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Simulating the Hamiltonian dynamics of quantum systems is one of the most
promising applications of digital quantum computers. In this dissertation, we de-
velop an understanding of quantum simulation algorithms concerning their design,
analysis, implementation, and application.

We implement three leading simulation algorithms, employing diverse tech-
niques to tighten their error analyses and optimize circuit implementations. We
produce concrete resource estimates for simulating a Heisenberg spin system, a
problem arising in condensed matter physics that is otherwise difficult to solve
on a classical computer. The resulting circuits are orders of magnitude smaller
than those for the simplest classically-infeasible instances of factoring and quan-
tum chemistry, suggesting the simulation of spin systems as a promising candidate
for an early demonstration of practical quantum computation.

We design new simulation algorithms by using classical randomness. We



show that by simply randomizing how the terms in the Hamiltonian are ordered,
one can prove stronger bounds for product formulas and thereby give more effi-
cient quantum simulations. We also develop a classical sampler for time-dependent
Hamiltonians, using which we give a simulation algorithm that substantially im-
proves over previous approaches when the Hamiltonian varies significantly with
time.

We propose a general theory to analyzing product formulas, an approach to
quantum simulation widely used in experimental demonstrations but whose error
scaling was poorly understood. Our approach directly exploits the commutativity
of Hamiltonian, overcoming the limitations of prior error analyses. We prove new
speedups of product formulas for simulating many quantum systems, including
simulations of nearest-neighbor lattice systems, second-quantized plane-wave elec-
tronic structure, k-local Hamiltonians, rapidly decaying power-law interactions,
and clustered Hamiltonians, nearly matching or even outperforming the best pre-
vious results in quantum simulation. We accompany our analysis with numerical
calculation, which suggests that the bounds also have nearly tight constant pref-
actors.

We identify applications of quantum simulation to designing other quantum
algorithms and improving quantum Monte Carlo methods. We develop an al-
gorithmic framework “quantum singular value transformation” using techniques

from quantum simulation and apply it to implement principal component regres-



sion. We also apply our new analysis of product formulas and obtain improved
quantum Monte Carlo simulations of the transverse field Ising model and quantum

ferromagnets.
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Chapter 1: Introduction

1.1 Algorithms for quantum simulation

Simulating the Hamiltonian dynamics of quantum systems is one of the most
promising applications of digital quantum computers. The apparent classical in-
tractability of simulating quantum dynamics led Feynman [47] and others to pro-
pose the idea of quantum computation. Quantum computers can simulate various
physical systems, including condensed matter physics [9], quantum field theory
[64], and quantum chemistry [2, 26, 81, 109]. The study of quantum simulation
has also led to the discovery of new quantum algorithms, such as algorithms for lin-
ear systems [55], differential equations [11], semidefinite optimization [19], formula
evaluation [44], quantum walk [30], and ground-state and thermal-state prepara-
tion [38, 89], and could ultimately lead to practical applications such as designing
new pharmaceuticals, catalysts, and materials [9, 39].

Mathematically, we represent Hamiltonians by Hermitian operators (1)
satisfying 7 (7)1 = (1) for 0 < 7 < t. The goal of quantum simulation is to use
a quantum circuit to approximate the time evolution exp, (—i f(f dr (7‘)) with
error at most €, where exp, denotes the time-ordered matrix exponential. The
complexity of quantum simulation is then quantified by the number of elementary

gates used by the circuit. In the case where the Hamiltonian .7(7) = H does not



depend on time, the evolution operator can be represented in closed form as e~

and quantum simulation can be greatly simplified. This dissertation mainly consid-
ers quantum algorithms for simulating time-independent Hamiltonians, although
we also discuss the time-dependent case where the problem becomes considerably
harder to solve.

In 1996, Lloyd gave the first explicit quantum algorithm for simulating k-local
Hamiltonians [70]. His approach is based on product formulas. Specifically, let
H= 25:1 H., be a k-local Hamiltonian (i.e., each H., acts nontrivially on k = O (1)
qubits). Assuming H is time-independent, evolution under H for time ¢ is described

itH _ 6—z‘tz§:1 Hy

by the unitary operation e~ When ¢ is small, this evolution

—itHp | | —itHy
)

can be well-approximated by the Lie-Trotter formula .#(t) = e -e
where each e ¥+ can be efficiently implemented on a quantum computer. To
simulate for a longer time, we may divide the evolution into r Trotter steps and
simulate each step with Trotter error at most €/r. We choose the Trotter number
r to be sufficiently large so that the entire simulation achieves an error of at
most €. The Lie-Trotter formula only provides a first-order approximation to the
evolution, but higher-order approximations are also known from the work of Suzuki
and others [18, 100]. A quantum simulation algorithm using product formulas
does not require ancilla qubits, making this approach advantageous for near-term

experimental demonstration.

Recent studies have considered the broader class of sparse Hamiltonians



[1, 12, 13, 15, 71, 73] and provided alternative simulation algorithms beyond the
product-formula approach. Some of these algorithms have nearly linear depen-
dence on the evolution time and logarithmic dependence on the allowed error
[13-15, 73, 74, 76], a dramatic improvement over product formulas. In particular,
the algorithm based on quantum signal processing [73, 74] is optimal for simulating
sparse Hamiltonians with respect to all parameters of interest. The aim of this dis-
sertation is to develop a further understanding of quantum simulation algorithms
concerning their design, analysis, implementation, and application. In Chapter 2,
we give a summary of background material that is necessary for understanding the

remaining discussion of this dissertation.

1.2 Circuit implementation

While recent simulation algorithms provide large asymptotic improvement
over product formulas, little is known about their practical performance for simu-
lating concrete physical systems. In particular, the constant-factor overhead and
extra space requirements may make them uncompetitive with the product-formula
approach in practice. This consideration is relevant to near-term quantum simu-
lation experiments, where the number of available qubits and the total number of
gates that can be reliably applied in a single run can be significantly limited.

In Chapter 3, we address this problem by estimating the resource require-

ment for simulating a one-dimensional Heisenberg model with a random magnetic



field

> (5 S+ 1y Zp) (1.1)

with periodic boundary conditions (i.e., S,41 = Y1), and h; € [—h,h] chosen
uniformly at random, where ij = (Xj,Y;, Z;) denotes a vector of Pauli X, Y,
and Z matrices on qubit j. This model can be simulated to understand condensed
matter phenomena, although even a simulation of modest size seems to be infeasible
for current classical computers [78]. To produce concrete resource estimate, we
consider simulations with h = 1, evolution time ¢ = n (the size of the system), and
overall accuracy e = 1073. With all the parameters fixed except n, we compare
the complexity of algorithms with respect to the system size.

We implement three leading quantum simulation algorithms: the algorithm
using high-order Product Formulas (PF) [12], the algorithm based on truncated
Taylor Series (TS) [14], and the recent Quantum-Signal-Processing (QSP) algo-
rithm [73, 74]. We derived concrete error bounds for PF and LCU and resolved
an implementation issue of QSP where high precision classical computation is re-
quired. We implement these algorithms in a quantum circuit description language
called Quipper [51] and process all circuits using an automated tool we devel-
oped for large-scale quantum circuit optimization [82]. Although the product-

formula algorithm is theoretically surpassed by more sophisticated algorithms, we

find that its empirical performance is the best among all the algorithms we study.



The resulting circuits are orders of magnitude smaller than those for the simplest

classically-infeasible instances of factoring and quantum chemistry, suggesting the

simulation of spin systems as a promising candidate for an early demonstration

of practical quantum computation. This chapter is partly based on the following

paper:

[34] Andrew M. Childs, Dmitri Maslov, Yunseong Nam, Neil J. Ross, and Yuan Su,
Toward the first quantum simulation with quantum speedup, Proceedings of the

National Academy of Sciences 115 (2018), no. 38, 9456-9461, arXiv:1711.10980.

1.3 Quantum simulation by randomization

Randomization can be a powerful tool for quantum simulation. For exam-
ple, Poulin et al. gave improved simulations of time-dependent Hamiltonians by
sampling the Hamiltonian at random times [88]. Zhang studied the effect of ran-
domizing the ordering and/or duration of evolutions in a product formula, showing
that randomly ordering the summands in the first-order formula in either forward
or reverse order can give an improved algorithm [113]. Whether there exist other
scenarios in which randomness can improve the performance of quantum simulation
remains underexplored.

In Chapter 4, we develop a simulation algorithm based on higher-order
product formulas, which can achieve significantly better asymptotic performance

than the first-order formula. Specifically, we analyze the effect of randomly per-


http://arxiv.org/abs/arXiv:1711.10980

muting all the I' summands in the Hamiltonian H = 25:1 H,. The resulting

algorithm is not much more complicated than a deterministic product formula,

but the savings in the simulation cost are substantial. We further provide numer-

ical evidence suggesting that the randomized approach can be advantageous in

practice. This chapter is partly based on the following paper:

[35] Andrew M. Childs, Aaron Ostrander, and Yuan Su, Faster quantum simulation
by randomization, Quantum 3 (2019), 182, arXiv:1805.08385.

Our focus has so far been on the time-independent Hamiltonian simula-
tion. Simulating a general time-dependent .7(7) naturally subsumes the time-
independent case, and can be applied to devising quantum control schemes [85],
describing quantum chemical reactions [23], and implementing adiabatic quantum
algorithms [45]. However, the problem becomes considerably harder and there are
fewer quantum algorithms available [13, 14, 65, 76, 88, 110].

In Chapter 5, we develop a randomized approach for simulating time-
dependent Hamiltonians that is strictly faster than existing algorithms. Specif-
ically, to simulate (1) = 25:1 a(T)H, where ||H,|| < 1, we give a classical
sampler whose performance depends on the integration fot dr 25:1 |, (7)| rather
than the worst-case value max, max, |, (7)]. Our algorithm is thus advantageous
when the Hamiltonian varies significantly. We further identify a concrete prob-
lem in quantum chemistry—the semi-classical scattering of molecules—for which

our algorithm with L'-norm scaling offers a polynomial speedup over previous


http://arxiv.org/abs/arXiv:1805.08385

approaches. This chapter is partly based on the following paper:
[16] Dominic W. Berry, Andrew M. Childs, Yuan Su, Xin Wang, and Nathan
Wiebe, Time-dependent Hamiltonian simulation with L'-norm scaling, Quan-

tum 4 (2020), 254, arXiv:1906.07115.

1.4 Analysis of product formulas

Product formulas and their generalizations [35, 54, 75, 84| can perform sig-
nificantly better when the operator summands commute or nearly commute—a
unique feature that does not seem to hold for other quantum simulation algo-
rithms [13-15, 25, 73, 74, 76]. This effect has been observed numerically in previ-
ous studies of quantum simulations of condensed matter systems [34] and quantum
chemistry [8, 90, 108]. An intuitive explanation of this phenomenon comes from
truncating the Baker-Campbell-Hausdorff (BCH) series. However, the intuition
that the lowest-order terms of the BCH expansion are dominant is surprisingly
difficult to justify (and sometimes is not even valid [36, 107]). Thus, previous
work established loose Trotter error bounds, leaving a dramatic gap between their
provable performance and actual behavior. This gap makes it hard to identify the
fastest simulation algorithm and to find optimized implementations for near-term
applications of quantum computers.

In Chapter 6, we develop a general theory for analyzing product formulas,

overcoming the limitations of previous Trotter error analyses. We then identify


http://arxiv.org/abs/arXiv:1906.07115

a host of its applications to digital quantum simulation in Chapter 7, including
simulations of nearest-neighbor lattice systems, second-quantized plane-wave elec-
tronic structure, k-local Hamiltonians, rapidly decaying power-law interactions,
and clustered Hamiltonians, nearly matching or even outperforming the best pre-
vious results in quantum simulation.

We further numerically implement our bound for the one-dimensional Heisen-
berg model (3.1). As aforementioned, this model can be simulated much more
efficiently using product formulas, although this efficiency was poorly understood
from a theoretical perspective. Here, we give a tight bound that is loose by only a
factor of about 5, making significant progress toward a precise characterization of
Trotter error. These two chapters are partly based on the following papers:

[36] Andrew M. Childs and Yuan Su, Nearly optimal lattice simulation by product
formulas, Physical Review Letters 123 (2019), 050503, arXiv:1901.00564.
[37] Andrew M. Childs, Yuan Su, Minh C. Tran, Nathan Wiebe, and Shuchen Zhu,

A theory of Trotter error, 2019, arXiv:1912.08854.

1.5 Application of quantum simulation

For a given Hamiltonian H and evolution time ¢, the goal of quantum sim-

ulation is to implement e ¥ using a quantum circuit comprised of elementary

gates. Restricted to each eigensubspace, the goal is to implement the transforma-

tion A\ — e~ which can be done using recent simulation algorithms such as the


http://arxiv.org/abs/arXiv:1901.00564
http://arxiv.org/abs/arXiv:1912.08854

Taylor-series algorithm [14] and quantum signal processing [73]. However, quan-
tum simulation is only one of the many examples where quantum computers could
offer speedup. Recent studies have considered other problems, such as quantum
search and amplitude amplification [52], solving linear equations [55], quantum
walks [29] and quantum machine learning [17, 111], where the goal can also be
viewed as applying functions to the eigenvalues/singular values of the input matri-
ces encoded in certain form. It is therefore natural to question whether techniques
from quantum simulation can be used to design algorithms for other problems.

In Chapter 8, we develop an algorithmic framework called “quantum sin-
gular value transformation”, which applies polynomial functions to the singular
values of matrices encoded in a standard form. This framework originates from
quantum simulation, but it is applicable to a host of other problems, dramatically
simplifying previous analyses and revealing new algorithms that were previously
unknown. We prove a spectral theorem for quantum singular value transformation
and apply the framework to implement principal component regression in machine
learning [48]. This chapter is partly based on the following paper:

[50] Andras Gilyén, Yuan Su, Guang Hao Low, and Nathan Wiebe, Quantum singu-
lar value transformation and beyond: Exponential improvements for quantum
matriz arithmetics, Proceedings of the 51st Annual ACM SIGACT Symposium
on Theory of Computing, pp. 193-204, ACM, 2019, arXiv:1806.01838.

Beyond quantum simulation, product formulas can also be applied to quan-


http://arxiv.org/abs/arXiv:1806.01838

tum Monte Carlo methods, in which the goal is to classically compute certain
properties of the Hamiltonian, such as the partition function, the free energy, or
the ground energy. Previous work considered quantum Monte Carlo methods for
various systems [20, 21|, although their analyses do not exploit the commutativity
of the Hamiltonian and may thus be improved to give more efficient simulations.
In Chapter 9, we apply our analysis of product formulas to improve the
performance of quantum Monte Carlo simulation. Our result includes a simula-
tion of the transverse field Ising model, tightening the previous result [20], and a
simulation of ferromagnetic quantum spin systems, improving the analysis of [21].
This chapter is partly based on the following paper:
[37] Andrew M. Childs, Yuan Su, Minh C. Tran, Nathan Wiebe, and Shuchen Zhu,
A theory of Trotter error, 2019, arXiv:1912.08854.
We conclude the dissertation in Chapter 10 by briefly summarizing our con-

tributions and identifying multiple directions for future work.

10
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Chapter 2: Preliminaries

In this chapter, we summarize useful background material that is necessary
for understanding the remaining discussion of the dissertation. Specifically, we
introduce notation and terminology in Section 2.1, including various notions of
norms and common asymptotic notations. In Section 2.2, we discuss time-ordered
evolution operators and their mathematical properties. We then introduce com-
mon Hamiltonian input models in Section 2.3. In Section 2.4, we introduce product
formulas and establish a simple but loose error bound for the product-formula algo-
rithm. Finally, we review two recent quantum simulation algorithms—the Taylor-
series algorithm and the quantum-signal-processing algorithm—in Section 2.5 and
Section 2.6.

This chapter is partly based on the following papers:

[34] Andrew M. Childs, Dmitri Maslov, Yunseong Nam, Neil J. Ross, and Yuan Su,
Toward the first quantum simulation with quantum speedup, Proceedings of the
National Academy of Sciences 115 (2018), no. 38, 9456-9461, arXiv:1711.10980.

[16] Dominic W. Berry, Andrew M. Childs, Yuan Su, Xin Wang, and Nathan

Wiebe, Time-dependent Hamiltonian simulation with L'-norm scaling, Quan-
tum 4 (2020), 254, arXiv:1906.07115.

[37] Andrew M. Childs, Yuan Su, Minh C. Tran, Nathan Wiebe, and Shuchen Zhu,

A theory of Trotter error, 2019, arXiv:1912.08854.

11
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We assume throughout this dissertation that the reader is familiar with ba-
sic notions of quantum computing, including quantum states, quantum operations,
and measurements for closed/open quantum systems. Sources to attain this back-
ground include the textbook by Nielsen and Chuang [83], as well as the lecture
notes by Bacon [10] and Watrous [104]. We also assume a basic familiarity of
matrix analysis [60] and linear algebra [6], with the exception of Chapter 8, where

familiarity with advanced linear algebra [91] is assumed.

2.1 Notation and terminology

Throughout this dissertation, we consider finite-dimensional complex vector
spaces equipped with inner product, where vectors can be represented by their
coordinates and operators can be represented by matrices. We use Dirac notation
|t)) to represent unit vectors/pure quantum states and (¢| = |qu)Jr to represent
dual vectors, so the scalar (¢|i)) gives the inner product of [¢)) and |¢). For a
d-dimensional space, we let {| j>};l:1 be an arbitrary but fixed orthonormal basis.
For any operator A and orthonormal bases B; and By, we denote the matrix repre-
sentation of A as [A] B,.B,- Ve construct composite spaces by taking tensor product
and we drop the symbol ® when there is no ambiguity.

Unless otherwise noted, we use lowercase Latin letters to represent scalars,
such as the evolution time ¢, the system size n, and the order of a product formula

p. We also use the Greek alphabet to denote scalars, especially when we want
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to write a summation like ZF We use uppercase Latin letters, such as A,

y=1"
to denote operators. We use scripted uppercase letters, such as .% (), to denote
operator-valued functions.

We organize scalars to form vectors h, and tensors h,, .. We use stan-

dard norms for tensors, including the 1-norm |h|, == > \hry.... v | the Eu-

Y15k

clidean norm (or 2-norm) ||h||, := \/Z%m% |hsy....~ |7, and the co-norm ||| =
MaxXy, . [Py, |- I case there is ambiguity, we use h to emphasize the fact that
h is a vector (or a tensor more generally).

For an operator A, we use ||A|| to denote its spectral norm—the largest sin-
gular value of A. The spectral norm is also known as the operator norm. It is a
matrix norm that satisfies the scaling property ||aA|| = |a|[|A]|, the submultiplica-
tive property ||[AB|| < ||A||||B]|, and the triangle inequality ||A + B]|| < || A]|+||B]|-
If A is unitary, then ||A|| = 1. We further use A,, ., to denote a tensor where
each elementary object is an operator. We define a norm of A, ., by taking
the spectral norm of each elementary operator and evaluating the corresponding
norm of the resulting tensor. For example, we have [|A[, == >~ [|4, |l
and [[ Al = mas,,,., [ Ay

Let f,g : R — R be functions of real variables. We write f = O (g) if
there exist ¢,ty > 0 such that |f(7)| < ¢|g(7)| whenever |7| < t,. Note that

we consider the limit when the variable 7 approaches zero as opposed to infinity,

which is different from the usual setting of algorithmic analysis. For that purpose,
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we write f = O(g) if there exist ¢,t; > 0 such that |f(7)] < ¢|g(7)| for all
|7| > t1. When there is no ambiguity, we will use f = O (g) to also represent the
case where |f(7)| < ¢|g(7)| holds for all 7 € R. We then extend the definition
of O to functions of positive integers and multivariate functions. For example,
we use f(n,t,1/€) = O((nt)?/e) to mean that |f(n,t,1/€)| < c(n|t])?/e for some
¢,no,to, €0 > 0 and all |t| > ¢y, 0 < € < €, and integers n > ng. If F(7) is
an operator-valued function, we first compute its spectral norm and analyze the
asymptotic scaling of ||.Z (7)||. We write f = Q(g) if g = O(f), and f = O (g) if
both f = O(g) and f = Q(g). We use O to suppress logarithmic factors in the
asymptotic expression and o(1) to represent a positive number that approaches
zero as some parameter grows.

Finally, we use ﬁ, ngl to denote a product where the elements have in-

creasing indices from right to left and ﬁ, H}Y:F vice versa. Under this convention,

I

I
2 I:ﬁ

1 —
=Ap- A4, [[A =T[4 = A4z A (2.1)

Y

We let a summation be zero if its lower limit exceeds its upper limit.

2.2 Time-ordered evolution

Let (1) be an operator-valued function defined for 0 < 7 < ¢t. We say
that % (7) is the time-ordered evolution generated by (1) if % (0) = I and
Ly (1) = H(1)% (1) for 0 < 7 < t. In the case where #(7) is anti-Hermitian,

14



the function % (1) represents the evolution of a quantum system under Hamilto-
nian . (7). We not only consider this special case but also study the general case
where (7) can be an arbitrary operator valued function, so that our result can be
applied to quantum Monte Carl methods (Chapter 9) as well. Throughout this dis-
sertation, we assume that operator-valued functions are continuous, which guaran-
tees the existence and uniqueness of their generated evolutions [42, p. 12]. We then
formally represent the time-ordered evolution % (t) by exp; ( fot dr.# (7)), where
exps denotes the time-ordered exponential. In the special case where (1) = H
is constant, the generated evolution is given by an ordinary matrix exponential
expr ( f; drt(r)) = €.

In a similar way, we define the time-ordered evolution exp; ( fttf dr# (7'))

generated on an arbitrary interval t; < 7 < t5. Its determinant satisfies [42, p. 9]

to t
det (eXpT (/ dT%”(T))) — el AT ) ) (2.2)

t1

so the inverse exp7" ( fttf dr. (1)) exists; we denote it by expy ( j;t; dr 2 (1)).
We have thus defined exp ( fttf dro? (7‘)) for every pair of ¢; and ¢, in the domain

of #(1).! Time-ordered exponentials satisfy the differentiation rule [42, p. 12]

a%expr (/: dr %(7)) — #(ty) expy (/: dr %(T)),

a% expr ( /t th dr %(7)) — ey ( /: dr %(ﬂ) H(t). Y
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and the multiplicative property [42, p. 11]

expy ( /: dr %(7)) — expy ( /: dr ,%”(7')) expy ( /: dr jzﬂ(r)). (2.4)

By definition, the operator-valued function % (t) = exp; ( fot dr.# (7)) satis-
fies the differential equation =% (1) = #(7)% () with initial condition % (0) =

I. We then find the integral equation
t
Ut)=1 +/ dr H(T)% (1) (2.5)
0

by using the fundamental theorem of calculus. We also consider a general differen-
tial equation S % (t) = S (t)% (t) + Z(t), whose solution is given by the following

variation-of-parameters formula:

Lemma 1 (Variation-of-parameters formula [68, Theorem 4.9] [42, p. 17]). Let
H (1), Z(T) be continuous operator-valued functions defined for T € R. Then the
first-order differential equation

%%(t) — WU ) + A1), (0) known, (2.6)

L Alternatively, we may define a time-ordered exponential by its Dyson series or by a convergent
sequence of products of ordinary matrix exponentials, and verify that this alternative definition
satisfies a certain differential equation. We prefer the differential-equation definition since it is
more versatile for the analysis in this dissertation.
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has a unique solution given by the variation-of-parameters formula

() = oxpy < /0 " ,%”(T))?/(O)+ /O “dny expy ( / dn, ,%”(72))9?(71). 2.7)

T1

Let (1) = o/ (1)+2%(7) be a continuous operator-valued function with two
summands defined for 0 < 7 < t. Then, the evolution under .7°(7) can be seen as
evolution under the rotated operator expy' ( [; dma/(12)) B(7) expy ( [y dra (12)),
followed by another evolution under &7 (7) that rotates back to the original frame
[76]. This is known as the “interaction-picture” representation in quantum me-

chanics and is formally stated in the following lemma.

Lemma 2 (Time-ordered evolution in the interaction picture). Let (1) =
(1) + B(1) be an operator-valued function defined for T € R with continuous

summands </ (1) and B(1). Then

expy (/Ot dr %(7)) — expy </Ot dr ﬂ(ﬂ)
expy ( /0 - ( /0 " dr %(72)> (2.8)
. Bry) expy (/0 dr, d(@)).

Proof. A simple calculation shows that the right-hand side of the above equation

satisfies the differential equation

Sw(t) =A%) (2.9)



with initial condition % (0) = I. The lemma then follows as exp; ( fg dr.# (7)) is

the unique solution to this differential equation. O

For any continuous (), the evolution expy ( fot dr. (7)) it generates is
invertible and continuously differentiable. Conversely, the following lemma asserts
that any operator-valued function that is invertible and continuously differentiable

is a time-ordered evolution generated by some continuous function.

Lemma 3 (Fundamental theorem of time-ordered evolution [42, p. 20]). The fol-
lowing statements regarding an operator-valued function % (1) (1 € R) are equiv-

alent:
1. % (1) is invertible and continuously differentiable;

2. U (r) = expy ([, dn (1)) % (0) for some continuous operator-valued func-

tion F(T).

Furthermore, in the second statement, A (1) = (L% (7)) % ~(7) is uniquely de-

termined.

Finally, we bound the spectral norm of a time-ordered evolution exp, ( fttf dr

(7)) and the distance between two evolutions.

Lemma 4 (Spectral-norm bound for time-ordered evolution [42, p. 28]). Let 7(1)
be a continuous operator-valued function defined on R. Then,
i expr (2 ara ()| < 2O ang
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2. HeXpT (f dr. (1 H =1 if (1) is anti-Hermitian.

Corollary 5 (Distance bound for time-ordered evolutions [102, Appendix B]). Let

(1) and 4 (1) be continuous operator-valued functions defined on R. Then,

1. HexpT(ftt2 dr. (7)) —eXpT(f dr¥(r H <[ J,dr || (7) H‘
. ele? arQA@IHEOD] . 4
2. HeXpT (fttf dr.# (1)) — expr (ft dr¥(r H < t2 Cdr||2(T) ||‘

if (1) and 9 (1) are anti-Hermitian.

2.3 Hamiltonian input models

Quantum simulation algorithms may have different performance depending
on the choice of the input model of Hamiltonians. In this section, we describe
several input models that are commonly used in previous work. We consider the
general case where Hamiltonians are time-dependent; the time-independent case
can be handled similarly by dropping the time dependence.

Let (1) be a time-dependent Hamiltonian defined for 0 < 7 < ¢. In
the linear-combination (LC) model, we assume that the Hamiltonian admits the

decomposition

H(r) = A1), (2.10)

where the Hermitian-valued functions %, (1) are continuous and can be efficiently
exponentiated on a quantum computer. Such a setting is common in the simulation
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of condensed matter physics and quantum chemistry. We will use this model when
we develop circuit implementation of product formulas in Chapter 3 and design
randomized quantum simulation algorithms in Chapter 4 and Chapter 5.

A variant of the LC model is the linear-combination-of-unitaries (LCU) model.

In this case, the Hamiltonian J#(7) has the form

H(1) =) o, (1)H,, (2.11)

where the coefficients a.,(7) > 0 are continuously differentiable and the matrices
H., are both unitary and Hermitian. We assume that the coefficients a.,(7) can
be efficiently computed by a classical oracle, and we ignore the classical cost of
implementing such an oracle. We further assume that each |0)(0|® I + |1)(1| ® H,
can be efficiently implemented. We will use this model when we discuss the Taylor-
series algorithm and the quantum-signal-processing algorithm in Chapter 3. In
both the LC and the LCU model, we quantify the complexity of a simulation
algorithm by the number of elementary gates it uses.

Another common input model is the sparse-matrix (SM) model. We say
that (1) is d-sparse if the number of nonzero matrix elements within each row
and column throughout the entire interval [0,¢] is at most d. We assume that

the locations of the nonzero matrix elements are time independent. Access to the
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Hamiltonian is given through the oracles

14, s) = |7, col(d, 8)),
(2.12)

|7—7j7 k7Z> = |7_7j7 ka z2 D %k(ﬂ)

Here, col(j, s) returns the column index of the sth element in the jth row that
may be nonzero over the entire time interval [0,¢]. We quantify the complexity
of a quantum simulation algorithm by the number of oracular queries it makes,
together with the number of additional elementary gates it requires.

Although we will not consider the SM model in the remaining part of the
dissertation, much of our result can be translated to that model. In fact, as the
following lemma shows, a d-sparse time-independent Hamiltonian can be efficiently

decomposed as a sum of 1-sparse terms.

Lemma 6 (Decomposition of sparse Hamiltonians [13, Lemma 4.3 and 4.4]). Let

H be a time-independent d-sparse Hamiltonian accessed through oracles. Define

1Al

as the largest matriz element of A in absolute value. Then

max

1. there exists a decomposition H = 2?2:1 H;, where each H; is 1-sparse with

| H;| < ||H|| and a query to any H; can be simulated with O(1)

max max’

queries to H; and

2. for any~y > 0, there exists an approximate decomposition® ||H - Z?:l G’jH

max

2Reference [13] wuses [13, Lemma 4.3] and the triangle inequality to show that
||H — WZ;':l Gmeax < v/2vd?. However, this bound can be tightened to /27, since the max-
norm distance depends on the largest error from rounding off the d? 1-sparse matrices.

21



< V2v, where n = O(d? | H||ax /7). €ach G; is 1-sparse with eigenvalues

+1, and a query to any G; can be simulated with O(1) queries to H.

2.4  Product formulas

Let H = 25:1 H.,, be a time-independent operator consisting of I' summands,

so that the evolution generated by H is et Tamr iy,

Product formulas provide a

convenient way of decomposing such an evolution into a product of exponentials

of individual H,. Examples of product formulas include the first-order Lie-Trotter

formula

Fop(t) i= Fop_o(upt)? Fap_o((1 — duy)t) Fop_o(ust)?,

where uy = 1/(4 — 4Y/2=1),

In general, we can write a product formula as

T T
7(t) =[] e,

v=1y=1

where the coefficients a,

(2.13)

(2.14)

(2.15)

y are real numbers. The parameter T denotes the num-

ber of stages of the formula; for the Suzuki formula .#;(t), we have T = 2 - 5k=1,
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The permutation 7, controls the ordering of operator summands within stage v
of the formula. For Suzuki’s constructions, we alternately reverse the ordering
of summands between neighboring stages, but other formulas may use general
permutations. For simplicity, we will fix T, 7, and assume that the coefficients
(v are uniformly bounded by 1 in absolute value. We then consider the perfor-
mance of the product formula with respect to the input operator summands H,
(for vy =1,...,T) and the evolution time ¢.

Product formulas provide a good approximation to the ideal evolution when

the time ¢ is small. Specifically, a pth-order formula .7 (t) satisfies

L(t) =" +0 (). (2.16)

This asymptotic analysis gives the correct error scaling with respect to t, but
the dependence on the H, is ignored, so it does not provide a full characteriza-
tion of Trotter error. This issue was addressed in the work of Berry, Ahokas,
Cleve, and Sanders [12], who gave a concrete error bound for product formulas
with dependence on both ¢ and H,. Their original bound depends on the oo-
norm I'max, |[|H, ||, although it is not hard to improve this to the 1-norm scaling
25:1 |H,||. We prove a new error bound in the lemma below; for real-time evo-

| Ho |l

lutions, this improves a multiplicative factor of e'T =l over the best previous

analysis [75, Eq. (13)].
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Lemma 7 (Trotter error with 1-norm scaling). Let H = 2521 H., be an operator
consisting of I' summands and t > 0. Let ./ (t) = ngl ngl etrwnHro( pe q

pth-order product formula. Then,

- =o () "ersim)

Furthermore, if H, are anti-Hermitian,

|7 () — || =0 ((Z HHVHt) ) . (2.18)

Proof. Since .7 (t) is a pth-order formula, we know from [36, Supplementary Lemma
1] that the error &7 (t) = .7 (t) — et¥ satisfies & (0) = &'(0) = --- = /P (0) = 0.
By Taylor’s theorem,

tp+1
(p+ 1!

L) - =(p+1) /01 du (1 —u)? (y(p“)(ut) — HPt ™) (2.19)

where

p(p+1) (ut)

T T
§ : p+1 ) | | | | Q(u ) uta H.
— ’U Hﬂ"u Y e (v,7) WU(’Y).
(Q(l,l) “ gy, ) (7

q(1,1)+ - Fq(r,r)=p+1 v=1v=1
(2.20)
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The spectral norms of .®*+(ut) and HP*'e**! can be bounded as

P (|| < ( ) H o[ el
P/ VN SN ) 1) (8

q(1,1)*+qr ry=p+1 v=1~=1
p+1

r
= () e
r p+1 .
||Hp+16utHH < (ZHH H) tZ«,:lHHv“_

=1

(2.21)

Applying these bounds to the Taylor expansion, we find that

Hﬂt) -

r p+1
tTZS: 15| £ Hy |
| (r ZHH )" et ()] o
p+1 -
:O ((Z ||H’YH t) €tTZW=1”HW> .
y=1

The special case where H, are anti-Hermitian can be proved in a similar way,

| A

except we directly evaluate the spectral norm of a matrix exponential to 1. O

The above bound on the Trotter error works well for small ¢t. To simulate
anti-Hermitian H., for a large time, we divide the evolution into 7 steps and apply

the product formula within each step. The overall simulation has error

rp

Hyr(t/r) . etHH -0 ((Z'y=1 HHWH t)p ) ) (2.23>
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To simulate with accuracy e, it suffices to choose

r 1+1/p
o ((szl |H,11) > | (2.24)

gl/P

We have thus proved:

Corollary 8 (Trotter number with 1-norm scaling). Let H = 25:1 H., be an
operator consisting of I' summands with H. anti-Hermitian and t > 0. Let 7 (t)
be a pth-order product formula. Then, we have ||.%"(t/r) — || = O (€) provided

r 1+1/p
o ((zvzl |1, 1) > | (2.25)

gl/p

Note that the above analysis only uses information about the norms of the
summands. In the extreme case where all A, commute, the Trotter error becomes
zero but the above bound can be arbitrarily large. We address this issue by devel-
oping a new analysis in Chapter 6 that leverages information about commutation
of the H,s. We then analyze the performance of product formulas for simulating
various physical systems in Chapter 7 and discuss applications to quantum Monte

Carlo methods in Chapter 9.

2.5 Taylor-series algorithm

Let H = 25:1 aH, be a Hamiltonian in the LCU model such that H, are
both unitary and Hermitian and a, > 0. We assume that each controlled operation
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10)(0] ® I + |1)(1] ® H, can be implemented with cost O (1). The Taylor-series
algorithm of [14] directly implements the (truncated) Taylor series of the evolution
operator e~ for a carefully-chosen constant time, and repeats that procedure
until the entire evolution time has been simulated.

Denote the Taylor series for the evolution up to time ¢, truncated at order
K, by

Ut):=>_ (_Z,i—f])n (2.26)

xk=0
For sufficiently large K, the operator % (t) is a good approximation of e~ By the
definition H = 2521 H,, we can rewrite % (t) as a linear combination of unitaries,

namely

wUt) =Y (ZitH)" (2.27)

K!

k=0
K A

- Z Z Ha“ﬂ T oz%(—i)“H% o My, (2.28)
k=0 Y15- 77:‘4:1 '
=1

=5 BV, (2.29)
=0

for £ = 32 T, where the V; are products of the form (—i)*H.,, --- H,,, and

the (¢ are the corresponding coefficients such that S > 0. (For notational conve-
nience, we omit the dependence of 3¢ on t.) The Taylor-series algorithm effectively

implements this linear combination on a quantum computer.
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To do this, we introduce

=-1 E-1
B0) = —— ST VR),  select(V) =S Ml @ e (230
Vs £=0 £=0
and define
W = (B' @ I)select(V)(B® I), (2.31)
where
E-1 K "
si= Be=)_ W (2.32)
£€=0 =0 ’

and |jal|, == a; +---+ap. It is easy to see that ((0]@ )W (|0)®I) o % (t). More

precisely, we have
1 ~ 1
WIO)l) = <|00Z (Blg) + /1 - 519) 2.3)

for some |®) whose ancillary state is supported in the subspace orthogonal to |0).

To boost the amplitude to perform the desired operation, we use the isometry
~WRWIRW (|0) ® I) (2.34)

where R = (I —2|0){(0|) ® I.
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To implement evolution according to H nearly deterministically, we consider
evolution for time ts, := In2/ ||c||,. The overall evolution is realized as a sequence
of r := [t/tsg| segments, where the first 7 — 1 segments each evolve the state for
time tg, and the final segment evolves the state for time t,em ==t — (7 — 1)tgeq. It

can be shown that there is a choice of K with

- 10g(||a||1tseg/€)
k= O(log logu\aultseg/e)) (2.35)

such that
|—((0] @ NWRWTRW (0) ® I) — exp(—itwzH)|| = O (¢/7). (2.36)

The evolution for the remaining time t,, can be performed by rotating
an ancilla qubit to artificially increase the duration of the segment. Specifically,
provided s < 2, we can introduce an ancilla register in the state |0) and apply the
rotation

10) > 3\0) 41— SZQ|1>. (2.37)

Together with the the unitary operator W, this implements the transformation

0)19) = 2100)% (1) + L)) 239)

for some normalized state |®’) with ((00| ® I)|®') = 0. Then we can proceed as
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before, but with s = 2. Indeed, we also perform a similar rotation for the initial
r — 1 segments to ensure that they have s = 2 instead of a slightly smaller value.

The asymptotic gate complexity of this simulation algorithm is [14]

log(la]l, t/e) ) (2.39)

O TloeT
( el llolh e 1og Tal, /9)

2.6 Quantum-signal-processing algorithm

Now we summarize the quantum-signal-processing algorithm of Low and
Chuang [73, 74]. Again we consider a Hamiltonian in the LCU model H =

27 L ayH,, where H, are both unitary and Hermitian and o, > 0. We have

= (G| @ I)select(H)(|G) @ I), (2.40)

where

select(H) := Y [yl @ Hy,  |G) = ﬂ Z Vasl). (2.41)

et

Low and Chuang’s concept of qubitization [74] relates the spectral decompo-

sitions of H/ ||af|, and

—iQ = —i((2|G)(G| — I) ® I) select(H). (2.42)
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Specifically, let H/ ||a||; = >, A|[A)(A| be a spectral decomposition of H/c, where
the sum runs over all eigenvalues of H/ ||a||,. By the triangle inequality, ||H| <
|all;, ie., [A] < 1. For each eigenvalue A € (—1,1) of H/ |||, the qubitization

theorem [74, Theorem 2] asserts that —i@) has two corresponding eigenvalues

A = FVI = A2 — i) = petioeind (2.43)

with eigenvectors [A+) = (|Gy) £ 4|Gy))/v/2, where

G =) ey, o) = A RO

(Eigenvalues Ay = £1 correspond to degenerate cases that can be analyzed sepa-
rately.)
The signal-processing algorithm applies a sequence of operations called phased

iterates. We introduce an additional ancilla qubit and define the operator

Vo= (e P @D () (+H @ I +[=){~]® (iQ))(e* & 1) (2.45)

for any ¢ € R. Let —iQ = > e |v)(v| be a spectral decomposition of —i@Q,
where the sum runs over v labeling all eigenvectors of —i(). As described above,
each eigenvalue A € (—1,1) of H/|la||, corresponds to two eigenvalues e+ of

—iQ, where 0, = arcsin(A) + 7 and 6, = —arcsin()\). Eigenvalues £1 of

31



—1(Q) correspond to degenerate cases that can be handled separately. The remain-
ing eigenspaces cannot be reached during any execution of the quantum-signal-

processing algorithm, so we can neglect them. Then one can show that
Vo= " 2Ry(0,) © 1) (v (2:46)

where

Ry() := e 0%0/2) Y :=cos(¢)X +sin(¢)Y. (2.47)

Thus each eigenvalue ¢ of —i(Q is manifested in Vj as an SU(2) operator R4(6,)
acting on the ancilla qubit.
For any positive even integer m, composing gates with the same rotation

amplitude # but with varying phases ¢1, ..., ¢, yields

Ry, (0) - Ry, (0) = a(cos &) I + ib(cos &) Z + icos Yc(sin §) X +icos Ld(sin §) Y

(2.48)

for polynomials a, b, ¢, d of degree at most m. For quantum simulation, only the
polynomials a and ¢ are used. This component can be extracted by preparing the
ancilla qubit in the state |+), composing the primitive rotations, and postselecting

6, /2

the ancilla qubit in the state |[+). The unwanted factor e may be canceled by
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T

alternating between V;, and Vj, ., giving
V=V Vo, Vi Vi (2.49)

To perform Hamiltonian simulation, we implement a function of 6 that con-
verts the eigenvalue e+ of —iQ to the desired phase e~ namely the Jacobi-

Anger expansion

6z‘sin(@)t: Z jk(t)e““@. (25())
k=—00

To do this with a polynomial of degree m, we truncate the expansion at order

q =5 + 1, giving an approximation with error at most [15]

=N 4
23 (b)) < ST (2.51)
k=q
The angles ¢4, ..., ¢, that realize this expansion can be computed by an efficient

classical procedure (see Lemmas 1 and 3 of [77]).

To simulate evolution of an initial state ), we apply V to the state |[+) ®
|G) ® |¢) and postselects the ancilla register of the output on the state |+) ® |G).
This procedure simulates the desired evolution with error at most

(Al 7 _

2 (2.52)

To achieve simulation for time ¢ and error ¢, the quantum-signal-processing algo-
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rithm uses

m:o(||a||1t+%) (2.53)

phased iterates [73]. For each phased iterate, the dominant part is the select(H)

subroutine, which is straightforward to implement with O(I'logI') elementary

gates. Overall, we see that the asymptotic gate count is

O(FlogF<||a||1t+ M)) (2.54)

loglog(1/e¢)
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Chapter 3: Circuit implementation

In this chapter, we implement three leading simulation algorithms: the product-
formula algorithm, the Taylor-series algorithm, and the quantum-signal-processing
algorithm. We introduce the target system—a one-dimensional nearest-neighbor
Heisenberg model with a random magnetic field in the z direction—in Section 3.1
and describe input models through which quantum algorithms access the target
Hamiltonian. We employing diverse techniques to develop concrete error analyses
and optimize circuit implementations in Section 3.2, Section 3.3, and Section 3.4.
We discuss the results in Section 3.5.

This chapter is partly based on the following paper:

[34] Andrew M. Childs, Dmitri Maslov, Yunseong Nam, Neil J. Ross, and Yuan Su,
Toward the first quantum simulation with quantum speedup, Proceedings of the

National Academy of Sciences 115 (2018), no. 38, 9456-9461, arXiv:1711.10980.

3.1 Target system

We consider a one-dimensional nearest-neighbor Heisenberg model with a

random magnetic field in the z direction. This model is described by the Hamil-
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tonian

> (S S+ Z)) (3.1)

j=1

where ij = (X;,Y}, Z;) denotes a vector of Pauli X, Y, and Z matrices on qubit
j. We impose periodic boundary conditions (i.e., in+1 = il), and h; € [—h,h]
is chosen uniformly at random. This Hamiltonian has been considered in recent
studies of self-thermalization and many-body localization. Despite intensive nu-
merical investigation, the details of a transition between thermal and localized
phases remain poorly understood. Indeed, the most extensive numerical study we
are aware of was restricted to at most 22 spins [78].

We focus on the cost of simulating the dynamics of Heisenberg model on a
quantum computer, as this is the dominant cost in several quantum simulation
proposals for exploring self-thermalization [93, 94, 97]. To produce concrete re-
source estimate, we consider simulations with A = 1, evolution time ¢t = n (the
number of spins in the system), and overall accuracy ¢ = 1072, and express the
complexity of quantum simulation as a function of n.

We now discuss input models for the Heisenberg Hamiltonian. Note that the
Hamiltonian in (3.1) is already expressed as a linear combination of operators, each
of which is both unitary and Hermitian. Therefore, the input Hamiltonian can be
analyzed in both the LC model and the LCU model introduced in Section 2.3. In

particular, each summand of (3.1) has the form U;U,, and the controlled operation
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Figure 3.1: A simple quantum circuit to implement the matrix exponentiation ¢T15297,

—i2X®X —-ilyey

Other exponentials such as e and e can be implemented in a similar way

modulo a change of basis.

)0l @ I 11 + [1)(1] © U;Uja (3.2)

can be implemented with two elementary controlled gates [0)(0] ® I; 4+ |1)(1| ® U;
and 0)(0] ® Ij11 + |1)(1] ® Ujs1. The exponentiation of a Pauli string can be

accomplished by a ladder circuit [83, Section 4.7.3] as illustrated in Figure 3.1.

3.2 Product-formula implementation details

We now describe the implementation details for the product-formula algo-
rithm. As mentioned in Section 2.4, the key step is to choose a Trotter number r
such that the simulation error is at most some desired €. Here, we present commu-
tator bounds that take advantage of the commutativity of Hamiltonian, tightening
the previous analysis of Section 2.4.

Abstract commutator bounds. We recall some useful properties of Taylor
expansion. For any k£ € N and any analytic function f: C — C with f(z) =
>t let Ri(f) = D272, aja’ denote the remainder of the Taylor series

expansion of f up to order k.
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Lemma 9. If A € C and Hy, ..., Hr are Hermitian, then

‘ <Ry <exp (Z A uHm)). (3.3)

Proof. We have

Ry (H exp(AHﬁ)

=1

o) r iy
Hexp (M) sz -y [ (3.4
V=1, =0 jrogr=0y=1 I

SO

Ry (H exp(AHQ) = Z H/\j”h_rg/‘w. (3.5)

v=1

Using the triangle inequality and submultiplicativity of the norm, we find

Finally, similarly as in (3.4) and (3.5), we have

r r oy o0 r N
Rk.(HeXp(/\H )H H/\”H% < > H|A|J‘vM

y=1

i HW” =R (f[:lexp(IA!-HHwH)> = Ri (eXp<i|M~HHwH>>,

jl ..... 1" =0 Y= 1 ’Y:].
>y vkl

(3.7)
which completes the proof. O

AR+l

Lemma 10. If X € C, then |Ri(exp(\))] < ‘kﬂ cexp([A)).
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Proof. Using the Taylor expansion of the exponential function, we have

R A _ |A| A k+1 |AV (k+1) 8
[ Ri(exp(A))| = Z Z = [Al Z (3.8)
l:k—i-l ! I=k+1 ! I=k+1

S A IAIZ 1
_ wkﬂz <l+(k+1 i < <A \MZ P (3.9)
I=
A+
which completes the proof. O]

We now present improved error bounds for the first-, second-, and fourth-
order product formula that exploits the commutation information of the Hamilto-

nian.

Theorem 11 (First-order commutator bound). Let Hy, ..., Hr be Hermitian op-
erators with norm at most A := max, ||H,||. Let ¢ := [{(H;, H;) : [H;, H;] # 0, i <

J} be the number of non-commuting pairs of operators, and let t € R. Then

p <_it§;m> . [H s (_lH)]H RN TN

. (3.11)

Proof. We show that

(IATA)°

< C(INA)? + exp (INTA),  (3.12)

r r
exp <)\ Z H7> - H exp(AH,)
y=1 y=1

which implies the claimed result by the triangle inequality. The upper bound (3.12)
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can be established by explicitly computing the second-order error and bounding
the higher-order errors by the norm of the remainder R. The second-order error

is bounded as follows:

pLiyn ’
y=1

22 &
I v
v=1

<K
A~ o, A2 A2 AN~

- EZH7 +?ZHWHH+ ?ZHWHH - ?ZHV +\) H,H,

y=1 <K >k y=1 Y<K

(3.13)
A2 A2

=5 > HH.-) HH,|| = 5 > H,H,— H.H, (3.14)

Y>>k Y<K >k
< c|APA% (3.15)

The rest of the proof proceeds similarly to the second half of the proof of Corol-

lary 8; we omit the details. O

Theorem 12 (Second-order commutator bound). Let Hy,...,Hr be Hermitian
operators with norm at most A := max, ||H,||, where each H., is a tensor product

of Pauli operators. Define the augmented set of Hamiltonians

H, = (3.16)
Hor_yy1, T'+1 <y <210
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Let f(1,y) =1 if H,, H, commute and f(1,7) = —1 otherwise. Finally, let

A= {(e,7) : fe,7) = =1 i # 7}, (3.17)
Ty = 76) : fle,y) = (v, 8) = f(e,5) = L 0 < <K}, (3.18)
Ty = K(7.6) : fe,7) =L f(v k) = fe,5) = =1, 0 <y < K}

+ (67, 8) f,7) = fl,m) = =1, f(y, k) =L o<y <k}, (3.19)
Ts:=H(,7,6)  f(b,7) = f(r k) = =1, f(1,5) = 1, 0 <y < K}, (3.20)

Ty := [{(¢,7, k) : all other cases}| (3.21)

where 1,7,k € {1,...,2I'}, and let t € R. Then

(o))

)A3Hr3{
<

= 702

1 1 1 1
—A+ =Ty + T3+ —T4} +

4(TAt)* 2T At|
exp
24 12 6 8

5 ) . (3.22)

Proof. As in the proof of Theorem 11, we explicitly compute the third-order error

and bound the higher-order terms by R3. First we show that the first-order formula

r r
exp ()\ Z HAY) — H exp(AH.,) (3.23)
v=1 v=1
has a third-order error of at most
1. 2= 4 -
IAPPA? (gA + gT2 + gT3 + T4), (3.24)
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where the coefficients A, Ty, T3, T4 are defined as in (3.17)—(3.21), but with respect
to the original Hamiltonians { H,}I_, instead of {H, .

The third-order term in exp(A E»l;:l H,)is
(&) W
3 ()\ HV) =5 > H.H,H,, (3.25)
y=1 LYK
whereas the third-order term in ngl exp(AH,) is

A3 s A\ ) N 2 \3
T g L S R 3 L,

<K <K L<Y<K

— %3 > oH+ %3 > H’H.+ X Y HHH, (3.26)

1 #£k 1<Y<k

where we have used the fact that the square of any Pauli operator is the identity.

Taking the difference gives

A3 \3 f
= > H[H, H]+ - >  HHH.-X ) HHH, (3.27)

L LYk <Y<k
al pairwise different K

The norm of the first term is at most

1 _
SIAPATA, (3.28)
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whereas the last two terms can be written as follows:

/\3
© >  H,H,H,-X Y H,H,H,

pair\;ilsgzd,i%erent ti<t2<is
A3 ,
- F Z Z H, (1)H‘7(2)HL @ A Z HblHLQHbg (329)
11<t2<t3 0€Sym(3) 11 <ta<t3
)\3
=% > (U4 F(1,2) + £(2,3) + £(1,2)£(1,3)f(2,3) (3.30)
11<t2<t3

+ £(1,3)£(1,2) + f(1,3)f(2,3)) H  HyHy — N> H,H,H,. (3.31)

L11<t2<t3

(Here Sym(3) denotes the symmetric group on three elements.) By performing

case analysis, we can evaluate the coefficients and upper bound the norm by
373 4
IA|°A TQ + 3T3 + Ty (3.32)

Combining (3.28) and (3.32), we obtain the claimed upper bound (3.24) for the
third-order error in the first-order formula.
Now we consider the second-order formula. Similarly to the proof of Theo-

rem 11, we begin by proving the bound

A Ty Ty T 4
< (JAJA)? (24+1§+§+§4>+§(F|A|A)4exp(2r|A|A),

(3.33)

exp (AZH)

which implies (3.22) by the triangle inequality.

To establish (3.33), we apply (3.24) to the augmented Hamiltonian list { F, 2L
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with A replaced by % This shows that the third-order error is at most

IAPAS (A 2Ty,  4T;
— =+ —+—+Ty. 3.34
s\t 3 t3 T (3.34)
The higher-order errors can be bounded by a routine calculation as
- (2 \[A)*
Rs (exp (AZH7> — Yg()\)> < 2Rs(exp(2lA|A)) < 2-————exp(20|A[A).
v=1
(3.35)

This completes the proof of (3.33). The remainder of the proof proceeds similarly

to the second half of the proof of Corollary 8. O
A similar bound holds for the fourth-order formula, as follows.

Theorem 13 (Fourth-order commutator bound). Let Hy,...,Hr be Hermitian
operators with norm at most A := max; | H,||, where each H; is a tensor product

of Pauli operators. Define the augmented set of Hamiltonians

H; o, 20 +1<j < (2h+1)T
H = he{0,1,2,3,4}.

Hygmyyr—jr1, Qh+1DI+1<5 <2(h+1)0
(3.36)
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Let f(i,j) = 1 if H;, H; commute and f(i,j) = —1 otherwise. Finally, let

na = {(,4) : f(i,J) = ar, i < j}| (3.37)
Mobobs = (6,5, k) f(3,5) = b, f(i, k) = ba, f(§; k) =bs, 0 <j <k} (3.38)
Ney..co = {055, K, 1) 2 f(6,) = e, [i k) = ca, f(i,1) = s,

fU, k) =c4, f(j,1)=c5, f(k)])=cs,1 <] <k <} (3.39)
Nay...dro = {0, 5, k,L,m) = f(i,)) = dv, f(i,k) = da, f(i,]) = ds,
fli,m) = da, f(, k) = ds, f(5,1) = dg, f(j,m) = dz, f(k,1) = ds,

flk,m) =do, f(l,m) =dy, i <j<k<l<m} (3.40)

where i,7,k,1,m € {1,...,10T'}, let t € R, and let p :=1/(4 — 4/3). Then

I . r
) it
exp (—thHj) — {74 <—?>} (3.41)
7j=1
4p —1 |
< ( 5 A’t|> W{ Z CaMa + Z Cbybobs Tlb1 bobs
ace+tl b1,b2,b3e+1
+ Z Cey...cgMey ...cq + Z Cdl...dlondl...dlg}
Clyeeny cgEE1 diyee, dip€=£1
5(4p — 1)T'At)8 5(4p — 1)TAlt
8D UDA (60— DUAR) 52
e r T

for some real coefficients cu, Cpibybss Cey...cor Cdy..dyo-

We omit the proof, which proceeds along similar lines to that of Theorem 12.

Note that similar bounds also hold for higher-order formulas, although the analysis
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becomes more involved.

The coeflicients ¢4, o bybsy Cey...co» Cdy...dy, CaN in principle be determined by a
computer program. To illustrate the idea, we show how to determine the coefficient
c_1 in (3.41). Similar arguments can be used to determine all the coefficients in
the bound. However, the list of coefficients is long, so we omit it here.

First consider the fifth-order terms of the expression

exp (Z Hj)\> —exp(Hy\) - -exp(HrpA). (3.43)

j=1

The coefficient c¢_; of n_; counts the pairs of non-commuting terms H; and H;.

The second term in (3.43) contributes

)\4 )\3 )\2
A (HIUH; + HiH) + 5250 > | (HPHS + HEHY) (3.44)

1<j 1<j
whereas the first term in (3.43) contributes

)\5
o (H; H; + H} H;H; + H H; H} + H;H;H; + H;H})
S i

)\5
+5 > (HPH? + HXH;H;H; + HH}H; + H;H;H}H; + H.H;H H; H; (345
i

+ H;H2H? + H;H? H; + HyH2H; H, + HyHHH? + H2H?).

Under the assumption that the terms of the Hamiltonian are tensor products of

Pauli operators, we can interchange the order of multiplication, possibly introduc-
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ing minus signs. Thus (3.45) equals

% ) ((8+2f(i, ) H Hy + (3 +2f (i, 5)) H; )

AN (6 Af G ) HPE? + (64+ 45 (i, ) H2HY)

5!

i<j

Subtracting (3.46) from (3.44) and setting f(i,j) = —1, we find

)‘5 4 4 372 27173
5 O (AHIH; + AHH] + SHIH + SHHY)
1<j

whose spectral norm is bounded by

5
&24/\51\[,1.
5!

Comparing the result to (3.41), we find that c¢_; = 24.

(3.46)

(3.47)

(3.48)

Concrete commutator bounds. To apply the above commutator bounds, we

must compute the number of tuples of terms in the Hamiltonian satisfying certain

commutation relations (e.g., equations (3.37)—(3.40) for the fourth-order bound).

While this can be done in polynomial time provided the degree is constant, a direct

approach is prohibitive in practice.

However, for the Hamiltonian (3.1), it is possible to show that each number

of tuples is given by a low-degree polynomial in n. In turn, this means that

the lowest-order contribution to the error is also a polynomial in n. Thus, by
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performing polynomial interpolation on a constant number of numerically-obtained
values, we can determine a closed-form expression for general n. We give concrete
commutator bounds for the second- and fourth-order formulas whose proof can be

found in [34, Appendix F.2].

Theorem 14 (Second-order commutator bound, succinct form). Let H be the

Hamiltonian (3.1), with terms ordered as

X1X27 s 7Xn—1Xn7 XnXh }/1}/27 s 7Yn—1Yna YnYia ZIZQ; ey Zn—IZna ZnZI7

Zi,. .\ T, (3.49)

Then the error in the second-order product formula approximation satisfies

72 73

fesp(—i1) ~ 17 (=i | = S0 at0) + 205 e (2221050

where

194, n=3
To(n) = (3.51)
40n% — 58n, n > 4.

Theorem 15 (Fourth-order commutator bound, succinct form). Let H be the

Hamiltonian (5.1), with terms ordered as in (3.49), and let p = 1/(4 — 41/3).
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Then the error in the fourth-order product formula approximation satisfies

lexp(—itt) — [ (—it/r)]|

— 5 — 6 _
< (4p 1A]t\) 5'.1T4T4(n) +2(20(4p 1)nAt) exp (20(4]) 1)nA|t|) |

2 6! .5 r
(3.52)

where

23073564672, n=3

94192316416, n=4
Ty(n) =

278878851840, n=>5

1280000000n* — 77017600001 + 23685120000n2 — 30224677632n, n > 6.

\

(3.53)

We now consider the asymptotic gate complexity of the product-formula algo-
rithm using our commutator bounds. Take the fourth-order bound as an example.
With A = ©(1) and ¢ = ©(n), the commutator bound is

llexp(—iHt) — [L4 (—it/r)]"|| < O (Z—j + n_12> . (3.54)

7o

To guarantee that the simulation error € is at most some constant, it suffices to use
r = O(n**) segments. Since the circuit for each segment has size O(n), we have an

overall gate complexity of O(n34). Along similar lines, we find gate complexities of
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O(n*) (resp., O(n''/?)) for the first-order (resp., second-order) commutator bound.
These bounds improve the asymptotic gate complexities of the product-formula
algorithm with 1-norm scaling (as established in Corollary 8), which give O(n®)
for the first-order formula, O(n?*) for second order, and O(n3?%) for fourth order.

We only present concrete commutator bounds for the first-, second-, and
fourth-order product formulas. In general, to obtain the 2kth-order commutator
bound, one must count the number of (2k + 1)-tuples satisfying a certain com-
mutation pattern in a list of operators of length 8 - 5¥~!n. For k > 3, computing
the exact form of the (2k)th order bound seems challenging even with the help of
polynomial interpolation.

Nevertheless, it is still possible to obtain the asymptotic n-dependence of the
commutator bound. The key step is to study those (2k + 1)-tuples for which all
pairs of operators commute with each other. The number n.ymm, of such commuting

(2k + 1)-tuples satifsfies

— 2k 8. 51
(8- 5571 (Zk . 1) < Neomm < ( ot 1”). (3.55)

We thus conclude that Neomm is a polynomial in n whose leading term is (8 -

5k71n)2k+1 .

When we Taylor expand the evolutions exp(AH) and % (\), those (2k +
1)-tuples for which all pairs of operators commute with each other cancel. The

remaining terms are either (2k + 1)-tuples where at least one pair of operators do
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not commute, or [-tuples with [ < 2k. Our above discussion shows that there are

O(n?*) such tuples. Therefore, the 2kth-order commutator bound takes the form

- . . t 2k+1n2k nt 2k+2
fexp (—it10) — e (it < 0 (1275 4 0

o n4k+1 N n4k+4
r2k r2k+1 |-

To ensure that the simulation error is O(1) for ¢t = n, it suffices to choose r =

(3.56)

O(n?t2/k+1)) " which leads to a total gate complexity of O(n3+%/(k+1) This im-
proves over the I-norm scaled bound (Corollary 8), which give complexity O(n31/%).
Empirical bounds. While the above bounds provide rigorous correctness guaran-
tees, they can be very loose. To understand the minimum resources that suffice for
product formula simulation, we estimate their empirical performance. Of course,
since quantum simulation is computationally challenging, we can only directly
compute the actual simulation error for small instances. Using binary search, we
find the value of r (the total number of segments) that just suffices to ensure
error 1073. We extrapolate this behavior to produce a non-rigorous estimate of
the performance of product formula simulation for instances of arbitrary size. We
emphasize that the resulting empirical bound does not come with a guarantee of
correctness. Nevertheless, we believe it better captures the true performance of
product formula simulations and indicates the extent to which our rigorous bounds
are loose.

We numerically simulate the product formula algorithm for systems of size 5
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to 12, determining the value of r required to ensure error 1072 as described above,
and averaging over five random choices of the local field strengths h;. We fit these

data to power laws, as depicted in Figure 3.2. We find

ry = 24170y = 39.4Tn " ry = 4.0350", rg = 178901 g = 1.144n "1,

(3.57)
where r; is the number of segments for the ¢th-order formula to produce a simu-

lation that is accurate to within 1073, Considering the size of the circuit for each
step, this suggests an asymptotic complexity of roughly 9668n2%* for the first-
order formula, 315.8n2%%3 for second order, 161.4n%5% for fourth order, 357.8n>31!

for sixth order, and 1144n?14! for eighth order.

3.3 Taylor-series implementation details

In this section, we discuss technical details related to the implementation
of the Taylor-series algorithm as introduced in Section 2.5. We first present con-
crete error bounds to determine the truncate order K. We then describe how to
implement select(V'), a major component of the algorithm.

Error analysis. We begin by bounding the error introduced by truncating the

Taylor series.

Lemma 16. With the definitions of % () in (2.26) and tey == In2/ ||a|,, we have

(ln 2)K+1

BT (3.58)

U(t) — exp(—th)H <2
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Figure 3.2: Comparison of the values of r using the commutator and empirical bounds
for formulas of order 1, 2, and 4, and values of r for the empirical bound for formulas of
order 6 and 8. Straight lines show power-law fits to the data. The error bars for product
formulas of order greater than 1 are negligibly small, so we omit them from the plots.
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for any t < tye.

Proof. We have

|7 ()~ exp(—irn)|| = i (_ijt)ﬁ (3.59)
r=K+1
< f: (Hh;ﬂ (3.60)
k=K+1 ’
< f: ((oq +- -F;‘+ ar)t)® (3.61)
k=K+1 ’
< i (lnlj)N (3.62)
r=K+1 ’
< 2%, (3.63)
where the final inequality follows from Lemma 10. O]

Next we consider the error induced by the isometry 7 (t) := —WRWTRW (|0)®

I) as in (2.34). It is straightforward to verify that
3 - . .
(Ol D)V (t) = g%(t) ——UOU ) U 1) (3.64)

As discussed in Section 2.5, we rotate an ancilla qubit to increase the value of s
to be precisely s = 2. Then the following bound characterizes the error in the

implementation of the Taylor series.
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Lemma 17. Suppose ‘U — UH < 0 for some unitary operator U. Then

3~ len, -~ 6% + 30+ 4
‘ Sl 5 1o UH < L0 (3.65)
2 2 2
Proof. Since HU — UH < 9, we have
HUH < HU—UH+||U|| <146 (3.66)
and therefore
HU(?T - IH < H(U - U)UTH n HU(UT - UT)H < 5(2 4 90). (3.67)
Thus, by the triangle inequality, we have
S P e - | TP
S0 - 000 - U < HU—UH+§HU—UU UH (3.68)
02+0)(1+6
<54 +;< +9) (3.69)
62 +30+4
— Lg (3.70)
2
as claimed. 0

We use the following basic property of contractions (operators of norm at

most 1), which is easily proved using the triangle inequality.

Lemma 18. Suppose operators U; and V; are contractions for all i € {1,... r}.
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If |U; = Vi|| < n for all i, then

We also use the following lemma, which bounds the error introduced by

normalization.

Lemma 19. Suppose [|[¢)[| =1, [|¥)[] < 1, and [[[)) — |9} <& < 1. Then

¢

HW?H"@HWW—%%&- (3.72)

Proof. Decompose |¢)) as

¥) = alg) + Blo) (3.73)

for some normalized state |¢*) orthogonal to |¢). Clearly |a|? + |B8[> < 1 since

||¥)]] < 1. Furthermore, the assumption |||¢)) — |¢)|| < & implies
o =12+ |B* < &%, (3.74)

SO

o + |8 < €+ 2R(a) — 1 (3.75)

with the real part 1 — & < R(a) <14 €.
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Then we have

B _ 2R(a)
[ 1) - \/ ’ —|a|2 : w (8.76)
\/ \/52 — 2% (3.77)
2(1 — 52
\/ N (3.78)
=V1I+¢E-V1-¢ (3.79)

Here the first inequality uses (3.75) and the fact that R(«) > 1 — ¢ > 0, and the
second inequality follows since the function x/4/22 — 1 + &2 attains its minimum

at x = 1 — &2 within the interval 1 — ¢ <2 <1+E&. O]

With all the above lemmas in hand, we are ready to prove an explicit error

bound for the Taylor-series algorithm.

Theorem 20. The Taylor-series algorithm achieves error at most /1 + &—+/1 — &

with success probability at least (1 — £)2, where
62 +30+4 (In 2)K+1
E=r 5 d with § K+ 1) (3.80)
Proof. For t € {tseg, trem}, Lemma 16 shows that
HU(t) - exp(—th)H <6, (3.81)
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and Lemma 17 shows that
[({0] @ )V (t) — exp(—iHt)|| < &/r. (3.82)

Since ¥#(t) is an isometry, ((0|® I)¥ (t) is a contraction, so by Lemma 18, we have

(01 DY () (0 @ D H (1) = exp(=ith)| <& (3.83)

The claim about the success probability follows by applying the triangle inequality,

and the accuracy can be established by invoking Lemma 19. O]

To apply this bound, we must determine the truncation order K that achieves
the desired error bound €. Just as for the product formula error bounds presented in
Section 3.2, it does not seem possible to compute K in closed form. However, since
K can only take integer values, it is straightforward to tabulate the error estimates
corresponding to all potentially relevant values of K, as shown in Table 3.1. Using
the known value of r, we can then determine which value of K suffices to ensure
small error.

In Section 3.2, we presented empirical error bounds for simulations based on
product formulas. It would be natural to perform a similar analysis of the error
in the Taylor-series algorithm. Unfortunately, it is intractable to find an empirical
bound by direct simulation since the number of ancilla qubits used by the Taylor-

series algorithm puts it beyond the reach of classical simulation even for very small

o8



§/r
1.3626
0.24118
0.039031
0.0053441
0.00061628
6.10123 x 10~°
5.28621 x 106
4.07124 x 1077
2.821965 x 1078
1.778215 x 1079
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S| oo | o] ot | wof no| | R

Table 3.1: Lookup table for the truncation order K, with s boosted to be 2 in each
segment.

systems. A more limited alternative would be to use empirical data to improve

the estimated error of the truncated Taylor series. However, since

K+1 o K K+1
(In2) < (In2) < 2(ln 2)

K+ = 4=, #! (K+1)!”

(3.84)

the estimated error can be improved by a factor of at most 2, which results in an
additive offset of at most In 2 for the truncation order K. Thus we do not consider
such a bound in our analysis.

Implementation of select(V'). A crucial step in the implementation of the Taylor-
series algorithm (and in the quantum-signal-processing algorithm) is to synthesize
the select(V') gates. The cost of this implementation depends strongly on the

chosen representation for the control register.
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Recall from (2.30) that the select(V') operation has the form

[1]

-1

select (V) := Z €)Yl @ V. (3.85)
£€=0

For the Taylor-series algorithm, the operators ‘N/g are defined via (2.29). Here the
index ¢ labels a value k € {0,1,...,K} and indices 71,...,7, € {1,...,T}. Per-
haps the most straightforward approach is to represent the entire control register
with a binary encoding using log,(K + 1) + Klog, I' bits. However, as pointed
out in [14], we can significantly reduce the gate complexity by choosing a different
encoding of the control register.

Specifically, we use a unary encoding to label x and a binary encoding for each
My« Ye- With such an encoding, the instance of select(V') in the Taylor-series

algorithm can be represented as the map

1707 s o) [9) = (170 )y k) (=) Hyy - Ho (W) (3.86)

We implement this transformation as follows. Conditioned on the jth qubit of the
unary encoding of x being 1, and the jth coordinate of v4,. ..,k being the binary
encoding of ;, we apply (—i)H,,. Compared to an entirely binary encoding, this
approach only requires an additional [K+1—log,(K+1)] qubits, which is a modest
increase since K is typically small (see Table 3.1). In return, instead of selecting

on a large register of ©(KlogI') bits, we can perform K + 1 independent selections
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on registers of log, I' bits, each controlled by a single qubit.

To implement a single select operation of the form ZS;& 17) (v|®U,, we would
need to cycle the value of a designated ancilla qubit through I' Boolean products
of w literals, where in each of the products, each of the variables 1, ..., x,, appears
exactly once (either negated or not). We then apply U, conditioned on the ancilla
qubit at the yth step of this construction.

A naive way of obtaining the Boolean products is to implement them via
multiple-controlled Toffoli gates with appropriate control negations, which has to-
tal gate complexity O (I'logI"). We give an improved implementation with gate
complexity O (I') based on walking on a binary tree, which meets a previously es-
tablished lower bound [80, Lemma 4]. A complete discussion of this improvement
is beyond the scope of this dissertation, and we refer the reader to [34, Appendix

G.4] for details.

3.4  Quantum-signal-processing implementation details

We now consider the quantum-signal-processing algorithm of Low and Chuang
(73, 74], as introduced in Section 2.6. We describe optimizations that reduce the
gate count of implementing quantum signal processing. We then discuss the diffi-
culty of computing the phases that specify the algorithm and describe a segmented
version of the algorithm that mitigates this issue. Finally, we describe empirical

bounds on the error in the truncated Jacobi-Anger expansion and in the overall
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algorithm.
Circuit optimizations. The select(H) gate is a major component of the quantum-
signal-processing algorithm, so we use the optimized implementation of that sub-
routine [34, Appendix G.4] in our implementation of the quantum-signal-processing
algorithm. We now present some further circuit optimizations that also reduce the
gate count.

As discussed in Section 2.6, we use the phased iterate V,, defined in (2.45),

whereas Low and Chuang use the operation
Vii= (e R @ D) () H @ T+ =)~ 1@ (Znpp(~iQ) Zxp) ) (¥4 & 1), (3.87)

where Z, := (14 ¢7)|G)(G| — I is a partial reflection about |G). It is easy to see

that

Vo = (I & Znp2) Vil & Z_rp2), (3.88)
SO

Vi =18 Zepp)ViI (1@ Zrpa) (3.89)

also involves conjugation by I ® Z /3. Thus, when the phased iterates are applied

in the sequence (2.49), the inner partial reflection gates cancel. Furthermore, Z,
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simply introduces a relative phase between |G) and its orthogonal subspace, so its
action is trivial if the ancilla register is initialized in and postselected on |G). Thus
we see that the implementation as defined in Section 2.6 has the same effect as in
[74]. Each partial reflection is implemented using O(logn) elementary gates, and
there are O(n?) phased iterates, so our implementation saves O(n?logn) gates.
We apply a similar simplification to further reduce the gate count. For every
phased iterate Vy defined in (2.45), we must implement a controlled version of
the operator —iQ = —i((2|G)(G| — I) ® I) select(H). In particular, this requires
us to perform a controlled-reflection about |G). We can do this by performing
a controlled-U' that unprepares the state |G) (where U is a unitary operation
satisfying U]0) = |G)), a controlled reflection about |0), and finally a controlled-U
that prepares the state |G). However, observe that we can replace the controlled
unitary conjugation by its uncontrolled version without changing the behavior of
the circuit. Furthermore, by grouping neighboring pairs of phased iterates in the
sequence of Vy and 1% operations, we can cancel pairs of unitary operators U and
UT for state preparation and unpreparation.
Phase computation and segmented algorithm. Recall that to specify the
quantum-signal-processing algorithm, we must find phases ¢4, ..., ¢,, that realize
the truncated Jacobi-Anger expansion. In principle, these angles can be computed
in polynomial time [77]. However, this computation is difficult in practice, so we

can only carry it out for very small instances. Specifically, we found the time
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required to calculate the angles to be prohibitive for values of m greater than
about 32. For n = 10 qubits with ¢ = n and € = 1072, the error bound (2.52)
suggests that we should take m = 1100. Thus the difficulty of computing the angles
prevents us from synthesizing nontrivial instances of the algorithm. This difficulty
arises because the procedure for computing the angles requires us to compute the
roots of a high-degree polynomial to high precision. It is a natural open problem
to give a more practical method for computing the angles.

Fortunately, to determine the Clifford+ R, gate count in our implementation
of the quantum-signal-processing algorithm, we do not need to know the angles of
the phased iterates. Furthermore, since most R, gates require approximately the
same number of Hadamard and 7" gates to realize within a given precision, we can
get a reasonable estimate of the Clifford+7" count by using random angles in place
of the true values. However, we emphasize that this method does not produce a
correct quantum simulation circuit, and should only be used as a benchmark of
the resource requirements of the quantum-signal-processing algorithm—which is
only useful if the true angles can ultimately be computed.

An alternative is to consider what we call a segmented version of the algo-
rithm. In this approach, we first divide the evolution time into r segments, each
of which is sufficiently short that the angles can readily be computed. Since the
optimality of the quantum-signal-processing approach to Hamiltonian simulation

relies essentially on simulating the entire evolution as a single segment, the seg-
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mented approach has higher asymptotic complexity. However, it allows us to give
a complete implementation, and the overhead for moderate values of n is not too
great.

To analyze the algorithm with r segments, we apply the error bound (2.52)

with ¢ replaced by t/r and € replaced by ¢/r. This gives the sufficient condition

Aledly /) _ €
— 1t < 3.90
24 q! — 8r ( )
where ¢ = % + 1. Thus
Jodye )™
r= (’)(m(QE(%}m!) ) (3.91)

segments suffice to ensure overall error at most e. With t = n, « = O(n), and
m a fixed constant, we have r = O(n***/™) segments. Within each segment, the
number of phased iterates is m, which is independent of the system size. Each
phased iterate has circuit size O(n) using the improved select(V') implementa-
tion [34, Appendix G.4]. Therefore, the segmented algorithm has gate complexity
On3+4/m).

In our implementation, we use m = 28 (i.e., ¢ = 15). For the instance of

quantum simulation considered in this paper, we set € = 1072, ||a||, = 4n, and
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Figure 3.3: Comparison of the number of phased iterates using optimal and segmented
implementations of the quantum-signal-processing algorithm.

t = n. With these values, (3.90) shows that it suffices to use

. [103 - 220,30
> 4/ T,n — 0.6010 '/ (3.92)

segments.

Figure 3.3 compares the total number of phased iterates used in the seg-
mented and optimal implementations. Over the range of interest, the segmented
algorithm is only worse by a factor between 2 and 3.

Empirical error bounds. The error bound (2.52) uses the closed-form expression
(2.51) for the remainder of the Jacobi-Anger expansion. While it is a convenient
to use such an analytical expression, it is natural to ask how tightly it bounds the

complexity of the algorithm.
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Figure 3.4: Comparison of the number of phased iterates using the analytic bound (2.51)
and the empirical bound for the Jacobi-Anger expansion. Here m is the number of phased
iterates and n is the system size.

To address this question, we numerically evaluate the left-hand side of (2.51)
for systems of sizes ranging from 10 to 20, as shown in Figure 3.4. By extrapolating
these data, we estimate the complexity of the quantum-signal-processing algorithm
for arbitrary sizes, including those for which classical evaluation of the series is
intractable. The empirical bound improves the gate count by a factor between
1.25 and 1.45 over the range of interest (10 < n < 100). More specifically, power

law fits to the data give

Mana = 11300 m,, = 9.849 n' 9% (3.93)

for the number of phased iterates using either the analytic bound or the empirical
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bound, respectively. Since each phased iterate has gate complexity O(n) (using the

technique from [34, Appendix G.4|), we find that the quantum-signal-processing

2.988) ( 2.939))

algorithm has complexity O(n resp., O(n using the analytic bound
(resp., empirical bound).

We do not consider the empirical bound for the segmented version of the
quantum-signal-processing algorithm, since the savings is small in that case (even
less at m = 28 than at the values shown in Figure 3.4), and the main goal of
the segmented approach is to have a fully-specified algorithm with rigorous guar-
antees. However, we use the empirical bound to estimate resources using the
non-segmented quantum-signal-processing algorithm. This produces our most op-
timistic benchmark for the performance of the quantum-signal-processing algo-
rithm.

One could also consider a full empirical estimate for the quantum-signal-
processing algorithm by using direct simulation to determine its true overall error.
The need for ancilla qubits makes this challenging: the algorithm uses n+[log 4n]+
1 qubits to simulate an n-qubit system. Fortunately, unlike with the Taylor-series
algorithm, small instances of the quantum-signal-processing algorithm are just
within reach of direct classical simulation.

However, preliminary numerical investigation suggests that the performance

of the quantum-signal-processing algorithm cannot be significantly improved using

such an empirical bound. Figure 3.5 shows the empirical error in the segmented
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Figure 3.5: Empirical error in the segmented quantum-signal-processing algorithm and
product-formula algorithms of orders 1, 2, and 4 (with commutator bound) for small
system sizes.
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quantum-signal-processing algorithm for small system sizes, averaging over 10 ran-
dom experiments with a fixed target error ¢ = 1072, along with similar data for
the product-formula algorithm using the commutator bound. We observe that for
system sizes between 5 and 9, the quantum-signal-processing error is consistently
around 5 x 1075, which is not significantly less than the target error of 1073. While
there was more variation in the error of the quantum-signal-processing algorithm as
compared to the product-formula algorithm, in no case was the quantum-signal-
processing error less than 107°. In contrast to the product-formula algorithm,
where the error apparently decreases as a power law in n, the quantum-signal-
processing error shows no indication of decreasing. Furthermore, since the com-
plexity of the quantum-signal-processing algorithm depends logarithmically on the
inverse error 1/e, even a large reduction in the error may not have a significant
effect. For these reasons, we do not consider full empirical error bounds in our

resource estimates for the quantum-signal-processing algorithm.

3.5 Results

We implement the three simulation algorithms in a quantum circuit descrip-
tion language called Quipper [51]. We also process all circuits using an automated
tool we developed for large-scale quantum circuit optimization [82]. Our imple-
mentation is available in a public repository [33].

We express our circuits over the set of two-qubit CNOT gates, single-qubit
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Figure 3.6: Gate counts for optimized implementations of the product-formula (PF) al-
gorithm (using the fourth-order formula with commutator bound and the better of the
fourth- or sixth-order formula with empirical error bound), the Taylor-series (TS) algo-
rithm, and the quantum-signal-processing (QSP) algorithm (using the segmented version
with analytic error bound and the non-segmented version with empirical Jacobi-Anger
error bound) for system sizes between 10 and 100. Left: cNOT gates for Clifford+R,
circuits. Right: T gates for Clifford+7 circuits.

Clifford gates, and single-qubit Z rotations R, (6) := exp(—iZ60/2) for 6 € R, which
can be directly implemented with both trapped ions [40] and superconducting
circuits [28, 62]. We focus on the CNOT count as two-qubit gates take longer to
perform and incur more error than single-qubit gates. We also produce Clifford+T
circuits using optimal circuit synthesis [92] so that we can count T" gates, which
are typically the most expensive gates for fault-tolerant computation.

Figure 3.6 and Figure 3.7 compare the gate counts and qubit counts for the
product-formula (PF) algorithm (with commutator and empirical error bounds),
the Taylor-series (TS) algorithm, and the quantum-signal-processing (QSP) algo-
rithm (in both segmented and non-segmented versions). Among all the algorithms
we considered, the PF algorithm does not need ancilla qubits, making it suit-

able for near-term implementation of quantum simulation. The implementation of
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Figure 3.7: Number of qubits used by the product-formula (PF), Taylor-series (TS), and
quantum-signal-processing (QSP) algorithms.

other algorithms uses ancilla qubits, but QSP has mild space requirement and is
preferred over the TS approach.

Despite being more involved, the segmented QSP algorithm has the best
performance among the rigorously-analyzed algorithms. However, the performance
of the PF algorithm is significantly improved using the empirical bounds, making
it the preferred approach if rigorous performance guarantees are not required,
especially considering its lower space requirement. This significant gap between
the provable and actual performance of product formulas may be closed by proving
stronger error bounds, which we further discuss in Chapter 6 and Chapter 7.

Although higher-order product formulas have been deemphasized in recent
work of quantum chemistry simulation [87, 90], we find that they are surprisingly
efficient for simulating systems of small sizes, as shown in Figure 3.8. The fourth-

order formula with commutator bound gives the best available PF algorithm with
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Figure 3.8: Total gate counts in the Clifford+ R, basis for product formula algorithms
using the minimized (left), commutator (center), and empirical (right) bounds, for system
sizes between 13 and 500.

a rigorous performance guarantee, whereas the sixth-order formula outperforms
the fourth-order formula for systems of about 30 or more qubits using empirical
error bounds. For future work, it could be fruitful to experimentally demonstrate
the utility of these higher-order formulas.

For a system of 50 qubits—which is presumably close to the limits of direct
classical simulation for circuits such as ours—the segmented QSP algorithm is
the best rigorously-analyzed approach, using about 1.8 x 10® CNOT gates (over
the set of Clifford+R, gates) and 2.4 x 10° T gates (over the set of Clifford+T
gates). This is further reduced using the PF algorithm with empirical bounds,
costing about 3 x 10¢ cNOTs and 1.8 x 108 T's (over Clifford+R, and Clifford+T7,
respectively). For comparison, previous estimates of gate counts for factoring,
discrete logarithms, and quantum chemistry simulations are significantly larger
(Figure 3.9). This suggests that simulation of spin systems is a significantly easier

task for near-term practical quantum computation.
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Chapter 4: Randomized product formulas

In this chapter, we propose a randomized approach to quantum simulation
based on higher-order product formulas. The resulting algorithm is not much
more complicated than a deterministic product formula, but the savings in the
simulation cost can be substantial.

Our analysis uses a mixing lemma of Campbell and Hastings [24, 56] to bound
the diamond norm distance of the actual operator from the ideal evolution. We
motivate this approach in Section 4.1, where we consider the effect of randomizing
how the summands are ordered in the simple case of the first-order formula.

Analyzing the effect of randomization on higher-order formulas is more chal-
lenging. For low-order terms in the Taylor expansion of a product formula, the
majority of the error comes from terms in which no summands are repeated. We
call such contributions nondegenerate terms. In Section 4.2, we give a combina-
torial argument to show that the nondegenerate terms completely cancel in the
randomized product formula.

Section 4.3 presents our main technical result, an upper bound on the error
in a randomized higher-order product-formula simulation. This bound follows by
applying the mixing lemma to combine an error bound for the average evolution
operator with standard product formula error bounds for the error of the individual

terms. Section 4.4 discusses the overall performance of the resulting algorithm
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and compares it with deterministic approaches. Our algorithm always improves
the dependence on the number of Hamiltonian summands and sometimes achieves
better dependence on the evolution time and simulation accuracy as well.

We also show in Section 4.4 that our bound can outperform a previous bound
that takes advantage of the structure of the Hamiltonian. Specifically, we compare
our randomized product formula algorithm with the deterministic algorithm using
the commutator bound of [34] for a one-dimensional Heisenberg model in a random
magnetic field. We find that over a significant range of parameters, the randomized
algorithm has better proven performance, despite using less information about the
form of the Hamiltonian.

In light of the large gap between proven and empirical performance of product
formulas, it is natural to ask whether randomized product formulas still offer an
improvement under the best possible error bounds. To address this question,
we present numerical comparisons of the deterministic and randomized product
formulas in Section 4.5. In particular, we show that the randomized approach
can sometimes outperform the deterministic approach even with respect to their
empirical performance. Finally, we conclude in Section 4.6 with a brief discussion
of the results and some open questions.

This chapter is partly based on the following paper:

[35] Andrew M. Childs, Aaron Ostrander, and Yuan Su, Faster quantum simulation

by randomization, Quantum 3 (2019), 182, arXiv:1805.08385.
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4.1 The power of randomization

To see how randomness can improve a product formula simulation, consider
a simple Hamiltonian expressed as a sum of two operators, H = H; + H,. The

Taylor expansion of the first-order formula as a function of A € C is

)\2
A1) = exp(AH}) exp(AHy) = I + \(H, + Hy) + ?(Hf +2H,Hy + H3) + O(N?),

(4.1)
whereas the Taylor series of the ideal evolution is

2

A
V' (A\) = exp((Hy + Hy)\) = T+ N(Hy + Hy)+ = (H? + H Hy+ HyHy + H3) 4+ O(N?).

2
(4.2)
Using the triangle inequality, we can bound the spectral-norm error as
|Al”
173 = AW < I[Hy Bl ==+ O((A])?), (4.3)

where A := max{||H||,||Hz|}. Since H; and H; need not commute, .#(\) ap-
proximates ¥ () to first order in A, as expected.

It is clearly impossible to approximate #(\) to second order using a product
of only two exponentials of H; and Hy: any such product can have only one of the
products HyHs and HyH; in its Taylor expansion, whereas ¥'(\) contains both of

these products in its second-order term. However, we can obtain both products by
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taking a uniform mixture of .#;(\) and
FTV(N) = exp(AHy) exp(AH; ). (4.4)

Indeed, a simple calculation shows that
o= 300+ 20| = o). (45)

However, (.7 (—it)+ .77 (—it)) /2 is not a unitary operation in general. We could
in principle implement a linear combination of unitaries using the techniques of
[13], but such an approach would use ancillas and could have high cost, especially
when the Hamiltonian contains many summands. A simpler approach is to apply
one of the two operations . (—it) and .7V (—it) chosen uniformly at random (as
in Algorithm 2 of [113]), thereby implementing a quantum channel that gives a
good approximation to the desired evolution.

We now introduce some notation that is useful to analyze the performance
of randomized product formulas. Let X be a matrix acting on a finite-dimensional
Hilbert space H. We write | X || for its spectral norm (the largest singular value)
and ||X||,, for its trace norm (the sum of its singular values, i.e., its Schatten 1-

norm). Let £: X — &£(X) be a linear map on the space of matrices on H. The
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diamond norm of £ is [106, 112]

1€]]5 == max{[|(€ @ L) (V) = [Vl <13, (4.6)

where the maximization is taken over all matrices Y on H®%H satisfying ||Y|,, < 1.

The following mixing lemma bounds how well we can approximate a unitary
operation using a random unitary channel. Specifically, the error is linear in the
distance between the target unitary and the average of the random unitaries, and
only quadratic in the distance between the target unitary and each individual

random unitary.

Lemma 21 (Mixing lemma [24, 56]). Let V' and {U;} be unitary matrices, with
associated quantum channels V: p— VpVT and U;: p UijjT, and let {p;} be a

collection of positive numbers satisfying Zj p;j = 1. Suppose that

i)  |U; =V <a forall j and

G) ||, p0) ~ V]| <.

Then the average evolution & 1=y pjU; satisfies ||€ — V||, < a® 4 2b.

To simulate the Hamiltonian H = H; + H, for time ¢, we divide the evolu-
tion into r segments of duration ¢/r and implement each segment via the random
unitary operation

(Si(—it/r) + Si(—it/r)) (4.7)

DO | —
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using one bit of randomness per segment, where &; and S}°V are the quantum

channels associated with . and Y. Invoking the mixing lemma with a =

O((At)?/r?) and b= O((At)*/r?), we find that

ity - 5siitin) + s iein)

0:O(Mﬂv. (4.8)

r3

Since the diamond norm distance between quantum channels is subadditive under

composition [106, p. 178], the error of the entire simulation is

_ %(51(_%/7") + 817 (it /r)) r

ve-in

O_o(m?j. (4.9)

Thus the randomized first-order formula is effectively a second-order formula.
This approach easily extends to a sum of I' operators, again effectively making
the first-order formula accurate to second order (cf. [113], which shows the same
result with respect to trace distance of the output state). Keeping track of all
the prefactors, we find the following error bound for the randomized first-order

formula.

Theorem 22 (Randomized first-order error bound). Let {H,}._, be Hermitian

matrices. Let

Y (—it) == exp (—z‘tih@) (4.10)

7=1

be the evolution induced by the Hamiltonian H = 25:1 H., for timet € R. Define
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(N = [[exp(AH,) and .77 (N) := [ ] exp(AH,). (4.11)

Let r € N be a positive integer and A := max, ||[H,||. Then

_ %(81(—2'75/7“) + S (=it /1)) . .

ve-io

At|T)* Alt|T
LAY (AU

(o]

(4.12)

2(AJt|T)3 <A|t\r>
+ exp
,

3r2

where, for X = —it, we associate channels V(X), S1(N), and S;®¥(\) with the uni-

taries V' (X), L1(N), and SV (N), respectively.

To guarantee that the simulation error is at most €, we upper bound the right-
hand side of (4.12) by € and solve for r. Assuming A := max., ||H,| is constant, we
find that it suffices to choose r}** = O((¢T')1* /€*5), giving a simulation algorithm
with gate complexity g™ = O(t1-°T%%/¢%%). In comparison, the gate complexity
in the deterministic case is g{® = O(¢*I'"® /¢). Therefore, the randomized first-order
product formula algorithm improves over the deterministic algorithm with respect
to all parameters of interest.

It is natural to ask whether a similar randomization strategy can improve
higher-order product formulas (as defined in (2.14)). While it turns out that ran-
domization does not improve the order of the formula, it does result in a significant
reduction of the error, and in particular, lowers the dependence on the number of

summands in the Hamiltonian. The more complicated structure of higher-order
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formulas makes this analysis more involved than in the first-order case (in particu-
lar, we randomly permute the I' summands instead of simply choosing whether or
not to reverse them, so we use ©(I'logI') bits of randomness per segment instead
of only a single bit). As aforementioned, our proof is based on a randomization
lemma (established in the next section) that evaluates the dominant contribution

to the Taylor series of the randomized product formula in closed form.

4.2 Randomization lemma

In this section, we study the Taylor expansion of the average evolution op-
erator obtained by randomizing how the summands of a Hamiltonian are ordered.

We consider a formula of the form

exp( AHx (1)) exp(1AHr, (2)) - - - exp(@iAH (1))
exp(qeAH (1)) exp(qeAHry(2)) - - - xp(qeAHry (1)) (13)
4.13

exp(qe A, (1)) exXp(qeAHr, (2)) - - - exp(quAHx, (1))

for real numbers ¢,...,q. € R, a complex number A\ € C, Hermitian matri-
ces Hy,...,Hr, and permutations my,...,m, € Sym(I"). By choosing appropriate
values of ¢1,...,q. € R and ordering Hi,..., Hr in both forward and backward

directions, we can write any product formula % () in this form.
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We now permute the summands to get the average evolution

1
! > exp(@AHo(m (1)) eXP(GAHo(r, (2))) - - eXD(@AH oy (1))

" oeSym(I)

exp(eAHo(my(1))) eXP(2AH oy (ry(2))) - - - €XP(q2 AH o (my(1)))

(4.14)
exp(uAH o (r,. (1)) €XP(GeAHo(r(2))) - - €XP(@uAH (. (1)) -
In its Taylor expansion, we call the sum of the form
Z aml...ms/\sHml e HmS; (415)

mi,...,Ms
pairwise different

with coefficients ., .m, € C, the sth-order nondegenerate term. This term con-
tributes ©(I'*) to the sth-order error, whereas the remaining (degenerate) terms
only contribute O(I'*71).

The following lemma shows how to compute the sth-order nondegenerate

term for an arbitrary average evolution.

Lemma 23 (Randomization lemma). Define an average evolution operator as in
(4.14) and let s < T be a positive integer. The sth-order nondegenerate term of

this operator is

(i 4+ ) N* 3

N (4.16)

mi,...,Ms
pairwise different
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Proof. We take all possible products of s terms from the Taylor expansion of (4.14).
Observe that the exponentials in (4.14) are organized in an array with x rows and
I' columns. We use kq,...,ks and [q,...,ls to label the row and column indices,
respectively, of the exponentials from which the terms are chosen. To avoid double
counting, we take terms with smaller row indices first (i.e., k1 < -+ < Kkg). Within
each row, we take terms with smaller column indices first. To get the sth-order
nondegenerate term, we require that 7, ({1), ..., 7, (ls) are pairwise different. The

sth-order nondegenerate term of (4.14) can then be expressed as

= > D, > (@Mt )  (@eAHom, 1y)- (417)

! aESym (T) k1<<kKs 71',{1(11), g (Ls)
pairwise different

A direct calculation shows that

% Z Z Z (q'ﬂ)‘HG(Wnl (11))) T (QHS)‘HU(NKS (ls))>

ToeSym(l) mi<Shs Ty (1) (Is)
pairwise different

Z Z Z Z (q:‘ﬂ )‘Hml) U (QK/SAHms>

'aesym (I) m1<Shs g (1) (s) m1=0 (e (12)),-.
pairwise different ~ ms=0(m.,(ls))

- > > > Do (@A) (e A )

. m.l""(fgs K1<<ks ey (1), (Is) oeSym(T):
pairwise different pairwise different o (mx (I1))=ma1,...,
o(mrs (Is))=ms

M. s K1<SKs ey (11)0Trs (1
pairwise different = = Nl( 1.)’ ). rs (Is)
pairwise different

(4.18)

Now observe that the summand (g, A) - - - (¢4, A) depends only on the row indices.
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Letting 7y, ...,r. denote the number of terms picked from row 1,..., k, respec-
tively, we can re-express this summand as (g1 A)™ - - (gsA)™. We determine the
coefficient of this term as follows. The number of ways of choosing [y, ..., [ pair-
wise different is I'(I' — 1) --- (I' = s + 1). However, when we apply permutations
Thys- - - Thy, We may double count some terms. In particular, if x; = k;41, we are
to pick terms from the same row x; and we must have [; < [;;1. This implies that
the ordering of 7, (l;) and 7, (l;+1) is uniquely determined. Altogether, we see

that we have overcounted by a factor of (r1!)--- (r,!). Therefore, we have

Z Z (q"ﬂ)‘)"'<Qﬁs>\) — Z F(F_1)'“(1_‘_.34_1)((]1)\)7“1,..(qﬁ/\)m

... |
K1 <o Sk g (1) () Ty Tt (T1-> (7% )

pairwise different Tit TS

(g1 + -+ @) A)°
s!

T —1)-- (T —s5+1)

)

(4.19)
where the last equality follows by the multinomial theorem.

Substituting (4.19) into (4.18) completes the proof. O

As an immediate corollary, we compute the sth-order nondegenerate term of

the average evolution operator & > oesym(r) Zak(A)-

Corollary 24. Let {H, 5:1 be Hermitian operators; let A € C, k,s € N, and s <

. Then the sth-order nondegenerate term of average evolution & > oesym(r) 7 an(A);
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with Z5.(\) being the permuted (2k )th-order Suzuki formula

r 1
. A A
5/2 (/\) = | | eXp(EHU(,Y)> | | exp(5H0(7)>
7=1 y=r

or(A) = [y2ak—2<pk/\)]25ﬂ22—2((1 - 4pk))‘>[y2c;c—2(pk)‘)]2-

(4.20)

18

)\8
ol > Hpy - Hp,. (4.21)

pairwise different

Proof. The fact that .5 (\) is at least first-order accurate implies that ¢; + - - +

¢. = 1 in (4.16). O

Observe that the sth-order nondegenerate term of #'(A) = exp(\ 25:1 H,)
is also given by (4.21). Therefore, the sth-order nondegenerate term completely

cancels in

”I/(A)—% NREZA) (4.92)

4.3 FError bounds

In this section we establish our main result, an upper bound on the error
of a randomized product formula simulation. To apply the mixing lemma, we
need to bound the error of the average evolution. We now present an error bound
for an arbitrary fixed-order term in the Taylor expansion of the average evolution

operator.
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Lemma 25. Let {H, 5:1 be Hermitian operators; let X € C and k,s € N. Define

the target evolution ¥ (\) as

() = exp (AZH) (4.23)

and define the permuted (2k)th-order formula 5. (\) as in (4.20). Then the sth-

order error of the approrimation

OB SRR AN (424)

15 at most

(4.25)

. kflA)\ 5 g
BT s > 2k,

where A := max, || H,||.

The proof of this error bound uses the following estimate of a fixed-order

degenerate term in the average evolution operator.

Lemma 26. Let {H,}}_, be Hermitian operators with A := max. || H,||; let qu, ..., qx
€ R with maxy |qx| < 1; and let s < T be a positive integer. Then the norm of the
sth-order degenerate term of the ideal evolution operator ¥ (\) as in (4.23) is at
most

M[FS—F(F—l)M(F—erl)] (4.26)

s!
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and the norm of the sth-order degenerate term of the average evolution operator

as in (4.14) is at most

(RAJA]?

— I -rT -1 (L=s+1)].

s!

Proof. The sth-order term of #'(\) is

(AN Hy) A
Ws—!:s! Z H,,, - Hp,

and its nondegenerate term is

A > Hy oo Hp,.

s!
M ,enny mg
pairwise different

(4.27)

(4.28)

(4.29)

We use the following strategy to bound the norms of these terms: (i) bound the

norm of a sum of terms by summing the norms of each term; (ii) bound the norm of

a product of terms by multiplying the norms of each term; (iii) bound the norm of

each summand by A; and (iv) replace A by |A|. Applying this strategy, we find that

the norm of the sth-order term is at most (I"'A|)A|)*/s!, where the nondegenerate

term contributes precisely I'(I" — 1) - - - (I' = s + 1)(A|\|)®/s!. Taking the difference

gives the desired bound (4.26).

According to Lemma 23, the sth-order nondegenerate term of the average
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evolution is

(g1 + -4 qo)N* Z

s!

(4.30)

M1,y ms
pairwise different

Following the same strategy as for #/(\) and also upper bounding the norm of each

qr by 1 as part of step (iv), we find that the norm of this term is at most

—<RAS||)\DSF(F — 1) (T —s+1). (4.31)

It remains to find an upper bound for the entire sth-order term of the average
evolution. To this end, we start with the average evolution (4.14) and apply the
following strategy: (i') replace each summand of the Hamiltonian by A; (ii’) replace
each ¢ by 1 and each A by |A|; and (iii’) expand all exponentials into their Taylor
series and extract the sth-order term. In other words, we extract the sth-order

term of ) ) exp(KTA[A]) /T to get

oE€Sym

(TAND”

- (4.32)

The equivalence of strategies (i)—(iv) and (i’)—(iii") can be seen from [34, Eq. (57)].
Finally, taking the difference between (4.32) and (4.31) gives the desired bound

(4.27). 0

Proof of Lemma 25. We first prove a stronger bound, namely that the sth-order
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error is at most

0 0<s<2k,

223 M ps (M —1)...(T—s+1)] 2k<s<T, (4.33)

S

2(2'5’971/\\)4)5 s

s!

s>T.
\

The first and third cases in this expression are straightforward. The formula .73} is
exact for terms with order 0 < s < 2k (this is what it means for the formula to have
order 2k), so the error is zero in this case. When s > I', the randomization lemma
is not applicable and the error can be bounded as in [34, Proof of Proposition F.3].

To handle the remaining case 2k < s < I', we apply Lemma 26 with k =
2 - 5*=1 This choice of k follows from the definition of the (2k)th-order formula

(2.14). The norm of the sth-order degenerate terms can be upper bounded by

%[FS—F(F—l)W(F—SnLl)]Jr

(2- 5" TAA)?

s!

=T —=1)---(I'—=s+1)].

(4.34)
According to Corollary 24, the sth-order nondegenerate term of (4.24) cancels,
which proves (4.33) for 2k < s <T.

To finish the proof, we need a unified error expression for order s > 2k.
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When 2k < s <T', we have

=#{(l,..., 1) e TP} —#{(L, ..., 1) € T Ve, v, L #1,}
=#{(,.. L) e M} —#{(h... L) eI L #1,} (4.35)

=# {0 ellf: L=1}

<y
< <S> Fs_l,
T \2

with #{-} denoting the size of a set and [I'] := {1,...,T'}, where the inequality

follows from the union bound. Therefore, we have

2. kflA/\s 2. kflAAs
QM[FS ~TT-1)---T—-s+1)]< MS(S — 1)t
s! s!
(2 5*TTAJAD® o
= — 1"
(s —2)!
(4.36)
If s>T €N, we have s(s —1) > (I'+ 1)I" > 2" and
2. 5k=1A s 9. 5k=1A\ s
s! (s —2)!
This completes the proof. O

We also use the following standard tail bound on the exponential function

[34, Lemma F.2].
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Lemma 27. For any v € C and k € N, we have

s!

S=K

K

kd

o exp(|z|). (4.38)

<

We now establish the main theorem, which upper bounds the error of a

higher-order randomized product formula.

Theorem 28 (Randomized higher-order error bound). Let {H,}\_, be Hermitian

matrices. Let

¢x—ﬁ):4xp(—u§bﬁg> (4.39)

=1
be the evolution induced by the Hamiltonian H = 25:1 H, for time t. For any

permutation o € Sym(I"), define the permuted (2k)th-order formula recursively by

r 1
" A A
Iy () == Hexp <§HU(7)) H exp (5H0(7)>
y=1 y=I

or(A) = [y201c—2<pk)‘)]2¢720k—2((1 - 4pk))\)[<7§€_2(pk)\)]2,

(4.40)

with py, == 1/(4 — 4=V for k > 1. Let r € N and A := max, || H,||. Then

vin - (4 5-itfr))

" oeSym(()T)

<

. Ek—1 4k+2
. 4 (25 D) exp (4.5 Aft|l (4.41)
((2k + 1)1)*pb+1 r

9. k—lA 2k+1F2k AltIT
L2 5 A exp(2,5k_1 |t|)

(2k — 1)Ir2* r
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where, for A = —it, we associate quantum channels V(\) and S (\) with the

unitaries ¥ (X) and 75 (), respectively.

Proof. We first prove that

50>, Saa

' UESym(
4(2 A 5k—1A|)\|F)4k+2
((2k + 1))
2 . BRLA|A|)2RH1D 2
(2k —1)!

(o]

exp(4 - 5" AJAT) (4.42)

+2(

exp(2- 5 TA|AD).

To this end, note that the sth-order error of ¥ (\) — .5 ()) is at most

0 0<s <2k,
(4.43)

2(2-5%— 1A\>\|) s s> 9%k

s!

(as before, this follows as in [34, Proof of Proposition F.3]). Thus Lemma 27 gives

(2 . 5k—1A|)\|F)2k+1
2k + 1))

17 () — 5 (N <2 exp(2- 5" TA[T). (4.44)

On the other hand, Lemma 25 implies that the sth-order error of ¥/(\)

- % desym(F) Z5(A) is at most

(4.45)

258 1AIN])® rs—
BESAET s > 2k,
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so again Lemma 27 gives

1 " 2. 5k71A A 2k+lr2k B
V() - Tl Z (A < ( 2k |_|i>‘ exp(2- 5" TA[A|T). (4.46)

" o€Sym(T)

Equation (4.42) now follows from Lemma 21 by setting

(2 BFLAA|T) 2+
(2k+1)!

(2 - BE=LA|A|)2RHIT2k
(2k —1)!

exp(2- 5 TA|AD),
(4.47)
bh—

exp(2- 5" TA[NT).

To simulate the evolution for time ¢, we divide it into r segments. The
error within each segment is obtained from (4.42) by setting A\ = —it/r. Then

subadditivity of the diamond norm distance gives

. 1 - . ’ . 1 - :
V(—it) — <F' Z S7.(— zt/r)) <r||V(-—it/r)— il Z Sg.(—it/r)| .
oeSym(T") o oeSym(T") o
(4.48)
which completes the proof. O]

4.4 Algorithm performance and comparisons

We now analyze the complexity of our randomized product formula algo-
rithm. Assume that £ € N is fixed, A = O(1) is constant, and r > tI'. By

Theorem 28, the asymptotic error of the (2k)th-order randomized product formula
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18

vein- (5 ¥ sa-am) | o+ S0 )

oeSym(T)

o

To guarantee that the simulation error is at most €, we upper bound the right-hand

side of (4.49) by e and solve for . We find that it suffices to use

4k+2 2k+1

tD) 2%+1
o) o5
€4k+1 €2k

(4.50)

steps, giving a simulation algorithm with

ghrd = O(ri™!) = max {O<tr2 (£> 4 +1) : O(ﬂ“Q (f> 2 ) } (4.51)
€ €

elementary gates.
For comparison, the error in the (2k)th-order deterministic formula algorithm

is at most [34, Proposition F.4]

2k+1
| (—it) — [Lan(—it/r)]|| < O((tr) . ) (4.52)

r2k

While this bound quantifies the simulation error in terms of the spectral-norm
distance, it can easily be adapted to the diamond-norm distance using either

Lemma 21 or [15, Lemma 7]. This translation introduces only constant-factor
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overhead, so we have
» ' . )26+
HV(—zt) - [Sgk(—zt/r)] H<> < O(%) (4.53)

Therefore, the number of segments that suffice to ensure error at most € satisfies

riet =0 (tF (g)

-

>, (4.54)

giving an algorithm with

S

tI' 2
s = ot = 0"

€

) (455)

elementary gates. Comparing to (4.51), we see that the randomized product for-
mula strictly improves the complexity as a function of I'. Indeed, the (2k)th-order
randomized approach either provides an improvement with respect to all param-
eters of interest over the (2k)th order deterministic approach (if the first term of
(4.51) obtains the maximum), or has better dependence on the number of terms in
the Hamiltonian than any deterministic formula (if the second term dominates).
We can also compare our result to the commutator bound of [34], which
depends on the specific structure of the Hamiltonian. For concreteness, we consider

a one-dimensional nearest-neighbor Heisenberg model with a random magnetic
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field, as studied in [34]. Specifically, let
H=Y (5 S +hZ) (4.56)
j=1

with periodic boundary conditions (i.e., S,41 = Y1), and h; € [—h,h] chosen
uniformly at random, where ij = (X}, Y], Z;) denotes a vector of Pauli z, y, and z
matrices on qubit j. The (2k)th-order deterministic formula with the commutator

bound has error at most [34, Eq. (146)]

tF 2k+2 t2k+1r‘2k
Gy ) , (4.57)

Vit~ (S]], < o o + B3

where we have again used Lemma 21 (or [15, Lemma 7]) to relate the spectral-norm
distance to the diamond-norm distance. To guarantee that the simulation error is

at most €, it suffices to choose

2642 2k+1
tI')2k+1 t2x I’
g —max{ 00 0 1)
€h+1 €2k
_ max{@(ﬂ‘ (E> 2 ) , o(w (f>
€ €

segments, giving an algorithm with

I\ 21 3
g = O(Trg™) = max{O(tFQ (t—) ' >,(9 (tFQ (E) ) } (4.59)
€ €

elementary gates. Comparing to the corresponding bound (4.51) for randomized

(4.58)

N
x-"‘

)}
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product formulas, we see that the only difference is that the exponent 1/(2k + 1)
for the commutator bound becomes 1/(4k + 1) in the randomized case. Thus
the randomized approach can provide a slightly faster algorithm despite using less
information about the structure of the Hamiltonian. More specifically, the rela-
tionship between ¢ and I' determines whether the randomized approach offers an
improvement. If t = Q(I'?*), then the second term of (4.59) achieves the maxi-
mum, and both approaches have asymptotic complexity O (tI'*() i) However, if

t = o(I'**), then the randomized formula is advantageous.

4.5 Empirical performance

While randomization provides a useful theoretical handle for establishing
better provable bounds, those bounds may still be far from tight. As aforemen-
tioned, our original motivation for considering randomization was the observation
that product formulas appear to perform dramatically better in practice than the
best available proven bounds would suggest. To investigate the empirical behavior
of product formulas, we numerically evaluate their performance for simulations of
the Heisenberg model (4.56) with ¢ = n and h = 1, targeting error ¢ = 1073, as
previously considered in [34]. We collect data for the first-, fourth-, and sixth-order
formulas as the latter two orders have the best performance in practice for small n
and the first-order formula offers a qualitatively better theoretical improvement.

For the deterministic formula, we order the operators of the Hamiltonian in
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the same way as [34], namely

X1X27 s 7Xn71Xn7 XTLX17 }/1}/27 s 7YTL71YTLJ YTLYb 21227 SRR ZTLleTLa anl7

A/ (4.60)

We compute the error in terms of the spectral-norm distance and convert it to the
diamond-norm distance using Lemma 7 of [15] (i.e., we multiply by 2). To analyze
the randomized formula, we would like to numerically evaluate the diamond-norm
distances

HV(—it) — %(31(—2'15/7“) + i (—it/r))" (4.61)

<

and

V(—it) — (r! Z (—it/r ) . (4.62)

ceSym(T o

While the diamond norm can be computed using a semidefinite program [105],
direct computation is prohibitive as the channel contains (I'!)" Kraus operators.
Instead, we use Lemma 21 to estimate the error. We randomly choose the ordering
of the summands in each of the r segments, exponentiate each individual operator,
and construct a unitary operator by concatenating the exponentials according to

the given product formula. We follow this procedure to obtain a Monte Carlo
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Figure 4.1: Comparison of the values of r between deterministic and randomized product
formulas. Error bars are omitted when they are negligibly small on the plot. Straight
lines show power-law fits to the data.

estimate of the average error

H“l/(—it) — % Z S (=it fr) - Syt (=it )r) (4.63)

for the (2k)th-order formula and similarly for the first-order case. Here, p is the
number of samples in the Monte Carlo estimation, which can be increased to get
more accurate estimate. In practice, we find that it suffices to take only three
samples, as the standard deviations are already negligibly small (about 107°). We
then invoke Lemma 21 to bound the diamond-norm error in (4.62). To the extent
that the bound of Lemma 21 is loose, we expect the empirical performance to be
better in practice.

Using five randomly generated instances for each value of n, we apply binary
search to determine the smallest number of segments r that suffices to give error
at most 1073, Figure 4.1 shows the resulting data for the first-, fourth-, and sixth-

order formulas, which are well-approximated by power laws. Fitting the data, we
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estimate that

rll"emp — 300.0711.806 T,Zemp — 5.4587«11'439 Tgemp = 2_8047],1'152 (464)

segments should suffice to give error at most 1073. We thus observe that the
empirical complexity of the randomized algorithm is still significantly better than

the provable performance

r;and — O(n?)) 7,,erLand — O(n2.25) r(l;and — O(n2'17). (465)

For comparison, analogous empirical fits for deterministic formulas give the com-

parable values

T(liemp — 4143”2.066 Tjemp — 5.821”1.471 rgemp = 2_7]_97’],1'1607 (466)

(cf. [34, Eq. (147)], but note that we have generated new data using [15, Lemma
7] to bound the diamond-norm distance in terms of the spectral-norm distance),

whereas the rigorous commutator bound gives the larger exponents [34]

Tiomm — O(TLB) 7a:Lomm — O(n2.4) rgomm — O(?’L2'28). (467)

We see that the randomized bound offers significantly better empirical perfor-

mance at first order, consistent with the observation that randomization improves
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Figure 4.2: Comparison of the total number of elementary exponentials for product
formula simulations of the Heisenberg model using deterministic and randomized prod-
uct formulas of fourth and sixth order with both rigorous and empirical error bounds.
Note that since the empirical performance of deterministic and randomized sixth-order
product formulas is almost the same, the latter data points are obscured by the former.

the order of approximation in this case. The fourth-order formula slightly improves
both the exponent and the constant factor. While this improvement is small, it
is nevertheless notable since it involves only a minor change to the algorithm. At
sixth order we see negligible improvement. Since the proven bounds give less im-
provement with each successive order, it is perhaps not surprising to see that the
empirical performance shows similar behavior.

To illustrate the effect of using different formulas and different error bounds

102



to simulate larger systems, Figure 4.2 compares the cost of simulating our model
system for sizes up to n = 100 with deterministic and randomized formulas of
orders 4 and 6, using both proven error bounds and the above empirical estimates.
(We omit the first-order formula since it is not competitive even at such small sizes.)
We give rigorous bounds for deterministic formulas using the minimized bound of
[34], and for fourth order we also show the result of using the commutator bound.
We see that randomization gives a significant improvement over the deterministic
formula using the minimized bound, although the commutator bound outperforms
the randomized bound at the system sizes shown here. For sufficiently large n, the
randomized bound gives lower complexity, but this requires a fairly large n since
the difference in exponents is small and the commutator bound achieves a favorable
constant prefactor. Empirical estimates of the error improve the performance by
several orders of magnitude, with randomization giving a small advantage for the
fourth-order formula as indicated above. However, for systems of size larger than
about n = 25, the sixth-order bound prevails, and in this case randomization no

longer offers a significant advantage.

4.6 Discussion

We have shown that randomization can be used to establish better perfor-
mance for quantum simulation algorithms based on product formulas. By simply

randomizing how the summands in the Hamiltonian are ordered, we introduce
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terms in the average evolution that could not appear in any deterministic product
formula approximation of the same order, and thereby give a more efficient algo-
rithm. Indeed, this approach can outperform the commutator bound even though
that method uses more information about the structure of the Hamiltonian. A ran-
domized product formula simulation algorithm is not much more complicated than
the corresponding deterministic formula, using only O(I"logI') bits of randomness
per segment and no ancilla qubits. Furthermore, we showed that randomization
can even offer improved empirical performance in some cases.

While randomization has allowed us to make some progress on the challenge
of proving better bounds on the performance of product formulas, our strengthened
bounds remain far from the apparent empirical performance. We will address this
in Chapter 6 and Chapter 7 by developing a general theory for analyzing the error
of product formulas. More generally, it may be of interest to investigate other
scenarios in which random choices can be used to improve the analysis of quantum

simulation [16, 25] and other quantum algorithms.
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Chapter 5: Randomized time-dependent Hamiltonian simulation

In this chapter, we consider time-dependent Hamiltonian simulation and de-
velop a randomized approach with L'-norm scaling, strictly faster than existing
quantum simulation algorithms. We give motivations to studying L!'-norm scaled
algorithms and discuss the limitations of existing approaches in Section 5.1. In
Section 5.2, we introduce a classical sampling protocol, which we call “continuous
gDRIFT”, to achieve the L!'-norm scaling for time-dependent Hamiltonian simula-
tion. For the purpose of presentation, we first assume that the Hamiltonian at each
time can be efficiently exponentiated and later relax this assumption in Section 5.3
by proving a universal property of our protocol. We conclude in Section 5.4 with
a brief discussion of the results and some open questions.

This chapter is partly based on the following paper:

[16] Dominic W. Berry, Andrew M. Childs, Yuan Su, Xin Wang, and Nathan
Wiebe, Time-dependent Hamiltonian simulation with L'-norm scaling, Quan-

tum 4 (2020), 254, arXiv:1906.07115.

5.1 L'-norm scaling

We develop algorithms for time-dependent Hamiltonian simulation based on
a simple intuition: the difficulty of simulating a quantum system should depend

on the integrated norm of the Hamiltonian. To elaborate, first consider the special
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case of simulating a time-independent Hamiltonian. The complexity of such a
simulation depends on ¢ ||H|| [31], where ||| is a matrix norm that quantifies the
size of the Hamiltonian. It is common to express the complexity in terms of the
spectral norm, which quantifies the maximum energy of H.

In the general case where the Hamiltonian .7(7) is time dependent, we
expect a quantum simulation algorithm to depend on the Hamiltonian locally in
time, and therefore to have complexity that scales with the integrated spectral
norm fot dr ||2Z(7)||. This is the L' norm of || (7)|| when viewed as a function
of 7, so we say such an algorithm has L!'-norm scaling. Surprisingly, existing
simulation algorithms fail to achieve this complexity; rather, their gate complexity
scales with the worst-case cost t max,cjoq ||-7(7)||. It is therefore reasonable to
question whether our intuition is correct, or if there exist faster time-dependent
Hamiltonian simulation algorithms that can exploit this intuition.*

We answer this question by providing a faster quantum algorithm for time-
dependent Hamiltonian simulation based on randomization. This algorithm has
gate complexity that scales with the L' norm fot dr || (7)||, in contrast to the best
previous scaling of t max ¢y ||#€(7)||. As the norm inequality fg dr [|72(1)] <
tmax,cpy ||#€(7)|| always holds but is not saturated in general, this algorithm

provides strict speedups over existing algorithms.

!For the Dyson-series approach, Low and Wiebe claimed that the worst-case scaling may be
avoided by a proper segmentation of the time interval [76, Section VI. A]. However, it is unclear
how their analysis can be formalized to give an algorithm with complexity that scales with the
L' norm. Instead, we propose a rescaling principle for the Schrédinger equation in [16, Section
4] and develop a rescaled Dyson-series algorithm with L!-norm scaling.
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5.2 A classical sampler of time-dependent Hamiltonians

Let (1) be a time-dependent Hamiltonian defined for 0 < 7 < ¢. We as-
sume that #(7) is nonzero everywhere and is continuous except on a finite number
of points. We further suppose that each .#(7) can be directly exponentiated on a
quantum computer. We denote the ideal evolution under J#(7) for time 7 € [0, t]
by E(t,0) = expT( — 1 fg dr (T)) and represent the corresponding quantum

channel as

¢ ¢
E(t,0)(p) = E(t,0)pE'(¢,0) = exps <—2/ dr %(T))pexp; <—2/ dr %(T))
0 0
(5.1)
The high-level idea of the sampling algorithm is to approximate the ideal channel

by a mixed unitary channel

_~Jf(7’) . (1)

t
Ut0)(p) = [ drp(r)e™ 7 o5 (5.2)
0

where p(7) is a probability density function defined for 0 < 7 < ¢. This channel
can be realized by a classical sampling protocol. With a proper choice of p(7),
this channel approximates the ideal channel and can thus be used for quantum
simulation.

We begin with a full definition of (¢, 0). Inspired by [25], we choose p(T) to
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be biased toward those 7 with large |77 (7)||. A natural choice is

e
p(T) = 2, (5.3)
where
|2, = / ar |(0)| (5.4)

is the L' norm of J#(7). Note that U(¢,0) is a valid quantum channel (in par-
ticular, p(7) can never be zero). Furthermore, it can be implemented with unit
cost: for any input state p, we randomly sample a value 7 according to p(7) and
perform e~*#(7)/P(7) " Note also that #(7)/p(r) in the exponential implicitly de-
pends on ¢. Indeed, ||.77||, includes an integral over time, so p(7) decreases with
the total evolution time ¢. We call this classical sampling protocol and the channel
it implements “continuous qDRIFT”.

This protocol assumes that the spectral norm ||.72°(7)|| is known a priori and
that we can efficiently sample from the distribution p(7). In practice, it is often
easier to obtain a spectral-norm upper bound A(7) > [|[ZZ(7)||. Such an upper
bound can also be used to implement continuous qDRIFT, provided that it has
only finitely many discontinuities. Specifically, we define

_ AW
P g, 59

with [|A], = fg dTA(7), so pa(7) is a probability density function. Using py to

108



implement continuous qDRIFT, we obtain the channel

. A (T) . A (7)

t
Un(t,0)(p) = / dr pa(7)e 750 peliaH (5.6)
0

whose analysis is similar to that presented below. For readability, we assume that
we can efficiently sample from p(7) = ||7€(7)|| / |7 ||, and we analyze U(t,0).
We show that continuous qDRIFT approximates the ideal channel with error

that depends on the L'-norm.

Theorem 29 (L'-norm error bound for continuous gDRIFT, short-time version).
Let (1) be a time-dependent Hamiltonian defined for 0 < 7 < t; assume it is
continuous except on a finite number of points and nonzero everywhere. Define
E(t,0) = expy(—i fg dr (1)) and let E(t,0)(-) = E(t,0)(-)ET(£,0) be the corre-

sponding quantum channel. Let U(t,0) be the continuous ¢gDRIFT channel

t _i@ i&
U(t,0)(p) = / dr p(r)e T pe T (5.7)
0
where p(r) = | A /171, Then
1€(t,0) — Ut 0, < 472 (5.8)

To prove this theorem, we need a formula that computes the rate at which

the evolution operator changes when the Hamiltonian is scaled. To illustrate the
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idea, consider the degenerate case where the Hamiltonian H is time independent.
Then the evolution under H for time ¢ is given by e . A direct calculation shows
that

d _. ,
ge—ztsH — —Z'tHe_ltSH, (59)

so the rate is —it He sH

in the time-independent case. This calculation becomes
significantly more complicated for a time-dependent Hamiltonian. The following

lemma gives an explicit formula for

< expT(—i /0 ar sH(r)). (5.10)

We sketch the proof of this formula for completeness, but refer the reader to [42,

p. 35] for mathematical justifications that are beyond the scope of this paper.

Lemma 30 (Hamiltonian scaling). Let 5 (7) be a time-dependent Hamiltonian

defined for 0 < 7 < t and assume it has finitely many discontinuities. Denote

E,(t,v) = expy(—i f; dr s (7)). Then,

%Es(t, v) = / A7 Eu(t,7) [—i(7)]E, (7, v). (5.11)

Proof sketch. We first consider the special case where () is continuous in 7.
We invoke the variation-of-parameters formula [68, Theorem 4.9] to construct the

claimed integral representation for %Es(t,v). To this end, we need to find a
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differential equation satisfied by %iEs(t, v) and the corresponding initial condition

4B, (t, v)|t:v. We differentiate Schrédinger equation $E, (¢, v) = —is# (t)Ey(t, v)

with respect to s to get

dd ‘ d .
S E(t,0) = —is A ()1 Eu(t,0) — i (), (¢, v). (5.12)

Invoking the variation-of-parameters formula, we find an integral representation

—E(t,v) = Eg(t,v) - [—Es(t,v) J + Es(t,v) /t dr El(T, v) [ — z}%”(T)}ES(T, v)

t=

J +/ dr Ey(t,7)[ — i (7)|Ey(7, v).
' (5.13)

t=

= E,(t,v) - |:_Es(t7 v)

It thus remains to find the initial condition L E,(¢,v)| o
We start from the Schrodinger equation $E,(t,v) = —is(t)E,(t,v) and
apply the fundamental theorem of calculus with initial condition E4(v,v) = I,

obtaining the integral representation
t
By (t,0) = I — is / dr H(7)Ey (7, v). (5.14)
Differentiating this equation with respect to s gives
d d

CE.(t0) = i / dr A (7)Es(t,v) — is / ar A (1) T Bu(rv),  (5.15)
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which implies

LT I— (5.16)

dS t=v

Combining (5.13) and (5.16) establishes the claimed integral representation for
4E(¢t,v).

Now consider the case where .7(7) is piecewise continuous with one discon-
tinuity at ¢; € [v,t]. We use the multiplicative property to break the evolution at

t1, so that each subevolution is generated by a continuous Hamiltonian. We have

d

d
T Es(t0) = T [Bo(t 1) (1, 0)]

d d
- %5 B E B
ds S(t7t1) S(tlav)+ S(t>t1) ds S(tbv)

= / dr Es(t, 7) [ — Z%(Tﬂ Es(7,t1) - Es (1, v)

bR ) - /0 CdrEy(t,7)[ - i(r)]Ey(r, v) (5.17)
_ / dr B,(t,7)[ — i ()| Ba(r, 0)

+ / 1 dr Es(t, 1) [ — i%ﬂ(T)]ES(T, v)

_ / dr Ey(t,7)[ — i (7)] Eq(r,v).

The general case of finitely many discontinuities follows by induction. O

Note that our argument implicitly assumes the existence of the derivatives
and that we can interchange the order of % and %. A rigorous justification of

these assumptions is beyond the scope of the paper; we refer the reader to [42, p.
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35] for details.

Proof of Theorem 29. Define two parametrized quantum channels

t . 7 T .
E.(00)(p) = Bt OPELE0), (. 0)(p) = [ drpr)e T pe
0
and observe that

Eo(t,0)(p) = p,  &(,0)(p) = E(L,0)(p),  Uo(t,0)(p) = p, U(t 0)(p) = U(L,0)(p)-

(5.19)
To bound the diamond-norm error ||& (¢,0) — U (¢, 0)]|,, we should take a state o on
the joint system of the original register and an ancilla register with the same dimen-
sion and upper bound |[(&(¢,0) ® 1)(0) — (U (¢,0) ® 1)(0)||,,. For readability, we
instead show how to bound the error || (¢,0)(p) — Ui (t,0)(p)|l,,, but the derivation
works in exactly the same way for the distance [|(&(¢,0) ® 1)(0) — (U (¢,0) ® 1)(o)]],,
and the resulting bound is the same.

Invoking Lemma 30, we have

d
—E,(t,0
1o (. 0)

(5.20)

Thus, the first derivatives of & (t,0)(p) and Us(t,0)(p) at s = 0 agree with each
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other:

E,1,0)(0)

= {—z’/oth,%”(T),p]

:/thp(T)[_iff(r) p} o) (5.21)
‘ ’ ds V7

Applying the fundamental theorem of calculus twice, we obtain

E1(t,0)(p) = Uh(t,0)(p) = (&1, 0)(p) — Eo(t, 0)(p)) — (L(L, 0)(p) — Uo(t,0)(p))

L,
-/ s / " Cﬁ;[m,oxp) — Uy(£,0)(p)
:/Olds/osd w(t,

d2

d d d?
- .. —Ff .p.-—Ft
+ QdUEv(ta 0) p dUEv(tvo) + Ev(tvo) d QEv(t O)
! —wZ ) %(T) |: ’%(7—) :|:| w20
— [ drp(n)e ™™ Pm | — 4 s =1 , e 5.
[ arptn | -5 [ 5
(5.22)
By properties of the Schatten norms and the definition p(7) = ||J€(7)| / [|7Z||,,
we find that
2
1E1(t,0)(p) — Us(t,0)(p)]],, / ds/ dv{ H E,(t,0) H+2H—E (t,0)
RIEL
(5.23)
Lemma 30 immediately yields an upper bound on H %Ev(t, 0) H
d t
B0 < [arirmi=1oe,. (5:24
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It thus remains to bound ‘)%Ev(t, O)H

Using Lemma 30 twice, we have

ddQE(tO) d/dTE( 7)[ = i (1) Ey(7,0)

/dT/ dr’ B, (t,7')[ — i (7")|E, (7, 7)[ — i (7)|Ey(7,0)

/OdTEU(, )[—z%ﬂ( )]/O dr’ E, (T, )[—i%(T’)]EU(T,,O),
(5.25)

which implies

im0 < [[ar [ i@nieen+ [ o [Ca e

=221 .
(5.26)

We finally obtain the desired bound

1 s
Hé’l(t,O)(p)—Ul(t,O)(p)HtrS/0 dS/O dv {2llﬁf|!f+2||ff|lf+4\|éf\lf = 4|2}
(5.27)

as claimed. O

The above error bound works well for a short-time evolution. When ¢ is
large, in order to control the error of simulation, we divide the entire evolution into
segments [t;,t;41] with 0 =ty <t; < --- < t, =t and apply continuous gDRIFT
within each. We employ a variable-time scheme to segment the evolution, so that

our L'-norm scaling result can be generalized to a long-time evolution. Specifically,
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we have:

Theorem 31 (L'-norm error bound for continuous gDRIFT, long-time version).
Let 7 (7) be a time-dependent Hamiltonian defined for 0 < 7 < t. Assume that
it is continuous except at a finite number of points and nonzero everywhere. De-
fine E(t,0) = expy ( — zf(f dr (7)) and let E(t,0)(-) = E(¢,0)(-)E'(t,0) be the

corresponding quantum channel. Let U(t,0) be the continuous ¢gDRIFT channel

_; () ()

t
U(t,0)(p) :/ drp(7)e " 0 pe' re (5.28)
0

where p(t) = ||A2(7)|| /|€]|,- Then, for any positive integer r, there exists a

division 0 =tg < t; < --- < t, =1, such that

r—1 2
H
£(t,0) — [Jutssn,ty)| < 4@. (5.29)
Jj=0 o

To ensure that the simulation error is at most €, it thus suffices to choose

A3
"> 4[u] | (5.30)
€
Proof. The times ty,--- ,t._; are selected as follows. We aim to simulate with
accuracy
[Edlk
4 . 1 (5.31)
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for each segment. To achieve this, we define ¢1,--- ,¢,._1 so that

| o= [Carr@i=-= [T are@l =1 [arieel.
(5.32)

The existence of such times is guaranteed by the intermediate value theorem. By

telescoping, we find from Theorem 29 that

r—1 -1
5(t7 0) - HU J+17 Z J+17 g<tj+17tj>||<>
§=0 J=0
1 tj+1 2
Sy / dr |7 ) (533)
=0 ti
I ? G Hl
=dr| — [ dr[|22(7)]
r Jo r
which establishes the claimed error bound. O

5.3 Universality

We now extend our above analysis to the general LC model. Recall from

Section 2.3 that the Hamiltonian can be expressed as

H(r) =3 A7), (5.34)

where each /% (7) is continuous, nonzero everywhere, and can be efficiently expo-

nentiated on a quantum computer.
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It is not hard to design a classical sampler for time-dependent Hamiltonians

in the LC model. A natural choice is

. F (T) )

r t
Ut,0)(p) = /0 d7 p,(T)e "0 pel @, (5.35)
=1

where p,(7) is the probability distribution

_ 10|

py(T) = W, (5.36)

where

11, = / ar S 1)) (5.37)

To analyze the performance of this sampler, we adapt the analysis in Theo-
rem 29 and Theorem 31, which becomes more complicated as we are now sam-
pling a discrete-continuous probability distribution p, (7). Fortunately, a significant

amount of effort can be saved with the help of the following universal property.

Theorem 32 (Universality of continuous qDRIFT). Let 5 (1) = 2521%@(7)
be a time-dependent Hamiltonian defined for 0 < 7 < t that is nonzero every-
where. Assume that each F€,(T) is continuous and nonzero everywhere. Define the
probability distribution

14

py(7) = W (5.38)

Then there exists a time-dependent Hamiltonian 4 (1) defined for 0 < 7 < t with
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finitely many discontinuities, such that the following correspondence holds:
1Ll = 121], -

2. [ydrd(r) =, fy dr A7)

%0 ¥4 oy () Ay (T)

3. f(f drg(7)e "4 pe'an = 25:1 fot dr p,(T)e "7 pe" 7@ | where we have

the probability distribution q(1) = |94 (1) / |¥]];-

Before presenting the proof, we explain how Theorem 32 can be applied to

simulation in the LC model. We expect that the mixed-unitary channel

. Ay (T) . Sy (T)

r t
> / drp,(r)e” 7 pe' (5.39)
y=1"0

approximates the ideal evolution with L!-norm scaling as in Theorem 29 and The-
orem 31, but direct analysis would be considerably more complicated. However,
universality (Statement 3 of Theorem 32) shows that this channel is the same as

G ()

fot dr q(r)e™" a0 pe

i

4 (T
q(r

)
). Thus, the analysis of Section 5.2 can be applied with the

help of Theorem 32.
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Proof of Theorem 32. We define 4(7) to be the piecewise Hamiltonian

H6\ -
I()fl)’ OST<p1t7
R T—pit
Z(p—;Q)’ pit <7 < (p1+p2)t,
() — (5.40)

%UF(T (p1+p2+-+pr_1) )
PT
pr ’

(p1+p2+--+pro)t <7<t

\

where we use the abbreviation

t
Py = Il = / dr p, (1) (5.41)

for the marginal probability distribution. Statements 1 and 2 can both be proved

by directly evaluating the integrals

e
91, = | 7]
0 p1

|

(p1+p2)t H%(LW)
4 / I |
p1t P2

| (5.42)

t ”%(7_(p1+p2;"'+171“—1)t)
+ -+ dr

(p1+p2+-+pr-1)t pbr

- [ lA@I+ [ arhe) <+ [ar o)

=114

120



and

t pit (L (prtp2)t 5 (T=PL
/ d7g<7>:/ dT—l(m) +/ dT—2( P2 )
0 0 P

P1 1t b2
t o (T—(p1+p2+-~~+pp_1)t)
(p1+p2+--+pr_1)t pr
r t
=3 [,
y=1"0
We use Statement 1 to deduce that
(
#(z)|
PIEA e 0 <7 <pit,
5 (55)
(7) 1< (7)]l PACAT pit <7 < (p1+p2)t,
q T) = g
111,
o (L prtpa e ten '
pT
\ PREA , (pApt o +pro)t <7< U
(5.44)
Therefore,

121



t LEm e
dr q(T)e ) pealn)
0

_/0 dr }‘L |’<17f|11‘ exp < —ij;(pT)‘ |e%”||1,1>ﬂexp (ZH%’;I)

1
. %(T*mt)
||1’1>pexp (Zt H%Hl 1
()

p1

(p1+p2)t H% = plt) (‘r plt)
+ dro—+—
/plt Y Z‘ (e

‘ H% —(p1+p2+--+pr— 1)75)
+ -+ / dr pr
(p14+p2t-tpr_1)t pr ”'%&Hll
%( —(p1+p2+-+pr_1)t ) %(T*(P1+P2+---+pr—1)t)
+ €Xp Er ||f%ﬂ”1 1 |pexp | ~ ,pr_._ ||<%ﬂH11
H% —(p1+p2+--+pr—1) ) H% (T (p1+p2+ +p1“71)t)
pr r pr
r ¢ JPT) ()
Z/ drp,(T)e T pe' T (5.45)
y=1
which completes the proof of Statement 3. O

Theorem 29’ (L'-norm error bound for continuous gDRIFT (LC), short-time
version). Let J€ (1) = 2521 €, (1) be a time-dependent Hamiltonian defined for
0 < 7 <t that is nonzero everywhere. Assume that each ,%”7(7') s continu-
ous and nonzero everywhere. Define E(t,0) = expy ( — zfot dr A(1)) and let
E(t,0)(-) = E(t,0)(-)E'(¢,0) be the corresponding quantum channel. Let U(t,0) be

the continuous qDRIF'T channel

%’y(T) %’y(T)

r ¢
=2 / drp,(r)e" 70 pe' B (5.46)
y=1""0

where p. () is the probability distribution p.(7) = [|F,(7)|| /|| 7], . Then,

IE(t,0) = U(t,0)|, < 4|27, . (5.47)
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Proof. Consider the channel

t 4 .
Gt 0)(p) = / dr q(r)e 03 pe o, (5.48)
0

where ¢(7) == |9 ()|l / |¥4]|, and ¥4(7) is defined by (5.40). By Statement 3 of
Theorem 32, it suffices to bound ||£(t, 0) — G(t,0)]l..

Define two parametrized quantum channels

. G(r . (1)

E.(t,0)(p) = E,(,0)pEI(£,0),  Gu(t,0)(p) = / drg(r)e T o T (5.49)

and observe that

Eo(t,0)(p) = p, &L, 0)(p) = E(L,0)(p),  Go(t,0)(p) =p, Gi(t,0)(p) = G(¢,0)(p).
(5.50)

For readability, we only consider the trace norm ||&(¢,0)(p) — G1(¢,0)(p)||,, whose

[
analysis can be easily adapted to bound |[[(&(¢,0) ® 1)(0) — (G1(¢,0) ® 1)(0)|l,,
and thus the diamond-norm distance ||&;(¢,0) — G1(¢,0)||,.

By Lemma 30 and Statement 2 of Theorem 32, we find that the first deriva-

tives of &(t,0)(p) and Gs(t,0)(p) at s = 0 agree with each other:

d

&55 (ta O) (p>
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Thus, we can apply the fundamental theorem of calculus twice and obtain

61 <t7 0) (p) - gl (t> 0) (P)

~—

(£1(2,0)(p) — &o(t,0)(p)) — (G1(t,0)(p) — Go(t, 0)(p))

[ as [ av 251600 - 6t 0]

1 s d2 ; (552)
=/ d dv { —E,(t,0) - p-El(t,
/OS/Ovdvg(O)pv(U)
d d d?
— cp. —Ef .p- —Et
+2dvE”(t’0) p dva(t,0)+Ev(t,0) p dszv(t’())

— /Ot dr q(T)efi”fg)) [— ifég, [— if((:)) ; /J} ] Sl }7

which implies

1 s
1€1(2,0)(p) — G1(t,0)(p) ;. S/O dS/O dv {2||«%”Ilf,1 +2[123 +4||54||f}

= 4|27,
(5.53)

]

Theorem 31’ (L'-norm error bound for continuous qDRIFT (LC), long-time ver-
sion). Let (1) = 25:1,%”7(7') be a time-dependent Hamiltonian defined for
0 < 7 < t that is nonzero everywhere. Assume that each F€,(T) is continu-
ous and nonzero everywhere. Define E(t,0) = eXpT( — zf(f dr %”(T)) and let

E(t,0)(-) = E(t,0)(-)ET(t,0) be the corresponding quantum channel. Let U(t,0) be
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the continuous ¢qDRIFT channel

. Ay () . Ay (T)

r t
Ut 0)(p) = > /0 dr p. (r)e " T pel T (5.54)
y=1

where p.(7) is the probability distribution p,(7) = (|FZ(7)|| /|||, . Then, for

any positive integer r, there exists a division 0 =ty < t; < --- < t,. =t, such that
r—1 2
A
£(t,0) - [Ju(tjsr,t)| < 4%. (5.55)
=

<

To ensure that the simulation error is at most €, it thus suffices to choose

. 4{%] (5.56)

€

The proof of this theorem follows from Theorem 29" using the same reasoning

as that used to prove Theorem 31.

5.4  Discussion

We have shown that a time-dependent Hamiltonian #°(7) can be simulated
for time 0 < 7 < t with gate complexity that scales according to the L' norm
fg dr || (7)||. We achieve this by developing a new simulation algorithm based
on classical sampling. Although we have assumed that the input Hamiltonians are

given in the LLC model, our analysis can be extended to the simulation of sparse
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Hamiltonians. The idea is to use a time-dependent version of Lemma 6 to represet
the input sparse Hamiltonian as a linear combination of operators [16, Section 3.3].
In both cases, this result is a polynomial speedup in terms of the norm dependence,
an advantage that can be favorable in practice. In particular, this can potentially
be applied to simulating scattering processes in quantum chemistry [16, Section
5].

Besides the randomization approach, we can also use a rescaling princi-
ple for the Schrodinger equation to improve time-dependent Hamiltonian simu-
lation. In the rescaled Schrodinger equation, the time-dependent Hamiltonian
€ (1) has the same norm at all 7 € [0, ], so the norm inequality fot dr |2 (1)]] <
tmax,cpy ||#€(7)|| holds with equality. Using this principle, it is possible to show
that the simulation algorithm based on the truncated Dyson series [14, 65, 76] can
also be improved to have L!'-norm scaling. Further discussion of this approach is
beyond the scope of this dissertation, and we refer the reader to [16, Section 4] for
details.

For most of our analysis, we have assumed that the Hamiltonian J#(7) is
continuous. This assumption can be relaxed to allow finitely many discontinuities.
In fact, the continuous gDRIFT algorithm works properly provided only that (1)
is Lebesgue integrable (see [42] for details). Our analysis can also be adapted to
simulate time-dependent Hamiltonians that have countably many zeros. Indeed,

since the equation (1) = 0 has at most countably many solutions, we can find
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¢ € R such that (1) + ¢l is nonzero everywhere. Then, exp,(—i fg dr (H(1) +
cI)) = et expT(—i fot dr %”(T)), so the result is only off by a global phase. Note
that this assumption can be completely dropped if we use continuous qDRIFT: we

define the exceptional set
By:=p ' (0) = {T:p(1) =0} = {7 : [|A(7)]| = 0} = {7 : (7)) =0} (5.57)

and redefine U(t,0) as

L o H
U0 = [ arpne T T,y EEL sy
10,41\ Bo [EAR

We note that U(t,0) is a valid quantum channel and can be implemented with unit
cost. Indeed, for any input state p, we randomly sample a value 7 according to
p(7) and perform e~ (/P(T) if 7 € [0, 4]\ By, and the identity operation otherwise.

This implements

. (1) . (1)

/ dr p(r)e” " *0 pe" P +/ dr p(1)p =U(t,0)(p). (5.59)
[Ozt]\BO Bo

The remaining analysis proceeds as in Section 5.2 and Section 5.3.
The qDRIFT protocol that we analyzed here only achieves first-order ac-
curacy. It is natural to ask if sampling a different probability distribution could

lead to an algorithm with better performance. The answer seems to be “no” if
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we are restricted to a univariate distribution. To see this, consider the discrete
case where H = 25:1 H, is a Hamiltonian consisting of I" terms. We sam-
ple according to a probability vector p € [0,1]'. Upon getting outcome vy, we
perform the unitary e /P Effectively, we implement the quantum channel
r —ity gy - . . :
U)(p) = > _ pye 77 pe 7, which is a first-order approximation to the ideal

evolution &(t)(p) = e " St pe' S5=171 In particular, the difference between

U(t)(p) and E(t)(p) admits an integral representation

t u r . Hey H H . H~
= [ du | dv D e_zvf’v{—z’—v, {—ii,p}]ezvm
T r I T
—e_wzwle” |:—ZZH'\/7 |:—Z'ZH770]}6“)27—1 H'Y} .
v=1 v=1

To estimate the diamond-norm error ||U(t) — £(t)||,, we take o to be a state on the
joint system of the original register and an ancilla register with the same dimension.

We compute

t u r
< du/ dv p. [—i—7®ﬂ,{—i—7®]l,0”
/0 0 {; ! Dy Dy tr
r r (5.61)
+ [—ZZHW(XJ]I,[—Z'ZHW@]I,U:H
=1 =1 tr
r 2
H
<op( S ULy ),
=1 P
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By Jensen’s inequality,

ZHHWH :Zp'v(M) > (ZMHZI_VD — || H|?, (5.62)

Py o v

with equality if and only if all ||H,||/p, are equal, implying that the probability
distribution p, := ||H,||/||H]||, is optimal. A similar optimality result holds for
continuous qDRIFT (though the proof is more involved).

However, this does not preclude the existence of a higher-order qDRIFT
protocol using more complicated sampling. For example, besides the basic evolu-
tions e~ *%/P1 one could evolve under commutators [H;, Hi] or anticommutators
{H;, H,}. We could also use a multivariate distribution and correlate different
steps of the qDRIFT protocol. For future work, it would be interesting to find a
higher-order protocol, or prove that such a protocol cannot exist.

Finally, it would be interesting to identify concrete algorithmic applications
of Hamiltonian simulation with L!'-norm scaling. It might also be of interest to
demonstrate these approaches experimentally, for applications such as implement-

ing adiabatic algorithms with quantum circuits.
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Chapter 6: Analysis of product formulas: general theory

We have seen in Chapter 3 that there exists a significant gap between the
provable and actual performance of product formulas. In this chapter, we address
this by developing a general theory for analyzing the error of product formulas
(Trotter error). We summarize prior approaches to analyzing Trotter error and
discuss their limitations in Section 6.1. We then present a new Trotter error
analysis. Specifically, we consider various types of Trotter error in Section 6.3
and derive their order conditions in Section 6.4. We then develop a representation
of Trotter error in Section 6.5 that directly exploits the commutativity of the
simulated system. We illustrate these ideas in Section 6.2 with the simple example
of the first-order Lie-Trotter formula.

In our derivation, we work in a general setting where the input operators are
not necessarily Hermitian/anti-Hermitian. This allows us to simultaneously handle
real-time evolutions for digital quantum simulation (Chapter 7) and imaginary-
time evolutions for quantum Monte Carlo simulation (Chapter 9).

This chapter is partly based on the following paper:

[37) Andrew M. Childs, Yuan Su, Minh C. Tran, Nathan Wiebe, and Shuchen Zhu,

A theory of Trotter error, 2019, arXiv:1912.08854.
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6.1 Previous analyses of Trotter error

We now briefly summarize prior approaches to analyzing Trotter error and
discuss their limitations.

The original work of Lloyd [70] analyzes product formulas by truncating
the Taylor expansion (or the BCH expansion). Recall that the Lie-Trotter for-
mula .7 (t) provides a first-order approximation to the evolution, so 7 (t) =
e~ 1 O (t?). To better analyze the Trotter error, Lloyd dropped all higher-
order terms in the Taylor expansion and focused only on the terms of lowest order
t2. This approach is intuitive and has been employed by subsequent works to give
rough estimation of Trotter error. The drawback of this analysis is that it implic-
itly assumes that the high-order terms are dominated by the lowest-order term.
However, this does not necessarily hold for many systems such as nearest-neighbor
lattice Hamiltonians [36] and chemical Hamiltonians [107] when the time step ¢ is
fixed.

This issue was addressed in the seminal work of Berry, Ahokas, Cleve, and
Sanders by using a tail bound of the Taylor expansion [12]. This gave, for the
first time, a concrete bound on the Trotter error for high-order Suzuki formulas.
For a Hamiltonian H = 25:1 H,, containing I' summands, their bound scales with
I'max, || H,||, although it is not hard to improve this [54] to 25:1 | H, || [75, 99].

Regardless of which scaling to use, this worst-case analysis does not exploit the
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commutativity of Hamiltonian summands and the resulting complexity is worse
than many post-Trotter methods.

Error bounds that exploit the commutativity of summands are known for
low-order formulas, such as the Lie-Trotter formula [61, 99] and the second-order
Suzuki formula [41, 66, 99, 107]. These bounds are tight in the sense that they
match the lowest-order term of the BCH expansion up to an application of the
triangle inequality. However, it is unclear whether they can be generalized, say,
to the fourth- or the sixth-order case, which are still reasonably simple and can
provide a significant advantage in practice [34].

Instead, previous works made compromises to obtain improved analyses of
higher-order formulas. Somma gave an improved bound by representing the Trot-
ter error as an infinite series of nested commutators [98]. This approach is ad-
vantageous when the simulated system has an underlying Lie-algebraic structure
with small structure factors, such as for a quantum harmonic oscillator and cer-
tain nonquadratic potentials. However, this reduces to the worst-case analysis of
Berry, Ahokas, Cleve, and Sanders for other systems. An alternative approach
suggested by Childs et al. exploited commutativity of the lowest-order error terms
and estimated higher-order ones using a tail bound for the Taylor series [34]. This
analysis is bottlenecked by the tail bound, so it only offers a modest improvement
over the worst-case analysis.

We will give a new bound on the Trotter error in Theorem 39 that depends
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on nested commutators of the operator summands, overcoming the limitations of

all prior error analyses of product formulas.

6.2 Example of the Lie-Trotter formula

In this section, we use the example of the first-order Lie-Trotter formula to
illustrate the general theory we develop for analyzing Trotter error. For simplicity,
consider an operator H = A + B with two summands. The ideal evolution gen-

oHA+B)

erated by H is given by el = . To decompose this evolution, we may use

the Lie-Trotter formula . (t) = e'Be!4. This formula is first-order accurate, so we
have .7 (t) = '™ + O (t?).

A key observation here is that the error of a product formula can have var-
ious types. Specifically, we consider three types of Trotter error: additive error,
multiplicative error, and error that appears in the exponent. Note that .7 (t) satis-
fies the differential equation &.7(t) = H.7(t) + [e'?, A]e'* with initial condition

#1(0) = I. By the variation-of-parameters formula (Lemma 1),
t
S(t) = e —|—/ dr et=H [e7P, A]e™, (6.1)
0

so we get the additive error o7 (t) = fg dr e="H[eB Ale™ of the Lie-Trotter
formula. For error with the exponentiated type, we differentiate .7(t) to get

17@) = (B + e'PAe™'P).#(t). Applying the fundamental theorem of time-
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ordered evolution (Lemma 3), we have

F1(t) = expr ( /O t dr (B + eTBAeTB)), (6.2)

and so & (1) = e"BAe ™8 — A is the error of Lie-Trotter formula that appears
in the exponent. To obtain the multiplicative error, we switch to the interaction

picture using Lemma 2:
t
A (t) = e expr (/ dr(e e Ae Pe™ — e_THAeTH)>, (6.3)
0

so A1 (t) = expr (f(f dr(e7™ e BAeBem™ —e™H Ae™ ) — I is the multiplicative
Trotter error. These three types of Trotter error are equivalent for analyzing the
complexity of digital quantum simulation (Chapter 7), whereas the multiplicative
error and the exponentiated error are more versatile when applied to quantum
Monte Carlo simulation (Chapter 9). We compute error operators for a general
product formula in Section 6.3.

Since product formulas provide a good approximation to the ideal evolution
for small ¢, we expect all three error operators .27 (t), &(t), and .#(t) to converge

to zero in the limit ¢ — 0. The rates of convergence are what we call order

134



conditions. More precisely,

t
A®) = [ dr M A =0 (1),
0
&) =ePAeP —A=0(1), (6.4)

¢
M (t) = expy (/ dr(e ™e"PAe T Pe™ — e_THAeTH)) —I1=0(#).
0

For the Lie-Trotter formula, these conditions can be verified by direct calculation,
although such an approach becomes inefficient in general. Instead, we describe an
indirect approach in Section 6.4 to compute order conditions for a general product
formula.

Finally, we consider representations of Trotter error that leverage the com-
mutativity of operator summands. We discuss how to represent .#(t) in detail,
although it is straightforward to extend the analysis to <7 (t) and &(t) as well.

—THeTBAe—TBeT

To this end, we first consider the term e " which contains two lay-

ers of conjugations of matrix exponentials. We apply the fundamental theorem of

calculus to the first layer of conjugation and obtain

ePAe™P = A +/ dr, e”P B, Ale ™", (6.5)
0

After cancellation, this gives

t T
M (t) = expr (/ d7‘/ dry e_THeTQB[B,A] e_TQBeTH) -1, (6.6)
0 0
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which implies, through Corollary 5, that ||.#;(¢)|| = O (||[B, A]|| #*) when A, B
are anti-Hermitian and ¢ > 0, and that ||.;(t)|| = O (||[B, A]| t22(IAIFIBD) in
general. In the above derivation, it is important that we only expand the first layer
of conjugation of exponentials, that we apply the fundamental theorem of calculus

only once, and that we can cancel the terms e 77 Ae™

in pairs. The validity
of such an approach in general is guaranteed by the appropriate order condition,

which we explain in detail in Section 6.5.

6.3 Error types

In this section, we discuss error types of a general product formula. In
particular, we give explicit expressions for three different types of Trotter error:
the additive error, the multiplicative error, and error that appears in the expo-
nent of a time-ordered exponential (the “exponentiated” error). These types are
equivalent for analyzing the complexity of simulating quantum dynamics and local
observables, but the latter two types are more versatile for quantum Monte Carlo
simulation.

Let H = 25:1 H., be an operator with I' summands. The ideal evolution
under H for time t is given by e!! = ¢’ e Ay which we approximate by a general
product formula .#(t) = [[._, H5=1 el“emHru) . For convenience, we use the

lexicographic order on a pair of tuples (v,7) and (v',v), defined as follows: we

write (v,7) = (V,7) if v >0, or if v = 0" and v > +'. We have (v,7) > (v',7)
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if both (v,7) = (v',4) and (v,7) # (v/,7') hold. Notations (v,7) = (v',7') and
(v,7) < (V',7) are defined in a similar way, except that we reverse the directions
of all the inequalities.

To compute the additive error, we construct the differential equation
d
&Y(t) =HZ(t)+ Z(t), (6.7)

with initial condition .(0) = I, where

@ A Hr )

— 1

-
ta,, 1 1 Hﬂ,, ’
R(t) ;:Z H e o (a3 He ()
(v,7) (V' Y)=(v) (V' Y)=2(vy)
H
- H H 6m(v’w’) T (1)
(V')

(6.8)

By the variation-of-parameters formula (Lemma 1), . (t)—e'fl = fot dr e®H (1),

so we obtain the additive error
t
o (t) = / dr e g9(1). (6.9)
0

This suffices if our purpose is to only compute the additive error operator. However,

for the later discussion in Section 6.5, it is convenient to further rewrite

o (t) = /Ot dr e (1) 7 (1), (6.10)

137



where

H %
- H H
r9(7‘) = E H e T AN () (a(v,w)Hm(W)) H e @A) ()
(vyy) (W)= (vy) (' Y)=(v)
N -
_ H P R O IC0Y = H e 4w ) Hr (o)
(V') ')

(6.11)

Note that we have rewritten part of the error operator as a linear combination
of conjugation of matrix exponentials. In Section 6.5, we apply the correct order

condition to further represent it as nested commutators of the operator summands
H,.

For the exponentiated type of Trotter error, we aim to construct an operator-

valued function &(t) such that

S(t) = expr (/Ot dr(H + £(T))). (6.12)

To do this, we differentiate the product formula .#(¢) and obtain

d — —
ta,, s /Hﬂ_/ ’ t(lvr’/Hﬂ., ’
Ey(t) — Z H RECIROLES m(@(m)Hm(w)) H P L NI CL)
(vy) (V' Y)=(v) (W' )2 (vy)

= F()7(1),
(6.13)
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where

— —
ta ., 1 Hﬂ_ Sy —ta ol ! Hﬂ_ (!
F(t) = Z H el <v)(a(m)Hm)(7)) H R L WICUN
(vyy) (W) =(v,) (W' A)=(vy)

(6.14)

Applying the fundamental theorem of time-ordered evolution (Lemma 3), we have

S(t) = expy ( /0 Car 9(7)), (6.15)

which gives the exponentiated error
E(t) = F(t)— H. (6.16)

From the exponentiated type of Trotter error, we can obtain the multiplica-
tive error by switching to the interaction picture. Specifically, we apply Lemma 2

and get

S (t) = expr ( /0 t dr(H + 5(7))) = e expr < / t dr e_THéa(T)eTH). (6.17)

0

Then, the operator-valued function

(L) = expy ( /0 ar e—TH£<T)eTH> iy (6.18)

is the multiplicative error of the product formula. We have thus established:
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Theorem 33 (Types of Trotter error). Let H = 25:1 H., be an operator with T
summands. The evolution under H for time t € R is given by el = et h= Hy

which we decompose using the product formula . (t) = ngl H5=1 et Hro ()

Then,

1. Trotter error can be expressed in the additive form . (t) = etH—l—f(f dr elt="H
- L(1)T(T), where

—

—
- H H
gm=> I ™" apntng) [ et

(vyy) (V'Y= () (W' ")=(vyy)

N «
— H eiTa(U’,’Y’)H'/rU/(WI)H H eTa(v’,'y’) ﬂu/('y/);
(') ')

(6.19)

2. Trotter error can be expressed in the exponentiated form . (t) = expr ( f[f dr

(H+&(7))), where

—

—
H - H
E(1) = E H ™ ) (@ Hoy () H e T e on g

(vy) (V' )= (V) (W' )= (vyy)

(6.20)

3. Trotter error can be expressed in the multiplicative form .7 (t) = (I +

A (t)), where

(1) = expy < /O ar eTH@@(T)eTH) 1 (6.21)

with &(T) as above.
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Note that the error operators 7 (1) and & () both consist of conjugations of
matrix exponentials of the form e™ ... e ™42¢741 Be= 7417742 ... =74 To bound
the Trotter error, it thus suffices to analyze such conjugations of matrix expo-
nentials. The previous work of Somma [98] expanded them into infinite series of
nested commutators, which is favorable for systems with appropriate Lie-algebraic
structures. An alternative approach of Childs and Su [36] represented them as
commutators nested with conjugations of matrix exponentials, which provides a
tight analysis for geometrically local systems. Unfortunately, both approaches can
be loose in general. Instead, we apply order conditions (Section 6.4) and derive a
new representation of Trotter error (Section 6.5) that provides a tight analysis for

general systems.

6.4 Order conditions

In this section, we study the order conditions of Trotter error. By order
condition, we mean the rate at which a continuous operator-valued function .% (1),
defined for 7 € R, approaches zero in the limit 7 — 0. Formally, we write .% (1) =
O (7P) with nonnegative integer p if there exist constants ¢, ty > 0, independent of
7, such that ||.Z(7)| < ¢|7]” whenever |7] < .

Order conditions arise naturally in the analysis of Trotter error [4, 5, 100,
110]. Indeed, a pth-order product formula .#(¢) has a Taylor expansion that agrees

with the ideal evolution e up to order t*. This implies the order condition

141



S (t) = et + O (tP™1) by definition. Our approach is to use this relation in the
reverse direction: given a smooth operator-valued function .% (1) satisfying the
order condition % (1) = O (7P), we conclude that .#(7) has a Taylor expansion
where terms with order 77~! or lower vanish.

Formally, given a continuous operator-valued function .# (7) defined on R, we
write .% (1) = O(7?) with nonnegative integer p if there exist constants ¢, ty > 0,
independent of 7, such that ||.Z(7)|| < ¢|7]” whenever |7| < t,. To verify this, it

suffices to check that the limit

tim 1O (6.22)

T—0 ‘T’p

exists.

As aforementioned, our approach uses the order condition .% (1) = O (7P) to
argue that terms with order 1, 7,...,7P~! vanish in the Taylor series of .# (7). This
argument is rigorized in [36, Lemma 6], which we restate and prove for complete-

ness.

Lemma 34 (Derivative condition). Any continuous operator-valued function F (1)

defined on R satisfies the order condition

F(r)=0(1). (6.23)

Furthermore, if (1) has p continuous derivatives for some positive integer p, then
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the following two conditions are equivalent:
1. F(r)=0(7"); and
2. Z(0)=2"0)=---=.2r10) = 0.

Proof. The continuity of .#(7) at 7 = 0 implies .#(7) = O (1) by definition.
Assume that Z (1), F'(1),..., FP)(1) exists and are continuous. If Condition 2

holds, we have

Z Tz Z®) (0
1 2L 2O B0 620
=0 |7 =0 TP p!
by the L'Hopital’s rule. This proves that Condition 1 holds.
Given Condition 1, we have by definition that
|Z ()| < c|rl” (6.25)

for some ¢ty > 0 and all |7| < t5. Suppose by contradiction that Condition 2 is
not true. Then we let 0 < j < p—1 be the first integer for which .#)(0) # 0. We

use the Taylor’s theorem to order j to get

A j T , j
F (1) = %N(O)% + / dry FUH (7 — 72)%, (6.26)
. O .
which implies
7 700yl 17V VN (i
17 ()| > |7 9(0) ST max |79 (1) T (6.27)
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by the triangle inequality. We combine the above inequalities and divide both sides

by |7|. Taking the limit 7 — 0 gives the contradiction |79 (0)| < o. O

We can determine the order condition of an operator-valued function through
either direct calculation or indirect derivation. To illustrate this, we consider de-
tB tA

composing el = e!A+P) ysing the first-order Lie-Trotter formula .7 (t) = e!Bet4.

We see from Section 6.2 that this decomposition has the additive Trotter error
t t
A (t) = / dr et-7H (A (1) = HA(1)) = / dr =74 [P, Ale™.  (6.28)
0 0

We know that <7 (¢) has order condition 7 (t) = O (t*), which follows directly
from the fact that </ (0) = «//(0) = 0. On the other hand, an indirect ar-
gument would proceed as follows. We use the known order condition .7 (t) =
e + O (?) to conclude that /(1) — H (1) = O (7). Multiplying the matrix
exponential e*"# = O (1) does not change the order condition, so we still have
et=DH(Fl(r) — HA (7)) = O(r). A final integration of [, dr then gives the
desired condition 7 (t) = O (£?).

Lemma 34 provides a direct approach to computing order conditions for
functions of real variables. This works for simple examples such as the power

functions f(7) = 77 = O (7P). Another example which we will use in our analysis

144



is the integration of a monomial, like

/dﬁ/ dTQ/ dTg/ dry 7'57'27'5}7'5. (6.29)
0 0 0 0

As the following lemma shows, we can directly evaluate such an integral and com-

pute the order condition of the resulting power function.

Lemma 35 (Integration of a monomial). The integration of a monomial " - - - 737

TR evaluates as

T T<y T<r
/ dTl P / d"r’y e / dTF Tlpl “ e 7—57 e Tgr — Ctp1+“'+pf‘+r — O (tp1++PF+F) ,
0 0 0
(6.30)
where T, € {7,71,...,Ty—1} and c is a constant that depends on nonnegative
mtegers pi, ..., Pr-
Proof. We induct on the value of I'. The claim trivially holds when I' = 1. Suppose

that it is true for I'. For I' + 1, we have

T T<I4+1 T T<T 7_{11 . Tqr
p1 Pr4+1 I

/ dTl'-'/ drrgy 7t Ty —/ d7'1~~~/ dp ——,  (6.31)
0 0 0 0 pry1+1

where g1 +---+qr = p1+---+pro1+ 1. The claim then follows from the inductive

hypothesis. O]

For most of our analysis, however, a direct calculation of order conditions is
inefficient. In particular, a (2k)th-order Suzuki formula contains 2 - 5*~! matrix

145



exponentials and a direct analysis becomes prohibitive when k is large. Instead,
we follow standard rules of order conditions to compute them indirectly, some of

which are summarized below:

Proposition 36 (Rules of order conditions). Let .# (1) and 9 (1) be operator-
valued functions defined on R that are infinitely differentiable. Let p and q be

nonnegative integers. The following rules of order conditions hold:
1. Addition: if F (1) = O(1?) and ¥4 (1) = O(77), then F (1)+9 (1) = O(r™n:a));

2. Multiplication: if F(1) = O(7P) and 9(1) = O(19), then F(1)¥9(r) =

O(TPJrQ);.

3. Differentiation: F (1) = O(rP™') if and only if F(0) = 0 and F'(1) =

o(rP);
4. Integration: F (1) = O(7P) if and only if fot dr.Z (1) = O(t*™Y); and

5. Exponentiation: F (1) = 4(7) 4+ O(7P) if and only if exp, (fot dr.7 (7)) =

expr ([, dr9 (7)) + O(t*+1).

Proof. We only prove the exponentiation rule, as the other rules follow directly
from Lemma 34. Suppose that expr (f(f dr Z (7)) = expy (fot dr 4(7)) +O(t"t1).
To prove .Z (1) = 4(7) + O(7P), it suffices to show that .#@(0) = 4@ (0) for

q=0,....,p— 1.
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We prove this by induction. By the differentiation rule, we have

F(t) expyr ( /0 4 ff(ﬂ) — G(t)expy ( /0 4 g(r)) Lo, (6.32)

so Lemma 34 implies .#(0) = ¢4(0). This proves the claim in the base case. Now
assume that .Z 1 (0) = ¢1(0) holds for | = 0, ... ¢, where ¢ < p—1. By Lemma 34
and the general Leibniz rule,

f (qj 1) FT(0) exp ( /0 Cdr y(r))

=0

_ 2 (q : 1>gq+ll(0) exp ( /0 Car g(ﬂ).

(6.33)

Lemma 34 also implies eXp(Tl) (foo dr Z (7)) = eXp(Tl) (foo dr (7)) for 1 =0,...,q+

1. So the above equation simplifies to
F@tD(0) = @@+ (). (6.34)

This completes the inductive step.

For the reverse direction, we want to prove exp, ( fot dr .7 (7‘)) = expr ( f(f dr
4(7)) + O(t*™) assuming that .Z (1) = (1) + O(7?). Equivalently, we want to
show that expgﬁl) (foo dr ﬁ(T)) = expg?H) (foo dr %(T)) forq =0,....,p—1

given that .#(@(0) = ¢@(0). This can be proved by induction and by applying
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the Leibniz rule in a similar way as above. Specifically, the base case follows from

explh ( / Cdr 3}(7)) — 7(0) = %(0) = exp? < /O s g(f)) (6.35)

0

and the inductive step follows from

expltY ( /0 "dr 9(7)) - Zq: (‘f) F@0(0) expl! ( /0 Cdr 9(7))
_ zq: <‘ll> (@D (0) explV ( /0 T 54(7)) (6.36)

g
0
= engﬁl) </ dr g(r))
0

]

We now compute order conditions for the additive, multiplicative, and ex-
ponentiated Trotter error. In Section 6.5, we apply these conditions to cancel
low-order Trotter error terms and represent higher-order ones as nested commuta-

tors of operator summands.

Theorem 37 (Order conditions of Trotter error). Let H be an operator, and let

L(1), T(1), E(1), and A (T) be infinitely differentiable operator-valued functions
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defined for T € R, such that

t
S(t) = el + / dr e 2 (7). (1),
0

— expy (/Ot dr(H + g(ﬂ)), (6.37)

= (I +.4(1)).

For any nonnegative integer p, the following conditions are equivalent:

1. L(t) = e 4+ O (trt);

2. (1) =0(1P);

3. &(1) =0 (17); and

4. A (t) = O (trt).
Proof. Suppose that .7 (1) = O(7P). We apply the multiplication rule of Proposi-
tion 36 to get e~ VH 7 (7). T (1) = O(77). A further application of the integration
rule gives 7 (t) — el = f(f dr @ 2(1) T (1) = O(t**).

Conversely, let .7 (t) = e +-O(tP*1). This implies fot dr @8 2(1).T (1) =
O(tP*1). Applying the integration rule and the multiplication rule gives . (7).7 (1) =
O(7P). Note that .Z(t) = e + O(tP*1) = I + O(t) implies that the operator-
valued function .(t) is invertible for sufficiently small ¢ and, since &.7(t) =
-7 t) S (t).1(t), the inverse function . ~!(¢) is infinitely differentiable. Ap-
plying the multiplication rule gives .7 (1) = O(7?), which establishes the equiva-
lence of Conditions 1 and 2.
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Note that .7 (t) = €' + O(t"*!) is equivalent to expy ( [5 dr(H + &(1))) =
e + O(tPt1), which is further equivalent to H + &(7) = H + O(7F) by the expo-
nentiation rule. Canceling H from both sides proves the equivalence of Conditions
1 and 3.

Finally, note that .7 (t) = e (I + .#(t)) = e + O(t*™!) can be simplified
to e 4 (t) = O(tP™). The equivalence of Conditions 1 and 4 then follows from

the multiplication rule. O

6.5 Error representations

For a product formula with a certain error type and order condition, we now
represent its error in terms of nested commutators of the operator summands.

Consider an operator H = 25:1 H., with I' summands. The ideal evolution
generated by H is e’ which we decompose using a pth-order product formula
Z(t) =TI, H5:1 elvw o We know from Theorem 33 that the Trotter er-
ror can be expressed in the additive form .7 (t) = etH—l—fOt dr e (1) .7 (1), the
multiplicative form .7 (t) = '™ (I+.# (t)), where A (t) = exps (f(f dr e ™ & (1)e™)
— I, and the exponentiated form () = expy ( fg dr(H + &(7))). Furthermore,
both 7 (7) and &(7) consist of conjugations of matrix exponentials and have order
condition .7 (1), & (1) € O (77) (Theorem 37).

We first consider the representation of a single conjugation of matrix expo-
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nentials

eTAs . e’TAQ 67’141 Be—TAl e_TAZ e e_TAS, (638)

where Ay, Ao, ..., As, B are operators and 7 € R. Our goal is to expand this con-
jugation into a finite series in the time variable 7. We will only keep track of
those terms with order O (77), because terms corresponding to 1,7,...,7P~1 will
vanish in the final representation of Trotter error due to the order condition. As
mentioned before, such a conjugation was previously analyzed based on a naive
application of the Taylor’s theorem [36] and an infinite-series expansion [98]. How-
ever, those results do not represent Trotter error as a finite number of commutators
of operator summands and they only apply to special systems such as those with
geometrical locality or suitable Lie-algebraic structure. Our new representation
overcomes these limitations.

T

We begin with the innermost layer e™4 Be="41. Applying Taylor’s theorem

to order p — 1 with integral form of the remainder, we have

M Be ™ — By [A,B]r+-+ [Ay,--, [A,B] -]
- (6.39)
T 7_]7—1
—i—/ d7'2 e(r—rz)Al [Al’ cee [AluB} ,,_]67(7—7-2),41 2 .
0 —_——— (p_ 1)!

p
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Using the abbreviation ada, (B) = [A;, B], we rewrite

p—1
M Be” ™ = B+ ada,(B)T+ -+ adﬁ;l(B) T
(p— 1!
(6.40)
T 7—5_1
d (T*TQ)Al dp B 7(T*T2)A1 )
—l—/o Ty € ady (B)e —(p—l)!

By the multiplication rule and the integration rule of Proposition 36, the last term
has order
!

Td’/’ e A dP (B)e (A2 — O (7P). 6.41
| o " (B) oy =0 (6.41)

This term cannot be canceled by the order condition, and we keep it in our expan-
sion. The remaining terms corresponding to 1,7,...,7P~! are substituted back to
the original conjugation of matrix exponentials.

We now consider the next layer of conjugation. We apply Taylor’s theorem

_ — —1 —
to the operators e™2Be™ 742 e™ady, (B)e ™2, ..., e™adl " (B)e ™2 to order
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p—1,p—2,...,0, respectively, obtaining

Tp

-1 T
TA —TA p—1
e?Be "™ =B+ .--+4ad B—+/ dr:
L TED I

6(7’—’7'2)142 adi2 (B)e—(’T—’TQ)AQ

p—2
T2

d (1—72) A2 dp—l d B —(1—72) A2
+/0 Ty € ady,"a 4, (B)e —(p—Q)!’

6TA2aAdZ;‘_11(B)€_TA2 — adﬁ_ll(B) +/ d7’2 e(T_TQ)AQadAQadZ_Il(B)e_(T_TZ)A2-
0
(6.42)

Combining with the result from the first layer, the Taylor remainders in the above

equation have order

T p—1
/ dry (3(7_72)A223Ld€12(B)e_(T_TQ)A2 —(pT2 0 =0 (77,
0 - .
T p—2
/ dry 6(7772)A2adi;1adA1(B)e’“”ﬂA? —( 7—2_ 2)|7- =0 ("),
0 p—2r (6.43)
T T—T — —(7—71 Tpil
/ dr, e 2)AQadA2ad’ZhI(B)e (r=m2)A2 T =0 (77)
0

We keep these terms in our expansion and substitute the remaining ones back to
the original conjugation of matrix exponentials.
We repeat this analysis for all the remaining layers of the conjugation of

matrix exponentials. In doing so, we keep track of those terms with order O (77),
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obtaining

eTAS e eTA2eTA1 Be—TA1e—TA2 L —TAs

e

=Co+ T+ + CpyrP!

+ Z Z eTAS Ce eTAk-H (644)

k=1 q1++qr=p
qr7#0

T — 7—2>¢Ik—17_Q1+~-~+qk,1

. dm ek qd? ... ad? (B)e ™24k . (
/0 Apg A1< ) (Qk—l)'qk_l'qll

. eiTAkJrl e eiTAS
for some operators Cy, C1, ..., Cp_1. Due to the order condition, the terms of order
1,7,...,7°7! will vanish in our final representation of the Trotter error.

We now bound the spectral norm of those terms with order O (77). By the

triangle inequality, we have an upper bound of

qr—1 |7—|q1+"‘+Qk71

E § : / |T| - Tz)

—1)! ...,

k=1 q1+- +qk—p q’ﬂ 1)-%—1- qq1!
qr#

p 7[? o
B TN T ey

k=1 q1+-+qr=p
qr#0

P 7P ) .
= Z ((h Qs) Had‘l ...adz‘ll(B)HBQ\ IS A

qi+-+qs=p

[ad?. - - ad (B)]|| €A Zim 4

p
= Qcomm (As, ce ,Al, B) @62T| z:?=1||14l||7
p:
(6.45)
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where

acomm<A57"'uAlyB> = Z (ql p > Hadgfs adill(B)H . (646)

q1+-+qs=p Qs

This bound holds for arbitrary operators Ay, As, ..., A;. When these operators are
anti-Hermitian, we can tighten the above analysis by evaluating the spectral norm

of a matrix exponential as 1. We have therefore established:

Theorem 38 (Commutator expansion of a conjugation of matrix exponentials).
Let Ay, Ay, ..., Ay and B be operators. Then the conjugation €™ - - - e™42¢741 B

e~ e ™2 o™ (7 € R) has the expansion

e ememh e T e LT = Gt O 4+ Cp g TP+ 6(7). (6.47)

Here, Cy,...,Cy_1 are operators independent of 7. The operator-valued function

€ (7) is given by

k=1 q1++qr=p
qr#0

(7— _ 7—2)%—17—9‘(1-*-“'-0-%71

. dr e?%%ad% ...ad? (B)e 4% .
/0 ’ B () (ar — Dlgr—a! - 1!

—TAgg1 ... ,—TAs

- € - €

(6.48)
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Furthermore, we have the spectral-norm bound
71 otrt sz
Hcg@—)” S acomm<A57 s 71417 B)Fe k=1 (649)

for general operators and

p
-
€)1 < o (A, 41, B) (6.50
when Ay (k=1,...,s) are anti-Hermitian, where
p s 1
acomm(A37~--;A1;B) = Z < ) ||adisadf’41(B)H (651)
G+ tgs=p 1! s

We now apply the above theorem to analyze Trotter error. For simplicity,
we only consider the additive error, although the analysis can be easily adapted to
handle the multiplicative error and the exponentiated error.

Let H = 25:1 H., be an operator that generates the evolution ' = et e Hy
Let Z(t) = ngl szl elawnHr) be a pth-order product formula as in Sec-

tion 2.4. We know from Theorem 33 that the Trotter error can be expressed in an
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additive form as .7 (t) = e + [ d7 7.7 (1) T (1), where

H H
7= I ™" apHee) [ e e
(vy) (W' )=(vy) (V' )= (v)
H %
_ H e T a0 He o pr H e A Hr )
(') (')

(6.52)

Furthermore, Theorem 37 implies that the operator-valued function .7 (7) satisfies
the order condition .7 (1) = O(7?).

We now apply Theorem 38 to expand every conjugation of matrix exponen-

tials in .7 (7). In doing so, we only keep track of terms of order O(7P), as those

terms corresponding to 1,7,..., 7P~ will vanish due to the order condition. We
obtain
1.7 (7)]
> 7P
< Zacomm<{Hﬂv/(’y/)7(UI77,) = (Ua’y)}aHﬂu(’Y)>Hexp (27— Z HHWU/('Y/)H)
(v) (W)= (v)

- TP
+ Qcomm ({Hﬂ'uz(’y’)}y H) F exp (27— Z ||H7TU/('YI) > )
')
(6.53)

where ﬁ denotes an ordered list where elements have increasing indices from left

to right. This is further bounded by

- D
1701 <2 Y (T Ho ) S (27 3 i
(v'")

)

) ) (6.54)
— 2T Z Qeomm ({ He iy b HV) ] exp (QTT |H.|| ) .
=1 ' v'=1
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After a final integration over 7, we have

| 2(t) — | < /0 dr || (1) 7 ()|

r SN 1 r
S QTZacomm({Hﬂvl(v’)}7 HV) (p + 1>‘ €xp <4tT Z ||H’Y/|| ) :

y=1 v'=1
(6.55)

The factor 4 in the above bound can be tightened to 2 by directly substituting

(6.48) into (6.52), giving

3 —_— $p+1 r
) = ) 2T 3 ({1 ) o (267 S22 ).
y=1 : y=1
(6.56)

This bound holds for arbitrary operators H.,. If the operator summands are anti-

Hermitian, the bound can be further tightened to

tp+1

|(t) = ]| <27 eomm ({Hﬂu,(y,) |3 H,Y> ( (6.57)

—
po p+1)!

Note that our analysis depends on 7/, the ordering of operator summands in
stage v' of the product formula. In the following, we prove an asymptotic bound
that removes this ordering constraint. The resulting bound is independent of the
definition of product formula and may thus be easier to compute in practice. Our
analysis here is not tight in terms of the constant prefactor, but it is sufficient to
establish the desired commutator scaling.

Recall from Theorem 38 that
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Y

—_—
- p 4(1,1) acr.r)
(e S I (RN | T A

411+t =p © 4
(6.58)
: : | 43 qa,y q(r,r) tt
which is at most p! times Zq(171)+.‘,+qmr>2p ade(l) adem (H,)||. Fixing the

value of v, we claim that

r r
S i, adn 0 < T 3D ST [y [ ]

q(1,1)++qcr,r)=P Tp+1=1 Y2=1

(6.59)
This can be seen as follows. Every nested commutator on the left-hand side has

p nesting layers and must thus be of the form on the right. Conversely, we fix
one term || |:H7p+17 e [HW, Hw“ H from the right and bound the number of times
this term might appear on the left. Each operator H,,,..., H, can appearin T

possible stages and hence there are Y? possibilities in total. When the stages are

. . . . q(1,1) q(r,r)
fixed, this will uniquely determine one term Had oy ad Ho oy (H,)|| on the left.

We have thus established the commutator scaling of Trotter error.

Theorem 39 (Trotter error with commutator scaling). Let H = 2521 H., be an

operator consisting of T' summands and t > 0. Let . (t) = HE:1 ngl ety Hay (1)
~ r

be a pth-order formula. Define Geomm = >, 1, . . | [Hapers - [Hoo Hy ] ]|

Then, the additive Trotter error and the multiplicative Trotter error, defined re-

spectively by 7 (t) = e + ./ (t) and S (t) = e (I + .4 (t)), can be asymptotically
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bounded as

(1) = O (Geommt™ XM E V) [ (8)]] = O (Gt 2T Eral 1)
(6.60)

Furthermore, if H, are anti-Hermitian,
| (t)|| = O (&Commtp“) , 2z =0 (&Commt”H) . (6.61)

Corollary 40 (Trotter number with commutator scaling). Let H = 25:1 H., be

an operator consisting of I' summands with H., anti-Hermitian and t > 0. Let

L(t) = ngl ngl elvwn o be a pth-order product formula. Define Geomm =
r T

271772’~~-7'Yp+1:1 H [H’Ypﬂ’ U [H’Yw H’YIH H Then, we have Hy <t/T) - etH” =0 (6)

provided

el/p

~1/p  ,1+1/p
commt
r=0Q0 (a_) : (6.62)

For any § > 0, we can choose p sufficiently large so that 1/p < §. For this

choice of p, we have r = O (?)Zgommtl*‘; / 65). Therefore, the Trotter number scales

as r = aeonmt oW if we simulate with constant accuracy. To obtain the asymp-

totic complexity of the product-formula algorithm, it thus suffices to compute the

quantity Qeomm = Z%%mﬁp“ H [H%H, e [va HMH , which can often be done
by induction. We illustrate this by presenting a host of applications of our bound

to simulating quantum dynamics (Chapter 7) and quantum Monte Carlo methods
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(Chapter 9).

Note that we did not evaluate the constant prefactor of our bound in Theo-
rem 39. For that purpose, it is better to use Theorem 38, which gives a concrete
expression for the error operator. We provide numerical evidence in Chapter 7

suggesting that our bound has a small prefactor.
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Chapter 7:  Analysis of product formulas: concrete systems

Our result on the analysis of Trotter error, in particular the commutator
scaling of Trotter error (Theorem 39), uncovers a host of new speedups of the
product-formula algorithm. In this chapter, we analyze the performance of product
formulas for simulating concrete physical systems, including nearest-neighbor lat-
tice systems (Section 7.1), electronic structure Hamiltonians (Section 7.2), k-local
Hamiltonians (Section 7.3), rapidly decaying power-law interactions (Section 7.4),
and clustered Hamiltonians (Section 7.5). Our result nearly matches or even out-
performs the best previous results in digital quantum simulation. We accompany
our analysis with numerical calculation in Section 7.6, which suggests that the er-
ror bounds also have nearly tight constant prefactors. We conclude in Section 7.7
with a brief discussion of the results and some open questions.

This chapter is partly based on the following papers:

[36] Andrew M. Childs and Yuan Su, Nearly optimal lattice simulation by product
formulas, Physical Review Letters 123 (2019), 050503, arXiv:1901.00564.
[37] Andrew M. Childs, Yuan Su, Minh C. Tran, Nathan Wiebe, and Shuchen Zhu,

A theory of Trotter error, 2019, arXiv:1912.08854.
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7.1 Nearest-neighbor lattice Hamiltonians

A natural class of Hamiltonians that includes many physically reasonable
systems is the class of lattice Hamiltonians [49, 53, 64, 78]. Lattice Hamiltoni-
ans arise in many models of condensed matter physics, including systems of spins
(e.g., Ising, XY, and Heisenberg models; Kitaev’s toric code and honeycomb mod-
els; etc.), fermions (e.g., the Hubbard model and the ¢-J model), and bosons (e.g.,
the Bose-Hubbard model). Note that fermion models can be simulated using local
interactions among qubits by using a mapping to qubits that preserves locality
[103]. Digital simulations of quantum field theory also typically involve approxi-
mation by a lattice system [64].

For simplicity, we mainly focus on nearest-neighbor lattice systems in one di-
mension (although the analysis can be generalized to other lattice models as well).
In this case, n qubits are laid out on a one-dimensional lattice and the Hamiltonian
only involves nearest-neighbor interactions. Specifically, a Hamiltonian H is a lat-
tice Hamiltonian if it acts on n qubits and can be decomposed as H = Z;le Hj i,
where each Hj ;1 is a Hermitian operator that acts nontrivially only on qubits j
and j + 1. We assume that max; ||H; 41|| < 1, for otherwise we evolve under the

normalized Hamiltonian H/max; || H; j11| for time max; || H; j11]| t-

As established in Theorem 39, the asymptotic performance of a pth-order
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product formula depends on the quantity

n—1

&Comm - Z H [ij+1vjp+l+17 e [Hj2,j2+1> Hj17j1+1H || . (7'1>

J1,J25-Jp+1=1

For this nested commutator to be nonzero, the set of qubits on which the outer
operators act must intersect with those of the inner operators. In other words,
if we fix the choice of j;, then it must hold that j, € {j; — 1,j1,51 + 1}, j3 €

{mn—2,...,1+2}..., Jp+1 € {J1 —p, ..., j1 + p}. Therefore, we estimate

p n—1

acomm < 2.3.5... (2p + 1) <mjax ||Hj,j+1H) Z ‘|Hj1,j1+1“ =0 (n) . (72)

ji=1

Corollary 40 then implies that a Trotter number of r = O (n'/Pt'1/7 /e!/P) suffices
to simulate for time ¢ with accuracy e. Choosing p sufficiently large, letting € be
constant, and implementing each Trotter step with O (n) gates, we have the gate

complexity

(nt) e (7.3)

for simulating nearest-neighbor lattice Hamiltonians.

Based on the intuition from the BCH expansion, Jordan, Lee, and Preskill
claimed that product formulas can simulate an n-qubit lattice Hamiltonian for
time ¢ using only (nt)'*°() gates [64], but they did not provide rigorous justifica-
tion and it is unclear how to formalize their argument. Our result gives, for the
first time, a rigorous proof of the Jordan-Lee-Preskill claim, providing a nearly
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optimal approach to lattice simulation simpler than the algorithm of [53] based on
Lieb-Robinson bounds. As a side application, we obtain a tensor network repre-

no(1)l+o(1)

sentation of lattice systems with bond dimension 2 , generalizing a recent

construction of [59, Lemma 17].

7.2 Second-quantized electronic structure

Simulating electronic structure Hamiltonians is one of the most widely stud-
ied applications of digital quantum simulation. An efficient solution of this prob-
lem could help design and engineer new pharmaceuticals, catalysts, and materials
[9]. Recent studies have focused on solving this problem using more advanced
simulation algorithms. Here, we demonstrate the power of product formulas for
simulating electronic structure Hamiltonians.

We consider the second-quantized representation of the electronic structure
problem. In the plane-wave dual basis, the electronic structure Hamiltonian has

the form [9, Eq. (8)]

1
H=_— Z K2 cos|ky, - rp_;] AT A,

2n “ !
Jiksv
T 7.4
4m Z (Lcos[/ﬁ,,-2(?L—Tj)]Nj+2_ﬂszij, T
w K w &
ot v ik ’
-— 4 v#0
U h 7 .
v

where j, k range over all n orbitals and w is the volume of the computational cell.
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Following the assumptions of [9, 76], we consider the constant density case where
nj/w = O (1). Here, k, = 27v/w'/3 are n vectors of plane-wave frequencies, where
v are three-dimensional vectors of integers with elements in [—n'/3 nl/3]; r; are
the positions of electrons; ¢, are nuclear charges such that > |¢,| = O (n); and 7,
are the nuclear coordinates. The operators A;r- and Ay are electronic creation and
annihilation operators, and N; = A;Aj are the number operators. The potential
terms U and V' are already diagonalized in the plane-wave dual basis. To further
diagonalize the kinetic term T, we may switch to the plane-wave basis. This is
accomplished by the fermionic fast Fourier transform FFEFT [9, Eq. (10)]. We have

1
H =FFFT (= I<.',2N,,) FFFT + U + V.
W 75

T

To simulate the dynamics of such a Hamiltonian for time ¢, the current

fastest algorithms are qubitization [7, 74] with O (n3t) gate complexity and small

prefactor, and the interaction-picture algorithm [76] with complexity O (n?t) and

large prefactor. We show that higher-order product formulas can perform the same

2+O(1)t1+0(1)

simulation with gate complexity n . For the special case of the second-

order Suzuki formula, this confirms a recent observation of Kivlichan et al. from
numerical calculation [66].

Using the plane-wave basis for the kinetic operator and the plane-wave dual
basis for the potential operators, we have that all terms in T and U 4+ V commute

with each other, respectively. Then, we can decompose e~tT and e~ U+Y) into
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product of elementary matrix exponentials without introducing additional error,

giving the product formula

efita(TQ)Te*ita(T,l)(U+V) .. efita(l,Q)Tefita(l,l)(U+V)

— FFFT! e tac 2 TRRRTeitacr . U+V) | FRRT! e—itaa2 TRRRT e itaan U+V),
(7.6)

For practical implementation, we need to further exponentiate spin operators us-
ing a fermionic encoding, such as the Jordan-Wigner encoding. However, these
implementation details do not affect the analysis of Trotter error and will thus
be ignored in the our discussion. The fermionic fast Fourier transform and the
exponentiation of T, U, and V can all be implemented using the Jordan-Wigner
encoding with complexity O(n) [46, 76].

To analyze the performance of product formulas, we need to bound the spec-
tral norm of the nested commutators [H., ,,---[H,, H,]], where H, € {T,U,V}.
This can be done by induction. In the base case, we need to estimate the norm of
the kinetic operator T" and the potential operators U and V. For readability, we

use the abbreviated representation

T = thykA;r-Ak, U= ZUJ'N]', V= Zvj,kNij' (77)
Ik J gk
Since HA; = ||4;]| = ||N;]| = 1, we can apply the triangle inequality and upper

bound ||T]], ||U]|, and ||V|| by the vector 1-norm Hﬂ

o lldlly, and [|7]];. We analyze
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this in Proposition 42.

Lemma 41 (]9, (F6) and (F13)]). Let an electronic structure Hamiltonian be given

as in (7.4). The following asymptotic analyses hold:

1.
L _ @ 7.8
> =0m) (78
v£0 Y
2. For any fized j,
Z K2 cos|k, - 1j] = O (1). (7.9)

Y al=0(n). (7.10)

Proposition 42. Let an electronic structure Hamiltonian be given as in (7.4). We
have the following bounds on the vector 1-norm and oco-norm of the coefficients of

the kinetic operator and the potential operators:

fl=0(z)  Il=0m.

—

@

~ 0@, i, = O (n?), (7.11)

[

[V]le = O (1), 15, = O (n°) .

Proof. The claims about the asymptotic scaling of ||ﬂ‘oo, |@|| ., and ||7]| , follow

from Lemma 41. We then obtain the scaling of the vector 1-norm from the triangle
inequality. O]
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For the inductive step, we consider a general second-quantized operator of

the form

W= wigr (AL A) - (N,) (7.12)
R0

1

TV
at most g operators

<

where j’, /;:, and [ denote vectors of orbitals, with total length at most q. We
keep track of the number of A;xAkm and N;, in each summand; the largest such
number ¢ is called the “layer” of W. We compute the commutator between the
kinetic/potential operator and a general second-quantized operator in Proposi-

tion 44.

Lemma 43 (Commutation rules of second-quantized operators). The following

commutation rules hold for second-quantized operators:

(AT Ay, Al A = oAl An — 8,m Al A,
[ATA, Ni] = 6 ATA, — 6,A] Ay, (7.13)

[AfAg, NiNy ] = (0w ALA; — 63A] Ap) Nin + Ni (S Al Ay, — 85m AT Ay),

where 0y is the Kronecker-delta function.

Proof. The first rule is proved by [57, (1.8.14)]. The other rules follow from
the definition of the number operator N; = A;Al and the commutation relation
[AB,C} = A[B, C’] + [A7 C}B for any operators A, B, and C.

]

Proposition 44. Let an electronic structure Hamiltonian be given as in (7.4).
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The following statements hold for a general second-quantized operator W with q

layers:

1. W= [T, W} is an operator with q layers and HﬁjH1 < 2gn ||ﬂ{oo @l

2. W= [U, W] is an operator with q layers and Hzf}H <2q||@l| ||@|,; and
1

3. W= [V, W] is an operator with ¢ + 1 layers and H?ﬁ” <Agn ||0|| |||,
1

Proof. For Statement 1, we have

o, PRI
= Ztaﬂwﬁm{%% (AL AL) - (V)
B T

Performing the commutation sequentially, it suffices to consider

[ALAﬁyALAkZ] o (Ng) -

(ALA’%) [ALAﬂale}

For fixed «, f3, j’, E, ﬁ there are at most ¢ such commutators.

For the first type of commutator, we have from Lemma 43 that

(AT Ag, AL AL] =05, AL AL, — Gar, AL Ag.

(7.14)

(7.15)

(7.16)

Without loss of generality, consider the first term; its contribution to H@:{)’ H is at
1
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most

Z ;%jz a,BWiET Z

B k|l aj k0

o] < Al Il (717)

Similarly, we use Lemma 43 to analyze the second type of commutator
[Al Ag, Ny, | = 01, 5AL Ag — 61, 0 AL Ag (7.18)

and find its contribution to HvﬁH as
1

il (7.19)

Lo, Wi g7l =

i

a,p 7,k,l a,j,E,f

For Statement 2, we have

W= {ZUQNQ,Z wipr - (AL A;L) - (Nz)---}

(7.20)
=> Zuawi,;’fljvm (AT AR (V) ] _
o FEI
Performing the commutation sequentially, it suffices to consider
[l a0 (7.21)

For fixed a, j, E, Z there are at most ¢ such commutators. We use Lemma 43
again to get
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and find its contribution to H@:H as
1

PIP B =2

> gkl A

wawzzd = - sz < 1@ 11,

For Statement 3, we have

W == [‘/, W} == {Zva,gNaNg, ij,g,f. c (ALAI%) cee (le) cee

o.f R

- sza,ﬁwj,;;,f{NaNm (ALA’%) (N

- > >

B 7k,

Performing the commutation sequentially, it suffices to consider

|:NaN,BaALAkI:| S (N)

(7.23)

(7.24)

(7.25)

For fixed «, 83, J, l;, ZH, there are at most ¢ such commutators. Using Lemma 43,

we have

[NaNg, Al Ar,] = (00,5, AL A, — S0 AL Ar, ) Ns+ Na (65,5, AL Ar, — 050, AL Ay, ).

Without loss of generality, consider the first term; its contribution to Hﬁ

most

UJI7Bw;,E,f
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(7.26)

i1s at
1

(7.27)

]



We now compute the scaling of the spectral norm of

W = [H,YPH, e [va HMH, (7.28)

by induction, where H, € {T,U,V}. In the base case where p = 1, we have
from Proposition 42 and Proposition 44 that the coefficients of W have 1-norm
in O (n?), which implies ||W| = O(n?). For the inductive step, suppose that
W = [H% TERE [Hw H%H is a second-quantized operator whose coefficients have
vector one-norm in O (n?). Then Proposition 44 implies that [T, W}, [U, W},
and [V, W} are second-quantized operators and their coefficients have 1-norm in

O (nP*1). This proves that

Ccomm = Z H [H7p+17 T [va H%H H =0 (np+1) : (7.29)

Y1725 Vp+1

Theorem 39 and Corollary 40 then imply a Trotter number of r = O ((nt)' /7 /e!/)
suffices to simulate with accuracy e. Choosing p sufficiently large, letting € be
constant, and implementing each Trotter step as in [46, 76], we have the gate
complexity

n2+0(1)t1+0(1) (730)

for simulating plane-wave electronic structure in second quantization.
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7.3 k-local Hamiltonians

A Hamiltonian is k-local if it can be expressed as a linear combination of
terms, each of which acts nontrivially on at most £ = O (1) qubits. Such Hamilto-
nians, especially 2-local ones, are ubiquitous in physics. The first explicit quantum
simulation algorithm by Lloyd was specifically developed for simulating k-local
Hamiltonians [70] and later work provided more advanced approaches based on
the linear-combination-of-unitary technique [13-15, 73, 74, 76]. Here, we give an
improved product-formula algorithm that can be advantageous over previous sim-
ulation methods.

We consider a k-local Hamiltonian acting on n qubits

H= Y Hj ;. (7.31)
jlv"'vjk:
where each Hj, _; acts nontrivially only on qubits ji,...,j,. We say Hj, _j, has
support {j1,...,Jx}, denoting
S(Hjl,,ﬁc) = {jh cee 7jk} (732)

We may assume that the summands are unitaries up to scaling and can be imple-
mented with constant cost, for otherwise we expand them further with respect to

the Pauli operators. The fastest previous approach to simulating a general k-local
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Hamiltonian is the qubitization algorithm by Low and Chuang [74], which has gate

H.

VARTEED) jk”’

complexity O (nk HH||1t) where || H||, =

I1y-sJk ||

To compare with the product-formula algorithm, we need to analyze the

nested commutators [H -+ [H,,, H.,]], where each H., is some local operator

Yo+10

H.

j1....jx- In order for this commutator to be nonzero, every operator must have sup-

port that overlaps with the support of operators from the inner layers. Specifically,

we claim that the operator

W’711-~-7'7p+1 = [H7p+17 SR [HW? HMH (7'33)

is supported on at most k + p(k — 1) qubits and 251,...,yp+1:1 Wi || =

O (|H |7 11 H]l,), where we have used the 1-norm ||H||, = 3 H;, . .l and

J1seek ”

the induced l-norm [|H||, = max; max;, > H; . We prove

Ty s Jl=15J14 15Tk H

this claim by induction on p. For p = 1, the commutator W,, ., = [H.,, H.,] takes

the form [H ;

i Hi1,...,ik]a which is nonzero only when there exist [,m =1,...,k

such that j; = ¢,,. It then follows that W, ,, is supported on at most 2k —1 qubits

and that

Z ||[Hj17--~7jk7Hi17--~7ik]| §2k2mlaxmjg?x Z ||Hj17-~-7jk|| Z ||HZ1,711¢||

.7:17"'7]:]@7 jA17"'7jl7‘17 (AT
AT Jit1sesdk

=O (I, [1H1)
(7.34)

which proves the claim for p = 1.
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Suppose that the claim holds up to p — 1. Following a similar argument, we

have

T

> IWaall

V1o Yp+1=1

Y S (Ha Wl

J1yeJk 71)"'7’71’:1

- (7.35)
§2k(k + (p - 1)(k - 1)) mla’XInja’X Z ||Hj1,...,jk|| Z HW'yl,...,va
: JLsesJl=15 V1o Yp=1
Ji41y-3Jk
=2k(k+ (p— 1)k = D)1 HI, - O (IHIE 1H1L) = O (A 1] -
Since the support of Hy ;. and W,, . overlaps, the operator W, . ., acts

nontrivially on at most k + p(k — 1) qubits. This completes the induction.
Theorem 39 and Corollary 40 then imply that a Trotter number of r =

@ (|||H|||1 ||H||}/p tlﬂ/p/el/p) suffices to simulate with accuracy e. Choosing p suf-

ficiently large, letting ¢ be constant, and implementing each Trotter step with

S (nk) gates, we have the total gate complexity
(0] 1 o0
| E |, J[E e (7.36)

for simulating a k-local Hamiltonian H.
We know from Section 2.1 that the norm inequality ||H||, < [|[H]||, always
holds. In fact, the gap between these two norms can be significant for many k-

local Hamiltonians. As an example, we consider n-qubit power-law interactions

176



H =} ;5\ Hy; with exponent o [102], where A C R? is a d-dimensional square

lattice, H; = is an operator supported on two sites ;,; € A, and

< (7.37)

Examples of such systems include those that interact via the Coulomb interactions

(v = 1), the dipole-dipole interactions (o = 3), and the van der Waals interactions

To analyze the performance of product formulas, we use the following lemma,
whose proof can be found in [37, 102].
Lemma 45. Given an n-qubit d-dimensional square lattice A C R?, it holds

’

(@) (nl_a/d) , for0<a<d,

1
2 G~ | Olosn).  fora=d (7.38)
JeM\{0}

o(1), for a > d.

\

Furthermore, for a > d and x > 0, we have

> HJ}H; =0 (xal_d) . (7.39)

jen [l 2+

Given a power-law Hamiltonian H with exponent «, we use Lemma 45 to
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compute the scaling of its induced 1-norm

;

O (n'=/1), for 0 < a < d,
1
|||H|||1 < mgxz (1 + —.’——.*a) =50 (log n) , for o = d, (7'40)
Coga 7 =3l
O(1), for a > d,

\

and 1-norm

/

O (n2_°‘/d) , for0<a<d,

1
||HH1§ZZ<1+W): O (nlogn), for a=d, (7.41)
2

-

i jA

O (n), for a > d.

Thus the product-formula algorithm has gate complexity

pi-ateMglte)  for 0 < a < d,
L (7.42)

p2to()l+o(l) for a > d,

which has better n-dependence than the qubitization approach [74].

7.4 Rapidly decaying power-law interactions

We now consider d-dimensional power-law interactions 1/z% with exponent

a > 2d and interactions that decay exponentially with distance. Although these
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Hamiltonians can be simulated using algorithms for k-local Hamiltonians, more
efficient methods exist that exploit the locality of the systems [102]. We show that
product formulas can also leverage locality to provide an even faster simulation.

We first consider an n-qubit d-dimensional power-law Hamiltonian H =
D ijen
H; > with exponent a > 2d. Such a Hamiltonian represents a rapidly decaying
long-range system that becomes nearest-neighbor interacting in the limit @ — oo.
For a > 2d, the state-of-the-art simulation algorithm decomposes the evolution
based on the Lieb-Robinson bound with gate complexity O ((nt)'+2%/(=9)) [102].
We give an improved approach using product formulas which has gate complexity
(nt)+d/(a=d)to(1),

The idea of our approach is to simulate a truncated Hamiltonian H =
2 =3l =
H; = by taking only the terms H;; where |7 — 7||2 is not more than ¢, a parameter
that we determine later. The resulting H is a 2-local Hamiltonian with 1-norm
|H|l; = O (n) and induced 1-norm [|H||, = @ (1). Theorem 39 and Corollary 40
then imply that a Trotter number of r = O (/P! +1/7 /e!/P) suffices to simulate
with accuracy e. Choosing p sufficiently large, letting ¢ be constant, and imple-
menting each Trotter step with O (nfd) gates, we have the total gate complexity
¢3(nt)"+M for simulating H.

We know from Corollary 5 that the approximation of exp(—iHt) by exp(—iHt)
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has error
He*”H—e*“ﬁH :O(HH-?[Ht), (7.43)

where |[H—H|| = O (n/€>=) for all @ > 2d. To make this at most O (e), we choose
the cut-off £ = © ((nt/e)l/(a_d)>. Note that we require nt > € and t < en®/?2 so

that n'/¢ > ¢ > 1. This implies the gate complexity

(nt)l-l-d/(a—d)—i-o(l) (7.44)

Y

which is better than the state-of-the-art algorithm based on Lieb-Robinson bounds
[102].

We also consider interactions that decay exponentially with the distance x
as e P

HHMH < el Z15“2, (7.45)

where $ > 0 is a constant. Although such interactions are technically long-range,
their fast decay makes them quasi-local for most applications in physics. Our
approach to simulating such a quasi-local system is similar to that for the rapidly
decaying power-law Hamiltonian, except we choose the cut-off ¢ = ©(log(nt/¢)),

giving a product-formula algorithm with gate complexity

(nt)t+e®), (7.46)
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Our result for quasi-local systems is asymptotically the same as a recent result
for nearest-neighbor Hamiltonians [36]. For rapidly decaying power-law systems,

we reproduce the nearest-neighbor case [36] in the limit o — oo.

7.5 Clustered Hamiltonians

We now consider the application of our theory to simulating clustered Hamil-
tonians [86]. Such systems appear naturally in the study of classical fragmentation
methods and quantum mechanics/molecular mechanics methods for simulating
large molecules. Peng, Harrow, Ozols, and Wu recently proposed a hybrid simula-
tor for clustered Hamiltonians [86]. Here, we show that the performance of their
simulator can be significantly improved using our Trotter error bound.

Let H be a Hamiltonian acting on n qubits. Following the same setting as
in [86], we assume that each term in H acts on at most two qubits with spectral
norm at most one, and each qubit interacts with at most a constant number d’ of
other qubits. We further assume that the qubits are grouped into multiple parties

and write

Y

Hl(2)

H=A+B=> H"+Y HY W HH}” <1, (7.47)
l l

where terms in A act on qubits within a single party and terms in B act between

two different parties.
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The key step in the approach of Peng et al. is to group the terms within
each party in A and simulate the resulting Hamiltonian. This is accomplished by

applying product formulas to the decomposition
H=A+Y HP. (7.48)
!

Using the first-order Lie-Trotter formula, Reference [86] chooses the Trotter num-

ber

r—0 (h%ﬁ) (7.49)

€

to ensure that the error of the decomposition is at most €, where hgp = >, || H 1(2) [

is the interaction strength. Here, we show that it suffices to take

1 1
d/%hp t1+* hl/PtlJrl/p
€p €
using a pth-order product formula
() =e "] e-itacey MY | itar A I1 e~ttaan (7.51)
! l

This improves the analysis of [86] for the first-order formula and extends the result

to higher-order cases.
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In light of Theorem 39 and Corollary 40, we need to compute

Z |||:H'YP+17" (H,, Hyy ]+ ]

Y1yY25-005 Yp+1

|, (7.52)

where each H, is either HZ(Z) or A. Since [A,A} = 0 and [Hw A} = — [A, HV], we

may without loss of generality assume that H, = Hl(1 ), €.

Z H[vaﬂﬂ" [HVWH }}H: Z H[HVPH’”'[HW’HI(?)}”']H'

V15Y2s5 5 Yp+1 l1,72,-Yp+1

(7.53)

We now replace each A by >, H, l(l) and apply the triangle inequality to get

Y

S e 2T =S [ (K )]

l1,72505Yp+1 li,l2,elpt1

(7.54)
where each K is either H l( ) or H . Since each qubit supports at most d’ terms

and each term acts on at most two qubits,

Z H [Klp+1v e Klgv H = <dlp o d?d Z HHl(f)
Iy

l1,l2, 0lpt1

D —0 (d'%@)

(7.55)
This completes the proof.

The hybrid simulator of [86] has runtime 2°"¢(9)) where r is the Trotter
number and cc(g) is the contraction complexity of the interaction graph g between

the parties. Our improved choice of r thus provides a dramatic improvement.

183



7.6 Numerics

We have analyzed the error of higher-order product formulas in Section 6.5.
That analysis is sufficient to establish the commutator scaling in Theorem 39, but
the resulting bounds have large prefactors. Here, we propose heuristic strategies to
tighten the analysis and numerically benchmark our bounds for nearest-neighbor
lattice Hamiltonians. Throughout this section, we assume H is Hermitian, ¢t € R,
and consider the real-time evolution e =¥ .

We first consider a Hamiltonian H = A 4+ B consisting of two summands.

—itH

The ideal evolution under H for time ¢ is e , which we decompose using the

fourth-order product formula .%(¢). Recall from (2.14) that .#(¢) is defined by

F(t) = efi%AefitBefi%A7
(7.56)

Fi(t) = [Faust)]* Fo((1 — dus)t) [Fo(ust)]?,

with uy := 1/(4 — 4'/3). Expanding this definition, we obtain

y4 (t) — e—ztagAe—ztb5Be—zta5Ae—ztb4Be—zta4Ae—ztbgB6—zta3Ae—ztbgBe—ztagAe—ztblBe—ztalA’

(7.57)

1—3ug
5 and

where a1 1= ag := ¢, by 1= ag 1= by 1= by 1= a5 1= b5 = ug, a3 1= a4 =
bg =1 4'U,2.

Without loss of generality, we analyze the additive Trotter error of .#(t).
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We gave an analysis in Section 6.3 that works for a general product formula, and

we improve that here to obtain an error bound for .#(¢) with small prefactor. To

this end, we compute

d ,
T = (i) F4(1)

— [efzta6A7 —’Lb5B] efztbsBefzttmAefztb4Befzta4AefztbgBefzt(mAefztbgBefztaQAefztblBefztalA

+ [e—itae.Ae—itb5B7 —ia5A] 6—ita5A6—itb4Be—ita4Ae—itbgBe—itagAe—itbgBe—itaQAe—itblBe—italA
+ [e—itaﬁAe—itb5B6—ita5A6—itb4Be—ita4Ae—itbgBe—itagAe—itsze—itagA’ —ZblB] e—itblBe—italA
+ [e—ita@-Ae—itb5B6—ita5Ae—itb4Be—ita4Ae—itbgBe—itagAe—itsze—itagAe—itblB’ —ialA] e—italA.

(7.58)
Performing the commutation sequentially, we have

d

3 71(t) = (—iH)F(t)

_ [e—zta6A7 —’Lb5B] e—ztb5Be—zta5Ae—ztb4Be—zta4Ae—ztbgBe—ztagAe—ztbgBe—ztagAe—ztblBe—ztalA
+ efztaeA [efztbg,B7 —ia5A] efzta5Aefztb4Befzta4AefztbgBefztagAefztbgBefztaQAefztblBefztalA

(7.59)
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+ e—ztagAe—ztb5Be—zm5Ae—ztb4B€—zta4Ae—ztbgBe—ztagAe—ztbgB [e—zmgA’ —ZblB] e—ztblBe—ztalA

+ e—ztaaA6—ztb5Be—zta5Ae—ztb4Be—zta4A€—ztbgB [e—zta;;A’ —Zbl B} 6—ztbgBe—zta2Ae—ztb1Be—ztalA

+ e—ztaaAe—ztbg,Be—zta5Ae—ztb4B [e—zta4A, —ZblB] e—ztbgB6—zta3A6—ztb2Be—ztagAe—ztblBe—ztalA

+ efztae.AefztlmB [efzta5A’ —ZblB] efztb4B€fzta4AefztbgBefztay,AefztbgBefzta2AefltblB€fzta1A

+ [efztaeA’ —ZblB] efztbg)Bef'LtasAefztb4Befzta4AefztbgBefzta;gAefztbzBefztaerfztblBefztalA

+ efztagAefztbg,BefztasAefztb4B€fzta4AefztbgBefztagAefztbQBefztazA [efztlnB’ —ialA] efztalA

+ e*itaﬁAefitlmB

7ita5Aefitb4B

(& (&

7ita4A67itbgB

e

—itag A [efitsz

’ _Z-alA —ita1 A

:I efztagAefztbl Be

_|_ e—itae.Ae—itb5Be—ita5Ae—itb4B€—it(Z4A [e—itbgB _,L'alA] e—itagAe—itbgBe—itLLQAe—itblBe—itaqA
)

+ e—ztagAe—ztb5Be—zta5A [6—7,tb437 _Z-alA] e—zta4Ae—ztbgBe—ztagAe—ztbgBe—ztaer—ztblBe—ztalA

+ 6—zta5A [e—ztb5B, _Z-QIA] e—zta5Ae—ztb4B€—7,ta4Ae—ztbgBe—zta;;Ae—ztbgBe—ztaer—ztblBe—ztalA'

We further define

so that

(G

Co .

C3 ‘=

Cq ‘=

Cy 1=

ag,

ay +CL2,

aq —i—a2+a3,

a1+a2—|—a3+a4,

a1+a2+a3+a4+a5,

d1 =

da

dy

ds
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(7.60)
- b17
= b1 + bg,
= bl + bg -+ b3, (761)

::b1+b2+bg+b4,

::bl+b2+b3+b4+b5,



d ‘
SAE) — (<) A()

—[eitasd | _jdy B emitboB itasd ithsB p—itasd p—ithy B p—itas A g—ithy B itaz A ith B it A
+ e—itaﬁA [e—itbg,B7 —7;6514] e—ita5A€—itb4Be—ita4Ae—itbgBe—itagAe—itbgBe—itagAe—itblBe—ith
} eitaAgithsB p—itasAg—ithiB oitasA g=iths B itas A oiths B [p=itasA _jq) B) =it Beitar
} tasAgithsB g—itasAg—ithiB oitasd g=iths B itas A githy Boitas [ ~ith B ¢ A]e=itard
(7.62)
In Section 6.3, we factor out the operator-valued function .#(t) from the

left-hand side of the above equation as

S A — (A = AN T (1) (7.63)

This approach suffices to establish the asymptotic bound in Theorem 39 and Corol-
lary 40. However, the resulting function 7 (t) contains unitary conjugations with
a large number of conjugating layers, which defeats the goal of establishing tight
error bounds. We improve this by simultaneously factoring out .7} 1t (t) from the

left-hand side of the equation and .7} yignt(t) from the right-hand side, obtaining

d

a&ﬁ(t) — (—1H).Z(t) = Fagese (1) Ta(t) S 4 right (1), (7.64)
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where

%eft( ) - 6—115(1(5146—ztl753e—zta5A€—ztb43e—zta4A7

(7.65)
%ight (t) P e—itb;gBe—it(lgAe—itbgBe—itagAe—itblBe—italA'
It then remains to analyze Z,(t).
To this end, we use the fact that
t
[etX,Y} = etX/ dr e [X, Y] X
Y (7.66)
= / dr e™* [X, Y] e X etX,
0
for any ¢t € R and operators X, Y. We then have from Lemma 1 that
Fy(t) = e M —l—/ dry e T F e (1) Ta(T1) L daigne (1), (7.67)
0
where
Ta(m1)

T1
_ / dry ema4AezT1b4Bema5AezT1bsBez‘rza6A [ _ ia6A7 —id5B] 671T2(L6A67“—1b5BeilTla5Aeille‘lBe*leaclA
0
T ] ) . ' | | | |
+ / dTQ 6171a4Aeznb4B€7,7'1a5A617'2b5B [ _ ib5B, —iC5A] €_ZT2b5Be_ZTla5Ae_Zle4Be—lTla4A
0
T ‘ ‘ ‘ | | |
+ / d7'2 elTla4AezT1b4Betha5A [ o ia5A, *Zd4B] efmasAe*”lb‘lBe*Zﬁa4A
0
T1
+ / d7'2 61T1a4A€ZTQb4B [ — Z‘b4_B7 _iC4A] 6717'21)4367”1(1414
0

T1 ) .
+ / dry el‘r2a4A[ — A, —ing] eTim2asA
0
(7.68)
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z7'2b3B —Zbg —ZC A] iTobs B

—’LlegB —z‘rgagA[ _ Z(L3A —ng ] szagAellegB

—iT1b3 B 717'1(13146717'1172367”2(1214 [ _ 7;0,2147 —’LdlB:I ez‘rgaermbgBez‘rlagAembgB

717’11);B 77,Tla3Aefi‘rleB 71‘7‘1{1214@7”2})13[—2.[)1 _chA] iTob1 B 77'1(12A iT1boB _iTia3zA znbgB

(& e € (&

/ —17'11)33 —LTlagAe—iTQbQB [ sz 710214] LszzBeiT1a3AeiT1b3B

(7.69)

The operator-valued function .7;(7;) has the order condition Z;(m;) = O(7}),
which follows from Proposition 36 and the fact that 7(t) = e ®# + O(#°). For
terms in Z(7), we compute the Taylor expansion of each layer of unitary conju-
gation as in Section 6.5. In light of Lemma 35, we expand the time variables 7, and
Ty to third order, as there already exists the double integral f(f dr OTl d1y. We then
apply the triangle inequality to bound the spectral norm of a linear combination of
nested commutators of A and B with four nesting layers. Since [A, A] = [B,B] =0

and [A, B] = [B, A], the bound only contains 2°/4 = 8 nonzero terms. Altogether,
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we obtain

17a(t) = ™|
<t°(0.0047 )[4, [4, [, [B, AJ]]]]| + 0.0057 |[[A, [, [B. [B.A]]]]|

Y

+0.0046 || [A, [B, [A, [B, A]]]]|| + 0.0074 ][4, [B, [B. [B, A]]]]||

+0.0097 ||[B, [4, [4, [B, A]]]]|| + 0.0097 ||[B, [4, [B, [B, A]]]]|

+0.0173([[B, [B, [A, [B, A]]]]|| + 0.0284 ||[B, [B, [B, [B, A]]]]|

).

(7.70)

assuming ¢ > 0.

Proposition 46 (Trotter error bound for the fourth-order Suzuki formula with
two summands). Let H = A+ B be a Hamiltonian consisting of two summands

and t > 0. Let #4(t) be the fourth-order Suzuki formula (2.14). Then,

|a(t) — e~
<t (0.0047 1[4, [A, [A, [B, A]]]]|| + 0.0057||[A, [4, [B, [B, A]]]]||
+0.0046 || [A, [B, [A, [B, A]]]]|| + 0.0074 || [4, [B, [B, [B. A]]]]||
+0.0097 |[B, [4, [4, [B, A]]]][| +0.0097 |[B, [4, [B, [B, A]]]]|

+0.0173|[B, [B. [A, [B, A]]]|| +0.0284 [, [B, [B, [B. A]]] | ).
(7.71)

Although we do not have a rigorous proof of the tightness of our higher-
order bounds, numerical evidence suggests that they are close to tight for various
systems. We first consider simulating a one-dimensional Heisenberg model with
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a random magnetic field (3.1). This system can be simulated to understand the
transition between the many-body localized phase and the thermalized phase in
condensed matter physics, although a classical simulation is only feasible when the
system size is small [78].

We classify the summands of the Hamiltonian into two groups and set

L3

A= Z (X2j—1X2j + Y5, 1Yo + Zoj_1295 + h2j—lz2j—1)7
1

-1
(XojXoj1 + Ya;Yoji1 + ZojZoji1 + hojZoj).

0|3

? (7.72)

w3

B

1

<.
I

Here, all the summands in A (and B) commute with each other, so we can further

decompose exponentials like e~#%*4 (and e~%*5) without introducing error, giving

a product formula with summands ordered in an even-odd pattern [36]. We also

consider grouping Hamiltonian summands as

n—1 n—1 n—1
Hi=) X;Xju, Ho=) YV,  Hy=) (ZZpa+hZ), (1.73)
j=1 Jj=1 Jj=1

which we call the X-Y-Z ordering [34]. Similar to the even-odd ordering, the
summands in Hy, Hs, and H3z commute with each other respectively, so the cor-
responding exponentials can also be decomposed without error. Note that our
asymptotic bounds in Theorem 39 and Corollary 40 hold irrespective of the or-
dering of Hamiltonian summands, but the prefactors will depend on the choice of

ordering. Our choice here maximizes the commutativity of the Hamiltonian.
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Up to a difference on the boundary condition, Reference [34] estimates the
resource requirements of simulating the Heisenberg model using various quantum
algorithms. They find that product formulas, especially the fourth-order and the
sixth-order formula, can outperform more recent quantum algorithms for simulat-
ing small instances of (3.1), although their best Trotter error bound is loose by
several orders of magnitude. This is alleviated by [36], which gives a fourth-order
bound that overestimates the gate complexity by about a factor of 17. For a fair
comparison, we numerically implement our approach to analyze the fourth-order
formula .#(t) as well (Proposition 46).

For the even-odd ordering, we need to compute all the nested commutators of
A and B. We do this by fixing one term Xo; 1 Xo;+Y5; 1Y+ 29 1295+ hoj_12Z251
of A in the inner-most layer and simplifying all the outer terms using geometrical
locality. We then apply the triangle inequality to analyze the summation of terms
over j = 1,...,|5]. We use a similar approach to analyze the X-Y-Z ordering.
This computes our error bounds for small ¢. To simulate for a longer time, we
divide the evolution into r Trotter steps and apply our bounds within each step.
We seek the smallest Trotter number r for which the estimated error is at most
some desired e. This can be efficiently computed using a binary search as described
in [34].

We compare our improved analysis with the best previous bounds [34, 36]

for simulating the Heisenberg model (3.1). Specifically, we consider the so-called
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Figure 7.1: Comparison of r for different product-formula bounds for the Heisenberg
model. Error bars are omitted as they are negligibly small on the plot. Straight lines
show power-law fits to the data. Note that the exponent for the empirical data is based
on brute-force simulations of small systems, and thus may not precisely capture the true
asymptotic scaling due to finite-size effects.

analytic bound [34], which applies to both the even-odd and the X-Y-Z ordering.
The commutator bound of [34] offers a slight improvement over the analytic bound,
but its numerical implementation requires extensive classical computations and so
we only compare the existing result for the X-Y-Z ordering. Likewise, we compare
the locality-based bound of [36] only for the even-odd case, although it can exploit
the geometrical locality of the X-Y-Z ordering as well.

To understand how tight our bounds are, we also include the empirical Trotter
number by directly computing the error ||(F(t/r))" — e~ forn =4,...,12 and
extrapolating the results to larger systems. We choose the evolution time t = n
and set the simulation accuracy e = 1073 as in [34] and [36]. For each system size,
we generate five instances of Hamiltonians with random coefficients. Our results
are plotted in Figure 7.1.

We find that the asymptotic scaling of our new bounds matches that of
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the empirical result up to finite-size effects and the prefactors are significantly
tightened. At n = 10, the Trotter number predicted by our bounds is loose only by
a factor of 5.1 for the even-odd ordering of terms and 7.2 for the X-Y-Z ordering. In
comparison, the commutator bound of [34] only exploits the commutativity of the
lowest-order term of the BCH series and is bottlenecked by the use of tail bounds.
The previous bound [36] based on geometrical locality is also uncompetitive since

it cannot directly leverage the nested commutators of the Hamiltonian terms.

7.7 Discussion

We have developed a general theory of Trotter error and identified a host of
applications to simulating quantum dynamics. We consider Trotter error of var-
ious types, including additive error, multiplicative error, and error that appears
in the exponent. For each type, we apply the correct order condition to cancel
lower-order terms, and represent higher-order ones as explicit nested commuta-
tors. Table 7.1 compares our results against the best previous ones for simulating
quantum dynamics.

Compared to the analysis of other simulation algorithms such as the trun-
cated Taylor-series algorithm [14] and the qubitization approach [74], the derivation
of our Trotter error theory is considerably more involved. However, the resulting
error bounds are succinct and easy to evaluate. Theorem 39 shows that Trotter

error incurred by decomposing the evolution generated by H = 2521 H., depends
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System Best previous result New result

Nearest-neighbor lattice  (nt)'+°() (Conjecture), O (nt) (Licb-Robinson bound) (nt)t+e
Electronic structure o (n?t) (Interaction picture) p2te)l+o(l)
k-local Hamiltonians O (n*||H]|, t) (Qubitization) n*||H||, | H|2W ¢t+e®)

1/z* (o < d) O(n*=/1t) (Qubitization) p3=e/dto(l)¢l+o(1)
1/z%* (d < a < 2d) O(n?t) (Qubitization) n2to(gl+o(l)
1/z% (a > 2d) o ((nt)1*2d/(e=d)) (Lieb-Robinson bound) (nt)t+d/(a=d)+o(1)

o(1) ,140(1) o(1)
Clustered Hamiltonians 9O(h%t* cc(g)/<) ZO(hB ! celg)/e )

Table 7.1: Comparison of our results and the best previous results for simulating quan-
tum dynamics.

asymptotically on the quantity Qeomm = Zvlm,--wpﬂ H [H%H’ e [HW,H%H

I

which can be computed by induction as for nearest-neighbor lattice systems, second-
quantized plane-wave electronic structure, k-local Hamiltonians, rapidly decaying
interacted systems, and clustered Hamiltonians. We further show how to improve
the analysis to find error bounds with small constant prefactors. Numerical simula-
tion suggests that our higher-order error bounds are close to tight for systems with
nearest-neighbor interactions, and we hope future work can explore their tightness
for other systems.

Our result shows that high-order product formulas can be advantageous for
simulating many physical systems. Interestingly, we can often achieve this advan-
tage without using a formula of very large order. For d-dimensional power-law
interactions with exponent o > 2d, we have shown that the pth-order product-

formula algorithm has gate complexity O ((nt)!+%/(e=)+1/7) 'whereas the state-of-
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the-art Lieb-Robinson-based approach requires 0] ((nt)““?d/ ("‘_d)) gates. Product
formulas can thus scale better if p > (« — d)/d, which is small for various physical
systems such as the dipole-dipole interactions (a« = 3) and the Van der Waals
interactions (v = 6). For other systems such as nearest-neighbor interactions
and electronic structure Hamiltonians, product formulas do not exactly match the
state-of-the-art result in terms of the asymptotic scaling, but they are still advan-
tageous for simulating systems of small sizes [34, 66].

The complexity of the product-formula approach is determined by both the
Trotter number (or Trotter error) and the cost per Trotter step. A naive imple-
mentation of each Trotter step exponentiates all the terms in the Hamiltonian,
which has a cost that scales with the total number of terms. However, this worst-
case complexity can be avoided by truncating the original Hamiltonian, as we
have demonstrated in the simulation of rapidly decaying power-law Hamiltoni-
ans. Recent studies have proposed other techniques for implementing Trotter steps
[3, 66, 67, 107]. Those techniques can be applied in combination with our Trotter
error analysis to further speed up the product-formula algorithm.

We have restricted to the evolutions generated by time-independent oper-
ators. In the more general case, we have an operator-valued function (1) =
25:1 (1) and our goal is to simulate the time-ordered evolution exp ( fot dr
25:1%”7(7')) [13, 14, 16, 65, 76, 88, 110]. Under certain smoothness assump-

tions, Reference [110] shows that this evolution can be simulated using product
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formulas, although their analysis does not exploit the commutativity of operator
summands. We believe our approach can be extended to give improved analysis for
time-dependent Hamiltonian simulation, but we leave a detailed study for future
work.

Previous work considered several generalized product formulas, such as ones
based on the divide-and-conquer construction [54], the randomized construction
[35, 84], and the linear-combination-of-unitaries construction [75]. The common
underlying idea is to approximate the ideal evolution to pth order using formulas
of order g, where g < p. Our theory can be applied to represent the ¢;th-
order Trotter error in terms of nested commutators, thus improving the previous
analyses of [35, 54, 75, 84]. This leads to a better understanding of these generalized
formulas and justifies their potential utility in quantum simulation.

Several other questions related to our theory deserve further investigation.
For example, the spectral-norm error bound computed here would be overly pes-
simistic if we simulate with a low-energy initial state. It would then be bene-
ficial to change the error metric to the Euclidean distance to avoid the worst-
case error propagation. Our analysis has also assumed an operator decomposition
H = 25:1 H,, given a prior, but one may instead seek an alternative decomposi-
tion to maximize the commutativity of operator summands. Finally, we focus on
the error analysis within each Trotter step and apply the triangle inequality across

different steps, which may be improved upon as hinted in previous work [58, 96].
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Chapter 8: Quantum singular value transformation

In this chapter, we develop an algorithmic framework we call “quantum sin-
gular value transformation”, which is inspired by techniques from quantum simula-
tion. We discuss the core concepts of this framework, including the standard-form
encoding, qubitization, and quantum signal processing in Section 8.1, Section 8.2,
and Section 8.3, respectively. Quantum singular value transformation unifies a
host of existing quantum algorithms and provides a convenient approach to de-
signing new quantum algorithms. We illustrate this in Section 8.4 by applying the
framework to implementing principal component regression.

This chapter is partly based on the following paper:

[50] Andras Gilyén, Yuan Su, Guang Hao Low, and Nathan Wiebe, Quantum singu-
lar value transformation and beyond: Exponential improvements for quantum
matriz arithmetics, Proceedings of the 51st Annual ACM SIGACT Symposium

on Theory of Computing, pp. 193-204, ACM, 2019, arXiv:1806.01838.

8.1 Standard-form encoding

We consider three vector spaces Hi, Hs and H with dimensionality constraint

dim(H,), dim(Hs) < dim(#H). Let U : H — H be a unitary operator and G; :
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Figure 8.1: Illustration of the standard-form encoding.

Hi — H, Gy : Hy — H be two isometries, i.e., we have

GIG, = I, GGl = Py, (8.1)
GIGy = Iy, GGl = Py, (8.2)
UU = UU' = Iy, (8.3)

where Py, is an orthogonal projection on H; with image im(Py;,) = im(GjG;) =
im(G,). We say that the isometries Gy, G and the unitary U encode GIUG, in
standard form [72]. We illustrate this abstract setting in Figure 8.1.

The notion of standard-form encoding is inspired by existing quantum simu-
lation algorithms. Recall from Section 2.5 that the Taylor-series algorithm imple-

ments the linear combination Z?:_Ol ﬁgffg, where ‘75 are products of unitaries and
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B¢ > 0. This can be reformulated as a standard-form encoding by setting

Gi1=Go= MZJ_M U=£Z;\£><£!®Vg, (8.4)

which encodes the desired linear combination up to a scaled-down factor

ZE o BeVe

GlUG, =
SN

(8.5)

Similarly, the simulation algorithm introduced in Section 2.6 considers Hamiltoni-
ans of the form H = 25:1 ayH,, which can also be recast using standard-form

encoding:

r

\/W Z Vs |7) ® U= Z 7 (vl ® H,. (8.6)

y=1

G1:G

However, standard-form encoding extends these quantum simulation algorithms in
that it allows arbitrary definitions of the isometries G, G5 and the unitary U.

Let the singular value decomposition of G;U G1 be

GlUG, = Z%|%><¢j|7 (8.7)

where {|¢;)}; and {|¢;)}; are orthonormal on H; and Hs, respectively. Further-
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more, the singular values o; satisfy 0 < o; < 1, since

HG;UG1

<o

IUIIGAll = 1. (8.8)

Then, the idea of quantum singular value transformation is as follows. We are given
a standard-form encoding A = G;UGl as input. Our goal is to obtain an output
operator B whose singular values are related to those of A by certain polynomial
functions. In this sense, the singular values of A are transformed by polynomial
functions to output B.

Quantum singular value transformation achieves this with a quantum cir-
cuit V on space H, constructed from the specified polynomial functions, such that
the output B = G}V G, is encoded in standard form. Examples of this include
implementing Chebyshev polynomials for the Taylor-series algorithm [14, 15] and
polynomial approximations of exponentials of trigonometric functions for the QSP
algorithm [73, 74]. However, we identify applications of quantum singular value
transformation to designing other quantum algorithms beyond quantum simula-

tion.

8.2 Qubitization

Since the main goal of quantum singular value transformation is to manip-

ulate the singular values of G;U (1 using a quantum circuit, it is natural to ask
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how GgU (G are related to those operations that we can perform on a quantum
computer, such as 2G4 GI —1, 2G2G£ —1I, and U. This relation concerns the spectra
of operators and is made clear through qubitization, which builds on earlier results
such as Szegedy quantum walk [101] and Marriott-Watrous QMA amplification
[79].

Let |¢;) be the unit right singular vector of G;U G with singular value o
and let |¢;) be the corresponding left singular vector. We consider the following

pair of subspaces

HL]’ = Span {G1|¢j>,UTG2|§0j>}, ngj = Span {G2|QOJ>,UG1|¢]>} (89)

As the following lemmas show, these subspaces are either one-dimensional or two-

dimensional depending on the value of o;.

Lemma 47 (1D subspace pair). Let Hi, He and H be vector spaces with di-
mensionality dim(H,),dim(Hs2) < dim(H). Let U : H — H be a unitary op-
erator and Gy : Hy — H, Gy : Ha — H be two isometries. Let |1;) be the
unit right singular vector of G;UGl with singular value o; and let |p;) be the
corresponding left singular vector. Define H;y; = span{G1|@/Jj>, UTG2|<pj>} and

H,; = span {G2]<pj>, UG1|wj>}. The following conditions are equivalent:
1. dim (Hy;) = 1.

2. dim (Ha;) = 1.
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3. By ={Gilv;)} is a basis for Hy ;.
4. Boj = {Galp;)} is a basis for Ha ;.
5. 0; = 1.

If any one of the above condition is satisfied, we have
(U] . [GleﬂBu = [GQG;]BM =1. (8.10)

Proof. Note that U is an invertible mapping from #; ; = span {G1|1/Jj>, UTG2|30J-)}
to Hay = span {Gslp;), UG |1;)} with inverse UT, which implies that Hy; is
isomorphic to Hs ; as linear subspaces. In particular, it must be that they agree
on the dimensionality. Therefore, Conditions 1 and 2 are equivalent.

The vector G1|¢;) has unit length in #;; = span {G1|v;), UTGa|p;) }, and
must therefore be a basis of H; ; if Condition 1 holds. This shows that 1 implies
3. The fact that Condition 2 implies 4 can be argued in a similar way.

Assume that Condition 3 is satisfied, i.e.,
U'Gs|p;) = aGilyy) (8.11)

for some complex number a. We apply GJ{ to both sides of the above equation and
get

ojlv;) = GiUGalp;) = aGlGilw;) = alty). (8.12)
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Taking the Euclidean norm of both sides gives

a; = llole)ll = llalwn) || = laGilg)ll = |U'Gale)|| = 1,

which proves Condition 5. Similarly, Condition 4 implies 5 as well.

Finally, if 0; = 1, we can compute

1= ||UGH|¥) |

2

_ HGQGQUGIWJ) ‘2 + H(I — GoGHUGH ;)

2

= llosGaleg) I + ||(1 = GaGHUGIw)

2

=1+ (1 = GGh UG )

Y

(8.13)

(8.14)

where the second equality follows by the Pythagorean theorem. This implies that

(I — GoGHUGH ;) = 0,

or equivalently

UGh|¥;) = GoGYUGH 1) = 0;Gali;) = Galey).

(8.15)

(8.16)

We conclude that dim (7—[27]») = 1, which implies Condition 2. The matrix repre-

sentations of U, GlGI and GQGE now follow from a direct calculation.

]

Lemma 48 (2D subspace pair). Let Hi, Ho and H be vector spaces with di-
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mensionality dim(H, ), dim(Hy) < dim(H). Let U : H — H be a unitary op-
erator and Gy @ Hy — H, Gy : Ho — H be two isometries. Let |1y) be the
unit right singular vector of G;UGl with singular value oy, and let |px) be the
corresponding left singular vector. Define Hyy = span {G1|2/1k>, UTGQ\gOk)} and

Hox = span {Galr), UG1|Wk) }. The following conditions are equivalent:
1. dim (Hyy) = 2.
2. dim (Hax) = 2.
3. B = {Gi|tn), UTGalgr) } is a basis for Hiy,.
4. By = {G2|g0k>,UG1|¢k>} is a basis for Hay,.
5. 0< o, < 1.
If any one of the above condition is satisfied, we have

1. With respect to the bases By, and Bay,

01 ; 1 oy ; L oy
[U] Bi kB2 k - ’ [GIGJBLk - ’ [G2G2] Ba 1, -
10 0 0 0 0
(8.17)
2. By, = {Giln), UTG2|$>1__Z’“2G1W’“>} is an orthonormal basis for the subspace
k
Hap and By, = {G2|g0k>, UGW:V/);”’“QGQW”} is an orthonormal basis for Hay,
o2
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with respect to which

O, 1-— 0,% ¢ " 10
U] By By, 7 [GlGl}B’Lk - [G2G2]B;,k -
71— 0,3 —0p 0 0
(8.18)

Proof. The equivalence of the five conditions is proved in a similar way as in

Lemma 47. Assuming that any one (thus all) of the condition holds, we can

compute
GiGIGIlYw) = Gildw),  GiGIUTGalr) = onGalun),
(8.19)
GaGhGalpr) = Galgr),  GaGRUGH ) = 0uGalipn),
which gives the matrix representation of GlGJ{ and GQG;. [U } By 1B is obtained

through a direct calculation.
We now apply the Gram-Schmidt process to By = {G1|¢k>, UTG2|g0k>} to

construct a unit vector orthogonal to G |¢y)

U'Galpr) — Grlvw) (Uil GIUTGalpr) _ U'Galin) — 0uGhlthe)
HUTG2|90k> - Gﬂ%)WHGIUTGﬂ@ﬁH UGl pr) = kGl

:UTG2|90k> — 0,G1|Vk)

\/1—0,2 '

(8.20)
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The last equality holds since

|V Galin) U’“le’f”’z = (er|GIUU Galopr) — o (or| GRU G|y
— ou(UR|GIUT Gl or) + o2 (k| GIGy|y)  (8:21)

=1-20i+o0;=1-0}.
In a similar way, we produce the following unit vector orthogonal to Ga|¢x)

UG1|¢k> - UkG2‘90k>

2
1—o0;

: (8.22)

The matrix of U with respect to the orthonormal basis Bik = {G1]¢k>7

UfGQ‘%)iaklew} and By, = {Galpy), TR0 Y can be computed by

\/170% \/1702

UG —0,G
UG 1) = AGa|pr) + m 1WH 2’90k>,
T Yk

UTG2|(Pk> - UkG1|wk> _ G2|80k> - UkUlek)

v 8.23
N /o2 (8.23)
T o) )
1—o}
whereas [G1GHB, and [GQGE]B, are obtained from
1,k 2,k

eXell UTG2|%>1_ Uk2G1|¢’“> _ UkG1|¢k>1— Uk2G1\¢k> 0,
o o (8.24)

eeil UGh|w) — oxGolor) _ ovGalor) — 0xGalpn) _ 0

N N
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]

We now decompose the entire space H into one- and two-dimensional sub-
spaces as defined above. To this end, we consider the singular value decomposition
of G;U (G1, dropping terms with zero singular values and grouping the remaining

ones as

GIUGI = > oilon (Wl =D ol + Y onlo) (Wl. (8.25)

0<0o;<1 oj=1 0<op<1

This gives pairs of one-dimensional subspaces H;; = span {G1 ;) U TG2|cpj>},
Hs; = span {Ga|p;), UG1|¢;) } with o; = 1 and pairs of two-dimensional subspaces
Hip = Span{G1|@Z)k),UTG2|gpk>}, Hop = Span{G2|g0k),UG1\1/Jk)} with 0 < 0, <
1.

In general, the orthonormal set of right singular vectors {|¢;) };U{|¢%) }x does
not span the entire ;. We expand it with {|¢;)}; so that {]1;)};U{|vn) }eU{|t0) }
becomes an orthonormal basis for H;. Similarly, we expand {|¢;) }; U{|¢x) }x with
{|@m) }m to form an orthonormal basis for Hy. With a slight abuse of notation, we

denote
Hig=span{Gi|t))},  Him =span {UTGa|@n)},
(8.26)
H,, = span {UG1|1EZ>}, Hsy.n = span {G2|g5m>}.

The following theorem claims that the entire space H can be decomposed as an

orthogonal direct sum of the above spaces.
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Theorem 49 (Qubitization by pairing subspaces). Let Hq, Ho and H be vector
spaces with dimensionality dim(H,),dim(Hy) < dim(H). Let U : H — H be
a unitary operator and G1 @ H1 — H, Gy : Ho — H be two isometries. Let
GluG, = > 0l (| with 0 < o; < 1 be the singular value decomposition.
Define Hy j, Haj with o; = 1, Hig, Hoy with 0 < oy < 1, and Hyy, Hay, Him,
Hom as above. Then H admits the following pair of decompositions

H= @ Hi, @ Hik @ Hiy @ Him @ Hit
l m

o;=1 0<or<1

= @ Hg}j @ HQ,]@ @ 7"_[2,1 @ 7__t2,m @ H?,J_a

o;j=1 0<or<1 l

(8.27)

where () denotes the orthogonal direct sum and Hy 1 /Ho 1 is a space orthogonal
to the remaining spaces of the same line. Here, subspaces in the first/second line
are G1G1- /GG -invariant and U is an isomorphism between the corresponding

subspaces with the same subscript. Furthermore,

1. For 05 = 1, Bl,j = {G1|¢j>}/827j = {G2|QOJ>} 18 a basis fOT’ Hljj/Hgd' and

(U] = [GiG1] 5, = [GeGl], =1. (8.28)

Bi,;,B2,;

t oGy
2. For 0 <oy, <1, By, = {G1|vw), Y GQ'?LUEG e }/Bh s = {Galr),

Ulew_U’“GQl“m} is an orthonormal basis for Hi y/Ha i, with respect to which

\/l—cr%
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O 1—02 1 0

1, 2,k o
V1-—o0? —0y, 00

3. Bl,l = {Gﬂ’(;ﬂ}/ggl = {UGJ(Z[)} 1s a basis fOT 7’21,1/7:[2,1; and Bl,m =

{UTGs|@m) } /Bom = {Ga|@m) } is a basis for Hym/Hom, under which

[U] B1,,B2, - [U} B1,m,B2,m = [1]7
66l = [, =11 (830

(1G], = [G:G] g, = [0

4. Restricted Hy,1 and Ha 1, U is an isometry, GlGI and GQGJ; are zero.

Proof. Let GIUG, = > 0ilei) (Y] with 0 < 0; <1 be the singular value decom-
position where terms with singular value zero are dropped. Define H, ;, Ha j, Hix,

Ho g, 7-_[171, 7-_[271, 7-_[1,7”, and 7-_[27m as stated. We now prove the orthogonality claim

in (8.27):

° 7‘[1,]'J_H17j/ and HQJJ_HQJ'/ for j 7& j/Z

(W GIG1ly) = (W lbs) =0, (8.31)
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and

(07|GIGsles) = (pylps) = 0;

[} Hl,kJ—HLk’ and H27kJ_H27k/ for k 7& kli

and

(U |GG ) = (|t} = 0,
(Y |GIUTGal o) = o (b 1hr) = 0,
<90k’|G£UG1|¢k> = o (pw|er) =0,

(0w |GLUUTGalor) = (o lir) = 0,

(o |Gy Galor) = (i]er) = 0,
(ow|GIUGH|Yn) = o (ow|or) = 0,
(U |GIU Gl or) = o (tw|or) = 0,

(Y| GIUTUG 1) = (Ww|n) = 0;

o Hy L Hy and Hoy Ll Hoy for I £ 1"

and

(W |GIGy [hy) = (v|h) = 0,

<1Zl'|GIUTUG1|QZl> = <1Zl'|1/_fl> = 0;
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(8.33)

(8.34)

(8.35)
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ﬁl,mj_fll’m/ and ?:lg’mj_/)qzm/ for m 7& m/;

<@m’|G£UUTG2|@m> = <@m’|§5m> = 07 (837>

and

(B |G3Ga| P = (G| Pm) = 0; (8.38)

Hl,jJ—%Lk and HQJJ_HQ,k:

(W1 G1G1 W) = (W |vw) = 0,

(8.39)
(W;|GIUTGolor) = 0w (¥;]1hr) = 0,
and
(04| GLGalpr) = (pjler) =0,
(8.40)
(p;|GRUGH YY) = a1{psln) = 0;
7‘[1,]'J_7'_[171 and HQJ'J_;LZQJ:
(5| GLGhldh) = (1) = 0, (8.41)
and
(0 |GYUGH W) = o (5]br) = 05 (8.42)
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Hyj L Hy 0 and Hoj L Ho
(5 |GLUT Gl @) = 05(p;|m) = 0,
and
(@5l GiGoal@m) = (#jl@m) = 0;
Hl,kJ-7:[1,z and HgvkL”;‘-_ng:
(k|GG ) = (W) =0,

(0| GYUGH ) = o, (yi|thy) = 0,

and

<90k|GJ£UG1|IEl> = Uk(lbkhm =0,

WMGIUTUGWM = Wk‘lzﬁ =0;

%1,kj—7:ll,m and H27klﬂ2,mi
(k| GIUTGa|Pm) = 01 (0k|@m) = 0,
(0| GSUUTGa|@m) = (0| @m) = 0,

and

<90/€|G£G2|95m> = <§0k|@m> =0,

(Rl G UTGo|@m) = on {0kl @) = 0;
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(8.44)

(8.45)

(8.46)

(8.47)

(8.48)



° 7:[1,[J_7'_[17m and ﬁz,lJ_}_[Zmi |1Zl> € ker (G;UG1>

The claim that subspaces in the first /second line of (8.27) are G1G1-/G,Gl-
invariant and U is an isomorphism between the corresponding subspaces with the
same subscript follows from Lemma 47, Lemma 48 and direct verification. Since
Gy GI / GQG; is normal, it is also invariant on the orthogonal complement H; | /Ha,
91, Exercise 10.7]; for the same reason, U is an isomorphism between #; ; and
Ho .

The claimed matrix representation of U and ¢ 1GJ{ /Go G; follows by Lemma 47,

Lemma 48 and direct calculation. For the orthogonal complement H; |, we have

My = @Hu O Hlk@%l@%m}

-o;=1 O0<or<1
C @ span { G1|¢;) } @ span { G1|vy) } @Span{Gﬂ?/Jl }]
Loj=1 0<op<1 (8.49)

— _Gl span {{|¢j>}j U {len) } U {W}l}r

= [im(GY)]" = [im(G1GD)]" = ker(G1GY).

Hence GlGI is zero on H; i ; the claim that GQGJ; is zero on H, | is proved in a
similar way. Restricted to H; | and Hq ;, U still preserves the inner product and

is therefore an isometry. 0
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8.3 Quantum signal processing

The final component of quantum singular value transformation is quantum
signal processing, achieved by alternating between unitary U /UT and partial rota-
tion e"‘z’(QGlGI_I)/e"‘i’(?GQG;_I). Specifically, for any real vector ¢ = [b1, ..., ¢m] €

R™, we define

6i¢1(2G2G£—1)U H:L:T;l (€i¢2j(2G1GJ{—I)UTei¢2j+l(2G2G;_1)U) for odd m,

Vi=

H% (ei‘bzf—l(QGlGI_I)UTei¢2j(2G2G£_I)U> for even m.

j=1

(8.50)
Then, for certain even/odd polynomials f : R — C [50, Corollary 8], we can find
(61, ..., &m] € R™ so that Gy, Go, and V<5 encode an operator whose singular values
are related to those of the input G;UGl = >, 0ilp;) ;] by f. Specifically, we

have

GLV3Gr =D f(0,)le) (0] (8:51)

if f is an odd polynomial and

GlV;G, = Z Fop) ) (sl + £(0) D [shi) (el (8.52)

if f is even.
This result can be proved in a similar way as in [74, 77| for quantum simu-

lation. The difference is that we are now manipulating the singular values of the
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input operator G; UG, and we need to use Theorem 49 to replace the previous [74,
Lemma 8 and Corollary 9]. The above result can also be extended to implement
singular value transformations with real polynomials. We do not discuss these in
detail and refer the reader to [50] for a complete treatment.

Instead, we now consider circuit implementation of the quantum singular
value transformation. We know from (8.50) that the circuit consists of the unitary
U (U) and the partial rotation e#2G1G1=D (¢i¢(2G2G5=D))  The operator U is given
as input and assumed to be directly implementable. It then remains to implement

261G{=1) This can be difficult if G, is a general isometry.

the partial rotation e
However, for many applications, the isometry G, is defined by a state preparation

procedure as

Gy =G, |0). (8.53)

We then have

(ORIGID = GG = Gy <¢ 0) (O +€7 > _Iy) <y|) G, (8.5
y#0

where each operator can be directly implemented using a quantum circuit. Fig-
ure 8.2 provides a possible circuit implementation of the entire quantum singular

value transformation.
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| 0> Fan) eiqsmz FanY FanY eid’m’ \Z FanY
—/— — G; O O GQ — GJ{ O O Gl — ..
U Ut U

Figure 8.2: Circuit implementation of quantum singular value transformation.

8.4 Implementing principal component regression

The ability to transform singular values is central to the operation of many
machine learning methods. Many quantum algorithms for basic machine learning
problems, such as ordinary least squares, weighted least squares, generalized least
squares, were studied in a series of works [27, 32, 55, 111]. We do not examine these
problems case-by-case, but point out that they can all be reduced to implementing
the Moore-Penrose pseudoinverse of the input operator, which can then be realized
by performing singular value transformation with a polynomial approximation of
the inverse function.

Here, we briefly discuss a new application to principal component regression.
The problem of principal component regression can be formally stated as follows
[48]: given a matrix A € R™¢ a vector b € R and a threshold value 0 < ¢, find
r € R% such that

f)ngngl' — b

, (8.55)

T = argmin,cpa

where ﬁzg, P- denote left and right singular value threshold projectors, i.e., pro-

jectors whose image is spanned by left and right singular vectors with singular
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values greater than .

A closed-form expression for the optimal solution of (8.55) is given by x =
Po ATPob = ATPoch, where AT is the Moore-Penrose pseudoinverse of A. The
problem can thus be solved by singular value transformation with polynomial ap-
proximations of the inverse function [50, Theorem 41] and the threshold function
[50, Theorem 31]. Suppose that operator A is given by the standard-form en-
coding A = GgU GG; and that the spectral gap is 7: b does not overlap with
left singular vectors of A with singular values in [¢ — 7,¢ 4+ 7]. Then, quantum
singular value transformation gives an algorithm that implements principal com-
ponent regression with accuracy € using O (% log (%)) applications of U/UT and

ei9(2G1G1=1) [4i9(2G2Gh=D) Ty comparison, the classical algorithm of [48] has runtime

0 (10 (4)).
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Chapter 9:  Application to Monte Carlo methods

In this chapter, we apply our analysis of product formulas (Chapter 6) to
improving the performance of quantum Monte Carlo simulation. Here, the goal is
to approximate certain properties of the Hamiltonian, such as the partition func-
tion, rather than simulating the full dynamics. We consider two specific systems:
the transverse field Ising model (Section 9.1) and the ferromagnetic quantum spin
systems (Section 9.2). For both simulations, the ideal evolution is decomposed
using the second-order Suzuki formula and we show that such a decomposition can
be made more efficient using our tightened analysis.

This chapter is partly based on the following paper:

[37] Andrew M. Childs, Yuan Su, Minh C. Tran, Nathan Wiebe, and Shuchen Zhu,

A theory of Trotter error, 2019, arXiv:1912.08854.

9.1 Transverse field Ising model

Consider the following n-qubit transverse field Ising model:

H=-A-B, A= Y juwZZ, B= Y hX, (9.1)

1<u<vn 1<un

Here, X, and Z, are Pauli operators acting on the uth qubit, and j,, > 0 and

h, > 0 are nonnegative coefficients. Define j := max{j,., h.} to be the maximum
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norm of the interactions. Our goal is to approximate the partition function

Z="Tr(e ") (9.2)

up to a multiplicative error 0 < e < 1.
Reference [20] solves this problem with an efficient classical algorithm. A
key step in their algorithm is a decomposition of the evolution operator using the

second-order Suzuki formula, so that

Z = Tr(e%Ae%Be%A)r SA+eTr(e™™) =(1+6)2. (9.3)
However, their original analysis does not exploit the commutativity relation be-
tween A and B, and can be improved by the techniques developed here.

Note that this is different from the usual setting of digital quantum simu-
lation. Indeed, as the matrix exponentials in the product formula are no longer
unitary, we will introduce an additional multiplicative factor when we apply The-
orem 39. Also, we need to estimate the multiplicative error as opposed to the
additive error of the Trotter decomposition, which is addressed by the following

lemma.

Lemma 50 (Relative perturbation of eigenvalues [43, Theorem 2.1] [63, Theorem

5.4]). Let matriz C' be positive semidefinite and D be nonsingular. Assume that
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the eigenvalues \i(C) and N\;(D'CD) are ordered non-increasingly. Then,
\(D'CD) < N(C) ||D'D]|. (9.4)

Let A and B be Hermitian matrices and consider the evolution e/4*+5) with
t > 0. Our goal is to choose r sufficiently large so that the eigenvalues are approx-

imated as

i ((6;7146%36%14)7") ~ A <et(A+B)) (9.5)
up to a small multiplicative error. We define

U .= er(A+DB)

J

t t t
Vo= exderBena,

W e expy (/r dr e—T(A+B) {egABegA —_ B+ e;AeTBéeTBe;A . g} eT(A+B))'
0
(9.6)
Then, both U and V are positive semidefinite operators and we know from Theo-

rem 33 that V =UW.

To analyze the operator W, we further compute
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A i .l A All =
{B 2}7’—5—7’/ dry 62A|:2, {B,QHe 34

A T
/ dTQ/ dr; e2?e TSB{ [B, 2”673362‘4.

(9.8)
By Lemma 4, we have the following upper bound on ||W||:

exp (2L LA, L4, B + AT, L4, B 4+ S, B, A )

< (A [ B + 155 15, BAH) tarasD)

(9.9)

This bound is tighter than the previous result of [20, Lemma 3| in that it exploits

the commutativity of operator summands.

Our goal is to bound the eigenvalues )\i(VT) in terms of )\i(U T). This can

be done recursively as follows. We first replace the right-most V' by UW and the

left-most V' by WTU. Invoking Lemma 50, we have

N(VT) = N (WIUVT2UW) < N (UVT20) ([W2.
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By [60, Theorem 1.3.22],

N(UVT2U) = N(VeETtouve . (9.11)

We now apply a similar procedure to obtain

N(VElruvet) = N\, (WIUVetUU Ve 2UW)
<N (UVEruUvERU) (WP
= \(ViTtvuveuuvi) [ w?
(9.12)
<N (UViIyuveryuvitiu) (w

= X(ViTluuvat UV uuvE ) (W

< M (UVERUUVERUUVET IOV [WC

To ensure that this recursion is valid, we choose r to be a power of two. Since any
positive integer is between 2™ and 2™*! for some m > 0, this choice only enlarges

r by a factor of at most two. Overall,

X(VT) < x0T (W (9.13)

We know that

t3
1272

W1 < e (5 1A L B+ s 1. [, AL )09 0 10
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We first choose

r>4t( || Al +1B]) (9.15)

so that e4rAI+IBI) < ¢ <« 4. We then set

rzmax{\/—” A,B]]]. %—H (B, 4] H} (9.16)

so that both t ||[ [A, B]] H and L

1272

H [B, [B, AH H are bounded by €/8. There-

fore, we have |W7"|| < e as long as r is a power of two satisfying

erax{4t(||All+l|BH)=\/—II [4,B]]]) \/—H Al

}, (9.17)

which implies

= NV N1+ NU)=1+62 (918

assuming € < 1. Following similar arguments, we can show that this choice of r
also gives a lower bound of Z’ with Z’ > (1—¢)Z. Therefore, we have approximated
the partition function up to a multiplicative error e.

We now specialize our result to the transverse field Ising Hamiltonian with

t = 1. We find that ||A]| = O (n?j), ||B|| = O (nj),

(4, [A, B]] H = O (n?;3), and
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H (B, [B, A]] || = O (n%j3), which implies
r=0 (n%j +n2PR 1) (9.19)

By [20, p. 17], this gives a fully polynomial randomized approximation scheme

(FPRAS) with running time

O (n177‘14€_2) _ 6 (n45j14€_2 + n38j216—9) 7 (9‘20)

improving over the previous complexity of

O (n™j*e?). (9.21)

9.2 Quantum ferromagnets

We now apply our technique to improve the Monte Carlo simulation of fer-
romagnetic quantum spin systems [21]. Such systems are described by the n-qubit

Hamiltonian

H= Y (“buwXuXy+cuVoVo) + Y du(I+Zy), (9.22)

1<u<vn u=1

where 0 < by, < 1, —buy < Cup < byy, and —1 < d,,, < 1. It will be convenient

to rewrite these Hamiltonians using the coefficients pu, = (byy — Cuv)/2 and gy, =
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(buw + Cu)/2 as

n

H = Z puv(_XuXv - YuY;z) + Z C]uv(_XuXv + YUY;;) + Z du (I -+ Zu)

1<u<v<n 1<u<v<n u=1
(9.23)
Since |Cu| < byy < 1, we have puy, quy € [0, 1].
Our goal is to approximate the partition function
Z(8,H) = Tr[e "] (9.24)

for 8 > 0. Following the setting of [21], we restrict ourself to the n-qubit gate set

1
{fu(eit),guv(t)vh“”(t> wv=1,...,n, u#v, 0<t< 5}, (9.25)
where
1+t> 0 0 ¢ 1 0 0 0
" o 0 1 00 0 1+t ¢t 0
0 1 0 010 0 t 1 0
t 001 0 0 0 1
' ' ' (9.26)

and the subscripts u,v indicate the qubits on which the gates act nontrivially.

These gates approximate the exponentials of terms of the original Hamiltonian.
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Specifically, we represent the gates as

fu(@) = €535 g (1) = e 390 @ p (1) = e 8, (9.27)
where 0 < ¢t < 1/2 and

(9.28)
By [21, Proposition 1], we have ||4,,(t)| < t?, and ||, (t)|| < t2.

We divide the evolution into r steps and apply the second-order Suzuki for-

mula within each step, obtaining

G_gH ~ I I e Trdu(l"‘zu) I | e quu”( XuXU+Yqu) | | e Qrpuv( XuXoy— Yqu)

1<u<n 1<u<v<n 1<u<v<n

H e — L pun (— XuXo—YuYy) H e — L o (— Xu Xy +Yu ) H o 5 4 (I+7Zu)

1<u<v<n 1<u<v<n 1<un
~ I ne ™) 1 gm( qm,) I hm( puv)
1<u<n 1<u<v<n 1<u<v<n

H huv(;puv) H guv( quv) H fu
1<u<v<n 1<u<v<n 1<u<n

(9.29)
Here, we have two sources of error: the Trotter error and the error due to using
the gate set (9.25). We choose

r> 28, (9.30)

so that we can implement the product formula using gates from (9.25) with pa-
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rameters

1 8 1 3 1 3 1
—— < ——d, <=, 0<=qu<-=, 0<=puw<-=. 9.31
2 = T rdew S 9 rPw S (9:31)
Consider the gate sequence
_B
H fu(e Tdu H guv( quv) H huv( puv)
1<u<n 1<u<v<n 1<u<v<n
H huv( puv) H guv( q'zw> H fu
1<u<v<n 1<u<v<n 1<u<n
— H ,rduFu T(Iuvguv( qu) H Tpuv%uu( puv)
= e 2 H e 2 e 2
1<u<n 1<u<v<n 1<u<v<n
H 6_?puv%v(ﬁpuv) H 6_%Q’uvg~uv(gqmv) H 6—%duFu
1<u<wv<n 1<u<v<n 1<u<n
6 —~
= €X - uvZCuy uv uv Juv uv F
p( 2 Z (i) r T a(fa) e R ) )W
1<u<v<n 1<u<v<n

(9.32)
that implements the second-order Suzuki formula, where we have applied Theo-

rem 33 in the last line. Since

g?;w (équv)
r

the perturbed Hamiltonian satisfies

p

—Quo S 37 H*jq%?u/v (épuv) 5
r r

<242

(9.33)

> e

1<u<v<n

ffzv(gpm)HJr > w %Nm,( quv)‘ Z|d [

1<u<v<n (934)

< (Z)B—I— (Z>3+2n < 3n?.
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We also need to bound nested commutators of Hamiltonian terms with two layers
of nesting. This analysis is similar to that for the transverse field Ising model; the

resulting scaling is O (n?). By Theorem 39, there exists a constant ¢ > 0 such that

4 6n2
W] < exp (25757 ), (9.39

To proceed, we apply Lemma 2 to switch to the interaction picture, giving

eXp( ( > Pw uv< pw> > w uv< quv)+zd F>)— Ay,

1<u<vn 1<u<v<n

where

B n
V= eXpT ( — / dT eTH< Z puv%v <§puv> + Z quguv (gquv) + Z duFu - H) e_TH> .
0

1<u<v<n 1<u<v<n u=1

(9.37)
From (9.28),

> puvﬁ/ﬁv< pw> > w u( quv) ZdF HH

1<u<v<n 1<u<v<n
_ p (9.38)
- Z puv puv Z Quov—— 6 uv —qu :
1<u<v<n Puv 1<u<v<n Juo

IN
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whereas the original Hamiltonian has spectral norm

1H]]

1<u<v<n 1<u<v<n u=1

g(g>'2+(g>'2+”'2=2n2,

(9.39)
so Lemma 4 implies
252, o
IV < exp ( w5 e’ rﬁ). (9.40)
r?
Altogether, we obtain
I £t ] guv( quv) 11 huv( puv)
1<u<n 1<u<v<n 1<u<v<n
1<u<v<n 1<u<v<n 1<u<n
= e‘gHU,
where the operator U = VW has spectral norm bounded by
n? /32 4n2[3 entB en2s
1T = IVW| < exp ( e ) (9.42)

for some constant ¢ > 0.

The remaining analysis proceeds in a similar way as that of the transverse
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field Ising model. We find that each eigenvalue of

{ I r.e ) ] guv< quu> 11 huv( puv>

1<u<n 1<u<v<n 1<u<v<n

- 11 hm( pm) 11 gm( quv> IT (™) ]

1<u<vn 1<u<v<n 1<u<n

(9.43)

approximates the corresponding eigenvalue of the ideal evolution e ?# with a mul-

tiplicative factor

r 2 232 4n2 433 n2
[U|" < exp ( nrﬂ e+ Cnrf 66T6>- (9.44)
We first set
r > 12n°p, (9.45)
so that
, 4n?pB?  2entp?
|U|" < exp( s ) (9.46)
We then choose
272 223/2
r = max Sn’B” 2en's (9.47)
e €l/2

to ensure that the multiplicative error is at most e. By (9.30), (9.45), and (9.47),

r=0 (”QfQ) , (9.48)

we have
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which gives the total gate complexity [21, Supplementary p. 7]

(1+ 62)n4> .

(9.49)

The result of [21, Theorem 2] gave a Monte Carlo simulation algorithm for

the ferromagnetic quantum spin systems. To improve that result, we also need to

estimate the error of partial sequence of the product formula as in [21, Eq. (13)].

This can be done in a similar way as our above analysis. The resulting randomized

approximation scheme has runtime

which improves the runtime of the original Bravyi-Gosset algorithm

5(mwu+5%0.

€25
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Chapter 10: Conclusion and future work

In this dissertation, we developed an understanding of quantum simulation
algorithms concerning their design, analysis, implementation, and application.

Specifically, in Chapter 2, we discussed time-ordered evolutions and their
mathematical properties, introduced common input models (the linear-combination
and linear-combination-of-unitaries model) for quantum simulation, and reviewed
leading simulation algorithms (the product-formula, Taylor-series, and quantum-
signal-processing algorithm).

In Chapter 3, we considered the simulation of a one-dimensional Heisen-
berg spin model and compared the resource requirements of implementing differ-
ent quantum simulation algorithms. We found that the quantum-signal-processing
approach has the best performance with rigorous accuracy guarantee, whereas the
product-formula approach performs significantly better with empirical estimate.
We obtained much smaller circuits than those for the simplest classically-infeasible
instances of factoring and quantum chemistry, identifying simulation of spin sys-
tems as a potential candidate problem for near-term demonstration of quantum
simulation.

In Chapter 4, we developed a randomized approach to quantum simulation
using product formulas. We randomly permuted the ordering of summands in

product-formula simulation and compared this new approach with its deterministic
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counterpart. We showed that randomized product formulas are asymptotically
advantageous over deterministic formulas and this advantage remains to hold even
in practice.

In Chapter 5, we designed a randomized approach to time-dependent Hamil-
tonian simulation. Specifically, we developed a classical sampling protocol using a
probability distribution that biases toward those times at which the instantaneous
norm of the Hamiltonian is large. Previous simulation algorithms have complex-
ity that depends on the worst-case instantaneous norm, but our new approach
scales with the integral average. Our approach is thus advantageous for Hamilto-
nians varying significantly with time, as in semi-classical simulations of scattering
processes in quantum chemistry.

In Chapter 6, we proposed a general theory for analyzing the error of product
formulas (Trotter error). Previous work obtained tight error analysis for certain
lower-order product formulas and special systems, such as those with Lie-algebraic
structure, but our approach holds in general. We considered Trotter error of various
types, including additive error, multiplicative error, and error that appears in the
exponent. For each type, we applied the correct order condition to cancel lower-
order terms, and represented higher-order ones as explicit nested commutators.

In Chapter 7, we analyzed the performance of product formulas for simulat-
ing many concrete systems, including nearest-neighbor lattice systems, electronic

structure Hamiltonians, k-local Hamiltonians, rapidly decaying power-law interac-
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tions, and clustered Hamiltonians. Applying our theory of Trotter error, we showed
that the performance of product formulas can nearly match or even outperform
the best previous results in digital quantum simulation. We further numerically
benchmarked our analysis, showing that our error bounds also have nearly tight
constant prefactors.

In Chapter 8, we developed an algorithmic framework “quantum singular
value transformation” based on ideas from quantum simulation. We described
the mathematical setting of this framework and proved a theorem that relates the
spectra of the operator we want to transform and the one that can be implemented
on a quantum computer. As an application, we used this framework to implement
principal component regression in machine learning.

In Chapter 9, we considered applications of our Trotter error analysis to
quantum Monte Carlo methods. We consider two specific systems: the transverse
field Ising model and the ferromagnetic quantum spin systems. For both systems,
we showed that previous Monte Carlo simulations can be made more efficient using
our tightened analysis.

Beyond those open problems already mentioned in the previous chapters,
there are several other questions regarding quantum simulation algorithms that
have not been answered in this dissertation.

Beyond the spin model we have considered in Chapter 3, quantum chemistry

also provides a natural choice of target system for near-term quantum simulation.
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Indeed, simulating chemical systems has industrial relevance in the design and
engineering of new pharmaceuticals, catalysts and materials. Many previous ap-
proaches to quantum chemistry use product formulas. However, due to the lack of
tight error bound, their results often overestimate the gate complexity by several
orders of magnitude. It would be interesting to further explore the extent to which
the cost of quantum chemistry simulation can be reduced using our analysis in
Chapter 6 and Chapter 7. Other systems, such as those in nuclear physics and
quantum field theory, are also natural candidates for quantum simulation [95],
although they have received far less attention in recent studies. It would be fruit-
ful to estimate the quantum cost of simulating such systems that are otherwise
infeasible to simulate on current classical computers.

Chapter 4, Chapter 5 and recent work [25, 84] developed faster algorithms
for quantum simulation using classical randomness. These randomized algorithms
have better asymptotic dependence on certain parameters and can be advanta-
geous in practice as well. However, due to the use of randomness, these approaches
only achieve first-order accuracy. It may then be beneficial to use deterministic
methods that are higher-order accurate while retaining advantages of random-
ized algorithms. Several possible strategies were suggested in quantum chemistry
simulation including the coalescing strategy [87, 107] and the divide-and-conquer
strategy [54], of which it would be interesting to develop a further understanding.

Finally, one may ask if quantum simulation algorithms could find further
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applications, especially to areas of physics beyond quantum computing. One pos-
sibility is to apply ideas from quantum simulation to study quantum Zeno effect, a
feature of quantum dynamics that has been explored both theoretically and exper-
imentally. Recent work [22] derived a concrete bound for the rate of convergence
of quantum Zeno effect, although their bound contains an exponential prefactor
that prevents it from being useful in practice. As part of their approach, they
considered a decomposition of evolution based on product formulas and that may
be made more efficient using ideas from Chapter 6. We hope the results of this
dissertation could provide insights to such applications, which would have imme-
diate value even if scalable quantum computers may not be available in the near

future.
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