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Abstract

The application of simulated annealing to the global optimization of a function on a
compact subset of ®¢ is discussed. For the Langevin algorithm the class of convergent
schedules depends on some a prior knowledge about the form of the function. It is shown
that this problem disappears by using the simplest annealing algorithm of jump type, which
can also be improved by performing local searches between two consecutive jump times.
The resulting algorithm is essentially a multistart technique controlled by an annealing
schedule.
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1 Introduction

The simulated annealing approach has been recently proposed to design stochastic algo-
rithms for general combinatorial optimization problems, by Kirkpatrick et al. [1]. It has
been successfully applied to some particular problems by Bonomi and Lutton [2], Cerny
[3] and Kirkpatrick [4], and various convergence proofs have already been given by Gelfand
and Mitter [5], Geman and Geman [6], Gidas [7], Hajek [8] , Mitra et al [9] and Tsitsik-
lis [10]. In this paper we are interested in exploiting the same ideas to propose a new
stochastic algorithm for the most classic continuous optimization problem, namely finding
a global minimum point of a function on a compact subset of R4.

Let us start with a brief discussion of such approach for the discrete case. We will
consider only continuous time algorithms because they allow a simpler analysis. Let K
be a finite set and V' any real function defined on it. For any 7 > 0, which we will
call the temperature by analogy with statistical mechanics, let us define the Boltzmann
distribution on K

7"(z) x eV @ g e K. (1)

If it is desired to simulate a sample from (1) a direct evaluation of V on the whole K
is of course impractical when |K]| is large. This difficulty motivated Metropolis et al. [11]
to introduce the following algorithm for simulation.

Let (X7,t > 0) be a homogeneous irreducible Markov process on K with transition
function P" and define the intensity matrix R” by

R (z,9) = P (1,7, (1))(0), # .

Then, if the following detailed balance condition w.r.t. #” holds
e VOIR (z,y) = e VW R (y,z),z #y (2)

it results that 7" is the limiting distribution of (X7), as t — oo, for any initial distribution.
The Metropolis’ algorithm simulates a sample path of (X7) with R™ obtained from any
symmetric irreducible intensity matrix S by

RT(Z, y) = e_[V(y)_V(z)]+/TS(x’ y),x # y. (3)

This has the meaning of decreasing the chance of transitions which increase the value
of V, as 7 decreases; it is immediately seen that (2) is satisfied, so that it is expected that
after a sufficiently long period of time, the distribution of (X7) will be close to (1).

It is easy to verify that the distribution (1) converges weakly, as 7 — 0, to a uniform
distribution over the set A of global minimum points of V. Therefore, for 7 small, the
problem of sampling from (1) becomes nearly equivalent to the problem of finding a global
minimum point for V.

The idea of simulated annealing is to let the temperature 7 decrease to zero as the
simulation of the Metropolis’ algorithm proceeds. Let T be any temperature schedule,
i.e. a function mapping [0,+o00) into (0,+00). It is expected that if T'(¢) decreases slowly



enough to zero as t — oo, the distribution of the non-homogeneous Markov process (X7 )
with intensity RT®) at time ¢ > 0 will have enough time to approach the Boltzmann
distribution with temperature T'(¢) for ¢ large and will finally reach a limit concentrated
on A, ast — oo.

Necessary and sufficient conditions have been given on the schedule T to determine a
process (XT) converging in probability to A. In particular local minimum points and their
depths are defined in terms of the undirected graph induced by non-zero intensities of S.
It turns out that T is convergent in the above sense if and only if [ e=%"/T(#)dt = +o0,
where d* is the maximum depth of a local minimum point which is not global [8]. Of course
the set of convergent schedules enlarges as more non-zero intensities are allowed in S, but
at the price of a growing complexity for the simulation of each jump. So in combinatorial
optimization problems the one-jump transitions are usually constrained within an a priori
specified graph G; e.g., when K = {0,1}? for some finite set D, a reasonable choice will be
to define (z,y) € G if and only if there exists a unique ¢ € D such that z(z) # y(z). Once
the graph induced by S is specified, the canonical choice is to take S{z,y) = |G|z]|™!, where
Gz] = {y : (z,y) € G}. As a consequence, in order to prescribe convergent schedules for
simulation, it is needed to analyze the specific problem under investigation to get an upper
estimate for d*.



2 Annealing Analysis of Pure Random Search

In this section the simulated annealing approach will be applied to the problem of min-

imizing a continuous function V on a compact subset K of R? with dense interior. No

assumption is made on the structure of the set A of global minimum points. Without

losing any generality it is assumed that the minimum value of V in K is zero, and the
Lebesgue measure (denoted by m) of K is 1.

For each 7 > 0 the corresponding Boltzmann distribution on K is defined by the density

I (o) o Vs (1)

It is possible to show that again 7" tends to be concentrated on A, as 7 — 0; more pre-
cisely V(U") converges, in probability to zero, if U” is distributed according #”. Moreover,
under some regularity assumptions there is a weak limit of #” having A as support. This
makes reasonable to follow the same argument of the previous section to design stochastic
algorithms for our global optimization problem. However, we will not rely on «" for our
convergence proof because a more general approach is possible.

The basic step is again the choice of a family of Markov generators satisfying the general
detailed balance condition (see Gardiner [12]) w.r.t. the distribution #7 in (4). Of course
we have the choice between a diffusion and a jump model. In the former case the canonical
example is the Langevin algorithm, for which some convergence results have already been
established by Chiang et al. [13], Geman and Hwang [14], Gidas [15] and Kushner [16].
In the next section we will show that, even if such a model is certainly interesting from a
purely mathematical standpoint, it is not equally meaningful for application.

For this reason, we devote our attention to the simplest family of generators of jump
Markov processes on K, defined for any bounded measurable function f on K

(A N)(e) = [ eVOVET(1(y) - f(a)ldy (5)

for 7 > 0, which is the most immediate extension of (3) in our case, with the canonical
choice S(z,y) = 1 corresponding to have the limiting jump process as 7 — oo distributed
according a Poisson measure on [0, +00) X K. Of course the underlying assumption is that
the complexity of sampling uniformly in K is negligible, which makes the problem entirely
different from the combinatorial optimization case.

The rest of the section is devoted to prove that, when the temperature 7 in (5) is
decreased to zero during the simulation, in any case the function V' evaluated on the sample
path of a Markov process with such a time-varying intensity will converge in probability to
zero. Let us begin with the construction of a Markov process with intensity AT®) at timet >
0, on the probability space ({2, S, P), a product of mutually independent random samples
Ti, Zi,s = 1,2, - - -, respectively negative exponential with mean 1 and uniform in [0, 1], and
Y:,i =0,1,2,---, uniform in K. Let us define X2 =Yy, So =0, S;i = E;zll"j,i =1,2,---,
and consider the process (XZ,¢ > 0) defined by

X! =Xg, 8i <t <Sip1, 1=0,1,- (6)
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= XZ“.- + (Yi+1 - Xg‘.-)l{z.z<e—lv(Y.'+1)—V(X§",)1+/T(S.-+1)}(Zi+1) (7)

It is easily verified that (X7) is a non-homogeneous Markov process with intensity AT(®)
at time t > 0, that is for each bounded measurable function f : K — R the process

t
M = f(XT) - [ (A7) 5) (x])ds ®)
is a martingale. From (8) the main result follows.

THEOREM 1. For any schedule T such that T'(t) — O as ¢t — oo, the process
V(XT),(XT) being defined in (6)-(7), converges to zero in probability.
Proof. We are going to show that for any 6 > 0 the function

ré@t) = P(V(XT) > 6)

converges to zero as t — oo. In fact, let us substitute f = 1y, in (8), where V5 = {y :
V(y) > 6}. Since for any probabilty measure 4 on K

Aty m) = [

1) W (2)e V@V (4 5 m)(de, dy) =
[Vsx (K\Va)IUI(K\Vs)xVs] )7e(=) (1 x m)(dz, dy)

= [ VWiry / +V(2)/r B _
. Yy K\Vée p(dz) — p(Vs)(1 — m(Vs)) <

< | e VW-8rgy(1 — u(Vs)) — u(Vs)(1 — m(Vs))

= v,

By taking expectations in (8) it is obtained that for ¢ > 0

M) < T90) + [ o(T(6)ds — [ lo(T(6)) + (1~ mVIF* s)ds, ()

where g(r) = [y, e V)-9/7dy. which goes to zero as 7 — 0 by bounded convergence
theorem. By continuity of V' it is m(V;) < 1 for any 6 > 0, so that, by applying Gronwall’s
inequality, the proof is finished.O
The conclusion of the above theorem is not surprising if it is considered that the al-
gorithm (6)-(7) has a limiting version when T'(t) = 0, which is obtained by replacing (7)
by
Xg.'.H = Xg. + (Y5i+1 - Xg‘;)l{y:V(y)SV(Xg;)}(Y;'-H) (10)

It is almost clear that V (X7) converges a.s. to zero as ¢t — 0o, because for 6§ > 0
P(V(XP) > 6) = m(Vs)e Vel (11)

As a consequence, for the algorithm (6)-(7) there is no problem connected with the effect
of decreasing 7 too quickly, as actually stated in Theorem 1. Moreover for any schedule T,
foranyt >0

inf V(XT)=V(X}?) (12)

0<s<t



which means that there is no need to choose positive temperatures once it is possible, as
it is reasonable, to keep track of the minimum value of V' along the observed sample path.
The algorithm (6)-(10) is well known in the literature as the pure random search (see
Dixon and Szegd [17]). We leave to the last section the discussion of how to exploit also

positive temperatures by modifying (6)-(7) to get, under additional smoothness, a more
efficient algorithm.



3 Spectral Analysis and the Langevin Algorithm

The particularly simple structure of the generator (5) has allowed us not to use explicitly
the detailed balance condition during the proof of Theorem 1. However, the fact that such
a condition plays a fundamental role for the analysis of the Langevin algorithm, requires
a brief digression.

It is immediately verified that, since its intensity satisfies (2) the Markov generator
A" has a continuous self-adjoint extension on L*(#") (which will be called again A7), the
Hilbert space of measurable functions on K such that [ f2 (:c)e‘V(”)/ "dxr < +o00, with the
scalar product

(£,9)r = alr)™ [ fla)g(a)e™ W dz,

K

where a(r) = [¢ e V@/7dz. By consequence, for fixed 7 > 0, if XJ has an absolutely
continuous distribution w.r.t. 77 with density in L?(n"), the distribution of X7 will have
the same property with density e4"*py. Since AT is a contraction and 7" is an invariant
measure, 0 is the first eigenvalue, with constant eigenvector. The rest of the spectrum is
of course contained in the negative real axis, and is bounded from above by

MAT) =inf{n<0:(A"f,f), <wull £, f € L*(x"),(f,1) =0}, (13)

so that || eA™® — 1 ||,= 0(e7*(4")%). It seems therefore useful to compute A(A"), which is
done in the next.

THEOREM 2. For any 7 > 0 it is
— MA) 2 afr); (14)
moreover if there exists at least one global interior minimum % around which V is C?, then
a(r) > o(r*?). (15)

Proof. For (14) let us compute

(A 1,1, = —a(r) [ [ e TEYON(£(y) — f(2)) (@)dyds =

= 2a()] [ [ (1) - f(@))2e ™Y O rdydg >
> o) [ [ (FW) - F(&))?eV e O dyda =

K JK \ ,
= a(r)(| /1 =(£,1)7)-
Now assume that B, is a ball of radius p around Z on which V is C?, so that H(z) < wI

on B,, too; then by a Taylor series expansion there exists a map ¢ of B, into itself such
that

afr) > | eV @ dg = / e~ =D THG @) (e=5) /27 g >
2 [, . >



~wllz—-Z||%/27 . d/2 d/2 W 9
> [ e — ) f) (B,

where x4 is the distribution function of a chi-square random variable with d degrees of
freedom. Since x4(u) goes to 1 as p — oo, (15) is established. O

It is very intuitive that the asymptotic behavior of )\(AT(t)), as t — oo, will play a
major role also for the asymptotics of the simulated annealing jump algorithm (6)-(7).
This could be made rigorous by following the same argument developed in [15] for both
the discrete case and the Langevin algorithm. In fact such analysis depends only on the
fact that the detailed balance condition essentially implies the generation of a self-adjoint
semigroup on L*(n") (see Graham [18]). However, in our case, this leads to results weaker
than Theorem 1.

The Langevin algorithm has been considered up to now as the only stochastic algorithm
for global optimization on ®¢ based on the simulated annealing approach [5] [16], [15],; it
requires V to be C? and choses the following diffusion for simulation

dXT = —(vV)(XT)dt + /2T (t) dW, (16)

to which a normal reflection on the boundary must be added for the optimization on K
[14]. The analogy with (6)-(7) is that for a fixed temperature T'(t) = 7 > 0 the Markov
generator A" of (16) satisfies the detailed balance condition w.r.t. " (of course, this has
a different form for diffusions, see [12]). By consequence the analysis at the beginning of
the section is true also for A™ and so the computation of A(fi’) is of major interest.

However, it is not easy to obtain even an upper bound; the asymptotic behavior, as
r — 0, have been computed only in few cases, in particular when K = R! and there is
a unique strong global minimum point by Matkowsky and Schuss [19]. It turns out that
A(A7) = 0(e~%"/7), where d* is defined as in the discrete case; now it is in general impossible
to have a tight estimate for it. This result has allowed to prove that, at least for the
above case, schedules of the type T'(t) = ¢/logt for large t , with ¢ > d*, guarantee that
V(f(f ) converges to zero in probability [15], which is the best convergence result for the
Langevin algorithm up to now. In these cases it is generally believed that these are actually
the convergent schedules more quickly converging to zero. Under weaker conditions the
asymptotic behavior of A(A") as given by Theorem 2 shows a better rate of convergence
for 7 small, and by the results of [15], also for varying temperatures. So, even neglecting
the difficulty of simulating a sample path of a reflected diffusion, the jump algorithm
(6)-(7) seems to be more appropriate than (16) as an algorithm for global minimization.
Moreover, even when K = R¢ it is easily checked that, by replacing the Lebesgue measure
by a probability measure equivalent to it, Theorem 1 and 2 remain true.



4 Improvement of the Pure Random Search

The pure random search was proposed for continuous function not necessarily differen-
tiable. If V' is C? then for any schedule T' the algorithm (6)-(7) (or (6-10)) can be improved
in the following way. Let ¢(t;z) be the flow of the vector field — 7 V, stopped at the exit
time from K, if any. It is clear that

V(#(t;2)) < V(a),t > 0. (17)

Now the annealing algorithm (6)-(7) is modified by allowing local searches along the above

flow. More generally any vector field —H <7V, where H is positive-semidefinite valued will

ensure (17), which is the unique property we are going to use. The resulting algorithm,

once a schedule T is fixed, produces the following random process on the space (12, S, P) :
Xg = Yo and

X =¢(X5:t—8), Si<t<Sipx i=0,1,--- (18)

X = X5, T Mo = X5 )1 peppver g (Gin) (19)

{z:z<e i+l }

Of course also zero temperatures can be equally well used, by defining for T'(S;4+1) =0
Xsn=Xs, TV~ X5 Nywpevrr  j(¥in) (20)
+1—
A complete convergence analysis of this algorithm is not the object of the present paper.
Any improvement on the rate (11) will of course depend on the form of V', and the following

can be regarded as a worst-case analysis. It results that the algorithm (18)-(19)-(20) cannot
perform worse than (6)-(7)-(10) as it is shown by the following.

THEOREM 3. For any sample in (2, S, P), for any T mapping [0, +o0) into itself, it is
V(X]) < V(XT). (21)

Proof. Of course it suffices to prove such a statement only for t = S;,+ = 0,1,--- For
¢ = 0 this is guaranteed by XTI = X7 = Y;. Now suppose that (21) is true at time t = S,

and show that it remains true for ¢ = S,;;. By assumption V()_(gnﬂ_) < V(X§n+1_),

because of (17). Now let T(S,+1) = T and observe that either X§n+1 = X7 e in which
case V(X§ ) < V(Yny1) and therefore V(X5 ) < V(X3 . ), or X5 ., = Yy41, in which

n+1
case:

a) either 7 = 0, so that
V(Yar1) = V(X5,,,) =V (X5,,.)i

Sn+l

b) or it must be

Ziv1 < e_[V(Yn+1)—V(X§‘n+1_)]+/-7' < e—[V(Y,,+1)_V(X§'n+1_)]+/1__,
from which Xg‘nh = Yp11, too, and again V(X£n+1) = V(Xgnﬂ)-l:l



As a consequence of the previous theorem and Theorem 1, the convergence in prob-
ability of V(XT) to zero is obtained for any schedule T such that T'(t) — 0 as ¢t — oo.
The choice of the schedule reflects the relative importance of local searches w.r.t. the
proposals for jump. So the fact that it has to approach zero as the simulation proceeds
is very intuitive. The optimal choice of T will rely on a more sharp convergence analysis,
perhaps resulting in a Bayesian modelization of the a priori knowledge available on V, as
suggested by Betro [20].

The proposed algorithm resembles the behavior of one of the most used stochastic al-
gorithm for global optimization, called multistart. Its simplest version is in fact a series of
local searches started from points uniformly sampled in K, each one independently of the
others [17]. In our algorithms these searches are stopped according to an annealing sched-
ule, giving rise to a seemingly promising combination of both approaches. Of course, these
conclusions must be validated by numerical results, which are currently under progress.
These results will be compared with those obtained by Aluffi-Pentini et al. [21] by running
the Langevin algorithm more than once, each time with a different constant temperature.
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