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Moiré transition metal dichalcogenide (TMD) bilayers have emerged as a versatile
platform for exploring a wide range of correlated electronic phenomena. In optical studies
of these semiconducting systems, excitons—bound electron-hole pairs—play a crucial role
by linking electronic correlations to optical responses. This thesis develops theoretical
frameworks to understand how excitonic behavior interplays with various correlated states
in moiré TMD bilayers and the resulting implications for optical measurements.

We begin by investigating the interaction between a single moiré exciton and Wigner
crystal states formed by doped electrons. Focusing on systems with repulsive electron—exciton
interactions, we discuss a scenario where excitons move within the complementary lattice of

the charge-ordered electrons. As different Wigner crystal configurations emerge at specific



electron filling fractions, the effective exciton lattice changes accordingly, giving rise to dis-
tinct spectral and topological features. These characteristics can serve as optical signatures
of the underlying charge order, and we propose a momentum- and polarization-resolved re-
flection experiment to detect them.

Next, we turn to undoped bilayers hosting multiple moiré excitons. While prior
work often models these systems using a Bose-Hubbard framework, we show that their
commutation relations deviate from those of conventional bosons. Instead, the excitons
obey algebra similar to that of angular momentum operators, resulting in a finite Hilbert
space and limiting local exciton occupancy to two or three, depending on the bilayer’s
specific parameters. We demonstrate that this occupancy constraint could manifest in
high-intensity optical pumping experiments.

Finally, we explore exciton dynamics in a doped heterobilayer where the topmost
valence moiré band forms an antiferromagnetic Mott insulator. We present a theoretical
model describing the coupling between the exciton and the spin background, revealing
that spin fluctuations substantially narrow the exciton’s effective bandwidth—by orders
of magnitude compared to its non-interacting counterpart. This suppression in mobility
provides a measurable contrast, which we suggest can be probed through exciton diffusion

experiments.
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Chapter 1: Introduction

The interplay between strongly correlated electron physics and photonics has recently at-
tracted significant attention, as it broadens the scope of quantum sciences and technologies
by providing a new direction to optically prepare, probe and manipulate hybrid photon-
electron states [7, 8,9, 10, 11].

Remarkably, experiments have utilized this interplay to optically engineer many-body
correlations such as magnetism [12, 13] and superconductivity [14, 15, 16]. In turn, engi-
neering optical properties, a central focus of quantum photonics and optoelectronics, may
be achieved by accessing certain correlations in matter [17, 18, 19]. However, the origin of
such effects and a microscopic understanding of such phenomena have remained elusive.

Recently, moiré semiconductors, particularly transition metal dichalcogenide (TMD)
bilayers, have gained widespread interest as a promising platform for realizing strongly cor-
related electron-photon systems [20, 21, 22, 23]. On the optical side, these bilayers exhibit
bandgaps in the visible and infrared frequency range [24], enabling efficient optical coupling
to electronic interband transitions. Furthermore, the valley pseudospins in these materials
can be tailored so that each couples predominantly to light with a different polarization [25],
offering additional control over this degree of freedom. On the electronic side, the enlarged

spatial periodicity of these superlattices suppresses charge kinetic energy [26], which, com-



bined with the typically weak dielectric screening in these materials [27], enhances the
interaction-to-kinetic energy ratio, favoring strong electronic correlations. Various corre-
lated electronic states have been theoretically investigated and experimentally observed in
these bilayers, including Wigner crystals [28, 29], Mott insulators [26, 30], Kondo insu-
lators [31, 32, 33], superconductivity [34, 35, 36, 37, 38, 39|, and topologically nontrivial
phases such as fractional Chern insulators [40, 41, 42, 43, 44]. Nevertheless, the study of
their interplay with light, especially in the quantum regime, remains a largely open research
avenue.

This motivates the study of excitons (electron-hole bound states [45]) and their
charged counterparts, such as trions and exciton-polarons, in moiré bilayers, as these
quasiparticles could play a role in linking electronic and optical properties. Specifically,
light can generate these composite particles, and, conversely, they can influence optical
responses [21], with their constituent charges naturally inheriting the electronic correla-
tions present in the bilayers. As a result, excitons may serve as an optical probe of these
correlated states. One example is the observed abrupt increase in excitonic energy when
the doping level reaches one charge per moiré unit cell [46, 47, 5], an effect attributed to
exciton-electron repulsion and often considered an indicator of the Mott insulating phase.
Further insights into correlated electronic states could be gained by examining other exci-
tonic properties, such as lifetime [48], valley contrast (circular dichroism) [49], and diffusion
constants [6], as well as their dependence on factors like temperature and external magnetic
field [49, 5, 6].

In addition to the above applications, which are primarily captured within the frame-

work of single-exciton physics, intriguing many-body phenomena involving these excita-



tions can also emerge in these superlattices. For instance, moiré excitons have been shown
to exhibit superfluidity [50, 51], a property that could potentially be useful for develop-
ing polariton lasers [52]. Another example is the emergence of correlated insulating exci-
tonic states, which have (previously) been considered a realization of the Bose-Hubbard
model [53, 47, 5]. The scope of simulating many-body Hamiltonians could be further ex-
tended to Bose-Fermi mixtures when doped charges are introduced to coexist with excitons
in these moiré systems [47, 5, 54].

Despite the above experimental results, the theoretical understanding of how excitonic
properties relate to strong correlations — both excitonic and electronic — remains an active
area of research. In this article, we review several recent studies in this context. We begin
in Section 2 with an overview of TMD properties, followed by discussions on the interplay
between moiré excitons and various forms of electronic correlations. Section 3 summarizes
how collective excitonic properties are influenced by different Wigner crystal states of doped
electrons, based on Ref. [1]. In Section 4, we review the role of nonbosonic statistics in
moiré excitons, which could significantly alter the conventional Bose-Hubbard description,
as discussed in Ref. [2]. Section 5 explores the impact of spin order and fluctuations in
doped electrons on exciton dynamics, following Ref. [3]. Finally, in Section 6, we summarize
our findings and outline several potential directions for future studies on strongly correlated

moiré excitons.



Chapter 2: Summary on properties of transition metal dichalcogenides

We begin by reviewing the properties of TMD monolayers, which have the chemical formula
MX,, where M € Mo,W and X € S, Se,Te represent the metal and chalcogen atoms,
respectively [55]. The lattice structure of these materials is shown in Fig. 2.1(a) and (b).
In these monolayers, the atoms are arranged in an X-M-X configuration along the out-
of-plane direction, with each atomic layer forming a triangular lattice. When viewed from
the top, a monolayer TMD appears as a hexagonal lattice, with different atoms occupying
distinct sublattices within the triangular unit cell.

Band structures. — In momentum space, the absence of sublattice symmetry (unlike
in graphene) results in a gap between the lowest conduction band (CB) and the highest
valence band (VB). The size of this bandgap, ~ 1eV [24], classifies undoped TMDs as

semiconductors and is typically the largest relevant energy scale in these systems. The CB
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Figure 2.1: Properties of transition metal dichalcogenides (TMDs). (a) Unit cell of a TMD
monolayer. (b) Top-view lattice structure, where green and orange dots represent chalcogen
and transition metal atoms, respectively. (c) Schematic band diagram of a monolayer
(illustrated for WSey [26]), showing spin (1, |) and valley (+K) degrees of freedom. (d)
Moiré superlattice formed by stacking two TMD layers, with an enlarged periodicity a,,.



minimum and VB maximum are located at the corners of the hexagonal Brillouin zone
(BZ) [24]. Note that up to a translation by reciprocal lattice vectors, there are only two
inequivalent corner momenta, denoted as 7K with 7 € 4, which define the valleys. At
these high-symmetry points, the Bloch wavefunctions of the CB and VB primarily exhibit
|d.2) and |d,2_,2) +iT|d,,) orbital character, respectively [55]. As a result, electronic states
with momenta near the valleys can be effectively described by a massive Dirac fermion
model.

Spin-valley locking.— In addition to the Dirac term, TMDs exhibit significant spin-
orbit coupling, with a magnitude of ~ 10meV in the CB and ~ 100meV in the VB [56].
Due to time-reversal symmetry, if a Bloch state is labeled by valley index 7 and real spin o,
there must be a degenerate counterpart at (—7, —o). As a result, at low energies, the real-
spin index can effectively be treated as locked to the valley degree of freedom and omitted
from the description. Figure 2.1(c) illustrates the schematic band structure, incorporating
these valley and spin features.

Valley-polarization selectivity.— Besides spin-valley locking, the valley degree of free-
dom is also subject to constraints in light-matter coupling. Specifically, optical transitions

between CB and VB at valley 7 only couple to circularly polarized light with polarization

=L

e, = ﬁ(ex +ite,), where e, and e, are Cartesian in-plane unit vectors [25]. This valley-

selective coupling arises from (a) the threefold rotational (C3) symmetry of the underlying
lattice, and (b) the fact that the valley momenta 7K are equivalent under Cj rotation.
As a result, the Bloch states at these high-symmetry points — denoted |V, ) and |[WY )
for the CB and VB, respectively — form representations of the C; rotation. More con-

cretely, since (as mentioned earlier) |U¢p) ~ |d,2) and |UYg) ~ |d2_p2) + iT|dyy) [55],
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these states transform under C as Cs| WS ) = |04 ) and Cs| U3 ) = =5 |UY ), corre-
sponding to angular momenta 0 and +2, respectively. Following Wigner-Eckart theorem,
and noting that angular momentum is defined modulo 3 under (5 lattice symmetry — so
that £2 = F1 — the optical transition matrix element between |V¢ . ) and |V, ) must
align with e}. Therefore, transitions at valley 7 couple only to electric fields polarized
along e,. Notably, this selection rule is strictly valid only for monolayers, as interlayer
coupling in bilayers can modify the symmetries of electronic wavefunctions. Nevertheless,
if the exciton is concentrated around certain high-symmetry points of the moiré landscape,

this selectivity persist to some extent [57], which we assume to be the case in the following.

2.1 Moiré bilayers

Stacking two TMD monolayers with a twisting angle # or a lattice mismatch results in
a bilayer with an enlarged periodicity of ap; ~ 10 nm [2], significantly larger than the
monolayer lattice constant of ~ 0.3 nm [24], as illustrated in Fig.2.1(d). The charge dy-
namics in such a system is influenced by a superpotential arising from interlayer coupling,
whose local extrema form a triangular or hexagonal superlattice[26, 58]. As a result, the
monolayer band structures fold into a hexagonal moiré Brillouin zone (mBZ) and split
into moiré bands. The bandwidths of these minibands and the energy gaps between them
depend on aj; as well as the specific material composition. For experimentally accessi-
ble samples, the characteristic energy scales of the lowest conduction and highest valence
moiré bands (denoted as CMB and VMB, respectively) typically range from ~ 1 to ~ 10

meV [59, 60]. Fitting these bands to tight-binding models suggests that the corresponding



nearest-neighbor hopping amplitudes are on the order of ~ 0.1 to ~ 1 meV .

Strong correlations. — In contrast, electron-electron interactions in moiré systems
can be as large as ~ 100 meV [26], indicating the presence of strong correlations. In moiré
heterobilayers, interacting electrons can be described by a generalized Hubbard model that
incorporates on- and off-site Coulomb interactions [26, 28]. This framework accounts for
the emergence of charge-ordered states, such as Mott insulators and Wigner crystals, along
with the associated spin correlations. For homobilayers, however, the description differs
due to the presence of layer degeneracies, which can give rise to nontrivial band topology.
More complicated models, such as the Kane-Mele model [58] and the SU(4)-generalized
Hubbard model [61], have been proposed to describe the interplay between topology and
strong correlations.

Moiré excitons. — Another important degree of freedom in moiré TMD bilayers is
excitons — bound states formed by a conduction band electron and a valence band hole.
As mentioned earlier, these excitations serve as a bridge between underlying electronic
correlations and optical responses [20, 21, 22, 23]. These quasiparticles can be categorized
as intralayer or interlayer excitons [62, 25], depending on whether the electron and hole
reside in the same layer — though, strictly speaking, they can hybridize [63]. Interlayer
excitons generally possess a permanent dipole moment oriented along the out-of-plane di-
rection [64, 2], whereas intralayer excitons do not. As a result, interlayer excitons typically
experience stronger on-site repulsion compared to their intralayer counterparts. However,
interlayer excitons also exhibit a smaller transition dipole moment due to the spatial sep-

aration between the electron and hole, as well as the effects of twisting or lattice mis-

!Note that for a triangular lattice, the hopping integral and bandwidth differ by a factor of 9.



match, which reduce wavefunction overlap [65, 66]. Consequently, intralayer excitons tend
to produce a stronger optical response in reflection measurements compared to interlayer
excitons [67]. Notably, the relative energy of intralayer and interlayer excitons depends
on the band alignment between the two layers. In the remainder of this article, we focus
specifically on type-1I band alignment, where the CB minimum and VB maximum of one
TMD layer are lower than those of the other layer [25]. In this scenario, interlayer excitons
typically have lower energy than intralayer excitons and thus dominate photoluminescence

measurements [67].

2.2 Mathematical description of the electron-photon system

We proceed to outline the mathematical description of strongly correlated moiré excitons.
As a starting point, we consider the electron-photon parent Hamiltonian H=FHo+H+
Hr. Here, Hy includes the kinetic energy and atomic potentials of the electronic degrees
of freedom. For simplicity, we focus on the low-energy dynamics, considering only the
CB and VB within the lowest spin-valley sector. Furthermore, we specifically consider
heterobilayers, where the interlayer coupling is perturbative compared to the layer band
offsets [24, 68], and therefore, the primary effect of this coupling is to yield a moiré potential

(rather than induce layer hybridization [58]). These considerations lead to:

A2

Ho= 35 [ @i o)), hals) = 25 1 An(s) 4 (e 30 (B 4 10

n=c,v T

(2.1)



where s denotes the in-plane coordinates, 7 € £ labels the valleys, and n € ¢, v represents
the band index. The operators 1[356) (s) and 1%”)(3) correspond to the annihilation operators
for CB electrons and VB holes, respectively, with their effective masses given by m,. and
My. Pnr describes the momentum relative to the 7-valley momentum for band n, A,(s)
represents the moiré potential, E? is the energy offset for the corresponding band, and p
denotes the chemical potential.

The charge degrees of freedom interact with electromagnetic fields. We adopt the
Coulomb gauge, where the sector involving only the longitudinal electromagnetic field, H L,
ultimately reduces to a quartic interaction between charges. For simplicity, in the rest of
this article, we focus on two specific components of this interaction, H, ~ IA/E—HA/CL - Here, V.
depends only on the density operator, defined as p™(s) = > _ &ﬁ")T(s)ﬁgn)(s), while f)d7 L
depends only on the electric polarization operator, given by Pf(s) = 3. dél(s)oi(s),
with d?’ = de} representing the transition dipole moment from the VB to the CB at valley

7. These components have the following expressions:

2 A (VA (&) - 5 (a)h (g
V, = £ d2sd?s': Pe(8)pe(s’) . 2pc(8)pu(8") , (2.2)
8me |s — & (s — )2+ 22
s 1 2.2 o' Pt 1 D (!
Vi =— [ d°sd*s'P'(s)- |Vs @ Vg———| - P(s). (2.3)
’ €0 s — 8|

where —e represents the electron charge. The parameter z denotes the vertical displacement
between CMB electrons and VMB holes, which corresponds to the interlayer separation,
or zero, depending on whether these charges are in different layers or the same layer,

respectively. The colons indicate that the operators between them are normal-ordered.



Note that we assume static dielectric screening but no dynamic screening, such that V. and
f}d, 1 are assigned the electric permittivity of the material and vacuum, respectively.
On the other hand, Hr describes the sector that includes transverse electromagnetic

fields and is given by the following expression:

~

Fr ~ — / s [Pl(s) By (s) + He + 2 / FrEL(r) Br(r) + B (1) B(r), (2.4)

where r represents the coordinates in three-dimensional space. The constant ¢ denotes
the speed of light, and Ey(r) and B(r) are the transverse electric and magnetic field
operators, respectively. Assuming that the relevant photon fluctuations have frequencies
near the target exciton state, wey, one can integrate out these fluctuations, leading to the
transformation of 7:[T into ]>d7T- Since f}d:[‘ depends only on the electric polarization, it can

be combined with f/d, 1, to yield:

2 A

Va=Var + Var = Lex /d28d2s’1-:”(s) -G (Wex, 8 — 8') - P(8), (2.5)

c2e

where G, s(ck,r) denotes the (o, 5 € x,y, z components of) dyadic Green’s tensor:

ekt i 1 3i 3 \7ars] | 0apd®(r)
aplck,r)=—— 114+ —— —= ], -1—-— - - .
Ga.5(ck, 7) 4mr {( + kr (k:r)2> £+ ( kr + (k:r)Q) r? ] * 3k?
(2.6)
In summary, we have transformed the electron-photon parent Hamiltonian into H o~ Ho+

V. +V,. In the following, we discuss how to further simplify this model to describe the

physics of strongly correlated electrons and a single exciton, respectively. These simplified
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models, as well as other effective models derived from #H to study the physics in various

regimes, are summarized in Table. 2.1.

Ve .
- [vel 0 (undoped) }1, %, %, %, %,g (WCs) 1 (Mott insulator)
0 (Trivial) Generalized Hubbard Generalized Hubbard
h model: Eq. (2.7) model: Eq. (2.7)
Electron-hole binding Exc1t9n dyngmlcs dI:lveIl Exciton dyna.umlcs dressed
. . . by dipolar interaction by fluctuations on top
1 in moiré potential: . . :
Eq. (2.8) restricted by WCs: of spin order:
4= Eq. (3.1) in Sec. 3. Eq. (5.1) in Sec. 5
Interacting model of
> 2 nonbosonic excitons:
Eq. (4.6) in Sec. 4.

Table 2.1: Effective models and the topic discussed at various charge filling fractions |v,|
and exciton number in the system ney.

2.2.1 Effective model: zero-exciton subspace with doped charges

We first review the strong correlations of doped charges in moiré TMDs. For simplicity, in
this section, we focus on the case where excess charges (CMB electrons and VMB holes)
occupy a single moiré band, leaving the discussion of exciton incorporation to a later section.
Under these conditions, # can be projected onto the subspace spanned by CMB electrons
and VMB holes. Denoting their annihilation operators as ¢g, and 0g,, respectively, H

reduces to ]:IC + ﬁv, where:

H,=E, ZCRTCRT ZZtR’RCR’ CrRr+ = ZZU (R— R') cRTéR,T,cR/ +CR.r-

T RR' 7,7 R,R’
(2.7)

Here, E. and %, g represent the occupation energy and hopping integrals of CMB electrons,

respectively, which correspond to the matrix elements of h.(s) in the basis of their moiré-

11



Wannier orbitals. The term U.(R — R’) denotes the repulsion between CMB electrons
arising from )A/e. The expression for I:L] follows similarly, with the replacements c¢g , — Vg ;,
E.— Byt p = tp g and U(R— R') — U,(R— R'). The generalized Hubbard models
H. and H, have been theoretically demonstrated to give rise to correlated states such as

Wigner crystals and Mott insulators in moiré TMD bilayers [26, 28|.

2.2.2 Effective model: single-exciton subspace without doped charges

Next, we discuss how to incorporate excitonic degrees of freedom into the model, beginning
with the case of a single exciton in the absence of excess charges. In general, a single moiré
exciton in a TMD bilayer can be described by the two-body Schrodinger equation governed
by #. For simplicity, we initially neglect V, and will discuss its role later. This leads to

the following equation (with & = 1 set throughout this article):

A% V2 e
— Ac c - —= Av v) T - FE ¢y Ov 207 2.8
e+ el — 3 (o) = s — i | drgle 3 =0, (29

where s, and sv denote the in-plane positions of the electron and hole, respectively. The
parameters m. and m, represent the masses of a CB electron and a VB hole, respectively.
The moiré potentials A.(r) and A,(r) exhibit a spatial periodicity of ap;. The index
[ €0,1,2,...labels all internal states, including excitonic moiré bands and levels associated
with relative motion. The total superlattice momentum is given by Q, and ¢, q(s., s,)
represents the corresponding exciton Bloch wavefunction (with the valley index suppressed
for simplicity), associated with the energy Fj q.

Solutions to Eq. (2.8) can be analytically derived in two perturbative regimes, re-
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ferred to as the strong Coulomb regime and the deep moiré limit. In the strong Coulomb
regime, the electron-hole Coulomb attraction dominates over the moiré potentials in de-
termining the relative dynamics. Consequently, ¢; o(s., s,) is approximately a product of
two functions, one depending only on s, = %¢s. + G¢s, (M = m, + m,) and the other
on §; = 8. — 8,. In contrast, in the deep moiré limit, the Coulomb attraction acts as a
perturbation, so ¢;q(Se, s,) is nearly a product state of a CB electron and a VB hole.
However, in this case, capturing electron-hole correlation requires incorporating at least
the first-order perturbation.

By applying a Fourier transform to these moiré-Bloch wavefunctions, one can ob-
tain the moiré-Wannier functions of excitons centered at a moiré site R, denoted as
Wi r(Sc, 8y) = \/LN ZQ e @Ry o(sc,8,) with N = > 1. For the remainder of this ar-
ticle, we will focus solely on the lowest excitonic orbital wg(s., s,) = Wo r(S., s,) unless

otherwise noted. The corresponding exciton annihilation operator is then:

B, = / d*s.d?s,wr (e, 8,)0O (8.)1h ™ (s,), (2.9)

where we consider R-stacked bilayers throughout the article, such that the two charges

have the same 7 [69]. Note that in the deep moiré limit, wg(s., s,) becomes the product

of the wavefunctions of the CMB electron and VMB hole. Therefore, :%LVT ~ é;ﬁﬁg’f
One can, in turn, determine whether an exciton wavefunction is in the strong Coulomb

regime or the deep moiré limit by comparing the following two scales:

(a%))? = / 5.5, wr(se, 8)[2(ss — R)%,  (s2) = / ds.ds,[wr(se 8,2 (2.10)
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In the strong Coulomb regime, (afj,)? > (s?) ~ a%, where ag = 62%;% is the Bohr radius.
In contrast, in the deep moiré regime, one finds (af;,)? ~ (s?) < a%.

Finally, we discuss how V, modifies the single exciton properties. First, we note
that it only contributes to the center-of-mass kinetic energy of the exciton and does not
directly impact the relative dynamics, suggesting that the previous discussion regarding
the two perturbative regimes still holds. Second, \ generically mixes the lowest and
higher exciton levels; nevertheless, the lowest excitonic level is still roughly captured by
wr(Se, 8,) if the strength of the transition dipole is weak compared to eap and eaj,. This
can be confirmed by evaluating the energy scales from the dynamics within a moiré unit

|d?|

cell. Specifically, given that wexay /c < 1, the energy given by V, scales as ~ 5 (recall
w

that |d| is the magnitude of the transition dipole), whereas the intrinsic charge motion

gives ~ W Therefore, the profile of the exciton Wannier orbital near its center is
w
not drastically modified if ay > e'f('; (assuming m. ~ m,), which is typically true for

interlayer excitons. On the other hand, the tunneling between moiré sites due to intrinsic
charge motion and from V, scales differently with distance. Specifically, the former scales
exponentially, while the latter scales as a power law. Therefore, the comparison between
them depends on the details of the system under consideration, and we leave the discussion

of it to the following sections.
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Chapter 3: Moiré excitons coexisting with charge-ordered states of doped

electrons

We proceed by reviewing the interplay between an exciton and the charge orders of doped
electrons in moiré TMD heterobilayers, following Ref.3. The scenario is summarized as
follows: When exciton-electron repulsion is included, the exciton can only hop between
vacant supersites and cannot tunnel into a moiré unit cell where a doped charge is already
located. See Fig.3.1(a). The charge orders thus act as additional superpotentials to the
exciton, thereby influencing its collective optical properties. Furthermore, distinct Wigner
crystal (WC) states can emerge at different charge filling fractions v, [see Fig.3.1(b)]. Since
v, can be tuned by gate voltage, the corresponding collective excitonic properties can be
readily accessed and serve as experimental signatures of the WCs. These properties are

summarized in Table3.1.

3.1 Effective model: single-exciton subspace with charge-ordered doped

electrons

As stated in Section 2, the CB and VB of an R-stacked heterobilayer are considered. The

system of interest consists of doped electrons in the CB and a single exciton formed by
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(a) v.e :.1/4. .ve :.1/3 v.e =.1/2.
Ve =2/3 v.,=3/4 v,=6/7

Figure 3.1:  (a) Constrained exciton (pair of red and light blue dots) tunneling due to
the presence of the charge order state of doped electrons (dark blue). The tunneling
originates from the dipole-dipole interaction \ (green arrow), and therefore is long-ranged.
Nevertheless, exciton-electron repulsion prevents the exciton from populating the sites that
are already occupied by electrons. The yellow surface represents the moiré potential with
period ays. (b) Charge orders emerging at various v, in untwisted WSey /WS, [29, 70]. The
remaining vacant sites provide an effective excitonic lattice as demonstrated in panel (a).
Figure reproduced from Ref. [1].

charges in the two bands. For simplicity, all electrons (both doped and optically excited)
are assumed to reside in the same layer. The moiré period aj; is taken to be sufficiently
large so that tunneling from intrinsic charge motion is suppressed compared to hopping
driven by v, L Together with the assumption that exciton-electron repulsion is significant

compared to exciton tunneling, the low-energy (non-Hermitian) Hamiltonian is given by:

; 2 2
7 vy E AT A W X|d| E E : * ex [ D r/ ~t oA
H — (wex — E) xRﬂ—xR,T + 66260 67_ N g (R - R) N eT/l‘RyTZI?R/’T/, (31)

R,T R#R, Tle

where we, and v denote the bare exciton energy and decay rate, respectively. The function
G (R — R/) is defined as [, , wi(s,5)G (wex; s — 8') wr(s', 8'), where the exciton Wan-
nier orbitals are approximated using the perturbative solution of Eq.(2.8) in the strong

Coulomb limit for simplicity. The sets {R} and {R'} correspond to moiré sites unoccupied

I This approximation is valid because exciton hopping from intrinsic charge motion decays exponentially
with distance, whereas exciton tunneling driven by Vy; follows a power-law scaling.
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Ve Emergent arrays | Superradiant A Clc
0, %, %, g Triangular 0,1 —-1,1
% Rectangular 0,1 0,0
% Honeycomb 0,1 -1,1
: Kagome 0,1,3,4 —1,1,1,-1

Table 3.1:  Properties of an interlayer exciton in electron-doped, untwisted WSey/WS,.
The first column lists electron filling fractions (v.) that exhibit charge order [29, 70]. The
second column shows the corresponding effective lattice for the exciton, which emerges as
the complementary lattice to the charge order. The third column presents the collective
band indices (A, ordered by energy), that exhibit enhanced radiative decay (within the light
cone) compared to the bare dipole transition rate . The last column provides the total
Berry curvature, C' ¢, summed over all momenta within the light cone. The calculation of
CLc includes an out-of-plane magnetic field introducing Zeeman splitting of upB = 207.
Table reproduced from Ref. [1].

by doped charges. These excess charges, governed by Eq.(2.7), can form WCs at specific
v, values. The charge order is assumed to remain stable against the motion of a single
exciton, making {R} the complementary lattice to the WC at the corresponding fractional

fillings.

3.2 Collective spectral properties of moiré excitons

The eigenvalues of Eq. (3.1) corresponding to the single-excitation states can be expressed
as wex + Ag — iTq, where Ag and I'g are real values that characterize the collective
lineshifts and linewidths of the exciton, respectively. The collective effects are generally
significant, as the moiré superlattice is deep subwavelength (wexan/c < 1). Specifically,
I'g/7v is expected to scale with the number of complementary lattice sites within the area

of the exciton wavelength squared, assuming constructive interference of excitonic states
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Figure 3.2: Collective excitonic bands in charge-ordered untwisted WSe, /WS,. Solid and
dashed lines represent the excitonic lineshifts (Ag) and linewidths (I'q), respectively, for
electron fillings (a) v, = 0 and (b) v, = 3. Curves of the same color correspond to the same
excitonic band. The vertical axes are scaled by vN, , where N, is defined in Eq. (3.2)
and is of order ~ 10* here. The horizontal axes represent Bloch momenta @ along a
piecewise-linear path through high-symmetry points in the Brillouin zone, as illustrated by
the hexagon in the inset of (a). Momenta within the light cone are highlighted by the green
shaded region (enlarged for clarity). Figure reproduced from Ref. [1].

at all these sites. This number is defined for a v.-doped bilayer with twisting angle 6 as:

Nl’e<9) = (1 + 62/52)]\[1/@7 Ny, = )‘zx/Al/ca (3-2>

where A, represents the unit cell area of the complementary lattice at zero twist and ¢
denotes the mismatch between the lattice spacings of the two TMD layers. Using this
quantity, the degree of constructive interference can be estimated by evaluating W%‘;"(e).
Fig. 3.2 shows Ag and I'g for triangular and honeycomb excitonic lattices from
ve = 0- and v, = 1/3-doped WSey /WS, at zero twist, respectively. The collective bands
from these v, values share several common properties. Within the lightcone (LC), the fact

that I'q scales with N, v (N,, ~ 10* for the parameters used) indicates strong constructive

interference. Such a large decay rate also suggests that an exciton tends to emit light
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Figure 3.3:  Optical signatures of charge orders at various electron fillings v,. (a) Collective
excitonic band properties at @ = 0 for untwisted WSey/WS,, and (b) their dependence
on the twisting angle, which is captured in the combined factor N, (#) defined in Eq.(3.2).
Dashed lines in (b) represent linear fits with a slope of 1. Figure reproduced from Ref.[1].

before tunneling to other moiré sites. This is consistent with the relatively flat dispersion
Agq within the LC. In contrast, outside the LC, I'g is suppressed, indicating destructive
interference for those momenta. Qualitatively, this occurs because the exciton momentum
is too large for the exciton-light momentum conservation to be satisfied.

On the other hand, there are other properties of the collective bands that vary with
Ve, which could serve as experimental signatures to distinguish between different WCs.
As an example, the collective properties at Q = 0, accessible in a reflection experiment
with normal incidence, are illustrated below. Fig. 3.3(a) shows Ag and I'y for various
v.’s. In this case, the number of non-degenerate bright excitonic levels varies across the
different emergent lattices. This provides the most direct fingerprints for the rectangular
lattice at v, = % and the Kagome lattice at v, = %1, as these are the only v, values that

exhibit two bright lines with equal and different I'y, respectively. However, distinguishing

between triangular and honeycomb lattices using this bright-level counting method is rather
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challenging, which motivates the utilization of the following quantitative signatures.

One quantitative optical signature for the WCs is the largest [y among all excitonic
levels for a given v,, which typically arises from the lowest level. This value generally de-
creases with increasing v, and could therefore be useful for benchmarking the appearance
of corresponding WCs in experiments. Another more prominent optical fingerprint for the
WCs can be obtained by observing the rate of change of I'y with respect to the twisting
angle 6. As demonstrated in Fig. 3.3(b), I'g/y ~ N, (0) for all # and v,, with the propor-
tionality constant depending only on the geometry of the excitonic lattice. For example,
triangular lattices at v, = 0 and 2/3 correspond to the same line, which differs from the
lines corresponding to v, = 1/3 and 1/4. The observation suggests that the proportionality

constant can serve as a quantitative fingerprint of the WCs.

3.3 Topological excitonic properties

The collective excitonic bands could also exhibit non-trivial Berry curvatures upon the
introduction of an external magnetic field B, which adds a Zeeman splitting term Hp =
usBY o g Ti’;%ﬂ_i' rr to Eq. (3.1) and breaks time-reversal symmetry. Specifically, the right
eigenvectors of the total exciton Hamiltonian, |@), are numerically evaluated to compute
the Berry curvature Q(Q) = iVg x (Q|Vq|Q). In this section, only Q(Q) for @ within
LC is considered, as these correspond to the optically accessible states.

Fig.3.4(a) shows the numerical results for a triangular lattice at v, = 0 and a rectan-
gular lattice at v, = 1/2. The two excitonic bands from v, = 0 exhibit opposite nonzero

Q(Q), both centered around @ = 0. Notably, their Q(Q) values sum (for Q within LC)
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to integer values, Crc = F1. This topological property arises from the phase winding
of Green’s tensor, Eq.(2.6), rather than being inherited from the electronic bands [71].
Specifically, this phase winding manifests in the off-diagonal terms of the following low-Q
effective excitonic Hamiltonian:

: T, | meB  iJQ%
h(Q) = Wex + A0 -+ ) (33)

2 iJQ%**®  —upB

where ) and ¢ are related to the Bloch momentum as Q = @(cos ¢e, + sin ¢e, ), and J is
a complex coefficient that captures the band curvature.

On the other hand, Eq. (3.3) is not directly applicable to the rectangular lattice at
v = 1/2. This is because the C5 rotational symmetry is absent in this case, and therefore,
nonzero off-diagonal constants emerge in addition to those in Eq. (3.3). The phase winding
Q?*e%¢ is relatively suppressed, resulting in the two bands possessing zero Berry curvature,
which gives C,c = 0. Similar reasoning can be applied to other v,’s, with the corresponding

Chrc values summarized in Table 3.1.

3.4 Extracting band properties via optical reflectivity.

The collective spectral and topological properties of moiré excitons are proposed to be
detected through far-field reflection measurements. In the following, the probing of topo-
logical features is elaborated, as the spectral properties shown in Fig. 3.3 can be directly
inferred from the resonances. The setup for such measurements should be polarization-

resolved and include tunability in the incident angle, which provides momentum resolution
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Figure 3.4: Topological and non-topological excitonic bands and their experimental sig-
natures. (a) Dependence of Berry curvature (2) on Bloch momentum magnitude (@) for
each band (labeled by A) at v, = 0 and v, = 3, color-coded accordingly. Solid lines repre-
sent results from diagonalizing the full model, including Eq.(3.1)) together with a Zeeman
splitting g B = 207, while dashed lines correspond to the low-energy model Eq.(3.3). The
vertical axis is scaled by J/7, where J, defined in Eq.(3.3), is obtained by fitting I'g in
Fig.3.2(a). The gray line indicates the momentum at which JQ? = ugB. The inset shows
that the dependence of Q2 on the polar angle of @ is negligible. (b) Phase of the scattering

matrix element S_, at k = 2—’; and k| = k,e, + kye, for both values of v,. Figure repro-

)\e
duced from Ref. [1].

(within LC). By incorporating standard homodyne techniques, both the amplitude and
phase of the reflected electromagnetic field can be detected. Furthermore, by setting the
incident plane-wave light to be circularly polarized and collecting the cross-polarized output
fields, one can extract the corresponding scattering matrix element S_,, which contains
information about the off-diagonal term of Eq. (3.3), the source of the topological features.

To illustrate the connection between S_, and IA“L(Q) with simplicity in the analysis,

here the expression for this scattering matrix element for Bravais lattices (e.g., triangular
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and rectangular arrays) is focused and presented below:

-1

3mey . . . .
> 9-r(k k))Dri(ck k), Drr(w,Q) = (g, |w—H—Hg| &)

We

S_i(k) =

(3.4)

Here, k denotes the momentum of the incident light, and kj is its in-plane component.

. 3 kzé‘ﬂ‘r’i(ei'Q)(e‘r"Q)
9rr(k,Q) = — 2,;,,6 k2/k2—Q2

and Zg, are the momentum space representations
of the Green’s tensor Eq. (2.6) and Zg,, respectively. Eq. (3.4) allows for solving the
exciton propagator D, ./(w, @), and thus the matrix elements of H + Hp, once S_. (k) is
measured. With these Hamiltonian matrix elements, one can access the Berry curvatures,
and therefore Cr g, of the excitonic bands within the LC. An important consequence of
this analysis is that topological Bravais lattices possess two nodes in the phase of S_, (k),

whereas non-topological ones have zero nodes, as illustrated in Fig. 3.4(b).

23



Chapter 4: Correlations between moiré excitons: The role of nonbosonic

exciton statistics

In this section, we review another theoretical framework that focuses on undoped bilayers
with multipole moiré excitons, following Ref. [2]. In this analysis, the non-bosonic nature of
these composite particles is incorporated into their many-body description, which is often
neglected in previous studies that employ a Bose-Hubbard description [64, 72, 73]. This
effect is generally non-negligible when the target exciton wavefunctions exhibit significant
overlap [74, 75]. Consequently, whenever on-site repulsion between excitons arises — such
as when multiple excitons occupy the same moiré unit cell — their non-bosonic nature can

become significant and needs to be accounted for to obtain a correct many-body description.

4.1 Formulation for non-bosonic statistics of moiré excitons

The standard approach to capturing the nontrivial exciton statistics is to evaluate their
commutation relations. For the lowest exciton moiré-Wannier state in Eq. (2.9), these

relations take the form:

@R ] =0; (1= 0rRr)ERr TR, >0 [[Brr ] iR, ~ —200h,.  (4.1)
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(c) ‘ A=0 (d)

Figure 4.1: (a) Schematic of charge exchange process between two excitons (Z), charac-
terized by the exchange integral A. In this process, two incoming excitons (purple shaded)
exchange their electrons (c and ¢, blue dots) while retaining their hole components (v and
v, red dots). The hole-exchanged diagram is topologically equivalent. (b) Disconnected
diagram representing a two-exciton process resembling free bosonic behavior. (c¢) Illustra-
tion of moiré excitons in a superlattice potential (yellow) when process captured in (a) is
suppressed (A = 0), allowing unrestricted exciton occupation. This regime occurs when
the exciton Wannier orbital’s center-of-mass width (aj},, green peaks) is much larger than
the Bohr radius (ag). Here, ay; denotes the superlattice constant. (d) Moiré excitons with

maximal charge exchange (A = 1), occurring in the limit af;, < ap. In this case, double
occupancy per supersite and valley is prohibited. Figure reproduced from Ref. [2].

Here, the first relation follows from the fact that charges at different valleys commute by
definition. The second relation arises because the overlap between exciton moiré-Wannier
orbitals centered at different sites is suppressed in the regime of interest, ajj,,ap < ap.
In the third relation, [Z, g, i‘L rl generally cannot be expressed compactly in terms of . g
and :ﬂ; Rr» but the double commutator can be if the overlap between wg(s,, s,) and higher
moiré-Wannier orbitals is neglected. A denotes the two-exciton exchange integral, given

by:
A= /dscdsvds;ds;w}‘%(sc, S wr(Se, Sy)wr(S., 8 )wi(s., sy), |A] < 1. (4.2)

This quantity characterizes the strength of charge exchange processes between two excitons
[see Fig. 4.1(a)] relative to the unexchanged channel [see Fig. 4.1(b)]. When these exchange
processes are negligible, corresponding to A ~ 0, the excitons recover bosonic behavior. The

opposite limit, A ~ 1, occurs when wg(s., s,) is nearly a product state of a CMB electron
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and a VMB hole, leading to (:ELJ) ~ (é;z;@;w)g = 0. These considerations indicate that
A also characterizes the extent to which moiré excitons inherit Pauli exclusion from their
charge constituents.

The last commutator in Eq. (4.1) also suggests a connection between Z g, and angular
momentum operators satisfying [SA'E’T, SAE’T] = 25’&7 and | AIZ%’T, Sl_z;] = —31;77. Specifically,

the above algebra is satisfied if one replaces:
. T
—= =Sp. A =8h, — i =Sk, (4.3)

Notably, the eigenvalues of S’]Z;L’T do not have to be integers or half-integers, as this set of
emergent angular momentum operators does not correspond to the generators of rotations.
The state with the largest S’IZ{J eigenvalue, (2A)~!, corresponds to the vacuum state of the
exciton. Eq. (4.3) also implies that g, can be mapped onto an emergent bosonic degree

of freedom ag . via a Holstein-Primakoff transformation [76]:

Zrr = 0(1 — Aaly ar,)\/1 — Adly g ar.r, (4.4)

where the Heaviside step function () is included to ensure that the argument inside the
square root remains non-negative.

The representation in Eq. (4.4) suggests that exciton occupancy at each (R,T) is
bounded below:

Vmax = ceil(A™1),  (&,.p)">" =0, (4.5)

where ceil(z) denotes the ceiling function, which returns the smallest integer greater than
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Figure 4.2: Exchange integral A as a function of ap/ajj, for intralayer excitons. Green
points represent numerical results from Eq. (2.8). The red and blue curves correspond to
results from perturbative wavefunctions in the strong Coulomb and deep moiré regimes,
respectively. The opacity indicates their respective regions of validity. Figure reproduced
from Ref. [2], and is generated using parameters from untwisted WSey/WSs.

or equal to z. This saturation effect, known as phase space filling (PSF), is present for
all non-bosonic excitons. Eq. (4.5) can be interpreted as follows: While v,y is largely
unrestricted at small A [see Fig. 4.1(c)], it decreases with A and reaches the most restrictive
case, Umax = 1, when A =1 [see Fig. 4.1(d)]. Notably, as A also characterizes the extent to
which an exciton inherits the Pauli exclusion from its constituent charges, this fermionic
effect can be interpreted as the underlying mechanism of PSF.

The strength of this blockade effect generally depends on the ratio ag/afy,. Fig. 4.2
shows that A increases with this ratio for intralayer excitons within an R-stacked bilayer,
where wavefunctions are obtained from the numerical solution of Eq. (2.8) under the as-
sumption A.(s) = A,(s). This result can be understood by considering the behaviors in
the strong Coulomb and deep moiré regimes. As the system approaches the strong Coulomb
regime (aj,, > ap), charge exchange between two excitons needs to overcome the strong
binding energy and is therefore suppressed. Accordingly, A — 0 as ap/aj;, — 0, resulting

in nearly bosonic excitons with an unrestricted occupation number [see Fig. 4.1(c)]. In
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Figure 4.3: Exchange integral A and occupancy upper bound vy, for interlayer excitons in
R-stacked TMD bilayers at various twisting angles. Dashed vertical lines indicate twisting
angles reported in the literature [57, 53, 77]. Figure reproduced from Ref. [2].

contrast, in the deep moiré limit (af,, < agp), the weak electron-hole binding allows the
charge exchange process to become comparable to the unscattered process [see Fig. 4.1(b)],
leading to a larger A that saturates at 1. These interpretations of the numerical results are
consistent with the analytical solutions in these regimes.

Physically, the ratio ap/af, is determined by the moiré period ays along with other
material parameters. Fig. 4.3 presents A and 1, for interlayer excitons in different R-
stacked bilayers at various superlattice spacings. These materials and twisting angles gen-
erally yield 1/3 < A < 1, corresponding to 3 > vp.x > 2. This result suggests that PSF is
non-negligible for moiré excitons and demonstrates that their statistics typically lies in an
intermediate regime between the bosonic and Pauli limits. Another important feature is
that larger A and smaller v, can be achieved by accessing a smaller a,;, or equivalently, a
larger twisting angle. Since a smaller a); typically leads to a smaller afj, while ap remains

unchanged, the above results are consistent with the previous discussion on ap/aj; .

4.2 Effective model: multiple interacting excitons without doped charges

An interacting exciton model incorporating nonbosonicity can be derived from the electron-

photon parent Hamiltonian 7. Several assumptions are made in this derivation. First,
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higher excitonic orbitals are neglected, which is strictly valid only if their energies are
greater than Ejy + Ue, where Fy denotes the single-exciton occupation energy and U
represents the on-site two-body repulsion. In addition, only the nearest-neighbor exciton
tunneling arising from intrinsic charge motion, denoted as t., is retained for simplicity
V, is suppressed at this point, and its role will be discussed later). Finally, the condition
|tex| < Uy is assumed to be consistent with the approximation of neglecting off-site exciton
commutators in Eq. (4.1). With these considerations, the effective excitonic Hamiltonian
takes the following form in the emergent-boson representation:
Her = Eo Y _al pirr —tex Y (al giirp +He)
R

(R'\R) (
4.6)
Uex ,\-i- AT ~ ~ 1 U AT Vmax+1/ 4 Vmax+1
+ 7 aT;RaT’;RaT’;RaT;R + _am ex <aT;R) (CLT?R) :
R,T,7! Uex—r00 R

Note the presence of an infinite (vp.x + 1)-body interaction ﬁex that originates from PSF.
This additional term introduces a qualitative change in the excitonic phase diagram com-
pared to the standard Bose-Hubbard model. In particular, when the exciton occupation
exceeds Vpax, the many-body state becomes incompressible regardless of ..

In addition, PSF renormalizes the optical matrix elements of moiré excitons, thereby
modifying the light-matter interaction #r. Following Eq. (2.4), electromagnetic fields
couple linearly to £g . and, consequently, nonlinearly to ag .. This nonlinearity manifests

as a suppression factor in the following transition matrix element:

<V + HinTR,r‘l/) = H(Vmax - V) \/(V + 1)(1 - AV)> ’V> = %(dkﬂ')y|vac>’ (4'7)
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which is generally weaker than that for bosonic excitations, v/~ + 1. In other words, opti-

cally driving moiré excitons with greater nonbosonicity is generally more challenging.

4.3 Experimental signatures of non-bosonicity

The validity of the interacting high-order hardcore boson model, Eq. (4.6), can be tested

by examining photoluminescence at high pump power [53]. Since the energy of a v-exciton

v(v—1)
2

state is given by vEy + U, emission at frequencies Ey, Ey + Ue, Fo + 2Us, ...
would sequentially appear as the pump power increases, up to Ey + (Vmax — 1)Uex, Which
is a manifestation of PSF. Beyond this critical power, higher moiré-Wannier excitonic
states are accessed, and the splitting between emission peaks is generally no longer U,.

These predictions serve as a signature of excitonic nonbosonicity and are consistent with

measurements for WSey /WS, [53].
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Chapter 5: Moiré excitons coexisting with spin-ordered states of doped

electrons

Finally, we review how a single moiré exciton can interplay with the spin degrees of freedom
of doped charges, following Ref. [3]. The system considered here consists of an initially
half-filled VMB (one hole per moiré unit cell) in an R-stacked heterobilayer, forming a
Mott insulator described by the Fermi-Hubbard model. At zero temperature, theoretical
predictions suggest that this system hosts a frustrated antiferromagnetic order [26, 78, 79].
On top of this configuration, a VMB electron is transferred to the CMB, leaving behind a
vacant site (referred to as a “holon”) in the VMB. The motion of the holon disturbs the
background, generating spin fluctuations that, in turn, dress its dynamics into a magnetic
polaron state [80, 81, 82, 4]. This quasiparticle can then bind to the CMB electron via
electrostatic attraction, forming the target excitonic state of this section, as illustrated in

Fig. 5.1.

5.1 Effective model: single-exciton on top of half-filled doped holes

The effective Hamiltonian describing one CMB electron and multiple VMB holes can be
derived from the parent Hamiltonian 7:[, following similar steps as in Section 2.2.1. Ad-

ditionally, for simplicity, the excitonic tunneling induced by light-matter coupling V, is
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Figure 5.1: Left: Illustration of density of states at the conduction and valence moiré bands
(CMB and VMB). The vertical axis represents energy, with the shaded region indicating
the filled Fermi sea. Strong Hubbard interaction within VMB splits it into upper and lower
Hubbard bands (UH and LH). Black wavy lines illustrate interactions that give rise to the
target exciton. Right: Schematic of an exciton coexisting with a magnetic order in VMB.
Black and white dots represent CMB electron and VMB hole, respectively. Red, green,
and blue arrows depict the 120° spin-ordered state on the triangular moiré superlattice in
VMB. The trajectory of the hole (gray shading) perturbs the spin order as it moves. Figure
reproduced from Ref. [3].

suppressed. This suppression can be achieved by reducing the transition dipole of the tar-
get electron-hole pair, which may result from the application of an out-of-plane electric field
if the CMB electrons and VMB holes reside in different layers. With these considerations,
and retaining only nearest-neighbor terms in charge hopping and the on-site contribution
of the Hubbard repulsion for simplicity, the effective Hamiltonian takes the following form:

2 _ L) ~F ~ At At N R
H = HHUb -1 Z Z CR-CR,T — z : z : WR_R/|CR,TUR’,T’UR’,T’CR,T
)

7 (R,R’ 7,7 R,R’
< (5.1)

v ST N P
Hip, = —t § § Up,Vrr + Uy E :UR,+UR,—UR,JJR,+7
T (R,R) R

where (R, R') denotes nearest-neighbor sites on a triangular superlattice, and recall that
Cr,r and Og, represent the annihilation operators of the CMB electron and VMB hole,

respectively. Here, the tunneling of these two charges is assumed to be identical, denoted
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by t, for simplicity. U, and V|gr_g/ represent the on-site repulsion between VMB charges
and the off-site attraction between CMB electrons and VMB holes, respectively.

Near half-filling of the VMB, along with the dilute CMB electron condition and
considering the typical regime for moiré TMDs where |t| < U,, the sector H}, becomes

the following effective t-J model after applying a standard perturbation method [76]:

ﬁtJ = —tz Z ﬁﬁL,TiLR/,TﬁJr lffJ, I:]J =J Z SR . S'R’a S'R = Z iLR,T des ﬁ;rz,r'v

T (R,R/) (R,R) 2
(5.2)
where J = % is the superexchange energy scale. The projection operator P excludes

states with double occupancies of VMB electrons at any moiré site. o, is the three-
component vector representing the matrix elements of the Pauli operators. For triangular
lattices, H; favors a 120° coplanar spin order, as illustrated in Fig. 5.1. The magnetic
excitations from this order are characterized by J, which is significantly slower than the
bare charge dynamics ~ t. Since these fluctuations couple to the VMB holon via Eq. (5.2),
the propagation rate of their composite object, referred to as “magnetic polarons” or “spin
polarons” [80, 81, 82], is reduced to J.

Several analytical approaches are employed to describe the behavior of charge and

spin in the VMB, as discussed in the following.

5.1.1 Slave-fermion representation of the t-J model

First, the slave-fermion representation for the VMB hole is utilized, as it conveniently
separates the charge and spin degrees of freedom. Specifically, as pictorially illustrated in

Fig. 5.2(a), in the zero-double-occupancy subspace, h r.- can be replaced by the product of a
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Figure 5.2: Illustration of the analytical treatments. (a) Schematic representation of the
slave-particle formalism. Up- and down-arrows denote states occupied by a single 7 = +
or 7 = — VMB electron, respectively, which are mapped to corresponding bosonic spinons
(8). States with zero and two electrons are mapped to fermionic slave particles: holons
(zﬂ) and doublons. Doublons are not shown, as indicated by the cross, since they are en-
ergetically unfavorable. (b) Classical mean-field ground state from the triangular lattice
antiferromagnetic Heisenberg model exhibits a 120° coplanar magnetic order. Colors indi-
cate the directions of spin vectors and their corresponding sublattices. (¢) Diagrammatic
equation for the self-consistent Born approximation (SCBA) applied to the holon propa-
gator. Thin solid single lines represent the bare holon propagator, while bold solid lines
denote the dressed holon propagator. The wiggly curve corresponds to the propagator of
a spin excitation.

creation operator for a bosonic “spinon” §J1rh and an annihilation operator for a fermionic

“holon” g [83, 84, 85]. This substitution is accompanied by the constraint tﬂ%lﬁR +
>, §TR7T§ r,~ = 1, which is essential for preserving the Hilbert space size under the slave-

particle transformation. This approach yields the following representation of the t-J model:

0'7—7_/

/\

SR,-

HtJ——tZ Z waR/SR’ SRT—FhC +J Z SR SR/ SR_ZSR’T

T (RR) (R,R)
(5.3)

Note that the J term is constructed solely from spinon operators in this representation.
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5.1.2 Mean field description for magnetic order

To proceed, it is assumed that the magnetic ground state is primarily determined by the

J term in Eq. (5.3). Using a classical mean-field treatment, the lowest-energy state yields:

;

€., Re A

. nNr .
<SR> = 77 nr = —e?x — @7 Rec B> (54)

€er \/36
\—7+Ty, ReC

where A, B, and C indicate the three sublattices illustrated in Fig. 5.2(b). Fluctuations on
top of this ordered state are incorporated using the following rotated Holstein-Primakoff

representation of spinons [76]:

=Ur : (5.5)

where U r is the spin rotation matrix that rotates ng to e.. Z;R denotes the annihilation op-
erator of the Holstein-Primakoff bosons. Note that the transformation in Eq. (5.5) is exact,

and the classical mean-field theory corresponds to the limit br — 0. This treatment can be

improved by replacing /1 — ISE(A)R in the above expression with £ = \/ 1—+> R(?)LI;R%
where <IS;ZA) r) is the ground-state expectation value, to be determined self-consistently later.

Under these steps, H; becomes a quadratic Hamiltonian, and takes the following form after
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a Fourier transform to momentum space followed by a Bogoliubov rotation:

ol 3J§2 ALA ~ ~ f}/ 2 "}/2
Hy === Zq:szqﬁgﬁq, By = tghg —vgh 4 Qg = \/(1 ) - (50)

where Z;q is the momentum-space (q) representation of Z;R, and:

3
1 g 1 g
=2 cosana-e) “q:\/ﬁ(”ﬁmq)v ”qzsg””q]\/ﬁ(”?’—ﬂq)’
i=1 q q

with e; = e, and ey3 = —e,/2 £ \/gey/Z. The ground state of Eq. (5.6) yields the
self-consistent solution & ~ 0.86, or equivalently, the normalized sublattice magnetization
m=1- %ZR@;{ER) ~ 0.48 (recall N = Y p1). Notably, this order parameter is
independent of ¢ and U.

Applying a similar treatment to the hopping term in Eq. (5.3) yields:

Hyy = 1€° Zwkwk+ Z[qu¢k+qwkﬁ* the]+ 2 e (58)

3
Mp,q = hivg = hieiqtiq, i = Z sin(ayk - €;). (5.9)

i=1

5.1.3 Diagrammatic calculation for magnetic polaron

To compute the dressed holon propagator from Eq. (5.8), a diagrammatic approach is
employed together with the standard self-consistent Born approximation (SCBA) [80, 78,
86, 79], as illustrated in Fig. 5.2(c). This approximation neglects diagrams that violate the

slave-particle constraint or describe processes in which the holon circulates around moiré
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Figure 5.3:  Properties from the dressed holon dispersion. (a) Holon bandwidth W com-
puted via SCBA as a function of the moiré period a,;. For comparison, the exchange cou-
pling J (empty circles) is also shown as a function of a,;, using parameters for WSes /MoSe,
from Ref.[26]. (b) Fitted hopping parameters t;, t5, and t3 from the dressed holon dispersion
in Eq.(5.11), plotted as functions of ay;. Data for two sublattice magnetizations, m = 1
and m = 0.48, are shown. The system size used is 3 x 242 sites. (c) Schematic illustration
of effective holon hopping (white dot) within the 120° spin-ordered background. Panels (a)
and (b) reproduced from Ref. [3].

unit cells [80]. Mathematically, it leads to the following self-consistent equation for the

holon self-energy > (e€):

3 Mg,

N g 6 Wa— t82Vk+q — Liorq(€ — wq)’

Yr(€) (5.10)

where € is the frequency argument of the self-energy. The dressed holon dispersion can be
obtained by numerically solving X (ex) +t£y% = €x. The solution can be well approximated

by the following expression:

3
€ = —2 Z [t1 cos(ank - €;) + ta cos(ank - €]) + t3 cos(2apk - €;)], (5.11)
i=1

where €| = \/gey and e 5 = i%ex — %gey, and recall that e; = e, and es35 = —e, /2 £
\/gey /2. The hopping integrals ¢, t5, and t3 can be interpreted as the nearest-neighbor,
next-nearest-neighbor, and third-nearest-neighbor holon tunnelings, respectively, as illus-

trated in Fig. 5.3(c).
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Fig. 5.3 presents the numerical results from Eq. (5.10). First, the dressed holon
bandwidth scales with J, consistent with the magnetic polaron picture [82]. Accordingly,
the effective hopping parameters satisfy [t1], |ta, [t3] << |t|. All of these energy scales
decrease with increasing a,;, which originates from the more reduced overlap between
electronic moiré-Wannier orbitals at nearest-neighbor sites [26]. Note that both the self-
consistent sublattice magnetization m ~ 0.48 and the classical value m = 1 are shown as a
comparison, which indicates that changes in the magnetic order lead only to quantitative

differences.

5.1.4 Two-body bound state between a magnetic polaron and a free elec-
tron

The dressed holon dispersion €, the CMB electron kinetic energy —2tﬂykéLTék7T, and the
electron-hole electrostatic attraction together constitute the following two-body Schrodinger

equation:

h (gzs)
q

2me? tan
(co-p—2019.,) Palp) — -7 > (P~ ) = LoPa(p):  (5.12)
" aq

tanh (@22) characterizes the momentum-space representation of the dual-gate screened

Here,
electron-hole attraction, which can be achieved by incorporating metallic gates at a vertical
distance z, from the bilayer [87, 88]. Note that the results are largely insensitive to z, in the
regime z, > ay. €, denotes the dielectric constant arising from static screening, and recall

that N and A are the number of supersites and the moiré unit cell area, respectively. The

solution to the above equation yields the exciton energies £ and wavefunctions ®g(p),
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expressed in terms of center-of-mass and relative momenta, denoted @ and p, respectively.
Note that internal-state and CMB-valley labels are suppressed for simplicity.

Eq. (5.12) can be solved perturbatively by considering the typical regime in which the
binding interaction is much stronger than the charge tunnelings. Specifically, denoting the
electrostatic attraction energies between on-site and nearest-neighbor electron-hole pairs
as Vg and V7, respectively (with Vi > V] typically), second-order perturbation theory gives

Eo ~ [-Vo+0O(J)]— Vgtf;l Yq- The corresponding bandwidth for a Mott exciton embedded

in the magnetic order described by Eq. (5.4) is therefore W¥0 ~ 18Jtta]

~ == A similar analysis

for an exciton in a paramagnetic state, where eq _p in Eq. (5.12) is replaced by —2tyq
2 2

p?

yields a bandwidth of WM ~ %.

5.2 Experimental signatures for magnetically dressed moiré exciton

The analysis in the previous section demonstrates that the magnetic polaron effect sup-
presses the excitonic bandwidth by a factor of % o~ ]%1|, which qualitatively originates
from a similar suppression in the holon bandwidth. This perturbative result is consis-
tent with numerical calculations of the lowest excitonic state obtained by diagonalizing
Eq. (5.12), as illustrated in Fig. 5.4. By substituting parameters for a realistic bilayer sys-
tem (here, MoSey/WSes), it is found that the excitonic bandwidth reduction is orders of
magnitude and persists across a range of experimentally relevant moiré periods. This pro-
vides a robust qualitative signature to distinguish excitonic species arising from magnetic
order versus those from a paramagnetic background.

Such a signature could potentially be extracted from excitonic diffusion measure-
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Figure 5.4: Dispersion of the lowest excitonic state in (a) a magnetically ordered Mott
insulator, and (b) in a paramagnetic state, both based on MoSes/WSes. @, and @), denote
components of the exciton momentum, with the moiré Brillouin zone shown as a hexagon.
High-symmetry points I', , and M are indicated. (¢) Comparison of excitonic bandwidths

from a magnetically ordered background (W¥©) and a paramagnetic background (W)
as functions of moiré period. Figure reproduced from Ref. [3].

ments in doped moiré bilayers [6]. Intuitively, this is because the diffusion constant of a
quasiparticle is inversely related to its effective mass, which is approximately captured by
the inverse of its bandwidth. To probe and distinguish the exciton dynamics in antiferro-
magnetically correlated and paramagnetic backgrounds, at least two sets of measurements
— conducted at temperatures much lower and much higher than J, respectively — are
required. The results above predict that the former case will exhibit a significantly smaller
diffusion constant compared to the latter.
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Chapter 6: Conclusion and outlook

6.1 Summary

We have reviewed the theoretical descriptions of three distinct classes of strongly correlated
moiré excitons. To reiterate, in Section 3, we discussed a scenario in which single-exciton
dynamics are constrained by charge ordering of doped electrons due to exciton-electron
repulsion. As a result, the optical and topological properties of the exciton depend on the
geometric structure of the charge order, which can be tuned via gate voltages. Notably,
because moiré TMDs lie in the deep subwavelength regime, excitonic emission exhibits an
order-of-magnitude collective enhancement. In Section 4, we discussed situations involving
multiple moiré excitons and the impact of their nonbosonic character, which is generally
non-negligible in these bilayer systems. This statistical property manifests as a phase space
filling effect between composite particles, imposing an upper bound on the number of exci-
tons per moiré unit cell. Consequently, excitonic behavior deviates from that predicted by
the conventional Bose-Hubbard model when the system is optically driven at high powers.
Finally, in Section 5, we reviewed a framework for describing an exciton embedded in a
frustrated spin-ordered Mott insulator. Such a bound state becomes dressed by the under-
lying magnetic fluctuations, leading to a substantial suppression of its effective tunneling
compared to a similar excitonic species in a paramagnetic background.
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These excitonic species can potentially be probed through the following respective
experimental approaches. First, the collective excitonic properties discussed in Section 3
can be extracted via far-field reflection measurements. In particular, when combined with
momentum resolution controlled by the incident angle and polarization resolution, the
Berry curvatures of excitonic bands can be inferred from the scattering matrix. Such mea-
surements could be employed to probe and distinguish charge-ordered states with different
geometric structures. Next, the nonbosonic nature of moiré excitons discussed in Section 4
may manifest in photoluminescence experiments conducted at high pump power. The cor-
responding emission spectrum is predicted to exhibit a series of lines that are equally spaced
in frequency below a critical power threshold, which reveals the filling bound imposed by
nonbosonicity. Above this threshold, the spectral lines generally lose the equal-spacing fea-
ture due to the involvement of higher excitonic orbitals. Finally, the magnetically dressed
Mott exciton described in Section 5 may be identified through low-temperature exciton dif-
fusion measurements in doped bilayers with integer charge filling. Its diffusion constant is
expected to be significantly smaller than that of an exciton in a paramagnetic background,

which can be accessed in a similar measurement at higher temperatures.

6.2 Outlooks

In addition to the works discussed above, excitons and electrons in moiré TMDs provide
a rich platform for exploring a wide range of electron-photon physics and quantum optics
phenomena. Below, we outline several such directions, beginning with the potential inter-

play between a single moiré exciton and electronic states, and concluding with prospects
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for many-exciton systems.

The idea of probing charge and spin orders using a single exciton can be generalized to
other correlated electronic states that emerge in moiré TMDs. These states include Kondo
insulators [31, 32, 33], superconductors [34, 35, 36, 37, 38, 39], and topological phases
such as (fractional) Chern insulators [40, 41, 42, 43, 44]. Experimental efforts to probe
these states have primarily focused on transport techniques. Although optical probes have
been implemented, they typically provide only indirect signatures — for example, magnetic
circular dichroism to identify ferromagnetic correlations — which only serve as complemen-
tary evidence supporting transport measurements. As a result, direct optical signatures
of these correlated electronic states remain elusive, and the theoretical understanding of
exciton-electron coupling in such systems remains an open problem.

Besides the excitonic physics in doped bilayers, optical emitters in undoped bilayers
can also exhibit a variety of intriguing many-body phenomena. For instance, in the many-
exciton regime, the collective interference effect discussed in Section 3 could potentially
give rise to a superradiant burst — a phenomenon that has attracted significant interest
in the quantum optics community. Another example is the impact of nonbosonicity on
the many-body phase diagram of excitons, which has previously been described by the
standard Bose-Hubbard model. How the superfluid—-Mott insulator transition is modified
by the phase space filling effect remains a widely open question.

These moiré excitons may even be harnessed to simulate the physics of topological
quantum many-body optics. This possibility is supported by the presence of nontrivial
Berry curvatures arising from collective interference effects, as well as the narrow excitonic

bandwidths relative to exciton-exciton interaction energies. A prominent phenomenon in
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this category is the (fractional) quantum Hall effect of excitons (distinct from the electronic
counterpart discussed earlier). Other intriguing effects, such as the emergence of non-
Abelian anyons, may also arise due to the effective high-order interactions induced by
excitonic nonbosonicity, as discussed in Section 4. With these promising directions, we
anticipate that moiré excitons will significantly broaden the scope of many-body quantum

optics.
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