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ABSTRACT
The Gaussian a.rbitrar'%ly varying channel with input constraint I" and state constraint
A admits input sequences x = (z;,...,z,) of real numbers with %Ez? < T and state
sequences § = (s1,...,85) of real numbers with 1 3~ s? < A, the output sequence being
x +8+V where V = (V},...,V,) is a sequence of independent and identically distributed
Gaussian random variables with mean 0 and variance 02. We prove that the capacity of
this arbitrarily varying channel for deterministic codes and the average probability of error

criterion equals %log (1 + #) if A < T and is 0 otherwise.
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1. Introduction

Arbitrarily varying channels (AVC’s) were introduced by Blackwell et al. [5] to model
communication channels with unknown parameters which may vary with time in an arbi-
trary and unknown manner during the transmission of a codeword. In this paper, attention
is restricted to AVC’s without memory; further, it is assumed that the sequence of channel
states is selected arbitrarily subject to a constraint specified later, and possibly depending
on the codebook, but independently of the codeword actually sent.

AVC’s exhibit various mathematical complexities even in the case of discrete alphabets
(cf. Csiszar-Korner [6, section 26]) In particular, their capacity may depend on whether
or not random codes are perrni‘tted, and whether the average or maximum probability of
error criterion is used. The random coding capacity admits a simple characterization as a
min-max of mutual information, a result dating back to Blackwell et al. [5] In contrast, the
problem of capacity for deterministic codes is much harder. In particular, for the maximum
probability of error criterion, a single-letter capacity formula is known only under certain

conditions on the structure of the AVC (cf. Ahlswede [2] and Csiszar-Kérmner [7]).

Unless stated otherwise, the term capacity will hereafter always refer to capacity for
deterministic codes and the average probability of error criterion. In the absence of state
constraints, Ahlswede [1] proved that this capacity was either equal to the random coding
capacity or otherwise to zero. The necessary and sufficient condition for positive capacity,
as well as capacity under a state constraint, have been determined by Csiszar-Narayan [8];
it was further shown that Ahlswede’s alternatives do not necessarily obtain under a state
constraint.

Less attention has been bestowed in the literature on the capacity of AVC’s with
continuous alphabets. Presumably motivated by random coding capacity, there have
been game-theoretic considerations concentrating on the min-max of mutual information
(cf. McEliece [11]). Hughes-Narayan [10] have used a geometric approach to determine the
random coding capacity of the Gaussian AVC defined formally in the following paragraph.
Blachman [4] has provided lower and upper bounds on capacity in a communication sit-
uation differing from ours in that the interference (i.e., state sequeuce) could depend on

the actual codeword transmitted. Our incomplete understanding of 1.1~ paper seems to
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indicate that he, too, considered random coding capacity. To our knowledge, Ahlswede’s
[3] is the only paper treating the capacity of a continuous alphabet AVC for deterministic
codes. His AVC (a Gaussian channel with the noise variance arbitrarily varying but not
exceeding a given bound) allowed a very simple approach, which may not be extendable
to other cases of interest.

In this paper, we determine the capacity of the Gaussian AVC formally defined as
follows. Let the input and output alphabets, and the set of states, be the real line. For
any input sequence x = (z;,...,Z,) and state sequence s = (s,,...,3,), let the output be
x+8+V, where V = (V},...,V,) is a sequence of i.i.d. Gaussian random variables with
mean 0 and variance 02. We adopt an input constraint I' and state constraint A, namely
the permissible input sequences of length n are those satisfying

x| =3 _2f <nT  (T>0) (1.1)
=1
and the permissible state sequences are those satisfying
n
Islf = sI<nA  (A>0). (1.2)
’ =1

A code of block-length n comprises a set of codewords x;,...,XN, each in R", and a

decoder ¢ : R" — {0,...,N}. The average probability of error of this code, used on the

Gaussian AVC as above when the state sequence is s, equals

N .
2(s) = -]17 3 Prip(xi+5+V) #i. (1.3)

i=1

The capacity C of the Gaussian AVC with input constraint I' and state constraint
A is the largest number with the property that for every 6 > 0 and sufficiently large n,
there exist codes with N > exp{n(C — §)} codewords, each satisfying (1.1) such that the
supremum of €(s) subject to (1.2) converges to 0 as n — oo.

Our main result is the following

Theorem 1. The capacity of the Gaussian AVC with input constraint I' and state con-

straint A is '
C={%log(1+.A—I-;y) ifT'>A
0 if [ <A.



According to Hughes-Narayan [10], the random coding capacity of the Gaussian AVC
equals 1 log (1 + KIP?) Thus, in this case Ahlswede’s alternatives do obtain. Yet a
proof of the theorem above by the elegant “elimination technique” of Ahlswede [1] is not
apparent. Rather, we shall use the straightforward but more computational method of
Csiszér-Narayan (8]. Suitable approximation arguments would enable a derivation of our
theorem directly from the results of [8]. Instead, we prefer to present a more transparent
and direct proof, which will also serve to keep this paper self-contained.

We also determine the capacity of the noiseless additive AVC whose output is x+s
rather than x 4+ s + V. The capacity of this AVC is defined similarly to that of the Gaussian
AVC with the exception that (1.3) is now replaced by

5(s) = 3 l1i  olxi+8) # )1 (1.4)

Theorem 2. The capacity of the noiseless additive AVC with input constraint I" and state

constraint A is
C- {%log(1+%) ifT > A
0 ifI' <A

Whereas this result is not a formal special case of Theorem 1, both theorems can be proved
by the same method. We shall prove the simpler Theorem 2 first so that the reader may
better understand the key ideas.

Remark: It will be shown that the capacity of the noiseless AVC can be attained by the
elementary decoder

R if”y_xlllz SnAv ”y—xJH2>nA fOI‘];él
0, if no such1<i < N exists.

o =1

We thus obtain a purely geometric result which solves a weakened version of the unsolved
sphere-packing problem. This problem seeks the exponential rate of the maximum number
of nonintersecting spheres of radius VA in R™ with centers in a sphere of radius VT. In
our case, the spheres may intersect but for any given s in R" of norm < VA, only for a
vanishingly small fraction of sphere centers X; can X; + s belong to some other sphere. The
number C in Theorem 2 then gives the exponential rate of the maxium number of spheres

satisfying this condition. A similar weakened version of the sphere-packing problem in
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Hamming space was solved in [8] as a special case of the coding theorem for the binary

adder AVC.

2. Proof of the Main Result

The proof of the converse parts of Theorems 1 and 2 being standard, is relegated to
the appendix. The essential contribution of this paper consists in the direct part of the
coding theorems 1 and 2. |

Our goal is to show that, when I' > A, for all sufficiently large n there exist N =
exp(nR) codewords X;,...,Xy in R" satisfying || x;}|> < nI',i = 1,...,N, with R arbi-
trarily close to the asserted capacity value such that for a suitable decoder y, the average
probability of error €(s) is arbitrarily small uniformly subject to ||s||> < nA.

For the noiseless AVC, we shall use the decoder ¢ defined in the Remark following
Theorem 2. Then (1.4) becomes

1, .. C oy
&(s) = Nl{z :||%i +8—x; || < nA for some j # i}]. (2.1)

In the Gaussian case, we shall use the minimum-distance decoder, namely

i, if ||y—-x;|P <||ly—x;||® forj #:
Y)= 2,
oY) {0, if no such 1 <1t < N exists. (2.2)
Then (1.3) gives
1 N
e(s) = v E Pr{||xi+8+V —x;|* <||s+ V]| for some j # i}. (2.3)

i=1

We can assume without any loss of generality that I' = 1,0 < A < 1. Further,
(2.1) and (2.3) remain unchanged if all vectors are multiplied by :}; and the factor n
multiplying A in (2.1) is omitted. Hence it suffices to prove that for every sufficiently
small § > 0 and sufficiently large n there exist N = exp(nR) unit vectors Xi,...,XnN
in R" with C — 26 < R < C — & where C = llog(1+ %) for the noiseless AVC and
C=3log (1 + 'A_-:?f) for the Gaussian AVC, such that €'(s) is arbitrarily small, uniformly
subject to ||s||?> < A, where

(s) = -}V—|{z’ :||%i 48 —%;[2 < A for some j # i}| (2.4)
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in the noiseless case, and
1 N

e(s) = W—ZPr{IIX;+S+V-—xJ' II? < ||s+V ||? for some j # i} (2.5)
=1

in the Gaussian case where V = (V;,...,V,) is now a sequence of i.i.d. Gaussian random

. ) ) 2
variables with mean 0 and variance "T

We claim that the unit vectors x;,...,Xy of the following Lemma 1 do possess the

property above if n and € are sufficiently small.

Lemma 1 (Codeword Properties). For every € > 0,8/e < n < 1, K > 2¢ and
N = exp(nR) with 2¢ < R < K, for n > ng(€,n, K) there exist unit vectors X;,...,Xx in

IR" such that for every unit vector u in R" and constants a, 8 in [0,1], we have
) 152 Gx5) 2 @} < expln (R + 3 Iog(1 = a”)[* +¢))

and, if a > 1, a® + 82 > 1 + n — exp(—2R),

(i4) i 1065,%0)] 2 @, 10x;,0)] 2 B for some j # )| < exp(~n o).

Here (-,-) denotes inner product and |- [* denotes “the positive part of.”

This lemma is an analog of the key Lemma 3 of [8], and can be proved similarly. The proof

is in the Appendix.

Commencing with the noiseless case, in order to bound (2.4), note that
i +8—3; |12 = |[x: |I> + I8 11” + 1% ||* + 2(xi,8) — 2(xi, %) — 2(x;, 8).
Hence for ||s||> < A,
2(s) < J—t’-l{i : (%5,8) + (Xj,%:) 2 1+ (s, 8) for some j # i}
<Lt xi8) <)+ ;V-Hi : (%;,8) + (X;,%;) > 1 — n for some j # i}](2.6)

The first term of the sum in (2.6) can be bounded by Lemma 1(i). In fact, letting u be
the unit vector such that

S=U||S”, (27)
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(x,8) < —n implies (x;,u) € —n and we get, provided R > —3log(1 —1?), that

L1 (xi8) < —nH < s [ )l 2 )
< L expln(R+ S log(1 ~ 17) + 9} = expln( log(1 —17) + 9}
2
< exp{n(e —%—)} — 0 as n — oo. (2.8)

The second term of the sum in (2.6) can be bounded by Lemma 1(ii). To this end, let
a; = 1—17—\/1_\< a; < ... < ag = 1—-2n, with ag4y —ap < nk=1...,K -1
Then (x,8) + (x,Xi) > 1—19 implies that (X;,%;) > a3, and if ax < (x,X%;) < arpr

then necessarily (x;,8) > 1~ 2n — ai. The latter, in turn, implies by (2.7) that (x;,u) >

1-2np—-a

k
. He
n Hence

J—if-l{z : (x4,8) + (x;,%;) > 1 —n for some j # i}

-2 —
vA

+ ']lvl{i : (x;,X;) > 1 — 2q for some j # i}|.

K-1
1 .. .y
< kz::l ﬁl{z s (X5,%;) 2 ag, (x;,u) 2 ! 2 for some j # i}

To complete the proof of the direct of Theorem 2, it suffices to check for every (a, ) =
(1 - 2n,0) and (ak, l:%-;—%) k =1,...,K, the condition o? + 2 > 1 + 1 — exp(—2R)
of Lemma 1(ii). (The condition & 2 7 is clearly satisfied provided n < min{}, 1—724/—7\-})
Differentiation shows that a® + Q;gx_—gﬁ is minimized by a = -1-1%\'1, and the minimum
equals (=20 Thus, the condition to be satisfied is

1+A
(1 - 2n)°
ANl - —2R
T A > 1+ n —exp(—2R)
o ( )?
1 1-2n
_= S Sl VAN 2.9
R< 2log[1+n 1+A] (2.9)

Obviously, if C — 26 < R < C — 6 for any fixed § > 0, where

1 1 1 1
C=§log(1+-&) ——§log(1—m)’

the inequality (2.9) will be satisfied if 7 is sufficiently small.
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The proof for the Gaussian case (Theorem 1) is similar but bounding (2.5) is not as

easy. We first present two simple technical lemmas.

Lemma 2. Let the r.v. U be uniformly distributed on the unit n-sphere. Then for every

vector u on this sphere and any 0 < a < 1, we have

Pril(U,w)| 2 0} $21-o?)*F if a2 ——.
Proof: Denote the angle between the unit vectors U and u by ©(U, u). Then by Shannon

(12, eq. 28],
1 sin™'6,

< < < .
Pr{©(U,u) <0} < Toon cost f0<f<n/2
With a = cos 8, it follows that
1 (1-a?)*F 2\nct . 1
Pr{(U,u) > a} < <(1-0®)T ifa> .
r{(U,u) 2 a} < e <(1-a%) 10:_\/_2;__

The proof is completed by observing that Pr{(U,u) < —a} = Pr{(U,u) > a}.

Lemma 3. Let u and v be unit vectors with |(u, V)| < 1. Then for any unit vector X, the

component x* of X orthogonal to span {u, v} has norm
Ix* 1?2 <1 - (u,x)? = (v,x)* +47. (2.10)
Further, for any pair of constants o, 8,
loru VI < (a2 + 8)(1+ 1) 1)

Proof: Let v/ = 1 ~(uv)u | the unit vector orthogonal to u such that span {u,v'} =
v —(u,vV)u]|

span{u,v}. Then

(v, x)| = I(v,%) = (u,V)(u,x)| _ |(V,X)| -7

Vowvull = 1+7
> (|(v,x)| = )1 —n)
> |(v,x)| - 2’7

Since ||x* |2 =1 — (u,x)? - (v',x)2, this implies (2.10). Finally

lau+Bv ”2 =a® + B2 +2aB(u,v) = (az + ﬁz)(1 + a%(u,v))
< (o® + )1+ ),



as l;";_—‘:_-%;l < 1, thereby proving (2.11).
Continuing with the proof of the direct part of Theorem 1, note that on account of
(2.8) it suffices to consider only those terms in (2.5) for which |(x;,u)| < n, where u is a

unit vector satisfying s = u||s||. We shall bound these terms using

xi+8+V =% |2 =1 x: | + |8+ VI* + 1%, |I* + 2(xi,8) + 2(x;, V)
- 2(xj,%;) — 2(x;,8) — 2(x;, V). (2.12)

Decomposing X; and V into components in My = span {x;,u} and in M,-J’-u, we have
M { Manu 1 . A’l{"‘l
(Xj,V) = (xj ' ,VM"“) + (Xj ’ ,VMt,u) = (Xj,VM"") + (xj ' ,V) (213)

Since V = (V4,...,V,) is a sequence of i.i.d. Gaussian random variables with mean 0 and

variance -‘;—2, we have as n — oo that
Pr{|(x;, V)| > 1} = 0, Pr{|[v¥=||>n}—0
uniformly in i and u. This along with (2.12), (2.13), implies that

Pr{||x;+s+V —X; ||2 < ||s+V||2 for some j # i}

Mo‘,n

< Pr{(x;,%:) + (x;,8) + (X% V) > 14 (x;,8) + (%, V) = (x}", V) for some j # i}

4
< Pr{(xM%,v) > 1 - 87 — |(x;,%:)| = |(x;,8)| for some j # i} +¢, (2.14)

for all sufficiently large n, whenever |(x;,u)| < .
Hence, in order to show that €'(s) in (2.5) goes to 0 uniformly subject to ||s||* < A,

it suffices to prove that

4
1 >, Pr{ (xj.”-"“,v)> 1— 30— |(x;,%:)| = |(%;,u)|VA for some j # i} (2.15)
#:j(xi,u)|<n
converges to 0 uniformly for unit vectors ue R", as n — oo.
Next,leta1=0<ag<...<aK=1andﬂ1=0<ﬂ2<...<ﬁL=1,with

ar+1 — ak <1, k=1,...,K—=1,and Be41 — Bt < 1, £=1,...,L —1. Further let

Fiae=1{j:j#4 ar <X, x| S arsr, fe < |(xj,u)| < Bes1}
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and
G={(k¢€:1Sk<K,1<L<L, a; 210, o} +f; >1+n—exp(—2R)}.
Then the expression (2.15) is

1, .

< ) w i Fire # 6}

(k,0) €G

1 M,
+5 > > Pr{ U {(x;"",V)>1~5n~ax— BVA}).

i:|(xi,u)|<n (k,0)/G JeFine

As the first term above goes to zero uniformly in u as n — oo by Lemma 1(ii), it remains to
consider only the second term. Recalling again that V = (V3,...,V,) is an i.i.d. sequence

of N(0, %;) random variables, we note that Pr{||V ||> > 6241} — 0 asn — co. Therefore,

it suffices to prove that
= XY B U UIVIP S0 40,6, v) > 1-5n—ax - AVA)) (2.16)
i:l(xi,u)|<n (k,0)¢G JeFin
goes to 0 uniformly in u.
Now, observe that
|Fiel < 1{5 2 1(x5,%:)| 2 e, [(x, )] 2 Be}| < {5 ¢ I(xj, ar xi +Bew)| 2 of + 7

02+ﬂ2
<7 : (%, W) > k-7t
—l{J I( Al )I-“akx‘_‘_ﬂtu”}l

where w = ﬂ%:%-%g?%ﬂ By Lemma 3 (for [(xi,u)] < n),llarxi+Beu|] <
(et + B2)(1 + 1n), so that

. al + B}
Fael < {7 : |(x5,W)] 2 4] 22—~
[Firel < {72 1(x5,w)] 2 147 H
ol + 57
14179

< exp{n(IR + 3 log(1 ~ of - B +m|* + )} (217)

< exp{n(|R + %log(l - ) +¢€)}, by Lemma 1(3)

for all n sufficiently large, where we can assume that

of + 67 <1417 (2.18)
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(as otherwise Fixs = ¢).

Further, by Lemma 3, if X = x}(i, u) represents the unit vector in the direction of x;-w"“,
. Mt

for j €Fye we have ||x; " || € /1= (x;,%)* ~ (xj,u)? +4n < \/1—aj;— 7 +4n if

[(x;,u)] < 1. Hence '

£
Pri|VIE < o?+n, (x;*,V) > 1 -89 — ax — Bev/A}

1—ak—ﬁ£\/K-5n
<Pr{lIVIF<e® +9, (x},V)> }
] V1—ai-p;+4
’ 1-ak—-ﬂ,\/l—\-—5n

o+n
= ! 2 -
[ i v > SRS v P < nare)

where F(r) = Pr{||V||* <r}

_ a4y . ' Vv 1-—a,,-ﬂ¢\/K—-577 2 _, r
= [T Pt > SRl TV I = ryar)
< Pr{(',U) > 1— o — eV - 5 ) (2.19)

V(e® + 1)1 —af — B +4n)
where U is a r.v. distributed uniformly on the unit n-sphere and w’ is any fixed unit vector

in R™. Together with (2.17), this implies that (2.16) is overbounded by 3 Ai’z), where

(k,0)¢G
n 1
A7) = exp{n(|R + 5log(1 — o} B} + mI* + O} x
1 - ai — Bev/A—5n
x Pr{(v,U) > }. (2.20)
V(e +n)(1 - af — B +4n)
Hence it suffices to show that A\Y — 0 as n — oo for every (k,£) fG.
Since (k,£) £G, there are two cases to consider:
(a) ax <, of + B; > 141 —exp(~2R), and
(b) a} + f7 < 1+1n—exp(-2R).
We first observe that in both cases
1—ax—fBVA-57>0 (2.21)
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provided that 5 is chosen sufficiently small. Indeed, in case (a), the expression in (2.21) is
> 1=+/A ~ 6. In case (b), the assumption R< C -6 = 2 log(1+ A357) — 6 implies that

1
ai+ﬂ3$1+n—i——:—r—exp(26)<l+n—

exp(26
T 1_‘_A)cp()

Since

ax + BeVA < \f(od + B1)(1 + A)

(as can be directly verified by squaring both sides), this yields

1~op—BeVA=57>1—57—+/1—Alexp(26) — 1)+ (1 +A) >0

if  is sufficient small.
Now, in case (a) we obtain, using Lemma 2, that

n-1

(1—ar—BV/A~-8n2 |7
(02 +n)(1 —af — B7 +4n)

[ a-vE-en2 ]
< expln) |1- (0 +27)] 0

A < exp(ne) [1-

if € and n are chosen small enough.
In case (b), we have R+ } log(1 ~ a} ~ 87 + 1) > 0. Then, using Lemma 2 we obtain
from (2.20) that

_ (-—ex-BV/E-5m2 |7
(0 +n)(1 —af — A7 + 4n)

Ai';) < exp {n(R + %log(l —~a2 - B +n)+ e} [1
_ 1 2 a2
=exp{R+ 5105(1 ay— Py tn)+ep.

exp{(n—- 1) (R+ %log(l - ol - g2 +17) + €

_ (1 - ax — Bev/A — 57)? )}
(0% + 1)1 - af — 7 +4n)

+ -;—log [1
< exp (R+ %(1 +n)+ e) exp{(n ~1)(R+e¢

Y 577)2] )}

1
+-2-log[1—ai—ﬂf+4n—

12



Evaluating the maximum of

(1-a— BVA - 5n)?

— 2 2

b

we obtain by differentiation that the maximum is attained at

1-51n
a_1+A+02+'l’ B=aVA

and the value of the maximum is

(1 -59)°
1+4n— .
Ly prp
Thus, in case (b), AL} — 0 if
1 (1 - 57)?
R< —=1 144n-— - €. .
2 °g{ M ey pnppry Gl (222)

Obviously, if C — 26 < R < C — § for any fixed § > 0, where

1 1 1 1
C—§IOS<1+——A+02) ——EIOg(l_—___1+A+o2)’

the inequality (2.22) will be satisfied if n and € are sufficiently small.
This completes the proof.

3. Discussion

We have established the capacity of the Gaussian AVC with input constraint I, state
constraint A, and noise power o2, for deterministic codes and the average probability of
error criterion. It is 0 if A > T, and equals the capacity of an ordinary memoryless channel
with additive Gaussian noise of power A + o2, for the same input constraint T', if A < T.
The limiting value of this capacity as 02> — 0 is, as expected, the capacity of the noiseless
AVC with input constraint I and state constraint A. The previous result solves a weakened
version of the problem of determining the exponential rate of the tightest sphere-packing
in R" as n — oo.

A comparison of the Gaussian AVC with the discrete case treated in [8, 9] indicates
that the former is simpler in that it does not call for a complex decoding rule. Indeed,

simple minimum-distance decoding suffices to achieve capacity. On the other hand since
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the powerful and intuitive method of types is unavailable, the computations are less lucid
and appear to rely, to a degree, on analytical artifices.

One generalization of Theorem 1 is immediate. Namely, if in the representation
x+ 8+ V of the channel output, the variances of the independent, zero mean Gaussian
components of V are allowed to vary arbitrarily subject to o; < o0,i = 1,...,N, the
capacity remains unaltered. Indeed the only change necessitated in the error-bounding
is the replacement of ||V||*? < 02+ in (2.15) and (2.18) by [IVI? € 0% + n, where
V= (Vl ’:_1’ R 7 é) has i.i.d. components, followed by the observation that (x},V) =
(i;,V), where ||X}|| < 1 since X] is obtained by multiplying the components of the unit
vector x; by & < 1,i=1,...,n.

A further generalization with arbitrarily varying noise variances subject only to
1 f: 0? < 0%, when we believe the capacity to yet remain unchanged, does not yield to
su::=hla simple artifice. On the contrary, it apparently requires more complex calculations,
including a generalization of Lemma 1. Indeed for more general AVC models with contin-
uous alphabets, the direct approach may well become unmanageable, thus necessitating

recourse to the method of approximations by discrete AVC’s.
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APPENDIX

We shall first prove the converse parts of Theorems 1 and 2, followed by the proof of
Lemma 1 (cf. section 2).

The fact that I' < A implies C = 0 follows by a well-known argument of Blackwell
et al. [5]. Namely, let x;,...,xn, N > 2, be arbitrary codewords in R" satisfying (1.1),
and—assuming I' < A——consider the state sequences s; = X;,...,85 = Xy. Then for any
decoder ¢,

Pr{p(x;+8;+V) # i} = Pr{p(x; +8:+ V) # i}
> 1~ Pri{p(x;+8+V) # j)

whenever 1 # j. Hence

1 N 1 N N
'N'EE(SJ')=']WZZPT{‘p(x‘+Sj+V)¢i}
S =1 j=1
’ A
2 37 2D [ Prie(xi+s;+V)#i}+
i=1 j=

Prip(xj+si+V)#j}]
1 NW-b 1
— N2 2 — 4’
and consequently &(s;) > § for at least one je{1,...,N}.
Next, to prove that C < % log (1 + F’I:}-I)’ consider an i.i.d. sequence § = (S;,...,5,)
of Gaussian random variables (also independent of V) with mean 0 and variance A' <

A. Given any code with codewords X;,...,Xy, and decoder ¢, the expectation of &(S)

(cf. (1.3)) equals N
E%(S) = %ZPr {p(x:i +S+V) #i}

=1
while

EgS) < max A'é(s)+Pr{||S||2>nA}.

s:|[s]|?<n
Since var S; = A’ < A, it holds that PT{HS||2 >nA} — 0 and, therefore, if

max|s|2<nA &(8) < €, we have

N
-]%-ZPr {p(xi+8+V) #i} < 2¢,

i=1
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for n > no(e, A').

Here the left-side is the average probability of error of the given code on the “ordinary”
memoryless channel with additive Gaussian noise of variance A' + 0?. Hence, by the
converse to the coding theorem for such channels, it follows that

c<C = %1og(1+x,—£—a7).
Since A' < A was arbitrary, this completes the proof of the converse part of Theorem 1
(and, with the obvious changes, also that of Theorem 2).

We now prove Lemma 1. We shall show that N = exp(nR) randomly selected unit
vectors will possess, with probability arbitrarily close to 1, all the properties stated in
Lemma 1. Its proof entails Chernoff bounding applied to dependent random variables,

which is provided by the following

Lemma Al: Let Z,...,Zn be arbitrary r.v.’s and f;(Z,...,Z;) be arbitrary with
0< fi<1l,:=1,...,N. Then the condition

E [f,'(zl,...,Z,‘)IZ],...,Z,’_]] <a a.s., t= 1,...,N,

implies that
1 N
Pr {-ﬁgf.-(zl,...,zo > t} <exp{—N(tlog2-a)}.
Proof: This lemma is the same as Lemma A1 of [8], with the exponentials and logarithms
to the base 2 in the latter replaced by natural exponentials and logarithms.

Proof of Lemma 1: Throughout this proof “for large n” will mean “for all n larger than
some threshold ng depending only on €,n, and K.”

Let Z,,...,Z. be independent r.v.’s each uniformly distributed on the unit n-sphere.
First, fix a unit vector u in R" and a, S in [0,1]. The main step of the proof consists in

asserting the doubly exponential probability bounds that for large n
. 1 €
Pr{{j : [(Z;,w)| 2 a}| > exp{n (|R+ 5 log(1 — a?)[* + 5) 1}
1 ne
—— exp(— 1
SeXP( 5 exP(5 )) (A1)

16



and if

a2 1, o2+ > 1+ 3 — exp(-2R), (42)
) 1 ne
Pr{ Sl 125,21 2 1(Z;, 0)| 2 )] > exp(-n )} < dexp (—ﬁexp (%)
(43)

To establish (A1), (A3), we shall apply Lemma A1l to Z;,...,Zn for two different choices

of the functions f;.
Observe that (A1) holds trivially if ;log(1 — a?) + £ > 0, i.e., if @ < \/1 — exp(—¢).
Hence, restricting attention to a > /1 —exp(—¢€) > 0, let

fj(21,...,Zj) = {1’ if I(zjau)l 2 a

0, otherwise.

The hypothesis of Lemma A1 is then satisfied by Lemma 2 with a = 2(1 — a2)*% for large
n. Thus with ¢t = } exp {n(JR+ 3log (1 — a?)|* + £ ) } in Lemma A1, we get

Pr{1 1wl 2 @)l > g exp{n (1R + J1ogt - a1 + £ ) })

< exp{— [N (-le exp{n (IR + %log(l - o)t + -;-) }logZ -2(1- a"’)"T_l)] }

The inequality (Al) would then follow if we showed that the term within the square
brackets above, denoted h(n, R, €, a), were bounded below by 3 exp (%5) for large n. There

are two cases to consider:
(a) If

R> —% log(1 — a?) (A4)
observe that

n-1

- 1 _ava £ _ a2
h(n,R,e,a) = exp{n (R+ 2log(l a’) + 2) }log2 2exp(nR)exp{ 5 log(l — o )}

- (1 3t o1) H (o) - (-t )

> (exp(55)) log2 — 2exp(R) (by (44))

2 ge ()
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for large n.
(b) If
1
R< -3 log(1 — a?) (A5)

then

h(n,R,€,a) = (exp(n ))logZ 2exp(nR)exp{

> (exp(y)) log2 — 2exp(R) (by A5)

L yog(1 - az)}

with the bounding completed as in case (a).

Turning to (A3) next, define

={j:j <,|(Zj,u)| 2> B}

and

Ai =

i {A:‘ if |Ai| < exp {n (IR + }log(1 — B*)|* +£) }
¢, otherwise.

First note that {4; # A; for some i} C {|An| > exp{n(|R + } log(1 — %)I* + £)}}, which
by (A1) has probability less than exp(—3 exp(%*)) for large n. Next, let

f(Za,...,2:) = {1, if (2, 2i)| 2 o for some j e 4;

0, otherwise.

Then for large n
Pr{-]%/.—l{i (2, 20)| 2 @, |(Z;,9)| > B for some j < iBigr}| > exp(-n¢)}
< exp(—%exp( )) + PT{ Zf;(Zl, -, Zi) > exp(—n 5)}- (AS)

The second term on the right side of (A6) will be bounded using Lemma Al. To this
end, we introduce the event {|(Z,~, u)| > -'1} and note from Lemma 2 that its probability

is less than 2 (1 - 1;) for large n. Also, writing Z; = (Zi,u)u+Z+, we see that
(2, Zs) = (Zi,u)(Zj,u) + (Z;,Z;"). Hence

18



EfiZa,- - 2| 2oy o Zema) = Pr{ U {15, 20| 2 o}I 21, ., 21 }

JeA;

<Pr{izawl2 71+ 3 Pr{izswi < 3,125,201 2 0l 21, Zima }

jeA;
n—1}
2\ T
N n
<2(1-5) 7 + T pe{izizii 2 a- Yz =5)
JeAi
ney
2\ 77
n n
=2 (1 - '1'6) + .EA: Pr{l(zj,Z.-J')I >a— Z}' (A7)
JEA;

Now, (z;,Z;) = (23,Z:), where ||z} ||? = 1 — (z;,u)? < 1 - 8% Then if @ is any fixed

unit vector in R", we obtain for large n that

Pr{l(zj,Z}L)l 2a- %} < PT{'(ﬁ’ Zi)l 2 \;1:?%7
32(1-(;':52)2)T “49)

by Lemma 2 if o — 1 < /1 — %; otherwise the probability is trivially zero. Since |4;] <
exp{n (IR+ log(1-B8%)* + %) }, we obtain from (A7) and (A8) that the hypothesis of
Lemma A1l is satisfied with

n~1

a=2 (1 - %)T + 2exp{n(|R + %log(l - BHIF + %)}x
X exp{n -2— 1 log (1 - (;‘ll:___ﬂé__jﬁ) } (A9)

if a — 1 < 4/1 - B2, and otherwise with

n=1
2

n 7
a=2 (1 - E) . (AIO)

Thus, with t = exp(~ne€) in Lemma Al, we get

L
Pr{—ﬁ z fi(Z1,---,Z:i) > exp(—n e)} < exp{—N[exp(—n €)log2 — a]}. (A11)

=1
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We claim that for large n

a< -;-exp(-—n €).
Observe that for large n (using the hypothesis n > 8/€)

2

n—1
” 7’2 1
2 (1 16) 2exp{ (n 1)32} exp( n 6)

(A12)

(A13)

establishing (A12) when a — 1 > /1 =52 (cf. (A10)). fa—-3 <+/1- B2, the second

term in (A9) is, for large n,

1 3 1 —1y2
< 2exp{(n -1) [|R + 3 log(1 — ﬂ2)|+ -+ _Ze_ + §log (1 - (_o.'___i_?_

We distinguish between two cases:

(a) If R > —11log(1 — $?), then the bound in (Al14) is

de

= 2exp{(n = )[R+ 3+ 5108(1- 8 - (« = ]7)]}
<2exp{(n_1)[R+.3_f+llog(l—az _ﬂ2+-’21)]}
+ 2]} by (42)

exp{(n )[ —11/2 —f] }, using logz <z ~1

2
—a? — B2
.

443y
< 2exp{—(n - 1)—4—}, by the hypothesis n > 8v/€

for large n.

(b) If R < —1log(1 — B%), the bound in (Al4) is

.—_-2exp{(n— 1)[§'e‘ + %log (1 - %%%2)_2)]}

< 2exp{(n - 1)[346 + ;log (1 - —-) ]} by (A2)

for large n, using the condition of the lemma that n > 8+v/€.

20
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Thus, in both cases, the term in (A14) is less than 1 exp(—n¢€). This, together with
(A13), establishes (A12). Then from (A6) and (A11), we obtain that for large n

1.71. .
Pr{<1{i (Z,2:)| 2 @, (Z;, )] 2 8 for some j #i}| > exp(-ne)}
1 ne ' 1
< exp (_§ exp(T)) + exp{—N [exp(-—n €)log2 — > exp(—n e)] }
1 ne
< 2exp (__16 exp(—z")) )
where we use N = exp(nR) > exp(2ne).

By symmetry, the same bound holds if “for some j < :” is replaced by “for some j > 1,”
thereby validating the claim in (A3).

The doubly exponential bounds in (A1), (A3) imply that for any finite set S,, of unit
vectors in R" with |S,| increasing exponentially in n, and any finite subsets A and B of

[0,1], the probability of the joint occurrence of the events

{3+ (25wl 2 o} < exp{n(IR+ 501~ ) + 5)}

for all ueS™ and a€ A4, and

%ﬂ{z : (Zj,Zi)} 2 o, |(Zj,0)] 2 ﬂ}[ < exp(~ne)

for all ueS, and a € A, € B satisfying (A2) will be arbitrarily close to 1. We complete the
proof of the lemma by observing that for an appropriate choice of S,,, A and B as above,

if X;,...,XnN are unit vectors satisfying

1{i 165,01 2 @} < exp{n(IR + 5log(1 ~ @®)* + 5} (415)

for all ueS™ and a€ A4, and

{165, x01 2 0,105, w)| 2 B} < exp(—n ) (A16)

for all u € S” and a € A, € B satisfying (A2), then x;,...,xn will satisfy (A15)
with § replaced by € for every unit vector u € R" and every a € [0,1], and satisfy
(A16) for every unit vector u € R" and every o € [0,1],8 € [0,1] satisfying o 2> 7,
a? + 8% > 1+ n — exp(—2R). Indeed, it suffices to choose S™ as a v-dense subset of the
unit sphere in R", and A and B as a v-dense subsets of [0,1]. with v > 0 sufficiently small.

21



References

[1] R. Ahlswede, “Elimination of Correlation in Random Codes for Arbitrarily Varying
Channels,” Z. Wahrscheinlichkeitstheorie Verw. Gebiete, vol. 44, pp. 159-175, 1978.

[2] R. Ahlswede, “A Method of Coding and an Application to Arbitrarily Varying Chan-
nels,” Journal of Combinatorics, Information and System Sciences, vol. 5, pp. 10-35,
1980.

[3] R. Ahlswede, “The Capacity of a Channel with Arbitrarily Varying Additive Gaus-
sian Channel Probability Functions,” Proc. Trans. Sizth Prague Conference on In-
form. Theory, Statistical Decision Functions, Random Processes, pp. 13-21, Septem-
ber 1971.

[4] N.M. Blachman, “On the Capacity of a Band-Limited Channel Perturbed by Statisti-
cally Dependent Interference,” IRE Trans. Inform. Theory, vol. IT-8, no. 1, pp. 48-55,
January 1962. _

[5] D. Blackwell, L. Breiman, and A.J. Thomasian, “The Capacities of Certain Channel
Classes Under Random Coding,” Ann. Math. Statist., vol. 31, pp. 558-567, 1960.

[6] 1. Csiszar and J. Korner, Information Theory: Coding Theorems for Discrete Memo-
ryless Systems, Academic Press, New York, 1981.

[7] L. Csiszar and J. Kérner, “On the Capacity of the Arbitrarily Varying Channel for
Maximum Probability of Error,” Z. Wahrscheinlichkeitstheorie Verw. Gebiete, vol. 57,
pp. 87-101, 1981.

[8] I. Csiszir and P. Narayan, “The Capacity of the Arbitrarily Varying Channel Revis-
ited: Positivity, Constraints,” IEEE Trans. Infofm. Theory, vol. 34, no. 2, pp. 181-193,
March 1988.

[9] I. Csiszar and P. Narayan, “Capacity and Decoding Rules for Classes of Arbitrarily
Varying Channels,” IEEE Trans. Inform. Theory, to appear, July 1989.

[10] B. Hughes and P. Narayan, “Gaussian Arbitrarily Varying Channels,” IEEE Trans. In-
form. Theory, vol. IT-33, pp. 267-284, March 1987.

[11] R.J. McEliece, “Communication in the Presence of Jamming—An Information Theory
Approach,” in Secure Digital Communications, CISM Courses and Lectures, No. 279,
Ed. G. Longo, Springer Verlag, 1983.

22



[12] C.E. Shannon, “Probability of Error for Optimal Codes in a Gaussian Channel,” The
Bell System Technical Journal, vol. 38, no. 3, pp. 611-656, May 1959.

23



