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This paper examines local cross sections of a continuous 

flow on a locally compact metric space. Sane of the history of 

the study of local cross sections is reviewed, with particular 

attention given to H. Whitney's work. The paper presents a 

modern proof that local cross sections always exist at non

critical points of a flow. Whitney is the primary source for the 

key idea in the existence proof; he also gave characterizations 

of local cross sections on 2- and 3-dimensional manifolds. We 

show various topological properties of local cross sections, the 

most important one being that local cross sections on the same 

orbit are locally homeanorphic. A new elementary proof using the 

Jordan Curve Theorem shows that when a flow is given on a 2-

manif0ld, a local cross section will be an arc. Whitney is cited 

for a similar result on 3-manifolds . Finally, the so-called 

"dog-bone" space of R. Bing is used to construct a flow on a 

4-manifold with a point at which every local cross section is not 

homeomorphic to a 3-dimensional disk. 
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INTRODUCTION 

The existence of a local cross section to a solution of an 

n-dimensional systen of autonomous differential equations is a 

standard theoren in the theory of ordinary differential 

equations. These local cross sections exist at non-fixed points 

of the system, and they have certain useful properties. In 

particular, these local cross sections can be constructed as 

closed (n-1)-dimensional disks, and the trajectories of the 

solutions in a neighborhood of the section are homeomorphic to 

parallel line segments in a neighborhood of 1Rl'I.,. Construction 

of local cross sections to solutions to a systen of autonomous 

differential equations is straightforward, since a non-zero 

tangent exists at each non-critical point; then a small disk in 

the hyperplane perpendicular to this tangent will be a local 

cross section. In the more general case of a continuous flow, it 

is also possible to show that local cross sections exist at non

critical points . our goal is to present an overview of important 

results regarding the existence of local cross sections to a 

continuous flow and to exhibit topological properties of these 

local cross sections. 

This paper will be organized into four chapters. The first 

will cover fundamental notions related to local cross sections 
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and prove that local cross sections exist for continuous flows. 

In the second chapter we give an historical review of the origins 

of the main ideas on cross sections. The most important past 

results will be examined rather carefully. The third chapter 

contains theorems describing the topological properties of local 

cross sections. Finally, the fourth chapter will be devoted to 

the question of when local cross sections for a flow on an 

n-dimensional manifold are haneomorphic to the (n-1)-dimensional 

closed cell. It will include an unpublished elementary proof of 

this fact for surfaces and a counterexample for n = 4. 
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Chapter 1: FUNDAMENTAL IDEAS 

Let X be a locally compact metric space and let 1R_ denote 

the real numbers. Let f denote the metric on X. A flow on X is 

a mapping f: X x 1R -+ X such that: 

i) f(x,0) = x, 

ii) f is continuous on Xx 1R_, 

iii) f (f (x,s) ,t) = f(x,s+t). 

For ease of notation, we may abbreviate this flow by 

suppressing the f, so we have f(x,t) = xt. Note that for each t, 

x ➔ xt is a horneanorphisrn of X onto X. This one-parameter group 

of transformations of the space X onto itself possessing these 

properties is also called a dynamical system. Henceforth, we 

suppose f is a flow on a locally compact metric space, X. This 

includes r,:\"', topological manifolds (metric spaces such that 

every point has a neighborhood homeaoorphic to 

{v E 1R": II vii < l}), and compact metric spaces. 

The set of fixed points of a continuous flow is defined by 

C = {x: xt = x for all tin '1K }. 
A point not in C which for some T > 0 satisfies the 

condition x(t + T) = xt for all tis called periodic. Since this 

equation also admits solutions of nT (n = ±1, ±2, ••• ), the 
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smallest positive T satisfying the condition above is called the 

period of the flow xt. 

The set of points {f(p,t), - 00 < t < + 00} for fixed p is 

called the trajectory or orbit of the point p and can be denoted 

f (p, - oo ,+ oo ) or 0 (p). The set of points 

{ f (p, t) , TI ~ t ~ TI I}, 

where pis fixed and -o<:>< T' < T'' < +oo, is called a finite 

~ of the trajectory and will be written f(p,[T',T'']) or simply 

p [T' , T' ' J • The number T' ' - T' is called the time length of this 

arc of the trajectory. 

Definition. Let Xo ~ C. A closed subset S of Xis a local 

cross section of length 2 I\ at x0 E X if the map 

h: s x {t: ltl ~A}-+ X given by h(x,t) = xt is a 

homeomorphism of S x { It I ~ A } onto a neighborhood of x
0

, that 

is, x0 is an interior point of the image. The image of this 

homeomorphism is called a rectangular neighborhood of Xe,. 

We would like t o show that local cross sections exist. To 

this end, we now construct a special function, G(xt), which will 

be used to prove the existence of local cross sections for a flow 

f. This construction and sane intermediate lemnas will lead to 

the main theoran on existence, Theoran 1. Theorem 2 and its 

corollary will give some properties of local cross sections that 

can be derived from our construction. 

we will use the notation Cl and Int for the operations of 

taking the closure and interior, respectively, of a subset of x. 

Let x 0 be a non-fixed point off. Since Xis metric, it 
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satisfies the Hausdorff condition, and since it is locally 

compact, it is completely regular. Hence there exists a 

continuous, real-valued function Pon X such that 

where t 
O 

> 0, x
0 

t
0 

f x
0

• since we are assuming X is metric, 

then P = \ (x
0
,x)/ \ (x0 ,x0 t 0 ) will work. 

-t. 

Set G(x) = S p(xs)ds. It follows that 

0 

to 
t. 

G (xt) = S P [ ( xt) s 1 ds = S P[x(t+s)}ds 

0 

0 

t-ti:0 

= S P(xs)ds, and 

t 

~ G (xt) / d t = P [x ( t+t o ) 1 - P (xt) • 

Clearly G (xt) and () G (xt) / O t are both continuous functions 

of (x,t). 
From this construction it follows in particular that if 

t = 0 and x = x
0

, then a G(xt)/Ot:: 1 and there exists a 

neighborhood u, of Xo and ~ > 0 such that 

~ G (xt) / o t > 0 for x €. U,, \ t I < 4 ?i • 

so G(Xo ?i) > G (xo) > G(Xo(- A)), aoo thus there is a neighborhood 

U2. of Xo such that 

G(XA) > G(Xo) > G(x(-A)) for all x in u.l.. 

Let u be any neighborhood of Xo with Cl (U) C u, n Ua_. set 

s:: {x: G(X) = G(Xo)l n Cl(U)[-~ ,;\1, 

F = s [- A , I\ ] • 



6 

We will now consider some properties of these objects which 

will enable us to prove that Sis a local cross section. As we 

begin to study Sand F, let us note that clearly sand Fare 

closed and x 0 E S. 

Lerrma 1. Cl (U) C F. 

Proof. Take any x in Cl (U) • Because Cl (U) C U ~ , we know 

that G (x ~) > G (x0 ) > G (x (-A)) , where Xo is the non-fixed point 

we chose to construct u, and U~. Therefore, we can find 

t E (- A , ?. ) such that G (xt) = G (Xo) • But this implies that xt 

is an element of s. Therefore, xis an element of F. Hence 

Cl (U) C F. // 

Lerrma 2 • If x E S, xt E S, and I t / ~ 2 A , then t = 0. 

Proof. Suppose there exists x E. S and t E (0, 2;:\ J such 

that xt E s. By definition, S is a subset of Cl (U) (-~ , ~], 

which implies that x = yt', where y € Cl (U) and / t' / ~ ~ • 

Now consider the set y (-3 ~ , 3 ~]. Both x and xt are in 

y [-3 ~, 3A] . SinceCl(U)C u, by construction,~ know y E u, 

and so dG(yt) / r!J t > 0 fort E [-3A ,3 /I). Also t+t' and t' are 

in (-3 '.,\ , 3 /\ ], and so we get 

G(yt ' ) = G(x) = G(Xo) = G(xt) = G(y(t+t')). 

But this is an impossibility, since G(ys) is increasing on 

Lemna 3. For each x € F there exists a unique y Es and t, 

I t I ~ /\ , such that x = yt • 

Proof. Suppose we have Y1 and Y~ in S, and t, and t
4 

with Jt;I ~ ~ , i = 1, 2, such that x = y,t,and x = Y,a.t.i.. This 

I 
I 
I 
I 

I 

I 
I 
I 

I 
I 
I 
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implies that y I t 1 = Y.1 t.2. By the group property of the flow this 

implies y, = y~ (t.z. - t,). But lt.z - t, I~ 2~. Soy, E. s 

implies t.1 - t, = 0 by Lanrna 2. Hence t, = t.i . Then y
1 

t 
1 

= Y.a t.i 

= y_, t 1 which implies y, = y .i. • I I 

Now we are ready to show the main result of this chapter. 

Theorem 1. Local cross sections exist at non-fixed points 

of the flow f. 

Proof. Let s and A be constructed as above. Consider the 

map h: S x [-), 1] ➔ X given by (x,t) -; xt. 

Since xis locally compact we can assume Cl(U 1 ) is compact. 

It follows that Cl (U), Cl (U) [-A , A], and S are all compact. The 

map his continuous because f is. By Lemna 3, his one-to-one 

and onto F. Hence, h is a hooieomorphisrn, because S x [- A , A ] is 

compact. Finally, Lanrna 1 implies that Fis a neighborhood of x 
0 

since u is open and this lanrna shov.ed that Cl (U) C F. I I 

Let us define the map p: F ...,. S by p(x) = Y if x = yt, where 

yEsand ltl iA-

Lerrma 4. The map pis continuous, closed, open, and 

p(Cl(U)) = S. 

Proof. By Lerma 3, the map p is well-defined. The map p 

will be continuous if for every convergent sequence (x~) in F 

converging to x, say, the sequence (p(x")) -t p(x). Let (xiJ be 

a sequence in F converging to x € F, p(x) = Y = xt, It\~ A, 

and p (x~) = y"'- = x" t 11 , It,./ ~ ~ • If tn. does not converge to t, 

there exists a subsequence x~~ such that t~K converges to 

t' =I= t. Clearly t' E [-A, A] since It" I i A . But 
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p(x11.,.) = Xn.,t,.lf ➔ xt', and xt' E. Cl(S) = S because x,,,.tnic €. s. 

Therefore, t' = t, p(x~) ~ p(x), and sop is continuous. 

Now to show that pis closed let p(x~) = x"t~ be a sequence 

in S converging to y E S. Because [ - A , A ] is compact, there 

exists a subsequence (Xnk) such that (tn1e) converges tot' in 

[-A, A]. We know that (xl\tc) = ( (Xn1et"ic) (-t"ic)) -+ (y(-t')) E F 

since Fis closed. Clearly, p(y(-t')) = y. It follows that pis 

closed. 

'lb show that p is open, let V be open in S [-A , ';\ J. Let 

x Ev, so p(x) = y, where y € s. We need to show that p(V) is a 

neighborhood of yins. Since Vis open and his a 

homeanorphism, v:) h(U x I) where U is open in Sand I is open in 

[-;\ ,~]. Clearly U = p(h(U x I)) C p(V), sop is open. 

To complete the proof, we show that p(Cl(U)) = s. Since 

Cl (U} C F and S C Cl (U) [-A, A], the map P is onto. Hence 

S C p(Cl(U)). Obviously, p(Cl(U)) C S. So p(Cl(U}) = s. // 

Given the mapping p above and the properties we sho\\ed it 

has, we observe that if Cl (U) has a property, say rP , and 

property tP is preserved by closed or open continuous maps, then 

S has property (f) , by Lamia 4 • (This wi 11 be important later.) 

In particular, we have the next theoren. 

Theorem 2. The following hold: 

(a) If Cl(U) is connected, then Sis connected. 

(b) If Cl(U) is locally connected, then Sis locally connected. 

Proof of (a). The image of a connected space under a 

continuous map is connected. 
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Proof of (b). Lanma 4 shove:l that pis a closed map, and 

also by Lanma 4 we have p(Cl(U)) = s. A standard result from 

topology (see, for example, Hockihg and Young, [6], p. 125) is 

that the image of a locally connected space under a closed map is 

locally connected. Hence p(Cl(U)) = sis locally connected. // 

Theorem 2 has a corollary which gives as a consequence an 

important property of local cross sections when Xis a manifold. 

Corollary l_. If Cl(U) can be chosen compact, connected, and 

locally connected, thens is arcwise connected. In particular, 

if Xis a manifold, there exist arcwise connected local cross 

sections. 

Proof. Theorem 2 proved that if Cl(U) is connected and 

locally connected, thens will be connected and locally 

connected. swill also be compact since it is a closed subset of 

Cl(U), which is compact by assumption. By a standard theorem in 

topology (see [6], p. 116), each two points of a compact, 

connected, and locally connected metric space can be joined by an 

arc in the space. // 
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Chapter 2: HISTORICAL REVIEW 

The proof for the existence of a local cross section 

presented in the previous section is a modification of that given 

by Hajek in his 1965 paper [41, and is very similar to but less 

cunbersome than Nemitsky and Stepanov's proof, page 333 of [7]. 

Hajek refers to the work of Whitney [8], whose three papers ([8], 

[9], [10]) appear to be the sources for most of the important 

ideas on local cross sections of flows. This will be more fully 

explained later in this section. In addition to his existence 

proof, which is in the slightly more general context of separated 

uniforrnisable spaces, Hajek [41 presents a proof of Whitney's 

result that if there is a flow on a 2-rnanifold with a sections 

which is a locally connected continuum, then the section is 

either a simple arc or a simple closed curve. His proof relies 

on showing thats is a local dendrite, and later in our paper we 

will give a more direct route to this result. Nenistsky and 

Stepanov [7] cite Bebutov [1] as the source for their existence 

proof, but do not mention Whitney. 

Let us look carefully at Whitney's results. In [8] 

Whitney's primary purpose is to study families of curves which 

satisfy certain regularity conditions. To understand his 

definition of a regular family of curves, we will need to use the 

I I 
I 

I 
I 

I 

j 

..... 
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notion of the span between two arcs. Whitney considers a family 

of curves whose points form a separable metric space with 

metric f. He gives the following definition, first introduced 

by Frechet. 

Definition. Given two arcs, pq and p'q', homeomorphic, with 

P corresponding to p' and q to q'. Let d (H) be the upper bound 

of all numbers f<r,r') for corresponding points r, r'. Then the 

span between the arcs pq and p'q', written 0--(pq,p'q') is defined 

to be the lo\tter bound of the numbers d(H) for all such 

homeomorphisms between the two arcs. 

Now, we turn to Whitney's object of study. 

Definition. A set of curves forms a regular familx, F, if 

no two intersect, and if given any arc pq of a curve C of the 

family and any l > 0 there is a 8 > 0 such that if p' lies on 

C' and r (p,p') < d, then there is an arc p'q' of C' such that 

0-(pq,p'q') < C.. 

These regularity conditions are satisfied by solution curves 

of autonornous systems of differential equations and also by 

trajectories of a general flow owing to the continuity in initial 

conditions. In fact, Whitney's main purpose in {BJ is to show 

that a flow can be defined over any regular family of paths. The 

bulk of his paper is devoted to proving the next theorem, which 

we quote from {BJ, p. 269. 

Theorem. A function f(p,t) can be defined over any 

(regular) family of paths, with the following properties: 

(1) For each point p of X and any number t, - 00 < t < + OQ , 
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there is a unique point q = f(p,t) which lies on the curve C 

through p, or coincides with p if pis an invariant point. 

Further, for each point q of C there is at such that q = f(p,t). 

(2) f(p,t) is continuous in both variables. 

(3) If pis not a critical point, f(p,t) moves in the 

positive (negative) direction along the curve C through past 

increases (decreases). 

(4) For each point p of X and any two numbers t' and t'', 

f(f(p,t') ,t''] = f(p,t' + t''); also f(p,0) = p. 

Any such function off we say defines a flow in X. 

Without presenting a proof of this theorem, we will give a 

brief sketch to try to show the flavor of Whitney's construction. 

Whitney covers a regular family of curves with what he calls 

tubes and pseudotubes consisting of sets of arcs. These arcs are 

non-intersecting and self-compact, that is, any sequence chosen 

from these arcs contains a subsequence approaching an arc pq of 

the set: lim a- (pq,p~q~) = 0. For tubes, in addition, any set of 
t\ ... 00 

arcs in the tube must contain inner points. He shows that the 

ends of these tubes are "cross sections." On the tubes he 

defines a continuous mapping which associates a unique number t 

to each point on an arc. He patches tubes and pseudotubes 

together at fixed points so that the mapping will be continuous 

over the whole arc. By modifying some of his earlier 

constructions of continuous functions over families of regular 

curves, he is able to show that a continuous flow - a function 

satisfying all the conditions of his theorem - can be constructed 
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over any regular family of paths. 

In the course of Whitney's analysis of families of regular 

curves there are two important sidelights. They are the key idea 

used to prove the existence of cross sections for flows and the 

remark that on surfaces local cross sections are arcs. We will 

look at these two subtopics separately and in some detail. 

We begin by examining the fundamental idea for the local 

cross section existence proof. Early in this paper on regular 

curves, (8], Whitney gives the following definition, which we 

quote. 

Definition. Take an arc pq of the regular family F and a 

A> 0. The A -neighborhood of pq, N~(,EXl), consists of all arcs 

p'q' of F such that O-(fXl,p'q') < ?i. 

He uses this idea of neighborhood as a basis for his 

definition of a "cross section," which we quote from [8] p. 256. 

Definition. Let p be a point interior to a curve C of the 

regular family F. A set of points S forms a cross section 

through p if the following hold: 

(1) Each point p' of S lies within an arc qo'q,' of F such 

that for some 'A' > 0 each arc of N ~• (q o' q •') contains at most one 

point of s. 

(2) plies within an arbitrarily small arc q 0 q, of F such 

that for some A> 0, each arc of N~(q 0 q 1 ) contains exactly one 

point of S (hence pis in S). 

(3) S is closed. 

Whitney concludes [8] with a sketch of an argunent intended 
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to show that cross sections exist through non-fixed points of a 

flow. He sets qt= f(q,t) and defines a continuous function 

I 

B-(q) = { f (qt,P) dt. 

By the group property of a flow he knows (qc>t = q£•t. Whitney 

concludes ((8], section 29): 

"Hence, given a point q£ on the curve through q, WE! find by 

a change of variable 

, .. c [ 

~(qc) - B-(q) = J (' (qt.,p) dt - f l (qvp) dt 

and thus ,e. has a partial derivative along each curve: 

e-• (q) = ~~(q)/ ~ t = f (q, ,p) - f (q,p). 

~• is continuous and positive near p: -&' (p) = f (p, ,p). 

Hence on each curve passing near p we can find a point q 

for which B-(q) = -0-(p); these points are easily seen to form 

a cross section." 

Whitney does not offer more in the way of proof for his 

claim, but this function -e- is exactly the function <f> used by 

Nemitsky and Stepanov when they rigorously prove the existence of 

cross sections in (7]. This function is also the key 

construction in our proof of existence; we called the function G. 

Our construction follo~ Hajek (4], who offered a mild 

generalization of Whitney's idea by doing his proof for the case 

where xis a separated, uniforrnisable space. More importantly, 

I 

I 
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in the l ast sentence in the above quote Whitney gives the 

s trategy used in all the existence proofs for local cross 

sections. 

Now we turn to the second important subtopic in Whitney's 

1933 paper [8). This is his remark that on surfaces local cross 

sections are arcs. Whitney gives a short proof that if the space 

Xis locally connected, then any cross section is locally 

connected at all inner points ([8), p. 259). Then he asks, if F 

i s a regular family of curves filling a region in Euclidean 

n-space, is there a cross section through any inner point of a 

curve which is a closed (n- 1) - cell? His full reply, in the case 

of surfaces, is as follows: 

"If n = 2, the answer is yes. For any connected cross 

sections contains two points p and q such that dropping 

out any other point of S disconnects these points; hence S 

is an arc." ([8), p. 260) 

Moreover, in the study of flows on surfaces, Whitney's paper 

of regular curves has been the standard reference for the 

existence of local cross sectional arcs. He also says in the 

same paper that the answer is in the affirmative for n = 3. We 

discuss this later. 

Now let us look at the results of another source. Nernitsky 

and Stepanov prove existence of local cross sections for both 

systems of autonomous differential equations and general flows. 

First, consider a non-fixed point of an autonomous system of 

differential equations. If N is a neighborhood of this point, 
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Nanitsky and Stepanov define a section of N to be a closed set 

which has one and only one point in corrmon with every trajectory 

arc in N. They prove such sections exist by constructing one 

through an arbitrary non-critical point of a differentiable 

systan ((7], pp. 30 - 32). 

With more effort, Nenitsky and Stepanov flesh out the proof 

of the existence of cross sections for the more general flows 

introduced in Whitney's paper. Given a finite tube or flow box y 

= f(E, [-T,T]) on any set ECX, they call a set FCY, closed in Y, 

a local section of Y if to each point q f Y there corresponds a 

unique number t,- such that f (q, ti) ~ F and It,. I < 2T. Then they 

prove this theoren. 

Theorem. Given a non-fixed point, P, of a flow on a metric 

space, for a sufficiently small t' > 0 there can be found a 

number o > 0 so that the tube constructed on S (p, S ) = 

{y6X: f (P,Y) < o} of time length 2t' has a local section. 

For their proof, they define a function akin to our G(xt) as 

Whitney does, and they show that the section for the tube y = 

f(ClS(p,~),[-t', t']) is the set Q of points qEY for which 

G(q0) = G(p0). Even though E can be any subset of X in their 

definition of cross section, we note that they prove the 

existence of a cross section in the special case where 

E = S (p, S ) • 

we mention that the local cross section constructed by 

Nanitsky and stepanov is not equivalent to ours, so their proof 

of existence is not quite adequate for us. The most that can be 

I I 
I 

-
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said if we are given a cross section constructed by Nemitsky and 

Stepanov is that a subset of it can be found which is a local 

cross section by our definition. Hov.ever, a local cross section 

by our definition will also be one according to theirs. 

Nemitsky and Stepanov also prove that a non-critical point 

of an autonomous differential system which satisfies existence 

and uniqueness conditions (such as a Lipschitz condition) has a 

neighborhood, N, in which the trajectories of the system are 

homeanorphic to parallel straight lines in E c. '!R"' or 1Rn♦ 1. ( [7], 

pp. 30-32.) For a general flow, their main result regarding the 

topological properties of the flow in a metric space in a 

neighborhood of a non-critical point is the following theorem. 

Theorem. If a finite tube Y of time length 2T, constructed 

on a set E, has a local section S, then Y is hcrneomorphic to a 

system of parallel segments of a Hilbert space. ([7], pp. 236-

238]). 

Of course, local cross sections or transversals have been 

used in ordinary differential equations since the time of 

Poincare. A modern construction of a transversal is given by 

Hale, for example. suppose we are given an autonomous 

differential equation 

X = f (X) 
(*) 

where f: x ➔ 1R I\, is continuously differentiable and x is 

• 1i) I\. 

open 1n II\ • Let (f be the orbit through a non-critical point p 

in x. suppose a function f: B .. ➔ 1R"" is continuously 

1R l'l•I I 
differentiable, where B Cl(. = { u in , I u < o(,}. · Let 

I I 

I 

I 
I 
I 
! 

I 
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lfl(0) = p, and suppose the rank of the Jacobian matrix 

[ ~ 'I' (u)/ 3u] is n - 1 for all u in Boe. • Then the set 

E ;·• = { X in ~ti,., X = \/-' (u) , u in B °' } 

is called a differentiable (n-1)-cell through p. 
I'\" I 

E is said to 

be a transversal to rf 
n•I 

at p if for each p' E.. Ep , the path ip' 

11-1 

through p' is not tangent to E at p'. This is equivalent to 

the condition that the tangent vector to t'p' at p' is linearly 

independent of those vectors tangent to E""' at p'. This means 

D(x,u) = det [ 1'1' (u)/)u, f(x) J f 0 for u < o<. for sane 

o(, > 0. 

Assume D(p,0) + 0. Hence there is an o<. sufficiently small 

to ensure that D(x,u) + 0 for fx-p/ <"-,I ul < Ol, since D(x,u) 

is continuous. So when pis a non-critical point of (*) a 

transversal to tp will always exist at P, and with ol chosen 

small enough, E""' will be transverse to all the paths that cross 

it. 

Now let us specify that f (t,p') such that 'f (0,p') = p' is 

the solution of (*) which describes the orbit 6p' through p'. 

There is an interval I having zero in its interior such that each 

~(t,p'), p' E Efl•• is defined fort€ I. Therefore, the 

function <f (t,p') = cf (t, \f'(u)) can be thought of as a mapping H 

1R ""' • 
Of I x Bot ➔ 

If we define 

H is continuously differentiable in I x B«. • 

-t 

+ \U(u) + Sf ( f (s, lfl (u)) ds 

F(x,t,u) = -x T 0 

then F ( f (t, 'fl (u)) , t,u) = 0. For convenience, let y = (t, u) and 

H (y) = f (t, 'f' (u)). So v.'2 have F (H (y) ,y) = 0. 



19 

Finally, by the chain rule we know that o H/ o y will be 

invertible whenever, F(x,y)/i)y and }F/)x are invertible at 

(H (y) ,y). Hence, c>H/ c>y will be invertible at (0,0). So the 

inverse function theorem implies that H- 1 exists on a 

neighborhood of p. That is, there exists ol > 0, t > 0 such that 

His a continuously differentiable haneomorphism of I(t) x B~ 

onto the open set f (I (t), 'P(B «- (0))) in 1R 1
", where I (t:) = 

{t: -t < t < t }. • • I'\- I 

Because of this haneomorph1sm, E 

corres{X)nds exactly to our local cross section. Also, for fixed 

u, {H (t,u): It I < t } coincides with the arc r I given by the 

solution f(t,p'), -t < t < t. The range of the map His often 

called an ~ path cylinder. For details, see Hale [5], pages 

43-44. 

'Ihe central ideas here - the existence of a transversal 

through any non-critical {X)int, p, and the existence of an open 

path cylinder having pin its interior -- are the ideas we sought 

to generalize with our definition of local cross section and the 

proof of its existence. 

Earlier in this chapter we mentioned that Whitney also 

claimed in [8] that a local cross section through a {X)int in 3-

space will be a closed 2-cell. This claim is based on work he 

published in his papers [9] and [10]. In [9] Whitney gives a 

characterization of a closed 2-cell based on the following 

theorems that we quote: 

Theorem 1: Let R be a continuous curve containing the 

simple closed curve J, such that 
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(1) J is irreducibly homologous to zero in R, and 

(2) If g is an arc with just its two end points a and b on 

J, then R - g is not connected. 

Let R' and J' be defined similarly. Then Rand R' are 

homeomorphic, with J corresponding with J'. 

Then, the fact that Risa closed 2-cell follows immediately 

from his next theorem, which states: 

Theorem 2: If I is a circle in the plane and Sis I with 

its interior, thens and I satisfy the conditions prescribed for 

Rand Jin Theorem 1. 

He notes that Jin Theorem 1 corresponds with the circler, 

that is, J is the boundary of R. 

Whitney proves in [10) that the hypotheses of Theorem 1 hold 

when R = Q where Q is a cross section through any non-fixed point 

in a regular family of curves in 1R3
• Thus Q, a local cross 

section, is a closed 2-cell. 

A natural conjecture might be that this result of Whitney's 

holds for all n. Hoy.ever, the work of Bing ([2), [3)) provides 

an interesting counterexample in 1R1 
to the fact that cross 

sections of flows in 2 or 3 dimensions are homeomorphic to closed 

1- or 2-cells, respectively. In his 1957 paper [2), Bing 

describes a decomposition space of 1R3 
which is topologically 

different from 1R3
, and it is not a manifold at at least one 

point. The second paper we cite [3) proves the surprising result 

that the cartesian product of this decomposition space with 1R 

. . 1R ➔ 
1s homeomorphic to • 
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Now, given any space Y, we can always define a flow on 

X = Y x 1R by setting 

f((y,s),t) = (y,(s + t)). 

Now, if U is an open set of Y containing y E Y, then ClU x {0} 

is a local section at x0 = (y0 ,0) EX of arbitrary length. In 

fact, Y x {0} is a local cross section. We now apply these 

remarks to Bing's space. Let yo be a point in Y at which y fails 

to be a manifold. Then for any neighborhood U of y0 
in Y, s = 

Cl(U) x {0} is a local cross section at Xo = (Yo,0) which is not 

homeanorphic to a closed 3-disk because Y is not a manifold at 

Yo ■ Moreover, no section at any other point on the trajectory of 

Xo will be hcmeomorphic to a closed 3-disk. We will show this 

later when we examine the topological properties of local cross 

sections in Chapter 3. Using Bing's dog bone space, as his 

example is called, to construct a flow on a four manifold for 

which local cross sections cannot be hcmeomorphic to a 3-

dimensional disk has been part of the folklore of dynamical 

systems for at least twenty-five years. 
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Chapter 3: PROPERTIES OF LOCAL CROSS SECTIONS 

In this chapter, we will examine the properties of a local 

cross section which can be derived from its definition. It will 

be assumed throughout the chapter that the local cross section , 

S, is a compact subset of the locally compact metric space, x. 

The main results are: 

1) The closure of the "interior" of a local cross section 

is a local cross section; 

2) In a finite length of time a trajectory can cross a 

local cross section only finitely many times; 

3) The topology of a local cross section is unique in that 

local cross sections through distinct points of an orbit always 

contain neighborhoods of these points which are homeanorphic; 

4) A local cross section containing no periodic points can 

be distorted by means of a continuous function to obtain another 

local cross section; and 

5) A local cross section at a non-periodic point always has 

a subset which is a local cross section of any specified length. 

we will present our results as a series of propositions. 

we first describe a construction for modifying a local cross 

section so that the rectangular neighborhood is the closure of 

its interior. To do this, we will need to identify those points 
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in S which are "interior" to s. 

As usual, let S be a local cross section at x
0 

$ c. 

s 
1 = { x E s: x E Int ( s [- ~ , ~ ] ) } . 

We know S
1 is not empty since x0 

is ins'. Now set 

. 
S* = Cl(S 1

) = Cl{x ES: x E Int(S[-A,AJ)}. 

Proposition 1. (a) S* is a local cross section. 

(b) (S*)* = S*. 

( c) S' (- ~ , ~) is open. 

( d) s 1 
(- A , ~) = Int ( S * [- A , A ] ) • 

(e) S*[- ~,A] = Cl (S 1 (-A,~)). 

(f) S*[-A,A] =Cl[Int(S*[-A,AJ)]. 

Let 

Proof of (a). We know that the mapping h: S x [-A , ~ J ➔ x 

given by h(x,t) = xt is a homeomorphism, so h restricted to 

S * x [ - ~ , A ] wi 11 also be a homeomorphism because s * c s. s * is 

closed by construction. So, it remains only to show that 

S*[-11, A] has some points of S* in its interior. Let 

x E S' C S*. Then there exists V open in X such that x E v c 

S [- A, ?i], by definition of S '. This implies h _, (V) is open, 

since his a homeomorphism. Hence there exists a set u, an open 

neighborhood of x in s, and a J > 0 such that U x (- S, b) is a 

subset of h-
1 

(V). And, again since his a haneomorphism, we see 

that h(U,(- S, ~ )) is an open subset of X containing u and 

contained in s [- A , ;\ ] . This implies U C Si C S*, and the open 

set h (U, (- ~ , $)) is a subset of S* [- A , A]. 

we have shown s* is a local section, but we have also shown 

. . 

more. In fact, this argument proves (S*)
1 

= S '. It is clear 
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that (S*) 1 C s' because S*C s. s · · th bo 
1nce x 1n ea ve argunent was 

. 
an arbitrary point ins', we have shown the reverse inclusion , 

. . 

namely S' C (S*) • • 
. 

So, s 1 = (S*) 1 
• 

Proof of (b). This follows irrmediately from (a) because 

. 
s' = 

. . 

(S*)
1 

implies S* = Cl(S
1

) = Cl[(S*)'] = (S*)*. 

Proof of (c). Takey~S
1 (-A,A). Theny= h(x,t*) = xt*, 

where x E: S ', It* / < ~ • Because x E S
I we can construct u and S 

as in the proof of (a) with the added condition that S <A_ It*}. 

Since V = h(U, (- ~, b ) ) is an open neighborhood of x, Vt* is an 

open neighborhood of y. Moreover, we are guaranteed that Vt* c 

Si (-A, A) by our choice of 8 . Hence Si (-A, A) is open. 

Proof of (d). First, it is clear from (c) that s i (-'A,~) 

is a subset of Int(S*[-A, A]). To show the opposite inclusion, 

let y E Int(S*[- ~,.A]). Soy= xt*, where x € S*, lt*I $ ~ • 

Let us first show that I t*I =t A • Suppose t* = A . Since 

lim ~ + 1/n = ~ , this means lim x (t* + 1/n) = y. So every 

"'➔-
11 ➔ 00 

neighborhood of y contains points which are not elements of 

S* (- A , ?. ] , since it can be shown that x (t* + 1/n) = x ( A + 1/n) 

is not in S* [-),) J for large n. Similarly, it can be shown 

that t* + - A. 

Now, using the fact that his a haneanorphism as before, 

there exists u open in S* and 0 < b < A - [t*/ such that 

h(U x (t* -~ ,t* + 8 )) =vis an open set in S*[-A ,)J 

containing y. rt follows that V(-t*) is an open set containing x 

andv(-t*) C S*[- A,A]. 
I 

Hence, x E (S*) and we are done 

. . 
* I _ SI 

because we have already shown that (S) - • 
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Proof of (e). It is clear that Cl (S 1 (-A,~)) is a subset 

of S* [-1 , A], so we need to show the opposite inclusion. Let 

Y E S* [- A , A ] so y = xt* where x E. S* and / t* I ~ A . If x € Si 

and lt*I < A there is nothing to prove. We will consider two 

cases. . 
First, if x € s' and t* = A , then y = lim x [ ~ (1 -

MOO 
1/n)] I 

that is, y is the limit point of a sequence of points in 

S 
1 
(- ?i, A). Therefore, y E Cl(S

1 (-A,~)). The argument is 

similar for t* = - A . 

In the second case, y = xt* but x (f. S 
1 

• Hence, there 

exists (x~) ins' such that x~..,. x. Assume for convenience 

t* > 0. As before t* (1 - 1/n) _.. t* and t* (1 - 1/n) E. (-~ , ?i) 

for large n. By the continuity of the flow we have 

lim x~[t*(l - 1/n)] 
., .. ao 

= ( lim x "" ) ( limt* ( 1 - 1/n) ) = 

l\ ➔,O 
l'\➔ 00 

xt* = y. 

So y is the limit of a sequence of points in S' (- A , A ) , and 

y E Cl (S 1 
(- A , ~ ) ) • Again, similar proofs work for t* < 0, and 

t* = 0. 

We have shown in all cases S*[-A, ~] C. Cl(S 1 
(-'), )i)) and 

hence s * [ - ). , ;\ ] = C 1 ( S 
1 
(- A , ~ ) ) • 

Proof of (f). This follows imnediately from (e) using the 

result in (d) . // 

Proposition~- Given x EX and T > 0, and Sa local cross 

section of length 2 A • 

(a) If T 5_2 A then x[-T,T] can intersect the local cross 

sections at most one time. 
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(b) If T > 2A then x(-T,T] intersects Sat most finitely 

many times. The number of intersections is at most T/2 A . 

(c) An orbit xlR can intersect Sat most a countable 

number of times. 

Proof. (a) Since s has length 2 ~ , this is clear. 

(b) By (a), 8(x) can intersect Sat most once for every 2A 

uni ts of time. 
CIO 

(c) 1R = ,}-='..,(n2'i\, (n+l)2ti], and xt E: S at most once for 

t €. (n2').,(n+l)2~ ]. // 

The next result is that the topology of a local cross 

section is unique. This idea is stated precisely in Proposition 

3. 

Proposition l· Let s 1 ands~ be local cross sections and 
. 

let x I and x.J.. lie in s,' and S.l. 1 , respectively. If x I and x, are 

on the same orbit, then there exist neighborhoods U1 and u,,. of x, 

and X,1. in S I and S,2 , respectively, such that U I and U~ are 

horneanorphic. 

Proof. Let 2~j be the length of Sj , i = 1, 2. Without 

loss of generality, assume A.t ~ A 1 • Since t) (x 1 ) = ~ (x,1.) , we 

must have x,1 = x I t* for sane t*. since x~ E S,' , there exists an (. 

> 0 such that the E. -ball at x,1, B c. (~) = 

{xEX: p<x~,x) < f.. }, is a subset of S,1[-~.i/2, .A..,/2]. By 

continuity, choose 8 so that B~(x,)t* C B~(x~) and B1 (x,) c 

s, [-A,, 1.J. Now, using the usual horneornorphism frorn 

S I x [ - A, , ~ 1 ] _. S 1 [- 11 , , A , ] , we can find U 1 , an open subset 

of s,, with x 1 € u1 , and i > 0, such that h(ClU 1 x · [-'>},"I]) C 
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B ~ ( X I ) • Let V be the open set h ( u I X ( - 7l , 't'j ) ) = V. 

Now consider the map r: ClU 1 - Sa. given by 

r(x) = p(f(x,t*)) = y, 

where the map p was defined after Theorem 1 in Chapter 1 for s~. 

Specifically, p(xt*) = y, provided xt* = yt for yf: s~ and 

ltl ~ A.i.. 
Since r is the composition of two continuous functions, it 

is continuous. We now show r is one-to-one on ClU 1 • 

If r(x') = r(x''), x', x'' E ClU 1 , then p(x't*) = p(x''t*) = 

y, where y ES~. That is, yt' = x't* and yt'' = x''t*, where 

I t' I, \ t' 1 
\ < A:i. • Solving for y gives x' = x'' (t' - t' '). If 

x' f x'', we have 2A.i. 1 lt 1-t 11
\ > 2A 1 , but by construction 

2 i, L 2 ~~- This contradiction implies I t'-t'' I= 0 and hence 

x' = x''. 

Since r is one-to-one, r is a hcxneomorphism on ClU 1 by 

compactness. This implies that r restricted to u1 is also a 

hcxneomorphism. 

In order to show that r(U 1 ) = u~ is open ins~ and complete 

the proof, consider again V = h(U 1 , (-~, ~)) constructed above. 

Since V is open, Vt* is open, and by construction Vt*(. Bc.(X,1.) C. 

S.1[-A1./2, A.a./2]. Since p is an open map by Larrna 4, Chapter 1, 

p (Vt*) is open in S2 and X,2. E p (Vt*) • Now U I C. V, so 

u~ = p(U 1t* ) C p(Vt*). Also, every point in Vt* can be expressed 

as x(t+t*) for sane x "- u, and t with It I < '1 < Ail. In fact, 

since xt* and x(t+t*) are both in Be. (x~J C S~[-A.1./2, A.a./2], we 

know yt' = xt* for some y E Sil and lt'I ~ A.a./2, and similarly 
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X{t+t*) = y't''. S 1 . f ' h 
o v1ng or y we ave y' = y(t'+t-t''), where 

/t•+t-t••I .$_ It• I+ \t-t'' I< A.il2 + A.a.+ A.il2 = 2~,l. so 

Proposition 2 above implies I t'+t-t' 'I must be 0. h T erefore, y = 

Y' and p(x(t+t*)) = p(xt*), and we see that p{Vt*) c p(U,t*). 

Therefore, p{Vt*) = p(U1 t*) = u~ and u~ = p{U 1t*) is open. II 

Proposition 3 is important because it guarantees that the 

local topological properties of a local cross section are 

essentially the same at any non-fixed point of a trajectory. we 

use this fact in Chapter 4 when we give a local cross section at 

a point in 1R ~ , and this local cross section turns out not to be 

hornecrnorphic to fR3
• The local cross section is Bing's dog bone 

space. Then we can use Proposition 3 to claim that there will 

not be any point on the trajectory at which the local cross 

section is a 3-dimensional manifold. 

The fourth result of this chapter is that under certain 

conditions, a local cross section containing no periodic points 

can be distorted by a continuous function to obtain another local 

cross section. If s is a local cross section of length 2 ~ , let 

(" = min{ It I: xt ES for sane x t Sandt f 0}, and set 

r = oO if xt ~ s for all t 4 0 and X E. s. 

It is clear that (' > 2?. (by Larma 2, Chapter 1). We have the 

following result. 

Proposition±· Lets be a local cross section of length 2~ 

containing no periodic points and let g: S ➔ 1R be continuous. 

Let '( be as above. If I g (x) - g (xt) I < r- - 2A whenever x and 

xt, t / 0, lie ins, then S' = {xg(x): x € S} is also a local 
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cross section of length 2).. 

Proof. Sis a closed set and S' is the image of sunder the 

continuous map x - xg(x), so S' is compact and hence closed. 

Now consider the map h*: S' x [-A ,A] - X where h*(y,t) = 

yt = f(xg(x) ,t) = x(g(x)+t) when y = xg(x), x Es. h* is clearly 

continuous, since the flow, f , is. Since sis compact, we will 

have shown h* is a homeomorphism if we can show h* is one-to-one. 

Now suppose h*(y,,t,) = h*(y~,t 2 ). This implies 

[x,g(x,)]t, = [xig(x~)]t4 for some x,, x~ Es, and so 

[x,g (x,)] (t, -ta,) = [x.tg (X,1.)], or equivalently, 

x 1 (g(x,) + t 1 -ta,) = x_g(x,1.), and so 

x,[t,-t.1+ g(x 1) - g(x.1.)] = x,t, where lt,-t.,.\ < 2 ::\. 

This means x 1 and X 4 are on the same orbit. 

If x 1 = xa,, then g(x 1 ) = g(x1 ), which means x 1 (t,-t1 ) = X.2, 

and t, = t,,because there are no periodic points in S. 

If x, =I= xol.., then It, - t:t + g(x,) - g(x,2.) I must be greater 

than o . However , 

\t, - t, + g(x,) - g(xa,)I ~ It, - t.i.\ + jg(x 1) - g(x,1)\ 

< 2').+¥-2?i='(". 

This contradiction shows that in all cases (y 1,t 1) = (y~,t2 ) when 

h*(y 1 ,t 1 ) = h*(y~,t~), so h* is one-to-one. 

To finish the proof, we also have to show that 

Int(S'[-11,11]) =/: ~- Let x0 E s 1
• Choose & = ~/2. Since his 

a homeomorphism, we can construct an open set U (- S , 8) in 

S [-) , '>i] where U is open in S and x0 E U and, by continuity, we 

can also guarantee that lg(x) - g(x') I < A/2 for all x, x' in 
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U. Then Xog(Xo) E [U(- S, 6 ) ]g( xo), wh i ch is open . I t suffices 

to show that [U(-6 ,S)]g(x 0 ) c S'[-'::\,A]. 

Now, for any yin [U(- ~,, )]g(x 0 ), 

y = (xt) g (Xo) (where x E S, It I < ~/2) 

= x(t+g(Xo)). 

Also, for this x, xg(x) ES' . Since xg(x) and (xt)g(x0 ) are on 

the same orbit, there is a time t such that 

-xg(x)t = x(t + g(x 0 )) . 

So, since there are no periodic points, t = t + g(x0 ) - g(x), and 

ltl ~\ti+ lg(Xo) - g(x) \ 

< ~ /2 + ~ /2 = I\ . 

Therefore, y E [U (- S, S)] g(Xo) implies y E: s' [- A, A]. Thus 

[U(-S ,O)]g(xo) CS'[-A,~]. Hence Int(S'[-A,~]) I~. 

Therefore, S' is a local cross section of length 2 ?i. // 

The two obvious extreme cases to which this proposition 

applies are given in the following corollaries. 

Corollary!_. If Sis a local cross section and g = 
constant, then S' = {xg(x): x E: s} is a local cross section. 

Corollary~- If Sis a local cross section such that x ES 

implies xt * S for all t f 0, and if g is any continuous function 

fran S ➔ 1R. , then S' = {xg(x): x ~ S} is a local cross section. 

Proposition 2.· If q is any non-fixed, non-periodic point of 

the flow f on X ands is a local cross section at q of length 

2 ?i , then there exists a local cross section S' C S at q of any 

specified length. 

Proof. Without loss of generality, assume S =· S*. Fix 
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T > 0. Let k = min{ p (q,qt): ?. ~ It I < 2T}. By Proposition 2 

above, k is positive. By continuity in initial conditions, there 

exists 6 > 0 such that p (q, x) < 5 implies p (qt,xt) < kl2 for 

-2T ~ t 5_ 2T. Without loss of generality, choose S < kl2. 

Now, the homeomorphism h defined by the flow on s x [- 'A , A]➔ 

S [-A, 'A] can be used to construct an open set v = h(U, (-11 , '>'J)) 

where U is an open set in S containing q such that 

h(Cl(U),[-, ,~]) C. B s (q). Let S' = Cl(U). Then S' is a local 

cross section at q of length 2T. 

S' is closed and, by construction, q is an interior point of 

S'[-T,T]. The map h of S' x [-T,T] ➔ S'[-T,T] taking (x,t) ~ xt 

is continuous and onto. 

It remains to show his one-to-one. Suppose x1 t, = x_t~, 

\t,\, \tal ~ T. Then x, = x~(t~- t 1 ), where lta- t, I ~ 2T. If 

\ ta. - t, \ < A , then \ t.t. - t, \ = 0. So assume A ~ \ t.t. - t, \ ~ 2T. 

By construction, p (q,x2,) < 0 < kl2 implies 

f (q(t~- t 1) ,x~(t,a- t 1 )) < kl2. Using the triangle inequality, 

it follows that 

r (q,q(t,1- t,)) < r<q,x,) + f(x,,q(t~- t,)} 

= p(q,x,) + f(X,a(t~- t 1),q(~- t 1)) 

< kl2 + kl2 = k. 

This contradiction implies \t.- t,\ = 0. So his one-to-one. II 
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Chapter 4: CROSS SOCTIONS OF FLOWS ON MANIFOLDS 

In this chapter we consider flows on manifolds. We define 

an n-dimensional manifold as a compact metric space, each point 

of which has a neighborhood homeomorphic to an open ball in 

Euclidean n-space. It has long been known that flows on 2- and 

3-dimensional manifolds have local cross sections which are, 

respectively, arcs and closed disks. We will present a new 

elementary proof of this fact for the 2-dimensional case and 

complete the discussion begun in Chapter 2 of a counterexample to 

show that this result does not hold when n = 4. 

our first result shows that a local cross section of a flow 

on a surface will be an arc. 

Theorem 1. Let X be a 2-manifold on which a flow f is 

defined. If Xo 4 C, then there exists a local cross section at Xo 

homeanorphic to (0,1]. 

Before proving the theorem, we will prove the following 

lemna. 

Lamia 1. Let X be a manifold with a flow, f, and Sa local 

cross section. If x 6 s' and w is a neighborhood of x in S, then 

there exists an arcwise connected neighborhood W' of x in S with 

W' C. W. 

Proof of Lemna. Let 2?. > 0 l:e the length of S. Without 
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loss of generality, W is open in S. Hence , W (- A , A ) i s open so 

there is a closed ball B "\ (x) C. W (-A, A). Consider the map 

p: Cl (B "1 (x)) ➔ S, defined in Chapter 1, taking y - x, where 

Y = xt, x E Si, I ti ~ II. Since p is a closed, continuous map 

and Cl(B~ (x)) is compact, connected, and locally connected, then 

P (Cl (B '"1 (x))) = W' is arcwise connected as in the proof of 

Corollary 1 in Chapter 1. Finally, W' is a neighborhood of x 

because the map pis open.// 

Proof of Theorem. construct the set Cl(U) as in Theorem 1, 

Chapter 1, such that Cl(U) is a closed disk and with the added 

condition that x(± 2~) ¢ U for all x in u. Let S be the local 

cross section at Xo of length 2A constructed as in Chapter 1. 

By continuity of the flow and the fact that the homeanorphism h 

maps Xo into a rectangular neighborhood of Xo, we can find U' C 

Cl (U) and 8 > 0 so that x
0 

e U' open, and U' (-S , 6) C. u. Then 

W = U' n s is a neighborhood of Xo in S. By the lemna above, 

there exists W' c. w such that W' is an arcwise connected 

neighborhood of Xo• consider V = W' (- Ii , 6 ) , which is open. By 

our choice of 6 we know v c u, since W' c U'. Therefore, V is a 

neighborhood of xo c0ntained in u. consider the trajectory of x, 

in Cl(U). There is a first negative time, say"-, and a first 

positive time, say p, at which the trajectory of xo leaves 

Cl(U). The Jordan curve Theoren implies that Cl(U) is divided 

into two pieces by x,(" , p ) , and x, ( o< , ~ ) is on the boundary 

between these disjoint pieces. r.et A be the piece of Cl(U) 

"above" x, ( o< , r ) and B the region "below" X, ( ol , ' ) • 

since 
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V C U C Cl (U) and V is also a neighborhood of x or 

This implies W' n A =f. ¢, and, similarly, W' n B i= ¢. so there 

exists p '- W' () A and q e W' n B. 

q. 

By LEmrna 1 above there exists an arc, r, in W' C S from p to 

This arc must intersect x0 ( rJ.. , ~ ) since it stays inside u, , 

but Xo ( d. , ~ ) intersects S at exactly one point: X o. Hence the 

arc r" goes through x0 • Since o C S, this arc will be the 

desired local cross section at x0 if x 0 is in Int ( a' [- i\ , A ] ) . 

Consider a continuous function g : r - TR , where 

g(p) = g (q) = 0, and 0 < g(x) < 8 < ~ for x # p,q. 

Let 'og = {xt: x € 0 , t = g(x)}. Then the set 0 g u ¥"(-g) = J 

will be a simple closed curve containing p and q. We know that 

o9 and ¥(-g) do not intersect except at p and q because s, 

S (0, A), and s (- '.:1,0) are disjoint. The Jordan Curve Theorem 

implies that J divides u into two open regions: a bounded 

interior, JI , and an exterior, J Ii: • Clearly 

Xo E Jx: C. Int('("[-~,;\]) and the proof is complete. // 

Corollary!· If xis a 2-manifold and Sis a local cross 

section, thens; is a 1-dimensional manifold • 
. 

Proof. Through any point x in S 1 we can construct a local 

cross section which is homeomorphic to [0,1), by the above 

theorem. Therefore, x has a neighborhood in S which is 

homeomorphic to the open 1-dimensional ball, (0,1). But S' is a 

local cross section at each x es'. Hence, by Proposition 3, 

Chapter 3, each x ins' must have a neighborhood ins' which is 

homeomor h' t ' 0 1) Th1's means s' is a 1-dimensional 

p lC O 1 , • 

I 
I 

I 
I 
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manifold. / / 

corollary ~. If A is any space such that A x 1R is 

homeomorphic to ffi. ~ , then A is homeomorphic to 1R. • 

Proof. Using the projection map of Ax 11\ onto A it 

follows that A is connected and separable since 'JR~ is connected 

and separable. Define the usual flow on the space Ax 1R. Then 

s =Ax {0} is a local cross section and S 1 = A, since Ax (-1,1) 

is open in Ax 1R • By Corollary 1, A is a 1-dimensional 

manifold. So either A = 1R or A = 7r . But 7r x 1R is not 

horneanorphic to 1R~ since 7r x 1R is not simply connected. 

Therefore, A is homeomorphic to 1f\ • // 

Turning to the three dimensional case, we said in Chapter 2 

that H. Whitney gave a proof in [10] that if a regular family of 

curves fills a region of Euclidean 3-space, then any "cross

section" contains a "cross-section" which is a 2-cell. For his 

proof of this, Whitney used a characterization of the closed 2-

cell which he established in [9]. In his later paper, [10], 

Whitney then showed that the cross-section through any non-fixed 

point of a regular family in 1R3 satisfies all the conditions of 

this characterization. Therefore he concludes that the cross

section must be a closed 2-cell. 

If we ask how far we can generalize these two results to 

higher dimensions, we see right away that the analogous situation 

does not hold when n = 4. 

Theorem 2. There exists a flow on a 4-manifold with a point 

x0 at which every local cross section is not homeomorphic to a 3-
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dimensional disk. 

Proof. 

Chapter 2. 

Let Y be Bing's dog bone space, introduced in 

Define a flow on X = Y x 1R by 

f((y,s) ,t) = (y, (s+t)). 

Bing's paper [3] proves that Xis a 4-manifold, in fact 'fR~. 

Let Yo be a point in Y at which Y fails to be a 3- manifold. 

Such a point exists by Bing's paper, [2], which proves that y is 

not homeomorphic to a 3-manifold. Then if U is an open set of y 

containing y
0 

€ Y, U is not a 3-manifold either at Yo and 

Cl (U) x { 0} is a local cross section at Xo = (y0 
, 0) E: X of any 

specified length. In fact, Y x {0} is a local cross section at 

Let S' be a local cross section at Xo• By Proposition 3 of 

Chapter 3 there exists U' open in S' with x0 € U' such that u' is 

homeanorphic to an open set V of Y x {0}. Clearly 

V = U x {0} for some open neighborhood of Yo in Y. Therefore, S' 

is not homeomorphic to a 3-disk. // 

In the particular case in which a flow on a differentiable 

n-ma.nifold is determined by solutions to differential equations, 

then this flow will ali,.ays have a local cross section 

haneanorphic to an (n-1)-disk at any non-critical point. The 

reason for this is that the solution to the differential equation 

is differentiable with respect to x to the same degree that f is. 

So the construction of a transversal, which we outlined in 

Chapter 2, can always be accanplished at a non-critical point. 

It should be anphasized that the differentiability of the flow is 
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the key here. For a general flow, we used the function G(x) 

defined in Chapter 1 to construct the local cross section, 

S = { x : G (x) = G (xo)} (\ Cl (U) [- 71 , 111 • Since we could not 

assume that G was differentiable in x, we could not use the 

Implicit and Inverse Function Theorems to study Sand we had to 

use different methods to prove that Sis analogous to the 

transversal of ordinary differential equations and shares its 

useful properties. 
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