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Multi-objective robust optimization is a prominent field of optimization that deals with

problems that have multiple, at least partially conflicting objectives, are subject to some con-

straints, and contain uncertainty. The main goal of these problems is to obtain solutions that are

optimal and robust - i.e. relatively insensitive (have uncertainty robustness) to any realization of

the uncertain parameters.

This dissertation presents three new methods for solving single- and multi-objective robust

optimization (SORO and MORO) problems under fixed and variable uncertainty. The proposed

methods share an underlying single-level iterative framework and handle the uncertainty robust-

ness via a scenario generation technique.

The first method is the original sampling-based approach (OSB-MORO) which uses a

multi-objective genetic algorithm to solve the optimization problem, and then handles the ro-



bustness aspect by sampling the fixed uncertainty space to find the worst-case realization and

iteratively shrink the feasible domain to find the robust solution. This approach is very general in

nature and can be applied to a variety of problems that have fixed interval uncertainty. However,

sometimes the computational burden of solving MORO problems can be infeasible, or analyzing

the trade-offs between the objectives can be challenging. To address this issue, MORO problems

can be reformulated as single-objective problems - namely, via utility functions. The utility-based

sampling-based MORO approach (USB-MORO) is an extension of the OSB-MORO approach,

where the multiple objectives are converted to a single scalar via a multi-attribute utility function.

This makes it possible to apply efficient single-objective optimization techniques, rather than the

expensive multi-objective genetic algorithm solver as used by the OSB-MORO. Although the

utility approach can help solve the MORO problem more efficiently, it does not solve the issue

of dealing with expensive functions - i.e. functions that are based on computationally costly sim-

ulations. The second method (SSB-MORO) aims to improve the computational cost of the OSB-

MORO approach by integrating an online surrogate model. A Kriging model is developed for all

the functions of the problem, and is updated as the MORO algorithm progresses. The previous

methods mentioned can only handle fixed interval uncertainties - i.e. the uncertainty bounds are

known a priori and do not change. However, in many real-world applications the uncertainty may

be dependent on the decision variables, hence the uncertainty bounds become variable. The third

method (SB-SORO-DDU) aims to address this issue by extending the OSB-MORO approach to

account for decision-dependent uncertainty for single-objective problems.

The key contributions in this dissertation are:

1) a single-level, sequential sampling-based single- and multi-objective robust optimization method

for problems with fixed interval uncertainty (OSB-MORO);



2) a sampling-based multi-objective robust optimization method with integrated online surrogates

for problems with fixed interval uncertainty (SSB-MORO); and

3) a sampling-based single-objective robust optimization method for problems with decision-

dependent (or variable) interval uncertainty (SB-SORO-DDU).
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Chapter 1: Introduction

This chapter presents the motivation and objective for pursuing the proposed research in

multi-objective robust optimization. The chapter also poses the three research thrusts that this

dissertation aims to address.

This chapter is organized as follows. Section 1.1 presents a motivational example, based

on an unmanned surface vessel (USV) case study, illustrating the importance and pertinence

of multi-objective robust optimization (MORO) techniques in the realm of engineering design

and systems’ operations. Section 1.2 introduces the research thrusts that define the scope of

this dissertation and set the foundation for the proposed approaches presented in the subsequent

chapters. Finally, Section 1.3 outlines the organization of this dissertation.

1.1 Motivation and Objective

Multi-objective robust optimization (MORO) deals with the optimization of engineering

systems that have multiple objectives that are at least partly in conflict and constrained, while

simultaneously accounting for uncertainties. MORO methods aim to find a set of robust Pareto

solutions, which are not only optimal with respect to multiple objectives, but also are rather

insensitive (i.e., robust or have robustness with respect) to the variations in uncertain parameters.

Many engineering problems nowadays are very complex and often require the development

1



Figure 1.1: The Sea Hunter, an Unmanned Surface Vehicle (USV). US Navy Photo [4]

of simulations to model the design or operation of the system in question. Additionally, optimized

decisions about the system may need to be made while considering uncertain conditions, which

can significantly impact the performance and feasibility of solutions. Consider a mission planning

case study of an unmanned surface vessel (USV) (see Figure 1.1). The USV needs to reach a

destination in a certain amount of time, while ensuring a healthy operational state and maintaining

a desirable component and system reliability threshold. Additionally, the operating environment

of the USV needs to be considered, e.g., the surrounding temperatures, pressures, wave conditions

- all of which are uncertain and uncontrollable. Of course, to optimize, various simulation models

can be developed to estimate the performance and evaluate design or decision alternatives of a

USV and its operation. However, due to the complexity of the actual USV system, it is reasonable

to assume that a thorough and reliable model would also be complex, thus very demanding in

terms of simulation time and computational resources.

While the literature reports many methods for multi-objective optimization [6,7] and robust

optimization for single-objective problems [8, 9], there have been less developments in the inter-

section of these two fields - namely, MORO. Of the existing methods there are approximation-

based methods [10–13], and methods that solve the original problem directly [10, 14, 15]. The

2



vast majority of methods reported in the literature implement a bi-level approach - either nested

[16, 17] or sequential [10], which utilize either single- or multi-objective solvers [10, 17] at

each level. With respect to uncertainty, most approaches consider problems with either inter-

val [11, 14, 18, 19] or distributional uncertainty [20–22]. In both cases, however, the uncertainty

is usually considered to be fixed - i.e. the interval bounds are known a priori and do not change,

or the distributional parameters describing the uncertainty are known and fixed.

The main challenges and shortcomings of the existing methods are related to the compu-

tational intensity of MORO algorithms and their limited or specific applicability. The bi-level

optimization approaches can become a burden on time and computational resources if the prob-

lem is too large, has a complicated formulation, or has computationally intensive simulations;

additionally, these algorithms can be confusing or challenging to implement. Considering fixed

uncertainty, although reasonable for many applications, may not lend itself to some problems in-

volving path planning or systems operational planning, where the uncertainty is dependent on the

decision variables. The versatility of the approach also needs to be considered - many methods

state specific assumptions that need to be met; otherwise the approach is not applicable.

Based on the aforementioned challenges and shortcomings, the objective of this disserta-

tion is to present a framework for a general sequential, single-level, scenario-generation MORO

approach, that can lay the foundation for several fine-tuned methods. The approach is designed to

be general in nature, simple to implement, and can be applied to a range of problems - constrained

and unconstrained, linear and nonlinear, as well as optimization problems where the objectives

and constraints are black-box models. Although all the examples presented in this dissertation

feature problems with continuous decision variables and functions, the proposed approach is

flexible to handle discrete variables and functions - the only thing that needs to be changed is
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the solver function, to one that is designed to solve discrete problems. Similarly with the uncer-

tainties, although the focus of this dissertation is considering interval uncertainty, distributional

uncertainty can be handled as well - instead of sampling the uncertainty space from an interval

range, the sampling should be performed from a distributional range.

1.2 Research Thrusts

Based on the objective and challenges mentioned in the previous section, the proposed

research aims to address three research thrusts.

Research Thrust 1: General Sampling-Based Multi-Objective Robust Optimization

Method using Original Problem Functions (OSB-MORO)

Many existing MORO methods follow a bi-level or two-stage workflow, requiring two op-

timization problems to be solved [10, 16, 17, 23–26], thus doubling the computational cost per

solver iteration. In these formulations, the first-stage problem is a deterministic multi-objective

optimization problem, which is solved to obtain a set of optimal solutions; the second-stage prob-

lem is single-objective and evaluates the robustness of all solutions obtained from the first step,

with respect to the uncertain parameters [11]. In the proposed MORO approach, optimization

is performed in a single stage, bypassing the need to solve another optimization problem for

handling the uncertainty, by replacing it with a sampling strategy. The uncertainty is assumed

to belong to an interval range, which is known and fixed (although the approach can be easily

modified to consider distributional uncertainty).

Additionally, the proposed approach can be considered from a single-objective point of

view. The utility-based sampling-based MORO (USB-MORO) method addresses this by using
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a utility function to reformulate the multi-objective problem as a single-objective one, which is

often done in the literature to scalarize the problem, include decision maker preferences, and

apply standard single-objective optimization techniques [27–29].

However, one challenging aspect of the proposed scenario generation based strategy in this

thrust is balancing accuracy and computational demand, ensuring that the uncertainty is sampled

thoroughly but efficiently.

Thus, the objective of Research Thrust 1 is to develop a general sampling based MORO

approach (OSB-MORO), that effectively integrates a single-level optimization workflow with a

scenario generation scheme to handle the robustness.

Research Thrust 2: Online Surrogate Sampling-Based Multi-Objective Robust Opti-

mization (SSB-MORO)

The computational challenges associated with expensive functions (such as USV’s hydro-

dynamic simulations) are only intensified when coupled with MORO - this can be mitigated by

developing online surrogate models. The online surrogate models approximate the true function

and continuously update as new data becomes available during the optimization process. Thus,

the proposed surrogate sampling-based MORO (SSB-MORO) approach both speeds up the opti-

mization process and reduces the computational costs. Building surrogate models for expensive

functions has been actively studied in the literature [30–32], and methods such as Gaussian pro-

cesses, polynomial regression, neural networks, and other machine learning techniques have been

utilized to create accurate surrogates. Although the approach in this thrust has the potential to

significantly reduce the computational intensity of solving the MORO problem, acquiring a truly

robust result is highly dependent on the accuracy of the surrogate model, which can be a chal-

lenging problem in itself. Additionally, integration of a surrogate development scheme with the
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optimization algorithm can pose some challenges as well, such as data management (e.g., decid-

ing when, how and which new data points to incorporate to update the surrogate) and integration

issues between the optimizer and surrogate (e.g., ensuring consistent data structures across mod-

els, or smooth communication between software platforms/languages).

Thus, the objective of Research Thrust 2 is to integrate online surrogates with a scenario

generation scheme for handling uncertainty to develop an efficient MORO approach.

Research Thrust 3: Sampling-Based Single-Objective Robust Optimization with Decision-

Dependent Uncertainty (SB-SORO-DDU)

Traditional robust optimization assumes uncertainty is independent of the decision vari-

ables, however, in many real-world applications (such as path planning or systems operations)

that is not the case. For example, in deciding the route for an USV, the uncertainty in ocean

waves becomes dependent on a particular USV route decision, i.e. uncertainty is dependent on

the decision for the location and direction of the USV. The main challenges in this area include

the increased computational complexity and the difficulty of modelling and reformulating uncer-

tainty sets that change with decision variables [33–35]. While most decision-dependent robust

optimization methods focus on polyhedral or distributionally robust sets with tractable reformula-

tions [34,36–38], a sampling-based method may offer a simpler, more straight-forward approach,

in addition to more flexibility for complex problems. However, as with any sampling-based ap-

proach, the computational burden may become a challenge, especially as the dimensionality of

the problem and uncertainty parameters increases.

Thus, the objective of Research Thrust 3 is to develop a sampling-based SORO approach

that can account for variable interval uncertainty, i.e. decision-dependent uncertainty.

These research questions collectively aim to develop a robust and efficient framework that
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handles fixed and variable uncertainty effectively, and addresses the challenges posed by expen-

sive function evaluations.

1.3 Organization of Dissertation

This dissertation is organized as follows. Chapter 2 will define the relevant terminol-

ogy used throughout this dissertation and introduce some background and literature review on

multi-objective robust optimization, surrogate modelling and optimization, and robust optimiza-

tion with decision-dependent uncertainty. The next few chapters will each cover one of the re-

search thrusts presented in Section 1.2 and demonstrate the proposed approaches on some nu-

merical examples and an USV case study. Chapter 3 will present the original sampling-based

multi-objective robust optimization (OSB-MORO) approach - a single-level, sequential MORO

approach which handles the robustness aspect via a scenario generation scheme. Due to the

general nature of the OSB-MORO method, it lays the foundation for the approaches in the

subsequent chapters. Next, Section 3.3 introduces a reformulation of the MORO problem to

a single-objective robust optimization (SORO) problem by means of a utility function. Thus, the

OSB-MORO approach is adapted to a single-objective problem. Chapter 4 integrates an online

surrogate with the OSB-MORO approach to improve the computational efficiency. Chapter 5

further pushes the bounds of the sampling-based approach by considering decision-dependent

uncertainty, rather than uncertainty that is independent of the decision variables. Finally, Chap-

ter 6 summarizes the approaches proposed in this dissertation and highlights their contributions

to the field of multi-objective robust optimization. The dissertation concludes with a discussion

of potential improvements and directions for future work.
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The next chapter will define the terminology used throughout this dissertation and provide

a literature review to position the presented research directions.
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Chapter 2: Terminology and Literature Review

This chapter will provide a review of some of the main terminology that will be referenced

in this dissertation and will also position the proposed work with respect to existing literature.

Additionally, the following notation will be used for describing variables: non-bold italic notation

represents a single variable (e.g., xn); bold-faced italic notation represents a vector of variables

(e.g., x = [x1, x2, . . . , xn]); bold-faced notation represents a matrix of variables (e.g., x =

[x1, x2, . . . , xk]
T , where xk = [xk1, xk2, . . . , xkn], and the superscript T in [. . . ]T denotes the

transpose of the matrix: [. . . ].

This chapter is organized as follows. Section 2.1 will define the terminology used through-

out this dissertation as well as descriptions of quality metrics used to assess the results from the

proposed approaches. Section 2.2 will provide a review of the foundational topics presented in

this dissertation to position the proposed approaches with respect to existing literature. Finally,

Section 2.3 will discuss the research gaps identified from the literature review, which subse-

quently guided the development of the proposed approaches.

2.1 Definitions

In this section, some key definitions are provided.
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General Formulation of Multi-Objective Robust Optimization Problem

The general formulation [17] of a constrained multi-objective robust optimization (MORO)

problem is presented in Equation (2.1) below:

min
x

f(x, u)

subject to:

gj(x, u) ≤ 0; j = 1, ..., J

x ∈ [xlb, xub]

∀u ∈ [ulb, uub]

(2.1)

It is assumed that the objective functions, f = [f1, ..., fM ], are to be minimized with respect

to the decision variables, x = [x1, ..., xN ], and are at least partially in conflict with each other. The

problem is constrained by J inequality constraints, gj(x, u). The uncertainties, u, can represent

either uncertain parameters, or uncertainty in the decision variables, and are represented as an

interval range. As shown in Eq. (2.1), the uncertainties can appear in the constraints as well as

the objective functions.

Objective and Feasibility Robust Optimization

The uncertainty parameters in robust optimization (RO) problems can show up in the ob-

jective function, constraints, or both – and are referred to as objective robustness, feasibility

robustness, and objective-feasibility robustness, respectively [13, 16].

The problem formulation for feasibility robustness is shown in Equation (2.2). Here, the

uncertainties appear only in the constraints, and are handled according to the techniques used to

solve the RO problem.
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min
x

f(x)

subject to:

gj(x, u) ≤ 0; j = 1, ..., J

x ∈ [xlb, xub]

∀u ∈ [ulb, uub]

(2.2)

Objective robustness is handled by adding another constraint (Equation (2.3)), which limits

the change in the objective function to be within an acceptable objective variation range (AOVR)

[39], which is determined by the decision maker based on preference or problem specifics. As

shown in the formulation in Equation (2.4), the change in objective function value is defined as

follows:

∆f = f(x, u) − f(x, u0) (2.3)

In the first term the objective function is evaluated at the current values of the decision

variables, x, and current realization of the uncertainty parameters, u. The second term evaluates

the objective function using the nominal values for the uncertainty parameters, u0, instead. Note,

the ∆f term is signed, so it can be positive or negative. However, only the positive case matters,

since the AOVR constraint in Equation (2.4) must be satisfied (and if ∆f is negative, the con-

straint is satisfied automatically). Additionally, since the goal is to minimize the objectives, it is

undesirable that the variation in any objective function increases its value beyond the AOVR.
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min
x

f(x, u)

subject to:

gj(x) ≤ 0; j = 1, ..., J

fm(x, u)− fm(x, u0) ≤ AOV Rm;m = 1, ...,M

x ∈ [xlb, xub]

∀u ∈ [ulb, uub]

(2.4)

Finally, as the name implies, objective-feasibility robustness considers uncertainty in both

the objectives and constraints. The formulation is provided in Equation (2.5) below.

min
x

f(x, u)

subject to:

gj(x, u) ≤ 0; j = 1, ..., J

fm(x, u)− fm(x, u0) ≤ AOV Rm;m = 1, ...,M

x ∈ [xlb, xub]

∀u ∈ [ulb, uub]

(2.5)

Note, that in both objective robustness and objective-feasibility robustness, the AOVR con-

straint is treated as an additional constraint. Hence when the constraints are evaluated for all

realizations of the uncertain parameters to determine feasibility, the AOVR constraint is included.
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Inferiority, Non-inferiority, and Dominance

In multi-objective optimization, the concepts of dominance and inferiority are used to

identify the optimal solutions to a problem [6, 40]. Consider two feasible design points, xa

and xb - then xa is said to be inferior with respect to xb if, for a minimization problem,

fm(xb) ≤ fm(xa),∀m = 1, ...,M and fm(xb) < fm(xa) for at least one m. Correspond-

ingly, xb dominates xa. If xa does not dominate and is not inferior to xb, then the two points are

non-inferior with respect to each other.

Non-Dominated Set

Consider a set of K solutions. If a pair-wise comparison is performed for each solution with

respect to all other solutions, one can find which solution dominates which and which solutions

are non-dominated with respect to each other. In this way, one can find a new set (K ′) that is the

non-dominated set - in which any two solutions do not dominate each other and there is no other

solution in the set K that dominates this non-dominated set [6].

Pareto Optimality, Pareto Solutions/Set and Pareto Front/Frontier

The non-dominated set derived from the entire search space is the Pareto-optimal set. The

points, x∗, which belong to this set are the Pareto solutions. The set of points formed by these

solutions is the Pareto front or frontier [6].

True and Observed Solutions

The true solution refers to the Pareto-optimal solution. The observed solution is the non-

dominated set of solutions obtained by the optimization solver.

Deterministic Solution

The deterministic solution refers to the non-dominated set of solutions obtained by the

optimization solver without considering uncertainty - i.e. the uncertain parameters are set to their
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nominal (or assumed) values, u0.

Robust Solution

The robust solution refers to the non-dominated set of solutions obtained by the optimiza-

tion solver considering uncertainty - i.e. the robust solution is optimal and feasible for all real-

izations of the uncertainty parameters.

Ideal (Good) and Nadir (Bad) Points

The Ideal and Nadir points (or their estimates: “good” and “bad” points, respectively), rep-

resent the best and worst possible values for each objective among all Pareto optimal solutions,

respectively [6]. So, assuming all objectives are being minimized, the ideal point would be a

vector [f ∗
1 , ..., f

∗
m, ...f

∗
M ], where f ∗

m is the minimum value for the m-th objective and the Nadir

point would be a vector [fN
1 , ..., fN

m , ...fN
M ], where fN

m is the maximum value for the m-th objec-

tive. These points are often used to normalize the objective values for comparing solutions and

evaluating their performance. The normalization would be performed following Equation (2.6):

f̄m =
fm − fg
fb − fg

(2.6)

where f̄m is the normalized m-th objective value, fm is the original m-th objective value, and fg

and fb are the ”good” and ”bad” points, respectively.

Hyperarea/Hypervolume Difference (HD)

The HD is a closeness metric proposed by Wu and Azarm [41], i.e. it evaluates how close

the observed solutions are to the ideal (good) point. Assuming the objectives are normalized with

respect to the “good” and “bad” points (Equation (2.6)), the HD can be calculated using Equation

(2.7):
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Figure 2.1: Hyperarea Difference

HD = 1− space(Sin) = space(Snin) (2.7)

The term “space” refers to the area (or volume in a three-objective space) of a region, and

Sin and Snin refer to the sets of inferior and non-inferior regions, respectively.

Figure 2.1 illustrates a set of Pareto points, K ′ = (xk, xk+1, xk+2) and its associated good

(pg) and bad (pb) points. For a minimization problem, the inferior region of the Pareto set, Sin, is

defined by the connected points pbCxk+2Jxk+1GxkDpb, and the non-inferior region of the Pareto

set, Snin, is defined by the connected points pgEDxkGxk+1Jxk+2CBpg. So, visually, the HD

corresponds to the grey shaded area in Figure 2.1. Since HD is a measure of closeness to the

ideal (good) point, a smaller value is desired.

Overall Spread (OS)

Another metric proposed by Wu and Azarm [41] is the OS, the overall spread metric, i.e.
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Figure 2.2: Overall Spread

it evaluates how diverse or spread out the observed solution is compared to the ideal/ (good) and

nadir (bad) points. Assuming the objectives are normalized with respect to the “good” and “bad”

points (Equation (2.6)), the OS can be calculated following Equation (2.8):

OS =
HRex

HRgb

(2.8)

For instance, for a bi-objective case, the OS is defined as a ratio of the areas of two rect-

angles (HR), with one defined by the extreme points of the observed Pareto set (HRex) and the

other defined by the “good” and “bad” points (HRgb). In the case that there are more than two

objectives, the OS definition is extended to higher dimensions - i.e. instead of dealing with areas,

we now have 3D or higher-dimensional volumes. Thus, the OS is defined as the ratio of the vol-

umes of two hyper-volumes (one defined by the extreme points of observed Pareto solutions, the

other defined by the ”good” and ”bad” points).
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Figure 2.2 presents a visual representation of the elements defining the OS in a two-

dimensional space. The black points represent the observed Pareto set (K ′), normalized with

respect to the good and bad points (pg and pb). The extreme points of the observed Pareto

set are labelled as E and F and are equal to the normalized extreme objective function val-

ues - (f̄1,min, f̄2,max) and (f̄1,max, f̄2,min), respectively. The shaded area defined by those points

(EDFC) corresponds to the term HRex in Equation (2.8). The hyper-rectangle defined by the

good and bad points, HRgb is represented by the rectangle pgBpbA. So, visually, the OS is the

ratio of the areas of the shaded and white rectangles. Since OS is a measure of diversity, a larger

OS is better.

Spacing (SP)

The spacing metric (SP) [42] is a distance metric that quantifies the relative distances be-

tween the nearest solutions in the observed Pareto set. The SP can be calculated using Equa-

tion (2.9):

SP =

√√√√ 1

|K ′| − 1

|K′|∑
i=1

(di − d̄)2

where

di = min
xj∈K′∩xj ̸=xi

M∑
m=1

|fm(xi)− fm(xj)|

(2.9)

In Equation (2.9), |K ′| is the cardinality of the observed non-dominated solution set, K ′;

di is the minimum Manhattan distance (or L1 norm) between the solution xi and the remaining

solutions, xj; d̄ is the mean of di; M is the number of objective functions; and fm(xi), fm(xj) are

the mth objective function values for the solutions xi and xj , respectively.

Figure 2.3 illustrates the concept of the SP metric, by showing the minimum Manhattan
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Figure 2.3: Spacing

distances, d, between each point of the obtained solution. So, the SP is essentially the standard

deviation of those distances.

The SP metric measures the uniformity of the solutions obtained, so a smaller value for the

SP represents a more evenly distributed set, which is preferable.

Function Calls

One way of measuring the computational efficiency of an algorithm is by reporting the

number of function calls needed to converge to a solution. In this dissertation, since both

surrogate-based and non-surrogate-based approaches are presented, the number of function calls

is the same as the number of sample points. In the context of non-surrogate-based approaches, a

sample point is a unique point that is passed through the optimizer, where a unique point consists

of a set of decision variables and uncertain parameters - [x, u]. A function call is counted only

when the point is evaluated using the original problem function or simulation - surrogate calls do
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not contribute to the function count.

2.2 Position with Respect to Existing Literature

Multi-objective robust optimization (MORO) is a prominent field in optimization that seeks

to address the complexities of real-world engineering problems involving multiple conflicting

objectives and inherent uncertainties. The primary goal of MORO is to identify solutions that

are optimal with respect to multiple objectives and maintain robustness against variations in the

problem due to uncertainties.

The goal of this section is to position the proposed research directions (as posed in Section

1.2) with respect to the existing literature and review the three key relevant areas - namely, MORO

approaches (Section 2.2.1) and the role of utility theory in the context of MORO (Section 2.2.2),

online surrogate models for MORO (Section 2.2.3), and SORO with decision-dependent uncer-

tainty (Section 2.2.4).

2.2.1 Multi-Objective Robust Optimization

The literature on robust optimization presents various methods for finding solutions that

are both optimal and robust (”insensitive”) to uncertainty [10, 13, 17, 18, 43–46].

Most MORO algorithms are bi-level - the upper-level problem (main problem) seeks to

optimize the objectives with respect to the decision variables, while the lower-level problem (sub-

problem) handles the uncertainty, given the solution from the upper level [11, 17, 39, 43, 47, 48].

The bi-level algorithms require two optimization problems to be solved, one for each level, and

the algorithm terminates once the solutions from both levels converge. The two main strategies
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for bi-level MORO are nested [11, 49, 50] and sequential approaches [11, 51, 52]. In nested bi-

level MORO, the upper-level optimization problem is solved to search the design space. For

each intermediate, or candidate, design solution found in the upper-level problem, the lower-

level problem is solved to determine whether that point is robust. This process repeats iteratively

until convergence is achieved. Generally, nested approaches offer better convergence properties

but can be more computationally expensive, compared to sequential approaches. Sequential bi-

level MORO, on the other hand, decouples the upper- and lower-level problems and solves them

sequentially within each iteration. The upper-level problem is solved first, then its solution is

used to solve the lower-level problem. Thus, only the optimal solutions (not the intermediate

ones) are evaluated for robustness. The sequential approach is computationally less expensive

than its nested counterpart, and may converge faster, but can be prone to premature convergence

and may not guarantee optimality together with robustness of solutions.

Most MORO methods reported in the literature utilize either evolutionary algorithms (EAs)

or decomposition based methods, due to their ability to obtain globally optimum solutions. Evo-

lutionary algorithms (EAs) [6, 53–55] are widely used due to their ability to handle complex,

nonlinear, and potentially discontinuous functions in problems. Examples include NSGA-II [56],

which uses a fast non-dominated sorting approach and a crowding distance mechanism to main-

tain solution diversity; and SPEA2 (Strength Pareto Evolutionary Algorithm) [57], featuring a

fine-grained fitness assignment strategy and a density estimation technique. Decomposition-

based methods, as the name suggests, decompose the multi-objective problem into simpler sub-

problems which are solved independently. Some examples include MOEA/D [58] decomposes a

multi-objective problem into several single-objective subproblems and optimizes them simultane-

ously; the weighted sum method [6] converts the problem into a single-objective one by assigning
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weights to each objective; and the ϵ-constraint method [6] optimizes one objective while treating

others as constraints with specified allowable thresholds.

In terms of handling the uncertainty and robustness aspect of the problem, the literature

reports several methods as well, including stochastic methods (such as stochastic or chance-

constrained programming) [20, 59, 60], implementation of constraint cuts and worst-case anal-

ysis [10, 46, 61], and scenario generation approaches [2, 9, 62], to name a few. In these cases,

the uncertain parameters are typically described either as interval [14, 52, 61, 63–65], or distribu-

tional [66–71] uncertainties. Stochastic methods [59,60,72,73] account for uncertainties by con-

sidering their probabilistic distribution and aim to find a solution that would remain feasible and

optimal for any realization of the uncertainty parameter. Stochastic optimization methods [13]

incorporate randomness directly into the optimization model, solving for solutions that perform

well on average or with a certain probability. The uncertainty is typically modelled through ran-

dom variables and the expected value is optimized, while chance-constrained programming [60]

ensures constraints are satisfied with a specified probability, providing a probabilistic guarantee

of feasibility. In the implementation of the worst-case analysis approaches [10, 16, 74], con-

straint cuts are utilized to iteratively refine the feasible solution space based on the worst-case

scenario of uncertain parameters. The worst-case scenario is obtained by solving the lower-level

problem of the bi-level MORO problem, which results in additional computational costs. On

a similar note, min-max optimization algorithms [15, 74] seek to minimize the maximum pos-

sible loss, ensuring robustness against the worst-case scenario. In scenario-generation based

approaches [2, 9, 62, 75, 76], the uncertainty is handled in a more straightforward way - a set

of scenarios representing different realizations of uncertain parameters is generated to capture

the range of possible outcomes. Then these scenarios are evaluated with respect to the candi-
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date solutions and to the robustness against uncertainty, ensuring the solution remains feasible

and optimal across all scenarios. However, most approaches still utilize another, lower-level op-

timization problem to refine the local solution, or to help select a new worst-case uncertainty

sample.

In the MORO methods reviewed from the literature, bi-level optimization approaches have

been implemented, which is computationally expensive. Moreover, all the methods make some

assumptions about the problems and have some limitations or restrictions, for example on the

uncertainty type. To address these drawbacks, a scenario generation based MORO algorithm is

proposed.

Although a sampling-based technique offers simplicity and flexibility in handling the un-

certainties, it may not scale well as the problem size increases and may become computationally

expensive. There are two ways to address this challenge - one is to convert the problem to a

single-objective formulation via a utility function (which will allow the use of a standard opti-

mization method which is more efficient); the other is to develop surrogate-based optimization

methods (which use surrogate (or meta-) models to replace the computationally expensive func-

tion evaluations, allowing faster optimization and uncertainty analysis).

2.2.2 Utility-Based Multi-Objective Optimization

Combining utility theory with mathematical programming has shown several advantages

in the context of MORO. Firstly, a utility function provides a structured way to model and in-

corporate a decision maker’s preferences, which can be an efficient way of aggregating multiple

objectives into a single measure [29, 77, 78]. Secondly, using a utility-based function converts
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the problem to a single-objective formulation, which makes it possible to apply efficient single-

objective optimization techniques [27, 29, 79, 80].

The development of a utility function usually starts with creating a single-attribute utility

function. A single-attribute utility function is used when an attribute can be evaluated based

on a single criterion or performance measure, such as cost. The utility function U(x) assigns

a numerical value, i.e., utility, to each possible value of the attribute, x. The utility value is

typically normalized on a scale range from 0 to 1, or from -1 to 0, where a higher utility value

usually indicates a preferred outcome [81]. When there are multiple attributes, a multi-attribute

utility function (MAUF) is created. A MAUF extends the concept of single-attribute utility by

aggregating the utilities of each attribute into an overall utility value, as shown in Equation (2.10):

U(x1, x2, ..., xn) = f(u1(x1), u2(x2), ..., un(xn)) (2.10)

where xi represents the value of the i-th attribute; and ui(xi) represents the single-attribute utility

function of the i-th attribute.

When the attributes are mutually preferentially independent, an additive utility function is

commonly used, as shown in Equation (2.11):

U(x1, x2, ..., xn) =
n∑

i=1

kiui(xi) (2.11)

where ki are the weights that reflect the importance of each attribute and
∑n

i=1 ki = 1.

In cases when attributes are not mutually independent but exhibit some interactions, a mul-

tiplicative utility function is more appropriate, which can be written as shown in Equation (2.12):
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kU(x1, x2, ..., xn) + 1 =
n∏

i=1

[kkiui(xi) + 1] (2.12)

where k is an additional scaling constant determined by the decision maker.

Note, in utility theory, attributes are usually equivalent to objective functions - i.e., the

utility function is a function of the objective functions, U = f(f1, f2, ..., fm), where fm is the

m-th objective function of the optimization problem. In this dissertation, however, it is assumed

that the attributes are equivalent to the decision variables, thus the utility function is a function of

decision variables - U = f(x1, x2, ...xn), where xn is the n-th decision variable.

Although the utility-based approach has its benefits, it does require a well-defined utility

function, which may be challenging to develop in practice [80]. Moreover, we are not solving

the original multi-objective problem when using the utility-based approach, since the objectives

have been combined into one. Depending on what utility function is used, this can skew the final

results.

2.2.3 Surrogate Modelling and Optimization

Surrogate modelling is a powerful tool in MORO to alleviate the computational burden

of black-box or expensive functions, such as simulations. By constructing approximations of

the objective functions and constraints, surrogate models allow for rapid evaluation of design

alternatives.

There are two main methods for implementing surrogates with MORO - offline and on-

line [82]. The offline surrogate approach builds a surrogate for the problem offline, prior to any

optimization. Then the MORO algorithm is applied to the surrogate problem. The advantage of
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this approach is that it is easy to implement and does not require specific integration with the

MORO algorithm. However, the ease of integration comes at a cost - the surrogate has to be built

for the entire design space, since the optimum is not known a priori, thus requiring more data (for

exploration of design space) to develop an accurate surrogate, which may become expensive and

even infeasible. Online surrogates address this limitation by adaptively updating the surrogate as

the MORO algorithm is running. This provides the advantage for the surrogate to learn about the

problem and sample points that are more promising, thus utilizing the concepts of exploration

and exploitation to effectively improve the surrogate accuracy as the optimum approaches [64].

Some examples of surrogate modelling techniques in MORO include Kriging [11, 32, 83–

85], radial basis functions [32, 86], and polynomial regression [30, 87].

Kriging, also known as Gaussian process regression, has become a popular surrogate mod-

elling technique in MORO due to its ability to provide both predictions and uncertainty esti-

mates, which is valuable for balancing exploration and exploitation in adaptive sampling strate-

gies and surrogate development. Additionally, Kriging is favoured for its flexibility and ability to

handle complex, nonlinear relationships between inputs and outputs with relatively few sample

points [64, 88]. Knowles [89] proposed the ParEGO (Pareto Efficient Global Optimization) al-

gorithm, which uses Kriging models and the expected improvement criterion to efficiently solve

multi-objective optimization problems. This work laid the foundation for many subsequent stud-

ies in Kriging-based MORO ( [61, 64, 85, 90]).

With the advent of machine learning and neural networks, many surrogate models began

adopting those techniques, such as radial basis functions (RBFs) and support vector machines

(SVMs), just to name a few. RBFs were introduced by Broomhead and Lowe [91] as a technique

for interpolation in high-dimensional spaces. In the field of MORO, RBFs gained popularity
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due to their flexibility, ability to handle nonlinear relationships, and computational efficiency

(e.g. black-box simulations), although most of the literature focuses on classical multi-objective

optimization ( [92–94]). Similar to other machine learning techniques, SVMs are capable of

handling high-dimensional spaces and non-linear relationships, but they are also less prone to

the curse of dimensionality, can handle noisy data better, and are able to efficiently find the most

critical points in the sampling set, while requiring relatively few training samples [95–97].

As modern problems become more complex, developing surrogate models becomes essen-

tial - the significant reduction in computational cost makes it feasible to tackle these problems.

However, as with all approaches, surrogate modelling does not come without its limitations. The

accuracy of the surrogate models has to be high, since an imperfect model can fail to capture the

true nature of the problem, leading to potential errors in the optimization process and suboptimal

or non-robust solutions. Additionally, constructing and updating surrogate models for multi-

ple objectives and uncertainty scenarios can itself be computationally demanding, especially for

large-scale problems. Finally, the performance of these methods heavily depends on the choice

of surrogate model and supporting functions (e.g., acquisition, basis, or kernel functions) and

relevant hyperparameters, which may require extensive tuning and validation.

2.2.4 Single-Objective Robust Optimization with Decision-Dependent Uncer-

tainty

Traditionally, in robust optimization (RO) the uncertainty is assumed to be fixed and in-

dependent of the decision variables. However, in many real-world applications the uncertainty

is influenced by the decision variables. This is known as endogenous, or decision-dependent
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uncertainty (DDU) [37, 98]. Accounting for DDU, rather than assuming a uniform uncertainty

across the entire design space, can allow for a more realistic modelling of uncertainty, reduce

conservatism and can improve solution quality [34, 37, 99]. However, when DDUs are consid-

ered, traditional algorithms for solving RO problems with fixed uncertainty become inapplicable.

This is because the problem structure and assumptions are altered - the previously selected worst-

case scenarios may fall outside the bounds of the uncertainty set for the new decision variables,

causing traditional algorithms to fail to converge [100].

The literature reports several approaches that have been developed to address DDU in

SORO problems. In many works, the uncertainty sets are constructed as polyhedral sets or sets

parameterized by binary decision variables [33, 37, 101]. This allows using linear programming,

or mixed-integer linear programming techniques to solve the optimization problem. Two-stage

and multistage robust optimization frameworks have been extended to handle DDU as well. In

these models, the uncertainty set is explicitly linked to decision variables obtained from the first-

stage optimization problem. Solution methods include iterative algorithms based on Benders

decomposition and column-and-constraint generation [34,100,102]. Adjustable robust optimiza-

tion frameworks, introduced by Ben-Tal [103], have also been extended to DDU problems. De-

cision rule approaches, which use parameterized policies for recourse actions, enable tractable

reformulations and efficient solution of problems with both continuous and binary recourse deci-

sions [99, 104].

While current research has provided some methods for solving robust problems with DDU,

many challenges still remain. For one, a general-purpose, tractable framework has yet to be

developed. Many current approaches and reformulations have strict assumptions or are problem-

specific, thus limiting their application to a broader range of problems. Computational complexity
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and scalability is another issue. Many RO problems with DDU make the problem non-convex or

NP-hard, making them computationally intractable for larger-scale problems.

2.3 Research Gaps and Dissertation Aim

While there have been many advances in the field of MORO, especially in relation to im-

proving the efficiency of MORO algorithms (both computational efficiency and efficiency in

finding a robust solution) there are still some avenues to explore.

In the field of MORO, there is a significant reliance on bi-level optimization approaches.

These approaches, although effective, can be computationally intensive, time consuming, and

in some cases challenging to implement. Additionally, most existing methods assume certain

problem characteristics (e.g., continuous, differentiable functions in optimization problems) and

uncertainty types (e.g., following a normal distribution), which limits their applicability in more

diverse and realistic scenarios. So, one of the primary research gaps lies in the need for more

efficient or simpler algorithms that can handle the complexities of MORO problems without

the extensive computational burden. And there is a need for more generalized approaches that

can accommodate various types of problems and forms of uncertainty, without sacrificing the

robustness of solutions.

Although surrogate models have become essential for approximating expensive functions

and reducing computational costs (especially with the advent of machine learning techniques),

some research gaps persist, specifically in the context of MORO. Generally, developing a sur-

rogate model assumes a constant or fixed underlying problem, which does not change across

iterations, allowing the surrogate to adapt and learn accordingly. Even in these cases, ensuring
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high accuracy of surrogate models is challenging - there are a lot of dependencies that need to

be considered and tuned, such as the choice of surrogate model, supporting functions for the

surrogate, hyperparameter values, and sampling strategy for updating the surrogate model. How-

ever, in some MORO approaches, the underlying problem slightly changes every iteration (e.g., a

new infeasible constraint is added) - the literature has yet to address the challenge of developing

surrogate models that can dynamically adapt to the evolving MORO problem landscape, without

compromising the accuracy and computational demand.

Another area of RO that requires further research is problems with decision-dependent

uncertainty. Traditional RO methods fall short, and while several problem-specific reformulations

exist, there are very few few general-purpose and tractable frameworks for solving RO problems

with DDU.

In view of the challenges and issues that have been uncovered in some of the current MORO

methods reported in the literature, this dissertation aims to address the gaps described in this

section. Thus, the key contributions of this dissertation are:

1. A general sampling-based multi-objective robust optimization method (OSB-MORO), which

follows a single-level, iterative approach. Reducing the MORO algorithm to solving only

one optimization problem per iteration and handling the uncertainty in a sampling based

manner can help alleviate the computational burden and mitigate the limitations of other

MORO approaches that rely on specific problem assumptions or characteristics. Moreover,

due to its general nature, this approach provides a framework for solving MORO problems

utilizing a scenario generation technique to handle the robustness. The framework and

approach can be further modified to adapt to a specific problem.
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2. An online surrogate sampling-based MORO (SSB-MORO) approach, which integrates a

Kriging model to improve the computational effort of the OSB-MORO approach

3. A sampling-based single-objective robust optimization with decision-dependent uncertainty

(SB-SORO-DDU) approach, which presents a simple and flexible way of handling endoge-

nous uncertainty without significantly complicating the problem. This approach presents a

tractable framework, that does not require a reformulation of the problem.

The next three chapters will dive into the details of the proposed approaches to address

some of the research gaps discussed. The next chapter will describe the original sampling-based

multi-objective robust optimization (OSB-MORO) approach, which constitutes the foundation of

all the subsequent approaches.
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Chapter 3: Original Sampling-Based Multi-Objective Robust Optimization

(OSB-MORO) 1

This chapter will focus on describing the original sampling-based multi-objective robust

optimization (OSB-MORO) approach [2] for solving the problem formulated by Equation (3.1):

min
x

f(x, u)

subject to:

gj(x, u) ≤ 0; j = 1, ..., J

fm(x, u)− fm(x, u0) ≤ AOV Rm; m = 1, ...,M

x ∈ [xlb, xub]

∀u ∈ [u0 + ∆u]

∆u ∈ [∆ulb,∆uub]

(3.1)

The formulation in Equation (3.1) assumes objective-feasibility robustness. However, if

uncertainty is only present in the constraints, then the AOV R constraint is removed. Likewise, if

only objective robustness is considered, then the uncertainty, u, is removed from the constraints

gj(x).

1A version of this chapter was presented at the ASME IMECE-2024 conference [1] and further revised and
published in the ASME Journal of Computing and Information Science in Engineering [2]
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The OSB-MORO algorithm will be described in detail in Section 3.1, and its performance

will be demonstrated on a few examples (Section 3.2) and a USV case study (Section 3.2.6).

Section 3.3 will introduce a reformulation of the MORO problem as a single-objective problem

via a multi-attribute utility function (MAUF) and apply the proposed OSB-MORO approach to

the USV case study with a MAUF formulation (Section 3.3.2). Section 3.4 will conclude this

chapter with a summary and discussion of some of the drawback and limitations of the baseline

OSB-MORO approach.

3.1 Overview of Approach

The OSB-MORO approach is a single-level, sequential method, based on a scenario gen-

eration scheme created by sampling uncertain parameters. A single-objective version of the ap-

proach was reported elsewhere [9]. The proposed method follows an iterative approach, where

the optimization problem is first solved to get a preliminary solution, and then the uncertainty is

handled by a sampling technique, using a fixed set of uncertainty samples.

A high-level flowchart of the proposed approach is shown in Figure 3.1, and its corre-

sponding pseudocode is provided in Algorithm 1.

In the initialization step, all the uncertain parameters are set to their nominal values or

assumed with initial values, u0. Then, the optimization problem is solved to obtain a set of

non-dominated solutions, x∗. Note, that for the first iteration, since the uncertain parameters are

assumed to be taken at their nominal values, the solutions, x∗, are the deterministic solutions to

the optimization problem. Next, a number of new samples (or scenarios), u, are generated. In

this case, a Latin-Hypercube sampling (LHS) approach [105] is implemented for a fixed number

32



Figure 3.1: Flowchart of OSB-MORO approach

of samples. Then, all the constraints are evaluated for all non-dominated points, x∗, for each

realization of u, and a feasibility check is performed. The constraint with the maximum violation

is added to the optimization problem. At this point, as single MORO iteration is complete. The

algorithm continues, so, for the next iteration, the problem is resolved (now with the additional

constraint), a new set of non-dominated solutions is obtained, and the procedure is repeated. The

algorithm stops once all the constraints are satisfied at the scenario generation stage – i.e., at this

point no realization of u has violated any of the constraints for the current x∗. Thus, the solutions

x∗ found in the current iteration are returned as the robust optimal solutions.

In further discussion of the details of the approach, Step X will refer to the corresponding

step in the flowchart (Figure 3.1) and Line A.Y will refer to the line number Y of the pseudocode

for Algorithm A (defined in Algorithm 1).
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Algorithm 1: OSB-MORO algorithm

Input: problemDef,ROoptions
Output: [detsoln, rosoln, allsoln]
/* Step 1 - Initialization */

1 uinfeas ← [ ] ;
2 coninfeas ← [ ] ;
3 u← u0 ;
4 for iter = 1 to maxIter do

/* Step 2 - Solve optimization problem */
5 if iter = 1 then
6 [x∗, f ]← solverFctn(problemDef,u0, uinfeas, coninfeas) ;
7 detsoln ← [x∗, f ] ;
8 else
9 [x∗, f ]← solverFctn(problemDef,u0, uinfeas, coninfeas) ;

10 allsoln(iter)← [x∗, f ] ;

/* Step 3 - Generate S uncertainty samples */
11 unew ← generateNewU(problemDef, S) ;

/* Step 4 - Evaluate constraints */
12 g← [ ] ;
13 for sample = 1 to S do
14 u← unew(sample) ;
15 g← evaluateConstraints(problemDef,x∗,u) ;

/* Step 5 - Check constraint feasibility */
16 if max(g) < tol then
17 break ;

/* Step 6 - Add worst-case constraint to problem */
18 else
19 [uinfeas, coninfeas]← findMaxViolation(g,unew) ;
20 problemDef.new constr ← [uinfeas, coninfeas]

21 rosoln ← [x∗, f ] ;

Step 1: Initialization and Problem definition

In this step, the problem is defined and the options for running the MORO algorithm are set.

The input to the algorithm, problemDef , contains all the information related to the problem def-

inition - namely, the formulation of the objective and constraint functions, the lower and upper

bounds for the decision variables, the robustness type of the problem (e.g., feasibility or objec-

tive robustness), and the AOVR values (if applicable). Additionally, the uncertainty parameters
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are defined - their nominal values and variation bounds. Finally, the problem solver options are

defined - these are dependent on the solver algorithm selected (e.g., genetic algorithm or pareto

search), the platform used to solve the problem (e.g., MATLAB or Python), and of course the

nature of the problem itself, since different problems may require different solver option settings

for best performance.

The other input to the algorithm, ROoptions, allows the user to specify details of the MORO

algorithm - e.g., the maximum number of iterations, maxIter (Line 1.4), to loop through be-

fore terminating the algorithm and reporting the final (robust) solution, how many samples, S

(Line 1.11), to generate for the robustness evaluation, and the tolerance, tol (Line 1.16), for ac-

ceptable constraint violation.

Line 1.1: uinfeas is the set of uncertainty parameters that led to a maximum constraint violation.

Line 1.2: The set coninfeas keeps track of which constraints were violated.

Line 1.3: For the first iteration all uncertainties are set to their nominal values. Additionally, since

for the first iteration there are no additional infeasible constraints added to the problem yet, the

reported solution is the deterministic solution to the problem.

Step 2: Solve optimization problem

As the name implies, during this step the optimization problem is solved.

Lines 1.5-1.10: The solverFctn solves the optimization problem, with the uncertainties set

to their nominal values, u0. The optimized decision variables (the non-dominated set), x∗,

as well as the associated optimal objective function values, f , are returned. For this disserta-

tion, MATLAB’s multi-objective genetic algorithm (MOGA) solver, gamultiobj, was imple-

mented [106], which is based on a non-dominated sorting algorithm (NSGA-II) [6]. Note, that

for the first iteration, the deterministic solution is returned, since the uncertain parameters are set
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to their nominal values and no infeasible uncertainties or constraints are present yet. Subsequent

iterations return intermediate solutions, till the algorithm is terminated.

Step 3: Generate uncertainty samples

In this step, a fixed number of uncertainty samples are generated (where a sample is a single

realization for each uncertainty parameter of the problem).

Line 1.11: The generateNewU function generates a set of uncertainty samples, using the Latin-

Hypercube sampling method. The uncertainty space to sample from is defined by the nominal

uncertainty value, u0, and the uncertainty variation range, ∆u, i.e. u ∈ [u0 + ∆u]. The

number of uncertainty samples to generate, S, is defined by the user.

Step 4: Evaluate constraints

Once the uncertainty samples have been generated, they can be evaluated for each constraint.

Note, in Figure 3.1, the approach with feasibility robustness is considered (evaluating only the

gj(x
∗,u) constraints). For problems with objective robustness, the AOVR constraint (Equation

(2.3)) is evaluated as well.

Line 1.15: The evaluateConstraints function evaluates all the problem’s constraints at

the current solutions, x∗, and current realization of the uncertainty parameter, u. Note, that for

the first iteration, the problem constraints contain only the constraints from the original problem

formulation. For subsequent iterations, the number of constraints increases by one, since the

maximum infeasible constraint is added to the problem by the end of each MORO iteration.

Step 5: Check constraint feasibility

After all constraints have been evaluated for each uncertainty sample, u, and each solution point,

x∗, the maximum constraint violation can be determined.

Step 6.1: BREAK
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Lines 1.16-1.17: If the maximum constraint value is less than the constraint tolerance, tol, speci-

fied by the user, then the procedure stops and the optimal solution has been found.

Line 1.21: The robust optimal solution is the solution found in the current iteration, where no

constraint violations have been found.

Step 6.2: Add worst-case constraint to problem

If the maximum constraint violation is greater than the specified constraint tolerance, then that

constraint is added to the problem, and the algorithm continues to the next iteration, starting from

Step 2.

Line 1.19: In order to add the worst-case constraint to the problem, the algorithm needs to deter-

mine which constraint was violated (coninfeas) and which set of uncertainty parameters caused

the maximum violation (uinfeas) - this is performed by the findMaxViolation function.

Line 1.20: Once the worst-case constraint has been identified, it can be appended to the problem

as an additional constraint with the corresponding uncertainty values that led to the infeasibility.

The approach described above is very general in nature and can be applied to a range of

problems – constrained and unconstrained, linear and non-linear, continuous and discrete, as well

as problems where the objectives and constraints are black-box models. Additionally, although

the description of the approach focused on interval uncertainty, in theory, any uncertainty type

can be handled - such as distributional, or a mix of interval and distributional.

One note to consider is that, for the approach to find a truly robust solution, the uncertainty

space should be well explored, which relates to determining the appropriate number of samples

to consider for the uncertainty sample generation. There is no general rule to determine an op-

timal sample size, and it is evident that this number will be dependent on the size and nature

of the problem – specifically, how many uncertain parameters are being considered, how many
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constraints contain any of the uncertain parameters, whether there are any couplings between the

uncertainties, etc. Naturally, as the size and complexity of the problem increases, the number of

samples and thus the computational effort of this approach can increase substantially.

3.1.1 Computational Effort

For the OSB-MORO approach (Equation(3.2)), the computational complexity (number of

function calls) depends on:

a) the number of iterations of the MORO algorithm required to achieve a robust solution (I);

b) the number of function calls required for the solver (G); in this approach, since the MOGA

solver (NSGA-II) is used, the computational complexity isO(MN2) [107], where N is the

population size and M is the number of objectives;

c) the number of uncertainty samples (S) generated to evaluate the robustness of the obtained

non-dominated solutions (K)

O(OSB-MORO) = I × (M ×N2 + S ×K) (3.2)

Following the assumption that the NSGA-II solver is used, it can be seen that the driving

factor of the computational complexity is the population size (N ), which leads to a quadratic

growth, rather that the number of samples (S), which yields a linear relationship with respect to

complexity - as seen in Figure 3.2.
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Figure 3.2: OSB-MORO computational complexity with respect to number of uncertainty sam-
ples (O(S)) and population size (O(N))

3.2 Examples

This section will show applications of the proposed OSB-MORO approach to some numer-

ical and engineering examples, as well as a USV case study. A summary of example problems

considered is presented in Table 3.1.

The optimization solver implemented for all the example problems was MATLAB’s multi-

objective genetic algorithm (MOGA) solver gamultiobj (version 2022b) [106], and each ex-

ample was solved 10 times to account for the stochasticity of MOGA and the scenario generation.

The examples were solved with the following MOGA and RO algorithm options, as shown in Ta-

ble 3.2. The remaining parameter settings for the MOGA solver were set to their default values.

The number of uncertainty samples to generate for the robustness evaluation was derived based
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Table 3.1: Summary of OSB-MORO Test Problems

MinEx TNK CTP Three-Bar Truss ZDT3 USV

M 2 2 2 2 2 2
J 2 2 1 3 0 3
N 2 2 10 2 variable 10
P 1 2 2 2 2 1
type obj-feas feas feas obj-feas obj feas

M - number of objectives; J - number of constraints; N - number of decision variables; P - number
of uncertain parameters; ”type” refers to robustness type - feasibility (”feas”) robustness, objective
(”obj”) robustness, or objective-feasibility (”obj-feas”) robustness.

Table 3.2: MOGA and RO option settings for numerical and engineering example problems

MOGA options

Maximum generations 500
Population size 200
Pareto fraction 0.35

RO options

Maximum MORO iterations 15
Number of uncertainty samples 1000

on empirical studies performed on the test problems listed in Table 3.1 during the development of

the approach. It was determined that the range of the uncertainty variation as well as the number

of constraints the uncertainty appears in seem to have the most influence on the number of sam-

ples required to obtain a robust solution. So, to accommodate all example problems, the sample

size was set to 1000.

In order to evaluate the performance of the proposed OSB-MORO method and compare

it to an existing method, called Improved MORO, introduced by Hu et al. [63], three quality

metrics were used - the hyperarea difference (HD) [41], the overall spread (OS) [41], and spac-

ing (SP) [42]. Additionally, the number of function calls and the number of MORO iterations

required to converge to a robust solutions were reported.
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The Improved MORO [63] is an iterative sequential bi-level MORO approach, where the

robustness is determined based on a worst-case analysis. The upper-level problem is solved to

find an optimal solution, then the lower-level problem is solved to check whether all the solutions

from the upper-level problem are robust. To obtain a robust solution, the feasible domain is

iteratively confined by constraint cuts determined by the solutions from the lower-level problem.

3.2.1 MinEx - Illustrative Example

The first problem, MinEx, is presented as an illustrative example, to walk through the steps

of the OSB-MORO algorithm. It was first introduced by Deb [6] and later adapted by Hu et

al. [63] to include uncertainty. The formulation is presented in Appendix A.1.

Step 1: Initialization and Problem definition

The problem is defined as shown in Appendix A.1, Equation (A.1). The uncertainty is set to its

nominal value.

Step 2: Solve optimization problem

The problem is solved using MATLAB’s MOGA solver, and a set of non-dominated solutions,

x∗, are obtained, as show by the Pareto front in Figure 3.3. Note, that since the uncertainty was

set to its nominal value, the obtained solution is the deterministic solution to the problem.

Step 3: Generate uncertainty samples

In this step, 100 uncertainty samples (just for illustrative purposes) are generated using the LHS

technique. The uncertainty variation range is ∆u = ±0.3, so the uncertainty was sampled from

an interval range of [0.7, 1.3].
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Figure 3.3: MinEx problem solution for iteration #1

Step 4: Evaluate constraints

In this step the constraints are evaluated for all obtained non-dominated solutions (x∗) and all

realizations of uncertainty (u). Note, that since this problem is of objective-feasibility type,

the AOVR constraint (Equation (2.3)) is also considered. Hence, the following constraints are

evaluated:

g1(x
∗,u) = 6− 9x∗

1 − ux∗
2 ≤ 0

g2(x
∗,u) = 1− 9x∗

1 + ux∗
2 ≤ 0

∆f1 = f1(x
∗,u)− f1(x

∗,u) ≤ 0.3

∆f2 = f2(x
∗,u)− f2(x

∗,u) ≤ 0.6

(3.3)

Figure 3.4 shows a heatmap of the constraint violations for each constraint. The x-axis

represents the uncertainty sample, and the y-axis represents the non-dominated solution point.

The magnitude of the constraint violation is represented by the colorbar, and the grey points

represent feasible points. Thus, it can be seen, for example, that constraint 1 (g1) has the most
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Figure 3.4: MinEx problem constraint violations for iteration #1

violations across all non-dominated points and uncertainty samples, and constraint 4 (∆f2) is

violated only for a few uncertainty samples and non-dominated points.

Step 5: Check constraint feasibility

Once all the constraints have been evaluated, the maximum constraint violation can be deter-

mined. In this case, the maximum constraint violation was for g1 = 0.728 for u = 0.705.

Step 6.2: Add worst-case constraint to problem

From the previous step it was determined that the uncertainty value u = 0.705 led to the maxi-

mum constraint violation for g1. Thus, the infeasibility sets for the constraints and uncertainties

are updated accordingly - coninfeas = [g1], uinfeas = [0.705] - and the following constraint is

added to the problem:

g
(1)
1,infeas(x) = 6− 9x1 − 0.705x2 ≤ 0 (3.4)
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Figure 3.5: MinEx problem solution for iteration #2

This completes the first iteration of the OSB-MORO algorithm.

The second iteration of OSB-MORO returns to Step 2 of the algorithm - however, now the

problem is solved with the additional constraint, as shown in Equation (3.4). The resulting Pareto

front is shown in Figure 3.5, in orange, whereas the points in blue show the solution from the

first iteration. It can be seen that the additional constraint led to some separation between the two

Pareto curves. Figure 3.6 shows the subsequent constraint violations calculated in Step 4 for the

second iteration. This time, most violations occur for constraint 2 (g2), rather than constraint 1

(g1). The maximum constraint violation happened for g2 for u = 1.298 - these were appended to

the infeasibility sets, i.e. coninfeas = [g1, g2] and uinfeas = [0.705, 1.298]. Thus, in Step 6.2,

the following constraint is added to the problem:

g
(2)
2,infeas(x) = 1− 9x1 + 1.298x2 ≤ 0 (3.5)

44



Figure 3.6: MinEx problem constraint violations for iteration #2

The algorithm repeats and stops after 6 iterations, once all the constraints are satisfied

during the robustness evaluation step (Step 4).

3.2.2 TNK - Numerical Example

The next example presented is a simple numerical example, known in the literature as

TNK, was first introduced by Tanaka et al. [108] and later modified to include uncertainty by

Hu et al. [10]. The formulation is presented in Appendix A.2. It is a non-linear, constrained,

bi-objective problem, with two decision variables and two uncertain parameters, which appear in

one of the constraints.

The proposed OSB-MORO algorithm was applied to the problem, and the results are shown

in Figure 3.7. The blue and red lines show the deterministic and robust solutions across all runs,

respectively.
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Figure 3.7: TNK solution for OSB-MORO

Table 3.3: TNK Result Comparison - OSB-MORO

Metric [mean (std)] OSB-MORO Improved MORO [63]

HD 0.580 (0.001) 0.581 (0.003)
OS 0.459 (0.008) 0.458 (0.011)
SP 0.004 (0.001) 0.005 (0.001)
Function Calls 344,316 (135,366) 817,740 (101,004)
MORO Iterations 3 (0.943) 3 (0)

The quality metrics were calculated and averaged across all runs and compared to the per-

formance of the Improved MORO approach [63] - the results are presented in Table 3.3. It can be

seen that the proposed approach outperforms Improved MORO with respect to the mean values,

especially in terms of function calls, reducing the computational effort in half. The proposed

approach also has a tighter standard deviation, leading the results to be more consistent across

independent runs.
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Figure 3.8: CTP solution for OSB-MORO

3.2.3 CTP - Numerical Example

The CTP example is a highly non-linear bi-objective problem, with one constraints, ten

decision variables and two uncertain parameters. The problem was initially introduced by Deb [6]

and later modified by Hu et al. [10] to include uncertainty. The formulation of the problem is

presented in Appendix A.3.

The results are shown in Figure 3.8. The problem was run 10 times (independently) and

the bounds for the deterministic and robust solutions across runs are shown in blue and red,

respectively.
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Table 3.4: CTP Result Comparison - OSB-MORO

Metric [mean (std)] OSB-MORO Improved MORO [63]

HD 0.712 (0.004) 0.760 (0.001)
OS 1.870 (1.022) 0.834 (0.102)
SP 0.034 (0.020) 0.006 (0.004)
Function Calls 2,176,400 (863,520) 3,598,252 (1,764,746)
MORO Iterations 10.8 (2.741) 5 (1.414)

The average and standard deviation values of the quality metrics are summarized in Ta-

ble 3.4. The OSB-MORO approach performs better than the Improved MORO with respect to

the HD, OS, and function call metrics.

3.2.4 Three Bar Truss - Engineering Example

OSB-MORO was also applied to an engineering example - the three-bar truss problem

taken from [61]. The problem is bi-objective with three constraints, and two design variables.

The uncertainty is connected to the design variables and appears in both the objective functions

and constrains, making the problem an objective-feasibility MORO problem. The description

and formulation of the problem can be found in Appendix A.4

The results are shown in Figure 3.9. The blue and red curves show the deterministic and

robust solutions, respectively.

The quality metrics were calculated and averaged across all 10 runs and compared to the

performance of Improved MORO [63] - the results are presented in Table 3.5. As shown in Table

3.5, the results from the proposed approach appears to show better performance than Improved

MORO, particularly the function calls, somewhat comparable for HD and SP, and slightly worse

with respect to OS.
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Figure 3.9: Three-bar truss solution for OSB-MORO

Table 3.5: Three-Bar Truss Result Comparison - OSB-MORO

Metric [mean (std)] OSB-MORO Improved MORO [63]

HD 0.487 (0.006) 0.483 (0.001)
OS 0.595 (0.034) 0.651 (0.001)
SP 0.008 (0.001) 0.008 (0.002)
Function Calls 343,862 (144,229) 712,297 (90,281)
MORO Iterations 3 (0.943) 3 (0)
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(a) N = 5 (b) N = 10 (c) N = 20

Figure 3.10: ZDT3 solutions for N = 5, 10, 20 for OSB-MORO

3.2.5 ZDT3 - Scalable Example

The OSB-MORO approach was applied to a scalable example problem - ZDT3 [6], which

was adapted to include uncertainty in [10]. The example is an unconstrained bi-objective problem

with a variable number of decision variables (N ) and two uncertain parameters. The formulation

of the problem is shown in Appendix A.5.

The ZDT3 problem was solved for N = 5, 10, 20 decision variables and the results and

quality metrics are shown in Figure 3.10 and Table 3.6, respectively. It is interesting to observe

that the HD metric improves as the number of variables increases. Based on the Pareto fronts

in Figure 3.10, it makes sense - as the number of variables increases, the separation between

the deterministic and robust solutions decreases (i.e. the robust solution is closer to the true

Pareto front, thus leading to a smaller HD value). On the other hand, the OS metric seems

to worsen as the number of decision variables increases. The remaining quality metrics are

somewhat comparable.
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Table 3.6: ZDT3 Result Comparison - OSB-MORO

Metric [mean (std)] N = 5 N = 10 N = 20

HD 0.677 (0.002) 0.636 (0.017) 0.616 (0.013)
OS 0.500 (0.001) 0.378 (0.111) 0.395 (0.098)
SP 0.005 (0.002) 0.004 (0.001) 0.004 (0.001)
Function Calls 557,370 (162,070) 504,812 (165,498) 554,539 (205,527)
MORO Iterations 6.6 (1.140) 4.1 (0.994) 4.4 (1.174)

3.2.6 USV Case Study

The proposed OSB-MORO approach was also applied to a real world engineering problem

- a case study of an unmanned surface vessel (USV) [2]. Details of the USV system and modelling

are described in Appendix B.

The USV case study is formulated as a bi-objective RO problem, with the objectives being

to maximize the minimum USV speed (speedmin) and maximize the final system reliability (R).

Constraints are imposed on the sway force experienced by the USV (Fy), the final distance to

the target destination (d), and the system reliability (R). The constraints have been normalized

to improve the solver performance. The uncertainty parameter is manifested in the form of the

wave current direction. The formulation of the problem is presented in Equation (3.6).
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min{−f1 = speedmin,−f2 = R}

subject to:

g1(x, u) = max(Fy)/300kN − 1 ≤ 0

g2(x, u) = d/5km− 1 ≤ 0

g3(x, u) = −R/0.5 + 1 ≤ 0

0 ≤ xi ≤ 1,∀i = 1, 2, 3, 4, 5

− 30◦ ≤ x6 ≤ 30◦; −90◦ ≤ xi ≤ 90◦,∀i = 7, 8, 9, 10

u = u0 +∆u

u0 = −45◦; ∀∆u ∈ [−1◦, 1◦]

(3.6)

The decision variables, xi,∀i = 1, ..., 10, represent the USV’s throttle and heading values

for each of the 5 profile stages. The uncertainty, u, is considered in the wave current direction, and

set as an interval uncertainty, with the nominal value of u0. Some preliminary simulation analysis

has shown that the second constraint, g2, is extremely sensitive to variations in the uncertainty

value, so the allowable range was limited to ensure a viable solution could be found. The first

objective, f1, is to maximize the minimum USV speed. This objective ensures that the USV

gets to the destination as quickly as possible. The second objective, f2, is to maximize the final

system reliability. Constraint g1 ensures that the USV does not experience any wave forces above

a certain threshold, and constraint g3 enforces a limit on acceptable system reliability. Constraint

g2 ensures the USV arrives at the destination and inherently accounts for optimizing the route of

the USV from the origin to the target destination.

As a reminder, since the system reliability was found to be fairly immutable with respect
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Table 3.7: MOGA and RO option settings for USV case study

MOGA options

Maximum generations 75
Population size 200
Pareto fraction 0.35

RO options

Maximum iterations 3
Number of uncertainty samples 25

to varying input conditions (e.g., decision variables), a modified reliability value was used (fol-

lowing Equation (B.5) in Appendix B.3). The modification parameters α = 1 and α = 4 were

used.

Due to the complexity of the problem and computational intensity, the MOGA and RO

options were limited to the values set in Table 3.7. These measures were set to ensure the MORO

algorithm can produce some sensible results in a reasonable amount of time.

Figure 3.11 shows the resulting observed Pareto fronts for the USV problem, for the cases

when α = 1 (circles) and α = 4 (squares). The blue represent the deterministic solutions, and the

red - the robust solutions. As it can be seen, some of the points of the robust solution overlap with

the deterministic solution - this can be due to several factors, such as the premature termination

of the optimizer, or the limited samples size in the uncertainty generation step.

One observation can be made about the degradation of the system (represented by the reli-

ability value) and how various α values from the adjusted reliability calculation (Equation (B.5))

affect the solutions. The most noticeable difference is that for α = 4, the system can maintain a

higher reliability (above 0.75), compared to the case when α = 1, where the reliability is under

0.65. This observation makes sense given the adjusted reliability calculation in Equation (B.5).

In Figure B.4 it can be seen that the reliability decreases linearly w.r.t the throttle for α = 1,

53



Figure 3.11: USV Pareto Fronts for α = 1 and α = 4

whereas for α = 4, the reliability decreases at a significantly slower rate, at least initially. This

implies that overall, the system reliability will be lower, when α = 1 and higher when α = 4.

Also, constraint g3 in Equation (3.6) enforces a 0.5 lower bound on the system reliability - so, for

α = 1, the throttle is limited to about 0.7, but for α = 4, the throttle can reach a maximum of

about 0.9. Since the USV speed is proportional to the throttle, it is reasonable to assume that the

USV speed may be higher when α = 4, compared to when α = 1 - the Pareto front in Figure 3.11

exhibits this as well.

Another observation can be made regarding the spread of the solutions. The constraint on

the system reliability (g3 in Equation (3.6)) indirectly limits the maximum throttle and therefore

the speed too; however the distance constraint (g2 in Equation (3.6)) indirectly enforces a lower

bound on the speed and consequently the throttle as well. So, the optimization solver must find a

throttle range that is feasible for both constraints. Referring to Figure 3.11 and the discussion in
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(a) USV Input and Output Values for α = 1 (b) USV Path for α = 1

(c) USV Input and Output Values for α = 4 (d) USV Path for α = 4

Figure 3.12: USV trajectories and control values for α = 1 and α = 4.

the paragraphs above, it is apparent that for α = 4, the throttle has a greater range than for α = 1,

hence the solution has a greater spread as well.

To visualize the deterministic and robust solutions, the USV simulation was run with the

corresponding inputs for one of the extreme cases - the best f1 values. The results are shown

in Figures 3.12a, 3.12b for α = 1 and Figures 3.12c, 3.12d for α = 4. Figures 3.12a and

3.12c show the decision variables (input throttle and heading) and speed profile (the objective

value) during the mission. The blue and red lines represent the deterministic and robust solutions,

respectively. As alluded to previously, the overall throttle and speed values are higher for the case

when α = 4, and the deterministic and robust solutions are more diverse. The heading for both
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cases is different, which can be explained by the uncertainty parameter (wave current direction).

Figures 3.12b and 3.12d show the resulting deterministic and robust paths of the USV for both

cases. The speed of the USV (in knots) along the path is represented by the color according to

the colorbar range on the right hand side of the figure. It is interesting to observe that the paths

for both cases (α = 1 and α = 4) follow very different trajectories; however, the deterministic

and robust solutions are somewhat similar for each respective case.

3.3 Utility-Based Sampling-Based Multi-Objective Robust Optimization (USB-

MORO)

The OSB-MORO approach can also be applied to single-objective optimization problems.

This can be achieved by reformulating the multi-objective problem as single-objective - by use

of a multi-attribute utility function (MAUF). The use of utility functions as scalarization methods

for multi-objective problems has been used in the literature extensively [27]. Utility functions

are a foundational concept in decision theory, providing a structured way to model and quantify a

decision maker’s preferences over a set of choices or outcomes under uncertainty. Utility theory

is commonly used and particularly useful when decisions must be made among alternatives that

involve trade-offs between competing attributes.

3.3.1 USB-MORO Problem Formulation and Approach

The problem formulation for the utility-based single-objective version of OSB-MORO is

shown in Equation (3.7):
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min
x

[−w1U(x, u) + w2∆f ]

subject to:

gj(x, u) ≤ 0; j = 1, ..., J

x ∈ [xlb, xub]

∀u ∈ [u0 + ∆u]

∆u ∈ [∆ulb,∆uub]

where

∆f = U(x, u)− U(x, u0)

w1 + w2 = 1

(3.7)

In Equation (3.7), the objective function consists of two parts - a weighted combination of

the utility function, U(x, u), and variation vector, ∆f . The first term, U(x, u), represents the

utility function. Since the goal is typically to maximize the utility, a negative sign is present.

The second term, ∆f , represents the amount of variation between the actual (due to uncertainty,

u) and nominal values for the utility function. This term is equivalent to the AOVR constraint

in Equation (3.1). The reason for including the variation vector, ∆f , in the objective function,

rather than treating it as an AOVR constraint, is as follows. Since the objective is represented as

a utility function, which combines several attributes and is usually scaled between 0 and 1 (or -1

and 0), the actual value of the utility loses its physical meaning, making it difficult to assign a

single representative AOVR value. However, since it is still desirable to minimize the variation

due to uncertainty, the term is included in the objective function.
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Both terms in the objective function are assigned weights (the sum of which equal to 1),

which are determined by the decision maker. If both terms are equally important, then set w1 =

w2 = 0.5. If the utility term is more important, then set w1 > w2, and vice versa. Moreover, if the

decision maker wants to see a tradeoff between the two terms, they can implement the weighted

sum method [6] and run a sweep of weight values to obtain a curve of Pareto-optimal points.

The rest of the problem formulation is identical to the one presented for OSB-MORO in

Equation (3.1).

The approach for USB-MORO follows the same steps as OSB-MORO (refer to Figure 3.1

and Section 3.1). The only difference is that the solver in Step 2 should be a single-objective

solver, such as genetic algorithms (GA) [109, 110], or gradient-based methods [111].

3.3.2 USV Case Study

The USB-MORO approach was applied to the USV case study, the details of which are

described in Appendix B.

The USV case study is formulated as a single-objective problem, with the objective of

maximizing the utility and minimizing the variation of utility due to uncertainty. Constraints are

imposed on the sway force experienced by the USV (Fy), the final distance to the target destina-

tion (d), and the system reliability (R). The constraints have been normalized to improve solver

performance. The uncertainty parameters are manifested in the current directions and current

speeds. The formulation of the problem is presented in Equation (3.8). Note, the formulation

of the problem used for USB-MORO is not equivalent to the formulation used for OSB-MORO

- since the attributes of the utility function are based on the decision variables and uncertain
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parameters, not the original objective functions.

min{−0.5U(x, u) + 0.5∆f}

subject to:

g1(x, u) = max(Fy)/350kN − 1 ≤ 0

g2(x, u) = d/5km− 1 ≤ 0

g3(x, u) = −R/0.5 + 1 ≤ 0

0 ≤ xi ≤ 1,∀i = 1, 2, 3, 4, 5

− 30◦ ≤ x6 ≤ 30◦; −90◦ ≤ xi ≤ 90◦,∀i = 7, 8, 9, 10

u = u0 + ∆u

u0 = [12.51◦, 30.81◦, 11.42◦, 7.9◦, 10.54◦, ...

...0.06m/s, 0.06m/s, 0.11m/s, 0.09m/s, 0.14m/s]

∀∆u ∈ ±[5◦, 5◦, 5◦, 5◦, 5◦, ...

...0.01m/s, 0.01m/s, 0.01m/s, 0.01m/s, 0.01m/s]

where

∆f = U(x, u)− U(x, u0)

(3.8)

The decision variables, xi, are the USV throttle and heading values for each section of the

trip. The first 5 uncertain parameters represent the current directions, and the last 5 represent the

current speeds for each section of the trip. The nominal values for the uncertainties are set to u0,

with a variation of ∆u ∈ [−5◦, 5◦] for the current directions and ∆u ∈ [−0.01m/s, 0.01m/s]

for the current speeds.

59



Table 3.8: fmincon and RO option settings for USV case study (USB-MORO approach)

fmincon options

Algorithm interior-point
Subproblem Algorithm cg
Constraint Tolerance 1× 10−3

Finite Difference Step Size 1× 10−4

Optimality Tolerance 1× 10−3

Step Tolerance 1× 10−6

RO options

Maximum iterations 10
Number of uncertainty samples 100

The utility function is developed as a multiplicative multi-attribute utility function (MAUF),

combining 6 attributes - the USV speed (x11), the sway forces acting on the USV (x12), the wave

height (x21), the wind speed (x22), the wave current speed (x23), and the USV system reliability

(x3). The wave height and wind speed values were determined based on real environment data,

as described in Appendix B.5 and the utility function development is described in Appendix B.6.

Constraint g1 ensures that the USV does not experience any wave forces above a certain

threshold, and constraint g3 enforces a limit on acceptable system reliability. Constraint g2 en-

sures the USV arrives at the destination and inherently accounts for optimizing the route of the

USV from the origin to the target destination.

As a reminder, since the system reliability was found to be fairly immutable with respect

to varying input conditions (e.g., decision variables), a modified reliability value was used (fol-

lowing Equation (B.5) in Appendix B.3). The modification parameter α = 1 was used.

For the optimization solver, MATLAB’s interior-point algorithm implemented via the fmincon

function was used [112]. The solver and RO options are summarized in Table 3.8. The remaining

options were set to their default values.
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Figure 3.13: USV inputs for USB-MORO (deterministic and robust cases)

Figure 3.14: USV paths for USB-MORO (deterministic and robust cases)

The optimized decision variables (throttle and heading) and resulting USV speed are shown

in Figure 3.13. The corresponding paths are shown in Figure 3.14.

Although the trajectories for both the deterministic and robust solutions are similar, the

throttle (and consequentially the USV speed) show more variation, which can be attributed to the

uncertain and changing environment.

Figure 3.15 shows the profiles of the attributes and utility. As expected, the utility attributes
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Figure 3.15: USV attribute and utility profiles for USB-MORO (deterministic and robust cases)

for the deterministic and robust solutions are unique. The USV speed for the robust case is higher

than the deterministic (on average), which leads to a lower system reliability (recall the adjusted

reliability calculation in Appendix B.3, Equation B.5). The differences in environment conditions

(wave height and wind speed) are due to the different trajectories for the deterministic and robust

cases. The profile for the utility value also makes sense - for the deterministic case it is higher

(better), averaging at -0.0371, whereas for the robust case the average utility is -0.0527 2.

3.4 Discussion

This chapter presented a new sequential, single-level, scenario-generation based MORO

approach. This is a truly single-level optimization approach, which does not require another

optimization problem to be solved and utilizes solely a sampling technique to handle the robust-

ness. The advantages of this method include its flexibility to handle a wide range of problem

types (such as convex and non-convex, with objective or feasibility robustness, interval or distri-

2Note, since the optimizer for a single-objective problem can only handle a single value for the objective function,
the mean aggregation of the utility value was used - as shown by the green line in the ”utility” subplot of Figure 3.15.
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butional uncertainty ranges), its simplicity, and its sequential single-level nature. The flexibility

of the proposed approach stems from the generality of its framework - the sampling-based algo-

rithm to handle robustness is not restrictive to specific problem types, and thus is applicable to

any problem; likewise, the MOGA solver utilized is capable of handling a wide variety of prob-

lem types. The method was applied to a couple of example problems and a real-world case study

featuring the operation of a USV, and has demonstrated its overall effectiveness.

Another advantage of OSB-MORO is that it only requires the optimization problem to be

solved once per iteration, which can effectively reduce the computational cost, as demonstrated in

the example problems. However, for problems with expensive objective and constraint functions,

this method requires the development of (offline and/or online) surrogate models, which would

replace the original functions in the optimizer. Moreover, the surrogates must be reasonably

accurate for the optimizer and MORO algorithm to produce valid results. As demonstrated in the

USV case study, this can be a challenging task.

Although the OSB-MORO approach is simple and straightforward to implement, it exhibits

some drawbacks and limitations.

The sampling scheme is straightforward to implement and conceptually intuitive, however,

it does not scale well, specifically with respect to the number of uncertainty samples to generate.

A primary drawback is the challenge in determining the appropriate number of samples needed

to fully explore the uncertainty space - this would have a direct impact on finding a truly robust

solution. As presented, there is no general rule to determine an optimal sample size, and it is

evident that this number will be dependent on the size and nature of the problem – specifically,

how many uncertain parameters are being considered, how many constraints contain any of the

uncertain parameters, whether there are any couplings between the uncertainties, etc. Naturally,
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as the size and complexity of the problem (e.g., number of decision variables, or constraints)

increases, the number of samples and thus the computational effort of this approach can increase

substantially and become infeasible. Considering this, OSB-MORO is not an ideal approach for

expensive or complex problems, such as those involving simulations or black-box functions.

Another aspect to consider is the sampling technique - the current implementation utilizes

Latin-Hypercube sampling from an interval range, which is simple to implement, however, may

not efficiently cover the uncertainty space, thus leading the algorithm to incorrectly converge to a

non-optimal robust solution. Alternative sampling methods, such as other design of experiments

(DOE) techniques, or adaptive sampling techniques could potentially offer better coverage and

more efficient exploration of the uncertainty space.

Finally, the computational cost of this approach can also become significant for more com-

plex problems - the approach utilizes the NSGA-II optimizer, which is an evolutionary algorithm

(EA), thus inherently requires a lot of function calls to reach a solution (however, the wide ap-

plicability of EA’s makes up for their computational cost in some respects). Additionally, the

OSB-MORO algorithm makes the problem progressively more complex, since the approach adds

a new constraint to the problem sequentially each iteration, thus making the feasible domain more

restrictive.

The proposed approach could be extended in several ways to improve the computational

efficiency and robustness of the final solution. One area of improvement would be the method-

ology for the uncertainty generation and handling. Another aspect to improve, as demonstrated

by the case study, would be integrating a surrogate development model in the MORO algorithm

framework.

In summary, while OSB-MORO provides a straightforward framework for handling un-
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certainties in MORO, its drawbacks include difficulties in determining appropriate sample sizes,

inefficient sampling techniques, and high computational costs. These limitations highlight the

need for more advanced and adaptive algorithms that can dynamically adjust to the problem’s

characteristics and improve computational efficiency.

The next chapter will explore an improved OSB-MORO method - one that seamlessly

integrates online surrogates to enhance the computational efficiency of a sampling-based MORO

approach.
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Chapter 4: Surrogate Sampling-Based Multi-Objective Robust Optimization (SSB-

MORO)1

This chapter presents a significantly enhanced version, particularly with respect to com-

putational costs, of the original sampling-based approach presented in Chapter 3 - a surrogate-

assisted sampling-based MORO (SSB-MORO) method. Similarly to OSB-MORO, the SSB-

MORO approach aims to solve the problem formulated by Equation 4.1:

min
x

f(x, u)

subject to:

gj(x, u) ≤ 0; j = 1, ..., J

fm(x, u)− fm(x, u0) ≤ AOV Rm; m = 1, ...,M

x ∈ [xlb, xub]

∀u ∈ [u0 + ∆u]

∆u ∈ [∆ulb,∆uub]

(4.1)

However, unlike OSB-MORO, the proposed SSB-MORO approach utilizes surrogates,

rather than the original problem functions, to perform computations for the optimization and

1A version of this chapter will be presented at the ASME IDETC-CIE-2025 conference [3]
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robustness evaluation.

This chapter is organized as follows. A detailed overview of the SSB-MORO approach will

be described in Section 4.1. The performance of the proposed approach will be demonstrated on

a few examples (Section 4.2) and a USV vase study (Section 4.2.5). Section 4.3 will provide a

comparison between SSB-MORO and a few methods from the literature. Finally, Section 4.4 will

conclude this chapter with a summary and discussion of some of the highlights and limitations of

the SSB-MORO approach.

4.1 Overview of Approach

The proposed surrogate-assisted sampling-based MORO method (SSB-MORO) is an ex-

tension to a scenario generation MORO method [2], as presented in Chapter 3, which was not

surrogate-based, and integrates an online surrogate model to improve computational efficiency.

A high-level flowchart of the approach is presented in Figure 4.1, and the pseudocode is

provided in Algorithm 2.

The proposed algorithm closely resembles OSB-MORO (presented in Chapter 3), with the

addition of an integrated online surrogate model to decrease the computational cost of evaluating

expensive functions. The purpose of integrating an online surrogate, rather than developing one

offline, is to be able to dynamically update the surrogate in real time, strategically targeting

regions of high uncertainty and constraint violation. This adaptive refinement of both decision

and uncertainty spaces ensures improved surrogate fidelity near the robust Pareto-optimal front.

The surrogate is developed using a Kriging model [113], which models the entire problem.

The Kriging approach [114] is a two-part model - the first consisting of a regression model, and
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Figure 4.1: Flowchart of SSB-MORO approach

the second is a random Gaussian function, as shown in Eq. (4.2):

Y (x) =
k∑

j=1

βjfj(x) + Z(x) (4.2)

where fj are the known functions, βj are the regression coefficients, and Z(x) is the Gaussian

function with a mean of zero and covariance of σ2R, where σ2 is the process variance and R is

the correlation.

Similar to OSB-MORO, the SSB-MORO approach is iterative in nature, handling the opti-

mization and robustness evaluation sequentially. In the initialization step, the problem is defined

and the uncertain parameters are set to their nominal values. A design of experiments (DOE) tech-

nique, capturing the entire design space, is used to generate some sample inputs and responses to
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build an initial surrogate model for the problem. This surrogate model is then used for all subse-

quent function evaluations, until the surrogate is updated. In the optimization step, the problem

is solved using a multi-objective solver, and a set of non-dominated solutions, x∗, is obtained.

Next, a fixed number of new uncertainty scenarios, u, are generated using the Latin-Hypercube

sampling (LHS) method. Then, the robustness evaluation is performed - all the constraints (for

all non-dominated solutions, x∗, and all realizations of uncertainty, u) are evaluated. The con-

straint with the maximum violation is added to the optimization problem. Recall, the function

evaluations are performed on the surrogate functions, not the original problem functions. This

completes a single MORO iteration, and now the surrogate model can be updated, based on the

current obtained solution and robustness evaluation. This aspect ensures that the surrogate is ef-

fectively sampling not only the decision variable space, but the uncertainty space as well. The

surrogate is allowed to update a set number of times (determined empirically or by the decision

maker), before continuing to the next steps of the algorithm. After the surrogate has been up-

dated, the algorithm continues - the problem is resolved (with the added constraint and improved

surrogate), a new set of non-dominated solutions is obtained, and the procedure is repeated. The

algorithms stops once all the constrains are satisfied during the robustness evaluation. Thus, the

solutions x∗ found in the current iteration are returned as the robust optimal solutions.

In further discussion of the details fo the approach, Step X will refer to the corresponding

step in the flowchart (Figure 4.1) and Line A.Y will refer to the line number Y of the pseudocode

for algorithm A (defined in Algorithm 2). Some of the steps are very similar to OSB-MORO, so

the reader will be referred to them accordingly.
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Algorithm 2: SSB-MORO algorithm

Input: problemDef,ROoptions,KrigingOptions
Output: [detsoln, rosoln, allsoln]
/* Step 1 - Initialization */

1 uinfeas ← [ ] ;
2 coninfeas ← [ ] ;
3 u← u0 ;
/* Step 1a - DOE - Generate initial samples */

4 DS← initialDOE(problemDef,KrigingOptions) ;
/* Step 1b - Build initial surrogate */

5 surrModel← buildSurrogate(DS, KrigingOptions) ;
6 KrigingOptions← [DS, surrModel] ;
7 for iter = 1 to maxIter do

/* Step 2 - Solve surrogate optimization problem */
8 if iter = 1 then
9 [x∗, f ]←

solverFctn(problemDef,KrigingOptions,u, uinfeas, coninfeas) ;
10 else
11 [x∗, f ]←

solverFctn(problemDef,KrigingOptions,u0, uinfeas, coninfeas) ;
12 allsoln(iter)← [x∗, f ] ;

/* Step 3 - Generate S uncertainty samples */
13 unew ← generateNewU(problemDef, S) ;

/* Step 4 - Evaluate constraints */
14 g← [ ] ;
15 for sample = 1 to S do
16 u← unew(sample) ;
17 g← evaluateConstraints(problemDef,KrigingOptions,x∗,u) ;

/* Step 5 - Find maximum constraint violation */
18 if max(g) < tol then
19 break ;

/* Step 6 - Add worst-case constraint to problem */
20 else
21 [uinfeas, coninfeas]← findMaxViolation(g,unew) ;
22 problemDef.new constr ← [uinfeas, coninfeas]

/* Algorithm continues on next page */
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Algorithm 2: SSB-MORO algorithm - continued

22 for iter = 1 to maxIter do
/* continued from previous page */

23 surrIter = 0 ;
24 while surrIter < maxSurrIter do

/* Step 6a - Evaluate surrogate */
25 MSE←

evaluateSurrogate(x∗,u, uinfeas, coninfeas, KrigingOptions) ;
26 if max(MSE) < tol then
27 Continue to Step 2 ;

28 else
/* Step 6b - Sample new point */

29 [xworst, uworst]← findWorstPoint(MSE,x∗,u) ;
/* Step 6c - Update surrogate */

30 DSnew ← evaluatePoints(xworst, uworst, problemDef) ;
31 DS← [DS,DSnew] ;
32 surrModel← updateSurrogate(DS, KrigingOptions) ;
33 KrigingOptions← [DS, surrModel] ;

34 surrIter ← surrIter + 1 ;

35 rosoln ← [x∗, f ] ;
/* Optional - resolve with final surrogate for

deterministic solution */
36 detsoln ← solverFctn(problemDef,KrigingOptions,u0)

Step 1: Initialize problem

In this step, the problem objective and constraint functions are defined and the uncertainty param-

eters are set to their nominal values. The inputs to the algorithm, problemDef and ROoptions

are the same as for OSB-MORO (see Step 1 in Section 3.1). The other input, KrigingOptions,

contains information related to the Kriging surrogate model - the regression function, correlation

function, as well as the number of initial samples to generate (for the initial surrogate), the max-

imum number of times to update the surrogate per MORO iteration, maxSurrIter (Line 2.24),

and the tolerance, tol (Line 2.26), for acceptable mean squared error (MSE) of the surrogate.
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Step 1a: Generate initial samples for surrogate

In this step, a set of sample points is generated, using a LHS generation scheme [105], which are

used in the next step to build an initial surrogate model. Note, other sampling methods could be

used as well, such as random sampling or maximum entropy design [83].

Line 2.4: DS is the matrix containing the initial samples generated - the inputs (corresponding

to the decision variables and uncertain parameters) and response variables (corresponding to the

objective and constraint functions).

Step 1b: Build initial surrogate

The initial sample points are used to build the Kriging surrogate model [83,114]. Recall, that the

Kriging model is built for all of the objective and constraint functions of the problem. In theory,

it would be possible to build surrogates only for the expensive functions, however, for simplicity,

all functions are considered here.

Line 2.5: surrModel is the surrogate model built from the initial samples, DS

Line 2.6: The surrModel and DS objects are passed to the KrigingOptions object, which will

carry the surrogate model throughout the SSB-MORO algorithm.

Steps 2-6 for SSB-MORO are the same as for OSB-MORO - refer to Steps 2-6 in Sec-

tion 3.1 for details. For completeness, a brief overview of the steps will be presented here as

well. The next step unique to SSB-MORO is Step 6a.

Step 2: Solve surrogate optimization problem

Once the Kriging model is built, it is passed into the optimizer, and the surrogate multi-objective

optimization problem is solved to obtain a set of non-dominated points, x∗. Note that since the

uncertain parameters are initially set to their nominal values, the solution during this iteration is

equivalent to a deterministic solution. However, since the initial surrogate may still be inaccurate
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during the first iteration, the obtained solution may also not be the ”true” deterministic solution

(when compared to solving the original problem, without the surrogate and without uncertainty).

Step 3: Generate uncertainty samples

In this step, a new set of uncertain parameters is generated, using the LHS method. The uncer-

tainty space is defined by an interval range, and the number of samples to generate is determined

by the user.

Step 4: Evaluate constraints

To determine the robustness and feasibility of the current solution, each constraint is evaluated for

all the solution points x∗ and all uncertainty samples generated in Step 3. Note, the computation

is performed on the surrogate functions, not the original problem functions.

Step 5: Check constraint feasibility

After all constraints have been evaluated for each uncertainty sample, u, and each non-dominated

point, x∗, the maximum constraint violation can be determined.

Step 6.1: BREAK

If the feasibility check in Step 5 is satisfied, then the procedure is terminated, and the solution

obtained at the current iteration is returned as the robust optimal solution.

Step 6.2: Add worst-case constraint to problem

If the maximum constraint violation found in Step 5 is greater than the specified constraint toler-

ance, then that constraint (with the associated uncertainty sample that led to infeasibility, uinfeas)

is appended to the problem. This completes a MORO iteration of the algorithm.

Step 6a: Evaluate surrogate

Once the MORO iteration has completed, the surrogate is evaluated for the problem with the

newly added constraint, for all current solutions, x∗.
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Line 2.25: MSE is an estimate of the mean square errors (MSE) of the true vs. predicted val-

ues of the responses (objective and constraint function values) obtained from the Kriging model

(hence the estimation did not require the evaluation of the true functions). The estimated MSE is

calculated by Equation (4.3) [113]:

MSE = σ2(1 + cTRc− 2cT r) (4.3)

where σ2 is the Kriging process variance, c are the Kriging coefficients, R is the correlation func-

tion used for the Kriging model, and r are the correlations between the new and observed sample

points. Although an estimated MSE is provided for each response variable for each current solu-

tion, x∗, it is more convenient to consider a single MSE value for each current solution, x∗ - i.e.

aggregate the MSE’s for the response variables. The aggregation is defined as the L2 norm of the

normalized MSE values for the response variables.

Line 2.26-2.27: If the maximum estimated MSE value is less than a user-defined tolerance, then

the algorithm continues to the next iteration of MORO, starting from Step 2. Otherwise, the

algorithm proceeds to Step 6.b to improve the surrogate.

Step 6b: Sample new point to update surrogate

The procedure for sampling a new point to use for updating the surrogate is based on evaluating

the L2 norm of the MSE’s for each observed solution point obtained so far, x∗.

Line 2.29: [xworst, uworst] is the set of decision variables and uncertain parameters that yielded

the maximum L2 norm of the MSE’s.

Step 6c: Update surrogate

The selected point from Step 6.b is used to update the Kriging model.
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Line 2.30: The original problem functions are evaluated for the point [xworst, uworst] and the

results are saved to DSnew.

Line 2.31: The original matrix with the design samples, DS is appended with the new sample,

DSnew.

Line 2.32: The surrogate model, surrModel, is updated.

Line 2.33: The updated DS matrix and surrModel are saved to the KrigingOptions object to

be passed on to the next MORO iteration.

Line 2.34: The surrogate iteration count, surrIter is updated by 1. This is done because a single

point may not significantly improve the surrogate, so the surrogate updating process (Steps 6a-c)

is repeated maxSurrIter times (defined by the user), or until the maximum MSE value is less

than the specified tolerance, tol, at which point the algorithm continues to the next iteration of

MORO, starting from Step 2.

The SSB-MORO approach is also general in nature, similar to OSB-MORO. The imple-

mentation of the Kriging model is relatively straightforward and can be modified according to

the problem at hand - for example, a first order or second order polynomial regressor can be

used; or a gaussian vs. exponential correlation function can be used. The main drawback with

this approach, as with any surrogate approach, is ensuring surrogate accuracy - since that plays a

key role in obtaining a robust, feasible solution which is very close to the solution obtained from

the original problem. Higher accuracy requires more computational effort, so it is important to

consider the trade-off.
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4.1.1 Computational Effort

For the proposed SSB-MORO approach (Eq.(4.4)), the computational complexity (number

of function calls) depends on:

a) the number of samples needed to develop the initial surrogate (D);

b) the number of iterations of the MORO algorithm required to achieve a robust solution (I);

c) the number of times the surrogate can be updated during a single iteration of the MORO

algorithm (Q);

O(SSB-MORO) = D + I ×Q (4.4)

Recall, that the number of function calls is equivalent to the number of sample points,

and that a function calls are only counted for original function evaluations, not surrogate eval-

uations. Hence, since the optimization solver and robustness evaluation are performed on the

surrogate functions, the solver function calls and number of uncertainty sample points do not

affect the computational complexity, as they did for the OSB-MORO approach (as discussed in

Section 3.1.1). Thus, the computational complexity of the SSB-MORO approach scales linearly

with respect to all the terms in Equation (4.4).

It is also worth mentioning that the computational advantage of the surrogate approach has

the implicit assumption that the cost of sampling to build and update the surrogate would be much

lower than the cost of the optimization on original functions.
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Table 4.1: Summary of Test Problems

TNK CTP Three-Bar Truss ZDT3 USV

M 2 2 2 2 2
J 2 1 3 0 3
N 2 10 2 variable 10
P 2 2 2 2 1
type feas feas obj-feas obj feas

M - number of objectives; J - number of constraints; N - number of decision variables; P - number
of uncertain parameters; ”type” refers to robustness type - feasibility (”feas”) robustness, objective
(”obj”) robustness, or objective-feasibility (”obj-feas”) robustness.

4.2 Examples

This section provides some examples to demonstrate the proposed approach and compare

it with existing MORO methods from the literature.

The first part of this section (Sections 4.2.1- 4.2.4) will focus on some example problems,

as well as an unmanned surface vessel (USV) case study (Section 4.2.5), while the second part

(Section 4.3) will provide a systematic comparison with other approaches from the literature. In

addition, a statistical analysis will be presented to illustrate the differences between the various

MORO methods, for select problems.

A summary of the examples considered is provided in Table 4.1.

The solver implemented for the following example problems was MATLAB’s multi-objective

genetic algorithm (MOGA) solver (version 2022b) [106], and each example was solved 10 times

to account for the stochasticity of MOGA and the scenario generation. Additionally, to verify

the robustness of the obtained solutions, a Monte Carlo feasibility analysis was performed with

100,000 samples, for each design point in the robust non-dominated frontier.

The DACE toolbox [113] was used to build the Kriging model, with a second order poly-
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Table 4.2: MOGA and RO option settings for numerical and engineering example problems

MOGA options

Maximum generations 500
Population size 200
Pareto fraction 0.35

RO options

Maximum iterations 15
Number of uncertainty samples 1000

nomial regression function and Gaussian correlation function. To build the initial surrogate, the

number of initial samples was set as 10× (nvars+nparams), where nvars is the number of de-

cision variables of the problem and nparams is the number of uncertainty parameters. The factor

10 was based on a rule-of-thumb for initial design of experiments (DOE) sample sizes [115] and

trial and error. The maximum number of times the surrogate was allowed to update per iteration

was set to 25 - this value was determined base on trial and error.

The examples were solved with the following MOGA and RO algorithm options, as shown

in Table 4.2. The remaining parameter settings for the MOGA solver were set to their default

values.

4.2.1 TNK - Numerical Example

The first example presented is a simple numerical example, known in the literature as TNK,

was first introduced by Tanaka et al. [108] and later modified to include uncertainty by Hu et

al. [10]. The formulation is presented in Appendix A.2.

This is a nonlinear bi-objective constrained optimization problem with two design vari-

ables, two inequality constraints, and two uncertain parameters. Since the uncertainties appear

only in one of the constraints, only feasibility robustness is considered. The parameter uncer-
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Figure 4.2: TNK solution for SSB-MORO

tainties are defined as an interval, with the nominal values, u0,p, equal to zero, and the interval

bounds defined by ∆up.

The results are shown in Figure 4.2, with the blue and red curves representing the determin-

istic and robust solution bounds, respectively. Note, since the initial surrogate is still inaccurate

when the deterministic solution is obtained (during the first MORO iteration), the deterministic

version of the problem is re-solved with the final surrogate, after the robust solution is found.

This ensures that both the robust and deterministic solutions shown are obtained with the same

surrogate. Visually, the obtained solutions look similar to the solutions obtained from the OSB-

MORO approach (see Section 3.2.2), however, the robust solution has more variability across

runs for SSB-MORO. This can be attributed to the minor surrogate errors as well as the stochas-

tic nature of the approach.
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Table 4.3: TNK Result Comparison - SSB-MORO

Metric [mean (std)] SSB-MORO OSB-MORO

HD 0.578 (0.004) 0.580 (0.001)
OS 0.461 (0.007) 0.459 (0.008)
SP 0.005 (0.001) 0.004 (0.001)
Function Calls 415 (110) 344,316 (135,366)
MORO Iterations 9.3 (2.541) 3 (0.943)

The quality metrics for the SSB-MORO approach are summarized in Table 4.3 and com-

pared with the quality metrics from OSB-MORO. Additionally, a Monte-Carlo feasibility check

was performed with 100,000 samples, which showed that SSB-MORO obtained robust solutions

that are feasible 99.7% of the time. Overall, both approaches have similar performance with

respect to the HD, OS, and SP metrics. As expected, there is significant improvement with re-

spect to function calls, although the SSB-MORO algorithm does require more MORO iterations

to converge to the robust solution.

4.2.2 CTP - Numerical Example

The next example, CTP, is a highly non-linear, constrained bi-objective problem with ten

design variables and two uncertain parameters. Both uncertainties appear in the constraints, mak-

ing the problem a feasibility robustness type. It was originally formulated as a deterministic prob-

lem [6], then revised to include uncertainty [10]. The formulation is presented in Appendix A.3.

The results are shown in Figure 4.3 and the quality metrics are summarized in Table 4.4.

Visually, the results differ from the OSB-MORO solutions (refer to Section 3.2.3) - they

exhibit more variability. Both the deterministic and robust solution are also worse than the true

Pareto optimum. Given that the CTP problem has more decision variables and is highly non-
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Figure 4.3: CTP solution for SSB-MORO

Table 4.4: CTP Result Comparison - SSB-MORO

Metric [mean (std)] SSB-MORO OSB-MORO

HD 0.862 (0.090) 0.712 (0.004)
OS 2.831 (0.729) 1.870 (1.022)
SP 0.024 (0.010) 0.034 (0.020)
Function Calls 1,820 (1,049) 2,176,400 (863,520)
MORO Iterations 10.7 (3.772) 10.8 (2.741)

linear, it is possible that the Kriging surrogate struggled to create an accurate approximation of

the true functions.

With respect to the quality metrics, the HD is worse for SSB-MORO than it is for OSB-

MORO, but the OS is better - which is consistent with the observation from Figure 4.3. The SP

metric is comparable for both approaches, although the mean value for SSB-MORO is better. As

expected, the function calls are significantly reduced for SSB-MORO, despite the similar count

of MORO iterations. Additionally, a Monte-Carlo feasibility check was performed with 100,000
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samples, which showed that SSB-MORO obtained robust solutions that are feasible 98.3% of the

time.

4.2.3 Three-Bar Truss - Engineering Example

The proposed approach was also applied to an engineering example - the three-bar truss

problem taken from [61]. The problem is bi-objective with three constraints, and two design

variables. The uncertainty is connected to the design variables and appears in both the objective

functions and constrains, making the problem an objective-feasibility MORO problem.

The problem formulation and the details of the truss configuration are provided in Ap-

pendix A.4, and the results and quality metrics are shown in Figure 4.4 and Table 4.5.

The results for SSB-MORO look similar to OSB-MORO (refer to Section 3.2.4), for the

most part - except for the trailing tail at the bottom right corner of the figure. Based on the

spread of the solutions and similarity to the solutions from OSB-MORO, it can be inferred that

the surrogate model succeeded in approximating the problem functions accurately.

The quality metrics in Table 4.5 further support the similarity of performance between the

two approaches. Although the HD is better for OSB-MORO, SSB-MORO performs better with

respect to the OS and SP, and both approaches require a similar count of MORO iterations to

obtain the robust solution. As shown in previous examples, the function call count is reduced

by several orders of magnitude. A Monte-Carlo feasibility check, with 100,000 samples, showed

that SSB-MORO obtained robust solutions that are feasible 99.5% of the time.
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Figure 4.4: Three-bar truss solution for SSB-MORO

Table 4.5: Three-Bar Truss Result Comparison - SSB-MORO

Metric [mean (std)] SSB-MORO OSB-MORO

HD 0.492 (0.007) 0.487 (0.006)
OS 0.614 (0.093) 0.595 (0.034)
SP 0.007 (0.001) 0.008 (0.001)
Function Calls 80 (23) 343,862 (144,229)
MORO Iterations 4.6 (3.435) 3 (0.943)

4.2.4 ZDT3 - Scalable Example

The proposed approach was also applied to a scalable example problem ZDT3 [6]. The

problem was adapted to include uncertain parameters in [10] as shown in Appendix A.5.

The ZDT3 problem is an unconstrained bi-objective problem, with a scalable number of

decision variables (N ) and two uncertain parameters. An AOVR is specified only for the second

objective.

The proposed SSB-MORO approach was applied to the ZDT3 problem for N = 5, 10, 20
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Figure 4.5: ZDT3 solutions with N=5,10,20 - range of SSB-MORO solutions from 10 indepen-
dent runs with all points, and with infeasible points removed.

Table 4.6: ZDT3 Result Comparison - SSB-MORO

Metric [mean (std)] N = 5 N = 10 N = 20

HD 0.645 (0.124) 0.668 (0.404) 0.261 (0.590)
OS 1.318 (0.841) 1.180 (0.609) 1.420 (1.148)
SP 0.056 (0.084) 0.015 (0.010) 0.013 (0.007)
Function Calls 175 300 825
MORO Iterations 2.2 (0.421) 2.6 (0.699) 3.5 (1.080)

decision variables. To accommodate the increasing size of the problem, the function call limit

was set to ds+3(ds/2), where ds is the number of points to build the initial surrogate. This rela-

tionship was determined experimentally, based on the minimum needed function calls to achieve

a reasonable solution.

The results are shown in Figure 4.5. The quality metrics were calculated and are presented

in Table 4.6. A Monte-Carlo feasibility check was performed for each case, with 100,000 sam-

ples. SSB-MORO obtained robust solutions that are feasible 96.2% of the time for N = 5, 95%

of the time for N = 10, and 97.3% of the time for N = 20.

As can be seen from the results, the algorithm performance degrades, yielding more vari-

ability in the results, as the problem size increases. The results become more dispersed and
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Table 4.7: MOGA and RO option settings for USV case study

MOGA options

Maximum generations 200
Population size 200
Pareto fraction 0.35

RO options

Maximum iterations 3
Number of uncertainty samples 100

non-uniform across independent runs. A potential cause could be the surrogate inaccuracy. More

complex problems may need more points to develop the surrogate and/or more update iterations

allowed to converge to a better solution.

4.2.5 USV Case Study

The proposed SSB-MORO approach was also applied to a real-world case study for plan-

ning a mission of an unmanned surface vessel (USV), which is adapted from [2,5]. For a detailed

description of the individual models and integration, refer to Appendix B.

The formulation for the USV case study is the same as for the OSB-MORO approach -

refer to Equation (3.6) and Section 3.2.6 for details.

The reliability adjustment factor, α, which was introduced to achieve a more exaggerated

relationship between the reliability and throttle was set to α = 4.

Due to the computational intensity of the USV problem, the MOGA (MATLAB’s multi-

objective genetic algorithm (version 2022b) [106]) and RO algorithm options were limited to

the values set in Table 4.7. The remaining parameter settings for the MOGA solver were set to

their default values. These measures were set to ensure the MORO algorithm can produce some

sensible results in a reasonable amount of time.
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Figure 4.6: Pareto Front for USV case study

The results are shown in Figures. 4.6, 4.7, 4.8. Figure 4.6 shows the deterministic and

robust solutions. It must be noted, however, that the MORO iterations were limited to obtain

these results, hence the robust solutions presented here are ”semi-robust” which means they have

not fully converged to the final robustly optimal solutions. Nonetheless, the present solutions are

feasible.

Figure 4.7 shows the throttle, heading and USV speed profiles for one of the optimal solu-

tions (the best f1 solution, i.e. the rightmost points of the Pareto fronts in Figure 4.6). Figure 4.8

shows the deterministic and robust paths for the optimal throttle and heading values presented in

Figure 4.7.
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Figure 4.7: Optimized throttle, heading, and USV speed operational profiles

Figure 4.8: Optimized USV paths for deterministic and robust cases. The color of the path
corresponds to the USV speed.

It is worth noting that, although both solutions are feasible with respect to the Kriging sur-

rogate, the distances to target destination (as seen in Figure 4.8) for the solutions are greater than

the 5km radius imposed in the problem constraint (3.6). This discrepancy is most likely due to
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the inaccuracies of the surrogate models, and the ”double surrogate” effect - recall, that offline

surrogates were built to approximate the USV model (namely, the ECCS and hydrodynamic sub-

systems), and then the Kriging surrogate was built on top as part of SSB-MORO. Moreover, the

Kriging surrogate was developed to model the objective and constraint functions of the problem

- which do not mirror the USV model itself.

Upon further investigation, some insights were obtained revealing the challenges of devel-

oping the Kriging model for the USV case study. Firstly, the feasible design space is extremely

small compared to the overall design space - hence, a lot more initial sample points need to be

generated for building the initial surrogate to ensure that at least a few will cover the feasible do-

main. Secondly, the second constraint of the problem formulation, which governs the distance to

target destination (Equation (3.6)), is extremely sensitive to variations in the uncertainty param-

eter. This makes the function very noisy, and leads to a high Kriging variance for that constraint,

which makes the prediction less accurate. The DACE Kriging toolbox [113] that was used for

this approach was originally developed for deterministic computer experiments, thus it does not

natively accommodate highly noisy functions. This observation suggests that the Kriging model

may not be the best one for the USV case study problem - perhaps an augmented Kriging model,

which can support noisy data, would be more appropriate, or another surrogate model - such as

Bayesian models or support vector machines.

Note also, that due to the surrogate inaccuracies, and since the MORO iterations were

limited, the results here do not quite match the results for OSB-MORO. As seen in the Pareto

plots (Figures 3.11 and 4.6), the extreme points for f1 and f2 do not match, hence, the throttle,

heading and speed profiles, along with the USV paths also look different for SSB-MORO and

OSB-MORO.
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4.3 Comparison with Existing Approaches

The proposed SSB-MORO approach was compared with three other methods from the

literature, which were selected based on the availability of published results. All of the following

methods are iterative, sequential bi-level MORO methods, which have integrated surrogates. The

bi-level MORO structure assumes that there is an upper-level problem, which searches the design

space to find an optimum, and a lower-level problem, which performs the robustness evaluations

on the obtained optimum points. To ensure robustness, the feasible design space is gradually

reduced, by iteratively adding constraint cuts based on worst-case analysis of the uncertainty. The

main difference between the following approaches is the surrogate model and its implementation.

The first approach is an approximation-assisted MORO (AA-MORO), which utilizes a Kriging

surrogate model and a constraint cut approach to find the robust solution [10]. The surrogate

model is updated based on the optimal solution points obtained from the upper level problem.

The second approach, B-MORO, uses a Bayesian framework to solve the MORO problem via

a modified expected improvement Bayesian acquisition function [18]. The surrogate model is

updated based on the optimal solution points obtained from the upper level problem as well as

the solutions from the lower-level problem (the worst-case uncertainties). The third approach,

MORO-KS, adopts the optimization structure based on constraint cuts and utilizes Kriging to

approximate the objective functions and a support vector machine (SVM) classifier to determine

the feasibility of design alternatives [61]. This approach differs from the rest in that it develops

two sets of surrogates and handles them separately. The Kriging regression model to approximate

the objectives is updated based on the optimal solutions from the upper-level problem; and the

SVM classifier for the constraints is updated based on the uncertainty samples.
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(a) TNK (b) CTP (c) Three Bar Truss

Figure 4.9: Solutions for TNK, CTP, and Three-Bar Truss problems - range of SSB-MORO
solutions from 10 independent runs with all points, and with infeasible points removed.

To provide a fair and more accurate comparison among approaches, the proposed method

was implemented under the same conditions as the others, as much as possible - i.e., with the

same solver settings and function call limits as presented in [12] (refer to Tables 4.2 and 4.8

for details). Intuitively, it is obvious that increasing the function call limit would yield better

converged solutions - however, then it would be difficult to provide a fair comparison, since the

results would be obtained under different assumptions.

Three example problems - TNK, CTP, and Three-Bar Truss - were solved with the SSB-

MORO algorithm under the conditions specified (see Tables 4.2 and 4.8). The results are shown

in Figure 4.9. The shaded areas contain the range of solutions obtained from SSB-MORO (after

solving the problem 10 times). The light grey area represents all the solutions obtained from SSB-

MORO, whereas the dark grey area represents the solutions obtained from SSB-MORO with the

infeasible points removed (where the feasibility of a point was determined from the Monte Carlo

verification). From the figures it can be seen that not all of the solutions obtained by SSB-MORO

are truly robust - this can be explained by the limit imposed on function calls, which was done to

provide a fair comparison with the other approaches from the literature. Since the function calls

were limited, it is natural to assume that the algorithm did not have enough time to converge to a
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more accurate final solution - hence the reduced number of feasible, truly robust, points.

In order to evaluate the performance of the proposed SSB-MORO method, three quality

metrics were used - the hyperarea difference (HD) [41], the overall spread (OS) [41], and spacing

(SP) [42]. The quality metrics were calculated and averaged across all runs and compared be-

tween selected approaches - the results are presented in Table 4.8. Figure 4.10 provides a visual

comparison of the means and standard deviations of each quality metric for the example prob-

lems. Recall, that a higher OS is better and lower HD and SP values are better. Note that the

quality metrics values should be between 0 and 1, however, in some cases they exceeded their

limit. This is likely due to the estimation error of the ”good” and ”bad” points. The quality

metric calculations are performed on the normalized objective function values (between 0 and 1)

- hence an estimate of the ”good” and ”bad” points must be provided beforehand. However, if

some points from the solution set yield objective function values that are outside of the bounds of

the ”good” and ”bad” points, then the normalization becomes inaccurate, forcing some normal-

ized values to be lower than 0 or greater than 1, which would lead to errors in the quality metric

calculation.

As can be seen, SSB-MORO outperforms the other approaches across all example problems

(except CTP) in terms of the SP metric - meaning SSB-MORO is able to consistently provide

more uniform results. For the OS metric, the proposed approach is better for the TNK and CTP

problems, and is second-best for the three-bar truss problem. Finally, with respect to the HD

metric, the proposed approach outperformed the rest only for the TNK problem.

An additional statistical analysis was performed to determine whether there was a signifi-

cant difference between the various approaches. Due to the non-homogeneous variances, Welch’s

ANOVA [116] was performed, considering the means and standard deviations of the quality met-
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Table 4.8: Example Results Comparison

Example Approach Function Calls
HD

mean (std)
OS

mean (std)
SP

mean (std)

TNK SSB-MORO 130 0.513 (0.076) 0.470 (0.027) 0.005 (0.001)
AA-MORO 130 0.634 (0.224) 0.176 (0.176) 0.122 (0.197)
B-MORO 130 0.618 (0.044) 0.402 (0.118) 0.043 (0.016)

CTP SSB-MORO 200 0.527 (0.103) 3.047 (1.180) 0.058 (0.059)
AA-MORO 200 0.571 (0.268) 0.122 (0.103) 0.029 (0.016)
B-MORO 200 0.345 (0.014) 0.186 (0.120) 0.181 (0.090)

Three-Bar Truss SSB-MORO 130 0.488 (0.006) 0.604 (0.130) 0.007 (0.002)
AA-MORO 130 0.496 (0.015) 0.506 (0.086) 5.776 (0.991)
B-MORO 130 0.491 (0.003) 0.719 (0.071) 14.375 (2.917)
MORO-KS 2240 0.358 (0) 0.304 (0) 6.826 (0)

Figure 4.10: Comparison of quality metrics (mean and standard deviation) for TNK, CTP and
Three Bar Truss problems - lower HD and SP is better, higher OS is better.

rics and the different approaches. Then, Games-Howell’s [117] post-hoc test was applied to

determine which approaches were significantly different from each other.

The results are summarized in Table 4.9 for problems TNK, CTP, and Three-Bar Truss.

The rows and columns of the tables represent the approaches. The cells of the intersections show
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Table 4.9: ANOVA Results for Example Problems

Approach AA-MORO B-MORO MORO-KS

TNK
SSB-MORO OS HD, SP –
AA-MORO – OS –

CTP
SSB-MORO OS HD, OS, SP –
AA-MORO – SP –

Three-Bar Truss
SSB-MORO SP SP HD, OS, SP
AA-MORO – OS, SP HD, OS, SP
MORO-KS – HD, OS, SP –

whether there is a difference between the two approaches, statistically speaking. The dash (”−”)

means the comparison is not applicable; if the approaches were deemed statistically different,

then the cell contains the quality metrics for which a difference was determined.

Based on the results, it can be inferred that overall the approaches are different - the anal-

ysis from Welch’s ANOVA suggests that there are statistically significant differences between

the quality metrics across the compared approaches. When considering the various approaches,

it appears that more differences arise for harder problems, such as CTP and Three-Bar Truss,

whereas the approaches yield more similar results for simpler problems, such as TNK. For ex-

ample, in Table 4.9, for the TNK problem - the results for SSB-MORO and AA-MORO are

statistically different only with respect to the OS quality metric; with respect to the HD and SP

metrics, SSB-MORO and AA-MORO yield results that are not statistically different. Similarly,

when comparing SSB-MORO and B-MORO for the TNK problem, the HD and SP metrics are

statistically different, while the OS is not. Now, if we consider the more complex three-bar truss

problem, there is a significant difference in the SP metric across SSB-MORO, AA-MORO, and

B-MORO; and when comparing SSB-MORO and MORO-KS, there is a significant difference for
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all quality metrics.

The ANOVA results from Table 4.9 can be used in tandem with the quality metrics compar-

ison (Table 4.8, Figure 4.10) to determine the better approach for a certain problem. For example,

consider the TNK problem. The mean HD value is best for SSB-MORO, followed by B-MORO

and then AA-MORO (recall, smaller HD is better). Now, referring to Table 4.9, there is only a

difference between SSB-MORO and B-MORO with respect to HD; there is no statistical differ-

ence between SSB-MORO and AA-MORO with respect to HD. Hence, for the TNK problem,

considering the HD metric, it can be concluded that SSB-MORO performs better than B-MORO,

but similar to AA-MORO. Following the same logic, with respect to the OS metric, SSB-MORO

performs better than AA-MORO (higher OS mean value and significant statistical difference)

and similar to B-MORO (although the OS mean value is higher, it is not statistically significantly

different).

4.4 Discussion

The approach proposed in this chapter contributes to the existing literature by developing

a new online surrogate sampling-based MORO approach. The proposed approach, SSB-MORO,

is an extension of a fixed sampling-based approach (OSB-MORO, presented in Chapter 3) [2],

which performs calculations on the original problem functions. SSB-MORO also follows an

iterative sequential approach, where the optimization problem is first solved, then the robustness

aspect is handled via a scenario generation scheme. However, unlike OSB-MORO, the proposed

approach integrates the implementation of an online surrogate model to improve computational

effort. The surrogate is based on a Kriging model and is adaptively updated during each MORO
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iteration, while considering the decision variable and uncertainty spaces to ensure a promising

next point selection.

The proposed approach was demonstrated on a few example problems and compared with

some existing methods from the literature - overall, it produces comparable results, and excels in

obtaining a more uniform solution set (as shown with the SP quality metric).

However, SSB-MORO has some limitations and areas of improvement. The most promi-

nent concern is the surrogate accuracy. As seen for more complex problems, SSB-MORO can

return sub-optimal or inconsistent results. Future work can include exploring tuning the Kriging

model parameters (such as the correlation function), as well as alternative surrogate modelling

strategies and integration methods to enhance the convergence behavior and robustness of the

final solution.

The next chapter will dive into the final research thrust of this dissertation, where decision-

dependent uncertainty is considered in the MORO formulation.
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Chapter 5: Sampling-Based Single-Objective Robust Optimization with Decision-

Dependent Uncertainties (SB-SORO-DDU)

This chapter will focus on describing a sampling-based single-objective robust optimization

method with decision-dependent uncertainties (SB-SORO-DDU). The problem formulation is

provided in Equation (5.1):

min
x

f(x, u)

subject to:

gj(x, u) ≤ 0; j = 1, ..., J

x ∈ [xlb, xub]

∀u ∈ [u∗ + ∆u]

∆u ∈ [∆ulb,∆uub]

where

u∗ = h(x)

(5.1)

Note, although the formulation in Equation (5.1) contains uncertainty in the objective func-

tion, only feasibility robustness is considered. The effect of uncertainty on the objective function

is ignored - there is no additional AOVR constraint to limit the variation in the objective function
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value due to uncertainty, and the objective function variation, ∆f , is not included as an addi-

tional term to the problem objective function. Note, that the uncertainty range, u ∈ [u∗ + ∆u],

is comprised of the nominal uncertainty value, u∗, and the uncertainty variation, ∆u. The nom-

inal uncertainty value is dependent on the decision variables (i.e., is a function of the decision

variables) - u∗ = h(x), where h(x) is the function that describes the relationship between the

uncertainties and decision variables. In this formulation, we assume the same function for all

uncertain parameters, however, the approach can be extended to consider unique functions for

each decision-dependent uncertain parameter. The uncertainty variations, ∆u, are assumed to be

fixed for each uncertain parameter. Thus, the overall uncertainty bounds are defined as follows in

Equation (5.2):

u ∈ [ulb, uub]

where

ulb = u∗ − ∆ulb

uub = u∗ + ∆uub

u∗ = h(x)

(5.2)

Given the relationship between the uncertain parameters and decision variables, it is ap-

parent that the interval bounds become variable, rather than fixed, as in previous approaches

presented in this dissertation.

The details of the SB-SORO-DDU algorithm will be presented in Section 5.1, followed by

an illustrative example (Section 5.2.1) and application to the USV case study (Section 5.2.2). A

summary and discussion of the proposed approach - highlights, limitations, and future directions
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- concludes this chapter (Section 5.3).

5.1 Overview of Approach

The SB-SORO-DDU approach, similar to OSB-MORO, is a single-level, iterative method,

where the uncertainty is handled via a scenario generation scheme. On a high level, the two

approaches are very similar and follow the same steps.

A flowchart of the SB-SORO-DDU approach is shown in Figure 5.1 and the pseudocode

is provided in Algorithm 4. The main (and significant) difference is in how the newly generated

uncertainty samples are handled in the robustness evaluation step (Step 4 in Figure 5.1). The

details will be described later in this chapter.

Similar to the other approaches presented in this dissertation, the first step of SB-SORO-

DDU is to initialize the problem and define the relationship between the uncertain parameters

and decision variables, u∗ = h(x). Then, the optimization problem can be solved to obtain the

optimal solution, x∗, and the associated nominal uncertain parameters, u∗. It is important to note

that the function defining the relationship between the uncertainty parameters and decision vari-

ables is not treated as additional inequality constraint for the optimization problem - it is merely a

calculation that is performed inside, or as part of, the constraint function. Next, new uncertainty

scenarios are generated using the LHS method. The samples are generated from an interval range

that is defined by the current value of the nominal uncertainty parameter, u∗, and the uncertainty

variation bounds, ∆u. Following the scenario generation step, is the robustness evaluation - each

constraint is evaluated for all realizations of the uncertainty parameters. The constraint with the

maximum violation is added to the optimization problem. This concludes a SORO iteration. For
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Figure 5.1: Flowchart of SB-SORO-DDU Approach

the next iteration, the procedure repeats, starting from solving the optimization problem, now

with the added constraint. The algorithm stops when none of the constraints are violated during

the robustness evaluation stage. Thus, the solution obtained at the current iteration, x∗, is the

robust optimum.

In further discussion of the details of the approach, Step X will refer to the corresponding

step in the flowchart (Figure 5.1) and Line A.Y will refer to the line number Y of the pseudocode

for Algorithm A (defined in Algorithm 4). Most of the steps overlap with the OSB-MORO ap-

proach significantly, so the reader is encouraged to refer to the appropriate steps in Section 3.1

for more details, however, the key differences will be highlighted here.
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Algorithm 3: SB-SORO-DDU algorithm

Input: problemDef,ROoptions
Output: [detsoln, rosoln, allsoln]
/* Step 1 - Initialization */

1 uinfeas ← [ ] ;
2 coninfeas ← [ ] ;
3 for iter = 1 to maxIter do

/* Step 2 - Solve optimization problem */
4 if iter = 1 then
5 [x∗, f ]← solverFctn(problemDef,uinfeas, coninfeas) ;
6 u∗ ← h(x∗) ;
7 detsoln ← [x∗, f ] ;
8 else
9 [x∗, f ]← solverFctn(problemDef,uinfeas, coninfeas) ;

10 u∗ ← h(x∗) ;
11 allsoln(iter)← [x∗, f ] ;

/* Step 3 - Generate S uncertainty samples */
12 unew ← generateNewU(problemDef, S) ;

/* Step 4 - Evaluate constraints */
13 g← [ ] ;
14 for sample = 1 to S do
15 u← unew(sample) ;
16 û← checkUsample(u, x∗) ;
17 g← evaluateConstraints(problemDef,x∗, û) ;

/* Step 5 - Check constraint feasibility */
18 if max(g) < tol then
19 break ;

/* Step 6 - Add worst-case constraint to problem */
20 else
21 [uinfeas, coninfeas]← findMaxViolation(g,unew) ;
22 problemDef.new constr ← [uinfeas, coninfeas]

23 rosoln ← [x∗, f ] ;
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Algorithm 4: checkUsample function

Input: u, x∗

Output: û
1 û← u ;
2 u∗ ← h(x∗) ;
3 ulb ← u∗ − ∆u ;
4 uub ← u∗ + ∆u ;
5 for i← 1 to len(û) do
6 if û[i] < ulb[i] then
7 û[i]← ulb[i] ;

8 if û[i] > uub[i] then
9 û[i]← uub[i] ;

Step 1: Initialize problem

In this step, the problem objective and constraint functions are defined, as well as the function

governing the relationship between the uncertainty parameters and decision variables. The inputs

to the algorithm, problemDef and ROoptions are the same as for OSB-MORO (see Step 1 in

Section 3.1).

Step 2: Solve optimization problem

In this step the optimization problem is solved. Recall, the formulation for the problem is as

shown in Equation (5.1), where the uncertainty is variable, rather than fixed.

Lines 3.4-3.11: The solverFctn solves the optimization problem, with the uncertainty calcu-

lation, u∗ = h(x), performed inside the constraint function (and not as an additional equality

constraint to the problem). Depending on the problem, one of two solvers were implemented

- MATLAB’s fmincon, which is an interior-point algorithm [112], or ga, which is a genetic

algorithm [118]. Since this solution was obtained during the first iteration of the SORO algo-

rithm, before any additional constraints are added to account for uncertainty variation, this is the

deterministic solution.

101



Line 3.6: Once the optimal solution is found, the associated new nominal, or ”optimal”, uncer-

tainty parameters can be calculated.

Step 3: Generate uncertainty samples

In this step, a set of new uncertain parameters is generated via the LHS method. Another dif-

ference to note (compared to the OSB-MORO approach), is that the uncertainty space to sample

from is dependent on the ”optimal” uncertainty value, u∗, and is defined by Equation (5.2).

Step 4: Evaluate Constraints

For the constraint evaluation step, each constraint is evaluated at the optimal solution, x∗, and for

all realizations of the uncertainty parameter.

Line 3.16: Since the uncertainty is decision-dependent, each time a new sample is about to be

evaluated, it needs to be checked, to ensure it is within bounds of the for the current solution, x∗.

If it is not within bounds, the outlying uncertain parameter is set to the value of the bound it is

closest to. The details of the checkUsample function are outlined in Algorithm 5.

Step 5: Check constraint feasibility

Once all of the constraints have been evaluated for all uncertainty scenarios, the maximum con-

straint violation can be determined.

Step 6.1: BREAK

The procedure is terminated if the feasibility check from Step 5 is satisfied. The solution obtained

at the current iteration is returned as the robust optimal solution.

Step 6.2: Add worst-case constraint to problem

The constraint with the maximum violation is added to the problem, with the associated uncer-

tainty sample that led to infeasibility. This completes a SORO iteration of the algorithm. The next

iteration continues from Step 2. Note, however, that since the uncertainty is decision-dependent,

102



the added constraint (with a specific uinfeas) may not be feasible for a new point, x. In other

words, for a new point, x, the associated uncertainty bounds are within u ∈ [h(x) ± ∆u], how-

ever, uinfeas may be outside of those bounds. In that case, the uinfeas is clipped to be within

the current uncertainty bounds (as performed in Step 4, Line 3.16, see Algorithm 5).

5.1.1 Computational Effort

The computational effort of the SB-SORO-DDU approach (Equation (5.3)) depends on a

few factors:

a) the number of iterations of the SORO algorithm required to achieve a robust solution (I);

b) the number of function calls required for the solver (G);

c) the number of uncertainty samples (S) generated to evaluate the robustness of the obtained

solution

O(SB-SORO-DDU) = I × (G+ S) (5.3)

It can be seen that the complexity of the SB-SORO-DDU algorithm scales linearly with

respect to the number of uncertainty samples, and how it scales with respect to the solver depends

on the solver chosen for the optimization. Thus, the driving factor of the algorithm complexity

would depend on the solver chosen for the optimizer - if the solver’s complexity is better than

linear, then the driving factor is the number of uncertainty samples; if the solver’s complexity is

worse than linear, then it governs the complexity of the SB-SORO-DDU algorithm.
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5.2 Examples

This section demonstrates the proposed SB-SORO-DDU approach to some example prob-

lems - an illustrative numerical example and USV case study.

5.2.1 Simple Circle Problem

The proposed approach was applied to a simple numerical problem to illustrate the steps of

the approach and provide a clearer picture of the shifting, or variable, uncertainty space.

The circle problem was adapted from Ref. [9] to include DDU. This is a simple non-convex

problem, with a single constraint, two decision variables and two uncertain parameter. The for-

mulation is presented in Equation 5.4.

min−x2
1 − x2

2

subject to:

g(x, u) = (x1 − u1)
2 + (x2 − u2)

2 − 5 ≤ 0

− 5 ≤ xi ≤ 5,∀i = 1, 2

∀u ∈ [u∗ + ∆u]

∆u ∈ [−1, 1]

where

u∗ = x/10

(5.4)

The problem was solved via MATLAB’s fmincon function [112], which is an implemen-

tation of the interior-point algorithm. The initial point for the problem was set to x0 = [0.5, 0]

104



(a) Uncertainty space for iteration #1 of the Circle
problem

(b) Uncertainty space for iteration #2 of the Circle
problem

Figure 5.2: Evolution of uncertainty space for Circle problem

and the maximum number of iterations for the interior-point algorithm (’MaxIterations’

option) was set to 100. The remaining solver options were left at their default values.

The first iteration of SB-SORO-DDU returned the solution x∗ = [2.485, 4.369 × 10−4]

with the objective function value f = −6.173. The associated nominal uncertainty value was

calculated as u∗ = [0.248, 4.369× 10−5] and is shown as the star in Figure 5.2a, with the bounds

of the uncertainty space defined by the black rectangle. After the robustness evaluation was

performed, the constraint with the maximum violation was added to the problem - the uncertainty

value that led to the infeasibility was uinfeas = [−0.733,−0.993] and is shown as the red dot in

Figure 5.2a.

Now, for the second iteration the problem was resolved with the added constraint, as shown

in Equation (5.5):

g1(x, u) = (x1 − u1)
2 + (x2 − u2)

2 − 5 ≤ 0

g2(x, u) = (x1 + 0.733)2 + (x2 + 0.993)2 − 5 ≤ 0

(5.5)
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Figure 5.3: Progression of objective function value for Circle problem - for SB-SORO-DDU and
OSB-MORO approaches

The obtained solution was x∗ = [−1.502,−1.979] with the objective function value f =

−6.173. The associated uncertainty was u∗ = [−0.150,−0.198] and is shown as the star labelled

’2’ in Figure 5.2b, with the bounds of the uncertainty space defined by the blue rectangle. The

uncertainty that led to the maximum constraint violation was uinfeas = [−0.733,−0.993] and

is shown as the red dot labelled ’2’ in Figure 5.2b. It can be seen how the uncertainty space has

shifted due to the new nominal uncertainty value, u∗.

The SB-SORO-DDU algorithm continues, gradually converging to a robust optimal solu-

tion x∗ = [1.125,−0.003] and f = −1.266, as shown in Figure 5.3. It can be seen that it takes

a few iterations for the objective function value to gradually converge to its final value. Note,

as the algorithm progresses, the uncertainty space also converges - as seen in Figure 5.4, by the

overlapping black stars after iteration 3.

The problem was run 10 times to account for stochasticity, and the results (mean and stan-
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Figure 5.4: Uncertainty space for all iterations of the Circle problem

Table 5.1: Summary of results for Circle problem

Function Calls Final Objective Function Value

SB-SORO-DDU mean (std) 8,838 (1,965) -1.319 (0.030)
OSB-SORO mean (std) 5,364 (1,073) -1.066 (0.022)

dard deviation (std)) are presented in Table 5.1. The problems was also solved using a single-

objective implementation of the OSB-MORO approach, without considering the decision depen-

dent uncertainty to compare the solutions.

Although the formulations for the Circle problem for each approach (SB-SORO-DDU and

OSB-SORO) are slightly different (one with variable, the other with fixed interval uncertainty), a

comparison of the results can provide some high-level general insights.

The number of function calls for SB-SORO-DDU is higher than for OSB-SORO. As shown

in Figure 5.3, the OSB-MORO approach takes 4 MORO iterations to converge to a robust solu-

tion, whereas the SB-SORO-DDU approach requires 13, thus yielding a higher function call
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count. This is behaviour is expected, since the the DDU approach takes longer to converge due

to the constantly shifting uncertainty space. The objective function value, however, is better

for the SB-SORO-DDU approach. This is consistent with the theory found in the literature -

when uncertainty is modelled as decision-dependent, the uncertainty sets are more realistic and

adaptive, thus leading to less conservative and often better solutions, compared to traditional RO

approaches where the uncertainties are fixed.

5.2.2 USV Case Study

The proposed SB-SORO-DDU approach was also applied to the USV case study. For a

detailed description of the individual models and integration, refer to Appendix B.

The formulation for the USV case study is similar to the one for the USB-MORO case (see

Section 3.3.2), and is shown in Equation (5.6).

The objective is to maximize the utility function (which is defined in Equation (B.8)).

Constraints are imposed on the sway force (Fy), the final distance to the destination (d)m and

the system reliability (R). As a reminder, the system reliability was modified following Equa-

tion (B.5) in Appendix B.3 with α = 1. The uncertainties are manifested in the current directions

and current speeds. Note, since in this formulation we are considering decision dependent uncer-

tainty, the current directions and speeds are determined from the environment map, based on the

position of the USV (see Appendix B.5 for details).
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min{U(x, u)}

subject to:

g1(x, u) = max(Fy)/350kN − 1 ≤ 0

g2(x, u) = d/5km− 1 ≤ 0

g3(x, u) = −R/0.5 + 1 ≤ 0

0 ≤ xi ≤ 1,∀i = 1, 2, 3, 4, 5

− 30◦ ≤ x6 ≤ 30◦; −90◦ ≤ xi ≤ 90◦,∀i = 7, 8, 9, 10

u = u∗ + ∆u

u∗ = h(x)

∀∆u ∈ ±[5◦, 5◦, 5◦, 5◦, 5◦, 0.01m/s, 0.01m/s, 0.01m/s, 0.01m/s, 0.01m/s]

(5.6)

The optimization solver used was MATLAB fmincon function [112], which is an im-

plementation of the interior-point algorithm. The solver and RO options are summarized in Ta-

ble 5.2. The remaining options were set to their default values.

The optimized decision variables (throttle and heading) and resulting USV speed are shown

in Figure 5.5, along with the corresponding paths in Figure 5.6. Figure 5.7 shows the profiles of

the attributes and utility.

It is interesting to see that the USV headings are the same for both the deterministic and

robust cases, and the throttle and speed profiles are very similar as well. One possible explanation

for the lack of uniqueness in the solutions is the presence of decision-dependent uncertainty. In

contrast, the solutions appeared to be more unique for the USB-MORO approach (refer back to
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Table 5.2: fmincon and RO option settings for USV case study (SB-SORO-DDU approach)

fmincon options

Algorithm interior-point
Subproblem Algorithm cg
Constraint Tolerance 1× 10−3

Finite Difference Step Size 1× 10−4

Optimality Tolerance 1× 10−3

Step Tolerance 1× 10−6

RO options

Maximum iterations 10
Number of uncertainty samples 100

Table 5.3: Comparison of objective function values for SB-SORO-DDU and USB-MORO

Deterministic Final

SB-SORO-DDU -0.041 -0.038
USB-MORO -0.037 -0.053

Section 3.3.2). There are a few additional comparisons that can be made between the results from

the SB-SORO-DDU approach and the USB-MORO approach. Table 5.3 summarizes the mean

utility values for the two approaches. Perhaps the first observation would be regarding the utility

values for the deterministic cases. It is expected that the solutions will be different since two

different problems were solved - one with variable uncertainty, the other with fixed uncertainty.

Thus, the nominal values of the uncertain parameters are different for both problems, which

would yield different results - compare the ”Current speed” attribute profile for SB-SORO-DDU

and USB-MORO in Figures 5.7 and 3.15, respectively. The utility values for the robust solutions

also make sense - as demonstrated in the Circle problem and as supported by the literature, the

robust solution with DDU is expected to be better that its fixed uncertainty counterpart.

Again, some robust attribute values are very similar to their deterministic counterparts,

which, given the same heading, is not entirely surprising. For the deterministic case, the utility
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Figure 5.5: USV inputs for SB-SORO-DDU (deterministic and robust cases)

Figure 5.6: USV paths for SB-SORO-DDU (deterministic and robust cases)
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Figure 5.7: USV attribute and utility profiles for SB-SORO-DDU (deterministic and robust cases)

value averages at -0.041, whereas for the robust case the average utility is -0.038. Although a

better objective function value for the robust case is atypical for traditional MORO approaches,

it is possible that the same rules do not apply to RO problems with DDUs. Especially if the

uncertain parameters also appear in the objective function.

5.3 Discussion

This chapter introduced a novel sampling-based robust optimization method, for solving

problems with decision-dependent uncertainty (SB-SORO-DDU). Unlike previous approaches,

the proposed method addresses optimization problems in which the uncertain parameters are

dependent on the decision variables, leading to variable (rather than fixed) uncertainty bounds.

One of the main advantages of the proposed approach is its simplicity - due to the sampling-

based nature of handling uncertainties, the problem characteristics do not change - i.e. the prob-

lem does not become NP-hard due to the decision-dependent uncertainty.

The algorithm was demonstrated with two examples: a simple Circle problem and a USV
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case study. Results showed that SB-SORO-DDU can successfully converge to robust solutions

under decision-dependent uncertainty, though at the cost of increased function evaluations due

to the dynamically shifting uncertainty space. However, the results highlight that incorporating

DDU has potential of improving the solution quality, compared to problems with fixed uncer-

tainty sets, as it leverages the interactions between the decision variables and uncertainty param-

eters.

Overall, this chapter demonstrated the feasibility and flexibility of the SB-SORO-DDU

approach and laid the foundation for extending robust optimization techniques to more complex,

real-world systems where uncertainty is inherently tied to design choices.

The next chapter will conclude this dissertation and discuss the main highlights, contribu-

tions, and future research directions based on the approaches proposed in this dissertation.
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Chapter 6: Conclusions

This dissertation introduced new methods for solving single- and multi-objective robust

optimization (SORO and MORO) problems with fixed and variable interval uncertainty. The

proposed methods are built upon a single-level iterative framework and manage uncertainty ro-

bustness using a scenario generation technique.

6.1 Summary

The core approaches presented in this dissertation include:

Original Sampling-Based Multi-Objective Robust Optimization (OSB-MORO)

This method handles robust optimization under fixed interval uncertainty. It follows a sequential,

single-level approach that uses a multi-objective genetic algorithm solver for the optimization

stage and a Latin-Hypercube sampling technique for handing the robustness evaluation stage.

The main advantage of the OSB-MORO approach is its generality, simplicity of implemen-

tation, and flexibility, making it applicable to a wide array of problems, including constrained and

unconstrained, linear and nonlinear, and those involving black-box models. It can also theoret-

ically accommodate problems with discrete variables and discontinuous functions - as long as

the appropriate optimization solver is used. And in addition to interval uncertainty, distributional

uncertainty, or a mix of both, can be easily accommodated.
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Moreover, the OSB-MORO approach can be adapted to single objective problems. In that

regard, a utility-based adaptation, USB-MORO, was explored, reformulating the MORO problem

into a single-objective one via a multi-attribute utility function.

Given the general and modular framework of the approach, it is also possible to utilize

information about the problem to potentially improve the approach’s performance. For example,

a specific optimization solver (besides NSGA-II) can be used, if it is know to work better for

a given type of problems. Or, if the problem is convex, then firstly, the obtained solution is

guaranteed to be the global optimum; secondly, the problem can be converted to a single-objective

problem via classical methods (e.g., weighted sum or epsilon-constrained methods), and a more

efficient single-objective solver, such as a gradient-based solver, can be applied. Utilizing this

knowledge could help reduce the computational cost significantly. Another valuable insight to

a problem would be monotonicity. If the constraints are linear or monotonic with respect to the

uncertainty parameters, then the worst-case scenario can be quickly determined via a gradient

calculation, thus eliminating the uncertainty sample generation step and subsequent robustness

evaluation step entirely, which would lead to a significant reduction in computational cost.

The approach has demonstrated its overall effectiveness in various examples and a real-

world Unmanned Surface Vessel (USV) case study. A comparison to a previous approach indi-

cates that OSB-MORO can reliably produce comparable results in terms of solution quality and

significantly decreases the number of function calls.

A significant limitation of OSB-MORO is its computational intensity due to its reliance

on evaluating original problem functions. The sampling scheme, while straightforward, does not

scale well, and poses challenges in determining an optimal sample size to thoroughly explore

the uncertainty space and potentially leading to sub-optimal robust solutions if not adequately
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covered. Additionally, the sequential addition of new constraints can progressively make the

feasible domain more restrictive.

Surrogate Sampling-Based Multi-Objective Robust Optimization (SSB-MORO)

This method enhances OSB-MORO by integrating online surrogates to improve computational

efficiency under fixed interval uncertainty. SSB-MORO utilizes a Kriging surrogate to model

the problem. As the MORO iterations progress, the surrogate dynamically updates, strategically

targeting regions of high uncertainty and constraint violation, which helps improve surrogate

fidelity near robust optimal fronts.

The approach was applied to several example problems as well as a USV case study. The

method generally produces comparable results to existing literature approaches and excels in

achieving a more uniform solution set.

The primary concern with SSB-MORO is surrogate accuracy, which can lead to sub-

optimal or inconsistent results, especially for more complex problems. Issues like the ”double

surrogate” effect (using surrogates on top of other pre-built surrogates, as seen in the USV case

study) and limited MORO iterations can also contribute to discrepancies in results.

Sampling-Based Single-Objective Robust Optimization with Decision-Dependent Un-

certainties (SB-SORO-DDU)

This approach extends the sampling-based framework to address single-objective problems where

uncertainty is dependent on the decision variables.

SB-SORO-DDU provides an efficient method for solving problems where the uncertainty

interval itself is a function of the decision variables, common in real-world applications like path

planning (e.g. the USV case study). The approach follows similar steps to OSB-MORO, with

key modifications in how uncertainty samples are handled during robustness evaluation, ensuring
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they remain within the bounds defined by the current decision variables. A significant advantage

of the SB-SORO-DDU approach is its relatively straightforward implementation and there is no

need to reformulate the problem to account for the variable uncertainty bounds.

The literature on decision-dependent uncertainty is relatively light, and there is a lack of

standard test problems to evaluate new methods. So the proposed approach was applied on a sim-

ple Circle problem to demonstrate the steps and illustrate how the shift in uncertainty is handled.

SB-SORO-DDU was also applied to the USV case study, and showed promising results.

Some drawbacks of the approach relate to the computational expense of sampling-based

techniques - although for cheap and small problems it works great, it does not scale well. More-

over, due to the constantly shifting uncertainty space, the SB-SORO-DDU approach generally

requires a higher number of function calls to converge compared to methods with fixed interval

uncertainty.

6.2 Contributions

The research efforts discussed in this dissertation make the following contributions to the

field of MORO:

1. A general framework for scenario generation based MORO.

• This work presents a simple, modular framework for a general sequential, single-level,

sampling-based MORO approach, which serves as a foundation for developing more fine-

tuned and specialized robust optimization techniques, as demonstrated by the proposed

methods in this dissertation.
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2. A new single-level, general sampling-based multi-objective robust optimization (OSB-MORO)

approach

• Improved computational cost: This method provides a significant improvement in com-

putational efficiency by introducing a single-level iterative framework, which means the

optimization problem only needs to be solved once per iteration. This contrasts with many

existing multi-objective robust optimization (MORO) methods that rely on computationally

expensive bi-level or two-stage workflows.

• Enhanced generality and applicability: OSB-MORO offers a highly flexible and general

framework that can be applied to a wide array of problems, including constrained and

unconstrained, linear and nonlinear, and those involving black-box models. This addresses

a key research gap where existing methods often impose specific assumptions on problem

characteristics.

3. An online surrogate sampling-based multi-objective robust optimization (SSB-MORO) ap-

proach

• Reduced computational cost: SSB-MORO addresses the challenge of applying MORO to

problems involving expensive functions or simulations. By integrating an online surro-

gate model (specifically Kriging) with a sampling-based MORO approach, this method

significantly reduces the computational time and effort required for both optimization and

uncertainty analysis.

• Improved solution uniformity: The proposed approach not only achieves comparable results

to existing literature methods, but also excels in obtaining a more uniform distribution of
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solutions within the Pareto front, as indicated by the Spacing (SP) quality metric.

4. A novel sampling-based single-objective robust optimization approach with decision-dependent

uncertainty (SB-SORO-DDU)

• Simplified tractability: SB-SORO-DDU offers a simple, flexible, and tractable framework

for handling variable uncertainty. Unlike many existing RO methods with DDU that re-

quire complex problem reformulations, this sampling-based strategy avoids complicating

the problem structure or making it NP-hard.

• Improved uncertainty consideration: This approach addresses a critical limitation in tra-

ditional RO methods by accounting for endogenous, or variable uncertainty, where uncer-

tainty parameters are dependent on the decision variables. This enables more realistic and

less conservative modelling of uncertainty in real-world applications. By leveraging the

interactions between decision variables and uncertain parameters, this approach has the

potential to yield better solutions compared to traditional RO problems with fixed uncer-

tainty sets.

6.3 Directions for Future Work

The methodologies presented in this dissertation lay the groundwork for several avenues of

future research and potential improvements:

Improving sampling strategies

While all the proposed methods integrate a simple LHS approach, further improvements can be

explored. This includes refining the methodology for uncertainty generation and handling (e.g.,

119



exploring adaptive sampling techniques beyond Latin-Hypercube sampling for better and more

efficient and effective coverage). Although a fixed sampling strategy (such as LHS, Taguchi,

factorial designs [105, 119]) may be easy to implement, it can be challenging to determine the

number of samples to use to ensure the entire uncertainty space is efficiently explored. Addition-

ally, a fix sampling technique would not scale well, and it would be necessary to perform some

analysis to determine the tradeoff between the cost of computation and cost of exploration and ac-

curacy. To address that limitation, adaptive sampling techniques have been developed [115,120],

where new samples are adaptively selected based on the problem characteristics and current in-

formation.

Enhancing surrogate model accuracy

The accuracy of surrogate models remains a key area for improvement, especially for complex

problems. Future work can involve tuning Kriging model parameters (e.g., correlation functions)

and exploring alternative surrogate modelling strategies and integration methods to enhance the

convergence behavior and robustness of the final solutions. For example, a surrogate model could

be developed for each function individually, rather that for all functions at once, thus allowing for

more granular fine-tuning of surrogate model parameters. Additionally, it is important to consider

the strategies for both creating the initial DOE samples, and selecting the best points to use for

updating the surrogate.

Extending robust optimization with decision-dependent uncertainty to multi-objective for-

mulation

The SB-SORO-DDU method addresses single-objective problems. A natural extension would

be to investigate multi-objective robust optimization problems with decision-dependent uncer-

tainties, building upon the insights gained from the single-objective approach. There are several
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ways this could be addressed. Possibly the simplest approach would be to apply scalarization

techniques to reformulate the multi-objective problem to a single-objective formulation, e.g. via

the weighted sum method [6] or via utility functions [29]. Then, as already demonstrated in this

dissertation, single-objective optimization techniques can be used to solve the problem. Other po-

tential approaches include developing bi-level optimization formulations [35, 121] or extending

evolutionary algorithm approaches, decomposition methods, or distributionally robust optimiza-

tion models [36, 122].

Consideration of time-dependent uncertainty

Future studies could explore incorporating time-dependent uncertainty, thus bridging the gap be-

tween traditional MORO and dynamic optimization or optimal control problems. This could have

many applications in routing, scheduling, or planning problems. Current approaches utilize the

concepts of dynamic optimization and the use of evolutionary algorithms to solve these prob-

lems [123, 124]. Many time-dependent problems have been considered in the area of reliability,

where consideration of time-dependent reliability provides a more realistic and comprehensive

assessment of system safety and performance, which is essential for design, maintenance, and

lifecycle management decisions [125, 126]. However, as with many other approaches, a primary

challenge is the high computational cost, especially for high-dimensional or complex problems,

as robust optimization often requires extensive simulations or sampling to account for uncer-

tainties over time. Many existing methods are limited to time-invariant objectives or can only

handle specific types of constraints and disturbances, restricting their applicability to real-world,

dynamic scenarios [127].

121



Appendix A: Example Problem Formulations

This appendix presents the formulations and backgrounds of the example problems pre-

sented in this dissertation - MinEx, TNK, CTP, Three-Bar Truss and ZDT3.

A.1 MinEx

A deterministic version of the MinEx problem was presented in [6] and later revised to

include uncertainty in [63]. It is a bi-objective problem with two constraints and two decision

variables. There is a single uncertain parameter, which appears in both the objectives and con-

straints, thus making the problem an objective-feasibility robustness type. The nominal uncer-

tainty value is set to 1, with its variation defined by an interval range. The acceptable objective

variation range (AOVR) is set to 0.3 for the first objective, f1, and 0.6 for the second objective,

f2. The formulation of the problem is presented in Equation (A.1)
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min


f1(x, u) = ux1

f2(x, u) =
u+x2

x1

subject to:

g1(x, u) = 6− 9x1 − ux2 ≤ 0

g2(x, u) = 1− 9x1 + ux2 ≤ 0

0.1 ≤ x1 ≤ 1 0 ≤ x2 ≤ 5

where

u0 = 1 ∆u ∈ [−0.3, 0.3]

u = u0 +∆u

AOV R = [0.3, 0.6]

(A.1)

A.2 TNK

The TNK problem was originally formulated by Tanaka [108] as a bi-objective problem

with two constraints and two decision variables. The problem was then adapted by Hu [10] to

include uncertainty, as show in Eq. (A.2). There are two uncertain parameters, u1 and u2, whose

nominal values are set to zero. The uncertainty is defined as an interval range, and appears in

only one of the constraints, thus only feasibility robustness must be considered.
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min


f1(x) = x1

f2(x) = x2

subject to:

g1(x, u) = −x2
1 − x2

2 + 0.1 cos

(
16 arctan

(
x1

x2

))
+

+ 1 + 0.35 sin(u1) cos(u2) ≤ 0

g2(x) = (x1 − 0.5)2 + (x2 − 0.5)2 ≤ 0.5

0 ≤ xn ≤ π,∀n

where

u0,p = 0, ∀p; ∆up ∈ [−2, 2],∀p

up = u0,p +∆up,∀p

(A.2)

A.3 CTP

The CTP example is a highly non-linear, constrained bi-objective problem with ten design

variables and two uncertain parameters. Both uncertainties appear in the constraints, making the

problem a feasibility robustness type. It was originally formulated as a deterministic problem

in [6], then revised to include uncertainty in [10].
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min


f1 = x1

f2 = k
(
1−

√
f1
k

)
subject to:

g = a| sin(bπ(sin(θ)(f2 − e) + cos(θ)f1)
c)|d

− cos(θ)(f2 − e) + sin(θ)f1 ≤ 0

0 ≤ x1 ≤ 1;−5 ≤ xi ≤ 5, i = 2, ..., 10

where

k =

∣∣∣∣∣1 +
(

10∑
i=2

xi

)0.25∣∣∣∣∣
θ = −0.2π + u1; a = 0.2; b = 10; c = 1; d = 6 + u2; e = 1;

u0 = [0, 0]; ∆u1 ∈ [−0.2, 0.2]; ∆u2 ∈ [−2, 2]

up = u0,p +∆up,∀p

(A.3)

A.4 Three-Bar Truss

The Three-Bar Truss example problem aims to optimize the design of the three-bar truss,

such that the horizontal deflection, u, and total volume of the components, V , are minimized. The

design is subject to constraints on the yield stress of the components, and the vertical deflection

of the overall assembly.

The configuration of the truss (see Figure A.1) is symmetric, with the side components

having a cross-sectional area A1 cm2 and the middle component having a cross-sectional area

A2 = 2 cm2. The components are hinged to a wall at nodes 1, 2, and 3 and are spaced l = 1m
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Figure A.1: Three-bar truss configuration

apart. The components are connected at node 4, where a force P = 100kN is applied at an angle

of θ below the horizon.

The objective of the problem is to optimize the design of the three-bar truss, such that the

horizontal deflection, u, and total volume of the components, V , are minimized. The design is

subject to constraints on the yield stress of the components, and the vertical deflection of the

overall assembly.

The formulation of the problem is shown in Eq. (A.4). The decision variables for this

problem are the cross-sectional area of the side components, A1, and the angle, θ, both of which

contain uncertainty and may vary by ∆A1 and ∆θ, respectively. The uncertainties appear in

both the objective functions and constraints, thus requiring objective-feasibility robustness con-

sideration. The allowable variations in the objectives are given by AOV R. The first and second

constraints dictate that the stress on the side and middle components, respectively, must be less

than the yield stress, σ1,0 = σ2,0 = 140MPa, and the third constraint ensures that the vertical
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deflection is less than ν0 = 0.5cm. In the formulation, E = 70GPa is Young’s modulus.

min{f1, f2}

subject to:

g1 = σ1 ≤ σ1,0; g2 = σ2 ≤ σ2,0; g3 = ν ≤ ν0

2cm2 ≤ A1 ≤ 10cm2, 30◦ ≤ θ ≤ 40◦

∀∆A1 ∈ [−0.1cm2, 0.1cm2], ∀∆θ ∈ [−5◦, 5◦]

AOV R = [0.07cm, 400cm3]

where

f1 = u(A1, θ) =

√
2lP cos(θ)

A1E

f2 = V (A1, θ) = 2
√
2A1l + A2l

σ1 =
P√
2

[
cos(θ)

A1

+
sin(θ)

(A1 +
√
2A2)

]
σ2 =

√
2P sin(θ)

(A1 +
√
2A2)

; ν =

√
2lP sin(θ)

(A1 +
√
2A2)E

(A.4)

A.5 ZDT3

The ZDT3 example is bi-objective, unconstrained problem, which is scalable with respect

to the number of decision variables (N ). It was originally formulated as a deterministic problem

in [6] and later adapted to include uncertainty in [10]. The formulation is presented in Eq. (A.5)
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min


f1 = x1 + u1

f2 = gh

0 ≤ xi ≤ 1, i = 1, ..., N

where

g = 1 +
9

N − 1

( N∑
i=2

xi + u1 + u2

)
h = 1−

√
f1
g
− f1

g
sin(10πf1)

u0 = [0, 0]; ∆u1 ∈ [0, 0.1]; ∆u2 ∈ [−0.2, 0.2]

up = u0,p +∆up, ∀p

AOV R2 = 0.5

(A.5)
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Appendix B: USV Case Study

A case study of an unmanned surface vessel (USV) was considered as a real-world applica-

tion to test the approaches proposed in this dissertation. The following sections of this appendix

present a description of the USV case study - an overview of the problem, the assumptions, setup,

and details of the development of the USV simulation model.

An earlier version of this case study was presented in [5]. For this work, a few key subsys-

tems in the USV model are considered, namely the engine cooling and control system (ECCS),

the reliability system, and hydrodynamics subsystem [128] to account for external wave forces

and to incorporate a routing aspect to the problem.

The USV is assumed to complete a 200-hour mission, going from San Diego, California

to Honolulu, Hawaii. The USV is exposed to some environmental conditions (e.g., temperatures

and pressures) and wave conditions (e.g., wave spectrum and current direction). The USV is also

equipped with sensors, which record its operational state surroundings and monitor the critical

components - this data is subsequently used to assess the health state of the USV and predict the

component and system reliability. The USV mission trip is assumed to be split into five 40-hour

sections, or legs, during each of which the operational profile remains fixed. In other words,

over the course of the 200-hour mission, the USV can change its operational profile by changing

engine throttle input and heading direction 5 times, every 40 hours during its mission.
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Figure B.1: Engine Cooling and Control System Design Presented in [5]

B.1 ECCS Model and Surrogate

The ECCS was an extension of the simulation model shown in [5]. The model was used

to represent some of the sensors on a USV, such as different temperature and pressure sensors

located at the red-flagged locations shown in Figure B.1.

The model used in [5] was designed for a medium-sized ship (100m long), whereas the

ship model used in this case study is for a large container ship (175m long). This change was

made due to the model availability apart of the Marine System Simulation (MSS) Toolbox in

MATLAB [128]. The increase in size required a higher amount of required thrust to control the

ship. The power for the increased thrust demand needed to be provided by the ship’s engine. The

increased power demand would result in the engine producing more heat that would need to be

dissipated by the cooling system. As a result, the cooling system needed to be expanded. This
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Table B.1: Error Metrics on the Training and Testing Dataset for the ECCS Surrogate Model

R2 MAPE RMSE

Training 1.0 9.982× 10−9 6.807× 10−6

Testing 0.961 0.00323 8.652

was done by adding a secondary cooling system, identical to the first attached to the engine as

well.

Much like the ECCS model used in [5], this model had similar computational intensity. As

a result a surrogate model needed to be developed. The method used for building a surrogate

model for the updated ECCS system was a K-Nearest Neighbors regression model, based on the

15 nearest neighbors. This model was chosen because it proved to be fast for making predictions

and had reasonable accuracy. An 80/20 train/test split was applied to 24,766 samples with the

errors (Eq. (B.2), (B.1), (B.3)) for the training and testing datasets shown in Table B.1.

R2 = 1−
∑N

i=1(yi − ŷi)
2∑N

i=1(yi −
1
N

∑N
i=1 yi)

2
(B.1)

MAPE =
1

N

N∑
i=1

∣∣∣∣yi − ŷi
yi

∣∣∣∣ (B.2)

RMSE =

√√√√ 1

N

N∑
i=1

(yi − ŷi)2 (B.3)

B.2 Hydrodynamics Model and Surrogate

In order to make the overall USV model more realistic, a hydrodynamics (hydro) model

was integrated with the ECCS model, which allowed to account for external wave forces and
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facilitate the routing aspect. The hydro model was based on Fossen’s Marine System Simulator

(MSS) [128], adapted for compatibility with the existing USV model framework and case study

specifics. The MSS is a MATLAB and Simulink library for marine systems, which includes

hydrodynamic models for ships, underwater vehicles, and floating structures, as well as guidance,

navigation, and control (GNC) algorithms for real-time simulation. The modifications to the MSS

included adding origin and target destination information to track the USV’s position with respect

to those locations.

The Hydro model requires a set of inputs to be run. For this case study, some inputs were

fixed, and others were allowed to be modified by the user. The fixed inputs included the USV

hydrodynamic data (such as the wave spectrum and other wave characteristics). The Modified

Pierson-Moskowitz (MPM) spectrum was used to model open sea conditions [129]. The user

was allowed to control the following inputs: USV input throttle, USV heading, wave current

direction, wave current speed, and coordinates of origin and target destinations.

The outputs of the Hydro simulation model included the wave forces on the USV (in 6 de-

grees of freedom (DOF)), the USV’s positions and velocities in 6 DOF, and the USV speed. Some

additional modifications were made to calculate the distances from the USV’s current position to

the origin and target destination, respectively.

Running the Hydro simulation for the full mission time (200 hours) proved to be compu-

tationally expensive, so an offline surrogate model was developed, using a multilayer perceptron

(MLP) regression model [130]. The architecture of the model contained two hidden layers, with

512 and 128 neurons, respectively, and both employed LeakyReLU (with the negative slope pa-

rameter set to 0.2) as the activation function. Since the original simulation provides a timeseries

output with 5 distinct stages (corresponding to the 5 profile stages), and the output parameter
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Table B.2: Error Metrics on the Training and Testing Dataset for the Hydro Surrogate Model

R2 MAPE RMSE

Training 0.998 0.396 0.350
Testing 0.999 0.175 0.354

values at each stage are relatively constant, the MLP was trained to make stage-wise predictions,

which were then stitched together to produce the final full timeseries prediction. The model was

built on 50,000 samples, with an 80/20 train/test split. The evaluation metrics for determining

the accuracy of the model predictions were calculated using Eqs. (B.1), (B.2), (B.3) and are

summarized in Table B.2.

B.3 Reliability Model

The reliability model of the ECCS system for the USV is summarized in Figure B.2, which

is adapted from the framework proposed by Hazra et al. [5].

As shown in Figure B.2, two main stages are included in this framework. In the first

stage, the subsystems’ health state is diagnosed using deep learning models - one model for each

subsystem. The convolutional neural network (CNN) models were trained for the health state

classification of the seven crucial subsystems of the ECCS: the marine diesel engine, two fresh-

water cooling subsystems, two seawater cooling subsystems, and two lube oil subsystems. The

training data was obtained from the operation data generated from the ECCS+hydro simulation

models, as discussed in Sections B.1 and B.2. The operation data used for CNN training includes

temperatures, pressures, and other measurements from different locations of the ECCS+hydro

system. Simulation results of 24,766 sampled missions with 200 hours each were used in the

development of CNN models, while 80% of samples were selected for training purposes, and
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Figure B.2: Framework of the development of the of reliability model

the rest were used for validation. The simulated dataset comprises ten health state classes, each

corresponding to different subsystem efficiencies. These efficiencies range from 100% down to

10%, decreasing in increments of 10%. The output of CNN models (the first stage) are probabil-

ity distributions of the health state classes of each subsystem. It provides real-time health state

information for each subsystem under the given input environmental and operational uncertain-

ties. All seven CNN models showed high accuracy rates, approximately 96% for both training

and validation data sets according to Eq.(B.4). The health state information is further input to

Bayesian Belief networks (BBNs) as virtual evidence for updating the system-level reliability.

accuracy(y, ŷ) =
1

nsamples

nsamples−1∑
i=0

1(ŷi = yi) (B.4)

In the second stage, a BBN is constructed as shown in Figure B.3. This is developed using

GeNIe Modeler by BayesFusion [131]. This BBN structure is adapted from Hazra et al. [5],

considering the new design of the ECCS system. The main seven subsystems are highlighted in
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Figure B.3: Structure of the developed BBN model for system-level reliability analysis

red. The failure rates for the ECCS components and conditional probability tables (CPTs) can be

found in Hazra et al. [5].

Utilizing health state information obtained through deep learning models in the first stage,

the developed BBN model can update the reliability profile of the ECCS of a USV. Using prior

information obtained from the reliability data handbooks, the BBN model of the ECCS was able

to evaluate the health state of a 200-hour mission every hour.

Upon further analysis of the reliability model, it was discovered that the final system re-

liability was fairly immutable with respect to varying input conditions, e.g., decision variables.

In the interest of producing some sensible results, the system reliability (R) was modified to be,

among others, a function of the input throttle (throttle). The transformation was performed fol-

lowing Eq. (B.5), to achieve a more exaggerated relationship between the reliability and throttle

and scale the values so that they were within 0 and 1 range.
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Figure B.4: Adjusted reliability (Radj) for different values of α

Radj = 1−R× throttleα (B.5)

Figure B.4 illustrates how the value of α in Eq. (B.5) has a significant effect on the rela-

tionship between the throttle and adjusted reliability value, Radj . For 0 < α < 1 the relationship

between the adjusted reliability and throttle is decreasing and convex; for α = 1, the adjusted

reliability and throttle exhibit a linearly decreasing relationship; and for α > 1 the relationship

between the adjusted reliability and throttle is decreasing and concave. For this case study, the

values of 1 and 4 have been used for α.
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B.4 Models Integration

One of the many challenges of implementing this case study was integrating all the models

in question - namely, the ECCS, system reliability, and Hydro surrogate models.

The overall integration framework for the aforementioned components of the USV model

is shown in Figure B.5.

The white blocks (rectangular blocks labeled “Model”) represent the models, the light blue

blocks (rectangular blocks with curved edges labeled “Data”) represent input/output parameters,

the green blocks (irregular pentagon arrow blocks labeled “DV”) represent the input parameters

that are the decision variables for the optimization problem, and the purple blocks (oval blocks

labeled “Output”) represent the parameters that will serve as the objectives or constraints in the

optimization problem. The environment data sets the stage for the ECCS simulation, which pro-

vides USV component sensor data to be passed through a reliability model for determining the

USV system reliability. The ECCS model also provides USV thrust values, which are fed to the

hydrodynamics model, along with wave data, to produce positional data of the USV, its speed,

and wave forces on the USV. The ECCS is composed of two sub-systems - the propulsion and

cooling systems. The inputs that affect the two, are the throttle and environmental conditions,

respectively. The cooling system of the ECCS model outputs synthetic sensor data, which repre-

sents readings of the surrounding environment and ECCS components’ health states. This sensor

data is then fed into the reliability model to get the USV system reliability. The propulsion sub-

system of the ECCS essentially converts the input throttle to a thrust value, which is then fed

into the Hydro model. When integrated with the Hydro model, the thrust values provided by the

ECCS simulation yielded USV speeds that were below the typical speed range (10-25 knots) of
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Figure B.5: Integration of ECCS, Hydro, and Reliability Models

the ship that was being modelled, so a booster factor of 30 was applied to mitigate this discrep-

ancy. The Hydro model requires additional inputs, such as the USV heading, wave spectrum,

wave current direction and speed, and coordinates of the origin and target destinations. The main

outputs of interest of the Hydro model are the USV’s speed and position relative to the origin and

target, as well as the wave forces acting on the USV.

B.5 Considering Environmental Conditions Based on Real Data

Most of the inputs to the USV model that describe the surrounding environment are fixed

or assumed with some values determined by the user. However, to provide a more realistic

environment, real data for the currents, waves, and wind were integrated. The environment data

was obtained from the Marine Data Store provided by the E.U. Copernicus Marine Service. The

following datasets were used:

• Global Ocean Physics Analysis and Forecast [132] - was used for obtaining the wave cur-

138



rent directions and current speeds

• Global Ocean Waves Analysis and Forecast [133] - was used for obtaining the significant

wave heights

• Global Ocean Hourly Sea Surface Wind and Stress from Scatterometer and Model [134] -

was used for obtaining the wind directions and wind speeds

All of the datasets provided a monthly average of the data, so the monthly average for

December 2024 was used. The area selected for consideration was defined by the latitude range

of [17, 42] and longitude range of [-162, -116].

Figures B.6, B.8, B.10 illustrate the environment data on a map for the current, wave height,

and wind, respectively. Thus, at any location on the map, the USV would experience a specific

environment (defined by the environment maps). However, in order to integrate the environment

data into the USV model (which is time-based at its core), it had to be transformed to a timeseries.

Since at any given point in time, the position of the USV is known, the environment parameters

can be easily estimated and ”connected” to that same point in time. Thus, for a given path, a

continuous profile for the environment parameter can be obtained, as shown by the dotted line in

Figures B.7, B.9, B.11. The final step needed for integration is making a 5-stage profile - since

the USV model is design to accommodate 5 operational profiles for the 200 hour mission. So, a

mean aggregation was performed for each 40-hour section of the mission, as shown by the solid

line in Figures B.7, B.9, B.11.
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B.6 Utility Function Creation

The USV case study was generally formulated as a bi-objective problem. However, a

single-objective reformulation was developed via a multi-attribute utility function (MAUF).

To create the MAUF for the USV problem, first a utility function for each attribute is

developed, as shown in Equation (B.6). The utility functions were derived to be within the range

of [-1, 0], with 0 being the preferred value.

U11 = 1.288(1− exp(−0.0823x11))− 0.9345

U12 = 0.0483(1− exp(0.00878x12))

U21 = 0.652(1− exp(0.065x21))

U22 = 0.579(1− exp(0.051x22))

U23 = 0.262(1− exp(0.532x23))

U3 = x3 − 1

(B.6)

Then, the 6 single-attribute utility functions are grouped into 3 multi-attribute utility func-

tions according to category and are shown in Equation (B.7):

• Operations, U1 - groups the utility functions for USV speed (U11) and sway force (U12)

• Environment, U2 - groups the utility functions for wave height (U21), wind speed (U22), and

wave current speed (U23)

• Reliability, U3 - is the utility function for the system reliability
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U1 = 0.449U11 + 0.332U12 − 0.22U11U12

U2 = 0.252U21 + 0.15U22 + 0.113U23

− 0.178U21U22 − 0.134U21U23 − 0.08U22U23 + 0.094U21U22U23

U3 = x3 − 1

(B.7)

Finally, the overall MAUF for the USV problem objective is shown in Equation (B.8):

U = 0.049U1 + 0.055U2 + 0.061U3

− 0.131U1U2 − 0.146U1U3 − 0.164U2U3 + 0.394U1U2U3

(B.8)
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Figure B.6: Real Data for Wave Current Environment

(a) Profile for Current Direction (b) Profile for Current Speed

Figure B.7: Profiles for Wave Current Environment
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Figure B.8: Real Data for Wave Environment

(a) Profile for Wind Direction (b) Profile for Wind Speed

Figure B.9: Profiles for Wind Environment
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Figure B.10: Real Data for Wind Environment

Figure B.11: Profile for Significant Wave Height
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[47] Y. Beck, I. Ljubić, and M. Schmidt, “A Brief Introduction to Robust Bilevel
Optimization,” Jan. 2023. [Online]. Available: https://doi.org/10.48550/arXiv.2211.16072

[48] M. Lombardi and R. T. Haftka, “Anti-optimization technique for structural design under
load uncertainties,” Computer Methods in Applied Mechanics and Engineering, vol. 157,
no. 1, pp. 19–31, Apr. 1998. [Online]. Available: https://doi.org/10.1016/S0045-7825(97)
00148-5

[49] H. K. Singh, M. M. Islam, T. Ray, and M. Ryan, “Nested evolutionary algorithms for
computationally expensive bilevel optimization problems: Variants and their systematic
analysis,” Swarm and Evolutionary Computation, vol. 48, pp. 329–344, Aug. 2019.
[Online]. Available: https://doi.org/10.1016/j.swevo.2019.05.002

[50] J.-A. Mejı́a-De-Dios, A. Rodrı́guez-Molina, and E. Mezura-Montes, “Multiobjective
Bilevel Optimization: A Survey of the State-of-the-Art,” IEEE Transactions on Systems,
Man, and Cybernetics: Systems, vol. 53, no. 9, pp. 5478–5490, Sep. 2023. [Online].
Available: https://ieeexplore.ieee.org/document/10121701

[51] T. Xia, M. Li, and J. Zhou, “A Sequential Robust Optimization Approach for
Multidisciplinary Design Optimization With Uncertainty,” Journal of Mechanical Design,
vol. 138, no. 111406, Sep. 2016. [Online]. Available: https://doi.org/10.1115/1.4034113

[52] H. Wei, L. Shu, Y. Yang, Q. Zhou, L. Zhong, and P. Jiang, “An improved sequential
multi-objective robust optimisation approach considering interval uncertainty reduction
under mixed uncertainties,” Journal of Engineering Design, vol. 32, no. 2, pp. 61–89,
Feb. 2021. [Online]. Available: https://doi.org/10.1080/09544828.2020.1858475

[53] T. Bartz-Beielstein, J. Branke, J. Mehnen, and O. Mersmann, “Evolutionary Algorithms,”
WIREs Data Mining and Knowledge Discovery, vol. 4, no. 3, pp. 178–195, 2014.
[Online]. Available: https://doi.org/10.1002/widm.1124

149

https://doi.org/10.1007/s101070100286
https://doi.org/10.1016/j.cma.2007.03.003
https://doi.org/10.1080/03155986.2020.1730676
https://doi.org/10.1080/03155986.2020.1730676
https://doi.org/10.1007/s00158-011-0631-1
https://doi.org/10.48550/arXiv.2211.16072
https://doi.org/10.1016/S0045-7825(97)00148-5
https://doi.org/10.1016/S0045-7825(97)00148-5
https://doi.org/10.1016/j.swevo.2019.05.002
https://ieeexplore.ieee.org/document/10121701
https://doi.org/10.1115/1.4034113
https://doi.org/10.1080/09544828.2020.1858475
https://doi.org/10.1002/widm.1124


[54] X. Yu and M. Gen, Introduction to Evolutionary Algorithms. Springer Science & Business
Media, 2010.

[55] K. Deb, “Multi-objective Optimisation Using Evolutionary Algorithms: An Introduction,”
in Multi-objective Evolutionary Optimisation for Product Design and Manufacturing,
L. Wang, A. H. C. Ng, and K. Deb, Eds. London: Springer, 2011, pp. 3–34. [Online].
Available: https://doi.org/10.1007/978-0-85729-652-8 1

[56] K. Deb, S. Agrawal, A. Pratap, and T. Meyarivan, “A Fast Elitist Non-dominated Sorting
Genetic Algorithm for Multi-objective Optimization: NSGA-II,” in Parallel Problem
Solving from Nature PPSN VI, M. Schoenauer, K. Deb, G. Rudolph, X. Yao, E. Lutton,
J. J. Merelo, and H.-P. Schwefel, Eds. Berlin, Heidelberg: Springer, 2000, pp. 849–858.
[Online]. Available: https://doi.org/10.1007/3-540-45356-3 83

[57] E. Zitzler, M. Laumanns, and L. Thiele, “SPEA2: Improving the strength pareto
evolutionary algorithm,” ETH Zurich, Report, May 2001. [Online]. Available:
https://doi.org/10.3929/ethz-a-004284029

[58] Q. Zhang and H. Li, “MOEA/D: A Multiobjective Evolutionary Algorithm Based on
Decomposition,” IEEE Transactions on Evolutionary Computation, vol. 11, no. 6, pp.
712–731, Dec. 2007. [Online]. Available: https://ieeexplore.ieee.org/document/4358754
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