for β, we choose [0, 0.01]. We use the SGD

optimizer to optimize L(θ(m)
ω ; D(m)

tr ) for all methods, and set the learning rate at 0.1, and

set Idec = 10 for the decode operation, i.e. for solving the Lasso problem.

More Experimental Results. The experimental results for the CIFAR-10 dataset

is included in Figure 5.3. We observe that FedSep also outperforms other baselines as in

the MNIST data set. Finally, in Figure 5.4, we vary the number of local steps I under a

fixed compression rate. As shown in the figure, our FedSep can benefit from more local

steps. More specifically, for the homogeneous case, our FedSep can benefit from more local

steps as large as I = 50, while for the heterogeneous case, increasing local steps brings little

benefit to I > 10.

5.7.2 Model-Heterogeneous FL

In this section, we introduce more details of the experimental setting for Model-

Heterogeneous FL task and present more experimentsl results.

Hyper-parameters. For our FedSep, we perform grid search to search the best
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Figure 5.5: Test Accuracy and Loss w.r.t Communication Rounds for FedSep under different
levels of data heterogeneity. K is the number of classes each client has. The first two plots
show results for CIFAR-10, then the last two plots show results for CIFAR-100.

parameter setting. More specifically, we decode problem Eq. (5.7) with β = 10 and

AdamW [148] with learning rate 0.01. Regarding the learning problem, for CIFAR-10,

we use the Adam optimizer with learning rate 10−4 when K = {2, 4} and 2 × 10−4 when

K ∈ {5, 8}, for CIFAR-100, we use the Adam optimizer with learning rate 2 × 10−4 when

K = {5, 10, 20, 50}. We decrease learning by a factor of 0.25 at the {800, 1600} steps for

the CIFAR-10 dataset and at the {1200, 1800} global steps for the CIFAR-100 dataset.

More Experimental Results. Next, we test our FedSep at different levels of

heterogeneity. The results are summarized in Figure 5.5. As shown by the figures, our

FedSep is quite robust when clients have highly heterogeneous data.
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Part III

Federated Learning Challenges with Hierarchies
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Chapter 6: Communication-Efficient Robust Federated Learning with Noisy

Labels

6.1 Introduction

In Federated Learning (FL) [92], a set of clients jointly solve a machine learning prob-

lem under the coordination of a central server. To protect privacy, clients keep their own

data locally and share model parameters periodically with each other. Several challenges of

FL are widely studied in the literature, such as user privacy [92, 122, 123], communication

cost [124, 125, 126, 127, 128], data heterogeneity [93, 95, 96, 97, 149] etc.. However, a key

challenge is ignored in the literature: the label quality of user data. Data samples are man-

ually annotated, and it is likely that the labels are incorrect. However, existing algorithms

of FL e.g. FedAvg [92] treat every sample equally; as a result, the learned models overfit

the label noise, leading to bad generalization performance. It is challenging to develop an

algorithm that is robust to the noise from the labels. Due to privacy concerns, user data are

kept locally, so the server cannot verify the quality of the label of the user data. Recently,

several intuitive approaches [150, 151, 152] based on the use of a clean validation set have

been proposed in the literature. In this paper, we take a step forward and formally formu-

late the noisy label problem as a bilevel optimization problem; furthermore, we provide two
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efficient algorithms that have guaranteed convergence to solve the optimization problem.

The basic idea of our approach is to identify noisy label samples based on its con-

tribution to training. More specifically, we measure the contribution through the Shapley

value [153] of each sample. Suppose that we have the training dataset D and a sample

s ∈ D. Then for any subset S ⊂ D/{s}, we first train a model with S only and measure

the generalization performance of the learned model, then train over S ∪ {s} and calcu-

late the generalization performance again. The difference in generalization performance of

the two models reflects the quality of the sample label. If a sample has a correct label,

the model will have better generalization performance when the sample is included in the

training; in contrast, a mislabeled sample harms the generalization performance. Then we

define the Shapley value of any sample as the average of the generalization performance

difference in all possible subsets S. However, the Shapley value of a sample is NP-hard to

compute. As an alternative, we define a weight for each sample and turn the problem into

finding weights that lead to optimal generalization performance. With this reformulation,

we need to solve a bilevel optimization problem. Bilevel optimization problems [16, 17, 19]

involve two levels of problems: an inner problem and an outer problem. Efficient gradient-

based alternative update algorithms [29, 33, 154] have recently been proposed to solve

non-distributed bilevel problems, but efficient algorithms designed for the FL setting have

not yet been shown. In fact, the most challenging step is to evaluate the hypergradient

(gradient w.r.t the variable of the outer problem). In FL, hypergradient evaluation involves

transferring the Hessian matrix, which leads to high communication cost. It is essential to

develop a communication-efficient algorithm to evaluate the hypergradient and solve the

Federated Bilevel Optimization problem efficiently.
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More specifically, we propose two compression algorithms to reduce the communi-

cation cost for the hypergradient estimation: an iterative algorithm and a non-iterative

algorithm. In the non-iterative algorithm, we compress the Hessian matrix directly and

then solve a small linear equation to get the hypergradient. In the iterative algorithm,

we formulate the hypergradient evaluation as solving a quadratic optimization problem

and then run an iterative algorithm to solve this quadratic problem. To further save com-

munication, we also compress the gradient of the quadratic objective function. Both the

non-iterative and iterative algorithms effectively reduce the communication overhead of hy-

pergradient evaluation. In general, the non-iterative algorithm requires communication cost

polynomial to the stable rank of the Hessian matrix, and the iterative algorithm requires

O(log(d)) (d is the dimension of the model parameters). Finally, we apply the proposed

algorithms to solve the noisy label problem on real-world datasets. Our algorithms have

shown superior performance compared to various baselines. We highlight the contribution

of this paper below:

• We study Federated Learning with noisy labels problems and propose a learning-based

data cleaning procedure to identify mislabeled data.

• We formalize the procedure as a Federated Bilevel Optimization problem. Further-

more, we propose two novel efficient algorithms based on compression, i.e. the Itera-

tive and Non-iterative algorithms. Both methods reduce the communication cost of

the hypergradient evaluation from O(d2) to be sub-linear of d.

• We show that the proposed algorithms have a convergence rate of O(ϵ−2) and validate

their efficacy by identifying mislabeled data in real-world datasets.
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Notations. ∇ denotes the full gradient, ∇x is the partial derivative for variable x, and

higher-order derivatives follow similar rules. || · || is ℓ2-norm for vectors and the spectral

norm for matrices. || · ||F represents the Frobenius norm. AB denotes the multiplication

of the matrix between the matrix A and B.
(

n
k

)
denotes the binomial coefficient. [K]

represents the sequence of integers from 1 to K.

6.2 Related Works

Federated Learning. FL is a promising paradigm for performing machine learning tasks

on distributed located data. Compared to traditional distributed learning in the data

center, FL poses new challenges such as heterogeneity [96, 113, 115, 116, 155], privacy [92,

122, 123] and communication bottleneck [124, 125, 126, 127, 128]. In addition, another

challenge that receives little attention is the noisy data problem. Learning with noisy data,

especially noisy labels, has been widely studied in a non-distributed setting [47, 48, 156,

157, 158, 159, 160, 161]. However, since the server cannot see the clients’ data and the

communication is expensive between the server and clients, algorithms developed in the

non-distributed setting can not be applied to the Federated Learning setting. Recently,

several works [150, 151, 152] have focused on FL with noisy labels. In [150], authors

propose FOCUS: The server defines a credibility score for each client based on the mutual

cross-entropy of two losses: the loss of the global model evaluated on the local dataset and

the loss of the local model evaluated on a clean validation set. The server then uses this

score as the weight of each client during global averaging. In [152], the server first trains a

benchmark model, and then the clients use this model to exclude possibly corrupted data
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samples.

Gradient Compression. Gradient compression is widely used in FL to reduce com-

munication costs. Existing compressors can be divided into quantization-based [124, 125]

and sparsification-based [126, 127]. Quantization compressors give an unbiased estimate

of gradients, but have a high variance [128]. In contrast, sparsification methods generate

biased gradients, but have high compression rate and good practical performance. The

error feedback technique [127] is combined with sparsification compressors to reduce com-

pression bias. Sketch-based compression methods [128, 130] are one type of sparsification

compressor. Sketching methods [162] originate from the literature on streaming algorithms,

e.g. The Count-sketch [129] compressor was proposed to efficiently count heavy hitters in

a data stream.

Bilevel Optimization. Bilevel optimization [16] has gained more interest recently due to

its application in many machine learning problems such as hyperparameter optimization [4],

meta learning [38], neural architecture search [41] etc. Various gradient-based methods are

proposed to solve the bilevel optimization problem. Based on different approaches to the

estimation of hypergradient, these methods are divided into two categories, i.e. Approxi-

mate Implicit Differentiation (AID) [6, 13, 14, 29, 32, 33, 154] and Iterative Differentiation

(ITD) [24, 25, 26, 27]. ITD methods first solve the lower level problem approximately and

then calculate the hypergradient with backward (forward) automatic differentiation, while

AID methods approximate the exact hypergradient [4, 6, 9, 12]. In [7], authors compare

these two categories of methods in terms of their hyperiteration complexity. Finally, there

are also works that utilize other strategies such as penalty methods [34], and also other

formulations e.g. the inner problem has multiple minimizers [35, 36]. A recent work [163]
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applied momentum-based acceleration to solve federated bilevel optimization problems.

6.3 Preliminaries

Federated Learning. A general formulation of Federated Learning problems is:

min
x∈X

G(x) :=
1

N

M∑

i=1

Nigi(x) (6.1)

There are M clients and one server. Ni is the number of samples in the ith client and N is

the total number of samples. gi denotes the objective function on the ith client. To reduce

communication cost, a common approach is to perform local sgd; in other words, the client

performs multiple update steps with local data, and the model averaging operation occurs

every few iterations. A widely used algorithm that uses this approach is FedAvg [92].

Count Sketch. The count-sketch technique [129] was originally proposed to efficiently

count heavy-hitters in a data stream. Later, it was applied in gradient compression: It is

used to project a vector into a lower-dimensional space, while the large-magnitude elements

can still be recovered. To compress a vector g ∈ R
d, it maintains counters r × c denoted

as S. Furthermore, it generates sign and bucket hashes {hs
j , h

b
j}r

j=1. In the compression

stage, for each element gi ∈ g, it performs the operation S[j, hb
j(i)]+ = hs

j [i] ∗ gi for j ∈ [r].

In the decompression stage, it recovers gi as median({hs
j [i] ∗ S[j, hb

j(i)]}r
j=1). To recover τ

heavy-hitters (elements gi where ||gi||2 ≥ τ ||g||2) with probability at least 1 − δ, the count

sketch needs r× c to be O(τ−1 log(d/δ)). More details of the implementation are provided

in [129].
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Bilevel Optimization. A bilevel optimization problem has the following form:

min
x∈X

h(x) := F (x, yx) s.t. yx = arg min
y∈Rd

G(x, y) (6.2)

As shown in Eq. (6.2), a bilevel optimization problem includes two entangled optimization

problems: the outer problem F (x, yx) and the inner problem G(x, y). The outer prob-

lem relies on the minimizer yx of the inner problem. Eq. (6.2) can be solved efficiently

through gradient-based algorithms [29, 154]. There are two main categories of methods for

hypergradient ( the gradient w.r.t the outer variable x) evaluation: Approximate Implicit

Differentiation (AID) and Iterative Differentiation (ITD). The ITD is based on automatic

differentiation and stores intermediate states generated when we solve the inner problem.

ITD methods are not suitable for the Federated Learning setting, where clients are stateless

and cannot maintain historical inner states. In contrast, the AID approach is based on an

explicit form of the hypergradient, as shown in Proposition 134:

Proposition 134. (hypergradient) When yx is uniquely defined and ∇2
yyG(x, yx) is invert-

ible, the hypergradient has the following form:

∇h(x) = ∇xF (x, yx) − ∇2
xyG(x, yx)v∗ (6.3)

where v∗ is the solution of the following linear equation:

∇2
yyG(x, yx)v∗ = ∇yF (x, yx) (6.4)
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The proposition 134 is based on the chain rule and the implicit function theorem. The

proof of Proposition 134 can be found in the bilevel optimization literature, such as [6].

6.4 Federated Learning with Noisy Labels

We consider the Federated Learning setting as shown in Eq. (6.1), i.e. a server and

a set of clients. For ease of discussion, we assume that the total number of clients is M

and that each client has a private data set Di = {si
j, j ∈ [Ni]}, i ∈ [M ] where |Di| = Ni.

D denotes the union of all client datasets: D =
⋃M

i=1 Di. The total number of samples

|D| = N and N =
∑M

i=1 Ni (for simplicity, we assume that there is no overlap between the

client data sets).

In Federated Learning, the local dataset Di is not shared with other clients or the

server; this protects the user privacy, but also makes the server difficult to verify the

quality of data samples. A data sample can be corrupted in various ways; we focus on

the noisy label issue. Current Federated Learning models are very sensitive to the label

noise in client datasets. Take the widely used FedAvg [92] as an example; the server simply

performs a weighted average on the client models in the global averaging step. As a result,

if one client model is affected by mislabeled data, the server model will also be affected.

To eliminate the effect of these corrupted data samples on training, we can calculate the

contribution of each sample. Based on the contribution, we remove samples that have little

or even negative contributions. More specifically, we define the following metric of sample
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contribution based on the idea of Shapley value [153]:

ϕi
j =

1

N

∑

S⊂D/{si
j}

(
N − 1

|S|

)−1 (
Φ
(
A
(
S ∪ {si

j}
))

− Φ (A (S))
)

(6.5)

where A is a randomized algorithm (e.g. FedAvg) that takes the dataset S as input and

outputs a model. Φ is a metric of model gain, e.g. negative population loss of the learned

model, or negative empirical loss of the learned model in a validation set. In Eq. (6.5),

for each S ⊂ D/{si
j}, we calculate the marginal gain when si

j is added to the training

and then average over all such subsets S. It is straightforward to find corrupted data

if we can compute ϕi
j, however, the evaluation of ϕi

j is NP-hard. As an alternative, we

define the weight λi
j ∈ [0, 1] for each sample and λi

j should be positively correlated with

the sample contribution ϕi
j: large λ represents a high contribution and small λ means little

contribution. In fact, finding sample weights that reflect the contribution of a data sample

can be formulated as solving the following optimization problem:

max
λ∈Λ

Φ(A(D;λ)) (6.6)

The above optimization problem can be interpreted as follows: The sample weights should

be assigned so that the gain of the model Φ is maximized. It is then straightforward to

see that only samples that have large contributions will be assigned with large weights.

Next, we consider an instantiation of Eq. (6.6). Suppose that we choose Φ as the negative

empirical loss over a validation set Dval at the server and A fits a model parameterized by
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Algorithm 12 Communication-Efficient Federated Bilevel Optimization (Comm-
FedBiO)

1: Input: Learning rate η, γ, initial state (x0, y0), number of sampled clients S
2: for k = 0 to K − 1 do
3: Sample S clients and broadcast current model state (xk, yk);
4: for m = 1 to S clients in parallel do
5: Set ym

0 = yk

6: for t = 1 to T do
7: ym

t+1 = ym
t − γ∇gm(xk, y

m
t )

8: end for
9: end for

10: yk+1 = yk + 1∑S

m=1
Nm

∑S
m=1 Nm(ym

T − yk)

// Two ways to estimate ∇̂h(xk)
11: Case 1: ∇̂h(xk) = Iterative-approx(xk, yk+1)
12: Case 2: ∇̂h(xk) = Non-iterative-approx(xk, yk+1)
13: xk+1 = xk − η∇̂h(xk)
14: end for

ω over the data, then Eq. (6.6) can be written as:

min
λ∈Λ

ℓ(ωλ; Dval) s.t. ωλ = arg min
ω∈Rd

1

N

M∑

i=1

Ni∑

j=1

λi
jℓ(ω; si

j) (6.7)

where ℓ is the loss function e.g. the cross entropy loss. Eq. (6.7) involves two entangled

optimization problems: an outer problem and an inner problem, and ωλ is the minimizer

of the inner problem. This type of optimization problem is known as Bilevel Optimization

Problems [16] as we introduce in the preliminary section. Following a similar notation as

in Eq. (6.2), we write Eq. (6.7) in a general form:

min
x∈X

h(x) := F (x, yx) s.t. yx = arg min
y∈Rd

G(x, y) :=
1

N

M∑

i=1

Nigi(x, y) (6.8)

Compared to Eq. (6.7), we set λ as x, ω as y; ℓ(ωλ; Dval) as F (x, yx),

and 1/Ni
∑Ni

j=1 λ
i
jℓ(ω; si

j) as gi(x, y). In the remainder of this section, our discussion will
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be based on the general formulation (6.8). We propose the algorithm Comm-FedBiO

to solve Eq. (6.8) ( Algorithm 12). Algorithm 12 follows the idea of alternative update

of inner and outer variables in non-distributed bilevel optimization [12, 33, 154], however,

it has two key innovations which are our contributions. First, since the inner problem

of Eq. (6.8) is a federated optimization problem, we perform local sgd steps to save the

communication. Next, we consider the communication constraints of federated learning in

the hypergradient estimation. More specifically, we propose two communication-efficient

hypergradient estimators, i.e. the subroutine Non-iterative-approx (line 11) and Iterative-

approx (line 12).

To see the high communication cost caused by hypergradient evaluation. We first

write the hypergradient based on Proposition 134,:

∇h(x) =∇xF (x, yx) − ∇2
xyG(x, yx)v∗, v∗ =

(
M∑

i=1

Ni

N
∇2

yygi(x, y)

)−1

∇yF (x, yx) (6.9)

where we use the explicit form of v∗ and replace G(x, y) with the federated form in Eq. (6.8).

Eq. (6.9) includes two steps: calculating v∗ and evaluating ∇h(x) based on v∗. For the

second step, clients transfer ∇xygi(x, y)v∗ with communication cost O(l) (the dimension of

the outer variable x), we assume l < d (d is the dimension of y). This is reasonable in our

noisy label application: l is equal to the number of samples at a client and is very small

in Federated Learning setting, while d is the weight dimension, which can be very large.

Therefore, we focus on the first step when considering the communication cost. The inverse

of the Hessian matrix in Eq. (6.9) can be approximated with various techniques such as

the Neumann series expansion [6] or conjugate gradient descent [12]. However, clients must
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first exchange the Hessian matrix ∇2
yygi(x, y). This leads to a communication cost on the

order of O(d2). In fact, it is not necessary to transfer the full Hessian matrix, and we can

reduce the cost through compression. More specifically, we can exploit the sparse structure

of the related properties; e.g. The Hessian matrix has only a few dominant singular values

in practice. In Sections 4.1 and 4.2, we propose two communication-efficient estimators of

hypergradient ∇h(xk) based on this idea. In general, our estimators can be evaluated with

the communication cost sublinear to the parameter dimension d.

6.4.1 hypergradient Estimation with iterative algorithm

In this section, we introduce an iterative hypergradient estimator. Instead of per-

forming the expensive matrix inversion as in Eq. (6.9), we solve the following quadratic

optimization problem:

min
v

q(v) :=
1

2
vT ∇2

yyG(x, yx)v − vT ∇yF (x, yx) (6.10)

The equivalence is observed by noticing that:

∇q(v) = ∇2
yyG(x, yx)v − ∇yF (x, yx)

If q(v) is strongly convex (∇2
yyG(x, yx) is positive definite), the unique minimizer of the

quadratic function q(v) is exactly v∗ as shown in Eq. (6.9). Eq. (6.10) is a simple positive

definite quadratic optimization problem and can be solved with various iterative gradient-

based algorithms. To further reduce communication cost, we compress the gradient ∇q(v).
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Algorithm 13 Iterative Approximation of hypergradient (Iterative-approx)

1: Input: State (x, y), initial value v0, learning rate α, number of sampled clients S
2: The server evaluates ∇yF (x, y) and samples S clients uniformly and broadcasts state

(x, y) to each client;
3: for i = 0 to I − 1 do
4: for m = 0 to S in parallel do
5: Each client makes Hessian-vector product queries to compute ∇2

yygmv
i, then send

its sketch Si
gm

to the server;
6: end for
7: Server: Si

G = 1∑S

m=1
Nm

∑S
m=1 Nm ∗ Si

gm

8: Server: ∆ = U(αSi
G + S(ei))

9: Server: vi+1 = vi − (∆ − α∇yF (x, y))
10: Server: S(ei+1) = αSi

G + S(ei) − S(∆)
11: end for
12: Output: ∇̂h(x) = ∇xF − ∇2

xyGv
I

More specifically, ∇q(v) can be expressed as follows in terms of gi:

∇q(v) =
1

N

M∑

i=1

Ni∇2
yygi(x, yx)v − ∇yF (x, yx) (6.11)

Therefore, clients must exchange the Hessian vector product to evaluate ∇q(v). This

operation has a communication cost O(d). This cost is considerable when we evaluate

∇q(v) multiple times to optimize Eq.(6.10). Therefore, we exploit compression to further

reduce communication cost; i.e. clients only communicate the compressed Hessian vector

product. Various compressors can be used for compression. In our paper, we consider the

local Topk compressor and the Count Sketch compressor [129] in our paper. The local Top-k

compressor is simple to implement, but it cannot recover the global Top-k coordinates, while

the count-sketch is more complicated to implement, but it can recover the global Top-k

coordinates under certain conditions. In general, gradient compression includes two phases:

compression at clients and decompression at the server. In the first phase, clients compress
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the gradient to a lower dimension with the compressor S(·), then transfer the compressed

gradient to the server; In the second phase, the server aggregates the compressed gradients

received from clients and decompresses them to recover an approximation of the original

gradients. We denote the decompression operator as U(·). Then the update step of a

gradient descent method with compression is as follows:

vi+1 = vi − C(α∇q(vi) + ei),

ei+1 = α∇q(vi) + ei − C(α∇q(vi) + ei)

(6.12)

where C(·) := U(S(·)) and α is the learning rate. Notice that we add an error accumulation

term ei. As shown by the update rule of ei, it accumulates information that cannot be

transferred due to compression and reintroduces information later in the iteration, this type

of error feedback trick compensates for the compression error and is crucial for convergence.

The update rule in Eq. (6.12) has communication cost sub-linear w.r.t parameter dimension

d with either the Top-k compressor or the Count-sketch compressor. Furthermore, the

iteration complexity of iterative algorithms is independent of the problem dimension, the

overall communication cost of evaluating v∗ is still sublinear w.r.t the dimension d. This is a

great reduction compared to the O(d2) complexity when we transfer the Hessian directly as

in Eq. (6.9). We term this hypergradient approximation approach the iterative algorithm,

and the pseudocode is shown in Algorithm 13. Note that the server can evaluate ∇yF (x, y),

so we do not need to compress it, and we also omit the step of getting ∇2
xyGv

I from the

clients.
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6.4.2 hypergradient Estimation with Non-iterative algorithm

In this section, we propose an efficient algorithm so that we can estimate v∗ by

solving the linear equation Eq. (6.4) directly. However, instead of transferring ∇2
yygi(x, yx),

we transfer their sketch. More precisely, we solve the following linear equation:

S2∇2
yyG(x, yx)ST

1 ω = S2∇yF (x, yx) (6.13)

where ω̂ ∈ R
r1 denotes the solution of Eq. (6.13). S1 ∈ R

r1×d and S2 ∈ R
r2×d are two

random matrices. Then an approximation of the hypergradient ∇h(x) is:

∇̂h(x) = ∇xF (x, yx) − ∇2
xyG(x, yx)ST

1 ω̂ (6.14)

To solve Eq. (6.13), clients first transfer S2∇2
yygi(x, yx)ST

1 to the server with communica-

tion cost O(r1r2), then the server solves the linear system (6.13) locally. The server then

transfers ω̂ to the clients and the clients transfer ∇xygi(x, yx)ST
1 ω̂ back to the server, the

server evaluates Eq. (6.14) to get ∇̂h(x). The total communication cost is O(r1r2) (we

assume that the dimension of the outer variable x is small).

We require S1 and S2 to have the following two properties: the approximation error

||∇̂h(x) − ∇h(x)|| is small and the communication cost is much lower than O(d2), i.e.

r1r2 ≪ d2. We choose S1 and S2 as the following sketch matrices:

Definition 135. A distribution D on the matrices S ∈ R
r×n is said to generate a (ϵ, δ)-
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sketch matrix for a pair of matrices A, B with n rows if:

Pr
S∼D

[||ATSTSB − ATB|| > ϵ||A||F ||B||F ] ≤ δ

Corollary 136. An (ϵ/l, δ) sketch matrix S is a subspace embedding matrix for the column

space of A ∈ Rn×l. i.e. for all x ∈ R
l w.p. at least 1 − δ:

||SAx||22 ∈ [(1 − ϵ)||Ax||22, (1 + ϵ)||Ax||22]

Corollary 137. For any ϵ, δ ∈ (0, 1/2), let S ∈ R
r×n be a random matrix with r > 18/(ϵ2δ).

Furthermore, suppose that σ ∈ R
n is a random sequence where σ(i) is randomly chosen from

{−1, 1} and h ∈ R
n is another random sequence where h(i) is randomly chosen from [r].

Suppose that we set S[h(i), i] = σ(i), for i ∈ [n] and 0 for other elements; then S is a (ϵ, δ)

sketch matrix.

Approximately, the sketch matrices S are ‘invariant’ over matrix multiplication

(⟨SA, SB⟩ ≈ AB). An important property of a (ϵ, δ)-sketch matrix is the subspace em-

bedding property in Corollary 136: The norm of the vectors in the column space of A

is kept roughly after being projected by S. Many distributions generate sketch matrices,

such as sparse embedding matrice [164]. We show one way to generate a sparse embedding

matrix in Corollary 137. This corollary shows that we need to choose O(ϵ−2) number of

rows for a sparse embedding matrix to be a (ϵ, δ) matrix. Finally, since we directly solve

a (sketched) linear equation without using any iterative optimization algorithms, we term

this hypergradient estimator as a non-iterative approximation algorithm. The pseudocode
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Algorithm 14 Non-iterative approximation of hypergradient (Non-iterative-approx)

1: Input: State (x, y), random seeds τ1, τ2, number of rows r1, r2, number of sampled
clients S

2: Server: Sample S clients uniformly and broadcast model state (x, y) to each sampled
client

3: for m = 1 to S in parallel do
4: Each client generates S1, S2 with random seeds τ1, τ2, compute S2∇2

yygjS
T
1 and

∇2
xygjS

T
1 with Hessian-vector product queries

5: end for
6: Server: Collect and average sketches from clients to get S2∇2

yyGS
T
1 and ∇2

xyGS
T
1 and

solves Eq. (6.13) with linear regression to get ω̂
7: Output: ∇̂h(x) = ∇xF − ∇2

xyGS
T
1 ω̂

summarizing this method is shown in Algorithm 14. We omit the subscript of iterates when

it is clear from the context. Note that the server sends the random seed to ensure that all

clients generate the same sketch matrices S1 and S2.

6.5 Convergence Analysis

In this section, we analyze the convergence property of Algorithm 12. We first state

some mild assumptions needed in our analysis, then we analyze the approximation error

of the two hypergradient estimation algorithms, i.e. the iterative algorithm and the non-

iterative algorithm. Finally, we provide the convergence guarantee of Algorithm 12.

6.5.1 Some Mild Assumptions

We first state some assumptions about the outer and inner functions as follows:

Assumption 138. The function F and G has the following properties:

a) F (x, y) is possibly non-convex, ∇xF (x, y) and ∇yF (x, y) are Lipschitz continuous

with constant LF
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b) ∥∇xF (x, y)∥ and ∥∇yF (x, y)∥ are upper bounded by some constant CF

c) G(x, y) is continuously twice differentiable, and µG-strongly convex w.r.t y for any

given x

d) ∇yG(x, y) is Lipschitz continuous with constant LG

e) ∥∇2
xyG(x, y)∥ is upper bounded by some constant CGxy

Assumption 139. ∇2
xyG(x, y) and ∇2

yyG(x, y) are Lipschitz continuous with constants

LGxy and LGyy , respectively.

In Assumptions 138 and 139, we make assumptions about the function G, it is also

possible to make stronger assumptions about the local functions gi. Furthermore, these

assumptions are used in the bilevel optimization literature [6, 12], especially, we require

higher-order smoothness in Assumption 139 as bilevel optimization is involved with the

second-order information. The next two assumptions are needed when we analyze the

approximation property of the two hypergradient estimation algorithms:

Assumption 140. For a constant 0 < τ < 1 and a vector g ∈ R
d. If ∃ i, such that

(gi)
2 ≥ τ ||g||2, then g has τ -heavy hitters.

Assumption 141. The stable rank of ∇2
yyG(x, yx) is bounded by rs, i.e.

∑d
i=1 σ

2
i ≤ rsσ

2
max,

where (σmax) σi denotes the (max) singular values of the Hessian matrix.

The heavy-hitter assumption 140 is commonly used in the literature to show the con-

vergence of gradient compression algorithms. To bound the approximation error of our

iterative hypergradient estimation error, we assume ∇q(v) defined in Eq. (6.11) to satisfy
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this assumption. Assumption 141 requires the Hessian matrix to have several dominant

singular values, which describes the sparsity of the Hessian matrix. We assume Assump-

tion 141 holds when we analyze the approximation error of the non-iterative hypergradient

estimation algorithm.

6.5.2 Approximation Error of the iterative algorithm

In this section, we show the approximation error of the iterative algorithm. Suppose

that we choose count-sketch as the compressor, we have the following theorem:

Theorem 142. Assume Assumptions 138 and 140 hold. In Algorithm 13, set the learning

rate α = 8
µG(i+a)

with a > max
(
1, 2−τ

τ
(
√

2
2−τ

+ 1)
)

as a shift constant. If the compressed

gradient has dimension O( log(dI/δ)
τ

), then with probability 1 − δ we have:

E[||vI − v∗||2] ≤ C1

I3
+
C2

I2
+
C3(I + 2a)

I2

where C1, C2, and C3 are constants.

Remark 143. The proof is included in Appendix A. As shown by Theorem 142, the ap-

proximation error of Algorithm 13 is of the order of O(1/I), and the constants encompass

compression errors. Finally, the communication cost is of the order of O(log(d)), which is

sublinear w.r.t of dimension d.
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6.5.3 Approximation Error of the Non-iterative algorithm

In this section, we show the approximation error of the non-iterative algorithm. More

precisely, we have Theorem 144:

Theorem 144. For any given ϵ, δ ∈ (0, 1/2), if S1 ∈ R
r1×d is a (λ1ϵ, δ/2) sketch matrix and

S2 ∈ R
r2×d is a (λ2ϵ, δ/2) sketch matrix. Under Assumptions 138 and 141, with probability

at least 1 − δ, we have the following:

||∇̂h(x) − ∇h(x)|| ≤ ϵ||v∗||

where λ1 = 5µG

7
√

rsCGxy LG
, λ2 = 1

3(r1+1)
are constants.

Proof Sketch: The main step is to bound ||ST
1 ω̂ − v∗||, then the conclusion follows

from the definition of the hypergradient. To bound ||ST
1 ω̂− v∗||, we use the approximation

matrix multiplication property of S1 and the subspace embedding property of S2 to have:

||ST
1 ω̂ − v∗||2 ≤ C||v∗||F ||∇2

yyG(x, yx)||F , where C is some constant. The last step is to use

the stable rank and the smoothness assumption to bound ||∇2
yyG(x, yx)||F . The full proof

is included in Appendix B.

Remark 145. Based on Corollary 137, we have an (ϵ, δ) sketch matrix that has r = O(ϵ−2)

rows. Combining with Theorem 144, we have r1 = O(rs) and r2 = O(r2
s). So, to reach

the approximation error ϵ, the number of rows of the sketch matrices is O(r2
s). This shows

that the stable rank (the number of dominant singular values) correlates with the number

of dimensions to be maintained after compression.
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6.5.4 Convergence of the Comm-FedBiO algorithm

In this section, we study the convergence property of the proposed communication

efficient federated bilevel optimization (Comm-FedBiO) algorithm. First, h(x) is smooth

based on Assumptions 138 and 139, as stated in the following proposition:

Proposition 146. Under Assumption 138 and 139, ∇h(x) is Lipschitz continuous with

constant Lh, i.e.

||∇h(x1) − ∇h(x2)|| ≤ Lh||x1 − x2||

where ∇h(x) is the hypergradient and is defined in Proposition 134.

The proof of Proposition 146 can be found in the Lemma 2.2 of [6]. We are ready to

prove the convergence of Algorithm 12 in the following theorem. In this simplified version,

we ignore the exact constants. A full version of the theorem is included in Appendix C.

Theorem 147. Under Assumption 138 and 139, if we choose the learning rate η = 1
2Lh

√
K+1

in Algorithm 12,

a) Suppose that {xk}k≥0 is generated from the iterative Algorithm 13. Under Assump-

tion 140, for I = O(
√
K), we have the following:

E[||∇h(xk)||2] ≤ C1

K3/2
+
C2

K
+

C3√
K

where C1, C2, C3 are some constants

b) Suppose {xk}k≥0 are generated from the non-iterative Algorithm 14. Under Assump-

tion 141, for ϵ = O(K−1/4), it holds: E[||∇h(xk)||2] ≤ C√
K

, where C is some constant.
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Firstly, by the smoothness of h(x), we can upper-bound h(xk+1) as:

h(xk+1) ≤h(xk) − η(
1

2
− ηLh)||∇h(xk)||2 + η(

1

2
+ ηLh)||∇̂h(xk) − ∇h(xk)||2

Next, we need to bound the error in the third term, where we can utilize the bound provided

in Theorem 142 and Theorem 144. Finally, we find a suitable averaging scheme to obtain

the bound for E[||∇h(xk)||2].

Remark 148. The convergence rate for the nonconvex-strongly-convex bilevel problem with-

out using variance reduction technique is O(1/
√
K) [6], thus both estimation algorithms

achieve the same convergence rate as in the non-distributed setting. For the non-iterative

algorithm, we need to scale ϵ = O(K−1/4), while the iterative algorithm instead scales the

number of iterations as O(
√
K) at each hyper-iteration. Comparing these two methods:

The iterative algorithm has to perform multiple rounds of communication, but it distributes

the computation burden over multiple communication clients (multiple clients by sampling

different clients at each step) and requires one Hessian vector product per round. But if the

communication is very expensive, we could instead use the non-iterative algorithm, which

requires one round of communication.

6.6 Numerical Experiments

In this section, we empirically validate our Comm-FedBiO algorithm. We consider

three real-world datasets: MNIST [85], CIFAR-10 [142] and FEMNIST [165]. For MNIST

and CIFAR-10. We create 10 clients, for each client, we randomly sample 500 images from
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Figure 6.1: Test accuracy plots for our Comm-FedBiO (three variants: Iter-topK, Iter-
sketch and Non-iter) and other baselines. The plots show the results for the MNIST
dataset, the CIFAR-10 dataset, and the FEMNIST dataset from top to bottom. The plots
in the left column show the i.i.d. case, and plots in the right column show the non-i.i.d.
case. The compression rate of our algorithms is 20× in terms of the parameter dimension
d.
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the original training set. For the server, we sample 500 images from the training set to

construct a validation set. For FEMNIST, the entire dataset has 3,500 users and 805,263

images. We randomly select 350 users and distribute them over 10 clients. On the server

side, we randomly select another 5 users to construct the validation set. Next, for label

noise, we randomly perturb the labels of a portion of the samples in each client, and the

portion is denoted ρ. We consider two settings: i.i.d. and non-i.i.d. setting. For the i.i.d.

setting, all clients are perturbed with the same ratio ρ and we set ρ = 0.4 in experiments,

while for the non-i.i.d. setting, each client is perturbed with a random ratio from the range

of [0.2, 0.9]. The code is written with Pytorch, and the Federated Learning environment

is simulated via Pytorch.Distributed Package. We used servers with AMD EPYC 7763

64-core CPU and 8 NVIDIA V100 GPUs to run our experiments.

For our algorithms, we consider three variants of Comm-FedBiO based on using differ-

ent hypergradient approximation estimators: the non-iterative approximation method, the

iterative approximation method with local Top-k and the iterative approximation method

with Count-sketch compressor. We use Non-iter, Iter-topK and Iter-sketch as their short

names. Furthermore, we also consider some baseline methods: a baseline that directly

performs FedAvg [92] on the noisy dataset, an oracle method where we assume that clients

know the index of clean samples (we denote this method as FedAvg-Oracle), the FO-

CUS [150] method which reweights clients based on a ’credibility score’ and the Preprocess

method [152] which uses a benchmark model to remove possibly mislabeled data before

training.

We fit a model with 4 convolutional layers with 64 3×3 filters for each layer. The total

number of parameters is about 105. We also use L2 regularization with coefficient 10−3 to
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Figure 6.2: F1 score at different compression rates for the MNIST data set. The plots show
the results for Iter-topK, Iter-sketch, and Non-iter from top to bottom. Plots in Left show
the i.i.d case and in right show the non-i.i.d case.
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satisfy the strong convexity condition. Regarding hyper parameters, for three variants of

our Comm-FedBiO, we set hyper-learning rates (learning rate for sample weights) as 0.1,

the learning rate as 0.01, and the local iterations T as 5. We choose a minibatch of size

256 for MNIST and FEMNIST datasets and 32 for CIFAR10 datasets. For FedAvg and

FedAvg-Oracle, we choose the learning rate, local iterations, and mini-batch size the same

as in our Comm-FedBiO. For FOCUS [150], we tune its parameter α to report the best

results, for Preprocess [152], we tune its parameter filtering threshold and report the best

results.

We summarize the results in Figure 6.1. Due to the existence of noisy labels, Fe-

dAvg overfits the noisy training data quickly and the test accuracy decreases rapidly. On

the contrary, our algorithm mitigates the effects of noisy labels and gets a much higher

test accuracy than FedAvg, especially for the MNIST dataset, our algorithms get a test

accuracy similar to that of the oracle model. Compared to FedAvg, our Comm-FedBiO

performs the additional hypergradient evaluation operation at each global iteration (lines

11 - 13 in Algorithm 12). However, the additional communication overhead is negligible. In

Figure 6.1, we need the communication cost O(d/20), where d is the parameter dimension.

Our algorithms are robust in labeling noise with almost no extra communication overhead.

Finally, our algorithms also outperform the baselines FOCUS and Preprocess. The FO-

CUS method adjusts weights at the client level, so its performance is not good when all

clients have a portion of mislabeled data, As for the Preprocess method, the benchmark

model (trained over a small validation set) can screen out some mislabeled data, but its

performance is sensitive to the benchmark model’s performance and a ’filtering threshold’

hyperparameter.
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Figure 6.3: F1 score at different compression rates for the FEMNIST data set. The plots
show results for Iter-topK, Iter-sketch and Non-iter from top to bottom. Plots on the left
show the i.i.d. case, and in the right show the non-i.i.d case.

282



Next, we verify that our algorithms are robust at different compression rates. The

results are summarized in Figures 6.2 and 6.3. We use the F1 score to measure the efficacy of

our algorithms in identifying mislabeled samples. We use 0.5 as the threshold for mislabeled

data: for all samples with weights smaller than 0.5, we assume that they are mislabeled.

Then the F1 score is computed between the ground-truth mislabeled samples and predicted

mislabeled samples of our algorithms. In Figures 6.2 and 6.3, we show the results of i.i.d.

and non-i.i.d. cases for the MNIST and FEMNIST datasets. The iterative algorithms

(Iter-topK and Iter-sketch) achieve higher compression rates than the Non-iter method.

For iterative algorithms, performance decreases at the compression rate 1000×, while the

Non-iter method works well at around 10× to 100×. A major reason for this phenomenon

is that the gradient ∇q(v) is highly sparse in experiments, whereas the Hessian matrix itself

is much denser.

6.7 Proof of Theorems

6.7.1 Proof for iterative algorithm

In the iterative algorithm, we optimize Eq. (6.10). The full version of Theorem 142

in the main text is stated as follows:

Theorem 149. (Theorem 142) Under Assumption 138, 140 and ||vi|| ≤ Dv, α = 8
µG(i+a)

,

with a > max(1, 2−τ
τ

(
√

2
2−τ

+1)) being some shift constant. Then, if we use the count-sketch

size O(log(dI/δ)/τ), with probability 1 − δ, we have the following:

E[||vI − v∗||2] ≤ C1

I3
+
C2

I2
+
C3

I2
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where G2
q = 2L2

GD
2
v + 2C2

F , C1 = 3a3D2
v/4, C2 = (384(2LG + µG)G2

q)/(µ3
Gτ(1 − (1 − τ

2
)(1 +

1
a
)2)), C3 = 12(I + 2a)G2

q/µ
2
G

Proof. We first show that E||∇q(vi)||2 is upper bounded: ||∇q(vi)||2 = ||∇2
yyG(x, yx)vi −

∇yF (x, yx))||2 ≤ 2L2
GD

2
v + 2C2

F . We denote G2
q = 2L2

GD
2
v + 2C2

F . Next, following the

analysis in [126, 127], we consider the virtual sequence ṽi = vi − ei, where we have:

ṽi = vi − ei = vi − αi−1∇q(vi−1) − ei−1 + C(αi−1∇q(vi−1) + ei−1)

= vi−1 − ei−1 − αi−1∇q(vi−1) = ṽi−1 − αi−1∇q(vi−1)

Then we have:

||ṽi − v∗||2 = ||ṽi−1 − αi−1∇q(vi−1) − v∗||2

=||ṽi−1 − v∗||2 − 2αi−1⟨ṽi−1 − v∗,∇q(vi−1)⟩ + α2
i−1||∇q(vi−1)||2

≤||ṽi−1 − v∗||2 − 2αi−1⟨ṽi−1 − vi−1,∇q(vi−1)⟩

+ 2αi−1⟨v∗ − vi−1,∇q(vi−1)⟩ + α2
i−1G

2
q

(6.15)

In the last inequality, we use the fact that ∇q(vi−1) is upper-bounded. Then, since q(v)

is strongly convex, we have q(v∗) ≥ q(vi−1) + ⟨v∗ − vi−1,∇q(vi−1)⟩ + µG

2
||v∗ − vi−1||2.

Furthermore, by the triangle inequality, we have: ||v∗ − vi−1||2 ≥ 1
2
||v∗ − ṽi−1||2 − ||ṽi−1 −

vi−1||2. Combine these two inequalities, we can upper bound the third term in Eq. (6.15)

and have:

||ṽi − v∗||2 ≤(1 − µGαi−1

2
)||ṽi−1 − v∗||2 − 2αi−1⟨ei−1,∇q(vi−1)⟩

+ µGαi−1||ei−1||2 − 2αi−1(q(vi−1) − q(v∗)) + α2
i−1G

2
q

(6.16)
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Now, we bound ⟨ei−1,∇q(vi−1)⟩, first by the triangle inequality, we have: −⟨ei−1,∇q(vi−1)⟩ ≤

||ei−1||||∇q(vi−1)|| ≤ (LGy ||ei−1||2 + 1
4LGy

||∇q(vi−1)||2). Then, by the smoothness of q(v),

we have

−⟨ei−1,∇q(vi−1)⟩ ≤ (LGy ||ei−1||2 +
1

2
(q(vi−1) − q(v∗)))

combine the two inequalities with Eq. (6.16), we have:

q(vi−1) − q(v∗) ≤(1 − µGαi−1/2)

αi−1

||ṽi−1 − v∗||2 − 1

αi−1

||ṽi − v∗||2

+ (2LGy + µG)||ei−1||2 + αi−1G
2
q

(6.17)

Note that we rearrange the terms and move q(vi−1) − q(v∗) to the left. Now, we bound the

term ||ei||2. By Assumption 140, and the count sketch memory complexity in [129], suppose

that we use the count sketch compressor and the compressed gradients have dimension

O(log(d/δ)/τ), we can recover the τ heavy hitters with probability at least 1 − δ. Since we

transfer compressed gradients I times, we have the communication cost of O(log(dI/δ)/τ)

by a union bound. Then for all i ∈ [I], we have:

||ei||2 =||αi−1∇q(vi−1) + ei−1 − C(αi−1∇q(vi−1) + ei−1)||2

≤(1 − τ)||αi−1∇q(vi−1) + ei−1||2

≤(1 − τ)(α2
i−1(1 +

1

γ
)||∇q(vi−1)||2 + (1 + γ)||ei−1||2)

≤(1 − τ)(1 + γ)||ei−1||2 + (1 − τ)α2
i−1(1 +

1

γ
)G2

q

(6.18)
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Next, we choose γ = τ
2(1−τ)

, then we can prove

||ei||2 ≤ (1 − τ)(2 − τ)(1 + 1
a
)2α2

iG
2
q

τ(1 − (1 − τ
2
)(1 + 1

a
)2)

by induction, we omit the derivation here due to space limitation. By a > 2−τ
τ

(
√

2
2−τ

+ 1),

so the denominator is positive. Inserting the bound for ||ei||2 back to Eq. (6.17), we have:

q(vi−1) − q(v∗) ≤(1 − µGαi−1

2
)

αi−1

||ṽi−1 − v∗||2 − 1

αi−1

||ṽi − v∗||2

+
2(2LGy + µG)α2

i−1G
2
q

τ(1 − (1 − τ
2
)(1 + 1

a
)2)

+ αi−1G
2
q

Finally, we average vi with weight wi = (i + a)2, choose α = 8
µG(i+a)

, then by Lemma 3.3

in [126] and the strong convexity of q(v), we get the upper bound of ||vI − v∗||2 as shown

in the Theorem.

6.7.2 Proof for Non-iterative algorithm

The proof for Corollary 136 is included in Theorem 9 in [164]. The full version of

Theorem 144 in the main text is as follows:

Theorem 150. (Theorem 144) For any given ϵ, δ ∈ (0, 1/2), if S1 ∈ R
r1×d is a (λ1ϵ, δ/2)

sketch matrix and S2 ∈ R
r2×d is a (λ2ϵ, δ/2) sketch matrix. Under Assumption 141, with

probability at least 1 − δ we have:

||∇̂h(x) − ∇h(x)|| ≤ ϵ||v∗||
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where λ1 = 5µG

7
√

rsCGxy LGy
, λ2 = 1

3(r1+1)
.

Proof. For convenience, we denoteHyy = ∇2
yyG(x, yx), Hxy = ∇2

xyG(x, yx), gy = ∇yF (x, yx),

gx = ∇xF (x, yx), g = ∇h(x), ĝ = ∇̂h(x), and denote ϵ1 = λ1ϵ, ϵ2 = (r1 + 1)λ2ϵ.

Furthermore, we denote v∗ = arg min
v

||Hyyv − gy||22, ω̂ = arg min
ω

||S2HyyS
T
1 ω − S2gy||22,

vs1
= arg min

v
||HyyS

T
1 S1v − gy||22 and ωs1

= arg min
ω

||HyyS
T
1 ω − gy||22. Then we have the

following.

(1 − ϵ2)||HyyS
T
1 ω̂ − gy|| ≤ ||S2HyyS

T
1 ω̂ − S2gy||

≤ ||S2HyyS
T
1 ωs1

− S2gy|| ≤ (1 + ϵ2)||HyyS
T
1 ωs1

− gy||
(6.19)

The second inequality is by the definition of ω̂, the first and third inequality use the fact

that S2 is a (λ2ϵ, δ/2) sketch matrix and by Corollary 136, it is a λ2ϵ × (r1 + 1) = ϵ2

subspace embedding matrix over the column space [HyyS
T
1 , gy], so Eq. (6.19) holds with

probability 1− δ/2. Next, since S1 is a (ϵ1, δ/2) sketching matrix, with probability 1− δ/2,

we have:

||HyyS
T
1 S1v

∗ −Hyyv
∗|| ≤ ϵ1||v∗||F ||Hyy||F

→ ||(HyyS
T
1 S1v

∗ − gy) − (Hyyv
∗ − gy)|| ≤ ϵ1||v∗||F ||Hyy||F

→ ||HyyS
T
1 S1v

∗ − gy|| ≤ ||Hyyv
∗ − gy|| + ϵ1||v∗||F ||Hyy||F

(6.20)

In the last step, we use the triangle inequality ||x|| − ||y|| ≤ ||x− y||. Combining Eq. (6.20)
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and the definition of vs1
, also noticing that span(S1v) ⊂ span(ω), we have:

||HyyS
T
1 ωs1

− gy|| ≤ ||HyyS
T
1 S1vs1

− gy||

≤ ||HyyS
T
1 S1v

∗ − gy|| ≤ ||Hyyv
∗ − gy|| + ϵ1||v∗||F ||Hyy||F

(6.21)

Finally we combine Eq. (6.19) and (6.21) to get:

||HyyS
T
1 ω̂ − gy|| ≤ (1 + ϵ2)

(1 − ϵ2)
(||Hyyv

∗ − gy|| + ϵ1||v∗||F ||Hyy||F ) (6.22)

By the union bound, Eq. (6.22) holds with probability 1 − δ. Since Hyy is positive definite

(invertible), we have ||Hyyv
∗ − gy|| = 0. Eq. (6.22) can be simplified further as:

||HyyS
T
1 ω̂ − gy|| ≤ ϵ1(1 + ϵ2)

(1 − ϵ2)
||v∗||F ||Hyy||F

Moreover, G(x, y) is µG-strongly convex (Assumption 138,), we have:

||HyyS
T
1 ω̂ − gy||2 = ||HyyS

T
1 ω̂ − gy − (Hyyv

∗ − gy)||2

=||Hyy(ST
1 ω̂ − v∗)||2 ≥ µ2

G||ST
1 ω̂ − v∗||2

(6.23)

Combining the above two equations, we have the following.

||ST
1 ω̂ − v∗|| ≤ ϵ1(1 + ϵ2)

µG(1 − ϵ2)
||v∗||F ||Hyy||F (6.24)

As for ||Hyy||F , by Assumption C, we have ||Hyy||F =
√
∑

i σ
2
i ≤ √

rsσmax =
√
rsLGy .

Then Eq. (6.24) can be simplified to ||ST
1 ω̂ − v∗|| ≤

√
rsLGy ϵ1(1+ϵ2)

µG(1−ϵ2)
||v∗||. Then we have the
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following:

||ĝ − g|| = ||HxyS
T
1 ω̂ −Hxyv

∗|| = ||Hxy(ST
1 ω̂ − v∗)||

≤
√
rsCGxyLGyϵ1(1 + ϵ2)

µG(1 − ϵ2)
||v∗||

(6.25)

By choice of ϵ1 = 5µGϵ
7
√

rsCGyx LGy
and ϵ2 = ϵ

3
< 1

6
, i.e. 1+ϵ2

1−ϵ2

= 1 + 2ϵ2

1−ϵ2

< 7
5
. So, we get

||ĝ − g|| < ϵ||v∗|| with probability at least 1 − δ. The proof is complete.

6.7.3 Proof for Convergence Analysis

The full version of Theorem 147 in the main text is provided as follows:

Theorem 151. (Theorem 147) Under Assumption 138, 139, we pick the learning rate

η = 1
2Lh

√
K+1

, then we have:

a) Suppose that {xk}k≥0 is generated from the non-iterative Algorithm 3, under Assump-

tion 141 and ϵ = (K + 1)−1/4, we have the following:

E[||∇h(xk)||2] ≤
(

32Lh (h(x0) − h(x∗)) +
16C2

F

µ2
G

)

1√
K

b) Suppose {xk}k≥0 are generated from the non-iterative Algorithm 4, under Assump-

tion 140, I = Lh

√
K + 1, we have:

E[||∇h(xk)||2] ≤ C1

K3/2
+
C2

K
+

C3√
K

where C1, C2 and C3 are some constants. C1 = 12C2
Gxy

a3D2
v/L

3
h, C2 = (6144(2LGy +
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µG)C2
Gxy

G2
q)/(µ3

Gτ(1 − (1 − τ
2
)(1 + 1

a
)2)L2

h) + 384aC2
Gxy

G2
q/µ

2
GL

2
h, C3 = 32Lh(h(x0) −

h(x∗)) + (192C2
Gxy

G2
q)/µ2

GLh.

Proof. As stated in Proposition 146, h(x) is Lh smooth: h(xk+1) ≤ h(xk)+⟨∇h(xk), xk+1 −

xk⟩ + Lh

2
||xk+1 − xk||2, and by the update rule of outer variable xk+1 = xk − η∇̂h(xk), we

have:

h(xk+1) ≤h(xk) − η⟨∇h(xk), ∇̂h(xk)⟩ +
Lh

2
η2||∇̂h(xk)||2

≤h(xk) − η||∇h(xk)||2 + η⟨∇h(xk),∇h(xk) − ∇̂h(xk)⟩

+
Lh

2
η2||∇̂h(xk) − ∇h(xk) + ∇h(xk)||2

Using the triangle inequality and the Cauchy-Schwarz inequality, we have ⟨∇h(xk),∇h(xk)−

∇̂h(xk)⟩ ≤ 1
2
||∇h(xk)||2 + 1

2
||[∇̂h(xk) − ∇h(xk)||2 and ||∇̂h(xk) − ∇h(xk) + ∇h(xk)||2 ≤

2||∇̂h(xk) − ∇h(xk)||2 + 2||∇h(xk)||2. We combine these two inequalities with the above

inequality.

h(xk+1) ≤h(xk) − η(
1

2
− ηLh)||∇h(xk)||2 + η(

1

2
+ ηLh)ek

(6.26)

where we denote ||∇̂h(xk) − ∇h(xk)||2 as ek. Next we prove the two cases respectively.

Case (a): By Theorem 144 and ||v∗|| = ||∇2
yyG(x, yx)−1∇yF (x, yx)|| ≤ CF

µG
, we have:

ek ≤ ϵ2||v∗
k||2 ≤ ϵ2C2

Fy
/µ2

G. Combine this inequality with Eq. (6.26) and telescope from 1

to K, we have::

K−1
∑

k=0

η(
1

2
− ηLh)||∇h(xk)||2 ≤h(x0) − h(x∗) +

K−1
∑

k=0

η(
1

2
+ ηLh)

ϵ2C2
F

µ2
G
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We select xk with probability proportional to η(1
2

− ηLh), and pick η = 1
2Lh

√
K+1

, ϵ =

(K + 1)−1/4 we have:

E[||∇h(xk)||2] ≤ 1√
K

(

32Lh(h(x0) − h(x∗)) +
16C2

F

µ2
G

)

where we use
∑K−1

k=0 η(1
2

− ηLh) ≥
√

K
32Lh

,
∑K−1

k=0 ϵ
2η(1

2
+ ηLh) ≤ 1

2Lh
.

Case (b): for the iterative algorithm, we notice that ek = ||∇xF (x, yx)−∇2
xyG(x, yx)vI−

∇xF (x, yx)−∇2
xyG(x, yx)v∗||2 ≤ C2

Gxy
||(vI −v∗)||2. Combine this inequality with Eq. (6.26)

and telescope from 1 to K as case (a), we have:

K−1
∑

k=0

η(
1

2
− ηLh)||∇h(xk)||2 ≤ h(x0) − h(x∗) +

K−1
∑

k=0

η(
1

2
+ ηLh)C2

Gxy
||(vI − v∗)||2

By choosing the learning rate eta and I as in the Theorem, then combine Theorem 142, it

is straightforward to get the upper bound of ||∇h(xk)||2 as stated in the Theorem.
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Chapter 7: Device-Wise Federated Network Pruning

7.1 Introduction

Machine learning algorithms often rely on large amounts of data, but privacy restric-

tions can prevent data from being easily shared across different organizations. For instance,

hospitals may have isolated data that are limited in size and cannot be used to train a high-

quality model with good predictive accuracy. Collaboration between organizations to train

a machine learning model on their combined data can lead to better results, but sharing

data is often not possible due to privacy policies and regulations [166]. This problem of

‘data islands’ is not limited to hospitals and can be found in other areas such as finance,

government, and supply chains. Federated learning [92, 167, 168] has emerged as a popular

research topic in the machine learning and computer vision communities as a solution to

these issues.

Convolution Neural Networks (CNNs) have achieved remarkable success in various

computer vision tasks[169, 170, 171], but to address real-world challenges, recent CNNs

have become wider and deeper, leading to improved performance on various benchmarks.

However, this increased capacity comes at the cost of higher computational and storage

requirements, which prohibit CNNs from being deployed on edge devices. Consequently,

numerous efforts [172, 173] have been made to reduce the size of CNNs to enable their

292



deployment on mobile and embedded devices. Among different directions, weight prun-

ing [174] and structural pruning [175] are two major ways to reduce the model size. Net-

work pruning methods have achieved promising results. However, most existing methods

do not consider heterogeneous (non-iid) local data distributions. Instead, they upload local

data to the server to train and prune the model based on the whole dataset.

There are several existing works [176, 177, 178, 179, 180] on network pruning un-

der non-iid local data distributions. These methods mainly focus on weight pruning.

SCBFwP [176] tries to perform channel pruning under non-iid data distributions, but they

mostly rely on channel norms as the importance score, and they did not show how to scale

their method to larger CNNs. Our method is designed to perform channel pruning given

a certain computational budget (measured in FLOPs) on each device. Because, unlike

weight pruning, channel pruning can achieve acceleration and compression without any

post-processing steps.

Previous research [181, 182] show that data-driven pruning approaches often perform

much better than using a fixed criterion (like channel norm [175]). Inspired by this result,

we propose to discover the proper sub-network following the guidance of local data distribu-

tions. Specifically, we divide the learning of sub-networks into two parts. In the first part,

we design a server-side sub-network, which is used to serve as a base model for device-wise

sub-network. Ideally, weights that are not useful for any device will be removed from the

server-side sub-network. In the second part, device-side sub-networks will be adaptively

generated for each device. The device-side sub-network will be pruned to meet the spe-

cific resource requirement for each device. Both the server-side sub-network and device-side

sub-networks are generated by mapping the device id(s) into the network embedding space.
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The embedding for each sub-network will then be fed into a hypernetwork [183] to generate

the corresponding structure. The hypernetwork and the embedding are trained together

through gradient-based optimization algorithms in a federated fashion. To control the com-

munication costs brought by training the hypernetwork, we set the fraction of update steps

for the hypernetwork to be small. So that the overhead of training these sub-networks is

not large. In addition, to improve the training efficiency given the limited update budget,

we perform iterative training of model weights and the hypernetwork, which makes the

hypernetwork adapt to changes in model weights. The training process of our method may

pose challenges to the convergence of the model. We show that our method can be con-

verted into a bi-level optimization problem under the FL setting. We further provide the

theoretical convergence guarantee showing that our method can converge to a stationary

point. The contribution of this work can be summarized as follows:

• We proposed a novel channel pruning method for federated learning. A server-side

network and device-wise sub-networks are learned to achieve a better trade-off be-

tween the performance and the computational resource.

• We proposed to use an embedding layer and a hypernetwork to generate sub-networks

on each device. As a result, no sub-network structure needs to be stored for each

device.

• We provided the theoretical guarantee of convergence for our method for federated

learning by reformulating our method as a bi-level optimization problem.

• Extensive experiments on CIFAR-10, CIFAR-100, and TinyImageNet show the ef-

fectiveness of our method across different models like ResNet-56, ResNet-18/34, and
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MobileNet-V2.

7.2 Related Works

Federated Learning. Federated learning (FL) is a new kind of distributed learning

approach that involves a server coordinating a group of clients/devices to learn a model. In

FL, at each epoch, devices retrieve the model from the server, train the model locally for

several steps, and then upload the updated model back to the server. The server aggregates

the updates from devices to update the global model. FL presents several challenges that

need to be addressed for effective implementation. Firstly, devices in FL often have different

data distributions. Various methods are proposed to solve the data heterogeneity [96, 112,

113, 114, 115, 116, 155]. Second, the communication between devices and the server is

expensive and is a critical bottleneck in FL training. Compression techniques are applied

in FL to reduce the communication [124, 125, 127, 128, 130, 143], Finally, although in FL,

the server does not have access to the user data, model inversion attack [184] is shown

to recover the user information based on the model updates. Cryptography techniques

are applied to improve the privacy of FL, such as homomorphic encryption [122, 185],

differential privacy [92] and multiparty secure computation [123] etc.. In addition to the

challenges discussed, there are several other challenges in FL, such as fairness and model

interpretability, a more comprehensive review of FL can be found in [168, 186].

Network Pruning. (1) Regular Setting. Most network pruning methods assume

they can easily access all samples without restrictions. Early works [174, 175] simply use

L1 or L2 norm to measure the importance of weights or structures. Calculating norms
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Figure 7.1: An overview of our proposed method. We first generate network embeddings for
server-side and device-side sub-networks given their ids. We then use them as the inputs
to the hypernetwork to produce the corresponding sub-networks. We then optimize the
hypernetwork given loss functions on each device.

does not require samples, and it can be seamlessly extended to the FL setting. However,

the performance of these methods is often worse than methods [181, 182, 187] that require

samples for pruning. One direction of data-driven pruning methods relies on batch nor-

malization (BN) [188] layers since BN is popular for the design of recent CNNs [146, 189].

These methods utilize the scaling factor of BN to indicate which channels are important.

Liu et al. [190] use sparse regularization on the scaling factors of BN to prune channels,

where a channel is pruned if its corresponding scaling factor is small. Pruning methods

that involve BN are effective. However, BN layers can pose challenges in the FL setting

due to the varying data distribution across devices, leading to significant differences in BN

layers’ running mean and variance. Another research direction frames channel pruning as

a constrained optimization problem [182, 187, 191, 192, 193, 194, 195, 196, 197]. In this di-

rection, learnable parameters are utilized to control each channel, and these parameters are

end-to-end differentiable, allowing for gradient-based optimization methods. Since these

methods do not rely on BN layers, they can potentially be extended to the FL setting.

Alongside advancements in vision, Natural Language Processing (NLP) has significantly
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progressed, demonstrated by key studies [198, 199, 200, 201, 202, 203, 204]. Concurrently,

structure pruning has emerged as a method to improve the efficiency of large language

models, as shown in recent research [205].

(2) Non-iid Setting. Without specialized treatment, regular pruning methods can

impose strong biases in pruned models because of heterogeneous (non-iid) local data dis-

tributions. Shao et al. [176] employs local training with a full-size model to discard unim-

portant channels (measured in channel norms) on devices. FedPrune [178] guides pruning

based on updated activations. LotteryFL [177] iteratively prunes a full-size model on de-

vices. PruneFL [179] reduces local computational costs by finer pruning a coarse-pruned

model. ZeroFL [144] partitions weights into active and non-active weights and stores sparsi-

fied weights and activations for backward propagation, and it also needs to store non-active

weights and dense gradients. Bibikar et al. [145] employs mask adjustment on devices and

sparse aggregation and magnitude pruning on the server to generate a new global model.

The FedTiny [180] approach incorporates an adaptive batch normalization (BN) selection

module, which adaptively obtains an initially pruned model that can better fit deployment

scenarios. Most aforementioned methods focus on weight-level pruning/sparsity, often re-

quiring high communication costs to compute importance scores for all parameters. On

the other hand, our method learns the channel configuration of each layer, which is less

resource-demanding.

Federated Bilevel Optimization. Our channel pruning can be viewed as a feder-

ated bilevel optimization problem (FedBiO). The general FedBiO problem has been stud-

ied in the literature [70, 100, 101]. FedNest [100] studied the general nested federated

problems with FedBiO being a special case, and it utilized variance reduction to tackle
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the heterogeneity of lower level problems; simFBO [101] and FedBiOAcc [71] adapts the

single loop bilevel optimization problems to the federated learning setting. Some applica-

tions in FL can be viewed as bilevel optimization problems, such as noisy labels [99] and

communication-efficient FL [71].

7.3 Methodology

7.3.1 Notations

We will first introduce our notations before formally describing our method. In a

convolutional neural network (CNN), the feature map of the lth layer is denoted by Fl ∈

ReCl×Wl×Hl , where Cl represents the number of channels, and Hl and Wl represent the

height and width of the current feature map. L denotes the total number of layers in the

CNN. For simplicity, we ignore the mini-batch dimension of feature maps in our notation.

7.3.2 Federated Learning Setting

We first describe the federated learning problem considered in this paper. In the FL

setting, we train a neural network on N local datasets Dn, n ∈ {1, 2, 3 · · · , N}. Through

this paper, the data distribution on local devices is heterogeneous. To train a neural

network in this setting, we want to optimize the following optimization problem:

min
W

1

N

N
∑

n=1

L(W , Dn), (7.1)
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whereW is the weights of the CNN, and L is the objective function. One common method

to minimize communication costs is by using local stochastic gradient descent (SGD), where

the local device performs several update steps with their local data before averaging the

model weights W . FedAvg [92] is a popular algorithm that adopts this approach.

7.3.3 Generate Sub-network Architectures

To prune a model, we need to first generate the corresponding sub-network architec-

tures. To achieve this goal, we use a binary vector a ∈ {0, 1} to represent whether to keep

or prune a channel. To facilitate the learning of the sub-network architecture, we use a

hypernetwork [183] (HN) to generate the architecture vector a:

a = HN(e; θHN), (7.2)

where e is the network embedding of the corresponding device or server, which will be

discussed later, and θHN is the parameters of the HN. We use Straight-Through Gumbel-

Sigmoid [206] to enable gradient calculation for the HN. To control the pruning of each

channel, we apply a to the feature map of each layer:

F̂l = al ⊙Fl, (7.3)

where F̂l is the feature map after applying al (the architecture vector of lth layer). Note

that we insert al after normalization and activation layers, which correspond to control the

output channels of the previous convolution layer and input channels of the next convolution
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layer.

An alternative approach to control pruning is to add learnable parameters for each

channel. However, this approach presents challenges in the context of FL. If we only

train a single sub-network for compression, local parameters must be accumulated on the

server. Using individual learnable parameters for each channel may result in significantly

different parameters across devices due to the non-iid setting, rendering the final parameters

meaningless (often close to 0.5 before binarization). Additionally, if we aim to learn device-

wise sub-networks for pruning, we would need to train N sets of parameters for all devices,

making it unclear how to share knowledge between devices.

7.3.4 Architecture Embedding for Server and Device Side Sub-networks

Our method aims to find the appropriate server-side sub-network and device-side

sub-networks. The server-side sub-network serves as the weight bank for device-side sub-

networks. In addition, it reduces the communication and training costs at the finetuning

stage and alleviates the memory burden on each device. Device-side sub-networks are used

to meet the resource constraint of each device at the inference time, assuming the training

and test data distribution on each device are similar. Using HN potentially provides a

unique opportunity to share knowledge between server-side and device-side sub-networks.

To achieve this, we introduce an embedding layer to produce the embedding for each sub-

network:

en = Emb(n; θEmb), n = 0, · · · , N, (7.4)
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where θEmb is the parameters of the embedding layer Emb, and n is the index for each

device. In addition, we let n = 0 represent the embedding for the server-side sub-network.

By putting Eq. 7.2 and Eq. 7.4 together, we can generate the server-side sub-network and

device-side sub-networks by using:

a0 = HN(Emb(0; θEmb); θHN),

an = HN(Emb(n; θEmb); θHN), n = 1, · · · , N,
(7.5)

where a0 is the server-side sub-network and an are device-side sub-networks. The embed-

ding layer is used more frequently in natural language processing [207], but it well suits

our task since it can covert the device id into a corresponding sub-network by combining

Emb and HN.

7.3.5 Channel Pruning for Federated Learning

Given the aforementioned settings, we can now formally introduce the objective func-

tion for channel pruning. The channel pruning problem can be viewed as a constrained

optimization problem, where the constraint is used to control the computational resource

of the sub-network. The channel pruning objective function can be formulated as follows:

min
θ

1

N

N
∑

n=1

L(W , Da

n; a0 ⊙ an) (7.6)

+ λ[(R(T (a0), psTtotal) +
1

N

N
∑

n=1

R(T (a0 ⊙ an), pn
dTtotal)],
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Algorithm 15 Learning Server-side and Device-side Sub-networks

Require: Dn, D
a

n, ps, p
n
d , λ, S,K, rW , rθ, rHN

1: Initialization: kHN ← 0
2: Broadcast the current state of the CNN
3: for k = 1→ K do
4: for each device in parallel do
5: Calculate gradients w.r.t. the loss in Eq. (7.7)
6: Update local CNN weights using the preferred optimizer
7: end for
8: if k mod rW = 0 then
9: Randomly sample S devices

10: Average CNN states and broadcast the updated states
11: end if
12: if k mod rHN = 0 then
13: for each device in parallel do
14: Calculate gradients w.r.t. θ given the loss in Eq. (7.6)
15: Update local HN weights (including Emb) using the preferred optimizer
16: end for
17: if kHN mod rθ = 0 then
18: Randomly sample S devices
19: Average HN states and broadcast the updated states
20: end if
21: kHN ← kHN + 1
22: end if
23: end for
24: Prune the model with resulting a0, and fine-tune it

where θ contains both θHN and θEmb, a0 and an are generated by using Eq. 7.5, Da

n is a

subset of the local datasets Dn, R is the regularization loss to control the FLOPs of the

sub-network, ps ∈ (0, 1] is a predefined hyperparameter to control the preserved FLOPs of

the server-side sub-network, pn
d ∈ (0, 1], n = 1, · · · , N are also predefined hyperparameters

to control the FLOPs of sub-networks on each device, T (a0) or T (a0 ⊙ an) is the current

FLOPs decided by the sub-network architecture a0 or a0⊙an, and Ttotal is the total FLOPs

of the CNN. The FLOPs constraint R(x, y) is generally a regression problem, but regular

regression loss functions, like MAE and MSE, can hardly push R to near zero values. We

let R(x, y) = log
(

max(x,y)
y

)

to push R to be close to 0. In addition, we explicitly require
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that if a channel is pruned by the server-side sub-network, the corresponding device-side

sub-networks should not update the corresponding position, and the detail is shown in the

supplementary materials.

We perform iterative updates between model weights and the sub-network architec-

tures. When updating model weights, we use the following equation:

min
W

1

N

N
∑

n=1

L(W , Dn; a0 ⊙ an). (7.7)

When training model weights, we freeze the sub-networks generated by the HN, and when

training the HN, we also freeze W .

The overview of our method is shown in Fig. 7.1. The algorithm of training our

method for one epoch is shown in Alg. 15. In Alg. 15 Dn and Da

n are local datasets and

their sub-set for training the HN. λ is the hyperparameter to control FLOPs constraints,

S is the number of sampled devices, K is the number of iterations within one epoch, rW

is the state average interval for the CNN, rθ is the state average interval for the HN, rHN

decides the frequency of training the HN. To control the communication and the additional

training costs, we introduce three hyperparameters: rW , rθ and rHN. rW , rθ controls the

communication costs for training the model and the HN. Larger rW and rθ will reduce

the communication costs, but it may also negatively affect the quality of the final model

and generated sub-networks under the FL setting. rHN controls the overall training costs

brought by HN. Similarly, larger rHN results in smaller additional training costs, but it

makes the training of HN harder since the difference of model weights is larger between

consecutive training iterations of the HN. We follow Mime [208] for averaging states of the
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optimizers.

Method Dataset Architecture Base Acc ∆-Acc Acc ↓ FLOPs (D) ↓ FLOPs (S)
Filter Pruning [175]

CIFAR-10 ResNet-56 91.22%

-0.93% 90.29% 50% 50%
FedOSP -0.28% 90.94% 50% 50%
FedILP -0.08% 91.14% 50% 50%
DWNP +0.66% 91.88% 50% 20%
Filter Pruning [175]

CIFAR-100

ResNet-18 66.57%

-1.31% 65.26% 50% 50%
FedOSP -0.61% 65.96% 50% 50%
FedILP -0.20% 66.37% 50% 50%
DWNP +1.74% 68.31% 50% 20%
Filter Pruning [175] -2.52% 64.05% 70% 70%
FedOSP -1.79% 64.78% 70% 70%
FedILP -1.44% 65.13% 70% 70%
DWNP +0.05% 66.62% 70% 50%
Filter Pruning [175]

ResNet-34 69.05%

-1.22% 67.83% 50% 50%
FedOSP -0.29% 68.76% 50% 50%
FedILP +0.44% 69.49% 50% 50%
DWNP +2.17% 71.72% 50% 20%
FedILP

MobileNet-V2 66.76%
-0.22% 66.64% 48% 48%

DWNP +1.46% 68.22% 48% 20%

Table 7.1: Results of CIFAR-10 and CIFAR-100. ‘Base Acc’ represents the baseline train-
ing accuracy. ‘∆-Acc’ represents the accuracy changes before and after pruning. ‘Acc’
represents the accuracy after pruning. ‘↓ FLOPs (D)’ and ‘↓ FLOPs (S)’ represent the
pruned FLOPs of device-side and server-side sub-networks.

7.3.6 Theoretical Guarantee of Convergence

The objective of channel pruning is finding an optimal sub-network such that the

FLOPs constraint is satisfied and the model performance is maximized. In fact, channel

pruning in our setting can be viewed as a federated bilevel optimization problem [16, 17].

More formally, we combine Eq.(7.6) and Eq. (7.7) to have:

min
θ
h(θ) :=

1

N

N
∑

n=1

L(Wθ, D
a

n; a0 ⊙ an)

+ λ[(R(T (a0), psTtotal) +
1

N

N
∑

n=1

R(T (a0 ⊙ an), pn
dTtotal)],

s.t.Wθ = arg min
W

1

N

N
∑

n=1

L(W , Dn; a0 ⊙ an). (7.8)

From a bilevel’s perspective, we do channel pruning by iteratively performing the

following steps until convergence: for a given sub-network structure from the HN and Emb,
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Architecture Method Base Top-1 Acc Base Top-5 Acc ∆ Top-1 Acc ∆ Top-5 Acc ↓ FLOPs (D) ↓ FLOPs (S)

ResNet-18

Filter Pruning [175]

54.99% 78.60%

-1.01% -0.33% 50% 50%
FedOSP -0.18% +0.48% 50% 50%
FedILP +0.07% +0.65% 50% 50%
DWNP +1.06% +1.10% 50% 20%

ResNet-34

Filter Pruning [175]

56.32% 79.37%

-0.91% -0.21% 50% 50%
FedOSP -0.20% +0.21% 50% 50%
FedILP -0.03% +0.34% 50% 50%
DWNP +0.80% +0.74% 50% 20%

Table 7.2: Comparison results on TinyImageNet with ResNet-18/34. ‘Base Top-1/5’ rep-
resents the baseline training Top-1/5 accuracy. ‘∆ Top-1/5 Acc’ represents the Top-1/5
accuracy changes before and after pruning.

we first find the optimal model weightW(solving the lower level problem in Eq. (7.8)); then

we optimize the sub-network based on this optimal model weight(solving the upper level

problem in Eq. (7.8)). Finding the optimal model weight is expensive, especially for modern

deep neural networks; we instead optimize the HN and Emb weights θ and the model weight

W alternatively as in Alg. 15. Furthermore, the gradient w.r.t the sub-network structure

includes both a direct part, which is the direct gradient w.r.t θ, and an indirect part due

to Wθ is a function of θ (the minimizer of the lower level problem). However, the indirect

gradient is expensive to evaluate and leads to minor empirical improvement in practice,

so we only consider the direct gradient when updating θ in Alg. 15. The convergence of

our alternative update method is guaranteed under mild assumptions [12, 32] as stated in

Theorem 152 below:

Theorem 152. Suppose we choose the upper level learning rate η and the lower level

learning rate γ as:

η = min

{

1

4Lrθ

,

(

2bN∆θ

KHNLσ2

)1/2}

, γ = min

{

1

4L
,

(

λbN

KHNL2σ2

)1/2}

,

305



(a) α = 0.05 (b) α = 0.10 (c) α = 0.50

Figure 7.2: The layer-wise pruning rates for device-side sub-networks, the union of device-
side sub-networks, and the server-side sub-network with different α. The union of device-
side sub-networks represents the union of kept channels from all devices.

then we have:

1

KHN

KHN −1
∑

kHN =0

E∥∇h(θ̄kHN
)∥2 = O

(

1

(bNKHN)1/2

)

where b is the mini-batch size, N is the number of devices, and KHN is the number of

update steps to the upper level variable θ.

As stated in Theorem 152, our algorithm converges to a stationary point of Eq. (7.8),

with a convergence rate of O(K−0.5
HN ). Furthermore, the algorithm achieves linear speed up

w.r.t the number of devices and mini-batch size.

7.4 Numerical Experiments

7.4.1 Settings

Datasets and Models. We use CIFAR-10 [142], CIFAR-100 [142], and TinyImageNet [209,

210] to evaluate the performance of our method. Our method uses ps and pn
d to control the

FLOPs for the server and each device. In the experiment section, we assume pn
d has the
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same value for different devices for a fair comparison with other methods. The detailed

choices of ps and pn
d are listed in supplementary materials. We choose ResNets [146] and

MobileNet-V2 [189] for comparison. For CIFAR-10, we compare our method with other

baselines on ResNet-56. For CIFAR-100, we compare our method with other baselines on

ResNet-18, ResNet-34, and MobileNet-V2. For TinyImageNet, ResNet-18 and ResNet-34

are used for comparisons. To reduce the negative effects caused by batch normalization

layers, we replace batch normalization with layer normalization [211], which has been used

frequently in recent designs of vision transformers [212] and CNNs [213]. For the main

experiments, we consider N = 10 devices. We use the Dirichlet distribution with α = 0.5,

as described in [214], to create non-iid partitions on the devices for all datasets. Other

settings of N and α are also verified for specific models and datasets. As described in

section 7.3, we assume the training and test datasets on each device are similar. To ac-

complish this, we apply a random permutation to the samples drawn from the Dirichlet

distribution for the training dataset and then split the test dataset based on the permuted

samples. As a result, the training and test datasets distributions on each device are similar

but not the same. More details are given in the supplementary materials. Baselines.

In addition to the proposed method, we also build three baselines from the literature on

channel pruning. (1) Filter Pruning: we directly adapt the Filter Pruning [175] to the

FL setting, where there are no communication costs for pruning. In this setting, pruning

is purely based on the channel norm of the weights. (2) FedOSP (Federated One-Shot

Pruning): this baseline can be seen as an improved version of channel pruning methods

with differentiable gates [182, 187, 191] in the one-shot pruning setting. In this setting, we

use the HN to generate one sub-network for all devices. The HN is learned in a one-shot
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Method
N = 10 N = 25 N = 50

Base Acc Base Acc Base Acc

FedILP
66.57%

66.37%

65.86%

65.37%

65.13%

64.88%
-0.20% -0.49% -0.25%

DWNP
68.31% 68.09% 67.58%

+1.74% +2.23% +2.45%

Table 7.3: Performance of pruned models given different numbers of devices N with ResNet-
18 on CIFAR-100.

setting when model weights are frozen. (3) FedILP (Federated Iterative-Learning and

Pruning): this baseline can be seen as the simplified version of our method without device-

side sub-networks. Through the experiment section, our method is abbreviated as DWNP

(Device-Wise Network Pruning). For all settings, we report the mean results across three

runs.

Training Settings. We describe the hyperparameters in Alg. 15 in this section. For all

methods, we let S = N , λ = 2.0, rW = 5, rθ = 2 and rHN = 10. K is the number of

iterations for training one epoch. For Filter Pruning and FedOSP, we train a base model

for 200 epochs, and this base model also servers as the baseline model in Tab. 7.1 and

Tab. 7.2. For FedILP and DWNP, we train the model and the hypernetwork from scratch

for 200 epochs. For FedIPL and DWNP, we start the training of the hypernetwork after

1
4

of the total training epochs, which avoids misleading pruning results when weights are

not properly trained. We finetune the model for 200 epochs for all methods to recover the

performance. For each local dataset, we sample 10% of the training samples to construct

Da

n. When updating the local W , we use SGD with momentum 0.9 and a start learning

rate 0.1. When updating the local θ, we use Adam [215] with a start learning rate of 10−3.

Other training details are shown in the supplementary materials.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 7.3: (a, e): normalized FLOPs regularization loss values for the server-side sub-
network. (b, f): normalized FLOPs regularization loss values for device-side sub-networks.
(d, h): test accuracy given different choices of rHN. (d): communication costs. (h): trade-off
between server-side and device-side sub-networks. Experiments are conducted on CIFAR-
100 with ResNet-18 and when pruning 50% FLOPs (a,b,c) and 70% FLOPs (f,g,h) on
devices.

7.4.2 Results

CIFAR-10/CIFAR-100. We tested different settings on CIFAR-10 and CIFAR-100 and

found that our method DWNP consistently achieved the best performance across different

model architectures and pruning rates. Specifically, DWNP outperformed the original

model by 0.66%, 1.74%, 2.17%, and 1.46% for ResNet-56, ResNet-18, ResNet-34, and

MobileNet-V2, respectively. This demonstrated that the design of device-wise sub-networks

is beneficial for achieving a good trade-off for channel pruning under the federated learning

setup. Our method even surpassed the original model when pruning 70% of FLOPs on

ResNet-18. The relative ranking of other baselines is Filter Pruning, FedOSP, and FedILP.

Our method achieved a prominent trade-off between performance and computational costs

on more complex datasets, like CIFAR-100, with an improvement of 0.05%∼2.17% over
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Method Architecture
α = 0.5 α = 0.1 α = 0.05

Base Acc Base Acc Base Acc

FedILP
ResNet-18 66.57%

66.37%

63.22%

62.77%

61.61%

60.50%
-0.20% -0.55% -1.11%

DWNP
68.31% 64.51% 62.59%

+1.74% +1.29% +0.98%

FedILP
ResNet-34 69.05%

69.49%

66.77%

66.46%

64.52%

63.54%
+0.44% -0.31% -0.98%

DWNP
71.72% 68.20% 65.53%

+2.17% +1.43% +1.01%

Table 7.4: Performance of pruned models given different choices of α with ResNet-18/34
on CIFAR-100.

the original model when pruning 50% FLOPs or more. The performance of our method on

MobileNet-V2 demonstrated that it could be seamlessly extended to lightweight models.

TinyImageNet. We present the results of ResNet-18 and ResNet-34 on TinyImageNet

in Tab. 7.2. DWNP is 1.06%/1.10% better than the original model regarding the Top-1/5

accuracy for ResNet-18. For ResNet-34, the advantage is 0.80%/0.74% regarding the Top-

1/5 accuracy. The advantage of our method compared to other baselines is still obvious,

which ranges from 1.13% ∼ 2.07% and 0.45% ∼ 1.75% for ∆ Top-1/5 accuracy for ResNet-

18. We have similar observations for ResNet-34.

Across all settings, FedILP often performs better than FedOSP, indicating that learn-

ing model weights and architectures simultaneously are beneficial, as explained in sec-

tion 7.3.6. In general, data-driven approaches perform better than pruning methods based

on channel norms, suggesting that local data distributions should be considered explicitly

when pruning under the FL setting. Indeed, the performance gain of DWNP is not free.

For the server-side sub-network, the FLOPs reduction for DWNP is much smaller than

other methods, and DWNP has to occupy more storage space on the server.

Other Settings. To verify whether our method can perform well in other settings, we

change N and α to create different FL settings. In the first experiment, we use ResNet-
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18 on CIFAR-100 to verify whether our method can achieve similar performance when

changing the number of devices N . From Tab. 7.3, we can see the ∆-Acc is increased given

more devices, which shows that our method is more resilient when increasing the number

of devices N . On the other hand, the ∆-Acc of FedILP is similar or worse when increasing

the number of devices, probably because the learning of the sub-network becomes harder

when increasing N . In Tab. 7.4, we show the results when changing α on ResNet-18/34.

A smaller α represents more diverse local data distributions and is often harder for model

training. The table shows that both DWNP and FedILP are affected by decreasing α.

However, DWNP can still maintain a positive performance gain for both ResNet-18/34.

We plot the layer-wise pruning rate for channels with different α in Fig. 7.2. It can be seen

that the sub-network architecture changes when changing local data distributions. For high

heterogeneity (α = 0.05), DWNP prefers to perverse more later layer channels, which is

plausible because feature maps of later layers are more diverse on each device. In addition,

the early stages of the model are not well utilized by device-side sub-networks. On the one

hand, it is reasonable since CNNs tend to learn uniform representations from early stages.

On the other hand, maybe we can add constraints to encourage the utilization of early

stages or adjust the server-side sub-network so that it can be better used.

Detailed Analysis. We examine how rHN changes the training dynamics during the

optimization process. The training of model weights is not the focus of our paper, so

we did not study rW . The effect of rθ is not obvious compared to rHN. We present our

study in Fig. 7.3. We plot the first 50 epochs for regularization loss values after the

training of HN begins. As described in the settings 7.4.1, the training of HN starts after

50 epochs of model weights training. We test 4 settings of rHN: {5,10,20,30}. In short,
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our method performs well when rHN ≤ 10. We can see an obvious performance drop when

rHN = 30. We also plot the overall communication costs for W and θ in Fig. 7.3d, and

the red dashed line represents the costs for W only. For rHN ≥ 10, the communication

overhead from training the HN becomes marginal. As a result, rHN = 10 provides a good

trade-off between performance and additional communication costs. In Fig. 7.3h, we show

the trade-off between the model performance and the server-side FLOPs when pruning

50% of FLOPs on devices with ResNet-18 on CIFAR-100. We can see that our method can

maintain a good performance when the remained server-side FLOPs are larger than 75%.

7.5 Proof of Theorems

In this section, we study the convergence rate of Algorithm 15. We first simplify the

notations of objective functions: L(n)(W ; θ) = L(W , Dn; a0 ⊙ an) and

h(n)(W , θ) = L(Wθ, D
a

n; a0 ⊙ an) + λ[(R(T (a0), psTtotal) +R(T (a0 ⊙ an), pn
dTtotal)]

Next, we make some mild assumptions:

Assumption 153. The function h(n)(W , θ) is possibly non-convex, L-Lipschitz; L(n)(W , θ)

is L-Lipschitz, µ-strongly convex w.r.t. W for any given θ;

Assumption 154. We have an unbiased stochastic first order derivative oracle with bounded

variance σ2;

Assumption 155. For any m, j ∈ [N ] and z = (x, y), we have: ∥∇h(m)(W , θ)−∇h(j)(W , θ)∥ ≤
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ζ and ∥∇L(m)(W , θ)−∇L(j)(W , θ)∥ ≤ ζ̄, where ζ, ζ̄ are constants.

We further assume the total number of update steps to W is K; the total number of

update steps to θ is KHN , and K = rHNKHN ; the mini-batch size of stochastic query for

both W and θ is b; the stochastic query to θ is denoted as Gk; we omit the gradient of Wθ

w.r.t. θ; we use θ̄ and W̄ to denotes the average of θ and W across devices. We denote:

W̃θ̄ = arg min
W

1

N

N
∑

n=1

L(n)(W ; θ(n)), Wθ̄ = arg min
W

1

N

N
∑

n=1

L(n)(W ; θ̄).

since we make infrequent updates to θ, we omit the drift of the lower level solution caused

by θ update, in other words, we assume W̃θ̄ ≈ Wθ̄.

7.5.1 Useful Lemmas

Lemma 156. For k ∈ [rHNkHN , rHNkHN + rHN − 1], we have:

E

∥

∥

∥W̄rHN kHN +rHN
−Wθ̄kHN

∥

∥

∥

2 ≤ (1− λγ)rHNE

∥

∥

∥W̄rHN kHN
−Wθ̄kHN

∥

∥

∥

2

+
1

λ

(

γσ2

bN
+ 12LrWσ

2γ2 + 12Lr2
Wγ

2ζ̄2

)

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. For ease of notation, we denote W∗ = Wθ̄kHN
in the proof, and follow Lemma 15

and Lemma 16 in [216], for k ∈ [rHNkHN , rHNkHN + rHN − 1], we have:

E

∥

∥

∥W̄k+1 −W∗
∥

∥

∥

2 ≤ (1− λγ)E
∥

∥

∥W̄k −W∗
∥

∥

∥

2
+
γ2σ2

bN
+ 12LrWσ

2γ3 + 12Lr2
W ζ̄

2γ3
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Telescope for k ∈ [rHNkHN , rHNkHN + rHN − 1], we have:

E

∥

∥

∥W̄rHN kHN +rHN
−W∗

∥

∥

∥

2

≤ (1− λγ)rHNE

∥

∥

∥W̄rHN kHN
−W∗

∥

∥

∥

2

+
rHN kHN +rHN

∑

k=rHN kHN

(1− λγ)k−rHN kHN

(

γ2σ2

N
+ 12LrWσ

2γ3 + 12Lr2
Wγ

3ζ̄2

)

≤ (1− λγ)rHNE

∥

∥

∥W̄rHN kHN
−W∗

∥

∥

∥

2
+

1

λγ

(

γ2σ2

bN
+ 12LrWσ

2γ3 + 12Lr2
Wγ

3ζ̄2

)

This completes the proof.

Lemma 157. Suppose iterates θ
(n)
k , n ∈ [N ], k ∈ [KHN ] are generated from Algorithm 15,

we have:

(1− 12L2r2
θη

2)
k̃r+rθ−1
∑

k=k̃r

N
∑

n=1

E∥θ̄k − θ(n)
k ∥2

≤ Nr3
θη

2

(

2σ2

b
+ 8ζ2 +

12L2

λ

(

γσ2

bN
+ 12LrWσ

2γ2 + 12Lr2
Wγ

2ζ̄2

))

where k̃r ∈ [KHN ] and k̃r%rθ = 0, and the expectation is w.r.t the stochasticity of the

algorithm.

Proof. Suppose we denote k̃r ∈ [KHN ] where k̃r%rθ = 0. By Algorithm 15, we have

θ
(n)

k̃r
= θ̄k̃r

. For k ̸= k̃r, we have:

θ
(n)
k = θ

(n)

k̃r
−

k−1
∑

ℓ=k̃r

ηG
(n)
ℓ and θ̄k = θ̄k̃r

−
k−1
∑

ℓ=k̃r

ηḠℓ.
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So we have:

N
∑

n=1

∥θ(n)
k − θ̄k∥2 =

N
∑

n=1

∥

∥

∥

∥

k−1
∑

ℓ=k̃r

(

ηG
(n)
ℓ − ηḠℓ

)

∥

∥

∥

∥

2

≤ rθ

k−1
∑

ℓ=k̃r

η2
N
∑

n=1

∥G(n)
ℓ − Ḡℓ∥2

where the equality uses the fact θ
(n)

k̃r
= θ̄k̃r

for k ∈ [K], the inequality uses the generalized

triangle inequality. Next,

E

∥

∥

∥

∥

∥

G
(n)
ℓ − Ḡℓ

∥

∥

∥

∥

∥

2

= E

∥

∥

∥

∥

∥

(

G
(n)
ℓ − Eξ[G

(n)
ℓ ]
)

− 1

N

N
∑

j=1

(

G
(j)
ℓ − Eξ[G

(j)
ℓ ]
)

+ Eξ[G
(n)
ℓ ]− 1

N

N
∑

j=1

Eξ[G
(j)
ℓ ]

∥

∥

∥

∥

∥

2

≤ 2E

∥

∥

∥

∥

∥

(

G
(n)
ℓ − Eξ[G

(n)
ℓ ]
)

− 1

N

N
∑

j=1

(

G
(j)
ℓ − Eξ[G

(j)
ℓ ]
)

∥

∥

∥

∥

∥

2

+ 2E

∥

∥

∥

∥

∥

Eξ[G
(n)
ℓ ]− 1

N

N
∑

j=1

Eξ[G
(j)
ℓ ]

∥

∥

∥

∥

∥

2

(a)

≤ 2E

∥

∥

∥

∥

∥

(

G
(n)
ℓ − Eξ[G

(n)
ℓ ]
)

∥

∥

∥

∥

∥

2

+ 2E

∥

∥

∥

∥

∥

Eξ[G
(n)
ℓ ]− 1

N

N
∑

j=1

Eξ[G
(j)
ℓ ]

∥

∥

∥

∥

∥

2

≤ 2E
∥

∥

∥

(

G
(n)
ℓ − Eξ[G

(n)
ℓ ]
)
∥

∥

∥

2
+ 4E

∥

∥

∥

∥

∥

Eξ[G
(n)
ℓ ]−∇h(n)(θ̄ℓ)

∥

∥

∥

∥

∥

2

+ 8E

∥

∥

∥

∥

∥

∇h(n)(θ̄ℓ)−∇h(θ̄ℓ)

∥

∥

∥

∥

∥

2

+ 8E

∥

∥

∥

∥

∥

∇h(θ̄ℓ)−
1

N

N
∑

j=1

Eξ[G
(j)
ℓ ]

∥

∥

∥

∥

∥

2

(b)

≤ 2σ2

b
+ 4L2

(

E∥θ̄ℓ − θ(n)
ℓ ∥2 + E∥Wθ̄ℓ

−W(n)
ℓ ∥2

)

+ 8ζ2 +
8L2

N

N
∑

j=1

(

E∥θ̄ℓ − θ(j)
ℓ ∥2 + E∥Wθ̄ℓ

−W(j)
ℓ ∥2

)

(7.9)

Average over n ∈ [N ], we have:

1

N

N
∑

n=1

E

∥

∥

∥

∥

∥

G
(n)
ℓ − Ḡℓ

∥

∥

∥

∥

∥

2

≤ 2σ2

b
+ 8ζ2 +

12L2

N

N
∑

n=1

(

E∥θ̄ℓ − θ(n)
ℓ ∥2 + E∥Wθ̄ℓ

−W(n)
ℓ ∥2

)
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So we have:

N
∑

n=1

∥θ(n)
k − θ̄k∥2 ≤ rθ

k−1
∑

ℓ=k̃r

η2
N
∑

n=1

∥G(n)
ℓ − Ḡℓ∥2

≤ Nrθ

k−1
∑

ℓ=k̃r

η2

(

2σ2

b
+ 8ζ2 +

12L2

N

N
∑

n=1

(

E∥θ̄ℓ − θ(n)
ℓ ∥2 + E∥Wθ̄ℓ

−W(n)
ℓ ∥2

))

Then we combine with Lemma 156 to get:

N
∑

n=1

∥θ(n)
k − θ̄k∥2

≤ Nrθ

k−1
∑

ℓ=k̃r

η2

(

2σ2

b
+ 8ζ2

+
12L2

λ

(

γσ2

N
+ 12LrWσ

2γ2 + 12Lr2
Wγ

2ζ̄2

)

+
12L2

N

N
∑

n=1

(

E∥θ̄ℓ − θ(n)
ℓ ∥2

))

≤ Nr2
θη

2

(

2σ2

b
+ 8ζ2 +

12L2

λ

(

γσ2

bN
+ 12LrWσ

2γ2 + 12Lr2
Wγ

2ζ̄2

))

+ 12L2rθη
2

k−1
∑

ℓ=k̃r

N
∑

n=1

E∥θ̄ℓ − θ(n)
ℓ ∥2

Next, we sum over k, we have:

(1− 12L2r2
θη

2)
k̃r+rθ−1
∑

k=k̃r

N
∑

n=1

E∥θ̄k − θ(n)
k ∥2

≤ Nr3
θη

2

(

2σ2

b
+ 8ζ2 +

12L2

λ

(

γσ2

bN
+ 12LrWσ

2γ2 + 12Lr2
Wγ

2ζ̄2

))

This completes the proof.
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7.5.2 Descent Lemma

Lemma 158. Suppose ηηg ≤ 1
2IL̄

For t ∈ [T ], the iterates generated satisfy:

E[h(θ̄kHN +1)] ≤ E[h(θ̄kHN
)]− η

2
E∥∇h(θ̄kHN

)∥2 − η

4
E∥Eξ[ḠkHN

]∥2

+
L2η

2N

N
∑

n=1

(

E∥θ̄kHN
− θ(n)

kHN
∥2 + E∥Wθ̄kHN

− W̄(rHN +1)kHN
∥2

)

+
η2Lσ2

2bN

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. Using the smoothness of h we have:

E[h(θ̄kHN +1)] ≤ E[h(θ̄kHN
)] + E⟨∇h(θ̄kHN

), θ̄kHN +1 − θ̄kHN
⟩+

L

2
E∥θ̄kHN +1 − θ̄kHN

∥2

(a)
= E[h(θ̄kHN

)]− ηE⟨∇h(θ̄kHN
),Eξ[ḠkHN

]⟩+
η2L

2
E∥Eξ[ḠkHN

]∥2 +
η2Lσ2

2bN

(b)
= E[h(θ̄kHN

)]− η

2
E∥∇h(θ̄kHN

)∥2 +
η

2
E∥∇h(θ̄kHN

)− Eξ[ḠkHN
]∥2

−
(

η

2
− η2L

2

)

E∥Eξ[ḠkHN
]∥2 +

η2Lσ2

2bN

(c)

≤ E[h(θ̄kHN
)]− η

2
E∥∇h(θ̄kHN

)∥2 − η

4
E∥Eξ[ḠkHN

]∥2

+
L2η

2N

N
∑

n=1

(

E∥θ̄kHN
− θ(n)

kHN
∥2 + E∥Wθ̄kHN

− W̄(rHN +1)kHN
∥2

)

+
η2Lσ2

2bN

where equality (a) follows from the update step to the HN in Algorithm 15; (b) uses

⟨a, b⟩ = 1
2
[∥a∥2 + ∥b∥2 − ∥a − b∥2]; (c) follows the condition that ηk ≤ 1/(2L) and the

smoothness of h(θ). This completes the proof.

7.5.3 Proof of Convergence Theorem

We are ready to prove the main theorem 152 in this subsection.
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Theorem 159. Suppose we the upper level learning rate η and the lower level learning rate

γ as:

η = min

{

1

4Lrθ

,

(

2bN∆θ

KHNLσ2

)1/2}

, γ = min{ 1

4L
,

(

λbN

KHNL2σ2

)1/2

}

then we have:

1

KHN

KHN −1
∑

kHN =0

E∥∇h(θ̄kHN
)∥2 ≤

(

2Lσ2∆θ

bNKHN

)1/2

+

(

L2σ2

λbNKHN

)1/2

where b is the mini-batch size, N is the number of devices

Proof. Combine Lemma 158, and Lemma 156 to have:

E[h(θ̄kHN +1)] ≤ E[h(θ̄kHN
)]− η

2
E∥∇h(θ̄kHN

)∥2 − η

4
E∥Eξ[ḠkHN

]∥2

+
L2η

2N

N
∑

n=1

E∥θ̄kHN
− θ(n)

kHN
∥2 +

L2η

2
(1− λγ)rHN ∆W

+
L2η

2λ

(

γσ2

bN
+ 12LrWσ

2γ2 + 12Lr2
Wγ

2ζ̄2

)

+
η2Lσ2

2bN

Next, we sum over kHN , and denote ∆θ = h(θ0), we have:

η

2

KHN −1
∑

kHN =0

E∥∇h(θ̄kHN
)∥2 ≤ ∆θ +

L2η

2N

KHN −1
∑

kHN =0

N
∑

n=1

E∥θ̄kHN
− θ(n)

kHN
∥2 +

KHNL
2η

2
(1− λγ)rHN ∆W

+
KHNL

2η

2λ

(

γσ2

bN
+ 12LrWσ

2γ2 + 12Lr2
Wγ

2ζ̄2

)

+
KHNη

2Lσ2

2bN

Suppose we choose η < 1
4Lrθ

. By Lemma 157, we have:

k̃r+rθ−1
∑

k=k̃r

N
∑

n=1

E∥θ̄k − θ(n)
k ∥2 ≤ 4Nr3

θη
2

(

2σ2

b
+ 8ζ2 +

12L2

λ

(

γσ2

bN
+ 12LrWσ

2γ2 + 12Lr2
Wγ

2ζ̄2

))
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So we have:

η

2

KHN −1
∑

kHN =0

E∥∇h(θ̄kHN
)∥2

≤ ∆θ + 2KHNL
2r2

θη
3

(

2σ2

b
+ 8ζ2 +

12L2

λ

(

γσ2

bN
+ 12LrWσ

2γ2 + 12Lr2
Wγ

2ζ̄2

))

+
KHNL

2η

2
(1− λγ)rHN ∆W

+
KHNL

2η

2λ

(

γσ2

bN
+ 12LrWσ

2γ2 + 12Lr2
Wγ

2ζ̄2

)

+
KHNη

2Lσ2

2bN

Multiply 2
ηKHN

on both sides, we have:

1

KHN

KHN −1
∑

kHN =0

E∥∇h(θ̄kHN
)∥2

≤ 2∆θ

ηKHN

+ 4L2r2
θη

2

(

2σ2

b
+ 8ζ2 +

12L2

λ

(

γσ2

bN
+ 12LrWσ

2γ2 + 12Lr2
Wγ

2ζ̄2

))

+ L2(1− λγ)rHN ∆W

+
L2

λ

(

γσ2

bN
+ 12LrWσ

2γ2 + 12Lr2
Wγ

2ζ̄2

)

+
ηLσ2

bN

By ignoring the higher order terms, we have:

1

KHN

KHN −1
∑

kHN =0

E∥∇h(θ̄kHN
)∥2 ≤ 2∆θ

ηKHN

+
γL2σ2

λbN
+
ηLσ2

bN

By choosing:

η = min

{

1

4Lrθ

,

(

2bN∆θ

KHNLσ2

)1/2}

, γ = min{ 1

4L
,

(

λbN

KHNL2σ2

)1/2

}
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then we have:

1

KHN

KHN −1
∑

kHN =0

E∥∇h(θ̄kHN
)∥2 ≤

(

2Lσ2∆θ

bNKHN

)1/2

+

(

L2σ2

λbNKHN

)1/2

this completes the proof.

7.6 More Experimental Details

7.6.1 Experimental Settings

In Tab. 7.6, we provide the details choices of ps and pn
d . When training the base

model, we use SGD as the local optimizer with a start learning rate of 0.1, momentum of

0.9, and weight decay of 0.0001. The learning rate is decayed to 0.01 and 0.001 at epochs

50 and 100, respectively. We set the mini-batchsize on each device to be ⌊256/N⌋, where

⌊·⌋ is the floor function. For FedOSP, we also use the hypernetwork for pruning, and the

pruning process is conducted on the subset Da

n. We train the hypernetwork for FedOSP

for 200 epochs with ADAM and a constant learning rate of 0.001. With these settings,

the additional costs for training the hypernetwork for FedOSP and other methods will be

similar. During the finetuning process, we use exactly the same setting as the base model

training process.

We assume the local data distribution on each device is similar, and we split the test

dataset to each device according to this assumption. In [214], for each class, they sample

a vector v ∼ Dir(α), where r is a N (the number of devices) dimensional vector which lies
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Inputs n = 0, · · · , N ,

Embedding(N, 32× L), Resize to (L,32)

GRU(32, 64), LayerNorm, ReLU
FCl(64,Cl), LayerNorm, l = 1, · · · , L

Outputs āl, l = 1, · · · , L

Table 7.5: The architecture of the embedding and the hypernetwork used in our method.

in a simplex (
∑N

n=1 vn = 1). For each class, we modify this vector by adding random noise:

v̄ = v + r, r ∼ Uniform(−β, β). (7.10)

To satisfy the simplex requirement, we produce the final by using v̂ = v̄
∑N

n=1
v̄n

. In exper-

iments to satisfy our assumption, we let β = 1
10N

. We then assign test samples to each

device based on v̂.

7.6.2 Details of the Hypernetwork and Embedding

The detailed architecture of the embedding and the hypernetwork is shown in Tab. 7.5.

GRU [217] is used to capture inter-layer relationships and fully connected layers are used

to capture inter-channel interactions.

After we have the outputs āl from the hypernetwork, we calculate the binary vectors

al by using the following equations:

al = round(sigmoid((āl + g + c)/τ)), (7.11)

where g ∼ Gumbel(0, 1), and Gumbel is the Gumbel distribution, and c is a constant

to make the pruning starts with the whole network. In practice, we set c = 3.0 for all
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experiments. τ is the temperature parameter, which is set to 0.4 for all experiments.

Dataset Architecture pn
d ps

CIFAR-10 ResNet-56 0.50 0.80

CIFAR-100
ResNet-18 0.50/0.30 0.80/0.60
ResNet-34 0.50/0.30 0.80/0.60

MobileNet-V2 0.50 0.80

TinyImageNet
ResNet-18 0.50 0.80
ResNet-34 0.50 0.80

Table 7.6: Choice of pr and pp.

7.6.3 Ablation Study

Settings Base Acc ∆-Acc Acc ↓ FLOPs (D) ↓ FLOPs (S)

FedILP

66.57%

-0.20% 66.37% 50% 50%
DWNP (OS) +1.02% 67.59% 50% 50%
DWNP w/o Eq. 7 +1.43% 68.00% 50% 50%
DWNP +1.74% 68.31% 50% 20%

Table 7.7: Results of CIFAR-100 with different settings.

In Tab. 7.7, we add more settings to study the effects of the design choices. ‘DWNP

(OS)’ corresponds to one-shot pruning for server and device sub-networks. ‘DWNP w/o

Eq. 7’ corresponds to not resolving the conflicts between server and device sub-networks.

The one-shot setting results in 0.72% performance loss, which suggests that co-training

indeed produces a better final model, as we discussed in section 3.6. The difference between

‘DWNP w/o Eq. 7’ and ‘DWNP’ is not large, but the cost of adding Eq. 7 is minimal. Thus,

the performance gain is nearly free, and it also suggests that restricting the search space

of the device-wise sub-networks is helpful.
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Method Architectures Time (sec/img) ↓ Time ↓ FLOPs (D) ↓ FLOPs (S)
Original

ResNet-18

0.0559 - - -
Filter Pruning 0.0348 37.7% 50% 50%

FedOSP 0.0336 39.9% 50% 50%
FedILP 0.0345 38.3% 50% 50%
DWNP 0.0340 39.2% 50% 20%

Table 7.8: Inference Time Comparison on TinyImageNet.

7.6.4 Control the Relationship between the Server-side and Device-side

Sub-networks

To better describe the relationship between the server-side sub-network a0 and device-

side sub-networks an, we explicitly require that if a channel is pruned by the server-side sub-

network, the corresponding device-side sub-networks should not update the corresponding

position. This is achieved by stopping gradients if the condition is met:

∂L
∂an[i]

= 0, if i ∈ Ind(a0), (7.12)

where we define the index set Ind(a0) to be Ind(a0) = {i | a0[i] = 0}, which is used to

represent the index of pruned positions given the server-side sub-network. This constraint

is dynamically changed during the learning process of sub-networks, but it will become

stable in the middle to the late training stage. The benefits of this constraint are two-

fold. Firstly, it implicitly embeds the relationship between the server-side sub-network and

device-side sub-networks. Secondly, it reduces the potential search space for device-side

sub-networks, which is beneficial for learning them.
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Architecture Method Base Top-1 Acc ∆ Top-1 Acc Acc ↓ FLOPs (D) ↓ FLOPs (S)

ResNet-18

Filter Pruning

73.52%

-1.28% 72.24% 50% 50%
FedOSP -0.32% 73.20% 50% 50%
FedILP -0.04% 73.48% 50% 50%
DWNP +1.42% 74.94% 50% 20%

Table 7.9: Comparison results on ImageNet-100 with ResNet-18.

7.6.5 ImageNet-100 Results

We use the ImageNet-100 subset to further evaluate our method following the parti-

tion shown in [218]. For ImageNet-100, We follow the same training setting of other datasets

described in section 4.1, except that we reduced the training and finetuning epochs to 80 to

save computational costs. We use 8 clients with α = 0.5 on ImageNet-100. The comparison

result is shown in Tab. 7.9. DWNP still consistently outperforms other baselines like other

datasets. This experiment further demonstrates that our method can be easily scaled up

to larger (higher resolution/more samples) datasets.

7.6.6 Inference Time Comparasion

We measure the inference time on the CPU with ResNet-18 on tiny-ImageNet in

Tab. 7.8. The result is obtained by averaging inference time from 1000 input samples.

For DWNP, the time is further averaged from 10 device-side sub-networks, and the range

of inference time for DWNP is 0.0336 ∼ 0.0351 (sec/img). From the table, we can see

that different methods have comparable acceleration rates giving similar FLOPs on each

device.
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Chapter 8: FedDA: Faster Adaptive Gradient Methods for Federated Con-

strained Optimization

8.1 Introduction

As an emerging machine learning technique, federated learning (FL) has recently been

applied to many important health and biomedicine applications [219, 220, 221, 222, 223].

The FL enables big data analyses in healthcare (especially for rare diseases) via allowing

a set of distributed located hospitals, medical centers, insurance companies, etc., to jointly

perform a machine learning task under the coordination of a central server over their

privately-held data. For example, in a recent FL study, the data from 71 sites across

6 continents are used to generate an automatic tumor boundary detector for the rare

disease of glioblastoma [224]. Among these FL healthcare applications, federated biomarker

identification [225] is one of the most important learning tasks to help researchers and

clinicians detect informative biomarkers from distributed biomedical datasets to understand

the underlying disease mechanisms, diagnose disease earlier, and design drugs. Different

to prediction tasks, the federated biomarker identification often utilizes the constrained

formulations, such as Lasso and group Lasso, which often requires specific optimization

solvers.

325



A widely used method in Federated Learning (FL) is the FedAvg (Local-SGD) algo-

rithm [92]. As indicated by its name, FedAvg performs (stochastic) gradient descent steps

on each client and averages local states periodically. Recently, researchers incorporated

adaptive gradient methods to the FL setting [208, 226, 227] to accelerate FedAvg. For

instance, [228] introduced FedAdam, which incorporates the Adam optimizer for server

updates; [208] proposed MIME, which supports adaptive gradients in local updates. These

adaptive gradient methods have demonstrated significant performance enhancements com-

pared to FedAvg. However, these methods are designed for the unconstrained setting and

cannot be directly applied over the constrained formulations as in the biomarker identifica-

tion tasks. In fact, FL problems with constraints remain under-explored in the literature.

In [229], authors proposed FedDualAvg to solve FL problems with non-smooth regularizers.

In FedDualAvg, model parameters are transformed into a dual space using a map deter-

mined by the regularizer. Averaging is then conducted in this dual space across all clients.

FedDualAvg can be used to solve federated constrained optimization problems when regu-

larizers are indicator functions defined over the constraints set. However, FedDualAvg uses

constant learning rate as FedAvg, thus suffers the same slow convergence rate. In fact, it is

an open question if adaptive learning rates can be used to accelerate the solving of federated

constrained optimizations.

In this work, we propose the Federated Dual-averaging Adaptive-gradient (FedDA),

a general adaptive gradient framework for federated constrained optimization. FedDA is

based on the dynamic mirror descent view of adaptive gradients [31]. In fact, suppose we

have an adaptive matrix H such that it is diagonal and its ith diagonal element represents

the adaptive gradient for the ith coordinate of the model parameter. Then if we view the
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Table 8.1: Comparisons of representative Federated Learning algorithms for find-
ing an ϵ-stationary point i.e., ∥∇f(x)∥2 ≤ ϵ or its equivalent variants. Gc(f, ϵ) denotes
the number of gradient queries w.r.t. f (k)(x) for k ∈ [K]; Cc(f, ϵ) denotes the number
of communication rounds; State means what state the algorithm maintains locally (Pri-
mal/Dual); Local-Adaptive means whether the algorithm performs adaptive gradient
descent locally or not; Constrained means whether the algorithm can solve both con-
strained and unconstrained problems or not.

Type Algorithm Gc(f, ϵ) Cc(f, ϵ) State Local-Adaptive Constrained

Non-adaptive

FedAvg [92] O(K−1ϵ−2) O(ϵ−1.5) Primal/Dual × ×
FedDualAvg [229] O(K−1ϵ−2) O(K−1ϵ−2) Dual × ✓

FedCM [230] Õ(K−1ϵ−2) Õ(K−1ϵ−2) Primal/Dual × ×
FedGLOMO [231] Õ(K−0.5ϵ−1.5) Õ(ϵ−1.5) Primal/Dual × ×

STEM [119] Õ(K−1ϵ−1.5) Õ(ϵ−1) Primal/Dual × ×

Adaptive

FedAdam [226] O(K−1ϵ−2) O(K−0.5ϵ−1) Primal × ×
Local-AMSGrad [227] O(K−1ϵ−2) O(K−1ϵ−2) Primal ✓ ×

MIME-MVR [208] Õ(K−0.5ϵ−1.5) O(K−0.5ϵ−1.5) Primal ✓ ×
FAFED [232] Õ(K−1ϵ−1.5) Õ(ϵ−1) Primal ✓ ×

FedDA-MVR(Ours) Õ(K−1ϵ−1.5) Õ(K−0.25ϵ−1.25) Dual ✓ ✓

parameter space as the primal space and the matrix H as a linear mirror map, the adaptive

gradient update step is equivalent to a mirror descent update step. Since adaptive gradients

are updated at each iteration, the mirror map H is also dynamic. Our FedDA is inspired

by this mirror descent view of adaptive gradients.

In FedDA, the server maintains the global adaptive matrix and the global model

weight. In each epoch, each client receives the current global adaptive matrix and global

model weight. Then it performs multiple steps of ’dual-averaging’ style mirror descent [233].

More specifically, the client aggregates dual states, and only recover model weight (primal

states) through the adaptive matrix (mirror map) when the gradient query is needed. Note

that the adaptive matrix is fixed during local updates. After local updates, the server

averages the dual states and then updates the global primal state and the adaptive matrix.

There are two important characteristics of FedDA. Firstly, we fix the adaptive matrix

during local updates to makes sure that all clients share the same dual space. Secondly,

the aggregation and averaging is performed in the dual space instead of the primal space.
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In fact, in the constrained case, the mapping from dual space to the primal space involves

the non-linear projection operation. Although averaging dual states leads to an unbiased

estimate of the global gradient, averaging primal states leads to biased estimation due to

projection. In summary, FedDA adopts the restarted dual-averaging strategy, where the

adaptive matrix (mirror map) is refreshed at each global epoch and clients perform dual

averaging locally with a fixed mirror map. Our FedDA is a general framework: it is flexible

to the choices of adaptive gradient methods and also can combine with various gradient

estimation methods. Furthermore, although it is designed for the constrained case, FedDA

works well in the unconstrained FL setting too. We highlight our contribution as follows:

(i) We propose FedDA, a fast adaptive gradient framework for constrained federated op-

timization problems. The framework is based on a restarted dual averaging technique

and incorporates a large family of adaptive gradient methods.

(ii) FedDA-MVR, an instantiation of our framework, obtains the sample complexity of

Õ(K−1ϵ−1.5) and communication complexity of Õ(K−0.25ϵ−1.25). The iteration com-

plexity matches the optimal rate of non-adaptive federated algorithms. FedDA-

MVR uses the momentum-based variance-reduction gradient estimation, and expo-

nential moving average of the gradient square as adaptive learning rates.

(iii) We empirically verify the efficacy of the FedDA in solving biomarker identification

tasks: the colorrectal cancer prediction task and the splice site detection task. Fur-

thermore, we also verify the efficacy of FedDA over non-constrained FL tasks through

classification tasks over CIFAR-10 and FEMNIST datasets.

Notations. ∇f(x) denotes the first-order derivatives of the function f(x) w.r.t.
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variable x. ξ denotes a random sample and ∇f(x; ξ) is the stochastic estimate ∇f(x).

O(·) is the big O notation, and Õ(·) hides logarithmic terms. Id denotes a d-dimensional

identity matrix. Diag(x) denotes the matrix whose diagonal is the vector x. ∥ · ∥ denotes

the ℓ2 norm for vectors and the spectral norm for matrices, respectively. ⟨·, ·⟩ denotes the

Euclidean inner product. [K] denotes the set of {1, 2, ..., K}. For a random variable X,

E[X] denotes its expectation.

8.2 Related Works

Federated Learning. Federated Learning [92] defines the task to learn from a set

of distributed located clients under the coordination of a server. [92] proposed the FedAvg

algorithm where each client performs multiple steps of gradient descent with its local data

and then sends the updated model to the server for averaging. The FedAvg algorithm

resembles the Local-SGD algorithm, which is studied in a more general distributed setting

for a longer time [234]. The convergence of the local-SGD method has been heavily ana-

lyzed in the literature [94, 118, 127, 143, 216, 235, 236, 237]. Various acceleration methods

of FedAvg are considered and we list a few representatives here. [55] adopted the idea of

variance reduction technique for non-distributed finite sum problems: a ‘control variate’

which contains historical full gradient information is used to correct the bias of local gradi-

ents. [208] proposed a general framework (MIME) to translate a centralized optimizer into

the FL setting, including adaptive gradient methods. In [119, 231], momentum-based vari-

ance reduction is applied to the FL setting to control the noise of the stochastic gradients.

In [231], a server momentum state and a client momentum state are maintained, while in
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[13], a momentum state and is matinained the momentum was averaged periodically similar

to the primal state.

Adaptive gradient methods are also studied in the FL setting. The ‘Adaptive Fed-

erated Optimization’ [226] method proposed to use adaptive gradients on the server side

while the local gradients are used to update the states of the adaptive gradient methods.

[238, 239] extend the method in [226] to include the AMSGrad method. In [227], the authors

first showed the divergence of a naive local AMSGrad method that directly averages the

primal states periodically. The authors then proposed Local-AMSGrad, a method in which

clients update adaptive learning rates locally and average at the synchronization step. At

the server average step, both primal states and local adaptive learning rates are averaged

to replace the old states. More recently, [227, 232] proposed to use fixed adaptive learning

rates locally. Finally, another line of research [240, 241, 242, 243] considers federated adap-

tive learning rates through the compression approach, these methods communicate local

gradients at every step, but the compression techniques are used to reduce the communica-

tion cost. All these methods study federated adaptive methods in the unconstrained case.

For solving problems with constraint in FL, a related work is [229], where authors propose

a modified local-SGD method based on the dual-averaging, however, it does not support

the adaptive gradient methods.

Adaptive Gradients in the Non-distributed Learning. Adaptive gradient

methods are widely used in the non-distributed machine learning setting. Adagrad [244]

was one of the the first adaptive gradient method proposed in literature, and was shown to

outperform SGD in the sparse gradient setting. Since Adagrad does not perform well under

dense gradient setting and non-convex setting, some of its variants are proposed, such as
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SC-Adagra [245] and SAdagrad [246]. Furthermore, Adam [215] and YOGI [247] proposed

to use the exponential moving average instead of the arithmetic average used in Adagrad.

Adam/YOGI is widely used in deep learning applications; however, Adam diverges in some

settings and the gradient information quickly disappears, so AMSGrad [248] is proposed,

and it applies an extra ‘long term memory’ variable to preserve the past gradient infor-

mation to handle the convergence issue of Adam. The convergence of Adam-type methods

is also studied in the literature [10, 31, 249, 250, 251]. Adaptive gradient methods with

good generalization performance are also proposed, such as AdamW [252], Padam [253],

Adabound [254], Adabelief [255] and AaGrad-Norm [256].

8.3 Preliminaries

In this section, we introduce some preliminaries. We consider the following formula-

tion of Federated Learning (FL) with K clients:

min
x∈X ⊂Rd

{

f(x) :=
1

K

K
∑

k=1

{

f (k)(x) := Eξ(k)∼D(k) [f (k)(x; ξ(k))]
}

}

. (8.1)

For the kth client, we optimize the loss objective f (k)(x) : X → R which is smooth and

possibly non-convex, and x denotes the variable of interest. X ⊂ R
d is a compact and

convex set. ξ(k) ∼ D(k) is a random example that follows an unknown data distribution

D(k). The formulation in (8.1) includes both the homogeneous case i.e. f (k)(x) = f (j)(x)

for any k, j ∈ [K], and the heterogeneous case i.e. f (k)(x) ̸= f (j)(x) for some k, j ∈ [K].

Next, we introduce some basics of adaptive gradient methods from a mirror-descent

perspective. Generally, mirror descent is associated with a mirror map Φ(x). Given the
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objective f(x) and the primal state xt ∈ X at tth step, we first map the primal state to the

mirror space via the mirror map yt = ∇Φ(xt), then we perform the gradient descent step in

the mirror space: yt+1 = yt−η∇f(xt), where η is the learning rate, finally, we map yt+1 back

to the primal space as xt+1 = arg min
x∈X

DΦ(x, x̂t+1), where yt+1 = ∇Φ(x̂t+1) and DΦ(x, y)

denotes the Bregman Divergence associated to Φ: DΦ(x, y) = Φ(x)−Φ(y)−⟨∇Φ(y), x−y⟩.

Equivalently, the mirror descent step can also be written as a Bregman proximal gradient

step as follows: xt+1 = arg min
x∈X

η⟨∇f(xt), x⟩+DΦ(x, xt). For the adaptive gradient methods,

we uses the following mirror map: Φ(x) = 1
2
xTHx, where H is a positive definite adaptive

matrix. Many adaptive gradient methods can be written in the following proximal gradient

descent form:

xt+1 = arg min
x∈X

η⟨νt, x⟩+
1

2
(x− xt)

THt(x− xt), (8.2)

we replace the gradient ∇f(x) with the generalized gradient estimation νt, besides, we

replace H with Ht based on the fact that the adaptive matrix is updated at every step.

Next, we show some examples of adaptive gradients methods that can be phrased as the

above formulation. For the Adagrad [244] method, we set

νt = ∇f(xt, ξt), Ht = Diag(
√
µt), µt =

1

t

t
∑

i=1

ν2
i (8.3)

For Adam [215], we have:

ν̂t = (1− β1)∇f(xt, ξt) + β1ν̂t−1, µ̂t = (1− β2)∇f(xt, ξt)
2 + β2µ̂t−1
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Algorithm 16 FedDA-Server

1: Input: Number of global epochs E, size of the first mini-batch b1, tuning parameters
{βτ}E

i=1;

2: Initialize: Choose x0 ∈ X and each client selects a mini-batch samples B(k)
0 of size b1

to evaluate ∇f (j)(x0,B(k)
0 ) locally and the server averages local gradients to compute

ν0;
3: for τ = 0 to E − 1 do
4: for the client k ∈ [K] in parallel do

5: (z
(k)
τ+1,I , ν

(k)
τ+1,I) = FedDA-client(xτ , ντ , Hτ )

6: end for
7: Compute zτ+1 = 1

K

∑K
k=1 z

(k)
τ+1,I ;

8: Compute xτ+1 = arg min
x∈X

{−⟨x, zτ+1⟩+ 1
2
(x− xτ )THτ (x− xτ ) };

9: Compute ντ+1 = 1
K

∑K
k=1 ν

(k)
τ+1,I , Hτ+1 = V(Hτ , zτ+1, βτ );

10: end for

Algorithm 17 FedDA-Client (xτ , ντ , Hτ )

1: Input: Number of local steps I, mini-batch size b, tuning parameters {ητ+1,i}I−1
i=0 ,

{ατ+1,i}I
i=1;

2: Initialize: x
(k)
τ+1,0 = xτ ; ν

(k)
τ+1,0 = ντ ; z

(k)
τ+1,0 = 0;

3: for i = 0 to I − 1 do
4: Compute z

(k)
τ+1,i+1 = z

(k)
τ+1,i − ητ+1,iν

(k)
τ+1,i;

5: Compute x
(k)
τ+1,i+1 = arg min

x∈X
{−⟨x, z(k)

τ+1,i+1⟩+ 1
2
(x− x(k)

τ+1,0)THτ (x− x(k)
τ+1,0) };

6: Compute ν
(k)
τ+1,i+1 = U(ν

(k)
τ+1,i, x

(k)
τ+1,i+1, x

(k)
τ+1,i;ατ+1,i+1,B(k)

τ+1,i+1), where B(k)
τ+1,i+1 is a

minibatch of size b of random samples from the client k;
7: end for
8: Output: Send z

(k)
τ+1,I , ν

(k)
τ+1,I to the server.

νt = ν̂t/(1− γt
1), µt = µ̂t/(1− γt

2), Ht = Diag(
√
µt + ϵ) (8.4)

where β1, β2, γ1, γ2 are some constants.

8.4 Local Adaptive Gradients via Dual Averaging

In this section, we introduce FedDA, a fast adaptive gradient framework for fed-

erated constrained optimization problems. The procedure of FedDA is summarized in
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Algorithm 16. In Algorithm 16, we perform E global steps and at each global step, every

client runs Algorithm 17.

In Algorithm 17, clients receive the current model weight xτ , gradient estimation ντ

and adaptive gradient matrix Hτ . The clients then perform I local training steps: line 3-

line 7 in Algorithm 17. For each step, we first accumulate the dual state in the variable z
(k)
τ,i

(line 4), then we calculate the local primal state x
(k)
τ,i (line 5), which is a proximal gradient

step similar to (8.2). The function of this step is to map the aggregated dual state z
(k)
τ,i

back to the primal space, and we use the primal state to query the gradient to update the

estimation of the gradient ν
(k)
τ,i (line 6). Note that we use a fixed adaptive matrix Hτ during

local steps, this makes the clients share the same dual space. In line 6 of Algorithm 17, we

update the gradient estimation ν
(k)
τ,i . The update rule U(·) is general, e.g.,the momentum-

based variance reduction update (8.5) and the momentum update (8.6) as follows (ατ,i is

a momentum coefficient):

ν
(k)
τ+1,i+1 = ∇f (k)(x

(k)
τ+1,i+1,B(k)

τ+1,i+1) + (1− ατ+1,i+1)(ν
(k)
τ+1,i −∇f (k)(x

(k)
τ+1,i,B(k)

τ+1,i+1)) (8.5)

and

ν
(k)
τ+1,i+1 = ατ+1,i+1∇f (k)(x

(k)
τ+1,i+1,B(k)

τ+1,i+1) + (1− ατ+1,i+1)ν
(k)
τ+1,i (8.6)

After the client finishes Algorithm 17, it returns the aggregated local dual states z
(k)
τ+1,I

and the local gradient estimation ν
(k)
τ+1,I to the server. The server first averages the local

dual states (line 8 of Algorithm 16) to get zτ+1. We can average local dual states as all
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clients have a common dual space. The server then calculates the new primal states xτ+1

as in line 9 of Algorithm 16. Next, the gradient estimation ντ is also updated by averaging

local gradient estimates (line 9 of Algorithm 16). Finally, we update the adaptive matrix

Hτ (line 9 of Algorithm 16). The update rule V is general, e.g.,

µτ+1 = βτ+1z
2
τ+1/η

2
τ+1,I−1 + (1− βτ+1)µτ , Hτ+1 = Diag(

√
µτ+1 + ϵ) (8.7)

and

µτ+1 = βτ+1||zτ+1||/ητ+1,I−1 + (1− βτ+1)µτ , Hτ+1 = (µτ+1 + ϵ)Id (8.8)

where we set µ0 = 0, ϵ is some constant. In summary, Algorithm 16 aggregates and averages

dual states at each global round. The adaptive matrix Hτ is fixed during local updates and

is refreshed on the server side at each global round. Since the algorithm uses a new mirror

map (adaptive gradient matrix) at each global round, we name the strategy as restarted

dual averaging.

Remark 160. A notable characteristic of FedDA is the dual-averaging strategy in local

updates, this contrasts with the ’primal averaging’ strategy used by many existing adaptive

FL algorithms [208]. In fact, dual-averaging is essential for FedDA to solve federated con-

strained optimization problems, due to the fact that primal and dual states are connected

through a non-linear mapping ( i.e. the projection operation).

Remark 161. By choosing different update rules U and V, we can create many variants

of FedDA. An representative is FedDA-MVR, in which we update ν
(k)
τ,i with momentum-
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based variance reduction ( (8.5)) and the adaptive matrix Hτ with an exponential average

of the gradient square ( (8.7)).

Remark 162. The argmin operation in line 8 of Algorithm 16 (line 5 of Algorithm 17) does

not lead to extra computational cost. We solve it through two steps: solving the quadratic

optimization problem (a generalized adaptive gradient step) and projection. The projection

is necessary to make the solution feasible and for many constraints, the proximal operators

are well defined.

8.5 Theoretical Analysis

In this section, we provide the theoretical analysis of our FedDA. More specifically,

we focus on the analysis of FedDA-MVR. We first state the assumptions we need in our

analysis:

8.5.1 Some Mild Assumptions

Assumption 163 (Bounded Client Heterogeneity). The difference of gradients between

different workers are bounded: ∥∇f (k)(x)−∇f (ℓ)(x)∥2 ≤ ζ2, ∀k, ℓ ∈ [K].

We measure the heterogeneity of the clients in terms of gradient dissimilarity. The

above assumption or its similar form is also exploited in the analysis of other FL Algorithms,

such as in [119, 231].

Assumption 164. The function f(x) is bounded from below in X , i.e., f ∗ = infx∈X f(x).

Assumption 165 (Unbiased and Bounded-variance Stochastic Gradient). The stochastic
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gradients are unbiased with bounded variance, i.e. E[∇f (k)(x; ξ(k))] = ∇f (k)(x) and there

exists a constant σ such that E∥∇f (k)(x; ξ(k))−∇f (k)(x)∥2 ≤ σ2,∀ ξ(k) ∼ D(k), ∀ k ∈ [K]

Assumption 164 guarantees the feasibility of the Federated Learning problem (8.1),

and Assumption 165 is widely used in stochastic optimization analysis.

Assumption 166. The adaptive matrix Hτ is symmetric positive definite, i.e. there exists

a constant ρ > 0 such that Hτ ⪰ ρId ≻ 0, ∀t ≥ 1,

In our analysis, we assume the adaptive matrix is positive definite, and this require-

ment can be easily satisfied by many adaptive gradient methods. Firstly, most adaptive

gradient methods always have non-negative adaptive learning rates, such as (8.3) and (8.4).

To make it positive, we can add a bias term ϵ such as in the Adam update rule (8.4).

Assumption 167 (Sample Gradient Lipschitz Smoothness). The stochastic functions

f (k)(x, ξ(k)) with ξ(k) ∼ D(k) for all k ∈ [K], satisfy the mean squared smoothness property,

i.e, we have E∥∇f (k)(x; ξ(k))−∇f (k)(y; ξ(k))∥2 ≤ L2∥x− y∥2 for all x, y ∈ R
d

The smoothness assumption above is a slightly stronger requirement than the stan-

dard smooth condition, but this assumption is widely used in the analysis of variance

reduction methods, such as SPIDER [257] and STORM [30].

8.5.2 Convergence Property of FedDA-MVR

In this subsection, we study the convergence property of our FedDA-MVR variant.

For convenience of discussion, we redefine the subscript t = τI + i, i.e. we denote the

t step as the i local step in the τ global round. Similarly, we denote the total number of
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running steps as T = EI. We analyze our algorithm through the following measure:

Gt =
ρ2

η2
t

||x̃t − x̃t+1||2 + ||ν̄t −∇f(x̃t)||2 (8.9)

where ν̄t denotes the average gradient estimation at the tth step and x̃t denotes the virtual

global primal state at the tth step (see Section B.2 in the appendix for formal definitions).

In Remark B.18 of the appendix, we discuss the intuition of the measure Gt. In particular,

in the unconstrained case i.e. when X = Rd, the measure upper-bounds the square norm of

the gradient. Therefore, the convergence of our measure Gt means the convergence to a first-

order stationary point. Now, we are ready to provide the main result of our convergence

theorem.

Theorem 168. In Algorithm 16, given the parameter κ = ρK2/3

L
, c = 96L2

Kρ2 + ρ
72κ3LK0.5I2 ,

w = max{2, 483I6K3.5}, b1 ≥ 1, b ≥ 1, β > 0 and choose learning rate ηt = κ
(wt+t+I)1/3 , the

momentum coefficient αt = cη2
t , the adaptive gradient coefficient βt = β and the mini-batch

size of b1 for the first iteration and b for other iterations, then we have:

1

T

T −1
∑

t=0

E[Gt] ≤
[

96LK0.5I2

T
+

2L

K2/3T 2/3

]

(f(x0)− f ∗) +

[

72KI4

b1T
+

3K0.5I2

2b1K2/3T 2/3

]

σ2

+ 1922 ×
(

48K0.5I2

T
+

1

K2/3T 2/3

)

×
(

σ2

4b
+

2ζ2

21

)

log(T + 1).

Note, by choosing a proper value of local updates I and using a minibatch of samples

for the first iteration to decrease the noise, our result matches the best known convergence

rate for stochastic federated gradient methods [119], i.e. our algorithms has sample com-

plexity of Õ(ϵ−1.5) with a linear speed up w.r.t the number of clients K. More formally, we
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Figure 8.1: Results for the PATHMNIST [2] dataset. Plots show the Train Accuracy,
Test Accuracy, Density of Model Parameters vs Number of Rounds (E in Algorithm 16)
respectively. The post-fix of L1 means the L1 constraints. Number of local steps I is chosen
as 5.

have:

Corollary 169. Suppose in Algorithm 16, we set I = O((T/K3.5)1/6), and use sam-

ple minibatch of size O(K0.5I2) in the initialization, then we have: 1
T

∑T
t=1

(

E[Gt]

)

=

Õ(K−2/3T−2/3), and to reach an ϵ-stationary point, we need to make Õ(K−1ϵ−1.5) number

of steps and need Õ(K−0.25ϵ−1.25) number of communication rounds.

As shown by Corollary 169, FedDA-MVR achieves iteration complexity O(K−1ϵ−1.5)

which matches the optimal rates of non-convex stochastic optimization [258]. In con-

trast, FedDualAvg [229] shows the convergence rate of O(ϵ−2) for the general non-convex

objective under the strong bounded gradient assumption. Our FedDA-MVR achieves a

faster convergence rate and does not require the bounded gradient assumption. As for

the communication complexity, we reach Õ(K−0.25ϵ−1.25). Some methods achieve O(ϵ−1)

communication rate such as STEM [119] and FAFED [232]. However, STEM does not

consider the adaptive gradient methods nor the constrained setting; FAFED considers the

adaptive gradient methods, but it requires the strong assumption of bounded gradient and

only considers the unconstrained setting.
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Figure 8.2: Results for the MEMset Donar Dataset [3]. Plots show the Train Loss, Train
Accuracy and the Pearson Correlation Coefficient (between prediction and targets). The
post-fix of L1 means L1 constraints and GL means Group Lasso constraints. Number of
local steps I is 5.

8.6 Numerical Experiments

In this section, we perform experiments to verify the efficacy of our proposed FedDA

on federated biomarker identification task and the general classification tasks. More specif-

ically, we consider the variant of FedDA-MVR here, and defer experiments for other

variants to Section A of the appendix. We consider three sets of experiments: Colorrectal

Cancer Survival Prediction, Splice Site Detection and a general multiclass image classifica-

tion task. All experiments are run on a machine with an Intel Xeon Gold 6248 CPU and

4 Nvidia Tesla V100 GPUs. The code is written in Pytorch. We simulate the Federated

Learning environment through the Pytorch.distributed package.

8.6.1 Colorrectal Cancer Survival Prediction with Biomarker Identification

In this subsection, we consider a colorrectal cancer prediction task on the PATHM-

NIST dataset [2, 259], which contains 9 different classes and 89996 training images. We

equally randomly split the training set into 10 clients. We use the original test set for

the metric. In this task, we impose the L1 sparsity constraint to identify biomarkers.
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We compare with the following baselines: FedAvg [92] and FedDualAvg [229]. For our

FedDA-MVR, we train with and without the L1 constraint.

The results are summarized in Figure 8.1, the plots are averaged over 5 independent

runs and then smoothed. In Figure 8.1, FedDualAvg and FedDA-MVR-L1 consider the

L1 constraint, while FedAvg and FedDA-MVR do not. We show results of Train/Test

Accuracy and also the number of non-zero (below a threshold) elements in the parameter

(the rightmost plot in Figure 8.1). As shown in the plots, FedDA-MVR-L1 outperforms

unconstrained FedDA-MVR in all metrics, in particular, FedDA learns a much sparser

model and therefore can better identify important factors for cancer survival than other

methods. Furthermore, FedDA-MVR-L1 also outperforms FedAvg and FedDualAvg in all

metrics. This shows that our algorithm can effectively exploit adaptive gradient information

in the constrained case. For more details of this experiment, please refer to Section A.1 of

the appendix.

8.6.2 Splice Site Detection with Biomarker Identification

In this subsection, we consider a splice site detection task on the MEMset Donar

Dataset [3]. Splice sites are the regions between coding (exons) and non-coding (introns)

DNA segments. Splice site detection plays an important role in gene finding. We follow

the train/test split in [3] and then randomly split the training set to 10 clients. Group

Lasso is widely used to solve the splice site detection problem, so we use FedDA-MVR

with the Group Lasso constraint in the experiments. For the baselines, we compare with

FedAvg [92], FedDualAvg [229] and FedDA-MVR without constraints. For FedDualAvg,
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we consider the L1 constraint and Group Lasso constraint.

The results are summarized in Figure 8.2, the plots are averaged over 5 independent

runs and then smoothed. As shown in the plots, FedDA-MVR-GL outperforms uncon-

strained FedDA-MVR and FedDA-MVR-L1. In fact, FedDA-MVR-GL gets better per-

formance by identifying meaningful feature groups. Furthermore, FedDA-MVR-GL also

outperforms FedAvg and FedDualAvg-GL (FedDualAvg-L1). This shows that our algo-

rithm can effectively exploit acceleration of adaptive gradients. For more details of this

experiment, please refer to Section A.1 of the appendix.

8.6.3 Image Classification Task with CIFAR10 and FEMNIST

FedDA is a general framework for FL and can also solve unconstrained tasks. In

this subsection, we consider an unconstrained image classification task. More specifically,

we consider two datasets: CIFAR10 [142] and FEMNIST [165]. We construct both ho-

mogeneous and heterogeneous cases based on CIFAR10. For the homogeneous case, we

uniformly randomly distribute them into 10 clients and for the heterogeneous case, we cre-

ate imbalanced class distribution among clients (please see Appendix A.3). FEMNIST is a

Federated dataset of hand-written digits; it contains hand-written digits of 3550 users.

Data distribution of FEMNIST is heterogeneous for different writing styles of people.

We compare our method with following baselines: non-adaptive methods: FedAvg [92],

FedCM [230], STEM [119] and adaptive methods: FedAdam [226], Local-Adapt [260],

Local-AMSGrad [227], MIME-MVR [208].

For all methods, we tune their hyper-parameters to find the best setting. The results
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Figure 8.3: Results for (Homogeneous) CIFAR10 dataset (Top) and FEMNIST (Bottom).
From left to right, we show Train Loss, Train Accuracy, Test Loss, Test Accuracy w.r.t the
number of rounds (E in Algorithm 16), respectively. I is chosen as 5.

are summarized in Figure 8.3, the plots are averaged over 5 runs and then smoothed. As

shown in the figures, our FedDA-MVR outperforms all baselines. We observe that adaptive

methods in general get better train and test performance. Finally, the superior performance

of our method compared with the three adaptive baselines shows that our method exploits

adaptive information better; for example, MIME-MVR also exploits the momentum-based

variance reduction technique, but it fixes all optimizer states during local updates, in

contrast, we only fix the adaptive matrix but update the momentum ν
(k)
t , k ∈ [K] at every

step. For the full set of experiments, please refer to Section A.1 and A.2 of the appendix.

8.7 Proof of Theorems

In this section, we provide the convergence analysis of our algorithm.
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8.7.1 Preliminary Propositions

Proposition 170. Let {θk}, k ∈ K be K vectors. Then the following are true: ||θi +θj||2 ≤

(1 + λ)||θi||2 + (1 + 1
λ
)||θj||2 for any a > 0 and ||∑K

k=1 θk||2 ≤ K
∑K

k=1 ||θk||2

Proposition 171. For a finite sequence z(k) ∈ R
d for k ∈ [K] define z̄ := 1

K

∑K
k=1 z

(k), we

then have
∑K

k=1 ∥z(k) − z̄∥2 ≤ ∑K
k=1 ∥z(k)∥2.

Proposition 172. Let z0 > 0 and z1, z2, . . . , zT ≥ 0. We have
∑T

t=1
zt

z0+
∑t

i=t
zi
≤ log

(

1 +
∑t

i=1
zi

z0

)

.

These propositions are standard results. For proofs, the reader can refer to Lemma 3

of [96] for Proposition 1 and Lemma C.1 and Lemma C.2 in [119] for Propositions 2 and 3.

8.7.2 Preliminary Lemmas in local updates

We first introduce some notation. For 0 ≤ i ≤ I, we denote:

ψ
(k)
τ,i (x) = −⟨x, z(k)

τ,i ⟩+
1

2
(x− x(k)

τ,0)THτ−1(x− x(k)
τ,0), (8.10)

then, by definition (Line 4 of Algorithm 17), we have:

x
(k)
τ,i = arg min

x∈X
ψ

(k)
τ,i (x), (8.11)

we also define

ψ̃τ,i(x) = −⟨x, z̄τ,i⟩+
1

2
(x− xτ,0)THτ−1(x− xτ,0), (8.12)
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where z̄τ,i = 1
K

∑K
k=1 z

(k)
τ,i is the virtual average of z

(k)
τ,i and xτ,0 = xτ . Then we define

x̃τ,i = arg min
x∈X

ψ̃τ,i(x), (8.13)

Remark 173. Note that the global primal state x̃i is not the arithmetic mean of the local

states x
(k)
i in general.

Finally, we also define

d̃τ,i =
1

ητ,i

(x̃τ,i − x̃τ,i+1), d
(k)
τ,i =

1

ητ,i

(x
(k)
τ,i − x(k)

τ,i+1), k ∈ [K], i ∈ [I], (8.14)

Furthermore, recall that by the procedure of Algorithm 17 (line 6), we have

ν̄τ,i =
1

ητ,i

(z̄τ,i − z̄τ,i+1), ν
(k)
τ,i =

1

ητ,i

(z
(k)
τ,i − z(k)

τ,i+1), k ∈ [K], i ∈ [I], (8.15)

Remark 174. When it is clear from the context, we omit the global epoch τ in the subscript

of the definitions, i.e. we use ψ
(k)
i (x), ψ̃i(x), x

(k)
i , x̃i, d̃i, d

(k)
i , ν̄i, ν

(k)
i and H.

Next, we introduce the following lemma related to local updates. We omit the global

epoch number τ in the subscript.

Lemma 175. For any i ∈ [I] and k ∈ [K], we have the following inequalities be satisfied:

1. ⟨ν(k)
i , d

(k)
i ⟩ ≥ ρ||d(k)

i ||2, ||ν(k)
i || ≥ ρ||d(k)

i ||

2. ⟨ν̄i, d̃i⟩ ≥ ρ||d̃i||2, ||ν̄i|| ≥ ρ||d̃i||;

3. ||z(k)
i − z̄i|| ≥ ρ||x(k)

i − x̃i||;

345



Proof. The first and second claims follow similar derivations, and we provide only the

derivations for the first claim. First, if i = 1, we have

x
(k)
1 = arg min

x∈X
− ⟨x, z(k)

1 ⟩+
1

2
(x− x(k)

0 )TH(x− x(k)
0 ),

by the first-order optimality condition, we have:

⟨−z(k)
1 +H(x

(k)
1 − x(k)

0 ), u− x(k)
1 ⟩ ≥ 0, ∀ u ∈ X ,

choose u = x
(k)
0 and use the fact that z

(k)
1 = −η0ν0, we have:

η0||ν(k)
0 ||×||x(k)

0 −x(k)
1 || ≥ η0⟨ν(k)

0 , x
(k)
0 −x(k)

1 ⟩ ≥ (x
(k)
1 −x(k)

0 )TH(x
(k)
1 −x(k)

0 ) ≥ ρ||x(k)
0 −x(k)

1 ||2

we use the Cauchy-Schwartz inequality in the leftmost inequality and use the strong con-

vexity assumption of the adaptive matrix in the rightmost inequality, we get the result in

the lemma.

Next if i > 0, by the definition of ψ
(k)
i (x), we have:

ψ
(k)
i (x

(k)
i+1)− ψ(k)

i (x
(k)
i ) = −⟨z(k)

i , x
(k)
i+1 − x(k)

i ⟩+
1

2
(x

(k)
i+1 − x(k)

i )TH(x
(k)
i+1 + x

(k)
i − 2x

(k)
0 )

(8.16)

Then by the definition of x
(k)
i , and the first order optimality condition, we have

⟨−z(k)
i +H(x

(k)
i − x(k)

0 ), u− x(k)
i ⟩ ≥ 0, ∀ u ∈ X ,
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if we pick u = x
(k)
i+1, we have −⟨z(k)

i , x
(k)
i+1 − x(k)

i ⟩ ≥ −(x
(k)
i+1 − x(k)

i )TH(x
(k)
i − x(k)

0 ), plug this

inequality to (8.16), we have:

ψ
(k)
i (x

(k)
i+1)− ψ(k)

i (x
(k)
i )

≥ −(x
(k)
i+1 − x(k)

i )TH(x
(k)
i − x(k)

0 ) +
1

2
(x

(k)
i+1 − x(k)

i )TH(x
(k)
i+1 + x

(k)
i − 2x

(k)
0 )

≥ 1

2
(x

(k)
i+1 − x(k)

i )TH(x
(k)
i+1 − x(k)

i )

Similarly for ψ
(k)
i+1, we have:

ψ
(k)
i+1(x

(k)
i+1)− ψ(k)

i+1(x
(k)
i ) = −⟨z(k)

i+1, x
(k)
i+1 − x(k)

i ⟩+
1

2
(x

(k)
i+1 − x(k)

i )TH(x
(k)
i+1 + x

(k)
i − 2x

(k)
0 )

and by the definition of x
(k)
i+1 and the first order optimality condition, we can get

⟨−z(k)
i+1 +H(x

(k)
i+1 − x(k)

0 ), u− x(k)
i+1⟩ ≥ 0, ∀ u ∈ X ,

pick u = x
(k)
i , we have −⟨z(k)

i+1, x
(k)
i+1 − x

(k)
i ⟩ ≤ −(x

(k)
i+1 − x

(k)
i )TH(x

(k)
i+1 − x

(k)
0 ), plug this

inequality to the above equality, we have:

ψ
(k)
i+1(x

(k)
i+1)− ψ(k)

i+1(x
(k)
i )

≤ −(x
(k)
i+1 − x(k)

i )TH(x
(k)
i+1 − x(k)

0 ) +
1

2
(x

(k)
i+1 − x(k)

i )TH(x
(k)
i+1 + x

(k)
i − 2x

(k)
0 )

≤ −1

2
(x

(k)
i+1 − x(k)

i )TH(x
(k)
i+1 − x(k)

i )
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Next, by definition of ψ
(k)
i (x) and ψ

(k)
i+1(x), we have:

ψ
(k)
i+1(x

(k)
i+1)− ψ(k)

i+1(x
(k)
i ) = ψ

(k)
i (x

(k)
i+1)− ψ(k)

i (x
(k)
i ) + ηi⟨ν(k)

i , x
(k)
i+1 − x(k)

i ⟩

Finally, we combine the above relations and have:

ηi||ν(k)
i ||×||x(k)

i −x(k)
i+1|| ≥ ηi⟨ν(k)

i , x
(k)
i −x(k)

i+1⟩ ≥ (x
(k)
i+1−x(k)

i )TH(x
(k)
i+1−x(k)

i ) ≥ ρ||x(k)
i −x(k)

i+1||2

we use the Cauchy-Schwartz inequality in the leftmost inequality and use the strong con-

vexity assumption of the adaptive matrix in the rightmost inequality, we get the result in

the claim of the lemma.

Next, we prove the third claim, by the definition of ψ
(k)
i+1, we have:

ψ
(k)
i+1(x

(k)
i+1)− ψ(k)

i+1(x̃i+1) = −⟨z(k)
i+1, x

(k)
i+1 − x̃i+1⟩+

1

2
(x

(k)
i+1 − x̃i+1)TH(x

(k)
i+1 + x̃i+1 − 2x

(k)
0 )

By the definition of x
(k)
i+1 and first order optimality condition, we have

⟨−z(k)
i+1 +H(x

(k)
i+1 − x(k)

0 ), u− x(k)
i+1⟩ ≥ 0, ∀ u ∈ X ,

pick u = x̃i+1, we have −⟨z(k)
i+1, x

(k)
i+1 − x̃i+1⟩ ≤ −(x

(k)
i+1 − x̃i+1)TH(x

(k)
i+1 − x

(k)
0 ). Plug this

inequality back to the above inequality, we have:

ψ
(k)
i+1(x

(k)
i+1)− ψ(k)

i+1(x̃i+1)

≤ −(x
(k)
i+1 − x̃i+1)TH(x

(k)
i+1 − x(k)

0 ) +
1

2
(x

(k)
i+1 − x̃i+1)TH(x

(k)
i+1 + x̃i+1 − 2x

(k)
0 )
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≤ −1

2
(x

(k)
i+1 − x̃i+1)TH(x

(k)
i+1 − x̃i+1)

Then for ψ̃i+1(x), we have:

ψ̃
(k)
i+1(x

(k)
i+1)− ψ̃i+1(x̃i+1) = −⟨z̄i+1, x

(k)
i+1 − x̃i+1⟩ +

1

2
(x

(k)
i+1 − x̃i+1)TH(x

(k)
i+1 + x̃i+1 − 2x̃0)

By the definition of x̃i+1 and first order optimality condition, we have:

⟨−z̄i+1 +H(x̃i+1 − x̃0), u− x̃i+1⟩ ≥ 0, ∀ u ∈ X ,

pick u = x
(k)
i+1, we have −⟨z̄i+1, x

(k)
i+1 − x̃i+1⟩ ≥ −(x

(k)
i+1 − x̃i+1)TH(x̃i+1 − x̃0). Plug this

inequality back to the above inequality, we have:

ψ̃i+1(x
(k)
i+1) − ψ̃i+1(x̃i+1)

≥ −(x
(k)
i+1 − x̃i+1)TH(x̃i+1 − x̃0) +

1

2
(x

(k)
i+1 − x̃i+1)TH(x

(k)
i+1 + x̃i+1 − 2x̃0)

≥ 1

2
(x

(k)
i+1 − x̃i+1)TH(x

(k)
i+1 − x̃i+1)

Next, since we have x
(k)
0 = x̃0, then by the definition of ψ

(k)
i+1(x) and ψ̃i+1(x) we have:

ψ
(k)
i+1(x

(k)
i+1) − ψ

(k)
i+1(x̃i+1) = ψ̃i+1(x

(k)
i+1) − ψ̃i+1(x̃i+1) − ⟨z(k)

i+1 − z̄i+1, x
(k)
i+1 − x̃i+1⟩

349



Next, we combine the above relations and have:

||z(k)
i+1 − z̄i+1|| × ||x(k)

i+1 − x̃i+1|| ≥ ⟨z(k)
i+! − z̄i+1, x

(k)
i+1 − x̃i+1⟩

≥ (x
(k)
i+1 − x̃i+1)TH(x

(k)
i+1 − x̃i+1) ≥ ρ||x(k)

i+1 − x̃i+1||2

where the first inequality is by the Cauchy-Schwartz inequality and the last inequality is

by the positive definiteness of H. This concludes the proof of the first inequality in the

lemma.
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8.7.3 State Consensus Error

As each client performs local update, the states i.e. z
(k)
τ,i and ν

(k)
τ,i drift away, the fol-

lowing lemmas bound this difference. We omit the global epoch number τ in the subscript.

Lemma 176. For each 0 ≤ i ≤ I, and suppose iterates z
(k)
i , k ∈ [K] are generated from

Algorithm 17, we have:

K
∑

k=1

E∥z(k)
i − z̄i∥2 ≤ (I − 1)

i−1
∑

ℓ=1

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2,

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. Based on Algorithm 17, we have z
(k)
0 = z̄0 = 0, the inequality in the lemma holds

trivially. Otherwise, we have

z
(k)
i = −

i−1
∑

ℓ=0

ηℓν
(k)
ℓ and z̄i = −

i−1
∑

ℓ=0

ηℓν̄ℓ.

So we have:

K
∑

k=1

∥z(k)
i − z̄i∥2 =

K
∑

k=1

∥

∥

∥

∥

i−1
∑

ℓ=1

(

ηℓν
(k)
ℓ − ηℓν̄ℓ

)

∥

∥

∥

∥

2

≤ (I − 1)
i−1
∑

ℓ=1

η2
ℓ

K
∑

k=1

∥ν(k)
ℓ − ν̄ℓ∥2

where the equality uses the fact ν
(k)
0 = ν0 for k ∈ [K], the inequality uses the Proposition

170 and the fact that we have i ≤ I. We get the claim in the lemma by taking expectation

on both sides of the above inequality. This completes the proof.
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Lemma 177. For i ∈ [I], we have:

K
∑

k=1

||d(k)
i − d̃i||2 ≤ 42(I − 1)

ρ2η2
i

i
∑

ℓ=1

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. Firstly, when i = 0, x
(k)
0 = x̃0, z

(k)
1 = z̄1, so we have x

(k)
1 = x̃1 by Line 5 of

Algorithm 17, and then we have η0d
(k)
0 = x

(k)
0 − x

(k)
1 = x̃0 − x̃1 = ηtd̃0, the inequality in the

lemma holds trivially.

Next when i > 0, we have:

η2
i ||d(k)

i − d̃i||2 = ||x(k)
i − x

(k)
i+1 − (x̃i − x̃i+1)||2 ≤ 2||x(k)

i − x̃i||2 + 2||x(k)
i+1 − x̃i+1||2

≤ 22

ρ2

(

||z(k)
i − z̄i||2 + ||z(k)

i+1 − z̄i+1||2
)

The last inequality uses claim 3 of Lemma 175. Sum over k ∈ [K] and use Lemma 176, we

have:

ρ2η2
i

K
∑

k=1

||d(k)
i − d̃i||2 ≤ 22(I − 1)

i−1
∑

ℓ=1

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2 + 22(I − 1)

i
∑

ℓ=1

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2

≤ 42(I − 1)
i
∑

ℓ=1

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2

This completes the proof.
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8.7.4 Descent Lemma

In this subsection, we bound the descent of function value f(x̃τ,i) over the virtual

sequence x̃τ,i.

Lemma 178. Suppose that the sequence {x(k)
τ,i }I−1

i=0 be generated from Algorithm 17, then

we have

f(x̃τ+1) ≤ f(x̃τ ) −
I−1
∑

i=0

(

3ρητ+1,i

4
− η2

τ+1,iL

2

)

∥d̃τ+1,i∥2 +
I−1
∑

i=0

ητ+1,i

ρ
∥ēτ+1,i∥2

where ēτ,i = ν̄τ,i − 1
K

∑K
k=1 ∇f (k)(x

(k)
τ,i ).

Proof. Since the function f(x) is L-smooth, we have (we omit the global epoch number τ

for ease of notation):

f(x̃i+1) ≤ f(x̃i) + ⟨∇f(x̃i), x̃i+1 − x̃i⟩ +
L

2
∥x̃i+1 − x̃i∥2 = f(x̃i) − ηi⟨∇f(x̃i), d̃i⟩ +

Lη2
i

2
∥d̃i∥2

= f(x̃i) − ηi⟨ν̄i, d̃i⟩ − ηi⟨∇f(x̃i) − ν̄i, d̃i⟩ +
Lη2

i

2
∥d̃i∥2

(a)

≤ f(x̃i) − (ρηi − Lη2
i

2
)∥d̃i∥2 − ηi⟨∇f(x̃i) − ν̄i, d̃i⟩

(b)

≤ f(x̃i) −
(

ρηi − η2
iL

2

)

∥d̃i∥2 +
ρηi

4
∥d̃i∥2 +

ηi

ρ
∥ν̄i − ∇f(x̃i)∥2

(c)

≤ f(x̃i) −
(

3ρηi

4
− η2

iL

2

)

∥d̃i∥2 +
ηi

ρ
∥ēi∥2

In inequality (a), we use claim 1 of Lemma 175; inequality (b) uses Young’s inequality;

inequality (c) denotes ēi = ν̄i − ∇f(x̃i). For ẽi, we have: For the τ global epoch, we sum
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over i = 0 to I − 1, we have:

f(x̃τ+1,I) ≤ f(x̃τ+1,0) −
I−1
∑

i=0

(

3ρητ+1,i

4
− η2

τ+1,iL

2

)

∥d̃τ+1,i∥2 +
I−1
∑

i=0

2ητ+1,i

ρ
∥ēτ+1,i∥2

Follow the update rules in Algorithm 16 and Algorithm 17, we have x̃τ+1,0 = xτ and

x̃τ+1,I = xτ+1. This completes the proof.

8.7.5 Gradient Error Contraction

In this subsection, we bound the gradient estimation error ēτ,i, where we have ēτ,i =

ν̄τ,i − ∇f(x̃τ,i) as defined in Lemma 178, additionally, we also define the global gradient

estimation error eτ as ēτ = ντ − ∇f(xτ ). Note we have eτ = ēτ,I = ēτ+1,0. We first show a

fact about ē0, the initial gradient estimation error.

Lemma 179. For e0 := ν0 − ∇f(x0), suppose we choose mini-batch size of |B(k)
0 | = b1, k ∈

[K]], we have: E∥e0∥2 ≤ σ2

b1K
.

Proof. By line 1 of Algorithm 16, we have:

E∥e0∥2 = E

∥

∥

∥

∥

∥

ν0 − 1

K

K
∑

k=1

∇f (k)(x0)

∥

∥

∥

∥

∥

2

= E

∥

∥

∥

∥

∥

1

K

K
∑

k=1

∇f (k)(x0; B(k)
0 ) − 1

K

K
∑

k=1

∇f (k)(x0)

∥

∥

∥

∥

∥

2

(a)

≤ 1

K2

K
∑

k=1

E

∥

∥

∥

∥

∥

∇f (k)(x0; B(k)
0 ) − ∇f (k)(x0)

∥

∥

∥

∥

∥

2
(b)

≤ σ2

b1K
.

where (a) follows from the following: From the unbiased gradient assumption, we have:

E

[

∇f (k)(x
(k)
0 ; B(k)

0 )
]

= ∇f (k)(x
(k)
0 ), for all k ∈ [K]. Moreover, the samples B(k)

0 and B(ℓ)
0 at
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the kth and the ℓth clients are chosen uniformly randomly, and independent of each other

for all k, ℓ ∈ [K]] and k ̸= ℓ. Inequality (b) results from the bounded variance assumption.

This completes the proof.

Lemma 180. Define ēτ,i := ν̄τ,i − 1
K

∑K
k=1 ∇f (k)(x̃τ,i), then for every τ ≥ 1 and i ≥ 1,

suppose αi < 1 and clients use batchsize b in the training, then we have:

E∥ēτ,i∥2 ≤ (1 − ατ,i)
2
E∥ēτ,i−1∥2 +

256(I − 1)L2

ρ2K

i−1
∑

ℓ=1

η2
τ,ℓ

K
∑

k=1

E∥ν(k)
τ,ℓ − ν̄τ,ℓ∥2

+
8η2

τ,i−1L
2

K
E∥d̃τ,i−1∥2 +

4α2
τ,iσ

2

bK

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. Consider the error term ∥ēi∥2, i ≥ 1 (we omit the global epoch number τ for ease

of notation), we have:

E∥ēi∥2 = E

∥

∥

∥

∥

∥

ν̄i − 1

K

K
∑

k=1

∇f (k)(x̃i)

∥

∥

∥

∥

∥

2

= E

∥

∥

∥

∥

∥

1

K

K
∑

k=1

∇f (k)(x
(k)
i ; B(k)

i ) + (1 − αi)

(

ν̄i−1 − 1

K

K
∑

k=1

∇f (k)(x
(k)
i−1; B(k)

i )

)

− 1

K

K
∑

k=1

∇f (k)(x̃i)

∥

∥

∥

∥

∥

2

= E

∥

∥

∥

∥

∥

1

K

K
∑

k=1

(

(

∇f (k)(x
(k)
i ; B(k)

i ) − ∇f (k)(x̃i)
)

− (1 − αi)
(

∇f (k)(x
(k)
i−1; B(k)

i ) − ∇f (k)(x̃i−1)
)

)

+ (1 − αi)ēi−1

∥

∥

∥

∥

∥

2

= (1 − αi)
2
E∥ēi−1∥2 +

1

K2
E

∥

∥

∥

∥

∥

K
∑

k=1

[

(

∇f (k)(x
(k)
i ; B(k)

i ) − ∇f (k)(x̃i)
)

− (1 − αi)
(

∇f (k)(x
(k)
i−1; B(k)

i ) − ∇f (k)(x̃i−1)
)

]

∥

∥

∥

∥

∥

2
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≤ (1 − αi)
2
E∥ēi−1∥2 +

2

K2
E

∥

∥

∥

∥

∥

K
∑

k=1

[

(

∇f (k)(x
(k)
i ; B(k)

i ) − ∇f (k)(x
(k)
i )

)

− (1 − αi)
(

∇f (k)(x
(k)
i−1; B(k)

i ) − ∇f (k)(x
(k−1)
i−1 )

)

]

∥

∥

∥

∥

∥

2

+
2

K2
E

∥

∥

∥

∥

∥

K
∑

k=1

[

(

∇f (k)(x
(k)
i ) − ∇f (k)(x̃i)

)

− (1 − αi)
(

∇f (k)(x
(k)
i−1) − ∇f (k)(x̃i−1)

)

]

∥

∥

∥

∥

∥

2

≤ (1 − αi)
2
E∥ēi−1∥2 +

2

K2

K
∑

k=1

E

∥

∥

∥

∥

∥

(

∇f (k)(x
(k)
i ; B(k)

i ) − ∇f (k)(x
(k)
i )

)

− (1 − αi)
(

∇f (k)(x
(k)
i−1; B(k)

i ) − ∇f (k)(x
(k)
i−1)

)

∥

∥

∥

∥

∥

2

+
2

K

K
∑

k=1

E

∥

∥

∥

∥

∥

(

∇f (k)(x
(k)
i ) − ∇f (k)(x̃i)

)

− (1 − αi)
(

∇f (k)(x
(k)
i−1) − ∇f (k)(x̃i−1)

)

∥

∥

∥

∥

∥

2

where the first equality uses the definition of ν̄i; last equality follows from expanding the

norm using the inner products across k ∈ [K] and noting that the cross terms of the second

term is zero in expectation because of the samples are sampled independently at different

workers.

We first consider the second term above:

E

∥

∥

∥

(

∇f (k)(x
(k)
i ; B(k)

i ) − ∇f (k)(x
(k)
i )

)

− (1 − αi)
(

∇f (k)(x
(k)
i−1; B(k)

i ) − ∇f (k)(x
(k)
i−1)

)∥

∥

∥

2

= E

∥

∥

∥(1 − ai)
[(

∇f (k)(x
(k)
i ; B(k)

i ) − ∇f (k)(x
(k)
i )

)

−
(

∇f (k)(x
(k)
i−1; B(k)

i ) − ∇f (k)(x
(k)
i−1)

)]

+ αi

(

∇f (k)(x
(k)
i ; B(k)

i ) − ∇f (k)(x
(k)
i )

)∥

∥

∥

2

≤ 2(1 − αi)
2
E

∥

∥

∥

(

∇f (k)(x
(k)
i ; B(k)

i ) − ∇f (k)(x
(k)
i−1; B(k)

i )
)

−
(

∇f (k)(x
(k)
i ) − ∇f (k)(x

(k)
i−1)

)∥

∥

∥

2

+ 2α2
iE

∥

∥

∥∇f (k)(x
(k)
i ; B(k)

i ) − ∇f (k)(x
(k)
i )

∥

∥

∥

2

≤ 2(1 − αi)
2
E

∥

∥

∥∇f (k)(x
(k)
i ; B(k)

i ) − ∇f (k)(x
(k)
i−1; B(k)

i )
∥

∥

∥

2
+ 2α2

iσ
2/b

≤ 2(1 − αi)
2L2

E∥x(k)
i − x

(k)
i−1∥2 + 2a2

iσ
2/b ≤ 2(1 − αi)

2L2η2
i−1E∥d(k)

i−1∥2 + 2α2
iσ

2/b
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≤ 4(1 − αi)
2L2η2

i−1E∥d(k)
i−1 − d̃i−1∥2 + 4(1 − αi)

2L2η2
i−1E∥d̃i−1∥2 + 2α2

iσ
2/b

where we use Proposition 170 in the first inequality and the bounded variance assumption

in the second inequality.

For the third term, we have:

E

∥

∥

∥∇f (k)(x
(k)
i ) − ∇f (k)(x̃i) − (1 − αi)

(

∇f (k)(x
(k)
i−1) − ∇f (k)(x̃i−1)

)∥

∥

∥

2

(a)

≤ 2E
∥

∥

∥∇f (k)(x
(k)
i ) − ∇f (k)(x̃i)

∥

∥

∥

2
+ 2E

∥

∥

∥(1 − αi)
(

∇f (k)(x
(k)
i−1) − ∇f (k)(x̃i−1)

)
∥

∥

∥

2

≤ 2L2
E

∥

∥

∥x
(k)
i − x̃i

∥

∥

∥

2
+ 2L2(1 − αi)

2
E

∥

∥

∥x
(k)
i−1 − x̃i−1

∥

∥

∥

2

(b)

≤ 2L2

ρ2
E

∥

∥

∥z
(k)
i − z̄i

∥

∥

∥

2
+

2L2(1 − αi)
2

ρ2
E

∥

∥

∥z
(k)
i−1 − z̄i−1

∥

∥

∥

2

where (a) uses Proposition 170; (b) uses claim 3 of Lemma 175;

Finally, we combine the above inequalities together to get:

E∥ēi∥2 ≤ (1 − αi)
2
E∥ēi−1∥2 +

4α2
iσ

2

bK
+

8η2
i−1L

2

K2

K
∑

k=1

E∥d(k)
i−1 − d̃i−1∥2

+
8η2

i−1L
2

K
E∥d̃i−1∥2 +

8L2

Kρ2

K
∑

k=1

[

E

∥

∥

∥z
(k)
i − z̄i

∥

∥

∥

2
+ E

∥

∥

∥z
(k)
i−1 − z̄i−1

∥

∥

∥

2
]

≤ (1 − αi)
2
E∥ēi−1∥2 +

4α2
iσ

2

bK
+

128(I − 1)L2

K2ρ2

i−1
∑

ℓ=1

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2

+
16η2

i−1L
2

K
E∥d̃i−1∥2 +

16(I − 1)L2

Kρ2

i−1
∑

ℓ=1

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2

≤ (1 − αi)
2
E∥ēi−1∥2 +

4α2
iσ

2

bK

+
8η2

i−1L
2

K
E∥d̃i−1∥2 +

256(I − 1)L2

Kρ2

i−1
∑

ℓ=1

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2

The first inequality the assumption that αi < 1; the second inequality uses Lemma 176 and
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Lemma 177. This completes the proof.

Lemma 181. For τ ≥ 0 and i ∈ [I]. Suppose we have ητ,i = κ
(wτ,i+i+τI)1/3 , and have αi < 1,

wτ,i ≥ 2, ητ,i ≤ ρ
48LK0.5I2 be satisfied, we have:

Kρ

64L2

(

E∥ēτ+1∥2

ητ+1,I−1

− E∥ēτ ∥2

ητ,I−1

)

≤ −
I−1
∑

i=0

3ητ+1,i

2ρ
E∥ēτ+1,i∥2 +

I−1
∑

i=0

ητ+1,iρ

8
E∥d̃τ+1,i∥2

+
I−1
∑

i=0

σ2c2η3
τ+1,iρ

16bL2
+

8I(I − 1)

ρ

I
∑

ℓ=1

ητ+1,ℓ

K
∑

k=1

E∥ν(k)
τ+1,ℓ − ν̄τ+1,ℓ∥2

Proof. Using Lemma 180 at the global epoch τ−1, then for i ≥ 0 (we denote ητ,−1 = ητ−1,I−1

for all τ ≥ 1), we have:

E∥ēτ,i+1∥2

ητ,i

− E∥ēτ,i∥2

ητ,i−1

≤
[

(1 − aτ,i+1)2

ητ,i

− 1

ητ,i−1

]

E∥ēτ,i∥2 +
256(I − 1)L2

ρ2Kητ,i

i
∑

ℓ=1

η2
τ,ℓ

K
∑

k=1

E∥ν(k)
τ,ℓ − ν̄τ,ℓ∥2

+
8L2ητ,i

K
E∥d̃τ,i∥2 +

4a2
τ,i+1σ

2

ητ,ibK

(a)

≤
(

η−1
τ,i − η−1

τ,i−1 − cητ,i

)

E∥ēτ,i∥2 +
512(I − 1)L2

ρ2K

i
∑

ℓ=1

ητ,ℓ

K
∑

k=1

E∥ν(k)
τ,ℓ − ν̄τ,ℓ∥2

+
8L2ητ,i

K
E∥d̃τ,i∥2 +

4σ2c2η3
τ,i

bK
,

where inequality (a) utilizes the fact that (1 − ατ,i)
2 ≤ 1 − ατ,i ≤ 1 and aτ,i+1 = cη2

τ,i for

all i ∈ [I], and the following fact: suppose we choose ητ,i = κ/(wi + i + τI)1/3, then for

0 ≤ l ≤ i < I, we have:

ητ,l

ητ,i

=
(wi + i+ τI)1/3

(wl + l + τI)1/3
=

(

1 +
wi + i− wl − l

wl + l + τI

)1/3
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≤
(

1 +
(I − 1)

wl + l + τI

)1/3

≤ 1 +
(I − 1)

3(wl + l + τI)
≤ 2 (8.17)

The first inequality is by the fact that wi ≤ wl and 0 < i−l < I−1, the second last inequality

uses the concavity of x1/3 as: (x+ y)1/3 − x1/3 ≤ y/3x2/3, while the last inequality uses the

fact that wl ≥ 0, I ≥ 1, l ≥ 0, τ ≥ 1.

For the difference η−1
i − η−1

i−1, we have:

1

ητ,i

− 1

ητ,i−1

=
(wi + i+ τI)1/3

κ
− (wi−1 + i− 1 + τI)1/3

κ

(a)

≤ (wi−1 + i+ τI)1/3

κ
− (wi−1 + i− 1 + τI)1/3

κ
(b)

≤ 1

3κ(wi−1 + i− 1 + τI)2/3

(c)

≤ 22/3κ2

3κ3(wi + i+ τI)2/3

(c)
=

22/3

3κ3
η2

i

(d)

≤ ρ

72κ3LK0.5I2
ηi,

(8.18)

where inequality (a) is because that we choose w ≤ w, (b) results from the concavity of

x1/3 as: (x + y)1/3 − x1/3 ≤ y/(3x2/3), (c) used the fact that w ≥ 2, finally, (d) and (e)

utilize the definition of ητ,i and the condition that ητ,i ≤ ρ
48LK0.5I2 , respectively. So if we

choose c =
96L2

Kρ2
+

ρ

72κ3LK0.5I2
we have: η−1

τ,i − η−1
τ,i−1 − cητ,i ≤ −96L2

Kρ2 ητ,i,

Therefore, we have:

E∥ēτ,i+1∥2

ητ,i

− E∥ēτ,i∥2

ητ,i−1

≤ −96L2ητ,i

Kρ2
E∥ēτ,i∥2 +

512(I − 1)L2

ρ2K

i
∑

ℓ=1

ητ,ℓ

K
∑

k=1

E∥ν(k)
τ,ℓ − ν̄τ,ℓ∥2

+
8L2ητ,i

K
E∥d̃τ,i∥2 +

4σ2c2η3
τ,i

bK
,
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Multiplying Kρ/64L2 on both sides, we have:

Kρ

64L2

(

E∥ēτ,i+1∥2

ητ,i

− E∥ēτ,i∥2

ητ,i−1

)

≤ −3ητ,i

2ρ
E∥ēτ,i∥2 +

8(I − 1)

ρ

i
∑

ℓ=1

ητ,ℓ

K
∑

k=1

E∥ν(k)
τ,ℓ − ν̄τ,ℓ∥2

+
ητ,iρ

8
E∥d̃τ,i∥2 +

σ2c2η3
τ,iρ

16L2b
.

Then we sum the above inequality from 0 to I − 1 and get:

Kρ

64L2

(

E∥ēτ,I∥2

ητ,I−1

− E∥ēτ,0∥2

ητ−1,I−1

)

≤ −
I−1
∑

i=0

3ηi

2ρ
E∥ēτ,i∥2 +

I−1
∑

i=0

8(I − 1)

ρ

i
∑

ℓ=1

ηℓ

K
∑

k=1

E∥ν(k)
τ,ℓ − ν̄τ,ℓ∥2

+
I−1
∑

i=0

ητ,iρ

8
E∥d̃τ,i∥2 +

I−1
∑

i=0

σ2c2η3
τ,iρ

16L2b

≤ −
I−1
∑

i=0

3ηi

2ρ
E∥ēτ,i∥2 +

8I(I − 1)

ρ

I
∑

ℓ=1

ηℓ

K
∑

k=1

E∥ν(k)
τ,ℓ − ν̄τ,ℓ∥2

+
I−1
∑

i=0

ητ,iρ

8
E∥d̃τ,i∥2 +

I−1
∑

i=0

σ2c2η3
τ,iρ

16L2b

By definition, we have ēτ,0 = eτ−1 and ēτ,I = eτ , then we get the results in the lemma by

replacing τ by τ + 1.

8.7.6 Descent in Potential Function

We define the potential function as follows:

Φτ := f(x̃τ ) +
Kρ

64L2

∥eτ ∥2

ητ−1,I−1

. (8.19)

Next, we characterize the descent in the potential function.
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Lemma 182. For any τ ≥ 0, we have:

E[Φτ+1 − Φτ ] ≤ −
I−1
∑

i=0

(

5ρητ+1,i

8
− η2

τ+1,iL

2

)

E∥d̃i∥2 − 1

2ρ

I−1
∑

i=0

ητ+1,iE∥ēτ+1,i∥2

+
σ2c2ρ

16L2b

I−1
∑

i=0

η3
τ+1,i +

8I(I − 1)

ρ

I
∑

i=1

ητ+1,i

K
∑

k=1

E∥ν(k)
τ+1,i − ν̄τ+1,i∥2,

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. We can the inequality in the lemma by combining Lemma 178 and Lemma 181

8.7.7 Accumulated Gradient Error

In this subsection, we bound the gradient consensus error given by term
∑K

k=1 E∥ν(k)
τ,i −

ν̄τ,i∥2.

Lemma 183. For i ≥ 1 and αi < 1, we have:

K
∑

k=1

E∥ν(k)
τ,i − ν̄τ,i∥2 ≤ (1 +

1

I
)

K
∑

k=1

E

∥

∥

∥ν
(k)
τ,i−1 − ν̄τ,i−1

∥

∥

∥

2
+ 8KIL2η2

τ,i−1E∥d̃τ,i−1∥2 +
8KIσ2c2η4

τ,i−1

b

+ 16KIζ2c2η4
τ,i−1 +

96I2L2

ρ2

i−1
∑

ℓ=1

ητ,ℓ2

K
∑

k=1

E∥ν(k)
τ,ℓ − ν̄τ,ℓ∥2

where the expectation is w.r.t. the stochasticity of the algorithm.

Proof. By the update rule of ν
(k)
i (we omit the global epoch step for convenience), we have:

E∥ν(k)
i − ν̄i∥2

= E

∥

∥

∥

∥

∥

∇f (k)(x
(k)
i ; B(k)

i ) + (1 − αi)
(

ν
(k)
i−1 − ∇f (k)(x

(k)
i−1; B(k)

i )
)
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−
(

1

K

K
∑

j=1

∇f (j)(x
(j)
i ; B(j)

i ) + (1 − αi)
(

ν̄i−1 − 1

K

K
∑

j=1

∇f (j)(x
(j)
i−1; B(j)

i )
)

)∥

∥

∥

∥

∥

2

= E

∥

∥

∥

∥

∥

(1 − αi)
(

ν
(k)
i−1 − ν̄i−1

)

+ ∇f (k)(x
(k)
i ; B(k)

i ) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i ; B(j)

i )

− (1 − αi)

(

∇f (k)(x
(k)
i−1; B(k)

i ) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i−1; B(j)

i )

)
∥

∥

∥

∥

∥

2

≤ (1 + β)(1 − αi)
2
E

∥

∥

∥

∥

∥

ν
(k)
i−1 − ν̄i−1

∥

∥

∥

∥

∥

2

+
(

1 +
1

β

)

E

∥

∥

∥

∥

∥

∇f (k)(x
(k)
i ; B(k)

i ) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i ; B(j)

i )

− (1 − αi)

(

∇f (k)(x
(k)
i−1; B(k)

i ) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i−1; B(j)

i )

)
∥

∥

∥

∥

∥

2

, (8.20)

where the last inequality uses Proposition 170.

Next, we consider the second term:

E

∥

∥

∥

∥

∥

∇f (k)(x
(k)
i ; B(k)

i ) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i ; B(j)

i )

− (1 − αi)

(

∇f (k)(x
(k)
i−1; B(k)

i ) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i−1; B(j)

i )

)∥

∥

∥

∥

∥

2

(a)

≤ 2E

∥

∥

∥

∥

∥

∇f (k)(x
(k)
i ; B(k)

i ) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i ; B(j)

i )

−
(

∇f (k)(x
(k)
i−1; B(k)

i ) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i−1; B(j)

i )

)
∥

∥

∥

∥

∥

2

+ 2α2
iE

∥

∥

∥

∥

∥

∇f (k)(x
(k)
i−1; B(k)

i ) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i−1; B(j)

i )

∥

∥

∥

∥

∥

2

(b)

≤ 2E

∥

∥

∥

∥

∥

(

∇f (k)(x
(k)
i ; B(k)

i ) − ∇f (k)(x
(k)
i−1; B(k)

i )
)

∥

∥

∥

∥

∥

2

+ 2α2
iE

∥

∥

∥

∥

∥

∇f (k)(x
(k)
i−1; B(k)

i ) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i−1; B(j)

i )

∥

∥

∥

∥

∥

2

(c)

≤ 2L2
E

∥

∥

∥

∥

∥

x
(k)
i − x

(k)
i−1

∥

∥

∥

∥

∥

2

+ 2α2
iE

∥

∥

∥

∥

∥

∇f (k)(x
(k)
i−1; B(k)

i ) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i−1; B(j)

i )

∥

∥

∥

∥

∥

2

, (8.21)

where inequality (a) uses Proposition 170; inequality (b) uses Proposition 171; inequality
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(c) uses the smoothness assumption.
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Next, we consider the second term in (8.21) above, we have

E

∥

∥

∥

∥

∥

∇f (k)(x
(k)
i−1; B(k)

i ) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i−1; B(j)

i )

∥

∥

∥

∥

∥

2

= E

∥

∥

∥

∥

∥

(

∇f (k)(x
(k)
i−1; B(k)

i ) − ∇f (k)(x
(k)
i−1)

)

− 1

K

K
∑

j=1

(

∇f (j)(x
(j)
i−1; B(j)

i ) − ∇f (j)(x
(j)
i−1)

)

+ ∇f (k)(x
(k)
i−1) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i−1)

∥

∥

∥

∥

∥

2

≤ 2E

∥

∥

∥

∥

∥

(

∇f (k)(x
(k)
i−1; B(k)

i ) − ∇f (k)(x
(k)
i−1)

)

− 1

K

K
∑

j=1

(

∇f (j)(x
(j)
i−1; B(j)

i ) − ∇f (j)(x
(j)
i−1)

)

∥

∥

∥

∥

∥

2

+ 2E

∥

∥

∥

∥

∥

∇f (k)(x
(k)
i−1) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i−1)

∥

∥

∥

∥

∥

2

(a)

≤ 2E

∥

∥

∥

∥

∥

(

∇f (k)(x
(k)
i−1; B(k)

i ) − ∇f (k)(x
(k)
i−1)

)

∥

∥

∥

∥

∥

2

+ 2E

∥

∥

∥

∥

∥

∇f (k)(x
(k)
i−1) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i−1)

∥

∥

∥

∥

∥

2

≤ 2E
∥

∥

∥

(

∇f (k)(x
(k)
i−1; B(k)

i ) − ∇f (k)(x
(k)
i−1)

)∥

∥

∥

2
+ 4E

∥

∥

∥∇f (k)(x̃i−1) − ∇f(x̃i−1)
∥

∥

∥

2

+ 8E
∥

∥

∥∇f (k)(x
(k)
i−1) − ∇f (k)(x̃i−1)

∥

∥

∥

2
+ 8E

∥

∥

∥

∥

∥

∇f(x̃i−1) − 1

K

K
∑

j=1

∇f (j)(x
(j)
i−1)

∥

∥

∥

∥

∥

2

(b)

≤ 2σ2

b
+

4

K

K
∑

j=1

E∥∇f (k)(x̃i−1) − ∇f (j)(x̄i−1)∥2

+ 8L2
E∥x(k)

i−1 − x̃i−1∥2 +
8L2

K

K
∑

j=1

E∥x(j)
i−1 − x̃i−1∥2

(c)

≤ 2σ2

b
+ 4ζ2 + 8L2

E∥x(k)
i−1 − x̃i−1∥2 +

8L2

K

K
∑

j=1

E∥x(j)
i−1 − x̃i−1∥2, (8.22)

where inequality (a) uses Proposition 171; inequality (b) utilizes bounded variance assump-

tion; (c) uses the bounded heterogeneity assumption. Finally, substituting (8.22) and (8.21)
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into (8.20) and sum over all K workers, we get

K
∑

k=1

E∥ν(k)
i − ν̄i∥2

≤ (1 − αi)
2(1 + β)

K
∑

k=1

E

∥

∥

∥ν
(k)
i−1 − ν̄i−1

∥

∥

∥

2
+ 2L2

(

1 +
1

β

)

K
∑

k=1

E∥x(k)
i − x

(k)
i−1∥2

+
4Kσ2

b

(

1 +
1

β

)

α2
i + 8Kζ2

(

1 +
1

β

)

α2
i + 32L2

(

1 +
1

β

)

α2
i

K
∑

k=1

E∥x(k)
i−1 − x̃i−1∥2

where the second inequality uses claim 3 of the Lemma 175. For the term
∑K

k=1 E∥x(k)
i −

x
(k)
i−1∥2, we have:

K
∑

k=1

E∥x(k)
i − x

(k)
i−1∥2 ≤ 2

K
∑

k=1

E∥x(k)
i − x̃i − (x

(k)
i−1 − x̃i−1)∥2 + 2

K
∑

k=1

E∥x̃i − x̃i−1∥2

≤ 4
K
∑

k=1

E∥x(k)
i − x̃i∥2 + 4

K
∑

k=1

E∥x(k)
i−1 − x̃i−1∥2 + 2Kη2

i−1E∥d̃i−1∥2

So we have:

K
∑

k=1

E∥ν(k)
i − ν̄i∥2

≤ (1 − αi)
2(1 + β)

K
∑

k=1

E

∥

∥

∥ν
(k)
i−1 − ν̄i−1

∥

∥

∥

2
+ 4KL2η2

i−1

(

1 +
1

β

)

E∥d̃i−1∥2

+ 8L2

(

1 +
1

β

)

K
∑

k=1

E∥x(k)
i − x̃i∥2

+
4Kσ2

b

(

1 +
1

β

)

α2
i + 8Kζ2

(

1 +
1

β

)

α2
i + 40L2

(

1 +
1

β

)

K
∑

k=1

E∥x(k)
i−1 − x̃i−1∥2

Next using Lemma 176, we have:

K
∑

k=1

E∥ν(k)
i − ν̄i∥2
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≤ (1 − αi)
2(1 + β)

K
∑

k=1

E

∥

∥

∥ν
(k)
i−1 − ν̄i−1

∥

∥

∥

2
+ 4KL2η2

i−1

(

1 +
1

β

)

E∥d̃i−1∥2

+
8L2

ρ2

(

1 +
1

β

)

K
∑

k=1

E∥z(k)
i − z̄i∥2

+
4Kσ2

b

(

1 +
1

β

)

α2
i + 8Kζ2

(

1 +
1

β

)

α2
i +

40L2

ρ2

(

1 +
1

β

)

K
∑

k=1

E∥z(k)
i−1 − z̄i−1∥2

≤ (1 − αi)
2(1 + β)

K
∑

k=1

E

∥

∥

∥ν
(k)
i−1 − ν̄i−1

∥

∥

∥

2
+ 4KL2η2

i−1

(

1 +
1

β

)

E∥d̃i−1∥2

+
4Kσ2

b

(

1 +
1

β

)

α2
i + 8Kζ2

(

1 +
1

β

)

α2
i

+
48L2

ρ2

(

1 +
1

β

)

(I − 1)
i−1
∑

ℓ=1

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2

≤ (1 +
1

I
)

K
∑

k=1

E

∥

∥

∥ν
(k)
i−1 − ν̄i−1

∥

∥

∥

2
+ 8KIL2η2

i−1E∥d̃i−1∥2 +
8KIσ2c2η4

i−1

b

+ 16KIζ2c2η4
i−1 +

96I2L2

ρ2

i−1
∑

ℓ=1

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2 (8.23)

In the last inequality, we choose β = 1/I, then we have (1 + 1/β) ≤ (1 + I) ≤ 2I, we also

use the fact that (1 − αi)
2 < 1 and ai = cη2

i−1 < 1. This completes the proof.
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Lemma 184. For ηi ≤ ρ
48LK0.5I2 , then we have

I2

ρ

I
∑

i=1

ηi

K
∑

k=1

E∥ν(k)
i − ν̄i∥2 ≤ ρ

84

I−1
∑

i=0

ηiE∥d̃i∥2 +

(

ρσ2c2

84bL2
+
ρζ2c2

42L2

)

I−1
∑

i=0

η3
i

Proof. By Lemma 183 (we omit the global epoch number for convenience) we have:

K
∑

k=1

E∥ν(k)
i − ν̄i∥2 ≤ (1 +

1

I
)

K
∑

k=1

E

∥

∥

∥ν
(k)
i−1 − ν̄i−1

∥

∥

∥

2
+ 8KIL2η2

i−1E∥d̃i−1∥2 +
8KIσ2c2η4

i−1

b

+ 16KIζ2c2η4
i−1 +

96I2L2

ρ2

i−1
∑

ℓ=1

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2

≤ (1 +
1

I
)

K
∑

k=1

E

∥

∥

∥ν
(k)
i−1 − ν̄i−1

∥

∥

∥

2
+

√
KLρηi−1

6I
E∥d̃i−1∥2 +

√
Kρσ2c2η3

i−1

6ILb

+

√
Kρζ2c2η3

i−1

3IL
+

96I2L2

ρ2

i−1
∑

ℓ=1

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2, (8.24)

where in the second inequality, we use the condition that ηi ≤ ρ
48LK0.5I2 . Applying (8.24)

recursively from 1 to i. We have:

K
∑

k=1

E∥ν(k)
i − ν̄i∥2 ≤

√
KLρ

6I

i−1
∑

ℓ=0

(

1 +
1

I

)i−1−ℓ

ηℓE∥d̃ℓ∥2 +

√
Kρσ2c2

6ILb

i−1
∑

ℓ=0

(

1 +
1

I

)i−1−ℓ

η3
ℓ

+

√
Kρζ2c2

3IL

i−1
∑

ℓ=0

(

1 +
1

I

)i−1−ℓ

η3
ℓ

+
96L2I2

ρ2

i−1
∑

ℓ=0

(

1 +
1

I

)i−1−ℓ ℓ
∑

ℓ̄=0

η2
ℓ̄

K
∑

k=1

E∥ν(k)

ℓ̄
− ν̄ℓ̄∥2

(a)

≤
√
KLρ

6I

(

1 +
1

I

)I i−1
∑

ℓ=0

ηℓE∥d̃ℓ∥2 +

√
Kρσ2c2

6ILb

(

1 +
1

I

)I i−1
∑

ℓ=0

η3
ℓ

+

√
Kρζ2c2

3IL

(

1 +
1

I

)I i−1
∑

ℓ=0

η3
ℓ +

96L2I3

ρ2

(

1 +
1

I

)I i−1
∑

ℓ̄=0

η2
ℓ̄

K
∑

k=1

E∥ν(k)

ℓ̄
− ν̄ℓ̄∥2

(b)

≤
√
KLρ

2I

i−1
∑

ℓ=0

ηℓE∥d̃ℓ∥2 +

√
Kρσ2c2

2ILb

i−1
∑

ℓ=0

η3
ℓ +

√
Kρζ2c2

IL

i−1
∑

ℓ=0

η3
ℓ
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+
288L2I3

ρ2

i−1
∑

ℓ=0

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2, (8.25)

where inequality (a) is by the fact that 1 + 1/I > 1 and i− 1 − ℓ ≤ I for i ∈ [I] and ℓ ∈ [i]

and inequality (b) is because that (1 + 1/I)I ≤ e < 3.

Next, multiplying both sides of (8.25) by ηi and summing over i = 1 to I:

I
∑

i=1

ηi

K
∑

k=1

E∥ν(k)
i − ν̄i∥2 ≤

√
KLρ

2I

I
∑

i=1

ηi

i−1
∑

ℓ=0

ηℓE∥d̃ℓ∥2 +

√
Kρσ2c2

2ILb

I
∑

i=1

ηi

i−1
∑

ℓ=0

η3
ℓ

+

√
Kρζ2c2

IL

I
∑

i=1

ηi

i−1
∑

ℓ=0

η3
ℓ +

288L2I3

ρ2

I
∑

i=1

ηi

i−1
∑

ℓ=0

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2

(a)

≤
√
KLρ

2I

(

I
∑

i=1

ηi

)

I−1
∑

ℓ=0

ηℓE∥d̃ℓ∥2 +

(
√
Kρσ2c2

2ILb
+

√
Kρζ2c2

IL

)(

I
∑

i=1

ηi

)

I−1
∑

ℓ=0

η3
ℓ

+
288L2I3

ρ2

(

I
∑

i=1

ηi

)

I−1
∑

ℓ=0

η2
ℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2

(b)

≤ ρ2

96I2

I−1
∑

i=0

ηiE∥d̃i∥2 +

(

ρ2σ2c2

96I2L2b
+
ρ2ζ2c2

48I2L2

)

I−1
∑

i=0

η3
i +

1

8

I−1
∑

ℓ=1

ηℓ

K
∑

k=1

E∥ν(k)
ℓ − ν̄ℓ∥2

where inequality (a) uses the fact that i ≤ I and (b) uses that we choose ηi ≤ ρ/(48LK0.5I2).

Rearranging the terms we have:

7

8

I
∑

i=1

ηi

K
∑

k=1

E∥ν(k)
i − ν̄i∥2 ≤ ρ2

96I2

I−1
∑

i=0

ηiE∥d̃i∥2 +

(

ρ2σ2c2

96I2L2b
+
ρ2ζ2c2

48I2L2

)

I−1
∑

i=0

η3
i

Multiplying 8I2/(7Kρ) on both sides, we have:

I2

ρ

I
∑

i=1

ηi

K
∑

k=1

E∥ν(k)
i − ν̄i∥2 ≤ ρ

84

I−1
∑

i=0

ηiE∥d̃i∥2 +

(

ρσ2c2

84L2b
+
ρζ2c2

42L2

)

I−1
∑

i=0

η3
i

This completes the proof.
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8.7.8 Proof of the Main Convergence Theorem

In this subsection, we prove Theorem 168 and Corollary 5.7. To prove Theorem 168,

we firstly show the following theorem hold:

Theorem 185. Choosing the parameters as κ =
K2/3ρ

L
, c =

96L2

Kρ2
+

ρ

72κ3LK0.5I2
, wt =

max{2, 483I6K7/2 − t}, and choose ηt = κ
(wt+t)1/3 , then we have:

1

T

T −1
∑

t=0

(

E∥d̃t∥2 +
1

ρ2
E∥ēt∥2

)

≤
[

96LI2

ρ2T
+

2L

ρ2K2/3T 2/3

]

(f(x0) − f ∗) +

[

72I4

b1ρ2T
+

3I2

2b1ρ2K2/3T 2/3

]

σ2

+
1922

ρ2
×
(

48I2

T
+

1

K2/3T 2/3

)

×
(

σ2

4b
+

2ζ2

21

)

log(T + 1).

Proof. By definition, we have ηt ≤ η0 < κ/w
1/3
0 = ρ/48LK0.5I2, then c = L2

Kρ2

(

96 +

1
72K1.5I2

)

≤192L2

Kρ2 and: cη2
t ≤ cη2

0 = 192L2

Kρ2 ∗ ρ2

482L2KI4 < 1, so we have αt < 1, then the

conditions of Lemma 182-Lemma 184 are satisfied.

Firstly, substitute the gradient consensus error in Lemma 184 to Lemma 182, we can

write the descent of potential function as:

E[Φτ+1 − Φτ ] ≤ −
I−1
∑

i=0

(

5ρητ+1,i

8
− η2

τ+1,iL

2

)

E∥d̃τ+1,i∥2 − 1

2ρ

I−1
∑

i=0

ητ+1,iE∥ēτ+1,i∥2

+
σ2c2ρ

16L2b

I−1
∑

i=0

η3
τ+1,i +

2ρ

21

I−1
∑

i=0

ητ+1,iE∥d̃τ+1,i∥2 +

(

2ρσ2c2

21L2b
+

4ρζ2c2

21L2

)

I−1
∑

i=0

η3
τ+1,i

(a)

≤ −
I−1
∑

i=0

ρηi

2
E∥d̃τ+1,i∥2 − 1

2ρ

I−1
∑

i=0

ητ+1,iE∥ēτ+1,i∥2 +

(

ρσ2c2

4L2b
+
ρζ2c2

4L2

)

I−1
∑

i=0

η3
τ+1,i,

where (a) follows from the fact that ηi ≤ ρ
48LK0.5I2 ≤ ρ

48L
.

369



Suppose we denote T = EI, and t = τI + i for t ≥ 0 and τ ≥ 0. Then we have

ηt = ητ+1,i, d̃t = d̃τ+1,i, ēt = ēτ+1,i. In particular, we denote η−1 = η0 for convenience.

Then we sum the above inequality for τ from 0 to E − 1, and get:

E[ΦE − Φ0]≤ −
T −1
∑

t=0

(

ρηt

2

)

E∥d̃t∥2 −
T −1
∑

t=0

ηt

2ρ
E∥ēt∥2 +

(

ρσ2c2

4L2b
+
ρζ2c2

4L2

)

T
∑

t=0

η3
t ,

Rearranging terms, we get:

T
∑

t=1

(

ρηt

2
E∥d̃t∥2 +

ηt

2ρ
E∥ēt∥2

)

≤ E[Φ0 − ΦE] +

(

ρσ2c2

4L2b
+
ρζ2c2

4L2

)

T −1
∑

t=0

η3
t

(a)

≤ f(x0) − f ∗ +
Kρ

64L2

E∥e0∥2

η0

+

(

ρσ2c2

4L2b
+
ρζ2c2

4L2

)

T −1
∑

t=0

η3
t

(b)

≤ f(x0) − f ∗ +
σ2ρ

64b1L2η0

+

(

ρσ2c2

4L2b
+
ρζ2c2

4L2

)

T −1
∑

t=0

η3
t , (8.26)

where (a) follows from the fact that f ∗ ≤ ΦE and (b) results from application of Lemma

179 and b is the minibatch size at the first iteration.

Next for the last term of the (8.26) above, we have:

T −1
∑

t=0

η3
t =

T −1
∑

t=0

κ3

wt + t

(a)

≤
T −1
∑

t=0

κ3

1 + t

(b)

≤ κ3 ln(T + 1). (8.27)

where inequality (a) above follows from the fact that we have wt > 1 and inequality (b)

follows from the application of Proposition 172.

Substituting (8.27) in (8.26), multiplying both sides by 2/(ρηTT ) and using the fact
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that ηt is non-increasing in t we have

1

T

T −1
∑

t=0

(

E∥d̃t∥2 +
1

ρ2
E∥ēt∥2

)

≤ 2(f(x0) − f ∗)

ρηTT
+

1

ηTT

σ2

32b1L2η0

+
κ3

ηTT

(

σ2c2

4bL2
+

2ζ2c2

21L2

)

ln(T + 1).

(8.28)

Now considering each term of (8.28) above separately. For the first term:

1

ηTT
=

(wT + T )1/3

κT

(a)

≤ w
1/3
T

κT
+

1

κT 2/3

(b)

≤ 48LI2K0.5

ρT
+

L

ρK2/3T 2/3
. (8.29)

where inequality (a) follows from identity (x+ y)1/3 ≤ x1/3 + y1/3 and inequality (b) follows

from the definition of κ and wT Similarly, for the second term of (8.28), we have from the

definition of η0 and ηT :

1

ηTT

σ2

32bL2η0

≤
(

48LK0.5I2

ρT
+

L

ρK2/3T 2/3

)

× σ2

32b1L2
× w

1/3
0

κ

≤
(

48LK0.5I2

ρT
+

L

ρK2/3T 2/3

)

× σ2

32b1L2
× 48LK0.5I2

ρ

≤ 72KI4

b1ρ2T
σ2 +

3K0.5I2

2b1ρ2K2/3T 2/3
σ2. (8.30)

Finally, for the last term in (8.28) above, we have from the definition of the stepsize, ηt,

κ3c2

ηTTL2

(

σ2

4b
+

2ζ2

21

)

ln(T + 1)

≤
(

48LK0.5I2

ρT
+

L

ρK2/3T 2/3

)

× 1922

Lρ
×
(

σ2

4b
+

2ζ2

21

)

log(T + 1)

≤ 1922

ρ2
×
(

48K0.5I2

T
+

1

K2/3T 2/3

)

×
(

σ2

4b
+

2ζ2

21

)

log(T + 1). (8.31)
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Finally, substituting the bounds obtained in (8.29), (8.30) and (8.31) into (8.28), we

get

1

T

T −1
∑

t=0

(

E∥d̃t∥2 +
1

ρ2
E∥ēt∥2

)

≤
[

96LK0.5I2

ρ2T
+

2L

ρ2K2/3T 2/3

]

(f(x0) − f ∗) +

[

72KI4

b1ρ2T
+

3K0.5I2

2b1ρ2K2/3T 2/3

]

σ2

+
1922

ρ2
×
(

48K0.5I2

T
+

1

K2/3T 2/3

)

×
(

σ2

4b
+

2ζ2

21

)

log(T + 1).

This completes the proof of the theorem.

Now we are ready to show Theorem 168. Firstly notice that:

Gt

ρ2
=

1

η2
t

||x̃t − x̃t+1||2 +
1

ρ2
||ν̄t − ∇f(x̃t)||2 = ||d̃t||2 +

1

ρ2
||ēt||2

Combine with Theorem 185, we have:

1

T

T −1
∑

t=0

E[Gt] ≤
[

96LK0.5I2

T
+

2L

K2/3T 2/3

]

(f(x0) − f ∗) +

[

72KI4

b1T
+

3K0.5I2

2b1K2/3T 2/3

]

σ2

+ 1922 ×
(

48K0.5I2

T
+

1

K2/3T 2/3

)

×
(

σ2

4b
+

2ζ2

21

)

log(T + 1).

Remark 186. For the measure Gt, we discuss its intuition under both the unconstrained

and constrained case. First, for unconstrained case, i.e. when X = Rd, we have:

||∇f(x̃τ,i)||/||Hτ || = ||Hτ ×H−1
τ ∇f(x̃τ,i)||/||Hτ || ≤ ||H−1

τ ∇f(x̃τ,i)||

= ||H−1
τ ∇f(x̃τ,i) −H−1

τ ν̄τ,i +H−1
τ ν̄τ,i|| ≤ ||H−1

τ ∇f(x̃τ,i) −H−1
τ ν̄τ,i|| + ||H−1

τ ν̄τ,i||
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≤ 1

ρ
||ν̄τ,i − ∇f(x̃τ,i)|| +

1

ητ,i

||x̃τ,i − x̃τ,i+1|| ≤
√

2
√

Gτ,i/ρ

In the last inequality, we use Jensen inequality, and in the second last inequality, we use

Assumption 166 and the fact that x̃τ,i+1 = xτ,0 + H−1
τ z̄τ,i+1 and x̃τ,i = xτ,0 + H−1

τ z̄τ,i and

ητ,iν̄τ,i = z̄τ,i+1 − z̄τ,i in the unconstrained case. In other words, we have ||∇f(x̃t)||2 ≤

2||Hτ ||2

ρ2 Gτ . Note the coefficient of the right-side is an upper bound of the square condition

number of Hτ . It is common assumption in the analysis of adaptive gradient methods that

Ht has a finite condition number [31]. In sum, the convergence of our measure Gt means

the convergence to a first order stationary point in the unconstrained case.

Next, for the constrained case, our measure upper bounds the gradient mapping 1
ητ+1,i

||xτ −

x∗
τ+1,i||, x∗

t is defined as follows:

x∗
τ+1,i = arg min

x∈X
{−⟨x, z∗

τ+1,i)⟩ +
1

2
(x− xτ )THτ (x− xτ )}

where z∗
τ+1,i =

∑i
ℓ=0 −ηℓ∇f(x̃τ+1,i) is the accumulation of true gradient. Next follow

Lemma 175, we have:

∥x∗
τ+1,i − x̃τ+1,i∥ ≤ 1

ρ
∥z∗

τ+1,i − z̄τ+1,i∥

=
1

ρ
∥

i−1
∑

l=0

−ητ+1,ℓ(∇f(x̃τ+1,ℓ) − ν̄τ+1,ℓ))∥
(a)

≤
i−1
∑

l=0

ητ+1,ℓ

ρ
∥∇f(x̃τ+1,ℓ) − ν̄τ+1,ℓ∥

where inequality (a) is due to the triangle inequality. Next we have:

∥xτ − x∗
τ+1,i∥ = ∥xτ − x̃τ+1,i + x̃τ+1,i − x∗

τ+1,i∥ ≤ ∥xτ − x̃τ+1,i∥ + ∥x̃τ+1,i − x∗
τ+1,i∥
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≤ ∥
i−1
∑

l=0

d̃τ+1,i∥ + ∥x̃τ+1,i − x∗
τ+1,i∥ ≤

i−1
∑

l=0

(

∥d̃τ+1,ℓ∥ +
ητ+1,ℓ

ρ
∥∇f(x̃τ+1,ℓ) − ν̄τ+1,ℓ∥

)

By Jensen inequality and the definition of the measure (8.9), we have

∥d̃t∥ +
ηt

ρ
∥∇f(x̃t) − ν̄t∥ ≤

√
2ηt

ρ

√

Gt,

So we have

1

ητ+1,i

∥xτ − x∗
τ+1,i∥ ≤

√
2

ρ

i−1
∑

l=0

ητ+1,l

ητ+1,i

√

Gτ+1,l ≤ 2
√

2

ρ

i−1
∑

l=0

√

Gτ+1,ℓ,

the last inequality is because of Eq. (8.17). In all, when the measure Gτ+1,ℓ → 0, the gradient

mapping 1
ητ+1,i

∥xτ − x∗
τ+1,i∥ converges to 0.

Corollary 187. With the hyper-parameters chosen as in Theorem 185. Suppose we set I

= O((T/K3.5)1/6) and use sample minibatch of size b1 = O(K0.5I2) in the first step, Then

we have:

E[Gt] = O

(

f(x0) − f ∗

K2/3T 2/3

)

+ Õ

(

σ2

K2/3T 2/3

)

+ Õ

(

ζ2

K2/3T 2/3

)

.

and to reach an ϵ-stationary point, we need to make Õ(K−1ϵ−1.5) number of steps and

need Õ(K−0.25ϵ−1.25) number of communication rounds.

Proof. It is straightforward to verify the expression for E[Gt] in the corollary by applying

Theorem 185 and choosing I and b as corresponding values. As for the gradient and

communication complexity of the algorithm. We have the following results: The number

of total steps T needed to achieve an ϵ-stationary point, i.e. Õ( 1
K2/3T 2/3 ) = ϵ, then the
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gradient complexity is O(K−1ϵ−3/2). Total rounds of communication steps to achieve an

ϵ-stationary point is E = T/I, as we have I = O((T/K3.5)1/6), then T/I = Õ(K7/12T 5/6).

By the fact that T = K−1ϵ−3/2, we have E = O(K−1/4ϵ−5/4).

8.8 Experimental Details and Results

In this section, we add additional experiments. In Section A.1, we consider more

variants of FedDA besides FedDA-MVR. More specifically, we consider four variants

of FedDA. We introduce two cases for the update of the adaptive matrix Hτ in (8.7)

and (8.8) and we denote them as case 1 and case 2, similarly, we denote (8.5) and (8.6) as

case 1 and case 2 of gradient estimation respectively. So we have four different variants,

we denote them as FedDA-i-j, for i, j ∈ {1, 2}, where i shows the choice of gradient

estimation and j shows the choice of adaptive matrix update rule. Note FedDA-MVR

corresponds to FedDA-1-1 as we choose Case 1 of gradient estimation and Case 1 of

adaptive matrix update in Algorithm 16. We also introduce more details such as the hyper-

parameter choices. Then in Section A.2, we perform some ablation studies and compare

our FedDA with other baselines in more detail; In Section A.3, we include experiments

when we construct heterogeneous dataset from CIFAR10; Finally in Section A.4, we show

the form of our FedDA when I = 1, i.e. no local steps.
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8.8.1 Experimental Results for More Variants of FedDA

8.8.1.1 Colorrectal Cancer Survival Prediction with Biomarker Identifica-

tion

Figure 8.4: Results for the PATHMNIST dataset. Plots show the Train Accuracy, Test
Accuracy, Density vs Number of Rounds (E in Algorithm 16) respectively. The post-fix of
L1 means we consider the L1 constraints.

In this task, for L1 constraint, we consider the constraint set of |x|1 ≤ ϵ, where x

is the model parameter and ϵ is some constant. We use a 4-layer convolutional neural

network with 32 filters at each layer. We have 10 clients and run 20000 steps (T ), average

states with interval 5 (I) and use mini-batch size of 16. Besides, we calculate density with

threshold 0.01. For other hyper-parameters, we perform grid search and choose the best

setting for each method. More specifically, for the SGD method, we use learning rate 0.01;

for the FedDualAvg algorithm, we use local learning rate 0.1, global learning rate 0.1, L1

constraint 0.01; for our FedDA-MVR, we use learning rate 0.01, w as 100000, c as 5000000,

β as 0.999 and τ as 0.01, for the L1 regularized version FedDA-MVR-L1, we also add L1

constraint ϵ = 0.01. For other variants of FedDA: for FedDA-2-1, we use learning rate

0.001, α as 0.9, β as 0.999, τ as 0.01; for FedDA-1-2, we use learning rate 1, w as 10000, c
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as 200, β as 0.999, τ as 0.001, L1 constraint 0.01; for FedDA-2-2, we use learning rate 0.01,

α 0.9, β as 0.999, τ as 0.01, L1 constraint 0.01.

The experimental results for different variants of FedDA is summarized in Figure 8.4.

As shown by the plots, all variants of FedDA get good performance, but we find FedDA-

MVR (FedDA-1-1) gets most sparse model as measured by the density metric.

8.8.1.2 Splice Site Detection with Biomarker Identification

Figure 8.5: Results for the MEMset Donar Dataset. Plots show the Train Loss, Train
Accuracy and the correlation coefficient, respectively.

In this task, for group lasso constraint, we consider the constraint set of
∑q

i=1 |xq|2 ≤ ϵ,

where x is the model parameter, q is the number of groups, xq denotes a subset of parameters

of group q, ϵ is some constant. The MEMset donor data set consists of a training set of

8415 true and 179,438 false human donor sites, and a test set of 4208 true and 89,717 false

donor sites. A sequence of a real splice site consists of the last three bases of the exon and

the first six bases of the intron. A training sample is a sequence of length of 7 with values in

{A,C,G, T}. The data are available at http://hollywood.mit.edu/burgelab/maxent/

ssdata/. We follow [3] to create a balanced training set with 5610 true/false samples

and an unbalanced validation set with 2805 true/59804 false samples. We have 10 clients
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and randomly evenly distribute the training data over 10 clients. We consider the logistic

regression model with group lasso constraint and include all the three-way and lower order

interactions. In the experiments, we run 2000 steps (T ), average states with interval 5 (I)

and use mini-batch size of 16. For other hyper-parameters, we perform grid search and

choose the best setting for each method. More specifically, for the FedAvg method, we use

learning rate 0.1; for the FedDualAvg algorithm with L1 constraint, we use local learning

rate 0.1, global learning rate 0.2, L1 constraint 0.01; for the FedDualAvg algorithm with

group lasso constraint, we use local learning rate 0.1, global learning rate 0.5, L1 constraint

0.01; for our FedDA-MVR, we use learning rate 0.1, w as 10000, c as 40000, β as 0.999

and τ as 0.01, for the L1 constrained version FedDA-MVR-L1, we also add L1 constraint

0.01, for the group lasso version FedDA-MVR-GL, we also add group lasso constraint of

coefficient 0.01. For other variants of FedDA: for FedDA-1-2, we use learning rate 1, w

as 10000, c as 200, β as 0.999, τ as 0.001, group lasso constraint 0.01; for FedDA-2-1, we

use learning rate 0.001, α as 0.9, β as 0.999, τ as 0.01, group lasso constraint 0.01; for

FedDA-2-2, we use learning rate 0.01, α 0.9, β as 0.999, τ as 0.01, group lasso constraint

0.01.

The experimental results for different variants of FedDA is summarized in Figure 8.5.

As shown by the plots, all variants of FedDA get good performance, but we find FedDA-

MVR (FedDA-1-1) gets the highest test correlation coefficient among all variants. Note

that the correlation coefficient is the maximum (among all possible threshold, and we find

0.95 is the best value for all methods) Pearson correlation between the binary random

variable of the true class membership and the binary random variable of the predicted

class membership.
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8.8.1.3 Image Classification Task with CIFAR10 and FEMNIST

In this unconstrained federated image classification task, we use a 4-layer convolu-

tional neural network with 64 filters at each layer. For the FEMNIST dataset, we randomly

sample 50 users at each global round. We run 20000 steps (T ), average states with interval

5 (I) and use mini-batch size of 16. For other hyper-parameters, we perform grid search

and choose the best setting for each method. In the CIFAR10 related experiments, for the

SGD method, we use learning rate 0.005; for the FedCM algorithm, we use learning rate

0.01, momentum coefficient α as 0.9; for the FedAdam algorithm, we use local learning

rate 0.001, global learning rate 0.002, momentum coefficient 0.9, coefficient for adaptive

matrix β as 0.999; for the Local-Adapt algorithm, we use local learning rate 0.001, global

learning rate 0.002, momentum coefficient 0.9, coefficient for adaptive matrix β as 0.999;

for the Local-AMSGrad algorithm, we use learning rate 0.001, momentum coefficient 0.9,

adaptive matrix coefficient 0.999; for the MIME-MVR algorithm, we use learning rate 0.1,

w 100, c as 2000; for the STEM algorithm, we use learning rate 0.1, w 100 and c 2000; for

our FedDA-MVR, we use learning rate 0.02, w as 10000, c as 1000000, β as 0.999 and τ as

0.01. For other variants of FedDA: for FedDA-2-1, we use learning rate 0.001, α as 0.9, β

as 0.999, τ as 0.01; for FedDA-1-2, we use learning rate 1, w as 5000, c as 100, β as 0.999,

τ as 0.01; for FedDA-2-2, we use learning rate 0.01, α 0.9, β as 0.999, τ as 0.01.

Then in the FEMNIST experiments, for the SGD method, we use learning rate 0.1;

for the FedCM algorithm, we use learning rate 0.1, momentum coefficient α as 0.9; for the

FedAdam algorithm, we use local learning rate 0.02, global learning rate 0.04, momentum

coefficient 0.9, coefficient for adaptive matrix β as 0.999; for the Local-Adapt algorithm, we
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Figure 8.6: Results for CIFAR10 dataset. From left to right, we show Train Loss, Train
Accuracy, Test Loss, Test Accuracy w.r.t the number of global rounds (E in Algorithm 16),
respectively.

Figure 8.7: Results for FEMNIST dataset. From left to right, we show Train Loss, Train
Accuracy, Test Loss, Test Accuracy w.r.t the number of global rounds (E in Algorithm 16),
respectively.

use local learning rate 0.02, global learning rate 0.02, momentum coefficient 0.9, coefficient

for adaptive matrix β as 0.999; for the Local-AMSGrad algorithm, we use learning rate

0.0005, momentum coefficient 0.9, adaptive matrix coefficient 0.999; for the MIME-MVR

algorithm, we use learning rate 1, w 10000, c as 400; for the STEM algorithm, we use

learning rate 1, w 10000 and c 400; for our FedDA-MVR, we use learning rate 0.02, w as

10000, c as 1000000, β as 0.999 and τ as 0.01. For other variants of FedDA: for FedDA-2-1,

we use learning rate 0.001, α as 0.9, β as 0.999, τ as 0.01; for FedDA-1-2, we use learning

rate 1, w as 5000, c as 100, β as 0.999, τ as 0.01; for FedDA-2-2, we use the learning rate

0.01, α 0.9, β as 0.999, τ as 0.01.

The experimental results for different variants of FedDA is summarized in Figure 8.6

and 8.7. As shown by plots, all variants of FedDA get good performance. FedDA-MVR
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(FedDA-1-1) gets the best performance in most metrics, we observe that its test loss show

some extent of overfitting in the late training stage.

8.8.2 More discussion of Experimental Results

In this subsection, we make more detailed comparison between our FedDA and other

baselines (The experiments are over homogeneous CIFAR10 dataset). In Figure 8.8, we

compare FedCM with FedDA-2-1 and FedDA-2-2 for different values of local steps I. Since

FedDA-2-1 and FedDA-2-2 do not use variance reduction acceleration, the superior per-

formance shows the effectiveness of using adaptive gradients in our framework. Next, In

Figure 8.9, we compare Local-AMSGrad vs FedDA-2-1 for different values of I, FedDA-2-1

outperforms Local-AMSGrad for all I and with a greater margin for larger I. Note both

Local-AMSGrad and FedDA-2-1 use Adam-style adaptive gradients ((8.6) and (8.7)) and

have same communication cost per epoch. In Figure 8.10, we compare FedAdam and Local-

Adapt with FedDA-2-1. All methods use Adam-style adaptive gradients. FedAdam only

performs adaptive gradients over the server, Local-Adapt performs both local and global

adaptive gradients, but the state of the local adaptive gradient is refreshed per epoch. We

have two observations: First, the Local-Adapt method has very marginal improvement

over FedAdam, which shows the restarted strategy used by Local-Adapt is less effective

than our method; Second, both FedAdam and Local-Adapt benefit little from increasing

the I value (compared to our FedDA-2-1). For FedAdam, this shows the limitation of only

applying adaptive gradients at the server level. Finally, in Figure 8.11, we change I for all

four variants of our FedDA. As shown by the figure, our framework can benefit from more
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local steps.

Figure 8.8: Comparison between FedCM vs FedDA-2-1 and FedDA-2-2. From top to
bottom, we show I = 5, 10, 20 respectively. The number inside the parentheses is the value
of I.

8.8.3 Image Classification Task with Heterogeneous CIFAR10

For the heterogeneous case, we create heterogeneity in the training set as follows:

Suppose we have 10 clients, for ith client, we distribute ρ-percent samples of ith class, and

(1 − ρ)/9-percent samples of other classes, where 0 < ρ ≤ 1. Note for ρ close to 1, the ith

client will be dominated by images of ith class, thus the data distribution among clients

will be very different. In our experiments, we choose ρ = 0.8. This means the ith client

has 4000 images of ith class and 111 images of other classes. This creates a high level of

heterogeneity.

For hyper-parameters, we perform grid search and choose the best setting for each
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Figure 8.9: Comparison between Local-AMSGrad vs FedDA-2-1. From top to bottom, we
show I = 5, 10, 20 respectively. The number inside the parentheses is the value of I.

method. For the SGD method, we use learning rate 0.01; for the FedCM algorithm, we

use learning rate 0.01, momentum coefficient α as 0.9; for the FedAdam algorithm, we use

local learning rate 0.001, global learning rate 0.002, momentum coefficient 0.9, coefficient

for adaptive matrix β as 0.999; for the Local-Adapt algorithm, we use local learning rate

0.001, global learning rate 0.002, momentum coefficient 0.9, coefficient for adaptive matrix

β as 0.999; for the Local-AMSGrad algorithm, we use learning rate 0.001, momentum

coefficient 0.9, adaptive matrix coefficient 0.999; for the MIME-MVR algorithm, we use

learning rate 0.1, w 100, c as 2000; for the STEM algorithm, we use learning rate 0.1, w

100 and c 2000; for our FedDA-MVR/FedDA-1-1, we use learning rate 0.02, w as 10000, c

as 1000000, β as 0.999 and τ as 0.01. For other variants of FedDA: for FedDA-2-1, we use

learning rate 0.001, α as 0.9, β as 0.999, τ as 0.01; for FedDA-1-2, we use learning rate 1,
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Figure 8.10: Comparison between FedAdam and Local-Adapt vs FedDA-2-1. The number
inside the parentheses is the value of I.

w as 5000, c as 100, β as 0.999, τ as 0.01; for FedDA-2-2, we use learning rate 0.01, α 0.9,

β as 0.999, τ as 0.01.
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Figure 8.11: Ablation study of local steps I. From top row to the bottom row, we show
results for FedDA-1-1, FedDA-1-2, FedDA-2-1 and FedDA-2-2. The number inside the
parentheses is the value of I.
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Simple analysis with vast improvements. Advances in Neural Information Processing
Systems, 33:17309–17320, 2020.

[77] Dami Choi, Alexandre Passos, Christopher J Shallue, and George E Dahl. Faster
neural network training with data echoing. arXiv preprint arXiv:1907.05550, 2019.

[78] Alexander Buchholz, Florian Wenzel, and Stephan Mandt. Quasi-monte carlo vari-
ational inference. In International Conference on Machine Learning, pages 668–677.
PMLR, 2018.

391

https://proceedings.mlr.press/v97/haochen19a.html
https://proceedings.mlr.press/v97/haochen19a.html


[79] Max Welling. Herding dynamical weights to learn. In Proceedings of the 26th Annual
International Conference on Machine Learning, pages 1121–1128, 2009.

[80] Mengdi Wang, Ethan X. Fang, and Han Liu. Stochastic compositional gradient
descent: algorithms for minimizing compositions of expected-value functions. Math-
ematical Programming, 161(1–2):419–449, May 2016. ISSN 1436-4646. doi: 10.1007/
s10107-016-1017-3. URL http://dx.doi.org/10.1007/s10107-016-1017-3.

[81] Aniket Das, Bernhard Schölkopf, and Michael Muehlebach. Sampling without re-
placement leads to faster rates in finite-sum minimax optimization, 2022.

[82] Hanseul Cho and Chulhee Yun. Sgda with shuffling: faster convergence for nonconvex-
p {\L} minimax optimization. arXiv preprint arXiv:2210.05995, 2022.

[83] Amirkeivan Mohtashami, Sebastian Stich, and Martin Jaggi. Characterizing & finding
good data orderings for fast convergence of sequential gradient methods, 2022.

[84] Lie He and Shiva Prasad Kasiviswanathan. Debiasing conditional stochastic opti-
mization. arXiv preprint arXiv:2304.10613, 2023.
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Yari, and Björn Eskofier. Federated learning for healthcare: Systematic review and
architecture proposal. ACM Trans. Intell. Syst. Technol., 13(4), 2022.

403

https://github.com/danielchyeh/ImageNet-100-Pytorch
https://github.com/danielchyeh/ImageNet-100-Pytorch


[222] J. Xu, B.S. Glicksberg, C. Su, et al. Federated learning for healthcare informatics. J
Healthc Inform Res, 5:1–19, 2021.

[223] A Rahman, Hossain MS, Muhammad G, Kundu D, Debnath T, Rahman M, Khan
MSI, Tiwari P, and Band SS. Federated learning-based ai approaches in smart health-
care: concepts, taxonomies, challenges and open issues. Cluster Comput., pages 1–41,
2022.

[224] S Pati, Baid U, Edwards B, et al. Federated learning enables big data for rare cancer
boundary detection. Nat Commun., 13(1):7346, 2022.

[225] M.J. Sheller, B. Edwards, G.A. Reina, et al. Federated learning in medicine: facil-
itating multi-institutional collaborations without sharing patient data. Sci Rep, 10:
12598, 2020.

[226] Sashank Reddi, Zachary Charles, Manzil Zaheer, Zachary Garrett, Keith Rush, Jakub
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