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The Pompeiu problem, what’s new?
Carlos A. Berenstein!

Al compadre Roger

In [BZ] we stated the following general (or so we thought) version of
the Pompeiu problem. Let X be a locally compact space, ¢ a non-negative
Radon measure on X, {C}};V:l a finite family of compact subsets of X, and
G a topological group acting on X and letting the measure u invariant.
Consider the Pompeiu map

P: C(X)— (C(G)N

defined by

(BN i= [ 1,

9C,
where P, is the jth component of P and we denote gz the action of the
element ¢ € G on the point z € X.

We say that the family {C,} has the Pompeiu property if P is injective.
Note that for this condition to be non-trivial one essentially needs the action
of G to be transitive. The Pompeiu problem is to decide as ezplicitly as
possible whether the family has the Pompeiu property.

In order to spare ourselves the possibility of missing any reference as well
as the need to go back over the history of this problem, let us now point
out to the reader the existence of a very nice introduction to this question
by Zalcman [Z1] and an extensive bibliography compiled by the same author
[Z2]. One can also consult the recently translated monograph [Al] for a more
functional analytical view of the subject.

1This work was partially supported by NSF Grants DMS 9225043 and EEC 9402384
and by the Binational Science Foundation.



Zalcman and Brown-Schreiber-Taylor showed in the early seventies that
if X =R",G = M(n) = BEuclidean motion group, and C, = B(0,r;) = ball
of center 0 and radius r; > 0,5 = 1,2, then

Proposition 1 P is injective for {B(0,7;)};212 if and only if ri/ry & 7, =
{&/u: & p roots of the Bessel equation J,/2(z) = 0}.

Moreover, for a single bounded open set Q,C = Q, if C° = R*\ C is
connected we have the following equivalence:

Proposition 2 P is injective if and only if there is no o > 0 such that the
overdetermined Neumann problem

(N){Au + au = 0in

v =12 = 0ond

has a solution.
As shown by Willms, from the work of Cafarelli it follows that

Corollary 3 If 0C is Lipschitz but not real analytic everywhere then C has
the Pompetu property in R™ (for the group M(n)).

It turns out that the key element of the proof of the above two propo-
sitions is the reduction of the Pompeiu problem to the spectral synthesis
problem in C.(R"), the space of radially symmetric continuous functions in
R"™. This observation led to the extension of these three statements to non-
compact irreducible symmetric spaces X = G/K of rank 1 in [BZ], [BS]. The
difficulty in extending this result to higher rank is the failure of the spectral
synthesis for C(R"),n > 2, as shown by the example of Gurevich, extended
to symmetric spaces by Gay and me [BG1]. In other words, the Pompeiu
problem in G/ K, when rank > 2, is at least as difficult as the Pompeiu prob-
lem for X = R™ when G = R™*(n > 2)! On the other hand, one can still
study particular cases of this type. For instance, in a much misunderstood
paper [BT], Taylor and I showed that if a,b,¢ > 0 then the family of three
squares (g, @s, @c, of sides parallel to the axes and size a,b, ¢, satisfy the
Pompeiu property in R? with respect to the group of translations if and only
if none of the quotients a/b,b/c,c/a is rational. (Three squares theorem.)
This condition is equivalent to

{€€C: xull) = X(6) = X(8) = 0} = 9, (1)

2



where x, is the characteristic function of the square Q,, ¥, its Fourier trans-
form, and the notation is similar for the other squares. The Pompeiu property
is just the statement that for any f € C'(R?)

Xa*f = xoe*xf = xexf =0  implies f = 0. (2)
The point is that the failure of the spectral synthesis does not guarantee
that (1) implies (2) for characteristic functions of three arbitrary compact
sets C1,C5,Cs. On the other hand the statement we proved in [BT] shows
that if Cy is a square (or a rectangle) then (1) does imply (2) for any other
collection Cy, Cs (or more generally, Cs,...,Cy).

We note that if G/K is a non-compact irreducible symmetric space of

rank n > 2 the following simple looking question is open:
Problem 1 Find necessary and sufficient conditions on (n + 1) n—tuples
1y Tayr Of positive numbers so that the family of balls {B(0,7,)}72} has
the Pompeiu property in G/K. (Similar problem for Cartesian products of
lower rank spaces).

Before proceeding further, note that in the formulation (2), if Cy, Cy, Cs,
....Cy are compact sets in R? (we stick to dimension 2 to simplify the
reasoning), x, the respective characteristic functions, and there is a solution
vi,...,vn € E(R?) to the Bezout equation

vi ¥ X1+ - Funv x Xy = 0 (3)
then clearly

x1#f = =xyvx*xf=0
imply
O=wn*xxa*xf+ - +wvw*xxvx*xf=06xf=1F

On the other hand, by Fourier transform, (3) is equivalent to

nx1 + -+ wxny =1 (3
so that



is clearly a necessary condition for (3’). Once we pose the problem this way,
one can see that my old work with Alain Yger on deconvolution is relevant to
the Pompeiu problem for the translation group. For instance, we proved in
[BY1] that we could take C to be a square and C, C3 convenient rotations of
the same square, so that the family {C;,C;, Cs} has the Pompeiu property
for the translation group. In fact, one should be able to exploit this idea
together with our work on exponential-polynomials [BY2] to solve Problem
1 (at least partially).

I hinted at the beginning of this paper that the statement of the Pompeiu
problem from [BZ] may be overly restricted. In fact, I think that, for reasons
that I'll explain further below, a fundamental contribution of Gay was the
discovery of a sharp local Pompeiu property. In [BG1], [BG3] we proved (we
restrict ourselves as always to n = 2 to simplify).

Proposition 4 Let Q be a Jordan region with piecewise smooth boundary I'.
Assume that K = Q has the Pompeiu property (with respect to the Euclidean
group) in R®. Let r > 0 be such that K C B(0,r). Then if R > 2r and
f € C(B(0,R)) is such that

/K f(z)dz = 0 for any g € M(n)such that & C B(0,R)  (4)
g

It follows that f = 0.

Proposition 5 Let r1,7; > 0 be such that ry/ry & Zy (defined in Proposition
1) and let R > ry + 3. Assume f € C(B(0, R)) satisfies

/( ) f(y)dy = 0 for all z such that |z| < B —ry
B(z,r1
and

/( | f(y)dy = 0 for all z such that |z| < R — 3 (5)
B(z,r2
then f = 0.

Note that local deconvolution, i.e., recovering f in B(0, R) from its aver-
ages over those disks B(z,ry), B(z,r;) contained in B(0, R) cannot be done
directly by solving the Bezout equation. Nevertheless in [BGY1] we suc-
ceded in doing that explicitly (see also [BGY?2] for the local inversion of the
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three-squares theorem). This local deconvolution for balls has been extended
by El Harchaoui [H1], [H2] to balls in real and complex hyperbolic spaces,
showing in particular that Proposition 5 holds in these spaces. I believe that
Proposition 4 also holds for G/K of rank 1, but as the work of El Harchaoui
shows this is probably not altogether trivial.

An interesting corollary of Propositions 4 and 5 is the following:

Corollary 6 Let f € C(R?) and R > 0 satisfy either of the following two
conditions:

(a) There is a Jordan region K with piecewise smooth boundary satisfying
the Pompeiu property with respect to the Euclidean motion group such
that

fx fwdy = 0if gK NB(O,R) = ¢

(b) There are ry,ry > 0 such that ri/ry & Zs and [p(,, ) f(y)dy = 0
whenever B(z,r;) N B(0,R) = ¢

Then supp(f) C B(0, R).

If we consider Proposition 4 in the light of the earlier definition of the
Pompeiu property we see that roughly it says that what one needs is not a
group G acting transitively an X but just a sufficiently large neighborhood
U of the unit element e € G. The natural question is whether one needs u to
be invariant, the results in [BP] can be interpreted to say that one can get
by without this condition also. Thus, we are naturally-led to the following
problem, about which I have lectured occasionally but have never put it down
in writing before:

Problem 2 Let X be a real analytic Riemannian manifold with the property
that the radius of injectivity 1, 1s bounded below by 1o > 0, for every z € X.
Show that there is an integer N > 0 and a “thin” set E C]0,10/2[" such that
if (r1,...,7n) €]0,:0/2(V\E and f € C(X) then

/B( )f(y)dv(y) =0 VzeX,j=1,---,N

implies that f = 0. Here B(z,r) denotes the geodesic ball of center z and
radius r and dv denotes the volume element with respect to the metric.
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Some evidence for this pseudoconjecture can be found in the following
result of Quinto [Q]:

Proposition 7 Let X be a real analytic Riemannian manifold with the prop-
erty that tp > 19 > 0 for everya € X. Let p: X x X — R7T be a real
analytic function. Let f € C(X) and assume there is 0 < r < 19 such that

/S(:B,r) fu(z,y)dos(y) = 0 Vze X

where S(z,r) is the geodesic sphere of center x and radius r and do, is the
canonical measure induced by the Riemannian structure on that sphere. If we

also know there is some z, € X such that suppf N B(z,,7) = ¢, it follows
that f = 0.

This is a one-radius theorem but it requires that f has a “hole” in its
support. Essentially, it says that if one can prove a rather local Pompeiu
property (using more radii) in such a general situation, then it is automat-
ically globally true. The main point of the proof of Quinto is the use of
microlocal analysis, as he had done earlier with Boman to study the Radon
transform [BQ).

It is well-known that the Pompeiu problem in R* = C is related to
the Morera theorem [Z1]. Since the motion group M(C) is the collection of
transformations z +— ez+a for some # € R,a € C, we obtain from Corollary
3 and Proposition 4 the following version of the theorem of Morera.

Propostion 8 Let ' be a piecewise smooth Jordan curve in B(0,1/2) € C
which is not real analytic everywhere (for instance, a triangle). Let f €
C(B(0,1)) such that
/ f(z)dz = 0 Vg & M(C) such that gT' C B(0,1). (6)
gl

Then f € H(B(0,1)).
Similarly, we have

Proposition 9 Let ri,ro > 0,11 + 12 < 5,71/r2 & Zy, then if f € C(B(0,1))
satisfies

/! _ Tz = 0 YweBO,1-m)
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and
/| _ f()z = 0 weBO,1-r)
w—2z|=7,

it follows that f € H(B(0,1)).
Using the same kind of techniques Volchkov [V] proved
Proposition 10 Let f € C(B(0,1)) satisfy

/F f(z)dz = 0

for every circle I' interior-tangent to the unit circle, then f € H(B(0,1)).
In a similar vein, the ideas of Proposition 7 lead Globevnik and Quinto
[GQ] to the following version of the Morera theorem.

Proposition 11 Let A be a region in C with 0 € A, define

Q:= | 9B(a/2,|al).

a€A

Let f € C(Q) which is holomorphic near 0. Assume that

a /F(a) f(z)dz

is a real analytic function in A, then f is holomorphic in Q.

In contrast, the global Pompeiu property for the symmetric space X =
B(0,1) € C and G = Moebius group = SU(1,1) leads to the following
Morera theorem in the unit disk [B3].

Proposition 12 Let ' be a Jordan curve in B(0,1) which is not real analytic,
then if f € C(B(0,1)) and it satisfies

/r fz)dz =0 YoeSU,1) (7)

it follows that f € H(B(0,1))
Note that while in Proposition 8 we could have replaced (6) by

/F flgz)dz =0 ¥ g & M(C) such that ¢='T C B(0,1) (6")
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we cannot immediately do that in (7), precisely because the measure dz is
not SU(1,1)-invariant. In [BP] we nevertheless proved the following:

Proposition 13 Let Q be a Jordan domain of class C**¢ in B(0,1), assume
that there is no a > 0 such that the following overdetermined boundary value
problem for the hyperbolic Laplacian Ay:

Apw+a=01inQ
Apw +ow =0 1n N
v=w=0on 9N
%—F%—Z:Oon@Q

v __ dw _.
5 Sx—lonaQ

admits a solution pair v,w. Then if f € C(B(0,1)) and

o flgz)dz=0 VG e SU(L,1) (8)

it follows that f € H(B(0,1)). In particular, if 02 is not real analytic it is
always the case that (8) implies that f € H(B(0,1)).

One can also show that if @ = B(0,7),0 < r < 1, Proposition 13 is false
but, if Q is a disk not centered at 0, then the result still holds (contrary to
the Euclidean case!)

There are versions of the Pompeiu problem for LP functions in general
groups (see [Z2] and also boundary Morera theorems for L? functions, e.g.
when is an L? function in the Heisenberg group of class CR as a consequence
of the vanishing of integrals over spheres, for which we refer to [ABPZ],
[ABC1], [ABC2]. For these cases, being of class L? is a real restriction. The
obstruction to the general Morera type theorem (and Pompeiu problem) in
the Heisenberg group seems to be equivalent to proving a local version of
these theorems.

To conclude this short review, we would like to discuss the converse of
the Pompeiu problem, sometimes called Schiffer problem. We have seen in
Proposition 2 that for a simply connected Jordan domain {2 with real analytic
boundary, the set Q has the Pompeiu property in R*(or R™) with respect
to Euclidean group if and only if the problem (N) has an eigenvalue. It is
clear that if Q = disk then there are infinitely many eigenvalues. The Schiffer
problem is just to show that if (V') has an eigenvalue, then = disk.
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In [B1] I had shown that the existence of infinitely many eigenvalues
characterizes disks (cf. also earlier [B2] for convex sets). In [BYal], [BYa2]
this result was extended to R™ and hyperbolic spaces. It turns out that this
result fails in S™,n > 3. Starting from an example in [BYa2], Karlovitz [Ka]
showed that the Pompeiu problem can fail for domains  with real analytic
boundary in S™, 2 is topologically a polar cap but cannot be contained in any
half sphere, and moreover a slew of other well-known theorems for solutions
of similar equations to (A) which are valid in R", fail in S™ due to the
properties of these domains {2. In particular, the Schiffer problem fails in 5.
Finally, one can write explicitly the eigenfunctions and eigenvalues for the
Laplace operator in §2. This the right place to point out the related work of
Molzon [M] which has escaped mention in [Z2].

Starting from a different and simpler proof of the result in [B1] in the case
of convex symmetric domains (see [K1] and references therein), Kobayashi
also considered the problem of stability of the ball among domains failing
Pompeiu and proved that small perturbations of the ball must be balls if
they also fail Pompeiu. More precisely,

Proposition 14 [K2] Let Q, be a sequence of domains in R™ with real analytic
boundary such that as j — co0,Q, — B(0,R). Assume each domain Q, has
at least one eigenvalue \; for (N) and the sequence of A, is bounded. Then,
for all 7 >> 1 we have that ;, = ball.

The same result and, furthermore, extended to non-compact symmetric
spaces of rank 1 was obtained recently with a simpler proof, by Agranovsky
and Semenov [AS]|. The key point is the following: amy eigenvalue for the
problem (V) is also an eigenvalue for the Dirichlet problem (at least in R™)
and one also has:

Lemma 15 If X = non-compact symmetric space of rank 1 or X = R™ and
there is an eigenvalue for (N) and its multiplicity as Dirichlet eigenvalue is
smaller or equal to the dimension of X, then §) is a geodesic ball.

Some of the features of the proof appear in [B1] for X = R?. Earlier,
Agranovsky had given a completely different proof of Proposition 14 for fam-
ilies depending analytically on a parameter [Al].

Returning to the Schiffer problem, in R? the most important progress has
been done recently by Garofalo-Segala and Ebenfelt. Their idea has been to



try to pursue the asymptotic approach from [B1] but coupled with a very
clever use of the Cauchy theorem. Beyond the references in [Z2] we have [GS]
and [E1], [E2]. To simplify we concentrate on the following beautiful general
result obtained by them.

Proposition 16 Let Q be a Jordan domain with real analytic boundary in
C. Assume §) is not a disk and let @, denote comformal maps

w: Q— B(0,1) ¥: B(0,1) =

(e.9., ¥ could be taken as ™). If either of these two conformal maps is given
by a rational function, then Q has the Pompeiu property for the Euclidean
group.

Although I have not mentioned a number of problems in diophantine
approximation, mean value theorems, and others related to this question
and Gay’s work, this seems to be the right point to end this update on the

story of the Pompeiu problem. It looks to me that there is still a lot of work
to do...
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