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Photons, while indispensable for quantum communication and metrology, fall short due to
limited photon-photon interactions, thus suboptimal for quantum computing. This thesis explores
the use of an atom-photon interface to foster entanglement between photons, thereby facilitating
more scalable optical quantum computing with reduced resource demands.

I initially discuss the deterministic generation of multi-dimensional cluster states via an
atom-photon interface and time-delay feedback. These cluster states are essential resources for
fault-tolerant measurement-based quantum computing. A diagrammatic method is introduced
to derive tensor networks of highly entangled states, thereby aiding in the simulation of states
produced from sequential photons. Subsequently, I investigate the implementation of the optical
quantum Fourier transform through the interface, which facilitates photon-photon interactions
and significantly reduces the dependence on linear optical devices. In addition to devising tech-

niques, | introduce an error metric for non-trace-preserving quantum operations that aligns with



fault-tolerant quantum computing theory. This metric is beneficial for assessing errors across
various quantum platforms and post-selected protocols.

Overall, this research advances the field of optical quantum information processing, propos-
ing scalable, practical solutions for quantum computing. Concurrently, it pioneers novel error
metrics, providing a promising benchmarking and optimization strategy for robust quantum in-

formation processing.
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Chapter 1: Introduction

1.1  Quantum Computing: a Primer

1.1.1 Classical vs. Quantum Computing

Computers have become indispensable in modern society, catalyzing advances across di-
verse fields and revolutionizing many aspects of daily life. From scientific research and engi-
neering to design, manufacturing, communication, and entertainment, their widespread use is
primarily due to their ability to execute complex calculations and simulate intricate physical sys-
tems. The bedrock of this versatility and broad applicability is the Church-Turing thesis [1],
which asserts that any real-world computation can be translated into an equivalent computation
involving a Turing machine.

In essence, a Turing machine is a theoretical computational device. It comprises an in-
finitely long tape divided into discrete cells, a read-write head that traverses the tape, and a con-
trol unit that determines the machine’s behavior. The tape functions as the machine’s memory,
while the read-write head can either read the symbol at its current position, write a new symbol,
and shift left or right along the tape. Based on a set of instructions, known as a program, the con-
trol unit manipulates the machine’s actions according to the current state and the symbol being

read. This simple yet powerful architecture imparts a Turing machine with the ability to simulate



any computation. Consequently, computational models that can emulate Turing machines, such
as modern programming languages like C++ and Python, inherit this versatile computational
capacity.

Building on this foundation, the extended Church-Turing thesis takes the concept a step
further. It asserts that any real-world computational model can be simulated by a Turing machine
within polynomial time complexity. This idea is critical in the field of computational complexity
theory as it formalizes the notion of efficient computation. It indicates that classical comput-
ers, based on the Turing machine model, are not only universally applicable but also achieve
optimal efficiency in terms of computational resources. However, this theory has not gone un-
challenged [2].

The advent of quantum computing has presented a formidable challenge to the extended
Church-Turing thesis. Richard Feynman, in his seminal 1981 lecture “Simulating Physics with
Computers,” [3] argued that classical computers would struggle to simulate quantum mechanics
effectively. He pointed to the exponential resources required to represent a quantum system and
the absence of quantum phenomena like superposition and entanglement in classical systems as
significant hurdles. Furthermore, Feynman introduced a pioneering concept that could overcome
these challenges: a “universal quantum simulator,” now known as a quantum computer. This
innovative device, operating under the principles of quantum mechanics, promised the ability to
perform tasks previously deemed intractable for classical computers, such as the efficient and
precise simulation of quantum systems.

Quantum computers promise to outperform classical computers in numerous areas, not
only in simulating quantum systems but also in solving a broad spectrum of mathematical prob-
lems. A remarkable example of this is Shor’s algorithm [4], which enables the factorization of
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large numbers on a quantum computer in polynomial time, while the best-known classical algo-
rithm requires exponential time for the same task. Another striking illustration is Grover’s algo-
rithm [5]. Designed for search problems, it allows a quantum computer to locate a target within
an unsorted database of N objects in approximately O(\/N ) time, while a classical computer
would require an exhaustive search, taking up to O(/N) time. These groundbreaking algorithms
underscore the transformative potential of quantum computing.

The full implementation of Shor’s and Grover’s algorithms critically depends on the future
development of fault-tolerant quantum computers. In the meantime, researchers are demonstrat-
ing quantum advantage by identifying practical computational tasks executable on present-day
noisy intermediate-scale quantum (NISQ) devices [6] but beyond the reach of classical comput-
ers. Two landmark experiments include Random Circuit Sampling by Google [7] and Gaussian
Boson Sampling by the University of Science and Technology of China [8]. Despite current tech-
nological limitations and errors, these tasks can be performed on a quantum computer in mere
minutes, which is significantly faster than on classical computers. With even the most plentiful
resources, accomplishing the same tasks on classical supercomputers would require an impracti-

cally long computation period, estimated to be several decades or even centuries.

1.1.2 Building Blocks of Quantum Computers

A qubit, or quantum bit, is the fundamental unit of quantum information processing, anal-
ogous to the classical bit in conventional digital computers [1]. However, unlike classical bits,
which can exist solely in a definite state of either O or 1, a qubit leverages the principles of quan-

tum mechanics to exist in a superposition of states. This superposition principle allows a qubit



to inhabit a linear combination of the computational basis states |0) and |1) simultaneously. This
can be represented by the state vector |¢)) = «|0) + (1) in a Hilbert space, where « and 3 are
complex probability amplitudes such that |a|? + |3]|*> = 1. Nevertheless, upon measurement, the
qubit collapses from its superposition state to one of the basis states, either |0) or |1), with prob-
abilities given by |a|? and |3|?, respectively. In addition to the computational basis states, there
are other important basis states used in quantum computing, including the |+) and |—) states.
These are superpositions of the |0) and |1) states. More specifically, the |+) state is defined as
\/%(|O> + |1)), and the |—) state is defined as \/%(|O> —|1)). It’s important to note that there are
infinitely many ways to choose a basis for the qubit’s Hilbert space, and different choices of basis
are useful in different situations.

Quantum gates in quantum computing function as operations on qubits, much as classical
logic gates operate on classical bits. Unlike classical gates, however, quantum gates are repre-
sented by unitary matrices, thereby preserving the normalization of quantum states. Single-qubit
gates can be characterized by a 2 x 2 unitary matrix that operates on an individual qubit’s state
vector. There are several foundational single-qubit gates playing pivotal roles in quantum com-

puting, such as the Pauli gates, represented by the following matrices:

Op = , Oy = , O, = . (1.1)

The Pauli-X gate, commonly likened to the classical NOT gate, flips the state of a qubit between

|0) and |1). The Pauli-Z gate leaves the state |0) unchanged but applies a phase flip to the state |1),

resulting in —|1). The Pauli-Y gate performs both a bit flip and a phase flip. Another significant



single-qubit gate is the Hadamard gate, represented as

(1.2)

This gate maps the basis state |0) to |[+) and |1) to |+), thus creating a balanced superposition
of states. Two other essential single-qubit gates are the P and T gates, which apply phase shifts
of 7/2 and 7/4 respectively to the state |1), leaving the state |0) unchanged. These gates are
indispensable for achieving universal and fault-tolerant quantum computing [9].

The state space of a single qubit is two-dimensional. However, when considering multiple
qubits or a composite quantum system, the state of the system is represented within the tensor
product space, constructed from the individual Hilbert spaces of the qubits. The dimensionality
of this tensor product space equals the product of the dimensions of the individual spaces. To
illustrate, consider two qubits, each with a two-dimensional Hilbert space. The system composed

of these two qubits is represented in a four-dimensional Hilbert space. The basis states of this

01),

composite system—]|00), 10), and |11)—are formed through the tensor products of the
individual qubits’ basis states. Within this combined Hilbert space, a quantum state can simulta-
neously exist in a superposition of all its basis states, each of which corresponds to one possible
configuration of all the qubits. Consequently, an n-qubit quantum computer can effectively pro-
cess 2" configurations simultaneously due to the feature of quantum mechanics.

In systems of multiple qubits, it is possible to form states that cannot be factored into a

product of individual qubit states. Such a state is termed “entangled,” and this unique corre-

lation is known as “entanglement.” For instance, the Bell state \/%(|O()) + |11)) represents an



entangled two-qubit state [10]. This state exhibits a fascinating feature: when the first qubit is
measured and found to be in state |0), the second qubit will instantaneously collapse to state |0),
and the same applies for the state |1), despite the second qubit’s state being indeterminate prior
to the measurement. In quantum computing, entanglement plays a pivotal role as the underlying
mechanism of quantum algorithms. Besides the Bell state, other entangled states, such as the
Greenberger—Horne—Zeilinger (GHZ) state [11] and cluster states [12], exist. Specifically, clus-
ter states are fundamental for measurement-based quantum computing [13] and are particularly
crucial in the realm of optical quantum computing.

To establish entanglement between qubits, we need to employ two-qubit gates, which are
hence sometimes referred to as entangling gates. A prominent example of a two-qubit gate is
the controlled NOT (CNOT) gate, which is denoted as CNOT = |0)(0| ® I + |1)(1| ® X. The
tensor product representation expands the CNOT gate in terms of the individual control and target
qubits. The CNOT gate executes a NOT operation, also known as an X gate, on the target qubit
exclusively when the state of the control qubit is in state |1). In essence, it flips the target qubit
if, and only if, the control qubit is in state |1). Conversely, if the control qubit is in state |0), the
target qubit remains in its original state. By applying a CNOT gate to two qubits initially in a
superposition state, one can create an entangled state between them.

The combination of prevalent single-qubit gates, such as the Pauli and Hadamard, alongside
phase gates like the P and T gates, forms a comprehensive set that can be employed to conduct
any desired manipulation on a single qubit. Moreover, two-qubit gates serve to facilitate interac-
tion and entanglement among qubits, together constituting a universal quantum gate set [1]. The
Solovay-Kitaev theorem [14] shows that any quantum operation can be approximated to an arbi-

trary level of precision using a finite sequence of gates from this set. Consequently, any quantum
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algorithm can be implemented by performing a sequence of single-qubit and CNOT gates. A
universal quantum computer can be realized by strategically applying these gates to a properly
arranged array of qubits and leveraging the principles of superposition and entanglement. Such a
computer has the capacity to execute any quantum algorithm, harnessing the extraordinary power
of quantum mechanics to process information in ways that dramatically surpass the capabilities

of conventional classical computers.

1.1.3 Defeating Errors in Quantum Computing

In quantum computing, errors pose a formidable challenge. Owing to the high sensitivity
inherent in quantum systems, even minor interactions with the external environment can induce
substantial errors. Such errors potentially compromise the fidelity of information processed by
quantum gates, thereby impeding the successful implementation of quantum algorithms and po-
tentially resulting in erroneous or nonsensical outcomes. The ramifications of these errors are
substantial, presenting a major obstacle to the development and realization of large-scale, reli-
able quantum computers.

Decoherence serves as a primary source of error in quantum systems. It designates the pro-
cess by which a quantum system forfeits its inherent quantum properties, i.e., superposition and
entanglement, consequently transitioning into a classical system. This phenomenon is typically
propelled by the interaction of qubits with the external environment, encompassing all elements
outside the quantum system, such as heat, electromagnetic radiation, and even cosmic rays [15].
Since quantum computers rely on the principles of superposition and entanglement to solve cer-

tain problems beyond the reach of classical computers, decoherence can undermine these delicate



quantum properties, rendering quantum algorithms ineffective and thereby reducing the quantum
advantage. When a quantum system fully succumbs to decoherence, it effectively turns into
a classical system without any quantum advantage [16]. There exist other types of errors in
quantum systems too, including gate inaccuracies, readout errors, state preparation errors, qubit
crosstalk, and leakage. The construction of a reliable quantum computer necessitates addressing
and mitigating all these errors.

To address this issue, various quantum error-correcting codes and protocols have been de-
veloped. The concept of quantum error correction incorporates redundancy, similar to classical
error correction, but with significant differences due to the unique characteristics of quantum
information, especially the no-cloning theorem and entanglement. Widely adopted protocols
include the Calderbank-Shor-Steane (CSS) codes [17] and surface codes [18]. The goal is to
construct a logical qubit from a collection of physical qubits in such a way that errors can be
detected and corrected without disturbing the information they contain. Importantly, minimizing
errors in quantum computers involves not only correction after occurrence but also proactive pre-
vention. This includes developing more stable qubits [19-22], improving gate fidelity [23-26],

and creating better isolation for quantum systems [27].

1.1.4 Platforms for Quantum Computing

Various physical systems can serve as platforms for implementing qubits and constructing
quantum computers. The chosen platform impacts key factors like the qubits’ coherence times,
error rates, operational speeds, as well as practical considerations such as scalability and manu-

facturability. Among the many physical implementations under investigation, certain platforms



have gained prominence due to their unique properties and technological advancements.

Trapped-ion quantum computers [28] utilize individual ions, confined by electromagnetic
fields, as qubits. Quantum states are represented by each ion’s internal energy levels. Quantum
operations are performed by applying laser or microwave pulses, with entanglement realized
through the ions’ mutual Coulomb interaction. Trapped ions exhibit extended coherence times
and high-fidelity operations, which are two significant advantages. However, challenges exist in
scaling these systems and controlling interactions between distant ions.

Neutral-atom quantum computing [29] traps individual atoms in an optical lattice formed
by intersecting laser beams, where the internal states of the atoms act as qubits. This platform’s
primary advantage lies in its inherent scalability, as optical lattices can contain large arrays of
atoms. Quantum operations are executed using additional laser or microwave pulses. However,
achieving high-fidelity operations and addressing individual atoms in a large array can be chal-
lenging.

Nitrogen-vacancy (NV) centers in diamond [30] provide another promising platform. Here,
a qubit is implemented by the spin state of an electron associated with the NV center. These
systems can operate at room temperature and possess long coherence times, making them partic-
ularly attractive for quantum sensing applications [31,32]. However, the development of high-
fidelity multi-qubit gates and a scalable architecture remains a challenge.

Quantum dots [33] are nano-sized semiconducting particles whose electron states can be
manipulated to form qubits. These dots can be fabricated using techniques compatible with
modern semiconductor industry processes, offering a pathway to scalable quantum computing.
However, maintaining coherence and achieving high-fidelity operations in these systems is quite

challenging due to their susceptibility to environmental noise.
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Superconducting circuits [34], also known as superconducting qubits, employ the quantum
behavior of macroscopic electrical circuits, with the circuit’s energy levels forming the qubit’s
basis states. Superconducting qubits can be fabricated using established microfabrication tech-
niques and can be electronically controlled. These systems have made significant strides and
form the backbone of several leading quantum computers, including those by IBM and Google.
However, superconducting circuits require cryogenic systems for operation, leading to shorter
coherence times and scalability issues due to the necessity for larger dilution refrigerators when
increasing the number of superconducting qubits.

Photonic quantum computing [35] uses individual photons as qubits, encoding informa-
tion in various quantum states, such as polarization or path. Leveraging advancements in optical
communication technology, these systems offer benefits such as easy qubit manipulation, high
measurement precision, extended coherence times, and an inherent compatibility with quantum
communication and networking applications. This is due to the weak interaction of photons with
the environment and their ability to travel long distances. However, optical quantum comput-
ing also faces unique challenges. Implementing two-qubit gates is problematic due to the weak
interaction between photons. To circumvent this, many schemes employ measurement-based
quantum computation (MBQC) [13, 36, 37], which necessitates the preparation of a highly en-
tangled state of numerous photons, known as a cluster state [38—46]. Another significant hurdle
is the efficiency of single-photon sources and detectors [47], which can lead to computational

errors. Despite these challenges, substantial progress is being made in this field.
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1.2 Optical Quantum Information Processing

1.2.1 Overview of Optical QIP

Optical quantum information processing (QIP) has emerged as a promising field. This ap-
proach leverages the unique properties of photons, particles of light, as the fundamental units of
quantum information, known as qubits. Photons, with their robustness to environmental noise,
ability to maintain quantum coherence over long periods and distances, and capacity to be manip-
ulated with high precision using established optical technologies, offer a unique set of advantages
for quantum information processing.

Optical quantum information processing presents an array of diverse applications [48], each
of which harnesses the unique properties of photons in remarkable ways. Quantum communi-
cation employs photons as ideal carriers of quantum information over long distances. Existing
fiber-optic networks can facilitate Quantum Key Distribution (QKD), enabling parties to share
a secure encryption key, with its security firmly rooted in quantum mechanics. Quantum tele-
portation allows the transfer of a qubit’s state from one location to another without physically
transmitting the qubit itself. Moreover, quantum sensing leverages squeezed states of light, for
example, to attain measurements with enhanced precision compared to classical systems. Quan-
tum imaging employs quantum correlations between photons to produce images of objects with
higher resolution or sensitivity than traditional methods [49]. Techniques such as ghost imag-
ing [50] use entangled photons to form an image of an object, even when one of the photons
doesn’t interact with the object directly. In quantum computing, photons can serve as qubits, im-

plementing algorithms via a series of optical gates and measurements. Additionally, distributed
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quantum computing broadens the notion of quantum computing by locating qubits at disparate
network nodes and enabling quantum communication between these nodes [51]. Given their

suitability for long-distance transmission, photons naturally fit the role of qubits in such systems.

1.2.2 Photonic Encoding

In optical quantum computing, quantum information can be encoded into the bosonic
modes of light [52]. A bosonic mode, described by annihilation and creation operators, represents
a quantum state that photons can occupy. The number of photons in the mode is described by a
Fock state |n), representing n photons in the mode. Typical bosonic modes of photons include
path, polarization, time bin, and frequency.

Single-rail encoding and dual-rail encoding represent two common methods for encoding
qubits into bosonic modes, each with its distinct features. Single-rail encoding employs the
presence or absence of a photon in a single mode to represent the two states of a qubit. Typically,
the Fock state |1) encodes the state |1) of the qubit, and the Fock state |0) denotes the state |0) of
the qubit. A general quantum state of the qubit can be expressed as «|0) + /3|1), where « and 3
are complex numbers. Single-rail encoding is straightforward and resource-efficient but can be
more vulnerable to loss and noise.

In contrast, dual-rail encoding employs two bosonic modes to store a single qubit. The
presence of a photon in one mode and its absence in the other symbolize the two states of a
qubit. Specifically, the Fock state |1);|0)2, with a photon in the first mode and none in the second,
encodes the state |1) of the qubit. Alternatively, the Fock state |0);]1)2, with no photon in the first

mode but one in the second, corresponds to the state |0) of the qubit. A general quantum state of
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the qubit can be written as «r|0)1]1)2 + 3|1)1|0)2. As dual-rail encoding exhibits more robustness
against photon loss [53], this thesis concentrates on dual-encoding based on photon polarization.
That is, the horizontal and vertical polarization states of a photon represent the two basis states
of a qubit. Polarization encoding is widely utilized due to the convenience of its manipulation
using standard optical components. However, other encodings bear similar principles and can be

understood in analogous ways.

1.2.2.1 Single-Photon Gates

For photonic qubits with polarization encoding, commonly employed optical elements for
enacting single-qubit gates include wave plates and polarizing beam splitters. Wave plates, such
as half-wave (A\/2) and quarter-wave (\/4) plates, can induce a phase shift between the two
orthogonal polarization components of a photon. By adjusting the orientation of a wave plate,
a single-qubit rotation along any axis can be accomplished. As an illustration, a Hadamard gate
can be realized with a \/2 wave plate set at a 22.5° angle [52]. Moreover, achieving an arbitrary

rotation necessitates a \/4-\/2-\/4 wave plates sequence.

1.2.2.2 Two-Photon Gates

Implementing two-qubit gates poses a significant challenge due to the weak interaction
between photons. This often necessitates achieving optical non-linearity, exemplified by the
controlled phase-flip (CZ) gate. This gate operates on a pair of qubits, leaving the first qubit
unchanged while flipping the sign of the second qubit only if the first qubit is in the |1) state.

Consequently, it facilitates the following mapping: |00) — |00), |01) — |01), |10) — |10),
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and [11) — —|11). A CZ gate, complemented with single-qubit gates, is equivalent to a CNOT
gate, thereby also capable of generating quantum entanglement and composing the universal gate
set. However, attaining strong optical non-linearity at the single-photon level poses a formidable
challenge when using bulk optical materials.

Various approaches have been proposed to overcome this hurdle, and there’s substantial
progress in this regard. A typical strategy for implementing two-qubit gates in photonic quantum
computing relies on using measurements to induce effective non-linearity. This involves config-
uring a setup where distinct measurement outcomes correspond to different effective interactions
among the photons. The Linear Optical Quantum Computing (LOQC) strategy, proposed by
Knill, Laflamme, and Milburn [53], employs ancillary photons to assist in the interaction. These
supplemental photons, alongside the computational photons, are sent into an interferometric net-
work comprised of beam splitters and phase shifters. Single-photon detectors are then used to
measure the presence or absence of photons at the end of the network. When a measurement
signals that a photon has been detected at a specific mode, this “collapses” the quantum state of
the system, effectively implementing a CZ gate. However, since the success of the gate operation
hinges on a specific measurement outcome and is probabilistic, further techniques like quan-
tum error correction and quantum teleportation [53, 54] are often required to construct a scalable
quantum computer using LOQC.

Measurement-Based Quantum Computing (MBQC) [13] is another approach to optical
quantum computing. This method involves the creation of a highly entangled state of many
photons, known as a cluster state. Then, by performing single-photon measurements on this
state, quantum computations can be executed. The main challenge lies in the efficient generation
of large and intricate photonic cluster states. However, the creation of a cluster state can be
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achieved by employing LOQC [36] or fusion gates [39], which significantly reduce the overhead
required to overcome the probabilistic nature of linear optics. The generation of a cluster state
can also be executed deterministically by leveraging strong interactions between photons and
atoms [38, 40, 43, 45], as demonstrated through cavity quantum electrodynamics [55]. These

methods markedly enhance the scalability of optical quantum computing.

1.2.3  Minimal Hardware in Quantum Computing

Quantum computing is inherently resource-intensive, with the quest for fault-tolerance—
designing and operating quantum computers that maintain accuracy despite component failures
or errors—-exacerbating this demand. The achievement of such resilience typically requires
quantum error correction protocols, where a logical qubit is encoded into a set of physical qubits,
facilitating error detection and correction. Error-corrected quantum computation might necessi-
tate hundreds or even thousands of physical qubits to encode a single logical qubit with a suffi-
ciently low error rate [56]. Moreover, the complexity of practical problems targeted by quantum
computers amplifies the required qubit count significantly. To run intricate quantum algorithms
on a logically error-corrected and fault-tolerant quantum computer, we might require millions of
physical qubits, manifesting the challenge of scaling across all quantum platforms.

Scaling quantum systems is indeed formidable, particularly in matter-based systems where
the addition of qubits often calls for extensive modifications to the physical setup. As the number
of quantum bits increases, the complexity of quantum control elevates. Furthermore, each new
qubit or operation increases the probability of error due to susceptibility to environmental noise

and interference. Thus, while the aim is to build larger quantum systems, a parallel objective is
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to optimize hardware and resources to effectively manage these systems, harness the available
technology to its full potential, and curtail error rates.

In contrast to many platforms, photonic quantum computing offers several potential advan-
tages that could alleviate resource requirements. Photonic quantum computers do not necessitate
ultra-low temperatures, obviating the need for elaborate cooling infrastructure. Their inherent
noise resistance, due to limited environmental interaction, may curtail error rates and extend co-
herence times, thus moderating the demand for error correction. Photonic systems’ scalability can
be amplified by advancements in Photonic Integrated Circuits (PICs) [57], which allow for opti-
cal component miniaturization onto a single chip. Many core components, essential for quantum
architectures, are compatible with PICs currently employed in classical computing and are under
active exploration and optimization. Leveraging current manufacturing techniques and standards,
such as CMOS technology, the arrival of PICs housing hundreds of thousands of components is
imminent [47]. Moreover, photons are inherently apt for long-distance communication, making
them ideal for distributed quantum computing. Photons can be produced in a highly modular
manner, enabling any number of qubits to be created from a single device and facilitating uni-
versal gates between them. This property opens up the possibility of constructing large-scale
computing infrastructures.

Finally, amalgamating photonic and matter-based qubits could offer considerable advan-
tages [52]. Approaches that realize strong optical nonlinearity through single photon interactions
with atoms are promising. This hybrid tactic could yield deterministic cluster states [38, 40,
42-45], further reducing linear optical quantum computing overhead. Additionally, employing
atomic qubits as single-photon sources, capable of storing quantum information, could serve as a

node or quantum repeater for implementing quantum networks.
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1.3 Thesis Contributions and Outline

This thesis, which primarily builds upon my major contributions to journal articles [44, 58]
and a preprint [59], focuses on optical quantum computing using an atom-photon interface.

Firstly, I delve into the generation of multi-dimensional cluster states, an essential resource
for fault-tolerant measurement-based quantum computing. My approach, distinguishing itself
from previous proposals, is deterministic and eliminates the need for feed-forward control. More-
over, it boasts hardware efficiency by requiring only a single interface and exhibits flexibility, as
it can be readily extended to arbitrarily high dimensions. To complement this study, I introduce a
diagrammatic method for deriving tensor networks of highly entangled optical states. This con-
tribution offers a valuable tool for simulating matrix product states (MPS) [60—-63] and projected
entangled pair states (PEPS) [64, 65] generated from sequential photons.

Subsequently, I explore the optical quantum Fourier transform (QFT) implemented via an
atom-photon interface. The proposed protocol leverages this interface to mediate photon-photon
interactions, dramatically reducing the need for linear optical devices. Additionally, I propose a
method for rapidly adjusting the atomic transitions [66,67], thereby achieving arbitrary controlled
phase-shift gates.

Finally, I scrutinize non-trace-preserving errors in realistic quantum systems. Conven-
tionally, quantum operations are idealized as completely positive and trace-preserving (CPTP)
maps [68]. However, real-world quantum systems do not always preserve the quantum particles
in the computational subspace due to phenomena like photon loss. The process also involves
state normalization, which is a nonlinear map. Despite its significance, the quantification of such

errors has not received substantial attention. I aim to address this gap by studying these errors
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and proposing a computationally efficient metric to quantify them. Importantly, this metric aligns
with the fault-tolerant quantum computing theory [69, 70], underscoring its practical relevance.
As for the structure of this thesis, Chapter 2 discusses the physics of the atom-photon inter-
face, exploring the dynamics of an atom inside a cavity (i.e., the Jaynes-Cummings model), along
with the input-output formalism for external probe photons. Chapter 3 delves into the theoretical
and experimental aspects of generating multi-dimensional cluster states and uses tensor network
methods to estimate the fidelity of the produced cluster states. Chapter 4 elucidates how an atom-
photon interface can mediate photon-photon interactions and implement controlled phase-shift
gates, crucial components for executing the optical quantum Fourier transform. Finally, Chapter
5 provides a comprehensive discussion on an error metric for non-trace-preserving operations,
presenting the general distance (an extension of the diamond distance), detailing its properties,

and deriving an efficient algorithm to bound this general distance.
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Chapter 2: Methodology: Atom-Photon Interface

2.1 Overview of Atom-Photon Interface

2.1.1 Bridging Stationary and Flying Qubits

In optical quantum computing, the crucial interaction between photons and atoms forms
the basis of the atom-photon interface. Photons, the carriers of quantum information, excel at
transmitting this information due to their speed and relative resilience to noise and decoherence.
Atoms, acting as quantum memories or processing units, are ideal for storing and processing
quantum information due to their long lifetimes and well-understood internal states. Together,
they enable a mechanism for controlled exchanges between individual atoms and photons. This
interface is central to actualizing quantum networks and computers, as it forms the essential
bridge between stationary qubits (atoms) and flying qubits (photons) [71-77].

Harnessing the distinct advantages of both atoms and photons necessitates a robust and ef-
ficient atom-photon interface. Precise control over the atomic states and photon properties, along
with their mutual interactions, is crucial for this purpose. To provide a comprehensive under-
standing, this chapter will delve into the importance, design, and applications of atom-photon in-
terfaces within the context of optical quantum computing. The foundational methodology of this

thesis, aimed at deterministically generating cluster states to enable measurement-based quantum
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computing, will also be presented.

2.1.2 Atom-Photon Interface Applications

Atom-photon interfaces are pivotal across various sectors of quantum science and technol-
ogy, providing essential capabilities for storing and manipulating quantum information. In one
significant application, atom-photon interfaces enable the slowing, storing, and retrieval of light
in a regulated manner [78]. The slowing of light arises from the dispersive properties of the
atomic medium interacting with light under certain conditions. By adjusting atomic states, this
effect can be carefully manipulated, paving the way for light storage. This storage mechanism,
facilitated by the absorption and re-emission of a probe pulse without information loss through
a principle known as Electromagnetically Induced Transparency (EIT) [79]. Building on this
concept, atom-photon interfaces are not just instrumental for storing light but also for its efficient
retrieval while preserving its quantum state. By an opposite process, the stored quantum state of
light can be transformed back into a propagating photon. This crucial process, which safeguards
the quantum information carried by light, is at the core of quantum memory devices and quantum
repeaters’ operation.

Moving beyond light storage and retrieval, atom-photon interfaces serve a critical role in
the transfer of quantum states in quantum communication and computing. This process begins
with the encoding of quantum information onto a stationary qubit, such as an atom, ion, or a spin
in a solid. The encoded information is then transferred to a photonic qubit, capable of convey-
ing quantum data over vast distances with minimal coherence loss. This transfer occurs through

techniques like resonant fluorescence or Raman scattering [80], and, like the earlier stages, relies
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heavily on atom-photon interactions. This ability to establish and manipulate atom-photon and
atom-atom entanglement has significant implications for distributed quantum computing archi-
tectures [81].

Despite the challenges posed by atoms’ propensity to emit photons spontaneously and ran-
domly, atom-photon interfaces provide a viable solution to create single-photon sources, which
are fundamental for quantum communication, cryptography, and computing. By manipulating the
emission process, atom-photon interfaces can help create a deterministic single-photon source.
One approach involves engineering the atom’s environment to enhance the likelihood of photon
emission into a specific mode, an effect known as the Purcell effect.

Taking the utility of atom-photon interfaces even further, they serve as the foundation for
optical quantum gates. Through controlled atomic and photonic interactions, these interfaces
enable both single-qubit and two-qubit gates. Single-qubit gates can perform elementary quan-
tum operations on atoms via methods like Raman transitions or resonant interactions. For more
complex two-qubit gates, entangling operations are crucial. The common approach uses the con-
trolled phase shift acquired by a photon interacting with an atom, creating a controlled-Z gate.
This gate enables entanglement of the atomic state with the photonic state, serving as a critical
resource for quantum information processing.

Finally, in the realms of quantum sensing and metrology, atom-photon interfaces make
ultra-precise measurements possible. By coupling photons to atomic states that respond to ex-
ternal fields, atom-photon interfaces allow for measurements beyond classical limits. They are
also integral to optical clocks for ultra-precise time measurement and magnetometry for detecting
perturbations in atomic energy levels induced by magnetic fields [82]. Thus, atom-photon inter-
faces, with their varied applications, are an essential tool in the quantum science and technology
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toolkit.

2.1.3 Technologies for Atom-Photon Interfaces

Several techniques and strategies are available for implementing atom-photon interfaces,
each with unique characteristics and benefits. One such technique involves atomic ensembles,
which consist of many ultra-cold atoms. These ensembles are an effective platform for atom-
photon interfaces due to the amplification of light-matter interactions that result from collective
atomic behavior. The Duan-Lukin-Cirac-Zoller (DLCZ) protocol [83] leverages these atomic en-
sembles, utilizing photon interference to store and retrieve quantum information. Additionally,
when photons emitted from two separate ensembles interfere and are detected, entanglement be-
tween the ensembles can occur, a property key to quantum repeaters. However, atomic ensembles
present challenges in identifying individual atoms within the group and maintaining coherence
among a large number of atoms.

Transitioning from atomic ensembles to individual atoms, another approach uses trapped
ions or ultra-cold neutral atoms. Trapped ions are laser-cooled and confined within an electro-
magnetic field, with quantum information typically stored in the ions’ electronic states, which can
be manipulated using laser or microwave radiation. Similarly, ultra-cold neutral atoms trapped
in optical lattices - arrays of microscopic traps created by standing waves of laser light - can also
serve as quantum registers, where each atom functions as a qubit.

Complementing these techniques, semiconductor quantum dots and color centers in dia-
monds offer additional strategies that leverage naturally trapped atoms within an atomic lattice.

Semiconductor quantum dots, capable of confining individual electrons and holes, allow for state
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control either electrically or optically [84—86]. Furthermore, when placed within a photonic
cavity, the coupling with photons can be significantly enhanced. Meanwhile, color centers in
diamonds arise from lattice defects, such as a carbon atom being replaced by another atom like
nitrogen. These color centers, which can be individually addressed and manipulated using light
and microwaves, serve as effective tools for storing and processing quantum information.

Lastly, cavity quantum electrodynamics (QED) systems provide another route for creating
atom-photon interfaces [87]. These systems trap atoms or ions in an optical or microwave res-
onator cavity. Due to the high quality factor of these cavities, strong coupling between atoms and
photons is achievable, allowing a photon to be absorbed and re-emitted many times before it’s
lost. Techniques in cavity QED, such as the Jaynes-Cummings model where a two-level atom
interacts with a single mode of a radiation field in a cavity, have been instrumental in demonstrat-
ing quantum gates and entanglement. Thus, in the broader perspective of atom-photon interfaces,

these methods present exciting possibilities for the development of quantum technologies.

2.2 Cavity Quantum Electrodynamics Model

2.2.1 Electron-Charged Quantum Dots in Cavity

We consider a solid-state spin qubit (alternatively termed an atomic qubit or atom) that is
coupled to a photonic cavity [72], as illustrated in Figure 2.1. This spin qubit consists of a single-
electron-injected quantum dot. A magnetic field, applied in the Voigt configuration such that it is
perpendicular to the direction of light propagation, is used to break the spin degeneracy, and we
diagonalize the quantum states of the system along the magnetic field’s direction.

The energy level structure of the quantum dot, depicted in Figure 2.2, encompasses two
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Figure 2.1: Characteristic size of a quantum dot relative to a single atom and a photonic crystal.
(a) A single atom measures a few angstroms. (b) Self-assembled InGaAs quantum dots, con-
sisting of roughly 10° atoms, span across tens of nanometers. These single quantum dots can
be embedded in photonic nanostructures for quantum-optics experiments. (c) A photonic-crystal
waveguide is depicted, characterized by a photonic lattice constant typically measuring around
250 nm. Figure reprinted with permission from [88].
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ground states, each with opposing electron spin, forming a stable quantum memory [89], denoted
as |T) and |]). Additionally, it includes two excited states, each housing a pair of electrons and
a single hole with opposite spins, labeled as |{}) and |{}). In this setup, all four transitions are
possible. However, the polarization of transitions o; and o4 is orthogonal to that of transitions oy
and o3 due to the selection rule. Transitions o, and o3 serve to apply single-qubit rotation on the
atom [86], whereas transitions o, and o4 can be utilized to create an entangling gate between the
atom and photons. Specifically for entangling the atom and a reflected photon, we consider the
atom’s interaction with the cavity mode polarized along the quantization axis (V' polarization),
which only couples to transitions o, and oy.

The internal Hamiltonian of the atom-cavity system, with respect to transitions o7 and oy,

is expressed as:

A~

H ita . . e .
E = wcaTa + wropp Hwioyy + 29 (oma — JmaT +oya— O’u}aT) . 2.1)

In the above equation, g denotes the atom-cavity coupling strength. w, represents the frequency
of the cavity mode, and a is the annihilation operator for the cavity mode in V' polarization.
The spin operator is represented by &, with its state space reduced to two uncoupled subspaces
{1, 1M} and {|{), [{})}, and notation &+, is interpreted as operator |1)(f}|, etc. wy and w) are
the transition frequencies of [1) <> |1) and [|) <> |{}), respectively. It is assumed that the spin-
up transition is in resonance with the frequency of the cavity mode, which implies wy = w,,
and the spin-down transition is detuned by the Zeeman splitting, represented as Ay = w| — ws.
Note that the Hamiltonian can be viewed as the Jaynes-Cummings model under the rotating wave

approximation, where a single bosonic mode is concurrently coupled to two distinct fermionic
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Figure 2.2: Diagram illustrating the atom-photon interface. (a) Depicts a single-sided cavity
encapsulating a spin quantum made of an electron-injected quantum dot, enabling the control
of phase shift in incident photons via reflection. (b) Illustrates the energy level structure of a
charged quantum dot under a magnetic field. This structure comprises two spin ground states and
two excited trion states, with four allowed optical transitions labelled o, to oy.
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modes.
The atom-cavity system is coupled both to the external probe field through a transmitting
mirror and to a reservoir. This results in the Heisenberg equations of motion defined within either

subspace, as shown below:

dé
d—j:— [i<wc—w)+%} i — g6 —

do_ , K] . A oa

o [Z (wry —w) + 5} o —go.a, (2.2)

Qout = Qin + ﬁa .

Without loss of generality, we will consider the subspace of {|1), |1) }. In these equations, 6_ =
oty and 6, = |f)(ft| — |1) (|- The terms a;, and G, represent the input and output field operators
for the probe beam, respectively. The probe beam frequency is denoted by w, and is set to be
equal to w.. The decay rate of the excited atom is denoted by ~, and the decay rate of the cavity
mode is denoted by 7. For a detailed derivation of the Heisenberg equations of motion, please

refer to Appendix 2.A.

2.2.2 Controlled Phase-Flip Gate

The state-dependent phase shift is experienced by the probe beam. When the probe beam
exhibits H-polarization, it does not interact with the cavity, but rather reflects off a mirror with-
out acquiring any phase shift. Conversely, the probe beam reflects off the cavity when in V-
polarization. Given the adiabatic limit, where the probe beam’s envelope alters very slowly com-
pared to the frequency of the system dynamics, the derivatives of the operators da/dt and do_ /dt

can be approximated as zero. Moreover, for a large decay represented by «, the atom state can
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be approximated as ¢, = —1. As a result, the equation of motion can be solved analytically,

yielding:

R 4g2 —’}/(FL—FZQAT,J,)A.

aou - . aln 9 2.3
' 4g2 + ’Y(l‘i + ZQATyl«) ( )

where Ay | = wy | — w is denoted, and w, = w is set. The equation formulates the reflection
coefficient of the probe beam reflected from an atom-coupled cavity.

To facilitate comprehension, we define the atom-cavity cooperativity as follows:

44*
Cy, = 24
T "}/(KJ + Z2AT i) ( )
As a consequence, the reflection coefficient is given by:
rel = = 2.5
s Cyy+1 25)

The atom-cavity cooperativity is a frequently utilized measure in cavity QED, indicating the
strength of coupling between the atom within and the cavity mode. The strong coupling regime
is defined by the interaction strength between the cavity photons and the atom exceeding their
individual decay rates, v and . In this regime, light and matter can interact coherently over
multiple periods, enabling precise manipulation of quantum states. To achieve strong coupling
in cavity QED, it’s necessary to engineer the cavity and atom in a way that maximizes their
interaction strength. This is usually achieved by enhancing the quality factor (Q) of the cavity,
which essentially measures its capacity to store energy, and by meticulously aligning the cavity’s
resonance frequency with the transition frequency of the atom.

Let us define the state of the incident light as |H) = |0), for an H-polarized photon and

28



|V) = |1), for a V-polarized photon. Similarly, we label the spin states as |1) = |0), and |}) =
|1),. The state of the entire system, denoted as |¢)) = |z), ® |y),, where = and y represent the

qubit states of the photon and spin, respectively, transforms according to the following operator:

100 0
010 0

U, = . (2.6)
00 r 0
00 0 7

Assuming strong coupling between the cavity and atom, where g > +, k, the spin-up transition
resonates with the frequency of the cavity mode. As such, C; > 1 and r+ = 1. Considering the
spin-down transitions, which are detuned by the Zeeman splitting (A; = Az), we assume a large
detuning, which results in C|, < 1 and | = —1. Therefore, the reflection operator applies the

controlled phase-flip gate.

2.2.3 Coherent Time-Delay Feedback Control

Coherent time-delay feedback control [90-96] can act as a significant augmentation to
cavity quantum electrodynamics (QED), strengthening the atom-photon interface. It’s well es-
tablished that single- or multi-body states can be prepared by the emission of photons [38]. How-
ever, photons emitted through sequential processes typically generate entanglement in a one-
dimensional fashion, thus producing states with limited functionality [60]. Notably, preparing
complex multi-body states, essential for advanced quantum simulations [64] and universal quan-

tum computing [43], presents substantial challenges within single cavity QED systems.
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This complexity emerges from the Markovian characteristics of sequential emission pro-
cesses, which substantially limit the types of states that can be achieved. Within the Markovian
limit, the interaction between atoms and photons is generally describable by a master equation
that essentially ignores quantum memory. In contrast, a characteristic non-Markovian open quan-
tum system arises when a photon emits into a feedback reservoir. This reservoir preserves the
system’s memory, subsequently feeding this information back coherently following one or more
discrete time delays. As such, delayed quantum feedback makes the system non-Markovian,
introducing effective quantum memory and expanding the system into a larger Hilbert space.

Cavity quantum electrodynamics (QED) systems are particularly suitable for time-delay
feedback control. Through the use of reflective mirrors, various cavity input and output channels
can effectively couple light into the feedback loop, connecting these channels. This setup allows
quantum information to re-enter the system after a time delay. By linking multiple distant atoms
with a photonic waveguide, or associating a single atom with its output field using a time-delay
loop, a photonic arrangement with feedback control can be established.

This coherent time-delay feedback control has the potential to stabilize optical systems.
For instance, such feedback can maintain a specific level of coherence in a two-level system
embedded in a cavity, even at finite temperatures [97]. A single-emitter-cavity system operating
under weak coupling can transition into a strongly coupled system through the introduction of
time-delay feedback [98]. This mechanism can also amplify the optical squeezing characteristics
of a degenerate parametric amplifier [99]. By leveraging multi-photon scattering and time-delay
feedback, an uncoupled bound state within the continuum can be excited [100]. Additionally, it
can boost the energy-time entanglement of photons in a Franson interferometer [101]. This form

of coherent time-delay feedback control can also generate resources for quantum entanglement
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Figure 2.3: Schematic diagram of the cavity field along with the input and output fields for a
single-sided cavity.

and facilitate the realization of universal quantum computing [43—-45].

Appendix 2.A  Derivation of Heisenberg Equations of Motion

We adopt the discourse from [102] and consider the single-side cavity structure illustrated
in Figure 2.3. The external field operator, denoted as b(t) = b(z > 0, t), captures the input-output
fields. Given the confinement of the cavity within a specific region of space, it is necessary
to determine how the field outside the cavity responds to the cavity’s presence and any matter
contained within.

The interaction Hamiltonian, as it pertains to the cavity field, is symbolized by the harmonic
oscillator annihilation and creation operators a and a', respectively. Within the rotating wave

approximation, the interaction with the external field is defined as:

V = —ih /00 g(w)[ab'(w) — a'b(w)]dw . (2.7)

—0o0

In this equation, g(w) symbolizes the frequency-dependent coupling strength, typically peaking
around w. If the cavity contains matter, this may lead to complex dynamics within the field inside
the cavity, thereby causing the external fields to diverge from the dynamics of the free field.

This divergence, in turn, prompts an explicit time dependence in the frequency space operators,
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b(t,w), within the Heisenberg picture.
The Heisenberg equation of motion for b, defined as b(t,w) = —i[V//h, b(t,w)], within the
interaction picture, is:

b(t,w) = —iwb(t,w) + g(w)a(t) . (2.8)

Depending on whether we choose to solve in terms of the input at a time ¢y, < ¢ or in terms of the

output at a time ¢, > ¢, the solution to this equation can be written in two ways:

t
b(t,w) = e “0)po(w) + g(w)/ ettt (2.9)

to
. t1 . ,
b(t,w) = e @ () — g(w)/ et t)dt' . (2.10)
t

The boundary conditions by(w) and b, (w) are typically specified at —oo and +oo, respectively,
corresponding to times when the field is a free field.

The cavity field operator is defined by the equation:

o0

a(t) = —i {%,a(t)} - / " g(@)b(t, w)d 2.11)

where [ is the Hamiltonian of the cavity. Given the solution with initial conditions 2.9, this

equation becomes:

a(t) = —i [%,a(t)] — /OO g(w)e™ @t py (W) dw
- (2.12)
— /_OO g’ (w) /t e (1 dtdw .

o0 to

We now assume that g(w) = g is frequency-independent over a wide range of frequencies sur-
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rounding the carrying frequency. This assumption is the first approximation needed to derive a
Markov quantum stochastic process. Consequently, we set g? = ~/27. The input field is defined

by the external field at ¢, as:

1 <
ain(t) = E/ e~ =00)po (w)dw (2.13)

At the limit of an integral involving a function that smoothly approaches zero at +oo (for exam-

ple, a Gaussian function), the following result holds:

/t " KVt — )it = /1t "R — )t = % (). 2.14)

By interchanging the sequence of time and frequency integration in the last term of equation 2.12

and employing equation 2.14, we obtain:

H

a(t) = —i {%, a(t)} - %a(t) — ai(t) . (2.15)

In a similar manner, the time-reversed equation of motion, obtained by substituting the

solution in terms of the final conditions 2.10 into 2.11, is:

a(t) = —i {% a(t)] - %a(t) + VY ou(t) - (2.16)

The output field operator is expressed as:

1 [~
a(,m(lt):—\/—?r / e~ wt=tp (W) dw . (2.17)
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It’s worth noting that the negative sign in the above equation encapsulates the boundary condition
of the phase shift observed in the reflected light. Consequently, the input and output fields are

related as follows:

ain(t) + aou(t) = V/7a(t) . (2.18)

Dynamic terms between the input and the cavity field also contribute to the output field. A similar
analysis can be applied to the equation of motion for the atom in the cavity, considering the atom’s
interaction with numerous bosonic modes as a reservoir. This interaction accounts for the atomic

decay.
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Chapter 3: Multi-Dimensional Optical Cluster State Generation

3.1 Cluster-State Quantum Computing

Measurement-based quantum computing (MBQC) [13] offers a revolutionary approach for
quantum computing, that vastly differs from the standard gate model. Instead of executing se-
quences of unitary operations on a small number of qubits, MBQC leverages entanglement as a
computational resource, operating primarily through single-qubit measurements. The initial state
of the system, often referred to as the resource state, is an entangled state of multiple qubits,
typically in the form of a cluster state. Hence, MBQC is also commonly known as cluster-state
quantum computing [103]. Upon preparation of this state, the quantum computation is carried
out by performing a series of single-qubit measurements. Each measurement’s outcome not only
reads out results but also determines the basis for subsequent measurements. The computational

task accomplished hinges on the specific order and basis of these measurements.

3.1.1 What is a Cluster State?

Within the context of cluster-state quantum computing, a cluster state functions as a multi-
qubit entangled state [12], providing the core computational resource. It can be envisioned as a

“quantum graph” [104], depicted in Figure 3.1. Here, each vertex stands for a physical qubit,
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with edges (or bonds) denoting the entanglement between qubits.
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Figure 3.1: Representation of one-dimensional (a) and two-dimensional (b) cluster states. (c)
Depicts a tree-level graph state, which retains properties of cluster states but exhibits different

topology.

Take, for instance, a five-qubit cluster state as illustrated in Figure 3.1(a). Starting from
an initial state |[+)®°, where |+) = %(|O> + |1)) symbolizes the superposition of computational
basis, the entanglement bonds are built by implementing CZ gates between pairs of neighboring
qubits. The CZ gate is defined as |0) (0| ® I +|1) (1| ® Z, functioning as a two-qubit gate that flips
the phase of the target qubit based on the state of the control qubit. It’s noteworthy that the order
of CZ gate implementation bears no impact, since these gates are commutative. More generally,
cluster states of various topologies can be constructed following a similar process. These states
showcase a type of long-range entanglement, resilient to local disturbances, making them ideally

suited for quantum computation and error correction.

3.1.2  Universality of Cluster-State Quantum Computing

The universality of cluster-state quantum computing represents a fundamental facet of its

potential. To establish this universality, one must demonstrate that any quantum computation can
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be efficiently executed via cluster-state quantum computing. Central to this assertion is the un-
derstanding that any quantum circuit composed of single-qubit rotations and two-qubit controlled
phase-flip gates can be implemented within the cluster model. To illustrate this, we can simulate a
universal quantum circuit using a simplified cluster state scheme suggested by Nielsen [36]. This
scheme is functionally equivalent to the original one-way quantum computing model proposed
Raussendorf, et al. [105].

Figure 3.2(a) illustrates a two-qubit circuit for universal quantum computing. For simplicity
and without loss of generality, we take the input states to be 1) ® H). Here, R.(f) signifies a
single-qubit rotation by an angle ¢ around the z-axis, whereas Rx(ﬁ) denotes rotation around the
x-axis. According to Euler’s theorem, an arbitrary rotation on the Bloch sphere — that is, an
SU(2) operator — can be decomposed into z-z sequences such that U = e R.(3)R,(v)R.(6),
where «, 3, 7, and § are real numbers. The vertical line with dotted ends symbolizes a CZ gate.
As the Solovay-Kitaev theorem [14] demonstrates the universality of single-qubit rotations and
the CZ gate for quantum computation, it naturally follows that the depicted circuit is universal.

To simulate the quantum circuit, we initially prepare a cluster state as depicted in Fig-
ure 3.2(b). Here, each circle represents a physical qubit, and each edge denotes entanglement be-
tween the corresponding qubits. The universality of the cluster-state quantum computing necessi-
tates at least two-dimensional (2D) cluster states. The horizontal line signifies the transition of a
logical qubit, while the vertical line represents the crosstalk among logical qubits. Following this
setup, the simulation proceeds with a sequence of single-qubit measurements from left to right, as
illustrated in Figure 3.2(c). For each qubit, we measure the observable cos(6)d,, + sin(6)d,, with
the angle # represented by the symbols inside the circle. It should be noted that the sign of these

angles is contingent on the measurement outcomes of its left neighboring qubits, barring those
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Figure 3.2: (a) A universal two-qubit circuit for quantum computing, featuring the single-qubit
gate Rx(z)(0) representing a rotation by 6 along the X (Z)-axis of the Bloch sphere. The dotted
line indicates a controlled phase-flip gate. (b) The cluster state simulating the circuit from (a).
Each circle denotes a single qubit. (c) The simulation process involves a series of single-qubit
measurements on the cluster state. Each measures the observable cos(6)o, + sin(6)o,, with
angle 6 indicated by symbols within the circle. The angle’s sign depends on the measurement
outcomes of its left qubits, excluding the first column. The unmeasured qubits on the rightmost
side represent the quantum circuit’s outcome.
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in the first column. The unmeasured cluster qubits on the far right constitute the output from the
quantum circuit. It is straightforward to verify that these output states result from applying the
desired quantum circuit to the input states. In order to simulate more complex circuits, one can
construct larger cluster states by arranging universal blocks. To achieve specially interconnected
cluster states, redundant qubits can be measured in the computational basis and subsequently

removed from the overarching cluster state.

3.1.3 Fault-Tolerance and Cluster State Dimensionality

The dimensionality of cluster states is crucial in both universal and fault-tolerant MBQC.
For universal MBQC, a two-dimensional (2D) cluster state suffices to enable universal quantum
computing within the MBQC framework. To exemplify, a basic square lattice cluster state can
execute any quantum circuit composed of single-qubit rotations and two-qubit controlled-phase
gates, given an appropriately chosen sequence of measurements.

In contrast, the requirements shift considerably when aiming for fault-tolerant MBQC.
Quantum error correction necessitates an increase in dimensionality [106]. Topological error
correction codes, frequently utilized in fault-tolerant MBQC, typically require cluster states that
can be conceptualized as three-dimensional (3D) structures. In this 3D configuration, one dimen-
sion often symbolizes time, encapsulating the evolution of the computation, while the other two
dimensions depict a 2D lattice of qubits, akin to a surface code, at a specific temporal stage. The
logical qubits within the surface code are represented by distinct topological features of the state,
such as the loops in the lattice, rather than individual physical qubits. Therefore, local errors that

impact only a limited number of qubits can be corrected without compromising the information
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stored in the logical qubits.

3.1.4 Review on the Generation of Photonic Cluster States

The probabilistic generation of photonic cluster states has seen significant advancements in
recent years. Nielsen [36] developed an approach to optical quantum computation, amalgamat-
ing the Knill-Laflamme-Milburn (KLM) scheme [53] with the one-way quantum computing [13].
Browne and Rudolph [39] introduced a fusion gate that leverages parity measurements of max-
imally entangled photon pairs to generate cluster states efficiently. Gimeno-Segovia et al. [41]
proposed a scheme that utilizes 3-qubit GHZ states to generate cluster states, exhibiting resilience
to photon loss and surpassing the efficiency of previous proposals. Bodiya and Duan [107] sug-
gested a method for constructing graph states efficiently using linear optics, imperfect photon
sources, and single-photon detectors. Walther et al. [108] reported the first proof of principle ex-
periment of one-way quantum computing, realizing four-qubit cluster states encoded into the po-
larization state of four photons and showcasing Grover’s search algorithm [5] using these states.
Subsequently, Lu et al. [109] conducted an experiment that successfully generated six-photon
graph states.

In the field of deterministic generation of photonic cluster states, Lindner and Rudolph [38]
proposed a method to manipulate a single photon emitter into a device capable of emitting long
strings of photonic cluster states in an on-demand manner. Economou et al. [40] presented an
approach to generate a two-dimensional cluster state of polarization encoded photonic qubits
from two coupled quantum dot emitters. Pichler et al. [43] suggested and analyzed a deterministic

protocol to generate two-dimensional photonic cluster states using a solitary quantum emitter via
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time-delay feedback. Dhand et al. [110] investigated an all-optical scheme for generating one-
dimensional and higher-dimensional tensor network photonic states encoded in temporal modes
of light. Gimeno-Segovia et al. [42] proposed a method for deterministic generation of large-
scale entangled photonic cluster states from interacting solid-state emitters. Experiments for
deterministic generation of 1D cluster states have been reported using both trapped ions [111]

and quantum dots [55, 112].

3.2 Protocol for 3D Cluster State Generation with Time-Delay Feedback

In cluster-state quantum computing, preparing optical cluster states is a critical step. Al-
though single-qubit measurements are relatively straightforward with photons, generating optical
cluster states presents a significant challenge because photons do not directly interact with each
other. In this section, I will explore the potential of an atom-photon interface in facilitating the
creation of optical cluster states [44]. Specifically, I will propose a protocol to generate 3D cluster
states using time-delay feedback. Subsequently, I will generalize this protocol to accommodate
any multi-dimensional cluster state, where the dimensionality of the states increases linearly with

the number of time-delay feedback loops.

3.2.1 3D Lattice Linearization

A 3D cluster state can be delineated on a 3D lattice, where nodes represent qubits (photons,
in this case), and edges signify the entanglement between photons. Figure 3.3(a) depicts a cluster
state on a cuboid lattice with dimensions N x M x L. Each photon within the lattice can be

assigned a unique coordinate (n, m, () based on its row (n), column (m), and layer (I) position.
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We then label it (k) using the following formula:
k=(1—-1)MN+ (m—1)N +n. (3.1)

In this schema, the entanglement of photon % with its nearest neighbors, £ — 1, £ — NV, and

k — M N, defines the unit cell of the 3D lattice.

(@) ‘ —’ ‘ (N,M,L)

beeccccnns WSoeed

L layers

(b)

1 2 k-MN k-N k-1 k
Figure 3.3: (a) Depicts the schematic of a 3D cluster state structured on a cuboid lattice. Each
node represents a photon, with edges between nodes represent entanglement. The entanglement
of photon k£ with its nearest neighbors £ — 1, kK — N, and £ — M N define the system’s unit cell.
(b) Demonstrates the reconfiguration of the 3D lattice into a linear chain.

Given that photons are "flying’ qubits, a fixed 3D lattice structure is less conducive to gen-

erating a photon-based 3D cluster state. Therefore, we propose an alternative: rearranging the
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lattice into a linear chain. To transform the 3D lattice into a linear chain, we sequentially list
the photons by their label k, as depicted in Figure 3.3(b). This configuration results in photons
exhibiting a mix of both nearest and non-nearest neighbor entanglement within the chain. For
instance, photon & from the unit cell is entangled with its nearest neighbor photon k£ — 1, whereas
photons £ — N and k£ — M N are now classified as non-nearest neighbors. Nevertheless, the gen-
eration of this entanglement between nearest and non-nearest neighbors within the linear photon
sequence poses a substantial challenge, especially considering that photons cannot directly inter-

act with each other.

3.2.2 Building Nearest-Neighbor Entanglement

Nearest-neighbor entanglement between photons can be facilitated through the sequential
application of controlled phase-flip (CZ) gates with the aid of an ancilla, i.e., an atomic qubit.
Figure 3.4(a) demonstrates how an ancilla can generate a 1D cluster among a series of peri-
odically spaced photons with a uniform delay time 7ty (equivalent to one clock cycle). The
photons, symbolized by blue circles, travel from right to left and are adequately separated to en-
sure they interact with the ancilla individually and sequentially. Each photon is initialized to the
state |+) = \/% (|0) +|1)), where |0) and |1) denote the computational basis. The atom-photon
interface applies a CZ gate to each photon, thus creating an entanglement between the photon
and the atom (for a detailed explanation, refer to Section 2.2.2). This step is succeeded by the
application of Hadamard gates, as depicted in Figure 3.4(b). When CZ and Hadamard gates are
sequentially imposed in this fashion on photons k and k + 1, they generate an effective CZ gate

between the two photons (for a detailed derivation, refer to Appendix 3.A). This approach, sim-
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ilar to the protocol presented by Lindner and Rudolph, enables the construction of 1D cluster

states.
T T T T
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< -®' ® 'O ... 0 <«
Output : : Input
: :
1
/Ancilla
(b)
i a
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Figure 3.4: (a) Schematic diagram of a system that incorporates a stationary ancilla interacting
sequentially with a series of photons. (b) Quantum circuit designed to generate nearest neighbor
entanglement among photons. The dotted lines symbolize CZ gates, while the squares labeled H
denote Hadamard gates.

3.2.3 Non-Nearest-Neighbor Entanglement and Time-Delay Feedback

To generate non-nearest-neighbor entanglement between photons through an ancilla, a
time-delay feedback mechanism comes into play [43,113]. As illustrated in Figures 3.5, this
mechanism allows the interaction between two photons £ and £ — N. A mirror reflects photon
k — N to the atom following a delay of N7¢yq.. The atom then applies a CZ gate sequentially to

photon £ — N and photon k. After this, the application of Hadamard gates to photon % and the
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atom essentially swaps their states. This action creates the non-nearest-neighbor entanglement
between photons £ and £ — N while setting the system up for the next clock cycle (see Ap-
pendix 3.A for a detailed derivation). Implementing this process for all the photons in the chain

allows the generation of a 2D cluster state.

(a) [

- 1
® -0 6 0 -0 —~
Mirror. C E | Output
|
! |
o k?15 z :. o 4_Input
|
! I
|
'Ancilla
(b)
Ancilla +—H]
Photon k-N
Photon k |+) —H]

Figure 3.5: (a) Schematic diagram for generating non-nearest neighbor entanglement, incorpo-
rating a stationary ancilla, a series of photons, and a single time-delay photon feedback. Photons
k — N and k interact sequentially with the ancilla during one cycle. (b) Quantum circuit designed
to entangle photons £ — N and k.

3.2.4 3D Cluster State Generation Procedure

Now that we have devised a method to generate both nearest- and non-nearest-neighbor
interactions, these can be amalgamated to create multi-dimensional cluster states. Figure 3.6(a)
showcases this approach for a 3D cluster state, necessitating two non-nearest neighbor interac-

tions, and consequently, two time-delay feedbacks. The first mirror imparts a delay of N7y
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to a photon while the second induces a delay of (M N — N) Tiyqe. This staggered delay pattern
facilitates the ancilla in sequentially applying a CZ gate to photons k — M N, k — N, and k.
While the protocol remains indifferent to the order of CZ gate application, we adopt this specific
sequence for the sake of clarity. Following the CZ gates, we apply Hadamard gates on photon &
and the ancilla, thereby executing the quantum circuit as shown in Figure 3.6(b). Repeating this
circuit for each cycle across all photons leads to the creation of a 3D cluster state.

The procedure outlined above yields a cluster state that slightly deviates from the one built
on a cuboid lattice, as depicted in Figure 3.3(a). While the internal structure of the cluster state
remains unaltered, the edge introduces a more intricate boundary condition, as illustrated in Fig-
ure 3.6(c). Photon (N, M, 1), located on the lattice boundary, also gets entangled with photon
(1,1,1 + 1), due to their adjacency in the rearranged linear chain. As such, the generated cluster
state exhibits a helical connectivity pattern, akin to the 2D cluster state proposed by Pichler et
al. [43], but now extended to a higher dimension. The redundant qubits at the boundary and unde-
sired locations can be eliminated by conducting measurements in the computational basis post-
generation, leading to the desired cluster state typically employed in topological fault-tolerant

MBQC.

3.3 Physical Implementation

The preceding section outlines the theoretical protocol for generating 3D cluster states.
This section will elaborate on how to physically implement this concept using the atom-photon
interface and time-delay feedback. The atom-photon interface allows the application of con-

trolled phase-flip (CZ) gates between atomic and photonic qubits. For a detailed description,
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Figure 3.6: (a) Schematic diagram for generating 3D cluster states, involving a stationary ancilla,
a sequence of photons, and two instances of time-delay feedback. Photons k — M N, k— N, and k&
interact sequentially with the ancilla within one cycle. (b) Quantum circuit designed to entangle
photons k£ — M N, k — N, and k. (c) Helical boundary in a 3D cluster state, where, for instance,
photons (N, M, 1) and (1,1, + 1) are entangled.
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please refer to Section 2.2.2.

Figure 3.7(a) illustrates the physical implementation of the time-delay feedback necessary
for the formation of a 3D cluster state. Two time-delay feedback loops comprising two delay lines
(Delay Line 1 and 2) and two rapid optical switches (Switch 1 and 2) are utilized. These switches
can quickly transition between reflection and transmission modes for photons. A quarter-wave
plate (%-waveplate) is integrated into Delay Line 2 to adjust the photon’s polarization. Addition-
ally, a switch is installed at the system’s input/output port to guide the input photons towards
the cavity and connect the photons departing the cavity to the output port. The interval between
sequentially injected photons is represented as T¢yc.. To generate a 3D cluster state with dimen-
sions N x M x L, the delay of Line 1 is set as (M N —N — %) Teyere and that of Line 2 as
(N — %) Teyete- The time delay between Switch 1 and the cavity is represented as 7, and the
delay between Switch 1 and Switch 2 is depicted as 7, where 71, 7o < Toycle.

Figure 3.7(b) indicates how the reflection and transmission states of Switch 1 and Switch
2 are set as functions of time, relative to the commencement of the k" cycle (where t = 0). The
clock cycle Tgye 18 divided into three segments that correspond to the propagation periods of
photons £ — M N, k — N, and k, respectively. The arrows indicate the timings when a photon
reaches each switch, either moving towards or rebounding from the cavity. The timing sequence
is designed so that photon £ — M N first interacts with the cavity and exits the system. This is
then followed by photon £ — N, which reflects off the cavity and proceeds into Delay Line 1,
and subsequently, photon k reflects off the cavity, entering Delay Line 2. These steps emulate the
CZ gates between the photons and the atom as illustrated in the quantum circuit in Figure 3.6(b).
In Delay Line 2, photon k traverses the %—waveplate, reflects off a mirror, passes through the

waveplate again, achieving an effective 7 rotation, thereby implementing a Hadamard gate on
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Figure 3.7: (a) Setup for generating a 3D cluster state. During the £*® cycle, photons k — M N,
k — N, and k sequentially reflect off the cavity. (b) Schematic diagrams illustrating the state-
flipping of two switchable mirrors between reflective and transmissive states during a photon
injection period (7¢yqe). The arrows denote the time points when photons reach the switches. (c)
Diagram displaying the sequence of pulses reaching the cavity during one cycle.
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the photon’s polarization. A Hadamard gate is then applied to the atom using an ultrafast optical
Raman control pulse of 7 rotation, as indicated in the timing diagram in Figure 3.7(c). This -
pulse arrives at the cavity following the sequential reflections of photons k — M N, k — N, and k
in the cycle.

For the initial few photons 1 through M N, either Delay Line 1 or Delay Line 2 may not
house any photons. However, the procedure remains functional without any modification in this
initial phase. For photons 1 through N, both delay lines remain vacant, so these photons will
reflect off the cavity sequentially, constructing an initial 1D cluster state. Photons N + 1 through
M N will then form entanglement with the returning photons from Delay Line 2, but no photon
will depart from Delay Line 1. Consequently, these photons will construct the initial 2D cluster
state that forms the first layer of the 3D cluster state. The remaining photons will then build
additional layers needed to establish the 3D lattice. Note that the number of injected photons

increases by one when needed so that the last layer can be partially filled.

3.4 Extension to Higher Dimensional States

The extension to higher dimensions can be performed analogously. Each additional dimen-
sion requires another non-nearest-neighbor connection, thereby necessitating an extra time-delay
feedback. As depicted in Figure 3.8(a), to generate s-dimensional cluster states, we employ
(s — 1) mirrors to execute (s — 1) time-delay feedbacks. Thus, the protocol showcases efficiency
in that the increase in dimensions only results in a linear increment in the number of time-delay
feedbacks.

The setup illustrated in Figure 3.8(b) comprises (s — 1) time-delay feedback loops. We
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delay feedbacks. (b) Setup for generating an s-dimensional cluster state. (c¢) Schematic diagram
demonstrating the state of switch m.
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determine the delay time of line m as (H}il N, — ;:1 N, — %) Teycle» Wwhere N signifies the
length of the /™ dimension of the cluster state. Figure 3.8(c) presents the timing diagram for
Switch m throughout a complete cycle with a duration of T¢y.. This timing diagram expands

upon Figure 3.7(b), accommodating additional feedback loops.

3.5 Analysis of Cluster State Fidelity

3.5.1 Tensor Network Formalism

To estimate the fidelity of the produced cluster states, we employ a tensor network formal-
ism [63]. A tensor network formalism efficiently characterizes a cluster state via interconnected
tensors, the count of which equals the number of photons. Furthermore, the tensor network facil-
itates the calculation of fidelity of the cluster state realized practically in contrast to its theoretical
prediction. This is achieved by constructing diagrams that render the calculation process more
visually intuitive and straightforward than conventional linear algebra methods. This section
initially provides a diagrammatic derivation of the tensor network representation of the multi-
dimensional cluster state. Our derivation extends beyond analyzing the cluster state, offering
value in a wider context of simulating matrix product states (MPS) [61] and projected entangled
pair states (PEPS) [64] brought about by sequential photons [114-116].

Figure 3.9 presents the tensor network representation for a 1D cluster state, our initial focus
before progressing to higher dimensions. In the context of 1D cluster states, photon £ is linked
to two photons, namely £ — 1 and k + 1. Figure 3.9(a) demonstrates the tensor network diagram
where both the states of the photons and the two-qubit gates possess tensor representations. The

blue circles act as rank-1 tensors, symbolizing initially unentangled photons in the state |+). The
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Figure 3.9: (a) Tensor network diagram of producing a 1D cluster state. (b) Decomposition of the
CZ tensors in (a) into two rank-3 tensors, depicted by the yellow and green squares. These are
subsequently combined with the circle tensor to form a new rank-3 tensor. (c) Application of the
tensor contraction process illustrated in (b) to all photons enables the derivation of the simplified
tensor network representing a 1D cluster state.

boxes labelled as CZ are rank-4 tensors denoting CZ gates. The lines emanating from the blue
circles and boxes signify the indices of the tensors. Each rectangular box has four lines, two
projecting upwards and two downwards. The lines ascending represent the input qubits, while
the descending lines indicate the output qubits. The lines that connect the circles and boxes depict
the application of CZ gates between two photons. The uncontracted lines directed downwards
signify the qubits for the photons within the generated cluster state.

In standard tensor network state representations, such as Matrix Product States (MPS) and
Projected Entangled Pair States (PEPS), each tensor stands for a single qubit. These qubits may
have several contracted indices, but only one remains uncontracted. Nonetheless, the diagram
in Figure 3.9(a) has more tensors than the system’s qubits, necessitating simplification. Initially,
we decompose the CZ tensor into two rank-3 tensors using singular value decomposition (refer

to Appendix 3.B). Figure 3.9(b) demonstrates the diagram following this decomposition. The
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yellow and green squares symbolize the two tensors derived from the CZ tensors, containing two
vertical lines and one horizontal line. In contrast to the CZ tensors, the yellow and green tensors
act on one photon. Consequently, we can contract tensors for a photon along its vertical line (see
the dashed box in Figure 3.9(b)). This allows us to generate a new rank-3 tensor (refer to the
solid box in Figure 3.9(b)). This rank-3 tensor maintains one uncontracted index symbolizing the
qubit basis and two contracted indices denoting entanglement with adjacent tensors. Undertaking
this tensor contraction process for all photons results in the canonical tensor network diagram of
the 1D cluster state, as depicted in Figure 3.9(c).

Figure 3.10 illustrates the expansion of the tensor network representation to a 3D cluster
state, where each photon is connected to six others. The creation of these connections in our
protocol using two time-delay feedbacks is depicted in Figure 3.10(a). To streamline the tensor
network, we decompose the CZ tensors into two rank-3 tensors each (represented by the green
and yellow squares), leading to the revised diagram shown in Figure 3.10(b). By contracting the
tensors along the vertical line for each photon, we generate a rank-7 tensor. This tensor comprises
a single uncontracted index representing the qubit’s basis, and six contracted indices indicating
entanglement with neighboring tensors. Implementing this tensor contraction procedure for all
photons results in the tensor network diagram of the 3D cluster state, depicted in Figure 3.10(c).

This derivation can be straightforwardly extended to higher s-dimensional cluster states.
For each added dimension, we incorporate two additional square tensors into the contraction se-
quence. The end result is a rank 2s 4 1 tensor, characterized by a single uncontracted index
representing the qubit basis, and 2s contracted indices indicating entanglement with neighbor-
ing tensors. Consequently, the tensor network representation for the s-dimensional cluster state

comprises these contracted tensors, assembled in a s-dimensional superlattice.
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Figure 3.10: (a) Tensor network diagram that builds entanglement of photon £ with its neigh-
boring photons in a 3D cluster state. (b) Decomposition of the CZ tensors in (a) into two rank-3
tensors, symbolized by yellow and green squares. These can be combined with the circle tensor
to form a rank-7 tensor. (c) Tensor contraction process as demonstrated in (b), when applied to all
photons, facilitates the derivation of a simplified tensor network representing a 3D cluster state.
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The preceding derivation presupposes ideal CZ gates, a premise that falls short in a realistic
system. In actual physical implementation, the spin-photon gate is executed through a reflection
operation U,, as depicted in Equation 2.6. Owing to finite cooperativity and detuning, this reflec-
tion operation results in an imperfect CZ gate. Nevertheless, we can integrate U, within the tensor
network formalism. Appendix 3.C demonstrates how to transpose the imperfections of U, onto
the photon-photon CPHASE gate. This imperfect CPHASE gate can still be represented by a
rank-4 tensor, which can be translated to a canonical representation following the decomposition

methodology depicted in Figure 3.10.

3.5.2 Fidelity Evaluation

Having integrated imperfect CZ gates into the tensor network formalism, we can compute
the fidelity, denoted as JF, which acts as a measure of our protocol’s performance. We define this

fidelity as:

[(Uc| e

Fo = ,
°T {e|Pe)

(3.2)

where |V ) represents the ideal cluster state and |®) signifies the unnormalized output state
produced by imperfect CZ gates. Leveraging the decomposition process delineated in the previ-
ous paragraph, we can represent these two states using tensor networks and compute the inner
product of the two states by numerically contracting the networks. For executing this calculation,
we employed the ITensor library software [117].

The prior definition of fidelity does not take into account spin decoherence, which occurs
due to the spin’s interaction with nearby spins [118]. We can portray this decoherence process as

cycle

a quantum phase-flip channel that randomly flips the spin’s phase with a probability of TT—2 in
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a single cycle, where 75 represents the characteristic spin dephasing time. This phase-flip error
corresponds to flipping the phase of the subsequent injected photon, transforming the cluster

state into another state within an orthogonal subspace [38]. Consequently, the spin decoherence

Tcycle

T ) in each cycle.

reduces the fidelity of the cluster state by a factor of (1 —

In addition to decoherence, the fidelity must accommodate the error resulting from imper-
fect spin rotation. This can be modeled as a quantum depolarization channel on the subsequent
injected photon, occurring at a rate p and reducing the fidelity by (1 — g) Combining the effects
of spin dephasing and imperfect spin rotation, the total spin errors lower the fidelity by a factor of
o= (1 — g) <1 — %) within a single photon injection period. As a result, we derive a revised

fidelity (F7) as follows:

Fr=ad" - F, (3.3)

where N represents the number of photons within the cluster state.

Photon loss is another factor that hampers the generation rate of cluster states. Fortunately,
this error can be straightforwardly detected by comparing the number of photons entering and
exiting the system. To quantify photon loss, we define the probability of collecting all the photons

after a single protocol execution as the success probability (7). This can be computed as:
P=n"(Pc|Pc), (3.4)

where 7 denotes the detection efficiency, which accounts for state-independent loss, while |®¢)

is the unnormalized output state accounting for the loss due to finite cooperativity.
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3.5.3 Parameter Settings

In order to analyze the protocol’s performance under real-world experimental conditions,
we base our consideration on the physical implementation of a spin qubit [73]. This utilizes
an electron-charged quantum dot in a nano-cavity, a system that implements the atom-photon
CZ gate modelled by U, in Equation 2.6. The two spin-dependent reflection coefficients are

computed as

rTr = ———, (3.5
T»L CT7¢ + 1
_ 4g% . . . .. o 44>
where C = o signifies the on-resonant atom-cavity cooperativity, and C| = TGrriaap) tepre-

sents the off-resonant cooperativity. Here, g is the quantum dot-cavity coupling strength, « is the
atomic dipole decay rate, vy is the cavity mode decay rate, and A| is the detuning frequency be-
tween the spin-down state transition and the cavity mode. The detuning frequency is determined

by an applied magnetic field (B) as

Ge + gn) i B

A, =t e (3.6)

where g. and g, are the Lande factors for the electron and hole, respectively, and ug is the Bohr
magneton. Building on previous experimental measurements, we have selected the following
system parameters: g. = 0.43, g, = 0.21, g = 10 GHz, k = 0.3 GHz, v = 40 GHz [72,119]. We
have additionally chosen a spin rotation fidelity of 98% and a characteristic spin dephasing time
of T, = 2pus [120]. We also presuppose a detection efficiency of n = 0.8 [121] and designate
the photon injection period as a time cycle of Ti . = 5ns. A typical pulse duration for the

probe beam [119] and control laser [86] can be as short as hundreds of picoseconds, rendering it
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negligible in comparison to the time cycle. These selected parameters enable us to estimate the

fidelity of the state generated under realistic experimental conditions.

3.5.4 Simulation Results

We can perform simulations of the 3D cluster state with dimensions of N x M x L, where
L can be extended indefinitely. This is feasible because the contraction of two 3D tensor net-
work states of dimensions N x M x L only requires the storage of an N x M tensor network
in memory [63]. The stack dimension predominantly affects the fidelity of the initial photons
and does not influence the scaling behavior of fidelity. Our results show that fidelity decreases

exponentially with the increasing number of photons, which can be modeled as:

Fi ~ B%, (3.7)

where [ is the scaling factor of the fidelity, and K represents the total number of photons in the
cluster state.

We also investigated fidelity in relation to different values of resonant cooperativity C' and
magnetic field B, as these two parameters uniquely determine the off-resonant cooperativity C|.
Figure 3.11 displays the scaling factor () of fidelity as a function of cooperativity C' and mag-
netic field B. We observed that fidelity increases with magnetic field strength and that there is an
optimal cooperativity for each magnetic field value that maximizes the fidelity of the output state.
This phenomenon is due to the fact that at a constant magnetic field, if the resonant cooperativity
C' is too low, the photon interaction with the atom is inadequate. Conversely, if C'is excessively

high, the off-resonant cooperativity C also escalates, based on the relation | = m. This
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Figure 3.11: Scaling factor () of fidelity, as a function of both resonant cooperativity and mag-
netic field for a 3D cluster state.

increase surpasses the high-quality CZ gate requirement (C; < 1), which in turn degrades the
fidelity. Notably, achieving maximal fidelity cluster states would demand an exceptionally high
magnetic field. However, implementing such a high magnetic field is impractical since an in-
crease in the magnetic field reduces the relaxation time of the spin in the quantum dot [122]. In
a subsequent section 4.2, we will revisit the atom-photon interface and address this tradeoff and
the dilemma posed by the impracticality of high magnetic fields.

In addition, we can also calculate the generation rate of the cluster state. For example,
given a detection efficiency of n = 0.8, the probability of successfully generating an 8-photon
cluster state stands at 0.103. Given the photon injection period of T .. = 5ns, the system can
produce one state every 40 ns. This results in a cluster state generation rate of approximately

2.6 x 10° per second.
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Appendix 3.A  Derivation of Quantum Circuits for Cluster State Generation

We first demonstrate that the quantum circuit depicted in Figure 3.4(b) builds the nearest-
neighbor entanglement between photons within a linear chain. Our starting point is a 1D cluster

state represented by K + 1 qubits

K
[U1p) = [ [ Zeoral+)a®+)°5, (3.8)
k=1

where Z; ; denotes the controlled phase-flip (CZ) gate on qubit 7 and j. Here, the 0™ qubit repre-
sents the atom (A), while the remaining numbered qubits correspond to photons. We introduce a
swap operator .S; ; to exchange states between qubit 7 and j. Consequently, Equation 3.8 can be

rewritten as
K

Uip) = [ [ SanZasl+)a@+)%" (3.9)
k=1

In this product, the order is from right to left, which means Hfil U; = Uk ---Uy. We can apply

the following identity
SakZakld)a @ [+), = (Ha @ Hy) Za|d)p @ [+)y (3.10)

where |¢) , represents an arbitrary state of the atom, and H, and H, are the Hadamard gates on
the atom and photon, respectively. This identity is applicable when the photon is in the state |+),

whereas the atom can be in any state, whether entangled or unentangled. Using Equation 3.10,
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we reformulate Equation 3.9 as
K
(Uip) = [ (Ha ® Hi) Zasl+) ,@1+)°" (.11)
k=1

This equation is implemented by the quantum circuit displayed in Figure 3.4(b).
We now establish that Figure 3.5 engenders non-nearest-neighbor entanglement between
photons £ — N and k. Building on the 1D cluster state, we introduce an additional dimension by

entangling photons £ — /N and k to get

[Wop) = H Z.- NkHZk Lkl ®) 2 3.12)
k=N-+1 k=1

Given that CZ gates Z; ; commute with each other, we can reorder the operators in Equation 3.12
to get

[Wap) = H Ty 1T NkHZk L) @) (3.13)

k=N+1 k=1

As in the 1D case, we can introduce the swap operator .5; ; to rewrite Equation 3.13 as

|Wop) = H SAKLARLA - NHSAkZAk|+>A®H‘> (3.14)
k=N-+1 k=1

Applying the identity from Equation 3.10, we can reformulate Equation. 3.14 as

K N
(Wop) = H (Ha ® Hy) ZakZa j—N H (Ha ® Hy) ZA,k|+>A®|+>®K- (3.15)
k=N+1 k=1

Consequently, we first create a 1D cluster state. On this basis, the quantum circuit in Figure 3.5(b)
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implements the iterative steps of | | f: ni1 (Ha ® Hy) Z xZa k-~ This operation entangles pho-
ton k with photons k£ — N and k — 1, thereby generating the 2D cluster state.

Finally, we establish that Figure 3.6(b) generates the unit cell of the 3D cluster state. By
introducing two non-nearest-neighbor gates to the linear chain of photons, we can derive the 3D

cluster state as

|Wsp) H ZL—MN,k H Zj— NkHZk 16]+) A®|+> (3.16)

k=MN+1 k=N+1

Since Z; ; commute with each other, we can rearrange the operators in the above equation as

|Usp) = H 241k Lk—NkLk—MN,k
k=M N-+1

o (3.17)
< I Zr-142s- NkHZk Lkl )2 ®1+) 7"
k=N+1 k=1

Upon introducing the swap operator .S5; ; between the qubit ¢ and j, we can reformulate Equa-

tion 3.17 as

Wap) = H SakZanZak-NZak-MN

k=MN-+1
N (3.18)
X H SARZA kLA - NHSAkZAkH) ®’+>
k=N-+1 k=1

The operators within the second line of the preceding equation generate the 2D cluster state of
dimensions M x N. Utilizing the identity from Equation 3.10, we can reshape the operators

within the first parentheses as

K

|Wsp) = H (Ha ® Hy) ZaAkZ o o nZak-MN[VoDyg ) (3.19)
k=N—+1
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The quantum circuit illustrated in Figure 3.6(b) implements the iterative operators from Equa-
tion 3.19, thereby facilitating the creation of the 3D cluster state based on an existing 2D cluster

state.

Appendix 3.B  Matrix Product Operator Decomposition

In this appendix, we elucidate the process of decomposing the CZ gate. Initially, we write

the matrix element of the CZ gate between qubits ¢ and j as
Zij=Z3 | B, Bl - (3.20)
Subsequently, we perform a partial transposition of the matrix:
Zij =255 1) ol ® BB, - (3.21)

We can then implement a Singular Value Decomposition on the matrix Z 5 7 on its row indices

,Q

(¢/«) and column indices (/5'3), leading to
Z00 =N UL AV (3.22)

where U and V' are unitary, and A is a positive operator.
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Subsequently, we take the square root of A and incorporate it into U and V, yielding

As, . =Us VA,
(3.23)

Bglﬁ — Vs/ﬁ*\/KS)

In this context, we use Einstein’s notation to forgo the use of summation operators. Hence, we

can express the CZ tensor Z as the product of two tensors A and B as follows:

250 = A5, B (3.24)

In Figure 3.9(b), tensor A is depicted as a yellow square and tensor B as a green square. The
indices o, o’ and 3, ' represent the qubit basis, and s stands for the index representing the en-

tanglement bond between qubits.

Appendix 3.C Derivation of the Imperfect Photon-Photon CZ Gate

In this appendix, we demonstrate how an imperfect reflection operation U,, as indicated in
Eq. 2.6, leads to an effective, albeit imperfect, photon-photon CZ gate. The quantum circuit in
Figure 3.6(b) entangles photon k with its neighbors in the three-dimensional cluster states. We

can express this circuit as an operator form:

E=H; @ HyZsyZsj—-NZsj—MN- (3.25)
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In an actual physical implementation, we substitute the ideal CZ gates Z with the reflection

operator
Usy = (I + €Rs k) Zs (3.26)
where eR = UZ — I. Here, ¢ ~ O (’ — % + ‘1 + % > signifies the order of errors.
Consequently, Equation 3.25 transforms to:
51 = (Hs & Hk) (] + eRs,k) ZS,kUs,k‘—NUs,k—MN . (327)

By commuting H; ® Hy and I + €R ), and utilizing the relation in Eq. 3.10, we can simplify
Equation 3.27 to:

&1 = Us Uk k- NUk =N Ss s, (3.28)
where S; ;; denotes the swap gate between the ancilla and photon £, and

Usi = I +€(Hs @ Hy) Ry i, (Hs @ Hy)| Zs (3.29)

represents an imperfect CZ gate with the error in O (¢).
Ultimately, we obtain an effective operation for entangling photon £ with its six neighbors,
which is:

E = Uy MnN kU N U1 6 Uk o NUp o min U o—1, (3.30)

where U signifies the gate between the nearest neighbors, and U denotes the gate between the

non-nearest neighbors.
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Chapter 4: Optical Quantum Fourier Transform

4.1 Basics of Quantum Fourier Transform

The quantum Fourier transform (QFT) is a powerful tool in quantum information process-
ing due to its significant role in various quantum algorithms. Most notably, these include Shor’s
factoring algorithm [4], which is utilized for integer factorization, and the quantum phase esti-
mation algorithm [123], employed for eigenvalue estimation in quantum systems. QFT also finds
applications in quantum simulation, quantum metrology, and quantum cryptography.

The implementation of a discrete Quantum Fourier Transform (QFT) on a quantum com-
puter hinges on basic quantum gates [1], such as the Hadamard gate and the controlled phase-shift
gate. As depicted by the quantum circuit in Figure 4.1, the circuit takes an n-qubit input and car-

ries out the QFT as follows:

2" —1

QFT 1 2m-x-y /2™
gy ) S oo Y @ gy ), (4.1)

y=1

where n represents the total number of input, and |x) = zy25 -z, and y = 3142 - - - Y, denote
the binary representations of the input and output qubits, respectively. In this equation, the box
labeled H signifies a Hadamard gate. The box labeled Ry, where k ranges from 2 to n and

is connected to the photonic qubit via a vertical line, represents a controlled phase-shift gate
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Figure 4.1: Circuit for the discrete quantum Fourier transform.

characterized by the matrix:

100 0
010 0

CR;, = . (4.2)
001 0
00 0 e/

The QFT can be analogized to the role of the Fast Fourier Transform (FFT) in classi-
cal computing. The FFT is an algorithm that computes the discrete Fourier transform, thereby
converting a mathematical function of time into a function of frequency. Conversely, the QFT
transforms quantum states and superpositions from one basis to another, effectively transitioning
the state of a quantum system from the computational basis to the Fourier basis. The potency of
the QFT stems from its capacity to leverage quantum superposition and interference.

The QFT on n qubits can be devised as a quantum circuit encompassing O(n?) quantum
gates, performing the discrete Fourier transform on 2" amplitudes of quantum states. In contrast,
the implementation of classical FFT requires O(n2") gates. The inherent quantum nature of
the QFT makes it exponentially faster than classical Fourier transforms for specific applications,
thereby offering substantial computational acceleration, a characteristic that renders it an integral

component of many quantum algorithms. It is crucial to note that for the QFT, we observe a se-
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quence of probabilities for all potential outcomes upon measurement. However, as measurement
collapses the quantum state to the computational basis, not every task that utilizes the classi-
cal Fourier transform can take advantage of the exponential speedup provided by the quantum
Fourier transform.

The implementation of QFT has been proposed across various physical systems, and exper-
imental demonstrations of small-scale implementations have been carried out using trapped ions
and nuclear magnetic resonance. By extending this capability to photonics, we could significantly
enhance photonic quantum technologies. This advancement would allow us to capitalize on the
photon’s inherent minimal interaction with the environment and its easy propagation through

optical fibers.

4.2  Atom-Photon Interface Revisited

4.2.1 Controlled Phase-Shift Gate

In Section 2.2.2, we explored the use of the atom-photon interface to execute the controlled
phase-flip (CZ) gate. However, the operation of the quantum Fourier transform (QFT) requires
the implementation of the controlled phase-shift (CRy) gate, which demands a fractional 7 phase
shift as per Equation 4.2. Consequently, it’s essential to revisit and expand upon the functionality
of the atom-photon interface’s capabilities.

We refer to the same physical system as detailed in Section 2.2.1, which includes an atom
in a single-sided cavity as depicted in Figure 2.2(a). This system features atomic transitions
of |[1) < |f) and |}) < [{}) coupling to the cavity mode in V-polarization. However, we

now assume the system to possess a level structure as displayed in Figure 4.2, where both spin
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Figure 4.2: Level structure of the reengineered atom-cavity system.

transitions are detuned from the cavity mode, such that Ay | = w; | — w.. Here, the spin-up
atomic transition frequency is symbolized by wy, the spin-down atomic transition frequency by
wy, and the cavity mode frequency by w..

The reflection coefficient of a probe beam remains unchanged (for a detailed derivation,

refer to Section 2.2.2), represented by

T = . 4.3)

In the above equation, C; | denotes the atom-cavity cooperativity, defined as:

492

Ch)=————""7,
T (k240 )

4.4)

where k is the decay rate of the excited atom, and  is the decay rate of the cavity mode. We also

define the in-resonance cooperativity C' = 4¢*/vr, which facilitates the relationship between the
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in-resonance and spin-dependent cooperativities:

C
Cry (4.5)

+ = 1+2iAT7¢/FL.

In the strong coupling regime where C' >> 1, the reflection coefficient is given by ry | = e,

with

. 1— Z'QATyi/KJC
9T7¢ =Im {ln 1+ i2AT’¢//§C} y (46)

a phase continuously adjustable from O to 27 by altering the detuning A+ ;. After reflection, we

1 0
apply a single-qubit phase gate of on the photon. The reflection and the photonic
0 e

phase gate implement a controlled phase-shift gate on the photon and atom, represented by

100 O
010 0

CR (A9) = , (4.7)
001 0
00 0 A

where A = 0 — 0, is the relative phase shift. In these operators, the photonic state is denoted as

|H) = [0), for H-polarization and |V') = [1)  for V-polarization, the atomic state as |1) = [0)

a

and [}) = [1),, and the composite state space as |z), ® [y),.

4.2.2 Active Phase Tuning

The Quantum Fourier Transform (QFT) necessitates the sequential application of distinct

CR;, gates. To accomplish this, rapid modulation of the detunings Ay and A is required. These
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detunings are expressed as Ay = wy —w, and A| = Ay + Az, with Ay representing the Zeeman
splitting of the spin transitions. Since Zeeman splitting is directly determined by the applied
magnetic field, which is difficult to rapidly modulate, we employ a constant Zeeman splitting
and actively adjust the atomic transitions via the quantum-confined Stark effect or AC Stark
shift. This strategy facilitates the modulation of the detuning on nanosecond timescales, thereby
enabling the swift alteration of the phase of the CR;, gates.

We denote the spin-dependent detuning as Ay = Ag + Agand A} = Ag + Ay + Ay
under the influence of the Stark shift and Zeeman splitting, where Ag represents the Stark shift
and A, signifies an offset. We set Ay = %m and Ay = —2A,, so that the controlled
phase-shift A§ = 7 when Ag = 0. The Zeeman splitting is determined by the magnetic field
and is calculated as Ay = (g. + gn) upB/h, where g. and g;, denote the Lande factors for the
electron and hole, respectively, xp is the Bohr magneton, and B is the applied magnetic field.

Figure 4.3 1 illustrates the controlled phase-shift Af as a function of the Stark shift Ag,
assuming parameters: g. = 0.43, g, = 0.21, g = 11 GHz, k = 0.3 GHz, and v = 28 GHz
for the quantum dot-cavity system [119]. We further set the offset detuning to Ay = 8.64 GHz
and apply a magnetic field of B = 1.93 T. The red markers indicate the specific Stark shifts
utilized to implement CRy, gates for £ = 1,2,--- ,10. With larger k values, the corresponding
Stark shift scales as Ag ~ kC \/g . Consequently, the implementation of a small phase shift of
g—;g demands high detuning, which may exceed practical values. However, we can omit the CRy,
gates when £ exceeds a certain cutoff value K in the Fourier transform circuit. Since these gates
exponentially approach an identity operation, omitting them introduces minimal error [124]. The
state-of-the-art Stark shift can be achieved at ~ 1000 GHz for quantum dots [125], enabling the

implementation of CRj, gates with a maximum k of 14. This maximum is ample for a highly
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Figure 4.3: Plot of the controlled phase shift A# as a function of the Stark shift Ag.

accurate quantum Fourier transform.

4.3 Implementation of the Optical Quantum Fourier Transform

We employ an atom-photon interface to execute the discrete quantum Fourier transform
(QFT). Figure 4.4(a) illustrates the circuit for the optical implementation of the QFT. The setup
accepts an atomic qubit and n photons as input. We utilize the atom to mediate the interactions
among the photons. The vertical line with crossed ends signifies a swap gate, which interchanges
states between the atom and the photons. The box labeled H represents a Hadamard gate, while
the box labeled Ry, linked to the photonic qubit via a vertical line, denotes the controlled phase-
shift gate. Upon the completion of the transform, the first photon can be disregarded since it
carries the ancilla’s initial state.

The circuit comprises n subroutines. The first subroutine, demarcated by the dashed box

in the figure, facilitates a swap gate between the ancilla and the first photon, which then exits
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Figure 4.4: (a) Circuit designed for executing the quantum Fourier transform on photonic qubits.
(b) Schematic setup for the photonic quantum Fourier transform.
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the system. The ancilla subsequently applies a CR;, gate to the remaining photons 2 through n.
The second subroutine repeats the process for the second photonic qubit, where a swap gate is
applied and photon 2 departs the system. The ancilla then executes a CR; gate on photons 3
to n. This procedure is reiterated until all the photons have vacated the system. Upon protocol
completion, the atomic qubit houses the initial qubit of the Fourier transform. This qubit can be
directly measured from the atom or, alternatively, another photon can be injected into the system
and a swap operation can be executed to transfer the state back to an all-photonic Hilbert space.

In order to execute the quantum circuit, we propose the optical setup depicted in Fig-
ure 4.4(b). The ancillary qubit is a single atom connected to an optical cavity, which mediates
robust interactions with the photons, thereby facilitating the generation of the CR, gates. The
photons are sequentially injected into the system, with each injection separated by an operation
cycle time, denoted as 7¢yc.. In order to actualize the sequence of subroutines, we make use of
two time-delay feedback loops and a pair of switches. Delay 1 produces a delay of 7 > nTtyqe,
which retains the residual qubits following each subroutine execution, to be utilized in the sub-
sequent subroutine. Delay 2, on the other hand, yields a delay of 75 < Ttyce. This brief delay
permits a single photon to interact multiple times with the atomic qubit, which is an essential
requirement for the creation of a swap gate.

The protocol begins with the injection of all n photons at the input. To effectuate the
swap gate, we repeatedly reflect photon 1 off the cavity three times, facilitated by Delay 2. Each
reflection implements a CR; gate between the photon and the atom. The amalgamation of the

three CR; gates along with the Hadamard gates realizes the swap gate between the photon and
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the atom, in accordance with the identity:

SWAP = H, ,-CR; - H,,-CR; - H,, - CRy, (4.8)

Here, H,, = H, ® H, denotes a Hadamard gate applied both to the atom [86, 126] and the pho-
ton [52]. Following these reflections, photon 1 exits the system from the output. The remaining
n — 1 photons then sequentially reflect off the cavity, thereby executing the controlled phase-shift
gates, and subsequently enter Delay 1. This route enables their transmission back to the input for
the second subroutine. This process is iteratively repeated until all photons exit the system. The

output then comprises the states following the execution of the QFT.

76



Chapter 5:  Error Metric for Non-Trace-Preserving Operations

5.1 Quantum Error Correction and Threshold

For effective implementation of fault-tolerant quantum computing, quantum error correc-
tion is imperative [17]. This scheme is primarily designed to safeguard quantum information
from errors due to decoherence and other quantum noise. The key principle underpinning quan-
tum error correction lies in the distribution of a logical qubit across several physical qubits. In
the event of an error in one of the qubits, the remaining qubits’ data can be used to correct the
error.

The concept of quantum error correction can be elucidated using the example of a 3-qubit
error-correcting code, termed the “bit-flip code”. Let’s assume that a qubit is in state |1)) =
a|0) + 5|1). The bit-flip code associates the state |0) with |000) and the state |1) with |[111).
Consequently, state |¢) is encoded as |¢)') = «|000) + |111). In a scenario where a bit-flip
(X) error impacts a qubit, state |¢)') transforms into «|100) + /5|011). Then, a majority vote is
conducted to determine the original state. For each individual qubit, if its state disagrees with the
others, it is deemed erroneous. The correct qubit state is then restored by flipping the erroneous
qubit.

Real quantum error-correcting scheme should effectively address both bit-flip (X) and

phase-flip (Z) errors. As an example, the depolarizing channel can be characterized by an error
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probability (p). The effect of the depolarizing channel on a single qubit is expressed as follows:
P
E(p) =1 =plp+ 35 (XpX +YpY +2Zp2Z), (5.1)

where £ is defined as a quantum operation, a process that transforms the input density operator
p into another density operator. In general, a quantum operation holds important attributes such
as the preservation of both positivity and the trace of a density operator, thereby classifying it
as a completely positive and trace-preserving (CPTP) map. Equation 5.1 signifies that the qubit
remains unaffected with a probability of 1 — p, and each of the Pauli operators, X, Y, and Z, are
applied to the qubit with a probability of p/3. The fidelity of states passing through a depolarizing

channel can be calculated as follows:
i p 2
F—l—g—i—O(p ). 5.2)

Drawing on the discussions in [1], let’s assume that a single qubit of information is encoded
in an n-qubit quantum code capable of correcting errors on any single qubit. Let’s also suppose
that the depolarizing channel with parameter p acts independently on each of the qubits. This

results in a joint action on all n qubits expressed as

3

3
E(p) = (L—p)p+ D> (1= p)" Eolpol +--- (5.3)

3
j=1 k=1

where - - - symbolizes higher-order terms that are positive and excluded from the analysis. After

error correction, denoted as R, has been executed, all terms appearing in this sum will revert to
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the original state p,

(Ro&%)(p)=[A—p)"+n(l—p)" 'p]p+---. (5.4)

This ensures that the fidelity is conforming to

F > /(1 =p)»1(1—p+np)

n(n—1)
4

(5.5)

_1- P+ 0 ()

By comparing the equation above with Equations 5.2, one can estimate a threshold, py;,, by solv-
ing:
nn—1) 5 pm

1 Pin < 3 (5.6)

Thus, if the error probability p is less than py;,, implementing the quantum error-correcting code
can result in enhanced fidelity. Moreover, the principle of fault-tolerant quantum computing sug-
gests that if the physical error rate is below the threshold, the logical error rate can be suppressed
almost to zero using a concatenated code [70]. This paves the way for achieving scalable quantum
computing.

However, it is important to note that not all noisy channels can be interpreted by a compos-

ite of Pauli operators. Consider, for instance, amplitude damping represented as:

Ea(p) = BopE} + E1pEl, (5.7)
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which encompasses operation elements £, and F; as:

Ey = , Pk = . (5.8)

0 V7 0 O
Here, the parameter ~y represents the strength of the amplitude damping process. As y approaches
zero, the strength of damping diminishes, leading ultimately to a noise-free quantum channel.
When evaluating this error model, it becomes necessary to quantify the error using another mea-
sure, thereby deriving a threshold. If the error strength is less than this threshold, fault-tolerance

can be assured.

5.2 Error Measure and Diamond Distance

A quantum operation, &, signifies a map between the input and output states, denoted as
Pout = € (pim)- The measure of distance between two quantum operations gauges the divergence
in their output states when subjected to identical input states. Any proper measure of distance,
denoted as A (£, F), between quantum operations £ and F, should adhere to the following math-

ematical properties [127]:

1. Metric: For distance to serve as a metric, it must satisfy three conditions: (a) A (£, F) > 0,
where A (€, F) = 0 only if £ = F; (b) symmetry, implying A (€, F) = A (F,E); and (c)

the triangle inequality, A (€, F) < A (€,G) + A (G, F).

2. Chaining: The measure A (Ey0&, Fao0Fy) < A(&,F1) + A (&, Fy) should hold,
where & o & indicates a composite process where operation &£; precedes operation &,
(similar for F). This property ensures that the total distance of the composite operations
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remains less than the sum of the distances in their respective steps.

3. Stability: The property A (ERZ, F ®Z) = A(E,F) should be maintained, where Z
denotes the identity operation in an extra state space. This ensures that the distance remains

invariant when the operations act on a subsystem that can be entangled with other systems.

In practice, the distance between an experimentally implemented quantum operation and the
ideal one is typically of interest, where the distance measure also serves as an error measure. The
properties of chaining and stability are particularly useful for analyzing large and complex quan-
tum information processing tasks, which involve sequential applications of quantum operations.
These properties allow us to constrain the error of the entire process using the summation of the
distances of the sequential operations.

The diamond distance [69] provides a way of quantifying the distance between two quan-
tum operations, often expressed as completely positive trace-preserving (CPTP) maps. The dia-

mond distance, symbolized as d,, (£, F), between channels £ and F is articulated as follows:
1
do (E,F) = §m3X|I(5 ® Ir) (p) — (F @Ig) (p)l; , (5.9)

In this expression, ||-||, represents the trace norm, £ and F denote two quantum channels mapping
quantum states from the input space X to the output space Y, Zy stands for the identity operation
on an auxiliary space IR, and p is a quantum state within the extended space X ® R.

The diamond distance quantifies the maximum trace distance between the output states
that are produced by two quantum channels when they are provided with identical input states.

This distance adheres to the three essential properties required of a distance measure for quantum
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operations. Firstly, the metric property, which is inherently a characteristic of the trace norm.
Secondly, the chaining property, which can be substantiated using the triangle inequality inherent
in the trace norm. Lastly, the stability property, which is maintained as long as the dimension
of the input space X is less than or equal to the dimension of the auxiliary space R [128]. Al-
though no explicit formula currently exists to compute the diamond distance for general quantum
channels, one can calculate it via convex optimization [68].

In the context of fault-tolerant quantum computing, the aim is to minimize the diamond dis-
tance between the implemented and ideal operations. If this distance surpasses a certain threshold
value, the errors might accumulate and become uncorrectable, resulting in quantum computation
failure. Conversely, if the diamond distance is below this threshold, errors can, in theory, be

corrected more rapidly than they emerge, thus enabling reliable quantum computations.

5.3 General Distance for Non-Trace-Preserving Operations

5.3.1 Characteristic of Non-Trace-Preserving Errors

Real quantum systems often encounter non-trace-preserving errors, which stand in contrast
to the idealized completely positive trace-preserving (CPTP) linear maps. A significant exam-
ple of such an error is leakage, a scenario where qubits venture outside the computational sub-
space. For instance, atoms in excited states might spontaneously decay to irrelevant low-energy
states, resulting in leakage. Such leakage can occur in a wide array of quantum computing plat-
forms, including optics [47], superconducting circuits [129, 130], quantum dots [131], neutral
atoms [132, 133], trapped ions [134], and topological qubits [135, 136].

Leakage errors pose serious issues as they corrupt the subspace encoding and invalidate
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standard quantum error-correcting codes with syndrome measurements [17], which only convey
information about error events restricted to a subspace. One approach to mitigating leakage
errors employs the detect-and-reset method [137, 138], where each qubit undergoes continual
monitoring for leakage. Upon detection of a leak event, the qubit in question can be discarded,
replaced with an initialized state in the computational subspace, and then restored via a standard
error-correcting scheme. However, this method may also introduce measurement-induced errors,
as the detection process could inadvertently reveal the state of the qubit.

Furthermore, many quantum algorithms employ post-selection, a process that involves
manipulating qubits based on measurement outcomes. An ideal post-selected protocol should
present a uniform measurement probability regardless of the input state and should not reveal
any information about that state. However, errors such as improperly prepared ancilla can break
this symmetry, leading to biased measurements that divulge information about the input state.
This disruption introduces additional disturbances beyond the original error. Because the chan-
nels corresponding to each measurement are non-trace-preserving, conventional error measures
designed for trace-preserving operations cannot effectively quantify these imperfections. There-

fore, an error measure specifically designed for non-trace-preserving operations is needed.

5.3.2 Defining the General Distance

The general distance, also referred to as the modified diamond distance [139], is given by

I (E®Ir)(p)  (FRIg)(p)
T (& F)=5m HTrKe@zR)(p)J Tr (F ©2n) ()

(5.10)

1
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Here, ||-||, indicates the trace norm, £ and F represent non-trace-preserving operations that map
quantum states from input space X to output space Y. T, is the identity operation on an auxiliary
space R, and p is a quantum state in the expanded space X ® R. These operations can be expanded

into operator-sum representations as

£(0) =3 ApAl

‘ (5.11)
F(p) =) BjpBl,

J

where A; and B; are Kraus operators fulfilling 3>, ATA; < I and 3 i B;Bj < I. The gen-
eral distance quantifies the deviation between two non-trace-preserving quantum operations as
the maximum trace distance between their normalized output states. If operations £ and F are
trace-preserving, with 7'r [€ (p)] = 1 and T'r [F (p)] = 1, the general distance simplifies to the
conventional diamond distance.

The primary challenge in using Equation 5.10 as an error metric is its inefficient com-
putability. Unlike the diamond distance, which can be computed via convex optimization, Equa-
tion 5.10 does not present a convex problem. Consequently, I propose a metric that serves as an

upper bound for the general distance.
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5.3.3 Upper Bound for General Distance

To establish the upper bound, we initially depict the two quantum operations in Equa-
tion 5.10 via Stinespring dilation [68] as follows:
E(p)=Try {flpfﬂ} :
(5.12)
Fp)=Try {Epf?T} :
where A = ZZ e; A, B = Zj e; ® Bj, and e; and e; are the basis on a reference space Z.
The general distance satisfies the stability property and is maximized over the set of pure states

in the extended space X ® R (for a detailed derivation, see Appendix 5.A). Consequently, we can

recast Equation 5.10 as:

1
d, (E,F) = 5 max Tr (5.13)

Appt AT Byt Bf
“lwtdtdy iBiBy [,

where ¢ denotes a pure state in the expanded input space X ® R, and we have simplified A Iy
asflandB@IRasé.

Equation 5.13 can be bounded through renormalization [140, 141]. The critical step in-
volves applying the singular value decomposition to BA™?, yielding BA~! = UMV*. Here, U
and V' are isometries with dimensions of £’m x n and km X n respectively, while M is a nonneg-
ative diagonal operator with a dimension of n X n. Here, n and m are the dimensions of the input

and output spaces of the quantum operations, and k£ and &’ are the number of Kraus operators A;
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and B;. We define two renormalized trace-preserving operations as follows:

U(p) =Trz {UpU'},

(5.14)
V(p)=Trz {VpV'},
and a normalizing operation as:
MpM
= 5.15
M) = T ran (>.15)

Employing these definitions, we demonstrate in Appendix 5.B that the general distance can be
upper-bounded by:

dy (E,F) < do U, V) +dy (T, M). (5.16)

In the above equation, d, (4, )) represents the conventional diamond distance, which is calcu-
lable via convex optimization, and d, (Z, M) represents a general distance between an identity
operation and the normalizing operation, which we denote as the normalizing distance. We can

compute d, (Z, M) analytically as:

)\max - )\min

dg(I’M):A +)\ 9

(5.17)

where A, and A, are the maximum and minimum eigenvalues of M respectively (see Ap-
pendix 5.C for a detailed calculation). By combining d, (U4, V) and d, (Z, M), we can establish

an upper bound on the general distance between two non-trace-preserving quantum operations.
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5.4 Applications of the Error Metric

The general distance holds considerable potential for application in fault-tolerant quan-
tum computing. It supplies a worst-case error boundary for various error models and can be
seamlessly integrated into the method proposed by Aharonov and Ben-Or [70] for estimating
fault-tolerant thresholds. Furthermore, this metric can aid in analyzing fault tolerance using nu-
merical simulations [142—144], via extending the method suggested by Magesan, et al. [145] to
encompass non-trace-preserving operations.

Subsequent sections will delve into two primary applications of the error metric: assessing
leakage in the atom-photon interface and analyzing leakage in neutral atoms. For a broader range
of applications, readers are referred to [59], which includes discussions on the Knill-Laflamme-
Milburn protocol for linear optical quantum computing [53], the quantum Zeno gate [146], and

measurement-induced errors in other post-selected protocols.

5.4.1 Leakage in Atom-Photon Interface

We first apply the general distance to examine the leakage in the atom-photon interface, as
discussed in Section 4.2. In the case of an atom-photon interface with active phasing tuning, the
reflection and the single-photon phase gate implement a controlled phase-shift gate on the photon

and atom, represented by

10 0 0
01 0 0

Uy = 7 (5.18)
00 i 0
00 0 |rfed



where 7y and r| are the spin-dependent reflection coefficients, as given by Equation 4.3. The
general distance between the imperfect reflection operation and an ideal CR;, gate can be defined
as:

1 UppUl!
dy (Ur, CRy) = 5 max EPZE_ _ CRypCRY| (5.19)

P Tr [UkpU,I]

1

where we simplify Uy, ® I to Uy, and CRy, ® I to CRy, for brevity and clarity. This distance can be
interpreted as a measure between a weak-measurement operation and the identity channel. Based

on Equation 5.17, this distance is determined as follows:
1 —min ([r4], [r])

d CRy) = . 5.20
o (U R = i () 20

1

In the strong coupling regime, this approximates 5,

where C' denotes the atom-cavity cooper-
ativity. Given an error rate threshold of 10~ [147], the corresponding cooperativity is estimated

to be C' > 220, a level that is attainable in interfaces that use quantum dots as atomic qubits.

5.4.2 Leakage in Neutral Atoms

We analyze leakage errors specific to neutral-atom quantum computers. Leakage errors
occur when qubits exit the computational subspace. In the context of neutral-atom quantum
computers, qubits are encoded in metastable states. To entangle these qubits, atoms are typi-
cally driven to highly excited Rydberg states, which can spontaneously decay into irrelevant low-
energy states, causing leakages. These leakages are the primary errors in neutral atoms [132,133]
and present significant issues. They corrupt subspace encoding and render the standard quantum

error-correcting codes with syndrome measurements ineffective, as these measurements only pro-
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vide information about error events within a specific subspace [148].

One approach to mitigating leakage errors utilizes the detect-and-reset method [137, 138].
Here, each qubit is continuously monitored for leakages. Upon detection of a leak event, the
affected qubit is discarded, replaced with an initialized state within the computational subspace,
and then restored using a standard error-correcting scheme. Wu et al. [132] have explored the
application of the detect-and-reset method to neutral-atom quantum computers. They make the
assumption that each atom carries a leakage probability of p. Upon detecting a leak event, they
reset the qubit to state |0) and restore it using the XZZX surface code [149]. However, if a
non-leak event is detected, the qubit undergoes a non-trace-preserving operation

KpKf'

Ek (p) = TrKpKY’

(5.21)

where K = I + (/T —p—1) [1)(1] is the non-leak operator. They apply the Pauli twirling
approximation [150] to operator /K and approximate the operation as a channel that imposes a
Pauli-Z error at a rate proportional to p?. This error is then considered negligible since it scales
quadratically, while other leakage errors due to detection inefficiencies scale linearly. With this
approximation, the authors concluded that they could correct 98% of leakage errors. However,
the Pauli twirling approximation only applies to trace-preserving linear maps. Hence, it’s crucial
to revisit the analysis using a metric suitable for non-trace-preserving operations.

We now apply our metric to this model. The undetected leakage channel is given by
Eeak (p) = KpK' + LpLt, where K is the non-leak operator, and L = ,/p|e)(1] is the op-

erator representing a qubit’s leakage from computational state |1) to irrelevant state |¢). We can
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quantify the error of the undetected leakage channel by the diamond distance

heax = do (Ercars ) » (5.22)

where 7 is the identity channel, and derive dj.,x = p. In the detect-and-reset method, assuming a

detection efficiency of v, the post-selected channel is given

_ KpK'+ (1 —7)LpLt
- Tr[KpKT+ (1 —+) LpLi]’

Epost () (5.23)

Its error should be measured by the general distance dpost = dy (Epost; Z). In the limit of perfect
detection efficiency (7 = 1), &0t corresponds to the no-leak channel described only by operator
K. We can calculate its distance by Equation 5.17 to obtain d,os, = }:LT* V}:i, which is proportional

to p and not p. It thus cannot be assumed as negligible and must be included in the error analysis.

For a comprehensive analysis, accounting for both detection inefficiencies and errors due

dpost

to no-leak evolution, we define the error reduction rate n = 1 — -

. Figure 5.1 shows the
error reduction rate as a function of leakage probability for several detection efficiencies. These
plots provide a lower bound on the error reduction with the corresponding detection efficiency. In
particular, the calculated error reduction rate with perfect detection efficiency is exact. Therefore,
it imposes a tight upper bound on all error reductions of the detect-and-reset method, with an

optimal rate of 75%. This result contrasts with the 98% reduction predicted by [132], which was

assumed to be limited by detection inefficiencies.
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Figure 5.1: Error reduction rate as a function of leakage probability for different detection effi-
ciencies.

Appendix 5.A  Stability of the General Distance

The general distance between two non-trace-preserving quantum operations is character-

ized by

1
dy (€, F) = - max

2 pEX®R

(E®Ig)(p)  (FRIg)(p)
Tr{(E®Ir)(p)l Tr((FeIr)(p)]

, (5.24)

1

where £ and F represent non-trace-preserving operations mapping states from the input space X
to the output space Y. Zr denotes the identity operation on the auxiliary space R, and p signifies a
quantum state on the extended space X ® R. We demonstrate that the distance adheres to stability,
expressed as d, (E QR L, F®TI) = d, (€, F), if dim (X) < dim (R), where Z symbolizes the
identity operation within another state space. Furthermore, this distance is optimized over a pure
state within the space X ® RR. This proof can be seen as a generalization of Lemma 3.45 in [128].

To begin, we purify the quantum state p by introducing another auxiliary space, denoted R'.

This results in p = Trp [uu*] , where u is a pure state on the combined space X ® R ® R'. The
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general distance between two non-trace-preserving quantum operations, £ and JF, is presented

as:

1 Auut Al - Buu'B!
dy(E,F) == max ||Trp 2 Anl A; 2B, j

2 uEX®RIR' Tr [ZZ AiuuTAZ] Ir [Zj BjU“TBJ‘]

(5.25)

1

In the equation above, the operations are represented in the operator-sum form, with £ (p) =
> AipAl and F (p) = > ijB]T-. Here, A; and B; denote the Kraus operators satisfying
> AlA; < Tand Y, BIB; < I, and we simplify A; ® I to A; and B; ® I to B;. Utilizing the

contractility of the trace distance, as outlined in [1], where
1
§\|T7"R' (o1 —0o2)l; < §\|01—02|’17 (5.26)

and where o, and o5 are two distinct quantum states, we can express an upper bound for Equa-

tion 5.25 as:

T
max > Aiu“TA;r Zj BjuuTBj

1
dg (E,F) < 5 , -
2 UEXQRIR Tr |:Zz AluuTAZ] Tr |:Zj B]UUTBJT}

(5.27)

1

We now proceed to demonstrate that the bound in Equation 5.27 is indeed tight. By ap-
plying the Schmidt decomposition to state u, we obtain u = Y | \/pi&; ® 2, where p; denotes
the Schmidt coefficient, x; and z; are bases on spaces X and R ® R’ respectively, and n is the
dimension of space X. Assuming that dim (X') < dim (R), we can select a pure state v € X ® R

such that v = Z?Zl /Pir; ® e, where e; represents a basis in space /. We can then construct an
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isometry U (R, R ® R') defined as U = 3" | zel. This results inu = (Ix ® U) v and

S Aguut A Y (A U)wvf (AI QU T)
Tr [ At Al Tr |5, (42 U) vt (Al @ U]
S I eU)AwtAl (TeUT)
Tr [, (19 U) Awot A (1 0 UY)]
S, Ajouf Al
Tr [, Aot Al

(5.28)

= (I ®U) (IeU"),

and we can similarly express the quantum operation F as

> BjuuTBjT
Tr [Z] BjuuTB;]

Zj ijvTB;

IeUT. (5.29)
Tr [Z] BjUUTB;] ( )

= ®U)

Given that the trace distance is invariant under isometry, we derive from Equation 5.27

T
max > Aiu“TA;r Zj BjuuTBj

1
4y (£, 7) < 2 ueX©ROR/ N i
uEXORSET ) e [ZZ AiuudagAi] Tr [Z] BjuuTBj]

1
1 > AivaA;r Zj BjUUTBJT

= - max [|[(/®U) Tr [Zz AiUUTAZT] - Tr [Z] BjUUTB]T] (IeU")

1

2 vEX®R

1 > AivaAlT Zj BjUUTB]T

= — Inax

2 veX®R Tr [Zz AzUUTAﬂ Tr |:Z] BjU’UTB;[]
1

1 (€ ©Zg) (vof) el H

(5.30)

= — Inax -

2vexer || Tr[(E @ Ig) (vol)]  Tr[(F @ Ig) (vol)] 1

Comparing Equation 5.30 with Equation 5.24, we observe that the pure state vv' resides on a
subset of the domain of the optimization variable p on space X ® R. Therefore, we conclude

that when dim (X') < dim (R), the general distance remains stable, and the distance is optimized
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over a pure state v on space X ® R such that

1
dg (€, F) = 2 veXGR

Tr€ele ] TriFeZ)@n| 7P

(E®IR) (UUT) (F®Ig) (UUT) H

Appendix 5.B  Renormalization of Quantum Operations

We can provide an upper bound for the general distance represented in Equation 5.10 using
a renormalization process. Firstly, we present the two quantum operations in the Stinespring
form [128], such that £ (p) = T'ry {flp/ﬂ} and F (p) =Try {BpBT} where A = dYoe® A,
B=Y ;€ ® Bj, and e; and e; serve as bases on a reference space Z. We can rewrite the general

distance between € and F as follows:

dy (E,F) = %mgx (5.32)

vt At Aw a vt Bt Bo

{AWTAT Buut B H
T'T’Z

1
In the above equation, v signifies a pure state in the expanded state space X ® R. For simplicity,
we denote A @ I as A and B ® I as B, with Ip representing the identity operator on the
auxiliary space R.

Next, we define a new state 1) = “3—2| and reformulate Equation 5.32 as follows:

(BAY) wut (gle)T
ot (BA—I)T BA-1y

1
dy (€, F) = 5 max Try { Yyl — , (5.33)

1

~

Here, A~! represents the pseudoinverse of A. Applying the singular value decomposition to

Bfl‘l, we obtain BA~! = UMV?'. U and V are isometries with dimensions of k'm x n and
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km x n respectively, while M is a nonnegative diagonal operator with a dimension of n X n.
Here, n and m denote the dimensions of the input and output spaces of the quantum operations,
and k and £’ represent the number of Kraus operators A; and B, respectively. Consequently, we

rewrite Equation 5.33 as follows:

(5.34)

1 MVIYOTVMUT
dg(g,f):§mwax UMVyV U}

YTV M2V

Try {WN -

1

We now define a new state, ¢ = VT4, and utilizing the triangular inequality, we can formulate an

upper bound for Equation 5.34, as follows:

1 UM ¢t MUY
dg (5,]:) = Emgx TTZ {V¢¢TVT - W} )
UM ¢t MU?
= 5 max Try {ngngVT —U¢psd'UT + Upop'UT — W} 1 (5.35)
1 1 Mot M
< 5 max |Trz {Vea'VT — Ups'UT |, + 5 max P’ — S |

In the above calculations, we use the contractility property of trace distance [1], which states
that the partial trace decreases the distance between two quantum states. This can be formally

expressed as:

UM@pptMUT Moot M
T Ut - —— < i .
' " {UW sveran | Rl s overs (30
We then introduce two renormalized quantum channels:
Ul(p) = Trz {UpU'},
(5.37)

Vip)=Trz {VpV'},
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and a normalizing operation:

MpM

M) = T

(5.38)

Hence, we derive the following upper bound for the general distance between £ and F from
Equation 5.35:

dy (€, F) < do (U, V) +dy (T, M), (5.39)

Here, d, (U, V) is a diamond distance, calculable through convex optimization, and d, (Z, M)
denotes a general distance between an identity operation and a normalizing operation, a value we

refer to as the normalizing distance.

Appendix 5.C Calculation of the Normalizing Distance

We can directly compute the normalizing distance as:

wa_M

5.4
e 40

1
dg (I,M) - 5 gx

)
1

where 1) is a pure quantum state, and M is a nonnegative diagonal operator of dimension n X n.

The normalized output state can be denoted as |¢) = % Thus, the normalizing distance
becomes
1
d, (Z, M) = §m3XHW—¢¢TH1. (5.41)

The trace distance between two pure states is related to their inner product as

ot = o6tll, = /1~ Ll (5.42)
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so maximizing ||¢¢" — ¢¢'||, is equivalent to minimizing cos# = [()|¢)|, with 6 referring to
the rotation angle between the input and output states.

We compute cos 6 through induction. We designate the normalizing operator as M =
diag (A1, A2, -+, \n), where A\ > Xy > -+ > )\, > 0. We first consider the projection of M
on a [-dimensional subspace as M; = diag (A, A2, - -+ , A;). A vector |u) on the subspace can be
decomposed as |u) = /z |l) + /1 — z |v), where = € [0, 1], |I) is the basis of M corresponding
to the eigenvalue \;, and |v) is a unit vector on the (I — 1)-dimensional subspace orthogonal to |1).
The assumption of positive coefficients does not lose generality because we can always redefine

the basis with any phase. When we apply M, to |u), we get

Ml |U> = )\l\/E‘” + vV 1-— le,1 ‘U) y (543)

where M;_; is the projection of M on the (I — 1)-dimensional subspace. Application of M;_; to
|v) results in

My |v) =1_1co80,_1|v) +ri_1sinb_4 |vy) (5.44)

where r;_; and ,_; are the contraction factor and rotation angle, respectively, and |v, ) represents
a unit vector orthogonal to |v). A specific rotation axis doesn’t affect the following calculation
because the axis is always orthogonal to |/). The contraction factor and rotation angle of M; |u)
are given by 7, = +/[(u[M?[u)| and cos 0, = (u|M|u) /r;, respectively. By combining Equa-
tions 5.43 and 5.44, we obtain

?"12 = x)\lQ +(1—2) 7“12_1,
(5.45)

rpcosth = xA + (1 —x)r_qcosf_q,
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i.e., (rf,r cos6;) is a convex combination of (A7, \;) and (r7_;, 71 cos,_;). By induction, the

feasible domain of (r2, r cos #) for the normalizing operation M is given by

r? = E TA7
i

rcosf = g TN,
i

(5.46)

where z; represents the coefficient of convex combination satisfying > . z; = 1, and ); is the
eigenvalue of M. The minimum of cos 6 is on the boundary of the feasible domain depending
on the combination of two eigenvalues. We can easily calculate the minimum of cos# using
calculus, as follows:

2+/ AmaxAmin

i = —-— 5.47
min cos YW ( )

where A\, and A\, are the maximum and minimum eigenvalues of M, respectively. Therefore,

the distance between the identity and normalizing operations is given by

)\max - )\min
dy (Z, M) =

_ 548
>\max + )\min ( )
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