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Abstract

Title of Dissertation: Large Deviations for Partial Sum Processes on
Infinite Time Intervals with Applications

to Single-Server Queues and
Effective Bandwidths

Lionel Banege, Doctor of Philosophy, 1996

Dissertation directed by: Professor Armand M. Makowski
Department of Electrical Engineering

In this Dissertation, we establish large deviations results for partial sum
processes on infinite time intervals, and apply them to the characterization of
the large deviations behavior of the stationary and transient output processes
of a single-server queue with time-varying capacities. We first show that the
extension of a partial sum process on the infinite time interval [0, co) satisfies the
Large Deviations Principle (LDP) in the function space D[0,c0), provided the
partial sum process itself satisfies the LDP in the space D[0, 1]. Furthermore, for
a stationary random sequence whose associated partial sum process satisfies the
LDP in D[0, 1], we establish the LDP jointly for a partial sum process based on
the entire past and future of the sequence, a result especially useful in queueing
theory. Through a functional approach at the sample path level, the Contraction
Principle then enables us to derive the sample path LDP for processes of interest
in the study of single-server queues, from that of the inputs. Finally, using our
results, we refine the newly introduced notion of effective bandwidths.
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Chapter 1

Introduction and Background on Large
Deviations

In this Dissertation, we establish large deviations results for a special class of
processes, and apply them to characterize the large deviations of the output of
a single-server queue with time-varying capacities.

This introductory chapter is organized as follows. In the first section, we
introduce and motivate our work. In Section 1.2, we present the approach taken
here and briefly review the difficulties encountered. The outline of the Disser-
tation is presented in Section 1.3, while the main contributions are outlined in
Section 1.4. Finally, the chapter is completed with a brief review of the principal
large deviations definitions and techniques used in the Dissertation.

1.1 Introduction

The characterization of the output processes of general single-server queues has
been a long standing and interesting problem in queueing theory [19]. Their
interest lies in the fact that such processes may themselves be inputs to other
queueing systems. The recent renewed interest in large deviations and in partic-
ular in their applications to queueing theory has created new opportunities to
revisit this problem from a large deviations stand point.

Indeed, the characterization of the large deviations of the output process of a
single-server queue has numerous applications. The first one lies in the recently
introduced notion of effective bandwidth, which we now briefly discuss.



1.1.1 Effective bandwidths

A great deal of attention has recently been devoted to the development of the
notion of effective bandwidth as a means to help resolve bandwidth allocation
issues in high speed networks. In this approach, the network is viewed as a col-
lection of interconnected nodes, each of them modeled as a discrete-time queue.
Let {a;41, t =0,1,...} denote a traffic stream into any one of the queues, with
the usual understanding that a cells arrive into the node during time slot
[t,t + 1). To define the effective bandwidth of this arrival stream we offer it
to a fictitious single server queue with constant release rate c cells/slot. If the
fictitious server is equipped with an infinite buffer, the buffer content sequence
{z¢, t=0,1,...} evolves according to

To=0;, Tepr =Tt +a —ct, t=0,1,.... (1.1)

If the arrival process {at1, t = 0,1,...} is stationary and ergodic, and if
E[a,] < c, then steady state is eventually reached in the sense that z; = Zoo
for some Ry -valued rv z.,. Several authors [16, 20, 22, 28, 35, 42] have shown
that under reasonably mild assumptions, the following buffer asymptotics

blirn l]n Pze >b] = —6*

hold for some positive constant 6*, i.e.,
Pz > 0] ~exp(=b6"), b—o0. (1.2)

The constant #* is an increasing function 6*(c) of the release rate c, and is
determined by the statistics of the arrival process {as+1, t =0,1,...}. Building
upon this result, it was further shown [22, 42] that the performance of the system
could be held above a certain level if and only if a linear constraint on the
statistics of the input were satisfied, namely

1
blimzln Plzw>b] < =0 <= «afd) <¢, ¢6>0 (1.3)

where the effective bandwidth «(d) is a function of the statistics of the process
{ai41. t =0,1,...}. In view of (1.2), we can interpret o (9) as the smallest release
rate that supports the QoS level characterized by

Plze > b] ~exp(—bd), b— 0.

What renders this notion particularly useful for bandwidth allocation, is its
separability property with respect to independent sources. In other words, for



K independent sources, it can be shown [22], that under some mild additional
assumptions, (1.3) becomes

1 K
lim ~In Pz, >b] < =6 <= > a(d) < ¢, 6>0
b—oo b ' e

where for each £ = 1,..., K, the effective bandwidth o (d) is a function of the
statistics of the k*® source only. The use of effective bandwidth for bandwidth
allocation has been discussed in [37).

In the literature, the most general situation in which the effective bandwidth
can be derived is that of a multiplexer fed by a stationary and ergodic traffic
stream whose sample mean sequence, among other assumptions, satisfies the
Large Deviations Principle (LDP) in R with good rate function given as the
Legendre-Fenchel transform of the associated logarithmic moment generating
function A. The effective bandwidth a(d) then becomes a simple function of A,
A(9)

5

It is plain however that for this notion to be operationally useful, one needs
to understand how the effective bandwidth of a given stream is altered as the
stream traverses the network, through its interaction for network resources with
other streams at various nodes. The simplest possible situation that addresses
this issue is obtained when considering the output process from a single node
network, in which case the issue really lies in the characterization of the large
deviations of the output process. The motivation for considering time-varying
capacities comes from the possible application of the effective bandwidth to
bandwidth allocation on satellite channels or impaired wireless channels.

namely o(5) =

1.1.2 Convergence of the departures from an infinite se-
ries of queues

Secondly, in the context of tandem queues, the large deviations characterization
of the output process could yield new results, or confirm earlier results on the
convergence of the departures from series of queues. Indeed, ever since the results
of Vere-Jones [65], there has been considerable interest in the study of infinite
series of queues [1, 4, 5, 34, 49]. Lately, it has (finally) been proved [4] that the
departures from an infinite series of independent exponential servers with rate
unity fed by a stationary and ergodic source with rate o < 1, weakly converges to
a Poisson process. By considering the queueing system as an operator on point
processes, the convergence of the departures of an infinite series of identical
queues can then be rephrased as the existence of a fixed point for this input-
output operator [4, 5, 65] .



Tt is plain that a similar functional approach can be applied to the rate
functions governing the large deviations of the input and output processes of a
queue. In this context, it is then interesting to investigate the following issues:

i) Are the existing results on the existence of a fixed point for the input-
output mapping confirmed for the rate function operator?

ii) In the general case, does the rate function operator admit a fixed point?
What about the particular situation when the service distribution is predeter-
mined, e.g., exponential, or when the input distribution is given?

iii) What is the rate function, or the effective bandwidth of the departures
from an infinite series of queues?

Although the same issues applied to the processes themselves would be fairly
complex, one would expect their counterparts for the rate functions being simpler
as the functional now operates on rate functions, rather than on processes.

1.1.3 Results obtained

We point out that the problem of characterizing the large deviations of the
output process is a difficult one. Indeed, because one is often interested in the
steady-state behavior of the system, the output process of interest is in fact
the stationary one. Unfortunately, unlike the transient output process which
has finite memory over the inputs to the system, the stationary output process
has infinite memory, and is characterized as a function of the entire past of the
system. This renders its large deviations analysis much more complicated than
that of the transient output process.

Because the output process is a function of the inputs to the system over a
certain period of time, a sample path approach, where the processes are embed-
ded into continuous-time ones, appears promising, as it embodies the statistics
of the process over an entire time interval.

However, for the the stationary output, the approach is further complicated
by the fact that the sample path approach must be performed on an infinite time
interval, whereas compact time intervals are enough for the transient case.

In this Dissertation, we have obtained the following results. First, we have
achieved a major step towards the characterization of the large deviations of the
output process of a general single-server queue with time-varying capacities,
in that we have established the existence of the sample path Large Deviations
Principle for both the stationary and transient output processes, from that of
the inputs. That had not been previously done in the literature. An interesting



question is then whether the rate functions associated with these two LDP co-
incide. Indeed, if they were to coincide, then many problems would be greatly
simplified, as the transient output process is much more easily handled. Al-
though we have obtained expressions for both rate functions, the question of
knowing whether or not they are equal, or of finding conditions under which
they coincide remains open.

Secondly, we have been able, trough a sample path approach, to refine earlier
results on the effective bandwidth. In particular, once some remaining technical
problems are solved, this approach will easily yield the effective bandwidth of a
stream which traverses an intree network.

Finally, on a more theoretical front, we have established that for a particular
class of functional processes, namely partial sum processes, the LDP for the
process defined on compact time intervals implies the LDP for its extension on
infinite time intervals. We have also obtained a companion result for stationary
sequences, as in that case the LDP for the process defined on a compact time
interval implies the LDP jointly for a process defined on the entire time axis.
In particular, when the rate function is of integral form, we have shown that in
terms of the sample path large deviations, the sequence behaves as if the past
were independent of the future. Those theoretical results are foreseen to have
many implications in queueing theory, and we here only illustrate their use in
the context of large deviations for single-server queues.

In the next section, we present in some details the sample path approach we
have taken in the Dissertation.

1.2 The sample path approach

To help understand what motivated our sample path approach, we develop a
representation of the output process of a single-server queue in terms of the
basic inputs random variables of the model.

1.2.1 The output process of a single-server queue

We consider a discrete-time G/G/1 queue with arrival and capacity sequences
{at41, t=0,1,...} and {cis1, t =0,1,...}, where Gy (resp. ci4+1) denotes the
number of arrivals (resp. capacity) in the time interval [t,t+1), t=0,1,.... The
queue length sequence {g;, t =0,1,.. .} is then generated through the Lindley
recursion o
=0 Q1=q+as—ca]’, t=01,..., (1.4)



where the initial condition ¢ is some R -valued random variable.

The output process {b:4+1, £t =0,1,...}, where b;; represents the number of
departures in the time interval {¢,t + 1), is given by

bt+1 = Qt41 — (qt+1 - qt), t= O, 1, e . (15)

If we use the notation

t2

x, if #,<¢
X(ttg) = { 2% 1 st

0 otherwise

for any random sequence {z:+1, ¥ =0,1,...}, then it is easily checked that
B(1,) = C(1,£)+ min {0, g+ min (A(L,s) - 0(1,3))}, t=0,1,... .

Defining the random variables {m(1,t), t =0,1,...} by

m(1,t) = min (A(1,s)—C(1,s), t=1,2,...,

s=1yemy
we note that
B(1,t) = F(C(1,t),g+m(1,t)), t=1,2,... (1.6)
where the mapping F : R*> — R is given by

F(z,y) =z +min(0,y), z, y€R.

It is clear from the relation (1.6) that the statistics of the transient output
process (¢ = 0) up to time ¢ are a function of those of the inputs on the same
time interval [0, ¢].

On the other hand, the stationary output process is obtained from (1.6) with

¢ = g5 and .\
dst = malx (A(—t7 0) - C(_ta O)) )

t=0,1,...

so that its statistics up to time ¢ can be expressed as a function of those of the
inputs on the entire past and the future up to .

Although (1.6) suggests that an approach at the sample path level might be
more promising, with all discrete-time processes of interest being embedded into
continuous-time ones, our last comment already suggests that establishing the
LDP for the stationary output process is inherently much more difficult.



“The difficulty is to find conditions on the input process which are strong
enough to yield the result, and at the same time weak enough to ensure that
they fully propagate to the output process. In that sense, the combination of the
sample path LDP with the Contraction Principle seems to be a natural choice.

Let D[0,1] denote the space of right-continuous functions on [0, 1] with left-
hand limits, endowed with the uniform norm, and for any sequence {z;, t =
0,1,...}, define the random element X,(-) in D[0, 1] by setting

1'.7”3_! )
X, () = ;izzl‘”i it [nt]21 0y, n=12... (L7)
0 otherwise

Following [23], we refer to X,(-) = {Xa(t), t € [0,1]} as the partial sum process
associated with {z;, t=10,1,...}.

1.2.2 Formulation of the problem

Using (1.6), we write

B, m]) _ pClnt)) g mInt)y oy (1.8)
n n 'n n , o .
where
1, [nt . -1
Pl — i, (40,9 - C0,9)
= inf_ (n}(A@1,5) = C(1,9))), te[0,1].

Therefore, defining the families of random processes {g,(-), n =1,2,...} and
{mn(-), n=1,2,...} by

gn(t) = % and mnp(t) = oigggt (An(s) = Cu(s)), te]0,1],
we can rewrite (1.8) as
Bn() = F(Cn(')’Qn(‘)+mn('))7 n=12..., (1-9)

where the (continuous) mapping F : D[0,1]* — D[0, 1] is defined by
F(yr,92) = v+ min{0,%2}, v1,%2 € D[0,1].

In principle, the sample path LDP for the transient output process (g = 0) as
well as for its stationary version (¢ = ¢s) can now be derived from the joint

7



LDP for the family of partial sum processes {(Cr(-), mn(-), ¢a(*)), n=1,2,...}
through a simple application of the Contraction Principle.

The use of the sample path LDP together with the Contraction Principle was
first introduced in [16] in the context of effective bandwidths. It is shown there
under the assumption that the arrivals sequence satisfies the sample path LDP
and is bounded, that the transient output process of a single server queues
with constant capacity satisfies also a sample path LDP. In that situation,
g =0, and it is readily seen from (1.9) that the partial sum process associated
with the transient output is a simple function of the processes A,(-) and Cy(-).
Furthermore, under the assumption of bounded arrivals and constant capacity,
B,(-) can then be expressed as a function of a process exponentially equivalent
to Aa(-), so that the result follows easily by applying the Contraction Principle
(in one dimension), upon noting that the reflection mapping is continuous in
Do, 1].

Although this natural sample path approach seems promising, in the general
setup of G/G/1 queues, it rises several difficult technical problems.

1.2.3 Technical difficulties encountered

When applying the sample path approach to the stationary output process of
a single-server queue with time-varying capacities three problems immediately
arise: First, we need to establish the LDP jointly for C,(-), m,(-) and ¢,(-) in
the product space, in order to obtain that for BSt(-) via the Contraction Principle
and (1.9). Secondly, the LDP for the inputs is required on the entire past, and
thirdly, we must somehow show that the LDP is preserved when going to the
limit in order to get that of ¢,(-).

The underlying problem in establishing the LDP in the product space and
then applying the Contraction Principle is that unless the space is separable, the
triplet of random elements may not anymore be a random element in the product
space. In particular, its distribution law may not be defined on the Borel o-field
of the product space, which then prevents us to use most of the large deviations
techniques, as it is often required that the probability measures be either Borel
(e.g. in the framework of [25]), or defined on a o-field which contains the Borel
o-field [24, p. 5].

This forces us to use the separable Skorohod topology, as the space D0, 1]
endowed with the uniform topology is not separable. Consequently, many func-
tionals loose their continuity properties, thus generating further technical diffi-
culties in applying the Contraction Principle.



‘To establish the LDP jointly for {(Cp(:),ma(-),qa(-)), n = 1,2,...}, we
observe that g,(-) can be expressed as -

a(t) = sup (47(5) = G (), t€[0,1] (1.10)

s>0
where for a stationary sequence {z;, t = 0,%1,£2,.. .}, we have defined
0
>z if 1< |nt]

i=1—[nt] ’
0 otherwise

X-(t) = te0,00), n=1,2,....

Thus, the desired LDP could in principle be derived through the Contraction
Principle if we knew that the family {(An(-),Ca(-), 47 (-),C, (-)), n =1,2,...}
satisfies the LDP in the product space D[0,1]? x D;[0,00)?, where D;[0,00) is
the space of left continuous functions f : [0,00) — R with right-hand limits,
endowed with the extended Skorohod topology.

The problem really consists in establishing, for a stationary sequence {z:, t =
0,+1,+2,...}, the LDP jointly for {(Xa(-), X;(-)), n =1,2,...} from that of
{X.(-), n=1,2,...}. Using again the Contraction Principle and the stationarity
of the sequence, we first derive the LDP for the restrictions of {(Xn(-), X; (1)), n =
1,2,...} on D[0, K] x D)[0, K], for K = 1,2,.... Then, by restricting, we obtain
the LDP in the spaces D[0, 1] x D;[0, T, for T irrational. From there, the natural
way to establish the LDP in the space D[0,1] x D;[0, o) is to use the Dawson-
Gartner Theorem, and identify the space D[0, 1] x D;[0, 00) with the projective
limit of the spaces (D[0,1] x D;[0, T])r>o. In our case, this approach is further
complicated by the fact that the restriction mappings are not continuous in
the Skorohod topology. Nevertheless, we are able to overcome this difficulty by
considering the LDP in a particular subspace of D[0, 1] x D;[0, 00), and project-
ing on suitably chosen subspaces of D[0,1] x D;[0,T] where the restrictions are
continuous in the relative Skorohod topology.

Finally, once the LDP is obtained jointly on the entire past and the future,
we need to translate it to the LDP for the supremum in (1.10). This we achieve
by first considering the LDP for the supremum functional, and then by down-
sizing the LDP on a particular subspace where the Contraction Principle can be
applied for the passage to the limit.

We point out that everything turns out to work well because the Contraction
Principle can be extended to mappings which are only Borel-measurable and
continuous on the effective domain, and that typically, i) the effective domain of
the rate functions associated with the LDP of partial sum processes is contained
in the space of absolutely continuous functions, and ii), on that space the induced
Skorohod topology coincide with the uniform topology.

9



‘Thus, the simple fact of considering the stationary output processes of single-
server queue with time-varying capacities really generates major technical diffi-
culties; this may help explain why people have focused mostly on the transient

output process. -

1.2.4 Literature survey

The problem of deriving the effective bandwidth for the output process of a
single-server queue has recently been addressed by several authors [7, 16, 18, 29,
51, 20]. The difference between those treatments lies in the model chosen, e.g.,
discrete-time vs. continuous-time single-server queues, constant vs. time-varying
capacities, and stationary vs. transient output processes. In what appears to be
the first paper on this issue, de Veciana et al. [20] study the large deviations
behavior of the stationary output process of a discrete-time G/D/1 queue. As
pointed out in [7], the result of {20] holds under certain technical assumptions
on the arrival process which are developed in [23]; however, the authors in [20]
do not show that these technical assumptions hold for the departure process,
thereby precluding their result to be applied inductively to networks of queues.

In [16], Chang derives closure properties (sum, reduction, composition and
reflection mapping) for sample path large deviations. The model considered
there is still a discrete-time single-server queue with deterministic capacity, but
the transient output process (output process resulting from a queue with empty
initial buffer content) is considered. The author assumes that the arrival process
is stationary, ergodic, bounded (a very restricted assumption) and adapted to a
filtration. The existence and differentiability of a limiting log moment generating
function are also assumed. Under some technical assumptions, it is shown that
the transient output process satisfies a sample path LDP and that the buffer
asymptotics (1.2) hold for the queue fed by the transient output process. In
[18], the effective bandwidth of the stationary output process of a discrete-time
queue with bounded arrivals and time-varying capacity is heuristically derived.
However, the argument are not made at the sample path level and, as pointed
out by the authors, cannot be used inductively. An important point made in [18]
is that, except when the queue has constant capacity, the effective bandwidth of
the stationary and transient output processes are a priori different.

In [7] Bertsimas, Paschalidis and Tsitsiklis study the large deviations behav-
ior of networks of G/G/1 queues and establish, under some technical assump-
tions, that the stationary output process of a continuous-time single server queue
with 1.i.d. service times satisfies the Large Deviation Principle (LDP). They also
show that their assumptions are satisfied by the output process, a fact which
allows them to propagate the result.

10



" We became aware only recently of a revised version of [51] in which the author
establishes the sample path LDP for the stationary output process of a G/G/1
queue from that of the input. The assumptions required are joint sample path
LDP for arrivals and service processes and bounded exponential moments. The
author uses a sample path approach not on the partial sum processes of the se-
quences of interest, but rather on their continuous polygonal approximations. By
doing so, some of the technicalities arising from the use of the Skorohod topol-
ogy disappear. However, the author implicitly uses the incorrect fact that the
space of measurable functions equipped with the uniform topology is separable.
Furthermore, the author uses without any justification the fact that the LDP
for each of the sequences {gn(-), n =1,2,...} and {(C,(-),ma(-)), n=1,2,... -}
implies the joint LDP in the product space. Although this is true for i.i.d. se-
quences, we do not know of any results which would yield the joint LDP when the
arrivals and capacity sequences are only stationary. Our results were obtained
independently.

Finally, at this point, we do not know of any result in the literature which
establishes the LDP for partial sum processes in D[0, c0) from that in Dio, 1].

1.3 Outline of the Dissertation

The dissertation is organized in a linear way, as follows. Chapters 2 and 3 consist
of the theoretical results on the LDP for the extension of partial sum processes
on infinite time intervals. The finite time interval case is treated in Chapter 2,
where we introduce the Skorohod topology on the spaces D[0,T] and D;[0, T},
and establish some results on the LDP for the extension of partial sum processes
on these spaces. The infinite time interval case is then presented in Chapter
3. There, we begin by introducing the extended Skorohod topology on the
space D[0, o) and then formally transpose it to the space D;[0, 00). Topological
properties needed later, in particular Borel-measurability and continuity results
for some functional are discussed. The general results on the existence of the
LDP jointly for the partial sum process associated with the entire past and future
of a stationary sequence is finally presented.

Building upon Chapter 3, we then establish in Chapter 4 the LDP for some
functionals of particular interest in the study of Lindley processes or single-
server queues. Those results are then applied to the characterization of the
large deviations behavior of Lindley processes and discrete-time single-server
queues in Chapters 5 and 6, respectively. In particular, the derivation of the
sample path LDP for the output process of the single-server queue is presented
in Section 6.3. Finally, those large deviations results are in turn applied to
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analyzing the effective bandwidth at the sample path level in Chapter 7, where
the applicability to queues in series is also investigated.

A few words on the numbering used in the Dissertation. Within a chapter,
Theorems, Propositions and Lemmas are all numbered sequentially in order of

appearance.

1.4 Contributions

The contributions of this Dissertation are twofold.

First in the context of large deviations for partial sum processes, we were able
to establish two useful results. The first one states that the LDP in D|0, oo) for
the extension of a partial sum process on [0, c0) is a consequence of that of the
partial sum process in D[0,1]. In addition, when the associated rate function
is of the integral form, then so is the new rate function. The second one, for
stationary random sequences, is very interesting. It basically states that under
some mild continuity assumptions which are satisfied in all known situations
where the LDP holds, the LDP jointly for a partial sum process based on the
entire past and future of the random sequence follows from that of the partial
sum process in D[0, 1]. It also shows that, in terms of large deviations, the past
and future behave as if they were independent.

The other contributions relate to the large deviations behavior of the G/G/1
queues, and the notion of effective bandwidths. In this context, the most im-
portant result is the propagation of the sample path LDP from the input to a
single-server queue with time-varying capacities to its output process, under
some very mild assumptions on the associated rate function. In particular, it
does not require that neither the arrivals and capacity processes, nor the as-
sociated exponential moments be bounded, so that our assumptions are much
weaker than those in [16, 51].

We also show that the steady-state queue length satisfies the LDP in the
function space D[0, 1], under the assumption that either the input and capacity
process jointly satisfy a sample path LDP, or the queue length satisfies asymp-
totics of a particular form. Finally, our sample path approach yields a sample
path definition of the effective bandwidth which greatly simplify the assumptions
required in the traditional derivation.

12



1.5 Background on large deviations

In this section, we review some of the large deviations techniques that we use in
the course of this dissertation. All the material presented here can be found in
[24].

1.5.1 Definitions and related properties

We use the definitions and conventions of [24]. For a topological space (X, x),
By will always denote its Borel o-field, i.e., the smallest o-field containing all
the open sets.

Let (X, 7) be a topological space.

Definition 1.1 A rate function I is a lower semi-continuous mapping [ : X —
[0,00]. A rate function I is said to be a good rate function if it is level-compact,
i.e., all its level sets Ur(a) = {z : I(z) < a} are compact subsets of X.
The effective domain Dy of I is the set of points in X of finite rate, namely
Dr={z € X:I(z) < oo}

Let {un, n = 1,2,...} be a collection of probability measures defined on
some o-field B of X, which contains the Borel o-field By.

Definition 1.2 The family {u,, n = 1,2,...} satisfies the Large Deviations
Principle (LDP) in (X, 7) with a rate function I : X — [0, oq] if

S :
hrl;llglf;lnun(l“) > -—Ilélrfc I(z) (1.11)
and 1
limsup—In u,(T) < —infI(z) (1.12)
n—oo TN zel

for every T in By.

We stress that we require in the definition above that the bounds (1.11) and
(1.12) hold for all Borel sets I'. This definition differs from that given in [24,
p. 5] as there the bounds are required to hold only on the o-field B on which
the probability measures are defined. The motivation for imposing the bounds
in the LDP to hold on the Borel o-field comes from the fact that most of the
definitions and properties in [24] require the inclusion Bx C B, to hold. To avoid
any technicalities, we will always consider Borel probability measures, in which
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case they are defined on the Borel o-field , and Definition 1.2 becomes equivalent
to the definition of the LDP given in [24, p. 5].

We list below some easy yet important properties of rate functions which we
use throughout the discussion.

Lemma 1.3 1. Let I : X — [0,00] be a rate function. Then I is Borel-
measurable. Moreover, I achieves its minimum on any non-empty compact sub-
set of X.

2. Let I : X — [0,00] be a good rate function. Then I achieves its minimum
on any closed subset of X which has a non-empty intersection with its effective
domain Dy.

3. Assume the collection {un, n = 1,2,...} to satisfy the LDP with rate
function I : X — [0,00]. Then, 12£ I(z) = 0. Furthermore, if the rate function

I is good, then the infimum is achieved, i.e., there exists ¢ in X such that

I(¢) = infI(z) = o.

4. A family of probability measures {y,, n =1,2,...} on a Hausdorff regular
topological space can have at most one rate function associated with its LDP.

Proof: (1): Borel-measurability of I follows easily from the closeness property
of lower semi-continuous functions (12, Prop. I, p. 361].

That I achieves its minimum on any non-empty compact subset of X is
proved in [12, Theorem 3, p. 361].

(2): Let F be a closed subset of X such that F ND; # 0, and let zo be in
EF'ND;. Clearly,

inf I{x) = inf{I(z):2€ FN¥;(I(zq))}

TEF

whence, F'1 ¥;(I(zo)) being compact [12, Prop. III, p. 86] and non empty, I
achieves its minimum by assertion (1).

(3): We follow [25, Exercise 2.1.14, p. 44]. The LDP lower and upper bounds
(with T = X) yield ;161/1; I{z) = 0 and the first part of the assertion is proved.

Hence there exists zo in X such that I(zy) < oo, and it is now plain that

;g}f([(:c) = inf{Il(z):z € X, I(z) < I(z0)},
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so that, when [ is a good rate function, it follows from assertion (1) that the
infimum is achieved.

(4): This result is given as Lemma 4.1.4 in [24, p. 103]. u

So far, the only structure we had on the space X was its topology. However,
additional constraints on the topology are required in order to avoid embarrassing
situations such as the non-uniqueness of the rate function associated with a
LDP. Therefore, we will always assume that the topological spaces considered
are Hausdorff and regular, which we refer to as simply regular. Since a metric
space is regular, this will be the case in all our applications of large deviations
techniques, as we always consider metrizable topological spaces.

For now on, {u,, n=1,2,...} is a collection of probability measure
defined on the Borel o-field By of a Hausdorff regular topological space
(X,7)-

There exists a weaker formulation of the LDP, which in some instances is the
first step in establishing the full LDP.

Definition 1.4 The family of probability measures {un, n = 1,2,...} satisfies
the weak LDP with a rate function I if the lower bound (1.11) holds for all open
sets and the upper bound (1.12) holds for all compact sets.

As shown in [24, p. 7], there exist families of probability measures that satisfy
the weak LDP with a good rate function, but which do not satisfy the full LDP.
Nevertheless, in some cases the weak LDP implies the full LDP. To discuss this

point, we need a definition.

Definition 1.5 The family of probability measures {pn, n = 1,2,...} is ezpo-
nentially tight if for every a < oo, there ezists a compact set Ko C X such
that 1

lim sup;ln p(KZ) < —cu (1.13)

n—roQ

Lemma 1.6 ([24, Lemma 1.2.18 p. 8]) Let {,, n = 1,2,...} be an expo-
nentially tight family. If it satisfies the weak LDP with rate function I, then it
satisfies the full LDP and I is a good rate function.

Conversely, in some cases, the full LDP implies exponential tightness.
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Proposition 1.7 1. Assume that X is locally compact. If the family {pin, n =
1,2,...} satisfies the LDP with good rate function I, then it is ezponentially

tight.

2. Assume that X is a Polish space and that the family {pn, n =1,2,...}
satisfies the LDP upper bound with good rate function I. Then, the sequence of
measures {un, n=1,2,...} is ezponentially tight.

Proof: The proposition is given in [24] as Exercise 1.2.19 p. 9 and 4.1.10 p. 105.
A proof can be found in Appendix A.1. [

As we discuss large deviations at the sample path level, we will be led to
consider random elements in a topological space (X, 7). A random element &
on some probability space (2, F,P) and taking on values in a topological space
(X,T) is defined as a measurable mapping £ : (Q, F) — (X, Bx), where By is
the Borel o-field on the topological space (X,7). The distribution law of the
random element ¢ is then the probability measure u : By — [0, 1] defined by

u(B) = P[£€B], BEe€Bxy.

Given a collection of random elements {£,, n = 1,2,...} in the topological
space (X,7), we define the LDP for {&,, n = 1,2,...} as the LDP for the
collection of probability measure {u,, n =1,2,...}, where foreachn=1,2,...,
L is the distribution law of &,. In this setup, it should be clear that for each
n=1,2,..., u, is indeed a probability measure defined on the Borel o-field By
of (X, 7), as was required earlier.

Similarly, the family of random elements {&,, n = 1,2,...} is said to be
exponentially tight if the family of distribution laws {u,, n =1,2,...} is expo-
nentially tight.

The sample path approach we take to study the large deviations behavior of
single-server queues in series requires establishing the LDP for n-uples of random
elements. Thus, we need to place ourselves in a framework where an n-uple of
random elements is still a random element (in the Cartesian product space) and
its distribution law is a Borel probability measure on the product topological
space. More precisely, for each n = 1,2,..., let X, be a random element in
the topological space (Xn,7n), i.e., Xn : (O, F) = (A, Bx,) is a measurable
mapping. We can then construct the mapping X : { — H X, by setting

n

Xw) = (Xi(w), Xow),...), we.

If B is the tensor product of the o-fields By,, i.e.,
B = BXl ®BX2 Q...

16



then it is well known [27, p. 55] that X is F/B-measurable. However, in order
for X to be a random element in the topological product space HX (as pre-

viously defined), it is necessary that X be a measurable mappmg from (Q, F)
into ( H Xn, B x, ), where By x, is the Borel o-field of the product space H Xn

endowed with the product topology.
Although the inclusion

®‘?—3—1sz' g BHX..

always holds for any collection of topological spaces {X;, i =1,2,...} [53, p. 6],
the converse inclusion
BH X; C ®?§le1'

requires additional properties on the topologies to hold. In particular it holds
for separable Hausdorff spaces [53, Theorem 1.10 p. 6].

Therefore, in this dissertation, we shall consider only separable Hausdorff
spaces, so that n-uples of random elements are themselves random elements. In
addition, this automatically ensures that the distribution law of the n-uple of
random elements be defined on the Borel o-field of the product space, as required
in our treatment of large deviations. We note that this separability requirement
does not appear in the general abstract framework of [24], to the contrary of that
in [25, p. 35] which consists of Borel probability measures on separable metric
spaces.

In some cases, the joint LDP in product spaces is a consequence of the LDP
in each of the component spaces.

Proposition 1.8 Let {X,, n=1,2,...} and {Yy, n =1,2,...} be two mutu-
ally independent families of random elements in the separable regular topological
spaces X and Y, respectively. Assume the families {X,, n = 1,2,...} and
{Yn, n=1,2,...} each to satisfy the LDP respectively in X and ), with good
rate functions Ix and Iy, and to be ezponentially tight.

Then the family {(X,,Ya), n = 1,2,...} satisfies the LDP in X X)) (endowed
with the product topology) with good rate function Ixy given by

Ixy(z,y) = Ix(z)+1Iv(y), z€X, ye).

Proof: This result is given as Exercise 4.2.7 of [24, p. 113], and its proof can be
found in Appendix A.2. n
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‘Because A and Y need not be Polish, the assumption on exponential tightness
is required, as it does not automatically follow from Proposition 1.7. However, if
A and ) are Polish spaces, Proposition 1.8 simplifies to the following Corollary.

Corollary 1.9 Let {Xn, n=1,2,...} and {Y,, n =1,2,...} be two mutually
independent families of random elements in the Polish spaces X and Y, respec-
tively. Assume the families {Xn, n=1,2,...} and {Y,, n = 1,2,...} each to
satisfy the LDP respectively in X and Y, with good rate functions Ix and Iy.

Then the family {(X,,Ys), n=1,2,...} satisfies the LDP in X xY (endowed
with the product topology) with good rate function Ixy given by

IX,Y(x7y> = IX(I)_{'—IY(y)) IZ:EX, yey

Some of the known cases where a LDP indeed holds, including the theorems
of Cramér and Gértner-Ellis , are reviewed in Chapter 7, where the LDP is used
to derive the effective bandwidth for certain classes of queueing systems.

1.5.2 General principles

~ We review here some of the most important properties of the LDP that we use in
the forthcoming chapters. All the properties stated in this section are borrowed
from [24]. ‘

The next result is our main tool in establishing LDPs. For the sake of com-
pleteness, because the statement is only proved for the case f continuous in [24,
Theorem 4.2.1 p. 110}, a proof is presented in Appendix A.3.

Theorem 1.10 (Contraction Principle) Let X and ) be two regular topo-
logical spaces and let {pn, n =1,2,...} be a family of probability measures on
the Borel o-field Bx of X. Assume the family {p,, n = 1,2,...} satisfies the
LDP in X with good rate function I : X — [0,00], and let the Borel-measurable
mapping f : X — ) be continuous on the effective domain Dy of I.

Then the family {u. o f~', n = 1,2,...} of probability measures on By
satisfies the LDP in Y with good rate function I' given by

I'ly) = inf{I(z):y=f(z)}, yel. (1.14)

TEX

In particular, if f is continuous on the whole space X, then the family {tin ©
f7', n=1,2,.. .} satisfies the LDP in Y with good rate function I’ as above.
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"We complete these general principles with two useful results which yield the
LDP in one space from that in another space.

First, as demonstrated by the following lemma, the LDP can either be lifted
in a bigger space or down-sized to a smaller space. Because this Lemma will be
needed in proving a crucial step in Chapter 4, we present its proof (based on
that sketched in [24]) in Appendix A.4.

Recall that for any subset £ of X, the Borel o-field Bs of £ is the trace on &
of the Borel o-field of X, i.€., B = Bx N £ [53, Theorem 1.9 p. 5].

Lemma 1.11 ({24, Lemma 4.1.5 p. 104]) Consider a Borel-measurable sub-
set £ of the regular topological space X, endowed with the topology induced by X.
Let {pn, n=1,2,...} be a family of Borel probability measure on X, satisfying
Un(E) =1 foralln=1,2,....

1. If the family {un, n =1,2,...} satisfies the LDP in X with rate function
I, then D[ - Cl,y(g)

2. If € is a closed subset of X and the restriction of the family {u,, n =
1,2,...} to the Borel o-field Bs satisfies the LDP in £ with rate function (resp.
good rate function) I, then the family {un, n =1,2,...} satisfies the LDP in X
with rate function (resp. good rate function) I' given by

I'lz) = {;(Jx) z:g (1.15)

3. If the family {pn, n =1,2,...} satisfies the LDP in X with rate function
(resp. good rate function) I such that Dy C &, then its restriction to the Borel
o-field B satisfies the LDP in £ with rate function (resp. good rate function)
the restriction of I to &.

Finally, for comparable topologies, the LDP in a finer topology yields the
LDP in a coarser one, and conversely in presence of exponential tightness or if
the topologies coincide when relativized to the effective domain.

Lemma 1.12 Let X be a set and let 71, T, be two regular topologies on X, such
that 7y is finer than , i.e., 7o C 7. Let {pn, n = 1,2,...} be a family of
probability measure defined on the Borel o-field B, of 7.

1. If the family {pn, n=1,2,...} satisfies the LDP in (X, 1) with good rate
function I : X — [0, 00], then its restriction to the Borel o-field B, satisfies the
LDP in the coarser topology T, with the same (good) rate function.

19



. . L, L &

2. If the family {pn, n = 1,2,...} is exponentially tight in 7 and its re-
striction to the Borel o-field B, satisfies the LDP in (X, 1y) with rate function
I: X —[0,00], then it satisfies the LDP in the finer topology T with the same

rate function.

3. If the restriction of the family {p,, n = 1,2,...} to the Borel o-field
B,, satisfies the LDP in (X, 7,) with rate function (resp. good rate function)
I: X — [0,00], and the two topologies coincide when relativized to the effective
domain of I, then the family {un, n = 1,2,...} satisfies the LDP in the finer
topology 7, with the same rate function (resp. good rate function).

We point out that in Assertion (3), it is required that the family of probability
measure {u,, n = 1,2,...} be defined on the Borel o-field B;, of the finer

topology.

Proof: The first assertion follows easily from the Contraction Principle by taking
the natural embedding from (X, 7;) onto (X, 1) as the (continuous) contraction
mapping, while the second one is given as Corollary 4.2.6 in [24, p. 113].

Next, the LDP bounds in the last assertion follow from the LDP in (X, )
and the inequality

pn (int,(T)) < pa(l) < pn(cl,(T)), n=12,..., TE€B,,
once we note the elementary facts

D;Nint,(T) = D;nJ{0:0€en, OcCT}
= J{OnND;:0emn, OCT}
= U{OﬂD;:OETg,OCF}
= DrNnint, ('), T CAX,

Drncl, () = D;n(){0°:0€n, T CO}
ﬂ{OcﬂDI : 0 € 711, I'c O}
= (1{O°ND;:0€emn, I CO}
= Dincl,(T), TcAi.
For a > 0, ¥;(a) is closed in 73, thus closed in the finer topology 71, so that I
is a rate function in (X, 7). If I is good in (X, 72), then ¥ () is compact in
(X, 73), hence in (D;, T2) by Lemma A.3. As the topologies 7, and 7, coincide on

Dy, ¥ (a) is also compact in (Dy,71), hence by Lemma A.3 in (X, 1), so that T
is good in (X, 7). |
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‘With these large deviations techniques now on hand, we are ready to study
LDPs for a certain class of random elements in a function space, namely the
partial sum processes.
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Chapter 2

LDP for Partial Sum Processes in
Dla,b] and Djla,b]

In this chapter we derive preliminary results on the Large Deviations Principle
(LDP) for partial sum processes in the spaces D[a,b] and Dj[a,b]. We begin
by reviewing the Skorohod topology on these spaces as well as some topological
properties. Next, we derive under suitable assumptions the LDP for partial sum
processes in D[0, T] for arbitrary T > 0, and then jointly for a particular partial
sum process in the product space D[0,T] x Dy[0,T]. General formulas for the
associated rate functions are given, and a closed form expression valid in most
situations is derived.

The results obtained in this chapter are of independent interest, especially
the LDP obtained for the particular partial sum process in the product space
D[0,T] x D;[0,T], but most importantly, they will be used in Chapter 3 to
establish the LDP in D[0, o) and D;[0, oc) for the extension of the partial sum
processes on [0, 00).

2.1 The spaces Dla,b] and Djfa,b]

For p = 1,2,..., let D[a,b]P (resp. Di[a,b?) denote the space of functions f :
[a,b] — R? which are right continuous (resp. left continuous) with left-hand
limits (resp. right-hand limits).

Two topologies are traditionally used in the space Dla, b], the uniform topol-
OZY Too, induced by the uniform metric, and the Skorohod topology. The uniform
metric is defined by

dole) = 0p [olt) ~u(®), @y € Dlast] (or Dia,b).  (21)
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‘It is well known [8, p. 150] that (Dfa, b], 7) is a complete metric space which
is not separable. In view of the comments made in Section 1.5.1, the uniform
topology is not well adapted to using on n-uples of random elements the large
deviations techniques discussed in Section 1.5. This calls for the use of the

(separable) Skorohod topology.

The Skorohod topology was originally introduced on the space D[0, 1] in the
context of weak convergence [59], and has been since then extensively studied
6, 8, 31, 33, 39, 43, 44, 53, 55, 61, 66]. Interestingly enough, the transposition
of the properties of the Skorohod topology on the space D[a,b] does not seem
to have attracted much attention.

Because we eventually study partial sum processes on both spaces D[0, T'] and
Dy[0,T], we begin by reviewing the main properties of the Skorohod topology
on Dla,b] and then formally transpose them to the space D[a, b}.

¢
2.1.1 The Skorohod topology

In his seminal paper [59], Skorohod defined several types of convergence in the
functional space D[0, 1}, including J)-convergence:

Definition 2.1 ([59]) The sequence {z,, n =1,2,...} in D[0,1] is called J,-
convergent to x if there erists a sequence of continuous, strictly increasing and
one-to-one mappings A, : [0,1] — [0,1] such that

lim sup |z,(t) —z oA ()] = lim sup |A.(¢) —t| = O. (2.2)
n—o0 t€(0,1) n—oo te[0,1]

Because )\, is 2 bijection with A;* continuous as well as strictly increasing, the
definition of J;-convergence is actually equivalent to the existence of a sequence
of continuous, strictly increasing and one-to-one mappings u, : [0,1] — [0,1]
such that

lim sup |z,© t)—z(t)) = lim su ty—-t| = 0. 2.3
Jim, sup 0.0 ) = 2(0)] = Jim, sup [1n(6) = (2.3)

Kolmogorov then proved the existence of a complete metric on DI[0, 1] which
induces Skorohod’s J;-convergence [43]. The topology induced by this metric is
called the Skorohod topology.

Later, Billingsley [8] introduced two metrics on D[0,1] (denoted by d and
dp in his book) which both induce the Skorohod topology. Although both yield
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separability of D[0, 1], only one (dy) makes D[0, 1] into a complete metric space.
We denote here Billinsgley’s d metric by d;.

To define the metrics d; and dy, we introduce Ay, as the set of continuous
one-to-one functions A from [a, b] onto itself which are strictly increasing. Note
that if A belongs to A, then we necessarily have A(a) = a and A(b) = b.

For z,y in Dla, b], we set

a@s) = inf (sup fo(t) =ye @) v sup e -
sup [2(6) =0 M) < <
} 24

. ' t€[a,b]
= 1nf{e>0.3A € Ag s.t. sup |A(t) —t| <e

t€(a,b]
and
do(z,y) = _inf (sup lz(t) —y o A()| V sup|ln )
A€hab \ te(a,b] st
sup |z(t) —yo /\(t l <e

= infde>0:3X € Ay s.t. rete A(s) — A(¢) . (2.5)
sup|Iln ————=| < ¢
£t

When proving topological properties for functionals on Dfa, b] we shall use
either one of the two metrics d; and dp as they both induce the same topology.

The following elementary result will be useful later.

Lemma 2.2 Fora # 0 and 8 in R, let ¢ = min{aa + B, ab + B} and d =
max{aa + 3, ab+ B}. Define the mapping f : [c,d] = [a,b] by
1
fO=—(-0), telod

Then. for each z,y in Dla,b] (resp. in Difa,b]), we have

(sup 707 -y foA@M>V<sm>M@)—ﬂ> 26)
ts t€fe,d]
- (am!xa»—yofoxof-%wo (1o sup 17030 10 - 1)
tela,b] t€la,b}
for all X in Ay, and
: : X(E) = X(s)
/\'ler}\fab <t21[?b] lz(t) —yo N(t)| V t#s;gg’b] |In r— |) (2.7)
B A(t) = A(s)
= /\lerzlecd (tzx[lc%] |zo f(t) —yofoAlt)V t#sslel[lz,d} | In s |> .
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Proof: Let z,y in D[a,b] or Difa,b]. First note that for any A in A,
zo f(t)—yofollt) = z(f(t)) —yofol (f-l(f(t))) , té€led),
whence, f being a bijection,

sup |z o f(t) —yo foAlt)] = sup |z(t) —yo fodo D). (2.8)
t€le,d] t€(a,b]

On the other hand, for each ) in A, we also have

sup [Mt) —¢[ = sup |A(f7H(E) - £ ()]
t€(c,d] t€{a,b]
= sup fof (M) - £ ()]
= sup |aflf o Ao f7i(t) — 4], (2.9)
t€(a,b

as we see, from the definition of f, that

fit)=f(s) = l(t— s), s, t€lcd].

«

Equality (2.6) then becomes an easy consequence of (2.8) and (2.9).

Similarly, for all A in A we have

M) =As), Ao ) — Ao f1(s)
B Sl by F-7@
F o f718) - f (Ao £7(s))
= 1
b O =Gy
N | TALLE U LY ON)
s#t€[a,b] t—s
(2.10)

Finally, f and f~1 are either both strictly increasing (o > 0), or both strictly
decreasing (o < 0). Hence, it is easily checked that foAo f7! spans Ay as A
spans A, and the desired equality (2.7) follows from (2.8) and (2.10). |

We now show how to define the Skorohod topology on Dj[a,b]. To this end,
consider the mapping ¢ : [a,b] — [a, b] defined by
Yu(t)=a+b—t te [a, b],
and define the mapping ®4; : Difa, b] — Da, b by
Pur(z) = Topy, z€ Da, b). (2.11)
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From these definitions, it is plain that ¢,, and ®,, are both bijections with
07 = a and O} (z) = T 0 @y for all z in Dla, b).

If we define the mapping d, : Dj[a, b] x D;[a,b] — R by setting, identically
to the definition of dy on Dla, b],

di(z,y) = inf (sup |z(t) —yo A(t)] V ililt)lln:\(_si{_jﬂO’ (2.12)

A€Aab \te[a,b)
for z,y in Difa,b], then Lemma 2.2 (with @ = —1 and 8 = a + b) yields

X(t) = N(s)
)

o) = it ( sup L) -y X(0] v supln

’\IEAab tE[a,b]
= lnf (Sup lx o} @ab(t) — YOO A(t)l Vi sup I ln A(t) - A(S)]
A€hab \tefad] s#t t—s
= do(‘@ab(:r), Qab(y)), I,y e Dz[a, b]‘ (2-13)

Therefore, ®,; being one-to-one, it follows that d is a metric on Dj[a, b};
in fact, (Di[a,b],d)) and (D[a,b],do) are isometric. All topological and met-
ric properties of (D[a,d],d) then translate to (Djfa,b],d}), and in particular,
(Dy[a, b],d}) is a Polish space.

On the other hand, applying Definition 2.1 to D)[a, b] defines J;-convergence
on that space which, as shown below, is equivalent to d)-convergence.

Lemma 2.3 Let {z,, n = 1,2,...} be a sequence in Dia,b], and let z in
Difa,b]. The sequence {z,, n = 1,2,...} Ji-converges to = in the sense of
Definition 2.1 if and only if

7}}_{{.10 dé(ﬂ:n, ‘T) = 0

Proof: By (2.13), JLnC}O dy(zn,z) = 0 if and only if Jim do(Pop(zn), Pas(z)) = 0.

Therefore, dy-convergence being equivalent to Jy-convergence on Da, b}, we
have 1}1{130 d,(Tn,z) = 0 if and only if there exists a sequence {\;, n =1,2,...}
in Ag such that

lim sup [@up(z5)(t) — Pap(z) 0 Au(t)] = lim sup [M,(¢) —¢| = 0,
N0 o h) R+ te(a,b]

or equivalently,

Jim S |Zn © @as(t) — T 0 0y © An(t)| = lim Sup [An(t) —t] = 0.
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‘By Lemma 2.2 this last statement is equivalent to

lim sup |z,(t) —z oA, (t)] = lim sup [A,(¢)—¢t| = 0,

n-—0C te [a,b] n—oo te [a.,b]

where for each n = 1,2, ..., the mapping A, = ¢,50 )\, 0, belongs to Ag, and
the desired result follows easily. n

In short, there exists a metric d on Dj[a,b] (whose definition is identical to
that of dy on Dfa, b]) which makes D;a, b] into a Polish space, and dj-convergence
is equivalent to Ji-convergence in Dja, b]. We shall refer to the topology induced
by the metric d4 as the Skorohod topology on Dj[a, ] and in the sequel we shall
use either one of the two characterizations of Skorohod convergence in this space.

Noteworthy is the fact that the mapping ®,, also renders (D;[a, b}, ds) iso-
metric to (Dla, b}, ds) since

doo(2,Y) = doo(Pas(2), Par(y)), z,y € Difa,b].

We would like to point out that the existence of the isometry ®,, does not
guarantee that the topological properties of a given functional on Dia, )] hold
true for its equivalent functional on D;[a, ] (i.e., the functional defined identically
on Dj[a,b]). In particular, continuity of a mapping on Dfa,b] in the Skorohod
topology does not automatically imply continuity of its equivalent mapping in
D[a, b] endowed with the Skorohod topology.

We shall abuse the notation somewhat by writing dy for d), and 7., 7o for the
uniform and Skorohod topologies on D[, b] induced respectively by the metrics
df and do.

The topologies and metrics discussed so far are defined for the spaces Dla, b]
and Dj[a, b]. On the spaces D[a, b]? (resp. Dj[a, b]P) of right continuous (resp. left
continuous) with left-hand (resp. right-hand) limits mappings taking on values
in R, we shall use the Skorohod metrics dy and d; (resp. d}) and the uniform
metric d defined similarly to the one-dimensional case, but with the absolute
value on R in the definitions (2.5), (2.4) (resp. (2.12)) and (2.1), replaced by the
norm |- |, on IR? defined by

2 -yl = max |z; -y

forz = (z1,...,2,) and y = (y1,...,%p) in RZ.

It should be clear to the reader that for each p = 1,2, ..., the mapping ®,
considered as a mapping from Di[a,bP into D[a,bJP is still an isometry, and
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that all the properties obtained on Dfa, b] or Di[a,b] carry over to D[a, b? and
Difa,b}?. For the sake of simplicity, we do not make any distinction in the
notation for the metrics or topologies on Dia, b]” and on D;[a, bJ?, from those on
Dla, b] and Da, b].

A prefix U will refer to the uniform topology and a prefix S to the Skorohod
topology (e.g., U-continuous and S-continuous).

Let Cla, b]? denote the space of RP-valued continuous function on [a, 5] and
let ACy[a,b]? (resp. AC[a,bJ?) denote the space of functions f : [a,b] — IRR?
which are absolutely continuous with f(a) = 0 (resp. absolutely continuous).
Throughout, we use the following properties [8] (and, through the isometry ®,,
their counterparts in D;[a, bJP) without further reference:

e (Dla,b}?,dy) is a Polish space.
e (Dla,b]?,d) is complete but not separable.

e For all z,y in Da, bP, do(z,y) < dw(2,y), so that the uniform topology is
finer that the Skorohod topology (7o C Two)-

e On Cla,b}?, dy and dy coincide.
Finally, as for the Cartesian product spaces (D[a, b])? and (D[a, b])?, we shall

use the product metrics d%, and &5 (which induce the product topology) defined
on (D[a,b])? (or (D/[a,b])?) by

Bo(y) = max doo(:,4:) (2.14)
and
&(z,y) = i=m13.-'>.<pdo($i,yi) (2.15)

for z = (z1,...,2p) and y = (Y1, .., Yp) in (Dla,b])? (or in (Di[a, b])?).

Although the product space (D[a, b])? can be identified to the multi-dimensional
space Dla, b}?, their (Skorohod) topologies do not coincide. We shall come back
to this later in Section 3.2.3.

2.1.2 Topological properties on Da,b] and D[a, b]

We complete this review of the Skorohod topology with a characterization of the
Borel o-fields on (D[a,b?, 75) and (Dj[a, b]?, 1), and with results on the Borel-
measurability of functionals on D[a, b]’ and D;a, b]” that are needed later. The

results obtained here are often counter-intuitive as many of these functionals are
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continuous in the uniform topology but not in the Skorohod topology. Unless
stated otherwise, measurability is to be understood with respect to the Skorohod

Borel o-fields .

Lemma 2.4 Let to in [a,b] and define the projection mapping 71, : Dfa,bP —
R? by
T, (2)(t) = z(to), t€la,b], & Dla,bl.

Then the mappings 7, and T, are S-continuous, while for a < ty < b, the
Borel-measurable mapping my, s S-continuous at  if and only if ty s a continuity
point of x.

The same properties hold true on Djfa,bP for the projection mapping 7, :
D;[a, b]p — IR?.

Proof: A proof of Borel-measurability of 7;, can be found in Theorem 1 of [6,
p. 170] together with the S-continuity results .

The same properties are easily checked to hold true for 7r£0, upon noting that
for each ¢, in [a, b] and z in Di{a, b]?,
() = z(t)
= 70 pa(pg (t))
- Ww;bl(to)(:r o Qoab); (2.16)

and that ‘continuity of z at %y is equivalent to continuity of ®,5(z) = z 0 g at
wap (to). |

The following Proposition is crucial in circumventing all measurability issues.

Proposition 2.5 The Borel o-fields B;, and B', on (Dla, b]?, 7o) and (D[a, b]?, )
coincide respectively with the projection o-fields P,y and Pl defined as the small-
est o-fields on which the natural projections {m, a <t < b} and {n}, a <t <b}
are measurable.

Proof: A proof of the result on the space D[a, b]? can be found in [53, Theorem
7.1 p. 249].

The result on Dj[a,b]’ can be established from that on Da, bJP as follows:
The mapping @, being an isometry, it is plain that

B‘f’o = (ba—.bl(BTO) = ngl(”)ab))
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and the proof will be complete once it is shown that P., = &1 (P,,).

Because

l -
Ty = Tumlig) o Py and T = 7T<lpab(t) o abl, t € [a,b],

we see for all A in By that
(M) 4) = @5 (rhy () € 93(Pw), tela,
as well as
7 (A) € Bop(PLy).
In short, the inclusions
PLcd (Py) and  Pup C Bu(Ply)

hold, and the mapping ®,, being a bijection, the equality P}, = &' (Py;) follows
trivially. u

The next result on Borel-measurability and continuity of the restriction map-
pings needs the following preliminary Lemma, whose proof can be found in Ap-
pendix A.5.

Lemma 2.6 Let {z,, n=1,2,...} be a sequence which is S-converging to z in
Dla,b?, and let ¢ in (a,b) be o continuity point of x. Then the restrictions of
{Zn, n=1,2,...} in Dla,c]? (resp. Dlc,b]P) S-converge to the restriction of z
in Dla,c]? (resp. D[c,b}?).

Lemma 2.7 Let[c,d] C [a,b], and define the restriction r¢g : Dla, b’ — D¢, d]’
by
ra(z)(t) = z(t), t€lcd], € Dla,bf.

Then the mapping reg is Borel-measurable, and is S-continuous at z in Dia, b}P
if and only if ¢ and d are continuity points of = or endpoints of [a, b].

The same properties hold true on Di[a, bP for the restriction ', : Difa,bP —
D[ [C, d]p

Proof: Borel-measurability of r, is shown as Lemma 2.3 in [66].

To show the S-continuity of 7.4, let z in D{a, b}?, continuous at ¢ if ¢ > a and
at d if d < b, and consider a sequence {z,, n = 1,2,...} in D{a, b’ which is
S-converging to z.
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‘By applying Lemma 2.6 twice, first to Dc,bJf and then to D[c,d?, it is
readily seen that the restrictions of z, on [c,d] S-converge to the restriction of
z on [c,d]. In short, res(z,) S-converges to ry(z) in Dlc,d]?, and ro is thus
S-continuous at z.

We now establish the “only if” part of the assertion of the Lemma by proving
its contrapositive. To this end, let z be in D[a, b]” such that z has a discontinuity
at ¢ and let 72 : Dfa,b? — R? and 7¢¢ : D[c,d]? — R? denote the natural
projections at c. Suppose now that r.;, were S-continuous at z. Because ¢ is an
endpoint for [c, d], n¢% is S-continuous on Dlc, d]? (Lemma 2.4), so in particular
at rea(z). The equality 72* = 7 o r.y then yields S-continuity of 72 at z, a
contradiction with Lemma 2.4 since ¢ is a discontinuity point of z. A similar
argument holds if d is a discontinuity point, and we conclude that . is not

S-continuous at z whenever c or d are discontinuity point of z.
In order to establish the measurability and S-continuity properties of 7, we
observe that for any z in Dj[a, bJ? the relation
! —
Tcd(l') —_ @So:bl(d)‘p;—bl (C) o} T‘Pa—bl(d)(p:bl(c) o] @ab(x)

holds. The properties of r, then follows from that of T o=} (d)p=2(¢) and S-continuity

of &, and (I)Wbl (d)p= () UPOD noting that ¢, d are continuity points of z or end-
points of [a,b] if and only if @3 (d), p7'(c) are continuity points of ®u(z) or
endpoints of [a, b]. ]

Lemma 2.8 The addition mapping S : D[a,bP x Dla,b]? — Dla,b]? (resp.
S': Difa,b]P x Dyfa,bf — Dy[a,b]?) is Borel-measurable, and S-continuous at
those points (z,y) which do not have common discontinuity points.

Proof: A proof of the results for the addition on Dla, b]? x D[a, b}? can be found
in [66, Theorem 4.1].

The same result is easily checked to hold on Difa,b]P x D[a, b]?, once we
observe that |

Tt+y= @a_,bl ((Pab(x) +(I)ab(y))’ T,y € Dl[a) b]P’
or equivalently,
Sl(l', y) = @;bl (S (éab(x)a Qab(y))) , Z,Y € D,[a, b]p

and that z and y have no common discontinuity points if and only if ®,,(z) and
@45 (y) have no common discontinuity points. [
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Lemma 2.9 For o > 0, § in R and v # 0, define the mapping F : Dia,bP —
Dlaa + B,ab+ B (resp. Dia,b]f — Dijaa+ §,ab+ GJP) by

F(z)(t) = vz (i-(t—ﬁ)), t € [0at+B,ab+8], z € Dla,bf (resp. Difa, b7, .

Then F is do-Lipschitz (resp. dy-Lipschitz), hence S-continuous on Dia, bJP
(resp. Dy[a,b]?).

Proof: Fix @ > 0, #in R and 7 # 0, and define the mapping f : [ea + 3, ab+
B] = [a,b] by f(t) = 1(¢t — ) for all ¢ in [ea + §,ab + F]. Then, for all z in
Dia, bJ? (resp. Dj[a,b?), F(z) =~z o f, and from Lemma 2.2 we get

do(F(z), F(y)) = do(yzof,vyof)
= do(72,7Y)
< max{l,|y|}do(z,y), x,y € D[a,b]” (resp. D/a,b]?).

In what follows the infimum is to be taken component-wise.
Lemma 2.10 The infimum mapping m : D{a, b’ — Dla,d|P (resp. Dj[a, b —
Dila,b]?) defined by

m(z)(t) = inf z(s), t€la,b], z € Dla,b? (resp. Difa,b}?),

a<s<t

18 do-Lipschitz, hence S-continuous.

Proof: A proof given in the context of the space Dia,b)? can be found in [66,
Theorem 6], and is readily seen to carry over to the space Di[a, b]. u

Finally the following continuity result will be needed in Chapter 6.

Lemma 2.11 The mapping H : D[a, b]? — Dla, b]P defined by H(z) = min{0,z}
for z in Dla,bJP is S-continuous.

Proof: Let {z,, n=1,2,...} be asequence in Dla, b]? which S-converges to .
Then there exists a sequence {\,, n =1,2,...} in Ag such that

Ji)rgodoo(zn,zO)\n) = Jlr&doo(kn,e) =0 (2.17)
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where e denotes the identity mapping from [a, b] onto itself.

The mapping H being U-continuous, in fact d..-Lipschitz, the previous equal-
1ties yield

JLr&doo(H(xn),H(xo/\n)) = nlg& do(An,e) = 0, (2.18)

and the desired result follows upon noting that H(z o \,) = H(x) o A, for each
n=12 ... n

We conclude this section with a few properties of the Skorohod topology
induced on a particular subspace; this will be very useful in Chapter 3 in over-
coming the technical difficulties which arise from the fact that the restriction
mapping is not S-continuous.

Let Q denote the set of rational numbers in IR. We define the subspaces
D®[a, 5P and DP[a, b? of Dla, b} and Di[a, b]?, respectively, of functions which
are continuous at each irrational ¢ in ga, b}, i.e., which are continuous on [a, 5] N
Q¢. As shown below, D%[a, b]” and D[*[a, b]? endowed with the metric induced
respectively by do and d}) are still Polish spaces.

Lemma 2.12 The sets D9a,b)P and D[a, b are closed under the metric do
and dy, respectively, so that (D°[a,b], dy) and (D[, bj?,d,) are Polish spaces.

Proof: We prove the statement for D®[a,b}? only, as the proof can be easily
modified to accommodate D{[a, b]?. The argument below is based on one used
by Lindvall [45] to show that the subspace of D[0, 1] of functions continuous at
t =1 is a Polish space.

Let {z,, n=1,2,...} be a sequence in D%[a, b}? which is S-converging to the
element z of D[a,b?. We need to show that z is continuous at each irrational
¢ in [a,b]. In view of the comments made after the definition of Ji-convergence,
there exists a sequence of mappings {)\,, n = 1,2,...} in Agp such that

JLr&doo(anAn,x) = Ji)rgodoo()\n,e) =0 (2.19)

where e denotes the identity mapping from [a, §] onto itself.

For each n = 1,2,..., let y, denote z, o \,. Then, for t in [a,b] N Q°, we
observe that

|z(t) = 2(t7)] = lim sup z(t) - z(s)|
< limsup (2(8) = ya ()] + [ya(t) = ya(s)| + [3m(s) = z(s)])
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< 2des(yn, 2) + limsup [yn(t) — yn(s)|

s=—t—

= 2 de(Yn, T) (2.20)

where the last step follows from the fact that foreachn=1,2,.. ., y, =z,0,
is continuous at ¢.

Upon letting n — oo in (2.20), we get from (2.19) that
z(t) =z(t7), tela,bNQF

so that z belongs to D%[a, b}P.

The space (D®[a, b7, do) is then complete and separable as a closed subspace
of a complete and separable metric space. In other words, (D%[a, ], dp) is a
Polish space. ||

In the sequel, unless otherwise mentioned, the topologies considered on D|a, b}?
and D[a, b]?, as well as on any of their subspaces are the Skorohod topologies
induced by the metric dy, and are therefore metrizable.

2.2 LDP for partial sum processes

Partial sum processes appear in many applications of applied probability. Most
of the work on large deviations for partial sum processes has focused on obtaining
sufficient conditions for a LDP to hold [9, 23, 48, 54, 58, 64], [24, Section 5.1 p.
152]. The results are typically obtained on the space (D[0, 1]?, 7). Although it
is often noted that the method used to obtain the desired LDP would yield the
LDP in (D[0, T)?, 7o) for arbitrary T > 0, to the best of our knowledge there are
no result in the literature on how one is obtained from the other. In this section,
we present results showing that the LDP for partial sum processes in D[0, T}
for any T > 0 is a consequence of that in D[0,1}?. We actually go further, as
we show that the LDP in D0, 1]? implies a LDP jointly in D[0, T] x D;[0, T] for
any T > 0, for a partial sum process associated with the past and future of a
stationary random sequence.

2.2.1 Partial sum processes

We assume all random variables to be defined on a common, possibly enlarged,
probability space (2, F,P). For a family of RP-valued (p = 1,2,...) random
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variables {z,, n =1,2,...}, we define the random variable X (n,, ny) by

nz
{ ZIi if 7, < Ny

X(nhn?) = nl)n2=071)"' .

1=n1 )
0 otherwise

For each T > 0, we can then construct a family {XZ(-), n = 1,2,...} of
mappings XZ(-) : @ — D[0, T? by setting for each n =1,2,...

XT(O) = X1 [nt)w)

1LntJ )
= 5§xi(“’) it ()21 e, weo.
0 otherwise

As shown below, the mapping XZ(-) is a random element in (D[0, T)?, 7o),
as well as in (D[0, TP, 10).

Lemma 2.13 For each T > 0 and n = 1,2,..., the mapping XF(-) : @ —
D[0,T)P is F/B,, and F/B,-measurable, where B, and B, are the Borel o-
fields of D[0, T?] with respect to the uniform and Skorohod topologies, respec-

tively.
Proof: Fix T >0 and n=1,2,.... We first write

z;(w)1{t < [nt]}, t€[0,T], we.

(2.21)
Clearly, for each 1 = 1,2,..., the (constant) mapping w — 1{i < |n-]} is
F /B, -measurable.

NE

X)) = - 3 mlw) = o)

It
-

On the other hand, if Bs;(¢) denotes the closed ball of center ¢ and radius &
in (D[0,1], 7eo), then we have

7' (Bs(p)) = {wel: Sup, lo(t) — zi(w)|s < 6}
= {weQ:p(t)~6 <zi(w) <o) +46, t€[0,T]}
= {QeQ: sup ¢(t) — 6 <z;(w) < inf (t) + 6}
t€[0,T) T€(0,T]

and it follows from F/Bgr-measurability of z; that z7'(Bs(p)) C F. As this
inclusion holds for all § > 0 and all ¢ in D[0, T}, we immediately conclude that
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for each 7 = 1,2,..., z; is F/B,_-measurable, and using (2.21), we find that
XT(.) is F/B,, -measurable, as the countable sum of products of measurable
mappings.

Finally, the uniform topology 7. being finer that the Skorohod topology 7,
F/B,,-measurability of XT(-) follows by considering the (continuous) natural
embedding from (D[0, T)?, 7o) onto (D[0, T}?, 7). ||

Following [23, 24], we refer to {XT(-), n =1,2,...} as the family of partial
sum processes on D0, T}? associated with {z,, n = 1,2,...}. For each n =
1,2,..., we write X, (-) for X}(-).

For a bi-infinite RP-valued random sequence {z,, n = 0,£1,+2,...}, we
define similarly for each 7' > 0 a family of mappings X2~ () : @ — Dj[0, T|?, by
setting foreach n =1,2,...

0
z;(w) if [nt] >1
i=l—zfnt’| , te[0,T], wel
otherwise

S
H
I
=
&
1l

We emphasize that for each w in Q, the mapping X7~ (-)(w) is left con-
tinuous with right-hand limits, and thus belongs to D;[0,T]? and not to

Do, TJ?.

By slightly modifying the arguments given in the proof of Lemma 2.13,
F/B'_ and F/B. -measurability of X;>7(-) is easily established. We refer to
XT=(-) as the negative partial sum process on D[0,T]? associated with
{Zp, n=0,%1,%2,...}.

It is plain from the definition of X7 (-) and X2~ (-) that foreach n =1,2,. ..,
T > 0 and w in Q, the only possible discontinuities occur for ¢ rational. In fact,
as shown below, for each n = 1,2, ... and T > 0, the partial sum processes X1 (-)
and XT~(-) are random elements in D20, T)P and D?[0, T}?, respectively.

Lemma 2.14 For each T > 0 andn = 1,2,..., XZ(-) : Q@ — D®[0,T)? and
XT=() : Q@ = DE[0, T are random elements in (D9[0, T|?, 79) and (DP[0, TP, 7o),
respectively.

Proof: Fix T > 0 and n = 1,2,.... By Theorem 1.9 in [53, p. 5] the Borel
o-field on D®[0, T)? is the trace on D?[0, T}P of the Borel o-field on D[0, TP, i.e,

BDQ[O’T]p = {B n DQ[O,T]‘D :B e BD[O,T]P} .
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Therefore, for any Borel set B in D?[0, T|?, we have B = D?[0,T]? N A for some
Borel set A in D[0, TP, and by Lemma 2.13 it follows that

XI()HB) = Xg()THDOO,TP) n X7 ()7H(A)
FNX ()7HA) € F,

or equivalently, that X,(-) is F/Bpejsrp-measurable. |

The motivation for introducing this negative partial sum process will become
clear in Chapter 5 as we study the asymptotics of Lindley processes, and in
Chapter 6 where the steady state behavior of a G/G/1 queue is discussed.
Indeed, the steady-state characteristics of a queueing system are often expressed
as a function of the entire past of the input processes. Thus any large deviations
analysis at the sample path level of such systems will require the LDP for the
extension on [0, 00) of the partial sum process associated with the inputs to the
system. The LDP for XZ(-) or X5~(-), beyond its independent interest, is a
first step towards the LDP in D[0, c0) or D;[0, c0).

The LDP for the family of partial sum processes X,(-) on D[0,1]? is often
referred to as the sample path LDP for the sequence {z,, n = 0,£1,%2,...}.
Noteworthy is the fact that the sample path LDP yields the LDP for the sample

mean sequence [35].

Lemma 2.15 Assume that {X,.(-), n=1,2,...} satisfy the LDP in (D[0, 1]?, 7o)
(or for that matter in (D0, 1], 7)) with good rate function Ix : D[0,1]P —
[0,00]. For eachn=1,2,..., define the sample mean S, by

1
Sn = — Z;.
n

1

ke
=

Then {Sn, n = 1,2,...} satisfies the LDP in RP with good rate function
r: R? — [0, 0] given by

r(z) = inf {Ix(¥):z=v(1), ¥ € D[0,1P}, z€RP. (2.22)

Moreover, if Ix is of the form

(o) = { [ sewa i oeacorp 2.23)

o0 otherwise

for some convez function f:IR? —[0,00], thenr = f.
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Proof: The first assertion follows easily from Lemma 2.4 and the Contraction
Principle, once it is seen that S, = X,(1), n = 1,2,.... Next, by Jensen’s
inequality, we have

r(z) = inf{Ix(y¥):z=1v(1), ¥ € D[0,1}"}

= inf{/o1 F(t)dt -z =9(1), ¥ € ACy[0, 1]”}

> inf{f(/olw'(t) dt) 1z =19(1), ¥ € AG[0, 1}”}
= inf {f(¥(1) : z = ¥(1), ¥ € ACo[0, 1P}

= f(z), z € RP.
This bound is achieved by the element ¢ in ACy[0, 1P given by ¥(¢) = tz for ¢
in [0, 1], and the second assertion follows. n

We now state a few results which will allow us to consider the LDP for partial
sum processes in more suitable spaces or topologies.

We begin with the equivalence of the LDP for partial sum processes on
Dla,b)” and D®[a,b}?. Indeed, because

P[X.()e DO, TP] = P[XI~()eDPO,TP] =1, n=12,...

with the sets D?[0,T}? and D2[0, TP being closed (Lemma 2.12), Lemma 1.11
yields the following useful proposition.

Proposition 2.16 For each T > 0, the family {XZ(:), n = 1,2,...} (resp.
{XT~(). n=1,2,...}) satisfies the LDP in (D[0,TJ?, 7o) (resp. (Di[0, TP, 70))
with rate function I if and only if it satisfies the LDP in (DR[0,TIP, 7o) (resp.
(DR[0.T)?, 7)) with rate function I9. Moreover, we have

I9(p) if @€ DR[O, TP (resp. DP0,T}?)

o0 otherwise, (2.24)

I(e) ={
and the rate function I is good if and only if the rate function I® is good.

In view of this proposition, we have the choice in stating our LDP results for
partial sum processes in either setting. We choose to state them in D[0,T|P and
D;[0, T, in an effort to be consistent with the relevant literature.

Finally, it is reassuring to know that the LDP for partial sum processes
on (Dla,bl?,7) and (Dla,b]?, 7o) are in most cases equivalent. Because the
topology T is finer that 7y, the following result is a simple consequence of
Lemma 1.12.
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Proposition 2.17 Let {X,(-), n=1,2,...} be a sequence of random elements
in (Da, bJP, Teo)-

1. If the sequence {Xa(-), n = 1,2,...} satisfies the LDP in (Dla,d]P, 7o)
with good rate function I : D[a,bf — [0,00], then it satisfies the LDP in
(Dla, blP,m9) with the same rate function.

2. If the sequence {Xn(-), n = 1,2,...} satisfies the LDP in (D[a, b, 7o)

with rate function (resp. good rate function) I such that I(p) = oo for ¢ not
in Cla, bJP, then it satisfies the LDP in (Dla, b], 7o) with the same rate function

(resp. good rate function).

2.2.2 LDP for X7 () in the space D[0,T]

We begin with two simple preliminary Lemmas.

Lemma 2.18 Let r : R? — [0,00] be a rate function associated with the LDP
of a collection of probability measures {pin, n=1,2,...}. Then, for all a, b such
that 0 < a < b, we have

inf {/ab r(v(t)) dt : ¢ € ACla, b]p} = 0.

Proof: By considering the family of functions {¢, ¢ € R?} in AC|a, b]” defined
by ¥.(t) = ct, a <t < b, we get the upper bound
b, b
inf {/ r((t)) dt : ¢ € ACla, b]P} < inf [ r(de(t)) at
= (b—a) inf r(c).

cERP

The result now follows from the fact that the rate function 7 is non-negative
with iglgr(c) =0 (Lemma 1.3). |
[

Lemma 2.19 Let the sequence of partial sum processes {X,(-), n=1,2,...} in
DI[0, 1P satisfy the LDP in (D[0,1], 7o) with good rate function Ix : D[0,1]F —
[0,00]. Then for each K = 1,2,..., the subsequence {Xnk(), n =1, yeee}
satisfies the LDP in (D0, 1P, 7o) with good rate function K Ix.

Proof: Fix K = 1,2, .... For any subset B in the Borel o-field of (D[0, 1]?, do),
we have

1
limsup—In P[X.x(-) € B] = K limsup—l—ln P [ X.k(-) € B]

n—oo T n—aoo K
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< K limsuplln P{X.(-) e B],

n—oc T

and

.1 .. el
llﬂgf;ln P[{X.xk()€B] > K hgr_l)logf;ln P[X,.(-) € B].
It is then plain from these inequalities that the existence of a LDP for the se-
quence {X,(-), n = 1,2,...} in D[0,1]? with good rate function Ix translates
into one for the subsequence { X,k (-}, n =1,2,...} in D[0, 1]? with good rate
function K Ix. ]

We now show that the LDP for a partial sum process in D[0, 1]? yields the
LDP in D[0, K7 for its extension on [0, K], with K = 1,2,.... This result
will be later extended to D[0,7] for any irrational T > 0, and under some
additional continuity assumptions on the elements of the effective domain of the
rate function, for any rational 7 > 0.

For each T > 0 and each mapping ¢ : [0,7] — R?, define the mapping
or :[0,1] = R? by
1
er(t) = zo(T), t€[01]. (2.25)

Proposition 2.20 Assume the family {X,(-), n =1,2,...} to satisfy the LDP
in (D0, 117, 75) with good rate function Ix : D{0,1]P — [0, oq].

Then, for each K = 1,2,..., the family {XX(-), n = 1,2,...} satisfies the
LDP in (D[0, K, 70) with good rate function I : D[0, K]? — [0, 0] given by

IX(¢) = Klx(ex), ¢ € D[0,K]. (2.26)

Proof: Fix K =1,2,...and n =1,2,...; we have
1I_nt

|
ni:l
1 [_nK-}%J
= K— ., telo, K],
= ; z;, t€[0,K]

Xy () =

so that we can write
XX() = F(Xak(") (2:27)

where the mapping F : D[0,1]? — D[0, K}? is defined by

Fl2)(t) = Kz(%), te[0,K], z€D[o,1F .
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By Lemma 2.9, F is S-continuous. Therefore, in view of (2.27), the LDP
for the family {XX(-), n=1,2,...} in D[0, K|? follows easily from that for the
family {Xnx(-), » =1,2,...} (Lemma 2.19) and the Contraction Principle. The
corresponding rate function I% : D[0, K]P — [0, 00] is given by

() = inf{KIx(w)  o(t) =K¢(—[-t{—), te[0,K], v € Do, 1]?}
_ inf{KIx(w) () = —Ilzgo(Ku), we0,1], ¥ e Do, 1]?}
= KIX((PK), (pED[()’K]p’
which completes the proof. ]

The expression for the new rate function can be explicitly computed when
the rate function [x is of the usual form

1
Ie(o) = { /0 re()dt if e ACo0 1P (2.28)
00 otherwise
for some Borel-measurable function r : IR? — [0, oo].
Corollary 2.21 If Ix is of the form (2.28), then
K . .
I£(p) = { /0 rlgt)dt f ¢ € AG[0.KP (2.29)
o0 otherwise

Proof: The result follows from a change of variable in the integral, after substi-
tution of Ix in the expression (2.26) for I¥. n

It is interesting to note that Proposition 2.20 actually holds on Dla, b] for
any interval [a,b] provided the restriction mapping from D0, [b]] into Dfa, b}
is continuous on the effective domain of I ;ﬂ. We give the result on D[0,T] for
arbitrary 7' > 0. An extra assumption on the continuity of the elements of the
effective domain of Iy is required, as the restriction mapping from D[0, [T']] into
D[0,T] is not always S-continuous. However, this assumption is automatically
satisfied when T is irrational, as well as when Ix is of the form (2.28).

Corollary 2.22 Assume the family of partial sum processes {X,(-), n=1,2,...}
to satisfy the LDP in (D0, 1]?, 1)) with good rate function Ix : D[0,1]? — [0, oo

and let T > 0. If T 1is rational, assume further that every element of the effective

domain of Ix is continuous at t = %
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‘Then the family of partial sum processes {XZI(-), n =1,2,...} satisfies the
LDP in (D[0, TP, ) with good rate function I% : D[0,T]P — [0, 00| given by

IZ(p) = %Di[g’fm]p{fTUX(@pm):¢=<p on[0,T]}, @€ D[0,TP. (2.30)

Proof: Under the enforced assumptions, Proposmon 2.20 yields the LDP for
{XIT1(:), n=1,2,...} with good rate function I'X1 : D[0, [T]]? — [0, o] given
by

17 (y) = [T) Ix($ym), ¥ € DI0, [TP,
with ¢ as defined by (2.25). We immediately see from this last expression
that Dlm is in a one-to-one correspondence with D, and that ¢ belongs to

’DIm if a.nd only if ¥rr belongs to Dy,.

Now consider the restriction rr : D[0, [T} — D[0,T)?, and note that

By Lemma 2.7, rr is Borel-measurable. In order to establish S-continuity of rr
on the effective domain of I )F( 1, we distinguish two cases.

For T rational, by assumption every mapping in Dy, is continuous at ¢ = F_z':]
Thus, from the expression (2.25) of 9rry, it is plain that each ¥ in DIm is
continuous at t = T, so that by Lemma 2.7, the restriction 77 is S—contmuous
on the effective domain of I{ X .

For T irrational, rr is S-continuous on D®[0, [T]}? by Lemma 2.7, thus on
DIm because the effective domain of T )f{ 1is a subset of D20, [T]]? (Proposition

2.16).

Therefore, for T rational or irrational, the LDP for {XZ(:), n=1,2,...} be-
comes a simple consequence of the Contraction Principle and the corresponding
good rate function I% : D[0,T]? — [0, 0] is given by (2.30). n

We stress that in view of Proposition 2.20 and Corollary 2.22, the LDP for
{X.(), n =1,2,...} in (D[0,1],75) with good rate function yields that for
{XT(), n=1,2,...} in (D[0,T]?, 1) for T integer or irrational, without
any additional assumptions. However, we were not able to derive the LDP for
{XE(-), n=1,2,...} for Rrational under the same assumptions. It is unclear to
us at this point whether it actually holds without further assumptions. However,
in the “good” cases, i.e., when the rate function Ix is of the integral form, we
do get the LDP in D[0,T|? for any T > 0.
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Corollary 2.23 Assume the family of partial sum processes {X,(-), n=1,2,...}
to satisfy the LDP in (D[0, 1]?, 7o) with good rate function Ix : D[0, 17 — [0, oo]
of the form (2.28) for some rate function v : R? — [0, co].

Then, for any T > 0, the family of partial sum processes {XI(-), n =
1,2,...} satisfies the LDP in (D[0, T|?, 7o) with good rate function I% : D[0,T|? —
[0, 0] given by

) = { [ ey i oeacioTp (2,51

o0 otherwise

Proof: Fix T > 0. Because Dy, = ACy[0, 1]?, each element of Dy, is continuous
at t = % By applying Corollary 2.22, we obtain the LDP for {XI(-), n =
1,2,...} with good rate function I¥ given by (2.30). Furthermore, in this par-
ticular case, a closed form expression for I )f(T] was obtained in Corollary 2.21,
namely

I;((TT('([J) _ {/DrT1r(1/}(t))dt if ¥ e AGy[0, [T1]P o (2.32)

00 otherwise

Now, if ¢ does not belong to AC,[0, 777, then any v in D[0, [T']}? such that
1 = ¢ on [0, T] certainly does not belong to ACy[0, [T']}P. Thus, we already find
from (2.30) and (2.32) that /% (¢) = oo for ¢ not in ACo[0,T}?. Finally, for ¢
in ACo[0,T|?, we have

IX(p) = inf /[T] r((t))dt: o =1 on [0,T]
X\ = yeaconmp | Jo = ’

_ /OTr(<p(t))dt+ inf (/Tmr(z/}(t))dt>

YEACH[0,[TT]P
T
_ /0 r((t)) dt

where the last step is validated by Lemma 2.18. [ |

The assumption that 7 be a rate function is required in order to establish the
closed-form expression for I%; Borel-measurability of r is not enough.

2.2.3 LDP for (X7 (-),X>~(-)) in D[0,T] x D;[0,T]

When the sequence {z,, n = 1,2,...} is stationary, it turns out that the LDP
for the family {X,(-), n = 1,2,...} implies that for the family of joint partial
sum processes {(XZ (), XI~(), n=1,2,...}.
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"The product of two closed sets being closed in the product topology [12,
Proposition 7 p. 47|, we have from Lemma 1.11 the following equivalence in
LDPs.

Proposition 2.24 For each T > 0, the family {(XZ(),XZ‘()) ,n=12.. }
satisfies the LDP in (DR[0, TP, o) x (DP[0, TP, 7o) with rate function (resp.
good rate function) I9 if and only if it satisfies the LDP in (D[0,T)?, 7o) x
(Dy[0, TP, 19) with rate function I (resp. good rate function) given by

1?1, 02) if @1 € DO[O, TP, € DR[O, TP

00 otherwise. (2.33)

I(p1,02) = {

We are now ready to state and prove our results. We begin with a special
case. A continuity assumption on the elements of the effective domain of the
original rate function is required in order to overcome the fact that the natural
projection mapping is not necessarily S-continuous.

Proposition 2.25 Let {z,, n = 0,%1,£2,...} be a stationary RP-valued ran-
dom sequence and assume {X,(-), n=1,2,...} to satisfy the LDP in (D[0, 1%, 75)
with good rate function Ix : D[0,1]P — [0,00]|. Assume further that every ele-

ment of the effective domain of Ix is continuous at t = %

Then for each K = 1,2,..., the family {(X,{{(),X,{f—()), n =1,2,...}
satisfies the LDP in the product space (D0, K?,75) x (D;[0, K7, 7o) with good
rate function I x_ : D[0, KI? x Di[0, KIP — [0, 00] given by

2K inf{Ix(ZLKgo%— c):cE€E ]R} if ©1(0) = @9(0) =0

)

IX x-(p1,02) = {

o) otherunse
(2.34)
for ¢, in D[0, KJ?, @q in D0, KIP and ¢ : [0,1] = R given by
1
—QOZ(K - 2Kt)? te [07 _']
o(t) = 1 2. (2.35)
(pl(th—K)7 té[—,l]

2

Note that for ¢, in D[0, K]? and g, in D0, K]?, the mapping ¢ defined
by (2.35) is indeed right-continuous with left-hand limits, and is therefore an
element of D[0, 1}7.

Proof: Fix K =1,2,...;forn=1,2,..., we have

(7] 0
(XE(), xE()) = (%z% > a-)

=1 {=1— rn~']

44



1|_n_]+nK 1 nK
ooz, = > g (2.36)
1

z.-nK+1 ni:nK+1—|'n-

where the last step follows from the stationarity of {z,, n =0,£1,%2,...} and
the fact that the shift (nK) does not depend on ¢.

Next, for each ¢ in [0, K], we find after some simple algebra that
nK + |nt] = [nK +nt] = |n(t+ K)]
and
~[nt] = |[nK-nt] = |[n(K-1t)].
Therefore, from (2.36) we get that
1 (n(K+-)] 1 nK
Z;

(X509, X57()) = ( SRPTES

i=nK+1 ni—l+Ln(K 9]
(1 [n(K+)] 1 nK 1 nK 1 {n(K--)] )
T} -

2o mTRlm, o me )

i=1 =1

(2.37)
Finally, upon noting that
 ln(K£9)] ] K K|
- i = 2K— i
n = * 2nK ; o
K+s
= 2K X,,
2K( 2K )7 SE[O’KL
we can rewrite (2.37) as
(xF(). xE())
K+- 1 1 K—-
=t <2K Xonk (=7 Ve ) — 2KX2nK(§) ) 2KX2nK('2') - 2KX2nK(W)>
= G(Xank(-)) (2.38)
where the mapping G : D[0, 1} — D[0, KIP x Dy[0, K7 is defined by
K+t
2K 2ty J ok 2(Y)
G(z)(t) = 2K 2 te[0,K], z€ Do,

2K Z(§) — 2K z(

We now argue that G is Borel-measurable and S-continuous on Dy,,. By [27,
p. 55] and Proposition I in [12, p. 44], it suffices to show Borel-measurability and
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S-continuity of the coordinate mappings of G. Because of the similarlty between
the two coordinate mappings, we only consider G, : z — 2K z(£%) - 2K 2(3).

By Lemma 2.4, the mapping z — z(g) is Borel-measurable, and under the
assumption that the elements of D;, are continuous at ¢t = %, it is S-continuous
on Dr,. By Lemma 2.9 the mapping z — 2K z( K;;) is S-continuous (hence
Borel-measurable), and it follows easily by [27, p. 55] and Proposition I in [12,

1

p. 44| that the mapping z — (2Kz(K+') z(§)> is Borel-measurable and S-
continuous on Dy, . Finally, upon noting that the constant mapping z(3) does
not have any discontinuity point, Lemma 2.8 yields Borel-measurability and S-
continuity of G; on Dy,.

Next, by Lemma 2.19 the family { X, (-), n =1,2,...} satisfies the LDP in
(D[0, 1]7, 7o) with good rate function 2K Ix. Thus, in view of (2.38), and of the
Borel-measurability and S-continuity of G on D;, = Dyky,, a simple applica-
tion of the Contraction Principle yields the LDP for {G(Xomk(-)), n=1,2,...},
whence for the (stochastically equivalent) processes {(XX(-),XX~(.), n =
1,2,...}in (D[0, K, 7o) x (Di[0, K17, 70) with good rate function I¥ ,_ : D[0, K]Px
D,[0, KJ? — [0, o] given by

IZ x- (01, 02) (2.39)
= weg%ofl {2K Ix(¥) : (¢1,92) = G(¥)}, @1 € D[0,KP, ¢, € D0, KJP.

Finally, for ¢; in D[0, K17, @2 in D;{0, K]? and ¢ in D[0, 1]?, we note that
(¢1,92) = G(¢) if and only if

oilt) = 2KU(ER) - 2Ku(d)
{wz(t) = 2ky(d) - 2yl o TE 0K
or equivalently,
01(0) = a(0) = 0
b)) = Vi) +e@Ki-K), te[b1]
00) = wld) - Lok - 2Ke), te 0.}

and (2.39) yields the desired expression for I . n

In the good cases (i.e., when the rate function is of the form (2.28)), the con-
tinuity assumption on the elements of the effective domain of I is automatically
satisfied, and we have the following Corollary to Proposition 2.25.
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Corollary 2.26 If the good rate function Ix is of the form (2.28), then

K K
[ r@endt+ [T rlea)dr if enpe € AGIO,KP

00 otherwise

I;((,X-(QOI, p2) = {
(2.40)

Proof: Because Dy, = AC[0, 1], the elements of D, are automatically contin-
uous at t = 1 and Proposition 2.25 yields the LDP for {(XX(-), X%~(:)), n =
. with good rate function I, _ given by (2.34).

Next, we observe from the definition of ¢ in (2.35) that ¢; and @2 belong
to AC,[0, K? if and only if ¢ belongs to ACy[0, 1}P. Thus, from the expression
(2.28) we have Ix(2K<,0+c) oo for ¢ not in ACy[0, 1], and I% (1, 92) =
whenever ¢, or @, is not in ACy[0, K].

Finally, for ¢1, o in AC[0, KJ? and ¢ in R we have

p+e) = 2K [ rlsil) dt

= 2K/0% r(go(K — 2Kt)) dt + 2K/:r(<p1(2Kt—K))dt

1
2K Ix(55

= [ + [ i) au

It is interesting to know that Proposition 2.25 carries over to the spaces
Dla, bP x Dy[a, b]P, without any additional assumptions , for arbitrary irra-
tional 0 < a < b, and under certain continuity assumptions on the elements of
the effective domain Dy, if a or b is rational. We give the result for the particular
case where [a,b] = [0, T] for arbitrary T > 0. When Ix is of the form (2.28), w
have D, = ACy[0, 1]7, and the additional assumptions on the elements of Dy,
needed when T is rational are automatically satisfied.

Corollary 2.27 Let T > 0, and assume {X,(-), n = 1,2,...} to satisfy the
LDP in (D[0,1]?, 7o) with good rate function Ix : D[0,1P — [0,00]. Assume
further that every element of the effective domain Dy, of Ix 1s continuous at
t=2% aswellasatt=3=+ 2;"} if T is rational.

27

Then, the family {(XZ(-), X5=(")), = 1,2,...} satisfies the LDP in the prod-
uct space (D[0, T|P, 7o) x (D10, TP, 7o) with good rate function Iy x- : D0, TP x
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D,[0, TP — [0, o0] given by

(g0 = inf  {ITL L L=n
x,x- (%1, 92) wle;g,rmp{ x x-{(¥1,%2) o=t " 0,77;, (2.41)
Y2€Dy(0.(TTIP

for @1 in D[0, TP and o, in D0, TP where I}E,L_ is given tn Proposition 2.25.

Proof: Under the assumption that {X,(-), n =1,2,...} satisfy the LDP with
each of the elements of Dy, being continuous at ¢ = 3, Proposition 2.25 (with
K = [T7) yields the LDP for {(X[71(-), X["=()), n=1,2,...} in D[0,T]?

D,[0, TP with good rate function I}@(_ : D[0, [T']]P x D,[0, [TT}? = [0, cc] given
by

2[Tinf {Ix(zmo +¢) i c € R} i 1(0) = 2(0) = 0
o otherwise

b

fﬂ—(wl, P2) = {
for ¢, in D0, [T, ¢, in D0, [T]]? and with ¢ satisfying

1
) | em-amn, ey e

o 2[T1e = [T]), t€ 5,1

It should be clear that if (¢1, ¢2) belongs to the effective domain of I}rg,j‘(_, then
there exits ¢g in IR such that ¢ + ¢y belongs to Dr,,. Thus if the elements of Dy,
are continuous at t = 3 % 57, then we immediately see from (2.42) that ¢, and

o are continuous at t = T.
Consider the restriction mapping 7r : D[0, [T1]? x D,[0, [T]]? — D[0,T}? x
D,[0,T)?. By [27, p. 55] and Lemma 2.7, 7r is Borel-measurable. By Proposition

2.24, the effective domain of | )((T;(_ is a subset of D20, [T']]? x D2[0, [T]]?, so
that, if T is irrational, each of its element is continuous at ¢ = 7. On the other
hand, if T is rational, then from the continuity assumptions on the elements
of Dy, and the comments made above, we get that each pair (¢;, ) in the

effective domain of [ LT)L_ is also continuous at ¢t = 7. Thus, by Lemma 2.7
and Proposition I in [12, p. 49], the mapping 77 is S-continuous on the effective

domain of 1 )LTL_ for any T > 0.
Therefore, because we trivially have
(X0, XT0) = (X0, X070), n=12,..,

the Contraction Principle yields the LDP for {(XZ(:),XT~(.)), n = 1,2,...}
in (D[0,T]?, 1) x (Di[0, TP, 7p) with good rate function I} x. : D[0,TJP x
D,[0,T? — [0, 0] given by (2.41). u
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Corollary 2.28 Assume {X.(-), n=1,2,...} to satisfy the LDP in (D[0,1]7, 7o)
with good rate function Ix : D[0,1]P — [0,00] of the form (2.28), with T being
a rate function.

Then, for any T > 0, the family {(XI(-),X1~())), = 1,2,...} satisfies the
LDP in the product space (D[0, TP, 75) x (Di[0,T}?, 7y) with good rate function
I - : D[0,T]? X Di[0, T} — [0, 0] given by

T T
[ re@des [Criga)dt i on00€ AGRTE

I x-(p1,02) = ,
00 otherunse

(2.43)

In view of Corollary 1.9, this last result shows that the joint process of the -
past and future has the same large deviations behavior as two independent pro-
cesses with same marginal distributions. In other words, in terms of sample path
large deviations, the past and future of a stationary process satisfying a sample
path LDP in D[0,1] with good rate function of the form (2.28) with r being
itself a rate function, are independent.

Proof: As D;, = ACy[0, 17, the elements of Dy, are automatically continuous
att = 2andt = ;% %]— Thus, by Corollary 2.27, we already find that
the desired LDP holds with good rate function given by (2.41). Moreover, a

closed-form expression for / LTJ(_ is available through Corollary 2.26, namely,

17} (o1 a) = W (p1(8) dt + (T r(Ga()) dt i 01,02 € ACH[0, [T
XX o otherwise '

Using Lemma 2.18 and the expression above, we easily simplify (2.41) to the
desired expression (2.43). |

As we shall see in the next chapter, the LDP for the family of partial sum
processes {XZ(-), n=1,2,...} or {(X};(-),X;f’"(-)) ,n = 1,2,...} in D[0, T}
and D0, T]? x D[0, T}? for all irrational T > 0 in turn yields the LDP in D[0, 00)?
and D[0, 00)? x D;[0, 00)? for their respective extensions on [0, c0).
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Chapter 3

LDP for Partial Sum Processes in
DJ[0,c0) and D;|0, 00)

It turns out that the LDP for {XZ(-), n = 1,2,...} in D[0,T]P for all T > 0
yields the LDP in D[0, oo)? for the extension of the partial sum process on [0, 00).
In view of the results of Chapter 2, the LDP in D[0, c0)? for the extension of
the partial sum process on [0,00) is thus a consequence of the LDP for the
partial sum process in D[0, 1]?. This property carries over to the LDP for the
negative partial sum process, as well as jointly for the partial sum process and
the negative partial sum process.

The results obtained here are used in Chapter 4 to establish the LDP for
some functionals on the inputs to a single-server queueing system.

The chapter is organized as follows. We begin with reviewing the extended
Skorohod topology on D[0,00) and D;[0,c0), as well as some topological prop-
erties of theses spaces. Then, we state and prove the main theorems on the LDP
for the extensions of the partial sum processes on D[0, o0) and D;[0, c0). Finally
we review cases where a LDP for partial sum processes indeed holds.

3.1 The spaces D[0,00) and D;[0, o)

We begin this section by introducing a suitable topology on the spaces DI0, o0)
and Dj[0,00). As discussed in Section 1.5.1, we would like to work on a reg-
ular topological space which is separable, and this motivates our choice of the
extended Skorohod topology. Indeed, it turns out that the Skorohod topology
can be extended to the space D[0,00) and that the extension makes D0, c0)
into a separable metrizable space, thus fulfilling our earlier requirements when
considering random elements in that space.
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“We begin with reviewing the extension of the Skorohod topology on D[0, co)
and with introducing its equivalent on D;[0, o0).

3.1.1 The extended Skorohod topology

The Skorohod topology on Dla,b] was extended to D[0,c0), in the context of
weak convergence, by Stone [60] and later by Lindvall [45] and Whitt [66]. In
fact, as we shall see, the topologies defined in these three papers coincide. Both
Lindvall and Whitt exhibit a metric on D[0,00). Today, an account of the
Skorohod topology on D0, 00), often based on the introduction of a metric
derived from the Skorohod metric on Dla,b], can be found in many treatises
on weak convergence [31, 39, 44, 55]. The following is Stone’s definition of the
extended J;-convergence on D[0, c0). Let A, be the space of continuous one-to-
one and strictly increasing mappings from [0, c0) onto itself. For each A in A,
we automatically have A(0) = 0 and tl_lglo A(t) = +o0.

Definition 3.1 (Ji-convergence [60]) A sequence {z,, n = 1,2,...} in the
space D[0,0) is Jy-convergent to z if there ezists a sequence {As, n=1,2,...}
in Ao such that for allT > 0,

lim sup |z,(t) —z oA (t)] = lim sup (A (¢) —t] = 0. (3.1)

We adopt Whitt’s definition of the extended Skorohod topology on D[0, oc)
[66], which we denote by 7¢. To that end recall that a topology can be defined
by its mode of convergence, provided the mode of convergence is a convergence
class. The details of such a construction are beyond the scope of this dissertation.
However, the interested reader will find all the relevant material in [40, Chapter
2]. The extended Skorohod topology 7§ is then defined as follows. Recall that a
net is a mapping from a directed set into a topological space [40, p. 65].

Definition 3.2 (S-convergence [66]) A net {z,, a € I} is said to be S-
convergent to  in the topology 7¢ if the restrictions of zo in (D[a,b],70) are
S-convergent to the restriction of z in (D{a, b}, ) for each compact interval [a, b]
contained in [0,00) such that either a and b are continuity points of T or a = 0.

It is easily checked that S-convergence indeed defines a convergence class [40,
p. 74]. Definition 3.2 also defines a topology on D;[0,00), which we shall refer
to as the ertended Skorohod topology on D;[0, o0).

On the other hand, Definition 3.1 defines a convergence on D;[0, c0), which
we shall refer to as the extended Jj-convergence on D;[0, 00).
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‘For any t > 0, let df be the dy metric on D[0,t], and let R, : D[0, c0) — D[0, ¢]
denote the restriction to [0, ¢], defined by

Ri(z)(s) = z(s), 0<s<t z€D[0,00).
The metric d¢ : D[0,00) x D[0, 00) — R, defined by

d(wy) = [ e [d (R R@)A] 4 zyeD0o)  (32)

makes D[0, 0o) into a complete separable metric space and induces the extended
Skorohod topology [66, Theorem 2.5 & 2.6].

Similarly, we can define a metric on D;[0, 00), still denoted by df, by setting

d(ey) = [ e [d (Ri@) Riw) A1) di, 2y € Do, o0)

where R. : D;[0,00) — Dj[0,t] is the restriction to the interval [0,¢], and d}
denotes the metric d} on D;[0, ¢] introduced in Section 2.1.1. By adapting the
proofs of Theorems 2.5 and 2.6 in [66], we can easily check that df is a metric on
Dy[0, c0) which induces the extended Skorohod topology on Di[0, 00), and that
(D;[0, ), d§) is a Polish space.

Other metrics on D[0, 0o) inducing the extended Skorohod topology can be
found in [31, p. 117, [39, p. 294] and [55, p. 123].

It is reassuring to know that Stone’s definition of convergence coincides with
that of Whitt, both in D[0,c0) and in D;[0,00). We use upper cases for the
projection and restriction mappings on D[0, o) or D0, o0) to distinguish them
from their analogs in D[a, b] and D;[a,b] which are denoted by lower cases.

Lemma 3.3 A sequence {z,, n = 1,2,...} in D[0,00) (resp. in Dy[0,00)) con-
verges to « in the extended Skorohod topology 75 (Whitt) if and only if it converges
to T according to Stone’s definition of the extended Ji-convergence.

Proof: Let {z,, n =1,2,...} be a sequence in D[0,00) (resp. D;[0,c0)), which
is Ji-converging to z according to Definition 3.1. Then there exists a sequence
of mappings {},, n = 1,2,...} in A, such that (3.1) is satisfied. Let [a, b]
be a subset of [0,00) such that a,b are either continuity points of z or a = 0,
and consider the restrictions Rg()y) of the mappings A, on [a,b]. Although we
might not have A,(a) = a and A,(b) = b, by continuity of z at a and b, for n
large enough, it is possible to slightly modify A, so that R.5(As) belongs to Ags
while still satisfying

lim sup |z,(t) — 20 A\ (t)] = lim sup [Aq(t) —t] = 0. (3.3)

n—=00 ;1< )
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With the sequence of modified {A,, n =1,2,...} (3.3) yields S-convergence of
the restrictions Ry (z,) (resp. RL,(z,)) to the restriction Rgy(z) (resp. RY,(z))
for any interval [a, b] such that a, b are continuity points of £ or @ = 0. Thus the
sequence {z,, n=1,2,.. .} converges to z in the extended Skorohod topology.

Conversely, assume the sequence {z,, n = 1,2,...} converges to z in the
extended Skorohod topology. Then, z being in D[0,00) (resp. D,[0,00)), it
admits at most countably many discontinuity points. Therefore, it is possible
to construct a sequence of intervals [ag, ak+1], ¥ = 0,1,... such that ap = 0,

klirn ar, = oo and for each k¥ = 0,1,..., ax is a continuity point for z. Then,
—o0
by definition of S-convergence, for each k¥ = 0,1,..., the restrictions of z, on

[ak, ax4+1] converge to the restrictions of z. Hence there exists a family of map-
pings {\*, n = 1,2,..., k = 0,1,...} such that for each £k = 0,1,..., the
sequence {\X, n =1,2,...} belongs to Agiay,,, and satisfies

lim  sup |z.(t) —z(A5(#)] = lim sup |AE(¢t)—¢| = 0. (3.4)

n—oo

PO g <t<apqr ak <t<app1
In particular, for each k£ = 0,1,..., A¥(ax) = ax and M5 (axy1) = agy1, SO that
for each n =1,2,..., the mapping A, : [0,00) — [0, 00) defined by

M) = A1), telagaps), k=0,1,... .

belongs to A,. Moreover, for any T > 0, there exists an integer kr such that
T < ag, and (3.4) applied for the finitely many k =1,2..., kr yields

lim sup |z,(t) —zoA. ()] = 0 and lim sup |[A.(¢) —¢ = 0,
Jim, sup [z.() @) Jim, sup [3u(t) ~

so that =, Ji-converges to z in D[0, 00) (resp. D;[0, c0)). n

In view of this last Lemma and the different results available in the cited
references, we find that all the extended Skorohod topologies defined on D|0, co)
in [31, 39, 44, 45, 55, 60, 61, 66] indeed coincide. Thus, for now on we shall use
either one of the two characterizations of Skorohod convergence in D[0, 00) and
D[ [O, OO)

It should be clear that all the properties or definition given so far apply to the
multi-dimensional spaces D[0,00)? (resp. D;[0,c0)?) of right continuous (resp.
left continuous) mappings with left-hand limits (resp. right-hand limits) taking
on values in IRP. The metric d§ on these spaces is defined similarly to that in
the one-dimensional case by taking the product norm |- |, in R? defined by

Iz -yl = max |z: — i
i=1,...,p
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forz = (z1,...,2p) and y = (y1,..., %) in R?. For the sake of clarity, we keep
the same notations for the metrics and topologies on D[0,0)? and D;[0, oc)?
than on D[0, c0) and D;[0, co0).

On the other hand, when referring to the Cartesian product space (D0, 00))?
(resp. (D;[0, 00))?), we mean the metric space with metric d” (which induces the
product topology) defined by

Pley) = max dilzo v, (3.5)
for £ = (z1,...,2p) and y = (y1,..., %) and z;,y; in D[0, 00) (resp. Dy[0, oc))
fore=1,...,p.

We shall come back in more details to theses spaces in Section 3.2.3 where
we discuss the LDP for partial sum processes in the product space (D[0, 00), 75)?
versus that in the multi-dimensional space (D[0,0)?, 75).

3.1.2 Topological properties on D[0,o0) and D;[0, co)

In this section, we review the topological properties of (D[0,00)?, 7§) and their
counterparts in D;[0,00)? that will be needed in the forthcoming sections and
chapters.

The approach we took in defining the Skorohod topology on Dy[0, 00)? will
prove very useful in establishing the LDP in that space, as we shall see in Sections
3.1.3 and 3.2. Unfortunately, it is of little help in deriving topological properties
of Dy[0,c0)? from those of D[0,00)?, in particular the characterization of the

Borel o-field and the S-continuity of some functionals.

Because Whitt’s study of the space of right continuous functions with left-
hand limits encompasses the space D(—o00,0], it is still possible by using his
results [66] (although most of the time the transposition from finite time in-
tervals to infinite ones is not done explicitly), to overcome these difficulties by
introducing an isometry between D;[0,c0)? and D(—00,0]?. We define the map-
ping ® : D;[0, 00)? — D(—o0,0}? by setting

®(z)(t) = z(-t), te€(-00,0], z €& Di0,00).

It is plain that ® is a bijection, and a review of [66, p. 72] shows that if df also
denotes Whitt’s extended Skorohod metric on D(—o00, 0], then we have

d5 (®(2),2(y)) = di(z,y), =,y € Di[0,00)?,
thus making (D;[0, 00)?, d§) isometric to (D(—co, 07, d).
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-We begin with the characterization of the Borel o-fields on the spaces D[0, co)?
and D;[0, 00)?.

Proposition 3.4 The Borel o-fields on (D[0,00)?,7¢) and (Dy[0, 00)?, 75) coin-
cide respectively with the projection o-fields P and ’Pf,o defined as the smallest
o-fields on which the natural projections II; : D[0,00)? — R?, t > 0 and
I : D0, 00)? — R?, t >0 are measurable.

Proof: The result for D[0,00)? is formally proved as Theorem 6 in [55, p.
127]. Although the metric used there does not coincide with the metric df, it
is known to induce the extended Skorohod topology as defined in Definition 3.2

(55, Problem 2 p. 137].

As for the space D;[0, cc)?, the result can be shown either by using the isome-
try above and Whitt’s results [66, Lemma 2.7], or by adapting Pollard’s Theorem
6 to the D0, co0) setting. [ ]

We now focus on two subspaces of D[0, 00)? and D;[0, 0o)? that we shall use
in Section 3.2 and Chapter 4. We define first the subspace D*[0, 00) of D[0, co)

by setting

D*[0,00) = {z € D[0,00) : lim z(¢t) exists and is finite}.

t—o0

As shown in [45], there exists a metric h on D*[0, 00) which makes it isometric
to the Polish space (D*[0, 1], dp), where D*[0,1] = {z € D[0,1] : z(17) = z(1)}.
Furthermore, the metric A is shown [45, Lemma 1] to induce on D*[0, co) Stone’s
[60] definition of the extended Ji-convergence, whence the extended Skorohod

topology by Lemma 3.3.

This interesting property translates to the subspace D;[0,00) of D;[0,00)
defined by

Df[0,00) = {z € Dy[0,00) : Jlim z(t) exists and is finite}.

We also define D}[0,1] = {z € D,[0,1] : z(0") = z(0)}.

Lemma 3.5 Define the mappings @ : [0,1] = [0,00], ® : D}[0,00) — D;[0,1]
and h : D}[0,00) X D;[0,00) = Ry by setting

~ —Int 0<t<L1 = A .
o) = {oo £=0 ) ®(zr) = z0p, z€Df[0,00), (3.6)
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and

hz,y) = do(3(z),3(y)), 2,y € D;[0,00).
Then h is a metric, (D}[0,00),h) is a Polish space isometric to (D}[0, 1], dy),
and h induces the extended Skorohod topology on D0, 00).

Proof: The proof is an easy transposition to the space D;[0,c0) of the argu-
ments given by Lindvall in [45, Lemma 1, p. 110] and can be found in Appendix
A.6. -

Next, we denote respectively by D9[0, 00)? and D[0, c0)? the subspaces of
D0, 00)? and D,[0, cc)? of functions which are continuous at each irrational ¢
in [0, 00). We then have the following simple extension of Lemma 2.12.

Lemma 3.6 The sets D2[0,00)? and D{[0,00)? are closed subsets (under the
metric df) of D[0,00)? and D[0,00)?, respectively. Thus (D90, 00)?, dg) and
(DP[0,00)?, d¢) are Polish spaces.

Proof: Let {z,, n=1,2,...} be a sequence in the space (D?[0, c0)?, d¢) (resp.
(DP[0, 00)?, d§)) which converges to z in D[0,00)? (resp. D;[0,00)?). Let ¢ be
an irrational in [0,00) and let b be a continuity point of z such that & > ¢
(such b exists since any element of D[0, c0)? or D;[0, c0)” has at most countably
many discontinuity points). By definition of the extended Skorohod topology,
the restrictions { Ros(zn), n = 1,2,...} do S-converge to Ros(z) in D[0, bjP. The
space D?[0, bJ? being Polish, thus closed in D[0, b (Lemma 2.12), Roy(x) belongs
to D?[0, bJ?, and z is thus continuous at ¢. Similarly, Riy(z,) is S-convergent to

RL,(z) in the closed space DZ[0,b]P and continuity of z at ¢ follows.

Therefore, z belongs to D?[0, 00)? (resp. DP[0,0)?), and (D?[0, c0)?, d§) as
well as (DP[0, 00)?, d§) are Polish spaces. |

Lemma, 3.6 will be of great help in circumventing the lack of S-continuity of
the restrictions, when using projective limits to derive the LDP for the extension
 of the partial sum processes in D[0, 00)? from that in D[0, T} for arbitrary T > 0.

We complete this section with measurability and S-continuity results for func-
tionals on the spaces D[0, 00)? and D;[0, 00)?.

Lemma 3.7 For ty in [a, ), define the projection mapping Il : D[q,oo)P —
R? by
;,(z) = z(te), z € Dla,00)?.
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- Then Il, is S-continuous, and for ty in (a,o0), I1;, is Borel-measurable and
S-continuous at z if and only if T is continuous at ;.

A similar result holds true on Difa,c0)? for the projection Ily, : Di[a, 00)? —
R?.

Proof: Borel-measurability of Il is in fact shown in the proof of Proposition
3.4, see Theorem 6 in [55, p. 127]. As for the S-continuity of I, fix ¢ in [a, 00)
and consider a sequence {z,, n =1,2,...} in D|a, 00)? which is S-convergent to
z. If b > t is a continuity point of z, then by definition of the extended Skorohod
topology, Ras(zn) is S-convergent to Ray(z) in Dfa, bJ?, and because

Ht(I) = T ORab(x)y

we conclude that II; is continuous at z if and only if 7, is continuous at Ry (z),
or by Lemma 2.4, if and only if either ¢ is a continuity point of Rg(z) (thus of
z)ort=a. [ |

Lemma 3.8 Let [c,d] C [a,00), and define the restriction Ry : Dla,00)P —
Dlc.d]P by
Ruls)(®) = a(8, teled, € Da o).

Then Rcq is Borel-measurable, and is S-continuous at z in D[a,c0)? if and
only if d is a continuity point of x and either ¢ = a, or ¢ is a continuity point of
.

The result holds true on Difa,00)P for the restriction R., : Djfa,c0)P —
D[{C, d}p

Proof: Borel-measurability of Ry is proved as Lemma 2.3 in [66].

To show S-continuity, let z in D[0,00)? and assume c¢,d to be continuity
points of r (the case ¢ = a is trivial). Let {z,, n = 1,2,...} be a sequence
in D[0, 20)? which is S-converging to z. Then by definition of the extended
S-convergence, R.q(z,) S-converges to R.y(z), so that R,y is S-continuous at z.

Conversely, suppose for instance that d is not a continuity point of z, and
vet R.4 is S-continuous at z. Then, as we have the relation

_ cd
Hd = T4 ORCd)

Lemma 2.4 yields S-continuity of II; at z, a contradiction with Lemma 3.7, and
R,y is therefore not S-continuous at z.
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‘The results for R}, can be shown by transposing the proofs to the D,[0, 00)?
setting, or by using the isometry ®. n

Lemma 3.9 The addition mapping S : D{a,>0)? x Da,>0)? — Dla,oc)? (resp.
St : Dyfa, 00)? x Djja,00)? — Dj[a,00)?) is Borel-measurable, and S-continuous
at those points (z,y) which do not have common discontinuity points.

Proof: A proof for the addition on D[a,0)? x D[a, oc)? can be found in [66,
Theorem 4.1].

The same result is easily checked to hold on Di[a, >)? x Dj[a,o0)?, once it
is seen that

Si(z,y) = &7 (S(®(2),®(v))), =,y <€ Difa,bf

and upon noting that z and y have no common discontinuity points if and only
if &(z) and ®(y) have no common discontinuity points. n

In what follows, the supremum is to be understood component-wise.

Lemma 3.10 The functional M : D[0,00)? — D[0,00)? (resp. D;[0,00)? —
Dy[0,00)?) defined by M(z)(t) = sup z(s) for all t in [0,00) is d§-Lipschitz,
0<s<t

hence S-continuous in D[0,00)? (resp. Dy[0, 00)?).

Proof: The result on D[0, co) is shown as Theorem 6 in [66], and is easily seen
to hold on D;[0, 00). ||

3.1.3 Projective limits

In this section we review the notion of projective limit (or inverse limit) and
show that the space D?[0, co)? is homeomorphic to the projective limit of some

projective system.

We begin by reviewing inverse systems of sets [11, Section 7 p. 191]. Let
(I,<) be a partially ordered, right-filtering set, and let (X,, & € I) be a family
of sets indexed by I. For each «, 8 in I such that o < 3, let fuo5 : A — X, be
a mapping such that: ‘

d fa'y = faﬁ ° fﬁ»,, whenever a < 3 <7,
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‘e f.e is the identity mapping on X, for all ain I.

The collection (Xa, fag) is called an inverse system of sets relative to the
index set 1.

Let X denote the subset of the Cartesian product [],¢; X, consisting of all
the elements z satisfying

pro(z) = fap (Prs(e)), @< B,

where for each « in I, pr, : [laes Xa — A, denote the coordinate projection
mapping. The set X is called the inverse limit of the family (&,) with
respect to the family of mappings (fas), in short the inverse limit of (Xa, fas),
and is denoted by
X =lim A&,.
—

The restriction f, : X — X, of the projection pr, to X is called the canonical
mapping, and is easily seen to satisfy the relation

fao = faﬂofﬁy a<p.

We point out that these definitions do not require any topological structures
on the sets AX,.

In case each set X, is a topological space, it is possible to consider the inverse
limit X as a topological space by endowing it with the coarsest topology on X for
which the mappings (fs, @ € I) are continuous, i.e., with the initial topological
structure on X [12, Prop. 4 p. 30]. This topology is called the inverse limit
of the topologies of the spaces (&X,) and is easily seen to coincide with the
product topology induced on X. However, the topology on X inherits much
nicer properties if in addition the mapping fog : X3 — X, is continuous for all
pair (c, §) such that oo < 8.

When the sets (X,) are topological spaces and the mappings (fqs) are con-
tinuous for all pair (o, B) such that o < §, the inverse system of sets (Xq, fag) is
called an inverse system of topological spaces [12, Section 4 p. 48] or a pro-
jective system [24, p. 144]. The space X endowed with the inverse limit of the
topologies of the spaces (X, ) is called the inverse limit of the inverse system
of topological spaces (Xy, fos), or the projective limit of the projective
system (X,, fop). When the spaces (X,) are Hausdorff, the projective limit is
Hausdorff and is a closed subspace of the product space [[,c; Xo [12, Corollary
2 p. 78).

We illustrate the use of projective limit by showing that the space D?[0, co)?
endowed with the extended Skorohod topology is homeomorphic to the projective
limit of the spaces D?[0,T], a result that will be used in the next section.
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"Let € be a fixed irrational in (0,1) and foreach K =1,2,.. let K, = K +¢
so that K, is itself irrational. For each K < L, we use the generic notation
fx.1. to denote the restrlctlon mapping from DQ[O LJP into D?[0, K.]P as well
as from DZ[0, L.JP into DZ[0, K.JP.

Lemma 3.11 The spaces D?|0, 00)? and D0, 00)? endowed with the extended
Skorohod topology are homeomorphic to the projective limits of the projective
systems (DQ[O K] fx.r.) and (DQ[O K.J?, f& 1), respectively, where for each
K =1,2,..., D90, K.JP and DP[0, K.]? are endowed with the Skorohod topolo-
gies.

Proof: For K < L, we note that K. being irrational, it is a continuity point
for any z in D?[0, L.J? and D,Q[O, L.J?, so that by Lemma 2.7 the restriction
mapping fx,r, is S-continuous. Therefore, because fx,, is the identity mapping
on D[0, K.]? and

frm. = frr.© frem., K<L M,

(D)0, K., fx.r.) and (D0, K.J?, fx.1.) are indeed projective systems.

We now restrict the proof to the space DQ[O 00)P; it is easily checked that the
exact same arguments hold on the space D, [0, 00)P as well. In order to lighten
the notations, for each K = 1,2,..., we denote by Xk, the space D0, K. ]P.
Let X = hm Xk, be the projective hmlt of the projective system (Xx,, fx.r.),
and for each K =1,2,...,let fg. : X — Xk, denote the canonical mapping.

We define the mapping @ : X — D@[0, c0)? by setting
O ((T14e, Toger---)) = T, (Tite, Tote,---) € X,
where the mapping z : [0,00) — R” is defined by
z(t) = 7g (), t€[0, K], K=12,.... (3.7)
From the equality zx, = fx.r.(zL.), or equivalently
2. (t) = 21.(1), te[0,K], K<L

we immediately see that the relation (3.7) uniquely defines a mapping, and that
the mapping belongs to D?(0, cc)?.

We now argue that @ is one-to-one and onto: For each K = 1,2,..., let
Rk, : D9[0,00)? — X, denote the restriction mapping to [0, K;]. Then, for
each z in D?[0,00)? and all K = 1,2,..., Rk, (z) belongs to Xg,. Moreover,
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from the relation Rk, = fk.r, © Ry, valid for all K < L, we conclude that the
element (Ry4.(1), Rote(Z2), - - -) belongs to X. Finally, because we trivially have

z(t) = Rk (z)(t), t€[0,K], K=12,...,
we see that in fact

® (Ruse(z), Rosel@),..)) = @, z € D0, 00)?
and surjectivity of ® follows. The mapping @ is also injective, for if

‘I’(($1+Ea-’52+ey--~)) = @ ((Y14e) Yorter---))

for (Z14e, Tote, - --) and (Yi4e, Y24¢, - - -) in &, then from (3.7) we obtain that
xKe(t) = yKe(t)7 t€[07KE]; K:].,Q,...,

whence
(Trter Toter ) = (Yires Yorer - - -)-

In order to check continuity of ®, consider a sequence {z", n=1,2,...}in X
with 2" = (z7,,,25,,,...) foreach n = 1,2, .., which converges (in the product
topology) to T = (Z14e, Z24e,.-.). For each n = 1,2,..., define y, in D[0, c0)?
by setting y, = ®(z™). We note that the projective limit being closed in the
product topology, z does belong to A'. By continuity of the canonical mapping
fx., for each K = 1,2,..., the sequence {fx, (z"), n=1,2,...} is S-convergent
to fx,(z) in D90, K.J?.

Let y = ®(z) and let a, b be continuity points of y or a = 0. Then, there exists
an integer K, such that [a,b] C [0, K} + €], and the restriction 74 : D?[0, Ky +
g — D%[a, bJP is then S-continuous at y (Lemma 2.7). Thus, upon noting that

Tab(yn) = Tab (@(mn)) = Tab (be+g($n)) , n=1,2,...

and
ras(y) = Tar (B(2)) = Tap (fry4e(2)),

from the convergence of fx,+(z") in D9[0, Ky+z]P, we get convergence of 74 (yx)
to re(y) in D®[a, )P, for any continuity points a,b of y or a = 0. Therefore y,
converges to y in the extended Skorohod topology on D?[0,c0)?, i.e., ®(z") is
S-convergent to ®(z) and continuity of & follows.
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‘Finally ®~! is also continuous: Let {y,, n = 1,2,...} be a sequence in
DR[0, 0o)? which converges to y. Then, because K. is irrational and y belongs
to D9[0,00) (which is closed by Lemma 3.6), S-continuity at y of the restriction
mapping Rk, (Lemma 3.8) yields S-convergence of the sequence { Rk, (yn), n =
1,2,...} to Rg,(y) for each K = 1,2,.... Therefore, by [12, Proposition 10
p. 74], the sequence {(Ri+c(¥n), Ra+e(¥n),---) n = 1,2,...} will S-converge
t0 (Ri4e(y), Rose(y),-..) in the product topology, i.e., ®7'(y,) S-converges to
®~(y) in X. |

A careful review of this last proof shows that continuity of the mapping f,z
is indeed required: it is hidden in the fact that the projective limit of Hausdorff
spaces is closed.

Lemma 3.11 can easily be generalized as follows. The arguments are similar
to those of Lemma 3.11 and are therefore omitted. Let € be a fixed irrational
in (0,1), and for K < L, let the restriction hx,z, : D?[0, LJ? x DP[0, L.JP —
D?[0, K.J? x DP[0, K.JP be defined by

hr.L.(z,y)(t) = (z(t),y(t), te [0, K, z€ DQ[Or L, ye DZQ[O’LE]p'

Lemma 3.12 The space D?[0,00)? x D,Q[O,oo)” endowed with the product of
the extended Skorohod topologies is homeomorphic to the projective limit of the
projective system (D?[0, K.JP x D,Q[O, K., hk.L.), where for each K = 1,2,...,
DR[0, K.JP and DP[0, K.JP are endowed with the Skorohod topologies.

We point out that because the restriction mappings are not S-continuous on
D[0,T)?, we cannot use the projective limit approach to construct the whole
space D[0,00)? from the inverse system of topological spaces (D[0, KJ?,7kL),
where for K < L, rg, : D[0, L]? — D0, K'? is the restriction mapping to [0, K.

3.2 LDP for partial sum processes in D[0, c0)
and D0, c0)

In this section we present one of the main results of this dissertation, and perhaps
the most interesting one, namely that for partial sum processes, the LDP in
D[0, 1]? implies the LDP in the full space D[0, o00)?.

Let {z,, n = 0,%1,+£2,...} be a RP-valued bi-infinite stationary random
sequence on the probability space (2, F,P). For each n =1,2,..., let X°(-)
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and X2~ (-) denote respectively the extensions of X7(-) and X5~ (-) on [0, c0),

ie.,
(nt]

xe@) ={ &% T2l heno), n=1,2...
0 otherwise
and
0
z; if 1< [nt
xeey) =4 2, B TS ), m=1
0 otherwise
As shown below, for each n = 1,2,..., X°(-) and X>~(-) are random ele-

ments in (D[0, 00)?, 79) and (Dy[0, 00)?, 7o), respectively.

Lemma 3.13 For each n = 1,2,..., the mappings X2°(-) : @ — D[0,0)? and
X2~ (-) : @ = Di[0,00)? are F/B.e and F /Big -measurable, respectively, where
B:e and B.. are respectively the Borel o-fields of D[0,0)? and D;[0,00)P with

T

respect to the extended Skorohod topologies.

Proof: We prove only the measurability of the mapping X°(-), as that of
X2~ (-) would be proved similarly.

Fix n = 1,2,.... For all ¢t in [0, o), the mapping IT; o X°(-) is measurable,
as the sum of finitely many random variables, so that

X2 (U7YA) e F, telab], A€By

Moreover, as the collection {B C D[0,00)? : X°(-)"Y(B) € F} is a o-field on
D[0, )P containing the set II;(A) for all ¢ in [a,}] and all A in Bg, it must
contain the projection o-field P, i.e.,

Po C{B: XZ()7(B) € F}

and measurability of X°(-) becomes a trivial consequence of Proposition 3.4. W

In fact, as both X3°(-) and X~ (-) are continuous at each irrational ¢ in
[0,00), following Lemma 2.14, it is easily seen that X°(-) and X7 (-) are
random elements in D20, co0)? and D[0, 00)? respectively.

Furthermore, because
P[X?(-)EDQ[O,OO)”] = P[X,‘i""(-)eDF[o,oo)P] =1 n=12,...,

Lemmas 1.11 and 3.6, together with the fact that the product of closed sets is
closed {12, Proposition 7 p. 47}, yield the following proposition.

63



Proposition 3.14 1. The family {X(-), n=1,2,...} satisfies the LDP in
(D90, 00)?,7¢) with rate function I9 : D?[0,00)? — [0,00] if and only if it
satisfies the LDP in (D[0,00)?,7§) with rate function I : D[0,00)? — [0, oc].
Moreover, the rate functions are related through the relation

_ [ I°e) if @€ DI0,00)?
I{e) —{ 00 otherwise,

and the rate function I is good if and only if the rate function I9 is good.

2. The family of partial sum processes {(X°(-), X~ (-)), n=1,2,...} sat-
isfies the LDP in (D?[0, 00)?, 7¢) x (D0, 00)?, 7¢) with rate function I2 if and
only if it satisfies the LDP in (D0, 00)?, 7§) x (Di[0, 00)?, 7§) with rate function
I. Furthermore, the rate function I is good if and only if the rate function I© is
good, and we have

—_ IQ(SOD()O?) Zf pE DQ[O?Oo>p) Y2 € D[Q[O7 oo)p
I{o1,2) —{ 00 otherwise.

As we have in mind to apply the projective limit approach to establish
the LDP in D[0, 00)?, this last result will be of a great help, since by Lemma
3.11, the space D0, 00)? is homeomorphic to the projective limit of the spaces
(D90, K.J?).

Indeed, the LDP in a projective limit can be deduced from that on the
projective system, as illustrated by the next result, due to Dawson and Gértner.

Let (X,, fas) be an inverse system of topological spaces with inverse limit &,
and denote by f, its canonical mapping. Finally, let B, be the Borel o-field of
the topological space X,, and let {u,, n = 1,2,...} be a family of probability
measures defined on some o-field B of X.

Theorem 3.15 (Dawson-Gértner) Let {p,, n = 1,2,...} be a family of
probability measures on the projective limit X such that for any a € I, the
Borel probability measures {un o f3', n =1,2,...} satisfy the LDP in X, with
good rate function Iy : Xy — [0,00]. Then {a, n =1,2,...} satisfy the LDP in
X with good rate function Iy : X — [0, 00] given by

Ix(z) = su;I)Ia(fa(x)), z€X.
(13

A careful review of the proof of the Dawson-Gértner Theorem [24 p. 144]
shows that the following assumptions are required:

i) For all « in I, B contains f;'(Ba),
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‘ii) Forall @ in [ and each n=1,2,..., pup 0 f;! is a measure on B,.

Using the Dawson-Gartner Theorem, we now show that the LDP for the
family {X3°(-), n =1,2,...} in D[0,00)? is a consequence of the LDP for the
family {X,(-), n=1,2,...} in D[0, 1],

3.2.1 LDP for X°(-) in the space D0, )

We start with the most general case: we only assume that the family {X,(-), n =
1,2,...} satisfies the LDP in (D[0,1]?,7) with good rate function Ix. The
assumption that the rate function is good is required as the Contraction Principle
may not hold otherwise. We derive the LDP for {X°(-), n = 1,2,...} in
(D[0,0)?,7§) and obtain an expression for the associated rate function, for
which a closed-form expression can be found in most situations, as illustrated

by Corollary 3.17.

As we have already noticed, because the restriction rry are not S-continuous,
we cannot use the projective limit approach directly to the spaces (D[0, T]?).
Instead, we use a trick which consists in considering the good spaces on which
the restriction mappings are S-continuous. In view of Propositions 2.16 and
3.14, the spaces (D@[0,T|P) are good candidates for the job since the LDP for
partial sum processes on those spaces is equivalent to that in D[0, TP for all
T > 0. Furthermore, as we have seen in Lemma 3.11, by adequately choosing
the index set 7", we can turn the inverse system of sets (D9[0, TJ?, rrv)Ter into
a projective system.

This trick is not new: It is an adaptation of one used by Deuschel and Stroock
[25, p. 178] in the context of uniform large deviations for continuous-time Markov
processes. In their setup, the processes are continuous at each ¢ in Z, and they
consider the projective system (D[—K,0],rgL).

For each U > 0 and each mapping ¢ : I' = R?, where T is a subset of [0, c0)
containing [0, U], we define the mapping ¢y : [0, 1] — R? by

oult) = %cp(Ut), te[0,1]. (3.8)

Theorem 3.16 Assume the family {X,(-), n =1,2,...} to satisfy the LDP in
(D[0,1}7, 7o) with good rate function Ix : DI[0,1]P — [0, co].

Then the family {X°(-), n = 1,2,...} satisfies the LDP in (D[0, 00)?,7§)
with good rate function I : D[0,00)? — [0, o0} given by

I2(p) = sup{I§ (Rr(p)): T € (0,00) N Q°}
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= lim I3 (Rr(@)), ¢ € D[0,00)? (3.9)

T—oo

TeQ°
where Ry : D[0,00)? — D[0, T|? is the restriction to [0,T] and Iy is given by

I (Br(e) = ot ([T Ix(bm) 19 =% on [0, T}, ¢ € D[0,),
(3.10)

with Y as given by (3.8) with U = [T].

Proof: Let ¢ be a fixed irrational number in (0,1), and for each K =1,2,.. .,
let K. denote K +¢. Consider, as in Section 3.1.3 (Lemma 3.11), the projective
system (Xk,, fx.1.), where for each K = 1,2,..., Xk, is the topological space
(D[0, K + €]?, 7o) and for each K < L, fk,r, : X1, = Xk, is the restriction
mapping. Let X denote the projective limit, and recall that foreach K = 1,2, ..,
fk. : X = Xk, denotes the canonical mapping.

Define the mapping Y,() : @ — & by setting
Yo(-) = (X2E(), X2 (),..), n=12,....

By Lemma 2.12, for each K = 1,2,.. ., the space Xk, is separable. Thus for each
n=1,2 ... Y,() is a random element in the product space [] Xk.,. Since Yx(:)
takes on values in X, the mapping Y,(-) is in fact F/Bx-measurable, where Bx
is the Borel o-field of X, and it follows that Y,(-) is a random element in X.
For each n = 1,2,..., the distribution law of Y,(-) is a measure on By, and by
continuity of fg, we have

(f.) " (Ba,) € Bx, K =1,2....

Requirement i) of the Dawson-Gértner Theorem is thus satisfied.

Now, because K, is irrational, for each K = 1,2,.., Corollary 2.22 yields,
under the enforced assumptions, the LDP for the family of partial sum processes

{x5(),n= 1,2,...} = {fx.(a()), n=12,...}

in D[0, KJ? with good rate function 1% . D[0, K.J? — [0, 0] given by (2.30).
By Proposition 2.16 this LDP in turn yields the LDP in Xk, = D¥[0, K] and
we obtain the following expression

e — 3 . — Q P
Ix*(¢) = ¢ED[lg}rfmp{[KJIX(er,w).so pon [0,K]}, ¢ €D, KP,

for the restriction of the rate function I5¢ to D9[0, K.J? where ¥k, : [0,1] = R”
is as given by (3.8) with U = [K.].
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‘Because fx, (Yo(-)) = XX¢(-) is a random element in X, , requirement ii) of
the Dawson-Géartner Theorem is also satisfied.

Therefore, by the Dawson-Géartner Theorem, the family {Y,(-), n =1,2,...}
satisfies the LDP in the projective limit X with good rate function I : X — [0, o0}

given by

I((Zite, Tage,--2) = Killllz) I¥(Txee), Tree € DO[0, K., K=1,2,....

[In this last expression, Zx . is a generic element of D?[0, K,], and is not related
to the notation (3.8).]
If ® is the homeomorphism in Lemma 3.11, then it is plain that

X2() = ((Rite(X770)) Roe(X37())5 -+ )
= 3(Y()), n=12,... (3.11)
where for each K = 1,2,..., Rk, : D[0,00)? — DI[0, K,.]? is the restriction
mapping to [0, K]. Thus, in view of the LDP obtained for {Y,(-), n=1,2,...}
and S-continuity of ®, the Contraction Principle yields the LDP for the family
{X®(), n=1,2,...} in D90,00)? with good rate function I9 : D?[0,0)? —
[0, oo] given by

%) = I(27(p))
= ] ((RH.,;((P)y R2+e(90)7 .- ))
= swp If (Re.(¢)), @€ DO,00).

Finally Proposition 3.14 enables us to lift up the LDP for {X°(-), n =1,2,...}
to the space D[0, 00)?. Because

sup I (R () = o0, ¢ & D0, 000,

the associated good rate function I : D[0, 00)? — [0, o] is given by

IR(@) = swp IF(Re (), e Dpo,oo). (312

From the Contraction Principle and uniqueness of the rate function, it not
hard to see that for any irrational T, > T} > 0, we have

I§1 (RTI ((P)) < I}T{) (RTz (90))7 GRS D[07 Oo)p7
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so that the argument of the supremum in (3.12) is actually an increasing function
of K., and we get
I$(p) = lim I% (Br(¢)) = sup {I% (Rr(9)): T € (0,00) N Q°}.

T—o0

te Qe

It is reassuring to note that, as expected, the final expression for the rate
function does not depend on «. [

Remark: For any irrational T > 0, the expression (3.10) of the rate function
IZ yield
% yields
1L (Rr(9) < I (Rm(®)), ¢ € D[0,00p

so that

IP(p) < sup I% (Rx(p))
K=1,2,...

= sup KIx(pk), € D[0,00)?, (3.13)
K=1,2,..

with ¢y as given by (3.8) with U = K.

At this point, we do not have a way to obtain the LDP in DI0, KP from that
in D[0, T|P for T > K, and therefore we cannot get equality in (3.13). Similarly,
we cannot say whether the quantity K Ix(¢x) is increasing in K, which prevents
us from replacing the supremum in (3.13) by the limit as K — oo.

However, when the rate function I'x is of the usual integral form, the equality
holds. as demonstrated by the following Corollary.

Corollary 3.17 If Ix is of the form

1
L) = | [ re)d i oeACl01p (314

o) otherwise

for some rate function v : RP — [0, 00|, then we have
12(0) = /0 r(@(t)) dt if € ACo[0,00)? 5.15)

o0 otherwise

with
= K T .
/ r(@@)dt = sup [ r(@()dt = sup [ r(a(t))dt. (3.16)
0 K=12,..J0 T>070
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Proof: The expression for I is a direct consequence of Theorem 3.16 and
Corollary 2.23 upon noting from the non-negativity of r that

iti%{/oTr(cp(t))dt:Tch} = swp [ rp()dt = /ooor(cp(t))dt.

K=12,.J0
]

The same technique can be applied to obtain the LDP jointly for the family
(X2(-), X (+)), n=1,2,...} in the space D0, c0)? x D;[0, 00).

3.2.2 LDP for (X2(),X2 () in the space D[0,c0)P X
Dl[O, OO)p

In this section, we present our most general result on the LDP for partial sum
processes on infinite time intervals. Its generality enables us to establish LDPs

for many functionals of partial sum processes.

The proof is very similar to that of Theorem 3.16, but for the sake of com-
pleteness, we present it here. For each T > 0, let Rz : D[0, 00)? x Dy[0,00)? —
D[0,T)? x D0, TJ? be the restriction mapping to [0, T].

Theorem 3.18 Assume the family {X,(-), n=1,2,...} to satisfy the LDP in
(D[0,1]7,dy) with good rate function Ix : D[0,1]? — [0,00]. Assume further

that every element of the effective domain of Ix is continuous at t = -é-

Then the family {(Xn(-), X ™(-)), n = 1,2,...} satisfies the LDP in the
product space (D[0,00)?,75) X (Di[0,00)?,75) with good rate function I x- :
DI0, 00)? x D;[0,00)? — [0, 0] given by

Iio,x—(‘ﬂl,@z) = SUP{IJ’E,x— (RT(<P1><P2)) :T € (0,00) N Qc}

= lim I x- (Br(p1,¢2)) (3.17)
7eQ°
where for each irrational T > 0, I};,X_ 18 gen by
T . — inf I(T.I _ : 01 =11 T 1
X, X (1, p2) wle;g,mlp{ X, X (Y1, v0) 0o = 1o on [0,T] (3.18)
$2€D;(0,[ TP

for o1 in D[0, )P, @2 in D;[0,00)P and where for each K = 1,2,...,

2K inf {Ix (¢ +¢) - ceR} if 1(0) =12(0) =0

. ?
o0 otherwise

(3.19)

I}I{{,X" (¢17 ¢2) = {
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for 4y in D[0, KP, 9, in D0, KIP and ¢ : [0,1] = R given by
1
— (K —2K1t), tel0,<]
U(t) = i 1[ 1 . (3.20)
¢1(2Kt—K), te[;,l}

Proof: Fix an irrational number ¢ in (0,1), and for each K = 1,2,.., let K.
denote K +¢. Consider, as in Lemma 3.12, the projective system (Vx., hxk.z.),
where for each K = 1,2,..., Yk, is the topological space (D®[0, K.]?,m) x
(DIQ[O7 K. P, 1) and for each K < L, hg,1, : Y. — Yk, is the restriction
mapping. Let ) denote the projective limit of the projective system (Vx,, hk.r.),
and for each K =1,2,..., let hg, : Y — Yk, denote the canonical mapping.

We define the mapping Z,(-) : 2 — ) by setting

Zo() = ((X2e(), X2 0)), (X22(), X27()),...), n=1,2,....

By Lemma 2.12, for each K = 1,2,..., the spaces D0, K.]? and D,Q[O, K.J?
are separable. Since the closure of a product set is the product of the closures
[12, Proposition 7 p. 47|, the product set Yk, is itself separable.

It follows that foreach n = 1,2, ..., Z,(-) is a random element, in the product
space [[ Vk,. Because Z,(-) takes on values in Y, the mapping Z,(-) is in fact
F/By-measurable, where By is the Borel o-field of ), and Z,(-) is a random
element in Y. For each n = 1,2,..., the distribution law of Z,(-) is a measure
on By, and by continuity of hg,, we have

(he.)™" (Byy, ) C By, K=1,2,....

Requirement i) of the Dawson-Gértner Theorem is thus satisfied.

Now, because K, is irrational, for each K = 1,2,..., Corollary 2.27 yields,
under the enforced assumptions, the LDP for the family of partial sum processes

[(XF(), XE=()), n=1,2,...} = {h. (Za()), n=1,2,...)

in D[0, K.|? x D;[0, K.J? with good rate function I)I;‘X_ : D[0, KJP x Di[0, K. P —
[0, co] given by (2.41). By Proposition 2.24 this LDP in turn yields the LDP in
Yk, = D90, K.JP x DP[0, K.J?, and the restriction of the rate function I}If’}_ to

Yk, is given by

K. . [K.] e = (1

e = f I o , : 0, K.|;,

I*x- (1, p2) w}@‘{f}‘rm]p{ x,x- (1, %2) Do = s on [ s]}
Yo €Dy[0,[Ke1)P
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for ¢, in D[0, K.J?, 2 in D;[0, K.JP. Here, for each K =1,2,..., we have

2Kinf {Ix(sg¥+c):ce R} if 41(0) =v2(0) =0
o0 otherwise

?

Iﬁx—(i/)h%) = {
for 4, in D[0, K|P, 1 in D0, K]? and ¥ : [0,1] — IR given by

1

—o(K — 2Kt), te0,=
s = | e g

W1 (2Kt - K), t€[§,1]

Because hk,(Z.(-)) = (Xf’(-),X,{‘"‘(-)) is a random element in Yg,, re-
quirement ii) of the Dawson-Gértner Theorem is also satisfied.

Therefore, by the Dawson-Gértner Theorem, the family {Z,(-), n =1,2,...}
satisfies the LDP in the projective limit J with good rate function I : Y — [0, o0]
given by

I {(Y14er Yoger--2) = Killllg I%(yrse), Ukie €Vk.,, K=1,2,....

[In the last expression, yx+ denotes a generic element of Vg, , and is not related
to the notation (3.8).]

Next, if ® is the homeomorphism in Lemma 3.12, then we have
(X2, X)) = & (Bue (X2, X27()) s Bove (X200, X27()) 5

= &(Z.(), n=1,2....

Thus, in view of the LDP obtained for {Z(-), n =1,2,...} and S-continuity
of & (Lemma 3.12), the Contraction Principle yields the LDP for the family
{(X=(-). X (), n=1,2,...} in D90, 00)? x DP[0, 00)? with good rate func-
tion I9 : D9[0, c0)? x D{[0, 00)? — [0, 0] given by
1(37 (o1, )
=1 (R1+E((p1? (P2)1 R2+€(§017 (p2)7 .- )

= Ki‘fg I)Igfx— (RKE(WI,(PZ)) ) ¥1 € DQ[Oa OO)p, 2 € DlQ[O; OO)P‘

—
O
—_—
AS
G
(5]
—
i

Finally, Proposition 3.14 enables us to lift up the LDP to the space D0, co)? x
D)[0, oc)P. We easily find that the associated good rate function I x- : D[0, 00)?x
Dy[0, 00)? — [0, 00] is given by

IR x- (1, 02) = Killllg I;}g,}— (sz(%ﬂpz)) , @1 € D[0,00)?, 2 € D0, 00)".
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The Contraction Principle and uniqueness of the rate function easily imply that
for any irrational T, > 77 > 0 we have

I x- (RTI (@1#’2)) < Igy- (RT2(<P17(P2))> v € D[0,00)?, @2 € D[0,0)?,
whence
Ifx-(p1,02) = sup {Ii,x- (RT(S% ‘P2)) 1T € (0,00) N QC}
= 71,1_{2 Ig,x— (ET(QOh ‘{72))
TeQ°

where for each irrational T > 0, I; 5 is as defined in the statement of the
theorem. -

As in the one-dimensional case, we can easily check that the inequality

IZx-(p1,02) < sup IE - ((p1)k, (02)k), #1 € D[0,00)?, @3 € Dy[0,00)7,

=1,44..

holds, but we do not have a way to prove equality in the general case. However,
here too we have equality when the rate function Ix is of the integral form.

Corollary 3.19 If the good rate function Ix s of the form (3.14) for some rate
function r : R? — [0, o], then we have

/Ooo T(p1(t)) dt + /0°° r(Ga(t)) dt if 1,2 € AC[0,1]P

I?Zx—(%,%) = i
00 otherwise
(3.21)

with
K T

/oor(cp(t))dt = sup [ r(p)dt = sup [ r(@(t)) dt, (3.22)
0 K=172,..J0 T>0 /0

for ¢ in AC,[0, 00)?.

Thus, in terms of large deviations, for a stationary sequence satisfying the
sample path LDP in D[0, 1] with good rate function of the form (3.14) for some
rate function 7, the entire past and future are independent.

Proof: This Corollary is a direct consequence of Theorem 3.18 and Corollary
2.28. Equality (3.22) is immediate from non-negativity of the rate function r. m

We complete this section with a simple application of Theorem 3.18 that
will be needed in Chapter 4. The assumptions in the following corollary differ
slightly from what we had before in that the rate function r associated with Ix
is here required to be good.
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Corollary 3.20 Assume the family {X,(-), n=1,2,...} to satisfy the LDP in
(D[0, 17, 7o) with good rate function Ix : D[0,1F — [0,00] of the form (3.14)
for some good rate function r : RP — [0, 00].

Then the family {(X.(-), X32~(-)), n=12,.. .} satisfies the LDP in the
product space (D[0,1]7,79) x (Di[0,00)?,75) with good rate function I}g:’;}_ :
D[0,1]7 x D;[0, 00)? — [0, 0] given by

v *® . AC,[0,1]P
oo t)) dt ¥1 € OLYs
I%- (o1, 2) = /or(%( ) +/0 @t dt L e ACy0, c0)
o0 otherwise.
(3.23)

Proof: Under the enforced assumptions, Theorem 3.18 and Corollary 3.19 yield
the LDP for the family {(X2°(-), X2~ (-)), n=1,2,...} in D[0, 00)? x D;[0, 00)?
with good rate function I - : D[0,00)? x Dy[0, 00)? — [0, o] given by (3.21).

Define the restriction mapping F : D[0, 00)?x D;[0, c0)? — DI[0, 1}Px D;[0, 00)?
in the obvious way. Then by [27, p. 55|, Proposition I in [12, p. 44] and Lemma
2.7, it is plain that F is Borel-measurable and S-continuous on the effective
domain of I% x-.

Therefore, upon noting that
(Xa(), X2 () = F(X2(),X27(), n=12,...,

the Contraction Principle yields the desired LDP. The associated good rate func-
tion I}g:’;}_ : D[0, 1) x Dy[0,00)? — [0, 0] is given by

@1 = on [0, 1] }

I3 (¢, = inf TP (1, 9) :
Xx-(¢1,92) n { Kx- (1, 1) Oy =

¥1€D[0,00)P
~4J~2€Dl[0,o<))7"

= ¢leiDI[10f,oo)P {I}?x— (¢, p2) 1 1 =1 on [0, 1]} , (3.24)

for ¢y in D[0,1)? and ¢ in D;[0, 00)?.

Whenever ¢, does not belong to AC;[0,00)? we have from the expression
(3.21) that I x- (11, p2) = oo for all 9, in D[0, 00)?. Similarly, if ¢, does not
belong to ACy[0,1]?, then any ¥; in D[0,00)? satisfying ¥, = 1 on [0,1] is
certainly not in ACy[0,00)? either, so that Iy (%1, p2) = co. Therefore we
already find that

I)l{’,o;‘ ((1017 QD2) = 0Q, ©1 g ACO[O7 1]P or 9 g ACO[()’ OO)P.
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‘On the other hand, for ¢, in ACy[0,1]P and ¢, in ACy[0, 00)?, we observe
from (3.21) and (3.24) that

1)15,01.2(801,@2) .
= inf , {/0 (v (t)) dt + /0°°T(<p'2(t)) dt: 1 =1 on [0, 1]}

1P1€ACH[0,00
1 . 0 . . o0 .
= [rad + [Triga@yar +  _inf - [Trho) e

The rate function 7 being good, by Lemma 1.3, there exists ¢ in R? such r(c) = 0.
Thus, by considering the mapping ¥ in AC[1,c0) defined by (t) = ct for all
t > 1, the infimum in the last equality is easily seen to satisfy

o<, _nt [Tro)d < /lmr(z/}(t))dt

T 1 €AC[L00)? J1
o
= / r(c)dt
1
= 0

and the desired expression (3.23) is easily obtained. [

We complete this section on LDP by discussing the LDP for partial sum pro-
cesses in the space (D[0, 00)?, 7§) versus that in the product space (D]0, 0o), 7¢)?.

3.2.3 LDP in (D[0,c0)?,7¢) vs. LDP in (D|0, 00), 7§)?

The purpose of this section is to discuss the differences which arise from consider-
ing a multi-dimensional partial sum process as a random element in (D[0, c0)?, 7¢)
versus a random element in (D[0,00),7§)?. Because of the similarities (for
that matter) in the spaces Dla, b and Dla,00)?, we use the generic notation
D(T,R?) in lieu of both spaces, with 7 denoting either [a, b] or [a, o0), for any
0<a<b

Consider the RP-valued random sequence {z,, n = 1,2,...}, where for each

n=01,..., 1, = (zl,...,28). For the duration of this section only, for each
n=1,2,..., let X,(-) denote the restriction of the partial sum process X °(-) to
T. As we have already seen, for each n =1,2,..., X,(-) is a random element in

D(T,RP). However, we could also in principle define a IRP-valued partial sum
process from the same sequence {z,, n = 1,2,...} as follows (the definition is
to be understood sample path wise). Foreachn =1,2,...andeachl=1,...,p,
we define the mapping X.(-): 7 — R by

1
X4t) = — a2l teT.



Following the arguments in Lemma 2.13, it is easily seen that F/Bg-measurability
of z,, yields F/Bp(r r)-measurability of X!(-) for each n = 1,2,..., and each
I =1,...,p, and we conclude by [27, p. 55] that the p-uple (X}i(-),...,XZ(:))
is a random element in the product space (D(7,IR), 79)P. It is plain that there
is a one-to-one correspondence between the latter and X,(-), and the question
naturally arises whether the LDP for one implies that for the other.

To help answering this question, we define the mapping H : D(T,R?) —
D(T,R)? as follows. For each z in D(T,R?) with z(t) = (21(¢),. .., %(t)), we
set

H(z) = (Z,...,%),

where for each [ = 1,...,p, we have defined the mapping 7 : [0,1] — R by
z(t) = z(t) for all ¢ in 7. Clearly, the mapping H is one-to-one and onto,
and the elements of D(7,R?) can be identified to those of the product space
D(T,R)*.

However, for the Skorohod topology, the image by H of the topology of
D(T,RP) is strictly finer than the product topology of (D(7,R),7)? (39, p.
293] so that H is S-continuous while H~* is not. This unfortunate fact prevents
us to completely identify one topological space with the other.

Nevertheless, we still have the following equivalence in the LDPs. Let C(7,R?)
be the subspace of D(7T,RFP) of continuous mapping.

Proposition 3.21 If the family of partial sum processes {X,(-), n =1,2,...}
satisfies the LDP in (D(T,RP),7,) with good rate function I : D(T,R?) —
[0, 00], then the family {H(Xn(-)), n = 1,2,...} satisfies the LDP in (D(T,R), 10)?
with good rate function I, : D(T,R)? — [0, 00] given by

IP (((P1,802, .. 7)) =1 (H—I(QDI)SO%' . )) ) (<P1,(,02,~ . ) € D(T7 R)p

Conversely, if the family {H(X:(-)), n = 1,2,...} satisfies the LDP in the
product space (D(T, R), 7o)? with good rate function I, : D(T,R)? — [0, o] such
that D;, s contained in C(T,R)P, then the family {X,(-), n=1,2,...} satisfies
the LDP in (D(T,R?), y), with good rate function I : D(T,R?) — [0, 00] given
by

I{p) = L(H(¥)), «©€D(T,R).

Proof: The first assertion follows easily from the Contraction Principle and
continuity of H.
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"Next, because the image of the (Skorohod) Borel o-field of D(7,R) coincide
with the Borel o-field of the product space (D(7,R),7)? [39, p. 293] H~! is
Borel-measurable. Furthermore, the space (C(7,RP?),7,) of continuous map-
~ ping is homeomorphic to the product space (C(7,R), 7 )?, so that in view of the

fact that the Skorohod topology coincide with the uniform topology on the sub-
space of continuous functions, we get that H~! is S-continuous when restricted
to C(7,R)?. Therefore, H~! is Borel-measurable and S-continuous on the ef-
fective domain of I, and the second assertion follows also from the Contraction

Principle. =

Proposition 3.21 can be further generalized to encompass the case of the joint
LDP for {(X2(-), X2 (-)), n = 1,2,...}. To this end, let 71 and 7; be two
time intervals of either type [a, b] or [a,00) and let D;(73, R?) denote the space
of left continuous with right-hand limits functions from 7; into IR?. For the sake
of clarity, in the remaining of this section only, for each n = 1,2, ..., we denote
by X.(-) (resp. X (-)) the restriction of X2°(-) (resp. X2>7(-)) to T1 (resp. T2).

Define the mapping H : D(71, R?). x D,(73, R?) = D(7;,R)? x D,(T3, R)?
by setting

‘-ﬁ(zlv‘z?) = (H(zl)7Hl(z2))7 (thZ) € D(7_1’]R'p) X Dl(’B,Rp)

where the mapping H; : D|(T,RP) — D,(7T,R)? is defined similarly to H.
It is not hard to check that the properties of H (and their counterparts for H;)
translate into S-continuity of H and Borel-measurability of H H~'. The arguments
given in the proof of Proposition 3.21 then easily transpose to this new setup,
and we get the following result.

Proposition 3.22 If the family {(X.(-), X7 (-)), n=1,2,...} satisfies the LDP

n (D(T1,R?),70) x (Di(T2,RF), 7o), with good rate function I : D(T;,RF) x
Dy(T2,R?) — [0,00|, then the family {H(Xn(-), X7 (")), n = 1,2,...} satis-
fies the LDP in (D(Ti,R),m0)P x (D(72,R),70)? with good rate function I, :
D(T1,R)? x D(T3, R)? — [0, 00]. .

Conversely, if the family {ﬁ(Xn(-),X;(-)), n=1,2,...} satisfies the LDP
n (D(Ti, R), 0)? x (D(Tz, R),70)? with good rate function I, : D(T;,R)?
D(Tz,R)? = [0, 00] such that Dy, is contained in C(T1,R)? x C(Tz2,R)?, then
the family {(X.(-), X7(-)), n =1,2,...} satisfies the LDP in (D(T;,R?), o) x

n

(Dy(T, RP), 1), with good rate function I : D(T;,R?) x Dy(T5, R?) — [0, 0].

The rate functions I and I, are related by the relation

1(901;902) = Ip(ﬁ((P7 ©v2)), 1€ D(ﬂlep), Y2 € D(75,]Rp)-
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‘Propositions 3.21 and 3.22 will enable us in Chapter 4 to derive the LDP for
partial sum processes in the product space by using the results (in the multi-
dimensional space) of this chapter.

In view of the bijection H, in the sequel, whenever no confusion is possible,
we identify the elements of D(7,R?) with those of D(7,R)? and use the same
notation to denote partial sum processes in both spaces. However, we always
state explicitly in which topological space the LDP is satisfied.

We conclude this chapter with a brief review of random sequences whose
associated partial sum process satisfy the LDP in (D0, 17, 7).

3.3 Examples of LDP for partial sum processes

We begin with a general result from [23] which in some situations makes the
sample path LDP a consequence of the LDP for the sample mean sequence. We
first record some assumptions.

Let {z,, n = 1,2,...} be an RP-valued random sequence defined on some
probability space (2, F,P). For each n = 1,2,..., m = 1,2,... and each real
0<t <...<ty <1, define the RP™-valued rv Z,(¢1,...,tm) by

Zn(tl, ca ,tm) = (Xn(tl), Xn(tz) - Xn(tl), e ,Xn(tm) - Xn(tm—l)) .
Let || - || denote the Euclidean norm in IR?.

Assumption (DZ-1) Foreachm =1,2,...andeachreal 0 <t; < ... <tp <1,
the random sequence {Zn(t1,...,tm), n = 1,2,...} satisfies the LDP in R"™
with good rate function %} : R"™ — [0, co] given by

m Z m
r?(zlw“)zm) = Z(tt —ti—l) Tx < >, (Z]_,...Zm) € R?

izl i — tio1

where rx : RP — [0,00) is the convex good rate function associated with the
LDP for the sample mean sequence {X,(1), n=1,2,...}.

Assumption (DZ-2) Forally>0and R >0,

1 k+m
gr(y) = sup —InE|exp 7] > z < %
k,m=1,2,... m i=k+1
ke[0,Rm]

and

. 1
sup (hm sup — gR(fy)> < oo.
20 R—o0 R
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Theorem 3.23 ([23, Theorem 2]) Under Assumptions (DZ-1) and (DZ-2),
the family of partial sum processes {Xn(-), n = 1,2,...} satisfies the LDP in
(D[0, 1), 7o) with convez good rate function Ix : D[0, 1P — [0, co] given by

Ix(p) = {/Olrx@(t)) dt if € AG[,1P

o0 otherwise

The assumptions required for Theorem 3.23 to hold are quite strong. They
do simplify for the particular case of iid random sequence, but in that case the
result already holds with weaker assumptions. Theorem 3.23 is used in [23] to
establish, under suitable conditions, the sample path LDP for stationary and
hyper-mixing sequences.

The most common cases investigated in the literature are that of independent
and stationary sequences, which we briefly review next.

3.3.1 Sample path LDP for random walks

The LDP for the partial sum processes associated with a sequence of iid R?-
valued rvs with finite moment generating function was proved by Varadhan [64].
Building upon Borovkov’s results [9], Mogulskii [48] extended the results to dif-
ferent scalings and to moment generating functions finite only in a neighborhood

of the origin.

We present below the result with minimal assumptions; a proof is available
in [48]. A proof of the same result, but under stronger assumptions, namely that
the logarithmic moment generating function is finite on IR?, based on projective
limits and relying on the polygonal approximations of the partial sum process is
presented in [24, Theorem 5.1.2, p. 152].

Theorem 3.24 (Mogulskii [48]) Let {zn, n = 1,2,...} be a sequence of itd
R?-valued rvs. Assume that there exists 6 > 0 such that

A@B) = log BE[e®™)] < o0, 6eR?, ||6]| <6.

Then the family of partial sum processes {Xn(-), n = 1,2,...} satisfies the
LDP in (D[0,1]P, 7o) with convez good rate function Ix : D[0,1]P — [0, c0] given
by .

A*(p(2)) dt 1 € ACy[0,1)?
I(o) = { [ a@eat i oeacio

00 otheruise

where A* is the Legendre-Fenchel transform of A.
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‘The generality of Theorem 3.24 yields the joint sample path LDP for the
arrivals and capacity sequences of a discrete-time single-server queue with Pois-
son arrivals and capacity. The following corollary will be used in Chapter 6 to
stress that our approach to the large deviations behavior of single-server queues
is applicable to certain queues for which previous results could not be applied.

Corollary 3.25 Let {aw1, t=0,1,...} and {c;41, t=0,1,.. .} be the arrivals
and capacity sequences of a discrete-time single-server queue with Poisson ar-
rivals and capacity, and let A and p be respectively the arrival and capacity rate.
Then the family of partial sum processes {(An(-),Ca(-)), n =1,2,...} satisfies
the LDP in (D0, 1], 70)? with good rate function Isc : D[O, 1] — [0, <] given by

IAC'((PI, (p2) = { /(;1 (A;. (SOI (t)) + A: (‘102(t))) dt Zf Y1,¥2 € ACO[O, 1]

o0 otherwise
with
z
:cln;—:r—lw\, z>0 xln;—m%—u, z>0
Ay(z) = ¢ o, c=0 and Alz) =4 o =0
+00 z<0 +00, z < 0.

Proof: In this particular setup, a;41 represents the number of arrivals in the
time interval [t,t + 1), and is Poisson distributed with mean A, i.., for each

t=0,1,...,
3 A"

v b’
The capacity ;41 is the number of units served in the time interval [t,t+1) and
is also Poisson distributed with rate y, i.e., foreach t =1,2,...,

Plagsi=n] = e n=12....

n
Plci=n] = e"“%, n=12,....

Simple algebra then yields,

Aaf) = I E[e’]
_ > n _—A A"
= In <nZ=:1e e —

= Mef-1), 6€R.

To compute the Legendre-Fenchel transform, we note that for z < 0, the function
8 — 6z — A,(9) is strictly decreasing so that

Ay(z) = sup(fz —Au(f)) =

fcR 01}1;1’100 (6 — Ag(8)) = +00, z <0,
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while for £ > 0, its derivative vanishes at § = In ¥ and after some algebra, we
find

(z) = xln%—x+/\, z>0.

The formulas for A, and A} are then easily obtained by substituting x for A in
the expressions of A, and A}, and we get

A*

a

z
mln;—x-}—u, z>0
A;(.’L‘) = 0, =20
+00, z < 0.

By independence of {a;41, t=1,2,...} and {¢41, t =1,2,...}, a direct ap-
plication of Theorem 3.24 and Corollary 1.9 yields the desired LDP with the good
rate function Ia¢ : D[0,1]> — [0, o0] as given in the statement of the Corollary. m

There exists more general results for sequence of rvs which are only indepen-
dent. The interested reader is referred to [23] and [58].

Proposition 3.26 ([23, Corollary 1]) Let {z,, n = 1,2,...} be a sequence
of independent RP-valued rvs, and for each n = 1,2,..., define A, : R? —
RU{£x} by Ap(f)=In E [ew’z")] for all 6 in R?. Assume that for each § in
R?, the limit

1 n
= | - A-,; g
A(G) = lim n; )
erists in R and that A s differentiable on RP.

Then the family of partial sum processes {X,(-), n = 1,2,...} satisfies the
LDP in (D|[0,1)?, 7o) with good rate function Ix : D[0, 1P — [0, 0o] given by

Ix(y) = {/olA*(‘?(t)) dt if @& ACo[0,1]P

otherunse

where \* is the Legendre-Fenchel transform of A.

3.3.2 Sample path LDP for stationary and mixing ran-
dom sequences

To our knowledge, the only result on sample path LDP for stationary dependent
random sequences is that of [23] which we reproduce below in its full generality.
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‘Let {z,, n = 0,%1,%2,...} be a R”-valued stationary random sequence,
and for k,! in Z such that k < [, let F} denote the o-field generated by the
collection of random variables {z;, £ < ¢ < l}. We begin by stating the two

main assumptions.

Assumption (DZ-3) For every C < oo, there exists a non-decreasing sequence
{i(n), n=1,2,...} in N with 372, #M)l—) < 00, such that

sup { P[A] P[B] - M P[ANB] :Ae F&' Be ]—’kfﬂzﬁs’l )} < e on
k1=0,1,...
ko=0,1,...

as well as

sup {P[ANB] —¢™P[4] P[B] :Ae 7, B e FRRHe < gm0,
ky1=0,1,...
kg=0,1,...

Assumption (DZ-4) There exist C > 0, scalar [ and o > 1 such that for each
k=2,3,..., for all i < k, and for any real valued, bounded and ffj-measurable
rv W; with a; < by < as <...and a;41 — b; > [, the following inequality holds

k

E[f[lWl] < CF TI(EB[Wie])=.

i=1

Needless to say, checking that these last two Assumptions are verified will
not be in general an easy task. Therefore, we rely on the comment in [23]
stating that Assumptions (DZ-3) and (IDZ-4) are satisfied when the sequence
{Zn, n = 0,%1,+£2,...} is -mixing, in order to apply the following Proposi-
tion. A detailed account of the different types of mixing conditions for random
sequences can be found in [13, 14].

Proposition 3.27 Assume that Assumptions (DZ-3) and (DZ-4) hold and
that E [e’fHIxH] < 0o for all v in R.

Then, the family of partial sum processes {X,(-), n = 1,2,...} satisfies the
LDP in (D[0, 1], 7o) with good rate function Ix : D[0, 1P — [0, c0] given by

Ix(p) = {/OIA*(sb(t)) dt if e ACo[0,1P

o0 otherwise

where A* is the Legendre-Fenchel transform of the logarithmic moment generat-
ing function A : R? — RU{£oo} defined by

1 n
A(#) = lim —In E[ezi=1(9,x;)] , BcRP.

n—oo n
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‘In view of Proposition 2.17, the LDP for a family of partial sum processes
in (D[0,1],7s) also holds in (DI[0,1],7), so that the results presented in the
previous sections and Chapter 2 apply to the particular examples reviewed here.

In the upcoming Chapter, we make use of the general result derived here
to establish the LDP for some functionals on the inputs to a queueing system.
These LDPs will be used in Chapter 5 and Chapter 6 to characterize the large
deviations behavior of Lindley processes and single-server queues.
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Chapter 4

LDP for Some Functionals of the
Inputs to a Queueing System

Under suitable assumptions we derive the LDP for some functionals of the inputs
from a general single server queueing system. These results will be used in
Chapter 6 to derive the LDP for the partial sum process associated with the
steady-state output process of a single-server queue from that of the partial
sum process associated with the joint sequence of arrivals and capacities. Our
approach makes use of the LDP for the input partial sum process on the whole
space D;[0,00), as derived in Chapter 3.

The methodology underlying the proof can in fact be applied to establish the
LDP for any Borel-measurable function of a partial sum process satisfying itself
the LDP in D0, 1] with rate function I, provided the mapping is S-continuous
on the effective domain D; of the rate function .

The chapter is organized as follows. The notation and assumptions are in-
troduced in Section 4.1, while preliminary results are presented in Section 4.2.
The proof of the main result is presented in Section 4.3, while the (partial) com-
putation of the rate function is done in Section 4.4. Simple consequences of the
main Theorem on the LDP for other functionals are given in Section 4.5.

4.1 Notation and assumptions

Let {z,, n = 0,£1,%2,...} and {¢a, n = 0,£1,%2,...} be two R-valued
random sequences defined on a common, possibly enlarged, probability space
(Q, F,P). The sequences {z,, n = 0,+1,%2,.. .} and {yn, n =0,%1,£2,...}
will later represent respectively the arrivals and capacity sequences in a discrete-
time G/G/1 queue, but there is no need at this point for defining them more
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precisely.

We use here the notation relevant to partial sum processes, as defined in
Chapter 2, Section 2.2.1. In addition, for each n = 1,2,..., we introduce the
following quantities

ma(t) = inf (Ya(s) — Xa(s)), te][0,1],

0<s<t

Mo(t) = sup (Y&7(s) = X2 (s)), te0,00)

0<s<t

and

MZ(t) = sup (V27 (s) = X7 (s)) = lim Ma(s), t€(0,1].

D0 §—r0

In view of the discussions and results of Chapter 2 and 3, the partial sum pro-
cesses (X,(-),Yn(:)) and (X3>7(:),Y®>7(-)) are random elements in the spaces
D[0,1]2 and D;[0,c0)?, respectively, endowed with their respective Skorohod
topology. As previously noted, the benefits of using the separable Skorohod
topology are twofold: First, n-uples of random elements can be seen as random
element in the product space. Secondly, the whole large deviations artillery can
be applied to Borel probability measures on Skorohod spaces or product of Sko-
rohod spaces, thus in particular to the distribution laws of random elements in

those spaces.

From the Borel-measurability of the addition, infimum and supremum map-
pings (Lemmas 2.8, 2.10, 3.9 and 3.10), m,(-) and M,(-) are in fact random
elements in (D[0,1],7) and (D;[0,00),7¢), respectively. That M°(-) is also a
random element in (D[0, 1], 79) will become plain later in view of Lemma 4.4.

Our goal is to derive the LDP for the family {(X,.(:),mn(:), MZ(-)), n =
1,2,...} in (D[0,1],dp)3. It will be clear from the derivation that a similar LDP
holds for the family {(Y,(-), ma(-), M(-)), n=1,2,...}.

The motivation for establishing this LDP is to obtain the LDP for the tran-
sient and stationary output process of a queueing system. Indeed, as we shall see
in Chapter 6, the partial sum processes associated with both output processes
can be expressed as a simple (continuous) function of these quantities.

Throughout we make the following assumption.

Assumption (E) The random sequence {(Zn,yn), n = 0,%1,%2,...} Is sta-
tionary, metrically transitive with E[y;] < E[z;] , and the associated
family of partial sum processes {(Xn(-),Ya(-)), n = 1,2,...} satisfy the LDP
in (D0, 1], do)? with good rate function Ix,y : D[0,1]> — [0, c0].
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Under this assumption, by Proposition 3.21 the sample path LDP holds in the
two-dimensional space (D[0, 1]%,79), so that in view of Lemma 2.15, the sample
mean sequence {(X,(1),Y,(1)), n =1,2,...} also satisfies a LDP in R?.

In addition, in order to compute explicitly the rate function corresponding
to the LDP of {(X,(:),mn(:), M (:)), n = 1,2,...}, we also assume that the
good rate function Ixy in Assumption (E) is of the special form given by

Assumption (E1)

Tey (P1(8), Ga2(t)) dt if @1, 02 € AC[0,1]

otherwise

Ixy (o1, 02) = (4.1)

8 s,

. )

where 7., : R — [0,00] is the good rate function associated with the LDP
satisfied by {(Xa(1),Ya(1)), n=1,2,...}.

To our knowledge, this is the only known form for a rate function associated
with the LDP of a partial sum process, and thus does not appear to be at all
restrictive.

Recall from Lemma 2.15 that under (4.1), it suffices that r;, be convex to
ensure that it is the good rate function associated with the LDP for the sequence

{(Xa(1),Ya(1)), n=1,2,...}.
Define the mapping r,— : R — [0, 00) by setting

ry-z(c) = inf {r,,y(:r y):y=z+c}, c€R, (4.2)

z,¥€

and let C, denote the subset of D[0,1] consisting of all non-negative constant
functions with generic element cg4, i.e., ca(t) = A for all ¢ in [0,1] and A > 0.

The purpose of this chapter is to prove the following Theorem.

Theorem 4.1 Let Assumptions (E) and (E1) hold and assume that ry_ s
e
convez with ix;g p Ty—z(c) >0 .
Then, the collection of random elements {(Xa(:), ma(-), M(-)), n=1,2,...}

satisfies the LDP in (D[0,1],m0)® with good rate function J DIo, ]3 — [0, 0]
given by

Im(p1, +J 1l , 2 € ACH[0, 14, eC
J((P17(1027S03) ={ 00(901 S02) M(S03) g;fhef‘:ﬂlf; 0[ } (PB +

bl

(4.3)
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with

']m((pla (p2) (44)
= it ([ e (0.90) @t 0 = int (60~ i), ¢ € 0.1)

and .
Ju(ca) = A icr;g—c—ry_x(c), ca € Cy. (4.5)

The proof, presented in Section 4.3, is based on the LDP for partial sum
processes in the space D;[0,c0), obtained from the LDP in D[0, 1] in Chapter 3.

4.2 Preliminary results

In this section we derive a few technical results which are used in the proof of
Theorem 4.1. We begin with the following general Lemma.

Lemma 4.2 Let {z,, n = 0,£1,£2,...} be a stationary and metrically tran-
sitive RP-valued random sequence, and assume that it satisfies the LDP in IR?
with good rate function v : R? — [0, ca].

Then we haver(E[z]) = 0.
Proof: Let {S,, n =1,2,...} denote the sample mean sequence, i.e.,
1 n
S, = —-Zzi, n=12,....
n =1

The sequence {z,, n =0, £1,+£2,...} being stationary and metrically transitive,
by the Ergodic Theorem [26, Theorem 2.1 p. 465}, S,, converges P-a.e., hence in
probability, to its mean m = E[z;]. Thus, for any € > 0, we have

lim P[|S,—m|>¢] = 0,
n—+o0

or equivalently,
lim P[Sn € Be(m)] =1
n—oo

where B¢(m) denotes the open ball of radius € and center m in IR®. It is then
readily seen that

1 -
limsupgln P[SnEBe(m)] =0, >0,

-0
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so that by the LDP upper bound for the sequence {z,, n =1,2,...} and non-
negativity of the rate function r (Lemma 1.3), we obtain

inf _r(c) =0, £>0.
¢€B.(m)

By definition of the infimum, for each ¢ > 0, there exists c. in B,(m) such that
r(c.) < . Taking € to be % then yields the existence of a sequence {¢,, n =
1,2,...} converging to m and such that r(c.) < = for alln = 1,2,.... The rate
function r being non-negative and lower semi-continuous, we finally get

0 < r(m) < liminfr(c,) = 0,

n—00

and the proof of the Lemma is complete. u

The next proposition is an easy consequence of Assumptions (E) and (E1),
and will be useful in computing the rate functions of the desired LDP.

Proposition 4.3 Under Assumptions (E) and (E1), we have the following
facts:

1. The mapping ry—r : R — [0,00] is the good rate function associated with
the LDP for the sample mean sequence {Yo(1) — X,(1), n=1,2,...};
2. Ifrg, is convez, S0 1S Ty_z;

3. We have 1, 4(mz,my) =0, and ry_g(my — mz) = 0 where m; = E[z,]
and my = E[y1].

Proof: The first assertion follows easily from the assumptions and the Contrac-
tion Principle, while the second one is a consequence of Theorem 5.7 in [57, p.
38]. The third one follows easily from the assumptions, Lemma 4.2 and the fact
that stationarity and metric transitivity of {(zn,yn), 0,£1,£2,...} imply that
of the sequence {y, — Tn, n =0, £1,£2,...} [26, p. 458]. =

The next result relates M7°(-) = lim M, (s) to Loynes’ variable associated

with the stochastic recursive equation driven by the sequence {y, — z,, n =
1,2,...}

Lemma 4.4 Under Assumption (E), we have

1
M>(t) = SIH&M”(S) = ;Moo, te0,1], n=1,2,...
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where Mo, is Loynes’ variable associated with the stochastic recursive equation
Zn+l = [Zn + Yn41 — $n+1]+, n= O) 17 e

and is P-a.e. finite.

Proof: Fixn=1,2,.... From the definition of M,(-) we get

Mo(K) = sup (Y7(s) = X37(s))
1 1 +
= { max (—Y(—l,O)——X(—l,O))} , K=1,2,...,
1=0,...nK—-1 \7 n

as we recall from Section 3.2 that
1 1
Ve (s) = X(s) = Y (1= [n],0) = =X(1 = [ns], 0), s €[0,00).

Thus,
lim M, (K) = %Mw, (4.6)

where we have set
+
M, =  max (Y(-1,0) — X(=1,0))
The bounds
Mn(ls]) < Ma(s) < Mu([s]), s€[0,00)

are immediate by monotonicity of M,(-), and (4.6) thus implies
. 1
lim Mu(s) = ;Mw

We note that M, is Loynes’ variable [3, p. 76], [10, 47], associated with the
stochastic recursive equation

Zntl = Za+tUn—za)T, n=0,1,...

where under Assumption (E), the driving sequence {y, — z,, n = 1,2,...} is
stationary and metrically transitive with negative drift. By Theorem 3 in [47],
the random variable M, is P-a.e. finite, and the desired result is obtained. m

Because M, is a random variable on (0, F, P), m,0 M (-) = ~ M, is F/Bg-
measurable for all ¢ > 0, and the arguments given in Lemma 3.13 establish
F | Bpyo,1j-measurability of Mg°(-) for each n = 1,2,.... In short, for each n =

1,2,..., M(-) is a random element in (D[0, 1], 7).

The last lemma reviews some properties of the infimum mapping, which are
easily transposed to the supremum mapping; the proof can be found in Appendix
AT

88



Lemma 4.5 1. For each z in D{a, b] (resp. Di[a,b]), m, belongs to Dia,b] (resp.
Dila, b]) and is monotone non-increasing. Moreover, if z is non-increasing, then
m; =2 .

2. If z belongs to ACq[a,b], so does ms.

3. If m,(¢t) < z(t) and z is continuous at t, then m, is differentiable at t and
m,(t) = 0.

4. If z is continuous, m, is differentiable and m, has isolated zeros, then
m, = 2.

4.3 A proof of Theorem 4.1 through a LDP in
Dl[07 OO)

In this section, we use the Contraction Principle to derive the LDP for the family
{(Xn(5), ma(-), M2 (), n = 1,2,...} in (D[0,1],70)* from that for the family
{(Xa("),Ya(")), n=1,2,...} in (D[0,1],7)% For the sake of clarity, the proof
is divided into Lemmas.

We define the subset ACF[0,00) of ACy[0,00) of functions which are non-
decreasing, so that each mapping in ACy [0, c0) is non-negative.

We shall use the following notation: For each z in D;[0, ), let M, = M(z)
be the supremum function and for each y in D[0,1], let m, = m(y) be the
infimum function, i.e., the mappings M; : [0,00) = R and m, : [0,1] — R are
defined by

M,(t) = sup z(s), t€][0,00)

0<s<t

and

inf y(s), te][0,1]

my (1) oLt
Lemma 4.6 Under Assumptions (E) and (E1), the family of random elements
{(Xn()yma(), Ma()), n = 1,2,...} satisfies the LDP in the product space
(D[0,1],70)? x (Dy[0, 00), 7§) with good rate function I : D[0,1]* x Dy[0,00) —
[0, c0] given by

I | In(pr, 02) + Ine(i03) if 1,02 € ACo[0, 1], @3 € ACF[0, 00)
(4.7)
with
. 1 . . )
Inlongn) =, inf | [ rew (10,90 i 2 = My} (48)
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and

Lulps) =, inf { / " o (62(), %o 6) + G1(8)) dt : g = M,,,l} . (4.9)

¥1,9¥2€ACo[0,

Proof: By Proposition 3.21, Assumptions (E) and (E1) translate into the ex-
istence of the LDP for the family {(X,(-),¥a(")), n =1,2,...} (as an element of
D[0, 1]2) in the two-dimensional space (D0, 1]?, 7). Thus by Corollary 3.20, the
family {(Xn(-), Ya(:), X2>7(), Y5> (-)), » = 1,2,...} (as a random element in
the space D[0, 1]? x D;[0, c0)?) satisfies the LDP in (D[O, 112, 70) x (D1[0, 00)?, 79),
which in view of Proposition 3.22, finally yields the LDP in the product space
(D[0,1],7)? x (Dy[0,00),7)%. The corresponding good rate function I}:; is
given by

1 . . 0 . .
Lo, Yoo, ) = [ 1oy (B0 %a(8) @t + [ 1y (9a(0), 6a(0))
(4.10)
if 11,1, belong to ACy[0,1] and s, 14 belong AC;[0, 00), while

I;,’;(T//h%"w&%) = (411)

otherwise.

Next, consider the mapping F : D[0,1]* x D;[0,00)? — D[0, 1]*> x D;[0, o0)
defined by
F(Zl,ZQ, Z37Z4) = (Zla Mzy—z1s MZ4—-23)-

By Lemmas 2.8 and 3.9, the two mappings (z1,22,23,21) — (22 — 21) and
(21, 23, 23, 24) — (24 — 23) are Borel-measurable and S-continuous on ACy[0, 1]% x
ACy[0,00)2. Because the mapping (21, 22, 23,24) — 2 is trivially S-continuous
(as a coordinate mapping), it follows from [27, p. 55] and Proposition I in [12,
p. 44] that the mapping (21, 22, 23, 24) — (21, 22 — 21, 24 — 23) is Borel-measurable
and S-continuous on ACy[0, 1]? x ACqy[0, c0)2.

The infimum and supremum mappings z — m, and z — M, being S-
continuous on D[0, 1] and D;[0, 00), respectively (Lemmas 2.10 and 3.10), w
finally conclude by [27, p. 55] and Corollary I in [12, p. 44] that the mapping F’
is itself Borel-measurable and S-continuous on the space ACy[0, 1]2 x ACy|[0, 00)*
which contains the effective domain of the rate function I;:;.

Therefore, upon noting that
(Xn(>7 mn(')a Mn()) = F (Xn()7 Yn(')) X;o,—(.)’ Ynco,-(.))

the LDP for {(Xn(-), mn(-), Mn()
is obtained from that for {(X,(-), Ya(-

n=12,...,

), n=1,2,...}in(D[0,1 ,7'0) (Dz[O o0), 7§)
) X2 (), Yo7 (), n= .-} [through
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the Contraction Principle]. The associated good rate function I : D0, 1]? x
D,[0,00) — [0, 0] is given by

‘ o1 =1
I(‘Pl) P2, (P3) = . wirelfl.;[o | {I;”;(wl, 1/)2, 1/)3, '(,[)4) D02 = MMy —qgy (412)
w3}¢42601[o,'oo) Y3 = M¢4_¢3

for 1,2 in D[0,1] and @3 in D;[0, 00).

From (4.10)-(4.11), separability in the variables (¢1,,) and (13,%4) in the
optimization (4.12), and the fact that m, and M, are absolutely continuous
if z is itself absolutely continuous (Lemma 4.5), we readily obtain the simpler
expression

_J Im(1,02) + In(@3) if 1,02 € ACo[0,1], 3 € AC)[0, 0)
I(ip1, P2, 03) —{ 00 otherwise

with I, as given by (4.8), and I given by

Dals) =, nt { [ ey (da(0), () dt 2 03 = Myuss )

It is plain from a change of the dummy variables 13,14 in this last expression
that for all @3 in ACy[0, o),

Dules) = da [T ry (6a(0), 9a(0) +h(8)) dt: o = My, .

P1,42€ACH[0,00)

Because My, belongs to AC{[0,00) for ¢; in AC)[0,00) (Lemma 4.5), it is
necessary for the constraint @3 = My, to be satisfied that (3 belongs also to
AC{[0,00). Consequently, we find that Iy (p3) = oo for 3 not in ACF[0, o0),
while I, is given by (4.9) for ¢3 in ACF [0, 00). n

Because 7, is a good rate function, it is Lebesgue-measurable, and for any
1y and ¥, in ACy[0, 00), the inequality

A CACRAORTAC) LA A SR SO
= /0 Ty—z (¢1 (t)) dt
holds. Therefore, after taking the infimum over 15, we obtain

a6 ([ e (60,9l = a(0) e} 2 [T (i) o

P2€ACo[0,00) LJO
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and the lower bound
Bl 2, it [Creth)dt g =) @19

is immediate.

However, we were unable to show the reverse inequality under the natural
assumption that 7, be convex. In particular, we were not able to show the
existence of a measurable selection, which would have enabled us to show equal-
ity. In [16], the author uses the fact that the infimum can be taken inside the
integral in a similar setup, but does not provide any justification. Nevertheless,
as we will see later, this does not prevent us from explicitly computing Jas.

We eventually want to establish the LDP jointly for the family of random
elements {(Xn(-),mn(-), MZ(:)), n = 1,2,...}, where for each n = 1,2,..,,
M = limyo Mp(t). In view of our results of Lemmas 4.4 and 4.6, a nat-
ural avenue to derive this LDP is to use the Contraction Principle together
with the natural projection mapping at infinity, which maps an element of
Dy[0, o0) into its limit as ¢ goes to infinity. The problem is that we can only
consider the projection mapping at infinity on the subspace D;[0,00) of func-
tions which admit a (finite) limit as ¢ — co. Thus, we first need to establish
the LDP for {(Xn(-), ma(), Ma(*)), n=1,2,...} in the subspace (D[0, 1], 70)* x
(D}{0, 00), 7). Although the application of the Contraction Principle with the
projection mapping at infinity will not require other assumptions that (E) and
(E1), we could only derive the LDP for {(X,(-), mn(-), Mn(-)), n=1,2,...} in
the subspace (D[0, 1],70)* x (D;[0,00), 7¢) under additional assumptions on the
good rate function 7y_;.

Lemma 4.7 Let Assumptions (E) and (E1) hold and assume that ry_g is con-
g el
vez with ir;g - Ty-z(c) > 0.
Then, the family of random elements {(X,(-),mn(:), Mn()), n = 1,2,...}
satisfies the LDP in the product space (D[0,1],79)% x (D}[0, c0), 7€) with good

rate function the restriction I* : D[0,1]2x D;}[0, 00) — [0, o0] of the rate function
I given in Lemma 4.6.

Proof: By Lemma 4.6, the family {(X,(-), mn(:), Mn(-)), n =1,2,...} satisfies
the LDP in (D0, 1],70)% x (D}[0,00),7¢) with good rate function I given by
(4.7). By Lemma 4.4, we have the relation

P [(Xa(),ma(), Ma()) € D[0,1]* x D[0,00)] =1, n=1,2,...,
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and the desired result will follow from Lemma 1.11 once we show that the ef-
fective domain D; of the rate function I is contained in the subspace DI0,1]? x
D0, 00).

To this end, let 1, 2 in D[0, 1], and w3 in D;[0, o] such that I(p1, 2, @3) <
oc. In view of the expression (4.7) of I and the fact that I, is non-negative,
we readily obtain that Ins(¢3) < oo. Thus, from the expression (4.9) of Iy,
we already conclude that ¢; necessarily belongs to the space ACF|[0,0), and
it remains to show that ¢3(t) admits a limit as ¢ — oo, or equivalently, that

SUp,>q 3(s) < 0.

From the lower bound (4.13), we immediately see that

inf {/oo ry_x(¢1(t)) dt: 3 = M¢1} < Inps) < oo.

¥1€ACo[0,00) LJO

Now, pick C > infy,eacy(0,00) {f0°° Ty-z(¢1 (t))dt: 3= Mwl}, so that, by defini-
tion of the infimum, there exists ¢* in ACy[0, oo) satisfying p; = My and

/0 C rya(@t () dt < C < oo, (4.14)

Fix s > 0. By assumption * > 0, and as we clearly have §*c < r,_;(c) for
¢ > 0 by definition of %, non-negativity of the rate function r,_ finally yields

§*c < ryz(c), ceR. (4.15)

Next, r,—, being assumed convex, it is the pointwise supremum of the affine
functions which are below it [57, Theorem 12.1 p. 102]. Therefore, (4.15) and
non-negativity of the rate function ry_; yield

/Os 9*1/)*(2&) dt < /Os sup {h (z&*(t)) : h affine, h < ry_x} dt
- /0 Cryes ($7(0)) dt
< [Tres (1) e
Finally, this last inequality combined with (4.14) and the fact that ¥*(0) = 0
implies
() < o

and we easily conclude that @3 = My. is bounded above, or equivalently,
that lim,_e @3(t) exists and is finite. In short, w3 belongs to Dj[0, 00), and
D; € D[0,1]® x D}[0,00). As announced at the beginning of the proof, the
desired result then follows from Lemma 1.11 (3). u
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- Equipped with this preliminary result, we can now prove Theorem 4.1.

Proof: (Theorem 4.1) ‘
Existence of the LDP for {(X,(-),m.(-), M>(:)), n=1,2,...}:

Under the assumptions of Theorem 4.1, Lemma 4.6 yields the LDP for the
family {(Xn(-), ma(-), Ma(-)), n=1,2,...} in (D[0, 1], 70)* x (D}[0, 00), 75). We

write
(Xa()ymal), M°(1)) = F(Xa(:),mal-), Ma(")),
where the mapping F : D[0,1]% x D}[0,00) — D[0, 1]3 is defined by
F(Z]_,Zz,Z:}) = (217227‘2(3)0)
and z3°(t) = lim z3(t) for ¢ in [0, 1].

We first argue that F' is continuous in the desired product topology: By
continuity of the identity mapping and Corollary I of [12, p. 44], it suffices
to show that the coordinate mapping F3 which assigns the constant function
z$° to any function z3 in Df[0,00) is S-continuous. Recall from Section 3.1.2
that (D;[0,00),h) is isometric (with isometry denoted by ®) to the subset
(D}[0,1],do) of (Di[0,1],dy), where

Di0,1] = {z € D/0,1] : z(0+) = z(0)},
and that the metric & induces the relative Skorohod topology on the subspace
D}[0,0) (Lemma 3.5). The isometry ® is thus also continuous when Dj[0, o0)
is equipped with the relative Skorohod topology, i.e., ® is S-continuous. From
the definition (3.6) of the isometry 3, we have

F3 (2'3) = tl_Lrglo Z3 (t)

= <I>(z3)A(O)
= 75 0®(z;3), 23 € Df[0,c0),
where the mapping 73 : D;{0,1] — R is defined by
ny(z)(t) ==(0), tel0,1], =z e Df[0,1].
The projection 7§ is S-continuous as the restriction to D0, 1] of the natural pro-

jection mp which was shown to be S-continuous in Lemma 2.4, and S-continuity
of F3 then follows from that of 7§ and &.

The LDP for {(X,(-), ma(-), M*(-)), n=1,2,...} is now easily obtained by
the Contraction Principle with good rate function J : D[0, 1]* — [0, co] given by

Y1 =1
‘](9017@27(103) = ll'lf I(¢l,¢27¢3) P2 = w2 (4'16)
2e00 = lim ¥3(!)
¥3€D;'[0,00) 3 = [T D3
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for 1, ©a, p3 in D[0, 1] and with I given in Lemma 4.6.

It is plain from (4.16) that J is infinite if ¢; is not constant, and after
substituting in (4.16) the expression of I given in Lemma 4.6, we find

Jm (1, 02) + Ju(ps) if 1,00 € AGy[0,1], 3 €Cy

J (@1, 02, 03) ={ 00 otherwise

where J,, = I,, is given by (4.8), and

Tules) =, _jnf {IM(%) A= lim ws(t)}, ca €Cy, (4.17)
with AC3[0,00) = {z € AC,[0,00) : Jim z(t) exists and is finite} and Iy given
by (4.9).

Computation of Jy:

We complete the proof by computing the rate function Jy given by (4.17).
We begin with the case A = 0.

Under Assumptions (E) and (E1), Proposition 4.3 yields 7z 4(mz, my) = 0
withm; = E[z1],my = E[wn], and my < m;. By appropriately choosing the
mappings ¥, and 9, in the expression (4.9) of I, and 13 in the expression (4.17)
of Jy, we can derive an upper bound for Jy(co). To this end, pick 93 = ¢,
and define the functions 9,43 : [0,00) = R by ¥3(t) = (my —mg) t and
¥3(t) = my t, for all ¢t > 0. Clearly, ) and 3 belong to ACy[0, 00), and because
my < Mg, we have Myo = 0, so that from the expression (4.9) of Iy we already

obtain -
0 < Inyley) < / Tpy (Mg, my)dt = 0.
0

Next, from (4.17) (with A =0), we get
0 S JM(C()) S IM(C()) = 0
and we conclude Jus(co) = 0.

We now fix A > 0 and proceed similarly to derive an upper bound for Jy(ca).
We consider the collections {%, T > 0} and {¢%,, = € R, T > 0} of functions
in AC)[0, 00) defined by

A

= <t<LT
w%r(t)={Tt’ osts

(my—mg)t-T)+A4, t>T

and
Tt 0<t<T

Ura(t) = {mx(t——T)-l—xT, t>T

95



for-all z in R, and all T > 0. Finally, for each T > 0, define the mapping
¥3 1 [0,00) — R by setting ¥7 = M.

Clearly, for any T > 0, 93 belongs to AC§[0, 00), and satisfies
lim ¥2(t) = supyr(s) = 4,
so that in view of (4.17), we get
Julcs) < inf In(93).
On the other hand, we have from (4.9), by taking ¥; = ¥4 and ¢, = ;/)%,x, that

Tu@3) < inf [y (92206, 92,0 + 9(8)) dt

z€R Jo

. T A o0
= ;glf; (/0 rx,y(x,x-%?) dt+/T Tey(Mg, my) dt)
= xhellf{T rz,y(a:,x-l—i;)

A
= TTy-Z(‘f)) T>0
and we conclude

J, < infT (é—-A'f—l- 4.18
m(ca) < 120" Tv=s T) = A8 ry—z(C)- (4.18)

In order to obtain a matching lower bound, we first derive a general lower
bound for Jy; by using (4.13). Let AC}[0, 00) denote the subspace of ACy[0, o0)
of functions which admit a finite supremum.

For any 13 in AC3[0, 00) satisfying tll)xg Y3(t) = A and any ¥, in AC[0, 00)
with 13 = M,,, there exists a ¢ in AC;[0,00) (¥ = ;) such that sup¥(s) =
s>0

tllgxo ¥3(t) = A, and we immediately conclude that

inf { [ syt A = supw<s>}

YEAC][0,00) $>0
e .
< 1 : = = }i
- ¢1€Alg0{10,co) {/0 Ty-z (¥n(2)) di - ¥s My,, A tllglo V3 (t)}
¢3€AC6[0,00)

- 1{13€Algaf(0,oo) {¢1€Algof[0,oo) {_/0 Ty—a:("pl (t)) dt: "/’3 = M‘¢'1} A= tl_l_)rg) ¢3(t)}

waeAicI:lgf[o,oo) {IM(%) : A= lim ¢3(t)}
= Juled) (4.19)
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where we have used the lower bound (4.13).
Pick now any function ¢ in AC}[0,00) such that sup(s) = A. From the
s>0
definition of the supremum, there exists a sequence {s,, n = 1,2,...} such
that 1¥(s,) — A. Moreover, because A is positive and ¥(0) = 0, this sequence
{sn, n=1,2,...} can be chosen such that both s, and ¥(s,) are positive for all
n=12,...

The rate function r,—; being non-negative and convex by assumption, Jensen’s
inequality yields

Jorbena 2 [T ra0)a

> Sp ry—a:(wf:n))
Sn ¥(sn)
= ¢(Sn) w(sn) Ty—-x( sy )
2wl dnf 7 e (B
> (o) infaryeld, n=12.., (420

and upon letting n — oo in (4.20) we conclude that

/0 e (B(®)dt > A infry_.(c),

c>0 ¢
for all ¢ in AC}[0, 00) satisfying sup¥(s) = A. Recalling (4.19), we get
s>0
. 0 . o1
taten) 2t {[Treb) e =spuio) 2 AinfZn)

which combined with the upper bound (4.18) yields the desired expression for
JM(CA). |

4.4 Computation of the rate function J,

In this section we focus on obtaining a closed form expression for J,,. Through-
out, a.e. refers to almost everywhere with respect to the Lebesgue measure A on
[0,1]. Unfortunately, we were only able to compute explicitly the rate function
Jm for a certain class of mappings.

97



-Recall from Theorem 4.1 that for ¢y, ¢, in ACy[0, 1],

1
= i ) ) =
Im(e1,02) = wmg;,go[o,u{ [} e (hete),ale)) @2 20 }
1 .
= . igf[o,u { /O Tzy (wl(t),sol(t) +¢(t)) dt : g = m} (4.21)

where the last step is obtained through a change of variables, and Jn(¢1, @2) =
oo otherwise. Let ACy [0, 1] denote the subset of AC)[0,1] of functions which
are non-increasing, so that for any ¢ in ACy [0, 1], we have ¢ <0 a.e. and ¢ < 0.

Before going any further, we note from the Contraction Principle that the
mapping 7 ,_; : R? = [0, 00] defined by

rz,y—z(cla C2) = rz,y(cla c1 + 02)) C;, Co € R

is the good rate function associated with the LDP for {(z,,yn — Zn), n =

2,...}. Furthermore, by Theorem 5.7 in [57, p. 38], the mapping rzy_; is
convex whenever 7z, is itself convex. The rate function J, can then be ex-
pressed in the somewhat simpler way

Im(pr,02) = | Jof {/01 sz ($1(8),9()) dt 2 o2 = m¢}7 (4.22)

¢€AC'0[ ’

The mapping m, being non-increasing for any z, we already conclude from
(4.21) that

I, 00) = oo if @1 & ACp[0,1] or ¢, € ACT[0,1]. (4.23)

Next, by Lemma 4.5 (1), for all 2 in AC7[0,1], there exists ¢ in AC,0,1]
(e.g., ¥ = @2) such that @2 = my, and we already conclude that

Il < [ ey a0 +@a S4B @2y

We now prove that we have equality above for the class of mappings s
satisfying ¢y < 0 a.e.. Indeed, if ¢ < 0 a.e., then there exists a subset T of [0, 1]
such that A(T¢) = 0 and ¢, is differentiable on T" with ¢»(¢) < 0 for all £ in T.
Let ¢ in ACy[0, 1] such that my = @,. Then for all ¢ in T, we have mi,(t) <0,
and it follows by Lemma 4.5 (3) that 9(t) = my(t) = @o(t) for all ¢t in T. Thus,
since A(T°) = 0, we finally obtain

[ e (0000 +90) &t = [ ray (so (6) a(t) + (1)

Ty (P1(1), G1(8) + $a(t)) dt

1

Je
)

Tzy (61(1), 41(t) + $a(t)) dt,



for'any ¥ in ACy[0,1] with my = ., and the infimum in (4.21) is therefore
achieved by ¢ = g, i.e.,

Y1 € AC()[O, 1]

1
']m((plv @2) = /(; Tz,y ((Pl(t), QOl(t) + <102(7:))(:171‘7 ©o c AC&[O, 1]) <P.2 <0ae

We were unsuccessful in establishing equality in (4.24) for all ¢, in AC7[0, 1],
even under the assumption that r;, be convex.

4.5 LDP for other functionals of the inputs

In this Section, we present simple Corollaries to Theorem 4.1.

Corollary 4.8 Let Assumptions (E) and (E1) hold and assume that ry_; is
convez with inf —1— ry-z(c) > 0.

Then, the family {(Xn(-), mn (")), n=1,2,...} satisfy the LDP in (D0, 1], 70)*
with good rate function Ix , : D[0,1]? — [0, 0] given by

/01 Ty ($1(8), 61(t) + $2(2)) dt if o1,02 € ACO[0,1]

Ixm(p1,02) = .
00 otheruise

(4.25)

Proof: Under the enforced assumptions, the desired LDP for the sequence
{(Xn(-),mna()), n =1,2,...} is a simple consequence of Theorem 4.1 and the
Contraction Principle. The associated good rate function Ix,, : D[0,1]?

[0, 0] is given by

Ixm(p1,02) = { (11, %2, ¥3) : #1= V1 }, (4.26)

¢'1:‘¢’2,¢3ED[0 1] Y2 = P2
with J given by (4.3).

Thus, from the expression of J, we easily find that Ix , (1, 92) = oo if either
1 or o does not belong to ACy[0,1]. Finally, for @1, @2 in ACy[0, 1], we readily
obtain from (4.5), (4.4) and (4.26) that

IX,m((Ph(P?) = Jm(g)l:SO?) + lnf (A }:Egzry"‘z(c)>
= Jm((ph(p?)- A
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Corollary 4.9 Let Assumptions (E) and (E1) hold and assume that ry_, 15
1
convez with inf — ry_z(c) > 0.
c>0 ¢

Then, the family {M°(-), n=1,2,...} satisfy the LDP in (DI[0,1], 7o) with
good rate function Ip : D[0,1] — [0, 00] given by
e .
In(p) = { Alnfory(c) f p=ca€ly (4.27)
00 otherwise

Proof: Under the enforced assumptions, the LDP for {M°(:), n=1,2,...}
follows easily from Theorem 4.1 and the Contraction Principle. The associated

good rate function I, : D[0,1] — [0, 0] is given by

Io(p) = inf ]{Im(wlﬂﬁz) + In(3) 1 0 = 13)

¥;E€D[0,1
3=1,2,3

1/)1 #’2 € D[Oyl]

1
inf Im(lplva) + A égg—c_ Ty—a:(c) if p=cy € C+)
o0 otherwise

c>0
o0 otherwise

b

1
{ A inf;ry_x(c) if o=cs€Cy,

where the last step follows from the fact that I, is itself a good rate function
(Corollary 4.8) and Lemma 1.3. =

In the next Chapters, we apply Theorem 4.1 and Corollaries 4.8 and 4.9
to characterize the large deviations behavior of Lindley processes and G/G/1

queues.
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Chapter 5

Asymptotics and Large Deviations of
Lindley Processes

In this chapter, building upon our earlier results, we study the large deviations
asymptotics of a class of processes very useful in queueing theory, namely Lindley
processes.

We consider a driving sequence satisfying the sample path LDP, and study
its associated Lindley process, in particular its asymptotics. Under the usual
stability conditions on the driving sequence, we show that the stationary version
of the Lindley process satisfies the LDP in the function space D[0, 1], which in
turn yields large deviations asymptotics for its steady-state.

The chapter is organized as follows: Lindley processes are introduced and
their stability reviewed in Section 5.1, while the asymptotics are derived in Sec-
tion 5.2 where we emphasize the difference between the traditional derivation
and our sample path approach. Finally, we show in Section 5.3 that a LDP for
the steady-state Lindley process can be obtained directly from asymptotics of a
special form.

5.1 Lindley processes
We assume all random variables to be defined on the common, possibly enlarged
probability space (Q, F, P).

If {£&41, t =0,1,...} is a sequence of R-valued random variables, then the
corresponding Lindley process is the sequence of R-valued random variables
{zi, t=0,1,...} generated through the recursion

Ty = ZIj Tl = [xt + §t+1]+7 t= 0, 1, ceey (51)
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where the initial condition z is some R, -valued random variable. Such pro-
cesses naturally arise in the study of queueing systems, in particular single-server
queues. The driving sequence &4, is then a simple function of the arrivals and
service sequences, and z; represent the queue length or buffer content. In that
context, the first question which comes to mind is the existence of a steady-state
or stationary regime for the system under study, which we discuss next.

5.1.1 Stability

It is well known [3, 10, 15, 47] that if the driving sequence {&41, t=0,1,...} is
(strictly) stationary and metrically transitive with E[&] < 0, then the system
is stable in the sense that z; = z,, for some P-a.e. finite R -valued random
variable z,,. This result is originally due to Loynes [47] and has since then be
generalized to driving sequences which are asymptotically stationary in some

sense.

In order to state the general stability results, we need to introduce some
additional notation. Let £ denote the driving sequence {&,41, t =0,1,...}, and
for each n =1,2,..., let £* denote the sequence {&414n, t =0,1,...}. Because
&: takes on values in R which is separable, the random sequences £ and " can
be seen as random elements in RY, the one-sided infinite Cartesian product of
copies of IR. As such, € and for each n =1, 2, ..., £ admit a distribution, which
we denote respectively by £(€) and L(&7).

Borovkov [10, p. 13] noticed that under some additional natural assumptions,
it suffices that £(&™) weakly converges to the distribution £(£°) of some station-
ary and metrically transitive random element £° = {¢2,,, ¢t =0,1,...} in RN in
order for the queue to be stable.

This result was further generalized by Szczotka [62, 63]: Foreachn =1,2,.. .,
let x™ be the sequence generated by the recursion (5.1) with driving sequence
€™ and initial condition z. Szczotka [62] proved under some natural assump-
tions that if the driving sequence €™ is such that the sequence of distribu-
tions L£(£") converges in one of six ways, then the sequence of distributions
{L(x,€"), n=1,2,...} converges in the same way, independently of the initial
condition. The six ways of convergence considered in [62] are weak convergence,
weak convergence in the mean, strong convergence, strong convergence in the
mean, convergence in variation, and convergence in variation in mean.

We note that the limit (in any of the six ways of convergence mentioned
earlier) of the sequence of distributions {L£(£"), n = 1,2,...} is necessarily
stationary. Thus, following [62], we refer to the limiting distribution as the sta-
tionary version of the sequence £ = {&41, ¢ =0,1,...}. The sequence & (resp.
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(x,€)) is said to be weakly asymptotically stationary, strongly asymptotically
stationary, or asymptotically stationary in variation if the sequence of distribu-
tions {L(£"), n=1,2,...} (resp. {L(x",&"), n=1,2,...}) respectively weakly
converges, strongly converges, or converges in variation. If £(x% £°) denotes the
limiting distribution, then (x%, £°) is also called the stationary version of (x, £).

To help understand the assumptions required in the stability results obtained
by Szczotka, we develop a representation of the sequence {z;, t =1,2,...} gen-
erated by the stochastic recursive equation (5.1) in terms of the input sequence
{&+1, t = 0,1,...}. Recall that for each s,¢ in Z, Z(s,¢) and Z°(s,t) denote
respectively the random variables

t t
L < 0
(s, t) = 2& ifosst and Z%(s,t) = 25’ it st
1=s =5
0 otherwise 0 otherwise .

Upon iterating (5.1) it is easy to see that the relation

T, = max{O,:r+E(1,t), max E(s,t)}, t=0,1,...

s=2,...,

holds.

Recall that a one-sided stationary sequence can always be embedded into a
bi-infinite sequence, possibly by enlarging the probability space (Q, F, P) [26, p.
456]. We shall use this fact throughout without further reference.

Theorem 5.1 (Szczotka [62]) Let z be a R4-valued random variable, and as-
sume that the driving sequence & = {&41, t =0,1,...} satisfies

k—o00 =00

lim lim P [rnax {:v—}-E(l,n), Jnax Zn—j+ 1,n)} > O} =0, (5.2)
<jsn

and s either (i) weakly asymptotically stationary, (i) strongly asymptotically
stationary, or (iii) asymptotically stationary in variation. Assume further that
in all cases its stationary version £° = {&, t = 0,%1,+2,...} is such that
Z9(—¢,0) - —oo P-a.e. as t — oo.

Then, under the initial condition z, the joint sequence (x,&) is respectively
weakly asymptotically stationary, strongly asymptotically stationary, or asymp-
totically stationary in variation. Furthermore, in all cases, its stationary version
(x0,£%) is independent of the initial condition x and is given by

(Xo’go) = {($2+1,f?+1), t=0,1,...}
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where
0 __ —0
Ty = [t:();al)f.._‘ (—t,O)} )

o _ [.0.,¢0 1% _
xt+1 - [zt+§t+1] 3 t—O,l,... .

Proof: This result is given as Theorems 1la, 2a and 3a in [62], with a weaker
condition that (5.2) in cases (ii) and (iii). n

Theorem 5.1 holds true [62] when the sequence £ = {&41, ¢t = 0,1,...}
is (iv) weakly asymptotically stationary in mean, (v) strongly asymptotically
stationary in mean, or (vi) asymptotically stationary in variation in mean.

In case (ii), (iii), (v) and (vi) of convergence, condition (5.2) can be replaced
by ergodicity of the stationary version.

Corollary 5.2 (Szczotka [62]) Let the driving sequence £ = {&41, t =0,1,...}
be either strongly asymptotically stationary, strongly asymptotically stationary

i mean, asymptotically stationary in variation, or asymptotically stationary in

variation in mean, and let its stationary version £ = {&0, t = 0,£1,£2,...} be

ergodic with E[£)] < 0. Then the assertions of Theorem 5.1 hold.

We note that Loynes’ original result is easily seen to be a consequence of this
last Corollary.

Similar results hold, in the context of continuous-time single-server queues,
for the sequences of distributions {L(I*,x™,£"), n = 1,2,...}, where for each
n =1,2,..., 1" is the sequence of number of units in the system generated by
the input sequence &* [63].

In the context of single-server queues, it is not clear from Szczotka’s results
that the assumptions made on the input sequence carry over to the output
sequence. This will lead us to consider stability of Lindley’s processes under
stronger assumptions for which this requirement is satisfied, namely that the
driving sequence couples with its stationary and metrically transitive version.

Definition 5.3 Two random sequences {y;, t =0,1,...} and {2, t =0,1,...}
defined on the same probability space (Q, F,P) are said to couple if there exists
an IN-valued random variable o on (2, F, P), such that

Yat+t = Za+t, t=0,1,

The random variable o is called the coupling time.
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"For more details on the method of coupling, the reader is referred to the
monograph [46]. It is immediate from the definition that if two or finitely many
IR?-valued random sequences couple, then they jointly couple with coupling time
the maximum of their coupling time. In the sequel, we use this elementary fact
without further reference.

We note that if the process {z41, ¢ = 0,1,...} couples with each of the
stationary and metrically transitive processes {2;,;, t=0,1,...} and {27}, t =
0,1,...}, then {27, t =0,1,...} =5 {251, t=0,1,...}. In other words, if the
process {zw+1, t = 0,1,...} couples with a stationary and metrically transitive
process {z},;, t =0,1,...}, then the latter is essentially unique within the class
of stationary and metrically transitive processes, and {z},,, t =0,1,...} can be
viewed as the stationary and metrically transitive version of {241, ¢t =0,1,...}.

We then have the following result [3].

Proposition 5.4 Assume the driving sequence {§t+Lv t =0,1,...} to couple
with a stationary and metrically transitive sequence {&+41, t =0,1,...}. Extend
the latter to the bi-infinite stationary and metrically transitive sequence {Et, t=
0,%1,%2,...}. If E E&] < 0, then the system 1is stable in the sense that
Ty =>; T fOT SOME -valued random variable . Furthermore, for any
R -valued initial condition z, the sequence {(§t+1,a:t+1), t=0,1,...} couples
with the stationary and metrically transitive sequence {(&41, Ze41), t =0,1,...},
where {Z,41, t =0,1,...} is defined by

~ o~ D) ~ = +
To = Tgy Ttp1 = [.’Et + ft+1] Oy t= O, 1, ceay (53)
with
-~ ~ + -
Tst = Li%al)i.:(—t, O)} =5t Too- (04)

Proof: This result is shown in [3] in the 8; framework.

Joint stationarity and metric transitivity of {(Em, Zit1), t=0,1,...} follows
from that of {&41, ¢ =0,1,...}, the definition of {Z:, t =0,1,...} and Lemma
A.1.2.7 in [15, p. 303].

Next, by assumption {41, t = 0,1,...} couples with {a_,_l, t=0,1,...}.
Also, from (4.2.6) in [3, p. 91], any two solutions (with P-a.e. finite and non-
negative initial condition) of a stable stochastic recursive equation couple. Thus,
for any R,-valued initial condition z, the sequence {z;1;, t = 0,1,...} cou-
ples with the stationary and metrically transitive sequence {Z;,1, ¢ =0,1,...}
as defined in the statement of the Proposition. Therefore, the joint sequence
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{(&+1,7441), t = 0,1,...} couples with {(€t+1,§t+1), t =0,1,...} with cou-
pling time the maximum of the two coupling times of {4, ¢t = 0,1,...} and

{$t+1, t= O, 1, .. }

Moreover, by (4.1.1) in [3, p. 87|, the sequence {{Ztt14n, t =0,1,...}, n =
1,2,...} converges in total variation norm to the stationary sequence {Zyy1, t =
0,1,...} as n tends to infinity. Since convergence in total variation norm implies

weak convergence, we conclude that z; =>; o, with 2o, = T |

In view of the coupling inequality [46, p. 12], it is plain that the coupling
assumption is stronger that the assumption that the driving sequences &" =
{&t+14n, t=10,1,...} converges in variation to its stationary version as n — oo.

With those general stability results in mind, we are now ready to make the
operational assumptions required to characterize the asymptotics and the large

deviations of the process.

5.1.2 Assumptions

Because the results derived in this chapter will eventually be applied in the
context of series of queues, it seems natural to require the stability assumptions to
propagate from the input to the queue to its output. In other words, in order for
each queue to be stable, we would need the output process to be asymptotically
stationary in some sense. As previously noted, it is unclear to us how to use
Szczotka's results to fulfill this requirement. Therefore, we only consider input
sequences which couple with their stationary version, as this assumption will be
shown in Chapter 6 to carry over to the output sequence.

Assumption (L1) The random sequence {&+1, t = 0,1,...} couples with
a stationary and metrically transitive sequence {41, t = 0,1,...} satisfying

E [51] <0.
Under the assumption made above, the Lindley process defined by (5.1) ad-

mits a stationary regime, in the sense that Proposition 5.4 is satisfied.

When studying the asymptotics for Loynes variable z, the results of Chap-
ter 4 will be useful. This leads us to consider the following assumption.

Assumption (L2) The family of partial sum processes (Z.(), n=1,2,...}
associated with the sequence {{;41, t = 0,1, ...} satisfies the LDP in (D[0, 1], 7o)
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with (convex) good rate function Iz : D[0,1] — [0, oc] given by

Lig) = {/Olrg(gb)dt if @€ AC[0,1] 55)

00 otherwise

where 7¢ : R — [0,00] is the convex good rate function associated with the
LDP for the sample mean sequence {=,(1), n =1,2,...}. Moreover, we assume

.1
;r;ggre(y) > 0.

5.2 Asymptotics for Lindley processes

In this section, we focus on deriving under suitable assumptions the asymptotics
for the tail probabilities P [zo > 0] .

To help understand the assumptions made in the traditional derivation of the
asymptotics, we first review sufficient conditions for a sequence of probability
measures to satisfy the LDP in R?.

5.2.1 Conditions of existence of a LDP in R?

We start with some definitions and notation.

Consider a sequence of independent identically distributed R%-valued random
variables { X, n =1,2,...} with common distribution law p. The logarithmic
moment generating function associated with 4 is defined as

AB) & In E[e<9’X‘)]
= In /R %) y(dz), 0 R (5.6)

The Legendre-Fenchel transform of a function A : R¢ — RuU{£oo}, is the
function A* : R — R U{zo00}, defined by

A*(z) £ sup ((6,z) — A(F)), zeR". (5.7)

geR?

More details on the properties of the Legendre-Fenchel transform can be found
in [57). Finally, define the empirical mean sequence {Sp, n=1,2,...} by

S, = =(Xi+...+X,), n=12,....

3|~
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‘The most famous result in the theory of large deviations is probably the
following Theorem due to Cramér [24, p. 27].

Theorem 5.5 (Cramér) Let {X,, n = 1,2,...} be an R-valued iid random
sequence. The empirical mean sequence {S,, n =1,2,...} satisfies the LDP with
conver rate function A*, the Legendre-Fenchel transform of the logarithmic mo-

ment generating function A associated with X,.

There is an extension to Cramér’s Theorem for the d-dimensional case.

Proposition 5.6 ([24, Corollary 6.1.6, p. 229]) Let {X,, n = 1,2,...} be
a sequence of R*-valued iid random variables. Then the empirical mean sequence
{Sn, n = 1,2,...} satisfies the weak LDP with the convez rate function A*.
Moreover, if 0 belongs to DY, then {S,, n =1,2,...} satisfies the full LDP with

conver good rate function A*.

The following existence theorem [24, p. 45] gives sufficient conditions for
dependent random variables to satisfy the LDP. It is the Theorem often used
in the derivation of the effective bandwidth through large deviations. A proper
convex function A : R — IR with domain D, is said to be essentially smooth

if
i) D3 is non empty,
ii) A is differentiable on Dy,

iii) A is steep, i.e. limy 0 |V f(2z,)| = 00 for any sequence {z,, n=1,2,...}
in D} converging to a boundary point of Dj.

Theorem 5.7 (Girtner-Ellis) Let {Z,, n = 1,2,...} be a sequence of R%-
valued random with logarithmic moment generating function

An(8) 2ln E[e®™] | geRY, n=1.2,....
Assume that

1. for each 8 in RY, the limit A() = lim lAn(ne) exists, possibly as an

n—oo n
extended real number,

2. the origin belongs to the interior of Dy = {6 € R¥: A(6) < o0},
3. A s essentially smooth and lower semi-continuous.

Then {Z,, n=1,2,...} satisfies the full LDP in R® with good rate function
A*, the Legendre-Fenchel transform of A.

With these theorems in mind, we now present the traditional approach to
the derivation of the asymptotics for Lindley processes.
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5.2.2 Traditional derivation

In the context of effective bandwidth, there has been recently considerable in-
terest in estimating the tail probabilities P [z > b] . These asymptotics made
use of the representation (5.4), and rely on the existence of large deviations
estimates for the driving sequence. The main result along this line is summa-
rized below, and was obtained in various degrees of generality by several authors
[16, 20, 22, 29, 35]. We state it here with a minimal set of assumptions, and for
the sake of completeness we present a proof whose arguments follow those given
in [29]. We write

1 ~ ~
Af8) = 5ln E[eg(&*'"*f‘) . eR (5.8)

foreacht=1,2,....

Proposition 5.8 Assume Assumption (L1) to hold and the sequence {41, t =
0,1,...} to satisfy the following conditions:

1. The limit A(8) = limy_,o, A4(6) ezists (possibly as an extended real number)

for all§ in R;
2. The set © = {6 > 0: A(8) < 0} is non-empty, and A;(6) < oo for all § in

Oandt=1,2,..., R
3. The process {t71=(1,t), t =1,2,...} satisfies the LDP lower bound with

rate function r¢ : R — [0, 00].

Then

e . 1.
llggfgln Pz, >b] > —;r;g (-& ;r>1£ rg(z)) (5.9)
and 1
limsupzln P[zo >b] < —sup{f >0:A(f) <0} (5.10)
b—00

Proof: We begin with the lower bound. Fix y > 0. From the construction of
Loynes variable, the stationarity of {&41, t=0,1,.. .}, and Proposition 5.4, we
have [47]

N + . +
Too =st [rréalux =(—t,0)| = LL%%),.(.,E(O’t)
so that
liminflln Pz, >b] = 1iminf—1—ln P | max E(O,t)>b}
b—oo b b0 b t=0,1,...

.. .1 1a b b
> hgglfglnP{g_(O,[;[)>§]

109



> hbmglfbln P Bé(o, [-3]) > fél}
N é(O,fﬂ)
b 20, b
> linsuef ity o 7 (rf[f']) >y]
1

= - liminf-—ln P{H—((T);—T-l—) >y]

y n-—+oco n

1
2 =7 infre(z)

where the last step follows from Assumption (3). Because this last inequality
holds for any y > 0, we finally obtain the lower bound

1
hmmfbln Pz >b] > —inf (— inf re(z ))

b—o0 y>0 Yy z>y

The upper bound requires more work. We begin with the easy inequality

Pz, >b] = P[tgé,aﬁé(o,t)>b}
< i P [2(0,1) > b]
- : P[2(0,1) >b] + i P[2(0,2) > ]
< n~t=gl%§_l P[2(0,%) > b]— + tfj P [2(0,2) > b](5.11)

which holds for any n = 1,2, . ...

Now fix 8 in ©, and let € > 0 such that A(f) + ¢ < 0. [By Assumption (2),
© is non-empty]. Thus, from Assumptions (1) and (2), there exists . such that

A(6) < A(B)+e, t=t.,t.+1,....
By Chebycheff inequality, we then get
R [ eb@(o,t)]
Lip £H2(0,
e—eb ettl E[ (Ot)]

-85 ,tA:(6)

P [2(0,¢) > b]

IN

ihIA

€
e~ tMOFe) bt 41, (5.12)

IN
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Because A{#) + ¢ < 0, it follows that

ZP[ (0,5)>b] < -9”2 @+e)

t=t, . t=te
o me (A(B)+e)
- 1 — eMO)
= e?a (5.13)
ete(A(B)+e)
where we have set a = T oA < Q.

By applying Chebycheff inequality to P [E’(O,t) > b] fort =0,...,t as
well, we obtain from (5.11) (with n = t.) and (5.13)

Iimsup%ln Pz, > b]

b—oo
1
< (i 1 —6b a_Ot) —6b
< (hgriigpbln (tee t_or’na’ic_l E ) \ (hrbrlil:p In (e a)>
= ( 9+11msuplln max E{ 9‘“’”}) vV (=6). (5.14)
bsoo b t=0,.te—1

Therefore, upon noting from Assumption (2) that max E [eoé(o,t)} is

=0,....fe—1

bounded, we can rewrite (5.14) as

limsup%ln Plze >b] < 6.

b—oo

Because this last inequality holds for any #in © = {6 > 0: A(f) < 0}, we finally
obtain the upper bound

1
hmsupbln Pz, >b] < —sup{f>0:A(f) <0} (5.15)
b—oo
which completes the proof. |

We note that the lower bound is obtained trough the large deviations behav-
ior of the sample mean sequence of the driving sequence {ggﬂ, t=0,1,...}
while the upper bound only relies on the assumption relative to the logarith-
mic moment generating function A. In the literature, Proposition 5.8 is always
presented with a stronger set of assumptions which ensures that the lower and
upper bounds coincide. In particular, it is assumed that the sample mean se-
quence of {€t+1, t = 0,1,...} satisfles the LDP with good rate function, the
Legendre-Fenchel transform of A. As shown below, we then get
inf E (inf A*(z)> = !1/I>1f A_(y),

y>0y z>y 0 Y
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but this assumption is still not enough to ensure that

A*(y)
—

sup{8 > 0:A(f) <0} = 1r>1£
‘ y

The next corollary, inspired from [22], gives conditions under which the equal-
ity above holds. In addition, it gives necessary and sufficient conditions on the
statistics of the driving sequence {41, t = 0,1,...} for the asymptotics to be
held below a certain level. This interesting result will be investigated in more
details in Section 7.2.1, where it is used to derive effective bandwidths.

Corollary 5.9 Assume Assumption (L1) to hold and the sequence {fAt_H, t =
0,1,...} to satisfy the following conditions:

1. The limit A(6) = limu,e0 A¢(0) ezists (possibly as an extended real num-
ber) for all 8 in R;

2. The set © = {0 > 0: A() < 0} is non-empty, and Ay(6) < oo for all @ in
Qandt=1,2,...; R

3. Either the process {t"'=(1,t), t = 1,2,...} satisfies the LDP with strictly
conver good rate function A*, the Legendre-Fenchel transform of A, or the con-
ditions of the Gartner-Ellis Theorem are satisfied.

Then, the asymptotics

lim lln Plzeo >b] = —sup{§ >0:A(f) <0} = —ian W) (5.16)

b— 0 y>0 Y

hold and for all § > 0, we have

1
lim-ln Pz >b] <6 <= A6 < 0. (5.17)

b—ro0

Proof: In view of Proposition 5.8 it suffices to show that the bounds (5.10) and
(5.9) coincide in order to establish the limit (5.16). Because A* is convex with
A (E [{1} ) = infyep A*(z) =0 and E [51] < 0 (Lemma 4.2), we readily see
that A*® is non-decreasing on IR.. Therefore, we have
: * — * <+
infA*(z) = A"(y"), y>0
so that 1 1 ;
: d : * — : ZA¥ + _ TAF
ity (B00) = BEEA0Y = mioa)
The fact that the equality

sup (6> 0:A(6) <0} = inf 2

y>0 Y
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holds under the assumptions of the Corollary is shown in [22, Theorem 3.1],
together with the equivalence (5.17). u

In view of the Géartner-Ellis Theorem, the assumptions of Corollary 5.9 will
be in particular satisfied if:

i) The limit A(0) = lim;_,, A:(F) exists (possibly as an extended real number)
for all  in R;

ii) The origin belongs to the interior of Dy = {6 € R : A(f) < oc};

iii) A is differentiable on D, and steep;

iii) The set © = {§ > 0: A(f) < 0} is non-empty, and A;(f) < oo for all § in
Qandt=1,2,....

This set of assumptions will not in general be easily checked. Furthermore,
in the context of G/G/1 queues in series, we do not know a priori if these
assumptions will be satisfied by the output process of the queue, a requirement
in order to obtain the buffer asymptotics of the next queue.

This suggests the use of the sample path LDP assumption on the input
processes, as this assumption will be shown in Chapter 6 to propagate to the
output process. In addition, we note that all the existing results on the LDP
for the output process of a G/G/1 queue do require some kind of sample path
large deviations behavior [7, 16, 18, 20].

5.2.3 Sample path approach

Foreachn =1,2,..., set Z,(t) = %S—E for all ¢ in [0, 1], with Z;; as given by (5.4).

In view of Lemma 4.4 and the proof of Theorem 4.1 presented in Chapter 4,
it should be clear to the reader that Assumptions (L1) and (L2) yields a result
similar to that of Corollary 4.9, and we then have the following theorem.

Recall that C, denotes the subset of D[0,1] consisting of all non-negative
constant functions, and that c4 denotes its generic element, i.e., ca(t) = A for
all ¢ in [0, 1].

Theorem 5.10 Under Assumptions (L1) and (L2), the sequence {Z,(-), n =

1,2,...} satisfies the LDP in (D[0,1],79) and in (D[0,1],7) with good rate
function I : D[0,1] — [0, 00| given by

.1 ‘ _ _
Lp) = AW o e=cacCy (5.18)
o0 otherwise
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where r¢ 1is the conver good rate function associated with the LDP of the sample
mean {=,(1), n=1,2,...}.

The LDP for {Z,(:), n=1,2,.. -} in turn yields the buffer asymptotics. This
is a consequence of the following general result.

Theorem 5.11 Let z be a non-negative R?-valued random variable, and assume
that the sequence {+x, n=1,2,...} satisfies the LDP in (D(0, 1], 7o) (or for that
matter in (D[0, 1], Teo) with good rate function I, : D[0,1] — co given by

Lip) = {AG if p=cacC,

00 otherwise

for some 6* > 0.

Then, we have )
lim —In Pz >b] = -0" (5.19)

b—=oo b

Proof: For § > 0 and ¢ in C[0, 1], let B;s(y) denote the closed ball of center ¢
and radius & in (C[0, 1], dwo), i-e., Bs() = {¢p € C[0,1] : deo (19, %) < 6}. Recall
that the topology induced on CJ0, 1] by the Skorohod topology 7 is the uniform
topology. Thus, because Dy, is a subset of C[0,1] and P [%x € C|0, 1]] =1
for all n =1, 2,..., under the enforced assumptions, Lemma 1.11 (3) yields the
LDP for the sequence {z, n=1,2,...} in (C[0, 1], dw).

We have
5]

1
li —InPlz>b] <1 ——— .
imsup 7 In [z>b] < im sup = [bJ In Pz > [b]]

Because In P [z > |b]] < 0, we obtain from this inequality

Iil;ri)ilolp?l)-lnP[x>b] < g%§§g<%rnP[x>[bJ])
< ym, e o (LM> e Ple> )
= liminf

hmsup——é—ln Pz > |b]]

b—o0 b b—r00 L J

= limsup— InP[ >1]

n—oo N J

) 1
= limsup—In P {; >1,te [0,1]]

n—=oo Tl
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<

Where the last step follows from the upper bound in the LDP for {1:5 n

lim sup
n—oo T

1
—lnp[fe
n

dnf  I(y),
e(B1 (0))* -

(B1(0))]

Next, we readily see from the expression of I, that

...} in (C[0,1], Teo).
inf _IL(p) =
0€(B1(0))¢

and we obtain the upper bound

lim sup —
b—o0

inf{Iz(w) tpeCyN (31(0))6}

Similarly, we get the lower bound by noting that

liminflln Plz>b] >
b—oo b
2
2>

which combined with (5.20) yield the desired asymptotics (5.19).

inf Ag*
A>1
6,
ln Plz>b] < -6" (5.20)
1
hmmf@ mln Pz > [b]]
hrnsupM Ilmlnf————ln Pz > [b]]
b—o0 b [b]
Iiminf-l-ln P [E > 1J
n—oo n n
liﬂgf%m P [f c Bl(O)C}
— inf I,
soegl(O) ()
—inf A"
A>1
—6*
n

Combining Theorem 5.10 and Theorem 5.11, we get the following result:

Proposition 5.12 Under Assumptions (L1) and (L2), the followmg asymp-

totics hold

b—o0

lim %ln Pz > b]

—inf £ (1), (5.21)

y>0 Yy
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‘This last Proposition is remarkable, as it directly yields the same lower and
upper bounds. Furthermore, it will prove very useful in Chapter 7 to build
up the notion of effective bandwidth at the sample path level, thus simplifying
greatly the assumptions needed in the traditional derivations. Proposition 5.12
also suggests that the lower bound obtained in Proposition 5.8 is in fact the tight
bound, and that only in some cases (e.g., under the assumptions of Corollary
5.9) does the upper bound equals the lower one.

We stress that besides convexity of the good rate function r¢, this result
requires the assumption infys 3 7¢(y) > 0.

5.3 LDP for Loynes variable

_ Its is quite interesting to know that buffer asymptotics of the form
.1 .
blir?ozln Plzee > 0] = —67, (5.22)

for some 6* > 0 in turn yields a sample path LDP for the family of processes
{2.(), n=1,2,...} in (D[0,1], 7).

The result is made precise by the following Theorem. Recall that

Z.(t) = =2 te0,1], n=12...

n
with i‘\st =st Too-

Theorem 5.13 Under (5.22), the sequence {Z,(-), n = 1,2,...} satisfies the
LDP in (D[0,1], 7o) and in (D[0,1],7) with good rate function I : D[0,1] —

[0, o0] given by
_J A if p=c4, A20
L () —{ o0 otherwise. (5.23)

The proof passes through a series of easy Lemmas which we present first. Let
Ba () denote the open ball of radius « centered at ¢ in C|0, 1], for the uniform
norm.

Lemma 5.14 Assume (5.22) to hold. For 0 < z_ < z,, we have

o1
Jl)r&;ln Pz, <nz,] =0 (5.24)
and .
nl_i{g;;lﬂ P(nz_ < 2o <nzy] =-0%z_. (5.25)
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Proof: The limits (5.24)-(5.25) are simple consequences of (5.22) and of the
elementary fact

: 1 —-nz
Ig&;hql—e )=0, z>0. (5.26)
A detailed argument can be found in Appendix A.8. =

Lemma 5.15 The sequence {Z,(-), n = 1,2,...} is ezponentially tight in the
space (C[0,1],dw)- '

Proof: We define
K, = B,(0)NCy, a>0 (5.27)

and note that
[Za(") € K3l = [T > no U [Za() € C4l.
Hence, under (5.22),

Iimsuplln P[zZ.() € K]

n—-x T

< limsup-l—ln(P[xoo>na] + P[Z.() €Cy])

n—=o0 TN

1
= Jergoh-ln Pz > no|

= —0q, (5.28)

and the exponential tightness follows once it is seen that the set K, is homeo-
morphic to the compact interval [0, @], thus compact in (C[0, 1], d)- |

For ¢ in C[0,1] and § > 0, we set

o & —
= inf () +§ and ¢’ = su )y -6 . 5.29
P+ 1€[0.1) ©(t) 2 te{og](p( ) ( )

Lemma 5.16 For ¢ in C[0,1] and § > 0, we have
0* ol if 0< ¢l <yl
0 if @8 <0<

L(By()) = - lim ~In P[2.() € Bs(v)] = h
cQ otherwise

n—=o0 7,
(5.30)
with ©? and @%. defined by (5.29).
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Proof: Using the continuity of ¢, we note the equality
Za(-) € Bs(9)] = [ng < Za < nepf}] (5.31)

for each n=1,2,.. ., so that

0 if 2 <0
A 0 if 0<¢f <ol
P[zZ,(:) € Bs(p)] = Pz, < mﬂi] i QD‘Z <0< (pi (5.32)
Pngo‘s_<:roo<ngoﬂ if 0<¢® <yl .
We readily obtain (5.30) from (5.32) with the help of Lemma 5.14. [ |

Proof: (Theorem 5.13)

Clearly, A = {Bs(y) : ¢ € C[0,1],6 > 0} is a base for (C[0,1],d)-
Therefore, by Theorem 4.1.11 of [24, p. 106] and Lemma 5.16, the sequence
{Z.(), n=1,2,...} satisfies the weak LDP in (C[0, 1], dw) with rate function

L(p) = sup{L(Bs(¥)) : v € Bs($), ¥ € C[0,1], § >0} (5.39)

where L(B;(1)) is given by (5.30). In computing I.(p) for each ¢ in CJ0,1],
several cases arise:

1. ¢ >0, i.e., ©(t) >0 for all ¢t in [0,1]: In that case, whenever ¢ lies in the
open ball Bs(4) for some ¢ in C[0,1] and 6 > 0, we find 9(t) =& < (t) < P(t)+4
for all ¢ in [0, 1], so that by continuity,

6 — . .
¥y = nf $() +6> inf o) 20. (5.34)

Two sub-cases then arise:

l.a. infiepq) @(t) < SUPyelo,1] ©(t), i.e.,  is not a constant: If we take ¥ = ¢
and ¢ such that 0 < § < %(SUPte[o,l] o(t) — infeeo,y <p(t)), then ¢ belongs to
B;(), and we have

¥ = sup y(t) -4

t€(0,1]
= sup p(t) -4
te[o,1]
: Y
> 25+t€1%7f1]<p(t) 6 =197, (5.35)

Therefore, ¥ < ¢, so that £{Bs(¥)) = oo by Lemma 5.16, and I(p) = oo
follows.
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'1.b. infiepo,1) () = supyepq ¢(t), 1., ¢ = A > 0: In that case, whenever
¢ lies in the open ball Bs(1) for some ¢ in C[0,1] and § > 0, we find 4 — § <
¥(t) < A+ 9 for all ¢ in [0, 1], whence by continuity, we see that

S = t)—d <A< inf Y(@t)+6=".
(a ti}éﬂ}w() té%,l]w() (A (5.36)

In short, 9! < 9%, so that £(Bs(¢)) = 6°(¥2)* by Lemma 5.16, and (5.33)
reduces to

L(p) = sup{8(v?)* : v € Bs(¥), ¥ € C[0,1], 6 > 0}. (5.37)

It is now plain from (5.36) and (5.37) that I(p) < 8*A. On the other hand,
upon taking ¢ = ¢ = A in (5.36), we get (¥ )T = (A —4)* for all § > 0, so that
I:(p) > 6*A, and we conclude I;(p) = 0*A.

2. ¢(s) < 0 for some s in [0, 1]: If we take ¢ = ¢, then ¢ lies in Bs(yp) and
infyepo,11¥(t) < 0. Upon selecting d > 0 such that wi = infyepo ¥ (t) + 6 < 0, we
get L(B;s(¢)) = oo by Lemma 5.16, whence I;(p) = oco.

The expression (5.23) for I, is obtained by combining the various cases. To
conclude, we recall that d is the induced metric on the closed set (C][0, 1], dwo)
of (D[0,1],dw) (or for that matter, ds). The sequence {Z,(-), n =1,2,...} is
exponentially tight by Lemma 5.15, and therefore it satisfies the (strong) LDP
with good rate function I; in (CI[0, 1], dw) (Lemma 1.6). Therefore, C|0, 1] being
a closed subset of (D[0,1],ds) with P [Z,(:) € C[0,1]] =1foralln=1,2,...,
the desired result follows from Lemma 1.11. u

In the next Chapter, we apply the results derived here to characterize the
large deviations behavior of the single-server queue.
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Chapter 6

Large Deviations Behavior of the
Single-Server Queue

We analyze here the large deviation behavior. of the discrete-time single-server
queue. Under the assumption that the arrivals and capacity sequences jointly
satisfy the LDP in the space (D[0, 1], 79)?, the results of Chapter 4 enable us to
derive a sample path LDP for the steady-state and transient output processes
of the queue. In addition, under the same assumption, we apply the results of
Chapter 5 and obtain the LDP for the steady-state queue length, together with
queue length asymptotics. To the best of our knowledge, those results are new.

We begin with the description of the model used for the discrete-time G/G/1
queue, and then derive the buffer asymptotics results. Finally, the results con-
cerning the sample path LDP of the transient and stationary output processes
are presented. In particular, conditions under which the associated rate functions

coincide are investigated.

6.1 The discrete-time G/G/1 queue

We consider a discrete-time G/G/1 queue with arrival and capacity sequences
{ats1, t=0,1,...} and {cz41, t =0,1,...}, where a,y1 (resp. c;41) denotes the
number of arrivals (resp. capacity) in the time interval [¢,¢ + 1), t = 0,1,....
All random variables are assumed to be defined on a common, possibly enlarged
probability space (2, 7, P). The queue length sequence {g;, t =0,1,...}, where
q: represent the queue length at time ¢, is then generated through the Lindley
recursion

do = q; dt+1 = [qt+at+1_ct+1]+) t=0717"'> ' (61)

where the initial queue length ¢ is an R -valued random variable.
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‘As announced in Chapter 5, in order to prepare ourselves for the applicability
of the results to queues in series, we make the following assumption on the arrival
and capacity sequence of the discrete-time G/G/1 queue.

Assumption (A1) The random sequence {(G¢41,¢e41), t = 0,1,...} couples
with a stationary and metrically transitive sequence {(@s1,G41), t =0,1,...}
satisfying E[a@,] < E[&].

As shown below, Assumption (A1) is in fact stronger that the assumption
needed for stability, namely that the driving sequence {az41 — ct41, t =0,1,...}
couples with its stationary version. However, it will be required later in Sec-
tion 6.3 in order to show that the output process also couples with its stationary

and ergodic version.

Lemma 6.1 Under Assumption (A1), the sequence {asy; — ciy1, t =0,1,...}
couples with the stationary and metrically transitive sequence {Gi41 — Ci1, t =

0,1,...}.

Proof: Stationarity and metric transitivity of {@.; — €41, t =0,1,...} follow
from the assumptions and Lemma A.1.2.7 in [15, p. 303]. Coupling is a trivial
consequence of Assumption (A1l). [ |

In view of this last result, it is plain that Proposition 5.4 yields coupling
of the joint sequence {(gi+1,at4+1 — Ce+1), t = 0,1,...} with its stationary ver-
sion {(G+1, @s41 — Gt41), t = 0,1,...}. Nevertheless, we shall need the following
stronger result when studying the steady-state behavior of the output process
in Section 6.3. Recall that under the stationarity assumption made above, the
sequence {(@41,841), ¢ = 0,1,...} can always be embedded into a bi-infinite
stationary sequence {(@:, &), t = 0,%1,+£2,...}, possibly by enlarging the orig-
inal probability space (@, F,P).

Proposition 6.2 Under Assumption (A1), for any R -valued and P-a.e. finite
initial condition g, the sequence {(gt+1,at41,C41), t = 0,1,...} couples with
the jointly stationary and metrically transitive sequence {(@t,, Geq1, Cea1), t =
0,1,...}, where {t,, t = 0,1,...} is the solution of the stochastic recursive
recursion

Go=¢ G+ = [@+8un -84, t=0,1,..., (6.2)
with initial condition
R - ~ +
g = gt = Lgéaix (A(—t,O) - C(—t,O))} . (6.3)

121



Moreover, q; =>4 oo, for some P-a.e. finite random variable g, such that g, =4

dst-

Proof: Again, joint stationarity and metric transitivity of {(&@,,841,8041), t =
0,1,...} follow from that of {(@¢41,G+1), ¢ =0,1,...}, the definition of §§* and
Lemma A.1.2.7 in [15, p. 303].

By Proposition 5.4 the sequences {gt,, t =0,1,...} and {g41, t =0,1,...}
couple, and the desired coupling is easily obtained by considering as a cou-
pling time, the maximum of that of {g.+1, t = 0,1,...} and {(at+1,c41), t =
0,1,...}. n

It is clear from this last Proposition, that under Assumption (A1), the
steady-state queue length of the original queue (6.1) is identical to that of
the single-server queue (6.2) with arrivals {@+1, t = 0,1,...} and capacity
{C+1, t = 0,1,...}. In the sequel, we shall refer to the queue (6.2) as the
stationary version of the original queue (6.1).

We shall establish the LDP for the output process, by making use of the
results of Chapter 4. To that end, we require that the stationary and metrically
transitive versions of the arrivals and capacity sequences satisfy Assumptions
(E) and (E1) of Section 4.1.

Assumption (A2) The family of partial sum processes {(An(-),Cn(-)), n =
1,2,...} associated with the sequence {(@i+1,Ce41), t = 0,1,...} of the arrivals
and capacity sequences satisfies the LDP in (D[0, 1], 79)? with (convex) good rate
function I 4¢ : D[0,1]* — [0, 0o] given by

1
/0 Tac (P1(t), P2(t)) dt, 1,02 € ACo[0,1)
oo otherwise

Lic(pr1,02) = { : (6.4)

where ro. : R? — [0,00] is the good rate function associated with the LDP
for the sample mean sequence {(An(1),Ca(1)), n=1,2,...}. Furthermore, the
good rate function r4_. : R — [0, 00| defined by

Toe(2) = inf {roc(z,y):z2=2x-y}, z€R
z,y€R

1
is convex and satisfies inf — r,_.(y) > 0.
y>0 Y

Note from Corollary 1.9 and Proposition 2.17 that Assumption (A2) is in-
deed satisfied for mutually independent arrivals and capacity sequences with each
satisfying the LDP in (D[0, 1], 7o) with good rate functions of the integral form,
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an assumption which has been made in (almost) all existing results on effective
bandwidths of the departure process of G/G /1 queues (16, 17, 18, 20, 28, 50, 51].
The exception is for the case of the continuous-time G/GI/1 queue [7] where
a technical assumption is made. We shall come back to this example in some
detail in Section 6.3.1. Examples of stationary and metrically sequences whose
partial sum process satisfies the LDP in (D[0, 1], 7) were given in Section 3.3.
In particular, by Corollary 3.25, the arrivals and capacity sequences of a sta-
ble discrete-time queue with Poisson arrivals and capacities satisfy Assump-
tion (A2), whereas it does not satisfy the assumption of bounded arrivals in

[16, 18, 20].

Finally, in view of Proposition 3.21, Assumption (A2) will also be satisfied

if the R%valued sequence {(@t+1,C+1), t = 0,1,...} satisfies the sample path
LDP in (D[0, 1], 79) with good rate function of the usual integral form.

6.2 Buffer asymptotics

In this section we show that under Assumptions (A1) and (A2), the steady-state
queue length satisfies the LDP, which in turn yields buffer asymptotics.

To our knowledge, the sample path LDP for the steady-state queue length is
a new result. Although large deviations have been used to derive buffer asymp-
totics under the assumption that the input sequences satisfy the conditions of
the Gartner-Ellis Theorem [22, 29, 36, 42], there is only one instance [50] where
the LDP for the transient queue length of a discrete-time G/G/1 queue with
constant capacity is obtained. The method used there combines sample path
Large Deviations with the Contraction Principle to establish the desired LDP.
However, it is different from ours in that the author derives the desired LDP
from that of the polygonal approximation of the partial sum process associ-
ated with the inputs to the model. The functional used to map this polygonal
approximation into the desired queue length is defined implicitly, and the proof
of its continuity is not provided in the paper. Furthermore, additional tech-
nical assumptions are needed in order to establish the LDP for the polygonal
approximation from that of the partial sum process [52].

We begin by relating the steady-state queue length to the functional Mg°(-),
as defined in Section 4.1. We adopt the notation on partial sum processes intro-
duced in Section 2.2.1 and Section 3.2.

For each n = 1,2, ..., define the random variable g,(-) by setting

Ga(t) = sup (A7 (s) = C7(s)), te[0,1], (6.5)

§20
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of the negative partial

where 4%~ (-) and C%~(-) are the extensions on [0, c0)
t=20,1,...} and {Gyq, t =

sum processes associated respectively with {@;1,
0,1,...}. By Lemma 4.4, we then have

) = & e
n
where g is Loynes variable (as given by (6.3)) associated with the stationary
queue (6.2).
By applying Corollary 4.9, we readily obtain the following Theorem.

Theorem 6.3 Under Assumptions (Al) and (A2), the sequence {gn(-), n =
1,2,...} satisfies the LDP in (D[0,1],7) and in (D[0,1],74) with good rate
function I, : D[0,1] — [0, 00] given by

1

Ainf -1, Z =cy € Cy,

(Sa) — y>0y (y) f QD A + (6.6)
o0 otherwise

where ro— 18 the convez good rate function associated with the LDP of the sample
mean {A,(1) = Cn(1l), n=1,2,...}.

In fact we would have preferred to obtain this last Theorem through our
earlier results on Lindley processes. Unfortunately, it turns out that we cannot
directly apply Theorem 5.10 to obtain the result above. Indeed, although under
Assumptions (A1) and (A2), the Contraction Principle yields the LDP for
the family {(A\n() - Cn()), n =1,2,...}, we do not know at this point that
the associated rate function is of the integral form (5.5) with 7 = 74—, and

1 .
ir>1g ~T4—c(y) > 0, an assumption required in Theorem 5.10. This would be the

case if we knew that the equality
1 N 3 . 1 . .
[ o (60,90 + @) dt = [ (inf rec @2+ 6(6)) et

holds for all ¢ in AC,[0, 1], but we have not been able to prove it yet.

in
PYEACH[0,1]

Theorem 5.11 then yields the following Corollary to Theorem 6.3.

Recall from Proposition 6.2 that g is the limit (in distribution) as ¢t — oo
of the queue length ¢, i.e., the steady-state queue length.

Corollary 6.4 Under Assumptions (A1) and (A2), we have

1 1 ‘
i ~In P = —inf = ro_c(y). 7
hﬂilpbln [goo > 0] T (v) (6.7)
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6.3 Output process

The problem considered here is of characterizing the large deviations behavior of
the output process {bi+1, t = 0,1,...} of the discrete-time single-server queue.
If for each ¢ = 0,1,..., b41 represents the number of departures in the time
interval [t,t+ 1), it is easily seen that the sequence {b;;,, t = 1,2,...0} satisfies
the relation

bt+1 = Q¢41 — (qt+1 - qt), t= O, 1, . (68)

It is plain that different solutions {ge+1, t = 1,2,...} to the recursion (6.1)
will generate different output processes. We distinguish in particular the tran-
sient output process of the original queue 6.1 as the process obtained from (6.8)
with {g41, t = 1,2,...} being the solution of the recursion (6.1) with initial
condition gy = 0. The second output process of interest is of course the steady-
state or stationary output process obtained from the stationary queue length.
However, in our setup steady state is only achieved for the stationary version
(6.2) of the queue, which prevents us from defining the stationary output process
of the queue (6.1) from (6.8). Nevertheless, the transient output process of the
original queue (6.1) does have a stationary regime, as proved by the following

proposition.

Proposition 6.5 Under Assumption (A1), the R*-valued random sequence
{(bts1: Qs1, Qe1, Ce1), T = 0,1,...} couples with the stationary and metrically
transitive sequence {(Efil, @iy, Qeg1y Cog1), 1 =0,1,...} with {5511, t=0,1,...}
given by ~

b, = 81— (@2, — @), t=0,1,.... (6.9)
where {gt,, t =0,1,...} is as defined in Proposition 6.2, i.e., is the solution of
the recursion (6.2) with initial condition @o = Jy with Gy given by (6.3).

Proof: Let o denote the coupling time of {(gi41, @41, ce41), ¢t = 0,1,...} with
its stationary and metrically transitive version (Proposition 6.2). It is then plain
from (6.8) that

biy1 = Qg1 = (@1 — Q)
= G — (T - @)
= b, t=aa+1,...

with {5“

t+1>

=0,1,...} as defined by (6.9), and the desired coupling follows.

Stationarity and metric transitivity of {(ggil,(jfil,atﬂ,’c}ﬂ), t=0,1,...}
follows from that of the sequence {(%,,@s41,+1), ¢t = 0,1,...} (Proposition

6.2) and Lemma A.1.2.7 in 15, p. 303]. [}
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Tt is plain from its definition that the sequence {b§%;, t =0,1,...} is in fact
the stationary output process of the stationary queue (6.2). Thus, Proposition
6.5 states that the stationary version of the transient output process of the
original queue (6.1) is in fact the stationary output process of the stationary
queue (6.2). It should be stressed that the transient processes of the original
queue and of its stationary version are in general different since the driving
sequences of the two queues are not the same. We also point out that the
transient output process of the stationary queue (6.2) is not in general stationary.
Finally Proposition 6.5 fits well into the framework of series of queues, as it
already shows that the output process satisfies stability assumptions similar to
that of the arrivals.

The problem of obtaining the sample path LDP for the output process of
a G/G/1 queue has already been addressed in the literature. The underlying
motivation is to obtain effective bandwidth results for queues in series or intree
networks. We begin by reviewing the existing results on this subject.

6.3.1 Literature survey

The first work on that matter appears to be that of de Veciana et al. [20].
The system considered there is a discrete-time single-server queue with constant
capacity, and bounded stationary ergodic arrival process. The authors establish
the LDP for the stationary version of the output process, and use the expression
they obtain for the rate function to derive the effective bandwidth. However,
the argument leading to the derivation of this LDP is not rigorously formalized,
and the assumptions required on the arrival process for the result to hold are
not made precise. Moreover, it is not shown how the assumptions made on the
arrival sequence propagate to the departure sequence, and it is therefore unclear
how those results can be applied for feed-forward networks, as claimed by the
authors.

Those ideas were formalized in a more rigorous way by Chang [16] in the
context of intree networks of discrete-time single-server queue with constant ca-
pacity, and bounded stationary ergodic arrivals. In [16], the author uses the
formalism of the sample path LDP together with the Contraction Principle to
establish the LDP for the transient departure process, i.e., the sequence of de-
partures from the queue with empty initial queue length. Although the author
only establishes the sample path LDP for the transient output process, by using
some very technical results, he obtains the asymptotics of the steady-state queue
length at each stage of the intree network. However, in final analysis, it is not
too clear what is really the set of assumptions required for the result to hold for
intree networks.
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In [18], Chang and Zajic extend those results to the stationary output process
of a discrete-time single-server queue with time varying capacities. Both arrivals
and capacity sequences are assumed to be bounded, stationary and ergodic and
to satisfy technical conditions stronger than a sample path LDP. In addition, a
mixing condition is required on both arrivals and capacity sequences in order to
decouple the past and present in the expression of the stationary output process.
We overcame the same difficulty by establishing in Chapter 3 the joint LDP for
the past and the future of the sample path process (Corollary 3.20). In [18], the
authors only provide a heuristic proof of the LDP for the stationary output pro-
cess. Furthermore, their assumptions are not shown to propagate to the output
process, thus preventing them from applying their results inductively to queues
in series. Finally, their heuristic derivation lead them to make the conjecture
that in general the effective bandwidth for the stationary and transient output
process are different, although they note that it is the same when the capacity
is constant.

Duffield and O’Connell [28] establish the upper bound of the LDP for the
transient output process as well as for the unused service in a single-server queue
with stationary arrivals and service. Their assumptions are basically those of the
Gértner-Ellis Theorem for the sample mean arrival and capacity sequences.

Bertsimas, Paschalidis and Tsitsiklis [7] obtain through an intuitive approach
the LDP for the output process of a continuous-time G/G/1 queue with i.i.d.
service times. Their assumptions are:

i) The sample mean sequence of inter-arrival times {~A4(1,n), n =1,2,...}
satisfies the LDP with good rate function A%, the Legendre-Fenchel transform
of the logarithmic moment generating function (see Chapter 7),

ii) The sample mean sequence of the service times {:B(1,n), n =1,2,...}
satisfies the requirements of the Gartner-Ellis Theorem (with A} the Legendre-
Fenchel transform of the log-moment generating), and

iii) For every &1,£2,a > 0, there exist integers M4 and Mg such that for
n Z MA
eMbulate) < PlA(Ld)—da<en, i=1,..., nl,
and for n > Mp,
e~ ™MAp(a)+ez) P[B(,j)—(j—i+1a<en, 1<i<j<n],
P[B(i,j)-(—i+1)a>-gn, 1<i<j<n].

INIA

e=nAp(aytea)

These last three assumptions can be seen as accounting for a sample path LDP of
the associated partial sum process. Under these assumptions, the authors derive
the LDP for the sample mean of the stationary inter-departure time sequence
and show that the sequence satisfies the same assumption that the inter-arrival
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time sequences, thus enabling them to apply their results inductively to series
of queues. The arguments given in the paper give more insight that our general
sample path level approach, but the results obtained are weaker than ours. We
note that Assumption (iii) is implied by the sample path LDP for the inter-arrival
and service time sequences. Also, the derivation given in [7] holds only for i.i.d.
service times, which would transpose to i.i.d. arrivals in the discrete-time queue
setup.

Finally, we became aware only recently of a revised version of [51]. In the
original version we had, the author was deriving the sample path LDP for the
transient output process of a discrete-time G/G/1 queue with stationary ar-
rivals and capacities, from that of the arrivals and capacity sequences. However,
many key steps in the arguments were left unspecified. The new version is ba-
sically a new paper as the only common part is the definition of the problem.
The results obtained there are weaker than ours, and the method is different.
The system under consideration is a single-server queue with multi-dimensional
stationary arrival process and stationary service process. The author derives the
sample path LDP for the transient and stationary departure processes as well as
the LDP for the transient and steady-state queue length. The assumptions re-
quired are joint sample path LDP for arrivals and service processes and bounded
exponential moments, precisely

sup E[e““‘““‘“)} < oo, v€R.
t=0,1,...

In addition, it is required that the rate function of the joint sample LDP of the
arrivals and service processes be the sum of the two rate functions associated
with the sample path LDP of each of the sequences. Finally, in order to obtain
simpler expressions of the rate functions for the LDP of the output processes, it
is assumed that the rate functions associated with the LDP of the arrivals and
service processes are of the usual integral form (Assumption (E1) in Section 4.1).
However, some key arguments in [50] appear to be incorrect: Throughout the
author uses probability measures built on n-uples of random elements in the
space L* equipped with the supremum norm which is not separable. Therefore,
as pointed out in Section 1.5.1, some of the large deviations techniques used in
the paper, such as exponential equivalence cannot be used as the requirement
that the o-field on which the measure is defined be contained in the Borel o-field
is violated. Furthermore, a key step in the derivation of the sample path LDP
for the stationary output process seems incorrect in that the author uses the
LDP of the marginals of a pair of random elements to derive the LDP jointly
for the pair. Indeed, the LDP for two sequences on a given space does not in
general yield the LDP for the joint sequence in the product space. It does so
when the sequences are independent and the spaces separable (Proposition 1.8).
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6.3.2 LDP for the output process

In this section, we formally prove that both the stationary version of the transient
output process of the original queue (6.1) and the transient output process of
the stationary queue (6.2) satisfy the sample path LDP.

We begin with a representation of the output process in terms of the basic
input random variables of the model. As previously noted, the stationary ver-
sion of the transient output processes of the original queue coincide with the
stationary output process of the stationary queue. Thus, as we also want to
establish the LDP for the transient output process of the stationary queue, we
work on the model of the stationary queue only. Then, the only difference in
the analytical expression for the stationary and the transient output process lies
in the value of the initial condition g in the recursion (6.2). For the transient
output process g = 0, while for the stationary one, do = Qst-

First, upon iterating (6.2) it is easy to see that for each t = 0,1,..., the
relations

g = max{0, &+ ALY - O0,1), mx (A, - 8(s,1) }

$=2,...,

= A(1,t) - C(1,t) + go — min {o, G + min, (A,8) - c(, s))}

hold, and simple algebra then readily shows that

Ba,t) = b

As usual, the minimum over the empty set is taken to be 0o, a convention which
is consistent with our earlier definitions.

In order to write this last expression more compactly, we define the random
variables {m(1,t), t =0,1,...} by

m(1,t) = min (A(l,s)-éu,s)), t=0,1,...

s=1,..,
and note that

B@a,¢) = €(1,t) +min{0, o +m(1,8)}, t=0,1,.... (6.10)
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Because we have in mind to apply our results from Chapter 4, we need to consider
the partial sum processes associated with the random variables of the model.
We use here the notations relevant to partial sum processes introduced in Sec-
tion 2.2.1. Using (6.10), for each n = 1,2, ..., we can write

BLlnt) _ CQlnt)) | {O, )

}, te0,1] (6.11)

n n n
where
m(1, [nt]) . PPN ~
( n’_n .J — S=]Tl',rﬂntj (n (A(l, S) - C(l, S)))
= Oisrslgt (n_l(A\(l, |ns|) — @(1, [_nsJ)))
= Jinf, (A4n(9) = Cu(s)), te o],

Therefore, defining the family of random processes {m,(-), n=1,2,...} by

a(t) = (An(s) = Cals)), te0,1], n=12,...,

inf
0<s<t
we can rewrite (6.11) as
B.() = Gu() + min {o, () + %} S on=12,... (6.12)
where @y is the initial queue length.

From this representation and the results derived in Chapter 4, we can estab-
lish the LDPs for the stationary and transient output processes of the stationary
queue. We first distinguish the two output processes of interest. We denote by
{Bs(:), n = 1,2,...} the partial sum process associated with the stationary
output process and by {Ef[(), n=1,2,...} that associated with the transient
output process. Then BSt(-) is obtained from (6.12) with G = g, and %Q = qn("),
while B (-) is obtained from the same equation with g = 0.

Recall that AC;[0,1] denotes the subspace of AC[0, 1] of functions which
are non-increasing, so that ¢ < 0 for all ¥ in ACy [0, 1].

Theorem 6.6 Under Assumptions (A1) and (A2), the family of partial sum
processes {B(-), n = 1,2,...} associated with the stationary version of the
output process satisfies the LDP in (D[0,1],75) and in (D]0,1], 7o) with good
rate function I§ : D[0,1] — [0, 00] given by

1
st _— 3 M - . — 3
IB ((P) = w}é}gﬁ[o,” {Im("ph 1/)2) + A;I;f(; Y Ta-—c(y) 1@ =1; + min {07 Yo + A}}
¥2€4C5 (0,1]
A>0
(6.13)
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for g in ACy[0,1], and where for ¢, in ACo[0, 1} and ¢ in ACy [0, 1], Iy is given
by

Tntiste) = _inf | [ rac (00 6a() + 90 o = my ), (614

¢€ACO[0,1]

while I§(p) = oo otherwise.

Proof: Under Assumptions (A1) and (A2), Theorem 4.1 applied with X, n(c) =

Cr ( ) and Y, (-) = A,(-) yields the LDP for the family {(Cr(-)yMn(+),8n(), n =
..} in (D[0,1],, 7o) with good rate function I : D[0,1]* — [0, o0] given by

)._.\

p1 € AC()[O, 1]
[

I (o1, p2) + I(ca) if . , =cp€l
I(@l,(ﬂ2a<’03) = { ((101 (102) q( A) Y2 € ACO 71] 3 4 - :

oo otherwise

where I, is as given in (6.14), and

Ip(ca) = A ;r;fg ra-c(y), ca €Cs.

Define the mapping F : D[0,1]* = D[0,1] by
F(Zl, 29, 23) = 2z; + min {O, 2y + 23} .

By Lemmas 2.8 and 2.11 the mapping F is Borel-measurable and S-continuous
on ACy[0,1]® which contains D; the effective domain of I. Therefore, upon
noting that (6.12) can be rewritten as

B() = F(Cal), (), @(), n=12...,

the Contraction Principle yields the LDP for the family of partial sum processes
{Bst(-), n = 1,2,...} in (D[0,1],7) with good rate function I3 : D[0,1] —
[0, o0] given by

IF(p) = {I(%1, Yo, %) = o = 1 + min{0, ¥y + ¥3}}, 90‘6 D[0,1].

¢1,¢2,¢3€D[O 1]

We note that for ;1 in AC,[0, 1], 2 in AC; [0, 1], and c4 in C4, the mapping
Y1+ min {0, 12 + ca} is itself in AC[0,1]. Thus, from the expression of I above
we get that I (p) = oo for ¢ not in AC[0,1], while for ¢ in AC,[0, 1], we ob-
tain (6.13). By Proposition 2.17, the LDP {B%(-), n=1,2,...} also holds in
(D[0,1], Too)- |
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Theorem 6.7 Under Assumptions (A1) and (A2), the family {Ef[(), n =
1,2,...} of partial sum processes associated with the transient output process of
the stationary queue (6.2), satisfies the LDP in (D[0,1],7,) and in (D[0, 1], 7o)
with good rate function If : D[0,1] — [0, o0] given by

inf  In{p—1v,v) if @€ AC0,1]
Ig(g:) = { YEAC;[0,]1] (6.15)
o0 otheruise

where I, is given by (6.14).

Proof: The proof follows the same lines as that of TheoreLn 6.6. Under the
enforced assumptions, Corollary 4.8 yields the LDP for {(Cale), M (), n =
1,2,...} in (D[0,1],70)® with good rate function Igm : D[0,1]> — [0, 0o] given
by

In(o1,02) if @1 € AGY[0,1], 2 € ACH0,1]

['s) otherwise (6.16)

IC,m((ply 802) = {

with I, given by (6.14). The mapping G : D[0, 1]* — [0, co] defined by
G(z1,22) = z +min{0, 2}

is Borel-measurable and S-continuous on the space ACy[0, 1]? which contains the
effective domain Dy, of I¢y (Lemmas 2.8 and 2.11). Therefore, from (6.12)
we have R

BI() = G(Cal), (), n=12...,
and the desired LDP becomes a simple consequence of the Contraction Principle.
The associated good rate function /% : D[0,1] — [0, o0] is given by

tr _ : . —_ :
IB (SO) e ‘wlﬂf}‘igg[o,l] {Ic,m(wh '402) P = wl + mln{0> wQ}} ) @ € D[Ov 1]

It is plain that for ¢; in ACy[0, 1] and 9, in AC7[0,1], the mapping v, +
min{0, Yo} = 9141, is itself in ACy[0, 1] and we deduce immediately from (6.16)
that I (¢) = oo for ¢ not in AC,[0, 1], while

ir _ : . —_—
Ig(p) = Wsi‘%&oyl] {Im(¥1,%2) 1 @ = ¢ + o}
$26AC7 [0,1]
WEAC; [0,1]

and the result (6.15) follows easily. By Proposition 2.17, the LDP for {B¥(:), n =
1,2,...} also holds in the space (D][0, 1], Too)- n
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- Unfortunately, the expression for J,, obtained in Section 4.4 for certain classes
of mappings is not enough to compute /¥ and I§ explicitly.

As we can already see, the rate functions associated with the LDP for the
two output processes are a priori different.

6.3.3 Stationary vs. transient

The conjecture of Chang and Zajic [18] translates in our set up to the proper-
ties of the rate functions associated with the transient and stationary output
processes of the stationary queue (6.2).

We begin with the following easy Lemma.

Lemma 6.8 For all ¢ in D[0,1], we have

I(e) < IZ(p).

Proof: The desired inequality trivially holds when ¢ is not in AC;[0, 1], for then
I$(p) = I%(p) = co. Now, fix ¢ in ACy[0,1], and let ¥, and ¥, in AC,[0, 1]
and ACy[0, 1], respectively, such that ¢ = t; +¥,. It is immediate (take A =0
in (6.13)) that

1
st — : 3 _ . —_ M
Ig(p) = wl'%g}éo[o’l] {Im(wla o) + A;I;f[; ” Ta—c(y) : ¢ = Y1 + min {0, %2 + A}}
>0
S Im(wh 1/)2)

and it follows that

IF(p) < inf  {In(Y1,%2) i o=U + s} = I (), ¢ € ACy[0,1].
1€ ACGI0,1]
$264C] [0,1]

We next give a condition under which the rate functions coincide. The con-
dition is quite strong and will not often be satisfied. In order to state the result,
we need a definition.

Definition 6.9 ([24, p. 114]) Two families {X,, n =1,2,...} and {Y,, n =
1,2,...} of random elements on a common probability space (Q2, F, P), and taking
on values in a metric space (X,d) are said to be erponentially equivalent in
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(X,d) if for each 6 > 0 and n = 1,2,..., the subset {d(X,,Ys) > &} of Q is
F-measurable and

limsup%ln Pld(X,,Y,) >6] = —cc.

Proposition 6.10 If E [e"?“] < 0o for all § > 0, then {Bst(:), n = 1,2,...}

and {E’ff(-), n =1,2,...} are exponentially equivalent. Thus, if one satisfies the
LDP, so does the other with the same rate function.

Proof: It is readily seen from (6.12) that

—~

do(B3(), BE () < {m(g’ﬁt(')ygﬁr('))
< %, n=12.... (6.17)

Thus, from Chebycheff inequality, for any ¢ > 0, we have

P [do(B(), BIr() >8] < P[gu>nd]
< e B[], 950, (6.18)

Taking the logarithm, dividing by n and letting n goes to infinity in the last
inequality yields

lim sup—In P [do(Bi(), BE()) > 6] < —d6, 6>0, (6.19)
n—oo T

where the last step is obtained from the finiteness of the exponential moment.

Exponential equivalence of {B5(:), n =1,2,...} and {B¥"(-), n=1,2,...} then

follows easily upon letting 8 go to infinity in (6.19). Finally, by Theorem 4.2.13

in [24. p. 114], if one family satisfies the LDP, so does the other with the same

good rate function. ]

Because we were not able to obtain explicit expressions for the rate functions
governing the large deviations of the output processes, we cannot carry out the
verification of Chang and Zajic’s conjecture. For the same reasons, we cannot
show that all the assumptions on the input process of the queue propagate to the
output. However, we have obtained an important new result, in the sense that
both the stationary and transient output process satisfy the sample path LDP.
The missing step in propagating the result is Lemma 4.7, where the actual form
of the rate function combined with the condition infcsq % 7y—z(c) > 0 is needed
to establish the LDP in the appropriate subspace.
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-Qur conviction is that the full assumption in fact propagates. Indeed, as the
rate functions derived from the Contraction Principle are always expressed as the
infimum of the original rate functions under some constraint, we feel that, under
the stability condition of the next queue, the effective domain of the output rate
function is indeed contained in the subspace D[0, 1]? x D;[0, o), as required in

Lemma 4.7. Moreover, the quantity 1I>1£ p Ty—z(¢) > 0 is intrinsically related to
[

the buffer asymptotics, and the condition that it be positive only prevents the
decay rate of the buffer overflow probability to be 0, and should propagate.

In the next Chapter, we apply the results obtained here to derive effective
bandwidths for G/G/1 queues in series.
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Chapter 7

Effective Bandwidth for Single-Server
Queues

In this chapter, we review the notion of effective bandwidth and give new results
on the effective bandwidth of G/G/1 queues, based on our sample path large
deviations results of the earlier chapters, in particular those of Chapters 5 and
6. In addition, we attempt to generalize our results to queues in series, and
pinpoint the problems encountered.

The chapter is organized as follows. We begin by reviewing some example of
effective bandwidths, as it first appeared in the literature. The derivation of the
effective bandwidth is done in Section 7.2 where both the traditional results and
our sample path approach are presented. Finally, the case of queues in series is
investigated in Section 7.3.

7.1 Examples and literature survey

Consider a network of K deterministic links, each of capacity Cy, k=1..., K.
Suppose there exist J types of connection which can be carried over the network
and that a connection of type j, j = 1...,J requires a capacity a;; at link k.
Then the network is able to carry n; connections of type j simultaneously, if and
only if, for each link &, k=1,..., K,

J
anajk _<_ Ck- (71)

J=1
In many operational situations, the required capacity of each connection is

not known deterministically, but varies randomly over the lifetime of the con-
nection. A good illustration is an ATM network, where the required resources of
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each connection are unknown, and as statistical multiplexing takes place at each
node, the network may experience an important degradation of the performance
on some connections.

Tt has recently been shown that in some cases a condition of the type (7.1)
is necessary and sufficient to ensure a given level of performance at a node. Hui
38] first showed, for a model of unbuffered resource, that the probability of
resource overload could be held below a desired level by requiring the number
n; of connections accepted for a source of type j to lie in an admissible region
of the type

J
> njey < G, (7.2)
j=1

where C represents the capacity of the resource, and «; is determined by the
statistical characteristics of the source of type J.

This result was later extended by Kelly [41] to models with buffered resource:
For the M/G/1 queue fed by sources of different type j, Kelly showed that both
the mean delay and the probability that the delay exceeds a given threshold could
be held below a certain level if the number n; of calls accepted from source j
satisfied a linear constraint of type (7.2). He referred to the constant c; as the
effective bandwidth of a source of type j. An effective bandwidth for the
D/G/1 queue with tail probabilities constraint is also derived in [41].

Gibbens and Hunt [32] found an effective bandwidth for the Uniform Arrivals
and Services (UAS) or fluid model [2]: They consider a single communication
channel with deterministic capacity, fed by a superposition of on/off fluid sources
of different types. They show that there exists effective bandwidths «;(€) such
that the set {n : P [z >b] < p} of number of admissible calls for which the
buffer overflow probability remains below a certain level satisfies

{"igai(f)”i<c} C {n: Plz>b] <p} C {ni;ai(@niﬁc}, (7.3)

when b—)ooandl-“fﬁg.

Independently, Guérin et al. [37] derived an effective bandwidth for the fluid
flow model, which they refer to as the equivalent capacity, for both individual
and multiplexed connections under a buffer overflow probability constraint. The
expression obtained is quite complex and approximations are used to compute
the equivalent capacity.

At the same time, Elwalid and Mitra [30] were able to compute the effective
bandwidth for Markov modulated fluid sources and Markov modulated Poisson
sources. They consider the general Markov Modulated fluid model and show
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that there exists an effective bandwidth associated with the asymptotics of the
performance criterion P[W > B] < p, i.e, for p and B such that %82 — ¢ iy
[—o0, 0]. They find the effective bandwidth to be the maximal eigenvalue of the
matrix A — %M where M is the Markov chain generator, and A is the diagonal
matrix of the input rates.

We point out that all the results discussed so far only rely on algebraic
computations. The derivation of effective bandwidths via the theory of large
deviations, namely through the existence of a LDP for the traffic stream, was
introduced afterwards by Kesidis et al. [42].

In [42], a general approach to effective bandwidths under the buffer overflow
probability constraint P[X > B] < e~5% is presented. However the authors
only give heuristics arguments. Those were later made rigorous by Glynn and
Whitt [35] and Duffield and O’Connell [29], and general conditions for the ex-
istence of effective bandwidths were given. We shall come back to this large
deviations approach to effective bandwidth in more details in Section 7.2.

As can be seen from this short review of the existing results, there is no
formal definition for effective bandwidths. The reason is that the notion of
effective bandwidth as well as its existence depends on the characteristics of the
source, as well as on the model and the performance criterion chosen.

The most important property of the effective bandwidth is its separability
among independent sources. Indeed, the separability property is the key to the
derivation of a linear constraint on the number of streams of each type, which,
when satisfied, ensures that the performance of the system is held above a certain
level. The fact that the constraint is linear among the independent sources then
allows the use of effective bandwidths to perform congestion control in networks
such as ATM networks. We do not discuss here the use of effective bandwidth
as a means of performing congestion control in data networks, and rather refer
the interested reader to [21, 22, 30, 37].

Recently, researchers have focused on the effective bandwidth of sources fed
to a single-server queueing system with deterministic capacity, under the buffer
overflow probability criterion. In fact, in that case, the effective bandwidth is
intrinsically linked to the buffer asymptotics. The available results are reviewed
in more details in Section 7.2.

In principle, the effective bandwidth could be defined for sources fed to more
general queueing systems under different performance criterion. In Section 7.2
we pursue this idea and show that an effective bandwidth for stationary and
ergodic sources (satisfying a sample path LDP) fed to a single-server queueing
system with time-varying capacities can be defined.
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7.2 Effective bandwidth

In this section, we apply the results obtained on the asymptotics of Lindley
processes to derive the effective bandwidth of traffic streams fed to a work-

conserving single-server queue.

The following Proposition, from [57] will be useful in proving separability of
the effective bandwidth. We first need a definition.

The infimal convolution [57, p. 34] of m convex functions fi,..., fm :
R? — [—00, 0] is the mapping g : R — [~o0, oo] defined by

g9(z) = inf {filzi) + -+ fm(Zm) 21+ +2m =1}, TER’.
i€RP
The infimal convolution of fi,..., fm is denoted by fy0---o fn, and is a convex

mapping [57, Theorem 5.4 p. 33] whenever the convex mappings fi, ..., fm are
proper.

Proposition 7.1 ([57, Theorem 16.4 p. 145]) For m = 1,2,..., and each

i=1,...,m, let f; : RP — [—00, 0] be a proper convez function. Then, we have
the following relationships on the Legendre-Fenchel transforms of fi,..., fm and
of their infimal convolution:
(fior--ofm) = i+ +fo (7.4)
and
(clfi +---+clfm)” = cl(ffo---of) (7.5)
where for each 1 =1,...,m, clf; denotes the closure of f;.

7.2.1 Traditional approach

Consider the traffic stream {as1, t = 0,1,...}, with the usual interpretation
that a.y; cells arrive at a network node during time slot [¢,t +1),t=0,1,....
We offer this arrival stream to a fictitious work-conserving single server queue
with constant release rate of ¢ cells/slot and infinite buffer capacity. Under these
operational assumptions, the buffer content sequence {g;, ¢t = 0,1,...} evolves
according to the Lindley recursion

0=¢ Gn=[¢+an—d", t=01,.... (7.6)

This recursion is of the form (5.1) discussed in Chapter 5, with driving sequence
{as41 — ¢, t = 0,1,...}. By Proposition 5.4, if the arrival process {at+1, t =
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0,1,...} couples with a stationary and metrically transitive sequence {@;y, t =
1,2,...} with E[@,] < ¢, then steady state is eventually reached in the sense
that ¢; = ¢ for some R, -valued rv ¢. Specializing Corollary 5.9 to this
setup, under appropriate conditions we can obtain the buffer asymptotics

1
lim —In Plge > b] = -0} (7.7)

b—o00 b

for some positive constant §5. More precisely, we write

AS(6) = %m E[exp(0(@ +...+3)], 0€R. (7.8)

Corollary 7.2 Assume the sequence {@i+1, t = 0,1,...} to satisfy the following
conditions:

1. The limit Ay(6) = limy_,o AL(8) ezists (possibly as an extended real num-
ber) for all 8 in R;

2. The set ©, = {6 > 0: A,(8) < b} is non-empty, and A}(f) < oo for all
finB, andt=1,2,...;

3. Either the process {t"lﬁ(l, t), t=1,2,...} satisfies the LDP with strictly
conver good rate function A%, or the conditions of the Gartner-Ellis Theorem are
satisfied.

Then, the buffer asymptotics (7.7) hold with 8 given by
Azle+y)

g% = sup{f >0:A.(0) <cb} = ;r;g———z———-, (7.9)
and for all § > 0,
lim In Plge>b] < -6 <= Aalf) < of. (7.10)

b—o0 b

Proof: We apply Corollary 5.9 with &1 = a4 — c for each t =1,2,.... From
the definitions of the limits A and A,, we clearly have

A(f) = A(0)—c8, O€R,
and the result easily follows upon noting that

A*(y) = sup(yf — A(f)) = sup (yf+ch — A(0) = Ally+¢), yeR.
geR geR
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With this in mind, the effective bandwidth a,(-) of the traffic stream {a;41, t =
0,1,...} is then simply

d>0, (7.11)

The effective bandwidth «(d) then represents the smallest release rate that
supports the QoS level characterized by

Plzy, >b] ~exp(—bd), b—oo. (7.12)

Finally, the notion of effective bandwidth would not be complete unless we
had separability for independent sources, which we show next.

To this end, we consider a collection of independent traffic sources {{ak,,, t =
..}, k=1,...,K}. We offer the aggregate stream to a work-conserving
smgle-server queue Wxth constant capacity c. If each of the sources {af +1 t=
0,1,...} couples with its stationary and metrically transitive version {ak.,, t=
0,1,...}, then the aggregate source also couples with a stationary and metrically
transitive random sequence: Stationarity follows from the fact that, by indepen-
dence, the sources are jointly stationary, and metric transitivity is easily seen
to hold through the Ergodic Theorem. Under these assumptions, the workload
{g+1, t = 0,1,...} of the queue weakly converges to the steady-state queue
length go, (Proposition 5.4), and the question naturally arises whether we have
an equivalence of the type

K
1
S ag(d) < ¢ = bgrgloglnP[qoo>b] < -4, 6>0

for some function « of the statistics of the k**-source. A partial answer is given
by the following Proposition. We write

1 ~
AfB) = Sn E[fEHt] | geR, k=1,...,K,

Ar(8) = limyeo A%(8) , whenever the limit exists, and AF(6) = YK AK(G) for
all 4 in R.

Proposition 7.3 Assume the following conditions to hold:
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"1. The limit Ag(0) = lim;_, ., AT erists (possibly as an extended number) for
all im R ;

2. The set Oz = {6 > 0: Ag(f) < cf} is non-empty and AZ() < co for all
g inOgandt=1,2,...; ~

3. Fither, for eachk =1,..., K, the sample mean sequence {t‘lﬁk(l, t), t =
1,2,...} satisfies the LDP with strictly convezr good rate function A, and A,
s lower semi-continuous, or the conditions of the Gdrtner-Ellis Theorem are
satisfied for the sample mean sequence associated with each sourcek =1,... K.

Then, for any § > 0, we have

1
lim-In Plge >8] <6 = > ald)<c (7.13)
b—co b E=1
where for each k =1,..., K, a(8) = Akd((s)

Proof: We apply Corollary 5.9 with

K
§t+1 = Zaf+1+c, t=0,1,
k=1

Clearly, from the enforced assumptions, it suffices to show that Assumption (3)
of Corollary 5.9 is satisfied. If the conditions of the Gartner-Ellis Theorem hold
for each source, it is plain from the equality

Az(6) = f:/\k(@, bR,
k=1

that they also hold for the aggregate source, and the desired result follows easily.

On the other hand, if the LDP holds for each source, then R being Polish,
and the sources independent, Corollary 1.9 yields the LDP jointly for the sample
mean sequences in the product space RX. Therefore, by the Contraction Princi-
ple, the sample mean of the aggregate traffic stream satisfies the LDP with good
rate function ry : R — [0, oo] given by

K
re(z) = inf{ZAZ(:ck):z=3:1+...+xk, xl,...,mKGR}, zeR
k=1

le.,

re = Ajo---0A%.
By Proposition 7.1, we find from lower semi-continuity and convexity of A} that
(57, Theorem 12.2 p. 104]

K K
T;: = ZAZ* = ZAk = AE;

k=1 k=1
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so that 7y being also lower semi-continuous, and convex as the infimal convolu-
tion of convex proper functions, we finally get [57, Theorem 12.2 p. 104]

ry = iy = AL
Corollary 5.9 then easily yields the desired result. |

This last Proposition is given as Corollary 3.1 in [22], but the arguments
given in the proof seem incomplete. In particular, it is unclear for us how
the assumptions (1) and (2) of Corollary 5.9 satisfied for each traffic stream,
translate to the same assumption for the aggregate traffic stream. Also, in the
situation where each of the stream satisfies the LDP, it is not a priori obvious
that the rate function associated with the LDP for the aggregate traffic stream is
the Legendre-Fenchel transform of the logarithmic moment generating function
of the aggregate stream, as implicitly assumed in [22]. Hence our additional
assumption that A; be lower semi-continuous in that case.

In view of Proposition 7.3, the performance of the multiplexer can be eval-
uated by the means of a linear constraint on the statistics of the sources. This
very interesting separability property is really the key property of the effective
bandwidth, which renders that notion so useful in performing admission control
in data networks.

In principle, the notion of effective bandwidth could be defined, under suit-
able assumptions, for a multiplexer with time-varying capacities. The effective
bandwidth result would then read as

—'Ac(_d)

1
blnl_}rggln Plgo >b] £ -6 = anak(5) < 5 ,

keK
where A, is the logarithmic moment generating function associated with the

stationary and metrically transitive version of the capacity sequence {cty1, t =
0,1,...}. The computation is carried over in the sample path situation, in the

next section.

7.2.2 Sample path approach

This section is devoted to a sample path approach to effective bandwidth, as
we show that this notion exists under the assumption that the input sequence
satisfy a sample path LDP with some mild conditions on the rate function. The
following Lemma is the key to the derivation of the effective bandwidth in the
sample path framework.
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Lemma 7.4 Assume that the buffer asymptotics

.1 !
bli)r?ogln Pzs > b] = —;r;gg r(y)
hold for some rate function r: R — [0, o).
Then we have the equivalence
1 .
bl_lglozln Pz, >b] £ =8 <= ") <0, 6>0 (7.14)

where * 1s the Legendre-Fenchel transform of the rate function r.

Proof: Fix § > 0. From the buffer asymptotics, we readily obtain

infl r(y) > 6

>0y -

r(y) =2 oy, y>0

dy—r(y) <0, y>0

sup (oy —r(y)) < 0. (7.15)
y>0

lim %ln Plzew>b] < =6

b—oo

i1t

Next, we note that for y < 0, we have dy < 0, so that, in view of the fact
that 7 is a rate function and is therefore non-negative, we get

or equivalently,
sup (dy —(y)) < 0.

y<0

As this last inequality always holds, we readily obtain from (7.15) that

sup (dy —r(y)) < 0
yER

liméln Plzew>b] < =6 =
— r() < 0.

b—ro0
|

We begin with the somewhat simpler situation consisting of a single source
fed to a multiplexer with time-varying capacity independent of the source. Let
{as1, t = 0,1,...} and {e41, ¢ = 0,1,...} denote respectively the arrivals
sequence of the source, and the capacity sequence of the multiplexer. The queue
length sequence {q:+1, t = 0,1,...} is then given by a recursion of the form
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(7.6). As usual, we assume that each of the arrivals and capacity sequences
couples with its respective stationary and metrically transitive version, denoted
by {G41, t =0,1,...} and {G+1, £ =0,1,.. .}. Under these assumptions and
the stability condition E[@1] < E[¢ ], the queue length at the multiplexer
admits a steady-state regime in the sense that the sequence {@+1, t=0,1,...}
weakly converges to a non-negative random variable o (Proposition 6.2). Under
the additional assumption that both sequences satisfy the sample path LDP, the
next Proposition gives the effective bandwidth result.

We say that a R-valued random sequence {zn, n = 1,2,...} satisfies the
sample path LDP with good rate function of the integral form, if its associ-
ated family of partial sum processes {Xn(-), n = 1,2,...} satisfies the LDP in
(D[0, 1], Too) with good rate function Ix : D[0,1] — [0, o0] given by

Ielo) = {/Orz(gb(t))dt if € AG, (7.16)
) otherwise

where 7, : R — [0,00] is the convex good rate function governing the LDP
of the sample mean sequence {n™'X(1,n), n = 1,2,...}. We refer to the rate
function 7, as the integrand of the rate function Ix.

Corollary 7.5 Assume the sequences {Gs41, t=0,1,...} and {G41, t=0,1,...}
each satisfies the sample path LDP with good rate function I4 and I of the in-

tegral form (7.16) with integrand 7, and rc, respectively. Let ro—c: R — [0, oo]

be the (convex) good rate function associated with the sample mean sequence

{A.(1) - Co(1), n=1,2,...}, ie,

Tae(z) = inefR {roclz,y):z=2-y}, z€R, (7.17)
Y

z

1
and assume that ;I;g—y- Ta—c{y) > 0.

Then the following effective bandwidth result hold:

1
bl_iglo—gln Plgew>b] < =6 <= r;(6) < —-ri(=9), 6>0. (7.18)

Proof: Under the enforced assumptions, Assumptions (A1) and (A2) of Sec-
tion 6.1 are satisfied. Therefore, Corollary 6.4 together with Lemma 7.4, yields

1
bli}mgln Plgo>b] < =0 < r,_(6) <0, 6>0
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where the good rate function r,_. is given by (7.17). under the independence
assumption, we have r, .(z,y) = r4(z) + r:(y) for all z,y in R, and by a simple
change of the dummy variable y into —y in the infimum above, we get

To-c(2) = z’1;1efR {ro(z) +re(-y):z=z+y}, z€R

and Proposition 7.1 (with f; = r, and fo(y) = re(—¥), v in R) yields
Ta—e = Ta+ 9"
The result now follows from the relation

g(0) = r(=8), fER.

which is readily established by some algebra. u

re(9)

If we define the effective bandwidth of the source by «(§) = -* 3 Corollary
7.5 then states that
1 —ri (=
lim =In Pge >8] < =6 <= «af) < M, §>0.
b= b 4]

In particular, if the capacity ci+1 is constant, then by Theorem 3.24, the
family {C‘n(c), n = 1,2,...} satisfies the assumption of Corollary 7.5 with 7,
being the Legendre-Fenchel transform of the logarithmic moment generating
function A.(8) = cf, 6 in R. Therefore 7; = A*™ = A, and we obtain the
traditional formulation of the effective bandwidth, i.e.,

blim%ln Plgo>b] < -6 <= «afd) <¢ §>0.
—00

To complete the definition of this sample path effective bandwidth, it remains
to prove its separability property, which we do next.

At this point, we have not been able to prove that the rate function associ-
ated with the sample path LDP of the summation of independent sources is of
the integral form (7.16) with integrand the good rate function of the LDP asso-
ciated with the sample mean of the aggregate traffic stream. This unfortunate
glitch forces us to make stronger assumptions than simply assuming that each
source satisfies the sample path LDP to establish the separability property of
the effective bandwidths of independent sources.

We consider K independent streams fed to the same multiplexer as in the
single source situation. We make the usual coupling assumptions, and we denote
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by {af,,, t =0,1,.. .} the corresponding stationary and metrically transitive
versions. We also assume the stability condition

K .
; E[df] < Ela] .

Proposition 7.6 Assume that the sequence {G41, t =0,1,...}, and for each
k=1,...,K, the sequence {at.,, t=0,1,...}, each satisfies the sample path
LDP with good rate function Ig, 14, @ DO, o] — [0,00] of the integral form
(7.16) with integrand 1¢,7q, : R — [0, 00], respectively. Assume further that

inf {/Olkz:rak (¢k(t)) dt:p=t91+...+ wK} = /01 ro (p(t)) dt (7.19)

for all ¢ in ACo[0, 1], where ro : R — [0, 00] is given by

Ta — T'akO“‘OTaK.

Then the following effective bandwidth result holds:

1 K —r*(=9)
lim =ln P{ge >b] < =0 Y o) £ —&—=, >0
b—co b el 5
* (6
with for each k=1,..., K, ax(0) = T“"(S( ), 6> 0.

Proof: Under the enforced assumptions, by Proposition 2.17 and independence
of the sources, Corollary 1.9 yields the LDP for the family {(AL(), ..., AX()), n=
1,2,...} in the product space (D[0, 1], 70)% with good rate function I : D[0, 1] —
[0, 00] given by

I(pr, ..., 0x) = Ia(pr) +.- + Lag(pk), @1, 9k € D[0,1].

By Lemma 2.8, it is plain that the mapping (z1,...,2x) = 21+ ... + 2k I8
Borel-measurable (with respect to the product Skorohod and Skorohod topolo-
gies) and S-continuous on ACy[0,1]%. Therefore, as the effective domain of I'is
contained in ACy[0, 1]¥, the Contraction Principle yields the LDP for the family
{A,(-), n=1,2,...} where we have set a1 = agyy + .. +ak,, t=0,1,..,
so that for each n = 1,2, ..., A (-) = AL(-) + ...+ AX(-). The associated good
rate function I, : D[0,1] — [0, 0] is given by

Tae) = inf (I 4+ T 0=+t 9k), 9 D01
=1, K
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and in view of the assumption (7.19) and of the expression of the rate functions
I4, fork=1,..., K, we easily obtain

Liie) = { [rapia it peacio]

o9 otherwise

where r, is as given in the statement of the Proposition.

Now, by a simple application of Corollary 7.5, we obtain the equivalence

lim?l)-ln Plgo>b] < =0 <= r;(6) < —=r}(=4d), é>0.

b—oo

Finally, Proposition 7.1 yields the formula

K
ri(@) = > ri(8), >0,

k=1

and the desired equivalence follows. u

We note that in a different setup, but under similar conditions, the author
in [16] uses the fact (without stating any justification) that the equality (7.19)
holds.

In view of the results obtained in this chapter, it is plain that large deviations
techniques are very useful in deriving buffer asymptotics or effective bandwidths
of sources fed to a work-conserving single-server multiplexer with constant or
time-varving capacities. However, although the results obtained are interesting,
and certainly promising for the dimensioning of buffers, the assumptions required
for the effective bandwidth to exist and the separability property to hold are quite
strong. and not easily checked. It turns out that a sample path approach does
simplifv greatly the set of assumptions needed, but a sample path LDP is also a
stronger assumption than a LDP in IR. The sample path approach yields, under
a single assumption (the sample path LDP with good rate function of the integral
form for the source), all the results which already existed in the literature, except
the separability property which requires an additional technical assumption.

We note that the effective bandwidth of a stream is completely defined by
the rate function associated with the LDP for the sample mean sequence of the
stream. Thus, in the next section, we attempt to use the results derived in
Chapter 6 to establish buffer asymptotics and effective bandwidths for queues

in series.
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7.3 Queues in series

The purpose of this section is to lay the grounds for the application of our large
deviations and effective bandwidths to queues in series. We begin by introducing
the analytical model, and then discuss the applicability of our earlier results on
buffer asymptotics and effective bandwidths the queues in series. Finally, we
present the conclusions of our investigation, and some axis of further research.

7.3.1 Model and assumptions

Of interest in this section is a system consisting of K tandem queues in series,
numbered from 1 to K. For k = 1,..., K, the output of the k** queue is directly

fed into the k& + 1** one.

Each queue is a discrete-time single-server queue with capacity sequence
{cF,, t=0,1,...}, k =1,...,K, and the input to the first queue is a traffic
stream, represented by the R-valued random sequence {a;,,, t =0,1,...}. For
k=1,...,K, we denote the input to the k** queue by {af,,, £ =0,1,...} and
its output by {65, ,, t=0,1,...}, so that we immediately have the relations

aftl =, t=0,1,..., k=1,... , K—-1 (7.20)

The queue length sequence {gf,;, t = 0,1,...} of the k™ queue is governed
by the recursion

+
% = ¢~ Qf+1 = [Qf‘*‘afﬂ“cfﬂ] , t=0,1,..., k=1,...,K (721)

where the initial condition ¢* is a R4-valued random variable. In vector notation,
we have

Qo = Q; Qi1 = [Qt+§t+1]+, t=0,1,... (7.22)
with Q = (¢%,...,¢%), and for each ¢t = 1,2,..., Q, = (¢},...,¢¥) and &, =
(a; — ¢}, ..., af = cK).

To avoid trivial situations, we impose the system to be stable, and as we have
in mind to apply the stability results induced by Proposition 5.4, we assume that
the arrivals and capacities sequences couple with their stationary versions, i.e.,

Assumption (S1)

The R+ -valued sequence {(a},;,clyy,...,¢K,), t = 0,1,...} couples with
the stationary and metrically transitive sequence {(@L.,,Cl.,,...,C0,), t =

0,1,...}, and E[@}] < ming=y, x E [Z’f} . Furthermore, the arrivals and
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capacities sequences are mutually independent.

We emphasize the requirement that the stationary and metrically transi-
tive versions of the arrivals and capacities sequences be jointly stationary and
metrically transitive. Indeed, even in presence of independence, although joint
stationarity follows from stationarity of each sequence, metric transitivity of each
of them does not necessarily imply joint metric transitivity.

In addition, following the terminology introduced in Section 7.2.2, we assume
that the arrivals and capacity sequences satisfy the sample path LDP.

Assumption (S2) The sequences {@{,,, t =0,1,...} and foreachk =1,... K
{ek,,, t=0,1,...}, each satisfies the sample path LDP with good rate functions
I,1Ic, : D[0,1] — [0, 00] of the integral form (7.16) with integrand ro, 7, : R —
[0, 0], respectively.

Although we chose here to consider independent queues in series, the assump-
tion that the arrivals and capacities sequences jointly satisfy the sample path
LDP in the appropriate product space would yield similar results.

With the model defined, and the assumptions in mind, we now carry out the
steady-state analysis of the system.

7.3.2 Buffer asymptotics and Effective bandwidth

The first step in studying the buffer asymptotics at each queue consists in study-
ing the steady-state queue length. From Proposition 6.5, we infer that the cou-
pling assumptions will propagate along the queues, thus enabling us to con-
clude stability from the usual joint coupling of the input and capacity sequences
with their stationary and metrically transitive versions. This is made precise by
the following Proposition. For each ¢ = 0,1,..., we denote by c¢;;; the vector

(c%+17 R 7cf-<+-1)'

Proposition 7.7 Under Assumptions (S1), for each k = 1,..., K, the R¥*2.
valued random sequence {(afH, Ciy1, qf+1), t=0,1,...} couples with its station-
ary and metrically transitive version {(@f,,,Cu1,351), t = 0,1,...} where the
stationary queuve length {Eij, t=0,1,...} is defined by the recursion

- +
é\g = aft’ af—{-l - [af + a’{;—l - Ef_{,_l:l y t = O, 1, FOT (7.23)
with R R
& = max (A¥(=t,0) = C¥(~1,0)).
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Consequently, for each k =1,..., K, ¢f = ¢&, for some R -valued rv qk, with

k _ =k
QQO —st qst‘

Proof: We use an induction argument on k. For k& = 1, the coupling fol-
lows easily by Proposition 6.2, whereas stationarity and metric transitivity of
{(@ly;,@41,d4,), t = 0,1,... follows from that of {(a;1,Cer1), £ =0,1,..., the
expression of {g},, t =0,1,...}, and Lemma A.1.2.7 in (15, p. 303].

We next assume that the statement of the Proposition is true for ¥ = [, and
show that it is then also true for k = [ + 1. Indeed, if the statement holds for
k = I, then the output process of the I*® queue couples with its stationary version
{8, t=0,1,...} (Proposition 6.5) given by

bllf-l-l = ai-(v-l - (/q\lt-l-l - @15)7 t= O) 17 cet (724)
with {@,,, t=0,1,...} as given by (7.23) with k = . Therefore, from the in-
duction hypothesis on the coupling and (7.20), we readily see that the sequence
{(att}, cipn), t = 0,1,...} couples with {(@*1,841), t = 0,1,...}, where for
each t = 0,1,..., @it =bL,,, as given in (7.24). Stationarity and metric tran-
sitivity of {(@+},€+1), t=0,1,...} follows from that of {(@41,C1, Gpr)s t =
0,1,...}, the expression for ait}, and Lemma A.1.2.7 in [15, p. 303]. Therefore,
from (7.20) and (7.24) we also have

E[a'] = E[B] = E[a] =...= E[al| < E[C}"]

and under Assumption (S1), we conclude by Proposition 6.2 that the queue
length sequence {gif;, t = 1,2,...} couples with the sequence (@11, t =
0,1,...} defined by the recursion
. +
g - ar a8 = e -aT =0
with
ot = max (A7(=,0) - C™(=1,0)).
In view of the coupling of {(aifi,cis1), ¢t = 0,1,...} with (@1, 8p), t =
0,1,...}, we then easily obtain that of {(at¥}, cerr, giF1), ¢t = 0,1,...} with
{(@1 €1, @11), t =0,1,...}, and stationarity and metric transitivity of the
latter follows from that of {(@:7},€1), t = 0,1,...}, the expression for §i1; and
Lemma A.1.2.7 in [15, p. 303].

The statement of the Proposition thus holds true for | = k + 1, which com-
pletes the proof. |
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‘One of the nice features of a sample path approach to the analysis of the large
deviations behavior of G/G/1 queues, is that, as demonstrated in Section 6.3,
a sample path LDP jointly on the arrivals and capacity sequences carries over
to the stationary version of the output process.

However, as pointed out at the end of Chapter 6, we do not know at this
point whether the associated rate function is of the integral form with convex
: I :
integrand 7}, satisfying 1r>1g Zrb(y) > 0, which prevents us from applying the

y

results inductively on the queues.

Although the integral form of the rate function of the output is required
in order to obtain the buffer asymptotics of the next queue and therefore the
existence of an effective bandwidth, it could very well be the case that the sample
path LDP for the input propagates along the queues without this special form
of the rate function.

To summarize, two technical problems prevent us at this point to apply our
sample path approach to buffer asymptotics and effective bandwidth inductively
to queues in series:

i) The equality in (7.19), which is related to the existence of measurable
selections;

ii) The derivation of an integral closed form for the rate function of the
stationary output process.
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Chapter 8

Conclusions and Future Research

The results obtained in this Dissertation are for the most part of a theoretical
nature, and can be classified in two categories. The first category encompasses
results on large deviations for extensions of partial sum processes on the en-
tire time axis (00, +00), while the second one consists of results on the large
deviations behavior of Lindley processes or single-server queues. In addition,
in a somewhat more applied context, we have derived the effective bandwidth
of a general class of queueing systems, under a simple assumption, namely the
sample path LDP of the inputs to the system.

We come back to the results obtained in Chapters 2 and 3: There, it was
shown that under the sole assumption that a family of partial sum processes
{Xn(-), n =1,2,...} satisfies the LDP in D[0, 1] with good rate function I :
D(0,1] — [0, o0], the family {X(-), n =1,2,...} of its extensions on the entire
half-line [0, 0o) satisfies the LDP in the space D[0, c0) with good rate function
I : D[0,00) — [0, 00]. Furthermore, if the rate function I is of the usual integral
form

o) {/Olr(cp(t))dt if e AGH0,1] 1)

o0 otherwise,

for some rate function 7 : R — [0,00], then the new rate function can be
explicitly computed, and is given by

/Ooor(cp(t))dt if e ACH[0,0)
o0 otherwise.

I®(p) = {

For a stationary random sequence, this last result transposes to one even
more interesting: If the family {X,(-), n =1,2,...} satisfies the LDP in D[0, 1]
with good rate function I : D[0,1] — [0, 0] such that the elements of the
effective domain are continuous at ¢ = 1, then the family {(X(-), X2>~(-)), n =
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1,2,...} of its extensions on the entire past and future jointly satisfies the
LDP in the product space D[0,00) x D;[0,00) with good rate function I
D([0,00) x D[0,c0). In case the rate function I is of the form (8.1), then the
rate function I°_ is given by

[or@@dt+ [Crig@d it pe e AGD, )

Iio,-‘((phg)?) = .
o0 otherwise,

so that, in term of large deviations, the stationary sequence behaves exactly
as if the past was independent of the future. So far rate functions of the
type (8.1) have only been derived for i.i.d. or stationary hyper-mixing random
sequences, so that this last result is perhaps not too surprising. Our result then
seems to imply a converse in the sense that if a stationary sequence satisfies a
sample path LDP with good rate function of the type (8.1), then the process
presents some kind of mixing properties.

Further research on this matter could consist in identifying a generic expres-
sion for the rate function associated with the LDP of a sample path process,
and deriving the corresponding rate function of its extension on D[0,0). In
addition, some technical points were left unanswered in Chapter 2, in particular
whether the extension of a partial sum process on intervals of the type [0, R] for
R rational also satisfies the LDP in D[0, R] without any continuity assumptions
of the elements of the effective domain.

On the (very) technical aspects of this first part, we conclude that the Skoro-
hod topology has very nice properties which in the end yield global results as nice
as what the uniform topology would yield. However, in the process, one has to
go through many subtle technicalities, and caution is required when establishing
continuity properties of functionals.

Beyvond the results specifically obtained in the second part of the Dissertation,
the approach we have taken there shows that a functional approach at the sample
path level, combined with the Contraction Principle, yields in principle many
large deviations results on processes of interest in queueing theory. However,
it should be pointed out that the use of the Contraction Principle does not in
general vield an explicit form of the rate function. Even in the “good cases”,
i.e., when starting with a rate function of the integral form, the computation of
the infimum obtained via the Contraction Principle is not easily carried out.

However, we did obtain some nice new results on the large deviations behavior
of G/G/1 queues. In particular, the fact that the stationary output process of a
discrete-time single-server queue with time-varying capacities satisfies the sample
path LDP with good rate function, under the assumption that the arrivals and
capacities jointly satisfy the LDP with good rate function of the integral form
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with some mild natural conditions on . Unfortunately, we fell short of obtaining
the results for queues in series, as we were unable to show that those natural
conditions on the form of the rate function of the inputs propagate to the rate
function of the output process. In particular, because we could not derive an
explicit expression for the rate function associated with the LDP for the output
process, we could not, from our results, check the conjecture made by Chang
and Zajic [18] that the rate functions for the stationary and transient output
process are in general different and coincide when the capacity is constant.

We also established the LDP for the steady-state queue length in the function
space D[0,1], under two different assumptions. The first one is the natural
assumption that the inputs to the system jointly satisfies the sample path LDP.
The other one consists of buffer asymptotics of the usual form (which are also
a consequence of the previous assumption). Under the latter assumption, the
LDP is obtained bare-handed through algebraic and probabilistic arguments.

Finally, we proved that the notion of effective bandwidth could be derived for
a very general class of systems, under the sole assumption that the inputs satisfies
the sample path LDP with good rate function of the integral form and satisfying
additional natural conditions. Although an unsolved technical point prevented
us to fully establish the separability properties of the effective bandwidth, we
strongly feel that this point can eventually be solved, which would then really
yields a nice and simple way of obtaining the effective bandwidth.

In term of further research on this second part, many avenues can be inves-
tigated. The most natural one is of course to try to explicitly compute the rate
functions, or at least to show that the rate function of the output process is of
the integral form and satisfies the conditions needed for its propagation through
queues in series. A key step missing in order to complete those computations
is the existence of a measurable selection in presence of convexity, in order to
justify taking the infimum inside the integral. If that cannot be done, the next
natural step is to try to express the conditions we had in a different way in
order to show that they indeed propagate. Also, conditions under which the
rate functions of the stationary and transient output process coincide are worth
investigating.

Solving the issue of convergence of the departures process of an infinite series
of queues also relies on the propagation of the LDP sample path from the input
to the output. In case this missing step can be solved, it will be very interesting
to investigate the properties of the input-output mapping between the rate func-
tions, as well as that between the effective bandwidths, and in particular their
convergence.

To summarize, we have built the first major steps of a difficult and promising
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problem, namely that of characterizing the relationship between the large devi-
ations of the input and of those of the output of a general single-server queue,
which once completed, will yield a fistful of interesting results, together with
new areas of exploration. ‘
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Appendix A

Proofs

A.1 A proof of Proposition 1.7

(1.) : We follow the lines of Exercise 1.2.19 in [24, p. 9]. Fix o < oo and
let U;(a) be the corresponding level set of the good rate function I. Since &
is locally compact, each element z in X admits a neighborhood with compact

closure. Thus, we can write

\I/;(a) - U O,

€V (a)

where O; is open set containing z and O is compact.

Because I is a good rate function, its level set ¥ () is compact, and from
its open cover U O, we can extract a finite sub-cover, i.e., there exist

z€V (a)
Z1,Za,.--,Tn in ¥r(a) such that

or equivalently,

(g@iy c ¥ ()

Therefore, from the formulation (1.2.7) in [24, p. 6] of the LDP upper bound
for {un, n=1,2,...}, we get

hmsup Inun [(U OI,>D} < —a,
n—o0
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n

and the desired result follows upon noting that | J O, is compact as a finite
=1
union of compact sets [12, Proposition 5 p. 86].

(2.): This result is shown as Theorem (P) in [56].

A.2 A proof of Proposition 1.8

Lemma A.1 Let {X,, n=1,2,...} and {Y,, n=1,2,...} be two families of
random elements in the separable reqular topological spaces X and Y, respectively.
If{Xn, n=1,2,...} and {Yn, n =1,2,...} are each exponentially tight, then
the family {(X,,Yn), n=1,2,...} is ezponentially tight in X x Y.

Proof: Foreachn =1,2,..., let u, be the joint distribution law of (X, Y},) and
let X and pY denote the marginal distribution laws of X, and Y, respectively.

Fix @« < oo. From the exponential tightness of {X,, n = 1,2,...} and
{Ya, n=1,2,...}, there exist compact sets K} in X and K2 in ) such that

Iimsupllnp,}f <(K;)c) < -«

n—=o0 Tl

and !
: X (52
hrnsup;lnun ((Ka)c) < —a.

n—oo

By Tychonoff Theorem [12, Theorem 3 p. 88], K} x K2 is compact in X x ).
Moreover, upon noting that

pn [(KE > K2 = [((KD)° x X) U (K2 x ¥)]
< w )+ [(BY], n=12,

we get

n—o00 N n—o0 Tl n—00
(=) V (-
—Q.

lim sup lun [(Koll X Kg)c} < (Iimsup }-uf [(K;)CD Vv (Iim sup %uf {(Kﬁ)cD
<

A proof of Proposition 1.8:
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- Our argument follows the lines of Exercise 4.2.7 in [24, p. 113].

Let 7x and 7y denote respectively the topologies of X and ). For each
n=1,2,..., let u, be the (joint) distribution law of (X,,Y¥,), and let uX and
1Y denote the marginal distribution laws of X, and Y,, respectively.

We note that the separability assumption ensures that for each n =1,2,..
the pair (X,,Y,) is a random element in X’ x Y and that its distribution law
is defined on the Borel o-field of the product space, thus enabling us to use all
large deviations techniques presented in [24].

We begin by establishing the weak LDP for {(Xn,Ys), n =1,2,...} through
the indirect approach of considering a base on the product topology [24, Theorem
4.1.11, p. 106].

It is well known [12, p. 44] that the set
A= {O]_XOQZOleT,Y, OQETy}

is a base for the product topology on X x ). Following [24, Theorem 4.1.11, p.
106], we define
L4 = — hm mf Inun(A4), A€A,

and
I(z,y) = sup L4, z€X, ye).

A€A
(z,y)€A

Each 4 in A can be expressed as A = Oy x O, with Oy in 7% and O, in 7y.
Hence. from the definition of £4, and the independence of X, and Y;, we obtain

Ly = —lim mf In pn (O x O2)
= —lim mfl (ln uX(0y) +1n u,’f(Og))
n

< —lim mf—- In X (0;) — lim 1nf— In X (0y). - (A.1)

n—co 7

Because Ty and 7y are trivial bases for the topologies on X and J respectively,
the LDP for {X,, n=1,2,...} and {Ys, n = 1,2,...}, and Theorem 4.1.18 in
(24, p. 108] together yield the equalities

.1
Ix(z) = sup (—hﬂ)}gf;lnun(Ol))

O1€ry
z€0;
1 .
= sup (—— lim sup — In un(01)> reX (A.2)
OIEJX n—o0
z€0
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and

Iy(y) = sup (—ligp_,glf%Inun(Ozo

Oy€ry
y€O,

1

= sup (—— limsup —In un(02)> , YyEN. (A.3)

Oz€ry n—oo NN
yE€O,

Keeping in mind these expressions, we readily obtain from (A.1) that

I(z,y) = sup Ly
A€A
(z,y)€EA

< sup (—hnmmf In X (01)) + sup (— hmmf lnun (02)>

O1€rx Og€ry
€0, y€O3

= Ix(z)+Iy(y), z€&, yel. (A.4)
On the other hand,

. 1
—lim supl Inun,(A) = —lim sup — In 41, (01 x Oy)

n—oo T n—00

> —lim sup — ln pX(01) - lim sup —~ ln uX(0,),

n—00 n—oo

whence, in view of (A.2) and (A.3),

1
sup (— lim sup -~ In un(A)>

AEA -0
(z,y)€A
1 1
> sup (—— lim sup In (01)> + sup (— limsup —In u,}:(Oz))
O1€7x n—00 Oy€ry n—co T
£€01 y€0;
= Ix(fr)-l-fy(y), TeX, ye). (A.5)

Collecting (A.4) and (A.5), we finally find that

. 1
Ix(z) + Ir(y) < sup (—hmsup;;ln#n(A)> < Izy) < Ix(z) + Iv(y)
AEA n-+00
(z,y)€A

for all z in X and all y in Y, and the weak LDP for {(X,,Y,), n=1,2,...} be-
comes a simple consequence of Theorem 4.1.11 in [24, p. 106]. The corresponding
rate function / : X x )Y — [0, 00] is given by

I(z,y) = Ix(z) + Iy(y), z€X, yel.
The proof is completed upon noting that by Lemma 1.6, exponential tightness
of the family {(X»,Ys), n = 1,2,...} (Lemma A.1) transforms the weak LDP

for {(X,,Ya), n=1,2,...} with rate function I into a full LDP with good rate
function I.

160



A.3 A proof of Theorem 1.10

We begin with an elementary Lemma.

Lemma A.2 Let (X,7x) and (), 1y) be two topological spaces, and assume the
mapping f : X — Y to be continuous on the subset D of X. Then for any subset
T of Y we have the inclusions

FIMnD c fYT)  ad  fHT)ND < (FHD).

Proof: Let T be a subset of J, and let z in f=}(I') N D. Then, by definition of
the closure,

OnfMI) #0, z€0E€rx (A.6)

Because f is continuous on D which contains z, for any neighborhood V of f(z),
there exists a neighborhood U of z such that f(U) C V. By (A.6) (with O =U),
there exists zy in U with f(zy) in T, whence

vaT > fU)NT > {f(zv)} # 0,

so that f(z) belongs to T, or equivalently z belongs to f41).

Now, if z is in f~*(['*) N D. Then f(z) belongs to I'* which is open, and
from the continuity of f at z, there exists a neighborhood U of z such that
F(U) € T° C T. Therefore, U C f~}(T') and z belongs to (F~YD))e. n

A proof of Theorem 1.10: We follow the proof sketched in [24, Theorem 4.2.1
p. 110], and begin by showing that I" is a good rate function. We first note that

yeDy & inf{l(z):ze X, y=f(z)} < =
& JreX st y=f(z) and I(z) <0
& ye f(Dr)

so that Dp = f(DI) and D; C f_l(D[/).

Next, fix @ > 0 and consider the level sets ¥ () and (). Clearly, if y
belongs to f(¥;(c)), then there exists z in ¥(a) such that y = f(z) and by

definition of I', we get
I'ly) < Ilz) € o

so that y belongs to ¥y (a) and the inclusion f(¥;(a)) C ¥p(a) follows.
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"On the other hand, if y belongs to ¥ (), then by definition of the infimum,
for any n =1,2,.. ., there exists z, in X such that f(z,) =y and

‘ 1 '
I'(y) < I{z,) < I’(y)—%-g. (A7)
Clearly, the sequence {z,, n = 1,2,...} belongs to the compact set ¥;(1 +
@), thus contains a subsequence {zn,, £ = 1,2,...} converging to some z* in
¥;(1 + o). Moreover, upon letting n — oo in (A.7), we readily obtain that
I{z,) — I'(y), and lower semi-continuity of I then yields

I(z") < liminfl(z,) = I'(y),
so that z* belongs in fact to ¥;(«). By continuity of f at z, we also have

flz") = lm f(zn,) =y
and the conclusion I'(y) < I{z*) follows. In view of the reverse inequality
obtained earlier, we finally get I'(y) = I(z*), and y thus belongs to f(¥;(c)).
The equality ¥ (o) = f(¥,(e)) is then immediate.

Next, to show compactness of the level set ¥ (), consider an open covering
UaOq of ¥p(a) = f(¥(a)) in Y. From the continuity of f on D;, Lemma A.2
implies that U, (f~1(O4))° is an open covering of ¥ () because

Ua) = W (a)ﬂ’D1

c U(F(0a)n D)
< U(F(0a)"
[
The rate function I being good, ¥ /() is compact, and there exists oy, ..., an

such that

n

c U (F70a))” < U FH(0u),

i=1 i=1
or, equivalently,
\I/[/(O{) = f(\I/[ C anz
=1

Therefore, for each o > 0, ¥y/() is compact and I’ is a good rate function.

Before establishing the LDP bounds, we note from the expression of the rate

function I’ that

I —_— »
gp()—zéﬁmH@,Fcy. (A.8)
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“Now, let T be a Borel set in J. By Borel-measurability of f, f~1(T') is a Borel
set in X, and we get from the upper bound in the LDP for {u,, n =12 .

1
limsup—Inp,o f7HT) < — inf I(z).
n—oco T ( ) zef~(T) ( ) (Ag)

From the definition of the effective domain, Lemma A.2 (f is continuous on Dy),
and (A.8), we obtain

iﬁ{ﬂ@:ng%@ﬂ =iﬁ{u@;x§fﬂajmpg
I(z):z € f (T)}
I'y):y €T} (A.10)

> inf

= inf

and the LDP upper bound for {u, o f~1, n = 1,2,...} follows from (A.9) and
(A.10).

Similarly, from the lower bound in the LDP for {un, n=1,2,...}, we get

W1 -1 .
Ilgr_l)gf;lnunof ) > _xe(fl—nlt;r))o I(z), (A.11)

and by Lemma A.2 and (A.8) we see that
mﬂu@;xeg4@»? < inf{I(z) 1z € f7{(T°) N Dy}

= inf{[(m) 1z € f'l(I“’)}
= inf{I'(y) :y €T°}. (A.12)

The LDP lower bound for {u, o f~}, n=1,2,...} then becomes an immediate
consequence of (A.11) and (A.12).

A.4 A proof of Lemma 1.11

The following elementary Lemma is used to show that the goodness of the rate
function is preserved when restricted to £ or extended to X.

Lemma A.3 Let (X, 7x) be a topological space, and let £ a subspace of X en-
dowed with the topology ¢ induced by (X, 7x). Then, a set AC € 1 compact in
(E,1¢) f and only if it is compact in (X, Tx).
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Proof: Let A C £, and assume that A is compact in (E,1¢). Let UgO,4 be an
open covering of 4 in 7y, so that we have

A= AnE C J0aNE).

Because U, (O, N E) is an open covering in (€,7¢) of the compact set A, there
exists oy, ..., such that

n n

AC JOxnE) c Oy

=1 i=1
and compactness of A in (X, 7x) readily follows.

Conversely, assume A is compact in (X, 7x), and let UsUq be an open covering
of A in 7e. By definition of the induced topology, for each «, we can write
U, = O, NE, where O, is open in X, so that

A C U(Oaﬂé') C UOQ.
Q [0
Therefore, the union U,O, being an open covering in X of the compact set A,
it admits a finite sub-covering, and we easily obtain

n n

A= AnE c |J(OyNE)

=1 =1

I
-
R

from which we conclude that A is compact in (€, 7¢). [ |

A proof of Lemma 1.11: Let 7x and 7¢ denote respectively the topology of
X and that induced by X on £.

(1): From the LDP lower bound for the family {yn, n = 1,2,...} applied to the

Borel-measurable set £¢, we obtain

inf I(z) > liminf—Inp,(€°) = oo

1
TEintyy (£€) B o~ S )

and we conclude immediately that int,, (£°) C D§, or equivalently, that D; C
clr, (€).

(2): Let T be a Borel set in X. As the intersection cl, (I') N € is closed in £,
the upper bound in the LDP for {tn, n=1,2,...} in £ yields

lim sup 1 Inp, () < limsup ! In u, (clr (T))
n

n—oo T n—o00

1
= limsup ~ In py, (clr, (T) N E)

n—oo
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< — inf  I(z)
z€cl,  (T)NE

= — inf I'(z)

z€cly, (T)NE
= — inf I'(z)
z€clr, (T)

where the last two steps follow from the expression (1.15) of I'.

Similarly, as int,,(I') N £ is open in &£, the lower bound in the LDP for
{tin, n=1,2,...} in & yields

el ...l :
liminf —1Inpn(T) 2 liminf -~ In pp, (int,, (7))

n—oo 1
P | ,
= h,{ﬂ,z,fo’f; In py, (int,,, (T) N E)
- inf  I(z)

z€intr, (T)NE

— inf _ I'(z)

z€intr, (T)

v

i

which completes the bounds in the LDP for {y,, n =1,2,...} in X.

To see that I’ is a rate function in X, we first note from the definition of I
that

Up(a) = {zeX:I'z)<a} = {z€&:1(z) Lo} = V).

Next, by lower semi-continuity of I in &, the level set ¥;(a) is closed in £, and
can therefore be expressed as ¥;(a) = FNE, with F closed in X. Thus, as £
is closed in X, we find that Uy (a) = ¥;(a) is itself closed in X. Finally, by
Lemma A.3, I’ is good whenever [ is.

(3): Let T be a Borel set of £. Clearly, cl,.(T) is a closed set in &, so that, by
the definition of the induced topology, we can write cl, (I') = F N & for some
closed set F in X. Let Iz denote the restriction of I to £. By the upper bound
in the LDP for {un, n=1,2,...} in X, we then get

1 1
limsup=1Inu,(T) < limsup—Inpu, (cl(T))
n—oco Tl n—+o0 T

1
= limsup-ﬁlnpn (FNE)

n=+0Q

1
= limsup -~ In p,(F)

=300
< —infI(z) (A.13)
= - b, 1) (10
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= 7 :célrf}‘gg I£ <I)

= — inf I
xeélrjg(r) g(.’r)

where the link from (A.13) to (A.14) comes from the assumption that D; C €.

Similarly, because int,, (') is open in £, we have int, (I') = O N £ for some
open O in X, and we obtain from the lower bound in the LDP for {n, n =
1,2,...} in X that

1
lim inf—l— Inpn(T) 2 liﬂglfglnun onég)

n—o0o 1

1
= limsup—In p,(O0)
n—co T

2~ b7

- :colel(}rf‘xé‘ Ig (iL‘)
- zeirll?fi ) le(z).

I

Furthermore, because Dy C £, we have the equality
V() = ¥()n€, a€R

with ¥;(a) closed in X, whence ¥, (@) is closed in £, and I¢ is lower semi-
continuous in &, which completes the derivation of the LDP for {u,, n =1,2,...}
in £. Finally, by Lemma A.3, the rate function Ir is good whenever I is good.

A.5 A proof of Lemma 2.6

Let {r,. n=1,2,...} be a sequence in D[a, b]f which is S-converging to z, and
let ¢ in (a,b) be a continuity point of .

By definition of the S-convergence, {z,, n =1,2,...} Ji-converges to z, and
there exists a sequence of mapping {A,, n =1,2,...} in Ag such that

lim sup |z,(t)—zoX,(t)] = lim sup |A\.(¢)—¢] = lim sup |A;*(¢)—t| = 0.
X e ab) =0 tela,b) = telaLb)
(A.15)

Because we may not have A, (c) = ¢, the restriction of A, to [a, c] (resp. [c, b]) may

not be in Ag. (resp. Ay ), thus preventing us from obtaining the convergence of
the restrictions of {z,,, n = 1,2,...} on D[a, c]f and D|c, b}? directly from (A.15).
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‘However, it is possible to construct from {A,, n = 1,2,...} a sequence
{tn, n=1,2,...} in Ay with p,(c) =cforalln=1,2,..., and satisfying
lim sup |z,(t) — 2o pa(t)] = lim sup |un(t) —¢t| = 0.

=0 4eia,b] 0 4 (a,b)

For each n =1,2,..., we define ¢, and Cj, by

1 1 1 1.,
. = min{c— —, A (c—= d C, = + =20t =)} (A
c min{c — A (c n)} an max{c > An (c+ n)} (A.16)

Fixn =1,2,... large enough so that [c,, Cs] C [a,b]. We construct the mapping
tn : [a,8] — [a,b] as follows: If A,(c) < ¢, we set u, = A, on [a,¢c — ;] and
on [A;(c + 1),b], and complete p, on [c — 7,¢] and [¢, A7H(c + 1)] by a linear
interpolation passing through the point (c,c). On the other hand, if A,(c) > c,
we set fin = A on [, A7 (c — 1)] and [c+ 7, b], and complete u, similarly by a
linear interpolation passing trough the point (c,c).

It is then easily checked that for those n where u, is defined, we have (by
taking into account both constructions)

Sup [Mn(t) - palt)]
t€(a,b]

< teiu% ]Mn(ﬂ — pa(t)]
< A(Cr) = An(cn)l

1 1 ) 1 1
= |max{c+;b-,)\n(c+g)} - mm{c—n,/\n(c— n)}] (A.17)
Thus, because
1 1 1 1 1 1
D= (eF) < Palet—)—(cxt— +-—(cE=
Mnlex ) = (eF 0l < Dulet ) = (o2 D+ fet - = (cF 1)
2
< sup |Au(t) =t 4+ =,
tela,b] n

(A.15) and (A.17) yield
lim sup [Aa(t) = pa®)] = O,

n—co telab]

so that
lim su ) —tl £ lm sup |\, () —t| + lim sup [M.(t) — ua(t)] = O
=00 te[aI,)b] l:u"”'( ) n—oo tE[a,b}‘ ( ) l 00 tE[aI,)b]‘ Tl( ) KM ( )l
(A.18)
Now, by definition of the supremum, we can write
1
sup |z o Ma(t) ~Z OOl < = +]z0dn(tn) 0 pn(ta)] (A.19)

t€[cn,Cn)
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where for each n = 1,2, ..., t, belongs to [c,, Cy]. We immediately see from the
definition (A.16), the inequality

ATt e+

n

and (A.15) that limg_, t, = ¢, S0 that in view of the bounds

[An(tn)—cl < sup [An(t)—t|+[tn—c| and |pn(ta)—c| < sup |un(t)—t|+[tn—cl,
t€{a,b) te(a,b]

we finally deduce that limp_eo An(tn) = liMaoeo tin(tn) = c. Therefore, upon
letting n — oo in (A.19), continuity of  at c finally yields

lim sup [z0A(t) —zopa(t)] = l|z(c) —2(c)| = 0. (A.20)

"7 t€[cn,Cn

Consequently, as we have

sup |z.(t) — z o un(t)|

t€(a,b}
< sup lxn(t) —I° Ar(t” + sup |'T © /\n(t) = o /Jn(t)|
t€(a,b) t€[a,d]
< sup [za(t) — 2o M)+ sup |z oAs(t) =z o ua(t)],
t€la,b) t€(cn,Cn)

for those n where py, is defined, we get from (A.15) and (A.20) that

lim sup |z,(t) — z o un(t)| = 0. (A.21)

n—ro0 te[a,b]

The desired result then follows easily (after renumbering of ur) from (A.18) and
(A.21) by considering the restrictions of {un, n = 1,2,...} on [a,c] and [c,b],
once it is recalled that for each n = 1,2,..., i, belongs to Az with u,(c) = c.

A.6 A proof of Lemma 3.5

It is plain from the definitions that both & and ® are bijections. The mapping
h is therefore a metric on D;[0,00) and we readily see from the relation

h(z,y) = do(3(z),®()), =,y € Dj[0,00)
that (D;[0, 00), h) is isometric to (D} [0,1],dp). Next, because D*[0,1] is a Polish
space [45, p. 111], and @y, is an isometry (see Section 2.1.1), the space D;[0,1] =
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&5 (D*[0,1]) is itself Polish. By the isometry 3, this translates to (Df[0,00), h)
being a Polish space.

In view of Lemma 3.3, the proof will be completed if we show that a sequence
{z,, n=1,2,...} in D}[0,00) Ji-converges to z if and only if A(z,,2) — 0 as
n — 00.

To this end, let {z,, n =1,2,...} be a sequence in D{[0, co), such that
T}Lngo h{zp,z) = 0,
for some z in D;[0, 00), or equivalently

lim do(®(zn), 8(z)) = 0.

From the definition of dgy, this last expression is equivalent to the existence
of a sequence {\,, n=1,2,...} in Ag; such that

lim sup |z, 0@(t) —zoPoA(t)] = 0

Jim, sup 1z, 0 3() (®) -
() = An .

lim sup |In ———@——(—S—)[ = 0.

=0 12s€(0,1] t—s

For each n = 1,2, ..., define the mapping p, in A by pin = o An 0@t As
@ is a bijection, we have

sup [za(t) =T o pa(t)] = sup |za0Bo@i(t) =z0F oMo (t)]
t€[0,00) t€f0,00)
= sup |z, o @(t) —zoPo A(t)]- (A.23)
t€[0,1]

Furthermore, we observe that

sup |pa(t) =t = sup [BoAo@ M (t) = @@ (D)
t€[0,00) t€[0,00)

= sup |@o A (t) — @)
t€(0,1]

= sup |Int — In(A.(2))]
t€(0,1]

= sup ! M'
t€(0,1] t—0

< sup |1 n—M|. (A.24)
t#s€[0,1] t—3s

Therefore, collecting (A.22), (A.23) and (A.24), we conclude that

lim sup |Za(t) —zop,(t)] = 0
" () (A.25)
lim sup |ka(t) =1 = 0,

N+ 4¢(0,00)
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and {z,, n=1,2,...} Jy-converges to z.

Conversely, if {z,, n = 1,2,...} Ji-converges to z, then there exists a se-
quence {in, n =1,2,...} in A such that (A.25) holds. For each n =1,2,...,
we set A\p = &' © lin © By, S0 that A, belongs to Agy. We note that

sup [A(t) —t] = sup |g7 o un0B(t) = @7 0 B(Y)]
t€[0,1) t€[0,1]
= sup B oun(t) — @7 ()]
t€[0,00)
< sup |pa(t) -t (A.26)
t€{0,00)

where in the last step we have used the fact that |($~*)(¢){ = e™* is bounded by
1 for all ¢ in [0, 00). Using (A.23), we finally get

lm sup |z, 0@(t)—zoPoA(t)] = O
{ AR te[ol,)l]l o(t) B o An(t)]
lim sup |A,(f) — ¢ = 0.

In other words, {®(z,), n=1,2,. ..} Ji-converges to ®(z) in D}[0, 1], so that in
view of Lemma 2.3, h(zn, z) = do(®(zn), ®(z)) — 0, which completes the proof.

A.7 A proof of Lemma 4.5

(1.): Monotonicity of m, is easily seen from its definition and yields the exis-
tence of all one-sided limits. It is easily checked that right continuity (resp. left
continuity) of z at ¢ implies that of m,, and it follows that m, belongs to Dla, b]
(resp. Dj[a,b]) for z in D[a,b] (resp. Di[a, b]).

(2.): Let z be in ACo[a,d] and fix € > 0. Clearly, z(0) = 0 implies m.(0) = 0.
From the absolute continuity of z, there exists 6 > 0 such that for each sequence

of non-overlapping intervals {(a;,b;), 1 = 1,...,m} of [0,1],
ilbi —al<d = ilZ(bi) — z(a;)| < g (A.27)
Let {(a;,b;), i = 1,...,m} be a sequence of non overlapping intervals in [0, 1]
with i |b; — a;] < ¢ and fix ¢ in {1,...,m}. Then we have
i=1
ma(b) = me(a)l = | jnf, 2(s) = nf 2(6)
= Imin{,jaf, 26). ot 2(6)} = of, <(o)|
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I

Imin{(), inf z(s) — inf z(s)}|

a; <s<b; 0<s<a;

= max{O, inf z(s)— inf z(s)}

0<s<a; a; <s<b;

< max{O,z(ai)— inf z(s)} (A.28)

a;<s<b;

Next, from the definition of the infimum, there exists s; in (a;, b;] such that

5
1 —_— ).
ai1<2f<_‘bi Z(S) + 2m ~ Z(SZ)

Hence, it follows from (A.28) that

|m.(b;) — m.(a;)] < max {0, z(a;) — z(s;) + —6-}
2m
€
< Jz(ag) = 2(s:)| + pon
so that upon summing up over alli =1,...,m,
m m £
S Imafb) - male)] € o lz(s) - () 4 msm (A29)
i=1 i=1 m
Since {(a;, 8i), i = 1...,m} is a collection of non overlapping intervals of [0, 1]
with
m m m
Z 'Si - ail = Z(Si - G,i) S Z(bz - ai) < 5,
i=1 =1 =1

we get »_ |2(s;) — z(ai)| < -62- from (A.27), and the results follow from (A.29).

i=1
(3.): Pick ¢ in [0, 1] such that m.(t) < z(t). By continuity of z, there exists
§ > 0 such that
z(u) > m,(t), u€ (t—4,t+9).

It is then plain that
m,(u) = m,(t), u€ (t—0,t+09)
so that m, is differentiable on (¢ — d,¢ + ¢) and
m,(u) = 0, u€ (t—4,t+4).
(4.): Let D = {t € [0,1] : 7, (¢) = 0}. Since m; is non-increasing, m,(t) < 0 for
all t in D¢, so that by (3), m.(t) = z(¢) for all ¢ in D*.

Let ¢ in D. Since ¢ is isolated in D, there exists a § > 0 such that (t — 6, +
§)ND = {t}. Thus rn,(u) < 0 for all u # ¢ in (¢ ~4,t+J). By (3), we necessarily
have m,(u) = z(u) for all uw # ¢ in (¢ — §,t + ), and continuity of z and m, then
implies m,(t) = 2(t).

171



A.8 A proof of Lemma 5.14

Write F(b) = P [ge > b] for all b > 0. By Assumption (E), we get

.1 .
nh_)rgogln F(nzi) = —7"Tx,

so that for every € > 0 there exists an integer n(e) such that
1 .
—& < =InF(nzy)+vz: < &, n2>nle)
n

or equivalently,

"5t < Flnzy) < 0%, 0z n(e). (4.30)

Upon selecting € such that 0 < € < y*z4 in (A.30), we readily conclude from
(5.26) that

lim lln Plgw <nz;y] =0

n—+oo n

and the desired conclusion (5.24) immediately follows from the trivial bounds
P (g < n(zs —8)] < Plaoo <nzs] < Plaw Snlas+6)], n=12...

where we have chosen § such that 0 < ¢ < z.

In a similar manner, to prove (5.25), we note that it suffices to establish

1
lim —In P[nz_ < g <nzy] = —¥'z_. (A.31)

n—oo n

This is a direct consequence of the bounds
P[nz_ < g <n(z4 —6)] < P[n2_ < g <nzy] < P[nz_ <geo < nz. |

where we have chosen 6 such that 0 < 6 < z,. From the inequalities (A.30) we
readily conclude that

e e+ To(e) < Flnz_)— F(nzy) < ™59 T} (e)

where we have set

I¥e) = 1- e~ ™M (Z4—a-)E2)

Therefore,

-71{111 (Flnz_) - F(nz,)) < — (v —€) + %m T+ (e) (A.32)
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while

1 1
- In(F(nz-) — F(nzy)) > —(¥'z-+¢) + - InT () (A.33)
Finally, select ¢ so that 0 < 2¢ < v*(z4+ —z-) and let n go to infinity in (A.32)~
(A.33). We obtain via (5.26) that

1
lim sup ~ In(F(nz_)— F(nzy)) < —=y'z-+¢

and 1
liminf ~In (F(nz_-) — F(nzy)) > —y'z_+¢

n—xX n

and the desired conclusion (A.31) is obtained by letting £ go to zero in the last
two inequalities.
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