Optimal Replication of Series-P arallel Graphs for

Computation-In tensiv e Applications

�

Sheng-Tzong Cheng

Ashok K. Agra w ala

Institute for Adv anced Computer Studies

Systems Design and Analysis Group

Departmen t of Computer Science

Univ ersit y of Maryland, College P ark, MD 20742

fstc heng,agra w alag@cs.umd.edu

Abstract

W e consider the replication problem of series-parallel (SP) task graphs where eac h task ma y

run on more than one pro cessor. The ob jectiv e of the problem is to minimize the total cost

of task execution and in terpro cessor comm unication. W e call it, the minimum c ost r eplic ation

pr oblem for SP gr aphs (MCRP-SP). In this pap er, w e adopt a new comm unication mo del where

the purp ose of replication is to reduce the total cost. The class of applications w e consider

is computation-in tensiv e applications in whic h the execution cost of a task is greater than

its comm unication cost. The complexit y of MCRP-SP for suc h applications is pro v ed to b e

NP-complete. W e presen t a branc h-and-b ound metho d to �nd an optimal solution as w ell as

an appro ximation approac h for sub optimal solution. The n umerical results sho w that suc h

replication ma y lead to a lo w er cost than the optimal assignmen t problem (in whic h eac h task

is assigned to only one pro cessor) do es. The prop osed optimal solution has the complexit y of

O (n

2

2 n

M ), while the appro ximation solution has O (n

4

M

2

), where n is the n um b er of pro cessors

in the system and M is the n um b er of tasks in the graph.

�

This w ork is supp orted in part b y Honeyw ell under N00014-91-C-0195 and Arm y/Phillips under D

ASG-60-92-

C-0055. The views, opinions, and/or �ndings con tained in this rep ort are those of the author(s) and should not b e

in terpreted as represen ting the o�cial p olicies, either expressed or implied, of Honeyw ell or Arm y/Phillips.

1 In tro duction

Distributed computer systems ha v e often resulted in impro v ed reliabilit y , exibilit y , throughput,

fault tolerance and resource sharing. In order to use the pro cessors a v ailable in a distributed

system, the tasks ha v e to b e allo cated to the pro cessors. The allo cation problem is one of the

basic problems of distributed computing whose solution has a far reac hing impact on the usabilit y

and e�ciency of a distributed system. Clearly

, the tasks of an application ha v e to b e executed

satisfying the precedence and other sync hronization constrain ts among them. (Suc h constrain ts are

often sp eci�ed in the form of a task graph.)

In executing an application, de�ned b y its task graph, w e ha v e the option of restricting ourselv es

to ha ving only one cop y of eac h task. The allo cation problem, in this case, is referred to as

assignment pr oblem. If, on the other hand, a task ma y b e replicated m ultiple times, the general

problem is called the r eplic ation pr oblem. In this pap er, w e consider the replication problem and

presen t an algorithm to �nd the optimal replication of series-parallel graphs for computation-

in tensiv e applications.

F or distributed pro cessing applications, the ob jectiv e of the allo cation problem ma y b e the

minim um completion time, pro cessor load balancing, or total cost of execution and comm unication,

etc. F or the assignmen t problem where the ob jectiv e is to minimize the total cost of execution and

in terpro cessor comm unication, Stone [11] and T o wsley [12] presen ted O (n

3

M ) algorithms for tree-

structure and series-parallel graphs, resp ectiv ely , of M tasks and n pro cessors. F or general task

graphs, the assignmen t problem has b een pro v en [9] to b e NP-complete. Man y pap ers [8][9][10 ]

presen ted branc h-and-b ound metho ds whic h yielded an optimal result. Other heuristic metho ds

ha v e b een considered b y Lo [7] and Price and Krishnaprasad [5]. All these w orks fo cused on the

assignmen t problem.

T raditionally

, the main purp ose of replicating a task on m ultiple pro cessors is to increase the

degree of fault tolerance [2][6]. If some pro cessors in the distributed system fail, the application ma y

still surviv e using other copies. In suc h a comm unication mo del, a task has to comm unicate with

m ultiple copies of other tasks. As a consequence, the total cost of execution and comm unication

of the replication problem will b e bigger than that of the assignmen t problem. In this pap er, w e

adopt another comm unication mo del in whic h the replication of a task is not for the sak e of fault

tolerance but for decreasing of the total cost. In our mo del, eac h task ma y ha v e more than one cop y and it ma y start its execution after receiving necessary data from one cop y of eac h preceding task.

Clearly

, in a heterogeneous en vironmen t the cost of execution of a task dep ends on the pro cessor on

whic h it executes, and the comm unication costs dep end on the top ology

, comm unication medium,

proto cols used, etc. When a task t is allo w ed to ha v e only one cop y in the system, the sum

of the in terpro cessor comm unication costs b et w een t and other tasks ma y b e large. Sometimes

it will b e more b ene�cial if w e replicate t on to m ultiple pro cessors to reduce the in ter-pro cessor

comm unication, and to fully utilize the a v ailable pro cessors in the systems. Suc h replication ma y

lead to a lo w er total cost than the optimal assignmen t problem do es. An example illustrating this

p oin t is presen ted in Section 3.

In the assignmen t problem, p olynomial-time algorithms exist for sp ecial cases, suc h as tree-

structure [11] and series-parallel [12] task graphs. This pap er represen ts one of the �rst few attempts

at �nding sp ecial cases for the replication problem. The class of applications w e consider in this

pap er is computation-in tensiv e applications in whic h the execution cost of a task is greater than its

comm unication cost. Suc h applications can b e found in an enormous n um b er of �elds, suc h as digital

signal pro cessing, w eather forecasting, game searc hing, etc. W e formally de�ne a computation-

in tensiv e application in Section 2.2. In this pap er, w e pro v e that for the computation-in tensiv e

applications, the replication problem is NP-complete, and w e presen t a branc h-and-b ound algorithm

to solv e it. The w orst-case complexit y of the solution is O (n

2

2 n

M ). Note that the algorithm is

able to solv e the problem in the complexit y of the linear function of M .

W e also dev elop an appro ximation approac h to solv e the problem in p olynomial time. Giv en a

fork er task s with K successors in the SP graph, the metho d tries to allo cate s to pro cessors based

on iterativ e selection. The complexit y of the iterativ e selection for a fork er is O (n

2

K

2

), while the

o v erall solution for an SP graph is O (n

4

M

2

).

In the remainder of this pap er, the series-parallel graph mo del and the computation mo del are

describ ed in section 2. In section 3, the replication problem is form ulated as the minim um cost

0-1 in teger programming problem and the pro of of NP completeness is giv en. A branc h-and-b ound

algorithm and n umerical results are giv en in section 4, while the appro ximation metho ds and results

are giv en in section 5. The o v erall algorithm is presen ted and conclusion remark is dra wn in section

6.

2 De�nitions

2.1 Graph Mo del

A series-p ar al lel (SP) graph, G = (V ; E ), is a directed graph of t yp e p, where p 2 fT

unit

, T

chain

,

T

and

, T

or g and G has a source no de (of indegree 0) and a sink no de (of outdegree 0). An SP graph

can b e constructed b y applying the follo wing rules recursiv ely .

1. A graph G = (V ; E ) = (fv g, �) is an SP graph of t yp e T

unit

. (No de v is the source and the

sink of G.)

2. If G

1

= (V

1

; E

1

) and G

2

= (V

2

; E

2

) are SP graphs then G

0

= (V

0

, E

0

) is an SP graph of t yp e

T

chain

, where V

0

= V

1

[ V

2 and E

0

= E

1

[ E

2

[ f<sink of G

1

, source of G

2

>g.

3. If eac h graph G

i

= (V

i

,E

i

) with source-sink pair (s

i

,t

i

), where s

i is of outdegree 1, is an SP

graph, 8 i = 1,2,: : : ,n, and new no des s

0

62 V

i and t

0

62 V

i

, 8 i are giv en then G

0

= (V

0

, E

0

) is

an SP graph of t yp e T

and

(or t yp e T

or

), where V

0

= V

1

[ V

2

[ : : : [ V

n

[ fs

0

, t

0

g and E

0

= E

1

[ E

2

[ : : : [ E

n

[ f< s

0

; s

i

> j 8 i = 1,2,: : : ,n g [ f< t

i

; t

0

> j 8 i = 1,2,: : : ,n g. The source

of G

0

, s

0

, is called the forker of G

0

. The sink of G

0

, t

0

, is called the joiner of G

0

. G

0

is an SP

graph of t yp e T

and

(or t yp e T

or

) if there exists a p ar al lel-and (or p ar al lel-or) relation among

G

i

’s.

A con v enien t w a y of represen ting the structure of an SP graph is via a parsing tree [4]. The

transformation of an SP graph to a parsing tree can b e done in a recursiv e w a y . There are four

kinds of in ternal no des in a parsing tree: T

unit

, T

chain

, T

and and T

or no des. A T

unit no de has only

one c hild, while a T

chain no de has more than one c hild. Ev ery in ternal no de x, along with all its

descendan t no des induces a subtree S

x whic h describ es an SP subgraph G

x of G. Eac h leaf no de

in S

x corresp onds to an SP graph of t yp e T

unit

. A T

and

(or T

or

) no de y consists of its t yp e T

and

(or

T

or

) along with the fork er and joiner no des of G

y

. W e giv e an example of an SP graph G, and its

parsing tree T (G) in Figure 1.

2.2 Computational Mo del

An application program consists of M tasks lab eled m = 1, 2, : : : , M . Its b eha vior is represen ted

b y an SP graph with the tasks corresp ond to the no des. Eac h task ma y b e replicated on to more

than one pro cessor. A task instanc e t

i;p is a replication of task i on pro cessor p. A directed edge < i,

j > b et w een no des i and j exists if the execution of task j follo ws that of task i. Asso ciated with

eac h edge < i, j > is the comm unication cost incurred b y the application. W e are concerned with

t yp es of applications where the cost of execution of a task is alw a ys greater than the comm unication

o v erhead it needs. The mo del is stated as follo ws.

Giv en a distributed system S with n pro cessors connected b y a comm unication net w ork, an

application is c omputation-intensive if its asso ciated SP graph G = (V , E ) on S satis�es the

follo wing conditions:

1. �

i;j

(p; q ) � 0,

2.

P

n

q =1

�

i;j

(p; q ) � min

p

(e

i;p

), 8 < i; j >2 E , and 1 � p � n , where

� �

i;j

(p; q ) is the comm unication cost b et w een tasks i and j when they are assigned to pro cessors

p and q resp ectiv ely , and

� e

i;p is the execution cost when task i is assigned to pro cessor p.

The �rst condition states that the comm unication cost b et w een an y t w o task instances (e.g.

t

i;p and t

j;q

) is not negativ e. The second one depicts that for ev ery edge < i; j >, the w orst-case

comm unication cost b et w een an y task instance t

i;p and all its successor task instances (i.e. t

j;q

’s, 8

q ) is less than the minim um execution cost of task i.

2.3 Comm unication Mo del

The comm unication mo del w e considered is di�eren t from that of reliabilit y-orien ted replication.

In reliabilit y-orien ted replication problem, the ob jectiv e is to increase the degree of fault tolerance.

T o detect fault and main tain data consistency

, eac h task has to receiv e m ultiple copies of data from

sev eral task instances if its predecessor is replicated in more than one place.

The purp ose of the replication problem considered in this pap er is to decrease the sum of

execution and comm unication costs. Under suc h consideration, there is no need to enforce plural

comm unication b et w een an y t w o task instances. Hence, w e prop ose the 1-out-of-n comm unication

mo del. In the mo del, for eac h edge < i, j > 2 E , a task instance t

j;q ma y start its execution if it

receiv es the data from any one task instance of its predecessor, task i.

3 Problem F orm u lation and Complexit y

Based on the computational mo del presen ted in Section 2.2, the problem of minimizing the total

sum of execution and comm unication costs for an SP task graph can b e approac hed b y replication

of tasks. An example where the replication ma y lead to a lo w er sum of execution costs and

comm unication costs is giv en in Figure 2, where the n um b er of pro cessors in the system is t w o, and

the execution costs and comm unication costs are listed in e table and � table resp ectiv ely . If eac h

task is allo w ed to run on at most one pro cessor, then the optimal allo cation will b e to assign task

a to pro cessor 1, b to 1, c to 1, d to 2, e to 2, and f to 1. The minim um cost is 68. Ho w ev er, if

eac h task is allo w ed to b e replicated more than one copies, (i.e. to replicate task a to pro cessors 1

and 2), then the cost is 67.

W e in tro duce in teger v ariable X

i;p

’s, 8 1 � i � M and 1 � p � n, to form ulate the problem

where eac h X

i;p

= 1 if task i is replicated on pro cessor p; and = 0, otherwise. W e de�ne a binary

function � (x). If x > 0 then � (x) = 1 else � (x) = 0. W e also asso ciate an al lo c ate d ag F (w ) with

eac h no de w in the parsing tree, where F (w ) = 1 if the allo cation for tasks in the subtree S

w is

v alid; and = 0, otherwise. A v alid allo cation for the tasks in S

w is an allo cation that follo ws the

seman tics of T

chain

, T

and

, and T

or subgraphs. A v alid allo cation is not necessarily the allo cation in

whic h eac h task in S

w is allo cated to at least one pro cessor. Some tasks in T

or subgraphs ma y b e

neglected without e�ecting the successful execution of an SP graph.

Giv en an SP graph G, its parsing tree T (G) and an y in ternal no de w in T (G), allo cated ag

F (w ) can b e recursiv ely computed:

1. if w is a T

unit no de with a c hild i, then

F (w ) = F (i) = � ( n

X

p=1

X

i;p

)

2. if w is a T

chain no de with c c hildren, F (w ) = F (chil d

1

) � F (chil d

2

) � : : : � F (chil d

c

).

3. if w is a T

and no de with fork er s, joiner t and c c hildren, then F (w ) = F (s) � F (t) � F (chil d

1

)

� F (chil d

2

) � : : : � F (chil d

c

).

4. if w is a T

or no de with fork er s, joiner t and c c hildren, then F (w ) = F (s) � F (t) � � (F (chil d

1

)

+ F (chil d

2

) + : : : + F (chil d

c

)).

The minim um cost replication problem for SP graphs, MCRP-SP

, can b e form ulated as 0-1

in teger programming problem, i.e:

Z = Minimize [

X

i;p

X

i;p

� e

i;p

+

X

<i;j >2E ; 1�q �n min

X

i;p

=1

(�

i;j

(p; q ) � X

j;q

) ]

sub ject to F (r ) = 1; where r is the ro ot of T (G) and X

i;p

= 0 or 1; 8i; p: (1)

The restricted problem whic h allo ws eac h task to run on at most one pro cessor has the follo wing

form ulation.

Z = Minimize [

X

i;p

X

i;p

� e

i;p

+

X

<i;j >2E ;p;q

�

i;j

� X

i;p

� X

j;q

]

sub ject to n

X

p=1

X

i;p

� 1 and F (r ) = 1;

where r is the ro ot of T (G) and X

i;p

= 0 or 1; 8i; p: (2)

The task assignmen t problem (2) for SP graphs of M tasks on to n pro cessors, has b een solv ed

in O (n

3

M ) time [12]. Ho w ev er,the m ultipro cessor task assignmen t for general t yp es of task graphs

without replication has b een rep orted to b e NP-complete [9]. As for the MCRP-SP problem, it

can b e sho wn to b e NP-complete. In this pap er, w e are able to solv e the problem and presen t a

linear-time algorithm that is linear in the n um b er of tasks when the n um b er of pro cessors is �xed

for computation-in tensiv e applications.

3.1 Assignmen t Graph

Bokhari [1] in tro duced the assignmen t graph to solv e the task assignmen t problem (2). T o pro v e

the NP completeness of problem (1) and solv e the problem, w e also adopt the concept of the

assignmen t graph of an SP graph. The assignmen t graph of an SP graph can b e de�ned similarly .

The follo wing de�nitions apply to the assignmen t graph. And w e dra w up an assignmen t graph for

an SP graph in Figure 3.

1. It is a directed graph with w eigh ted no des and edges.

2. It has M � n no des. Eac h w eigh ted no de is lab eled with a task instance, t

i;p

.

3. A layer i is the collection of n w eigh ted no des (t

i;1

, t

i;2

, : : : , and t

i;n

). Eac h la y er of the

graph corresp onds to a no de in the SP graph. The la y er corresp onding to the source (sink)

is called source (sink) la y er.

4. A part of the assignmen t graph corresp onds to an SP subgraph of t yp e T

chain

, T

and or T

or is

called a T

chain

, T

and or T

or limb resp ectiv ely .

5. Comm unication costs are accoun ted for b y giving the w eigh t �

i;j

(p; q ) to the edge going from

t

i;p to t

j;q

.

6. Execution costs are assigned to the corresp onding w eigh ted no des.

Giv en an assignmen t graph, Bokhari [1] solv es Problem (2) b y selecting one w eigh ted no de

from eac h la y er and including the w eigh ted edges b et w een an y t w o selected no des. This resulting

subgraph is called an al lo c ation gr aph. T o solv e Problem (1), more than one w eigh ted no de from

eac h la y er ma y b e c hosen. Similarly

, a r eplic ation gr aph for Problem (1) can b e constructed from

an assignmen t graph b y including all selected no des and edges b et w een these no des. Examples of

an allo cation graph and a replication graph are sho wn in Figure 4 for an assignmen t graph sho wn

in Figure 3. Note that for eac h no de x in the replication graph there is only one edge inciden t to

it from eac h predecessor la y er of x.

In a replication graph, eac h la y er ma y ha v e more than one selected no de. Let V ariable

�

X

l

= (X

l;1

, X

l;2

, : : : , X

l;n

) b e a replication v ector for la y er l in a replication graph. W e de�ne the minim um activation c ost of v ector

�

X

i for la y er i , A

i

(

�

X

i

), to b e the minim um sum of the w eigh ts

of all p ossible no des and edges leading to the selected no des of la y er i in a replication graph.

Then the goal of Problem (1) can b e ac hiev ed b y computing the minimal v alue of fA

sink

(

�

X

sink

) +

P

n

p=1

X

sink;p

� e

sink;p g o v er all p ossible v alues of

�

X

sink

.

3.2 Complexit y

In this section, w e can sho w that Problem (1) for a computation-in tensiv e application is NP-

complete pro vided w e pro v e the follo wing:

Lemma 1: F or an y la y er l in the replication graph, the minim um activ ation cost for t w o selected

no des t

l;p and t

l;q will b e alw a ys greater than that for either no de t

l;p or t

l;q only .

Pro of: The Lemma can b e pro v en b y con tradiction. Let A

1 b e the the minim um activ ation cost for

t w o no des t

l;p and t

l;q

, and A

2 and A

3 b e the minim um costs for t

l;p and t

l;q resp ectiv ely . Assume

that A

1

< A

2 and A

1

< A

3

. Since A

1 includes the activ ation cost of no de t

l;p

, an activ ation cost

for t

l;p only can b e obtained from A

1

. The obtained v alue c is not necessarily the minim um v alue

for t

l;p

, hence A

2

� c. The v alue c is obtained b y remo ving some w eigh ted no des and edges from

replication graph. This implies that c < A

1

. F rom ab o v e, w e �nd that A

2

< A

1

, whic h con tradicts

the assumption. The same reasoning can b e applied to A

3 and reac hes a con tradiction. Therefore,

the assumptions are incorrect and Lemma 1 holds.

2

Lemma 1 can b e further extended to the cases where more than t w o w eigh ted no des are c hosen.

The conclusion w e can dra w is that the more no des are selected from a la y er, the bigger the

activ ation cost is.

Lemma 2: Giv en a computation-in tensiv e application with its SP task graph G = (V , E ) and its

assignmen t graph, if no de i has outdegree one and edge < i; j > 2 E , then for an y v ector

�

X

j

, the

minimal activ ation cost A

j

(

�

X

j

) can b e obtained b y c ho osing only one w eigh ted no de from la y er i.

(i.e.

P

n

p=1

X

i;p

= 1)

Pro of: The Lemma can b e pro v en b y con tradiction. Since no de i has outdegree one and edge

< i; j > 2 E , w e kno w that

A

j

(

�

X

j

) = min

�

X

i fA

i

(

�

X

i

) + n

X

p=1

X

i;p

� e

i;p

+ n

X

q =1 min

X

i;p

=1

(X

j;q

� �

i;j

(p; q ))g:

Let us assume that the ab o v e equation reac hes a minimal v alue m when more than one no de

from la y er i is selected and the optimal replication v ector is

�

X

0

i

. Since

P

n

p=1

X

i;p

> 1 for

�

X

0

i

, w e

ma y remo v e one selected no de from la y er i and obtain a new v ector

�

X

0

i

. Without loss of generalit y ,

let us remo v e t

i;r

. By remo ving no de t

i;r

, a new v alue m

0

is obtained. Since m is the minim um

v alue for la y er i, it implies that m � m

0

.

F rom Lemma 1, w e obtain that A

i

(

�

X

0

i

) < A

i

(

�

X

0

i

). And for a computation-in tensiv e application,

the follo wing holds that

P

n

q =1

�

i;j

(p; q ) � min

p

(e

i;p

), 8 1 � p � n . Then,

m

0

= A

i

(

�

X

0

i

) + n

X

p=1

X

0

i;p

� e

i;p

+ n

X

q =1 min

X

0

i;p

=1

(X

j;q

� �

i;j

(p; q ))

< A

i

(

�

X

0

i

) + n

X

p=1

X

0

i;p

� e

i;p

+ n

X

q =1 min

X

0

i;p

=1

(X

j;q

� �

i;j

(p; q ))

< A

i

(

�

X

0

i

) + ( n

X

p=1

X

0

i;p

� e

i;p

� e

i;r

) + n

X

q =1 min

X

0

i;p

=1

(X

j;q

� �

i;j

(p; q ))

= A

i

(

�

X

0

i

) + n

X

p=1

X

0

i;p

� e

i;p

+ [ n

X

q =1 min

X

0

i;p

=1

(X

j;q

� �

i;j

(p; q ))] � e

i;r

< A

i

(

�

X

0

i

) + n

X

p=1

X

0

i;p

� e

i;p

+ [ n

X

q =1 min

X

0

i;p

=1

(X

j;q

� �

i;j

(p; q ))] � min

p

(e

i;p

)

� A

i

(

�

X

0

i

) + n

X

p=1

X

0

i;p

� e

i;p

+ [ n

X

q =1 min

X

0

i;p

=1

(X

j;q

� �

i;j

(p; q ))] � n

X

q =1

�

i;j

(p; q )

< A

i

(

�

X

0

i

) + n

X

p=1

X

0

i;p

� e

i;p

< A

i

(

�

X

0

i

) + n

X

p=1

X

0

i;p

� e

i;p

+ n

X

q =1 min

X

0

i;p

=1

(X

j;q

� �

i;j

(p; q )) = m:

The result, m

0

< m, con tradicts our assumption. It means that the assumption is wrong and

Lemma 2 holds.

2

Lemma 3: Giv en a computation-in tensiv e application with its SP task graph G, the ob jectiv e of

the minim um cost can b e ac hiev ed b y considering only the replication of the fork ers.

Pro of: W e pro ceed to pro v e the lemma b y con tradiction. Let the minim um cost for task replication

problem b e z

0 if only the fork ers(i.e. outdegree > 1) are allo w ed to run on more than one pro cessor.

Assume the total cost can b e reduced further b y replicating some task i whic h is not a fork er. Then

there are t w o p ossible cases for i:

1. i has outdegree 0.

2. i has outdegree 1.

In case 1, i is the sink of the whole graph. Also i ma y b e the joiner of some SP subgraphs. If i is

allo w ed to run on an extra pro cessor b, whic h is di�eren t from the one whic h i is initially assigned

to (when z

0 is obtained), then the new cost will b e z

0

+ e

i;b

+

P

<d;i>2E

�

d;i

. Apparen tly , the new

cost is greater than z

0

. This con tradicts our assumption that the total cost can b e reduced further

b y replicating task i.

In case 2, i has one successor. Let < i; j > 2 E . F rom the assumption, w e kno w that the

replication of i can reduce the total cost. Hence, the minim um activ ation cost for task instances

in la y er j , A

j

(

�

X

j

), is obtained when task i is replicated on to more than one pro cessor. This

con tradicts Lemma 2. Hence, the assumption is incorrect and the ob jectiv e of the minim um cost

can b e ac hiev ed b y considering only the replication of the fork ers.

2

Lemma 3 tells that, giv en an SP graph, if w e can �nd out the optimal replication for the fork ers,

Problem (1) for computation-in tensiv e applications can b e solv ed. No w, w e sho w that the problem of �nding an optimal replication for the fork ers in an SP graph is NP-complete. First, a sp ecial

form of the replication problem is in tro duced.

Uni-Cost T ask Replication (UCTR) problem is stated as follo ws:

INST

ANCE: Graph G

0

= (V

0

; E

0

), V

0

= V

0

1

[ V

0

2

, where j V

0

1 j = n and j V

0

2 j = m. If x 2 V

0

1 and

y 2 V

0

2 then edge < x; y > 2 E

0

(i.e. j E

0

j = m � n). F or eac h x 2 V

0

1

, there is an activ ation cost

m. Asso ciated with eac h edge < x; y > 2 E

0

, there is a comm unication cost d

x;y

= n � m or 0. A

p ositiv e in teger K � n � m is also giv en.

QUESTION: Is there a feasible subset V

k

� V

0

1 suc h that, w e ha v e

[

X

x2V

k m +

X

y 2V

0

2 min

x2V

k

(d

x;y

) ] � K ? (3)

[Theorem 1]: Uni-Cost T ask Replication problem is NP-Complete.

[Pro of]: The problem is in NP b ecause a subset V

k

, if it exists, can b e c hec k ed to see if the sum

of activ ation costs and comm unication costs is less than or equal to K . W e shall no w transform

the VER

TEX CO

VER [3] problem to this problem. Giv en an y graph G = (V ,E ) and an in teger C

� j V j, w e shall construct a new graph G

0

= (V

0

,E

0

) and V

0

= V

0

1

[ V

0

2

, suc h that there exists a

VER TEX CO

VER of size C or less in G if and only if there is a feasible subset of V

0

1 in G

0

. Let

j V j = n and j E j = m. T o construct G

0

, (1) w e create a v ertex v

i for eac h no de in V , (2) w e

n um b er the edges in E , and (3) w e create a v ertex b

j for eac h edge < u,v > 2 E where u, v 2 V .

W e de�ne K = m � C , V

0

1

= fv

1

, v

2

, : : : , v

n g, V

0

2

= fb

1

, b

2

, : : : , b

m g and E

0

= f< v

x

,b

y

> j v

x

2

V

0

1

, b

y

2 V

0

2 g. Let d

v

x

;b

y

= 0, if v

x is an end p oin t of the corresp onding edge of v ertex b

y

; and =

n � m, otherwise. An illustration, where n = 7 and m = 9, is sho wn in Figure 5.

Let us no w argue that there exists a v ertex co v er of size C or less in G if and only if there is

a feasible subset of V

0

1 in G

0

to satisfy that the sum of activ ation cost and comm unication cost is

m � C or less. Supp ose there is a v ertex co v er of size C , then for eac h v ertex b

y

(= < u,v >) in V

0

2

,

at least one of u and v b elongs to the v ertex co v er. By selecting all the v ertices in the v ertex co v er

in to the subset of V

0

1

, w e kno w that the sum in Eq. (3) will b e m � C . Since C � n, it implies that

m � C � n � m.

Con v ersely

, for an y feasible subset V

k

� V

0

1 suc h that the total cost is equal to or less than mC , w e can see that the second term of Eq. (3) (i.e. the sum of comm unication cost) m ust b e

zero. Supp ose, for some g

y

2 V

0

2

, the minim um comm unication cost b et w een g

y and v ertices in V

0

is nonzero, then the comm unication cost will b e at least m � n. Since C � n, it implies that m � n

� m � C . The total cost in Eq. (3) will b e greater than m � C , whic h is a con tradiction. Th us the

minim um comm unication cost b et w een an y v ertex in V

0

2 and an y v ertex in V

k is zero. It means that

at least one of t w o end p oin ts of eac h edge in E b elongs to V

k

. Since, there is at most C v ertices in

V

k

(the activ ation cost for eac h v ertex is m), and b y selecting the v ertices in V

k

, w e obtain a v ertex

co v er of size C or less in G.

2

[Theorem 2]: The pr oblem, MCRP-SP for c omputation-intensive applic ations, is NP-c omplete.

[Pro of]: F rom Lemma 3, w e kno w that only the fork er in an SP graph of t yp e T

and needs to run on

more than one pro cessor. Consider the follo wing recognition v ersion of Problem (1) for SP graphs

of t yp e T

and

:

Giv en a distributed system of n pro cessors, an SP graph G a

= (V a

,E a

) of t yp e T

and

, its

assignmen t graph H and t w o p ositiv e in tegers m and r . Let r b e a m ultiple of m, V a

= fs, t,

1,2,: : : ,r g and E a

= f< s,i > j i = 1,2,: : : ,r g [ f< i,t > j i = 1,2,: : : ,r g. T ask s (t) is the fork er

(joiner) of G a

. Execution cost e

i;p and comm unication cost �

i;j

(p; q ) are de�ned in H , 8 < i,j >

2 E a

and 8 1 � p,q � n. In teger v ariable X

i;p

= 1 if task i is assigned to pro cessor p; and = 0,

otherwise. When a p ositiv e in teger K � r is giv en, is there an assignmen t of X

i;p

’s, suc h that

[

X

i;p

X

i;p

� e

i;p

+

X

<i;j >2E ; 1�q �n min

X

i;p

=1

(�

i;j

(p; q ) � X

j;q

) ] � K ?

where

X

i;p

X

i;p

= 1; 8i 6= s; and

X

i;p

X

i;p

� 1; if i = s: (4)

W e shall transform the UCTR problem to this problem. Giv en an y graph G

0

= (V

0

1

[ V

0

2

,E

0

)

considered in UCTR problem, w e construct an SP graph of t yp e T

and

, G a

= (V a

,E a

), and its

assignmen t graph H , suc h that G

0

has a feasible subset of V

0

1 to allo w the sum in Eq. (3) is K or

less if and only if there is an assignmen t of X

i;p

’s for G a

and H to satisfy Eq. (4). Let j V

0

1 j = n, j V

0

2 j = m, then the unit cost f = n � m. Assign r = m � f (= n � m

2

) and K = n � m. The

fork er and joiner of G a

are s and t resp ectiv ely . Then V a

= fs, t,1,2,: : : ,r g and E a

= f< s,i > j i

= 1,2,: : : ,r g [ f< i,t > j i = 1,2,: : : ,r g. W e assign the execution costs and comm unication costs in

H as follo ws. An illustration, where m = 2 and n = 3, is sho wn in Figure 7.

� 8 1 � p � n, e

s;p

= m.

� 8 1 � i � r , 8 1 � p � n, if p = 1 then e

i;p

= 0 else e

i;p

= r .

� 8 1 � p � n, if p = 1 then e

t;p

= 0 else e

t;p

= r .

� 8 1 � i � r , 8 1 � p � n, let q = (i � 1) div (m � n), where div is the in tegral division. If

d

v

p

;b

q +1

6= 0 then �

s;i

(p; 1) = 1 else �

s;i

(p; 1) = 0.

� 8 1 � i � r , 8 1 � p � n, 8 q 6= 1, �

s;i

(p; q ) = 0.

� 8 1 � i � r , 8 1 � p,q � n, �

i;t

(p; q ) = 0.

It is easy to v erify that the SP graph constructed b y the the ab o v e rules is of t yp e T

and and

computation-in tensiv e. F or eac h no de in V

0

2 of G

0

, w e create f no des in G a

, where the comm unica-

tion cost b et w een eac h no de and source s is either one or zero.

Let us no w argue that there exists a feasible subset of V

0

1 for UCTR problem if and only if there

exists a v alid assignmen t of X

i;p

’s suc h that the total sum in Eq. (4) is K or less. Supp ose a feasible

subset V

k of V

0

1 exists suc h that the sum in Eq. (3) is C (� K ) . Let V

0

1 b e fv

1

,v

2

,: : : ,v

n g Then w e

can obtain a v alid assignmen t b y letting X

i;1

= 1, X

i;2

= 0, : : : , X

i;n

= 0, 8 1 � i � r , and X

t;1

=

1, X

t;2

= 0, : : : , X

t;n

= 0, and X

s;p

= 1, if v

p

2 V

k

; and X

s;p

= 0, if v

p

62 V

k

, 8 1 � p � n. Since

eac h no de x in V

0

2 corresp onds to f no des in G a

, it is sure that the comm unication cost b et w een

no de x and an y no de (v

p

) in V

0

1 is equal to the total comm unication costs b et w een these f no des

and an y task instance of source (t

s;p

) in G a

. By summing up all the costs, w e can obtain that the

total sum is C . Since C � K � n � m < r , this is a v alid assignmen t.

Con v ersely

, if there exists an assignmen t of X

i;p

’s suc h that the sum in Eq. (4) is K or less,

then the follo wing m ust b e true that X

i;1

= 1, X

i;2

= 0, : : : , X

i;n

= 0, 8 1 � i � r , and X

t;1

= 1,

X

t;2

= 0, : : : , X

t;n

= 0. It is b ecause for some p 6= 1, if X

i;p

= 1 then the sum m ust b e greater than r , whic h causes a con ict. Hence the second term in Eq. (4) m ust b e zero. Th us, w e ma y obtain a

subset of V

1 for UCTR problem b y selecting no de x 2 V

1 if X

s;x equals 1. Since the �rst term in

Eq. (3) is equiv alen t to the �rst term in Eq. (4), the total sum for UCTR problem will b e also K

or less then.

2

4 Optimal Replication for SP Graphs of T yp e T

and

In this section, w e dev elop the branc h-and-b ound algorithm to �nd an optimal solution for T

and

subgraphs. The non-fork er no des only need to run on one pro cessor. Hence, an optimal assignmen t

of non-fork er no des can b e done after an optimal replication for fork ers is obtained.

4.1 A Branc h-and-Bound Metho d for Optimal Replication

Consider a T

and

SP graph with fork er-joiner pair (s,h) sho wn in Figure 6. There are B subgraphs

connected b y s and h. These B subgraphs ha v e a parallel-and relationship. Since the joiner h has

only one cop y in optimal solution (i.e.

P

n

p=1

X

h;p

= 1), w e decomp ose the minim um cost replication

problem P for a T

and

SP graph in to n subproblems P q

, q = 1, 2, : : : , n, where P q

is to �nd the

minim um cost when the joiner is assigned to pro cessor q (i.e. X

h;q

= 1).

Giv en a joiner instance t

h;q

, subgraphs G

b

’s, b = 1, 2, : : : , B , and the minim um costs C b

p;q

’s

b et w een eac h fork er instance t

s;p and joiner instance t

h;q

, 8 1 � p � n and 1 � b � B . w e further

decomp ose problem P q

in to n subproblems P q

k

, k = 1, 2, : : : , n, where k is the n um b er of replicated

copies that the fork er s has. Basically , P q

k means the problem of �nding an optimal replication for

k copies of fork er s where the joiner h is assigned to pro cessor q . Since the problem of �nding an

optimal replication for fork er s is NP-complete, w e prop ose a branc h-and-b ound algorithm for eac h

subproblem P q

k

.

W e sort the fork er instances according to their execution costs e

s;p

’s in to non-decreasing order.

Without loss of generalit y , w e assume e

s;1

� e

s;2

� : : : � e

s;n

. W e represen t all the p ossible

com binations that s ma y b e replicated b y a com bination tree with ( n

k

) leaf no des. T o mak e the

solution e�cien t, w e shall not consider all com binations since it is time-consuming. W e apply a least-cost branc h-and-b ound algorithm to �nd an optimal solution b y tra v ersing a small p ortion of

the com bination tree.

During the searc h, w e main tain a v ariable ^ z to record the minim um v alue kno wn so far. The

searc h is done b y the expansion of in termediate no des. Eac h in termediate no de v at lev el y repre-

sen ts a com bination of y out of n fork er instances. The expansion of no de v generates at most n � y

c hild no des, while eac h c hild no de inherits y fork er instances from v and adds one distinct fork er

instance to itself. F or example, if no de v is represen ted b y � t

s;i

1

, t

s;i

2

, : : : , t

s;i

y

�, where i

1

< i

2

< : : : < i

y

, then � t

s;i

1

, t

s;i

2

, : : : , t

s;i

y

, t

s;i

y

+j

� represen ts a p ossible c hild no de of v , 8 1 � j �

n � i

y

. A com bination tree, where k = 4 and n = 6, is sho wn in Figure 8. A t an y in termediate no de

of a com bination tree, w e apply an estimation function to compute the least cost this no de can

ac hiev e. If the estimated cost is greater than ^ z , then w e prune the no de and the further expansion

of the no de is not necessary

. Otherwise, w e insert this no de along with its estimated cost in to a

queue. The no des in the queue are sorted in to non-decreasing order of their estimated costs, where

the �rst no de of the queue is alw a ys the next one to b e expanded. When the expansion reac hes

a leaf no de, the actual cost of this leaf is computed. If the cost is less than ^ z , w e up date ^ z . The

algorithm terminates when the queue is empt y .

4.1.1 The Estimation F unction

The prop osed branc h-and-b ound algorithm is c haracterized b y the estimation function. Let no de v

b e at lev el y of the com bination tree asso ciated with subproblem P q

k and b e represen ted b y � t

s;i

1

,

t

s;i

2

, : : : , t

s;i

y

�, where i

1

< i

2

< : : : < i

y

. An y leaf no de that can b e reac hed from no de v needs

k � y more fork er instances. Let ‘ = � j

1

, j

2

, : : : , j

k �y

� b e a tuple of k � y instances c hosen from

the remaining n � i

y instances, where j

1

< j

2

< : : : < j

k �y

. Let L b e the set of all p ossible ‘’s. Let

g (v ) b e the smallest cost among all leaf no des that can b e reac hed from no de v .

g (v ) = y

X

a=1 e

s;i

a

+ min

‘2L

[

X

j

x

2‘ e

s;j

x

+

B

X

b=1 min

p=i

1

;i

2

;:::;i

y or p2‘

(C b

p;q

) ] + e

h;q

:

Since the complexit y in v olv ed in computing g (v ) is ( n�i

y

k �y

), w e use the follo wing estimation function

est(v ) to appro ximate g (v ):

est(v ) = y

X

a=1 e

s;i

a

+ i

y

+k �y

X

j =i

y

+1 e

s;j

+

B

X

b=1 min

p=i

1

;i

2

;:::;i

y

;i

y

+1;i

y

+2;:::;n

(C b

p;q

) + e

h;q

: (5)

Since

i

y

+k �y

X

j =i

y

+1 e

s;j

�

X

j

x

2‘ e

s;j

x and

B

X

b=1 min

p=i

y

+1;i

y

+2;:::;n

(C b

p;q

) �

B

X

b=1 min

p2‘

(C b

p;q

) ;

it is easy to see that est(v ) � g (v ). Hence, w e use est(v ) as the lo w er b ound of the ob jectiv e

function at no de v .

4.1.2 The Prop osed Algorithm

Three parameters of the branc h-and-b ound algorithm are joiner instance (t

h;q

), the n um b er of

pro cessors that fork er s is allo w ed to run (k ), and the up-to-date minim um cost ( ^ z ). The algorithm

B B (k ; q ; ^ z ) is sho wn in T able 1.

The MCRP-SP problem can b e solv ed b y in v oking B B (k ; q ; ^ z ) n

2

times with parameters set to

di�eren t v alues. B B (k ; q ; ^ z ) solv es the problem P q

k

, while the whole pro cedure, sho wn in T able 2,

solv es P .

4.2 P erformance Ev aluation

The essence of the branc h-and-b ound algorithm is the expansion of the in termediate no des. Up on

the remo v al of a no de from the queue its c hildren are generated and their estimated v alues are

computed. If the estimation function p erforms w ell and giv es a tigh t lo w er b ound of ob jectiv e

function, the n um b er of expanded no des should b e small. Then an optimal solution can b e found

out as so on as p ossible.

W e conduct t w o sets of exp erimen ts to ev aluate the p erformance of the prop osed solution. The

p erformance indices w e consider are the n um b er of enqueued in termediate no des (EIM) and the

n um b er of visited leaf no des (VLF) during the searc h. W e calculate EIM and VLF b y inserting one coun ter for eac h index at lines 13 and 8 of T able 1 resp ectiv ely . Eac h time the execution reac hes

line 13 (8), EIM (VLF) is incremen ted b y 1.

The �rst set of exp erimen ts is on SP graphs of t yp e T

and where the comm unication cost b et w een

an y t w o task instances is arbitrary and is generated b y random n um b er generator within the range

[1,50]. The execution cost for eac h task instance is also randomly generated within the same range.

The second set of exp erimen ts is on SP graphs of t yp e T

and with the constrain of computation-

in tensiv e applications. W e v ary the size of the problem b y assigning di�eren t v alues to the n um b er

of pro cessors in the system (n) and the n um b er of parallel-and subgraphs connected b y fork er and

joiner (B ). F or eac h size of the problem (n, B ), w e randomly generate 50 problem instances and

solv e them. The results, including the a v erage v alues of EIM and VLF o v er the solutions of 50

problem instances, are summarized in T able 3.

F rom T able 3, w e �nd out that the prop osed metho d signi�can tly reduces the n um b er of ex-

pansions for in termediate no des and leaf no des. F or example, for problem size (n, B ) = ( 20, 40),

the total n um b er of leaf no des is 2

20

(= 1,048,576) if an exhaustiv e searc h is applied. Ho w ev er,

our algorithm only generates 16,857 no des on the a v erage, b ecause w e apply est(v ), ^ z , and the

branc h-and-b ound approac h.

The branc h-and-b ound approac h and the estimation function ev en p erform b etter for the

computation-in tensiv e applications. W e can see that EIM and VLF v alues are m uc h more smaller

in Set I I than those in Set I. It is b ecause that in the computation-in tensiv e applications an optimal

n um b er of replications for the fork er is smaller than that in general applications. The ^ z v alue in

function O P T () is able to re ect this fact and a v oid the unnecessary expansions.

5 Sub-Optimal Replication for SP Graphs of T yp e T

and

The branc h-and-b ound algorithm in section 4.1 yields an optimal solution for T

and subgraphs.

Ho w ev er, the complexit y in v olv ed is in exp onen tial time in the w orst case. Hence, w e also consider

to �nd a near-optimal solution in p olynomial time.

5.1 Appro ximation Metho d

F or the problem P q

k de�ned in section 4.1, w e exploit an appro ximation approac h to solv e it in

p olynomial time. The approac h is based on iterativ e selection in a dynamic programming fashion.

Giv en a joiner instance t

h;q and subgraphs G

b

, b = 1, 2, : : : , B , and minim um costs C b

p;q b et w een

t

h;q and t

s;p

, p = 1, 2, : : : , n, and b = 1, 2, : : : , B . w e de�ne S ub(p; b) to b e the sub-optimal

solution for replication of fork er s where fork er instances t

s;1

, t

s;2

, : : : , t

s;p and subgraphs G

1

, G

2

,

: : : , G

b are tak en in to consideration.

Strategy 1:

S ub(p; b) can b e obtained from S ub(p � 1; b) b y considering one more fork er instance t

s;p

. Strategy

1 consists of t w o steps. The �rst step is to initialize S ub(p; b) to b e S ub(p � 1; b) and to determine

if t

s;p is to b e included in to S ub(p; b) or not. If y es, then add t

s;p in. The second step is to examine

if an y instances in S ub(p � 1; b) should b e remo v ed or not. Due to the p ossible inclusion of t

s;p in

the �rst step, w e ma y obtain a lo w er cost if w e remo v e some instances t

s;i

’s, i < p, and reassign the

comm unications for some graphs G

j

’s from t

s;i

’s to t

s;p

.

Strategy 2:

S ub(p; b) can also b e obtained from S ub(p; b � 1) b y taking one more subgraph G

b in to accoun t.

Initially

, S ub(p; b) is set to b e S ub(p; b � 1). The �rst step is to c ho ose the b est fork er instance from

t

s;1

, t

s;2

, : : : , t

s;p for G

b

. Let the b est instance b e t

s;z

. The second step is to see if t

s;z is in S ub(p; b)

or not. If not, a condition is c hec k ed to decide whether t

s;z should b e added in or not. Up on the

addition of t

s;z

, w e ma y remo v e some instances and reassign the comm unications to ac hiev e a lo w er

cost.

W e compare t w o p ossible results obtained from the ab o v e t w o strategies and assign the one with

lo w er cost to actual S ub(p; b). Hence b y computing in a dynamic programming fashion, S ub(n; B )

can b e obtained. The algorithm and its graphical in terpretation are sho wn in Figure 9.

5.2 P erformance Ev aluation

The complexit y in v olv ed in eac h strategy describ ed in section 5.1 is O (nB ). Since the solving

of S ub(n; B ) needs to in v ok e n � B times of strategies 1 and 2, the total complexit y of solving

S ub(n; B ) b y the appro ximation metho d is O (n

2

B

2

).

W e conduct a set of exp erimen ts to ev aluate the p erformance of the appro ximation metho d. F or

eac h problem size (n; B ), w e randomly generate 50 instances and solv e them b y using appro ximation

metho d and exhaustiv e searc hing. The data for computation and comm unication in the exp erimen ts

are based on the uniform distribution o v er the range [1,50]. W e compare the minim um cost obtained

from exhaustiv e searc hing (EXHA

UST) with those from from appro ximation (APPR O X) and single

assignmen t solution (SINGLE). The optimal single assignmen t solution is the one in whic h only one

fork er instance is allo w ed. Note that the solutions from SINGLE are obtained from the shortest

path algorithm [1]. The results are summarized in T able 4. F rom the table, w e �nd out that the

appro ximation metho d yields a tigh t appro ximation of the minim um cost. On the con trary

, the

error range for single cop y solution is at least 20%. This again justi�es that the replication can

lead to a lo w er cost than an optimal assignmen t do es.

6 Solution of MCRP-SP for computation-in tensiv e applications

6.1 The Solution

Giv en a computation-in tensiv e application with its SP graph, w e generate its parsing tree and

assignmen t graph �rst. The algorithm �nds the minim um w eigh t replication graph from the as-

signmen t graph. Then the optimal solution is obtained from the minim um w eigh t replication graph.

The algorithm tra v erses the parsing tree in the p ost�x order. Namely

, during the tra v ersal, an

optimal solution of the subtree S

x

, induced b y an in termediate no de x along with all x’s descendan t

no des, can b e found only after the optimal solutions of x’s descendan t no des are found. Giv en an

SP graph G and a distributed system S , w e kno w that there is a one-to-one corresp ondence b et w een

eac h subtree S

x in a parsing tree T (G) and a lim b in the assignmen t graph of G on S . Whenev er a

c hild no de b of x is visited, the corresp onding lim b in the assignmen t graph will b e replaced with a

a t w o-la y er T

chain lim b if b is a T

chain

- or T

or

-t yp e no de; and a one-la y er T

unit lim b if b is a T

and

-t yp e

no de. The algorithm is sho wn in T able 5. A graphical demonstration of ho w the algorithm solv es

the problem is sho wn in Figure 10.

Before the replacemen t of a T

chain lim b is p erformed (i.e. x is a T

chain

-t yp e no de), eac h con-

stituen t c hild lim b has b een replaced with a T

unit or t w o-la y er T

chain lim b. Hence, the shortest path algorithm [1] can b e used to compute the w eigh ts of the new edges b et w een eac h no de in the

source la y er and eac h no de in the sink la y er of the new T

chain lim b. The complexit y , from lines 05

to 08 of T able 5, in transformation of the lim b, corresp onding to an in termediate no de x with M

c hildren, in to a t w o-la y er T

chain lim b is O (M n

3

). An example of illustrating the replacemen t of a

T

chain lim b is sho wn from parts (b) to (c) and parts (d) to (e) in Figure 10.

F or the replacemen t of a T

and lim b, w e ha v e to compute C b

p;q

’s. The v alues can also b e computed

b y the shortest path algorithm. Hence, the complexit y in v olv ed in lines 16 and 17 is O (B n

3

).

According to the computational mo del in section 2.2, eac h task instance s ma y start its execution

if it receiv es the necessary data from an y task instance of its predecessor d. And, from Lemma

2, w e kno w that the minim um sum of initialization costs of m ultiple task instances of s will b e

alw a ys from only one task instance of d. Therefore, the initialization of task instance t

s;p dep ends

on whic h task instance of d it comm unicates with. That is wh y ,in line 19, the comm unication

cost �

d;s

(i; p) is added to the the execution cost of e

s;p b efore O P T () is in v ok ed. And the most

signi�can t part of the replacemen t is to compute the w eigh ts on the new edges from the source

la y er to sink la y er. The complexit y is n

2

� O (O P T ()), whic h in the w orst case is n

2

2 n

. Ho w ev er, in

the a v erage, our O P T function p erforms prett y w ell and reduces the complexit y signi�can tly . An

example of illustrating the replacemen t of a T

and lim b is sho wn from parts (c) to (d) in Figure 10.

W e also consider to use the appro ximation metho d to �nd the sub-optimal replacemen t of a

T

and lim b. In that case, function O P T () in line 21 is replaced with S ub(n; B ). The total complexit y

in v olv ed is O (n

4

B

2

) then.

Finally

, for the replacemen t of a T

or lim b, if there are B subgraphs connected b et w een the fork er

and the joiner, then the complexit y will b e O (B n

2

) for the new edges and O (B n

3

) for C b

p;q

’s. An

example of illustrating the replacemen t of a T

or lim b is sho wn from parts (a) to (b) in Figure 10.

When the tra v ersal reac hes the ro ot no de of the parsing tree, the result of F I N D () will giv e

us either one single la y er or t w o la y ers, dep ending on the t yp e of ro ot no de. All w e ha v e to do is

to select the ligh test of these n (in single la y er) or n

2

(in t w o la y ers) shortest path com binations.

An optimal replication graph itself is found b y com bining the shortest paths b et w een the selected no des that w ere sa v ed earlier. The whole algorithm has the complexit y of

O (An

2

2 n

) +

X

i

(R

i n

3

) +

X

i

(C

i n

3

)

where A is the n um b er of T

and lim bs, R

i is the n um b er of subgraphs in the ith T

or lim b, and C

i is

the n um b er of la y ers in the ith T

chain lim b. This is not greater than O (M n

2

2 n

), where M is the

total n um b er of tasks in the SP graph. The complexit y of the algorithm is a linear function of M

if the n um b er of pro cessors, n, is �xed.

6.2 Conclusion Remark

This pap er has fo cused on MCRP-SP

, the optimal replication problem of SP task graphs for

computation-in tensiv e applications. The purp ose of replication is to reduce in ter-pro cessor comm u-

nication, and to fully utilize the pro cessor p o w er in the distributed systems. The SP graph mo del,

whic h is extensiv ely used in mo deling applications in distributed systems, is used. The applications

considered in this pap er are computation-in tensiv e in whic h the execution cost of a task is greater

than its comm unication cost. W e pro v e that MCRP-SP is NP-complete. W e presen t branc h-and-

b ound and appro ximation metho ds for SP graphs of t yp e T

and

. The n umerical results sho w that

the algorithm p erforms v ery w ell and a v oids a lot of unnecessary searc hing. Finally , w e presen t an

algorithm to solv e the MCRP-SP problem for computation-in tensiv e applications. The prop osed

optimal solution has the complexit y of O (n

2

2 n

M ) in the w orst case, while the appro ximation solu-

tion is in the complexit y of O (n

4

M

2

), where n is the n um b er of pro cessors in the system and M is

the n um b er of tasks in the graph.

F or the applications in whic h the comm unication cost b et w een t w o tasks is greater than the

execution cost of a task, the replication can still b e used to reduce the total cost. Ho w ev er, in the

extreme case where the execution cost of eac h task is zero, the optimal allo cation will b e to assign

eac h task to one pro cessor. W e are studying the optimal replication for the general case.

References

[1] S.H. Bokhari, Assignment Pr oblems in Par al lel and Distribute d Computing, Klu w er Academic

Publisheds, MA, 1987.

[2] Y. Chen and T. Chen, \Implemen ting F ault-T olerance via Mo dular Redundancy with Com-

parison," IEEE T r ans. R eliability, V ol. 39, pp 217-225, June, 1990.

[3] M.R. Garey and D.S. Johnson, Computers and Intr actability: A Guide to The ory of NP-

Completeness, San F rancisco: W.H. F reeman & Compan y , Publishers, 1979.

[4] R. Jan, D. Liang and S.K. T ripathi, \A Linear-Time Algorithm for Computing Distributed

T ask Reliabilit y in Pseudo Tw o-T erminal Series-P arallel Graphs," submitte d for public ation

to Journal of Par al lel and Distribute d Computing.

[5] C.C. Price and S. Krishnaprasad, \Soft w are Allo cation Mo dels for Distributed Computing

Systems," in Pr o c. 4th International Confer enc e on Distribute d Computing Systems, pp 40-48,

Ma y 1984.

[6] D. Liang, A.K. Agra w ala, D. Mosse, and Y. Shi, \Designing F ault T oleran t Applications in

Maruti," Pr o c. 3r d International Symp osium on Softwar e R eliability Engine ering, pp. 264-273,

Researc h T riangle P ark, NC, Oct. 1992.

[7] V.M. Lo, \Heuristic Algorithms for T ask Assignmen t in Distributed Systems," in Pr o c. 4th

International Confer enc e on Distribute d Computing Systems, pp 30-39, Ma y 1984.

[8] P

.R. Ma, E.Y.S. Lee and M. Tsuc hiy a, \A T ask Allo cation Mo del for Distributed Computing

Systems," IEEE T r ans. Computers, V ol. C-31, pp 41-47, Jan. 1982.

[9] V.F. Magirou and J.Z. Milis, \An Algorithm for the Multipro cessor Assignmen t Problem,"

Op er ations R ese ar ch L etters, V ol. 8, pp 351-356, Dec. 1989.

[10] C.C. Price and U.W. P o o c h, \Searc h T ec hniques for a Nonlinear Multipro cessor Sc heduling

Problem," Naval R es. L o gist. Quart., V ol 29, pp 213-233, June 1982.

[11] H.S. Stone, \Multipro cessor Sc heduling with the Aid of Net w ork Flo w Algorithm," IEEE

T r ans. Soft. Eng. V ol 3, pp 85-93, Jan. 1977.

[12] D. T o wsley

, \Allo cating Programs Con taining Branc hes and Lo ops Within a Multiple Pro-

cessor System," IEEE T r ans. Softwar e Eng., V ol. SE-12, pp. 1018-1024, Oct, 1986.

a

b c

d

e

f g

h

AND

OR

T

chain

[T

and

, a, d] [T

or

, e, h]

T

unit

T

unit

T

unit

T

unit

b c f g

Figure 1: An SP graph and its parsing tree

a

b c d e

f

AND e table pro cessor 1 pro cessor 2

task a on 5 5

task b on 7 16

task c on 10 20

task d on 25 8

task e on 14 6

task f on 10 13

� table t

b;1 t

b;2 t

c;1 t

c;2 t

d;1 t

d;2 t

e;1 t

e;2

t

a;1 to 1 4 1 4 1 4 1 4

t

a;2 to 4 1 4 1 4 1 4 1

to t

f ;1 from 3 3 3 3 3 3 3 3

to t

f ;2 from 3 3 3 3 3 3 3 3

Optimal Assignmen t:

e

a;1

+ �

a;b

(1; 1) + �

a;c

(1; 1) + �

a;d

(1; 2) + �

a;e

(1; 2) + e

b;1

+ e

c;1

+e

d;2

+ e

e;2

+ �

b;f

(1; 1) + �

c;f

(1; 1) + �

d;f

(2; 1) + �

e;f

(2; 1) + e

f ;1

= 68

Optimal Replication:

e

a;1

+ e

a;2

+ �

a;b

(1; 1) + �

a;c

(1; 1) + �

a;d

(2; 2) + �

a;e

(2; 2) + e

b;1

+e

c;1

+ e

d;2

+ e

e;2

+ �

b;f

(1; 1) + �

c;f

(1; 1) + �

d;f

(2; 1) + �

e;f

(2; 1) + e

f ;1

= 67

Figure 2: An example to sho w ho w the replication can reduce the total cost

AND

OR

Figure 3: An SP graph and its assignmen t graph.

Figure 4: An allo cation graph and a replication graph of Figure 3.

1

2 v

3 v

1 v

4 v

5 v

6 v

7

b

1 b

2 b

3 b

4 b

5 b

6 b

7 b

8 b

9

: d

v

x

;b

y

= 0

: d

v

x

;b

y

= n � m = 63

G

2

G

1 s

h

C

B

p;q

G

B

G

B

to t

p;q from t

s;p

Figure 6: A T

and

SP graph and the graphical in tertrepation of C b

p;q

.

2

3

4

5

6

7 b

9 b

1

b

8 b

7 b

4

b

2

b

3 b

6

b

5

Legend:

Figure 5: An illustration ab out ho w to transform a graph to a UCTR instnace v

1 v

2 v

3

b

1

Legend:

: d

v

x

;b

y

= 0

: d

v

x

;b

y

= m � n = 2 � 3 = 6

1 2

3 4 5 6 7 8 9 10 11 12

t s

b

2

Figure 7: An illustration ab out ho w to transform a UCTR instance to a T

and

SP graph e table p = 1 p = 2 p = 3

e

s;p

= 2 2 2

e

1;p

= 0 12 12

e

2;p

= 0 12 12

e

3;p

= 0 12 12

e

4;p

= 0 12 12

e

5;p

= 0 12 12

e

6;p

= 0 12 12

e

7;p

= 0 12 12

e

8;p

= 0 12 12

e

9;p

= 0 12 12

e

10;p

= 0 12 12

e

11;p

= 0 12 12

e

12;p

= 0 12 12

e

t;p

= 0 12 12

� table p = 1 p = 2 p = 3

�

s;1

(p; 1) = 0 0 1

�

s;2

(p; 1) = 0 0 1

�

s;3

(p; 1) = 0 0 1

�

s;4

(p; 1) = 0 0 1

�

s;5

(p; 1) = 0 0 1

�

s;6

(p; 1) = 0 0 1

�

s;7

(p; 1) = 1 0 0

�

s;8

(p; 1) = 1 0 0

�

s;9

(p; 1) = 1 0 0

�

s;10

(p; 1) = 1 0 0

�

s;11

(p; 1) = 1 0 0

�

s;12

(p; 1) = 1 0 0

�

s;i

(p; q ) = 0, 8 1 � i � 12, p = 1,2,3 and q = 2,3

�

i;t

(p; q ) = 0, 8 1 � i � 12, 8 1 � p, q � 3

5 6 7 9 10 12 15 16 18 21 25 26 28 31 35

4 8 11 14 17 20 24 27 30 34

3 13 19 23 29 33

2 22 32

1

t

s;4

t

s;5 t

s;6 t

s;5

t

s;6 t

s;6 t

s;5

t

s;6 t

s;6 t

s;6 t

s;5

t

s;6 t

s;6 t

s;6 t

s;6 t

s;3 t

s;4 t

s;5 t

s;4 t

s;5 t

s;5 t

s;4 t

s;5 t

s;5 t

s;5 t

s;2 t

s;3 t

s;4 t

s;3 t

s;4 t

s;4 t

s;1 t

s;2 t

s;3

Figure 8: A com bination tree for the case where k = 4 and n = 6

T able 1: F unction B B (k ; q ; ^ z ): branc h-and-b ound algorithm for solving problem P q

k

01 Initialize the queue to b e empt y;

02 Insert ro ot no de v

0 in to the queue;

03 While the queue is not empt y do b egin

04 Remo v e the �rst no de u from the queue;

05 Generate all c hild no des of u ;

06 F or eac h generated c hild no de v do b egin

07 If v is a leaf no de (i.e. v is at lev el k ) then

08 Compute g (v ) b y setting L to b e � ;

09 Set ^ z = min ( ^ z , g (v ));

10 else b egin /* v is an in termediate no de */

11 Compute est(v ) b y (5) ;

12 If est(v ) < ^ z then

13 Insert v in to the queue according to est(v ) ;

14 end;

15 end;

16 end;

17 Return( ^ z ).

T able 2: F unction O P T (C b

p;q

0

s; e

s;p

0

s): the optimal solution of MCRP-SP of t yp e T

and when

C b

p;q

’s and e

s;p

’s are giv en

01 Sort t

s;p

’s in to a non-decreasing order b y v alues of e

s;p

’s ;

02 F or q = 1 to n do b egin

03 Let no de v b e a leaf no de at lev el 1;

04 Set v to b e t

s;1 and k to b e 1;

05 Compute g (v ) b y setting L to b e � ;

06 Initialize ^ z to b e g (v ) ;

07 F or k = 1 to n do

08 ^ z = B B (k ; q ; ^ z ) ;

09 Set c(q ) = ^ z ;

10 end;

11 Output the com bination with the minim um v alue among c(1), c(2), : : : , c(n).

Figure 9: Pseudo co de, graphical demonstration, and dynamic programming

table for appro ximation metho ds

S ub(p � 1; b) ! S ub

0

(p; b): S ub(p; b � 1) ! S ub

00

(p; b):

If e

s;p

�

P

b

i=1

([min

x2S ub(p�1;b)

(C i

x;q

)] � C i

p;q

)

+

Let t

s;z b e the one satisfys min

1�i�p

(C b

i;q

) .

b egin If t

s;z

2 S ub(p; b � 1) then

S ub

0

(p; b) = S ub(p � 1; b) � t

s;p

S ub

00

(p; b) = S ub(p; b � 1)

Reassign&Remo v e(S ub

0

(p; b)) Else

end if e

s;z

�

P

b

i=1

([min

j 2S ub(p;b�1)

(C i

j;q

)] � C i

z ;q

)

+

Else S ub

0

(p; b) = S ub(p � 1; b) b egin

S ub

00

(p; b) = S ub(p � 1; b) � t

s;z

Legend: Reassign&Remo v e(S ub

00

(p; b))

(x)

+

= x, if x > 0. end

(x)

+

= 0, if x � 0. Else S ub

00

(p; b) = S ub(p; b � 1)

S ub(p � 1; b)

t

s;p

t

h;q subgraph G

b subgraph G

1

S ub(p; b � 1)

t

s;z

t

h;q

G

1

G

b

G

b�1

1

1 n

3 2

S ub(p; b � 1)

S ub

00

(p; b)

2

b #

B p !

S ub(p; b)

S ub(p � 1; b)

S ub

0

(p; b)

S ub(p; b) = M in C ost(S ub

0

(p; b), S ub

00

(p; b))

T able 3: Computation Results for branc h-and-b ound approac h

Set I Set I I T otal Num b er of

n B EIM z

VLF z

EIM z

VLF z

lea v es (2 n

)

20 2 6 4 7 16

24 3 6 3 6 16

28 4 7 3 6 16

4 32 4 7 3 6 16

36 4 7 4 7 16

40 3 6 3 6 16

20 36 74 16 51 256

24 40 75 21 62 256

28 50 86 26 68 256

8 32 63 94 37 78 256

36 73 96 47 84 256

40 81 97 50 86 256

20 186 558 81 340 4,096

24 231 639 102 398 4,096

28 349 839 167 543 4,096

12 32 451 967 204 617 4,096

36 454 984 269 720 4,096

40 636 1,186 301 780 4,096

20 758 3,216 203 1,175 65,536

24 1,065 4,161 329 1,711 65,536

28 1,335 4,862 546 2,496 65,536

16 32 1,884 6,250 726 3,127 65,536

36 2,322 7,227 839 3,493 65,536

40 2,880 8,511 1,179 4,510 65,536

20 2,026 12,042 389 3,079 1,048,576

24 3,579 18,866 761 5,280 1,048,576

28 5,551 27,018 1,227 7,905 1,048,576

20 32 6,405 30,521 1,709 10,357 1,048,576

36 9,517 40,767 2,681 15,032 1,048,576

40 11,651 48,087 3,086 16,857 1,048,576

z

: Eac h v alue sho wn is the a v erage v alue o v er 50 runs.

T able 4: Sim ulation Results for Appro ximation Metho d

n B SINGLE z

APPR O X z

EXHA UST z

single error % appro x error %

20 2876 2407 2400 20 0.28

24 3463 2835 2831 22 0.16

28 4032 3264 3259 24 0.18

4 32 4606 3678 3673 25 0.11

36 5198 4084 4082 27 0.05

40 5790 4514 4514 28 0.00

20 2794 2282 2250 24 1.46

24 3356 2672 2636 27 1.38

28 3931 3060 3028 30 1.05

8 32 4540 3443 3413 33 0.88

36 5127 3831 3800 35 0.80

40 5683 4215 4192 36 0.55

20 2767 2213 2161 28 2.42

24 3359 2592 2542 32 1.99

28 3912 2996 2941 33 1.88

12 32 4491 3364 3299 36 1.97

36 5063 3736 3676 38 1.62

40 5610 4101 4043 39 1.43

20 2733 2167 2111 29 2.66

24 3287 2558 2492 32 2.66

28 3844 2932 2865 34 2.31

16 32 4393 3315 3240 36 2.32

36 4991 3659 3584 39 2.10

40 5558 4045 3970 40 1.89

z

: Eac h v alue sho wn is the a v erage v alue o v er 50 runs.

single error% =

SINGLE � EXHA UST

EXHA UST

� 100%:

appro x error% =

APPR O X � EXHA UST

EXHA UST

� 100%:

T able 5: Algorithm F I N D (S

x

): the algorithm for �nding the shortest path com binations from the

lim b whic h corresp onds to the subtree S

x induced b y an in termediate no de x and all x’s descendan t

no des in a parsing tree

01 Case of the t yp e of in termediate no de x:

02 T yp e T

chain

:

03 F or b = the f ir st c hild no de of x to the l ast one do

04 F I N D (S

b

); /* No w the lim b corresp onding to S

b is replaced */

05 Replace the lim b corresp onding to S

x with a t w o-la y er T

chain lim b where

06 the source (sink) la y er of the old lim b is the source (sink) la y er of new 2-la y er lim b;

07 Put w eigh ts on the edges b et w een source and sink la y ers equal to the shortest path

08 b et w een the corresp onding no des;

09

10 T yp e T

and

: /* Let x = [ T

and

, fork er s, joiner h ] */

11 Let d b e the predecessor of fork er s in G (i.e. < d; s > 2 V );

12 Let B b e the n um b er of c hild no des of x in the parsing tree;

13 /* I.e. there are B subgraphs connected b y s and h */

14 F or b = the �rst c hild no de of x to the B -th c hild of x do

15 F I N D (S

b

); /* No w the lim b corresp onding to S

b is replaced */

16 F or p = 1 to n, q = 1 to n and b = 1 to B do

17 Compute the minim um replication cost C b

p;q from t

s;p to t

h;q w.r.t. c hild b ;

18 F or i = 1 to n do b egin

19 F or p = 1 to n do E

s;p

= �

d;s

(i; p) + e

s;p

;

20 /* E

s;p accoun ts for initialization b y t

d;i and execution cost itself. */

21 F or q = 1 to n do �

d;h

(i; q ) = O P T (C b

p;q

0

s; E

s;p

0

s) ;

22 /* Create new edges from t

d;i

’s to t

h;q

’s */

23 end;

24 Replace the T

and lim b with a T

unit lim b, where source la y er = sink la y er = la y er h,

25 and there are new edges from la y er d to la y er h;

26

27 T yp e T

or

: /* Let x = [ T

or

, fork er s, joiner h ] */

28 Use the same metho d describ ed ab o v e from lines 12 to 17 to compute C b

p;q

’s ;

29 Replace the T

or lim b with a t w o-la y er T

chain lim b, where

30 the source (sink) la y er of T

or lim b is the source (sink) la y er of T

chain lim b and

31 �

s;h

(p; q ) = min

b

(C b

p;q

), 8 p and q ;

32 end case;

33 Sa v e the shortest paths b et w een an y no de in source la y er and an y no de

in sink la y er for future reference.

(a) (b)

(c)

(d)

(e)

Figure 10. A graphical demostration of ho w to �nd an optimal solution for MCRP-SP

OR

AND