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A diblock copolymer is a linear-chain molecule consisting of two types of monomer.
Mathematical models for diblock copolymers can aid researchers in studying the material
properties of products as upholstery foam, adhesive tape and asphalt additive. Such models
incorporate a variety of factors, including concentration difference, connectivity of the sub-
chains, and chemical potential. We consider a flow of two macroscopically immiscible,
viscous compressible diblock copolymer fluids.

We first give the derivation of this model on the basis of a local dissipation inequality.
Second, we prove that there exist weak solutions to this model. The proof of existence relies
on constructing an approximating system by means of time-discretization and vanishing
dissipation. We then prove that the solutions to these approximating schemes converge to
a solution to the original problem. We also cast thought on the large-time behavior with

regularity assumption on the limit.



TWO-PHASE FLOW OF COMPRESSIBLE VISCOUS DIBLOCK
COPOLYMER FLUID

by

Anqi Ye

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
2023

Advisory Committee:

Professor Konstantina Trivisa, Chair/Advisor
Professor Matei Machedon

Professor Kayo Ide

Professor Maria Cameron

Professor Huy Quang Nguyen



© Copyright by
Anqi Ye
2023



Acknowledgments

I would like to thank my advisor, Professor Konstantina Trivisa, for her support and
guidance throughout my graduate education. She has been tremendously supportive of my
research and my professional development.

I would also like to thank my committee members Professor Maria Cameron, Professor
Huy Quang Nguyen, Professor Matei Machedon, Professor Kayo Ide, for taking the time to

serve on my committee. Thank you for your encouragement, questions, and suggestions!

i1



Table of Contents

Acknowledgements

Table of Contents

1

Introduction
1.1 Background and Related Work . . . . . . ... ... ... ... .. ....
1.2 Compressible Fluid Model for Diblock Copolymer . . . .. ... ... ..
Derivation of Two-Phase Model and Preliminaries
2.1 Notation . . . . . . . L e e e
2.2 Derivation . . . ... .o e e e
2.2.1 Governing equations . . . . . . . .o e e e e
2.2.2 Second law of thermodynamics: local dissipation . . . . . . .. ..
2.3 Preliminaries: A Priori Bounds and Compactness . . . . .. ... ... ..
2.3.1 Total massconservation . . . . . . . . . .. .. ..o
2.3.2 Totalenergy balance . . . ... .. ... ... ... .. ... ..
2.3.3 Cahn-Hilliard Type Equation . . . . . . . .. .. ... ... ....
2.4 Strong compactness of gradients of concentration and interaction terms . . .
Existence of the Weak Solution of System with Artificial Pressure
3.1 Implicit Time Discretization . . . . . .. . .. .. ... ... .......
3.2 Improved Density Estimate . . . . . ... ... ... ............
3.3 Passingtothe Limit . . . . . ... ... ... Lo
Vanishing Artificial Pressure Limit
4.1 UniformBounds. . . . . . . .. . ...
4.2 Refined Pressure Estimates . . . . . .. . ... ... ... ... ...
4.3 Strong Compactness of the Concentration Gradients . . . . . . .. ... ..
4.4  Asymptotic Limitfor6 —0 . . . . . ... ... ... ... ... .....
4.5 Strong Convergence of the Approximate Densities . . . . . . .. ... ...

Large-Time Behavior

Conclusions and open problems

il

40
43



A
B

Bibliography

v

-

=



Chapter 1: Introduction

We consider a flow of two macroscopically immiscible, viscous compressible diblock
copolymer fluids filling a bounded domain  C R3. Diblock copolymers are all around us,
found in such products as upholstery foam, adhesive tape and asphalt additives. A diblock
copolymer is a a linear-chain molecule consisting of two types of monomers, A and B. This
class of macromolecules is produced by joining two or more chemically distinct polymer
blocks, each a linear series of identical monomers, that may be thermodynamically incom-
patible (like oil and vinegar). The monomers are arranged such that there is a subchain
of each type of monomers, and those two subchains are grafted together to form a single
copolymer chain. A large collection of diblock copolymers is called a polymer melt. Below
a critical temperature, even a weak repulsion between unlike monomers A and B induces
a strong repulsion between the subchains, causing the subchain to segregate, and this melt
will exhibit a phase separation. Because the chains are chemically bonded, a macroscopic
segregation whereby the subchains detach from one another can not occur. Rather, in a sys-
tem of many such macromolecules, the immisibility of these monomers drives the system to
form structures which minimize contacts between the unlike monomers and this tendency
to separate the monomers into A and B-rich domains is counter balanced by the entropy
cost associated with chain stretching. Because of this energetic competition, a phase sep-
aration on a mesoscopic scale with A-rich and B-rich domains emerges. The mesoscopic
domains which are observed are highly regular periodic structures; for example lamellar,

bce centered spheres, circular tubes, and bicontinuous gyroids. These structures present



tremendous potentials for technological applications because they allow for the synthesis
of materials with lored mechanical, electrical, and chemical properties (see [Sl][28][34])
Each geometry could potentially possess different physical characteristics, and thus the
ability to readily switch between the phases could allow for materials with tunable prop-
erties. Copolymers can be engineered to exhibit specific physical properties which make
diblock copolymers of great technological importance.

All block copolymers belong to a broad category of condensed matter sometimes re-
ferred to collectively as soft materials, which, in contrast to crystalline solids, are character-
ized by fluid-like disorder on the molecular scale and a high degree of order at longer length
scales. Their complex structure can give block copolymers many useful and desirable prop-
erties. The familiar polyurethane foams used in upholstery and bedding are composed of
multiblock copolymers known as thermoplastic elastomers that combine high-temperature

resilience and low-temperature flexibility. [S]]

>
Spheres (BCC) Cylinders (HEX) Gyroid (GYR) Lamellar (LAM)

Figure 1.1: Possible geometry of mesoscopic domains for diblock copolymer, from[45]]

1.1 Background and Related Work

There are works related to mathematical models for diblock copolymers. Several works
are related mean field theories [4][27] in which one must accurately sum the competing
energetic contributions of the interaction energy and elastic energy due to chain stretch-
ing. Besides mean field theories, a density functional theory was derived by Ohta and
Kawasakin in [44] and [38]. This theory uses several approximations to write the free en-

ergy exclusively in terms of the (averaged) macroscopic monomer density. That free energy



can be rewrititen in a Cahn-Hilliard like functional which is the standard Cahn—Hilliard free
energy supplemented with a nonlocal term, reflecting the first order effects of the connec-
tivity of the monomer chains.

Choksi provided a derivation of Nishiura and Ohnishi’s nonlocal Cahn—Hilliard-like
functional which is accessible to applied mathematicians. We refer the reader to [[15][13]
and the reference therein. Choksi also ran steady-state simulations starting from random
initial data for his model[14]. Simulations based upon minimizing the nonlocal Cahn-
Hilliard-like functional suggest minimizers have phase boundaries which resemble constant
mean curvature surfaces. The phase structures exhibited in simulations includes lamellar,
cylindrical, spherical, double-gyroid. These numerical results on the structures cast a light
on the importance of the inclusion of order parameter that is related to connectivity.

There are various works dealing with two-phase flow. The model goes back to Hohen-
berg and Halperin [37] with the name “model H”. Gurtin et al. [33] gave a continuum
mechanical derivation based on the concept of microforces. The model is a so-called dif-
fuse interface model, where the difference in concentrations of the two fluids plays the role
of the order parameter. To describe a general two-phase flow with droplet formation and co-
alescence of several droplet, Anderson and McFadden[3]] developed diffuse interface mod-
els which take a (partial) mixing of the two macroscopically immiscible fluids and a small
mesoscopic length-scale into account. By studying a variant of a model by Lowengrub and
Truskinovsky[42]], which consists of the compressible Navier-Stokes equations governing
the motion of the mixture coupled with the Cahn-Hilliard equation for the order parameter,
Abels and Feireisl prove existence of global-in-time weak (distributional) solutions of the
problem on a bounded domain[2]]. Heida et. al developed and generalized Cahn—Hilliard
equations within a thermodynamic framework[36][35]. Later, Cherfils and Feireisl et. al
establish the existence of global-in-time weak solutions for Cahn—Hilliard—Navier—Stokes

system with dynamic boundary conditions[12]. A similar model for incompressible fluids



was studied by Boyer [7], Liu and Shen [8]], Starovoitov [48], and Abels [[1]. Dynmaic
boundary condition case was considered and introduced in [29], and well-posedness for
the Cahn—Hilliard—Navier—Stokes incompressible model was proved together. Different
types of dynamic boundary conditions were considered for the numerical study of the in-
compressible Navier—Stokes-Cahn—Hilliard equations, see, e.g. Refs. [[17], [[18], [46], [47]
and [49]. There are also numerical simulation works done for incompressible phase-field
model of diblock copolymer melt[11][40].

Inspired by Choksi[13] and Abel et. al[2], we will focus on a diffuse interface model
for two-phase flow of compressible viscous diblock copolymer fluids, which can help us
study the phase behavior of block copolymers in the melt. This model consists of sys-
tems of several differential equations: compressible Navier-Stokes equations and modified
Cahn-Hilliard type equations. This model differs from Choksi’s because it describes the
interaction of the diblock copolymer with fluid, so it analyzes the dynamic changes and
pattern domain formation of the diblock copolymer melt within a mixture of compressible
fluids.

Comparing to Abel-Feireisl’s work on Navier-Stokes-Cahn-Hilliard, our model intro-
duces a nonlocal term which reflects the first order effects of the connectivity of the monomer
chains, so the dynamics and static state significantly change. Also, this term gives higher
nonlinearity, so the complexity increases.

This article is the first one that deals with the existence theory for the interaction of di-
block copolymer melt with compressible fluid. All the existing literature on the topic deals
with the static problem for diblock copolymers, or the incompressible case. Incompressible
case is an idealized situation, while most engineering applications deal with the interaction
of compressible or weakly compressible fluids for diblock copolymers. The existence result
can can be a great aid during the numerical investigation of the phase separation behaviors

of block copolymers.



Because this dissertation focuses on the existence theory and the convergence of so-
lutions in large time, the coefficient for average of concentration difference over space is
denoted by M, and the coefficient for intrinsic length scale for minimizer is set to be 1. So
in my work, the relation to Fig[I]is not shown. But our existence theory allows people to do
numerical investigation with any kind of coefficients, so any kind of mesoscopic domains

can be considered.

1.2 Compressible Fluid Model for Diblock Copolymer

In this section we introduce the model that describes the interaction of fluids with di-
block copolymer. We study a variant of a model by Lowengrub and Truskinovsky [42]] that
also extends the model presented by Abels et. al.[2] to two order parameters. This model

consists of a system of equations

d,p +div(pu) =0 (1.1)

1
pou+pu-Vau—div,S+V,p = —div, [ch@gvxc— 5|ch\2]1}

| (1.2)
—div, |[-Vaw® Vw — (¢ — M)wl+ E|wa|2]1]
podic+pu-Vic =mAu (1.3)
d
pu:p—erw—Ac (1.4)
dc
—Aw=c—M (1.5)
— — 529/
where M = [qcdxand p=p %(p,c), and
S =2v(c,w)D(ug) +n(c,w)divyul, (1.6)
1 1
D(u) = 3 (Vu+vu’) — Fdiveul (1.7)



for some suitable functions v(c) > 0, n(c) > 0 and the free energy density f(p,c) to be
specified later. Here p is total density, u is the mean velocity of the fluid mixture, p is
the pressure, c is the (mass) concentration difference of the two components, and u is the
chemical potential. w is a term related to ¢ via (I.5) and it reflects the first order effects of
the connectivity of the monomer chains. The first equation (I.T)) is the usual conservation
of mass. The second equation describes the conservation of linear momentum. In
comparison with the compressible Navier-Stokes equation for a single fluid, there is two
extra stress contribution in the stress tensor: V,c Q@ V,c — %\ch|2]1, which describes cap-
illary effect related to the free energy, and —V,w ® V,w — (¢ — M)wl + 3|V,w|’I, which
explains the nature of the joint A and B subchain interactions in the diblock copolymer

macromolecule. The free energy for this model is as follow:
1 2 1 2
Efree:/gpf(p,c)—l—EWd +5|Vwax (1.8)

representing here the surface energy penalizing mixing of the fluids as well as large varia-
tions of the concentration difference ¢ and subchain connectivity w. Moreover, (I.3)-(I.9) is
a diffusion-convection equation for the concentration difference of modified Cahn-Hilliard
equation which takes subchain connectivity into account. The model is derived and ex-
plained in more detail in section[2.2]

The system is closed by the boundary and initial conditions

ujyo= Ve nlpo=Vw-n|yjo= Vi nlya=0, (1.9)

(u,¢)|i—o= (o, co) (1.10)

First, to summarize the core hypothesis, we suppose that Q@ C R? is a bounded domain with

C?-boundary. The viscosity coefficients v, 7 are assumed to be continuously differentiable



functions of c satisfying
0<v<v(e,w)<Vv,0<n(c,w) <1 forallc. (1.11)
The specific (homogeneous) free energy f takes the form

f(p,c) = fe(p) + folc), (1.12)

and is interrelated to the pressure through the equation of state

p(p) =p %’;) = pelp). fulp) = [ 5 (1.13)

where p € C([0,00) NC'(0,0). In what follows, assumption is made that
Pe(0)=0,p1p" " = py < P/(p) < p(1+p"") (1.14)
for a certain isentropic expansion factor y > %, and f’(c) is Lipschitz with respect to ¢, and
Gic—G, < fole) < G(1+c) (1.15)

for all ¢ € R.
The assumption for p, is in accordance to ideal gas law.

In literature related to diblock copolyer[13]|[15], fQ wdx is always a constant. For sim-
plicity, we set

/wdx:O. (1.16)
Q



the total energy of the system at time ¢ € (0,7), t = 0, respectively are denoted by

\Y
E@) = [ pOluP+pf(p.c)+ 5+ =5 ds (1.17)

dx. (1.18)

In addition we set Q(, ;) = Q X (s,t) and Or = Qo.1)-

Our main result reads as follows:

Theorem 1.2.1. Let 0 < T < oo, let ¥ > % and above assumptions - be satisfied.

Then for every non-negative py € LY(Q), measurable mq : Q — R> with pal img|?€
LY(Q), co € H'(Q), and wy € H' (Q) there is a weak solution p € L=(0,T;LY(Q)), p >0,
uc L?(0,T;H' (Q;R?)), c € L*(0,T; H (Q)), w € L*(0,T; H'(Q)) in the following sense:

1. For every ¢ € 2 (% (0,T);R3)

—/Q (pu-8,9+ (pucu+ pl—S) : Vo)d(x,1)
T

[Vel?

div q)) d(x,1) (1.19)

| 2

= ((Vc@Vc) Vo —
Or

|Vw

T (—(VW@VW):V(])—(C—M)W3V§D+

div (p) d(x,1)
Or

2. p is a renormalized solution of (]71[) in the sense of DiPerna and Lions [16], i.e.,
|, (0B(0)ako-+ pB(p)u- Vo —b(p)divug)d(x,1) =0 (1.20)
T

for any test function ¢ € 2(Q x (0,T)), and any

B(p) :B(1)+/1p @dz,

where b € CY([0,0)) is a bounded function.



3. Forevery ¢ € 2(Qx (0,T))

/ (pco, @+ peu-Ve)d(x,1) — / Vi -Vod(x,1),
Or Or

)
pured(x,1) = / (pWMWMVc-pr) d(x,1).
Oor or ¢

and

V- Vod(x,1) :/ (c—M)pd(x,1)
Or Or

4. The energy inequality
E@)+ [ 81Vt VanPd(x,) < () (1.21)
O(s,t

holds for almost every 0 <s <t < T including s = 0, where E(t), E(0) = Ey are determined
through (CIH-ITS)
5. p, pu, ¢, w are weakly continuous with respect to t € [0,T] with values in L' (Q) and

Pli=0= Po, pu|i—o=my, c|;—o= co, W|i=o= Wo.

In the theorem, the assumption that viscosity depends on order parameter ¢ and w is
made. This fact modifies considerably the relation satisfied by the effective viscous flux that
must be handled following the spirit of [20]. The nonlocal term w, which reflects the first
order effects of the connectivity of the monomer chains, changes significantly the dynamics
and static state. Also, this term gives higher nonlinearity, so the complexity increases. It
is challenging to develop converging schemes during the proof for existence. This theorem
address the existence of weak solution to modified NSCH system. The importance of weak
solutions is that the methods in numerical analysis address weak solutions. The existence
provides variational framework for simulations.

The outline of this thesis is as follows: In Chapter 2, we derive the model leading to



our system (I.I)-(T.5)) on the basis of a local dissipation inequality, which plays the role of
the second law of thermodynamics. Moreover, we take advantage of the a priori estimates
obtained from the local dissipation inequality and get some preliminary consequences from
the estimates. In order to construct the weak solution, a two-level approximation scheme is
employed. More precisely, in Chapter 3, we construct solutions to an approximate system
to (I.I)-(I.5), where two extra terms are added to the free energy in order to get a better
integrability of the density. This is done by using an implicit time discretization of the
approximate system. In Chapter 4, we consider the limit of the approximate system to
show our main result. Finally, in Chapter 5, we will address large-time behavior of weak

solutions to this model under regularity assumptions on the limiting system.
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Chapter 2:  Derivation of Two-Phase Model and Preliminaries

2.1 Notation

If A,B € R"*" are two matrices, then A : B = ZZ =1 A;;B;; denotes their scalar product.
If a,b € R”, then a®b € R"*" is defined by (a®@b);; = a;b;. The characteristic function
of a set A is denoted by y4. If Q C R" is a domain, then C7 (Q;RN ) is the set of all
smooth and compactly supported functions f : @ — RV and CJ(Q) = C7(Q;R). More-
over, for a general set A C R" we denote C, (A;RY) ={f e C§ (R:RY)) :suppf CA}

and C7)) (A;R) = C7,(A). For short we also write 2 (A;RY) = C7, (A;RY) and 2(A) =

(0) (0) 0)
Cho) (A). The usual Lebesgue spaces are denoted by L7(Q),1 < g < oo, ||-||4, denotes its
norm, and L7(Q;X) denotes the corresponding space of g-integrable X valued functions.
The L*(Q)-scalar product is denoted by (.,.)q. Furthermore, W4 (Q;RVN) ,W4(Q),s > 0,
are the Sobolev-Slobodetskii spaces, cf. e.g. [2]. As usual Wy"(Q),m € N, is the
closure of C3*(Q) in W™4(Q), W 4(Q) = (Wg”’q/(sz))/ A =145 HM(Q) =W (Q)
and HJ'(Q) = W' 2(Q). Finally, Cyea ([0,T];X) is the space of all weakly continuous
S:[0,T] = X and f, — f in Cyeax ([0,T];X) if and only if (f,(£), ') x xr —n—seo (f(2),X)
uniformly in z € [0, 7] for all X' € X’. Here (-,-)x x’ denotes the duality product of X and

X'

11



2.2  Derivation

In this section we derive a model for a two-component (binary) fluid mixture in which
the components are compressible, viscous and immiscible and a nonlocal Cahn-Hilliard

diffusion is coupled with internal fluid motion.

2.2.1 Governing equations

We consider two compressible fluids filling a domain Q C R>. The mass concentration
of the fluids j = 1,2 is denoted by ¢; = % Letp; = % denote the apparent mass density
of the fluid j and p = p; + p; the total density. We denote by u; the velocity of the
fluid j = 1,2 and the velocity u of the mixture is defined as the average velocity given
by pu = pru; + pouy.

Our goal in this section is to determine the constitutive relations that describe the phys-
ical properties of the mixture. We assume that the principle of mass conservation as well as
the conservation of linear and angular momentum with respect to the mean velocity hold,

namely

a;p +div,(pu) =0, (2.1)
pu=pdu+pu-V,u=div,T, (2.2)

for a symmetric stress tensor T = T(p, ¢, V¢, V,w, D(u)) where D(u) = 3 (V.u+ V') is
the symmetric part of the velocity gradient, ¢ = ¢ — ¢, denotes the concentration difference
of the two fluids, whereas ¢ +c¢2 = 1, whereas w is a quantity which will be specified in
the sequel.

Without loss of generality we assume for the moment that the exterior forces are zero.

The material time derivative of a quantity A is given by A = d;A +uV,A. If we denote by

12



Z ; the mass flux of the fluid j relative to the mean velocity u, then
8,pj + diVx(pjll) = divxfj, (2.3)

which yields to conservation of mass assuming that .%#| + .%, = 0. Therefore, the order

parameter ¢ which denotes the concentration difference satisfies the equation
poic+pu-Vic =divy, 7, (2.4)

where # = 2.7, as p; = pc;.

Few remarks on the energy of the mixing are now in order. According to a principle of
the chemical thermodynamics of fluid mixtures there is a limited miscibility between the
so-called immiscible fluid components even at low temperatures. This partial miscibility is
characterized by equilibrium concentrations c¢; ~ 0 (of the first component in fluid 2) and
¢ ~ 1 (of the second component in fluid 2). As the temperature increases, the two equilib-
rium concentrations approach each other and eventually coincide so that the miscibility gab
c1 — ¢ closes at a critical temperature. Above the critical temperature, the system exhibits
a continuous sequence of molecular mixtures for all ¢ € (0, 1) and the fluids are considered
to be completely miscible. Below the critical temperature, the equilibrium concentrations
can be obtained by the standard methods of equilibrium thermodynamics. The particular
model of mixing is formulated in terms of the specific free energy f = f(c) which is as-
sumed to be convex if fluids are miscible and non-convex if fluids are partially miscible.
The method for determining equilibrium concentration is based on the following common
tangent condition

ar, - _df AN (Y
%’CI—dC‘Czj(f cdc)‘cl_(f CdC)‘Cz,

13



which is due to Gibbs [31]], [32]. For further remarks on the thermodynamics of partially
miscible fluids we refer the reader to Landau and Lifschitz (1958).

The relative motion of the fluids can be described by a diffusional model, namely by

(o)

pc =div,.7, (2.5)
where the diffusion flux is assumed to specify a generalized Fick’s law.

Remark 2.2.1. We introduce the Helmholtz free energy of a given volume V of the form:

/F(p,c(x),ch(x),w(x),wa(x))dx.
Vv
where F is defined as following
1 2 1 2
F(c,Vie,w,Vow) =pf(p,c)+ E’de +(c—M)w— §|Vw| (2.6)

where

—Aw =c—M, with B.C. 2.7)

M = [gc(x)dx € (—1,1). Here f

f=1Je(p)+ fole) (2.8)

fo(c) is the free energy. The reason of free energies are in this form will be shown later.

In order to comply with the physical principles of the copolymer melts a modified
nonlocal Cahn-Hilliard equation is introduced. In addition to a concentration gradient to
the specific free energy the standard Cahn-Hilliard free energy is augmented by a long-

range interaction term w associated with the connectivity of the sub-chains in a diblock

14



copolymer macromolecule. Here the function w satisfies a Poisson-type equation.

Now, the diffusion flux .% is assumed to satisfy a generalized Fick’s law, namely

F =mViU, (2.9)
and
p¢ =divy(mV,u). (2.10)
Chemical potential is defined as
of df . Idf
-2 21 _ 4 2.11
H oc dc IVXQVXC 1D

and end up with a Cahn-Hilliard type diffusion equation for c:

pé = mALL, 2.12)

dF .. OJF

2.2.2 Second law of thermodynamics: local dissipation

Let V(¢) be an arbitrary volume that is transported with the flow. Then, the total energy
in V(z) is given by
2
E(t) = / pde—k/ F(c,Vyic,w)dx
% 2 V(1)

(1)
= / e(p,u,c,Vyc,w)dx,
V()

15



where
u?
e(p,u,c,Vic,w,Viw) = pT +pf(c,Vic,w).

Following Gurtin et al (1996) [33] we assume the dissipation inequality:

d

E/V(t)e(p,u,c,vxc,w) dx (2.14)

g/ 'Tn~ud0+/ ct-ndo + WS-ndG—i—/ W% -ndo.
V(1) v (1) v (1) V(1)

for every control volume V (¢) transported with flow, where o denotes the two dimensional

surface measure. In the above relation the term
Tn-udo

v (1)

represents the energy carried in V(¢) due to macroscopic stresses. The term

/ W -ndo
v ()

represents the energy due to diffusion, whereas the term

/ ¢t-ndo + ws-ndo,
V() V(1)

represents a generalized surface force on a microscopic length scale.

The equivalent local form of (2.14)) is
dre +divy(ue) — divy (T -u) — divy(ct) — div(ws) — divy(U%#) =: D < 0. (2.15)

Now, (2.1 and 2.2)) yield

16



2 2
o <p%> +divy (up%) =divy(T-u)—T: V,u.,

which together with

OF +dive(Fu) = 9/(pf) + divi(p fu) = po, f + puVef =p .

Combining (2.16) and (2.17) yield

[u? . [ul? . :
o pT—f—F +div, pT+F u|=div(T-u)—T:u+pf.

Now,

divy(¢t) +div,(ws) 4 dive(1.F) =
¢divet+ Vet +wdives + Vs + 1 p ¢+ +m| Vo |*=
(Pt +divyt) ¢ +divesw + | (Vic) -t (Vaw) -s]
+Vu: [t Ve +Vau: [s@Vow] +m|Vul>.
Note,
(Pf)—(fp)=
z—gp +2es %(V;d + 90 a‘%mw) —fp=

ﬂ‘+a—F'+ oF v )+a—F'+ 8F(
p&pp ac oV,c T 5" oV.w

Combining now Z.13), 2.18)), Z.19) and (2.20) we get

V,w)

(aF . ) .
= =——div,\t—pu )¢
dc

17
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oF : JoF . , oF :
+ <8ch — t) (Vic)+ (m - lexS) W+ <8wa - s) (Viw)

— (T+pza(pa—p)]l+t®vxc+s®wa) : qu—m|qu|2.

Using (2.13)) the last relation takes the form

oV,c

oF : JoF . _ oF .
+ <(9ch —t> (Vic)+ (% —lexS) W+ (8wa —s) (Viw)

-1
— <T+pza(%—pmﬂ+t®vxc+s®vxw) : qu—m|qu|2.

oF
D= (divx— - divxt> ¢

So for example we want div,s = g—fv = (¢c—M) = —Aw =div,(—Vw). Hence, making the

following constitutive assumptions

;

t =Ve= 8aVFxc’
s =—-Vw= aaV_Fw’
(2.22)
S =T+P(p,c,Vie,w,Viw)l+t@V,ic+s@ Viw
=2v(c)Du+ n(c)div,ul,
\
where,
dp~'F
P(p,c,Vic,w) = p2%(p,c,vxc,w). (2.23)
we conclude that
D = —2v(c)|Dul?—n(c)|diveu|*—m| V. u|*< 0. (2.24)
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Note that, the stress tensor T differs from the stress tensor for a single compressible
Newtonian fluid by two extra stresses, namely the stress aaTic ® Vc, which is often called
Ericksen’s term and the extra stress % ® V,w which accounts for the nature of the joint A
& B subchain interactions in the diblock copolymer macromolecule. Finally, if we specify

F to be of the form
1 2 1 2
F(p,c,Vic,w)=pf(p,c)+ E\Vc[ +(c—M)w— E\wa]

we have
29f
dp

Thus, (I.I)-(1.3) are obtained, due to Z.IpZ.2)2.4) and (2.13), where an assumption is

made for simplicity m = 1.

V.c|? 1
(p.0)~ 2L (e apwt L v (2.25)

P(p)=p

2.3 Preliminaries: A Priori Bounds and Compactness

In this section, a priori bounds for weak solutions of the system will be discussed.

2.3.1 Total mass conservation

By integration of (I.I]) over Q

/ p(t)dx = / podx = My for almost all 7 € (0, 7). (2.26)
Q Q
And we do the same with (L.3)),
/ p(t)c(t)dx = / pocodx for almost all t € (0,7) (2.27)
Q Q
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2.3.2 Total energy balance

Integrating (2.13) with respect to Q, using (1.9) and [2.24)

%E(t) + /g (2v(c,w)\D(u)\z—l—n(c,w)\divxu|2+m|qu\2) (t)dx=0 (2.28)

for sufficiently smooth solutions, where E(¢) is as in (1.17)). For weak solutions, this equal-
ity will turn into inequality as in (I.2T). The total energy (T.21)), together with (T.TT)), yields

uniform estimates

esssup;c(o,7) P[] 2v(@)< C(Mo, Eo) (2.29)

esssup; (o7 || Vel 2 (qrsy < C(Mo, Eo) (2.30)

esssup;¢(o,7) lv/Pull2(q:r3) < C(Mo, Eo) (2.31)

esssup;co.7) | Vaw| 2 (q:r3) < C(Mo, Eo) (2.32)
T 2

/O 194821122 e < C(Mo, Eo) (2.33)

where E( denotes the initial energy defined in (I.18) and My is the total mass as in (2.26).

Moreover, by means of Korn’s inequality and hypothesis (T.TT)),

T
/O V]| eyt < C(Mo, Eo) (2.34)

2.3.3 Cahn-Hilliard Type Equation

A weak formulation of (1.3)-(1.5)), taking the boundary conditions for (¢, w, i) in (1.9)

into account, reads
/ (pcdip+pcu-Vv)d(x,t) = / Vu-Veod(x,t), (2.35)
Or Or
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/pucpd(x,t):/ (p@@%—W(p—l—Vc-V(p)d(x,t) (2.36)
Or Or 9

Vi Vod(x,t) = / (c—M)pd(x,1) (2.37)
Or Or
for any test function ¢ € 2((0,T) x Q). In order to estimate ||c(¢)||;2 and |Ju(z)||;2, the

following simple variant of Poincare’s inequality (cf. Lemma 3.1 in [21]) is used:

Lemma 2.3.1. Let Q C R? be a bounded Lipschitz domain. Assume that p is a non-negative

function such that

()<M:/pdx,/p7dx§K,
Q Q

with y > g. Then there exists a constant C = C(y,M,K) such that

S C(MK)|IVwl 2 om3)
L2(Q)

1
Hw— @/prdx

for any w € WH2(Q).

Applying the lemma directly with estimates (2.29) (2.31) (2.34), boundary condition

(T.9). and hypothesis on viscosity coefficients (I.IT)), following bounds are obtained:
T
/0 il 12 g4 < C(Mo, Eo) (2.38)

T
/O ISI172 (st < C(Mo, Eo) (2.39)

Similarly, by estimates 2.27), 2.30), (I.16), and (2.32)), the following estimates for ¢ and

w are obtained

ess sup ||c[f}12(q)dt < Clco,Mo, Eo), (2.40)
t€(0,T)
and
ess sup ||wl[j12(q)dr < C(Eo). (2.41)
1e(0,T)
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Choosing ¢ = ¢(t), (2.36) becomes

p)u(t)e(t)d(x,t) = qu)dx fora.a.r € (0,7),
Or Or dc(t)

because of the estimate of w (I.16)). The integral on the right-hand side
d
‘—f‘ < 1+ |c| for all c.
dc

Therefore, in accordance with (2.33)), one have

T
I 0112y e < Clco. Mo, o)

(2.42)

Weak formulation (2.37)) and C? boundary condition enable us to apply improved regularity

theorem. With the estimate for ¢ (2.40) and estimate for w (2.41)), we now obtain

ess sup ||W||%V3,2(Q)§ C(co, Mo, Eo)
1€(0,T)

(2.43)

2.4 Strong compactness of gradients of concentration and interaction terms

This is one of the main ingredients of the proof. This result will be later used twice in

the proof for existence theorem. Assume that p, > 0,

Pn — P in Cyeak ([0, T];LY(Q)) )
cn — ¢ weakly* in L (0, T;WI’Z(Q)) ,
w, — w weakly* in L™ (0, T;W3’2(Q)) ,

0; (Pncn) is bounded in L7 (0, T;W’l’q(Q)) for a certain ¢ > 1,

22

(2.44)
(2.45)
(2.46)

(2.47)



and, in addition,

T T T T
/ /Vc,,-V(pdxdt:/ /\/p_n ,,godxdt+/ /gn(pdxdt+/ /wq)dxdt (2.48)
0 JQ 0 JQ 0 JQ 0 Q

T T
/ / Vi, Vodxdt = / / (cn — M) @ dxdt (2.49)
0 JQ 0 JQ

for any @ € 2((0,T) x Q), where

fo— f weakly in L>((0,T) x Q),
n y in L*((0,T) 6 ) 2.50)
gn — g (strongly) in L! (07 T:Ls (Q)> .

Our first goal is to show that

T T
/ /|Vcn|2dx%/ /|Vc]2dx (2.51)
0 JQ 0 JQ

which yields with (2.43),

cn — cin L2(0,T; W2 (Q)).

To this end, we observe first that p > 0, and
¢p, — ¢ a.a. on the set {p > 0} (2.52)

passing to a suitable subsequence as the case may be. Indeed it follows from (2.44), (2.43)
that

6
Pncn — pc weakly-(*) in L7(0,T;LI(Q)) for a certain g > 5

which, together with (2.47), gives rise to

PnC,Zl — pc? weakly-(*) in L™ (0,T;L"(Q)) for a certain r > 1.
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Since, by the same token,

(Pn—p)c2 — 0 weakly-(*) in L™ (0,T;L"(Q)) for a certain r > 1,

we get

T T
/ /pc%dxdt—>/ /pczdxdt,
0 JQ 0 JQ

in particular, (2.52) follows.
We then want to show

W, — wa.a.

passing to a suitable subsequence. Indeed it follows from (2.46) that
wy is bounded in L=(0, T; W3?(Q))

which implies

w2 is bounded in L=(0,T; L"(Q)).

for some r > 1. The bound above give rise to
w2 — w* weakly* in L(0,T;L"(Q)),

for a subsequence of w,, which yields,

T T
/ /w,%dxdt—>/ /wzdxdt.
0 JQ 0 JQ

In particular, (2.53)) follows.

24

(2.53)



On the other hand, letting n — oo in (2.48) yields

T T T T
/ /Vc-V(pdxdt:/ /\/ﬁf(pdxdt+/ /g(pdxdt+/ /W(pdxdt
0 Q 0 JQ 0 JQ 0 JQ

forany ¢ € Z((0,T) x Q), where

— 6
VPufn — /D f weakly in L2 (0,T;L(Q)) for a certain g > 5

In particular, by means of a standard density argument,

T T T T
/ /\Vc|2dxdt:/ /\/ﬁfcdxdt+/ /gcdxdt—l—/ /wcdxdt (2.54)
0 Q 0 Q 0 Q 0 Q

Finally, taking ¢ = ¢, and letting n — o in (2.48)), we obtain

T T T
lim/ |Vcn|2dxdt:/ /\/ﬁfcdxdt+/ /gcdde—/ /dedt
n—e JQ 0 Q 0 Q 0 Q

which, combined with (2.54), gives rise to the desired conclusion (2.51) as soon as we

observe that

VPfc=\/pfec (2.55)

we = wc (2.56)

where, according to the standard notation convention adopted in this paper, the bar stands
for a weak limitin L!.

In accordance with (2.52), relation is satisfied on the set {p > 0} where ¢, — ¢
strongly in L' (). Similarly, by , relation is satisfied for any p. On the other
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hand, since p,, are non-negative,

Pn — 0 (strongly) in LY({p =0}) forany 1 <g <y

whence (2.55) holds on the set {p = 0} as well. The proof of (2.51)) is now complete.

In the same spirit, our second goal

wp, — win L2(0,T;WH2(Q)).

can be obtain if

which follows from the strong convergence of ¢ in L?(0, T; W!2(Q)).
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Chapter 3:  Existence of the Weak Solution of System with Artificial Pres-

sure

In this chapter, we will discuss the first part of the two-level approximation. In the first
approximation level we add an artificial pressure term that ensures better integrability of p
and pc. This technique is well-known and can be found e.g. in [[20] , [41],[43] ]. More

precisely, we start with the approximate system with artificial pressure added

/ (Psus- 0@+ ps(us@ug): Vo + (p (P6766)+5P5)d“"l’) (x,7)

3.1
—/ / (Ss —Ps) V‘Pdde—/Posuo ®(0
forany ¢ € 7 ([0,T) x Q;R?),
/Q(Pa3r(P+P5U5 Vo)d /P05<P dx (3.2)
/Q(P5059t<P+(P566116—VH)'Vﬁo)d(x,f)Z—/QPO,SCMP dx (3.3)
T t=0

af
/ p/.upd(x,t):/ P=—@+w@+V,c-V,p | d(x,t) (3.4)

Or Or dc
V- Vod(x,1) — / (C—M)pd(x,1) (3.5)

or or
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for any ¢ € 7 ([0,T) x &), where

Sg = 2V(C5)]D(ll5) +1n (C5)diVxll5]1,

yvst‘zﬂ

V.csl?
Ps = Vyics @ Vics — %H —Vws@Vwg — (Cg —M5)W5 +
ps =p(p)+8p" +8p>c?

Here, py 5 € L' (Q) such that py 5 > 0, and p — pg in LY(Q).....

Es(t) + /Q (Ss : Vg + | Vattal?) < Es(s)
(s)

for almost all 0 < s <t < T including s = 0, where

IVxC6|2 |wa5|2 0

_ plusl® r 2.2
Eé—/g—z +Psf(ps,cs) + =+ 5+ ps +Op°c

The main goal of this section is to prove:

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

Theorem 3.0.1. LetI" >3, 6 > 0, and let 0 < T < oo. Then for every non-negative py 5 €

LY(Q), measurable ug : @ — R® with pq s|luo|*€ L'(Q), co € H'(Q) and wy € H'(Q)

there are some ps € L”(0,T;LN (Q))NL™1(Qr), § >0, us € L>(0,T;H' (Q;R?)), c5 €

L=(0,T;H (Q)) ws € L=(0,T; H'(Q)) solving — (@) and satisfying (@)

In order to prove this theorem, we use a suitable time discretization to approximate

(3.1)-(3.5). For simplicity we will drop the subscript  in most quantities for the rest of this

chapter.

28



3.1 Implicit Time Discretization

Let 1 > 0. Given (ug, py, cx) € L2(Q)? x LT (Q) x H' (Q) we determine (W1, Prs1,Ckr1> Mis1)

as a solution of the system

PUZ Pl | giv(pu@u) —divS
h 3.11)
of .
+e(Vp-V)u+Vps = puve—p—-(p,c)Ve
P ;p" +div(pu) = eAp (3.12)
pkc_hck+pu-Vc:Au (3.13)
pku:pkf(Pk,C)—f(Pk,Ck)+W_Ac (3.14)
C—Ck
—Aw=c—-M (3.15)
where ps(p) = p(p) +8pT + 8p2c%, p(p) = p?3L = p? %% and
S(ck, Vu) =2v(ci)D(u) + n(cx)divyul, (3.16)
together with the boundary conditions
ul50= dhP|30= Incloa= dw|ya= dnlt|sga=0 (3.17)

Here (3.11)-(3.15) will be understood in the sense of distributions and (3.17) in the sense
of traces of Sobolev functions. Note that (3.12)-(3.13)) implies that

/pkdx:/pdx, /pkckdx:/pcdx
Q Q Q Q
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which is the time discrete version of (2.26)-(2.27). Moreover, corresponding to (T.16)), the

following equality holds

/wdx:O. (3.18)
Q

Remark 3.1.1. The right hand side of (3.11) is given by

1 1
—div, |V,c® Ve — §|ch]2]1} —div, [—VXW(X)VXW— (c—M)wl+ E]wa\zﬂ

= —AcVic+ AWV iw+View+ (c —M)Vw
(3.19)

=puUVyic— %ch —wVe—(c—=M)Viw+View+ (c —M)Vyiw
=puUVyc— Pg—jccvxc
provided ([.4) (I.3) holds. In the discrete system above, although (I.4) does not hold, the
form of B.I1)-([B13) provide that a similar energy estimate holds.

29fe
ap’

C2([0,%0)), pp < 0 has a compact support, p,,(0) = 0 and

Because we have assumption p = p we decompose p = p,, + pp, Where p;, €

Pu(14P") < B(p) < Bu(1+p" ). (3.20)

for some constants p,,, pm > 0. Moreover, we can see that & p2c? > 0. Therefore, by these

assumptions we have that

p5(pvc):pm<pvc>+pb(p)7 (321)

where p,,(p,c) = pm(p) + 8p>c* > 0 is again monotone with respect to p. The decompo-

sition of p induces a decomposition of f

f(pac) :fm(pac)+fb(p)
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where f,(p,c) = f@ds-!—fo(c) and p — pfm(p,c) is convex and monotone. More-

over, we define the energy

2
u
Em(p,u,c,w) - Qu—i—pfm(p,C)—i—

: |ch|2 4 |VxW|2

d
2 2 ¢

Lemma 3.1.1. Let (uy, py,cx, wi) € L>(R3) x LY(Q) x HY(Q) x H(Q), p > 0, and let
0 < € < 1. Then every (u,p,c,w, 1) € H'(Q;R?) x H>(Q)* p >0, solving —

satisfies the discrete energy estimate

o, )
Em(p’“>caw)+€h/ p—pm|Vp|2dx+/ de
Q p Q 2

Vie—co)ll3  IViw—wi)l5
+ || (Cz Ck)HZ + || (Wz Wk)HZ ‘HXHP—PkH%‘Fh/QS : Vudx—l—hHV,uH% (3.22)
< Ep (P Uk, €k wi) + R
for some o > 0 depending only on fy,. Here py, = pm(p,c) and
82
Rk:h/pb(p)divudx—eh/ vp.ved PInlp:0) ) (3.23)
Q Q dpdc

Moreover, there is some hy > 0 independent of (uy, Pk, cx,wi) and € > 0O such that any

solution (u,p,c,w, ) € H'(Q;R3) x H*(Q)* with p > 0 satisfies

1 2 r 3 7 ?
H(pzu,VC,VW)H2+‘|pHF+hH(u7vu"u’v‘u’82Vp’e2CVp)H2 (3.24)

< C(Epn (pr, g, crswi) +1)

where C is independent of h with 0 < h < hy, 0 < € <1 and py, W, ci, but depends on

Jo prdx and [o, prcrdx. Finally, for all 0 < h < h there is some (u,p,c,w, 1) € H' (Q;R3) x

H?(Q)* with p > 0 solving —.
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Proof. To prove the energy estimate, we multiply (3.12) with %|u|2 and integrating by parts

2_ .
/de+/ div( pu®u)-udx+£/(VP‘V)ll‘de

2 _
_pu /p|k|d+/p llk|

Hence, testing (3.11)) with u we obtain

2
" /p”"dx+/ d+/SVudx
(3.25)

:/pgdivudx+/pch-udx—/p—(p,c)Vc-udx.
Q Q Q dc

Moreover, multiplying (3.12)) with dp F(p), where F(p,c) = p fin(p,c), we obtain

P — Pk
h

+ pm(p)divu=€ApdpF(p,c) +pd.f(p,c)Ve-u

dpF(p.c)+div(F(p,c)u)

since pdpF(p,c) — F(p,c) = p?dp fin(p,c) = pm(p,c). Furthermore, since 25 (p c) =
P 9ppm(p,c) > % > 0 for some & > 0 due to (3.20), we have

OF
52 (P (P =) = P fn(P-€) — Prf (Prrc) + 0 (p — pi)”.
Therefore

1 .
;l/Q(pfm—pkfm(pk,c))dHa||p—ka|§ < —/ pmdivudx

(3.26)
dp Pm

—8/ %szdx /Vp Ve Pf dx +/p Ve -udx,
Q

where f,,, p, and their derivatives depend on p,c if not stated differently. Moreover,
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multiplying (3.13) with u and (3.14) with <%, we obtain

1 IVell3 IV (c—e)ll3

vw|3 ||V
N 2VZ||2 POl gy,

: ) o (3.27)
< I 23:”2 I Wk”z /pHVC ut = “ydx

Ve |V
_ || 27;“2 || Wk||2 /pI,LVc udx

since equation (3.15) (3.18)), (a—b)-a = W  labl® b' @ forall a,b € R® and f (o, cx) —
F(00:€) = in (Pt c6) — fn (). Combining (25)-B27) we obtain (23).

In order to estimate Ry,

dpdc

[ vp vl PIPcl) \z 190 9e (14 leldx < /(1 + e Vap 2Vl

since a(’fg;”) (p,c) = fy(c).Hence,

[Ri| < C(h]|divyulla+€hl|(1 4 ¢)Vapll2] Vacll2) (3.28)

Moreover, (3.22) and p~'9py > 2¢* + pu(p~ '+ p' ') due to (3.20) imply that

H (p%u,Vc,Vw> Hz +|lpl[t+h H <u,V/J,8%(1 +logp)Vp,e%ch) Hz

< C(Em (pr,ug,ck) + |Re(p,u,c)l)

By combining the last two estimates and using Young’s inequalities,

H <p%u,Vc,Vw> Hz-l- lpIF+h H <u,V,u,8%(1 -|—10gp)Vp,£%ch> Hz

<C <Em (Prr Wiy iy wi) + 14 €32 (1 +c)pr\|§+h1/2|\ch||%>
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where C is independent of p, u, ¢, pg, Uy, €, h. Then, there is some /g > 0 such that

2

H (phu,ve,vw) Hj + | F+h H (1,1, €% (1+10gp)Vp,etcVp) H2

< C(Em (pr, g, cx,wi) + 1)

for all 0 < h < hy. Finally, by the same estimates as in Section [2.3.3] Lemma 2.3.1) and

(3.13) implies
2)

where C, C' depend on [opdx = [oprdx and [gcdx = [oprexdx. This completes the

2
+h‘/pkua’x
Q

lellz+Alllz+Iwliz < € (HVCH%JthVuH%+|WWH%+‘/Qpcdx

< C, (Em (pkaukackawk) + 1)

proof of the uniform estimate (3.24).
Next we prove existence of solutions (for a fixed 0 < h < hgp) with the aid of a homotopy
argument and the Leray-Schauder degree. To this end we introduce operators %%, % : X —

Y with

X = Hy (R x Hy(Q)*,  Hy(W) = {u€ H (W) : Quulyo= 0},

Y =H Y(Q;R?) x L2(Q)%,
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and

divS (g, Vu)

Ap +div(pu) — eAp

Zi(u,p,c,wu) = AL+ [o udx
—w+Ac+ [ocdx
Aw + [qwdx
Lg)((“;pacﬂ’vnu“):

PEPE 1 div(pu@u)+€(Vp-V)u+Vps —p,ch—i—p%(p,c)Vc
(A =3) [P)+ + 7%
Pr Tt +pu-Ve+ fo pdx
pPO=L P oy 4 fo cdx

Jocdx—c+ [gecdx

Here A > max (Ao, }Z), where A9 = Ap(&, K) is the constant in the statement of Lemma
below with K so large that ||v||¢< K for any solution of (3.11)-(3.17). Then by Lemma
below and standard results on elliptic partial differential equations .2 : X — Y is
invertible. Moreover, if % (u,p,c,w, i) = Fi(u,p,c, 1) for some (u,p,c,w, 1) € X, then

p > 0 by Lemma and therefore [p]+ = p. Hence (u,p,c,w,u) € X withp >0is a

solution of (B.TT)-(3.17) if and only if
gk(“;pvc7wnu) = 'g\k(uvp?cawnu) g (u7p7ckuu) = g];1<yk(u7pac7wnu))

ie.,v=(u,p,c, i) solves v—_Z ' (F(v)) = 0. . Moreover, the operator norms of .%; and
(Zk*l can be bounded by a constant independent of ¢; due to the bound for viscosity coef-

ficients ll Furthermore, it is easy to check that fk_lfk : X — X is a continuous and
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compact mapping. Therefore, the Leray-Schauder degree of I — .Zk_lﬁk is well-defined,
cf. e.g. [1. In order to show that deg (I — . "%, Br(0),0) = 1 for sufficiently large R > 0,
let 7 (u,p,c,w, 1), 7 € [0,1], be the operator obtained by replacing for uy, py, ck, f in the

definition of .Z;(u,p,c,w, 1) by uf = (1 = t)ug,pf = (1 = 7)px + 7,¢f = (1 — T)cy and

fipc)=1(p" ' +1+) +(1-1)f(p,0).

Then v = (u,p,c,2,u) € X solves v—.,?k_l (ﬁkf(v)) = 0 if and only if (u,p,c,w, L) solve

(3-11) — (3.17)) with uy, pg,cy, f replaced by ug, pf,cf, f*. Moreover, it is not difficult to

check that for each fixed € > 0,0 < h < hg,

Fi(u,p,c 1) HY can be estimated by the terms
on the left-hand side of 1} Hence, if v= (u,p,c,w,it) € X solves v— ,,S”k_l (ﬁkf(v)) =
0, then

1w, p, e, i) lIx< Cll.F¢ (w, e, i)lly < M (Em (prwe; k) , €, h)
for some continuous function M independent of 7 € [0, 1]. Hence there is some R > 1 such
that any solution of w — fk_lfg (w) =0 with 0 < i < hg, and we got

deg (I — %' Fy,Br(0),0) = deg (I — £ F!,Br(0),0) = 1,

which concludes the proof of the lemma. 0
The following lemma is from Abel et al. [2, Lemma 3.4].

Lemma 3.1.2. Let K,& > 0, and let v € H'(Q;R>) with ||v||¢< K. Then there is some
Ao = Ao(&,K) > 0 such that for any A > Ay and any f € L*(Q), there is a unique p € H'(Q)
solving

A(p;0)a—(vp,VP)a+£(Vp,Vo)a = (f,0)a (3.29)

for all € H'(Q). Moreover, if f > 0, then p > 0.

36



Now, let N € N be given and set h = and € = h. If hy 1s the constant appear as in

Lemma [3.1.1] then there is some Ny such that N > Ny implies & < hg. Hence, if N > Ny,

we can define (w, px, cx, Uk, Wi ), k = 1,...,N, successively as solution of (3.11))-(3.17) with

(ug, po,co) as fixed initial values. Moreover, Define gV (¢) : (—h,o0) by g"(t) = gx for

t € ((k—1)h,kh], where g € {u,p,c,u} (setting up = 0) as well as p5 =p(p",N) +

s (pV ) +8(p™)?(cV)?L'. In what follows we denote

(A F) ()= fle+h) = £(t), (A, f)(6)=f(t)—ft—h),
(318) (1) = g(0 ), 95 = AL,

(h+1)

Multiplication of (3.11) by fkh

k € Ny gives

(9 (P"").0) ) — (p"uY eu" ~sV 4 pf1V0),,

F (VP VY, 0),, = (0" (1Y 2us) Ve, ),

where ¢ € C (Q % [0,T);R?) is arbitrary, 9, fN = %(pN,cN)

SN =2v (’L’th, Tth) D (uN) +n (’L’th, Tth) divuI

Moreover, using summation by parts, i.e.,

(8th(pNuN) (p) (p u ,3,h<P) — (pouo, ¢(0))q,

T
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©(x,1)dt, integration in space, and summation over all

(3.30)

(3.31)



we conclude

~(p"u",950) 5, ~ (P00, @l,g)o = (P"u" @u" 8"+ pJI. Vo)

+h(VpY-vut,9) , = (p" (1 = dN) Vet 9),

T

forall ¢ € C("B) (Q x [0, T);R3). In the same way, one obtains

(p".35v) o, (0 Vlimo)g + (P, VY) o = (VP VYo,

(chN,%w) o, (Poco Wlp)g + (PN, V), = (Ve V),

for all y € Cg, (Q % [0,0)), where we have used that 1i1i implies

Pr+1Ck+1 — PrCk
h

+ divx(pkukck) = A‘LLk_H

Moreover
f(ThPN7CN> _f(fhpN7TNCN)

wh — AN
A,;CN + ¢

7" " = 7"

Finally, summation of (3.22) with respect to k € N yields

N
#rvwrzdu, 7)

Em(pN(t),uN(f%CN(I)’WN(’))+h/Q<st) appmp

’ 2

p" A, u? 1 w2 1 N2
+/Q(m — d(x,r)+ﬂHVAhc HLZ(Q(SJ))—FEHVAhW ||L2(Q(s,t))

_ 2
+a HAh p HLQ(Q(M)) + /Q(s ) S VuNd(x, T)+ ||VﬂN||22(Q(s7t))

<Ej, (pN(s),uN(s),cN(s),wN(s)) +R; s (pN,uN,cN)
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(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)



forall 0 <s <t <T with s,t € hNg, where

Ris (p",u",cY) :/ pb(pN)diqu—thN-chM(pN M) ) d(x, 1)
58 I ) Q(s,t) apac ) )

(3.38)
Since E,,(pN (1), u (£),cN (), wN (1)) = En(pN (1), 0" (1), N (t),wV (1)) for all ¢ € (; —
h,t¢] if t € NN (0,T), we conclude that (3.37) holds for all 0 < s <t < T with

R, (pN - CN) / pb(PN)di - hva_VCNaz (—‘ fm) (pN CN) d(x, )
o 7 O(si,tx) apac ’ ’
(3.39)

where sy, t; € hNoN (0, T) are determined by the condition 7 € (fy — h,t;] and s € (sx —h, s¢].

Lemma 3.1.3. There is some hy > 0 independent of pN V. N and a constant C (po,ug,co,wo)

depending only Q. d, po,ug, co, wo such that

sup (10t [ PV Pars M+ )
0<t<T Q

_1 _ _ 1 1
VA, N Ay oV 2(or WY 1V kN log oV eV 2 0 i

< C(po,ug,co)

provided that h = IZV < hy

Proof. since ag%?) = f{)(c) and since py,(p) is uniformly bounded, we have

. 1
[Ro.r(pN, i, cM)|<C (Hdlqu||L2(QT)+h3/2”(1 +C)Vp||%2(QT)+h2 ||VC|‘I%2(QT)> :
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On the other hand (3.37) and p 19, p(p) > 2|c[*+|1 +logp|* due to (3.20) imply

sup (10" IF+ [ PV IVl 9wl ) 4 198l
0<t<T Q

+11Va, Vi 12V (1 +logp) VP 2y

< C(Em(po,uo,co,wo) +Ro,r(p™ ,u¥,cV))

Combining this with the previous estimate, choosing 0 < & < h; sufficiently small, and

using Young inequalities yields

sup (HpNHF+ / leu\ZHIVcH%HIVwH%)+h‘1HVA;c,A,:pHiz(QT)
0<t<T Q

+ |V, Vi h2V (1 +logp), h2cVp|?

< C(Em(po;uo;co,wo) +1)
The remaining estimates of HCNHL‘”(O,T;LQ)’ ”WNHLm(QT;LZ) and HHNHH(QT) are done in the
same way as in the proof of Lemma [3.1.1] O
3.2 Improved Density Estimate

In order to show that pN , N > Ny, is uniformly bounded in [l (Qr), we choose

¢ = y(t)B[Pop"], where Pyp" = p" — ﬁ / pVdx.
Q

and y € C5(0,T), in (3.32). Here B is the well-known Bogovskii operator, cf. Bogovskii
[6] or Galdi [30, Chapter II1.3]. In particular, B : Lfo) (Q) = W, ?(€:R?) is a bounded op-
erator for all 1 < p < oo, where L?o) (Q) = BLP(Q), provided that Q is a Lipschitz domain.
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Moreover, if g € LP, g =divv,v € Lq(Q;]R3) such that v-n|yo= 0, then

1Ble]0ums) < C(p. @) Wl iz, for 1 < pug < o (3.40)
Because B[Pyp™] € L*(0,T;W'T(Q)) (by improved regularity theorem) and I" > 3,

B[Pyp™] € L=(0,T;C""*(Q;RY)) for r+ ot = 1 — % (3.41)
Therefore, since I" > 3

1BPsP™ =0 5, < Clpo) (3.42)

where Pyp = divVv.
The direct computation using (3.11) yields
N N\ AN g N
W Opn (0¥, pValx0)— [ wo) [ pm (0¥ s [ pava
or 0 o Q|
= [ y(t)(S¥—p"uNou"): VB [Pp"]d(x,1)
[ w0 (p¥ (2~ wY) Ve +hvu-vp) B [Rop"] d(x.1)
Or
+/ y(t)pNuV1_,B [div (pNu" — hVpM)] d(x,1)
Or

4
_ QTP u (8 h‘l’) [PopN}d(x,t)Ej;[j
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where

1] < (18N (V) 2+ 0™ e D) [ VB [op™) g 1 -
< C'(T,po,co,u0) || Wl

b < HPNHLw(O’T;LF) (||C||L°°(0,T;L6)+||.u||L2(07T;L6))||VC||Loo(O,T;L2)HB[POPN]HwHII/HN
< C(T, po,co,u0) | W]l

5] < HPN“NHLz(QT) B [div (p"u —1Vp)] ||L2(QT) [W]les
< C(T,po,co,u0) || Yl[e,

[I4] < C(T,po,co,up) Hat‘l’HLw(OJ)

since I' > 3. Letting y to approach 1 we conclude

§ [ (pM)d(x,1) < C(T,po,ug,co) (3.43)
or

and

§ | (p")cPd(x,t) < C(T,po,uo,co)
Or

uniformly in N > Ny. From the equation above, we get uniform bound in N > N

18(pM (Pl g < 851185p%C3 | 3 llef o< S5C(T.po.uo,co)  (B4)

42



3.3 Passing to the Limit

Using the a priori bounds given by Lemma [3.1.3] by (3.43) and by (3.44), we can pass

to a subsequence again denoted by (p",u", ¢V, wV u™) such that

(p",c") —==(p.0) in L=(0,7:L" x H'(Q))
pY——p in L' (Qr)

ps(p™, ) ——= ps(pV. V) in LTV (0r)

(oM, pVeV, SV) —— (pu,pc,S) in L2(Qr;RY x R?)

N—poo
(", 1) —— (u, ) in L*(0,T; H' (:R*))
wh ———w in L2(0,T; H(Q;R?))
N—>eo

as well as
(hVp",hV (pN logp™),hcVp, A, ™) ———0in L*(0r;R7).

As a reminder, the bar stands for a weak limit in L.

Next we define p¥ and gcV as a piece-wise linear interpolation of p™ (1), p™ (t;)c" (tk),
respectively, where #, = kh, k = 0,...,N. More precisely, p" = % X[0,] * pV and gV =
;ll X[0,1) *t (pNcY), where the convolution is only taken with respect to the time variable ¢.
Then

ap" = 9,,p" and 9,pc" = 9,7, (p"c") almost everywhere.
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Thus (3.33) yields that ;3" is bounded in L?(0, T; H~'(Q)), which implies that p» —y—se
pin L"(0,T;H 4(Q)) forall 1 <r <o, €>0

PN =N pin L7(0,T;H 5(Q)) forall 1 <r < oo, £>0
by the Aubin-Lions Lemma. In particular, this implies
PN — p in Cyea ([0,T];L(Q))

since H pY || L=(0.7:L7(2) is uniformly bounded in N > Ny. Moreover,

N

I _ﬁNHLz(QT) < HAZPN”U(QT) —N—eo 0.

Hence weak — limy .. p"¥ = weak — limy_.. p"¥ = p and

pu = lim pNu" = lim pYu"¥ =pu  weakly in L? (Qr)
N—yoo N—o0

pc = lim pVc" = lim pYc¥ =pe  weakly in L (Qr)
—>00 —»00

lim pVu = lim pNMuN =pu  weakly in L (Qr)
N—yo0 N—oo
since uV and converge weakly in L? (O, T:H! (Q)) Moreover, we denote

\/Wf (ThPN,CN) —f(ThPNythN)

N — 1N

=F (ThpNa CN7 7:th)

using the convention F(p,c,c) = 3—]:(p, ¢). Then F (p,cy,c) is a continuous function with

respect to (p,cy,¢2) € [0,00) x R? satisfying

F (pser,e2) <€ (14p3[logpl ) (1+]e1] +]eal)-
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~ (1o ) = (mp" muc)

cN—1,cN

Hence /1,0 is bounded in L? (Qr), and we can apply the result

of Section 2.4[to (pV,c") using (3.29) together with the fact that 7,0V — p" converges
p g g p p g

strongly to zero in LP (Qr) forall 1 < B < T'+ 1. We concludes that
N —Nswe inL? (O,T;HI(Q)) :

WV SNSeww  inL?(0,T;H'(Q)).

In particular, eV — N5 ¢ almost everywhere and WY —N_seo w almost everywhere in Qr

and therefore
(S li 2 N D N N -
S nglo( v (T, 7™ ) D (uV) + 1 (7™, mw?) dive)
=2v(c,w)D(u)+n(c,w)dival =S.
Furthermore, because of the growth estimate of F', we conclude that

pr(ThpNJCN) —flup ) . 9f

N — 1N N—eo P50

in L” (O,T;L?(Q))

for a suitable subsequence.

Having all necessary results at hand, we see that (u,p,c,w, i) solve

(Pu®u—S5,Vo)o,
of

. 0
= (p_57dlv (P)QT + (p,uVC —pa—{:VC, (P)

— (pu,&,(p)QT + (Powo, @l,—g) g —
(3.45)

Or
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forall @ € CEB)([O, T) x Q;R3), as well as

(P W)g, +(Po, Wl—o)o + (P, V¥W)o, =0 (3.46)
(Pc, 0 ¥) g, + (Poco, Wli—o)g + (Pcu, VYo, = (VI,VY)o, (3.47)
(pu—p%—w, l//) = (Ve,Vy)o, (3.48)

(c—M, w)ii = (Vw,Vy)o, (3.49)

forall y € C‘(’B)([O, T)x Q).
To show pg—f = p%(c), since we have convergence p" — p in Cpeur((0,T],LF (Q))

and hypothesis (1.15]), then

T of T of
N My ode d :/ < N o9t N> d
/0 /Q Proe(cpdrdr= | ( pT, 05 () T
T af T af
> [ 0.0 @2 wiaad = [ /QP%@‘PZC;;

In order to pass the limit, the following result is still needed

Ps =ps(p),

The almost everywhere convergence of p" to p can yield the above statement. It can be
obtained by similar strategy as in [2| Section 3.3]. We will put it in the appendix [A]

Finally, passing to the limit in (3.37) and (3.38)), we obtain that

En(p (1), (). () w()) + | (s vuf) de

SEm(P(S),u(S)vc(S),W(S))+/Qv po(p)divud(x, 7)

Now, using the renormalized transport equation (1.20) for b(p) = pp(p) and @ = ¥,
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(after a simple approximation), we conclude that
=t
T

| polp)divud(v.s) == [ p(e)fi(p(e))dx
Q(S‘t) Q

=S

Summing up, we have proved (3.9), which completes the proof.
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Chapter 4:  Vanishing Artificial Pressure Limit

4.1 Uniform Bounds

By virtue of the coercivity of the functions f, fo postulated in (T.14), (T.13), the spe-

cific free energy Es is bounded from below, and, by the same arguments as in Sections

2.3.3] the energy inequality (3.9) yields the estimates (2.29)-(2.43) with (u,p,c,w, 1)
replaced by (ug, ps,cs,ws, Ls) uniformly in 6 > 0. Moreover, (3.9) and (3.10) imply that

oess sup ||p5\|£r(Q)SC 4.1)
t€(0,T)

4.2  Refined Pressure Estimates

To derive a uniform bound on the pressure in the reflexive Lebesgue space L”((0,7') x
®)), p > 1, we follow the strategy as in [23]]: show that the pressure family {p(ps,cs) 50

is equi-integrable in the following sense:

T
/O /Qp(p,C)pg‘ +8p5 ¥+ 8p* T < C. (4.2)
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Let B be the Bogovskii operator as introduced in Section [3.2} Pursuing the main idea of

[23] we use quantities

1
o(1,x) =y(1)B {pg‘ - @/ng‘dx} , veZ(0,T)
as test functions in the momentum balance (3.1).

/ w(1) [p(ps) pg +8p" +* +8p> %c5] d(x,1)
_ r 2
/O y(r )/gz[p(P8)+5p5 +5P5C5 |Q|/p dxdt
= ‘l/( ) (Ss —P5 —us@us): VB[Ropg] d(x,1)

_|_/ )psusB [div (pgus)] d(x,1)

1
= |, pows 0B Rpg]dixn) = L1

J=1

1 1
1L|< HP;“&HLM(O,T;LZ)HP(% HLm(o,T;LN)HPgH (0 2673) Hu6HL2(O,T;L6)
L=(0,r

1 1
IBI< Psusl =0,7:02)1Pg | = (0,7:02m P | ( zy)
L= 0,7:L7 1

If we pick 0 < o < 27/ s b, |I3]< C(po,co,up). In order to bound |7;], a uniform bound

IPsl2r(0,7:L0(0:r3)) for a certain p > 1 (4.3)

is to be obtained. The constitutive relation (3.4), hypothesis (I.15)), and estimates (2.29),

[2.40), 2.42) imply

6
HACSHL""(O,T;LQ)S C for g > 5
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then with standard elliptic estimates

IVesl =07 < C for r>2. (4.4)
The constitutive relation (3.5) and estimates ([2.43)) yields

IVws |l =(0,7:0r)< C for r > 2. (4.5)

Moreover,

[(c =M)W|| (0, 7,03 < Wl = (0,729 €l = 0,726 (4.6)

Thus, @.3) follows from (@.4), @.3), and (@.6)

4.3 Strong Compactness of the Concentration Gradients

We follow the arguments of Section [2.4]to obtain that
cs — cin L*(0,T; W3 (Q)). (4.7)

ws — win L*(0,T;W'%(Q)). (4.8)

4.4  Asymptotic Limit for 6 — 0

First we observe, in accordance with (2.38),

us — uin L(0, T;WOI’Z(Q;R3)) 4.9)
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Then with relation (3.2)) and estimate (2.29), we have

d
E/Ps‘de:/Paus'V(de-
Q Q

where the right hand side is bounded in L?(0,T'). Thus,

H/ pspdx
Q

which implies equi-continuity of [ p5@dx(t). Then, with this fact, we verity

<C

wl2(0,T)

1 < H/ pspdx
c”2(0,7) Q

ps — p in Cweak([ov T];LY(Q)) (4.10)

for a suitable subsequence of § — 0 by applying [19, Corollary 2.1]. This fact together

with the momentum equation (3.1I)) imply

— puin Cyeer ([0, T];LY(Q)), g = ——; 4.11
psus — puin Cuear([0,T];L9(Q)), ¢ ey (4.11)
whence
. 6y
2 .79 —
psus @us — pu®uin L7([0,T];L1(Q)), ¢ 314y (4.12)
Similarly, by virtue of (I.13) (2.40),@.7).
) 3 6y
pscs — pc in Cyeax (0,T;LY (Q;R%)) for g = 617 (4.13)
pscsus —* pewin L™ (0,T;LY (Q;R?))  for g = ;’T”y (4.14)
af af . 14 (O3 oy
Ps-(cs) = p7=(c)  inCueak (0,T;L7 (Q;RY)) forg= 617 (4.15)
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and, in view of (2.42)) and (2.43),

Us — p weakly in L2 (O,T;WI’Z(Q)) .

ws — w weakly in L2 (0, T;W3’2(Q)) .

Finally, it follows from the refined pressure estimates established in (4.2)) that

% a
|85 I.te < 5

- 20 o
18036} g2 < 1903cF ™ el 7 e B2

Then, we conclude the convergence of the artificial pressure,
p(ps,cs) = p(p,c),
SpL —0 p inL9((0,T) x Q) for a certain g > 1

5p5c5

At this stage, it is easy to let 8 — 0 in (3.1) - (3.7) in order to obtain

dx=0

T
/ /(paz<p+pu-V<p)dxdt+/po<p
0 JQ Q =0

for any test function ¢ € Z([0,T) x Q),

T .
/O /Q (pu-8t<p+pu®u : V<p+p(p,c)div<p> dxdt

T
:/ /(S—IP’):Vq)dxdt—I—/mo-gD dxdt
0 JQ Q =0
forany ¢ € 2 ([0,T) x Q;RY),
T
/ /(pc&,(p+pcu-V(p—V/.L~V(p)dxdt—/poc()(p dxdt =0
0 Jo Q =0
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for any ¢ € 2([0,T) x Q),

/OT /Q Vw-Vo = /OT /Q (c—M)wdxdt (4.22)

for any @ € 2([0,T) x Q), where S satisfies (1.6)),

P=VeoVe— YL Ve viw— (c— Mwl+ LT (4.23)
_of
H=p5 +w—Ac (4.24)

provided the family of initial data {p s, (Pu)o s, (PC)0.5} 50 converges at least weakly in
L.

To complete the prove, we need to remove the bar in (#.20), or equivalently, verifying
ps — p (strongly) in L' ((0,T) x Q),

which will be show in the last section.

4.5 Strong Convergence of the Approximate Densities

To prove strong L! convergence of pg, we apply the method based on certain fine prop-
erties of the effective viscous flux established by P.-L.Lions[41], further investigated in [20]
for the case of non-constant viscosity coefficients.

First, we notice that pg,us satisfy (3.2)) in the sense of renormalized solutions intro-

duced by DiPerna and P.-L.Lions[16], cf. (T.20):

/ (b(ps)dr@+b(ps)u- Vo — (b(ps) — psb (ps)) divue) d(x,1)
0 (4.25)

—— [ b(po.s)o(0)dx
Q
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Above integral identity holds for any ¢ € 2([0,T) x Q), and b(p) = pB(p) € C[0,) any
such that b'(p) = 0 for p > M,, large enough.

To deduce relation @.23) from (3.2), we need to apply the regularization technique
developed by Diperna and P.-L.Lions[16] or [43, Lemma 6.9], a step that requires pg €
L?((0,T) x Q and ug € L?>(0,T;W'2(Q;R?). The former condition holds as a result of of
artificial pressure term % p5.

The next thing we want to show is

(p(p.c) =2 :8)b(p) = (p(p.c) ~%:5)b(p) (4.26)

where Z = (0y,0, j5 _1) i,j- This relation is the core of the existence theory for barotropic
Navier-Stokes system developed by P.-L.Lions [41].
To show (@.26)), we take the quantity

@ = y(t)v(x)VA  [xab(ps)]

as test function in (3.1)), and

¢ = y(t)v(x)VA™ ' [xab(p)]

54



in @[) And we obtain the following two estimates,
|, v (0(ps.c5) + 305 +6p%¢*)1 —S5) : # (ps) di(x.)
—/ yvus (b(ps)VdivA~! (psus) — psugs - Z [b(ps)]) d(x,1)
+/QT yvpsus - VA~ (B (ps)ps — b(ps)) divu) (4.27)
+ / WPs : Z(B(ps))d(x, 1)
+ / —psus (y)v (VA 'B(ps)) +g- VA ' B(ps)) d(x,1)

where Z = V2A~! and

g=—((p+8ps +8p>c*)—S5+Ps + psus Duz) - YVv

and
|, v@i—s):2[p [ﬁ] (1)
—/ l//vu Bb(p)VdivA~! (pu) — pu- 2 [W})d(m)
+ /Q T yvpu-VA~! ((B'(p)p —b(p)) divu) (4.28)
- QTWVpic@[ (p)]
) (—pu(a,q/)v (VA_lm> +g-VA“W> d(x,1)
where

g=—(pl-S+P+pu®ud)- yVv.

From Div-Curl lemma [20, Lemma 4.2],

b(ps)VdivA~! (psus) — psus - [b(ps)] — b(p)VdivA~! (pu) — pu-2 |b(p)]
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As a consequence of (4.7)), the “pressure” term Pg satisfies

Ps : Z[b(ps)] — P : Z|b(p)] weakly in L' ((0,T) x Q)

Then, the convergence results (#.10)-(.18) with the results above yields ([4.26).

Our next step is to use ([@.26)) to deduce the following

(5. 0b(p) — p(p.C)B(p) = (;‘v(c,w) +n<c,w>) @vhp)a-—b(p)diva)  (4.29)

where the quantity p — (%v + n) div u is usually termed the effective viscous flux.

In order to get (#.29)), we apply Lemma[A.0.T]as in Appendix [A]and obtain

X [V (Cg,Wg) (Vu5 +Vug)] —2v (Cg,Vg)diVllg
(4.30)
% : [V(e,w) (Vu+Vu")] —2v(c,w)divu

weakly in L2 (0,T;W®4(Q)) for a certain @ > 0. On the other hand, as p;s satisfies the

renormalized equation (@.23)),
b(ps) — b(p) in Cyeax ([0,T];L1()) for any finite g > 1 (4.31)

as soon as b is uniformly bounded. Combining relation (#.26) with (4.30), (#.31) we obtain

[#@.29) (see [19, Chapter 6] and [20] for details).

Equation ({#.29) can give us the strong convergence of densities:

ps —pinL'((0,T)x Q),

following the same strategy as in [2| Section 4.5]. I will put the detail in Appendix [B]

The proof for the main theorem is now complete.
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Chapter 5: Large-Time Behavior

In this chapter, we analyze the large time behavior under assumption that the limit of ¢

and U as t — oo is Lipschitz continuous.

Theorem 5.0.1 (Large-Time Asymptotic). Let Q C R? be a bounded domain with a bound-
ary of class C**V , v > 0 and {p,u,c} be a weak solution of the model - with the
initial data {po,up,co} satisfying all of the hypotheses in Theorem m Then either (i)
E(t) —ooast — oo,

or (ii) there exist positive measurable functions ps = ps(x), measurable functions cy and

;

p(t) = py in LI (),

c(t) — ¢y weakly in L*((0,T); W12(Q)) (5.1)

u(t) — us weakly in L*((0,T); W'2(Q))

\

ast — oo,
Moreover, if cg and g are Lipschitz continuous, then Py is positive, and there exists a
scalar potential F € C'(Q) such that sV cg — %’chs = V\F in Q and (ps,cs, Us) solves

the state problem

{pr<pv) - PstF — Ps(HstC - %chs) in .Q., (52)

in the sense of distribution.
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Let the sequence {tn}ff:l be such that #, — o and define the sequences u,, p,, ¢y, f by

u,(1,x) =u(t +1,,x),pn(t,x) = p(t +1n,x),

and

Cn(t;x) = C(t"‘tnax)afn(tax) = f(cn(t,x))

foreachk=1,2,...,N.

Lemma 5.0.1. Under the hypotheses of Theorem[5.0.1} we have

&
. 2 2 2 2
r}grjo/() ||VunHLp1(Q)+ Hpn|un‘ HLpz(Q) +lpn | “n|||Lp3(9)+||vx.un”Lp](Q) dr =0,
where
L, _3v 6y
P1=4p2= Y+3,P3— y+6'

The proof of above lemma can be done in similar way as in [26, Lemma 3.1.], using
energy dissipation (2.28).

Observe that, for each fixed n, the triple (p,,us,c,) is a weak solution to the particle
interaction model in the sense as in the theorem [[.2.1]

As we discussed in section 2.3] we recall some estimates. In accordance with (2.29),
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2:38), 2.31), 2:39), @.40), and 2.42)

(

P € L7([0,€];LY(R)),

u, € L2([0,&];W, *(Q)),

VPntty € L7([0,€]; LX(Q)),
pu, € L=(0,]: L7 (), e
Sy € L*([0,€] x ),

cn € L2([0,€]:W, ()

Uy € L2([0,€];W12(Q)),

\

where € is a positive constant.

Therefore, up to a subsequence, (5.3)) yields

(

pn — ps in L=([0,€]; L7(Q)),

N . 2 1,2
u, —u, in L=([0,€]; W, 7 (Q)), (5.4)

cn — ¢ in L2([0,€); Wy 2 (Q)),

= ps in L2([0,€]; W'2(Q)).

\

Moreover, Lemma|5.0.1{and the estimates u,, € L*([0, 8];W0] 2(Q)) in li yield

n—oo

€
lim /0 |17,y =0, (5.5)

which yields

u; =0, a.e. in (0,€) x Q, (5.6)
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thanks to the compactness of H! < Lg.

We notice that, in accordance with section [4.3]

pn — psin L'(0,&;Q)
cn—cs  inL*(0,6;H'(Q)) (5.7)

W —ws  in L? (0,£;H1 (Q)).

From equation for concentration (1.3, we observe that
d(pc) = —divy(pcu) + divy(mV, )

in the sense of of distributions on (0, €) x Q. Hence,

&
n+~n -5 S n . n“n V.x n .
/O [onenllw-110) < llenll 20,6500 ) llPn HLz(Oﬁ;L%(Q))JrH Hnllz2(0.6:22(Q))

The right hand side converges to 0, due to Lemma @By Aubin-Lions lemma, thus, we
show pycy is independent of ¢.

By taking the limit n — oo in the continuity equation (L.I)), we can show

/0 /st¢,dxdt:0v¢€C5°((0,8)><Q)

Thus, p; is independent of ¢.

Our next goal is to show if g and ¢y is Lipschitz continuous, the following holds

* Py is strictly positive on €,

* (ps,Cs, Us) solves the state problem (5.2)

Because lim,,_seo fos ||Vxttn||;2dx = 0 and the assumption on L , we have L is constant

everywhere.
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Together with (3.3) (3.4) (5.7), we can pass to the limit in the equation of balance of

momentum, we get

V.p(ps) = ps(us Ve — g—JCCchs) in Q. (5.8)

The right hand side of (5.8)can be expressed as p;V,F, where

F = uses — f(cs) (3.9

The assumption on ¢y makes F Lipschitz continuous. Note that we have the following

property:
1

1
vap(ps) = ;p/(ps)vxps = qu)(Ps), (5.10)

where ®(p) = [P Z~!p'(Z)dZ. We have that @ is a strict increasing function for variable
p, thanks to ®'(p) = @ > 0 and thus F is also a strict increasing function. Using the
state equation in (5.8) with the above property we just show, we achieve the positivity of
ps, thanks to [25, Theorem 2.1].

The proof of Theorem[5.0.1]is now complete.
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Chapter 6: Conclusions and open problems

This dissertation is the first one that treats the interaction of diblock copolymer melt
with compressible fluid. The works that have been done focus on static problem without
the influence of time, or on the incompressible case which is too idealized. The existence
of weak solutions to the model of compressible viscous diblock copolyer fluid has been
proved here.

The limitation of our results is that this model does not cover the case for free energy
fo(p,c) depending also on the density p. In physics perspective, it is natural for the free
energy to be related with density in a way that fo(p,c) = H(c)logp + G(c). The result can
be improved by using a more complicated form of free energy density p f(p,c) involving

logarithm as in [2]:

2

l—c 1- 1 |
:p<oc1 ‘Mot “) 6.1)

1-— 1— 1+ 1+
pf(p.c)=0up cln<pTc)+aszcln<p 20)—Bc2

2 2 2 2

1—c 1+4+c¢
+p1np(oc1 5 ’) 5 )—Bcz,

where ay,0p,B8 > 0. Moreover, this form of free energy density come from Cahn and
Hilliard [9]: oy 1—5‘ In 1%‘ + 062% In l—sz‘ It is also called Flory—Huggins logarithmic po-
tential. This f(p,c) has a corresponding pressure p(p,c) which depends on both density

p and concentration difference c. The pressure depending on concentration difference is
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more physical. Dealing with this type free energy and pressure requires more complicated
work in the proof.

This dissertation gives an insight for large time behavior assuming the regularity on the
limiting system. The large time behavior problem for compressible Navier-Stokes-Cahn-
Hilliard equations still remains open, due to the complicated right hand side of the equation
for conservation of momentum. The existing literature (e.g.[25],[26],[24]) on large-time
behavior for Navier-Stokes system and Navier-Stokes-Fourier system relies heavily on the
regularity of the forcing term. The forcing term is in the form of p f(x) where f(x) sat-
isfies confinement hypothesis: bounded and Lipschitz continuous in Q and the sub-level
sets [f(x) < k| are connected in Q for any k > 0. There are also works on large-time be-
havior of fluid—particle interaction model[10] and multicomponent reactive flows[39]. In
these works, they also follows the idea by Feireisl and Petzetolva [25],[26],[24] and has
restriction on the forcing term.

Talking about possible future work, it might be possible to work on dynamic bound-
ary condition problem for this model, if we follow the strategy as in [12] to address the
quantities on boundaries. The idea is to assume the boundary I" sufficiently smooth, and to

impose the generalized Navier boundary conditions

(S(c,Vyu)n), +Pu; =.Z(c)Vec

where 8 > 0, together with the Neumann boundary condition for the chemical potential u
and w

Vit-n=V,w-n=0, onT.
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And for ¢ the dynamic boundary conditions is imposed as follow:

dc+uVie =—-2(c)
ZL(c) =—LDrc+Ec+k(c)+dac

onI’

where £ > 0 is a constant and k a suitable nonlinear function to be specified later. Such
boundary condition can be interpreted as a parabolic equation on I'.

The incompressible case for diblock copolymer model is another aspect we can look
into. The proof will be completely different and based on spaces of fractional time and
interpolation argument. It is likely doable if we follow the strategies as in [[1] which address
the incompressible case for NSCH equation.

There is no existing numerical work done for the interaction of compressible fluid made
of diblock copolymer. But there are simulation results for static case [13[][14][15] and
incompressible case[11][40]. Our strategy on implicit-time discretization may be utilized
in proving the convergence of numerical approximations. Because this dissertation focuses
on the existence theory and the convergence of solutions in large time, the coefficient for
average of concentration difference over space is denoted by M, and the coefficient for
intrinsic length scale for minimizer is set to be 1. So in my work, the relation to Fig[T]is
not shown. But our existence theory allows people to do numerical investigation with any

kind of coefficients, so any kind of mesoscopic domains can be considered.
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Appendix A:

In this section, we will show the omitted detail in section @ for the proof of the fol-

lowing,

Ps =ps(P), (A.D)

as 6 — 0.

Since p € L*(Qr),u € L?(0,T;H'(Q)), we can use the regularizing procedure of
DiPerna and Lions [16] or [43] Lemma 6.9], to conclude that p is a renormalized solu-
tion of the transport equation (1.2) as in (1.20) for all B(p) such that b(p) = pB(p) €
C%([0,%0))NC'(0,0) and

5 Ct=% ifre(0,1]
P'(p)| <
ch ifr>1

for some A9 < 1 and A; < 1. In particular, we can choose B(p) = log p, which implics that
d/(plogp) +div(plog(p)u) +pdivu=0 in 2’ (R3 x (0,T)) (A2)

We choose v =¥/ (pN ) X0, 1IN li , where W : R — R is a smooth and convex function,
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then we get

| ¥ (0" 0)dx— [ wipo)ax
g%/tth/Q‘P(pN(r))dxdr—/Q‘P(po)dx

= | 2 (0" (@) dlx7) < /Q W (oY) 00N (2)d(x.7)

— —/ ¥ (pN) div (pMuN) d(x,T) +h 0 AN (p") d(x,7)

- / (% (™) p" 2 (")) diva + n2" (pV) [Vp™|*) d(x,7)

t

<- / (¥ (o) pV =% (p")) divud(x, )

1

because of Jensen’s inequality and p" = % X[0.1] *t p". After a simple approximation we

can replace ¥(s) by slogs. Hence, passing to the limit N — oo and using (A.2)), we have

the following

/Q(plogp—plogp)(t)dxg/ (pdiva—pdivu)d(x, 1) (A.3)
O

for almost all t € (0, T). In what follows, the symbol A~! f = K x f denotes the convolution
of f with the fundamental solution of the Laplacean on R?, where functions defined on Q

are extended by zero to functions on R3. We choose ¢ = yVA™! [pN } ,W e Cy(Qr) in

(3:32) and obtain

/Q w (PN —SY) % [pM] d(x,1)

T
- /Q yu (pVVdiva! (p¥u) — pVu® - 2 [pN]) d(x.1)
T
+ [ ypNur_, VdivA~! (pMu" —hVp") d(x,1)
Or
+ [ (=p"u¥ (959) T (WA pY) gV VAP ) d ()
Or '
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where Z = V2A~! and

N =— (p]gl—SN-l-pNuN@uN) -Vy

+hyVpN - vu" + pN (9. fN — Ny vy

With the help of corollary 6.1 in [19], we conclude

lim [ yu" (pVA'Vdiv (pVu") — pMu - 2 [pV]) d(x.1)

N—eo JOr

- /QT yu (pA~'Vdiv(pu) —pu-Z[p]) d(x.1).

Moreover, using the previous results on strong and weak convergence, it is easy to pass to
the limit in all remaining terms to conclude that

Jim Qrw(pgvl—SN)%[pN]d(x,t)

:/ yu (pVdivA~! (pu) — pu-Z[p]) d(x,1)

+/ (—pu(dw) (VA 'p) +g-VA 'p)d(x,1)

where

of

g=—(psl =S+pucu)-Vy+p=-Vc—puVe.

On the other hand, choosing ¢ = wVA~!p in (3.45) and comparing it with the latter iden-

tity, we obtain

| vwst-8)#lpld(x)
Qr (A.4)
= lim | y(p§1—-S")Z[p"]d(x,1)

N—eo JOr
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for all y € Cy (Qr). Our next goal is to show that

Jim (2 [yv (oY) (Va4 (va¥) ") | = y2v (W) diva) s
=% [yv(c,w) (Vu+Vu")] —y2v(c,w)divu

weakly in L2 (0, T;W®4(Q)) for some ® > 0,g > 1. In order to see (A.5)), we adapt the

technique of [20]. In particular, we report the following lemma [20, Lemma 4.2].

Lemma A.0.1. Let w e WI7 (Rd) and V € L2 (Rd;Rd) be given, where r > %. Then

there exists @ = @(r) > 0 and g = q(r) > 1 such that
| 06V] = WV o (raty < CONW e ) [ V1] 2z
Extending ¢V, 9, juN to be zero outside Q we intend to apply Lemmato
w=V(c5),V=[V1,V2,V3],Vi = dyus j+ ous ;i = 1,2,3,

where j = 1,2,3 is fixed. Indeed as the shear viscosity coefficient v is (globally) Lipschitz
in ¢ and w, the uniform estimate stated in Lemma [3.1.3] allows us to apply Lemma[A.0.1]
with r = 2.

Following step by step the arguments of Section [2.4] we obtain that
N —cin L2(0,T;W!'2(Q)). (A.6)

w — win L2(0,T;W!'2(Q)). (A7)
Also, we observe, in accordance with (2.38),
v — win L?(0, T;WOI’Z(Q;R3)) (A.8)
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Consequently, in accordance with (A.6), (A.7), (A.8)), we get (A.3). Combining (A.3)) with
(A-4), we obtain the essential relation

/QZW(W—P_SP)d(x,T) Z/Q W<§V(c)+n(c)) (pdivu— pdivu)d(x,T).

t

Choosing ¥ = (3v(c)+n(c)) ! above and using (A.3

, we obtain

—1
/Q(plogp—plogp)dxé/@ (§V(c)+n(c)) (Psp —Psp)d(x,7)

for some A > 0, where, because of the decomposition (3.21),

—1
/Q, <§V(c) + n(c)) (Psp —Psp)d(x,7) < A/Qt(p logp —plogp)

by the same arguments as in [19, Section 6.6.3]. Hence

/Q<p logp —plogp)(t)dx < A/Q (plogp —plogp)d(x,t)
which implies
/Q(p logp —plogp)(r)dx=0

for all € (0,T) because of Gronwall’s lemma. Thus p" converges almost everywhere to
p and

_ 9f  of
Ps =ps(p), P —p%(p,c)-
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Appendix B:

In this section, we want to show strong convergence of densities ps — p. We use the

renormalized equation (4.25)) for b(p) = pLy(p), where

ne)= [ 1Pa

4

Ty(p) = min{p,k},p > 0.

Accordingly, we obtain

[ pstilps) (®)dx+ | Tilps)divusd(xr) = [ posti(pos)dx.  (B.D
Q Or Q

At this stage, we have to show that the limit quantities p, u represent a renormalized so-
lution of @.19). Following the approach of [22] we introduce the concept of oscillations

defect measure associated to the family {ps} s :

oscplps = p1(0) =sup (1imsup | (73 (ps) ~ Ti(p)|”aar ).
k>1 §—0 JO

We report the following result [19, Chapter 6, Proposition 6.3].

Lemma B.0.1. Let

osc, [ps = Pp] ((0,T) x Q) < oo for a certain p > 2. (B.2)
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Then p,u represent a renormalized solution of {#.19).

In order to show (B.2), we make use of relation (.29) for b = T;. To begin with, as the
pressure p is given through the constitutive relation (1.13)) and {cs}5 converges strongly,

we observe that

p(p,c)Ti(p) = p(p, ) Tx(p),p(p,c) = p(p,-),

where

p(p,)Tk(p) = weakp: lim p (ps,c) Ty (ps) ,
6—0

and, similarly,

p(p,) = weaky lim p (ps,c).
6—0

On the other hand, in accordance with hypotheses (I.14), (I.13]), the pressure can be written

in the form

p(p.c)=ap”+ pu(p,c)+pp(p),a>0, (B.3)

where p,, is non-decreasing in p and p;, € C?[0, ) has compact support in [0, ).

As p,, is non-decreasing in p and 0 < T;(p) <k, it is easy to check that

(i (Parc) = i (TP ) ) (Te(pn) = Tidp) ) = 0:

whence letting n — oo we get

(P, )T (P) — Pm(p,-) T(p) > 0 (B.4)
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while, exactly as in [19, Proposition 6.2], we can show that

' P¥Ti(p) —p7Ti(p) ) dxdt
I )

T (B.5)
>timsup [ [ |Ti(ps) ~ Tilp) ' datr.
5§—0 J0 JQ
Equation (B.4), (B.9), together with (#.29) and Young’s inequality yields
0sCy+1[ps — P]((0,T) x Q) < oo, (B.6)

In particular, with Lemma [B.0.1], the limit functions p, u represent a renormalized

solution of (3.2)). Thus we get

[ pstatp)@)dr+ [ [ Tilp)divudidr = [ oL (po)dx

which, together with (B.T)), gives rise to

A(W—u@)) (T)d)ur/of/g(Tk(p)divu—Tk(p)diVll> dxdt

) (B.7)
:/O /Q(Tk(p)—m)divudxdt

for any 7 € [0,T] since py 5 — po in L' (Q). Finally, as a consequence of (B.6),

T P
/ / (7ip) ~Ti(p) ) divudxdr — 0 as k — oo
0 JQ

whence, by virtue of {#.29),(B.3)-(B.3)), we can let k — oo in (B.7) in order to obtain

| (Togip) ~plog(p)) (@) < A [ [ (pTog(p) — plog(p)) (e)ddr

for a certain A > 0 (see Section 6.6 in Chapter 6 in [[19] for details). Thus, by means of
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Gronwall’s lemma,

plog(p) = plog(p) a.a. in (0,7) x &,

in particular

ps — pin L'((0,T) x Q).

We have shown the strong convergence of densities.
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