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Computational imaging systems co-design optics and algorithms to observe phenomena

beyond the reach of traditional cameras. Point-spread-function (PSF) engineering is a powerful

technique wherein a custom phase mask is integrated into an optical system to encode additional

information into captured images. Used in combination with deep learning, such systems now

offer state-of-the-art performance at three-dimensional molecule localization, extended depth-of-

field imaging, lensless imaging, and other tasks.

Recent hardware breakthroughs are unlocking unprecedented ultrafast capabilities such as

micro-electromechanical system based spatial light modulators will allow us to module light at

kilohertz rates and neuromorphic event cameras will enable kilohertz lower-power and high-

dynamic-range capture. Unfortunately, existing theories and algorithms are unable to fully har-

ness these new capabilities. This work answers a natural question: Can one encode additional

information and achieve superior performance by leveraging the ultrafast capabilities of spa-



tial light modulators and event cameras. We first prove that the set of PSFs described by static

phase masks is non-convex and that, as a result, time-averaged PSFs generated by dynamic phase

masks displayed on a spatial light modulator are fundamentally more expressive. We then derive

the theoretical limits on three-dimensional tracking with PSF-engineered event cameras. Using

these bounds, we design new optimal phase masks and binary amplitude masks. We demonstrate

the efficacy of our designs through extensive simulations and validate our method with a simple

lab prototype.
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Chapter 1: Introduction

Since the introduction of a camera in the 1800s, camera development has largely focused on

produced pleasing photos for human enjoyment. With the advent of computer vision, photos are

now used a primary signals to perform a wide range of tasks. Unfortunately, many tasks we hope

to accomplish are ill-posed, inefficient, or suboptimal with general purpose sensors designed for

producing pretty pictures.

Looking towards nature, we can see remarkable development of diverse visual processing

systems. Complex eye structures in species like frogs [1], cuttlefish [2], and honey bees [3]

demonstrate many possible sensory behaviors. Evolutionary pressures have resulted in these

organisms specializing their senses to be hyper-effective in their environment. Inspired by these

long-term natural trends, computational imaging (CI) systems integrate and co-design optics and

algorithms to extract information and observe phenomena beyond the reach of traditional cameras

and optics.

Researchers have realized cleverly designed optics can “encode” additional information

into these images to have better task performance, such as depth estimation [4]. These systems

trade off visually appealing photographs with ones with defocus blur and chromatic aberrations

in hopes of uncovering non-visual information.

CI has already had a profound impact: In biomedicine, CI based single-particle cryo-

1



electron microscopes formed high resolution images of the SAR-CoV-2 protein, helping us to

understand and neutralize COVID-19. In astronomy, CI based radar telescopes captured never-

before-seen images of black holes, helping us understand our place in the universe.

Recent breakthroughs in material science, machine learning, and nanofabrication are un-

locking unprecedented capabilities. For example, micro-electromechanical system (MEMS) based

spatial light modulators will allow us to modulate and manipulate light at KHz rates and neuro-

morphic event cameras will enable low-power, fast, high dynamic range data capture. Unfortu-

nately, existing theories and algorithms cannot effectively harness these capabilities. This dis-

sertation focuses developing and applying new theory to fully harness the capabilities of these

next-generation hardware devices. First, we show dynamic phase masks through SLMs unlock

a fundamentally new point-spread-function design space. We demonstrate these new dynamic

designs can outperform static ones at depth estimation and all-in-focus imaging tasks. Second,

we show event cameras can enable ultrafast 3D single-molecule localization microscopy. We

derive new fundamental limits for 3D tracking with event cameras to design optimal phase masks

specific for event measurements.

2



Chapter 2: Background

2.1 Foundational Math

Point source. As a warm up consider a point light source (PLS) at location (x, y, z) that

we would like to image. An ideal-pin-hole camera would capture a sharp image,

Iideal(u, v) = δ
(
u− f

x

z
, v − f

y

z

)
(2.1)

where (u, v) are coordinates on the sensor plane, δ is the Dirac Delta function and f is the focal

length. Because pin-hole cameras are light inefficient, conventional cameras use a focusing lens

instead. The improved light efficiency comes at the cost of blurrier images depending on the

optical system’s point-spread-function (PSF). For a PLS, the wavefront that arrives at the optical

plane is given as a spherical wavefront,

ϕDF (u, v) = exp
(
ik
√

(u− x)2 + (v − y)2 + z2
)
. (2.2)

where k = 2π/λ is the wavenumber. The PSF h can be modeled with Fourier optics theory [5],

h = |F
[
A exp

(
iϕDF + iϕM

)]
|2 (2.3)
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where A is the amplitude modulation caused by blocking light and ϕM is the phase modulation

caused by glass thickness. Then, a PLS captured by a regular camera is

Iblurry = h(x, y, z) ∗ Iideal (2.4)

= h(x, y, z). (2.5)

Complex Scenes We now extend this “encoding” idea for complex scenes. If the PSF is

uniform over the image, h(x, y, z) = h(z), and the scene has constant depth (such as imaging a

painting), the image formation model is simply the convolution of the sharp ideal image with the

PSF for the depth,

Iblurry = h(z) ∗ Iideal. (2.6)

However, most real-world scenes have variable depth. Prior works have adopted a simple linear

image formation model [6],

Iblurry =
D∑

d=1

h(d) ∗ (Iideal ·Od) (2.7)

where {1, . . . , D} represent a set of discrete depth layers and Od represents the occlusion mask at

depth d. This model is fast to compute, but can be inaccurate near depth boundaries. A non-linear

image formation model has been proposed [7]:

Iblurry =
D∑

d=1

h(d) ∗ Iideal
h(d) ∗

∑d
d′=1 Od′

D∏
d′=d+1

(
1− h(d) ∗Od

h(d) ∗
∑d

d′=1Od′

)
. (2.8)
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2.2 Depth Estimation

Extracting 2D information from images tends to be a significantly easier task than extract-

ing depth, hence, monocular depth estimation is often the bottleneck in 3D tracking performance.

Structured light projectors [8] or time-of-flight sensors [9] use active illumination to extract depth

information. Given these methods’ reliance on an internal light source, performance can degrade

in adverse lighting conditions. If we allow multiple views, stereo [10] or structure from mo-

tion [11] can triangulate 3D position. These methods are sensitive to occlusion and texture-less

scenes and require multiple calibrated cameras. Many neural network approaches with all-in-

focus CMOS images as input have been proposed [12, 13, 14, 15]. Recently, event-based depth

estimation has made significant progress with neural networks [16, 17, 18, 19, 20]. Spiking

neural networks have been proposed for spiking cameras, which similar to event cameras, offer

asynchronous readout of pixels [21].

2.3 Optical Design

Designed optics generally fall into three buckets: First are heuristic-based such as the

Double-Helix PSF [22]. These are designed using human-intuition about what blur pattern may

be useful for the task. Second are information optimal designs [23]. These theoretically max-

imize the information content in the image measurement about the parameters we care about.

Lastly are end-to-end designed. Because designed PSFs are only as good as the “decoding”

algorithm meant to extract the hidden information, researchers have proposed simultaneously

learning optical parameters and the algorithm [6]. By using a differentiable model for light prop-

5



agation, back-propagation can be used to update optical parameters jointly with neural network

parameters.

Optics based approaches for depth estimation use sensors and optical setups to encode and

recover depth information. Many methods use the depth-dependent blur induced by the imaging

system to estimate the depth of pixels in an image [24]. These approaches compare the blur at

different ranges to the expected blur caused by an aperture focused at a fixed distance.

Groups improved on this idea by implementing coded apertures, retaining more high fre-

quency information about the scene to disambiguate depths [4]. Similar to depth estimation tasks,

static phase masks have been used to produce tailored PSFs more invariant to depth, allowing

for extended depth-of-field imaging [25]. However, these optically driven approaches with nu-

merical analysis have been passed in performance by modern deep neural networks, allowing for

joint optimization of optical elements and neural reconstruction networks.

Many methods have engineered phase masks with specific depth qualities. By maximizing

Fisher information for depth, the coded image theoretically will have the most amount of depth

cues as possible [23]. Deep learning techniques can be used to jointly train the optical param-

eters and neural network based estimation methods. The idea is that one can “code” an image

to retain additional information about a scene, and then use a deep neural network to produce

reconstructions. By using a differentiable model for light propagation, back-propagation can be

used to update phase mask values simultaneously with neural network parameters [6].

Designed optics has had wide success in various applications such as extended depth-

of-field imaging [26, 27, 7, 28], depth estimation [6, 29, 7], hyper-spectral sensing [30, 31],

high-dynamic-range imaging [32, 33], holography [34, 35], privacy preservation [36], high speed

imaging [37], localization microscopy [38, 39], line estimation [40], super resolution [27], and
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seeing through occlusions [41, 42].

To the best of our knowledge designed optics with dynamic phase masks or event cameras

has been largely unexplored.
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Chapter 3: Dynamic Phase Mask Design

Point-spread-function (PSF) engineering is a powerful computational imaging technique

wherein a custom phase mask is integrated into an optical system to encode additional infor-

mation into captured images. Used in combination with deep learning, such systems now of-

fer state-of-the-art performance at monocular depth estimation, extended depth-of-field imaging,

lensless imaging, and other tasks. Inspired by recent advances in spatial light modulator (SLM)

technology, this work answers a natural question: Can one encode additional information and

achieve superior performance by changing a phase mask dynamically over time? We first prove

that the set of PSFs described by static phase masks is non-convex and that, as a result, time-

averaged PSFs generated by dynamic phase masks are fundamentally more expressive. We then

demonstrate, in simulation, that time-averaged dynamic (TiDy) phase masks can leverage this in-

creased expressiveness to offer substantially improved monocular depth estimation and extended

depth-of-field imaging performance.

3.1 Introduction

Extracting depth information from an image is a critical task across a range of applications

including autonomous driving [43, 44], robotics [45, 46], microscopy [47, 48], augmented reality

[49, 50], and perspective editing [51, 52]. To this end, researchers have developed engineered
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Figure 3.1: Time-averaged Dynamic PSFs Top: Phase mask sequence that was optimized to
perform simultaneous extended depth-of-field imaging and monocular depth estimation. Middle:
Proposed TiDy PSFs at specific depths. Bottom left: Depth estimation and all-in-focus imaging
performance improve as one averages over more phase masks. Bottom right: Depth-encoded
image and reconstructed depth map.

phase masks and apertures which serve to encode depth information into an image [4, 38]. To

optimize these phase masks, recent works have exploited deeps learning: By simultaneously opti-

mizing a phase mask and a reconstruction algorithm “end-to-end learning” is able to dramatically

improve system performance [6, 27].

Most existing works have focused on learning or optimizing a single phase mask for passive

depth perception. We conjecture that this restriction leaves much room for improvement. Perhaps

by using an SLM to introduce a sequence of phase masks over time, one could do much better.

Supporting this idea is the fact, which we prove in Theorem 3.2.3, that the set of PSFs

described by a single phase mask is non-convex. This implies that time-averaged PSFs, which
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span the convex hull of this set, can be significantly more expressive. In this work, we exploit

the PSF non-convexity by developing a multi-phase mask end-to-end optimization approach for

learning a sequence of phase masks whose PSFs are averaged over time.

This work’s central contributions are as follows:

• We prove the set of PSFs generated by a single phase mask is non-convex. Thus, dynamic

phase-masks offer a fundamentally larger design space.

• We extend the end-to-end learning optics and algorithm design framework to design a

dynamic set of phase masks.

• We demonstrate, in simulation, that time-averaged PSFs can achieve superior monocular

depth estimation and extended depth-of-field imaging performance.

3.2 Theory

Micro-electromechanical system (MEMS) based SLMs offer high framerates but have lim-

ited phase precision due to heavy quantization [53]. As [35] noted, intensity averaging of multiple

frames can improve quality by increasing effective precision to overcome quantization. Our key

insight is that even as SLM technology improves, intensity averaging yields a more expressive

design space than a single phase mask. This is supported by the claim that the set of PSFs that

can be generated by a single phase mask is non-convex. We provide a rigorous proof for the

claim as follows.

Theorem 3.2.1. The set of PSFs that can be generated by a phase mask with an infinite aperture

(A(x) = 1 ∀ x ∈ R2) is non-convex.
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Proof. Consider two tilt shift phase masks, M1(x) = ax and M2(x) = −ax, with respect to

a coordinate x with non-zero a. The corresponding averaged PSF is 1
2
δ(a) + 1

2
δ(−a), where δ

denotes a Dirac delta function. To realize this PSF with a single phase mask we would need the

field at the aperture to satisfy

|F(E)|2 = 1

2
δ(a) +

1

2
δ(−a). (3.1)

This implies

E(x) =
1√
2
e−iaxeiγ1 +

1√
2
eiaxeiγ2 , (3.2)

=
2√
2
ei

γ1+γ2
2 cos

(
ax+

γ1 − γ2
2

)
(3.3)

for some γ1, γ2 ∈ R. E(x)’s amplitude varies according to a cosine and thus cannot be realized

by a phase-only mask.

We now demonstrate the non-convexity claim holds for finite apertures on a discrete grid.

Definition 3.2.1. A ∈ {0, 1}N×N is some valid aperture with a non-zero region S such that there

exists lines L1 and L2 where S can be contained between them, and L1 ∥ L2 and u = S ∩L1 and

v = S ∩ L2 are single points (Figure 3.2).

This definition of A supports most commonly used apertures including but not limited to

circles, squares, and n-sided regular polygons. See supplement for proof for all shapes.

Definition 3.2.2. Let TA(N) be the set of N ×N matrices in TN×N with non-zero support A,

i.e. the matrix is supported only where A = 1, where T is the complex unit circle.

11



The PSF induced by a phase mask M can be modeled as the squared magnitude of the

Fourier transform of the pupil function f [6].

Definition 3.2.3. Let f : RN×N → TA(N) be defined by

f(M) = A⊙ exp(iD + icM) (3.4)

where ⊙ denotes entry-wise multiplication, and D ∈ RN×N and c ∈ R − {0} (the reals except

for 0) are fixed constants.

Definition 3.2.4. Let g : TA(N) → RN×N be defined by

g(X) =
|F(X)| ⊙ |F(X)|

∥F(X)∥2F
(3.5)

where F denotes the discrete Fourier Transform with sufficient zero-padding, | · | denotes entry-

wise absolute value, and ∥ · ∥F denotes the Frobenius norm.

Lemma 3.2.2. From fourier optics theory [5], any single phase mask’s PSF at a specific depth

can be written as

PSF = g ◦ f.

Theorem 3.2.3. The range of PSF is not a convex set.

Proof. f is clearly surjective, so it suffices to argue the range of g is not convex. Assume by way

of contradiction that the range of g is convex. Then, for all X(1), . . . , X(k) ∈ TA(N) there exists
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Figure 3.2: Example aperture that satisfies constraints on A. The aperture is fitted between
parallel lines L1 and L2, which only intersect the aperture at one point each. Common aperture
shapes fit into these constraints.

Y ∈ TA(N) such that g(Y ) = 1
k

∑k
i=1 g(X

(i)). By Parseval’s Theorem,

∥F(X)∥2F = N2∥X∥2F = N2

N∑
i=0

N∑
j=0

Ai,j (3.6)

so the condition is

|F(Y )| ⊙ |F(Y )| = 1

k

k∑
i=1

|F(X(i))| ⊙ |F(X(i))| (3.7)

or equivalently

F(Y )⊙F(Y ) =
1

k

k∑
i=1

F(X(i))⊙F(X(i)). (3.8)

Then the cross-correlation theorem reduces it to

F(Y ⋆ Y ) =
1

k

k∑
i=1

F(X(i) ⋆ X(i)) (3.9)
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where ⋆ denotes cross-correlation. Because the Fourier Transform is linear we finally have

Y ⋆ Y =
1

k

k∑
i=1

X(i) ⋆ X(i). (3.10)

Therefore, the convexity of the range of g is equivalent to the convexity of the set {X ⋆X : X ∈

TA(N)}. We will show the set’s projection onto a particular coordinate is not convex.

(X ⋆ X)s,r =
N∑
i=0

N∑
j=0

Xi,jXi+s,j+r (3.11)

where we adopt the convention that Xs,r = 0 when s, r > N or s, r < 0. Take the points u and v

from the definition of A (3.2.1). Also observe that correlation can be represented geometrically

as shifting X over X . In this representation, notice that as the shift (s, r) approaches v − u, the

non-zero overlap between X and X shifted by (s, r) approaches 1 by construction. That is, when

L1 is shifted to overlap L2, u and v will be the only non-zero overlaps between the shifted and

original non-zero points (Figure 3.3). No other non-zero points can overlap above or below L2

by definition of S. Therefore, (X ⋆ X)v−u becomes

XuXv +
N2−1∑
i=1

0. (3.12)

Because XuXv ∈ T, (X ⋆ X)v−u ∈ T which is a non-convex set. Therefore, the set of corre-

lation’s of values on the complex unit circle masked by A is also not convex, and so is PSF .

Time-averaged PSFs span the convex hull of the set of static-mask PSFs, meaning there
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Figure 3.3: Geometric interpretation of correlation (X ⋆X)v−u. The figure represents the
correlation step when the shift is v−u. Notice that only u and v overlap once the shift is applied.

Figure 3.4: Multi-phase mask forward model overview. A sequence of phase masks are used
to generate a sequence of depth-dependent PSFs. These PSFs are convolved with depth masked
clean images to simulate depth dependent convolution. The images produced by each phase mask
are averaged to create a coded image which is fed into an attention U-Net. The reconstruction loss
is back-propagated end-to-end through the network and the optical model to design phase masks
and algorithms capable of performing monocular depth estimation and extended depth-of-field
simultaneously.

exists some PSFs achievable only through intensity averaging PSFs from a sequence of phase

masks.
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3.3 Multi-Phase Mask Optimization

3.3.1 Optical Forward Model

Similar to PhaseCam3D [6], we model light propagation using Fourier optics theory [5].

In contrast to previous work, we compute the forward model (2.7) for multiple phase masks,

producing a stack of output images, which form our coded image when averaged. This coded

image simulates the recorded signal from imaging a scene using a sequence of phase masks in a

single exposure (Figure 3.4).

3.3.2 Specialized Networks

For the monocular depth estimation task, we use the MiDaS Small network [14]. This

is a well known convolutional monocular depth estimation network designed to take in natural

images and output relative depth maps. The network is trained end-to-end with the phase masks.

A mean-squared error (MSE) loss term is defined in terms of the depth reconstruction prediction,

D̂ and the ground truth depth map D,

LDepth =
1

N
∥D − D̂∥22 (3.13)

where N is the number of pixels. This process allows for the simultaneous optimization of the

phase masks as well as fine tuning MiDaS to reconstruct from our coded images.

For the extended depth-of-field task, we use an Attention U-Net [54] to reconstruct all-

in-focus images. The network is optimized jointly with the phase mask sequence. To learn a
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reconstruction Î to be similar to the all-in-focus ground truth image I , we define the loss term

using MSE error

LAiF =
1

N
∥I − Î∥22 (3.14)

where N is the number of pixels.

3.3.3 Joint Task Optimization

We also present an alternative to the specialized networks: a single network jointly trained

for monocular depth estimation and extended depth-of-field using a sequence of phase masks.

This network has a basic Attention U-Net architecture outputting 4 channels representing depth

maps as well as all-in-focus images. Similar to prior works, we use a combined loss function,

adding a coefficient to weight the losses for each individual task:

Ltotal = λDepthLDepth + λAiFLAiF . (3.15)

3.4 Experimental Details

3.4.1 Training Details

We use the FlyingThings3D from Scene Flow Datasets [55], which uses synthetic data

generation to obtain all-in-focus RGB images and disparity maps. We use the cropped 278× 278

all-in-focus images from [6]. In total, we use 5077 training patches and 419 test patches.

Both the optical layer and reconstruction networks are differentiable, so the phase mask
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sequence and neural network can be optimized through back-propagation. Each part is imple-

mented in PyTorch. During training, we use the Adam [56] optimizer with parameters β1 = 0.99

and β2 = 0.999. The learning rate for the phase masks is 10−8 and for the reconstruction network

it is 10−4, and the batch size was 32. Finally, training and testing were performed on NVIDIA

Quadro P6000 GPUs.

We parameterize 23×23 phase masks pixel-wise as [28] found pixel-wise parameterization

to produce the best overall performance. The monocular depth estimation task uses the MiDaS

Small architecture pretrained weights for monocular depth estimation downloadable from Py-

Torch [14]. The extended depth-of-field task pretrains an Attention U-Net with a fixed Fresnel

lens for 300 epochs. For the joint task, we set λDepth = λAiF = 1 to balance overall performance,

and we pretrain the Attention U-Net for 300 epochs with a fixed Fresnel lens. In simulation, the

red, blue, and green channels are approximated by discretized wavelengths, 610 nm, 530 nm,

and 470 nm respectively. Additionally, the depth range is discretized into 21 bins on the interval

[−20, 20], which is larger than previous works.

3.4.2 Evaluation Details

For ablation studies on our method, we used the testing split of the FlyingThings3D set for

both monocular depth estimation and extended depth-of-field imaging [55]. For comparisons to

existing work, we also tested our monocular depth estimation network on the labeled NYU Depth

v2 set [57]. The ground truth depth maps were translated to layered masks for the clean images

by bucketing the depth values into 21 bins, allowing us to convolve each depth in an image with

the required PSF. We use root mean squared error (RMSE) between ground truth and estimated
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depth maps for depth estimation and RMSE between ground truth and reconstructed all-in-focus

images for extended depth-of-field imaging. We also use peak signal-to-noise ratio (PSNR) and

structural similarity index [58] (SSIM) for extended depth-of-field imaging.

3.5 Results

We compare our time averaged dynamic PSF method to the state-of-the-art methods for

both extended depth-of-field imaging and monocular depth estimation. The relevant works we

compare to are as follows:

1. PhaseCam3D [6] used a 23 × 23 phase mask based on 55 Zernike coefficients. The phase

mask parameters were then end-to-end optimized with a U-Net reconstruction network to

perform depth estimation.

2. Chang et al. [29] used a singlet lens introducing chromatic aberrations with radially sym-

metric PSFs. Similar to [6], the lens parameters were also then end-to-end optimized.

3. Ikoma et al. [7] used a radially symmetric diffractive optical element (DOE). The blurred

image was preconditioned with an approximate inverse of the PSF depth dependent blur.

The RGB image stack was fed into a U-Net to produce both an all-in-focus image and a

depth map. The DOE and U-Net parameters were optimized in an end-to-end fashion.

4. Liu et al. [28] used various phase mask parameterizations with the same U-Net architecture

as [7]. One method used pixel-wise height maps (PW) and the other introduced orbital

angular momentum (OAM).

5. Sitzmann et al. [27] implements a single DOE based on Zernike coefficients, and solves
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Method FlyingThings3D NYUv2
PhaseCam3D [6] 0.521 0.382
Chang et al. [29] 0.490 0.433
Ikoma et al. [7] 0.184 -
MiDaS [14] - 0.357
ZoeDepth [59] - 0.277
TiDy (1) 0.026 0.259
TiDy (5) 0.019 0.175

Table 3.1: RMSE comparison of monocular depth estimation methods. We present quan-
titative results on two datasets to compare to state of the art optical and single shot monocular
depth estimation methods. Our method performs best with our 5 phase mask system achieving
the lowest error on both datasets.

the Tikhonov-regularized least-squares problem to reconstruct an all-in-focus image.

6. MiDaS [14] and ZoeDepth [59] are state of the art single shot monocular depth estimation

methods with all-in-focus images as inputs.

Because both [7] and [28] simultaneously learn all-in-focus images and depth maps, when com-

paring against our specialized methods, we take their best performing weighting of each task.

Individual Tasks. For monocular depth estimation, our specialized method using a sequence of

5 phase masks trained for 300 epochs outperforms prior work on FlyingThings3D (Table 3.1).

Additionally, our approach performs significantly better and achieves lower error than previous

methods on NYUv2 without any additional fine tuning. For extended depth-of-field, our spe-

cialized method using a sequence of 5 phase masks outperforms prior work on FlyingThings3D

(Table 3.2). This demonstrates the benefit of multi-phase mask learning on computational imag-

ing tasks.
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Method RMSE↓ PSNR↑ SSIM↑
Liu et al. [28] - 29.80 -
Ikoma et al. [7] 0.1327 31.88 0.905
Sitzmann et al. [27] - 32.44 -
TiDy (1) 0.0148 37.33 0.968
TiDy (5) 0.0092 41.11 0.989

Table 3.2: Comparison of extended depth-of-field imaging methods. We present quantitative
results on FlyingThings3D to compare to state-of-the-art. Our method performs best with our 5
phase mask system achieving the best PSNR.

All-in-focus Depth
Method PSNR↑ RMSE↓
Ikoma et al. [7] 31.88 0.191
Liu et al. [28] - PW 29.80 0.056
Liu et al. [28] - OAMt 25.86 0.053
TiDy (1) 31.20 0.052
TiDy (5) 34.79 0.034

Table 3.3: Comparison of multi-objective optimization of extended depth-of-field imaging
and depth estimation methods. We compare quantitative results on FlyingThings3D to the
state-of-the-art. Our method performs best with our 5 phase mask system achieving the best
balance between objectives.

Multi-Objective Optimization. We also evaluate our method against other joint all-in-focus and

depth map learning approaches. This problem is challenging because good depth cues to produce

depth maps is antithetical to producing an all-in-focus image. Our combined 5 phase mask trained

for 300 epochs approach outperforms prior jointly trained approaches (Table 3.3).

3.6 Ablation Studies

3.6.1 Effect of Phase Mask Sequence Length

For both all-in-focus imaging and depth estimation, we vary the phase mask count that

the end-to-end system is trained with to gauge the benefits of using multiple phase masks. The
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Figure 3.5: RMSE for specialized tasks for each phase mask sequence length. RMSE decreases
with respect to phase mask sequence length for both specialized extended depth-of-field imaging
and monocular depth estimation tasks. 0 phase masks refers to a reconstruction neural network
with a fixed Fresnel lens.

forward model and initial phase masks were held standard while the phase mask count was var-

ied. The resulting networks were evaluated at convergence. For the extended depth-of-field task,

the masks were all initialized with random noise uniform from 0 to 1.2 × 10−6. For the depth

estimation task, the masks were initialized with the Fisher mask with added Gaussian noise pa-

rameterized by a 5.35× 10−7 mean and 3.05× 10−7 standard deviation.

End-to-end optimization on each task with a specialized network yielded improved per-

formance as the phase mask count increased, visualized in Figure 3.5. This result implies that

sequences of phase masks are successful in making the PSF space more expressive. Additionally,

even for the more complex joint task, learning a system that can produce both all-in-focus images

and depth maps, error decreases with phase mask count until a plateau is reached (Figure 3.6).

3.6.2 All-in-Focus without Reconstruction Networks

A phase mask generating a PSF of the unit impulse function at every depth would be ideal

for extended depth-of-field as each depth would be in focus. If possible, this phase mask would
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Figure 3.6: RMSE for joint optimization of monocular depth estimation and extended
depth-of-field imaging for each phase mask sequence length. RMSE decreases with respect
to phase mask sequence length for this complex joint task, demonstrating the benefit of multi-
phase mask learning. 0 phase masks refers to a reconstruction neural network with a fixed Fresnel
lens.

not require any digital processing. We optimize phase mask sequences of varying lengths to pro-

duce an averaged PSF close to the unit impulse function for all depths. For each sequence length,

phase masks are optimized using MSE loss between the unit impulse function and the averaged

PSF at each depth until convergence. We ran 1000 trials of random phase mask initialization for

each length. Observe that a side-effect of longer phase masks is training stability. The range of

RMSE between the simulated capture image and ground truth all-in-focus image decreases as the

sequence length increases (Figure 3.7). This indicates training longer sequences is more resilient

to initialization.

3.6.3 Phase Mask Initialization for Depth Perception

Deep optics for depth perception can be very dependent on the initialization of optical pa-

rameters before training [6]. To find the extent of the effect of mask initialization on performance,

we varied the the initial phase masks while keeping number of masks, the optical model, and du-

ration of training fixed. We trained for 200 epochs. We tested four initializations of sequences
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Figure 3.7: All-in-focus imaging RMSE distribution for each phase mask length without a
reconstruction network. The best RMSE for each phase mask count has low correlation with
respect to phase mask sequence length, but the variance of RMSE decreases.

Initialization RMSE↓
1 Fisher + All noise 0.0329
1 Fisher + Fisher w/ Noise 0.0271
All noise 0.0254
3 Fisher + Fisher w/ Noise 0.0207

Table 3.4: Quantitative evaluation of phase mask initializations. Four sequence initializations
are evaluated on the monocular depth estimation task. Ultimately, 3 Fisher masks and 2 noisy
Fisher masks have the best performance after training.

of 5 phase masks as shown in Figure 3.8. The first was uniformly distributed noise from 0 to

1.2 × 10−6. The second was the first mask in the sequence set to a Fisher mask while the rest

are uniform noise. The third is setting each mask to a rotation of the Fisher mask and adding

Gaussian noise parameterized by a 5.35 × 10−7 mean and 3.05 × 10−7 standard deviation to 4

masks. Lastly, we set each mask to a rotation of the Fisher mask and added noise to only the last

two masks in the sequence. Of the four initializations, it is clear that the 3 Fisher masks and 2

Fisher masks with noise performed the best (Table 3.4).
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Figure 3.8: Visualization of phase mask initializations. Each row represents a different initial
phase mask sequence.

3.6.4 Modeling SLM Imperfections

State Switching. Our optical forward model assumes an SLM can swap between two phase

patterns instantly. In practice, however, some light will be captured during the intermediate states

between phase patterns. These phase patterns, in the worst case, could be random phase patterns,

effectively adding noise to our coded images. We model these intermediate states by averaging

output images produced by phase masks and the randomized phase patterns weighted by the time

that they are displayed for. We model the total exposure time as 100ms, with various durations of

switching times from 1 to 16ms per swap. We evaluate our joint optimized network on these new,

more noisy, coded images without any additional training (Figure 3.12). Observe that because the

5 phase mask system includes more swaps, performance degrades faster than fewer phase mask

systems. However, for short switching times, 5 phase masks still outperform the others without

needing any fine tuning.

Quantization. Current high-speed MEMS based SLM technology experience heavy quantization
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Figure 3.9: Qualitative results of a specialized network on extended depth-of-field imaging.
Both 1 and 5 phase mask systems are evaluated on FlyingThings3D. Error is computed pixel
wise between the ground truth all-in-focus image and the reconstructed output and is boosted by
a factor of 3. Notice that the 5 phase mask system introduces minimal error.

[53]. We model the effects of quantization error by adding varying amounts of noise during in-

ference. As demonstrated in Figure 3.13, time-averaged PSFs are robust to quantization noise: 5

masks quantized to 4-bits outperform one mask quantized to 32-bits. This is intuitive as multiple

masks can leverage averaging to achieve better precision and remove noise [35].

3.6.5 A Path Towards Better Single-Mask Designs

The performance of end-to-end designed phase masks is highly sensitive to how they are

initialized [6]. Can we use our 5-mask design to provide a better initialization for a 1-mask
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Figure 3.10: Qualitative results of a specialized networks on monocular depth estimation.
Performance using the five phase mask method outperforms one phase mask on both datasets.

design?

Starting from random initializations, we optimized 200 single phase masks to minimize

the mean squared error between each of their PSFs and the time-averaged PSF formed by our

optimized 5-mask system. We then took the single mask whose PSF was closest to the 5-mask

design and fine-tuned our reconstruction network using its PSF. This static design improved per-

formance over a randomly initialized end-to-end trained 1-mask system; +2.67 PSNR for all-

in-focus imaging and −0.003 RMSE for depth estimation. However, its performance was still

strictly worse than a 5-mask system.
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Figure 3.11: Qualitative results of a joint optimized system for extended depth-of-field imag-
ining and monocular depth estimation. Both one and five phase mask networks are evaluated
on the FlyingThings3D datasets. Notice that five masks has fewer artifacts than a single mask.

3.6.6 Modulating Amplitude and Phase

As illustrated in our proof of Theorem 3.2.1, “complex” masks which modulate both am-

plitude and phase are more expressive than phase-only masks. Using end-to-end learning, we

optimized a pixel wise complex mask (initialized with a random phase mask and all ones am-

plitude mask) on the joint depth estimation and all-in-focus imaging task. The complex mask

offered substationally improved performance; +2.49 PSNR for all-in-focus imaging and −0.015

RMSE for depth estimation. However, its performance too was still strictly worse than a 5-mask

system. We conjecture this is due to improved training stability of the 5-mask system.
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Figure 3.12: Effect of switching time on joint system performance. Reconstruction error
across phase mask counts as a function of switching time with 100ms overall exposure. Per-
formance of the jointly optimized system degrades as the switching time between phase masks
increases, as expected. Our system still performs well when the time spent switching is less than
25% of the overall exposure.

3.6.7 Time Averaging Compared to Multi-Shot Sequences

Our optical model images a static scene through multiple phase masks which we switch

between over the course of single exposure (Figure 3.14a). A natural question, then, is why limit

ourselves to a single exposure. Why not capture a burst of images, each with a different phase

mask (Figure 3.14b)?

While it is true that superimposing the outputs of multiple PSFs creates challenges in dis-

ambiguating outputs from phase masks, it also offers several benefits. First, because we only

capture a single frame, our system uses less memory due to less I/O required. Second, imaging in

a single exposure is more light efficient. Over a fixed time interval, a single exposure allows you

to capture the entirety of the light from the scene. Multi-shot, alternatively, would miss photons

during readout between shots.
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Figure 3.13: Effect of quantization on joint system performance. Performance of the jointly
optimized system degrades as the number of effective bits decrease; however, even under heavy
quantization, our system outperforms single mask setups.

3.7 Limitations

While we were successful in learning dynamic phase masks to improve state-of-the-art

performance on imaging tasks, our method carries some limitations. First, our optical model

assumes perfect switching between phase masks during training. While evaluation with non-zero

switching times showed little degradation of performance, accounting for state switching while

training could produce phase masks that are more performant. Our optical model also simulates

depths as layered masks over an image, which does not account for blending at depth boundaries.

Additionally, our method assumes that scenes are static for the duration of a single exposure.

Lastly, though their prices are falling, SLMs are still quite expensive and bulky.
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(a) Time averaging phase masks (b) Multi-shot phase masks

Figure 3.14: Time averaging and multi-shot optical systems. Observe that multi-shot systems
capture multiple coded images, while time averaging only captures one. This means our system
is more light and memory efficient.

3.8 Conclusion

This work is founded upon the insight that the set of PSFs that can be described by a

single phase mask is non-convex and that, as a result, time-averaged PSFs are fundamentally

more expressive. We demonstrate that one can learn a sequence of phase masks that, when one

dynamically switches among them over time, can substantially improve computational imaging

performance across a range of tasks, including depth estimation and all-in-focus imaging. Our

work unlocks an exciting new direction for PSF engineering and computational imaging system

design.
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Chapter 4: Optical Design for Event Cameras

Figure 4.1: CodedEvent Tracking. Left: example recovered trajectory using designed optics
for an event camera. Right: top row, optimal phase mask design and PSFs for a CMOS sensor,
bottom row, our optimal phase mask design and PSFs for an event sensor.

Point-spread-function (PSF) engineering is a well-established computational imaging tech-

nique that uses phase masks and other optical elements to embed extra information (e.g., depth)

into the images captured by conventional CMOS image sensors. To date, however, PSF-engineering

has not been applied to neuromorphic event cameras; a powerful new image sensing technology

that responds to changes in the log-intensity of light. This chapter establishes theoretical limits

(Cramér Rao bounds) on 3D point localization and tracking with PSF-engineered event cam-

eras. Using these bounds, we first demonstrate that existing Fisher phase masks are already

near-optimal for localizing static flashing point sources (e.g., blinking fluorescent molecules).

We then demonstrate that existing designs are sub-optimal for tracking moving point sources and

proceed to use our theory to design optimal phase masks and binary amplitude masks for this

task. To overcome the non-convexity of the design problem, we leverage novel implicit neural
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representation based parameterizations of the phase and amplitude masks. We demonstrate the

efficacy of our designs through extensive simulations. We also validate our method with a simple

prototype.

4.1 Introduction

Single-molecule localization microscopy (SMLM) is a vital tool for resolving nano-scale

structures with applications in analysis of protein clusters [60], cell dynamics [61], and electro-

magnetic effects [62]. Traditional SMLM experiments are limited by the slow capturing process

of frame-based CMOS sensors, preventing use in capturing high-speed, dynamic interactions.

Recently, [63] showed event cameras are key to enabling high-speed 2D SMLM.

In contrast to traditional CMOS cameras, event cameras are an emerging class of bio-

inspired neuromorphic sensors that operate with a high temporal resolution on the order of µs.

These sensors are comprised of an asynchronous pixel array, where each pixel records an event

when the log intensity change exceeds a set threshold. In addition to having kilohertz time reso-

lution, these sensors are low-power, resistant to constant background noise, and can operate over

a high dynamic range [64]. Already, these sensors have proven useful in a range of applications

including object tracking [65, 66], gesture recognition [67, 68], and robotics [69, 70].

Just as PSF-engineering allows one to extract additional information using conventional

CMOS sensors [23], we believe that event-camera-specific PSF engineering will be the key to

enabling high-speed 3D SMLM with event cameras. Unfortunately, existing PSF design theory

is not equipped for the event space. In this work, we bridge this gap by developing Cramér Rao

Bounds on 3D position estimation for event camera measurements. Leveraging these bounds,

33



we subsequently develop a novel implicit neural representation for optical elements to design

components with improved 3D particle localization capabilities.

Specifically, our principal contributions are as follows:

• We derive the Fisher Information and Cramér Rao Bounds for event camera measurements

parameterized by 3D spatial positions.

• We develop novel implicit neural representations for learning both amplitude and phase

masks.

• We identify new phase and amplitude designs for optimally encoding 3D information with

event cameras.

• We demonstrate in simulation that our designs outperform existing methods at 3D particle

tracking.

4.2 Related Microscopy Tracking Work

Originally, single-particle localization was limited to 2D dimensions, where only the x, y

coordinates of an emitter are recovered [71]. Similar to works on depth from defocus, the depth

of an emitter can be recovered from 2D measurements by considering a microscope’s PSF. A

standard microscope typically has a PSF resembling the circular Airy pattern; however, because

it spreads out quickly its depth resolving range is limited. A few engineered PSFs—such as the

double-helix PSF [22]—have since been proposed to improve the imaging range. In particular,

Shechtman et al. finds the optimally informative PSF (dubbed the Fisher PSF) for a CMOS

sensor to localize the 3D position of a single emitter [23]. A few other techniques for resolving
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the 3D location of particles have been proposed such as light-field-microscopy [72] and lensless

imaging [73].

Unfortunately, these techniques are limited by the sub-kilohertz readout of conventional

CMOS sensors. This hinders their use in imaging fast, dynamic processes such as blood flow

[74] and voltage signals [75]. A few ultrafast imaging methods have also been proposed [76, 77,

78, 79] but require high-power illumination which can be phototoxic to certain organic samples.

Recently, event cameras have been proposed as an alternative to CMOS sensors for 2D SMLM

[63]. Another work proposes extending light-field-microscopy to event cameras to resolve 3D

position but requires complex optical setups and sacrifices spatial resolution [80]. By designing

optics to encode depth information into event streams, we can enable high-speed 3D SMLM.

4.3 Theory

4.3.1 Event Camera Simulation

Event cameras trigger events with respect to the log of photocurrent L = log(Iblurry) [64]

where a pixel’s photocurrent is linearly related to the wave intensity at that pixel. Specifically,

an event is triggered when the absolute difference between the current intensity at t + τ and the

reference intensity from t, ∆L(u, v) = Lt+τ (u, v)− Lt(u, v), is greater than some threshold T .

Ot(u, v) =



+1 ∆L(u, v) > T

−1 ∆L(u, v) < −T

none otherwise

(4.1)
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Figure 4.2: Binning events approximates the log difference as the number of accumulated
frames increases. Consider a point source moving from the blue location to the red location
at depth plane 1µm over a fixed time interval in the first image. The second image illustrates
the direct access to the difference in (4.2), while the subsequent images demonstrate the effect
of accumulating N event frames across the time interval. Observe how large N nearly recovers
∆L, demonstrating the validity of the approximation.

In isolation, each event contains little information; however, a sequence of events can be highly

informative [81, 82, 83]. Notably the inceptive event time-surfaces representation suggests the

trailing events that occur after the first event correspond to the log-intensity change [84]. There-

fore, by binning events over time, one can approximately recover the change in log intensity ∆L.

Visuallly, we show the accumulated event frame approaches ∆L as the number of intermediate

frames accumulated increases in Figure 4.2. We prove this approximation is at most off by 1 for

an idealized event camera in Section 4.9 of the supplement. Therefore, our event measurement

(4.1) can be simplified as,

Ot = log (It)− log (It−τ ) . (4.2)

4.3.2 Information

In the field of statistical information theory, the Fisher Information (FI) reports the amount

of information gained about the parameters of a distribution, given a measurement. As such,

we can use FI to express the effectiveness of PSFs at encoding depth information. The multi-

parameter FI is represented as an N ×N matrix where the i, j entry is defined as the variance of
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the score:

I(θ)i,j = E
[(

∂

∂θi
log f(X; θ)

)(
∂

∂θj
log f(X; θ)

)
| θ
]

(4.3)

where θ is the set of parameters, θi is the ith parameter, and f(X; θ) is a probability density

function for the distribution observation X is drawn from.

For traditional CMOS sensors, FI has been used to compare coded apertures and phase

masks for a wide range of tasks such as depth estimation [85], hyper-spectral imaging [30], and

detecting linear structures [40]. Those works have shown that the intrinsic photon shot noise in

Ib can be modeled as a Poisson random variable with mean λ = h(x, y, z). We derive the FI

matrix for an event sensor.

Flashing light. As a warm-up, consider the SMLM technique for event cameras presented in

[63], which assumes a blinking labeling model similar to STORM (stochastic optical reconstruc-

tion microscopy) [86], PALM (photoactivated localization microscopy) [87] and DNA-PAINT

(DNA point accumulation for imaging in nano-scale topography) [88]. With this idealized model

of an event camera, log It−τ = 0, so (4.2) reduces to

Ot = log It. (4.4)

By applying ex to the measurement, we can indirectly measure It. Moreover, by applying stan-

dard results for FI of a Poisson distribution [89, 90], we can write the FI matrix for an event
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camera capturing a blinking particle as:

I(θ)i,j =
N∑
n

1

h(n) + β

(
∂h(n)

∂θi

)(
∂hz(n)

∂θj

)
(4.5)

where N is the number of pixels, h(n) is the PSF intensity at pixel n, β is background noise, and

θ = {x, y, z} corresponds to the 3D location of a point source. Notice that this is the same result

as in [85], suggesting that — in the context of blinking particles — the Fisher mask found in [23]

for a traditional CMOS camera is also optimal for an event-based sensor.

Generalization. We now derive the positional information content for any event measurement.

Rewriting (4.2) with logarithmic rules, we obtain,

Ot = log
It
It−τ

. (4.6)

The inner expression is drawn from the ratio of Poisson random variables with means λt and

λt−τ . This can be approximated as a single Normal distribution [91]:

It
It−τ

∼ N
(

λt

λt−τ

,
λt

λ2
t−τ

+
λ2
t

λ3
t−τ

)
. (4.7)

Similar to the flashing light example, we can exponentiate the measurement to recover this ratio.

Using the symbolic mathematics solver SymPy [92], we evaluate the expectation in (4.5) with
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θ = {xt, yt, zt, xt−τ , yt−τ , zt−τ} and f(X; θ) as the PDF of the normal distribution, yielding

I(θ) =
N∑
n

DTD
2 (µ+ ν)2

⊙



a a a b b b

a a a b b b

a a a b b b

b b b c c c

b b b c c c

b b b c c c



(4.8)

where

µ = λt−τ = h(xt−τ , yt−τ , zt−τ ) + β (4.9)

ν = λt = h(xt, yt, zt) + β (4.10)

µi =
∂

∂θi
µ (4.11)

νi =
∂

∂θi
ν (4.12)

D =

[
µx/µ µy/µ µz/µ νx/ν νy/ν νz/ν

]
(4.13)

a = 2µ2ν + 4µ2 + 2µν2 + 12µν + 9ν2 (4.14)

b = −
(
2µ2ν + 2µ2 + 2µν2 + 7µν + 6ν2

)
(4.15)

c = 2µ2ν + µ2 + 2µν2 + 4µν + 4ν2 (4.16)
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(a) Optical component optimization.

(b) Coded event 3D tracking.

Figure 4.3: System overview. (a) An MLP produces a phase or amplitude mask based on a grid
of x, y coordinates. The weights are updated through back-propagation of the CRB computed
with Brownian Motion. (b) In simulation, coded events are generated by first rendering high-
frame-rate coded CMOS frames and converting them to event frames. These measurements are
passed to a 3D-tracking algorithm.

4.4 Method

4.4.1 Objective Function

Similar to existing work on 3D tracking for CMOS sensors, we can leverage the FI matrix

to optimize optical parameters that efficiently encode depth information [23, 6]. Specifically,

we compute the Cramér Rao Bound (CRB), which provides a fundamental bound on how accu-

rately parameters can be estimated given a measurement. If T (X) is the unbiased estimator for

parameters θ, then the CRB is

CRBi ≡
[
I(θ)−1

]
i
≤ covθ (T (X))i . (4.17)
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Then, the objective function we wish to minimize is

LCRB =
∑
z∈Z

∑
i∈θ

√
[I(θ)−1]i,i (4.18)

where Z is a set of depth planes.

4.4.2 Optical Parameter Representation

PSF manipulation is typically achieved through designed optical elements such as phase

and amplitude masks. In general, phase masks are preferred over binary amplitude masks for

their photon efficiency and continuous parametric representation, allowing for optimization via

standard gradient descent methods. Inspired by [42], we demonstrate that implicit neural rep-

resentations can model phase masks in such a way that results in more stable optimization and

better-optimized mask designs. We use an architecture similar to the sinusoidal representation

network (SIREN) presented in [93] to predict the phase delay caused by the mask at each lo-

cation (u, v). Input data in R2 is processed by a four-layer multi-layer perceptron (MLP) with

hidden feature size 128, and sin activation. We refer to this method as Neural Phase Mask (NPM).

Phase masks offer many degrees of freedom and excellent light throughput, but can be

relatively expensive to manufacture and are only effective for some frequencies. Meanwhile

binary amplitude masks are cheap to manufacture (such as with consumer-grade 3D printers) and

can operate across all frequencies (including x-ray), but offer fewer degrees of freedom.

Historically, methods for designing optimal binary apertures have been fundamentally lim-

ited due to the lack of optimization techniques for discrete binary parameters. As a result, prior

works [4, 94, 95] walk over a restricted search space, leaving ample room for improvement. To
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solve this issue, we propose a novel implicit neural representation for binary amplitude masks.

We use an MLP to predict the percent of photons blocked at each mask location (u, v). The input

in R2 is processed by a four-layer MLP with hidden feature size 128 and SoftPlus [96] activa-

tion. The output to the network is passed through a sigmoid. We refer to this method as Neural

Amplitude Mask (NAM).

4.5 Experimental Details

PSFs are simulated for a microscope imaging system with NA= 1.4, index of refraction

n = 1.518, wavelength λ = 550nm, magnification M = 111.11, 4f lens focal length f = 150mm,

pixel pitch of 49.58µm, and resolution of 256×256. Each phase and amplitude mask is optimized

using LCRB for 10,000 epochs. Because particle motion influences FI, we leverage Monte Carlo

sampling while training to maximize information content for all motion directions. For each

epoch, we compute the total CRB for 3 random orthogonal motions across 11 depth planes. We

use the Adam [97] optimizer with parameters β1 = 0.99, β2 = 0.999, and a learning rate of 10−3.

Training and testing were conducted on NVIDIA RTX A5000 GPUs.

To validate our design’s ability to track point sources, we train a Convolutional Neural

Network (CNN) to map binned event frames to 3D locations. Events are accumulated over 16

refresh cycles to produce an accumulated event frame. These 256×256 single-channel images are

processed by a CNN with 5 convolutional blocks and a linear output head. Each block is followed

by batch normalization, ELU activation [98], and max pooling. The output is a normalized length

3 vector representing the position of the particle at a given time step. The CNN is trained on

3 Brownian motion trajectories. Each trajectory is sampled at 16,000 time steps. A ‘coded’
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Figure 4.4: Visualization of non-event camera-specific optical components. Each component
is placed in the same plane as a 150mm focal length lens.

CMOS video frame is simulated by blurring a 300nm emitter with the optical component’s PSF

for the location and adding Gaussian noise (to simulate other noise sources such as thermal).

Next, we generate a ‘coded-event-stream’ from the high-speed video using standard event camera

simulator methods by tracking the per-pixel reference signal [99]. Finally, we bin every 16 frames

to produce a 1000-frame ‘coded-event-video’. The particle location at the end of the 16-frame bin

is considered the ground truth position. We supplement this training with 2000 random starting

positions and corresponding motion vectors. Each motion is scaled to have magnitude drawn

from N (100nm, 20nm). For each position-motion pair, we generate a 16 frame ‘coded’ CMOS

video to accumulate into a ‘coded-event-frame’. The CNN is trained for 100 epochs with the

Adam optimizer.

We also manufacture a lab prototype to the demonstrate practical benefits of coded aper-

tures for event cameras (see Section S1 in the supplementary materials for details).

4.6 Results

Because designed optics for event cameras is an emerging field, we compare our optimized

phase and amplitude mask designs to components designed for traditional CMOS sensors: open

aperture/Fresnel lens, Fisher phase mask [23] and Levin et al.’s amplitude mask [4] (Figure 4.4).
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Component CRB (nm) ↓
Open Aperture 80.8

Amplitude
Levin et al. 263.3

NAM (Ours) 50.5

Phase
Fisher 36.3

NPM (Ours) 33.1

Table 4.1: Average CRB for each optical component across a 3µm depth range for all 6 position
parameters. Phase masks outperform amplitude masks due to higher light efficiency, and our
neural-designed phase mask is best.

4.6.1 Cramér Rao Bound

We simulate Brownian motion by sampling 1000 unit direction vectors and independently

scaling them by a magnitude drawn from N (100nm, 20nm). The speed is relative to the event

camera refresh rate, with a 1000 accumulated-event-frame per second system, this motion sim-

ulates a range of biological processes such as molecular diffusion [100]. We then evaluate the

average CRB over the 1000 motions at 30 depth planes spaced evenly on a 3µm range around

the focal plane. For all 6 position parameters, we plot the CRB trend with respect to depth (Fig-

ure 4.5). Observe that each optical system performs worse as a point source moves away from

the focal plane as the defocus change decreases. Although an open-aperture lens is slightly better

around the focal plane, its bound increases at a higher rate than the other designs. We also re-

port the average CRB over all parameters and depth slices to demonstrate our neural-based phase

mask is best overall (Table 4.1).

4.6.2 3D Tracking

We validate our theoretical results in simulation by tracking a 3D moving emitter across

a 8µm × 8µm × 4µm volume. After training a CNN to decode 3D position from coded event
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Figure 4.5: 3D localization CRB with respect to depth. First row: particle’s x, y, z position at
time t − τ . Second row: particle’s x, y, z position at time t. Observe the bound increases as the
source drifts from the focal plane.

frames, we evaluate our network tracking performance on 5 sequences of Brownian motion, each

consisting of 1000 binned frames. Table 4.2 shows our event camera-specific optical designs

minimize 3D tracking error more than conventional designs. Additionally, our method is sub-

stantially better at depth plane recovery. Qualitative results in Figure 4.6 demonstrate that 3D

positions recovered using our designs more tightly fit ground-truth trajectories.

4.7 Ablation Studies

4.7.1 Optical Representations

Additionally, we compare 3D tracking results using two different amplitude mask repre-

sentations: pixel-wise and neural amplitude mask (Figure 4.7) and three different phase mask

representations: pixel-wise, Zernike basis, and neural phase mask (Figure 4.8). As shown in
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RMSE (nm) ↓ L1 (nm) ↓
Component 3D z

Open Aperture 617 936

Amplitude
Levin et al. 764 1036

NAM (Ours) 66.0 49.2

Phase
Fisher 52.6 44.2

NPM (Ours) 51.2 39.2

Table 4.2: Tracking accuracy comparison. We present quantitative results on 3D trajectory
recovery for known optical designs. Our event CRB loss function found the best-performing
design. Although only slightly improved in overall 3D tracking, our design noticeably improves
depth recovery.

Figure 4.6: Recovered 3D position over Brownian motion sequence with coded event frames.
Left: phase mask methods, right: amplitude mask methods. Observe trajectories reconstructed
from phase mask-coded events more closely align with ground-truth positions. Units in microns.
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Figure 4.7: Designed amplitude masks and corresponding PSFs. Top: pixel-wise representa-
tion. Bottom: implicit neural representation.

Representation CRB (nm) ↓

Amplitude
Pixel-Wise 65.5

NAM 50.5

Phase
Pixel-Wise 34.2

Zernike 34.8
NPM 33.1

Table 4.3: Average CRB of different optimized representations across a 3µm depth range.
Notice the neural representations outperform their pixel-wise counterparts.

Table 4.3, our implicit neural representation-based methods achieve a lower average error bound

than alternative representations, despite being two times smaller than pixel-wise representations

with respect to the number of parameters. As expected, phase mask results generally outperform

the amplitude mask results (Figure 4.9). However, our novel neural binary aperture makes op-

timizing amplitude masks more tractable. We observe that pixel-wise representations not only

yield difficult-to-manufacture apertures but also suboptimal performance. In terms of 3D track-

ing, the implicit neural representations produce a smaller error on average (Table 4.4) and more

accurately match sampled 3D trajectories (Figure 4.10).
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Figure 4.8: Designed phase masks and corresponding PSFs. Top: pixel-wise representation.
Middle: first 55 Zernike coefficients representation. Bottom: implicit neural representation.

Figure 4.9: Effect of optical parameterization on 3D localization CRB. First row: particle’s
x, y, z position at time t− τ . Second row: particle’s x, y, z position at time t. Our implicit neural
representations are particularly advantageous for amplitude masks.
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RMSE (nm) ↓ L1 (nm) ↓
Component 3D z

Amplitude
Pixel-Wise 120 103

NAM 66.0 49.2

Phase
Pixel-Wise 56.5 45.9

Zernike 51.3 50.2
Our NPM 51.2 39.2

Table 4.4: Effect of optimized mask parameterization on tracking accuracy. Average distance
between ground-truth Brownian motion and the recovered 3D position is minimized with our
neural-based designs.

Figure 4.10: Effect of optical representation on 3D trajectory recovery. Left: phase mask
methods, right: amplitude mask methods. Observe that neural representations produce tighter
reconstructions. Units in microns.
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4.7.2 Tracking Limits

In this section, we explore the limits of 3D tracking with variable external factors. For

each experiment, we compute the average CRB over 30 depth slices and 6 parameters for 3

orthogonal unit directions (x, y, and z). First, as the number of available photons increases, the

lower bound on 3D position estimation monotonically decreases (Figure 4.11). More available

photons equate to a higher signal-to-noise ratio. Additionally, this result helps explain why phase

masks outperform amplitude masks. Second, we show extremely slow-moving particles (less

than nanometers per refresh rate) experience a significantly higher CRB (Figure 4.12). Minimal

movement indicates smaller intensity changes and thus an event camera would trigger fewer

events. On the other side, as a particle moves faster, the number of events will decrease as there

is a non-zero delay between when an event camera can trigger sequential events. Our learned

phase mask is more robust to speed changes than an open aperture and our learned amplitude

mask. Third, when the percentage of photons due to background noise increases, the bound on

error also increases (Figure 4.13). We design our masks with 1% of captured photons attributable

to the background, but the learned designs are more resistant to degraded conditions than an open

aperture.

4.7.3 Accumulation Time

Cutting-edge event cameras offer 10kHz fresh rates; even with 16-frame accumulation, the

camera effectively operates at 625FPS — much faster than conventional CMOS sensors. We

also retrained our CNN-based tracking algorithm on ‘pure’ event frames with no accumulation.

Overall performance degraded: NPM by +45% RMSE and NAM by +54% RMSE. Alternative
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Figure 4.11: Flux effect on CRB. With more available photons, the signal-to-noise ratio in-
creases, so the 3D information content is more reliable, and the bound on 3D tracking error
decreases.

Figure 4.12: Speed effect on CRB. Too-slow moving particles trigger fewer events yielding a
worse CRB. Similarly, as a particle moves faster the delay between triggers leads to fewer events.

Figure 4.13: Background photon effect on CRB. As the percentage of photons hitting the sensor
due to background noise increases, CRB also increases. The impact is minimal in our method.
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architectures such as Spiking Neural Networks designed for sparse binary measurements may be

better suited for processing ‘pure’ events.

4.7.4 Particle Speed

We have shown CRB depends on particle speed; a natural question is does the optimal

design change with respect to speed. We optimize our neural phase mask using the CRB objective

function with fixed particle speeds—{50, 100, 500, 1000}nm per time step. Our learned designs

are shown in Figure 4.14. When a particle moves quickly relative to the binned interval, the

optimal design resembles the Fisher phase pattern found for traditional CMOS sensors.

One can explain this collapse to the original Fisher mask design as follows. As a particle

moves faster, the captured binned event frame looks more similar to the composition of a negative

PSF at the start location and a positive PSF at the end location (Figure 4.15). This suggests that

single-point event tracking mirrors two-point CMOS tracking.

4.8 Hardware Prototype

We performed a real-world experiment for tracking a point light source at meter scale using

a binary amplitude mask and a Prophessee EVK3 event camera. Specifically, we fabricated the

NAM mask at 20mm diameter scale on a Creality Ender 3 S1 Pro using 1.75mm PLA filament

(see Figure 4.16). Then, we captured an event dataset by moving a point source at discrete

depth planes ranging between 75cm and 125cm with and without our coded aperture. For all

measurements, the camera was focused at 100cm. We binned events in 1ms intervals to achieve

an effective frame rate of 1000 FPS and trained a CNN to estimate the event frame’s depth.
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Figure 4.14: Designed Phase Masks and corresponding PSFs for specific speeds. Each row
visualizes the neural phase mask designed for tracking particles moving at N nanometers per
time interval. Observe that the optimal design for ‘fast’ moving particles is the Fisher design.
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Figure 4.15: Event camera measurements of a moving particle with the Fisher mask. Mo-
tion is simulated over a fixed time interval with 100 event samples. Observe a ‘fast’ moving
particle produces an event frame with two copies of a regular PSF: a negative copy at the start
location, and a positive copy at the end location. Row 1: negative event count over the time
interval. Row 2: positive event count over the time interval. Row 3: the red channel visualizes
negative events and the blue channel visualizes positive events. The pink regions represent where
the events cancel in a binned measurement. Row 4: binned event frame pos − neg. Row 5: log-
intensity difference ∆L.
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Figure 4.16: Prototype. Top: The fabricated mask is placed at the aperture plane of an event
camera with a 50mm focal length lens. Bottom: Sample captured event frames for a point source.

Results in Figure 4.17 demonstrate improved tracking performance compared to an open aperture,

particularly at depths where the point source is defocused.

4.9 Log-Intensity Difference Approximation

In this section, we prove the log-intensity difference approximation we consider when de-

riving the Cramér Rao Bound is proportional to binned event frames.

Assume an idealized event camera model, where an event is triggered as soon as the log-

intensity change between the reference and the current intensity equals some threshold, T . Con-

sider producing a binned event frame for a time interval [tstart, tend]. For a single pixel, let the se-
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Figure 4.17: Real-world 3D tracking. Comparison between NAM and Open apertures for depth
estimation at 1000FPS. Error bars show the 90% interquartile range.

quence of events over this interval occur at times t1, t2, . . . tn and have polarities p1, p2, . . . , pn ∈

{−1, 1}. Let f(t) be the log-intensity at time t for the same pixel and be continuous over the

interval.

Lemma 4.9.1. The log-intensity difference, f(tend)− f(tstart), is proportional to the binned event

pixel value,
∑n

i=1 pi, with error |ϵ| < 1.

f(tend)− f(tstart) ∝ ϵ+
n∑

i=1

pi (4.19)

Proof. By assumption, the magnitude of the change corresponding to each event is T . Notice

that T pi is the log-intensity difference between the previous event time (the reference) and the

current event time.
n∑

i=1

pi =
1

T

n∑
i=1

f(ti)− f(ti−1) (4.20)
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The right-hand side is a telescoping sum,

n∑
i=1

f(ti)− f(ti−1) = f(tn)− f(t0). (4.21)

t0 = tstart because the first event must occur t1− t0 after the start of the interval. Then, the binned

event frame is
n∑

i=1

pi =
1

T
(f(tn)− f(tstart)) . (4.22)

Finally, |f(tn)− f(tend)| = |δ| < T because if the quantity exceeded the threshold, an additional

event would be triggered. Substitute tend for tn.

n∑
i=1

pi =
1

T
(f(tend)− f(tstart) + δ) (4.23)

=
1

T
(f(tend)− f(tstart)) + ϵ (4.24)

Thus, a binned event frame can be approximated as log-intensity difference divided by T with

error |ϵ| < 1.

As an event camera becomes more sensitive to change (T decreases), the approximation’s

percent error decreases because the magnitude of the binned event frame increases but the total

absolute error is fixed at most 1.

4.10 Limitations

While we were successful in designing optics to improve performance on 3D tracking with

event cameras, our method carries some limitations. First, although our binned event frames can
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be obtained at kHz refresh rates, they do not take full advantage of the asynchronous nature of

event cameras. Second, our bounds are for an idealized event camera model with no read-noise.

It would be impossible to outperform these bounds, but there might exist a tighter bound that

accounts for these hardware imperfections. Lastly, we only consider single-emitter images. With

multiple point sources, the resolving accuracy between single points may be more limited.

4.11 Conclusion

This work introduces PSF-engineering to neuromorphic event-based sensors. We first de-

rive information theoretical limits on 3D point localization and tracking. We demonstrate that

existing amplitude and phase mask designs are suboptimal for tracking moving emitters and de-

sign new optical elements for this task. Additionally, to overcome the non-convexity of this op-

timization problem, we introduce a novel implicit neural representation for optical components.

Finally, we validate the effectiveness of our designs in simulation and compare against state-of-

the-art mask designs. Our work unlocks not only highly performant optics for event cameras but

also the ability to design highly expressive elements for other sensors.
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Chapter 5: Concluding Remarks

5.1 Summary

While optics development has traditionally emphasized creating clear representations for

human comprehension, optical systems can also be engineered to encode additional data con-

sumption by computers. For instance, depth-dependent defocus patterns can be used to encode

high-quality depth information through object blurring. In scientific imaging, such specialized

optics enable precisely localizing molecules in three-dimensional space [22, 23]. However, these

designs aren’t suitable for next-generation sensors, given fundamental differences in underlying

image acquisition process.

Next-generation ultrafast hardware such as SLMs and event cameras will allow us to ob-

serve phenomena beyond the reach of conventional designs. In this work, we prove the design

space for point-spread-functions generated with dynamic SLM phase masks are fundamentally

more expressive than their static counterparts unlocking an exciting new direction for PSF en-

gineering. We demonstrated the ability to learn time-averaged dynamic PSFs (TiDy-PSFs) that

can substantially improve computational imaging performance. Then, we derive the information

theoretical bounds for 3D tracking with event cameras. We show existing designs for conven-

tional cameras are already optimal for static flashing point sources, then demonstrate the designs

are sub-optimal for moving constant point sources. Using these bounds, we design new optimal
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phase masks for this task and demonstrate improved 3D tracking performance.

5.2 Future Work

In the context of event-cameras, recent developments in neuromorphic computing chips by

Intel show promise in asynchronously processing raw event streams without event accumulation.

Leveraging spiking neural networks with these new circuits could uncover even more efficient

optical designs.

Additionally, nanofabrication techniques for designing sub-wavelength optical elements

show promise for a brand new point-spread-function design space — one where we have strong

wavelength and polarization dependence. We can derive new theory for the limits of imaging

with such flat ‘meta-optics’ and develop new algorithms for processing those measurements.
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Andy R. Terrel, Štěpán Roučka, Ashutosh Saboo, Isuru Fernando, Sumith Kulal, Robert
Cimrman, and Anthony Scopatz. Sympy: symbolic computing in python. PeerJ Computer
Science, 3:e103, January 2017.

[93] Vincent Sitzmann, Julien N.P. Martel, Alexander W. Bergman, David B. Lindell, and Gor-
don Wetzstein. Implicit neural representations with periodic activation functions. In Proc.
NeurIPS, 2020.

[94] Changyin Zhou, Stephen Lin, and Shree Nayar. Coded aperture pairs for depth from
defocus. In 2009 IEEE 12th International Conference on Computer Vision, pages 325–
332, 2009.

[95] Changyin Zhou and Shree Nayar. What are good apertures for defocus deblurring? In
2009 IEEE International Conference on Computational Photography (ICCP), pages 1–8,
2009.

[96] Vinod Nair and Geoffrey E. Hinton. Rectified linear units improve restricted boltzmann
machines. In Proceedings of the 27th International Conference on International Confer-
ence on Machine Learning, ICML’10, pages 807–814, Madison, WI, USA, 2010. Omni-
press.

[97] Diederik Kingma and Jimmy Ba. Adam: A method for stochastic optimization. In Inter-
national Conference on Learning Representations (ICLR), San Diega, CA, USA, 2015.
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