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Chapter 1

Introduction

Our ultimate goal is to construct codes, x, which have constant amplitude and
whose autocorrelation is the inverse Fourier transform of a given positive bounded
Radon measure. We use Wiener’s Generalized Harmonic Analysis(GHA) to ap-
proach the problem. There are also significant components from measure theory,
number theory and functional analysis.

There are two main reasons that the waveforms z should have constant am-
plitude. First, a transmitter can operate at peak power if x has constant peak
amplitude - the system does not have to deal with the surprise of greater than
expected amplitudes. Second, amplitude variations during transmission due to ad-
ditive noise can be (theoretically) eliminated at the receiver end without distorting
the message. The problem of waveform design is relevant in several applications
in the areas of radar and communications. In the former, the waveforms x can
play a role in effective target recognition, e.g., [1], [17], [20], [25]; and in the latter
they are used to address synchronization issues in cellular (phone) access technolo-
gies, especially code division multiple access (CDMA), e.g., [28], [29]. The radar
and communication methods combine in recent advanced multifunction RF systems

(AMRFS).



1.1 Notation

We shall use the standard notation from harmonic analysis, e.g., [4], [24]. Let
Z be the set of integers, and its dual group T = R/Z, R the real numbers. N is the
set of natural numbers. In a d-dimensional space, Z? = Zx - - - x Z (d factors). C(T¢)
is the space of complex valued continuous functions on T¢ = R%/Z¢, and A(T?) is
the subspace of absolutely convergent Fourier series. M (T?) is the space of Radon
measures on T¢, i.e., M(T%) is the dual space of the Banach space C(T?) taken
with the sup norm. We designate the characteristic function of S C R by 1. The
A-dilation of a function f is defined by fy(t) = Af(At). A sequence {p,} is positive
definite if for all (cy, . .., cy) € CYNTI\{0}, > o<iken Pi-kCrC; > 0. A positive definite
sequence, {p,}, is denoted by {p,} > 0. Formally, the autocorrelation A, : Z — C

of x : Z — C is defined as

1
kelZ, Akl= lim ———— .
Vk € Z, Ak J}LI%OQNH) _N;<N:c[k+m]x[ ]

If I € A(T?Y) we write F' = f = {fs}, i.e., F[k] = f, and for all k € Z¢, f, =

Jpa F(7)e*™ 7 dry. There is an analogous definition for ji where p € M(T?).

1.2 Motivation

Because of recent work in waveform design [1], [5], [26], [2], [13], we are resur-
recting certain aspects of Wiener’s Generalized Harmonic Analysis (GHA).

Suppose a complicated signal x cannot be analyzed directly but it is possible
to quantify its autocorrelation A,. In GHA, a function z is analyzed for its frequency
information by computing its autocorrelation A, and its power spectrum p, which
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is the inverse Fourier transform of the autocorrelation. In signals containing non-
square-integrable noise and /or random components the harmonic analysis of a non-
square-integrable function is desired. GHA includes the Wiener-Plancherel formula
for L>°, which is an analogue of the L?-Parseval-Plancherel formula. In one direction,
if A, is the autocorrelation of z, then by the Herglotz-Bochner theorem there exists
pu € M, (R) such that i = A,. A natural question is the following: for any u €
Mf (R) does there exist z whose autocorrelation A, exists, and for which A, = ji?
The deterministic and constructive affirmative answer to this is the Wiener-Wintner

Theorem.

1.3 Background

There are established algebraic approaches [13] for constructing unimodular
(amplitude 1) K'— periodic sequences u with the property that the autocorrelation
A, vanishes outside of the periodic de-domain points nK,n € Z. Such sequences are
called CAZAC (constant amplitude zero autocorrelation) codes. The zero autocor-
relation ensures minimum interference between signals sharing the same channel.

We would like to construct our codes analytically with the purpose of making

the design flexible and the codes stable under modest perturbations.

1.3.1 The Wiener Wintner Theorem in R

In the setting of R, we have the following theorem due to Wiener and Wintner

[32], which was later extended to R? in [3], [15].



Theorem 1.1 (Wiener-Wintner). Let pu be a bounded positive measure on R.

oo

There is a constructible function f € L5,

(R) such that its autocorrelation Ay exists

forallt € R, and Ay = [ on R, i.e.,

: 1 g YR 2mite
vVt € R, Ilggloﬁ/_cpf(t—l—x)f(m)dx—/ﬂge du(z).

1.3.2 Uniform distribution

For a real number z, let [x] denote the integral part of z, that is, the greatest
integer < x; let {x} = x — [z] be the fractional part of .

Let a = (a1,---,aq) and b = (by,--- ,byg) be two points in RY. We say that
a <b(a<b)ifa; < b (aj <bj) for j =1,2,---,d. The set of points x =
(z1,72,...,24) € R? such that @ < x < b will be denoted by [a,b). The other d-
dimensional intervals such as [a, b] have similar meanings. The d-dimensional unit
cube I is the interval [0,1), where 0 = (0,---,0) and 1 = (1,---,1). The integral
part of x = (a1, ,2q) is [z] = ([x1], -+ ,[x4]) and the fractional part of x is
{z} = ({1}, - {2a}).

Let (z,), n = 1,2,..., be a sequence of vectors in R?. For a subset E of I¢,

let A(E; N) denote the number of points {z,}, 1 <n < N, that lie in F.

Definition 1.2. The sequence (z,), n = 1,2,..., is uniformly distributed modulo 1

(u.d.-mod 1) in R? if

. A([a, b); N)
Aim ———— = 17 (b — a;)

for all intervals [a,b) C I



1.4 Outline of the thesis

In Chapter 2 we state and prove the Wiener-Wintner Theorem in Z% i.e. we
prove that given a positive bounded measure, u, there exists a locally bounded
function  whose autocorrelation is the Fourier transform of p. Due to our desire
of constructing waveforms of constant amplitude we would like the function x con-
structed in the Wiener-Wintner theorem to be uniformly bounded. This issue is
discussed in Chapter 3. The chapter starts by demonstrating how uniformly dis-
tributed sequences suggest a way to give uniformly bounded waveforms though we
are able to show that the method of using uniformly distributed sequences is not
feasible. In Chapter 4 we take the function ' = 1 on T and construct several dif-
ferent unimodular functions whose autocorrelation is the Fourier series of F. The
Fejér function is a positive function whose inverse Fourier transform is an isosce-
les triangle of height 1 and symmetric about the origin. In Chapter 5 we discuss
functions whose autocorrelation is such a triangle (inverse Fourier transform of the
Fejér function) and sum of such triangles (inverse Fourier transform of sums of Fejér
functions). In this chapter we also show that given a positive and even function f
on 7Z that is convex and decreases to zero over Z™, one can construct a function x
on Z whose autocorrelation is f. Chapter 6 gives a summary of the main results of

this thesis along with concluding remarks and some avenues for future research.



1.5 Contributive results
The contribution that comes from the work in this thesis can be listed as
follows:

(1)

(i)

(iii)

In Chapter 2 the Wiener-Wintner Theorem is proved for Z¢.

As already mentioned, our ultimate goal is to construct waveforms that have
constant amplitude. Chapter 3 discusses an approach that could help us con-
struct waveforms that are uniformly bounded. This would be a step towards
our goal. Unfortunately, our attempt at using uniformly distributed sequences
for this purpose turns out to be futile. Chapter 3 ends with a proof that one
cannot use uniformly distributed sequences to get uniformly bounded wave-

forms.

Chapter 4 presents numerous cases of unimodular functions on Z whose auto-
correlation is one at zero and zero everywhere else. Such functions or wave-
forms have been constructed using elements of real Hadamard matrices. Error
estimates have been calculated which suggest that for a pre-assigned error
the number (finite) of terms from this infinite sequence that are needed so
that the autocorrelation at some non-zero k is within this given error range
depends on the logarithm of k and so is ‘almost’ independent of k. In addi-
tion, it has been shown that such unimodular codes (both real and complex)
whose autocorrelation is the Fourier series of F' = 1 can also be constructed

using Wiener’s Generalized Harmonic Analysis (GHA) and a certain class of



(iv)

exponential functions. Thus in this chapter we have functions whose autocor-
relation is the Fourier series of the positive function ' = 1 on T. The extension

to higher dimensions of the same has also been done.

Using Wiener’s technique, Chapter 5 constructs functions on Z whose auto-
correlation is an isosceles triangle of base length a given integer M and height
a given positive number K. Note that such a triangle is the inverse Fourier
transform of the Fejér function. Based on this result it has been shown that
given a positive and even function f on 7Z that is convex and decreasing to
zero on ZT one can construct a function z on Z whose autocorrelation is f.
Thus even though our ultimate goal was to construct waveforms with constant
amplitude whose autocorrelation is the inverse Fourier transform of any given
positive function we have reached a point where we can construct bounded
waveforms whose autocorrelation is the inverse Fourier transform of a sum of

sinusoids.



Chapter 2

Wiener Wintner Theorem in Z4

The Wiener Wintner Theorem on R as stated in Section 1.3.1 was extended
to R% in [3], [15]. In this chapter we state and prove the Wiener Wintner theorem
on Z<.

For any N € N, we denote the d-dimensional square in Z? by S(/N) and so by

S(N) we shall mean
S(N)={m = (m1,mg, -+ ,mg) €Z*: =N <m; < N,i=1,---,d}.

Also, for k = (ky,- -+, kyg) € Z°,

Zxk+m Z z[k + m]xm] i:: i::

S(N) eS(N - - -

For a function x : Z¢ — C the autocorrelation A, : Z¢ — C is defined as

2.1 Approximation by discrete measures

Let F' > 0 in A(T9) have Fourier coefficients {p, }ncza. {pn} is positive definite,
e., {pn} > 0. Let J, be the Dirac measure supported by {w}. Consider the d-
dimensional unit square [0,1) x --- x [0,1) (d factors). Let {w;,;j = ,n%} be

points on this square where each edge has n equally spaced points. For each n we



choose L, such that Vj =1,2,---,n%,

Z p€—2méwjn o Z p€—2méwjn (21>

0€S(Ly) 0€S(Ly)

This can be done since F' € A(T?) and hence ||F — Sy(F)||p(re) — 0 as N — oo.

Define
[ = id Z Z _27Tik.wj7n5u}j,n’ (22)
j=1 keS(L

Proposition 2.3. Let F' € A(T%) have Fourier coefficients {py.} € ¢*(Z%) and define

tn as in (2.2). Then assuming that L, — oo as n — oo,

VieC(T), lim [ f(y)dua(y) = Tdf(v)F (7)d. (2.4)

n—00 [pd

Proof.

kezd keS(Ln) Jj=1
-1 n f(v)e‘z’”'k'”dv)—
kezd T
nd nd
S DD N (TR DI D DR (T
kezd Jj=1 kEZANS (Ln) Jj=1
nd

N
3
E
S—
g
2
m
Eal
2
Q
)
3y
o
)
Eal
£
3
g
&
<
N
_|_

Pk —2mik-w; n
D e e ()

k€ZdNS(Ln)  J=1



d
Z |pk‘ / f —2mk'yd7 Z _27r2kw]nf(wgn> +

kezd j=1

Py PSS
j=1

kEZANS(Ln)

= el A+ Bo D> Ipel (2.5)

kezd keZ4~S(Lx)

We now estimate the two sums in the right side of (2.5) and show that both

go to zero as n goes to infinity.

kE€ZANS(Ly) keZd\S(Ln)

< £l oo ey Z k| - (2.6)

keZ4~S(Ly)

Since {py} € ¢*(Z%) and L, — oo as n — oo, the right side of (2.6) goes to 0

as n — oo. Thus B, Y7 a1, [Pkl — 0 as n — oo.

Next we note that 3Ny such that Vn > N;

[l = 5 sl <1 o

So,

nd

—2mik- 1 —2mik-w;
| TNy = 25 5 e f ()

j=1

nd
/ lf(V)|dy + = i Z |f(wjn)| (by the triangle inequality)
j=1

< i Z | f(win |—/ |f ()] dv +2/ |f(7)| dv (again, by the triangle inequality)

<1+ 2| fllpr(ray (using (2.7)). (2.8)
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Since f € C(T), it is integrable and so for each k,

n

. —9mik- ]- —2mik-w; n
B ]| [ ey = 5 S )| <0 (29)

J=1

Due to (2.8) and (2.9) we can apply the Lebesgue Dominated Convergence Theorem
for Z% to obtain that lim,,_ > keza |Pk| Ak = 0.
Since both the terms on the right side of (2.5) go to 0 we have shown that

iy, | fya f(V)F(V)dy = [a f(7)dpn(7)| = 0 which implies (2.4) and thus proves

the proposition. O

We have shown in Proposition 2.3 that a function F' € A(T%) can be approxi-
mated by discrete measures, j.,, in the sense of 2.4.
2.2 Constructing = for a given [

Let £ > 0 in A(T?) have Fourier coefficients {p, }neze. For wj,, as defined in

Section 2.1 define

1
TLd 1 2
l’n[kf] _ § E E ple—27rz£~wj,n 627rzk~wj,n‘ (210)
Jj=1 eS(Ln)
Then,
1
nd 1 2
—2mil-wj p
||xn||oo < E pee Tl-wj
Jj=1 ZES(Ln)

[N

1
< Vol | S pd | = VP, (2.11)

teS(Ln)
Lemma 2.12. For each n,
T &, Tl il o

11



uniformly on Z% where x,, and p, are as defined in (2.10) and (2.2) respectively.

Proof. Let a;, = nd Zees p£6_27r2£ win  Then
1 d
iy = Z @000, s where w;,, = (w](-ﬂz, e ,w](,Z)

TR
Tp[m] = Zainemm’“’j’". (2.14)

Now let us try to evaluate the limit in (2.13).

_— xplk + mlx,[m]
(2N +1)4 mezs(:N)

2mi(k+m)-w;j n 5 ,—2TIM-Wr
2N+1d ) Za]ne” " XZCLT" i

meS(N) L j=1

r nd nd

1 1 1 . 1 1 .
1 ok L orilkews e (ws o —
- @Ni +1>d j : z : a]?7naj,n2€ T 2 : a]?mar,nze mi(kwjintm-Wj,n—wrn)) .

meS(N) Lj=r;j=1 J#rigr=1

(2.15)
Since F' is positive we can choose L, (in the definition of y,, and z,,, (2.2) and (2.10)

respectively) such that a;,, is positive. So for the sum involving j = r we have

1 .
m Z Z a; nam%ezmk.wj,n — m Z Z|a]n|e27rzkw]n

meS(N) j=r;j=1 meS(N

d
2N+1
2mik Wy n __ 27rzkwjn
2N+1 2 Zaﬂ" TN+ 1) 4 @jme

meS(N) j=1

_ Z ajvnezmkwj-,n = 1in[K]. (2.16)
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For j # 7,

2mi(k-wj n+m-(wjn—wr.n))
2N n 1 Z Z a arn e 75 75
meS(N) j#r;j,r=1

. 27rzk Wi 2mim- (Wj,n —Wr,n)
— a arn In e Js l
RES o 2

j#rijr=1 meS(N)
1 o
1 1 TIM- (W5 p—Wr.n
< Gy 2o [eltlenlt) 30 e
j#rig,r=1 meS(N)
nd d 1 () (4)
1 Z | |1| ‘% [Ty sin(NV + 3)27(w;;, — wrn)
= 4 Qjn|?|Qrn d ; i
(2N+1> j#rig,r=1 Hz 1811'171'( j(zz_wf“)»
d
1 & ; ) 1
< =L S gl (217
d -]7n T’” d . Z‘ 1
(2N +1) il [T, [sinm(w j() —wh)

The right side of (2.17), being independent of k& and the sum there being finite, goes
to 0 uniformly as N — oo. This in combination with (2.16) proves that

S alm+ ] = k]

lim ————
oo d
N—oo (2N + 1) eSO

It is easy to prove the following lemma.
Lemma 2.18. Let {N, :n=1,2,---} C N increase to oo, and let y : Z¢ — C. For
kecZ and g €N,

1 -
lim ———— = 0. 2.1
i e 3 ylk ] =0 (2.19)
meS(Nq)

We are now in a position to define a waveform z on Z¢ but first let us make a

few important observations.

By the uniform convergence in Lemma 2.12, we have an increasing sequence,

13



{K,,:m € N} CZ*, such that Vk € Z¢ and VN > K,,,

1

mmgm ol mla[m] = finlK]| < 5o (2.20)
Set
No = (K1 +1)(K2 +2) - (Kn +n). (2.21)

Therefore, N,, > n! and the sequences

{Nn}>{N]<L[+1} = {Kn-i-l“‘n—l—l} and

{Npy1 — Npop={(K1+1)--- (K, +n)(Kys1 +n)} increase to infinity.

(2.22)
For {N,} defined in (2.21), set
zylk] for k€ S(Npi1) \ S(Ny,)
k] = (2.23)
0 for k € S(Vq).
Lemma 2.24.
o 1g
Tim = max ({21l oo, 12]10c) max(||; o, 241 ]1c) = 0. (2.25)

=2
Proof. We provide the proof for the one dimensional case but it can be extended to

d dimensions.

1

n
— > max(([;llsos (19 ]1o0) max([2; loc, |41 1)

=2

1 - . .
<D MFlamVivi+1 (due to (2.11)
|

14



n n+1

1 ‘ 1 ‘
< N G+ = I L >

=2 j=3
n+1
n+1 n+2)
—IIFIIA Z] = I1F]| ary — 0
as n goes to infinity. O

2.3 Statement of the theorem and proof

Theorem 2.26 (The Wiener Wintner Theorem on Z?). Given a positive i =

F € A(T?) with corresponding functions {x,} and x. Then, for each k € 72,

: 1 .
]}@mmg]\% o[k + mla[m] = j[k]. (2.27)

Proof of the Wiener Wintner Theorem on Z%. (a) Given k € Z4, k = (k1, ko, -+ - , kq)
and € > 0. Recall the sequence {N,,} defined in (2.21). Choose ¢; = ¢;(k) such that

if ko = max;<;<af{|ki|} then
vm > q = q(k), Npi1 — ko > N, + ko. (2.28)
This is possible due to the fact (2.22). Choose ¢2 = ¢o(€, k) > ¢; such that
Vs k] — k] < e (2.20)

Note that (2.29) is obtained by using f(y) = ¢*** in (2.4) of Proposition 2.3.
To prove the result of the theorem we shall find ¢ = q(e, k) > ¢o such that for

all sufficiently large N,

m > afk+mlam]| < e (2.30)
meS(Ng)

15



and

1

N T 1 ST alk+mlalm] - alk]| < e(8 + 4%+ 224 (2.31)

meS(N)\S(Ng)

Then for all large N,

1 _
N TN z[k +mlxlm] — alk]| <
(2N + 1) mezs(:N) "
1 - 1 .
avror, 2 kel gy 2 etk mistel = il
< €(9 4 4T 4 224 (2.32)

which is what is required to prove the theorem. (2.30) is valid due to Lemma 2.18
and so we just need to prove (2.31).

(b) For each ¢ > ¢ and each N > N,, write

1 _

oy vt xlk + m|z[m]

@N+1) mGS(NZ)\S(Nq)

=S 06N N+ g > kil (239
J=q meS(N)\S(Nr)

where b(j, N) = (2N+1d25 Njs1—ko)~S(N ):L’[k—i—m]x[ I

c(j,N) = m D S(N;11)~S(N;11—ko) L[k + m]z[m] and
n = n(N) is the largest integer n for which N,, < N.

(c) In this part we shall verify that for ¢ > ¢; and the ¢(j, N) defined in part

(b),

n—1

A}i_rgoz ¢(j,N) = 0. (2.34)

Jj=q

16



n—1

o, N)’ _ Zm S ket mlem]

i=q S(Nj+1)NS(Nj1—ko)

1 = ——
< mz Z ‘x[kﬁLm]x[m]

J=4q S(Nj4+1)~S(Nj4+1—ko)

_ ﬁi 3 alks+ mlz[m]| - (235)

J=q S(Nj4+1)~S(Nj+1—ko)

If me S(Nj+1) \ S(Nj+1 — ]{50) then k& +m € S(Nj+2) \ S(N]) ThUS, IL‘[k’ + m] is
either x;[k + m] or z;41[k + m]. So, setting p; = ||z;||co max(||z; ||, |7j41l00), We

have from (2.35)

(2N +1)d (2N)d —
kg n—1 kg n—1 '
= Ni2_Pi S () p; (since N > N, >nl). (2.36)
i=q 7i=q

Due to (2.25) the right side of (2.36) goes to zero as N goes to infinity and thus we
have shown (2.34).
Parts (d) - (h) are devoted to showing that there are g3 = gs(e, k) > g2 and

N(e, k) > g3 such that, for N(e, k) > g > q3 and VN > N(e, k)

nz_:b(j, N) = % nz_: ((2(Njs1 — ko) + 1) = (2N; + 1)) +r(q, N, k) (2.37)

: 2N +1)% 4
J=q J=q
where |r(q, N, k)| < e(4% 4-224+1 4 1) + L. Parts (i) - (k) contain the proof that
VN > N(e, k)
1 —— 2N, +1\*
P B— k =plk] [ 1— N,k 2.38
v O ket mlal] = g ]( (vr) )+s< B 39)
S(N)\S(Nn)

where s(N, k) < 4e + 5. The proof of (2.31) is completed in part (1) by invoking
(2.34), (2.37) and (2.38) in (2.33).
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(d) In order to estimate b(j, N) we define the sets
Aj(N) = {TTL S S(Nj+1 — ]{50) \ S(Nj) m+k e S(Nj+1) \ S(N])} and
Aa(N) = {m € S(Njor — o)\ S(N;) s m+ € S(N;)\ S(N; 1)}

Then for ¢ > g1, S(Njt1 — ko) \ S(N;) = A;(N)UA;_;(N), a disjoint union, and we

have
G N) = = S bt ]+ e S [+ mifay ]
’ N +1)! ’ N +1)T ’
1 1
A;(N)US(N;) S(N;)
1
+ m Z [L’j_l[k’ + m]xj[m] (239)
Aj_1(N)

We shall estimate the three sums on the right side of (2.39). In the process of making

these estimates we need the following lemma.

Lemma 2.40. For an integer d and a sequence {N,} as defined in (2.21)

1 n
R > @N; 1)< 22 (2.41)
Proof. We first show that
1 n
i Y NI (2.42)

In fact, the left side of (2.42) is

1
m(Nf+N§l+---+Nnd_l+fo)
Np1\* N\ N
() e (3) ()
. By e amnt 1
(K + 1) (Kpy +1n— D4K, +n)d (K, +2)d-- (K, +n)d
1 1
= 14+——F .+
(K, +n)? (Ky +2)%- - (K, +n)¢

18



< 1+ =
R Ty L CRF R
< 14+ i + 1 + + 1 + 1
X nd (n(n - 1))d (2 .3 n)d (n')d
1 « 1
BCOE = (1) ()% + ((n = DY 4 -+ 20+ (1) + (1))
=0
n((n—1)H (n!)
P St =t
Thus,
- n d d n d
1 2N; +1)* < 2= 2N +2NG)T AT N
=1
4 5 d d 2d+1
S Nd Z Nj <49-2=2
which establishes (2.41). -

(e) Our initial step in estimating the first sum on the right side of (2.39) is to

prove that 3 g3 = gs(¢, k) such that Vj > g3,

1
S mlk+mlziml = Y aylk 4 ml[m] || <e
S(Nj+1—ko) Aj(N)US(N;)

(2.43)

The difference of the two sums in the left side of (2.43) is the summation over

A;_1(N). Thus

[k + m]x;[m]| . (2.44)
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Again if m € A;_1(N) then m € S(N; + ko) \ S(N;). So from (2.44)

@k + ml;[m]

1
X < E
L d
(2(Nj41 — ko) + 1) SN+ RS ()

< Ty 24

The right side of (2.45) goes to 0 as j — oo due to (2.25) and we have (2.43).
Therefore,

1
(2(Nj41 — ko) +1)7

jlm + kla;[m] — k]
A;(N)US(N;)

2N —1k:o) 1) o wlk+mlaml - :cj[k;+m]g;j[m]) i

A;(N)US(N;) S(Nj+1—ko)
1
v S gl ] — K+ k] Al
o d j j j j
R ERT
1 1 : : .
< e+ 21 +e=2+ pYES] (by the triangle inequality, (2.43), (2.20) and (2.29)).
(2.46)
We can write (2.46) in the form
! > wilm+ Klam] = alk] + B; (k) Det (2.47)
(2(Nj1 — ko) + 1)4 ’ = ’ 2i+1 '

Aj(N)US(N;)

where |3;(k)| <1 and j > gs.
(f) To estimate the second sum on the right side of (2.39) we use the triangle

inequality, (2.20) and (2.29) to get for all j > ¢o,

1
e~ 2 Tilk+mlzm] — alk]
(2N +1)4 S%) Z
N m > ik +mlw;[m] — ;K] + i [k) — k]
’ S(N;)
< L + €. (248

2j+1
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This yields

1 1
R zjlk +mlx;[m] = alk] +7;(k) | e+ 573 (2.49)
DYV PN (c+5%)

where |y;(k)| <1 and j > g¢o.
(g) Since A;_1(k) € S(N; + ko) \ S(IV;), the third sum on the right side of

(2.39) is bounded by

1

1
avare 2 el sl < Gl el (260)%
S(Nj+ko)~S(N;)

(2.50)

(h) By parts (e), (f) and (g) we can write

S b N) = 2N+1dz Nj1 — ko) + 1)° ( K] + B3k )(2e+2j1+1))_

n—1

J=q Aj_1(k)
S VA -
o 17 2 (20N = ko) )= (2N + 1)) + (g, N, )
Jj=q
(2.51)
where
n—1 1
r(g, N, k) = WZ Njp1 — ko) + 1)78;(k )(2€+ﬁ)—

n—1

1 . 1
-GN Z(zNj + 1), (k) (e + W) +

2N+1dz Z xj_1k +mlx;[m].

J=q Aj_1(k)
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Using the triangle inequality and (2.50)

n—1 -1 n—1
(2(Nj41 — ko) + 1 (2N; + 1)4
N k)| < 2 — S B
Ir(a, N, k) 6;} (2N +1)4 ;2+1+6]:q @N D07
n—1 n—1
1 (2ko)*
+ 3 g 1 o el
J=q
Using (2.41) we further get
2]{50 n—1
(g, VoK) < 2. 22d+1+z e B G S el

(2.52)

Due to (2.25) the last term in the right side of (2.52) is less than e for large enough
N. Therefore,

1
r. N.R)| S €4 4 oo e 22 e

So, at this point we have estimated > 7~ 1b(], N) as described in (2.37).
(i) Looking back at part (b) we see that having estimated Z;:ql b(j, N) and
Z;L:_ql ¢(7, N) we now have to estimate the last sum on the right side of (2.33). We

define the sets

Ana(k) = {m:meS(N)\S(N,) and m +k € S(N,)\ S(No_1)}
Au(k) = {m:me S(N)\S(N,) and m + k € S(Npi1) \ S(N,)}

Apii(k) = {m:meS(N)\S(N,) and m+k € S(Nyi2) \ S(Npi1)}

Then
LS ] = e S gl ] +
p A == d n—1 n
(2N +1) SOV (2N +1) A
1 1
o Yk mlzam] + oo Y [k mla,[m]
d d
(2N + 1) An(k) (2N + 1) Ant1(k)



1 1
A (K)US(N,) S(Nw)
1
+ (2N + 1)d ( Z Tp-1[k + mlan[m] + Z Tppr [k + m]ﬁn[m]) .
An1(k) Apt1(k)

(2.53)

(j) The inclusions A,_1(k) € S(N, + ko) \ S(N,) and A,+1(k) € S(N)\
S(Nyt1 — ko) are valid and it should be observed that A,.;(k) can be empty if

N < N,y1 — ko. In any case the last term in (2.53) is dominated by

R G S e o

ON 1 1)d
eN+1) S(Np+ko)~S(Ny)
Z | Tpi [k + m]%[mﬂ)
S(N)NS(Npt1—ko)
1
< ey Untllscllonlloe (280)" + [z lloc e (280)}
(2ko)?
<e€ for large enough N. (2.54)

(k) To estimate the first sum of (2.53) we note that

hawyd DILALAT BN %“”m]“””[m])

S(N) A (k)US(Nnp)

= |— > L[k 4+ m]x, [m]

An_1 (k))UAn+1 (k‘)

< o (A 0]+ LA ()

< o (@) @)

< € for large enough N. (2.55)
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So,

1 -
TR ™ P
1
= ey e (An(k)UZS(Nn) Tpk + mlx,[m] — S;N) xolk + m]xn[m]) +
1 N N -
O S(Z;,) Talk + mlzalm] — palk] + k] — jilK]

1 1 . . .
< €+ il +e=2e+ Y (by the triangle inequality, (2.55), (2.20) and (2.29)).

So,

1 1
T, X ol =l (ze ; 2) (256)

where |Gy, (k)| < 1.

For the second term of (2.53) we have

1 ~
2N, + 1) Z xnlk + mlx,[m] — k]
" S(N2)
1 Mg M ~
! S(N)
S oo + ¢ (by the triangle inequality, (2.20) and (2.29)).
(2.57)
So,
1 Y 1
a1y 2wl mlwln] = ilk] + a (k) (€4 5 (258)
! S(Nn)

where |yy (k)| < 1.
Therefore, the last term in the right side of (2.33) which we are in the process of
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estimating is

. - 1

S - [k +mla[m] = A[k] + Bu(k) { 2¢ + 57 ) —

(2N +1) S(N;S(Nn) ( . )
(2N, +1)°

e (70 (g ) ) ¢

! S walktmf i+ S ke + iz, [m])

d
(2N+ 1) Ap—1(k) Anta(k)
; 2N, + 1\
= k] (1— <2N+1) ) + s(N, k)
where
1 1 N, + 1\
s(N,k) = pBu(k) <2e+ 2n+1) — (k) <e+ 2n+1) (2N+1)

+

Ap—1(k) Anyi(k)

By the triangle inequality, (2.56), (2.58) and (2.54),

1 1 1
|s(]\7,k:)|<26—|—2n+1 +e+2n+1+e:4e+2—n.

By this we have verified (2.38).

(1) This part completes the proof of the theorem by combining what we ob-
tained in the previous parts. For ¢ > ¢3 and for all large N, n(N) > ¢, the right

side of (2.33) is

n—1

2N+1 <Z Njp1 = ko) + 1) = (2Nj+1)d)>+r(q,]\7,k)—|—

+ alk] (1 - (22]]%11) ) + (N, k) + Z_jcu, N)

Z 2(Nj1 — ko) + 1)4 — (2N; + 1)%) — (2N, + 1)¢

= Jilkl+ 2N+1 +

+s(N,k)+7r(qg, N,k)+ > ¢(j,N). (2.59)
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On the right side of (2.59) we see that 3 N, such that YN > N,

n—1

s(N k) + (¢, N.k)+ > c(j,N)

Jj=q

1 1
<4e+2—n+6-4d+1+F+6-22d+1+6+6. (2.60)

The second term on the right side of (2.59) is,

% [ (2N = ko) + 1) = (2Noy + 1)+ 2Ny — o) +1)* -

— 2Ny + D)+ (2(Npg — ko) + 1) — (2N, 5 4+ 1)+ - +
4 (2(Nyar — ko) + 1) — (2N, + 1) — (2N, + 1)d]

LI [(2Nn 1) = (2N, 4+ D4 (2N, + 1) — (2N, o + 1) +

(2N 4 1)d

+ (2N, o+ 1) — (2N, 3+ D)+ + (2N, + 1D = (2N, + 1) — (2N, + 1)

<

which after the appropriate cancellations is in absolute value

M[k] (2Nq + 1)d

—_— for all N1 h. 2.61
'(QN—I— 7y <€ or a arge enoug (2.61)

Using (2.60) and (2.61) we get

1
EREEL ST afk -+ mlalm] — k]| < e(8 447 42241 (2.62)
S(N)\S(Nq)

and this proves (2.31). One can refer to part (a) to recall that this is what we needed

in order to finish the proof of the theorem. O
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Chapter 3

Construction of Uniformly Bounded Waveforms

We have shown in Chapter 2 that the function = : Z% — C as constructed in the
Wiener-Wintner Theorem on Z¢ is locally bounded. Having uniform boundedness in
x would be a step towards our ultimate goal of constructing waveforms with constant
amplitude. In this chapter we discuss how one can try to get the waveform x to be
uniformly bounded. We try to use uniformly distributed sequences to achieve this.
Though this might seem a natural approach it can be shown that it is impossible to
use uniformly distributed sequences to make x uniformly bounded.

For any positive function F' € A(T9), the space of absolutely convergent
Fourier series on T?, our problem is to construct a complex-valued bounded function
x : Z¢ — C whose autocorrelation A, is the Fourier transform of F. Formally, the

autocorrelation A, is defined as
Vk€Z', A k] = lim ———— " afk+mlz[m] ,
N
where
S(N) = {m = (ml,mg,...,md) c Zd :—N <m; < N,Z = 1,,d}
and the Fourier transform of F' € A(T?) is

VkeZt pp= / F(vy)e*™* 7 dry.
Td
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3.1 Theory of uniform distribution

Definition 3.1. Let A = (a,x) be a matrix which satisfies the following two condi-

tions:

(i) For all n and k, a,; > 0.

(i) limy oo D gy Gk = 1.
Definition 3.2. Let A = (a,x) be a matrix as in Definition 3.1, and let (z,),
n=1,2,---, be a sequence of points in R?. For 0 < z < 1, let 1, be the character-
istic function of the interval [0, z). The function g(x), x € TY, is the A-asymptotic
distribution function modulo 1 (A-a.d.f(mod 1)) of (x,) if the sequence (1,({z,})),

n=1,2,---, is summable by A to the value g(z) for x € T¢; that is, if

lim > anLo({zi}) = g(2) (3.3)
In the case g(x) = z for x € T?, the sequence (z,,) is called A-u.d. mod 1. The

following result is found in [16].

Theorem 3.4. Let A = (a,x) be a matriz as in Definition 3.1. A sequence (z,,) has
the continuous A-a.d.f.(mod 1) g(x) if and only if for every real-valued continuous
function f on T¢,
im S a () = [ fgta) (35)
k=1
Suppose g(x) = z and A = (a,) is a matrix as defined in Defintion 3.1 which

is lower triangular. Then (3.5) becomes

lim Zankf({xk}) = /d f(x)dx (3.6)
for every real valued continuous function f on T¢.

28



3.2 Solving the problem using uniformly distributed sequences

As already said we would like to establish the following assertion.
Let F € A(T?) be non-negative. There is x € (*(Z%) such that, for each
ke ze,

. 1 .
ngnoomm;mx[k + m]z[m] = F[k] (3.7)

where S(N) = {m = (m1,my,-+- ,my) €Z4: =N <m; < N,i=1,---,d}.

Due to the Wiener Wintner Theorem on Z? which we proved in Chapter 2
it is natural to try to prove this in the following way. Suppose the given positive
function F € A(T%) has Fourier coefficients {pj}reze ie., F = {pg}. In order to
construct the desired uniformly bounded waveform z, F' is first approximated by a
sequence of discrete measures, i.e., a sequence {fi, tneze € M(T?). For each n, the
discrete measure f,, is supported in the set {y; : j = 1,...,n} C I¢ where {v;} is

A-u.d. mod 1. We define

=Y ang | D> pee UG (3.8)
=1 )

keS(Ly,

The sequence {u,} converges to F' in the weak-x o(M(T?), C(T%)) topology. This
can be shown as a result of 3.6 and following the proof of Proposition 2.3.
Next a sequence {z,} C ¢*(Z%) is constructed based on the p,s such that

each A,, = (i,, where (i, : Z4 — C is the inverse Fourier transform of j,,. Define

2

zplk] = Z a%j Z pee 2T | T2k (3.9)
j=1

eS(Ly)

In fact, it can be shown that there is an increasing positive sequence {K,}
such that
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vk € Z% and VN > K,,,

1 _ . 1
m Z Tk +m]Ty[m] — pin[k]] < ont1”
meS(N)

Then, setting
N, = (K1 +1)(Ky+2)---(K,+n)
the x,s already constructed are used to define x : Z? — C as follows:
0 for k € S(Ny)

x[k] =
znk] for k € S(Npy1) \ S(Ny).

Finally, it is checked that A,[k] = pg.

One observes that

o0
2alk] Z I SR S S B
j=1 ] Ln

< ) |F||A < oc. (3.10)

Thus we can get {z,} and so also x to be bounded if we require the matrix

D=
(SIS

A = (ank) to satisfy

Z Van, < C,  C independent of n. (3.11)

k=1

As a possible approach to construct an appropriate uniformly distributed se-
quence {7,} and a corresponding matrix A, [9] and [16] show that the sequence {j6}
with € irrational is A—u.d. mod 1 if the matrix A satisfies lim, o0 Y pey |@n k1 —
ani| =0 and for all k. =1,2,--- | lim, . a,; = 0 along with conditions 1 and 2 of
Definition 3.2. Thus the matrix A = (a, ;) we need so that {nf} is A-u.d. mod 1
and the waveform x : Z — C is bounded should satisfy the following properties:
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(i) ang = 0.
(1) limy oo Y opey Gng = 1.
(iii) For all n, 377 \/@nx < C, where C'is a constant independent of n.
(iv) Forall k =1,2,..., lim, .cay; =0.
(v) limy, oo Z;}“;l |an7k+1 - an,k| = 0.
(vi) There are only finitely many terms on each row.

Condition (vi) is needed to prove (3.7), the outline of the proof of which has been
given.
We have the following examples each of which miss at least one of the above

six conditions.

3.2.1 [Illustrative examples

Example 1.
+ f1<k<n
Ap k =
0 ifk>n.
So, i i
1
3 00
11
Al = 0
1 1
2 22 23
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Properties:

(1) amk 2 O

(i) Hmp—oo D252 Gngp = 1My D535 58 = D000, o8 = L.

k
(i) D02 /@ = Tkt Thr = Dok (%) S 2k (%

(iv) For any k, lim,, o app = 2% #0.

(v) limy—o 220:1 |G k1 — Ank| = (% - 2%)4‘(2% - 2%)+ . (

5 #0.
(vi) There are n terms in row n.

Example 2 (Cesaro summation matrix of order 1).

3=
3=
3=
3=

[a)

Properties:

(1) Qp, 2 0.

(11) llmn—>oo Zzozl An k= Zzzl % =n: % =1

(i) Doy Ok = D opey % =n- % = y/n which cannot be bounded by some

constant independent of n.
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(iv) For k=1,2,..., lim, oo G = lim, oo + = 0.
(v) Imyoo D opey |@ngr1 — Gng| = limy, o0 % —0.

(vi) There are n terms in row n.

Example 3. i
1 0 0 0 0 0
1 3
= 3 0 0 0 0
1 1 7
7 32 5 0 0 0
— 1 1 1 13
A 2 2 16 0 0
11 1 1 nlontl
n2 n?2 n? n2 n2
Properties:
(1) Qn K 2 0.

(if) limp oo 320, anp = 1.

<1+44/1+&5<1+V2

(iv) For k=1,2,..., lim,_co Gk = lim, o =5 = 0.

(v) imy,— oo |@n k1 — Akl = n2 n2 n?

1 nz—n-l—l‘ 4 n?—n+1

(vi) There are n terms in row n.
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Example 4.

1 o 0 0 0 0 0
2:9% 2-% 0 o 0 0 0
2.5 2.2 2.5 0 0 0 0
A=12.L 2.2 2.3 9.4 o 0 0
2.4 2.2 2.3 9.4 2.4 0

Properties:
(1) amk 2 O
.. . [e'e) 7. 2 1+2+TL) IR T 2n(n+1 1 2+ o
(i) lmy, oo D pey Gnp = limy, oo 204241 iy 53 ) — lim,, ., m =1

00 V2(V14+V2+ 41 n n 3
(i) 352, g = 22 o E 2 Jrdr = 220 - 1)

n

which cannot be bounded by any constant independent of n.

(iv) For k=1,2---, limy o0 Gy g = lim, 0o 2+ &5 = 0.

2n

(V) lirnn—>oo Zzil |an,k+1 - a'n,k| = hmn—>oo }—n—22 + n2 + %

=lim,—oo {(n—1)-2- 5+ 2} =0.
(vi) There are n elements in row n.

Example 5. A = a,,; is a matriz such that the nt" row is

3 22 n? n? 22 1 3 22 n?
n n n, . n n n:, n n n-,
block 1 block 2 block 3

and there are n such blocks in the n™ row.
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Properties:

(1) Qp,k 2 0.

312+ 22 + - +n?)
n4

(. J/

3. n(n+1)(2n+1)
n3 6

.o « [e'e) . .
(i) Hmy, oo D pey Gnp = limy, oo n = lim,,_,

~
sum of each block
n(n+1)(2n+1) -1

= hmn—>oo on3

w

(i) Y ope ) /g = Y3(2etn) gy —% = @(n + 1) which is not bounded

n2

3

by any constant independent of n.
(iv) For k=1,2,--- lim, .o anx = 0.

(v) To compute lim,, oo > 7o |@nk+1 — @ x| first observe that from each block the

n4 n4 n4 n4 n4

sum of |ay, k11 — @y k| is either 3 ‘ (ﬁ — 1—2> + (ﬁ — 2) +- (Z_i _ (n—1)2> ‘

n4 n4 n4 nt

or 3‘(2_ N <n—1>2) . (3_ _ 2_> n (22 _ }1_)) each of which is equal to

3 ("i}l) . Also, the last term of each block is the same as the first term of the

next block and so the difference is 0. Thus,

o0

Z |an,k+1 - an,k| =
k=1
(n. SN Z—) — 3D 4 3 if the ™ block ends in 3%

(n- w +3. 1 ) — 3l 3. if the n' block ends in 3.

n? n3

. 00
So, limy, oo D pey |@n k41 — @ni| = 0.
(vi) There are n? elements in row n.

Example 6. Let the matriz A be defined by
0 ifk<K,

Qn k. =

o ifk > K. (Actually K, < k < Ky + Kny, where Ky is large.)
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Properties:

(i) Due the way the matrix elements are defined we have a,, > 0.

. oo © dr __ c —Jn+11° ¢ J+1
(i) Dpts Gnk ™~ Cn [, 390 = 75T B }Kn = o

Set ¢, = (J, — 1)K/~ 1.

Then lim, o0 > gy Qg ~ 1.

(iii) Based on the calculation in part (ii)

0 it k < K,
An k= (312)
Jn—1
UnDI"if > K.
Therefore,
o < /Un Kh
_ K,z
2 VaE = D
k=1 k=Kn

v (n
\/_ Kn .CL’J2

VIS [ % ™
R EED,

VO =K K2
VE. (51

= VK, (V‘]__) (VﬁKi‘]l"). (3.13)

We want the right side of (3.13) to be bounded by some constant independent

of n.

(iv) For k > K,

Qn k=

(Jo = DI (Ja—1) (Kn)J" _ (3.14)

kIn T K, ko

We would like the right hand side of (3.14) to go to zero as n goes to infinity.
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(v) Row n of our matrix looks like

e _Cn Cn Cn e Cn .
00 00 Kn (Kn+1)7n (Knp+2)/n (Kn+K(y))/n 0 0.
o0
E lank+1 — @l = ank, + (A, — @ng,41) + (Cnkot1 — Cnrcyt2) + -
k=1

+ (amKn-i-K(n)—l - a'n,Kn-i-K(n)) + A, Kn+K ()

2(J, — 1)

- 2a'ann = K
n

(3.15)
We would like the right side of (3.15) to go to zero as n goes to infinity.

If we want the right side of (3.15) to go to zero as n goes to infinity we ought
to have K,, — oo and I‘é—’; — 0, i.e., K, — oo faster than J,. Then automatically
the right side of (3.14) goes to 0 as n goes to oo but the right side of (3.13) is not
bounded some constant independent of n. To bound the right side of (3.13) by a
constant independent of n we may take K, to be bounded or even K,,J, — oo
at the same rate, for example, J, = n, K, = n but then the right side of (3.14)
does not go to 0 as n goes to co. If J, = n” and K,, = nY, for the right side of

(3.14) to go to 0 we need y > = and for the right side of (3.13) to go to 0, we need,

IS

+ 2 <2 =y < 2 A contradiction.

[N

The next theorem shows that there cannot be a matrix which satisfies all of
the six conditions at the same time which means that the sequence (nf) with 6

irrational cannot be used for our purpose.
Theorem 3.16. [t is impossible to create a matrix satisfying
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(ii) Himy, oo D poy Qi = 1.
(iii) Y ey \/anr < C, where C is independent of n.
(iv) Fork=1,2,3,... lim,_ a, = 0.
(v) Hmy oo D207 [an k1 — @nk| = 0.
(vi) There are finitely many elements in each row.

Proof. For a fixed n we can write ), | Gy as

) 0
Z Qpk = Z V nkr/ Qnk
k=1 k=1

which implies,

Ak -

o0
Z Anke < ||V @nk|eoo (1)
k=1

o)
k=1

Since there are finitely many terms in each row

H\/ankHéoo(k) = m}?«X Vank = /mkaxank =1/ HankHeoo(k)-

So,
(o] [o¢]
Z Ak < A/ ||@nk]|eo i) Z Vank
k=1 k=1
Claim:  ||@pk|eo) — 0 as n — oo.

(3.17)

The left side of 3.17 goes to one as n goes to infinity and given our claim the

right side goes to zero as n goes to infinity because we require > ;- /an, < C,

where C' is independent of n. This gives us the contradiction that 1 < 0 and so such

a matrix cannot exist.
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Proof of claim. Since {||@nk||e=k)} is a bounded sequence, it has a convergent
subsequence, {||an,,k||e@) }. We prove the claim by contradiction. We assume that
||@npi| ey — @ > 0. For notational convenience let us write a,; instead of a,,i.
So we assume that ||a,k||epewy — a > 0.

Since lim,,_, Z,;“;l anr = 1, given € > 0, there exists N; such that

o
E Qpl — 1
k=1

Define M € N\ {1} by Ma > 1+ 3e.

Vn > Ny, < e.

Define v by v = wor—y-
2
Define § by § =

£
M

Take Ny such that for all n > N,
}Hanngoo(k) — a‘ <6

ie.,

a—90< ||ank||goo(k) < a+o.

Take N3 such that for all n > N3

[e.e]
Z | k1 — @ni| < -
k=1

This implies that
U1 — Gnk| <Y
ie.,
ke — 7 < Qpg+1 < Qpk + 7.
Let N = max{M, Ny, Ny, N3}.
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For a given n suppose supy anx is at ang,, k1 = k1(n). Then for all n > N

Zank 2 Ank,y +an,k1+1+an,k1+2+"'
k=1
> (a—=0)+(a—0—7)+(@—0—-2y)+-+((a—08) — (M —1)y)
= Ma—Ms—~y(1+2+---+(M—-1))
o s MO )
> 1+3e—e—e=1+c¢, (3.18)
a contradiction. O

3.2.2 Generalization of the notion of uniform distribution mod 1 due

to M. Tsuji ([27])

In this section we investigate the prospect of using summation methods other
than the matrix summation method discussed in the last section.

Let A, > 0 be a sequence which satisfies the following condition

ALz A= 2N >0,
(4) :

D net An = 00.

If for any open interval [ in [0, 1],

n—o0 M+ X+ + A,

= |1

then we say that (z,,) is (\,) - uniformly distributed mod 1. The uniform distribution
mod 1 is a special case, where A\, =1(n=1,2,...).

The following theorem has been proved in [27].
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Theorem 3.19. The necessary and sufficient condition that (x,,) is (A,) - uniformly

distributed mod 1 is that, for any Riemann integrable function f(z) in [0, 1],

)\ An n

Weyl’s Criterion: The necessary and sufficient condition that (z,) is (\,) - uni-

formly distributed mod 1 is that, for m = +1,+2, ...

z": \pe2™mer — g (Zn: )\k>
k=1 k=1
as n goes to infinity.

Let the symbol log, n mean log(log,_,n). Let g(t) = at?(logt)?" - - - (log, t)*
where a > 0,0 < 0 <1 and 0,04, ...,0; are such that the first one of 7,01, ..., 0,
which is not zero, is positive and the other o; may be greater than, equal to or
less than 0. Then g(t) goes to infinity as ¢ goes to infinity and it was shown in
27] that (g(n)) is <+> - uniformly distributed mod 1. So here A, =

nlogn--logy,_1n
-1
nlogn--log,_1n ) °

Comparing this situation to what we discussed earlier we see that the cor-

responding weights of the matrix summation method are a,, = Zn’\i’”/\ For our
m=1"m
purpose we want
D=3 gt - Tt
m
n 1 n dx
Zm 1 \/nlogn -logp_1n fl \/mlogr---logk 1T (3 21)

\/Zm 1 nlogn--log,_1n logk n \/fl zlogz--log, 4« logk 1T

to be bounded by some constant independent of n. We will now show that this
cannot be done. First let us try to evaluate the denominator on the right hand side
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of (3.21). Note that

d(log,x)  d(log(log,_,x)) 1  d(log(log,_,))
dz dz log;,_,x dz
B 1 d(log,_ox) 1 d(log x)
~ log, ,xlog, ,x dz ~ log,_,xlog, yx---logx dx
1
= . (3.22)
log,,_yxlog, _ox---logx-x
So
" dx n
=1 =1 . 3.23
/1 xlogz---log,_,x ngx‘l OBk T (3:23)

Therefore, the denominator on the right hand side of (3.21) is just y/log, n. To
estimate the numerator on the right side of (3.21) suppose that ¢ is a value for
which logt, > 0,logy t > 0,...log,_; tx = 0. Note that t; has to be greater than 1.

Then

/" dx, S /" dx,
e \/T1logxy - -log, | a1 ~ i r1y/log -+ -logy_; 11

=1
) ig(rl) logn d!BQ . /logn dl‘g
- =
logt, \/Z210g Ty -log, Ty logty T24/l0gxs - - -log, , a1
5=l
3 18(132) /log(log n) dl’g
log(log t) \/Z3logxs - - -log, 513

N /logzn dl’g - /logkzn dxk—l
> cee >
logy ik 1’3\/10g T3 '1ng—3 T3 logy, otk xk_lwlog Th—1

z=log(xk_
k=10g(zk—1) rlog, ,m dzy, log;,_1n
_ — =21 = 24/log,_yn — 24/log;_; ty.
logp 1 te VTk logy—1 tk

So the right side of (3.21) is greater than or equal to

2y/log;_1n —2y/log_; tx

V1og, n

which goes to infinity as n goes to infinity and so cannot be bounded.
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3.3  Why this method fails

At this point one is inclined to ask the following question. Can there exist a

sequence () and a matrix A = (ay,, ) satisfying
(i) an, =0
(i) limy oo Y pey @n, = 1 and
(iii) Vn,> pe | /@n, < C (C does not depend on n)
so that (zy) is A—u.d. mod 1 i.e.,
% 1
Vi€ C(T), lim Y an, f(z) = / flx)dz 7 (3.24)

The answer is no and that suggests that we cannot apply the technique of
using sequences which are uniformly distributed with respect to some matrix A for
obtaining the desired boundedness in the function x that we construct.

Let us now prove why we cannot have such a sequence and a corresponding

matrix.

Claim. supy /anr — 0 as n — oo.

Once we prove that the claim is true we can argue as follows:

Z Uk = Z V Ank/ Qnk
k=1 k=1
< Sgp V Ok Z v Qnk
k=1
< sup y/a,,.C. (3.25)
k
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Taking limits on both sides of (3.25) we get 1 < 0 which is impossible.

Proof of claim. Suppose supy, a,r — 0 as n — oo. We will show that 6 = 0.

Given € (e << §), there exists a N7 € N such that for all n > Ny,

SUP Gy —5‘ < €
k

or,
0 — €1 < supang < €1+ 0.
k
Given €g, there exists Ny € N such that for all n > N; and for all f € C(T),

00 1
> amfla) - [ fa)de] <o
k=1 0

or,

00 1 00
Z i f(Tr) — €2 < / f(x)dx < Z ani f(x)) + €. (3.26)
k=1 0 k=1

Let N = max(N;, Ny). By the definition of supremum there exists a K such
that given €3,

aAnNg —sSupang| < €3 (327)

k

or,

supank — €3 < anyg < sSup ayi + €3.
k k

So,

ank — 0| = |ank — Sl;pazvk +S%PaNk — 0|

< lank —supang| + | sup ank — 8| < €3 + €.
k k
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Let {€,,} be a sequence which goes to zero aas m goes to infinity. For the K
in (3.27) let B, = [tk — €m, Ti + €n).
Let 1, be the characteristic function of E,,. For each m there is a sequence

of functions, {fjmm)} € C(T) such that fju,) — 1g, in L', ie.,
lim [ [fj(z) — 1, (x)]dz =0
or, given ¢4 there exists a J € N so that for all j > J

/0 (f; (@) — g, (2)) d| < / 15 (2) = 1, (2)| de < &4

or,
1 1 1
/0 1 (2)dz — € < /0 fi(x)dz < /0 1, (2)dz + e (3.28)
From (3.26)
oo 1
> ankfi(zi) — e < / fi(x)dz.
k=1 0

Also, since for all k, anj, > 0 and f; > 0 for the same K in (3.27)

CLNka(SL’K) — €y < ZaNka(xk) — € < / fJ(SL’)dSL’ (329)
k=1 0

Since f(xx) =1 (3.29) becomes

o) 1 1
ank — €2 < Y ankfr(rg) —€ </ fr(x)dx < / 1g, (x)dz + €.
NE — €2 ; nefr(zr) — € ; (z)dz < ; 4

by (3.28)

Using (3.27) we get

1
SUp ang — €3 — €3 < AN — €2 </ 1g, (x)dx + €.
k 0

Therefore,

1
sup ang < / g, (z)dx + €3 + €3 + €4. (3.30)
k 0
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When m — oo, fol 1g, (z)dr — 0. Thus in (3.30) sup,anr < €2 + €3 + €4 = €.
Since any n > N would yield sup;, a,; < € therefore sup; a,, — 0 as n — oco. This

completes the proof of the claim. O
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Chapter 4

Unimodular Sequences whose Autocorrelation is o

Let us define the function J as

1 ifk=0
o(k) =
0 if k#0.
If we consider the positive function ' = 1 on T then the Fourier coefficients of
F are pg = 1 and for all other n # 0, p, = 0. In other words, p, = (k) or

{pr} = ¢. In this chapter we construct several examples of unimodular sequences

whose autocorrelation is 4.

4.1 A sequence of the form > o € N\ {1} and @ irrational

To begin with let us recall two important theorems of the theory of uniform

distribution.

Theorem 4.1 (Weyl Criterion [16]). The sequence (z,),n = 1,2,---, is u.d.

mod 1 if and only if

N
: 1 2mihxy .
]\}13(1)0 N Zl e =0, for all integers h # 0. (4.2)
Theorem 4.3. [16] Let p(z) = apa™ 4+ 12™  ++ - -+ g, m > 1, be a polynomial

with real coefficients and let at least one of the coefficients a;; with j > 0 be irrational.

Then the sequence (p(n)),n =1,2,---, is u.d. mod 1.
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4.1.1 Autocorrelation of the function e2mn*?

Let z : Z — C be defined for all n € N by
x[n] = ™0 0¢Q,aeN\{l}. (4.4)

The autocorrelation of x at k, denoted by A,[k], is, from the definition,

N
_ 1 1 2mi(m+k)*0  —2wim>0
N
Z 27ri0(ma+(a)ma*1k+---+( < )mk‘171+ka) —2mim™0
e 1 a—1 e

—
Nao 2N + 1

omikeg N
= Jim e 3 U G e () (45)
m=—N

Let p(z) = 0() ka4 0(5) k222 + - +60(,~,)k* 2. Since 6 ¢ Q we can apply
Theorem 4.3 when k # 0 to say that the sequence (p(n)) is u.d. mod 1. Therefore,
according to the Weyl criterion, taking h = 1 and x,, = p(n) in (4.2), the right side

of (4.5) is zero if k # 0. If k = 0 then

N
1 1 2mim®0  —2mim>0
A0 = Jim o ZNe ‘

m=—

, 1
= oN T 2, 1=t (46)

m=—

Thus,

1 iftk=0
Ay k] =

0 if k#0.

So we have a unimodular code whose autocorrelation is the same as the Fourier

coefficients of the function /" =1 on T.

48



4.1.2  Cross-correlation of 27"
Let x : Z — C be defined for all n € Z as

x [n] — 627rina 0

., 0¢QaeN\{1}

and let y : Z — C be defined for all n € Z by

yln] = &,

¢ ¢Q,0eN\{1}.
The cross-correlation Cy,[k] between x and y is defined as

Cay K]

N
— lim 627ri(m+k)5¢6—27rima€
N—oo 2N —+ 1 ZN
m=—

where 0, ¢ ¢ Q and «, f € N\ {1}.

Case: a < (3.

N
1 omid(mB4 (B mB—1k B VkB—1 kB o
lim e Tid(m +(1)m +~v+(ﬁ71)m + )6—2mm [
m=—N
omikBe N ,
— Im e Z e27rzd>(mﬁ+(f)m5*1k+vv'+(ﬁ€1)mk5*1)e—27rim“9'
N—oo 2N + 1

m=—N

ny [k] =

Since o < [, there exists n, 1 <n < [ — 1, such that a =  — n. Therefore,

orikBy N

— lim — 2migy(mP + (5 )mP = et (8) ghmP =t (0 )mkP 1) —2mimP g
Cuylk] = nh—>nolo SN 1 Z e (1) () (521)

m=—N

e27rzk )

. B B—1 B n__ B—n B £—1
— 2mi(mP ¢+ (7 )mP = kgt t((1) ok —0)mP oot (2 Yk 9)
N5 2N + 1 mZNe

(4.8)
Let p(z) = ¢2” + (f)kqﬁxﬁ_l + 4t ((g)gbk‘" — Q) (B[jl)kﬁ_lgb:ﬂ. When
k=0, p(x) =12°¢—02°~". So for all k, p is a polynomial satisfying the hypotheses
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of Theorem 4.3 and so the sequence (p(n)) is u.d. mod 1. Therefore, by the Weyl
criterion, taking h = 1 and x,, = p(n) in (4.2), we get the right side of (4.8) to be

zero. Thus in this case, for all values of k, Cy,[k] = 0.

Case: a > (.
Cuylk] = lim ! i €2ﬂ—i¢(mﬁ+(ﬁli)mﬁi1k+"'+(ﬁ81)mkﬁil+kﬁ)e—27l’ima9
" Nooo 2N +1 4=
ezmk% N

I 2mi(=m®9+mPo(T)m? koot (2, )mko~10) oy g
T 9

Let p(z) = —0z% + ¢paP + (f)kqﬁxﬁ_l + (6[_31)1{:5_1@537. Note that when k = 0,
p(r) = =0z + ¢x”. Once again the hypotheses of Theorem 4.3 are satisfied and so
(p(n)) is u.d. mod 1. By the Weyl Criterion, taking h = 1 and x,, = p(n) in (4.2),

we get from (4.9) that for all values of k, Cyylk] = 0.

Case: a =3, 0 # ¢.
1 = ip(mB+ () ymp~1 s G115 .
Coyfk] = Jlim s S o (it (G ik oo
ezmk% N o PN ny .
sy Y it @O ()m ket (2, k), (4.10)

Let p(z) = (¢ — 0)2” + (f)kqﬁxﬁ_l + 4 (561) EP=Y¢x. If k # 0 the hypotheses of
Theorem 4.3 are satisfied and so (p(n)) is u.d. mod 1. Therefore, in this case by
the Weyl Criterion, letting h = 1 and z,, = p(n) in (4.2), we get from (4.10) that
for k # 0, Cyylk] = 0.

If k=0, p(x) = (¢ — 0)z” and we have to consider the following two cases.

(a) Let ¢ — 0 be irrational. Then the hypotheses of Theorem 4.3 are satisfied and
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so by the Weyl criterion C,,[0] = 0.
(b) Let ¢ — 0 be rational. Suppose ¢ — 0 = g where p and ¢ have been reduced to

their lowest terms and p,q € Z. Then

N
. 1 i 2me
Cyyl0] = ]\}er;o SN 1 E ™™ (4.11)

m=—

Ifo—0= g where ¢ = 1, that is, when ¢ — 6 is an integer,

Cay0]

N
= 1 2mipm® =
A N1 mZ:_Ne L (412)

Results are inconclusive when ¢ — 6 = § and q # 1.

Thus for this case we can summarize as follows:

(

0 if & # 0.
0 if £ =0 and ¢ — 0 is irrational.
Cay[F]
1 if k=0 and ¢ — 0 is an integer.
Inconclusive if £ =0 and ¢ — @ is a rational fraction.
Case: a # (3,0 = ¢.
R (D (kL
T 2 (mP+ (5 )mP = k++( 2 )mkP~1+kP) _2mimeo
ny[k]_]vlli{l)OQN+1m; ‘ 1 o ‘
p2miok® NV T PR
= Jm ST 2 T HEm e (R (413)

Let p(z) = —2%+a2P+ (f)xﬁ_lk—l—- : -+(ﬁ€1)zkﬁ‘1. If § < « then p(x) is a polynomial
of degree o otherwise it is a polynomial of degree 3. If k = 0 then p(z) = —0x*+0x".
In any case, the sequence (p(n)) is u.d. mod 1 by Theorem 4.3 and so according to
the Weyl Criterion if we take h = 1 and x,, = p(n) in (4.2) we get from (4.13) that
Vk, Cyylk] = 0.
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Case: a =, 0 = ¢.

N
E 627rz(m+k) ¢6 2mim® 6
m=—

N
2 627rz(m+k) 96—27rzm 0

m=—

Cay K]

— 1

:NhinoozNJrl
— ALK,

So the computations are exactly as in Section 4.1.1 and we have

1 ifk=0
Crlk] = ALK =

0 if k#£0.

2min®0

4.1.3 Autocorrelation of the function e when « is not an integer.

Numerical results support the claim that in this case the sum

N

> alm+ klz[m]

m=—

1
2N +1

grows unbounded for non-zero integers k and so the autocorrelation will not be 9.

4.1.4 Higher dimensions

Suppose we would like to construct unimodular codes on Z% whose autocorrela-

tion can be computed in a manner discussed so far on Z. Let n = (ny,na, - -ng) € Z4

and |n| = y/n? +nZ+---+n? A natural way of extending the unimodular codes

to Z% is to define codes z : Z¢ — C as

vn € Z4, z[n] = *minl?? 0¢Q,aeN. (4.14)



Let us define the autocorrelation A, : Z% — C of = as

A,[k] = lim dz [k + m]z[m)]. (4.15)

N—>oo

So for the z defined in (4.14),

N N

Am[]{?] — lim Z Z e2m|m+k|a9 —27rz\m|a€. (416)

N=oo 2N + 1 mi=—N mg=—N
Let a = 2. Then

1 . 2 2
A:c o f— li - 2mi(|m—+k|*—|m|*)6
M= N

2m|k|2€
47ri(m1 k1 +--v+mdkd)0

N N
POEEEDY
1=— a=—
1 N N .
= ]\}%m IZ:; ; 2k +2(ma by +-maka))0
N N
Z >

im ———
N—oo (2N + 1)

1 al 1 al
_ 2milk|20 dmimiki0 | . 4mimakqd
R <2N+1 2. ¢ ) (2N+1 > )
mi=—N mg=—N
if k#£0
1 ifk=0.

Another way to define unimodular codes z : Z? — C is as follows. Let n =
(n1,m2,-+ ,ng) € Z% and 0 = (0y,--- ,0;) has the property that 6;,--- 6, are not

in Q. Define n® := (n§,ng,---,ng). Let
z[n] = 2. (4.17)

Let o = 2. Then

Ax[]{?] = lim 2N+ 1 YZSNIERY Z Z 627TZ(m+k -0 —27rzm -0

N—oo
1——N md——N
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N
}: ezm'(k%el+m+k§9d+2(m1k191+m+mdkded))

mi=—N —

N
E 47Ti(m1k191+---+mdkd9d)

N N
= lim 627Tik2'6 (L Z e47rim1k191> . ( 1 Z 647rimdkd€d>
N-o00 2N +1 4 N IN +1 N

mg=—

Yet another way to define a code x : Z¢ — C is as follows. For a € N\ {1}
and some irrational number 6 suppose y : Z — C is defined by y[n] = €2™"*? and
for n = (ny,ng,...,nq) € Z% let x[n] = x(ny,...,ng) = y[ny]. Then for any given

k= (ki, ks, ... ka),

Z z[m + k]ax[m]

N
Agk] = lim o 2N+1 ;

mi=—N mg=—N
N N
= 2N+1dm;N ; ylma + kayfma]
N
_ 2mi(mi+k1)*0 —2mim$ 6
_J}EHOOQNH Ze e 1
m1:—N
= Ay[kl]
if ky #£ 0
1 if kb =0.

Here the autocorrelation is 1 not just at the origin but at all points on the hyperplane
k1 = 0. If one defines z[n| = y[n;], i = 1,--- ,d then the autocorrelation is 1 along

the hyperplane k; = 0.
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4.2 Sequence obtained from Wiener’s Generalized Harmonic Analy-
sis

It will be discussed in detail in Chapter 5 that if A € (0, 1) has binary expansion

0.1 . .. then the function z : Z — C given as

20[2n+1—1 1fk;:n+1,n€NU{0}
zlk] =
2009, — 1 ifk=-n+1,neN

has autocorrelation
1 ifk=0
A, k] = (4.18)
0 ifk#0

for almost every A € (0,1). Note that = takes values £1. Here the aim is to show

that such a x can be constructed deterministically [34].

Proposition 4.19. The result in (4.18) would not be true for any rational \ in

0,1).

Proof. We will show that there exists some non-zero k for which A,[k] cannot be

zero. Every rational number has a non-periodic part followed by a periodic part.

Let A\=0. qi@2--- Gk  Qut1Gk+2 - - - Qetr Qet1GQk+2 - - - QotrQhet1 - - -
N— -

~
non-periodic part periodic with period r

Case 1. When k = 5 and r is even.

N

Ay[k] > a[m + Kz[m]. (4.20)

— ki
N 2N + 1 4
For p > 0, let z[p] come from gj1. We denote this by z[p] : gx+1. Then z[p+1] : qri3

and so on.
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x[p] S Qk+1
zp+1]: gies

zp+ 2] Grys

z[p + %] S k41 = Gk

z[p+5+1]: qrys

Note that z[p] and z[p+ 5] both come from g;; and so have the same value. This is
true for any two xs separated by 5. Thus, z[plz[p+ 5] =1, z[p+ 1jz[p+ 1+ 5] = 1,

so on. Then from (4.20)

r ) 1 r
Ax[k]:Ax[§]:]\}1—r>rc1>02N+1m;Nx[m+§]x[m]+N—>002N 1msz "
1 r -
= i . I
Nli%o2N+1m;NI[m+2] zm ]+Ninoo2N+1m:p
I 1 pii [ —I—T][ I+ i N—p—i—l#o
= lm —= 1m ————F .
NRe 2N b1 4 T Nooo 2N 41

Case 2. When k = r is odd.

As before, for some p > 0 suppose that z[p] comes from gx,1 and so on.

ZE[P] S Qk+1
o[p+1] 1 qrys
x[p+2] 1 Grys

I[p + %] CQktr
z[p+ 2 Grrrro = Qo
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I[p +r— 1] Cqk+2r—1 = Qk+4r—1

[P+ 7] Grrort1 = Qg

Note that in this case x[p] and z[p + 7] come from the same bit, g1, and so will

have the same value of either +1 or —1. Two xs at points differing by r will have

the same value. Thus z[plz[p+r|=zp+1ljzlp+r+1]=---=1
] N
A, lr] = zx}linoo N1 m;Nx[m + r]x[m]
1 ptl ] N
— ]\}l—rgo YT m:Z_N:)s[m + rla[m] + A}llnoo N T 1 mzsz[m + r]x[m]
1 p+1 N
:]\}l—rgo 2N+1m:Z_Nx[m+r]x[m] %—J\}l_]r}nOo 2N+1mzzpl
1 &R _ N-p+1
= Jim oy 2 elmetrem] 4 lim =m0

m=—

O

Now we discuss Wiener’s technique of deterministically constructing a se-
quence out of +1s whose autocorrelation is given by (4.18). On the positive integers
let = take values in the following order
[1,—1]  (this row is repeated 2° = 1 time and has 1.2! elements).

[1,1;1,—1; =1,1; =1,—1]  (is repeated 2! = 2 times and has 2.2% elements).
1,1,1;1,1,-1;1,-1,1;1,—-1,-1; 1,1, 1; =1, 1, —1;

—1,-1,1;—1,—1,—1]  (is repeated 2% = 4 times and has 3.2% elements).
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e, z[l] = 1,z[2] = —=1,2[3] = 1,z[4] = 1,.... In addition let z[0] = 1 and for
k € N let z[—k] = z[k]. One can observe that the number of elements in each row
is a number of the form n2", n=1,2,....

Consider any row of length n2". There are 2"~! such rows. Take p < n.
Consider any p tuple of +1s.

Question: How many such equivalent p tuples are there? (i.e., how many
repetitions?) Call this k,. Take any non-equivalent p tuple (i.e. non-equivalent to
the given one). Prove there are the same number as the original one.

Answer: From the way the construction is being done, each p tuple is equally
likely to occur in a row as any other p tuple. In other words, if one randomly picks a
p tuple in any row then the probability of getting a given p tuple is 2%, This should

be the same as the relative frequency of the occurrence of the given p tuple in the

row. i.e.,

Thus for each p < n, k, =n2""P.
Suppose we wish to calculate the relative frequency of the occurrence of a
particular sequence of p consecutive terms among the first /N terms. Then we might

have to stop in the middle of a row. Recall that a row with j2/ elements is repeated

271 times. So N would be

N =12"2042222" 432327+ . 4+ M2M M=t 1 p(M 4 1)2M T - Q
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where 0 < P < 2™ and 0 < Q < (M + 1)2M*!, Here M — oo as N — oo. Thus,

M
N = ) j22 '+ P(M +1)2" +Q
j=1
M
= ) Y+ P(M 412" 4+ Q

J=1

= S+Q

For a fixed p, let us denote the number of occurrences of a particular p tuple

in a row of length 1.2' by n;, the number of occurrences in a row of length 2.2% by

ng, so on. Therefore,

No. of repetitions of a fixed p tuple in the first N

i, v
(291,  2Mn, 2M=lp,r Pnpei no. of repetitions in the last Q
— 1
S v A L N
_ lim [ 204 N 2% ny . 2M=1par P | ho. of repetitions in the last Q
N-ooo |[S+Q S+Q S+Q S+Q N
— im 20,"_522 21.%; Ly 2M—1? N P"%;l no. of repetititﬁs in the last Q] .
N_’O°_1—|—§ 1—|—§ 1+§ 1+§
(4.21)
We shall soon show that % — 0 as N — oo and so % = % — 0 as N — oo which

means that the last term in (4.21) is zero. Thus the right side of (4.21) is

ny N2 1Ny Nar+1
20_ 21_ . 2M 1°°M P
gteg ot g T1Tg

20n +2 g + -+ 2M 1 4 Py
S
200 +28mg 4+ -+ 2 Iny + Prgrg
S 2% 4 P(M 4 1)2M+
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To summarize,

I No. of repetitions of a fixed sequence of p consecutive terms in the first N 1
im ——

(4.22)

Now let us show that % — 0as N — oo.

0 Q _ (M + 1)2M+1 - (M + 1)2M+!
S SN 25 P(M + 1)2M+1 SO 921 4 P(M + 1)2M+1
B (M—l— 1)2M+1
- ij\igl 226-1D-1 4 P(M + 1)2M+1
_ (M + 1)2M+1 _ (M + 1)2M+! (4.23)
SO 25+ P(M +1)2M+ LZREL 4 P(M 4 1)2M+

The right side of (4.23) goes to 0 as M — oo. Therefore, % —0,as N — oo.

Note: The above calculation also suggests that the ratio of the number of
terms in a row to that in all previous rows approaches zero. It is for this reason that
it is necessary to have to repeat each row a certain number of times, otherwise, this

wouldn’t be true.

Theorem 4.24. Given an integer k the autocorrelation of x is

1 N 1 ifk=0
Aolk] = Jim 2N+1m;N$[m+/f]x[m] = ) ks
Proof. For k =0,
R R
A (0] = lim oy m;Nx[m]x[m] = dim o m;Nl = 1.

For the case when k # 0 it is enough to prove the result just for positive k as

the autocorrelation function is even. Also, it is enough to prove that

N

Jim_ Zle[m + klz[m] = 0.
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For clarity, first consider k = 1. Then z[m]x[m + 1] comes from sequences of length
2. These sequences look like

JL .1 —1,-11,—1 — 1 The first and the last combinations give xlm]z[m+1]
g@ﬁﬁz 1l)f 1 while the middle two combinations give z[m]z[m + 1] a value of —1.
Note that out of 4 possible combinations 2 give the value 1 and the remaining 2 give

the value —1. Also as we have discussed (see (4.22)), each of these sequences occur

equally often, their relative frequency approaching 2% = i. Therefore,

N

]\}1—I>noo Z:l x[m + 1]z[m]
_ fim [no. of times (11) is repeated in N terms (+1)
N—o0 N
no. of times (1 — 1) is repeated in N terms
> ()
no. of times (—1 1) is repeated in N terms
> ()
no. of times (—1 — 1) is repeated in N terms
-(+1)
N
1 1 1 1
:?-(+1)+?-(—1)+?-(—1)+?-(+1)zo.

Now let k = 2. The values of x[m]z[m + 2] now come from the product of the first

and last elements of sequences of length 3 i.e., from the following 2 possibilities.

11 1 —zmlzm+2] =1,

11 =1 — zm]z[m + 2] = -1,
1—11 — z[m]z[m +2] =1,
1-1—-1— zmlz[m+2] =-1,

—111 — z[m|z[m + 2| = —1,
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—11 -1 — z[m]z[m+2] =1,
—1—11 — z[m]x[m + 2] = —1,
—1-1-1—zmlzm+2] =1
Again exactly half the number of sequences (four in this case) give z[m]z[m + 2] a
value of +1 and the remaining four sequences give z[m]z[m + 2] a value of —1. So,

N . .
lim Z ofm+ 2afm] = lim [No. of repetltlons]\;)f 111 in N terms(_l_l) n

N—oo N—oco
m=1

No. of repetitions of 11 — 1 in N terms
- i~ (~1)+ -]

= 2—2(+1)+%(—1)+---

Ly ra L =o

=15 23

So, for any general k = p, the values of z[m]|z[m + p] would come from the product
of the first and last element of sequences of length p 4 1 and there are 277! possible
sequences each of which would be repeated equally often, the relative frequency
approaching . Out of the 27! sequences, 2 of the sequences cause x[m|z[m+ p]

to be +1 and 27 of the sequences cause x[m]z[m + p| to be —1. Thus,

N
. 1 1
lim E zm + plaim] =27 - op+1 (+1) +27- op+1 (-1)=0.

N—oo
m=1

4.3 Sequence obtained from n roots of unity

Instead of the function x taking values +1 or —1 let us construct z so that it
takes values which are one of the n roots of unity where n > 2. For example, if we
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choose n = 3 then z takes values from {a; = 1,ay = €7, a3 = ¢'5 }. The following
sequence represents the values of x over the positive integers.

la1,as,a3] repeated 3° =1 times.

(a1, ar; a1, as; ay, as; az, ar; as, as; as, as; as, a; as, az; as, az]  repeated 3! = 3 times.
a1, a1, a1; ar, ar, ag; a1, ar, as; ay, az, a1; ay, ag, az; a1, az, az;

ai,as, ai;ax, as, az; ay, as, as; g, ai, ay; Gz, ai, Gz2; Az, a1, as; . . ] I‘epeated 3% =9 times.

Let z[0] = 1 and for all k € N, z[—k] = x[k]. The number of elements in each row is
a number of the form j37. Let us fix p. In a particular row having j3/ elements where
p < j, any finite sequence of length p occurs as often as any other finite sequence of
the same length. At this point using an identical argument to that used in Section

4.2 we can say that if one is dealing with n roots of unity then

’ No. of repetitions of a fixed sequence of p consecutive terms in the first N 1
im = —.
N—oo N np

(4.25)

Theorem 4.26. Given an integer k the autocorrelation of x is

N 1 ifk=0
. 1 —
Ak = Jlim e > alm+ kx[m] = |
m==N 0 if k#D0.
Proof. When k =0,
N 1 N
_ : 2
A0 = N—>oo 2N :Z_ J\}l—{noo 2N +1 m:Z—N [l
N
- N—>oo 2N +1 —



For non-zero values of £ it is enough to prove the result only for positive k since the

autocorrelation is an even function. Besides, it is enough to show that

N
1 —
dim 5 2 el + k] =0

For simplicity let us start with discussing the case when &k = 1 and we are dealing

with just n = 3 roots of unity. One should note that if & = p the value of z[m+p|z[m]
is the product of the first (actually, its conjugate) and last element of some sequence
Wiy Qi s @i, € {a1,as,a3}. There would be 377! such sequences. When k = 1,

x[m + 1]x[m| can come from any one of the following 3% = 9 tuples.

—2mi 27

Goao =€ 3 €3 =1,

—4mi 27
aza; = e 3 =e¢e3
—4mi 27 ami

a_3a2:e 37e3 =e3,

—4mi 4w

aza3 = e 3 e s = 1. Therefore,

N

i 1 _ . No. of repetitions of aia;
A gy 2o A = i, v !
. No. of repetitions of ajas  2x . No. of repetitions of ajaz 4
+ lim -e 3 + lim -e’3
No. of repetitions of asa i No. of repetitions of asa
+ lim p 21-647+lim p 22 9
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No. of repetitions of asaz 2 . No. of repetitions of aza; 2
+ lim -e3 + lim -e’3
. No. of repetitions of asas ami No. of repetitions of azas
+ lim -e3 + lim - 1.
N—oo N N—>oo N
(4.27)

Using (4.25) with p = 2 and n = 3, (4.27) reduces to

1 Y 1 1 1 1 1

. 4ami

dm 5 Dalm o] = g 1 g ¥ g g e
Loem  1osm 1 am 1

—I—?~63 +?'€3 —i-? +§~1
1 271

—? <1—|—63 +63> 3

: i ami
=0 (since l+e3 +e3 =0).

In general, for k = p and n = 3 roots of unity

Generalizing the argument further to n(n > 3) roots of unity, let wy =
2ﬂzk

, k=20,1,2,...,n — 1 be the n roots on unity. Let x be a function which

can take values from {wg,wy,...,w,_1}. On the positive integers let = be defined

to take values in the following order:
ted n® = 1 ti
Wo, Wiy« vy W1 repeated n° = 1 times.
[UJo,wo; Wp, W15 - - -5 Wo, Wp—1; W1, Wo, Wy, Wyy ... W1, Wp—15- - -
dn! = i
Wip—1, Woy Wy—1, Wy« - oy Wp_1, wn_l] repeated n* = n times.
[w07w07w0;w07w07w1; -+ Wo, Wy, Wn—1; - - - ; Wp—1, Wn—1, Wo; - - -

Wp—1, Wp_1, wn_l] repeated n? times.

For k € N, let x[—k] = z[k] and z[0] = 1.
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Following a working identical to what we did for n = 3 we can show that

N
]' 1 s} Ti(n—
hmﬁE z[m + plz[m] = (1+e%+_,_+e¥).nyg:0

N—oo npt+1

m=1
2mwi(n—1)

=0 (sincel—l—e%ju..._kef:())‘

4.4 Sequence obtained from Hadamard matrices

Definition 4.28. A real Hadamard matriz is a square matrix whose entries are

either +1 or —1 and whose rows are mutually orthogonal.

Examples of Hadamard matrices were actually first constructed by James

Joseph Sylvester. Let H be a Hadamard matrix of order n. Then the matrix
H H
H —-H
is a Hadamard matrix of order 2n. This observation can applied repeatedly to obtain

the following sequence of Hadamard matrices.
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1 1 1 1
H, H, 1 -1 1 -1
H4_ = )
Hy, —H, 1 1 -1 -1
1 -1 -1 1
H2k—1 H2k71
and Hyx =
HQk—l —Hgkfl

We say that the Hadamard matrix Hoe is of size 2¥ x 2% or has size 2¥. To
construct our desired unimodular function z let H; be repeated once (2° = 1), H,
be repeated twice (2'), Hy be repeated four (2%) times, Hg be repeated eight (23)
times and so on. For the positive integers let x take values from the elements of the

sequence of matrices

H1> H2> H2> H4> H4> H4> H4> H8> e

Let z[0] = 1 and for any k € N, z[—k] = z[k]. Having defined x on the set of
integers we proceed to show that the autocorrelation of x is one at zero and zero

everywhere else.

Lemma 4.29. For a fized k = 27 (for some j € N), let Hy, be the k x k Hadamard
matriz. For every Hadamard matriz of size m x m where m > k (i.e., m =
L 212 ) et

p = number of occurrences of Hp,Hy or —Hy — Hy, in all the rows of the matriz H,,
and

n = number of occurrences of Hy, — Hy or —H Hj. in all the rows of the matriz H,,.
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Then p = n.

Proof of Lemma 4.29. We prove this by induction on m.

Step 1. Let m = 27+, In this case

Hy;  —Ho; H, —Hy

HHy occurs once and Hy, — Hj, occurs once. Therefore, p=n = 1.

Step 2. Assume that the result is true for m = 27 for some natural number N.

Step 3. Now suppose m = 2/+N¥+1 Let j + N = J. So in this case H,, = H,; is
H; H,
H; —H,
By our assumption in Step 2 the result is true in each H; and —H ;. So here we
need to pay attention to the Hs forming the boundary between the two columns
of Hys in the matrix H;,;. In the upper half if we have a; occurrences of HyHy
or —H; — Hj in the boundary then in the lower half we have a; occurrences of
H, — H;, or —HyHy. Similarly if there are by occurrences of H, — H;, or —HHy in
the boundary in the upper half then there are b; occurrences of H,Hy or —Hy — Hy,
in the boundary in the lower half.
In each H; let p = p; and n = n;. Note that due to our assumption p; = n;.
Then in Hyyy = Hjiny1,
p=4psy+ a; + by and
n = 4ny; + by + a;. Since p; = n; we have p = n. O
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Lemma 4.30. Let,

N
S=Y " x[m+kz (4.31)
m=1

where N is such that counting the first N values of x will end at the last element of
some Hadamard matrixz in the sequence already described. Let k > 0 be given. Then
there exists n such that 2"~ < k < 2". The contribution to the sum in (4.31) due
to the function values (x[m]s) coming from all Hadamard matrices of size 2" and

bigger is 0.

Proof. Step 1. We will be looking at rows of the submatrix Hon in Hon+1, Hont2, Hon+s, . . ..

Let us try to explain the idea with the case k = 3. Then 227! < 3 < 2%ie., n = 2.

So we would be looking at rows of Hy in Hg, Hig, Hso . ... Here is the figure just for

Hg.
Hy Hy
Hg =
Hy —H,y
1 1 1 1 1 1 1 1
~N O~ NN N T
zlm]  xz[m]  z[m] | zlm+3] z[m+3] z[m+3]
1 -1 1 -1 1 -1 1 -1
1 1 -1 -1 1 1 -1 -1
1 -1 -1 1 1 -1 -1 1
1 1 1 1 —1 —1 -1 -1
1 -1 1 -1 -1 1 -1 1
1 1 -1 -1 —1 —1 1 1
1 -1 -1 1 -1 1 1 -1
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The elements in the k& = 3 columns (columns 2 to 4) in each occurrence of H, in
Hg, Hig, Hsa, . .. (except for the last Hy in each row of H,s) get multiplied to elements
in the adjacent Hy. See the elements indicated in the matrix Hg. The elements from
these columns will have zero contribution to the sum in (4.31). This is true because
according to Lemma 4.29, H4 occurs next to Hy as often as it occurs next to —Hy
causing cancellations.

More generally, the elements in the & columns (columns 2" — k + 1 to 2") in
each occurrence of Hon in Han+1, Hont2, Honts, ... (except for the last Han in each
row of Hans) get multiplied to elements in the adjacent Hsn. The elements from
these columns will have zero contribution to the sum in (4.31). This is true because
according to Lemma 4.29, Ho» occurs next to Hon as often as it occurs next to — Hon
in each of Hon+1, Hon+2, Hon+s, . .. causing cancellations.

Step 2. What is the contribution from the last Hon(= Hy) submatrix in each
row of the matrix Hone1(= Hg) or H" (= Hig) etc. ? The question is also only
for the elements from the k columns discussed in Step 1.

The answer is zero for the following reason. Due to the structure of the
Hadamard matrices the last column of +Hgons in any higher order matrix like
Hoyni1, Honte, ... has the same number of Hon as —Hoyn. In any Hadamard matrix of
higher order the elements of the specified k& columns of these + Hsns interact with
Hyns occurring in the first column of +Hsns . But the first column of each higher or-
der matrix just has +Han (no —Hans). So enough cancellations result a contribution
of zero.

Step 3. Now consider the contribution to the sum coming from elements in
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columns 1 to 2" — k of the Hyn submatrices in each row of Hon in Hont1, Hont2, . . ..
To analyze this part we think of the Hadamard matrices Hon+1, Hon+2, ... as made

up of rows and columns of Hon-1(= Hs when k = 3). Following is the situation in

Hg when k = 3.

1 1] 1 .1 1 1 1 1

~~—

x[m] x[m+3]
1 -1 | 1 -1 | 1 -1 1 -1
- | — -
1 1] -1 -1 | 1 1 -1 -1
Hy = 1 -1 | -1 1 | 1 -1 -1 1
1 1 1 1 -1 -1 -1 -1
1 -1 1 -1 -1 1 -1 1
1 1 —1 —1 -1 -1 1 1
1 -1 -1 1 -1 1 1 -1

We can then use the argument used in Step I by replacing Hon(= Hy) by Han-1(=
H,) and conclude that the contribution to the sum in (4.31) due to these columns

is also zero. O

Theorem 4.32 (Zero autocorrelation). The function x constructed from the

Hadamard matrices in this section has a autocorrelation function which is

1 ifk=0
A K] =

0 otherwise.
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Proof of Theorem 4.32. When k = 0,

N N
Asl0) = Jim 2N ; =N 2N _Z
N

N—>oo 2N—|—1

Let k > 0 be given and n be such that 2" < k£ < 2"*!. It is enough to show that

> am+ klx (4.33)

m=1

ZIH

goes to zero as N goes to infinity. It is important to observe that N can be such
that x[N] occurs somewhere in the middle of a matrix. Each Hadamard matrix of

size 2™ has 4" elements. Recall that each such matrix will be repeated 2" times.

Thus,
n+1
N=Y 24+ Z V4 4 PAML L S = Q+ R+ P+ S (4.34)
7=0 Jj=n+2

where 0 < P < 2M+1 (0 < S < 4M+! and M — oo as N — oo. Therefore,

17 Q+R Q+R+P
N[Zx[mwc + > zlm+kafml+ D afm+ Kam] +
m=1 m=Q+1 m=Q+R+1
Q+R+P+S
+ Y amt k:]x[m]]. (4.35)
m=Q+R+P+1

Due to Lemma 4.30, the second and the third sums in (4.35) is equal to zero. So we

have
Q Q+R+P+S
N[me+k Z xlm + klz[m]|.
m=1 m=Q+R+15+1
Thus
1 Q Q+R+P+5S
[ACKHI < Yo lelm+Kafm]| + Y [afm o+ Kz[m]|
m=1 m=Q+R+P+1
1
= @+5). (4.36)
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() depends on k and is finite. So limy_ % =0.

S 4M+1 4M+1
- < =
N NS+ Y2040 4 PAMAL 4 S
4M+1 4M+1 1
<= = =womg ™~ T (4.37)
D8 B 2

Since M — oo as N — o0, limy_, % goes to zero as N goes to infinity. From
(4.36) this means that AC[k] — 0 as N — oo for & > 0. This proves that the auto-
correlation is zero for all positive integers k but since the autocorrelation function

is even it means that the autocorrelation is zero for all non-zero k. O

4.4.1 Error estimates

For practical purposes we would like to do the following: given € > 0 find

N € N such that for all non-zero k € Z

x[m + klx

Mz

|AC[K]

m=1

From (4.36) in the proof of Theorem 4.32 we have

Q+R+P+S

|AC[K]] < Z|xm+k mll+ Y |zlm+ kzm)|

m=Q+R+P+1

- N(Q_I_S)

From (4.37) we know that 2 < 72M —, which is independent of k. Now Q) = Z"H 8/

(see (4.34)) and n depends on k as 2" < k < 2""!. Consider the following table.

k 2<k<H4 5< k<8 9<k<16
No. of values in @ Z?:O 8’ Z?:O Y Z?:o Y
log, (k) 1 <logy(k) <2 | 2<logy(k) <3|3<logy(k) <4




Therefore, [log,(k)] is the upper limit of the summation in @) and

[tog>(F)] glogs (k)] +1 _ |

- L Ve

Thus,

1 8[log2 )+1 1 1
ACH) < v —— T (4.38)

The left hand side of (4.38) depends on k but the dependence is logarithmic
and due to the slow rate of increase of the log function this means that AC'is ‘almost’
independent of k..

Actually, due to (4.38) we have the following theorem.

Theorem 4.39. Given € > 0 and K the smallest N such that

N
1
VO0<|kl <K, Za:m+k <€
1
satisfies
1 gMog2(K)1+1 _ 1 1
N 7 +72M+1 <e€

where M is obtained from (4.34).

4.5 Multidimensional case

Let x be the function defined in section 4.2, 4.3 or 4.4. So for any given integer
m, z[m] = a,, where a,, = £1 or some other root of unity, this being determined

by the choice of x.
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We define a function h : Z% — C as follows

hlm] = h(my, ma, ..., hq) = x[my]. (4.40)

We denote the d—dimensional square by S(N) that is,

N
1
S . S DI DT S RS-
mi=—N mo=—N mg=—N
N
mi=—
0 if ki #0
= (4.41)
1 if ky =0.
So in this case the autocorrelation Ay, is one on the hyperplane (0, ko, . .., kq). If one
defines h[m| = x[m;|, i = 1,- - - | d then the autocorrelation is 1 along the hyperplane

defined by k; = 0.
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Chapter 5
Functions whose Autocorrelation is the Fourier Transform of the

Fejér Kernel
Let A(t) = max(1 — |¢[,0). On [—1, 1], the graph of A consists of the equal

legs of an isosceles triangle of height 1; A vanishes outside [—1,1]. Let w(y) =

-+ (51:72/ 2>2. We refer to w as the Fejér function. The Fourier transform of A
is wor. We begin this chapter with a discussion of functions defined on Z whose
autocorrelation at integers is the triangle A. For a given integer M, we construct a
function whose autocorrelation is the triangle max(1 — %, 0). Given a positive, even

function f that is decreasing and convex on Z* we can approximate f by a sum of

triangles of the form A and construct a function z on Z whose autocorrelation is f.

5.1 Background and preliminary results

It has been shown in [34] that if A is a number in (0, 1), with binary expression

0.cjanas - - - and we define a function as

20[2n+1—1 1fk::n+1,n€NU{0}
ylk] = (5.1)
200, =1 ifk=-nneN

then for almost all values of A the autocorrelation of y, A,, is

Aylk] = P (5.2)

1 ifk=0.
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In other words, if y has the value +1 or the value —1 and if each choice of
these values is independent of all others, then the probability is 0 that A, will not
have the value given by (5.2). One should observe that A, = /A on integers. Let us
work out the details of this result following Wiener’s work ([34]).

First let us discuss the necessary reduction of probabilities to Lebesgue mea-
sure. Let ZA(R) be the Borel algebra of subsets of the real line. We know from
[23] that there is a one-to-one correspondence between probability measures P on
(R, #(R)) and the distribution functions F' on the real line R. The measure P

constructed from the function F' by assigning
P(a,b] = F(b) — F(a)

for all a,b,—o0o < a < b < oo is usually called the Lebesgue-Stieltjes probability

measure corresponding to the distribution function F. The case when

0, z<0,
F(x) = z, 0<x<1, (5.3)
1, z>1

is particularly important. In this case, the corresponding probability measure (de-
noted by ) is the Lebesgue measure on [0, 1]. Clearly A(a,b] = b — a, which is the
Lebesgue measure of (a,b] (as well as any of the intervals (a,b), [a, b] or [a,b)).

Recall that

AR = lim Syl + Kyl (5.4

m=—

if the limit exists. We now establish that except for a set of values of A\ of measure
zero, A,[0] = 1 and A [k] = 0 when k is an integer other than 0. That A,[0] =1
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is an immediate consequence of the fact that |y[n|| = 1. If we can now show that
for each particular non-zero integer k, A, k] = 0 except for a set of values of A\ with
zero measure, we may appeal to the theorem that the logical sum of a denumerable
set of measure zero sets is of measure zero to complete the verification of (5.2).
Let us now consider y[m + k|y[m] for a fixed k and variable m. For any m it
assumes either the value +1 or the value —1, and if we take any finite consecutive
set of numbers m, any sequence of signs is as probable as any other - that is, any
sequence of signs corresponds to a region of A of the same Lebesgue measure as
that corresponding to any other. If we take 2V consecutive values of y[m + k]y[m],
there are 22V possible sequences and if we have (N — j) +1s then we have (N + j)
—1s (where 0 < j7 < N) and the absolute value of the sum of these values will be
N+ j— (N —j) = 2j. So the sum of these values exceeds Ne in absolute value if
[2¢] < k < N. The number of ways of having (N — j) +1sor (N +j) —lsis
( ]\2,J_Vj) = ( 13]1]) Therefore, the probability that the sum of 2N consecutive values

exceeds Ne in absolute value is

N 2N N (2N)!
Za':[%] (v5) _ Za':[%] (N=(N+)!
92N - 92N

(by Stirling’s formula)
Z /27T(2N)2N+%6—2N
QN xd V2mV2r(N _j)N—j—i-%(N+j)N+j+%e—N+je—N—j
\/NN2N
]NN—j—l-% (1- %)N—ﬂ% NN+i+3 (1+ )N+J+2

\/NN2N
N2+ (1= DY (14 5V N = VN (%)

-
M-

AL
oz
:

-
WE

ﬁ
oz
:
o
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~ 0 (N%e—Nf) . (5.5)

62 ey .
In as much as > v_, N Te 5 converges, the probability is zero that there

should fail to be an integral value of N such that, from that value on,

N
> ylk+mlylm]| < Ne+1.
m=—N
(5.6)
Thus, except for a set of values of A of measure zero,
N . X 6 1
= :Z_ ylk mlybm]) < Jim, ﬁm:Z_NyVHm]y[m] < gt o

@)

and since € is arbitrary, and the sum of a denumerable set of measure zero sets has

measure zero, we have

i [k + mly[m] =0 (5.7)

N—>oo 2N

for almost every A. This completes the proof of (5.2).

Remark. It was already discussed in Chapter 4 that Wiener has shown in [34] that
it is possible to deterministically construct a function whose autocorrelation is the

triangle (5.2).
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5.2 Functions whose autocorrelation is a triangle

Keeping in mind the function y of Section 5.1 we are now in a position to state

the following theorem.

Theorem 5.8. Given M € N there exists a constructible unimodular function x :

7. — C such that its autocorrelation A, is

11— iflkl <M
Ay [k] = (5.9)
0 if |[k| > M.
Note that A, is a triangle symmetric about the origin, has a base of length 2M,

where M s an integer, and height 1.

Proof. Given M € N we now define a function x : Z — C as

20(2n+1 -1 ifMn<k< M(n+1),n GNU{O}
x[k] = (5.10)
209, —1  if —Mn<k<M({1—-n),neN
where the as are as obtained in (5.1). Note that z[k] = y[[4]]. From Section 4.2 we
know that such a y (and hence ) can be deterministically constructed. Also note
that both x and y are unimodular.
We show that the autocorrelation of x is A,. Since the autocorrelation function
is an even function we will prove the result only for £ > 0. Let 0 < Mp < k <

M(p+1), p e NU{0}. Let N,, be the smallest integer such that N < M(N,, + 1).

Then we have

N

Ax[k]:NmzN Z z[m + klz[m]

N
:N—>002N—|—1 Z x[m + klx[m]
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MN,
' 1 n 1
:Nh—rilao2N—|—1 E zlk + m|z[m ]+Nh—1>1<1>o2N E z[m + k|z[m]

m=—MN,, MNn<|m|<N

=S+ 5. (5.11)

First we calculate bounds on S,.

i 1
|Sa| = lim N1 Z z[m + klxz[m]
M N, <|m|<N
1
< Jlim oy > Jafm+ Ka[m]|. (5.12)
M Ny <|m|<N

Now z[m + k|z[m] is either 1 or —1, so,

1
<
|92 < Jim o

MN,<|m|<N

We know from the property of n that N — M N,, < M. Therefore,

2M
|52|\]\}1£1)02N+1 0, or, S =0 (5.13)
Now we consider S;.
1 MN,
S1 = z\}lilgo N1 Z z[k + m|z[m]
m=—MN,
M(n+1) 1
= x[k lim —N,, + klz[—N,,].
Nqoo2N+1 Z Z Fmlelm] + lim S vl N 4 ko= Na)
—Np m=Mn+1
(5.14)

By a property of the function x and the fact that the last term in (5.14) goes to 0

as N goes to infinity we have

Np, M(n+1)
= 1
S, N%O2N+1 Z > afm+ Ka[M(n+1)]
— N m=Mn+1
Mn+M(p+1)—k
~ lim S M+ DzMn+1)] |+
N=oo 2N + 1 m=Mn+1
M (n+1)

+ > [ M(n+p+ 2)]z[M(n +1)]

Mn4M (p+1)—k+1
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. No [/ Mn+M(p+1)-k
— zvhféoQNJran( > yhn+p+iyln+ 1)+

=— m=Mn+1
M(n+1)
+ Z y[n+p+2]y[n+1]>
m=Mn~+M (p+1)—k+1
Nn

I 1
im
N—oo 2N + 1

> ((M(p+1) = k)yln+p+1yln + 1] +

n=—Np

+ (kK — Mp)y[n + p+ 2Jy[n + 1])

— lim Mp+1)—k
 Noosw 2N +1

i yln+p+1yn+1] +

n=—Np,

z”: yln+p+2yn+1].

= n

2N, + 1
( "+)2Nn+1

(k- Mp)
lim ~————2(2N,, + 1
T N Pt en

Since N,, — oo as N — oo we have

. Mp+1) -k . k—Mp
: k\ 2N, +1)M : k (2N, +1)M
= 1 l—— | ———A 1 — —p)———A 1].
(5.15)
Before we proceed further let us evaluate the following limit:
. 2N, +1)M
—_— 1
AN (5.16)
Note that the limit in (5.16) is the same as limy_, 22]]\\7,"% since limy o0 #ﬂ =0.

From the choice of n, we have,

MN, < N < M(N, +1)
or, 2MN,, < 2N < 2M(N,, + 1)

or, 2MN, + 1 <2N +1<2M(N,+1)+1
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1 1 1
<
IM(N,+1)+1 ~2N+1 S2MN, +1
2MN, _ 2MN, _ 2MN,
OM(N, +1)+1 ~2N+1 ~ 2MN, + 1’

or,

(5.17)

or,

N,, goes to infinity as N goes to infinity and so taking limits throughout as N goes

to infinity we get

2M N,
1 < lim

< 1. 1
N—o0 2N+1 (5 8)

By the sandwiching principle

I 2MN,,
1m =
N—oo 2N + 1

which means

M(2N,, +1
lim g

=1 1
N—oo 2N+ 1 (5 9)

and we have evaluated (5.16). Using (5.19) in (5.15) gives

S = (p+1 = %) Aylp] + (% —p) Aylp+1].

Since we evaluated Sy to be zero we have from (5.11) that

&m:&:(wﬂ—ﬁ)@m+(%—®Am+u (5.20)

If 0 < k < M then p = 0. For every other range of k, p is non-zero. Using the
values of A,[p] as given by (5.2) and the fact that A, is an even function one gets

the desired result of (5.9). O

Remark. The triangle considered in Theorem 5.8 can have any arbitrary height.

However, the corresponding code z will not be unimodular. In this case, letting
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A € (0, 1) have binary expansion .ajasas . .. the code x : Z — C defined, for a given

positive number K and a positive integer M, as

VE(2a9n41 — 1) if Mn <k < M(n+1),n € NU{0}
clk] = (5.21)
VE2as, —1)  if =Mn<k< M(1—n),n€N

will have autocorrelation

0 otherwise.
A, is a triangle symmetric about the origin having base of length 2M and height

K. The code x is such that |z| = VK. In this case the code z is bounded.

5.3 Functions whose autocorrelation is the sum of triangles

Theorem 5.22. Suppose we are given two distinct positive integers My and Ms. We

know from Section 5.2 that one can construct functions x : Z — C and y : Z — C

such that )
~ B o<k <M
Ak = "
0 otherwise
and )
— B0 R < My
Aylk] = "
0 otherwise.

\

The function z such that A, = A, + A, is given by z = x + y.

Note that for convenience we have considered codes x and y whose autocorre-
lation functions A, and A, are triangles symmetric about the origin with height 1
and bases of length 20 and 2M, respectively. Referring to the remark at the end
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of Theorem 5.8 and based on the proof of Theorem 5.22 that will follow, it is worth
noting that if instead A, and A, were triangles of height K; and K, respectively,
the result of Theorem 5.22 would still hold i.e., z = x4y would have autocorrelation

A=A, + A,

Proof of Theorem 5.22.

Alk] = N%O2N Z z[m + k]z

= N%OQN ; z[m + k] + y[m + k) (z[m] + y[m])
= 2N1+1m;N zlm + Klafm] + lim 2N1+1m:Z_Ny[m+k]m+
+ Jim 2N1+1m:Z_ xlm + klym] + Tim 21\71+1m:Z_Ny[”Hk]m

N
:Ax(k)+Ay(k)+]3gnoo2N Z z[m + kly[m] +

> ylm+ Ka[m]. (5.23)

m=—

I
T OV T 1

Let us denote the last two terms in the right side of (5.23) by S; and Sy respectively.

We want to show that S; =0 and S5 = 0.

N
S1= Jlim o m_z_ z[m + kly[m]. (5.24)
Since y is real valued, (5.24) becomes
N
S1= im oy m_z_ z[m + k]y[m]. (5.25)
Let Py be the largest integer so that
MyPy < N < My(Py +1). (5.26)
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Then S; can be written as

—MaPNn—1 1 N

1
= 1 i
1= M SN m;N zlm + klylm] + lm o8 m:MzszHI[m +klylm] +
M2 Py
+ i . 2
tlm oy 2 i) 6:2)

Let us denote the first two terms of (5.27) by s; and s, respectively. Now,

—M3Py—1
s < ) 1=N-—MPy
m=—N
and
N
o < Y 1=N-—MPy.
m:MQPN—l—l
From (5.26),
N — MyPy < My(Py + 1) — MyPy = M,
which means |s1| < My and |ss| < Ms. Therefore,
. |S1\ . M,
1 <1 _
N 2N + 1 Neoo 2N £ 1
and also
) |sal ) M,
1 <1 _
No 2N +1 S No 2N 11
Thus,
1 M Py
Sio= lim N1 Z x[m + kly[m]
=—MPy

PN 1 M2 n"l‘l

- N—>oo2N+1 Z Z m_'_k ]+

PN m=Mon+1

l’[-MgPN + k‘]y[—MQPN]

y
T N T T

(the second term goes to 0 as N — o0)
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PN 1 M2(7l+1
= lim

N—oo 2N_|_1 Z Z x[m + kly[Ma(n + 1)]. (5.28)

PN m=Mon+1

y[Msa(n + 1)] is either +1 or —1. Between (Myn + 1) and Ms(n + 1) there are Mo
terms. So there are M, values of x. Suppose that of these M, values there are j
that have the value +1 and (Ms — j) that have the value —1. Upon multiplication
by y(Ms(n + 1)) we have either j values that are —1 and (M, — j) values that are
+1 or vice versa.

In the sum on the right side of (5.28) there are 2Py blocks of length M.
Let us say that the first block has j; terms equal +1 and (M; — j;) terms equal
to —1, the second block has j, terms equal to +1 and (My — jp) terms equal to
—1 and so on. Together, there are (j; + jo + -+ + Jjap,) terms equal to +1 and
(My — ji + My — jo + -+ + My — jopy) = 2PyMa — (ji + j2 + -+ + japy) terms
equal to —1. Let PyMy = M and j; + jo + -+ + jopy = M — j where 0 < 5 < M.
Then 2PyMy — (j1 + j2 + -+ + japy) = 2M — (M — j) = M + j. So out of 2M
consecutive values of z[m+ k|y[m| there are (M — j) values that are +1 and (M + j)
values that are —1. So the absolute value of the sum of 2Py M; consecutive values of
x[m+kly[m] would be M +j — (M —j) = 2j. So the sum of these values exceeds Me
in absolute value if [Me] < 25 < 2M. The number of ways of having (M — j) +1s
and (M +j) —lsis ( 131]\_4]) = ( I: +]) Therefore, for a given €, the probability that

the sum of 2M consecutive values of z[m + k]y[m| exceeds Me in absolute value is

M
Z Me oM

3225\7 ( Iy ) It can be shown in a manner identical to that in (5.5) that this goes

to zero as M goes to infinity. Thus, the probability is zero that there should fail to
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be an integral value of M = Py M, such that from that value on (see (5.28))

’ _i/[: :E[m—l—k‘]y[m]’ < Me+ 1.

Therefore,

M

1 ME—I—l_PNMQE

1

| et
impy N 1 ZMa:[m+k]y[m] N 1 2N+1+

m=—

From (5.26),

Py M, N 1
< — =
2N+1 " 2N +1 2

2N +1

(5.29)

as N goes to infinity. So, the left side of (5.29) is less than § and for almost all A,

N

lim > x[m + kly[m] = 0.

N—oo
m=—N

In a similar way one can show that

lim Z zmlym+ k| =0

N—oo
m=—N

for almost every A. This concludes showing that if z[k] = z[k] 4+ y[k] then A, =

A, + A,

O

Remark. One should note that even though the argument in the proof of Theorem

5.22 appears to be probabilistic, the deterministic construction of such a z from

some suitable z and y can be done (see proof of Theorem 5.8).

Theorem 5.30. An even, non-negative function on Z that is convex and decreasing

to zero on Z* and has finite support can be written as a finite sum of triangles.

Each triangle in the sum is symmetric about the origin, has base length 2M for

some integer M and height K where K is a positive number.
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Figure 5.1: Sum of two triangles.

Proof. Since the function is even we will restrict ourselves only on the positive
integers, Z". We will determine the height and base of the defining triangles. If one
were to imagine the function defined on R instead of Z then the function satisfying
the properties stated in the theorem would be piecewise linear. In this case let the
points of discontinuity be the set { My, Mo, ..., M,} such that My > My > --- > M,
Suppose that f[0] = yu, f[Mi] = o, f[[Ma] = ys3, ..., f[[Mn-a] = yn, f[Ma] = 0. So
on Z* the support of f is contained in [0, M,]. The function f will be the sum of
triangles with base lengths M, Ms, ..., M,. The problem is to find the heights of
these triangles.

We first demonstrate this for the simple function shown in Figure 5.1. We
are given y; and 3. Thus we know h. The function is made up of the two triangles

shown in Figure 5.2. We have to find their heights r; and 5. Now

leh.
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r2

rl

M1 M2

Figure 5.2:
Besides,
7’1+7’2:h1, or, T2:h1—T1 :hl—h

Moving on to a function that could be the sum of three triangles let us look at
Figure 5.3.
We have to find the heights r1, 75 and r3 of these triangles. Since we are given

Y1, Y2 and y3 we know P; and Ps.
Py =rs,
Po=ri+ry = ri=-rm+Ph=-"P+5,
h1:T1+T2—|—T3 — T2:h1—7’1—7"3:h1—P2.

Following are the necessary steps to show this for a function that is the sum

of n triangles. See Figure 5.4.

(i) We are given the points (07 Z/l), (Mb y2)7 (M27 y3)7 (M37 y4), Tty (Mn—h yn)v (Mn, 0)-
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M1 M2 M3

Figure 5.3: Sum of three triangles.

P1} _

yn B

M1l M2 M_n-1 Mn

Figure 5.4: Sum of n triangles.
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(i)

(iii)

We extend the line joining (M,,_1,y,) and (M,,0) till it joins the y axis. Let
is intersect the y axis at P;. See Figure 5.4. Then the triangle with base M,

has height P;.

Next we extend the line joining (M,,_1,y,) and (M,,_2, ¥,—1) to make it inter-

sect the y axis. Let this line intersect the y axis at Ps.

Suppose the heights of the n triangles whose sum is the given function is
ri,79, ..., T, With base lengths My, Ms, ..., M, respectively. We already found

out that r, = P;. Now,

PQITn+Tn_1 — ’I”n_1:P2—7’n:P2—P1.

Just as we did in (iii) we extend the line joining (M,,_2, ¥,—1) and (M, _3, Ypn_2)

and let its points of intersection with the y axis be Pj.

P3 =Ty +Tp_1+ Thoo.

Since we already know r, and r,_; we would get

n—2 = P3 —Tn —Tp—1-

If we continue as above then we would finally get ry + 79 + - - -1, = y; where

ro,...,T, are known by now and we can find 7.

O

Corollary 5.31. One can approximate the class of even and positive functions on

Z that decrease to zero and are convex on ZT by a finite sum of triangles.
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Proof. For any given € > 0, let M, be the integer such that for all m € N with
|m| > M., flm] < e. This is possible due to the decreasing property of our even
function.

Let us now define the function f, as

flm] i fm| < M.
felm] =
0 if |m| > M.
One can observe that for all m € Z, |f[m] — fJm]| <e.

fe has support contained in [—M,, M| i.e., it has compact support and so f,

can be approximated by a sum of triangles as shown in Theorem 5.30. O

5.4 Remarks

We know from [4] that

. 2
max(1 — [t],0) — (Sm”) .
Ty

. 2
Letting w(v) = 5= (%) one has for A > 0,

27t 0

max(1 — ) — wir(A)

sin(%))2

Ay
2

where w), is the dilation of w i.e., wy(7) = AMw(N\y)) = %(

Let % = 2%‘” Then A\ = 27 M. So

i

max (1 — M,O) — warn (7)-

, 2
Note that worp(y) = M (%) . If we wish to consider triangles of arbitrary
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height K i.e., K max (1 — %, O) then

t in M-\ 2
K max (1 — M|,O) — Kworp(7) :KM<M> )

m M~y

It is rather obvious that the function v Kz (where z is as defined in (5.10)) has its

autocorrelation at some non-zero integer k to be K max (1 — %', )

As something pertinent to section 5.3 one should also note that using properties

of the Fourier transform one has, for given K1, Ky, ..., K, and My, My, ..., M,,

& |t] = sin 7w M;y\ 2

! i=1
Thus the function f described in Theorem 5.30 is the inverse Fourier transform of a

. 2 , 2 , 2
positive function of the form K M, (%) + KoM, (%) +K,, M, (%) )
It should be noted that due to Theorem 5.22 the waveform x whose autocorrelation is

f can be constructed deterministically as x = x1+- - - z,, where each z;(i = 1,...,n)

has autocorrelation equal to K; max(1 — %, 0).
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Chapter 6

Conclusion

6.1

(iii)

Summary of results

Here is a summary of the main results of the thesis.

The Wiener-Wintner Theorem is proved in the setting of Z¢. This gives the
construction of a locally bounded function x whose autocorrelation is the in-

verse Fourier transform of a given positive function.

Since the codes constructed by the Wiener Wintner Theorem is only locally
bounded and we are aiming at getting codes with constant amplitude we next
give an approach using u.d. mod - 1 sequences that could give bounded codes
that has autocorrelation equal to the inverse Fourier transform of a given
positive function. We however, show that it is impossible to use our technique

of u.d. mod - 1 sequences for the purpose.

We construct a number of unimodular codes whose autocorrelation is zero
everywhere except at the origin where it is one. This solves the problem when

the given positive function is F' = 1 on T. The following codes are constructed:

(a) z[n] = ™% where a € N and 6 ¢ Q.
(b) For a given integer n > 2 let the n roots of unity be {wy,...,w,}. Let

take values on the positive integers in the order
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[wo, wy, ..., w,_1] repeated n® =1 times.

[Wo, Wo; Wo, W15 . . . 5 Wo, W 1; W1, Wo; W1, W -+ o Wi, Wy - -5
d n! =n ti

Wip—1, Woy Wy—1y Wiy« ey Wy_1, wn_l] repeated n° = n times.

[wo, wo, Wo; Wo, Wo, W15 - . . Wo, W, Wn—1; - -+ - 5 Wn—1, Wy—1, Wo5 - - - ;

Wy 1, wn_l,wn_l] repeated n? times.

and for k € N, let z[—k] = z[k].

(c) Let Han be the real Hadamard matrix of size 2" x 2". Let z take values on
the positive integers from elements of the Hadamard matrices arranged
in the following order.

H, (H, is repeated once (2°)).
H, Hy (H, is repeated twice (2').

H, Hy Hy Hy (Hj is repeated 2% = 4 times).

and for k € N, let z[—k] = z[k].

(iv) For a given positive integer M and a positive number K the triangle identified

. 2
by K max (1 — %, 0) is the Fourier transform of the function KM <7SH;]7\% 7) )

We construct codes x whose autocorrelation is the triangle K max (1 — |iM‘, 0)
and also codes whose autocorrelation is the sum > ", K; max <1 — %,O).

Based on this we construct codes x whose autocorrelation is a function that

is positive and even on Z, convex and decreasing to zero on Z%.
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6.2 Future research

e [t seems that it might be possible to try other techniques to construct wuni-

modular codes whose autocorrelation is zero everywhere except at the origin

where it is one.

(i)

The classical Rudin-Shapiro construction produces a sequence of polyno-
mials with coefficients that are £1. One could use these coefficients to

construct a sequence with the zero autocorrelation property.

The N x N Discrete Fourier Transform (DFT) matrix Dy is defined as

(\/—INW](’,"”"),m,n 0,...,N —1 where Wy = e 2™/N e,

1 1 1 e 1
1 e—2mi/N e—2mi2/N e~ 2mi(N=1)/N
Dy = 1 e—2mi2/N e—2mid/N e—2mi2(N-1)/N

1 e—2mi(N-1)/N ,—2mi2(N-1)/N o—2mi(N=1)(N=1)/N

e
One observes that the elements of this matrix are unimodular and so
might be used to construct sequences having zero autocorrelation. Also,
the rows of the DFT matrix are mutually orthogonal and this is actually

an example of a complex Hadamard matrix.

e [t would be interesting to delve into the case of the unimodular codes defined

by x[n]

= 2™ where 6§ is irrational but o is not an integer.

When « is an integer we have discussed several multidimensional cases when

97



a is equal to 2. Calculations get very complicated when « is greater than 2

but it would be nice to resolve this.

For the codes constructed from Hadamard matrices or roots of unity we have
addressed one way of extending such codes to higher dimensions but there
can be other interesting constructions and it would be nice to see what the
autocorrelation looks like. For example, in Z2, one could define a code as
shown in Figure 6.1, where z[0], z[1],... are the values of the corresponding

function (from Hadamard or others) in Z.

An approximation problem: Given a positive measure p and € > 0. Suppose
i has Fourier transform A,. Take a positive definite compactly supported
version of A,, A, (e away from A, in some norm, i.e., ||u — pel|s < €). A,

can be approximated by triangles. A, is the autocorrelation of some f.. Does

fe converge to a bounded function?
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Figure 6.1: Unimodular codes in Z2.
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