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Quantum computing holds vast potential for solving classically hard problems ranging
from optimization to simulations critical in material science research and drug discovery.
While large-scale fault-tolerant quantum computers capable of these tasks are yet to come,
small and noisy prototypes have been demonstrated on several candidate platforms. Among
these, trapped-ion qubits have been at the forefront of quantum computing hardware because
of their long coherence times, high-fidelity quantum gates, and all-to-all connectivity. This
dissertation investigates new methods for efficient quantum computing at the interface of
quantum information theory and trapped-ion experiments, and advances both the control of
physical trapped-ion hardware and the characterization of their decoherence processes.

We present a number of proof-of-principle experiments for early quantum applications
on a trapped-ion quantum computer (TIQC). First, we experimentally show that the results
of the Quantum Approximate Optimization Algorithm (QAOA)—a method to solve graph
combinatorial optimization problems by applying multiple rounds of variational circuits—
improve with deeper circuits for multiple graph-theoretic problems on several arbitrary
graphs. We also demonstrate a modified version of QAOA that allows sampling of all optimal

solutions with predetermined weights. Additionally, we implement the real-time evolution of



a one-dimensional scattering process and demonstrate a more efficient and accurate method
to extract the phase shift, forming a tentative first step towards the goal of lattice quantum
chromodynamics (QCD) simulation. Furthermore, we demonstrate two Bell-type nonlocal
games that can be used to prove quantum computational advantage as well as offer a set of
practical and scalable benchmarks for quantum computers in the pre-fault-tolerant regime.
Our experimental results indicate that the performance of quantum strategies for the non-
local games exceeds basic classical bounds, and is on the cusp of demonstrating quantum
advantage against more complicated classical strategies.

We propose and demonstrate a high-fidelity and resource-efficient scheme for driving
simultaneous entangling gates on different sets of orthogonal motional modes of a trapped-
ion chain. We show the advantage of parallel operation with a simple digital quantum
simulation where parallel implementation improves the overall fidelity significantly.

We test and improve the performance of an ancilla-assisted protocol for learning Pauli
noise in Clifford gates on a TIQC. With N ancilla, Pauli noise in an N—qubit Clifford gate
can be learned with a sample size linear to N. We also design and demonstrate a way to

improve the protocol’s performance by reducing ancilla noise in post-processing.
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Chapter 1

Introduction

1.1 Introduction to Quantum Computing

The world we live in and interact with seems classical. The building blocks of all modern
computer chips are transistors, and they behave like two-position switches that can take the
values of either “on”(1) or “off”(0), forming the basis of classical computation. When we look
past the macroscopic effects and dive deeper, to the subatomic level, the world follows the
rules of quantum mechanics. A quantum bit, or a "qubit", can exist in superposition of both 0
and 1. Entanglement can be created between qubits such that they become correlated and no
longer have independent states. Classical simulations of large and highly entangled quantum
systems are extremely challenging as the size of the Hilbert space increases exponentially
with the size of the system. The idea of using a quantum system constituted of qubits
to efficiently simulate another quantum system was born to address this problem. Since
then, research on information processing with quantum systems expanded beyond simulating
physical systems to more generic computing tasks. Quantum algorithms for solving abstract
computational problems utilizing superposition, entanglement, and interference have been
developed and proven to be significantly more efficient than their classical counterparts.

Today, quantum computing holds the potential to solve a wide class of classically expensive



computing problems, such as factorization [226], large search and optimization problems |3,
6, 48, 83, 85, 110], simulation of molecular structures, chemical reactions and material 10,
44, 140] and others.

Quantum computers can be built using a variety of technologies. Superconducting qubits
are built using superconducting electronic circuits containing Josephson Junctions [130]. The
system have fast quantum gates on the nanosecond order with nearest neighbour connectivity
and highly scalable architecture. Spin qubits, realized in silicon or nitrogen-vacancy centers,
are encoded in the spin states of electrons in semiconducting material, and can be mass-
produced with conventional semiconductor manufacturing processes [45]. Although large
number of qubits are easier to achieve for these two type of qubits, they usually suffer from
strong coupling to the environment and artifacts in manufacturing. Technologies based on
atoms and atomics ions benefits from naturally identical qubits. Neutral atoms trapped in
optical lattice or tweezers can be coherently controlled by laser and entangled via Rydberg
interactions [122|. Trapped atomic ions confined in Radio Frequency (RF) electric fields
or static electric and magnetic fields are another promising platform for realizing quantum
computers [42]. Other emerging technologies include photonic systems and topological
qubits. Each platform has unique advantages and challenges in terms of scalability, error
rates, and coherence times, and ongoing research explores all the possible avenues to reach

the goal of building a useful quantum computer.

1.2 Introduction to the Trapped-Ion Quantum Computer
(TIQC)

Trapped ions have long been at the forefront of experimental quantum computing. The
qubits are usually encoded in the quantum states of the outmost electron. Atomic ions
provide naturally identical and well-isolated qubits with long coherence time and high con-

trollability. The qubit phase coherence time 75, is typically on the order of seconds. When



compared to the single and two-qubit gate times which are on the order of tens and hun-
dreds of microseconds, it is clear that it is possible to apply a large number of gate operations
before decoherence sets in. The longest T, time observed in trapped-ion qubits was more
than an hour in Ref [250], and the qubit was defined in the hyperfine split ground states of
a single ''Yb™ ion, the same qubit used in this thesis. Besides hyperfine encoding, qubits
can also be defined over different electronic orbital states to form optical and metastable
qubits. More recently, conversions between different qubit types within the same ion have
also been demonstrated. The qubits state can be initialized by optical pumping and read
out with laser driven florensce detection, and coherent manipulation of the qubits can be
carried out with lasers or microwaves with high precision. Single-qubit and two-qubit gate
fidelity higher than 99.99% and 99.9%, respectively, have been shown [15, 59, 93|, exceeding
the fidelity requirements for building fault tolerant machines with many promising Quantum
error correction code. Finally, we note unique feature of TIQC which not shared by most of
the other leading quantum computing platforms, since the entangling operations are medi-
ated by collective motional modes, in which all ions confined in the same trapping potential
participate, the qubits are all-to-all connected, providing advantage for applications with
non-nearest neighbour interactions.

Over the past few decades, Ions of almost all of the alkaline-earth and alkaline-earth
atoms have been trapped. Various types of ion traps, such as Linear Paul Traps and Micro-
fabricated Surface Traps where ions are usually trapped in linear chain configurations, and
Penning Traps where ions form rotating crystals, have been used to build TIQC. New cool-
ing and coherent control schemes were proposed and successfully implemented. Advanced
operations vital for device scale-up and error correction, such as splitting up long ion chains,
combining short chains, and ion shuttling, have also been developed|268]. In the recent
years, TIQC have grown to systems with 20-40 individually controlled qubits in multiple ar-
chitectures, enabled by and integrating together many of the above-mentioned technological

advances made on smaller-sized devices[134, 185]. To further scale up trapped ion systems,



one promising strategy is to connect multiple modules with photonic links|73, 183|. Trapped
ion qubits that are coupled to telecom photon are particularly suitable for serving as the
communication nodes in each module. The ability to co-trap and entangle more than one ion
species or isotopes allows combining qubits with complimentary advantages into one module

and maximize the capability of future trapped-ion quantum computers.

1.3 Current Devices and Challenges

In order to solve any problem of practical value, quantum computers need a large number
of qubits and low enough error rates. Quantum computers are very sensitive to error. In
long operation sequences, even a very small error per operation can eventually destroy the
quantum information. Quantum error correction (QEC) allows active error detection and
correction without collapsing the protected quantum state. It requires the encoding of each
logical qubit across several physical qubits. QEC is a costly process, and the more errors
there are to be corrected, the more resource overhead is needed. And the effectiveness of
QEC is only guaranteed when the physical gate error is lower than the error threshold of
the specific QEC code used. One of the main challenges trapped-ion technology faces is to
scale up the system size while maintaining high-fidelity operations. Usually, gate fidelities
decrease when the number of qubits in the system increases, due to increased sources of
noise and higher susceptibility to noise. Continuous improvement in physical gate fidelity,
especially two-qubit gate fidelity, remains a vital task. Additionally, cost and performance
of QEC codes depend significantly on the noise environment. Accurate noise models for real
hardware platforms can be leveraged to lower the cost of QEC and error mitigation.

While the development of large-scale fault-tolerant quantum computing devices is ongo-
ing, many of the above-mentioned challenges can continue to be addressed by research on
smaller systems that are already available, like the one I used for this thesis. Many tech-

niques that enhance a quantum platform’s capability can be developed and tested in lab



experiments of smaller scale and directly deployed to larger systems later. This includes
the development of high-fidelity entangling gates, parallel gates, and multi-body gates in
trapped ions. The goal is for physical entangling operations to be carried out with higher
fidelity either by engineering noise-robust controls or by reducing experimental time and
therefore experimental errors. Evidence strongly suggests that platforms with the same un-
derlying technology share similar noise environments [267|. Studying device limitations and
noise models on smaller systems can allow us to gain insight into and predict noise in larger
systems. Detailed knowledge of noise will enable also the co-design of new generations of
low-noise hardware and tailored QEC protocols that are low-cost high-performance.
Another challenge faced in the wider quantum computing field is that, although it is
widely recognized that quantum computing has vast potential in solving classically unattain-
able problems, there are very few readily available algorithms and methods. Researchers
across the scientific community, who wish to apply quantum computing to difficulty prob-
lems in their own fields, are still working on exploring and prototyping new methods and
tools for unlocking the power of quantum computers. For this reason, different scientific
communities have a strong interest and need in testing small-scale applications on currently
available devices. This not only allows testing of proof of principle demonstrations but also
continue to provide research and education opportunities for the next generation of users
who will run large-scale experiments on the future fault-tolerant devices. In return, the
users can provide valuable feedback to experimentalists working on building better quantum

computers.

1.4 QOutline of the Dissertation

In this dissertation, I present my contributions to many aspects of experimental trapped-ion
quantum computing. These include successful demonstrations of early quantum applica-

tions, high-fidelity parallel entanglement operations, quantum state verification, and noise



characterization. Many projects reported here are completed in collaboration with others
in the GATES lab at University of Maryland and at other institutions. The dissertation is
organized as follows:

Chapter 2 describes the full-stack architecture of a trapped-ion quantum computer in-
cluding the hardware platform, the control system, and basic coherent quantum operations.
This chapter explains how to make qubits out of atomic ions and make them perform com-
puting tasks for us.

Chapter 3 focuses on the realization of three early quantum applications representing
several avenues of interest the field has been exploring: optimization problems, simulation of
quantum systems, and quantum advantage demonstrations. In Chapter 3.1, we advance the
Quantum Approximate Optimization Algorithm (QAOA), a quantum-classical hybrid vari-
ational algorithm, by showing the experimental optimization results improved with circuit
depth. We test a variation of QAOA inspired by Grover’s search in sampling problems. In
Chapter 3.2, as a first step toward simulating lattice quantum chromodynamics (QCD) on
quantum computers, we measure phase shifts in scattering events simulated on a trapped-ion
quantum computer in real time using information about the early and intermediate stages of
the collision. In Chapter 3.3, we perform two Bell-type nonlocal games that can be used to
demonstrate quantum computational advantage and achieve win rates with quantum strate-
gies exceeding the classical bounds in several settings. This chapter is based on the following

publications:

o Multi-round QAOA and advanced mizers on a trapped-ion quantum computer, Yingyue
Zhu, Zewen Zhang, Bhuvanesh Sundar, Alaina M Green, C Huerta Alderete, Nhung H
Nguyen, Kaden R A Hazzard and Norbert M Linke, Quantum Sci. Technol. 8 015007
(2022)

o Real-time quantum calculations of phase shifts using wave packet time delays, Erik
Gustafson, Yingyue Zhu, Patrick Dreher, Norbert M. Linke, and Yannick Meurice,

Phys. Rev. D 104, 054507 (2021)



e Quantum computational advantage attested by nonlocal games with the cyclic cluster
state, Austin K. Daniel, Yingyue Zhu, C. Huerta Alderete, Vikas Buchemmavari,
Alaina M. Green, Nhung H. Nguyen, Tyler G. Thurtell, Andrew Zhao, Norbert M.
Linke, and Akimasa Miyake, Phys. Rev. Research 4, 033068 (2022)

Chapter 4 is centered around the verification of the outcome of quantum computing re-
sults and the characterization of noise on quantum computers. The common tool used in
these two tasks is tomography, and the common challenge is the exponential scaling of the
required sample size with system size. In Chapter 4.1, we compare quantum states prepared
on our own and other quantum computers with different underlying technologies, using ran-
domized and correlated measurements, allowing us to study the intra-technology similarities
and differences on an array of quantum computing hardware platforms. In Chapter 4.2 we
experimentally test an efficient protocol for characterizing Pauli noise in a class of quantum
gates and use it to benchmark noise in our native two-qubit entangling gate. We study how
the method adapts to a noise environment native to trapped ions and methods to improve
the its performance in the presence of this particular noise environment. Chapter 4.1 is

based on the following publication and manuscript in preparation:

o (C'ross-platform comparison of arbitrary quantum states, D. Zhu, Z. P. Cian, C. Noel,
A. Risinger, D. Biswas, L. Egan, Y. Zhu, A. M. Green, C. Huerta Alderete, N. H.
Nguyen, Q. Wang, A. Maksymov, Y. Nam, M. Cetina, N. M. Linke, M. Hafezi, and C.

Monroe, Nature Communications volume 13, Article number: 6620 (2022)

o Efficent benchmarking of Pauli noise in entangling gates on a trapped-ion quantum
computer, Y. Zhu, S. Chen, A. Seif, A. M. Green, N. H. Nguyen, N. M. Linke, L.

Jiang, in preparation (2024)

In Chapter 5, we propose and implement a high-fidelity parallel entangling gates scheme
where entangling gates are driven simultaneously on different sets of orthogonal motional

modes of the ion chain. This scheme does not require extra optical power or extra classical



overhead in most cases and can be used to parallelize most addressed entangling gate schemes
in ion chains. We demonstrate the advantage of this scheme by implementing a trotterized
evolution of the Transverse-Field Ising model and showing that substituting series gates
for parallelized gates results in a more accurate simulation. This chapter is based on the

following publication:

o Pairwise-Parallel Entangling Gates on Orthogonal Modes in a Trapped-Ion Chain,
Yingyue Zhu, Alaina M. Green, Nhung H. Nguyen, C. Huerta Alderete, Elijah Moss-
man, Norbert M. Linke, Adv Quantum Technol, 6, 2300056 (2023)



Statement of Contribution

Most of my PhD work was done in collaboration with members of the UMD Gates lab and
other external collaborators. This dissertation highlights the projects that I made significant
contributions to.

For the three projects presented in Chapter 3, I was the lead experimental contributor. In
the QAOA project described in Chapter 3.1, I co-designed and implemented the experiments,
analyzed data, and wrote the manuscript. In the scattering simulation and the quantum non-
local games project reported in Chapter 3.2 and Chapter 3.3, I implemented the experiments,
analyzed data, and contributed to the manuscript.

The cross-platform benchmarking project, described in Chapter 4.1, is a large collabo-
ration across multiple research groups and several hardware platforms. I represented one
of the four trapped-ion platforms (the UMD 2 system) in the collaboration, participated
in the design of the experiments, led data collection on UMD 2, the data analysis, and
contributed to the manuscript.

I am the lead researcher in the project described in Chapter 4.2, where I designed and
performance the first validation of a novel noise characterization protocol, proposed by collab-
orating theorists, on trapped-ion systems. I also developed and experimentally demonstrated
a method to improve the performance of this protocol for trapped ions.

In Chapter 4.3, I developed a parallel entangling gate scheme on trapped ions using
orthogonal modes. I designed and implemented the experiments, analyzed data, and wrote

the manuscript.



Chapter 2

Experimental Apparatus

The fundamental component of a quantum computer is a qubit. To construct a quantum
computer capable of universal computing tasks, a large number of qubits with long coherence
time and the abilities to initialize and read out the qubit states as well as to implement a
universal gate set are required. In this chapter, we briefly introduce the hardware architecture
and the control system of a TIQC with up to 9 individually addressed qubits. We highlight
the features of the device that enabled that work described in the next three chapters. More

detailed discussion about this experimental setup can be found in Ref. [69, 88, 159, 188|.

2.1 Qubit in an Ion

2.1.1 YYb' Hyperfine Qubits

The qubit is defined in the hyperfine ground states |F' = 1,mp =0) = |[0) and |F = 1,mp = 1) =
1) of the 25}/, manifold in the '™Yb™ ion (See Fig. 2.1). The qubit states are first-order
insensitive to and only have weak second-order dependence on the magnetic field. The qubit
phase coherence time is measured to be about 1 second. State initialization and readout
can be achieved via optical pumping and state-dependent fluorescence detection respectively

using 369 nm light with appropriate sidebands through the couplings between the 25/, and
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Figure 2.1: '"Yb' level diagram. The qubit is defined in the hyperfine ground states
|FF=1,mp=0) =|0) and |F =1,mp =1) = [1) of the %5/ manifold. Doppler cooling,
optical pumping and state-dependent detection are implemented with the 369nm laser light
with appropriate sidebands respectively. There is a small probability that the qubit may fall
into a dark state in the 2D3/2 manifold. A re-pump beam at 935 nm is used to bring the
qubit back to 281/2.

2Py j» manifold [251].

2.1.2 Ion Trapping

Due to Earnshaw’s theorem, charged particles cannot be trapped by static electric fields in
three spatial directions. Most ion traps use either dynamic electric fields [196], usually at
Radio Frequency (RF), or static magnetic and electric fields for confinement [40]. In this
experiment, the ions are confined in a Linear Paul trap, a type of RF trap, generated by four

segmented blade electrodes as shown in Fig. 2.2 [270], where two of them are connected to
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Figure 2.2: Linear Paul trap with blades.

an RF source and the other two are connected to a DC source. In the z direction along the
blades, the ions experience weak harmonic confinement generated by DC voltages applied
to the trap blades, and therefore form a chain along this direction. In the radial directions,
i.e., the plane perpendicular to the chain spanned by axis  and ¥, the ions are trapped in a
pseudo-potential that is approximately harmonic along the two radial principal axes, x and
Y.

The N ions in the chain act as a set of coupled harmonic oscillators along each principal
axis x,y, z as the result of the confining potential and the Coulomb repulsion between the
ions, generating N normal motional modes along each principle axis. Normal modes on
different principal axes are independent [135, 174]. The eigenfrequencies of the motional
modes in z and y directions do not overlap due to the anisotropicity of the pseudo-potential
in the x — y plane. Motional frequencies in the z direction are much lower than that in x
and y. Normal modes give rise to motional sidebands on carrier transition, which couples
the two qubit states on resonance. In this experiment, the typical frequency of the radial
modes are around 3 MHz. Fig. 2.3 shows the carrier transition, the blue and red motional
sidebands generated by x and y modes in the frequency domain.

During ion loading, the hot neutral Yb atoms are loaded from an oven below the trap,
and ionized by the 399nm laser light and the 369 nm or 355nm laser light through a two-step

ionization process. The hot Yb™ ion cloud is first Doppler-cooled by a high-power 369nm
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Figure 2.3: Red and blue motional sidebands for x and y modes. Carrier transition marked
by a black solid line couples the qubit |0) and |1) state on resonance. the sidebands are
about 3MHz away from the carrier transitions.

cooling beam that is 300 MHz red-detuned (far-detuned) from the Sy, to P/, transition,

and then further cooled by an unsaturated 369nm beam which is 10 MHz red-detuned (near-

detuned) to Doppler limit.

2.2 Coherent Operations

Coherent operations, such as coherent population transfer between qubit states are entan-
glement generation between qubits, are driven by two counter-propagating Raman beams
(Fig. 2.5). In this section we briefly discuss how to implement arbitrary single qubit rotations

and two-qubit entangling gates in this architecture.

2.2.1 Single-Qubit Operation

Rabi flops between the two qubit states can be driven by directly microwave at wyp = 12.642
GHz or via a Raman transition by two laser beams with a beatnote at wyp. Although the
individual addressing of ions with microwave has been explored [11, 165, 253|, it is more

straightforward to use laser for individual addressibility.
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Figure 2.4: (a) Raman transition between the qubit levels driven by a pair of 355nm beams
with a beatnote at wyp. (b)The pair of Raman beams is derived from 355 nm pulse laser.
The beam in the global beam path is modulated by an RF signal generated from a DDS.
Each beam in the beam array in the individual path can be independently controlled by an
RF signal generated by the multi-channel AWG modules.
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Figure 2.5: Sketch of the optical setup of the system.
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Fig. 2.4 (a) shows the stimulated Raman transition between |0) and |1) can be driven
by a pair of 355nm beams with a beatnote at wyp. This is a two-photon process where the
two qubit states are weakly coupled to multiple excited states in the ?Py/5 and the ?Pj)o
manifolds. The detuing of the laser from these two manifolds are chosen such that stark
shift from the off-resonant driving of these transitions cancel out [182]. Although this can be
experimentally implemented with continuous wave lasers, we use a mode-locked pulse laser at
355 nm for straightforward beatnote generation and higher optical power. In the frequency
domain, the pulse laser generates a frequency comb consisting of many equally spaced comb
lines. The repetition rate of our pulse laser is such that a single frequency comb can not
drive a Raman transition between the qubit levels. Instead, we split the output light into
two beams. They are modulated independently before recombining at the ions, as shown in
Fig. 2.4 (b). The two frequency combs are offset from each other such that the beatnote
between nth comb-line in one beam and the 108th comb-line in the other beam equals to
wyr. There are many pairs of comb-lines between the two beams that satisfy this condition,
and all pairs of comb-lines drive the Raman transition at the same time. The beam in the
“Global” path illuminates the entire ion chain. The light in the “individual” path is further
split into 10 smaller beams by a 10-way diffractive element, and each small beam is coupled
into one channel in a 32-channel AOM and modulated by its own RF control signal. The
frequency, amplitude and phase of each output beam can be individually controlled. The
output beam array of the AOM is then tightly focused onto the ion chain, where each beam
illuminates one ion qubit.

The rotation gate R(6, ¢) = e 0/2(cos¢oatsingon) g c [0, 7], ¢ € [0, 27] can be implemented
with the Raman transition. ¢” and oY are the Pauli X and Y operators. Arbitrary ¢ and
¢ can be achieved by varying the pulse duration and relative phase between the laser and
the qubit. R.(f) = e "/2%: rotations are implemented classically by adjusting the laser

phase [69].
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2.2.2 Two-Qubit Operation

There exists many schemes for implementing entangling gates in trapped ions, such as the
Cirac-Zoller gate [57], the light shift gate [14, 163], and the Mglmer-Sgrensen (MS) gate [230].
In MS gate scheme, entanglements between qubits are generated by entangling qubits with
the collective motion of the ion crystal during the gate and disentangling the motion from
the qubits at the end of the gate, leaving only the qubits entangled with each other. This
operation can be realized by lasers, microwaves, or radio frequency waves. The advantage of
using laser beams over the other options is the ability to entangle arbitrary pairs of ions of
choice.

The entanglement between the qubit state of an ion and the motion of the ion chain can
be created by biochromatic light driving both the red- and the blue motional sidebands with
symmetric detuning from the carrier, generating a spin-dependent momentum kick on the
ion. In an N-ion chain, wy, k € {1,2,..., N} as the eigenfrequency of the motional modes in
x direction. wyp+p and wyp — p are frequencies of the blue and red sidebands near detuned
from the x motional modes. Since the typical Rabi frequencies of the sideband transitions
during an entangling gate are much smaller than the frequency separation between motional
modes in different spatial directions, we can ignore the off-resonant excitation of y and z
modes here. In our experiment this is realized by the two counter-propogating raman beams
with beatnote frequencies at wyp + ¢ and wyp — p. In order to induce the momentum kick
in the x direction, the difference between the vectors of the two Raman beams Ak = k: — k;;
must have none-zero projection in x. The orientation of the Raman beams with respect to
the trap axis in this experiment is shown in Fig. 2.6.

In the interaction picture, after the rotating wave approximation and ignoring the weak
off-resonant excitation of the carrier transition, the Hamiltonian of the spin-dependent force

on ion ¢ can be written as
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Figure 2.6: The orientation of the Raman beams with respect to the trap axis. Ak has
non-zero projection in both z and y. The figure shows the cross-section of the trap looking
into the z axis. The yellow diagonal structures are the trap blades.

N
Hspp(T Z Qi (T)nicos(ur — @) (ape ™7 + h.c.)6; 50 _W/2, (2.1)
k=1

where 6% = 6% cos ¢+ &Y sin ¢. aJ,L and ay are the creation and annihilation operator for mode
k in z direction. €2; is the Rabi frequency of qubit 4. 7, is the Lamb-Dicke parameter coupling
qubit ¢ to mode k. ¢ and ¢ are determined by the laser phases. Eq. (2.1) is similar to
the Hamiltonian of a driven quantum harmonic oscillator, except that the direction of the

driving force has an extra dependency on the spin state of the qubit through Uj) /2

by applying the spin-dependent kick described by Eq. (2.1) on two ions {i,j} at the same

time. The unitary for interaction can be derived via the Magnus expansion

r) = exp [Z S (aws()il = sy (r)iw) 7 + ini (1670 ] (22)

i'=i,j k=1

where ¢f = 7/2 and ¢; = —¢!". T is the gate time, which is usually 200 — 300 ps in our
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experiment, and

ar(T) = —imk/ Q;(t) cos (ut + qbi)ei“”“tdt, (2.3)
0

and

Xi i (T) = NNk Z /OT dt/o dt'Q(t)Q; (') sin(wg (t — t')) cos(ut + @) cos(ut’ + ¢).  (2.4)

Disentangling qubits and motion at the end of the entangling gate requires all a;;(7) to
be zero. This can be achieved by modulating the amplitude (£2), phase (¢), and frequency
(u) of the laser pulse, respectively, or a combination of these [103, 166, 208, 223, 269|. Using
the amplitude modulation scheme [56], we find pulse solution €;(¢) = ;(t) = €(t) such that
a;(7)=0 for i € {i,j} and k € {1,2,..., N}. We call such a pulse solution a gate solution.
Aamplitude- and frequency-modulate gate pulses are used in our experiment as well.

A universal gate set is a collection of quantum gates that can be used to approximate any
unitary to an arbitrary accuracy. The Rxx(x),R(f,¢), and R,(6) form an universal gate

set.

2.3 Control System Architecture

The control system of a TIQC should be able to control the trapping and cooling of ions,
execute an experimental sequence, and acquire data. This is realized by the main control
software developed in Igor Pro from WaveMetrics together with a hierarchy of electronics,
such as FPGAs, frequency synthesizers, and electro-optical devices. The sketch of the control
system is shown in Fig. 2.7.

A standard experimental sequence usually involves ion cooling, qubit initialization, co-
herent operation, and detection. During each step, different lasers and electronic devices

need to be switched on for a specific amount of time. The timing of the experiment is coor-

18



dinated by the Igor program and the Sequencer FPGA. When receiving the instruction for
an experiment, Igor translates the entire experiment into a sequence of device names and
activation time, which is then sent to the Sequencer FPGA. The Sequencer FPGA constructs
TTL pulses, which activate devices at high voltage and deactivate them at low voltage, and
ensure that the TTL signals are delivered to the correct devices at the exact right times.
AWGs have the ability to generate arbitrary waveform and is an essential piece of equip-
ment for implementing different types of quantum gates. In our experiment, each of the
individual Raman beams is independently modulated by an RF signal in the 32-channel
AOM. The control RF signals are generated by three Keysight AWG modules (M3202A)
with four independent AWG channels on each module. When receiving a gate sequence,
Igor complies the waveform for the control signals and upload them to the AWG channel
controlling the relevant individual beams. The AWG outputs are amplified and combined
with TTLs before entering the AOM. This set up allows us to switch on and off arbitrary
beams, and control their amplitude, frequency and phase individually. Usually we use nine

AOM and AWG channels maximally.
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Figure 2.7: Experimental control system layout. Figure is from Ref. [188|.
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Chapter 3

Implementations of Early Quantum

Applications on a TIQC

Although it is promising that quantum computers may provide speedups over classical com-
puters on a wide variety of tasks, there are few readily available algorithms. Efficient quan-
tum methods need to be tested and further developed to unlock the potential of quantum
computers. In this chapter, we discussed three proof-of-principle demonstrations of early
quantum applications with the potential to be applied to larger-scale problems with practi-

cal values.
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3.1 Quantum Approximate Optimization Algorithm (QAOA)
on Graph Problems

Combinatorial optimization problems on graphs have broad applications in science and engi-
neering. The Quantum Approximate Optimization Algorithm (QAOA) is a method to solve
these problems on a quantum computer by applying multiple rounds of variational circuits.
However, there exist several challenges limiting the application of QAOA to real-world prob-
lems. We demonstrate on a trapped-ion quantum computer that QAOA results improve with
the number of rounds for multiple problems on several arbitrary graphs. We also demon-
strate an advanced mixing Hamiltonian that allows sampling of all optimal solutions with
predetermined weights. Our results are a step towards applying quantum algorithms to

real-world problems.

3.1.1 Graph Optimization and Standard QAOA

Combinatorial optimization problems on graphs are ubiquitous in fields of science and engi-
neering, such as bioinformatics |74, 261|, earth science [126], logistics [215], resource man-
agement [79], telecommunications [205], e-commerce [81, 262] and others. Efficient classical
algorithms for solving many of these problems are not known, and quantum computers
can potentially provide an advantage. The Quantum Approximate Optimization Algorithm
(QAOA) has been used in several demonstrations to solve combinatorial as well as other
types of optimization problems |2, 23, 117, 156, 161, 193, 194, 203, 257]. QAOA is a
quantum-classical hybrid algorithm that produces high-quality approximate solutions [83].
Even though it does not always guarantee an advantage over classical algorithms, QAOA
can achieve a provable quadratic speedup in oracle calls when it is equivalent to Grover’s
algorithm [192], and numerical evidence shows that it can provide a polynomial speedup
in some problems [71]. It has also been argued that even the output distribution from a

one-round QAOA circuit is hard to sample classically [84]. QAOA is also able to generate

22



approximate answers with low-depth circuits, which makes it valuable for implementations
on near-term quantum devices.

In QAOA, two non-commuting Hamiltonians, the problem-dependent Hamiltonian H 4
and the mixing Hamiltonian Hp, are applied repeatedly to a chosen initial state |{initial) in
a bang-bang protocol. The final output state is an approximate ground state of H, as well

as a solution to the optimization problem.

p

|¢ﬁnal> - H e_iHBﬁie_iHAai |¢initial> (31)

i=1

a; and f3; are real variational parameters, and p is the number of QAOA rounds. The varia-
tional parameters are optimized classically to minimize the expectation value (¥gna1|Ha|tginal) -
|initia1) is the ground state of Hp. In standard QAOA, Hp is the n-qubit transverse-field

Hamiltonian

n
transverse 2 : x
=1

where o7 is the Pauli X matrix acting on qubit 7.

In theory, QAOA performance improves as p is increased. However, increasing p can
degrade the results in practice when the experimental errors introduced by deeper circuits
outcompete the theoretical QAOA gain. Additionally, if the connectivity of the graphs does
not match the qubit connectivity of the quantum hardware, the overheads required to map
these nonnative graphs to the qubits also greatly increase the circuit depth. Moreover, the
standard QAOA often provides only a subset of the ground states, while many applications
require knowledge about all of them.

The first result of our work is to show that the probability of finding a ground state
with standard QAOA increases with p, up to p = 3, on a trapped-ion quantum computer
for optimization problems defined on arbitrary graphs. Previous experimental works have
demonstrated QAOA results improving with p on hardware-native graphs |23, 117, 156, 161],

while real-world graph problems are often hardware-nonnative.
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The second result of our work is to demonstrate that employing advanced mixing Hamil-
tonians in QAOA can allow one to access a broader range of classically hard optimization
problems. The recently proposed Grover mixer QAOA (G-QAOA) [19, 231] is capable of gen-
erating a superposition of all ground states with probabilities determined by their weights,
which are defined in the optimization problem and provided as inputs. This feature is re-
ferred to as fair sampling. G-QAOA can be applied to both unweighted and weighted graph

problems. The n-qubit Grover mixer takes the form

HGrover _ ﬁl 1+ (1 —2g)o7 -QF 2V4(1 —a)o7 (3.3)
where ¢ is related to the numerical weight assigned to all qubits, with ¢ = 0.5 corresponding
to unweighted problems. Other important tasks relying on fair sampling include satisfiabil-
ity (SAT)-based membership filters [12, 72, 255], proportional model sampling [99], machine
learning [80, 124], and sampling the ground states of arbitrary classical spin Hamiltonians [98,
210]. Although in theory G-QAOA fairly samples ground states at any p, the total proba-
bility of finding ground states increases with p. While previous works have experimentally
demonstrated one round of G-QAOA in Hamiltonian optimization problems on unweighted
graphs [97, 197], we apply G-QAOA to both weighted and unweighted graph problems up
to p = 2 on arbitrary graphs, and quantitatively evaluate the experimental fair sampling
results.

We implemented the experiments on our trapped-ion device with up to five qubits.

3.1.2 Higher Round QAOA on graph problems

In this section, we focus on finding a maximum cut on the bridge graph and an edge cover
on the triangle, paw and square graphs with standard QAOA. All graphs discussed in this
section are unweighted. A graph G is defined by a set of vertices v € V, |V| = N,, and

a set of edges e € E, |E| = N.. A mazimum cut is a partition of all vertices into two
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Figure 3.1: The plots give the probability to find a solution on the trapped-ion machine
compared to the ideal result for different numbers of QAOA rounds p. The graphs are
indicated in the top left corner, i.e. the triangle (a), square (b), bridge (¢) and paw graph
(d). For edge cover problems (a,b,d) the black links show example solutions, for the Max-Cut
problem (c) the red line indicates the unique cut. Circuits show one round of the problem
unitary Uy = e~*#4% and the mixer unitary Ug = e~ *#58 with purple gates parameterized
by « or 3. The values of parameters «; and (; are listed in Appendix A.1. All qubits are
initialized in the z-basis and measured in the z-basis (not shown). Statistical error bars on
the data are calculated from 4000 experimental shots per data point. The error bars are all
smaller than 1% in value and smaller than the symbols in the figure. The dashed lines are
a guide to the eye.
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standard QAOA G-QAOA

graph p=1 p=2 p=3 graph p=1 p=2

iangle S 0968 1 tamgle S0 0781 0999
exp  0.943(2) 0.986(1) exp 0.739(2) 0.751(2)

quare S0 09661 square S 0770 0801
exp  0.931(1) 0.949(1) exp 0.668(1) 0.692(1)

sim 0.871  0.958  0.985 sim 0.645  0.867

paw paw

exp  0.812(2) 0.819(1) 0.743(2) exp  0.548(2) 0.551(2)

Didee S 0330 0.557  0.996 N sim  0.105  0.835
8¢ exp  0.300(3) 0.424(4) 0.660(4) | (wehghted) exp 0.235(1) 0.421(1)

sim  0.310  0.758
(wohighted) exp 0.255(1) 0.497(1)

Table 3.1: Simulated and experimental probabilities of finding a ground state for different p
by standard QAOA (left half) and G-QAOA (right half) for the edge cover (triangle, paw,
and square graph) and Max-Cut problems (bridge graph). The errors are the statistical
68.3% confidence interval.

complementary sets where the number of edges between them is maximized. An edge cover
is a subgraph G’ C G in which every v € V' is connected to at least one edge E’ included in
G'. A graph can have multiple mazimum cuts or edge covers. Although brute force solutions
of the mazimum cut problem on planar graphs and the edge cover problem can be carried
out in polynomial time, the algorithms we employ do not exploit this structure.

Based on the graph problem to be solved, we construct the problem-dependent Hamilto-
nian H 4 such that minimizing H 4 gives the solutions of interest. When mapping the graphs
onto a quantum computer, a qubit can represent either an edge or a vertex. In Max-Cut
problems, the qubits encode the vertices. Each computational basis state represents a parti-
tion of V' with all vertices corresponding to qubits in state |0) in one set and the rest in the
other set. The probability of finding each ground state is the population of the corresponding

quantum state in |¢gua). The problem Hamiltonian H4 for Max-Cut problems is

Hy™" = N~ o707, (3.4)
(i.j)eE
where o0 is the Pauli Z operator. If (i, j) is an edge between sets, o707 = —1.
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In an edge cover problem, each qubit encodes a unique edge e € E. Therefore, each
computational basis state encodes a unique G’ where the qubit state |0) (]1)) means that the

corresponding edge is included (not included) in G’. H4 encoding the edge cover problem is

e =>"T] 1_2‘75, (3.5)

veV e€E(v)

where E(v) is the set of edges incident on vertex v in GG. For a subgraph G’, the product term
for each v in HY is 0 if there is at least one edge incident on v, otherwise it is 1. Therefore
the energy of HY is minimized to 0 if and only if G’ is an edge cover.

In the experiment, the system is first prepared in the ground state of Hp in equation (3.2),
[Vinitial) = |+ + ...) with |[+) = \/L§<|O> + |1)), by applying a Hadamard gate to each qubit.
Then the system unitarily evolves under H4 and Hpg alternately before being measured in
the computational basis.

The results are shown in Fig. 3.1 and in Table 3.1 (left column). In the Max-Cut problem
on the bridge graph, the probability of finding a maximum cut clearly improves with p
[Fig. 3.1(c)], despite the p-fold increase in the number of gate operations. Similarly, the
probabilities of finding one edge cover on the triangle and square graph also increase with p
[Fig. 3.1(a,b)].

However, on the paw graph, the probability of finding an edge cover only improves
marginally for p = 2 and drops for p = 3 [Fig. 3.1(d)]. In this problem, the implementation
of HY requires seven two-qubit entangling gates, the most among all four problems, and
the additional gate error outweighs the theoretical gain with increasing p. The question
then arises whether there are alternatives to increasing p that will improve the solution
probability. One such idea is to use more sophisticated mixers, an example of which is
the Grover-mixer given in equation (3.3). While, as we will see, this does not increase the
solution probability for a fixed gate depth, it does enable the solution of a new class of graph

optimization problem—sampling problems.

27



N,) 2 3 1 5 6 7
_, QAOA 238 500  10.16
P=% G-QAOA 315 587  11.28
_, QAOA 1043 2648 60.50(1)
P=% G.QAOA 311 582  11.30(2)
_ QAOA 313 615 1165 33.34
P=% G.QAOA 412 719 1191 21.54

triangle

paw , QAOA 644 1493  29.20(6) 66.0(1)
P=2 G.QAOA 4.09  7.20(1) 11.93 21.61(3)
_, QAOA 233 48 655 978 1505 2500
P=% G-QAOA 316 522 784  11.4(1) 1682 28.12
square

QAOA  6.64 1533 2841 53.7(1) 171.1(5) 493(1)

p=2 G-QAOA 3.25 5.36 7.99 11.56  16.87  27.69

Table 3.2: Number of draws required to see N, ground states on unweighted graphs. Average
and error bars are calculated from 100,000 independent trials. All error bars less than 0.01
are not included in the table. In comparison, if this similar counting test is done on random
guessing (p = 0), it will take 16.64(3), 36.58(6) and 41.40(4) of draws in these three graphs
to get all ground states.

3.1.3 Sampling with G-QAOA on unweighted graphs

All four unweighted graph problems studied in Sec. 3.1.2 have more than one solution, but
we observe that the standard QAOA favors only one. G-QAOA samples all ground states
with equal probability at any p on unweighted graphs. In this section, the goal is to find
all solutions for the three edge cover problems studied in Sec. 3.1.2 by using G-QAOA. HE
is given in equation (3.5). But now Hp is the Grover mixer for unweighted graphs given
in equation (3.3) with ¢ = 0.5. The circuit in Fig. 3.2 shows the 3-qubit Grover mixer
for unweighted problems used in the edge cover problem on the unweighted triangle graph.
Fig. 3.3 shows the 4-qubit Grover mixer. Variational parameters o and g for each problem
are listed in Table A.1 in Appendix A.1. These optimal parameter sets are derived from a

noise-free theory using exact numerics.
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Figure 3.2: 3-qubit Grover mixer for unweighted problems in equation (3.3) with n = 3 and
q = 0.5.
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Figure 3.3: 4-qubit Grover mixer in equation (3.3) with n = 4 and arbitrary ¢. The last
qubit acts as an ancilla qubit.

Fig. 3.4 shows the individual probabilities of finding each ground state for each problem,
and Table 3.1 gives the total probability of finding all ground states. The blue bars in
Fig. 3.4 demonstrate our claim that standard QAOA favors one solution more than others,
while the purple bars show that G-QAOA does not. In the G-QAOA result for the edge cover
problem on the triangle graph at p = 1, the experiment closely approximates the simulation.
Furthermore, we see a small improvement in the total ground state probabilities at p = 2
compared with p = 1 for all three graphs despite the deeper circuits at higher p.

Fairness describes how well the experimentally sampled distribution represents the ideal
distribution. The fair sampling of ground states with equal probabilities provides a conve-
nient method to enumerate all ground states of a problem. One measure of the efficiency of

the enumeration is the average number of experimental shots required to observe each ground
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Figure 3.4: Simulated and experimental probabilities of finding each ground state by stan-
dard QAOA and G-QAOA for the edge cover problems on the triangle, paw, and square
graph. Each plot compares the individual probabilities of finding each ground state at the
same p for the same problem between standard QAOA and G-QAOA. Different edge covers
are illustrated at the bottom of each plot on the horizontal axis, with edges included in
each specific edge cover colored in black and edges not included colored in red. Simulated
probabilities are delineated in contour with solid black lines, overlapping with corresponding
experimental data plotted with colored bar without any outline. Error bars are calculated
from 4000 experimental shots and are shown as short black dashes.
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state at least once. To estimate this, we sample the states from the experimentally mea-
sured distributions on a classical computer. For each experimental distribution, we record
the number of random draws required to observe any N, different ground states at least
once, varying N, from 2 to the total number of ground states. For each N, we repeat the
procedure for 100,000 times to determine the average number of draws and the uncertainty.

Table 3.2 shows that, at p = 1, G-QAOA and QAOA perform similarly at enumerating
ground states, with QAOA being marginally more efficient in most cases. The only exception
is the paw graph problem for N, = 5, where the ground state with the smallest probability
found by QAOA (the fourth ground state from the left, see Fig. 3.4) has considerably lower
probability in both simulation and experiment than the ground state with the smallest
probability found by G-QAOA. Since the efficiency of enumerating by sampling is limited
by the ground states with the lowest probability, G-QAOA shows an advantage in this case.
QAOA at p = 2 suppresses some ground states more strongly than at p = 1, and therefore
has the worst results. G-QAOA at p = 2 shows results similar to G-QAOA at p = 1,
with slight improvement seen in a few cases. This differs from the ideal prediction that the
number of draws required should decrease from p = 1 to p = 2 for G-QAOA since the total
probability of ground states grows. However, in experiment the total probabilities do not
increase significantly due to decoherence (see Table. 3.1). For the same reason, we see that
most often QAOA at p = 1 requires the least number of draws to find N, ground states, while
theory predicts that G-QAOA at p = 2 should have an advantage in most cases, especially
when N, is close to the total number of ground states. Nevertheless, G-QAOA at p = 1 and

p = 2 still require fewer samples than random guessing to obtain all ground states.

3.1.4 Fair-sampling with G-QAOA on weighted graphs

In this section, we solve the edge cover problem when a numerical weight (1 — ¢) > 0 with
q # 0.5 is assigned to all edges on the paw and square graph. The weight of each subgraph G’

is defined as Py = (1 —q)" ¢"™, where n’ is the number of edges included in G'. G-QAOA

31



triangle 5754(32) 406(8) triangle 6526(3259) 4337(943)

unweighted paw 328(4)  208(4) unweighted paw 1882(217) 4044(702)

square  602(13) 192(4) square  2544(414) 2318(247)

. paw  38(1)  90(1) . paw  297(74)  1958(675)

weighted o are  35(1)  45(1) weighted ——are  674(82)  1370(270)
(a) Experimental data (b) Synthetic data

Table 3.3: Number of shots to reject the fair sampling hypothesis by re-sampling from the
experimental data and the synthetic data. The synthetic data is randomly drawn from the
ideal distributions. Averages and error bars are calculated by repeating the “shots to reject"
test 10 times.

samples all ground states, with squared amplitudes proportional to these weights.
H¢ is given in equation (3.5) as in the previous two Sections. Hp is the Grover mixer

given in equation (3.3). The initial state is prepared by applying
U — e—iO'y sin~! \/a (36)

to each qubit in |0). Fig. 3.5 shows the G-QAOA results on a paw graph with ¢ = 0.7 and
a square graph with ¢ = 0.75, and compares them to the ideal population distributions.

To allow direct fairness comparisons between results for problems with different numbers
of ground states and different sample sizes N on weighted graphs, we need a metric that
is insensitive to these problem specifics. Fairness of the sampling result can be quantified
as the discrepancy between the ideal ground state distribution () and the experimentally
measured ground state distribution ()1, which is obtained by post-selecting out all ground
states from 4000 experimental shots. The first method we adopt is the “shots to reject"
method, proposed in Ref. [97], which is constructed based on the chi-squared (x?) test. By
re-sampling from @), the goal is to compute the number of samples, N*, needed to reject
the null hypothesis Hy at a selected significance level. Here, Hy is that (); is sampled from
Q2. The more the experimental data (), deviates from the ideal distribution ()5, the smaller

N* will be. To find N*, we follow the protocol described in Appendix A.2.
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Figure 3.5: Simulated and experimental results from G-QAOA for the edge cover problem
on the weighted paw (top) and square (bottom) graph. Error bars shown as short black
dashes are calculated from 4000 experimental shots.

Table 3.3 shows the results for N* from the experimental data with synthetic data for
comparison, where synthetic data are random samples drawn from ()2 on a classical com-
puter. Some ground states on the weighted graphs have very small expected populations,
causing Hy to be more easily rejected in the x? test, which contributes to the sampling results
being overall less fair on the weighted than on the unweighted graphs for both experimental
and synthetic data. We see a clear improvement in the fairness going from p =1to p =2 in
both weighted problems. This is due to G-QAOA boosting the probabilities of most of the
ground states, including the least likely one, in each problem (see Fig. 3.5 and Table 3.1).
When generating the synthetic data with a fixed number of draws from the entire population,
the ground state counts are larger for p = 2 than p = 1, leading to different “shots to reject"
results.

An alternative way to characterize the differences between probability distributions is
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the Kullback—Leibler (KL) divergence. More details about KL divergence and the results
for the KL divergence analysis are presented in Table A.2 in Appendix A.2. All trends are

consistent with that seen in the “shots to reject" analysis.

3.1.5 Conclusion and Outlook

In this work, we experimentally demonstrated that the standard QAOA results improve
with increasing p up to p = 3 in optimization problems on arbitrary graphs, and show fair
sampling results of G-QAOA up to p = 2 on both unweighted and weighted graphs on
a trapped-ion quantum computer. To push beyond these small demonstration problems,
advances in fidelity and system size of the quantum hardware are crucial. Additionally,
future studies on large-scale arbitrary graphs will challenge the connectivity of all hardware
platforms, which highlights the importance of efficiently matching graphs and architectures.

Although G-QAOA does not show an advantage at enumerating the ground states over
standard QAOA or when going to higher p on unweighted graphs due to experimental noise,
we do observe that the total probabilities of ground states grow with increasing p in all cases.
We also observe the fairness of sampling improves with increasing p in the two weighted prob-
lems. Future experiments could look at the relative advantage provided by more advanced
mixers, such as the QED-inspired mixer designed for constrained flow problems [264], follow
general guidelines to engineer mixers that ensure solutions satisfy desired constraints [121]
or symmetries [221], and study circuits which preserve specific physical symmetries in opti-

mization problems in fermionic systems [95].
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3.2 Real-time quantum calculations of phase shifts

In recent years, the idea of simulating quantum field theory with quantum computers has
gained considerable interest [201]. In the context of high-energy and nuclear physics, a long
term motivation is to develop quantum computing methods that perform real-time evolution
for lattice quantum chromodynamics (QCD). This is an ab-initio, ultraviolet complete, the-
ory of strong interactions which has been very successful in describing the static properties
of hadrons and nuclei !. Importance sampling methods, used successfully today for lattice
QCD at Euclidean time, are not effective at dealing with the rapid oscillations of real-time
unitary operators acting on large Hilbert spaces. Currently, physicists resort to non ab-initio
algorithms such as Pythia and Herwig [13, 228| to interpret hadronic collider data. Doing ab-
initio calculations for jet physics would represent a major accomplishment and is a long-term
goal for the high-energy community. Strategies to deal with the related question of parton
distributions are outlined in Refs. [158, 186]. Progress for out-of-equilibrium processes in
many-electron systems and information paradoxes in quantum gravity [200] would also have
a large potential impact.

As quantum computers offer new approaches to various sign problems, it is common
to advocate following the sequence of models that has been successful for the development
of lattice QCD at Euclidean time on classical computers [153, 154]. The first step in this
sequence is to study the quantum Ising model (QIM) on current hardware. Real time evo-
lution involving a limited number of sites for the QIM has already been attempted using a
few qubits on gate based quantum computers [26, 51, 114, 115, 138, 147, 155, 157, 213, 229,
234, 246, 260, 263|, as well as developments in progress for more complicated models [5, 17,
37, 39, 46, 127, 132, 143, 145, 150, 175, 207, 232, 241, 271|. For processes involving a few
Trotter steps, error-mitigation methods such as zero-point extrapolation [206|, written for
a generic noise that can be intentionally increased in order to attempt an extrapolation to

zero noise, have been applied successfully [141, 142, 150]. It has been shown [115] that by

1See review 17 of the PDG [109).
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modelling four qubits on an IBM Q quantum computing hardware platform these mitigation
methods together with using significantly larger Trotter steps [114, 179, 180] provide a rea-
sonable extrapolation for times of the order of the approximate periodicity of the problems

considered.
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Figure 3.6: The normalized reflection probability R_(t) is defined in Eq. (3.15).

Phase shifts are a key measurement in the scattering process and represent the total
change of phase due to interactions. Significant progress has been made in calculating them
from lattice QCD in Euclidean time [34-36, 68, 173, 214]|. In standard textbooks, phase
shifts and scattering amplitudes are estimated from asymptotic data long after the collision
processes have occurred. However, for current devices with limited coherence time or gate-
depth, using the information from the early stages of the collision is advantageous. In order
to optimize the use of limited resources, we will focus on the reduced problem of a particle
coming from the left, rebounding on a wall and returning to the left. We show that it is
possible to project the wave-function in the early stages of a collision process onto momentum
states and to pinpoint a time t* that corresponds to the middle of the collision with the wall.
This time can be estimated by computing the time when the probability for the approximate
momentum of the initial wavepacket and its opposite are equal. In practice, this can be done
by introducing a normalized probability R_(t) for the reflection, defined later in Eq. (3.15)
and which takes the value 0.5 at ¢*. By introducing an extra interaction close to the wall,
we obtain a time delay At* illustrated in Fig. 3.6. We will show that At* is half of the

time delay Aty invoked in Wigner formula [256], provided in Eq. (3.12), to estimate the
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derivative of the phase shift with respect to the momentum. We implemented this idea on a
trapped-ion quantum computer. We also collect data from superconducting qubits at IBM
to show that the method can be applied to other quantum computer architecture.

The section is organized as follows. We introduce the quantum Ising model with an
extra interaction and its Hilbert space. We show that in the one-particle quantum mechanic
limit, a three-step method can be used to extract phase shifts from information about the
early stage of the collision. However, this method is not scalable with system size as the
Fourier transforms are costly. We then show that it is possible to extend the computations
to the case of the quantum field theory formulations [114] , which require more qubits but

are guaranteed to scale efficiently for larger volume.

3.2.1 Model

We consider the transverse-field Ising model in one spatial dimension,

N-—1 N
Hy=-JY 6767, —hr» 67, (3.7)
=1 =1

where N is the number of spatial sites. of(07) is the Pauli X(Z) operator acting on site
1. The on-site energy hr is often called a transverse magnetic field and the ferromagnetic
nearest-neighbor interaction J is responsible for particle hopping, creation and annihilation.
This model is very well understood [154] and has been investigated on current quantum
devices [51, 114, 115, 157|. It is equivalent to a theory of free fermions with subtle effects
from the boundary.

For simplicity, we first consider the quantum mechanics limit J < hr, where the particle
number is conserved. This amounts to neglecting terms of the form &;" &;:Ll and their con-
jugates. This reduces the size of the Hilbert space from 2V to NN, and allows us to perform

Fourier transforms with a reduced number of qubits. Analytic calculations [114] are also

possible in this approximation.
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For problems invariant under translations and rotations, the standard quantum mechan-
ics two-particle-scattering problem can be reduced to a radial Schroedinger equation in an
effective potential. In one spatial dimension, the simplest case of effective potential for the
reduced problem is a step adjacent to an infinite wall. To be concrete, we can think of a
particle coming from minus infinity and moving towards a wall. As it approaches the wall,
it reaches a potential step which is defined as positive and constant. The phase shift due to
this type of potential is a standard textbook problem.

In the Ising model, non-trivial interactions capable of generating a phase shift can be

introduced with an extra term

N-1
Hip =U Y 6767, (3.8)
=1

For the reduced one-particle problem with a right wall, the interaction of Eq. (3.8) introduces
an effective potential at the end of the chain. This can be seen in the one-particle basis. If
the particle is away from the wall and has a neighbor on each site, it creates an energy -2U,
but if it next to the wall, it only creates an energy -U which is +U above the energy when
it is away.

This discrete Schrodinger equation obtained in the limit of small J, with U = 0, and no

+ikx

boundaries admits plane wave solutions e with energy

E(k) =2J(1 — cos(k)). (3.9)

An additive constant has been adjusted in order to have zero energy at zero momentum. If

oi2k(N+1

we introduce a right wall and impose ¥(N + 1) = 0, we need a relative phase — ) for

the reflected wave e If, in addition, we also introduce a repulsive potential U > 0 at
the rightmost site N, the problem with a right wall can be solved by introducing the phase
shift. A short calculation shows that:

oi20(k) _ —i2k U+ Jet

= T gew (3-10)
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Notice that this formula is independent of NV, because so far there is no left wall. In practice,
such left wall will be introduced to restrict the problem to N sites. By imposing 1(0) = 0,

we obtain a Luscher formula

d(k) = —k(N +1) mod m, (3.11)

which introduces a restriction on the momenta. The restriction to a finite number of sites
implies a N-dependence that we will discuss below.
The time delay Aty of a wave packet with a sharply defined momentum £ is related to

the derivative of the phase shift by the Wigner formula [256]:

Aty = 20 (k)/ (DB )0k), (3.12)

where OE/0k is the group velocity, which in our case is 2/ sin(k). This formula is obtained
by considering the superposition of two plane waves with infinitesimally close momenta
and energies and calculating the time difference for the two waves to be in phase at a
given location with and without interaction. This comparison needs to be done at a time
sufficiently longer than the time when the interaction takes place.

From Eq. (3.10) we get:

Ucos(k) + J
U2+ J? 4 2JU cos(k)

Aty = (=14 J )/J sin(k). (3.13)

The time delay Aty can also be estimated from the first half of the real-time evolution
of the scattering process and that it is actually twice the time delay At* already mentioned

in Fig. 3.6. For this purpose, we define the probabilities to be in the | + k) state

Py(t) = |(Ek[v(1) 7, (3.14)

39



and their normalized versions

Py(t)
Ri(t) = ————F——= 3.15
which by design satisfy

With this normalization R, (t) and R_(t) get interchanged under time-reversal with respect
to t*. The real-time evolution provides the time ¢* necessary to reach the symmetric situation
where P, (t*) = P_(t*) and R_(t*) = 0.5. This corresponds to the time where a classical
particle would hit the wall. We can then compare t* in the case where U = 0 and a non-zero

value. We call these times ¢%,., and ¢},

respectively. We define the difference

A" = tfnt - }ree’ (317)
and will argue that
At
At = TW (3.18)

This relation can be justified from the time-reversal argument that after ¢, only half of
the phase shift, §(k), has built up while the other half builds after t*. This is actually why
historically, the total phase shift is denoted 26(k).

In order to confirm this statement, we made a numerical calculation with a number of
sites N = 128. This number is larger than the number that we will use later (N = 4) and
allows us to minimize the finite volume effects. The results are shown in Fig. 3.7 and support
Eq. (3.17).

We now briefly explain how we calculated At*. First, it is important to prepare a wave
packet that is broad enough in space to have sharply defined momentum but not too broad so

that it does not reflect too early. In the numerical calculations, we used an initial wavepacket

which in lattice units reads

Y(x) x pika—(z—N/2)?/(N/4)* (3.19)
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Figure 3.7: Comparison of numerical At* with the analytical formula Eq. (3.13) for N = 128.

Second, we used a sigmoid parametrization for the normalized reflection probability

R(#)~1/(1 + exp (-(t ;t*))). (3.20)

Empirically, this provides very good fits of the numerical data. The parameter w describes
the width of the transition region in time units and ¢* the time such that R_(t*) = 0.5
exactly. The quality of the sigmoid fit is illustrated in Fig. 3.8. The fit was performed by
calculating the continuous time evolution by exact diagonalization and doing a sigmoid fit
with six points in time, as we will do in the next section. It is useful to notice that the

time scale for the duration of the collision is roughly proportional to V. In order to get an

10/ T —
4
0.81 : SD
1/
= 0.6 ',’
]
x 0.4 K
’ 1
1) 1
0.2 s
/' —=- 1/(1+exp(-(t-1583.3)/173.8)
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t

Figure 3.8: The fitted values are t* = 1583.3 and w = 173.8.

idea how the phase shifts change when we decrease N, we plotted §(k)" for N= 32, 64 and
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Figure 3.9: Derivative of the phase shift with respect to momentum calculated numerically
using the time delays and Eq. (3.12) for N= 32, 64 and 128 compared to the infinite volume
results from Eq. (3.13).

128 in Fig. 3.9. This illustrates the magnitude of the volume effects which are clearly more
pronounced when k increases. Note that some integration procedure is needed in order to
extract d(k). From Eq. (3.10), we can expand d(k) in power of k. For our numerical values

J =0.02 and U = 0.03, we obtain

(k) ~ —0.6k + 0.008k> + . .. (3.21)

For 0 < k < 0.5 the correction to the linear approximation is less then one percent, justifying

the approximation

5(k) ~ &'(0)k. (3.22)

This can be used to initialize the integration process to extract §(k) from ¢’(k) obtained

from the time delay.
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3.2.2 Quantum Mechanic Limit Simulation for N=4

Specializing to the case N = 4, we have, up to an unimportant additive constant, the

following effective Hamiltonian matrix:

aaB

o = . (3.23)

o 0 —-J U

This allows us to reduce the Hilbert space from four qubits needed for the N = 4 field theory
problem to two qubits for the one particle limit. The re-mapping is shown in Eq. (3.24)

with the correspondence illustrated in Fig. 3.10:

11000) — |00), [0100) — [01)

(3.24)
10010) — |10), [0001) — [11).
The Hamiltonian in Eq. (3.23) can now be written as
& x J T T Yy Y
Hepp==Joi =5 (UIUU + JIUII>
(3.25)

U Az ~z
+ Z(l —o7)(1—3d7p)-

The subscripted roman numerals are used to indicate the use of our two-qubit decomposition.
We now report quantum computations for J = 0.02 and U = 0.03. In the 2-qubit Hilbert

space, the momentum states for k = 4+ /2 read
1
|k = +7/2) = 5(]00> +4]01) — |10) Fi|11)). (3.26)

It is necessary for the initial wave packet to have some localization in space so that a dis-

tinct scattering event is visible, i.e., there is a point in time when the particle reaches the
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interaction region. As a side effect, the wave packet will have some momentum distribution
because it no longer is a plane wave. As depicted in Fig. 3.10, we chose our initial wave

packet to be |7/2) but restrict it to be non-zero only in the middle:

1 .
) = E(|o1> +2]10>>. (3.27)

[{z[e)?

00y [o1) 10y [11)

Figure 3.10: Visual depiction of the qubit states (black dashes), potential for the interacting
(blue) and non-interacting case (dark red), and initial wave packet (light red).

We construct this wave packet on two sites with the following quantum circuit with all

qubits initialized in the |0) state:

Ustate prep —

X] ) e (3.28)

The time evolution operator can be written as a combination of XX, YY, X, rotations and

a controlled phase operation (Ry):

UTr(p’ 0) -

T o v [T

(3.29)
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where p = Jdt, § = Udt, and 6t = 12.5. We use standard notations [191] for the gates,

XX(p) = X, YY () = eV,
(3.30)
and Ry (p) = e /2,

The very slow growth of the one-step error for large dt [179, 180] allows us to reach t = 75
with only six Trotter steps [115].
We then perform a quantum Fourier transform (QFTr) on these two qubits to take this

state into momentum space:

Ry(n/2)

Ugrrr = : (3.31)
[77]
L |

After applying the QFTr, the qubit states [10) and |11) correspond to the momentum states
|k) and | — k) respectively, with k = 7/2.
The time t* is determined by the symmetric condition R_(t*) = R, (t*) = 0.5. Because

of the small volume, we used a deformed sigmoid parametrization

R_(t) ~ A/(1+ exp (—(t ;t*))) (3.32)

provides very good fits of the numerical data. The parameter w describes the width of the

transition region and ¢* is related to ¢* via,
t* =1 —w In(2A — 1) (3.33)

The parameters w and t* are floated during the fit. For the interacting case, there is a
damping due to finite volume and coherence loss and we set A equal to the last data point,
which is then excluded from the fit. For the free case, the damping occurs at later time and

we set A = 1 and fit the standard sigmoid with the six data points.
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Type | Continuous | Trotter-exact | Trapped ions | IBM
Q.M. -17.5(1) -13.7(9) -26(2) -21(2)
Q.F.T. -17(1) -14.3(9) -14(2) -15(2)

Table 3.4: Results for At* in the quantum mechanics limit (Q.M) and full field theory
(Q.F.T.) from sigmoid fits of the simulated continuous and Trotter-exact evolutions as well

as the experimental data from the trapped ions and IBM quantum computers.
The data for R_ obtained from both quantum computers are shown in Fig. 3.11a together

with the sigmoid fits where the values of ¢, ., and ¢},, are indicated by vertical lines crossing

ree
the fits at the 0.5 horizontal line. This provides the numerical values of At* given in Table
3.4. The Trotter-exact and continuous-time estimates have assumed errors on par with the

statistical errors from the quantum simulations,

OR_(t) = /R_(t) — (R—(£))*/\/ Natots, (3.34)

with Ngnos = 1000. For comparison, we give the values obtained by doing sigmoid fits of the
continuous-time evolution (first column) and the Trotter steps (second column) calculated
numerically at the same discrete times as the experimental data. Standard State Preparation
and Measurement (SPAM) correction applied to the trapped-ion data, and no additional
error mitigation is applied. Readout error corrections were applied to both sets of IBM data.
In addition, the IBMQ Bogota data used Richardson extrapolations which take into account
further systematic errors from the environment which produce larger uncertainties. Details
of the fits are given in Appendix B in Ref. [116]. We see that both the IBM and trapped ion
estimates provide larger absolute values of At* than the target values. This can be in part
explained by the fact that the fits for the free process tend to lag below the Trotter steps for
t > 50 indicating a loss of coherence.

Measurements from the IBMQ Bogota machine contain both the noisy data with just
readout corrections and a mitigated version obtained using methods discussed in Ref. [115]
and which account for some slightly negative occupations at low ¢. This noise mitigation

involves increasing the effective error rate in the circuit by applying iterated CNOT’s to
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increase the decoherence noise and then using a linear fit to data at different noise rates to
extrapolate to a noiseless limit.

We see that the quantum mechanics approximation allows us to perform the QFTr and
extract reasonable estimates of At* (Table 3.4) for N = 4. However, the extension of this
procedure for N > 4 requires all-to-all connectivity and a CNOT depth increasing with the
number of sites. In contrast, the field theory calculation, which is our ultimate goal, requires

more qubits but only local interactions|[169] with a constant CNOT depth.

3.2.3 Towards scalable field theory calculations

We have performed field theory computations with the same devices using four sites and
four qubits. This allows for shallower local circuits but requires a more expensive Fourier

transform [86]. The initial state that we prepared,

1 .
) = E(|01> + z|10)>, (3.35)

can be remapped to the Ising model by using the inverse mapping originally described in the

text:

00) — [1000), [01) — |0100)

(3.36)
|10) — [0010), |11) — |0001).
This remapping will give us the initial state:
) = = (|0100> + z'|0010>>. (3.37)
V2
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(a) Quantum mechanics limit for R_(t). Systematic errors shown for IBM mitigated results.
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(b) Experimental results for R_(¢) using the full Hamiltonian of Eq. (3.7).

Figure 3.11: Experimental results for R_(t) using the quantum mechanics limit (a) and the
full Hamiltonian of Eq. (3.7) (b) with and without the interaction term on four qubits for
trapped ion (top in figure), IBM (bottom in figure) quantum computers. The Hamiltonians
use the parameters J = 0.02, hy = 1.0, and U = 0.03. Statistical Errors are shown for all

except for mitigated results.

This state can easily be prepared with 1 X X gate and one single qubit rotation,

10) 48

XX(—7/2)
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The time evolution of the system can be easily written in terms of a circuit requiring at
most 3 X X gates per Trotter step when using a four site system, which is 2 X X gates deep,
see Eq. (3.39).

R.(2hrot)
XX (2J5t)
R.(2hrot) -
Urrot(6t; J, U, hy) = XX (2J6t)
R.(2hrot) -
XX (2J5t)
R.(2(hy + U/2)6t)

(3.39)
The final portion of the quantum simulation is a Fourier transformation to take the circuit
into momentum space [86, 149|. This transformation can easily be done using four two-qubit

operations.

f Ry(m/2) (F|
. . [ 7] T
. L] F
[ ]
7] f 7] L ]
L] £
Where F' is given by the matrix:
1 0 0 0
0 == = 0
F= v2oove . (3.41)
1 1
0 % -5 O
0 0 0o -1




This can be decomposed into at most 4 CNOT gates. It should be noted this is different
from the traditional quantum Fourier transform which uses binary encoding for the qubits.
The decompositions for the the F-gate, is shown in Appendix C.1.

The measurement is done then in the z-basis and we select out the states [0010) and
|0001) for the |k) and | — k) state respectively.

In Fig. 3.11b we show the results of these calculations on our TIQC and IBM’s Casablanca
machine using the full Hamiltonian with a Trotter step of 6t = 15 with six Trotter steps. In
both cases, unmitigated data is used for the analysis. Fig. 3.11b indicates that the discrep-
ancies between the individual fits and the Trotter exact results are more pronounced than
in the previous calculation. However the effects appear to somehow compensate when we
calculate the differences and we obtain time delays closer to the Trotter exact ones as shown
in Table 3.4. This question could be investigated with more accurate data. As discussed
in the SM, the fit methods are similar to the previous ones. No Richardson extrapolations
are performed in this simulation because the effective noise rate on the circuit would be
well outside the linear regime for the error. The non-linear errors would render a Richard-
son extrapolation infeasible. As improved quantum computing hardware platforms become
available, more accurate estimation for At* may become possible.

When extending the method to larger systems, the circuit cost of the of the Fourier

transform is expected to be the most expensive but still scales as O(nlog(n)) [86].

3.2.4 Conclusion and Outlook

We have proposed and implemented a method to estimate the time delay using the early
steps of the real-time evolution. We have extracted phase shift from experimental results
for a quantum mechanics limit model with two qubits and the field theory formulation with
four qubits. We expect that the field theory calculations to scale favorably with system size
and to be feasible on a larger number of qubits. In the future, quantum computations for

quantum Ising models in two spatial dimensions could offer the possibility to reach quantum
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advantage.
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3.3 Quantum Advantage in the Bell-Type Non-Local Quan-
tum Game with Cluster States

There are many metrics to characterize the quality of current quantum devices [202]. For
example, qubit count, gate count, gate fidelities, and quantum volume [64] are common
options. However, it is generally agreed upon that a more comprehensive picture is given
by the device’s overall performance in executing a variety of computational tasks. To this
end, we look toward computational tasks with two desirable properties in this work. First,
they should have objective targets, beyond which one can prove that the current devices
has outperformed its classical counterpart. Note that the significance of demonstrating
so-called quantum supremacy via sampling random quantum circuits [9, 259] or bosonic
linear interferometers [265] relies on assumptions of the underlying problem’s computational
hardness, making it a moving target based on current state-of-the-art classical hardware and
algorithms. In contrast, we seek an unconditional demonstration of quantum computational
advantage. Second, the computational task should be agnostic to the choice of hardware
implementation, so that it allows a fair comparison of results among different architectures.

Natural examples with the first desideratum are Bell-type nonlocal games [22, 41, 60],
since the violation of a Bell inequality sets an objective threshold the quantum computer
must pass. Experimental demonstrations of Bell inequality violations have a long history
(see Ref. [41, Sec. VII]). More recently, the nonlocal features of quantum mechanics implied
by such a violation have been experimentally confirmed [96, 123, 209, 222|. Nonlocal games
have also been of recent interest for demonstrating classically verifiable quantum advantage
in interactive proof systems [30, 31, 139]. The second desideratum is satisfied in cases where
the violation is achievable via the preparation and measurement of multipartite entangled
states with geometrically restricted, constant-depth formation circuits. A canonical example
of such states are graph states [38, 120|, which have a long history of study with respect

to Bell-nonlocality [113, 216], measurement-based quantum computation [204], and connec-
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tions therein |7, 125, 247]. Experimentally, nonlocal features of graph states have also been
explored on a variety of hardware platforms [50, 160, 171, 249|. It has also been shown that
Bell-type scenarios utilizing Pauli measurements on graph states go beyond the traditional
Bell’s theorem [18], as they are able to reject even classical theories assisted by a limited
amount of communication, which are a particular class of nonlocal hidden-variable models.
Much work has since gone into understanding how Bell’s theorem can be strengthened to
more general causal scenarios [52, 53, 92|. By treating these communication-assisted classical
strategies as classical circuits of limited depth, one can show that shallow-depth quantum cir-
cuits are more powerful than their classical counterparts [33]. In light of these considerations,
the past few years have seen a number of novel works laying the theoretical foundation for
unconditionally demonstrating a quantum advantage using only nearest-neighbor entangling
gates [32, 61, 94, 106, 107, 118, 254]. This excludes the use of n-qubit Greenberger—Horne—
Zeilinger (GHZ) states, which can be prepared in constant depth with an architecture that
allows all-to-all connectivity of its entangling gates, but requires linear depth for architectures
with only nearest-neighbor connectivity.

In this section, we analyze two kinds of Bell-type nonlocal games and demonstrate proof-
of-principle experimental implementations of them on a trapped-ion quantum computer.
Both games utilize the six-qubit cyclic cluster state (an example of a graph state) and are
motivated as follows. The first game can be viewed as the computation of a particular non-
linear Boolean function via the measurement of the six-qubit cyclic cluster state’s stabilizer
group, giving a new computational interpretation to the graph-state Bell inequalities intro-
duced in Ref. [113]. Furthermore, it doubles as a method to determine the fidelity of the
prepared state and is classically the hardest such game based on any six-qubit graph state.

The second game is based on the smallest instance of the so-called 2D hidden linear func-
tion problem introduced in Ref. [33], which is capable of demonstrating an unconditional
separation between the power of a constant-depth quantum circuit and logarithmic-depth

classical circuits. While prior works [32, 61, 94, 106, 107, 118, 254] focus on such quan-
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tum computational advantage in an asymptotic regime, we discuss in detail how quantum-
advantageous strategies for this six-qubit game already demonstrate an unconditional sep-
aration from shallow-depth classical circuits with the same gate connectivity used on our
quantum computer. Furthermore, we show that restricting the set of inputs for this game
makes it harder classically, reducing the target success probability required to demonstrate
quantum advantage from 87.5% to 80%.

These nonlocal games satisfy our desired criteria, as the corresponding quantum strategies
require only nearest-neighbor entangling gates on a ring, which are readily available on most
quantum-computing architectures. Furthermore the games scale well, leading to meaningful
results for surpassing the same target success probability as the qubit count increases. For
our six-qubit demonstration, we summarize the games implemented and our experimental
results in Table 3.5.

The section is organized as follows. In Sec. 3.3.1 we review background material necessary
to understand our key results and establish notation. In Sec. 3.3.2 we introduce the first
type of nonlocal game, called cubic Boolean function games, and show the experimental
implementation of the quantum strategy of the game. In Sec. 3.3.3 we discuss the second
type of nonlocal game, called stabilizer submeasurement games and its experimental results.

Finally, we conclude with a discussion and outlook in Sec. 3.3.4.

3.3.1 Background
Graph states

Stabilizers, stabilizer states, and graph states are essential concepts for understanding quan-
tum games discussed in this work. Stabilizer states are a particular class of many-body
quantum states that have a wide range of applications in quantum computing (e.g., for error
correction, measurement-based quantum computing, and tests of Bell nonlocality). An n-
qubit stabilizer state is defined as the joint +1 eigenstate of 2" commuting Pauli operators,

called the stabilizer group. Each element of this stabilizer group is a stabilizer of the n-qubit
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Table 3.5: Summary of the nonlocal games studied in this work, along with our main ex-
perimental results using a trapped-ion quantum computer. The notation and definition of
the games are provided in their respective sections. For the optimal quantum strategy, each
game involves preparing the six-qubit cyclic cluster state |Cg) and then evaluating a num-
ber of stabilizers from global Pauli measurement settings, which may not necessarily be the
same. As the success probability Pro|win] of a classical strategy may depend on the amount
of communication allowed between parties, we report bounds for both depth-0 and depth-1
classical circuits. The cubic Boolean function (CBF) results were obtained by a tomography
experiment measuring the relevant stabilizers (data presented in Fig. 3.13). The stabilizer
submeasurement (SS) results were obtained by a separate experiment wherein we faithfully
played the nonlocal games (data presented in Table 3.6). We report experimental success
probabilities f’;Q [win] estimated from both the raw output of our quantum device, and after
SPAM correction. The experimental uncertainties, denoted by the values in parentheses,
correspond to a 1o standard error within the number of significant figures reported. For
each input of a game, we took N = 5000 shots.

Number of Pre|win] Experimental l?’\rQ [win]
Game (stabilizers, settings) Depth-0 bound Depth-1 bound Raw value SPAM-corrected
CBF(Cq, {0,1}9) (63, 63) 23/32 = 71.875% 100% 80.30(3)% 83.21(9)%
CBF(C6, 7027 ) (55, 55) 37/55 ~ 67.3% 100% 79.51(9)% 82.56(10)%
SS(Ce, 5 (5,8) 7/8 = 87.5% 87.5% 81.35(59)% 85.79(53)%
SS(Cs, I5) 1) (5,5) 4/5 = 80% 80% 79.42(25)% 84.68(23)%

stabilizer state. Let X, Y, and Z be the Pauli matrices. I denotes the 2 x 2 identity matrix
and 1 the identity operator acting on the whole system. Let |0) and |1) be the +1 and —1
eigenstates of Z, respectively. Denote by X; an n-qubit Pauli operator that acts as X on the
jth qubit and as the identity elsewhere (similarly for Y; and Z;). Any n-qubit Pauli operator
can be written (up to an overall phase) as E(a,b) = H?:—g 0% X Z]l-)j, where a,b € {0,1}".
Denote the jth term in the product for E(a,b) by E;(a;,b;).

It is convenient to study stabilizer states in the so-called graph-state formalism [120].
As its name suggests, graph states can be defined with respect to graphs. For each graph
G = (V, E), with vertex set V and edge set F, the corresponding graph state |G) is prepared
by initializing a qubit at each vertex v € V in the state |[+) = (|0) +|1))/v/2 and applying a

two-qubit controlled-Z gate, C'Z, ,,, between each pair of vertices v and w connected by an
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edge (v,w) € E . The graph state can be expressed as

&)= ] ¢Zul+)®"". (3.42)

(J,k)eE
Any stabilizer state is equivalent to a graph state up to single-qubit Clifford gates (the set of
gates generated by H = (X 4+ Z)/v/2 and S = +/Z) [101, 218, 242]. Conversely, any graph
state is uniquely defined by its stabilizer group. From Eq. (3.42) it follows that |G) is the

+1 eigenstate of all the elements of

S = <Xv H 7

leN (v)

Yo € V> : (3.43)

where [ € N (v) if and only if (I,v) € E. The notation ( - ) indicates the set of all possible
products generated by the operators contained in the brackets. The operators in the brackets
are referred to as stabilizer generators. The generator S, = X, [],c N(w) 21 can be associated
with the vertex v.

In this work, we focus on the six-qubit graph state on the cycle graph |Cs), also known
as the six-qubit cyclic cluster state, where Cg denotes the six-vertex cycle graph. Following
Eq. (3.42), the preparation of |Cg) followed by a measurement of an arbitrary Pauli operator
E(a,b), is shown in Fig. 3.12.

It turns out that the fidelity of the experimentally prepared graph state can be estimated
by measuring its stabilizer. |G) is the ideal target graph state and p is the density matrix
of the experimentally prepared (possibly mixed) graph state. Following standard fidelity

metric, the fidelity of the p can be expressed as
F(p,1G)) = (Glp|G) = tr(|GXG] p). (3.44)

The projector |G)G| can be expressed in terms of the 2" elements of the stabilizer group Sg
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Figure 3.12: (Top): The quantum circuit that prepares the six-qubit cyclic cluster state
|Cs) using CZ gates, followed by the measurement of the Pauli operator E(a,b) for some
a,b € {0,1}°. Namely, the final conditional rotation changes the measurement basis of the
jth qubit to Z, X, or Y whenever the classical input (a;,b;) € {0,1}* is (0,1), (1,0), or
(1,1), respectively. Input (0,0) denotes the presence of an identity in the Pauli operator, in
which case the qubit is measured in the Z basis. (Bottom): The same circuit, recompiled
using Ry x(0) gates which are native to our trapped-ion device, and optimized to reduce the
number of single-qubit gates.

of |G,

= in > s (3.45)

SeSa

Combining the above two equations we see that the fidelity of p can be rewritten as the sum

of the expectation value of p with respect to each stabilizer S.

F(p,|G) = 5 3 tx(pS). (3.46)

SeSa
Bell-Type Non-Local Games

Nonlocal game is a computational setup that usually involves multiple players and multiple
rounds. In each round, every player ¢ receives a piece of informtaion about a global input

bit string x. Players process the partial input information they each received separately
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according to strategy and each produces an one-bit output ;. All y; make up the collective
output string y. The referee then checks that the output possesses the desired properties
and accordingly tallies the round as a win or loss.

The strategy of the game describes how each player manipulates information received
to generate the output y;. Supposed each player receives [ bit of information about x.
In a quantum strategy, each player holds a qubit from a multipartite entangled state and
measures the qubit in some basis depending on the input information received. Further
explicit communication between players is not allowed in the quantum strategy. In a classical
strategy, each player may communicate with neighboring parties to obtain a total of k < K
bits of information about the input. Each player ¢ then manipulates their information via
some Boolean function f : {0,1}* — {0, 1} and repeats this process for a total of D rounds
of communication; in the last round, each output is produced via some y; : {0,1}% —
{0,1}. Each classical strategy can therefore be associated to a particular depth-D classical
circuit, consisting of gates depending on no more than K outputs of its neighboring gates
in the previous layer. Conceptually, it is easy to see that more rounds of communication
will improve the win rate of a strategy since the players learn about what each other is
doing through communication. If no communication is allowed (D = 0), the corresponding
classical strategy is called a Depth-0 strategy. If D rounds of communication are allowed,
the corresponding classical strategy is a depth-D strategy.

The average success probability for each strategy is defined as Pr[win]|, which is the
average probability of winning the game given an input x chosen uniformly at random.

Pr[win| can be written as

Pr{win| = @ Z Z Prly|x]. (3.47)

x€lnput yeWin(x)

Pr[y|x] is the conditional probability of generating output y given input z, and Win(x) is

the set of all winning output y for a given input x .

58



Strategies with Pr[win] = 1 are said to be perfect. For each nonlocal game we study,
there exists a perfect quantum strategy. On the other hand, classical strategies for these
games will produce a hierarchy of bounds depending on the classical circuits considered. For

brevity, we express these bounds as

Pre[win] <pepth-o 80 <pepth-1 51 <Depth-2 2, (3.48)

where “Depth-0" denotes that [y is the maximum value of Pre|win] for any circuit with
D =1, K =, and each output depends only on the [ bits received by a party. Furthermore,
“Depth-1" and “Depth-2” denote that 8, and f5 are the maximal values for any geometrically
restricted classical circuit with D = 1,2, respectively, and K = 3[. The definition of the
bounds will become clearer in the next two sections where two examples of quantum games
are discussed. Surpassing any of these bounds with a quantum device is interpreted as a
violation of a Bell-type inequality, which in turn demonstrates a quantum computational

advantage.

3.3.2 (% Cubic Boolean Function Games

Here we present the cubic Boolean function game on Cg (CBF(Cy,Z)), which is adapted
from the graph state Bell inequalities presented in Ref. [22]. This game can be generalized
to a n-player scenario. The six-player version is chosen here for experimental demonstration.
In CBF(Cs,Z), each player is represented by a vertex in the Cj state. Each player receives
a two-bit input of classical information s; = (a;,b;) € {0,1}?, 5 =0,...,5, where j indexes
the player. The inputs s; are drawn as follows: from a global input x = (z,...,25) €
T C {0,1}° each party j is given the bit a; = x; and the parity of their neighbors’ bits,
bj = xj41 + x;-1 mod 2. Each party j then produces a one-bit output y;. If the output

satisfies condition specified in Eq. 3.49 , the players win the game.
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5

D W=D warw mod 2 (3.49)

Jj€supp(s) J=0

where supp(s) = {0 < 7 <51 s; # (0,0)} and all subscripts are taken mod 6. Pr[win]| of a
certain strategy is probability of winning the game averaging over all 26 possible inputs.

There exist a perfect quantum strategy for this game. Each player holds one qubit from
the Cg state and measure the Pauli operator Ej(a;,b;) = i X;j Z;?j on their qubit given the
input s;. This strategy is perfect with a 1 win rate because, collectively, the parties measure
the Pauli part of the stabilizer Sy = H?:o S;cj , where S; denotes the stabilizer generator cor-
responding to vertex j of C. The parity of the measurement outcomes for qubits j € supp(s)
is then deterministically equal to the phase in front of Sy, which is exp (2’7? Z?:o xj_lxjxj+1> .
The detailed proof is presented in Ref. [66] Appendix C. Although, theoretically, the quantum
strategy has Pr[win| = 1, the Pr[win| of the experimentally implemented quantum strategy
is affected by experimental errors in initial state preparation and measurement. Since the
measurement, done on the Cy state corresponding to each x is equivalent to measuring one
element in the stabilizer group of Cs. Based on Eq. (3.54), the measurement outcome of the
game can be used to construct the fidelity of the graph state, or we can say that playing the
entire game can be seen as a state (partial) state tomography for Cs. The experimentally
achieved Pr[win] of the quantum strategy is related to the fidelity of Cg through the following

expression

F(p,|Cs)) = 2Prg[win] — 1. (3.50)

On the other hand, classical strategies perform with varying success depending on the
particular input set Z. We now consider two particular input sets, the full input set and a

restricted input set, that give to different classical bounds on the depth-0 success probability.

60



Full-input cubic Boolean function game (fidelity game)

Setting the input set Z to be all possible six-bit binary strings. The depth-0 classical circuits
cannot win this game with a probability greater than Pre[win] < 23/32. This is proved in
Ref. [113] from the upper bound of the local hidden-variable theory for the corresponding
graph-state Bell inequality. However, depth-1 circuits can implement perfect strategies. This
is achieved by each party individually computing one cubic term in the function of Eq. (3.49)
as y; = aj_10;(bj+a;_1) = xj_17,;x;41 mod 2, which satisfies the win conditions of the game.

Hence,

. 23
PrC[Wln] SDepth-O 3_2 SDepth-l 1 SDepth-Q 1. (351)

Restricted-input cubic Boolean function game

This input set yields the game CBF(Cg,Iﬁé’Bmin). Following the seminal work of Mermin
[178], in Ref. [47] it was shown that by restricting to a 55-element subset Z\:?)  of {0,1}°

Mermin

gives the smallest depth-0 classical success probability for the state |Cg).

x| # 0,1,
78 = {xe{0,1) x| # : (3.52)

Mermin
x £ 010101, 101010

where |x| = Z?:o z; denotes the Hamming weight of x (i.e., the number of ones in the binary
string).

The same quantum strategy presented for CBF(Cs, {0, 1}9) is also perfect for this game.
For the classical bounds, depth-0 classical circuits cannot win with probability greater than
37/55, although the same depth-1 circuit presented in the full input game remains perfect.

Hence,

PrC’[Win] SDepth—O % SDepth—l 1 SDepth—Z 1. (353)
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Experimental Results for CBF(Cg, {0, 1}%) and CBF(Cg, Z\3%) )

Mermin

As discussed earlier, the win rate of the CBF games can be estimated from the fidelity of
the |Cs) state. We experimentally prepared the |Cg) state and directly estimated its fidelity
by measuring its 63 non-trivial stabilizers (excluding II). The circuit for preparing the |Cp)
and performing the stabilizer measurements are shown in Fig. 3.12. Indeed, this would be
essentially equivalent to known probabilistic protocols for estimating state fidelities, which
in this context use uniformly randomized measurement settings over all stabilizers |89, 227|.
In order to obtain an estimate of the fidelity within precision +¢, with success probability >
1 — 6, such methods require up to [81n(4/§)/€*] measurements. This is notably independent
of system size, despite the fact that the total number of stabilizers grows exponentially with
n. However, since our six-qubit system is fairly small, this randomization turns out to incur
a larger constant overhead compared to a more direct approach.

We further group the 63 stabilizers into 37 locally commuting sets, where within each set
the expectation value of all stabilizers can be estimated from the results of one measurement
setting. Two Pauli operators ®}:§ P; and ®§°:_(}Qj € {X,Y, Z, I}*" are said to locally com-
mute if [P}, Q;] = 0 for all j. For example, one of these setsis {+ZII1IZX, +IZXZ11,+ZZXZZX}.
The expectation values of the first two stabilizers can be estimated from the result of projec-
tively measuring Cy in the +Z7Z X ZZ X basis. Therefore, in reality, we estimated expectation
values of 63 stabilizers from 37 measurement settings in total, which are shown in 3.13. The

fidelity of the |Cs) state is estimated to be

N 0.6061(17) from raw data
F(p:|Cs)) = (3.54)

0.6639(19) SPAM-corrected.

Finally, using the relation F(p,|Cs)) = 2Prg[win] — 1 for the CBF games, we obtain a

raw success probability for winning this full-input game with our experimentally prepared
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Figure 3.13: Estimated |Cj) stabilizer expectation values from our ion-trap experiment. This
data allows us to evaluate the fidelity of our prepared state [Eq. (3.54)] and win probabilities

for the cubic Boolean function games CBF(Cg, {0, 1}%) and CBF(C, Z) ) [Egs. (3.55) and

Mermin

(3.56), respectively|. The identity stabilizer is not included, as it trivially satisfies tr(pl) = 1.
Each expectation value was estimated from N = 5000 shots, from which error bars of 1o
statistical uncertainties are reported. For explicit numerical values, as well as the grouping
of simultaneously measured stabilizers that we employed, see Table D.1 in Appendix D

state p as

Pro[win] = 80.30(8)%. [CBF(Cg, {0,1}°) game] (3.55)

This value significantly surpasses the classical bound of 23/32 ~ 72%.

Here, we have reported only the probability estimated from the raw data; we argue that
any conclusions drawn from SPAM-corrected data in this context can be criticized. This is
because the nonlocal game is evaluated on a shot-to-shot basis: a given output either does
or does not satisfy the requisite win conditions. The final success rate is then merely an
average over many individual shots (rounds of the game). SPAM correction, on the other
hand, is a postprocessing technique that is necessarily applied to the observed distribution
of outputs, rather than to each output individually. In contrast, we show corrected values
to quantify the contribution of SPAM errors in our results and illustrate the quality of the

entangled state created.
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Using the same experimental data, we can also estimate our device’s average success
probability for the game CBF(Cj, Mermm) This game was also recently implemented in
Ref. [225] using lonQ’s cloud-accessible quantum computer, where a winning probability of
87(1)% was reported. Using the data, we estimate

Pro[win] = 79.51(9)%, [CBF(Cg,Z2”)

Mermin

) game] (3.56)

far surpassing the classical bound of 37/55 ~ 67%. We remind the reader that this result

corresponds to the raw output of our quantum device with no SPAM correction.

3.3.3 (s Stabilizer Submeasurement Games

In the previously discussed Cg cubic Boolean function games, the quantum strategy can beat
depth-0 classical strategies but depth-1 classical strategies have perfect win rate. We now
move on to another class of games called stabilizer submeasurement games. Unlike the CBF
games, the best depth-1 classical strategies are not perfect here.

In the (g stabilizer submeasurement game, each player receives a a one-bit input z;,
j=0,...,5, from a global input x = (zg,...,25) € Z C {0,1}%, drawn at random from a
uniform distribution. With each input we can associate a global Pauli operator F(1,x) =
H?:o 171 X jZ;j , where 1 denotes the all-ones string. Each party then produces an output
y; € {0,1}, which collectively forms a string y € {0,1}°. The parties are said to win the

game whenever

VP C E(1,x)st. PESc, Y =0, (3.57a)
j€supp(P)

VP C E(1,x)st. P€~8c, Y yJ =1, (3.57b)
Jj€supp(P

where P C F(1,x) means that P is a Pauli operator obtained by replacing some nonidentity

tensor factors in £(1,x) with the identity. Furthermore, supp(P) = supp(a, b) where P =
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E(a,b) (i.e., supp(P) indexes the qubits where P acts nontrivially) and all arithmetic is
performed modulo 2.

The SS(Cs,Z) games always have a perfect quantum strategy wherein each party j holds
one qubit from the state |Cs), measures it in the basis of X, or Y if z; = 0 or 1, respectively,
and then outputs the measurement outcome. This strategy is proved to be perfect in Ref. [66]
Appendix A. Classical strategies perform with varying success depending on the particular

input set Z. Below we discuss classical strategies for two specific input sets.

2D hidden linear function (HLF) game

Fixing the input set to be

7o, Ta,74) € {0,1}3,
79, = {x e o] o) SR (3.58)

x; = 0 for all other j

we have the game SS(C’6,II({8£F).
As shown in [66] Appendix D, all geometrically restricted depth-0 and depth-1 fan-in < 3
circuits cannot win this game on more than 7/8 inputs; however, there is a depth-2 circuit

that wins on all inputs. Hence,

) 7
Pre{win] <pepth-o 3 Depth-1 T <Depth-2 1- (3.59)

Restricted-input 2D hidden linear function (HLF) game

By restricting the input set to be

g, Lo, Ty) €V,
10, = dxe 0.y 0 , (3.60)

x; = 0 for all other j
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where the set V C {0,1}? is defined as
Y = {(0,0,0),(0,1,1),(1,0,1),(1,1,0), (1,1, 1)}, (3.61)

we obtain the game SS(Cg,II(fL)F). Analogous to how a restricted input set makes the game
CBF(Cs, Mermm) classically harder than CBF(Cg, {0, 1}°) (i.e., the depth-0 lower bound on
Pre[win| decreases), the same behavior occurs when restricting from II({BIZF to II({E’L)F. As shown

in [66] Appendix D, the depth-0 and depth-1 classical bounds are reduced to

4 4

Pre[win] <pepth-o 5 Depth-1 = SDepth-2 1- (3.62)

Table 3.6: Experimental results for the stabilizer submeasurement games, SS(CG,II({SIZF) and

SS(CG,II({?F). The rules and winning conditions of the game are described in Sec. 3.3.3. For
each input, 5000 rounds of the game were played, from which we estimate a win rate and
a lo statistical uncertainty. For completeness, we include the SPAM-corrected probabili-
ties, although as argued in the main text, the proper figure of merit for claiming quantum
computational advantage here (or lack thereof) is the raw value.

Win rate (%) Classical
Input Raw value SPAM-corrected bound (%)
000000 80.42(56) 86.45(48) -
000010 84.76(51) 87.85(46) -
001000 83.92(52) 86.94(48) -
001010 75.58(61) 81.12(55) -
100000 85.04(50) 88.11(46) -
100010 78.12(58) 83.98(52) -
101000 78.46(58) 84.28(51) -
101010 84.52(51) 87.56(47) -
8 81.35(59) 85.79(53) 87.5
yAN 79.42(25) 84.68(23) 80

Experimental results for SS(Cg, Z) and SS(Cg, I ;)

We performed the game SS(CG,ISL)F) on our trapped-ion quantum computer. This game

was also recently implemented in Ref. [225] on IBM, IonQ, and Honeywell’s cloud-accessible
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quantum computers. Their highest reported success probability was 85(1)%, using Honey-
well’s HO trapped-ion device, which does not surpass the depth-1 classical bound of 87.5%.

In this experiment, we played 5000 rounds of the game per input to determine the average
success probability for our device. The results for each input are presented in Table 3.6. The

estimated average success probability is
Pro[win] = 81.35(59)%, [SS(Cs, Z),) game] (3.63)

which is below the depth-1 classical bound.
Using the same experimental data from Table 3.6, we also estimate our device’s average
success probability for the game SS(C};,ISL)F). The estimated average success probability in

this case is
Pro[win] = 79.42(25)%.  [SS(Cs, Z,) game], (3.64)

which is very close to meeting the depth-1 classical bound of 80%. The experimental results

are shown in Table. 3.6.

3.3.4 Conclusion and Outlook

In this work, we have proposed and tested two types of nonlocal games, which can be
interpreted as computational tasks that unconditionally prove quantum advantage against a
particular class of geometrically restricted, shallow-depth classical circuits. We implemented
proof-of-principle experimental demonstrations using six qubits on a trapped-ion quantum
computer. As summarized in Table 3.5, our experimental results surpass the conventional
depth-0 bounds for the cubic Boolean function games by a significant margin. These games
also provide fine-grained details like state fidelity, which is useful for the characterization
of noise in a quantum device. On the other hand, our results suggest that state-of-the-art

devices are now at the level of challenging the more difficult depth-1 bounds of the stabilizer
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submeasurement games.

While the work presented so far concerned only a six- qubit system, both games gen-
eralize nicely to the n-qubit scenario. Such games offer a scalable demonstration of the
advantage that constant-depth quantum circuits have over geometrically restricted classical
cir- cuits of depth linearly growing with n[66] Sec. VI. However, the demonstration of an
advantageous quantum strategy for the (), stabilizer submeasurement games gives a particu-
larly meaningful separation against classical circuits with larger circuit depth. For example,
the stabilizer submeasurement game on an 18-qubit device provides a clear future target, in
that surpassing the corresponding bounds would demonstrate an advantage against depth-3
classical circuits. Indeed, as this classical depth is greater than the number of layers of two-
qubit CZ gates without overlap, it would make more rigorous the comparison between the
required quantum and classical circuits. Furthermore, these nonlocal games are friendly to a
number of experimental platforms as their advantageous quantum strategies could generalize
to condensed-matter platforms realizing 1D symmetry-protected topological order [65].

Note that after the completion of the work, it is brought to our attention that a new
version of Ref. |225] reports, without detailed data, the Honeywell H1 processor [199] achieves
a success probability of 96.9(3)% for the 2D hidden linear function game, which surpasses

the depth-1 classical bound.
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Chapter 4

Benchmarking and Error
Characterization on a Trapped-Ion

Quantum Computer

Quantum computers are inherently prone to noise, which can severely impact their capability
to solve real-world problems. As the number of qubits in quantum computers increases,
classical verification of computational results from quantum computers becomes impractical.
At the same time, larger quantum systems tend to be noisier. Efficient error correction
requires detailed knowledge about device noise. However, noise characterization usually
require computational resources that scales exponentially with the system size.

This chapter explores two critical challenges in the advancement of quantum computing:

the need for efficient protocols for output validation and noise characterization.
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4.1 Cross-Platform Benchmarking of Arbitrary Quantum

States

As the number of qubits in available quantum platforms scales up and classical simulation
becomes difficult or intractable, it is vital that the output of quantum computers can be
verified. While algorithmic success can be easily checked in some instances such as factoring
or oracular algorithms, these approaches only provide pass/fail information for executing
specific tasks for a single quantum computer. Validation for more general tasks remains a
challenge. As an analogy to evaluating atomic clocks, one natural approach is to compare
one quantum computer to another of its own.

The fully quantum-mechanical way to compare generic output from different quantum
computers is to coherently teleport information from one system to the other using a quantum
link or quantum internet and compare the output locally[43, 148|, for example with a swap
test. However, such a quantum internet is extremely challenging to build, and high-fidelity
teleportation of large quantum states is not yet feasible. Another approach is full quantum
state tomography [28]. The drawback is the exponential scaling of resource cost with system
size. One can argue that there exist more efficient tomography protocols for transforming
quantum information to classical measurements. However, these protocols generally rely on
knowing some information about the theoretical target and using this exact knowledge to
improve their efficiency|20, 62, 90, 108|, which is not applicable to the general cases.

The following discussion attempts to answer this question: Can we perform this compari-
son more efficiently than full-state tomography, before a quantum internet becomes available?

Randomized measurement-based fidelity estimation protocols still scales exponentially
with the number of qubits. However, it has a significantly smaller exponent prefactor com-
pared with full quantum state tomography [8], allowing scaling to intermediate-sized quan-
tum computer systems. These methods usually allow efficient evaluation of functions of a

density matrix p without full reconstruction of p. We demonstrate a cross-platform compar-
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ison based on randomized measurements [49, 77, 128|, obtained independently over different
times and locations on several disparate quantum computers built by different teams using
different technologies. We compare the outcomes of four families of quantum circuits and
and show that the randomized measurement-based methods have good enough resolutions
to reveal differences between platforms. We also investigate the intra-technology similarities

and differences between the underlying hardware platforms.

4.1.1 Randomized Measurement-Based Fidelity Estimation Proto-

cols

There are multiple ways to estimate fidelity within a common framework of randomized
measurement-based protocols. We investigate the validation problem in the following set-
tings. Imagine asking two quantum computers to prepare the same quantum state p. Both
quantum computers will perform state preparation to their best ability, resulting in states
pa and pp respectively. How to determine how similar ps and pp are or what is the cross-
platform fidelity between these two states? Note even when the target state p is a pure state,
pa and pp can still be mixed due to noise processes in quantum devices. Hilbert-Schmidt
metric (Eq.4.1) is one way to quantify the overlap between two mixed states. We chose to

use F' to quantify the cross-platform fidelity for the rest of the chapter.

tr(paps)

~ ()t (oh) -y

F' can be extracted from randomized measurement results on p4 and pg. In the experi-
ment, p4 and pp are prepared by initializing N qubits in the state |0,0,...,0) and applying
the unitary V on each platform. Then a distinct combination of random single-qubit rota-
tions U = u1 ®us®- - -®uy are sampled and appended to the state preparation circuit before
performing projective measurements in the computational basis. This process is repeated

My times, allowing us to measure the quantum states in My unique bases. An example cir-

71



cuit is shown in Fig. 4.1 a. For each rotation setting U, the measurements are repeated Mg
times(“shots”) on each platform. F' can be inferred from the randomized measurement results
via either the statistical correlations between the randomized measurements|77| (Protocol I)
or constructing an approximate classical representation of a quantum state using randomized

measurements, the so-called the classical shadow [1, 128] (Protocol II).

Classical correlation-based protocol

In Protocol I, we calculate the second-order cross-correlations [77| between the outcomes of

the two platforms ¢ and j via the relation

Trlpip;) = 2% D (=2) PR (s)PY(s), (4.2)

8,8’

where s = s1, So, ..., S is the bit string of the binary measurement outcomes s; of kth qubit,
Dls, '] is the Hamming distance between s and s’, which equals to the number of qubits
with different outcome between s and s'. P((Ji )(3) = Tr[Up;UT|s)(s|], and the overline denotes

the average over random unitaries U.

Shadow tomography

The second protocol we use to extract cross-platform fidelity combines shadow tomography
with randomized measurement. This method builds a classical shadow from each random-
ized measurement shot and reconstructs the overlap between density matrices from these
classical shadows. The classical shadow of the quantum state for each shot of measurement
is constructed as p = ®g:1(3u£|sk>(sk|uk — 1), where I is the 2 x 2 identity matrix [1, 128].

The overlap can be calculated as [128|

Tr(pip;] = Tr[pip;], (4.3)
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Figure 4.1: Schematic diagram of the cross-platform comparison. a, Test quantum circuit,
represented by unitary operator V for state preparation, with appended random rotations
u; to each qubit ¢ for measurements in a random (particular) basis. b, The circuits are
transpiled for different quantum platforms into their corresponding native gates. Each of
the My circuits is repeated Mg times for each platform. c, The measurement results are sent
to a central data repository for processing the fidelities defined in Eq. (4.1). As an example,
d, shows the cross-platform fidelity results for a 5-qubit GHZ state, including a row of
comparisons between each of the six hardware systems and theory (labeled “simulation").
Entry i, j corresponds to the cross-platform fidelity between platform-i and platform-j. The
cross-platform fidelity is inferred from My = 100 randomized measurements and Mg = 2000
repetitions for each U.
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where the overline denotes the average over all the experimental shots for all random basis.
We note that, for both protocols, unbiased estimators are necessary when calculating the

purity ¢ = j|77, 128| using Eq. (4.2) and (4.3).

4.1.2 Scaling and Performances

The fidelity inferred from the two protocols is identical in the asymptotic limit with M =
Mg x My — oo. We evaluated the resource overhead and found that Protocol II converges
faster in the number of random unitaries M[128], while Protocol I is less costly in post-
processing. As a result, Protocol I are applied to all 5- and 7-qubit experiments and Protocol

I for the 13 ion experiments in this study.

4.1.3 Experimental Platforms

The platforms that participated in this study included four trapped-ion platforms and five
IBM superconducting platforms. The four ion-trap platforms are the University of Maryland
(UMD) EURIQA system [76] (referred to as UMD 1), the University of Maryland TIQC
system [266] (UMD _2), and two IonQ quantum computers [167, 258] (IonQ_ 1, TonQ_2).
The five separate IBM superconducting quantum computing systems are hosted in New York,
ibmq_belem (IBM 1), ibmq_ casablanca (IBM _2), ibmq_melbourne (IBM _3), ibmq_ quito
(IBM_4), and ibmq_rome (IBM _5) [131]. More details of these systems can be found in
Ref. [63, 70, 76, 131, 177, 187].

Each trapped ion system has all-to-all connectivity, while superconducting systems have
nearest-neighbor interaction available. UMD1 had 13 qubits in a micro-fabricated surface
trap with a high numerical aperture(NA) objective and fiber-coupled detection system, elimi-
nating detection crosstalk. Therefore SPAM correction was not needed for data from UMD1.
The IonQ 1 and TonQ 2 systems both use linear Paul traps with surface electrodes, and
no SPAM correction was applied to data from these two systems. UMD2 system located in

UMD GATES lab has up to 9 qubits in a linear Paul trap with blades. Detection is done by
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Figure 4.2: a, The quantum volume circuit diagram for d = 3. The d = 2 case does not have
the operations in the dashed rectangle. b to d, Cross-platform fidelity between different
quantum computers. Entry 4, j corresponds to the cross-platform fidelity F(p;, p;) between
platform-i and platform-j as defined in Eq. 4.1. b, N =7and d =2; ¢, N =7 and d = 3;
d, N =13 and d = 2. UMD _2 did not participate in the 13-qubit d = 2 and 7-qubit
d = 3 because of the limitation in qubit number and also because this experiment is not
fully automated as UMD 1 and Ion(Q 2. It would have been challenging to collect the data
required for the 7-qubit d = 3 experiment in terms of experiment time.
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focusing the state-dependent fluorescence of each ion onto a different PMT channel with free-
space optics, relying on the spatial separation of the focused images of the ions. Crosstalk
during detection is larger in this system compared with the previously mentioned trapped-ion
systems. SPAM correction has been applied to all experimental data from UMD?2. Addition-
ally, we accessed five IBM superconducting quantum machines via their cloud service, We
applied measurement error mitigation for all the superconducting data, as these platforms

are affected by measurement errors.

4.1.4 5-qubit GHZ Experiment

We first demonstrate the application of randomized measurements for comparing 5-qubit
GHZ (Greenberger-Horne—Zeilinger) states|104] generated on different platforms and the
ideal 5-qubit GHZ state obtained from classical simulation. Later, using the same protocol,
we also compare states generated with three random circuits of different widths and depths,
each sharing a similar construction to circuits used in quantum volume (QV) measurements
[137].

We distributed the circuits for GHZ preparation and randomized measurements across all
participating platforms, allowing them to compile and optimize it locally before implementa-
tion under the principle that the 5-qubit GHZ state has to exist in the system before the basis
rotation and projective measurements are performed. We chose the 243 = 3% five-qubit Pauli
strings as the randomized measurement basis U € {X,Y, Z}®° which aligns with previous
unitary sets discussed in Sec. 4.1.1. This is a valid random unitary transformation for the
classical shadow analysis used in this work [128]. Since the Pauli basis is a tomographically
complete basis, we have all the measurements needed for a full quantum state tomography.
Each circuit is repeated for Mg = 2000 shots. We sample My = 100 out of the 243 different
Us to calculate F.

The results in Fig. 4.1d showed high cross-platform fidelities between the simulation and 5
machines (UMD _1,UMD _1,lonQ 1,IBM 4, and IBM _5) as well as among the 5 machines.
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The good agreement with simulation indicates these platforms performed well in GHZ state
preparation. And when this is the case, it is reasonable that the 5 platform also highly
agree with each other. The results from IBM 1 do not have a good overlap with any other
platforms. We see that our method has a good enough resolution to reveal the performance
difference between platforms. We also benchmark our method against full quantum state
tomography by computing the fidelity as a function of M. The fidelity error |F, — F| is
defined as the difference between the fidelity estimated by the randomized measurement F.
and the fidelity calculated through full state tomography F. The average of |F, — F| and
the standard deviation are calculated through a bootstrap resampling method [75]. The
comparison in Fig. 4.3 shows the fidelity obtained via randomized measurement approaches
obtained via the full quantum state tomography rapidly, demonstrating the efficiency and

accuracy of the randomized approach.
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Figure 4.3: Fidelity error, |F. — F|, for six randomly selected 5-qubit GHZ state cross-
platform fidelities implemented on different platforms vs. the number of randomized mea-
surements M. The number of measurement is Mg = 2000 for all cases.
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4.1.5 7 and 13 Qubits QV-like Experiments

Next, we benchmarked a quantum state prepared by a quantum volume-like circuit|64, 137,
198], which consists of layers of unitaries with random permutations of qubit labels followed
by random nearest-neighbor entangling gates drawn from SU(4). This construction resembles
a quantum volume circuit but with fewer layers. QV circuits have been studied extensively,
both theoretically and experimentally, making them an ideal choice for cross-platform com-
parison. Also, quantum volume provides a single-number metric for the overall performance
of one quantum computer. However, in our randomized measurement scheme, we estimate
many observables from randomized measurement data by using Protocol II.

Specifically, an N-qubit QV circuit consists of d = N layers: each layer contains a random
permutation of the qubit labels, followed by random two-qubit gates among every other
neighboring pair of qubits. In our study, we call circuits of such construction but different
circuit depth d QV-like circuits. A QV-like circuit can be written as a unitary operation
V = Hle V® where V) = foi(N/—l),m(N/)®' : -®V7fi(1)m(2) and N’ = 2| N/2]. The operation
7(a) is a random permutation sampled from the permutation group Sy, of which the elements
are all permutations of qubit labels. The unitary operation Va"’b is a random two-qubit gate
acting on qubits a and b and sampled from SU(4). The circuit diagram of an example
QV-like circuit is shown in Fig. 4.2 a. In this experiment, we infer the fidelity for 7-qubit
QV-like states with d = 2 and d = 3, each with My = 500 randomized measurements, and
a 13-qubit QV-like state with d = 2 and My = 1000 randomized measurements. Notably, a
full state tomography of the 13-qubit system would require an astronomically large number
of measurements My = 3 = 1594323 and is impractical to implement, but our randomized
protocol provided sensible results with far fewer.

Similar to the GHZ case, we first distribute the circuits, synthesize them into device-
specific native gates, and allow optimizations/error-mitigation that satisfies the aforemen-
tioned state-preparation rule. The cross-platform fidelities for 7-qubit QV-like states with

d = 2 and d = 3 are shown in Figs. 4.2 b,c. Our results verify that with only a fraction
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of the number of measurements required to perform full quantum state tomography, we can
estimate the fidelities to sufficiently high precision to be able to see clear differences among
them. The cross-platform fidelities for a 13-qubit QV-like circuit with d = 2 are shown in
Fig. 4.2d.

We find several interesting features by analyzing the cross-platform fidelity of 7-qubit
QV-like results. First, we observe that the cross-platform fidelity drops significantly when
the number of layers d increases from d = 2 to d = 3 for the IBM quantum computers.
The drop may be due to the restricted nearest-neighbor connectivity of superconducting
quantum computers [168], requiring additional SWAP gates overhead for the execution of
the permutation gates. We see that according to IBM’s native compiler QISKit), extra
entangling gates are used to perform two-qubit gates for non-nearest-neighbor qubits on
superconducting platforms, resulting in extra errors.

The cross-platform fidelity between the two superconducting machines, IBM 2 and
IBM 3, is higher than the cross-platform fidelity between either of them and ion-trap sys-
tems or the classical simulation. This indicates that even though these two systems have
prepared relatively faulty states, these two states are faulty in a similar way. This motivates
us to study whether quantum states generated from different devices tend to be similar to
each other if the underlying technology of the two devices is the same. Therefore, we per-
form a further analysis to investigate this phenomenon, which we refer to as intra-technology

similarity.

4.1.6 Intra-Technology Similarity
Subsystem study

The subsystem fidelity provides a scalable way to estimate the upper bound for the full
system fidelity since the cost of measuring all possible subsystem fidelities of a fixed subsys-
tem size scales polynomially with the full system size. We first study the fidelity between

subsystems of the 7-qubit QV-like states prepared on different quantum computers for both
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Figure 4.4: a, The cross-platform fidelity between subsystems prepared on different quantum
computers. Left : 7-qubit quantum volume circuit of 2 layers. Right: 7-qubit quantum
volume circuit of 3 layers. The mean for each subsystem size is calculated via bootstrap re-
sampling. b, The projection of randomized measurement dataset onto the first two principal
axes, PC) and PC,. Triangle marker is the 7-qubit quantum volume state with d = 2.
Each modality set contains data from all hardware used. For example, data labeled "UMD"
contained data from both UMD 1 and UMD 2. Circle marker is the 7-qubit quantum
volume state with d = 3. Magenta, orange ,and violet correspond to simulation, trapped-
ion, and IBM systems respectively.
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d = 2 and d = 3. For a given subsystem, we use the same data collected for the full
system but trace out qubits not within the subsystem of interest. Cross-platform fidelities
between different platforms for various subsystem sizes are plotted in Fig. 4.4 a. We ob-
serve that the cross-platform fidelity between systems with the same technology (ion-ion
and superconducting-superconducting)is consistently higher than cross-platform fidelites be-
tween systems with different underlying technologies (ion-superconducting) for all subsystem
sizes. This distinction becomes even clearer in the data set for the depth-3 circuit. Notably,
in the first half of the figure, the data indicated by the cross symbol represents the com-
parison between the two IBM machines. Despite having a high overlap between themselves,
these machines already show a significant difference when compared with the trapped ion
machines. It also makes sense that this effect is more obvious in d = 3 than d = 2 since the

results of d = 3 is more dominant by error than d = 2.

principal component analysis

To further characterize the intra-technology similarity, we perform principal component anal-
ysis[136] (PCA), an unsupervised machine learning technique, on the randomized measure-
ment data for the 7-qubit quantum volume states with d = 2 and d = 3. PCA is commonly
used to reduce the dimensionality of a dataset. It has been applied extensively in signal pro-
cessing such as human face recognition and audio compression. Intuitively, the dataset data
is regrouped, averaged, and then projected into a feature space represented by feature vectors
during the process. The feature space is rotated to identify principal axes that show the most
significant differences between data sets. This allows us to obtain lower-dimensional data,
which represents the condensed key characteristics of the original data, while preserving as
much of the variation as possible.

To prepare the data for PCA, we randomly sample 1000 shots from the randomized
measurement, data out of My x Mg = 1,000,000 for each platform. We identify the set

of Pauli strings whose expectation values can be evaluated using the sample. We then
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evaluate the expectation value of these identified Pauli strings by taking the average over
the samples, and repeating the sampling Ngample = 500 times without replacement to make
Niample data points in the 4" dimensional feature space. The feature vectors represent the
averaged classical shadow of the quantum state generated from the quantum computers
[128, 129]. We perform a rotation on the feature space and find the first two principal axes,
which are the axes that show the two most significant variances on the dataset. Figure. 4.4b
shows the projection of the Ngumple data points to the first two principal axes. We observe
that the first principal component separates the two quantum volume states, and the second
principal component can distinguish the technology that generates the states. The clustering
of the data from the same technology indicates that each technology may share similar noise
characteristics that can be distinguished through the cross-platform fidelity and machine-
learning techniques.

Fig. 4.4 (b) shows the projection of our experimental data onto the two principal axes that
capture the most significant variance among the data sets. Light purple data points represent
simulations, with those on the left corresponding to the depth-2 circuit and those on the right
to the depth-3 circuit. Orange and reddish data points are from trapped ion platforms, while
the dark purple data points are from IBM superconducting platforms. From this figure, we
observed that quantum states are separated along principal axis one (the horizontal axis),
as all data for the depth-2 circuit cluster is on the left, while depth-3 data are on the right.
Additionally, different quantum platforms exhibit a clear separation along the y-axis, which
corresponds to principal axis two. Light purple data points have similar y-values, as do the
green, red, and orange data points. Moreover, data tend to cluster together for the same
technology and quantum state. We believe this clustering occurs because platforms with
the same underlying technology share similar noise characteristics, which influences their

positioning along the principal axes.
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4.1.7 Summary and Outlook

We performed the cross-platform comparison of four quantum states between up to six sys-
tems using randomized measurement-based methods with significantly fewer measurements
than those required by full quantum state tomography. We showed that randomized-based
protocol have good enough resolution to reveal difference between different platforms. Ad-
ditionally, we explored intra-technology similarity by examining cross-platform fidelities of
subsystems of various sizes and performing principal component analysis. To expand our
understanding of the intra-technology similarity, more quantum states, in particular those
designed to probe the effect of different settings on the cross-platform comparison results,
should be studied. Our method could be extended to additional technological platforms
such as Rydberg atoms and photonic quantum computers[105]. With the large volume of
quantum data generated from the randomized measurement protocol, we have only begun
to explore the possibilities that machine learning techniques can offer. We envision exten-
sions of our method will be indispensable in quantitatively comparing near-term quantum

computers, especially across different qubit technologies.
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4.2 Entanglement-Assisted-Benchmarking on a TIQC

Learning the noise in quantum systems can not only guide future low-noise hardware design
but also inform efficient and high-performance error mitigation, error correction code and
fault-tolerance scheme co-design. The performance of error correction codes depends signifi-
cantly on the noise environment [29, 176, 189, 236, 237, 239]. Much research effort has been
dedicated to adapting existing error correction codes and designing new codes for tailored
noise models to reduce resource overhead or to improve performance [102, 162, 181, 238,
239]. Realistic noise models can also allow more accurate threshold and overhead estimates
for quantum error correction [195].

The challenge remains that the cost for full characterization of quantum noise scales expo-
nentially with system size and with an even larger prefactor than quantum state tomography:.
Additionally, in order to justify the validity of most noise characterization protocols, assump-
tions usually need to be made on the noise environment in the system, such as whether it is
Markovian or time-independent [78, 151]. Certain operations, such as single-qubit rotation,
and qubit initialization and measurement, are often assumed error-free. Reality deviates
from these assumptions, adding more complexity to performing accurate characterization.

Pauli noise is a subset of quantum noise that can be interpreted as probabilistic Pauli
errors. Pauli noise is a particularly useful model because it not only captures the character-
istics of a wide range of incoherent noises presented in real quantum devices but also can
be efficiently simulated on classical computers, and therefore becomes the most basic and
widely used model in studies of quantum error correction and fault tolerance. Although noise
mechanisms in real quantum devices are generally not purely Pauli, the randomized compil-
ing technique, which maps general quantum noise to its Pauli projection, has been proved to
work very well in practice [119, 248, 252|. Furthermore, researchers have found that biased
Pauli channels, where some Pauli error occurs more often than others, are more realistic de-
scriptions than depolarizing noise, where all Pauli errors occur at the same probability. This

motivates more detailed characterizations of real-device noises and the use of more accurate
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noise models in resource evaluation and code design for quantum error correction [239).

In collaboration with a theory team at the University of Chicago, we investigate an
ancilla-assisted protocol for efficient characterization of Pauli noise [54]. This protocol
provides exponential speedup over any ancilla-free Pauli noise characterization methods. We
perform the first experimental validation of this protocol in a noise environment native to
trapped ion machines and benchmark it against an ancilla-free protocol. We propose and
demonstrate a new method to improve its performance on trapped-ion architecture. In this

work, we focus on learning Pauli fidelities, a set of values that can fully describe Pauli noises.

4.2.1 Noise characterization and common challenges

In noise characterization, a trade-off between resource cost and the amount of information
learned always exists as depicted in Fig. 4.5. The resource cost usually refers to the number
of measurements required for characterization. Full process tomography and self-consistent
gate set tomography [190] are examples of high-cost high-gain protocols that theoretically
provide all learnable information about a quantum channel or a quantum gate set, but the
number of measurements scales exponentially with system size. On the low-cost low-gain
side, protocols such as Randomized Benchmarking (RB) [152] scale favorably with system
size while only producing a single number describing the average fidelity of a gate set|67,
151]. Many protocols that have been developed lie in between as shown in Fig. 4.5, which is
inspired by a presentation given by J. Helsen. The particularly interesting region is the upper-
left quadrant, where partial information about the process, for example, its Pauli projection,
is provided while maintaining non-exponential scaling. In reality, full information about the
process is not always needed, only key characteristics. In those cases, full tomography is

unnecessary, and these protocols provide practical and economical alternatives.
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Figure 4.5: This figure compares the resources cost vs. information gain of several rep-
resentative benchmarking methods. The green circle highlights the quadrant where ideal
benchmarking protocols that are low-cost and high-gain lie. This thesis work validates the
lower-cost EAB against the widely tested, but more expensive, Cycle Benchmarking tech-
nique.

Quantum Channels

Noise processes in quantum systems often originate from unwanted entanglement between
the system, where useful information is stored and processed, and the environment. At
initial time ¢y, the system p; and the environment p, are in a product state p = ps ® p.. The
combined system evolves under unitary U. If we only look at the system state p, after the
evolution by tracing out the environment, p,, = tre,,(Ups @ pUT) = E(ps). pl can be mixed
state. The evolution of the system alone under the influence of the environment (noise), can
be expressed as quantum channel £, which is not necessarily unitary. Unitary evolutions
are special cases of general quantum channels. There are several different mathematical
conventions for the representation of quantum channels. Since we will be working with Pauli
noise later, the two most convenient representations are the process matrix (or Chi matrix)

and the Pauli Transfer Matrix (PTM), both defined in the Pauli basis.
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A general quantum channel can be written in the operator-sum representation as
ep) =Y EupE], (1.4)
k

where ), EkE,I = I, so that & is trace-presevering. £} and E,i are called Kraus operators.
Since we will be studying Pauli noise, it is useful to rewrite the expression in the Pauli basis.

Each operator Ej can be expanded as

4N 1

Ey= ) asb, (4.5)
=0

where N is the number of qubits in the system and P; € {X,Y, Z, I}*V. Rewrite Eq. (4.4)

as
1
€lp) = ox > XijPipP;, (4.6)
2
Matrix x of dimension 22V x 22V is the chi matrix representation of &.

The Chi matrix is a useful description of the quantum process. But it can not be directly
used to evolve quantum operators by matrix multiplication. The matrix representing a
quantum channel in the Superoperator formalism can act on vectorized quantum operators
directly. A superoperator is a linear operator acting on the vector space of linear operators.

The Pauli Transfer Matrix (PTM) representation of £, of dimension 22V x 22V is

Riy = getr(PE(P). (A7)

The vectorized form of the density matrix of an N-qubit system p = " p;; |7) (J] is
.3

o)) =Y pis i) @ 17) (4.8)

.3

In this representation, the channel is applied to the state by multiplication. After the
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evolution, the state is |p)) = |E(p)))

0)) = Rlp)) (4.9)

Both the y and R matrix give a full description of a quantum channel. However, full
characterization is a challenging task since the computational resources scale exponentially
with the system size N. As a result, full process tomography has only been done for systems

with a very small number of qubits.

Pauli Channels

Pauli channels are special quantum channels whose eigenoperators are exactly the Pauli op-
erations. Pauli channels apply a set of Pauli errors following certain probability distributions.
Hence, they can be written as Eq. (4.10). Compared to the description of a general channel
in Eq. (4.6), a Pauli channel only contains terms where P, = P;, and its y matrix is diagonal
in the Pauli basis. The diagonal elements p := {py }, are referred to as Pauli error rate. py

can be understood as the probability of Pauli error F;.

Ap) = paPapPa (4.10)

The PTM representation of a Pauli channel is Eq. 4.11, where )\, are called Pauli fidelities
or Pauli eigenvalues. The physical meaning of Pauli fidelity can be seen when we set p = P,
and A(P;) = \;P,. The \; describe how much Pauli operator P; is preserved when it is sent

through channel A. It is easy to see that A\;; = 1 is always true.

Alp) = 2iN SO MRl Py (4.11)

Pauli fidelities and Pauli error rates are related to each other through the Walsh-Hadamard
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transform. Knowing one set of values will allow us to calculate the other.

1
Pa= 72 Do N1 N = 3 pu(=1) (4.12)
b a

Pauli Channel Estimation

Although compared to a general quantum channel with 2*V elements in its chi matrix or

22N elements), the full description

PTM, Pauli channels have a reduced number of elements (
of a Pauli channel still scales exponentially with the system size. Efficient learning of Pauli
channels is a nontrivial and essential task. Despite many efforts (cite works), the sample
complexity of Pauli channel estimation has not been fully established.

Cycle Benchmarking (CB) is a recently developed Pauli channel learning protocol|78§]
among others. In a full Pauli channel estimation with CB, the system is prepared in the
eigenstate of each N-qubit Pauli term and measured in a corresponding basis (with the caveat
that some terms can be saved). The number of different circuits required scales exponentially

with system size. The experimental resources required by CB are too large, and even the

authors of its original paper were not able to fully characterize a 6-qubit Pauli channel with

CB.

4.2.2 Entanglement-Assisted Benchmarking (EAB) of Pauli Chan-

nels

EAB utilizes ancilla qubits to significantly reduce the resources needed for Pauli channel
characterization. It can be combined with a concatenation technique inspired by RB, which
will be introduced later, for robustness against SPAM errors. The more ancilla qubits are
included in the protocol, the fewer measurements are needed, and with the maximum number
of ancillae N, the sample size required to fully learn an N-qubit Pauli channel scales linearly
with N. A more generalized version of the algorithm is presented in [54]. We described its

application in characterizing quantum noise associated with a specific group of quantum
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gates with the maximum number of ancillae. Compared to many other platforms, trapped-
ion qubits have longer gate times and lower ancilla error, therefore they are suitable for us

to trade more ancillae for fewer circuits.

Protocol

First, we explain how the protocol efficiently measures Pauli channels with the smallest
example consisting of one data qubit and one ancilla qubit shown in Fig. 4.6. The data
and ancilla qubit pair is initialized in the |[¥t) = \%(\OO} + |11)) state. The principle
behind this method is similar to that of teleportation. Fig. 4.6 (a) illustrates that if a
Pauli error P € {I, XY, Z} occurs on the data qubit followed by a Bell measurement, the
specific Pauli error can be uniquely identified by the outcome of the Bell measurement.
Each outcome in the computational basis state is associated with a different value of P. In
Fig. 4.6 (b), a Pauli channel A is acting on the data qubit. Since A can be understood as
probabilistic Pauli noise, in each experimental shot A manifests as a Pauli error P which can
be determined from the measurement result of that shot. In order to know the Pauli fidelity
A, of Py € {X,Y, Z, I}, we repeat the experiment for M shots, and record the number of
shot Mgemmute for which [Py, P] = 0. When [Py, P] = 0, P, commute through the error
in this shot and is preserved. F,, denotes Mo /)N . By definition F), equals to Ay.
All A, can be constructed simultaneously as long as we know P for each experimental shot,
and this means that a full description of A can be obtained from just implementing one
measurement setting M, times. Generalizing to the N data qubits and N ancillea case, M,
will increase in order to reduce statistical uncertainty. However, the number of measurement
settings does not change. The total sample size scales as O(g), where € is the additive error
on the measured \,. In the experiment, the Bell state preparation and measurement are not
error-free operations. An RB-inspired concatenation technique can be combined with the
protocol described above to achieve SPAM-robustness. A sketch of the idea of concatenation

is in Fig. 4.6. Specifically, a list of depths d = [d;,ds, ..., d,,] is constructed. The circuit in

90



(a)

|‘P+><P>B

Pe{X,Y,Z 1}

01P=X MMP=Y
10P=Z7Z 00P=1I

(b)

For each experimental shot:

W) <_A>B

01A->X 1MA-Y
10A—>Z 00A->1

For each A:
d
Fi

Fil = az, (A)*

(c)

@) < > B
d=1 A

" (o
d=2 A HA
%)

-3 A HARHA

D,

Figure 4.6: (a) Measuring single-qubit Pauli error with EAB. A Pauli error P occurs on one
of the qubits in a Bell pair ¥*. The purple B represents a Bell measurement. The purple
numbers 01,11,10, and 00 are possible measurement outcomes in computational basis. Each
outcome corresponds to one possible value of P. Based on the measurement outcome, P
can be uniquely identified. (b) Measuring single-qubit Pauli channel A with EAB. For each
experimental run, the measurement result corresponds to one single-qubit Pauli operator or
I. Over many shots, statistical information about A can be extracted. (c) A sketch of the
idea of concatenation. In the circuits of different depths on the left, A is repeated 1,2 and 3
times respectively, corresponding to d = 1, 2, 3. Ff\lk is extracted from results for circuit of
depth d and fitted to function ]-"fk = ay, (Ax)? with respect to d. ay, is determined by SPAM

and does not affect the extract of A\; from the fit.
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Fig. 4.6 needs to be modified to a depth-d circuit such that A is applied d times repeatedly,
and circuits need to be constructed for each d € d. F fk is F), measured with the depth-d
circuit. Based on the physical meaning of Az, it is easy to see that F fk = (\p)4. By fitting
F f\lk to a single-exponential decay, A\; can be extracted in a SPAM-free way since SPAM error
does not affect the decay of the curve.

A useful application of EAB is to measure Pauli error in N-qubit Clifford gates. Clifford
gates are elements of the Clifford group generated by the Hadmard gate (H), the phase
gate S = v/Z, and CNOT. One problem is that general gate noise is usually not a Pauli
channel. Through Pauli twirling [78, 91|, the general noise channel £ associated with the
noisy Clifford gate G’ can be projected into Pauli noise A. The Pauli projection of a quan-
tum channel is a Pauli channel with the same diagonal elements as the original channel in
its PTM and chi-matrix. Clifford gates have the property of mapping Pauli operators to
Pauli operators through conjugation, which is utilized in randomized compiling. The qubits
where the G’ acts are called data qubits. We also include N ancilla qubits. The noise is
assumed to satisfy the gate-independent(single-qubit gates), time-invariant, and Markovian
(GTM) assumptions, which are standard assumptions for benchmarking and reasonable for
our experimental platform.

Under the GTM assumptions, a noisy implementation of the Clifford Gate G’ can be

modeled as

G =Gok, (4.13)

where G is the ideal Clifford gate and &£ is a general noise channel attached to G. Through
Pauli twirling, £ can be averaged into its Pauli projection A. The Pauli twirling process can
be written as £ — 4LN > p.epy PiED;, where P? is the N-qubit Pauli group. It is done by

P, randomly sampled from a uniform distribution of all elements in P on both sides of £
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Figure 4.7: (a) Schematic of a depth-2 EAB circuit benchmarking a general quantum channel
&.The upper two qubits are ancilla and the lower two qubits are data qubits. £ is repeated
twice, interleaved with Pauli operators and I (teal squares) randomly drawn from a uniform
distribution for twirling. (b) Schematic of a CB circuit of depth 2 benchmarking £. C' and
C" are basis change operations for state preparation and measurements.

and averaging over many instances. After Pauli twirling, G can be expressed as

G =GoA, (4.14)

In the experiment, for each depth d, C' circuits with different random twirling operators are

sampled. Fig. 4.7 (a) shows an example EAB circuit of depth three.

4.2.3 Experimental Results

In order to experimental validate the EAB method, we use both EAB and the more es-
tablished CB method to estimate the fidelity of our native two-qubit entangling gate. An
example of the circuit is shown in Fig. 4.8. Other Parameters are chosen to be C' = 20,

d = [2,8,16,32] for EAB, and d = [2, 8, 32] for CB. The depth and circuit number per depth
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Figure 4.8: Schematic of a depth-2 EAB circuit benchmarking an XX gate. The sections
highlighted in purple are for state preparation and measurements. The example circuit in
the figure is for d = 2. In the full experiment to benchmark the XX gate, data were also
taken for d = 8, 16,20 with C' = 20 circuits per depth. The bottom left shows the sketch of
an exponential fit of ka with respect to d where A\, can be extracted.

are determined by the estimated total error in the XX gate and the system size. The choice
of these parameters are verified via statistical analysis of simulated and real data.

F j\ik with respect to depth d is plotted in Fig. 4.9, which shows good exponential behav-
iors, confirming that noise in our system complies with the GTM assumptions well.

There is a caveat that A can only be characterized up to a fundamentally unlearnable
degree of freedom|55|. Specifically, certain Pauli eigenvalues can not be learned exactly,
and which Paulis are unlearnable is determined by the specific Clifford gate characterized.
To see this, imagine we put Pauli operator XX on the data qubits right after the state
preparation (purple box in Fig. 4.8) and evolve it with the circuit. The XX gate maps XX
to itself, therefore the probability of XX being preserved at the end of the circuit averaging
over random Pauli twirling is £Axx(Axx)?, where Axx depends on SPAM and will be
removed by concatenation and curve fitting. The 4 sign comes from Pauli twirling and
can be corrected in post-processing. Axx can be learned exactly this way. However, if we

put XZ right after the state preparation purple box, the case is entirely different. The XX
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gate maps XZ to IY and vice versa. Therefore at the end of the circuit, XZ is preserved
with probability AxzAxzAry. After concatenation and the curve fitting described in the
previous section, we will actually obtain v/AxzAry instead of Axz. The same applies to IY
and we call {\;y, Axz} an unlearnable pair. For the XX gate, the other unlearnable pairs are
{Avr, Azx b { iz, Axy Fand {Az7, Ay x}. The unlearnability arises from the fact that state
preparation errors and measurement errors are not separately identifiable, introducing a
gauge freedom. In the experiment, violations of the GTM criteria or imperfect Pauli twirling
can cause Pauli fidelities of an unlearnable pair to be measured as different values. In order
to mitigate the effect, in the following data analysis, their fidelities are symmetrized to be
the mean square root of the product of the pair. For example, A\;y = Axz = vV A1y * Axz[25,

78, 119]. Symmetrized Pauli fidelities are presented in Figure 4.10.

Feasible regions

We learned from Eq. (4.12) that Pauli error rates can be inferred from the Pauli fidelities
determined by EAB and CB. However, this inference is not natively constrained to valid
(nonnegative) Pauli error rates. Inferred Pauli error rates can become negatives due to
experimental error, violation of the GTM assumptions, and /or statistical fluctuations. Con-
ditioning on Pauli error rates of all learnable Paulis to be positive, the values of unlearnable

degrees of freedom in the system can be further constrained. Denote

Ayr=1— a1, (4.15)
Azr=1— s, (4.16)
Ay =1 — s, (4.17)
Az =1—my, (4.18)

95



« CB experimental data — CBfit e« EAB experimental data EAB fit

Xl Yl ZI

0.8
0.6 ¢ e H
0.4

0.2

-
o/l

0.8+

0.6

0.4+

0.2

mean fidelty F§

0.8

0.6+

0.4

-

0.2

0.8+

0.6

0.4+

¢ + +
2 8 16 32 2 8 16 32 2 8 16 32 2 8 16 32

0.2

depth d

Figure 4.9: Exponential fits of Fy (d) experimentally measured with EAB and CB for the
two-qubit Pauli group. Each plot is for one element P, from the two-qubit Pauli group. Ay
is the Pauli fidelity of P,. The data points are ]:fk measured experimentally at different
depth d averaged over all C' = 20 circuits. The blue points are from EAB and the green
points are from CB. The error bars are generated from bootstrapping. The orange curves
are exponential fits for EAB data, and the red curves are fits for CB data.
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Figure 4.10: Symmetrized Pauli fidelities of Pauli noise in an XX gate measured with EAB
(pink) and CB (blue). Pauli fidelities for non-degenerate pairs are symmetrized and plotted
as one data point. The colored horizontal solid lines are the process fidelities of the XX gate
estimated from the measured Pauli eigenvalues, which is 97.7% for EAB and 98.3% for CB.
The error bars are from bootstrapping.

where x1, z9, 3, 24 € [0, 1].Then we have

Azx = Avidzx * (1 +x1), (4.19)
Avyx = Azidyx * (14 x9), (4.20)
Axz = Ay Axz * (1 + x3), (4.21)
Axy = MizAxy * (1 + x4), (4.22)

All unlearnable Pauli eigenvalues are parameterized by the four variables zi,xo,z3, and
4. The full set of Pauli error rates can be expressed as functions of these four variables
(See Appendix B.1 for more details). Conditioning on all learnable Pauli error rates to be
nonnegative, we search through the parameter space to find feasible values for x, x9, x3, and
x4 and therefore also find feasible regions for each unlearnable Pauli fidelity.

We reuse the experimental data presented in Fig. 4.10 for feasible region analysis. The
Results of the analysis are shown in Fig. 4.11 and Fig. 4.12. Note that, for CB data, if we

strictly impose the positivity constraint, there are no feasible values for unlearnable Pauli
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Figure 4.11: Light blue vertical lines show the feasible regions of all Pauli fidelites. All
unlearnable Paulis are on the right hand side of the vertical dashed line. (a) Pauli fidelites
measured with EAB conditioning on all unlearnable Pauli error rates to be greater than
—0.0005.(b) Pauli fidelites measured with EAB conditioning on all unlearnable Pauli er-
ror rates to be greater than 0. (c) Pauli fidelites measured with CB conditioning on all
unlearnable Pauli error rates to be greater than —0.0005.
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Figure 4.12: Light blue vertical lines show the feasible regions of all Pauli error rates. All
unlearnable Paulis are on the right hand side of the vertical dashed line. (a) Pauli error
rates measured with EAB conditioning on all unlearnable Pauli error rates to be greater
than —0.0005.(b) Pauli error rates measured with EAB conditioning on all unlearnable Pauli
error rates to be greater than 0. (c) Pauli error rates measured with CB conditioning on all
unlearnable Pauli error rates to be greater than 0.

fidelities. Learnable Pauli error rates can be measured as negative due to system fluctuations
as well. We can estimate the amount of this type of fluctuation by looking at the most
negative learnable Puali error rate measured, which in this case is pzz = —0.0005. It is

reasonable to relax the constraint to require Pauli error rates larger than -0.0005 instead.

Discrepancy between CB and EAB results

In Fig.4.10, there is a discrepancy of about 0.5% in process fidelity between EAB and CB.

Differences in individual Pauli fidelities can be even more. Although the discrepancy is small,
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multiple repetition of experiments consistently shows that fidelities reported by CB are higher

than that from EAB by a small margin. This could be caused by different constructions of

the two protocols. The rest of the chapter explores the possible causes of this discrepancy.
The main difference between EAB and CB protocol is the ancilla system in EAB. We

consider the following scenarios when ancilla can contribute to additional errors:
e data-ancilla crosstalk
e idle error

Data-ancilla crosstalk

Light in the individual addressing beam spilling over to neighboring ions can introduce
optical crosstalk between the data and ancilla qubits. In the experiment, each ion is illumi-
nated by a tightly focused laser beam. Due to the finite beam width and optical aberrations,
the neighbor ions also see a small fraction of this beam, resulting in an unintended quantum
operation. The magnitude of the crosstalk error scales with the intensity of the laser beam
and the duration of the operation. Two-qubit entangling gates have much longer durations
and higher optical power than single-qubit gates. Therefore we mostly considered crosstalk
error during two qubit gates. Optical crosstalk can cause data and ancilla qubits to become
entangled during XX gates, allowing correlation to build up between them which increases
non-Markovianity in the data qubit system. This type of crosstalk error can be effectively
eliminated when the system qubits and ancilla qubits are separated in space. To investigate
whether system-ancilla crosstalk error contributes to the discrepancy between EAB and CB
results, we implement two EAB experiments benchmarking an XX gate. In the first experi-
ment, the two ions used as data qubits are directly next to the two ions used an ancilla qubits
in the ion chain (Fig. 4.13 (a) configuration 2). In the other experiment, an idle dark ion is
inserted in between data and ancilla ions (Fig. 4.13 (a) configuration 1). A comparison of
the results is shown in Fig. 4.13 (b). The EAB results with the two different configurations

are not meaningfully different, indicating that data-ancilla optical crosstalk is negligible in
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Figure 4.13: (a) Two configurations of data and ancilla qubits in an ion chain. Both open
and colored circles represent ion qubits. “A” labels ancilla qubits and “D” labels data qubits.
In configuration 1, one idle ion is inserted between data qubits and ancilla qubits. In configu-
ration 2, data qubits directly neighbor ancilla qubits, in which case optical crosstalk between
data and ancilla qubits should be strongly suppressed. (b) Experimental EAB results with
configuration 1 (pink triangles) and configuration 2 (green triangles) compared with CB
(blue triangles). Error bars are from bootstrapping.

these experiments even when the system and ancilla qubits are directly next to each other.
Ancilla idle error
In EAB, ancilla qubits are idle the entire time except for during the state preparation and
measurement at the very beginning and very end of the circuit, and ancilla are assumed to be
error-free. However in experiments, when no operation is being applied, qubits accumulate
idle errors. When the depth d is large, large idle errors can build up. Ancilla error will
be interpreted as a part of the Pauli noise on data qubits in EAB. The idle error is biased

towards phase error originating from beam path fluctuations in our system. Dynamical
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Decoupling (DD) is a common method for mitigating correlated errors in qubit systems|240,
243-245|. We implement different types of DD protocols on ancilla qubits in EAB circuits
attempting to reduce ancilla error. All DD-EAB experiments in fact produce results much
worse than EAB without DD. DD protocols rely on errors that occurred at different times
to cancel out because of their temporal correlations. When uncorrelated error dominants,
the error suppressed by DD is much smaller than the gate error introduced by DD pulses.
This is also verified in a separate measurement while DD is applied to the qubit during
a Ramsey experiment, qubit coherence time decreases as the interval between DD pulses
decreases which is the effect of increased DD pulse error. Although Z rotation gates are
error free, since idle error is dominately Z error as well, we can not only use Z rotations in
DD. See B.2 for more details.

In experimental paper [220], DD was used to enhance the performance of EAB on super-
conducting qubits. Again we are witnessing the different noise structures between quantum

computing platforms with different underlying technologies.

4.2.4 Noiseless EAB

Ancilla error affects EAB performance. Since uncorrelated errors dominate in our system,
DD does not help. From now on, we refer to the EAB combined with concatenation as noisy
EAB and the Pauli fidelities and Pauli error rates measured this way as noisy EAB results.
In order to improve EAB performance, we design a protocol to extract noiseless EAB results,
Pauli fidelities and Pauli error rates that are ancilla error-free, from noisy EAB results. We
call this protocol noiseless EAB. This is realized by twirling and measuring ancilla noise
separately and using this information to error-mitigate noisy EAB data in post-processing.
A similar protocol is also implemented in Reference [220]| on superconducting qubits using a
different method for ancilla error measurement.

The noiseless EAB protocol consists of two noisy EAB experiments modified by adding

Pauli twirling on the ancilla qubits (Fig. 4.14). The general noise on ancilla are projected to
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Figure 4.14: (a) Depth-2 circuits for noisy EAB with ancilla twirling. XX gates are imple-
mented on data qubits and Pauli twirling on both data and ancilla qubits. (b) Depth-2 EAB
circuit for ancilla error measurement, where XX gates on the data qubits are replaced by a
delay of the same duration. Pauli twirling is applied to both data and ancilla qubits. Both
data and ancilla qubits experience the same noise under the assumption that trapped-ion
qubits are identical.
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Pauli noise.

In the first noisy EAB with ancilla twirling experiment, a noisy Clifford is benchmarked.
Fig. 4.14(a) shows an example circuit of d = 2, and the Clifford gate is XX in this example.
This experiment is designed to produce noisy EAB results with Pauli twirled ancilla errors.
Converting general noise on the ancilla to Pauli noise allows us to write EAB results of
this experiment as a simple expression of ancilla noise and XX gate noise. Let A,,. denote
the ancilla noise after twirling, and A denote the XX gate noise after twirling. A\, and A
are Pauli eigenvalues for A,,. and A respectively. Given that A,,. and A are uncorrelated,
the composite channel acting on both the system and ancilla can be written as the tensor
product of the two Acomp = Agneo Ao When A, acts on the the combined system of ancilla

and data qubits initialized into Bell pairs

A(EH) (TN = (Aane 0 A1) (TN = 3 NN P @ B4V, (4.23)

where Pl is P, transpose. Eq. (4.23) shows that the measured Pauli fidelity of P from
this experiment is actually A\ Ax. Noiseless results Ay of A can be extracted if A} can be
separately measured.

The second noisy EAB with ancilla twirling experiment measures ;. An example of the
circuit for d = 2 is shown in Fig 4.14 (b). Instead of XX gates, the delay gate, during which
no operation occurs, is benchmarked. Each delay gate is set to be the same duration as the
XX gate in Fig 4.14 (a). In this case, the ancilla qubits and the system qubits are essentially
under the influence of the same noises. This is valid since trapped-ion qubits are identical
to a good approximation. We have Ay, = A and Ay = A;. The Pauli fidelities measured
from this experiment can be written as (\,)?. A, can be extracted by taking the square root.
Combining these two experiments, A\, can be calculated by scaling A} A\ with Aj.

Experimental results for A\ are shown in Fig.4.15. For comparison, CB, noisy EAB, and
noisy EAB with ancilla twirling results are also shown. Noiseless EAB results (pink x symbol)

show improvement from noisy EAB (cyan triangles) and higher agreement with CB. The

103



0.99

0.98 1 X x A
0.97 T * % : * .4 # 7, *
0.96 | + i I + ¢ p 4 ,I(

0.951

0941 + +

0.934

| | %P

Pauli Fidelty
—p—
—
—>
Ty
—p—

0.92

I X YXzy  {zxvy Xl XX MzXy  {Yxzny Yy Yz Fas 72
Pauli
—— CB —A— noisy EAB with ancilla twirl
—— CB process fidelity —— noisy EAB with ancilla twirl process fidelity
- noiseless EAB —A— noisy EAB
—— noiseless EAB process fidelity =~ —— noisy EAB process fidelity

Figure 4.15: Eperimental results for symmetrized Pauli fidelities of Pauli noise in the XX
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Results from CB are plotted in dark blue triangles, noisy EAB in cyan triangles, noiseless
EAB in pink crosses, and EAB with ancilla twirling in purple triangles. Solid horizontal
lines are the process fidelities calculated from the measured Pauli fidelities. The error bars
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agreement is especially good for the left side of the plot ({/X, 1Y, XZ IZ XY, XI, XX}).

4.2.5 Summary and Outlook

We verified that noisy EAB combined with concatenation can benchmark Pauli noise in
Clifford gates in a SPAM-robust way with computational resources and a number of ancillae
that both scale linearly with the system size. We designed a protocol to improve noisy EAB
results by measuring and mitigating the effect of ancilla error. The noiseless EAB result
is close to that of CB. The modified protocol still scales linearly with system size when an
ancilla register of the system size is available. We also note that, unlike superconducting
qubits, dynamical decoupling does not suppress ancilla noise in our system effectively since

DD pulse error is much bigger than the correlated ancilla error.

104



Due to the long experimental duration, the drift in the system can affect results. The
new calibration method proposed in [220] may significantly reduce experiment time if con-
catenation is no longer needed for SPAM robustness. Another way to carry out a fairer
comparison is to randomize the data-taking order of all circuits which will even out the

effect of experimental drift in each data set.
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Chapter 5

Parallel Gates on Orthogonal Motional

Modes in a Trapped-Ion Chain

Parallel operations are important for both near-term quantum computers and larger-scale
fault-tolerant machines because they reduce execution time and qubit idling. We propose and
implement a pairwise-parallel gate scheme on a TIQC. The gates are driven simultaneously
on different sets of orthogonal motional modes of a trapped-ion chain. We demonstrate
the utility of this scheme by creating a GHZ state in one step using parallel gates with
one overlapping qubit. We also show its advantage for circuits by implementing a digital
quantum simulation of the dynamics of an interacting spin system, the transverse-field Ising
model. This method effectively extends the available gate depth by up to two times with
no overhead when no overlapping qubit is involved, apart from additional initial cooling.
This scheme can be easily applied to different trapped-ion qubits and gate schemes, broadly

enhancing the capabilities of trapped-ion quantum computers.

5.1 Introduction

In all trapped-ion entangling gate schemes realized so far, parallel or sequential, only one set

of motional modes is considered, corresponding to the direction of strongest overlap between
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the driving field and a principle trap axis. However, the ion chain has multiple sets of
independent motional modes along orthogonal directions in space as discussed in Sec. 2.1.2.
The other sets of motional modes are usually ignored, or decoupled by a rotation of the trap
principle axes. While used in a few analog quantum simulations [4, 100] and considered in
cost estimation for error correction [235|, this resource remains untapped for entangling gates
and digital quantum circuits. In this work, we use an additional set of modes to implement
two entangling gates on arbitrary pairs of ions in parallel, including cases where there is one
overlapping ion between the two pairs, with Raman laser beams [69].

Since the two sets of modes are orthogonal, there is no need to calculate unique parallel
gate pulses, as existing laser pulse designs for sequential implementation of entangling gates
can simply be applied simultaneously. For addressing beam array with a fixed maximum
power per beam, no extra laser power is required when there is no overlapping ion since idle
energy in the laser beams is used. For overlapping pairs, this scheme may require twice the
laser power of a single entangling gate on the shared ion, but typically less than that. The
idea is directly applicable to any addressed entangling gate scheme that uses the ion motion
[14, 21, 24, 58, 82, 87, 111, 112, 144, 164, 172, 219, 224, 230|. It can also be extended to the

third motional direction.

Figure 5.1 shows the concept for running pairwise parallel gates. In the depicted setup,
the ion chain is illuminated by an array of individual addressing beams and one counter-
propagating global beam for driving coherent Raman transitions. The beam directions over-
lap with the two radial principle axes. We use the MS scheme as our two-qubit gates. Using
different frequencies, one pair of beams drives an MS gate on the z-modes (shown in green),
and another pair simultaneously does the same on another pair of ions on the y-modes
(shown in purple). This protocol can be applied to addressed trapped-ion chains in any trap
geometry, not limited to the one shown in Figure 5.1, provided that the driving field has
non-zero projections along multiple principal axes. Other gate schemes can also be used, as

noted in the introduction.
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Figure 5.1: Experimental setup for parallel MS gates on orthogonal motional modes. A chain
of ions is trapped in a linear Paul trap indicated by the four trap electrodes. The center five
ions are used as qubits, numbered 1-5 from left to right. z, y, and z are the three principal
axes of the trap. The harmonic oscillator modes along the z- and y-axis are shown in purple
and green, respectively. Transitions are driven by a pair of Raman beams consisting of a
global beam (pink) and a counter-propagating addressing beam array. The colors of the
individual beams indicate different detunings, which excite motional modes along different
principal axes. As an example, this figure shows an MS gate on qubits 1 and 3 via the x
modes in parallel with an MS gate on qubits 2 and 4 via the y modes. Any gate pair can be
parallelized this way.

Here we describe our experiment and protocol as an example. The laser beams used for
coherent operations between qubit states are derived from a mode-locked laser and drive a
Raman transition between the two qubit states. The beat-notes between the two beams are
at wo £ p, which are closely detuned from blue and red motional sidebands [69], where wy
is the carrier frequency. In order to disentangle the modes from the qubits at the end of
the gate, modulation schemes for the amplitude, phase, and frequency of the laser pulse,
respectively, or a combination of these are employed, leaving only the qubit states of the
ion pair in entanglement [103, 166, 208, 223, 269]. We use amplitude modulation [56| for
this demonstration, but any of the above schemes can equally be used. Our gate duration is

235 ps.

The unitary representing an MS gate on the qubit pair {p,q} is U = exp (ixp,0209),
where o? is the Pauli-X operator acting on qubit p, and Y,, is the gate angle which can be
varied arbitrarily by applying a scale factor to the amplitude of laser pulse. A single MS

gate via the y modes can be implemented in the same way with beat-notes of the counter-

108



propagating Raman beams tuned to wy & i/, close to the y modes. We simultaneously drive
an MS gate on qubits {p,q} via £ modes and another on qubits {m,n} via the y modes

by applying the two gate pulses at the same time. In the example illustrated in Figure 5.1,

{p,q} ={2,4} and {m,n} = {3,5}.

We now show that these simultaneous operations do not introduce cross-couplings. In
our experimental setup, the center-of-mass x and y modes are about 150kHz apart, while the
span of each set of motional modes is about 100 kHz. These two spacings are independent
of the number of ions in the chain N. The average spacing within a set of modes is 100 ~-1kHz.
For N = 7, the average spacing within a set of modes is about 17 kHz. When the gate is
driven via the z(y) modes, the closest y(x) mode is 50 kHz away at worst, typically 100 kHz,
which is large compared to the typical sideband Rabi frequency of 5 kHz. The shaped gate
pulse also helps suppress excitation of the other set of modes because of its slow turn-on rate
compared to a square pulse. Therefore, off-resonant driving of the other set of modes can be
neglected. In the interaction picture and the Lamb-Dicke regime, neglecting the off-resonant

carrier term, the Hamiltonian describing the interactions present during the parallel gate

(PG) is
Hpa(t) = H,(t) + Hy(t), (5.1)
where
Z ZQ Inicos(ut — ¢;)(are” ™t + h.c.)o?
i€{p,q} k=1
and

Z Z Q;(t)nl,cos(p't — o) (bwe ¥t 4 h.c.)o?

je{mn}k'=1
N is the total number of ions in the chain. wy(wy) is the frequency of the motional mode k(&)
in the z(y)-direction and a) and ay (b}, and by) are the creation and annihilation operator

for mode k(K') in the z(y)-direction. €;(€2;) is the Rabi frequency of qubit (). 7 () is
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the Lamb-Dicke parameter coupling qubit i(j) to mode k(k’) in z(y). ¢:(¢;) is determined

by the laser phase.

In order to calculate the evolution unitary, we exponentiate Equation (5.1) using the

Magnus expansion. Looking at the first two terms in the Magnus series, we have

Upa(r) = et fo dtipa (=3 [ dtz Jo'? dir[Hpa (t2), Hpa ()] (5.2)

where 7 is the gate time. Expanding the commutator yields

[Hpa(t2), Hea(t1)] =[Hz(t2), Ho(t1)] + [Hy(t2), Hy(t1)]
(5.3)

+[Hy(t2), Hy(t1)] + [Hy(t2), Ho(t1)].

Note that, ¢ commutes with ¢, and since the  and y modes are orthogonal a;, and aL
commute with by and bl,. As a result, [H,(t,),H,(t2)] = 0 at any time as well as the last two
terms in Equation (5.3), which are the cross-coupling terms between x and y. We emphasize
that the scheme also applies to cases where the two qubit pairs share an ion since [¢%, 07] = 0
includes the case of i = j. Either remaining term in Equation (5.3) contains motion in the z-
direction only or the y-direction only. Same as the case of one MS gate, the dependence on
motion eventually vanishes in Equation (5.3) due to the commutation relations between the

motional operators. Therefore, the higher-order terms not shown in the Magnus expansion

in Equation (5.2) are also zero. We can rewrite Equation (5.2) as

Upc(T) = exp Z (Gioh) +ixpgolo? + Z (G;Ui) + iXmnon oy |, (5.4)

ic{p,q} je{m,n}

where (; is defined as

N
Gi=)Y_ aiu(T)al, + af (r)a (5.5)
k=1
k(1) = —/0 n:Q;(t) cos(ut — @ )e™r dt. (5.6)
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Figure 5.2: Fidelity measurements for two representative pairs of parallel MS gates on non-
overlapping pairs of qubits in a seven-ion chain. The populations in the computational basis
(left ordinate, bottom abscissa) and the parity scan (right ordinate, top abscissa) are plotted
for each MS gate. The left column shows parallel pair {3,5} (purple) entangled via the z
modes and pair {2,4} (green) entangled via the y modes. Dark blue solid curves are fitted
to the parity scan data. The measured fidelities are F35 = 99.1(4)% and Fy, = 98.2(4)%.
Parity measurements of the cross-pairs plotted in lighter blue colors in the background
show no oscillation. The right column of the figure shows pair {1,2} (purple) entangled
via the  modes and {3,4} (green) entangled via the y modes, where Fj5 = 98.8(5)% and
F34 = 98.4(4)%. All uncertainties are statistical.

The expression for G is similar to Equation (5.5) except that the sum over x modes is
replaced by a sum over y modes and p is replaced by /. Since the first two terms in the
exponential in Equation (5.4) only involve z modes while the last two terms only involve y
modes, these two parts can be treated separately. The Rabi frequencies Q;(t)(: € {p, ¢}) are
modulated such that G;(7) = 0. The pulse modulation is done likewise for the qubit pair
{m,n} toset G';(7) = 0 (j € {m,n}). The gate angles x,q and X,n, can be set independently.
Finally, the resulting unitary Equation (5.7) describes parallel MS gates on {¢, p} and {m,n}

with angle x,, and Xpmn, respectively:

Up(T) = exp(iXpg0hod + ixXmnoy o) (5.7)

111



(a) (b) angle of rotation

Q n{4 r[(2 31‘(/4 m
s ~ 0.51
- 04
% 0.3 =
- §0.2< 3
2 0.11
- )00 , 1

O &> O N D NN
SRS &

quantum state

Figure 5.3: (a) Circuit for preparing a three-qubit GHZ state with parallel gates. All qubits
are initiated in the |0) state. The first gate is a pair of parallel MS gates overlapping
on the middle qubit. H is the Hadamard gate. The S gate is defined as S =e =7, (b)
Parity contrast (top abscissa, right ordinate) and populations (bottom abscissa, left ordinate)
of an experimentally prepared GHZ state on a seven-ion chain. The estimated fidelity is
Fenz = 97.6(3)%. Error bars are statistical.

5.2 Experimental Results

Using a chain of seven ions, we experimentally demonstrate parallel MS gates on different
qubit pairs, including the case where one qubit is shared between the two pairs. We then
show their benefit for long circuits by running a digital quantum simulation of a paradigmatic
spin model, the transverse field Ising model.

For two parallel MS gates of angle 7/4 implemented on two non-overlapping pairs of
qubits, we estimate the fidelity of each MS gate for the corresponding two-qubit density
matrix, by measuring the even-parity state populations of the output state and the parity
contrast |16, 212|. The parity contrast is extracted by appending single-qubit 7 /2 rotations to
the MS gate and varying their phases. The results are shown in Figure 5.2. SPAM errors are
removed by applying the inverse of a separately measured SPAM matrix to the experimental
data. We find that the fidelity of our parallel gates is overall very similar to that of our
sequential gates (see Table 5.1). We also probe the cross-talk error by estimating the degree
of entanglement of the cross-pairs that are not supposed to be entangled. This could occur

due to optical cross-talk or motional cross-talk. Parity measurements plotted in gray scale
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Figure 5.4: (a) TFIM circuits of one Trotter step with parallel gates (top) and sequential
gates (bottom), using the z modes (purple) and y modes (green). (b) TFIM experimental

results, where % = 0.096. The total magnetization m of the spin chain in the 2z direction is

evaluated at different evolution times. The evolution with parallel MS gates shows a much
higher contrast than the evolution with sequential gates. The error bars on the experimental
points are statistical and are smaller than the marker.

in Figure 5.2 show no oscillation within errors, which indicates no unwanted entanglement
between the cross-pairs. Cross-talk can also result in residual motional entanglement, which
manifests in the population of the odd parity states (01 and 10) after an XX gate. The
combined population of the two odd-parity states is less than 0.006 for all four gates shown
in Figure 5.2. These observations indicate that no additional error, such as motional cross-
talk between the two sets of radial modes due to trap non-linearities, is caused by the parallel
operation. Yet, the reduction in execution time will improve the fidelity of a complete circuit

implementation with parallel gates.

Table 5.1: The table compares parallel gate (PG) fidelities to sequential gate fidelities.

Pair PG Sequential
XX35 99.1(4)% 99.1(3)%
XX24 98.2(4H)% 99.2(4)%
XX12 98.8(5)% 97.5(4)%
(4) (4)%

XX34 98.4(4)% 99.2(4
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5.2.1 Three-Qubit Entanglement

We use our scheme to entangle three ions in one step, generating a three-qubit GHZ state.
The circuit is shown in Figure 5.3(a). It consists of a three-qubit entangling gate followed

by /2 phases gates and Hadamard gates.

Figure 5.3(b) shows the populations and parity contrast of the GHZ state prepared
with parallel MS gates on qubits {3,5} and {2,5}. We estimate the fidelity using parity
contrast and even-parity state populations again to find Fouz = 97.6(3)%, which is as good
as the three-qubit GHZ of 97.1(1)% fidelity prepared on the same system with sequential
MS gates and improves upon the three-qubit GHZ state prepared with global parallel gates
reported on another trapped ion experiment [172]. The laser pulses for both MS gates are
summed up in the software and applied simultaneously to the overlapping ion. In the worst-
case scenario, this will require the sum of two gate powers to implement them in parallel.
However, it can often be done with less power because the gate pulse segments with the

highest amount of power in the two gate pulse shapes do not always overlap.

5.2.2 Transverse Field Ising Model with Parallel Gates

Quantum spin models can describe a wide range of quantum many-body dynamics and
are suitable for implementation on different hardware platforms [146, 217|. They can be
used to study a variety of classically intractable problems in condensed matter physics,
such as quantum magnetism [211], spin glasses [27], and others [184]. We demonstrate
the experimental advantage of our parallel gate scheme over sequential gates by digitally
simulating the dynamics of 1D Transverse Field Ising Model (TFIM) of five spins with

nearest-neighbor interactions. The Hamiltonian can be written as

4 5
H=-J]Y oloi™ =B o, (5.8)
=1 =1
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where J and B characterize the strength of interaction between the neighboring spins and
the magnitude of the external field, respectively. The spin | 1) (] J)) state is mapped to the
qubit |+)(|]—)) state. All qubits are initialized in the |0) = \/L§(| M+ })) state. The time-
evolution unitary is Trotterized and decomposed into gates [170, 233]. Circuits representing
one Trotter step are shown in Figure 5.4 (a). Both circuits consist of MS gates, applied in
sequence or in parallel, and single-qubit z-rotations. After N Trotter steps, the qubits are
measured in the z basis, and the total magnetization along z, m = Z?Zl o', is calculated.
Since the single-qubit z-rotations are done as instantaneous classical phase advances on the
controller, the circuit execution time with sequential MS gates is twice as long as that with

parallel MS gates.

The results are plotted in Figure 5.4 (b). In the experiment, the sequential gates are
also done on both x and y motional modes, consistent with the parallel gates, to ensure a
fair comparison. The same MS gate pulse is used for each qubit pair in both the parallel
implementation and the sequential implementation. For points of high-magnetization, for
which the observable is most sensitive to errors, we see a reduction in error by up to a factor
of two in the parallel gate implementation as a consequence of halving the circuit run time
using parallel gates. This demonstrates that there is an advantage in using parallel gates,

even for shorter circuits.

5.3 Conclusion and Outlook

While employing these pairwise-parallel gates in an ion trap quantum computer does not
reduce algorithm complexity, it can shorten the circuit execution time by up to a factor of
2 and, therefore, increase the fidelity for gate sequences (see Figure 5.4). The only cost is a
fixed overhead for ground-state cooling the additional set of modes, which is already cooled to
below the Doppler limit by the high-intensity laser sideband cooling of the first set of modes.

There is no calibration overhead in the parallel implementation. In fact, the required number
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of calibrations is usually reduced as gates can be calibrated in parallel. In the worst case,
where a gate for each qubit pair needs to be calibrated with both sets of modes, the number
of calibrations is the same as in the sequential case. Therefore this parallel gate scheme
should be used whenever possible. Our scheme is advantageous compared to aligning the
Raman beams with one motional direction only because it is faster for a given beam power,
as the duration of pulse-shaped gate pulse sequences for decoupling multiple modes does not

scale linearly with power.

This parallel gate is easily transferable to other linear trap geometries. It can be general-
ized to any MS gate pulse modulation and addressing schemes, provided that the controllers
can target multiple ions in space and multiple modes in frequency. It could also be extended
to the axial direction and be combined with other parallel gate schemes that use motional
modes only along one principal axis [87, 111, 172] to further increase the maximum number
of simultaneous two-qubit gates. Finally, other entangling gate mechanisms, such as light
shift gates [14, 164], those driven by a synthetic o, spin-dependent force [21], the multi-qubit
gate based on the Cirac-Zoller scheme with ancillary motional states [82], and gates based
on mode squeezing via second-sideband driving [144, 224| can be pairwise-parallelized in the

same way.
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Appendix A

QAOA circuits, parameters, and

statistical tests

A.1 Circuits and parameters

Variational parameters o and 8 for the three-qubit and four-qubit Grover mixer for each
problem are listed in Table A.1. These optimal parameter sets are derived from a noise-free
theory using exact numerics. For the edge-cover problems, we perform a global grid search
for the parameters starting with a resolution of 0.1 and keep refining the best results via
a local grid search with successively finer resolutions until we reach the desired resolution,
which is set to 0.01 for most problems and 0.1 for p = 3 paw graph with the simple mixer.
For the Max-Cut problem, we use the FindMinimum function in Mathematica [133] and pick

the best result out of at least 10 independent searches.

A.2 Statistical tests for fair sampling

The “shots to reject" test used in Sec. 3.1.4 is based on the one-tailed y? test. To find N*,
we implement the following steps: 1) randomly draw 1000 sets of samples of size M (starting

from M = 2) from Q;, perform a x? test between each sampled distribution and Q, and
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a=-095 3= 1.00 a=—083, 3 = 3.14

triangle as = 0.85, By = —1.66
a=—-087=-260 «a=0.-80,5 =—1.58
square as = —0.82, [y =
—2.28
a= 104, =-061 a;= 062, 5,= 075 a= 05, f1= 16
paw as = 0.88, 5o = —=1.04 ay=-0.5, Bo= 0.5

Qa3 = _057 53 = 03

a= 029, 8= 031 a;=—055 6, =042 a,=—2.09 3 = 0.43
bridge Oy = —2957 /82 = 0.87 O = —217, 52 = 1.28
3 = —102, 63 = 2.3

(a) Standard QAOA parameters corresponding to results in Fig. 3.1 and Table 3.1 (left)

p=1 p=2
. a =248, =137 a1 =069, 5 = 1.32
triangle s = 1.22, By = 0.92
square @ =005 =146 a1 =048 § =152
Qg — 091, ﬁg =0.92
a =079, B=160 a =056, 5 =147
paw

Qg = 098, ﬁz =1.17

(b) G-QAOA parameters for unweighted problems corre-
sponding to results in Fig. 3.4 and Table 3.1 (right)

p=1 p=2
e @ = 2067, =—230 a; = 0.68, 5 = 2.20
4 ay = 1.05, By = 1.95
aw 0= 285, B= 281 a, =205, B =280

as = 1.98, By = 2.98

(¢) G-QAOA parameters for weighted problems corresponding
to results in Fig. 3.5

Table A.1: Standard QAOA and G-QAOA parameters.
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record the 1000 p-values from the tests, 2) compare the median of the p-values with the
preset significance level, which is chosen to be 0.05 here, 3) if the median of the p-values
exceeds the threshold, set M := 2M and repeat steps 1 to 2; otherwise, if the median p-value
is smaller than the threshold, Hj is rejected, then a bisection method is used to locate the
exact N* between M and M/2.

The KL divergence used in Sec. 3.1.4 is defined as

Ql(x
QQ(JG

Dre(@il102) = - i) e, (A1)

where X is the sample space. It can be intuitively understood as the information loss when
we model ()9 by @1, providing the distance between the two distributions. The results for

this analysis in Sec. 3.1.4 are presented in Table A.2.

p=1 p=
triangle 0.0007(4) 0.007(2)
unweighted — paw 0.015(2) 0.016(2)
square 0.007(1) 0.020(2)
. paw 0.079(8)  0.037(4)
weighted —vare 0.089(9)  0.074(6)

(a) Experimental data

P = P =
triangle  0.0004(2) 0.0003(1)
unweighted — paw 0.0006(3) 0.0005(2)
square 0.0008(3) 0.0007(3)
. paw 0.004(2) 0.0005(2)
weighted — are 0.0021(8) 0.0009(3)

(b) Synthetic data

Table A.2: KL divergence between the simulation and experimental data, and synthetic data.
The error bar on each experimental result is calculated by resampling from the experimental
distribution 300 times, while for each synthetic result it comes from 300 sets of synthetic
data generated for each problem.
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Appendix B

EAB

B.1 Parameterized Pauli error rates for feasible region

All

analysis

unlearnable Pauli eigenvalues are parameterized by the four variables x1, zo, x3, and x4

as discuss in Sec. 4.2.3 The full set of Pauli error rates can be expressed as functions of these
four variables through the Walsh-Hadamard transform. Parameterized Pauli error rates can

be written as

pr; = —0.00323131078016112 * 1 — 0.0031183479343113 * xo9 — 0.00292197085083963 * x3 — 0.00279764468654777 * x4 + 0.976843559555855,
px 1 = 0.00323131078016112 * =1 + 0.0031183479343113 * 2 — 0.00292197085083963 * x3 — 0.00279764468654777 * x4 + 0.0029330375679675,
py1 = —0.121768689219839 * =1 + 0.121881652065689 * x5 — 0.12207802914916 * x3 — 0.122202355313452 * x4 + 0.00625399002377206,

pzr = 0.121768689219839 * 1 — 0.121881652065689 * x5 — 0.12207802914916 * x3 — 0.122202355313452 * x4 + 0.00869235853402681,

prx = —0.00323131078016112 * 7 — 0.0031183479343113 * xo + 0.00292197085083963 * x3 + 0.00279764468654777 * x4 + 0.00167295121379744,
pxx = 0.00323131078016112 * 1 + 0.0031183479343113 * x5 + 0.00292197085083963 * x3 + 0.00279764468654777 * x4 + 0.000982108059574938,
pyx = —0.121768689219839 * =1 + 0.121881652065689 * xo + 0.12207802914916 * =3 + 0.122202355313452 * x4 — 0.00252094684904836,

pzx = 0.121768689219839 x 1 — 0.121881652065689 * xg + 0.12207802914916 * x3 + 0.122202355313452 * x4 — 0.00541116674270239,

pry = —0.121768689219839 * 7 — 0.121881652065689 * xo9 — 0.12207802914916 * =3 + 0.122202355313452 * x4 + 0.00678395750152917,

pxy = 0.121768689219839 * 1 + 0.121881652065689 * xo — 0.12207802914916 * x3 + 0.122202355313452 * x4 — 0.0018743139126293,

pyy = —0.00323131078016112 % 21 + 0.0031183479343113 * x5 — 0.00292197085083963 * x3 4 0.00279764468654777 * x4 + 0.000281662518727493,
pzy = 0.00323131078016112 * 7 — 0.0031183479343113 * xo — 0.00292197085083963 * x3 4+ 0.00279764468654777 * x4 + 8.5748210750948¢e — 5,
prz = —0.121768689219839 * x1 — 0.121881652065689 * x5 + 0.12207802914916 * x3 — 0.122202355313452 * x4 + 0.0105763511877318,

pxz = 0.121768689219839 * x1 + 0.121881652065689 * xo + 0.12207802914916 * x3 — 0.122202355313452 * x4 — 0.00616401225599934,

Py z = —0.00323131078016112 * =1 + 0.0031183479343113 * x5 + 0.00292197085083963 * x3 — 0.00279764468654777 * x4 + 0.000108474847635015,
pzz = 0.00323131078016112 * =1 — 0.0031183479343113 * xo + 0.00292197085083963 * x3 — 0.00279764468654777 * x4 4+ 0.000756240539010848
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B.2 Ramsey experiment with DD

We use the Ramsey experiment to measure the phase coherence of the qubit. During the
experiment, the following operations are applied to the qubit: a 7/2 pulse around z axis of
the block sphere, a delay of duration ¢, a —m /2 pulse around x.Then we perform a phase scan
by appending rotation R(w/2,¢) to the sequence and scan ¢. The result of the phase scan
is a cos wave and we extract the contrast A(t) through fitting. Then experiment is repeated
for different ¢ and plot decay of A(t) with respect to t. During the delay, we implement DD
consisting of pairs of Y pulses at different intervals and . Fig. B.2 shows the decay of A(t)
for DD at different intervals (every 75us, 150us and no DD). The more frequent DD is, the
faster the contrast decays and the shorter the coherence time, indicating that the net effect
of DD is adding more noise into the qubit. The curve for no DD is lower than the other
curves because of a phase offset was set incorrectly in the experiment. However it would
only affect the height of the curve but not the decay rate. Green curve with no DD still has

the lowest decay rate.

—— 150usAWGwait DD
0.49 4 75usAWGwait_DD
—&— 300usAWGwait_noDD

0.48 4

0.47 4

0.46 4

0.45 4

0.44

0.43 4

T T T T T T T
25 5.0 7.5 10.0 12.5 15.0 17.5 20.0

Figure B.1: Decay of the Ramsey contrast with DD of different frequency.

This is consistent with our understanding of the source of phase incoherence on idle
qubits. In our experiment, qubit phase coherence time is limited by the stability of the
path length difference of the two counter-propogating Raman beam, which is more likely to

generate stochastic noise rather than correlated noise. Therefore DD will not be helpful.
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B.3 Experimental drift in noiseless EAB results

In Fig. 4.15, the noiseless EAB results (pink x symbol) agrees with noisy EAB (cyan triangles)
especially well for the left side of the plot ({IX,1Y, XZ, 17, XY, X1, XX}). This might be
related to experimental drift. Gate fidelity fluctuates slightly due to unstabilized variables
in the system, such as stark shift fluctuations, beam path stability, and so on. CB data for
{IX, 1Y, XZ,1Z, XY, X1, XX,YY} were collected during the same experiment period with
noiseless EAB data. However, CB data for {YI,ZX, Y X, ZI,YZ, 7Y, ZZ} were collected a
weekend after, at which point small drifts might have happened and affected the agreement
between the results. Fig. B.2 shows the subset of CB data collected in the same experimental
period as noiseless EAB .

Due to the high volume of circuits required for CB, the data collection usually spans
for multiple days, during which experimental drifts can occur. During each data collection,
the experiment always undergoes a standard calibration procedure and is calibrated to its
best possible performance within our control. However, stark shift fluctuation, bean path

stability, and other unexpected shifts in the system that are not actively stabilized can cause
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experimental performance to vary between or even during each data collection. We observed
that, although the discrepancy between EAB and CB is real (multiple sets of comparison
data taken at different times showed CB consistently yields process fidelity 0.5% — 1% higher
than noisy EAB), the overall fidelity of process measured by both protocols can drift by
about 0.5%.

A better way to carry out a comparison is to randomize the data-taking order of all
circuits which will even out the effect of experimental drift in each data set. The calibration
method mentioned in [220] will reduce both EAB and CB experimental time significantly,

which will reduce the effect of experimental drift as well.
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Appendix C

QFT formulation circuits and phase shift

derivation

C.1 QFT circuit

We want to scale up from the quantum mechanics picture to the field theory perspective, in
other words the full Ising model. As in the quantum mechanical case, we will need to break
up this circuit into three parts: 1) state Preparation, 2) Trotter Evolution, 3) momentum
Projection. The various circuits and the relative costs are discussed below.

We want to prepare the same initial state that we proposed in the main text mapped on

to the Ising Model. The initial state that we prepared,

1 :
i) = =5 (101} +4110)), (CBY

can be remapped to the Ising model by using the inverse mapping originally described in the

text:

00) — [1000), [01) — |0100)

110) — [0010), |11) — |0001).
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This remapping will give us the initial state:

1 .
o) = E(|0100) + z|0010>>. (C.3)

This state can easily be prepared with 1 X X gate and one single qubit rotation.

0)
0) —
XX(—7/2) = Uprep (C.4)
0) —— —
0)

The time evolution of the system can be easily written in terms of a circuit requiring at
most 3 X X gates per Trotter step when using a four site system, which is 2 X X gates deep,
see Eq. (3.39).

R.(2h7dt)
XX (2J6t)
R.(2hrot) S
Urror(8t; J,U, hy) = XX (2J5t)
R.(2h7dt) -
XX (2J5t)
R.(2(hr + U/2)6t)

(C.5)
The final portion of the quantum simulation is a Fourier transformation to take the circuit

into momentum space [86, 149|. This transformation can easily be done using four two-qubit
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operations.

Ry(m/2)

[~

4]

B B
N
S

Where F'is given by the matrix:

1 0 0 0
o L L
F= V22 (C.7)
1 1
0 &5 —7% 0
0o 0 0 -1

This can be decomposed into at most 4 CNOT gates. It should be noted this is different
from the traditional quantum Fourier transform which uses binary encoding for the qubits.
The measurement is done then in the z-basis and we select out the states [0010) and

|0001) for the |k) and | — k) state respectively.

C.2 Phase Shift Derivation

The discrete Schrodinger equation obtained in the limit of small J, with U = 0, and no
boundaries admits plane wave solutions e*™** with energy 2J(1 — cos(k)). The additive
constant has been adjusted in order to have zero energy at zero momentum. If we introduce
a right wall and impose ¥(N + 1) = 0, we need a relative phase —e?*V+1) for the reflected
ik

wave e~ "**_ If, in addition, we also introduce a repulsive potential U > 0 at the rightmost

site N, the problem with a right wall can be solved by introducing the phase shift. A short
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calculation shows that:
oi20(k) _ —i2k U+ Je™*

R (©8)

We are now in position to make two independent calculations of At*. In the first one, we

use
Aty = 26'(k) /(D /Ok), (C.9)
and
* gk * o AtW
Atr = tint. tf'r’ee - 9 (ClO)

discussed in the main text, together with the exact expression for §'(k) from Eq. (3.10) to

get:
Ucos(k)+ J

At"=(-1+J
(=1+ U2+ J%? 4+ 2JU cos(k)

)/2J sin(k). (C.11)

The other method consists in using the real-time evolution to calculate R_(t) and determine
the time t* where R_(t*) = 0.5. This second method depends on the volume and the details
of the initial wavepacket. It is important to prepare a wave packet that is broad enough in
space to have sharply defined momentum but not too broad so that it reflects too early. In

the numerical calculations, we used an initial wavepacket
P(x) eika—(a=N/2)?/(N/4)* (C.12)

The comparison between these results and Wigner formula are shown in the text.

A few words of explanation regarding the low k approximate formula for §(k). From Eq.
(3.10), we can expand (k) in power of k. For our numerical values J = 0.02 and U = 0.03,
we obtain

§(k) = —0.6k + 0.008k> + . .. (C.13)

As we see, for 0 < k < 0.5 the correction to the linear approximation are less then one
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percent and we are justified in using the approximation

5(k) ~ &' (0)k. (C.14)
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Appendix D

Bell-type non-local games

In Table D.1 we explicitly list our experimental estimates for each stabilizer expectation
value, before and after SPAM correction, along with 1o statistical uncertainties. These
values are the same as those plotted in Fig. 3.13 of the main text. Furthermore, in this
table the stabilizers are partitioned into our choice of locally commuting sets, such that we

measure all stabilizers in each set by a single Pauli measurement setting.

Table D.1: Expectation values for the 63 nontrivial stabilizers of |Cg) estimated from the
CBF experiment. Uncertainties denote 1o standard errors. Horizontal rules indicate our
partitioning of the stabilizers into 37 locally commuting sets, such that we estimate all
stabilizers in that set from the same global Pauli measurement.

Expectation value

Input Stabilizer Raw value SPAM-corrected
000001 +ZI1117Z7X 0.7164(10) 0.7616(10)
001000 +IZXZI1I 0.6732(10) 0.7178(11)
001001 +ZIXZZX 0.4952(12) 0.5627(14)
000010 +IIIZXZ 0.7208(10) 0.7654(10)
010000 +ZXZII1 0.7320(10) 0.7787(10)
010010 +IZXZZXZ 0.5352(12) 0.6046(14)
000011 +ZI11ZYY 0.7656(9) 0.8302(10)




TABLE D.1. (Continued).

Expectation value

Input Stabilizer Raw value SPAM-corrected
010011 +IXZZYY 0.6168(11) 0.6813(12)
000100 +I1ZXZI1 0.6764(10) 0.7205(11)
100000 +XZI1I11Z 0.7200(10) 0.7646(10)
100100 +XZZX7Z7Z 0.5324(12) 0.6019(14)
000101 +Z1ZX1X 0.5748(12) 0.6221(13)
010001 +IXZIZX 0.5584(12) 0.6034(13)
010100 +ZXIXZI 0.5900(11) 0.6448(12)
000110 +IIZYY Z 0.5360(12) 0.5803(13)
100110 +XZZYY1 0.4368(13) 0.4862(14)
000111 —ZIZY XY 0.6112(11) 0.6765(12)
010111 —IXIYXY 0.5936(11) 0.6449(12)
001010 +I1ZXIXZ 0.5536(12) 0.5984(13)
100010 +XZ1ZX1 0.5392(12) 0.5884(13)
101000 +XIXZ1Z 0.5832(11) 0.6311(12)
001011 +ZZXI1YY 0.6084(11) 0.6718(12)
001100 +IZYY ZI 0.7376(10) 0.8037(10)
101100 +XIYYZZ 0.6316(11) 0.6981(12)
001101 +Z2YYIX 0.6068(11) 0.6712(12)
001110 —1ZYXYZ 0.5924(11) 0.6565(13)
101110 —XIYXYI 0.5308(12) 0.5784(13)
001111 +Z7Y XXY 0.7056(10) 0.7970(11)
010101 +IXIXIX 0.5368(12) 0.5690(13)
111110 -YXXXYI 0.6228(11) 0.6925(12)
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TABLE D.1. (Continued).

Expectation value

Input Stabilizer Raw value SPAM-corrected
010110 +ZXIYYZ 0.4936(12) 0.5483(14)
011000 +ZYY ZII 0.5768(12) 0.6275(13)
011010 +Z2YYIXZ 0.4676(13) 0.5171(14)
011001 +IYYZZX 0.4500(13) 0.4976(14)
011011 +IYYIYY 0.5200(12) 0.5628(13)
101101 +YIYYIY 0.5584(12) 0.6037(13)
110110 +YYIYY]I 0.5016(12) 0.5487(13)
011100 —ZYXYZI 0.6444(11) 0.7192(12)
011101 —IYXYIX 0.5524(12) 0.5982(13)
011110 +Z2YXXYZ 0.5528(12) 0.6233(13)
011111 —IYXXXY 0.6544(11) 0.7232(12)
100001 +YZIIZY 0.5404(12) 0.5872(13)
101001 YYIXZZY 0.4708(12) 0.5214(14)
100011 —YZIZY X 0.6172(11) 0.6856(12)
101011 —YIXIYX 0.5836(11) 0.6308(12)
100101 ‘Y ZZXTY 0.4624(13) 0.5114(14)
100111 +YZZY XX 0.5476(12) 0.6190(13)
101010 +XIXIXI 0.5500(12) 0.5863(13)
111101 - XXXYIY 0.6764(10) 0.7486(12)
101111 —-YIY XXX 0.6884(10) 0.7606(11)
110000 +YYZIlZ 0.7484(9) 0.8090(10)
110100 +YYIXZZ 0.5948(11) 0.6597(13)
110001 - XYZIZY 0.6144(11) 0.6785(12)
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TABLE D.1. (Continued).

Expectation value

Input Stabilizer Raw value SPAM-corrected
110101 —XYIXIY 0.5580(12) 0.6048(13)
110010 +YYZZXI 0.5880(11) 0.6549(13)
110011 +XYZZY X 0.6952(10) 0.7871(11)
110111 —XYIYXX 0.6428(11) 0.7138(12)
111000 -YXYZIZ 0.6248(11) 0.6893(12)
111010 -YXYIXI 0.5592(12) 0.6091(13)
111001 +XXYZZY 0.5164(12) 0.5832(14)
111011 —XXYIYX 0.6248(11) 0.6908(12)
111100 +YXXYZZ 0.7492(9) 0.8456(11)
111111 +XXXXXX 0.8304(8) 0.9378(9)
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