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With a modern focus on LiDAR (Light Detection and Ranging) technologies, which gener-
ate precise three-dimensional measurements from the Earth’s surface, the amount of spatial data
in the form of massive point clouds has dramatically increased. This dissertation addresses the
problem of direct terrain analysis using large LiDAR point clouds without interpolating them
into gridded Digital Elevation Models (DEMs). Unlike gridded DEMs, Triangulated Irregular
Networks (TINs) maintain full information of point clouds and can represent terrains with vari-
able resolution. When using TINs to represent large terrains, the major challenges are the high
storage and time costs. To address these, this dissertation introduces a family of decomposition-
based data structures, named Terrain trees family, for encoding TINs. A Terrain tree employs a

nested subdivision strategy, partitioning the domain of the triangle mesh into several leaf blocks.



Each leaf block contains the minimum amount of information required for extracting all connec-
tivity relations that are needed for TIN navigation and terrain analysis. A new library for terrain
analysis, the Terrain trees library (TTL), is developed based on the Terrain trees. Performance
evaluation of TTL shows that a Terrain tree can encode the same terrain with ~36% less storage
than the state-of-art, compact data structure while maintaining good computing performance in
extracting connectivity relations. Despite the highly efficient data structure, managing large TINs
on local machines remains challenging, particularly for complex analyses or simulations. Mesh
simplification methods are commonly applied to reduce TIN sizes to enable downstream process-
ing. However, these simplification methods can modify the topology of the underlying terrain in
an uncontrolled manner, which affects the results of terrain analysis applications. To address this
issue, a topology-aware mesh simplification method based on Terrain trees is proposed. A paral-
lel version of this simplification method is also developed, which simplifies different leaf blocks
at the same time using a shared-memory implementation. A leaf-locking strategy is employed to
avoid conflicts among leaf blocks during parallel computing.

TTL and the topology-aware mesh simplification methods on Terrain trees effectively lower
the memory and time requirements for terrain analysis on TINs. This dissertation demonstrates
the effectiveness of TIN-based models in real-world applications using sea ice topography as an
example. Studying sea ice topography is crucial as it enhances our ability to monitor sea ice
volume changes and comprehend sea ice processes. Besides, timely and precise assessments of
sea ice dynamics are critical in the context of climate change and its impacts on polar regions.
TIN-based surface models are employed to represent the sea ice surface, and methods are de-
veloped for extracting important sea ice topographic features, such as density, regions without

measurements, roughness, and pressure ridge structures, from TINs.
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Chapter 1: Introduction

1.1 Introduction

With the development of new data collection methods, more and more spatial data repre-
sented as raw massive point clouds, such as Light Detection and Ranging (LiDAR) data, become
available. Such techniques provide highly accurate elevation measurements from the Earth’s sur-
face, which are crucial for detailed terrain analysis. This increased data availability gives rise
to new research challenges and technological developments. LiDAR data is used in a variety of
different fields, including urban modeling [188], climate study [12], earthquake analysis [127],
disaster management [115], flood risk mapping [190], forest analysis [38, 195], and coastal mor-
phology computation [162, 192]. Terrain analysis based on accurate elevation measurements en-
ables the extraction of features relevant to several applications. For example, the slope of terrain
is used to map seafloor habitats [112], while the combination of slope, roughness, and curvature
allows for the modeling of coral distribution [52]. Also, the segmentation of a terrain according
to its critical features (i.e., peaks and pits) provides information about terrain morphology, which
is fundamental for assessing the risk of landslides or floods. Research in these fields has been
greatly enhanced by the increasing availability of open data repositories.

However, these new opportunities also pose challenges, such as direct terrain modeling and

analysis from large, unevenly distributed LiDAR point clouds. While it is possible to extract some



local terrain features, such as roughness and curvature, directly from point datasets, a variety of
analytical techniques are not feasible on point clouds. For instance, all topological analyses of
terrains, including terrain segmentation and critical feature extraction, require the computation
of topology on a surface model. Moreover, visibility studies, such as line-of-sight and visual
exposure analysis, as well as the extraction of feature ranges like lakes, ridges, and valleys,
also necessitate terrain models generated from LiDAR data. A Triangulated Irregular Network
(TIN) is a desirable terrain model for LiDAR point clouds as it can be generated directly from
irregularly-distributed points. Terrain models built on the original point datasets can maintain the
details of the terrain surface and use the full information content from LiDAR datasets. However,
existing Geographic Information Systems (GISs) tools have limited support for TINs loading and
processing. GRASS GIS [3] only provides a tool to construct a Delaunay triangulation of a set of
points, but it does not support processing and analysis operations on TINs. QGIS [6] and ArcGIS
Pro [1] can only process TINs of limited size and they do not support many terrain analysis
methods. Even compact data structures for encoding TINs suffer from scalability issues. For
instance, using the most compact state-of-art data structure for triangle meshes, we can process
meshes up to 150 million vertices (300 million triangles), but still much lower than the size of
currently available data sets (see, for instance, the OpenTopography repository [143]).

A point dataset larger than the software limits needs to be interpolated into gridded Digital
Elevation Models (DEMs) before being used for representing terrains. While it is always possi-
ble to transform a point cloud into a raster representation, as a gridded DEM, this process is a
computationally intensive, and can account for 70-80% of the time required by the entire terrain
analysis pipeline [7, 16]. Also, the resolution of a gridded DEM is constrained by cell size and
not by the quality of original point data. After a gridded DEM is generated, the original data will
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be discarded and there is no possibility to improve the resolution. Moreover, when represented in
a raster format, the boundary information of terrain surface may be lost or roughly approximated.
Therefore, TINs are the preferred modeling choice in applications where boundary information
i1s important, such as in coastal and ocean modeling [10, 22]. Considering the increasing need
for high-resolution terrain models and the limitations of existing tools, new techniques for the
efficient representation of triangulated terrain models are necessary.

This dissertation will address the problem of direct terrain modeling and analysis of LiDAR
point clouds by using triangulated surface models, i.e. TINs. The first proposal for a new data
structure, called Terrain tree, which encodes the topology of a triangulated terrain combined with
a spatial index built on the triangle mesh, has been introduced in a 4-page paper presented at ACM
SIGSPATIAL in 2017 [69]. In this dissertation, I will introduce a set of three indexes forming the
Terrain trees family which is developed based on the concept of Terrain tree [69]. A Terrain tree
is a spatial-decomposition-based data structure for TINs. In another word, it contains a list of
blocks obtained from spatial decomposition and each block encodes a subset of the vertices and
triangles of a TIN O. It encodes the minimal connectivity information required for navigation on
© with a hierarchical spatial index. Other connectivity relations are extracted on the fly within
each block of the decomposition and discarded after the processing. This design helps to reduce
the memory footprints of operations on Terrain trees and allows for the development of efficient
TIN-based terrain analysis methods. Based on the Terrain trees data structures, a new library for
terrain analysis called the Terrain trees library (TTL) has been developed.

TTL contains a kernel for connectivity and spatial queries, and modules for extracting mor-
phological features, including edge and triangle slopes, roughness, and curvature. Such features

are measures to quantitatively describe the terrain and can help people to locate significant fea-



tures. TTL also contains a technique to integrate multiple scalar fields defined on the same terrain
by computing a multi-field measure based on the strategy defined by Nagaraj et al. [135]. A ter-
rain with multiple fields defined on it is referred to as a multi-field dataset, and can be found in
several domains, like forest management, weather predictions and geological sciences [100].
Another important module of TTL is the one for topological structures extraction based
on discrete Morse theory [76]. Discrete Morse theory [76] is a combinatorial counterpart of
smooth Morse theory [133], which is a powerful mathematical framework for computing the
terrain topology. It enables the segmentation of a scalar field according to the regions of influence
of its critical points. This general task has proved fundamental in many application domains,
including material science [90], chemistry [141], environmental science [186], forest monitoring
[195], and urban analysis [51], to mention a few. In terrain analysis, particularly, the segmentation
of a terrain according to its critical points (i.e., peaks and pits) provides information regarding
terrain morphology, which are fundamental for assessing the risk of landslides or floods.
Spurious critical points, naturally occurring in data due to noisy acquisitions, can severely
affect terrain analysis. For this reason, several simplification approaches capable of removing
spurious features, while maintaining important critical points, have been defined in the literature
[18,33, 122]. These approaches reduce the topological complexity of the dataset, while leaving
the underlying terrain model unchanged. However, when working with large terrain datasets,
a notable issue arises: the complexity of extracting, representing, and visualizing topological
features and structures is directly related to the resolution of the terrain model. For instance,
triangulated terrain models are widely used in storm surge and tide simulation models due to their
advantages at maintaining line features, like coast lines or barriers. While using the finest mesh
can ensure the simulation accuracy, it contains a huge amount of triangles and makes large-extent
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simulations computationally expensive. In practice, fast simulation of a large domain is needed
to provide timely prediction while the available computing resources are likely to be limited [15].

Therefore, a mesh simplification method is often used to reduce the size of a TIN in order
to enable or accelerate downstream processing in simulations. However, mesh simplification can
affect the topology of underlying terrain in an uncontrolled way, thereby deteriorating the simula-
tion and segmentation results. Topology-aware operators [50,99] have been defined to solve this
issue by coarsening a TIN without affecting the topology of its underlying terrain, i.e., without
modifying critical features describing pits, saddles, peaks, and their connectivity. By combining
such an operator with a topological simplification operator, users are able to simplify the resolu-
tion of both the topology and the geometry of a terrain in a completely controlled way. However,
when processing large terrains, multiple issues arise. First, encoding the original TIN requires
significant memory resources, and, thus, there is the need to use efficient representations, like
Terrain trees, to reduce memory usage. Secondly, performing a large number of simplifications
sequentially is time-consuming [99], directly affecting user interactions during data exploration.
Thus, there is a need to develop a parallel simplification strategy. This dissertation addresses
both issues by designing and implementing a new topology-aware simplification approach for
triangulated terrains on Terrain trees.

The proposed methods for efficient TIN-based terrain analysis and processing are beneficial
for all fields that require accurate descriptions of the Earth’s surface. For instance, accurate
surface model of sea ice in polar regions is crucial for monitoring the sea ice changes and for
understanding their impacts on various sea ice processes, such as ice melting [36] and momentum
transfer to the ocean [126]. Moreover, the rapid changes in sea ice cover and thickness [34] make

timely measurements and analysis of sea ice topographic features more important.



Every year a large amount of point cloud data is collected by satellite altimeters, like Ice,
Cloud, and land Elevation Satellite (ICESat)-1, -2 [125], and airborne altimeters, like the Air-
borne Topographic Mapper (ATM) [104] used in the NASA Operation IceBridge (OIB) cam-
paign. Those data provide an accurate measurement of the ice elevation, but existing studies on
sea ice surface topography rely on the profiles [67] or raster grids [151] generated from point
clouds. They either only reflect the one-dimensional change of the terrain surface, or cannot fully
utilize the information from high-resolution point clouds. Considering the fact that the LiDAR
points are distributed irregularly, it is natural to use TINs instead of raster grids as sea ice surface
models. As mentioned above, the major limitation hindering the use of TINs is their high storage
costs and the challenges associated with conducting efficient analysis on large TINs. This prob-
lem can be addressed by using the proposed data representation, Terrain trees, as it is efficient in
both time and space.

Based on the sea ice surface models, different measures or features can be calculated for
more insights. For instance, the knowledge of sea ice roughness is crucial for understanding
snow distribution [97], parameterizing momentum transfer to the ocean [126], and processing
of remote sensing data collected from sea ice surfaces [109, 110]. Generally, higher sea ice
roughness indicates more complex topographic features, such as pressure ridges, melt ponds,
and leads [139]. Pressure ridges are formed from the collisions between ice floes. The mapping
of ridges are important factors to be considered in traffic-ability analysis [39] and in evaluating
the degree of deformation [154]. While previous studies have proposed methods for calculating
topographic features from sea ice profiles [67] and raster grids [151], such methods cannot be
directly used on TINs. Therefore, this dissertation will address this gap by introducing methods to

extract sea ice topographic features, like roughness and ridges, from TIN-based surface models.
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To reach this goal, existing functions in TTL, which are not tailored for sea ice studies, are

modified and extended to compute interested topographic features from sea ice surface models.

1.2 Research objectives and dissertation structure

This dissertation aims to address the issue of direct terrain modeling and analysis on LiDAR
point clouds without interpolating them into grids. As discussed in Section 1.1, TIN-based terrain
models can avoid interpolation on point clouds, but their application is limited by their large
storage costs and high time costs during processing. A straightforward solution is to use compact
data representations for TINs to reduce such costs. But even with a compact data representation,
the size of a TIN may still need to be reduced to enable or expedite downstream processing. This
reduction could be essential for performing complex analyses or simulations more quickly and
at larger scales. Thus, this dissertation also introduces a new method for TIN simplification on
the proposed compact data representation. The proposed solution for efficient TIN-based terrain
analysis is evaluated in this dissertation by being applied in a real-world scenario, the study of
sea ice topography. By employing these techniques in a practical setting, we aim to explore
the possibility of extracting information that could not be effectively extracted from raw LiDAR
point sets or gridded DEMs.

Specifically, this dissertation focuses on the following three research questions, which help
to address the major objective.

Question 1. How to encode and directly process point cloud data for representing
terrain surface efficiently? As mentioned above, TIN-based terrain models are used to connect

point clouds and to represent terrain surfaces. This solution leads to a few more questions to be



addressed in the dissertation:

1. How to reduce the storage cost of a TIN?

2. How to avoid the high memory and time requirements for terrain analysis on TINs?

3. Can the proposed methods be scaled to large datasets?

Question 2. How can TIN-based terrain models built from point clouds be simplified
efficiently while preserving their topological features? To develop an efficient topology-aware

TIN simplification, there are a few questions that the dissertation needs to address:

1. How can topology-based simplification be performed efficiently in terms of memory re-

quirements and time performance on a TIN?

2. Can the proposed method be extended to a parallel computing environment to further re-
duce time costs? If so, how will the parallel algorithm affect the simplification outputs or

the memory overhead?

3. How can we handle potential noise in the original TINs?

Question 3. How to employ TIN-based representations to improve topography feature
extraction from sea ice surfaces? In this dissertation, the techniques developed to address the
first two questions are employed to study sea ice surface in polar regions. Specifically, it addresses

the following questions:

1. How can accurate TIN-based sea ice surface models be generated? Are the generated

models consistent with other independent datasets collected in the same region?



2. Which sea ice topographic features can be extracted from TIN-based surface models, and

how can this be achieved?

3. How can roughness be accurately quantified on sea ice surfaces, and how does the measure

scale affect the interpretation of roughness results?

4. How can pressure ridge sails be extracted from TIN-based surface models?

This dissertation includes six chapters. Chapter 1 introduces the topic and motivations of
the research and outlines the primary objectives. Chapter 2 reviews the background and state-
of-art studies related to this dissertation. Chapter 3 addresses the first research question by in-
troducing terrain analysis and processing methods designed based on a new scalable data struc-
ture named 7Terrain trees. Chapter 4 addresses the second question by introducing an efficient
topology-aware mesh simplification method and its parallelized version developed on Terrain
trees. Chapter 5 discusses the third question by introducing the strategy to generate TIN-based sea
ice surface models from point clouds, and methods to extract sea ice topographic features. Chap-
ter 6 concludes with a summary of the major contributions of this dissertation, a brief overview
of my other research contributions during the PhD study, and a discussion of potential directions

for future research.



Chapter 2: Related work

2.1 Background

In this section, we review some background notions on triangle-based terrain represen-
tation, including the notions related to triangle meshes and connectivity relations on triangle
meshes. We also review discrete Morse theory, which is the basis of the topological terrain anal-

ysis methods presented in the dissertation.

2.1.1 Triangle-based terrain representation

Terrain surfaces are usually described by either TINs or raster-based DEMs. A TIN is a
digital terrain model defined by a finite set of irregularly distributed points in the plane, each of
which has an elevation value associated with. A TIN consists of a triangle mesh connecting the
points in the plane and of a piecewise linear interpolating function defined on the triangles of
such mesh.

To define a triangle mesh, we need to introduce the concept of a simplex. A k-simplex
o is the convex hull of £ + 1 independent points in the Euclidean space E" (with & > 0). A
0-simplex is a vertex, a 1-simplex is an edge and a 2-simplex is a triangle. Any simplex 7, which

is the convex hull of a non-empty subset of the points generating a simplex o, is a face of o.
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Figure 2.1: Example of star and link condition. The star of v, consists of the triangles incident
in it (red triangles and blue triangles) and edges incident in it ({vg, vy}, {Vas Ve }s {Vas Va}s {Vas
vr}, and {v,, vy }). The link of v, is formed by vertices vy, vy, v, v., v4 and the edges connecting
them. The link of edge {v,, v, } consists of v, and v,,.

Conversely, o 1s a coface of 7.

Given a simplex o, the star of o, denoted as St(c), is the set of cofaces of o, i.e., the set
of simplices with ¢ as a face. In Fig. 2.1, the star of v, consists of the triangles incident in
it (red triangles and blue triangles) and edges incident in it ({v,, vy}, {Vas Ve}s {Var Va}s {Vas
vs}, and {v,, v,}). The star of edge e consists of two red triangles incident in it. The link of
o, denoted as Lk(c), is the set of faces of the simplices in St(o) that do not intersect 0. More
specifically, on a triangle mesh, the link of a vertex v consists of all vertices adjacent to v and
edges opposite to v in the triangles incident in v. For instance, in Fig. 2.1, Lk(v,) is formed by
vertices vy, Vg, Vf, U, Vg and the edges connecting them. The link of edge e consists of the other
two vertices in the triangles adjacent to e. In Fig. 2.1, the link of edge {v,, v} consists of v; and
Vg.

A triangle mesh 3 is a collection of vertices (0-simplices), edges (1-simplices), and trian-
gles (2-simplices) such that, given any two triangles in X, either they have an empty intersection
or they intersect at a common simplex (edge or vertex).

The Delaunay triangulation (DT) [42] is the most widely-used method to generate a TIN

since it ensures the exclusion of elongated triangles in the resulting mesh. Avoiding such triangles
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is crucial for the accurate interpolation of elevation on the TIN. The DT of a point set P defines
a triangle mesh X on the plane, of which the vertices are the points in P, and the circumcircle
of any triangle belonging to > does not contain other vertices of Y in its interior. The domain
of the DT of P is the convex hull of P [42]. A TIN consists of a mesh Y generated with DT,
elevations defined on the vertices of X, and an interpolating piecewise linear function [183]. The
DT has been used for surface reconstruction, scientific visualization, and terrain modeling. Many
algorithms have been proposed for efficient calculation of a DT [27,28,61, 180].

The connectivity relations of a triangle mesh describe the adjacency and incidence of sim-

plices on the meshes. Given a vertex v, an edge e, and a triangle ¢ on a triangle mesh:

the Vertex-Triangle (VT) relation of v is the set of triangles incident on v;

e the Vertex-Edge (VE) relation of v is the set of edges incident on v;

* the Vertex-Vertex (VV) relation describes the adjacency among vertices on a triangle mesh,

that is, given a vertex v, the set of mesh vertices adjacent to v;

* the Edge-Triangle (ET) relation of edge e describes the incidence relation between e and

two triangles sharing e;

* the Edge-Vertex (EV) relation of edge e refers to the two vertices forming edge e;

* the Edge-Edge (EE) relation describes the adjacency relation among edges, that is, given

an edge e, the set of edges sharing one vertex with e on the mesh;

* the Triangle-Vertex (TV) relation of triangle ¢ refers to three vertices forming ¢;

* the Triangle-Edge (TE) relation of triangle ¢ refers to three edges forming ¢;
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e the Triangle-Triangle (TT) relation describes the adjacency relation among triangles, that

is, given a triangle ¢, the set of triangles sharing one edge with ¢ on the mesh.

2.1.2  Surface topology

2.1.2.1 Discrete Morse theory

Let us consider a domain D C R? and a smooth scalar function f defined over D. A
point p € D is called a critical point of f if and only if the gradient of f vanishes at p [189].
The determinant of the Hessian matrix Hess,(f) of the second order partial derivatives of f,
evaluated in p, provides additional information about the critical points of f. The number of
negative eigenvalues of Hess,(f), called the index of p, defines the type of the critical point.
For a bivariate function, a critical point of index O is a minimum, a critical point of index 1 is a
saddle, and a critical point of index 2 is a maximum. For each critical point p, the eigenvectors
of Hess,(f) define the directions in which function f decreases. An integral line of a function f
is a maximal path that is everywhere tangent to its gradient. Each such line follows the direction
in which the function has the maximum growth, starting at a critical point of f and ending at
another critical point of f. Morse theory has been developed for smooth functions f such that all
the critical points of f are non-degenerate, i.e., Hess,(f) # 0. In such cases f is said to be a
Morse function [133].

The set of critical points and integral lines of a Morse function define a decomposition
of D based on the regions of influence of the critical points. If we consider a critical point p
of index k, the integral lines converging at p form a k-cell, called the descending k-manifold

of p. The collection of all descending manifolds form the descending Morse complex. Dually,
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integral lines originating at p form a (2 — k)-cell, called the ascending k-manifold of p. For a
bivariate function, a descending 2-manifold corresponds to the region of influence of a maximum,
a descending 1-manifold corresponds to the region of influence of a saddle, and an ascending 2-
manifold corresponds to the region of influence of a minimum.

Discrete Morse Theory (DMT) [76] is a combinatorial counterpart of Morse theory which
extends the results of Morse theory to discrete data, and thus it has been used for analysis of 2D
and 3D scalar fields [69, 155, 191]. We consider a pair (X, F'), where X is a triangle mesh and
F: ¥ — Ris a scalar function defined on all the simplices of .. Function F is a discrete Morse
function (also called a Forman function) if and only if, for every k-simplex o € ¥, all the (k—1)-
simplices on the boundary of ¢ have a lower function value than o, and all the (k£ + 1)-simplices
bounded by ¢ have a higher function value than o, with at most one exception. If there is such an
exception, it defines a pairing of cells, called a gradient pair. A gradient pair can be viewed as an
arrow formed by a head (k-simplex) and a tail ((k — 1)-simplex). A simplex involved in no pair
is called a critical simplex. We call a V'-path a sequence of simplices [0, 0, ..., 04, Tiy ..., O, Ty
such that o; and 0, are on the boundary of 7; and (o;, 7;) are paired, where i = 0,...,q. A V-
path is said to be closed if 0y = o,, and trivial, if » = 0. The collection of all paired and critical
simplices of X forms a discrete Morse gradient (also called a Forman gradient) if there are not
closed V-path. A separatrix V;-path is a V -path connecting two critical simplices of dimension
7 + 1 and 7, respectively.

If we consider a scalar function f defined at the vertices of a triangle mesh 3, we can
extend it to a Forman function [ defined on all simplices of X by setting the function value of a
simplex as the highest function value among its vertices [155]. In a computation environment, we
compute Forman gradient V' without computing the Forman function F' explicitly. In a triangle
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mesh, we have arrows formed by a triangle and an edge (triangle-edge pair) and by an edge and
a vertex (edge-vertex pair). There are three types of critical simplices in a triangle mesh: critical
triangles indicating maxima, critical edges indicating saddles, and critical vertices indicating
minima. Fig. 2.2(a) shows an example of a discrete Forman gradient computed on a triangle
mesh. Red, green, and blue dots indicate critical triangles, edges, and vertices, respectively.
Arrows indicate gradient vectors.

Critical simplices are the discrete counterpart of critical points. Note that separatrix V-
paths are the discrete counterpart of the integral lines in the smooth case. In a triangle mesh .,
we have separatrix V[)-paths connecting a critical edge to a critical vertex and separatrix V;-paths

connecting a critical triangle to a critical edge.

2.1.2.2 Topological features

Topological features are defined in the discrete case in terms of the Forman gradient and
its paths. Any descending k-manifold is the collection of the k-simplices of > reached by the
separatrix V -paths starting from a critical k-simplex. Dually, an ascending k-manifold is the
collection of the (2 — k)-simplices reached by the separatrix V' -paths (visited backward) starting
from a critical (2 — k)-simplex. The collection of the descending and ascending manifolds forms
the discrete ascending and descending Morse complexes, respectively.

On a triangle mesh 3., the descending and ascending 2-manifolds can be considered as
the regions of influence of critical simplices (i.e., maxima and minima), which can be used to
define a segmentation of the triangle mesh ». Fig. 2.2(c) shows the regions of influence for

two critical triangles (maxima) and Fig. 2.2(b) shows the process of computing such regions.
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Figure 2.2: (a) Forman gradient. Regions of influence of critical simplices are computed visiting
the V' -paths (b) at the critical simplices, and (c) until the whole region of influence is visited. (d)
V -paths connecting pairs of critical simplices.

This segmentation technique has revealed fundamental in many application domains, including
material science [90], chemistry [141], environmental science [186], forest monitoring [195],
and urban analysis [51], to mention a few. In terrain analysis, in particular, the segmentation of a
terrain according to its critical points (i.e., peaks and pits) provides information regarding terrain
morphology, which are fundamental for assessing the risk of landslides or floods.

On a triangle mesh X2, an descending 1-manifold corresponds to a separatrix V{-path and an
ascending 1-manifold corresponds to a separatrix V;-path. The collection of all critical vertices,
edges, and triangles plus the separatrix Vj- and V;-paths connecting them forms the critical net.
Fig. 2.2(d) shows the gradient paths connecting pairs of critical simplices (i.e., critical net).

Based on the critical net, we define a labeled graph G called surface network, in which
the nodes correspond to critical simplices, and have their highest elevation associated with, and
the arcs represent separatrix V/-paths connecting them. According to discrete Morse theory, the
arcs connect saddles to minima or saddles to maxima [133], referred to as saddle-minimum and
maximum-saddle arcs, respectively. The geometry of a maximum-saddle arc is a chain of line
segments connecting the centroids of triangles, defined by the triangle-edge pairs in a triangle

mesh. Such a chain goes from one of the three triangles adjacent to a maximum (critical triangle),
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proceeds along the separatrix V;-paths, and ends with a triangle incident in a saddle (critical
edge). For instance, the green triangles in Fig. 2.3 are triangles along the separatrix V;-paths
connecting maxima to saddles in the Forman gradient and the red lines connecting the centroids of
such triangles are the geometries of all maximum-saddle arcs in the surface network G. Similarly,
the geometry of a saddle-minimum arc is a chain of line segments connecting the vertices and
centroids of edges, defined by the edge-vertex pairs in a triangle mesh. Such a chain goes from
the two extreme vertices of a saddle, proceeds along the separatrix V{-paths, and ends with an

edge incident in a minimum (critical vertex).

2.1.2.3 Persistence diagram

Topological descriptors offer representations of a terrain topology well suited for analytical
comparisons. The most widely used topological descriptor is the persistence diagram, a compact
representation rooted in the theory of persistent homology [58].

Formally, a persistence diagram is a multi-set of points representing all critical simplices
of the terrain. Each point p, with coordinates (b, d), in the persistence diagram corresponds to
a pair of critical simplices p; and p, connected by a separatrix V-path (e.g., a minimum-saddle
pair or a saddle-maximum pair). The x-coordinate is called the birth of the point p, which is
defined as b = f(p;); the y-coordinate is called the death of the point p, which is defined as
d = f(p2). The difference between the death and the birth of the point p, denoted as persistence,
measures the importance of the pair of critical simplices p; and ps. Fig. 2.4 shows an example of
a persistence diagram containing four points. For example, the blue point has coordinates (3, 4)

and its persistence value is 1.
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Figure 2.3: Example of Forman gradient calculated from a surface with an elevation function.
Spheres on the figure correspond to the centroids of critical vertices, edges, and triangles in the
Forman gradient. Red spheres are maxima (critical triangles), blue spheres are saddles (critical
edges), and yellow spheres are minima (critical vertices). The green triangles are the triangles
along the separatrix V -paths between maxima and saddles. The red lines connecting the centroids
of such triangles correspond to the geometry of maxima-saddle arcs in the surface network G.

2.2 Review of state-of-the-art

In this section, we review state-of-the-art research related to this dissertation, including data
representation for TINs, triangle mesh simplification methods, topology-based terrain analysis

and simplification, and sea ice topography feature extraction.
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Figure 2.4: Example of (a) a persistence diagram formed by four points and (b) its birth-
persistence chart. Points with the same color in (a) and (b) correspond to the same point.

2.2.1 Data representation for triangle-based terrain models

TINs can be generated from LiDAR point clouds without being interpolated into raster-
based terrain models, but their usage are limited by the large storage costs. Using more efficient
data structures can encode the connectivity relations on a TIN with less storage costs while effi-
ciently supporting terrain analysis.

Connectivity-based data structures extend graph-based data structures for supporting the
efficient extraction of connectivity relations (see [45] for a survey). A variety of connectivity-
based data structures have been developed in the literature for triangle meshes [45]. The most
widely used data structures are triangle-based ones, which encode the vertices and the triangles
of the mesh but not the edges. Edge-based data structures are also used for triangle meshes, but
they have been shown to be more verbose than triangle-based ones [45], while providing the same
computational performances.

The most compact triangle-based representation is the indexed data structure, which en-

codes the vertices and the triangles of the mesh, and, for each triangle, the references to its ver-
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tices. The Indexed data structure with Adjacencies (1A data structure) [145] extends the indexed
data structure by explicitly encoding the adjacencies between triangles through the 77 relation
and, for each vertex, the index of a triangle incident into it. Other triangle-based data structures,
such as the Corner Table (CoT) [158], the Sorted Opposite Table (SOT) [89], and the SQuad
data structures [88], either require more storage or cannot support the efficient retrieval of certain
topological relations.

Hierarchical spatial indexes use a recursive subdivision of the space on which the objects of
interest are embedded according to different refinement rules. In 2D space, there are two types of
refinement rules, one is provided by quadtrees in which each time a block is subdivided into four
regular subblocks, another is provided by kD-trees in which each time a block is bisected by axis-
aligned lines. The hierarchical decompositions have been originally defined for indexing point
sets. They subdivide the space into blocks of equal size, generating Point-Region (PR) quadtrees
and kD-trees [144]. The class of Polygonal Map (PM)-quadtrees [161] extends the PR-quadtree
to represent polygonal maps in 2D space. There are three variants of a PM-quadtree, namely
the PM-quadtree, the PMs-quadtree and the PMs-quadtree, which adapt different subdivision
rules. The Randomized Polygonal Map (PMR)-quadtree [93, 136] is an index for collection of
line segments in the plane (not necessarily forming a polygonal map).

A first attempt to extend the quadtree to index triangle meshes is the PM,-Triangle quadtree
(PM2T-quadtree) [43], in which triangles guide the partition into blocks. However, the PM2T-
quadtree has two fundamental limitations. The first one is that each block indexes just one vertex,
leading to a very deep hierarchy. The second limitation is that the spatial index is stored on top

of the IA data structure, leading to a verbose representation, which greatly limits its scalability.
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2.2.2 Triangle mesh simplification

The task of mesh simplification has been extensively studied in the literature [28,91, 160].
In this section, we provide an overview of some techniques and challenges in triangle mesh
simplification.

Popular techniques for mesh simplifications include vertex decimation [163], edge col-
lapse [95], vertex clustering [157], and triangle collapse [96]. Vertex decimation, also referred to
as vertex removal, consists of removing from the mesh a vertex and all the triangles incident at it
and triangulating the "hole” left behind. Edge collapse, also known as edge contraction, involves
contracting an edge to a single vertex. When the edge is contracted to one of its endpoints, this
operation is called half-edge-collapse. Vertex clustering consists of grouping nearby vertices into
clusters and representing each cluster with a few new points. Triangle collapse removes a triangle
from the mesh by collapsing it into one vertex.

After selecting a simplification operator, one should define the order in which simplifica-
tions are performed. When considering edge contraction, a simple metric is to always contract
the shortest edge [194]. Several more sophisticated metrics have been defined for optimizing
the quality of output meshes, such as minimizing an energy function [95], setting a threshold
on the Hausdorff distance between the original and the simplified models [103], minimizing the
error quadrics [83], or setting a threshold on the error volume [86]. The Quadric Error Metric
(QEM) [83] is one of the few approaches which keeps a good balance between computational
costs and resulting mesh quality. These metrics are designed to optimize the geometric quality
of the simplified mesh, but a simplification operator following them can still create non-valid

meshes. To avoid such a situation, quality conditions, like the link condition [49] and fold condi-
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tion [25], have been proposed.

Processing large terrains presents multiple issues. First, encoding the original TIN is
memory-demanding. Second, performing a large number of simplifications sequentially is time-
consuming [99] and directly affects user interactions during data exploration.

One solution for handling memory limitation is to use out-of-core partitioning methods
to produce sub-meshes that can be processed by a single computer [20, 118, 119]. While these
methods overcoming the limitation on memory, they do not reduce the memory costs of the sim-
plification process itself and incur extra I/O time compared to in-core methods. In our research,
we focus on in-core methods and use efficient representations to minimize memory requirements.

To expedite mesh simplification, many parallel mesh simplification algorithms have been
developed. While a few of them focus on vertex decimation [77] and vertex clustering [46], most
parallel approaches rely on the edge contraction operator due to its intrinsic flexibility [20,47,77,
85,114, 146]. These latter methods can be roughly categorized into two classes.

The first class defines heuristics to prevent concurrent contractions of adjacent edges. Franc
et al. [77] firstly introduced the concept of super-independent vertices, and a set of such vertices,
named a super-independent set, can be contracted simultaneously. Papageorgiou and Platis [146]
improved this algorithm by parallelizing the identification of super-independent vertices. How-
ever, such an algorithm is still complex and time-consuming, since only a subset of the vertices
is processed at each iteration, and a pre-processing step is required every time to find a super in-
dependent set. Grund et al. [85] devised a new method in which an edge e can be contracted only
if all the other edges adjacent to e have higher costs according to QEM. This method ensures that
no adjacent edges of e (i.e., edges sharing a common vertex with e) can be contracted at the same
time. While this approach is fast and efficient when only the edge cost is considered, it cannot
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avoid possible conflicts in parallel mesh simplification when the check of quality conditions (e.g.,
link condition and fold condition) involves more than the adjacent edges.

A different strategy is partitioning the mesh into sub-meshes that can be then processed
independently. The main advantage of this strategy is that it supports better quality control for
the simplified mesh. Dehne et al. [47] partitioned the mesh by dividing the vertices of a mesh into
subsets without duplicates, ensuring edges with endpoints in different subsets are not contracted.
Lee and Kyung [114] introduced a new parallel edge contraction method with a lazy-update
technique. The idea is to symbolically simplify the mesh while working in parallel and then
encode the updates at the end of the simplification process. Cabiddu et al. [20] designed a parallel
algorithm for distributed systems. The mesh is divided by a binary space partitioning [78] and
the resulting sub-meshes are then grouped into independent sets. As a result, each group of sub-
meshes does not share any element with the others. Recently, Mousa and Hussein [134] proposed
a method for parallel mesh simplification, in which the mesh is subdivided into disjoint blocks
with a k-d tree. Each block is processed independently by removing edges based on the order
of edge costs encoded in a global queue. This method has then the same contraction order as
a method simplifying directly the triangle mesh. If an edge e intersects two blocks, then only
one of the two contracts e, while the other is locked and cannot contract any other edge until
the contraction of e is completed. However, the locking strategy defined in this method does not
avoid conflicts between blocks when the check of quality conditions involves also the triangles

in the neighborhood of e.
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2.2.3 Topology-based terrain analysis and simplification

The key aspect of the methods rooted in discrete Morse theory is that of computing a
discrete Morse (Forman) gradient. Among the many algorithms defined for computing a Forman
gradient [44], the most efficient ones are those computing the gradient from a function sampled
at the vertices of a triangle or tetrahedral mesh, or of a regular grid. The algorithm described
in [102] is based on a divide-and-conquer approach and has the main drawback of introducing
many spurious critical simplices. A similar approach, based on a weighted discrete function,
has been defined by Shivashankar and Natarajan for computing a Forman gradient on 2D regular
grids [166]. The algorithm is well suited for parallelization and significantly reduces the number
of spurious critical cells. Robins et al. proposed an algorithm for 3D regular grids that processes
the lower star of each vertex independently [155]. The function value of a cell (i.e., an edge,
an unit square, or an unit cube) is set as the highest function value of its vertices. The lower
star of a vertex v is the set of cells in the star of v, whose function values are the same as v.
This algorithm does not generate spurious critical cells. The algorithm has been extended to
triangle [70] and tetrahedral meshes [191] by using a compact and efficient implicit encoding of
the Forman gradient.

In Section 2.2.2, we reviewed different triangle mesh simplification methods with a focus
on parallel simplification. However, those simplification methods do not consider the topology
during the process. In another word, they can modify the number or connectivity of critical
simplices of a terrain in an uncontrolled way. This problem is addressed by applying topology-
preserving simplifications, i.e., a simplification combining the need to reduce the size of a mesh

with the need to maintain its topological features, such as peaks, pits, ridges, and valleys.
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Bajaj and Schikore [11] first introduced a simplification operator which preserves the crit-
ical points of the terrain. The operator removes a vertex from the terrain and re-triangulates the
neighborhood in such a way that the remaining vertices maintain the same classification (i.e.,
minimum, saddle, maximum, non-critical). The method preserves the topology of the terrain, but
it lacks an efficient implementation for re-triangulating the terrain.

The first efficient topology-aware operator based on edge contraction was introduced by
Danovaro et al. [40]. This method preserves critical points connectivity by checking the separa-
trix lines incident at the endpoints of a contracted edge. However, while preventing the removal
of existing critical points, it does not avoid the creation of new ones. The first topology-aware
simplification based on discrete Morse theory was introduced by Iuricich and De Floriani [99].
The basic operator, called gradient-aware edge contraction, is able to preserve both the critical
simplices and their connectivity by using a Forman gradient as the underlying descriptor of the
terrain topology. Before contracting an edge e, the operator checks the gradient pairs in the neigh-
borhood of e. If these pairs are organized in a valid configuration, the contraction guarantees the
preservation of the terrain topology. On top of that, a multi-resolution model called a Hierarchi-
cal Forman Triangulation (HFT) is introduced. This model combines geometric and topological
operators to enable mesh simplification or refinement by varying the resolution of both topology
and geometry on-demand. This is fundamental for interactive exploration of a mesh dataset in
real time.

Building upon the gradient-aware simplification operators, Dey and Slechta [50] relaxed the
original criteria to allow the removal of more critical simplices. While this operator does not lead
to a multiresolution model like HFT, it increases the number of admissible edge contractions, and

thus, the compression factor. Recently, a new approach based on vertex removal was proposed
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by Fugacci et al. [79]. The simplification operator is similar to the one introduced by Bajaj
and Schikore [11], but in this case, the topology is preserved by checking a descriptor whose
definition is rooted in algebraic topology, i.e., persistent homology [58]. A vertex removal is
valid only if the link of the removed vertex can be re-triangulated while preserving the persistence

diagram, which is proven to be equivalent to preserving critical points.

2.2.4 Sea ice topography measurements

2.2.4.1 Seaice surface modeling

A variety of surveying methods, both in situ and remote sensing methods, have been applied
to measure the topography of sea ice surfaces (see [62] for a detailed summary of those methods).
In situ surveying methods, like laser profiling [64], drilling and level-based surveying [175],
can provide a high-precision measurement of sea ice surface features. Most of them are one-
dimensional surveying which cannot characterize two-dimensional surface properties [21, 187].
Besides, in situ surveying is labor-intensive and has a limited sampling extent, which cannot
support large-scale topography analysis [62].

Laser altimeters deployed on the ICESat-1, -2 and Synthetic Aperture Radar (SAR) al-
timeters deployed on CryoSat-2, are important sources for sea ice elevation and thickness. To-
pography feature studies using satellite altimeters focus mainly on the sea ice surface rough-
ness [105, 107]. More recent research demonstrates the ability of I[CESat-2 data for extracting
other topography features including pressure ridges, melt ponds, floes, and leads [67]. Those
feature extraction methods are based on the profile along the scanning track. They cannot be

simply extended to 2D feature extraction on ICESat-2 data considering the much larger distance
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between adjacent tracks compared to the point distance along the track. Also, the difference be-
tween across-track and along-track resolution makes the direct generation of a 2D terrain model
from the satellite data more difficult since suitable spatial and temporal interpolation methods
are required. Another data source for sea ice elevation is the airborne laser altimeters. NASA
Operation IceBridge (OIB) campaign collects a large volume of sea ice surface measurements
by using the Airborne Topographic Mapper (ATM) [104]. The ATM swath, which can reach
a width of 200-300 meters across the flight track, provides us with opportunities for extracting
two-dimensional features from sea ice surfaces that cannot be easily extracted from linear pro-

files [150, 151].

2.2.4.2 Sea ice topographic features

From sea ice surface models, several topographic features can be extracted. In this section,
we focus on sea ice topographic features that can be identified from surface models and review
widely-used methods to extract such features.

Sea ice surface roughness is an important sea ice topography feature extensively studied in
previous research [14,67]. The knowledge of sea ice roughness is crucial for understanding snow
distribution [97], parameterizing momentum transfer to the ocean [126], processing of remote
sensing data collected from sea ice surfaces [109, 110], and evaluating sea ice surface trafficabil-
ity [39]. Generally, higher sea ice roughness indicates more complex topographic features, and
thus, lower trafficability. Sea ice roughness is influenced by ice deformation and, in return, has
been used to identify topographic features such as ridges and leads [139] or to determine level

sea ice [54].
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There are different definitions of roughness depending on the scale studied and on the data
format. In most sea ice studies, roughness is defined as the standard deviation of elevations,
but the scales and ranges of elevations vary. For instance, in [67], roughness is defined as the
standard deviation of sea ice heights within 25-km-long segments. In [14], roughness is the
standard deviation of elevations for each scan line measured by the laser scanner, or the standard
deviation of a five-data-point moving window for the single-beam altimeter. In [101], roughness
is calculated as the standard deviation of elevation measurements within a 1.1 km resolution
pixel.

Leads, defined as narrow linear fractures in the sea ice, are important for estimating local
sea-level height. Leads are easy to identify in high-resolution imagery due to their significantly
lower surface albedo and darker color compared to adjacent sea ice surfaces [117, 142]. Onana
et al. [142] proposed an automated method to detect leads from Digital Mapping System (DMS)
visible imagery by integrating minimal signal transforms across RGB channels. The advent of
LiDAR altimeters gives rise to a new dimension to this field. Farrell et al. [66] proposed a method
to identify leads in visible imagery by locating pixels with low brightness and to estimate lead
elevations based on elevations of ATM points fall into such pixels. When only altimetry data
is available, the lead elevation can be estimated by finding the lowest mode of the elevation
distribution [68]. In [108] and [67], leads are identified from ICESat and ICESat-2 profiles by
detecting flat areas around local minima.

Melt ponds are formed by snow melted and pooled in lower spots on sea ice surface. These
ponds have low albedo [148] and affect the absorption of solar radiation into the sea ice-ocean
system [63]. Therefore, understanding the distribution and depth of melt ponds is significant for

the prediction of sea ice melting. Similar to leads, melt ponds can be easily identified from visible

28



images due to their low surface albedo. Melt ponds and open water (including leads) are usually
distinguished based on whether water has melted through ice [19]. Classification methods have
been proposed to automatically identify melt ponds and open water regions from visible [19]
and optical imagery [193]. When only altimetry data is used for melt pond detection, a common
strategy is to utilize the bimodal distribution of photons within the range of melt ponds [67]. This
distribution pattern happens because the primary mode corresponds to photon returns from the
water surface and the secondary mode corresponds to photon returns from the pond bottom [67].
Building on the same principle, Fair et al. [65] developed an algorithm to detect the meltwater
surface from OIB ATM and ICESat-2 data based on the flatness of high-confidence photons, as
these are likely collected from the water surface, while others may be collected from the pond
bottom.

The collision between ice floes causes ice to pile up into pressure ridges, which form
small “mountains” above the local sea-ice surface. Most large-scale studies on ridges rely on
images [54,55,120,132] or LiDAR data [23,53,67,151,182]. Edge detection and object detection
are the main approaches used in image-based studies to identify ridge lines. Miao et al. [132]
detected the shadows from the aerial images to derive the locations and heights of ridges. A
similar method was used by Duncan et al. [54, 55] to derive ridge sail heights from OIB DMS
images, and the results are validated with OIB ATM data. Linow and Dierking [120] used edge
detection to find the Linear Kinematic Features (LKFs), which can be leads, cracks and pressure
ridges, from images. There is no elevation information in the images used by those methods, and
thus, the ridge height can only be derived but not directly measured.

The direct measurements of ridge heights are usually collected with laser altimeters. Most

existing studies on laser altimeters use laser profiles to identify ridges. One reason behind it is
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that the laser profiler had been the major data source for LIDAR data in the past, and in some
missions, only laser profile data is available. The most common way to identify ridges from
profiles is to find local maxima along the profile [23, 53,67, 182]. Depending on the objective,
different cutoff heights are used to select valid ridges. The most widely-used one is 0.6 m above
the level sea ice. Ridge extraction based on profiles, however, is limited to one direction. Thus,
such methods suffer from the limitation that only ridges intersecting the profile track are observed
and measured. Therefore, they cannot extract the ranges of complex, multi-directional ridges.
With only laser profile data, a comprehensive view of ridges in a region can only be obtained by
extrapolating from the one-dimensional result. Such an extrapolation relies on the assumption
that the two-dimensional distribution of ridges has the same pattern as the distribution along the
profile track, which may not always be the case.

Compared to profiles, LIDAR swaths offer a more comprehensive coverage, allowing for
the extraction of two- or three-dimensional features of ridges. One recent study that leverages the
three-dimensional coverage of LiDAR data to extract ridges was conducted by Petty et al. [151].
They grid OIB ATM points using a 2 m resolution horizontal grid and extract peaks as local max-
ima within the grid. A watershed method [168] was applied to extract the ranges of topography
features whose peaks are such maxima. The features extracted by their method are considered
as an intermediate between ridge links and full ridge structures [151]. While this method can
effectively extract surface features, the ranges of extracted features are larger than those of ridges

and it is not clear how to derive more accurate ridge ranges from such features.
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Chapter 3: Terrain trees: a decomposition-based data representation for trian-

gulated terrain modeling and analysis

3.1 Introduction

This chapter introduces a new compact data representation for triangle meshes, the Terrain
trees, and a library for terrain analysis based on Terrain trees, named the Terrain Trees Library
(TTL).

The underlying idea behind Terrain trees was firstly introduced in a short paper presented at
ACM SIGSPATIAL in 2017 [69]. In the work presented in this chapter, we extend this previous
work by introducing and comparing three spatial indexes that together form the Terrain trees
family. A Terrain tree encodes the topology of a triangulated terrain combined with a spatial index
built on the triangle mesh. By encoding the vertices incident in each triangle as well as the field
values associated with each vertex, a Terrain tree provides the minimum amount of information
required for extracting the full mesh connectivity and for processing such fields locally. On
the other hand, the spatial index provides the ability to navigate the triangle mesh at a global
scale. We introduce methods for extracting morphological features, such as slope, curvature, and
roughness, on Terrain trees. Moreover, we have developed distributed algorithms for computing

and analyzing the topology of a terrain by using discrete Morse theory [76]. Such algorithms

31



require an efficient navigation of a triangle mesh, which is a challenging task in hierarchical
and modular mesh data structures like the Terrain trees. Moreover, we discuss a multivariate
measure for visual analysis of terrains with multi-field information. All those methods have been
implemented in an open-source library TTL [73].

The work presented in this chapter is a collaborative work. To be more specific, my contri-

butions to this work is listed as follow:

1. Designed algorithms for morphological terrain analysis and calculating multifield measure

on Terrain trees and the Indexed data structure with Adjacencies (1A data structure) [145].

2. Designed and developed the algorithm for Forman gradient computation on Terrain trees.

3. Contributed to the development of TTL by implementing algorithms in (1) and (2) and

optimizing connectivity relation extraction functions.

4. Have been maintaining TTL.

5. Have contributed to the development of python wrappers of TTL.

6. Conducted the entire experimental performance evaluation of Terrain trees.

7. Made substantial contributions to the writing and revising of the manuscript.

Based on our work on TTL, I gave a lightning talk at AGU 2021 Fall meeting [173]. A co-
authored paper on Terrain trees and the library was published on Springer International Journal

on Advances of Computer Science for Geographic Information Systems (Geolnformatica) in

2023 [72].
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The remainder of the chapter is organized as follows. In Section 3.2, we present the Terrain
trees, describing the different subdivision rules and how they are generated, and, in Section 3.3,
their encoding structure and how to execute basic spatial and topological queries on them. In
Section 3.4, we describe how to extract classical morphological terrain features, namely triangle
and edge slope, curvature and roughness in the Terrain trees framework. In Section 3.5, we define
how to perform topology-based terrain analysis on Terrain trees by using a Forman gradient.
First, we introduce a distributed algorithm for extracting a Forman gradient field, and, then,
a distributed procedure for extracting the critical net on the critical points of the gradient. In
Section 3.6, we depict how multivariate visualization is performed in Terrain trees. In Section
3.7, we provide an experimental evaluation of the Terrain trees by comparing the performances
of the different spatial indexes also against a state-of-the-art compact data structure for meshes.

Finally, in Section 3.8, we draw some concluding remarks.

3.2 Terrain Trees

Terrain trees are a family of spatial data structures for triangulated terrains based on a
nested subdivision of the terrain domain. Given a set P of data points, with each point being
characterized by x and y coordinates plus an elevation value), we consider the projections of the
points of P on the plane and we call D the square domain in the plane containing such projections.

A Terrain tree built on P consists of:

1. atriangle mesh Y connecting the projections on the plane of the points in P;

2. a quadtree describing the nested subdivision of the domain D into square blocks in such a

way that the vertices and triangles of > are associated with the leaf blocks of the quadtree

33



|

ol T i
AT AT e

(a) PR-T subdivision (b) PM-T subdivision (c) PMR-T subdivision

™~
N ,/

il
Y

\NJ

J@

Figure 3.1: Given the triangle mesh of Fig. 3.2, a vertex capacity ki = 2 and a triangle capacity
kr = 2, the Figure shows the spatial subdivision obtained with a PR-T Tree (a), a PM-T Tree (b)
and a PMR-T Tree (c). In black are highlighted the spatial decomposition caused by the vertices
capacity, while in red those caused by the triangles one. For the PMR-T tree we also highlight
the triangle insertion order that drives the spatial decomposition (note that £ is not a bucketing
capacity for the PMR-T tree).

subdivision.

The association of the vertices and triangles with a leaf block is defined as follows. A vertex
is associated with the only block containing it. A triangle is associated with all leaf blocks having
a non-empty intersection with it. Note that a block is considered closed at the two edges incident
in its lower-left corner, and open at the remaining two edges. More precisely, a block consists of
all points (z,y) such that x; < z < x9 and y; < y < ya, where (x1, ;) is the lower-left corner
and (2, y2) is the upper-right corner of the block. Blocks having the upper or the rightmost edge
on the boundary of D are closed on the corresponding edge.

Similarly to spatial indexes for 2D maps, we have defined different criteria for domain sub-
division, based only on the TIN vertices, on the TIN triangles and on both vertices and triangles.
Thus, the Terrain trees family consists of three spatial data structures, namely the PR-Terrain tree
(PR-T tree), the PM-Terrain tree (PM-T tree) and the PMR-Terrain tree (PMR-T tree), which are

bucketed versions of the PM3-quadtree, of the PM,-quadtree, and of the PMR-quadtree for maps,
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respectively [136, 138, 161]. As we demonstrate in Section 3.7, bucketing is a crucial aspect for
our spatial indexes, since it allows the indexing of much larger datasets, compared to existing
representations in the literature.

A PR-T tree subdivides the domain D based on the vertices of X.. Its subdivision rule uses
a capacity ky on the number of vertices contained in a leaf block b. If b contains more than
ky vertices, then b is recursively split into four blocks until this condition is met. An example
of a PR-T tree is shown in Fig. 3.1(a). The generation of a PR-T tree is entirely guided by the
vertices of X, and, thus, the first step in the generation process is exactly the same as for the PR-
quadtree [159]. Then, each triangle ¢ of ¥ is added to all the leaf blocks intersecting ¢, without
affecting the spatial decomposition.

A PM-T tree uses the same subdivision rule defined for the vertices of X as the PR-T tree.
A splitting rule on the triangles is also defined, based on a capacity k7 on the number of triangles

per leaf block, as follows:

(1) ablock b containing up to kr triangles is a leaf block;

(2) a block b that contains more than kr triangles is a leaf block if and only if all triangles

intersecting b are incident in the same vertex v, which can be either inside or outside b;

(3) otherwise, the block is recursively split until either condition (a) or (b) is met.

An example of the subdivision obtained with the PM-T tree is shown in Fig. 3.1(b). Note
that a PM-T tree extends the PM, quadtree defined for maps, by adding bucketing capacities ky
and kp for both vertices and triangles. The generation of the initial hierarchical decomposition

in a PM-T tree is entirely guided by the vertices, like in PR-T trees. Then, each triangle ¢ in X is
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added to a leaf block b intersecting ¢, if and only if b contains less than & triangles. Otherwise,
b is split until either condition (1) or (2) is met.

A PM-T tree is a sort of bucketed version of the PM2T-quadtree with some fundamental
differences. The PM-T tree has a bucketing capacity for both vertices and triangles. The lack of a
bucketing capacity in the PM2T-quadtree produces much deeper decompositions with a number
of leaf blocks that is at least four times the number of vertices in X (see [43] for details). The
PM-T tree uses a simple indexed representation encoding only Triangle-Vertex relations while
the PM2T-quadtree encodes the triangle mesh through the IA data structure (see Section 3.3).

The subdivision strategy for the PMR-T tree is driven only by the triangles of Y. It extends
to triangle meshes the subdivision approach defined for sets of segments in the plane in [136]. A
leaf block b is split if b intersects more than k triangles, where k7 is a user-defined capacity, but
b is split only once, not recursively. The decomposition and, thus, the shape of the tree depends
on the insertion order of the triangles. In [136] it has been proven that in a PMR quadtree built
on the edges of a map, the number of edges intersected by a leaf block cannot exceed the sum of
the splitting capacity and of the depth of the leaf block. For a PMR-T tree this result still holds
and, thus, the number of triangles in a leaf block of a PMR-T tree can be at most equal to d, + k7,
where dj, is the depth of the leaf block and £ is the splitting capacity. An example of PMR-T tree
is shown in Fig. 3.1(c). For instance, in leaf block b there are three triangles indexed by it (i.e.,
triangles 2, 6 and 8), but no split operation is triggered, as the space is decomposed once when
inserting triangle 8. Also condition d;, + k7 is verified as b is at depth 3. Notice that the split
condition may trigger unnecessary splits. For example, in Fig. 3.1(c) the insertion of triangles 7
and 8 causes unnecessary split operations on the vertices sharing these two triangles.

A PMR-T tree is generated as follows. For each triangle ¢, and for each leaf block b inter-
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secting ¢, t is added to b if and only if b contains less than kp triangles. Otherwise, b is split and
its triangles are distributed to the newly generated leaf blocks (i.e., the children of b). Triangle ¢

is also added to the children of b intersecting it.

3.3 Implementation of Terrain trees

In this section, we describe the implementation of the Terrain trees in the Terrain trees
library (I'T'L). The kernel of the tool contains the implementation of the three Terrain trees,
the PR-Terrain tree (PR-T tree), the PM-Terrain tree (PM-T tree) and the PMR-Terrain tree
(PMR-T tree), plus their generation algorithms and algorithms for answering basic spatial and
connectivity-based queries. Other functions currently implemented and discussed in the fol-
lowing sections are the extraction of morphological features (see Section 3.4), the extraction of
topology-based features (see Section 3.5), and the analysis of multivariate terrain data (see Sec-
tion 3.6).

The encoding of the triangle mesh > in a Terrain tree consists of two arrays Yy and Y,
storing the vertices and the triangles of X, respectively. Each vertex v and triangle ¢ is represented
by a unique index, i, and i; within arrays >y and Y7, respectively. >y, encodes the geometry of
the terrain Y by storing the longitude, latitude, and elevation and the other field value(s) associ-
ated with each vertex v in 2. X encodes the connectivity of each triangle by storing its three
vertex indexes (see Fig. 3.2(b)).

We use a pointer-based representation for the hierarchy describing the nested subdivision
of a Terrain tree (see Fig. 3.2(c)). Each internal block of a Terrain tree contains a reference to

its parent block and a reference to its children. Each leaf block contains a reference to its parent
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Figure 3.2: (a) Triangle mesh and PR-Tree as encoded in a Terrain tree. (b) The mesh topology
is organized by encoding, for each triangle, the boundary relation with its vertices. (c) The PR-T
represents a hierarchy where each leaf block encodes the list of vertices contained in the block
and the list of triangles intersecting the block.

block plus the information about the vertices and triangles, or only the triangles in the case of a
PMR-T trees.

To encode the information associated with the leaf blocks, we use the compact encoding
proposed in [74] for an arbitrary-dimensional connectivity-based data structure for simplicial
complexes based on a vertex clustering. Such encoding uses the sequential range encoding (SRE),
a variant of the run-length encoding [92], that represents a run of consecutive indexes using two
integers. The first (negative) index encodes the starting index of the run, while the second encodes
the number of remaining elements of the run. The effectiveness of this compression increases
with longer runs. This is exploited by representing all vertices inside a leaf block with a single
run. Once we obtain the spatial decomposition, a single tree traversal is sufficient to reindex
the vertices. The vertices indexed into the same leaf block get a contiguous range of indexes in
the reindexed vertices array >.,,. Within each leaf block, this range is represented as a pair of
integers. Exploiting the spatial coherence for the triangles is more involved. The reindexing and

compression of triangles is performed in such a way that, at the end, triangles indexed by the
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same set of leaves have contiguous indices in >7. To obtain this representation, we traverse first
the tree to extract, for each triangle ¢, the tuple of leaf blocks indexing ¢. Then, we extract the dual
relation, i.e., we associate the list of triangles with each tuple of leaf blocks. Given this inverted
relation, we extract a coherent ordering for the triangles of Y, where triangles indexed by the
same leaf tuple have contiguous indexes. Once we have this spatial ordering on the triangles,
we apply it to the triangle list of each leaf block, and we compress this list by using the SRE

compression. Finally, we update > to be consistent with this spatial ordering.

3.3.1 Spatial and connectivity-based queries in a Terrain tree

We have developed algorithms on Terrain trees for answering two fundamental spatial
queries, namely a point location and a window query, and for extracting connectivity-based rela-
tions (described in Section 2.1.1), which enable the local traversal and processing of the under-
lying mesh. The point location query consists of finding the triangle (or triangles) containing a
given query vertex, while the window query consists of finding all the triangles which intersect
an axis-aligned rectangular window.

We have implemented algorithms for connectivity-based queries which extract the connec-
tivity relations discussed in Section 2.1.1. Since the indexed TIN representation underlying a
Terrain tree encodes the TIN vertices and triangles, extracting the vertices and edges of a trian-
gle (these latter being expressed as vertex pairs) does not require the use of the tree structure
unless we combine the extraction of such information with a window query when focusing on
portions of the TIN. Extracting co-boundary relations at the vertices of the mesh efficiently and

massively, as our experiments show, are fundamental for computing morphological features, the

39



discrete Forman gradient estimators, and the critical net (see Sections 3.4 and 3.5). We describe
here how we extract some fundamental co-boundary relation, namely the Vertex-Triangle (VT),
the Vertex-Vertex (VV), and the Vertex-Edge (VE) relations, and the Edge-Triangle (ET) relation,
as well as the Edge-Vertex (EV) relation inside a leaf block of the Terrain tree. These are used in
the terrain analysis algorithms presented in the following sections.

Extracting the VT relations in a block b requires knowing the set of vertices contained in
b. The range of indexes of the vertices contained in any given block b is explicitly encoded in
the PR-T and PM-T trees. A PMR-T tree encodes only the triangles indexed by a block b. In
this case, the set of vertices in b are extracted by performing a point-in-block test for each of the
bounding vertices of the triangles in b. Then, the VT relation for the vertices in block b is extracted
by cycling over the set of triangles in b. For each triangle ¢, the algorithm iterates through the
vertices of ¢. For each vertex v of ¢, if v is indexed by b, t is added to the list of triangles incident
in v. The strategy for extracting the Vertex-Vertex (VV) and Vertex-Edge (VE) relations in a block
b combines the VT relation with either the Triangle-Vertex (TV) relation, which provides the list
of the vertices of a given triangle, or the Triangle-Edge (TE) relation, which provides the list of
the edges of a given triangle. For the V'V relation, for each vertex v of a triangle ¢, if v is indexed
by b, we add the other two vertices in the boundary of ¢, namely v; and v;, to the set of vertices
adjacent to v. Similarly, for the VE relation of v, we pair v; and v; with v to get the two edges of
¢ that are incident in v.

Extracting the Edge-Triangle (ET) relations in a block b is slightly more involved, since
the edges are not explicitly encoded in a Terrain tree. The algorithm iterates over the triangles
in a block b and extracts the edges on their boundary provided by the TE relation. An edge e

belonging to the boundary of a triangle ¢ is considered internal to b if it has at least one vertex
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indexed by b. Each internal edge e is encoded in a local associative array having as key e and
as value a pair containing the index of the two triangles in the co-boundary of e. These two
triangles are identified during a single iteration on the triangles in b. The strategy for extracting
the Edge-Vertex (EV) relation in a block b 1s similar to the one for extracting the £7" relation. The
algorithm iterates over the triangles of b and extracts their edges. Since each edge is encoded as

a pair of vertex indices, we add those edges having at least one vertex indexed by b to the output.

3.4 Morphological Terrain Features

We have developed and implemented in the 7Terrain trees library algorithms which extract
classical morphological terrain features, namely triangle and edge slope, curvature and rough-
ness. An experimental comparison among the various Terrain trees and the IA data structure in
computing such features is presented in Section 3.7.

The slope of an edge or a triangle in a TIN represents the steepness and the direction of its
extent, where the steepness is the absolute value of the slope. A zero value of the slope indicates
horizontality. The direction is increasing if the slope is positive and decreasing if the slope is
negative. Specifically, the edge slope of an edge e is the angle between e and its projection on
the horizontal plane defined by the z-coordinate of its lowest endpoint. In other words, given
v; = {vi,,v,,v;, } and v; = {vj,,v;,,v;.} the endpoints of e. Let v; the endpoint of e with
the minimum z-value, we consider the projection v} of vertex v; on the plane z = v;,. The
slope of edge e is the angle v]/v\zvg For computing edge slopes, we need to extract the edges as
pair of vertices, by using the TV relation, since the edges are not explicitly encoded. Extracting

the edges requires an auxiliary data structure. The decomposition of the mesh defined by the
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blocks becomes computationally relevant, since the auxiliary data structure is created in each
block independently and discarded after processing the block. This makes it possible to compute
slopes in a region of interest without iterating through the entire domain.

In a similar way, the triangle slope is defined as the angle between the normal to the plane
to which the triangle belongs and a vector aligned with the z-axis. The computation of triangle
slopes requires only the Triangle-Vertex (TV) relation for each triangle, which is stored in the
triangle array of a Terrain tree.

We approximate the curvature at the vertices of a TIN by using a discrete approach. In our
previous work [129,130], we have developed three discrete curvature approximations of Gaussian
and mean curvature, and compared and evaluated them in [128] for curvature estimation on a
TIN. Our results showed that all curvature estimators provide similar results, also when used as
the basis for TIN segmentation, and that concentrated curvature is the least sensitive to noise.

We consider a TIN © and a vertex v of ©. Let ¢4, ...., ¢, the triangles incident in v. Let v;
and v] the two vertices in the triangle ¢;, different from v. The concentrated curvature is defined
as K.(v) = 2r — A,, for internal vertices, and K.(v) = m — A,, for boundary vertices, where
Ay =300 @

The computation of curvature requires extracting, for each vertex v of the TIN, the set of
triangles incident at v, i.e., extracting the Vertex-Triangle relation, which is performed as dis-
cussed in Section 3.3.1. As the internal vertices and boundary vertices have different equations
for estimating concentrated curvature, a preprocessing step to identify boundary vertices is per-
formed. For each vertex v, we check the number of edges |e| and the number of triangles ||
incident in v. A vertex is on the boundary when |e| # |¢].

There are several ways to define surface roughness, and the most commonly used is the

42



standard deviation of local elevation at each vertex, evaluated based on the neighbors of the
vertex itself [165]. We have extended the definition that is given for raster grids to TINs by
considering the vertices adjacent to a vertex v, which are the ones sharing an edge with v. Based

on that definition, the roughness at a vertex v in a TIN is computed as:

\/ZZ (2= %) o

where m is the number of vertices adjacent to v plus v itself, z1, 29, ..., 2, are the elevations
at such vertices, and 7 is the average of those elevations. From Equation 3.1, the roughness

computation requires the extraction of the VV relation of v (see Section 3.3.1 for details).

3.5 Topology-based Terrain Segmentation

The basis for terrain analysis is a segmentation of the terrain based on its critical points,
their regions of influence and how they are connected together in the critical net. The approach
we consider here is rooted in discrete Morse Theory, which supports an efficient computation of
a discrete gradient on large meshes and the efficient computation of topological descriptors like
the Morse decompositions and the critical net.

In Subsection 3.5.1, we present the general strategy for computing a discrete Morse (For-
man) gradient and a distributed approach based on Terrain trees. In Subsection 3.5.2, we discuss

how to compute the critical net and present an algorithm for Terrain trees.
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3.5.1 Forman gradient computation

We consider a triangle mesh X and an elevation function f : >y — R defined on the
vertices of >.. The algorithm for computing the Forman gradient is based on the extension to
TINs of the algorithm proposed for regular grids [155]. It consists of three major steps, which
are described below and illustrated by referring to Fig. 3.3.

Step 1 (Indexing). The first step requires computing a total order / on the vertices of
.. The total order will serve as guiding schema for the subdivision of the triangles, edges and
vertices of X in independent sets. This is done by Simulation of Simplicity [60], i.e., by sorting
the vertices of X in ascending order and by assigning a unique index to each of them. In Fig.
3.3(a) we indicate the index in [ of each vertex of a triangle mesh. On Terrain trees, Step 1 is
executed by sorting the vertices stored in the global vertex array.

Step 2 (Partition). X is then subdivided by associating each vertex v with the set of edges
and triangles having the same value of [ as v. [ is extended to the edges and triangles of
via I(0) := max,e, I (v), where o is either an edge or a triangle of ¥ and v is a vertex on the
boundary of o. For each edge or triangle o, we denote as v the vertex of o with maximum value
of I. For this reason, this set of triangles and edges associated with v is called the lower star of
v according to I and denoted L;(v). It can be proved that each triangle or edge in X belongs to
exactly one lower star. Then, the lower stars associated with the vertices form a partition of X
and thus they can be processed in parallel. In Fig. 3.3(a) the lower star of vertex 6 is depicted
with bold lines.

On Terrain trees, Step 2 is implemented through a tree traversal where each leaf block b is

processed once. In a leaf block b, the algorithm extracts the lower star L;(v) for each vertex v
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Figure 3.3: Homotopy expansion [155] computed on the simplices belonging to the lower star of
vertex 6.

in b by retrieving the set of triangles incident in v (Vertex-Triangle (VT) relation) and the set of
edges (Vertex-Edge (VE) relation), and by computing their values of [ at runtime.

Step 3 (Pairing). Pairings of edges and vertices, and edges and triangles are computed
through a process called homotopy expansion on each lower star. Recall that the Forman gradient
is a collection of vertex-edge and edge-triangle pairs.

We initialize a set LS with L;(v). If LS = {v}, v is declared as a critical vertex. Otherwise
the pair (v, e) is created by pairing v with the edge e in LS having min,¢. I(v). In Fig. 3.3(b)
edge (6, 1) is selected to be paired with vertex 6.

Then, for each triangle ¢ in LS, we compute the number of unpaired edges on the boundary

of ¢, which are also in LS. We are interested in two cases:

* if £ has no unpaired edges on its boundary, then it is classified as critical,

45



* if ¢ has exactly one unpaired edge e on its boundary, then it is paired with e

If by cycling over all triangles in LS, no triangle is paired, at the end of the cycle a new
edge is classified as critical, and we start again.

In Fig. 3.3(c), triangle (6, 3, 1) is paired with its unique unpaired boundary edge (6, 3). In
Fig. 3.3(d), no triangle has either zero or exactly one unpaired edge, then edge (6, 4) is declared
as critical. In Fig. 3.3(e), triangle (6, 5,4) gets paired with its unique unpaired boundary edge
(6,5). Fig. 3.3(f) shows the Forman gradient computed within the lower star of vertex 6.

On Terrain trees, Step 3 is performed by considering each leaf block independently, and
performing computation locally to the block on the lower stars of the vertices which belong to

the block.

3.5.2 Extracting the critical net

Computing the critical net means visiting all the separatrix V;-paths connecting critical
vertices and edges, and all the separatrix V5-paths connecting critical edges and triangles (see
Section 2.1.2.2). The geometrical representation of the critical net is computed by connecting the
barycenters of the triangles and edges visited in the separatrix V' -paths. For the vertices of the
triangle mesh, we consider the points themselves.

Extracting separatrix vertex-edge paths (V1-paths). Given a critical edge, the two vertices
in its boundary are first extracted. For each vertex, we extract its paired edge and we insert such
edges into a stack Sz. The stack is used to implement a depth-first traversal of the path. At each
iteration, we extract an edge e from St and we compute its boundary vertices. For each vertex

v, we compute its paired edge ¢’ and we add €’ to St if €’ £ e. This retrieves the connections of
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(d)

Figure 3.4: Reconstruction of a portion of the critical net connecting a critical saddle with two
critical minima. (a) Starting from a critical edge, the boundary vertices are connected with the
edge. (b) The edge e; paired with v; is added to the stack. (c) The edge e; is extracted from
the stack, connected with its paired vertex v;. The other vertex on the boundary of e; (i.e.,
v9) 1s retrieved and its paired edge e; is added to the stack. (d) The portion of the critical is
reconstructed repeating the same steps until both paths reach critical vertices (minima).

critical edges with the critical vertices. The lines of the critical net reconstructed at this stage are
obtained by connecting the barycenters of each edge with the boundary vertices.

Fig. 3.4 shows the extraction of the critical net limited to a critical edge and two critical
vertices. Starting from the critical edge (Fig. 3.4(a)) the two vertices in its boundary are extracted
and connected with the critical edge. Edges paired with such vertices are inserted in the stack
St. In Fig. 3.4(b), edge e; is extracted from the stack and connected with its boundary vertex v;.
In Fig. 3.4(c), the other vertex on the boundary of e; (i.e., v3) is connected to e; and its paired
edge e, 1s added to the stack St. The depth-first traversal continues in the same manner until two
critical vertices are encountered (Fig. 3.4(d)).

Extracting separatrix edge-triangle paths (V,-paths). Given a critical edge, all the triangles
in its co-boundary are extracted. For each such triangle, we extract its paired edge and we insert
the edge into a stack St. Each time we extract an edge e from S, we compute the triangles in its
coboundary. For each of such triangles ¢, we compute the edge ¢’ paired with ¢ and we enqueue
e’ if ¢/ # e. The lines of the critical net reconstructed at this stage are obtained by connecting the

barycenters of each triangle with the barycenters of the boundary edges encountered during the
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visit.

Fig. 3.5 shows the extraction of the critical net limited to a critical edge and a critical
triangle. Starting from a critical edge (Fig. 3.5(a)) the triangle ¢; in its coboundary is retrieved.
The edge e; paired with ¢; is inserted in the stack Sz. In Fig. 3.5(b), the edge e; is extracted
from the stack and connected with the triangle paired with it (i.e., triangle ¢;). In Fig. 3.5(c), the
next triangle on the coboundary of e; (i.e., t5) is connected to e; and its paired edge e, is added
to the stack Sz. The depth first traversal continues in the same manner until a critical triangle is

encountered (Fig. 3.4(d)).

As the extraction of the separatrix V' -paths involves an intense mesh traversal, the leaf
blocks of Terrain trees need to be visited multiple times. Thus, for efficiency, we use an auxiliary
cache for encoding a subset of the connectivity relations required. Extracting separatrix V;-paths,
which are composed of edges and vertices, requires the Edge-Vertex (EV) relation. Extracting
separatrix V5-paths, which are composed of edges and triangles, requires the Edge-Triangle (ET)
relation. The cache uses a Least-Recent-Used replacement policy (LRU-cache) which let us
improve processing times with a negligible storage overhead.

Within each leaf block b of a Terrain tree, we execute the following steps:

1. expand the leaf block representation by computing and storing in the block the connectivity

relations required, as discussed above;

2. extract the separatrix V -paths in b;

3. save in cache the connectivity relations of b.

During the computation of the separatrix V'-paths, it can happen that a V-path will go
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Figure 3.5: Reconstruction of a portion of the critical net connecting a critical saddle with a
critical maxima. (a) Starting from a critical edge, the coboundary triangle (i.e., ;) is visited. (b)
The traversal starts by adding the edge e, paired with 4, to the stack. (c) The edge e is extracted
from the stack and connected with its paired triangle ¢;. The other triangle in the coboundary of
ey (i.e., to) is extracted and its paired edge e is added to the stack. (d) The portion of the critical
is reconstructed repeating the same steps until a critical triangle (maximum) is reached.

outside of the leaf block b currently processed. To deal with this situation, we introduced the
notion of dangling path, where a dangling path is a V' -path whose continuation is outside the
block currently processed. Our strategy uses the dangling paths for postponing the construction
of certain V/-paths, thus limiting the number of times we have to enter and exit a leaf block.

The extraction of the gradient V -paths within a leaf block b is performed as follows:

* the new V-paths starting from the critical edges indexed by b are visited. Notice that
an edge could be shared by two blocks. To process each critical edge once, we use the
following convention: a critical edge is indexed by b if and only if b indexes the vertex

with the higher label value in the vertex array ;

* the dangling paths that are entering b are then expended. Each time a dangling path is
expanded, the corresponding entry in the auxiliary data structure storing dangling paths is
removed. In this way, the storage requirement of this structure is kept negligible during the

extraction process.

Notice that the visit of a V'-path can be interrupted several times, as it can cross multiple
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leaf blocks. Once the visit of the V'-paths in b is terminated, the connectivity relations computed

are saved into the cache.

3.6 Multifield Visualization

Multifield data are scientific data characterized by multiple field values. An example of this
type of data is airborne LiDAR data where, for each point, multiple measures are recorded such
as the intensity of the laser pulse, the point classification (i.e., ground, canopy, water, etc.), RGB
bands, scan angle, and direction.

Extracting and visualizing descriptive information for multifield data is a major challenge.
The technique implemented in this work relates to the notion of Jacobi set [57]. The Jacobi set
of a collection of real-valued Morse functions defined on a common manifold is the set of all
points where the function gradients are linearly dependent, which is directly related to the rank
of the Jacobian matrix. This definition inspired numerical techniques aimed at rendering a single
function built out of the multiple scalar fields in a way compatible with the relationships among
scalar fields. In [135], a comparative measure is defined as measure for the evaluation of the local
coherence among different scalar fields based on the gradient of the fields.

Given a point v, we can write the matrix of partial derivatives as follows:

%(U) %(U)
dF(v) =
) e fe)

The multifield comparison measure in [135] is defined as the norm of such matrix n’'(v) =
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||dF(v)]|. To speed up the computation, the estimation of % (v) is reduced to the root of the
maximum eigenvalue of the matrix (dF(v))? (dF(v)). To compute n'(v), when v is a vertex of
a TIN, we need to estimate partial derivatives at v. In [124] several methods have been analyzed,
and the best method has been shown to be the Average Gradient on Star (AGS) method [131],
which is both accurate and efficient. In AGS, the gradient at a vertex v is approximated by taking
the average of the gradients estimated at the triangles incident in v.

In particular, given a scalar function f defined on the vertices of a TIN 3, the gradient at a

triangle ¢ of X, denoted as V f;, is calculated as follows:

1

Uy = (f(v;) = fv) x % + (f(v) = f(0i)) x s ) Z_A]:i)

where L denotes the 90 degrees rotation of a vector, A, is the area of the triangle ¢, v;, v;, vy,
are the three vertices of ¢, and p;, p;, pi. are vectors representing the x- and y- coordinates of v;, v;
and vy, respectively.

To compute the gradient at vertex v, we need to compute the so-called mixed area [131].
Let ¢ be a triangle and p;, p;, pi the vectors of coordinates of its three vertices. If ¢ is non-obtuse,
the contribution of ¢ to the mixed area is £ (|pipx|*cot Zp; + |pig;|*cot Zpipy). If t is obtuse, there
are two cases: if the angle at v is obtuse, the mixed area will be half of the triangle area, while if
the angle at v is not obtuse, then the area will be a quarter of the triangle area. Then, the gradient
at v is the weighted average of gradients computed at each triangle incident in v weighted by the
corresponding mixed area.

Since the computation of the gradient at vertex v relies on the gradients at all the triangles

intersecting at p, the computation of such gradient in the Terrain trees requires extracting the
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Vertex-Triangle (VT) relation, as discussed in Section 3.3.1.

3.7 Experimental results

In this section, we study the performances of the Terrain trees family. TINs used are com-
puted from LiDAR point clouds by means of a Delaunay triangulation algorithm from the CGAL
library [24].

The characteristics of each TIN are reported in Table 4.1. We have used a total of seven
TINs with a number of vertices ranging from 34 million to 193 million. GREAT SMOKEY MOUN-
TAIN, CANYON LAKE GORGE and BIG CREEK are three datasets provided by the OpenTopogra-
phy repository [143]. For each of them we have computed a single TIN. The original SONOMA
COUNTY dataset includes more than 60 billion points. We created four different datasets by sub-
sampling the original point cloud at four different resolution levels. For each point cloud obtained

we have computed a TIN that is used in our experiments.

Table 3.1: Overview of experimental datasets used in Part 1. For each terrain, we list the number
of vertices | Xy | and triangles |Xr|.

GREAT SMOKEY | CANYON SONOMA SONOMA BIG SONOMA SONOMA
MOUNTAIN LAKE | COUNTY 1 | COUNTY 2 | CREEK | COUNTY 3 | COUNTY 4
|2V|‘ 34M ‘ 49M ‘ 105M ‘ 135M ‘ 151M ‘ 154M ‘ 193M
X7 ‘ 68M ‘ 98M ‘ 210M ‘ 271IM ‘ 303M ‘ 309M ‘ 386M

Our experimental evaluation addresses five aspects: (1) calibration of the capacities guiding
the construction of Terrain trees, (ii) evaluation of the requirements for initializing Terrain trees,
(ii1) extraction of connectivity-based relations, (iv) computation of morphological and topology-
based features, and (v) analysis and visualization of multifield data. The hardware configuration
used for these experiments is a dual Intel Xeon E5-2630 v4 CPU at 2.20Ghz, and 64GB of RAM.
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The source code of the Terrain trees library implementing the Terrain trees is available at [73].

The source code of the LibTri library implementing the A data structure is available at [71].

3.7.1 Selection of capacities for Terrain trees generation

Terrain trees are generated based on, at most, two input values. One is the maximum num-
ber of vertices per leaf block, denoted as k,. The second one is the maximum number of triangles
per leaf block, denoted as £;. Since the number of triangles in a TIN is about twice the number
of its vertices, in the following, we set k, = 2k,. To efficiently calibrate such capacities, we
performed a preliminary evaluation to identify non-optimal values, that create either too deep or
too coarse hierarchies. This evaluation also established an initial test range such that each leaf
block contains between 1 millionth and 10 millionth of vertices of the TIN. For each dataset, we
create a total of 20 spatial indexes within this test range. All triangle meshes are generated over
irregularly distributed LiDAR point clouds. Since the observed performance trend is similar on
all datasets, in this section, we show just the plots from GREAT SMOKEY MOUNTAIN dataset to
evaluate the experimental results on capacity selection. We provide the plots describing the per-
formance trends of other datasets in Appendix A.2. In order to evaluate the effects of varying k,
and k;, we analyze the following parameters: (i) storage costs, (ii) time requirements for generat-
ing a Terrain tree, and (iii) time requirements for answering the most common connectivity-based
query, i.e., the extraction of Vertex-Triangle relation.

Since all Terrain trees encode the TIN with the same indexed representation, we focus only
on the storage costs of the hierarchical index without considering the storage costs for encoding

information on the vertices and on the triangle connectivity. Fig. 3.6 shows these results. The
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Figure 3.6: The storage costs for storing the hierarchical index of the Terrain trees on GREAT
SMOKEY MOUNTAIN dataset using different values of &, and k;. The x-axis shows the capacity
value on the vertices.

storage costs show a sharp decrease with smaller capacities, while they remain nearly constant
with larger ones. The differences in storage costs among the three indices are more noticeable
when the capacities are small, while the costs become nearly identical for larger ones. The storage
cost of the hierarchical index is closely related to the number of nodes in a Terrain tree. When
using larger capacities (i.e., ky greater than 550), Terrain trees have the same number of nodes,
and this means that the spatial index is losing its effectiveness at decomposing the embedding
space. This latter result highlights that the capacity on the triangles is the one guiding the spatial
decomposition when both capacities become larger.

Figs. 3.7(a) shows the time required for generating the spatial decomposition of a Terrain
tree on GREAT SMOKEY MOUNTAIN dataset. Generation times decrease for all types of Terrain
trees when using larger capacities since each leaf block can contain more vertices and triangles,
and the spatial decomposition is obtained by executing fewer split operations. Also, since the
subdivision rule for the PMR-T tree is not recursive, its construction is always faster than the

other two rules, that, on average, have similar generation times.

54



800 —— PR-T tree —— PR-T tree

750 PM-T tree PM-T tree
PMR-T tree 12 PMR-T tree
700
0
© 650
£
600 —
550
500 e S B —
200 400 600 800 1000 200 400 600 800 1000
Leaf Block Capacity Leaf Block Capacity
(a) Generation time (b) VT extraction time

Figure 3.7: Timings for generating the spatial decomposition of Terrain trees and extracting the
VT relation in Terrain trees on GREAT SMOKEY MOUNTAIN dataset using different values of &,
and k;. The x-axis shows the vertex capacity value.

We evaluate now how different capacities affect the extraction of the Vertex-Triangle (VT)
relation. This relation is key to most of the applications defined in our framework. Fig. 3.7(b)
summarizes the results we have obtained. We notice that the larger the capacity used, the faster
the extraction of the VT relation is. The larger time drop is noticeable on smaller capacities, while
for larger capacities the time difference becomes smaller. Since PR-T and PM-T trees explicitly
encode the range of vertices, they show similar performances, and are always faster than PMR-
T trees, using from 30% to 70% less time, as the latter has to compute such vertex ranges at
run-time.

These results highlight how the performances of Terrain trees are affected by the two user-
defined capacities. By considering only the storage requirements and generation timings, we see
that by using larger capacities, we reduce such quantities, since the decomposition is coarser
and the compressed encoding becomes more effective. However, for larger values of ky and k7,
the spatial index becomes less efficient, being more similar to a global representation. For such

capacities, leaf blocks encode more entities, leading to a reduced speedup gain and to higher
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storage requirements for encoding application-specific auxiliary data structures. Based on the
results and evaluations above, we choose capacities that generate trees having a number of nodes
between 300K and 500K, as we have noticed that such spatial indices are neither too coarse nor
too deep, with overall good performances at generating and encoding Terrain trees and answering

connectivity queries.

3.7.2 Terrain trees evaluation

Table 3.2: Overview of Terrain trees. For each Terrain tree, we list the thresholds ky and kr and
the number of blocks in the index (| V).

GREAT S. CANYON SONOMA SONOMA
MOUNT. LAKE COUNTY 1 COUNTY 2

‘kv kr \N\‘kv kr \N\‘kv kr \N\‘kv kr  |N|

PR—T‘ 350 - 304K‘ 450 - 295K‘ 825 - 3021(\950 - 476K

PM-T‘ 350 700 377K‘ 450 900 330K‘ 825 1650 328K‘950 1900 510K

PMR-T‘ - 700 3771(\ - 900 3301(\ - 1650 328K‘ - 1900 510K
BIG SONOMA SONOMA
CREEK COUNTY 3 COUNTY 4

| kv ke NI | kv ke NI | Ry ke IN]

PR-T‘IOOO - 401K‘1100 - 445K‘13OO - 4741(‘

PM-T \ 1000 2000 442K‘ 1100 2200 482K‘ 1300 2600 4931(\

PMR—T‘ - 2000 4421(‘ - 2200 482K‘ - 2600 493K‘

In this section, we compare the storage costs and timings for generating the spatial indices
of Terrain trees and IA data structure, as well as their performance at extracting the Vertex-
Triangle (VT) relations.

We generate a PR-T tree, a PM-T tree, and a PMR-T tree for each TIN. A single value for

k, and k; is selected for each dataset according to the results discussed in Section 3.7.1. Table 3.2
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Table 3.3: Comparison of storage, expressed in megabytes (M B) and gigabytes (G B), for the
underlying TIN, Terrain trees and IA data structure. O.0.M. stands for Out Of Memory.

GREAT S. CANYON SONOMA SONOMA BIG SONOMA SONOMA
MOUNT. LAKE COUNTY 1 COUNTY2 CREEK COUNTY3 COUNTY 4

PR-T | 215MB | 20.71MB 214MB 33.7MB | 284MB 314MB 33.4MB
PM-T | 26.6MB | 23.2MDB 233MB 36.1MB | 31.4MB 339MB 34 7MB
PMR-T | 26.6MB | 23.2MB 233MB 36.1MB | 31.4MB 339MB 347MB
IA | 908.0MB | 1.31GB 2.80GB 3.62GB | 4.04GB 4.12GB 0.0.M.

TIN 1.56GB | 2.24GB 4.80GB 6.20GB | 6.93GDB 7.06GB 8.83GB

shows the capacities selected and the total number of internal and leaf nodes of each Terrain tree.
Notice that PR-T trees and PMR-T trees use only one capacity value (i.e., k, and k;, respectively),
while PM-T trees use both. As shown in Table 3.2, the number of nodes in a PM-T tree and a
PMR-T tree of the same dataset is always similar, which leads to comparable storage costs. The
number of nodes in a PR-T tree is always smaller than in the other two trees. These results match
the ones of Section 3.7.1, which show that a PR-T tree always has a lower storage cost compared
to the other two Terrain trees.

Table 3.3 shows the storage costs of the Terrain trees and of the IA data structure. Since
both Terrain trees and IA data structure encode an indexed representation of the TIN, we represent
this storage requirement separately, and thus, the storage costs shown in Table 3.3 consider only
the requirements for encoding the spatial index in a Terrain tree, and for encoding adjacency and
coboundary relations (i.e., Triangle-Triangle and partial Vertex-Triangle relation) in the IA data
structure. The total storage requirements can be easily computed by adding the storage cost of the
TIN to the corresponding Terrain trees or IA data structure overhead cost. Note that the overhead
cost of Terrain Trees is between 1% and 3% of the overhead cost of the IA data structure. When

considering also the cost of the underlying indexed TIN representation, a Terrain tree can encode
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Figure 3.8: Comparison of total timings, expressed in minutes (m), for generating a Terrain tree
or the IA data structure.

the same dataset using, on average, 36% less storage than IA data structure. The differences
between the three Terrain trees are minimal. The PR-T tree is the most compact since it generates
fewer leaf blocks compared to the other two.

Fig. 3.8 shows the time requirements for generating a Terrain tree or the IA data structure.
The generation times do not consider the time needed to load the TIN from file, but only the time
for generating the corresponding data structure. The generation times for the IA data structure are
about 10% of those of Terrain Trees. This is expected since the IA computes only the adjacencies
between triangles and a partial VT relation. Terrain Trees, instead, are created by first computing
the spatial decomposition and then compressing its representation, as described in Section 3.3.
Also in this case, the differences between the three Terrain trees are minimal, and the generation
of a PMR-T tree is always 20% faster than that of the other two, which is consistent with the
findings in Section 3.7.1.

As shown in Fig. 3.9, Terrain trees can always extract V7T relations faster than the IA data
structure. PR-T and PM-T trees use from 57% to 72% less time than the IA data structure. PMR-

T trees use, on average, from 30% to 70% more time compared to the PR-T and PM-T trees, still
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Figure 3.9: Comparison of total timings, expressed in minutes (m), for extracting the VT rela-
tions.
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Figure 3.10: Comparison of total timings, expressed in minutes (m), for extracting edge slopes.

saving at least 30% time compared to IA data structure. The differences among Terrain Trees
are due to the encoding of the vertex ranges. In PR-T and PM-T trees, such ranges are explicitly

encoded, while in PMR-T trees, they are computed at run-time on a block-by-block basis.

3.7.3 Computing morphological features

In this section, we evaluate the performances for computing morphological features, as

described in Section 3.4. Results are shown in Figs. 3.10, 3.11, and 3.12.
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Figure 3.11: Comparison of total timings, expressed in minutes (m), for extracting concentrated
curvatures.

Computing the triangle slope requires the Triangle-Vertex relation, while computing the
edge slope requires the (dual) Vertex-Triangle relation. Since both Terrain trees and the IA data
structure store the Triangle-Vertex relation explicitly we only compare their performances in com-
puting the edge slope.

As edges are not explicitly encoded neither in Terrain trees nor in the IA data structure,
we have to use an auxiliary lookup table in both implementations for encoding the slope values
without duplicates. Terrain trees enable the usage of a local data structure within each leaf block,
and this reduces both the cost of encoding and accessing the lookup table. As shown in Fig. 3.10,
the slope estimation benefits by the use of a spatial index and a modular structure. We notice that
computing edge slopes on Terrain trees requires from 37% to 45% less time and less memory than
by using the TA data structure (considering also that the IA data structure goes out of memory
five times). The difference among the three Terrain Trees is limited, since the extraction time for
the VT relation accounts for a small portion of the overall slope computation time.

As discussed in Section 3.4, estimating the curvature requires visiting the star of each

vertex (i.e., extract the Vertex-Triangle relation). As in Fig. 3.11, the implementation based on

60



s PR-T
20 . PM-T
7 mmm PMR-T
. A
=15
g
= 1.0
) I III
, nal 1B
"~ Great S. Mount. Canyon Lake Sonoma 1 Sonoma 2 Big Creek Sonoma 3 Sonoma 4

Figure 3.12: Comparison of total timings, expressed in minutes (m), for extracting roughness
values.

Terrain trees is always faster than the one based on the IA data structure, as it requires from 25%
to 30% less time. Both Terrain trees and the IA data structure require the same amount of space
for encoding curvature values, while the size of the auxiliary data structures is negligible. The
performances of the three Terrain trees are similar. This shows that extracting the vertices in a
block at run-time does not affect significantly the performances of the spatial index.

Estimating roughness requires computing the Vertex-Vertex relation. In Terrain trees, the
roughness computation is pretty efficient (see Fig. 3.12), being from 36% to 55% faster than the
corresponding procedure on the IA data structure. On larger datasets, PMR-T trees are always

slower than PR-T and PM-T trees, since they are less efficient at extracting the VV relation.

3.7.4 Computing topology-based segmentations

In this section, we evaluate the performances in computing the Forman gradient, and in

extracting the critical net.
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Figure 3.13: Comparison of total timings, expressed in minutes (m), for computing the Forman
gradient vector.

Forman gradient computation

As discussed in Section 3.5, computing the Forman gradient on a Terrain tree requires
extracting the star of each vertex of the TIN, i.e., the Vertex-Triangle relation. As shown in Fig.
3.13, Terrain trees are always faster than the IA data structure requiring about 20% less time.
PMR-T trees are usually slightly faster than PR-T and PM-T trees, but overall the time difference
between the three Terrain trees is small.

Since Terrain trees have lower storage requirements than the IA data structure, they can
complete the Forman gradient computation on all datasets, i.e., there is enough memory for en-
coding the Forman gradient and the auxiliary data structures used in the process. This does not

apply to the IA data structure, which goes out of memory on the two larger datasets.

Critical net extraction

In a Terrain tree, the extraction of the critical net requires an intense navigation of the

spatial index, and the extraction at run-time of connectivity relations that, in the IA data structure,
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Figure 3.14: Comparison of total timings, expressed in minutes (m), for computing the critical
net.

are either explicitly encoded (Triangle-Triangle relation) or efficiently extracted (Vertex-Vertex
relation). This application represents an interesting worst-case scenario for Terrain trees.

Both Terrain trees and the IA data structure use auxiliary data structures for extracting the
critical net. The IA data structure uses a global stack to perform the TIN traversal. Conversely,
a Terrain tree uses a cache of leaf blocks with expanded connectivity information as well as a
list of dangling paths, plus a local stack within each leaf block (see Section 3.5.2). As shown in
Fig. 3.14, thanks to the lower storage requirements of Terrain trees, such auxiliary structures can
be effectively encoded in memory, while the IA data structure goes out of memory on the three
larger datasets.

Comparing timings, PR-T and PM-T trees have comparable performances with respect to
the IA data structure, and use up to 10% more time, while PMR-T trees perform significantly
worse being up to 8 times slower than the IA data structure. Comparing Terrain trees, PR-T and
PM-T trees have similar performances and are at least 5 times faster than PMR-T trees. As we
have already observed with the other applications, this speedup is due since a PMR-T tree has to

compute the range of vertices at run-time.
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(a) Satellite

(b) RGB (c) Elevation+Green (d) Elevation+RGB

Figure 3.15: The satellite map and the visualization of the multifield comparison measure on an
area with few trees and some human artifacts. Figures show the satellite image (a), the multifield
measure based on red, green and blue values (b), based on elevation paired with green values (c),
and based on elevation paired with RGB values (d).

3.7.5 Multifield data visualization

We evaluate the performances of Terrain Trees for computing the multifield measure de-
scribed in Section 3.6. We test our implementation for a visual analysis on two small datasets
(shown in Figs. 3.15 and 3.16), and for a performance analysis against the IA data structure on
three different areas of the SONOMA COUNTY dataset. Each dataset has a total of five scalar
fields: elevation, a color field (encoded as a RGB triple), and roughness.

First, we visually analyze the algorithm performance on an area with few trees and some
human artifacts (a fence and a small building). Fig. 3.15 presents the raster image of this area
(Fig. 3.15(a)), and three output images obtained with our algorithm in which we used as input

scalar fields: (i) the RGB values (Fig. 3.15(b)), (ii) the green band paired with the elevation (Fig.
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3.15(c)), and (iii) the RGB values paired with the elevation (Fig. 3.15(d)). Just using the RGB
values, the algorithm can identify the boundary of the buildings and their shadows clearly, but
it does not highlight precisely the trees. Pairing the green band with the elevation improves the
identification of trees, while the human artifacts result smoothed and less clear. Lastly, if we
pair the three RGB values and the elevation, the algorithm can correctly highlight both trees and

human artifacts.

(a) Satellite

(b) RGB (c) Roughness+RGB

Figure 3.16: The satellite map and the visualization of the multifield comparison measure on an
area with high tree density. Figures show the satellite image (a), the multifield measure based on
red, green and blue values (b), and based on roughness paired with RGB values (c).
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In order to understand the performance of our strategy in distinguishing forest areas from
other land cover types (like rivers or streets), a region with higher tree density has been used (see
Fig. 3.16). We compare the visualization results when using just the RGB values (Fig. 3.16(b)),
and when pairing them with roughness (Fig. 3.16(c)). In this case, we pair the RGB values with
roughness instead of the bare elevation, since roughness has been proven to be a better estimator
for identifying surface deformations in a terrain [165]. The visual comparison of the outputs
shows that the multifield strategy is more precise in highlighting the different cover types, when
also a geometric field is added to the identification procedure. Pairing roughness with the color
values enables the identification of both the road crossing the forest and areas of low vegetation
(Fig. 3.16(c)), that cannot be clearly identified by just using the color (Fig. 3.16(b)). Also,
a narrow band representing the road in the forest can be identified clearly only if we include
roughness values in our input fields.

The visual analysis of the results shows that the multifield strategy can be effectively used
for highlighting key areas in satellite datasets, and that the identification improves when pairing

a geometric attribute with other scalar fields that are not spatial or geometric.

Sonoma 1 Sonoma 2 Sonoma 3

B PR-T
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Figure 3.17: Comparison of total timings, expressed in minutes (m), for computing the multifield
measure.
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Finally, we compare the performance of Terrain trees and IA data structure at extracting
the multifield measure on three datasets based on SONOMA COUNTY. Results are reported in
Fig. 3.17. Overall, the timing performances of the Terrain trees and IA data structure are very
similar, even if we notice that Terrain trees are about 5% faster than the IA data structure. The
performance difference is minimal if we compare the Terrain trees. Thanks to the initial lower
storage requirements, Terrain trees can compute the multifield measure on all three datasets,

while the IA data structure goes out of memory on the largest one.

3.8 Concluding Remarks

We have presented a family of spatial data structures, the Terrain trees, for the efficient
representation, analysis and visualization of triangulated terrains. A Terrain tree combines a
minimal connectivity-based encoding of the underlying triangle mesh with a hierarchical spatial
index, thus implicitly encoding other connectivity relations. Terrain trees consist of three spatial
indexes that use different bucketed subdivision rules. By borrowing an idea presented in [74]
for a distributed data structure for simplicial complexes in arbitrary dimensions, we use spatial
coherence to reorder the indexed data, thus achieving the compression of both vertex and tri-
angle information inside the spatial index. This enables high storage reduction and optimized
algorithms.

We have proven the effectiveness of our proposal by designing and implementing state-
of-the-art morphological estimators for terrain analysis, like slope, curvature, and roughness, as
well as a distributed technique based on discrete Morse theory for topology-based segmentation

of such terrains. Lastly, as it is common to study a terrain in combination with additional fields
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attached to it, we have defined a distributed strategy for visualizing multifield data.

We have experimentally demonstrated how the bucketing capacities on the Terrain trees
affect generation times, storage requirements, and performances in extracting a basic connectiv-
ity relation. This has enabled the optimal identification of the most appropriate capacity ranges.
We have then experimentally demonstrated the efficiency of our data structure by comparing it
against the most common and compact connectivity-based data structure, the IA data structure.
Terrain trees require always less storage, they generally perform better than the IA data structure,
and their effectiveness increases with the dataset size. Conversely, the difference in performances
among the three Terrain trees is minimal. We have noticed, however, that spatial indexes explic-
itly encoding the vertices in each leaf block have shown better performances at computing those
estimators which require the efficient extraction of the triangles incident in a vertex. The source
code of Terrain trees library and of the library implementing the IA data structure, called LibTri,

are available in the public domain [71, 73].
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Chapter 4: Topology-aware TIN simplification on Terrain trees

4.1 Introduction

This chapter introduces methods for efficient topology-aware TIN simplification on Ter-
rain trees. As discussed in Section 1.1, most mesh simplification methods do not consider the
topology of underlying mesh and existing topology-aware mesh simplification methods are not
efficient when processing large terrains. Thus, we propose a new topology-aware mesh sim-
plification on Terrain trees that uses a batched processing strategy to reduce both the memory
and time requirements of the simplification process. The simplification method employs the
topology-aware edge contraction operator defined by Iuricich and De Floriani [99], which allows
for constructing the HFT multi-resolution model. Moreover, thanks to the spatial decomposition
on the basis of Terrain trees, it can be easily parallelized to a multi-core environment. In Section
2.2.2, we reviewed parallel mesh simplification methods in previous studies and categorized them
into two classes. Our parallel simplification method introduced in this study extends the second
strategy by considering the conflicts between different blocks in a hierarchical decomposition of
the domain and processing independent blocks at the same time.

The major contributions of this study include:

1. the design and implementation of a topology-aware mesh simplification method on a com-
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pact data representation for triangle meshes, Terrain trees;

2. the definition of a leaf-locking strategy on Terrain trees and the design of a parallel topology-

aware mesh simplification algorithm;

3. the design of an algorithm for updating a Terrain tree after simplification, which can be

applied independently of the way the mesh encoded in the Terrain tree is modified;

4. an experimental evaluation on the new simplification methods in terms of computing per-

formances and quality of the output mesh;

5. adiscussion on leaf capacity selection for efficient mesh simplification on Terrain trees;

6. an optimized simplification strategy on Terrain trees for improving output mesh quality.

While the proposed topology-aware mesh simplification method ensures that all critical
simplices are preserved during the process, in some applications, it may be ideal to remove noise
or insignificant terrain changes. In such cases, a preprocessing step to reduce the complexity of
terrain topology is necessary. Therefore, in Section 4.2, we review a topological simplification
algorithm [99] that can be used for this purpose.

A preliminary research result on the simplification algorithm and the evaluation of the
computational performance was presented at ACM SIGSPATIAL in 2021 [171]. Later, the com-
prehensive study was published on ACM Transactions on Spatial Algorithms and Systems in
2024 [172]. An open-source library for topological simplification and topology-aware mesh sim-
plification on Terrain trees has been developed [170].

The remainder of this chapter is organized as follows. Section 4.3 provides the definition
of a topology-aware edge contraction operator. Section 4.4 describes the proposed topology-
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aware simplification algorithm, and, Section 4.5 defines a new parallel simplification algorithm
relying on the distributed nature of Terrain trees. Section 4.6 describes an algorithm for updating
a Terrain tree as a post-processing step, which is necessary to keep the downstream operations
efficient. Section 4.7 discusses several mesh quality metrics for evaluating the output meshes
generated by the proposed simplification algorithms. In Section 4.8, we experimentally evaluate
both the sequential and the parallel topology-aware simplification on Terrain trees and compare
them against an implementation of the topology-aware simplification on the IA data structure.

Finally, in Section 4.9, we draw some concluding remarks.

4.2 Topological cancellation

As introduced in Section 2.2.3, noisy data can affect the analysis of a terrain, which creates
the need for simplifying the topology of the terrain while maintaining important critical sim-
plices. In this section, we introduce a discrete-Morse-theory-based operator called fopological
cancellation [76] for simplifying the topology of the terrain. In the following, we use a sur-
face network G to represent the critical simplices and their connectivity on a terrain surface O.
For a surface network G, there are two cancellation operators, maximum-saddle-maximum and
minimum-saddle-minimum.

Given two maxima M,,, M,, and a saddle S adjacent to both maxima in a surface network G,
the maximum-saddle-maximum cancellation removes M,, S, and the arc connecting them. Other
saddles adjacent to M,, if exist, are reconnected to M, after the removal of arc M,—S. If such sad-
dles exist, then we call M, an internal maximum. Otherwise, we call M, a boundary maximum.

For instance, M, in Fig. 4.1(a) is a boundary maximum, and thus, no other saddle is reconnected
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to M, after M, and S, being removed (as shown in Fig. 4.1(b)). The arcs connected to removed
saddle and removed maximum in G are removed at the same time. Conversely, when an internal
maximum like M; in Fig. 4.1(a) and its adjacent saddle S, are removed, arcs connected to S; are
removed and all other saddles adjacent to M; (i.e., S3) are reconnected to the other maxima M
(as shown in Fig. 4.1(c)). After the cancellation, the geometry of arc M;— S5 becomes a chain
merged from the geometries of three arcs in the original graph (My—S;, M;— S, and M;—S3).
The change in the surface network made by the maximum-saddle-maximum cancellation cor-
responds to the changes in the underlying Forman gradient field of ©. All arrows along the
separatrix V/-path corresponding to the removed arc M,—S are reversed, and thus, the separatrix
V-path no long exists.

The minimum-saddle-minimum cancellation, boundary minimum, and internal minimum
are similarly defined. Both cancellation operators operate only on the Forman gradient field and
surface network G, and the underlying mesh is not modified.

A common criterion to decide if an arc should be removed or not is the elevation difference
between the two nodes connected by the arc [81]. The value of absolute elevation difference
between a pair of adjacent nodes in G is also called the persistence of this pair of nodes, denoted
as w. When the persistence of a pair of adjacent nodes is small enough, we remove the two nodes
from G since they are not significant surface features. Therefore, the topological simplification
of the surface network G consists of two steps: (1) sorting all arcs in G based on the persistence
w of the two nodes connected by each arc and (2) removing pairs of nodes with w lower than a
threshold w,,, through topological cancellation. This process helps to maintain only the essential
critical simplices, which can avoid over-segmentation and allows more edges to be contracted

during a topology-aware mesh simplification.
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(¢) Nodes M7, S7 removed

Figure 4.1: Example of a maximum-saddle-maximum cancellation operation on a surface net-
work G. Red points with M- prefix are maxima, blue points with S- prefix are saddles, green
points with m- prefix are minima, and black points with R- prefix are regular vertices, edges, and
triangles. The lines are the arcs connecting those nodes in G, which indicate the gradient paths in
the Forman gradient field. The arrows of lines indicate the directions of arrows along the paths.
The red lines highlight arcs starting from maximum M,. Note that the regular points are not a
part of the surface network and are just displayed for illustration purpose. (a) Original surface
network; (b) surface network when a boundary maximum M, and a saddle S, adjacent to it are
removed; (c) surface network when an internal maximum M; and a saddle S; adjacent to it are
removed.

4.3 Topology-aware edge contraction

Edge contraction is a widely used operator for triangle mesh simplification [95]. Given
an edge e = {v1,v2} in a triangle mesh ¥, e is contracted to one of its endpoints, and edge
e, one of its endpoints, and the triangles incident in e are removed from . When operating
on the underlying mesh of a TIN, an edge contraction operator can modify the shape of the
TIN, potentially creating non-valid meshes. To prevent this, we verify that the edge contraction
satisfies two fundamental validity conditions, namely the link and fold conditions.

The link condition [49] ensures that the simplified mesh has the same homological proper-

ties as the original one. Recall that the link Lk(v) of a vertex v consists of all vertices adjacent to
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Figure 4.2: Example of edge contraction not satisfying the link condition (same figure as 2.1 in
Section 2.1.1). Given edge e = {v,, vy}, we have Lk(v,) (| Lk(vp) = {va, vy, vs, {vs,v,}} and
Lk(e) = {v,,vq}. The condition is not satisfied since Lk(v,) N Lk(v,) contains vertex vy and
edge {vy,v,} that are not in Lk(e).

v in the mesh and of all the edges opposite to v bounding the triangles incident in v. Similarly,
the link Lk(e) of an edge e consists of the two vertices of the triangles incident in e that are not
endpoints of e. An edge e = {v,v2} € X is said to satisfy the link condition if and only if
Lk(vy) N Lk(vy) € Lk(e). Fig. 4.2 shows an example of an edge contraction that violates the
link condition. If edge e is contracted to v,, the resulting mesh becomes invalid since more than
two triangles would be incident in the same edge (i.e., edge {v,, vs}).

The fold condition [25] ensures that for every edge e’ in Lk(vy), v1 and vy lie on the same
side of the line [ passing through ¢’. If this condition is not verified, then ¥ will have at least one
triangle folding over itself after contracting e to v;.

Our purpose is to preserve the topological features of the scalar field defined on X while
simplifying the underlying mesh. This translates into maintaining the Forman gradient and, thus,
the critical simplices and their connectivity. To this aim, we apply the gradient-aware condition
[99]. Given a mesh ¥ endowed with a Forman gradient V', an edge e = {v;, v2} can be contracted
to vertex vy if and only if: (1) all simplices to be removed (vs, e, and two triangles incident in e)
are not critical; and (2) either v; or v is paired with e in V. For instance, as shown in Fig. 4.3(a),
it is fine to contract edge e = {vy, v, } since none of e, t1, to, or vy is critical, and e is paired with
V1.
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Figure 4.3: Two possible gradient configurations and corresponding updates after contracting
edge {v1,v2} (in red) to v;. Black arrows represent gradient pairs and red arrows represent
contraction direction.

A topology-aware edge contraction requires, in addition to the modification of the mesh,
also the update of the Forman gradient V. When contracting edge e, two triangles ¢; and t,
adjacent to e are removed. The updates of I involve at most four triangles, which share an edge
different from e with either ¢; or t,.

Since the updates are symmetric with respect to e, we only discuss the updates on the left
part of e, where edge e is considered as oriented from v to v;. We denote the other two triangles
adjacent to ¢; as t3 and ¢, and the vertex opposite to e in ¢; as v3. The updates on the left part
need to ensure that vertices vy, vs, edge {v1,v3}, and triangles ¢3 and ¢, are still paired after
simplification. We know that edge e is paired with either v; or vy. Thus, if e is paired with v,,
after the contraction, the pairing of v; does not change; otherwise, v; will be paired with the
simplex paired originally to v,.

Now we consider edges {vy, v3} and {v, v3}. Before the contraction, ¢; should have been
paired with either {v;, v3} or {vy, v3}, since edge e was paired and ¢; was not a critical triangle. If
t1 was paired with {vy, v3}, then {vq, v3} should have been paired either with one of its endpoints

(see Fig. 4.3(a)), or with another triangle, ¢, (see Fig. 4.3(b)). In both cases, ¢3 and ¢, are
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paired with the same simplices after the contraction. After the removal of ¢; because of the edge
contraction, edge {v1,v3} is paired with the simplex originally paired with edge {vy, v3}, i.e.,
either with one of its endpoints (see Fig. 4.3(a)), or with another triangle ¢4 (see Fig. 4.3(b)). The
same reasoning applies when ¢; was paired with {v,, v3}. The same update strategy is applied to

the simplices on the right of the edge e to maintain the topology of the Forman gradient [99].

4.4 Topology-aware simplification on Terrain trees

In this section, we present a new topology-aware simplification algorithm developed on a
Terrain tree 1" to simplify a triangle mesh >.. In our experiments, the PR Terrain tree has been
shown to be slightly more compact and efficient than the PM and PMR Terrain trees. Therefore,
in this work, we use the PR Terrain tree to encode meshes, and we refer to it as the Terrain tree
in the rest of the chapter, for the sake of simplicity.

To define the terrain topology, this algorithm uses a Forman gradient V' computed on X
inside the Terrain tree, which is encoded as a bit vector using the same indexing of X7, resulting
in a storage cost of one byte per triangle [191]. As an error metric for edge contraction, we use
the Quadric Error Metric (QFE M) [83]. Appendix A.3 provides a comprehensive explanation of
the process for computing the initial error quadrics associated with each vertex v, representing a
set of planes incident in v.

To simplify 3, all leaf blocks in 7" are visited through a depth-first traversal. Algorithm
1 provides a pseudo-code description of the simplification procedure within a leaf block b in 7.
The cost of each edge e, which is the error introduced if e is contracted, is computed from the

initial error quadrics of its endpoints. In our implementation, edge e = {vy,v,} is contracted to
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either v; or vy depending on which vertex leads to the smallest cost for edge e. We consider e as
a candidate edge for leaf block b only if the vertex to be removed is contained in b, and the cost
of e is lower than a user-defined threshold w. Edge e is an internal edge for b if also the other
vertex of e is in b, otherwise e is a cross edge.

For each leaf block b, the algorithm performs the following steps:

1. Extract the Vertex-Triangle (VT) relations for the vertices in b (row 1): the Vertex-Triangle

(VT) relation for a vertex v in b is defined as the set of triangles incident in v.

2. Build a priority queue Q of candidate edges (row 3): the edges in the queue are sorted in

ascending order based on their costs.

3. Simplify candidate edges (rows 4-21): for each candidate edge e, the three validity condi-
tions discussed before are checked. If these conditions are satisfied, edge e is contracted,
and the Forman gradient updated together with the Terrain tree. This step is described in

details below.

The link, fold, and gradient-aware conditions are checked for each edge e = {vy, vy}
extracted from Q. These checks require the VT relations for v; and v, and the Edge-Triangle
(ET) relation of e (rows 9-11). ET'(e) consists of the two triangles sharing edge e. If e is
an internal edge, function GET_VT directly retrieves VT'(11) and VT (v5) from array local_vts.
Conversely, if e is a cross edge, and v; is contained by another leaf block b;, GET_VT must
extract the VT relations of b;. To optimize this latter step, we use an auxiliary Least Recent Used
(LRU) cache LRU for encoding a subset of the extracted VT relations. When v, is in block b,

GET_VT looks first if the VT relations of block b; are in LRU. If such relations are not in LRU,
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Algorithm 1 LEAF_SIMPLIFICATION(b, X, F, E, w, LRU, br)

Input:
b: current leaf block
32: the triangle mesh
F: the Forman gradient on X
E: the array of vertex error quadrics
w: the edge cost threshold
LRU: LRU cache
bg: root block of the hierarchy
// Extract the local V7" relations for the vertices in b
1: local_vts <— LOCAL_VT(b, X7)
/l Create an array for encoding the updated edges costs
2: updated_edges + | |
// Create a priority queue of candidate edges
3: Q < CANDIDATE_EDGES(b, X7, E, W)
4: while Q # ) do
e < DEQUEUE(Q) // ¢ = {11,115}
/I Check if e has been updated and if its cost is updated
if e € updated_edges and not SAME_COST(e, updated_edges) then
skip e // 1f its cost is not updated, then skip this edge
end if
VT(v1) < GET_VT(vy, local_vts, LRU, bg, X))
10: VT (vs) < GET_VT(1s, local vts, LRU, bg, ¥2)
11:  ET(e) < GET_ET(e, VT'(11))
/] Check three conditions introduced in Section 4.3 for e
12:  if LINK_CONDITION(e, VT'(14), VT'(1), ET(e))

i

A e

13: and FOLD_CONDITION(e, V'T'(1), ET(e))
14: and GRADIENT_CONDITION(e, VT (1,), ET(e), F) then
15: CONTRACT(e, VT (15), ET(e), E, X)
16: UPDATE_GRADIENT(e, VT (1), VT'(1), ET (e), F)
17: UPDATE_INDEX(e, VT (1), b, br)
// Update the VT relation of 14
18: VT() < VT(1n) UVT(1a) - ET(e)
// Update the cost of edges, and add these edges to Q
19: updated_edges < UPDATE _COSTS(v1, V1'(14), E, Q)
20:  end if

21: end while
22: LRU <+ LRU U local_vts I/ Add local_vts to the LRU-cache

then they are extracted and saved to LRU. The ET relation of a candidate edge e is extracted by
traversing V' T'(v;) and finding triangles incident to e (GET_ET procedure at row 11). To check

the link condition (row 12), the set of vertices adjacent to v; or v, are extracted on the fly in
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LINK_CONDITION by traversing the VT relations of v, and vs.

If e satisfies all three conditions, then it is contracted to its optimized position (i.e., v7)
by function CONTRACT (row 15). This procedure takes as input edge e, the VT relation of vy,
the ET relation of e, the array of vertex error quadrics E, and underlying mesh > of the TIN
©. It removes vertex 1, as well as the two triangles adjacent to e. In each remaining triangle in
VT (1), it replaces v, with 1. After the contraction, the error quadric of v; is updated by adding
the quadric of 15 to it. The pseudo-code of function CONTRACT is in Algorithm 3 (see Appendix
A4).

After the contraction, both the Forman gradient F and the Terrain tree 7" are updated (rows
16-18). The update of gradient F' (UPDATE_GRADIENT procedure at row 16) follows the method
introduced in Section 4.3. This involves up to four triangles adjacent to triangles in E7T'(e) (see
Fig. 4.3 for an example). Such triangles are retrieved by using the corresponding VT and ET
relations.

The update of T is performed by function UPDATE_INDEX (row 17). If e is an internal edge,
the current leaf block b is updated by removing the index of 1, and the indexes of the triangles
incident in e. If e is a cross edge and v, is indexed in leaf block b, then both b and b; are updated
in a similar way. In this latter case, the indexes of those triangles that were incident in v, but not
encoded in b; are also added to b;,. The VT relation of vertex v is updated by adding the triangles
in the VT relation of v, and by removing the triangles adjacent to e (row 18).

Since the error quadric of vy is updated after the contraction of e, the costs of all edges
currently incident in v; need to be updated accordingly (row 19). A local auxiliary array up-
dated_edges which is initialized in row 4, is used to keep track of the updated edge costs. All

updated edges are added to Q again. Note that we do not update the costs of edges in Q directly,
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and, therefore, each time we process an edge e from Q, we check if e has been updated in previ-
ous contractions (row 6). If e has been updated and the cost stored with e is not the one stored in
updated_edges then we discard e and process the next edge in Q.

Finally, after the simplification of leaf block b, the local_vts array, containing the updated

vertex-triangle relations, is inserted into LRU (row 22).

4.5 Parallel topology-aware edge contraction on Terrain trees

In this section, we propose a parallel algorithm that extends and enhances the algorithm
described in Section 4.4. In subsection 4.5.1, we introduce the design of this parallel algorithm.
The main challenge of parallel mesh simplification is to prevent conflicts that may occur if two
threads modify the same vertex or triangle concurrently. In subsection 4.5.2, we discuss why the

proposed parallel algorithm can avoid such conflicts.

4.5.1 Parallel edge contraction algorithm

The hierarchical domain decomposition of Terrain trees makes them well-suited for parallel
computation since different leaf blocks can be processed at the same time. The key idea behind
our parallel simplification strategy is to assign each leaf block to a single thread from a set of
available threads. To avoid conflicts between two different threads, we have devised a leaf-
locking strategy, which is based on the definition of conflict block. A leaf block b, is called a
conflict block for another leaf block b, if there exists a cross edge e = {v1, vo}, where v is in by
and v, is in by. Clearly, in this case, b; is a conflict block for by as well.

There are four possible statuses a leaf block b may have: (1) active; (2) default; (3) conflict;
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and (4) processed. A leaf block b is active when it is being processed. A leaf block b is in the
default status if b is neither being processed nor a conflict block of any active block. A conflict
block of an active block is set to the conflict status. When the simplification process is completed,
block b is set to the processed status. A leaf block b can be processed only if its status is default
and none of its conflict blocks has conflict status.

The parallel simplification strategy performs the following steps:

1. Generating auxiliary data structures: The list of all conflict blocks of a leaf block b, de-
noted as Cl(b), is computed by traversing all triangles encoded in b. Given a triangle ¢
with at least one vertex in b, we check if the other two vertices of ¢ are also in b. If a vertex

v of t is not in b, then, we locate the block b; containing v, and add b; to C(b).

2. Computing the initial error quadrics: The initial error quadric of each vertex is computed

using a parallel version of the algorithm introduced in Appendix A.3.

3. Simplification: Each leaf block is simplified by a thread following the steps described in
Algorithm 1 with one difference. Each thread needs to update the lists of conflict blocks

which change due to the undergoing simplifications, as described below.

Assume a cross edge e = {v1, v} is contracted to vertex vy, with vy in block b; and v in
block by. Note that e is simplified only when b, is an active block. Vertices adjacent to vy, but
not to vy (for instance, red vertices in Fig. 4.4(c)), are connected to v; after contracting edge e to
vy. For example, if vertex vg is not encoded in either b, or bo, the edge connecting vg and vy is a
cross edge and may create a new conflict block for b;.

After contracting a cross edge, the list of conflict blocks is updated through a modified
LINK_CONDITION procedure (row 12 of Algorithm 1). The modified procedure extracts also an
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auxiliary array vv,,..-, Which encodes the vertices adjacent to v, that are not contained in either
by or by. After the CONTRACT procedure (row 15 of Algorithm 1), we add a step for updating the
conflict block list. To update C'l(b,) after the contraction of e, we find, for each v’ in vVVyser, the
leaf block »’ that contains v’, and add it to Cl(by) if it has not been added yet. Similarly, b; is
added to C1(b") when b’ is added to Cl(b;). The update of C(b;) and C(b"), when processing by,
does not affect the concurrent simplification of other blocks. Thanks to the definition of conflict
block, both »" and b; are conflict blocks of b, and, thus, they cannot be active when b, is active.
Also, being b’ and b, in a conflict state, none of leaf blocks in their conflict lists can have an active
state.

In contrast to the sequential algorithm, the parallel one does not use a global LRU cache
C for storing VT relations, since it could raise resource conflicts when multiple threads access
C' at the same time. Instead, a local cache at a thread level provides a safe way to encode just
the VT relations of blocks in Cl(b) when processing b. Similar to the sequential case, the local
cache is accessed and updated only when simplifying a cross edge. Once the simplification of
b is finished, the local cache is discarded. In subsection 4.5.2, we show why the local caching
strategy is thread-safe thanks to the leaf-locking strategy.

We use OpenMP [37] to process multiple leaf blocks in parallel in a Terrain tree. It is
noteworthy that, while each step makes use of multi-threading internally, the three steps are
organized sequentially, i.e., each step of the pipeline is executed only when the previous one is
completed. Since the computations performed in steps 1 and 2 are entirely local to a leaf block,
they can be processed in a perfectly parallel manner. In step 3, conflicts among threads can
prevent the simplification of a leaf block and, thus, the list of the blocks is traversed multiple
times until all blocks are simplified.
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Figure 4.4: (a) Example of 1-neighborhood (vertices in green) and 2-neighborhood (vertices in
green and vertices in blue) of a vertex v. (b) Example of a vertex v and two vertices in its 2-
neighborhood. (c) Example of edge contraction on edge ¢ = {vy,v5} (in red), where vy, t1,
and ¢, are removed by the contraction. Gradient pairing information of cyan triangles may be
modified due to the contraction of e. Red vertices are reconnected to v; after the contraction
during which vs is removed.

4.5.2 Discussion on the leaf-locking strategy

We prove here that the leaf-locking strategy introduced in subsection 4.5.1 ensures that no
conflict occurs between threads during a parallel simplification process. Given a vertex v in a
triangle mesh X, we call the set of vertices adjacent to v in X as the /-neighborhood of v. We
then define the 2-neighborhood of v as the set of vertices that share an edge with any vertex in the
I-neighborhood of v excluding v itself. By this definition, the 1-neighborhood of v is a subset of
its 2-neighborhood. An example of 1-neighborhood and 2-neighborhood of v in ¥ is displayed
in Fig. 4.4(a).

Let us consider an edge e = {v;, v} being contracted to v; on ¥. We need to ensure that:
(1) the check on e is not affected by other threads, (2) the update of >, the Forman gradient F', and
the vertex error quadrics after contracting e do not conflict with any update operations started by
other threads, and (3) the local cache does not contain conflicting information with other threads.

When a vertex v in leaf block b; is to be removed in an edge contraction operation in the

parallel simplification, from the definition of 2-neighborhood, we know that a vertex v’ in the
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2-neighborhood either is adjacent to v (e.g., vy in Fig. 4.4(b)) or has a sharing adjacent vertex
with v (e.g., v in Fig. 4.4(b)). We first consider the case that a vertex v, shares an adjacent
vertex v, with v, with two edges e; = {v,v,} and e; = {vy, v2} between v and v,. There are
three possible cases for e; and es: (1) both are internal edges, (2) one is an internal edge and the
other one is a cross edge, (3) both are cross edges. In case (1), v and v, belong to the same block
and cannot be removed at the same time. In case (2), v, belongs to a conflict block of b, while in
case (3), v, belongs to a block b, which shares a conflict block b; with b as shown in Fig. 4.4(b).
In both cases, the block encoding v, cannot be processed when b is in status active according to
the definition of leaf-locking strategy. Recall that for a leaf block b, an edge is only considered
as candidate if the vertex to be removed is encoded in b. Therefore v, cannot be removed when
the block encoding is not set to active.

Similarly, when v’ is adjacent to v, v’ is either in b or in a conflict block of b. In both
cases, v’ cannot be considered in an edge contraction operation. Therefore, when the parallel

simplification uses the leaf-locking strategy, we have the following:

Proposition 4.5.1. Any vertex belonging to the 2-neighborhood of vy cannot be removed by any

thread while edge e = {v1,v,} is being processed and v, is the vertex to be removed.

From Proposition 4.5.1, we have that no triangle in the VT relations of v; or vy can be
modified by other threads. Therefore the validation of link and fold conditions, and the update of
Y} after contracting e cannot be affected by other threads. Similarly, the error quadric of vertex
vy can only be updated by a single thread, otherwise the other vertex being removed is in the
I-neighborhood of v; and in the 2-neighborhood of vs.

We discuss now how to check and update the Forman gradient F during parallel simpli-
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fication. From the description of the gradient-aware edge contraction in Section 4.3, we have

that:

Proposition 4.5.2. The gradient pairing information associated with a triangle t can be modified
during the contraction of edge e only if t is adjacent to a triangle incident in e, i.e., t is adjacent

to a triangle to be removed during the contraction of e.

The validation of the gradient condition involves only the triangles in VT(vy). It is straight-
forward to prove that if another edge contraction operation is modifying the gradient pairing
information of a triangle in VT(vy), then the vertex to be removed by that operation is in the
2-neighborhood of v, and, thus, breaks the leaf-locking strategy condition.

Now we prove that the gradient pairing information associated with a triangle cannot be
modified by two threads at the same time. Suppose triangle ¢3 in Fig. 4.4(c) is modified by two
threads T'h, and T'ho at the same time and edge e is being removed by 7'h;. From Proposition
4.5.2, we know that t3 should be adjacent to two triangles being removed by Th; and Ths,
respectively. Without loss of generality, we assume that ¢5 (pink triangle in Fig. 4.4(c)) is a
triangle to be removed by Thy. Then, either {vy, vs} or {vs, vs} is the edge to be removed by
Ths. In both cases, the vertex to be removed is in the 2-neighborhood of v, which violates
Proposition 4.5.1.

We have proved that the leaf-locking strategy ensures that the validation of three conditions
and most of the update within an active block will not be affected by other threads. But it is
possible that the cost of one edge is updated by different threads at the same time. Let us consider
an edge e; = {vy, v9} being contracted to v, and another edge e; = {vs, v4} being contracted to

vg on X. If vy and v3 are connected by an edge e, (see Fig. 4.5(a)), it is still possible that e; and
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Figure 4.5: (a) Example of a possible conflict occurring when two edges are contracted at the
same time (triangles are not displayed for clarity). Edge e; = {v;, v} is contracted to v, and
edge eo = {v3,v4} is contracted to v3. (b) A case that blocks encoding v; and v, can be active
at the same time under the leaf-locking strategy (c) An invalid case in which v; and v4 cannot be
removed at the same time.

ey are contracted by different threads at the same time since v; and v, are not in each other’s 2-
neighborhood. Assume that e; is contracted on T'h; and e, is contracted on T'hy. If T'hy updates
the error quadric of v, and the cost of ¢, before error quadric of v3 is updated on T'hs, then Tho
will have a different updated cost of ey since it calculates with two updated error quadrics.

But such a conflict will not affect the simplification on either thread, since, this case can
only happen when ey, €1, and e, are all cross edges (see Fig. 4.5(b)). Otherwise, like the example
in Fig. 4.5(c), leaf blocks encoding v; and v, must be conflict block of each other and so that
ey and ey cannot be simplified at the same time. When all three edges are cross edges, neither
endpoints of e is encoded in the same block as v; or vy, and thus, it is not a candidate edge in
by or by. Therefore, even if the cost of an edge is updated by different threads, such edge is not
a candidate edge of current active blocks (i.e., b; and b,) and will not cause a conflict between
these threads.

The proof of the thread safety of the local caching strategy is straightforward. Given a leaf
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block by, the local cache of b; only encodes the VT relations of its conflict blocks. If by is one
block encoded in the local cache of by, then all conflict blocks of by except for b, itself, cannot
be active. Therefore, the information of b is encoded only in the local cache of the thread that

simplifies b;.

4.6 Terrain tree update after simplification

After the simplification, the Terrain tree is no longer as compact or efficient. Since the
number of vertices within each leaf block is reduced, the original tree structure becomes too
loose with respect to the simplices encoded in the simplified mesh. Besides, while initially, each
block b in the Terrain tree encodes vertices that fall in » and triangles intersecting with b, this
property is not guaranteed during the simplification.

Recall that we mentioned in Section 4.4 that when an edge e = {v;, v} is contracted to vy,
the UPDATE_INDEX procedure updates related blocks by removing v, and adding triangles that
are incident to v; to the block containing v;. However, this procedure does not update the triangle
lists of each leaf block b when the intersection relation between a triangle and b is changed after
the contraction. This design decision is motivated by the fact that: (i) removing an index from
ranges encoded through SRE and performing the triangle-in-block intersection tests are time-
consuming operations, and (ii) keeping this outdated information does not affect the correctness
of the simplification operation. Additionally, when blocks are merged, duplicated triangles in the
merged triangle list must be removed. Therefore, after the simplification, the triangle list of each
leaf block needs to be updated.

Lastly, after the simplification and merging, the vertex list and triangle list of each block
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Algorithm 2 UPDATE_TRIANGLE_LISTS(b, [},)

Input:

b: the current block, can be either leaf block or internal block. b; is its original triangle

list

ly: label of the current block with respect to its parent

Output:

h: a hash table stores triangles that need to be checked against other blocks
1: if b is leaf block then // Leaf block case
2:  hy < { } // Create a hash set storing the triangles that should be kept in b;
3:  for triangle ¢ in b; do

4: if £ € h; or INTERSECT(t, b) == False then // { is a duplicate or has no intersection with
b

5: continue

6: else

7 add ¢ to hy // The current triangle should be kept

8: n < VERTEX_IN_BLOCK(t, b) // Count the number of vertices of ¢ in block b
9: if n # 3 then // If ¢ is not fully contained by b
10: add (¢,1,) to h

11: end if

12: end if

13:  end for

14: by < h; [/ Set the triangle list of current block to h,

15: else // Internal block case
16:  hy < { } // Create a hash table to store the triangles returned by its four sub-blocks
17:  for ¢ + GET_CHILDREN()) do

18: ¢ <— GET_CHILD(b, 1) // Get the i-th children of b
19: add UPDATE_TRIANGLE_LISTS(c, ¢) to hy // Merge the results to /;
20:  end for

21:  fort; in GET_KEYS(h;) do

22: n < VERTEX_IN_BLOCK(%;, b)
23: if n # 3 then
24: add [, to h[t;]
25: end if
26: for i + GET_CHILDREN(bD) do
27: ¢ < GET_CHILD(b, 7)
// If t; has not been checked against the sub-block ¢ and it intersects with ¢
28: if i ¢ h;[t;] and INTERSECT(t;, ¢) == True then
29: INSERT_TRIANGLE(¢;, ¢) // Insert ¢; to a tree in which ¢ serves as the root block
30: end if
31: end for
32:  end for
33: end if

34: return h
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may not be accurate since they may contain vertices and triangles that have been removed. In
the UPDATE_INDEX procedure, the removed vertices and triangles are flagged as deleted in the
corresponding global vertex and triangle arrays. Although one can check the global arrays to
determine if a vertex or a triangle in the local arrays of a block b is removed or not, additional
time for performing these checks and additional memory for storing this information are required,
ultimately affecting the efficiency of a Terrain tree.

Considering the above factors, a post-processing step is performed to update the Terrain tree
3 after the simplification of the encoded mesh Y. This post-processing involves the following

steps:

1. update the subdivision of 7 based on the remaining vertices;

2. reindex the vertices in > and encode the vertex list within each leaf block through SRE;

3. check intersections between triangles and blocks and update the triangle list of each block

in the new subdivision;

4. reindex the triangles in > and encode the triangle list within each leaf block through SRE.

In step (2) and step (4), the vertex and triangle lists of each block are encoded through
SRE again to keep the Terrain tree compact. These steps are performed in the same way as
the procedures used during the initial generation of the Terrain tree [72]. In the following, we
describe the details of step (1) and step (3).

Since the PR Terrain tree is used in our simplification, the nested subdivision of 7" depends
solely on the vertices in .. Let us assume the capacity of T is ky in step (1). To update the

subdivision of 7, we visit T through a depth-first-traversal. During the traversal, if an internal
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block b; contains fewer than ky vertices, all of its sub-blocks are merged and b; becomes a leaf
block. After this, the resulting subdivision matches the one obtained when we generate a new
PR-Terrain tree based on the vertices of the simplified mesh. When merging blocks, both the
triangle lists and the vertex lists of these leaves are merged. Since one vertex can only be indexed
by one leaf block, there is need to remove duplicates from the merged vertex list. After this step,
duplicates may exist in the merged triangle list, but they will be removed in step (3).

In step (3), function UPDATE_TRIANGLE_LISTS updates the triangle list of each leaf block.
All blocks in T are visited again through a depth-first traversal. Given a block b, function
UPDATE_TRIANGLE_LISTS takes b and its label with respect to its parent block as inputs and
returns a hash table h storing triangles in b that intersect with other blocks. The value of [, can be
0, 1, 2, or 3 indicating the position of b in the child list of its parent. The key in A is the index of
a triangle that needs to be checked against other blocks and the corresponding value is the input
lp.

When b is a leaf block, each triangle ¢ in the triangle list of b is checked to understand if ¢
should be kept in the local list of b and if ¢ is fully within b. If ¢ is not entirely in b, it is passed
to the parent block of b to be checked in the neighborhood of b. When b is an internal block,
triangles passed from each of its children are checked to understand if they intersect with the
other three children of b and if they are fully within . Similar to the leaf block case, a triangle
partially in b is passed to the parent block of b to be checked again. Algorithm 2 provides a
pseudo-code description of the algorithm to update the triangle list of a block b.

When the current block b is a leaf block (row 1-14), a hash set h; is used to store triangles
to be kept in b and to avoid duplicates. For each triangle ¢ in the original triangle list b, of b, we
first check if ¢ is in h; to understand if it is a duplicate and then we check if ¢ has an intersection
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with b (row 4, INTERSECT procedure). ¢ is added to the new triangle list of b, i.e., h; (row 7),
only if it is not already in h; and it intersects . VERTEX_IN_BLOCK procedure counts the number
of vertices of ¢ within block b, which is denoted as n (row 8). Since the vertex index range of
b is encoded through SRE [74], checking if a vertex v is in b can be done in constant time by
comparing the index of v to the pair of numbers representing the vertex range of b. If n equals 3,
t is fully contained by b. Otherwise, ¢ is partially within » and it should be checked against other
blocks. The pair (¢,1,) is then added to h (row 9-11). The triangle list of b is updated to h; (row
14).

When the current block b is an internal block (row 15-32), for each child b; of b, the trian-
gles to be checked against other children are collected through function UPDATE_TRIANGLE_LISTS
and added to a local hash table i; (row 17-20). Given a triangle ¢ in hy, the value of h[t] is a
list of sub-blocks of b which have ¢ in their hash tables. The intersection relations between these
sub-blocks and ¢ are known, and thus, they are not checked against ¢ again. For each triangle ¢ in
hr, we check first if ¢ partially overlaps b and if so, the pair (¢,1,) is added to k and passed to the
parent of b (row 22-25). Besides, if ¢ intersects with a sub-block c of b and c is not in h;[?], ¢ is

inserted into the sub-tree rooted in ¢ (row 28-30, INSERT_TRIANGLE procedure).

4.7 Terrain mesh evaluation

In this section, we discuss how we evaluate the quality of meshes obtained from the sim-
plification process. A simplified mesh is an approximation of the original mesh, and therefore
it is usually evaluated based on the approximation error with respect to the original mesh. The

approximation error can be measured by perceptually-based metrics [113], which evaluate the
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visual appearance difference between two meshes, or by geometric-based metrics [160]. Visual
metrics are usually used to evaluate meshes for visualization and rendering purposes instead
of terrain analysis. Such measures are computationally complex since rendering methods and
lighting environments should also be considered. Therefore, in most non-rendering applications,
geometric measures are often preferred for evaluating approximation error as they are more com-
putationally efficient [160].

One straightforward geometric measure of error is the distance between the simplified mesh
and the original mesh. Many common geometric measures rely on the concept of the Hausdorff
distance [9,29], which evaluates the distance between two surfaces when no distance direction
has been set. When assessing simplified TINs, measures based on vertical distances, i.e., the
elevation difference, between meshes are also widely used [26, 196, 199]. Two commonly used
measures are the maximum vertical distance and the Root Mean Squared Error (RMSE) of the
vertical distance. Compared to the Hausdorff distance, the vertical distance is easier to calculate
and more significant in evaluating terrain models. Since it is computationally intensive to obtain
vertical distances of all points on the two meshes, we calculate the vertical distances of all vertices
in the original mesh to the simplified mesh. The maximum distance and RMSE of such vertical
distances are used to measure the approximation error of the simplified meshes.

In addition to the approximation error, another important metric to evaluate a simplified
terrain mesh is the shape of triangles. Triangle meshes representing terrain surfaces are usually
generated through Delaunay triangulation [87]. A triangle ¢ in a mesh X satisfies the circumcircle
property if the circumcircle of ¢ does not contain other vertices of Y in its interior. A triangula-
tion where all triangles satisfy the circumcircle property is a Delaunay triangulation. Delaunay
triangulation is favored when generating terrain meshes because it avoids creating triangles with
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very small angles, which deteriorate the interpolation result on the terrain mesh. A terrain mesh
is considered to have good triangle shape quality when its projection on the horizontal plane is a
Delaunay triangulation. But evaluation metrics based on the Delaunay triangulation definition are
very sensitive to mesh modification since contracting a single edge in a Delaunay triangulation
may make it invalid. Moreover, these metrics evaluate the global triangle shape quality of a mesh,
and do not provide a quantitative evaluation of a single triangle. Therefore, quantitative triangle
shape measures are more widely used in mesh evaluation. In this study, we use the triangle shape

measure proposed by Guéziec [86]:

4/3A

= 4.1
CTEY A D

where A is the area of the triangle, and [y, [5, I3 are the lengths of three edges, respectively. The
shape quality of a triangle ¢ ranges from 1 (for an equilateral triangle) to O (when all three vertices
of t are collinear).

Rather than solely focusing on geometric information, some applications, such as nautical
charting [167] and tree segmentation [195], find it more beneficial to preserve high-level infor-
mation about terrain structure. One example is topographic information such as a terrain’s peaks,
passes, and basins, which correspond to maxima, saddles, and minima. However, standard sim-
plification algorithms can disrupt topological information in an uncontrolled manner. That is, a
simplification algorithm can remove critical simplices, introduce new critical simplices or change
the connectivity of critical simplices. Therefore, it is important to evaluate not only the geomet-
ric quality of a simplified mesh but also how much a simplification process affects the mesh

topology.
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To effectively and efficiently compare the topological information of two terrains, a topo-
logical descriptor and a distance function are required. As introduced in Section 2.1.2.2, one of
the most popular topological descriptors is the persistence diagram [58)]. Numerous algorithms
have been defined to compute the persistence diagram by efficiently pairing points on an input
scalar function [98].

For the sake of this work, it is important to notice that any change in the topology of a
terrain corresponds to a change in the persistence diagram in the form of disappearing, appear-
ing, or moving points. The major advantage provided by this descriptor is that it enables the
measurement of differences between two persistence diagrams by means of distances such as the
bottleneck distance [31], the Wasserstein distance [32], or the sliced Wasserstein distance [17].

In this work, we use the sliced Wasserstein distance to measure the distance between two
persistence diagrams because faster to compute [17]. Formally, the g-th Wasserstein distance

between two persistence diagrams X and Y [32] is defined as:

1/q

W,(X,Y) = inf Z||g;— )| (4.2)

[:X=Y 4

where f ranges over all bijections from X to Y. This distance measures the minimum total cost
to match one persistence diagram X with another diagram Y. As computing all possible match-
ings in a 2D space is computationally expensive, the sliced Wasserstein distance approach [17]
involves sampling this space by projecting all points onto a line passing through the origin. Sub-
sequently, the Wasserstein distance is calculated in 1-dimension. In practice, the sliced Wasser-
stein distance is obtained by computing the 1-dimensional Wasserstein distances with respect to

a group of lines and then getting the average of these distances.
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We expect that using the topology-aware simplification method, the sliced Wasserstein
distance between the simplified and the original mesh is zero. This is because the simplification
process does not remove, add, or move critical simplices, thereby resulting in no change in the

corresponding persistence diagram.

4.8 Experimental results

In this section, we evaluate the sequential and parallel topology-aware terrain simplifica-
tion algorithms from three aspects: computing performance, compression rate, and the quality
of simplified meshes. We evaluate both algorithms by comparing them to the topology-aware
simplification on the most compact triangle-based data structure for meshes.

In subsection 4.8.1, we evaluate the computing performance of both algorithms. In subsec-
tion 4.8.2, we evaluate the compression rate, defined as the ratio between the number of removed
vertices and the number of vertices in the original mesh. In subsection 4.8.3, we evaluate the
quality of the simplified meshes by considering triangle shape quality, approximation error, and
topological quality. An optimization strategy to improve output mesh quality is raised and eval-
uated in subsection 4.8.4. Additionally, we discuss how the selection of leaf block capacity for
Terrain tree generation affects the output mesh quality in subsection 4.8.5. Note that the time
measurements reported in the following experiments represent the elapsed time.

All experiments are performed on a dual Intel Xeon E5-2630 v4 @2.20Ghz CPU (20 cores
in total), and 64GB of RAM. A total of six TINs, generated from raw point clouds using the
CGAL library [24], are used in our comparisons. The number of vertices per TIN varies from

25 to 113 million (see Table 4.1). Molokai is a dataset consisting of both hydrographic and
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Table 4.1: Overview of experimental datasets. For each terrain, the number of vertices |X/| and
triangles | Y| are listed.

Molokai Great Smokey | Canyon Yosemite Dragons Moscow
Mountains Lake Rim Fire Back Ridge | Mountain
|Zv| | 25M 34M 49M 78M 91M 113M
|Sr] | SOM 68M 98M 155M 182M 226M

topographic point cloud data provided by NOAA National Centers for Environmental Informa-
tion [140]. Great Smokey Mountains, Canyon Lake, Yosemite Rim Fire, Dragons Back Ridge,
and Moscow Mountain, are topographic LiDAR point clouds from the OpenTopography reposi-
tory [143]. All six datasets are publicly available and can be accessed either from the NOAA data
portal or the OpenTopography website. The source code of the Terrain trees-based simplification

algorithm is available at [170].

4.8.1 Performance evaluation

In this subsection, we evaluate the performances of both the sequential and parallel topology-
aware terrain mesh simplification algorithms on the Terrain tree. In subsection 4.8.1.1, we
compare the performance of the sequential topology-aware simplification on the Terrain trees
against our implementation on the IA data structure [145], which is the most widely-used com-
pact triangle-based data structure for meshes. In subsection 4.8.1.2, we compare the performance
of the sequential and parallel simplification strategies implemented on the Terrain trees.

The generation of the Terrain tree relies on a single parameter that defines the maximum
number of vertices allowed in each leaf block of the decomposition, known as the leaf block
capacity. In Section 3.7.1, we introduced a strategy to select the suitable block capacity for

each dataset when generating a Terrain tree. With the same strategy, we evaluate the computing
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performance of the simplification when different capacity values are used for each dataset. This
process is elaborated upon in Appendix A.5. In the following, for each dataset, we use the

capacity value showing the best trade-off between simplification time and memory requirements.

4.8.1.1 Topology-aware mesh simplification on the Terrain tree and IA data
structure

Recall that the TA data structure encodes a vertex array, containing the coordinates of the
vertices of the TIN plus the elevation, and a triangle array that encodes, for each triangle ¢, the
indexes to its three vertices plus the indexes in the triangle array of the three triangles sharing
an edge with £. In our implementation [71], we use an enhanced version that also encodes for
each vertex v, the index of one triangle incident in v. Such an optimization allows extracting
all vertex-based relations in optimal time, i.e, in time linear in the size of the output, thereby
significantly enhancing the efficiency of the IA data structure during edge contractions.

Given a user-defined threshold w, we simplify all contractible edges with a cost lower than
w. Based on the initial error quadrics, we compute the costs for all edges in X, and use the
quartile values as three different thresholds for the simplification. Table 4.2 compares the time
and memory cost of the two methods when the cost threshold is set to the first, the second, and
the third quartile edge costs, referred to as Q1, Q2, and Q3, respectively. The result shows that
the simplification on the Terrain tree is always faster. When using a larger value of w, the Terrain
tree is at least twice as fast as the IA data structure. Moreover, as w increases, the memory
requirements on the IA data structure also increase, whereas they remain stable on the Terrain

tree. The difference in the timings and memory requirements is even more relevant when edges
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Table 4.2: Time T (in minutes) and peak memory usage M (in Gigabytes) of the simplification
on the IA data structure and the Terrain tree (TT) when using different cost threshold w. Q1, Q2,
and Q3 represent the first, second, and third quartile edge costs of each dataset, respectively. The
best performance value is denoted in bold face and blue color.

‘ Molokai ‘ Great Smokey Mountain ‘ Canyon Lake
o | @ [ @ | o [ @ | e | o | @ | o
‘ 1A TT‘ 1A TT‘ 1A TT‘ 1A TT‘ 1A TT‘ IA TT‘ 1A TT‘ 1A TT‘ IA TT

T

136 10.5|21.6 13.2|31.8 174 |15.0 15.0 |26.7 205|443 23394 285|792 361|968 393
M| 175 127 | 18.7 12.7 | 20.0 12.7 | 23.7 17.2 255 172|272 17.2 |342 24.6 |369 24.6 | 392 24.6

Table 4.3: Time T (in minutes) and peak memory usage M (in Gigabytes) of topology-aware
mesh simplification on the IA data structure, and on sequential (seq.) and parallel (para.) versions
on Terrain trees. The best performance value is denoted in bold face and blue color.

1709 13.7

- 100.1  8.12 - 998 7.85
213 127 12.8|29.0 172 174 | 418 246 250|0O0.0M. 390 396|0.0M. 459 465|00M. 574 580

Molokai Great Smokey Canyon Yosemite Dragons Back Moscow
Mountain Lake Rim Ridge Mountain
| T | T | TT | 1A T | TT | 1A b
‘ seq. para.‘ seq. para.‘ seq. para.‘ seq. para.‘ seq. para.‘ seq. para.
T ‘ 580 29.0 238 ‘ 710 39.1 331 ‘ 1441 65.1 534
M

are simplified in bulk without setting a specific threshold for the edge cost.

Table 4.3 summarizes the results obtained when simplifying all contractible edges. The
results include the timings required for computing initial error quadrics and performing the
topology-aware simplification, as well as the memory footprint required by the simplification.
On average, Terrain trees use from 45% to 56% less time than the A data structure. Additionally,
the memory peak on Terrain trees is approximately 41% less than that of the A data structure.
Due to the higher memory requirements, only three of the test datasets can be simplified using

the IA data structure.

4.8.1.2 Parallel topology-aware mesh simplification on the Terrain tree

We evaluate here the performance of the parallel topology-aware mesh simplification algo-

rithm introduced in Section 4.5.1 when using from 1 to 64 threads.
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Figure 4.6: (a) Speedup and (b) efficiency achieved by the parallel simplification algorithm when
different numbers of threads are used.

The speedup of a parallel algorithm is defined as S = T} /T, where Ty is the time for the
parallel algorithm using /N threads, 77 is the time for the parallel algorithm using a single thread.
Fig. 4.6(a) shows the speedup achieved by the parallel simplification algorithm when the number
of threads increases. The approach scales well as long as the number of threads is lower than the
number of physical cores (20 in our setup). Although the speedup continues to slightly increase
with more than 20 threads, it starts to decrease beyond 40.

The efficiency of the parallel algorithm is computed as £ = S/N, where S is the speedup
of the parallel algorithm using N threads. Fig. 4.6(b) shows the efficiency results, revealing a
reduction in efficiency as the number of threads increases. This is common for parallel algorithms
due to possible load imbalance and overheads during the computation. When using 20 threads,
the efficiency of the parallel simplification is 67% on all experimental datasets. With more than

20 threads the efficiency decreases faster. Considering these results, we observe that the best
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trade-off is achieved when the thread number is equal to the number of available cores.
Comparing the parallel and sequential mesh simplifications using the same Terrain tree
and with 20 threads, the parallel simplification strategy provides a 12x speedup compared to
the sequential strategy (see Table 4.3). Furthermore, despite processing multiple leaf blocks
concurrently, the parallel strategy maintains a stable memory footprint. On average, it uses only
1% more memory than the sequential algorithm. These results underscore the scalability and
efficiency of the Terrain tree representation, particularly when using shared-memory processing

techniques.

4.8.1.3 Performance of Terrain trees update

In subsection 4.6, we introduced an algorithm to update the triangle lists of leaf blocks after
simplification. An alternative solution is to clear all triangle lists and insert all triangles to the
Terrain tree again. We call the former method as the update method and the latter one the reinsert
method.

In this subsection, we evaluate the update method by comparing it with the reinsert method.
Since the comparison shows the same result on all datasets, in this section, we show just the
results from the Molokai dataset, the Great Smokey Mountains dataset, and the Canyon Lake
dataset and results on the other three datasets can be found in Appendix A.6. Fig. 4.7 shows the
time for updating the Terrain trees after simplifying the same mesh with different cost thresholds.
As expected, the time for updating the Terrain tree decreases when more edges are contracted.
This is because both methods need to iterate through all triangles in the simplified mesh, thus

requiring more time to update the tree if fewer triangles are removed.
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Figure 4.7: The time for updating Terrain trees when using two different methods: (1) new update
algorithm and (2) original reinsert method. Q1, Q2, and Q3 represent the result when the cost
threshold is set to the first, second, and third quartile edge costs of each dataset, respectively. All
represents the result when contracting all contractible edges without a cost threshold. The text
labels on the boxes in figure indicate the time when Q1 cost threshold is used and when All edges
are contracted.

We can see that the update method is always faster than the reinsert method, requiring
68-77% less time. When the cost threshold is set to the first, second, or third quartile edge costs,
the tree update time with the reinsert method is longer than the simplification time of the parallel
simplification, requiring 113-291% of the simplification time. Conversely, the tree update time
with the update method ranges from 27-63% of the simplification time. Compared to the reinsert
method, the update method requires additional space to store triangles to be processed by other
blocks. However, our experiments show that there is no significant difference in the memory

costs between the two methods, and both require less memory than the simplification itself.
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Figure 4.8: The compression rates of three simplification methods IA, Seq-TT, and Para-TT when
the cost threshold is set to three edge cost quartiles (Q1, Q2, and Q3) and when all contractible
edges are contracted (All).

4.8.2 Compression rate evaluation

Both the Terrain tree and the IA data structure use a priority queue for sorting candidate
edges, as described in Algorithm 1. The Terrain tree uses a local priority queue for candidate
edges within each leaf block, while the IA data structure utilizes a global queue for storing all
candidate edges of the TIN. The use of different priority queues leads to different orders in which
edges are contracted. For clarity, we refer to the sequential topology-aware simplification on
Terrain trees as the Seq-7TT method, the parallel topology-aware simplification on Terrain trees
as the Para-TT method, the topology-aware simplification on the IA as the IA-based method.
To assess the impact of local queues on the simplification process, we compare the compression
rates of the Seq-TT, Para-TT, and [A-based methods while varying the quality control parameter.

Similar to the experiments in subsection 4.8.1, we compute the compression rates of these
three methods using different cost thresholds: the first quartile edge costs (Q1), the second quar-
tile edge costs (Q2), and the third quartile edge costs (Q3) in the original mesh. Additionally,

we compute the compression rate when we simplify all contractible edges, which we refer to as
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All. The results, illustrated in Fig. 4.8, reveal that the difference in the compression rate between
the Seq-TT and the Para-TT methods is very small (less than 0.003%). When comparing the two
methods to the [A-based method, the [A-based method always yields a slightly higher compres-
sion rate compared to the two methods on the Terrain trees, ranging from 0.02 to 1.7%. This
difference is almost negligible when the cost thresholds are small, while it becomes more evident
when all contractible edges are simplified. The reason behind it is that the simplification process
on the A data structure relies on a global queue to determine the contraction sequence, allowing
it to always contract the edge that introduces the least error. On the other hand, the simplification
process on the Terrain trees simplifies the mesh block by block, so the sequence of contractions

is not the global optimum.

4.8.3 Mesh quality evaluation after simplification

In this subsection, we evaluate the quality of the simplified meshes by using the metrics
introduced in Section 4.7. In subsection 4.8.3.1, we evaluate the triangle shape quality of the
simplified mesh using the triangle shape measure. In subsection 4.8.3.2, we evaluate the ap-
proximation error of a simplified mesh by calculating the maximum and the RMSE of vertical
distances. In subsection 4.8.3.3, we evaluate the topological quality of the simplified meshes by
comparing the topology-aware method to simplification algorithm does not take into account the
gradient, which we refer to as the geometric simplification method. The geometric simplification
uses just the edge contraction operator introduced in Section 4.3. Specifically, we refer to the

parallel geometric simplification on Terrain trees as the Geometric-TT method.
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4.8.3.1 Triangle shape measure

When evaluating the average triangle shape measure, our experiment shows that the average
triangle shape measures of simplified meshes obtained from different topology-aware simplifica-
tion methods are quite similar. Therefore the result is not displayed here and we refer interested
readers to find the result in Fig. A.14 in Appendix A.6. When all contractible edges are con-
tracted, meshes simplified with the IA-based method have slightly better triangle shape quality
than those from the other two methods (around 0.35% better on average). The Para-TT and the
Seq-TT methods show comparable results. When the cost threshold is set to Q2, meshes from
three different methods have very similar shape quality, with less than 0.1% difference. These
findings suggest that the local queues used by Terrain trees can lead to a slightly worse triangle
shape quality when the cost threshold is set to infinity or if it is very large. One potential expla-
nation for this is that the contraction of longer edges tends to deteriorate the shape quality of a
mesh since adjacent edges are stretched more after updating the mesh. When the cost threshold is
small, all three methods do not contract very long edges, so the difference in shape quality is not
evident. Conversely, when all contractible edges are contracted (i.e., the cost threshold is set to
infinity), the simplification process on the Terrain trees may remove edges with very high costs in
the early stage of the simplification if they are in the blocks that are visited early. On the contrary,
in the IA-based method, those edges are always contracted in the late stage since a global edge

queue is used.
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Figure 4.9: (a) The maximum vertical distance with respect to the elevation range of the original
mesh and (b) the RMSE of vertical distances between the original mesh and the simplified mesh
obtained from Para-TT and IA-based simplification.

4.8.3.2 Approximation error evaluation

To evaluate the approximation error of the simplified mesh, we compute measures based
on the vertical distances between the original mesh and the simplified mesh. We compare the
Para-TT method and the IA-based method when the same number of edges are contracted. The
results from the sequential simplification on the Terrain trees are very similar to the parallel one.
Fig. 4.9(a) and Fig. 4.9(b) show the maximum and the RMSE of vertical distances between the
original mesh and the simplified mesh when 30% edges and 75% edges of the original mesh are
contracted. When 30% edges are contracted, the difference in the maximum vertical distance
between two methods is not evident. For the Great Smokey Mountains dataset, the maximum
distance on the Terrain trees is 6.5% more than that on the A data structure. Conversely, for the
Canyon Lake dataset, we get the opposite result, where the maximum distance of the Para-TT

method is 12% less than that of the IA-based method. The RMSE of the Para-TT method is
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Figure 4.10: The sliced Wasserstein distance between the original mesh and the simplified mesh
when the mesh is simplified with the Geometric-TT method.

around 1-2% less than that of the IA-based method, indicating a slightly better global approxi-
mation quality.

When 75% edges are contracted, the IA-based method produces meshes with 10-21%
smaller maximum distance and 3% smaller RMSE compared to the Terrain trees. The usage
of the local queues in the Terrain trees changes the sequence of contractions, which leads to the
difference in both the maximum vertical distance and the RMSE. However, this change is dataset
dependant and there is no significant quality difference between the two methods when fewer
edges are contracted. Similar to the change in the triangle shape measure, when more edges are
contracted, the Para-TT method is likely to contract high-cost edges in the earlier stage of the

simplification process, so the error increases faster than when using the IA-based method.

4.8.3.3 Topological mesh quality evaluation

To evaluate how the topology of the mesh may change if the gradient condition is not con-
sidered, we remove all contractible edges with the Geometric-TT method. Then we evaluate the

topological quality of the simplified meshes with two metrics: (1) the sliced Wasserstein distance
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between the original mesh and the simplified mesh, and (2) the change of critical simplices.

We use an open-source program Persim [149] for the calculation of the sliced Wasser-
stein distance. For each dataset, we extract the persistence diagrams of the original mesh and
of the simplified mesh when all contractible edges are removed. Fig. 4.10 shows the sliced
Wasserstein distance between those two diagrams when the mesh is simplified with the geomet-
ric simplification. The sliced Wasserstein distance remains zero when meshes are simplified with
topology-aware simplification and is therefore not shown in the figure. This result aligns with our
expectation, as stated in Section 4.7, that the critical simplices are preserved and the persistence
diagram does not change during this process. As it can be noted with the sliced Wasserstein dis-
tance, the persistence diagrams of different datasets have variable degrees of change when they
are simplified by the geometric method. This is because the geometric method does not consider
the topology of the terrain during the simplification, and such topology can drastically change
during the simplification process.

Among six datasets, it is noteworthy that the sliced Wasserstein distance of the Dragons
Back Ridge dataset is much smaller compared to the others. This happens since the percentage of
critical simplices in this dataset is significantly lower, with only 0.05% of simplices being critical,
compared to other datasets, where 0.3-0.6% of simplices are critical. As a result, the change in
the topology of the Dragons Back Ridge dataset during geometric simplification is less evident.

We also evaluate how the number of critical simplices changes when the mesh is simplified
by the Geometric-TT method. In Fig. 4.11, we show the changes in the two larger datasets,
i.e., the Dragons Back Ridge dataset and the Moscow Mountain dataset. The numbers of all
types of critical simplices change significantly in both datasets. For the Dragons Back Ridge

dataset, the numbers of minima, saddles, and maxima increase around 33%. Conversely, for
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Figure 4.11: The change in the number of critical simplices in two tested dataset when they are
simplified with the Geometric-TT method.

the Moscow Mountain dataset, the numbers of minima, saddles, and maxima are reduced by
22%. The changes in other datasets (see Fig. A.15 in Appendix A.6) show a similar pattern
as the Moscow Mountain dataset. Notably, the Dragons Back Ridge dataset presents a unique
case among the tested datasets, as it exhibits an increase in the number of critical simplices after
a Geometric-TT simplification. This deviation is likely caused by the same factor leading to its
low sliced Wasserstein distance. The percentage of critical simplices in the original Dragons Back
Ridge dataset was significantly lower compared to other datasets, indicating a relatively simple
terrain topology. Consequently, the geometric simplification introduces artificial irregularities or
distortions to the terrain, resulting in an increase of the number of critical simplices. In contrast,
the geometric simplification removes significant features from the terrain in other datasets.
These observations suggest that, when a mesh is simplified with the geometric method,
the number of critical simplices in the terrain may either increase or decrease, depending on the
terrain topology. In contrast, the number of critical simplices remains constant when a mesh is

simplified by a topology-aware simplification.
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4.8.4 Progressive strategy for improving output mesh quality

As shown in the above experiments, the simplification on the Terrain trees sometimes pro-
duces meshes with higher approximation errors and a lower compression rates compared to the
IA-based method, especially when the cost threshold is huge. This difference is mainly caused
by the local queues used by the Terrain trees. To improve the geometric quality when the cost
threshold is set to a large value, we can use a progressive strategy to optimize the simplification
on the Terrain trees. Instead of simplifying the mesh with the cost threshold in one round, we
can simplify it with several increasing cost thresholds. This optimization helps us to avoid con-
tracting edges with high costs in the early stages of the simplification, which is the major cause
of the quality difference between Terrain trees and 1A-based methods. We employ a progressive
strategy in both the sequential (named Pro-TT) and parallel (named Pro-Para-TT) simplification
methods. In this section, we use the Great Smokey Mountain dataset as an example to evaluate
the Pro-Para-TT method by comparing it with the parallel simplification on the Terrain trees
(i.e., Para-TT method) and the [A-based method. The experiments on other datasets show similar
results and are shown in Appendix A.6.

In the Pro-Para-TT method, we first simplify the mesh in four rounds using cost thresholds
set to the first quartile (Q1), second quartile (Q2), third quartile (Q3) of edges costs, and a very
large value. In the fifth round, we remove all contractible edges remained in the mesh. Based on
the distribution of edge costs, we consider 1000 to be sufficiently large to contract most normal
edges while avoiding edges with abnormally high costs which could significantly deteriorate
the mesh quality. For the IA-based method and the Para-TT method, all contractible edges are

contracted. Fig. 4.12 shows the simplification time and quality of the simplified meshes using
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Figure 4.12: The performance and quality evaluation of the parallel simplification on Terrain
trees when a progressive optimization is applied to the Great Smokey Mountains dataset.

these three different methods.

The results show that the difference in compression rate between the Para-TT and the IA-
based methods is reduced from 0.6% to 0.01% and the difference in average shape measure is
reduced from 0.37% to 0.18% when a progressive optimization is used. These results confirm
our assumptions that the differences in the compression rate and average shape measure between
the two methods are caused by the use of local queues. One interesting finding is that the RMSE
of the Para-TT method is smaller than the one of the IA-based method, which indicates that the
mesh simplified by the Para-TT method has a better global approximation quality. A possible
explanation is that the compression rate of Para-TT method is slightly lower than that of the
IA-based method and it is somehow expected to have a better mesh quality when fewer edges

are removed. Therefore, it is also expected that the Pro-Para-TT method has a higher RMSE
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compared to the Para-TT method as it has a higher compression rate. The RMSE of the Pro-
Para-TT method is 0.02% larger than the IA-based method, which is a very small difference.
Comparing the timings, we notice that the Pro-Para-TT method requires only 5.9% of the time
used by the IA-based method, yet it is 30% slower than the original Para-TT method. This
happens since the Pro-Para-TT method has to traverse more times the tree compared to the Para-
TT method. Consequently, this method extracts local edge queues and local topological relations
more frequently, resulting in slower processing times.

These experiments show that by performing a progressive simplification users can define
a trade-off between simplification quality and time requirements. The progressive strategy has
proven to effectively narrow down the quality difference between the IA-based method and Para-

TT method while requiring slightly more time than the Para-TT method.

4.8.5 Selection of leaf capacity on mesh quality

In Appendix A.5, we evaluate how the leaf capacity affects the computing performance
of the simplification on Terrain trees. In this subsection, we evaluate the influence of the leaf
capacity on the output mesh quality by using the Great Smokey Mountains dataset as an example.
The experiments on other datasets show similar results and are displayed in Appendix A.6. We
compare only the Para-TT method with the IA-based method as the quality of meshes obtained
from Seq-TT and Para-TT methods are similar. Our initial experiment in Appendix A.5 shows
that the mesh quality does not change significantly when the leaf capacity is changed within a
small range. Therefore, in this experiment, we use several capacity values that are much larger

than the optimal range for computing performance. We evaluate the simplification time and mesh
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Figure 4.13: The performance and quality evaluation of the simplification of the Great Smokey
dataset when it is simplified by the parallel simplification on Terrain trees with different leaf
capacity values and by the simplification on the IA data structure. The T7T- refers to the Terrain
trees method, and the number after it corresponds to leaf capacity value used for the Terrain tree
generation.

quality measures when all contractible edges are contracted.

Fig. 4.13 shows the simplification time and several quality measures when different leaf
capacity values are used for generating the Terrain trees. The numbers on X-axis denote leaf
capacity values. The experiments show that when the capacity is 800, the compression rate of the
Para-TT method is 0.6% lower than the IA-based method, and this difference is reduced to 0.12%
when the capacity value is 16000. Similarly, the difference in the average shape measure changes
from 0.37% to 0.1% when the capacity increases from 800 to 16000. When comparing the RMSE
based on the vertical distances, the Para-TT method has a smaller error than the IA-based method
when the capacity value is 800. However, such a result is obtained with fewer edges contracted

by the Para-TT method. Therefore, when the capacity value increases to 4000, the RMSE of the
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Para-TT method surpasses that of the IA-based method. The difference between the two methods
is reduced from 0.08% to 0.02% when the capacity value continues to increase.

These findings suggest that using a larger leaf capacity enhances both the compression rate
and the quality of the output meshes. This happens since a coarser Terrain tree is generated,
resulting in simplification results closer to those obtained when using a global queue, such as in
the [A-based method. Additionally, larger leaf capacities lead to increased sizes of local queues,
thereby reducing the likelihood of contracting higher-cost edges during the early simplification
stages. It is noteworthy that very large leaf capacities lead to increased simplification times. For
instance, when the capacity value is set to 16000, the simplification requires 39% more time
compared to a capacity of 800. This increase is due to the higher costs of extracting auxiliary
data structures of cross edges in a leaf block. Nevertheless, even with larger leaf capacity values,
the Para-TT method remains significantly faster, consuming only 6.3% of the time required by

the IA-based method.

4.9 Concluding remarks

We introduced a new method for simplifying very large triangle meshes representing ter-
rains on a compact data structure, the Terrain tree. Our method extends the strategy defined
in [99], which is based on the gradient-aware edge contraction operator, to a global data struc-
ture. The proposed method is capable of reducing the resolution of a TIN while preserving the
topology of the underlying terrain.

We have experimentally demonstrated how the method based on the Terrain trees can effec-

tively reduce the time and memory requirements of a simplification procedure. Compared to the
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IA data structure, which is the most widely used data structure for triangle meshes, Terrain trees
achieve similar simplification level in half the time and with only 40% of the memory. Our evalu-
ation also shows that the gradient-aware simplification on the Terrain trees produces meshes with
comparable geometric quality as the simplification on the IA data structure. These results prove
the scalability and efficiency of our method for processing large-scale triangle meshes. Thanks
to the distributed nature of Terrain trees, we also defined a parallel version of the simplification
method and implemented it with OpenMP [37]. Comparing the sequential and parallel strate-
gies based on Terrain trees, we observed a further performance increase. The parallel strategy
achieved a 12x speedup when using 20 threads while maintaining similar memory requirements.

We discussed how the selection of the leaf capacity values for generating Terrain trees
influences the simplification time and quality. Our experiments in Appendix A.5 show that the
simplification on Terrain trees has the best time and memory performance when smaller leaf
capacities are used for generating the tree, while the simplified meshes have slightly lower quality
compared to the [A-based method. In Section 4.8.5, we show that larger leaf capacities lead to
better mesh quality but worse computing performances compared to smaller leaf capacities. One
optimization strategy to reduce the difference in quality between Terrain trees and the IA-based
method is to avoid using a single large cost threshold for the simplification process. Instead, by
using a progressive simplification strategy, i.e., a set of increasing cost thresholds, it is possible
to improve the final mesh quality at the expense of slightly slower simplification times.

We also designed a new algorithm for updating the Terrain tree after the simplification.
This bottom-up method uses 68-77% less time compared to a naive solution that simply rebuilds
the tree from scratch. The proposed update algorithm is independent of the gradient-aware sim-
plification algorithm and can be applied to any case in which the mesh encoded in a Terrain tree
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is modified.

Topology-aware simplification keeps all critical simplices in a terrain. However, original
TIN datasets may be noisy or may contain too many insignificant terrain features. To address
this issue, one can remove critical simplices originated from noise and insignificant features in a
pre-processing step using the topology simplification method [99] as described in Section 4.2.

The parallel strategy developed here can be easily extended to other topology-aware edge
contraction operators, such as the one introduced in [50], since the range of simplices involved in
those topology-preserving conditions is the same as for our gradient-aware simplification opera-

tor.
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Chapter 5: TIN-based sea ice surface topography mapping

5.1 Introduction

This chapter discusses our research work concerning the use of TIN-based surface models
to represent sea ice surfaces in polar regions and extract topographic features.

Recent research demonstrates the ability of ICESat-2 data for extracting topography fea-
tures including surface roughness, pressure ridges, melt ponds, floes, and leads [67]. However,
these methods for extracting topographic features are based on profiles along scanning tracks.
They cannot be simply extended to two-dimensional feature extraction from ICESat-2 data, given
the larger distance between adjacent tracks (3km) compared to the point spacing along the track
(0.13m).

In this work, we focus on two-dimensional sea ice topography features, and thus, we con-
sider another data source for sea ice elevation, the airborne laser altimeters. NASA Operation
IceBridge (OIB) campaign collects a large volume of sea ice surface measurements by using the
Airborne Topographic Mapper (ATM) [104]. The ATM swath, which can reach a width of 200-
300 meters across the flight track, offers us the opportunity to extract two-dimensional features
from sea ice surfaces that are challenging to obtain from linear profiles [151]. Existing meth-
ods for analyzing sea ice topography from LiDAR point clouds usually require converting point

clouds into raster grids [151, 197] first. As discussed in Section 1.1, the generation of a TIN
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does not require a resampling of the surface and is able to maintain all information derived from
the elevation measurements. Since point measurements are distributed irregularly over the study
area, using grid-based analysis methods tends to average out some topographic details over the
surface. Besides, TINs can include accurate line features and boundaries of regional features,
which are beneficial in topographic feature extraction. In the sea ice field, triangle meshes have
been used in simulation models [82, 111] and mass change evaluation [181], but they have not
been employed in topographic feature study.

In the work presented in this chapter, we introduce methods for topographic analysis on
TINs generated from LiDAR points collected from sea ice surfaces. Specifically, we primarily
address three key objectives: (1) creating a TIN for an accurate representation of the sea ice sur-
face; (2) developing statistical methods for assessing ATM point density, extracting data missing
regions, and calculating region roughness; and (3) extracting important topographic features from
sea ice surface, specifically ridges. A draft of the manuscript covering this work is complete and
we plan to submit it to IEEE Transactions on Geoscience and Remote Sensing [169]. We also
plan to publish the code for all Terrain trees-based topographic analysis methods introduced in
this study as an open-source library together with the paper.

The remainder of this chapter is organized as follow. Section 5.2 introduces the information
of datasets used in this study. Section 5.3 introduces a strategy to generate TIN-based surface
models from OIB ATM point cloud. Section 5.4 introduces how to calculate point density and
roughness on TIN-based surface models and how to extracting data missing regions. Section
5.5 introduces an algorithm to extract pressure ridge sails from TIN-based models. Section 5.6
contains the topographic analysis results of the study region and a discussion of how to select

the optimal parameters for ridge extraction. Finally, in section 5.7, we summarize our work and
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Figure 5.1: Example of the datasets used in this study. The basemap is an image collected by
Operation IceBridge (OIB) Continuous Airborne Mapping By Optical Translator (CAMBOT),
the mesh layer colored from blue to red is the TIN surface model generated from OIB Airborne
Topographic Mapper (ATM) dataset, and the purple path overlaying the mesh layer is the track
of ICESat-2. All datasets were collected during 2019 summer. The inset map displays the flight

path of 2019 Summer OIB survey on September 9, 2019. The basemap of the inset map is the
topographic basemap offered by Arctic SDI [2].

discuss our findings from conducted analysis.

5.2 Data description

From 2009 to 2019, the NASA OIB campaign performed annual surveys of the Arctic
region with a set of instruments including laser altimeters, a snow radar, a radar altimeter, and an
optical camera. OIB has collected a large volume of sea ice surface measurements. In this work,
we use the LiDAR points collected from the OIB Airborne Topographic Mapper (ATM) [104]
to generate the triangulated surface models and the OIB Digital Mapping System (DMS) optical

imagery for validation of the LiDAR surface returns. The ICESat-2 ATLO3 product is also used
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for the validation of generated elevation models and extracted surface features. Specifically, the
data collected during fall freeze-up (September 2019) are used. In this work, we study a 234 km
segment of September 2019 OIB ATM data. Fig. 5.1 shows a subregion of area we study in this
study and how different datasets match up. Elevations from all datasets (OIB ATM and ICESat-
2 profile elevations) are converted to relative elevations with respect to the Earth Gravitational
Model 2008 (EGM2008) geoid [147] before further analysis. In the rest of this section, we

describe the datasets we used in greater details.

5.2.1 Operation IceBridge Datasets
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Figure 5.2: OIB ATM point cloud map of a region with open water area. ATM points are dis-
played as green points in the figure. The basemap layer is the OIB CAMBOT image coincident
with the displayed section of ATM point cloud.

The ATM is a conical-scanning laser altimeter that collects a swath of point measurements
along the path of the aircraft [104]. Two types of LiDAR data, the wide-scan data [176] and
the narrow-scan data [177], are collected during OIB with different ATM instruments. The wide-
scan swath is around 400 m wide with 0.1 pt./m? density [176] and the narrow-scan swath is
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around 45 m wide with 0.5 pt. /m2 [177] when flown at the nominal altitude of ~500 m. In
this work, the wide-scan data is used due to its larger coverage while the same method can be
applied to the narrow-scan data. The wide-scan ATM LiDAR has a wavelength of 532 nm, a
laser pulse rate of 5kHz, and a scan width of 22.5° off-nadir [176]. Previous studies show that the
low reflectivity over water surface and thin ice leads to laser dropouts in the OIB wide-scan ATM
point dataset [106, 179]. As shown in Fig. 5.2, the distribution of OIB wide-scan points in the
study area matches with this finding. This phenomenon is less common in narrow-scan ATM data
due to the reduced scan angle. The data dropouts lead to regions without enough measurements in
the study area and including these regions in the surface model can lead to imprecise extraction
of topographic feature ranges. In Section 5.3, we discuss how to address this issue during the

generation of triangulated surface models for representing the sea ice surface.
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Figure 5.3: The elevation distribution of OIB ATM points (bin width = 0.1 m) (a) within the
complete study region and (b) within the segment for ridge extraction experiments. All elevations
are relative to he Earth Gravitational Model 2008 (EGM2008) geoid [147].

The elevations of ATM points within the study region range from -3.93 m to 5.96 m. The

detailed elevation distribution is shown in Fig. 5.3(a).

High-resolution images, coincident with the ATM LiDAR data, are collected by the Contin-
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uous Airborne Mapping By Optical Translator (CAMBOT) system during the OIB campaign [178].
The equipped camera is designed to provide images marginally wider than the ATM wide-scan
swath. Each CAMBOT image covers a ground range of ~1000 m x ~650 m, has a spatial reso-

lution of ~0.2 m, and is both orthorectified and geolocated [178].

5.2.2 ICESat-2 datasets

Since its launch in 2018, ICESat-2 has collected continual measurements over both polar
regions with the equipped Advanced Topographic LiDAR Altimeter System (ATLAS) [125].
ATLAS produces 3 beam pairs (each pair has a strong and a weak beam) with a 3 km gap between
pairs and a 90 m gap within pairs.

One objective of the OIB 2019 summer campaign is to include ICESat-2 low-latency “race-
track” flights, maximizing the chance of coincident ATM and ICESat-2 coverage when the sea
ice drift is considered [174]. For the purpose of validating ridge extraction results, we intention-
ally selected a 72 km segment of the OIB flight which had better coincidence with the ICESat-2
track after a sea ice drift correction was applied. The difference in the collected time between two
datasets within the 72 km segment ranges from 47 to 57 minutes. The ATM elevation distribution
for the 72 km ridge validation segment is shown in Fig. 5.3(b). We use the elevation profile
extracted from ICESat-2 ATLO3 product [137] with the University of Maryland-Ridge Detection
Algorithm (UMD-RDA) [67] to validate our results on surface modeling and ridge extraction.
The extracted ICESat-2 profile has a sampling interval of ~0.7 m and a vertical precision of
~0.01 m over flat surfaces. It has been proved that the UMD-RDA method can resolve features

as narrow as 5.6 m [53]. The ICESat-2 UMD-RDA elevations of the track segment within the
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Figure 5.4: (a) CAMBOT image of a region with open water areas. (b) Corresponding TIN gen-
erated from the OIB ATM data in the same region and (c) the modified TIN after the underlying
mesh is processed with a-shape method (when ov = 20 m). The triangles in both (b) and (c) are
from the underlying triangle meshes of generated TIN.

study region vary from -0.82 m to 2.52 m.

5.3 Triangulated surface model

In this section, we will describe the generation of triangulated surface models, i.e., TIN,
from ATM point clouds.

As explained in Section 5.2, the elevations of ATM point clouds are subtracted by the
EGM 2008 before TIN generation. Besides, all points are projected to NSIDC Sea Ice Polar
Stereographic North coordinate system (EPSG: 3411).

The Delaunay triangulation [42] is the most widely-used method to generate a TIN since
it ensures the exclusion of elongated triangles in the resulting mesh. Avoiding such triangles
is crucial for the accurate interpolation of elevation on the TIN. The Delaunay triangulation of
a point set P defines a triangle mesh X on the plane, of which the vertices are the points in
P and the domain is the convex hull of P [42]. A TIN consists of a mesh > generated with

Delaunay triangulation, elevations defined on the vertices of Y, and an interpolating piecewise
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(@) a=20m b)a=15m

Figure 5.5: TIN after the underlying mesh is processed through a-shape method with two differ-
ent a-values: (a) a-shape when o = 20 m; and (b) a-shape when o = 15 m. The triangle edges
are hidden in both figures for a clearer visualization. The red dashed box highlights the region
where triangles overlapping sea ice surface are removed from the TIN unintentionally in (b).

linear function [183].

However, since the domain of X is always a convex polygon, it may not match the actual
domain of the point dataset. This leads to elongated triangles on the boundary of the TIN, poten-
tially causing inaccurate analysis results. We consider such triangles as artifacts produced by the
Delaunay triangulation and should be removed from Y. Additionally, as mentioned in Section
5.2.1, the possible data dropouts over water surface lead to regions without measurements. To
address these two issues, the a-shape method [59] is applied to the meshes of generated TINs as
a post-processing step.

The a-shape of a set of points P on the plane depends on the value of parameter «. Intu-
itively, the a-shape is obtained from the Delaunay triangulation > of P by using a circular eraser
with radius « to remove triangles from Y while ensuring that no points in P are affected. Smaller
« values result in the removal of more triangles from the TIN. Specifically, when o = oo, the
a-shape is the convex hull of P, and when av — 0+, the a-shape is the set of points P itself [59].

Using this tool, we can effectively remove triangles formed by widely spaced vertices in
a triangle mesh. For simplicity, we denote the mesh after a-shape processing with o = 7 (unit:

meter) as >;. An example of Xy is presented in Fig. 5.4(c). In comparison with the mesh of
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original TIN in Fig. 5.4(b), Fig. 5.4(c) shows that the long triangles on the boundary and most
triangles overlapping the open water regions are removed in Yo (the region highlighted with a
green boundary in Fig. 5.4(c)). However, it is worth noting that some triangles overlapping the
water surface are not removed in the processed mesh (the region highlighted with a red boundary
in Fig. 5.4(c)). This is because the distances among vertices of these triangles are too small for
them to be removed with the current a value. When the « value decreases, more such triangles
can be removed, but it is possible to mistakenly remove triangles representing the actual sea ice
surface (e.g., the holes in the red dashed box in Fig. 5.5(b)). The reason is that the sampling
density varies across different areas, and some sea ice regions have sparser points that lead to
larger triangles.

To obtain the range of sea ice surface, we remove as many invalid triangles as possible while
ensuring that no triangle covering the actual surface is removed. Thus, we conduct experiments
with different o values, starting from 15 m and increasing the value until no triangles overlapping
the sea ice surface are removed from the mesh. Our experiments show that the smallest o value
to avoid removing valid triangles for this dataset is 20 m.

Using the method described above, we generate a TIN from the OIB ATM dataset and
process its underlying mesh with the a-shape method using « = 20 m. A new TIN ©, which
is the final surface model, is defined on the resulting mesh with the same elevations at vertices.
For the sake of clarity, we refer to this method to generate a triangulated surface model as the
OIB ATM-TIN method, and the generated surface model as the ATM-TIN model. We utilize the
Computational Geometry Algorithms (CGAL) library [24] for both Delaunay triangulation and
a-shape calculations.

The surface model © is then compared to the ICESat-2 profile calculated from ICESat-
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Figure 5.6: Comparison between OIB ATM-TIN model and ICESat-2 University of Maryland-
Ridge Detection Algorithm (UMD-RDA) profiles. (a) The profiles from interpolation on OIB
ATM-TIN model along ICESat-2 track (blue line) and the ICESat-2 ATLO3 UMD-RDA (orange
line) along a 1km segment. (b) Example of a small surface feature that cannot be detected from
ICESat-2 UMD-RDA result, but can be detected in OIB ATM-TIN profile. (c) Example of an
open water region, which leads to data dropouts in OIB ATM. (d) Distributions of elevations from
two profiles in the selected segment (bin width = 0.02 m). Points whose elevation measurement
is out of the range (mean —2 X sd., mean+ 2 X sd.) in either distribution are excluded as outliers.

2 ATLO3 using the UMD-RDA method [67], which we refer to as the ICESat-2 UMD-RDA
method. In order to compare them, we calculate a profile by interpolating © at ICESat-2 UMD-
RDA sampling points along the track. Fig. 5.6 displays the elevation profiles of a segment of
the ICESat-2 track from both the OIB ATM-TIN and the ICESat-2 UMD-RDA results. The
two profiles closely match with only minor elevation differences in some areas. For instance, in
segment (I) in Fig. 5.6(a), the OIB ATM-TIN profile exhibits a short, low segment, evidently
lower than the corresponding segment in the ICESat-2 UMD-RDA profile. This discrepancy

corresponds to a small refrozen melt pond (~5 m in length) on the sea ice surface. This difference
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arises from the higher resolution of OIB ATM data with respect to the ICESat-2 UMD-RDA
result. It allows for the detection of small features like old melt ponds and small cracks (even
in mélange areas) with OIB ATM-TIN method where ICESat-2 struggles to resolve due to the
larger footprint.

Another example of the difference can be observed in segment (II) in Fig. 5.6(a). In the
ICESat-2 profile, segment (II) consistently maintains a low elevation, while in the OIB ATM-TIN
profile, there is a sharp elevation change in the middle of this segment. This segment corresponds
to a lead in the region. The difference between the two profiles is caused by the errors in the OIB
ATM result as there is no or very few measurements over open water. In contrast, the ICESat-2
dataset performs well over leads and can even distinguish the elevation differences between thin
ice and open water. We further compare the elevation distributions from two methods in Fig.
5.6(d). We focus on sampling points which have elevation observations falling within the range
defined by the mean elevation plus or minus two times the standard deviation in both OIB ATM-
TIN and ICESat-2 UMD-RDA results. The results from two methods are highly correlated (with
a correlation coefficient » = 0.75). There are still discrepancies between two profiles, which is
potentially caused by the two factors discussed above. Since the profile from the OIB ATM-TIN
model is obtained through interpolation while the profile from ICESat-2 UMD-RDA is obtained
from direct measurements, a difference between the two profiles is expected.

The primary challenge in using TINs to represent surfaces is the high time and storage
requirements during processing. Therefore, we employ Terrain trees [72], which is introduced
in Chapter 3, to store the generated TINs as it is the most efficient data structures for TINs and
can significantly reduce the storage and time costs for handling TINs. It is worth noting that,

while Terrain trees are designed for TINs, their spatial subdivision also facilitates operations on
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points, such as point query and range query, thanks to the inclusion of a spatial index for efficient
coordinate searching.

The Terrain Trees library (TTL) [ 73], which is also introduced in Chapter 3, contains a vari-
ety of terrain analysis methods. However, the existing functionalities of TTL were not originally
tailored for sea ice studies. In this work, we extend TTL’s capabilities by modifying existing

functions and implementing new algorithms, based on the operators supported within TTL.

5.4 Topographic statistics calculation

In this section, we introduce a few topographic statistical measures we study in this work
and their computation from TINs. In subsection 5.4.1, we introduce measures describing the OIB
ATM data coverage and point density. Subsection 5.4.2 presents the calculation of sea ice surface

roughness at different scales from a TIN.

5.4.1 Regional data statistics

The distribution of ATM point clouds is not uniform across all locations. This variation
arises from both instrument limitations and surface characteristics in the region. As discussed in
Section 5.2.1, there are dropouts over water surface and the point density in the middle of the
swath is lower than the one at both sides of the swath. To better quantify and visualize the ATM
point density difference, we calculate the point density within a 10 m search radius for each point
in the dataset.

In the following, we denote the study ATM dataset as P. The expected coverage range (CR)

is defined as the designed scan range of P. Given a point p in P and a 10 m circle C, centered at
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Figure 5.7: Possible cases of extracted invalid regions by comparing >Jo¢ and X95009. The differ-
ence between them are displayed as green regions. The black lines in the map are the boundary
of Yo5000- The red lines in the map are the boundary of >5y. As discussed in Section 5.4.1, (a)
shows a case in which the regions of difference indicate regions without measurements, while (b
- ¢) show cases where the regions of difference are caused by the artifacts introduced during the
Delaunay triangulation. X2;: the mesh after a-shape processing with o« = ¢ (unit: meter).

D, the density d, at p is calculated as the ratio between the number of points N, in circle C, and

the area of the intersection between CR and C,,:

d, = N,/Acrne, 5.1

Similarly to the generation of surface model, the estimation of the expected coverage of
P involves generating a mesh X through a Delaunay triangulation from P and processing the
mesh by using the a-shape method. However, it is not suitable to use the same « value used in
Section 5.3, which we denote as ag in the following. When estimating the expected coverage,

we should include also regions with data dropouts and we should only remove long, spurious
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triangles along the boundary of Y, which are artifacts produced during the Delaunay triangulation
process. Using o in the a-shape method produces a more refined a-shape that closely follows
the density and distribution of the input points, removing regions with data dropouts. From the
density calculation result (shown in Section 5.6.1), we can observe that most of the study area
has comparable point density, and, thus, most triangles in the generated mesh have similar sizes.
Data dropouts, on the other hand, lead to lower density in some regions, and consequently, larger
mesh triangles. Such triangles are usually smaller than the boundary triangles caused by artifacts
of the Delaunay triangulation process. Therefore, we use another o value o, which is greater
than ag, in the a-shape method so that the processed mesh is a coarser approximation of OIB
ATM point coverage that excludes boundary artifacts but retains large triangles caused by data
dropouts.

The selection of the value of a;, depends on the extent of study area and the size of largest
water surface region within it. If selected value of o, is too small, it may result in unintentional
removal of water surface regions. Conversely, if selected value of «, is too large, it is likely to
overestimate the coverage and retain some boundary artifacts.

To find the suitable value, we conduct experiments using « values starting from 10,000
m and increasing the value by 1,000 m each time. The resulting a-shape is compared to corre-
sponding OIB CAMBOT images to ensure that no triangle covering water surface is removed.
Ultimately, we determine to use 25,000 m as the value of «ay, and thus, the range of expected
ATM coverage CR is the domain of Y95000.

Another challenge in the density computation is that the operation to find all points within
C, from P is time-consuming, especially when this operation is repeated for all points in the
point cloud. By using a Terrain tree 7, the problem transforms into finding all blocks in the
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spatial decomposition of underlying T that intersect C,, and checking points indexed within those
blocks. When the radius of C, is much smaller than the range of P, the computation time is
significantly reduced. Additionally, computing the densities at different points in parallel helps
accelerate the overall computation process.

In addition to the density map, we are also interested in the range and distribution of regions
without measurements in the OIB ATM dataset. Extracting those regions not only helps us to
understand the data quality of OIB ATM, but also helps to validate the assumption that dropouts
are caused by the water surface. To extract such regions, we compare the two a-shapes generated
with two different « values, o, and ag, i.e., Xo5000 and Yog. As discussed earlier, Y9500 contains
internal triangles caused by data dropouts, while X5y does not. Regions that are within 95009 but
are not within X5, are considered as invalid regions. Thus, we expect these invalid regions are
regions caused by data dropouts, or regions without measurements.

When comparing the extracted invalid regions with the CAMBOT images, we find that
most of them are regions without measurements, with only a few exceptions. Fig. 5.7(a) shows
the most common case, in which the invalid regions are formed by large triangles caused by
distant points. Such regions are extracted because they are regions without measurements. The
exceptions happen at the boundary of Yo5000. During the selection of the value of «y, we try
to remove most large triangles caused by the artifacts, but we have to avoid removing internal
triangles caused by data dropouts. Therefore, some small triangles caused by artifacts on the
boundary remain in o5099 if they are smaller than triangles caused by data dropouts. Such
triangles are removed together with triangles caused by data dropouts when avg = 20 is used to
generate the a-shape. Figs. 5.7(b - ¢) depict such cases where the extracted invalid regions do

not correspond to regions without measurements, but are boundary regions caused by artifacts.
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As we can see, they are either at the sides of the swath (as shown in Fig. 5.7(b)) or at the two
ends of the study area (as shown in Fig. 5.7(c)). Such cases are even more common when the
flight path is not straight since the difference between the convex polygon of P and the expected
data coverage is more significant and more triangles on the boundary are caused by artifacts.

In this work, we are only interested in regions caused by unexpected data dropouts, i.e.,
cases like Fig. 5.7(a). We refer to a region as an internal region if it is not on the boundary of
Yas000- Otherwise, it is a boundary region. Since the artifacts only happen on the boundary of
Y5000 and are usually small regions, we calculate the minimum area A,,;,, of internal regions and
remove all boundary regions smaller than A,,;,. While triangles at the sides of swath (case in
Fig. 5.7(b)) can be completely excluded in this way, triangles at the ends of dataset (case in Fig.
5.7(c)) are usually longer and larger. We visually check a boundary region when all of its vertices
have a point density higher than the modal point density in the area, as it suggests that the region
is not located in areas with sparse measurements and is likely caused by artifacts. Following
this strategy, 12 regions at the ends of study region are checked and removed, totaling an area of
529.46 m?.

All the operations on TINs are implemented in the Terrain trees library [73] and geometry
operations like computing the intersection between a circle and CR and computing the difference

between two a-shapes are implemented with Shapely [164] and GeoPandas [84] libraries.

5.4.2 Surface roughness

Roughness is an important sea ice topography feature extensively studied in previous re-

search [14,67]. The knowledge of sea ice roughness is crucial for understanding snow distribu-
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tion [97], parameterizing momentum transfer to the ocean [126], processing of remote sensing
data collected from sea ice surfaces [109, 110], and evaluating sea ice surface trafficability [39].
Generally, higher sea ice roughness indicates more complex topographic features, and thus, lower
trafficability. Sea ice roughness is influenced by ice deformation and, in return, has been used to
identify topographic features such as ridges and leads [139] or to determine level sea ice [54].

There are different definitions of roughness depending on the scale studied and on the data
format. In most sea ice studies, roughness is defined as the standard deviation of elevations,
but the scales and ranges of elevations vary. For instance, in [67], roughness is defined as the
standard deviation of sea ice heights within 25-km-long segments. In [14], roughness is the
standard deviation of elevations for each scan line measured by the laser scanner, or the standard
deviation of a five-data-point moving window for the single-beam altimeter. In [101], roughness
is calculated as the standard deviation of elevation measurements within a 1.1 km resolution
pixel.

In this work, we define the roughness at a point p as the standard deviation of elevations
of points within a certain distance from p, i.e., within a circle C, centered at p. To understand
how different scales affect the interpretation of roughness results, we compute roughness with
different circle radii . The circle is denoted as C, ,. Similar to the computation of density, the
main challenge in roughness computation is to efficiently find points within C,,. We employ
both the spatial subdivision of Terrain trees and a parallel computing strategy to expedite the

computation.
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Figure 5.8: The flowchart of steps to extract ridge structures from preprocessed OIB ATM points
by using TIN-based surface models.

5.5 Pressure ridges extraction

The collisions between ice floes create pressure ridges. In this work, we focus on the ele-
vated part of a pressure ridge, i.e., the ridge sail. The part of a ridge below the water level, named
ridge keel, cannot directly be extracted from a surface model, and thus, is not discussed in this
work. Ridge sails, acting as the major contributor to the sea ice roughness, are important factors
to be considered in trafficability analysis [39] and in atmosphere-ice-ocean momentum transfer
models [126]. Several ridge features are studied and utilized in other applications. Airborne elec-
tromagnetic thickness measurements have a high uncertainty over ridged ice, which makes the
mapping of ridges an important prerequisites for applications using electromagnetic data [111].
Ridge sail density is proved to be a good indicator of degree of deformation [154]. The geometry
of ridge sails (heights and widths), as well as the ridge density, are necessary for atmospheric
drag parameterizations [184].

Inspired by previous studies, we propose here a new method to extract the structure lines

of a ridge, including the line along the raised part of a ridge and the steepest lines going down
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the ridge peak, from TIN models generated from ATM points. This approach allows for the
extraction of ridge structures in a three-dimensional context. Unlike previous methods, which
relied on ridge detection from laser profiles or image-based analysis, our approach focuses on
the extraction of ridge structures in a three-dimensional context. Different from the method
proposed by Petty et al. [151], our method does not require converting the ATM points to grids,
which allows us to better trace the extents of ridges. Besides, the input parameters of our method
allow for adjusting the range of ridge structures to be extracted, which provides more flexibility
in different sea ice applications, such as momentum transfer model, environmental monitoring,
and trafficability analysis.

The method relies on the surface topology, which is defined by using discrete Morse the-
ory [76], which is reviewed in Section 2.1.2.2. As described in Fig. 5.8, the process consists of
six steps. The first step, the generation of surface model, has been described in Section 5.3. The
other steps are implemented on top of the Terrain trees library. Among them, surface topology
computation and topological simplification (step 2 and 3 in Fig. 5.8) are introduced in Section
3.5 and Section 4.2, respectively. Both operators are already available in the Terrain trees library.
The rest, step 4 - 6, are implemented based on the available operations in the Terrain trees library.

In subsection 5.5.1, we discuss how topological features are related to sea ice ridges. Due
to the noise in point cloud data and the variability in sea ice surface, it is necessary to simplify the
surface topology so that only significant features are kept. In subsection 5.5.2, we briefly review
the topological simplification method and explain how it is applied to the case of a sea ice surface
(i.e., step 3 in Fig. 5.8). With the topological method defined in discrete Morse theory, we are
able to extract potential ridge structures. Such potential ridge structures are further processed

within steps 4 and 5 in order to better describe the range of a ridge. These two steps are described
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in subsection 5.5.3.

In this work, we focus on a total of 72 km long segment from the study area which matches
the best with the ICESat-2 data after drift correction. The modal elevation within each ~24 km
segment is considered as the local level sea ice elevation. Similar to previous studies [53,54], we
define the height above the local level ice surface as the surface elevation anomaly and denote it

as H 4. All LIDAR measurements are subtracted by the local level sea ice elevation to obtain H 4.

5.5.1 Surface topology and ridge structure

We define a ridge structure as the subset of geometries of the arcs from a maximum to
connected saddles such that these parts are not on the flat level sea ice. A ridge peak is a local
maximum on the surface whose elevation anomaly H 4 is higher than a height threshold H,,.
Following previous studies on ridges [54,67, 182], H,, is set to 0.6 m in this work. Recall that a
maximum, as discussed in Section 2.1.2.2, is a critical triangle in a TIN © and is a node in the
surface network G computed from the topology of ©. An arc connects a maximum with a saddle
and one saddle must be connected to exactly two maxima by definition.

Given a maximum M, there can be multiple arcs starting from M. The geometries of those
arcs are potential ridge structure lines. But the existence of noise and small features give rise to
spurious topological features. One example of extracted maxima and saddles in G is shown in
Fig. 5.9(a). The original surface network calculated from the TIN includes an overly abundant
nodes even in a small region (206 maxima and 423 saddles in an 140m x 140m region). Thus, a
preprocessing step to remove noise and critical points caused by natural elevation fluctuations is

a must.
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Figure 5.9: Maps of maxima and saddles (a) in the original Forman gradient field calculated from
the TIN based on discrete Morse theory [76]; (b) after the topological simplification (w,, = 0.25
m); and (c) after the ridge grouping and roughness filtering (6,,, = 0.09 m) steps. The red lines in
(c) are final ridge structures extracted with the proposed method.

5.5.2 Topological simplification

To remove noise and insignificant features from sea ice surface, a topological simplifi-
cation, as introduced in Section 4.2, is applied to the surface network G. Recall that there are
boundary and internal critical maxima/minima, based on whether they have more than one ad-
jacent saddles in G. The removals of boundary and internal critical minima and maxima have
different effects on the ridge extraction result. Assuming maximum M, is a valid ridge peak, the
arcs starting from M5, which are the initial structure of ridge peaked at M, are highlighted in red
in Figs. 5.10 (a - ¢). In both Fig. 5.10(b) and (c), a saddle connected to M, is removed, together
with the other maximum connected to this saddle. When the removed maximum is a boundary
maximum (M, in Fig. 5.10(a)), the structure is reduced after the cancellation since arc My—S>
was removed. On the contrary, when the removed maximum is an internal maximum (M; in Fig.
5.10(a)), the structure grows larger since the geometry of arc M>— S3 consists of the geometries

of three arcs.
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Figure 5.10: (Same figure as Fig. 4.1 in Section 4.2.) Example of a maximum-saddle-maximum
cancellation operation on a surface network G. Red points with M- prefix are maxima, blue
points with S- prefix are saddles, green points with m- prefix are minima, and black points with
R- prefix are regular vertices, edges, and triangles. The lines are the arcs connecting those nodes
in G, which indicate the gradient paths in the Forman gradient field. The arrows of lines indicate
the directions of arrows along the paths. The red lines highlight arcs starting from maximum
M. Note that the regular points are not a part of the surface network and are just displayed
for illustration purpose. (a) Original surface network; (b) surface network when a boundary
maximum M, and a saddle S, adjacent to it are removed; (c) surface network when an internal
maximum M; and a saddle S; adjacent to it are removed.

As introduced in Section 4.2, whether an arc in a surface network G is removed or not
depends on the persistence w of the pair of nodes connected by this arc. A topological simplifi-
cation process removes all arcs with w lower than a threshold w,,,. Fig. 5.9(b) shows the result of
topological simplification when w,,, = 0.25 m. We observe that most maxima and saddles in flat
regions are removed while maxima with evident elevation difference from the neighborhood and
saddles separating those maxima are kept. In Section 5.6.3, we further discuss how the selection

of persistence threshold w,, affects the ridge extraction result.
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5.5.3 Ridge structure extraction

After topological simplification, the potential ridge structure of a ridge can be extracted as
the collections of geometries of arcs connected to a maximum M. A ridge can contain several
maxima (peaks). A common rule to decide if they should be considered as the same ridge is
the Rayleigh criterion [121]: the local maximum is at least twice as high as the neighboring
minima on both sides to separate it from adjacent maxima. While the original criterion is defined
for profile, it can be extended to ridge extraction from a surface by considering two maxima
connected to the same saddle in the surface network G as adjacent maxima. Therefore, for a ridge
to be considered as a separate ridge, we require that its maximum is at least twice as high as all the
saddles connected to it. If both maxima connected the same saddle do not satisfy this criterion,
the ridge structure of the lower maximum is merged to that of the higher maximum. Similarly to
topological simplification, the merging can be handled through cancellation operator. We call the
step of enforcing the Rayleign criterion ridge grouping.

Given a saddle S, and two maxima M, and M, adjacent to S in G, M, and S can be removed

through cancellation if and only if:
1. the elevation anomaly H 4 of Mj is higher than that of M;

2. H 4 of M, is higher than a surface elevation anomaly threshold H,, (0.6 m is used as men-

tioned in subsection 5.5.1);
3. H, difference between M, and S is less than half of the H4 of M>;

4. M, is not a boundary maximum.

138



Mg (H, = 0.9m)

5> (Hp =0.5m) S, (H, =0.4m)

Figure 5.11: Example of ridge grouping. Red points with M- prefix are maxima, blue points with
S- prefix are saddles, green points with m- prefix are minima, and black points with R- prefix are
regular vertices, edges, and triangles. The lines are the arcs connecting those nodes in G, which
indicate the gradient paths in the Forman gradient field. The arrows of lines indicate the directions
of arrows along the paths. The red lines are considered the ridge structure of maximum M2. Note
that other regular points along the gradient paths are not shown in this figure. The elevation
anomaly H 4 of a node is the anomaly of the highest vertex of the corresponding geometry. With

the given anomalies in the graph, the ridge structures of M3 should be merged to that of M,
according to the discussion in Section 5.5.3.

All triplets {M;, S, M} are sorted in descending order with respect to the elevation anomaly
H 4 of the highest maximum in the triplet. In another words, maxima adjacent to the highest
maximum in the study region are checked first to see if they should be removed. Condition (4)
above is necessary to avoid a loss of ridge structures. For instance, in the case in Fig. 5.11, when
M3 and S3 are removed, the ridge structure of M3 (M3—S3) is discarded instead of being merged
to the structure of M,. In the ridge grouping step, we avoid removing a boundary maximum to
maintain the completeness of ridge structure. Instead, we add the ridge structure of a boundary
maximum like M3 to the structure of its adjacent maximum M, when M3 only satisfies conditions
(1-3).

After the grouping step, for each ridge peak with H4 > 0.6 m, we can extract its ridge
structure. However, such a structure tends to be larger than the real range of a ridge. This is

because the geometry of an arc extends as long as the elevation decreases or stays the same, and,
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thus, parts of such geometry can be in flat regions. Such parts do not belong to ridges since the
elevation is expected to change sharply near ridge structure lines. Thus, we use a roughness filter
to eliminate such parts of arcs as flat regions have low roughness. From the experiments on sea
ice roughness of different scales (see Section 5.6.2), we find that the ridged regions match the
best with higher 5 m roughness areas. Therefore, we check the geometry of each arc starting
from the maximum, and terminate the chain once all vertices of a triangle have a 5 m roughness
lower than a predefined threshold 6,,,. In Section 5.6.3, we discuss how the selection of 6,,, affects
the ridge extraction results.

Fig. 5.9(c) shows the result when the ridge grouping step and the roughness filter have been
applied to the result in Fig. 5.9(b) when 6,, = 0.09 m. We can see that a few peaks along the
higher elevation regions are removed in Fig. 5.9(c), and, thus, the final ridge structure consists of

longer paths and better describes the ridge range.

5.6 Results

In this section, we show the topographic features we have extracted with the proposed
methods and the statistical analysis of the extracted features. In subsection 5.6.1, we show the
density statistics of study region. The surface roughness calculated with different measure scales
is shown in subsection 5.6.2. In subsection 5.6.3, we discuss the parameter selection for the
proposed ridge extraction method. The result obtained with optimal parameters is evaluated and

discussed in subsection 5.6.4.
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Figure 5.12: (a) Point density distribution within the study area (bin width = 0.05 pt/ m?). (b)
Point density distribution (bin width = 0.1 pt/m?) and (c) density map of a 5 km segment in
the study area. The point density is calculated within a 10 m search radius for each point in the
dataset.
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Figure 5.13: (a) An example of the extracted regions without measurements, the black boundary
indicates the range of the study OIB ATM data and the red polygons indicate the regions without
measurements, which is extracted by comparing Yoo and Yo5000. (b) The distribution of extracted
water/thin ice surface regions within the study region. >;: the mesh after a-shape processing
with a = ¢ (unit: meter).
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Figure 5.14: (a - d) The 10 m roughness maps of four selected regions. (e - h) The corresponding
images of the four regions. The red boundaries in figures highlight the overlap between the OIB
ATM data and OIB CAMBOT image.

5.6.1 OIB ATM point density

The average point density within the study region is calculated as the number of points
divided by the area of the expected ATM coverage, i.e., >o5000. The average point density within
the study area is 0.19 pt./m?, nearly twice the planned OIB ATM wide-scan point density of 0.1
pt./m?. As discussed in Section 5.4.1, we also calculate the point density at sampling points
within a 10 m search radius. Fig. 5.12(a) shows the distribution of point density at all points in
ATM OIB point cloud. It is noteworthy that the average point density mentioned earlier is differ-

ent from the mean point density in Fig. 5.12(a), which is the average point density of densities
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at all sampling points. There are less than 0.003% points with a density lower than 0.1 pt./m?
within the study region. Most points have a density between 0.1-0.15 pt./m?. The distribution
is notably right-skewed, with a concentration of lower values with a long tail extending towards
higher densities. There is also a noticeable secondary peak around 0.75-0.85 pt./m?.

To better understand the rationale behind this distribution, we visualize the density by as-
signing density values to the vertices of the TIN and coloring the triangles based on a linear
interpolation of the density values at vertices. A section of the generated map is shown in Fig.
5.12(c) and the density distribution within the section is shown in Fig. 5.12(b). Overall, the point
density within the study region follows a specific pattern. Point density increases towards the two
sides of the swath, corresponding to the second peak around 0.75-0.85 pt./m?. Meanwhile in the
middle of the swath, densities typically range from 0.1 to 0.2 pt./m?. This explains the first peak
in the distribution, where most points have a density between 0.1-0.15 pt./m?. We also notice
a few regions with evidently lower point density compared to the surroundings. As discussed in
Section 5.2.1, this is likely due to the data dropout caused by low reflectivity over water surface
regions.

To validate this assumption, we identify regions without measurements within the study
area by comparing the underlying mesh of extracted sea ice surface (i.e., >9y) with the expected
ATM data coverage (i.e., 225000), as described in Section 5.4.1. We then compare the regions
without measurements to the CAMBOT images (e.g., Fig. 5.13(a)). The results reveal that all
regions without measurements correspond to water surface regions or regions covered with thin
ice. However, it is important to note that not all water surface regions are identified as regions
without measurements by this method. .9y still includes small melt ponds or narrow leads,

and this is due to the small distance between points in these cases. The statistical summary of
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Figure 5.15: Region A: (a - g) maps of roughness calculated on TINs with different measure
radii. (h) corresponding OIB CAMBOT image of the same region. The red boundaries in figures

highlight the overlap between the OIB ATM data and OIB CAMBOT image.

all extracted water/thin ice surface regions is presented in Fig. 5.13(b). A total of 1.24 km?

water/thin ice surface regions are extracted with this method, accounting for 1.5% of the study

area (82.5 km?). Considering the potential omission of small water surface regions, this number

is likely to be slightly smaller than the actual water surface region area in the study area.
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Figure 5.16: The distribution histograms of roughness values at vertices in the study region with
different measure range radii (bin width = 0.01 m). The curve line represents the best-fitting
distribution model, starting at the 1% percentile point function (PPF) and concluding at the 99%
PPF of the distribution. The root mean square error (rmse) and parameters for this best-fitting
model are listed. The name of the best-fitting model is labeled in the top-right corner of each

chart.

5.6.2 Sea ice surface roughness

In this subsection, we compare the results when different radii are used in the sea ice surface

roughness calculation on the TIN as discussed in Section 5.4.2. The selected radii include 5 m,

10 m, 25 m, 50 m, 70 m, 100 m, and 150 m, which closely align with the spatial resolutions
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of common altimeters. We take four regions as examples to examine how different radii affect
the significance of computed roughness. Roughness is computed on Y5, and, thus, the regions
without measurements have been removed from the TIN leading to white regions in the maps.

Region A (Figs. 5.14 (a, e)) is within a single large ice floe with a narrow lead. The ice
floe is likely to be a thick multi-year ice floe with older weathered ridges and a few very young
ridges. In region B (Figs. 5.14 (b, f)), there are unconsolidated ice floes with a mixture of floe
sizes. Region C (Figs. 5.14 (c, g)) consists of two large ice floes separated by a wide lead. Region
D (Figs. 5.14 (d, h)) is located within a large ridged ice floe with no lead. This region features
weathered first-year ridges, multi-year ridges, and noticeable sastrugi (snow deposition features).
Each of these regions also contains a few melt ponds that melted through to sea level.

Fig. 5.15 shows the roughness maps of region A with different radii. The results of the
other regions show a similar pattern and are included in the supplementary material. In the
roughness maps with radii v =5 m and v = 10 m, a correlation emerges between high roughness
values (indicated by the red areas) and topographic features, such as ice hummocks and ridges
in the image. Lower roughness areas are depicted in blue. The visual analysis suggests strong
alignment between the areas of higher (5 m/10 m) roughness and the topographical ridge ranges.
These maps are crucial for identifying important topographic features on the sea ice surface.
On the other hand, when the radius increases (e.g., to v = 100 m or 150 m), small isolated
elevation changes on the surface are averaged out. Higher roughness value is only evident in
areas with clustered topographic features (as seen in region B and region C) or significant ridges
(as in region A and region D). This phenomenon is expected, as a larger search radius includes
more measurements, thereby reducing the impact of extreme values on roughness. Consequently,

roughness maps with larger radii offer a broader view of the regional surface’s variability, making
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them useful for identifying areas with varied surface characteristics in general, rather than specific
surface features.

To further investigate the difference among roughness at different scales, we calculate their
distribution histograms within the study region. A roughness value based on a radius of ~ at
a point p is excluded from the distribution model fitting when the circle C,, centered at p, is
not contained by the expected ATM coverage Y.o5000. This is because when C, at p is partially
contained by 95000, the roughness calculation only considers elevation changes along certain di-
rections from p, where the measurements are available, rather than all possible directions. Thus,
if the height variation is not isotropic, errors can be induced in the distribution. We compare the
roughness distributions against several models. For each radius, we pick the model that fits the
distribution best, i.e., the one that has the smallest Root Mean Square Error (RMSE). The results
are summarized in Table 5.1.

The distribution of 5 m roughness adheres closely to a Fisk distribution, also known as
the log-logistic distribution. It has an evident long right tail, indicating a tendency of occasional
extreme values in the roughness measurements, which is potentially due to the existence of to-
pographic features. It matches our observations on the maps that the 5 m roughness is more
likely to be affected by these features. When the radius increases to 10 m and 25 m, the rough-
ness distribution is best described by an exponentially modified normal distribution (denoted as
exponnorm). Although visually similar to the Fisk distribution with a right-skewed tail, the ex-
ponnorm distribution is composed of a normal distribution that is skewed due to an exponential
component. This might suggest that roughness measurements at these scales are influenced by a
Gaussian process with an exponential process, potentially indicative of a directional process such

as wind or ocean currents.
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Table 5.1: The sum of square error (unit: m?) and root mean square error (values in the brackets,
unit: m) of roughness distributions at different radii and tested models. The tested models include
the exponentially modified normal distribution (denoted as exponnorm), exponentiated Weibull
distribution (denoted as exponweib), exponential power distribution (denoted as exponpow), Fisk
distribution, log-normal distribution (denoted as lognorm), and normal distribution (denoted asd
norm,).

radius | exponnorm | exponweib | exponpow | Fisk lognorm | norm
S5m 6.365 3.526 143.245 1.3855 6.043 122.765
(6.8E-04) (5.1E-04) (3.2E-03) (3.2E-04) (6.7E-04) | (3.0E-03)
10m 3.282 10.918 158.255 16.432 16.977 125.496
(5.1E-04) (9.3E-04) (3.5E-03) (1.1E-03) (1.2E-03) | (3.2E-03)
25m 5.615 11.781 128.669 21.798 11.863 89.029
(7.3E-04) (1.1E-03) (3.5E-03) (1.4E-03) (1.1E-03) | (2.9E-03)
50m 15.069 24.241 105.121 15.611 5.176 68.126
(1.4E-03) (1.7E-03) (3.6E-03) (1.4E-03) (7.9E-04) | (2.9E-03)
70m 16.878 3.873 89.128 16.724 5.69 67.33
(1.6E-03) (7.6E-04) (3.6E-03) (1.6E-03) (9.2E-04) | (3.2E-03)
100m | 21.285 3912 80.641 22.134 7.651 65.648
(2.1E-03) (9.1E-04) (4.1E-03) (2.2E-03) (1.3E-03) | (3.7E-03)
150m | 28.24 10.728 79.956 30.281 12.947 66.635
(4.0E-03) (2.5E-03) (6.7E-03) (4.1E-03) (2.7E-03) | (6.1E-03)

The 50m roughness distribution follows a log-normal distribution (denoted as lognorm),
indicating that the logarithms of the roughness values are normally distributed. As we consider
larger radii (70 m in Fig. 5.16(e), 100 m in Fig. 5.16(f), and 150 m in Fig. 5.16(g)), the ex-
ponentiated Weibull distribution (denoted as exponweib) becomes a better fit for the roughness
distribution. The exponweib distribution can model a wider range of shapes compared with the
exponnorm or the Fisk distributions, which implies that, at larger scales, the roughness distribu-
tion is influenced by a more complex interplay of factors.

When comparing the roughness distributions at seven different scales, we can see that all
the distributions are right-skewed to different degrees. When a larger radius is used, the distribu-

tion becomes less skewed, the curve around peak becomes less steep, and the data range becomes
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smaller. This observation aligns with our findings on the maps that the roughness changes are less
significant when a larger radius is used, but it is still capable of highlighting areas with complex

surface.

5.6.3 Selecting parameters for ridge extraction

In this subsection, we discuss how the input parameters affect the ridge extraction results
and how we select them. As mentioned in Section 5.5, there are four parameters in the ridge
structure extraction algorithm: the alpha value « for the surface model generation process, the
persistence threshold w,, for the topological simplification, the peak height threshold H,, for
selecting valid ridge peaks, and the 5 m roughness threshold 6,,, for the roughness filter. Among
them, the selection of « has been discussed in Section 5.3 and H,, is set to 0.6 m following
previous studies [54, 67, 182]. Therefore, in this subsection, we focus on the selection of w,, and
O

Two independent ridge datasets obtained from other methods are used to validate the results
from our method and to select ideal parameters. The first one is the ridge peaks extracted from
ICESat-2 profile data through the UMD-RDA [54], denoted as ;. The other dataset consists
of ridge lines visually extracted from three CAMBOT images in the study area, denoted as Rj,.
Inspired by previous studies [54, 132], the visual inspection of ridge lines is performed by iden-
tifying lines separating the ground and shadows from images. Lines that pass through any area
higher than 0.6 m are added as valid ridge lines to 1?;. Note that R; is a set of points representing
ridge peaks and R, is a set of lines representing ridges. The ridge structures extracted from OIB

ATM data using our method are denoted as R 4.
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We focus on a 72 km segment within the study area that matches the best with the ICESat-2
track. The modal 5 m roughness of all points in the 72 km segment with 4 < 01s 0.09 m. We
assume this value represents the roughness of level sea ice surface. Therefore, it is set as the
maximum roughness threshold to test in our experiments. Recall that the persistence w is used in
the topological simplification step and is the elevation difference between two nodes connected
by an arc in the surface network G. Since the goal of topological simplification is to remove noise
and small variations on the surface, the maximum value of w,, to be tested in the experiments
should be less than H,,, otherwise the topological simplification would remove valid ridges from
the extracted paths. Thus, the maximum w,, to test in the experiments is set to 0.5 m. We extract
ridge structures using different combinations of 6,, and w,, values. Parameter 6,, is varied in
increments of 0.01 m, ranging from 0 to 0.09 m. Parameter w,, is varied in increments of 0.05 m,
ranging from O to 0.5 m.

Three criteria are considered when selecting the parameters for ridge extraction in this
study: (1) the number and total lengths of extracted ridges in R 4; (2) the ratio of matched ridges
in independent datasets [2y; and R;; and (3) the matched length of ridge segments in the visually

selected validation dataset R,;.

5.6.3.1 Influence of parameters on extracted ridge range

We evaluate the impacts of w,, and 6,, on the number of extracted ridges in R4 that are
within the ranges of independent datasets R; and R),;. The range of R; is the 5 m buffer zone
around the ICESat-2 track in the study region. The range of R, is the ranges of six inspected

images. In general, an increase in w,, results in fewer R 4 ridges within the ranges of both datasets
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Figure 5.17: Relationship between roughness and persistence thresholds and (a) the percentage
and the total number of R4 ridges that intersect with the 5 m buffer zone around the ICESat-2
track; (b) the total number of R 4 ridges within the range of six visually inspected images; (c) the
total length of R 4 ridge parts within the range of six visually inspected images; (d) the percentage
of R; ridges that have a match in R4; (e) the percentage of R, ridges that have a match in R 4;
(f) the total length of R), ridge parts matched with R4. R;: the ridge peaks extracted from
ICESat-2 profile data through the UMD-RDA [54]. R,;: ridge lines visually extracted from three
CAMBOT images in the study area. R,4: ridge structures extracted from OIB ATM data using
our method.

Ry and R); (see Fig. 5.17(a) and 5.17(b)). The only exception occurs when both w,, and 6,,, are
small (w,, < 0.15 m and #,,, < 0.02 m). Under these conditions, an increased w,, leads to more
R 4 ridges within the range of ;. This unexpected outcome can be explained by the effect of
topological simplification and the way we count ridges. As discussed in Section 5.5.2, though
topological simplification consistently removes maxima and saddles, it can also lead to longer
ridge structure lines. Thus, it is possible that the number of R 4 ridges intersecting a region goes

up when the total number of R4 ridges goes down. In fact, the relationship between the total
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number of R4 and w,, (not displayed here) shows a consistent negative correlation.

The value of 6, and the number of ridges in the validation dataset range also shows a
negative correlation. One interesting observation is that the difference of numbers in the range
of R), is considerably less significant compared to that of R;. A plausible reasoning is that the
roughness filter typically trims the ridges rather than removing them, unless the entire length
of a ridge falls within low 5-m-roughness regions. Considering that the range of R; spans a
10m x 72km band, whereas the range of 1), consists of six ~ 400m x ~ 650m rectangles, the
number of R4 ridges intersecting the range of R; is more likely to be influenced by the reduced
ridge lengths due to its narrower range.

Fig. 5.17(c) illustrates the change in the total length of 12 4 ridges in ranges of six inspected
images. Similarly to the number of ridges, the length decreases when either w,,, or 6,, increases.
However, when comparing the rate of change between Figs. 5.17(b) and (c), it is evident that
0., has a more significant influence on the total length compared to the number of ridges. This
result aligns with our earlier assumption that the roughness filter tends to trim the ridges without

completely removing them.

5.6.3.2 Influence of parameters on matched ridge number in validation datasets

We explore the relationship between w,, and 6,, and the percentage of matched ridges in
both independent datasets. A ridge peak r; from R; is considered matched with a ridge structure
rq in R4 if r, intersects with the 5 m buffer zone around r;. Similarly, a ridge r,, from R,; is
considered matched with a ridge structure r, in R4 if r, intersects with the 2 m buffer zone

around 7,,. we find that increasing the persistence threshold w,, leads to a lower percentage of
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matched ridges in both validation datasets (see Fig. 5.17(d) and 5.17(e)). This can be explained
by the decrease in number of ridges when a larger w,, is used. We also notice that when w,, is
smaller than 0.15 m, the decline in matched ridges in R, is less pronounced. This phenomenon
suggests that a large w,,, is more likely to significantly impact the matching result. When compar-
ing different roughness thresholds 6,,,, we observe that higher 6,,, values tend to result in lower
percentages of matched ridges in the independent datasets. Similar to the reasoning for w,,, some
ridges are shorten or removed by the roughness filter, resulting poorer alignment with the inde-
pendent datasets. Thus, the percentages of matched ridges in both R; and R,, decrease as 6,,
increases. Additionally, we find that the impact is much less significant when 6,,, is small (e.g.,

< 0.02 m), likely because there are few areas in the study region with such a low 5 m roughness.

5.6.3.3 Influence of parameters on matched ridge length in validation datasets

Since R); consists of lines, we also assess the percentage of matched ridge lines relative
to the total length of Rj, when different parameters were used. Differently from the way to
calculate the number of matched ridges, we collect segments of ridges in R, that fall in the 2 m
buffer zone of 1?4 and considered them as matched segments of 1?;,. The percentage of matched
ridge length LP is the total length of matched segments relative to the total length of Rj,;. The
trends in LP, as depicted in Fig. 5.17 (f), are similar to the changes in the percentages of matched
ridges in Fig. 5.17(e). LP decreases from 70% to around 50% when w,,, increases, and it also

decreases when 6,,, increases.
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5.6.3.4 Discussion on parameter selection

Overall, the percentage of matched ridges in 2, is higher than that in R; when the same
set of parameters are used. There are two main reasons for this. Firstly, R; contains only ridge
peaks while R); includes ridge lines and are more likely to intersect with the extracted result.
This is also why we use a 5 m buffer zone for R; as opposite to the 2 m buffer zone used for
Rys. Secondly, despite drift corrections, the ICESat-2 profile elevations cannot perfectly align
with the OIB ATM-TIN elevations. The spatial resolutions of the two instruments are different
and the drift rates of different floes might not be the same. Conversely, the 12, dataset is derived
from CAMBOT images taken concurrently with OIB ATM points, and as such, it provides better
matching results.

Although the percentage of matched ridges in R, is in general high (> 87.9% in all exper-
iments), the percentage of matched ridge length is notably lower, ranging from 47% to 70%. This
discrepancy may be caused by several factors. Some sea ice surface elevation changes are accu-
rately reflected in the OIB ATM data due to limited spatial resolution, and consequently, some
ridges are not extracted or have shorter structure lines than the actual ranges. Additionally, the
accuracy of visual inspection is affected by the complexity of sea ice surface and by solar eleva-
tion angles. Manually selecting ridge lines through visual inspection may introduce inaccuracies,
especially for lower or structurally complex ridges, which are more challenging to identify.

While all three measured criteria reflect the quality of extracted ridges, parameter selection
depends on specific applications. In this study, the focus is on achieving a higher ridge match
ratio without overestimating surface complexity. Therefore, from the results of all combinations

of w,, and #,,, we select the pair of parameters that ensure 95% matched ridges in R, and
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70% matched ridges in R;, while minimizing the total extracted ridge length. The percentage of
matched ridge length is not used for parameter selection since most combinations do not have a
satisfying result in this criterion and the above discussion shows that its value may be affected
more by data quality. Following this rule, w,, = 0.25 m and 6,, = 0.09 m are used for ridge

extraction in the following experiments.

5.6.4 Results from ridge extraction

5.6.4.1 Comparison between extracted ridges and UMD-RDA result

As mentioned in Section 5.3, we can calculate a profile from the OIB ATM-TIN model
along the ICESat-2 track through interpolation. Fig. 5.18 shows a segment of the profiles from
OIB ATM-TIN model and from ICESat-2 UMD-RDA model. Within this segment, five ridges
are detected by the UMD-RDA, i.e., they are in R;. By comparing these five ridges to the ridges
extracted from the ATM-TIN model (i.e., ridges in R4), we find that all five ridges match with
ridges in R4. Around some ridges, there are more than one intersections between ridges in R4
and the ICESat-2 track. Taking the segment highlighted in Fig. 5.18(a) as an example, when
looking closer to the segment (as shown in Fig. 5.18(c)), we see that the ridge peak from R; is
detected by the propose method, but there are five intersections between ridges in R4 and the
ICESat-2 track. This result is expected, considering that the ridge structures in R4 extend from
peaks to bottoms instead of containing only ridge peaks. Besides, the elevation changes more
rapidly around the ridge peak (marked with black underline) in the profile from OIB ATM-TIN
model than the ICESat-2 UMD-RDA profile. Thus, two adjacent ridges are considered as separate

ridges in each segment by our method, which matches with the observations on the image, where
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Figure 5.18: (a) The profiles from interpolation on OIB ATM-TIN model along ICESat-2 track
(blue line) and the ICESat-2 ATL0O3 University of Maryland-Ridge Detection Algorithm (UMD-
RDA) (orange line) along a 1 km segment. Orange circles indicate the ridge peaks identified
by UMD-RDA and the blue circles indicate the intersections between the extracted ridges from
ATM-TIN model and the ICESat-2 track; (b) elevation map of ATM TIN model with extracted
ridges of the 1 km segment shown in (a), the region bounded by yellow box corresponds to the
highlighted segment in (a); (c) Zoom-in images and TINs of the selected segment in (a - b). All
ridges are extracted by our method when the persistence threshold w,, = 0.25 m and roughness
threshold 6,,, = 0.09 m.

the two ridges are distinct.
Fig. 5.18(b) presents a map of extracted ridge structure lines within the selected segment.
The result shows that most pronounced ridges, that can be visually identified from the TIN, are

picked up by the proposed method. We also notice that there are many short ridge structures in
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Figure 5.19: Example where the ridge results from the ICESat-2 ATL03 UMD-RDA does not
match with the results from our method operated on the OIB ATM-TIN model. The basemap in
(a) is the a-shape generated from OIB ATM when o = 20 as described in Section 5.3 and the
image in (b) is the OIB CAMBOT image coincident with the OIB ATM data.

the selected segment. Those small length-scale ridge features are common in areas where sea ice
dynamics are prevalent. Convergence between ice floes fractures the floes into smaller pieces.
These small floes are pushed upward from the pressure causing a floe edge to protrude higher
above the surface. A divergence event (i.e. opening of a lead) can cause these small upturned
floes to drift away where they are eventually refrozen into the new ice growth within the lead.
Fig. 5.19 shows an example when ridges from ICESat-2 UMD-RDA are not picked up
by the ATM-TIN method. In Fig. 5.19, the two ridges detected by UMD-RDA are in the range
of melt ponds in OIB data. This result is likely caused by the time difference between the two
datasets. Although the drift correction has been applied, it cannot ensure a perfect match at all
locations along the track. Unmatched ridges, like in this case, can be found by selecting ridge
peaks with very low elevation anomalies 4 in the ATM-TIN model. For instance, among 107
ridge peaks in R; that are not matched with ridges in R 4, 43 of them have H 4 <= 0 m from the

ATM-TIN model.
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Figure 5.20: Example of ridge extraction results when w,,, = 0.25 m, 6,,, = 0.09 m. The basemap
in (a) is the a-shape generated from OIB ATM when o = 20 as described in Section 5.3 and the
image in (b) is the OIB CAMBOT image coincident with the OIB ATM data. The blue lines in
(b) are ridge lines selected through visual inspection for reference.

5.6.4.2 Comparison between extracted ridges and visually selected result

In Fig. 5.20, we compare the the ridges in R4 with the ridge lines picked through visual
inspection, i.e., ridges in )y, in a selected region. As we can see from the figure, the major ridge
in the middle of the region has been picked up by our proposed method and the extracted ridge
structure lines match well with the ridge line from R),;. Moreover, the propose method is able to
pick up small ridges that are difficult to identify through visual inspection. For instance, maxima
M, and M, in Fig. 5.20(b) are two ridge peaks detected by the proposed method. But they are
hard to identify from the image as their ridge lines are short and the shadow around them is not
evident.

In Figs. 5.21, we show another two factors that can lead to a discrepancy between R4 and
Rj;. Within Fig. 5.21(a), we can see that most ridge lines in /23, match well with ridge structures
in R4, except for ridge line /; from R;;. A ridge peak on [, has been detected correctly by our

proposed method. The extracted ridge structure, however, does not match with the ridge line
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Figure 5.21: Examples where the ridge results from the visual inspection do not match with the
results from our method operated on the OIB ATM-TIN model. The upper figures, colored with
blue-red legend, are the a-shapes generated from OIB ATM when o = 20 and the lower figures
are OIB CAMBOT images coincide with the OIB ATM data. The yellow dashed box in (a)
highlights a region with complex terrain features and our method is able to identify such features.
The black dashed box in (b) highlights a segment of visually selected ridge line /5 that does not
match with ridges extracted by our method.

from the image. When checking the TIN of the study region, we notice that along [, there are
significant variations in elevation. A few distinct low points along [, prevent the extension of
the ridge structure lines along this path during the extraction. Besides, the long shadow above [,
indicates that the elevation of the ridge is evidently higher than the local level sea ice, while it is
not evident in the ATM-TIN model. One explanation is that the ridge is too narrow with respect
to the spatial resolution of OIB ATM, and thus, only the elevations around the ridge are collected.

Although the proposed ridge extraction method does not extract the complete line along /4, it has

159



fairly good outcomes on other ridges. For instance, it successfully extracts the ridge lines on the
left half of the shown range, even in complex regions (like the region highlighted with yellow
dash box).

Fig. 5.21(b) shows a similar example. The extracted ridge structure from R 4 breaks in the
middle of a visually detected ridge [, from R);. There are two saddles along /5 in the ATM-TIN
model, which split [, into three parts. The middle part (in the black dashed box) between these
two saddle is not high enough to be considered as a separate ridge, but the two saddles are low
enough to separate it from the two adjacent ridges. Such a ridge line mismatch is common in our
results because it is not easy to tell the ridge height change from images, which makes it hard
to decide the end points of ridge lines. Therefore, when we decided the optimal parameters, we

considered mainly the number of matched ridges instead of the total matched length.

5.6.4.3 Statistics of extracted ridge structures

Fig. 5.22 presents a set of five histograms that describe the extracted ridges by our proposed
method with w,, = 0.25 m and 6,,, = 0.09 m. In the 72 km long, 26.22 km? large study area, a total
of 20558 ridges have been detected. 755 of them do not have ridge lines after the processing, and
thus, are considered as small features and are excluded from the following statistics. Figs. 5.22
(b) and (c) show the distributions of ridge lengths and H 4 of ridge peaks, which are indicators
of the size of a ridge. Both distributions are right-skewed, with the majority of values clustered
at the lower end and a tail extending towards the higher end. The modal ridge length is 4.38 m
while the mean length is 25.13 m, which is much higher. This might be caused by the 1% ridges

that are longer than 106 m in the result. The range of ridge lengths is quite broad, extending from
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Figure 5.22: (a) Joint distribution of ridge lengths and ridge peak elevation anomalies H 4; (b)
Ridge length distribution (bin width = 10 m); (c) Ridge peak H 4 distribution (bin width = 0.1
m); (d) Diagonal length distribution of ridge Oriented Bounding Box (OBB) (bin width = 10 m);
and (e) ridge OBB orientation distribution (bin width = 15°). The ridges results in all five figures
are extracted with persistence threshold w,, = 0.25 m and roughness threshold 6,,, = 0.09 m.

0.11 m to 257.91 m, suggesting a high degree of variability in ridge length measurements. This is
further supported by a standard deviation of 21.99 m. The ridge peak elevation anomaly ranges
from 0.60 m to 5.09 m, with a small standard deviation 0.43 m. This might indicate that despite
of a few higher ridges, most of the ridge peak anomalies are clustered around the mean, which is
1.03 m. Fig. 5.22(a) illustrates the joint distribution of ridge length and ridge peak H 4. It further
demonstrates that the sizes of ridges in the study area tend to cluster on the smaller side.

It is noteworthy that the ridge structures extracted with our method are not limited to a

single major ridge branch, and therefore, the ridge length might be overestimated. To assist the
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evaluation of ridge lengths in the area, we calculate the Oriented Bounding Box (OBB) [42] of
each ridge and use the length of OBB diagonal as another indicator of the ridge length. This
value is the lower bound of real ridge length as the major branch is not necessary a straight line.
As shown in Fig. 5.22(d), the variability in the ridge OBB diagonal lengths is much smaller
compared to the ridge structure lines lengths, as the distribution has a smaller standard deviation
and a smaller range). But interestingly, the OBB diagonal length has a greater mode (5.62 m)
than the modal ridge structure length (4.38 m). This finding shows that many ridge structure lines
are longer than the OBB diagonal and many of them might have similar major branch lengths,
but with varied branches. Besides, we calculate the orientation of a ridge as the orientation of the
longer edge of the ridge OBB relative to the East (see Fig. 5.22(e)). In general, the orientations
show a random distribution, with a mean as 1.48°. A weighted mean is calculated by using
the length difference between the longer edge and shorter edge of the OBB as the weight. The
weighted mean (2.18°) is also close to 0 indicating there is no pronounced orientation in the

extracted ridges.

5.7 Discussion

When studying sea ice surface topography with LiDAR point cloud, one common way is to
generate gridded surface models. In this study, we proposed an alternative way for representing
the sea ice surface, i.e., a Triangulated Irregular Network (TIN). We described the method to
generate TINs with accurate boundaries from OIB ATM point clouds and methods to extract two-
dimensional sea ice topographic features from TINs. Compared to gridded models, TIN-based

models have the advantage that no information is lost during the surface model generation. Our
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experiments demonstrate the possibility of using TIN-based methods to calculate topographic
statistics, such as density and roughness, to evaluate data quality by identifying regions without
measurements, and to locate and extract the ranges of three-dimensional topographic features,
like sea ice ridges.

Point density and surface roughness are calculated at the vertices of TIN. This is different
from the calculation on gridded surface models, where the density and roughness are calculated
within each grid cell. The TIN-based statistics provide a new localized view of the point cloud
dataset. As shown in the roughness experiments in Section 5.6.2, the distribution of calculated
measures is affected by the measuring scales, i.e., the search radii at each vertex. Compared
to gridded surface models, TINs provide more flexibility when different scales of statistics are
needed since the information of the input point cloud is not discarded. Taking the roughness as
an example, the measure scale of roughness that can be calculated on a gridded model is limited
by the spatial resolution of the grid. Conversely, different radii can be used to calculate roughness
on a TIN.

One common way to calculate grid-based roughness is to put points in a grid and calculate
the roughness for each cell. The roughness calculated in this way is sensitive to how the study
region is subdivided, especially at larger measurement scales (see examples in Figs. 5.23(f, h)).
For instance, roughness values can vary significantly depending on whether a cluster of points
with high elevations is contained within a single grid cell or distributed across two separate grid
cells along with other points at lower elevations. At smaller scales, TIN-based and grid-based
roughness results are more similar. But areas with high TIN-based roughness still demonstrate
a stronger correlation with features on sea ice surfaces and can contribute to the detection of

feature boundaries (see examples in Figs. 5.23(b, d). It is noteworthy that directly comparing the
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Figure 5.23: Roughness maps calculated with TIN-based method and grid-based method with
similar measure scales. For instance, when the search radius v on TINs equals to 5, the corre-
sponding grid cell size [ is twice the radius, which is 10. The region in the map is Region A
introduced in Section 5.6.2.

distributions of measures (e.g., density or roughness) calculated on TINs with those calculated on
grids may not be appropriate, even when the same measure scale is employed. This is because the
two types of models use different spatial representations. A significant difference, for instance, is
that there can be overlaps in the search ranges when statistics are calculated at vertices of a TIN
while the statistics are calculated for non-overlapping blocks in a grid-based method.

The distributions of roughness using different radii can offer valuable insights for simu-

lation models that require accurate representations of the sea ice surface. By examining how
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roughness distribution varies across different spatial scales, these models can better simulate
real-world conditions and phenomena. Meanwhile, the roughness distributions at different scales
also provide valuable information about the selection of spatial resolution and sea ice topogra-
phy research. The roughness at larger scales has smaller ranges showing that small features are
averaged out when a large scale is used to study sea ice surface topography. Therefore, these
distributions can guide the designers of raster data products to select a suitable resolution so that
the features of interest are maintained with the minimum storage cost. Understanding roughness
at different scales can also help scientists to decide suitable resolution for altimeters to collect
information from sea ice surface.

In Section 5.4.1, we introduced methods to identify regions without measurements. These
regions are crucial for assessing data quality and understanding the reasons for data loss. For
instance, in this study, regions without measurements corresponded closely to open water regions,
consistent with previous findings that data dropout happens over water surface in recent OIB
ATM wide-scan datasets [106, 179]. This correlation can guide the detection of features such
as melt ponds and leads, which are essential for understanding sea ice dynamics and freeboard
measurements. The method to extract open water regions may not apply to other datasets, since
not all LiDAR datasets experience data dropouts over water surfaces. However, it can still be
used to locate regions without measurements in such datasets.

In Section 5.5, we proposed a new topology-based approach for identifying sea ice ridges
and extracting their structure lines. The ridges extracted from TIN-based models demonstrate
that more detailed information, including range, length, and orientation, can be extracted from
scanned point cloud swaths compared to linear scanning results such as those from ICESat-2.

This highlights the potential and necessity of large-scale LiDAR scanning data to enhance our
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understanding of complex surface features like ridges in polar regions. In Section 5.6.3, we
discussed the selection of parameters for the ridge extraction method. Despite our efforts to
establish evaluation criteria for ridge extraction results, the lack of ground-truth data still makes
it challenging to set a single optimal rule for parameter selection. Regardless of the selection
of parameters, the proposed method extracts a significantly larger number of ridges compared to
other two independent datasets. This discrepancy suggests that traditional profile-based methods
and visual-inspection-based methods may underestimate the number of ridges and the region
complexity. But further study with on-site ground-truth data is needed to validate this assumption.

Overall, our study demonstrates that more information about sea ice surface can be obtained
from large-range LiDAR point cloud swaths compared to what laser profiles or aerial images
can provide. Utilizing efficient data representations, such as Terrain trees, enables the efficient
handling of large-scale LiDAR datasets. However, the spatial and temporal ranges of currently
available LiDAR swaths are limited as they are mainly collected from airborne altimeters. Future
research in sea ice topography stand to benefit from the growing availability of large-scale LIDAR

swath data and the application of TIN-based surface models.
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Chapter 6: Conclusions

6.1 Major contributions

The main research objective of this dissertation is to develop methods to enable direct
terrain modeling and analysis on point cloud datasets by using TIN-based terrain models.

The major challenges in handling large TINs are their high time and storage costs during
processing. A new efficient decomposition-based data representation, called Terrain trees, was
introduced in 2017 [69] to address this issue. This dissertation extends this work by introducing
the Terrain trees family, which contains spatial indexes based on different subdivision rules. This
dissertation addresses main research objective by developing efficient terrain analysis methods
based on Terrain trees and topology-aware mesh simplification methods to reduce sizes of terrain
meshes without affecting topographic analysis and simulation results. Moreover, this dissertation
uses the sea ice surface topography study as an example to demonstrate the possibility and advan-
tages of TIN-based terrain analysis. In the following, I list the major contributions of each study
and how they correspond to research questions raised in Section 1.2. Moreover, I also explain
how these three studies are related to each other.

Chapter 3 addresses the first research question by introducing a family of spatial data struc-
tures, named Terrain trees family, for the representation and processing of TINs. A Terrain tree

combines a minimal encoding of the connectivity of the TIN with a hierarchical spatial index.
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Additionally, the indexes of vertices and triangles associated with each leaf node are encoded
through a Sequential range encoding (SRE). This design of Terrain trees helps to solve sub-
question 1-1, as it reduces storage costs by 36% compared to the A data structure [145], a
compact state-of-art data structure for TINs.

Additionally, this chapter presents a new open-source library for terrain analysis based on
Terrain trees, named the Terrain trees library (TTL) [73]. It includes algorithms for morphological
features extraction, such as roughness and curvature, and for topology-based analysis of terrains.
Moreover, it includes a technique for multivariate visualization, which enables the analysis of
multiple scalar fields defined on the same terrain. Sub-question 1-2 aims to lowering the memory
and time requirements for terrain analysis on TINs. Within TTL, two designs contribute to this
goal. Firstly, connectivity relations are extracted locally at run-time, within each leaf block of a
Terrain tree, based on specific application needs. This design keeps the memory footprint low and
speeds up the extraction of Vertex-Triangle and Vertex-Vertex relations compared to the IA data
structure. Secondly, spatial queries are performed by exploring the hierarchical data structure,
significantly reducing the number of required geometric operations. The optimization of these
queries, which are fundamental to complex terrain analysis methods, facilitates efficient terrain
analysis on TINs.

This study also includes an extensive evaluation of the three indexes in the Terrain trees
family and a discussion on the calibration of capacity values guiding the generation of Terrain
trees. To address sub-question 1-3, seven TINs with a number of vertices ranging from 34 million
to 193 million generated from real-world datasets are used in the evaluation. The experimental
results demonstrate that the analysis methods based on Terrain Trees scale well, even with large

datasets. The work in this study is published on Geolnformatica journal in 2023 [72]. As men-
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tioned in Foreword, this work is a collaborative work of our research group. The first three
authors are listed in alphabetical order and have contributed equally to the paper, while the fourth
author is the senior author and advisor.

Chapter 4 addresses the second research question outlined in Section 1.2, i.e., the problem
of efficiently reducing the size of a TIN while considering the topology of its represented terrain.
Building on the work of Iuricich et al. [99], we propose a new efficient topology-aware TIN
simplification algorithm on Terrain trees, introduced in Chapter 3. This method coarsens a TIN
without affecting the topology of its underlying terrain, i.e., without modifying critical features
of the terrain, such as pits, saddles, peaks, and their connectivity. A batched processing strategy
based on Terrain trees has been utilized to reduce the memory and time requirements for this
process, effectively addressing sub-question 2-1.

For sub-question 2-2, the goal is to further accelerate this simplification method by adapt-
ing it to a parallel algorithm on a multi-core platform. However, the design of the topology-
aware simplification algorithm makes it vulnerable to possible read/write conflicts among differ-
ent cores. To address this problem, this study proposes a leaf-locking strategy for Terrain trees to
prevent such conflicts during parallel simplification. Additionally, a Terrain tree after the simplifi-
cation process becomes less compact and efficient. Thus, we propose an efficient post-processing
step for updating hierarchical spatial decomposition. To address sub-question 2-3, we develop
a topological cancellation operator on Terrain trees based on the method proposed by lIuricich
et al. [123]. This operator removes critical simplices that originate from noise and insignificant
features and can serve as a pre-processing step for the topology-aware mesh simplification.

Six TINs with a number of vertices ranging from 25 million to 113 million generated from
topographic and bathymetric LiIDAR data are used in the evaluation. Topology-aware simplifica-
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tion on Terrain trees uses 40% less memory and half the time compared to the compact state-of-art
connectivity-based data structure for TINs. Furthermore, the parallel simplification algorithm on
the Terrain trees exhibits a 12x speedup with an OpenMP implementation. When evaluating the
quality of output meshes, the meshes from the simplification on Terrain trees have a slightly worse
approximation quality compared to the baseline data structure when the same number of edges
are contracted. Thus, we also propose an optimized simplification strategy on Terrain trees that
can effectively reduce such a quality difference. The study of the simplification algorithm and its
computational performance was published as a 12-page conference paper at ACM SIGSPATIAL
in 2021 [171]. The full research findings were published in the ACM Transactions on Spatial
Algorithms and Systems in 2024 [172].

Chapter 5 addresses research question 3, i.e., the problem of sea ice topographic feature
mapping on TIN-based surface models. In response to question 3-1, we propose a method to
generate an accurate surface model from airborne LiDAR points by using the Delaunay triangu-
lation and the a-shape method. To address question 3-2, several methods to extract topographic
features are developed. Firstly, we propose methods to calculate statistical measures, such as
point density and surface roughness, on TINs. By comparing the roughness results when dif-
ferent radii are used, we find that the measure scale of roughness computation can significantly
affect the interpretation of roughness values. Roughness calculated with smaller radii (5Sm/10m)
highlights important topographic features, including ridges and hummocks and can be used in
the identification of such features. Roughness calculated with larger radii (100m/150m) averages
out the small features and can be used to locate regions with major ridges or extremely varied
terrain. These findings address sub-question 3-3 as well. Secondly, we propose a method to

extract regions without LiDAR measurements from TINs by using the a-shape method. The ex-
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tracted regions help to prove the conclusions from previous studies that the OIB ATM wide-scan
data [176] has data dropout over water surfaces. Lastly, we design a novel method to extract
pressure ridge structure lines from TINs, addressing sub-question 3-4. The proposed method
extracts ridge structure lines as parts of geometries of the arcs from a maximum to connected
saddles in a surface network by using the topology-based methods introduced in Chapter 3 and
the topological simplification method introduced in Chapter 4. In this study, the Terrain trees
data structure, introduced in Chapter 3, is used to store TINs and to conduct topographic analysis
on TINs. The calculations of density and roughness and the extraction of ridge structure lines are
implemented by extending exiting functions in TTL. The manuscript on this work is currently un-
der preparation and is planned to be submitted to IEEE Transactions on Geoscience and Remote

Sensing [169].

6.2 Additional Research Contributions

During my PhD study, I have contributed to two other research projects besides the disser-
tation research.

Subsection 6.2.1 introduces the first project, which is a collaborative work with Haoan Feng
from Department of Computer Science at UMD. We develop a scale-space method to identify and
track critical points from TINs. Subsection 6.2.2 introduces the second project is a collaborative
work with Yuehui Qian from Department of Geographical Sciences. In this work, we propose
a distributed framework for efficient computation of topology-based terrain segmentation using

Apache Spark [198].
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6.2.1 Critical Features Tracking on Irregular Terrain Meshes by a Scale-Space

Method

Similar to the discrete Morse theory [76] reviewed in Section 2.1.2.2, the piece-wise linear
(PL) Morse theory aims to extend the results of Morse theory to discrete data. Given a terrain
approximated with a TIN ©, PL Morse theory defines a PL function on each vertex in © [13],
whereas Discrete Morse Theory extends the concepts in Morse theory to all simplices by creating
a collection of gradient vectors to simulate the Morse function. Consequently, the definition of
critical points of a Morse function corresponds to different concepts in two theories. Critical
points defined in the PL Morse theory are always located at vertices of Y., while discrete Morse
theory defines critical simplices, which can be vertices, edges, or triangles of >. An in-depth
comparison between the PL. Morse theory and discrete Morse theory was conducted by Fugacci
et al. [80]. It proves critical simplices defined in discrete Morse theory appear in correspondence
of critical points defined in PL. Morse theory [13, 56]: each critical point is necessarily a vertex
of the corresponding critical simplex.

As shown in Fig. 6.1, a vertex v in a TIN O can be classified into one of five categories
according to the PL. Morse theory: maximum, minimum, regular, saddle, and k-fold saddle. v is a
maximum when it has a higher elevation than all vertices in its Vertex-Vertex (VV) relations and
it is a minimum when it has a lower elevation than all of them. We sort all vertices in the VV re-
lations of v in clockwise-order V' V,,4eq : [V, v1, ..., U,]. For each vertex in V'Vy1cq, We compare
its elevation against the elevation of v and the store the result to a list V'V, : [rely, rely, ...rel,].
Continuously lower/higher values in V'V, are grouped together, and we call the number of

lower groups kjouer and the number of higher groups Kp;gner. Vv is called a k-fold saddle when
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Ehigher = Kiower = k + 1. Specially, when & = 1, v is a simple saddle. When v does not fit any of
the mentioned cases, it is a regular point.

A

Maximum Minimum Regular

plke

Saddle k-fold saddle (k= 3)

Figure 6.1: Critical point classes according to the piece-wise linear (PL) Morse theory [13]. The
labels indicate the type of the central vertex v. Among vertices in the Vertex-Vertex relation of v,
red vertices have lower elevations than v and blue vertices have higher elevations than v.

In this work, we focus on a scale-space method to identify and track critical points from
TINs. A scale-space of a TIN O is generated through a sequence of smoothing operations on O.
As the scale increases, some critical points disappear from O, i.e., they become regular points.
By tracking the change of a critical point p, we can estimate the number of scales that p persists,
which we refer to as the life-span. By identifying critical points with high life-spans, we are
able to locate significant critical points, i.e., those that persist after smoothing. Such critical
points usually correspond to topologically significant features and can be used in the generation

of nautical charts [116] or the selection of spot heights [156]. A series of experiments have been

173



conducted to evaluate the proposed method, focusing on the accuracy of results compared to
a scale-space method using gridded DEMs [149], the selection of life-span thresholds for spot
height selection, and the robustness of resolution. Specifically, the experiment on the robustness
of resolution evaluates how the resolution of the original TIN before smoothing impacts the
accuracy of spot height selection, along with a comparison against the method based on gridded
DEMs [156]. The results demonstrate that the proposed TIN-based method more effectively
handle flat area cases and exhibits better resolution robustness compared to the method based on
gridded DEMs.

My contributions to this work include participating in the design of the smoothing method
for TINs and the scale-space method, as well as contributing to the experimental design. Based
on this work, a manuscript is in preparation [75] and we plan to submit it to the 2024 ACM

SIGSPATIAL conference.

6.2.2 Topology-based Terrain Segmentation Using Apache Spark

Distributed computing frameworks such as Apache Spark [198] or MPI [30] have revolu-
tionized data processing by enabling scalable and efficient management of very large datasets.
While Terrain trees have been proven to be the most efficient data structure for TINs, they are
designed for single-machine use and cannot directly be extended to distributed computing frame-
works due to the existence of two global arrays.

In this work, we develop a new distributed framework, named Morse-Spark, for han-
dling TINs, with a focus on its application to topology-based terrain segmentation using Apache

Spark [198]. The framework consists of a distributed data representation that stores the minimal
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information for representing a TIN, a new compact representation for encoding a TIN topology
in Spark, a new distributed algorithm for computing the Forman gradient field based on discrete
Morse theory [76], and algorithms to calculate topological features introduced in Section 2.1.2.2,
including critical net and regions of influence of critical simplices.

The encoding of a TIN O involves two DataFrames [8] storing the vertices and triangles
of ©. These are the minimal necessary information for extracting other connectivity relations
and for TIN navigation. Based on this encoding, all other connectivity relations can be extracted.
Depending on the application, different connectivity relations are required, and thus, there is no
single optimal strategy to extract connectivity relations on this distributed data representation.
In the computation of terrain segmentation, Vertex-Triangle, Vertex-Vertex, Vertex-Edge, Edge-
Vertex, and Edge-Triangle relations are required. Therefore, in this work, we discuss the best
order and strategy to extract such relations.

Based on the distributed data structure for TINs, we design an algorithm to compute the
Forman gradient field using the homotopy expansion method [155] on Apache Spark. We also
design methods to calculate the critical net and the influence regions of critical simplices by
utilizing two auxiliary data structures encoded as GraphFrames [41].

By utilizing the scalability of a Spark cluster, our framework can easily process TINs con-
sisting of more than 2 billion vertices. The computation of the Forman gradient field on Morse-
Spark can achieve a 2.5-3.5x speedup compared to the same computation on the native Spark
framework. The Morse-Spark framework has comparable performance when computing the in-
fluence regions and a 25x speedup compared to the native Spark in the computation of the critical
net. Our experiments also show that the performance can be consistently improved by increasing

the number of executors used in the cluster, which enable the processing of even larger datasets.
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Specifically, my contribution to this work includes participating in the design of the data
representation, the strategy for connectivity relations, the method to calculate the Forman gradient
field, and methods to extract topological features. I have also contributed to the design of the
experiments. Based on this work, a manuscript is in preparation [152], and we plan to submit it

to International Journal of Geographical Information Science (IJGIS).

6.3 Future research

The experiments with Terrain trees demonstrate their compactness and efficiency on a sin-
gle machine. As part of our future work, we plan to distribute the global arrays across the leaf
blocks of the Terrain trees. This design would reduce the message exchanges among blocks when
a leaf block is processed, which is important for distributed computing. One of our initial efforts
in this direction is the study on Spark-based terrain segmentation, as introduced in Section 6.2. In
this study, we designed a Spark-based data representation for TINs that stores only the minimal
necessary geometric information while still supporting efficient retrieval of connectivity relations.
Building on this foundation, we plan to develop new distributed terrain analysis methods for the
Spark-based representation.

Furthermore, while storing a complete TIN is beneficial for global operations, it is not
necessary for local operations. Consequently, we also plan to design an algorithm that computes
the TIN at runtime, locally within each leaf block, and discards it when no longer needed. This
approach will further reduce the memory footprint and enable the processing of even larger point
clouds. A challenge we need to address is ensuring that the TIN computed locally within a leaf

block is consistent with the subset of a complete TIN computed on the input point set.
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In Chapter 4, we introduced sequential and parallel methods for topology-aware mesh sim-
plification. In the future, we plan to extend these methods to also support generic updates to the
TIN, like adding new points or removing TIN vertices. The generic mechanism to update the
Terrain tree is like the process performed after a simplification, but it might be more challenging
if larger portions of the TIN need to be re-triangulated.

Some applications require maintaining the triangle shape quality while simplifying the
mesh. Especially in terrain analysis, a mesh with good triangle shape quality is required for
subsequent interpolation or simulation. Future work can explore incorporating a triangle shape
constraint into the gradient-aware edge contraction operator to ensure good triangle shape qual-
ity after simplification. We also plan to investigate optimized parameters to simplify meshes for
coastal ocean modeling applications, especially in storm surge and tide simulation [15].

Our current parallel strategy is compatible with shared-memory processing using OpenMP
[37]. In the future, we plan to explore whether the use of specialized compilers, such as Intel Im-
plicit SPMD Program Compiler (ISPC) [4], and libraries like Intel oneAPI Threading Building
Blocks (TBB) [5], can enhance its efficiency. Besides, a natural extension of our simplifica-
tion method is to support large-scale data processing through the distributed-memory processing
strategy based on MPI [30].

While our study described in Chapter 5 demonstrates the potential of using TIN-based
models to extract sea ice topographic features, there is room for further research to enhance these
results and uncover deeper insights. For instance, our proposed method successfully extracts the
structure lines of ridges. The irregular decomposition employed by TINs opens the possibilities
for extending from structure lines to precise ridge ranges in the future. Such advancements would

facilitate the generation of 3D models of ridges, contributing to the understanding of sea ice
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morphology and processes.

Moreover, drift correction is a crucial step in sea ice data analysis due to the movement
of sea ice floes. Currently, the drift rate is usually measured in situ by tracking the movement
of buoys [153] or estimated by comparing the locations of identical sea-ice features (e.g., ice
floes and pressure ridges) in data collected at different times [35, 185]. Automated methods have
been proposed to detect sea ice features in images and track their movements [48,94]. However,
research on tracking such features from ATM data is limited. TIN-base sea ice surface models
allow us to extract the structures of sea ice features. Therefore, the next step of our research
involves generating TIN-based sea ice surface models from ATM datasets collected at different
times and estimating sea ice floe drift rate by matching sea ice features extracted from these
models.

Although in this dissertation, we only discussed the application of Terrain trees and terrain
analysis methods developed on Terrain trees in the field of sea ice, these techniques are not
limited to any specific field of application. In the future, we also plan to explore the possibility

of applying these techniques in other fields, such as bathymetric modeling and flood simulation.
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Appendix A: Supplementary material

A.1 Letter to include co-authored paper

Dr. Stephan Roth, Dean
The Graduate School

University of Maryland

Dear Dr. Roth,

I hope this letter finds you well. My name is Yunting Song, and I am a PhD student in
the Department of Geographical Sciences. I am writing to request your approval for including a
co-authored work in my dissertation.

The paper titled “Terrain trees: a framework for representing, analyzing and visualizing
triangulated terrains” has been published in Springer International Journal on Advances of Com-
puter Science for Geographic Information Systems (Geolnformatica) in 2023. This is a collab-
orative work involving extensive algorithmic design and software development. The first three
authors are listed in alphabetical order and have contributed equally to the paper, while the fourth
author is the senior author and advisor.

The examining committee has agreed that I have made a substantial contribution to this

work, and I have received approval to include it from the dissertation advisor and the Graduate
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Director of our program, Dr. De Floriani. Thank you very much for your attention to this matter.

Sincerely,

Yunting Song

A.2 Chapter 3 - Additional results

In this section, we list the experiment results of the work presented in Chapter 3 but are not
shown in the content of Chapter 3.

Figs. A.1, A3, A7, A5, A9, A.11 show storage costs for storing the index of the Terrain
trees on datasets in Table 3.1 except for the GREAT SMOKEY MOUNTAIN dataset. Figs.
A2, A4, A8, A.6,A.10, A.12 show how different capacities affect the extraction of the Vertex-

Triangle (VT) relation on datasets in Table 3.1 except for the GREAT SMOKEY MOUNTAIN

dataset.
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Figure A.1: The storage costs for storing the hierarchical index of the Terrain trees on CANYON
LAKE GORGE dataset using different values of &, and k;. The x-axis shows the capacity value on
the vertices.

180



1100

—— PR-T tree
—— PR-T tree 16  PM-Ttree
—— PM-T tree

g 15 —— PMR-T tree
1000 PMR-T tree

e 0
[0)
2 900 g
F 12
800 11
10 %C:
700
200 400 600 800 1000 200 400 600 800 1000
Leaf Block Capacity Leaf Block Capacity
(a) Generation time (b) VT extraction time

Figure A.2: Timings for generating the spatial decomposition of Terrain trees and extracting the
VT relation in Terrain trees on CANYON LAKE GORGE dataset using different values of k, and £;.
The x-axis shows the vertex capacity value.
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Figure A.3: The storage costs for storing the hierarchical index of the Terrain trees on SONOMA

COUNTY 1 dataset using different values of %, and k;. The x-axis shows the capacity value on
the vertices.
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Figure A.4: Timings for generating the spatial decomposition of Terrain trees and extracting the

VT relation in Terrain trees on SONOMA COUNTY 1 dataset using different values of k, and k;.
The x-axis shows the vertex capacity value.
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Figure A.5: The storage costs for storing the hierarchical index of the Terrain trees on SONOMA

COUNTY 2 dataset using different values of %k, and k;. The x-axis shows the capacity value on
the vertices.
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Figure A.6: Timings for generating the spatial decomposition of Terrain trees and extracting the

VT relation in Terrain trees on SONOMA COUNTY 2 dataset using different values of k, and k;.
The x-axis shows the vertex capacity value.
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Figure A.7: The storage costs for storing the hierarchical index of the Terrain trees on BIG CREEK
dataset using different values of %, and k;. The x-axis shows the capacity value on the vertices.
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Figure A.8: Timings for generating the spatial decomposition of Terrain trees and extracting the
VT relation in Terrain trees on BIG CREEK dataset using different values of &, and k;. The x-axis

shows the vertex capacity value.
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Figure A.9: The storage costs for storing the hierarchical index of the Terrain trees on SONOMA
COUNTY 3 dataset using different values of k, and k;. The x-axis shows the capacity value on
the vertices.
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Figure A.10: Timings for generating the spatial decomposition of Terrain trees and extracting the
VT relation in Terrain trees on SONOMA COUNTY 3 dataset using different values of k, and k;.
The x-axis shows the vertex capacity value.
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Figure A.11: The storage costs for storing the hierarchical index of the Terrain trees on SONOMA

COUNTY 4 dataset using different values of %, and k;. The x-axis shows the capacity value on
the vertices.
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Figure A.12: Timings for generating the spatial decomposition of Terrain trees and extracting the
VT relation in Terrain trees on SONOMA COUNTY 4 dataset using different values of k, and k;.
The x-axis shows the vertex capacity value.

A.3 Chapter 4 - Computing the quadric error matrix on Terrain trees

The Quadric Error Metric (QEM) [83] defines the error at one vertex v of a triangle mesh >’
is as the sum of the squared distances to the planes of the triangles incident in v. Specifically, the
error at v with respect to a plane II is calculated as Ay (v) = v Kpv, where Ky is a 4 x 4 matrix
called the fundamental error quadric. The overall error at v can be represented as A (v) = v7 Q,v.
@, is called the initial error quadric at v, and it is the sum of the fundamental error quadric with
respect to the plane defined by each triangle incident in v. The cost, or error, introduced by
contracting edge ¢ = {v;, vy} is defined as A(v) = v7(Q; + Q2)v, where @, and Q- are the
initial error quadrics at vy and vs, respectively. The quadric error of vs is accumulated to v; when
e is contracted to v;. Therefore, the cost of e reflects the change from the original mesh to the
approximation after the contraction of e.

In each leaf block b, the quadric error matrices E of vertices in b are computed during

traversal of its triangle list. For each triangle ¢ in b:
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1. check if at least one vertex of ¢ is contained in b. If not, skip ¢, otherwise, proceed to step

(2);
2. calculate the fundamental error quadric K7y of the plane on which ¢ lies;
3. for each vertex v of ¢, if v is contained in b, add K7y to its initial error quadric E[v].

Note that the fundamental error quadric associated with a triangle may be computed more
than once if its vertices are in different leaf blocks. This will slightly increase the computation
time compared to traversing through the global triangle array > of X and calculating the corre-
sponding fundamental error quadrics. However, the computation of the initial error quadrics at
the vertices in different leaf blocks are completely independent and fully local to each leaf block,

making it possible to compute the quadric error matrices of X in parallel.

A.4 Chapter 4 - Performing an edge contraction

Algorithm 3 CONTRACT(e, VT(v;), ET(e), E, X))

Input:
e = {v;,v;}: edge to be contracted to v;
VT (v;): the Vertex-Triangle relation of v,
ET(e): the Edge-Triangle relation of e
E: the array of vertex error quadrics
>2: the underlying triangle mesh of a TIN
1: for each ¢t in ET'(e) do
2: X<+ X —{t}//Remove t from ¥
end for
// For each triangle ¢ incident in v; but not adjacent to e
for each ¢ in (VT'(v;) — ET(e)) do
t < (t —v;) Uy, I/ Replace v; with ; in ¢
end for
E[i] < E[i] + E]j] // Update the error quadric at vertex v;
: ¥ < X —{v;} // Remove v; from ¥

(O8]

AN
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In this section, we describe how an edge contraction is performed. Algorithm 3 depicts
the CONTRACTION operation at row 15 of Algorithm 1. The algorithm removes the two triangles
adjacent to e and vertex v; (row 2 and row 8). In each remaining triangle in V' 7T'(v;), it replaces v
with v; (row 4 to 6). After the contraction, the error quadric of the remaining vertex v; is updated

by adding the quadric of v; to it (row 7).

A.5 Chapter 4 - Experiments on leaf capacity selection

Table A.1: Time (in minutes) (denoted as T), peak memory usage (in Gigabytes) (denoted as M),
and compression rate (in %) (denoted as R) of simplification when using different capacity values
(denoted as C) in the Terrain tree generation. The capacity value in bold face is the capacity value
used to generate the Terrain tree of each dataset.

Molokai Great Smokey Mountains Canyon Lake Yosemite Rim Fire Dragons Back Ridge Moscow Mountain

CTMR‘CTMR‘CTMR‘CTMRCTMRCTMR

300 363 128 73.1| 300 44.8 174 747 | 450 70.9 249 746| 600 1042 395 70.6| 600 117.3 463 80.4 | 900 186.4 572 77.5
400 35.1 128 732 | 400 452 173 749| 600 68.7 247 746 | 800 99.1 394 70.6| 900 100.5 46.2 80.4 | 1200 1857 57.6 775
500 295 127 733 | 500 39.4 173 749 | 750 68.8 249 74.6 | 1000 100.1 39.0 70.6 | 1200 99.8 459 80.5| 1500 1929 57.1 77.6
600 29.0 128 733 | 600 419 173 75.0| 900 65.1 24.6 74.7|1200 100.5 39.4 70.6| 1500 129.2 46.0 80.6 | 1800 188.7 57.4 77.6
700 29.0 127 733 | 700 39.8 173 75.0| 1050 68.4 249 74.7|1400 100.3 39.4 70.6| 1800 126.7 459 80.6|2100 172.0 57.5 77.6
800 29.5 127 734 | 800 39.1 17.2 75.0 | 1200 66.5 24.6 747 |1600 1009 39.3 70.6 | 2100 127.9 46.1 80.6|2400 1709 574 777
900 29.1 127 734 | 900 39.4 173 75.0| 1350 66.7 24.8 74.7|1800 1022 39.2 70.6|2400 131.7 457 80.6 2700 1769 57.3 77.7
1000 29.2 12.7 7341|1000 394 173 7501500 732 248 74.8|2000 106.7 389 70.7|2700 131.8 46.1 80.6 | 3000 176.3 569 77.7
1100 292 128 73.4 | 1100 39.6 174 75.0| 1650 75.5 247 7482200 111.4 39.3 70.7|3000 129.8 46.1 80.6|3300 177.2 57.3 77.7
1200 29.8 12.7 73.4|1200 39.5 173 75.1| 1800 73.3 24.6 74.8|2400 106.8 392 70.7|3300 129.6 46.0 80.6 | 3600 173.9 572 77.7

In this section, we evaluate the performance of the simplification algorithm with differ-
ent capacities on Terrain trees. Recall that a capacity defines the maximum number of vertices
that each leaf block can contain. We established an initial range for capacity values between
1/100000 and 1/30000 of the total number of vertices in the data set. This is in order to have
coarser hierarchical subdivisions, usually beneficial for tasks requiring intense navigation of the
hierarchy. Within this range, we selected ten different capacity values for each dataset and com-
pared the performance in sequentially simplifying the meshes encoded by the resulting Terrain

tree. Our comparisons show that the memory footprint and the compression rate do not change
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significantly when using different capacity values (up to 1.7%). Also, simplification times are
highly dataset-dependent, and the best performances are achieved with values in the middle of
the tested range.

Table A.1 shows the performances of sequential topology-aware mesh simplification on
the Terrain tree. The memory footprint does not change significantly when using different leaf
capacities. The same holds for the percentage of edges contracted. Depending on the dataset,
timings may vary. For example, on the Molokai dataset, the simplification is 21% faster when
a shallower hierarchy (larger capacity) is used, while on Dragons Back Ridge, using a deeper
hierarchy (smaller capacity) reduces the simplification time by 24%. The simplification time
is stable when the capacity value varies in a small range. Overall, the results show that even
selecting a sub-optimal capacity for generating a Terrain Tree, the algorithm’s performance is
not severely affected, and it still performs well. For the experiments presented in the paper, we
use only one capacity value for each dataset. Generally, we use the capacity value that results in
the shortest simplification time. But when the variation in time is small (less than 1%), we also
consider the memory cost and the compression rate. The capacity value selected for each dataset

is denoted in Table A.1 in bold face.

A.6 Chapter 4 - Additional results

In this section, we list the experiment results of the work presented in Chapter 4 but are not
shown in the content of Chapter 4.
Fig. A.13 shows the time for updating the Terrain trees after simplifying the same mesh

with different cost thresholds using the Yosemite Rim, Dragons Back Ridge, and Moscow Moun-
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tain datasets. Fig. A.14 shows the average triangle shape measure of simplified meshes ob-
tained from different topology-aware simplification methods using the Molokai dataset, the Great
Smokey Mountains dataset, and the Canyon Lake dataset.

In Fig. A.15, we show how the number of critical simplices changes when the mesh is
simplified by the Geometric-TT method in four smaller datasets in Table 4.1, i.e., the Molokai
dataset, the Great Smokey Mountains dataset, the Canyon Lake dataset, and the Yosemite Rim
dataset. Figs. A.16 and A.17 show the simplification time and quality of the simplified meshes
using the [A-based method, the Para-TT method, and the Pro-Para-TT method introduced in

Section 4.8. The Molokai dataset and the Canyon Lake dataset are used in this experiment.
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Figure A.13: The time for updating Terrain trees when using two different methods: (1) new
update algorithm and (2) original Q1, Q2, and Q3 represent the result when the cost threshold is
set to the first, second, and third quartile edge costs of each dataset, respectively. All represents
the result when contracting all contractible edges without a cost threshold. The text labels on

the boxes in figure indicate the time when Q1 cost threshold is used and when All edges are
contracted.
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Q2, and Q3) and when all contractible edges are contracted (All).
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Figure A.15: The change in the number of critical simplices in each dataset when it is simplified
with the Geometric-TT method.
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Figure A.16: The performance and quality evaluation of the parallel simplification when a pro-
gressive optimization is applied to the Molokai dataset.
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gressive optimization is applied to the Canyon Lake dataset.
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Figs. A.18 and A.19 show the simplification time and several quality measures when dif-
ferent leaf capacity values are used for generating the Terrain trees on the Molokai dataset and

the Canyon Lake dataset, respectively.
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Figure A.18: The performance and quality evaluation of the simplification of the Molokai dataset
when it is simplified by the parallel simplification on Terrain trees with different leaf capacity
values and by the simplification on the IA data structure. The T7- refers to the Terrain trees
method, and the number after it corresponds leaf capacity value used during the Terrain tree
generation.
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Figure A.19: The performance and quality evaluation of the simplification of the Canyon Lake
dataset when it is simplified by the parallel simplification on Terrain trees with different leaf
capacity values and by the simplification on the A data structure. The TT- refers to the Terrain
trees method, and the number after it corresponds leaf capacity value used during the Terrain tree
generation.

A.7 Chapter 5 - Influence of parameters on ridge extraction results

In this section, we discuss how topological simplification and roughness filter affects the
ridge extraction results by comparing the results obtained with optimal parameters selected in
Section 5.6.3 and results obtained with other sets of parameters.

Fig. A.20 compares the results when the persistence threshold w,, is set to 0 (depicted
by yellow lines) and when it is set to 0.25 m (depicted by red lines) during ridge extraction. In

both cases, the roughness filter is not applied. The topological simplification has two different
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Figure A.20: Comparison between the ridge extraction results when the persistence threshold w,,
= 0 m, the persistence threshold 6,, = 0 m and when w,,, = 0.25 m, 6,,, = 0 m. The basemayp is (a)
the surface model generated from OIB ATM as described in Section 5.3 and (b) the CAMBOT
image. The blue lines are manually selected ridge lines for reference. The value after P in the
legend labels indicates the persistence threshold and the value after R indicates the roughness
threshold. The black dashed box in (a) highlights the ridge lines removed during the topological
simplification. The purple dashed box in (a) highlights the ridge line extended during the topo-
logical simplification.
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Figure A.21: Comparison between the ridge extraction results when w,, = 0.25 m, #,,, = 0 m and
when w,, =0.25 m, #,,, = 0.09 m. The basemap is (a) the surface model generated from OIB ATM
as described in Section 5.3 and (b) the CAMBOT image. The blue lines are manually selected
ridge lines for reference. The value after P in the legend labels indicates the persistence threshold
and the value after R indicates the roughness threshold.

effects on the results. When w,, is set to 0.25 m, most ridge structures become smaller. For
instance, the long ridge in the middle of the figure has much longer cross ridge structure lines

(e.g., lines within the black dashed box) in the w,,, = 0 result compared to the w,,, = 0.25 m result.
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When most critical points in a region are removed, a cancellation operation is more likely to be
applied to boundary maxima/minima, and this leads to the removal of arcs. Typically, this case
happens when the arc to be removed is in a flat region, i.e., there is no other significant surface
features around such arc. Thus, when topological simplification is applied, paths from the peaks
(i.e., maxima) toward the flat sea ice areas tend to be removed. On the other hand, when the
maximum to be removed is internal, a new arc with a longer chain of geometries is created after
the simplification (shown in the purple dashed box). It is most likely to occur along the ridge line
or when two maxima are in close proximity.

Fig. A.21 compares the results when no roughness filter is applied (depicted by red lines)
or when a filter with roughness threshold 6,,, = 0.09 m is applied (depicted by green lines) during
ridge extraction. In both cases, the persistence threshold w,, is set to 0.25 m. As we can see, the
roughness filter removes the parts of ridge structures that are on the flat sea ice surface (i.e., with
a lower roughness value). The comparison between the two results illustrates that the roughness
filter can effectively trim the extracted ridge structure without removing the lines that match the

connections between ridge peaks, i.e., the ridge lines.

A.8 Chapter 5 - Additional results

In this section, we list the experiment results of the work presented in Chapter 5 but are not
shown in the content of Chapter 5. Specifically, Figs. A.22, A.23, and A.24 show the roughness

maps of region B, C, and D with different radii, respectively.
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Figure A.22: Region B: (a - g) maps of roughness calculated on TINs with different measure
radii. (h) corresponding OIB CAMBOT image of the same region. The red boundaries in figures
highlight the overlap between the OIB ATM data and OIB CAMBOT image.
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Figure A.23: Region C: (a - g) maps of roughness calculated on TINs with different measure
radii. (h) corresponding OIB CAMBOT image of the same region. The red boundaries in figures
highlight the overlap between the OIB ATM data and OIB CAMBOT image.
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highlight the overlap between the OIB ATM data and OIB CAMBOT image.
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