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Light beams carrying orbital angular momentum (OAM) have become a mainstay
of optical science and technology. In these beams, well-known examples of which are
the Laguerre-Gaussian (LGpm) and Bessel-Gaussian (BG,,) beams, the OAM vector
points parallel or anti-parallel to propagation, and is associated with a phase winding
2mm in the plane transverse to the propagation direction, where integer m is the
winding order or the “topological charge”. Such beams can be monochromatic.

Recently, our group discovered a new type of OAM structure that naturally emerges
from nonlinear self-focusing, which we dubbed the spatio-temporal optical vortex
(STOV). Here, the phase winding exists in a spatiotemporal plane, with the OAM
pointing transverse to propagation. In this dissertation, we extend the generation of
STOV-carrying pulses to the linear regime, demonstrating their generation using a 4f
pulse shaper and measuring their free-space propagation using a new ultrafast single-

shot space- and time-resolving diagnostic, TG-SSSI (transient-grating single-shot



supercontinuum spectral interferometry). We then demonstrate that transverse OAM
is a property of photons by experimentally confirming the conservation of transverse
OAM in second harmonic generation. Because the field of STOVs is so new, a first
principles theory for their transverse OAM was lacking. We developed such a theory
for transverse OAM that predicts half integer values of OAM and the existence of a
STOV polariton in dispersive media. The surprise of half-integer OAM values
launched a debate in the OAM community, which has been resolved in favor of our
theory by our most recent experiments. These explore how phase and amplitude
perturbations can impart spatiotemporal torques to light. We find that transverse OAM
can be imparted to light pulses only for (1) sufficiently fast transient phase

perturbations or (2) energy removal from a pulse already possessing transverse OAM.
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Chapter 1: Introduction

1.1 Outline and Motivation

The study of light carrying longitudinal orbital angular momentum (OAM) has been an

increasingly active field since it was first realized that Laguerre-Gaussian (LGp,,)

electromagnetic modes with integer radial and azimuthal indices p and m have an

OAM of mh per photon [1]. OAM carrying light beams such as LG,,, [1-4] and

Bessel-Gaussian (BG,,) modes of nonzero azimuthal index m have found uses in
optical trapping [5—7], super-resolution microscopy [8], generation of air waveguides
using LGy, beams [9], and plasma waveguides using BG,, beams [10]. Other proposed
uses of longitudinal OAM beams include turbulence-resilient free-space
communications [11-14], quantum key distribution [15,16], and driving rotating
wakefields in laser wakefield accelerators [17]. Optical vortex formation is also
ubiquitously observed in the speckle pattern of randomly scattered coherent light [18]
and has found other uses in plasma waveguides [19]. Other proposed uses of
longitudinal OAM beams include generating large magnetic fields in intense laser-
plasma interaction [20]. Note that all of these standard OAM vortices can, in principle,
be supported by monochromatic beams and hence are fundamentally continuous wave
(CW) phenomena. Standard OAM vortices embedded in short pulse beams [21-23],
which are necessarily polychromatic, have also been experimentally and theoretically

studied.



The fact that light could carry OAM oriented transverse to its propagation direction
was first revealed by a high field nonlinear optics experiment [24]. In this seminal
work, the transverse OAM density was carried by spatiotemporal optical vortices
(STOVs). In this case, the STOVs were generated from the spatiotemporal phase shear
found in filamentation and self-guiding of intense laser pulses in air [24]. STOVs form
naturally in this process and moreover are necessary electromagnetics structures that
control the flow of optical energy density during self-guided propagation. In fact,
STOVs are a universal consequence of any arrested self-focusing process [25]. Since
STOVs are carried in the spatiotemporal domain, they are necessarily polychromatic.
Once it was determined that STOVs were generated by spatiotemporal phase shear, it
was proposed that they could be generated linearly and controllably, using a 4f pulse
shaper to modify the spatiospectral domain and then return the pulse to the
spatiotemporal domain. [26] This technique was verified through the free-space
propagation measurements of pulse-shaper-generated STOV pulses, captured by
transient-grating  single-shot  supercontinuum spectral interferometry (TG-
SSSI) [27,28], and later replicated using a scanning probe technique [29].

This dissertation presents the first demonstration of linear generation of STOVs,
their free space propagation, and their orbital angular momentum dynamics. In order
to perform the measurements of this thesis, a new single shot diagnostic was developed,
capable of ultrafast time and space-resolved maps of a pulse’s phase and amplitude,

with special application to pulses with phase singularities: Transient Grating Single-



Shot Supercontinuum spectral Interferometry (TG-SSSI) [28]. This is described in
Chapter 2.

In Chapter 3, we identify a class of modal solutions for STOV electromagnetic
pulses propagating in dispersive media with OAM orthogonal to propagation. [30] The
intrinsic OAM carried by symmetric STOVs in vacuum is half-integer and for general
asymmetric STOVs in dispersive media, the OAM is quantized in integer multiples of
a parameter that depends on STOV symmetry and the group velocity dispersion [30].
This result suggests that STOVs propagating in dispersive media are accompanied by
a polariton-like quasiparticle. Additionally, the modal theory is compared to
experimental measurements of the free space propagation of STOVs.

Linear generation of STOVs and their free-space propagation is studied
experimentally and with theory and simulation in Chapter 4. These measurements and
simulations demonstrate STOV mediation of space-time energy flow within the pulse
and conservation of OAM in space-time.

Chapter 5 presents the first demonstration of second harmonic generation (SHG) of
STOVs. This experiment demonstrates that transverse OAM is conserved in nonlinear
processes and confirms that transverse OAM is a property of single photons [31].

Chapter 6 examines the effect of transient perturbations on the transverse OAM of
light. Here we demonstrate the controlled transfer of transverse OAM to
electromagnetic waves: the spatiotemporal torquing of light. This is distinctly different
from the transfer of OAM to longitudinal, spatially-defined OAM light by stationary

or slowly varying refractive index structures such as phase plates and turbulence. We
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show that transverse OAM can be imparted to a short light pulse only for (1)
sufficiently fast transient phase perturbations overlapped with the pulse in spacetime,
or (2) energy removal from a pulse without flat phase fronts. Additionally, this chapter
shows that the OAM theory presented in Chapter 3 correctly quantifies the light-matter
interaction of this experiment and provides a torque-based explanation for the first
measurement of STOVs [24].

Due to the transverse nature of the OAM carried by STOVs many of the uses found
for beams with spatial OAM may not necessarily be feasible—so finding ways to fully
utilize this new feature of light requires a more complete understanding of transverse
OAM and its behavior. Chapter 7 summarizes the results of the previous chapters and
lays out paths for future work in STOV research.

The remainder of this chapter provides technical background for the chapters that

follow, including the prior pioneering work on STOV's done in this lab.

1.2 Maxwell’s Equations

Electromagnetic field evolution is described by Maxwell’s Equations [32],

V-D=p, (1.1a)

V-B=0, (1.1b)

VXH= +8D (1.1¢)

_] atr AC

VXE = 9B (1.1d)
- at’ '



where E is the electric field, B is the magnetic field, D = ¢4E + P is the electric
displacement field, P is the electric polarization density, H = ug'B — M is the

magnetic field strength, M is the magnetization, &, is the permittivity of free space, 1,

is the permeability of free space, ¢ = (&, ,uo)_% is the speed of light in vacuum, J is the
free current density and p is the free charge density.

In this work, we consider linear and nonlinear propagation of electromagnetic fields
in a medium that is nonmagnetic, uniform, isotropic, and dispersive, where M = 0 and
we take p = 0. Contributions from free and bound charges and currents, including
plasmas and dielectric materials, are taken up by P and J = dP/dt. The response of

dispersive media (both linear and nonlinear) is determined by P and J.

1.3 Beamlike solutions to Maxwell’s equations

As preparation for our later development of a spatiotemporal wave equation and its
beamlike solutions, we first review the more common and well-known beamlike

solutions to Maxwell’s equations. Manipulation of Maxwell’s equations (1.1) yields:

VZE L OE GZP—V(V E)+a]+V><aM (1.3)
otz Moz T ot ot - '
The medium is assumed to be uniform and isotropic, so
V2E 1 0%E d%P _ 0 (1.4)
otz Hoge T '
and
k%E = w?uye(w)E, (1.5)



in the Fourier domain, where &(w) = 80(1 + )((a))) is the dielectric function, giving
the dispersion relation k?(w) = w?pye(w). Then given a monochromatic field (k, =
k(wy) = (w%,uoe(wo))l/z) propagating in the z direction with spatial dependence
E(r,t) = A(r) exp(ikoz — iwgt) + c.c. and r = {x,y,z}, using the dispersion

relation and taking |0%2A/0z?%| < |i2k, 0A/0z| gives
J0A
2k, — = —V2A, 1.6
Ze 97 L (1.6)

Beamlike modal solutions to this equation in rectangular coordinates are the well-

known Hermite-Gaussian (HG) modes

HGmn(x:yrZ)z Amn o Hm(x\/i>Hn<Y\/§>

w(z) ™ \w(z) w(z)

x*+y? o xP+y?
X exp <— w2 + lkOT(z) — u,bmn(z)>, (1.7)

where A,,, is a normalization constant, H,, is a Hermite polynomial of order m,
w(z) = WOW is the propagation dependent beam waist, w, is the
transverse beam waist, R(z) = z(1 + (zz/2)?) is the radius of curvature, Y,,,(z) =
(m +n+ 1) arctan(z/zg) is the Gouy phase, and zz = kow§/2 is the Rayleigh

length.



In cylindrical coordinates x = pcos¢ and y = psin¢ the same equation has

Laguerre-Gaussian beamlike mode solutions

|m|
_ 1 pV2 2p?
LGpm ('D' ('b' Z) - Apm (w(z)) (W(Z)) me (WZ(Z))
2 2
X exp (- = -+ ko 2;’(2) +ilp — il/me(z)>, (1.8)

where A, is a normalization constant, L,, is the associated Laguerre polynomial of

|LGym (o, )| arg[LGym (p, )]

Figure 1.1 Shows the amplitudes |LGpm(p, ¢>)| and phase arg[LGpm(p, (,b)] for

Laguerre-Gaussian modes of radial orders p = 0,1,2 and azimuthal orders m =
0,1,2.

radial order p and azimuthal order m, and ¥,,,,(z) = (Im| + 2p + 1) arctan(z/zg).
Figure 1.1 shows the amplitude and phase of the first few orders of LGy, modes. The
plots in Fig. 1.1 for LG, ;,n >0 show optical vortices in the transverse spatial plane where

there is a discontinuity in the phase and an accompanying null in the amplitude. The



phase fronts for LG beams exhibit a screw-dislocation [33] whereas in STOV pulses,
the winding is about an edge dislocation [24,34].
The Laguerre-Gaussian and Hermite-Gaussian modes each form a complete basis

and can be used to decompose any paraxial field into a superposition of LGy, or HGpp,

modes [35] which will be of particular interest in Chapter 3.

1.5 Orbital Angular Momentum of Light

It was only relatively recently realized that pure LGpm modes (Eq. (1.8)) carry orbital
angular momentum (OAM) of mh per photon [1]. Computing the OAM expectation

value per photon using the operator L, = —i d/d¢ gives, for LGpm beams

1
(L,) = Ef pdpde LGl Ly LGy = m, (1.10)

Such OAM-carrying modes have found numerous uses, some of which are described

in Refs. [5,6,8-12,15,17].

1.6 Nonlinear Electric Susceptibility

Here, we briefly review low order perturbative nonlinear optics in anticipation of our
second harmonic generation experiment with STOV pulses. The polarization density
can be separated into linear and nonlinear parts:

P=PL4+PN =pD 4 p@ 4 pB | (1.12)



Fourier transforming just the time domain in Eq. (1.4), taking E(r,t) =
A(r,t) exp(iqu), using the dispersion relation kczl = wéuos(wq), and assuming
|02A/0z%| < |k, 0A/dz| gives coupled paraxial equations

a . wi _
&A = lWP (T, a)q) exp(—tqu) , (113)

where q is the gth frequency component of the field.

SHG was first demonstrated using a ruby (Cr:Sapphire) laser in crystalline
quartz [36] and was later demonstrated for beams carrying OAM in the doubling of
LGy; modes to LGy, in lithium triborate (LBO) and potassium trianyl phosphate
(KTP) [37,38]. Assuming the fundamental field is y polarized, the equations describing

the fundamental and second-harmonic polarization densities are
Py(w) = )(f,i)x(—w; 2w, w)ELE; exp(i(kx — ky)z), (1.14a)
P (w) = % ,(j,)x(—a); 20, w)E? exp(i2k,z), (1.14b)
The second order electric susceptibility is a rank 3 tensor and accounts for the response
to two frequency components: X](,zc%(—w]- ; Wi wl). While this process also gives rise to
optical rectification )(](-,2(3(0 ;—w,w) used in terahertz generation [39-41] and

difference frequency generation )(](,2(% (—a)j; —Wy, a)l) used in optical parametric
amplification to achieve tunable infrared (IR) wavelengths [42—44], we are primarily

concerned here with sum frequency generation ( X}i%(—wj ; Wi, wl) ) and its special



case of second harmonic generation (SHG) )(](,2(—20) ; w, ), with application to the

experiments of Chapter 5.

Using Eq. (1.13) the coupled amplitude equations are given by

0y _ ;@ 1@ 4% exp(—inkz), (1.150)
0z 2kygqc VY

an 2(1)2 )

= Xx
vy
0z ky&oC

A} exp(idkz), (1.15b)

where Ak = 2k, — k. From these equations, the Manley-Rowe relations [45] for

(ﬁ) = —i(lz—w), which show that generation of one

SHG can be obtained, 2i
hw dz \hw

dz

photon at 2w requires the extinction of 2 photons at w.
Another feature of Eq. (1.15) is the phase matching requirement Ak = 0, which can
only be achieved for a limited bandwidth due to group velocity mismatch (GVM) and

group velocity dispersion. The phase matching bandwidth can be found by taking Aw =
41n(2)/At where At = (GVM)L, GVM = ak,y/aw|k%0 — Oky/0wlk, , = vy —
173 1 and L is the propagation length.

The third order susceptibility is a rank 4 tensor and is the response of three input
frequencies )(](.Qm(—w]- ; W, Wy, wm). It is responsible for self-focusing in filamentation

via self-phase modulation [46,47], supercontinuum generation [48] and cross-phase
modulation. The latter is leveraged in measurement techniques such as single-shot
supercontinuum spectral interferometry (SSSI) [49]. Self-phase modulation (SPM) is

the nonlinear effect of a single field modulating its own phase while cross-phase
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modulation (XPM) is the result of two or more fields (typically with slightly different
center frequencies) interacting to modify the phases of the fields. In the case of self-
phase modulation, the polarization for a linearly polarized field in an isotropic material

is
3
P(w) = & (x® + ZxOIE@)) E@), (1.16)

where the degeneracy factor for SPM is 3%4. We can then relate this to the total refractive

index by

3 3
n?=1+ W+ Z)(@)IE(a))I2 =ng + Z)((g’)IE(w)IZ. (1.17)

Then assuming that the linear refractive index ny > Y®NE(w)|?, gives

3)((3)

3
n=ny+ W}(("’)lE(w)lz =1, 1, (1.18)
0

+ —_—
degnic
where I = gynyc|E(w)|?/2 is the intensity and we identify

3)((3)

= 2 .
degnge

(1.19)

n;

The degeneracy factor for XPM is twice that of SPM and thus the nonlinear refractive
index for XPM nj = 2n,. It is immediately apparent that higher intensity portions of

the beam accumulate more nonlinear phase, causing a self-focusing effect on the beam.

1.7 Single-Shot Supercontinuum Spectral Interferometry

Ultrafast pulses from modern mode-locked oscillators and chirped pulse amplification
systems have pulse durations on the femtosecond scale, which rules out direct

measurement methods such as the use of photodiodes. Instead, the nonlinear
11



polarization is used in characterization methods such as autocorrelators [50], frequency
resolved optical gating (FROG) [51], and spectral phase interferometry for direct
electric-field reconstruction (SPIDER) [52]. Single-shot supercontinuum spectral
interferometry (SSSI) [49] measures the change in phase imparted on a strongly

chirped supercontinuum (SC) probe Eé’;obe(t) by cross-phase modulation in some

medium with a strong pump pulse E,(t) by spectrally interfering E{,’%be (t) with a

preceding unperturbed duplicate reference pulse Ej.¢(t). This gives a resulting spectral

interferogram

|E@)|” = |Brep(@)]” + |ES0 (@)]|

+2|Eref ()| | Eprope (@) cos(Ap(w) + wr), (1.20)
where E'ref(w) and Epmbe(w) are the Fourier transformations of Ej..r(t) and

Eprobe(t), T is the temporal separation of E,.r(t) and Eprope(t), and Agp(w) =
®probe (W) — @rer(w). This, along with an background interferogram |E, (a))|2, which

is the same as |E (w) |2 but with A¢(w) = 0, can then be used to directly compute the

time dependent phase shift

“H|EQ¥, o (w)| exp(idpr(w) + iA¢(w)}” (121)

g:'

A¢p(t) = Im [ln[ — .
FH|Eprope ()] exp(ip ()}

where F 1 represents the inverse Fourier transform and ¢ (w) is the spectral phase.
This allows for time resolved measurement of the nonlinear properties of media using

a pump pulse of known energy and scale widths [53,54]. It can also be used to measure

a pump pulse of unknown energy and scale widths when the nonlinear response of a
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medium are known [55,56], and for the characterization of intensity envelopes in media
of known nonlinear response [57].

Generation of the SC for E,, and E,.f is typically accomplished by lens assisted
filamentation of a portion of E}, in gasses with high n, such as Xe and SF¢. This can

also be done in solids but at the cost of reduced SC energy [49].

SSSI requires knowledge of the spectral phase of E,, and E,..r. While this could
be determined using methods such as FROG or SPIDER, it is convenient to utilize the
existing SSSI setup to collect shadowgrams of E,, modulated by E,, at a series of
known time delays, At with respect to Ep,.. As long as the derivative of the spectral
phase ¢¢(w) is monotonic, then ¢¢(wy) = At(w,) is single-valued and a simple
polynomial fit can be wused to find the dispersion coefficients pB; =
(j!)_1(6j¢/6wj)|wc, for j > 2 where w, is the center frequency and B; is the jth
order spectral phase term [58].

For implementations on laser systems with low repetition rates, obtaining

shadowgrams at enough time delays to accurately recover the spectral phase of Ey,,. and
Eyer may prove impractical. In that scenario, one may utilize the so called simplified

SSSI [59], where interferometric data at only two delays are necessary (possibly one if

Erer and E,, are sufficiently overlapped), and then employing a genetic algorithm to

find where the temporal profile of the extracted change in phase is the same at both

delays [59].
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An example of a typical experimental setup for SSSI is shown in Fig. 1.2. This
setup was used to measure the nonlinear refractive index n, of air constituents in the
mid-far IR [56]. In this scenario, a delay stage (Fig. 1.2(b)) controls the arrival time of

Ey,,, a A/2 waveplate (c) is used to rotate the polarization of the SC, a dichroic mirror

(e) clips the NIR and higher frequencies leaving a visible SC, and a Michelson

]
@) 17 . @ e - a
" Fn . i
r 1 A !
: (g) (h)
oPA |
(m)
imaging L .
spectrometer — 1

ref !pum:*I probe
~2.5 ps

Figure 1.2. (a) Ti:Sapphire pump, ~806nm, 36fs, 10mJ; 8mJ is split and used to
pump OPA; (b) delay line for timing of supercontinuum (SC) reference/probe with
respect to MIR-LWIR pump pulse; (c) 4/2 plate for rotating SC polarization; (d)
2.5 atm xenon SC cell; (e) dichroic mirror, rejects 806nm pump, transmits 400nm-
750nm SC pulses; (f) Twin reference and probe SC pulses separated by ~2.5ps
produced by Michelson interferometer; (g) signal (1.1-1.6 um) and idler (1.6-2.6
um) pulses out of OPA; (h) chopper to block pump for measuring background
phase; (i) MIR-LWIR pump out of DFG, (j) BaF2 pump focusing lens (k) BK7
reference/probe SC focusing lens (1) gold dichroic mirror, transmits 400-700nm,
reflects 3-12um (m) test gas cell (up to 42 atm) with BaF2 entrance window, and
fused silica exit window to absorb the pump. For each data set, the weak window
response induced on the probe is measured by evacuating the cell. Each phase
image is composed of 1-2x10* shots.
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interferometer (f) is used to generate E,, and E,.¢ from the SC. Then E,,, and E..r and
placed on the same beam path as E,, and XPM from E, on E,,, in the target gas in (m)
causes a measurable phase shift when interfering E,.r and E,, in an imaging

spectrometer, shown in Fig. 1.3.

B
= "—"“""""\ AR
=

50 [:e:' ﬂ'(peiec {ﬂ ﬂ@rot

el -

N, A=3.5um 20
400 0 400 0 400t(fs)

Figure 1.3. 2D spatiotemporal intensity traces from SSSI. (a) and (b):
A@erec(x,t) < I(x,t) in Ar for pump pulses at A=3.0um and A=6.5um, showing
pulse front tilt of 7.5° and 2.3°. White curves are central lineouts, with FWHM
pulsewidths 77 fs and 92 fs. (c) and (d): probe phase shifts Ag;(x, t) and A, (x, t)
in N2 perpendicular and parallel to A=3.5um pump. (¢) and (f): A@.ec(x,t) =
3(A@y(x,t) + 24, (x,t))/5 (lineout FWHM = 81 fs) and A@,q(x,t) =
2(A@y(x,t) —3A¢, (x,t))/5 extracted from Ag) and Ag, .
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Chapter 2: Measuring Spatiotemporal Optical Vortices

2.1 Introduction

The need to characterize ultrashort laser pulses has spawned a large and increasing
number of single-shot techniques, including autocorrelation [60], multiple versions of
frequency resolved optical gating (FROG) [51,61-64], spectral phase interferometry
for direct electric field reconstruction (SPIDER) and related methods [52,65—-69],
STRIPED FISH [70], d-scan[71], plus single-shot supercontinuum spectral
interferometry (SSSI) [49,58,59], and other spectral interferometry methods [72,73].
While the basic FROG and SPIDER techniques extract only the space-independent
temporal amplitude and phase, more complicated techniques [69—71] have recovered
the spatiotemporal phase and amplitude of a laser pulse in a single-shot, albeit only
with single features such as pulse front tilt. STRIPED-FISH [70] and d-scan [71]
methods use iterative algorithms which have not been demonstrated to converge for
complicated structured light containing singularities, and SEA-SPIDER requires
ancillary assumptions in determining the timing of spatial slices [69]. While SSSI does
not recover the spatiotemporal phase of a pulse, it does recover the spatiotemporal pulse
envelope, which has enabled measurement of ionization rates and ultrafast plasma
evolution [54], electronic, vibrational, and rotational nonlinearities [53,74], as well as
nonlinear refractive indices and pulse front tilt [56].

In this chapter, a new method, transient-grating single-shot supercontinuum

spectral interferometry (TG-SSSI), that can measure, in a single-shot, the
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spatiotemporal phase and amplitude of an ultra-fast laser pulse is presented. It was
developed for recent measurements[27,30,31] of pulses embedded with
spatiotemporal optical vortices (STOVs) [24] and is well suited for characterizing
ultrashort laser pulses that contain singularities associated with spin/orbit angular

momentum [1,21,30,75] or polarization [76].

2.2 Single-shot Supercontinuum Spectral Interferometry

We first discuss the experimental setup in the context of SSSI by examining three of
the beams in Fig. 2.1(a): the “structured pulse” Eg which we want to measure, the
reference pulse E,.r, and the probe pulse E,,. Here the structured pulse has
spatiotemporal phase and amplitude imposed by the zero-dispersion 4f pulse
shaper [77-79] in Fig. 2.1(b). The reference and probe supercontinuum (SC) pulses are
generated upstream of Fig. 2.1(a) by filamentation in a 2 atm SFg cell followed by a
Michelson interferometer (not shown), with E,.r preceding E,, by ~2ps. The
transient amplitude of Eg is measured via the cross-phase modulation it induces in a
spatially and temporally overlapped SC probe pulse Ej, in an instantaneous Kerr
“witness plate,” here a thin (100-500 pm) fused silica window. Ejs is sufficiently weak
and/or the witness plate is sufficiently thin that it does not propagate nonlinearly. (Its
own phase fronts are negligibly perturbed.) The resulting spatio-spectral phase shift
A¢(x, w) imposed on the probe is extracted from interfering Egyt o P EGE: E;]r‘ with
Erer in an imaging spectrometer. Here E;;’} and E{,’;‘t are the probe fields entering and

exiting the witness plate, y® is the fused silica nonlinear susceptibility, and x is the
17



position within a 1D transverse spatial slice through the pump pulse at the witness plate
(axes shown in Fig. 2.1). Fourier analysis of the extracted A¢(x,w) [54] then
determines the spatiotemporal phase shift A¢p(x, ) o |Es(x, 7)|? « I;(x, ), yielding

the 1D space + time spatiotemporal intensity envelope Is.

(a)

to imaging
spectrometer

ref

Figure 2.1. (a) Setup for transient grating single-shot spectral interferometry (TG-
SSSI). The structured pulse Eg and the interferometric reference pulse €; cross at
angle 6, in a fused silica witness plate, forming a transient grating. The grating is
probed by a supercontinuum (SC) probe E;;’} , preceded ~2ps earlier by a reference
SC pulse E,s. Imaged by L1, E,..r and E;** interfere at an imaging spectrometer
and the interferogram is analyzed in the Fourier domain, yielding a single-shot time
and space resolved image of amplitude and phase of Es. (b) 4f pulse shaper [77-79]
for generating spatiotemporally structured pulses Es, here STOVs [26,27,57]
imposed on a 50 fs, A=800nm input pulse. The STOV phase windings are imposed
by | =+ 1, and [ = —2 spiral phase plates in the Fourier plane of the pulse shaper.
The phase plates are etched on fused silica and have 16 levels (steps) every 2.
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2.3  Transient-grating  Single-shot  Supercontinuum  Spectral

Interferometry

2.3.1 Theory

Measurement of the spatiotemporal phase of Eg is enabled by the addition of an
interferometric reference pulse £;, which is crossed with Eg at a small angle 6;. (6,, =
3.15° in the witness plate.) This forms a nonlinear transient refractive index grating,
where &; has the same center wavelength as Es, but is bandpassed to be temporally
longer while maintaining flat spectral phase. The transient grating (TG) is now the
signal probed by SSSI (yielding the new method we call transient grating single-shot
supercontinuum spectral interferometry [TG-SSSI]), where the output probe pulse from
the witness plate becomes Eg4t o ¥ P (|Es|? + |&;| + ESE; + EsE])ER. A chopper
on the Eg beam path (but not on the & beam path) enables to y®|&;|? signal
contribution to be subtracted out as background every other shot. The interference of

E{,’;‘t and E,.r in the imaging spectrometer then enables extraction of A¢(x, w),

yielding A¢(x,T) as before. We note that Ag(x,7) < |Es(x, T)|% + 2|Eg||&|f (x, T),

where the TG is f(x,T) = cos <2kwx sin (%W) + AD(x, T)), k,, = nyk is the central
wavenumber in the witness plate, ny = 1.45, and A®(x, 1) is the spatiotemporal phase
of Es with respect to &; (reference phase is flat in out case). In the analysis of the 2D

A¢p(x,T) images, AD(x,7) is extracted using standard interferometric

techniques [49,80], and I;(x, 7) is extracted using a low-pass image filter (suppressing
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the sidebands imposed by the TG). Due to group velocity mismatch (GVM) in the

witness plate between E (center wavelength 1, = 800 nm) and the SC probe (4, =
600 nm), the extracted phase shift is smeared slightly in time by ~4 fs per 100 pm of
fused silica. The temporal resolution (here ~7 fs) determines the shortest measurable
pulse and depends on this GVM and the on the sampled bandwidth of E,,,.. The longest
measurable pulse is determined by the duration of the chirped E,,, here ~1 ps. For
weak Es pulses, the focusing can be adjusted and/or the thickness of the witness plate

can be increased. In this chapter, the minimum Es pulse energy was 3 pJ (~150

GW/cm?).

2.3.2 Experimental Setup

The laser used in the experiments is a 4 m]/pulse, 50 fs FWHM, 4, = 800 nm, 1kHz
Ti:sapphire system. The beam is split three ways, with ~100 pJ directed to SC

generation (400-700 nm) for E,, and E,.f, and a portion of the res for Es and &,
whose energies were controlled using 4/2 waveplates and thin-film polarizers. The
structured pulse Es was embedded with spatiotemporal phase windings (discussed in
more detail in Chapter 3) by placing [ = +1 or [ = —2 spiral phase plates at the Fouier
plane of the 4f pulse shaper [27,81].

As depicted in Fig. 2.1, the SC reference and probe pulses, Ey.r and E{,’;, are
combined collinearly with the pulse Eg using a dichroic mirror, with Eg, &;, and E},’r‘

overlapping temporally in the witness plate, while E,..r precedes them (by 2 ps). From
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the output face of the witness plate, E,..r and E,, were magnified and relay imaged
onto the spectrometer slit using a high numerical aperture (NA) telescope with
achromatic lenses. A high NA is necessary to collect the first-order diffraction (m =
+1) of Egﬁ‘t from the TG. Achromatic imaging is essential for all SC wavelengths to
in focus at the spectrometer slit and to minimize spherical aberration, which could
spatially offset the diffracted orders of E;,’}‘t from the zero order. Background and signal
data were collected at 40 Hz by placing a chopper in the bath of E, which enabled the
subtraction of the phase shift induced by |&;|? in the witness plate.

In principle, achromatic imaging of all diffracted orders precludes the need for
detailed analysis of the diffraction. However, it is interesting to note that in this
experiment, only the zero order (m = 0) and the m = —1 order diffraction of the probe
were observed. To understand this, the regime (Bragg or Raman-Nath) [82] of the
probe diffraction was assessed by considering the dimensionless parameter Q =
2mA;L/A*7, where 4; is the vacuum wavelength of incident light, A is the interference
grating period, 7 is the mean refractive index, and L is the grating thickness. From
Ref. [82], diffraction is in the Raman-Nath regime for Q < 1, and in the Bragg regime

for Q > 1. The TG-SSSI configuration for this experiment (with a [ = 500um fused
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silica witness plate, A(8,, = 3.15°) = 10 um, n, = 2.5 X 107 cm?/W, and nn =
Ny + nonyl = ng + Aprg/kL, where Agr is the modulated phase shift amplitude of
the TG) gives Q = 13.0, which is in the Bragg regime. (Both A¢ ;. and A are measured
values form the experiment.) This explains the observation of only one diffracted order.

This result is confirmed with simulations of scattering of Ej,. from the nonlinear
grating formed by the interference of E; and &;. The simulation uses our an
implementation of the unidirectional pulse propagation equation method [83,84],

where all three beams intersect in the 500um thick fused silica plate (with Eg and &;

28 315 35 28 345 3.5
o (fs™)

Figure 2.2. Simulated spectrally resolved scatting of SC probe pulse Ej, from a
transient nonlinear grating in a 500 um thick fused silica plate, generated by
interference of pulses E; and &;, where z is the distance from the output face of the

plate. Plotted as |AEm|2 = |E§}‘t — E;',’} 2 (a) Bragg regime transient grating: 6,, =
3.15°, grating period A = 10 um, and Q = 13.0. Here the scattering is captured at
z = 1 cm owing to the rapid escape of the single diffracted order (m = —1) from
the simulation window. (b) Raman-Nath regime: 6,, = 0.31°, A = 100 ym, and
Q = 0.13, showing m = +1 diffracted orders.
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crossing at an angle 6,, and E{,’; normal to the surface). The beam parameters are E
(A =800 nm, 50 fs FWHM, wy = 100 um, I peqr = 28 GW /cm?, 1 = +1 STOV),
& (A =800nm, 300 fs FWHM, wy = 300 um, I; peqr = 28 GW /cm?), and E{,’;
(A =600nm, AA=350nm, 2.4ps FWHM, w, = 500 um, GDD = 1200 fs?,
TOD = 200 fs3). The output electric field is numerically propagated beyond the
witness plate in air and then E; and &; are spectrally filtered out, leaving the field E}**.
Figure 2.2 shows simulation results of probe diffraction for conditions similar to the
experimental parameters (6, = 3.15° and Q = 13.0), where only the m = —1
diffraction order is present (Bragg regime), agreeing with the experiments. As a
comparison, the crossing angle for Fig. 2.2 was chosen to be 8,, = 0.31°, giving Q =
0.13, in the Raman-Nath regime, and the m = +1 orders are both present. Note that

the TG-SSSI setup used could be adjusted to operate in the Raman-Nath regime by
increasing the grating period A (to A = \W), but increasing the intensity of E
or &; to increase n, could result in non-negligible plasma formation in the witness plate
and refractive distortion of E,,.

Additionally, the crossing angle of &; with respect to Es, 6,,, will result in the

measured TG outpacing the measured intensity envelope in time. The temporal offset

1 1

of the TG with respect to the intensity envelope given by At = ( ) L, where v,

Voff Vg
is the group velocity of E; in the witness plate, L is the thickness of the witness plate

and vogr = vg(1 + sin6,,). The best strategy to minimize this effect is of course to

minimize the angle 6,,,, and/or minimize the witness plate thickness.
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2.3.3 Data Processing

The steps used for processing the interferograms are outlined in Fig. 2.3 and go as:
SSSI extraction, separation of TG and intensity envelope, extraction of spatiotemporal
phase from the measured TG. Figure 2.3(a) shows an example of a raw TG-SSSI
interferogram frame recorded on the imaging spectrometer camera (Allied Vision
Prosilica GT 2750). Here the pulse shaper generates E; as a [ =—2 STOV
pulse [24,27]. The vertical spectral fringe spacing is set by the Michelson-imposed
time delay between the E,..r and Egﬁ‘t pulses. The 2D phase shift A¢ (x, w) is extracted
in the same way as that of all other SSSI interferograms [49,58], yielding ¢(x, T), as
plotted in Fig. 2.3(b). The spatiotemporal pulse intensity envelope is recovered by low-
pass image filtering of A¢(x, T) to remove f(x, T), yielding I;(x, T) in Fig. 2.3(c).

Extraction of the spatiotemporal phase A®(x, T) is performed by Fourier analysis
along x [80]:

A®(x, ) = arg(F {F A (x, D}O(K)}), (2.1)
where F.{A¢(x,7)} = Ap(k, 1) is the Fourier transform along x, Fj, 1{-} is the inverse
Fourier transform along k, ©(k) is a sideband windowing and shifting (k — k — 2 /A)
function, and k is the x-component of the spatial frequency. This is shown in Figure
2.3(d) and (e). If the sideband is too close to the k-spectrum of the pulse envelope
(which is centered at k = 0), ©®(k) cannot separate the TG from the pulse envelope.
This necessitates a larger spatial sample and/or finer TG period, considerations which

have informed the pump-probe beam geometry of the experiment.
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Figure 2.3. Measurement of a [ = —2 STOV-carrying pulse (interferometric
reference €; at 800nm and 10nm FWHM bandwidth); (a) Raw 1D space-resolved
spectral interferogram; (b) extracted A¢(x, 7); (¢) pulse envelope I5(x, 7) from low
pass filtering of A¢p(x, 1); (d) log(|F{A¢(x,7)}| + 1). The red lines show the
region to be spectrally windowed and the green circle identifies (k., 7.) for frame
averaging; (e) extracted spatiotemporal phase of the pulse, A®(x, 7).

While the single-shot signal-to-noise ratio is ~4: 1, here 500 frames are averaged
to enhance it to ~80: 1. Before averaging, however, the shot-to-shot shifting of the
spatial interference fringes (from mechanical vibrations in the optical setup) must be
compensated. The fringes are effectively forced into common alignment by adding a

constant phase A, (k, T.) to each frame, giving

N
A®(x,T) = arg (% z i {[A(ﬁn(k, 7) exp (—iA(]S(kC, ‘rc))]}>, (2.2)
n=1
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where A}, (k,7) = F {Ad, (x,T)}, Ad,, (k. T.) is the constant phase added to frame n
to align the fringes, (k., 7.) is a common point across all N frames, and A®(x, 7) is the
mean spatiotemporal phase. The point (k., T.) is chosen at a location in the sideband
where the signal is sufficiently larger than the phase noise; otherwise, each frame would

be offset by a random phase factor.

2.3.4 Experimental Results

To demonstrate TG-SSSI, a 4f pulse shaper was used to generate (a) a Gaussian pulse
(I = 0, no phase plate) and STOV-carrying pulses with topological charge (b) | = +1,
(¢)l = —1,and (d) | = —2, using corresponding spiral phase plates in the Fourier plane
of the shaper. The columns of Fig. 2.4 show A¢(x, 1), I;(x,7), f(x,T) and AD(x, T)
for pulses carrying [ = 0,%1, and —2. For [ = 0, (row (a)), there is a slight fringe
curvature in the TG f(x, 7), indicating a dispersion mismatch between E and &;. For
the | = +£1 STOVs in rows (b) and (¢), f (x, 7) clearly shows the transient fringe fusing
or splitting, identifying the opposite phase windings shown in the A®(x, 7) column.
For [ = =2, (row (d)), one fringe in f(x, T) splits into three at the center of the pulse.
Upon phase extraction, A®(x, T) has two nearby [ = —1 phase windings rather than a
single [ = —2 winding. This is attributed to a mismatch between the ratio of the scale
widths describing the phase plate phase and the ratio of the scale widths of the pulse at
the Fourier plane of the shaper. Since the profile of the beam in the Fourier plane of the
pulse shaper (itself dictated by the grating periodicity and focal length of the

cylindrical lens) is elliptical, one of the phase plate axes should ideally be
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Figure 2.4. Experimental results from TG-SSSI after fringe alignment. Columns
show the extracted full TG-SSSI signal Ag(x, T), which is low-pass filtered to yield
the pulse intensity envelope I;(x,t), or high-pass filtered to give the transient
grating f(x,7), from which the spatiotemporal phase A®(x, 1) is extracted. The
rows show results for (a) a Gaussian pulse (I = 0), (b)al = +1 STOV, (c)al =
—1 STOV, and (d) results from an [ = —2 phase plate. The red arrows denote the
direction of increasing spatiotemporal phase.

scaled to match the ellipticity of the beam. Utilization of a programmable spatial light
modulator (SLM) rather than a fixed phase plate would enable scaling of the phase
plate to match the beam profile, making possible the generation of [ = +2 and even

higher-order STOVs.
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2.3.6 2D space + 1D time TG-SSSI

For experiments where E is highly repetitive and highly reproducible, TG-SSSI can
be extended to two spatial dimensions (x and y) by transversely scanning Eg;‘* across
the spectrometer entrance slit in the y-direction, as is done in 2D + 1 SSSI [54], to
obtain I;(x,y, ) and A®(x, y, t). Figure 2.5 shows 2D + 1 TG-SSSI data plotted as a
surface of constant intensity, I;(x,y, ) = 1/e2, onto which the measured phase of the

pulse at the surface has been overlaid. Figure 2.5 row (a) shows a Gaussian pulse

(a) 100 100 A
y[um] o ylum] o
-100 -100
100 100
. -100 5 -100
0 0
TIfS X |um TIfS X |um
[f ] =100 100 [H ] [f ] -100 100 [M ]
10
(b) 100 100
||
y [um] 0 y [um] 0
-100 -100
200 200
100
-100 -100 I
T [fs] 0 T [fs]

4100 100  x [pm] <100 100 x [um] =

Figure 2.5. Row (a) Shows the measured 2D space + time TG-SSSI of a Gaussian
pulse at an isosurface of 1/e? of the intensity (right) and (left) shows the same pulse
with a cutaway. Row (b) shows the same Gaussian pulse but with enough energy
for it to propagate nonlinearly in a 1 mm piece of c-cut sapphire. The output of the
sapphire was imaged into the witness plate of TG-SSSI (due to the use of glass
lenses, only the spatial domain is imaged, while the temporal domain is distorted
due to dispersion in the lenses).
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(~10yJ]) and a cutaway while row (b) shows a pulse (~20p]J) that has propagated
nonlinearly in 1 mm of c-cut sapphire and accumulated a large amount of dispersion

from imaging lenses and a cut away of it as well.

2.5 Conclusion

A new single-shot diagnostic for ultrashort spatiotemporally structured laser pulses
has been presented, TG-SSSI, which has been used to measure simple Gaussian and
STOV-carrying pulses generated by a 4f pulse shaper. Among multiple possible
applications, TG-SSSI should prove useful in the study of nonlinear propagation,
collapse, and collapse arrest of intense laser pulses in transparent media, where
spatiotemporal optical pulse structures naturally emerge [24]. Additionally, a full two

transverse dimension extension of TG-SSSI has been demonstrated, 2D + 1 TG-SSSL
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Chapter 3: Mode Structure and Orbital Angular Momentum

of Spatiotemporal Optical Vortices

3.1 Introduction

In the previous chapter, we presented a measurement technique capable of
single-shot characterization of STOVs (TG-SSSI) however prior to applying this
experimental methodology it is important to develop a theoretical basis for STOVs and
their transverse OAM. In this chapter, a theoretical description of STOV-carrying
pulses in both vacuum and in dispersive material media is presented, with an emphasis
on their mode structure, propagation, and spatiotemporal orbital angular momentum.
We find symmetric STOVs carry half-integer intrinsic transverse OAM and in
dispersive media, asymmetric STOVs carry transverse OAM that depends on the
STOV symmetry and the material group velocity dispersion. This material property
dependence suggests the existence of a polaritonlike quasiparticle that propagates with
STOVs in dispersive media. Previously, the possibility of measuring spatiotemporal
vortices has been suggested [85] and dispersionless vortices have been considered in
the spatiotemporal domain [86]. Recent theoretical work has also considered
spatiotemporal vortex pulses, but without a full modal analysis in dispersive

media [87].
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3.2 Mode Structure of Spatiotemporal Optical Vortices

To begin, we look for STOV-supporting modal solutions of the paraxial wave equation.
In order to account for possible medium dispersion, we use the Fourier transformed
wave equation for a uniform isotropic medium with dielectric function £(w) and wave

number given by k%(w) = w?s(w)/c?,

92 _
(Vi Fo kz(w)) A(r,,z,0) =0, (3.1)

where A is the t — w Fourier-transformed vector potential, pulse propagation is along
2, r, represents transverse coordinates orthogonal to Z, and V2 is the corresponding
transverse Laplacian. We assume A(r,z, w) = A(r,, z, w — wy)e* %, where A is a
slowly varying envelope and ky, = k(w,) is the wave number at the central frequency.
For ko|0A/0z| » |0%2A/022|, this yields, (V3 + i2ko0/02)A + [k?(w) — k3]A =
0. Then using k?(w) — k& ~ 2ky[k(w) — ko] and expanding k(w) = ko + ky(w —
wo) + ki (w — wy)/2 + - gives i2ky 0A/0z = —V2A — 2ko(kjw + ki w? + -+ )A,
where ko = (0k/0w)o = vy ' is the inverse group velocity at w,, and kg =
(0%k/0w?), = (0vyt/ Ow)o is the group velocity dispersion (GVD). Assuming that
the pulse bandwidth is not too large (Aw/wy < 1), keeping terms in the k(w)
expansion to second order is an excellent approximation. This gives, after transforming
back to the time domain, 2k, dA/0z = —(V3 + i2kok{ /0t — koky 02/0t?)A,
where A = A(ry, z t). Finally, the substitutions, § = vyt —z and B, = vjkokq are

made to give
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2

0 0
i2k, EA(rl,f; z)= <—Vi + B, 6_52> A(r;, & z) = HA(r, & 7). (3.2)

Here, ¢ is a (local timelike) space coordinate in the frame of the pulse, S, is the
dimensionless GVD, H = (—=V3 + B, 3?/0&?) is the spacetime propagator, and z is
separated with a semicolon as it plays the role of a timelike running parameter.

Next we assume a uniformly polarized beam A(r,¢; z) = A(r,,&; z)€, where € is
the complex polarization (here we take € = § as in the experiments [27], where there

are no effects of spin angular momentum [87]), and find modal solutions to Eq. (3.2)

forr, = (x,y):
Ampq(%,,8:2) = Aippquiie (6 20 (; 2)ug (& 2), (33)
where
ug(f; 7)) =—=—H ( o ) Z(Z) B OzﬁzRf(Z)e‘(quz)’l’f(Z), (3.4a)
we(2)
W;(Z)
and
" 1
ut (x; z) = C—mHm< Vax )e WZ(Z)e ko3m,) (Z)e (m+7)¢x(z). (3.4b)
VWi (2) wy(2)

1 1
Here, C,,, = (2/m)*(2™m!) z is a normalization constant, H,, is a Hermite polynomial

1
of order m, wy(z) =wor[l+ (2/20x)%7, Rx(2) = z[1 + (20:/2)%], Px(2) =
tan~1(z/zq,), and zq, = kow3, /2 is the x-based Rayleigh range. The expression for

uf,’ (y; z) is identical to Eq. (3.4b) with the substitution x — y everywhere. Associated
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. 21z
with uf;(f; z) are Zog = kOWgE/ZI,BZI, we(z) = wog [1 + (Z/Zose) ]2, Re(z) =z [1 +

(Zog/Z)z], and Yz (z) = sgn(pB,) tan_l(z/zof). The quantities w(z), R(z), and ¥ (z)
express the z variation in beam size, phase front curvature and Gouy phase shift as they
do for standard transverse modes, except that here they also apply in the ¢ domain.

The “spot sizes” wyy, Wy, and wye describe the transverse space and temporal
shape of the beam envelope of the lowest order mode [(m, p,q) = (0,0,0)] at z = 0,
Agoo(x,y,&E2=0) = A(()%)Oe_xz/ WoxY?/Wey =€ /Woe  yhich approximates the input
beam to the pulse shaper. The effective wave number k,/f3, associated with ug (& 2)
accounts for the different rate of spreading in temporal dispersion compared to
transverse beam diffraction. We have allowed the beam to have elliptical envelopes in
both the x-y (space) as well as x-& and y-¢ (spacetime) planes, and different phase
curvatures in x, y, and . The choice of Hermite-Gaussian (HG) basis functions for the
solution of Eq (3.2) is motivated by the experimental generation of STOV-carrying
pulses using a 4f pulse shaper [27], which imposes rectilinearly-oriented ellipticity and
astigmatism in both the space and spacetime domains.

Now we consider propagation of the simplest STOV-carrying pulse generated by a
pulse shaper, one with a spatiotemporal winding of topological chargel = 1 orl = —1.

At z = 0, this pulse is constructed as

A (x,y,&2 = 0) = A, (i + ii) o™X Whx =y /Wiy =€ /Wi, (3.5)
Woe Wox

where A, is a normalization constant.
33



As we will see, the spacetime eccentricity, @ = Wog /Wy, is extremely important
and will show up throughout these calculations. In the experiments, the y direction is
orthogonal to the pulse shaper grating rulings, and so after pulse reconstruction at the
shaper output, the y-dependent envelope of the input pulse is reproduced [27].

In vacuum or in the very dilute medium (air) of the experiments of [27], f =0
52

and v, = c, ug(f;z 0) =Cq4 ofH <\/—0i) e 05 and Eq. (3.5) can be written as a

linear combination of spacetime modes [Egs. (3.4)] at z = O:

ATy, &2 = 0) = ud (33 0) [ G 00 (65,00 1w (x 0)ug (5 0)] . (3.6)

Given this initial STOV field at z = 0, the propagator H = (—V3 + f, 8%/9&?) of Eq.

(3.2) generates the full z-dependent evolution,
AT 0y, E62) = A (3 2) [u§ G Ul (6 2) i (s 2 (§2)|. BT

For the case wg, = wy¢, (@ = 1), the factor ug (x; Z)u1 (&2) +iut(x; Z)uO (& 2)
is analogous to the superposition of the 0™ and 1 order Hermite-Gaussian (HG)
transverse modes (HG, and HG;) to give the Laguerre-Gaussian (LG) spatial mode
LG?Jalce = HGo(x)HG;(¥) £ i HG; (x)HG, ().

Figure 3.1 compares theory and experiment, where Fig. 3.1(a) shows the amplitude
and phase of AL (x, y = 0,¢&; z) from z = —0.852,, to z = 0.24z,,,, computed with
Eq (3.7). It is seen that the field is a donut at the beam waist (z = 0)(as constructed)

and evolves into spatiotemporally offset lobes with opposite spacetime tilt on either
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side of z = 0, with transverse diffractive spreading widening the beam. Here, we have

used @ = wyg/wo, = 0.3 to match the measured eccentricity. The experimental results

are shown in Fig. 3.1(b). To capture the in-flight amplitude and phase profiles of these
pulsed spatiotemporal structures, we have employed transient-grating single-shot
supercontinuum spectral interferometry (TG-SSSI) which was discussed in Chapter 2
and described in [28]. The measurements are in excellent agreement with our mode-
based calculation, capturing the STOV field’s evolution from a donut into

spatiotemporally offset lobes, and matching the phase winding in each panel.
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Figure 3.1. (a) Propagation evolution from z/zy, = —0.85 to 0.24 of the [ = 1
STOV A(x,y = 0,&; z) 4=+1), plotted using the modal solution, Eq. (3.7). Top row:
Normalized intensity|A5 t1(x,y = 0,&;2)| 2. Bottom row: Phase ®(x,&) =
tan™![Im (a)/Re(a)], where a = AL 1 (x,y = 0,¢; z). The phase colourmap and
red arrows show the direction of increasing phase ®. (b) Experiment: An [ = 1
STOV is generated by passing a near-Gaussian pulse through a 4f pulse shaper
with an [ = +1 spiral phase plate at the shaper’s Fourier plane (experimental details
in [27]), and the STOV amplitude and phase is captured in flight by TG-SSSI
(details in [27,28]). The experimental Rayleigh length is zy, = 46mm. The
horizontal axis for both (a) and (b) is normalized to the experimental spacetime
eccentricity @ = wog/Wq, = 0.3. The phase plots in (b) are blanked out in regions
of low intensity where phase extraction fails [28]. Within each panel, the pulse
propagates from right to left.
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For a more direct analysis of angular momentum of STOVs, the HG-based mode
solutions can be expressed in spacetime polar coordinates (p, @), where x = p sin ®
and ¢ = p cos ®. Here, we can describe the spacetime phase winding by the topological
charge [ and the single function @, even for the general case of elliptical and astigmatic
STOV pulses. The fundamental rectangular mode based on Eq. (3.3) is now written as,

Aooo(p,y, ©; 2)

4 WoxWoyWos < p?sin?®d  y? p? cos? <D>
= exp | — - —
? (W (@)wy (2)we (2) wi(z)  wiz)  wi(2)

[ <p2 sin? ® y? p? cos? CD)]
x exp |ik,

R(2) 2R, (z)  2B,R:(2)

[ @
x exp |2 (@) + 9y () - D). (39)
and the [ = +1 STOV pulse from the pulse shaper is given as
_ pcosd . ipsin® .
AFH P;2) = A , ®; Wxi(2) 4 Wx@ ). (3.9
a (p’y’ Z) 000(p)y ’Z)<WE(Z) e — Wx(Z) e ( )

In the associated experiments, the y-dependent beam envelope shape, aside from
transverse diffractive spreading, is preserved in propagation. So henceforth, variations
in y are neglected by setting y = 0, noting that any 3D mode can be constructed by

multiplying the (x, £)-dependent results by uf,’ (y; 2).
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3.3 Orbital Angular Momentum of Spatiotemporal Optical Vortices

3.3.1 Spacetime OAM Operator

Application of the traditional orbital angular momentum operator, L = V¢ , to find the
transverse OAM of a STOV implies super luminal energy flow. In order to evaluate
the STOV angular momentum §L,,, which is orthogonal to the the x-§ plane of
spatiotemporal phase circulation, we must first find the appropriate angular momentum
operator L. This is accomplished by considering Eq. (3.2) along with the conservation
of energy density flux, j[88], d|A|?/0z=—-V-j, where j=j, +j;, j.=
—i(2ko) M(A'VL A= AV, AT, and ;= iBy(2ke)TH[AT(0/08)A — A(9/0A'IS,
where & is the unit vector along increasing &. This gives j = kg 1IAIZ[V 1P -
Bo (0®/08)E]| = kg|AI?Vy, @, where A =|Ale!® and we identify V,=V, —

£B,(0/0¢) as the spacetime gradient. Therefore, the spacetime linear momentum

operator is ’\p = —iVg, giving L=—-irx Vg so,
L, = < ) (3 10 )
x 1A fa +yﬁ2 5¢)" .10a
L,=—i (f + x/S’ ) (3 10b)
y l ) 2 35 i '

and, as usual,

L, = ( g a) (3.100)
;= any 5%) .10c

In spacetime polar coordinates, L, becomes

38



d d
L, = —i|psin®cos P (1 +ﬁ2)%+ (cos? ® — B, sin? d))%

=15+ L), (3.11)
where we identify the first term as the extrinsic STOV angular momentum LS, and the
second term as the intrinsic STOV angular momentum Lg,. Here, intrinsic refers to the
origin-independent spatiotemporal angular momentum contribution, and extrinsic
refers to the origin-dependent contribution which integrates to zero, (Lﬁ,) = 0, when
calculating the expectation value ({ )) of L, by integrating over p (0 — o) and

® (0 - 2m).

3.3.2 Expectation Values for STOV OAM

To calculate the STOV OAM associated with A, (p, v, ®; z), we note that it is sufficient
to do so at the beam waist, z = 0. This is because (L,) is invariant with propagation,
namely (d/dz)(Ly) = i(ZkO)‘1<[H, Ly]) = 0, owing to the fact that [H, Ly] =0; L,
commutes with the propagation operator. It is also worth noting here that the traditional
OAM operator, L34 = —i(§ d/dx — x 3/9¢), does not commute with H, [H, L{29] =
(1 — B,)0%/0x0¢&, and as such is not a conserved quantity. This procedure greatly
simplifies the calculation, especially for nonzero f,, where we consider the beam waist
to be placed just inside the material interface (z = 0%) without additional chirp from

the material yet induced. At z = 0, Eq. (3.9) becomes
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Afzzil — Afzzil(p’y =0,0;z = 0)

pcos® ipsind
=A000(p, 0,(1); 0)( w i >

0¢ Wox

2

= Aoiexp —p—z (cos? @ + a?sin? ®)

Woe Woe
1+a) . 1+a)
X ( )e‘q’ +ue“q’ . (3.12)
2 2
This is nearly a linear combination of LG+ modes except for the ®-dependent

exponential prefactor, which loses its angle dependence for a = 1, yielding the

. . . =+ +
symmetric  spacetime  Laguerre  Gaussian mode AL 5 = ch&}cetime =

Ao(p/woe) exp(— pz/wgf) eti®,
For arbitrary topological charge [, the [th order STOV pulse is

Ay = AL(p,y =0,0;z = 0)

P I pz
=4, (—) exp [ =l | — (cos* @ + a? sin® ®)
Wog Woe

X (cos @ + ia sgn(l) sin ®)!!. (3.13)
For a STOV with a phase winding of charge [ and eccentricity &« = 1, and for

general a,

(Ly) gy = (Aama|Ly + 15]AG=1)

. 1
= (A= |Ly[AG=1) = 5101 = B2, (3.14a)
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(L,),, = (ALt + 15)at)

= (aLlislat) =51 («-12), (314b)

where (L‘j,) = 0, and where (Ly) depends explicitly on topological charge [, STOV
eccentricity «, and material dispersion f3,.

This is a remarkable result, for which we will first consider the case @ = 1, a space-
time symmetric STOV. For the case of vacuum (S, = 0), (Ly) =1/2; STOV OAM is
quantized in half integer units. For dispersive media (8, # 0), a quantum interpretation
of the role of S, is strongly suggested, where one might consider the material
disturbance induced by a STOV-encoded photon field as a new type of quasiparticle, a
“STOV polariton.”

A physical explanation for half-integer STOV orbital angular momentum in
vacuum is that electromagnetic energy density flow in the pulse frame is purely along
+x, or along V, . In these local coordinates, for [ = +1, energy density flows along —x
in advance of the STOV singularity and along +x behind it, as seen in experiments and
calculations in Fig. 3.1 and in Ref. [27]. Because 5, = 0 or is negligible in vacuum or
extremely dilute media, there is no energy flow along ¢. This is in contrast to a standard
LGS;—“alce mode, where electromagnetic energy density circulates clockwise or

counterclockwise around the singularity.
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3.3.3 Physical Interpretation of #> and a

We now examine the physical meanings of 5, and « in Egs. (3.14). For simplicity, we
first consider &« = 1 and later return to the interpretation of a. Note that in Eq. (3.13)
we used the vacuum STOV (B, = 0) — with its original spectral phase -- implicitly at

z = 0% (just inside the material) to calculate <L3’>l' But in reality, even at z = 0%, the

STOV spectral phase would have been modified by the dispersive material. Therefore,
for a given phase winding [, the added term —({/2), in <L3’>l’ which is imposed by
the f,-dependent Lg, operator, [Eq. (3.11)], represents sharing of the pulse OAM with
the material. This suggests that the material has an electromagnetic OAM response
quantized in half integer steps of 8, — we identify this object as a bulk medium STOV

polariton. For the case of f, =1, (Ly)l = 0 and the medium has apparently taken up

[/2 units of angular momentum from the STOV field. It is interesting to note that 5, =
1 for materials with a quadratic dispersion relation (w « k?) or effective mass for
photons. This is a known dispersion dependence for polaritons [89,90]. For a negatively

dispersive material with §, = —1, we get (Ly)l = [, which can be interpreted as a

splitting of STOV OAM between photon and polariton field, or as the self-consistent
electromagnetic object in the dispersive material having integer spatiotemporal OAM.
Other values of 5, give a range of OAM contributions between photons and polaritons.

But what of the asymmetry parameter a? In the context of spatial OAM [1], there
is nothing sacrosanct about circular symmetry except that the OAM for such beams

coincides with the topological charge [ of the vortex. It has been demonstrated that the
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intrinsic spatial OAM per photon of monochromatic beams with wy, # wy, is
determined by the ratio wy, /wo, [91,92]. That is, the transverse beam shape is
encoded onto the photon OAM. Although the spacetime paraxial equation (STPWE)
[Eq. (3.2)] is different than the spatial PWE, and the spacetime OAM operator is
different than the spatial OAM operator, our conclusions in regards to the STOV
eccentricity parameter, @ = Wog/Wqy, is the same: a is encoded onto the intrinsic
STOV OAM. In vacuum, STOV OAM is quantized in integer steps of a/2 (or half-
integer steps of a), while in a dispersive medium, it is quantized in integer steps of
(a — B,/a)/2. For normally dispersive material with 8, > 0, <L3’>l =0fora = \/E;
the polariton most efficiently takes up STOV OAM when the eccentricity is tuned to
the materials normalized GVD.

Considering the limit @ — 0 in vacuum [and ignoring the breakdown in the slowly
varying envelope approximation used to obtain Eq. (3.2)], <L3’>l — 0 as is appropriate:
the pulse loses the timelike contribution to its vorticity. In a dispersive medium, & = 0
corresponds to a shrinking temporal pulse width accompanied by increasing
bandwidth, for which dispersion and the phase gradient contribution of £€8,0® /¢ to

a

<L3’>l increase significantly. In classical terms, electromagnetic energy flow in §

dominates that in X. To be consistent with the given topological charge [, |<L3’>l| must

become large. For @ — oo, the pulse becomes very long and effect of dispersion goes

away (B,/a — 0). Then, to be consistent for a given [, the phase gradient X9®/dx
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must become very large, as does (Ly)l. In general, heuristic electromagnetic energy

flow arguments like these provide good physical insight into the effects of varying a
and £,.

Figure 3.2(a) shows plots of STOV intensity, |Ala==11 (x,y=0,&; Z)|2, and energy
density flux j, computed using Eq. (3.7), forl = 1, = 1,and 8, = 1,0.5,0,—0.5, —1,
and Fig. 3.2(b) shows similar results for spacetime-eccentric [ = 1 STOV with a =

0.5. For each row of Fig. 3.2, (Ly) = % (a — B,/a) is a constant. The purely diffractive

contributions to j have been subtracted out, leaving the flow contributing to OAM (See
Sec. 3.5). The red arrows show the direction of the spatiotemporal phase gradient
V®d(x, &), and the red diagonals mark the boundary across which there is a phase jump
of m. In the panels with red diagonal lines, even though the phase winding has
disappeared, (Ly> remains constant for that particular row. It is seen that for a STOV
propagating in a medium with 8, > 0, the energy density flow exhibits a “saddle”
pattern with respect to the singularity, while for f, < 0, the flow is spiral, and for 5, =

0, the flow is restricted to +x. Note that for f, = 1, where (Ly) = %(1 —By) x

[ dxdé& (r x j)y = 0 and OAM is shared equally by the electromagnetic and polariton
response, j vanishes everywhere at z = z,.

A range of interesting behavior is observed in Fig. 3.2, with the main points
summarized as follows: (1) In normally dispersive materials (8, > 0), the directions

of the OAM and the phase gradient are not always consistent; the phase winding
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Figure 3.2. (a) Plots of STOV intensity |45 (x,y = 0,&; )| ? and energy density
flux j (depicted by overlaid arrows), computed using Eq. (3.7) for [ =1, a = 1 and
B, =1, 0.5 0,—0.5,—1. The purely diffractive contributions to j have been
subtracted out, leaving the flow contributing to OAM (See Sec. 3.5). Propagation is
shown through the beam waist (z/z,, = 0) and into the far field (+o0). The red
arrows indicate the direction of spatiotemporal phase gradient V®(x, §) and the red
diagonals mark the boundary across which there is a phase jump of . (b) Similar
plots for spacetime-eccentric [l = 1 STOVs with ¢ = 0.5and 8, = 1,0, —1. For each
row in (a) and (b), the value of (L) is shown in the z = 0 (centre) panels. Within
each panel of (a) and (b), the pulse propagates right to left.
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direction can flip to maintain OAM conservation [see rows (i), (ii), and (vi)]. (2) The
phase winding can disappear, yet nonzero (Ly> remains [rows (iii) and (vi)]. (3) A
donut-shaped STOV launched in vacuum or dilute media does not stay together as a
donut; the spatiotemporal energy flow component j; forces the donut into
spatiotemporally offset lobes [rows (iii) and (vii)]. (4) For 8, # 0, the near and far field
intensity profiles are self-similar [all rows except (iii) and (vii)]. (5) There exists a self-
similar STOV mode with integer OAM for @ = 1 and f, = —1 [row (v)]. Classically,

this is visualized as balanced STOV energy flow along & and &.

3.4 Conclusions

This chapter presented an analysis for a new class of light states, spatiotemporal optical
vortices (STOVs), with orbital angular momentum (OAM) orthogonal to propagation.
In vacuum, the OAM of these states is quantized in integer multiples of a /2, where a
is the STOV eccentricity parameter. For a symmetric STOV (a = 1) in vacuum, the
OAM is quantized in integer multiples of 2. In a dispersive medium, it is quantized in
integer multiples of (a« — B,/a), where 3, is the normal group velocity dispersion of
the material, where we consider the OAM as shared between a photon and a STOV
polariton. These results are expected to motivate further studies into the physics and

applications of STOVs.
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3.5 Additional Material:

A.1 Mode Solutions of the Paraxial Wave Equation in the Spatiotemporal
Domain

As in Sec. 3.2, the wave equation in the spectral domain,

0?2 -
<Vi + 57 + kz(w)>a‘l(rb zZ,w)=0, (A1)

eventually leads to the paraxial wave equation for the slowly varying amplitude 4 =

A(rJ_' E; Z)a

2

i2koa—A = <—Vi + B, —)A = HA , (A2)
0z 0&2
where z plays the role of a time-like running parameter that indexes the evolution of
the pulse as it propagates, § = v,t — z is a local space coordinate in the frame of the
pulse, and 5, = vjkok(’)’ is the normalized group velocity dispersion, and H is the
propagator. For Vi= 02/ x? + d%2/dy? , Eq. (A2) has separable solutions A =
A*(x,2)AY (v, 2) A% (&, 2).

For r, = (x,y), the most general Hermite-Gaussian (HG) mode solution is

x .Y — 40X 40, WoxWoy V2x V2y
Ay (6.732) = A7 Ay | RO (Wx (Z)> H, <_Wy (Z)>

_xZ _yZ ) xZ yZ
X exp [W,g @ w2 (z)l exp l‘ko <2Rx(z) + 2Ry(z)>l

x exp|—i(m+2) @) — i (p+3) ¥y (2)], (A3)
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which allows for different spot sizes (Wox, Woy, Wx(2) = wo, (1 + (z/2px)?), and
wy, (2) = woy, (1 + (Z/Zoy)z)), radii of curvature (Ry, R)), and Gouy phase shifts
(¥x(2) = tan™*(z/z,,) and ¥, (2) = tan~*(z/zy)), where zg, = tkowi, and z,, =
~kowg, are the Rayleigh lengths.

For the local, time-like spatial coordinate ¢, the HG solution is

L — 208 | Wog _ §? ) (_.& &2 )
A& z) = A, Wg(Z)exp< —sz(z) exp lﬁZZRg(Z)

X exp (i (q + % )lpg(Z)), (A4)

where, At k0W§§/2|ﬂ2|a WE(Z) = Wof(l + (Z/Zof)z)a RE(Z) =z(1+ (ZOE/Z)Z),
and the Gouy phase is ¢ (2) = sgn(B;)tan™"(z/zo¢).
The complete solution to the polychromatic paraxial equation is then

Ampq (x,¥,¢;2)

Wo xWoyW \/Ex \/E \/E
= A% AYY A j 0x 707 05 __py ( )Hp <—y )Hq( 5)

wy (2)wy (2)we(2) ™ \wy (2) wy (2) we(2)

2

x y? §?
e (‘ wi@ Wi W (z))

xexp| ik il + yZ — 52
P\"™\2r,@ " 2R, (2) ~ 2B,R: ()
x exp (—i(m+D)yy ) exp (—i(p+D)y ) exp (i(q+D)v ), (A5)

The x, y, and ¢ solutions are normalized to form a basis in the spatiotemporal domain,
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=t ()l )
e e @) TP\ W@

2
X exp (ik0 2;—@> exp (—i (m + % Yy (z)), (A6a)
L G V2y y°
200~ st 55) o0 (-35)
2
X exp (ik0 ZREI—(Z)> exp (—i (p + % )%(z)), (A6b)
y
V2§ §?
uf(f;z) = b H ( )exp <——>
R e A
2
X exp (—ik0 m) exp (i (q + % )lpg(z)), (A6¢)

1 1
where C; = (2)4 (2,-].!)—5.

A =21 STOV with spatiotemporal eccentricity a = wog/Wy,, constructed as

2 2 2
A (x,y,6,2=0) = A, (i +i— )exp (—x—z - _ E—), can be expressed

Wo,& Wo,x Wox Wgy Wog
in the basis of Egs. A6(a-c) as
A WoxWoyWog
2V2¢¢ ¢,
« (ugg (x, 0l (£, 0) + iud (x, 0 (&, 0)) , (A7)

AT (x,,&2=0) =

uy (v,0)

and is thus propagated to z > 0 by H to give
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l=+1 _ Wo,xWo,yWo,¢ _ x? _ y? _ ¢ >
A (xy.4.2) A"ij@)wy(z)wf(z) e"( Wi Wi wi@)
Cox oy kO
X exp (lko 2R.(2) + ik, 2Ry(z) - lE—ZRg(Z)>
1 1 1
x exp (—i51.(2) = 51y () + i51e(2)
. . x .
X Wf(Z) exp (n/)f(z))ilmexp(—upx(z))l. (A8)

A.2 Orbital Angular Momentum of STOVs

The similarity between the paraxial electromagnetic wave equation and the non-
relativistic equation for evolution of a quantum wavefunction (the Schrodinger
equation) simplifies calculation of dynamical quantities. For a quantum mechanical
wavefunction (1, t), one can use the Schrodinger equation to show that the probability
density |y(r, t)|? satisfies the continuity equation d||?/dt = =V - j, where j(r,t) =
ih/2m (YVy* —P*Vip) is the probability current density.

In our case, for the electromagnetic energy density |A|?, an exactly analogous
procedure [88] using Eq. (A2) gives

0|A|?
0z

= -V-j, (A9)

where V- F = 0F,/0x + 0F,/dy + 0F¢/9¢ , and z is a running parameter analogous

to time t in the Schrodinger equation, and

- (A" V, A — AV, A" i (A*aA AaA*)A (B10)
V= 1k L L 2k, A 58 T A% )¢
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is the energy density flux. Using A = |A| exp(i®), j simplifies to

. AP (E)CD E)CD E)CDE> |A|2

kO EX - :82 af kO StCD (All)

Since j « p , where p is the linear momentum, we identify Vgo.= V, — 8,€0/0¢ as the
spacetime gradient appropriate for the linear momentum density operator p = —iV;.
This leads to the orbital angular momentum operator L = r X p , giving
Ly, = (—irxVg), = —i(§0/0x + xp, d/9%). (Al2a)
In analogy with the Schrodinger equation, it is straightforward to show that
(d/dz){Ly) = i(2ko)~*([H, Ly]), where { ) denotes expectation value and (Ly) =
(A|Ly|A) is the expectation value of OAM. Because [H,Ly,] = 0 (L, commutes with
the propagation operator H), (L, ) is invariant with propagation.

Transforming into polar coordinates using x = p sin @, and £ = p cos ® gives

d 0
L, = —i (p sin®cos® (1+ B,) » + (cos? ® — B, sin? @) %>

=15+ L, (A12b)
where
L d
Ly = —ipsin®cos® (1 + f5,) % (A13)
and
. . _ 0
L}, = —i(cos® ® — B, sin* ®) 3% (A14)

are the extrinsic and intrinsic components of the OAM operator, where (Ly) =

(A|Ly|A) = (A|LS + L|A) = (A|L,,|A) because (A|L%|A) = 0.
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The expectation value of L,, is calculated for general [ and a as

2w o0 g
AL L, ALpdpdd 1
(1)) = B o e Ly Aabdpd® 1, Loy, (a15)
f() f() |A0l| pdpdcb a
where
I 2
[ p p 2 2 cin2
Ay =|—] exp|=|l|—(cos* @ + a*sin® )
Woe Wog
X (cos @ + iasgn(l) sin @), (A16)

with @ = wog/woy and 1 = 0,11, %2, ...
To verify that (Ly) is conserved, we use Eq. (A8) and (Al2a), to compute
<A10f=11|Ly|Ala==11) as a function of z for z = 0 to z = 100z, (for the cases 5, = +1,

p> = 0,and B, = —1). This is plotted in Fig. Al. It is seen that (Ly) is invariant with

1\

3172 Be=0
0
0 20 40 60 80 100

z[2zg]

Figure Al. The OAM expectation value (L, ), computed for an [ = 1 STOV using
Egs. (A8) and (A12a) plotted as a function of propagation distance in Rayleigh
lengths (2o, = kowé,/2) for B, = +1, 8, = 0, and B, = —1. In all cases, (Ly) is
conserved.
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z and in agreement with the values given by Eq. (A15).

12

J0

Figure A2. STOV spatiotemporal intensity |A(x, )| ? (top row) and phase ®(x, &)
(bottom row) at z=0 for three values of normalized GVD: (a) , =1, (b) §, =0,
and (¢) B, = —1. Superimposed on the plots are arrows depicting local energy
density flow j, where the arrow lengths are proportional to |j|. It is seen that the
spatiotemporal flow is saddle-shaped in (a), only spatially directed (+x) in (b), and
spiral in (c).

Figure A2 (top panels) plots spatiotemporal intensity profilesat z=0 foral =1
STOV for (a) B, = 1, (b) B, =0, and (¢) B, = —1. The bottom panels plot the
respective spatiotemporal phase profiles. The local energy density flux j is overlaid as
arrows on both top and bottom panels, with the arrow lengths proportional to [j|. For
B, = 1, the spatiotemporal energy flow is seen to be saddle-shaped about the STOV
singularity. For 8, = 0, energy density flow is restricted to the spatial domain, with
flow along - x before the singularity and along +x after it. For §, = —1, the energy
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density flow is spiral about the singularity. All elements of this figure are computed
using (A8) and (A10) (or, equivalently, (A11) and (A16)).

In Fig. A3, intensity and energy density flux is plotted for [ = 1, = 1 STOVs
propagated from z = 0 to z = +oo. Here, unlike Fig. 3.2 in the main chapter, we plot
arrows for total j, which includes the contribution to OAM and the contribution from
spatial and temporal dispersion. It is seen that for z/zy, > ~1 , the contributions to j

from spatial and temporal dispersion begin to dominate the local energy density flow.
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Figure A3. Energy density flux j (arrows) superimposed on STOV intensity profiles
fora =1landf, = +1,, = 0,and §, = —1 atlocations z/z,,, = 0,1, and «. The
arrow lengths are proportional to |j|. The curved red arrows are in the direction of
Vd(x, &) and the red diagonals mark the boundary of a m phase jump. The phase
winding has disappeared at those locations. Unlike Fig. 3.2 of the main text, the
dispersion/diffraction contributions to j are maintained in this figure. Consequently,
after a few Rayleigh ranges of propagation, the energy density flow is dominated by
spatial and temporal dispersion.
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Chapter 4: Free-space propagation of spatiotemporal optical

vortices

4.1 Introduction

Now that we have developed a measurement technique, modal analysis and a sound
theory for the transverse OAM carried by STOVs we move on to their direct
measurement. In this chapter, we demonstrate the linear generation of STOVs by
shaping the spatiospectral domain of a pulse and measure their free-space propagation
using TG-SSSI [28]. The experimental and simulated results are in agreement with the
theoretical models found in Chapter 3 and Ref. [30].

The discovery and analysis of the spatiotemporal optical vortex (STOV) was
reported [24], whose phase windings resides in the spatiotemporal domain. Toroidal
STOVs were found to be a universal electromagnetic structure that naturally emerges
from the arrested self-focusing collapse of short pulses, which occurs, for example, in
filamentation in air [93] as well as in the relativistic self-guiding in laser wakefield
accelerators [94,95]. As this vortex is supported on the envelope of a short pulse, its
description is necessarily polychromatic. For femtosecond filamentation in air, a pulse
with no initial vorticity collapses and generates plasma at the beam center. The ultrafast
onset of plasma provides sufficient transient phase shear to spawn two toroidal
spatiotemporal vortex rings of charge | = —1 and [ = +1 that wrap transversely

around the pulse. In air, the delayed rotational response of N, and O, [55,56,96]
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provides additional transient phase shear, generating additional [ = %1 ring (toroidal)
STOVs on the trailing edge of the pulse [24]. After some propagation distance and
STOV-STOV dynamics, the self-guided pulse is accompanied mainly by the [ = +1
toroidal vortex, which governs the intrapulse energy flow supporting self-guiding [24].

The requirement of transient phase shear for such nonlinearly generated STOVs
suggests that phase shear linearly applied in the spatiospectral domain could also lead
to STOV formation, and use of a zero dispersion (4f) pulse shaper and phase masks
have been proposed [26] and demonstrated for this purpose [57]. Here such a 4f pulse
shaper is utilized to impose STOVs on Gaussian pulses and record single-shot in-flight
phase and amplitude images of these structures using the diagnostic developed for this
purpose and discussed in Chapter 2, transient-grating single-shot supercontinuum
spectral interferometry (TG-SSSI) [28]. The structures generated “line-STOVs” as
described in [24,26]; the phase circulates around a straight axis normal to the
spatiotemporal plane. An electric field component of a simple |/|®™order line-STOV-
carrying pulse at position z < zz (where zg is the Rayleigh length) along the

propagation axis can be described as

T x\ N
E(r,,7z.7) =a<—+isgn(l)—> Ey(ry,z,0), (4.1)
T X

= A(x, 1) explil @5 (x, T)] Eo(ry, 2,T)
where r, = (x,y),T =t — z/v, is a time coordinate local to the pulse, v, is the group

velocity, T, and x, are temporal and spatial scale widths of the STOV, @, (x, 7) is the
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2
space-time phase circulation in x —7 space, | = +1,12,.., A(x,7) =a ((1) +

Ts

1 1

(i)2>2’ a= ﬁ((z_z)z + (i—Z)Z)—E for | =41, and E, is the STOV-free near-

Xs
Gaussian pulse input to the pulse shaper where x, and 7, are its spatial and temporal
scale widths. Here a is a normalization factor ensuring that pulse energy is conserved

through the pulse shaper: [ d?r,dt|E|? = [ d?r dt|E,|>.

58



4.2 Experimental Setup

In order to confirm the presence of an ultrafast STOV-carrying pulse, both the phase
and the amplitude of the electric field envelope must be measured, preferably in a single

shot. In work by another group, amplitude and phase have been retrieved from
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interferometric
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Figure 4.1. Top: Setup for transient grating single-shot spectral interferometry (TG-
SSSI). The STOV-carrying pump pulse (center wavelength 1, =800nm) at the
output of a 4f pulse shaper is focused (~1.5 wJ) or imaged (~20 pJ) into a 500 um
thick fused silica witness plate. The pump pulse energy is kept sufficiently low so
that the STOV pulse propagates nearly linearly in the plate. A probe pulse €; (4, =
795nm, 2 nm bandwidth) crosses the STOV pulse direction at angle 8 = 6°, forming
a transient grating with modulations o« cos (kx sin 6 + A®(x,1)), where the
symbols are defined in the main text and reference coordinates are shown next to the
witness plate. The transient grating is probed by SSSI [49,58], which uses ~1.5 ps
long chirped supercontinuum reference and probe pulses E..r and Ep,. (19~575 nm).
The result is single-shot time and space resolved images of amplitude and phase of
STOV-carrying pulses. Bottom left: Cylindrical lens-based 4f pulse shaper [26,57]
for imposing a line-STOV on a 45 fs, A=800nm input pulse. A phase mask is
inserted in the Fourier plane at the common focus of the cylindrical lenses. For the
current experiment, we use spiral phase masks ({ =1, [ = —1, and [ = 8) and a
7 —step mask, all etched on fused silica, where the m —step angle a and the spiral
orientation (for [ = —1) are also shown. Both the [ = 1 and [ = 8 plates have 16
levels (steps) every 2m. Shaper gratings: 1200 line/mm, cylindrical lenses: focal
length 20cm.
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femtosecond pulses undergoing filamentation using a multi-shot scanning technique in
combination with an iterative algorithm [97]. Single-shot supercontinuum spectral
interferometry (SSSI) , has been used to measure the space- and time-resolved envelope
(but not the phase) of ultrafast laser pulses from the near-UV [49,98] to the longwave
infrared [55,56].

For measurements of STOVs, in which space-time phase circulation is a key
feature, ordinary SSSI is insufficient. To measure space-time-resolved amplitude and
phase in a single shot, we again use transient-grating SSSI (TG-SSSI) as described in
Chapter 2 and Ref. [28]. The interferometric probe pulse £; (same central wavelength
of the pump pulse and spectrally filtered by a 2 nm FWHM bandpass filter; see Fig.
4.1) is interfered with the pump to form a transient spatiotemporal grating in the witness
plate. Here &; is crossed with E at an angle of 8 = 6° (free-space crossing angle). The
transient grating is now the structure probed by SSSI, with the output probe pulse
becoming ES¥ o« y ) (Eg + £)(E; + E})E[R. As before, Ad(x, w) is extracted from
the interference of E;,’}‘t and Er.¢ in the imaging spectrometer, leading to A¢(x, 7).
Now however, A¢(x, T) is encoded with the pump envelope modulated by the time-
dependent spatial interference pattern (transient grating): A¢(x,7) « |Eg(x,7)|* +
2|Eg||Ei|f (x,T), where k,, = n,k is the pump wavenumber in the witness plate,
flx,7) = cos(ZkW sin(6,,/2) + A®(x, T)) is the transient grating, 6, is the crossing
angle of E; and &; inside the witness plate and A®(x, ) is the spatiotemporal phase of

E;. In the analysis of the two-dimensional (2D) A¢(x, T) images, A®(x, 7) is extracted
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using standard interferogram analysis techniques [49,98], and I(x, 7) « |Es(x, 7)|? is
extracted using a low-pass image filter (suppressing the sideband in Fourier space
imposed by the transient grating).

STOVs were generated by a cylindrical lens-based 4f pulse shaper [26], depicted
in the lower left of Fig. 4.1. The pulse shaper imposes a line-STOV on an input
Gaussian pulse (50 fs, 1.5 — 20 pJ) using a 2ml spiral transmissive phase plate (with
[ =+1,-1, or +8) or a m-step plate at the shaper’s Fourier plane (common focus of
the cylindrical lenses). The vertical and horizontal axes on the phase masks lie in the
spatial (x) and spectral (w) domains. The phase plate orientations are shown in the
bottom of Fig. 4.1, where for the step plate, the adjustable angle « is with respect to the
spectral (dispersion) direction. While the shaper imposes a spatiospectral (x, w) at the
phase spiral plate, leading to a spatiotemporal (x,7) pulse immediately at its output at
the exit grating (near field), our desired spatial effects appear in the far field of the
shaper, where the desired STOV-carrying pulse emerges. Here, projection to the far
field is achieved by focusing the shaper output, using lens L1, into the 500 um fused
silica witness plate, whereupon it is measured using TG-SSSI. In this context, the

subscript on Eg can now be read as referring to a STOV-carrying pulse.
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4.3 Experimental Results and Discussion

In Fig. 4.2 row (a) shows the pulse with no phase plate in the pulse shaper. This is the
far-field output of the shaper as measured by TG-SSSI at the witness plate. The

temporal leading edge is at 7 < 0. The left column shows A¢(x, 7). The fringes are

x (um)

-100 0 100 -100 0 100 -100 0 100 -100 0 100

T (fs)

Figure 4.2. (a) Output of pulse shaper with no phase plate. The 50 fs input pulse,
with a weakly parabolic temporal phase, is recovered. (b, ¢) Intensity and phase of
pulse in far-field of pulse shaper with [ = 1 and [ = —1 spiral phase plates. White-
bordered insets: pulse shaper near-field intensity images. The red arrows show the
direction of phase circulation. Headings of each column are described in the text.
In all panels, the temporal leading edge of the pulse is on the left (z < 0), so
propagation is right-to-left. The pulse energy for the three far field cases above is
~1uJ. For the near field cases (insets), the pulse energy is increased to ~20uJ to
offset the reduced signal due to magnification.

removed with a low-pass filter, yielding I(x, T) in the next column, while in the third
column, a high-pass filter leaves the fringe image f (x, t). The far-right column shows

the extracted spatiotemporal phase A®(x,7). It is seen that the pulse envelope I
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closely agrees with the 50 fs pulse input to the shaper, and that A®(x, ) is weakly
parabolic in time (small chirp) and relatively flat in space. The slight curvature of the
fringes of f(x, T) seen in Fig. 4.2 is attributed to a spectral phase mismatch between E
and &;.

One form of line-STOV-carrying pulse can be generated with a spiral phase plate
in the pulse shaper. For a [ = 1 plate, row (b) of Fig.4.2 shows, as in (a), the various
extractions from TG-SSSI. The presence of a spatiotemporal phase singularity is
evident from the characteristic forked pattern in f (x, 7). The spatiotemporal envelope
I;(x, T) and phase A®(x, T) of the STOV are shown in the second and fourth columns,
where the pulse appears as an edge-first flying donut with a 2 phase circulation around
the phase singularity at the donut null. Using an [ = —1 plate (flipping the [ = 1 plate)
generates the opposite spatiotemporal phase circulation, as seen in row (c). The small
insets in (b) and (c) show the corresponding near-field intensity envelopes from the
shaper (obtained by imaging the shaper output at the witness plate), consisting of two-
lobes separated by a space-time diagonal.

Line-STOVs of charge [ = +1 can also be generated with a m-step phase plate in

the shaper’s Fourier plane, rotated to an angle ag., with respect to the grating
dispersion direction, so that the step lies along the spatiospectral line dix/dw =
ié(xs /%0)(Ts/To) ™! (see discussion below), where x, and 7, are the widths and
duration of the shaper input pulse, with X = x/x, and ® = wT,. In practice, Aty 1S
finely adjusted to get a line-STOV output as measured by TG-SSSI. As seen in Fig.

63



3.3, for astep = 25°, the near-field output of the shaper is a flying donut [row (a)] with
[ = 1, while the lens-focused, far-field envelope [row (b)] is two lobes separated by a
space-time diagonal. Going t0 @tep = —25° [row (c)] gives a STOV-carrying pulse
envelope that is the spatial reflection of (b). In (b), it is seen that the vortex charge adds

to +1 [consistent with (a)] and in (c) the charge adds to —1.
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Fig 4.3. (a) Flying donut near-field intensity and phase from m-step pulse shaper,
obtained from imaging shaper output into witness plate. (b, ¢) Offset lobe far-field
intensity and phase, obtained by focusing shaper output into witness plate for step
orientations @z, = £25°. (d) Simulation for e, = +25° of far-field intensity
and phase for (d) no dispersion, (e) group dispersion delay GDD=100 fs*>. The
addition of parabolic temporal phase to the spatio-temporal phase step of (d)
explains the phase pattern in (b, c). Headings of each column are described in the
text. The pulse energy in panel (a) is ~20uJ and ~I1uJ in panels (b) and (c).
Propagation is right-to-left.
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The near-field of the pulse shaper was simulated by Fourier-transforming an input
spatiotemporal pulse E,(x,T) to the spatiospectral domain E,(x, ), applying the
spatiospectral phase shift represented by the phase mask, along with any dispersion,
and then Fourier-transforming the field back to the spatiotemporal domain as E (x, 7).
Here the y dependence is ignored, which is near-Gaussian throughout. To simulate the
far-field output of the shaper, the spatial Fourier-transform is applied E(x, 1) —
E(k,,7) = E'(x',T), where x" o k, is the local transverse coordinate in the far field.
Simulations of the far field of the m-step shaper are shown in panels (d) with no
dispersion and (e) with group delay dispersion GDD = 100 fs2, corresponding to the
measured A®(x, 7) in Fig. 4.3(a) The result of (d) is in agreement with the expression
for E (k,,y, 7), while (e) resembles the experimental result (b). The origin of this effect
is that optimizing the SC pulse for TG-SSSI leaves the pump pulse with a very small
chirp [parabolic phase in time, as seen in Fig. 4.3(a)]. Adding this phase to the diagonal
m-step phase of 4.3(d) gives 4.3(e). Comparing Figs. 4.2 and 4.3, note that the m-step
and | = £1 spiral phase shaper outputs appear to be complementary: the near field one
of these “quasi-modes” corresponds to the far-field of the other. As discussed, going
from the Fourier plane in the shaper to the shaper output (near field) and then to the far

field requires two transforms:(x, w) = (x,t) = (k,, 7). If one were to start with Eq.
4.1) (for l=+1) and ignore z, x>k, vyields E(k,y,1)=a (‘L’/TS +
%kxxg/xs) Ey(ky,y,T)and then 7w yields E(k,,y,w)= %a(iwrg/rs +

k,x2/x)Ey(k,,y,w) where we have assumed a pulse shaper input Ey(r,,7) =

66



e(y) exp(—(x/xq)% — (t/70)?), with spatial and temporal widths x, and t,, and
where €(y) in this experiment is near-Gaussian (x exp(—(y/y,)?)) but can be
arbitrarily bounded. However we can swap k, < 2ix/x3 and w © 2it/t3 in any of
these expressions to calculate the field at any location given either of the other two.
Therefore, a flying donut STOV with an [ = +1 spiral phase in (x, T) in the far field
requires an | = +1 spiral phase plate in (x, w) in the shaper. A flying donut in (x, 7)
in the near field then requires a -step phase plate in (x, ) in the shaper which yields
spatiotemporally offset lobes in the far field separated by a m-step in phase.

To estimate the optimum angle @, for the m-step plate to produce a near-field

[ =41 STOV at the shaper output, making the appropriate swap in the above
expressions gives E(x,y, w) = ia G wtl /T, + x/ xs) Ey(x,y, ) at the phase plate,
where a r phase shift occurs across the line %wré /Ts £ x/xs = 0. The spatiospectral

orientation of the plate’s  step is therefore dx/dw = ?% (xs/x0) (10/75) 7L, as cited

earlier, and clearly enables control of the STOV space-time aspect ratio. For example,
we have observed that for @, — 0°, the STOV appears as two lobes reflected across
the time axis. This is consistent with dx/dw — 0 and t,/75 = 0, corresponding to
extreme time-axis-stretching of the donut hole.

As most experiments with STOVs will take place in the far field of a pulse shaper,
selecting among a flying donut, spatiotemporally offset lobes, or other possible space-

time structures will depend on the far-field STOV profile desired for applications. In
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any case, the electromagnetic angular momentum is conserved through the
spatiotemporal/spatiospectral domains.

To visualize how a STOV-carrying pulse evolves from near field at the pulse shaper
to the far field, 3D-+time unidirectional pulse propagation equation (UPPE) propagation
simulations [84,99] were performed as shown in Fig 4.4. The input to the shaper is
Eo(r,,7) = gy exp(—y?/ys — x?/x% — 12 /1), to which is applied the [ = +1 spiral

spatiospectral phase factor exp(iA¢(x, w)) = Z/|Z| (phase-only mask corresponding
to the experiment), where Z = a (%5 (to/7T5) +ix (xo/ xs)), the prefactor of

E(x,y,w) as calculated using the theoretical treatment above. The pulse was then
propagated to the far field through a 3 m lens at Rayleigh range zz = 2.3 m (the finite
memory of the (GPU)-based computer memory limited the simulations to lower spatial
—0.62¢
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Figure 3.4. 3D+time UPPE simulation of STOV-carrying pulse launched from a
pulse shaper with a [ = +1 spatio-spectral spiral phase factor e!2?*®) = 7./|7|
corresponding to our experiment (see text). “Near-field” is right after a 3m lens at
the pulse shaper output; “far-field” is at the lens focus. Rayleigh range is zp =
2.3m. The propagation direction within each panel is right-to-left. Top row:
intensity profiles Is(x, 7). Bottom row: phase profiles A®(x,7) with red arrows
showing phase increase direction. Bottom row white-bordered insets: intensity
profiles simulated using [ = +1 spatio-spectral spiral phase factor Z.
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resolution, necessitating us of a long focal length lens). The top and bottom tow of
panels in Fig. 4.4 show amplitude I;(x, 7) and phase A®(x, ) of the STOV. The y
dependence maintains its Gaussian envelope. The white-bordered insets in the bottom
row show simulations with the phase and amplitude mask Z applied, corresponding to
our theoretical treatment above, which is based on the form of STOV assumed in Eq.
(4.1). The results for both masks are very similar and either works to generate STOVs.
The simulation clearly shows the continuous evolution of the STOV pulse from space-
time diagonally-separated lobes to donut, with the STOV angular momentum
conserved throughout. It is important to reiterate that while the form of STOV assumed
in Eq. (4.1) necessitates a spatiospectral phase and amplitude mask of form Z, the
experiment actually uses a pure phase mask Z/|Z| - that is the (x, w) pulse profile is
matched to the phase plate profile — but as shown by the 3D-+time propagation
simulations, this leads to very similar results.

The transformation of one quasi-mode into the other can be viewed as STOV
mediation of energy flow within the pulse. In a frame moving at the pulse group
velocity as shown in [88] and more recently applied to STOVs [24,30], the local

energy density flux consistent with the paraxial wave equation is J =
(c/8mko)|Es|> (Vo Dsp — B2 (0Ds/06)E), where & =v,t—z, &g is the
spatiotemporal phase [see Eq. (4.1)], & is a unit vector along &, and f8, =
v2ko(0%k/0w?), is the normalized group velocity dispersion, where f$" ~ 107> and

glass ~ 10_2

5 . Because the first term in J is dominant for both air and glass, the weakly
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saddle-shaped energy flow [24,30] is mostly along +x, providing the necessary
transformation from donut to spatiotemporally offset lobes and back again. This is a
remarkable effect: we note that in a STOV-free beam, the term V,; ® would act on a
local spatial phase curvature to transversely direct energy (diffract) to both transverse
directions with respect to the direction of the beam propagation (here +x and +y).
However, in an [ = 1 linear STOV whose axis is along y [see Fig. 4.2(b)], V, ® points
along (—x) in front of the pulse and along (+x) in the back, directing energy density
to one side in the front of the pulse and the opposite side in the back. This is seen in the
transformation of the spatiotemporally offset lobes from the near field [Fig. 4.2(b) inset
image] to the far-field flying donut. Similar dynamics apply to the [l = —1 STOV of
Fig. 4.2(c), and to the [ = 1 STOV of Figs. 4.2(a) and 4.2(b).

To explore higher-order STOVs, we use an | = 8, (16m) spiral phase plate in the
pulse shaper. Figure 4.5(a) shows the near-field intensity envelope and phase, while
4.5(b) shows the intensity and phase in the far-field. In the near field, as shown in (a),
six m-step phase jumps appear, corresponding to nulls in the intensity envelope (rather
than eight because the SC probe pulse underfilled the larger image of the exit grating
in the witness plate). In the far field, where the SC probe pulse overfilled the pump
pulse, enabling coverage of all the vortices, it is seen that the pulse has formed eight
[ = +1 STOVs. Such splitting of high-charge vortices into multiple single-charge
vortices has been explained for standard monochromatic OAM as originating from
interference with a coherent background, or with a coherent probe beam used to

measure the presence of vortices [100].
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Figure 4.5. Results from pulse shaper with [ = 8 spiral phase plate. Pulse
propagation is right-to-left. Left column: intensity profiles Is(x, ). Right column:
phase profiles A®(x, 7). All profiles are spatially rescaled for comparison. (a) Near-
field intensity and phase of shaper output, obtained from imaging exit grating onto
witness plate. The [ = 8 vortex appears as eight r-step phase jumps (only 6 visible
owing to underfilling of image by probe SC pulse). Laser pulse energy ~20 uJ. (b)
Far-field intensity and phase obtained by focusing shaper output into witness plate.
Here, eight [ = 1 STOVs are seen in the phase plot (here, the SC reference pulse
profile overfills the smaller spot). Laser pulse energy ~2 uJ. (c,d) Fourier transform
simulation of near-field and far-field intensity and phase where the (x, w) spatial
profile of the pulse in the shaper is not matched to the phase mask. (e,f) Fourier
transform simulation of near-field and far-field intensity and phase where the (x, w)
pulse profile in the shaper is matched to the phase plate.
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In this case, the splitting has a different origin: a mismatch of the (x, w) beam
profile in the pulse shaper to the profile of the [ = 8 spiral phase plate. While this
mismatch has only minor effects for generating [ = 1 STOVs, as discussed in the
context of Fig 4.4, it reveals itself for higher-order STOVs. Fourier transform
simulations, including glass dispersion, are shown in Fig 3.5(c) and 3.5(d) for the near
and far fields, reproducing the main features of the measurements, including the
“splitting” into eight [ = 41 vortices. The (x, w) beam profile-phase plate mismatch
leads to slightly different orientations of adjacent pairs of near-field lobes in Fig. 4.5(a)
[4.5(c)]; these form slightly displaced [ = 1 windings in the far field in Fig. 4.5(b)
[5(d)]. So in this case, it appears that the [ = 8 STOV never forms and eight [ = 1
STOVs are formed directly. It is expected that with dispersion management and a better
match of the spatiospectral beam profile with that of the phase plate will enable
generation of high order STOVs that can propagate into the far field. This is shown in
the simulations of Fig. 4.5(e) and 4.5(f) for the case where the spatiospectral profile
and the phase plate are matched: an [ = 8 flying donut is formed, accompanied by a

single vortex of the same charge.

4.4 Conclusion

In conclusion, the linear generation and propagation in free space of pulses that carry a
new type of optical OAM whose associated vortex phase circulation exists in space-
time has been demonstrated. These measurements show that freely propagating STOVss

conserve angular momentum in space-time and mediate space-time energy flow within
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the pulse. It was also through this work that a new ultrafast diagnostic, TG-SSSI was
first demonstrated to measure the space- and time-resolved amplitude and phase of a
STOV in a single shot. It is anticipated the study of nonlinear propagation of STOV-
carrying pulses, as well as the propagation of STOVs through fluctuating media will
provide a rich area of study, and in such experiments, sensitive to shot-to-shot

fluctuations, TG-SSSI will be an important tool.

73



Chapter 5: Second-harmonics from spatiotemporal optical

vortices

5.1 Introduction

Since we have demonstrated the linear generation of STOVs and their linear free-space
propagation in the previous chapter, the next logical step is to examine their nonlinear
propagation. In this chapter, SHG of STOVs are examined experimentally using TG-
SSSI[28]. Additionally, simulations exploring the conservation process and the
propagation of STOVs in material media are presented.

The SHG photons carry twice the OAM of the fundamental beam photons (mh —
2mh) [101-105], where [ is the beam topological charge. Similarly, in sum and
difference frequency generation, the OAM of the two fundamental modes are added or
subtracted respectively [106]. In the case of q"*-order high harmonic generation with
mode of charge m, the resulting photons have OAM qmh [107-110]. The
conservation of OAM in nonlinear interactions has prompted the measurements of
harmonic generation and OAM conservation with STOV-carrying pulses as first
presented in [31,111,112], confirmed in [113], and a theoretical treatment of high
harmonic generation using STOVs [114].

Because SHG is fundamentally an interaction process of the quantized
electromagnetic field, and because all photons in the STOV pulse from the pulse shaper

carry the same bandwidth, polarization, and spatiotemporal (or spatiospectral) phase,
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these results verify that individual photons can have OAM orthogonal to their direction

of propagation.

5.2 Analytic Evaluation of Second Harmonic Generation of STOV's

A STOV-carrying pulse of center wavenumber k, at position |z| < zg along the

propagation axis (strongly satisfied in these experiments) can be written as [27]

N1
E(r,z7) =a (Ti n sgn(l)x—) exp(ikyz) Ey(ry,2,7) (5.1)
S S

= A(x, 1) exp(ilcbst(x, T)) exp(ikyz) Eo(1r, z,7),
where zp is the Rayleigh range, v, = (x,y), T =t — z/v, is a time coordinate local to
the pulse, vy is the group velocity, 75 and x; are the temporal and spatial scale widths
of the STOV, &, (x, T) is the spacetime phase circulation in x — T space, the integer,

1, is the topological charge of the STOV, A(x, 1) = a((t/15)? + (x/xs))W?, q =

2 o\ —1/2
V2 ((x—O) + C—O) ) for | = +1, and E| is the STOV-free Gaussian pulse input to

Xs
the pulse shaper, where x( and 7 are the spatial and temporal widths of the pulse [27].
Here, a is a normalization factor ensuring energy conservation through the pulse
shaper. The propagation phase factor exp(ikyz) contributes to extrinsic OAM, and not

to the SHG process.
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Figure 5.1. (a) 4f pulse shaper used to generate a [l = +1 STOV-carrying pulse at
800nm, composed of two 1200 groove/mm gratings, two f = 10 cm cylindrical
lenses and a transmissive m-step phase plate. The fused silica phase plate has an
882nm step oriented at £40° to the grating dispersion direction. A 100um thick
BBO crystal is located 20cm from the output grating. (b) TG-SSSI setup, with
elements described in the main text. (¢) Idealized spatiotemporal intensity I(x, T) <
|E|? and phase A®(x, T) of (i) Eg (I = +1) described by Eq. (5.1) and (ii) E2® (I =
+2). (d) Spatiotemporal intensity and phase of (i) Es (I = +1) and (ii) E2¢ (I =
+2) from simulation (See Sec. 5.6) of our pulse shaper, followed by SHG in the
nonlinear BBO crystal with GVMpg, = 0 and GDDggo = 0. Here, the diamond-like
donut shape of Ig(x, ) and 12®(x, T) stems from the contribution of higher order
Hermite-Gaussian modes generated from the n-step phase plate and superimposed
on the STOV.
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The well-known SHG process [115], as applied to the fundamental STOV pulse of
Eq. (5.1), would give EZ2®(ry,z1) < A%(x,7)exp(i2ldy (x,7))ES(r,, 2,7),
assuming perfect phase matching and an undepleting pump. This result is plotted in
Fig. 5.1(c), which shows the intensity and phase of the fundamental [red colormap (i)]
and the second-harmonic fields [blue colormap (ii)]. The 2w phase winding of E is

transformed into a 47 phase winding of E2“, accompanied by a narrowing of the

intensity ring by a factor of v/2. Because this pulse shaper modulates only the input
pulse phase and not its amplitude, the STOVs it generates are not fully symmetric as
shown in the pulse shaper simulation of Fig. 5.1(d-1). (See Sec. 5.6) The diamond-
shaped spacetime donut - reproduced in the measurements later — results from beam
contributions by higher-order Hermite-Gaussian modes generated at each frequency by
the m step of the phase plate. The corresponding second-harmonic field of the shaper

output is shown in Fig. 5.1(d-1).
5.3 Measurement of SHG of STOV

5.3.1 Experimental Setup

Fundamental (4, = 800 nm) STOVs with electric field E; were generated from 50 fs
pulses from a 1 kHz Ti:sapphire amplifier routed through the 4f pulse shaper depicted
in Fig. 5.1(a) and previously presented in Refs. [26,27,57]. The key feature of the pulse
shaper is the transmissive fused silica phase plate at the common focus of the

cylindrical lenses (the Fourier plane of the pulse shaper). The phase plate has a  step
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of height A,/2(ngs — 1) = 882 nm (where ngg = 1.4533 is the refractive index of the
substrate at 800 nm) across its diameter. Orienting the step at a = £40° to the
dispersion direction of the input diffraction grating generates fundamental STOVs Ej
with topological charge | = +1 in the near field of the pulse shaper. Alternatively, a
spiral phase plate could have been used to generate a similar STOV pulse in the far
field of the shaper [27,57]. The angle a depends on the beam diameter and spectral
resolution of the pulse shaper and is tuned experimentally. SHG of E; was
accomplished by placing a 100 pum thick, type I beta-barium borate (BBO) crystal at
the immediate output of the 4f pulse shaper in the near field. The crystal was
sufficiently thin to ensure SHG phase matching over the full pulse bandwidth. /¢ is
important to stress here that a well-aligned, ideal pulse shaper of this type [26,27,57]
imposes the same bandwidth, spatiotemporal phase and polarization on all output
photons. In addition, the photons have a purely spatial phase, which is related to their
extrinsic OAM. Minus this component, STOV-based OAM is intrinsic, and it is the
intrinsic part of the OAM that is responsible for angular momentum conservation under
SHG.

In order to observe the spatiotemporal phase and amplitude of the fundamental and
SHG STOVs, the use of transient-grating single-shot supercontinuum spectral
interferometry (TG-SSSI) was employed, a technique developed for measuring pulses
containing spatiotemporal phase singularities [27,28] and is discussed in Chapter 2.
TG-SSSI enables the single shot measurement of the phase Ad®(x, 1) and intensity

I(x, ) profiles of ultrashort pulses, where x is a space dimension orthogonal to pulse
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propagation [as shown in Fig. 5.1(a)] and t is the local time in the pulse frame. As
shown in the TG-SSSI setup depicted in Fig. 5.1(b), either E; or its second harmonic
E2® is imaged by a low dispersion MgF, lens (L1) into the “witness plate,” where it
interferes with a spatial reference pulse &; to form a transient volume grating. Spectral
interferometry using probe and reference supercontinuum pulses Ej, and E,..; was
performed on the transient-grating, enabling extraction of A®(x, ) and |Es(x,7)|?
1(x,7) (or A®??(x,7) and |E2“(x,7)|?) [27,28]. In this TG-SSSI iteration, the setup
can measure pulses as short as ~11 fs at the fundamental (~27 fs at the second
harmonic). For adequate signal-to-noise ratio, the lowest pulse energy measured here

was 3 pJ, corresponding to a peak intensity of ~150 GW/cm?.

5.3.2 Experimental Results

The TG-SSSI measurements of the fundamental and SHG STOVs are shown in Fig.
5.2, where the red colormap panels of (a) show the spatiotemporal intensity I;(x, 7) and
phase A®(x, T) of the fundamental [ = +1 STOV E(x, 7) at the near-field output of
the 4f pulse shaper. I;(x, 7) has the characteristic edge-first “flying-doughnut” profile,
with the pulse propagating right to left, while A®(x, T) is a single 27 winding centered
at (x,7) = (0,0). The dip in intensity near x = —60 um in Fig. 5.2(a) is due to
scattering off the m step of the phase plate. Figure 4.2(b), in the blue colormap, shows
the measured spatiotemporal intensity 2% (x, ) and phase A®2?® (x, 1) of E2?®(x, ).
Instead of a single 47 phase winding [as in Fig. 5.1(c) and 5.1(d)], we see that 12% (x, 7)

and A®2®(x,T) show two spatiotemporally offset vortices, embedded in the second
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Figure 5.2. TG-SSSI measurements of fundamental and SHG STOVs. (a) Top:
Intensity profile Is(x, 1) of fundamental [ = +1 STOV; Bottom: spatiotemporal
phase A®(x,t) showing one 2 winding. (b) Top: SHG output pulse IZ®(x, 1)
showing two donut holes embedded in pulse; Bottom: spatiotemporal phase profile
A®2?(x,7) showing two 2m windings. Phase traces are blanked in regions of
negligible intensity, where phase extraction fails. These images represent 500 shot
averages: the extracted phase shift from each spectral interferogram is extracted,
then the fringes of each frame (shot) are aligned and averaged, then the phase map
1s extracted [28].

harmonic pulse, around whose centers are two 27 phase windings. This constitutes two
[ = +1 STOVs, ad thus energy conservation dictates that the E2% pulse carries on
average, twice the OAM per photon of the fundamental E.

The spatiotemporal splitting of the STOV in E2% is due to (1) group velocity
mismatch (GVM) (= 1/ vg(zw) -1/ vg(w)) between the E; and E2® pulses in the BBO

crystal during SHG [116] and (2) group delay dispersion (GDD) in both the BBO and

the lens L1. These effects are explored next through simulations.
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5.4 Simulation of SHG of STOV

The mechanics phase winding splitting during SHG of STOVs and their subsequent
propagation was examined by spectral domain [t - w and r;, - k, = (kx, ky)]
simulations using the carrier resolved unidirectional pulse propagation equation

(UPPE) algorithm [83] of the 3D system of propagation equations.

0E - 2r w?
Pl iK,(w,k,)E + —

—Kz(w, k) 2 P, (5.2)

for the fields E = yE; or E = XE2®. Here K,(w, k) = \/kz(a)) — |k, |? is the linear
propagator in the spectral domain, k(w) = wn(w)/c is the wavenumber (with
dispersion in BBO and MgF, lens L1 provided by Refs. [116] and [117]), and P is the
nonlinear polarization for the BBO portion of the propagation, where the orthogonally

polarized E and E2% fields are computed in the spatiotemporal domain and coupled

through
P, = x2 (~w; 20, —w)E,Ej exp[—i(ky, + ky — ky)z], (5.3a)
P, = x)((i,)y(—Zw; w, w)EZ expli(ky, + ky — ky)z], (5.3b)

where y @ is the second-order susceptibility tensor for BBO [118].

Owing to symmetry along y, dE/dy = 0 was used, which also reduces the
computational load. The simulation (see Sec. 5.6) generates E; in the pulse shaper,
propagates it through the BBO while generating E2%, and then propagates the fields
through the MgF, lens to the witness plate. The initial conditions at the entrance to the

pulse shaper are X E,, = 0 and y E, is a plane wave with wavevector (0,0, k,), where
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|Eo|? is a Gaussian corresponding to the experiment’s 3.2 mm 1/e? beam radius, 50
fs pulse width, and 350 pJ energy.

These simulations generating E2®(r,,z,7) show that for the case of zero
dispersion (GVMgggo = 0, GVDggg = 0, and GDD;; = 0), the [l = +2 STOV does not
break up for BBO crystal thickness less than ~100 um. This is seen in Fig. 5.3(a) for
two BBO thicknesses, 20 pm and 100 um. The A®?®(x, ) plots are zoomed in near
the phase singularity, while the insets show the full intensity profile.

Figure 5.3(b) shows a simulation for the non-physical case of GVMggg =
0.19 fs? /um and GVDggo = 0. It is concluded that nonzero GVMgg, is sufficient to
break the [l = +2 STOV into two [ = +1 STOs in as little as 20 um of propagation in
BBO. Including GVDggo, = 0.209 fs?/um in the simulation [Fig 5.3(c)] shows the
separation of the two windings relative to the case in Fig 5.3(b). Note that for /2% (x, )
[insets of (a), (b), and (c)], the two field nulls are resolvable only into one central null.

A simulation corresponding directly to Fig. 5.2°s experimental parameters is shown
in Fig. 5.3(d), where GDDy; = 350 fs? and GDD,;, = 250 fs? are included. Here, the
already separated [ = +1 STOVs are driven farther apart by the additional dispersion
from linear propagation in air and through the MgF, lens, leading to two
spatiotemporally offset nulls in /2% (x, 7). Because of linear propagation in L1 and air,
GDD has a different effect than the interplay of GVMgpo and GVDggg on vortex
separation during nonlinear propagation [Fig. 5.3(c)]. Comparing the results in Fig.

5.2(b) and 5.3(c), the simulation matches the experiment quite well.
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Figure 5.3. Simulation (See Sec. 5.6) of the SHG of a fundamental [ = +1 STOV
Es. Plotted is I12% (x,T) o |EZ® |? and A®?®(x,T) , the intensity and phase of the
simulated SHG pulse. The simulation generates Es in the pulse shaper, propagates
it through the BBO while generating EZ, and then propagates the fields through
MgF> lens L1 to the witness plate. The phase images are zoomed in at the null to
show the decomposition of the high order STOV. (a) GVMggo = 0, GDDggo = 0,
GDDy; = 0. Thel = 2 STOV does not break up regardless of the BBO thickness,
here for 20um (left) and 100um (right). Insets: 12% (x, T), with horizontal T(fs) and
vertical x (um) scales. (b) GVMggo = 0.19 fs?/um , GDDBBO=0, and GDDL1
=0. Here, the l = 2 STOV breaks up into two [ = 1 STOVs in as little as 20pm of
propagation in BBO. (¢) GVMggo = 0.19 fs?/um, GDDggo = 20.9 fs?, and
GDDy; = 0. (d) Simulation corresponding to experimental parameters of Fig. 5.2:
GVMpggo = 0.19 fs*/um, GDDggo = 20.9 fs?, GDD,;, = 250 fs? and GDD;; =
350 fs2. (e) Simple convolution model of the effect of GVM in BBO, showing
decomposition of [ = +2 STOV into two [ = +1 STOVs.
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The effect of GVM in the BBO on the decomposition of an [ = +2 STOV can be
explained as follows: As E propagates in the BBO, eash portion of its envelope at local
time T nonlinearly generates a contribution §EZ® that slips back in time with respect
to the group velocity frame of the fundamental. The SHG crystal output can then be

constructed as the convolution integral E2%(x,7) = f_Too SE2?(x,T — t)0O(t)dt, the

sum of a sequence of time-shifted [ = +2 STOV contributions §E2% (x,T — t) that
models the increasing slip of the peak of E2% with respect to the peak of E,. Here,

O(t)=1for0 < t < At,and O(t) = 0 elsewhere, where the maximum time slip is At =
(1/vg(2w) - 1/v;w))L ~ 19 fs for the SHG BBO crystal length L = 100 pm. The

integral yields two spatially offset [ = +1 phase windings as depicted in Fig. 5.3(d).
This is essentially the STOV equivalent to the splitting observed due to spatial walk-
off of LG beams in nonlinear crystals [119]. The additional nonzero GDD;; leads to
the diagonal (spatiotemporal) offset of Fig. 5.3(c). Recognizing from Fig. 5.3 that the
two spatially offset [ = +1 phase windings represents a superposition of time-shifted

[ = +2 STOV pulses, we find that OAM conservation in SHG also applies to STOVs.

5.5 Conclusion

In summary, the conservation of STOV-based OAM in SHG, has been experimentally
and theoretically demonstrated. GVM between the fundamental and second-harmonic
STOVs is the primary cause for [ = +2 STOVs to quickly separate into two [ = +1

STOVs after only a short propagation distance in the SHG crystal. The spacetime
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separation of STOVs during SHG could possibly be mitigated by using noncollinear
SHG geometry.

The question of whether photons in an ultrashort STOV pulse individually carry
transverse OAM is difficult to answer experimentally using linear optics; this question
is more easily answered with the help of nonlinear optics. The conservation of photon
number implied by the Manley-Rowe relation for SHG, 2d/dz(I (@) / hw) =
d/dz (I 2w) / hw) [115], implies that, on average, photons at the second harmonic
carry twice the OAM of photons at the fundamental. However, because SHG is
fundamentally a quantum mechanical process involving light-matter interactions of
quantized electromagnetic fields, and because all photons in the STOV pulse from the
pulse shaper carry the same bandwidth, polarization, and spatiotemporal phase, we
conclude that energy and angular momentum conservation in the SHG process holds at
the individual photon level — and that photons in STOV-carrying pulses have OAM
orthogonal to their direction of propagation. The uncertainty relations Ak,Ax > 1/2
and AkzA¢ = 1/2 ensure that a photon with STOV OAM could be found anywhere in
the transverse and longitudinal extent of the pulse, and it could have any frequency

consistent with the bandwidth.
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5.6 Additional Material:

B.1 Second Harmonic Generation Propagation Simulations

Propagation simulations of this chapter employed the Unidirectional Pulse Propagation
Approximation (UPPE) algorithm [83], a fully spectral method for simulation of linear
and nonlinear propagation of ultrashort laser pulses. UPPE simulated (1) nonlinear
propagation of the fundamental [ = 1 STOV E through the BBO and generation of the
SHG field EZ% (2), linear propagation from the exit face of the BBO through lens L1
to the witness plate of TG-SSSI (See Fig. 5.1 in Sec. 5.2). UPPE can be implemented
in multiple ways (scalar or vectorial, envelope or carrier resolving), none of which
require the beams to be paraxial. The only assumption made is unidirectional
propagation of pulses. For the simulations of this chapter, we implemented a carrier-
resolving scalar UPPE solver.

Assuming E(x, y, t, z) is the electric field of the laser pulse (including the carrier)

and E(kx,ky, w, z) is its Fourier transform in time (t = w ) and transverse space (

{x,y} = {ky, k,} = {k,}) we have

0E/0z = iK,(w, K ))E + i2m K; Y (w, k) (w?/c?)P, (B1)

where K, (w, k) = \/ k2(w) — |k, |? models diffraction and dispersion and P is the
nonlinear polarization. The advantage of solving spectral domain Eq. (B1) is the
decoupling of field values from their adjacent values (in w and K ). Only the history

of the fields E and P at a given spectral point (w,k,,z) determines the value of
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(w,Kk,,z + Az) through simple integration. Depending on the type of nonlinearity
modeled, it is convenient to calculate the polarization in either the spatio-temporal
domain (P) or the spatio-spectral domain (P). For nonlinear propagation through the
BBO crystal, P is calculated in the space-time domain since the pulse is polychromatic, and
is given by

P, = f,f%,(—w; 2w, —w)ELE; e~ ilky+ky=ky)z

P = (/235 (—20; w,w)Ezellrthyka)z,
while it is P = 0 in the linear part of the propagation. For inclusion in Eq. (5.1) of Sec.
5.2, P is Fourier transformed to P, as shown there. To apply our simulations to y-

symmetric STOVs we use dE/dy = 0 (k, = 0), thereby reducing the simulations to a

2D slice through the pulse at y = 0.

B.2 Pulse Shaper Simulations

Pulse shaper simulation was performed by applying a m-step phase to a simulated
Gaussian pulse in the spatio-spectral domain. The pulse parameters used were:
Trwam = 70fs, Xpywuy = 4mm (both for intensity envelope), central wavelength A, =

800nm, and grating period A = 1/1200 mm. The input field into the pulse shaper is
Eo(x,7) = Egexp(—x2/20% — 12/202 + iwyT), where 0y = Xpwyu/2+/In (2),
o = TFWHM/Z\/m and wy = 2mc/Ay. An input grating angle of 8; = —10° was
assumed and the first order diffraction angle is given as 6;(1) = sin"1(—A/A —

sin 6;). Referenced to A, in the first order, the angle is A8, (1) = 6,(1) — 6;(4,). The
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spatial location of the dispersed ray at the m-step phase plate is y = f tan A6, (1),
where 1 = 2nc/w, and f = 100mm is the focal length of the cylindrical lens. The
phase plate is rotated at an angle a relative to the dispersion direction of the grating,
and the phase shift it imparts to the beam is computed as A(x,y) =0 forx <
y tan a and A(x,y) =mforx > ytana, where Eyui(x,7) =
Fil [9-} [E (x,7)] exp(iA(x, y))].

Simulating the scattering off of the m-step on the phase plate was similarly done by
defining a mask B(x,y) = 0 for |x —ytana| < w/2 and B = 1 elsewhere, where w
is the width of the scattering edge (the etched step with finite width in the phase plate).
The scattering (amplitude) mask is then applied to the input pulse as E,:(x,T) =
Fil [B (x, )F[E (x,7)] exp(iA(x, y))]. Figure B1 shows the simulated shaper output

without and with the scattering edge included in the simulation for a range of a values.

-50 0 50 -50 0 50 -50 0 50 -50 0 50 -50 0 50 -50 0 50

t(fs]

Figure B1. Intensity of the STOV at the pulse shaper output vs. n-step angle (o)
with respect to dispersion direction (y). For each value of a, the left panel does not
include scattering due to the m-step, while the right panel includes it by applying the
phase mask B discussed above.
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The pulse where the scattering edge is simulated show a slight dip in intensity at the
bottom of the pulse due to amplitude modulation in the spatio-spectral domain.

The diamond-like shape of the simulated shaper output of Fig. B1 is a result of high
order Hermite-Gaussian modes generated at each frequency bisected by the m-step of
the phase plate. To illustrate this Fig. A2(a) shows the intensity output of the pulse

shaper at a = 40° (without the scattering edge), while Fig. B2(c) shows

4
(a) (b) !
2 0.8
—_ 0.6
E
= 0.4
2 0.2
4 0
500 (9] (d) M1
0.8
T 0.6
E y———————
E 0.4
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Figure B2. (a) Pulse shaper output for « = 40° without modeling scattering from
edge of the m-step phase plate. (b) shows the spatially filtered output of the pulse
shaper where large values of k, in (c) are set to zero. (c) shows the log of the spatial
Fourier transform of the shaper output, log (|F,(Eyy:)| + 1). The high frequency
horizontal stripes can be filtered out using a spatial filter which result in (b) the
spatially filtered output of the pulse shaper (d) shows the log of the spatial Fourier
transform of an ideal STOV, log(|F(Esroy)| + 1).
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log (|F(Eoue)| + 1). The high frequency components in the spectral domain of the
field can be seen as horizontal strips. Figure A2(b), shows the result of spatially
filtering the output of the pulse shaper (the spatial filtering here was performed by
setting k,, > 2.36mm ™1 = 0 in (c)). Finally, Fig. B2(d) shows log (|F,(Eyyt)| + 1) for
an ideal symmetric STOV of the form < (z/7, + i x/x,)Ey(r, z, T). We note the absence
of the horizontal bands in the spectrum.

Free space propagation of STOVs was previously explored experimentally and with
simulations [27]. Figure B3 shows the simulated intensity and phase evolution during

z=02z z=1/4z z=1/2z z=3/4z z=1z
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Figure B3. (Shaper) shows the intensity (top) and phase (bottom) of the shaper
generated STOV pulse as it propagates over one Rayleigh length, zp, of the
Gaussian carrier pulse. (Ideal) shows the intensity (top) and phase (bottom) of an
ideal STOV pulse as it propagates over one Rayleigh length, zz, of the Gaussian
carrier pulse.
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propagation of the pulse shaper output and an ideal STOV over a Rayleigh range of the
Gaussian input pulse, using the previously described UPPE method [83]. Note that both
ideal- and shaper-generated STOVss evolve into two-lobed structures after one Rayleigh

length of propagation.

z=0z z=1/4z z=12z z=3/4z z=1z
R R R R
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Figure B4. (Shaper) shows the intensity (top) and phase (bottom) of the second
harmonic of the shaper-generated STOV pulse as it propagates over one Rayleigh
length, zg, of the second harmonic of the Gaussian input pulse. (Ideal) shows the
intensity (top) and phase (bottom) of the second harmonic of an ideal STOV pulse
as it propagates over one Rayleigh length, zp, of the second harmonic of the
Gaussian input pulse.

In Figure B4, we show propagation simulations of the intensity and phase evolution

of the squared output of the pulse shaper (second harmonic generation in an ideal
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crystal), and of an ideal STOV over the Rayleigh range of the frequency doubled
Gaussian input pulse. Note that the second harmonic of both the ideal STOV and the
shaper-generated STOV evolve into three-lobed structures after propagation of one

Rayleigh length.
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B.3 Experimental Setup Details

removed for 800nm experiments
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Figure BS5. Preparation of pulses required for TG-SSSI measurement. The output
from a Ti:Sapphire amplifier was split between reference and probe
supercontinuum (SC) pulse generation (E,.r and Ej,,), the structured pulse E, and
the interferometric reference, £;, using beamsplitters BS1 (reflect 20%, transmit
80%) and BS2 (reflect 25%, transmit 75%). The energies of E; and &; were
controlled using a half-wave plate (HWP) and thin film polarizer (TFP). The SC
and €; delay lines (DL1 and DL2) allow for control of the temporal overlap of the
Ey,, and &; with E;. For SHG measurements, the output of the pulse shaper, E, is

passed through BBO; (100um) to generate E2%, which is then passed to the TG-
SSSI setup using multiple 400nm dielectric mirrors (which filters out the 800nm
light and is shown here as effective BP2). For SHG measurements, &; is passed
through BBO: (1mm) to generate £, which is then sent through 10nm bandpass
filter BP3 centered at 400nm, which also rejects the fundamental. The
interferometric reference 2% is then directed to the TG-SSSI setup. In the SC delay
line DLI1, the beam is attenuated and apertured using an iris, and the linear
polarization is rotated with half-waveplate HWP to be co-polarized with either E;
and &; (for measurements of the fundamental), or £?® and EZ® (for SHG
measurements). The output of DL1 is focused into the Xe gas cell using 75cm
plano-convex lens L1. Filamentation in the 2 atm Xe gas cell generates broadband
SC supercontinuum ~400-900 nm, which was short-passed below ~750 nm by BP1
(800 nm dielectric mirror), collimated using 40cm achromatic lens L2, and sent into
a Michelson interferometer to generate E,..r and Ej,.. The bandwidth 400-700 nm
was used in TG-SSSI.
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The experimental layout preceding TG-SSSI is shown in Fig. B5, with full description

in the figure caption.

B.4 Modeling of Group Velocity Mismatch Effect

Modeling group velocity mismatch in nonlinear interactions using convolution
integrals is a common heuristic approach [120]. Below we show the simple case of
numerically adding the fields of two temporally offset [ = 2 STOVs and find that this
yields a pulse with two spatially offset [ = 1 STOVs. At each infinitesimal slice of
propagation of the fundamental through the BBO, a portion of the fundamental is
converted to frequency doubled (second harmonic) light. The fundamental propagates
faster through the BBO than the second harmonic, so at each infinitesimal slice of
propagation, the locally generated second harmonic temporally leads the second
harmonic generated at earlier infinitesimal slices. Mathematically, this is equivalent to
convolving a single infinitesimal slice of generated second harmonic with a step
function of width equal to the total walk-off of the second harmonic with respect to the
fundamental. A toy model of this where the electric fields of two ideal [ = 2 STOVs

separated by 19 fs are added together is shown in Fig. B6.
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Figure B6. Shows a toy model of the result when the electric field of two temporally

offset | = 2 STOVs are added, resulting in two [ = 1 STOVs offset spatially.
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Chapter 6: Transient Perturbations of Light and Transverse

OAM

6.1 Introduction

Since the publication of the accomplishments in the previous chapters, alternative
methods for STOV generation have been proposed [121-123], and calculation of
higher order STOV propagation has been performed [124]. Despite the rapidly
increasing experimental activity studying STOVs, there had been no theoretical
analysis of their OAM content until recently [30,87,125], where one result determined
that STOV-based OAM must take half-integer values [30] (See Chapter 3), with the
other claiming that only integer values are allowed [87,125] (see further discussion in
Sec. 6.6). This difference is more than just an academic question, as it quantifies the
exchange of transverse OAM in light-matter interactions. Such interactions, the subject
of this chapter, are one of the building blocks of future applications of STOVs.

Interactions of longitudinal OAM-carrying beams with matter have been long
studied. One early example is the interaction of a LG,,, donut mode with a macroscopic
particle, causing it to rotate about the OAM axis [5]. The converse of this process can
be viewed as the torquing of light, in which a light beam gains OAM from an interaction
with matter. A simple example of this is the pickup of OAM by a beam passing through
a spiral phase plate [19] or any refractive index structure that imparts a non-zero

azimuthal phase shift about the propagation axis. For example, LGy, donut beam
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propagation through a turbulent atmosphere leads to an output beam carrying a
spectrum of longitudinal OAM states m,m + 1,m + 2, .... [13,126], owing to the
random azimuthal phase shifts picked up over the propagation range. In all of these
cases, the OAM beam can be CW and monochromatic, with the refractive index
structures static on the timescale of the beam evolution: such torquing of light makes
preservation of pure longitudinal OAM states difficult.

In this chapter, we present the first experimental evidence of the controlled
spatiotemporal transfer of transverse OAM to light by matter: the spatiotemporal
torquing of light. This is a radically different situation than the torquing of longitudinal,
spatially-defined OAM light by stationary or slowly varying refractive index structures
such as phase plates or air turbulence. We demonstrate that transverse OAM of a light
pulse can be changed only for sufficiently fast transient phase perturbations that overlap
with the pulse in spacetime, or by removing energy from a pulse already possessing
transverse OAM. We explore the physics of what constitutes an optimal overlap.
Furthermore, we experimentally verify our “half-integer” theory of STOV OAM [30];
the theory is crucial to correctly quantifying the light-matter interaction of this
experiment. We also make a connection to the first measurement of STOVs [24],

providing a spatiotemporal torque-based explanation for their generation.

6.2 Determining Changes in Transverse Orbital Angular Momentum

The perturbation-induced change in the orbital angular momentum of an optical pulse

can be determined from measurements of the amplitude and phase of the pulse before
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and after the perturbation. For the well-known case of pulses with longitudinal OAM,
say along Z, the procedure is straightforward: If the pre- and post-perturbation complex
electromagnetic field envelopes are E; and E,, then the change in longitudinal OAM
per photon (which is necessarily intrinsic OAM) is computed as A(L,) = (L,)sp —
(Ly)s = usp(Esp|Ls|Esp) — us(Es|L,|Es),  where L, = (rxp), = —i(x /9y -
y 0/0x) is the longitudinal OAM operator. Here we use the linear momentum operator
P = —iV, and ug g, = (Essp|Essp) = J d°r |Essp|?. The expectation values of L, for
the pre- and post-perturbation fields are (L,)ssp = Ussp <E5,5p|LZ|ES,Sp) =
Ussp | A°r EgpL,Es s, where the integrals are taken over all space, with d®r =
dxdydz and the origin taken as the energy density centroid (or “centre of energy”).
This choice of origin isolates the intrinsic OAM from extrinsic OAM; it is further
discussed in Sec. 6.6. The same result is obtained by directly integrating the OAM
density of the fields [127]: A(L,) = 2koUg! [ d®r [(r —rs,) X (Egp X HE)], —
2koUst [ @r [(r — 1) X (Eg X H),, where  Ugg, = [ d°r (|Egepl? + [Hsspl?),
Tssp = Usop | A°rr(|Egp|® + [Hg 5 |?) are the respective pulse centres of energy,
Hg, is the magnetic field, and k, is the wavenumber of the fields, which can be
monochromatic. Here we have assumed a dilute non-magnetic material with index of
refraction satisfying Re(n) = 1.

Likewise, for changes in transverse spatiotemporal OAM, an operator-based
calculation should agree with a direct field-based calculation using the transverse OAM

density. That is, if Eg and Eg, are pre- and post-perturbation y-polarized pulses
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propagating along Z with transverse OAM oriented along ¥ (ensuring no effects of spin
angular momentum), the change in intrinsic transverse OAM per photon, A(L,,), should

be calculable either as

A(Ly) = (Ly)sp = (Ly)s = us_p1<Esp|Ly|Esp) - u;l(Es|Ly|Es>, (6.1a)

or A(Ly) = 2kiUGt [ @3’ [(r' —14p) X (Egp X Hép)]y -
(6.1b)
2koUst [ @3r' [(r' — 15) X (Es X H)I,,

provided that the correct L,, operator is used in Eq. (6.1a) and the origin is the spacetime
centre of energy. In Eq. (6.1b), r’ refers to spacetime coordinates in the group velocity
frame of the pulse (see below), usgs, = [ d°r' [Eggpl®, Ussp = J d3r' (|Egspl® +
|Hssp1%), and 15, = Ugg, [ 0 r'(|Egp|* 4 [Hg 5 |?) are the spacetime centres of
energy. Because STOV pulses are polychromatic [30], here k, is the central
wavenumber and kg allows for a central wavenumber shift in a spatiotemporally
perturbed pulse. For weak perturbations, ky = ko, and for negligibly absorbing
perturbations (see Sec. III), us, = us and Uy, = U;. Our experiments satisfy these
conditions. These expressions also assume nonmagnetic material and Re(n) = 1, the
conditions of our experiments.

As indicated, care must be taken in determining the form of the spatiotemporal
OAM operator L,. Unlike longitudinal OAM L,, whose physical origin is the

circulation of electromagnetic energy density around the z-axis in both x and y
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dimensions, energy density flow in a Z-propagating STOV pulse in vacuum, with OAM
along ¥, can occur only along +x: if any flow occurred along z, it would be
superluminal or subluminal above or below the vortex singularity (depending on the
sign of the STOV), violating special relativity. In recent work [30], we found a
transverse spatiotemporal OAM operator, expressed in spacetime rectangular or polar

coordinates,
N /.0 0
Ly, = (" X Pgs)y = —i (fa“}ﬁ‘&)

0
= —i [psincbcoscb (1 +ﬁ2)%
(6.2)

0
25 2
+ (cos* @ — B, sin“ @) 3D
- —i(cos? ® — 3, sin? ®) 9
2 D’

which applies in a dispersive optical material. Here § = vyt — z is a local space
coordinate in the group velocity (v,) frame of the pulse (local time is T = &/vy), t is
time in the lab frame, B, = v7kokg is the dimensionless group velocity dispersion of
the material, ki = (0v;'/0w)y,, and P = —iVq= —i(V, — B, 0/0¢) is the
spatiotemporal linear momentum operator [30]. The spacetime polar coordinates (p, ®)
are defined by x = p sin® and ¢ = pcos ®. The arrow in Eq. (6.2) indicates that the
first term in the full polar coordinate expression always integrates to zero in Eq. 1(a),
leaving the second term as the intrinsic transverse OAM operator in polar

coordinates [30]. In performing the integrals in Egs. (6.1a) and (6.1b), d3r’ = dydxdé&
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in spacetime rectangular coordinates and d3r’ = dypdpd® in spacetime polar
coordinates.

Our L,, operator is consistent with special relativity, it conserves electromagnetic
energy density flux, and it is conserved with propagation: d/dz (L,) =
i(2ko)™*([H,L,]) = 0 [30]. Here [H, Ly] (= 0) is the commutator of L, and the
propagation operator, H = —V3 + 8, 32/0&2, from the spacetime paraxial wave
equation 2iky dA(r,,¢;2)/0z = HA(r,¢; z) for the field A. In the group velocity
frame, z plays the role of a time-like running parameter. It is straightforward to show
that L,, is conserved under non-paraxial propagation as well (see Sec. 6.6).

For the room air of our experiments, 8, = 1.5 X 107°. This small dispersion has a
negligible effect over short air propagation distances, so for the analysis below we take
f> =0 and the transverse OAM operator becomes L, = —i§d/dx —
—icos? @ 0/d® from Eq. (6.2). Note that without the gradient in & enabled by nonzero
[, this operator cannot transport energy density along +¢ in the group velocity frame;
it is transported only along +x.

To illustrate how STOVs propagate and to provide definitions for parameters used
later in this chapter, Fig. 6.1(a) reproduces results from [30], where a STOV pulse, of
topological charge | =1 and spacetime asymmetry ratio @ = wyz/wop, = 0.24,
propagates right to left in air from z/z,, = —0.41 to z/z,, = 0.24, and right to left
within each panel. Here wos and wy, are time-like and space-like Gaussian spatial

scales of the pulse, and zy, = kowé, /2 is the space-like Rayleigh range. The top two
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rows are spatiotemporal intensity and phase profiles from the analytic modal STOV
theory of [30], and the bottom rows are the corresponding experimental intensity and
phase profiles |Es(x,&)|? and ¢¢(x,&) = arg (E;(x,&)) captured by TG-SSSI [28],
where the Gaussian y-dependence of the field is not displayed as it remains unaffected
in our experiments and computations. Spatial diffraction along +x causes the donut
shape near z = 0 to evolve to lobed structures with opposite spacetime tilt on either
side of z = 0, while the transverse OAM is conserved throughout propagation. For a
STOV pulse of topological charge [ and spacetime asymmetry ratio a propagating in a
dispersive medium characterized by f3,, the expectation value of transverse OAM is
(Ly) = Jl(a — B,/ ), so that for the air-propagating STOV pulse in Fig. 6.1, (L, =
%la = 0.12. The factor of % for the spacetime vortex is a direct result of energy density

circulation restricted to +x [30].
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Figure 6.1. Illustrative figure on STOV pulse propagation for spacetime asymmetry
ratio @ = woz/Woy = 0.24, with zj, = %kong =4.5cm (a) Top 2 rows: Modal
theory [30] plots of spatiotemporal intensity and phase of [ =1 STOV pulse
propagating right to left through its beam waist from z/zy, = —0.41to z/z,, = 0.24
(and right to left within each panel). Bottom 2 rows: experimental intensity and phase
plots extracted by TG-SSSI. (b) Lineouts along (0, ) and (x, 0) of the experimental
intensity profile at z/z,, = 0.02 (solid lines) and fits to the modal theory curves
(dashed lines).
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6.3 Spatiotemporal Torque

The goal of our experiments is twofold: (1) to explore how spatiotemporal
perturbations to electromagnetic fields affect transverse OAM, and (2) to verify the
correctness of our theoretical approach [30]. For an initial pulse Ag(x, &) =
|A(x, &)|ei®s®%) and a spatiotemporal perturbation T'(x,&) = |['(x,&)|e! P35
where ¢5(x, &) and Ag,(x, &) are real functions, the perturbed pulse is Agy,(x, &) =
I'(x,&)As(x, &). This formulation implicitly assumes that the perturbation does not
backscatter light back into the pulse; this condition is well satisfied by sufficiently weak
perturbations, including those of our experiments, and by perturbations that effectively
remove energy from the pulse. We take A and Ay, to be polarized along § so there are
no effects of spin angular momentum. The change of transverse OAM per photon from

the perturbation is then (see Sec. 6.6)

A(Ly) = (Ly)sp - <Ly>s
= i) f dx dg [|A5|2|F|2LyA¢)p 63)

u
a2 (I -22) 1,9, |
uS
where ug, = [ dx d§ [As(x, )T (x, )12
Equation (6.3) is intuitively appealing. The first term suggests the notion of
“spatiotemporal torque”, where the change in OAM is given by an effective force-lever
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arm product, iL,A¢, = £ 0Ap,/0x + P,x AP, /¢, weighted by the energy density
distribution |Agy (x, &)|* = IT(x, §)As(x, §)|? of the torqued object. Here the “force”
components are dA¢,/dx and , A, /d¢, and the lever arm components are ¢ and
x. A mechanical analogy for the second term is the change in OAM caused by location-
specific mass removal from a spinning wheel. For cases where energy is removed from
the pulse by absorption or backscattering, ug,/us < 1, and the second term contributes
to the change in OAM provided that the initial pulse has transverse OAM; otherwise
Ly¢s = 0 and the second term vanishes. That is, the wheel must already be spinning
for mass removal to change OAM. Note that the second term will vanish, irrespective
of ¢s, in the case of a pure phase perturbation where |I'| = 1 and ug,/us; = 1. This
type of perturbation corresponds to our experiments.

Further examination of Eq. (6.3) leads to several insights: (a) Pure amplitude
perturbations (with A¢, =constant) that conserve pulse energy cannot change the
transverse OAM of a light pulse; in that case I'(x, é) can be viewed as a scattering
coefficient that redistributes pulse energy over +x in the pulse frame. (b) Steady state
(0A¢,/0¢ = 0) or spatially uniform (0A¢,/0x = 0) phase perturbations do not
change transverse OAM. (c) The only ways to change transverse OAM are (i) if either
or both of the effective force terms, dAgp, (x,¢)/0x and B, 0AP,(x,&)/0E, are time-
varying and have an asymmetric temporal overlap with the energy density distribution
(across the pulse’s temporal centre of energy) or (ii) energy is removed from a pulse
already containing transverse OAM. In atmospheric density gases, 3, is negligible and
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dAg, (x, &) /0x is the dominant contribution to the first term of Eq. (6.3), providing an
unbalanced x-component force across ¢ = 0.

We now consider a simple step function perturbation model, which provides good
physical intuition and corresponds to our experiments (see Sec. 6.4). It also provides
interpretative insight for the first experiment to measure STOVs [24]. We apply the

spacetime perturbation I'(x, §) = |I'(x, &)|e2?r*%) with |T'(x, §)| = 1 and

Ay (x,§) = Apyo[O(x —xg + h) — O(x — xo — M)]O(§ — &) , (6.4)

to either a Gaussian pulse, Ag(x, &), ortoal = 1 STOV pulse, Agtov(x, &):

Ac(x,§) = Agexp(—x2/wg, — &2 /wge) (6.52)

Astov(x, &) = (§/woe + i x/Woy)Ag(x, ) (6.5b)

Here O(q) is the Heaviside function, 2h is the spatial width of the perturbation centered
at x = x,, and the perturbation turns on at £ = &, (or T = 7). The choice of a phase-
only perturbation (|I'(x,&)| = 1) corresponds to our experimental perturbation (see
Sec. 6.4). The space-like and time-like widths of the Gaussian pulse are wy, and wy,
and the expressions for Ag and for Agrqy are accurate for z << zy, = kqwZ2,/2 [30].
Because transverse OAM is conserved with z, it is sufficient to use these expressions

in our calculations. Using Eq. (6.1a) with initial fields Ag or Agtoy, the simple
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perturbation model produces analytic solutions for A(L,, )¢ and A(L,, )stov as a function

of (xg, $o):
Adpo B 8hx, 2(h +x0)*  2&§
A(L,); = (oc + —) exp —1)exp| — — 6.6a
e T o a we, we, ng (6.62)
Adyo ( ﬁz) 2(h +x0)*  2&5
AL = +2 - -
( y)STOV o a a exp ng ng
8hx h? + x? 2
xl(exp( 2°>—1><1+2 2 0+2€‘2’> (6.6b)
Wox Wox Woe

Figures 6.2(a) and 6.2(b) plot A(L, )¢ and A(L, )stov Vs. (xo, $). Each panel is for
a particular half-width h/w,, and normalized dispersion f5,, where 8, = +1 1is for
dense, positively or negatively dispersive media and , = 0 corresponds to low density
media such as air, the propagation medium of our experiment. Plots using the
dispersion of air, 8, = 1.5 x 107>, are indistinguishable from those using 8, = 0.

We first discuss the [, = 0 plots (the plots for f, = 1 cases are qualitatively
similar). Figure 6.2(a) shows the transfer of transverse OAM to A, a pulse with zero
initial OAM. Maximum OAM transfer occurs for x, located at the spatial edges of the
pulse (xq~ * wy,) and for &, located near the pulse centre (,~0). As discussed earlier
in the context of Eq. (6.3), these optimum zones of (x,, ;) maximize the overlap of the
force-lever arm product with the torqued pulse energy density. Importantly, the

perturbation transient (here, the step ©(¢ — &,)) must overlap with the pulse so that the
107



torque contributions are imbalanced across the temporal centre of energy at & = 0. For
0(& — &) located outside the region of the pulse (for |§0/W05| > ~1), A(Ly) - 0
because the pulse sees the perturbation as steady state. The effect on A(L,) of a
spatiotemporal torque localized in space and time is described in Sec. 6.6, supporting
the analogy of mechanical torque on a wheel.

The effect of the perturbation on an [ = 1 STOV pulse is plotted in Fig. 6.2(b).
Based on our prior discussion, it is not surprising that the plots are qualitatively similar
to those for [ = 0 in Fig. 6.2(a), with similar values of maximum OAM transfer
|A(Ly>|max. For a phase perturbation with [T'(x, )| = 1, Eq. (6.3) shows that A(Ly)
does not depend on ¢, (x, &), the phase winding of the initial pulse. Detailed differences
between Figs. 6.2(a) and 6.2(b) arise from the different energy density distributions
|As(x, &) |? for Gaussian and STOV pulses.

For B, = —1, A(L,) = 0 in all cases. In such a negatively dispersive material, the
spatiotemporal pulse shape is preserved because the dispersion in time matches the
amplitude and sign of diffraction in space. The effect of any spatiotemporal torque
applied to the pulse is zero, because the effective forces applied at the end of the lever

arm are balanced.
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Figure 6.2. Plots of analytic solutions (Egs. 6.6(a) and 6.6(b)) of A(L,,) vs. (xo, o) for
the spatiotemporal phase shift A, (x,$) of Eq. (6.4) applied to (a) a Gaussian pulse
Ag(x, &) (Eq. 6.5(a)) and to (b) an [ =1 STOV pulse Agrov(x, &) (Eq. (6.5b));
X and &, are the central space location and turn-on time of the perturbation. In Eq.
(6.4), we choose A¢,o = —0.5 to model the plasma generated by optical field
ionization (OFI) of air.

It is important here to relate these results to the first experimental measurement of
STOVs, which were spontaneously generated as a consequence of arrested self-
focusing collapse in femtosecond pulse filamentation in air [24]. In air, femtosecond
filamentation [46,47] occurs when an ultrashort pulse undergoes self-focusing
collapse, which continues and accelerates until the intensity is high enough to ionize
air molecules via optical field ionization (OFI), with the ultrafast-risetime plasma then
acting to defocus the pulse. The few-femtosecond risetime of the plasma, determined
by the OFI rate, occurs well within the pulse temporal envelope. The generated plasma

then has a recombination-limited lifetime of several nanoseconds, an extremely long
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timescale compared to the pulse itself. The phase perturbation imparted by this plasma
is therefore quite well modeled by Eq. (6.4) for (x,,&,) = (0,0) and h/wg, ~0.5,
where the filament plasma is centered on the pulse and its width 2k is narrower than
the beam width ~2w,,.

While the filament-like case of B, = 0 and h/wy, = 0.5 (middle right panel in
Fig. 2(a)) shows that A(Ly> = 0 for (xy,&,) = (0,0), the change in transverse OAM
density, AM,,(x,§) = ALy, Asp (from Eq. (6.1a)), is non-zero, and this is the effect
measured in the experiment of Ref. [24], albeit for a much larger |A¢)p0| accumulated
over self-focused propagation in ionizing air. The plots of AM,, vs. (x, ) in Fig. 6.3(a)
and (b) show regions of OAM density of opposite sign across the x = 0 axis, displaying
physics similar to an x-¢ planar slice of the toroidal STOVs first measured in [24].

Figure 6.3(a) plots AM,, for the simple step function perturbation of Eq. (6.4); non-zero
AM,, regions are only 1 pixel wide. Figure 6.3(b) uses a more realistic perturbation with

smoothed step transitions,

A, (x, &) = 20,01 + erf(V2 (& — &5)/he)) exp(— ((x — x0)/h)®),  (6.7)

where we take (x¢, &) = (0,0), hy/wo, = 0.5, and hs /wy: = 0.5.
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Figure 6.3. (a) Change in transverse angular momentum density AM, (x,&) =
AgpLyAgpy of a Gaussian pulse Ag(x, ) using step function perturbation, Eq. (6.4).
(b) Same as (a) except using smoothed perturbation, Eq. (6.7). In both panels,
AM,,(x, &) is normalized by the maximum value |[AM,, (x, &) |max-

We now address the effect of a non-energy-conserving pure amplitude perturbation
on pulses with and without initial transverse OAM. We place the perturbation I'(x, §) =
1 — exp(—(x/h)?®) at the beam waist (z = 0) of [ =1 STOV and Gaussian pulses
described by Egs. (6.5a) and (6.5b), with wy, = woe = 100 um, and 2h = 100 pm.
This models a steady state obstruction in the pulse propagation path such as a solid wire
of diameter 2h centered at x = 0, which would remove pulse energy by a combination
of backscattering and absorption. Shown in Fig. 6.4(a) are the unperturbed
spatiotemporal intensity profiles I(x, &) = |Es(x,&)|? for the STOV and Gaussian

pulses at z = 07, followed by the perturbed pulses Is, (x,§) = |Esp(x,y = 0,¢; 2)|?
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propagating from z = 0 to z = 2z,,. These were computed by forward-propagating
the electric and magnetic fields Eg, (x,y,¢; z) and Hg, (x, v, §; 2) from z = 0 using our
unidirectional pulse propagation code YAPPE (See Sec. 6.6). The z-dependent change
in transverse OAM A(L, ), was calculated directly from the fields using Eq. (6.1b) and
plotted in Fig. 6.4(b) as points every 0.1z,. In both cases, as expected, A(L, ), remains
constant after the perturbation owing to the conservation of L,,. It is seen that only the
STOV pulse has its transverse OAM per photon changed. This is predicted by Eq. (6.3):
the second term contributes only if L, ¢s # 0 (the first term in Eq. (6.3) is zero because
this is a pure amplitude perturbation). Note that even though the perturbation is on the
beam axis at x = 0, A(Ly) is still non-zero because energy is removed from the pulse

at a specific location; this imposes a new spatiotemporal distribution of the remaining
energy and thus a new transverse OAM per photon. Changing the x-position of the wire

will change A(Ly> through new spatiotemporal distributions of the remaining energy.
The constant solid line overlaid on the points is determined by a calculation of A(L,))

z=0

using the matrix elements of Eq. (6.1a) and agrees with the direct field calculation.

112



0 0.5 1 1.5 2

Z[Zoy

Figure 6.4. Effect of a non-energy-conserving pure amplitude perturbation I'(x, &) =
1 — exp(—(x/h)®) on pulses with and without transverse OAM. (a) Pre-perturbation
I =1 STOV and Gaussian pulse intensities |E;(x, §)|? at z = 07, followed by the
pulse intensity evolution |Es, (x,y = 0,¢; 2) |2 from z = 0 to z = 2z, determined by
E and H field propagation computed by YAPPE (Sec. 6.6). Here 2h = 100 pm
and woy, = wog = 100 um. (b) Change in transverse OAM per photon vs. z ( A(L, ) )
for the Gaussian and STOV pulses calculated directly from the fields using Eq. (6.1b)
(points) and calculated using Eq. (6.1a) (solid lines).

To conclude this section, it is important to make a connection to the generation of
transverse OAM-carrying pulses using our 4f pulse shaper [26,27,57]. The shaper

generates STOVs from zero-OAM Gaussian input pulses by applying torque in the
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spatio-spectral domain. One realization of the pulse shaper has a n-step phase plate in
its Fourier ((x,w)) plane and generates donut-shaped STOV pulses in the near
field [27]. The phase jump in the (x, w)-plane, Ap,(x, w) = arg (E'Sp (x, w)), where

Ep is the time Fourier transform of the shaper-perturbed pulse, plays a role analogous
to the phase change A¢,(x,¢) in the spatiotemporal domain. Because we exist in a
spatiotemporal rather than a spatio-spectral world, with clocks marking time as the
dynamical running parameter, it is spatiotemporal perturbations that naturally appear
in physical phenomena occurring outside of carefully designed instruments such as

4f pulse shapers.

6.4 Experimental Setup

The physical insight provided by the calculations of Sec. III led to our experimental
design. To impart a spatiotemporal torque on an optical pulse via a perturbation
['(x,&) = |T(x,&)|e2®r™*%) we impose a spatiotemporal refractive index perturbation
in the propagation medium. This is accomplished by using a separate pulse to generate
an ultrafast optical field ionization (OFI) air plasma at a controllable spacetime
location; we call this spatiotemporal structure a “transient wire”. As borne out by
measurements and propagation simulations, the low-density plasma in the transient
wire is dominantly a phase perturbation, with negligible energy removed from the
pulse; effectively |I'(x,é)| = 1. The transient wire has an ultrafast risetime and a

narrow spatial width governed by the OFI rate, and a long lifetime governed by
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pump beam
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Figure 6.5. Configuration for measuring the effect of a transient phase perturbation
on field Es (from a 4f pulse-shaper), imposed by the ultrafast optical-field-induced
(OFI) plasma induced by field E;,. This OFI plasma is the “transient wire”. The
perturbed pulse E, and unperturbed pulse E (Ey, off) are measured by TG-SSSI
(transient grating single shot supercontinuum spectral interferometry [28]). The angle
between the beams is 8 = 18.5°. A detailed experimental diagram is shown in Sec.
6.6.

nanosecond timescale recombination: the spatiotemporal phase shift, A¢g,(x,$), is
therefore very well described by Eq. (6.4) or Eq. (6.7).

Figure 6.5 is a schematic diagram of the transient wire experiment; a more detailed
diagram is presented in Sec. 6.6. Pulse E (red beam), either a Gaussianor [ = 1 STOV
pulse from a 4f pulse shaper [26-28,57], propagates through air and is intersected by
a focused secondary pulse E;,, (blue beam) which generates an ultrafast risetime OFI
plasma—the transient wire—at an adjustable spacetime location with respect to Ej.
After the interaction, the perturbed pulse E, is relay imaged from 3 mm past the
interaction plane (to avoid nonlinear distortion in the imaging) to our TG-SSSI
diagnostic [28], which extracts its spatiotemporal amplitude and phase. With Ej,

turned off, TG-SSSI measures the spatiotemporal amplitude and phase of the
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unperturbed pulse E;. Five synchronized beams are needed for this experiment, which
are obtained by splitting the output beam of a 1 kHz repetition rate Ti:Sapphire laser
(1o = 800nm, 40 fs) to give (1) an input pulse to the 4f pulse shaper, with output pulse
E; (9.5 pJ, variable pulsewidth), (2) a focused transient wire beam E,, (~250 pJ,
40 fs FWHM, spot size wy,, = 40 um) that intersects the E; beam at § = 18.5°, and
(3) three pulses for TG-SSSI: twin probe and reference supercontinuum (SC) pulses
Ey,, and E,.; (with bandwidth AA;,~160 nm centred at A, = 630 nm) plus a spatial
interferometry reference pulse €; (5.5 pJ after 3nm bandpass filter centered at 800nm).
The angle 8 = 18.5° is chosen to allow angular separation of the beams to direct Eg,
to the TG-SSSI diagnostic, and for sufficient spatial overlap of A¢,(x, ) along the

propagation path of Ej.

6.4 Results and Discussion

An example of the transient wire perturbation of an [ = 1 STOV pulse E;(x, 1) is
shown in Fig. 6.6, where here we use the local time coordinate T = ¢ /v, and (x,7) =
(0,0) is taken as the spatiotemporal energy centre of E. Figure panels 6.5(a)-(c) show,
respectively, the unperturbed [ = 1 STOV pulse intensity |E|? (Ep,, off), the perturbed
pulse intensity |E| 2 (E4y on), and the transient-wire-induced phase shift Ag,(x,T) =
arg(Esp) - arg(ES), all extracted using TG-SSSI [27,28]. The overlaid dashed red line
shows the x-location of the perturbation, which was placed near the top of E (at x, =

120 wm) to obtain appreciable A(Ly>, as motivated by the simulations in Fig. 6.2(b).
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The plots represent a Ay~10 um slice of E; and E,, in the y direction, normal to the x-

T plane of the plots, where Ay is the width of the imaging spectrometer slit used in TG-

SSSI (See [28] and Sec. 6.6).
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Figure 6.6. (a) TG-SSSI-measured I, = |E;(x,7)|? (transient wire off). (b) and (c)
TG-SSSI-measured |Esp (x,7) |2 and Ag,(x,7) (transient wire on). (a’)-(c")
corresponding  simulated  [§™ = |ES™(x, T)|2, 5™ = |ESin(x, T)|Z, and
A¢{;im (x, 7). (ci) Lineout of (c) along dashed red line (solid red) and fit (dotted green).
(cii) Lineout of (c) along dashed blue line (solid blue) and fit (dotted pink). The fit
curve neglects the oscillations on the right, which are due to the imaging plane being
3 mm past the interaction (see text). The fits in (ci) and (cii) are to Agb;im (x,7) =
%Aqbpo(l + erf(‘/E (r— TO)/h‘r)) exp(— ((x— xO)/hx)g)a giving h; = hf/vg =
44 fs and h, = 40 pm. In (ci) x = 120 pm (= x,), and in (cii) T = 100 fs.

200
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From Fig. 6.6(c), the maximum phase shift induced by the OFI plasma is Ao =
—0.45, where Ey,, was delayed so that the half-maximum phase shift Ag,,/2 , which
defines the perturbation onset time 7,, occurred for 7y, = 0. From nonlinear least
squares fitting of measured A¢, (x, 7) to Eq. (6.7), we extract the phase shift risetime
h; = hg /vy ~44 fs and spatial half width at 1/e maximum h,~40 um, with data
lineouts overlaid with fits in Figs. 6(c1) and (cii). The peak phase shift corresponds to
an OFI plasma density AN, = |A¢,o| Nepdo/2nL = 5 x 10*7 cm™3, where N, =
1.7x 10?2 ¢m™ is the critical density at A, =800nm and L=
2Wy,, /sin 8 ~250 pum is the OFI plasma length experienced by E. It is seen in Fig.
6.6(b) that an amplitude modulation feature lies below the dashed red line, starting near
T = 0. This modulation is the diffractive consequence of the OFI-induced phase
perturbation, and develops during the 3 mm of propagation from the interaction
location to the TG-SSSI object plane. This is borne out by the simulations of Fig.
6.6(a')-(c') (performed using YAPPE (See Sec. 6.6), which show that similar diffractive
modulations occur equidistantly above and below the dashed red line, but have no
effect on the change in angular momentum of the pulse. Panel 6.6(a") shows the
simulated unperturbed pulse |ES™|? (E,,, off) and panel 6.6(b") shows the perturbed
pulse |E551§m|2 (Etw on), both 3 mm past the intersection with E;,. Here, the
perturbation by E,, is simulated by imposing on ES"™ the perturbation I'(x,7) =

IT(x, 7)|e2®»™*D with |['(x,7)| = 1 and Ad)gim(x, 7) from Eq. (6.7), using h, and h,
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derived from the fit discussed above. The red and green horizontal dashed lines in
panels 6.6(a")-(c") mark the centre (x = x,) and th, edges of Ad)gim (x,1).

In our main experiment, the results of which are shown in Fig. 6.7, we varied the
spatiotemporal torque on both STOV and Gaussian pulses by scanning the transient
wire onset time 7. For torquing the STOV pulse, we spatially placed the wire near the
top and bottom edges of the pulse, x, = £120 um (Figs. 6.7(a) and 6.7(b)), and at
Xo = 60 um for the Gaussian pulse (Fig. 6.7(c)). The onset time was scanned from -
200fs to 800fs in steps of Atry~66fs, and the TG-SSSl-extracted complex
spatiotemporal fields E;(x, 7) and Eg, (x, T) were then used to determine A(L,,) at each
delay using Eq. 6.1(a) and Eq. (6.1b), which we label as A(L, ), and A(L,);;. In Eq.
(1a), we use the STOV OAM operator L, = —i§ d/dx (for f, = 0), while in Eq. (1b),
the H;q,(x, &) fields are calculated as the 2D inverse Fourier transform of
H,sp(k w) = (c/w)k X Egp (K, w), where Eg,(k—Kko,w) is the discrete 2D
Fourier transform of the measured E; g, (x, ) fields, and ko = k(Z is the pulse central
wavenumber.

The top two rows in Figs. 6.7(a)-(c) plot I5,(x,7) = |Eg(x,7)|*> and
A, (x,T) = arg(Esp(x, 7)) — arg (Es(x,7)), with all amplitude and phase data
extracted from raw TG-SSSI frames averaged over 500-750 shots. The lower panels
plot A(L, )1, and A(L, ),;, versus transient wire onset delay. These plots are in excellent
agreement, confirming that our expression for the transverse OAM operator L,

(Ref. [30] and Eq. (6.2)) is correct. Overlaid in Figs. 6.7(a)-(c) are curves for
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A(Ly)theory» using Egs. (6.6a) and (6.6b) for A(L, )¢ and A(L, )stoy. Agreement with

the experimental results is excellent. In each experiment in Fig. 6.7, the measured
experimental parameters were slightly different. These are listed in the figure caption

and were incorporated into the expressions for A(L, )¢ and A(L, )stov-

Figure 6.7. Effect of transient wire onset time 7 on changing the transverse OAM of
STOV and Gaussian pulses. Onset time is scanned between -200 fs and 800 fs
inAt, = 66 fs steps. (a) [ =1 STOV pulse, with transient wire centred at x, =
+120 um; (b) I = 1 STOV pulse, with transient wire centred at x, = —120 pm; (c)
Gaussian pulse (I = 0), with transient wire centred at x, = 60 pm. The top two rows
in (a)-(c) are I, (x,7) = |Esp(x,7)|* and Ag,(x,7) = arg(ESp) — arg(E;), where
Es(x,7) and Es,(x,T) are the unperturbed and perturbed complex fields extracted
from TG-SSSI measurements. The spatial location of the perturbation is indicated by
the red dotted lines. The bottom panels in (a)-(c) plot A(Ly ), and A(Ly )5, which are
the change in spatiotemporal OAM per photon computed by inserting the measured
E; and E), into Eq. (6.1a), and the E and H fields computed from them into Eq. (6.1b).
The error bars are the + standard deviation over 500-750 shots of extracted data.
Overlaid in (a)-(c) is A(Ly )theory, calculated using Egs. (6.6a) and (6.6b), in which
we use measured and fit quantities. For A(Ly )theory in panel (a): (A¢,o = —0.45,
Wox = 120 pm , woe =56 pym, h =40 um, x, = 120 um). For A(Ly)theory In
panel (b): (A¢po = —0.21, wy, =110 um , wye = 56 um, h =40 um, x, =
—120 um). For A(Ly)theory in panel (¢): (Ag,o = —0.31, wy, = 100 um , woe =
61 um, h = 40 pm, x, = 60 um). The " — 00" mark on the time axes refers to the
o = —oo limit of A(Ly)theory-
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The results of Fig. 6.7 confirm our Sec. 6.3 theory: once the OFI plasma phase
transient is shifted away from the pulse envelope, A(L, ) — 0. To impart spatiotemporal
torque and a change in transverse OAM, the perturbation transient must temporally
overlap with the pulse energy density distribution. Refractive index transients with
timescales much longer than the pulse temporal envelope have little effect on the
transverse OAM of a pulse. In general, irrespective of its spatial location or peak
amplitude, the more imbalanced a transient spatiotemporal perturbation is across the
temporal centre of energy of an optical pulse, the greater effect it has on changing the

transverse OAM.

6.5 Conclusions

We have demonstrated that the transverse orbital angular momentum (OAM) per
photon of an electromagnetic pulse can be changed only by a transient phase
perturbation comparable to the pulse envelope and overlapping with it, or by a non-
energy-conserving amplitude perturbation if the pulse already has transverse OAM.
Our half-integer theory of STOV pulse OAM [30] is in excellent agreement with our
experiments and with propagation simulations directly using the E and H fields. The
experiments of this chapter, in which spatiotemporal torques were faster than the short
pulses to which they were applied, would not have been possible without our high
bandwidth, high time resolution single shot technique—TG-SSSI [28]— for STOV

pulse amplitude and phase recovery.
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The concept of spatiotemporal torque, introduced in this chapter, provides insight
into the dynamics leading to changes in transverse OAM: the effective force,
manifested as a spatiotemporal phase gradient supplied by the perturbation, is weighted
by the spacetime lever arm and the electromagnetic energy density distribution. If the
initial field is a STOV pulse with zero energy density at the singularity (an “edge-first
flying donut” [27]), spatiotemporal torquing can be analogized by mechanical torque
on a rotating hoop, where maximum change in OAM is obtained by applying force at
the outer rim, where the product of lever arm and mass density is maximum. However,
unlike in the mechanical case, a spatiotemporal torque applied to an optical pulse
changes the OAM of all particles (photons) identically. The other way to change
transverse OAM is to remove energy from a pulse already with transverse OAM; this
can be accomplished by a non-energy-conserving amplitude perturbation. This imposes
a new spatiotemporal distribution of the remaining energy and thus a new transverse
OAM per photon. Here, the mechanical analogy is location-specific mass removal from
a spinning wheel.

Our results point the way to methods of distortion-free encoding of information in
transverse OAM, for example, in propagation through turbulent atmosphere. The
shortest transient timescale for turbulent refractive index fluctuations in the atmosphere
is a few milliseconds [128], at least 10 orders of magnitude longer than a ~100 fs
duration ultrashort pulse, so air turbulence acts as a weak stationary perturbation with
no effect on the expectation value of transverse OAM per photon. While the turbulence-

induced spatial phase shifts can manifest as transverse (xy) spatial distortion of the
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beam, the encoded spatio-temporal phase structure makes possible the extraction of

time-based information with fast retrieval schemes.

6.6 Additional Material

C.1 Conservation of transverse OAM operator L, under non-paraxial
propagation
In Ref. [30], we showed that the transverse OAM operator L, = —i(§d/0x +

Box 0/0§) was conserved under paraxial propagation. Here, we start with the non-
paraxial propagation equation for the field envelope A(r,, z, t)

d%A 0 0A d%A

ﬁ + l2k0£ = _V A— l2k0k0 ot + koko atz, (Cl)

In the group velocity frame, using { = z, & = vyt —z, H = =V§ + §, 0%/9¢?, and

p2 = —02/0z2 gives

aA_il

HA 0%A 62A 62A i H—21A 2
37" 2k, — ( — )l [ p7] (C2)

a2~ “ozaz T o

Then for (Ly) = <A|Ly|A),

d

9 9 9
—(L,) = <£ A|Ly|A> + <A |£Ly A) + <A|Ly|&A>, (C3)

Since L,, does not explicitly depend on z, and since H, L,, and p, are all Hermitian,

Eqn (C3) becomes

d

i) = 5 AllA Ly 1) + 5 (Al p2]1) = &
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because L, commutes with both H and pZ.

C.2 Effect of a spatiotemporal perturbation on transverse OAM

The expectation values of L, per photon for the unperturbed and perturbed pulses,

Ag(x,8) = |As(x,§) |ei¢5(x,f) and Asp(x' §) =T(x,As(x,8) =

IT(x, &) |e2Pr @D A (x, ), are

(Ly)s.SP = us_.slp<ES.5p|Ly|ES.Sp) . (CS5)
This gives
< 9
(Ly)s = us? f dxd§|Ag |2(s 0P | gy ";) (C6a)
and
_ | | a|T|
(Ly)op = s [ dx d [=ilagler (£ + P g
. 94| GIVN
—l|r|2|As|( o x 06)
(C6b)
+|As|2|r|2< e ﬁzxaA?p>
Os ds
HAPINE (§52+ Bax 5E))

The first two terms in Eq. (C6b) integrate to zero, yielding
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A(Ly) = (Ly)sp - <Ly>s

= iz ] dx dé [IASIZIFIZLyAqbp .

u
4142 (17 - 22) 1,9,
uS
For an initial pulse with zero transverse OAM, such as a Gaussian, L, ¢; = 0 and

A(Ly) = ius‘plfdxdf |As|?|T|Ly Ay, . (C8)
For a phase-only perturbation |I'(x, §)| = 1, us, = us, and Eq. (C8) also applies.

C.3 Effect of a spatiotemporal perturbation on transverse OAM

Recent work [87,125] has asserted that the “canonical” operator for intrinsic transverse

OAM is

£, =—1i ( i - xi> ,

y ox & (C9)
where x and ¢ are as defined earlier. In the formulation of [87,125], x and ¢ are treated
on an equal footing, just as x and y are treated in the L, operator for longitudinal OAM.

Adoption of £, assumes unphysical effects, including super- and sub-luminal
energy density flow around the spatiotemporal vortex singularity in vacuum, and non-

conservation [30,129]. While any valid angular momentum quantity should be

conserved with propagation, £,, is not. Namely,
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d i 0?2
— - — -1
= (Ey) 2ko([H,ﬁy]) ko' (1+ B2) 6x6§> K (C10)
zZ=
which is non-zero except if f; = —1 (when L, — £,,) or when there is spatiotemporal
field symmetry.

We test the consequences of using £,, with a spatiotemporally asymmetric field.
Such a field can be generated, as seen in Figs. 6.6 and 6.7, when a spatiotemporal

perturbation is applied to a symmetric pulse. Here, we apply at z = 0~ a phase-only
perturbation T'(x, &) = e"4?»®8) with Ag, (x,€) from Eq. (C7) (with A, = —0.5,
Xo = —100 um, &, = 0, h,, = 50 pm, and h; = 50 um) to the Gaussian pulse Ag of
Eq. 6.5(a). The transverse OAM of Ag is zero. Non-paraxial propagation evolution of
the perturbed field Ag,(x,y,¢;2) = T'(x,§)Ag(x,y,&; 2) is then computed using our
code YAPPE. In Fig. Cl, we plot A(Ly), = u;;(Asp|Ly|Asp)Z and A(E,), =
us_p1 (Asp|£y|ASp)Z as a function of propagation distance z. The immediate post-
perturbation values, A(L,),-o and A(£, ) -0, are shown in the figure; these differ. It is
clear that A(L, ), is conserved with propagation, while A(£, ), is not. The divergence
of A(£,), is predicted by Eq. (C10) and is a consequence of the non-commutation of
£, and the propagation operator H. This increase is linear in z, with slope
d(fy)/dZ = ky™(0%/0x0¢),-0, and is in excellent agreement with A(£,), =

Usy (Asp|£y|Asp)Z. Calculating the change in transverse OAM using Eq. 6.1(b), with
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the E and H fields propagated non-paraxially by the YAPPE simulation, gives the blue

points labelled as A(L3),; these agree with A(Ly),.

100 MLy) _ = ML3) _ = 0012 L),
= Mgy} _, = —0.10 T o ML3).
= _— Al£,)
< — ‘ 2
-—" * . -1
SIS CoRUUUUUNISUSSU ST )
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Figure C1. Propagation evolution of A(L,) = us‘p1<ASp|Ly|Asp)Z (red curve) and
AE,) = ug, (Asp |£y |ASP)Z (green curve), where the z-evolution of Ay, (x,y,$; z) is
non-paraxially computed using our code YAPPE. The perturbation (given by Eq.
(6.7), with A®,q = —0.5, xg = =100 um, &, = 0, h, = 50 um, and hy = 50 um)
is applied to the Gaussian pulse of Eq. 6.5(a), with w,, = 100um and wy; =
100 pm. The immediate post-perturbation OAM changes are A(L,,),-o = 0.012 and
A(E)),=0 = —0.10. Also plotted: Large blue points A(Lf,) computed using Eq. 1(b),
with the E and H fields propagated non-paraxially with the code YAPPE, and small
black points computed as A(Ey)z = A(Ey)zzo + ky1z(0?%/0x0¢),-, from
integration of Bq. (C10), where (9%/0x9¢),-0 = (Asp|0?/0x0E|Ag,)  for
Agp = Agp(x,¥,$;2 =0).

Note that non-conservation of £, is independent of choice of origin, whether it is
the perturbed pulse centre of energy rg, (as in Fig. Cl)) or the “photon number
centroid” [125], so £,, cannot be corrected with extrinsic OAM contributions. This is
because non-conservation of £,, is caused by the inclusion, even in vacuum, of a non-
zero linear momentum density ps = —id/0¢. As the propagating pulse spatially

(transversely) diffracts, with its width in x increasing, the contribution of xp; to £,

128



increases and (Asp|£y|ASp)Z unavoidably increases with propagation. There are

circumstances, not involving pulse propagation, where £, is appropriate to use. One
such example is a vortex stationary in the lab frame, whose transverse OAM, say along
¥, can be described in x-z space coordinates [130].

The choice of origin as the center of energy is essential to isolating the intrinsic
OAM from the extrinsic OAM. While Eq. (C4) proves that OAM calculated for any
choice of origin is conserved with propagation, to compute the intrinsic OAM in
simulations and from experimental data, we always choose the center of energy as the
origin [131], thereby automatically removing the extrinsic part of the OAM. A
straightforward mechanical analogy also makes this point: the intrinsic OAM of a
massive blob, consisting of point particles of varying mass, must be calculated with

respect to the centre of mass density.

C.4 Application of Spatiotemporal phase perturbation localized in space
and time
As discussed in Sec. 6.4, our transient wire spatiotemporal perturbation is well modeled

by Eq. (6.4) or Eq. (6.7), which describe a narrow spatial structure with a fast turn-on
time and no turn-off. To more finely map the effect of spatiotemporal perturbations on
electromagnetic pulses, we consider a phase perturbation I'(x, &) = e!A?r(*%) Jocalized
in both space and time and centered at (xp,&o): Ad,(x,8) =

Ao exp[— (x — x¢)?/h% — (§ — &)?/h§]. Figure C2 shows the change in transverse
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OAM per photon A(L, ), ¢, for various pulses as a function of (xo, &), plotted from

analytic expressions determined using Eq. (6.1a). In all cases, we take f, = 0 and the
perturbation spatial width h, /wy, = 0.25, with the other parameters listed on the
panels and in the figure caption.

Examination of Fig. C2(a), for spatiotemporal torque applied to the [ =1
STOV pulse of Eq. 6.5(b), confirms our intuitive expectations from Sec. 6.3. Torque is
maximized when the perturbation peak (xg,&p) is placed at the spatiotemporal
locations with appreciable energy density and lever arm (see Eq. (6.3)), while dropping
to zero when crossing lines marking the spatial and temporal centers of energy, where
torque contributions from opposites sides in space and time cancel. Combined, the two
effects give rise to the characteristic 4-lobed patterns plotted. A similar pattern appears
in the torquing of Gaussian pulses. It is interesting to note that the locations of
maximum torque are spatiotemporally outside the peak intensity contour of Agrov,
which is marked with a dashed red circle. This is the effect of lever arm weighting of
the optical energy density in Eq. (6.3). A weaker 4-lobed structure with opposite
polarity can be seen inside the peak intensity contour; here h,/wy, = 0.25 and
hg /wog = 0.25 are small enough for the perturbation to torque the inside of the STOV
“wheel”. This structure disappears for the larger values of hg /wy; in Fig. C2(b). Also
evident is the linear scaling of A(Ly) with @, which stems from our theory of STOV

transverse OAM [30].
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Figure C2. Plots of analytic solutions (See Sec. 6.C.7) for change in transverse OAM
per photon, A(L,),, ¢, imparted to an optical pulse as function of (xg,$o) by a
spatiotemporal phase perturbation I'(x,§) = exp(iA¢,(x,<)). Here Ag,(x, &) =
Ao exp[— (x — xo)z/hazc ol (e Eo)z/hg, Appo =1, =0 and h,/wo, =
0.25. (a) perturbation I'(x,&) applied to a [ =1 STOV pulse Agrov(x, &) =
(&/wog + i x/woy)Ag(x, &) for he /woe = 0.25 and @ = woz /wo, =0.5, 1, and 2.
The red dashed circle in the centre panel is the contour of peak intensity of |Agtov|?.
(b) T'(x, &) applied to Agrov(x, &) as in (a), here with @ = 1 and transient width
hg /wog = 0.5,1,and 10. The curves immediately below plot the maximum absolute

change in OAM ( |A(Ly)xo,;0 |max ) vs. transient width hg, for the cases of fixed peak

phase shift A¢p,, =1 and constant integrated shift [ dxdéA¢,(x,é) = 1. The
overlaid dashed ring follows the maximum intensity contour of Agtgy.
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The effect of a temporally widening A¢,(x,¢) of fixed peak amplitude is

plotted in Fig. C3(b). It is seen that in the middle panel (for the middle pulsewidth), the
torque is both larger in size and is effectively applied over a wider spatiotemporal area
than for perturbations of shorter and longer pulsewidths. In particular, the very long

perturbation of the rightmost panel registers negligible A(L, ), ¢, anywhere, consistent
with the perturbation approaching steady state. The blue curve, just below, plots
|A(Ly>x0'50|max’ showing that a perturbation transient comparable to the optical
pulsewidth (hs /wos ~1) is most effective in maximizing duration of torque. For the
case of an energy-limited perturbation, increasing its duration hg may result in
decreasing  A¢,o. The red dashed curve, wusing the constraint
(hxhe)™t [ dxd§ Ag,(x, &) = 1, shows this effect, where in this case the most

effective perturbation is the shortest.

C.5 Detailed Experimental Setup

The detailed experimental setup is shown in Fig. C3.
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Figure C3. Detailed experimental configuration. Compressor 1 adjusts pulse for 4f
pulse shaper, TG-SSSI spatial interferometry pulse €; and transient wire pulse E,,,.
Compressor 2 adjusts pulse for TG-SSSI probe and reference supercontinuum pulses
[28]. CM: concave mirror, BP: bandpass filter 3nm FWHM, 800nm center, AS:
adjustable slit, SLM: spatial light modulator, WP: A/2 waveplate, SP: short pass
filter, transmits below 750nm, VR: vertical retroreflector, RM: pump/interferometric
reference rejection mirror, G: grating, L: lens.

C.6 Propagation Simulations

3D+1 (3 space dimensions plus time) simulations of non-paraxial pulse propagation
were performed using our UPPE (unidirectional pulse propagation equation) [83,84]
implementation called YAPPE (yet another pulse propagation effort) [132]. For linear
propagation in a dispersive medium in the group velocity frame. YAPPE solves a
system of ordinary differential equations,

3 _ _ _
aEkx,ky (w,2) = iK,(w, ky, ky)Ekx,ky(w; z), (Clla)
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Eppie,(@,2) = Ep i, (0,2 = 0)exp(iK,(w, ky, ky)z) . (C11b)
Here, F e key (w,2z) = Fyp{E(x,y,7; 2)} is the 3D Fourier transform of the spacetime
field E(x, y, 7; z), where T = t — z/v,(w) is local time in the pulse frame of reference,
w is the angular frequency, v, (w) is the frequency-dependent group velocity in the
medium, and K,(w,ky ky) = (0/vy(@))? — (k2 + k2))Y/2 — w/v,(w), which
models diffraction and dispersion. The transverse wavenumber (ky, k) indexes the

system of equations (Eq. (C11)), which are numerically solved. To recover the field in

the spacetime domain, a 3D inverse Fourier transform is performed, E(x,y,T;z) =

F k_xl,ky,w {Ekx,ky (w, Z)}-

C.7 Spatiotemporal Phase Perturbations localized in time and space

We consider the effect of a localized pure phase perturbation T'(x,§) =

exp(iAd,(x, §)) centered at (xo, §,), where

(x —x0)*  (§—$p)?
Agy(x,&) = Adpoexp [— > - 20 ) (C12)
hZ hg
on both Gaussian and STOV pulses. We first consider the Gaussian at z = 0,
xZ 62
Ag(x, &) = Agexp <——2——2>, (C13)
ox Woe

Applying Eq. (6.3) from Sec. 6.2,
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A<Ly> = <Ly>sp - (Ly)s
_ ius‘plfdx @ [142IrL, a0, 14
#1412 (107 = 22) 1,4,

yields a change in transverse OAM per photon

A(Ly>G =

3 —_—_——

8A¢p0f05077x775< ﬁz) 2%5 Zgg
a,faf a+; exp| — 52 sz (C15)

Here a = wog/Wox, Nx = hy/Wox, Ne = he/Wog, Xo = Xo/Wox, & = $o/Wog, Ox =

V14 2h%/wé, and o = ’1 + 2k /wi. Similarly, for a transverse OAM-carrying

STOV pulse,

Asrov(x, &) = <Wi +i i

0¢ Wox

>AG (x, f)l (Clé)
we find

8%oéon Ne B2 253 Zgg
A(Ly)STOV = Adpo 05—: (“ + _> exp

2 O¢ of ¢
(C17)
2 4 .2 2.2 %, 0% 5
X nx+nf+8nxn5—1+2?x0 +2?§0 .
x §

Figure C4 plots A(L, ); and A(L, )srov Vs. (X9, o). Both the Gaussian and STOV plots

exhibit a 4-lobed structure with respect to spatiotemporal centre of energy.
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Figure C4. (a) A(Ly); from Eq. (C15); (b) A(Ly)STOV from Eq. (C17). For the
Gaussian phase perturbation TI'(x, ) = exp (iAg,(x,§), where A, (x,¢) =
Ao exp(— (x — x0)*/h% — (§ — &)?/hF). Here, hy, = 0.25wy, B, = 0,and @ =
WOE/WOx = 1.

C.8 Spatiotemporal Amplitude Perturbations localized in time and space

Now, we consider the non-energy-conserving amplitude perturbation I'(x,¢) =
1 —Toexp(— (x — x9)?/h% — (§ — &)?/h§) centred at (xo,&). Applying this
perturbation to a Gaussian pulse, with ¢, = const, yields A(Ly) = 0. However, for

pulses already carrying a spatiotemporal phase, an analytic result such as Eq. (C17) is

difficult. Figure C5(a) plots a numerical calculation of A(L,)stov, as a function of
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perturbation location (xg, &y), for the [ = 1 STOV pulse of Eq. (3.5b), with wy, =
Wwos =1, hy = hg = 0.25wy,, and I, = 1. The dashed red circle is the spatiotemporal
location of pulse peak intensity. Figure C5(b), shows the change in OAM from a non-

transient amplitude perturbation (hg — ). Note that for hy = 0.25w, |A(Ly)| =

hf = 0. 25wof hf = 00

0
-0.05
-0.1

-1.5 0 1.5 1.5 0 1.5
fo/Wof

1.5 0
8
-0.1
Eo 0
= -0.2
-1.5 0.3
0 1 2
hx/ Wox

Figure C5. (a) Plot of A(L))stoy from the amplitude perturbation I'(x, &) =
1 —Toexp(— (x —x0)?/h% — (§ — &)?/hE), with wo, =woe =1, hy = hg =
0.25wyy, and Iy = 1. (b) Same as (a) except for hy = . (¢) Plot of A(L,)stov as a
function of h, for wy, = woe = 1,I; = 1, and hg — . The dashed red lines denote
the contour of peak intensity of Asrov(x, &).
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0.028, while for the case hy — oo, |A<Ly)| = (.12, as more energy is removed by the

perturbation. It is also interesting that the 4-lobed structure from the amplitude
perturbation is complementary to that of the Gaussian phase perturbations in Fig. C4.

Figure C5(c) examines how the change in OAM varies with h, for hg = co, where we
see that outside of the contour of peak intensity of the field, A(Ly) can be slightly

positive while inside the peak intensity contour A(Ly> only decreases as h, increases.
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Chapter 7: Conclusion and Future Work

7.1 Summary and Conclusion

Over the course of this dissertation, we have demonstrated a new pulse characterization
technique (TG-SSSI) for measuring spatiotemporally structured light (Chapter 2). In
Chapter 3, the mode structure of STOVs was analyzed and a generalized formula for
describing STOV modes (a new class of light states) was derived (spatiotemporal
modes of integer azimuthal index) as well as the transverse OAM for these modes at a
given azimuthal index, [ and eccentricity, a. In vacuum, the transverse OAM of these
states is given in integer multiples of a/2 and in dispersive media, is quantized in
integer multiples of (@ — f,/a)/2. In the later case, the OAM is shared between a
photon and a STOV-polariton. We further demonstrated the linear generation using a
4f pulse shaper and free-space propagation of STOVs in Chapter 4 by measuring the
near-field and far-field outputs of the pulse shaper using either a m-step phase plate or
a spiral phase plate. The behavior of STOVs undergoing SHG and the corresponding
conservation of OAM was simulated and experimentally demonstrated in Chapter 5
where it was also shown that transverse OAM is carried at the per photon level. Finally,
in Chapter 6 we examined the effects of transient spatiotemporal perturbations of
STOVs and pulsed lasers envelopes in general, revealing the robustness of transverse
OAM carried by laser pulses for perturbations much longer than the temporal scale
width of the pulse. This chapter also demonstrated the rich dynamics of transverse

OAM in pulsed light and further showed that a phase winding is not necessary for a
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pulse to carry transverse OAM just as in Chapter 3 it was shown that a phase winding
in the spatiotemporal domain may not necessarily correspond to a pulse carrying

transverse OAM.

7.2 Nonlinear Propagation Measurements Using TG-SSST

To our knowledge, direct study of nonlinearly propagating ultrashort laser pulses
(filamentation) has been restricted to methods that do not directly measure the
spatiotemporal domain. TG-SSSI is well positioned to fill this gap, since it is capable
of single-shot measurements in the spatiotemporal domain. While the supercontinuum
generated during filamentation could potentially interfere with the supercontinuum
probe and reference, this problem could easily be mitigated by making the
measurement non-colinear or by restricting the imaging to the bandwidth of the initial
pulse.

For diffuse media (air), we are still interested in measuring STOV formation of
filaments and their post formation behavior. Instead of varying the thickness of a solid
target we now can vary the thickness of a gaseous target by imposing an interface where
the nonlinear refractive index drops off steeply through the use of a helium cell as was
used in the first observations of STOVs [24], air waveguide experiments [9] and

droplet/aerosol clearing experiments [133].
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7.3 STOV Polariton

The STOV-polariton predicted in Chapter 3 presents an intriguing avenue for future
research. While it is likely that the STOV-polariton is carried by the linear dielectric

response of dispersive media, a more thorough theoretical treatment is needed to better

guide future experimental investigations.
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