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Chapter 1: Introduction

Modern machine learning rests on two fundamental pillars: models and data. Over
the past few years, remarkable success has been achieved by training large-scale models on
vast datasets. However, machine learning often requires navigating multiple data sources
and handling various model constraints, which can interleave and lead to nested problems.
This dissertation presents efficient algorithms for addressing these nested challenges in both
centralized and federated learning environments.

In chapter Chapter 2, we propose a novel Hessian inverse free Fully Single Loop Algo-
rithm (FSLA) for bilevel optimization problems. Classic algorithms for bilevel optimization
either admit a double loop structure which is computationally expensive. Recently, several
single loop algorithms have been proposed with optimizing the inner and outer variable
alternatively. However, these algorithms not yet achieve fully single loop. As they overlook
the loop needed to evaluate the hyper-gradient for a given inner and outer state. In order to
develop a fully single loop algorithm, we first study the structure of the hyper-gradient and
identify a general approximation formulation of hyper-gradient computation that encom-
passes several previous common approaches, e.g. back-propagation through time, conjugate
gradient, etc. Based on this formulation, we introduce a new state variable to maintain the

historical hyper-gradient information. Combining our new formulation with the alternative



update of the inner and outer variables, we propose an efficient fully single loop algorithm.
We theoretically show that the error generated by the new state can be bounded and our
algorithm converges with the rate of O(e™?).

In chapter Chapter 3, we address a common limitation in bilevel algorithms: presump-
tion of independent sampling. The independent sampling assumption can lead to increased
computational costs due to the complicated hyper-gradient formulation of bilevel problems.
To address this challenge, we study the example-selection strategy for bilevel optimization
and introduce a without-replacement sampling based algorithm which achieves a faster con-
vergence rate compared to its counterparts that rely on independent sampling. Beyond the
standard bilevel optimization formulation, we extend our discussion to conditional bilevel
optimization and also two special cases: minimax and compositional optimization.

In chapter Chapter 4, we extend the discussion of bilevel optimization to the
Federated/Distributed Learning setting. We investigate Federated Bilevel Optimization
problems and propose a communication-efficient algorithm, named FedBiOAcc. The algo-
rithm leverages an efficient estimation of the hyper-gradient in the distributed setting and
utilizes the momentum-based variance-reduction acceleration. Remarkably, FedBiOAcc
achieves a communication complexity O(e™!), a sample complexity O(e%) and the linear
speed up with respect to the number of clients. We also analyze a special case of the
Federated Bilevel Optimization problems, where lower level problems are locally managed
by clients. We prove that FedBiOAcc-Local, a modified version of FedBiOAcc, converges
at the same rate for this type of problems.

In Federated Learning (FL), learning and communication have fundamentally diver-

gent requirements for parameter selection, akin to two opposite teams in a tug-of-war game.



To mitigate this discrepancy, we introduce FedSep in chapter Chapter 5, a novel two-layer
federated learning framework. FedSep consists of separated communication and learning
layers for each client and the two layers are connected through decode/encode operations.
In particular, the decoding operation is formulated as a minimization problem. We view
FedSep as a federated bilevel optimization problem and propose an efficient algorithm to
solve it. Theoretically, we demonstrate that its convergence matches that of the standard
FL algorithms. The separation of communication and learning in FedSep offers innovative
solutions to various challenging problems in FL, such as Communication-Efficient FL. and
Heterogeneous-Model FL.

In FL, the data is kept locally by each user. This protects the user privacy, but also
makes the server difficult to verify data quality, especially if the data are correctly labeled.
Training with corrupted labels is harmful to the federated learning task; however, little
attention has been paid to FL in the case of label noise. In chapter Chapter 6, we focus on
this problem and propose a learning-based reweighting approach to mitigate the effect of
noisy labels in FL. More precisely, we tuned a weight for each training sample such that the
learned model has optimal generalization performance over a validation set. More formally,
the process can be formulated as a Federated Bilevel Optimization problem. We identify
that the high communication cost in hypergradient evaluation is the major bottleneck. So
we propose Comm-FedBiO to solve the general Federated Bilevel Optimization problems;
more specifically, we propose two communication-efficient subroutines to estimate the hy-
pergradient. Convergence analysis of the proposed algorithms is also provided. Finally, we
apply the proposed algorithms to solve the noisy label problem.

Neural network pruning, particularly channel pruning, is a widely used technique for



compressing deep learning models to enable their deployment on edge devices with limited
resources. Typically, redundant weights or structures are removed to achieve the target re-
source budget. Although data-driven pruning approaches have proven to be more effective,
they cannot be directly applied to federated learning (FL) because of distributed and confi-
dential datasets. In response to this challenge, we design a new network pruning method for
FL in chapter Chapter 7. We propose device-wise sub-networks for each device, assuming
that the data distribution is similar within each device. These sub-networks are generated
through sub-network embeddings and a hypernetwork. To further minimize memory usage
and communication costs, we permanently prune the full model to remove weights that are
not useful for all devices. During the FL process, we simultaneously train the device-wise
sub-networks and the base sub-network to facilitate the pruning process. We then finetune
the pruned model with device-wise sub-networks to regain performance. Moreover, we pro-
vided the theoretical guarantee of convergence for our method. Our method achieves better
performance and resource trade-off than other well-established network pruning baselines,
as demonstrated through extensive experiments.

Many crucial FL applications, like disease diagnosis and biomarker identification, of-
ten rely on constrained formulations such as Lasso and group Lasso. In chapter Chapter 8,
we apply adaptive gradient methods to FL problems with constrains. More specifically, we
introduce FedDA, a novel adaptive gradient framework for FL. This framework utilizes a
restarted dual averaging technique and is compatible with a range of gradient estimation
methods and adaptive learning rate schedules. Specifically, an instantiation of our frame-
work FedDA-MVR achieves sample complexity O(K ~'e~1) and communication complexity

O(K92¢7125) for finding a stationary point € in the constrained setting with K be the
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number of clients. We conduct experiments over both constrained and unconstrained tasks

to confirm the effectiveness of our approach.



Part I

Solving Nested Problems via Bilevel Optimization



Chapter 2: A Fully Single Loop Algorithm for Bilevel Optimization with-

out Hessian Inverse

2.1 Introduction

In this paper, we study the bilevel optimization problem, which includes two levels
of optimization: an outer problem and an inner problem. The outer problem depends on
the solution of the inner problem. Many machine learning tasks can be formulated as a
bilevel optimization problem, such as hyper-parameter optimization [4], meta learning [5],
Stackelberg game model [6], equilibrium model [7], etc. However, Bilevel optimization is
challenging to solve. The gradient-based algorithm [6] requires a double loop structure.
For each inner loop, the inner problem is solved with the given outer state. In the outer
loop, the hyper-gradient (the gradient w.r.t the outer variable) is evaluated based on the
solution of the inner loop and the outer state is updated with a gradient-based optimizer
(such as SGD). This simple double loop algorithm is guaranteed to converge under mild
assumptions and works well for small scale problems. But when the inner problem is in
large scale, the double loop algorithm is very slow and becomes impractical.

In fact, hyper-gradient evaluation is the major bottleneck of bilevel optimization. The

solution of the inner problem is usually implicitly defined over the outer state, and naturally



its gradient w.r.t the outer variable is also implicitly defined. To evaluate hyper-gradient,
we need to approximate this implicit gradient via an iterative algorithm (the inner loop).
Various algorithms have been proposed for hyper-gradient evaluation [4, 6, 7, 8, 9]. These
methods were designed from various perspectives and based on different techniques, thus
they look quite different on the first sight. However, we can use a general formulation to
incorporate all these methods under one framework. Roughly, the hyper-gradient evaluation
can be expressed as a finite sum of terms defined over a sequence of inner states and
momentum coefficients, and these states and coefficients are chosen differently in distinct
algorithms. Our general formulation provides a new perspective to help understand the
properties of these classic methods. In particular, we derive a sufficient condition such that
the general formulation converges to the exact hyper-gradient.

One benefit of our general formulation is to inspire new algorithms for bilevel opti-
mization. Based on our general formulation, we propose a new fully single loop algorithm
named as ‘FSLA’ Compared to previous single loop algorithms [10, 11, 12, 13, 14], our
FSLA does not require any inner loop. In literature [12, 13], the existing methods either
reuse the last hyper-iteration’s inner solution as a warm start of the current iteration,
or just alternatively update the inner and outer variables with carefully designed learn-
ing rate schedule [15]. They also utilize the variance-reduction techniques to control the
variance [13]. However, these methods focus on solving the inner problem and pay little
attention to the hyper-gradient evaluation process which also requires a loop. In our new
algorithm, we introduce a new state vy to keep track of the historical hyper-gradient infor-
mation. During each iteration, we perform one step update. We study the bias caused by

vy, and theoretically show that the convergence of our new algorithm is with rate O(e2).



The main contributions of this paper can be summarized as follows:

1. We propose a general formulation to unify different existing hyper-gradient approxi-
mation methods under the same framework, and identify the sufficient condition on

which it converges to the exact hyper-gradient;

2. We propose a new fully single loop algorithm for bilevel optimization. The new
algorithm avoids the need of time-consuming Hessian inverse by introducing a new

state to track the historical hyper-gradient information;

3. We prove that our new algorithm has fast O(¢™?) convergence rate for the nonconvex-
strongly-convex case, and we validate effectiveness of our algorithm over different

bilevel optimization based machine learning tasks.

Organization: The rest of this paper is organized as follows: in Section 2, we briefly review
the recent development of Bilevel optimization; in Section 3, we introduce the general
formulation of hyper-gradient approximation and the sufficient condition of convergence;
in Section 4, we formally propose our new fully single loop algorithm, FSLA; in Section 5,
we present the convergence result of our algorithm; in Section 6, we perform experiments
to validate our proposed methods; in Section 7, we conclude and summarize the paper.

Notations: We use V, to denote the full gradient w.r.t. the variable x, where the subscript
is omitted if clear from the context, and 0, denotes the partial derivative. Higher order
derivatives follow similar rules. || - || represents ¢;-norm for vectors and spectral norm for
matrices. [K] represents the sequence from 0 to K. I A; = A, x ... A, if m <n, and



2.2 Related Works

Bilevel optimization dates back to the 1960s when Willoughby [16] proposed a reg-
ularization method, and then followed by many research works [8, 17, 18, 19]. In ma-
chine learning community, similar ideas in the name of implicit differentiation were also
used in Hyper-parameter Optimization for a long time [20, 21, 22, 23]. However, im-
plicit differentiation needs to compute an accurate inner problem solution in each update
of the outer variable, which leads to high computational cost for large-scale problems.
Thus, researchers turned to solve the inner problem with a fix number of steps, and com-
puted the gradient w.r.t the outer variables with the ‘back-propagation through time’
technique [24, 25, 26, 27, 28]. Domke [24] considered the case when the inner optimizer
is gradient-descent, heavy ball, and LBFGS method, and derived their reversing dynamics
with the energy models as example; Maclaurin et al. [25] considered momentum-based SGD
method, furthermore, Franceschi et al. [26] discussed two modes, a forward mode and a
backward mode, and compared the trade-off of these two modes in terms of memory-usage
and computation efficiency; Pedregosa [27] studied the influence of inner solution errors to
the convergence of bilevel optimization; Shaban et al. [28] proposed to truncate the back
propagation path to save computation.

The back-propagation based methods work well in practice, but the number of inner
steps usually relies on trial and error, furthermore, it is still expensive to perform multiple
inner steps for modern machine learning models with hundreds of millions of parameters.
Recently, it witnessed a surge of interest in using implicit differentiation to derive single

loop algorithms. Ghadimi and Wang [6] introduced BSA, an accelerated approximate
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implicit differentiation method with Neumann Series. Hong et al. [15] proposed TTSA, a
single loop algorithm with a two-timescale learning rate schedule. Ji et al. [12] and Ji and
Liang [29] presented warm start strategy to reduce the number of inner steps needed at
each iteration. Khanduri et al. [13] designed SUSTAIN which applied variance reduction
technique [30, 31] over both the inner and the outer variable. Chen et al. [11] proposed
STABLE, a single loop algorithm accumulating the Hessian matrix, and achieved the same
order of sample complexity as the single-level optimization problems. Yang et al. [32]
proposed two algorithms: MRBO and VRBO. The MRBO method uses double variance
reduction trick and resembles SUSTAIN, while VRBO is based on SARAH/SPIDER. Huang
and Huang [33] proposed BiO-BreD which is also based on the variance reduction technique
with a better dependence over the condition number of inner problem. Huang and Huang
[14] proposed BiAdam which accelerates Bilevel Optimization with adaptive gradients.
Meanwhile, there are also works utilizing other strategies such as penalty methods [34], and
also other formulations like the case where the inner problem has non-unique minimizers [35,
36].

The bilevel optimization has been widely applied to various machine learning ap-
plications. Hyper-parameter optimization [4, 5, 37] uses bilevel optimization extensively.
Besides, the idea of bilevel optimization has also been applied to meta learning [38, 39, 40],
neural architecture search [41, 42, 43], adversarial learning [44, 45], deep reinforcement
learning [46], sparse learning [47, 48, 49] etc. For a more thorough review of these applica-

tions, please refer to the Table 2 of the survey paper by Liu et al. [50].
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2.3 A General Formulation of Hyper-Gradient Approximation

In general, bilevel optimization has the following form:

I}g{{l f(A)=F(\wy) st wy,=argmin G(\ w) (2.1)

where F', G denote the outer and inner problems, A\, w denote the outer and inner variables.

Under mild assumptions, the hyper-gradient V, f can be expressed in Proposition 1:

Proposition 1. If for any A € A, wy is unique, and 0,2G(\,wy) is invertible, we have:

Vaf = O F(\ w) + Vawy X uF(\,wy) (2.2)

and Vywy = —0,0G(\,wx)0,2G (N, wy) .

The proof of this proposition is a direct application of the implicit function theorem (we
include it in Appendix B.2 for completion). Eq. (2.2) is hard to evaluate due to the involved
matrix inversion, and we instead evaluate it approximately. Various approximate methods
are proposed in the literature. The most well-known ones are: Back Propagation through
Time (BP), Neumann series (NS) and conjugate gradient descent (CG). They look quite
different on the first sight: BP is derived based on the chain rule, NS and CG are based on
different ways of approximating 0,2G()\,wy)~'. However, they share a common structure,
as stated in the following lemma. We use V, f to represent V, f(\) when the outer state
A is clear from the context. In the remainder of this section: we use [K]| to denote the
sequence, k refers to ky, element of [K], while s refers to sy, element of sub-sequence [k].

12



Lemma 2. Given a positive integer K, a sequence of inner variable states {wy}, vectors
{pr} and a sequence of coefficients {Bx} for k € [K|. A general form of approzimate

hyper-gradient evaluated at state A is:

K-1
Viafk = OF (A wk) — Y Brsk
k=0
where s, has two modes:

{ OGN, wi) TIE L (1 = Be0.,2G (N, wy) )i
Sk —

aw)\G(A>wK) f:_kil(l - 658w2G()\,w5))pk

We call these two modes as backward and forward respectively (in terms of py). More

specifically, we have:

1. BP is in backward mode with wy = Ok, pr = O, F (N, &) and By = nx for k € [K].
{@r} are an inner variable sequence generated by the gradient descent algorithm and

{nr} is the corresponding learning rate sequence;

2. NS is in backward mode with wy, = &, pr, = 0,F(\, &) and By = for k € [K]. & is

an inner variable state and (8 is some constant,

3. CG is in the forward mode with wy, = & for k € [K]. & is an inner variable state,

{pr} and {Bx} is chosen adaptively by the conjugate steps.

Proof. In the proof, we justify that the three cases mentioned above indeed satisfy the
proposed general hyper-gradient computation formulation.
Case (1): Without loss of generality, assume we run a gradient descent optimizer K steps

13



over the inner problem in the BP method. In other words, it solves:

1)1\1611{1 fK( ) F()\ wK)st WL = Wp—_1 —T]kVG()\ W 1) ke [K]

where 7 is the learning rate. By the chain rule, we get the hyper-gradient V) fx of this

problem:
K-1 K-1
Viafx =O\F (X, @k ) Z (nkaw)\G (A, @) ¥ H (I - ﬁkaw2G()\,@s))) 0. F (A, @K )
k=0 s=k+1

It is easy to verify the claim in the lemma;
Case (2): The NS method is based on the hyper-gradient expression in Proposition 1,
but it assumes access of an approximate solution @ instead of the optimum w, and then

approximates 9,2G(\,®)~! with the first K terms of the Neumann series. More precisely:

-1 k
8sz(>\,@)‘1 ~ BKZ (I - ﬁaszO\,@)) (2.3)

where ( is a small constant. Then we replace wy with & in Eq. (2.2) and combine with

Eq. (2.3). We have:

k
Vafk =00 F(A\ @) — > <ﬁ@wAG(A,@) X (I — Bﬁsz()\,@)> )&uF()\,d;)

Substitute & with K — k — 1, it is straightforward to verify the claim in the lemma;

Case (3): The CG method uses the fact that = 9,2G(\,©) 719, F(\,®) is the minimizer

14



of the quadratic optimization problem: argmingz” Az — 27b, where A = 9,2G(), @) and
b = 0,F(\®). Solving this quadratic problem with the conjugate gradient descent, we

have the following update rule:

T = T — ag(pr) = (I — e A)zp + o (b + Yiepr-1)

Then second equality follows the update rule of linear CG algorithm. oy, v are the learning
rate and py is the conjugate directions. Please refer to section 5 by Nocedal and Wright

for more details. Then xx takes the following form:

K- K-1

v =Y o |[ (I —asA)(b+ vpe-1) (2.4)

k=0 s=k+1

[y

Substitute the values of A and b into Eq. (2.4) and then combine it with Eq. (2.2), where
we approximate 0,,G(\,wy) with J,\G(\,@). It is straightforward to verify the claim in

the lemma. This completes the proof. O]

The general formulation in the lemma provides a unified view of the BP, NS and
CG methods. Firstly, we can verify that using the NS method is equivalent to solving
the quadratic problem (defined in case (3)) with (constant learning rate) the gradient
descent. Since the CG method usually performs better than gradient descent in solving
linear systems, we expect the CG method requires smaller K than the NS method to reach
a given estimation error. Then we compare NS with BP, their difference lies in the sequence
{wr} and {B}: NS uses a single state &(/3) , while BP uses a sequence of states {wg }({5k})-

It would be interesting to identify sufficient conditions for {3}, {wx} and {px} such
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that the general formulation converges to the exact hyper-gradient V, f. In fact, we have

the following lemma:

Lemma 3. Suppose we denote my = [1*_o(1 — paBs), ewr = |lwp — will, epr = ||lpx —
OuF (N, wy)|| for k € [K]. Then if lim mg =0, lime, g =0, lim mg S Brew i/ My is
K—o0 k—o0 K—o0

finite, in addition, for the backward mode: I}im ep x = 0; for the forward mode:
—00

K-1

]}i_I)ﬂOOmK kZ% Brepr/my

is finite. Then we have Vyfx — Vf, when K — 0o, where V) fx is defined in Lemma 2.

We defer the proof of Lemma 3 in in Appendix C, we show some basic ideas here.
Firstly, it is straightforward to show O\F(\,wk) — O\F(A,w,) by using the smoothness
assumption and the condition wx — wy. For the term ZkK:_Ol bOrsk, we take the backward

mode as an example (the forward mode follows similar idea). We denote Ax and A* as:

K-1 K-1

AK = Z Bk&MG(A,wk) H (I — Bsﬁsz()\,ws)) (25)

k=0 s=k+1

and A* = 9, G(\,wx)0,2G(\,wy)"L. To show Ax — A*, we use the recursive relation of

A, and A*:

A1 =Ak (I = Br0.2G(A,wi)) + BrOur (N, wi)
(2.6)

:(1 — Bk)Ak + Bk(Ak([ — 8w2G()\, wk)) + &J,\G()\, wk))

and A* = A*(I — 0,2G(\,wy)) + 0,2G(A,wy). Based on the recursive relation above and
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some linear algebra derivation, we get:

|| Aps1 — A™|| <(1 = paBi)l| Ak — A™|| + C1 Brewk (2.7)

It is straightforward to verify that the conditions in the lemma guarantee the convergence
of Eq. (2.7). As shown in Eq. (2.7), the momentum coefficient ) represents the trade-off
between the progress and the induced error in one iteration: Larger [, leads to better
contraction factor €, but also bigger bias term e, ;. In fact, we can get meaningful conver-
gence rate of V), fx for several special choices of sequences. As shown in Corollary 4 and

Corollary 5:

Corollary 4. Given a positive integer K, inner state Ox and constant 3. Then we set
W = Wi, P = O, F(\@k) and By = B for k € [K]. If 3 € € (0,1), such that i €

(e/uc,1/1a), then we have: ||Vfx — Vaf|| = Oley k)

Corollary 5. Given a positive integer K, we have sequence {&} and {ﬁk} for k € [K].
We pick wy = Ok, pr = 0. F(\,Ok) and By = By, fork e [K]. Suppose we have B, = O(k™1)

and e, = O(k™%%), then: ||[Vafx — Vaf]| = O(K%%)

In fact, the sequences chosen in Corollary 4 correspond to that in the NS method, and
we show that if we choose [ properly, the hyper-gradient estimation converges in the rate of
ew. k- The BP method corresponds to Corollary 5. Suppose we optimize the inner problem
with stochastic gradient descent and learning rate 8, = O(1/k), we get e, = O(1/VE).
This satisfies the condition in the corollary.

To the best of our knowledge, this is first complexity result of the stochastic case.
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Grazzi et al. considered the linear convergence case for BP method. We introduce some

more examples of the application of Lemma 3 in the Appendix C.

2.4 Fully Single Loop Algorithm (FSLA)

In this section, we introduce a new single loop algorithm for bilevel optimization. In
section 2.3, we identify a general formulation of hyper-gradient approximation in Lemma 2:
Viafxk = OWF(\wk) — ZkK:_Ol BrSk, where s, has two modes: forward mode and backward
mode. For both modes, they can be expressed by a recursive equation. In the backward
mode, we write a recursive relation in terms of Ay as defined in Eq. (2.5) and Eq. (2.6).
Similarly, we define v = S0 B ]_[fz_kl+1 (I — 550.,2G (A, ws)) px in the forward mode, and

derive a recursive relation as:

k1 = (I = Br0.,2G (N, wi)) vg + Brpi (2.8)

Based on this observation, we can propose a new single loop bilevel optimization algorithm
without Hessian Inverse. In previous literature, researchers maintain a inner state wy to
avoid the inner loop solving w, for each new outer state \. On top of this, we maintain a
new state vy and evaluate the hyper-gradient as follows:

Vi — BkawF(/\,wk) -+ (I - Bkﬁsz(A,wk))vk_l
(2.9)

V)\fk = 8,\F()\,wk) — &MG(A, wk)vk
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Note we set pp = 0,F (X, wy). Then we alternatively update wy, vx and A, and achieve a
fully single loop algorithm without Hessian-Inverse. Note that it is also possible to keep
track of Ay, but then we need to store a matrix, which cost more storage. More formally,

we get the following new alternative update rule:

e = Ap—1 — O%flv)\fkfl
W = Wg—1 — Tk:a.uG(Akawk—l)

(2.10)
Uk = BrOuF (Mg, wi) + (I — BrO2G( Ak, Wi ))Vk—1

Vafe = OF (A, wi) — O G (A, wi) v

where 73, and o4 are learning rates for inner and outer updates. As a comparison, existing
single loop algorithms recompute V, f from scratch for each new A, while our algorithm

performs one step update over v,. What’s more, we can express V, fr in Eq. (2.10) as

follows:
K-1 K-1

Vialk(Ax) =00F Ak, wi) — Y BdnGAx,wi) X [[ (I = Be0u2G (A, ws)) 0 F ( Ak, wic)
k=0 s=k+1

This almost fits the forward mode of the general formulation in Lemma 2 except that
the outer state is a sequence {A;}. In Lemma 3, we show that wx — w, is a sufficient
condition of V fx(A) = Vf(A). It is reasonable to guess that if \x — A and wx — w,
the convergence is also guaranteed. But the analysis is more challenging than Lemma 3
as the three terms A\, wy and V), fi entangle with each other. However, we will show in

the next section that \g — A* when K — oo, where \* is the optimal point of the outer
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Algorithm 1 Fully Single Loop Bilevel Optimization Algorithm (FSLA)

1: Input: Initial state A\g € A, wg € R™; the number of hyper-iterations K; constants c,,
cg, Cn, 0

2: for k< 0to K —1do

A < (5/\/%, /\k+1 — )\k — Oékdk

Tht1 < CrQ, Brg1 < cgay and My < o

Sample §gy1(Err1,1 — Ers1,5)

Wet1 4 Wi — Tht 100G (Not1, Wi Epg1,1)

Vi1 = Brr100F (Meg1; Wi Ekr12) + (L — Br10.2G (A1, Wis Er1,3) ) Uk

ka+1(§k+1) — a,\F()\kH, WE+1; £k+1,4) - aw/\G()\k+17wk+1§ §k+1,5)Uk+1

9 diy1 < Vi (§err) + (1= i) (de — V i (€hp));
10: end for

function f(\).

Finally in Algorithm 1, we provide the pseudo code of our fully single loop algo-
rithm. Compared to Eq. (2.10), we assume access of the stochastic estimate of related
values. What’s more, we also maintain a momentum of the hyper-gradient d) with vari-
ance reduction correction in Line 10. This term is used to control the stochastic noise. The
momentum-based variance reduction technique is recently widely used in the single level

stochastic optimization, such as STORM [30].

2.5 Theoretical Analysis

In this section, we prove the convergence of our proposed single loop bilevel optimiza-
tion algorithm. We consider the non-convex-strongly-convex case. We first briefly state
some assumptions needed in our theoretical analysis for the convenience of discussion. A
formal description of the assumptions is in the Appendix A.

We first bound the one iteration progress in the following lemma, which follows the

usage of smoothness assumption.
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Lemma 6. Under Assumptions A, B, C, we have:

Elf(As)] <F (M) = %va(kk)llz + a3 Ellwr — w1

6973

+ 4 LT E oy = ox, 7] + e B[V fi = dil[*] = (1 = L) El e |

where vy = (I = 0,®(N\,wy)) 'O, F (N, wy) and I = C3 5, T3 = 213, +4CE  LE 1/ e are

constants.

The proof is in Appendix D.2. Lemma 6 shows that there are three kinds of errors
at each iteration: estimation error of wy, (||wki1 — wy,||?), error of vy, ([|vkr1 — v )
and error of momentum dj, (||Vfi — di||?). We denote them as Ay, By and Cj in the
remainder of this section. The three errors entangle with each other as shown by Line 7-10
of Algorithm 1, e.g. the estimation error to wy, , will contribute to the error of momentum
dy as shown in Line 8. In fact, we can bound them with the following inequality (use Ay
as an example): Ay < SA;_1 + C1By_1 + C2C_1 + C5 with 5 < 1 and Cy, Cy, Cj are
terms not relevant to Ay, By and (. Please check the Appendix D.3 for more details.
Specially, the momentum term C}, reduces the variance similarly to that in the single level

variance-reduction optimizers, by which we mean:

Ellldx =V fill") <(1 = m)* Ellldi—1 = V foa [[P] + 2050°

+2(1 — mi)? E[||V fi(&r) — V fre1(&)?)

II

The part of noise proportional to (1 —n?)o? is absorbed in the term IT due to the correction
made by V fr_1(&) in the d update rule. However, the key difference is that II not only
relies on E|||d_1]|[*] but also A,_; and By_;.
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Finally, to show the the convergence of Algorithm 1, we denote the following potential

function:

O, =f(Ax) + D1 Ay + DaBy + DsCy,

where Dy, Dy and D3 are some constants. Combine Lemma 6 with the inequalities for
Ay, By and Cy, and we have: @y 1 — ®p < —ar/2||Vf(\)||? + Caio? where C is some
constant. With the above inequality, we can get a convergence rate of O(1/vK) (O(1/€?))

by choosing the learning rate with O(1/v/k). More formally, we have:

Theorem 7. With Assumption A, B, C hold, and take By = cgou, Tx = cra, N = Cyou,

and oy, = %. We have:

20, 25(?0
SoE VK

1K1
*ZHWA;@HQ

where C, 0, cg, ¢ and ¢, are some constants.

The proof of the theorem is included in Appendix D.4.

2.6 Numerical Experiments

In this section, we perform experiments to empirically verify the effectiveness of our
algorithm. We first perform experiments over a quadratic objective with synthetic dataset
to validate Lemma 3. Then we perform a common benchmark task in bilevel optimization:

data hyper-cleaning. The experiments are run over a machine with Intel Xeon E5-2683
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CPU and 4 Nvidia Tesla P40 GPUs.

2.6.1 Synthetic Dataset: Quadratic Objective

In this experiment, we verify Lemma 3 over some synthetic data. We consider the
bilevel optimization problem where both outer and inner problems are quadratic. To make
it simpler, the outer problem does not depend on the outer variable directly. More precisely,

we study:

rgﬂ/r\l FOV) = [|Aowy — bo||? s.t. wy = argmin|| A\ + A; ,w — bil|?
€ w

For this bilevel problem, we can solve the exact minimizer of the inner problem and then
evaluate the exact hyper-gradient based on the Proposition 1. This makes it easier to
compute and compare the approximation error of different methods. In experiments, we
pick problem dimension 5 and randomly sample 10000 data points. We construct the
dataset as follows: first randomly sample A,, Az, A;,, € R1*% and A, w,wy € R® from the
Uniform distribution, then we construct b, and b; by A,wy+0, and A; \A+ A, ,w+0;, where
o; and o, are Gaussian noise with mean zero and variance 0.1. We use this simple task to
validate our claim in Lemma 3. More precisely, we fix the outer state A and estimate the
hyper-gradient with different sequence {wy}, {8k}, {px} and then compare their estimation
errors. The results are shown in Figure 2.1.

We perform two sets of experiments. The first set includes our single loop method
FSLA, and NS, BP and CG, which are three cases discussed in Lemma 2. For these

methods, we generate the sequence {wy} through solving the inner problem with K steps
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Figure 2.1: The estimation error of hyper-gradient ||V fx — V f||? for different sequences

{wi}

of gradient descent and we use learning rate (3, we pick 2 x 107°. Note since the second
order derivatives of the quadratic objective are constant, BP and NS are the same. As
shown by the figure, the hyper-gradient estimation errors of all the four methods converge.
Our FSLA takes a bit more number of iterations to converge, however, our algorithm takes
less running time. Our method requires O(1) matrix-vector query for every given K, while
the other methods requires O(K) queries. In the next set of experiments, we compare with
some synthetic {w} sequences which have different convergence rate. More precisely, we
use sequence {w + @/(k*)}, where @ is some random start point, we pick different alpha
values (2, 1, 0.5, 0.25). We estimate V, f according to Corollary 4 (same as the NS), the
learning rate is chosen as 2 x 107°. Corollary 4 bounds the convergence rate of V fx with

the rate of wy, which is well verified through the results shown in Figure 2.1.
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Figure 2.2: FSLA vs BP plot of Validation Loss w.r.t Number of hyper-iterations (Left)
and log10(Running Time) (Right). The perturbation rate v is 0.8. The post-fix of legend
represents the number of inner iterations 7'.

2.6.2 Hyper Data-cleaning

In this experiment, we demonstrate the efficiency of our FSLA, especially the effect
of tracking hyper-gradient history with v,. More precisely, we compare with three hyper-
gradient evaluation methods: BP, NS and CG. For NS and CG methods, we consider both
the double loop version and the single loop version. In the single loop version, we update
the inner variable with the warm start strategy.

Data cleaning denotes the task of cleaning a noisy dataset. Suppose there is a noisy
dataset D; with IV; samples (the label of some samples are corrupted), the aim of the task
is to identify those corrupted data samples. Hyper Data-cleaning approaches this problem
by learning a weight per sample. More precisely, we solve the following bilevel optimization

problem:

1
r){léjlxl l(wx; Dy) 8.t wy = arwg;éldin E]Z::la(kj)l(w, D; ;)
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Figure 2.3: FSLA vs NS and CG plot of Validation Loss w.r.t Number of hyper-iterations
(Top) and log10(Running Time) (Bottom). The perturbation rate « is 0.8. The post-fix
of legend represents the number of inner iterations 7" and approximate steps K.If inner
gradient steps equal to 1, we use the warm start trick, otherwise not.

In the inner problem, we minimize a weighted average loss [ over the training dataset D;,
with o(\) the sample-wise weight (o(+) is a normalization function and we use Sigmoid in
experiments), suppose the minimizer of the inner problem is wy. In in the outer problem,
we evaluate wy (a function of \) over a validation dataset D,. Then the bilevel problem
will find A such that wy is optimal as evaluated by the validation set.

More specifically, we perform this task over several datasets: MNIST [52], Fashion-
MNIST [53] and QMNIST [54]. We construct the datasets as follows: for the training set D,
we choose 5000 images from the training set, and randomly perturb the label of v percentage
of images. While for the validation set D,, we randomly select another 5000 images but
without any perturbation (all labels are correct). We adopt a 4-layer convolutional neural
network in the training. The experimental results are shown in Figure 2.2 and Figure 2.3.

For all the methods, we solve the inner problem with stochastic gradient descent, while
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for the outer optimizer, all the methods use the variance reduction for fair comparison.
In experiments, we vary the number of inner gradient descent steps 7" and the number of
hyper-gradient approximation steps K. The legend in the figures has the form of method-
T-K. For other hyper-parameters, we perform grid search for each method and choose the

best one (hyper-parameters selection is in Appendix E).
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Figure 2.4: FSLA vs CG plot of Validation Loss w.r.t logl0(Running Time). The Left plot
shows Fashion-MNIST and the right plot shows the QMNIST. ~ is set 0.8.

As shown by the figures, our method converges much faster than the baseline methods.
Compared with BP, FSLA surpasses the best BP variant BPyg; at the 500 iteration, as for
the running time, FSLA runs much faster. For NS and CG, T' = 1 in figures represents
using the warm start, where the inner variable is updated from the state of last hyper-
iteration. The warm start trick has some kind of acceleration effects. However, for NS,
the running time is dominated by the evaluation of Neumann Series. For CG, it converges
with around 10 steps, but the extra time is still considerable compared to FSLA. Even with
similar computation cost, FSLA still outperforms CG. CG_1_1 and FSLA both perform one
step update per hyper-iteration, but CG converges much slower. This is due to failure of

reusing the historical information. Finally, Figure 2.4 includes results for Fashion-MNIST
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and QMNIST, where we compare with the best baseline method CG. Our FSLA still

outperforms it.

2.7 Proof of Theorems

We first state the full assumptions needed in our analysis:
Assumption 8. (Outer function) Function F' has the following properties:
a) F(\ w) is possibly non-conver, O\F(\,w) and 0,F(\,w) are Lipschitz continuous
with constant Lpy and Lp,, respectively
b) |OF (N w)|| < Crx and ||0,F(N\,w)|| < Cpy for some constants Cpy and Cpy,
Assumption 9. (Inner function) Function G has the following properties:
a) G(z,y) is continuously twice differentiable, and ug-strongly convexr w.r.t w for any

given \

b) 0.,G(\ w) is Lipschitz continuous with constant Lg,,, |02,G(\,w)|| < Cgux for some

constant Cg

¢) 2,G(\,w) and 9,2G(\,w) are Lipschitz continuous with constant Lg .,y and Lg o,

respectively

For convenience, we assume Assumption A and Assumption B also hold for their stochastic

version. Next we make the bounded stochastic noise assumption, i.e.:

Assumption 10. (Bounded Variance) We have access to a stochastic unbiased estimate

of 2.G(\,w), 2,G(\,w), 0,G(\,w), O,F(\w), O\F(\,w) with their variance bounded by
o?:
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a) EO\F(\,w;€)] = O F (A, w) and var(9yF(\,w;§)) < o2
b) E[0,F(\w;€)] = 0,F(\w) and var(9,F(\ w;€)) < o2
¢) El0,G(\w;€)] = ,G(\w) and var(9,F(\,w;€)) < o
d) E[0%G(\ w;€)] = %G\ w) and var(8%.G(\, w;€)) < o°

e) E[0*\G(\, w;&)] = 0% ,G(\,w) and var(9?,G(\,w; €)) < o2

2.7.1 Propositions

Proposition 11. (relazed triangle inequality) Let {x},k € K be K wvectors. Then the

following are true:
Lo |+ 2] > < (T + a)||zi| |2 4+ (1 + D)|ay|* for any a > 0, and
2. || hs el P < K0 [kl P

Proposition 12. (separating mean and variance) Let {Z}, k € K be K random variables.

Suppose that E(Z;) = & and Var(Z;) < o2, then:
K K

BBl <1 Y&l + K20
i=1 k=1

Please refer to Lemma 3 and Lemma 4 in [55] for the proof of the two propositions.

We first restate Proposition 1 as follows:

Proposition 13. If for any A € A, wy is unique, and 0,2G(\,w)) is invertible, we have:

Vawy = —0,aG (N, wx)0, G\, wy)) ™"
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and the hyper-gradient w.r.t X\ has the following form:
V)\f = 8,\F(>\, w,\) - &MG(A, wk)(?sz()\, w)\))ilawF(/\, w,\)

This is a standard result in Bilevel optimization, we omit the proof here. Please refer to

Lemma 2.1 in [6] for more details.

2.7.2 Proof for Lemma 3 and its Application

We first restate Lemma 3 as follows:

Lemma 14. (Lemma 3 of main text) Suppose we denote my, = [1"_o(1 — uafs), ewr =
l|wr — wall, epr = |lpk — OuF (N, wy)|| for k € [K]. Then if I}Enme =0, kliﬁriloeva =0,
I}iinoomK S Brewr/my s finite, in addition, for the backward mode: I}ij}looepj( = 0; for
the forward mode: 1<1'i—r>noomK Z,f;ol Brepr/my is finite. Then we have Vyfx — Vf, when

K — oo, where V) fi is defined in Lemma 2 of the main text.

Proof. Firstly, we prove for the backward mode case. We define:

K—1 K—1
A =) B0 GN\wi) [ (I = B:0.2G(\, wy))
k=0 st 1

and A* = 9,,G(\,wx)0,2G (A, wy)~t. Then a recursive equation satisfied by Ay is:

AkJrl :Ak ([ - ﬁkanQG()\a wk)) + 5kaw)\()\a wk)
(2.11)

:(1 - Bk)Ak + Bk(Ak(I — 8W2G(>\, wk)) + 8w,\G(>\, wk))
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then by reorganizing the terms in the definition of A*, we have:

A* = A*([ — 8sz()\,w,\)) + a,_,)\G()\,W)\) (212)

By combining Eq. (2.11) and Eq. (2.12), we have:

| A1 — A7]
S(l — /Bkz>||Ak - A*” + 6k||Ak(I — &uzG(/\,wk)) + 3w,\G(/\,wk)

AN = 92G (N wy)) — AnGN w))]]

—~

2(1 = B[l Ak = AT+ Brl|Ak(I = D2 G(A, wi)) = A'(I = 92 G(A, wi))

+ BellOnaG (A, wi) = 0uxG(A, wh)]
201 Bl AL~ A+ Bll(T — 2G w4 - A7)

+ Bl A 102 G(A, wi) — Oz G(A, w)|] + Brl|0AG (A, wi) — OurnG(A, wi) |
(g)(l = B + Bill(I = OGN, wi) ) IDI[Ar — A™[| + Bk (Lawr + Cowrlaw/ 16)ew

(iv)
< (1 — paBe) | Ak — A*[| + C1Brewr

where (i) uses the triangle inequality; (ii) uses the Cauchy-schwarz inequality, (iii) uses the
property ||A*|| < Cguwr/pe (The property is straightforward, please refer to Lemma 2.2
in [7] for a proof); in (iv) we denote Cy; = Lgwr + CawrLa w2/ for ease of writing. In

summary:

[ Ags1 — A*[] < (1 — peB)l|Ax — A7[| + C1Beu i (2.13)
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Multiplying both sides by 1/my and sum, we have:

K1
| Ax — A%|| <mg <||Ao — A+ C1 D 5k€w,k/mk>

k=0

Then since V) fx = O\F(\wk) — Axpk and V,f = O F(\wy) — A*0,F (A, wy), so we

have:

[[Vafx = Vafl| =l|OAF (AN, wi) — Axpr — OZF (N wy) + A0, F (X, w,)|
(%)
<[|ONF (N, wi) — OWF' (N wx)[| + [0 F (N, w) ||| Ax — A™|| + [|A%||ep,x

(47) CG w .
<LpaCux + —2e, i + Lrwl|Ax — A"||
G

(2.14)

where (i) uses triangle inequality and Cauchy-Schwartz inequality; (i7) uses Assumption 8.a.
It is straightforward to verify ||V fx—Vf|| = 0 as k — oo. if the conditions in the Lemma

is satisfied.

Next for the forward mode, we take similar approaches. Suppose we define

K-1 K-1

Vg = Z ﬁk H (I - BsaﬁﬂG()‘vws))pk

and v* = 9,2 G(\,wy) 19, F (A, wy). Then we get the recursive equation for vy, as:

V1 = (I = B0 G\, wi)) v + Bipe = (1 = Br)vk + Br((I — 0,2 G (A, wy.) ) vk + pr) (2.15)
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then by reorganizing the terms in the definition of v*, we have:
v = (I = 0,2G(A\,wa))v" + 0, F (N, wy) (2.16)
By combine Eq. (2.15) and Eq. (2.16), we have:

k1 = 0[] <1 = Bi)llvw — 07| + Bel (I = 0oz G (A, wi) Jur + pi
— (I = 0,2G( A\ wp))v" — Dy F (A, wy)|
(i) )
<(1 = Bi)llox — ]

+ Bel (I — 02 G\, wi)) v, — (1 — 02 G(A, wx))J0™|| + Brepn
(i)
< (1= B)lloe = v + Bil|(I = O G(A, wi))|[[|ox — 0|
+ BrllvI[102 G (A, wi) — 02 G(A, wr)[| + Brepr

i)
< (1= B+ Bil|(I = 02GA, wi))|D||ve — v*|| + BrCraLc w2/ haewr + Brepk

(iv)
< (1 — pebe)llvi — v*|| + Cabrewr + Brepi

(

where (i) uses the triangle inequality; (ii) uses the Cauchy-schwarz inequality; (iii) uses the

property ||v*|| < Cpa/pe; (iv) denotes Co = CpiLa 2/ . In summary:

k41 — 0% < (1 = peBe)||lox — v*|| + CoBrewr + Brep (2.17)

Multiplying both sides by 1/my and sum, then we have:

K—-1 K-1
llvg —v*|| < mk <||Uo — M|+ C2 > Brewr/mie+ Y. 6k€p7k/mk>

k=0 k=0
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Finally, since V fx = O\ F (A, wi) — 0o aG(\, wi)vi and V f = O\F (A, wy) —0uaG (A, wy )™,

so we have:

IVafx — Vafll =l|hF (N wic) + 9GO\, wi )vk — OE (A, wy)) — OaG (O, wx)v*||
(%)
<|ONF (N, wie) = OE (A )| + [[0aG (A, wp) ] * [Jur — 07|
+ [V # [J0uAG (A, wi) = DG (A, wi) |

(i1)

CrxLaw
< <LF’/\+ FALGw

> ewi + Cawllve — v
27¢)

where (i) uses triangle inequality and Cauchy-Schwartz inequality and (ii) uses assump-
tion 8.a. It is straightforward to verify ||Vfx — Vif|| — 0 as k — oo if the conditions in

the lemma are satisfied. This completes the proof. ]
Next we show some corollaries that use specific sequences:

Corollary 15. Given a positive integer K, inner state g and constant 3. We use backward
mode of s, and set wy, = W, pr = O, F(\,Ok) and By = B for k € [K]. If 3 € € (0,1),

such that By € (¢/1a, 1/pa), then we have: ||Vafx — Vaf|l = O(eux)

Corollary 16. Given a positive integer K, we have sequence {Qp} and {3} for k € [K].
We use backward mode of sy and pick wy = Ok, pr = 0,F (N, 0k) and By, = Bk for k € [K].

Suppose we have By = O(k™') and e, = O(k79), then: ||Vafx — Vafl| = O(K~9)

Corollary 17. Given a positive integer K, we have sequence {Qp} and {Bc} for k € [K].
We use forward mode of s and pick wy = Ok, pr = O, F (N, 0r) and By = By fork e [K].

Suppose we have By, = O(k™') and e, = O(k™%), then: ||Vafx — Vaf|| = O(K~9)

Proof. We first prove Corollary 15. Based on Lemma 14, Take corresponding values from
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Corollary 15, we have:

K-1
|Ax — A%|| < mgk (HAO — A%+ Cy Z ﬁk%,k/”%)

k=0

K+1 * Clew,KK K-k
<= Ay = A+ —"= > (1—¢)

k=0
_ _ _ A\K
< (1 _ €)K+1||A0 _ A*H + Cl(l 6)(1 (1 6) )ew,K
[els
01<1 — 6)

< (- A — A" + € = Ofeu k)

The last equality holds if e, ; converges slower than linear rate. Then we combine with
Eq. (2.14), and notice that e, x = ||0,F (N, 0k) — OuF (A, wy)|| < Lpwew k- It is straight-
forward to verify ||Vafx — Vaf|| = O(ey.x). This completes the proof for Corollary 15.

Next we use induction to prove Corollary 16. By the condition in the corollary, we

have (3, = kg—;l and e, = (kf% for some constants ¢; > 1/2ug and 5. Now we pick

05 = max(||Ag — A*||, ug}fﬁ?g) with 05 some constant. Then the base of induction satisfies

naturally, next suppose we have ||A4; — A*|| < (kfﬁ By Eq. (2.13):

,MG91 05 C10,0, MG91 05 10,0,
A — A% <(1 — < (1-—
1A = AT <0 =) G T ey = e D Gr e T e
,ugﬁl 63 93(/1@;91 - 05) 93 —0503
<(1-— <
SV e T G DB S G0 kD)
0.5
< 05 1_ 1 < 05 « (k+1) < 05
= (k+1)05 2+ 1)) = (k+1)0% " (k+2)05 = (k+2)05

2
To get the second to last inequality, it is equivalent to get (1 — 2(#1)) <1- #2, which
is straightforward to verify. Then we combine with Eq. (2.14), and notice that e, x =
0w F (N, @K) — OuF' (A, wa)|| < Lpgyey k. It is straightforward to verify ||V fx — Vaf|| =

O(eyx) = O(K%%). This finishes the proof for Corollary 16. As for Corollary 17, we follow

35



similar induction steps as in the proof for Corollary 16, but we instead use the recursive

relation in Eq. (2.17) O

It is also possible to consider other sequences, for example, when e, ; converges in a slower
rate such as O(K°?%), but these cases are not as realistic and inspiring as the three corol-

laries here.

2.7.3 Proof for Theorem 5 and the Lemmas

2.7.3.1 Preliminary Results and Notations

We first restate some definitions: w,, = arg ofnin G(Mg,w);
vy, = 0,2G(Ag,wy, ) PO E (M, wa,); Ve = OF (Mg, wi) — OuodG( Ak, wi) vk, V fi(&r) denotes
its stochastic estimate as in Algorithm 1. The expectation in the subsequent sections is in
terms of the randomness of ¢, as defined in the Algorithm 1 of the main text. Next, we

show some properties for wy and v, in the following proposition:

Proposition 18. With Assumption 8 and 9 hold , we have:

[lon = Wl < CullAr = Aol [[oa, — ox, || < Cul|Ar = Ao

Caw Cruwlcuww Lrw
Where C,, = =22 and C,, = ( L MQGG’ + = ) (14 C,). Furthermore, we have ||vy|| <
Cru , Cru
FG’ , and we denote it as M = =&

[lel

Proof. The Lipschitzness of w) is a rephrase of Lemma 2.2, case b) [6]. Please refer to the

paper for the proof. Then based on the definition of vy = 9,2G(\,wy) 20, F(\, wy), we get
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its bound based on Assumption 8.b and 9.a; as for its Lipschitzness, we have:

[oa, = U |] =[10,2G (A1, way) T OLF (A, wa, ) — 02G (Mg, way) T 00 F (Ao, wi, )|
<|[0WwF (A1, wx )|[]1052G (A1, wny )™ = 02 G( Mg, wy,) 71|

+ ||8w2G(>‘27w>\2)_1||||awF<)‘lvw)\1) - adF(/\??w)Q)H

C wL ww L w
S( F, 2G’, + F,

Ha e
<CF,wLG,ww LFw

+—= (1 +C,)[|A1 — A
2o B8 (14 Ll

) (12 = Dol + o, — wrl])

<

To bound the term [|0,2G (A1, wx,) ™" — 02 G (Mg, wy,) 7|, we use the fact that ||[Hy' —
H{Y| = ||H{'(Hy — Hy)H Y| < ||HY|[|He — Hal|||Hs Y| Then it is straightforward to

get the bound by Assumption 8 and 9. This completes the proof. O
Next we show two useful bounds for ||wy, — wy, ||* and ||vx — vy, ||%:

Proposition 19. With Assumption 8 and 9 hold, we have:

2
CwOék,1

Elllwr = wx PP <1+ ywon—1) Ellfwr — wa, [T+ (1 + voor—1) Ellldi—|I"]

w

where v, is some constant.
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Proof. Firstly, we have:

(7)
El||wr — wa|P) (1 + ywan—1) E| ok — w17 + (1 +

VE[llwx,y — wxl”]

Vwlk—1
(i) 9 1 9 9
< (1 + yoar—1) EflJwe — w74 (1 + VCSE[Ak—1 — Ae[[7]
wk—1
<1+ 1) Ell|wr — w7+ (1 + o )Caai_1 Ell|di- ][]
wk—1
020%71

<(1 + ypo—1) El||lwk — w,\k_1||2] + WT(l + Yok—1) || |dr_1])?]

w

where (i) uses Proposition A.1 and we take « as 7, ax_1. (i7) is based on Proposition C.1.

This completes the proof. O

Proposition 20. With Assumption 8 and 9 hold, we have:

4 CSaH

Elllve = v JIP] <1+ yoo-1) Ell vk = va, ] (1 + yoce—1) El|di | ]

v

where v, s some constant.

Proof. Firstly, we have:

(©)

Elllvr = vx P <1+ yoar—a) Elllor — oa, [T+ (1 +

Bl — vl

(@) 1
< (1 4+ yoe—1) EflJog — va,, |[P] + (1 + - )CE|[ k-1 = Ael?]
YoOlk—1 (218)

1 )Crog 1 Bl|d[°]

where (i) uses Proposition A.1 and we take « as y,ax_1. (i7) is based on Proposition C.1.
This completes the proof. n
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2.7.3.2 Proof for Iteration Progress Lemma 4

Lemma 21. (Lemma 4 in the main text) With all the assumptions hold, we have:

ElfQer)] <f (M) = %HVJ”(M)H2 + a3 E|wr — wx, [1°] + 4D [v, — v, []7]

677

+ arB[||V fi = dil"] = = (1 = ax L) E[|dy |’

where It = Cg ,\, T3 = 2L, + 4L ,\M?, and M is denoted in Proposition 18.

Proof. Since f()) is smooth, we have: f(Apy1) < f( M) +(V (M), Apr1 — k) + %H)\kﬂ -
Ae||? (The proof of f(A) is smooth can be found in Lemma 2.2 of [6]). Combine with the

update rule A\gpy1 = A\ — agdy, we have:

Lia?
TR B\ |d |

Elf(Ae41)] <f (M) — an ELV f (M), di)] +
<FOw) = SIVFOWIE = Bl

Qg Lsa?
+ 5 BV ) = dil P+ =5 Bl )

<FO) = FNVFOIP + S BNV = il

&7

5 (1= L) Ell|d]’]

<fOw) - %HVJ”(M)H2 +ag E[|[VF () = Vil |+ B[V fio — di|]

II

(073
_ ?(1 — Oéka>EH|dk||2]

In the last inequality, we use the relaxed triangle inequality. Next we bound the term II.
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By the definition of V f; and V f()\x), we have:

E(Vfi = VW)
=B |AF Ay wi) = O F (A, wa) = (BoaG (g, wi) v, — JunG (Mg, wia Jon,) |[7]
OE[|O0F (hes ) — nF (A, IP] + 2B(||0,aG Ak, wi)vr, — urG (Aks wi o, ]
LoL2 Elllwn — wn ) + AE[10unC s ) (0r — x)

+ AE[[[(0AG (Mg, wr) — DunG (s ) )0r, ||
<202 Bl — |+ ABT0AC o) # [0 — v 2

+AB[[|0,G (M, k) = DunGAws ) IP # [[oa, ]
Car2, + ML) Elllws — wny ) + A% Bl — s,

<T3E[lwr — w, 1] + 4T E[lJor — v, [|7]

(2.19)

(1) and (77) uses the relaxed triangle inequality, (iii) is by the smoothness Assumption 8.a
for the first term and the Cauchy-Schwartz inequality for the second and the third term;
(1v) uses the Assumption 9.b, 9.c and Proposition 18. Combine Eq. (2.19) and Eq. (2.19),

we have:

Elf )] <f (M) = %\IVJC(M)II2 + ol E[|wr — wa [I7]

873

+ 4T E[[[ox = ox, 7] + an B[V fis = dil[*] = (1 = s Ly El e | ]

This completes the proof. O
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2.7.3.3 Bounds for the Three Types of Errors

As shown by Lemma 21 of Section D.2, we have three types of errors: ||wy — wy,|[?,

||[ux — v, ||* and ||V fr — di||>. We bound these errors in the subsequent three lemmas.

Lemma 22. With Assumption 8, 9 and 10 hold, and for 0 < i < 1, we have:

El|ldi, — V fil 7] (1 =) E[||dk-1 — V fr—1| ] + Caaci_1 E[||d—1]|*] + Canoi_ 0

+ Cawti_1 E[l|wi-1 — wx,_, |7l + Capoi_1 E||vg-1 — va, | 7]

where Cgq = 25, Cyy, = 2(c3T505 + 4c3TITY), Cap = 32¢31513, Cay = 2(2T5 + 4c3(1 +

M*)T? + c(1+ M?)), cg, ¢, and c, are some constants.

Proof. By the definition of dj, we have:

Ellldx =V filP") = E[IIV fu(&) + (1 = m)(dx1 — V fi-1(&x)) = Vil Y]

=E[||(1 = mi)(di—1 — Vfee1) + V(&) = Vi + (1 =) * (Vfict — Vo1 (&)

i

—~
=

(1= m)*Ellldr—1 — V focrll?] + Ellln(V fr (&) — V fr)

+ (1= ) (V fe(&r) = Vfre1(&r) = (Vi = Vi) ]

(i

< (L= m)*Ellldr-1 = V fiual "] + 20 E||V fi(&) — Vil ]

=

+2(1 — ) *E[||V fi(&) — Vfie1(&) — (Ve — Vfim1)|])]
L1 = Ellldes — Ve Y] + 201 + M2)n2o?

+2(1 — ) B[V fi(&) = V fre1 (&)1 ]

(1) is because & is independent of dj_1, (ii) is because of the relaxed triangle inequality,
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and (4ii) uses the inequality E[||X|]*] > E[||X — E[X]|[%]. For the term II:

B[V fi(&) = V fe1(&)[1%]
=E||O\F (A, Wi Ea) — OurG (A Wi Ek5) U — ONE (Aj—1, W15 Epa)
+ OAG (N1, W—1; &5 Vk-1||]
COB(1OAF (s ks E0t) — OnF s 1 )| )
+ 2E[[|052G Mk, Wi Ex.5) 0% — OurG (M1, Wr—15 &5 )1 ||
(%)QE[H@AF()\;{;, Wi Ea) — ONF (M1, w15 &k )| %]
+ AM2E[||05AG (A, i €15) — 0nG (N1, wi—13 &5 [12] + 4CE oy EllJor — vi—1|[?]
<@L + 4MPLE ) (E ([N = Mol ] + Ell|wr — wia] ) + ACE o\ Bl [vr — vk %]
<ai  D3E[||di %]

+ DB (|lwy — wia|[*] +4TT E(l|ve — ves ||”]

11 I

(1) is by the relaxed triangle inequality, (i) uses Cauchy-Schwartz inequality, Assump-
tion 9.b and 9.c, we also use ||vg|| < M, this can be proved by induction. Assume ||vg|| <
M, then by the triangle inequality and Cauchy-Schwartz inequality we have: ||vgi1]| <
B0 F (N1, wis Eer2) || + (I = Brr10.2G (A1, i Eerr3) vkl | < B Cro + (1 =

Bryipa) M = M.

Next we bound the term II; and II, separately. For the term II;, by separating mean and

variance, we firstly have:

Elllwx — wi-1ll"] = 7 E[l100G (A, wi-1; &) 1] < T B[[100G (A, w1 |]°] + 7 0?
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As for the term E[||0,G (g, wi; &.1)||?], we have:

i (id)
E[10.G s i )|’) LE[10G s wi1) — 8GOk wn,) 2] < LE Elllwk—1 — wa, |

(1) uses the definition of w,,; (i7) uses Assumption 9.b. Next for the term Ily, firstly by

separating mean and variance, we have:

E[||vr — vi_1|*] =BE[]|00F (M, wi—15Era) — 02 G (Mg, wi—15 & 3) * vr1|]?]

<BLE[|0uF Mgy wi—1) — 02 G( Ay, wi—1) * vp—1| ] + Br(1 + M?)o”

As for the term E[||0,F (Mg, wr—1) — 02 G\, wi—1) * vp_1]]?], we have:

E[||8wF(/\k,wk_1) — 8sz(/\k,wk_1) * Uk_1||2]

i)
SE[HawF(/\kawk—l) — 8sz(/\k,wk_1) * Vp—1 — (8wF()\k,w,\k) — 8w2G()\k;WAk) * U>\k)|‘2]
(3t

B[00 F s 1) — D F (M. W) II’]
+ 2E[[]8,2G (A, wi—1) * V1 — 02 G (A, wa,) * va||]

<20 Blllens — P+ AMPE10.2G 1) = 0us G0y, I
+ 4L, El|vi-1 — vx,||)7]

o1, + 20212 ) E|lwpr — wngP) + ALLElopr — a1

<TiE[lJwp1 — wx, [[P] + 4T5E Jve-1 — va, |I7]

where (i) uses the definition of vy,; (i) uses generalized triangle inequality; (iii) uses

Assumption 9.b; (iv) uses the Assumption 9.c. Put everything back into Eq. (2.20), and
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re-organize the terms, we get:

B[V fr(&) = V fr1(&0) ]
<ap \D3E[||de1||") + (721505 + 48 TIT) B lwi—1 — wa, |P] + 168, TIT5E o1 — va, || [°]
+ (7PT2 + 462 (1 + M*)T?)o?

(2.20)

Finally, we put Eq. (2.20) back into Eq. (2.20) and get:

Ellld, — V fil P] (1= m)?E[||dk—1 — V fra| ] + 2(1 — m)* a1 T3 E[]| die—1| ]
+2(1 — i) * (g 1305 + 48153 Ef|Jwi—1 — wa| 7]
+32(1 — i) * BT E | |up—1 — va | P]

+2(1 — mp) (705 + 482 (1 4+ M) o? + 2(1 + M?)nio?

44



Suppose we have 7, = c;ap_1, B = cgag_1 and 1, = ¢, o1, then:

Ell|dx = V fil[’]
<(L = m)*Ellldr-1 = V frol "] +2(1 — ) o T2 (|| dis | ]
+2(1 = ) oy (71305 + 4T Ef||lwi-1 — wi, |I]
+32(1 — m)* g GTITSEJue-1 — va, |I7]
+2(1 —me)?ag_ (15 + 43 (1 4+ MP)THo” + 2(1 + M?) 2o _y0°
<(1 =) Ellldi—1 = V frmal ] + 2(1 = mi) 0 T3 ]| i)
+ 2054 (71505 + 4TI Ell|lwr—y — wi, [I”] + 32051 GITTS ElJue—y — v, 1]

+ 20 (15 + 4¢3 (1 + M*)T3)o? 4+ 2(1 + M?)ciai_ 0

we use the fact that (1 —n;)? < (1 —n;) < 1 in the last inequality. Then combine with

Proposition 19 and Proposition 20, we get:

Elllde = ¥ fil ]
<(1 =) Ellldy— = V foa| [P + 205 _ T3 B[] |dy 1 |°]
+ 207 (1503 + 43T (1 + o 1) Bl lwp—1 — wr | )
+ 3203, ATIT3(1 + 1) El[vg—1 — v, ||
+ 207, (315 + 4c3(1+ M?)I? + ¢} (1 + M?))o®
<(1 =) Ellldr— = V for| [P + 21505, B[] |dy 1 |°]
+2(T50% + 4eg il ag_y Bl |w—1 — wa,, |]

+ 32631507 Elloe—y — oa, |IIP) + 2 (213 + 4¢3 (1 + M)TE + (1 + M?)) o} 0
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In the first inequality, we omit the higher order terms of ay,_; for E[||dx_1||%]; In the second
inequality, notice 1 + 7,ax_1 and 1+ y,a4_1 is O(1). Then we get the inequality shown in

the lemma. This completes the proof. O]
Lemma 23. With Assumption 8, 9, 10 hold and 0 < By < 1/puq, we have:

Ellvr = va Pl <+ yee—1)*(1 = Brpie) B[l Jve—s — va,_,I7]

+ Cowtp1 E[||wi—1 — wx, |l + Coatn1 E||dr—1]]?] + Cpnoi_s0°

Where C., = ¢ (L%,w + M?L2 ) [Yor Coa = CF /v, Com = (1 + M?) 1y, ¢z are some

G ww

constants.

Proof. Following the definition of vy, it is easy to get:
Vy = BGWF()\,w,\) -+ (I — ﬁ@sz()\,wA)) U

. Next by the update rule of v and separating mean and variance, we have:

E[l|vr — va, |1?] =E[||Br0F Ak, wi—1; &) + (I — BrO2G( Ak, wi—1; Ex3)) * Vg1
— (B0 F Ak, wr,) + (I = Br0.,2G (A, way)) * va,) |I°]
<E[||Bk0uF Mgy wi—1) + (I — Br02G (A, wk—1)) * Ug—1

— (Br0uF (M, wa,) + (I = Brd2 G (M, wa,)) * ox) 121+ (1 + M?) 3o
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For the first term in the above equation, we have:

E||Br0uF (Mg, wi—1) + (I — Br0,2G (A, Wg—1)) * Vg—1

= (BrOuF (A, wn) + (I = Br0.2G (A, wn)) * va,) [[7]

i) 1
<(1+
YoOk—1

—~

)BRE10uF (A, wi—1) — OuF (A, wa,)||?]

+ (1 + ’)/vOék_l)E[H(] — ﬁkﬁsz(Ak,wk_l)) * Vp—1 — (I — Bkasz()\k,w,\k)) * U)\k||2]

(i1)
<(1+

. I)L%,wﬁiE[llwk—l — wx|[’]

+ (1 + o) (1 + )M B B[]0, G (i, wi-1) — 02 G (A, ) II7]

Yoll—1

+ (L4 o) El|( = 0.2 G (A, wi—1)) * (vk-1 = va,)[[°]

D)
<1+

BB — ]

+ (14 ywop—1) (L + VML o BB (l|wr—1 — wi, |I7]

Yollk—1

+ (1 +7w0n-1)*(1 = Breie) *Ell[(ve-1 — va,)[I7]

<(a+

)L, + (1 + ywan-1) (1 +

+ (1 4+ 71)*(1 = Bepa) Bl (ve—1 — va)|[°]

where (i), (i) uses relaxed triangle inequality case 2; (¢ii) uses Assumption 9. Finally,

combine the above two equations together we have:

E(llvr = v,

L3+ (14 ypap_1)(1 +
71)0%71) F ( 7 1)( YoOlk—1

s<u+ MW%MJ%ﬂerwwﬂ

+ (1 + yak-1)*(1 = Bepa)* Bl [(vk—1 — or) |l + (1 + M?)5%0°
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Then we combine with Proposition 19 and 20 to have:

Elllve — o JP] <1+ y00-1)* (1 = Bok) Elllve-1 — va, [P + B(1 + M?)o

1 1
+{ (1 + Ly, + (2 + 0kt + M2L2W>x
(( L s WP
Br(1 4+ Yweh—1) E[[|wk-1 — wa, 7]

(i7) 1
P00 s @+
Yo lk—1 '

M?L2 X

f}/vak:—l) G,ww)
Cffyv@k—

B == (1 + Yotk Bl dia | ]

(i) _, )

+ Cy(1+ yag-1)"(1 +

- 1)(1 — Biiic) i1 E[||dy-1]]?]

Notice that (1 + y,a,_1) is O(1), so the term (i) is O(a3), while (ii7) is O(ay), so we can

omit the term (47). Then use the fact that (1 — Beu,)? < (1 — Bruc) < 1, we have:

Elllox — or, 7] S+ 701)* (1 = Bupt) Elllons — va_, |17+ BA(L + M?)o

+<(1+

)Li“,w + (2 + Yo lk—1 +

G ww
YoOl—1 Yollk—1

YM?L? ) X
513(1 + Yotk—1) El||wp—1 — wx, | |2]

+ CH(1 4 ypa-1)*(1 +

o 1)ai—1E[||dk’—1||2]

Finally suppose we have 7, = c,ax_1, Br = cgag—1 and 1, = c,0—1, and omit the higher

order terms, we get:

Elllve — v 1] S+ yp05-1)°(1 = Brpaa) Bl [ve—1 — v, |[P] + cgai_, (1 + M?)o?

+ (L%,w + M2Lé,ww) C%O{k—l/rva[”wk—l — Wiy | |2]

+ Coan-1/ VB[l dk-1] "]
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Lemma 24. With Assumption 8, 9 and 10 hold, and 0 < 7, < min(-5¢ we have:

1
LE., ' HG );

El||wr — wa|IP) < = pamie) (1 + Yotn-1) E| Jwr—1 — wa,_, ||*]

+ Ow,dak—lEH |dk—1 | |2] + Ctu.m’LOélz_lo-2

Where Cyq = C? /70, Con = ¢, Yo and ¢, are some constants.

Proof. Firstly by the update rule of wy, we have:

El||wi — wa,|IP] = Bllwr — 100G (M, wis Ee1) — wig| 7]
=FE[|lwk — wr, |]] + T E|00G (A i &i1) |12 — 27 E[{wi — way, B10G (A, wis &1)])]

=E[lJwk — wr |l + T E||00G (A, wi; &) |17] — 270 E[{wi — way, 0G( Ak, wie))]

(i)
<1 = 2p7) Elllwr — wn "] + 7 B[l 0.G (A, wis €1 [17]

(i0)
< (1 = 2uami) Blllwr — wx |P] + 72 Ell10.G (M, wi) — 0,G Ak, wx)I1?] + 7i0”

(i)

(iv)
< (1= 2pam, + T L ) Elllwe — wr | P] + 700 < (1 — pemie) El|lwr — wa, ||?] + 700

(2.21)

Where (i) uses the strong convexity of G and the inequality for strongly convex function:
(wr — Wiy OGNk, wi)) > pal|lwk — wa||?. (ii) uses separating mean and variance and the

definition of wy,; (#ii) uses Assumption 9.b; (iv) uses the condition that 7, < pa/Lg,,-
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Finally, we combine Eq. (2.21) with Proposition 19, we get:

El||wr — wa|IP) < = pamie) (1 + yoan-1) B Jwk—1 — wa,_, [|*]

2
+ fak_lE[!|dk-1|l2] + caj_y0°

]

Where we omit the term 1 + 7,01 for E[||dyx_1||?], and use the fact that 7, = cyap_;.

This completes the proof.

2.7.3.4 Proof for the convergence Theorem 5

Theorem 25. (Theorem 5 in the main text) With Assumption 8, 9 and 10 hold, and

suppose P = CaQp_1, Ty = CrQp_1, N = Cpu—1, and oy, = 0/ k + 1, then we have:

1= 20,  26Co?In(K +1)
- ViIOowW|E<—2L +

where vy, = 32I'1C?, ~, = 8T3C?
er = (20T + 203 + 4T3 (L3, + M2L2, )/ (wWT3pe).cy = 4T3/ Ly, c5 = 2(37, +

D/pa, C = Cypn/cy +4T2C,,, + T2C, ., & is a constant such that it satisfies Eq. (2.30).

Proof. We firstly denote the following potential function:
Dy, = f(M\) + T3A;, + 4T By, + Ci /¢,

where Ak = ||wk —w,\k||2, Bk = Hvk —U)\k||2, Ck = ||ka —dk|’2. Next we bound (I)k—i-l - (I)k,

20



which is composed of four terms, we get a bound for each of them based on Lemma 21-24.

By Lemma 21, we have:

E[f () = FOW] < = VIO + x5 ELA]
(2.22)

+ 4T E[By] + ax B[Cy] — o2 (1 — aLy) E[l|dy||’]

By Lemma 22, we have:

E[Ck+1 — Ck] S —CnOékE[Ck] -+ Cd,d@zE[HdkHQ] + CdijéiE[Ak] —+ Cd,vaiE[Bk] -+ C(dm()éz(f2

(2.23)

By Lemma 23, we have:

E[By1 — Bi] <((1+700)*(1 = Braipe) — D E[By]
(2.24)

+ vawOékE[Ak] + vadOékE[HdkHQ] + Cv,na%ﬁ

By Lemma 24, we have:

E[Api1 — Ak < (1 = pigmin) (1 + o) — D E[AR] + Coao Bl |di||P] + Coynao? (2:25)

Sum inequalities Eq. (2.22)- (2.25), we have:

[0
Dppq — O < — 3’“||v FOOIP + (Can/ey +4T3C,p + T3C, ) 0}0” (2.26)

The terms related to E|||d||?], F[Ax] and E[By] are eliminated by using the facts shown
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in Eq. (2.27)- (2.29). Firstly, for terms related to E[||dy||?], we have:

212 4AT2C? r2c?
204]% + 17w o + 2 wOék < %(1 — Oszf) (227)
Cy Yo Yoo 2

Next for the term related to E[By|, we have:

AT (14 yoou)* (1 = Bryrpe) — 1) + 32631 500 /¢y + 4T i, < O (2.28)
Finally, for the term involved with E[A], we have:

T3((1+ o) (1 — paTisr) — 1) + 2(2T303
(2.29)

+ 4TI )0t foy + 4155 (L3, + MPLE, ) aw/v + Tas < 0
We can verify the correctness of the inequalities Eq. (2.27)- (2.29) by taking the cor-
responding values of v, = 32I%C2, v, = 8[3C2, ¢, = 4T3/Ls, cg = 2(3v, + 1)/pa,

er = (29T % + 20 T3 + 41363 (L3, + M2 L2

Gww

)) /(7T 3ue) as stated in the Theorem and

let o satisfy the following condition:

5 = minf L 23 puGes T3 (1 + )
4Ly 120572 + 8T5Lycy’ 2(c2T5T5 + 4c3I5T7) + T3y
1 1 1 e
C??’ 237, + 1) crpc’ CTLQG,w

Now we summarize both sides of Eq. (2.26), and rearrange the terms:

K-1 K-1

> UGS (@ — x) + C Y afo”

k=0 k=0
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We denote C' = Can/cy+ 4Fva7n + F%Cw,n. Suppose we take oy = \/ﬁ where ¢ is chosen
s.t. Eq. (2.30) is satisfied, we get:

6[(1 K-1

T 2= IVFOWIF < 3 fHVf(AkMIQ <20 + 206%c? In(K + 1)
=0

=0

N

Divide both sides by K, we have:

20, N 20Co? In(K + 1)
T VK VK

K—
Z IVFOw)|? <
i=0

2.8 More Experimental Details

In the Hyper Data-cleaning task, we test over MNIST [52], Fashion-MNIST [53] and
QMNIST [54]. The datasets are created as described in the main text. In experiments,
we use batch-size 256 and run 2000 hyper-iterations. Other hyper-parameters are chosen
as follows: we pick § = 1000, ¢, = 0.001, ¢ = 107* and ¢, = 9% 10~* for our FSLA.
For BP method, we pick § = 1000, ¢, = 0.001 and ¢, = 9 x 10~*; For NS method, we
choose 6 = 1000, ¢, = 0.001, ¢, = 9% 107* and § as 0.1; For CG method, we choose
§ = 1000, ¢, = 0.001, and ¢, = 9 x 10~*. Next, we present some ablation studies of the
hyper-parameters for FSLA, and the results are shown in Figure 2.5 and Figure 2.6. In
each plot, we vary one hyper-parameter and fix other hyper-parameters whose values are
taken as just mentioned. We do not include hyper-parameters that diverge. For example,

when the batch-size is 32 or when cg is 5 x 107, the algorithm does not converge.
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Figure 2.5: Ablation Study for Batch Size (Left) and outer learning rate coefficient ¢
(Right).
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Chapter 3: Provably Faster Algorithms for Bilevel Optimization via Without-

Replacement Sampling

3.1 Introduction

Bilevel optimization [16, 17] has received a lot of interest recently due to its wide-
ranging applicability in machine learning tasks, including hyper-parameter optimization [37],
meta-learning [38] and personalized federated learning [56]. A bilevel optimization problem
is a type of nested two-level problems as follows:

min h(z) = f(z,y,) s.t. y, = argmin g(z,y), (3.1)
rERP yERd

which includes an outer problem f(z,y) and a inner problem g(z,y). The outer problem
f(z,y) relies on the solution y, of the inner problem g(z,y). Eq. (3.1) can be solved through
gradient descent: x4 = x; — nVh(z), with 1 be the stepsize and Vh(z;) be gradient at
the state ;. Specially, the gradient Vh(z) [6] is a function of the inner problem minimizer
Y, first order derivatives V,f(z,v), V,f(z,y), V,g(z,y) and second order derivatives
Vayg(x,y), Vyeg(z,y). In particular, y, can be solved though gradient descent: w1 =
Yy — YVyg(x,y) with v be the stepsize and V,g(x, y;) be gradient at the iterate (z, ).

In the standard setup, the outer and inner problems are defined over two datasets D, =
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{&.i € [m]} and D, = {(j, i € [n]}, respectively:
)= 3 @y 6), glww) = - > gy ).
m Y5 Gi ng:1g Y5 Gy

Naturally, we sample from the datasets to estimate the first and second-order derivatives
in the hyper-gradient formulation. And to guarantee convergence, previous approaches re-
quire the examples be mutually independent [12] even at the same state (z,y). For example,
two different examples ¢; and ¢, are sampled to estimate V,g(x,y) and V,29(x,y), respec-
tively. This leads to extra computational cost in practice. Indeed, two backward passes
are required to evaluate V, f(x,y) and V, f(z,y), while five backward passes are needed to
evaluate Vyg(z,y), V,29(x,y) and V,yg(x,y) for a given state of (x,y). In contrast, one
backward pass are needed to evaluate the former and two backward passes for the latter
if not sampling independently for each property. This leads to notable computational cost
difference for the current large-scale machine learning models [57]. Therefore, it is ben-
eficial to explore other example-selection strategies beyond independent sampling. More
specifically, we aim to answer the following question in this work: Can we solve the bilevel
optimization problem without using independent sampling?

Although example-selection is under-explored for bilevel optimization, it has been
well studied in the single level optimization literature [60, 61, 62]. For single level prob-
lems: :?éﬁa% flz) = %2?21 f(z;&), we iteratively perform the stochastic gradient step
i1 = xp — NV f(x, &), where the sample gradient is used to estimate the full gradi-

ent and the example & is sampled according to some order. More specifically, the sam-

pling schemes are roughly divided into two categories: with-replacement sampling and
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Table 3.1: Comparisons of the Bilevel Opt. & Conditional Bilevel Opt. al-
gorithms for finding an e-stationary point. We include comparison with stochastic
gradient descent type of methods and a more comprehensive comparison including other ac-
celeration methods can be found in Table 3.2 of Appendix. An e-stationary point is defined
as ||Vh(z)|] < e. Ge(f,e) and Ge(g, €) denote the number of gradient evaluations w.r.t.
f(z,y) and g(z,y); JV(g,€) denotes the number of Jacobian-vector products; HV (g, €) is
the number of Hessian-vector products. m and n are the number of data examples for the
outer and inner problems, in particular, n is the maximum number of inner problems for
conditional bilevel optimization. Our methods have a dependence over example numbers
(max(m,n))?, qis a value decided by without-replacement sampling strategy and can have
value in [0, 1] (A herding-based permutation [1] can let ¢ = 0).

Setting | Algorithm | Ge(f,e€) | Gc(g,€) | JV(g,e€) | HV (g,€)
BSA [6] O(e™) O(e7%) O(e™) O(e™)
B.O TTSA [15] O(e7?) O(e7®) O(e7?) O(e™®)
o StocBiO [12] O(e™) O(e™) O(e™) O(e™)
SOBA [58] O(e™) O(e™) O(e™) O(e™)
AID/ITD [12] O(maz(m,n)e?) O(mar(mﬂz)e”) O(maz(m,n)e?) O(maz(m,n)e~?)
WiOR-BO(Ours) | O((maxz(m,n))?=3) | O((max(m,n))%3) | O((mazx(m,n))%e3) | O((max(m,n))%?)
DL-SGD [59] O(e™* O(e7%) O(e™) O(e™)
Cond. B.O. RT-MLMC [59) O(e™* O(e™) O(e™) O(e™)
WiOR-CBO (Ours) | O((max(m,n))%=3) | O((max(m,n))*e*) | O(n(maz(m,n))%3) | O((max(m,n))?e*)

without-replacement sampling. Traditional stochastic gradient descent typically employs
with-replacement sampling to ensure an unbiased estimation of the full gradient in each
iteration. In contrast, the without-replacement sampling has biased estimation at each
iteration. Despite this, when averaging the gradients of consecutive examples, without-
replacement sampling can approximate the full gradient more efficiently [63]. In fact, any
permutation-based without-replacement sampling has that the gradient estimation error
contracts at rate of O(K~2) [63] where K is the number of steps, while stochastic gradi-
ent descent only has a rate of O(K~!). Inspired by the properties of without-replacement
sampling demonstrated in the single-level optimization, we design the algorithm named
WiOR-BO (and its variants) which performs without-replacement sampling for bilevel op-
timization. Naturally, WiOR-~-BO does not require the independent sampling as in previous
methods. In fact, our algorithm enjoys favorable convergence rate. As shown in Table 3.1,

WiOR-BO converges faster compared with their counterparts (e.g. StocBiO [12]) using in-
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dependent sampling. Actually, WiOR-BO gets comparable convergence rate with methods
using more complicated variance reduction techniques (e.g. MRBO [32]). In Table 3.2, we
perform a more comprehensive comparison with other variance reduction techniques and
in Section 3.8 of Appendix, we further compare WiOR-BO with these methods.
The contributions of our work can be summarized as:
1. We propose WiOR-BO which performs without-sampling to solve the bilevel op-
timization problem and converges to an e stationary point with a rate of O(e73).
This rate improves over the O(e™*) rate of its counterparts (e.g. stocBiO [12]) using

independent sampling.

2. We propose WiOR-CBO for the conditional bilevel optimization problems and show
that our algorithm converges to an e stationary point with a rate of O(¢™*). This
rate improves over the O(¢7%) rate of its counterparts (e.g. DL-SGD [59]) using

independent-sampling.

3. We customize our algorithms to the special cases of minimax and compositional

optimization problems and demonstrate similar favorable convergence rates.

Notations. V (V,) denotes full gradient (partial gradient, over variable z), higher
order derivatives follow similar rules. [n] represents sequence of integers from 1 to n. O(-)

is the big O notation, and we hide logarithmic terms.

3.2 Related Works

Bilevel Optimization has its roots tracing back to the 1960s, beginning with the
regularization method proposed by [16], and then followed by many research works [8,
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17, 19, 64]. In the field of machine learning, similar implicit differentiation techniques
were used to solve Hyper-parameter Optimization [20, 21, 23]. Exact solutions for Bilevel
Optimization solve the inner problem for each outer variable but are inefficient. More
efficient algorithms solve the inner problem with a fixed number of steps, and use the ‘back-
propagation through time’ technique to compute the hyper-gradient [24, 25, 26, 27, 28].
Recently, single loop algorithms [6, 12, 13, 15, 32, 58, 65, 66] are introduced to perform the
outer and inner updates alternatively. Besides, other aspects of the bilevel optimization
are also investigated: [59] studied a type of conditional bilevel optimization where the inner
problem depends on the example of the outer problem; [67, 68] studied the Hessian-
free bilevel optimization and proposed an algorithm with optimal convergence rate; [69]
proposed an efficient single loop algorithm for the general non-convex bilevel optimization;
[70, 71] studies the bilevel optimization in the federated learning setting.
Sample-selection in stochastic optimization has been extensively studied for the
case of single level optimization problems [60, 72, 73, 74]. Beyond the with-replacement
sampling adopted by SGD, various without-replacement strategies were also studied in
the literature. The random-reshuffling strategy shuffles the data samples at the start of
each training epoch, and its property was first studied in [61] via the non-commutative
arithmetic-geometric mean conjecture and followed by [73, 75]. [62, 76] studied the shuffling-
once strategy, where the data samples are only shuffled at the start of the training once; [77]
investigated data echoing where one data sample is repeatedly used. Quasi-Monte Carlo
sampling is also applied in stochastic gradient descent [63, 78|. Recently, [1, 63] proposed to
use average gradient error to study the convergence of various example order strategies and

then proposed a herding-based sampling strategy [79] to proactively minimize the average
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gradient error.

3.3  Without-Replacement Sampling in Bilevel Optimization

In this work, we focus on the following finite-sum bilevel optimization problem:

12 1
min h(z flz,y,) = — T,Y:: &), s.t. Yy, = argmin g(x -
min h(z) = f(z,y.) m;f i), s ye =argmin glo,y) =

> g(z,y; )
7j=1

(3.2)

where both the outer and the inner problems are defined over a finite dataset, and we denote
them as D, = {&,i € [m]} and D; = {(j,j € [n]}, respectively. Under mild assumptions,

the hyper-gradient of h(x) is

Vh(z) = Vo f (2,Y2) = Vayg(, Yo)ta, te = Ve g(@,y2) "' Vy f (2, ys) (3.3)

Our objective is to minimize h(x) by exploiting Eq. (3.3) with examples from D,, and D; at
each step. More specifically, for a given example order 7 denoting the following example-
selection sequence as {{] € D,} and {(] € D;} for t € [T], where T denotes the length
of the sequence and can be arbitrarily large. We then perform the following update steps

iteratively for ¢ € [T]:

Yt+1 = Yt — ’thyg(ﬂ%a Yi; ) (3.4a)
U+l = U — pt(vgﬂg(xh Yt; C?)ut - Vyf(xta Yt; 53)) (3-4b)
Ti41 = Tt — nt(vxf(xta Yt; Sf) - szg(wn Yt; C?)ut) (3-4(3)
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Algorithm 2 Without-Replacement Bilevel Optimization (WiOR-BO)

1: Input: Initial states 29, y? and u?; learning rates {77, pr,nr},i € [I],r € [R], I =
lem(m, n) denotes the least common multiple of m and n.
2: for epochs r =1 to R do
3:  Randomly sample I /m permutations of outer dataset and concatenate them to have
{&r,i € [I]}, sample I/n permutations of inner dataset and concatenate them to

have {¢7,i € []};

4 Set yh =yt uh =P, (uf ") and zfy = 27!

5 fori=0tol—1do

6: Yier = Yi =% Vyg(ai, yi ) uipy = i — pi (Vg (@7, yis G ui — Vi f (27,47 &)
£ iy = — 0, (Vo f (7,475 &) — Vayg(al, yi's (7w

8 end for

9: end for

where Eq. (3.4) adopts the single-loop [65] update. More specifically, Eq. (3.4a) per-
forms gradient descent to estimate the minimizer y,; Eq. (3.4b) performs gradient descent
to estimate u, defined in Eq. (3.3); and Eq. (3.4c) perform the gradient descent step given
the estimation of y, and u,.

Note that at each step ¢, we use a pair of examples {£], ([} to estimate the involved
properties and require only three backward passes, i.e. V f(zs, ys; &), Va(xy, ye; ¢F) and
V(Vyg(x, y;¢F)). In contrast, if we independently sample examples for each property,
seven backward passes are needed. For large-scale machine learning models where back-
propagation is expensive, our method can lead to significant computation saving in practice.

Equation (3.4) is independent of the specific order of samples. It can accommodate
both with-replacement and without-replacement sampling strategies. In particular, we
consider two most widely-used without-replacement sampling methods: random-reshuffling
and shuffle-once. For random-reshuffling, we set T = R x lem(m,n), where lem(m,n)
denotes the least common multiple of m and n and R is a constant. More specifically, we

generate R x lem(m,n)/m random permutations of examples in D,, then concatenate them
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to get {& € D, }, and we follow similar procedure to generate {( € D,}. In algorithm 2,
we show our WiOR-BO algorithm for solving Eq. (3.2) with random-reshuffling sampling,.
Note that in Line 4 of Algorithm 2, P,(-) is the projection operation to an ¢-size ball and we
perform projection to make u; be bounded during updates. Shuffle-once is another widely
used without-replacement sampling strategy, where a single permutation is generated and
reused for both D, and D;, and we can modify Line 3 of Algorithm 2 to incorporate shuffle-
once. Finally, compared to independent sampling-based algorithm such as stocBiO [12], we
require extra space to generate and store the orders of examples, but this cost is negligible

compared to memory and computational cost of training large scale models.

3.3.1 Conditional Bilevel Optimization

In Eq. (3.2), we assume the outer dataset D,, and the inner dataset D; are independent
with each other. However, it is also common in practice that the inner problem not only
relies on the outer variable z, but also the current outer example. This type of problems is
known as conditional (contextual) bilevel optimization problems [59] in the literature and

we consider the finite setting as follows:

) 1 &
min A(z) = f(z,y.) = E;f 7,y &) (3.5)
ngl
s.t. y(&) = arg min g(f’)(x y) = — Zg z,Y; Ceii)s (3.6)
yERd ngz 7=1

Note that in Eq. (3.5), the outer problem is defined on a finite dataset D, = {&;,i € [m]},

and for each example & € D,, we have a inner problem ¢¢)(z,y) defined on a dataset
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D¢, = {C, j, 7 € [ng,]}. The hyper-gradient of Eq. (3.5) is:

Z( l’ yx 751) ( )(SL’ y ) Z) & = vag(&)(SL”yx)ilvnyC,yx;fi),

1
m =1

(3.7)

The key difference of Eq. (3.7) with Eq. (3.3) is that y§ and u$ are defined for each example
& € D,. To minimize h(z) in Eq. (3.5), we assume a sample order 7 denoting the following
example selection sequence as {& € D,,,t € [T}, where T' denotes the example sequence

length and can be arbitrarily large. We then perform the following update steps iteratively:

Tiy1 = Ty — nt(vmf(xb Ut 5?) - ngsgf(xt, @t)ﬁt) (3-8)

where ¢; and 1, are estimations of yxt uxt We get them by performing the following rules

Ti steps over the sample order {(fr, € Digr,ti € [Ti]}}:

Y1 = Yo, — V1 Vu9(ZTt, Yt Cg;r,tl)> Ugy 1 = Uy — ptl(vyzg(xb Yty ng,tl)utl = Vo f (e, 1 €7))

(3.9)

where both the outer variable state z; and sample £ are fixed. We then set ¢, = y7; and
U = ugy in Eq. (3.8). Note that Eq. (3.8) and Eq. (3.9) perform a double-loop update
rule [59]. Since the inner problem relies on the example of the outer problem, we compute
y5 and u$ for each new state x and sample &; instead of reusing them as in the single loop
update of Eq. (3.4).

Note that an important feature of our algorithm is that we select samples based on
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Algorithm 3 Without-Replacement Conditional Bilevel Optimization (WiOR-CBO)

1: Input: Initial state 2%, learning rates {n/'},i € [m],r € [R].

2: for epochs r =1 to R do

3:  Randomly sample a permutation of outer dataset to have {{F,i € [m]} and set
xh =t or xyif r=1.

4: fori=0tom—1do

5: Initial states y° and u”, learning rates {75, p5},j € [ni], s € [S].

6: for s=1to S do

7: Sample a permutation of inner dataset to have {Cg o J € ]}, set y§ = yf{l
and u§ = P,(us") or y§ = yo and u§ = ug if s = 1.

8: for j=0ton; —1do

9: Y1 = Y5 — vijg(:cQ,yj; ng)a

10: uiy =i — p5(Vrg(af, u5s G j)us — Vo f (27, 45 €7));

11: end for

12: end for

18wl =) =0 (Vo f (o], yn s €F) — Vg™ (2], ypn Jus,);

14:  end for

15: end for

an example order 7 at each step instead of sampling independently. Similar to the un-
conditional bilevel optimization, various example orders can be incorporated. For random-
reshuffling, we set 7' = Rm with R be a constant. Then we generate R random permuta-
tions of examples in D,, and concatenate them to get the example order {{ € D,,,t € [T]}.
Similarly, we concatenate S random permutations of the inner dataset D;¢, to get {ngr’tl €
Dier,ty € [T}]}} with a sequence length T; = S x ng,. We summarize this in Algorithm 3
and denote it as WiOR-CBO. We slightly abuse the notation to replace ng¢, with n; in the

inner loop update for better clarity.

3.3.2 MiniMax and Compositional Optimization Problems

Our discussion of without-replacement sampling for bilevel optimization can be cus-
tomized for two important nested optimization problems: compositional optimization and

minimax optimization problems, as they can be viewed as a special type of bilevel opti-
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mization problem. Suppose we let the outer problem only rely on y, set the inner problem
as g(x,y) = 1|ly — r(x)||>. Consider the finite case of f(y) and r(z), we have the following

compositional optimization problem:

LTS (3.10)

Then we can derive the hyper-gradient as: Vh(z) = V,r(x)u,, where u, = V,f(r(x)),
meanwhile, we have V,g(z,y) = y — r(z). Then we can instantiate Algorithm 2 to get
an algorithm for compositional optimization problem using without-replacement sampling
(Algorithm 4 of Appendix). Similar to the SCGD algorithm [80], we track the exponential
moving average of the inner state y, besides we also track the exponential moving average
of inner gradient (the update rule of u in Algorithm 4).

Next, similar to the unconditional case, the conditional compositional optimization
problem can be specialized from the conditional bilevel optimization problem Eq. (3.5) to

have:

m n;

Zf(l > (@5 Ge )i &) (3.11)

min h(z) =
=1 =

1
TERP m

and we can instantiate Algorithm 3 in the special case of Eq. (3.11) to get Algorithm 6 (in
the Appendix).
The minimax optimization can also be viewed as a special type of bilevel optimization.

More specifically, if we have g(z,y) = —f(z,y) in Eq. (3.2), then we get the following

65



minimax problem:

win h(z) = Y max f(op:) (3.12)
=1

rERP

In the special case of Eq. (3.12), the hyper-gradient VAi(z) in Eq. (3.3) degenerates to
Vh(z) = V,f(z,y,) due to the fact that V, f(z,y,) = —Vy9(x,y,) = 0 by the optimality
condition. Meanwhile, we have V,g(z,y) = =V, f(x,y). As a result, we can simplify Al-
gorithm 2 to get an alternative update algorithm for minimax optimization using without-
replacement sampling (Algorithm 5 in the Appendix). Note that due to the linearity of
minimax problem w.r.t. examples, the conditional case for minimax optimization degen-
erates to the unconditional case. [81, 82] also considers the without-replacement sampling
for the minimax problem, however, they focus on the strongly-convex-strongly-concave and
two-sided Polyak-Lojasiewicz settings, in contrast, our WiOR-MiniMax can be applied to

nonconvex-strongly-concave setting.

3.4 Theoretical Analysis

In this section, we provide theoretical analysis of our algorithms. We first state some

assumptions:

Assumption 26. Function f(z,y;£),§ € D,, is possibly non-convex, L-smooth and has

C¢-bounded gradient w.r.t. the variable y.

Assumption 27. Function g(z,y;(),( € Dy, is p-strongly convexr w.r.t y for any given x,
and L-smooth. Furthermore, V,q(z,y; () and V,29(x,y;C) are Lipschitz continuous with
constants Ly, and L, respectively.
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Assumption 28. For all examples & € D, and states (z,y) € R4, there exists an upper

bound A such that the sample gradient errors satisfy |V f(x,y; &) — Vf(z,y)|| < A.

Assumption 29. For all examples (; € D; and states (z,y) € RPT, there exists an upper

bound A such that the sample gradient errors satisfy ||Vg(z,y;¢) — Vg(z,y)|| < A and

1V2g(x, y; G) — Vig(x,y)| < A.

As stated in The assumption 26 and 27, we consider the non-convex-strongly-convex
bilevel optimization problems, this class of problems is widely studied in bilevel optimization
literature [6, 12].Assumption 28 and 29 guarantee that the example gradients are good
estimation of full gradient and is widely used in the analysis of single-level finite-sum
optimization problems [76]. Note that as the hyper-gradient (Eq. 3.3) involves second
order derivatives, Assumption 29 also requires that the second order example gradients
have bounded bias.

We next make the following assumptions about the example selection sequence. We

assume {{] € D,,t € [T} and {(] € Dy, t € [T]} satisfy:

Assumption 30. Given sequences of samples: {£ € Dy, t € [T} and {¢] € D,,t € [T},
we assume there exists some constants o, C such that for any step t and any interval k > 0,

we have:

1 t+k—1

HE > V(e ys &) _vf(fft,yt)HZ < koc?
T=t

and similar bounds hold for Vg and V?g (See Appendiz 3.6.1 for the full version of this

assumption. )
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Assumption 30 measures how well the sample gradients approximate the full gradient
over an interval on average. Similar assumptions are used to study the sample order in
single level optimization problems [63]. If samples are selected independently at each step,
we get @« = 1 and C' = A based on Assumption 28 and 29. For any permutation-based
order (e.g. random-reshuffling and shuffle-once), we can show the assumption holds with

= 2 and C' = max(m,n) x A. Note that the C' depends on the number of samples
m (n), this dependence can be reduced to (max(m,n))?® for sufficiently small learning
rates [63, 83]. More recently, [1] proposed a herding-based algorithm which explicitly
optimizes the gradient error in Assumption 30 and shows that we can reach a = 2 and
C=0(A).

Bilevel Optimization. We are ready to show the convergence of Algorithm 2.
Firstly, we denote the following potential function G, = G, = h(z) + &yllye — yul|* +
Gullur — ug,||?, where ¢, and ¢, are constants that relates to the smoothness parameters of

h(z). Then we have:

Theorem 31. Suppose Assumptions 26-29 are satisfied, and Assumption 30 is satisfied
with some o and C' for the example order we use in Algorithm 2. We choose learning rates

M ="mn, Y = c1n, pr = con and denote T' = R x I be the total number of steps. Then for

any pair of values (E, k)

kL’

E= 2A
Vh(zpe)|? < —— 4 2Lk C?
gu P < 5

where ¢1, ¢o, Lo, L are constants related to the smoothness parameters of h(x), A is the

initial sub-optimality, R and I are defined in Algorithm 2.
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To reach an e stationary point, we choose n = —, and for (E, k), we choose: F =

kLo’
. . 1
%—QA and k = (467202) /a, which means we need to choose the number of epochs R = % =
4%(??#. Specially, if we choose examples independently at each step, we have C' = A

and a = 1, then we need T" = O(e™?) steps to reach an e-stationary point. This recovers
the rate of stocBiO algorithm [12] and SOBA [58]. Next, if we use some permutation-
based without-replacement sampling strategy witch has C' = (max(m,n))? x A (¢ € [0,1])
and o = 2, then we need T' = O((max(m,n))%e3). In particular, by adopting a herding-
based permutation as in [1], we get ¢ = 0, and our WiOR-BO strictly outperforms the
independent sampling-based stocBiO and SOBA algorithms.

Conditional Bilevel Optimization. Next, we study the convergence rate of Al-
gorithm 3. Besides Assumptions 28 and 29, we need the bias of sample hyper-gradient be

bounded too:

Assumption 32. For all examples & € D, and states x € RP, there exists an upper bound

A such that the sample gradient errors satisfy |[Vh(z; &) — Vh(z)|| < A.

We also augment Assumption 30 to include the case of Vh(x) (Seem Appendix 3.6.1
for more details.). Then we are ready to show the convergence rate, we use the potential

function G, = h(z;) and have:

Theorem 33. Suppose Assumptions 26-29 and 32 are satisfied, and Assumption 30 is
satisfied with some a and C' for the example order we use in Algorithm 3. We choose
1 1

learning rates ny =1 = g7, N =7 = m, Pt = P = srs ond denote T'= R x m be

the total number of outer steps and T; = S x max(n;) be the mazimum inner steps. Then
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for any pair of values (E, k) which has T = E X k and T) = E; X k, we have:

£ 8A k k ,
Z IV (zke)|? < 7; + O, (1 %)EIAU +O,(1— %)’My +(C2C2k

where Cy, Cy, C', L are constants related to the smoothness parameters of h(x), A, Ay,

Ay are the initial sub-optimality, R and S are defined in Algorithm 3.

_ / /
To reach an € stationary point, we choose: F = 12§£A, and , k = (2(062202) and

E; = O(log(e™")). Then the sample complexity of Algorithm 3 is EEjk? = O(C*/ e~ (2+4/a)),
where we omit the logarithmic term FEj. Specially, if we choose examples independently at
each step, then we have sample complexity O(e~%) steps for an e-stationary point. This re-
covers the rate of DL-SGD algorithm [59]. Next, if we use some permutation-based without-
replacement sampling strategy, then we have sample complexity O((max(m,n))*e%),
which can match the state-of-art algorithm RT-MLMC [59] if we choose an example order
with ¢ = 0 [1].

MiniMax and Compositional Optimization. As special cases of Bilevel Opti-
mization, we can also show that Algorithm 4, Algorithm 5 and Algorithm 6 converge under

similar rate. Please see Corollary 54 and Corollary 53 for more details.

3.5 Numerical Experiments

In this section, we verify the effectiveness of the proposed algorithm through a syn-
thetic invariant risk minimization task and two real world bilevel tasks: Hyper-Data Clean-

ing and Hyper-representation Learning. The code is written in Pytorch. Our experiments
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Figure 3.1: Comparison of different sampling strategies for the Invariant Risk-Minimization
task.

were conducted on servers equipped with 8 NVIDIA A5000 GPUs. Experiments are av-
eraged over five independent runs, and the standard deviation is indicated by the shaded

area in the plots.

3.5.1 Invariant Risk-Minimization

In this section, we consider a synthetic invariant risk minimization task [84]. More
specifically, we perform logistic regression over a set of examples {(¢;,b;),7 € [M]} with
¢ be the input and b be the target. However, we does not have access to ¢ but a set of
noisy observations {c;;,j € n;} for each ¢;. To learn the coefficient x between ¢ and b, we

optimize the following objective:

m ng

minl Zlog(l + exp(—biyg)», sty = argmin — > ;Hy — ciir|]?

i=1 yeRd i j=1

This is a conditional bilevel optimization problem and we can solve it using our WiOR-CBO.
We generate synthetic data to test the effects of different sample order (sample generation

process is described in Appendix 3.7). More specifically, we compare independent-sampling
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(WiR-CBO), shuffle-once (WiOR-CBO (SO)) and random-reshuffling (WiOR-CBO (RR)).
As shown in Figure 3.1, the two without-replacement sampling methods outperforms the

independent sampling one.

3.5.2 Hyper-Data Cleaning

In the Hyper-Data Cleaning task, we are given noisy training dataset whose labels
are corrupted by noise, meanwhile, we have a validation set whose labels are not corrupted.
Our target is then using the clean validation samples to identify corrupted samples in the
training set. More specifically, we learn optimal weights for training samples such that
a model learned over the weighted training set performs well on the validation set. We
can formulate this task as a bilevel optimization problem (Eq. (3.2)). A mathematical
formulation of the task is included in Appendix 3.7.

Dataset and Baselines. We construct datasets based on MNIST [85]. For the
training set, we randomly sample 40000 images from the original training dataset and then
randomly perturb a fraction of labels of samples. For the validation set, we randomly
select 5000 clean images from the original training dataset. In our experiments, we test our
WiOR-BO algorithm (Algorithm 2), with the shuffle-once (WiOR-BO-SO) and random-
reshuffling (WiOR-BO-RR) sampling; additionally, we also consider the following non-
adaptive bilevel algorithms as baselines: reverse [26], stocBiO [12], BSA [6], AID-CG [7],
MRBO [32], VRBO [32] and WiR-BO (the variant of our WiOR-BO using independent
sampling, which is similar to the single loop algorithms such as SOBA [58], AmIGO [86]

and FLSA [65]). We perform grid search for hyper-parameters and report the best results.
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Figure 3.2: Comparison of different algorithms for the Hyper-data Cleaning task.
The left two plots show validation error/F1 score vs Number of Hyper-Iterations and the
right two plots show validation error/F1 score vs Running Time. The fraction of the noisy
samples is 0.6.
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Figure 3.3: Comparison of different algorithms for the Hyper-Representation
Task over the Omniglot Dataset. From Left to Right: 5-way-1-shot, 5-way-5-shot,
20-way-1-shot, 20-way-5-shot.

We summarize the results in Figure 3.2. In the figure, we compare the validation loss
and F1 score w.r.t. both Hyper-iterations and running time. As shown in the figure, the
two variants of our algorithm WiOR-BO-SO and WiOR-BO-RR get similar performance
and they both outperform other baselines. In particular, note that WiR-BO differs with
WiOR-BO-SO (RR) only over the example order, but the later converges much faster in
terms of running time, this is partially due to less umber of backward passes needed by

without-replacement sampling per iteration.
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3.5.3 Hyper-Representation Learning

In this section, we consider Hyper-representation learning task. In this task, we learn
a hyper-representation of the data such that a linear classifier can be learned quickly with
a small number of samples. We consider the Omniglot [87] and MinilmageNet [88] data
sets. This task can be viewed as a conditional bilevel optimization problem (Eq. (3)) and
a mathematical formulation of the task is included in Appendix 3.7.

Dataset and Baselines. The details of the datasets are included in Appendix 3.7
and we consider N-way-K-shot classification task following [89]. In our experiments, we
test our WiOR-CBO (Algorithm 3), using the shuffle-once (WiOR-BO-SO) and random-
reshuffling (WiOR-BO-RR) sampling. Besides, we compare with the following baselines:
DL-SGD [59] and RT-MLMC [59]. Note that our WiOR-CBO can also use independent
sampling, and it has similar performance as DL-SGD. We perform grid search of hyper-
parameters for each method and report the best results.

We summarize the experimental results for the Omniglot dataset in Figure 3.3 and we
defer the results for MinilmageNet to the Appendix 3.7. As shown in the figure, our WiOR-
CBO SO/RR outperforms DL-SGD and is comparable to the state-of-the-art algorithm

RT-MLMC.

3.6  Proof for Theorems

In this section, we provide proof for the convergence results in the main text. First,

we restate all assumptions needed in our proof below:
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Assumption 34 (Assumption 4.1). The function f(x,y) is possibly non-convex and uni-
formly L-smooth, i.e. for any x1, xo € X, y1, yo € R, any £ € D,. Denote z1 = (x1,41),

29 = (x9,y2), then we have:

F(2:€) < Faai) + (VF(20.8). 20— 22) + Zllas —

or equivalently: ||V f(z1;€) — V f(22;€)|| < L||z1 — 22||. We also assume for any x € X and

any y € RY, and we denote z = (z,y), then we have ||V, f(2)|| < C}.

Assumption 35 (Assumption 4.2). Function g(z,y) is uniformly p-strongly conver w.r.t

y for any given x and uniformly L-smooth, i.e. for any yi, y» € R? and ¢ € D;, we have:

9(x,y1;¢) = g(z,y2;¢) +(Vyg(2,92; () y2 — 1) + gllyz — %

and we have:

9(150) < 9(22:0) + (Vglza:C)oza — 22) + 2l — 2l

equivalently: ||Vg(z1;¢) — Vg(z2; Q)|| < L||z1 — 22]|. Furthermore, we have V,,g(x,y) and
V29(x,y) are Lipschitz continuous with constant Ly, and L, respectively, i.e. we have:

I Vayg(215C) = Vayg(22; Q)| < Layll21 — 22| and [|V,29(21;¢) = Vo2 g(22; Q)| < Ly2 |21 — 22|

Assumption 36 (Assumption 4.3). For all examples & € D, and states (z,y) € RPT4,

there exists an outer bound A such that the sample gradient errors satisfy |V f(x,y; &) —

Vi(z,y)l| < A.
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Algorithm 4 Without-Replacement Compositional Optimization (WiOR-Comp)

1: Input: Initial states 29, y9 and u?; learning rates {7, pr,nr'},i € [I],r € [R], I =
lem(m, n).
2: for epochs r =1 to R do

3:  Generate sample order sequence {£7} and {(]} for i € [I] as Line 3 of Algorithm 2;
4 Set yp =yt uhy =P, (u; ") and af = 2!

5 fori=0to/—1do

6: Yipr = (1 - vl")vaZ" (@7, ¢7); uiyy = (L= pf)ui + PV f (473 €7);

T T =z — 0 Vr(ag; ¢ug;

8: end for

9: end for

Assumption 37 (Assumption 4.4). For all examples (; € D; and states (x,y) € RP?

there exists an outer bound A such that the sample gradient errors satisfy |Vg(z,y; () —

Vy(z,y)|| < A and |V3g(z,y;¢) — Vig(z,y)| < A.

Assumption 38 (Assumption 4.7). For all examples & € D, and states x € RP, there

exists an upper bound A such that the sample gradient errors satisfy ||Vh(z; &) — Vh(z)|| <

A.

Assumption 39. Given two sequences {{ € D,,t € [T|} and {(J € D, t € [T}, we
assume there exists some constants o, C' such that for any step t and any k > 0, we have:

H SR f (g, s €7) — Vf(ift,yt)Hz < ko2, || LS g (g, g CT) — vg(l'byt)HQ <

k=02, || S V2 e, i ()~ V2g(an )| < koC?,

Ly k(g £8)~Vh(z)|| <

k=>C?(Only for the conditional bilevel optimization case).

3.6.1 Proof for Bilevel Optimization Problems

Suppose we define:

O(z,y) =Vof (,y) — Vayg(z,y) X [Vy2g(z,y)] 'V, f(z,y)
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Algorithm 5 Without-Replacement MiniMax Opt. (WiOR-MiniMax)

1: Input: Initial states 22, y° ; learning rates {y/,n’'},i € [m],r € [R].

2: for epochs r =1 to R do
3:  sample a permutation of outer dataset to have {£7,i € [m]};

4 Setyh =y 'and 2 = 27!

5 fori=0tom —1do

6 i = ¥i + 7 Vo (@], 47:87);
7. Ty = o — 0 Vo f (@], 475 &)
8 end for

9: end for

Algorithm 6 Without-Replacement Conditional Compositional Optimization (WiOR-
CComp)

1: Input: Initial state 2°; learning rates {n'},i € [m],r € [R].

2: for epochs r =1 to R do

3:  Randomly sample a permutation of outer dataset to have {{f,7 € [m|} and set
zh=al "t orxgif r=1.

4: fori=0tom—1do

5: Initial states 3° and u°, learning rates {73, p3},J € [ni],s € [S].
6: for s=1to S do

7 Sample a permutation of inner dataset to have {7 ;,i € [n]}, set y§ = y5* and

u§ = Pe(us ") or y§ = yo and u§ = ug if s = 1.

8: for j=0ton; —1do

9: Yig = (1 —=3)ys +vir(a]; ¢ 5);
10: Wiy = (1= pj)ui + oV f(y5:€0);
11: end for
12: end for
1B aly, = o] — Ve (s ;
14:  end for
15: end for

Then we have Vh(z) = ®(x,y,). Furthermore, we have the following proposition:
Proposition 40. Suppose Assumptions 26 and 27 hold, the following statements hold:

a) y. is Lipschitz continuous in x with constant p = K, where Kk = 5 is the condition

number of g(x,y).
b) 19 (z1591) — D(aa; y)|* < L2 (|1 — 22> + [lys — wl|?), where L = O(x?).

¢) h(x) is smooth in x with constant L i.e., for any given x1, 25 € X, we have | Vh(xy) —
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Vh(x,)|| < L||zy — 21| where L = O(x?).

This is a standard results in bilevel optimization and we omit the proof here.

The main technique we use to analysis the convergence of Algorithm 2 is aggregated
analysis, in other words, we perform analysis over a block of length k instead of the more
common per step analysis in stochastic bilevel optimization. Note that this technique is
essential in analyzing without-replacement sampling for single-level optimization problems,
and we extend them to the bilevel setting. More specifically, suppose the total number
of training steps are T := R x I, where R and [ are denoted in Algorithm 2, then we
consider a block of training steps [t,t + k] for t € [T" — k]. Furthermore, we denote:
7= Y1y and g, = 1 Zt+k U A = SRy and @, = 1 Zt—i—k Lty By =
S pry and @ = - ST gy, where vy = Vo f (24, 965.6) — Vayg(@e v G, wy =

Vyg(x, yi; ¢) and ¢ = Ve g(xe, yi; G)ue — Vo f (2, yi; & ). In particular, we denote r,(u) as:

1

ra(u) = §UTVy29(3:, Yo )u — Vy (2, y:) " u,

by assumption it is L smooth and p strongly convex. It is straightforward to see that u, =
arg min r,(u), where u, is defined in Eq. (3.3). Finally, in the proof, we consider the general
u€Rd

case of different orders for all involved example derivatives. In other words, we have {& 1},

{&,2}7 {Ct,l}v {Ct,2} and {Ct73} for Vyf(x,y), vzf(xvy)vvyg(xvy)a Vyzg(:c,y), vag(xuy>

respectively. The two orders used by Algorithm 2 is a special case of the proof and is

practically appealing as they can reuse computation as we discussed in the introduction.

Lemma 41. For 7 > t > 0, the bias of || >IZ; UT(VT Vh(xt))|\2,

7)

;;7} Pz (ert (ut> -

2
‘ and || X121 5 (Vyg(x;, Yz, Gr1) — Vyg(zy, yt)) | are bounded by Eq. (3.16), Eq. (3.17)
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and Eq. (3.18).

Proof. First for || SI2) nz(v- — Vh(zy))||?, we have:

2

PECIORS

T—1
- H Z Uk (vxf(fl?t, ya:t> - vzyg(xta yzt>uwt - (fo<x7_'7 Yr; §7_',2> -
7=t

T—1
<2 U%(fo(l‘ta Yze) = Vaof (@7, y7; 5&2)) I

T=t

+ 2|| Z 777( zyg T, yﬂzz)u:ﬁt - V:Byg<x7_'7 Yz, C7—_73>U7——> ”2

< 2] g 0 (Vi (@0, y,) = Vi f (@7,95:65.0) ) I
T7—1

+ 4| Z n?varyg(xﬂ Yz, C%,?,) <Uxt — u;) ||2

T=t

2 T—1
f || Zn7< a:yg xt??/xt) - v:cyg(xﬁy?; Ci',S))HQ

S 2H Z nf(vxf<xtayxt) v f(xﬂy‘ra572 )H2 + 4L2 Z 777'” Ugy — ‘

2 T—1
f H an( :Eyg xtayﬂvt) - v:tyg(xﬁy?;C‘T',S))’P

For the first and the third terms above, we have:

T—1
| Z: UG (fo(xt, Yz,) — Vaf (x7, y7; fm)) H2

< BL2() |y, — wel?

Vayg(@s, yr; Gra)u) ) H2

2

(3.13)

T—1 71
+ 3% Y ez — 2P+ 31 Y 1 (Vaf (2, w) = Vaf (o &2)) P (3.14)
7=t 7=t
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and

H Z nT( xyg xt;ymt) - V:vyf](x?uyﬂ_'; C‘T’,3>)||2
S SLiy(ﬁz—)QHnyt - ytHz + 3L2ylf7t Z Nz ‘Zt Z’T||2

-+w§:m(mwamw) V(e 465 o) ) | (3.15)

Combine Eq (3.14) and (3.15) with Eq. (3.13) and denote L} = (L2 %) to have:

u Zm( ~ Vh(a) P
5 —1
< 613077l — il + 6L znfnzt 22 4 8Lt —

T—1 T7—1
+ 8L277tT Z Nz ||wr — U%HQ + 6| Z ﬁ%(vxf(%:a Ye) — Vo f (24, yi; 5%,2)) ||2

7=t 7=t

120;% = )
||an( w920, 00) = Vg (20, vi5 ) | (3.16)

Next, for the term || SI2F p=(Vry, (ur) — ¢7)||?, we have:

2

u zp (Vo) — 1)

< H Z Pr( 29 Tz, Yz, Gr 2) Vyf(%;?ﬁ,fm) - (VyQQ(JCt, y:r:t)ut - Vyf<$t7 ya:t)>H2
<2 2 P2 (Vo (@ ye0) = Vi (2,57 60) ) I
+2]| Z P (Vo2 9(we, o S — Vg (7, yri G o)z ) ||

<oy P (Vo f (@ 4e) = Vo f (2,57 60) )|

T=t
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+4| sz 29T, Y5 Geo) (= uz )|
2 T—1
f H Zm( v29 xtaya?t) - Vy29($%7y%§ CT,Q))HQ
<2HZPT( yf xbyact) v f(xTayTale )”2+4L2 ZPTH |

2 T—1
f H Zp7'< y2d xtayzt) - Vy29($%7yf§ CT,Q))HZ

The first and the third terms can be bounded similarly as in Eq. (3.14) and Eq. (3.15), and

- 2,03
denote L3 = <L2 ) then we have:

u

2

H Tzzt pr (Ve (ur) = 7

—1 7—1
< 6L3(p7 )Yz, — viell* +6L3p7 Z pzllze — 2> 4+ 4L%p; Z prllue — uz|?

+6||zpr( o (@ w) = Vi f (e y 60) ) P

120; = ,
IIZPT( 29T u) = Vg (@ v Go) ) | (3.17)

Finauy’ for ” Z;;L} ’7%(Vy9($%a Yz, C?,l) - Vyg(xtv yt))||2a we have:

||z%( v9(@2, s, G1) = Vgl w) ) |
<2H2%( v9(@r, 5, G1) = Vyg(@e, v, G1)) |2
+2HZ%( vg(Te, Y, Gr1) — vyg(mtayt))‘P

< 2L2 Z 77‘|Zf - Zt“2 + 2“ Z ’yT( yg xt7yt) vyg(xﬁyta C?,l)) H2 (318)

This completes the proof. O
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Lemma 42. For allt > 0 and any constant m > 0, suppose 1y < the iterates generated

2L’
satisfy:
ﬁt _ ttk-1
M) < h(w) — §||Vh(xt)||2 ||Vt||2 + 330001 Ywe — well® +3LF D7 nellz — 2|
T=t
t+k—1
AL g, — well* + 4L D nellue = un®
T=t
3 t+k—1
+ T|| Z 777 (fo(xtayt) - v:(}f<1:ta yt;€T,2>) ||2
t+k—1
GC'f l

Z 777( zy9 -Ttayt) nyg<xt7yt;CT,3))"2

Proof. By the smoothness of f, we have:

L
(@) < 1) + (VA(@0), Terr = 20) + |20 — zi)?

= (o) = T(Vh(2), B2) + 5= 7]

— — — _27
(@) 1 7 _ LY
< nfe) - BIOR@I? + n) il — (- ) o

INS

1 n _ Nt -
ha) — jSIIVh(ﬂCt)II2 + §t||Vh(xt) —n* - ZtHVtII2 (3.19)

where equality (a) uses (a,b) = 3[||lal|* + [|b]|* — [la — b||*]; (b) follows the assumption that

f; < 1/2L. Next, for the third term, by using Eq. (3.16), we have:

t+k—1

||Vh(wt) — u? < 3Ly, — el + 3L Y mellz — =
T=t
t+k—1
AL g, — wel|* 4L Y e fluy — |
T=t

t+k—1

3
ol 3 e (Ve (@) = Vi (o0 i 652) ) I
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60 t+k—1
fll Z 0e(Vay (20, t) = Vg9 (0,465 Go3) ) 1

where E% = <L2 + 2L27ycf) This completes the proof. O

Lemma 43. When 3, < 4L, the error of the inner variable y; are bounded through Eq. (3.20).

Proof. then by proposition 52 and choose 7, we have:

L
< ir

Yt
)

72 —
o 4%, _
ek — Yoo I* < (1= )1yt — I — jHVyg(xt, y)l|* + jHVyg(xt, ) — Wil

Furthermore, by the generalized triangle inequality, we have:

e A
[yesk = Yor o 12 < L+ E Nk = |2+ (L —) [Wrpss — Yol
4 K

~ 5k
<(1+ %)Hyt—i—k — Y |I” + ﬁ”xt — zppil?

=2 2
. gl 9K
<(1- J)Hyt y$t||2 - é”vyg@t,yt)H? + EH% - $t+k||2

1OL2 t+k—1

Z Yellze = 2|

trk—1
+7|| Z %( v9(Te, ye) — vyg(xtayt;CT,l))HZ (3.20)

where the second inequality is due to ¥, < ;7 <1 L and uses Eq. (3.18). This completes the

proof. O]

Lemma 44. When p; < 4L, the error of variable uy are bounded through Eq. (3.21).

Proof. suppose we choose p; < 4L, then we have:

HP (pt)* 4py -
e = |1 < (1= =) e = e [* = =55 IIVth(Ut)IIQ+7||th(ut)—th!2
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Furthermore, by the generalized triangle inequality, we have:

P 4
[ L O e = U, |2 4 (14— ) [ty — U, ||
Kpe
Hpt 517
<(1+ 1 v — s |+ EH?% — Tyl
1Py 51,2
<(1- T)||ut—u1‘t||2 ||V7“a:t(ut)||2+W||$t—$t+k||
30L p 30L2 A1
2 1y, — wel® + M2 Z pellze — 2 |?
20L2t+k 1
Z p’T |Ut - U7—||2
t+k—1
+ f|| > pr (Vo f (@, w) = Vo f (9 &) ) |2
k-1
6OCf H

|| Z Pr( 429 (e, ) — vyZ.g(xtvyt;CT,Q))HQ (3.21)

where in the last inequality, we use the condition that p; < ﬁ and Eq. (3.17). This

completes the proof. O

- . 1 1 1 1 1 : _
Lemma 45. Suppose 1; < min (%Ef’ I3 1307 GIL2) %Z%), then the drift of z, =

(x7,y:) and u, can be bounded as in Eq. (3.26) and Eq. (3.25).

Proof. We first have:

T—1 T—1
e — 27 ]|* = || Z neve||* < 2] Z ne (ve = V() )| + 2077V h(z0) |
1y — v [|” = || Z%wTHQ <2 Z%( v9(@7, Y7, G1) = Vgl m) ) |1

+2(7)IVyg (e, yo)1*

T7—1 T—1
e = ur > = 1Y prgzl* < 201 pr (a7 — Vra () ) 1?4 20502 Vrw ()P (3.22)
T=t T=t
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For the term ||z; — 2,]|?, we have ||z, — 2z, ||* = ||z; — 2 ||* + ||ly: — y-||*>. Combine Eq. (3.22)

with Eq. (3.16) and (3.18), sum 7 over [t,t + k — 1] and use Proposition 51 to have:

t+k—1 t+k—1 71
Z nellze — 2| < Z 777( Z (12L177t Nz + 4L27§%> [ Z%||2>
= = 7=t

+ 200} | Vh(@) |I* + 206571V yg (e, ) |1*

+ 120360 (7 [[y, — yell® + 16 L2 (7)? [, — e

t+k—1 T—1

16277 Y 1 (D0 millue — )
T=t

T=t

Cf

+ 1277t77t k2 aCZ 7]t77t ]C2 aCQ + 47]15'71& ]{32 aCQ

By the fact that 7 <t + k, we have:

t+k—1 t+k—1
Z TIT”Zt ZT||2 < Z (12L2 77t 777' +4L 77t%%)||zt ZT||2

+ 23, (V) I + 20077 1V yg (e, yo) I

+ 1203 (7)* |yr — well* 4+ 16L () |ty — e

t+k 1

—|—16L2 (1) Z N ||we — uTH2

2
24Cf

+ 120m7k*C? + nmPk**C? + 4yt k* > C?

(3.23)

For ||u; — u,||?, we combine Eq. (3.22) with Eq. (3.17) and sum 7 over [¢, ¢+ k — 1] and use

the fact that 7 <t + k to have:

trk—1
> mellue = urll® < 200 () (Ve (we) P + 12L57 (50 19, — ell?

T=t
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3 t+k—1 t+k—1
+ 12L%ﬁtﬁt Z prllze — ZT||2 + 8L2ﬁtﬁt Z prllus — UT||2

T=t T=t
24C%7n
+ 1202k C? 4 S e (3.24)
Suppose we have v, = 11, = 20“L3 Nry Pr = Coly = 40/@L77¢ and set:
()2 < min 1 1 1 1
min
" 0612 3202 12812 GAL2’ 96L2c2

Then we combine Eq. (3.23) and Eq. (3.24) to have:

ttzk:tlm lue = ur|* < 4c3()* [ Vra, (uo) [I* + 407 | V(o) | + 4t} |V yg (2, ) 1
+ ( 8312‘ + 8¢ + 24c3 + 20f ) nmtk* e C? (3.25)
and
t+k—1
; Nellze = 22 * < Ac3 () | Vi, (uo) I + 402 [ V(o) 12 + Acind | Vg (e, o)
+( 4i§’% + 862 + 24¢% + :Cf )ink? o C? (3.26)
This completes the proof. O

Suppose we define the potential function G(t):

Go = h(@e) + Oyllye =y I + Sullue — g, |

where ¢, = 2L ¢ = M 4nq [2 = 9060x>L3 + 3L3.

Hpt
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Theorem 46. Suppose Assumptions 26-29 are satisfied, and Assumption 30 is satisfied
with some o and C' for the example order we use in Algorithm 2. We choose learning rates
m=mn,v7=cn, p=cen and denote T'= R X I be the total number of steps. Then for any

pair of values (E, k) which has T = E X k and n < kT’ we have:

) A
— Z [VA(zre)||* < B S 4oLk

where ¢1, ¢s, Lo, L are constants related to the smoothness parameters of h(z), A is the

initial sub-optimality, R and I are defined in Algorithm 2.

Proof. First we combine Lemma 42-Lemma 44, and use the condition that v = %nt,

pr = 40/£flnt, and by the assumption about gradient error:

de1 L(7,)° 2 _ 16c2L’(m)’

Gy — G < —*HVh( )H2 - Hvyg(xt:yt) HVth(ut)HZ

— L3inllye, — will® = AL%0 g, — w]?
t+k—1 _
+ > (960x2L3n, + 3L3n, + 8087 L3n, ) |2 — 2|

t+k—1
+ 7 (64082 L2, + AL, )[|uy — u. ||

T=t

60?2 80Z2 1920K%C%\ n2k2—C?
+ (34— + =352 +960s* + . Iy - (3.27)
t

Suppose we denote L? = (96OK2E§ + 3L3% + 80k2L% 4 640k%L2 + 4L2>, and set:

( 1 Li  16L* L3 L3 1 )

—\2
<m 7o FA° 74 =4 ) Foro 7
() 1602° 2208 221t WRI2L33 481212 8I3
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and we bound the terms ||u,, — u¢||* and ||z; — 2.||? through Lemma 45 to have:

M 2 SC]% 2 2 2Cf 2 27.2—a 2
Gek = G < =5 [Vh(x))| +( L 482 +24¢3 + ) Linik*—C
6C? 80L2 1920K2C%\ n2k2—2(C?
+ (34 o + =53 4 96082 + —— L)
2 H Tl

Next suppose we set imt < 1, then we have:

7 8C% 48c3C%
Grk = Go < =2 I Vh(w) 2+ ( s a4 — 2
6C7  80L3 192052CF\ n2k*=C?
3+ L+ 28 4 960s” + —— L)
H H H Mt
For ease of notation we denote L? = ( c2 + 4862 i +3 + _|_ BOL R

1920/{ C’

960K2 + ) then we have:

> LZ 2k2—a02
Grot = Gr < 5 [IVh(,) |+ =

s
Sum the above inequality over F phases to have:
E—1 — E-1 712 2—a 2
e L 2 e
> VR < Go— G+ 3 =
e=0 e=0 ke

E— 1L2 ]{2 aOQ
< Ap+ oA, + DA, +anen
e=0 ke

we define A;, = h(xg) — h* as the initial sub-optimality of the function, A, = |lyo — ya, ||* as
the initial sub-optimality of the inner variable estimation, A, = |Jug — ug,||*> as the initial

sub-optimality of the hyper-gradient estimation. Then suppose we choose n; = 1 be some
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constant, then we have:

]{7 E-1 )
B S I Th@IP < A+ 8, + b+ PR -Gy

e=0

Divide by kEn/2 on both sides to have:

L~ 2 2 727 —a 2
£ EX:% IVh(zge)|]* < E(Ah + oy, + ¢uAu> + 2Lk~ C
Suppose we choose the largest n = kéo such that the conditions of Lemma 42-Lemma 45

are satisfied, then we have:

1 &=l 2L -
= Y IRl < S22 (A + 6,8y + 6uA) + 2L C"
e=0

Then to reach an e-stationary point, we need to have:

LA afze\Ve
EZZ,and,k:Z( 5 )
€ €
in other words T'= Fk > %. This completes the proof. O

3.6.2 Proof for conditional bilevel optimization problems

In this section we study the convergence rate of Algorithm 3.

1

Lemma 47. For allt > 0 and any constant k > 0, suppose n; < 7, the iterates generated
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satisfy:

kn kn, _
h(zirr) < h(zy) — gHVh(SCt)H2 - ZH%H2
4k2(1920C2 + 96 % 24L2) 4812
+3(1+ w(192C7 - 2) + 821)771{1*“02
% i

k . . 3
F12nk L3 (1 — %)EZAU £ 3nk(20% + 4 % 96K212)(1 — #)EIA?J
Proof. By the smoothness of f, follow similar derivation as in Eq. (3.19), we have:
hwen) < hwe) = TUVh() | + 2 Vh() = ml* = ]

In particular, for the term || X721 n-(v; — Vh(z4))||?, we have:

2

| (100 12
<3| & or(Vhteo) ~ Vi)

2

+3 f n-(Vh(zi; &) = Vh(zs:&:)) HQ +3 Tz_lnf (Vh(zs: &) —vs)
<3 TZ_tm (Vh(x) = Vh(zs )|

2
Ty — Tx=

Vh(m;; 5%) — Vz

. 7—1 9 - 7—1
+3L%0 Y - +30 Y- (3.28)
F=t F=t

For the third term, we follow similar derivation as in Eq. (3.13)-Eq. (3.16), we have:

2

H(Vh(IT; &) — VT)

= (Ve (@ 43 &) = Vg™ (n, 5 s
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2
- (vxf(xﬂ yT,Tl; g’r) - va:yg& ($T7 yT,Tl)uT,Tl)) H
<2305 — e |1+ AL2|uf — wr | (3.29)

where [? = (L2 2L:7ycf) Combine Eq. (3.28) and Eq. (3.29), we have:

t+k—1

M) < h(eo) = 2IVRG)I = ] t||2+*H > (Vi) - Vi)

3L2 t+k—1 t+k— ) ) ) )
+7 Z Nri|Tt — T + Z UT(SL ||ya:7_yTTz“ +6L ||u§: _uT,Tz” ) (3'30)

For the term Y41y |z, — 2, 2, by Eq. (3.28) and Eq. (3.29), we have:

<o an(w Vh(z)) |1+ 20| Vh(a) |

Hmt — Tr

2 _, 1 2
< GH ZU%(Vh(It) - Vh(%;&))” + 6L Y e[ —
T=t T=t
T—1
+ 607 Y- 1 (213195 — yean|I® + AL [ — e |I”) + 2002 Vi) |
T=t
o tk—1 9
< 67%2]{270402 + 6L277t Z Nz||Tt — Tx
T=t
t+k—1
+60 > 7e(2L3y5 — wrnl? + AL 05 — ur|1?) + 203) |V A() |
T=t

Multiply 7, on both sides and sum over [t,t + k — 1], we have:

t+k 1 t—l—k 1 ) ) ) i )
(1 —6L*(1)? Z el e = - < 6(7) Z mr (23195, — yenl” + AL |0 — e |)?)

2(7)2 |V h(x)|? + 672 k>—C?
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By the condition that 7, < ; L, we have:

t+k—1 t-‘rk‘—
> efwe - | < 1263) Z e (20301957 — yrmil* + 4L [0S — uegy )

+A4(0)* V(o) I* + 12007 k> C* (3.31)

Combine Eq. (3.31) with Eq. (3.30), then we have:

h(xt—&—k)
= ) ) ) t+k—1 9
< har) = (5 = 6L2(0)°") | Vh(z) | - H A +*H > ne(Vh(z,) = Vh(zi &) |
o thk—-1 B
+18LAmEkC% + (1+ 12(3)°L%) Y - (3L20S — w1 + 6L2 [0S, — ey |?)
T=t
) s
< har) = SIVh@) P = L7l + =nike=ec?
Mt
t+k—1
+ > ne (6L, — e |® + 1222 |uS, — o ?) (3.32)
T=t

where the second inequality uses the conditions that 7, < ﬁ. By Lemma 49,we have:

kn kn
W) < hlae) = 2 IV = 7]
4k*(192C7% + 96 x24L3)  48[2
_|_

p? G

+3(1+ S )kt eC?

k ~ ~ kpry
+ 120k L2(1 — %)EIAU + 3nk(2L2 + 4 % 96K2L2)(1 — T)EZA (3.33)
where A, and A, denotes the upper bounds of the initial estimation errors of ¥, and wu,.
This completes the proof. O

Lemma 48. Suppose we have 3 < - and py < 3=, then Zﬁffl—l Yllyy — wll* and
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Z”k Yoy llug — uy || can be bounded as in Eq. (3.34) and Eq. (3.35)

Proof. We first bound Zﬁf;’“fl Y llyy — wil?, in fact, we have:

-1 -1

= e = 1 X 2w 12 < 20 S v (Vg™ () = Vgl ) 12 + 20?199, )
=1l =1

l -1
<4L%y Z Yallyz — will® + 23 )21V g, w) )
=l
' —1 .
+ 413" 77 (Vg™ (@) = Vg, )|
=
I+k—1
<4l Y pllyy —wl® +

)21V yg(z, w)||? + 497 k> C?
=l

Multiply 7, on both sides, and then sum [" in [I,] + k — 1], we have

l+k 1

) 3 wlly = wl* < 260’1V ,9 (e, ) |* + 43Pk C?
=l

(1 —4L*7}

Since we have 3, < 5 L, we have:

I+k—1
>l = wll? <42 IVyg(z,w)l? + 837 k> C? (3.34)
U=l

Next for S5 pyflug — wy||?, we have:

-1 -1
= wgl* = 1Y ppap |1 < 2032 oy (g7 — V() ) I* +2( V2V ()|
U=t =l
J—1
< 1235} ?llys — ynlI® + 8L23] > oyl =g |* +2(p) Vs ()|
=l
24C’ = .
13 e (Varg s m) = Vg™ (2, ym) I
U=l
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~ I+k—1
< 12L3(m)?|lye — yn|1> + 8Ly > el =y 12+ 2(p1)? (| Ve (w) ]
U=l

24C?
+ - f pl2k,2—ac2

Multiply py on both sides, and then sum [’ in [I,] + k — 1], we have:

. H—k 1 ) ) 2
(1-8L%p Z py lluy —up[]” < 121 (Pl) Yz — yr, ||
/=i
i 2402
+2(p)? | Ve (w)||* + Tfplplzk%aca

Since we have p; < we have:

2L7

I+k—1 B C
> ol =yl < 24L5(5)* lye — ynl* + 4(20)° |V (wi)|1* + Mprzp?kQ*aW (3.35)

=l

]

Lemma 49. When v, < and py < the error of the inner variable y; and the

_1
128Lk 256Lr~c ’

variable u; are bounded through Eq. (3.36) and Eq. (3.37).

Proof. Since the outer iteration t is fixed for each inner loop, we omit ¢ and & in the
notation for clarity. Furthermore, we assume performing the updates to y and u separately
in Algorithm 3. Although the alternative updates in Algorithm 3 is appealing in practice
as we can reuse Vg for V,2g, update y first and u next can avoid treating complicated

higher order terms. Follow similar derivation of Lemma 43, if 7, < ﬁ, we have:

1y
(

=2
7
e = well* < (1= =)y = el = S IVag (2, w0l

94



I+k—-1 I+k—-1

8
+8Lk 3wl —yz||2+ﬁll > (Vg m) — Vg, ws &)1

/=i U O

< — . we have:

Combine with Eq. (3.34) and use the condition that 3 < a7 < 77,

=2
Y y _ o 8 o
lyier — yal* < (1 — 7)||yz Yol|? — ZlHVyg(af, y)||? + 64Lky PR C? + E%W c?

Suppose we perform FE; rounds, then by telescoping, we have:

Ky
lyn, = gall* < (1 = =57) "l — v
—a 2 E—-1 2.2
N 24k~—C n L B ku7>El_e< k=

2
H e=0

719,90, yewn?) (3.36)

Next, follow similar derivations as in Lemma 44 and choose p; < then we have:

4L’

2412(5,)

11 (p)?
s — ug]]? < (1= 7)||Uz — U, || — ?HV%(UZ)HQ vz — yz||?

k-1
+16Lk Y pyllw —uy|)?
=l
480 I+k—-1
f|| Z pr (Virg(@,yn) = Vipg(e,ym; ¢)|I?

< —. we have:

Combine with Eq. (3.35) and use the condition that p; < 5z7— < 7+,

1P (p1)?
s — ug]]? < (1 — ) = ug || — THVW(W)II2

4812 96C%
+ 2( ) 3j” pl2k,27a02

lye =y |I* +
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we perform FEj rounds, then by telescoping, we have:

kpp 192C%C% k= 96L2
i = wel® < (1 T)EZHUO e "2l =
E— k’ k’2 2
,UP
v Z (= oy ol (337
This completes the proof. O

Theorem 50. Suppose Assumptions 20-29 and 32 are satisfied, and Assumption 30 is
satisfied with some o and C' for the example order we use in Algorithm 3. We choose
learning rates ny = n = ﬁ, Ve =y = 256%, pr=p = 512% and denote T'= R X m be
the total number of outer steps and T; = S x max(n;) be the maximum inner steps. Then
for any pair of values (E, k) which has T = E X k and T) = E; X k, we have:
1= 2 _ 84 ko, i kpy g N2 2o
72 VAl < 75+ Cull = =57) B+ C(1 = EHFA, + (C)C
where Cy, Cy, C', L are constants related to the smoothness parameters of h(x), Ap, Ay,

Ay are the initial sub-optimality, R and S are defined in Algorithm 3.

Proof. First, by Lemma 47, we have:

kn kn
h(zirr) < h(zy) — gIIVh(xt)H2 || AR

4k*(192C7 + 96 % 24L3) N 48L2)

k’l aCQ
NQ

+3(1+

+ 120k L2(1 — k’;p)EZAu + 3nk(2L2 + 4 % 96K2L2)(1 — k';W)ElAy
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Sum the above inequality over F phases to have:

d k
5 3 IV k(eI < &+ 120k EL(1 - - Llymin,
e=0
i ok
+ 377/{5E(2L% +4 % 96!{2[/3)(1 - #)EzA

kl ac2

4k2(192C% + 96 + 24L3) 4812
+3B(1+ 1926 : ), > )n
v

Divide by kEn/8 on both sides to have:

15 8A, k . . k
- Z IV (@2 < Bt 96L2(1 — g‘p)ElAu +24(20% + 4 % 96K2L2) (1 — %)ElAy

4k%(192C% + 96 % 24L3)  48L2
+24(1+ (19267 - 2) Lo
I I
By the condition n < 4kL, v < 128kL and p < 256kL , we choose 1 = 8,@%, v = m and

p= 512%7 then we have:
1 &= 64LA k . . k
- Z IVh(aw)[? < === +96L7(1 - %)Elau +24(202 + 4 % 96K2L2) (1 — %)EZA?,

4K2(192C% + 96 * 24L3) N 4813

+24(1+
( 112 112

)k;—aC?

Then to reach an e-stationary point, we need to have:

128 LA 48C? 4k2(192C% + 96 + 24L3) 4812
Z - 7 and,kaz . <1+ /f( f - 2)_|_ 21)
€ € 1 p
and E; = O(log(e™')). This completes the proof. O

Proposition 51. Given Assumptions 28-29, Assumption 32 and Assumption 30 hold, then
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we have: || X121 n- (Vyg(xt,yxt)—vyg(:c;,y;; (;,1)) 1> < n?k?*C? for any 7 < t+k—1. The
same upper bound is achieved for other properties: Vh(x), Vi f(z,y),Vyg(z,y), V,2g(z,y),

Vayg(z,y)
Proof. This proposition can be adapted from Lemma 2 of [63]. ]

Proposition 52. Suppose we have function g(y), which is L-smooth and p-strongly-convez,

then suppose v < i, the progress made by one step of gradient descent is:

2
] Hy ez Y 4y
[yer1 =y < (1 - 7)“% S ?Hvyg(yt)Hz + ;I!Vyg(yt) — w?

where y* is the minimum of g(y) and we have update rule Y1 = yp — Yw;.

Proof. First, by the strong convexity of of function g(y), we have:

90") 2 9lu) + (Vygm) " — ui) + Sy =l

= 9(u) + (Vy9(u). " = o) + (Vygu) s =) + Sy —wll> (3.39)
Then by L-smoothness, we have:

L
EHyt+1 —ull* = 9(yerr) — 9(we) — (Vyg(We), Yerr — we) (3.39)

Combining the 3.38 with 3.39, we have:

9W") = 9(yr1) + (Vyg(e), v* — ye) +v(Vyg(ye), we) + 5”1/ - ?/t”2 — EHyt+1 - ytH2
> b 2, 7 \V4 2 _ i v 2 *
2 9(yerr) + S llwel” + SIVygWollI” = Sllwe = Vg (o) 7 + (we, y™ — )
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* /’L *
+ (Vg (ye) —wiy” =) + Slly" = wll” = =’

v _ Ly
> 9(Ye1) + (* -

g v *
L= Sl + 219090l = 2w — Vg I? + sy

2

* M *
+(Vyg(ye) —we, y" — y) + 5”9 — yl?

By definition of y*, we have g(y*) > g(y4+1). Thus, we obtain

L 2
0> (3= ) el + S 1V,9I” = llwe = V90> + (e = )

* Kook
+{Vyg(y) —wey” =) + Slly" — vl
Considering the outer bound of the second term (V,g(y:) — we, y* — yi), we have
I

. 1 By
—(Vy9(ye) — we, y" — ye) < ;I!Vyg(yt)—thQﬂLZHy — Yy

Combining with Eq. 3.40:

v Ly v v, 1 )
0= (5 - )||th2 + §|!Vyg(yt)|!2 - (5 + *)Hwt — Vg Wll* + (wi, y* — i)
1
H * 2
R —

By Y111 = yr — ywi, we have:

Y1 = v 1 = llye = vwr = o711 = llye = y* 1> = 2v(wr, 90 — *) +7°lwr)?
wy *
< (1= )l = 1> = P IVg @)l + Ly el

2
+ (v + :)nvyg(yt) — w?
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Then since we choose v < ﬁ < i, we obtain:

2
] Hy ez Y 4y
Iy =711* < (1= 50y = 717 = Z Va9l + 21 Vg (30) = el

This completes the proof. O

Corollary 53. For Algorithm 4 and Algorithm 5, suppose Assumptions (the bounded gra-
dient assumption is not required for the minimax problem) and conditions are satisfied as
in Theorem 31, to reach an e-stationary point, we need O(e~*) ezamples if they are sam-
pled independently, while O((max(m,n))Pe=3) if some random-permutation-based without-

replacement sampling is used.

Corollary 54. For Algorithm 6, suppose Assumptions and conditions are satisfied as in
Theorem 33, to reach an e-stationary point, we need O(e=%) examples if they sampled in-
dependently, while O((max(m,n))*e*) if examples are sampled following some random-

permutation-based without-replacement sampling.

It is straightforward to derive the above corollaries from Theorem 31 and Theorem 33,

we omit the proof here.

3.7 More Experimental Details

In this section, we introduce more details of the experiments.
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Table 3.2: Comparisons of the Bilevel Opt. & Conditional Bilevel Opt. al-
gorithms for finding an e-stationary point. An e-stationary point is defined as
|IVh(z)|| < e. Ge(f,e) and Ge(g,e) denote the number of gradient evaluations w.r.t.
f(z,y) and g(z,y); JV (g, €) denotes the number of Jacobian-vector products; HV (g, €) is
the number of Hessian-vector products. m and n are the number of data examples for the
outer and inner problems, in particular, n is the maximum number of inner problems for
conditional bilevel optimization. Our methods have a dependence over example numbers
(max(m,n))?, q is a value decided by without-replacement sampling strategy and can have
value in [0, 1] (A herding-based permutation [1] can let ¢ = 0).

Setting | Algorithm | Ge(f,€) | Gce(g,¢€) | JV(g,€) | HYV(g,¢€)
BSA [6] O(e™) O(e7%) O(e™) O(e™)
B.O TTSA [15] O(e79) O(e79) O(e79) O(e79)
0. StocBiO [12] O(e) O(e) 0(e) O
SOBA [58] O(e) O(e) O O(e1)
MRBO [32] O(e73) O(e73) O(e73) O(e73)
VRBO [32] O(e7?) O(e™3) O(e™?) O(e73)
SABA [58] O(maz(m,n)*3e?) | O(maz(m,n)**c=?) | O(maz(m,n)*3¢?) | O(max(m,n)*3e?
SRBA [90] O(max(m,n)"2¢72) | O(max(m,n)2e2) | O(max(m,n)"?¢2) | O(mazx(m,n)"/?e?)
WiOR-BO(Ours) | O((maz(m,n))% %) | O((max(m,n))%3) | O((mazx(m,n))%3) | O((max(m,n))le?)
DL-SGD [59] O(e™) O(e7%) O(e™) O(e™)
Cond. B.O. RT-MLMC [59) O(e™) O(e™) O(e™) O(e™)
WiOR-CBO (Ours) | O((max(m,n))%3) | O((max(m,n))*e*) | O(n(maz(m,n))%3) | O((max(m,n))?e*)

3.7.1 Invariant Risk-Minimization

The data generation process is as follows: we first randomly sample a ground truth
x*, then we randomly generate m = 1000 input variables ¢, and calculate the ground truth
label b = cx, then for each ¢;, we generate a set of n = 100 noisy observations by adding
Guassian noise of scale 0.1. We also add a L, regularization term of strength 0.1 for the

outer problem. During trainging, we use both the inner and outer learing rates of 0.001.

3.7.2 Hyper-Data Cleaning

The formulation of the problem is as follows:

‘ 1 N (val) ‘ N(tr) )
min h(z) = f(2,9:) = ooy 2 OWei &) st yo = argmin g(z,y) = > 2.0(y;€,)
TERP N n—1 yeR4 n=1
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IV and validation

In the above formulation, we have a pair of (noisy) training set {£'"
set {€29 3N and x,,n € [NU")] are weights for training samples, y is the parameter of a
model, and we denote the model by ©. Note that y, is the model learned over the weighted
training set. We fit a model with 3 fully connected layers for the MNIST dataset. We also

use L regularization with coefficient 1073 to satisfy the strong convexity condition. In the

Experiments, we choose inner learning rate (v, p) as 0.1 and outer learning rate 7 1000.

18
— DLSGD — bLseD — DLSGD — DLSGD
24 RT-MLMC —— REMLMC RT-MLMC RT-MLMC

— WIOR-CBO (50) — WIOR-CBO (50) — WIOR-CBO (50) — WIOR-CBO (50)
— WIOR-CBO (RR) \ — WIOR-CBO (RR) 33 — WIOR-CBO (RR) 30 — WIOR-CBO (RR)

;Ya\idation L:oss
V;I\datmn Los;
Validation Loss
Validation Loss

%50 300 %50 300 150 300
Running Time (s) Running Time (s) Running Time (s)

— DLSGD — DLsGD
— RTMLMC RE-MLMC — RTMLMC
— WIOR-CBO (S0) —— WioR-CBO (S0} — WIOR-CBO (50)
— WIOR-CBO (RR) — WIOR-CBO (RR) — WIOR-CBO (RR)

— WIOR-CBO (RR)

Validation Loss
Validation Loss
V:\idation Loss
Validation Loss

o 150 300 o 150 300 150 300 o 50 300
Running Time (s) Running Time (s) Running Time (s) Running Time (s)

Figure 3.4: Comparison of different algorithms for the Hyper-Representation Task over the
MinilmageNet Dataset. From Left to Right: 5-way-1-shot, 5-way-5-shot, 20-way-1-shot,
20-way-5H-shot.

3.7.3 Hyper-Representation Learning

. 1 N N’Uul .
min h(z) = f(@, ya) —NZ(NELMZ@:B@/I &)
Ntr
sty = argmin ¢ (z,y) Ntr > O,y 87
yERd n =1
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In the above formulation, we have N tasks and each task 7, is defined by a pair of training
set {ff’”}ﬁ; and validation set {£/* }f-vjlal. © defines the model, x is the parameter of the
backbone model and y is the parameter of the linear classifier. In summary, the lower level
problem is to learn the optimal linear classifier y given the backbone x, and the upper level
problem is to learn the optimal backbone parameter x.

The Omniglot dataset includes 1623 characters from 50 different alphabets and each
character consists of 20 samples. We follow the experimental protocols of [89] to divide
the alphabets to train/validation/test with 33/5/12, respectively. We perform N-way-K-
shot classification, more specifically, for each task, we randomly sample N characters and
for each character, we sample K samples for training and 15 samples for validation. We
augment the characters by performing rotation operations (multipliers of 90 degrees). We
use a 4-layer convolutional neural network where each convolutional layer has 64 filters
of 3x3 [91]. For the MinilmageNet, it has 64 training classes and 16 validation classes.
Similar to Omniglot, we also perform the N-way-K-shot classification. We use a 4-layer
convolutional neural network where each convolutional layer has 64 filters of 3x3 [91] for
experiments. For the experiments, we use inner learning rates 0.4 and outer learning rates
0.1 for Omniglot related experiments and inner learning rates 0.01 and outer learning rates
0.05 for MinilmageNet-related experiments. We perform 4 inner gradient descent steps and
set K,ax = 6 for the RT-MLMC method. The experimental results for the MinilmageNet

dataset is shown in Figure 3.4.
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3.8 Comparison of WiOR-BO with Other Methods

In this section, we compare our algorithms with other variance reduction based al-
gorithms for bilevel optimization. For the unconditional case, WiOR-BO obtain the same
O(e73) rate as STORM-based algorithm MRBO [32], while is slower than SVRG-type algo-
rithms which have O(n%?2) such as VRBO [32], SABA [58] and SRBA [90]. This relation-
ship is similar to that for the single level optimization problems. However, as a SGD-type
algorithm, WiOR-BO is much simpler to implement in practice compared to STORM-based
and ARVG-based algorithms. More specifically, WIOR-BO has fewer hyper-parameters
(learning rates for inner and outer problems) to tune compared to MRBO, which has six
independent hyper-parameters, and the optimal theoretical convergence rate is achieved
only if the complicated conditions among hyper-parameters are satisfied in Theorem 1
of [32] are satisfied, and this requires significant effort in practice. Next, SRBO/SABA
evaluates the full hyper-gradient at the start of each outer loop, where we need to evaluate
the first and second order derivatives over all samples in one step, which is very expensive
for modern ML models (such as the transformer model with billions of parameters). In
contrast, our WiOR-BO never evaluates the full gradient. Note that the inner loop length
I = lem(m,n) is analogous to the concept of ”epoch” in single level optimization: where
we go over the data samples following a given order, but at each step we evaluate gradient
over a mini-batch of samples. The practical advantage of our WiOR-BO is further verified

by the superior performance over MRBO and VRBO in the Hyper-Data Cleaning Task.
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Part 11

Nested Problems in Federated/Distributed Learning
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Chapter 4: Communication-Efficient Federated Bilevel Optimization with

Global and Local Lower Level Problems

4.1 Introduction

Bilevel optimization [16, 17] has increasingly drawn attention due to its wide-ranging
applications in numerous machine learning tasks, including hyper-parameter optimiza-
tion [37], meta-learning [38] and neural architecture search [41]. A bilevel optimization
problem involves an upper problem and a lower problem, wherein the upper problem is a
function of the minimizer of the lower problem. Recently, great progress has been made
to solve this type of problems, particularly through the development of efficient single-loop
algorithms that rely on diverse gradient approximation techniques [12]. However, the ma-
jority of existing bilevel optimization research concentrates on standard, non-distributed
settings, and how to solve the bilevel optimization problems under distributed settings
have received much less attention. Federated learning (FL) [92] is a recently promising
distributed learning paradigm. In FL, a set of clients jointly solve a machine learning task
under the coordination of a central server. To protect user privacy and mitigate communi-
cation overhead, clients perform multiple steps of local update before communicating with

the server. A variety of algorithms [93, 94, 95, 96, 97] have been proposed to accelerate
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Table 4.1: Comparisons of the Federated /Non-federated bilevel optimization al-
gorithms for finding an e-stationary point. Ge(f,¢) and Ge(g, €) denote the number
of gradient evaluations w.r.t. f(z,y) and ¢ (z,y); JV(g,¢) denotes the number of
Jacobian-vector products; HV (g, €) is the number of Hessian-vector products; k = L/ is
the condition number, p(x) is used when no dependence is provided. Sample complexities
are measured by client.

Setting | Algorithm | Communication | Ge(f,€) Gce(g,€) JV(g,€) HV(g,€) | Heterogeneity
StocBiO [98] O(k°c?) O(r%?) O(k°¢?) O(k5¢?%)
Non-Fed MRBO [32] O(p(r)e1?) O(p(r)e1?) O(p(r)e1?) O(p(r)e1)
CommFedBiO [99] O(p(r)e™?) O(p(r)e™?) O(p(r)e™?) O(p(r)e™?) O(p(r)e™?) v
FedNest [100] O(K%?) O(k%e™?) O(k%72) O(k%e7?) O(k%2) v
Fodoragoq | AgelTD (101 0pWed) | 00Red | Opwe? | 0bmed) | 0 v
FedMBO [102] O(M™p(k)e?) | O(M™p(r)e?) | O(Mp(k)e?) | O(Mp(r)e?) | O(M~'p(k)e?) v
SimFBO [103] O(p(r)e™) OM™'p(r)e™?) | O(M'p(r)e?) | O(M'p(k)e™?) | O(M™'p(k)e?) v
Local-BSGVR [104] O(p(k)e™) O(M~p(k)e ™) | O(M~'p(k)et?) | O(M~'p(k)e~'5) | O(M~'p(k)e~5) X
FedBiOAcc (Ours) O(K'/3¢71) O(M k8 1) | O(M k8¢ 1%) | O(M kB 1%) | O(M1kB3e1%) v

this training process. However, most of these algorithms primarily address standard single-
level optimization problems. In this work, we study the bilevel optimization problems in
the Federated Learning setting and investigate the following research question: Is it possi-
ble to develop communication-efficient federated algorithms tailored for bilevel optimization
problems that also ensure a rapid convergence rate?

More specifically, a general Federated Bilevel Optimization problem has the following

form:

1 1
min h(z) = — 3 f™(z,y,), s.t. y, = argmin — > g (z,y) (4.1)
zERP M m=1 yeR? m=1

A federated bilevel optimization problem consists of an upper and a lower level problem,
the upper problem f(x,y) = ﬁ SM_FM)(z,y) relies on the solution y, of the lower prob-
lem, and g(z,y) = & Sm_, "™ (z,y). Meanwhile, both the upper and the lower level
problems are federated: In Eq.(4.1), we have M clients, and each client has a local upper

problem f(™(z, %) and a lower level problem g™ (z,y). Compared to single-level federated

optimization problems, the estimation of the hyper-gradient in federated bilevel optimiza-
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tion problems is much more challenging. In Eq.(4.1), the hyper-gradient is not linear
w.r.t the local hyper-gradients of clients, whereas the gradient of a single-level Federated
Optimization problem is the average of local gradients. Consequently, directly applying
the vanilla local-sgd method [92] to federated bilevel problems results in a large bias. In
the literature [99, 100, 101, 102], researchers evaluate the hyper-gradient through multiple
rounds of client-server communication, however, this approach leads to high communica-
tion overhead. In contrast, we view the hyper-gradient estimation as solving a quadratic
federated problem and solving it with the local-sgd method. More specifically, we formulate
the solution of the federated bilevel optimization as three intertwined federated problems:
the upper problem, the lower problem and the quadratic problem for the hyper-gradient
estimation. Then we address the three problems using alternating gradient descent steps,
furthermore, to manage the noise of the stochastic gradient and obtain the fast convergence
rate, we employ a momentum-based variance reduction technique.

Beyond the standard federated bilevel optimization problem as defined in Eq. 4.1,
another variant of Federated Bilevel Optimization problem, which entails locally managed
lower-level problems, is also frequently utilized in practical applications. For this type of
problem, we can get an unbiased estimate of the global hyper-gradient using local hyper-
gradient, thus we can solve it with a local-SGD like algorithm, named FedBiOAcc-Local.
However, it is challenging to analyze the convergence of the algorithm. In particular, we
need to bound the intertwined client drift error, which is intrinsic to FL and the bilevel-
related errors e.g. the lower level solution bias. In fact, we prove that the FedBiOAcc-Local
algorithm attains the same fast rate as FedBiO algorithm.

Finally, we highlight the main contributions of our paper as follows:
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o We propose FedBiOAcc to solve Federated Bilevel Optimization problems, the al-
gorithm evaluates the hypergradient of federated bilevel optimization problems ef-
ficiently and achieves optimal convergence rate through momentum-based variance
reduction. FedBiOAcc has sample complexity of O(e~1), communication complexity

of O(e') and achieves linear speed-up w.r.t the number of clients.

o We study Federated Bilevel Optimization problem with local lower level problem for
the first time, where we show the convergence of a modified version of FedBiOAcc,

named FedBiOAcc-Local for this type of problems.

« We validate the efficacy of the proposed FedBiOAcc algorithm through two real-world

tasks: Federated Data Cleaning and Federated Hyper-representation Learning.

Notations V denotes full gradient, V, denotes partial derivative for variable x,
higher order derivatives follow similar rules. [K] represents the sequence of integers from 1
to K, T represents average of the sequence of variables {x(™1}M_ %  represents the global

communication timestamp s.

4.2 Related Works

Bilevel optimization dates back to at least the 1960s when [16] proposed a regu-
larization method, and then followed by many research works [8, 17, 18, 19], while in
machine learning community, similar ideas in the name of implicit differentiation were
also used in Hyper-parameter Optimization [20, 21, 22, 23]. Early algorithms for Bilevel
Optimization solved the accurate solution of the lower problem for each upper variable. Re-
cently, researchers developed algorithms that solve the lower problem with a fixed number
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of steps, and use the ‘back-propagation through time’ technique to compute the hyper-
gradient [24, 25, 26, 27, 28]. Very Recently, it witnessed a surge of interest in using implicit
differentiation to derive single loop algorithms [6, 11, 12, 13, 14, 15, 32, 58, 65, 66, 105].
In particular, [58, 65] proposes a way to iteratively evaluate the hyper-gradients to save
computation. In this work, we view the hyper-gradient estimation of Federated Bilevel Op-
timization as solving a quadratic federated optimization problem and use a similar iterative
evaluation rule as [58, 65] in local update.

The bilevel optimization problem is also considered in the more general settings.
For example, bilevel optimization with multiple lower tasks is considered in [106], further-
more, [107, 108, 109, 110] studies the bilevel optimization problem in the decentralized
setting, [111] studies the bilevel optimization problem in the asynchronous setting. In con-
trast, we study bilevel optimization problems under Federated Learning [92] setting. Fed-
erated learning is a promising privacy-preserving learning paradigm for distributed data.
Compared to traditional data-center distributed learning, Federated Learning poses new
challenges including data heterogeneity, privacy concerns, high communication cost, and
unfairness. To deal with these challenges, various methods [96, 112, 113, 114, 115, 116]
are proposed. However, bilevel optimization problems are less investigated in the federated
learning setting. [117] considered the distributed bilevel formulation, but it needs to com-
municate the Hessian matrix for every iteration, which is computationally infeasible. More
recently, FedNest [100] has been proposed to tackle the general federated nest problems, in-
cluding federated bilevel problems. However, this method evaluates the full hyper-gradient
at every iteration; this leads to high communication overhead; furthermore, FedNest also

uses SVRG to accelerate the training. Similar works that evaluate the hyper-gradient with
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multiple rounds of client-server communication are [99, 101, 102, 103]. Finally, there is
a concurrent work [104] that investigates the possibility of local gradients on Federated
Bilevel Optimization, however, it only considers the homogeneous case, this setting is quite
constrained and much simpler than the more general heterogeneous case we considered.
Furthermore, [104] only considers the case where both the upper and the lower problem
are federated, and omit the equally important case where the lower level problem is not

federated.

4.3 Federated Bilevel Optimization

4.3.1 Some Mild Assumptions

Note that the formulation of Eq.(4.1) is very general, and we consider the stochastic

heterogeneous case in this work. More specifically, we assume:

f(m)(m7 y) = EEND;m) [f(m) ('177 Y, 5)]7 g(m) (l’, y) = EgND;m) [g(m) ({L‘, Y; 5)]

where fom) and Dém) are some probability distributions. Furthermore, we assume the local
objectives could be potentially different: f™(z,y) # f®)(z,y) or g™ (2,5) # ¢* (z,y) for
m # k,m, k € [M]. Furthermore, we assume the following assumptions in our subsequent

discussion:

Assumption 55. Function fU)(x,y) is possibly non-conver and g™ (z,y) is u-strongly

conver w.r.t y for any given x.

Assumption 56. Function f™(z,y) is L-smooth and has Cy-bounded gradient;
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Assumption 57. Function g™ (z,y) is L-smooth, and V,,g"™ (z,y) and V29" (z,y)

are Lipschitz continuous with constants Ly, and L2 respectively;

Assumption 58. We have unbiased stochastic first-order and second-order gradient oracle

with bounded variance.

Assumption 59. For anym, j € [M] and z = (x,y), we have: ||V ™ (2)=V fOD(2)|| < ¢,

IV (2) = VgD ()] < g, 1Vayg "™ (2) = Vay gD (2) | < Cays V429" (2) = VgV (2)]| <

Cgyy» where Cr, Cg, Coay, Cguyy, aTE CONStANLS.

As stated in The assumption 55, we study the non-convex-strongly-convex bilevel
optimization problems, this class of problems is widely studied in the non-distributed bilevel
literature [6, 29]. Furthermore, Assumption 56 and Assumption 57 are also standard as-
sumptions made in the non-distributed bilevel literature. Assumption 58 is widely used in
the study of stochastic optimization problems. For Assumption 59, gradient difference is
widely used in single level Federated Learning literature as a measure of client heterogene-

ity [13, 118]. Please refer to the full version of Assumptions in Appendix.

4.3.2 The FedBiOAcc Algorithm

A major difficulty in solving a Federated Bilevel Optimization problem Eq. (4.1) is
evaluating the hyper-gradient Vh(x). For the function class (non-convex-strongly-
convex) we consider, the explicit form of hypergradient h(z) exists as Vh(z) = ®(x,y,),

where ®(z,y) is denoted as:

D(x,y) =Vof (2,y) — Vayg(z,y) x [Vyeg(z,y)] 'V, f(z,y), (4.2)
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Algorithm 7 Accelerated Federated Bilevel Optimization (FedBiOAcc)

1: Input: Constants c,,, ¢,, ¢y, v, 1, T, r; learning rate schedule {a;}, t € [T, initial state
(z1, Y1, w1);

2. Initialization: Set y\™ = yi, 2™ = 21, u{™ = uy, W{™ = V9™ (21, y1, By),
Vo fm (961 yl,Bfl) — Vg™ w1,y By)un and qn = Vg™ (@™ g™ Byo)uy —
V, @™,y Bra) for m € [M]

) =

3: fort—ltono

g =y vatwt"”) frﬁT% = o™ = naw™, W] = Po(u™ — Taug™)
5. Get cbg_Tl, p{m) V1 and g g i | following Eq. (4.7)

6: if ¢ mod I = (0 then

7 yéfl = M ZJ 1 ?jt(ih xt+1 M Zj 1 fﬁiu Ut+1 = M Z t+1
8: ng) = MZj:l 15-]1-)17 Vt(+m1) = M E] 1 t(i)la Qt+1 = M Z] 14 Ag—h
9: else

0.y =g, o = A, ul = al

1w =a vl = o, o = g

12:  end if

13: end for

Based on Assumption 55~57, we can verify ®(z,y,) is the hyper-gradient [6]. But since

the clients only have access to their local data, for Vm € [M], the client evaluates:

O (2,y) =V, f" (2, y) — Vayg"™ (2, y) X [Vy29"™ (2, 9)] 'V, £ (2,y), (4.3)

It is straightforward to verify that ®™(z,y) is not an unbiased estimate of the full hyper-
gradient, i.e. ®(x,y,) # SM @) (z,y,). To address this difficulty, we can view the
Hyper-gradient computation as the process of solving a federated optimization
problem.

In fact, Evaluating Eq. (4.2) is equivalent to the following two steps: first, we solve

the quadratic federated optimization problem [(u):

min 1(u) = 3 " (V20" (&, 9))u — (V™ 2, ), ) (4.4

d
u€R m:l
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Suppose that we denote the solution of the above problem as u*, then we have the following

linear operation to get the hypergradient:

1 M
17 2 (Val ™ (@, ye) = Vg™ () (4.5)

m:l

Compared to the formulation Eq. (4.2), Eq. (4.4) and Eq. (4.5) are more suitable for the
distributed setting. In fact, both Eq. (4.4) and Eq. (4.5) have a linear structure. Eq. (4.4)
is a (single-level) quadratic federated optimization problem, and we could solve Eq. (4.4)
through local-sgd [92], suppose that each client maintains a variable uim), and performs the

following update:

ugyd = Po(ug™ — 7 VI (u™; B))

VI (u™; B) = V29" (2™ 4™ By o))ul™ — W, £ (@™ 4™ By )

where V(™) (ugm);B) is client m’s the stochastic gradient of Eq. (4.4), and (xgm),yt(m))
denotes the upper and lower variable state at the timestamp ¢, the P.(-) denotes the
projection to a bounded ball of radius-r. Note that Clients perform multiple local up-
dates of uﬁm) before averaging. As for Eq. (4.5), each client evaluates VA(™ (x) locally:
VhM (2) = Vof™(z,y,) — Vug"™ (z,y,)u* and the server averages Vh(™(z) to get
Vh(z). In summary, the linear structure of Eq. (4.4) and Eq. (4.5) makes it suitable for
local updates, therefore, reduce the communication cost.

More specifically, we perform alternative update of upper level variable mim), the lower

(m)

level variable yt(m) and hyper-gradient computation variable u; ’. For example, for each
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client m € [M], we perform the following local updates:

y) = g™ — Vg™ (™ ™ By, ult = Po(ul™ — m VI (u™; B))

) =™ = (Vo f @™ g™ Bra) = Vg™ @™ ™ Byu™)  (4.6)

Every I steps, the server averages clients’ local states, this resembles the local-sgd method
for single level federated optimization problems. Note that in the update of the upper
variable z\™ | we use u{™ as an estimation of u* in Eq. (4.5). An algorithm follows Eq. (4.6)
is shown in Algorithm 2 of Appendix and we refer to it as FedBiO.

Comparison with FedNest. The update rule of Eq. 4.6 is very different from that
of FedNest [100] and its follow-ups [101, 102]. In FedNest, a sub-routine named Fed[HGP
is used to evaluate Eq. (4.2) at every global epoch. This involves multiple rounds of client-
server communication and leads to higher communication overhead. In contrast, Eq. (4.6)
formulates the hyper-gradient estimation as an quadratic federated optimization problem,
and then solves three intertwined federated problems through alternative updates of z, y
and w.

Note that Eq. 4.6 updates the related variables through vanilla gradient descent steps.
In the non-federated setting, gradient-based methods such as stocBiO [12] requires large-
batch size (O(¢7!)) to reach an e-stationary point, and we also analyze Algorithm 2 in
Appendix to show the same dependence. To control the noise and remove the depen-
dence over large batch size, we apply the momentum-based variance-reduction technique

STORM [30]. In fact, Eq. (4.6) solves three intertwined optimization problems: the bilevel

problem h(z), the lower level problem g(x,y) and the hyper-gradient computation problem
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Eq (4.4). So we control the noise in the process of solving each of the three problems. More

specifically, we have w,gm), l/t(m) and qém) to be the momentum estimator for :Egm), yt(m) and

ugm) respectively, and we update them following the rule of STORM [30]:

o) = Vg™ @ ut By + (1= coad) (@™ — Vyg™ (@™, 4™, B,))
P = (Vaf ™ @y Bra) = Vg™ (21, yits By )ul™)

+ (1= c,0f) (™ = (Vaf @™, 5™ Bra) = Vg™ (@™, 5™ By )ui™))
qg&) = (vyzg(m)(:pi(f-i-l)?ylng)?Bg 2)Ut+1 yf (xt+1ayt+1a8f 2))

+ (1= cuad) (g™ = (Vg™ @™, 5™ Boa)u™ — Vo f (@™, 4™ Bya)))

where ¢, ¢, and ¢, are constants, a; is the learning rate. Then we update the a:ﬁ’"), yt(m)

and u{™ as follows:
ol =y = yow™, a1 = 2™ = paw™ Al = Po(u™ — raug™) (4.8)

where 7, 1, T are constants and «; is the learning rate. The FedBiOAcc algorithm following
Eq. (4.8) is summarized in Algorithm 7. As shown in line 6 and 12 of Algorithm 7, Every

I iterations, we average both variables and the momentum.
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4.3.3 Convergence Analysis

In this section, we study the convergence property for the FedBiOAcc algorithm. For

any t € [T], we define the following virtual sequence:

Ty = 7= Ty Yt = 7~ Y Ut = 7~ Uy
M m=1 M m=1 M m=1

we denote the average of the momentum similarly as w;, 7; and ¢;. Then we consider the

following Lyapunov function G;:

_ 1877L _ 9bM77 m m
G = (@) + —— (19 — va|I” + |t — vz, |I”) + ||Wt - M Z Vyg )z )7 IE ))||2
90 Mn 1 M (m)(..(m) _ (m) (m 2
+ 640, H%_M Z(Vy29 ( Ty Yt )Ut yf ( Ty 7% )))H
m=1
610, 17— 37 22 (Vaf @™ ™) = Vg™ ™ ™)™ (49)
m=1

where yz, denotes the solution of the lower level problem g(z, ),

uz, = [V g(Z,ys)| 'V f (Z,z)

denotes the solution of Eq (4.4) at state ;. Besides, 7,7, T are learning rates and L, L are
constants. Note that the first three terms of Gy: h(Z), |9 — vz, |1, |4 — uz, ||* measures
the errors of three federated problems: the upper level problem, the lower level problem
and the hyper-gradient estimation. Then the last three terms measure the estimation error

of the momentum variables: w;, v, and ¢;. The convergence proof primarily concentrates
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on bounding these errors, please see Lemma C.2 - C.6 in the Appendix for more details.

Meanwhile, as in the single level federated optimization problems, local updates lead to

client-drift error. More specifically, we need to bound [z{™ — z||?, [|s\™ — #* and

Hugm) — )%, please see Lemma C.7 - C.11 for more details. Finally, we have the following

convergence theorem:

Theorem 60. Suppose in Algorithm 7, we choose learning rate oy = t e [T,

_ 6
(u+t)1/3’
for some constant 6 and u, and let c,, c,, ¢, choose some value, n, v and T, r be some

small values decided by the Lipschitz constants of h(x), we choose the minibatch size to be

b, = b, = b and the first batch to be by = O(Ib), then we have:

1 T-1 o K19/3T k16/3
7 2 ElIVRG@I®] = 0= + Garms)

t=1

To reach an e-stationary point, we need T = O(k%(bM)~1e 1), I = O(k/3(bM)~1e %),

As stated in the Theorem, to reach an e-stationary point, we need T' = O(k®(bM)~te=1%),

then the sample complexity for each client is Ge(f, €) = O(M kB 15),

Ge(g, ) = O(M'k8¢7 1), Ju(g,e) = O(M k3¢ 19), Hu(g,e) = O(M k% 1?). So Fed-
BiOAcc achieves the linear speed up w.r.t. to the number of clients M. Next, suppose we
choose I = O(k*/3(bM)~1¢70?), then the number of communication round E = O(k'/3¢71).
This matches the optimal communication complexity of the single level optimization prob-
lems as in the STEM [119]. Furthermore, compared to FedNest and its variants, FedBiOAcc
has improved both the communication complexity and the iteration complexity. As for Lo-
calBSCVR [104], FedBiOAcc obtains same rate, but incorporates the heterogeneous case.
Note that it is much more challenging to analyze the heterogeneous case. In fact, if we
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assume homogeneous clients, we have local hyper-gradient (Eq. (4.3)) equals the global
hyper-gradient (Eq. (4.2)), then we do not need to use the quadratic federated optimization

problem view in Section 3.2, while the theoretical analysis is also simplified significantly.

4.4 Federated Bilevel Optimization with Local Lower Level Problems

In this section, we consider an alternative formulation of the Federated Bilevel Opti-

mization problems as follows:

1 M
h(zx t.ylm = in g™ 4.10
min m{:lf (2, 55™), sty arg min g (z,9) (4.10)

Same as Eq. (4.1), Eq. (4.10) has a federated upper level problem, however, Eq. (4.10)
has a unique lower level problem for each client, which is different from Eq. (4.1). In
fact, federated bilevel optimization problem Eq (4.10) can be viewed as a special type of
standard federated learning problems. If we denote h™(z) = f0™ (x, (™), then Eq. (4.10)
can be written as grcrel%Rr% h(z) = 57 L S"M_ h0™)(z). But due to the bilevel structure of h™ (),
Eq. (4.10) is more challenging than the standard Federated Learning problems.
Hyper-gradient Estimation. Assume Assumption 55~Assumption 57 hold, then
the hyper-gradient is ®(z, y,) = 77 >m_; ™ (z, y,), where ™ (z, y) is defined in Eq. (4.3),
in other words, the local hyper-gradient ®™(z, ) is an unbiased estimate of the full hyper-
gradient. This fact makes it possible to solve Eq. (4.10) with local-sgd like methods. More
specifically, we solve the local bilevel problem A (z) multiple steps on each client and
then the server averages the local states from clients. Please refer to Algorithm 3 and the

variance-reduction acceleration Algorithm 4 in the Appendix. For ease of reference, we
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name them FedBiO-Local and FedBiOAcc-Local, respectively.
Several challenges exist in analyzing FedBiO-Local and FedBiOAcc-Local. First,
Eq. (4.3) involves Hessian inverse, so we only evaluate it approximately through the Neu-

mann series [120] as:

O (1, ;&) = Vo f ™ (2, y;&5) — TVayg'™ (2,43 €,)

Q-1 Q
x o I (T =7V29" (@, 556)Vy £ (2, 93 €) (4.11)
q=—1j=Q—q
where &, = {¢;(j =1,...,Q),&s, &}, and we assume its elements are mutually independent.

®(M)(z,y;£,) is a biased estimate of ®™(z,y), but with bounded bias and variance (Please
see Proposition D.2 for more details.) Furthermore, to reduce the computation cost, each
client solves the local lower level problem approximately and we update the upper and
lower level variable alternatively. The idea of alternative update is widely used in the non-
distributed bilevel optimization [12, 32]. However, in the federated setting, client variables
drift away when performing multiple local steps. As a result, the variable drift error and
the bias caused by inexact solution of the lower level problem intertwined with each other.

For example, in the local update, clients optimize the lower level variable ™ towards the

(m)

z(m

minimizer y ., but after the communication step, 2™ is smoothed among clients, as a
result, the target of yt(m) changes which causes a huge bias.

In the appendix, we show the FedBiOAcc-Local algorithm achieves the same optimal
convergence rate as FedBiOAcc, which has iteration complexity O(e™!%) and communica-

tion complexity O(e~!). However, since the lower level problem in Eq. (4.10) is unique

for each client, FedBiOAcc-Local does not have the property of linear speed-up w.r.t the
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number of clients as FedBiOAcc does.

4.5 Numerical Experiments

In this section, we assess the performance of the proposed FedBiOAcc algorithm
through two federated bilevel tasks: Federated Data Cleaning and Federated Hyper Repre-
sentation Learning. The Federated Data Cleaning task involves global lower level problems,
while the Hyper-representation Learning task involves local lower level problems. The im-
plementation is carried out using PyTorch, and the Federated Learning environment is
simulated using the PyTorch.Distributed package. Our experiments were conducted on

servers equipped with an AMD EPYC 7763 64-core CPU and 8 NVIDIA V100 GPUs.

4.5.1 Federated Data Cleaning

In this section, we consider the Federated Data Cleaning task. In this task, we are
given a noisy training dataset whose labels are corrupted by noise and a clean validation
set. Then we aim to find weights for training samples such that a model that is learned over
the weighted training set performs well on the validation set. This is a federated bilevel
problem when the noisy training set is distributed over multiple clients. The formulation
of the task is included in Appendix B.1. This task is a specialization of Eq. (4.1).

Dataset and Baselines. We create 10 clients and construct datasets based on
MNIST [85]. For the training set, each client randomly samples 4500 images (no overlap
among clients) from 10 classes and then randomly uniformly perturb the labels of p (0 <

p < 1) percent samples. For the validation set, each client randomly selects 50 clean images
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Figure 4.1: Validation Error vs Communication Rounds. From Left to Right: p =
0.1,0.4,0.8,0.95. The local step I is set as 5 for FedBiO, FedBiOAcc and FedAvg.
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Figure 4.2: Validation Error vs Communication Rounds with different number of clients
per epoch. From Left to Right: p = 0.1,0.4,0.8,0.95. The local step [ is set as 5.

from a different class. In other words, the my, client only has validation samples from the
myy, class. This single-class validation setting introduces a high level of heterogeneity, such
that individual clients are unable to conduct local cleaning due to they only have clean
samples from one class. In our experiments, we test our FedBiOAcc algorithm, including
the FedBiO algorithm (Algorithm 2 in Appendix) which does not use variance reduction;
additionally, we also consider some baseline methods: a baseline that directly performs
FedAvg [92] on the noisy dataset, this helps to verify the usefulness of data cleaning; Local-
BSGVR [104], FedNest [100], CommFedBiO [99], AggITD [101] and FedMBO [102]. Note
that Local-BSGVR is designed for the homogeneous setting, and the last four baselines all
need multiple rounds of client-server communication to evaluate the hyper-gradient at each
global epoch. We perform grid search to find the best hyper-parameters for each method

and report the best results. Specific choices are included in Appendix B.1.
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Figure 4.3: Validation Error vs Communication Rounds with different number of local steps
I. From Left to Right: p =0.1,0.4,0.8,0.95.

In figure 4.1, we compare the performance of different methods at various noise levels
p. Note that the larger the p value, the more noisy the training data are. The noise
level can be illustrated by the performance of the FedAvg algorithm, which learns over the
noisy data directly. As shown in the figure, FedAvg learns almost nothing when p = 0.95.
Next, our algorithms are robust under various heterogeneity levels. When the noise level
in the training set increases as the value of p increases, learning relies more on the signal
from the heterogeneous validation set, and our algorithms consistently outperform other
baselines. Finally, in figure 4.2, we vary the number of clients sampled per epoch, and the
experimental results show that our FedBiOAcc converges faster with more clients in the
training per epoch; in figure 4.3, we vary the number of local steps under different noisy

levels. Interestingly, the algorithm benefit more from the local training under larger noise.

4.5.2 Federated Hyper-Representation Learning

In the Hyper-representation learning task, we learn a hyper-representation of the data
such that a linear classifier can be learned quickly with a small number of data samples. A
mathematical formulation of the task is included in Appendix B.2. Note that this task is an

instantiation of Eq. (4.10), due to the fact that each client has its own tasks, and thus only
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Figure 4.4: Validation Error vs Communication Rounds. The top row shows the result
for the Omniglot Dataset and the bottom row shows MinilmageNet. From Left to Right:
5-way-1-shot, H-way-5-shot, 20-way-1-shot, 20-way-5-shot. The local step [ is set to 5.

the upper level problem is federated. We consider the Omniglot [87] and MinilmageNet [88]
data sets. As in the non-distributed setting, we perform N-way-K-shot classification.

In this experiment, we compare FedBiOAcc-Local (Algorithm 4 in the Appendix)
with three baselines FedBiO-Local (Algorithm 3 in the Appendix), DistBiO and Dist-
BiOAcc. Note that DistBiO and DistBiOAcc are the distributed version of FedBiO-Local
and FedBiOAcc-Local, respectively. In the experiments, we implement DistBiO and Dist-
BiOAcc by setting the local steps as 1 for FedBiO-Local and FedBiOAcc-Local. We perform
grid search for the hyper-parameter selection for both methods and choose the best ones,
the specific choices of hyper-parameters are deferred to Appendix B.2. The results are
summarized in Figure 4.4 (full results are included in Figure 5 and Figure 6 of Appendix.
As shown by the results, FedBiOAcc converges faster than the baselines on both datasets
and on all four types of classification tasks, which demonstrates the effectiveness of variance

reduction and multiple steps of local training.
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4.6 Assumptions

In this section, we restate all assumptions needed in our proof below:

Assumption 61 (Assumption 1). The function f™(x,y) is possibly non-conver and

g™ (z,y) is p-strongly convex w.r.t y for any given x, i.e. for any y1, yo € R, we have:

m m m M
g’ )(%yl) > ¢ )(1’>?J2)+<Vy9( )(m,yz),yg—yl)+§Hy2—y1HQ.

Assumption 62 (Assumption 2). Function ™ (x,y) is L-Lipschilz, i.e. for for any 1,

1y € X and for any vy, y» € R%, and we denote z; = (21, 1), 22 = (2,%2), then we have:
(m) (m) (m) L 2
S (21) < U 2) + (V7 (22), 21 — 22) + §||Z1 — 2||%

or equivalently: ||V (z1) — V™ (z)|| < L||z1 — 2||. We also assume and £ (z,y)
has C;-bounded gradient, i.e. for for any x € X and any y € R?, and we denote z = (x,y),

then we have ||V f(2)|| < Cf.

Assumption 63 (Assumption 3). Function g™ (x,v) is L-Lipschitz. i.e. for for any 1,

2o € X and for any y1, yo» € R, and we denote 2, = (x1,11), 22 = (x2,Y2), then we have:
(m) (m) (m) L 2
9" (1) < g™ (22) + (Vg (22)721—22>+§||21—Z2|| .

equivalently: ||V g™ (z —Vg(m) 29)|| < L||z1 — 22||. For higher-order derivatives, we have:
) g

a) Vg™ (z,y) and V29" (x,y) are Lipschitz continuous with constant Ly, and L
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respectively, i.e. for for any xi, xo € X and for any yi, y» € R, and we denote
21 = (21,41), 22 = (T2, 92), then we have: ||V:cyg(m)(2’1)—szg(m)(22)|| < Layl[21—22]|

and ||V 29 (21) — V20 ()| < Lzl — .

Assumption 64 (Assumption 4). We have an unbiased stochastic first order and second

order derivative oracle with bounded variance, more specifically, denote z = (x,y), we have:

a) we have V f(2:€), such that: B[V f™)(z;€)] = V) (2)

and var (V™ (z;€)) < o2,

b) we have Vg™ (2;€), such that: E[Vg™ (z;€)] = Vg™ (2)

and var(Vg™ (z;€)) < o2

¢) we have V29" (2,€), such that: E[V,29"™(z;£)] = V29" (z)

and var(V,29™ (2;€)) < 0%

d) we have V,,g"™ (z;€), such that: E[V.,g" (2;€)] = Vg™ (2)

and Uar(nyg(m) (z,9;€)) < o%;

Assumption 65 (Assumption 5). For anym,j € [M] and z = (x,y), we have: ||V f™(2)—
VOGN < G, 196 ()T < G, 19236 ()~ Tyg ) < Gy, V26 (2) -

Vyzg(j)(z)H < gy, where Cr, Cgy Coays Coyy, are constants.

Assumption 66 (Assumption 6). For anym,j € [M] and z = (x,y), we have: |V ™ (2)—
VD@ < ¢ Vg™ (2) = VgD ()| < Coays V4297 (2) = ViegD ()| < Gy

||?J:(zm) — yg(cj)H < (g+, where Cr, Cgays Coyys Cg» are constants.
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4.7 Proof for Global Lower Level Problem

This section includes proofs related to the Federated Bilevel Optimization problems
with global lower level problems (Eq. 4.1). First, we have the global and local hyper-
gradient Vh(z) = ®(x,y,), VA™ (z) = &™) (z,v,) as defined in Eq. 4.2 and Eq. 4.3, and

the following proposition:
Proposition 67. Suppose Assumptions 56 and 57 hold, the following statements hold:

a) y. 1s Lipschitz continuous in x with constant p = K, where Kk = % is the condition

number of g(x,y).
b) 1|@(1;91) — (w3 0) |2 < L2([lwr — | + [[yr — wl|?), where L = O(x?).

¢) h(z) is Lipschitz continuous in x with constant L i.e., for any given x1, 25 € X, we

have ||Vh(zy) — Vh(x1)|| < L||zg — z1|| where L = O(x?).

This is a standard results in bilevel optimization and we omit the proof here.

4.7.1 Proof for the FedBiOAcc Algorithm

In this section, we prove the convergence of the FedBiOAcc Algorithm. To simplify

the notation, we denote

uie) = Vo f @™ g™ ) = Vg™ (@™ g™ €)™,
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and we have:

Eelpy] = Vo £ (2™ ™) = V0 g™ (™, 5™ ™

where the expectation is w.r.t {{s1,§,1} at iteration ¢, we denote ™ = =E, [u ] for short.

Similarly, we denote

pg? = VyQQ(m)( Ty 7yt fg 2) ‘l‘ \% f(m ( Ty 7y§m)§§f,2);
and we have:
Eelpye] = Vyeg ™ (@™ ™ )ui™ + V™ (™ 5™).
where the expectation is w.r.t {52, &, 2} at iteration ¢, we denote ™ = Eg[ ™1 for short.

4.7.1.1 Hyper-Gradient Bias and Inner-Gradient Bias

Lemma 68. Suppose we have c,a? < 1, then we have:

Blla o] < 0 cuot s — o] + 2CE

‘s ;meﬁ el + i -]

M
b S]]
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2 2

T2 2 2L QCf . . . .
wnere = — 5 an € exrpeciation outsiae 1S W.r.t a € stocnasity o e
here I3 = (L2 + =) and th tat tsid t all the stochasity of th

algorithm.

Proof. First, we have:

E[H@t — ﬁt]’m = E[Hﬁt,& + (1= cuti ) (Gr-1 — Pr-1,8,) — ﬁtHz}
= E[H<1 - Cuo‘?fl)<qt71 - ptfl) + (ﬁt,Bz —pe+(1— Cuoﬁ?—l)(ptfl - ﬁtfl,Bz)) HZ}

]

< (1- CuOétQ—1)]E[HQ_t71 _ﬁtlez} + E[Hﬁt,BI —pe+(1— Cua?—l)@tfl — Di-1,8.)

< (1 —cuai E[HQt 1~ Di— 1H2}

M
bQMZ Z Z E{Hpt - pt +(1- Cua?—l)(Png) - pﬁTl)gz)

where the first inequality uses the fact that the cross product term is zero in expectation,
the condition that c,a? < 1 and the second inequality follows that samples are independent

among clients. We denote the second term of above as 7T}, then we have:

T %) 2(%04?—1)21@“‘]752 _pgm)‘ﬁ +2(1 - cuai_y) [Hpt I3 _pﬁmi Lo T t g 1) H }

]

(b) m
< 2(cual )0 + 2E[HPE,§ - PE %gr

where inequality (a) follows the generalized triangle inequality; (b) and the bounded vari-

ance assumption. We denote the second term above as T} 2, we have:

Tio = 2E|[ V20" (2™, 4™ &g 2)ul™ + V, ) (2™, 4™ 612)

- (vyzg( )(‘7“75 %’yt la592)u§ +vyf(m)( Ty ’yt 1’§f2))H
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< 4]EHVyf ™ ﬂUt gm)§8f,1) yf(m (xt 15 yt s ; By, 1)”
]9, By ™) 9, a7 By o

2Ly

<o(s2+ 2Dl st ] o -

Combine everything together finishes the proof. m

Lemma 69. Suppose we have c,a? < 1, then we have:

2(01/04371)2 2
b, M

Bff - " < 0~ B — ] +

M 2
ongm 2 Bl =] i =i

~ 2
where L3 = <L2 + H%C ) and the expectation outside is w.r.t all the stochasity of the

algorithm.

Proof. First, we have:

e e R R
= E[H(l - c,,af_l)(ﬁt_l - ﬁt—l) + (ﬂtﬁz — [+ (1= cpaf_y) (fig—1 — ﬂt—l,Bz))HQ}
< (1= o0 DE[[7rr = ][] + E s, — e+ (1 = cv0d ) ir — urs,)] ]

<a- cyaf 1>E[Hﬂt v ]

b2M2 Z Z ]E[Hu - Mt L (1- CVO‘?A)(,%ST% - Nl(tTiggc)HQ}

m=1 £,EB,

where the first inequality uses the fact that the cross product term is zero in expectation,
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the condition that c,a? < 1 and the second inequality follows that samples are independent

among clients. We denote the second term of above as T}, then we have:

10 2 oot PR~ ] 20— ot - i~ 64— ]

]

(_2 2(c,a? ))o? + QE{Hth - :“E l)fx

where inequality (a) follows the generalized triangle inequality; (b) and the bounded vari-

ance assumption. We denote the second term above as T} 2, we have:

Tio = 2BV, f (@™, ™ Bra) = Vg™ (@™, 9™ By 1 )uf™
( f(m)( 7% 1an1) meg(m)(zg 17% 1,59 1) )H2
<4EHV £ xt ,yt Bfl) Vaf" (xt 17yt 1va1)H
+ 4R Vo g™ (2™, 5™ By )ut™ = Vayg™ (@™, yi™; By Jug” 1H

2 2
W)E[\\fcim) — a2+ o =]+ SLZE[uf™ — )]

<4(L’+
Combine everything together finishes the proof. m

Lemma 70. Suppose we have c,a?_; < 1, then for t # t,, with s € [S], we have:

BfJoc- 37 3 V™ i

< (1~ ool B[ — o 3 Vg e, )| 4 20
m=1 Y

s 3 Bl i o)
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where the expectation is w.r.t the stochasticity of the algorithm.

Proof. First, we have:

m m m m 2
+ (1= coad ) (@™ = Vg™ (@™, y™, B,)) = Vg™ (@™, y™) ]
) 1 X (m) _ (m)
= E{H(l - Cwat_l)(@t—l - i Z vyg(m)<xt 1 Ye— 1)
m=1
J (m)  (m) (m)  (m)
Z (vyg(m) (fftm 7?Jtm 7By) - Vyg( )(xtm »ytm )

+(1 _Cwa?—l)(vyg(m)(wgmhygml)) Vyg( )(xg 17?/75 1a )H ]

—~

a

1 M
< (1- Cwozf_l)E[H@t_1 M Z Vyg( xt 1’yt 1 H }
m=1

=~

1 < (m m m m
+b§M2 ZE 26:43 [H(Vyg(m)( Ty 7yt )fy) yg( )( i )’ylg )>

m=1

m m m m m 2
+ (1 = 0l ) (Vg™ (@™ o™ = Vg™ (2™ ™ €))7

where inequality (a) uses the fact that the cross product term is zero in expectation and
the condition that c,a? < 1,¢ € [T], furthermore, the samples are sampled independently
on clients.

We denote the second term in the above inequality as T}, we have:

Ty (<) Q(Cwat 1) {Hvyg m)(xt Jyt gy) )(IE ’ytm) H }

+2(1 = ool E[|| = Vyg ™ (@™, 5™
+ Vg™ (@™, 5™, ) + Vg™ @ ) — Vg @ . 6]
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< 2(c02 )t + 2B ]|V, @, 5™ 6) - 0 @ . )|

2 d(candry2o? + 207K — 2 + ™ - ]

inequality (b) uses the generalized triangle inequality; inequality (c) follows the bounded

variance assumption 58, Proposition 111; inequality (d) uses the smoothness assumption 57.

]

4.7.1.2 Lower Problem Solution Error

Lemma 71. Suppose we choose v < 2L and oy < 1. Then fort € [T], we have:

2 2,2
_ Py oy Yo IR oy
101 = ymea I < (1= =) 15 = v P = = @l 1241
9you L Y m) - m) -
Y g;Ma>—%W+ww>—%W}
9704 m) s (m)  (m _
twaI Vg™ (2™, y™) — |
m=1

Proof. First, we exploit Proposition 114, and choose the function g(z;, -), by assumption it

is L smooth and p strongly convex, and we choose v < i and a; < 1, thus:

2
NW t Yoy
(1- [ (1

4

J9(F ) — w2 (412)

1Te+1 — yz||* < Ny — ye,

Next, we decompose the term ||¢11 — yz,,,||* as follows:

My o

_ _ 4
G+ — Yz | < (1 + WG — ya | + (1 + m)”yft — Yo I
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Hwyoy
4

4 N _
)& — Ty | (4.13)
ay

< (4 =G — yal* + (

where the second inequality is due to case a) of Proposition 3.9. Combining the above

inequalities 4.12 and 4.13, we have

2
WO Y0,
P T2 i

_ Ky O M’Yat
Hyt+1 ywt-o—lHQ (1+ 4 )(1_ )H t_yxtH2 (1+

o7

Wy oy 47@% o 2 1
1 V., 9(s, T:) — 1
+ (1 + 1 ) p 1Vyg(Zs, y) — we|” + ( +/WOét

Since we choose v < o < 1, we have:
2L 7 Y

2.2,.2
Ll AN Lo N iR ;w4at

4 2 4 8

(1+

and —(1 4 £224) < —1 (14 #22) < 2 pyey < . Thus, we have

2
_ Hyo Y
11 = vma P < (1= =) 18 = 1P = = @l
9’y _ 9x%n’ay
+ IV, 9@ ) — @P + e
T
For the term T} in the inequality above, we have:
1Vy9(Ze, 51) — will* < 20| V,9(Ze, ) Z Vg™ (™, u™)|?
vl > Vg™ i) — P
m=1
2L2 M

S (=™ = 27 + [ly™ = 5l?]

m=1

<
- M
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1 M m m —
+2] 57 30 Vg™ @™ y™) - @
m=1

This completes the proof.

Lemma 72. Suppose we choose 7 < ﬁ and oy < 1, r = % Then fort € [T], we have:

Hat—i-l — Uz H2 =

2ur

UT Oy 72 Oét 9k2n%ay 97y,
(1= 27 i — g 2 = T+ 2 gy

Ip - al*

+18m”2{|xtm> ad + 1™ = 7] + BT S o) -

uM

m=1

G aCh
where Ly = (L* + —3=) is a constant.

Proof. First, we exploit Proposition 114, and choose the function

1 _ _
§xTvy2g<x7 yi)x - Vyf(l’, yi>Tx

, by assumption it is L smooth and p strongly convex, and we choose 7 < ﬁ

thus:

||2 T Oét ||2 47'Oét

[Tps1 — ug, |* < (1 — — & —— | Vy29(Z, yz )t

where we also use the fact that

a1 — ug, ||* < ae — Tauqe — ug, |
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for r = % > |lug,||. Next, we decompose the term a1 — uz,,,||* as follows:

HT O

_ _ 4
i1 — g, || < (1+ Mt — ug,||* 4+ (1 + Tat)Huzm — g, |

HTOt v - 2 4 Fonn o2
< (14 —— — Uz 14+ —)L _
< (L =ty — g [I” + +umt> 1% = Zepa |

where the second inequality is due to case a) of Proposition 3.9. Combining the above

inequalities 4.12 and 4.13, we have:

T Oy ||2 TQCYt ||2

1 — gz, |2 < (1— My — ug, — &

97'04 _ _ 9E27720z
= HV 29(Z,y2)u — Vy f (2, 92) — @l +T7't

Ty

I7]1*

where we use the fact that 7 < a; < 1 For the term 77 in the inequality above, we have:

2L’

Ty < 2[|Vy29(2, yz)ue — Vo [ (T,yz) — ]515||2 + 2||pe — @HQ
< QHVyQQ(fa Yz ) Up — Vyf(ja Yz)

M
S (Vg™ @™, g™ + 9, 5 @,y )|+ 205 al?

We denote the first term of the above inequality as T} ;, we have:

_ 1 ¥ (m) (..(m)  (m)\Y |2
Ty < 4HVyf(x,yi) ~ > (Vyf (z: 7,y ))H

m=1
+ 4HV 29(Z, yz)uy — — Z ( g™ (x t(m))ugm))H2
m=1
< (57 + 2 20f> 3 [l o+ i - atm #57  ur—a
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Combine everything completes the proof.

4.7.1.3 Upper Variable Drift

Lemma 73. For any t # ts,s € [S], we have:

t—1

2

lat™ =zl < I Y of|pf™ —
ezt_sfl
t—1

_ 2

™ ~ Gl < TP aful™ -
ZZ{S—I

m _n 12 < 2 = (m) _ —?

™ —wl* < Im* Y agl|lg™ — @

ez{s—l

Proof. Note from Algorithm and the definition of ¢, that at t = ¢, with s € [5], 2™ =z,

for all k. For t # f,, with s € [S], we have: 2™ = 2\™) — noay_,v™), this implies that:
x%m) = x%’i)l — ZZ%S,I nagyém) and T, =I5 , — Zz;%kl nayty. So for t # t,, with s € [S]
we have:

m) 2 | S m) N~ 2 (m) :
2 =z || = ngs_l —Tg_, — ( Z Ny = — Z UCYZDE)H = H Z 770%(”@ - 5@)“

[25571 f:t;,l 621?571

t—1
2
2 2 : 2 =
f:t_571

We can derive the bound for ||[y{™ — 7||? and|ju{™ — @]|? similarly. This completes the

proof. O]

Lemma 74. Suppose na; < ﬁ, then for t # ts, s € [S], we have:

SN i ()
S E|o™ — o

m=1
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17\ & m - - ul _ m
< (14 157 S BIAT = sl +81E 0y 3 B2l + )]
m=1 m=1
M .M 9
+16IL%7 | > ]E||7'q§T1)||2 + +1281(c,0f 1)?L7 Y E[Hx%m) — ftH
m=1 m=1

+ ™ - gtHQ] +321(c,a2 )L fj E|u{™ — at\f
m=1

2 02 2
+ SIM(cVaf_l)ZZ— + 321 M (c,0_1)*CG + 64[(@@?_1)2]\4’;%”

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. For t # t,, we have:

Ello™ - m]]? = B||ug, + (1= coad) (v = 1™ 5,)
- (ﬂt,l’j’x + (1 — Cua?—l)(ﬂt—l - ﬂt—1,61->) H2
B4 - ) () — 5r) + 43— s,

(m)

- (1- CVOC?A)(MTLBI - ﬂt—LBZ) ‘2

(a) 1 m _
< (1 P = o B — s

(1 DB — s, — (1 - 0 ) (1, — s, )|

1 m
< (14 7) BT - m?

(0 Bl 0l e

where (a) follows from the the generalized triangle inequality.

Next we bound the second term of the above inequality:

M
> EHMETED — fies, — (1 — Cuaf—l)(NETz,Bz - ﬂt—l,&) ‘2
m=1

138



M

<2y IEH;L%)I — ft,B, — (Mﬁ?,sm - ﬂt—lﬁx) 2
m=1

2 m _
+2(c,a? ) Z EHNE—%,B,T — fit—18,

where the inequality follows the triangle inequality. We bound the two terms separately,

for the first term, we have:

% EHu%i — U8B, — (Mgr_nf,zsz - /jt*wz) ' 2
m=1

o M
< ZIJEHMEE —

M
< Z E“wa(m) (xt 7yt ff 1) — zyg(m) (ngm)7y§m)§ ég,l)uyn)
m=1

( f(m (xt 173/1: 1aff1) myg( )(xt 1 yt 17591) )H2

INS

2(L2+7‘1§f) Z E[lloi™ — 212 + lu™ — wi™P] +4L2 3" Ellu™ — uf™|?
m=1

<2L2a?12E[HWt 2+ Iyt 2] + 42207, ZEHth 12 (4.15)

where (a) follows Proposition 111; (b) follows Proposition 67 and the fact that 2™ = 2™

when t # t,; Next for the second term, we have:

M 2
> EHling),Bz - ﬂt—l,Bw
m=1

Z Bl|u™ 5, — ™) = (fuerp, — o) + ™ — i

<2 Z EHMIET%,BE — ™ - (ﬂt—l,b’x - ﬂt—l)” +2 f_:lEuﬂimi - ﬂt—lHQ

< % B, -2l +2 3 B - | (1.16)

T1 T2

Note for the term T} of Eq. 4.16, we have EHut 1B, — ,ut )H < " — by the bounded variance
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assumption; Next for the term 75, we have:

Z Vo™ @) y)) = Vayg™ @™, i ul™)
2
- *Z (V f xt 1vyt 1) meg( )(x§3)17?/§ﬁ1)u§—)1)“

< 1o(u%+ 2B0) 3"l [ - ]

Ay Euf™ — ||’ +4MC} + 80,;<§’y
m=1

Finally, combine Eq. 4.15, Eq. 4.16 with Eq. 4.14 and use the fact that I > 1, we have:

M
< (147) 2Bl sl
I m=

+8IL%a}, ZE[IM 1? Iy 1?] + 161L%7 ZEIIT% |12

T1
41281 (a2 ) szj El«i™ — || + o™ — ]

m=1

M
+320(c,07 L Y Eful™ — |
m=1
o2 C2(2
+ SIM(C,,atz,l)Qbf + 321 M (e, 0 _1)*CF + 64I(cyaffl)2M%
> 7

We separate the term 7) with triangle inequality to get:

M
ZE —z?tH2

3

1
(1+ 16112 )ZEHyt RN
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+81E%ﬁ_1ﬁéIEPHnm_nF—+nvw8?nﬂ-+161L%x E:Emr% )1
m=1
.M 2 2
+1281(c,0f 1L Y B2 — 7" + o™ - @]
m=1

M 2
+32I(c,al )P Y EHutm) - ﬁtH
m=1

2 02 2
+ 8[M(c,,af_1)2(;— + 321 M (c,0_1)*CG + 641(cya$_1)2Mf5;W

This completes the proof.

Lemma 75. Suppose vyo; < then for t # t,, s € [S], we have:

16IL’

S (m)

> Ellwi™ —

m=1
1 B) S Bl™) - o |2 AL, S B2 P wlk
+ 357 z et = G + ALy 3 E[2ldall® + g |

M
+ 8T M (cy0? ) zT +161M (c,0?_))2C2 + 161 L% (c,0? ) Z E[[l{™) — %1 ]
Yy

M
H161L%(cu0f1)” 3 Elln) — i ]
where the expectation is w.r.t the stochasticity of the algorithm.

Proof. By the update step in Line 7 of Algorithm 7, for ¢ # t,, we have:

El|f™ — &
= IEH(l —c,al ) (wt(Tl) — @t_l) + Vyg(m) (mgm)’ yt(m)’ B,)

- v.g xt 7yt]76)
szzl v

M
_(1_cwa?—1)<vy9( )({BE %>yt 17 2_: xt 1>yt( )1’8 ))H2
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1 m
< (14 D = coof PEfw™ - @ |

+(1+I)EHvyg( )([Eg )7yt( )7By)_MZvyg( xt 7yt])76)

2
- (1 - Cwa/?—l)(vyg( )("Eg 17yt 178 37 Zvyg :L‘t )17:%5])1’8 ))H (417)
j 1

where the inequality follows from the the generalized triangle inequality and the condition
that c,af < 1.

Next we denote the second term in Eq. 4.17 as 17, then we have:

M . m 1 M
Ty <2 Z EHVyg(m)(xt » Yt ) , B ) szyg( )(x,g 7?/t])78 )
m=1 j=1
(m) (.(m)  (m) 1 & G)(G) (m) 2
- (vyg (xt 1) Y- 176y) - szyg (xt 15 Y- 1vBy>)H
j=1
2 2 = (2" G . 0) 2
"’2(%0%—1) Z]EHVyg( xt 1>?Jt 173 _*Zvyg xt 1 Y= 1aB )H
m=1

We bound the two terms separately, we denote them as T ; and T}, separately, then we

have:
() I (m)((m)  (m) (m) (. (m) _ (m) 2
Ty < ZEHVyg (g By) — Vg™ (0,21, gy 1>B )H
m=1
® I (m) _ _(m)y2 L q.(m) . (m)y2 2 2 )
< 123 E[[lzf™ — 2™ + Iy — v 2] < L2} 1ZE[HM 2%+ w1
m=1

(4.18)

where (a) follows Proposition 111; (b) follows Proposition 67.b) and the fact that #m =
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xﬁ’”) and g A(m) = yt(m) when t # t,; Next for the second term, we have:

Tm—ZEHvyg @™, 5™ B,) — Vg™ (™), 5™

- fZ( (2, y,B,) = VgD (e, yilh))
yim) )y 1 & GG 6|2
+Vyg (mt—layt—l)_ﬁzvyg (), y,” 1)”
j=1

® M m) (m m)s (m)  (m)\||2
<2y JEHVyg(m)(:ci_f,yt(_f,By) — V4 )(mﬁ_f,yﬁ_f)H
m=1
+4) M ZEHVg(m) (Tt-1,5t-1) = Vg (@1, G|
m=1 j=1
- (m) _ (m)
+4 Z EHvyg(m)(xt—hyt—l) - Vyg(m) (Zt—1, Ye-1)
m=1

1 M N _ . . . 2
+ Wi E :vyg(J)<xt—17 Yp—1) — Vyg(])<I§J—)17 ygj—)l)H (4.19)
=1

We denote the three terms above as 17 51 — 11 2 3 respectively. For the term 7} 55 of Eq. 4.19,
we have T4, < 2M o2/ b, by the bounded variance assumption; For the term T} 99 of
Eq. 4.19, by the bounded intra-node heterogeneity assumption we have Tj20 < 4M (g2.

Finally, For the term T} 53 of Eq. 4.19:

M 2
Tio3<4 Z EHvyg(m)(xw(tT%»yt(Tl)) - Vyg(m) (T4-1, Qt—l)H
m=1

M M
<4L? 3" E[llf™ -z |?] +4L2 3 E[ln™ — G ]
m=1

m=1
Finally, combine Eq. 4.17, Eq. 4.18 with Eq. 4.19 and use the fact that [ > 1, we have:

M

m — 1 M m —
SB[ —@l? < (14 7) X Bl — &l
m=1
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2

o
ca1rad ) S B[R+l IP) + 8IM (cun? 1)~
N————

m=1 Yy

T

M
+161M (c,0?_1)?C2 + 161 L% (c .02 ) Z E[[l«{™) — 2.1 ]

M
+161L7(cooi_y)” Z ]E[Hyt - ?jtfl”z}
We separate the term 7 with triangle inequality to get:

M M

A lm — ]- m —
> BNl — al < (145 +81L%a2, ) 3 Bllwf™) — &
m=1 m=1

M
AT, S E2l@a? + ™))
m=1
0.2
+ 8T M (c,0? ) —
by

M
+ 161 M (cu0} 1)2C2 + 161 L (cp0? 1)? S B[ — 2 |

m=1

M
+161L*(c a2 |)? Z E[Hyﬁ) - @t—l”ﬂ

m=1

This completes the proof.

Lemma 76. Suppose Tay < 321L7 then for t # t,, s € [S], we have:

M
SEG™ - @l < (1 + 32[> Z Ellg™ — Go1® + 8IL2a2 Z JE[Hwt "2 gl ]
m=1
2
FBAL0E, Y Bl + 8TM(e0d O
m=1 z
02<2
+ 161 M (cu0? )¢ + 32IM (c a2 )2 120
L
2 2~2M (m) = || m) _ =12
+ 640 (cu0? L2 S B2 =z + o™ — ]
m=1
M 2
+ 161 (cu0d 2L > El|uy™ — i
m=1

144



where the expectation is w.r.t the stochasticity of the algorithm.

Proof. For t # t,, we have:

Ellg™ — gl

= EH( — cuf 1)(%( " — G 1) +p} Bl prs, — (1= CuOétz—l)(szm% B 151:—1,395)

‘ 2

1 m -
< (L4 D = cuod )Ellg”) = g

+ (14 DEpfE, = prs, — (1= cuad-)) (0™ 5, = Pe-15.)

‘ 2

where the inequality follows from the the generalized triangle inequality and the condition

that c,a? < 1.

Next we sum over M for the second term in Eq. 4.17 and denote it as T}, then we have

Ty <2 % EHP%Z — DB, — (pEl”f,Bz - ﬁt—l,lir) ‘2 + 2(cuai ) % EHPETE,BZ — Dt—1,B,
m=1 m=1

2

We bound the two terms separately, we denote them as 7' ; and 7T} » separately, then we

have:

2

o M
Tl,l < Z EHp(m) _ om

tB. — Pt-18,
m=1
®) 2L2202 M m m m m M
<2(L+ D) ST E[[lat™ — 2P + o™ -y + 48 Y Blla™ - o™
/L m=1 m=1
S (
<2L3a7 , Z ]E[Hm/t I” -+ H’YW H ] +4L%¢ Y Ellr%q” 1H2

where (a) follows Proposition 111; (b) follows Proposition 67 and the fact that 2 = glm)
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and @,Sm) = yt(m) when t # t,; Next for the second term, we have:

M
Tio=Y, EHPET%,BQC - pyﬁ — (Pt-1,8, — ﬁt—l) +p§:n% - 1515—1H2
m=1

® S g ) pea||”
_2Z_IEHpt_1,Bw P 1H +22EHpt = e

We denote the two terms above as 11 21,77 2,2 respectively. For the term T o of Eq. 4.19,
we have T15; < 2M o? /b: by the bounded variance assumption; For the term T} o5 of

Eq. 4.19, we have

Tiao < 16(17 + Zcf) >E [ =&+ ™ — 5| ]

+4L? ZZIIEHuﬁm) - atHQ +AMEE + SMCzngyy

Finally, combine everythin together and use the fact that I > 1, we have:

M M M
A(m — 1 m — T m
SB[ —al* < (14 7) 30 Ela™ — geal® + 81L30F 1 X E[llrw™ | + [l 1]

m=1 m=1 m=l
M
F 161122 3 E||7%¢™)|)?
m=1 T
1

2 CQ 2
+ SIM(cuaz,y% + 161 M (c,0? )¢ + 32T M (c,0? )’ f/fg’yy

B M 2
+ 641 (cya; 1)°Ly > E[ngm) - ftH
m=1

b — ] + 16 (a0 2L 3 Bl —
m=1
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We separate the term 7) with triangle inequality to get:

M M

Alm — ]- m —
> Bl —al < (14 7 #8200k, ) 3 Blll”) — gl
m=1

4812202, 3" B[l + )]

m=1

M B o2
+321L%7y 37 Bl|r*Ga|)” + 8TM (cuai 1) —

m=1
OQCQ
+ 161M (c,0?,)C2 + 32IM (cua?_l)Q%

o Elle™ 2 [P ol o |
ottt 13 3 Bl + 5]

+ 161 (c,af ;) L? Z EH“gm) - ﬂtHQ
m=1

This completes the proof. n

Next, to simply the notation, we denote A; = E|y — wl|?, B: = E|lg: — vz %
Cr = Ello — 4 23, Vyg™ @™, u™)12, D = & T B - 2, B = E|n?,
F, = Blal? G = %S0 Ellw™ — @l H = Blllg — pl®, L = Ellla — uz, [,

Ji = EH%(m) — @l Q= E|lql*

Lemma 77. For n < mm(f 752’52a1) 7 < mm(ﬁ ’52’52’1>; T < mln(L 7L ,5) and
A < 16L[’ where L = maI(f/h Eg) , we have:
fo=1 ta—1 2.3 2 2 .3
ccol o cai
Z oDy < Z (atEt+atE+OétQt+ ‘2275? %275 Cg
t=ts—1 t=ts_1 y
232 2 3,9 29 o oo
N i o’ N Catt} 0% L % G i N 26,0 CGoy . ica? Cngyyy)
L2 b L2 b:r: L2 .2 2 M2 72 ,U2
= fe=l 2 2 3
X X 20 ado 2c° o
Z Gy < (OztEt + o Fy + o, Qp + t wt Cz
t 3 L2 by 2 9
t=ts—1 t=ts_1
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J Q27 dato? | Gal | Goit | dat ity | 2ei0t (il
L ba L? b, L? L? Lz P L2 p?
ts Es 1 s 5 o -
C oy O Cco
Z Oét‘]-t S (atFt+atEt+atQt+ “i t = U.i tc2
2 L? b 2 9
t=ts_1+1 t:ts 1 y

_|_

L2 b t 12 b, L2 21,2 2 2 L2 112

3 2 2.3 2 3,2 2 3,2 2 3 22 2 32,2
Gy O Gt 0 Cuat Cf Gy Cf GOy Cng,wy 40c;, o Cfcg,yy)

Proof. Based on Lemma 74, for t # t,, we have:

Dy < (1+ Dy_y + 1610202 B,y + 161L%02 4*F,_1 + 1611302 7*Gy_y

16]>
432127202 Joy + 32107202 \Qry + 8Iat 12 + 32120t (2

2 t—2 t—2
+64Iccal fgg W 12817 Loty Y. afDy+1281°Liy ol Y. afGy
/J/ V= ts 1 {= ts 1
t—2
+ 321 L*T*c2al > iy
ezisfl

while for t = t,, we have Dj = 1/M >"M_ EHV— — 1;.|> = 0. Apply the above equation

recursively from ¢,_; + 1 to t. so we have:

"y - - ~
D, < Z (1+ I)t (16120202 By + 161 L3a2~* Fy + 161 L3022y + 321 L* %02 J,

Ztsl

2 02 2

+RUL03Q, + 810 + R0l + 64Icol f%’w

v Il
/—1

+128P L ca) > of Dp+ 12817 Ly o Z
=ty

Es 1
/—1
+32I°L° 7ol Y o)
l=ts_1

> (481L3afnEy + 481 Liajy* Fy + 481 L{a}* Gy + 961 L* ] J,

l=ts_1

2
+ 96].[/2720[?@2 + 24]012/ b + 96[020[21Cf + 1921 2 4 fgg Ty
%
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+ 38412 Loy Z al2D£+384I2L Vietay Z e
t, f_ ls—1

+ 9617 L* 22 a oz%Jg>
2

NNI
Hﬁh

T
!
®
|

1

The second inequality uses the fact that t — [ < I and the inequality log(1 + a/z) < a/x
for x > —a, so we have (1+a/x)* < €% Then we choose a = 17/16 and = = I. Finally, we
use the fact that e'7/16 < 3.

Next we multiply a; over both sides and take sum from #,_; + 1 to t,, we have:

ts—1 t—1 B N B
Z o Y. (481Lafn By + 481 L3}y Fy + 481 [1a}+*Gy + 961 L* 70} J,
=t

t:t_ l=ts_1

2
F96IL27202Q, + 24120t - . + 961 c2afC? + 19212~ Cg 2y
7

-1
+384]2[~€77QCZOQL Z a%Dg+384]21~/%’y2cza§ Z a%Gg+9612L27'203a§ Z O&%Jg)

Zz{s—l ‘e_zfs—l Z:{s—l
(a 5 § 3
< Y (3ILio}n’ By + 3IL10}9*F, + 31 L10}7*G) + 61 L%} ],

3]0,2104?0: 6]012,51;%]% N 12120} C3C; ,,
2L b, L L ?

+6ILT*alQ; +

—1 =1 =1
+ 3217 Lin*cay > afDe+ 3217 Liv*c2al Y afGe+ 61 Lrctal oz?(]g)

v v
ezis—l EZ{S—I éz{s—l

() L=l 32 372 372 372 372
< FE, + F G Ji+ —
_t:t_1(16at ¢ T 16Oétt+ 1604t ¢+ 804t ¢+ SOCtQt
3cpai) o? 3coofC; 3c2al C3C2,, n*c? oD
3212 b, E 412 2 8 1631204 1
2 2 2 2
v, 3T°Cs
HEPST T Ty ey ri !
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In inequalities (a) and (b), we use a; < iz < 16%1]. Note that Z Dy =

fs—1
S — J— — —_—
Zt:fs_l oDy as Dy, = Dy, = 0.
E2

. 72 72
Then if we choose n < ‘= and v < f—, T < ﬁ—, we have

ts—1 ts—1 ,,]2 72 72
Z OétDt S Z (ZOétEt + ZOétFt Oéth + T CYtJt + OétQt

t:t_37 1 t:t_sf 1

L aatet | aaG  GatCy Cfixy) (4.20)
8L2 b, 212 L2 p?
Based on Lemma 75, for t # t,, we have:
33 2.2 2 2,2 2 2.2 2
G, < ( + 321> Gy +8ILn atlet,l +8IL N oy By +8IL" v a; Fy4
t—2
+8Ic2a} 1b —l— 161c2a) IC +16I°L* o)y Y. oDy
= ts 1
t—2
+16I°L*Y* oy Y. oG
Z:{sfl
Follow similar derivation, by recursively applying the above inequality, we have:
t—1
Gy < > (A4IL%PafDy+ 241 Ln af By + 241 Ly} Fy
6:1?571
-1 -1
+ 24[02% 2 + 481¢c2 042*(2 +48IPL*n°clay Y. afDp+ WBIPL**Cay > a%Gg)
Y /= ts_1 Z:t_sfl

Next we multiply oy over both sides and take sum from t,_; + 1 to t,, use the condition

72 72
that a; < 161L < ﬁ’ n < 57 and v < 57’ we have:
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Ts—1 Ts—1 2 3 2 2 3

s s 1 1 ccal o o

Y G < }: D, + E, + F, 4t o te2 4.21
oy (7704t t 877 QLo 8’Y Qply + RL2 b, 8L2Cg) ( )

t=ts_1

Based on Lemma 76, we have:

331

< (1
Jt_( * 37

> Jo_1 +161L27%02 |Gy + 161 L21%0% | F,_1 + 161 L%’ Dy,

2
+161L20%2 | Eyq + 161L°7%02_,Q,_1 + 8120t IZ

2 t—2
+161ci o (G + 32Ichoy f/fg Wt 641720’ Ly > afDy
= t_sfl
t—2 t—2
+641%2af (L3 Y G+ 161%A Tl (L Y ol

fzgs_ 1 fzts_l

1 L2 L2 L2
Suppose we have ay < 15577, < -, ¥ < £, T < &

ts ts—1 72 2 2

Z OétJt < Z ( OéGt 4 otht + %OétDt + %Oétht
t:£9—1+1 t= te 1
72 208 o2 2
Gy 0 Cf 3¢, Cf 9,9y

7otht ST b, 42 PV R ) (4.22)
Next, we combine Eq. 4.20, Eq. 4.21 and Eq. 4.22 to have the result in the lemma. O
4.7.1.4 Descent Lemma
Lemma 78. For allt € [t,_1,ts — 1], the iterates generated satisfy:

2

B|[Vh(e) | < LIZE[H%—% '+ 2l — i
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+2|ys, — 3| ] +4L7E

Uz, — U,tH

~ 2 2
where we denote uz, = [V29(Z+,yz,)) ' Vy f (T4, yz,) and LT = (L2 + Ziniéc’v is a constant.
Proof. This lemma follows the same derivation as Lemma 88. [

Lemma 79. Suppose na; < %, for allt € [t,_1,ts — 1] and s € [S], the iterates generated

satisfy:

E[h(#11)] < E[h(z } Tk (7] ] - ZE(Iva@) 1] + ok — 7|

2 sl o o]
m=1

+2||lyz, — ﬂt‘ﬁ + 4L*noyE

Uz, — ﬂtH

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. By the smoothness of h(x) we have:

L

o 17 — ]

Eh(Fe11)] < E[A(E,) + (VA(E:), T — Te) +

a

:E[h( ) — nay (Vh(z), 7) + Wt (AR

B[

= E[n(@) - 7] - LHve@) R+ B [vre) - o) |

T

—~
N

noiL

D‘

)= Tl = v + T | oh@) — o

12
Vt}

where equality (a) follows from the iterate update given in Algorithm 7; (b) uses (a,b) =
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lllall® + [|b]|* = [|a — b]|*] and nay < 5; For the term T}, we have:

B[|Vh(e) - 5[] < 28] Vhz) — ] +28[Ja - 5]

Use Lemma 69 for the first term and combine everything together finishes the proof. [

4.7.1.5 Proof of Convergence Theorem

We first denote the following potential function G(t):

Ge = h(z:) + gé)i\/[t HVt MtH 187}L Hyt i 9§i\§an_t —ﬁtH
i~ 57 3 S e s
Furthermore, we have constants L? = <L2 + #) and L2 = <L2 + ZL‘?;C’% ), to ease

the writing, without loss of generality, we assume the second order Lipschitz constants

Ly, = L2, as aresult L? = L2, we denote it as L in the subsequent proof.

__ 64 2 482 2 __ 48?2 2
Theorem 80. Suppose we choose ¢, = oot T 30202 Cw = B2 + 3z Cu = BAT2 + 5
_ 2 = 27372 3/2 3/2 (bMo)?/3 3
= (bMo)*u, whereu-max(?,lG]L,c/ /> 0= (16L)1/3,at—m,t6 [T],
: 1 L 2 12 2 1 : wy 1 L 2 12 2 1
7 < H’lln( 01/2a401/277?aazvﬁ71>7 n < min (36/@L’801/2’401/27373’2’211’1 , T <

. 4 72 2
min (8011/2, 401—;/2, ’;4—, g—, ﬁ, 5) where C is a constant, we set the mini-batch size by = b, = b

and the first batch with size by = O(Ib), r = %, then we have:

1 T-1 - 19731 4 16/3
7 2 E[IVhE 1] = 0(" 5 + )
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To reach an e-stationary point, we need T = O(k*(bM)~1e™1), I = O(k5/3(bM)~'e05),

Proof. By the condition that u > ¢3/26%, it is straightforward to verify that c,o? < 1. By

Lemma 69, we have:

2203 o? N 16L27T% ;4

(Ji—1+ Q1)

At At—l S( ~1

-1
Q] — g — cl,ozt_1> A1 +

Qi1 Qg9 bM bM
SL2n2a,_ SL2 2,
#(DH +E 1)+ ZM N F + Gyy)

where we choose b, = b, = b. For a; !} — a;,, we have:

L (W)Y (ut ot - 1)V (g) o?
o — o = —
0t 5 5 = 36(u+ o2(t — 1))2/3
) 223525 () 22302 2 22302 2

S 3ut o) 308 S apeanr™ S Tap ¢S gpap™

where inequality (@) results from the concavity of z'/3 as: (z + y)¥/3 — 2'/3 < y/32%/3,

inequality (b) used the fact that u; > 202, inequality (c) uses the definition of ay, By

choosing ¢, = £—4M + 3172%7 we have:
A Ay 64 2c2a3 0% 16L%7T%0y_4
_ < _ 3 A_ v—t—1 J_ B
o = ngat 141 + i + i (Ji—1 + Qi)
SL*n?ay_ 8Ly
#(Dt—l + Ei1) + #(3—1 +Gi1)
Next, we telescope from t,_; + 1 to t,:
A, An, 64 2c20% 1! 16127 "
s s— < _ A v 3 D
(ag_l Oég__l)_ obns 2~ Mttt AT _Z Yt _Z R
s s—1 t=ts—1 t=ts_1 t=ts_1
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8L2772 ts—1 8L2 2 ts—1 16[?72 t_il

Z OétEt Z OétFt+ Oéth
t= ts 1 bM tz{s—l bM t:{s—l
320272 '] 161272 1!
A X alit = 2 il (4.23)

tz{sf 1 t:t757 1

Next, we follow similar derivation as A;/oy_1 — Ay_1/_2. By Lemma 70. we choose

o 48? s
Co = parge + 3b2M2, to obtain:

Ct Ct,1 48 Qg1 262 af_laz
_ < - tlo 4 Tetel?
1 Qg bM 12 bM
4L%n%0,_, (Doy 4 Ey o)+ 412520, (Fiy+ Gyy)
Wi t—1 t—1 Wi t—1 t—1
Then telescope from t,_; + 1 to t,, we have:
Cfs CES—I
afs_l a{s—l_l
482 1 2c20? ! 1612 '
S—i Z OétCt Z Oét3+ Z CttDt
bM p? Pl bM ol bM Pl
8L2 2 ts—1 8L 2 ts—1 1612~2 ts—1
Z Qi t+ ’y Z Oét t T+ bM,y Z Oéth (424)
t=ts_1 t=ts_ 1 t=ts_1
Next from Lemma 68, we choose ¢, = % + ﬁ, to obtain:
Ht Ht—l 48 iy 20204?71 2 87’]2Oét_1f/2
— < ——H, — ———(Dy_1 + E;_
o s = o T T ¢ pap (Pt Eie)
8v2q;_ 1 L2 872a,_1 L?
+ ’Y = (thl + thl) + o (thl + Qz%l)

bM bM
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Then telescope from t,_; + 1 to t,, we have:

H;,  H;_, 482 1! 22 ', 8Pl '
2 _ o< o Hy + —2 oo + a;_1(Dy + Ey)
O{ES,1 Oél?sflfl bMM2 t:tgl ' t bM t:t¥—1 ' bM t:tgl
872E2 ts—1 ]72[2 ts—1

" Z a(Jy+ Q1)  (4.25)

tZES_ 1 t=ts_1

Next from Lemma 71, for ¢t # t,, we have:

B B, < pyoe By yPoFy +9704t0t +9/f277204tEt
t+1 — by S — -

- 4 4 It 2y
9 L2 t—1 9 L2 t—1
+ iai Z [772063Dg+ T Z [fyza?Gg
ezisfl szsfl

When ¢ = t,, we do not have the last two terms in the above inequality. Next, we telescope

from t,_; + 1 to t, and have:

ts—1 2 ts—1 ts—1 2,2 to—1
s £l 9 s 9/{ £l
B{S — B5571 S —% Z OétBt — ’YZ Z OétFt + l Z OétCt + > 1 OétEt
t:{s—l tzis—l tz{s—l /y t:fs_l
9In2~ 2 ts—1 t—1 9J~3[2 ts—1 t—1
N/ > a Y a;D+ 7 oa Y Gy
p t=ts_1+1  l=ts_1 t=ts_1+1  {=ts_;
ts—1 2 ts—1 ts—1 2,2 to—1
s 5 9 s 9/{: s
S —% OétBt - ,yz Z OétFt + l Z OétOt + 9 7 OétEt
tz{s—l t:is,1 t:)?s,1 /y t25571
9L27727 ts—1 9L273 ts—1
+ = a,G 4.26
16212 [_Et: T g}l o (4.26)

where we use the fact that a; < 16%. Next, from Lemma 72, we have:

9k2n%ay o 9Ty 1,
U

T 2
A L - ——Qu+

L —L<
i+ b= 4 4 2ur
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1871 2 E2 t—1 1871 2 E2 t—1 t—1
+ % Z (I?Dg + el Z ozng + 18173 L? Z ang
ts—1

H (=i, H (=1, (=1, .

when t = t,, we do not have the last three terms in the above inequality. Next, we telescope

from t,_; + 1 to t, and have:

ts—1 2 ts—1 9:‘€ 772 ts—1 97_ ts—1
[{s - Iis—l S e Z atIt - T Z OétQt Z atEt + - Z CYth
t= ts 1 t= ts 1 'LLT tiis 1 t:{s 1
| 18IpP7L? 2r[? ! | 18Iyl 2r[? 1!
Z oy Z Z oy Z OQG@
L t=fa_y  l=fe
ts—1 t—1

+ 18173172 Z oy Z &?Jg
t:Es—l K_{s 1
ts—1 2 ts—1 2 2 ts—1 ts—1

KM 97
S - Z aly — — Z aQy + Z aby + — Z oy Hy
t= te 1 t= ts 1 tzis—l 'LL tzis—l
18n%r 18927 1 187312 1

o tz WDyt S 2 wGit Joms X ek (427)

:{s— t=ts—1 tzf@—l

Next, by Lemma 79, when t + 1 # t,, we have:

_ _ « « ~
Efh(@e1)] < Elh(#,)] - 27 B — Bl Vh(@)[?) + nacd; + 4L, B, + 4Lnau
B t—1 _ t—1
+ 20100y Y i D+ 4L oy Y ofG
Zifs_l szs—l

When t = t,, we do not have the last two terms. Next, we telescope from ¢,_; to t, — 1 to

have:

ts—1 ts—1 ts—1 ts—1

o < o
<- ¥ TE- Y TUENVA@)IT AL Y adit Y nacd,

t=ts—1 t=ts—1 tzis—l tz{s—l
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ts—1 R ts—1 t—1 R ts—1 i—1
+ Z 4L27]oztBt—|—2L2]773 Z o Z a?Dl+4L2]7277 Z o Z oleGl

tz{s—l tzgs—l Z:Es_l t=£3_1 Zzgs—l

ts—1 nay ts—1 77041: ) ts—1 ts—1
< - Z — L - Z [HVh(It)H ]+4L n Z aply + Z noy Ay
- 4 ~ 2
t=ts—1 t=ts_1 t= ts 1 t= ts 1
t.s_l 3 ts 1 72,’7 Es_l
+ Z 4L T]()étBt+ 128 Z OCt +67 Z CYth (428)

t=ts_1 t=ts_ t=ts_1

In the inequality, we use the fact that t, —t,_1 < I, ay < 16“.

Combine Eq. (4.23),Eq. (4.24), Eq. (4.26) and Eq. (4.28) and we have:

E[G:] — Elg:, ]
fo—1 2 2 2 fo—1
: 7704t 9 Incio Incio? 9770 :
< — h
<= X GEIVREII+ (T T )Y
=ls—1 t=ts—1
EQU ts—1 ts—1 ts—1 977’}/1?2 977,}/ L 97]”)/2L2

77
9 Z O{tBt Z Oétlt Z ( 2//6 — 1 — 3 )atFt

t:1?571 t= ts 1 t= t_571

ts—1 1 81H2E2U2 81/{/2L2772 9L2n2 9E2772

— Z - = — — - no
t=ts 1 <4 e e 8 4 ) o
& 9L onriL? 81k%  9L? ‘=

- 8 O o (5 2 o 8
t=ts_1 t=ts_1

1 812 812 9L* 9L2 , %

— D
st st 1t t;IO‘t t
1 81k*  81k?  9L* 9L% , 'H

+

- 2
62 s T T T 2>7"Zath

t:t_sfl

By the condition that n < 36 2l and v < 57 < 5~ Next, we denote:

1 81k ~
- LQ — 2
Cy 6 + ETH +9 O(k?)
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Then, we have:

E[G;] - E[g;, ,]
_ ts—1 L [th( )Hﬂ . (97]02 o2 977c2 2 977630'2) ts—1 o
- 52 32 32 32 /4~
=ts_1 t=ts—1
9 2E2 ts—1 ts—1 Lz ts—1 L2 ts—1
— n,}/S Z CKtFt — g Z OétEt — T Z OétBt — 7 Z Oét[t
t:Esfl tzisfl t= ts 1 t= ts 1
9777'21}2 ts—1 ts—1 ts—1 ts—1
T Z Q@ + Cin? Z oDy + C1y*n Z Gy + Ci7°n Z oy (4.29)
tz{s 1 t= ts 1 t= ts 1 t= ts 1

Combine Eq. (4.29) with Lemma 77, and use the condition that n < min (8 75 402/2, 1),
1 L : 1 .
v < min (8 Relbred 1) and 7 < min (8011/2, 07 1) we have:

—1 ts—1
nc
EGr) ~ElGr. ) < = > S E[IVA@)I’] + Cocn X of
t=ts—1 t=ts—1

For ease of notation, we denote

3c2C3(2 1202 C3¢2
Coe= (4020 +4c0” +4c0” + 3L+ 365(F + 3L + — Py + = ng’yy).
: f ! 2 2

Next, sum over all s € [S] (assume 7' = SI 4 1 without loss of generality), we have:

T-1 T-1

(67 .
E[Gr] — E[G] < — Y TIE[|VA@)|?] +nCoc 3 of
t=1 t=1

Rearranging the terms and use the fact that a; is non-increasing, we have:

— =1
5 L E[IVAGI] < ElGi] ~ EGr] +nCig 3_ o
t= =
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9bMnA, N 18nL%B,

< h(xy) —h* +
(@) 64y pry
9bMnCy  9bMnH,  18yL2I, = 3
Csy
640, 640y * MT e ; .

where we use Gr > h* (h* is the optimal value of h), and for the last term, we use the

following fact:
N o8 g &5 M2 In(T + 1)

T
3 _ i
;at_zu—i-a%gzﬂ—i—a?t 0221+t< In(T'+1) = 16L

t=1 t=1

the first inequality follows u; > o2, the last inequality follows Proposition 112.
Next, we denote the initial sub-optimality as A = h(Z;) — h*, initial inner variable
estimation error i.e. By = |[y1 — yx, [|> < A, and the initial hyper-gradient computation

€rror Il = Hul - [vaQ(mlayl‘l)]_lvyf(xhyﬂc1)H2 S AU

2 2

blM’ H, < be where b; be the size of the

Furthermore, we have A; =< b"M, ) <

first batch. Then, we divide both sides by narT/2 to have:

1 2A  27bo?  36L%A, 36L°A, U*M?C,.In(T)y 1
— N E||Vh v - o<
T ; MV (@)l } ( i + 32b10 + Wy * WT * 8L )TaT

Note that we have:

1 (u+ )3 w3 g3
I < +
oyt ot - 0t 5t2/3

where the inequality uses the fact that (z + )/ < /3 + y/3. In particular, when t = 1,
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we have

1 ul/3 4 52/3 (16E>1/3((bM>2/3ﬂ1/3 + 1)

< = 4.30
aq - 1) (bM)2/3 ( )
when t =T, we have:
1 W3 528 ~ /3 1
< — (16L)Y/3 4.31
orT = o7 T 5o — 16D ( T T OMT)P (4:31)

In summary, we have:

1 T—1 )
> E|[|Vh(z,)|?]
2A  2Tbo®  36L2A, 36L2A, UV M2C, . In(T 16La)'/3 16L)Y/3
§<7 o v n < In ))(( u) ( )2)
T (bMT)2/3

_|_
n 32b1an wy UT 8L

Recall that L = O(k), L = O(x?), therefore we have ¢, = O((bM)1), ¢, = O(k2(bM) ™),
c, = O(KA(OM)™1) u = O(I3k?), then for 7,7, 7, we have:
1 L 11?2 [*1 )

in(——, 0 —, —, 1
’7<m1n(8011/274011/2a CV’CW’ CU’2L

T<min( L L szfﬂll)

77<min( HY_ L L Z~—J2E21~;211)
36rL° 802 4 ¢, ¢’y 2L

where C; = O(k?), so we have 7' = O(k), 7! = O(x?), 77! = O(k), furthermore,



art = O(IKY3), C, ¢ = O(KS(bM)~™2), assume we choose the size of the first batch to be
by = Ib.

Combine everything together, we have:

1 T-1 19/31 4 16/3

7 2 EIVh@)IP] = 05—+ Gamn)

t=1

To reach an e-stationary point, we need T' = O(k%(bM)~'e™ 1), I = O(k*/3(bM)~1e70?).

19/3 .1

The communication cost is £ = T/I > &k , the sample complexity is Ge(f,€) =

O(M~'k8e12), Ge(g,€) = O(M1K8¢719), Ju(g,€) = O(M1kBe 1),

Hu(g,e) = O(M~'kBe17) O

4.7.2 Proof for the FedBiO Algorithm

Algorithm 8 follows Eq. 4.6, and we discuss its convergence property in this subsection.

4.7.2.1 Lower Problem Solution Error and Hyper-gradient Estimation Er-
ror

Lemma 81. When v < E) we have:

B — v < (1= PO — e[+ 2 o Bl
+ o S Blaf - ||2+||ytm>—gt JIF)+ 22
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Algorithm 8 Federated Bilevel Optimization (FedBiO)

1: Input: Initial states 2, y1 and uy; learning rates {;, n;, 7},

2. Initialization: Set 2\™ = 21, y{™ = y;, u{™ = uy;

3: fort=1to 7T do

4:  Randomly sample mutually independent minibatch of samples B, and B,

{Bg1,B4,2,Bf1, By} of size b;

5: wt(m) = Vyg(m’(xﬁm), yﬁm), B,)

6: Vo f (@™ ™ Biy) = Vg™ (2™ g™ By g™,
T: yt(fl) = yt( - %wim) l‘m = 2™ — ™

8 if ¢t mod I = (0 then

9: ytJrl - M ZMl ggrl? xtJrl M Z Azg,il

10: else

oy =g, e =

12:  end if

13 ] = PnV, @™y Bro) + (I = 1V (@™, yi™; Bya) ui™);

14: if t(mod I1=0 then

15: ut+1 M Z] 1 ut+1
16: elseé : ( :
m m
17 Uppl = Upqq
18: end if
19: end for

Lemma 82. Suppose we choose T < %, then we have:

2

IE’Hat+1 — Uz,

2 57%0%  5ntL?

< (1= FDR — [+ o + = E
5 /37L> TL? 2Cf
Gaar 2M3M)ZE[H%—% -+ 2l =i+ 2

We provide the proof for Lemma 82 here and Lemma 81 can be derived similarly.

Proof. First, by proposition 114 (set a = 1) and choose v < 2L,

2
_ wy _ 7 -
Ellg: — yz, . |I” < (1= 7)E||yt—1 — Ys o |I” — ZEH%—l”Q
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4fy 4o
MEHVyQ(mt 1, Y1 _Mmzlvyg :Et lvyt 1)”2 ,ubyM

2
Hy - 2l _
< (1= BB s — o0, P — L E@ )

4’)/ M m _ _ m m 470_2
+ M S EIVIMg(@e1, Ge1) — Vg (@™ I +

m=1 MbyM
2
Ky _ Y -
<(1- f)Ellyt_l — Yz, * — ZEH%—l”2
AL%y ( 4ryo?
E m . 2 (m) -~
i mzl [ = &+ ™ = 5e-0l] + 7

Furthermore, by the generalized triangle inequality, we have:

_ 4 Y
Bl - va|” < (0 = EDE]gr - pars |+ (14 o VE s - o] = 1+ D) L El@
piry ALy M) =gz 2] . 4o
+ 1+ 4)/Mm:1]E[||$t_1 — Tl + w1 — ge-) ] } + Lby M
1Y\l - 2 C9RPP 2 Y e
< (U= TOEger = e |+ 5 Eoea | - S El@l
9L ’7 2 _ 2 4’)/0-2
Z E[llz{™) — | + o™ — Gea) 2] + by M
where the second inequality is due to v < 1/2L. This completes the proof. O]

4.7.2.2 Local Variable Drift

Lemma 83. For any t # ts,s € [S], we have:

t—1 9
laf™ — &2 < I S ™ - i

é:t_57 1

g™ = |2 < 1y Z Jeof™ —

l=ts_1
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Proof. Note from Algorithm and the definition of ¢, that at ¢t = ¢, with s € [5], o™ =7,
for all k. For t # t,, with s € [S], we have: xim) = § ™) nyt( 1), this implies that:

2™ = z{m - i nyé ™ and I, = Ty, — Z;;i_l ng. So for t # t,, with s € [S] we

L,

have:
-1 -1 ) -1 )
<= ot (b= 8l a0
=ty 1 =ty 1 =ty 1
1 )
<1 8 -]
l=ts_1
We can derive the bound for [|y\™ — || similarly. This completes the proof. O

Lemma 84. For any t € [T], we have:

S M 202 9

LS ) < 42 3 ety S, 2
1612 32L

HGrt A >ZE[H% — &+ ™ - g

Lemma 85. Fort € T, we have:

M

& S @) < 2 Sl -5 +

i Z By — g + 2 + 22

Lemma 86. Fort € [T], we have:

M 2
37 2 B (2 =)

M 2,22 2 2
(m) 2 64]7’ C'fé_7 9 .9 210
+ j)fM m§:1EHut — ||+ e 4 3207 + :
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12811272  25617%L2 QC'f
(5 )

ZEN =l o -l

Lemma 84-Lemma 86 bounds the local drift of v,™ wt ) and ut +1 We provide the

proof for Lemma 84 here and the other two bounds can be derived similarly.

Proof. We have:

i % E l/t(m) — ﬂt ?
M m=1
1 M m m m m m m
m=1
LS L 0@ ) — v, 0 0, s + 20°
M= b,
EESS B[V, /0 @™, ™) - SV S0, !
M m=1 M j=1
T
M
+ — Z E’ meg(m) (xgm)v yt( ut Z nyg mt ’yt H +
m=1 r
Ty
For the term T}, we have
16 Y4 2
T < i > ]EHfo(m)(SUg ™) = Vo f ™ (@, )H

4 M ’
L2 Z EHfo(m) (T4, J¢) — me(i’t,@t)H

> Bl —al o+ ™ — ]+ 43

3

166



Next for the term T3, we have:

1< 7 S B =+ 3 S BT )~ Vg )
2 12 22
<4 éx@w —a+ Ea éﬁmw Y R T i =
Combine everything together, we get the claim in the lemma. O]

Lemma 84-Lemma 86 have recursive dependence of each other. Next, we provide an

un-intertwined bound for each of them. For ease of notation, we denote D, = 1 >M EHut(m) —

_ m _ m B _ 2
7%, B = 2 So Ellwr™ — %, A= 4 S0 Ellut™ — w)? and C, = E|g — vz,

7 212,02

Lemma 87. For v < ﬁ and n < ﬁ, T < ﬁ} where L2 = (Lz 4 Tf) and
~ 2L2 CQ
L3 = (L2 + %) are constants, then we have:

= 161C3¢; 321C3¢; 16102 20102

S Dy <061 41612 4 1 Ly FC w1017 2000

t=tor H Y z

ts—1 4]02 2 8]02 2 i 9 5] 9

> Bt§24IC]2c+81C92+ fggvyy f29’$y+ o” 2o

t:{5,1 /J’ /~L by b$

Proof. Based on Lemma 84, and sum from ¢,_; + 1 to t, — 1, we have:

ts—1 ts—1 t—1 ts—1 t—1

S Dy<16’L >, > De+1614°LF Y. > B

t:t_571+1 t:£571+1 Z:t_\sfl tZES,1+1 e:{s—l
L] 8(I —1)C3¢2,  2(I —1)0?
ALY YT A A - 1)+ ( )2 fooay 20— 1)
t=Fo_1+1 H ba

ts—1 ts—1

<16I%°LY Y. Dy+16I°°L] Y. B

t=ts—141 t=ts—1+1
f=] 8(I —1)C%¢%,  2(I —1)o?
+ALP YT A4 - 1)+ ( )2 foo | 2 ; )
t=ts_1+1 ILL x
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2
2 212, C

where we denote L? = (L2 + —51). Combine with the case of t = ¢, in Lemma 84, we

have:

ts—1 R ts—1 R ts—1
> Dy <16I°Lin> Y D, +16I°Liy* > B
t=ts_1 t=ts_1 t=ts_1
ts—1 8]02 2
+4L? > A +AIG + frfg@y 4
Ju!

t={5, 1

2102
by

(4.32)

Based on Lemma 85, and sum from #,_; + 1 to t, — 1, we have:

ts—1 ts—1 t—1 ts—1 t—1

o Be<2Ip’L* ). Y Dy+2IyL* Y. > Be+2(I—1)0* +2(1 - 1)(]

t:{.sfl“l‘l t:£571+1 621?571 t:1?571+1 625571
ts—1 ts—1 2
: : 2(1 —1
<2IPPL* Y De+2I%97L* Y Bi+ Ao | 2(I —1)¢
22{571 Z:1?571 by
Combine with the case of ¢t = ¢, in Lemma 85, we have:
-1 fo—1 fo—1 2] 52
> B <2P°L* Y D,+2I°vL* Y B+ +2I¢; (4.33)
t:£571 521?571 4215_5,1 by
Apply Lemma 86 recursively, we have:
64172C3(2 27202
A, < Z f(% + 320722 + .

= t.s 1
/-1
F1281272 L2 Y. Dy + 128179722 Z BZ>
= ts_1 _
t—1 19217_202 2 6 2.2
(2w 91,22 4 57
f:t_571 x
/-1
384127202 Y Dy + 3841722 L2 Z Bf)

Ztsl
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2 2

. 2L2,C

where we denote L3 = (L* + %), and the second inequality uses the fact that t — [ < [
and the inequality log(1 + a/x) < a/x for x > —a, so we have (1 + a/x)* < e, Then we
choose a = 1 and = = I. Finally, we use the fact that e! < 3. Next, we sum from ¢,_; to

ts — 1 to have:

s—1 ts—1 48[2T2c2<2 6]7’202
A<D (%wﬁf?#gﬂ ; (4.34)
t=ts—1 l=ts 1 r
s -1
+ 24Ty Y Dp+ 241715 Y By)
ezis—l gz{s—l
1921372022 6127202
f>g, 3,22
< " LU+ 961°T2(F + b, (4.35)
ot o ts—l
+384I'n°7°L3 > Dy +384I'v*7°L > By (4.36)
f:t_571 Z:t_571

Combine Eq. 4.32, Eq. 4.33 and Eq. 4.34, and we choose 7, v and 7 such that I*7?L* < §

,PPLE < & PRI < 5 PPl < PR < o, PRI < L

6D 35 6 557 15> we get the claim in

the lemma, by using the fact that L; > L and L, > L, we get the simplified condition in

the lemma.

4.7.2.3 Descent Lemma

Lemma 88. For allt € [t,_1,ts — 1], the iterates generated satisfy:

Elfr- 7

<| &
M=

E|Vh(z,) - Ee[]

2
<
1

m

+ 2H§t - Z/t(m)Hz + 2|lyz, — @tHQ} + 4L2E‘ Uz, — ﬂtHQ
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~ 2 2
where we denote uz, = [V,29(Z¢,yz,)) Vo f (T4, yz,) and L} = (L2 - %) is a constant.

Proof. By Vh(zy) = ®(z,yz), we have:

E|Vh(z) — Eelz| <E

V:pf(-i.ta yit) - nyf](:i'ta yit) X [Vgﬂg(ita ya’:t)]ilvyf(jta y:ft)

1 o m m m m m m 2
~ > (fo(m)(@"g ™) = Vg™ (@™, 5™ uf ))H
m=1

< 2E

_ 1 X m) (s [[2
m=1

+ 21 Vﬂcyg<£ta yit) X [vaQ(it: yi“t)]ilvyf(:zb yrft)

L ¢ (m) (,m) . (m)y () |2
Vi Z Vayg (2 g H
m=1
We denote the two terms above as 17, T, respectively. For the first term 77, we have:

vz — vt HQ}

e — ]

For the second term 75, we have:

402 M
< LY E

2
> M H

vzyg(m) (ita y:ft) - vxyg(m)(xz(fm)7 yt(m))

m=1

~ 3 B 2
+ALE|[V,29(20, y2)] 7' Vo f (20, yz,) — )
We denote the first term above as 75 ;. For the term 75 ;, we have:

2 M 9 2 2
BRGNS
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Combine everything together, we get the claim in the lemma. O]

Lemma 89. Forallt € [t,_1+1,t,—1] and s € [S], suppose 1) < 57, the iterates generated
satisfy:
- - n 2 2, i’ Lo’ 2 12
Eh(Ten)] < E[R(@)] — TEIVAE) — TELA™IP + T2+ onL?Eus, —
2 2, M
77£1 M (m) 2 _ (m) 2 2
51 2 Ellee =™+ 2 =™+ 2e — ]
where the expectation is w.r.t the stochasticity of the algorithm.
Proof. Using the smoothness of f we have:
_ _ L L. e
Eh(Z41)] < E[h(z0)] + E(VA(Z), Zea — Tr) + §E’|$t+1 — Ty
27 27 2
_ _ _ n°L n°Lo
= E[h(z)] - 1E(VA(z), Belo)) + IR +

@ Elh(z)] - JE|Vh(z)|* + JEIVA(z:) - Eel]|?

2 2_ 2
n L 2 Lo
(7T e
(0)

< Elh(#)] - JEVh(@)[? - TIEelr™]|1? +

n2Lo?
20, M

+ I 5% B — ol 2 - i 42

ye, — | ] + 207K

2
Uz, — Ut H

where equality (a) uses (a,b) = 3[||al|> + [|b]|* — [la — b||*]; (b) follows the assumption that

n < 1/2L and Lemma 88. O
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4.7.2.4 Proof of Convergence Theorem

We first denote the following potential function G(t):

977L1 2 9nL? 2

+ MEHut — Uz,

EHyt yact

o 1 1 N | T 1 1

Theorem 90. Suppose we choose T = m1n(128[i2, iz ), then denote y = mln(SIEQ, A ART# ),
pry (A ) Cy ! !

if we choose n = T and v = min (’y, (C;T> ) and r = i where A" and C. are con-

stants denoted in Fq. 4.38, then we have:

T 8 12\ 1/3 4_2 2
Wz 9 K K K*o o
; VAl O(T+<T2> T T

and to reach an € stationary point, we choose the inner batch size b, = O(M~'k*e™"), upper

batch size b, = O(M~'e "), and T = O(k%1®) number of iterations.

Proof. Similar to Lemma 87, we denote Dy = - 32", ™ — |2, B, = L [Jw™
wil|%, Cy = E||ys — yz,||* and A, = L3N CE[[ui™ — @2, additionally, we denote E;, =
|E¢[7]||* and F; = E|la; — ugz,||>. Combine Lemma 81, Lemma 82 and the definition of the

potential function we have:

ts—1 2 ts—1 2 ts—1
s L s L s
Gi,—Gi <=3 3 E|VA@)IP -1~ ¥ R-11 o
t ts 1 t= ts 1
n(, 162670 L 180/12772L2 tsi B+ (21 81k%L3
4 122 ! 2

t= ts 1
45/4;2L2 , 5 el
G )I Y D

ttsl
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_. 81k2L%2  45K2L2 ta—1 81IKk2L2302  361L%no?
—|—(2L%+ K 1+ K 2)12727] Z B, + R™LA" 0 1no

16 Nl 2p2~2b, M p2by M
451K*L*nP0? 451k LTno? N n*I Lo?
T72b, M 4b, M 2b, M

to bound the coefficients above, we choose 1 < min(

©y T_ L 1
36rL1’ 3651’ 4L)’ T < imnp and we
denote C = (Qif 81” L}

45“ L )[2. Then we have:

ts—1 ) 7]L2 ts—1 nLZ ts—1 ts—1
Gr, =G, < — Z E(|VA(z)|I* - Y F- > Ct_* S E
t ts 1 t= ts 1 t= ts 1 t ts 1
Ts—1 To—1 2 2
: : Ino 361 L3102
Cinp? D, + Cv? B !
+ C1n t:tz:_l ¢+ C1y 77t:tz:_l ¢+ 2, M + 112b, M
Next, we combine with lemma 87 to have:
ts—1 ) L2 ts—1 L2 ts—1
gs, Qtsl_—fZ]EHVh ) ZFt_ith
t ts 1

t= ts 1 t= ts 1
o tsz_:l B Inoc? 36]L%770

8,2 ST ob M T b, M

161C3 321C3(2,,  1610°  2010?
+ O (961¢2 + 161¢2 + ——2 s | B2C oy | 1600 d

2 b, b )
41C3¢2 8ICH(? 810>  5I0?
+ Oy (2412 + 812 + ——Lpow 4 =2 heay y 0 4 20 )
2 by by

Sum over all s € [S] (assume 7' = ST + 1 without loss of generality) to obtain

1\3\3

T
Z IVh(z,)]*

Tno? 36T L2no2
<G —Gp+ " 17

20,0 2, M

16TC? 32T C3¢? 16T02 20702
+ Oy (96TC2 + 16T¢2 + ——2 s | 32Oy | 16707 | 2070 )
L by b,
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Tq

9:yy

8TC2(2,, 8To? 5Tc?
+ C1y2n(24TC2 + 8TC2 + foomy | 8T07 | 5T0 )

977[~,%Ay . LA, Tno®> 36T L3no>
Ly T 20, M p2by, M
TCf oy 32TC3¢,, 16To*  20T0>
+ Doy | + )
1 by by
T(Jf ou | 8TC3¢2,,  8To?  5T0*
+ Do )
1 by by

<A+

+ Cin*(96TCF + 16T +

+ Ciy?n(24TCF + 8T +

we define A = h(z;) — h* as the initial sub-optimality of the function, A, = |ly1 — y,, || as
the initial sub-optimality of the inner variable estimation, A, = ||u; — uy, ||* as the initial

sub-optimality of the hyper-gradient estimation. Then we divide by n7T'/2 on both sides

and have:
2A  18L2A, 18L2A, 2 79[242
—ZEHW P< = = + L Y
nT uyT utT boM — p*b,M
16C2¢2 32C%¢2, 1602 2002
+ 2012 (96¢3 + 16¢2 + — 324 /f;”w bt )
40%¢2 8C2(2 802 502
2 2 2 59,9y I>g9,%y
20077 (20} + 8 — Lo 4 =T TR )

22 22
16C75C5 yy 32C5C5 ay

For ease of notation, we denote constants C,, = 2C(96¢} + 16¢; + 'zt *
4022 8C2¢2
1602 | 200%) and €, = 20, (24¢} + 8¢ + “ L 4 Klpm 4 8% 4 3% o have:

2A 18L2A, 18L2A, 2 72[%52
*ZE”Vh ”2 <= 12y + g i 19
nT uyT utT by M p2b,M

+C* +Cyy* (437)

Recall that, we have the condition that 7 < min (8&2, s’ TonL ﬁ), 7 < ﬁ, T <
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1 1
12811, 144kL

). Suppose we choose 7 = min (= L_), then denote

mm( 1281 L5 144xL

B S
8IL, 36k’ 4L’ 8IL,

~ = min(

),

and let v <4, and n = 36‘&1, then we have:

18L2A, N o2 N 720202
utT by M~ p2b,M

7260, A + 18134, ( (O c )72 N

1 T
—N"E|Vh(z)|]? < _
7 L EIVAE)I < = s+ O

We denote

/ 2 . T2kLiA + 1813A
= (ol v o), A = PSS (4.3

then we choose v as:

and obtain:

’ / i /3 ~
1z A (AN 18L2A, o 720207
- E 2 < T o u 1

T tzzl IVh@I" < =7 + ( 72 e S VARV

Finally, since L1 = O(k) , L = O(x?), suppose we choose I = O(1), then we have 7~ =

O(k), v = O(k®), A" = O(x®), Oy = O(x?), C,, = O(x%), C,, = O(k°), C’; = O(k5) then

1T 8 12 1/3 o2 o2
—SNTE|IVA(z)|? = — —
T; IVh(z,)]| O(T+<T2> + 501
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and to reach an e stationary point, we choose the inner batch size b, = O(M's*e™!),

upper batch size b, = O(Mte!), and T = O(x% 1) number of iterations. O
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Algorithm 9 FedBiO- Local Lower Level Problem

1: Input: Initial states zy, y1; learning rates {~;, n:}1_,

2: Initialization: Set xgm) =z, =Y
3: fort=1to T do

4: Randomly sample mutually independent minibatch of samples B, and B, of size b;

5: = Vg™ (@™ 5™ B,) and vf™ = &0 (207 0 B,);
6: yt(Tf =" — ™, B = 2™ - mvt(m);

7. if t mod I = 0 then

8: y§f1) = ijgfl)a x£+1 M Z] 1 mt+1

9: else

w: oy = o, el =2

11: end if

12: end for

4.8 Proof for Local Lower Level Problem

The FedBiOAcc-Local and FedBiO-Local are presented in Algorithm 10 and Algo-
rithm 9, respectively. Then in this section, we discuss the convergence rate of the two
algorithms. Please see Theorem 102 and Theorem 109 for the convergence rates.

For Eq. (4.10), we also assume Assumptions 55 -58, with a slightly different assump-

tion to the heterogeneity as follows:

Assumption 91. For anym, j € [M] and z = (x,y), we have: ||V ™ (2)=V fD(2)|| < ¢,

Hvxyg(m)(z) - szg(j)(Z)H < Cgays HvaQ(m)('z) - VyQQ(j)(Z)“ < Cguys Hy:(tm) - ya(cj)H < Cg*s

where (¢, Cguy, Coyys Cgr GTE CONStants.

Note that we remove the requirement of gradient dissimilarity ¢, in Assumption 59
and add the dissimilarity bound (,+ for the minimizer of the lower level problem. Note that
Assumption 91 is a sufficient condition such that the dissimilarity of local hyper-gradient

is bounded by some constant (.

Proposition 92. (Lemma / and 7 in [32]) Suppose Assumptions 56, 57 and 58 hold and
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Algorithm 10 FedBiOAcc - Local Lower Level Problem

1: Input: Constants ¢, ¢,, v, 1; learning rate schedule {a,}, t € [T, initial state (1,

Y1)
2. Initialization: Set y\™ = yi, 2™ = 21, W™ = V9™ (21,91, By), UM =

&) (11, y1; B,) for m € [M]

3: fort=1to 7T do

4 o = y™ = ya™, 2T = 2™ = na™, al) = u™ — Toaug™
5  if t mod I =0 then

6: ygﬁ) = gzgfl)a £+1 MZ] 1 t+1

7. else

8: ylﬁTl) gzﬁlnl)a [L‘E+% - :L‘IET1)7

9: end if

10: Randomly Sample minibatches B, and B,

12: oy = o (2, ylh; Be) + (1= caf) (1™ — o) (2™, 4™ By))
13:  iftmodI=0 then

14: wwngl) = Wt(«Tl)7 Vt+1 = M Z] 1 t+1,

15:  else

16w =oi, vl = ol

17 end if

18: end for

T < %, the hypergradient estimator ®(x,y; B,) w.r.t. x based on a minibatch B, has bounded

variance and bias:
a) ||IE[<I>(m)(m,y; B.)| — <I>(m)(m,y)|| < Gy, where G1 = k(1 — 7',U,>Q+10f

b) EI|®0) (0, 3 B,) — B[00 (o, y; B2 < G3, where G = (203 + 12C3LAT(Q + 1) +
ACTLA(Q +2)(Q + 1)*7*0?) /by
Proposition 93. Suppose Assumptions 56 and 57 hold, the following statements hold:

a) y™ is Lipschitz continuous in x with constant p = k, where Kk = % is the condition

number of g™ (z,v).

b) [|@0™) (15 1) — DU (205 90) |2 < L2([|w1 — 22| + |ly1 — 2||?), where L = O(x?).
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d) h™(x) is Lipschitz continuous in x with constant L i.c., for any given x1,15 € X,

we have |[Vh™ (z5) — VR (21)|| < L||2o — 21| where L = O(K?).
This is a standard results in bilevel optimization and we omit the proof here.

Proposition 94. In Eq. 4.10, suppose Assumption 55, 56, 57, 91 hold, we have:

, C c
VA @) = ThO @) < (0 w)Gs + L G+ =

CfLry + /inL 2

+ (1 + k)L + . My)Cg*::C

Proof. For h™(z) = f™(z,4(™), m € [M] in Eq. 4.10, we have:

IVA™ (@) — VR (2)
= IV f O (2, y0™) = Vay g™ (a, 4™ [V 32" (2, 0V, ) (2, 5™
— (Vo D@, 4) = Vayg (2, y0) [V 29 (2, 0] 7V, fO (2, 40) ) |
< Vet ™ a,yi) = Vo f 9O (@, y )| + [ Vayg ™ (2, 58)
— Vg (g ) [ (Fang™ (2 58)) 7V, ()|
+ [V g? (g [ (Fang ™ (, 98™)) ™ 0, ™ (2, 8)

— (Vg (. 99)) T, 9 )|

Next we bound the three terms separately. For the first term:

[Var ™ (@, yi) = Vo f D@,y < | Vol ™ (2, 58™) = Vo f O, yi™) |

+ || Vas D, yi) = Vo 9O,y
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<G ALy =P < &+ L (4.39)

where the second inequality is due to Assumption 56 and Assumption 91. The last inequal-

ity also follows the Assumption 91. Next, for the second term, we have:

Vg™ (@, y™) = Vg (0, y ) [ (g™ (™))~ 9, 10 ()|

C m m
< Vs (@,) = Vg )
C m
< L Vayg™ (2, 4i) = Vayg? ()| + fHV 0 3) = Vg )|

< Cng,rcy + C(f zy
2 1%

m ; Ciloay  CpLayCer
yi)_y:(rj))‘g fgy+ fHaybg*
H M

where the first inequality follows from the Assumption 55, 56; the third inequality follows
from Assumption 91, 57, the last inequality follows from Assumption 91. Next, for the

third term, we have:

[V2099 (g (Vg™ (. 58™)) 0 F ™, 4™) — (VgD () 9, O (2,59

|

< L[| (Vg™ . 5)) TV, 0 ) — (V09 49) 0,09 (2, 9)

+ L)(T0g™ @ 5™) " = (Viug? (,99) ||V D, 58|

+ O (T ™ ) = (T 0) |

< L(Cr + L)
i

< L[| (Vg™ . 5)) [V ) — V£ ()

fHVf (2, y5™) = Vy (2, y)

+ CyL| (Vg™ 58™)) %
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|99 ™ . 58) = V4,99 @,y [ (V00 (. 57)) |

L(gf + LCg*) 4 OfL(Cg@/y + Ly?gy*)
Iz p?

where the first inequality is by Assumption 57; the third inequality is by Assumption 57, 56;
the fourth inequality is by Cauchy Schwartz inequality; the last inequality is by Assump-

tion 55, 57 and the result in Eq. 4.39. Combine everything together, we have:

Crlya C¢LyCor L(Cr+ Ly
|Vt (@, y™) = Vo f D (@, yD)|| < ¢ + Lépe + ffj’y+ fuygg + (Cfu )

CfL(Cg,yy + Ly2 Cg*)
112

which completes the proof. O]

4.8.1 Proof for the FedBiOAcc-Local Algorithm

4.8.1.1 Hyper-Gradient Bias and Inner-Gradient Bias

Lemma 95. Suppose we have c,a? < 1, then:

G2

2 2¢2af 4
I+

} <(1—c,at I)E{H% 1 — Eelit-1,5,]

E[|7% - Belfus. ]|

oo 32 BlJa = a4 i - ]

b, M2
where ()™ = &) (2™ ™. BY and the expectation outside is w.r.t all the stochasity of
Mg
the algorithm.

Proof. For ease of notation, we denote ,ug?) = o) (2™ Y™y and ™ = &) (™ ™),
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then by the definition of 7, we have:

_ _ 2 1 &
E[|7 ~ Belas )] = B[ 57 30 (47 ~ Eclu) ]
m=1
M
= 5[|37 3 (e + (1 - ot ) i) — )~ Eeluf) ]
{H —aa (Vt—l _Es[ﬂt—l,&D

+ (e, — Eeljies,) + (1 — cvo? ) Beljir6.] — 1)) ||
2}

Sy B[ — Belul) + (1 - cy0d ) Belu™ o)) — ™)
m=1¢,€B,

<(1- c,,af_l)E[Hﬁtq — Eelite-1,5,]

]

b2M2

where inequality (a) uses the fact that the cross product term is zero in expectation, the
condition that c¢,a? < 1 and the fact that clients independently choose samples.

We denote the second term above as T}, then we have:

T < 2c,0f 1B pfe) — Eeluie)]

]

+2(1 — 02 ) ZIE[H,utgx - u§ ng (ES[HIE Mt 1 H }

2}

(2 2(0,,0[?71)2]E[H/1£’5 — Ee[py H } + QE[HMtg - Mgm% Ea

(2 2(c,al |)*G3 + QiQE[HxE — :ct )H + Hyt - yﬁ)HQ}

where inequality (a) follows the generalized triangle inequality; (b) follows Proposition 111
due to the definition of ,ugm); (c) follows the smoothness property of L and the bounded

variance assumption; This completes the proof. O
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Lemma 96. Suppose we have c,a? ; < 1, then we have:

LS Bl - 9,0l y(m)>H2}
M = t ’ S
< U-cab) néE[ngﬁ? - ]+ 2o
M
+§”2wa£m>—xt A ool
Yy m=1

where the expectation is w.r.t the stochasticity of the algorithm.

The proof of Lemma 96 can be derived similar as Lemma 95

4.8.1.2 Lower Problem Solution Error

Lemma 97. Suppose we choose v < 2 and oy < 1. Then for t # t,, we have:

L

B[l - o) < (@ - 2Dy - )

—E i HQ}

}

4 3:
gl oottt e

for t = t,, we have:

B[ — il ] < (0 = FEEDE ]l - <m>H] el

+ DB} - 7,0y
9k2n% a4 9k

E[lv"7)1%) + E[[12{™) — Z|’]

iy

(m)
t

Proof. First, we exploit Proposition 114, and choose the function g™ (z;"", ), by assump-
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tion it is L smooth and p strongly convex, and we choose v < i and a; < 1, thus:

2
lWOét 7 (o7 m 4’705t m m
k) N2 = 2™ )12+ = Vg (2™, ™) — wi™]2.

(m) _
” (m) yt 1

i = ol 1P < (1=

(4.40)

Next, we decompose the term ||ytJrl — 4 (m) ||2 as follows:

:u'y t ||2

4

2 2 (m)

— 1 — 14—

||yt+1 y <m || ( )Hyt—H Y, <m)H + t)||yx§m Yy <m))

th

4
<(1 - 2+ (1+ —)K? - 2 4.41
<1+ )Hyt—H Y (m)” +(1+ ,u’YOét)K th $t+1H ( )
where the first inequality holds by the generalized triangle inequality, and the second in-
equality is due to case a) of Proposition 3.9. Combining the above inequalities 4.40 and
4.41, we have

wyow Hyo m
)1 — E) |y ™ —

2
Ky T (m
y o ™ =y TP = (1 =) ™1

4 7 o4 T

||yt+1 -, (m))||2 (1+

pyo dyay (m) (m) (m) |2 4 | 5 (m 9
+(1+ V,9(z; 7, —w + 1+ — )2y ' —
( 1 ) 0 IVyg(z:™ g ) i ( lWOét) E= t+1H

Since we choose v < ap < 1, we have:

2L’

and —(1 4+ #2%) < 1 (1 + #22%) < 2 yyay < . Thus, we have
1 4 8 2

2
M/y t O m
i) =yl I® < (1= =) 1™ = g 2P = = llet™ 1P
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970@ 9K?

||Vyg( ™ oy™) = wil? + sy

T

Note for the term 7} we have T} = Hnatyt(m)Hz fort +1 # t, and T} = H;Tctﬂ — x,gm)Hz <
2 iﬁf} — JEtHHQ + 2H7704t7/t(m)H2 for t + 1 = t,. This completes the proof. O

4.8.1.3 Upper Variable Drift

Lemma 98. Fort € [t,—1 + 1,t5], with s € [S] we have:

oz < S apad] ("~ w)|f

szsfl

Proof. Since we have 2™ = 2\™) — na,_,v{™, this implies that:

(m) _ m) N~ (m) S
5" = = Y ™ and T =15, — Y nauby.
Ezisfl Kzfsfl
So for t € [t,_1 + 1,t], with s € [S] we have:
188" = &))” = [ — 27, — ( S o™ Y naeiz) |
= ts 1 = ts 1

]S et - r)' L S na| (- o)

—tsl —sl

where the equality (a) follows from the fact that a:gi)l = Zj,_,; inequality (b) is due to

t —ts_1 < I and the generalized triangle inequality. O
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Lemma 99. Suppose oy < o, 1 <1, then fort # ts, s € [S], we have:

16[

( 33

M
wﬂijwml—W1W+uﬁa > 2l + el ]

m=1

M
S E[p™ —n? <
m=1

8IM (c,0? 1)*G3

+ 8IM(c 02 )*G? + ; + 161 M (c, 0 ;)%
u T

+1281 L% (cp0f-1)* 32 B[l — 50 ]
me=1 t—1
M -2 9

F 12812 (c, 02 )2 Y IofE| (v™ — )|
m=1¢=t,_,

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. By the update step in Line 7 of Algorithm 7, for t # t,, we have:

E|lof™ — oy (4.42)

=B+ 0 -t )~ i) ~ (s, + (0~ ) (s~ )

2

= EH(l - CV@?—l)(Vt(Tl) - Dt—l) + Mg,rgi — fup, — (1= CVO‘tQ—l)(UgT%,Bm - ﬁt—l,Bz)

(a) 1 m
< (L P = o BT - n |

’ 2

+ (1 + I)]EHMEZ% — s, — (1= Cva?—l)(ﬂ’z(fm% By ﬂt—l,Bx)
< (1 + }) Ellv™) — 7,2

+ (14 DE| s — s, — (1= cad ) (™ 5, = 15, (4.43)

’ 2

where (a) follows from the the generalized triangle inequality.

Next we bound the second term of the above inequality (denoted as 77):

‘ 2

M
> EHME@ — s, — (1 — Cu@?—l)(ﬂgmis - ﬂtﬂ,BI)
m=1
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2

(m)

M
Hﬂt By — HMt.B, — (Mt—wm - ﬂt—l,Bx) i +2(c,0f ) Z EHNET%,B,T — Ht-1,8,

I/\
M:

m=1

2

Hﬂtlsx Nt 1(3 H + 2( CVat 1) ZEHMt 1.8, — M—1,8,

I/\
M:

m=1

where the second inequality follows Proposition 111. We bound the two terms separately,

for the first term, we have:

(m)

M
> EHM%) — Hi-1.8,

M
Z 2™ = 2P + ™ = w17

M
< Dol Y B[l + w1 (4.44)

where the inequalities follow Proposition 93.b) and the fact that 2™ = 2{™ when ¢ # £,;

Next for the second term, we have:

Z EHM 1By — tT (Nt LBy ™ ﬂt—l) + Mm - ﬂt—lH2

M
Z EHﬂng),Bz - /th—l,BJC

@
I

225" B, — i~ (s, — ) +2 3 Bl —

Yy Z E[u™) 5, — ni" 1H +4 Z E|[VA™ (2,) — Vh(ft_l)H

T1 T2

M
+4)] EHMtr—n% — VA "™(Zy_1) + Vh(Zio1) — ﬂt—1H2 (4.45)
m=1

T3

Note for the term T; of Eq. 4.45, we have EH/LET_?B — 1” <G4 9 32; For the term T
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of Eq. 4.45, by the bounded intra-node heterogeneity assumption we have:

M 1 M

T, < 4 Z ZEHVh (Zy_1) — VR (Z,_1)||? < 4M 3

Finally, For the term T3 of Eq. 4.45

T, <8 Z E[uf") — VA (zy)| + 8 Z E|VA(@-1) — firea |
<16 Z E[ " ™ (@)||
<32 Z E[[uf™) — VR @) [+ | VR0 @) - v @) ]

(<) 3212 Z E[thm) — T, 4|?] + 3212 Z E[Hytm -y <m>|| ?]

m=1 m=1

where inequality (b) follows Proposition 93.c) and d).

Combine Eq. 4.42, Eq. 4.44 and Eq. 4.45, use the fact that I > 1, we have:

< (m)
> Ell™ — 7
m=1

1 M m _ ol M m m
< (14 7) X EI™ = ol + 41823, 30 B[ ™1+l I
m=1 m=1 R
T

8IM(c,a? 1)*G3

+8IM(c,a? |)*GT + 2

+16IM (c,af ,)*¢?

M M
+ 1281 L3 (e 1)” 3 B[ [lai7) = 2| + 128103 (co0f)* 30 E [l — w0 1]

m=1 m=1

We separate the term 7T with triangle inequality to get:

M
> Ely™ -
m=1
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M
SElp =z | + 4L}, ZE[znnut 12 + [l 1]

m=1

1 N
< (1 + 7 + 8L n*a}

~—
3

8IM(c,a? |)*G3
bz

+8IM(c,0? |)*GE +16IM (c,a? ,)*¢?

_I_
M M
+1281L%(c,0f )2 3 B[l — 21 [|?] +1281L%(c,0f 1)* 30 Elly™) — o' o LI?]

T

Finally, choose nay < —— and combine with Lemma 98 to bound the term 7}, we get the

16LI

bound in the lemma. This completes the proof. O
Next, to simply the notation, we denote A, = E||,—E¢[f 5, ][ Br = 2 Yom— EHytm)

Y2 Cr= & SV Bllwf™ = Vgt (@™ y™)P, D= & ML ™ - 5%, B =
t

E|l#]2, Fi = 3 Soy Ellw™ |2

Lemma 100. For a; < 16”, we have:
3,€2 2 2 ts—1 32 ts—1 3n 2 ts—1 372 ts—1
- D, < ———— ayBy + Ey+ — F
0~ er t:tzs_f” "7 2k 162000 gztzs_l o 321%:_10"5 ! 64]62%2_10% !

3c2 (2 322 3c2 (2 ts—1
( 91 9%y C”CA ) > ap
321L% 321b,L? 16112 =

é:ts—l
where the terms Dy, E; and F; are denoted above.

Proof. Based on Lemma 99, for ¢t # t,, we have:

33

D = <1 321

) Dy + 1281070} By + 817} 1P By + 41 L%} 72 F,

8Ic2at G2 =2
% + 1612} (C* + 12817 L*n*cta} > o 2Dy

Ztsl

+8Icta; \G? +

while for t = t,, we have Dy = 1/M Y"M_ IEHI/— — i |)?

= 0. Apply the above equation
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recursively from t,_; + 1 to t. so we have:

t—20 S ~ N
D, < Z (H?ﬁ) (1281L2c2ai By + 8IL* 0} By + 41 L*y*a} Fy + 81 Gl
= te 1
8I12G2a}
+ v 2%

¢
1616 Cag + 1281 Liy’ca) Y a?D;)

Z:tis—l
5 i A - 2412 G0t
< Y (384IL%a} By + 241 L0} By + 121 Ly 0} Fy + 241 2 Ghaif + %
Z:ts_l T
_ y4
+161c2¢%ay + 3841° L clay > Q%DZ)

Zzis—l

The second inequality uses the fact that t — [ < I and the inequality log(1 + a/z) < a/x

for x > —a, so we have (1 +a/x)* < €% Then we choose a = 33/32 and = = I. Finally, we

use the fact that e33/32 < 3.

Next we multiply a; over both sides and take sum from ¢,_; + 1 to t,, we have:

ts—1 t—1
Z oD, < Y (3841 L%} By + 241 L*n* 0} Ey + 121 L*y* 0} F,
t=ts_1+1 t=ts—1  {=ts1
241c2G3 - :
+ (24[ch% L 481(;342) ay + 384I° LPnPclay > a?—Dg)
* Z:1?571
(a) ts—1 R 3[1/2ﬁ 2 311/2£ 2
< Z (24]1/2L03Q§BE+T7704§ ¢ T’yai ,
421?571

BIV2EGEY  BIVRAGE | BIVRCACR\ ,  24%L%)7
+ + + aﬁ—

z)

2l 2b, L L
® 32 3P S 377§
<" N B+ oL Eo+ F
_2*162]4[/2[; e é+32]€§1a£ 64[Z§1a£ ‘

32 (2 322 3c2(2 ts—1 3k2n202 ts—1
( ¢,Gi @Gy C,,C: ) a§+& S D,
321L%  321b,L2? 16112 4% 1631514 5

=ts—1

In inequalities (a) and (b), we use a; < Note that Z%:{s LoDy = £—1 oDy

1
16L13/2" t=ts_
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as Dy, = D; =0, so we have:
s s—1

3m2n202 ts—1 32 ts—1 3772 ts—1 372 to—1
l— —— D, < ———— ayB E,+— F
C 16315L4)t:%:_1at ECWET N2y gztz ] gztz;_l‘” Y gz%j_laz ‘
<3012,Cf% . 30,2,6% 30252> til o
32IL*  321b,L* 161L?) 7~
This completes the proof. O

4.8.1.4 Descent Lemma

Lemma 101. Suppose n < a, < 1, for allt € [ts_1,ts — 1] and s € [S], the iterates

2L’

generated satisfy:

_ _ o o _ _
E[(Z41)] < E[h(z,)] - 77 “E]|7]*) - n “E(|[VA2) %] + 2nBl|[Eelfins,] — 7)) + 4na. G
L2[77304t t—1 M . ~ 4f/27704t
v oo mz_lEu(ué a7 = X Bl ™I
where the expectation is w.r.t the stochasticity of the algorithm.
Proof. By the smoothness of h(z) we have:
_ _ L ., L, e
Elh(1)] < E[h(@:) + (VA(E), Tri1 — 1) + 3 e =l |
(@) ’f] gL
D [h(z,) — na(Vh(z), 7) + L 5]
(b) _ no 2 Na no no 2 2
= E[a@) - 5 7] - tlth( OIF + 5[tz = w]+ 5= ]
_ a o o 2
= E[n@) = T |a]] = IR+ T Vi) - #] ]
T
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where equality (a) follows from the iterate update given in Algorithm 7; (b) uses (a,b) =

sllall® + 116]1* — [Ja — b[|*] and nay < 5%; For the term T3, we have:

E[|va) - 7] < 28[|Va@) - > va™)|] + B[ S V™) - Bl

+ 4[| |Ee[firs.) - 7]

For the first term, we have:

2E[|Vh(z) - Z Vhia™)|]
2 Y 202 &
< o 3 B[|a@) - Vrei™)|] < 57 3 Effa - o]
LI ﬁEW )
=ty , m=

> Bl wntef™) - ] + 57 3 Bl - B

Plug the bound for term 77 back gets the claim in the lemma.
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4.8.1.5 Proof of Convergence Theorem

We first denote the following potential function G(t):

M
G, = (@) + g7 = 57 3 et + 18:L - z o =y
Qfé\if:? X ]\14 g: Hwtm) _ vyg(m)(xgm)’ylgm))uz
m=1

: Wy L2 1 L 1i2 _ 32
Theorem 102. Suppose v < 2L, 7 < min (144,#4’ G177y G2 (G e, 1), Cv =gt

L _ 14412 L _ 2~ = _ 3719/27 .3/2 .3/2 _
AR Co = pane + e U = (bMo)?*u, where 4 = max (2, 1631°12L, 3% 3/ ), 0=
(bMo)?/3

7375 then we have:

1 T-1 o 19/313/2 16/3 312 1 72 19/2,42
- ;E[va:@t)u | =o( 7t Garmes " MG

To reach an e-stationary point, we need T = O(k3(bM) ™ e™10), I = O(k'/°(bM)~2/3¢1/3)

and Q = O(/ﬁlog(b—]\"}e)).

Proof. By the condition that u > ¢3/26%, it is straightforward to verify that c,a? < 1. By

Lemma 95 (in new notation), when ¢ # t, we have:

2 3 2
2c;0p G5

At At—l ( —1

-1
<oy —ay — Cu%—l) Arq +

a1 Qg bM
4[A/277204t—1 2£27205t—1Ft—1
—— ——(D,_ B,
R — s v
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Note we choose b, = b. For a; ', — a; %, we have:

o (e (ut ot —1)Y3 @ o2
o — oy = 5 - 5 <

36(u+ o2(t — 1))2/3
© 2P0 20 , 2?2 _ L

— (0% (8% — (Y
= 36%(u + o2t)2/3 363 Tt T 3M2t T 24Ip2 M2

where inequality (a) results from the concavity of z'/3 as: (z + y)¥/? — 2'/3 < y/32%/3,

inequality (b) used the fact that u; > 202, inequality (c) uses the definition of ;. By

choosing ¢, = 92721\4 + W, we have:

A A 32 2c2a? G2 ALPn?a; 4 [ L F_
T S oAt — Dy + B
a1 Qg oph 1 bM + bM (D1 + Eyy) +

When t = t,, by Lemma 95 and Lemma 98, we have:

At At—l 32 2020[?_16% 8[A/27’]2Oét_1
— < — 1A d D,_ E,_
o o, S ot T T P B
21:272%_1 g2 t=1

+ WFt_l + m Z ]772@ng

‘ezgs—l

Note we use the fact ay/az, 1 < 2 in the last term, which is due to:

o (ot 02— 1)
g, 1 (ug + o%t)1/3

- (1 + ug,y — g+ o*(t, — 1 —t))1/3
us + ot
I —1)o%\1/3 I-1

u; + ot 3t+1+1) —
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where we use the condition u; > (I 4+ 1)o?. Next, we telescope from t,_; + 1 to t:

Ar, Ap 32 2c2G3 ! 161122 '
s _ 5— < _ A 14 3 D
(%1 ozt311>— ooa 2 T T t:%:_lo‘tJF DM t:%:_lat !
8[A/2 2 ts—1 2ﬁ2 2 ts—1
b]; Z OétEt + T]J Z OétFt (446)

t=ts_1 t=ts_1

Next, we follow similar derivation as A;/a; 1 — A;_1/a;_». By Lemma 96, For t # t,, we

2 7 .
choose ¢, = ij‘é; + 24IbL2M2’ to obtain:

Ct Ct—l < _144L2Oét_1

22} 0% AL*n*ay_ 2122
t—1 Ui tl(Dt—1+Et—1)+ bj\;

Cio1 +

1 F_
Q1 Qg bM pi? bM bM Q111

Note we choose b, = bM. When t = ¢4, by Lemma 95 and Lemma 98, we have:

C; Ci1 < _144L2at,10 . 2¢2a} o . SL2n%ay_4

— _ D+ Ei
1 g bM pi? =1 bM bM (Dir + Eia)
2L2")/2th_1 4L2 t—1
+ e Foa o > IfaD,
bM bM i

Divide &, for both sides and then telescope from t,_; + 1 to t,, we have:

C. G 14412 ' 220 ' 167L%? '
2 — sl S —— Z atCt"’ = Z Oé?“f‘ Y Z OétDt
(O‘ts—l oztsl_l) 20M pi? b bM Nl bM s
8L2772 ts—1 2L272 ts—1
E F;. 4.47
oM t:t‘zlat ¢+ oM t:{,lat t ( )

Next from Lemma 97, for ¢ # t,, we have:

pyc 1By _ PYQOétletfl I Iva;1Ci 4 i 9/‘4527720%—1th1 n 9527720%—1@71

B,— B, <—
e 4 4 24 py 1y
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When t = t,, we have:

pryoe—1 By Yiou_1Fi 4 i 9va_1Ci—1 . 18k 0% 1 Dy—y

B, — By < —
4 4 21 Y
18k2n%a; 1 By 9x2In%a, ; =L
i N o141 i N0y Z Dy
uy wy =t 4

For the coeflicient of the last term, we use a;/az, _; < 2. We telescope from ts—q1 + 1 to t,

and have:

Ly ts—1 72 ts—1 ts—1
By, — DB, , < —— ZOétBt—ZZOétFt‘i‘* ZOétCt
t—fs—l t=£9_1 t:Es—l
361 K2n2 ts—1 18k2n2 ts—1
aa] Z Oét_Dt il Z OétEt (448)
M’y tz{s—l ’y tz{s—l
Next, by Lemma 101, we have:
_ _ no no
E[h(xtﬂﬂ < E[h(l‘t)] - TtEt - J [HVh( )HQ]
t—1
+ L?Iniay Z a? Dy + 2noy Ay + 4f}2natBt + 4no, G2
ngs—l
We telescope from t,_; to t, to have:
- _ ! 77% oy not 2 = 2
@)~ har ) < = 3 B 5 SREIVAGFT 4 3 o)
t=ts_1 t=ts—1
ts—1 t—1 ts—1 ts—1 R
+L2I7] Z Qg Z OélD[+ Z 2770[1514,5 4L27]OétBt
t=ts_1  A=ts_1 t=ts_1
o1 To—1 o1

o ts o
<- ¥ B Y TUEIVA@)I 44 Y oG

t=ts—1 t=ts_1 t=ts_
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/{27]3 ts—1 ts—1 ts—1 R
+ D+ > 2novAc+ > 4L B, (4.49)

64 tzgs—l tz{s—l t:fs_l

In the last inequality, we use the fact that ¢, —t,_; < I, oy < —= 16“ and [_//I: =rk+1<2k

Combine Eq. (4.46),Eq. (4.47), Eq. (4.48) and Eq. (4.49) and we have:

]E[gga] - E[gfsfl]
ts—1 72,2 2 2,2 ts—1 72 ts—1
: na 9L nco e, G5\ 3 L n %
<= 3 SENIVA@RIF + (g ) Xoai- 5 X ab
t={5,1 t:1?571 t:1?571
S (97772ﬁ2 9Pl 977'@2)% .
i 2 8 8u
&1 3uURLEpP 9L%P 9L
— Z (Z_ ILL272 — 5 — 5 )natEt
t=ts—1
k2 GA8IK2L2 ts—1 ts1
(gt o  HULPHOIL2) 30 Dyt 4y Yo G
p2y? t=t. 1 t=ts_1
. So we have:
E[G:.] — E[G;, ]
ts—1 Incio?  IncEG3 f—1 3 f—] )
Z VA )P + (T + =) Do ai+dn Y. oGl
i { J+ 8y Buy )t:tsl i
9212 ol 3y bl j2, t-1 -1
— 771 Z OétFt—£ Z Oét.E‘t—777 QétBt+Ol.[T]3 Z OétDt (450)

t=£571 t:t_571 t= {571 t:Esfl

where we denote O = (64 + 648”‘2’:2 1912+ 9L2) By Lemma 100 and choose 1 < %, we

have:

2 ts—1 2 ts—1

' y
2. wbis o 128]4L ; 81 2 bt g 3 ok

t= t37 t=ts—1
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(261, 4a , a¢
8IL%? 8IbL? 4[L2

) f: (4.51)

Combine Eq. (4.50) and Eq. (4.51), and use the condition that 7 < min (lejz , 011/2, Clﬁ/Q, 1),

the fact that I > 1, we have:

ts—1 ts—1

E[Gi] —ElGi, | < — X TE[IVA@)IP] +4n X alh

tz{s 1 t:t_571
2.2 52 22 2 12 212 22 ts—1
9L2%¢ 9e:G5 Gy G5 o ) $ 3

(S T e G ) D

Sum over all s € [S] (assume 7' = ST + 1 without loss of generality), we have:

T-1

E[Gr]| — E[Gi] < — %E{HV}L )HQ} (7700(+ T )2

t=1

912c2 o2 90202 G?
8L2 + + + 8b

For ease of notation, we denote C, = ( ) Rearranging

the terms and use the fact that «; is non-increasing, we have:

T-1

S INENE

t=1

4 G2 T—-1
E[G)] — E[Gr] + (nCog + 1) 3 af
T t=1
9bMnA,  18nL2B;  9bMnC, 4nG2 -
< h(zy) — h*
< hlz) + 16 * Wy * 160 +(UCU’C+ )z_:

where we use Gr > h* (h* is the optimal value of h), and for the last term, we use the

198



following fact:

T 53 T 53 53 T 3 27702

)
<E — = E 7<—l T4+1) =
T i 0?4 o0% 02 1+t~ o? (T+1)

In(T+1)

the first inequality follows u, > o2, the last inequality follows Proposition 112. Next, we
denote the initial sub-optimality as A = h(Z;) — h*, and initial inner variable estimation
error i.e. By = LM, g™ — Y (m)Hz < A,, and we assume A, = O(x™1), furthermore,

we have:

IN

1 X 2 o
a = B[ 35 (@, ) — o, ) ]

m=1

and

0.2

S (m)

m m 2
ZEH% - yg( (a1 ,y1 )|| =
m=1 1

where we choose the size of the first minibatch to be b, = b; and b, = by M. Then, we

divide both sides by narT/2 to have:

=l 2/ 9bo? 36L2A 9bo”
Ly E[|VA(z)|?] < TR CR— v d
T = narl 80/ Tayar  wkuyTar  8bTajoar
20°M?*Cly ¢ In(T) N 8V2M2G2 In(T)
L2Tor LT3,

Note that we have:
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where the inequality uses the fact that (x + )/ < 2'/3 + y'/3. In particular, when ¢ = 1,

we have

1 ul/3 +02/3 f/2/3(a1/3(bM)2/3 + 1)
o< =
oy ) (bM)2/3
when t =T, we have:
1 ul/3 o2/3 f)2/3ﬂ1/3 zz/s
< =
arT =0T TR T T T MT)R
In summary, we have:
1= 9N 9bo?  36L2A,  9bo>
=Y E|[[Vh(@)|?| < (— + + L
T tz::l M (@)l } ( n 8b1ay KLy 8bia;
b2MQC'g A2 M2 G2 £2/3ﬂ1/3 £2/3
+20n(T) (—— 2 + ———1))( + )
L2 L2a2. T (bMT)2/3

Note that L = O(k2), L = O(k%), ¢, = O((bM)~'s2) and ¢, = O((bM)~'k?), @ =

O(I°2K% 4+ (bM)~32K3), ayt = O(I*/?k? + (bM)~'/2K7/3), then for 1, we have:

y IR 1 L 1 )

< mln A~ 9 9 S N T
1= (144/<L ke, C2e,” CFF ¢l 2L

Recall that C, = (’% + 645577252 +9L% + 9f}2), suppose we choose v = 5=, then Cy = O(k?)

7 212 22 22
and ! = O(k*), wy = O(k™1). recall that Cp e = (QLSE%"Q + 96”8G2 + C”SGl + c”gfz - 0’2’442>, S0

we have C, . = O((bM)~2x%), suppose we choose by = O(I°/?). Finally, for the coefficient
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of the hyper-gradient bias term G?%, we have:

862 M2 In(T) ,u/3 1 1662 M 24 M2\ ? e
- < 16 16 16
/502 (77 (bMT)2/3)_ T T * T *
= O(K* V> M1°?)

Then, we have:

T-1 1< 19/3 13/2 1 16/3

T ; IE[HVh } = O( = AT + /£362M2[9/2Gf)

To reach an e-stationary point, we need T = O(k8(bM)~1e™1%), I = O(k'*/(bM)~2/3¢71/3)
and Q = O(/ilog(ﬁ)). The communication cost is £ = T/I > x5/°(bM)~/3¢77/6,
the sample complexity is Ge(f,e) = O(M k¥ 19), Ge(g,e) = O(k¥e™19), Ju(g,e) =
O(k%™ 1), Hu(g, €) = O(k% 1)

Suppose we choose b = O(¢7%?), we have T = O(kSM~'e™l)), I = r'OM~%/3,
Q = O(nlog(MLe)) and B = x%2/M~3¢71. If we instead choose b = O(1), we have
T =O0KM e 19), I = Ok M~3¢71/3) and Q = O(mlog(ﬁ)). The communication

cost is B = O(kS9M~1/3¢77/9), O

4.8.2 Proof for the FedBiO-Local Algorithm

In this section, we investigate the convergence rate for the FedBiO-Local algorithm

(Algorithm 9).
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4.8.2.1 Lower Problem Solution Error

Lemma 103. When v < %, when t # t,, we have:

2 2

1ME<> IP<a E (m)
v S a0 - B S i -

Ti_q

2
2 S + 5

when t = t;, we have:

M
a7 25 b ol < 0= By it~ S S i
10s2 M 37202
W; I

Proof. First, we have:

ol — o < (4 BB~y o o

(1+§)(1 [y EHyt =y m>H T 1+,7 EH?/ §m>—y(’<’2 H
+(1+“27)2760
Y
< (S0t o [+ 2 ]+ 7

where the second inequality is due to Proposition 113 where we choose v < 1/L; in the last

inequality, we use v < 1/(L) and u < L, For the last term, when ¢ # t,, we have:

By - yi?“z)HZ (- %)EH?J@ oY ’ |+

Ti_1
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Then when t = t,, we have

By -y < (1 - EDE[yim - yi?%\f

10K%n? m 10k2 _ 3y20?
+ E v} )H +—E||xt — &+
wy Y by
Average over all clients, we get the claim in the lemma. O

4.8.2.2 Upper Variable Drift

Lemma 104. For any t # t,,s € [S], we have:

t—1

2

||xtm) . «it“2 < 1772 Z Hyém) _ DZH
f:fs_l

Proof. Note from Algorithm and the definition of £, that at t = £, with s € [9], 2™ = 7,
for all k. For t # t,, with s € [S], we have: :Egm) = x,@ — nl/t(Tl), this implies that:

2™ = xﬁ"i) — EZ%SA m/ém) and 7, =, |, — Z;;%Sil nv,. So for t # t,, with s € [S] we

ts—1
have:
t—1 t—1 2 L )
2™ =2l = o, = @i = (X wi™ = 3 )| =] 3 n(w™ - 7))
l=ts_1 l=ts_1 l=ts_1
t—1 )
o T
l=ts_1
This completes the proof. O
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Lemma 105. Fort # t,, s € [S], we have

—ls—1

M t-1
|+ 2T 5 S ey

M T2 M
77 SB[ )| < 4 X -
+8§2+4G§+46G§

fort =t s €[S], we have:

o

2

M
L SB[ - ) < 2 S w5t s+
Proof. For t € [T'], we have:
- )l
% 2EH(Vt(m) _ Vh“’”(x,ﬁ”“)) _ (Dt _ ]\14 % Vh(j)@gi)))HQ
m=1
1 Y A (12
+ 2K (VA™ (™) —MZVMJ)(Q;?)))H
j=1
m m) m m 1 I j ]
<2]EH R v )) H + 2B | VA™ (2" >)—szlvzz0>(x§”)u
72 m ) | 4GS m) (,.(m) I ) (1 (7)
< 4L%E[y™ -y <m>H +4GT+ 7+ 2E | VA™ (2™ S VRO (452
T j=1
where the equality (a) uses triangle inequality and (b) follows from the application of

Proposition 111. Next, for the second term of 4.52 we have

my _ LS o002
Y Z:Vh(J)(xtJ )H

M
m=1
O+ 4n|vrz)

@ M
<2 ) || VA ™) = VA (&
m=1
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Hz (

M b M 9
+43 [V (@) = Vh@)| <612 o™ — ||+ 4nr¢? (4.53)
m=1 m=1

where (a) follows the generalized triangle inequality; (b) utilizes the heterogeneity Assump-
tion 59. Next for the first term, it is 0 when ¢ = ¢, and when ¢ # t,, we use Lemma 104.

Substituting 4.53 back to 4.52, we get the results in the lemma. O]

Lemma 106. For s € [S], we have:

1972722 = 72 = 2 2 4IG%
(1—12L%1*n%) > Dy <A4L? > B, +8I¢*+4IG; + 2

t=ts_1 t=ts_1

Proof. For ease of notation, we denote D; = - M E| (l/t(m)—ﬂt) |?and B, = L S0, E||ytm)—

y(T[fz) |?. Based on Lemma 105, we have:
Tt

R B t—1 4G2
D; < 4L*B; + 120710 Y. Dy +8C* +4G3 + ; 2
ezis—l x
Next, we sum from ¢,_; + 1 to t, — 1, we have:
ts—1 o t—l 3 ts—1  t-1
> Dy <4l > B+ 12007 Y. > Dp+8(1 1) +4(1 - 1)G?
t=ts_1+1 t=ts_1+1 t=ts_1+16=ts_1
fo—1 fo—1 2
N s _ S 4 ] - 1 G
<4l Y B+ 1200 Y Dy +8(1 - 1) +4(1 - 1)GF + (b)2
t:{s,1+1 gz{sfl x

In the second inequality, we use t — 1 < t, — 1, combine with the case when t = ¢,_; in
lemma 104, we have:

1072722 = 2y A 2 o | 4GS
(1—12L%I%n°) > D, <4AL* > By +8IC +4IGi + 2

t:t_sfl t:t_571

205



This completes the proof. O

4.8.2.3 Descent Lemma

Lemma 107. For allt € [t,_1,t, — 1], the iterates generated satisfy:

A2

E|VA@) - ]| < 2 %_ (4n°E]2f™ — &+ 2E [y — 7)) + 263

Proof. By definition of 7 and Vh(Z;), we have:

E|Vh(z) - Eew]| ¢ ]\14 mzﬂijl]EHEE[ng] — VR )|
< 2 S B[Rt - + [t - V)]
QL mf; (B[l — 2 + B[y — o) + 263
<20 55 (e Bl =i = k) 2
<22 5 (1 2Bl - o + zEHyg y (m)H ) ++262

3
Il

where inequality (a) follows the generalized triangle inequality; inequality (b) follows the

Proposition 93 and Proposition 92.

Lemma 108. Fort # t,, the iterates generated satisfy:

B[ (7)) < Blb(z)] - TEIVAGEOI? - TE[Ben + L2 42
SIS (e S o 2l - )
m= I=ts_1
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fort =t,, we have:

E[h(7+1)] < EIb(@)] - SEIVAE)I - TE|Eelz]|

27 2 72 M
+ Zbifj +0Gi + 27’]\5";1@\\%( ~y <m>H

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. Using the smoothness of f we have:

Elh(21)] < E[h(z)] + E(Vh(E), B — 3) + Bz — 2

“ Elh(z S moh s T 2L,G2
(—_) E[h(l‘t)] - nE<Vh<xt)7]E£[Vt]> + %EHES[W]HQ + 772b ]\;

2 Elh(z)] - JEIVAE)|? + JEIVh(E:) — Ee[7)]?

2 27 12
n L " LG
_ ( _ )EHEs[ g2+ LG

2 2 2b, M
g E[h(z,)] — ﬂEHVh(:zt)H? IEHIE€ H ;bi’ff +1G3
IS (awml 2w )
M 2 ¢ t Yy yw£m>

T

where equality (a) follows from the iterate update given in Step 6 of Algorithm 8; (b) uses
(a,b) = L[llall> + [|b]|* = |la — b]|*]; (c) follows the assumption that n < 1/2L. Finally, use

lemma 107 to bound T} when t # t, finishes the proof. O
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4.8.2.4 Proof of Convergence Theorem

We first denote the following potential function G(t):

12 N Ny
G, = Em(%)] +—X M Z ]EH?Jt( - yi(nz)
m=1 t

2
0 |

1 py 1 1 . —
20177 Tank 3L —GUi), if we choose n

Theorem 109. Suppose we have constant n = min (

min (77, (C%TAT)1/3> and vy = i, we have:

1.7 o (5 416 1/ 152 G% )

To reach an € stationary point, we choose the inner batch size b, = O(k¢™1), upper batch
size by = O(M~'e™) and Q = O(ﬁlog(f)) in Eq. 4.11, and T = O(x% %) number of

iterations.

Proof. Similar to Lemma 106, we denote D; = ﬁ SM | (Vt(m)—ﬂt) 1%, B; = ﬁ wM ||yt(m)—
'™ |12, additionally, we denote E, = ||E¢[7]||%. First, by Lemma 103, when ¢ # £,, by the
Ty

triangle inequality, we have:

Wy 10k20? 10k2n? 10521*G3 n 3y20?

B, —B,_ 1< —-—B,_ D,_ E,._
t 1S T -1+ i1+ -1+ Ly b, M b,
When t = t,, we have:
20k2n? 20k2n? 10K%2In? =L 10x°°G2 3~%02
By — B < —%th + 7 Dy + 7 Ei 1+ 7 7 =2 7

Dy + +
wy @zz M b

Es—l
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We telescope from t;_; + 1 to t; and have:

ts—1 27,2 ts—1 2.2 ts—1 2,272 2 2
Wy '3 40r°In" 3 20" 3 10/x*n*G5 31y
B.—-B , <-2% B+ D+ B+ +
Tl 2 t:tz;_ o t:tz;_ Ty t:tz;_ S b M by
(4.54)
Next, by Lemma 108, when ¢ # t,, we have:
E[h(Zi11)] — E[h(Z)]
n 2 7 272 — £9 772EG§ 2
< —2E|Vh(z)|> — ~ B+ 4*L*In* > Dy +2nL*B, + +nGj
2 1 o 2, M
and when t = t,, we have:
_ _ n —y2 7 79 772LG% 2
E[h(Zi11)] — E[h(7y)] < —=E||Vh(z,)||* — ~E; + 2nL°B; + + nG7
2 4 2b, M
We telescope from t,_; to t, to have:
ts—1 ts—1 ts—1 t—1

Elh(ar)] - Bl ) < = ¥ TEIVA@IE - ¥ B+ 4it ¥ % D

tz{s—l t=ts—1 t=£9_1+1 ez{s—l

ol In*LG?
2I’nB 2
+ Z nb; + 2. M

tz{s—l
ts—1 n ts—1 n ~ ts—1
<- ¥ 51@“%(@)“2— > ZEt+4/<;2L212773 > Dy

t:{s—l tzis—l tz{s—l

+ InG3

s, bl In*LG3
212 B+ =2
+ n Z t + %M

t:7?371

+ InG3 (4.55)

In the last inequality, we use the fact that ¢, —t,_; < I.

Next, by the definition of the potential function and combine with Eq. 4.54 and
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Eq. 4.55, we have:

ts—1 2 -1 2,272\ ts—
: 5nL? % 720K°n° L
Gi, Gtsl_—* Z E|[Vh(z,)|* — n 2 Bt—<1—2772>
t=ts_1 =y t
360 fe—1 271 L~yno?
(e e
1y by
90IK2L2PGS T 2LG2
5 . "Gy n InG%
p2y2b, M 2b, M
to bound the coefficients above, we choose n < £1- 48 L Then we have:
ts—1 L2 ts—1 ts—1
Gi. — Gi._, < Z E(|Vh(z,)|* - > Bi— Z Ly
t ts—1 t=ts_1 t ts_1
360 L, T 271>
w2y i by
90IK2L*n*G3  In*LG3
;f e NGy + Ui 2 4 InG%
w2y2b, M 20, M
By lemma 106, and choosing n < 617’ we have:
fo—1 -1 2
: ny % 6/G
> Dy <6L” Y B+ 18I +6IGT + —
t:7?571 t:ES,1 z
Next, we denote C = ( 360, ) 212 and choose n < min(zclm, L, 2L) then we have:

gts _gfs 1
ts—1 72 ts—1 ts—1
s 5 L s s
< - z E|VA@)|P - "0 Y Bi—3 X B

3 T2 < 2 2 GIG%
+ CIn’ | 6L Z By + 18I¢* + 6IG; +

t:t7371+1

210



27112 vno?  5InG2  In?LG2
i yno i nGs i n 2
by 1t 8b, M 2b,,

fo=1 6C, IL2 G2 5InG2
Z E[[Vh(&) |2 + 18CH I L2 + 6C1 I L' GE + == T2 Sb”M?

t ts 1
i 271 L2yno? In?LG2
by 1t 2b, M

+ ]nG%

+ Int

Sum over all s € [S] (assume T' = ST + 1 without loss of generality) to obtain:

4 72,3072
> - 6C,TL2PG
gz IVR(z,)|]> < Gi — Gr + 18CLTL*n*C% + 6CLT L G2 + 1b—772
5TnG3  21TL*yno®  Tn*LG3 ,
T
bl T o o TG
LA ; . 60, TL2P G
<A+ 77Wy FISCTEAPC + 6O T LG 4
5TnG2  2TTL*yno?  Tn?LG2 ,
T
8b, M b oM NGy

we define A = h(z1)—h* as the initial sub-optimality of the function and A, = & Y2 Hyl —

2
‘ as the initial sub-optimality of the inner variable estimation, then we divide by nT'/2

yim)

on both sides and have:

2A  nLG? . . 120, L2 G2
—ZEHV}L 1P < T + gb i <3601L2C2 +12C, L*G? + 162> n’
Ty
1812A AL%~0? 2
L 8LA, | SALyer | 56, + G5
uwyT byt 4b, M
~—_——————
T2 T3

As shown in the inequality, we break the bound into three parts. The T} part has a structure
similar to that for the single level federated learning problems. Then the T3 part includes

the optimization error of the lower problem, and the statistical error of sampling. Finally,

211



the T3 part includes the bias and variance of the hyper-gradient estimate.

1

Next, by < 57, we have

Ly 24 ; . 120, 1262
= 2 EIIVA(@)|* < — + (3601L2g2 +120,12G2 + 12) 7
t=1 n

ba
1812A,  54L%y0® G2 5G3
Gi 4.56
LT RN TS VANV VAR (4:56)
S 1 11
Next, we denote constant 7 = min (201/2, TR 617) and

R . 120, L2G2
C, = (3601L2¢2 + 120, L*G? + 22>
we choose
oA\ /3
7 = min (17, <C'7,T> )
and v = i, and obtain:

1L 2A I2A 40, A2\? 971242 2
TZE“V}L(@)W < n 36kL°A, N < Cy ) 7L*0 3G3
t=1

e 2G7
e T2 b, L opar o

Finally, since L = O(k?) , L = O(x%) and and py = O(k™'). Suppose we choose I = O(1),

then 7 = O(k™*) and C} = O(k®), ¢ = O(k?), C,, = O(x'9), thus, we have

1.z o e 416 1/3 152 G% ,

and to reach an € stationary point, we choose the inner batch size b, = O(k’¢!), upper

batch size b, = O(M~'e!) and Q = O(ﬁlog@)) in Eq. 4.11, and T = O(k®¢ %) number
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of iterations. O

4.9 Useful Propositions

In this section, we state some propositions useful in the proof:

Proposition 110 (Lemma 3 of [55]). (generalized triangle inequality) Let {xy},k € K be

K wvectors. Then the following are true:
1|z + x| > < (1 + a)||zi| [+ (1 + D)|ay|* for any a > 0, and
2 IS @l < K w2

Proposition 111 (Lemma C.1 of [13]). For a finite sequence z* € R? for k € [K] define

Ti= 250 W) we then have Y, ||z — 2|2 < S0, [|o®)]%.
Proposition 112 (Lemma C.2 of [13]). Let ag > 0 and ay,az,...,ar > 0. We have

T t

(14 =),
=1 @0+ Xzt Qi Qo

Proposition 113. Suppose we have function g(y), which is L-smooth and p-strongly-

convex, then suppose v < %, the progress made by one step of gradient descent is:
Ellyer1 —y*II” < (1= my)lly* — wel* + 270

where y* is the minimum of g(y) and we have update rule g(yi+1) = g(y:) — YVg(yi, §),

where the error of stochastic gradient estimate is bounded by o>.
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Proof. First, by the strong convexity of of function g(y), we have:

9W*) = 9(ye) +(Vyg(ye), y" — y) + gHy* — y|?

= 9() + (V). y” = ) + (Vg (). vesr =) + 5 ly" =l

Then by L-smoothness, we have: %Hytﬂ - ytH2 > g(yt+1) - g(yt) - <Vyg(yt)>yt+1 - yt>a

Combining above two inequalities and take expectation on both sides, we have

. . . L
9W*) = Eg(er1) +E(Vyg(ye), ¥* — yes1) + %Hy —yl]? — §Ellyt+1 — y|?
2 * lu’ * 2 L72 2
> Eg(ye1) +vIIVygwll” +(Vyg(ve), ¥™ — ye) + §Hy —wl|* — TEHVyg(yt,&)H

> Eg(yi1) + IV @)lI? + (Vyg(we), v — u)

o s s LY s Ly’o?
Py — A _
* ,LL * 2 72 2 L’}/QO'Q
> Eg(yee1) + (Vo9 (o)™ = ve) + 51y = well” + |7 = == | Vg () I” = —5
By definition of y*, we have g(y*) > g(ys+1). Thus, we obtain
. e Ly? Ly*o?
0 (Tyat =)+ =l + (3= 5 ) IWaatl? — 2
By i1 =y — ’Yvyg(yta §), we have:
Ellyeer — v 11 = Ellye — vVyg(ye, &) — v*I>
= llye — "> = 29(Vyg(ve). ye — ¥*) + VEVy9(w, I’
Ly* v
* |12 2 3 2 2
< (V=) lye =y I* = 2v(v - - §)Hvyg(yt)|| + (17" +1%) o
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Then since we choose v < %, we obtain:

Ellyerr — y*|1> < (1= py)|y* — vel|* + 29°0°

This completes the proof. O

Proposition 114. Suppose we have function g(y), which is L-smooth and p-strongly-
convex, then suppose v < i and oy < 1, the progress made by one step of gradient descent
18:

VQOét
4

, pryal )
e — o[> < (1= = e —y*1> -

leoe

n dyay

373
(e ) = Bl P+ =5 Varl)

where y* is the minimum of g(y) and we have update rule g(yiy1) = g(ys) — youws.

Proof. First, Suppose we denote §;41 = y; — Ywy, then we have v 1 =y + (Jer1 — vt)-

By the strong convexity of of function g(y), we have:

9(") = 9(u) + (Vo9 (), y" — v+ Slly" = will”
= 9(y) + EElwil, v = Gi1) + E(Vy9(ye) — Elw], 4" = Gera)

— 1{(Vag(w), Blwd) + Sy — will* (4.57)

where the expectation is w.r.t the stochasity of w;. Then by L-smoothness, we have:

CElis — wll? 2 Bg(ii) - 9(u) +7(Vo0(u1), Eler]) (4.5%)
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Combining the 4.57 with 4.58, we have

9(*) 2 Eg(gi1) + E(Elwi], ¥ — Gey1) + E(Vyg(ye) — E[we], y* — Ge11)

. L. .
+ g”y - ?/t”2 - §E’|yt+1 - Z/tHZ
> Eg(§r41) + Y E[wd I” + (E[w], v* — ve) + E(Vyg(ye) — E[w], y* — Fos1)
L 2
+ Slly* = will? = S-Eljw
> Eg(Fes1) + (Elw, y" — ye) +E(Vyg(y) — Elwe], y* — Geg1)

2

o Ly? Ly
By = i+ (3= 5 ) gl - S varkel

where Var denotes the variance. By definition of y*, we have g(y*) > g(¢441). Thus, we
obtain

0 > (Elwi), y* — ye) + E(Vy9(ye) — E[wi], ¥ — Gi11)

2

. Ly Ly?
5 =+ (3= 5 ) IRl - 2 Vart (4.5

Considering the upper bound of the second term (V,g(y:) — wi, ¥* — y441), we have

— E(Vyg(y:) — E[we], " — Ges1)

= —(Vyg(y) — Elwi, y" — ve) + (Vyg(y:) — Elwy], Elw,])

1 [ 1 By
< ;H%g(w) — Efw]|* + ZHZ/ —ul]’] + ;”Vyg(yt) — Elw]||* + T||E[Wt]|’2
2

2
. Y
= = Vyg(00) — Elwl I+ 51ty — wul® + B IP.

=
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Combining with Eq. 4.59:

0> (Efwd,y" — yi) — iuvyg@» — Efw]|

3[/}/ 2 2 * 2 Lny
(v = =B + Gy = el = =5 Varlw]
By Y141 = v — youwr, we have:

Elye — v I* = Ellys — youw =y 1* = llye — v'1I* — 2y0u(Elw] ye — y*) + Vo El[ | ]

yay  3LA?

Mo =y I1° = 2ya(y = 55 = == ) [Elw]|”
2

Py
<(1- .

4'Yt

IVy9(ye) — Elw]||” + (LyPay + 7%af)Var|w]

Then since we choose v < a; < 1, we obtain:

2L’

* Hryoy * 'Y O{t
Ellyerr — y*|> < (1 - 5l —yl]? — I E[w] ||”

L Yo 377y

IVyg(@e, ye) — Elwe] | +

[t

This completes the proof. O

4.10 More Experimental Details

In this section, we introduce more details of the experiments.
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4.10.1 Federated Data Cleaning

The formulation of the problem is as follows:

(vaD
Np,

val) Z @ Y U‘ll )

1 M
min h(z) = — Zf xym

zERP
m:l m

Mz

Il
—

s.t. y, = argmin g(z,y)
y€Rd m

(o
OEMCITIEN

M:

1n

In the above formulation, we have M clients, each client m € [M] has a pair of (noisy)

(val)
training set {7 n}n ’ and validation set {guat A

, and Ty, n € [N{"] are weights for
training samples, y is the parameter of a model, and we denote the model by ©. Note
that y, is the model learned over the weighted training set. We fit a model with 3 fully
connected layers for the MNIST dataset. We also use Ly regularization with coefficient
1073 to satisfy the strong convexity condition.

In the Experiments, for FedNest and CommFedBiO, we choose learning rate 1 and
hyper-learning rate 10000, for FedBiO, we choose learning rate 0.5, hyper learning rate

1000, for FedBiOAcc, we choose d as 30, u as 10000, ¢, as 0.2, C, as 0.2, 7 as 0.01, n as

200 and v as 1

4.10.2 Federated Hyper-Representation Learning

min Ae) = = 3 fay) = 3 (1%( Y O ygm)
rERP Mm:1 y Jx Mm:1 N N&afl Pt x IR

218



tr
Nm,n

. 1 )
s.t. y;(c mn) = argmin Q(Tm’n)(xay) = Ntr Z 6(%%5; )
y€ER? mmn =1

In the above formulation, we have M clients, each client m € [M] has N,, tasks and each
task T, is defined by a pair of training set {gfr}fj" and validation set {éf“l}i]i’vﬁ%. ©
defines the model, x is the parameter of the backbone model and y is the parameter of the
linear classifier. In summary, the lower level problem is to learn the optimal linear classifier
y given the backbone x, and the upper level problem is to learn the optimal backbone
parameter x.

The Omniglot dataset includes 1623 characters from 50 different alphabets and each
character consists of 20 samples. We create the Federated version of the Omniglot dataset.
Firstly, we follow the experimental protocols of [89] to divide the alphabets to train
/validation/test with 33/5/12, respectively. Then we distribute three alphabets to a client,
in other words, we consider 11 clients in experiments. As in the non-distributed setting, we
perform N-way-K-shot classification, more specifically, for each task, we randomly sample
N characters from the alphabet over that client and for each character, we sample K sam-
ples for training and 15 samples for validation. We augment the characters by performing
rotation operations (multipliers of 90 degrees). We use a 4-layer convolutional neural net-
work where each convolutional layer has 64 filters of 3x3 [91]. For the MinilmageNet, it
has 64 training classes and 16 validation classes. We distribute the training classes into
four clients, similar to Omniglot, we also perform the N-way-K-shot classification. We

use a 4-layer convolutional neural network where each convolutional layer has 64 filters of

3x3 [91] for experiments.
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Figure 4.5: Results for the Omniglot Dataset. From Left to Right: 5-way-1-shot, 5-way-5-
shot, 20-way-1-shot, 20-way-5-shot.

In the Experiments for Omniglot, for FedBiO, we choose learning rate 0.4, hyper
learning rate 1, 7 0.5, for FedBiOAcc, we choose ¢ as 2, u as 10000, C;, as 100, 7 as 0.5,
eta as 1 and v as 0.4. For MinilmageNet, for FedBiO, we choose learning rate 0.05, hyper
learning rate 0.1, 7 0.01, for FedBiOAcc, we choose 4 as 2, u as 10000, C,, as 100, 7 as 0.01,

eta as 1 and v as 0.05.

220



05 0.7 030
> > > >
g Gos 3 go
> > 5 5
g o 3 3 3
< < g Soas
c c 05
S S s 5
© © ® ® 012
03 ° he]
DistBIO DistBIO = =
DistBiOACC - DistBiOAcc > S 006
FedBiO_Local FedBiO_Local )
- — FedBiOAcc_Local - — FedBiOAcc_Local - — FedBiOAcc_Local
02 0.00
0 250 500 750 1000 250 500 750 1000 0 250 500 750 1000 0 250 500 750 1000
Communication Rounds Communication Rounds Communication Rounds Communication Rounds
i
L AR
e O . .
VLN I
[ it g [ [
e S S e e
5 'l 3 5 5
S 030 3 S g g
< < < <
i g B i
= oo —— DistBio = = =
- DistBiOACcC
- FedBiO_Local ) L ) L
- — FedBiOAcc_Local 2 -~ FedBiOAcc_Local -~ FedBiOAcc_Local
0.20 0.05 0.06
0 250 500 750 1000 0 250 500 750 1000 0 250 500 750 1000 0 250 500 750 1000
Communication Rounds Communication Rounds Communication Rounds Communication Rounds

istBIO 24 ~- DistBiO b DistBiO istBIO
28 DistBiOACc - DistBiOAcc -~ - DistBiOAcc -~ DistBiOAcc
FedBiO_Local FedBiO_Local 37 ~~- FedBiO_Local 32 FedBiO_Local
" FedBiOAcc_Local " — FedBiOAcc_Local " -~ FedBiOAcc_Local " -~ FedBiOAcc_Local
R4 =————— @ @ i @ i
] ] ] ]
i i 2 34 229
c c c c
S S, S S
S50 =1 =1 =1
3 3 Sa1 B 26
© © © ©
> > > >
16 28 23
12 08 25+ 20
0 250 500 750 1000 0 250 500 750 1000 0 250 500 750 1000 0 250 500 750 1000
Communication Rounds
4.0
DistBiO DistBiO
DistBiOACc
FedBiO_Local
FedBiOAcc_Local 3.7
« « w w
@ @ & &
3 3 S S
1 1 S 3
B B B B
© © e e
31 e,
N,
S o,
e S R
08 28+ 23
0 250 500 750 1000 0 250 500 750 1000 0 250 500 750 1000 0 250 500 750 1000
Communication Rounds Communication Rounds Communication Rounds Communication Rounds

Figure 4.6: Results for the MinilmageNet Dataset. From Left to Right: 5-way-1-shot,
5-way-b-shot, 20-way-1-shot, 20-way-5-shot.
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Chapter 5: Resolving the Tug-of-War: A Separation of Communication

and Learning in Federated Learning

5.1 Introduction

In Federated Learning (FL) [92], a set of clients jointly solve a machine learning task
under the coordination of a central server. The process of FL involves two category of
operations: Learning and Communication. For the learning operation, each client opti-
mizes their local objectives, and for the communication operation, clients exchange local
parameters to facilitate knowledge sharing. In the existing FL pipeline, both Learning
and Communication operations hinge on the same set of parameters. However, these two
operations have fundamentally divergent requirements, akin to two teams engaged in a
tug-of-war, each pulling in opposite directions. In fact, on the communication side, it is
imperative that the parameters of all clients reside in a uniform space. Moreover, to miti-
gate the high communication costs, a major bottleneck in FL, it is beneficial to maintain
these parameters within a low-dimensional space. In contrast, on the learning side, given
the heterogeneity of devices, including variations in hardware and data distribution, it is
advantageous to allow the parameter space to differ across clients. Furthermore, to accom-

modate the implementation of state-of-the-art large-scale machine learning models (such as
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Transformers [121]), a high-dimensional parameter space is desirable. In summary, a huge
discrepancy of requirements to parameter selection exists between the communication and
the learning in FL.

To mitigate this discrepancy, we opt to ‘break the rope’ in this tug-of-war scenario.
More precisely, we propose a two-layer structure on clients: a communication layer and a
learning layer. As shown in Figure 5.1, we denote this framework as FedSep: The com-
munication layer connects with the server and uploads/downloads parameter, while the
learning layer performs local objective optimization. Then the communication layer and
the learning layer are connected through encode/decode operations. The decode operation
maps the parameter of the communication layer to the parameter of the learning layer and
the encode operation performs the mapping in the opposite direction. More specifically,
we formulate the decode operation as solving a minimization problem and does not assume
an explicit relation between the parameter of communication layer and the parameter of
the learning layer. In summary, we aim to use two distinct sets of parameters in FedSep to
resolve the ‘competition” between the communication and learning operations, meanwhile,
the two set of parameters are close connected through decode/encode operations. Math-
ematically, FedSep can be formulated as solving a federated bilevel problem. The upper
level problem corresponds to the learning problems on clients, while the lower level problem
is the minimization problem in the decode operation. We propose an efficient algorithm
to solve this bilevel problem, which is composed of three consecutive steps: Decode the
communication parameter, Learning on local problems and Encode the learning parameter

to the communication parameter. The convergence of the algorithm is guaranteed.
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To demonstrate the flexibility of Fed-
Sep in incorporating the contradictory
requirements of the communication and
learning, we study two real-world FL
tasks. In the first task, we study the
communication-efficient FL task. In this
task, we set the dimension of the communi-
cation parameter to be much smaller than
the learning parameter, furthermore, we de-

code the communication parameter through

Server

%

Decode ‘ Encode

- O
Learning Layer - :O\,
[::-3 o ] ["/;;:]

Client 1 Client m Client M

Communication
Layer

©— ({10

Figure 5.1: The structure of FedSep. FedSep
follows the one-server-multiple-clients struc-
ture, in particular, each client has two lay-
ers: the communication layer and the learning
layer. The two layers are connected through
the decode and encode operations.

a LASSO problem. In the second task, we study the model-heterogeneous FL task. In this

task, the learning parameters on different clients have different dimension. We set the com-

munication parameter to be the parameter of the server model, and the learning parameter

be a subset of the communication parameter (server model). In particular, the decode

operation is to select the subset adaptively based on the client’s local data. We empirically

verify the superior performance of our met

summarize the main contributions of our

hods compared to other baselines. Finally, we

work as follows:

1. We propose a novel two-layer Federated Learning framework, i.e. FedSep, where the

communication layer and the learning layer are separated on clients;

2. We let the decode operation from the communication layer to the learning layer

be solving a minimization problem,

and therefore, the FedSep framework has a

bilevel optimization formulation. We propose an efficient algorithm to solve the bilevel
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problem and show that its convergence rate matches that of the standard Federated

Learning algorithms;

3. We apply the FedSep framework to solve two important FL tasks: Communication-
Efficient FL. and Model-Heterogeneous FL. Numerical experiments show the superior

performance of the methods based on FedSep.

Notations. V denotes the full gradient, V, is the partial derivative for variable x, and
higher-order derivatives follow similar rules. || - ||2 is fo-norm for vectors and the spectral
norm for matrices. AB denotes the multiplication of the matrix between the matrix A and

B. [K] represents the sequence of integers from 1 to K.

5.2  Related Works

Federated Learning. FL is a promising paradigm for performing machine learning tasks
on distributed located data. Compared to traditional distributed learning in the data
center, FL poses new challenges such as heterogeneity [96, 113, 115, 116], privacy [92, 122,
123] and communication bottleneck [124, 125, 126, 127, 128]. In particular, communication
cost is one of the major bottlenecks in FL. A widely used approach to reduce communication
burden is through compression: clients compress parameters before transmitting to the
server. Various compressors [124, 125, 126, 127] have been studied in the literature. In
particular, the local Top-K compressor selects the K largest coordinates of the parameter to
transmit. From the view of FedSep: the vector of Top-K coordinates is the communication
parameter, while the encode operation is finding these coordinates. Count Sketch [129]

based compressors [128, 130] are also widely studied. Since the count sketch is linear,
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from the point of view of FedSep: count sketch performs a linear mapping between the
communication parameter and the learning parameter. Next, model-heterogeneous FL
is also studied to solve the device heterogeneity issue. There are two main categories
of heterogeneous model methods: knowledge-distillation (KD) [131, 132, 133] based and
partial-training (PT) [134, 135, 136] based. KD-based methods treat the server model as
the teacher and the clients’ model as the student. A disadvantage of this category is the
dependence on a public dataset. In contrast, PT-based methods select a subset of the
server model for each client, and in the aggregation phase, the server simply aggregates the
updated sub-models. We also develop a PT-based method where we select the sub-models
adaptively based on the clients’ local data.

Bilevel Optimization. Bilevel problem is a type of two-layer optimization problem. It
includes an upper-level problem and a lower-level problem, and the upper-level problem
relies on the solution of the lower-level problems. The study of bilevel problems dates
back at least to the 1960s [16] and is followed by [8, 17, 18, 19]. In the machine learning
community, Hyper-parameter Optimization problems [20, 21, 22, 23| are one of the most
studied bilevel problems. Early bilevel optimization algorithms solved the lower problem
exactly to update the upper variable. Recently, researchers developed algorithms that solve
the lower problem approximately with a fixed number of steps and use the back-propagation
technique to compute the approximate hyper-gradient [24, 25, 26, 27, 28]. More recently,
single-loop algorithms [6, 11, 12, 13, 14, 15, 32, 33, 58, 65] based on alternative updates of
lower and upper level problems are proposed. However, less work studies bilevel problems
under the federated setting. [99, 100, 137] studies a type of federated bilevel problems where

the lower level problems are federated. In particular, [99] solves the noisy label problem in
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FL. Note that our FedSep is formulated as a type of federated bilevel problems, however,
our problem is different from that in [99, 100], as our problem has a unique lower problem

for each client.

5.3 Separating Communication and Learning in Federated Learning

In this section, we propose FedSep, a novel two-layer Federated Learning Framework.
As shown in Figure 5.1, FedSep has the one-server-multiple-clients structure as in the
classical Federated learning framework, we assume M clients in the training. The difference
between the FedSep and classical FL framework lies in the client. Different from the classical
FL, FedSep includes two separated layers on clients: a communication layer and a learning
layer. The two layers have different responsibilities. As the name shows, the learning layer
is responsible of finishing the learning task, e.g. fitting a neural network over a dataset.
We assume that the learning layer on client m € [M] has parameter ym e RY™ . Note
that the choice of 4™ should be adapted to the specific setting of each client, such as
the data distribution, hardware resources etc.. Next, the communication layer performs
communication with the server (other clients), which includes the upload and download
operations. We assume the communication layer on client m has parameter z € RP. Note
that the parameter of communication layer has identical formulation for all clients. Finally,
the communication layer and the learning layer are connected through the encode and
decode operations.

To model the various potential relationship between the communication and learning

layer, we abstract the decode operation as solving a minimization problem, and the encode
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Algorithm 11 Separating Communication and Learning in FL. (FedSep)

1: Input: Initial states z1; learning rates -, 7; mini-batchsize b,, b,
2: fort=1to T do
3:  Randomly sample a subset M, of clients;

4:  for m € M, in parallel do

5: // Decode stage, estimate 3™ = Dec(™ {x};

6: Receive the global state x; from the server and set 2™ = z,, and initialize y(()m);

7 for i =1 to I4. do

8: Randomly sample a minibatch of b, samples By;

9 ™ =y = 4V, (2, 4™, B,)

10: end for

11: Set ™ = ygzz as the estimation of Dec™ (z(™);

12: // Leammg stage, optimize f™(y);

13: for s =1to I do

14: Randomly sample a minibatch of b, samples By;

15 9" = 9" = VG By);

16: end for

17: // Encode stage, encode the update of the learning layer back to the communica-
tion layer;

18: Set Ag™ = ¢i™ — ™ and compute AZ™ = E\ﬁc(m){AQ(m)}, where ﬁc(m){-}

is defined in Eq. (5.3) and we choose |B,| = b,.
19:  end for
20 T4 = T — ﬁ Y meM, ngA@S”)
21: end for

operation be its reverse operation. As a result, we have the following bilevel formulation

for the FedSep framework.

1 M 1 M
minh(z) = o > h(x) = 22 3 ), W = argmin g™ (z,y ™) (5.1)
m=1

zERP m:1 y(m) cRd(™)

In Eq. (5.1), M is the number of clients; f™(y), m € [M] denotes the local problem solved
by the client m; g™ (z,y) is the minimization problem solved in the decode operation by
the client m; x is the parameter of the communication layer; y™ denotes the parameter
of the learning layer on the client m.

Next, we propose a three-stage algorithm to solve Eq. (5.1). As shown by Algo-
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rithm 11, we perform T global steps, and at each step ¢t € T, we randomly choose a subset
of clients M, to perform the training and then the server performs aggregation. The Client
training is divided into three stages: Decode stage (lines 7-12), Learning stage (lines
14-17), and Encode Stage (line 19).

Decode Stage. In Eq. (5.1), the decode operation solves the lower optimization
problem ¢(™ (x,y) to obtain (™. We denote the decode operator on the my, client by
Dect™{.} thus we have: y™ = Dec™{z}. In Algorithm 11, we solve g™ (z,y) approxi-
mately with I4.. steps of stochastic gradient descent (Line 8-11) and use the output as an
approximation of (™, i.e.. yﬁz — Dec™ (™) =~ y™) | where Egc(m)(-) represents the
approximation of the exact decoder Dec™ {-}.

Learning Stage. Next, we perform [ steps of stochastic gradient descent to solve
the local learning problem ™ (y) (Line 14 - 17). This stage is similar to the local gradients

in classical FL framework. Note we get gﬁm) as the updated learning parameter ™, more

formally, we use Ag™ = g™ — gim = gim) _ yg’i to represent the update in the learning
stage.

Encode Stage. After the learning stage, we get the update of the local learning problem
Aj™ . Suppose we denote the encode operator Enc™{-}, then we get the update of the
communication parameter as Az(™ = Enc™ (A§™) (Line 19). In particular, we choose
the following encode operator:

-1
Enc(m){-} = —nyim) = nyg(m)<$7yg(cm))(vyyg(m) (x’y(m)n (5:2)

T

where y(™ = Dec™ (z) is the output of the exact decode operation and the second equal-
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ity can be derived following the implicit function theorem under mild assumptions [6].
To reduce the computation complexity, we use Neumann series to approximate the in-
verse operation in Eq. (5.2). More specifically, we have the following approximation:

-1
(Vyyg(m) (z, y)) ~ T ZqQZO(I—TVyyg(m)(x, y))?, where () and 7 are some constants. Since

(m)

T..., We get a stochastic approximation of Eq. (5.2) as:

in the decode stage, we use y{™ = y

Q
Enc {} = erwg( )(x,y( ) Bx)(I—TVyyg( )(x,y( ) B.))? (5.3)

Idec ’ ]dec ’
q=0

Remark 115. We use Eq. (5.2) as the encode operator due to the following fact about the

hyper-gradient:
VA (@) = Vo™ (VO (y0)

Note that suppose AYT™ = —V f0") (y(™)  which means the learning layer performs one
step of gradient descent with learning rate 1 in the learning stage of Algorithm 11, then
we have: Vh™(x) = Enc{Aj™} = Az™. Therefore, we update the communication

parameter x such that it optimize the overall problem Vh(™ (z).

Server Aggregation. Finally, the server aggregates the local updates of communi-
cation parameter Az m € M, to get the new communication parameter as shown in
Line 21 of Algorithm 11.

Difference with existing bilevel algorithms. Bilevel optimization problems are
widely studied in the literature [6, 12]. However, FedSep cannot directly apply existing

algorithms. In a standard bilevel algorithm, each step of update to the upper level variable
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requires (approximately) solving of the corresponding lower level problem. However, in
each epoch of FedSep, we only solve the lower level problem once and perform multiple

steps of update to the upper level variable.

5.3.1 Convergence Analysis

In this section, we provide the convergence analysis of Algorithm 11. Before we state

the convergence result, we first make the following assumptions.

Assumption 116. Function f™(y) is possibly non-convex and g™ (x,y) is p-strongly

convex w.r.t y for any given x.
Assumption 117. Function ™ (y) is L-smooth and has Cy-bounded gradient.

Assumption 118. Function g™ (x,y) is L-smooth; V.,g™ (z,y) and V29" (x,y) are

Lipschitz continuous with constants Ly, and L2, respectively.

Assumption 119. We have unbiased stochastic first-order and second-order gradient oracle

with bounded variance.

Note that Assumption 116-Assumption 118 are standard assumptions used to analyze
bilevel problems [6, 12]. Assumption 119 is standard in analyzing stochastic optimization
problems. For a full version of Assumption 119, please refer to Assumption C.1 in the
Appendix.

In the learning stage of Algorithm 11, we perform I steps of updates to optimize the
learning problem, and the update has the form of: Ag(™ = g§m) —Qém) =Y —pvm (gjfm); B;),

therefore we have: AZ{™ = ﬁc(m){AQ(m)} =y nﬁc(m){—Vf(m) (5™ By)}. We de-
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note Aig?) = Eﬁc(m){v F@(9™: B;)}. Then the main effort of the proof is bound-
ing the estimation error of Aﬁgin) to the hyper-gradient Vh(™) (zx).

(m)

More specifically, we first show that Ai’g?) estimates a term p,; ~ with bounded vari-

ance and bias as stated in the following proposition:

Proposition 120. Suppose Assumptions 116-118 and 119 hold and T < we have

1
L’
m m m m m m m -1 m)/ ~(m
|Ee[ Az =™ | < Gy, where pi™ = =V, 00 (2, y")) (V0™ (2, y52)) VD (5),
and EHAJ?%T) — Eg[AiE?)HP < G3. Gy and Gy are some constants related to Q in Eq. (5.3)

and mini-batch size.

Please refer to Proposition C.3 for the specific form of the constants in Proposi-

tion 120. Next, we have that ,ugm) ~ Vh(™)(zx) as shown in the following proposition:
Proposition 121. Suppose Assumptions 117 and 118 hold, the following statements hold:

a) [|™ = VA (@)[[2 < 2L2[[yi™ — 4|2 + 262 L2 — 4|2, where L = O(x?).

Tgec

b) h™(z) is Lipschitz continuous in x with constant L i.e., for any given x1, x5 € RP,

we have || VA (25) — VA (21)]|? < L?||22 — 21]|, where L = O(K?).

where we denote the condition number as k = L/p.

) esti-

Please refer to Proposition C.2 for the proof. Proposition 121 shows that ,ugm
mates the true hyper-gradient VA(™ (x) with two types of errors: the estimation error of
the decode operation (Hygi —y{™|2) and the drift of the learning process (ngl(m) —ylm||?),
where Lemma C.4 and Lemma C.5 show bounds for these two errors. Furthermore, Propo-
sition 121.b) shows that h(™(z) is smooth. Next, we are ready to show the convergence of

Algorithm 11:
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Theorem 122. Suppose Assumptions 116-119 hold, and we run T iterations of Algo-

rithm 11, with the learning rates satisfy v < %, Mg < then we have:

1
2IL”

T
) (Enw Z? + —ZEHEg Adodll )

2h(w1) LGS 2,272 2 AP L*n’o”
< 12I°k°L*n°Cy + ——F——
S Toogg, © oM TSRS T
A(3K2L2 + L?)y0? .
+ ( K + )70- + QG% + 2(352[/2 + L2)(1 . M,Y)Idecco

[y

where the expectation E¢ is w.r.t the noise of stochastic gradient. by, b, denotes the batch

size, and Gy, Gy and Cy are some constants.

Please refer to Theorem C.8 in the Appendix for the proof. We can further control

the noise terms in Theorem 122 by choosing the learning rates carefully:

Corollary 123. Suppose we choose the learning rates as v = min(5- (ﬁ)l/z), n =

2L
. 81b; MLh(z1) V2 ALh(z1)\ /3 1
min | 1, G2 , ( Co 17T ) and ny = 577, then we have:

1 T 2 K3 1B 1/2 6 1/3 )
=Y E(IVAG|? + QIZHIEg Az 2) = 0 T+<T> +<T> e
t=1

where G = k(1 — 7p) @D 4 k(1 — py)leee, C, and C., are some constants.

To reach an e stationary point, we need to run Algorithm 11 with 7' = O(x%c~?)
number of iterations, furthermore, we need @ = O(mlog(f)), Tjee = O(mlog(f)). Note
that this matches the iteration complexity of standard FL algorithms [118] up to some
logarithm factors (@ and Igz.). Note that Corollary 123 shows that the following term
converges to 0: E||Vh(z,)||? + 55 1, E||[E¢[A%,]||%. In fact, for the first term, it shows
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that z; reaches to a stationary point of the bilevel problem h(z), meanwhile, since we have:

M Q
Ee[As,] = — 7 30 S Vg ) X (1 = 740 (g0 £ (5)

m:l q=0

Therefore, if ||V,,g"™ (x,y)]|| is lower-bounded and ||V,,g™ (z, )| is upper-bounded, we

also get the learning parameter Q-(m)

, ~ converges to the stationary point of the local learning

problem f(™ (y).

5.4 Application of FedSep to Real-world FL Problems

In FedSep, the separation of the communication layer and the learning layer makes
it able to solve various challenges in Federated Learning. In this section, we apply FedSep
to solve two challenging problems in Federated Learning: communication-efficient FL and

model-heterogeneous FL.

5.4.1 Communication-efficient Federated Learning

Communication-cost is one of the major bottlenecks in Federated Learning due to
slow connections between clients and the server. In Federated Learning, compression is
commonly employed to mitigate communication costs, where clients compress the local
updates before transferring to the server. A common compressor is choosing the Top-K
coordinates, however, this approach is only good at reducing the upload communication
cost. Since clients have different Top-K coordinates, the aggregated updates are often
dense. More complicated approaches can save both upload and download communication
cost, such as the Count-sketch based compressor [130]. In fact, we can develop a simple
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yet effective approach to reduce the communication cost based on FedSep.
In our FedSep framework, suppose we have the learning parameter § € R?, and the
communication parameter w € RP. We choose p < d to have a communication efficient

federated learning algorithm. More specifically, we consider the following formulation:

1 X 1 2
minM S Lol D,E;”)) s.t. 0™ = arg mianS(m)G — sz + ﬁHHHl (5.4)
m=1

wERP PcRd 2

where Dg” ) denotes the training distribution of the my, client; L(+) denotes the loss func-
tion. In particular, S™ € RP*? (p < d) is a random sketch matrix whose coordinates
are sampled from Gaussian distribution. We choose the quadratic optimization problem
(LASSO) as the decode function.

Eq. (5.4) is a special case of Eq. (5.1): € corresponds to the learning parameter v,
w corresponds to the communication parameter x, L£(0; Dgﬂ )) corresponds to the learning
problem f(™(y) and the decoding problem is a LASSO problem. We can solve it through
Algorithm 11.

The LASSO problem of the decode operation involves a non-smooth L; regularization
term and we solve it with the standard proximal gradient method [138]. For the encode

operation, we have:

1

Enc™{-} = =V 00" = 48U (I - (I - 4($™)"s™)U) (5.5)

where I is the identity matrix and U = Diag{L,s(00™ + v(ST)T(w — S™H™))} where

I,5(+) is an indicator operator, which outputs 1 if the absolute value of the input is greater
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than v5. Please refer to Appendix A.1 for more details of the proximal gradient method

and the encode operator.

Remark 124. If we set § =0 in Eq. (5.4), i.e. we remove the sparsity constraints, both

encode and decode operators have explicit solutions. More specifically, we have the de-
-1

code operator Dec™{.} = ((S(m))TS(m)) (SN and the encode operator Enc™{.} =

S(m)<(S(m))TS(m)>_l. If we choose S'™ = S for all m € [M], we get a linear compressor.

5.4.2 Model-Heterogeneous Federated Learning

In practical Federated Learning applications, the scale of the model is inherently
limited by the on-device resources of the participating clients, which often exhibit significant
diversity. As a result, we can choose different scale of models based on the available
resources of each individual client. One widely-used approach is the sub-model extraction,
i.e. each client selects a part of the server model to perform local training. Different
strategies can be used to do extraction: fixed [134, 139], random [135] and roll [136]. In
contrast, we provide a data-dependent approach to select the sub-models. As shown by the
following formulation:

ggﬂgr Zﬁ o D) (5.6)

st 0™ =a™ ©w, o™ =argminl(a ® w; Dml )+ BR(T(a),p"™ T,y
ac{0,1}P

where DtT denotes the training distribution; £(-) denotes the loss function and 6 and w

are the learning parameter. Note that w denotes the parameter of the full model and 8 is
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the parameter of the sub-model. In particular, we denote a mask vector a&m), whose value
is from {0, 1}. © represents the coordinate-wise multiplication.

For the decode operation, we have 8™ = a(™ ©w. So we first need to find an optimal
mask a(™, instead of solving the complicated integer programming as in Eq. (5.6), we solve

the following relaxed continuous problem:

™ = argminL(a ® w; D)) + BR(T(a), p™ Tror) (5.7)

val
a€l0,1]P

Eq. (5.7) includes two parts. L(a ® w;D(m)) measures the loss of the extracted sub-

val

model over Dé:?. The second part R(T(a),p™Tyy) is called resource loss [140]. Ty
denotes FLOPS of the server model and 7'(a) denotes FLOPS of the sub-model. There-
fore, p™ € [0,1] controls the size of the sub-model. Following [140], we choose R(-)
as: R(T(a),p™T,,) = log(max(T(a),p(m)Ttol)/p(m)Ttol). In summary, we choose the
'best” sub-model which keeps the loss value small and meanwhile, satisfies the FLOPS
constraint. Note that this is in contrast to the data-independent sub-model selection meth-

ods [134, 135, 136].

Next for the encode operator Enc{-}, we follow the definition of Eq. (5.2) to have:
Enc™{-} = -V 00" = -V, (al" ©w) = ~Diag{al"} — Diag{w}V,al"  (5.8)

Where the last equality follows from the chain rule. Finally, combine Eq. (5.7) and Eq. (5.8),
we can solve Eq. (5.6) with Algorithm 11.

Remark 125. For the encode operator Eq. (5.8), we have Enc™(-) ~ —Diag{a™} by

237



omitting the second term in Eq. (5.8), where AO denotes the updates to the sub-model 0.
As shown in Line 21 of Algorithm 11, we have the update of the server model be Aw =
IMLt\ Y meM, ngDiag{ao(Jm)}AG. In other words, the server simply aggregates the updates of
the sub-model, this is the aggregation rule widely used in the partial training literature [13/,

135, 136].

5.5 Numerical Experiments

In this section, we perform numerical experiments to validate the efficacy of FedSep
in solving communication-efficient FL. and model-heterogeneous FL as discussed in Sec-
tion 5.4. The code is written with Pytorch [141], and the Federated Learning environment
is simulated via Pytorch.Distributed Package. We used servers with AMD EPYC 7763

64-core CPU and 8 NVIDIA V100 GPUs to run our experiments.

5.5.1 Experiments for Communication-Efficient Federated Learning

In this section, we provide numerical experiments for the communication-efficient FL
task discussed in Section 5.4.1. We first introduce the experimental settings.
Dataset. We consider MNIST [52] and CIFAR-10 [142] in our experiments. We create the
federated version of these datasets by evenly distributing the training samples among 10
clients. We consider an 1.I.D setting and a Non-I.I.D setting. For the I.I.D setting, each
client has data samples from all 10 classes, while for the Non-1.I.D setting, each client only
has data samples from 2 classes.

Model. For experiments related to MNIST, we use a four-layer convolutional neural

238



rrrrrrrrrrr

15 20 15 20
logio(Compression Rate) logro(Compression Rate)

Figure 5.2: Test Accuracy w.r.t Communication Rate for FedSep and other baseline meth-
ods for MNIST Dataset. The first two plots show results under the I.I.D case, and the last
two plots show results for the Non-I.I.LD case. p in the second and the fourth plot is the
dimension of the communication parameter. The local learning steps are set as I = 5.

network. The first three layers contain 32 kernels of size 3x3 and the fourth layer contains
32 kernels of size 2x2. For the experiments related to CIFAR-10, we increase the number
of kernels to 64. The total number of parameters of the model is around 10°. For the sketch
matrix S of our FedSep, we let all clients choose the same sketch matrix, and we test the
dimension of the communication parameter p € {10, 100, 500, 1000, 2000, 5000, 10000, 20000} .

Baselines and Hyper-parameters. For baselines, we first compare with the un-
compressed baseline (the communication parameter and the learning parameter are in the
same dimension); Next we compare with the local Top-K compressor (with error feed-
back [143]) and the Count-Sketch compressor [130]. Please refer to the Appendix for the
hyper-parameter selection of FedSep and baselines.

The experimental results are summarized in Figure 5.2 for MNIST (Figure 3 in the
Appendix for CIFAR-10). As shown by the figures, FedSep outperforms other baselines.
In particular, our FedSep achieves much better performance in the high-compression-rate
regime and can get similar performance as other baselines in the low-compression-rate

regime. Please refer to the Appendix for more ablation studies.
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Table 5.1: Test accuracy comparison between FedSep with other model hetero-
geneous FL baseline methods. High data heterogeneity represents K = 2 for CIFAR-10
and K = 20 for CIFAR-100; Lower data heterogeneity represents K = 5 for CIFAR-10 and

K = 50 for CIFAR-100.

High Data Heterogeneity

Low Data Heterogeneity

Method
CIFAR-10 CIFAR-100 CIFAR-10 CIFAR-100
FedDF [131] 73.81 (£ 0.42)  31.87 (< 0.46) 76.55 (£ 0.32)  37.87 (+ 0.31)
KD-based DS-FL [132] 65.27 (£ 0.53)  29.12 (£ 0.51) 68.44 (£ 0.47)  33.56 (£ 0.55)
Fed-ET [133] 78.66 (& 0.31) 35.78 (& 0.45)  81.13 (£ 0.28) 41.58 (== 0.36)
HeteroFL [134] 63.90 (+£2.74)  52.38 (£ 0.80) 73.19 (£ 1.71)  57.44 (£ 0.42)
PT-based Federated Dropout [135] 46.64 (£ 3.05) 45.07 (£ 0.07) 76.20 (£2.53)  46.40 (£ 0.21)
ZeroFL [144] 64.61 (£2.18)  51.39 (& 0.45) 83.31 (£0.78)  53.62 (£ 0.51)
FedDST [145] 67.65 (£ 1.27)  54.21 (£ 0.34) 8457 (£028) 54 97 (4 0.44)
Flash [139] 67.08 (£ 1.46)  54.92 (£ 0.29) 84.61 (% 0.37) 04 (£ 0.32)

FedRolex [136]
FedSep (Ours)

69.44 (4 1.50)

56.57 (& 0.15)

84.45 (+ 0.36)

08 73 (& 0.33)

71.13 (£ 0.94) 58.16 (& 0.25)

84.61 (£ 0.37) 61.41 (% 0.29)

Homogeneous (smallest)
Homogeneous (largest)

38.82 (+0.83)  12.69 (+ 0.50)
75.74 (& 0.42) 60.89 (= 0.60)

46.86 (+ 0.54) 19.70 (£ 0.34)
84.48 (+ 0.58) 62.51 (+ 0.20)

5.5.2 Experiments for Model-Heterogeneous Federated Learning

In this section, we provide numerical experiments for the task of a model-heterogeneous
FL task discussed in Section 5.4.2. First, we introduce the experimental settings.

Dataset. We consider CIFAR-10 and CIFAR-100 [142] in our experiments. We
create Federated datasets by evenly distributing images among clients; we have 100 clients
in our experiments. We create data heterogeneity by controlling the number of classes K
a client can have [136]. For CIFAR-10, we test K € {2,4,5,8}, while for CIFAR-100, we
test K € {5,10,20,50}. Note that smaller values of K mean higher heterogeneity of the
data. For FedSep, the validation and training set are the same.

Model. We choose ResNet-18 [146] in the experiments. Following the setting in [134,
136], we replace the batch normalization layer with static batch normalization and add a

scalar module after each convolution layer. Instead of using the coordinate mask as defined

in Eq. (5.6), we select kernels in each convolutional layer of ResNet-18; furthermore, we
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parameterize the mask a with a neural network HN(¢) [140], i.e. a = HN(¢); finally, we
reuse the masks and only update the masks every two epochs, this stabilizes the training.
This reduces the dimension of a that we need to optimize. In experiments, the size of
the submodel p (Eq. (5.6)) of a client is randomly chosen from {1,0.5,0.25,0.125,0.0625},
where the ratio p is w.r.t the server model. For our FedSep, after optimizing Eq. (5.7),
we select the top p percent kernels of each convolutional layer by the value of the leaned
mask a, and then we only use the selected kernels to perform the training. In the encode
operation, we only evaluate the first term of Eq. (5.8) as stated in Remark 125.
Baselines and Hyper-parameters. We compare with both state-of-the-art Knowl-
edge Distillation-based methods: FedDF [131], DS-FL [132] and Fed-ET [133], and Partial
Training Based methods: HeteroFL [134], ZeroFL [144], Federated Dropout [135], Fed-
DST [145], Flash [139] and FedRolex [136]. Fjord [147] gets similar performance as Het-
eroFL, so we do not include it in the comparision. For ZeroFL, FedDST and Flash, we
consider their heterogeneous-model version by varying the compression rate among clients.
The experimental results are summarized in Table 5.1. As shown in the table, our Fed-
Sep gets comparable performance with the Knowledge Distillation based methods, which
needs additional public data, furthermore, FedSep outperforms the partial training based
methods, including the state-of-the-art FedRolex [136] method. This result shows the ef-
fectiveness of the adaptive sub-model extraction strategy used by our FedSep. Our method
chooses the most important part of the model at each step for clients, thus our method con-
verges faster than other data-independent methods. For more experimental results, please

refer to the Appendix.
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5.6 Proof of Theorems

In this section, we present the proofs for Algorithm 11. First, we denote some notation

for clarity. Recall that we denote Ag™ = gi™ — gi™ = 2120 g £om) (5™ B) to be the

(m)

update of the learning problem on client m. Then we denote p,; ~ as:
m m m m m -1 m) s/ ~(m
"™ = =Vayg ™ (@, ) (Vg™ (2, y5r)) V™ (@5

and denote (™ as:

m m m -1 ~(m
™ = =g ™ 2,y ) (Vayg™ (@ yfr))) - A

Tgece Tgec

while in Algorithm 11, we use the stochastic encoder EAﬁc{} to compute Ai,gm),

Q
A =37V, 0" (2, 9\ B (I — 7V g™ (2, 5" B,)) 1 AG™

q=0

Since (™) is not updated during local steps, we omit the superscript when clear from the

context. We further denote Afc,gzl) as

Q
Aaﬁg?) =—-> Tnyg(m) (z,y

q=0

U B = 7V g™ (2,45 B)) IV £ (98 By)

Idec;
Lastly, recall the hyper-gradient of A (z) has the form of:
—1
VA™ () = =Vayg™ (@, y0) (Vg™ (2, 5i™)) V£ (50™)
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Assumption 126 (Assumption 4). We have unbiased stochastic first order and second
order derivative oracle with bounded variance, more specifically, denote z = (x,y), we

have:

a) we have V f) (y; €), such that: E[V ) (y;€)] = V£ (y)

and var(V £ (y; €)) < o%;

b) we have Vg™ (2:€), such that: E[Vg™ (z;€)] = Vg™ (2)

and var(Vg™(z;€)) < o?;

¢) we have V29" (z,€), such that: E[V,29"™(z;£)] = V29" (z)

and var(V,2g™ (z;€)) < o

d) we have V,,g"™ (2;€), such that: B[V ., (2;€)] = V4,9 (2)
and var(V.,g"™(z;€)) < o%;
Proposition 127. Suppose Assumptions 117 and 118 hold, the following statements hold:
@) ™ = VA @)[* < 2L2(lyf) — o2 + 262L2 5 — |2, where L= O(x?).

Idec

b) K™ (z) is Lipschitz continuous in x with constant L i.e., for any given x1, x5 € RP,

we have ||[Vh™ (25) — VR (21)]|? < L?||lzg — 1| where L = O(x?).
where we denote the condition number as k = L/ .

Proof. We prove the Part a) here. Proof of b) and can be referred in Lemma 2.2 of [6].

1™ — VR ()
-1
_ vayg@,y}:zz) (vyyg<x,y§::1>) v o (g
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-1
( yyg:cyim))) v (g

—1
- nyg(:c,yém))<v (T, yim))> V£ (ylm)

(m

< meg(x, yldez) - Vﬂvyg<‘r y:c

-1
(vyygu,y};zi)) V(g — (vyyg@: y;m>>) V0 ()

+ Hvxyg(% yim)

C LI m m - m m m ' m m
< ol g +LH( e ygei)) v Fm gm) - (vyyg<x,y; >>) v Fo )
_ Gyl o -
s b ( ) yx +Cf ‘( yyg($7y§zz>> - (Vyyg(x,yém))>
4 [ v pom gy Vf<m><y;m>>'

VA0 (gl — W 0 (g

C¢Ly, KCrL m m
< < [y + f yy)Hy(dez yg(c
2 2

Suppose we denote [, = (Cf jmy + RC’;f”), then we have:

2
< 2I2

2

™ — () Vi, = Y8 2|AV I (G™) = V(g

which completes the proof. O]

Proposition 128. (Lemma 4 and 7 in [32]) Suppose Assumptions 117, 118 and 119 hold

and T < f, we have
a) |[E[A2V] — ™| < Gy, where Gy = k(1 — 7)1 Cy

b) E| A — E[AZ{V]|? < G3, where G3 = (203 +12C3L27%(Q + 1)? + 4C3L2(Q +

2)(Q + 1)%1%0?) /b,

where we assume the mini-batch has |B,| = b,
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5.6.1 Lower Problem Solution Error

Lemma 129. When v < —, we have:

M 2 I M 2 2
(m) _(m) (1 — py) e m) m) 2vo
z:: Ygee = Yrtm STmzz:lE ?J(() _?Jg(;(m +Tby
Proof. First, follow the property of the strong convex function, we have:
2 2
Ely™ —yloh| <@ —mE|u™ -yl + b
y
where we choose v < 1/L. Next, we telescope from i = 1 — I, to have
2 2
m m m m 2’7202 ! 7
Ui, = Yeon| < (1 M)Id“EHyé Pyl + 2 (1= m)
Y =0
2 2v0?
<(1- m)’deeEHyS’") ~Yyom|| +
HOy
Average over all clients, we get the claim in the lemma.
Lemma 130. For I > 1, than we have:
Ly EI:EII?JZ(W) —y|P?
M =3
3 ~(m) m) 2 2 Lo Am) 2 4 2% 0
SMZEHZJO =y, |7+ 61 ZZHVf (@ I+ 3
m=1 m=11=1 )

Proof. By the update rule in Algorithm 11, we have:

E[lg™ — g2 = Ellg") — 0V £ 50 By) — i
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< (14 >E|| 0" — N2 4 (1L DR? |V (5 By

<(1+ )EII i =y 4 20 |V £ (57 By) |2

210>

< (1 PEIG™ — P + 202 [V G P + b

where the first inequality is by the generalized inequality. Next we telescope over i, to

obtain:

2In*0?
by

~\m m ! i— m 1 ) ~(m m
Ellg"™ -y >||Qsz<1+ ) (20 |V £ (512 + )+ (1+ 2V El55" 51
j=1

1, < ) ¢ 2Inc? 1 "
S(H;)IZ(?WHW( @I+ =) + (L D EI - )
=1 Y
m - 21277202
< BRI — g + 61 3 IV Fm (G2 + +

=1 Y

The third inequality uses the inequality log(l + a/z) < a/x for x > —a, so we have
(1+a/x)* < e Then we choose a = 1 and x = I. Finally, we use the fact that e < 3. It

completes the proof by summing over all i. O

5.6.2 Descent Lemma
Lemma 131. For allt € [T, the iterates generated satisfy:

S|

M
<Ly (2L2Euy m o2 4 92 2™ — y;mw?) 2

m:l

IEHVh(:z:t) — Ee[AZ ]
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Proof. By definition of A#,, ,u;T) and Vh(z;), we have:

2

E |Vh(xt) — Ee[AZ4]

@ 1 X
<= E‘ Ee[AZ™] — V™ (1)
Mm:l
2 M ?
I M TR
Mm:l
0 1 X
<X (2L2E||y<:;; y P+ 2BV £ () - 9 <y§:”>>||2) + 26}
1 M
< 37 32 (2B - o + 22 LR - o) 4 263

where inequality (a) follows the generalized triangle inequality; inequality (b) follows the

Proposition 127 and Proposition 128.

O
Lemma 132. Suppose nn, < 21L For t € [T], the iterates generated satisfy:
I I . 2 I7727]21_}G2
Elh(a+1)] < Elh(a)] - “S2E|Vh(a)|* — L2 ZE] EelAdy ]| + =5 + T, G3
i=1 @

M 1
nn T m m AT m
+ 0SS (DRI - s+ R LRI - o)
m=1i=1

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. Using the smoothness of f we have:

Elh(zi1)] < Elh(z)] + E(VA(20), 200 — 20) + sEme — ||

W Eh(z,)] — nE(Vh(z:), Ee[Ady]) + EEHE [AZ]]|* + W
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I _ In?n2L 1 _ In*n?LG2
N nn . nn
= E[h(x:)] — ngn Y_E(Vh(z:), Be[AZy4]) + 29 >_E|E[Az, ]| W
i=1 i=1 x

, i
2 Elh(z,)] - Z"“’Euvmmuu””QZEHW w) = Be[Ad ]|

2.271 I 2 2

mg Iy L a2 4 In*n?LG3

S E|E.[AZ, ]
(2 5 ); [Ee[AZe ]| + ST}

© Inn My <& _ In*n?LG3
< E[h(z)] - 5 IE(|Vh(z,)|?* - Tg Z]E Ee[AZy ]| + W + Iy G
M
7777 ~(m) m
#0005 (LRI - o + 2B - )
m=1i=1

where equality (a) follows from the iterate update given in Step 21 of Algorithm 11; (b)
uses {(a,b) = %[||al|> + [|b]|> — |Ja — b]|*]; (c) follows the condition that Inn, < 1/2L and

Lemma 131. This completes the proof. O

5.6.3 Proof of Convergence Theorem
We prove the convergence of Algorithm 11 in this section.

Theorem 133. Suppose we the learning rates

= min | 1 81by M Lh(z1) 2 ALh(x1) v = min N v
= ’ TG3 '\ "¢, °T 7 20’ \C.,T

then we have:

and 1y = 21L,

T 1 _
3 (BIVA@IP + 57 Y BIEAs )
i=1

t=
i3 e 1/2 46 1/3
(T+<T> B R

N[ =

S
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To reach an € stationary point, we choose Q = O(/@log@)), Ljee = O(mlog(%)) and

T = O(k*¢ ) number of iterations.

Proof. By Lemma 132, and combine with Lemma 129 and Lemma 130 to have:

Inn, ) nng > In*n2LG3 )
Elh(z:1)) < Elh(a)] = “S2E||Vh(a:)|* - S E|Ed(Ad) + = I, G
=1 T
+ M5~ 5 Fpym) o2 4 2L —
M yldec y$
m=11=1
I In*n2LG?
smmmr’?MWMMQ”%ZQ&A%1+f;M2JWﬁ%

2]L277n9702 n 20362 LPnPn,0?

TL2n, (1 — puy)laee M
L IL2my (1 = ) ZEHyc()m) (m)

M m=1 el iby by
31K2L%m, & (m m 61%k L277377 m) ( (m
o 2 Bl — P+ SER LA 5 5 v ) P
m=1 m=1i=1
By Algorithm 11, we have g™ = ygzz, then we have:
Inn e - In*n2LG3
Elh(zin)] < Efb(e)) — “2UB|Vh(w)|? - T S B|Be[Ad | + -2 4 1,3
i=1 @
. I(3K2L2 + L)y (1 — py)laee % ||y — 4™ 21 L*nnyo?
M m=1 o by
6]%2[/27777 70.2 6]2 2[/277377 M T (m 2]?’/{2[/277377 0.2
4 T I
y m=1i=1 Y

Assume that |jy™ — ygg,z) |> < C for some constant Cy, and use Assumption 117. We sum

over t € [T] to obtain:

1 Im My < o

(F5 BIVA@)I? + 2 Y EIE[Az,|)
t:l 1=1
< h(zy) In 772LG2

X 2]ﬁ277779702
T 2b, M

b

+ Iy G2 4 T(3K2 L2 + L2)imy (1 — pury) e Cy +

Y
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N 61K%L*nm,yo?

2[3 2L2 3 2
+6]3ﬁ2L2n3nng i REL71) g0
by by

Then we divide by (In1n,)/2 on both sides and have:

1 T
> (EIIV ()| + fZEHEg Az ]|)?)
— TInn, b, M
N 4(3k2L% + L?)v0?

4]2 2L2 2.2
L PRIy — =

Yy

; +2G2 +2(3k%L* + L*)(1 — pry) "=,
HOy
Next, we denote constant C, = (12/432[/26} + %) and C, %ﬁ:ﬁ)”, and set

Ng = QIL, then we have:

’ﬂ \

T 1 _
Z (EIVAGI? + 5 3 BIE(Az,IP)
t=1 i=1

4Lh G2 .
T§7 Y + 2;71) 3\4 + O P + Cyy + 2G5 + 2(3x% L2 + L*)(1 — py) =G

Then we choose

_ 870, MLh(z)\"* (ALh(z1)\" (1 1\
n=min | 1, T—Gg \err , ¥ =min [ —
Then we obtain:

1

t:l

T I _
=2 (BIVA)|® + ZEHEE[A@,MF)

L ALhx) | (2G3Lh(x) 2+ 1612C, L2h(2,)?\ /*
T Ib,MT T?
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o\ /2 R
i <Yj> +2GT + 2(3K%L7 + L*)(1 — py) Gy

Finally, since L = O(x?) , L = O(x?) and py = O(k~!). Suppose we choose I = O(1),

then C,, = O(k?), C, = O(x%), and use Gy = k(1 — 7u)?"C} in Proposition 128, we have:

N[ =

T I B
> (EIVAGI? + 5 3 BB Az, IP)
i=1

t=
13 AL 6\ /3
(T + () 7] FRO T k(1 = )

—_

O

T T2

and to reach an e stationary point, we choose ) = O(nlog(f)), Ljee = O(K;log(f)) and

T = O(k°¢~2) number of iterations. O

5.7 More Experimental Details

5.7.1 Communication-efficient FL

Test Accuracy
Test Accuracy

15 15
logy0(Compression Rate) logio(Compression Rate)

Figure 5.3: Test Accuracy w.r.t Communication Rate for FedSep and other baseline meth-
ods for CIFAR-10 Dataset. The left figure shows results under the I.I.D case, and the right
figure show results for the Non-I.I.D case. The local learning steps are set as I = 5.

In this section, we include more details related to the Communication-efficient FL.

We first introduce details of some definitions.
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Soft-threshold Operator. We use the definition of the soft threshold operator

(Q-5() in Section 4.1, formally, we have the following definition:

Q\(z) = sign(z)maz(abs(z) — A, 0) (5.9)
Proximal Gradient Descent. we solve 8™ through the following update rule:

0% = Qus (0 +7(5™) (w — 50)) (5.10)

where (),5(-) is the soft-threshold operator and its definition is in Eq. (5.9) and v is some

constant. We denote the generalized gradient based on Eq. (5.10) as:

G (6) = i(e ~ %) (5.11)

In summary, for the decode operation Dec{-} in Eq. (5.4), we solve decode problem through
gradient descent with the gradient operator defined by Eq. (5.11). As for the encode
operation, we have G*(™) = 0 by definition of 7™, then take derivation over w on both
sides, and use the chain rule, we get the expression in Eq. (5.5).

Next, we introduce more details of experimental settings.

Baselines and Hyper-Parameter. We first compare with the uncompressed base-
line (the communication parameter and the learning parameter are in the same dimension);
Next we compare with the local Top-K compressor and the Count-Sketch compressor [130].
For the count-sketch, we tune the size of sketch table; a typical good value for the length

of the sketch table is half of the communication parameter dimension. For our FedSep, we
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Figure 5.4: Test Accuracy w.r.t Communication Round for FedSep over the MNIST
Dataset. The left figures shows results under the I.I.LD case, and the right figure show
results for the Non-1.I.D case. We vary the value of local step I € {2,5,10,20,50} in the
figure, and we fix the dimension of the communication parameter as p = 2000.

tune the values of § and . A typical good value for v is [0.5,5] and it depends on the
dimension of the communication parameter p, for 3, we choose [0,0.01]. We use the SGD
optimizer to optimize L£(6™); D,?l” )) for all methods, and set the learning rate at 0.1, and
set I4.. = 10 for the decode operation, i.e. for solving the Lasso problem.

More Experimental Results. The experimental results for the CIFAR-10 dataset
is included in Figure 5.3. We observe that FedSep also outperforms other baselines as in
the MNIST data set. Finally, in Figure 5.4, we vary the number of local steps I under a
fixed compression rate. As shown in the figure, our FedSep can benefit from more local
steps. More specifically, for the homogeneous case, our FedSep can benefit from more local
steps as large as I = 50, while for the heterogeneous case, increasing local steps brings little

benefit to I > 10.

5.7.2 Model-Heterogeneous FL

In this section, we introduce more details of the experimental setting for Model-
Heterogeneous FL task and present more experimentsl results.

Hyper-parameters. For our FedSep, we perform grid search to search the best
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Figure 5.5: Test Accuracy and Loss w.r.t Communication Rounds for FedSep under different
levels of data heterogeneity. K is the number of classes each client has. The first two plots
show results for CIFAR-10, then the last two plots show results for CIFAR-100.

parameter setting. More specifically, we decode problem Eq. (5.7) with 5 = 10 and
AdamW [148] with learning rate 0.01. Regarding the learning problem, for CIFAR-10,
we use the Adam optimizer with learning rate 107* when K = {2,4} and 2 x 10~* when
K € {5,8}, for CIFAR-100, we use the Adam optimizer with learning rate 2 x 10~* when
K = {5,10,20,50}. We decrease learning by a factor of 0.25 at the {800,1600} steps for
the CIFAR-10 dataset and at the {1200, 1800} global steps for the CIFAR-100 dataset.
More Experimental Results. Next, we test our FedSep at different levels of
heterogeneity. The results are summarized in Figure 5.5. As shown by the figures, our

FedSep is quite robust when clients have highly heterogeneous data.
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Part II1

Federated Learning Challenges with Hierarchies
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Chapter 6: Communication-Efficient Robust Federated Learning with Noisy

Labels

6.1 Introduction

In Federated Learning (FL) [92], a set of clients jointly solve a machine learning prob-
lem under the coordination of a central server. To protect privacy, clients keep their own
data locally and share model parameters periodically with each other. Several challenges of
FL are widely studied in the literature, such as user privacy [92, 122, 123|, communication
cost [124, 125, 126, 127, 128], data heterogeneity [93, 95, 96, 97, 149] etc.. However, a key
challenge is ignored in the literature: the label quality of user data. Data samples are man-
ually annotated, and it is likely that the labels are incorrect. However, existing algorithms
of FL e.g. FedAvg [92] treat every sample equally; as a result, the learned models overfit
the label noise, leading to bad generalization performance. It is challenging to develop an
algorithm that is robust to the noise from the labels. Due to privacy concerns, user data are
kept locally, so the server cannot verify the quality of the label of the user data. Recently,
several intuitive approaches [150, 151, 152] based on the use of a clean validation set have
been proposed in the literature. In this paper, we take a step forward and formally formu-

late the noisy label problem as a bilevel optimization problem; furthermore, we provide two
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efficient algorithms that have guaranteed convergence to solve the optimization problem.
The basic idea of our approach is to identify noisy label samples based on its con-
tribution to training. More specifically, we measure the contribution through the Shapley
value [153] of each sample. Suppose that we have the training dataset D and a sample
s € D. Then for any subset S C D/{s}, we first train a model with S only and measure
the generalization performance of the learned model, then train over S U {s} and calcu-
late the generalization performance again. The difference in generalization performance of
the two models reflects the quality of the sample label. If a sample has a correct label,
the model will have better generalization performance when the sample is included in the
training; in contrast, a mislabeled sample harms the generalization performance. Then we
define the Shapley value of any sample as the average of the generalization performance
difference in all possible subsets S. However, the Shapley value of a sample is NP-hard to
compute. As an alternative, we define a weight for each sample and turn the problem into
finding weights that lead to optimal generalization performance. With this reformulation,
we need to solve a bilevel optimization problem. Bilevel optimization problems [16, 17, 19]
involve two levels of problems: an inner problem and an outer problem. Efficient gradient-
based alternative update algorithms [29, 33, 154] have recently been proposed to solve
non-distributed bilevel problems, but efficient algorithms designed for the FL setting have
not yet been shown. In fact, the most challenging step is to evaluate the hypergradient
(gradient w.r.t the variable of the outer problem). In FL, hypergradient evaluation involves
transferring the Hessian matrix, which leads to high communication cost. It is essential to
develop a communication-efficient algorithm to evaluate the hypergradient and solve the

Federated Bilevel Optimization problem efficiently.
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More specifically, we propose two compression algorithms to reduce the communi-
cation cost for the hypergradient estimation: an iterative algorithm and a non-iterative
algorithm. In the non-iterative algorithm, we compress the Hessian matrix directly and
then solve a small linear equation to get the hypergradient. In the iterative algorithm,
we formulate the hypergradient evaluation as solving a quadratic optimization problem
and then run an iterative algorithm to solve this quadratic problem. To further save com-
munication, we also compress the gradient of the quadratic objective function. Both the
non-iterative and iterative algorithms effectively reduce the communication overhead of hy-
pergradient evaluation. In general, the non-iterative algorithm requires communication cost
polynomial to the stable rank of the Hessian matrix, and the iterative algorithm requires
O(log(d)) (d is the dimension of the model parameters). Finally, we apply the proposed
algorithms to solve the noisy label problem on real-world datasets. Our algorithms have
shown superior performance compared to various baselines. We highlight the contribution

of this paper below:

o We study Federated Learning with noisy labels problems and propose a learning-based

data cleaning procedure to identify mislabeled data.

o We formalize the procedure as a Federated Bilevel Optimization problem. Further-
more, we propose two novel efficient algorithms based on compression, i.e. the Itera-
tive and Non-iterative algorithms. Both methods reduce the communication cost of

the hypergradient evaluation from O(d?) to be sub-linear of d.

« We show that the proposed algorithms have a convergence rate of O(¢~2) and validate
their efficacy by identifying mislabeled data in real-world datasets.
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Notations. V denotes the full gradient, V, is the partial derivative for variable x, and
higher-order derivatives follow similar rules. || - || is fe-norm for vectors and the spectral
norm for matrices. || - ||r represents the Frobenius norm. AB denotes the multiplication
of the matrix between the matrix A and B. (Z) denotes the binomial coefficient. [K]

represents the sequence of integers from 1 to K.

6.2 Related Works

Federated Learning. FL is a promising paradigm for performing machine learning tasks
on distributed located data. Compared to traditional distributed learning in the data
center, FL poses new challenges such as heterogeneity [96, 113, 115, 116, 155], privacy [92,
122, 123] and communication bottleneck [124, 125, 126, 127, 128]. In addition, another
challenge that receives little attention is the noisy data problem. Learning with noisy data,
especially noisy labels, has been widely studied in a non-distributed setting [47, 48, 156,
157, 158, 159, 160, 161]. However, since the server cannot see the clients’ data and the
communication is expensive between the server and clients, algorithms developed in the
non-distributed setting can not be applied to the Federated Learning setting. Recently,
several works [150, 151, 152] have focused on FL with noisy labels. In [150], authors
propose FOCUS: The server defines a credibility score for each client based on the mutual
cross-entropy of two losses: the loss of the global model evaluated on the local dataset and
the loss of the local model evaluated on a clean validation set. The server then uses this
score as the weight of each client during global averaging. In [152], the server first trains a

benchmark model, and then the clients use this model to exclude possibly corrupted data
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samples.

Gradient Compression. Gradient compression is widely used in FL to reduce com-
munication costs. Existing compressors can be divided into quantization-based [124, 125]
and sparsification-based [126, 127]. Quantization compressors give an unbiased estimate
of gradients, but have a high variance [128]. In contrast, sparsification methods generate
biased gradients, but have high compression rate and good practical performance. The
error feedback technique [127] is combined with sparsification compressors to reduce com-
pression bias. Sketch-based compression methods [128, 130] are one type of sparsification
compressor. Sketching methods [162] originate from the literature on streaming algorithms,
e.g. The Count-sketch [129] compressor was proposed to efficiently count heavy hitters in
a data stream.

Bilevel Optimization. Bilevel optimization [16] has gained more interest recently due to
its application in many machine learning problems such as hyperparameter optimization [4],
meta learning [38], neural architecture search [41] efc. Various gradient-based methods are
proposed to solve the bilevel optimization problem. Based on different approaches to the
estimation of hypergradient, these methods are divided into two categories, i.e. Approxi-
mate Implicit Differentiation (AID) [6, 13, 14, 29, 32, 33, 154] and Iterative Differentiation
(ITD) [24, 25, 26, 27]. ITD methods first solve the lower level problem approximately and
then calculate the hypergradient with backward (forward) automatic differentiation, while
AID methods approximate the exact hypergradient [4, 6, 9, 12]. In [7], authors compare
these two categories of methods in terms of their hyperiteration complexity. Finally, there
are also works that utilize other strategies such as penalty methods [34], and also other

formulations e.g. the inner problem has multiple minimizers [35, 36]. A recent work [163]
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applied momentum-based acceleration to solve federated bilevel optimization problems.

6.3 Preliminaries

Federated Learning. A general formulation of Federated Learning problems is:

min G(x) = ]1[221 N;gi(x) (6.1)

zeX

There are M clients and one server. NN; is the number of samples in the i, client and N is
the total number of samples. g; denotes the objective function on the #;;, client. To reduce
communication cost, a common approach is to perform local sgd; in other words, the client
performs multiple update steps with local data, and the model averaging operation occurs
every few iterations. A widely used algorithm that uses this approach is FedAvg [92].

Count Sketch. The count-sketch technique [129] was originally proposed to efficiently
count heavy-hitters in a data stream. Later, it was applied in gradient compression: It is
used to project a vector into a lower-dimensional space, while the large-magnitude elements
can still be recovered. To compress a vector ¢ € R?, it maintains counters r x ¢ denoted
as S. Furthermore, it generates sign and bucket hashes {h3, h?};zl In the compression
stage, for each element g; € g, it performs the operation S[j, h(i)]+ = h[i]  g; for j € [r].
In the decompression stage, it recovers g; as median({h$[i] x S[j, h%(i)]};_,). To recover 7
heavy-hitters (elements g; where ||g;||* > 7||g||*) with probability at least 1 — §, the count

sketch needs 7 x ¢ to be O(77'log(d/d)). More details of the implementation are provided

in [129].
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Bilevel Optimization. A bilevel optimization problem has the following form:

min h(z) = F(z,y,) s.t. y, = argmin G(z,y) (6.2)

rzeX yeRd

As shown in Eq. (6.2), a bilevel optimization problem includes two entangled optimization
problems: the outer problem F'(x,y,) and the inner problem G(z,y). The outer prob-
lem relies on the minimizer y, of the inner problem. Eq. (6.2) can be solved efficiently
through gradient-based algorithms [29, 154]. There are two main categories of methods for
hypergradient ( the gradient w.r.t the outer variable x) evaluation: Approximate Implicit
Differentiation (AID) and Iterative Differentiation (ITD). The ITD is based on automatic
differentiation and stores intermediate states generated when we solve the inner problem.
ITD methods are not suitable for the Federated Learning setting, where clients are stateless
and cannot maintain historical inner states. In contrast, the AID approach is based on an

explicit form of the hypergradient, as shown in Proposition 134:

Proposition 134. (hypergradient) When vy, is uniquely defined and szG(x, Yz ) 1S invert-

ible, the hypergradient has the following form:

Vh(z) = V. F(x,y,) — V2,G(z, y,)v* (6.3)

where v* is the solution of the following linear equation:

V3, G2, ya)v* = Vy F (2, ya) (6.4)
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The proposition 134 is based on the chain rule and the implicit function theorem. The

proof of Proposition 134 can be found in the bilevel optimization literature, such as [6].

6.4 Federated Learning with Noisy Labels

We consider the Federated Learning setting as shown in Eq. (6.1), 7.e. a server and
a set of clients. For ease of discussion, we assume that the total number of clients is M
and that each client has a private data set D; = {s%,j € [Ni]}, i € [M] where |D;| = N;.
D denotes the union of all client datasets: D = UYX, D;. The total number of samples
|D| = N and N = 2™ N; (for simplicity, we assume that there is no overlap between the
client data sets).

In Federated Learning, the local dataset D; is not shared with other clients or the
server; this protects the user privacy, but also makes the server difficult to verify the
quality of data samples. A data sample can be corrupted in various ways; we focus on
the noisy label issue. Current Federated Learning models are very sensitive to the label
noise in client datasets. Take the widely used FedAvg [92] as an example; the server simply
performs a weighted average on the client models in the global averaging step. As a result,
if one client model is affected by mislabeled data, the server model will also be affected.
To eliminate the effect of these corrupted data samples on training, we can calculate the
contribution of each sample. Based on the contribution, we remove samples that have little

or even negative contributions. More specifically, we define the following metric of sample
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contribution based on the idea of Shapley value [153]:

qs;':]lv S <N|S_| 1) (®(A(SU{s}})) - @ (A(S)) (6.5)

ScD/{st}

where A is a randomized algorithm (e.g. FedAvg) that takes the dataset S as input and
outputs a model. ® is a metric of model gain, e.g. negative population loss of the learned
model, or negative empirical loss of the learned model in a validation set. In Eq. (6.5),
for each S C D/{s}}, we calculate the marginal gain when s is added to the training
and then average over all such subsets S. It is straightforward to find corrupted data
if we can compute ;, however, the evaluation of ¢§- is NP-hard. As an alternative, we
define the weight )\;'» € [0,1] for each sample and )\é should be positively correlated with
the sample contribution (;5;: large A represents a high contribution and small A\ means little
contribution. In fact, finding sample weights that reflect the contribution of a data sample
can be formulated as solving the following optimization problem:

max G(A(D; A)) (6.6)

The above optimization problem can be interpreted as follows: The sample weights should
be assigned so that the gain of the model ® is maximized. It is then straightforward to
see that only samples that have large contributions will be assigned with large weights.
Next, we consider an instantiation of Eq. (6.6). Suppose that we choose ® as the negative

empirical loss over a validation set D, at the server and A fits a model parameterized by
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Algorithm 12 Communication-Efficient Federated Bilevel Optimization (Comm-
FedBiO)

1: Input: Learning rate 7, , initial state (zo, yo), number of sampled clients S
2: for k=0to K —1do
Sample S clients and broadcast current model state (zy, yx);
for m =1 to S clients in parallel do

Set yg" = Yk

fort=1to T do

Yt = ¥ = YV gm(Th, Y1)

end for

end for

100 Yps1 = Yp + = E Z Now(YF — Yr)

m= 1

@

// Two ways to estlmate Vh(xk)
11:  Case 1: @h(a:k) = Iterative-approx(Zg, Yx+1)
12:  Case 2: @h(xk) = Non-iterative-approx(zy, Yk+1)
13: a1 = zx —nVh(zy)
14: end for

w over the data, then Eq. (6.6) can be written as:

1 M N;
min £(wy; Dyar) $.1. wy = argmin - ZZAZ w; j) (6.7)

A€A weRd i=1j=1

where /¢ is the loss function e.g. the cross entropy loss. Eq. (6.7) involves two entangled
optimization problems: an outer problem and an inner problem, and w) is the minimizer
of the inner problem. This type of optimization problem is known as Bilevel Optimization
Problems [16] as we introduce in the preliminary section. Following a similar notation as
in Eq. (6.2), we write Eq. (6.7) in a general form:

min h(z) = F(x,y,) s.t. y, = argmin G(z,y) = — ZNg, x,y) (6.8)

rzeX yERd

Compared to Eq. (6.7), we set X as x, w as y; (wyx; Dyar) as F(z,yz),
and 1/N; Z;V:"l Ail(w; s%) as gi(z,y). In the remainder of this section, our discussion will

]
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be based on the general formulation (6.8). We propose the algorithm Comm-FedBiO
to solve Eq. (6.8) ( Algorithm 12). Algorithm 12 follows the idea of alternative update
of inner and outer variables in non-distributed bilevel optimization [12, 33, 154], however,
it has two key innovations which are our contributions. First, since the inner problem
of Eq. (6.8) is a federated optimization problem, we perform local sgd steps to save the
communication. Next, we consider the communication constraints of federated learning in
the hypergradient estimation. More specifically, we propose two communication-efficient
hypergradient estimators, i.e. the subroutine Non-iterative-approx (line 11) and Iterative-
approz (line 12).

To see the high communication cost caused by hypergradient evaluation. We first

write the hypergradient based on Proposition 134,:

- XN; -
Vh(z) =V, F(x,y.) — V3,G(x,y.)v", v* = (Z:NVf,ygi(:r,yO VyF(z,y.)  (6.9)

where we use the explicit form of v* and replace G(x, y) with the federated form in Eq. (6.8).
Eq. (6.9) includes two steps: calculating v* and evaluating Vh(z) based on v*. For the
second step, clients transfer V,,g;(z,y)v* with communication cost O(l) (the dimension of
the outer variable z), we assume [ < d (d is the dimension of y). This is reasonable in our
noisy label application: [ is equal to the number of samples at a client and is very small
in Federated Learning setting, while d is the weight dimension, which can be very large.
Therefore, we focus on the first step when considering the communication cost. The inverse
of the Hessian matrix in Eq. (6.9) can be approximated with various techniques such as

the Neumann series expansion [6] or conjugate gradient descent [12]. However, clients must
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first exchange the Hessian matrix Viygi(:c, y). This leads to a communication cost on the
order of O(d?). In fact, it is not necessary to transfer the full Hessian matrix, and we can
reduce the cost through compression. More specifically, we can exploit the sparse structure
of the related properties; e.g. The Hessian matrix has only a few dominant singular values
in practice. In Sections 4.1 and 4.2, we propose two communication-efficient estimators of
hypergradient Vh(z) based on this idea. In general, our estimators can be evaluated with

the communication cost sublinear to the parameter dimension d.

6.4.1 hypergradient Estimation with iterative algorithm

In this section, we introduce an iterative hypergradient estimator. Instead of per-
forming the expensive matrix inversion as in Eq. (6.9), we solve the following quadratic

optimization problem:

1
min ¢(v) = §’UTV§yG(I, Yo v — vV, F(z,y,) (6.10)
The equivalence is observed by noticing that:
Vq(v) = V3, G(z,y.)v — V, F(z,,)

If q(v) is strongly convex (V2 G(z,y,) is positive definite), the unique minimizer of the
quadratic function ¢(v) is exactly v* as shown in Eq. (6.9). Eq. (6.10) is a simple positive
definite quadratic optimization problem and can be solved with various iterative gradient-

based algorithms. To further reduce communication cost, we compress the gradient Vq(v).
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Algorithm 13 Tterative Approximation of hypergradient (Iterative-approx)

1: Input: State (z,y), initial value vy, learning rate «, number of sampled clients S
2: The server evaluates V,F(x,y) and samples S clients uniformly and broadcasts state
(x,y) to each client;
3 fori=0tol —1do
4:  for m =0 to S in parallel do
5: Each client makes Hessian-vector product queries to compute Viygmvi, then send
its sketch S =~ to the server;
6: end for
7. Server: S, = ﬁ S8 N % S
8:  Server: A =U(aS, + S(e'))
: Server: vt =v' — (A —aV,F(z,y))
10:  Server: S(e"™!) = aSL + S(e) — S(A)
11: end for
12: Output: Vh(z) = V,F — V2 Gv!

More specifically, Vq(v) can be expressed as follows in terms of g;:
1Y )
Vq(v) = N ; NiV3,9i(, Yz )v — Vy F (2, Ys) (6.11)

Therefore, clients must exchange the Hessian vector product to evaluate Vq(v). This
operation has a communication cost O(d). This cost is considerable when we evaluate
Vq(v) multiple times to optimize Eq.(6.10). Therefore, we exploit compression to further
reduce communication cost; i.e. clients only communicate the compressed Hessian vector
product. Various compressors can be used for compression. In our paper, we consider the
local Topk compressor and the Count Sketch compressor [129] in our paper. The local Top-k
compressor is simple to implement, but it cannot recover the global Top-k coordinates, while
the count-sketch is more complicated to implement, but it can recover the global Top-k
coordinates under certain conditions. In general, gradient compression includes two phases:

compression at clients and decompression at the server. In the first phase, clients compress

268



the gradient to a lower dimension with the compressor S(-), then transfer the compressed
gradient to the server; In the second phase, the server aggregates the compressed gradients
received from clients and decompresses them to recover an approximation of the original
gradients. We denote the decompression operator as U(-). Then the update step of a
gradient descent method with compression is as follows:

vt =" — C(aVq(v') +¢€'),
(6.12)

e =aVq(v') + e — C(aVq(v') +¢€')
where C'(-) = U(S(+)) and « is the learning rate. Notice that we add an error accumulation
term e’. As shown by the update rule of €?, it accumulates information that cannot be
transferred due to compression and reintroduces information later in the iteration, this type
of error feedback trick compensates for the compression error and is crucial for convergence.
The update rule in Eq. (6.12) has communication cost sub-linear w.r.t parameter dimension
d with either the Top-k compressor or the Count-sketch compressor. Furthermore, the
iteration complexity of iterative algorithms is independent of the problem dimension, the
overall communication cost of evaluating v* is still sublinear w.r.t the dimension d. This is a
great reduction compared to the O(d?) complexity when we transfer the Hessian directly as
in Eq. (6.9). We term this hypergradient approximation approach the iterative algorithm,
and the pseudocode is shown in Algorithm 13. Note that the server can evaluate V, F(z,y),
so we do not need to compress it, and we also omit the step of getting VinvI from the

clients.
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6.4.2 hypergradient Estimation with Non-iterative algorithm

In this section, we propose an efficient algorithm so that we can estimate v* by
solving the linear equation Eq. (6.4) directly. However, instead of transferring sz 9i(z,yz),

we transfer their sketch. More precisely, we solve the following linear equation:

SoV2,G(x,y)STw = SV, F(x, ys) (6.13)

where @ € R™ denotes the solution of Eq. (6.13). S; € R™*4 and S, € R™*? are two

random matrices. Then an approximation of the hypergradient Vhi(z) is:

Vh(z) = V.F(z,y,) — V2,G(x,y.)ST & (6.14)

To solve Eq. (6.13), clients first transfer S5V? gi(x,y,)S] to the server with communica-
tion cost O(ryrs), then the server solves the linear system (6.13) locally. The server then
transfers @ to the clients and the clients transfer V,,g;(z, y.)ST@® back to the server, the
server evaluates Eq. (6.14) to get VA(z). The total communication cost is O(ryry) (we
assume that the dimension of the outer variable z is small).

We require S; and S, to have the following two properties: the approximation error
|[Vh(z) — Vh(z)|| is small and the communication cost is much lower than O(d?), i.e.

rire < d?. We choose S; and Sy as the following sketch matrices:

Definition 135. A distribution D on the matrices S € R™" is said to generate a (€, 0)-
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sketch matrixz for a pair of matrices A, B with n rows if:
Pr [||ATSTSB — ATB]| > €||Allp||Bl|F] < 6

Corollary 136. An (¢/l,9) sketch matriz S is a subspace embedding matriz for the column

space of A € R™¥. ie. for allx € R' w.p. at least 1 —§:
1Az € [(1 = e)l[Az[[3, (1 + €)]|Ax|[3]

Corollary 137. Foranye, 6 € (0,1/2), let S € R™" be a random matriz withr > 18/(€5).
Furthermore, suppose that o € R™ is a random sequence where o (i) is randomly chosen from
{=1,1} and h € R" is another random sequence where h(i) is randomly chosen from [r].
Suppose that we set S[h(i),i| = o(i), for i € [n] and 0 for other elements; then S is a (€, )

sketch matriz.

Approximately, the sketch matrices S are ‘invariant’ over matrix multiplication
((SA,SB) ~ AB). An important property of a (e, ¢)-sketch matrix is the subspace em-
bedding property in Corollary 136: The norm of the vectors in the column space of A
is kept roughly after being projected by S. Many distributions generate sketch matrices,
such as sparse embedding matrice [164]. We show one way to generate a sparse embedding
matrix in Corollary 137. This corollary shows that we need to choose O(¢~2) number of
rows for a sparse embedding matrix to be a (¢,d) matrix. Finally, since we directly solve
a (sketched) linear equation without using any iterative optimization algorithms, we term

this hypergradient estimator as a non-iterative approximation algorithm. The pseudocode
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Algorithm 14 Non-iterative approximation of hypergradient (Non-iterative-approx)

1: Input: State (z,y), random seeds 71, T2, number of rows ry, ro, number of sampled
clients S

2: Server: Sample S clients uniformly and broadcast model state (x,y) to each sampled
client

3: for m =1 to S in parallel do

4:  Each client generates Si,Ss with random seeds 71, 75, compute ngzyngf and

V?2,9;51 with Hessian-vector product queries

5: end for

6: Server: Collect and average sketches from clients to get SV, GST and V2 GS] and
solves Eq. (6.13) with linear regression to get @

7. Output: Vh(z) = V. F — V2, GSTw

summarizing this method is shown in Algorithm 14. We omit the subscript of iterates when
it is clear from the context. Note that the server sends the random seed to ensure that all

clients generate the same sketch matrices S; and 5.

6.5 Convergence Analysis

In this section, we analyze the convergence property of Algorithm 12. We first state
some mild assumptions needed in our analysis, then we analyze the approximation error
of the two hypergradient estimation algorithms, i.e. the iterative algorithm and the non-

iterative algorithm. Finally, we provide the convergence guarantee of Algorithm 12.

6.5.1 Some Mild Assumptions
We first state some assumptions about the outer and inner functions as follows:
Assumption 138. The function F and G has the following properties:

a) F(x,y) is possibly non-conver, V,F(x,y) and V,F(x,y) are Lipschitz continuous
with constant L
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b) |V F(z,y)|| and |V, F(z,y)| are upper bounded by some constant Cp

c) G(z,y) is continuously twice differentiable, and pg-strongly convex w.r.t y for any

given x
d) V,G(x,y) is Lipschitz continuous with constant Lg
e) [IV2,G(x,y)|| is upper bounded by some constant Cg,,

Assumption 139. V2 G(z,y) and V. G(z,y) are Lipschitz continuous with constants

Lg,, and Lg,,, respectively.

In Assumptions 138 and 139, we make assumptions about the function G, it is also
possible to make stronger assumptions about the local functions g;. Furthermore, these
assumptions are used in the bilevel optimization literature [6, 12], especially, we require
higher-order smoothness in Assumption 139 as bilevel optimization is involved with the
second-order information. The next two assumptions are needed when we analyze the

approximation property of the two hypergradient estimation algorithms:

Assumption 140. For a constant 0 < 7 < 1 and a vector g € R%. If 3 4, such that

(g:)? > 7llg||?, then g has T-heavy hitters.

Assumption 141. The stable rank of V2,G(x,y,) is bounded by ry, i.e. Y0, 07 < 1,07

max’

where (Opmaz) 0; denotes the (max) singular values of the Hessian matriz.

The heavy-hitter assumption 140 is commonly used in the literature to show the con-
vergence of gradient compression algorithms. To bound the approximation error of our

iterative hypergradient estimation error, we assume Vq(v) defined in Eq. (6.11) to satisfy
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this assumption. Assumption 141 requires the Hessian matrix to have several dominant
singular values, which describes the sparsity of the Hessian matrix. We assume Assump-
tion 141 holds when we analyze the approximation error of the non-iterative hypergradient

estimation algorithm.

6.5.2 Approximation Error of the iterative algorithm

In this section, we show the approximation error of the iterative algorithm. Suppose

that we choose count-sketch as the compressor, we have the following theorem:

Theorem 142. Assume Assumptions 138 and 140 hold. In Algorithm 13, set the learning

rate o = ﬁ with a > max (1, 2‘%(,/% + 1)) as a shift constant. If the compressed

(log(df/é) )

gradient has dimension O , then with probability 1 — § we have:

where C1, Cy, and C5 are constants.

Remark 143. The proof is included in Appendiz A. As shown by Theorem 142, the ap-
proximation error of Algorithm 13 is of the order of O(1/I), and the constants encompass
compression errors. Finally, the communication cost is of the order of O(log(d)), which is

sublinear w.r.t of dimension d.
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6.5.3 Approximation Error of the Non-iterative algorithm

In this section, we show the approximation error of the non-iterative algorithm. More

precisely, we have Theorem 144:

Theorem 144. For any given e, € (0,1/2), if S; € R™*4 js a (\1e,§/2) sketch matriz and
Sy € R™2%4 s q (g€, 5/2) sketch matriz. Under Assumptions 138 and 141, with probability

at least 1 — 0, we have the following:

IVh(z) = Vh()|| < el|v*]]

where \} = =——HG )\, =

TVrCanyIa’ are constants.

_1
3(T1+1)

Proof Sketch: The main step is to bound ||ST& — v*||, then the conclusion follows
from the definition of the hypergradient. To bound ||S{@& — v*||, we use the approximation
matrix multiplication property of S; and the subspace embedding property of S5 to have:
1ST& —v*|]2 < Cl|v*||p]|V2,G (2, y)||F, where C is some constant. The last step is to use
the stable rank and the smoothness assumption to bound ||V}, G (z, y,)||r. The full proof

is included in Appendix B.

Remark 145. Based on Corollary 137, we have an (¢, 8) sketch matriz that hasr = O(e™2)
rows. Combining with Theorem 144, we have ri = O(rs) and ro = O(r?). So, to reach
the approzimation error €, the number of rows of the sketch matrices is O(r?). This shows

that the stable rank (the number of dominant singular values) correlates with the number

of dimensions to be maintained after compression.
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6.5.4 Convergence of the Comm-FedBiO algorithm

In this section, we study the convergence property of the proposed communication
efficient federated bilevel optimization (Comm-FedBiO) algorithm. First, h(z) is smooth

based on Assumptions 138 and 139, as stated in the following proposition:

Proposition 146. Under Assumption 138 and 139, Vh(x) is Lipschitz continuous with
constant Ly, i.e.

IVh(21) = Vh(x2)|] < Ln[lz1 — 2]

where Vh(x) is the hypergradient and is defined in Proposition 134.

The proof of Proposition 146 can be found in the Lemma 2.2 of [6]. We are ready to
prove the convergence of Algorithm 12 in the following theorem. In this simplified version,

we ignore the exact constants. A full version of the theorem is included in Appendix C.

Theorem 147. Under Assumption 138 and 139, if we choose the learning rate n = ﬁ

in Algorithm 12,

a) Suppose that {xy}r>o is generated from the iterative Algorithm 13. Under Assump-
tion 140, for I = O(VK), we have the following:
Ch Cy  Cs

+—+

K32 T K K

E||Vh(zy)|]?] <

where C1, Cy, C3 are some constants

b) Suppose {xy}tr>0 are generated from the non-iterative Algorithm 14. Under Assump-

tion 141, for e = O(K~Y*), it holds: E[||Vh(zy)||?] < f where C' is some constant.
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Firstly, by the smoothness of h(z), we can upper-bound h(zx41) as:

Mari1) <h(zy) — 77(; — L)l [Vh(wp)||* + 77(; + L) Vh(zr) = Vh(z)|

Next, we need to bound the error in the third term, where we can utilize the bound provided
in Theorem 142 and Theorem 144. Finally, we find a suitable averaging scheme to obtain

the bound for E[||Vh(zy)|[?].

Remark 148. The convergence rate for the nonconvex-strongly-convez bilevel problem with-
out using variance reduction technique is O(1/vVK) [6], thus both estimation algorithms
achieve the same convergence rate as in the non-distributed setting. For the non-iterative
algorithm, we need to scale € = O(K~Y*), while the iterative algorithm instead scales the
number of iterations as O(VK) at each hyper-iteration. Comparing these two methods:
The iterative algorithm has to perform multiple rounds of communication, but it distributes
the computation burden over multiple communication clients (multiple clients by sampling
different clients at each step) and requires one Hessian vector product per round. But if the
communication is very erpensive, we could instead use the non-iterative algorithm, which

requires one round of communication.

6.6 Numerical Experiments

In this section, we empirically validate our Comm-FedBiO algorithm. We consider
three real-world datasets: MNIST [85], CIFAR-10 [142] and FEMNIST [165]. For MNIST

and CIFAR-10. We create 10 clients, for each client, we randomly sample 500 images from
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Figure 6.1: Test accuracy plots for our Comm-FedBiO (three variants: Iter-topK, Iter-
The plots show the results for the MNIST

sketch and Non-iter) and other baselines.

dataset, the CIFAR-10 dataset, and the FEMNIST dataset from top to bottom. The plots
in the left column show the i.i.d. case, and plots in the right column show the non-i.i.d.
case. The compression rate of our algorithms is 20x in terms of the parameter dimension

d.
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the original training set. For the server, we sample 500 images from the training set to
construct a validation set. For FEMNIST, the entire dataset has 3,500 users and 805,263
images. We randomly select 350 users and distribute them over 10 clients. On the server
side, we randomly select another 5 users to construct the validation set. Next, for label
noise, we randomly perturb the labels of a portion of the samples in each client, and the
portion is denoted p. We consider two settings: i.i.d. and non-i.i.d. setting. For the i.i.d.
setting, all clients are perturbed with the same ratio p and we set p = 0.4 in experiments,
while for the non-i.i.d. setting, each client is perturbed with a random ratio from the range
of [0.2,0.9]. The code is written with Pytorch, and the Federated Learning environment
is simulated via Pytorch.Distributed Package. We used servers with AMD EPYC 7763
64-core CPU and 8 NVIDIA V100 GPUs to run our experiments.

For our algorithms, we consider three variants of Comm-FedBiO based on using differ-
ent hypergradient approximation estimators: the non-iterative approximation method, the
iterative approximation method with local Top-k and the iterative approximation method
with Count-sketch compressor. We use Non-iter, Iter-topK and Iter-sketch as their short
names. Furthermore, we also consider some baseline methods: a baseline that directly
performs FedAvg [92] on the noisy dataset, an oracle method where we assume that clients
know the index of clean samples (we denote this method as FedAvg-Oracle), the FO-
CUS [150] method which reweights clients based on a ’credibility score’” and the Preprocess
method [152] which uses a benchmark model to remove possibly mislabeled data before
training.

We fit a model with 4 convolutional layers with 64 3x3 filters for each layer. The total

number of parameters is about 10°. We also use L, regularization with coefficient 1073 to
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Figure 6.2: F1 score at different compression rates for the MNIST data set. The plots show
the results for Iter-topK, Iter-sketch, and Non-iter from top to bottom. Plots in Left show

the i.i.d case and in right show the non-i.i.d case.
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satisfy the strong convexity condition. Regarding hyper parameters, for three variants of
our Comm-FedBiO, we set hyper-learning rates (learning rate for sample weights) as 0.1,
the learning rate as 0.01, and the local iterations 7" as 5. We choose a minibatch of size
256 for MNIST and FEMNIST datasets and 32 for CIFAR10 datasets. For FedAvg and
FedAvg-Oracle, we choose the learning rate, local iterations, and mini-batch size the same
as in our Comm-FedBiO. For FOCUS [150], we tune its parameter a to report the best
results, for Preprocess [152], we tune its parameter filtering threshold and report the best
results.

We summarize the results in Figure 6.1. Due to the existence of noisy labels, Fe-
dAvg overfits the noisy training data quickly and the test accuracy decreases rapidly. On
the contrary, our algorithm mitigates the effects of noisy labels and gets a much higher
test accuracy than FedAvg, especially for the MNIST dataset, our algorithms get a test
accuracy similar to that of the oracle model. Compared to FedAvg, our Comm-FedBiO
performs the additional hypergradient evaluation operation at each global iteration (lines
11 - 13 in Algorithm 12). However, the additional communication overhead is negligible. In
Figure 6.1, we need the communication cost O(d/20), where d is the parameter dimension.
Our algorithms are robust in labeling noise with almost no extra communication overhead.
Finally, our algorithms also outperform the baselines FOCUS and Preprocess. The FO-
CUS method adjusts weights at the client level, so its performance is not good when all
clients have a portion of mislabeled data, As for the Preprocess method, the benchmark
model (trained over a small validation set) can screen out some mislabeled data, but its
performance is sensitive to the benchmark model’s performance and a ’filtering threshold’
hyperparameter.
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Next, we verify that our algorithms are robust at different compression rates. The
results are summarized in Figures 6.2 and 6.3. We use the F'1 score to measure the efficacy of
our algorithms in identifying mislabeled samples. We use 0.5 as the threshold for mislabeled
data: for all samples with weights smaller than 0.5, we assume that they are mislabeled.
Then the F1 score is computed between the ground-truth mislabeled samples and predicted
mislabeled samples of our algorithms. In Figures 6.2 and 6.3, we show the results of i.i.d.
and non-i.i.d. cases for the MNIST and FEMNIST datasets. The iterative algorithms
(Iter-topK and Iter-sketch) achieve higher compression rates than the Non-iter method.
For iterative algorithms, performance decreases at the compression rate 1000x, while the
Non-iter method works well at around 10x to 100x. A major reason for this phenomenon
is that the gradient V¢(v) is highly sparse in experiments, whereas the Hessian matrix itself

is much denser.

6.7 Proof of Theorems

6.7.1 Proof for iterative algorithm

In the iterative algorithm, we optimize Eq. (6.10). The full version of Theorem 142

in the main text is stated as follows:

Theorem 149. (Theorem 1/2) Under Assumption 138, 140 and |[v'|| < D,, a = m,
with a > max(1, 27(,/52-+1)) being some shift constant. Then, if we use the count-sketch

size O(log(dl/§)/T), with probability 1 — &, we have the following:

Bl —v* | < = + - 4+ —



where G2 = 2Lg D} +2C%, Cy = 3a°D} /4, Cy = (384(2L¢ + pa)G2) /(g (1— (1 — 7)(1 +

2, Cs = 12(1 + 2a)G}/ iy
Proof. We first show that E||Vq(v")|[* is upper bounded: [|Vq(v')||* = ||V2,G(z,y.)v" —

VyF(z,y:))|[> < 2LgD; + 2C%. We denote G = 2LgD} + 2C%. Next, following the

analysis in [126, 127], we consider the virtual sequence ¢' = v* — ¢, where we have:

V=" —e =0 — ;1 Vq(v') — e+ Ol Vg(v'™) + e 1)

— Ui—l _ ei—l _ ai_lvq(vi—l) — @i—l _ ai_1Vq(vi_1)
Then we have:

19" = v||* = []6"" = @ Vg(u'™) = v ?
=[[0"7 = 0[P = 20,0 (07 = 0", V(') 4+ i |[Va(o' )]
(6.15)

§‘|7~1i_1 o U*HQ o 2041'71(,51'—1 - Ui_l, vq(vi—1>>

+ 2051 (v* — 0", V(v + a?_ng

In the last inequality, we use the fact that Vq(v'™!) is upper-bounded. Then, since ¢(v)
is strongly convex, we have g(v*) > q(v'™') + (v* — 0", Vq(v'™")) + E&|jv* — o' 1%

Furthermore, by the triangle inequality, we have: [[v* — o' 7![[2 > |[v* — 0|2 — ||[o7! —
v~!|2. Combine these two inequalities, we can upper bound the third term in Eq. (6.15)

and have:

HaOi—1

10" =[] <(1 - P =[] = 2051 (e, Vg(u'™))

(6.16)
+ MGOZ¢71||€i71H2 — 204%1@(71%1) —q(v")) + @?fng
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Now, we bound (¢!, Vq(v'™1)), first by the triangle inequality, we have: —(e~!, Vq(vi™1)) <

Il H|[[Vq(v" ]| < (LGy||6"*1||2 + ﬁHVq(vi’l)HQ). Then, by the smoothness of ¢(v),

we have

el + S g — g(v"))

(e Vgl ) < (L ;

combine the two inequalities with Eq. (6.16), we have:

11— i—1/2) | - 1
( Hao 1/ )Hﬁz—l_v*HZ_

|o* —v*|[?
a1 a1

g ) = g(v*) <
(6.17)

+ (2L¢, + pa)|le P+ ai,lGS

Note that we rearrange the terms and move g(v'™1) — ¢(v*) to the left. Now, we bound the
term ||e’[|?. By Assumption 140, and the count sketch memory complexity in [129], suppose
that we use the count sketch compressor and the compressed gradients have dimension
O(log(d/d)/T), we can recover the T heavy hitters with probability at least 1 —§. Since we
transfer compressed gradients I times, we have the communication cost of O(log(dI/d)/T)

by a union bound. Then for all i € [I], we have:

le']]* =llaii V(') + €7 = Clai V('™ + e
<(1 = 7)[Jaima V(') + e
' (6.18)
<(1=7) (i, (1 + ;)IIW(U“)H2 + (L)

. 1
<A =)@+l + (1= 7)ai, (1+ ;)G?,
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Next, we choose v = ﬁ, then we can prove

1-7)@ -7+ ¢)*a}G;
(1= (1-35)(1+2))

le’]* <

by induction, we omit the derivation here due to space limitation. By a > 2T (5 +1

so the denominator is positive. Inserting the bound for ||e||* back to Eq. (6.17), we have:

1_MG041 1) ]
i—1 * <( (12 ~1 k]2
a0 = a(v) S22 - v - )
2(2Lg, + G2
( Gy IuG) g +CK1 1G2

(1—(1—*)(1+ )%

Finally, we average v* with weight w; = (i + a)?, choose o = then by Lemma 3.3

(z+a

in [126] and the strong convexity of q(v), we get the upper bound of ||v! — v*||* as shown

in the Theorem. O

6.7.2 Proof for Non-iterative algorithm

The proof for Corollary 136 is included in Theorem 9 in [164]. The full version of

Theorem 144 in the main text is as follows:

Theorem 150. (Theorem 144) For any given €,§ € (0,1/2), if S; € R4 4s a (A€, 0/2)
sketch matriz and Sy € R™*4 s a (\ye,0/2) sketch matriz. Under Assumption 141, with

probability at least 1 — 0 we have:

IVA(z) = Vh()|| < e||v’]]
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— dug — 1
where \; = TrCo Ty A2 = 3071y

Proof. For convenience, we denote H,, = Vin(x, Ys), Hyy = VfcyG(x, Yz), Gy = Vo F(2,9s),
9o = Vo F(x,y,), g = Vh(z), § = Vh(z), and denote ¢, = Aje, €5 = (r1 + 1)ge.
Furthermore, we denote v* = arg;ninHHyyv — g5 @ = argufninHSgHnyfw — S59,13,
Vs, = arggninHHnyfSlv — g,/3 and wy, = argininHHnyfw — g,||3. Then we have the
following.

(1- 52)||Hyy51T@ - gy|| < ||52Hyy5?@ - SQQyH
(6.19)

< HS?Hnyfwa - S2gy|| <(1+ 62)|’HyyslTWS1 - ng

The second inequality is by the definition of @, the first and third inequality use the fact
that Sy is a (Ag€, 0/2) sketch matrix and by Corollary 136, it is a Age X (11 + 1) = €
subspace embedding matrix over the column space [H,,ST,g,], so Eq. (6.19) holds with
probability 1 —0/2. Next, since S; is a (€1, 6/2) sketching matrix, with probability 1—4§/2,

we have:

||Hyy51TSIU* - Hyyv*“ < €1||U*||F||Hyy||F
- H(HnyfSIU* - gy) - (Hyyv* - gy)” < 61‘|U*||F||I—IyyHF (6.20)

= [[Hy, ST 510" = gyl < || Hyyv" — gyl + eal[v*] | pl [ Hyyl | 7

In the last step, we use the triangle inequality ||z|| — ||y|| < ||z —y||. Combining Eq. (6.20)
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and the definition of vy, , also noticing that span(Siv) C span(w), we have:

||Hyy5fc‘]81 - gy” < ||HyyslTsle1 - gy”

(6.21)
< ||HnyITSIU* = gyll < |[Hyyv" = gyl| + ex|[v"]|p[|[ Hyy||F
Finally we combine Eq. (6.19) and (6.21) to get:
. (1+e) " "
||Hyy51Tw — gyl < (1— 62)(||Hyyv = gyll + el|lv*|[pl[Hyyl|F) (6.22)

By the union bound, Eq. (6.22) holds with probability 1 —§. Since H,, is positive definite

(invertible), we have ||Hy,v* — g,|| = 0. Eq. (6.22) can be simplified further as:

e1(1+ €)
(1 — 62)

||Hyy51T@_gy|| < ||U*||F||Hyy||F

Moreover, G(z,y) is pg-strongly convex (Assumption 138,), we have:

HHnylej - ng2 = HHnyIT@ — gy — (Hyyv" — gy)”2

(6.23)
=|1Hyy (ST = v)|* = pgl|Sf & — v
Combining the above two equations, we have the following.
N 61(1 + 62)
STo —v*|| € ——4||v*||rl|H (6.24)
157 = 7l] < L ol o

As for ||Hyy||p, by Assumption C, we have ||Hy||pr = \/>;07 < \/TsOmaz = /TsLa,-

Then Eq. (6.24) can be simplified to ||ST@ — v*|| < ‘/Eis(yl—eii)MHU*H Then we have the
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following:

19 = gll = [ Hay ST @ = Hayv"|| = || Hay (Sy & — v

< V7sCa,, La,e1(1+ €)
- pa(1 =€)

[|v7]]

By choice of ¢, = —=2£6¢ — and e, = £ <

7\/7"SCGyzLGy 3 1

115 — gl| < €l|v*|| with probability at least 1 — . The proof is complete.

6.7.3 Proof for Convergence Analysis

The full version of Theorem 147 in the main text is provided as follows:

. l+ex A
e T2 =145 <

(6.25)

Theorem 151. (Theorem 147) Under Assumption 138, 139, we pick the learning rate

_ 1 .
= 3L VETT then we have:

a) Suppose that {xy}r>o is generated from the non-iterative Algorithm 3, under Assump-

tion 141 and € = (K + 1)"Y4, we have the following:

E(|[Vh(z)II’] < (32Lh (h(zo) — h(z")) + 16(;%)
e

VE

b) Suppose {xy}r>o are generated from the non-iterative Algorithm 4, under Assump-

tion 140, I = Ly K + 1, we have:

G G C
E[||Vh(a)|]P] < : :

where Cy, Cy and Cy are some constants. Cy = 12C¢_ a*D;/Lj;, Cy = (6144(2L¢, +
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pe)CE,, G/ (mgm(L— (L= 5)(1+ 3)*)L7) + 384aC, G7/ug Ly, Cs = 32Ly,(h(xo) —

h(e*)) + (19203, G2) /1% L.

Proof. As stated in Proposition 146, h(z) is Ly, smooth: h(zgi1) < h(zg) + (Vh(zg), Trp1 —
Tp) + %kaﬂ — zi||?, and by the update rule of outer variable z,1 = x5, — n@h(xk), we

have:

h(wisr) <h(zy) — n{Vh(zi), Vh(zr)) + L2hn2|,@h<xk)||2
<h(zy) — nl|Vh(z)|? + n(Vh(zy), Vh(zy) — Vh(zy))

L A
5 V() = Vi) + Vi)

Using the triangle inequality and the Cauchy-Schwarz inequality, we have (Vh(zy), Vh(zy)—
Vh(zy)) < 3lIVh(zo)|? + §l[[VAr) = Vh(z)|? and |[Vh(zy) = VA(ay) + Vh(z)||* <
2||Vh(xx) — Vh(zp)||? + 2|[VA(zi)||2. We combine these two inequalities with the above
inequality.

h(@s1) <h(aw) — 77(; — L) || Vh(z)]|* + n(;

where we denote ||[Vh(zy,) — Vh(z;,)||? as ex. Next we prove the two cases respectively.
Case (a): By Theorem 144 and [[v*]| = ||V2,G (2, y,) 'V, F(z,y.)|| < %, we have:
er < €||vil]* < €C /ug. Combine this inequality with Eq. (6.26) and telescope from 1

to K, we have::

K-1 K-1 1 620%
> 77 5 = L) [[VA@i)|* <h(zo) — h(z") + > (5 + nln)—
k=0 i 2 e
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We select xp with probability proportional to n(% —nLy), and pick n = 2Lh\}K7+1’ € =

(K + 1)~Y4 we have:

E||Vh(z)[]’] <

(32Lh(h(xo) ~ h(a")) + 85k )
j27e!

=

where we use Y150 (3 —nLn) > 4, Y05 (3 +1La) < 5
Case (b): for the iterative algorithm, we notice that e, = ||V F (2, y.)—V2,G (@, yo )v"—
Vo F(2,y,) = V3,G (2, y.)v*|]* < CZ, ||(v! —v*)|]>. Combine this inequality with Eq. (6.26)

and telescope from 1 to K as case (a), we have:

K-1 K-1

> 77 5 = L) lIVA(z)|]* < h(zo) — h(z") + 3 n(

k=0 k=0

+nLy)CE,, lI(v" — )|

By choosing the learning rate eta and [ as in the Theorem, then combine Theorem 142, it

is straightforward to get the upper bound of ||Vh(z)||* as stated in the Theorem. O
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Chapter 7: Device-Wise Federated Network Pruning

7.1 Introduction

Machine learning algorithms often rely on large amounts of data, but privacy restric-
tions can prevent data from being easily shared across different organizations. For instance,
hospitals may have isolated data that are limited in size and cannot be used to train a high-
quality model with good predictive accuracy. Collaboration between organizations to train
a machine learning model on their combined data can lead to better results, but sharing
data is often not possible due to privacy policies and regulations [166]. This problem of
‘data islands’ is not limited to hospitals and can be found in other areas such as finance,
government, and supply chains. Federated learning [92, 167, 168] has emerged as a popular
research topic in the machine learning and computer vision communities as a solution to
these issues.

Convolution Neural Networks (CNNs) have achieved remarkable success in various
computer vision tasks[169, 170, 171], but to address real-world challenges, recent CNNs
have become wider and deeper, leading to improved performance on various benchmarks.
However, this increased capacity comes at the cost of higher computational and storage
requirements, which prohibit CNNs from being deployed on edge devices. Consequently,

numerous efforts [172, 173] have been made to reduce the size of CNNs to enable their
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deployment on mobile and embedded devices. Among different directions, weight prun-
ing [174] and structural pruning [175] are two major ways to reduce the model size. Net-
work pruning methods have achieved promising results. However, most existing methods
do not consider heterogeneous (non-iid) local data distributions. Instead, they upload local
data to the server to train and prune the model based on the whole dataset.

There are several existing works [176, 177, 178, 179, 180] on network pruning un-
der non-iid local data distributions. These methods mainly focus on weight pruning.
SCBFwP [176] tries to perform channel pruning under non-iid data distributions, but they
mostly rely on channel norms as the importance score, and they did not show how to scale
their method to larger CNNs. Our method is designed to perform channel pruning given
a certain computational budget (measured in FLOPs) on each device. Because, unlike
weight pruning, channel pruning can achieve acceleration and compression without any
post-processing steps.

Previous research [181, 182] show that data-driven pruning approaches often perform
much better than using a fixed criterion (like channel norm [175]). Inspired by this result,
we propose to discover the proper sub-network following the guidance of local data distribu-
tions. Specifically, we divide the learning of sub-networks into two parts. In the first part,
we design a server-side sub-network, which is used to serve as a base model for device-wise
sub-network. Ideally, weights that are not useful for any device will be removed from the
server-side sub-network. In the second part, device-side sub-networks will be adaptively
generated for each device. The device-side sub-network will be pruned to meet the spe-
cific resource requirement for each device. Both the server-side sub-network and device-side

sub-networks are generated by mapping the device id(s) into the network embedding space.
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The embedding for each sub-network will then be fed into a hypernetwork [183] to generate
the corresponding structure. The hypernetwork and the embedding are trained together
through gradient-based optimization algorithms in a federated fashion. To control the com-
munication costs brought by training the hypernetwork, we set the fraction of update steps
for the hypernetwork to be small. So that the overhead of training these sub-networks is
not large. In addition, to improve the training efficiency given the limited update budget,
we perform iterative training of model weights and the hypernetwork, which makes the
hypernetwork adapt to changes in model weights. The training process of our method may
pose challenges to the convergence of the model. We show that our method can be con-
verted into a bi-level optimization problem under the FL setting. We further provide the
theoretical convergence guarantee showing that our method can converge to a stationary

point. The contribution of this work can be summarized as follows:

o We proposed a novel channel pruning method for federated learning. A server-side
network and device-wise sub-networks are learned to achieve a better trade-off be-

tween the performance and the computational resource.

o We proposed to use an embedding layer and a hypernetwork to generate sub-networks
on each device. As a result, no sub-network structure needs to be stored for each

device.

o We provided the theoretical guarantee of convergence for our method for federated

learning by reformulating our method as a bi-level optimization problem.

o Extensive experiments on CIFAR-10, CIFAR-100, and TinylmageNet show the ef-
fectiveness of our method across different models like ResNet-56, ResNet-18/34, and
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MobileNet-V2.

7.2 Related Works

Federated Learning. Federated learning (FL) is a new kind of distributed learning
approach that involves a server coordinating a group of clients/devices to learn a model. In
FL, at each epoch, devices retrieve the model from the server, train the model locally for
several steps, and then upload the updated model back to the server. The server aggregates
the updates from devices to update the global model. FL presents several challenges that
need to be addressed for effective implementation. Firstly, devices in FL often have different
data distributions. Various methods are proposed to solve the data heterogeneity [96, 112,
113, 114, 115, 116, 155]. Second, the communication between devices and the server is
expensive and is a critical bottleneck in FL training. Compression techniques are applied
in FL to reduce the communication [124, 125, 127, 128, 130, 143], Finally, although in FL,
the server does not have access to the user data, model inversion attack [184] is shown
to recover the user information based on the model updates. Cryptography techniques
are applied to improve the privacy of FL, such as homomorphic encryption [122, 185],
differential privacy [92] and multiparty secure computation [123] etc.. In addition to the
challenges discussed, there are several other challenges in FL, such as fairness and model
interpretability, a more comprehensive review of FL can be found in [168, 186].

Network Pruning. (1) Regular Setting. Most network pruning methods assume
they can easily access all samples without restrictions. Early works [174, 175] simply use

Ly or Ly, norm to measure the importance of weights or structures. Calculating norms
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Figure 7.1: An overview of our proposed method. We first generate network embeddings for
server-side and device-side sub-networks given their ids. We then use them as the inputs
to the hypernetwork to produce the corresponding sub-networks. We then optimize the
hypernetwork given loss functions on each device.

does not require samples, and it can be seamlessly extended to the FL setting. However,
the performance of these methods is often worse than methods [181, 182, 187] that require
samples for pruning. One direction of data-driven pruning methods relies on batch nor-
malization (BN) [188] layers since BN is popular for the design of recent CNNs [146, 189].
These methods utilize the scaling factor of BN to indicate which channels are important.
Liu et al. [190] use sparse regularization on the scaling factors of BN to prune channels,
where a channel is pruned if its corresponding scaling factor is small. Pruning methods
that involve BN are effective. However, BN layers can pose challenges in the FL setting
due to the varying data distribution across devices, leading to significant differences in BN
layers” running mean and variance. Another research direction frames channel pruning as
a constrained optimization problem [182, 187, 191, 192, 193, 194, 195, 196, 197]. In this di-
rection, learnable parameters are utilized to control each channel, and these parameters are
end-to-end differentiable, allowing for gradient-based optimization methods. Since these
methods do not rely on BN layers, they can potentially be extended to the FL setting.

Alongside advancements in vision, Natural Language Processing (NLP) has significantly
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progressed, demonstrated by key studies [198, 199, 200, 201, 202, 203, 204]. Concurrently,
structure pruning has emerged as a method to improve the efficiency of large language
models, as shown in recent research [205].

(2) Non-iid Setting. Without specialized treatment, regular pruning methods can
impose strong biases in pruned models because of heterogeneous (non-iid) local data dis-
tributions. Shao et al. [176] employs local training with a full-size model to discard unim-
portant channels (measured in channel norms) on devices. FedPrune [178] guides pruning
based on updated activations. LotteryFL [177] iteratively prunes a full-size model on de-
vices. PruneFL [179] reduces local computational costs by finer pruning a coarse-pruned
model. ZeroFL [144] partitions weights into active and non-active weights and stores sparsi-
fied weights and activations for backward propagation, and it also needs to store non-active
weights and dense gradients. Bibikar et al. [145] employs mask adjustment on devices and
sparse aggregation and magnitude pruning on the server to generate a new global model.
The FedTiny [180] approach incorporates an adaptive batch normalization (BN) selection
module, which adaptively obtains an initially pruned model that can better fit deployment
scenarios. Most aforementioned methods focus on weight-level pruning/sparsity, often re-
quiring high communication costs to compute importance scores for all parameters. On
the other hand, our method learns the channel configuration of each layer, which is less
resource-demanding.

Federated Bilevel Optimization. Our channel pruning can be viewed as a feder-
ated bilevel optimization problem (FedBiO). The general FedBiO problem has been stud-
ied in the literature [70, 100, 101]. FedNest [100] studied the general nested federated

problems with FedBiO being a special case, and it utilized variance reduction to tackle
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the heterogeneity of lower level problems; simFBO [101] and FedBiOAcc [71] adapts the
single loop bilevel optimization problems to the federated learning setting. Some applica-
tions in FL can be viewed as bilevel optimization problems, such as noisy labels [99] and

communication-efficient FL [71].

7.3 Methodology

7.3.1 Notations

We will first introduce our notations before formally describing our method. In a
convolutional neural network (CNN), the feature map of the Ith layer is denoted by F; €
Re Wit where C) represents the number of channels, and H, and W, represent the

height and width of the current feature map. L denotes the total number of layers in the

CNN. For simplicity, we ignore the mini-batch dimension of feature maps in our notation.

7.3.2 Federated Learning Setting

We first describe the federated learning problem considered in this paper. In the FL
setting, we train a neural network on N local datasets D,,, n € {1,2,3---, N}. Through
this paper, the data distribution on local devices is heterogeneous. To train a neural

network in this setting, we want to optimize the following optimization problem:
1 N
in— » LW, D,), 7.1
nin v 2 £V, D) (11)
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where W is the weights of the CNN, and £ is the objective function. One common method
to minimize communication costs is by using local stochastic gradient descent (SGD), where
the local device performs several update steps with their local data before averaging the

model weights W. FedAvg [92] is a popular algorithm that adopts this approach.

7.3.3 Generate Sub-network Architectures

To prune a model, we need to first generate the corresponding sub-network architec-
tures. To achieve this goal, we use a binary vector a € {0, 1} to represent whether to keep
or prune a channel. To facilitate the learning of the sub-network architecture, we use a

hypernetwork [183] (HN) to generate the architecture vector a:

a = HN(e;HHN), (72)

where e is the network embedding of the corresponding device or server, which will be
discussed later, and fyy is the parameters of the HN. We use Straight-Through Gumbel-
Sigmoid [206] to enable gradient calculation for the HN. To control the pruning of each

channel, we apply a to the feature map of each layer:

~¢.l - al @ ‘EJ (73)

where F; is the feature map after applying a (the architecture vector of /th layer). Note
that we insert a; after normalization and activation layers, which correspond to control the

output channels of the previous convolution layer and input channels of the next convolution
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layer.

An alternative approach to control pruning is to add learnable parameters for each
channel. However, this approach presents challenges in the context of FL. If we only
train a single sub-network for compression, local parameters must be accumulated on the
server. Using individual learnable parameters for each channel may result in significantly
different parameters across devices due to the non-iid setting, rendering the final parameters
meaningless (often close to 0.5 before binarization). Additionally, if we aim to learn device-
wise sub-networks for pruning, we would need to train N sets of parameters for all devices,

making it unclear how to share knowledge between devices.

7.3.4 Architecture Embedding for Server and Device Side Sub-networks

Our method aims to find the appropriate server-side sub-network and device-side
sub-networks. The server-side sub-network serves as the weight bank for device-side sub-
networks. In addition, it reduces the communication and training costs at the finetuning
stage and alleviates the memory burden on each device. Device-side sub-networks are used
to meet the resource constraint of each device at the inference time, assuming the training
and test data distribution on each device are similar. Using HN potentially provides a
unique opportunity to share knowledge between server-side and device-side sub-networks.
To achieve this, we introduce an embedding layer to produce the embedding for each sub-

network:

e, = Emb(n; 0gmy), n=0,--- , N, (7.4)
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where Og,, is the parameters of the embedding layer Emb, and n is the index for each
device. In addition, we let n = 0 represent the embedding for the server-side sub-network.
By putting Eq. 7.2 and Eq. 7.4 together, we can generate the server-side sub-network and
device-side sub-networks by using:

a’ = HN(Emb(0; fgmp); 01n ),
(7.5)

a” = HN(Emb(n, QEmb); 9HN)7 n = 1, s ,N,

where a® is the server-side sub-network and a™ are device-side sub-networks. The embed-
ding layer is used more frequently in natural language processing [207], but it well suits

our task since it can covert the device id into a corresponding sub-network by combining

Emb and HN.

7.3.5 Channel Pruning for Federated Learning

Given the aforementioned settings, we can now formally introduce the objective func-
tion for channel pruning. The channel pruning problem can be viewed as a constrained
optimization problem, where the constraint is used to control the computational resource

of the sub-network. The channel pruning objective function can be formulated as follows:

1 N
min — > L(W,D%;a’ ®a") (7.6)
6 N n=1

1 N
+ /\[(R(T(ao)apsTtotal N Z a © an)7pthota1)]a
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Algorithm 15 Learning Server-side and Device-side Sub-networks

Require: D,, D2 ps,piy, A\, S, K, rw, 9, TuN
1: Initialization: kgy < 0

2: Broadcast the current state of the CNN
3: fork=1— K do

4.  for each device in parallel do

5: Calculate gradients w.r.t. the loss in Eq. (7.7)

6: Update local CNN weights using the preferred optimizer
7:  end for

8 if k mod ry = 0 then

9: Randomly sample S devices

10: Average CNN states and broadcast the updated states
11:  end if

12:  if £ mod rgxy = 0 then

13: for each device in parallel do

14: Calculate gradients w.r.t. 6 given the loss in Eq. (7.6)
15: Update local HN weights (including Emb) using the preferred optimizer
16: end for

17: if kgn mod rg = 0 then

18: Randomly sample S devices

19: Average HN states and broadcast the updated states
20: end if
21: kun < kupn +1
22:  end if
23: end for

24: Prune the model with resulting a°, and fine-tune it

where 6 contains both fgx and Oy, a® and a™ are generated by using Eq. 7.5, D2 is a
subset of the local datasets D,,, R is the regularization loss to control the FLOPs of the
sub-network, ps € (0, 1] is a predefined hyperparameter to control the preserved FLOPs of
the server-side sub-network, py € (0,1], n =1,--- | N are also predefined hyperparameters
to control the FLOPs of sub-networks on each device, T'(a’) or T'(a’ ® a™) is the current
FLOPs decided by the sub-network architecture a® or a® ®a”, and Tioa is the total FLOPs
of the CNN. The FLOPs constraint R(x,y) is generally a regression problem, but regular
regression loss functions, like MAE and MSE, can hardly push R to near zero values. We

let R(z,y) = log(w) to push R to be close to 0. In addition, we explicitly require

Y
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that if a channel is pruned by the server-side sub-network, the corresponding device-side
sub-networks should not update the corresponding position, and the detail is shown in the
supplementary materials.

We perform iterative updates between model weights and the sub-network architec-

tures. When updating model weights, we use the following equation:
1 0
mv%;nﬁnglﬁ(w, D,;a” ®a"). (7.7)

When training model weights, we freeze the sub-networks generated by the HN, and when
training the HN, we also freeze W.

The overview of our method is shown in Fig. 7.1. The algorithm of training our
method for one epoch is shown in Alg. 15. In Alg. 15 D,, and D2 are local datasets and
their sub-set for training the HN. X is the hyperparameter to control FLOPs constraints,
S is the number of sampled devices, K is the number of iterations within one epoch, ryy
is the state average interval for the CNN, ry is the state average interval for the HN, rpgy
decides the frequency of training the HN. To control the communication and the additional
training costs, we introduce three hyperparameters: ry, 19 and rgn. 7y, 79 controls the
communication costs for training the model and the HN. Larger ry and ry will reduce
the communication costs, but it may also negatively affect the quality of the final model
and generated sub-networks under the FL setting. rgyx controls the overall training costs
brought by HN. Similarly, larger rgy results in smaller additional training costs, but it
makes the training of HN harder since the difference of model weights is larger between

consecutive training iterations of the HN. We follow Mime [208] for averaging states of the
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optimizers.

Method Dataset Architecture | Base Acc | A-Acc Acc J FLOPs (D) | | FLOPs (S)
Filter Pruning [175] -0.93% | 90.29% 50% 50%
FedOSP . ) -0.28% 90.94% 50% 50%
FedILP CIFAR-10 | ResNet-56 | 91.22% | oq0r | g1.14% 50% 50%
DWNP +0.66% | 91.88% 50% 20%
Filter Pruning [175] -1.31% | 65.26% 50% 50%
FedOSP -0.61% 65.96% 50% 50%
FedILP -0.20% 66.37% 50% 50%
DWNP e +1.74% | 68.31% 50% 20%

" Filfer Pruuing [175] ResNet-18 1 66.57% 5556 | 64.05% | 0% T T0%
FedOSP -1.79% 64.78% 70% 70%
FedILP -1.44% 65.13% 70% 70%
DWNP CIFAR-100 +0.05% | 66.62% 70% 50%
Filter Pruning [175] -1.22% | 67.83% 50% 50%
FedOSP N =07 -0.29% 68.76% 50% 50%
FedILP ResNet-34 1 69.05% | g04% | 69.49% 50% 50%
DWNP +2.17% | 71.72% 50% 20%
FedILP P o -0.22% 66.64% 48% 48%
DWNP MobileNet-V2 | 66.76% +1.46% | 68.22% 48% 20%

Table 7.1: Results of CIFAR-10 and CIFAR-100. ‘Base Acc’ represents the baseline train-
ing accuracy. ‘A-Acc’ represents the accuracy changes before and after pruning. ‘Acc’
represents the accuracy after pruning. ‘| FLOPs (D)’ and ‘| FLOPs (S)’ represent the
pruned FLOPs of device-side and server-side sub-networks.

7.3.6 Theoretical Guarantee of Convergence

The objective of channel pruning is finding an optimal sub-network such that the
FLOPs constraint is satisfied and the model performance is maximized. In fact, channel
pruning in our setting can be viewed as a federated bilevel optimization problem [16, 17].

More formally, we combine Eq.(7.6) and Eq. (7.7) to have:

. 1 &
min h(0) = N2 LWy, D?;a" © a™)
N

1
+ )\[(R<T(a0)apsﬂotal) + N Z R(T(ao © an)7pgj—lcotal)]a

n=1

1 N
st Wy =argmin — > LW, D,;a’ © a"). (7.8)
w N n=1

From a bilevel’s perspective, we do channel pruning by iteratively performing the
following steps until convergence: for a given sub-network structure from the HN and Emb,

304



Architecture | Method Base Top-1 Acc | Base Top-5 Acc | A Top-1 Acc | A Top-5 Acc | | FLOPs (D) | | FLOPs (S)

Filter Pruning [175)] -1.01% -0.33% 50% 50%

. FedOSP 9 . -0.18% +0.48% 50% 50%

< _ 4.999 0

ResNet-18 | poqiLp 54.99% 78.60% +0.07% +0.65% 50% 50%
DWNP +1.06% +1.10% 50% 20%

Filter Pruning [175] -0.91% -0.21% 50% 50%

. FedOSP \ 900 9 2707 -0.20% +0.21% 50% 50%
ResNet-31 | poqiLp 56.32% 70.37% -0.03% +0.34% 50% 50%
DWNP +0.80% +0.74% 50% 20%

Table 7.2: Comparison results on TinyImageNet with ResNet-18/34. ‘Base Top-1/5" rep-
resents the baseline training Top-1/5 accuracy. ‘A Top-1/5 Acc’ represents the Top-1/5
accuracy changes before and after pruning.

we first find the optimal model weight W (solving the lower level problem in Eq. (7.8)); then
we optimize the sub-network based on this optimal model weight(solving the upper level
problem in Eq. (7.8)). Finding the optimal model weight is expensive, especially for modern
deep neural networks; we instead optimize the HN and Emb weights 6 and the model weight
W alternatively as in Alg. 15. Furthermore, the gradient w.r.t the sub-network structure
includes both a direct part, which is the direct gradient w.r.t 6, and an indirect part due
to W is a function of § (the minimizer of the lower level problem). However, the indirect
gradient is expensive to evaluate and leads to minor empirical improvement in practice,
so we only consider the direct gradient when updating # in Alg. 15. The convergence of
our alternative update method is guaranteed under mild assumptions [12, 32] as stated in

Theorem 152 below:

Theorem 152. Suppose we choose the upper level learning rate n and the lower level

learning rate v as:

_ 1 WNA, \ 7 (1 AN\ Y2
— min =min —, | ————
g ALry' \ KynLo? 7 AL\ Ky L1202 )
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Figure 7.2: The layer-wise pruning rates for device-side sub-networks, the union of device-
side sub-networks, and the server-side sub-network with different ««. The union of device-
side sub-networks represents the union of kept channels from all devices.

then we have:

1 Rt ) 1
E||Vh(0 _—
o 3 BT = O G

where b is the mini-batch size, N is the number of devices, and Kyy is the number of

update steps to the upper level variable 6.

As stated in Theorem 152, our algorithm converges to a stationary point of Eq. (7.8),
with a convergence rate of O(K;%°). Furthermore, the algorithm achieves linear speed up

w.r.t the number of devices and mini-batch size.

7.4 Numerical Experiments

7.4.1 Settings

Datasets and Models. We use CIFAR-10 [142], CIFAR-100 [142], and TinyImageNet [209,
210] to evaluate the performance of our method. Our method uses ps and pjj to control the

FLOPs for the server and each device. In the experiment section, we assume p}; has the

306



same value for different devices for a fair comparison with other methods. The detailed
choices of ps and p}} are listed in supplementary materials. We choose ResNets [146] and
MobileNet-V2 [189] for comparison. For CIFAR-10, we compare our method with other
baselines on ResNet-56. For CIFAR-100, we compare our method with other baselines on
ResNet-18, ResNet-34, and MobileNet-V2. For TinylmageNet, ResNet-18 and ResNet-34
are used for comparisons. To reduce the negative effects caused by batch normalization
layers, we replace batch normalization with layer normalization [211], which has been used
frequently in recent designs of vision transformers [212] and CNNs [213]. For the main
experiments, we consider N = 10 devices. We use the Dirichlet distribution with o = 0.5,
as described in [214], to create non-iid partitions on the devices for all datasets. Other
settings of N and « are also verified for specific models and datasets. As described in
section 7.3, we assume the training and test datasets on each device are similar. To ac-
complish this, we apply a random permutation to the samples drawn from the Dirichlet
distribution for the training dataset and then split the test dataset based on the permuted
samples. As a result, the training and test datasets distributions on each device are similar
but not the same. More details are given in the supplementary materials. Baselines.
In addition to the proposed method, we also build three baselines from the literature on
channel pruning. (1) Filter Pruning: we directly adapt the Filter Pruning [175] to the
FL setting, where there are no communication costs for pruning. In this setting, pruning
is purely based on the channel norm of the weights. (2) FedOSP (Federated One-Shot
Pruning): this baseline can be seen as an improved version of channel pruning methods
with differentiable gates [182, 187, 191] in the one-shot pruning setting. In this setting, we

use the HN to generate one sub-network for all devices. The HN is learned in a one-shot
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N =10 N =25 N =50
Method Base Acc Base Acc Base Acc
66.37% 65.37% 64.88%
FedILP
-0.20% -0.49% -0.25%
7DWNP 66.57% 63.31% 65.86% 63.00% 65.13% A
+1.74% +2.23% +2.45%

Table 7.3: Performance of pruned models given different numbers of devices N with ResNet-

18 on CIFAR-100.

setting when model weights are frozen. (3) FedILP (Federated Iterative-Learning and
Pruning): this baseline can be seen as the simplified version of our method without device-
side sub-networks. Through the experiment section, our method is abbreviated as DWNP
(Device-Wise Network Pruning). For all settings, we report the mean results across three
runs.

Training Settings. We describe the hyperparameters in Alg. 15 in this section. For all
methods, we let S = N, A = 2.0, rny = 5, rp = 2 and rgqy = 10. K is the number of
iterations for training one epoch. For Filter Pruning and FedOSP, we train a base model
for 200 epochs, and this base model also servers as the baseline model in Tab. 7.1 and
Tab. 7.2. For FedILP and DWNP, we train the model and the hypernetwork from scratch
for 200 epochs. For FedIPL and DWNP, we start the training of the hypernetwork after
% of the total training epochs, which avoids misleading pruning results when weights are
not properly trained. We finetune the model for 200 epochs for all methods to recover the
performance. For each local dataset, we sample 10% of the training samples to construct
D2. When updating the local W, we use SGD with momentum 0.9 and a start learning

rate 0.1. When updating the local 6, we use Adam [215] with a start learning rate of 1073.

Other training details are shown in the supplementary materials.
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Figure 7.3: (a, e): normalized FLOPs regularization loss values for the server-side sub-
network. (b, f): normalized FLOPs regularization loss values for device-side sub-networks.
(d, h): test accuracy given different choices of rpy. (d): communication costs. (h): trade-off
between server-side and device-side sub-networks. Experiments are conducted on CIFAR-
100 with ResNet-18 and when pruning 50% FLOPs (a,b,c) and 70% FLOPs (f,g,h) on

devices.

7.4.2 Results

CIFAR-10/CIFAR-100. We tested different settings on CIFAR-10 and CIFAR-100 and
found that our method DWNP consistently achieved the best performance across different
model architectures and pruning rates. Specificallyy, DWNP outperformed the original
model by 0.66%, 1.74%, 2.17%, and 1.46% for ResNet-56, ResNet-18, ResNet-34, and
MobileNet-V2, respectively. This demonstrated that the design of device-wise sub-networks
is beneficial for achieving a good trade-off for channel pruning under the federated learning
setup. Our method even surpassed the original model when pruning 70% of FLOPs on
ResNet-18. The relative ranking of other baselines is Filter Pruning, FedOSP, and FedILP.
Our method achieved a prominent trade-off between performance and computational costs

on more complex datasets, like CIFAR-100, with an improvement of 0.05%~2.17% over
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. a=0.5 a=0.1 a=0.05
Method | Architecture Base Acc Base Acc Base Acc
66.37% 62.77% 60.50%
FedILP g
-0.20% -0.55% -1.11%
- 9 ) % =
WD ResNet-18 | 66.57% 63.31% 63.22% CLE1% 61.61% 62.50%
+1.74% +1.29% +0.98%
69.49% 66.46% 63.54%
FedILP
. o | +0.44% o | -0.31% o | -0.98%
WD ResNet-34 | 69.05% 7% 66.77% 6R.00% 64.52% 65537
+2.17% +1.43% +1.01%

Table 7.4: Performance of pruned models given different choices of a with ResNet-18/34
on CIFAR-100.

the original model when pruning 50% FLOPs or more. The performance of our method on
MobileNet-V2 demonstrated that it could be seamlessly extended to lightweight models.
TinyImageNet. We present the results of ResNet-18 and ResNet-34 on TinylmageNet
in Tab. 7.2. DWNP is 1.06%/1.10% better than the original model regarding the Top-1/5
accuracy for ResNet-18. For ResNet-34, the advantage is 0.80%/0.74% regarding the Top-
1/5 accuracy. The advantage of our method compared to other baselines is still obvious,
which ranges from 1.13% ~ 2.07% and 0.45% ~ 1.75% for A Top-1/5 accuracy for ResNet-
18. We have similar observations for ResNet-34.

Across all settings, FedILP often performs better than FedOSP, indicating that learn-
ing model weights and architectures simultaneously are beneficial, as explained in sec-
tion 7.3.6. In general, data-driven approaches perform better than pruning methods based
on channel norms, suggesting that local data distributions should be considered explicitly
when pruning under the FL setting. Indeed, the performance gain of DWNP is not free.
For the server-side sub-network, the FLOPs reduction for DWNP is much smaller than
other methods, and DWNP has to occupy more storage space on the server.

Other Settings. To verify whether our method can perform well in other settings, we

change N and « to create different FL settings. In the first experiment, we use ResNet-
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18 on CIFAR-100 to verify whether our method can achieve similar performance when
changing the number of devices N. From Tab. 7.3, we can see the A-Acc is increased given
more devices, which shows that our method is more resilient when increasing the number
of devices N. On the other hand, the A-Acc of FedILP is similar or worse when increasing
the number of devices, probably because the learning of the sub-network becomes harder
when increasing N. In Tab. 7.4, we show the results when changing o on ResNet-18/34.
A smaller o« represents more diverse local data distributions and is often harder for model
training. The table shows that both DWNP and FedILP are affected by decreasing a.
However, DWNP can still maintain a positive performance gain for both ResNet-18/34.
We plot the layer-wise pruning rate for channels with different « in Fig. 7.2. It can be seen
that the sub-network architecture changes when changing local data distributions. For high
heterogeneity (o = 0.05), DWNP prefers to perverse more later layer channels, which is
plausible because feature maps of later layers are more diverse on each device. In addition,
the early stages of the model are not well utilized by device-side sub-networks. On the one
hand, it is reasonable since CNNs tend to learn uniform representations from early stages.
On the other hand, maybe we can add constraints to encourage the utilization of early
stages or adjust the server-side sub-network so that it can be better used.

Detailed Analysis. We examine how ryy changes the training dynamics during the
optimization process. The training of model weights is not the focus of our paper, so
we did not study 7. The effect of ry is not obvious compared to rgn. We present our
study in Fig. 7.3. We plot the first 50 epochs for regularization loss values after the
training of HN begins. As described in the settings 7.4.1, the training of HN starts after

50 epochs of model weights training. We test 4 settings of ryx: {5,10,20,30}. In short,
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our method performs well when rgy < 10. We can see an obvious performance drop when
runy = 30. We also plot the overall communication costs for W and 6 in Fig. 7.3d, and
the red dashed line represents the costs for W only. For rgy > 10, the communication
overhead from training the HN becomes marginal. As a result, rgqny = 10 provides a good
trade-off between performance and additional communication costs. In Fig. 7.3h, we show
the trade-off between the model performance and the server-side FLOPs when pruning
50% of FLOPs on devices with ResNet-18 on CIFAR-100. We can see that our method can

maintain a good performance when the remained server-side FLOPs are larger than 75%.

7.5 Proof of Theorems

In this section, we study the convergence rate of Algorithm 15. We first simplify the

notations of objective functions: £™(W;0) = LW, D,;a° ® a") and

h(n) (Wa 9) = 'C(W97 D»;am aO @ an) + A[(R(T(a[)%psirtotal) ‘I’ R(T(ao @ an)apgT‘total)]

Next, we make some mild assumptions:

Assumption 153. The function h™ (W, 0) is possibly non-conves, L-Lipschitz; L™ (W, )
s L-Lipschitz, p-strongly convex w.r.t. W for any given 6;

Assumption 154. We have an unbiased stochastic first order derivative oracle with bounded

variance o?;

Assumption 155. For anym, j € [N] and z = (x,y), we have: |VR™ (W, 0)—-VhD W, 0)|| <
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¢ and [[VLO W, 0) = VLW, 0)| < ¢, where ¢, ¢ are constants.

We further assume the total number of update steps to W is K; the total number of
update steps to 0 is Ky, and K = rgnyKpgn; the mini-batch size of stochastic query for
both W and 0 is b; the stochastic query to 6 is denoted as Gj; we omit the gradient of W,
w.r.t. §; we use § and W to denotes the average of § and W across devices. We denote:

A 1 al n n 1 al n )
Wy = arg min - ST LMW; M), Wy = arg min - ST LMW, 0).

n=1 n=1

since we make infrequent updates to 6, we omit the drift of the lower level solution caused

by # update, in other words, we assume Wj ~ Wj.

7.5.1 Useful Lemmas

Lemma 156. For k € [runkun,rankan + run — 1], we have:

I

IEHV_VTHN]fHN-i-THN - WékHN H2 < (1 - )"YYHNEHWT"HN/%HN - WékHN

1 702 2 2 2 272

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. For ease of notation, we denote W* = ngHN in the proof, and follow Lemma 15

and Lemma 16 in [216], for k € [rgnkun, runkan + runy — 1], we have:

2 ’720‘2

TN

E[ Wit — W*HQ < (1- \E[W, - wr + 12Lrpwo2y® + 120022
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Telescope for k € [runkun, rankuny + run — 1], we have:

_ 2
E *
“WTHNkHN+THN w

< (1 - )\fY)THN]EHWrHNkHN - W
THNKHN+THN

2 2
i (21

2

k=rgnkan

L 4 12Lryo?yd + 12LT]2/V’}/3C_2>

< (1 - /\V)THN]EHWTHN’CHN -wr

2 1 (~y%0? 2.3 2 372
E ON + 12Lrywo”y? 4+ 12Lry,7°¢

This completes the proof.

]

Lemma 157. Suppose iterates Hlin), n € [N], k € [Kgn| are generated from Algorithm 15,
we have:

1

al n (n) 12
STE|6: — 6,7

n=1

fortro—
1 — 12L%r2n? S
( oM ) Z
k=k,

202 1212 [ yo? =
SN%%Z+W+A<$+mmﬁfﬂw%W»

where l%r € [Kyn] and l;:r%rg = 0, and the expectation is w.r.t the stochasticity of the
algorithm.

(n) _ g
0;

Proof. Suppose we denote k, € [Kpn] where k,%rs = 0. By Algorithm 15, we have
=0, . For k # k,, we have:
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So we have:

N B N | k=1 2 k-1 N B
SO = 0P =30 | X (0@ = nGe) | <ro X YNNG — Gl
n=1 n=1 Zikr é:kr n=1

where the equality uses the fact Hén) = 9_,;:T for k € [K], the inequality uses the generalized

triangle inequality. Next,

EHng> -G,

7j=1 7j=1
) w1 ’ my 1Y anll
(n n n J
< _ _ _
ZE‘ (G — Ee[G{M) NjZI(G Ee[G{) +2E‘E5[Gé ] N;Eg[az ]
() (n) wn | 1Y anll’
sm%ﬂ BGE) | + 2B EGL] - Y E(GP)
j=1
9 B 2
<2E| (6" - EGM))|| + 4EHE§[G§R)] — VA" (b))
3 _ 2 N 2
+8EHV}L(”)(05)—Vh(94) +8EHVh (0,) — Z
(b) 2052 n n
-wﬁ@m @W+mmfww®
2+ S~ (p1a, _ 02 Elw. — w2 o,
+C+NZ 10 — 0,7 4+ E||W, el (7.9)
j=1

Average over n € [N], we have:

> 95 1212 X

< 2% st B8 (10— o)+ EIW, - W)
n=1

1 Y _
¥ LB -6

n=1
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So we have:

XL LS PR,

n n n ~ 2
DO = Ol* <o D 0* NG = Gell
n=1 1=k, n=1

1202 (o e (n))2
N > L EN0— 60,7117 +EW,, — W]
n=1

k—1 20.2
S N’f’g Z 772(() +8C2+
=k
Then we combine with Lemma 156 to get:

N —
S 168" — 6xlf?
n=1

k—1 20.2
< Nrg Y| 7]2<b +8¢°
(=k,

12L2 2 — 12L2 N = n
+ X <7]ff + 12Lryo?y* + 12L7’12,V72C2> + i Z <]E||@£ - Gé )”2))
n=1

202 1212 (~o? -
< Nrjn? (U +8¢% + (70 + 12Lryo*y* + 12L7"5WQC2>>

b N \oN

1212 S S R, — 002

+ ron® > > E|6, — 6,
t=k, n=1

Next, we sum over k, we have:

EJT+T9—1 N _
(1-120%2%) Y. S E||6 — 67
k=k, n=1
202 1212 [ yo? =

This completes the proof. O
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7.5.2 Descent Lemma

Lemma 158. Suppose nn, < ﬁ For t € [T], the iterates generated satisfy:

E[A(Oryyx+1)] < E[A Oy )] = SEIVAGrg)II* = JEIEe[Glyi I
N 27 2
L?n = n“Lo
7]\/' ; (EHekHN - ekHN||2 + E||W§kHN - W(T’HN+1)I€HN||2> + 2bN
where the expectation is w.r.t the stochasticity of the algorithm.
Proof. Using the smoothness of h we have:
_ _ _ _ _ I _
E[h(ekHN"Fl)] < E[h(ekHN)] + E<Vh(9k‘HN)v ngN"Fl - 9kHN> + §E||9k’HN+1 - ekHN ||2
2 27 2
@ i3 ; . n-L ~ n"Lo
= E[h(ekHN)] - nE<Vh(9kHN)7E§[GkHN]> + TEHEE[GkHN]HQ + LN
Y Ehb — TE[Vh(Bi)IP + SEIV( ) — EelGry ]I
- [ ( kHN)] ||V ( kHN)” + 2 ||V ( kHN) 5[ kHN]”
2 27 2
U 2 Lo
(2 . )EnEg[Gwn Lo
h(@ TE| V(B ) |2 = JEIEe[Gry ]I
E[A(Oksin )] = SEIVAOkn)[* = JEINE Gy ]
N 27 2
L?n - n°Lo
7]\/‘ ; (EHekHN - ek?HNHQ + E||W€_kHN - W(THNJrl)kHNHQ) + %7]\[

where equality (a) follows from the update step to the HN in Algorithm 15; (b) uses
(a,b) = 3[llall® + [|b]* = lla — b]|*]; (c) follows the condition that 7, < 1/(2L) and the

smoothness of h(6). This completes the proof. ]

7.5.3 Proof of Convergence Theorem

We are ready to prove the main theorem 152 in this subsection.
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Theorem 159. Suppose we the upper level learning rate nn and the lower level learning rate

, 1 WNA, \ _ {1 ADN 1/2}
— min =min{—, | ————
" ALry' \ KynLo? » 7 AL\ Ky L1202

then we have:

v as:

! P— i 2L02A6 1/2 252 1/2
= 2 EIVA(,, )| < (bNK ) +<W>
a2 N HN

where b is the mini-batch size, N is the number of devices

Proof. Combine Lemma 158, and Lemma 156 to have:

Efh(Brspy+1)] < Eln(Biy)] = SEIVA ) I” = TEIEe[Gr ]I

+ Z\? ;V:lEH@kHN — o) |+ L;”@ — X)X Ay
+ [;;7 (?]‘\; +12Lryo?y* + 12LT§V72(_2) + 77;;/](\;72
Next, we sum over kg, and denote Ay = h(6y), we have:
Kpn—1 2, Kpn—1 N Kun L

7] n L77 n n
2N B[ VRO )P < Ao+ o S ST E |Gy — 00 |+
2 2N kHN:On:1

KynL?n (~yo?
2\ bN

5 (1= Ay)"N Ay
kHNZO
KHN772LU2

+ BN

+ 12Lryo?y? + 12Lr§w?g2> +

Suppose we choose 1 < ﬁ. By Lemma 157, we have:

Er4rg—1 N

_ 252 1212 (7o 7
> 3B - o < vy (5 s+ B (300 to 12103, )
k=k, n=1
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So we have:

Kpgn—1

”7 —
23 EIVA@)IP
kHNZO
202 12172
S A@ + QKHNLQTgT]?) <Z + 8{2 + \ (Z?V + 12LTWO-2/72 + 12LTW’7 C ))
KynL?
+ %”(1 — )TN Ay
KunL*n

2 _
o) (Z]UV + 12Lryo~y? + 12L7",2,V”y?(2> +

Multlply on both sides, we have:
1 Kun—1 ,
HN kg n=0
202 1212
< 4L? —— +8¢ — +12L
_77KH + r977<b+§+ 3 (bN—i- rwoy

+ L1 — Xy)" Y Ayy

L? ’702 2 2 2 272 TILUZ
-+ )\(W —+ 12LTWU Y+ 12LTW’}/ C -+ N

By ignoring the higher order terms, we have:

KHNT]QLO'2

24 12Lr§w2g2)>

1 Kun -1 20y  ~vL?0? nLo?
E||Vh(d 2 <
By choosing:
(1 WNA, \* min 1 AN\ 2}
= min — - -
n ALry’ \ KynLo? » 7 AL\ Ky L1202
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then we have:

1 Kpyn—1 _ 2L02A0 12 L?0® v
T Y E[VA(Or)|* < (bNK) + (AbNK)
e HN HN

gN=0

this completes the proof. O

7.6 More Experimental Details

7.6.1 Experimental Settings

In Tab. 7.6, we provide the details choices of p, and p};. When training the base
model, we use SGD as the local optimizer with a start learning rate of 0.1, momentum of
0.9, and weight decay of 0.0001. The learning rate is decayed to 0.01 and 0.001 at epochs
50 and 100, respectively. We set the mini-batchsize on each device to be |256/N |, where
|-] is the floor function. For FedOSP, we also use the hypernetwork for pruning, and the
pruning process is conducted on the subset D2. We train the hypernetwork for FedOSP
for 200 epochs with ADAM and a constant learning rate of 0.001. With these settings,
the additional costs for training the hypernetwork for FedOSP and other methods will be
similar. During the finetuning process, we use exactly the same setting as the base model
training process.

We assume the local data distribution on each device is similar, and we split the test
dataset to each device according to this assumption. In [214], for each class, they sample

a vector v ~ Dir(«), where r is a N (the number of devices) dimensional vector which lies
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Inputs n =0,--- | N,
Embedding(N, 32x L), Resize to (L,32)

GRU(32, 64), LayerNorm, ReL.U
FC;(64,C;), LayerNorm, [ = 1,--- | L

Outputs a;, I =1,--- ,L

Table 7.5: The architecture of the embedding and the hypernetwork used in our method.

in a simplex (X, v, = 1). For each class, we modify this vector by adding random noise:

v =v+r, r~ Uniform(—3, ). (7.10)

=~ In exper-

Zg:l Un

We then assign test samples to each

To satisfy the simplex requirement, we produce the final by using 0 =

1

iments to satisfy our assumption, we let 8 = 5.

device based on 7.

7.6.2 Details of the Hypernetwork and Embedding

The detailed architecture of the embedding and the hypernetwork is shown in Tab. 7.5.
GRU [217] is used to capture inter-layer relationships and fully connected layers are used
to capture inter-channel interactions.

After we have the outputs a; from the hypernetwork, we calculate the binary vectors

a; by using the following equations:

a; = round(sigmoid((a; + g + ¢)/7)), (7.11)

where g ~ Gumbel(0,1), and Gumbel is the Gumbel distribution, and ¢ is a constant

to make the pruning starts with the whole network. In practice, we set ¢ = 3.0 for all
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experiments. 7 is the temperature parameter, which is set to 0.4 for all experiments.

Dataset ‘ Architecture ‘ Dy ‘ Ds
CIFAR-10 | ResNet-56 | 050 [ 0.80

ResNet-18 0.50/0.30 | 0.80/0.60
CIFAR-100 ResNet-34 0.50/0.30 | 0.80/0.60

MobileNet-v2 | 0.50 0.80
_ _ ResNet 18 0.50 0.80
TinylmageNet | - p  Net-34 0.50 0.80

Table 7.6: Choice of p, and p,.

7.6.3 Ablation Study

Settings Base Acc | A-Acc Acc | ] FLOPs (D) | | FLOPs (S)
FedILP -0.20% | 66.37% 50% 50%
DWNP (OS) 66.57% +1.02% | 67.59% 50% 50%
DWNP w/o Eq. 7 T 4+1.43% | 68.00% 50% 50%
DWNP +1.74% | 68.31% 50% 20%

Table 7.7: Results of CIFAR-100 with different settings.

In Tab. 7.7, we add more settings to study the effects of the design choices. ‘DWNP
(OS)’ corresponds to one-shot pruning for server and device sub-networks. ‘DWNP w/o
Eq. 7’ corresponds to not resolving the conflicts between server and device sub-networks.
The one-shot setting results in 0.72% performance loss, which suggests that co-training
indeed produces a better final model, as we discussed in section 3.6. The difference between
‘DWNP w/o Eq. 7 and ‘DWNP’ is not large, but the cost of adding Eq. 7 is minimal. Thus,
the performance gain is nearly free, and it also suggests that restricting the search space

of the device-wise sub-networks is helpful.
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Method Architectures | Time (sec/img) | | Time | | FLOPs (D) | | FLOPs (S)
Original 0.0559 - - -
Filter Pruning 0.0348 37.7% 50% 50%
FedOSP ResNet-18 0.0336 39.9% 50% 50%
FedILLP 0.0345 38.3% 50% 50%
DWNP 0.0340 39.2% 50% 20%

Table 7.8: Inference Time Comparison on TinylmageNet.

7.6.4 Control the Relationship between the Server-side and Device-side
Sub-networks

To better describe the relationship between the server-side sub-network a® and device-
side sub-networks a®, we explicitly require that if a channel is pruned by the server-side sub-
network, the corresponding device-side sub-networks should not update the corresponding

position. This is achieved by stopping gradients if the condition is met:

oL

—0 ifs 0
Jarfi] 0, if ¢ € Ind(a”), (7.12)

where we define the index set Ind(a®) to be Ind(a”) = {i | a®[i] = 0}, which is used to
represent the index of pruned positions given the server-side sub-network. This constraint
is dynamically changed during the learning process of sub-networks, but it will become
stable in the middle to the late training stage. The benefits of this constraint are two-
fold. Firstly, it implicitly embeds the relationship between the server-side sub-network and
device-side sub-networks. Secondly, it reduces the potential search space for device-side

sub-networks, which is beneficial for learning them.
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Architecture | Method Base Top-1 Acc | A Top-1 Acec | Acc | | FLOPs (D) | { FLOPs (S)
Filter Pruning -1.28% 72.24% 50% 50%
FedOSP -0.32% 73.20% 50% 50%
ResNet-18 | peqrLp 78:52% 0.04% | 7348% | 50% 50%
DWNP +1.42% 74.94% 50% 20%

Table 7.9: Comparison results on ImageNet-100 with ResNet-18.

7.6.5 ImageNet-100 Results

We use the ImageNet-100 subset to further evaluate our method following the parti-
tion shown in [218]. For ImageNet-100, We follow the same training setting of other datasets
described in section 4.1, except that we reduced the training and finetuning epochs to 80 to
save computational costs. We use 8 clients with a = 0.5 on ImageNet-100. The comparison
result is shown in Tab. 7.9. DWNP still consistently outperforms other baselines like other
datasets. This experiment further demonstrates that our method can be easily scaled up

to larger (higher resolution/more samples) datasets.

7.6.6 Inference Time Comparasion

We measure the inference time on the CPU with ResNet-18 on tiny-ImageNet in
Tab. 7.8. The result is obtained by averaging inference time from 1000 input samples.
For DWNP, the time is further averaged from 10 device-side sub-networks, and the range
of inference time for DWNP is 0.0336 ~ 0.0351 (sec/img). From the table, we can see
that different methods have comparable acceleration rates giving similar FLOPs on each

device.
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Chapter 8: FedDA: Faster Adaptive Gradient Methods for Federated Con-

strained Optimization

8.1 Introduction

As an emerging machine learning technique, federated learning (FL) has recently been
applied to many important health and biomedicine applications [219, 220, 221, 222, 223].
The FL enables big data analyses in healthcare (especially for rare diseases) via allowing
a set of distributed located hospitals, medical centers, insurance companies, etc., to jointly
perform a machine learning task under the coordination of a central server over their
privately-held data. For example, in a recent FL study, the data from 71 sites across
6 continents are used to generate an automatic tumor boundary detector for the rare
disease of glioblastoma [224]. Among these FL healthcare applications, federated biomarker
identification [225] is one of the most important learning tasks to help researchers and
clinicians detect informative biomarkers from distributed biomedical datasets to understand
the underlying disease mechanisms, diagnose disease earlier, and design drugs. Different
to prediction tasks, the federated biomarker identification often utilizes the constrained
formulations, such as Lasso and group Lasso, which often requires specific optimization

solvers.
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A widely used method in Federated Learning (FL) is the FedAvg (Local-SGD) algo-
rithm [92]. As indicated by its name, FedAvg performs (stochastic) gradient descent steps
on each client and averages local states periodically. Recently, researchers incorporated
adaptive gradient methods to the FL setting [208, 226, 227] to accelerate FedAvg. For
instance, [228] introduced FedAdam, which incorporates the Adam optimizer for server
updates; [208] proposed MIME, which supports adaptive gradients in local updates. These
adaptive gradient methods have demonstrated significant performance enhancements com-
pared to FedAvg. However, these methods are designed for the unconstrained setting and
cannot be directly applied over the constrained formulations as in the biomarker identifica-
tion tasks. In fact, FL problems with constraints remain under-explored in the literature.
In [229], authors proposed FedDualAvg to solve FL problems with non-smooth regularizers.
In FedDualAvg, model parameters are transformed into a dual space using a map deter-
mined by the regularizer. Averaging is then conducted in this dual space across all clients.
FedDualAvg can be used to solve federated constrained optimization problems when regu-
larizers are indicator functions defined over the constraints set. However, FedDualAvg uses
constant learning rate as FedAvg, thus suffers the same slow convergence rate. In fact, it is
an open question if adaptive learning rates can be used to accelerate the solving of federated
constrained optimizations.

In this work, we propose the Federated Dual-averaging Adaptive-gradient (FedDA),
a general adaptive gradient framework for federated constrained optimization. FedDA is
based on the dynamic mirror descent view of adaptive gradients [31]. In fact, suppose we
have an adaptive matrix H such that it is diagonal and its i;, diagonal element represents
the adaptive gradient for the iy, coordinate of the model parameter. Then if we view the
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Table 8.1: Comparisons of representative Federated Learning algorithms for find-
ing an e-stationary point i.e., |V f(x)||? < € or its equivalent variants. Ge(f,€) denotes
the number of gradient queries w.r.t. f®)(z) for k € [K]; Cc(f,¢) denotes the number
of communication rounds; State means what state the algorithm maintains locally (Pri-
mal/Dual); Local-Adaptive means whether the algorithm performs adaptive gradient
descent locally or not; Constrained means whether the algorithm can solve both con-
strained and unconstrained problems or not.

Type Algorithm Ge(f,e Ce(f,e) State Local-Adaptive | Constrained
FedAvg [92] O(K~1e7?) O(e719) Primal/Dual X X
FedDualAvg [229] O(K~1e7?) O(K~1e?) Dual X v
Non-adaptive FedCM [230] O(K~te?) O(K~te?) Primal/Dual X X
FedGLOMO [231] O(K~05¢715) O(e™19) Primal/Dual X X
STEM [119] O(K~1e1?) O(e™) Primal/Dual x x
FedAdam [226] O(K~1e™?) O(K=%5¢71) Primal X X
Adaptive Local-AMSGrad [227] | O(K~'e”?) O(K~1e7?) Primal v X
MIME-MVR [208] | O(K05¢715) | O(K~0%19) Primal v x
FAFED [232] O(K~1et9) O(e™) Primal v x
FedDA-MVR(Ours) | O(K~'e13) | O(K~025¢125) Dual v v

parameter space as the primal space and the matrix H as a linear mirror map, the adaptive
gradient update step is equivalent to a mirror descent update step. Since adaptive gradients
are updated at each iteration, the mirror map H is also dynamic. Our FedDA is inspired
by this mirror descent view of adaptive gradients.

In FedDA, the server maintains the global adaptive matrix and the global model
weight. In each epoch, each client receives the current global adaptive matrix and global
model weight. Then it performs multiple steps of 'dual-averaging’ style mirror descent [233].
More specifically, the client aggregates dual states, and only recover model weight (primal
states) through the adaptive matrix (mirror map) when the gradient query is needed. Note
that the adaptive matrix is fixed during local updates. After local updates, the server
averages the dual states and then updates the global primal state and the adaptive matrix.
There are two important characteristics of FedDA. Firstly, we fix the adaptive matrix
during local updates to makes sure that all clients share the same dual space. Secondly,

the aggregation and averaging is performed in the dual space instead of the primal space.
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In fact, in the constrained case, the mapping from dual space to the primal space involves

the non-linear projection operation. Although averaging dual states leads to an unbiased

estimate of the global gradient, averaging primal states leads to biased estimation due to

projection. In summary, FedDA adopts the restarted dual-averaging strategy, where the

adaptive matrix (mirror map) is refreshed at each global epoch and clients perform dual

averaging locally with a fixed mirror map. Our FedDA is a general framework: it is flexible

to the choices of adaptive gradient methods and also can combine with various gradient

estimation methods. Furthermore, although it is designed for the constrained case, FedDA

works well in the unconstrained FL setting too. We highlight our contribution as follows:

(i)

(iii)

We propose FedDA, a fast adaptive gradient framework for constrained federated op-
timization problems. The framework is based on a restarted dual averaging technique

and incorporates a large family of adaptive gradient methods.

FedDA-MVR, an instantiation of our framework, obtains the sample complexity of

¢~125) The iteration com-

O(K~'e'%) and communication complexity of O(K %2
plexity matches the optimal rate of non-adaptive federated algorithms. FedDA-

MVR uses the momentum-based variance-reduction gradient estimation, and expo-

nential moving average of the gradient square as adaptive learning rates.

We empirically verify the efficacy of the FedDA in solving biomarker identification
tasks: the colorrectal cancer prediction task and the splice site detection task. Fur-

thermore, we also verify the efficacy of FedDA over non-constrained FL tasks through

classification tasks over CIFAR-10 and FEMNIST datasets.

Notations. Vf(z) denotes the first-order derivatives of the function f(z) w.r.t.
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variable x. & denotes a random sample and V f(z;&) is the stochastic estimate V f(x).
O(-) is the big O notation, and O(-) hides logarithmic terms. I; denotes a d-dimensional
identity matrix. Diag(z) denotes the matrix whose diagonal is the vector x. || - || denotes
the ¢5 norm for vectors and the spectral norm for matrices, respectively. (-,-) denotes the
Euclidean inner product. [K] denotes the set of {1,2,..., K'}. For a random variable X,

E[X] denotes its expectation.

8.2 Related Works

Federated Learning. Federated Learning [92] defines the task to learn from a set
of distributed located clients under the coordination of a server. [92] proposed the FedAvg
algorithm where each client performs multiple steps of gradient descent with its local data
and then sends the updated model to the server for averaging. The FedAvg algorithm
resembles the Local-SGD algorithm, which is studied in a more general distributed setting
for a longer time [234]. The convergence of the local-SGD method has been heavily ana-
lyzed in the literature [94, 118, 127, 143, 216, 235, 236, 237]. Various acceleration methods
of FedAvg are considered and we list a few representatives here. [55] adopted the idea of
variance reduction technique for non-distributed finite sum problems: a ‘control variate’
which contains historical full gradient information is used to correct the bias of local gradi-
ents. [208] proposed a general framework (MIME) to translate a centralized optimizer into
the FL setting, including adaptive gradient methods. In [119, 231], momentum-based vari-
ance reduction is applied to the FL setting to control the noise of the stochastic gradients.

In [231], a server momentum state and a client momentum state are maintained, while in
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[13], a momentum state and is matinained the momentum was averaged periodically similar
to the primal state.

Adaptive gradient methods are also studied in the FL setting. The ‘Adaptive Fed-
erated Optimization’ [226] method proposed to use adaptive gradients on the server side
while the local gradients are used to update the states of the adaptive gradient methods.
238, 239] extend the method in [226] to include the AMSGrad method. In [227], the authors
first showed the divergence of a naive local AMSGrad method that directly averages the
primal states periodically. The authors then proposed Local-AMSGrad, a method in which
clients update adaptive learning rates locally and average at the synchronization step. At
the server average step, both primal states and local adaptive learning rates are averaged
to replace the old states. More recently, [227, 232] proposed to use fixed adaptive learning
rates locally. Finally, another line of research [240, 241, 242, 243] considers federated adap-
tive learning rates through the compression approach, these methods communicate local
gradients at every step, but the compression techniques are used to reduce the communica-
tion cost. All these methods study federated adaptive methods in the unconstrained case.
For solving problems with constraint in FL, a related work is [229], where authors propose
a modified local-SGD method based on the dual-averaging, however, it does not support
the adaptive gradient methods.

Adaptive Gradients in the Non-distributed Learning. Adaptive gradient
methods are widely used in the non-distributed machine learning setting. Adagrad [244]
was one of the the first adaptive gradient method proposed in literature, and was shown to
outperform SGD in the sparse gradient setting. Since Adagrad does not perform well under

dense gradient setting and non-convex setting, some of its variants are proposed, such as
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SC-Adagra [245] and SAdagrad [246]. Furthermore, Adam [215] and YOGI [247] proposed
to use the exponential moving average instead of the arithmetic average used in Adagrad.
Adam/YOGI is widely used in deep learning applications; however, Adam diverges in some
settings and the gradient information quickly disappears, so AMSGrad [248] is proposed,
and it applies an extra ‘long term memory’ variable to preserve the past gradient infor-
mation to handle the convergence issue of Adam. The convergence of Adam-type methods
is also studied in the literature [10, 31, 249, 250, 251]. Adaptive gradient methods with
good generalization performance are also proposed, such as AdamW [252], Padam [253],

Adabound [254], Adabelief [255] and AaGrad-Norm [256].

8.3 Preliminaries

In this section, we introduce some preliminaries. We consider the following formula-
tion of Federated Learning (FL) with K clients:

min {f(ﬂs) = =3 {f9@) = B [ 5%}}}. (8.1)

d
zeXCR =1

For the ky, client, we optimize the loss objective f*)(x) : X — R which is smooth and
possibly non-convex, and x denotes the variable of interest. X C R? is a compact and
convex set. £®) ~ DF) ig a random example that follows an unknown data distribution
DW®). The formulation in (8.1) includes both the homogeneous case i.e. f*(z) = fU)(x)
for any k,j € [K], and the heterogeneous case i.e. f*) (z) # fU)(z) for some k, j € [K].
Next, we introduce some basics of adaptive gradient methods from a mirror-descent

perspective. Generally, mirror descent is associated with a mirror map ®(x). Given the

331



objective f(x) and the primal state z; € X at t;, step, we first map the primal state to the
mirror space via the mirror map y; = V®(z;), then we perform the gradient descent step in
the mirror space: y;11 = yi—nV f(x;), where 7 is the learning rate, finally, we map y; 1 back
to the primal space as z;41 = argerfvlin Do (z, #141), where ;.1 = V®(Z441) and Dg(z,y)
denotes the Bregman Divergence associated to ®: Dg(x,y) = ®(x) —®(y) — (VP(y), x —y).
Equivalently, the mirror descent step can also be written as a Bregman proximal gradient
step as follows: x;,1 = arger;lin n(V f(z¢), x)+De(z,z:). For the adaptive gradient methods,
we uses the following mirror map: ®(z) = %xTH x, where H is a positive definite adaptive

matrix. Many adaptive gradient methods can be written in the following proximal gradient

descent form:

) 1
xy1 = argmin 9y, ) + = (v — xt)THt(m — 1), (8.2)
rzeX 2

we replace the gradient V f(z) with the generalized gradient estimation v;, besides, we
replace H with H; based on the fact that the adaptive matrix is updated at every step.
Next, we show some examples of adaptive gradients methods that can be phrased as the

above formulation. For the Adagrad [244] method, we set
vy =V [f(2, &), He = Diag(\/iu), e = - ZVZZ (8.3)
For Adam [215], we have:
D= (1= BV (@, &) + Biira, fir = (1 — Bo) V (24, &) + Bofis
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Algorithm 16 FedDA-Server

1:

9:
10:

Input: Number of global epochs F, size of the first mini-batch b, tuning parameters
{5 ?:13
Initialize: Choose 7y € X and each client selects a mini-batch samples B((Jk) of size by

to evaluate V. fU)(x, B[()k)) locally and the server averages local gradients to compute
Wo;
for r=0to £ —1do

for the client k € [K] in parallel do

(25’21,,, 1/511)17]) = FedDA-client(z,, v, H,)
end for
k
Compute z,11 = = S5, zgl’[;
Compute 241 = argmin{—(z, z-41) + 3(¢ — z.) ' H (x — x;) };
TEX

Compute Vrp1 = % Zi(zl V7(-k+)17[7 HT+1 = V(H’H 2141, 6T>7

end for

Algorithm 17 FedDA-Client (z,,v,, H;)

1:

Input: Number of local steps I, mini-batch size b, tuning parameters {n,4+1; =,
{aritors
Initialize: x(T]:ZLO = T 1/&2170 = Uy zgi)m = 0;
fort=0to I —1do
Compute Zgi)l,iﬂ = 27(']212 - 77’F+1,il/7(']-€|—)17i;
Compute x(rljzl,iﬂ = arggyﬂn{—(w, Zgi)l,wﬁ +5(r — 555?1,0)THT(9C - xﬂl,o) 5

(k) _ (k) (k) k) . (k) (k) :
Compute v,/ ;41 = u<VT+1,i7xT+1,i+1?‘xT+1,i7a7+1’i+17BT+1,i+1)7 where B, is a

minibatch of size b of random samples from the client k;
end for
Output: Send 251217[, 1/51217] to the server.

ve =0/(1 =), pe = fu/(1 = 3), Hy = Diag(y/jiz + €) (8.4)

where (1, 82,71, 72 are some constants.

8.4 Local Adaptive Gradients via Dual Averaging

In this section, we introduce FedDA, a fast adaptive gradient framework for fed-

erated constrained optimization problems. The procedure of FedDA is summarized in
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Algorithm 16. In Algorithm 16, we perform E global steps and at each global step, every
client runs Algorithm 17.
In Algorithm 17, clients receive the current model weight z,, gradient estimation v,

and adaptive gradient matrix H,. The clients then perform [ local training steps: line 3-
line 7 in Algorithm 17. For each step, we first accumulate the dual state in the variable zikl)

(k)

T,

(line 4), then we calculate the local primal state x,"; (line 5), which is a proximal gradient

(k)

T,

step similar to (8.2). The function of this step is to map the aggregated dual state z
back to the primal space, and we use the primal state to query the gradient to update the

estimation of the gradient ") (line 6). Note that we use a fixed adaptive matrix H, during

0

local steps, this makes the clients share the same dual space. In line 6 of Algorithm 17, we

update the gradient estimation v The update rule U(-) is general, e.g.,the momentum-

T,0

based variance reduction update (8.5) and the momentum update (8.6) as follows (a.; is

a momentum coefficient):

k k k k k k
v = VIO @Y, B )+ (= e (A, = VIR R, BY, L) (85)

and

k k k k
V7(-+)1,i+1 = CVr+1,z'+1vf(k) ($(ﬁ21,z‘+1> 35421,”1) +(1- O‘T+17i+1)’/'£+)1,i (8.6)

After the client finishes Algorithm 17, it returns the aggregated local dual states zgi)l 7

and the local gradient estimation uﬁ’fl, ; to the server. The server first averages the local

dual states (line 8 of Algorithm 16) to get z,.;. We can average local dual states as all
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clients have a common dual space. The server then calculates the new primal states z,.
as in line 9 of Algorithm 16. Next, the gradient estimation v, is also updated by averaging
local gradient estimates (line 9 of Algorithm 16). Finally, we update the adaptive matrix

H. (line 9 of Algorithm 16). The update rule V is general, e.g.,

Ur1 = 57+123+1/773+1,171 + (1= Br1)ptr, Hryy = Diag(\/ [ir1 + €) (8.7)
and
pirs1 = Briallzriill /M + (1= Br)ptr, Hepy = (pr1 + €)1La (8.8)

where we set pp = 0, € is some constant. In summary, Algorithm 16 aggregates and averages
dual states at each global round. The adaptive matrix H. is fixed during local updates and
is refreshed on the server side at each global round. Since the algorithm uses a new mirror
map (adaptive gradient matrix) at each global round, we name the strategy as restarted

dual averaging.

Remark 160. A notable characteristic of FedDA is the dual-averaging strateqy in local
updates, this contrasts with the ‘primal averaging’ strategy used by many existing adaptive
FL algorithms [208]. In fact, dual-averaging is essential for FedDA to solve federated con-
strained optimization problems, due to the fact that primal and dual states are connected

through a non-linear mapping (i.e. the projection operation).

Remark 161. By choosing different update rules U and V, we can create many variants

of FedDA. An representative is FedDA-M VR, in which we update Vg? with momentum-

335



based variance reduction ( (8.5)) and the adaptive matriz H, with an exponential average

of the gradient square ( (8.7)).

Remark 162. The argmin operation in line 8 of Algorithm 16 (line 5 of Algorithm 17) does
not lead to extra computational cost. We solve it through two steps: solving the quadratic
optimization problem (a generalized adaptive gradient step) and projection. The projection
is mecessary to make the solution feasible and for many constraints, the proximal operators

are well defined.

8.5  Theoretical Analysis

In this section, we provide the theoretical analysis of our FedDA. More specifically,
we focus on the analysis of FedDA-MVR. We first state the assumptions we need in our

analysis:

8.5.1 Some Mild Assumptions

Assumption 163 (Bounded Client Heterogeneity). The difference of gradients between

different workers are bounded: |V f® (z) — VO (2)||? < (2, Vk,( € [K].

We measure the heterogeneity of the clients in terms of gradient dissimilarity. The
above assumption or its similar form is also exploited in the analysis of other FL. Algorithms,

such as in [119, 231].
Assumption 164. The function f(x) is bounded from below in X, i.e., f* =inf,.cx f(z).

Assumption 165 (Unbiased and Bounded-variance Stochastic Gradient). The stochastic
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gradients are unbiased with bounded variance, i.e. B[V f*) (z;¢®)] = Vf*)(2) and there

exists a constant o such that E|V f®) (z;£®) — VF® ()2 < 02,V B ~ DF |V | € [K]

Assumption 164 guarantees the feasibility of the Federated Learning problem (8.1),

and Assumption 165 is widely used in stochastic optimization analysis.

Assumption 166. The adaptive matriz H, is symmetric positive definite, i.e. there exists

a constant p > 0 such that H, = ply = 0, Vt > 1,

In our analysis, we assume the adaptive matrix is positive definite, and this require-
ment can be easily satisfied by many adaptive gradient methods. Firstly, most adaptive
gradient methods always have non-negative adaptive learning rates, such as (8.3) and (8.4).

To make it positive, we can add a bias term € such as in the Adam update rule (8.4).

Assumption 167 (Sample Gradient Lipschitz Smoothness). The stochastic functions
f) (@, €®)) with €8 ~ DF) for all k € [K], satisfy the mean squared smoothness property,

i.e, we have E||V f®) (x; ¢®)) — W fF) (y; 60|12 < L2||z — y||? for all 2,y € R?

The smoothness assumption above is a slightly stronger requirement than the stan-
dard smooth condition, but this assumption is widely used in the analysis of variance

reduction methods, such as SPIDER [257] and STORM [30].

8.5.2 Convergence Property of FedDA-MVR

In this subsection, we study the convergence property of our FedDA-MVR variant.
For convenience of discussion, we redefine the subscript ¢t = 7/ + 7, i.e. we denote the

t step as the i local step in the 7 global round. Similarly, we denote the total number of
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running steps as 7' = FI. We analyze our algorithm through the following measure:

2
G, = f]QH:@ — Fa|P |l = V(@) (8.9)

t

where 7; denotes the average gradient estimation at the ¢, step and Z; denotes the virtual
global primal state at the ¢;, step (see Section B.2 in the appendix for formal definitions).
In Remark B.18 of the appendix, we discuss the intuition of the measure G,. In particular,
in the unconstrained case i.e. when X = R, the measure upper-bounds the square norm of
the gradient. Therefore, the convergence of our measure G, means the convergence to a first-
order stationary point. Now, we are ready to provide the main result of our convergence

theorem.

2/3 2
K = pK c = 96 L

Theorem 168. In Algorithm 16, given the parameter T C= ket TR0 )

w = max{2,483[° K35} b, > 1,b> 1, 8> 0 and choose learning rate n; = the

Kk
(we+t4+1)1/37

momentum coefficient oy = cn?, the adaptive gradient coefficient By = 3 and the mini-batch

size of by for the first iteration and b for other iterations, then we have:

1 96 LK 5 ? 2L . T2KT* 3K 12 7,
T > E[G] < l T T K2/3T2/3] (F(zo) = F7) + l b, T * 2b1K2/3T2/310

t=0
AR K05 ]2 1 o2 202

1922 x
+ ( 21

Note, by choosing a proper value of local updates I and using a minibatch of samples
for the first iteration to decrease the noise, our result matches the best known convergence
rate for stochastic federated gradient methods [119], i.e. our algorithms has sample com-

plexity of O(e~'%) with a linear speed up w.r.t the number of clients K. More formally, we
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Figure 8.1: Results for the PATHMNIST [2] dataset. Plots show the Train Accuracy,
Test Accuracy, Density of Model Parameters vs Number of Rounds (F in Algorithm 16)
respectively. The post-fix of L; means the L, constraints. Number of local steps I is chosen
as b.

have:

Corollary 169. Suppose in Algorithm 16, we set I = O((T/K3*°)/%), and use sam-
ple minibatch of size O(K“°I?) in the initialization, then we have: + Y/, <]E[gt]> =
O(K~2/3T=2/3), and to reach an e-stationary point, we need to make O(K~'e~*%) number

of steps and need O(K %125 number of communication rounds.

As shown by Corollary 169, FedDA-MVR achieves iteration complexity O(K ~1e~1%)
which matches the optimal rates of non-convex stochastic optimization [258]. In con-
trast, FedDualAvg [229] shows the convergence rate of O(e~2) for the general non-convex
objective under the strong bounded gradient assumption. Our FedDA-MVR achieves a
faster convergence rate and does not require the bounded gradient assumption. As for
the communication complexity, we reach O(K~%%¢=12) Some methods achieve O(e™?)
communication rate such as STEM [119] and FAFED [232]. However, STEM does not
consider the adaptive gradient methods nor the constrained setting; FAFED considers the
adaptive gradient methods, but it requires the strong assumption of bounded gradient and

only considers the unconstrained setting.
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Figure 8.2: Results for the MEMset Donar Dataset [3]. Plots show the Train Loss, Train
Accuracy and the Pearson Correlation Coefficient (between prediction and targets). The
post-fix of L; means L; constraints and GL means Group Lasso constraints. Number of
local steps [ is 5.

8.6 Numerical Experiments

In this section, we perform experiments to verify the efficacy of our proposed FedDA
on federated biomarker identification task and the general classification tasks. More specif-
ically, we consider the variant of FedDA-MVR here, and defer experiments for other
variants to Section A of the appendix. We consider three sets of experiments: Colorrectal
Cancer Survival Prediction, Splice Site Detection and a general multiclass image classifica-
tion task. All experiments are run on a machine with an Intel Xeon Gold 6248 CPU and
4 Nvidia Tesla V100 GPUs. The code is written in Pytorch. We simulate the Federated

Learning environment through the Pytorch.distributed package.

8.6.1 Colorrectal Cancer Survival Prediction with Biomarker Identification

In this subsection, we consider a colorrectal cancer prediction task on the PATHM-
NIST dataset [2, 259], which contains 9 different classes and 89996 training images. We
equally randomly split the training set into 10 clients. We use the original test set for

the metric. In this task, we impose the L; sparsity constraint to identify biomarkers.
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We compare with the following baselines: FedAvg [92] and FedDualAvg [229]. For our
FedDA-MVR, we train with and without the L; constraint.

The results are summarized in Figure 8.1, the plots are averaged over 5 independent
runs and then smoothed. In Figure 8.1, FedDualAvg and FedDA-MVR-L; consider the
L, constraint, while FedAvg and FedDA-MVR do not. We show results of Train/Test
Accuracy and also the number of non-zero (below a threshold) elements in the parameter
(the rightmost plot in Figure 8.1). As shown in the plots, FedDA-MVR-L; outperforms
unconstrained FedDA-MVR in all metrics, in particular, FedDA learns a much sparser
model and therefore can better identify important factors for cancer survival than other
methods. Furthermore, FedDA-MVR-L; also outperforms FedAvg and FedDualAvg in all
metrics. This shows that our algorithm can effectively exploit adaptive gradient information
in the constrained case. For more details of this experiment, please refer to Section A.1 of

the appendix.

8.6.2 Splice Site Detection with Biomarker Identification

In this subsection, we consider a splice site detection task on the MEMset Donar
Dataset [3]. Splice sites are the regions between coding (exons) and non-coding (introns)
DNA segments. Splice site detection plays an important role in gene finding. We follow
the train/test split in [3] and then randomly split the training set to 10 clients. Group
Lasso is widely used to solve the splice site detection problem, so we use FedDA-MVR
with the Group Lasso constraint in the experiments. For the baselines, we compare with

FedAvg [92], FedDualAvg [229] and FedDA-MVR without constraints. For FedDualAvg,
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we consider the L; constraint and Group Lasso constraint.

The results are summarized in Figure 8.2, the plots are averaged over 5 independent
runs and then smoothed. As shown in the plots, FedDA-MVR-GL outperforms uncon-
strained FedDA-MVR and FedDA-MVR-L;. In fact, FedDA-MVR-GL gets better per-
formance by identifying meaningful feature groups. Furthermore, FedDA-MVR-GL also
outperforms FedAvg and FedDualAvg-GL (FedDualAvg-L;). This shows that our algo-
rithm can effectively exploit acceleration of adaptive gradients. For more details of this

experiment, please refer to Section A.1 of the appendix.

8.6.3 Image Classification Task with CIFAR10 and FEMNIST

FedDA is a general framework for FL. and can also solve unconstrained tasks. In
this subsection, we consider an unconstrained image classification task. More specifically,
we consider two datasets: CIFAR10 [142] and FEMNIST [165]. We construct both ho-
mogeneous and heterogeneous cases based on CIFAR10. For the homogeneous case, we
uniformly randomly distribute them into 10 clients and for the heterogeneous case, we cre-
ate imbalanced class distribution among clients (please see Appendix A.3). FEMNIST is a
Federated dataset of hand-written digits; it contains hand-written digits of 3550 users.
Data distribution of FEMNIST is heterogeneous for different writing styles of people.
We compare our method with following baselines: non-adaptive methods: FedAvg [92],
FedCM [230], STEM [119] and adaptive methods: FedAdam [226], Local-Adapt [260],
Local-AMSGrad [227], MIME-MVR, [208].

For all methods, we tune their hyper-parameters to find the best setting. The results
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Figure 8.3: Results for (Homogeneous) CIFAR10 dataset (Top) and FEMNIST (Bottom).
From left to right, we show Train Loss, Train Accuracy, Test Loss, Test Accuracy w.r.t the
number of rounds (E in Algorithm 16), respectively. I is chosen as 5.

are summarized in Figure 8.3, the plots are averaged over 5 runs and then smoothed. As
shown in the figures, our FedDA-MVR outperforms all baselines. We observe that adaptive
methods in general get better train and test performance. Finally, the superior performance
of our method compared with the three adaptive baselines shows that our method exploits
adaptive information better; for example, MIME-MVR also exploits the momentum-based
variance reduction technique, but it fixes all optimizer states during local updates, in
contrast, we only fix the adaptive matrix but update the momentum I/t(k), k € [K] at every

step. For the full set of experiments, please refer to Section A.1 and A.2 of the appendix.

8.7 Proof of Theorems

In this section, we provide the convergence analysis of our algorithm.
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8.7.1 Preliminary Propositions

Proposition 170. Let {0y}, k € K be K vectors. Then the following are true: ||0;+6,||* <

(L+ N0l + (1 + D61 for any a > 0 and || iy 0x]1* < K S5 (10

Proposition 171. For a finite sequence z¥) € R? for k € [K] define z = % SK 20 e
then have S0, ||z — 2|2 < S5 (|22,
Proposition 172. Let zy > 0 and 21, 2o, .. ., 27 > 0. We have Y}, # < log(l + Z’z—olz>
20 P
These propositions are standard results. For proofs, the reader can refer to Lemma 3

of [96] for Proposition 1 and Lemma C.1 and Lemma C.2 in [119] for Propositions 2 and 3.

8.7.2 Preliminary Lemmas in local updates

We first introduce some notation. For 0 < i < I, we denote:

1
U (@) = (o, 2)) + G (a — )T Hea (o - 21), (8.10)

then, by definition (Line 4 of Algorithm 17), we have:

xikl) = arg min wikz) (x), (8.11)
reX
we also define
- - 1 -
Vri(2) = —(2, 204) + 5(91: —20) Hr1(x — 2rp), (8.12)
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(k)

0

is the virtual average of zg? and z,9 = z,. Then we define

- 1 K
where 2;; = 72 > 31 2

jT,i = arg min ,lvz;’r,i(x)v (813)

reX

Remark 173. Note that the global primal state T; is not the arithmetic mean of the local

(%)

states x;’ in general.

Finally, we also define

1
(Fr = Frinn), di) = — (@] =)o) ke [Kliell],  (8.14)

Nryi Nryi

Furthermore, recall that by the procedure of Algorithm 17 (line 6), we have

1 1
Vri = —(Zrs — Zra1), V) = — (W =W ), ke (K], ie (I, (8.15)

T,
T, Nr.i

Remark 174. When it is clear from the context, we omit the global epoch T in the subscript

of the definitions, i.e. we use wgk)(:zr), Ui(z), x§’“), Z;, d;, dl(k), i, I/i(k) and H.

Next, we introduce the following lemma related to local updates. We omit the global

epoch number 7 in the subscript.

Lemma 175. For any i € [I] and k € [K], we have the following inequalities be satisfied:
L, ) 2 plld?| 7 1] > pll i
2. (v, i) = plldil| P 1|71 > pllds]];

k _ k ~
3.1z =zl > pllat® — z||;
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Proof. The first and second claims follow similar derivations, and we provide only the

derivations for the first claim. First, if : = 1, we have

1
2 = argmin — (z, 2 + §(x — T H(z — xék)),

TEX
by the first-order optimality condition, we have:

(—zgk) + H@P — 2Py u—2")y >0, Vue X,

choose u = xék) and use the fact that z%k) = —noly, We have:

k k k k k k k k k k k k
ol || x |87 — 2] > no ), 2 — 2y > (@) — 2T H (2] —287) > p| |2 — 2|2

we use the Cauchy-Schwartz inequality in the leftmost inequality and use the strong con-

vexity assumption of the adaptive matrix in the rightmost inequality, we get the result in

the lemma.

Next if ¢ > 0, by the definition of ;/)i(k) (x), we have:

1

o) = 0P @) = =@ = ) 4 Sl )T H R 4 el - 20

7 ) 7 %

Then by the definition of xz(k), and the first order optimality condition, we have

<—zi(k) + H(x(k) — x(()k)),u — xgk)> >0,VueX,

%
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if we pick u = %@1, we have —(zi(k), xl(i)l - xl(k)> > —(xz(i)l - xgk))TH(xgk) - ZL‘O ) plug this

inequality to (8.16), we have:

@) - v @)

1
k k k k k k k k k
> (it — ) H(@ = o) + S @fh - o) HEE + o - 209

L, & k k k
> (@ — o) H @ — o)

Similarly for wg_]f_)l, we have:

1
k k k k k: k k k k k k k

and by the definition of ng‘?l and the first order optimality condition, we can get

<_Z§i)1 + H(xz(f-)l — $ék)) u— $£+)1> >0,VueX,

pick u = ", we have —(z(1, o) — o) < —(@f) — ") TH (@) — 2(7), plug this

inequality to the above equality, we have:

O (@) — o (@)

1
k k k k k k k
< (it — o) H () - o) + 5 @l - ) H @ + 2 - 2007)

1 k k k
< —galh — )T H @D - o)
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Next, by definition of wi(k) (x) and wi(_]i)l (x), we have:

k) o (k k) (k k k), (K k) (k k
e @) — o @) = 0 @) 0 @)+l 2l - o)
Finally, we combine the above relations and have:

( (k) (k) _ (k’)> > (:E(k) (k))TH( (k) (/f )

k k k k
il [ | |2 2P| > ) 2 — 2 ) ) — —a |2

> pl|z”
we use the Cauchy-Schwartz inequality in the leftmost inequality and use the strong con-
vexity assumption of the adaptive matrix in the rightmost inequality, we get the result in
the claim of the lemma.

Next, we prove the third claim, by the definition of wl 11, we have:

k k k - 1 & - k - k
¢§+)1( z+1) ¢z+1(ﬂfz+1) _<Zz(+)17 'Z.E-i-)l — Tiq1) + 5(371('431 - $i+1)TH(9CE+)1 + Ty — 237(() ))

By the definition of .rgi)l and first order optimality condition, we have

(— z(—l&c-)l—i_H( £+)1 z), U—$£+)1> >0, Vued,

pick u = Z;;1, we have —<zi(i)1,$§i)1 — Zip1) < —(:L’Ei)l — Tip1)TH(x l(+)1 - x(()k)). Plug this

inequality back to the above inequality, we have:

¢z(—]+€-)1( 2+1) wz—l-l(xl-l-l)

k - k k 1 % - k N k
< _(1’71('+)1 - xiJrl)TH(xz(Jr)l - x(() )) + §($§+)1 - xi+1)TH<xz(+)1 + Tip1 — 25’5(() ))
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L,ow . K
< —§($§+)1 — Fip1) TH(2l) — Fisn)

Then for ;1 (x), we have:
- ~ 1
k) (K - _ k - k - k - -
D) = Vi (Fipr) = —(Bign, ) — Bia) + §($§+)1 — Fi0) H(wl) + 21 — 20)
By the definition of ;1 and first order optimality condition, we have:

(—Zis1 + H(Ziy1 — o), u — Ti41) >0, Vu € X,

pick u = xz(i)l, we have _<Zi+1,xz(f_)1 — Tigy1) > —(:172@1 — &)V H (%441 — Tg). Plug this

inequality back to the above inequality, we have:

7 k 7 ~
wi+1($z(+)1) — Yir1(Tita)

N N N 1 N N N
> — (2} — T1) T H (T2 — To) + 5(371('?1 — Zy41) T H (2l + Fi1 — 20)

Low . K .
> §(I§+)1 — Fpp1) TH(2l) — Fi4)

Next, since we have xék) = Ty, then by the definition of wi(_]i)l (z) and ;1 (x) we have:

k k k) /~ ~ k ~ - k _ k N
@bi(+)1(x§+)1) - 7/fz(+)1 (Tig1) = ¢i+1<x§+)1) — Yig1(Tig1) — <Zz§+)1 — Zit1, xz(‘+)1 — Tit1)
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Next, we combine the above relations and have:

k _ k ~ k _ k ~
129 = Zia | x |2 = Faa]] > (28— 2, 2l — Fi)

k - k - k -
> (951(431 - 5Ui+1)TH($z(+)1 — Tip1) > psz(Jr)l - flfi+1H2

where the first inequality is by the Cauchy-Schwartz inequality and the last inequality is
by the positive definiteness of H. This concludes the proof of the first inequality in the

lemma. ]
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8.7.3 State Consensus Error

(k)

T,

As each client performs local update, the states i.e. z>/ and Vg? drift away, the fol-

lowing lemmas bound this difference. We omit the global epoch number 7 in the subscript.

Lemma 176. For each 0 < i < I, and suppose iterates sz), k € [K] are generated from

Algorithm 17, we have:

i—1

K K

k _ k _
SE|ZY -z < -1 2 Y Bl - %,
k=1

4
=1 k=1

where the expectation is w.r.t the stochasticity of the algorithm.
Proof. Based on Algorithm 17, we have z(()k) = Zy = 0, the inequality in the lemma holds

trivially. Otherwise, we have

i1 i1
zi(k) =-> nguék) and  Z; = — Y _nily.
=0 =0

So we have:
K " K i-1 " 9 -1 K "
> 2l = 3| 5 (0t — )| < (1= DT S I -l
k=1 k=1" /=1 /=1 k=1

where the equality uses the fact Vék) = 1 for k € [K], the inequality uses the Proposition

170 and the fact that we have ¢« < I. We get the claim in the lemma by taking expectation

on both sides of the above inequality. This completes the proof. O
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Lemma 177. Fori € [I], we have:

a (k) 7112 < 42 ! 2 us 2
o —di| | < ZW ZEHW — vy|
k=1 =1 k=

PP}

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. Firstly, when ¢ = 0, x(()k) = Ty, z%k) = Z1, so we have :r;gk) = I by Line 5 of

Algorithm 17, and then we have nod(o = xék) — xgk) = Ty — & = mudp, the inequality in the

lemma holds trivially.

Next when ¢ > 0, we have:

k 1 k k ~ ~ k ~ k ~
2| = dj|]? = [JaF — 2 — (@ — 30)]12 < 20ja® = 2|2+ 2||2P) — F |

22 3 B
gpcv — &I+ 1125 - Zal?)

The last inequality uses claim 3 of Lemma 175. Sum over k € [K| and use Lemma 176, we

have:
B K i K

meHd —di|l* <2X(1 - 1) Zn/?ZEII P+ 221 -1 ZU?ZEIIW — ||
(=1 k=1 /=1 k=1
% K

<41 -1) Z???ZEHW — ug)?

=1 k=1

This completes the proof. O
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8.7.4 Descent Lemma

In this subsection, we bound the descent of function value f(Z,;) over the virtual

sequence I ;.

Lemma 178. Suppose that the sequence {$(Tkz)}f;& be generated from Algorithm 17, then

we have

I-1 2 I-1
N N 3041 Wil | 5 Nrtlig -
e < 1) = 3 (- i 4 3 T e

where &-; = Urj — 2 Yhey Vf(k)(ngi)).

Proof. Since the function f(z) is L-smooth, we have (we omit the global epoch number 7

for ease of notation):

Ln?

i
)|

f(@iv1) < f(@) +(Vf(T), T — T) + ]2;||fz'+1 —&))* = f(&) — n(Vf(&), di) +

= F(E) — e &) — V£ () — B d) + 2

(@ Ln?
< f(:) = (pni =

2
U
o))

M dill> = ni(V f (&) — 1, d;)

2
®) L\ | 5 PN 5 iy N
€ 1)~ (om — L) I+ 2R + o -V p(E)
2 4 p
© . 3pmi  MELY |\ 5e L Mg e
< (7)) — _ d- i,
< stay - (B - ) jale + e

In inequality (a), we use claim 1 of Lemma 175; inequality (b) uses Young’s inequality;

inequality (c) denotes e¢; = v; — V f(Z;). For é;, we have: For the 7 global epoch, we sum
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over ¢ =0 to [ — 1, we have:

I-1 2 I-1
N N 31 Nl | 5 2Nyt -
o) < Fonna) = 3 (25280 - Pl ) o4 3 2t e

Follow the update rules in Algorithm 16 and Algorithm 17, we have Z,419 = x, and

Zr41,1 = Tr41. This completes the proof. O

8.7.5 GQGradient Error Contraction

In this subsection, we bound the gradient estimation error e.;, where we have e, ; =
v.; — Vf(Z;;) as defined in Lemma 178, additionally, we also define the global gradient
estimation error e, as e, = v, — Vf(z,). Note we have e, = e, = €,410. We first show a

fact about ¢y, the initial gradient estimation error.

Lemma 179. For ey := vy — V f(x0), suppose we choose mini-batch size of |B(()k)| =b, ke

o2

(K], we have: Elleg]|* < ;%=

Proof. By line 1 of Algorithm 16, we have:

1 X 2
Elleol* = Vo—gzvf(’“)
O ’
—EHZVf Io;Bo)—EZVf(k)
k=1
(a) K 20 g2
< & Z Hwk) v BY) = VW (a)| < ;.
k=1 1

where (a) follows from the following: From the unbiased gradient assumption, we have:

E[V® (i B = VO (af), for all k € [K]. Moreover, the samples B and By’
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the k'™ and the /' clients are chosen uniformly randomly, and independent of each other
for all k, ¢ € [K]] and k # (. Inequality (b) results from the bounded variance assumption.

This completes the proof. O

Lemma 180. Define é,; = v;; — %Zszl VF®(%,,), then for every 7 > 1 and i > 1,

suppose o; < 1 and clients use batchsize b in the training, then we have:

256(1 — )12, K Ko
2K an,e Z EHVi,e) - VT,L’H2
P =1 k=1

2

Ellerill* < (1 — ari)?Elleri-1]]* +

8772,1‘—1112

K

2
daz ;0

bK

Elld-i1]* +

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. Consider the error term ||&;|%, @ > 1 (we omit the global epoch number 7 for ease

of notation), we have:

2

_ .1 E 3
EJal? = B|p - > V()
k=1
LSS o ) (8. a®) _ L& ) . p®) 1 & -
=E ?ZVJC (zi 3 B) + (1 — o) Vi—l_?zvf (z;21;B;) —?va (Z:)
k=1 k=1 k=1

k=1

—(1— ) (Vﬂ%ﬁa; BY) - vﬂkml))) + (1= )éin

> (V19 B) - vy9@)
1
2

- (1= a) (V79 (@9 B9) - 7105, 1) |
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< (- a Bl + o B (/00 - V)

2

—<1—ai>(w’f><“,6’ﬂ> V)

9 2

_|_

=

58| (V79— V7 (@) (1= ) (T - 97 (50)

where the first equality uses the definition of 7;; last equality follows from expanding the
norm using the inner products across k € [K] and noting that the cross terms of the second
term is zero in expectation because of the samples are sampled independently at different
workers.

We first consider the second term above:

E|(Vr® P 80) ~ Vi) — (1 - o) (V9 @) B9) — v 0 @)
= B||(1 — a)) [(VFP (@ B) = VP @) — (VW (@ BY) = v B (@)
(VO BY) — w0 e))|
< 2(1 - a)?B)| (VO @ BY) - VO @b 89)) — (vi0E) - e )|
- 2a?EHW<k> (@ B) = v )
<2(1 - ozi)2IEHVf(’“)(:z:§k); BY) = V0 (@9 B0 + 20207

< 2(1 — )2 L2E |2 — 2™ |12 + 26202 /b < 2(1 — o) L?n2_E||d™) ||? + 20202 /b
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<401 = )’ L0 B dE) — dia|® +4(1 — )’ L0} Bl|di o ||* + 20707 /b

where we use Proposition 170 in the first inequality and the bounded variance assumption
in the second inequality.

For the third term, we have:

E[Vi® @) - V9 (@) — (1 - a) (VIO Ed) - V9@ )|

2 2BV 10 @) = VO )|+ 2B (1 - i) (VIO ) - 0@ )|

< QLQEHxEk) — : +2L%(1 — o) 33'1(7)1 - 571'71H2

(b) 212
< —
p

(k)

2
Ri—1 — zi—lH

2L%(1 — oy)?
2_‘_&]]3

p2

where (a) uses Proposition 170; (b) uses claim 3 of Lemma 175;

Finally, we combine the above inequalities together to get:

4aio? 87] 1L2 K
- S E[d) - di
bK =

=]

Elle|® < (1 — o)’Ellé;i—1]> +

_ N2

{n2
+ 77’[(} EHdl 1HQ+ Z[

40202 128(1 —1)L2 =2

< (1 — )’Elle;||” + N + K252 ; ’;EHW — og)?
0l gy D0 Lwlsz - 7
(=1 k=1
S
+ ML+ PO S S B - s

The first inequality the assumption that a; < 1; the second inequality uses Lemma 176 and
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Lemma 177. This completes the proof. m

Lemma 181. Fort > 0 and i € [I]. Suppose we have 1, ; = and have o;; < 1,

Kk
(wr i tir )73

Wri > 2, Ny < be satisfied, we have:

P,
48LK0-512

Kp (Elell _ BIGl? - S 3y o Sy
(Blecall BIEE) o 5 S0esipye,, e+ 3 2

64L% \ 171,11 Nr1-1 =0 =
2P0 8I(1—1) K
+2 +27 + NS EHVLF)M — U1 )?
iz 1601 p =1 k=1

Proof. Using Lemma 180 at the global epoch 7—1, then for ¢ > 0 (we denote 1, _1 = 17,111

for all 7 > 1), we have:

Elleririll®  Ellenil?

Nrji Nri—1 |
T/ T A 4?22}? 2
(%) (77;3 — iy — cnf,i)EHéT,i\F + W Xi:nf,e i |l — 0]
P =1 k=1
L. . do2cn?,
i gy g e g 2O

where inequality (a) utilizes the fact that (1 — a,;)* < 1—a,; < 1 and ar;41 = cn?; for
all i € [I], and the following fact: suppose we choose 1,; = #/(w; + i + 71)/3 then for

0<l<i< 1, we have:

nT,l_(wi+z‘+7'I)1/3_< wi+i—wl—l>1/3

Nei (W +1+70Y3 w+1+71
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1/3
§<1+<1_1)> §1+&<2 (8.17)

wy+1+71 3w +1+7I) —

The first inequality is by the fact that w; < w;and 0 < i—I1 < I—1, the second last inequality
uses the concavity of #'/% as: (x4 y)'/3 —2'/3 < y/32%/3, while the last inequality uses the
fact that w; >0, 1 >1,1>0, 7> 1.

For the difference ;' — 1"}, we have:

1 1 (wi+i+7)Y3 (wig+i—1+71)Y3
Nri B Nri—1 B K B K
@ (wi1 +i+ TP (wiy +i=1471)"3
R K
® 1 (0) 22/3 (¢) 2%/ 2@ p

< = .
S(wn 1 +i— L+ 7125 = 3wt i+ )PP 33 S TaBLKO R

(8.18)

where inequality (a) is because that we choose w < w, (b) results from the concavity of
o3 as: (x4 y)/3 — 21/ < y/(32%3), (c) used the fact that w > 2, finally, (d) and (e)

utilize the definition of 7,; and the condition that n,;

96> p —1_ -l —S8L7
Kp? t LR have: 175 = i1 = O < — i

< iiosyz, respectively. So if we

choose ¢ =

Therefore, we have:

EHéTi+1H2 EHé‘riH2 96L277‘ri — 2 512( : 2
: - — < — ~Ellerql|* + e SO — 4|
Nri Nrio1 K p? gzl Z ¢
8L2 i - 40223,
T,'LE d,rz 2 Tl
2T g2 4 T
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Multiplying K p/64L? on both sides, we have:

Kp ]EHéTi—i-lHZ EHé”»HZ 37772 2 4 2
: - : —EK €r,i T, E Vq— - VT
64[/2 ( 777,1’ 7]7',1'—1 - IO H H gz‘i 77 ‘ Z H f EH
2.2 3
Nr,iP 7 2 o-c nsz
—E|d,; —_
* 8 le=sl” + 16L2b
Then we sum the above inequality from 0 to I — 1 and get:
Elle-|>  Elérol” <« 3ni &8¢
(Bl <=3 pje+ 3 D S S B -
64.L Nr1-1 Nr—1,1-1 iz 2p i=0 =1 k=1
77 0 , o2} p
T, ]E d,rl T,
+Z sl +Z 1612
I— 13,,,] 2 I 9
<=2 5 Ellel* + e Y Bl — o)
= 2 p gzl g ‘
2.2 3
7]sz 2 g-c nsz
E|\d,,
+Z It +§ 1622b

By definition, we have e,y = e,_; and é,; = e,, then we get the results in the lemma by

replacing 7 by 7 + 1. O]

8.7.6 Descent in Potential Function

We define the potential function as follows:

Kp e
b, = + — .
f< ) 64.L2 Nr—1,1-1

(8.19)

Next, we characterize the descent in the potential function.
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Lemma 182. For any 7 > 0, we have:

=1 2 I-1
50Mri1i Nl 1
EM)TJA - (I)T] < - Z < 8+ . +21 ) EHd HQ . 27 an+1 7,]EH€7—+12H
= P iz 0
o??p i, 8I(1 —1) < K ®) ) ,
* 16L2b = T T o Z:nTHﬂ' Z Ellvzir — Uryrall’s

where the expectation is w.r.t the stochasticity of the algorithm.

Proof. We can the inequality in the lemma by combining Lemma 178 and Lemma 181

8.7.7 Accumulated Gradient Error

In this subsection, we bound the gradient consensus error given by term Y&, E|| yg? —

DT,i||2'

Lemma 183. For: > 1 and o; < 1, we have:

SKIo*cn},

) N
yo ﬂT,HH + 8KIL* 02, 1 Elld-;—1|]* + b

T,0—1

K k 1 K
SEY - <1+ )Y E
k=1 ' [

96I2L2 i—1

anﬁ ZEIIM — Urlf?

+16KI1¢°¢n}y +

where the expectation is w.r.t. the stochasticity of the algorithm.

Proof. By the update rule of I/Z-(k) (we omit the global epoch step for convenience), we have:

Ellvi” = 7

= EHW%E’“); B) 4 (1 - ap) (v, - VO 2 BY))



2 K
1 1
< (1+8)(1 - a;)’E l/l(f)l — V|| + (1 + 5>E| v FE( l(k);Bl(k)) X ZVf(])(xZ(J),BZ(J))
j=1
1K ?
~(1-a )(Vf(’“) (62 B) = 2= VDB )| (8.20)
j=1
where the last inequality uses Proposition 170.
Next, we consider the second term:
1 X , . .
EHVf(k)(:E(k)B(k)) fZVf(J)(I(J)‘B(]))
1 Y 7 K 7 ) 1
Jj=1
2
5 ,
=0 (AP - £ SV
(< IRV f k)( (k). B(k)) _ i i Vf(j) (x(j)' B(j))
Z ? K3 K ]: K2 Y (]
2
- (Vf(k)(xz(ﬁ)lv sz - Z Vf(] z 17 ] ))
2
+207E |Vf<k><x§ﬁ BY) - Zvﬂﬂ ;)
®© (k) (. (K). 3(k) 0 09 . oy
<2E (Vf (i s Bi) = V"2 By ))
1 & N[
2028 VS BY) - S VO Y
j=1
(e) 2 1 K 2
< 20°E|z{” — 2| + 207 |Vf (@i BY) — = Y VO e8| (8.21)
7j=1

where inequality (a) uses Proposition 170; inequality (b) uses Proposition 171; inequality
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(c) uses the smoothness assumption.
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Next, we consider the second term in (8.21) above, we have

2
) EH (V7P 8Y) - Vf(’“’(:vff)ﬁ)
S (J 1 & Nk
Z(Vf” 4B = ViV @) + VP - 2 3 VO
s 2
SZEH(W (@ BY) = Vi)
K ) 2
(VIO B) = VD)
]Il
1 K 2
+2]EHVf ( )_?va(a)(xz(ﬂ_))
j=1
2 1 K . 2
< 28| (97 s B) = T Oe) | 22|95 - £ 29I
j=1
2
< 2E(V£® @5 B2) = V0 @) || + 4BV O (1) - V()|
B 2 ~ 1 K ' 2
1 8E[ VW @) - VO @ )| + SJEHVf(;ci_l) — V)
j=1
®) 20 -
§%+ ZEHW (Zim1) = VO (2|
o ) _ = 2 L6 s
+8L°E|x;2 — & ||” + N ZEH:L‘Fl — Zi |
() 2 2 8L2 K
< %+4€2—|—8L2EH:{:£@1 _‘%Z’*1H2 ZE”Iz 1—1‘2 1H2 (822)

where inequality (a) uses Proposition 171; inequality (b) utilizes bounded variance assump-

tion; (c) uses the bounded heterogeneity assumption. Finally, substituting (8.22) and (8.21)
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into (8.20) and sum over all K workers, we get

()
S E|y" =
k=1

K
S(l_az

v g 1H +2L2<1+ )ZEHx ek
k:l

AK 1 1
+ bg <1+B>a?+8K§2<1 ﬁ>a +32L2<1+ ) 221@:”:@ | —

where the second inequality uses claim 3 of the Lemma 175. For the term Y5, E||xl(k) —

2™ |12, we have:

K K
k k k ~ k
SB[ — 2P 2 <23 Ella? — & — @) - 700))? +22Euxz—xz P
k=1

k=1
< (k) - (k) 7

<AY Bl — @l + 43 Ellai® — Zioall* + 2K El diy ||
k=1

k=1

So we have:

- (k)
> Elly” -l
k=1

<(1-w)’(1+p8) Y E

R A (R
1 K
+ 8L2<1 + 6) S Elfz? - )
k=1

4K o? 1 1
+ ba (1+5>a?+8KC2<1+5>a +40L2<1+ )ZEHSK L — i)

Next using Lemma 176, we have:

)
S E|y = o)?
k=1
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< (1= o)

2
v = v |+ 4K L2 <1+B>E||dz Tk
8L2< 1) Kok -
+— 1+ E|lz"™ — z]?
P’ B ,;
4K o? 1 1 40L* 1) & N
+— <1+6>a?+8[(§2<1+5>a?+ e <1+6>ZE\|z§)l—z“y|2
K
<S(1-a)*(1+8) ) E
k=1

4K o2 1 1
+ 1+ — a3+8K2<1+>a§
S EHEES O

4872 1
+ 2(1+5) -5 Bl -l
/=1 =

2
N A (R A,

p
8K[ 224
V= ||+ 8KTL (Eldi | + UTC”
)04 9612L2 i-1 )
16K |+ Y ZEHW — (8.23)
/=1 =

In the last inequality, we choose 8 = 1/, then we have (1 +1/5) < (14 1) < 21, we also

use the fact that (1 — ;)? < 1 and a; = en?_; < 1. This completes the proof. O
i—1
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Lemma 184. Forn; < m, then we have

121

I-1 2.2 2.2\ I-1
K - P z po-ct | pCc
—ZmZEHv@“—wHQ < MZmEHdiH“( )an
=1 k=1 =0 =0

84bL2 * 4212

Proof. By Lemma 183 (we omit the global epoch number for convenience) we have

2 ~ 8K Io*c*n!
v = T ||+ KT (B | 4+ ==

() ) _ 1 &
SElvY -plP<(1+7)>E
k=1 ]

k=1 b
96]2[/2 i—1 K -
+ 16K I, + >ont Y Elly” —
/=1
L&E @ 2 VELpni = VEKpa®cn}
_ E () _ _i— 71E di— 2 VAP i1
P LB - |+ 5 Bl + G
VK pC2ctn} 96[2L21 ! _
o YRR iy S ZEHW _alE (329)
3L =

where in the second inequality, we use the condition that n;

< mrrosz- Applying (8.24)
recursively from 1 to ¢. We have:

K VELp it 1\ - \/_p0'262 i—1 i—1-¢
Ellv? —5)* < 1+~ E||de||* + ;
SR —nlt s SN (147 ) wElaP+ S i

Y4
96L212z 1 1 i—1-L ¢ -
T 1+I> Z ZEHV — |*

i—1 \/— Ii—1
~ pac
E||d,||?
\/_ﬂC22 Ii—1 96L2[3 17,1 )
P >+ Zsznu -7l
7=0
(2) \/KLp

/K pU C / pC202 i—1 5
§ W]Elldell2 § n+———> 1
21Lh L =
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288L2[3Z !
Z ZEHW — w||?, (8.25)

where inequality (a) is by the fact that 14+1/I > 1andi—1—¢ <1 for i € [I] and ¢ € [i]
and inequality (b) is because that (1 +1/I)! <e < 3.

Next, multiplying both sides of (8.25) by 7; and summing over i =1 to I:

\/_L,O i—1 \/_p0_2c i—1
ZmZEHvk) will* < =7 o m o el el + — Z Zm
=1 k=1 =1 (=0 i=1
\/_pCZ 2 i—1 288[/2]3 1 i—1

S ayt+ EUE S 0 e -
(%)f (;nz>ZmEHdz\l2 (g’fbc fp(ﬂ)(;@:én?

288217
(Z )Zm S Ev - wll”
=0 =

p =1

+

2 2 .22

R A A e SURESNDI AR
= 9612 &= 06I2L% | 4SI°L? R e

—~

where inequality (a) uses the fact that i < I and (b) uses that we choose n; < p/(48LK1?).

Rearranging the terms we have:

00l ~3
||M~

P PR 2 22 2,2 2 1
— P < B2+ [ L0C 4 P :
Z:: ||1/ vi||* < 96[2277 il + 96[2L26+48[2L2 ;771

Multiplying 81%/(7K p) on both sides, we have:

T2 1 . p — B pO.QCQ ,0<202 -
LS S B — g < £ nE|\d;|)? 3
This completes the proof. O]
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8.7.8 Proof of the Main Convergence Theorem

In this subsection, we prove Theorem 168 and Corollary 5.7. To prove Theorem 168,
we firstly show the following theorem hold:

K3 96L?
Theorem 185. Choosing the parameters as k = 7 p; c= Kp? + 72/@3LPKO spar W =

max{2, 48316 K7/2 —t}, and choose 1, = then we have:

K
(wt+t)1/3 )

1 T-1 ) )
13 (Bl + )
t=0
96LI? 2L . 7214 312 9
[ 02T + p2K2/3T2/31 (f(zo) = f) + [b1p2T + 2b1p2K2/3T2/3]U

1022 (4812 1 2¢2
T ( T K2/3T2/3> X (4b log(T'+1).

Proof. By definition, we have n, < ny < r/wt/® = p/A8LK°5I%, then ¢ = I?;Q (96 -
72K11'512>§1?(2L2 and: cen? < opf = 1?(2;22 * 482L’JQQKI4 < 1, so we have o < 1, then the

conditions of Lemma 182-Lemma 184 are satisfied.
Firstly, substitute the gradient consensus error in Lemma 184 to Lemma 182, we can

write the descent of potential function as:

I-1 I-1
5pnrsri Mol
E[®; —®,] < - E : ( 8+1 - +21 > EHdTJrl 1”2 - 27[) § :777'+1 iElleri1, ZH

I—

*p 20 T 5 o (2p0%c2  4ptP\
i Yl T ZE dT i ;
T 1612 2 777“7’ Ta1 ;" rrelldrend”+ (21L2b o ) 2 e

(a) -1 o1 B 1 -1 p0.202 pc202
< — ZE dT i2_7 T Z]E 77’ 7 2 3 1
<~ % GBIl = 5 e Bl +(4L2b + 4L2)i0mﬂ,z,

where (a) follows from the fact that 17; < 7 < 157
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Suppose we denote T' = EI, andt = 7] + ¢ for t > 0 and 7 > 0. Then we have
M = Nrt1is Jt = CZTJFM, € = €-41,. In particular, we denote 7_; = ny for convenience.

Then we sum the above inequality for 7 from 0 to £ — 1, and get:

T-1 2.2 2.2 T
Phie 2 L 2, (Poc pC-c 3

E[®gr — D) g E|d g —E g
[ E 0 < ) H t“ p H tH <4L2b + 4L2 )tont7

t=0

Rearranging terms, we get:

T 2 2 2\ T-1
un 5 M 5 po=ct  pCic
E|/d ]E < E[®, — ®
t§1I< e | t5 lle]] ) [®o — Pp] + <4L26 e ) 2 n;
() o Ko Elleol? | (po?c  pCet) Ry
< _
= fwo) =1 g T ) &

(b) O’ 0 2 pc2 2\ T-1
2 fla) — f* (8.26)
< J@o) = I+ G o <4L2b 1z ) 2

where (a) follows from the fact that f* < ®p and (b) results from application of Lemma
179 and b is the minibatch size at the first iteration.

Next for the last term of the (8.26) above, we have:

-1

(b)
3 — < < T+1 2
> i <Y T ST+, (8.27)

S
L
S
L
OO

@
S

=

il
o
~+
|
o
eo-
~

where inequality (a) above follows from the fact that we have w; > 1 and inequality (b)

follows from the application of Proposition 172.

Substituting (8.27) in (8.26), multiplying both sides by 2/(pnrT’) and using the fact
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that 7, is non-increasing in ¢ we have

1 T-1

T

1 -/ 2 3/ 5202 2 2
<E|ydt||2+;E|’€t‘|2>SQ(f(xo) .1 o . (M 2%

In(T + 1),
o T 0T 320 L2 T\ 4bL2 21L2> (T +1)

(8.28)

t=

Now considering each term of (8.28) above separately. For the first term:

1 T3 (a) /3 1 () 48LI2K05 L
_ (wr+7) <Y < 8 + : (8.29)
nrT kT KT KT?/3 pT pK2/3T2/3

where inequality (a) follows from identity (z +y)/? < 23 4+ y'/3 and inequality (b) follows
from the definition of x and wy Similarly, for the second term of (8.28), we have from the

definition of 7y and ny:

1L (48LK0-5[2 L L ) LT wi®
nrT 32bL%ng — pT pK2/3T2%/3 32by L2 K
< (48LK0'512 n L ) o o? o 48LK >T?
- pT pK2/372%/3 32by L2 p
KIY ., 3K,

(8.30)

— b1p2T 0"+ 261p2K2/3T2/3U ’

Finally, for the last term in (8.28) above, we have from the definition of the stepsize, 1,

4 21

BLEYT L L1922 (ot 2\ T+1)
—+ —=|lo
o o223 ) Ty S\ ap T o1 )8
1922 [48KO3]? 1 a2 22
< ><< -+ K2/3T2/3> ( > log(T + 1). (8.31)

3.2 2 2 2
n:TCLQ (0 + C) In(T + 1)

o
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Finally, substituting the bounds obtained in (8.29), (8.30) and (8.31) into (8.28), we

get

1 T-1 ) )

7 2 (E1de + Eal?)

T = ( P’

< 96 LK 1?2 2L . T2K T4 3K°°I? 9

— p2T + p2K2/3T2/3 (f<x0) —f ) + bpoT + 2b1p2K2/3T2/3 g

1922 48K 1 2¢2
+ e X ( i K2/3T2/3> X <4b >log(T—i- 1).

This completes the proof of the theorem. O

Now we are ready to show Theorem 168. Firstly notice that:

G 1 i 1 ~ ~ 1,_
s = opllie = el P o= V@I = I + el
t

Combine with Theorem 185, we have:

1= 96 LK 51> 2L . T2KT1* 3K 2,
T ; E[G,] < l T + K2/3T2/31 (f(wo) = ) + [ b T + 2blK2/3T2/3]U

ASKOS T2 1 22
2
+ 1927 x ( Tt K2/3T2/3> X <4b oY ) log(T +1).

Remark 186. For the measure Gy, we discuss its intuition under both the unconstrained

and constrained case. First, for unconstrained case, i.c. when X = R%, we have:

IVF@ea)ll/IHel| = [ Hr x HOS (@) ||/ He || < |[HZ'V f (22

= [H 'V f (@) = H 'O+ H 0| | < [H7V f(3ri) = HE ]|+ | H 0|

372



_ N . N
< ;||Vm' = V@)l + FHl’m‘ — rinll < V2(/Grifp

In the last inequality, we use Jensen inequality, and in the second last inequality, we use
Assumption 166 and the fact that T,;11 = T70+ H-'Z 501 and &y = 270+ HZ'Z,; and
Nrilri = Zris1 — Zri in the unconstrained case. In other words, we have ||V f(Z)||* <
2“’:{7{”297. Note the coefficient of the right-side is an upper bound of the square condition
number of H,. It is common assumption in the analysis of adaptive gradient methods that
H; has a finite condition number [31]. In sum, the convergence of our measure G, means

the convergence to a first order stationary point in the unconstrained case.

1

Neat, for the constrained case, our measure upper bounds the gradient mapping T ||z, —
w71 4ll, @F is defined as follows:
* : * 1 T
Vpars = argmin{—(z, 210} + 5(0 — ) Ho(z — 2.))
TEX
where 27, ,; = S0 =NV f(Zr414) is the accumulation of true gradient. Next follow

Lemma 175, we have:

315 = Erarall < Sl = Frel

1 & - _ (@) 2 1 . _
=12 16V (@rire) = Ve < X ; IV @rine) = el
1=0 1=0

where inequality (a) is due to the triangle inequality. Next we have:

|z, — xi-i-l,i“ = |77 — Ty + Trrri — xi+1,i” < lzr = Trprall + 1 Tr110 — xi—f—l,z‘”
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i—1 i—

7 ~ * 7 Nr+1,0 ~ —
s||Zd7+u||+||x7+1,i—xf+l,i||sz(ndmw = IIVf(wm,z)—Vm,eII)

=0 =0

—

By Jensen inequality and the definition of the measure (8.9), we have

(A ’Zjnwm) — ) < p"t VG

So we have

1 izl 2,/9 =1
for = at < L2 I G < PVES G
=0

Nr+1, =0 Nr+1,i

the last inequality is because of Eq. (8.17). In all, when the measure G114 — 0, the gradient

1
Nr+1,i

mapping |z: — 2%, converges to 0.

Corollary 187. With the hyper-parameters chosen as in Theorem 185. Suppose we set [
= O((T/K3**)Y) and use sample minibatch of size by = O(K"°I?) in the first step, Then
we have:

E[G)] = o(W) T o(KQ/‘me) i O(;cwfw))'

and to reach an e-stationary point, we need to make O(K‘le_1'5) number of steps and

need O(K~%%e~125) number of communication rounds.

Proof. 1t is straightforward to verify the expression for E[G;] in the corollary by applying
Theorem 185 and choosing [ and b as corresponding values. As for the gradient and
communication complexity of the algorithm. We have the following results: The number

of total steps T needed to achieve an e-stationary point, i.e. O(W) = ¢, then the
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gradient complexity is O(K~'e=3/2). Total rounds of communication steps to achieve an
e-stationary point is £ = T/I, as we have I = O((T/K>%)'/%), then T/I = O(K7/12T5/6),

By the fact that T' = K‘16_3/2, we have E = O(K—1/4€—5/4)' O

8.8 Experimental Details and Results

In this section, we add additional experiments. In Section A.1, we consider more
variants of FedDA besides FedDA-MVR. More specifically, we consider four variants
of FedDA. We introduce two cases for the update of the adaptive matrix H, in (8.7)
and (8.8) and we denote them as case 1 and case 2, similarly, we denote (8.5) and (8.6) as
case 1 and case 2 of gradient estimation respectively. So we have four different variants,
we denote them as FedDA-i-j, for i,j € {1,2}, where i shows the choice of gradient
estimation and j shows the choice of adaptive matrix update rule. Note FedDA-MVR
corresponds to FedDA-1-1 as we choose Case 1 of gradient estimation and Case 1 of
adaptive matrix update in Algorithm 16. We also introduce more details such as the hyper-
parameter choices. Then in Section A.2, we perform some ablation studies and compare
our FedDA with other baselines in more detail; In Section A.3, we include experiments
when we construct heterogeneous dataset from CIFAR10; Finally in Section A.4, we show

the form of our FedDA when [ = 1, i.e. no local steps.
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8.8.1 Experimental Results for More Variants of FedDA

8.8.1.1 Colorrectal Cancer Survival Prediction with Biomarker Identifica-

tion

8
h/
N
|
[}
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3
£
Test Accuracy
]

[
———

&

0 0
1 1001 2001 3001 1 1001 2001 3001 1 1001 2001 3001

Number of Rounds Number of Rounds Number of Rounds

Figure 8.4: Results for the PATHMNIST dataset. Plots show the Train Accuracy, Test
Accuracy, Density vs Number of Rounds (£ in Algorithm 16) respectively. The post-fix of
L; means we consider the L; constraints.

In this task, for L; constraint, we consider the constraint set of |z|; < €, where x
is the model parameter and e is some constant. We use a 4-layer convolutional neural
network with 32 filters at each layer. We have 10 clients and run 20000 steps (T), average
states with interval 5 (I) and use mini-batch size of 16. Besides, we calculate density with
threshold 0.01. For other hyper-parameters, we perform grid search and choose the best
setting for each method. More specifically, for the SGD method, we use learning rate 0.01;
for the FedDualAvg algorithm, we use local learning rate 0.1, global learning rate 0.1, L,
constraint 0.01; for our FedDA-MVR, we use learning rate 0.01, w as 100000, ¢ as 5000000,
B as 0.999 and 7 as 0.01, for the L, regularized version FedDA-MVR-L;, we also add L,
constraint € = 0.01. For other variants of FedDA: for FedDA-2-1, we use learning rate

0.001, o as 0.9, 8 as 0.999, 7 as 0.01; for FedDA-1-2, we use learning rate 1, w as 10000, ¢
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as 200, 5 as 0.999, 7 as 0.001, L; constraint 0.01; for FedDA-2-2, we use learning rate 0.01,
a 0.9, 8 as 0.999, 7 as 0.01, L; constraint 0.01.

The experimental results for different variants of FedDA is summarized in Figure 8.4.
As shown by the plots, all variants of FedDA get good performance, but we find FedDA-

MVR (FedDA-1-1) gets most sparse model as measured by the density metric.

8.8.1.2 Splice Site Detection with Biomarker Identification

----------------------------------------
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°©
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--- FedDA-2-2-GL

025 {\ 0.4

Correlation Co

0 100 200 300 400 0 100 200 300 400 0 100 200
Number of Rounds Number of Rounds Number of Rounds

Figure 8.5: Results for the MEMset Donar Dataset. Plots show the Train Loss, Train
Accuracy and the correlation coefficient, respectively.

In this task, for group lasso constraint, we consider the constraint set of >.7_; |z,|2 < €,
where z is the model parameter, g is the number of groups, x, denotes a subset of parameters
of group ¢, € is some constant. The MEMset donor data set consists of a training set of
8415 true and 179,438 false human donor sites, and a test set of 4208 true and 89,717 false
donor sites. A sequence of a real splice site consists of the last three bases of the exon and
the first six bases of the intron. A training sample is a sequence of length of 7 with values in
{A,C,G,T}. The data are available at http://hollywood.mit.edu/burgelab/maxent/
ssdata/. We follow [3] to create a balanced training set with 5610 true/false samples

and an unbalanced validation set with 2805 true/59804 false samples. We have 10 clients
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and randomly evenly distribute the training data over 10 clients. We consider the logistic
regression model with group lasso constraint and include all the three-way and lower order
interactions. In the experiments, we run 2000 steps (1), average states with interval 5 (1)
and use mini-batch size of 16. For other hyper-parameters, we perform grid search and
choose the best setting for each method. More specifically, for the Fed Avg method, we use
learning rate 0.1; for the FedDualAvg algorithm with L; constraint, we use local learning
rate 0.1, global learning rate 0.2, Ly constraint 0.01; for the FedDualAvg algorithm with
group lasso constraint, we use local learning rate 0.1, global learning rate 0.5, Ly constraint
0.01; for our FedDA-MVR, we use learning rate 0.1, w as 10000, ¢ as 40000, 8 as 0.999
and 7 as 0.01, for the L; constrained version FedDA-MVR-L;, we also add L; constraint
0.01, for the group lasso version FedDA-MVR-~GL, we also add group lasso constraint of
coefficient 0.01. For other variants of FedDA: for FedDA-1-2, we use learning rate 1, w
as 10000, ¢ as 200, 5 as 0.999, 7 as 0.001, group lasso constraint 0.01; for FedDA-2-1, we
use learning rate 0.001, o as 0.9, 5 as 0.999, 7 as 0.01, group lasso constraint 0.01; for
FedDA-2-2, we use learning rate 0.01, o 0.9, 8 as 0.999, 7 as 0.01, group lasso constraint
0.01.

The experimental results for different variants of FedDA is summarized in Figure 8.5.
As shown by the plots, all variants of FedDA get good performance, but we find FedDA-
MVR (FedDA-1-1) gets the highest test correlation coefficient among all variants. Note
that the correlation coefficient is the maximum (among all possible threshold, and we find
0.95 is the best value for all methods) Pearson correlation between the binary random
variable of the true class membership and the binary random variable of the predicted

class membership.
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8.8.1.3 Image Classification Task with CIFAR10 and FEMNIST

In this unconstrained federated image classification task, we use a 4-layer convolu-
tional neural network with 64 filters at each layer. For the FEMNIST dataset, we randomly
sample 50 users at each global round. We run 20000 steps (T"), average states with interval
5 (I) and use mini-batch size of 16. For other hyper-parameters, we perform grid search
and choose the best setting for each method. In the CIFARI10 related experiments, for the
SGD method, we use learning rate 0.005; for the FedCM algorithm, we use learning rate
0.01, momentum coefficient « as 0.9; for the FedAdam algorithm, we use local learning
rate 0.001, global learning rate 0.002, momentum coefficient 0.9, coefficient for adaptive
matrix § as 0.999; for the Local-Adapt algorithm, we use local learning rate 0.001, global
learning rate 0.002, momentum coefficient 0.9, coefficient for adaptive matrix £ as 0.999;
for the Local-AMSGrad algorithm, we use learning rate 0.001, momentum coefficient 0.9,
adaptive matrix coefficient 0.999; for the MIME-MVR algorithm, we use learning rate 0.1,
w 100, ¢ as 2000; for the STEM algorithm, we use learning rate 0.1, w 100 and ¢ 2000; for
our FedDA-MVR, we use learning rate 0.02, w as 10000, ¢ as 1000000, 5 as 0.999 and 7 as
0.01. For other variants of FedDA: for FedDA-2-1, we use learning rate 0.001, « as 0.9, 3
as 0.999, 7 as 0.01; for FedDA-1-2, we use learning rate 1, w as 5000, ¢ as 100, £ as 0.999,
7 as 0.01; for FedDA-2-2, we use learning rate 0.01, a 0.9, 5 as 0.999, 7 as 0.01.

Then in the FEMNIST experiments, for the SGD method, we use learning rate 0.1;
for the FedCM algorithm, we use learning rate 0.1, momentum coefficient « as 0.9; for the
FedAdam algorithm, we use local learning rate 0.02, global learning rate 0.04, momentum

coefficient 0.9, coefficient for adaptive matrix 5 as 0.999; for the Local-Adapt algorithm, we
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Figure 8.6: Results for CIFAR10 dataset. From left to right, we show Train Loss, Train
Accuracy, Test Loss, Test Accuracy w.r.t the number of global rounds (E in Algorithm 16),
respectively.
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Figure 8.7: Results for FEMNIST dataset. From left to right, we show Train Loss, Train
Accuracy, Test Loss, Test Accuracy w.r.t the number of global rounds (E in Algorithm 16),
respectively.

use local learning rate 0.02, global learning rate 0.02, momentum coefficient 0.9, coefficient
for adaptive matrix 5 as 0.999; for the Local-AMSGrad algorithm, we use learning rate
0.0005, momentum coefficient 0.9, adaptive matrix coefficient 0.999; for the MIME-MVR
algorithm, we use learning rate 1, w 10000, ¢ as 400; for the STEM algorithm, we use
learning rate 1, w 10000 and ¢ 400; for our FedDA-MVR, we use learning rate 0.02, w as
10000, ¢ as 1000000, 3 as 0.999 and 7 as 0.01. For other variants of FedDA: for FedDA-2-1,
we use learning rate 0.001, « as 0.9, 5 as 0.999, 7 as 0.01; for FedDA-1-2, we use learning
rate 1, w as 5000, c as 100, 5 as 0.999, 7 as 0.01; for FedDA-2-2, we use the learning rate
0.01, « 0.9, 5 as 0.999, 7 as 0.01.

The experimental results for different variants of FedDA is summarized in Figure 8.6

and 8.7. As shown by plots, all variants of FedDA get good performance. FedDA-MVR
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(FedDA-1-1) gets the best performance in most metrics, we observe that its test loss show

some extent of overfitting in the late training stage.

8.8.2 More discussion of Experimental Results

In this subsection, we make more detailed comparison between our FedDA and other
baselines (The experiments are over homogeneous CIFAR10 dataset). In Figure 8.8, we
compare FedCM with FedDA-2-1 and FedDA-2-2 for different values of local steps I. Since
FedDA-2-1 and FedDA-2-2 do not use variance reduction acceleration, the superior per-
formance shows the effectiveness of using adaptive gradients in our framework. Next, In
Figure 8.9, we compare Local-AMSGrad vs FedDA-2-1 for different values of I, FedDA-2-1
outperforms Local-AMSGrad for all I and with a greater margin for larger /. Note both
Local-AMSGrad and FedDA-2-1 use Adam-style adaptive gradients ((8.6) and (8.7)) and
have same communication cost per epoch. In Figure 8.10, we compare FedAdam and Local-
Adapt with FedDA-2-1. All methods use Adam-style adaptive gradients. FedAdam only
performs adaptive gradients over the server, Local-Adapt performs both local and global
adaptive gradients, but the state of the local adaptive gradient is refreshed per epoch. We
have two observations: First, the Local-Adapt method has very marginal improvement
over FedAdam, which shows the restarted strategy used by Local-Adapt is less effective
than our method; Second, both FedAdam and Local-Adapt benefit little from increasing
the I value (compared to our FedDA-2-1). For FedAdam, this shows the limitation of only
applying adaptive gradients at the server level. Finally, in Figure 8.11, we change I for all

four variants of our FedDA. As shown by the figure, our framework can benefit from more
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Figure 8.8: Comparison between FedCM vs FedDA-2-1 and FedDA-2-2. From top to
bottom, we show I = 5, 10, 20 respectively. The number inside the parentheses is the value
of I.

8.8.3 Image Classification Task with Heterogeneous CIFAR10

For the heterogeneous case, we create heterogeneity in the training set as follows:
Suppose we have 10 clients, for i, client, we distribute p-percent samples of iy, class, and
(1 — p)/9-percent samples of other classes, where 0 < p < 1. Note for p close to 1, the iy,
client will be dominated by images of #;, class, thus the data distribution among clients
will be very different. In our experiments, we choose p = 0.8. This means the iy, client
has 4000 images of #;, class and 111 images of other classes. This creates a high level of
heterogeneity.

For hyper-parameters, we perform grid search and choose the best setting for each
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Figure 8.9: Comparison between Local-AMSGrad vs FedDA-2-1. From top to bottom, we
show I = 5,10, 20 respectively. The number inside the parentheses is the value of I.

method. For the SGD method, we use learning rate 0.01; for the FedCM algorithm, we
use learning rate 0.01, momentum coefficient « as 0.9; for the FedAdam algorithm, we use
local learning rate 0.001, global learning rate 0.002, momentum coefficient 0.9, coefficient
for adaptive matrix g as 0.999; for the Local-Adapt algorithm, we use local learning rate
0.001, global learning rate 0.002, momentum coefficient 0.9, coefficient for adaptive matrix
£ as 0.999; for the Local-AMSGrad algorithm, we use learning rate 0.001, momentum
coefficient 0.9, adaptive matrix coefficient 0.999; for the MIME-MVR. algorithm, we use
learning rate 0.1, w 100, ¢ as 2000; for the STEM algorithm, we use learning rate 0.1, w
100 and ¢ 2000; for our FedDA-MVR /FedDA-1-1, we use learning rate 0.02, w as 10000, ¢
as 1000000, 8 as 0.999 and 7 as 0.01. For other variants of FedDA: for FedDA-2-1, we use

learning rate 0.001, o as 0.9, 5 as 0.999, 7 as 0.01; for FedDA-1-2, we use learning rate 1,
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Figure 8.10: Comparison between FedAdam and Local-Adapt vs FedDA-2-1. The number
inside the parentheses is the value of I.

w as 5000, ¢ as 100,  as 0.999, 7 as 0.01; for FedDA-2-2, we use learning rate 0.01, o 0.9,

£ as 0.999, T as 0.01.
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Figure 8.11: Ablation study of local steps I. From top row to the bottom row, we show
results for FedDA-1-1, FedDA-1-2, FedDA-2-1 and FedDA-2-2. The number inside the
parentheses is the value of I.
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