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In the first part of this manuscript, we investigate the asymptotic behavior of
solutions to parabolic partial differential equations (PDEs) in R? with space-periodic
diffusion matrix, drift, and potential. The asymptotics is obtained up to linear in
time distances from the support of the initial function. Using this asymptotics, we
describe the behavior of branching diffusion processes in periodic media. For a super-
critical branching process, we distinguish two types of behavior for the normalized
number of particles in a bounded domain, depending on the distance of the domain
from the region where the bulk of the particles is located. At distances that grow
linearly in time, we observe intermittency (i.e., the k—th moment dominates the
k—th power of the first moment for some k), while, at distances that grow sub-

linearly in time, we show that all the moments converge.

In the second part of the manuscript, we obtain asymptotic expansions for the
distribution functions of continuous time stochastic processes with weakly depen-

dent increments in the domain of large deviations. As a key example, we show that



additive functionals of solutions of stochastic differential equations (SDEs) satisfy-
ing Hormander condition on a d—dimensional compact manifold admit asymptotic

expansions of all orders in the domain of large deviations.
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Chapter 1: Introduction

This thesis considers asymptotic problems in the domain of large deviations,
arising in the study of branching diffusion processes in periodic media and in the
study of stochastic processes with weakly dependent increments.

Branching processes are used to model evolution of various populations such
as bacteria, cancer cells, sub-atomic particles, etc., where each member of the pop-
ulation may die (be annihilated) or produce offspring independently of the rest.
The individuals involved in the process are referred to as particles. Important real-
life applications of branching processes are found in chemistry and physics (certain
chemical and nuclear chain reactions), in life sciences (population dynamics), etc.
Branching diffusion processes, in addition to modeling the branching phenomena,
also take into account spatial movement of particles. That is, particles undergo
branching and diffusion, with each particle behaving independently of the rest. For
a variety of applications of branching diffusion processes in biology, see, for example,
Sawyer [1] and the book of Bansaye, Méléard [2] and references therein.

In Chapter 2 we study branching diffusions in R¢ with space-periodic media.
In these processes, the particle density and higher order moments satisfy a system

of parabolic partial differential equations (PDEs). Therefore, asymptotic behavior



of such processes is closely linked to solutions to parabolic PDEs in R¢. In Section
2.2 we derive the precise asymptotics of solutions of parabolic PDEs using prob-
abilistic tools - namely the theory of large deviations and homogenization theory.
The asymptotics is obtained up to linear in time distances from the support of the
initial function i.e., in the domain of large deviations. We then use this asymptotics
to study the higher order correlation functions recursively, extending the results of
Koralov, Molchanov [3], where processes with constant and compactly supported
branching rates were considered, and where the expression for the heat kernel was
explicit.

More precisely, we study the moments of the random variables nY(t, z), that
denote the number of particles in a d—dimensional unit cube containing y € R? at
time ¢, assuming that at time zero there was a single particle located at = € [0, 1)d.
For a super critical branching process, using the asymptotics of the heat kernel
obtained in Section 2.2, we show two different limiting behaviors of the moments,
depending on the distance y(t) from the bulk of the particles. In Section 2.3, we
show that, when the distance of y(t) from the bulk of the particles is of order t,
intermittency occurs, that is, k—th moment of n?® (¢, z) dominates the k—th power
of its first moment for some k. In section 2.4, we identify a sequence of periodic
continuous functions, fx(z) which, as we show in section 2.5, serve as limits of the
k—th moments of n?® (¢, z)/E(nY®(t,z)) whenever the distance of y(t) from the
bulk of the particles is sub-linear.

In Chapter 3, we show that asymptotic expansions for the distribution func-

tions of continuous time stochastic processes in the domain of large deviations can be



obtained under a set of weak dependence conditions on their increments. These ex-
pansions are commonly referred to as strong large deviation results. They are in the
spirit of Edgeworth expansions for the Central Limit Theorem, but in the domain of
large deviations. In our earlier paper [4], we established natural conditions (in the
context of dynamical systems and Markov chains) that guarantee the existence of
asymptotic expansions for the distribution functions of sums of weakly dependent
random variables in the domain of large deviations. The goal of this chapter is
to extend the discrete time result from [4] to continuous time stochastic processes
under additional assumptions and to describe a key example, where we show that
the distribution functions of additive functionals of diffusion processes on a compact
manifold admit expansions of all orders in the domain of large deviations. The mo-
tivation for focusing on this example comes form the work on branching diffusions
in periodic media, and from the large deviation problems for coupled stochastic dif-
ferential equations (SDEs) studied in Veretennikov [5] and Liptser [6]. Note that
each co-ordinate of the location of a particle undergoing a diffusion process in Z¢
periodic media can be considered as an additive functional of a diffusion process on a
d—dimensional torus. The conditions imposed on our additive functional in Section
3.4 are somewhat more stringent (they include a Wiener process independent of the
Wiener process in the underlying diffusion process on the compact manifold), and
are not immediately satisfied by the processes considered in Section 2.2. On the
other hand, in Chapter 3, we go beyond the first term of the asymptotics studied in

Section 2.2.



Chapter 2: Branching diffusion processes in periodic media

2.1 Introduction

In this chapter, we consider a collection of particles Y;(t), Ya(t),... in R? that

move diffusively and independently according to
dYi(t) = b(Yi(t)) dt + o(Yi(t)) dWi(2), (2.1)

where W}, denote independent Brownian motions in R?. Each particle branches
independently into two particles at rate a(y) > 0, and each particle is annihilated
independently at rate 5(y) > 0. The newly created particles starting at the location
of their parent then repeat this process independently of each other. This process
is referred to as a d— dimensional branching diffusion process. We suppose that
the drift b(y), the non-degenerate diffusion matrix o(y), and the rates a(y) and
B(y) are all Lipschitz continuous and Z¢ periodic (and thus bounded). That is,
b(y + k) = b(y) for all y € R? and k € Z%, and similarly for o, o and 3.

The main topic of interest here is the limiting behavior of branching diffusion
processes in periodic media in the supercritical regime. The study of branching
diffusions can be traced as far back as the work of Ikeda, Nagasawa, Watanabe [7],

followed by important contributions of Bramson [8], [9], etc. For an overview of



the literature on these topics, see the book of Bovier [10] and the notes of Beresty-
cki [11].

Our main goal is to study the distribution of the number of particles in regions
whose spatial location depends on time. With probability that tends to one, the
entire population is confined to a region that grows linearly in time (see Chapter
7.3 in the book of Freidlin [12]). The effective drift of a branching process can be
understood heuristically as the speed at which the bulk of the particles is travel-
ing in space. We will rigorously define the notion of effective drift in Section 2.2.
For a bounded region at a fixed location, assuming that the effective drift is zero,
the structure of the population is similar to that in the compact setting. See, for
example, Englander, Harris, Kyprianou [13] and references therein. For a time de-
pendent region inside the linearly growing front, the normalized number of particles
converges almost surely (see, for example, Uchiyama [14] in the case of constant
coefficients). The nature of this convergence, however, depends on how distant the
region is from the location of the initial particle (assuming for simplicity that the
effective drift is zero). At linear in time distances, we will show intermittency (i.e.,
the k—th moment dominates the k—th power of the first moment for some k), while,
at distances that grow sub-linearly in time, we will prove that all the moments con-
verge. For the case of homogeneous media and for the case of compactly supported
branching term, this question has been studied in the work of Koralov [15] as well
as Koralov, Molchanov [3].

Given a single particle initially at z € R?, the transition kernel u(t,z,%) is



defined by

Z f(Yi(t))

k

I

/Rd u(ta x,y)f(y) dy =E,

where f € Cp(R) and the sum is over all particles alive at time ¢t > 0. The function

(t,y) — u(t,x,y) satisfies

ou=Ly, yeRY t>0, (2.2)
with initial condition
U(O, xz, ) = 51:()7
where £ is the adjoint of
d d
1 0%*u ou
=25 () — bi(y) — , 2.3

a(y) = o(y)o*(y), and r(y) = a(y) — B(y). The operator L — r(y) is the generator
of the process (2.1). As a first step, we give a precise asymptotic description of
u(t, z,y), valid up to the large deviation scale, that is, for ||z — y|| = O(t).

There are two main parts in the asymptotic analysis of u(t,x,y). First, we
transform the operator in order to alter the effective drift of the process, while si-
multaneously turning the branching rate into a constant. Thus, the problem reduces
to studying the transition kernel of an altered diffusion process near the diagonal,
where ||z —y|| = O(v/t). The next part is to prove a local limit theorem for the new
transformed kernel at this diffusive scale.

The ingredients we use - exponential change of measure, homogenization and
local limit theorems for the resulting diffusion process are fairly standard. In spite
of this, the precise asymptotics of the transition kernel that holds up to linear in

6



time distances has not been published (in 2007, Agmon gave a talk [16], where
this result was announced). Here, we provide a simple probabilistic proof that
establishes uniform asymptotics of the transition kernel for d—dimensional second-
order parabolic operators with periodic coefficients. The precise asymptotics in the
1— dimensional case has been obtained previously by Tsuchida in [17].

Prior results in this direction, in d—dimensions, give estimates of the heat
kernel, as opposed to precise asymptotics. The seminal work of Aronson [18] gives
global estimates on the heat kernel, while in [19] Norris proves a generalization
of Aronson’s Gaussian bounds in the case of periodic coefficients and identifies an
effective drift of the heat flow. The upper and lower bounds of Norris [19] have
different constants in the Gaussian term. We provide a stronger result that correctly
identifies the main term of the asymptotic expansion of the transition kernel, which
is precise up to the domain of large deviations (up to distances in space that are
linear in time). The asymptotics of Green’s function for the corresponding elliptic
problem for different values of the spectral parameter has been studied extensively
(see, e.g., Murata, Tsuchida [20], Kuchment, Raich [21]).

The asymptotics proved in Section 2.2 plays a crucial role in analyzing the
behavior of the branching diffusion process in periodic media, in Sections 2.3-2.5.
The bulk of the particles will be seen to be located around of vt where v denotes
the effective drift of the process (to be defined rigorously later). Let n¥(¢,x) denote
the number of particles located in a unit d—dimensional cube containing y € R,
assuming that, initially, there is one particle located at z € R? In Section 2.3,

for a super-critical branching process, we study the asymptotic behavior of n¥(t, x)

7



in the domain of large deviations, that is when ||y — vt| = O(t). We observe the
effect of intermittency, that is, for each vector v € RY, v # v, there exists k > 2
such that the k—th moment of n¥*(¢,z) grows exponentially faster than the k—th
power of the first moment. This result was first proved in [3] in the case of a super-
critical branching diffusion process in R? with identity diffusion matrix, zero drift,
and a positive constant potential. Here, in contrast to [3], we do not have explicit
expressions for the transition kernel, but only have asymptotic formulas. This makes
the analysis of the higher order moments much more involved.

In Section 2.4, we define a sequence of periodic functions fi(z) that serve
as limits for the k—th moments of N(t,z)/E(N(t,z)), where N(t,x) denotes the
total number of particles in R?, assuming that, initially, there is one particle lo-
cated at z € R<.

In Section 2.5, we again study n?(t,x), but here we assume that ||y — vt|| =
o(t). That is, we study the distribution of particles near the region where the bulk
of the particles is located (i.e, near vt). In this region, we show that the k—th
moment of n¥(t,z)/E(nY(t,z)) converges to the periodic function fi(z) identified

in Section 2.4.

2.2 Asymptotics of solutions of parabolic PDEs

Given a positive function h : R? — R that is sufficiently smooth, the h —

transform of the operator £ (given in (2.3)) is defined as

1
Lyu = Eﬁ(hu).



For each t > 0 and z,y € R?, the transition kernel u"(t, z, %) corresponding to £,

satisfies:

u(t,,y) = (t, 2, y)h(y), (2.4)

1
—u
h(z)
where u(t, x,y), satisfying (2.2), is the transition kernel corresponding to £. We
choose h from among a special family of eigenfunctions of £ having exponential

growth in a given direction. For v € R?, let ¢, be the principal positive periodic

eigenfunction of the operator e *YL(e"?-). That is ¢, satisfies

e "L py) = p(v)py, (2.5)

with eigenvalue p(v) € R. Let ) denote the solution of the adjoint problem, that
is,

"L (e py) = 1 (v)ey
where p*(v) is the principal eigenvalue of the adjoint operator, and hence p*(v) =

w(v). We normalize ¢, and ¢; by

/ oyt () dy = 1 = / 2i(y) dy. (2.6)
[0,1)¢

[0,1)4

Now we define h, by
ho(y) = €"You(y), thatis, Lhy, = p(v)h,.

With this choice of h = h,, (2.4) can be written as

hy(z)

u(t,z,y) = muh“ (t,z,y)

e—v~(y—ac) P (.1') uhv (
©o(y)

t,x,y)

9



_ ot 2 mu0) 2ol ey (2.7)
oY)

Let us define p* (¢, z, y) == e @yt (¢, z,y). The function p*(t, z, ) is the transition
kernel for the operator

Kow := (Ln, — p(v))w

B le(y)ﬁ(ev'y%(y)w(y)) — p)w

= % Z AijWee; + Z <b7; + Z aij(vj + Oy, log gov)> W, - (2.8)

ij i j
Compared to L, this operators K, has an additional periodic drift aV log h, = av +
aV log ¢, but no branching term r(y). Let ¥, and 1 denote the top eigenfunctions
corresponding to the top eigenvalue (which is equal to zero) of the operator K, and

IC;, on the torus, respectively, and suppose that

By dy = 1 = / B2 (y) dy.

[0,1)4 [0,1)4

It is easy to see that

Y(y) =1 and ¥3(y) = ¢ (y)eo(y).

Now we choose the direction v € R? in an optimal way. Let ® denote the Legendre

transform of u(v):

®(c) = sup (v-c— puv)). (2.9)

veERC

The properties of p, from Theorem 2.10 in Chapter 8 of the book of Pinsky [22],
guarantee that ® € C? is well-defined. For each ¢ € R?, the supremum in (2.9) is

attained at a unique point which will be denoted by © = 0(c), that is

O(c) =0-c— u(0).

10



Thus, ¢ = Vu(?). In addition, for each ¢ € R?, we have V®(c) = 9(c). Now,
given (¢, z,y) € RT x R* x R%, let ¢ = ¢(t, z,y) = (y — x)/t. Therefore substituting

v =190(c) in to (2.7), we get

o=y () 4
u(t,z,y) = e T ZEZ000 (8 2, y). (2.10)
(b0 s (y)

Therefore, to obtain the exact asymptotics of u(t,z,y) in the domain of large de-
viations, we need to choose ¥ appropriately, and provide an exact asymptotics of
the transition density p°(¢, z,y). The reason for introducing this transformed kernel
is that, momentarily assuming y = y(t) = x + ct, the effective drift of the process
corresponding to p’(¢,z,y) is ¢. And therefore, the problem reduces to estimating
the density of the transition kernel of the operator KC; at a diffusive scale. The
following proposition, which will be proved later, gives the exact asymptotics of the
transition density p°(t, z, ).

Proposition 2.2.1. Fiz Ly > 0. For (t,x,y) € R" xR xR?, define c = c(t,z,y) =

(y —x)/t and v =0(t,x,y) = V@(?). Then

lim  sup

Yy—T\-1/2 /2, _
————— det[D*®( V2 2rt)PpP (¢, y) — 1) = 0. (2.11)
120 gyl <tLo | 2o (4) 25 () t

The following theorem gives the exact asymptotics of u(t, x,y).
Theorem 2.2.2. Fiz L > 0. The following asymptotic relation holds ast — oo for

all z,y € RY such that ||y — x|| < Lt:

ult,2,y) = (1) det[D@(L ) e D g )gny) L+ 0p (1], (212)

where 0 = 0(t, z,y) = Vq)(y - x>

11



Proof. Fix L > 0. From Proposition 2.2.1 and (2.10), for all (¢, z,y) € RT x RY x R?

with Hy;—xH < L, we obtain

u(t, z,y) = e_tq)(w)zzzggpﬁ(ta ,y)
=2y 9o (T) * 24 (Y~ T\11/2 —d
= e 2 i o)er D70 ()] VB (1 +o(1)

= (Vart)“[det D@(Y )] e () i) (1 +o1),

uniformly for ||y — z|| < Lt. This concludes the proof of Theorem 2.2.2. O

Proof of Proposition 2.2.1. Let X; be the diffusion process with generator IC,,

dX: = V(Xy)dt + o(Xy) dWy,  Xo =z, (2.13)
with

Vi) = bi(x) + ) ay(2)(v; + s, log o, ().
J

From homogenization theory (see Freidlin [23] and Theorem 2.6 in the book of Jikov,
Kozlov, Oleinik [24]), it is well known that the following result holds for diffusion
processes with periodic coefficients: There exists a vector £(v) € R? (called the

effective drift of X;) and a positive definite matrix =, (called the effective diffusivity

of X;) such that
Xt — g(U)t
Vit

in distribution, where N'(0,Z,) denotes the normal random vector with mean zero

— N(0,Z2,) as t— o0,

and covariance matrix =,. These quantities are given by the formulas:

w= [ vewww= [ voawsimg e

[0,1)4

12



So= [ (Tt Da) T+ D)ol ) . (215)

where 7,(y) is a periodic (vector-valued) solution to

Koy = £(v) = V(y),

which is determined uniquely up to an additive constant.

We also refer to /(v) and Z, as the effective drift and the effective diffusivity
of the operator I, and hence, of the operator £, since it only differs from K, by a
constant potential term. For the operator £, whose potential term is not necessarily
a constant, the effective drift cannot be defined by simply removing the potential
term. Instead, by the effective drift of £, we mean ¢(0) (which we also denote by
v), and by the effective diffusivity of £, we mean =y.

We now state the following lemma about properties of the principal eigenvalue
p(v). The proof of this lemma can be found in the book of Pinsky [22] (Chapter 8,

Theorem 2.10).

Lemma 2.2.3. The function pu : R? — R is twice continuously differentiable and

strictly convez. In addition, for each v € R,

Vu(v) = £(v), (2.16)
and,

D?u(v) = Z,. (2.17)

Since @ is the Legendre transform of the function p, we have the relation

-1

D*u(v) = | D*®(Vp(v))

13



Therefore, for each v € R,

-1/2

[det D2®(£(v))]'* = [det(Z,)]

1/2

(2.18)

Let B denote the Banach space of Z¢ periodic continuous functions f : R? —
C, equipped with the supremum norm. In order to prove a local limit theorem
for the process X; corresponding to the operator IC,, we first need to estimate
(\/Q_M)dEx[f(Xt)g([Xt])] for f € B and g : Z* — R having bounded support.

For g : Z% — R, for 6 € [0,27)%, 2z € Z%, use the following definitions of Fourier

Transform and Inverse Fourier Transform:

1
(V2m)

3(0) = 3 g(2)e”,

z

Letting g(—6) = g(0), we have

(V2rt) ' Ea[f(Xe)g (X)) = t7°Eul£(X0) / 3(0)e”* o]

[0,27)¢
= td/Q/ GOE[f(X,)e? X dp. (2.19)
[0,27)4
For § € R?, ¢ > 0, let is define the Fourier Kernels Q(6,t), acting on B, by

Q(0,1) f(x) = Eu(f(X,)e?Pel=le=E00), (2.20)

Observe that {Q(6, ) }+>o is a family of compact operators on B and e ™'Q (6, 1) is
27 Z® periodic in the parameter . Next, we show that, for a fixed 6 € [0,27)?, the

family {Q(6,-)};>0 forms a semigroup. That is, for each z € R% ¢, 5 > 0,

Q<97t) OQ(Q,S)JC(J}) = Q(@,t—i—s)f(x). (221)

14



To show (2.21), recall that p“(¢,z,y) is the transition density of the operator KC,,

which is the generator of the diffusion process X;. That is,

QO f@) =3 [ F)e?m OO (s oy 4 m)dy.

mEZd [Ovl)d
Therefore,
Q(6,1)(Q(0, = 3 [ QO NY , 4 m

z@(m—f(v)s)pv(& 2, y+m)dy> ei@(n—[m]—[(v)t)pv (t, X, z+n)dz

-y [ (2

nezd mezZd [0,1)¢
_ Z Z ze(m-&-n—[r}—é(v)(t—&-s)) / pv(s, Zy+ m)p“(t, T,z + n)dzdy
nezd mezd 07 [0,1)

Since all the coefficients of the operator K, are periodic, we observe that, for each

neN, p'(s,z,y +m) =p'(s,z+n,y + m+n). Thus,

Q(@, t)Q(@, S)f($) =

_ Z Z 10(m+n*[96]*f(v)(f+5)) / p’(s, z4n, y+m+n)p*(t, z, 2+n)dzdy
n€Zd mezd [0.1)¢ o
_ Z F(y)etth—lel=t@)e+s) Z / PU(s, 2 +n,y + k)pU(t, z, 2 + n)dzdy
pezd Y 0,14 nezd ? 10D
_ Z i0(k—[z]—t(v )(t+s)>pv(t +s,z,y+k)dy =Q(0,t+ s)f(x).
kezd

This concludes the proof of (2.21).

Let us denote the principal eigenvalue of the operator Q(6,1) by 9 Thus,
from the semigroup property and the time homogeneity of the coefficients of the
partial differential operator K,, we conclude that the principal eigenvalue of the

operator Q(6,t) is e*®9 for each t > 0.

15



Since the effective drift of the process X is £(v), we observe that the asymptotic

mean of the process {[Xi] — [x] — £(v)t}:>0 is zero. That is

oo BOX) — [¢] — 0)t)

t—o00 t

=0.

Similarly, the asymptotic covariance matrix of the process {[X;] — [x] — €(v)t}i>0 is

the effective diffusivity of the process X;, that is, for each 1 <1i,j5 <d,

o B = 2] — (@)t (0XF) - ) = (o)1)

v t—00 t

Observe that, for = 0, the operator Q(0, t) is the Markov operator corresponding to
the process X;, which is generated by KC,. Therefore, since the principal eigenvalue
of the operator K, is zero, we have, e}V = 1.

The following lemma provides a spectral decomposition of the operator Q(0,t),

which will be useful in the proof of Proposition 2.2.1.

Lemma 2.2.4. For a fized L > 0, there exist 6y > 0, ¢ > 0 and n > 0 such that,

for each t > 1, ||0|| < 6o, f € B, we have

Q(0,1)f(z) = XM [{pupy, f) + (M(0,1)F)()] + (N(0,1)f)(x), (2.22)
where the following bounds for the operator M(0,t) and N(0,t) hold:

IM(0,) fllz < all flloo IO, IN@,8)fll= < ge™™ [ flloos (2.23)

uniformly for all ||v]] < L. Moreover, there ezists a constant Cy such that for each

0
0 € R? satisfying || —|| < 8, we have
fy gl!ﬁH_ 0

A ’U,i )t TE»U- C - TE’U'
w@”)%”ﬂMJWWHG (2.24)

)

uniformly for all ||v]| < L.
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Remark 2.2.1. The proof of the above lemma can be found in Hennion, Hervé [25]
(Proposition VI.2), in the discrete time one dimensional setting. The assumptions
of this Proposition, denoted bt H" [2] in [25] (assumptions on the Banach space
being sufficiently big, Q(0,1) having 1 as its simple eigenvalue corresponding to
the eigenfunction f =1, and the operators Q(0,1) being sufficiently reqular in the
variable 0 in a small neighborhood around 0 = 0) are all satisfied in our setting,
uniformly in ||v|]| < L. The proof of (2.24) (or, rather, its analog in [25]) relies

on the fact that VeA(v, 6 =0 and DgA(U,9)|9:0 = —Z,, which follows from

Moo

arguments similar to those used in proving (2.18). The arguments in the proof
of Proposition VI.2 of [25] also go through in the continuous time d—dimensional

setting.

We now show that the all the eigenvalues of Q(0,t) are strictly less than 1 for

all § € (0,2m)%, t > 0, that is,
Av,0) <0 for each 0 € (0,27)<. (2.25)

(It is clear that A(v,0) < 0 for all § € [0,27)%) This fact will be useful in the proof
of Lemma 2.2.5. Suppose that, on the contrary, for some 6 € (0, 27r)d there exists
an eigenfunction f € B of the operator Q(6,t) with || f|| = 1 such that A(#,v) = 0.

That is, for each z € [0,1)%,
Ew(f(Xt)€i9([Xd—[w}—f(”)t)) = f(x). (2.26)

We know that 1 is the top eigenvalue of the operator Q(0,¢). Thus, there exists an

17



eigenfunction g € B of Q(0,t) such that, for all = € [0,1),
E.9(Xe) = g(z). (2.27)

Note that we can choose g € B such that, for all € [0,1)%, g(x) > 0, and that

|f(2)| < g(x). In addition, we can assume that there exists a point zo € [0,1)? such

that | f(zo)| = g(x). Now,
Ewo|f(Xt)ew([Xt]—[ﬂJ]—f(v)t)} > |E$O(f(Xt>ei9([Xt]—[$]—f(U)t))|
= [f(z0)| = g(z0) = Esy g(X3).
This implies that,
Eao (1f(Xe)| = 9(X2)) = Q(0,8)(| f] — 9)(x0) = 0.

Since |f| < g and Q(0,t) is a positive operator, we conclude that

Eao (1f(X0)| = 9(X2)) = 0.
That is,

0501 = 90w, 20, 0y =0,

Since X, is a non-degenerate diffusion, for a fixed zy € [0,1)%, p“(¢,zo,y) > 0 for
all y € RY, ¢ > 0. Thus, there exists a continuous Z¢ periodic function h such that

f(y) = e"Wg(y) for all y € R%. Therefore,
Em(eih(Xt)g(Xt)62'9([Xt}—[90]—€(”)t)) = @Zh(w)g(l’) = ezh(m)Em<g(Xt>)

Thus,
E, (g(Xt) |:6i(6([Xt}—[x]—é(v)t)—i—h(Xt)—h(a:)) _ 1}) 0,

18



that is, 0([y] — [] — £(v)t) + h(y) — h(z) € 277Z, for all z,y € R%, t > 0. This is a
contradiction since, taking y = x 4+ m with m € Z¢, we get (m — £(v)t) € 277 for
all m € Z%, which is impossible.

Let B, be defined as follows:

B+,’r’:{f:f687f207||f||00<r}'

Let By(L) = {v € RY|||v|| < L} denote the ball of radius L centered at 0 in R?. For

X = (2,2, f,v) € (Z°,R*, By ., Bo(L)), we define two families of measures on Z:

my (k) = det(E,)"*(vV2rt) Eu (f (Xo) 1o ([X] — 2)),

/ _ =t@t—[=)TE  z—t@)t—[2])

m; (k) = e 2 (uipy, [)-

Note that neither of these needs to be a probability measure. In fact, the latter one
is a measure assigning the same weight to each k € Z%, but both can be applied to

functions defined on Z2.

Lemma 2.2.5. Let g : Z% — R be a function with bounded support and y =

(z,2, f,v) € (2% R By ., Bo(L)). Then

tlim sup [[my (g) —m*(g)|| = 0.
—00 y

Remark 2.2.2. A similar lemma and its proof can be found in Hennion, Hervé [25]
(Lemma VI.4), in the discrete time one dimensional setting. For a bounded linear
operator () on a Banach Space B, let r(Q)) denote its spectral radius. The difference
between [25] and our setting is that, in Lemma VI.4, the set {0 € Rd‘r(Q(é, 1)) >

A(v,0

A0 = 1} was required to be {0}. This is clearly not the case in our setting since
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the operators Q(0,1)e W) qre 277 periodic in 6 € RY. Instead, we have shown in

(2.25) that {0 € [0,27)%|r(Q(6,1)) > 1} = {0}.

Proof of Lemma 2.2.5. Using the Fourier inversion formula and Fubini’s theorem,
m(g) = det(Z,)" 2 (V2rt) B (f(Xo)g([X] = 2))

— det(S,) Y2442 / §(0)e= PN, 1) ()b,

[0,27)¢

where §(0) := g(—6). From Lemma 2.2.4, we know that there exists a 6y > 0 such

that, for all ||#|| < 6y the decomposition (2.22) holds. Therefore, we can write
mi(g) = Ji () + 700 + JP 00,
where
Ji(x) =
= det(Z,)"/*t? / g(O)eEHIDACO (oo, f) + M(0,1) f(2)]df

[0,2m)N([[6]]<60)

and JZ(x) and J?(x), are defined as follows:

JE(x) = det(2,) /2 / g(O)e™ "IN (9, 1) f ()db,
[0,2m)4N([|0]]<60)
TP (x) = det(,)"/2t4/? / G(O)e= " OENQ (6, 1) f () db.
[0,2m)4N([|0]|=00)
The change of variable 6 = \/Z gives

i s(z—L(v)t—

700 = [ ke D gt )+ M 0 1@

where

_ s s
ki (s) = det(Z,)"/? L0,27)an( ||9||<90)(7)9(% e
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On the other hand, we have

" _jae=t@t=lz]) .
m{(g) = € Vi k(s)(puiy, fds,

where,

For each s € [0,27)? such that H%H < 0y, from Lemma 2.2.4, we have that

Kl

|
||M(7 ) f ()l SCJIIfHW-

Hence,

1900 = m )l < Vet ) [ 1) = ks)ds + all ) [ o) 5as

We observe from (2.24) that the sequence {k;};>1 converges point-wise to k. Since
the function g has bounded support in Z%, ||§|jc < 0o. Thus, setting ¢, := ||§]oo,
we have

v S

STE
1ke(s)]] < det(Z,)cge” 1

By defining

= [lpw R )|d > g [ ksl
i llewtl [ Ialo) = kGolds, = [ (o) s

we get,
17 00) = m(9)]| < (e +e)IfI-
Using the Lebesgue dominated convergence theorem, tlim € = tlim e = 0. Now it
—00 —00

remains to consider the terms J?() and J?(x). For ||0]| < 6y, we have from Lemma

2.2.4 that | N(0,t)]] < ge™, and therefore

T (x) < det(Z,) 2 2qe ™| f] 19(0)1d6 =: &I f1],
0.2m)4(10]1<Po)
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where

€ = det(Ev)1/2td/2qe_”t/ |g(0)|d6.

[0,2m)4N(]|6]]<60)

It is clear that tlim €3 =0. Let B, = sup{||Q(0,1)]| : 6 € (||8]| > 6o) N [0,2m)%, ||v]|| <
—00

L}. From (2.25), by choosing
5 = sup{r(Q(6,1))|0 € [0.27)%, 18] > 60, [lo]l < L} < 1,
we have 3; < 8" — 0 exponentially fast, as t — co. Now,

1200l < det (=) 242 £, 9(0)do =: 1|1,

[0,27)d
where

el = det(Z,)Y2Y2p, §(6)ds.

[0,27)4

It is clear to see that lim ¢ = 0. Therefore,
t—o00

!/

1tlim sup [[my(g) — m;*(g)|| = 0.
=00y

[
From the above lemma, for the function g(k) = 1¢(k), we have
lim  sup sup | det(Z,)Y?(v2rt)? fy)p’(t,z,y + z)dy
t=%0 reo((0,1)4) zeRY, 27 [0,1)d
Ifll<r [vll<L
2 —[z] — L)) TE (2 — [2] — £(v)t .

The formula above gives the asymptotics of p¥ in a slightly weaker form, than the
one we claimed. Namely, we would like to be able to replace f by a delta function at
y € [0, 1)%. This is easily justified if we have an appropriate bound on the derivative
of p”(t, x,y) in the y variable. In this case, the weighted average of p over a small
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domain approximates the value of p* at any point inside the domain. To get such
bounds on the derivative of p*, we observe that p"(¢,x,y) < ¢/ 42 for all z,y € RY,
since p’(t,z,y) is the fundamental solution of the PDE with periodic coefficients,
with no potential term (see, for example, arguments in the proof of Lemma 2.3.2).
From the Schauder estimate (see, Friedman [26], Theorem 1), it then follows that
I1V,p°(t, z,y)]| < sup{p”(s,x',y')‘s e(t—1,t),2" 4y e R} <¢/(t—1)? < e/t

These bounds on the gradient of p*(¢, x,y) along with (2.28) imply that

det(Z,)2(V2rt) i (t, 2,y + 2) (2.29)

lim sup
7% 2erd yef0,1)?,z€ 2
lvI<L

(z = [o] = LTE (= — [2] - ﬁ(v)t))
2t

—exp (- o)) = 0.

Writing y € R? instead of y + z with y € [0,1)?, 2 € Z¢, we obtain

tlim sup det(EU)l/Q(\/Qﬂt)dp”(t,m,y)—e_%(%_ (v)> Egl(“_av))@v(yﬂpf}(y)‘ = 0.
ﬁ\oox,yeRd
llvll<L

Note that the exponent in the above formula is slightly different. But the difference
is negligible in the limit.

Now suppose that Ly > 0 is fixed, and ||y — z||/t < Lo, for all 2,y € R? and
t > 0. Then, if we choose ¢ = (y — x)/t, we have a corresponding ¢ such that,
V®(c) = v and there exists a L such that o < L for all ¢ > 0. Thus the above result

can be applied to those ¢, and v uniformly to obtain

det(E,)2(V2rt)p’ (¢, ,y) — a(y) s (y)| = 0.

lim sup
£=00 |lz—y||<tLo

Substituting [det D2@<¥)]71/2 = [det(Eﬁ)}l/z from (2.18), we get
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[det D& (L—2)]2(Vart)p? (t, 2, y) — 1| = 0.

lim  sup

Yy—
100 o —yl|<tLo | P5 (Y) 5 (Y) t

2.3 Intermittency of a supercritical branching process

Here, we assume that our branching diffusion process is super-critical, that
is, the principle eigen-value of the operator £ when considered as an operator on
the torus T is positive ( i.e, (0) > 0). We know that ® is a twice continuously
differentiable, strictly convex function such that its minimum value is achieved at
v, and ¢(v) = —pu(0) < 0.

For y = (y1, 92, ,ya), let TZ denote the d—dimensional cube:

TZ: Wi,y + 1) X [ya, 92+ 1) X -+ X [yg, ya + 1).

Let nY(t,z) denote the number of particles in Tz at time ¢, assuming that at time

zero there was a single particle located at = € RY.

Theorem 2.3.1. For each k € NU{0}, and each x € [0,1)%, the following statements
hold:

(a) For each v € R, there exists the limit,

InE(n™(t, z)k)

(b) Define Gy = {v € R%: 4 (v) > 0,7 (V) = kv (V)} for each k € N. Then Gy’s
are closed subsets of R? and Gri1 C Gy.
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(¢) There exists a sequence of constants oy > 0 such that B, (v) C G, and
NkenGr = {V}.

Remark 2.3.1. We first make a few elementary observations regarding the state-
ments in the above theorem.
1. Since n™(t,x) € NU{0}, using the Jensen’s inequality, it is clear that for each
v € R, E(n™(t,2)F) > (E(n™(t,2)))* for each k € N, and therefore, as long
as the limits in (a) exist, we have, y,(v) > ky1(v) for each k € N. Thus,
Gi\ G ={veG ) >knv)}
2. Using Hélder’s inequality, it is easily seen that InE(n'™(t,2)*) is a convex
function of k for each fized t € RT,v € R%. In addition, vo = 0 and therefore
v6(V)/k is a non-decreasing function of k, which implies that, if yp(v) >

kvi(v), then ygr1(v) > (k4 1)y1(v). Therefore, Gxi1 C Gy, for each k € N.

The main idea of the proof is to look at the higher order correlation functions
and the corresponding PDEs they solve and then use the asymptotics of the den-
sity function obtained in Theorem 2.2.2 and techniques developed in [3] to obtain

logarithmic asymptotics of the moments E(n™ (¢, z)).

Remark 2.3.2. Note that v = ((0) = Vu(0) is the effective drift of the branching
process detailed in Section 2.2 (also see Lemma 2.2.3). From the properties of the
function p, it is clear that ® € C? is strictly convex (see Lemma 2.2.3), and the

minimum of ® is achieved at a point v € R The minimum value of the function

¢ is P(v) = —p(0) < 0.
For simplicity of notation, we assume that v = 0.
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Let Bs(y) denote a ball of radius 6 > 0 centered at y € R%. For t > 0 and
T, Y1, Y, ... € R with all y; distinct, define the particle density p;(f,z,%y) and the
higher order correlation functions p,(t,z,y1,....,y,) as the limits of probabilities
of finding n distinct particles in Bs(y), ...Bs(yn), respectively, divided by the n-th

power of the volume of Bs(0) C R?. For a fixed y;, the density satisfies

atpl(t7x7y1) — Empl(ta 377?/1); p1(07 X, yl) - 52;1 (l’) (230)

The equations on p,, , n > 1, are as follows
atpn(ta T, Y1, Y2, -, yn) = 'Cxpn(ta T, Y1, Y25 - yn) + a($)Hn(t> T, Y1, Y2y - yn)7 (231)

pn(oa Z, Y1, Y2, - yn) = 07

where

Hn(tax7ylay27“'7yn) = Z p\U|(tax7 U)pn—|U|<t7$7Y\U)7
UCY,U#D

where Y = (y1,...,y,), U is a proper non-empty subsequence of Y , and |U| is the

number of elements in this subsequence.

Define mj (t,z) = /Td /Td pr(t, T, Y1, Yoy vy Ui )dyr ... dyg. Tt follows that

Omi(t,x) = Lomi(t,x),  mi(0,z) = xra(z), (2.32)
while for k > 2,
k-1
omi(t,x) = L,mi(t,x) + a(x) Zﬁfmf-’(t, r)mi_.(t,x), mi(0,z)=0, (2.33)
i=1

where ¥ = k!/(i!(k —4)!). Notice that

k

B (00)) = 38000 [ [ ot )i

=1
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k
= S(k,iyml¥(t, x), (2.34)
i=1
where S(k,i) is the Stirling number of the second kind (the number of ways to
partition k elements into i nonempty subsets).
To see this, let nY(t,z, A(z)) denote the number of particles at time ¢ in a
small set A(z) C 'I[‘Z containing z, assuming that at time zero there was a single

particle located at « € R?. Then, we can write

= Zny(t,x,A(zj))

by choosing the disjoint subsets A(z;), j > 1, such that UA(zj) = ']I‘Z. We now
J
show that (2.34) holds for & = 2. Observe that

E(n?(t,2)%) = > E(n¥(t,z, A(z))n?(t, 2, A))).

2%

By taking the limit as max{diam(A(z;))} — 0, when i # j, we get
j
E(n?(t, z, A(z;))n(t, z, A(z;))) = pa(t, x, z;, 2;) Vol (A(2;)) Vol (A(z5)).
On the other hand, when the diameter of the set A(z;) is small enough, with over-

whelming probability n¥(t, z, A(z)) € {0,1}. Thus E(nY(t, , A(2))?) ~ E(n(t,z, A(%))) =

p1(t, z, z;)Vol(A(z;)). Thus, we get
ZIE (t, 2, A(z))n?(t, z, A(z)))) =~

~ Y pa(t,w, 2, 2) VOl (A(2)) Vol (A(z)) + > pi(t,x, z) Vol(A(z))
i#j i

—>/ / Pz(t,I,y17y2)dy1dy2+/ pi(t, z,y1)dyr = my(t, ) + mi(t, ).
Ty /Ty g
This proves (2.34) for k£ = 2. We do not detail the arguments for all £ > 2 since

they are similar to those for k£ = 2.
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Proof of Theorem 2.5.1. In Part 1 of the proof, we will use induction to show the
following;:

(i) For each k > 1, there exists a constant a > 0 such that

2
mi(t,x) < apexp | axt — lly = =]* (2.35)
kAT - ak(t + 1)

for all (¢,2,y) € RT x R? x R?.
(ii) For each k > 1, for each L > 0, the following two limits exist uniformly for

v € RY, with ||v|| < L and for = € [0,1)?, and satisfy

1 E tv t k 1 tv t
(v) = Tim BECOTEDT) w (2.36)

t—o00 t t—o0

Moreover, 7, : R — R is continuous for all k£ € N.

(iii) For each L > 0, there exists My = My(L, k) such that, for all M > My,

vV —w vV—w w
(V) = sup [wyk,1< ) + u'yl( ) +(1— u)’yl< )} :
|lw—v||<M,ue(0,1) u U l—u
(2.37)
when ||v|| < L, k > 2. In addition, vx(v) > yx_1(v) for k > 2.
We will conclude the proof by showing, in Part 2, that there exists a sequence of
constants oy > 0 such that B,, (0) C G and that ﬂ Gy = {0}.
keN
Before we start the rigorous proof of the above statements (including (2.37)), we
make a few remarks about the intuition behind formula (2.37). From (2.33) and the
Duhamel’s Formula, we see that
t k-1
mi(t,x) = / / a(z) Zﬁfmf(s, z2)my_.(s,2)p1(t — s, x, z)dzds
0 Jrd

=1
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¢
ZC’// a(z)mi_ (s, 2)mY(s,z)p1(t — s, x, 2)dzds. (2.38)
0 Jre

Let us, for the time being, assume that the asymptotics of m' (¢, z) is captured
by the integral in (2.38). It is clear to see from the precise asymptotics of the
transition density obtained in Section 2.2 and from the definition of mY(¢, z) that
the logarithmic asymptotics of m¥(t, z) and p(t, z, tv) is given by v (v) = —®(v).

It will be seen that the main contribution to the logarithmic asymptotics of
the integral in (2.38) comes from a small neighborhood of the point (z,s) where
the maximum of the integrand is achieved. Thus, we take the logarithm of the
integrand in (2.38). Moreover, formally applying (2.36), replacing Inm}’ (s, z) by

),

tv — 2 tv —

%Y and Inpy(t — s, 2, 2) by (t — $)7(

), InmtY (s, z) by sy (

SVp—
Yk 1( PR

substitute z/t = w and s/t = u, and maximizing the integrand in v and w, we get

(V)= sup )[U%—1<V;w)+u71<v;w>+(1—u)71< d )}

weRIue(0,1 1—u

However, observe that the asymptotics of p; obtained in Section 2.2 is only valid in

the regions of space that grow linearly in time. In addition, the relation Inm{ (¢, z) =

x) is also meaningful only when ||y — z|| = O(t). Thus, we need additional

)
vk (
analysis to prove that the formula holds when the supremum is taken over the set

where ||w—v|| < M, and that the contribution from the rest of the space is negligible.

Part 1 of the Proof:
For k = 1, from Theorem 2.2.2, for a fixed L > 0, for all 2,y € R? with ||z —y|| < Lt,

we have

mwwz/pwmam=
Td

Yy
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= (V2rt) () ( / det [ D?®(=——=)]/2e =) i (2) dz) 1+ o0,(1)], (2.39)
g
where @, ¢y and ¢y, are defined before Theorem 2.2.2.

Lemma 2.3.2. If f is the fundamental solution to a linear parabolic PDE with 7.2
periodic coefficients, then there exists a constant ¢ > 0 such that f satisfies the

following Aronson-type estimate. For all (t,z,y) € Rt x R x RY,

flt,z,y) < b= o k]l 2.40
,T,y) < ¢ exp | ¢ = ) (2.40)

Proof. Suppose that M is an elliptic operator with Z¢ periodic coefficients, and
suppose [ is the fundamental solution to the linear parabolic PDE driven by this
operator. Denote the top eigenvalue of the operator M on the torus by A, the top
eigenfunction by 1, and the effective drift (defined by (2.14)) of the operator M by
v € RY. Since the operator is elliptic, the function ¢ : T — R is strictly positive.
Following the calculations involving the h— transform done in (2.7) and (2.8),
we know that e ™ f(t,x,y)¢(y)/1¥(x) is the fundamental solution to the linear
parabolic PDE driven by an elliptic operator without a potential term. Apply-
ing Theorem 1.1 from Norris [19] to this operator, there exists C' > 0 such that for

all z,y € R and t > 0,

Cfltfd/QeM < e—t)\f(t’w’y +Vt)¢(y)/w(w) < Ct,d/2€*\\ycftz\\
Therefore,
. vt — 22
ft,x,y) < Ct™?exp </\t — w>

Now, it is a simple exercise in algebra to show that, for a fixed v € R?, there exist
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aa>1,b> 0 such that, for all t > 0 and for all z € R?,

lz = vt o ll=l® _
t - at

bt.

For simplicity, we show the above statement for real numbers (x,v € R) instead of
vectors (x,v € RY). Therefore, we need to show that

2
inf {:c2 + v2t2 — 2rvt — T + bt2} > 0.
a

>0

That is,

%gg {t2 (V2 + b) - vat} > 2 E - 1}.

If v < 0, the infimum is achieved at ¢ = 0. and therefore, choosing any a > 1, we

TV

\72——}—b7 and

get the required inequality. If v > 0, the infimum is achieved at t =
therefore, we need
1
A
This is true if we choose a > 1 and b > 0 such that

2

A
>1+ —.
a> +b

Thus,

. — vt — z|? o d ly — |
< d/2 Ny =vt -2 < d/2 A VR el
f(t,v,y) < Ct exp <>\t ol ) < Ct exp (()\ + C)t e )

~ d
Choosing ¢ = max{C, (A + 6)’ aC'} we get the required bound (2.40). O

Since p; is the fundamental solution to a linear parabolic PDE with periodic co-

efficients, the conclusion of Lemma 2.3.2 applies. In addition, since the effective
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drift of the process, v, is assumed to be zero, we have

2
pi(t,z,y) < et exp <,u(0)t — %) : (2.41)

By the first equality in (2.39), there exists a; > 0 such that

my(t,x) < ajexp | art — M : (2.42)
’ - a1<t -+ 1)

This proves (i) for k = 1. Now suppose that (i) holds up-to £ — 1. From (2.33) and

the Duhamel’s Formula, we see that

t k—1
my(t,xr) = /0 /]Rd a(z) Z BEmY (s, 2)m?_, (s, 2)p1(t — s, z, 2)dzds. (2.43)

i=1
k-1

Note that, since (2.35) holds up-to k — 1, it also holds for Zﬁfm?j(s, z)my_.(s, 2)
i=1

(with a different constant a,_1). Thus there exists a constant a; > 0 such that

ly — x|
ak(t + 1)

ing the estimate (2.35), with two different constants also satisfies (2.35). That is,

mi(t,x) < axexp <akt — >, since the convolution of two functions satisfy-
(i) holds for k.

We next show that (ii) holds for £ = 1 and k& = 2, and (iii) holds for k¥ = 2. From
(2.39), we obtain

' G2) _ g, (2.44)

and 7 is continuous since ® is continuous. In addition, from (2.34), for each ¢ > 0,

E(n™(t,x)) = m{Y(t,x). Thus (i) holds for k = 1.

Next we show that, for & = 2, the second limit on the right hand side of (2.36)
exists and satisfies formula (2.37). In the arguments below, we treat x and v as
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fixed, but all the estimates are easily seen to be uniform in ||v| < L and = € [0, 1)%.

Let us recall that

mil(t,z) = /0 t /R 20()(ml(s, )i (¢ — 5., 2)dads.

Let 0 < e < a < 1. Let us define the following
et
Aq(t,z,tv) ::/ / 20(2)(mY' (s, 2))p1(t — 5,2, 2)dzds,
0 lz—tv||>el/4t

Bi(t,z,tv) := /0€t /||ztv<51/4t 2a(2)(mY* (s, 2))p1(t — 5,2, 2)dzds,
Ci(t,x,tv) = /:t /z—vt||2tM 2a(2)(mY'(s, 2))?p1(t — 8,2, 2)dzds,
Di(t,x,tv) := /;t /ZVt”<tM 2a(2)(mY! (s, 2))?p1(t — 5,2, 2)dzds,
E\(t,z,tv) == /O: /sz(l—a)1/4t 200(2)(mY(s, 2))2p1(t — s, x, z)dzds,

¢
Fi(t,z,tv) ::/ / 20(2)(mY' (s, 2))p1(t — 5,2, 2)dzds.
at J|z<(1-a)1/4¢

Note that m& (t,z) = (A1 + By + C1 + Dy + Ey + Fy)(t, z, tv).

From (2.42), in the region where s < et, |[vt — z|| > /4,

vt 2 2 \/g
(my"(s,2))" < aj exp(2(a1e — m)ﬁ

which can be made exponentially small (as t — o0), with an arbitrarily large neg-
ative exponent, by choosing € small enough. Using estimate on p; from (2.41), for

each r > 0, for all sufficiently small € > 0,

In Ay (¢, x,tv
lim sup In Atz tv) < —.
t—o0 t
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Similarly, by exchanging the roles of (m}Y(s,2))? and p;(t — s, 2, ), we obtain for

each r > 0, for all a € (0, 1) sufficiently close to 1,

InFEq(t. xz. t
limsup PG )
t—o0 t

For each s < et,||vt — z|| < €'/*, using (2.42), we conclude that there exists a
(1 > 0 such that

(m}’t(s, z))2 < et

By Theorem 2.2.2, in the region s < et, |[vt — z|| < €'/%, there exists Cy, > 0 such

that

Z—]))

pr(t —s,3,2) < Colt — 5) "2 (7200,

By choosing ¢ > 0 small enough, and choosing sufficiently large ¢, the value of

Z—XT

=

) in this region can be made arbitrarily close to +;(v). Thus, for each
— s

0 > 0, for all sufficiently small £ > 0,

In By(t, x,t
lim sup In Bt @, tv) <m(v)+0.
t—o0 t
Similarly, by exchanging the roles of (m!¥(s,2))* and py(t — s, 2, ), we obtain for

each 0 > 0, for all @ € (0, 1) sufficiently close to 1,

In Fy(t, z,tv)
t

lim sup <2y (v) +6.

t—o00

Now let us assume 1 > a > ¢ > 0 are fixed. From (2.41), (2.42), it follows that,

given r > (), we can choose M large enough such that

InCy(t,x,t
t—o00 t
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Let us now examnine the asymptotics of D;(t, z,tv). Observe that the volume of the
region (et, at) x By (tv) € R*™ grows polynomially in . The uniform asymptotics
of the logarithm of the integrand in D, (¢, x,tv) is available in (2.44) and Theorem
2.2.2. Observe that ¢ is periodic, non-negative and not identically 0. Therefore,

substituting z/t = w and s/t = u, we get

1imwz sup )[2u71<v;w>+(1—u)71< v )]

=00 ¢ lw—v | <M,u€(e,a I —wu

Combining this with the estimates on In Ay, In By, In Cy,In Ey,In F}, since § > 0 was
arbitrarily small, and since € and « are arbitrarily close to 0 and 1 respectively, we
conclude that the expression on the right hand side of (2.37)(with k& = 2) captures
the logarithmic asymptotics of mj(¢, ). Thus, we obtain that the second limit on

the right hand side of (2.36) exists and that formula (2.37) holds for k£ = 2, that is,

1 tv t _
lim In(mz' (t, 7)) = sup [2u71<v w> +(1- u)%( d ﬂ
t—00 t lw—v||<Mue(0,1) u l—u
We define
In(mg (¢
t—00 t
Next we show that 45(v) > 7, (v) for all v € R?.
Recall that m{ (¢, z) and mj(t, z) solve the following PDEs:
Omi(t, ) = Lomi(t,x),  mi(0,z) = xra(2), (2.46)
omy(t,x) = Lomy(t, ) + a(x)(mi(t,z))?, my(0,z) =0. (2.47)

We will show that there exists a C, > 0 such that, for each ¢t > 1 and z,y € R¢
with ||z — y|| < Lt, we have
mi(t,x) > Crmi(t, ).
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Fix R > 0 such that [0,1)? € Br(0). Observe that, since m?(0,z) = Xt¢ (), there

exists a d; > 0 such that
mi(t,x) > 01X () forall te[1/8,1/4].

Also observe that there exists a d > 0 such that, for all 2,y € R? with ||z —y| < 2R
and t € [1/4,1/2],

pl(taxay) Z 52-

Now, observe that ¢ is periodic, non-negative and not identically 0. Thus, from

(2.47), using Duhamel’s Formula, for = € ’]I‘Z,
1/2 1
my(1/2, ) :/ /d 2&(2’)(m‘1{(5,z))2p1(§ — s,x,z)dzds
o Jr
1/4
2/ / 20(2)026odzds
1/8 JBr(y)
1
2—5%52/ a(z)dz == 03 > 0,
4 [071)d

that is,

m3(1/2,x) > d3xra(). (2.48)

Now, comparing the PDEs (2.46) and (2.47), and taking into account (2.48), we see

that for all t > 0, z,y € R,

my(t+1/2,x) > dzmi(t, x). (2.49)
For a fixed L > 0, for all z,y € R? with u < L,t>1/2, from Theorem 2.2.2,
there exists ¢ > 0 such that

mi(t,z) > emi(t+1/2,x). (2.50)
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From (2.50) and (2.49), we conclude that there exists a constant C, > 0 such that

mi(t,x) > Crmi(t,z),

Y|

for all x,yERd with Hm; < Landt>1.

In particular, for each v € R?, we have

. InE . Inmb(t,x
1) = i DB _ o )
< Tim Inmy (¢, z) i In(mi¥(t,x) + 2mL (¢, x))
t—00 t—00 t
InE(n™ (¢, z)?)
- tliglo t - 72<V)7

(2.51)

]

where the last equality follows from the definition fo v, (formula (2.45)). Thus (ii)

and (iii) hold for k = 2. This completes the basis for induction.

Now suppose that (ii) and (iii) hold up to k& — 1 with k£ > 2. From (2.43), there

exists a constant C; > 0 such that

2ty x) > C’l/ / (s, 2)mi_((s,2)p1(t — s,z, z)dzds =: C1 I, (t,z,y).
Rd

Since E(n" (¢, z)¥) is a convex function of k, for each 1 <i <k — 1,

E(n™(t,z)" HE®Y(t,z)) > E(n™(t, )" HEn™(t,z)").

Thus, using (2.34), there exists a constant Cy > 0 such that,

Y(t,x) < 02/ / V(t, o) HEMY(t, 1)) py(t — 8,2, 2)dzds
R4

= 02]2(t7 x, y)
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In order to prove that the second limit on the right hand side of (2.36) exists, we

need to show that,

Inli(t,x,t InIH(t, x,t
lim w iy 222t 7, tv) (2.5)

t—o0 t—o00 t

We claim that, for all sufficiently large M > 0,

Ye(v) == lim

t—o0 t—o0 t t—oo

= sup

[w—v||<M,ue(0,1) [u%_l (V ; w) tum (V ; w) + (1 —umn (1 Z_Uuﬂ (2.53)

As before, let 0 < e < a < 1. Let us define the following

et
A(t,x,tv) == / / a(z)mY (s, z)m) (s, 2)p1(t — s, @, 2)dzds,
0 |lz—tv||>el/4t

B(t,z,tv) = /Ost /”Z_tvsal/4ta(z)m}’t(s, 2)mit (s, 2)pi(t — s, 2)dzds,

C(t,z,tv) :== /:t /szt||th a(z)mY* (s, z)myt (s, 2)p1(t — s, 2, 2)dzds,

D(t,z,tv) := /:t /uz—vtgtM a(z)mYt (s, 2)myt (s, 2)p1(t — s, 2, 2)dzds,

E(t,z,tv) = /ai /z||2(1a)1/4t a(z)mY* (s, z)myt (s, 2)p1(t — s, x, 2)dzds,

F(t,z,tv) := /o:: Azgu_a)l/%a(Z)m‘{t(S’ 2)myt (s, 2)p1(t — s, 2, 2)dzds.
Note that [, (t,z,tv) = (A+ B+ C+ D+ E+ F)(t,z,tv).

Using the same arguments as above, it is not difficult to show that, for each r > 0,

for each 6 > 0, for all sufficiently small € > 0, for all & € (0, 1) sufficiently close to 1,

for all sufficiently large M,

In A(t t
lim sup 2AG 2, V)

_7""
t—o0 t
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In E(t, z,tv) <

lim sup S T
t—o0 t
In B(t,x,t
lim sup M < m(v)+6,
t—o00 t
. In F(t,x, tv
lim sup ¥ < (V) + -1 (v) + 96,
t—00 13
) InC(t, z,tv)
limsup ——— < —r,
t—o00 14
and
. InD(t,x,tv) vV—w v—w w
lim ———— = sup [U’Yl ( )‘f‘u%—l ( )"’(1_“)71 ( ﬂ :
t—o0 t lw—v||<M,ue(e,a) u u 1-u

Thus, we have proved that

o [ () e () i ()] s

lw—v]|<Mue

Now, we justify (2.52), that is, the logarithmic asymptotics of the integrals I; and
I, are equal. The difference between I; and I, is that E(n'(¢,7)") in I, replaces
m!¥(t,z) in I;. The properties of m.Y (¢, ) that were used to derive the asymptotics
of I; included estimate (2.35) and the uniform asymptotics of the logarithm (for-
mula (2.36)). By the inductive assumption, the same uniform asymptotics holds for
E(n' (t,z)") for i < k—1. Moreover, by formula (2.34), the analogue of (2.35) holds

for E(n™(¢,z)"). That is, there exist constants d; > 0 such that

E(n® (t,2)") < d; exp (dit - %) (2.55)
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for all (t,2,y) € Rt x R* x RY, for all 1 < i < k — 1. Therefore, the logarithmic

asymptotics of I, are the same as that of I; i.e., (2.52) holds. From (2.34),

tv k
i ing PECTE D)D)

t—o0 t ~ t—oo

Inm¥(t, x)

From the formula (2.53) which now holds for k£ and £—1 and the inductive hypothesis

that y._1(v) > _2(v) for each v € R? we observe that that

w) = s e () e () - (=)

[|lw—v||<M,ue(0,1) I—u

vV —w VvV —w w
> sup [u7k72< > + um( ) +(1- U)’Yl( )] = Ye-1(v).
lw—v||<M,ue(0,1) u U 1—u

This, along with the inductive hypothesis that v;_1(v) < ~;(v) foreach 2 <i < k—1,

by (2.34), implies that

InkE tv k 1 tv

t—00 t T t—oo t

Therefore both the limits in (2.36) exist and are equal.

Form the inductive assumption that v; is a continuous function for 1 < i <
k — 1, using formula (2.54), we conclude that -, is continuous. This concludes the
proof of (i)-(iii) through induction.
Part 2 of the Proof:

In Part 1 of the proof, we have shown that, for all sufficiently large M > 0,

Ye(V) = Sup : [u%_1<v;w> +U71<V;w>+(1—u)71<11i)u>]

[w—v||<M,ue(0,1

Therefore, in the rest of the proof, we will use the following formula for v, k£ € N:

(V) = sup | [U”qu(vgw) —i—u%<v ; w> +(1- u)fyl<1 I_Uuﬂ

weR 1€ (0,1
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Observe that, for each k € N, v € R% 4 (v) < ky1(0). To justify this, we use
induction. For k = 1, the statement is obvious since ~; achieves its maximum at 0.

Now suppose the statement holds up to £ — 1. Then, from the definition of v,

e () (5 v ) e

weR? ue(0,1 I—u

< Julk = 1)3(0) +wn(0) + (1 = upn(0)] = k2 (0).

We know that —®(0) = 7,(0) = u(0) > 0, and ¢ is continuous, therefore, the
region (77 is non-empty. As a consequence of Remark 2.3.1, Part (2), we have that
Gri1 C Gy for each £ > 1. We know that 7 is continuous for each k£ > 1. Therefore,
from the definition of Gy, these are closed subsets of RY.

Next let us show that each set G contains a small ball centered at the origin. As a

first step, the following lemma establishes an important property of the functions ~;.
Lemma 2.3.3. For cach k > 1, v € R? and a € [0,1], 1(v) < ve(av).

Proof. We use induction for this proof. For k = 1, the statement of the lemma
holds since v;(v) is a twice differentiable strictly concave function and v = 0 is its
maximizer.

Suppose the statement of the lemma holds for each 1 <7 < k — 1. To show

this for k, we have, for 0 < a <1,

e () () ()

1—u

Ye(av) = sup [
weRT ue(0,1)

Now, substituting w = az, we have

av — az av — az az
Ye(av) = sup [u%_l (—) + uy (—) +(1-— u)yl( )]
z€R%ue(0,1) u U 1—u
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2 [ () (50 (5]

2€R2 ue(0,1)

Now, in order to prove that each set G, = {v € Rd‘fyk(v) = ky1(v),1(v) > 0}
contains a small ball centered at the origin, we introduce functions fj defined below.
For each k£ > 2, we will first show that there is a small ball centered around the
origin on which f(v) = ky1(v) > 0. Then we will use induction to show that there
is a (smaller) ball centered around the origin on which f(v) = % (v).

Let us define, for k > 2,

V—w

giw,w) = [k (=) + A —wm(7=)], weR! ue(0,1),
and
fev)i= sup  gY(w,u). (2.57)
weR ue(0,1)

Observe that fo = 7. For k > 2, the formula for function f; is similar to the

formula of vy, but with (741 + 1) replaced by k~v;. For w = v(1 — u), we have

gy (v(1=u),u) = kumn (v) + (1= u)3a (v) = (1+ (k= D)y (v) = kn(v) as utl.

Therefore, fi(v) > kvi(v) for each v € R%

The analysis of g;/ (w, u) is detailed in the following three lemmas. They show
that, for each k > 2, there is a small ball centered around the origin Bg, (0), such
that, for v € Bg, (0), the value of the supremum of g} (w, u) on R? x (0,1) is k71 (v)
which, as shown above, can be nearly achieved when w is close to 0 and u is close

to 1.
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The first of the three lemmas, Lemma 2.3.4, shows that the value of the supre-

mum of g} (w, u) over the region where w is bounded and u is close to 1 is kv, (v).

Lemma 2.3.4. There exist constants L > 0, §,e9 > 0 such that for all v € Bs(0),
sup{gy (w, u)|[[w]| < L,u € (1 — o, 1)} = kn(v).

Proof. We prove the above lemma in 2 steps. In Step I, we show that there exist
91 > 0, M > 0and g; > 0 such that, for each v € By, (0), for each (w,u) = (le,1—¢),
with L/e > ||¢|| > M, and ¢ € (0,¢;), we have g (le,1 —¢) < ky1(v).

In Step II, we show that there exist constants § < 41,9 € (0,£7) such that for

all v € Bs(0), for all ||¢|| < M,

%[g;’(ﬁe, 1-— 6)} <0

for all € < gg.

Step I: Note that from Lemma 2.3.3,

v — e

ge(le,1 =) = k(1 —e)mn( T

) +en(l) <k (V — 55) +em(f),

where L > 0 and 6; > 0 are such that 7(v — fe) > 0 for all v € By, (0), and
|le]| < L. Thus, in order to prove that g; (fe,1 —¢) < kv1(v), it is enough to show

that

€

E%(@ <nv) =m(v—fLe).
From (2.42), we know that, for all v € R?,

[ v]|?
< — 0
1) <a o
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Therefore, we only need to show that

_lae

ay

(a1

) < m(v) —n(v—te).

| ™

Using Taylor’s formula, we have
2

(V) —m (V — 65) =e(Vy(v),0) — %(DQ% (v —qle)l, 0)

for some ¢ € (0,1). Thus, we need to show that

Yo = 1) < (93 ). 0) = S0P (v = o).

ai

That is, we need to show that

_lleP

ay

%m ) (D (v = gl €) — (V). 6) <0, (2.58)

Let v € Bs,(0). Let C = sup{||0;7(v)|||v € Bs,(0)}. Then we have the following

lower bound,

(Vn(v), &) = =C|i4|.

Let us fix M > 1 such that the following quadratic expression is positive, that is,

$2

2ka1

—m—%zommume.
For each v € Bs, (0), |[le]| < L, ¢ € (0,1) we have (v —eql) € Bs,+1(0). Let
R = sup {H@i’ﬂl(v)H‘v € B,+1)(0),1 < 4,5 < d}.

This is a finite constant since the function ~; is twice continuously differentiable.

Choose £; > 0 such that e1R < Then, for all L/e > |[{|| > M and € < ¢,

2a1k'
Vv € B(;l(O),

g 2
M2 4 (s (v),0) = & — Sy (v — glet, ) >
alk 2



Y/ 2
> || H . §<D2’}/1(V . qu)& €> > 51R||€||2 _ E<D2’71(V — qfé)f,@ > 0,
20,k 2 2

which proves (2.58).

Step II: Recall that

v — le
1—¢

gr(le,1 —2) = k(1 — e)m( ) +en(l).

Differentiating with respect to £ we obtain,

v — le

v—Lley,  k(v—10)
_l’_
1—e¢

1—5) 1—c¢

j [9%(&3 1— 8)} = —km (

e Vo ( ) +n(0).

Using the fact that the maximum of the function 7, (v) is achieved at v = 0 and the

fact that 1 (v) is strictly concave, choose d, € (0,07) be such that
. 7
min{vy;(v)|v € Bs,(0)} > @71(0).

Let g5 € (0,1) be such that for each v € Bs

92
2

(0), for all € < &9, and ||¢]] < M, the

v — fe

vector ( ) belongs to the B, (0).

Now choose § € (0,d2/2) such that, for each v € Bs(0), we have

K =0, V() < 5m(0)

for all ||¢|] < M. This is possible since 7; achieves its maximum at 0, that is
V71(0) = 0. Choose gy > 0 with gy < (0,e2) such that for all v € Bs(0) and for all

14]] < M, we have

1

v — (e
Vi ( 11— 500)> < (0.

1— €0 ’
Thus, for all v € B;(0), for all ¢ < ¢y and for all ||¢|| < M,

Llortee 1= 9] < =0 (0) + 10 +71(0) = =31 (0) <0,
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Thus, we conclude that, for all v € Bs(0),
sup{gy (w,u)|[|w]| < L,u € (1 —eo, 1)} < kn(v).

But we know that, if (w,u) = (v(1 —u),u) and u approaches 1, the value of g (w, u)

approaches kv;(v). Therefore,

sup{gy (w,w)|||w|| < L,u € (1 —¢eg, 1)} = ky1(v).

O
The next lemma shows that the supremum of g cannot be achieved if u is close

to 1, and w is separated from the origin.

Lemma 2.3.5. For each L > 0, there exist 6 > 0 and 9 > 0 such that, for all
v € Bs(0),

sup{gy (w,u)|l —ep <u < 1,||w|] > L} < kyi(v).
Proof. Note that,

V—w

L
I | > 5> 0 for each ||w| > L, |v||<L/2, uell/21).

Take o € (0, 1) such that v, (¢) < av,(0) for all ||¢]] > L/2. Here, we used the fact
that the maximum of the function + is achieved at v = 0 and 7;(v) is continuous.
Choose an ¢y < 1/2 such that « + %0 < 1. Thus,

VvV —w

gx (w,u) = kuy ( ) + (1 —w)m( ) < (ka+20)n(0),

1—u
for all v € By/5(0), ||lw|| > L,u € [1 —&p,1). Now we choose a 6 > 0 with 6 < L/2

such that, for all v € Bs(0), we have

1(v) > (a+n(0).
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€
We can choose such a § > 0 since 1 > (a + EO) > 0, the maximum of the function
71 (v) is achieved at v = 0, and 7;(v) is continuous.

Thus, for all v € B;(0), we have
sup{gy (w,u)|l —ep <u < 1,||w| > L} < kyi(v).

O
The last of the three lemmas, Lemma 2.3.6, shows that there is a small ball
centered around the origin, on which the value of the supremum of g; (w, u) in the

region where w € R? and u is away from 1 is strictly less than kv, (v).

Lemma 2.3.6. For each € > 0, there exists a § > 0 such that, for all v € Bs(0),

sup{gy (w,u)|1 — e >u > 0,w € R} < ky(v).

(k—1)e

Proof. Choose § > 0 such that for all v € Bs(0), v (v) > (1 — .

(k—1)e

)71(0). We

can choose such a 6 > 0 since 1 > (1 — ) > 0, the maximum of the function
71 is achieved at v = 0 and v;(v) is continuous. Then, for all v € Bs(0), for all

w e R and u € [0,1 — &),

VvV —w

)+ (1 —u)m ()

g,;’(w,s) :kufh( 1—u

< kum(0) + (1 = u)y1(0) = (1 + (k = Du)r (0)

< (k= (k= 1)e)n(0) < kn(v).
Therefore, for all v € Bs(0),

sup{gy (w,u)|1 —e >u > 0,w € R} < kv, (v).
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Thus, by the above three lemmas, there exists a sequence of positive constants

{Bk}x>1 such that, for all v € Bg, (0),

Fi(v) = lim g (v(1 — u), u) = ki (v). (2.59)

Now let us show that there exists a sequence of positive constants {ay}r>1 such
that, for all v € B,, (0), fx(v) = ~vx(v). This will be proved by induction.

For k = 2, by the definition of 75, we have that, fo(v) = 75(v) for each v € R?.
Now suppose there exists constants «; for 1 <i < k — 1 with a; € (0, ;] such that
7(v) = fi(v) = i71(v) for all v € B,,(0). We need to show that there exists

ay, € (0, 8] such that, for all v € B,,(0), we have

Ye(V) = weRS,lzl};(O,l) [uvkﬂ (V ; w) +umn (V ; w) + (1 —u)m (1 I_Uu>]
- () oo ()]

To show this, it is enough to show that the supremum in the definition of ~, is

achieved in the part of the space where the values of v,_; and (k — 1)7; coincide.

v —w|

Let us define the cone I'y(v) = {(w,u) € R x (0,1) : <ap_1} CRYx(0,1).

It remains to show that [u%_l(v _ w) + u%(V _ w) + (1 - u)%( v )} on
u u 1—u

the set T'x(v)® := R? x (0,1) \ T'x(v) is dominated by the supremum of the same

expression over the set I'y(v). We will show that there exists oy > 0 such that, for

all v € B, (0), we have

vV —w vV —w w
sup fwnes (F) o () + - om ()
(w,u)€lg(v)e u U 1—u

vV—w vV—w w
<  sup [u'yk_l( ) + u%( > + (1 —u)m <1 )] (2.60)
(w,u)e€lk(v) u u —u




Note that, for each (w,u) € I'x(v), the expression on the RHS is

(52 - ()]

(w,u)€lg(v) U —u

This expression, as follows from (2.59), is equal to fi(v) = kv (v), as long as
(wy,u) = (v(1 — u),u) € T'x(v) and ||v|| < Bk. That is, ||v] < min{ag_1,Fk}. The

inequality (2.60) is justified by the following lemma.

Lemma 2.3.7. There exists 0 < ay, < min{ay_1, O} such that, for each v € B,, (0),

vV—w vV—w w
U’Yk—l( " >+U%< " )+(1—u)71<1

—Uu

) <k (v), (2.61)
for all (w,u) € Tg(v)©.

Proof. The lemma will be proved in 2 steps. In Step I, the part of set ' (v)¢ where
u is close to 1 is considered. In this part of the set, we make use of the fact that w
is bounded from below.

In Step II, the part of set I'y(v)® where u is away from 1 is considered. In this
part of the set, the left hand side of (2.61) can be made strictly smaller than &+, (0),
while the right hand side can be made arbitrarily close to kv;(0) by choosing v in
a small enough ball around the origin.
Step I: Let 03 = min{ay_1,0x}/4. For all (w,u) € Tx(v), ||v|| < 6; and u €
[3/4,1), we have,

4

V—-w

4 4
461 < gy < < glv—wl < S (VI +llwl) < 5 (6 + llewl])-

W

u

Therefore, ||w|| > 2d;. Using (2.42), there exist a > 0 and M > 0 such that, for all
1l = M,

1) < —all|. (2.62)
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In addition, we choose M > 0 large enough such that 6;/M < 1/4. Observe that,

from (2.62),

w lwl? _ 4083

1— <—> < — < :
(1=um 1w/ =" —u= 1 u
01

for all u € [1 — U 1), (w,u) € Tr(v)if [|v]| < ;. From (2.56), for each (v, w,u) €

R? x R? x (0,1), we know that

u'yk_l(v ; w> + U’yl(V ; w> < uk~,(0).

Choosing e € (0,6, /M) such that kv, (0) < 4ad}/2¢, we obtain that, for each (w,u) €

R%x (1 —¢,1)\Tx(v) for ||v|| < 4y, the left-hand side of equation (2.61) is negative.
We now choose d; € (0,0) such that, for all ||v| < d2, we have kv (v) >

0. Thus the inequality (2.61) holds for all ||v|| < &, for each (w,u) € R? x

(1—e,1) \ Tg(v).

Step II: Let € > 0 be fixed. Choose ay, € (0, d2) such that y,(v) > (1 —e+ %)71(0)

for all |v| < aj. Using Lemma 2.3.3, for each £ € R?, u € (0,1),i € N, we have

7i(0) < 7i(ul). Therefore,

wyer (T )+ (o) < wgea(v—w) +um (v—w) < (k=1)un (0)+ura (0),

where the last inequality follows from the trivial observation that ~;(¢) < i7y,(0), for
all i € N,¢ € R%. Therefore, for u € (0,1 — ¢), the left hand side of (2.61) can be

bounded above as follows,

wpe () (o ) (1) (7 ) < (k= Dumn (0)+un (0)+ (1w (0)

1—u

<k(l—e+ %)%(0)-
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From the definition of «ay, for all |v| < ag, kyi(v) > k(1 —e + %)71(0). Thus,
we have shown that inequality (2.61) holds for all |v| < aj, for each (w,u) €
R% x (0,1 —¢) \ Tx(v).

O

Now we prove that ﬂ G = {0}. Let v € G be fixed, with ||v|| > 0. Now, we show
k>1
that there exists k € N, large enough, such that v,(v) > kv (v). That is, there

exists a pair (w,u) € R? x (0,1) such that

U’Yk:—1<v ; w> + U’Yl<v ; w> +(1- U)’Yl(

) > kyi(v).

1—u
We first pick w = v. Then we need to show that there exist v € (0,1) and k € N,

such that

() + o () > ), (2.63)
Let u = 1 — ¢ where ¢ > 0 small enough such that (1 —&)y;(0) > 71(v). This is
possible because ||v|| > 0 and 7;(v) achieves its maximum value at v = 0. Define
n=(1-¢e)y(0) =y (v) > 0. Keeping v and ¢ fixed, we pick k& € N large enough
such that,

()] <o

Therefore,

(1 —e)n(0) + %71(%) =n+n(v)+ %71<§) >y (v) + g > 7 (v).

Thus ﬂ G = {0}. This concludes the proof of Theorem 2.3.1. O

k>1
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2.4 Distribution of total number of particles

Here, we again assume that our branching diffusion process is super-critical
and that the effective drift of the process is zero. Following notation introduced in
Section 2.2, recall that ¢, is the principal periodic eigenfunction of the operator L.

It satisfies

L (o) = p(0)¢0, (2.64)

with eigenvalue 1(0) € R. The function ¢f will denote the solution of the adjoint
eigenvalue problem:

L*(5) = 1 (0)gy,
where 1*(0) is the principal eigenvalue of the adjoint operator, and hence p*(0) =

1(0). We normalize ¢, and ¢f by

/ wo(y)eo(y)dy =1 =/ w5 (y) dy. (2.65)
[0,1)

[0,1)¢

In this section, to simplify notation, we will denote ¢y, ¢ and (0) by ¢, ¢* and pu.
Fort >0, z,y € [0,1)% let o(t, z, y) denote the fundamental solution of the following

PDE on the torus:

8tQ(t7x7y) = Ea:Q(t7$a?/)» Q(Orray) = 5y(x)

Observe that there exists Cy > 0 such that, for every ¢ > 0,

/ Q(t7 x, Z)dZ S Coet“- (266)
[0,1)4

Let N(t,z) denote the total number of particles in R? at time ¢, assuming that, at
time ¢ = 0, there is one particle at z € [0,1)%. In the following theorem, all the
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moments of the normalized total number of particles are shown to converge.

Theorem 2.4.1. For each k € N, the following limit exists uniformly in x € [0,1)%:

1o BV 2)%)

t—o0 ekut

= fi(z), (2.67)

where the functions fi, are defined recursively as follows,

and, for k > 2,

k—1 o
i) =30t / /[ A ool )i, (265)

where BF = Kk /(i!(k—1)"). In addition, there exists a real valued random variable &,,

whose distribution is determined uniquely, such that E(€¥) = fi(z) for each k € N.

Remark 2.4.1. The functions fi(z) defined recursively the formulas (2.68) will be

shown to be well defined, that is, the integrals in (2.68) will be shown to be convergent.

Remark 2.4.2. The above theorem implies that the total number of particles N(t,x),
normalized by its expected value behaves “reqularly”. That is, the k—th moment of
N(t,z) is commensurate with the k—th power of the first moment. In the next
section, we show that n¥(t,x) also exhibits the same “regqular” behavior when |y —
tv|| = o(t). In contrast, in Section 2.3 we show that n™(t,x) exhibits intermittent
behavior when v # v, i.e., the k-th moment of n'™ (t,z) grows much faster than the
k-th power of the first moment for some k € N.
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Proof of Theorem 2.4.1. Since the functions fi(z) = ¢(z), and (¢, z, z) are strictly
positive and continuous for x, z € [0,1)%, ¢ > 0 and the function a(z) is non negative
and continuous for z € [0,1)%, and 7 is not identically zero, the functions f; are
clearly positive and continuous on [0,1)%, as follows from their recursive definition.

As in (2.34), for each k > 1,

E(N(t,2)*) =) S(k,i)m(t, ), (2.69)
where
mz(tvx) :/ / pk(tax7y17y27"'7y/€)dy1-"dyk7
Rd ]Rd

where p;’s are the particle density and higher order correlation functions, as defined

in (2.30) and (2.31). Thus, we observe that m;(t,x) satisfy the following PDEs

on T%
a1?77—11 (t> .T) = ‘mel (ta l’), my <O7 x) = 17 (270)
while, for k > 2,
k—1
O (t, ) = Lomp(t, ) + () > BFmy(t, x)mu_(t,x),  myp(0,2) =0, (2.71)
=1

where 8F = k!/(i!(k — i)!).

We will prove the following lemma after completing the proof of the theorem.

Lemma 2.4.2. For each k € N, 2 € [0,1)%,
mk(ta I’) = ek,ut fk(x) + Qk(ta :L‘) ) (272)

where tlim ar(t,2) = 0 uniformly in x € [0,1)%, and fi have been defined in (2.68).
—00
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Using formula (2.72) in (2.69), we get

E(N(t,2)") ZS b i)e 6 f(@) + g(t,2)].

Therefore,
& k—1
tim BT ) 4t (autt ) + X Sk e 1) + s ))

Now, we use induction to show that there exists a constant A > 0 such that, for
every x € [0,1)%, fi(x) < A*E!l. For k = 1, we know that the eigenfunction ¢(z)
corresponding to the top eigenvalue p of the operator £ on the d—dimensional torus
T? is a positive and continuous function. Therefore, there exists a constant A; > 1
such that, for every = € (0,1]%, p(z) < A;.

Suppose that for all 1 < j <k —1, z € [0,1)%, f;(z) < AJj!. Then, from the

definition of the function f;, we get

Zﬂk/ /Ol)d o (2) fi(2) faei(2)0(t, 7, 2)dzdt

< A¥E—1) k'/ / Mo (2)o(t, x, z)dzdt.
[0,1)

Recall that the operator £ — u has top eigenvalue zero, while the top eigenfunction

of the adjoint operator (£ — u)* is ¢* (with / ©*(z)dz = 1). Therefore, there
[0,1)4

exists a constant C' > 0 such that, for every x € [0,1)%, ¢ > 0,

/ e "a(z)o(t,,z)dz < ( sup oz(x))/ e o(t,x,z)dz < C.
[0,1) [0,1)

z€[0,1)¢
Therefore,

fr(x) < CA%(k —1)E! / e~ k=butgr < KIARC /.
0
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If C/pu <1, wepick A= Ay, and if C/pu > 1, choose A = A;C/u. With this choice
of A we obtain that, for every x € [0,1)¢, fi(z) < A*k!. From the convergence
of all the moments of N(t,z)/e", it follows that, there exists a random variable
¢ with the moments fi(z) (see [27]). The uniqueness of the distribution of &,
follows from the bound on f; by the Carleman theorem. This concludes the proof

of Theorem 2.4.1. ]

Proof of Lemma 2.4.2. We use induction to prove this lemma. The top eigenvalue of
the operator £ is 1 > 0, and the corresponding eigenfunction ¢(x) > 0. Thus, from
the theory of elliptic operators on T¢, from (2.70), there exists a function g (¢, )

such that
my(t,x) = e [cp(x) + q1(t, x)},
where
a0 =0

uniformly in x € [0,1)%. This gives (2.72) for k = 1 with fi(z) = ¢(z). Suppose
that the conclusion of the lemma holds up to k — 1, where k£ > 2. From (2.71), using

Duhamel’s formula, we get

¢ k-1
m(t,z) = /0 /[0,1)d a(z) Zﬁi mi(s, 2)my—i(s, z)o(t — s, x, z)dzds.

i=1

By the inductive assumption,

k(t, ) Zﬁk/ /01)d e (2) fi(2) faei(2)0(t — 5,2, 2)d2ds
—l—Z@k/ /01 ey (s,2)o(t — s,2,2)dzds,
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where

hi(s, 2) := i(s, 2)@k-i(s, 2) + 4i(5, 2) fr-i(2) + @ri(s, 2) fi(2).

After the change of variables u =t — s, we get
k—1 t
.= 3t / / &0 (2) fi(2) foi(2)o(ut, 7, 2)dzdu
i 0, 1 d

+ ert Zﬁk / / e "Ma(2)hi(t — u, 2)o(u, v, 2)dzdu
0 1)d

— (1) ’wtzﬁk | / ) el )i

1t Zﬁg@ e "o 2)hi(t — u, 2)o(u, x, 2)dzdu.
—~ " Jo Joy

Define

k(t, ) Zﬁk / /01 e "o (2)hi(t — u, 2)o(u, z, 2)dzdu

_ /t /[Ol)d e "M a(2) fi(2) fomi(2)0(u, z, ZMZdu)’

Thus, we have
it 7) = | fil) + ault, @)

It remains to show that tlim qr(t, *) = 0 uniformly in z € [0,1)%. Since the functions
—00
¢, f5, fr are non-negative and continuous on [0, 1)%, there exists a constant C; > 0

such that 0 < a(2) fi(2) fri(2) < C; for all z € [0,1)%. Therefore,

/ / €7Uk'LLOé(Z>fi(z>fk*i(z>lg(u7 x, Z)dZdU < Cz / / efuk,ug(u’ T, Z)dZdU-
¢ [0,1)4 ¢ 0.1
(2.73)

Therefore, from (2.66), the right hand side of the (2.73) goes to zero uniformly in
€ [0,1)%. To deal with the sum in the definition of q(t,), we break up the
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integral in two parts as follows,

t
)// e’“k“a(z)hi(t—u,z)g(u,m,z)dzdu‘
0 Jo,1)

t/2
< ‘ / / e "o 2)hi(t — u, 2)o(u, , z)dzdu‘
o Jjo)
t
+‘ / / e 2)hi(t — u, 2)o(u, , Z)dzdu‘
t/2 J[0,1)d

t/2
< sup la(x)h;(s, x)] / / e Mo (u, x, 2)dzdu
o Jou

s€(t/2,t),x€[0,1)d

t
+ sup la(x)hi(s,x)| / / e "*o(u, , 2)dzdu
[0,1)d t/2 J10,1)¢

s€(0,t/2),z€

From (2.66), the integral in the first term is bounded and from the inductive hy-
pothesis,

lim sup la(x)hi(s,x)| =0,
t=00 se(t/2,t),2€[0,1)4

and therefore, the first term converges to zero uniformly in € [0, 1)%.
Similarly, from the inductive hypothesis, the supremum in the second term
is bounded, while, from (2.66), the integral in the second term converges to zero

uniformly in o € [0,1)%. Thus, we conclude that
lim sup g¢x(t,x) =0,
t—o0 z€[0,1)¢

which completes the proof of Lemma 2.4.2. O

2.5 Distribution of the number of particles near the region where the
bulk of the particles is located
Here, we again assume that our branching diffusion process is super-critical

and that the effective drift of the process is zero (i.e., v = 0). Let nY(¢,z) denote
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the number of particles in ']I‘Z at time ¢+ € RT, given that there was one particle at

z € [0, 1)d at time ¢t = 0. Define
g(t,y) = (v 27Tt)_d det[DQcI)(Q)]lﬂe—t@(%).

From this formula of ¢g(¢,y), since the minimum of the twice continuously differen-

tiable function ®(v) is achieved at v = 0, for each a € (0,1), we get

9(t,ay) > g(t,y). (2.74)

Theorem 2.5.1. Let r(t) = o(t). For each k € N,

E(n¥® (t, 2)F)

TR
uniformly in x € [0,1)* and ||ly(t)|| < r(t).
Proof. Recall from (2.34),
k
E(n?(t,z)") = S(k,i)m!(t, ). (2.75)
i=1

We will show the following two statements by induction:

(i) For each r(t) = o(t), there exists the limit

uniformly in € [0,1)% and ||y(t)|| < r(t).

(ii) Let 7(t) = o(t) be a function satisfying r(t) = o(7(t)), with vt/F(t) — 0.
Then

y(t
mi "t w)
t

e g(t, y(1)F
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uniformly in x € [0, 1)%, [ly(0)] < r(t), and [[g(6)] > F(0).

The theorem will then immediately follow from (i) since g(t,y) — oo as t — o0
for ||y|| < r(t) and therefore, the term with ¢ = & dominates in the sum in formula
(2.75).

For k = 1, using the asymptotic formula for p;(¢,z,y) that was given in
Theorem 2.2.2, we get

wwm:/pﬁw@wz
Td

z—x

= (vV2rt) p(2) (/Td det[D2<I>(Z;—x)]1/Qe—t¢>( =)0t (2) dz) [1+o0.(1)], (2.76)

for all z,y € R? with ||z —y|| < Lt. Observe that the following limits exit uniformly

inzel0,1) 2 ¢ ']I'Cyl, and |ly(t)]| < r(¢),

2 = det[D*®(0)],  lim e P 1,

t—o00

lim det[D*®(
t—o0

while / ©*(z)dz = 1. Therefore, (i) holds for & = 1. To prove (ii) for k = 1, it
T

enough to show that

lim /)12 = (2.77)

uniformly in [[y ()| < (@), [9@)] = 7(?).

First observe that, given a small ¢ > 0, there exists a constant m > 0 such

y(t)

that —p — ®(v) < —c for all ||v|| > m. In addition, since - 0 as t — oo, there
t
exists 77 > 0 such that |®<#> + u| < ¢/2 for all t > T;. Therefore, whenever

@ > m, we have ® w - o @ < —¢/2. for all t > T;. That is, if
t t t

y(t

H#H > m, then

o) e (K1) - —tc/2 (2.78)



for all t > T3.
We choose T > T; such that, for all ¢t > T, || ylt )|| < m. Observe that there

exist constants ¢y, co > 0 such that

allvl* < (D*® (v) v, v)| < e v][* (2.79)

()

for all v € R? with ||v|| < m. Whenever H | < m, using Taylor’s formula, for all

t > Ty, there exist aq, s € (0,1) such that

(o)) — (1) g (20) )y H) g () 50

t Tt t t t t )t
< e “T(z)” [ %‘ T z—ﬂ (2.80)

Since Vt/7(t) — 0, and r(t) = o(7(t)), (2.80) and (2.78) imply (2.77). This con-
cludes the proof of (i) and (ii) for k£ = 1.

Now, let us assume that (i) and (i) hold up to k — 1, where £ > 2. We
first prove (i) for k. Let 7(t) = o(t) be a function satisfying r(t) = o(7(t)), with
Vt/7(t) = 0. Recall from (2.43),

Yt x) / / ,Bkm?j(s,z)mz_i(s,z)pl(t — s, x,2)dzds.
Let € € (0, 1), to be selected later. Let us define the following

Ag(t,z,y(t / / Zﬁk (s,2)m}" )Z(s 2)p1(t — s,z 2)dzds,
Rd

=1

k—1

B t x y / / Zﬁk (S7z)mz(j)z(saz)pl(t - S,ZL',Z)dZdS,
ll2— yt)||>T(t i=1
k—1

Cr(t, z,y(t / / (z)Zﬁfmi/(t)(s,z)mz(f)i(s,z)pl(t — 8,1, 2)dzds.
lz—y()I<7(t) i=1
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By (2.35), we can choose £ > 0 small enough so that, for each 1 <i <k —1,
mY (s, 2)mY_.(s, z) < cet'/?

for all 0 < s < et and z,y € R% For this fixed ¢ > 0, choosing a sufficiently large
L > 0, we use the asymptotic formula for p;(¢,x,z) that was given in Theorem
2.2.2 in the region ||z — z|| < Lt and the estimate (2.41) elsewhere, to obtain that
Ar(t,z,y) < c1e®2 for all z,y € RY. Therefore, there exists a constant C' > 0

such that,

Ag(t t
lim M < lim C/(2mt)¥2eB3/2=Rnt —
t—oo  g(t,y(t))k t—00

uniformly in 2 € [0,1)¢ and ||y()|| < r(t), since k > 2. Next we show that

. Bk<t7$7y(t)) _
TR0

Since the operator £ is periodic, we first observe that mi(t,z) = mz_[x] (t,{z}) for

allkeN, z,y € R and t > 0. For all 1 <i < k — 1, from (ii) we have

y y—
lim TS, ) (s(t),z)' = lim Ui

[
P G, e (s =0

A(s(t), {2})
(1), y(t))’

uniformly in s(t) € (et, ), |ly(t)|| < r(t) and ||z — y(t)|| > 7(t) where [-] denotes the
greatest integer function in d—dimensions, and {z} = z — [z] . Thus, it is enough to

show that there exists a C' > 0 such that

k ¢
lim {g(s,9(1) ‘Ske (1, 0)} / / a(z)p1(t — s, x, z)dzds < C.
t00 gt y(t)) et J|z—y(0)127(2)

Choosing a sufficiently large L > 0, we use the asymptotic formula for p(t,z, 2)

that was given in Theorem 2.2.2 in the region ||z — z|| < Lt and the estimate (2.41)
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elsewhere, to obtain that

/]Rd pi(t — s, 2, 2)dz < aett=?), (2.81)

Thus, it is enough to show that

yt) ) _s y(t)
lim sup {ekt[é( #)-ie( )} e“(t_5)|s € (et, )} =1. (2.82)
t—o0

y(t)

y®) ) _sgp }
Note that e [ ( ' ) ' ( ° ) e"t=%) = 1 when s = t. We show that, for sufficiently

large t, the supremum in the above expression is achieved when s = t. To show the

claim, for s =t — §, we will show that

kt[o(L2) - @(%)] + ké@(@) + 16 < 0.

Recall that @ is continuous and the minimum value of the function ® is achieved at
0, which is ®(0) = —p < 0. In addition, recall that r(¢) = o(t). Thus, since k > 2,

we conclude that there exists n > 0 such that, for all sufficiently large ¢,
t
kéq)(@) + po < —n.
Thus, it is enough to show that, for all sufficiently large t,

rt(2(M) — o (10

t—))) <n/2. (2.83)
Indeed, for large t, the value of |ly(¢)/t]| is close to 0, while ||y(t)/(t — 0)| =
ly(t)/s]| < §||y(t)/t|| is also close to 0. Thus, using the fact that V&(0) = 0
and Taylor’s formula, we obtain that (2.83) holds. Thus, we have shown that the

supremum in (2.82) is achieved when s = ¢, when ¢ is large enough. This completes

the proof of (2.82). Next we show that

Gt _
O R Ll
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In the region ||z — y(t)|| < 7(t), by the inductive assumption, we can replace

k—1

Zﬁfmf(t)(s,z)mz(_tz(s,z) by g(s,y(t Z@kfz ) fre—i(

i=1

in the integral. Therefore, we obtain

N [ gls.y(t) = D\ 5. 5. 2)dads.
LN I RN G oo K S LK C R

Therefore, using a change of variable, it remains to show that, foreach 1 <1i < k—1,

e o= sy =[EDVE
lim /| o ) A s, s =

t—00 0 g(tv y(t
(2.84)

= / / e s a(2) fi(2) feei(2)0(s, 2, 2)dzds.
o Jo)4
Let n > 0 be fixed. From (i), if ||y(¢) — [2]||/|ly(t)|| = oo, then,

(g(t,y(t) —[2)

a(t, y (D)) ) =

Note that,

glt = s.y(t) — [2]) _

g(t,y(1))
= (7)o [i(o (1) - o (M=) < 0 ()]

The term (t/t — 5)¥? is bounded when 0 < 5 < (1 — ¢)t. Given ¢ > 0 small, using

the fact that ||z — y(t)|| < 7(t) = o(t), ||ly(t)]| < r(t) = o(t) and VP(0) = 0, from
y(t) — [2] +a<y(t) ) — [2])

Taylor’s formula, there exists a € (0,1) and £(t) = ; " ;
_ s _ s

such that, for all sufficiently large ¢, for all 0 < s < (1 — e)t,

t((p(@) B (D(y(t) - M)) +8¢<y(t) - [Z]>

t t—s t—s
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< t|ve(ut )||H H+ i+ )s
<S|z| + (—p + 26)s. (2.85)

Therefore, using (2.41), we conclude that

/ (Q(t —s,y(t) — [ZD)kOé(Z)f,-(Z)fk_i(z)pl(s, o 2)ds <
l=—y(®)lI<F(2) )

g(t,y(t

<C exp [k;(—pb—i—26)s+k5||z|]]p1(s,x,z)dz <

2=y <7 (?)

< Cs™%exp [k(—,u +20)s + us] /
=y @)l <7(t)
~ kov/cs\2
< (g~ 42 Ak — 212 _ M _ v
< Cs ¥ exp [ (k —1D)us + k20s + csd°k /4} /d exp [ <\/§ 5 ) ]dz

R
Now, by choosing § small enough so that k6§ < p1/8, and cd®k® < p, we have, for all

2
z
exp [/{(5“2” - Hc! }dz <

k> 2,

—(k — Vs + kds + cs0®k* /4 < —us /2.

Therefore, there exists m > 0 such that, for all ¢ sufficiently large,

/(1_E)t/ (g(t T [Z]>>k0‘(z)fi(z)fki(Z)P1<3>x7 2)dzds <n/10
lz=y(MII<7(t) )

m g(t,y(t
(2.86)
uniformly in « € [0,1)% and ||y(t)|| < r(t). From (2.66), we can show that
/ / e s a(2) fi(2) feei(2)o(s, m, 2)dzds < n (2.87)
m  J[0,1)d

uniformly in « € [0,1)%. Now it remains to show that, for each 0 < s < m,

" g(t — s,y(t) — [z])e"*\ (2) fu—i(2)p1(s, x, 2)dzds
/ /z y ||<rt)( g(t7y(t)) ) Oé(Z)fZ( )fk—l( )pl( y Ly )d d
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%/ /[01 D foos(2)o(s, 7, 2)dzds.

Observe that p; is the fundamental solution of the operator £ on R¢, while o is
the fundamental solution of the same operator on T¢. Therefore, for each s > 0,
€ |0, 1)d, and each continuous Z?— periodic function h : R — R, we have the

relation

/Rd h(2)p1(s,x, 2)dz = / h(z)o(s, z, 2)dz.

[0,1)¢

Also, if ||z — y(t)|| > 7(t), and ||y|| < r(t) where r(t) = o(7(t)), we conclude that,
for sufficiently large t, ||z — z|| < ¢F(t), for some ¢ > 0. Therefore, for 0 < s < m,

1 <1< k—1, for sufficiently large ¢, using (2.41), we obtain

/ /| o ) i(2) fr—i(2)p1(s, z, 2)dzds < n. (2.88)

Thus, it remains to show that, 1 <i <k —1,

/Z—y(t)lﬁf(t)

uniformly in s € [0,m]. Let us first prove that there exists R > 0 such that, for

gt — s, y(t) — [2])e" \*
( g(t,y(t)) ) - 1‘a(z)fi(z)fk—i(z)p1($,513, 2)dz — 0

0<s<m,1<i<k-—1,

/Ilzy(t)lléT(t)

lIzlI=R

(g(t =5, y(t) — [Z])6“5> B 1‘

g(t,y(t))

)fk ( )pl(S,ZL‘,Z)dZ <.
(2.89)
As in (2.85), and using (2.41), given ¢ > 0 small, for all sufficiently large ¢, and for

0 <s<m, we get,

gt =sy®) =[N\ oo
/Z y(t)||<F(t)< g(t,y(t)) ) a(2) fi(2) fe—i(2)pr(s, 2, 2)dz <

IzlI=R

66



2] kévQE)z]dZ

< Cs™% exp | pus + 2kés + cs62k? /4 / exp| — (—= —
g A - [ (¢§ 2

Iz

By choosing R > 0 large enough, the right can be made arbitrarily small uniformly
for all 0 < s < m. Thus, (2.89) holds. Now it remains to show that for this positive

constant R > 0, we have

sy {190 = 59(0) = e _
Jim sup {| T B — s € 0], (o)) < rte) 1l < R} =0

(2.90)

To see this, as before, we observe that,

g(t —s,y(t) — [z])er* _ ( t >(d/2)€[t<<1><y(f)> —¢(%>>+s<u+{>(%>>i|'

gt y(1)) t—s

Given 0 > 0 small, for each sufficiently large ¢,

t)@(@) —@(M>) < §/2, and s‘u—l—@(%)’ < /2,

t—s
for all [|z]| < R, |ly(t)|| < r(t) ly(t) — =[] < 7(¢) and 0 < s < m. Therefore, we can

choose § > 0 small enough, such that, for all sufficiently large t,

/Ilz—y(t)||<r(t)

lzll<R

i(2) fe—i(2)p1 (s, 2, 2)dz < .

@@—Zgz&Mﬁ”)_q

(2.91)

Since n > 0 was arbitrary, (2.86), (2.87), (2.88), (2.89) and (2.91) complete the proof
of (i) for k.

We now prove (ii) for k. For fixed r(t) and 7(¢) as in (ii), choose p(t) such that

r(t) < p(t) < 7(t). Again, divide the integral in the definition of mz(t) (t,x) into

the following three integrals:

k—
Ap(t,z,y(t) / / Z BEm ? szmk(Z(s 2)p1(t — s, x, z)dzds,
R4

=1
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By(t,,y(t / / Zﬁk (s, 2)mI") (s, 2)py(t — 5,7, 2)d2ds,
lz2=g(t)|=p(t)

=1

Cr(t,z, y(t / / Zﬁk ? (s,2) mz Z(S 2)p1(t — s, x, 2)dzds.
lz=g(t)|<p(t)

=1

From the proof of (i), following the arguments used to show that

At () /gt y(2)" — 0 and  By(t,z,y(t))/9(t, y(t)" =0,
we can also show that

Ayt 2, 5(t)/g(t.y(1)* — 0 and  By(t,z,§(1))/g(t,y(t))* =0,

uniformly in ||5(¢)|| > 7(t), ||y(¢t)|| < r(t). Next we show that, for 1 <i <k —1, the

following limit holds uniformly in ||g(¢)|| > 7(¢), ||ly(t)]| < r(t)

e ol =550 = EDYE e
il () e e w deds =0

Following the same arguments that are detailed before (2.86), it is enough to show

that, forall 1 <i:<k—1,

" g(t =5, 9(t) — [2)\* _
hm/ /|z ol 7 ) a(2) fi(2) fe—i(2)p1(s, x, z)dzds = 0.

t—ro0 0 g<t7 y<t

uniformly in ||g(¢)|| > 7(t), [|ly(¢)]] < r(t). The idea here is that, ||y|| as well as
|ly(t)]| can be bounded from above by 2||z|| on the domain of integration. Therefore,
repeating the arguments from (2.85), using Taylor’s formula, given 6 > 0 small.
since ||z — g(t)]| < p(t) = o(t), ||ly(t)]| < r(t) = o(t) and VP(0) = 0, along with
the estimate (2.41), there exists C' > 0 such that, for all sufficiently large ¢ and all

1<i<k-—1,

/m /| . <g(t _gfé,y@,((tt)»_ [z]>)k@<z>fi<z>fki(z>pl<s,x,z>dzd8
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< C/ o~ (k=1)us+23s . / edll<l= el dzds.
5d/2 s
A =) <5t

Since ||y(t)|| > 7(t) and ||z — y(t)|| < p(t) = o(7(t)), we know, for sufficiently large

t, ||z — || > 7(t)/2. Thus, there exists a > 0 such that, for sufficiently large ¢,

|z — ol |z — ol |2 — ol
dllzll = = < ollaf + oz — all = ) < dllall -

as

Therefore, there exists a constant C' > 0 such that, for all 1 <i < k — 1,

o [ SO D
tlgglo/o /zy(t)||§p(t)< g(t,y(t)) ) a(z)fz( )fk—z( )Pl( y Ly )d ds <

~ 1 z—x 2
< C lim e_(k_l)“5+58(—/ e~ e dz) ds =0,
lz—z||>7(¢)

t—o0 J 5a/2

if 0 is sufficiently small. This concludes the proof of (ii) for k.
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Chapter 3: Asymptotic expansions for Large Deviation Principles

3.1 Introduction

Suppose {X,, },>1 is a sequence of centered random variables and .S,, = z”: X;.
=1

In the case when {X,,},>; is a independent, identically distributed (iid) sequ;nce of
random variables with exponential moments, Cramér’s Large Deviation Principle
( [28, Chapter 1]) states that the tail probabilities of S, /n decay exponentially fast.
It is natural to ask if this could be made more precise by finding the exact asymp-
totics. The first rigorous treatment of exact large deviation asymptotics for S, in
the case when {X, },>1 is a iid sequence of random variables, was done by Cramér
in [29] assuming the existence of an absolutely continuous component in the distri-
bution of X7. In the a non-iid setting, in [30], they obtain the exact pre—exponential
factor under a decay condition on the Fourier-Laplace transform of the distribution
of Xi. In our earlier paper [4], we show that, under a set of natural conditions,
which we refer to as weak dependence conditions, distribution functions of sums
of random variables (in the discrete time setting) admit higher order asymptotic

expansions in the domain of large deviations.

Asymptotic expansions for the Central Limit Theorem (CLT) (called Edge-
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worth expansions), were first discussed rigorously in [29], later in [31-38], and more
recently in [25,39-42]. In [42,43], Edgeworth expansions for sums of weakly depen-
dent lattice random variables are obtained. The expansions we obtain in [4], and in
this chapter, are in the spirit of Edgeworth expansions, but in the domain of large
deviations.

In this chapter, we extend the results obtained in [4], to show that distribu-
tion functions of continuous time stochastic processes under additional assumptions
(which are detailed in Section 3.2), admit higher order asymptotic expansions in the
domain of large deviations (defined rigorously below). The processes that satisfy
the conditions detailed in Section 3.2 will be referred to as stochastic processes with

weakly dependent increments.

Definition 1 (Strong Expansions for LDP). Let {S:}i>0 be a stochastic process
with asymptotic mean zero. Suppose that, for some r € N, for each a € (0,6), the
asymptotic expansion for the distribution function of a stochastic process S; of the

form:
[r/2]
D 1
P(S, > at)e' @' = E (@) + 0y (T—H) as  t— oo, (3.1)
t =

th+1/2
k=0
where, the I(a) denotes the rate function, and Dg(a) are constants. Then, we refer

to (3.1) as the strong expansion for LDP of order r in the range (0,0).

Here, in Section 3.3, by proving a key proposition (Proposition 3.2.1), we show
that the proofs in the discrete time can be adapted to obtain the strong expansions
for LDPs for stochastic processes with weakly dependent increments.

We then apply our continuous time results to study additive functionals of
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diffusion processes satisfying Hormander’s condition on a d—dimensional compact
manifold. In Section 3.4 we show that the additive functionals of such diffusion
processes have weakly dependent increments. That is, they satisfy the conditions
detailed in Section 3.2 that guarantee the existence of strong expansions for LDPs.
For related work on large deviation problems for coupled SDEs, see [5,6].

Now we make a few remarks about the relationship between the setting in
Chapter 2, Section 2.2 and the setting here. First observe that each coordinate
of the location of a particle undergoing a diffusion process in Z? periodic media,
Y} (described in (2.1), setting the branching term equal to zero) can be viewed
as an additive functional of a diffusion process on a d—dimensional torus. That
is, suppose X; € T¢ is the diffusion process generated by the following partial

differential operator on T¢,

d 2

1 0 d 0
£=35> 50 g0, ;bi(y)a%-

ij=1

Then viewing X, € T as taking values in [0,1)? C R?, we can write Y; € R? as
dY} = dX}, Yo =0, (3.2)

for each 1 < ¢ < d. Therefore, the analysis of diffusion processes in periodic media
in the large deviation domain, done in Chapter 2, Section 2.2 to obtain the exact
asymptotics for LDPs, is closely related to the question we pose in this Chapter.
In the setting detailed in Section 3.4 of this Chapter, we assume that X; denotes
the solution of a SDE (driven by a k—dimensional Wiener process W;) that satisfies

Hormander’s Hypoellipticity condition (as opposed to ellipticity condition, satisfied
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in Section 2.2) on a arbitrary d—dimensional smooth compact manifold, and we

assume that Y; € R? is an additive functional of X; such that
dY, = h(X,)dW, + ¢(X;)dt, (3.3)

where the Wiener process Wt is independent of W;, h(z) is non-degenerate for each
x € M, and h,c are Lipschitz continuous. The difference between (3.2) and (3.3)
is that in (3.3) the Wiener process W, is independent of W;, while in (3.2) the
process Y; and X; have the same underlying d—dimensional Wiener process W, (in
X, it is viewed as a Wiener process on the d—dimensional torus while in Y; it is
viewed as a Wiener process on R?). However, in this chapter, under this stronger
requirement of independence of the Weiner processes, we obtain higher order terms
of the asymptotic expansion, as opposed to just the first term that was obtained in

Section 2.2.

3.2 Overview and main results.

Let {S:}i>0 be a stochastic process with asymptotic mean zero, i.e.,

1

t—o00

Suppose that there exists a Banach space B, a family of bounded linear operators

L(z,t) : B— B, and vectors v € B, ¢ € B such that
E(e**) = 6(L(z, t)v), t >0,

for z € C for which the conditions (D1) and (D2) and (D3) (which are detailed
below) are satisfied and the family of operators £(z, -) forms a C"—semigroup on the
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Banach space B. That is

L(z,ty +1t3) = L(2,t1) 0 L(2,t3), for each t1,t2 >0, L(z,0) =1d,

and

lim £(z,t) = L(z,0) = 1d,

t—0

where the above limit is with respect to the operator norm.

Condition (D1) The family of operators £(z,1 + n) satisfies the condition [B]

(from [4]), uniformly in n € [0, 1]. That is,
1. There exists 6 > 0 such that the following conditions hold for all n € [0, 1]:

(B1) z — L(z,1+ n) is continuous on the strip |Re(z)| < § and holomorphic
on the disc |z| < .

(B2) For each 6 € (—4,6), the operator £(6,1+ n) has an isolated and simple
eigenvalue A(f,1+n) > 0 and the rest of its spectrum is contained inside
the disk of radius smaller than A(6,1 4 n) (spectral gap). In addition,
A0, 1+17) =1

(B3) For each 6 € (—0,9), for all real numbers s # 0, the spectrum of the
operator L£(0+1is, 14n), denoted by sp(L(0+1s, 14n)), satisfies: sp(L(0+
is,1+ 1)) C{ze€C||z] <Al,1+n)}.

2. For each 0 € (—46,6), there exist positive numbers 71,79, K and Ny such that

A9)

20+ is, 1)l < 5

(3.4)

for all t > Ny, for all K < |s| < ™.

Condition (D2) Suppose z € C is such that, for all n € [0,1], £(z,1 + n) has an
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isolated simple eigenvalue A\(z,1+ 7). Then the projection to the top eigenspace,

I1(z, 1+ n), satisfies II(z,1 +n) = I(z, 1) for all n € [0, 1].

We denote I1(6, 1) by I1s. Using the above condition, along with the semigroup
property, we conclude that for each ¢ > 0, the top eigenvalue of the operator £(z,t)
(whenever it exists) is equal to \(z, 1)".

Due to (D1), the operators £(0,1+n) with 6 € (—9,d) and n € [1,2] take the
form

L£(0,14n) = XO)"ML(0,14+n) + A6, 1+ 1), (3.5)

where I1(A, 1 + n) is the eigenprojection corresponding to the eigenvalue A\(6)'™" of
the operator £(6,1+mn) and I1(0, 1 +n)A(0,1+n) = A(6,1+n)IL(A,1+n) = 0. Due
to (D1) we can use the perturbation theory of linear operators (see [44, Chapter 7])
to conclude that A(-), II(-,1 +n) and A(-,1 + n) are analytic.

As a consequence of (3.5) and condition (D2), the family of operators A(0, )
defined as £(0,t) — A\(0)'I1y also forms a semigroup, and the spectral radius of the

operator A(6,1) is less than A(0) for all 8 € (=4, ).

Condition (D3) For all § € (—9,6), ¢{(Ilyv) > 0 and for all € [0, 1],

2

0

The following proposition, which will be proved in Section 3.3, is the key idea in
adapting the proofs of discrete time results from [4] to continuous time.

Proposition 3.2.1. Suppose that the conditions (D1) and (D2) hold. Then, for a
fizred 0 € (—0,0), there exists 6 > 0 such that, for each s € (—5, 5), for each t > 1,

5



the operator L(0 + is,t) has a simple top eigenvalue \(0 + is)" and
L(0+is,t) = N0 +is) Ty + A0 + is,t), (3.6)

where Mg ;s = (0 + is,t) is the eigenprojection corresponding to the eigenvalue
MO +is)" and T1(0 + is, t)A(0 + is,t) = A0 + is,)I1(0 + is,t) = 0. In addition,
the family of operators {A(6 + is,t)}>1 satisfies A +is,tN) = A(0 +is,t)" for
allt > 1,N € N and the spectral radius of the operator A(0 + is,1) is less than

INO + is)).

The following theorems are the continuous time analogues of Theorem 2.6 and
Theorem 2.7 from [4], respectively. We do not repeat the proofs of Theorems 3.2.2
and 3.2.3 in our current continuous time setting, since the proofs are completely
analogous to those in [4]. The crucial point, however, is that the continuous time

results require the use of Proposition 3.2.2 which we prove in the next section.

Theorem 3.2.2. Let r € N, r > 2. Suppose that conditions (D1),(D2) and (D3)

log A\(6
hold with r > r/2. Then, for each a € (O, ogé( )), there ezist constants Dy(a)
such that
[r/2]
a Dy,(a) 1
P(S; > at)ej( * = Z Hh+1/2 + 0ra (tr-QH) as  t— 00,
k=0

where, the rate functional I(a) is defined as

I(a) :== sup [af —log \(0,1)] = ab, — log A(6,,1).
0€(0,0)
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Theorem 3.2.3. Suppose that (D1) — (1),(D2) and (D3) hold. Then, for each

(02

H [l/
P(S, > at)e! @t = {1, v) (@) (1 + 0(1)) as t — oo.

0,V 27t

3.3 Proofs of Proposition 3.2.1 and Theorems 3.2.2 and 3.2.3

Proof of Proposition 3.2.1. Let 6 € (—0,d) and n € [0, 1] be fixed. Consider the two
parameter perturbation of the operator £(0,1+ n) of the form £(0 4 is, 1+ n+¢).
From condition (D1), for a fixed n, z — L(z,1 4+ n) is holomorphic on the disc
|z| < & and for each fixed z, the family of operators £(z,t) forms a C°—semigroup.
In addition, the two parameter operator £(z,t) is uniformly bounded on the region
{(z,t) : |z] < d,t € [1,2]}. From here, using the Cauchy integral formula for analytic
functions it is clear to see that this two parameter perturbation is continuous. Hence,
by perturbation theory, for each n € [0, 1], there exists ¢, > 0 such that, on the set

{(s,e) :|s| < d,,e <6y},

LO+is,1+n+e)=NO+is,1+n+e)I(@+is,1+n+e)+Al+is,1+n+e),

where I1(0 4 is, 1 + 1+ ¢) is the projection on the top eigenfunction of the operator
L(6 +is,1+n+ ¢e) corresponding to the simple top eigenvalue A(6 +is,1+ 7+ ¢)

and

IO +is,1+n+e)AO+is,1+n+e)=Al+is,1+n+e)l(0+is,1+n+e)=0.

In addition, the spectral radius of A(6+is, 1+n+¢) is less than [N(0+is, 14+n+e).
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Since the interval [0, 1] is compact, we can choose 1,7z, -+ - , 1 such that the
set {n: |n —m| < &,,i=1,2,---k} contains the interval [0,1]. Put 6 = min §,,..

i=1,2,k

Thus, for all € [0,1] and s such that |s| < 4,
L(O+is,1+n)=\0+is,1+n)I(0+is,1+n)+ A6 +is,1+n),

and the spectral radius of A(f +is, 1+ n) is less than |A(6 + is, 1 + n)|.

Put Tlg, ;s = II(0 +is, 1). From (D2) we know that I1(0 +is, 1 +n) = Ils;, for
all € [0,1] and |s| < 5. This, along with the semigroup property of the operators
L(0 + is,t), implies that A(0 + is,1 +n) = A6 + is)'™ for all for all n € [0,1],
|s| < 4. To see this, first note that we do not assume that the top eigen-value for
the operator £(6 +is,n) exists for n € [0,1). Now, if 5 is rational, we have n = p/q
for some p,q € N,q # 0. Let v(0 + is) € B be a non-zero vector be such that
(0 +is, 14+n)v(0+is) = g sv(0 +is) = v(0+is) for all n € [1,2]. Then we have,

NO +is)TPu(0 +is) = L(O +is,1)TPv(0 + is)
= L(0 +is,q+p)v(0 +is)
=L(0+is,1+p/q)"(0 +is)
= A0 +is,1+p/q)v(0 +is).

Therefore, \(6 + is)'™" = \(0 +is, 1+ n) for all rational 5 € [0, 1]. Since, the
semigroup L(0+is, t) is continuous in ¢, we have that the top eigenvalue \(6+is, 1+n)
is continuous in 7, and therefore, the relation A(# + is)'™ = A\(0 +is, 1 4+ n) holds
for all n € [0, 1].

For ¢ > 1, define the new family of operators A(6 +is,t) = L(0 + is, t) — A0+
i5)'Tlg4ss. It is clear to see from this definition that A(6 +is,tN) = A( +is, t)" for
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t
all t > 1, N € N. Then, using the fact that — € [1, 2], we have

7]

L(O+is,t) = E(Q + s, [i—]> . = (/\(9 + is)[tTlHHis + A(Q +1is, [i—]>>[t]

= X0 +is)'Tgyis + A(0 + is, t).

Here, the spectral radius of the operator A(6 + is,1) is less than |[A( + is)|. This

concludes the proof of Proposition 3.2.1. O]

Remark 3.3.1. Our equation (3.6) is the continuous time analogue of equation (2.2)
from [}]. This, along with assumption (D3), allows us to obtain proofs of Theorems

3.2.2 and 3.2.3 by replacing the discrete time steps n byt € R and replacing Z: by

—iast

AO)

L(s,t) =

L(0, + is,t) in the proofs of the corresponding discrete time results

from [4].

3.4 SDEs satisfying Hormander Hypoellipticity condition

Let M be a compact d— dimensional smooth manifold and {V;,...,Vi} be
a collection of smooth vector fields of M such that D = {Vj,...V}} satisfies the
Hormander Hypoellipticity condition, i.e., the Lie algebra generated by D evaluated
at x spans the tangent space T, M at each x € M.

Let W; be the k—dimensional Wiener process with components Wti forl1 <7<
k. Let X, be the process on M, and Y; be the process on R satisfying the coupled
SDEs,

k
X, =Y V(X)) o dWi 4+ Vo(Xp)dt,  Xo=u, (3.7)
i=1

dY; = o(X;) o th + b(Xy) dt, Yo =1y, (3.8)
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where the real valued function b : M — R and the real valued function o :
M — R are smooth and Wt is a 1—dimensional Wiener process independent of
the k—dimensional Wiener process W;. We also assume that ¢ is non-degenerate,
i.e, 0?(x) > 0 for each # € M. The right hand sides of (3.7) and (3.8) are interpreted
in the Stratonovich sense. Observe that, in (3.8), it is equivalent to consider the
It6 or the Stratonovich sense, since the coefficient o(X;) of the Wiener process W,
is independent of Y;. Note that the distribution of X; for each t > 0 is absolutely

continuous by Hormander’s theorem.

Theorem 3.4.1. If the above assumptions hold, then for all v € NU{0}, Y; admits

the strong expansion for LDP of order r in the range (0, 00).

Proof. The infinitesimal generator of the joint Markov process (X, Y;) is a partial

differential operator M acting on functions v defined on M x R given by
1 1
Mu = évz[(V(m)VT(x))Vmu] + 5(02(x))Ayu + Vo(2)Vu+b(x)Vyu,  (3.9)

where V(x) is the d x k matrix formed by the vectors {Vi,...V;} as columns.
Let p(x) be the invariant density of the process X; on M, that is, p(z) is the

density of a measure defined on M, satisfying

M*p =0, /p=1.
M

We assume that
/ b(x) dp(z) = 0.
M

The above condition guarantees that the asymptotic mean of the random process
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Y, is zero, since

Y = lim %E(Yt) = lim %E( /0 t b(Xs)ds> - /M b(z) dp(z)

t—o00

We also observe that, from the Kolmogorov Forward Equation, the transition density
for the Markov process (Xy, Y:)i>o is given by p(t, (zo, y0), (z,y)), and it satisfies

the PDE

= Mea (3.10)

p(o, (an yo)a(l'; y)) = 5(x0,y0) (ZL’, y)'

Let B be the Banach space of complex valued continuous functions defined on M
equipped with the supremum norm. Define, for each z € C, t > 0, the bounded

linear operator L(z,t) : B — B given by

L(z,8)f(2) = By (f(Xy)e2 9,

where the right hand side clearly does not depend on y. That is, for the constant
function v = 1 € B, and the measure ¢ = §, € B’ (the space of bounded linear

functionals on B) we have
Ezo) (€7) = U(L(z, t)v), (3.11)
The family of operators {£(z,t)}{>0y forms a semigroup since
L(z,t) 0 L(2,5) f(2) = By ((L(2, 9) ) (X))
- E(I:y) (E(Xt,yt)(f(Xs)ez(Ys_Yt))ez(Yt_y))
= E(a) (Ex,vn (F(Xo)e? 7))

= E () (f (Xopa)e?0o79)
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=L(z,t+ s)f(x).

Now we will verify conditions (D1), (D2) and (D3) from Section 3.2 for the family
of operators L(z,t). To verify condition (D1), we will show that (B1) — (B3) hold
uniformly on ¢ € [1,2] and show that (3.4) holds.

Condition (B1) We first observe that the map z — L(z,t) is infinitely differ-

entiable in z for all z € C. Indeed, for each f € B, a« € Z,, and z € C,
D2(L(z,8) f)(x0) = Ea0) (Y f(Xi)e®™). We know that Y; is a stochastic process
on R with bounded diffusion and drift coefficients, which implies that Y; has all
exponential moments. Hence, DYL(z,t) is a well defined bounded linear operator
on B for all @« € Z, and z € C.

Note that £(0,t) is a compact operator on B since, if we define

Qo (0, 7) = / Pl (20,0, (z,4))dy.

then, for any f € B, £(0,t)f(x¢) = /Mf(x)qw(xo,zt)dx, where go¢ is positive and
continuous in (zg,z) € M x M. We note that 1 is the top eigenvalue of £(0,t) with
constant functions forming the eigenspace. All the other eigenvalues of £(0,¢) have
absolute values less than 1, by the Perron—Frobenius theorem.

We note that if § € R, then gy (xo,x) = /eeyp(t, (20,0), (z,y))dy > 0 for

R

all zg,x € M. This kernel is continuous in (xg,z) € M x M. That is, £(6,t) is a
positive, compact operator for all § € R.

Condition (D2): We observe that the coefficients of the operator M are inde-

pendent of the time variable ¢, and therefore the Markov process (X;,Y;) is time
homogeneous. Thus, the top eigenspace of the operators £(6,t) is the same for all
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t > 0. Thus, I1(0,t) = 11(0, 1) for all ¢ > 0, in particular, condition (D2) holds.

Condition (B2) Using (D2) and the semigroup property, condition (B2) is satis-

fied since there exists a A(f) > 0 for all 6, the top eigenvalue A\(0)" of the operator
L£(0,t) exists, and other eigenvalues of £(6,t) have absolute values less than A(9)".

Condition (B3) We need to show that sp(L£(6 + is,t)) C {|z] < A\(#)"}. We first

note that
200+ 5,7 ()] = [Bua) (FX)e 05| < By (| (X))

= By (| F(X0)[e?YY) = £(0, )| f] ().

Thus sp(L(6 +is,t)) C {|z| < X\(#)'}. To prove that there is inclusion with strict
inequality, using the fact that the top eigenvalue of the operator £(6,t) is A\(9)?, it is
enough to show that sp(L£(6 +is, 1)) C {|z| < A(#)}. We suppose, on the contrary,
that there exists an eigenfunction f € B of the operator L£(6 + is, 1), with || f]] =1
corresponding to the eigenvalue \(6 + is) such that [\(6 + is)| = A\(#). That is, for
all v € M,

E (o) (f(X1)e® M) = M0 +is) f (). (3.12)

We know A(f) is the top eigenvalue of the operator £(6,1). Thus, there exists an
eigenfunction g € B of L£(#, 1), corresponding to the eigenvalue (), which implies
that for all z € M,

E(e0) (9(X1)e™) = M)g(x). (3.13)

Without loss of generality, we can assume that, for all z € M, g(z) > 0, and that

|f(z)] < g(x). In addition, we can assume that there exists a point zo € M such
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that | f(zo)| = g(x). Now,

[E oo (£ (X)) = [XB) (o) = MB)g(0) = By (9(X1)e™).

Thus,

Elan (/X)) > By (9(X0)e™).

This implies that

E (w00 (" (| £(X1)e™ | — g(X1))) >0,

and therefore,

Eao0) (" (|F(X1)] = 9(X1))) = L(8, D(If] = 9)(0) > 0.

We have from our assumption that |f| < g, and we know that £(6, 1) is a positive

operator. We conclude that,

LO,1)(If] = 9)(z0) = Eao0) (" (IF (X1)] = 9(X1))) = 0.

Now,
Ewo.0) (€ (| (X1)] = 9(X1))) = /M(If(w)l — 9())go1 (0, x)dux.

From the definition of gy 1, we know that, for a fixed o € M, g 1(zo,2) > 0, x € M.
Therefore, for all € M, |f(x)| = g(x). Thus, there exists a continuous function ¢
defined on M such that f(x) = "*@g(z) for all z € M. Substituting this in (3.12),
we get

E(xp)(ei¢(X1)g(X1)e(0+is)Yl) = (0 +1i5)e@g(z)

A6 +is)

= 67L¢(x)E(x70) (g(Xl)QOYI) )\(6) )
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where the last equality follows from equation (3.13). In addition, since |A\(6 4 is)| =

A6 +is)
A(0)

A(6), there exists a constant ¢ such that = ¢'°. Therefore,

E(;p,o) (ei¢(m)€6Y1 6icg(X1)(6i5Y1+i¢(X1)—i¢(a:)—z‘c . 1)) —=0.
This implies that whenever p(1, (z,0), (Z,7)) > 0,
sy+ o) — Pp(x) —ic=0 (mod 2m).

This is not possible since the Brownian motion W (in the definition of Y7) is inde-
pendent of W (in the definition of X;). Thus, sp(L(6+is, 1)) C {|z| < A(f)}, which
implies sp(L£(0 + is,t)) C {|z] < A(0)'}.

Condition ((3.4)) Let 6§ € R be fixed. Let gy(x) be such that ||gs|]| = 1 and

L(0,1)gs(z) = A\(0)gs(x) for all x € M. Then we also have L(0,t)gs(z) = X(0)'go()
for all x € M, since condition (D2) holds. In addition, since £(6,1) is a positive
operator, the eigenfunction gy is positive. We observe that gy satisfies the PDE
e M(e%gy(x)) = u(0)ge(z) for all z € M, y € R, where pu(f) = log A(d). Since
the coefficients of the operator e % M(e?.) are differentiable in 6, the function gy
is differentiable in 6.

We first consider a new family of operators ﬁ(z, t) : B — B defined by
B0 f (@) = [ F2)dustan,a)da,
M

where .. (xo, ) — / Vit (20,0, (2, ) dy and

e%go(x)p(t, (20,0), (z,9))
A(0)!go (o)

Let 1 denote the function that takes the value 1 for all xg € M. Note that

p@(t, (370, 0), (x, y)) =

£(0,)1 (o) = /M 1+ Gou(z0, ) do
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- / / polt, (20,0), (2, )) dy da

// ;22;53 T

e , (70,0), (x,y)) dy dz

= mﬁ(e 1) ge(x0) = 1.

Hence, 1 is an eigenfunction for the operator CN(O, t) corresponding to the top eigen-

value 1.

Observe that the operators £ and £ satisfy, for all f € B,

) 1
£z 01 @0) = Syantze)

L0 + 2,)(f90) (o).

It is easy to see that the new family of operators {L£(z,t)}sso also forms a Cp

semigroup. Thus, in order to prove (3.4), we need to show that there exist positive

numbers rq,ry, K and Ny such that

1
|£Gis )] <

for all t > Ny, for all K < |s| < t™. In fact, it will be enough to show that there

exists an € € (0,1) such that, for all ¢ € [1,2] and for all |s| > K,

||£~(@s,t)|| <1—g¢,

since the above relation would imply that, for all t > 2,

2(in )| < 2o )

. g
1£(is, )| =

showing exponential decay.
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We observe that for any f € B, and z, € M,

[ﬁ(is,t)f(xo):/Mf(a:)c]is,t(xo,x) dx

where,

~ . e(9+i8)y90(‘7;)p(t7 (‘T07 0)7 (‘7;7 y))
i ) = [

ans therefore, it is enough to show that there exists an € € (0,1) and K > 0 such

that for all |s| > K, and for all t € [1,2],
|Gis,p(z0, 7)| < 1 —e. (3.15)

Let F; denote the sigma algebra generated by the process {W, }ucjo,q. Note that the

following equality holds,

~ 9o () (0+is)Y;
s (0, 7) = TR, ‘X, =
el 1) = S galagy o0 (1K= )
go() (9+is)(ft o(Xu) AW+ [F +b(X )du)
= 7 E(z,0 | E 0 7 Ru) EuJo THRW ) P Xy =
NOTES <°’°>< (e t) ! “”))

We know that { oJo (0+is)o(Xu) dWu—3 [3(0+is)20? (Xu) du

.7-}} forms a martingale for all

t > 0. Therefore,

E(e(9+is)Yt 1) = E(e(fot(t‘)Jris)chQ(Xu)du+(0+is) S b(Xw) du) IF)

_E ( (02 [3 02 (Xu) du—s? [§ 0 (Xu) du+2is0 [ 0%(Xu) du+(0-+is) [ b(Xu) du)

F).

Let € € (0,1). Since o(x), b(z) are smooth on the compact manifold M, and o(z) > 0
for all x € M, for a fixed § > 0, we can choose K > 0 such that for all ¢ € [1,2],
|s| > K,
t t
‘]E(exp ((92/0 o?(X,) du — 52/0 o*(X,) du+
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+ 2ish /Ot o(X,) du + (0 + is) /Ot b(X.) dU)) | )

lgell sup{A(0)'|¢ € [1,2]}
inf{gg(x)|z € M}

<(1—¢)

Note that the quantities sup{A(0)" | t € [1,2]} and inf{gy(z) | * € M} are strictly
positive and finite due to condition (B2) and the fact that eigenfunction gy is strictly

positive on M. Therefore,

‘E(m 0 (@Y | X, = x)) _ ‘]E(zo ) <€(9+¢s)(fg o (Xu) AWt [ b(X.) du)

)| =)

)=o)
< E(20,0) (’ (E(e(eﬂ'sxﬁf o (Xu) AWt [ b(Xu) du)

lgoll sup{A(0)'|¢ € [1,2]}
(=9 inf{gg(z)|xr € M}

As a result |Gisi(zo,2)| < (1 —€). This implies that for all ¢t € [1,2], |s|] > K,
|£(is,t)|| < 1 — e, which concludes the proof of condition (D1).

Condition (D3): First, observe that ¢(Ilyv) = d,(I1,,1) = gg(:z:)/ go > 0. Now,
M

147

that the top eigenvalue of operators L(z,1 4+ n) is A(0) Thus, it is enough to

show that log A\(f) is twice continuously differentiable and the second derivative is
positive for all § € R. Let u(0) = log A(0).

Let 8 > 0 be fixed. We know that the function gy is such that
L(0,t)gs = et“(e)gg. (3.16)

Let 19 be a linear functional in B’ satisfying (¢, £(0,t)f) = e (1, f) for all
f € B, and {1y, go) = 1. Let us define a new operator £'(6,t), which is the derivative

of the operator L£(6,t) with respect to 6. Thus,

(£0.1)5) (20) = Epao((X0)Vie™).
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We differentiate equation (3.16) on both sides with respect to 6 to obtain

L'(0,1)go (o) + L(0,1)gh(x0) = Euy0)(90(X:)Yee” ) + L(0, 1) gy (o)

= 111 (0)e" P gg(0) + O g (). (3.17)
Therefore, applying the linear functional 1y on both sides, we obtain,

Vo, Eu0)(98(X)Yie™)) + (Wo, L(0,)g5) = ti ()™ (g, go) + ™ {1y, gp),

which simplifies to

(Yo, B0y (90 (X0) Yie?™)) + O (1hg, gi) = 44/ (0)™ @ + D (1), g).

Thus, we obtain the following formula for p'(6).

(Yo, E(z,0)(g0(X1) Yie?)) '

:u,(e) = tetn(®) (318)

Differentiating the equation (3.17) again with respect to 6 and taking the action of

the linear functional 1y on both sides, we obtain,

(0, Ew,0)(90(X0)Y,™™)) + 2(t0g, Eo0) (95 (X0) Yee™™)) + €O (g, g7)

= t"(0)e™® + £2(4/(0))7e™ ) + 201 (0)e™® (g, g) + " (o, g5).

Thus, rearranging the terms, we obtain the following formula for " (6):

(o) — o Ban (X)) — 240 (0) e
S i)

Wea (2.0 (95 (X2) Vi) — 1/ (0)e™ @) (g, gp)
tetr(0) )

Using the formula for p/(6) in the above expression we obtain

(¥, Equ.0) (90 (X2) Y2 1)) — (g, Ea0) (g0(Xe) Vi)
t

p'(0) = (3.19)
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+2 (o, Eu,0)(g5(Xe) Vi =)y — (g, B 1.0y (g0 (Xe) Yie” = O))) (g, gp)
t .

Let B be the Banach space of bounded continuous functions defined on M x R
equipped with the supremum norm. We define a new family of bounded linear

operators N(0,t) : B— B, t >0 by

t Xt
N(@, t)f(x()a yO) = E(xmyo) (f(Xt; Y;:)ee(yt_yo)_ w(0) ZZ((CE()))) (3.20)

for each f € B. Note that the family {N(0,1)}s>o forms a C° semigroup.
We first observe that the operators { N (6, t) };>o are positive, and N(0,t)1 = 1,
where 1 denotes the constant function taking the value 1 on M x R.

The operator N(6,t) is also an operator on B because, for f € B,

. t—Yo)—tp Q_Q(Xt>
N(0,0)f () = By (£ (X))

e~ tu(0)
B [ go ﬁ(eat)(gef)] (zg) € B.

Now, corresponding to this family of operators, we have a new Markov process
(X, Yi)on M x R, such that, N(0,t)f(20,%0) = E(weuo)(f(X:, Y3)). In addition, we
observe that (g, N(0,t)f) = (Vggy, f) for all f € B. That is, 1ygs is the invariant
measure for the process )Z't on the manifold M for all ¢ > 0.

Let us define the function k € B by h(zx,y) = y for all (z,y) € M x R. Now,

we re-write the formula (3.19) for u"(0) as

p(6) = 7 (o), N6 (), 0)ga) — (o), N (6, (h) , 0)gn(a)). )

+ 2w V0.0 (ML) (2,015 ).

~ (olw), N(0,0)(1) (2, 0)g0 (@) (o ), g () |
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=~ (twogo, NO.DO) — (g, N (O, 1)(1)))?)

+2((ago N(07t)(hg—gj>> = {tgo. N(O.1)(1)) (o, 2) ).

Therefore, we have,

1(0) = 2 (om0 B (72)) = (oo Ec (70))°)
* %((%ge, Ewo <Y;j§—;3>>> — (Y00, Er0) (Vo)) (030, %))

Denoting (1ggs, E(%O)(f(f(t, Y;))) by Ey 0 (f(X;,Y;)), the above formula can be writ-

ten as
0'0) = = (Buoqs(72) — (B, (F0)7) +
2 Yigy(Xo) ~ g,
+ ; (E%ge (ﬁ) - Ewega (Yt)Wage, Q_Z>) (3'21)

Now, in order to prove that u”(0) > 0, we first show that the first term in
(3.21) is the effective diffusivity of the process Y;, which is strictly positive.Then we
prove that that the second term in (3.21) goes to zero as t goes to infinity, since the
processes X; and Y; de-correlate as as ¢ goes to infinity.

In order to analyze the process ()?t, 17,5), we first study the transition kernel of

the associated Markov Operator N (6,t). For f € B,

N0, £)f (20, 30) = /M / F (2, y)k(, (20, 90), (2, 9)) dy de,

where

o) € g0(x)

k(tv ($07 y())v (Ia y)) =€ €6y099($0)p(t’ (xO; yO)ﬂ (‘7;7 y))

From (3.10), we see that k(t, (zo,yo), (z,y)) solves the PDE

k —~
8tk - gQ(x)eeyMzk:v,y) (r) - lu(e)k = M*k7

o(x)et
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k<0> (an y0)7 (l‘, y)) = 5(107240)(:67 y)>
where, we have a new differential operator M acting on functions u: M xR — R
given by
AA* Oy * u
Mu = gy(z)e™ M, ) <F> — p(O)u.

Observe that

Mok = Mk — %(V(:ﬁ)w(m))vxk 00 (2)V
0
Vo(2)Vage(z) 1 2,2( 1) _ Vo (V(2)VT(2))Vage())
T ew T 290(a)
W;g” (V(@)V (@) + ()0~ u(6) | .

From the choice of gy, we know that e " M(e®gy(x)) = u(0)go(x). That is,
1 1
5 Vel (V@)VH (2))Vago] + VaVago + b(w)0g0 + 5 (0°(2))0%g0 = 1(6)g-

Therefore, the above expression simplifies to

Mok = Mk — %(V(Q;)W(l«))vmk 00 (2)V
n <(Vx99)2(V§$)VT(9€)) B Vx[(V(ﬂf)VT(%))nge]M.
9y do

Thus, the operator M simplifies to

vxgﬂ
9o

Mk = Mk + (V(2)VT (2))Vok + 00°(2) V.

From the above expression of the generator of the new process ()?t, 37,5), we conclude
that the process (X, Y;) differ from the process (X;,Y;) only by the additional drift
terms in x and y. The asymptotic variance (also referred to as Effective Diffusivity)

of the process Y, is given by

Ewege ((i - Ed)ege )775)2>

t—o00 t
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Let ¢y € R be given by,
cp = / (b—l— 90’2)77/}999
M

Choose a function f : M — R such that va + b+ 0*0 = cy on M. The
existence of such a function f is guaranteed because / (b+00? — co)ageo = 0. The
M

process Y; + f(X,) — cot forms a martingale, and therefore,

}Z+f()?t)—c9t—%—f()?o)
= /t V(X)Vaf(X,)dW, + /t o(X,) dW,+
0 0

+ /Ot(ﬂf()?u) + b()?u) + QUQ(J?U) —cp) du

:/tV()?u)fo()?u) qu+/t0()?u) dW,.
0 0
Thus,

Ewege (f/;5 - E%gei)z

t —

= By ( /O VR AR W, + / o(X.) AW,

0

(1) ~ g (F(X))
+Bua (5 | 03 ) + By ([ (K = By ()
- GEN ([ VEITer R+ [ o) ail,)

Also, note that

B ) (fo VRV () AW+ fo(Xo) V)

t—o00 t

= 0.

Therefore, using the fact that 1ygg is the invariant measure of the process )~(t on M,
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we have,

[1]

[ (VTS + o)

+ lim Ew"g"(f(;(t)?) — E?/}ege(f()zt))Q.

t—o0 t
Since o > 0 for all x € M, we have = > 0. Thus we have shown that the first term
in (3.21) is positive. Now it remains to show that the limit of the second term in

(3.21) is zero as t approaches infinity. That is,

Yigh(Xe) v g
tlim Ewege( ggiit) ) B If:wego (Yo){toge, £> _0
—00

First, we observe that

1 >
lim ;Ewege(Y}) —cp = (3.22)

i Y (Tt fFre [ VR HE (X, diT
:}5& ;Ewege <y0+f(X0)_f(Xt)+/0 V(X)) Ve f(Xy) qu+/O o(Xu) qu> = 0.

Therefore,

Eyua (V1) (Vo30, % ,
lim voso (Y1) (W00, ) — co(tegs, 22)

t—o0 t g9

Thus, we only need to show that

that is, to show that

1 Y; — cgt)gh( X,
lim _E%/)ege (( A de( t)) =0
t—oo { gH(Xt)

Since 0 < = < 00, there exists a constant K > 0 such that

(Y; — cot)?
Ewegef <K
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Using Cauchy- Schwartz inequality, and the upper bound on Ey,,, ((ﬁ—cet)z), stated

above, we have

(‘ (Vi — cot)gp(X2)
vose 90(Xy)

) < Eyppge ((?; — Cet)2)1/2E%ge (%) 1/2

< VKVt sup ‘(g%(—a:))w

zeM ! Gy (1')

Therefore, we have,

Vo (Y / 2
lim leege <‘ (¥ Cetlge(Xt> ) < lim 1\/?\/5 sup ‘(992@)) = 0.
t—o0 T g0(Xy) t—oo § ceM | gg(x)

We have shown that the conditions (D1), (D2) and (D3) hold with r; arbitrarily
large. As a result, for all r, Y; admits the strong expansion for LDP of order r in

the range (0, 00). ]
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