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Recent advancements in testing differential item functioning (DIF) have greatly

relaxed restrictions made by the conventional multiple group item response theory

(IRT) model with respect to the number of grouping variables and the assumption of

predefined DIF-free anchor items. The application of the L1 penalty in DIF detection

has shown promising results in identifying a DIF item without a priori knowledge

on anchor items while allowing the simultaneous investigation of multiple grouping

variables. The least absolute shrinkage and selection operator (LASSO) is added

directly to the loss function to encourage variable sparsity such that DIF parameters

of anchor items are penalized to be zero. Therefore, no predefined anchor items are

needed. However, DIF detection using LASSO requires a non-trivial model selec-

tion consistency assumption and is difficult to draw statistical inference. Given the

importance of identifying DIF items in test development, this study aims to apply



the decorrelated score test to test DIF once the penalized method is used. Unlike

the existing regularized DIF method which is unable to test the statistical signifi-

cance of a DIF item selected by LASSO, the decorrelated score test requires weaker

assumptions and is able to provide asymptotically valid inference to test DIF. Ad-

ditionally, the deccorrelated score function can be used to construct asymptotically

unbiased normal and efficient DIF parameter estimates via a one-step correction.

The performance of the proposed decorrelated score test and the one-step estimator

are evaluated by a Monte Carlo simulation study.
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Chapter 1: Introduction

1.1 Statement of the Problem

A major goal of educational and psychological assessment is to create inter-

pretable scores on a relevant construct being measured. A well-constructed test

score representing a latent trait (e.g., proficiency level), should be reliable and valid.

More importantly, inferences, providing individual clinical diagnoses or supporting

the efficacy of a teaching method, drawn from the test score are sufficiently sup-

ported. One major threat to the validity of the intended use of a score generated

from an instrument is the lack of measurement invariance or existence of differ-

ential item functioning (DIF). Sometimes, characteristics of a test may introduce

unintended systematic score differences between individual test takers or subgroups

of examinees of the same ability level, which can result in invalid score interpre-

tation. The psychometric phenomenon, DIF or a lack of measurement invariance,

occurs when equally capable examinees with different backgrounds have different

probabilities of endorsing an item. Recently, the DIF analysis, originated as a tool

to increase test validity in the educational measurement (Holland & Thayer, 1988),

has drawn growing interests in the social science and health care research (e.g., Ede-

len, Thissen, Teresi, Kleinman, & Ocepek-Welikson, 2006; Millsap, Gunn, Everson,
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& Zautra, 2015; Orlando & Marshall, 2002). For example, females are found to be

more likely to choose the “I cry easily” item as compared to their equally depressed

male counterparts (Steinberg & Thissen, 2006). Had this item not been identified as

a DIF item, depression levels of women patients could have been spuriously overesti-

mated. Regardless of the field that DIF analysis is applied too, the existence of DIF

items may favor or disfavor certain subgroups of examinees and thus jeopardizes the

fairness of a test and prevents valid inferences from its scores. Therefore, DIF de-

tection should be conducted for routine operations of psychological and educational

assessment to ensure valid interpretations of test scores.

Item response theory (IRT), a collection of mathematical and statistical mod-

els, was—and still remains—the foundational modeling system in educational as-

sessment (Embretson & Reise, 2000). Recently, IRT has been applied to many

substantive domains including personality, psychpathology, and clinical outcome

assessments (e.g., Reise & Revicki, 2014, patient or clinician reported outcomes).

One advantage of an IRT model in conducting a DIF analysis is that it offers a

formal statistical framework for assessing DIF. The core idea of an IRT model is

that item responses within a test covary due to the underlying continuous latent

construct that is being measured (Steinberg & Thissen, 2006). The relation between

item responses and the underlying latent construct is defined by item response func-

tions or trace lines (Lazarsfeld, 1950, p. 363). Further, each item trace line takes

a specific functional form as a function of the latent construct governed by item

parameters. Each value of the trace line represents the conditional probability of

endorsing a particular response category given the latent construct. Ideally, the

2



trace line or item function should be the same for all examinees regardless of their

group membership to ensure valid score interpretation. Otherwise, “it is clear that

the item is biased.” (Lord, 1980, p. 212)

Despite the popularity and advantages of DIF detection using IRT models,

the inherent assumptions therein make practical applications of DIF analyses chal-

lenging. For example, IRT DIF detection methods usually assume the existence of

predefined DIF-free items1, also known as anchor items. Typically, DIF-free items

are needed to anchor the latent scale so that DIF can be distinguished from the

between group difference in latent trait distributions. Using the aforementioned

depression example, if more women choose “I cry easily” than men do, it is diffi-

cult to distinguish whether it is because men and women response differently to

this specific item (i.e., DIF) or because of the gender difference in depression (i.e.,

Steinberg & Thissen, 2013, latent distribution difference). Therefore, correctly spec-

ifying anchor items is crucial in correctly identifying a DIF item. Violations to the

DIF-free anchor assumption may lead to inflated false detection rates in finding

DIF items (W.-C. Wang, 2004; W.-C. Wang & Yeh, 2003; Woods, 2009a; Woods,

Cai, & Wang, 2013). A practical obstacle is locating DIF-free anchor items without

a priori information. Also, how many anchor items should be included to main-

tain adequate power but not increase the risk of anchor item contamination (i.e.,

incorrectly including DIF items as a subset of anchors) remains to be an open ques-

tion. Another challenge is detecting DIF items associated with multiple grouping

variables. Conventional IRT DIF detection methods typically investigate DIF with
1See W. Wang, Liu, and Liu (2022) for an exception.
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respect to one categorical grouping variable (e.g., gender, ethnicity, SES) at a time.

However, it is impossible to investigate the complex nature of DIF due to intercon-

nected background characteristics (M. Liu, 2017) and thus it is unlikely to truly

uncover the source of DIF (Shea, 2013). Failing to incorporate the interdependence

of multiple grouping covariates may negatively impact the validity of score interpre-

tation and harm the test fairness (McGraw, Lubienski, & Strutchens, 2006). For

instance, gender, ethnicity, and social class related DIF analyses have been widely

studied in educational standardized tests (e.g., SAT, GRE) for equal rights and test

fairness considerations (Coley, 2001). A large number of these studies investigate

DIF effects without considering the interconnection between the selected grouping

variables. Nevertheless, ethnicity-related DIF could potentially only exist within

a specific gender, SES or language group but spuriously exhibit as an ethnicity-

related DIF. Had multiple grouping variables and their interaction effects not been

investigated together, incorrect DIF items could be found in any of these related

grouping variables. Due to the increasing necessity of creating fair and equitable

test scores across all subgroups of examinees, multiple person characteristics such

as SES, gender, and ethnicity should be studied simultaneously in a DIF analysis.

As a solution to these practical difficulties encountered by conventional IRT

DIF methods, regularization has been applied to IRT models to detect DIF items.

In particular, the use of the L1 penalty or the least absolute shrinkage and selection

operator (LASSO) has shown promising results in DIF detection due to its efficiency

in variable selection (e.g., Bauer, 2017; Belzak & Bauer, 2020; Magis, Tuerlinckx, &

De Boeck, 2015; Tutz & Schauberger, 2015). Specifically, the L1 penalty has been
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successfully applied to the moderated nonlinear factor analysis (MNLFA) model to

identify DIF items (Bauer, Belzak, & Cole, 2020; Belzak & Bauer, 2020). Such a

modeling framework offers greater flexibility to detect DIF for multiple grouping

variables simultaneously. Specifically, item parameters and population distribution

parameters, upon applying suitable link functions, can be expressed as linear or

non-linear functions of multiple person characteristics. Consequently, DIF detec-

tion can be treated as a variable selection problem—non-zero coefficients are only

assigned to covariates that cause DIF. The goal of the penalty procedure is to en-

courage sparseness as much as possible with respect to DIF parameters such that

DIF parameters of anchor items are penalized to be zero while those of DIF items

are non-zero. Hence, no predefined anchor items are needed as items with DIF

parameters penalized to be zero are used as anchors.

Despite the flexibility of the L1 penalty for DIF detection, several concerns

need to be addressed carefully. First, the accuracy of DIF detection based on the L1

penalty is contingent on a non-trivial assumption. In order for LASSO to select the

right covariate for each item, and thus, items exhibiting true DIF, a variable selection

consistency condition is needed (Zhao & Yu, 2006). In the current case, failing to

meet the condition could result in mistakingly flagging non-DIF items or miss real

DIF items even in large samples. Second, with a finite sample size especially those

encountered in the social sciences, inferential statistics such as confidence interval

estimates and p-values are extremely important to differentiate a true DIF item from

a sampling error. For example, a common practice in DIF detection in educational

and psychological assessments is effect size reporting after DIF is detected. In

5



this case, an uncertainty measure may prove to be helpful in deciding whether a

DIF effect size is truly different from zero. Nevertheless, it is difficult to draw

statistical inference based on the LASSO-type estimator due to shrinkage resulting

from penalization (Belzak & Bauer, 2020; Huang, 2018; Lindstrøm & Dahl, 2020;

Tutz & Schauberger, 2015). Lastly, LASSO creates biased parameter estimates

and non-normal limiting distribution (Fu & Knight, 2000), which makes subsequent

analyses difficult (Chen, Bauer, Belzak, & Brandt, 2021; Fan & Li, 2001). For

example, DIF effect sizes, item parameter estimates, and standard error estimates

cannot be directly used to quantify uncertainty in latent score estimates (Y. Liu &

Yang, 2018).

1.2 Purpose of the Study

The current study aims to fill the gap in the literature to make inferential

claims once LASSO is used. Specifically, a decorrelated score test (Ning & Liu, 2017)

is proposed to detect DIF for binary response data with multiple covariates after

the L1 penalty is used. The decorrelated score test could potentially be extended

to accommodate continuous and discrete response data and multidimensional latent

variables. However, the simplest and the most commonly used case was considered

to better demonstrate the extension of the decorrelated score test to detect DIF.

Unlike the existing regularized DIF method, the decorrelated score test does not

require the variable selection consistency assumption and is able to provide valid

inference on DIF effects. Specifically, a sparse score vector with respect to the

6



focal parameter is estimated consistently so that the resulting score test statistic

has an asymptotically normal reference distribution. Additionally, an asymptotic

unbiased estimator can be constructed using a one-step debiased estimator using

the decorrelated score function.

A Monte Carlo simulation study will be conducted to examinee the finite

sample behavior of the decorrelated score test under the null condition without

DIF items and the alternative condition with a mix of DIF and non-DIF items.

Its performance in controlling the Type I error rate, establishing sufficient power,

controlling the false detection rate in identifying a DIF item under different DIF-

related conditions are compared with three methods: (1) regularization method

based on LASSO selection only, (2) a naive model refitting method (Belzak & Bauer,

2020), and (3) the oracle solution assuming known anchors. Moreover, the efficacy

of each method is evaluated in terms of hypothesis testing, parameter recovery, and

standard error estimates.
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Chapter 2: Literature Review

2.1 A General Definition of Differential Item Functioning

Lord (1980, p. 212) stated “if an item has a different item response function for

one group than for another, it is clear that the item is biased.” Although nowadays

DIF is not equivalent to item bias (Cole, 1993), the existence of DIF items certainly

needs a thorough review in case of item bias. Mathematically, DIF can be defined as

follows. Considering a categorical random variable Yij representing the item response

from person i, i = 1, · · · , n to item j ∈ J = {1, . . . , J}, define the conditional

item response function, denoted as fj(y|θ, x) = P (Yij = y|θi = θ, xi = x), as the

probability of endorsing a particular answer conditional on the person’s latent ability

level θi = θ ∈ R and person covariate vector xi ∈ RK . More broadly, item j exhibits

DIF if

fj(y|θ, x) ̸= fj(y|θ, x̃), (2.1)

for some x ̸= x̃ ∈ RK . Equation 2.1 indicates that DIF exists when the conditional

item response function fj differs for any x ̸= x̃ after controlling for the same level of

latent ability. In other words, measurement invariance holds for item j, only when
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fj(y|θ, x) = fj(y|θ, x̃) for all x ̸= x̃. Given the definition of DIF denoted in Equation

2.1, a more general modeling framework under the IRT models, MNLFA, is firstly

reviewed followed by the demonstration of special cases of the model that can be

used for DIF detection. The connection between the MNLFA with DIF detection is

discussed in detail.

Typically, a unidimensional IRT model specifies the discrete item responses

by a unidimensional and continuous latent variable θ with a specific functional

form fj. For example, the two-parameter logistic (2PL, Birnbaum, 1968) model

assumes that the item response for item j from person i, (i.e., Yij ∈ {0, 1}) follows a

Bernoulli distribution (Yij|θi ∼ Bern(Pij(θi))), where Pij denotes the probability of

endorsing item j for person i. Incorporating the person covariate vector xi into the

conditional item response function (cIRF) to affect both the item response and the

latent distribution offers greater flexibility in testing DIF across different levels of

both continuous and categorical variables. It also permits testing DIF for multiple

grouping variables as well as their interaction effects (e.g., gender × age) at the

same time. Using the same notation, the cIRF fj is written as

fj(Yij|θ, x) = P
Yij

ij (1− Pij)
1−Yij , where

Pij = P (Yij = 1|θi = θ, xi = x) = 1

1 + exp[−αj(x)− βj(x)θ]
, (2.2)

where αj(x) and βj(x) are the item intercept and item slope functions, respectively,

which can be further expressed as functions of the person covariate vector x ∈ RK .

Latent ability θi is assumed to be normally distributed: θi ∼ N (µ(x), σ2(x)), in

9



which the latent population parameters: mean (µ) and variance (σ2) can also be

expressed as functions of the person covariate vector x.

Various model constraints have been applied to the model for identification

purposes (e.g., Bauer & Hussong, 2009; Glas, 1998; Moustaki, 2003). Because the

moderated non-linear factor analysis (MNLFA, Bauer & Hussong, 2009) subsumes

most commonly used parametric IRT models as special cases, this general form is

used in this study. Relations with more traditional IRT models (e.g., 2PL, Birn-

baum, 1968; multiple group IRT, R. D. Bock & Zimowski, 1997; multiple-indicator

multiple-cause, MIMIC, model, Jöreskog & Goldberger, 1975) are discussed after

the general modeling framework is demonstrated.

MNLFA was originally proposed by Bauer and Hussong (2009) to conduct the

integrative data analysis. Although the original model can handle multidimensional

latent distributions and various types of item responses (e.g., ordinal responses), the

current review only discusses the parameterization that fits the cIRF in Equation 2.2.

Specifically, with binary item responses assuming a unidimensional latent variable,

MNLFA models latent population parameters as

µ(x) = γ⊤x σ2(x) = exp(δ⊤x), (2.3)

where K-dimensional vectors γ and δ represent effects of the person covariate vector

x on the latent mean and variance on a logarithmic scale. These two vectors are

further referred to as latent population parameters. Also, item intercept and item

10



slope functions are expressed as

αj(x) = dj + β
⊤
0jx, (2.4)

βj(x) = aj + β
⊤
1jx, (2.5)

where dj and aj are the item intercept and item slope parameters. The K-dimensional

vectors β0j and β1j stand for person covariate effects on the item intercept and item

slope parameter, respectively. To detect DIF for item j, a composite hypothesis test

is typically conducted to test against the null hypothesis

H0 : β0j = β1j = 0. (2.6)

As can be seen, β0j and β1j are of particular interests in DIF detection and represent

d-DIF and a-DIF parameters, respectively. Figure 2.1 visualizes different types of

DIF items generated from a MNLFA model. The panels in the first column are

3-dimensional cIRFs, on which there are three colored lines indicating conditional

probabilities of endorsing an item at three fixed values of θ and x. The corresponding

2-dimensional plot with the same color is shown in the panels of column 2 and column

3, respectively. Top, middle, and bottom panels visualize one item with a-DIF and

d-DIF (i.e., β0 ̸= 0 and β1 ̸= 0), d-DIF only (i.e., β0 ̸= 0 and β1 = 0), and a-DIF

only (i.e., β0 = 0 and β1 ̸= 0).

If there is no DIF for all j ∈ J (i.e., β0j = 0, and β1j = 0), γ ≡ 0, and

δ ≡ 0, the MNLFA model is equivalent to a single group 2-PL model (Birnbaum,

11
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Figure 2.1. Conditional item characteristic functions (cICFs) of different types of
DIF items. Each row of the graphical table standards for one type of item (from
top to bottom: an item with both a-DIF and d-DIF, an item with d-DIF only, and
an item with a-DIF only). The three-dimensional perspective plots on the far left
of the plot are the true cICFs, three lines with three fixed values of x and θ each.
Lines with same colors are showed in two-dimensional plots.

1968). Similarly, if person covariate vector x only contains discrete covariates, the

MNLFA model is constrained to be a multiple group IRT model (R. D. Bock &
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Zimowski, 1997). Another two special cases of the MNLFA model exist in the

literature that are commonly used for testing a-DIF and d-DIF. One is the multiple-

indicator multiple-cause (MIMIC) model (Jöreskog & Goldberger, 1975; Muthén,

1989). Unlike the MNLFA, a MIMIC model only allows person characteristics to

influence the mean of the latent continuous variable thereby allowing for group mean

differences. Latent ability variance is constrained (i.e., σ2(x) ≡ 1). Also, the original

MIMIC model does not allow for interaction between the person covariate and the

latent ability and thus it is unable to detect a-DIF (i.e., βj(x) ≡ βj). Another special

case is the MIMIC with interaction model proposed by Woods and Grimm (2011).

The MIMIC-interaction model extended the MIMIC model by adding interactions

between covariates and latent distributions, and thus, the model can be used for

testing a-DIF (i.e., βj(x) is expressed in Equation 2.5). However, unlike the MNLFA,

the MIMIC-interaction model still constrains the variance of the latent ability from

varying across groups by constraining σ2(x) ≡ 1.

Typically, a minimal constraint is needed to identify the MNLFA model. This

requires that there exists at least one item for each column of β0j and β1j is

zero/anchor. For a test with J binary response items assuming conditional indepen-

dence of the random vector Yi = (Yi1, · · · , YiJ)
⊤, the marginal likelihood function

f(yi|xi) of an observed individual response vector yi = (yi1, . . . , y1J)
⊤ assuming con-

ditional independence among item responses given the latent variable and person

13



covariate vector xi = (xi1, . . . , xiK)
⊤ is expressed as

f(yi|xi) =

∫ J∏
j=1

fj(yij|θi, xi)ϕ(θi|xi)dθi, (2.7)

in which ϕ(·) is the probably density function of a normal distribution governed

by the population parameters γ and δ. Assuming that the item response vectors

Y = (Y1, · · · ,Yn)
⊤ of sample size n is independent and identically distributed

(i.i.d), the sample likelihood function is written as

fn(Y|X) =
n∏

i=1

f(yi|xi), (2.8)

where Y = (y1, · · · , yn)
⊤ and X = (x1, · · · , xn)

⊤ represent observed data matrices.

Subsequently, the corresponding marginal log-likelihood is expressed as

ℓn(ξ;Y|X) =
1

n
log fn(Y|X) =

1

n

n∑
i=1

log f(yi|xi), (2.9)

where ξ = (a1, d1,β
⊤
01,β

⊤
11, . . . , aJ , dJ ,β

⊤
0J ,β

⊤
1J ,γ

⊤, δ⊤)⊤ is a collection of model pa-

rameters. Typically, item parameter are estimated using the (marginal) maximum

likelihood (ML) estimation due to its asymptotic properties (e.g., consistency and

asymptotic normality) under mild regularity conditions. Two types of optimization

schemes are typically utilized to compute estimates: (1) a variant of Newton’s algo-

rithm (R. D. Bock & Lieberman, 1970; Haberman, 1988) and (2) the Expectation-

Maximization (EM) (EM, R. Bock & Aitkin, 1982) algorithm. Optimizing log-

likelihood in Equations 2.7 and 2.8 using a variant of Newton’s algorithm requires
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integrating out the unobserved latent variable via a numerical approximation (e.g.,

adaptive quadrature). Moreover, the optimization procedure involves computation

of the gradient (score) and sometimes the Hessian matrix. However, as the number

of items increases (e.g., 12 items in Belzak & Bauer, 2020; Bauer et al., 2020), the

algorithm is computationally inefficient. Alternatively, the EM algorithm can be

applied to latent variable models by treating the latent variable as missing and max-

imizing the complete sample log-likelihood. In doing so, EM algorithm transforms

the large test level maximization problem into an item-by-item maximization prob-

lem, which greatly reduces the computational difficulty induced by the large number

of items and the increasing number of covariates. In addition, the EM algorithm is

not sensitive to starting values as is Newton’s method.

2.2 Existing IRT DIF Detection Procedures

Section 2.1 has introduced a flexible modeling framework to detect DIF. How-

ever, greater flexibility oftentimes associates with more complexity. One of the

challenges with DIF detection resulting from model complexity is the procedure to

conduct hypothesis tests. In the following section, asymptotic hypothesis tests are

reviewed followed by their disadvantages inherent in the IRT DIF detection method.

2.2.1 Asymptotic Hypothesis Tests

Given the parametric definition of DIF items in Equations 2.1 and 2.2, testing

DIF can be considered as a nested model comparison problem, in which the null
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hypothesis that item j has no DIF in Equation 2.6 is equivalent to imposing a con-

straint function c : Rq → Rq−p on the alternative space, where p and q (q > p) are

the total number of model parameters under the null and alternative model, respec-

tively. For example, to test whether item j has DIF, q − p = 2K. In general, the

alternative model under the conventional DIF detection method is usually a model

with minimal constraints where item parameters of anchor items are constrained to

be the same across groups. Thus, an anchor is usually set at the item level instead

of the item parameter level. However, as mentioned above, to identify an MNLFA

model, at least one item per column of β0j and β1j needs to be fixed at 0. As such,

anchors do not need to be set at the item level. However, for practical considera-

tions, researchers usually assume there exists at least one DIF-free anchor item to

align latent scales. Following a more traditional definition of an anchor, an anchor

set can be defined as

A = {j = 1, . . . , J : fj(y|θ, x) = fj(y|θ, x̃) for all x ̸= x̃}. (2.10)

Then, standard asymptotic tests in the nested model comparison context can be

used to detect DIF one item at a time.

2.2.1.1 Conventional Hypothesis Tests

Common asymptotic tests to test DIF include the likelihood ratio test (IRT

LRT, Thissen, Steinberg, & Wainer, 1993), the Wald test (e.g., Lord, 1980), and the

score test (e.g., Glas, 1998). Under suitable regularity conditions, the three types
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of asymptotic tests are equivalent with a common limiting distribution χ2
q−p with

degrees of freedom equal to the number of constraints imposed to the unrestricted

model. These tests are briefly summarized here.

IRT LRT (Thissen et al., 1993) or what is commonly referred to as IRT-LR-

DIF, involves the comparison of the log-likelihood functions of two models, a re-

stricted model (or a compact model) and an unrestricted (or an augmented model).

The test statistic is

TLR = 2(ℓn(ξ̂;Y|X)− ℓn(ξ̃;Y|X)), (2.11)

where ξ̃ and ξ̂ are ML estimators under the null and alternative hypothesis, re-

spectively. To test DIF for a specific item, the restricted model constrains item

parameters of the testing item to be the same across groups of interests whereas

the unrestricted model estimates item parameters of the testing item freely while

keeping the rest of model parameters to be the same as the unconstrained version.

This process is repeated one item at a time. However, one possible disadvantage

of this approach is the computational burden due to repeated model fitting if the

fitted model is complex.

In contrast, the Wald test (e.g., Langer, 2008; Woods, 2009b; Woods et al.,

2013) reduces the computation burden by fitting only an unconstrained model. The

test statistic for the Wald test takes the following form

TW = ĉ⊤
[
ˆ̇CÎ

−1

n
ˆ̇C
]−1

ĉ, (2.12)

17



where ĉ is the component evaluated at the unrestricted/ alternative ML estimator ξ̂,

Ċ is the Jacobian matrix Ċ = Ċ(ξ) = ∂c
∂ξT

, and În denote any consistent estimator

of the Fisher information. For example, if item j is tested for DIF and item 1

is used as an anchor in a two group setting, item parameter vector is shown as

ξj = (aj, dj, β0j, β1j)
⊤ and the model parameter vector ξ = (ξ⊤2 , · · · , ξ⊤J , γ, δ)⊤ is a

q = 4J − 2 dimensional vector, then c(ξ) can be constructed as the following

c(ξ) =

0 · · · 0 0 1 0 · · · 0

0 · · · 0 0 0 1 · · · 0





a2

d2

β02

β12

...

aj

bj

β0j

β1j

...

aJ

bJ

β0J

β1J

γ

δ



=

β0j

β1j

 = 0. (2.13)

18



Variations of the Wald test arise with various estimation methods for ξ̂ and

subsequently În(ξ̂). Typically, ξ is estimated by maximizing the marginal likelihood

shown in Equations 2.8 and 2.9, which greatly reduces item parameter estimation

bias and minimizes the underestimation of the standard error estimates. Addition-

ally, various algorithms in approximating the large sample information matrix has

greatly improved the utility of the Wald test to detect DIF. For example, the ob-

served information matrix can be calculated using the supplemental expectation

maximization algorithm (Cai, 2008) to form the improved Wald statistic (e.g., Cai,

Thissen, & du Toit, 2011; Langer, 2008).

Unlike the Wald test and the likelihood ratio test, the score test does not

require fitting the alternative model (i.e., unconstrained model). This can be of

great value when the alternative model is considerably difficult to estimate. Among

the three different testing procedures, the score test has been underutilized probably

due to the inaccessibility in existing commercial psychometrics software packages

(e.g., IRTPRO, Cai et al., 2011, Flexmirt, Cai, 2017, and mirt Chalmers, 2012).

Nevertheless, DIF detection based on the score test has been extended to various

IRT models (e.g., Glas, 1998; Glas & Falcón, 2003; Glas, 1999). Specifically, the

score test statistic can be formalized as

TS = s(ξ̃;Y|X)⊤In(ξ̃)
−1s(ξ̃;Y|X), (2.14)

where the score function s(ξ;Y|X) = ∂ℓn(ξ;Y|X)
∂ξ

is evaluated at parameter estimates

of the null model.
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2.2.2 Anchor Item Issue

Despite the common utility of these asymptotic hypothesis tests to detect

DIF items, in practice, the accuracy of detecting a DIF item is contingent on the

availability of anchor items (also referred to as the matching variable to align the

latent scale as previously mentioned in Chapter 1). By definition, anchor items are

supposed to be DIF-free to avoid the inflated false detection rate in detecting a

DIF item. Without DIF-free anchor items, DIF detection procedures are subject to

a renown circularity issue (Berger & Tutz, 2016; Shih & Wang, 2009; Yuan, Liu,

& Han, 2021). That is DIF analysis on a set of items of interest depends on the

potentially contaminated anchor items. The circularity issue is demonstrated using

simulated data with sample size 1, 000. Figure 2.2 displays latent distributions (the

first column) and item characteristic curves (ICCs, second and third columns) of a

DIF-free item and a DIF item. Item parameters are calibrated from a multiple group

2PL model. The top panel shows results of models with correctly specified anchor

items whereas the bottom panel shows results of models with incorrectly specified

anchor items. When anchor items are indeed DIF-free, the latent distribution of

the second group (blue line) can be correctly estimated as compared to the true

latent distribution of the second group (dashed blue line). Additionally, ICCs of

the DIF-free item and the DIF item drawn from estimated item parameters (solid

line) are overlapped with their respective true ICCs (dashed lines). However, when

DIF items are falsely included as anchors, estimated and true latent distributions

of the second group are considerably different from each other, which can create
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spurious between-group discrepancies in the estimated item parameters for non-DIF

items. Consequently, the false detection rate of a DIF test may be seriously inflated.

Similarly, the between group difference of DIF item parameters might be artificially

decreased, which can cause low power in identifying a DIF item. In other words,

DIF detection depends on DIF free anchors, which themselves are subject to anchor

contamination.
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Figure 2.2. Latent distributions (first column) and item characteristic curves (ICCs,
second and third column) drawn from true (dashed line) and estimated (solid line)
item parameters calibrated using a two-group 2-parameter logistic (2PL) model with
DIF-free anchor items (Upper panel) and anchor item contamination (lower panel)
scenarios. Binary response data were simulated using a two-group 2PL model using
the mirt package with 10 items, three of which are DIF items. A total of 1,000
item responses are generated in each group. The latent distribution of group 1 (red
line) follows a standard normal distribution and that of group 2 (blue line) follows
N (µ = 0.5, σ2 = 1.5).
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2.2.3 Empirical Anchor Selection Method

Given the importance of identifying a set of anchor items a priori in DIF

detection, it is crucial to take careful considerations of the anchoring scheme. There

are four anchor schemes commonly used in the literature to ensure the assumption

of DIF-free anchors is met. These anchor schemes are summarized in Table 2.1.

Three of these anchor schemes do not depend on an anchor purification procedure,

which adopts an iterative process as summarized in Section 2.2.3.1. The rest of

the anchor schemes differ by existence of a priori knowledge of anchor items. The

first anchor scheme is the constant anchor, which treats a fixed number of items,

preferably ranging from four to six, as anchor items. Thissen et al. (1993) suggested

to include “designated anchors” in the data collection design when new test items

are pretested for the sole purpose of being anchors. However, as noted by the

authors, the selection of designated anchors is complicated which could potentially

vary by the subpopulations of interest or a particular (sub)test. Another concern

with the fix-length anchor method is the length of the anchor set. An appropriate

length has to maintain sufficient statistical power in detecting DIF items while also

reducing the risk of anchor contamination. Studies have shown that increasing the

percentage of anchor items can increase the power of detecting DIF items but also

suffers from a high risk of violating the DIF-free assumption of anchor items (W.-

C. Wang & Yeh, 2003; W.-C. Wang, 2004; Woods, 2009a). If these fix-length anchors

are not created by design, anchor item selection strategies can facilitate DIF tests.

Another anchor scheme that can be used without a priori knowledge of anchors is
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the “all-other” method (see, e.g., Cohen, Kim, & Wollack, 1996; Kim & Cohen,

1998; W.-C. Wang, Shih, & Sun, 2012), which treats all items except the testing

item as anchors. Lastly, the all-item anchor scheme essentially treats all items as

anchors by first estimating the mean and variance of latent distributions for the

groups in comparison. Then, conditional on the estimated mean and variance of

the latent distribution, a DIF test is conducted for each item. However, the latter

two methods are not recommended as they only work when there are no DIF items

or only very few items have DIF. Several studies have found that when DIF items

are unbalanced (DIF items unanimously favor one group), the false alarm rate of

identifying a DIF item can be inflated (W.-C. Wang, 2004; W.-C. Wang & Yeh,

2003; Woods, 2009a; Woods et al., 2013).
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Table 2.1: Summary of Anchor Schemes

Anchor Schemes Anchor Selec-
tion Strategy

Steps

Constant Anchor Yes/ No Items are tested for DIF one at a time by us-
ing a fixed-length of item as anchors.

All-other No Each item is tested for DIF using all remain-
ing items as anchor items.

All-item No Latent means and variances of the latent abil-
ity for the two groups are estimated first by
treating all items as anchors. Then each item
is test for DIF conditional on the estimated
mean and variance from the initial step.

Iterative forward
and backward

Yes Forward: DIF tests are conducted by looping
through each item, and items are marked as
DIF or non-DIF items. Then, the loop is re-
run treating non-DIF items as anchors until
no further non-DIF items are added in as an-
chors. The order of anchors is determined by
an anchor selection strategy.
Backward: DIF tests are conducted by loop-
ing through each item by treating all-other
item as anchors, and items are marked as DIF
and non-DIF items. Then, the loop is rerun
by teasing out DIF items from the anchor set.
The loop stops until no item changes its sta-
tus. The DIF test order is determined by the
anchor selection strategy.
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When there is not a priori knowledge on DIF-free anchors, potential candi-

date items can be investigated empirically. These methods include ad hoc anchor

selection strategies (for an overview see Kopf, Zeileis, & Strobl, 2015; Shih & Wang,

2009), robust regression methods (W. Wang et al., 2022), and regularization meth-

ods (e.g., Belzak & Bauer, 2020; Tutz & Schauberger, 2015).

2.2.3.1 Anchor Selection Strategies

In general, the anchor item selection strategy (e.g., Kopf et al., 2015; W.-

C. Wang et al., 2012; W.-C. Wang & Su, 2004; Woods, 2009b) aims to find candidate

anchor items via preliminary DIF tests to decide a final anchor set. Then, condi-

tional on the final anchor set, DIF tests can be conducted for the rest of the items.

These anchor selection strategies are used along with one of the anchor schemes,

which require an explicitly defined anchor set (see Table 2.1). For example, the

constant anchor scheme requires a fixed number of anchor items to align the scale

of the latent distributions. To identify which specific candidate items can be used

as anchors, anchor item selection strategies determine the order of the candidate

items to be used as anchors based on different criterion functions (e.g., rank by the

magnitude of the test statistics using the all-other anchor scheme). However, the

estimation of the candidate model is also computationally demanding. This method

also lacks theoretical justification. Alternatively, robust regression methods and reg-

ularization methods identify DIF items directly without explicitly specifying anchor

items. These two approaches are discussed in detail in the following section.
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2.2.3.2 Robust Regression Methods

Unlike most of the DIF detection methods mentioned above, robust regres-

sion methods are based on separate calibration where item responses from the two

groups in comparison are calibrated separately using the same measurement model

assuming that the latent variable follows a standard normal distribution. Then a

reference line is determined by regressing one set of item parameters onto the other,

preferably using robust regression methods. Finally, test statistics can be formula-

rized as residuals from the regression line determined by the majority of the items.

To demonstrate, W. Wang et al. (2022) considered the two group 2PL model with

θ
(1)
i ∼ N (0, 1) and θ

(2)
i ∼ N (µ, σ2). For the second group, further let θ(2)i = σθ

(2)
i +µ,

where θ(2)i ∼ N (0, 1). Subsequently, the correspondingly transformed discrimination

and difficulty parameters in the second group satisfy a
(2)
j = σa

(2)
j and b

(2)
j =

b
(2)
j −µ

σ
,

implying that item parameters of the two groups, when separately calibrated, fall on

a straight line if items are DIF-free. As a result, any deviation of the item from the

line indicates DIF. Additionally, the authors proposed three types of test statistics

along with their sampling distributions based on the ordinary least square method,

the least trimmed square method, and the Tukey’s Bisquare regression method. As

is shown in their simulation studies, the false detection rate can be well controlled

using the later two robust estimators even when there is a mix of DIF and non-DIF

items. It is worth to mention that based on the fact that item parameters from

separate calibration fall on the same line, Yuan et al. (2021) proposed a graphical

approach to identify the reference line governed by a subset of item parameters in
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the Rasch model framework. Despite its promising results in detecting DIF without

prior knowledge on anchor items, this method so far is limited to binary response

data and can only detect DIF items across two groups. Additional research is needed

to test DIF for continuous variables or the multi-group comparison scenario.

2.2.3.3 Regularization Methods

Regularization methods, on the other hand, can detect DIF items without pre-

defined anchors and across multiple grouping variables simultaneously. Typically

regularization DIF detection methods, which are referred as reg-DIF in the sequel,

rely on a more flexible modeling framework where item parameters can be influ-

enced by person covariates as expressed in Equations 2.4 and 2.5. Then, regression

coefficients of grouping covariates can be viewed as DIF parameters. Therefore,

DIF detection can be treated as a variable selection problem, in which all regression

coefficients are penalized to be 0 if an item is DIF-free. Various penalties (e.g., L1

penalty) have been successfully applied to the DIF detection setting using Rasch-

type models (Magis et al., 2015; Tutz & Schauberger, 2015), partial credit models

(Schauberger & Mair, 2020), and SEM models (Belzak & Bauer, 2020; Huang, 2018;

Liang & Jacobucci, 2020). The goal of this procedure is to encourage spareness as

much as possible with respect to DIF parameters such that DIF parameters of a

certain item are penalized to be zero indicating an anchor item while items with

non-zero DIF parameters exhibit some degree of DIF. Consequently, no predefined

anchor items are needed.
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To illustrate how anchor items and DIF items are identified simultaneously,

let’s dive into the model estimation with penalty. The objective function (i.e.,

penalized negative sample log-likelihood) is defined as

pn(ξ;Y, λ|X) = −ℓn(ξ;Y|X) +
J∑

j=1

pλ(βj), (2.15)

where βj = (β⊤
0j,β

⊤
1j)

⊤ denotes all DIF parameters, ℓn(ξ;Y|X) is the sample log-

likelihood expressed in Equation 2.9 and pλ(·) is a penalty function gauged by the

penalty weight λ. Then the local minimizer of pn(ξ;Y, λ|X) with respect to ξ

ξ̂ = arg min
ξ

pn(ξ;Y, λ|X) (2.16)

can be obtained by the penalized EM algorithm. Different penalties p(·) exist in the

literature and some of which are more appropriate than others in the DIF detection

context. For example, two commonly used forms of p(·) are the L1 penalty or

LASSO penalty in which pλ(βj) = λ∥β⊤
j ∥1 where ∥∥1 indicates the L1 norm that

sums absolute values of all elements and the L2 penalty or the Ridge penalty where

pλ(βj) = λ∥βj∥2 = λ(β⊤
j βj). The Ridge penalty shrinks DIF parameters toward

0 but not exactly 0. Therefore, it might not be an ideal approach to identify DIF

items. As a comparison, the LASSO penalty, a more suitable approach to identify

DIF items, can shrink DIF parameters directly to zero. Additionally, a combination

of L1 and L2 penalties known as elastic net can also be used for DIF detection

(Liang & Jacobucci, 2020), which is expressed as pλ,τ (βj) = (1− τ)∥βj∥2 + τ∥βj∥1.
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Other penalty functions that have been proved to be effective in identifying a DIF

item includes the minimax concave penalty (MCP, Zhang, 2010) and the smoothly

clipped absolute deviation (SCAD) penalty (Fan & Li, 2001), which are defined as

follows:

MCP: p(βj, λ, τ) =
2k∑
i=1


λ|βi| − β2

i

2τ
if |βi| ≤ λτ

1
2
λ2τ if λτ < |βi|

(2.17)

SCAD: p(βj, λ, τ) =
2k∑
i=1



λ|βi| if |βi| ≤ λ

− |βi|2+λ2−2λτ |βi|
2(τ−1)

if λ < |βi| ≤ λτ

λ2(τ+1)
2

ifλτ < |βi|

. (2.18)

Originally, these two penalty functions were proposed to reduce bias induced by

the shrinkage procedure with the L1 penalty and were shown to have oracle prop-

erties (i.e., the estimator asymptotically performs equally well as the ML estimator

assuming anchors are known). However, the extra tuning parameter τ produces a

non-concave penalized log-likelihood function, which could be computational chal-

lenging. For example, even though L1 is a special case of SCAD and MCP functions

as τ → ∞, the second tuning parameter could make the estimation more challenging

especially with latent variable models (Jacobucci, Grimm, & McArdle, 2016; Belzak,

2021). Belzak (2021) found that MCP can result in different parameter estimates

with different starting values especially when the sample size is small and the effect

size of DIF is large. Therefore, LASSO is commonly used for its variable selection

29



capability and computational simplicity in DIF detection.

As can be seen from the objective function, the tuning parameter, λ, regulates

the magnitude of the penalty term p(·) and should be carefully selected. Increasing

the λ encourages sparsity and will result in less DIF items while decreasing λ leads

to more DIF items until the MNLFA model is no longer identified. As a result,

determining the optimal λ value is critical in finding the best fitting model and

thus correct DIF items. Typically, λ is selected using a pre-defined grid of λ values

using some model selection criteria (e.g., cross-validation or information indices).

To avoid the model identification issue, a viable solution is to start with a relatively

large λ value and gradually decreases the magnitude of λ. Decreasing λ value will

possiblly improve model fit by allowing DIF parameters to be non-zero until one of

the model fit indexes select the optimal model. Note this model selection process is

similar to the DIF method using the multiple group IRT model with the drop down

anchor scheme, which starts from the most constrained model with all items function

as anchors allowing latent distribution of the second group to be freely estimated.

However, the regularization approach is more elegant in that the solution path of

the model parameters are continuous weighted by the λ values.

Despite the good properties of using LASSO for DIF detection, multiple re-

search studies have documented several issues. First, the accuracy of DIF detection

is contingent on its variable selection consistency which requires a non-trivial as-

sumption (Li & Jacobucci, 2021). Before applying LASSO to DIF detection, it is

imperative to know how well LASSO selection is related to the truth. Typically, this

is done by investigating the variable selection consistency to ensure that the right
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model is selected under a sufficiently large sample. Zhao and Yu (2006) have shown

that there exists a sufficient and necessary irrepresentable condition, which states

the relation between the relevant (i.e., Xs) and irrelevant variables (i.e., Xsc) in

the true model, for variable selection consistency in linear regression models, where

s = {j : β∗
j ̸= 0} and sc denotes the complement of s. Further, let βs and Xsc be

the corresponding subvector or submatrix. The condition states that there exists a

positive vector η such that

|Csc,sC
−1
s,s sign(βs)| ≤ 1 − η, (2.19)

where Cs,s =
1
n
X⊤

s Xs,Csc,s =
1
n
X⊤

scXs. Failing to meet this condition, LASSO could

select the wrong model. However, assumptions needed to establish selection consis-

tency in DIF detection has yet been identified. For example, Belzak (2021) investi-

gated the performance of the Reg-DIF method using the LASSO penalty in detecting

DIF items using a simulation study. The false detection rate in identifying a DIF

item increased a pervasive amount when the sample size increased from 500 (false

detection rates= 0.03 and 0.1 in small and large DIF effect size conditions) to 2, 000

(false detection rates = 0.09 and 0.14 in small and large DIF effect size conditions)

with only three person covariates in the true data generating model controlling for

the rest of the manipulating factors. These contradictory results from large sample

theory indicate that the model selection consistency assumption might be violated1.

Second and more importantly, even if the Reg-DIF method using LASSO achieves
1or it could also be that the penalized EM algorithm Belzak (2021) in updating the M-step is

incorrect.
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variable selection consistency, its finite sample performance remains largely uninves-

tigated. Although the L1 penalty has been proved to be very effective to produce

sparsity, empirical data analyses with finite samples still observed very small effect

sizes with DIF, which leaves the DIF detection decision inconclusive if the sample

size is not sufficiently large. For example, Belzak (2021) investigated DIF for items

of the delinquent behavior instrument using the National Longitudinal Study of

Adolescent to Adult Health sample data. Comparing with the IRT LRT, the Reg-

DIF method has detected additional two items with very small DIF effect sizes (i.e.,

for item D9 ”steal > $50”: effect sizes of age and male on item intercept are 0.08

and −0.07, respectively; for item D13 ”steal < $50”: the effect size of male on item

intercept is 0.01). It is likely that these small effect sizes are caused by sampling

errors and failing to take into account the sampling error may result in inflated false

detection rates. For the same reason, researchers (e.g., Liang & Jacobucci, 2020;

Lindstrøm & Dahl, 2020) have recommended using regularization to detect DIF as

an exploratory method only and suggest that the Reg-DIF method should never re-

place traditional hypothesis tests for DIF detection. Considering that social science

research seldom has extremely large samples, inferential statistics such as confidence

interval estimates and p-values can be extremely valuable in distinguishing a true

DIF item from a sampling error. Unfortunately, standard statistical inference tools

such as standard error estimates and p-values cannot directly be computed using

conventional ways due to biased parameter estimates resulting from the shrinkage

from penalization (Belzak, 2021; Huang, 2018; Lindstrøm & Dahl, 2020; Tutz &

Schauberger, 2015). Consequently, the penalized EM algorithm results in biased
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DIF effect sizes and unreliable uncertainty measures.

As an easy and naive remedy of the issues above, a two-step approach is

typically applied to detect DIF items using the Reg-DIF method. Specifically, step 1

fits a MNLFA model using the penalized EM algorithm to select relevant DIF items.

In step 2, the MNFLA is refitted using marginal ML estimator assuming anchors

selected by LASSO in step 1 (e.g., Bauer et al., 2020; Belzak & Bauer, 2020; Belzak,

2021; Tutz & Schauberger, 2015). Despite the simple way of mitigating the bias,

model refitting using the marginal ML estimation is not theoretical rigorous and is

unable to draw inference if DIF effects are penalized to zero. Roughly speaking,

there are two problems with inferences drawn from model refitting which focuses on

the sub-model selected by LASSO. The following notation is introduced to facilitate

the presentation.

Given an index set M ⊆ {1, . . . , K}, define the column of the matrix X as XM.

Then, denote symbols with a superscript in a parenthesis as any values relate to the

sub-model. For example, β(M)
0j represent regression coefficients in the sub-model

with XM only. Also, any quantities followed by (λ) and with a hat (e.g., β̂j(λ))

indicate LASSO estimates using the full model. Finally, symbols with superscript ∗

indicate the population parameter of the true full data generating model. Then, the

model refitting basically performs estimation and inference based on the sub-model

containing only person covariates indexed by M = M̂, which is selected by the

same data. Thus, instead of making inference on the full model defined in Equation
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2.2, target parameters are in the sub-model shown below

logitP (Yij = 1|θi = θ,Xi,M = xM,Xi,M′ = xM′) = −(dj + ajθ + xMβ
(M)
0j + xM′β

(M′)
1j θ),

(2.20)

where M′ ⊆ {1, · · · , K} is another index set which could differ from M. The first

problem arises when the true regression coefficients in the sub-model are not the

same as the coefficients in the full model (i.e., β(M̂)
0j ̸= β∗

0j,M or β(M̂)
1j ̸= β∗

1j,M) which

often might not be. Taking the intercept DIF for instance, when LASSO is used for

model selection, we let M̂ ≡ supp(β̂0j(λ)) ≡ {k : β̂0jk ̸= 0}. The support of LASSO

estimates does not necessarily equal the true non-zero set of β0j unless variable

selection consistency is met and the sample size is considerably large. Secondly, when

M is inferred by data, inferential statistics on β(M)
0j derived from classical statistical

theory (e.g., Cai, 2008; Yuan, Cheng, & Patton, 2014) are no longer valid (see e.g.,

Berk, Brown, Buja, Zhang, & Zhao, 2013; Meinshausen, Meier, & Bühlmann, 2009)

due to an implicit assumption that model selection is non-adaptive (Fithian, Sun,

& Taylor, 2014) required by the classical theory. Intuitively, valid inference may

be drawn if the true model is selected with a high probability. However, given the

large sample property of variable selection consistency, the randomness from model

selection due to the finite sample could invalid any inferential statistics. Chen et

al. (2021) investigated the standard error accuracy using the naive model refitting

procedure to detect DIF and found that the naive approach can understand the SEs

by 50% as compared with the empirical standard errors. More rigorous approaches
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are needed to quantify the uncertainty of β(M)
0j in Equation 2.20 given that M = M̂

is selected based on data.

2.3 Statistical inference for the L1 penalty

While these inferential difficulties have prevented us from conducting hypoth-

esis tests at the item level or quantifying the uncertainty of DIF effect sizes once

LASSO is applied to the MNLFA model, there exists an extensive amount of recent

literature on performing valid inference that overcomes the two difficulties summa-

rized above in linear and generalized linear modeling frameworks. However, these

methods seldom have been applied to latent variable models using the L1 penalty

(see an exception in a recent discussion on post-selection inference for structure equa-

tion models, Huang, 2020). The following section summarizes recent advancements

in statistical inference after LASSO is used in the linear modeling framework, which

then leads to discussion on the possibility of extending them to a latent variable

modeling framework using the penalized EM algorithm expressed in Equation 2.15.

Ideally, statistical inferential methods that can be extended to help DIF detection

possess the following characteristics: (1) within the linear and generalized linear

modeling framework, it is theoretically justified2 , (2) the method can be easily ap-

plied to the penalized EM algorithm where the loss function is not globally convex,

3) it has a justified and computational efficient hypothesis test to identify DIF at

item and individual parameter levels even if the focal DIF parameters are penal-
2For this reason bootstrap methods within the penalized likehood estimator are excluded from

this review.
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ized to zero, and 4) the method provides unbiased estimator which is preferably

asymptotic efficient so that the DIF effect size and its uncertainty measure can be

estimated directly. Note that in the current setting, 3) and 4) are critically im-

portant as parameters penalized to be zero are anchors. It is important for the

inferential method to provide some intuition on the quality of anchors.

Now, shifting the focus to linear regression models. Consider a multiple linear

regression model y = Xβ + ϵ where X = [x1, . . . , xp] is an n × p design matrix,

ϵ = (ϵ1, · · · , ϵn)⊤ is a vector of i.i.d random variables each of which has a mean of 0

and variance of σ2, β is a p-dimensional vector of regression coefficients. Similarly

as before, an index set M ⊆ {1, . . . , p} represents any sub-models. Generally speak-

ing, these inferential methods of the LASSO estimator can be categorized into two

classes including a sub-model view and a full-model view. The distinction between

the two are critical in defining the meaning of the coefficients in the sub-model

and identifying the target of the inference. Berk et al. summarized the distinction

between the two as

Sub-model view. Each sub-model stands on its own and thus has its own

parameters (i.e., the regression coefficient βj of the same covariate Xj in different

sub-models have different true parameters). The full model is just a special case of

a sub-model when M = {1, · · · , p}. The deselected parameters are not zero but

non-existent. Therefore, the target parameter of interest is β(M), which is usually

different from β∗
M . Note that the true regression coefficients in the sub-model is

defined as β(M) ≡ (X⊤
MXM)−1X⊤

Mµ = arg minβ′ ∥µ − XMβ
′∥2, where µ = E(Y).

The reason for focusing on the selected model is that all models are wrong and one
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cannot have access to all related variables.

Full model view. Parameters of the full model describe the true data gen-

erating mechanism of the response variable. The deselected parameters are zeros.

Regression coefficients of the selected variables are estimated by fixing the deselected

parameters to be zero. Inference focuses on β∗
j .

2.3.1 Sub-model Inference

Recall that under the sub-model view, each sub-model stands on its own so

each variable appears in 2p−1 models. Thus, in total, there are p2
p−1 possible well-

defined population parameters:

{β(M)
j : M ⊆ {1, . . . , p}, j ∈ M}. (2.21)

However, post-selection inferences can only be drawn for the parameter β(M̂)
j in the

selected model defined by M̂, which can be an issue if j /∈ M. For instance, suppose

a confidence interval C(M̂)
j is constructed for β

(M̂)
j at nominal level α

P (β
(M̂)
j ∈ C

(M̂)
j ) ≥ 1− α. (2.22)

The event inside the probability is not well-defined because βM
j is not defined if

j /∈ M. As a solution, a confidence interval can be constructed if and only if model
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M is selected and hence C
(M̂)
j is defined as

P (β
(M̂)
j ∈ C

(M̂)
j |M̂ = M) ≥ 1− α. (2.23)

To build a conditional interval, the following two approaches can be used.

2.3.1.1 Sample-splitting Technique

One way is to conduct sample-splitting to break the conditional relation be-

tween model selection and hypothesis testing. For example, Wasserman and Roeder

(2009) proposed to split the data into two parts and conduct model selection use one

and hypothesis testing using the other. Although this sample-splitting technique is

easy to perform and can asymptotically control the Type I error rate, an arbitrary

split can result in drastic changes if the split were conduct differently (Meinshausen

et al., 2009). Additionally, splitting data into halves can potentially reduce the

power in detecting a true effect due to the reduced sample size. In the same vein,

Meinshausen et al. (2009) extended the single split idea to multiple sample-splits

and then aggregated the resulting p-values from multiple splits, which increases the

power while reducing the false inclusion rate as compared with the single split proce-

dure. Nevertheless, sample splitting could be relatively less practical to be extended

to the Reg-DIF method considering the estimation challenges and the sample size

requirement with latent variable models. Moreover, aggregating results (e.g., confi-

dence interval, p-values, or standard error estimates for the estimated effect sizes)

especially for those covariates that are not included in the model across multiple
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splits is challenging.

2.3.1.2 Exact Post-selection Inference

Alternatively, sample-splitting can be avoided by directly characterizing the

conditional distribution of the LASSO-selected estimator given the event that some

covariates have been selected. Lee, Sun, Sun, and Taylor (2016) and Tibshirani,

Taylor, Lockhart, and Tibshirani (2016) have studied the geometry of LASSO and

characterize the event of M̂ = M as a union of polyhedra, which characterizes

the conditional distribution of the LASSO-estimator under linear and generalized

linear modeling frameworks. Specifically, the conditional distribution of the regres-

sion coefficient given the selected model is truncated Gaussian. Subsequently, a test

statistic can be formularized and confidence interval can be constructed by inverting

the cumulative distribution function. An interactive visualization of LASSO parti-

tions into polyhedra based on the selected model is presented in Lee et al. (2016)

and Harris (2014). However, the downside of the exact post-selection inference is

that the validity of the confidence interval to ensure an exact coverage rate of 1−α

is based on a fixed tuning parameter (i.e., λ). The randomness induced by opti-

mizing λ can create an infinite confidence interval (Taylor & Tibshirani, 2018). A

simulation study by Huang (2020) reported that 0.2% of the confidence intervals

constructed based on the polyhedral method are infinite.

Alternatively, Berk et al. (2013) proposed a simultaneous inference approach

which considers the event for all j ∈ M̂. Post-selection inference yields valid infer-
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ence by considering all possible model selection procedures that could have produced

the given sub-model. Thus, the method controls for the familywise error rate for all

j ∈ M̂ as

P (β
(M̂)
j ∈ C

(M̂)
j for all j ∈ M̂) ≥ 1− α. (2.24)

However, as noted by the author, controlling for the familywise error rate could result

in conservative selection results and wider confidence interval length. Additionally,

in order to satisfy Equation 2.24 for any M̂, a selection procedure dependent con-

stant needs to be estimated. This constant functions the same as a critical value

with a known sampling distribution. As can be imagined, the estimation of the con-

stant is non-trivial. Although Berk et al. (2013) provide a numerical approximation

of the constant, the derivation depends on the particular linear equation. Extension

to latent variable models can be challenging (Huang, 2020).

To summarize, post-selection inference from the sub-model view could add

great value to quantify the uncertainty of the estimated model parameters using

the penalized EM algorithm if the technical and computational difficulties are re-

solved. Nevertheless, as mentioned in the beginning of Section 2.3, special interests

in drawing inference on anchors direct the attention to the full model view discussed

below.
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2.3.2 Full Model Inference

Notably different from the sub-model view, statistical inference on the full

model or the true data generating model might be more useful in quantifying DIF

effect sizes and their uncertainties especially when the target DIF effect size is pe-

nalized to be zero. Methods of this type usually depend on a debiased step or

desparsifying step to construct asymptotically unbiased estimators for β so that

asymptotic normality holds. For example, the debiased estimator can take the fol-

lowing form

β̂ = β̂(λ) +
Θ̂X⊤(y − Xβ̂(λ))

n
(2.25)

where β̂(λ) is a vector of LASSO estimates that minimizes the average sum of square

residuals with the L1 penalty and Θ̂ is some form of approximation to the inverse

of the crossproduct of the design matrix (i.e., (X⊤X
n

)−1). It then can be proved

that the debiased parameter in Equation 2.25 converges to a normal distribution

with the mean at the true value and the variance covariance matrix as a function

of Θ (Javanmard & Montanari, 2013, 2014; Van de Geer, Bühlmann, Ritov, &

Dezeure, 2014; Zhang & Zhang, 2014). However, most of the debiased methods

mentioned here are often limited to linear models, which makes the extension to

the IRT models difficult where the loss function is more complicated than the sum

of squares loss. The only exception is Van de Geer et al.’s debiased method which

utilizes the inversion of the Karush–Kuhn–Tucker (KKT) condition to construct
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the debiased version of the parameter estimates in which LASSO estimators are

estimated using the penalized ML estimation method.

Different from those Wald-type tests, Ning and Liu (2017) proposed a decor-

related score test which directly conducts a hypothesis test based on a decorrelated

score function. Additionally, an asymptotically unbiased parameter estimator can

be obtained using a one-step correction with the decorrelated score function. Com-

pared with the other debiased estimators which can be tested using Wald-type tests,

the author argues that the score test can be more powerful with small sample sizes.

What’s more appealing of this method is its possibility to be extended to DIF de-

tection with IRT models due to its general theorems derived based on the penalized

M-estimator. Unlike the Wald-type debiased LASSO estimator, the theoretical re-

sults of Ning and Liu (2017) can be applied to the class of penalized M-estimators

of which the penalized marginal ML estimator used for IRT models is a special case.

This point will be revisited and discussed in much detail in Chapter 3. It should be

noted that the one-step debiased estimator using the decorrelated score function is

eventually the same as the debiased LASSO estimator of Van de Geer et al. (2014).

2.3.3 Summary

In a nutshell, Chapter 2 reviewed existing IRT DIF detection methods within

which conventional hypothesis tests (i.e., the LRT, the Wald test, and the score

test) are commonly used regardless of the specific IRT model. Issues such as anchor

item identification inherent in the IRT DIF detection method can result in spurious
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results. Incorrect anchors may cause inflated Type I error rates in falsely identifying

DIF items and are likely to reduce the power to identify true DIF items. Empirical

anchor selection approaches such as anchor selection strategies, methods using ro-

bust regression models, and regularization methods are possible solutions to identify

true anchors. DIF detection using regularization offers the most general solution of

the three in the sense that it can detect DIF items that function differently across

multiple person characteristics simultaneously without predefined anchor items. An

additional benefit of this method is that it could possibly detect DIF items caused

by the interconnection between grouping variables that could otherwise be ignored

by other single covariate DIF methods. Unfortunately, the difficulty in drawing

inference limits its usage as a primary method to detect DIF items (Liang & Ja-

cobucci, 2020, 2020). Current naive solution of the issue by model refitting using

the ML estimator after the LASSO selection is likely to be wrong and hence should

not be used (Huang, 2020).

Due to the paucity of DIF literature on the issue, the second half of the re-

view focuses on inferential approaches using the LASSO estimator in the general

statistical literature. The goal is to find theoretical justified inferential procedures

that can be applied to the regularized DIF approach. These inferential methods

are categorized into the sub-model view and the full model view and their primary

distinction is the inference target. Although sub-model view methods (e.g., sample-

splitting methods and exact post selection inference methods) are valid solutions,

the current proposal adopts the full model view due to its ability to draw infer-

ence on parameters of the deselected variables. The deselected variables or more
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accurately deselected parameters function as anchors in the DIF detection context.

Inference on anchors essentially provides an evaluation of the quality of the anchors.

Additionally, the decorrelated score test is derived from a more general framework

as compared with other debiased methods. For these reasons, the current study

focuses on extension the decorrelated score test and its one-step debiased estimator

to the MNLFA framework with the LASSO penalty to detect DIF items.

Chapter 3, hereafter, introduces the decorrelated score test and its one-step

debiased estimator developed by Ning and Liu (2017). Additionally, the general

theory and its assumptions in characterizing the limiting distribution of the descore-

lated score test are established. Lastly, application of the general theory into the

MNLFA modeling framework to detect DIF will be discussed in greater detail.
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Chapter 3: Theory

3.1 A General Theory for Decorrelated Score Function

Considering n independent and identically distributed multivariate vectors,

Y = (Y1, · · · ,Yn)
⊤, following a statistical model P = {Pξ : ξ ∈ Ξ}, where ξ is a

d−dimensional vector of unknown parameters and Ξ ⊂ Rd is the parameter space.

Partition model parameters ξ into ξ = (ψ,η⊤)⊤, where ψ is the d0−dimensional

vector of focal parameters and η⊤ stands for d1 = (d − d0)−dimensional vec-

tor of nuisance parameters. Given the loss function ℓ(ξ,Y) = −ℓn(ξ,Y), define

I = Eξ(∇2ℓ(ξ,Y)). Let ξ∗ be the true value of ξ. Similarly, denote I∗ =

Eξ∗(∇2ℓ(ξ∗,Y)). Note that for the rest of the study, d is fixed. Let’s first con-

sider the case when the model is identified. For example, an MNLFA model with

sufficiently large subset of known anchors. The asymptotic normality of the ML

estimator (ξ̂ = argminξ∈Ξℓ(ξ,Y)) follows from a first-order Taylor series expansion

of the score function at ξ∗,

0 = ∇ξℓ(ξ̂,Y) = ∇ξℓ(ξ
∗,Y) +∇2

ξ,ξℓ(ξ
∗,Y)(ξ̂ − ξ∗) +Rn
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where the remainder term is of the form Rn = 1
2
(ξ̂− ξ̄)T∇3

ξ,ξℓ(ξ̄,Y)(ξ̂− ξ̄) and ξ̄ is

in between ξ̂ and ξ∗. By rearranging the equation,

√
n (ξ̂ − ξ∗) = −

√
nI∗−1∇ξℓ(ξ

∗,Y) +
√
nRn

⇔
√
n

ψ̂ −ψ∗

η̂ − η∗

 = −
√
n

I∗
ψ,ψ I∗

ψ,η

I∗
η,ψ I∗

η,η


−1∇ψℓ(ξ

∗,Y)

∇ηℓ(ξ
∗,Y)

−
√
nRn,

where subscripts of I∗ are corresponding partitions of the matrix. Drop Y from

the rest of the notations. As Iη,η is invertible, using the block inverse formula, it

follows that

√
n (ψ̂ −ψ∗) = −

√
nI∗−1

ψ|ηs(ξ
∗) +

√
nRn, Rn = op(1/

√
n)

where s(ξ∗) = ∇ψℓ(ξ
∗)−I∗

ψηI∗−1
ηη ∇ηℓ(ξ

∗) and I∗
ψ|η = I∗

ψψ −I∗
ψηI∗−1

ηη I∗
ηψ are the

efficient score and efficient information, respectively. Note that efficient score can

be interpreted as the projection of the ∇ψℓ(ξ) to the orthogonal complement of the

score function with respect to the nuisance parameters (Vaart, 1998). Under H0 :

ψ∗ = 0, it holds that n∇ψ(0, η̂)⊤[Îψ|η]
−1∇ψ(0, η̂)

D→ χ2
d0

, where η̂ = argminηℓ(0,η)

is constrained parameter estimates. It is straightforward to see that the estimated

efficient score (s(0, η̂)) equals ∇ψ(0, η̂) due to the fact that ∇ηℓ(0, η̂) = 0.

However, when the model is not identified, Iη,η, in general, is not invertible.

Intuitively, there exists redundant parameters in the model. A natural extension

of the above case when the model is not identified is estimating an “efficient score”

46



so that the influence of entries of the redundant parameters in the nuisance score

is minimized. Following the same logic as the efficient score, a sparse score can be

estimated by projecting ∇ψℓ(ξ) to the orthogonal complement of a low-dimensional

subspace spanned by the non-redundant part of the nuisance score vector. There-

fore, a sparse vector/matrix is needed to find the best sparse linear combination

of ∇ηℓ(ξ) to approximate ∇ψℓ(ξ). Mathematically, the decorrelated score, or the

extension of the efficient score when the model is not identified, has no correlation

with the score function with respect to the nuisance score (i.e., E(s(ξ)⊤∇ηℓ(ξ)) = 0).

Geometrically, the decorrelated score has the same interpretation which is the pro-

jection of ∇ψℓ(ξ) to the orthogonal complement of the linear space spanned by the

nuisance score function ∇ηℓ(ξ). Following this intuition, define the decorrelated

score function as

s(ξ) = ∇ψℓ(ξ)− W⊤∇ηℓ(ξ), where W⊤ = IψηI−1
ηη ∈ Rd0×d1 . (3.1)

To find the projection of ∇ψℓ(ξ) to the orthogonal complement of the linear space

span by the nuisance score function ∇ηℓ(ξ), we can estimate the sparse W us-

ing Algorithm 1. As can be seen, the key is to estimate a sparse matrix Ŵ =

(Ŵ∗1, · · · , Ŵ∗d0) column by column to construct the decorrelated score (s(ψ,η))

so that the additional and redundant parameters do not influence the decorrelated

score.
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Algorithm 1 Estimated the decorrelated score function
Require: Negative sample log-likelihood ℓ(ψ,η), penalty function pλ(), and tuning

parameters λ and λ′.
1: Estimate ξ̂ using penalized ML as in equation 2.15 and partition ξ̂ into ξ̂ =

(ψ̂
⊤
, η̂⊤)⊤

2: Estimate W column by column

Ŵ∗j = arg min
wj

1

2n

n∑
i

{∇ψj
ℓi(ξ̂)− W⊤

∗j∇ηℓi(ξ̂)}2 + pλ′(W∗j) (3.2)

3: Calculate the estimated descorrelated score function using

ŝ(ψ, η̂) = ∇ψℓ(ψ, η̂)− Ŵ⊤∇ηℓ(ψ, η̂) (3.3)

return ŝ(ψ, η̂)

Further the Dscore test statistic can be constructed

T̂Dscore = nŝ(0,η)⊤[Îψ|η]
−1ŝ(0,η), (3.4)

where Îψ|η = ∇2
ψ,ψℓ(ξ̂)− Ŵ⊤∇2

η,ψℓ(ξ̂). Under some technical assumptions1, it can

be proved that

T̂Dscore
D−→ χ2

d0
. (3.5)

Moreover, a one-step asymptotical unbiased estimator ψ̃ can be constructed using

a single Newton step as

ψ̃ = ψ̂ − Î
−1

ψ|η ŝ(ξ̂) (3.6)

1These assumptions are documented in Appendix C and are not yet verified in latent variable
models. The intuition of the assumption verification is discussed in Appendix C
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and with assumptions C.0.1 to C.0.4 documented in Appendix C, Ning and Liu

(2017) showed that

√
n(ψ̃ −ψ∗)

D−→ N (0,I∗−1
ψ|η). (3.7)

Subsequently, the (1−α)× 100% confidence interval can be constructed for a linear

combination of ψ∗ (i.e., c⊤ψ∗ where c⊤ is a d0−dimensional constant vector) as

[ψ̃ − n−1/2Φ−1(1− α/2)(c⊤Îψ|ηc)−1/2, ψ̃ + n−1/2Φ−1(1− α/2)(c⊤Îψ|ηc)−1/2].

3.2 Extension to the Penalized EM Algorithm to Detect DIF

So far, the discussion has been focused on the approximation of the sparse

matrix W and the decorrelated score function ŝ(ψ, η̂). In the following section,

penalized ML estimation will be discussed in detail to obtain the initial parameter

estimates (ξ̂, i.e., step 1 of Algorithm 1). Recall that the penalized sample log-

likelihood (previously defined in Equation 2.15) can be written as

pn(ξ;Y, λ|X) = − 1

n

n∑
i=1

log f(yi|xi) +
J∑

j=1

pλ(βj),

in which f(yi|xi) is the marginal likelihood of yi written in Equation 2.7 and

pλ(βj) = λ||βj||1 is the L1 penalty.
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3.2.1 Penalized Expectation-Maximization Algorithm

The Expectation-Maximization (EM) algorithm (R. Bock & Aitkin, 1982) is

used to find the local minimizer of pn(ξ;Y, λ|X) with respect to ξ. The basic idea

of the penalized EM algorithm is to repeatedly approximate the upper bound of the

penalized negative sample log-likelihood pn(ξ;Y, λ|X) ≤ qn(ξ; ξ
(r)), r = 0, 1, 2, · · ·

defined in Equation 3.8 at each iteration (E-step) and obtain the optimizer (M-

step). As a result, the alternation between the E-step and the M-step produces a

sequence of parameter updates ξ(r). The final parameter estimates ξ̂ is referred to

as the penalized ML estimator. A critical property of the EM algorithm is that

the parameter estimate updates the penalized negative sample log-likelihood in a

non-increasing fashion (i.e., pn(ξ(r+1);Y, λ|X) − pn(ξ
(r);Y, λ|X) ≤ qn(ξ

(r+1), ξ(r)) −

qn(ξ
(r), ξ(r)) ≤ 0 where qn(ξ, ξ

r) can be viewed as the upper bound of pn(ξ;Y, λ|X)).

Specifically, at iteration r, qn(ξ; ξ(r)) is defined as

qn(ξ; ξ
(r)) = E(θi|ξ(r),Y,X) [pn(ξ;Y; θi|X)] (3.8)

= − 1

n

n∑
i=1

E(θi|ξ(r),yi,xi) [log f(ξ; yi; θi|xi)] +
J∑

j=1

pλ(βj) (3.9)

= − 1

n

n∑
i

∫
f(θi|γ(r), δ(r), yi, xi)

(
log (f(yi|θi, ξ, xi)f(θi|ξ, xi))

)
dθi

+
J∑

j=1

pλ(βj) (3.10)

Dropping
∑J

j=1 pλ(βj) for simplicity, the first term of the right hand side (RHS)

equals
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First term of the RHS

= − 1

n

n∑
i=1

∫
f(θi|γ(r), δ(r), yi, xi)

( J∑
j=1

log fj(yij|θi, ξj, xi) + log f(θi|γ, δ, xi)

)
dθi

= − 1

n

n∑
i=1

∫
f(θi|γ(r), δ(r), yi, xi)

( J∑
j=1

log fj(yij|θi, ξj, xi)

)
dθi

− 1

n

n∑
i=1

∫
f(θi|γ(r), δ(r), yi, xi)

(
log f(θi|γ, δ, xi)

)
dθi

= − 1

n

J∑
j=1

n∑
i=1

∫
f(θi|γ(r), δ(r), yi, xi)

(
log fj(yij|θi, ξj, xi)

)
dθi

− 1

n

n∑
i=1

∫
f(θi|γ(r), δ(r), yi, xi)

(
log f(θi|γ, δ, xi)

)
dθi.

Further, denote θiq, q = 1, · · · , Q and wiq as quadrature nodes and weights for person

i, respectively. The intractable integral in the qn(ξ; ξ
(r)) can be approximated by

summations on this quadrature grid as

qn(ξ; ξ
(r)) ≈ − 1

n

J∑
j=1

n∑
i=1

Q∑
q=1

e
(r)
iq

(
log fj(yij|θiq, ξj, xi)

)
+

J∑
j

pλ(βj) (3.11)

− 1

n

n∑
i=1

Q∑
q=1

e
(r)
iq

(
log f(θiq|γ, δ, xi)

)
, (3.12)

where e
(r)
iq = f(θi|γ(r), δ(r), yi, xi) is the posterior probability of θi at iteration r,

which is approximated by

e
(r)
iq =

∏J
j=1 fj(yij|θiq, ξ

(r)
j , xi)wiq∑Q

q′=1

∏J
j=1 fj(yij|θiq′ , ξ

(r)
j , xi)wiq′

. (3.13)

Finally, the Bock-Aitkin EM algorithm with the L1 penalty can be achieve using

the following steps until convergence is reached:
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E-step. Compute the posterior weights e
(r)
iq , i = 1, . . . , n, q = 1, . . . , Q;

M-step.

For latent population parameters, compute

(γ(r+1), δ(r+1))′ = arg min
γ,δ

{
− 1

n

n∑
i=1

Q∑
q=1

e
(r)
iq

(
log f(θiq|γ, δ, xi)

)}
(3.14)

For parameters for item j, compute

ξ
(r+1)
j = arg min

ξj

{
− 1

n

n∑
i=1

Q∑
q=1

e
(r)
iq

(
log fj(yij|θiq, ξj, xi)

)
+pλ(βj)

}
.

(3.15)

3.2.2 M-step Optimization

As was previously shown, at each iteration r+1, the M-step optimizes ξ(r+1) =

arg minξ pn(ξ;Y, λ|X), which can be split into two optimization problems shown in

Equations 3.14 and 3.15. These two equations update the population parameters

(i.e., γ and δ) and item parameters, respectively. Equation 3.14 can be obtained

by a Newton-type optimizer. The Broyden–Fletcher–Goldfarb–Shanno (BFGS) al-

gorithm is used in the current study. In contrast, Equation 3.15 for each item j

needs to be handled separately due to the non-differentiability of the L1 penalty.

Finding ξ(r+1)
j , j = 1, . . . , J in the M-step amounts to a conditional density esti-

mation problem in a sample size nQ with weights e
(r)
iq . Specifically, maximizing

the unpenalized conditional density can be achieved by solving the reweighted least
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square problem. With the L1 penalty, the coordinate descent algorithm (Friedman,

Hastie, & Tibshirani, 2010) can be used to solve the penalized weighted least square

problem with pseudo data of a sample size nQ. Details of the coordinate descent

algorithm is provided in the Appendix A

3.2.3 Selection of λ

To determine the optimal value of λ from a predefined grid, information criteria

or cross-validation can be used. To avoid the computation burden resulting from

fitting models repeatedly, the current study uses the Bayesian Information Criterion

(BIC, Schwarz, 1978) to select the optimal λ. Previous studies (e.g., Bauer &

Hussong, 2009; Belzak & Bauer, 2020; Belzak, 2021) have shown that BIC performs

relatively well in correctly identifying DIF items and outperforms other information

criteria (i.e., AIC, Akaike, 1974) in controlling the Type I error rate using the

Reg-DIF method.

3.2.4 Decorrelated Score Tests to Detect DIF

After obtaining the initial parameter estimate using the penalized EM algo-

rithm, the decorrected score test can be constructed to detect DIF items following

steps in Algorithm 1. Specifically, Ŵ (Equation 3.2) and the test statistic T̂Dscore

(Equation 3.5) are calculated using the score function (i.e., the gradient of the loss

function ℓ(ξ,Y|X) = − 1
n

∑
log f(yi|xi)) and the Fisher information. To differenti-

ate from the decorrelated score function s(ξ), s⃗ is used to define the gradient of the
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loss function. The observed Fisher information matrix can be approximated using

Louis’ formula (Louis, 1982)2 as

Î(ξ) = ∂2ℓ(ξ)

∂ξ∂ξ⊤

∣∣∣∣
ξ=ξ̂

=
1

n

(
n∑

i=1

E[H(ξ, θi, yi|xi)] +
n∑

i=1

E[⃗s(ξ, θi, yi|xi)⃗s(ξ, θi, yi|xi)
⊤]

−
n∑

i=1

E[⃗s(ξ, θi, yi|xi)]E[⃗s(ξ, θi, yi|xi)]
⊤

)
, (3.16)

where

s⃗(ξ, θi, yi|xi) =
∂ log f(ξ, θi, yi|xi)

∂ξ
(3.17)

H(ξ, θi, yi|xi) =
∂ log f(ξ, θi, yi|xi)

∂ξ∂ξ⊤
(3.18)

are the complete data score vector and Hessian matrix of observation i. The
expectation in Equation 3.16 is taken with respect to the posterior distribution of θi

shown in Equation 3.13 (i.e., f(θi|yi) = f(yi, θi)/f(yi)). The gradient and Hessian

of log f(ξ, θi, yi|xi) can be found in Appendix B.

2The last term (i.e.,
∑n

i=1 E[⃗s(ξ, θi, yi|xi)]E[⃗s(ξ, θi, yi|xi)]
⊤) is 0 when evaluated at the ML

estimate.
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Chapter 4: Monte Carlo Simulations

In order to investigate the finite sample behavior of the proposed Dscore test

in testing DIF under different conditions, a Monte Carlo simulation study is con-

ducted. Performance of the proposed Dscore test is evaluated in comparison to three

methods: (1) the Wald test assuming known and correctly specified anchors, (2) the

Reg-DIF method (i.e., results based on the LASSO selection only), and (3) and

the naive model refitting approach (Belzak & Bauer, 2020). The efficacy of each

procedure will be investigated by assessing hypothesis tests, parameter recovery,

and estimates of standard errors (SEs). The simulation study design and evaluation

criteria are discussed in Section 4.1 and Section 4.2, respectively. All computations

were performed in R (R Core Team, 2020).

4.1 Study Design

Binary response data were generated from a unidimensional MNLFA model

under two conditions—with or without DIF items. Two factors were manipulated

including (1) the total sample size (n = 500, 1, 000,& 2, 500) and (2) the percentage

of DIF items (0%, 25%, & 50%). As a result, there were 3 × 3 = 9 fully crossed

conditions. These factors were selected due to their relevance to the DIF detection
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mechanism of the decorrelated score test. Moreover, actual values of the manipu-

lated factors were chosen to conform to real-world data analytic scenarios and align

with previous methodological studies (e.g., Bauer, 2017; Belzak & Bauer, 2020).

1. Three levels of the sample size condition (500, 1000, and 2, 500) represent-

ing small, medium, and large sample sizes are typically used in both the ap-

plied social science research (e.g., Chan, Orlando, Ghosh-Dastidar, Duan, &

Sherbourne, 2004; Scott et al., 2010) and methodology investigation of DIF

methods in the two-group scenario (e.g., Bolt, Hare, Vitale, & Newman, 2004;

Magis, Béland, Tuerlinckx, & De Boeck, 2010; W.-C. Wang & Yeh, 2003;

Woods, 2009a; Woods & Grimm, 2011). It is anticipated that as the sample

size increases the performance of the Dscore test improves in the sense that

the true positive rate will eventually approach to 1− the nominal level while

the false positive rate remains at the nominal level.

2. The proportion of DIF items may greatly impact the performance of the DIF

test especially when the proportion of DIF items is large. As the proportion

of DIF items increases, the probability of selecting an incorrect anchor may

increase. Therefore, both power and the false positive rate in identifying a

DIF item can be negatively influenced. The selected values reflect what is

typically observed in DIF studies (e.g., W.-C. Wang & Yeh, 2003; Woods,

2009a).

3. The effect size of DIF can also influence the performance of DIF tests as large

signal can be easily detected by the Reg-DIF method whereas detecting the
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small DIF effect size is more challenging. This seems to suggest that DIF

items with larger effect sizes can be more easily detected. However, larger

DIF effect sizes have been found to negatively influence the false positive rate

using traditional multiple-group IRT methods (e.g., W.-C. Wang & Yeh, 2003;

W. Wang et al., 2022) if there is no prior knowledge on anchor items. As a

comparison, the Reg-DIF method may outperform the traditional IRT method

in controlling the false positive rate without predefined anchor items (Belzak

& Bauer, 2020). DIF items within each alternative condition are carefully

designed to include large and small DIF parameters. Due to the limited DIF

research on the topic, model parameters are generated based on a real data

analysis using the UK normative sample data of the Revised Eysenck Person-

ality Questionnaire (EPQ-R, Eysenck, Eysenck, & Barrett, 1985)1. Initial

analysis results using the EM algorithm with anchors selected using the Reg-

DIF method demonstrated a similar DIF parameter trend as is manipulated

by Belzak (2021). That is the effect size for a-DIF is typically smaller than

that of d-DIF and the effect size of a binary covariate is larger than that of

a continuous variable. Effect sizes of d-DIF (i.e., β0j) for continuous and cat-

egorical grouping variables range from 0.1 to 0.6 and 0.3 to 1.1, respectively

and effect sizes of a-DIF (i.e., β1j) for continuous and categorical grouping

variables range from 0.1 to 0.7 and 0.1 to 1.1, respectively. However, based

on a trial run, the power of detecting a DIF item is nearly identical across

different methods and are all larger than 0.9 even when the sample size is
1We are grateful to Dr. Paul Barrett for granting us access to the data
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small (n = 500). A decision is made to decrease the DIF effect size by half

to differentiate power across the selected DIF methods. True data generating

values of these DIF items are described in details in the following section.

4.1.1 The True Data Generation Model

The binary response for examinee i for item j, denoted Yij ∈ {0, 1}, i =

1, . . . , n, j = 1, . . . , J , was generated from a MNLFA model (see Equation 2.2).

The total number of items was fixed at J = 12. Model parameters of the data

generating model are tabulated in Table 4.1. Specifically, item discrimination

and intercept parameters are the ML estimates of item parameters using the

EPQ-R data with five items identified as anchors. Three person covariates are

considered in the study which mimic gender, age, and their product. Specially,

the dichotomous grouping variable is generated from a Bernoulli distribution

with success probability of .5 (i.e., x ∼ Bern(0.5)). Then, for those in category

1, age is generated from N (0.2, 1). Otherwise, age is generated from N (0, 1),

which creates a correlation between age and gender of 0.1. An interaction effect

is then created by multiplying age and gender. By including an interaction

effect, the correlations between the interaction effect and the two variables is

large (> .6). Furthermore, three types of DIF items were generated. Under

the 25% DIF condition, items 1 to 3 are DIF items representing items with

large, median, and small DIF effect sizes. When the proportion of DIF items

is increased to 50%, items 4 to 6 are added to the DIF set and their DIF effect
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sizes replicate those of items 1-3.

Table 4.1: Model Parameters of the True Data Generating Model

a-DIF d-DIF
Age Gender Product Age Gender Product

Item dj aj
β11 β12 β13 β01 β02 β03

1 0.00 2.00 0.20 0.50 0.20 0.20 -0.50 -0.20
2 1.20 1.20 -0.20 -0.50 0.00 -0.20 0.25 0.00
3 -0.20 2.00 -0.25 0.25 0.10 -0.15 -0.25 -0.15
4∗ 1.50 1.50 0.20 -0.50 -0.20 0.20 0.50 0.20
5∗ 1.20 1.20 -0.20 -0.50 0.00 -0.20 0.25 0.00
6∗ 1.10 1.90 -0.25 0.25 -0.10 -0.15 -0.25 0.15
7 -1.80 2.40 0.00 0.00 0.00 0.00 0.00 0.00
8 0.50 1.50 0.00 0.00 0.00 0.00 0.00 0.00
9 0.60 1.40 0.00 0.00 0.00 0.00 0.00 0.00
10 -2.00 1.80 0.00 0.00 0.00 0.00 0.00 0.00
11 0.60 2.30 0.00 0.00 0.00 0.00 0.00 0.00
12 1.60 1.80 0.00 0.00 0.00 0.00 0.00 0.00
γ (−0.2,−0.2,−0.2)⊤

δ (−0.1, 0.3, 0.1)⊤

Note. * indicates that effect sizes of these items under the 25% DIF condition are
0.

To visualize the generated items, Figure 4.1 displays the true probability of each

person endorsing items with the condition of 50% DIF items and n = 2, 500. Plots

on the left correspond to DIF items whereas those on the right visualize non-DIF

items. Gender influence on the item response can be seen from different colors

and shapes. Lastly, the latent variable follows a normal distribution N (γ⊤x, δ⊤x)

conditional on x, and similarly true population parameter values are shown in Table

4.1, which are also enlightened by real data. A total of 500 replications for each

condition are implemented to ensure that the 95% normal approximation confidence

band at the nominal level 0.05 to be [0.031, 0.069].
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Figure 4.1. Conditional probability of endorsing an item. 2, 500 item responses to
all 12 items were generated using the moderated non-linear factor analysis model
with three covariates. Items 1 to 6 are DIF items.
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4.1.2 Estimation

For each replication under each condition, the following four methods are fit-

ted to the binary response data to test DIF at the item level and the parameter

level. MNLFA models are estimated using penalized maximum likelihood for the

Reg-DIF method and the Dscore method or ML for the refit method and oracle so-

lution. For both estimation methods, integration with respect to the latent variable

is approximated by a 49-point Gauss–Hermite quadrature. The four methods are

discussed in detail here.

First, each item is tested for DIF based on LASSO selection only (i.e., the

Reg-DIF method). The MNLFA model fitted with all three grouping covariates is

estimated using the penalized EM algorithm. For each replication, a series of penalty

values are tested in a descending order starting from a λ value that penalizes all

DIF effects to zero for all items. To save computation time, model parameters from

the larger λ value serve as a “warm start” for succeeding runs with smaller λ. The

starting value will be set to the optimal convergence rate (i.e.,
√

1/n). In practice,

the range and the granularity of λ needs to be evaluated case by case. However,

in a simulation study this is not possible. As the selection of λ depends on the

sample size and the dimension of covariates, a pilot study is conducted for each

sample size condition to find the range and granularity of the λ. The pilot study

shows that decreasing the
√
nλ value from 1 to 0.25 at an interval of 0.1 or 0.05

should be sufficient. Starting from the aforementioned starting point (i.e.,
√

1/n),

a series values tested at a descending order so that BIC decreases until a turning

61



point. Finally, to select the optimal tuning parameter under each replication, BIC

is used. However, the pilot study found that BIC calculated based on the penalized

EM parameter estimates always select a relatively smaller λ value when the DIF

effect size is large, which results in too many FDR. This phenomena persists even

when sample size is large n = 2, 500 or n = 5, 000. We suspect that the less

optimal λ selection is due to parameter bias due to the regularization. This can

be verified that when the λ value is selected by the BIC value calculated based

on the maximum likelihood estimates (i.e., the model refitting method), the FDR

rate is more controlled especially under the large sample size condition. Therefore,

a decision was made to fixed λ at an estimated optimal value (i.e., c
√

1/n where

the constant c is estimated by ĉ =
√
n
∑R

r=1(λ̂r)/R). The conditions with n = 500

were used to estimate the constant. Results show that ĉ = 0.8291, 0.6883, 0.5727

when the number of DIF items is 0, 3, and 6, respectively. Therefore, λ is fixed

at the estimated optimal value for each condition shown in Table 4.2. For the reg-

DIF method, an item does not exhibit DIF if both β0j and β1j are zero vectors.

Otherwise, the item is considered as a DIF item.

Table 4.2: Fixed λ for Each Condition

Number of DIF items
Sample size 0 3 6

500 0.04 0.03 0.03
1, 000 0.03 0.02 0.02
2, 500 0.02 0.01 0.01

Note. Values are rounded to two decimal places.

Next, the naive model refitting method can be applied by refitting the same

MNLFA model with the anchors selected using method 1. This model is estimated
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using the marginal ML estimation method with the EM algorithm. The marginal

likelihood function can be approximated using the same configuration as in the

penalized EM algorithm. The convergence tolerance for the log-likelihood change for

the penalized EM algorithm and the M-step are set to be 10−4 and 10−6, respectively.

The maximum number of iterations is set to be 500. Additionally, the Dscore test is

conducted after the initial run (method 1) using the penalized EM algorithm. Details

of the Dscore test was described in Chapter 3 and thus are not repeated here. A

critical step to conduct the Dscore test is to estimate Ŵ as displayed in Equation 3.2.

As the theory only requires that λ and λ′ are of the same rate, λ′ will be set to the

selected λ value in the initial parameter estimation step to speed up the computation

and save time. Ning and Liu (2017) and Fang, Ning, and Liu (2017) have found that

the decorrelated score test is not sensitive to λ′ and both fixed λ′ = 0.5
√

log d/n

in their simulation studies. Furthermore, asymptotic unbiased parameter estimates

can be estimated using the one-step bias correction (see Equation 3.6). Note that

although the focal parameter can be multidimensional or unidimensional (i.e., the

debias step can be conducted at the item level or parameter level), the current

study investigates the one-step bias correction by parameter type. For instance, for

each item, the bias correction treats (aj, dj,β0j,β1j)
⊤ as the focal parameters and

everything else as nuisance parameters. The population parameter estimates are

corrected at the same time by treating all item parameters as nuisance parameters.

Lastly, to compare the performance of the Dscore test with the oracle solution

assuming anchors are known, Wald tests are performed to test DIF at the item-

level. For each replication and each condition, item 11 and item 12 are treated as
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anchors. Then, a Wald test is conducted one item at a time using Equation 2.12. In

addition, final model parameter estimates and their corresponding standard errors

are estimated using anchors selected by the Wald test.

4.2 Evaluation Criteria

The comparative inferential performance of the four methods is evaluated in

terms of (1) hypothesis testing in testing a DIF item, (2) parameter recovery, and

(3) recovery of standard errors. For hypothesis tests, rejection rates at α level 0.05

are used to investigate the Type I error rate, the false positive rate (FPR), and

power.

To evaluate the parameter recovery, parameter bias (shown in Equation 4.1)

and variance of model parameter estimates (shown in Equation 4.2) are calculated.

Particularly, focal parameters are DIF parameters including a-DIF and d-DIF pa-

rameters of zero and non-zero effects, item parameters (i.e., aj and dj), and popula-

tion parameters.

Bias =
R∑

r=1

ξ̂r/R− ξ∗ (4.1)

Variance =

∑R
i=1(ξ̂

r −
∑R

i=1 ξ̂
r/R)2

R
. (4.2)

Lastly, standard error estimates are evaluated by comparing the square root

of the mean of the variance of parameter estimates against the empirical standard

errors (i.e., Monte Carlo standard deviation of the parameter estimates). Addition-
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ally, relative efficiency of the one-step debiased estimator as compared with the

oracle solution (i.e., ξo) is calculated as follows.

Relative efficiency =

∑R
r=1 VAR(ξ̂r)/R∑R
r=1 VAR(ξ̂ro)/R

(4.3)
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Chapter 5: Results

5.1 Results: Hypothesis Testing

In this section, the Type I error rate, false positive rate (FDR), and power

of detecting a DIF item is investigated. To visualize the comparative performance,

the empirical rejection rate at the nominal level 0.05 was plotted under (1) the

null condition when there is no DIF items (i.e., Type I error), (2) the alternative

condition when there is a mix of DIF and DIF-free items for DIF items only (i.e.,

Power), and (3) the alternative condition when there is a mix of DIF and DIF-free

items for DIF-free items only (i.e., FDR).

Type I Error Rate

Figure 5.1 shows the Type I error rate of detecting a DIF item under the

null condition when there are no DIF items. The horizontal dashed lines show

the 0.05 nominal level and the horizontal dotted lines represent the 95% normal

approximation confidence band at the nominal level 0.05 across 500 replications. If

the rejection rate falls within the 95% confidence band (i.e., 95% confidence interval

=[0.031, 0.069]), the specific method is considered to have well-controlled Type I

error rate of incorrectly detecting a DIF item. Larger values than the upper bound

of the confidence band at the nominal level 0.05 represent over-rejecting the null
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hypothesis whereas smaller values than the lower bound of the confidence band

indicate under-rejecting the null hypothesis.

Overall, the Reg-DIF, model refit method, and decorrelated score test showed

controlled Type I error under all manipulated sample size conditions as the rejection

rate of all these methods fell within the 95% confidence band. The rejection rate of

the Reg-DIF and the model refit methods were smaller than 0.02 across all sample

size conditions, which were smaller than the rejection rate of the oracle solution

and the decorrelated score test. Of note, the performance of the oracle solution by

treating the last two items as anchors was expected. Under the small sample size

(n = 500) condition, the Type I error rate was inflated (rejection rate ranged from

0.05 to 0.11) as compared to all other methods in comparison. Results could be

improved by choosing a different set of anchor items or increasing the number of

anchor items. As sample size increased, the Type I error rate of the oracle solution

ranged from 0.03 to 0.07, which fell within the 95% confidence band.
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Figure 5.1. Type I error results of incorrectly detecting a DIF item under the null
condition when there is no DIF items. Different methods are displayed in different
colors and shapes. Two dotted horizontal line shows the 95% normal-approximation
confidence band at the nominal level 0.05 (horizontal dashed line). The oracle
solution only performed on item 1 to item 10 as the last two items are treated as
anchors.

Power

Figure 5.2 shows the power of detecting DIF items under different conditions.

The power can be negatively impacted by the sample size while more robust to

the number of true DIF items. When the sample size was small, the power of

detecting a DIF item was as low as 0.20 for the smallest DIF effect size item (i.e.,
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item 3 with 3/12 true DIF items). As the sample size increased, all methods had

at least 0.80 probability of identifying a true DIF item. Also, as expected, items

with larger DIF effect size were relatively easier to be identified while those with

smaller DIF effect sizes were less likely to be identified especially when the sample

size was small. For example, when n = 500 and the first three items were DIF

items, the rejection rate was as low as 0.20 for the smallest DIF effect size item

(i.e., item 3) but as high as 0.80 for the largest DIF effect size item (i.e., item 1).

Overall, the decorrelated score test was more powerful than the Reg-DIF and the

model refit methods across all conditions. The difference was more obvious under

more challenging conditions where the sample size was small. For example, when

n = 500 and there were three DIF items, the power ranged from 0.38 to 0.85 and

from 0.18 to 0.80 using the decorrelated score test and the Reg-DIF or model refit

methods respectively. The performance of the Reg-DIF method and the model refit

method were nearly identical when the total number of DIF items was small. The

difference between the two methods was more obvious when the number of DIF

items was large. Specifically, the model refit method was slightly less powerful than

Reg-DIF by design. The reason was that once an item was identified as an anchor

item, it’s DIF parameters were excluded in the refitted model. In other words, this

item can no longer be identified as a DIF item.

69



Number of DIF items: 3 Number of DIF items: 6

n=500
n=1000

n=2500

I1 I2 I3 I1 I2 I3 I4 I5 I6

0.2

0.4

0.6

0.8

1.0

0.2

0.4

0.6

0.8

1.0

0.2

0.4

0.6

0.8

1.0

Item

R
ej

ec
tio

n 
R

at
e

Dscore Oracle Refit RegDIF

Figure 5.2. Power results of correctly detecting a DIF item under the alternative
condition when there is a mix of DIF and DIF-free items. Different methods are
displayed in different colors and shapes. For each method, the empirical rejection
rate under the nominal level 0.05 are calculated for each DIF item under each
condition. The column shows the condition when the number of DIF items is 3 or 6
out of 12 items. Each row represents a different sample size condition. The reference
dashed line shows the empirical rejection rate = 0.05

False Detection Rate

Finally, results for incorrectly detecting an anchor item as a DIF item are vi-

sualized using the empirical rejection rate for the true anchor item under alternative

conditions. As displayed in Figure 5.3, the performance of the decorrelated score

test was outstanding as the FDR of the decorrelated score test ranged from 0.03 to

0.07, which fell within the 95% normal-approximation confidence band, indicating
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controlled FDR. Conversely, the Reg-DIF and model refit method under-rejected

the null hypothesis when the number of DIF items was small (i.e., FDR ≤ 0.03

when 3 out of 12 items are DIF items). This is understandable, as previously shown

that the power of identifying the true DIF item was generally less than the decor-

related score test and the oracle solution. However, when the number of DIF items

was large, the Reg-DIF method over-rejected the null hypothesis (e.g., FDRs for

item 8 and item 9 were approximately 0.14). As previously illustrated, the model

refit method was more conservative in rejecting a null hypothesis as compared to

the Reg-DIF method. Intuitively, it made sense that the FDR was more controlled

as compared to the Reg-DIF method. Nevertheless, it still over-rejected the null

hypothesis when the sample size was not sufficiently large. For instance, when the

sample size was 1000 and item 1 to item 6 were the true DIF items, the FDR for

item 7 using the model refit method was approximately 0.09, which was larger than

the upper bound of the confidence band of the nominal level of 0.05. As the sample

size increased, the FDR using the model refit method fell within the 95% confidence

band at the nominal level 0.05.
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Figure 5.3. False detection rate results of incorrectly detecting a DIF item under
the alternative condition when there is a mix of DIF and DIF-free items. Different
methods are displayed in different colors and shapes. For each method, the empirical
rejection rate at the nominal level 0.05 are calculated for each DIF item under
each condition. Two dotted horizontal line shows the 95% normal approximation
confidence band for the nominal level 0.05 (horizontal dashed lines). The column
shows the condition when the number of DIF items is 3 or 6 items out of 12 items.
Each row represents a sample size condition.

5.2 Results: Parameter Recovery

To investigate parameter recovery, the bias and variance of the parameter esti-

mates using each method were computed. Bias and variance of the item parameter

estimates including item slope (aj), item intercept (dj), a-DIF parameters (β1j),
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d-DIF parameters (β0j), and population parameters (γ, δ) using different methods

are displayed in Figure 5.4 to Figure 5.12. Model parameters were estimated using

the penalized EM algorithm for the Reg-DIF method, the EM algorithm for the

model refit method, and the one-step debiased estimate for the decorrelated score

method, respectively. For the oracle solution, the MNLFA model was re-estimated

using the EM algorithm using anchors selected by the Wald test. For all methods

other than the one-step debiased estimator using the decorrelated score function,

DIF parameters penalized to be 0 or not included in the final model were treated

as 0 to compute bias and variance of an estimator.

Bias

When there were no DIF items, all methods recovered model parameters well

with bias in general ≤ 0.05. This was understandable because when there was no

DIF, the Type I error rate, as previously shown, was well-controlled. The penalized

EM performs similarly as the EM since in most cases λ was large enough to penalize

all DIF parameters to be 0. Even if this did not happen, the model refit method

was always fitting the correct model under the null condition.

When there were a mix of DIF and non-DIF items, the performance of different

methods varies. The Reg-DIF method often resulted in biased item parameter

estimates and DIF parameters for the true DIF items (i.e., items 1 to 3 in the

3 DIF item condition and item 1 to 6 in the 6 DIF item condition) due to the

shrinkage. The bias for the item parameters for the anchor items was relatively

small. For example, while the bias for item slopes of the DIF items ranged from

-0.53 to 0.17, that of the anchor items ranged from -0.06 to 0.04. More importantly,
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bias, although decreased, remained relatively large as much as 0.4 (e.g., for item 1)

when sample size was large (n = 2500). Compared with the Reg-DIF method, the

model refit method reduced bias for the true DIF items by 3% to 92% depending on

the item. Interestingly, bias reduction for item slope parameters of DIF items was

less obvious than for those of the item intercept parameters. This can be seen from

Figure 5.9 that when sample size was relatively small (n = 500 or n = 1, 000), the

crosses (representing the Reg-DIF method) and the squares (representing the model

refit method) were nearly overlapped for the item slopes whereas the squares were

relatively closer to the 0 bias reference line. Note that bias remained relatively large

for the a-DIF parameter even sample size was large (see last row of the Figure 5.5)

due to failing to select the right DIF-effect. It was more clear when the sampling

distribution of non-zero DIF parameters was investigated (see Figure 5.8). As can

be seen, the sampling distribution of the non-zero DIF effect (blue line) using the

model refit method was bi-modal with one mode at 0 indicating that the effect was

not selected by the LASSO and another non-zero mode.

As a comparison, the one-step debiased parameter estimate using the decor-

related score function performed remarkably well. The bias using the one-step

debiased estimator based on the decorrelated score function ranged from -0.17 to

-0.05 and from -0.015 to 0.03 for item slopes and item intercepts of the true DIF

items, respectively. Similarly, it was found that the recovery of the item intercepts

was better than that of the item slopes. DIF parameters were recovered well as

the bias ranged from -0.03 to 0.06 across conditions. Its advantages in reducing

bias due to shrinkage were more obvious as compared with the model refit method
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under smaller sample size or more DIF items conditions. Under the most difficult

condition (i.e., small sample size and large number of DIF items), it performed

equally well as compared to the oracle solution. More importantly, as the sample

size increased, the bias decreased. Finally, as for the population parameters, bias

all of methods under all conditions ranged from -0.05 to 0.05. However, it did not

mean that penalized EM estimator was unbiased. Given the small effect size of

the population parameters (γ = (−0.2,−0.2,−0.2)⊤ and δ = (−0.1, 0.3,−0.1)⊤),

bias equaled 0.05 and was still notably large. As can be seen, bias still remained

especially for the effect on the population variance parameter. Unexpectedly, the

one-step debiased parameter estimator using the decorrelated score function did not

seem to differ much from the Reg-DIF method.
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(a) Bias of the item slope parameter
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(b) Bias of the item intercept parameter estimates

Figure 5.4. Bias of item parameters: (a) item slopes and (b) item intercepts. Dif-
ferent methods are displayed in different colors and shapes. The column shows the
condition when the number of DIF items is 0, 3 or 6 out of 12 items. Each row
represents a sample size condition. DIF items are shown in the grey shaded area.
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Figure 5.5. Average bias of a-DIF parameters. Different methods are displayed in
different colors and shapes. The column shows the condition when the number of
DIF items is 0, 3 or 6 out of 12 items. Each row represents a sample size condition.
DIF items are shown in the grey shaded area.
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Figure 5.6. Average bias of d-DIF parameters. Different methods are displayed in
different colors and shapes. The column shows the condition when the number of
DIF items is 0, 3 or 6 out of 12 items. Each row represents a sample size condition.
DIF items are shown in the grey shaded area.
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Figure 5.7. Bias of population parameters. Different methods are displayed in
different color and shape. The column shows the condition when the number of
DIF items is 0, 3 or 6 items out of 12 items. Each row represents the sample size
condition.
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Figure 5.8. Density plot of a non-zero DIF parameter by different method. The
vertical reference lines indicate the means of the parameter estimates of each effect
for each method. The example is plotted using the sample size 2, 500 and first 3-
item DIF condition. The non-zero DIF effect is the continuous DIF effect of the
first item.

Variance of Parameter Estimates

Variances of the model parameter estimates across 500 replications were calcu-

lated for each method and were summarized by the model parameter types including

item parameters, a-DIF parameters, d-DIF parameters, and population parameters.

Figure 5.9 presents the variance of item parameters. Large values indicate more

uncertainty of the parameter estimates while smaller values indicate less uncertainty.

As the sample size increases, variance should, in general, decrease. Penalized EM

parameter estimates (i.e., Reg-DIF) in general produced less variance but at the
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sacrifice of more bias. Compared with the penalized EM estimator, the model refit

item parameter estimates of the DIF items introduced slightly larger variability but

comparable variability for the non-DIF items. The one-step debiased estimator had

more variability as compared with the other two methods when the sample size was

small. As sample size increased, variances of the item parameter estimates using

all methods became similarly small. Of note, the sampling distribution of the item

slope and item intercept parameter estimates of item 7 for the one-step debiased

estimator was positively skewed under small sample size conditions.
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(a) Variance of the item slope parameter estimates
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(b) Variance of the item intercept parameter estimates

Figure 5.9. Variances of item parameter estimates: (a) item slopes and (b) item
intercepts. Different methods are displayed in different colors and shapes. The
column shows conditions when the number of DIF items is 0, 3 or 6 out of 12 items.
Each row represents a specific sample size condition. DIF items are shown in the
grey shaded area. The grey dashed reference line displays the mean variance across
all items of the oracle solution for each condition to be used as a benchmark.

81



As for the DIF parameter estimates (see Figure 5.10 and Figure 5.11), the Reg-

DIF method was the least variable method among all. Similarly as the performance

in the item parameters, the model refit method produced similarly variable a-DIF

parameter estimates but notably more variable d-DIF parameter estimates as com-

pared to the Reg-DIF especially for the DIF items. Lastly, the one-step debiased

parameter estimator using the decorrelated score function was the most variable es-

timator for the a-DIF parameter as compared to all other methods especially when

the sample size was small. However, it was less variable for the d-DIF parameter

for the DIF item as compared with the model refit method.
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Figure 5.10. Average variance of a-DIF parameters. Different methods are displayed
in different colors and shapes. The column shows conditions when the number of
DIF items is 0, 3 or 6 out of 12 items. Each row represents a specific sample size
condition. The grey dashed reference line displays the mean variance across all items
of the oracle solution for each condition to be used as a benchmark. DIF items are
shown in the grey shaded area.
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Figure 5.11. Average variance of d-DIF parameters. Different methods are displayed
in different colors and shapes. The column shows conditions when the number of
DIF items is 0, 3 or 6 out of 12 items. Each row represents a specific sample size
condition. The grey dashed reference line displays the mean variance across all items
of the oracle solution for each condition to be used as a benchmark. DIF items are
shown in the grey shaded area.

Finally, Figure 5.12 visualizes variances of the population parameters. The

three methods: Reg-DIF, decorrected score function bias correction, and the model

refit method show similar uncertainty in population parameter estimates. Compared
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with the oracle solution, all three methods showed less variability in δ̂ but similar

variability in γ̂. As the sample size increased, not only the variability in population

parameter estimates decreased but also the differences between methods decreased.
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Figure 5.12. Variances of population parameters. Different methods are displayed
in different colors and shapes. The column shows conditions when the number of
DIF items is 0, 3 or 6 out of 12 items. Each row represents a specific sample size
condition. The grey dashed reference line displays the mean variance across all items
of the oracle solution for each condition to be used as a benchmark.
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5.3 Results: Standard Error Estimates

To evaluate the standard error (SE) estimates, recovery of SE and relative

efficiency were computed. The recovery of SE was calculated as the ratio between

the square root of the mean of the variance of parameter estimates over the empirical

standard deviation of the Monte Carlo parameter estimates. If the ratio is closer to

1, the method has a more valid uncertainty measure. Efficiency was calculated as

the ratio between the mean of the variance of parameter estimates over the mean

of the variance of the oracle parameter estimates. One caveat when calculating the

SE using the model refit method is that there is no valid SE estimates for DIF

parameters penalized to be 0. If the Reg-DIF method did not select a specific DIF

effect for a specific replication, the corresponding DIF covariate was excluded from

the model refit method. In such cases, SE estimates of the unselected DIF effect

was treated as 0. These arbitrary 0 SEs would artificially decrease the average of

the estimated SEs across replications and thus should be interpreted with caution.

Alternatively, omitting DIF effects penalized to be 0 often exclude too many DIF

effects across replications resulting in instability of the empirical SEs and inaccurate

recovery SE measure1. Fortunately, the interpretation of the recovery of SE for the

item parameter was not impacted. To avoid the same issue, the oracle solution

presented onward were based on the SEs of the MNLFA model parameter estimates

treating the last two items as anchors.

Standard Error Recovery
1Recovery of SEs measure for the model refit method based on non-zero DIF effects only has

strange large values. Similar findings were reported from Chen et al. (2021)
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The SE recovery for the item parameters, a-DIF, d-DIF, and population pa-

rameters are visualized in Figure 5.13 to 5.16. As there are no valid SE estimates

from the penalized EM alogrithm, the Reg-DIF method currently presented in the

following figures were based on the SE estimates using the model refit method. For

item parameters, the model refit method tended to underestimate the SEs of item

parameters for the DIF items while recovered SEs of item parameters for the an-

chor items well. The ratio between the average SEs and the empirical SEs can be

as low as 0.55 for the DIF item when the sample size was large and the number

of DIF items was large while SE ratio was approximately 1 for the anchor items.

In contrast, the one-step debiased estimator using the decorrelated score function

recovered the SE of the item slope parameter well but underestimated the SE of

the item intercept parameter. The SE ratios for item slope parameters using the

one-step debiased estimator were approximately 1 but were in general around 0.8 to

0.9 for item intercept parameters for both DIF and anchor items. The recovery of

SEs of DIF parameters were displayed in Figure 5.14 and Figure 5.15. Note that as

some DIF parameters of certain items were never selected by the Reg-DIF method

leaving the recovery of SEs unavailable for the model refit method. This is actually

one of the disadvantages of using the model refit method that inferences can only

be drawn on the selected DIF parameters. Again, the model refit method tended

to underestimate SEs of DIF parameters as much as 80% for both the a-DIF and

d-DIF parameters. The underestimation of the SEs of DIF effects could contribute

to incorrectly detecting an anchor item as a DIF item as was shown previously

shown in Figure 5.3. As a comparison, the decorrelated score method can not only
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recover SEs of non-zero DIF effects but also recover zero DIF effects. For a-DIF

and d-DIF, SEs ranged from 0.95 to 1.08 and 0.90 to 1.02, respectively. Note that it

appeared that SEs of a-DIF and d-DIF effects for item 7 were underestimated. How-

ever, given that variances of a-DIF and d-DIF parameters for item 7 were strangely

large due to the skewness of the sampling distribution, it made sense that SEs of

DIF parameters of item 7 seem to be underestimated. Lastly, all methods reached

comparable and better SEs of interaction effects on population means and variances

(i.e., γx3 , δx3) than their main effects. The differences between methods were more

obvious under the large sample size condition. The model refit method in general

underestimated SEs of population parameters as much as 10% as compared to stan-

dard deviations of parameter estimates over 500 replications. However, the one-step

debiased estimator overestimated SEs of effects of the continuous covariate on pop-

ulation parameters while underestimated SEs of effects of the categorical covariate

on population parameters. This observation was more severe when the sample size

is large.
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(a) Standard error recovery of the item slope parameter
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(b) Standard error recovery of the item intercept parameter

Figure 5.13. Standard error recovery of item parameters: (a) item slopes and (b)
item intercepts. Different methods are displayed in different colors and shapes. The
column shows conditions when the number of DIF items is 0, 3 or 6 out of 12 items.
Each row represents a specific sample size condition. The grey dashed reference line
displays ratio of 1 indicating perfect recovery.

89



Number of DIF items: 0 Number of DIF items: 3 Number of DIF items: 6

n=500
n=1000

n=2500

I1 I2 I3 I4 I5 I6 I7 I8 I9 I1
0

I1
1

I1
2 I1 I2 I3 I4 I5 I6 I7 I8 I9 I1
0

I1
1

I1
2 I1 I2 I3 I4 I5 I6 I7 I8 I9 I1
0

I1
1

I1
2

0.2

0.4

0.6

0.8

1.0

1.2

0.2

0.4

0.6

0.8

1.0

1.2

0.2

0.4

0.6

0.8

1.0

1.2

Item

R
ec

ov
er

y 
of

 s
ta

nd
ar

d 
er

ro
rs

Dscore Oracle Refit RegDIF

Figure 5.14. Average standard error recovery of a-DIF parameters. Different meth-
ods are displayed in different colors and shapes. The column shows conditions when
the number of DIF items is 0, 3 or 6 out of 12 items. Each row represents a specific
sample size condition. The grey dashed reference line displays ratio of 1 indicating
perfect recovery.
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Figure 5.15. Average standard error recovery of d-DIF parameters. Different meth-
ods are displayed in different colors and shapes. The column shows conditions when
the number of DIF items is 0, 3 or 6 out of 12 items. Each row represents a specific
sample size condition. The grey dashed reference line displays ratio of 1 indicating
perfect recovery.
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Figure 5.16. Standard error recovery of population parameters. Different methods
are displayed in different colors and shapes. The column shows conditions when the
number of DIF items is 0, 3 or 6 out of 12 items. Each row represents a specific
sample size condition. The grey dashed reference line displays ratio of 1 indicating
perfect recovery.

Relative Efficiency

The measure of relative efficiency is meaningful when SEs are recovered rela-

tively well. Therefore, the discussion is only concentrated on the one-step debiased

estimator using the decorrelated score function. Figure 5.17 to Figure 5.19 display
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the relative efficiency of the one-step debiased estimator as compared to the oracle

solution by treating the last two items as anchors. In general, the one-step debiased

parameter estimates appeared to be more efficient than the oracle solution for item

slope parameters especially for the DIF items. However, this did not mean that the

one-step debias estimator was a better estimator than the ML estimator. Depending

on the number of anchor items fitted with the oracle solution, results could change.

This could be seen for the last two items where the relative efficiency was larger

than 1. Because the last two items were treated as anchor items so that the oracle

solution was more precise. The relative efficiency of the item intercept parameter

should not be overly interpreted due to the fact that the SE of the item intercept

parameter was underestimated. An interesting observation was that the one-step

debiased estimator produces smaller standard errors for the a-DIF and d-DIF param-

eters in general as compared with the oracle solution with only two known anchors.

A similar finding was reported in Zhang and Zhang (2014) which studies in the con-

text of linear models. Lastly, the relative efficiency for the population parameter

should not be interpreted as the SEs were not recovered well using the decorrelated

score function.
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Figure 5.17. Relative efficiency of the standard error estimates for the item param-
eters. Different parameter types are displayed in different colors and shapes. The
column shows conditions when the number of DIF items is 0, 3 or 6 out of 12 items.
Each row represents a specific sample size condition.
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Figure 5.18. Average relative efficiency of the standard error estimates for a-DIF
and d-DIF parameters. Different parameter types are displayed in different colors
and shapes. The column shows conditions when the number of DIF items is 0, 3 or
6 out of 12 items. Each row represents a specific sample size condition.
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Figure 5.19. Relative efficiency of the standard error estimates for population pa-
rameters. The column shows conditions when the number of DIF items is 0, 3 or 6
out of 12 items. Each row represents a specific sample size condition.
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Chapter 6: Discussion and Conclusion

6.1 Summary

One of the fundamental issues and remaining challenges inherent in DIF de-

tection is finding the correct anchor items. Although recent development in the DIF

detection literature (such as using regularization in the MNLFA modeling frame-

work) has shown promising results in detecting DIF items without predefined an-

chor items, issues such as inflated false detection rate and inability to draw valid

inference still remain.

The goal of the current study is to apply the decorrelated score test to test

DIF items based on the L1− penalized maximum likelihood solution under the

MNLFA modeling framework. Unlike DIF detection based on regularization only,

the decorrelated score test is valid for all DIF and DIF-free items across all covariates.

Additionally, it has been shown that the decorrelated score function can be further

used to construct an asymptotically unbiased and efficient estimator. Furthermore,

the simulation study has shown the comparative performance of the decorrelated

score test, DIF detection using regularization only, the model refit method, and the

Wald test assuming the correct anchor items in hypothesis testing and parameter

recovery.
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Overall, the decorrelated score is advantageous than the other two anchor-

free DIF detection methods in three aspects. First, the decorrelated score test

shows more statistical power in detecting a DIF item while maintaining controlled

false detection rate even compared with the oracle solution with two anchor items

available. As summarized and highlighted by previous studies (Belzak & Bauer,

2020; Jacobucci et al., 2016), the Reg-DIF method and the model refit method

often result in inflated false detection rate in identifying a true DIF item especially

when the sample size is small. Similar to these studies, the current simulation

study also shows inflated false detection rate especially under the most difficult yet

realistic conditions (i.e., when the sample size is small and the number of DIF items

is large). However, one difference from the previous study is that the model refit

method exhibits good asymptotic behavior in detecting a DIF item while Bauer

et al. (2020) and Belzak (2021) report exacerbated inflated FDR when sample size

increases. As was previously discussed, the current simulation study shows that the

model refit method has similar performance as the decorrelated score test in correctly

identifying a true DIF item while controlling for the Type I error when the sample

size is large. Belzak and Bauer (2020) tried to explain the unexpected asymptotic

behavior of the model refit method in their simulation study and concluded that

it is probably due to the soft-thresholding within the M-step of the penalized EM

algorithm. However, the author was vague about the reason for elevated FDR when

sample size increases. One possibility is that BIC calculated using penalized ML

estimator is not a good λ selector. The current study avoids the model selection

issue by fixing the λ to its estimated rate. Due to the conflicted performance of the
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model refit method, the decorrelated score test is the preferred approach to identify

DIF items when the anchors are unknown or there is not sufficiently large number of

anchors. The model refit method can be trustworthy when the sample size is large

and λ is selected accurately.

Another important finding from the current simulation study is that the one-

step debiased estimator using the decorrelated score function yields less biased

item and DIF parameter estimates. Specifically, as compared with the model refit

method, the one-step debiased estimator recovers the item slopes, item intercepts,

a-DIF, and d-DIF parameters well and sometimes even comparable to the oracle

solution. As expected, the model refit method reduces the bias for model parame-

ters estimated from the penalized EM algorithm. However, bias still remains. This

is expected as LASSO seems to be more sensitive to detecting d-DIF rather than

the a-DIF, a point that we return to at the end of this section, it is likely that a-

DIF parameters are likely to be mistakenly unselected. Accordingly, the model refit

method fits an incorrect model and, therefore, bias remains. Given the less biased

item and DIF parameter estimates, it is recommended to use the one-step debiased

estimator to produce reliable point estimates without fitting an additional MNFLA

model using EM. However, less bias often indicates more parameter variability.

This is evidenced by the fact that there are more uncertainty in the item parameter

and DIF parameter estimates using the one-step debiased estimator based on the

decorrelated score function. Another interesting observation that is alluded to ear-

lier is that consistent with the model refit method, the one-step debiased estimator

always recover item intercept parameters better as compared to item slope parame-
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ters. This finding is also aligned other studies (see Bauer et al., 2020; Belzak, 2021,

for examples) that d-DIF parameters are in general recovered better than a-DIF

parameters, which could potentially explain the superiority of the item intercept

parameter recovery. Consequently, a-DIF and item slope parameters have better

initial parameter estimates to be plugged into the bias correction function.

Lastly, the decorrelated score test is able to draw reliable statistical inference

on a-DIF and d-DIF parameters for zero and non-zero effects, respectively, where

the model refit method may fail or is not able to generate one when the DIF effect

is zero. As discussed earlier, SEs cannot be computed if DIF effects are penalized to

be zero. To this end, the one-step debiased estimator is the only method considered

in the present study that can produce reliable statistical inference for the zero DIF

effects. As for the remaining DIF effects that are not penalized to be zero, the

model refit method often underestimate the SEs of the DIF effects (Chen et al.,

2021; Huang, 2018) leading to incorrect inferences. This may be of concern, if

substantive researchers are interested in testing a-DIF and d-DIF separately. If so,

the decorrelated score test offers promising and valid statistical test to identify DIF

at both the item and the parameter levels.

Nevertheless, the simulation study also suggests one critical issue of the one-

step debiased estimator based on the decorrelated score function. As summarized in

in Chapter 5, parameter estimates and standard error estimates of unpenalized pa-

rameters especially the population parameters are ill-behaved. For example, unlike

other model parameters, the one-step debiased estimator failed to reduce the bias

in the population parameter estimate caused by the shrinkage in the initial penal-
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ized parameter. Contrary to the theory, SEs of population parameters are also not

recovered well from the estimated efficient information. SEs of population parame-

ters are either over-estimated or under-estimated whereas SEs of the item intercepts

are underestimated. Issues arise if the research question concerns the differences in

population means and variances. Perhaps the model refit method can be used when

the number of DIF items is small. However, it remains to be biased and the SE of

the population mean is still underestimated when the number of DIF items is large.

To this end, there is no optimal solution. As the population parameter estimate

usually is not the goal of the DIF-related methodological research, parameter and

SE recoveries are typically not reported in the regularized DIF literature. Findings

from the current simulation cannot be verified with previous research. The debias

using the decorrelated score function in the general statistical literature also did

not report parameter recoveries for unpenalized parameters. Some insights in how

to improve the performance of the one-step debiased estimator in recovering the

population parameter are provided in the next section.

6.2 Future Studies

Although the proposed decorrelated score test and the one-step debiased es-

timator have shown promising results in detecting DIF items without predefined

anchor items and provided valid uncertainty measures for DIF effects, limitations

and issues still remain to be addressed by future studies.

First, the simulation study has suggested that the one-step debiased estima-
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tor does not seem to reduce the bias of the penalized ML estimator and that the

associated SEs are unreliably estimated using the efficient information. Given that

the ill recovery with the uncertainty measure also happens with unpenalized item

parameters, it is conjectured that additional penalty weights might be needed for

the population parameter or a more careful selection of penalty weights is needed.

Some preliminary investigation suggests that if the population parameter is penal-

ized in the initial L1 penalization stage, the bias correction using the decorrelated

score function shows better performance. Future studies are needed to examine

the behavior of the decorrelated score function when population parameters are pe-

nalized. Alternatively, finding the optimal λ′ for the population parameter for each

iteration might also improve the unpredicted behavior of SEs. In the current simula-

tion study, λ′ is set to the fixed λ based on the estimated rate as the theory suggests

λ ≍
√
1/n and λ′ ≍

√
1/n are approximately the same rate to ensure the l2 error

bound for initial parameter estimates. It might worth to explore the influence of λ′

on the SE recovery of the unpenalized parameter. Although Ning and Liu (2017)

and Fang et al. (2017) have reported that the performance of the decorrelated score

test is insensitive to the actual λ′ value in the high-dimensional regression model

and proportional hazard model, it is not clear whether λ′ will impact the one-step

debiased estimator especially when there are unpenalized parameters in the model.

Second, as λ is critically important for the initial parameter estimates and the

accuracy of DIF detection using the Reg-DIF method and the model refit method,

future research is encouraged to investigate different model selection critera in ad-

dition to BIC. As mentioned in Chapter 4, a pilot study found that BIC calculated
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based on the penalized EM parameter estimates always selects a relatively smaller

λ value when the DIF effect size is relatively large and thus results in too many false

positives. The current study used a fixed λ value estimated from the rate calculated

from the n = 500 condition based on the ML estimator which potentially avoids the

issue of poor performance of BIC. This may also explains the relatively smaller in-

flated false detection rate and power as compared with other Reg-DIF studies (e.g.,

Bauer et al., 2020; Belzak & Bauer, 2020). Given the sparse literature on model se-

lection accuracy in the regularized DIF framework, future research is needed to find

viable and efficient penalty selection approaches such as adaptive data-dependent

penalty selection (e.g., Chichignoud, Lederer, & Wainwright, 2016).

Third, future research is needed to investigate the impact of different penalty

functions on the performance of the decorrelated score test in DIF detection and the

asymptotic behavior of the debiased parameter estimator. The general theory pro-

vided in Ning and Liu (2017) can be directly applied to many penalty functions (e.g.,

adaptive LASSO, Zou, 2006). Our simulation study along with the other studies

(e.g., Belzak & Bauer, 2020) showed similar differential performance in recovering

different parameters and SEs. In addition, applying different penalty weights for

a-DIF and d-DIF may yield better initial parameter estimates and thus improve the

performance of the one-step debiased estimator.

Fourth, although the original theorem from Ning and Liu (2017) discussed the

high-dimensional case where the number of covariate is no longer fixed but grows

potentially larger than the sample size, the current study limits the discussion to the

low-dimensional case assuming that the number of covariates is fixed. Efforts can
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be made to extend to the high-dimensional setting where the number of grouping

variables exceeds the sample size. For example, with the development of computer

adaptive tests, more person-level data such as process data might be of interests to

be used as covariates.

Fifth, the performance of the proposed decorrelated score test can be investi-

gated under more variety of conditions such as when the inherent model assumptions

are violated. The current simulation study assumes the same linear functional form

impacts the person covariate vector on the item intercept and item slope in the

same manner. However, in reality, the influence of the person covariate on the item

characteristics can follow a different functional form and that item responses can

be categorical. Understanding the behavior of the decorrelated score test when the

DIF effect is misspecified can inform applied research. Although it is, in general,

recommended to find the best fitting model including the functional form before

testing DIF, knowing how robust the decorrelated score test is in terms of power

and false detection rate in identifying a DIF item when the model is misspecified

will be beneficial. If recovery of a DIF effect is of interest, the functional form of

the item slope and item intercept functions can be also be approximated using basis

expansion. Moreover, the proposed decorrelated score test in testing DIF items can

be extended to other popular item response models (e.g., graded response model,

GRM, Samejima, 1969). Similarly, the MNLFA model specified in the simulation

study assumes conditional independence on the latent ability. This is a strong as-

sumption that in many testing scenarios is likely violated. For instance, items could

be nested within the same item context and thus have residual correlation even
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after controlling for the latent construct. In such a case, it should be straightfor-

ward to accommodate multidimensional latent variables, such as a fully correlated

or multidimensional factors model.

Lastly, DIF effect size measures can be critically important when deciding to

remove, modify, or keep a flagged DIF item. In practice it might be more desirable or

more realistic to flag items with large DIF impact, which makes effect size reporting

more essential in DIF detection. Latent regression models such as MNLFA models

provide a natural DIF effect size measure (i.e., the person covariate effect on the item

slope β1j and item intercept β0j). However, more thorough and careful study on

the meaningful cut-off values are needed to facilitate decision making. Alternatively,

item level or scale level effects can also be helpful and can be extended to the MNLFA

modeling framework. For example, average unsigned difference (see Woods, 2011)

which calculates weighted differences in the expected response functions between

the focal and reference groups can be extended to the MNLFA model for selected

values or levels of person covariate to evaluate the magnitude of the DIF effect at the

item level. In addition to the item level DIF impact, the differential test function

(DTF) index (Roju, Van der Linden, & Fleer, 1995) or the expected total test score

difference due to DTF (Stark, Chernyshenko, & Drasgow, 2004) can be computed

to inform the overall DIF effect on the scale level.

In sum, the proposed decorrelated score test and its one-step debiased esti-

mator based on the regularized moderated nonlinear factor analysis model offers a

promising solution to the practical obstacles encountered by conventional IRT meth-

ods. Valid inference at the DIF parameter level opens doors for more complicated
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substantive research questions such as investigating the complex nature of DIF due

to interconnection of background characteristics.
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Appendix A: The Coordinate Descent Algorithm

As discussed in Section 3.2.2, updating item parameter ξ(r+1)
j for item j at

iteration (r+1) amounts to solving a penalized weighted least square problem with

pseudo data of sample size nQ. Specifically, the pseudo person covariate matrix x

can be constructed as x = x⊗1Q ∈ RnQ×K , where 1Q is a Q-dimensional vector with

1s and ⊗ denotes the Kronecker product. Similarly, the pseudo item response vector

for item j can be construct using y
j
= yj ⊗ 1Q ∈ RnQ. Also, let θ = (θ⃗′1, · · · , θ⃗′n)⊤

where θ⃗q = (θi1, · · · , θiQ)⊤ and θ ∈ RnQ. The conditional probability of getting item

j right given the latent ability θi can be evaluated as

p(r)(y
i
= 1|θiq, xi, ξ

(r)
j ) =

1

1 + exp [−(a
(r)
j θi + d

(r)
j + x⊤

i β
(r)
0j + x⊤

i β
(r)
1j θi)]

. (A.1)

Then, the negative weighted conditional log-likelihood in Equation 3.15 (the first

term of the equation) can be approximated as follows after taking the 2nd order

Taylor expansion at the current value ξ(r)

1

2n

nQ∑
i=1

wi(zi − dj − aj − x⊤
i β0j − θix⊤

i β1j)
2 + C(ξ

(r)
j )2, (A.2)
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where

zi = d
(r)
j + a

(r)
j + x⊤

i β
(r)
0j + θix⊤

i β
(r)
1j +

y
i
− p(r)

p(r)(1− p(r))
(A.3)

wi = e
(r)
iq p

(r)(1− p(r)), (A.4)

in which y
i

and θi is the ith element of y
j

and θ, respectively. C(·) is a constant

evaluated at the current value. Then, the coordinate descent to solve the penalized

weighted least-square can be achieved using the following pseudo code

Algorithm 2 Coordinate Descent in Logistic Regression with Lasso Penalty

1: Initialize ξ(r)j using random values
2: repeat
3: for m = 1, . . . , K do
4: calculate zi as in Equation A.3
5: calculate wi as in Equation A.4
6: update d

(r+1)
j =

∑
wi(zi−a

(r)
j −x⊤i β

(r)
0j −θix⊤i β

(r)
1j )∑

wi

7: update a
(r+1)
j =

∑
wi(zi−d

(r)
j −x⊤i β

(r)
0j −θix⊤i β

(r)
1j )∑

wi

8: update β(r+1)
0jm =

S
(∑

wixim(zi−a
(r)
j −d

(r)
j −x⊤i,−mβ

(r)
0j,−m−θix⊤i β

(r)
1j ,λ

)
∑

wix2im

9: update β(r+1)
1jm =

S
(∑

wixim(zi−a
(r)
j −d

(r)
j −x⊤i β

(r)
0j −θix⊤i,−mβ

(r)
1j,−m,λ

)
∑

wix2im
10: ▷ i = 1, . . . , nQ
11: ▷ S(a, b): soft thresholding operator
12: end for
13: until converged.
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Appendix B: Derivatives of the Observed Fisher Information

The first and second derivatives of the log f(ξ, θi, yi|xi) with respect to ξ

in Equation 3.16 can be expressed as follows. For the gradient s⃗(ξ, θi, yi|xi) =

(⃗s1, s⃗2, . . . , s⃗J , s⃗γ , s⃗δ)⊤, each of the element is expressed as follows

s⃗j =
∂ log f(ξ, θi, yi|xi)

∂ξj

=
∂ log f(ξ, θi, yi|xi)

∂(dj, aj,β0j,β1j)
⊤

= (yij − pij, (yij − pij)θi, (yij − pij)x⊤
i , (yij − pij)x⊤

i θi)
⊤,

in which pij = f(yij = 1|θi, xi) (see Equation 2.2).

s⃗γ =
∂ log f(ξ, θi, yi|xi)

∂γ

=
(θi − x⊤

i γ)x⊤
i

exp(x⊤
i δ)

and

s⃗δ =
∂ log f(ξ, θi, yi|xi)

∂δ

=
(θi − x⊤

i γ)
2x⊤

i

2 exp(x⊤
i δ)

− x⊤
i

2
.
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For Hessian matrix H(ξ, θi, yi|xi) = diag(Hj,Hγ,δ) in which HJ is a block

diagonal matrix defined as

HJ =
∂ log f(ξ, θi, yi|xi)

∂ξ∂ξ⊤
(B.1)

=



H1 0 · · · 0

0 H2 · · · 0

... ... . . . ...

0 0 · · · HJ


. (B.2)

Hj =
∂ log f(ξj ,θi,yi|xi)

∂ξj∂ξ
⊤
j

is the Hessian matrix with respect to item parameters of item

j written as

Hj =



pij(pij − 1) pij(pij − 1)θi pij(pij − 1)x⊤
i pij(pij − 1)x⊤

i θi

pij(pij − 1)θi pij(pij − 1)θ2i pij(pij − 1)x⊤
i θi pij(pij − 1)x⊤

i θ
2
i

pij(pij − 1)xi pij(pij − 1)xiθi pij(pij − 1)xix⊤
i pij(pij − 1)xix⊤

i θi

pij(pij − 1)xiθi pij(pij − 1)θ2i x⊤
i pij(pij − 1)xix⊤

i θi pij(pij − 1)xix⊤
i θ

2
i


.

The Hessian matrix with respect to the population parameter (Hγ,δ) is defined as

Hγ,δ =


−xix⊤i

exp(x⊤i δ)
−(θi−x⊤i γ)xix⊤i

exp(x⊤i δ)

−(θi−x⊤i γ)xix⊤i
exp(x⊤i δ)

−(θi−x⊤i γ)2xix⊤i
2 exp(x⊤i δ)

 .
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Appendix C: Assumptions

As mentioned before, the general theory of the decorrelated score test and

its one-step estimator are established under some assumptions (Ning & Liu, 2017).

These assumptions need to be verified to guarantee the asymptotic properties of the

Dscore test and the asymptotic unbiased estimator as shown in Equations 3.5 and

3.7. The following four assumptions are briefly summarized and the verification will

be provided in the final dissertation.

Assumption C.0.1 (Consistency conditions for initial parameter estimates). For

some sequence a1(n) and a2(n) converge to 0 as n → ∞, it holds

lim
n→∞

Pξ∗(∥ξ̂ − ξ∗∥1 ≲ a1(n)) = 1 (C.1)

lim
n→∞

Pξ∗(∥Ŵ − W∗∥1 ≲ a2(n)) = 1, (C.2)

where ∥∥1 stands for the L1 operator norm of a matrix (e.g., ∥A∥1 = max1≤j≤m

∑n
i=1 |aij|)

and ≲ denotes that the left side is less than or equal to the right hand side times

some constant C > 0. Although estimation consistency of LASSO has been studied

in linear and generalized linear models (Knight & Fu, 2000; Ning & Liu, 2017), it

has never been studied in the latent variable modeling framework. As the loss func-

tion or the negative sample log-likelihood of MNLFA model is not strictly convex,
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the proof of parameter estimation consistency can be non-trivial. Moreover, as men-

tioned by Ning and Liu (2017), there can be extra difficulty in bounding ∥Ŵ−W∗∥,

as Ŵ depends on ξ̂.

Assumption C.0.2 (Concentration of the gradient and Hessian). Let V∗ = (Id0×d0 ,−W∗⊤)⊤,

then assume

∥∇ℓ(ξ∗)∥∞ = Op(
√

log d/n) (C.3)

∥V∗⊤∇2ℓ(ξ∗)− Eξ∗(V∗⊤∇2ℓ(ξ∗))∥∞ = Op(
√

log d/n), (C.4)

where ∥∥∞ of a vector A⃗ for example indicates ∥A⃗∥∞ = max1≤i≤d |ai| and of a matrix

is the maximum absolute row sum of the matrix (i.e., ∥A∥∞ = max1≤i≤n

∑m
j=1 |aij|

). In the low dimensional setting, it might be sufficient to prove under some finite

moment assumptions on the gradient and Hessian matrix.

Assumption C.0.3 (Local smoothness on the loss function). Let ξ̂0 = (0, η̂⊤)⊤,

V̂ = (Id0×d0 ,−Ŵ⊤)⊤, and V∗ = (Id0×d0 ,−W∗⊤)⊤. For both ξ̌ = ξ̂0 and ξ̌ = ξ̂, it

holds that

∥V∗⊤{∇ℓ(ξ̌)−∇ℓ(ξ∗)−∇2ℓ(ξ∗)(ξ̌ − ξ∗)}∥∞ = op(n
−1/2) (C.5)

∥(V̂ − V∗)⊤(∇ℓ(ξ̌)−∇ℓ(ξ∗))∥∞ = op(n
−1/2). (C.6)

This assumption implicitly assumes that the ℓ(ξ) is second-order differentiable. The

verification of the assumption should be straightforward if the loss function is a

quadratic form of ξ.
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Assumption C.0.4 (Convergence of the score function). LetΣ∗ = limn→∞Var(n1/2∇ℓ(ξ∗)).

Then the score function holds that

√
n∇ℓ(ξ∗)⊤V∗(V∗⊤Σ∗V∗)

−1V∗⊤∇ℓ(ξ∗)
D−→ χ2

d0
. (C.7)

This assumption can be established by verifying the Lindeberg’s condition, which is

a sufficient condition for a sequence of independent random variables.
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