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Passive stiffness control is a method for managing contact forces and dynamics between

a robotic manipulator and its environment. Compliance control is typically implemented in

redundant serial manipulators using a force torque sensor and active software algorithms.

However, time delays in these algorithms can cause large impulse forces between the ma-

nipulator and its environment. For applications with limited computation power, large time

delays, and low damping, such as In-space Servicing Assembly and Manufacturing (ISAM)

and Active Debris Removal (ADR), these effects can cause a manipulator to push away or

tip off the target, preventing successful capture.

This thesis examines the implementation of passive stiffness control in a redundant

serial manipulator using Variable Stiffness Actuators (VSA). Unlike traditional robot ac-

tuators, VSAs have an adjustable stiffness element in series with the primary joint posi-

tion/control motor to generate varying end-effector position and stiffness. These adjustable

springs act as low pass force filters to increase the actuator robustness against external loads

at the cost of positioning accuracy. Different optimization algorithms are used to vary the

VSA joint stiffness to achieve a desired Cartesian stiffness matrix. However, there are se-
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vere limitations with the passive joint to Cartesian stiffness mapping performance over the

whole robotic workspace due to the significant kinematic configuration dependence.

Given this limitation, this work attempts to answer for a single, well-defined task, are

there regions of the workspace where a prescribed level of passive stiffness realization

can be achieved? Or for a mobile robot, can we plan trajectories within a region of the

workspace to improve realization performance? This is done by first examining the imple-

mentation of three passive stiffness realization methods, each with increasing performance.

Next, the idea of Successful Task/Stiffness Trajectories and Success Task/Stiffness Regions

are introduced as a way to examine the workspace dependency of the passive stiffness real-

ization. Finally, the application of passive stiffness control for ISAM and ADR applications

is studied, and unique design objectives for the manipulator are proposed.
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Chapter 1: Introduction

1.1 Motivation and Task Description

With the need for robots to interact with humans and the built environment more closely,

the field of soft robotics has exploded to try and meet the challenge. Traditional rigid, re-

dundant manipulators just are not suited for working closely with humans and other sen-

sitive elements of the environment around them. Soft robots often employ compliant ma-

terials, deformable bodies, and biomimicry to enable safe interactions with humans or in

unknown environments. While this is highly beneficial for disaster response, biomedical

applications, or collaborative systems, the increased degrees of freedom and inherent flex-

ibility make soft robots highly difficult to simulate and extremely problematic to control.

Space robots performing In-space Servicing Assembly and Manufacturing (ISAM) and

Active Debris Removal (ADR) need to perform a wide range of tasks that result in contra-

dictory requirements on the manipulator. Cutting thermal blankets or unscrewing fill and

drain valves [28] requires the manipulator to perform precise positioning and movement.

On the contrary, grappling orbital debris and client satellites must be compliant enough to

prevent inadvertently translating or rotating away the Resident Space Object (RSO) during

grapple [5]. Precise motions require a rigid robot, with minimal backlash and joint and link

flexibility, while compliance requires the exact opposite.

Existing space manipulators, such as the Special Purpose Dexterous Manipulator on the

International Space Station [11] or the Front-End Robotics Enabling Near-Term Demon-

1

DISTRIBUTION STATEMENT A: Approved for public release; distribution is unlimited.



stration (FREND) arm for the RSGS and OSAM-1 missions [9], can overcome this di-

chotomy through the use a rigid robot with the addition of a Force Torque Sensor (FTS)

and active control algorithms. When compliance is required, such as during grappling or

force-limiting tasks, an active impedance control algorithm is used to limit the forces and

dynamics imparted on the RSO [20]. However, if the controller time delay becomes large,

or the system bandwidth becomes too low, the manipulator cannot regulate the contact

forces fast enough [5]. This can be overcome by increasing the system damping, but it

results in sluggish behavior of the manipulator. As a result, this behavior can result in the

RSO experiencing large impulse forces during capture in addition to shortened contact du-

ration [19] [27], which both can result in the failure to capture the RSO. While significant

advances have been made in terrestrial applications for increasing the performance and

stability of active impedance control algorithms [11]; constrained onboard computational

power, communication delays, and difficulty of testing and validation in a zero-gravity

environment limit their application to the space environment [20].

To help alleviate some of the challenges that low system bandwidth causes when cap-

turing an RSO, multiple cooperative grapple interfaces have been designed and proposed

which include an additional passive stiffness element. These passive stiffness mechanisms

can provide instantaneous compliance due to having zero bandwidth, which can help lower

contact forces and increase the duration of contact during a grapple. However, these coop-

erative servicing interfaces are only designed for a single task and are unable to change their

dynamics due to changes in either the client or servicer. The addition of passive compli-

ance has been examined for terrestrial space manipulators, such as the sample transfer arm

for the Mars Sample Return mission (MSR). However, the MSR sample transfer arm adds

constant passive compliance to the end-effector. However, for grappling existing spacecraft

or orbital debris, cooperative grapple interfaces cannot be used, and an alternative method

of implementing passive stiffness is needed [20].

2
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Soft robotics is one such method of implementing zero-bandwidth compliance for grap-

pling spacecraft and orbital debris [36]. Soft robots are hyper-redundant robots, typically

composed of highly elastic materials, that can mimic biological systems. These robots of-

ten use the contraction of these elastic materials to generate motion, often with significantly

more degrees of freedom when compared to a rigid robot. During a collision, they can de-

form and absorb a significant amount of energy. While extremely useful for navigating

constrained and constantly changing environments, they are not often suitable for the space

environment [26]. This is because most elastic materials, like silicone rubbers, degrade due

to the space radiation environment.

One potential method of implementing passive stiffness for the space environment

would be using Variable Stiffness Actuators (VSA). A VSA utilizes a variable, passive

stiffness element in series with a traditional robot actuator, to enable real-time adjustment

of the actuator position and joint stiffness. This results in multiple compelling properties for

both terrestrial and space applications including mechanism robustness, increased dynamic

performance and energy efficiency, and task adaptability [16].

1.2 Related Work

Human-robot interaction has traditionally been the primary driver of research on se-

rial manipulators with variable, passive joint stiffness. This has led to the development of

systems designed to mimic the human arm’s ability to perform precise actions while main-

taining compliant dynamics. However, given the advancements in the design, simulation,

and control of robots utilizing variable stiffness actuators, they are now being considered

for tasks within an unknown, unpredictable, or constantly changing environment.

The initial research on robot actuators with passive joint stiffness can be traced to

work performed at MIT on Series-Elastic-Elements (SEE) [30]. This involved placing a

3
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spring with constant stiffness in series with a traditional robot actuator. While SEEs im-

plement mechanical robustness into traditional robot manipulators, the constant spring rate

forces the manipulator to have a single, kinematic configuration-dependent level of compli-

ance. Early research into designing robot actuators with adjustable joint stiffness was per-

formed initially in Europe thanks to two programs funded by the European Commission.

The first was PHRIENDS (Physical human-robot Interaction: dependability and safety)

which lasted from 2006 to 2009. The PHRIENDS project made considerable progress

with actuator-level modeling and design, with multiple prototype Variable Stiffness Ac-

tuators built and tested. This work was further expanded from 2009 to 2012 through the

VIACTORS (Variable Impedance ACTuation systems embodying advanced interaction be-

haviORS) program. Both programs funded research related to variable stiffness robots at

multiple universities (University of Pisa, University of Twente, Imperial College London,

Italian Institute of Technology, and the Free University of Brussels) as well as the German

Aerospace Center (DLR). These programs resulted in the creation of multiple survey pa-

pers including a taxonomy of soft robot actuators [39], a detailed description of the relevant

actuator properties and parameters in [16], and a detailed guide to the design and trade-offs

in [42].

The following sections will attempt to provide a brief overview of current research

related to the development and adoption of VSAs. First, advances in actuator design to

combine passive stiffness elements in traditional robotic actuators are discussed in sub-

section 1.2.1. Second, three of the most prominent robots with passive stiffness will be

discussed in subsection 1.2.2. Third, an overview of the current state-of-the-art methods

for passive stiffness realization is provided in subsection 1.2.3.

4
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1.2.1 Variable Stiffness Actuator Design

There exist many different methods for generating compliance in robotic actuators in-

cluding pneumatic/hydraulic, electromagnetic/electrostatic, piezoelectric, shape memory

alloys, or polymeric actuators [6]. For this thesis, only electro-mechanical systems will be

considered given the level of maturity and application to the space environment.

Variable Stiffness Actuators require two separate degrees of freedom, one to change

the actuator output position (q) and the second to change the joint mechanical stiffness

(k j). These two requirements can be achieved through different motor configurations and

stiffness variation methods. A taxonomy of different VSA types can be found in [39].

Given the specific requirements for ISAM and ADR applications, only the independent

VSA and agnostic VSA will be described here. Figure 1.1 provides a diagram describing

the two VSA motor arrangements.

(a) Antagonistic Motors (b) Independent Motors

Figure 1.1: Desired End-Effector Frames on an Inscribed Hemisphere

Designs of antagonistic VSA systems consist of two, customarily identical, motors and

springs which oppose one another. Each motor can cause motion by pulling on a joint.

The output position is changed by moving both motors in the same direction, while the

joint stiffness can be adjusted by moving both motors in opposite directions. This enables

5
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simultaneous adjustment of the output position and stiffness. One benefit to this configura-

tion is that both motors contribute to the change of joint stiffness. However, the maximum

output torque and energy storage of the actuator is that of a single motor and spring. Addi-

tionally, friction and backlash are caused by both motors and springs. Antagonistic VSAs

are commonly designed with tendons functioning as springs, enabling the motors to be

placed well inboard of the axis of rotation. This antagonistic behavior directly mimics the

muscles in a human arm [21], and thus is often used in humanoid or prosthetic robots.

An early version of an antagonistic VSA was developed by the University of Pisa uti-

lizing an elastic timing belt as a tendon driven by two motors [38]. The timing belt not

only transmits torque to the actuator output but also enables variable stiffness by changing

the tendon tension. Additionally, the German Aerospace Center developed the Bidirec-

tional Antagonistic Variable Stiffness (BAVS) actuator which uses two motors to adjust a

torsional spring to generate variable joint stiffness [14].

Alternatively, independent VSAs separate the two degrees of freedom by having one

motor control the output position and a second motor to adjust the torsional stiffness. This

is like existing flexible joint robot actuators, where an adjustable torsional spring is placed

in series with an existing robot actuator. An independent configuration enables the stiffness

adjuster motor to be considerably smaller than the positioning motor. This is because only

the positioning motor transmits torque to the actuator output, and the stiffness adjuster only

needs to power the stiffness adjuster mechanism. Additionally, energy losses and backlash

are typically less for an independent VSA configuration since the adjuster mechanism is

not part of the load path. As a result, the independent VSAs are usually lighter than the

corresponding antagonistic VSA.

One example of an independent VSA is the Floating Spring Joint (FSJ) developed by

the German Aerospace Center. The FSJ was designed to be the first four joints of a hu-

manoid robot arm [40]. The stiffness adjuster mechanism is located on the output side of

6
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the harmonic drive, resulting in larger output inertia. The stiffness adjuster motor rotates

two cam disks with respect to each other to stiffen the mechanism. Additionally, the Italian

Institute of Technology (IIT) developed the Actuator with Adjustable Stiffness-II (AwAS-

II) which utilizes a variable lever arm to adjust the joint stiffness [22]. Interestingly, the

range of joint stiffnesses is much greater for such a design (0− 2000Nm/rad), at the ex-

pense of a slower rate of stiffness adjustment. The University of Twente and the University

of Bologna co-developed the vsaUT-II [17]. This independent VSA is also able to have an

infinite stiffness range by changing the transmission ratio. By moving the application point

of the output force on a lever arm, the joint stiffness can be varied from zero to a completely

rigid mechanism. Additional examples of both antagonistic and independent VSA designs

can be found in the VIACTORS database.

1.2.2 Variable Stiffness Robots

While the research and development of Variable Stiffness Actuators is an active area

of research, there has been considerably less effort related to the development of robot

manipulators using these actuators. Three of the most prominent passive stiffness robots

are Rethink Robotics’ Baxter, NASA’s Robonaut R2, and the German Aerospace Center’s

(DLR) Hand-Arm System. Both Baxter and Robonaut use Series Elastic Actuators, while

the DLR Hand-Arm System is the only one that actually uses VSAs.

Baxter is an industrial robot, developed by Rethink Robotics, with two 7 Degree-of-

Freedom (DoF) arms designed to perform simple manipulation tasks collaboratively with

humans [12]. Baxter uses series elastic actuators, with constant passive stiffness and torque

sensing, to enable safe operation with humans. The use of series elastic actuators provides

a mechanical fail-safe to limit the forces that Baxter can impart on both humans and its

environment.

7
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Robonaut R2 was developed in conjunction with NASA Johnson Space Center and

General Motors to help assist crew on the International Space Station (ISS) [10]. The

anthropomorphic robot was designed to perform maintenance, support astronaut Extra-

Vehicular Activity, and provide rapid response to dangerous situations. To enable Robo-

naut R2 to safely operate in the close presence of astronauts and onboard the ISS, each joint

utilizes Series Elastic Actuators to provide shock absorbance and accurate torque control.

Robonaut’s two 7-DoF arms enable the implementation of fine force sensing/control with-

out impacting the strength or payload capacity. A 12-DoF gripper, where each joint is a

tendon-driven variable stiffness actuator, enables Robonaut to dexterously manipulate the

same tools as a human.

The DLR Hand-Arm system was designed as a humanoid robot to operate in hard-

to-predict environments where environmental collisions are inevitable. As a result, a 7-

DoF manipulator, designed to mimic the size, weight, and performance of a human arm

was developed [15]. This anthropomorphic arm contains two different types of variable

stiffness actuators, which can adjust their joint stiffness during operation to produce desired

dynamics for operation. Additionally, a 19-DoF wrist consisting of antagonistic, tendon-

driven actuators provides both accurate positioning and stiffness properties. This robot has

been used as a testbed to experimentally validate a variety of actuator and arm level control

algorithms [4] [29] [41] [24].

1.2.3 Passive Stiffness Realization

The first evaluation of the performance of a non-planar serial manipulator with passive,

compliant joints was done by Albu-Schaffer, et. al. [2]. The authors propose a method for

determining the optimal joint stiffness values to realize a desired Cartesian stiffness matrix.

For a serial manipulator with unconstrained, variable joint stiffness, a method for adjust-

8
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ing the passive stiffness was examined by minimizing a cost function. The performance

of Cartesian stiffness realization was shown to have a strong dependence on its kinematic

configuration. This results in significant difficulty in achieving an arbitrary Cartesian stiff-

ness matrix throughout the entire robot workspace, even without mechanical joint stiffness

limits.

Ott [8] developed a method for exploiting the nullspace motions of a flexible joint,

redundant manipulator to map more accurately joint to Cartesian stiffness. While this was

initially formulated for lightweight, torque-controlled robots, Petit [13] extended this work

for variable stiffness robots and implemented a real-time controller on a 4-DoF variable

stiffness robot.

To increase the performance of passive Cartesian stiffness realization, Petit proposed

an active Cartesian impedance controller to be used in conjunction with passive realiza-

tion algorithms in [29] and [13]. A sequential method of first optimizing the passive joint

stiffness and then performing an active Cartesian impedance control was able to drastically

reduce any realization errors.

Unlike the previously mentioned methods of passive stiffness realization, Rice, et. al.,

[31] developed an extended inverse kinematics approach to select the joint position and

stiffness simultaneously. This was done by augmenting the standard Cartesian and joint

configuration vectors with additional compliance terms. While more computationally in-

tensive than previous optimization methods, the extended inverse kinematic approach en-

ables the joint stiffness optimization to be seamlessly integrated with commonly used meth-

ods of Cartesian impedance control, singularity detection, and self and environmental col-

lision avoidance.

Despite the strong dependence on kinematic configuration, little work has been done to

study the effects of the passive stiffness realization when varying the end-effector’s posi-

tion in the robot workspace. For a planar robot, Petit [13] proposed using stiffability maps

9
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to visualize the optimization performance over the polar reachable workspace. For a planar

manipulator with rotational symmetry about its origin, visualization can be simplified to

only examine the distance from the end-effector to the origin and the angle between the

desired Cartesian stiffness matrix and the origin frame. By generating a series of stiffabil-

ity maps for different magnitudes of the Cartesian stiffness primary axes, the realization

performance can be evaluated across the entire workspace.

While stiffability maps can be a helpful visualization tool for planar robots, such analy-

sis does not easily expand to the non-planar case. Although methods exist for visualizing a

robot’s reachable [18] and dexterous workspace [43] [9], these visualizations have not been

extended for looking at passive stiffness realization performance.

1.3 Problem Statement

One of the fundamental challenges in passive stiffness realization, as was discussed in

subsection 1.2.3, is that it is difficult to realize an arbitrary Cartesian stiffness matrix across

the entire workspace for a 7-DoF redundant manipulator. This realization gets even worse

when one considers the physical limitations such as joint stiffness limits and self-collisions.

For ISAM and ADR applications, robotic servicing vehicles can be specifically de-

signed for a singular task. The robot kinematics, joint stiffness dynamics, and Cartesian

stiffness performance can now all be chosen to enable passive stiffness realization for a

single use case. This enables the requirement of a variable-stiffness robot to realize an ar-

bitrary Cartesian stiffness to now being restricted to realize a single, well-defined task.

Additionally, the requirement for passive stiffness realization over the entire dexterous

workspace can now be restricted to a small subset of the workspace. Given these two

restrictions, it leads to the following research questions that this thesis will attempt to an-

swer:

10
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1. For a single, well-defined task, are there regions of the workspace where a prescribed

level of passive stiffness realization can be achieved?

2. For a mobile robot, can we plan trajectories within a region of the workspace to

improve realization performance?

1.4 Thesis Outline

To answer the research questions proposed in this thesis, the properties of an arbitrary

variable-stiffness robot will first be examined. The fundamentals of passive stiffness con-

trol are studied in detail in chapter 2. Three previously published methods of determining

joint stiffnesses given a desired Cartesian stiffness matrix include strictly passive method,

a configuration-dependent passive method, and a sequential passive-active method. The

implementation and sensitivity to initial conditions provide a detailed explanation for how

these passive stiffness control methods could be utilized in practicality.

Once the fundamentals and behavior of a generic robot are well understood, the robot

kinematics, joint stiffness dynamics, and desired Cartesian stiffness will be narrowed to

attempt to answer the research questions. chapter 3 introduces the specific robot kinematic

and VSA joint parameters which are used for future analysis. Additionally, the specific

task stiffness and trajectory requirements for ISAM and ADR reference missions will be

described in detail.

Next, chapter 4 describes a method for investigating the robot workspace which is com-

monly used in robot workspace literature. Special attention is paid to the detection and

avoidance of kinematic singularities for Candidate Task/Stiffness Trajectories (CTST).

Finally, a detailed examination of the regions of the workspace where a desired per-

formance of passive stiffness control can be ensured is described in chapter 5. The ideas

of Successful Task-Stiffness Trajectories (STST) and the Successful Task/Stiffness Region

11
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(STSR) are proposed. A sensitivity analysis is then conducted to evaluate how varying the

desired Cartesian stiffness, mechanical joint stiffness limits, and degrees of redundancy af-

fect the number of STSTs and the size and shape of the STSR. This sensitivity analysis is

then evaluated with respect to the research questions.

12
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Chapter 2: Passive Stiffness Realization

For redundant manipulators, it is critical to understand the system stiffness in Cartesian

space at the end-effector to provide a relationship between the loads imparted by the manip-

ulator onto its environment [25]. If the manipulator has the ability to change its Cartesian

stiffness matrix, either through passive or active methods, these values can directly be used

to control the contact dynamics of the manipulator. This approach is known as Cartesian

impedance control and is a commonly used method for industrial, biomedical, and space

applications [39].

While it is desirable to specify a stiffness matrix in Cartesian task space, the physical

compliance is generated at each actuator in joint space q. This can be done either through

an active joint torque feedback control law or by mechanically changing the joint stiffness

properties for variable stiffness robots. As a result, it is of critical importance to have a

detailed understanding of the bidirectional stiffness mapping between task and joint space.

This will be considered in detail in this chapter.

First, a general robot model and VSA model will be introduced in section 2.1. This

thesis examines three different methods for passive stiffness realization to evaluate the

performance and limitations of the Cartesian to joint space stiffness mapping. The first,

discussed in section 2.4, is a strictly passive method that optimizes the adjustable joint

stiffnesses for a given robot configuration. The second, considered in section 2.5, is a

configuration-dependent stiffness optimization algorithm that utilizes the nullspace of a

redundant manipulator. This finds the optimal joint positions and joint stiffnesses for a
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desired end-effector pose and Cartesian stiffness matrix. The last method, described in

section 2.6, is a sequential passive-active optimization algorithm that first performs the

passive realization to find the optimal joint stiffnesses and then adds an outer-loop active

impedance controller to help reduce any outstanding Cartesian stiffness mapping errors.

The performance of these three algorithms with respect to their implementation for ISAM

and ADR tasks will then be discussed.

2.1 Robot and VSA Model

For a serial manipulator with n rigid joints, an m dimensional motion task can be de-

scribed in Cartesian space x∈Rm at the end-effector. The forward kinematics f(q) : Q−→ X

describes how the joint positions (q ∈ Q) can be transformed into a Cartesian end-effector

position (x ∈ X). Additionally, inverse kinematics describes how to find the joint posi-

tions for a specified Cartesian position (q = f−1(x)). Joint and Cartesian velocities can

be mapped using the kinematic Jacobian J(q) = ∂ f(q)
∂x ∈ Rm×n. These relationships are

summarized by:

x = f (q) (2.1)

ẋ =J(q)q̇ (2.2)

The forward kinematics will always be able to provide a single Cartesian pose given

the joint angles. However, for an under-actuated manipulator (n ≤ m) there could be no

inverse kinematic solution resulting in some Cartesian poses that cannot be achieved by the

robot. Additionally, for a redundant manipulator (n≥m) there could be an infinite number

of joint configurations to achieve a desired end-effector pose. The method of choosing a
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specific joint configuration for a given Cartesian pose is called redundancy resolution and

is described in more detail in section 2.5.

For a robot consisting of VSA joints, two additional state variables are needed. This is

because the link (or joint) position and the motor (or actuator) position are now no longer

the same, and the joint stiffness can be varied. For an independent VSA, each joint now

has an actuator position `, link position q, and stiffness variation parameter œ. These can

be seen in Figure 2.1.

Figure 2.1: State Variables of an Independent Variable Stiffness Actuator

Clearly, the actuator, link, and stiffness variation parameters are all related. The equa-

tion of motions which relate the three is defined in [6] and is reproduced below:

mi 0

0 bi


q̈i

θ̈i

+
−τi(φi,σi)

τi(φi,σi)

=

τext,i

τm,i

 (2.3)

τi(φi,σi) = k( fcd,i(φi +σi)+ fcd,i(−φi−σi))(− j1,i + j2,i) (2.4)

One important result of these equations of motion is that for a VSA not at equilibrium

(i.e. θi 6= qi), there are an infinite number of combinations of θi and σi that can result in a
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desired link position qi. This is because if we define the windup of a VSA as φi = qi−θi,

the torque within the variable stiffness element is defined as the nonlinear function:

τ = h(φ ,σ) (2.5)

This results in the instantaneous joint stiffness of the VSA:

k(φ ,σ) =
∂h(φ ,σ)

∂φ
(2.6)

By increasing or decreasing the stiffness variation parameter, the resultant joint stiffness

can also be varied. If the flexible joint has a constant stiffness (k = constant), as is the case

with series elastic actuators, the joint torque becomes τ(φ ,k) = kφ [41].

There are also inverse functions h−1
φ

and h−1
σ to find the required deflection and stiffness

parameter for the external resultant actuator torque and link position. Additionally, while

the control of a VSA joint is typically done in actuator space θ and stiffness variation space

σ , VSA kinematics and trajectories are commonly specified in link space q. This is not only

due to the non-uniqueness of φ and σ , but also due to the location of mechanical hardstops.

VSA typically have mechanical limits on both σ and q, and θ is often unbounded.

For this thesis, it is assumed that the robot level and joint level dynamics will be sepa-

rated and performed sequentially. First, the passive stiffness control algorithms presented

in this thesis will determine the desired link position and joint stiffness for a given Carte-

sian position and stiffness trajectory. These desired link positions and joint stiffness would

then be fed to a VSA joint level controller to find the corresponding θ and σ to follow

the link trajectories. This secondary controller will not be considered in this work, given

the amount of existing joint-level controller designs [16], and the large dependency on the

mechanical design of the actuator.
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2.2 Stiffness Mapping

The bidirectional stiffness mapping between joint and Cartesian task space helps in

describing a robotic system’s response to external loads. This mapping is used heavily

in estimating actuator loads given external disturbances [23], traditional active impedance

control techniques [35], and also passive stiffness control methods [2]. This mapping and

its application to passive stiffness control will be examined in this section.

The Cartesian stiffness matrix KC relates the Cartesian wrench f given a Cartesian dis-

placement x. This is given by:

KC =− ∂ f
∂x
∈ Rm×m (2.7)

Alternatively, the joint stiffness matrix KJ relates the joint torque τ given joint position

q given by:

KJ =−
∂τ

∂q
∈ Rn×n (2.8)

Both stiffness matrices are square, with the Cartesian stiffness having a m dimensional

task space (typically m = 6 for full position and orientation control) and the Joint stiffness

having a n dimensional joint space corresponding to the number of joints in the manipulator.

The manipulator is said to be redundant if n > m, or if there are more joints than the

specified task dimensions [37].

The transform from a Cartesian stiffness matrix into a joint stiffness matrix is defined

as T : KJ = T (KC). This transform can be computed as:
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KJ =−
∂τ

∂q
(2.9)

=−∂ (J(q)TKC∆x)
∂q

= J(q)TKCJ(q)− ∂J(q)T

∂q
KC∆x

Where J(q) is the manipulator Jacobian (J(q) = ∂ f(q
∂q ) and ∆x is the Cartesian position

error (∆x = xd−x). It is common to ignore the position-dependent change of the Jacobian

due to analytical complexity [3]. This results in the stiffness being computed about at the

equilibrium position, simplifying to:

KJ = J(q)TKCJ(q) (2.10)

This is the basis of early methods for implementing active Cartesian stiffness control

[35]. However, this assumption can lead to large errors in the Cartesian stiffness matrix

for non-zero position errors, causing KJ and T , to only have local correctness. Enhanced

impedance control laws have been investigated by adding the local stiffness correction term

[3] at the cost of additional computational time. For this work, Equation 2.10 will be used

due to the difficulty of determining ∆x online.

To find the Cartesian stiffness matrix from the joint stiffness matrix, one has to solve

the inverse of Equation 2.10. This inverse problem is defined as KC = T −1(KJ), which is

easiest to perform using compliance matrices, (CC = K−1
C , CJ = K−1

J ) [2]. The inversion

is only valid if KC and KJ are non-singular. KC and KJ are positive definite matrices for

all physical Cartesian and joint stiffness matrices, so the inversion remains valid. Expand-

ing the inversion of Equation 2.9 using the same assumptions of Equation 2.10 gives the
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following compliance relationship:

CC = J(q)CJJ(q)T (2.11)

Equivalently, inverting gives the following stiffness relationship:

KC = (J(q)KJ
−1J(q)T)−1 (2.12)

One important fact of Equation 2.12 is that to achieve an arbitrary Cartesian stiffness

matrix, KJ must be invertible. As long as none of the diagonal elements are zero, i.e.

KJ(i,i) = 0, KJ will be invertible. For a physical system, it is impossible for a diagonal

element to have zero stiffness, so the invertibility issue can be ignored.

2.3 Problem Formulation

The problem of finding a joint stiffness matrix that will result in a desired Cartesian

stiffness matrix is made difficult due to not having a closed-form solution. This is due to

the added restriction of requiring a diagonal joint stiffness matrix. As a result, similar to

how inverse kinematics is used to find a series of joint positions to achieve a desired end-

effector Cartesian position, one can turn the Cartesian to joint stiffness mapping problem

into an optimization problem to find an approximate solution. The problem now becomes:
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min
q,KJa,KJp

‖KCd−KC(q,KJa,KJp)‖ (2.13)

s.t.f(q) = xd

qmin ≤ q≤ qmax

Kmin
Ja ≤ KJa ≤ Kmax

Ja

Kmin
Jp ≤ KJp ≤ Kmax

Jp

Where KC is the realized Cartesian stiffness matrix due to a given joint stiffness matrix

KJ . For strictly passive manipulators, KJ = KJp. However, if a Variable Stiffness Robot

has both passive KJp and active KJa control, the two are typically added in series. There

are some robots that do not have a series interconnection between their passive and active

joint stiffness, however, that is relatively uncommon. The series connection between the

active and passive joint stiffness can be described as:

K−1
J = K−1

Ja +K−1
Jp (2.14)

Equation 2.14 can be simplified by converting the optimization problem into the com-

pliant domain [13]. The goal now is to find the optimal Cartesian compliance matrix CC,

which is a linear combination of the passive Cartesian compliance CCp and active Cartesian

compliance CCp. The optimization becomes:
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min
q,CCa,CCp

‖CCd−CC(q,CCa,CJp)‖ (2.15)

s.t. f(q) = xd

qmin ≤ q≤ qmax

cmin
Jp ≤ cJp ≤ cmax

Jp

This becomes a constrained, nonlinear optimization problem where both the joint po-

sitions q and joint compliance cJp need to be examined to find the optimal solution. Spe-

cial attention also is needed for the minimization norm. [2] considers multiple different

norms for optimization including, the induced L2 norm, an intuitive norm based on error

qualities, and finally a weighted Frobenius (Schur) norm. The weighted Frobenius norm

was chosen given the ability to individually weight each element of the Cartesian stiffness

matrix. This allows for the coupling terms, translation/orientation stiffness values, and

translation/orientation rotation errors to be weighted separately.

2.4 Passive Joint Compliance Optimization

This section will examine the implementation of Equation 2.15 for a given manipu-

lator configuration (q) and no active compliance (KCa = 0). Two different methods for

optimization were examined; a nonlinear solver, and also a linear solver.

2.4.1 Nonlinear Solver

The first method of solving Equation 2.15 was using the built-in Matlab fmincon func-

tion. Fmincon is a constrained, nonlinear solver, able to minimize a cost function according

to both a Sequential Quadratic Programming (SQP) and active-set optimization algorithm
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subject to linear inequalities. The addition of linear inequalities enables the consideration

of mechanical joint stiffness limits in the optimization algorithm.

An evaluation was performed to evaluate the stability and computational time between

the two algorithms. For this comparison, first a desired Cartesian stiffness matrix KCd and

end-effector pose x was selected for all trials. For every trial, a new inverse kinematic so-

lution was performed to find q, and then the passive joint compliance optimizations were

computed. The minimized objective function for the given joint configuration B(q was then

computed. The computation time and Compliance mapping norm B(q is plotted for 1000

trials in Figure 2.2. For each trial, the manipulator configuration is sampled from the redun-

dant nullspace of the manipulator, resulting in different joint configurations. Depending on

the initial joint configuration, the passive joint compliance optimization results in different

local minima.

Figure 2.2: Matlab FminconAlgorithm Comparison for a constant desired Cartesian stiffness matrix
and end-effector pose

Two different observations can be made from this analysis. The first is for the Matlab
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implementation, the SQP algorithm (t̄ = 0.0492s) is almost 50% faster than the Active-

Set algorithm (t̄ = 0.0950s). The second major observation is the significant configuration

dependence on the joint compliance optimization. Selecting a different manipulator con-

figuration could potentially cause the Compliance mapping norm to more than double over

the best-case configuration. Exploiting the increased mapping performance depending on

the manipulator configuration will be examined in section 2.5.

2.4.2 Linear Solver

To decrease the potential joint compliance optimization computation time, [2] and [29]

proposed linearizing the nonlinear formation of Equation 2.15 into a constrained linear

least squares form. This is done by first expanding the cost function for joint compliance

optimization:

‖CCd−CCp‖G
F = ‖CCd− J(q)cJpJ(q)T‖G

F (2.16)

The Frobenius norm can then be rewritten as a Euclidean norm by reshaping both CCd

and CCp into vectors and differentiating with respect to the passive joint compliance vector

cJp so that:

min
q,cJp
‖A · cJp−b‖G

2 (2.17)

s.t. cmin
Jp ≤ cJp ≤ cmax

Jp

where : A =
∂

∂cJp

(
J(q)cJpJ(q)T

)
∈ Rm2×n

cJp ∈ Rn×1

b =
∂

∂cJp
CCd ∈ Rm2×1
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An inequality-constrained, linear least-squares solver could then be used to minimize

Equation 2.17 subject to the mechanical joint stiffness limits. This was done using the

Matlab lslin solver. Lslin supports both a interior-point-convex and active set algorithm.

Similar to the nonlinear case, the two algorithms can be compared to evaluate stability and

computation time. This can be seen in Figure 2.3.

Figure 2.3: Constrained Linear Least Squares optimization algorithm comparison using Matlab’s
lsqlin function

The computational time of the active-set and interior-point algorithms were almost en-

tirely identical (t̄as = 0.7326s vs. t̄ip = 0.7333). Additionally, the average JCO norms

are also very similar, with the interior-point slightly lower than the active-set (B̄(q)as =

101.9218vs.B̄(q)as = 100.9639). Further analysis will use the active-set algorithm due to

it being the algorithm used in [2] and [29].

Again, the significant kinematic configuration dependence of the JCO norm can be

observed due to the multi-modal distribution of the objective function histogram. Choosing

a different redundant configuration can cause the JCO norm to more than double for the
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same end-effector pose and desired Cartesian stiffness matrix.

We can also compare the nonlinear solver examined in subsection 2.4.1 against the

linear solver detailed above. This can be seen in Figure 2.4. Interestingly, the nonlinear

solver is significantly faster than the corresponding linear solver. This is almost certainly

due to the specific implementation in Matlab. While the lslin function was quicker to

converge than the fmincon function, the process of linearizing J(q)cJpJ(q)T was surpris-

ingly computationally intensive. Additional work could be done to improve the efficiency

of this operation, either through the algorithms presented in [13] or by implementing this

in a different programming language without as much overhead as Matlab.

Figure 2.4: Nonlinear vs. Linear joint compliance algorithm comparison for a constant desired
Cartesian stiffness matrix and end-effector pose

Given the increased speed of the nonlinear optimization, the Matlab fmincon using a

SQP algorithm will be used as the basis for the following analysis.
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2.5 Configuration Dependent Stiffness Optimization

For a redundant manipulator, there are an infinite number of joint configurations to

achieve a desired end-effector pose. Figure 2.5 shows an example of a subset of the re-

dundant configurations. Nullspace motions enable the manipulator to change its joint con-

figuration without moving the end-effector. Existing inverse kinematic algorithms utilize

the extra degrees of freedom by optimizing a secondary performance criterion [37]. This

could involve avoiding kinematic singularities, minimizing the joint velocity norm, mov-

ing away from mechanical joint limits, or moving around environmental obstacles. The

method of selecting the nullspace configuration through secondary performance criteria is

called redundancy resolution.

In section 2.4, the considerable dependence of the robot configuration on the passive

stiffness mapping performance was shown. As a result, this increase in performance can

be achieved by augmenting the redundancy resolution method. This can be done either by

adding an additional term to the redundancy cost function [2] or by extending the velocity

Jacobian [31].

First, subsection 2.5.1 will examine how to derive the Jacobian nullspace base matrix,

giving the linear subspace enabling the moving of joint positions without changing the end-

effector position. This will be used in the gradient descent optimization routine, described

in subsection 2.5.2, to reduce the passive stiffness mapping error.

2.5.1 Derivation of a Redundant Manipulator’s Nullspace

To compute the manipulator’s nullspace base matrix N(q), the same formulation for a

redundant manipulator will be used as was presented in section 2.1. For redundant ma-

nipulators, the degree of redundancy is defined as r = n−m. The most common situation

for both manufacturing and space robotics has a 7 joint serial manipulator achieving a 6-
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Figure 2.5: A subset of redundant joint configurations for a single end-effector Cartesian configura-
tion

degree-of-freedom task, resulting in a 1-degree-of-freedom redundancy (r = 7− 6). This

extra degree of freedom enables the nullspace motions of the manipulator. The general case

for computing the velocity Jacobian’s nullspace base matrix is described in [8].

Since the robots examined in this thesis only have a single degree of redundancy (r = 1),

the general form for calculating the nullspace base matrix can be simplified to a single row

also according to [8]:

N(q =

[
n1(q) ... nr(q)

]
(2.18)
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Where the elements of ni(q) can be computed as:

ni(q) = (−1)n+idet(Ji(q)) (2.19)

With Ji(q) ∈ Rm×m is the Jacobian matrix J(q) with the ith column omitted.

This method for extracting the Jacobian nullspace base matrix can now be used as part

of an iterative optimization algorithm to minimize passive stiffness mapping errors.

2.5.2 Joint Compliance Redundancy Resolution

Utilizing the derivation of the Jacobian nullspace base matrix, a method can be de-

veloped to find the optimal manipulator configuration to minimize the passive stiffness

mapping error. A method for using an iterative gradient descent algorithm for minimizing

the passive stiffness mapping was proposed by [2] and [13]. This algorithm can be mod-

ified slightly by using the previously described nonlinear joint compliance optimization

equation Equation 2.15 as the cost function.

B(q,CCd) = ‖CCd− J(q)cJpJ(q)T‖G
F (2.20)

The locally valid update law to step through the Jacobian nullspace, as described in

[13], becomes:

qi+1 = qi−α∇NqB(q,CCd) (2.21)

Where the gradient describes how much to move in the direction of the Jacobian nullspace

base vector depending on the change in the joint compliance optimization norm. The gra-
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dient is defined as:

∇NqB(q,CCd) = lim
h→0

(
r

∑
i=1

ni(q)
B(q̂,CCd)−B(q,CCd)

h

)
(2.22)

With q̂ defined as:

q̂ = q+h ·ni(q) (2.23)

In this formulation, N(q) is the nullspace base matrix as defined in subsection 2.5.1. α

and h are parameters that are used to tune the gradient descent algorithm. α determines

the size of a step between each joint configuration. A large α will allow the algorithm to

descend faster but will cause deviations in the end-effector position due to the nonlinear

forward kinematics mapping.

Each algorithm iteration requires two separate joint compliance optimization subrou-

tines, so depending on the number of iterations required to converge to a local minimum,

the computation time could grow significantly. Restrictions to the computational time are

required if such an algorithm were to be implemented in real-time as done by [13]. For of-

fline trajectory planning, computational time is less of an issue, and additional performance

can be achieved.

Additional algorithm exit criteria are required for practical implementation. The first

exit criterion is a limit to the maximum number of iterations, which helps prevent any

potential cyclical behavior of the algorithm. The second is a check against the validity of

the joint configuration. Almost all physical robot actuators have some sort of mechanical

joint limit, either through the inclusion of physical hard stops or due to the wrapping of

harnessing, that will prevent rotation. The third exit criterion checks against potential self-

collisions to prevent the manipulator from crashing into itself. This could be extended to

include environment collision detection but would require a detailed understanding of the

29

DISTRIBUTION STATEMENT A: Approved for public release; distribution is unlimited.



robot system’s environment. The final exit criteria is a check that the stiffness mapping

gradient from Equation 2.22 is larger than a given tolerance. This tolerance can be tuned

depending on a trade-off between computation time and increased performance.

The passive stiffness mapping is highly nonlinear, with a significant amount of lo-

cal minima. An example configuration dependent stiffness optimization can be seen in

Figure 2.6. For an initial inverse kinematics solution, the joint configuration was moved

through the nullspace motions until arriving back at the initial IK solution. For each con-

figuration, the joint compliance optimization norm is computed per Equation 2.20. The red

regions of the figure are the domains that exceed joint limits or result in self-collisions. The

blue star indicates the global minimum.

Figure 2.6: Full workspace passive stiffness mapping optimization with five gradient descent opti-
mizations.

Five different initial conditions were used for the iterative gradient descent algorithm

with results plotted on Figure 2.6. The initial conditions are the vertical black dashed lines
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on the position subplot. Each iteration of the optimization is plotted with a star, while the

final iteration is plotted with a filled-in circle. Of the five initial conditions, only one was

able to find the global minimum due to the presence of nine local minima. As a result, even

with multiple cold starts, the gradient descent algorithm is not guaranteed to find the global

minimum. However, the benefit of the iterative gradient descent algorithm is observed

and is able to increase the performance of the passive stiffness mapping by 20%− 50%

depending on the initial configuration. This can potentially be improved by using different

algorithms, such as the conjugate gradient descent method.

2.6 Sequential Passive/Active Stiffness Optimization

Even through the exportation of the redundant configurations of a serial manipulator,

the diagonal nature of the joint stiffness matrix makes it difficult for a variable-stiffness

robot to achieve an arbitrary Cartesian stiffness matrix. One potential method for increasing

the stiffness mapping performance proposed by [29], and expanded in [13], uses an active

impedance controller in addition to passive stiffness control. This method enables such a

robot to maintain the beneficial shock absorbing, energy saving, and stiffness variation at

constant position properties of the elastic stiffness element while being able to maintain an

exact Cartesian stiffness. However, the manipulator now requires a force-torque sensor to

accurately measure the external disturbances to implement the active controller.

A brief introduction to using active Cartesian stiffness control in flexible robots is dis-

cussed in subsection 2.6.1, and the implementation into a sequential stiffness mapping

algorithm is discussed in subsection 2.6.2.
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2.6.1 Active Stiffness Mapping

The desire for a robot manipulator to not only track a desired reference trajectory but

also control the behavior of loads imparted to its environment is one of the fundamental

challenges when controlling serial manipulators. Methods of active force control are sur-

veyed in [25], and the application of active impedance control for flexible joint robots are

examined in detail in [8].

The impedance controller can either be formulated in joint space or Cartesian space de-

pending on the requirements of the task [25]. A joint space formulation is commonly used

for tasks less sensitive to the exact compliance properties if it might approach kinematic

singularities, due to its ability to limit joint velocities in those regimes. Some examples in-

clude visual servoing, grappling free-flying objects, or dual arm control [20]. For tasks with

sensitive compliance dynamics, a Cartesian space formulation is often used as long as the

tasks can be planned to be performed in areas of the workspace away from the undesirable

kinematic singularity effects.

A joint space formulation of an active impedance algorithm for variable stiffness robots

was proposed in [2]. A Cartesian space formulation for variable stiffness robots was first

examined in [29], and later [13]. Given the desire for the ability to specify desired compli-

ance dynamics, the Cartesian space formulation will be examined, and special considera-

tions will be made during task/trajectory planning to ensure singularity avoidance.

The active Cartesian impedance control law, explored in [29], is as follows:

F imp =−KCa (x−xd)−DCẋ (2.24)

Where KC is the Cartesian stiffness matrix of the impedance controller and DCa is the

Cartesian damping matrix. The selection of DC is heavily examined in [13], and will not
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be examined in detail here. The question becomes how to choose DCa to obtain the opti-

mal Cartesian stiffness mapping. The method of reducing Equation 2.15 to only optimize

the active Compliance matrix is taken from [29], with a few minor modifications to be

consistent with the formulations and assumptions in this text.

min
CCa

‖CCd−CC(CCa)‖ (2.25)

s.t.CCa > 0

Where the active Compliance matrix CCa must be positive definite to maintain passivity

properties to ensure the stability of Equation 2.24. This can be solved using a matrix near-

ness problem through an eigenvalue transformation of both the desired and active compli-

ance matrices. By replacing non-positive eigenvalues of the transformed compliance matrix

with a small, positive compliance value, the active Compliance matrix can be assured to be

positive-definite, with some induced error. These eigenvalues are then transformed back

into the rotated, Cartesian end-effector frame.

2.6.2 Sequential Stiffness Mapping

The addition of active Stiffness control is able to extend the achievable Cartesian stiff-

ness range. However, the motivation is to still use the passive stiffness method as much

as possible to maintain the unique properties of the passive stiffness element. As a result,

a sequential stiffness mapping method was developed by [29] to first use the passive joint

stiffness adjustments as much as possible, and then add an additional active method to help

reduce remaining errors.

To evaluate the performance of the sequential algorithm, the computation time and
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sensitivity to robot configuration were evaluated. This can be seen in Figure 2.7.

Figure 2.7: Sequential Optimization Performance: Algorithm first performs a passive joint stiffness
optimization using a nonlinear solver, and then performs an active Cartesian stiffness optimization
using a matrix nearness approach.

Using sequential stiffness mapping, the residual Cartesian stiffness errors are able to

be reduced by two orders of magnitude when compared to the strictly passive methods.

This makes sense given the active algorithm no longer has the restriction of using a diag-

onal joint stiffness matrix. Again, the average duration of the sequential algorithm is only

slightly longer than the strictly passive method given the relative simplicity of performing

the matrix nearness optimization.

2.7 Discussion

Three different methods of joint stiffness optimization were examined; a passive method,

a configuration-dependent passive method, and finally a sequential active/passive method.

These methods all have their own benefits and trade-offs and can be used for different
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applications of joint stiffness optimization which will be examined later in chapter 4 and

chapter 5. While the work presented in this thesis only examines the offline task and trajec-

tory planning considerations, there are additional considerations to be taken into account if

online optimization is needed.
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Chapter 3: Task Definition

Given the research questions proposed in section 1.3, a well-defined task is needed

to understand the effects on the passive stiffness realization performance. The hope is

that while the following analysis is less applicable to different applications, the proposed

methods and analysis techniques could be used to design a variable-stiffness robot for a

diverse population of potential tasks.

To develop these analysis methods and understand their sensitivity, the robot kinemat-

ics, VSA parameters, and desired Cartesian compliance will be taken from previous as-

tested results and published literature. This will ensure that the results of this work can

directly be compared to existing ISAM and ADR missions.

3.1 Ranger Dexterous Manipulator

The Ranger dexterous manipulator is a space-qualified redundant serial manipulator de-

signed and built by the University of Maryland Space Systems Laboratory for the Ranger

satellite servicing system [32]. First considered for a Space Shuttle flight experiment, and

later for Hubble Space Telescope servicing, Ranger is designed to be operated on the

ground, in space, and in neutral buoyancy. Consisting of 8 degrees of freedom, the ma-

nipulator was designed to provide similar dexterity and force capability as an astronaut in

EVA. A force-torque sensor mounted at the end-effector to enable the implementation of an

active impedance control algorithm. This active impedance control was evaluated in [33].
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Figure 3.1: Ranger Dexterous Manipulator

The robot kinematics can be described by the Denavit-Hartenberg (D-H) parameters in

Table 3.1 and are taken from [7]. The Ranger arm is unique in that it contains a 4-degree-

of-freedom spherical wrist. This results in the first four joints mainly for positioning the

end-effector in Cartesian space and the remaining joints are used to control the end-effector

orientation.

Table 3.1: Ranger D-H Parameters (8-DoF)
Link ai−1 (cm) αi−1 (rad) di (cm) θi (rad)

1 0 0 15.24 θ1
2 0 π/2 0 θ2
3 0 −π/2 53.89 θ3
4 0 π/2 0 θ4
5 15.24 −π/2 51.17 θ5
6 0 π/4 0 θ6
7 0 π/2 0 θ7
8 0 −π/2 0 θ8

This thesis will use the kinematics of the Ranger dexterous manipulator for the design

reference missions given its direct task applicability, and significant existing published lit-

erature. Each Ranger joint will be replaced with a VSA, doubling the number of degrees-of-
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freedom, and providing the desired passive stiffness behavior. Two different configurations

will be considered for future analysis. The first is to lock the 6th joint position, effectively

creating a 7-DoF manipulator. Given most existing space manipulators only have 7-DoFs

[20], this simplification will ensure the results are more useful for existing comparisons.

Additionally, the full 8-DoF configuration will also be examined to understand the effects

of adding additional degrees of redundancy.

3.2 VSA Mechanical Stiffness Limits

While the VSA level controller and internal dynamics are not needed for this thesis,

the joint stiffness upper and lower limits are required to evaluate passive stiffness real-

ization. Three different VSA joint stiffness limits will be examined; AwAS-II, FSJ, and

FSJ-Extended. These three actuators were chosen due to having physical test data and en-

compassing the most common configurations of VSAs. A description of the AwAS-II and

FSJ can be found previously in subsection 1.2.1. The joint stiffness limits used for the three

test configurations can be found in Table 3.2.

Table 3.2: VSA Joint Stiffness Limits
VSA Name kmin

j kmax
j

AwAS-II 0.5 2000
FSJ 50 830

FSJ-Extended 50 15000

Using the AwAS-II joint stiffness limits, one can examine how lowering the joint stiff-

ness affects the realization performance. It is interesting to note that on Earth, a joint

stiffness of 0.5Nm/rad would not be feasible due to the gravitational and inertial forces

within the manipulator. These additional forces could deflect the passive stiffness element

all the way to a mechanical limit, effectively shunting any compliant behavior in the ac-

tuator. However, since the proposed ISAM task would be performed in zero gravity, the
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lower bound of the joint stiffness can be reduced without the worry of hitting a mechanical

deflection limit.

Conversely, the FSJ-Extended joint is a theoretical modification version of the FSJ joint,

increasing the upper stiffness bound to that of a typical rigid robot joint [13]. By enabling

the joint stiffness to be increased to 15000Nm/rad, the effects of the upper stiffness bound

can be tested. Increasing the upper joint stiffness limit would not be physically practical.

This is because most VSAs function by adding a compliant element in series with a tradi-

tional robot joint. Increasing the joint stiffness above that of a traditional robot joint would

require an entirely different joint mechanical design.

3.3 Trajectory Task and Stiffness Requirements

Even for ISAM and ADR applications, the end-effector’s trajectory and stiffness re-

quirements can vary significantly depending on the mass and inertia of the servicing satel-

lite as well as the resident space object (RSO). The lighter the two objects, the lower Carte-

sian stiffness is required to ensure a successful grapple. To help simplify the analysis in

this thesis, the trajectory and stiffness requirements will be taken from [19]. In this paper,

the authors developed and validated a framework for determining the contact dynamics for

a servicer satellite to grapple a RSO using a 7-DoF manipulator. A simulation framework

for predicting the free-floating contact dynamics was developed and validated with ground

tests using a rigidly mounted manipulator grappling a servicer mounted to a sled floating

on a granite table. The paper reports the compliance gains used, as well as the separation

rates between the end-effector and the sled to determine if a capture would be successful.

The initial conditions used in the paper can be turned into a series of system require-

ments that can be found in Table 3.3. These system requirements can then be flowed down

to a series of task and stiffness requirements for future manipulator workspace analysis.
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To ensure a successful grapple, the separation rates between the servicer and client after

first-contact need to be properly managed. If the client drifts too far away from the servicer

before the grapple end-effector’s fingers can close, the client will fail to be captured.

Table 3.3: System Requirements for RSO Grapple from [19]
Requirement Name Description

R-1 Servicer Mass The servicer satellite shall have a mass of 2100kg

R-2 RSO Mass
The client satellite shall be assumed to have a
mass of 3800kg

R-3 Grapple Velocity
The grapple end-effector shall move towards the
RSO at a velocity of 1cm/s

R-4 Grapple Duration
The grapple end-effector shall be able to close
within 2 seconds of initiation

R-5 Separation Distance
The client shall remain within 0.75cm of the
grapple end-effector during the grapple duration

R-6
Tracking

Knowledge Error
The manipulator shall be able to follow a
reference trajectory within TBD 1σ bounds

R-7
Client State

Knowledge Error
The servicer shall maintain 6-DoF state knowledge
of the client within TBD 1σ bounds

The authors of [19] implemented a joint-level compliance control algorithm to evalu-

ate the Cartesian stiffness parameters to ensure a successful grapple. Initial simulations

predicted Cartesian stiffness gains of [kx ky kz] = [41.7 39.5 181.6]N/m would enable

successful grapple (where +z is the contact direction). During testing, it was found that

these gains caused the sled to bounce back and forth between the grapple end-effector’s

fingers, which could reduce the chance of grapple success. As a result, the lateral Cartesian

stiffness gain was increased slightly to [kx ky kz] = [114.5 127.8 187]N/m to minimize this

initial instability. These Cartesian stiffness gains will be used for future passive stiffness

realization analysis.

While [19] published Cartesian stiffness gains which enable successful grapple of an

RSO, the authors did not publish the torsional stiffness gains used. This is because, for pla-

nar testing with a sled and granite table to simulate zero gravity, the reduced dimensional
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system does not require all six stiffness gains. As a result, four different sets of torsional

stiffness gains were examined for their effect on passive stiffness realization. These dif-

ferent configurations of the desired Cartesian stiffness matrix are listed in Table 3.4. The

range of torsional stiffness gains was chosen to evaluate how changing these gains affects

the passive stiffness realization performance.

Table 3.4: Desired Cartesian Stiffness (Kcd) Cases
# kdx kdy kdz krx kry krz
− N/m N/m N/m Nm/rad Nm/rad Nm/rad
1 120 120 190 25 25 40
2 120 120 190 100 100 160
3 120 120 190 800 500 500
4 120 120 190 1000 1000 250

3.4 Trajectory Requirements

While the system requirements are important for defining the interface between the ser-

vicer and the RSO, they do not provide manipulator performance requirements or pass/fail

design criteria. Thus these system requirements need to be distilled to the manipulator level

to help aid the design of the manipulator and analysis of the workspace. These manipulator-

level trajectory requirements can be divided into two sub-categories; task and stiffness re-

alization. These trajectory requirements can be found in Table 3.5, with R-101 through

R-104 being the task requirements and R-201 through R-202 being the stiffness realization

requirements.

These manipulator-level requirements can be used to further analyze the regions of the

workspace where passive stiffness control can be used effectively. The task requirements

give restrictions on the shape of the candidate trajectories, while the stiffness realization re-

quirements determine whether passive stiffness control is effective in managing the contact

dynamics.
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Table 3.5: Manipulator Trajectory Requirements
Rqt Name Description Source

R-101 Direction A grapple shall be performed in either the
horizontal, vertical, or radial direction with
respect to the robot origin frame

R-5

R-102 Velocity A grapple shall be performed at a velocity of
1cm/s

R-3

R-103 Duration A grapple shall last a minimum of 20 sec-
onds

R-4, R-5

R-104 Misalignment A grapple shall be able to accommodate a
lateral misalignment of TBD cm

R-6, R-7

R-201 Desired
Stiffness

The desired Cartesian stiffness shall be se-
lected according to Table 3.4

R-1, R-2,
R-5

R-202 Realization
Error

The maximum realization error shall be ε R-1, R-2,
R-5

42

DISTRIBUTION STATEMENT A: Approved for public release; distribution is unlimited.



Chapter 4: Kinematic Workspace Analysis

The ability of a robot arm to manipulate objects within its environment requires the

ability to specify both the position and the orientation of its end-effector. It is relatively

simple to understand and visualize the spatial dependency on where a robot arm can in-

teract with objects, however, certain regions of the workspace can only be reached from

specific directions. Describing this directionality is of high importance, especially when

considering trajectory or grasp planning within the workspace.

This chapter will look to examine how to describe the dexterous workspace as an at-

tempt to find an existing measure or analysis that can be used to inform the creation of

feasible stiffness mapping regions.

4.1 Dexterous Workspace Index

A robot workspace is defined as the set of task-space poses (x ∈ Rn) that are achiev-

able for a given manipulator’s kinematic geometry. The robot workspace can be further

divided into the reachable and dexterous workspace. For a reference point on the robot

end-effector, the reachable workspace is the set of all Cartesian points that can be reached

by the robot. The reachable workspace can be calculated in different ways, but the most

common is the monte carlo approach introduced in [18], involving random sampling of

joint-space configurations which are then propagated to task space using forward kinemat-

ics. For a standard 6-DoF (n = 6) Cartesian workspace, the reachable workspace provides
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a pass/fail criteria for if a given 3-DoF position P = (x,y,z) can be reached without regard

to orientation. While useful to provide a general envelope of the reach of a robot arm,

the reachable workspace provides no information on the directional structure or potential

trajectories that could pass through point P.

Alternatively, the dexterous workspace is a subset of the reachable workspace where a

point p can be reached with some arbitrary number of orientations. To analyze the dex-

terity, a modified version of the capability map approach proposed in [43] was used. A

hemisphere with a radius slightly larger than the reach of the arm was created, and then

discretized into a series of points given in polar coordinates p = (φ ,θ ,r). For each dis-

cretized element, an inscribed sphere was then generated with N points equally distributed

across the surface [34]. For each point obtained on the inscribed sphere, a desired reference

frame is generated with the z-axis (blue) pointing towards its center and the x-axis (red) and

y-axis (green) tangential to the sphere. Each frame is then rotated about its z-axis to create

M rotated reference frames per point n ∈ N. The process to generate the set of possible

end-effector frames can be seen in Figure 4.1.

For each end-effector frame generated, an inverse kinematic solution is then calculated

to determine if the desired end-effector frame is a valid task-space configuration of the

robot arm. If a valid inverse kinematic solution exists that satisfies the joint limits with-

out any self-collisions or singularities, the end-effector frame is considered to be a feasible

solution. If any of the rotated reference frames M at a point n contains a feasible inverse

kinematic solution, that point n is considered a feasible orientation. The number of feasi-

ble orientations R is the total number of points n ∈ N which contain at least one feasible

reference frame m.

D = R/N ∗100 (4.1)
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Figure 4.1: Desired End-Effector Frames on an Inscribed Sphere

For each discretized element, the Dexterity Index D is computed according to Equa-

tion 4.1, where N is the total number of points distributed on the surface of the inscribed

sphere and R is the subset of N which have a feasible solution. The Dexterity Index D can

then be examined across the entire reachable workspace to understand the regions of the

workspace which enable the robot arm to move in most directions with ease.

4.2 RANGER Dexterous Workspace Analysis

The dexterous workspace was analyzed for the RANGER robot arm described in sec-

tion 3.1 using the methodology laid out in section 4.1. However, a slight modification was

made in the method of generating desired reference frames due to the nature of the appli-
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cations listed in chapter 3. The required trajectories for both grappling client spacecraft

and active debris removal employ the manipulator moving in the end-effector’s positive

z-axis away from the base of the robot arm. This results in the arm always moving away

or tangential to the manipulator base. Thus, instead of generating N frames equally dis-

tributed across the entire surface of each inscribed sphere, only reference frames where the

z-axis points away from the origin were considered. An example of the desired end-effector

frames generated for each discretized element of the reachable workspace is seen in Fig-

ure 4.2. This modification is consistent with the dexterity analysis performed in [9] for the

Front-End Robotics Enabling Near-Term Demonstration (FREND) space manipulator.

(a) Axis align with inscribed hemisphere
(b) Inscribed hemisphere with respect to robot
base

Figure 4.2: Desired End-Effector Frames on an Inscribed Hemisphere

As mentioned in section 3.1, the RANGER robot arm has two unique features that aid

in the analysis of its dexterous workspace. The first is that the hardware joint limits for

the first actuator (Shoulder Yaw) are greater than 360 degrees. This results in both the

reachable and dexterous workspace containing rotational symmetry about the ẑ0 axis. The

second is that the last three joints (5, 6, and 7) all have intersecting rotation axis, resulting

in a spherical wrist. This is highly beneficial because it enables the decoupling of a desired

Cartesian configuration into a position and orientation sub-task. The parameters used for
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the Ranger robot arm dexterity analysis can be found in Table 4.1.

Table 4.1: Ranger Dexterity Analysis Parameters
Parameter Symbol Units Min Max Steps

Azimuth φ rad 0 π 17
Elevation θ rad 0 π/2 30

Radius r m 0.25 1.5 25
Z-axis Rotation M # - - 8

Points on Hemisphere N # - - 30

The dexterous workspace index analysis results can be found in Figure 4.3. A point will

be considered dexterous if the Dexterous Index is above 75%, which is consistent with the

methodology in [9]. Most of the workspace has a Dexterity Index of 100% thanks to the

spherical wrist and careful considerations when determining joint limits. The two regions

where the Dexterity Index drops are at the boundary of the workspace. This is due to the

rotation axis of joint 2 (Shoulder Pitch) being 15.24cm above the robot origin, preventing it

from reaching all the way to the bottom of the workspace boundary. The other decrease in

the Dexterity Index is nearby the robot’s origin due to self-collisions. Again, this region is

centered 15.24cm above the robot origin due to the link 1 offset. The dexterous workspace

is more uniform for the Ranger arm than for the FREND arm found in [9]. This is due not

only due to the advantageous geometry of the Ranger arm but also due to [9] including a

singularity avoidance and non-cyclical motion weighting term in the pseudo-inverse used

for Cartesian to joint space mapping. Due to using redundant joint nullspace for increasing

the performance of joint-to-Cartesian stiffness mapping, a different method of singularity

avoidance and detection is needed.
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Figure 4.3: Ranger Dexterous Workspace Index
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Chapter 5: Passive Stiffness Workspace Analysis

Now that passive stiffness realization methods have been implemented in chapter 2 and

the task has been well defined in chapter 3, one can finally attempt to answer the proposed

research questions.

1. For a single, well-defined task, are there regions of the workspace where a prescribed

level of passive stiffness realization can be achieved?

2. For a mobile robot, can we plan trajectories within a region of the workspace to

improve realization performance?

First, the impact of trajectory direction will be examined through the creation of Feasi-

ble Stiffability Maps in section 5.1. Then, the idea of Successful Task/Stiffness Trajectories

and Successful Task/Stiffness Regions (STSR) will be introduced in section 5.2. The shape

and volume of these STSRs will be used to answer the first research question. Next, the

sensitivity of STSRs to changes in the Mechanical Joint Stiffness Limits and degrees of

redundancy will be examined in section 5.3 and section 5.4.

5.1 Feasible Stiffability Maps

Feasible Stiffability Maps (FSM) are a three-dimensional extension of the stiffability

maps described in subsection 1.2.3. They provide a way of examining the workspace and

directional dependency of the passive stiffness realization. Stiffability maps were initially
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proposed in [13] to provide a way to visualize the Cartesian stiffness principle axes for a

two-dimensional planar manipulator. This idea will be extended into the third-dimension

to provide a way of evaluating the passive stiffness realization for an arbitrary manipulator.

These three-dimensional stiffability maps are generated by performing the passive stiff-

ness realization optimization across the entire dexterous workspace. Each point in the dex-

terous workspace can be reached from a series of different end-effector orientations, three

different end-effector trajectory configurations were considered:

1. Horizontal: +ẑee is moved in the positive +x̂0 direction

2. Vertical: +ẑee is moved in the positive +ẑ0 direction

3. Radial: +ẑee is moved in a straight line away from the origin of the manipulator

These three configurations encompass almost all feasible directions of the end-effector

thanks to the symmetry of the manipulator and the absence of joint limits on the first joint.

This axial symmetry about the +ẑ0 axis results in trajectories in the +ŷ0, or any direction

parallel to the ground plane, to be represented as trajectories in the +x̂0 direction. Trajec-

tories performed in the −ẑ0 direction are not examined, due to not being representative of

a grapple for ISAM and ADR tasks.

For each of the three end-effector trajectory directions, joint stiffness optimization is

then performed across a discretized dexterous workspace. At each position and orientation,

the Constrained Passive Joint Stiffness (CPJS) optimization was performed according to the

methods described in section 2.4. For the CPJS, a test matrix was developed from the joint

stiffness limits listed in Table 3.2 and desired Cartesian stiffness matrices from Table 3.4.

The full test matrix can be found in Appendix A. For each CPJS optimization, 10 cold

starts are used to attempt to find the global minima of the CPJS cost function. The cost

function is then normalized according to Equation 5.1, and the results are plotted for each
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element. Example results for the 14th test index showing the effect of different trajectory

directions can be found in Figure 5.1, Figure 5.2, and Figure 5.3.

B =
‖KCd−KCp‖G

F

‖KCd‖G
F

(5.1)

Figure 5.1: Horizontal (+x̂0): kcd = [120 120 190 1000 1000 250], k jl = [50 830]
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Figure 5.2: Vertical (+ẑ0): kcd = [120 120 190 1000 1000 250], k jl = [50 830]

Figure 5.3: Radial: kcd = [120 120 190 1000 1000 250], k jl = [50 830]

It is important to note that varying the joint stiffness limits and desired Cartesian stiff-
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ness matrix will result in widely different Feasible Stiffability Maps. However, there are

certain conclusions that can be made which are applicable generally. For all three tra-

jectory directions, the singularity directly above the origin of the manipulator results in

significantly degraded passive stiffness realization performance. Additional singularities

(such as the +ŷ0 and −ŷ0 in Figure 5.2) also result in degraded realization performance.

This is because, at these singularities the redundant degree of freedom disappears, resulting

in only a single solution to the CPJS optimization. Other singularities are not as prominent

as the +ẑ0 singularity due to having a kinematic configuration that allows for a larger range

of possible Cartesian stiffness matrices.

Another conclusion that can be made strictly for this test configuration is that the exte-

rior shell of the dexterous workspace, or where the manipulator is almost fully extended, is

the region with the best passive stiffness realization. This is only valid for this test config-

uration due to the high lateral torsional stiffness gains. For test configurations with lower

torsional stiffness gains, the interior of the dexterous workspace might contain the best

stiffness realization performance. As a result, these Feasible Stiffability Maps need to be

generated for and kinematic and joint stiffness parameters as well as the desired Cartesian

stiffness matrix.

5.2 Task/Stiffness Trajectories

While certain conclusions, such as which areas of the workspace contain the best pas-

sive stiffness realization, can be made from Feasible Stiffability Maps, they do not provide

any information on whether a valid trajectory can be performed. To help inform the under-

standing of regions of the workspace where valid trajectories can be executed, this thesis

will introduce the idea of Task/Stiffness trajectories.

Given the manipulator requirements defined in Table 3.5, a series of candidate trajecto-
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ries can be generated and evaluated against the task and stiffness realization requirements.

Successful Task/Stiffness Trajectories (STST) are defined as the trajectories that are able

to meet both the task and stiffness requirements. The region of the workspace for which a

STST exists is defined as the Successful Task/Stiffness Region (STSR). A block diagram

showing the relationship between these different sub-categories can be found in Figure 5.4.

Figure 5.4: Block diagram showing the generation of STST and STSR for a given robot manipulator

To find the STST and STSR first, a series of Candidate-Task/Stiffness Trajectories are

generated. For linear trajectories, such as grappling an RSO, a series of candidate trajec-

tories are generated for each +ẑee grapple direction. This is done by creating a mesh grid

normal to the +ẑee vector with a constant lateral spacing. For each position in the mesh

grid, a trajectory is generated parallel to the +ẑee vector. Any points on the trajectories not

within the dexterous workspace are discarded, and the remainder become the Candidate-

Task/Stiffness Trajectories. By decreasing the spacing between candidate trajectories, more

details of the STSR can be realized at the expense of additional computational time. Addi-
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tionally, the spacing between points on a given trajectory can also be increased or decreased

also at the cost of additional computational time. It was found that is more critical to have

a finer spacing between points on a given trajectory to ensure any interior geometry is

properly captured.

Once the Candidate-Task/Stiffness Trajectories are generated, the CPJS optimization

is performed for every point on each trajectory to evaluate the passive realization perfor-

mance. This can be performed in two methods, depending on whether a restriction on

ensuring each trajectory has a smooth joint (q) and stiffness adjuster (σ ) position. For

the general case where a smooth trajectory is not required, the same CPJS optimization

used to generate Feasible Stiffability Maps can be used. To determine the STST, first any

points on a trajectory in which the CPJS cost function exceeds some threshold εpsr are

discarded. Next, any segments which are not valid for longer than some distance δtr j are

also discarded. What is left are the STST that meets both the task and stiffness manipulator

requirements.

Once the STST are determined for a given realization threshold εpsr and trajectory

length δtr j, a series of alpha shapes are generated. Alpha shapes are used in computational

geometry to create a bounding area or volume that envelops a set of 2-D or 3-D points. The

STSR is considered the series of alpha shapes required to fully enclose all STST. Example

STSR are shown in Figure 5.5.

The STSR are shown for the three different end-effector trajectory configurations, hor-

izontal (orange), vertical (green), and radial (blue). The wireframes are the regions of

the workspace that meet the stiffness realization requirements (BCPJS ≤ εpsr. The shaded

regions represent the STSR which meets both the task and stiffness requirements.

Figure 5.5 shows the variation in the shape and volume of the STSR for a constant

desired Cartesian stiffness matrix and realization threshold. The effect of selecting proper

joint limits can be seen clearly due to the STSR in Figure 5.5a almost completely encom-

55

DISTRIBUTION STATEMENT A: Approved for public release; distribution is unlimited.



passing the dexterous workspace. The STSR in Figure 5.5b and Figure 5.5c are signif-

icantly smaller. Additionally, the grapple trajectory direction doesn’t change the STSR

volume significantly, but it does change the shape. The corresponding STSR volumes and

number of STST for each trajectory direction can be found in Table 5.1.

Table 5.1: STSR Performance Parameters (Test Condition 14)
VSA Direction STST CTST Percent Successful STSR

- # # % m3

Horizontal 5877 10201 58% 5.12
Vertical 5605 10201 55% 5.09AwAS-II
Radial 5100 5100 100% 5.17
Horizontal 751 10201 7% 0.14
Vertical 309 10201 3% 0.05FSJ
Radial 324 5100 6% 0.05
Horizontal 829 10201 8% 0.13
Vertical 332 10201 3% 0.08FSJ-Ext
Radial 308 5100 6% 0.05

Additionally, the effect of changing the desired torsional stiffness gains can also be

examined in Figure 5.6. To help aid in the visualization, the STSR graphs are clipped on

the XZ plane to help view the internal geometry. Notice that the STSR volume increases as

the torsional gains are also increased. Additionally, the semi-major axis of each STSR is

largest in the direction of the grapple direction. For example, the horizontal (orange) STSR

volumes are more squat than the vertical (green) STSR volumes. And the radial (blue)

STSR volumes are more spherical in shape than the other trajectory directions (excluding

the peak in the +ẑ0 direction). Additional results can be found in Appendix A.

The previous results all used a method for determining the passive realization perfor-

mance without requiring the joint (q) and stiffness adjuster (σ) positions to be smooth

across the entire trajectory. For a redundant manipulator, the CPJS optimization algo-

rithm can jump between different (and often non-continuous) manifolds of the redundant

robot nullspace. These jumps result in an invalid trajectory. By using the configuration-
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(a) Test Config 20: k jl = [0.5 2000]

(b) Test Config 21: k jl = [50 830]

(c) Test Config 22: k jl = [50 15000]

Figure 5.5: STSR Regions: kcd = [120 120 190 100 100 160], εpsr = 1.0
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(a) Test Config 20: kcd = [120 120 190 100 100 160]

(b) Test Config 23: kcd = [120 120 190 800 500 500]

(c) Test Config 26: kcd = [120 120 190 1000 1000 250]

Figure 5.6: STSR Regions (XZ cross section): k jl = [50 830], εpsr = 0.5
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dependent gradient descent algorithm described in subsection 2.5.2, the joint and stiffness

adjuster positions can be ensured to be smooth across the task/stiffness trajectories. How-

ever, special care needs to be taken for the initial conditions of the gradient descent algo-

rithm to ensure the trajectory starts on the optimal redundant manifold.

A method for determining this was to first generate the STSR for a given test configura-

tion without requiring smooth STST. For each STST, the initial conditions were determined

by picking a point along the trajectory closest to the centroid of the corresponding STSR.

From here, the gradient descent algorithm would be initialized with 10 cold starts and then

would be propagated both forward and backward along the candidate trajectory. No ad-

ditional cold starts would be performed to ensure a smooth trajectory. The same process

of generating alpha shapes to enclose the smooth STST would be performed to generate

a series of new STSRs. As a result, these new smooth STSTs have slightly worse pas-

sive stiffness realization performance, which causes the STSR to look slightly different.

However, these are all dependent on the realization threshold εpsr and minimum trajectory

length δtr j used for the analysis.

5.3 Mechanical Joint Stiffness Limits Sensitivity Analysis

Now that a method has been developed for defining the regions of the workspace where

a prescribed level of passive stiffness realization can be achieved, the sensitivity to the

upper and lower mechanical joint stiffness limits can be examined. 36 different analysis

configurations, varying both the desired torsional stiffness gains and mechanical joint stiff-

ness limits, were computed for grapples in the horizontal, vertical, and radial directions.

The STSR volume was then computed for a constant minimum trajectory length δtr j and

different realization thresholds εpsr. The goal is to maximize the volume of the STSR for a

given realization threshold εpsr. The results were then plotted in Figure 5.7, with the desire
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for the analysis configuration lines to be as far to the upper left as possible.

Figure 5.7: STSR Sensitivity to Mechanical Joint Stiffness Limits

From these results, a few conclusions can be made. The first is the analysis configura-

tions with the AwAS-II joints (k jl = [0.5 2000]) always have a larger STSR volume when

compared to the FSJ or FSJ-Extended actuators. This seems to indicate that to maximize

the STSR volume, kmin
jl should be minimized as much as possible. Additionally, FSJ (or-

ange) and FSJ-Extended (blue) lines lie almost exactly on top of one another. This would

suggest that increasing kmax
jl has limited effect on the passive stiffness realization perfor-

mance. The FSJ and FSJ-Extended results start to diverge as the realization threshold is

lowered below εpsr ≤ 0.3. This would imply that if specific Cartesian stiffness gains were

chosen so that they could be realized exactly using passive stiffness, the upper limit of the

mechanical joint stiffness would start to impact the joint stiffness optimization.

It would be interesting to verify these observations by performing additional analyses

lowering kmax
jl until the STSR volume starts to decrease. By testing the upper bound of the
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mechanical joint stiffness limits, one could determine if these observations are unique to

the Cartesian stiffness gains used, or would remain true for an arbitrary Cartesian stiffness

matrix.

5.4 Robot Redundancy Sensitivity Analysis

All of the previous analysis uses the 7-DoF configuration of the Ranger manipulator,

while the standard configuration of the Ranger manipulator has 8 degrees of freedom. This

results in an extra degree of redundancy of the manipulator, which can be exploited to find

a different kinematic configuration with better passive stiffness realization. By considering

the 8-DoF configuration of the Ranger manipulator, one can examine how additional de-

grees of robot redundancy affect the passive stiffness realization performance. The results

of this analysis can be seen in section 5.3.

Figure 5.8: STSR Sensitivity to Degrees of Redundancy

For all three grapple trajectory directions, and different torsional stiffness gains, the 8-
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DoF manipulator always had a larger STSR than the 7-DoF manipulator. Additionally, the

8-DoF manipulator was able to produce better passive stiffness realization (a lower CPJS

cost function). This agrees with a 8-DoF Variable-Stiffness Robot being an under-actuated

system. For it to be a fully-actuated system, there would need to be 14 degrees of freedom

[1]. Thus adding additional degrees of kinematic redundancy should improve the passive

stiffness realization performance.
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Chapter 6: Conclusions

Variable-Stiffness Robots are commonly used for minimizing the resultant loads gen-

erated due to interactions between a manipulator and its environment. This can be traced

to a Variable-Stiffness Robot’s ability to implement passive stiffness to enable mechanism

robustness, increase the manipulator’s dynamic performance, and enable the complaint

properties of the manipulator to be adapted to different tasks. These benefits are equally as

desirable for the operation of Variable-Stiffness Robots on orbit. Space manipulators need

to be robust to incidental contact, not inadvertently tip off the resident space object (RSO),

and adapt their compliant behavior according to the inferred RSO mass and inertia. Addi-

tionally, the capability to realize a desired passive Cartesian stiffness due to the sensitivity

of contact dynamics due to the absence of gravity and low damping is critical. The ability

of a Variable-Stiffness Robot to provide radiation-tolerant, zero-bandwidth compliance for

on-orbit servicing and active debris removal applications deserves additional research and

study.

6.1 Contributions

This thesis attempted to answer two of the most critical open questions about control-

ling the contact dynamics using Variable-Stiffness Robots for space applications:

1. For a single, well-defined task, are there regions of the workspace where a prescribed

level of passive stiffness realization can be achieved?
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2. For a mobile robot (such as an on-orbit servicing satellite), can we plan trajectories

within a region of the workspace to improve realization performance?

To answer these questions first, a specific satellite servicing task was defined. The robot

kinematics, VSA joint limits, and desired Cartesian stiffness gains were all selected for

their applicability to the specified task. This enables the results of this thesis to be directly

compared to existing space manipulators using active impedance control algorithms.

Three different published passive joint stiffness optimization algorithms were intro-

duced, and their advantages and disadvantages were examined in the context of the specific

implementation within this thesis. The ability of these algorithms to generate smooth, valid

trajectories was also studied. A discussion of the practicality of an online vs. offline im-

plementation for trajectory generation was also offered.

While there has been some previous research examining the ability of a Variable-

Stiffness Robot to realize an arbitrary Cartesian stiffness matrix across the entire workspace,

no previous research has looked at the 3-dimensional workspace dependencies of realizing

a subset of desired Cartesian stiffness matrices. The major contribution of this thesis is the

development of a methodology to examine the passive stiffness workspace. Through the

generation of Successful Task/Stiffness Trajectories (STST) and Successful Task/Stiffness

Regions (STSR), the workspace dependencies on the passive stiffness realization can be

examined for a given task. The hope is through examining the size and shape of the STSR,

the design of Variable-Stiffness Robots can be both realized and optimized for a given task.

A sensitivity analysis of the impacts on passive stiffness realization due to varying mechan-

ical joint stiffness limits, additional degrees of redundancy, and different desired torsional

stiffness gains was examined. For the proposed task, decreasing the mechanical joint stiff-

ness lower bound resulted in maximizing the passive stiffness realization workspace. This

can be exploited for space applications due to the ability to decrease the lower joint stiffness
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limit to almost 0Nm/rad. This is only possible due to not needing to overcome gravita-

tional forces. Additionally, the upper joint stiffness limit was found to have minimal effect

on the volume of the STSR. As expected, increasing the manipulator’s degree of redun-

dancy improved the passive stiffness realization across the workspace. For a fully actuated

Variable-Stiffness Robot, a manipulator would require 14 joints (each with a position and

stiffness adjuster) to perfectly realize an arbitrary Cartesian stiffness. So, for an under-

actuated system, one should expect the passive stiffness realization to improve for each

additional robot joint added. Future analysis would be needed to examine the trade-offs

between the mechanical complexity and cost associated with adding additional degrees of

redundancy for Variable-Stiffness space manipulators.

In addition to using the generation of the STSR workspace to help design the manipula-

tor’s kinematics and VSA dynamics, the inverse can also be done. Future analysis could be

performed to determine the different tasks which could be performed for a given Variable-

Stiffness manipulator design. Additionally, by planning trajectories to only occur within

the regions where a certain level of passive stiffness realization can be ensured, the num-

ber of tasks a Variable-Stiffness Robot can execute can be expanded. In conclusion, the

methods developed in this thesis enable the verification of the design and performance of a

Variable-Stiffness Robot to grapple RSO.

6.2 Final Remarks and Future Work

While significant advancements were made in assessing the workspace where a Variable-

Stiffness Robot can successfully grapple an RSO, a few simplifying assumptions were

needed due to a lack of published literature. One such simplification was the relation be-

tween a realized Cartesian stiffness matrix and the success of a grapple. The foundational

paper describing RSO contact dynamics [19] only listed a single set of acceptable Carte-
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sian stiffness gains. As a result, it was impossible to infer the sensitivity of realizing these

gains for ensuring a successful grapple. This thesis got around this issue by using a single

normalized realization threshold εpsr to determine whether the Cartesian stiffness behav-

ior was acceptable. However, one could imagine that the contact dynamics could be more

sensitive to specific gains. Ideally, a series of contact dynamics simulations would be per-

formed to understand this relation, and modifications to the optimization cost function or

weighting matrix could be performed to provide better pass/fail grapple criteria.

Additionally, while the present analysis is sufficient for initial passive stiffness workspace

analysis, additional fidelity of the internal VSA dynamics is needed. This thesis ignores

most of the internal dynamics within a VSA except for the mechanical joint stiffness limits.

As a result, trajectories are defined at the link (q) and joint stiffness (k j) space. However,

there exist additional limitations internal to the VSA which could result in invalid trajecto-

ries. For example, the position and stiffness adjuster motors both have a maximum velocity

and torque which can be applied. The trajectories in this thesis assume that both motors

can react instantaneously to produce the desired trajectory. As a result, to ensure that Suc-

cessful Task/Stiffness Trajectories are feasible, future analysis should include the increased

fidelity model.

While not considered in this thesis, another major research area that needs to be thor-

oughly investigated prior to employing Variable-Stiffness Robots on orbit is the effect of

the absence of gravity on the manipulator equilibrium convergence. For terrestrial Variable-

Stiffness Robots, the deflection of the VSA elastic element is dominated by gravitational

forces. This results in a robot converging to a predictable, deflected equilibrium configura-

tion (i.e. absolute stability). On orbit, due to the lack of excitation of the elastic element,

the highly stochastic joint friction can result in only marginal stability of the VSA joint

position. This unique feature of the on-orbit environment requires the development of new

control algorithms that can provide robust control of the marginally stable system.
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In conclusion, this thesis has developed a series of methods and analysis techniques for

examining the performance of Variable-Stiffness Robots for grappling RSO. While most

current research has been directed toward their use for terrestrial human-robot interaction

applications, Variable-Stiffness Robots might be even better suited for the space environ-

ment. The ability to instantaneously react to changes in the robot’s environment is highly

attractive for a situation with limited computational power, significant control time de-

lays, low inherent damping, and zero gravity. While more research is required, the author

believes that implementing passive stiffness into space manipulators could greatly improve

their ability to perform the necessary on-orbit servicing, assembly, and debris removal tasks

of the future.
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Appendix A: Test Matrix and Additional Results

While only a small subset of results was discussed in chapter 5, the Task/Stiffness

Workspace analysis was performed on 40 different test configurations. These test config-

urations were created by varying the desired Cartesian stiffness gains, upper and lower

joint stiffness, optimization algorithm, and the number of degrees of redundancy. The test

configuration matrix can be found in Table A.1. Additionally, the STSR volumes for four

different passive stiffness mapping thresholds are reported in Table A.2.
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(a) Test Config 23: k jl = [0.5 2000]

(b) Test Config 24: k jl = [50 830]

(c) Test Config 25: k jl = [50 15000]

Figure A.1: STSR Regions: kcd = [120 120 190 800 500 500], εpsr = 0.3
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(a) Test Config 23: k jl = [0.5 2000]

(b) Test Config 24: k jl = [50 830]

(c) Test Config 25: k jl = [50 15000]

Figure A.2: STSR Regions (XZ cross section): kcd = [120 120 190 800 500 500], εpsr = 0.3
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(a) Test Config 23: k jl = [0.5 2000]

(b) Test Config 24: k jl = [50 830]

(c) Test Config 25: k jl = [50 15000]

Figure A.3: STSR Regions: kcd = [120 120 190 800 500 500], εpsr = 0.5
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(a) Test Config 23: k jl = [0.5 2000]

(b) Test Config 24: k jl = [50 830]

(c) Test Config 25: k jl = [50 15000]

Figure A.4: STSR Regions (XZ cross section): kcd = [120 120 190 800 500 500], εpsr = 0.5
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(a) Test Config 26: k jl = [0.5 2000]

(b) Test Config 27: k jl = [50 830]

(c) Test Config 28: k jl = [50 15000]

Figure A.5: STSR Regions: kcd = [120 120 190 1000 1000 250], εpsr = 0.3
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(a) Test Config 26: k jl = [0.5 2000]

(b) Test Config 27: k jl = [50 830]

(c) Test Config 28: k jl = [50 15000]

Figure A.6: STSR Regions (XZ cross section): kcd = [120 120 190 1000 1000 250], εpsr = 0.3
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(a) Test Config 26: k jl = [0.5 2000]

(b) Test Config 27: k jl = [50 830]

(c) Test Config 28: k jl = [50 15000]

Figure A.7: STSR Regions: kcd = [120 120 190 1000 1000 250], εpsr = 0.5
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(a) Test Config 26: k jl = [0.5 2000]

(b) Test Config 27: k jl = [50 830]

(c) Test Config 28: k jl = [50 15000]

Figure A.8: STSR Regions (XZ cross section): kcd = [120 120 190 1000 1000 250], εpsr = 0.5
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Table A.1: STSR Test Matrix
# Desired Cartesian Stiffness Gain kmin

jl kmax
jl Algorithm DoF

1 [120, 120, 190, 25, 25, 40] 0.5 2000 CPJC 7
2 [120, 120, 190, 25, 25, 40] 50 830 CPJC 7
3 [120, 120, 190, 25, 25, 40] 50 1500 CPJC 7
4 [120, 120, 190, 25, 25, 40] 50 15000 CPJC 7
5 [120, 120, 190, 100, 100 160] 0.5 2000 CPJC 7
6 [120, 120, 190, 100, 100 160] 50 830 CPJC 7
7 [120, 120, 190, 100, 100 160] 50 1500 CPJC 7
8 [120, 120, 190, 100, 100 160] 50 15000 CPJC 7
9 [120, 120, 190, 800, 500, 500] 0.5 2000 CPJC 7

10 [120, 120, 190, 800, 500, 500] 50 830 CPJC 7
11 [120, 120, 190, 800, 500, 500] 50 1500 CPJC 7
12 [120, 120, 190, 800, 500, 500] 50 15000 CPJC 7
13 [120, 120, 190, 1000, 1000, 250] 0.5 2000 CPJC 7
14 [120, 120, 190, 1000, 1000, 250] 50 830 CPJC 7
15 [120, 120, 190, 1000, 1000, 250] 50 1500 CPJC 7
16 [120, 120, 190, 1000, 1000, 250] 50 15000 CPJC 7
17 [120, 120, 190, 25, 25, 40] 0.5 2000 CPJS 7
18 [120, 120, 190, 25, 25, 40] 50 830 CPJS 7
19 [120, 120, 190, 25, 25, 40] 50 15000 CPJS 7
20 [120, 120, 190, 100, 100 160] 0.5 2000 CPJS 7
21 [120, 120, 190, 100, 100 160] 50 830 CPJS 7
22 [120, 120, 190, 100, 100 160] 50 15000 CPJS 7
23 [120, 120, 190, 800, 500, 500] 0.5 2000 CPJS 7
24 [120, 120, 190, 800, 500, 500] 50 830 CPJS 7
25 [120, 120, 190, 800, 500, 500] 50 15000 CPJS 7
26 [120, 120, 190, 1000, 1000, 250] 0.5 2000 CPJS 7
27 [120, 120, 190, 1000, 1000, 250] 50 830 CPJS 7
28 [120, 120, 190, 1000, 1000, 250] 50 15000 CPJS 7
29 [120, 120, 190, 25, 25, 40] 0.5 2000 CPJS 8
30 [120, 120, 190, 25, 25, 40] 50 830 CPJS 8
31 [120, 120, 190, 25, 25, 40] 50 15000 CPJS 8
32 [120, 120, 190, 100, 100 160] 0.5 2000 CPJS 8
33 [120, 120, 190, 100, 100 160] 50 830 CPJS 8
34 [120, 120, 190, 100, 100 160] 50 15000 CPJS 8
35 [120, 120, 190, 800, 500, 500] 0.5 2000 CPJS 8
36 [120, 120, 190, 800, 500, 500] 50 830 CPJS 8
37 [120, 120, 190, 800, 500, 500] 50 15000 CPJS 8
38 [120, 120, 190, 1000, 1000, 250] 0.5 2000 CPJS 8
39 [120, 120, 190, 1000, 1000, 250] 50 830 CPJS 8
40 [120, 120, 190, 1000, 1000, 250] 50 15000 CPJS 8
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Table A.2: STSR Volume vs. Realization Threshold
Test Number Direction STSR Volume (m3)

# - εpsr = 0.3 εpsr = 0.5 εpsr = 1.0 εpsr = 1.5 εpsr = 2.0
17 Horz - - 4.96 5.17 5.21
17 Vert - - 5.00 5.17 5.21
17 Rad - - 5.03 5.17 5.21
18 Horz - - - - -
18 Vert - - - - -
18 Rad - - - - -
19 Horz - - - - -
19 Vert - - - - -
19 Rad - - - - -
20 Horz - 1.76 5.17 5.22 5.25
20 Vert - 1.40 5.18 5.22 5.25
20 Rad - 1.30 5.18 5.21 5.24
21 Horz - - 0.42 1.40 2.01
21 Vert - - 0.12 1.22 1.88
21 Rad - - 0.22 1.41 2.04
22 Horz - - 0.41 1.41 1.99
22 Vert - - 0.12 1.24 1.88
22 Rad - - 0.22 1.41 2.04
23 Horz 2.04 3.96 5.27 5.29 5.29
23 Vert 1.98 3.89 5.25 5.28 5.28
23 Rad 2.11 3.71 5.25 5.28 5.29
24 Horz 1.56 2.63 3.56 4.03 4.29
24 Vert 1.54 2.52 3.56 4.08 4.36
24 Rad 1.63 2.64 3.68 4.16 4.38
25 Horz 1.56 2.66 3.63 4.06 4.34
25 Vert 1.56 2.51 3.58 4.09 4.37
25 Rad 1.63 2.65 3.70 4.17 4.38
26 Horz 2.87 3.94 5.27 5.29 5.30
26 Vert 0.91 4.02 5.26 5.28 5.29
26 Rad 1.05 3.90 5.26 5.28 5.29
27 Horz 1.53 2.80 3.87 4.29 4.51
27 Vert 0.16 2.91 3.86 4.39 4.53
27 Rad 0.25 2.90 3.96 4.40 4.61
28 Horz 1.72 2.91 3.96 4.39 4.58
28 Vert 0.22 2.98 3.87 4.45 4.59
28 Rad 0.01 2.92 3.98 4.43 4.62
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