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I report an investigation into using an rf Single Electron Transistor (rf-SET) to 

implement single shot readout of the quantum state of a Cooper pair box. 

 I fabricated Al/AlOx/Al SETs and Cooper pair boxes using e-beam lithography 

and double-angle evaporation. The devices had typical charging energies of about 1 K 

and were measured at 30 mK in a dilution refrigerator. I built rf-SETs with an LC 

resonant circuit integrated on the chip and operating frequencies of 650 MHz and 1.5 

GHz. The rf-SETs had a typical bandwidth of 30 MHz and the best achieved charge 

sensitivity was 8×10
–6

 erms/(Hz)
1/2

 at 1.5 GHz.  

The rf-SETs were used to measure the Coulomb staircase on the Cooper pair box. 

Measurements of the staircase show features due to quasiparticle poisoning that are 

dependent on temperature and SET bias. The data was compared to a theory I 

developed to extend existing theories of quasiparticle poisoning. My model is based 



  

on the calculation of tunneling rates to explain observations of parity effects in the 

Cooper pair box over a wide temperature range.  

Quantum state control of the Cooper pair box was demonstrated by using fast 

voltage pulses applied to the gate. Temporal oscillations of charge states and 

spectroscopy measurements reveal a dephasing time T2≈200 ps at 30 mK, for a drive 

frequency of 30 GHz. The energy relaxation time T1≈140 ns was determined from 

time domain measurements of the decay of the Cooper pair box charge.  

The fidelity of single shot measurements and the feasibility of this quantum 

readout scheme based on the results are discussed. 
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Chapter 1: Introduction 
 

1.1 Motivation 

In recent years, quantum computing [1] has become a very active field of research due 

to the realization that quantum computers have the potential to solve problems that are 

impossible or impractical to solve with a classical computer. A quantum computer 

employs quantum bits or qubits to store information. Qubits are quantum two-level 

systems, with the ground state |0〉 representing a logical “0” and the excited state |1〉 a 

logical “1”. The novelty of quantum computing is that it relies on the principles of 

superposition and entanglement. A qubit can be prepared in a superposition state 

|ψ〉=a|0〉+b|0〉 and two qubits can be described by an entangled state 

|ψ〉=a|00〉+b|01〉+c|10〉+d |11〉. Neither of these states would exist in a classical computer. 

These two properties make it possible to process information in new and more efficient 

ways [2].  

 Significant progress has been made in the theory of quantum computing over the past 

ten years. The most remarkable advances include Shor’s algorithm, which allows for the 

fast factorization of large numbers [3], Grover’s Quantum search algorithm [4] and 

quantum cryptography [5]. Moreover, quantum error correction techniques have been 

proposed [6] that would allow a practical quantum computer to operate with some level 

of noise if the coherence time can be made significantly long compared to the gating time 

[7]. Much of the present work on quantum computing consists in investigating physical 

systems that can function as qubits. According to DiVincenzo, a system suitable for the 

implementation of a quantum computer should meet the following criteria [7]:  
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1. Scalability  

2. Capable of being initialized in a well-defined state  

3. Long coherence times  

4. A universal set of quantum gates  

5. Qubit-specific readout capability.  

Many different systems have been proposed for the implementation of qubits, among 

them ion traps [8], nuclear magnetic resonance (NMR) [9], cavity quantum electro-

dynamics (QED) [10] and solid state qubits [11]. All of these approaches have 

advantages and disadvantages. Ion traps and NMR systems have very long coherence 

times and very encouraging results have been obtained in systems with a small number of 

qubits [12,13]. However, it is not clear whether these schemes can be implemented on a 

large scale (thousands or millions). On the other hand, nanofabrication techniques are 

very common in the semiconductor industry and could be used to integrate a large 

number of solid state qubits in a single chip.  Superconductors are systems with 

inherently low dissipation and therefore one of the most promising technologies for the 

realization of solid state qubits. Their disadvantage is that they have had relatively short 

coherence times. Exploiting the advantages and overcoming the disadvantages is a 

subject of active research. 

 

1.2 Superconducting qubits 

Superconducting qubits are very promising candidates for quantum computing. Unlike 

other proposed technologies which are based on microscopic degrees of freedom, 

superconducting qubits exploit the macroscopic wave function of the superconducting 
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state formed by the condensate of Cooper pairs. The Josephson junction [14] is the basic 

element in all superconducting qubits. Its quantum behavior is characterized by two 

physical variables; the charge Q on the junction’s capacitance and the gauge invariant 

phase difference across the junction φ (see Fig. 1.1). These are canonically conjugate 

variables that obey the commutation relation [φ,Q]=ie [15]. The three basic types of 

superconducting qubits (flux, phase and charge) are shown schematically in Fig. 1.1.  

The flux qubit is basically an rf-SQUID, consisting of one or more Josephson 

junctions inserted in a superconducting loop (see Fig. 1.1a). This scheme utilizes the 

phenomenon of flux quantization in a superconducting ring. A supercurrent is induced in 

the loop when the SQUID is biased with a magnetic flux. The logical “0” and “1” of the 

qubit correspond to states of the system with the supercurrent circulating clockwise or 

counterclockwise. The single junction rf-SQUID Hamiltonian is given by [16]: 

(1.1) 

 

Where CJ is the capacitance of the Josephson junction, Q is the charge in CJ, L is the total 

inductance of the SQUID, Φext is the bias flux and Φ is the total flux through the loop. A 

close variation of this has been demonstrated in a three junction loop by Chiorescu et al. 

[17] who observed Rabi oscillations with an energy relaxation time T1=900 ns and 

dephasing time T2=20 ns. 

The phase qubit consists of a current biased Josephson junction. If the bias current I is 

less than the critical current Ic of the junction, the dynamics of the phase difference φ is 

analogous to the position of a particle trapped in an anharmonic potential well [18]. The 

energy levels of the well can be found by solving the Hamiltonian for this system: 

( ) ( )

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Fig. 1.1: Schematic illustration of the three basic types of superconducting qubits: (a) 

single junction and three junction flux qubits, (b) phase qubit, (c) charge qubit (Cooper 

pair box). 
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(1.2) 

 

Even though I<Ic, there is a finite probability that the fictitious particle will escape the 

potential well and drive the junction into a dissipative state with a non-zero dc voltage 

across the junction. The escape rate depends on the quantum state of the system and thus 

one can determine the state by measuring the bias current at which a dc voltage appears. 

Promising results have been achieved with phase qubits, such as single qubit 

manipulations with long coherence times (T1=500 ns and T2=150 ns), by Martinis et al. 

[19] and spectroscopy measurements of two-qubit and three-qubit entangled states by 

Berkley et al. [20] and Xu et al. [21]. 

The superconducting charge qubit or Cooper pair box consists of a superconducting 

island with small total capacitance C coupled to a charge reservoir through an ultra-small 

Josephson junction. If the charging energy Ec≡e
2
/2C is larger than the Josephson energy 

EJ then the charge on the island is a well-defined quantity and the number of excess 

Cooper pairs on the island n can be used to represent the states of the qubit. The Cooper 

pair box Hamiltonian is given by [22]: 

(1.3) 

 

The Cooper pair box qubit is the focus of this thesis. In the next section I present a brief 

review of the most significant prior results on this qubit. 
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1.3 Previous work on the Cooper pair box. 

The theory of the Cooper Pair Box (CPB) was first developed by Büttiker [23] and  

latter proposed as a qubit by Shnirman et al. [24]. The first experimental work on the 

CPB was realized by Bouchiat et al. [25], who measured the charge on the CPB island in 

the ground state using an SET and found evidence for the coherent superposition of 

charge states. Quantum state manipulation was first achieved by Nakamura et al. [26]. 

They used fast voltage pulses to prepare the state of the CPB in a superposition of the 

ground and excited states and observed temporal oscillations of charge states with a 

coherence time of about 2 ns. An ensemble measurement of the state of the CPB was 

done in this experiment by measuring the dc current through a highly resistive probing 

junction attached to the CPB island.  

The invention of the rf-SET [27] opened up the possibility of single shot 

measurements of the CPB state via fast charge measurements. Several groups have 

pursued this kind of measurements. Lehnert et al. [28] performed spectroscopy 

measurements and determined a relaxation time T1=1.3 µs by observing the decay of the 

charge signal coupled to the rf-SET. Coherent oscillations were demonstrated by Duty et 

al. [29] and Guillaume et al. [30] by average measurements of the CPB charge. Although 

a lot of progress has been made, single shot measurements using an rf-SET have not been 

demonstrated at the time of this writing. In Chapters 4 and 8 I examine some of the issues 

and limitations concerning single shot measurements using an rf-SET. 

Other read-out schemes have been used successfully to achieve single shot 

measurements of a CPB qubit. Vion et al. [31] designed a circuit consisting of a split 
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CPB shunted by a large Josephson junction. This arrangement allows the state of the CPB 

to be determined by measuring the switching current of the large junction. A different 

idea was demonstrated by Ostafiev et al. [32]. Their scheme circumvented the short 

relaxation times by quickly transferring the CPB charge to a trap with a long retention 

time and then measuring the charge on the trap with an SET.  

 

1.4 Overview of the thesis 

The rest of the thesis is organized as follows. Chapter 2 introduces the basic theory of 

the CPB. Chapter 3 explains the physical limitations affecting quantum coherence in the 

CPB. Chapter 4 covers the theory and operating principles of the rf-SET. Chapter 5 deals 

with engineering aspects of the experiments such as microwave design, sample 

fabrication, cryogenics and electronics. Chapter 6 shows the basic measurements I used 

to characterize devices. Chapter 7 discusses the problem of quasiparticle poisoning and 

compares theory with measurements. Chapter 8 presents measurements involving the 

excited state of the CPB and discusses the fidelity of single shot measurements. Finally, 

Chapter 9 contains a summary of results and suggestions for future research. 
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Chapter 2: Theory of the Cooper pair box 

 

2.1 Introduction 

The Cooper pair box (CPB) is a type of ultra-small superconducting circuit that 

exhibits charge quantization with a fundamental charge of 2e, i.e. the charge of a Cooper 

pair. The CPB is a very close relative of the single electron box, first developed at Saclay. 

However, superconductivity produces additional effects not seen in the normal state. In 

particular, macroscopic quantum coherence can be observed in the CPB due to the low 

dissipation inherent to the superconducting state. The possibility that the two lowest 

energy states of a CPB could be used to realize a qubit for quantum computation was first 

proposed by Shnirman et al. [24]. The ground state of the CPB was first observed by 

Bouchiat et al. [25] and quantum state control using the charge states of the CPB was 

first demonstrated by Nakamura et al. [26]. In this chapter I present the theory of the CPB 

and explain the conditions that need to be satisfied to use it as a qubit. 

 

2.2 The normal single electron box 

A single electron box consists of a very small non-superconducting island that is 

connected electrically to the rest of a circuit by an ultra-small tunnel junction and a small 

gate capacitance. The device is controlled by means of a gate voltage source Vg that is 

connected to the gate capacitance (see Fig. 2.1). The box is characterized electrically by 

the tunneling resistance R [33] and the total capacitance of the island CΣ=C J+Cg , where 

CJ is the capacitance of the ultra-small junction and Cg is the gate capacitance. The 

number n of electrons on the island is generally not a sharply defined physical quantity  
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Island

Ultrasmall tunnel junction

Gate capacitance (Cg)

CJ

Gate potential (Vg)

 

 

 

Fig. 2.1: Schematic diagram of a single electron box consisting of a small-capacitance 

normal metal island that is capacitively coupled to a gate electrode and gate voltage 

source. Electrons can tunnel on and off the island through a tunnel junction with tunnel 

resistance R and capacitance CJ. The total capacitance of the island is CΣ =Cg+C J .  
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due to the uncertainty principle of quantum mechanics and thermal fluctuations. 

However, for sufficiently small CΣ  and temperature T, n can be well-defined at most 

values of Vg. Thermal fluctuations are suppressed if the thermal energy k
B
T is much less 

than the charging energy Ec≡e
2
/2CΣ. I note that Ec is just the electrostatic energy of the 

box when there is one extra electron on the island and Vg=0.  

The island capacitance and the tunneling resistance can be used to define a 

characteristic tunneling time ∆t=RCΣ. This can be thought of as the typical time scale for 

an added electron to tunnel off the island. The energy-time uncertainty relation 

∆E∆t>�/2, with ∆E≤ Ec=e
2
/2CΣ, suggests (but does not prove) that the tunneling 

resistance must be larger than the resistance quantum RQ≡h/e
2
 = 25.9 kΩ for the charge 

number n to be well-defined. The two conditions, R>RQ and Ec>k
B
T, can be satisfied in 

devices with ultra-small (i.e. submicron) junctions. The devices I used here typically have 

a total capacitance of about 1fF or Ec�1K, so they must be operated at temperatures well 

below 1K for charging effects to be observable.  

The electrostatic charging energy U of the box can be varied by applying a voltage Vg 

to the gate electrode: 

 (2.1) 

where ng = CgVg/e, n is the number of electrons on the island and e=1.602×10
−19

 C is the 

magnitude of the electron charge. Note that a positive gate voltage will tend to attract 

electrons (negatively charged) to the island, so that ng and Vg will have the same sign. 

Also note that ng is an external control parameter that can be varied continuously, while n 

is an internal, quantized variable. Equation 2.1 defines a series of parabolas as a function 

of ng (see Fig. 2.2a) with the charge number n as a parameter. For k
B
T <<Ec  and R>>RQ   

( )2

gc nnEU −=
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Fig. 2.2: (a) Electrostatic energy of the single electron box as a function of gate charge 

ng=CgVg  for different number of excess electrons n. (b) Charge on the box as a function 

of gate charge for k
B
T /Ec=0.01, 0.1 and 0.2. 
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there is a high probability for the box to be found in the charge state that minimizes the 

electrostatic energy.  

In thermal equilibrium the average charge Q on the island can be found from 

elementary statistical mechanics: 

 

 (2.2) 

  

 

where Pn is the probability of finding n electrons on the island and we have assumed that 

n=0,±1,±2, … is quantized and that each specific n has one state.  

Figure 2.2b shows an example of Q vs ng found from Eq. 2.2. One sees a series of 

steps at charge Q=ne and the resulting curve is called the “Coulomb staircase”. The 

charge on the box changes at the degeneracy points (ng = ± 1/2, ± 3/2, etc.) where the two 

lowest energy parabolas cross (see Fig. 2.2b). The staircase is rounded in the vicinity of 

these points since the electrostatic energy (equation 2.2) becomes comparable to the 

thermal energy, and the roundup becomes more pronounced as the temperature increases, 

until the staircase is washed out at k
B
T∼Ec . 

 

2.3 The superconducting box or Cooper pair box 

New phenomena arise when the electrodes and island of the box are superconducting. 

In a conventional s-wave superconductor at T=0 with no field or currents applied, all 

electrons are bound in Cooper pairs [15]. This assumes that there are an even number of 

electrons, a point to which we will return later. A minimum energy 2∆ is necessary to 
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break a Cooper pair, where ∆ is the superconducting energy gap. At finite temperatures, 

the excited states or quasiparticle excitations are occupied in thermal equilibrium 

according to the Fermi distribution function f=1/{1+exp[(E−µF)/k
B
T]} ≈ e

− (∆ / kB T )
 for 

k
B
T<<∆ .  As we will see, the presence of paired electrons and the superconducting energy 

gap produces dramatic changes in the Coulomb staircase [34].  

Figure 2.3 illustrates the situation when ∆<Ec  while Fig. 2.4 shows the case for 

∆>Ec .  States with odd-n, i.e. when at least one quasiparticle is present, have an 

additional energy ∆  for each quasiparticle besides the electrostatic energy (see Eq. 2.1) 

and the corresponding parabolas are shifted vertically. For ∆<Ec  the crossings between 

parabolas occur now closer to ng=±1, ±3, etc. This produces shorter steps in the charge 

staircase for odd-n states and longer steps for even-n states.  

In addition, I note that for ∆<Ec , for example, for the n=2 charge state it is possible to 

have two quasiparticles or one Cooper pair. The two quasiparticle state would lie 2∆  

above the one Cooper pair state.  

The gray areas in Figs. 2.3 and 2.4 illustrate the fact that the quasiparticle can have 

momentum and any energy above the gap. In contrast, unless there is a net current, the 

Cooper pairs have a single well-defined energy at each gate voltage.  

I note that in Fig. 2.4 the state with minimum energy is always even, so the staircase 

displays no odd steps. In this limit, we expect to see full 2e periodicity due to 2e charge 

of the Cooper pairs. 
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Fig. 2.3: (a) Electrostatic charging energy in a superconducting box with Ec>∆ . Charge 

states with odd-n are displaced vertically to reflect the energy cost of creating one 

quasiparticle. The grey areas are allowed quasiparticle energies, including their kinetic 

energy. (b) Average charge on the island for the energy diagram shown in (a). The odd-n 

steps are shorter than the even-n states as a consequence of the superconducting energy 

gap. 
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Fig. 2.4: (a) Electrostatic energy in a superconducting box with Ec<∆ . Charge states 

with odd-n are displaced vertically to reflect the energy cost of creating a quasiparticle. 

The gray areas show allowed quasiparticle energies, including their kinetic energy. (b) 

Average charge on the island for the energy diagram shown in (a). In this case the state 

with the minimum energy is always an even-n state and no steps appear at ng = ± 1, ± 3, 

etc. 
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2.4 Quantum mechanical description of the CPB 

In the above description, I implicitly assumed that quantum fluctuations of the charge 

were negligible and that therefore n was precisely defined. In fact, this need not be true. 

In particular, one must take into account the effect of Cooper pair tunneling.  

Neglecting dissipation and the environmental impedance and in the absence of 

quasiparticles (even n only) the Hamiltonian of the box is given by [22]: 

 (2.3) 

where φ is the difference in the gauge-invariant phase difference of the superconducting 

macroscopic wave functions of the lead and island electrodes [15] and EJ is the Josephson 

energy of the junction. EJ is related to the energy gap and to the junction’s critical current 

Io according to [35]: 

 (2.4) 

where RQ≡h/e
2
 = 25.9 kΩ is the resistance quantum and R is the normal state tunnel 

resistance. The excess number of Cooper pairs np=n/2 and the phase difference φ are 

canonical conjugate variables obeying the commutation relation [φ,np]=i [36].  

The competition between charge and phase degrees of freedom is quantified by the 

ratio Ec/EJ. In the limit where E J>>Ec  the superconducting phase is well defined and 

charging effects are not significant. On the other hand, if EJ<<Ec, charging effects 

dominate and the phase is not sharply defined. A CPB typically has parameters in the 

range Ec�E J  where charging effects are important but EJ is not completely negligible 

compared to Ec. Using charge states as a basis Eq. 2.3 can be written as [36]: 

 

(2.5) ( ) ( )∑ ∑
− −

+++−−=
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In the subspace spanned by the five charge states n=−4,−2,0,2 and 4, the Hamiltonian 

takes the form: 

 

 

 

(2.6) 

 

 

 

Figure 2.5a shows the two lowest eigen-energies obtained by numerically solving the 

Hamiltonian (2.6) with Ec /E J=2. I obtained the eigen-values and eigenvectors using 

MatLab (see Apendix A). I note that the energy bands are reminiscent of the parabolas of 

Fig. 2.4 except near the degeneracy points (ng=±1) where the parabolas are now split 

apart rather than crossing. At the degeneracy point the energy splitting is equal to EJ in 

the limit EJ<<Ec.  Figure 2.5b shows the expectation value of the charge in the ground 

state and first excited state for the same parameters used in Fig. 2.5a.  

Shnirman et al. [24] first proposed that the two lowest energy states can be used as the 

basis for a qubit. The state of the qubit can be determined, for example, by measuring the 

charge on the box with a single electron transistor. The realization of this qubit requires 

the CPB to have ∆>Ec ,  Ec�E J  and ∆ ,Ec , E J  >>k
B
T.  The first condition makes the 

energy of the odd-n states (i.e. states with one quasiparticle on the island) larger than the 

energy of the even-n states. The second condition leads to well-defined charge states and  
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Fig. 2.5: (a) Ground state and first excited state energies of the CPB as a function of ng 

with Ec /E J=2 and T=0 and no quasiparticles. (b) Expectation value of the charge in the 

ground state and first excited state for the same parameters. 
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allows for the state of the qubit to be determined by a charge measurement. The last 

condition is necessary to prevent thermal excitations. 

If the gate voltage is limited to the range 0≤ng≤2 the state of the box can be described 

approximately using just the n=0 and n=2 charge states. 

In this case, the Hamiltonian can be represented by a 2×2 matrix: 

 (2.7) 

 

The eigen-energies and eigen-states can be written as: 

 (2.8) 

 

 (2.9) 

 

 (2.10) 

 

 (2.11) 

 

where 

 (2.12) 

 

I note that θ  goes from 0 at ng=0, to θ=π/2 at the degeneracy point (ng=1), to θ≈π at 

ng=2. We can also write the energy splitting between the ground state and the excited 

state as: 

 (2.13) 
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which has a minimum of EJ at ng=1, as expected.  

Finally, I note that in many experiments the CPB has two Josephson junctions in 

parallel connecting the island to ground (see Fig. 2.6). The idea is that the two parallel 

junctions act like a single junction with a Josephson energy that can be tuned by an 

applied magnetic field, according to [37]: 

 

 (2.14) 

 

Here Φ is the magnetic flux through the SQUID loop, R=R1R2 /(R1+R2) is the parallel 

tunnel resistance of the junctions and Φo=h/2e is the flux quantum. This is particularly 

useful, for example, to characterize the behavior of a system in EJ, since it allows results 

to be obtained on the same device, with identical parameters except for EJ. In this 

configuration the total capacitance of the CPB is given by CΣ=C1+C2+Cg , where C1 and 

C2 are the capacitances of the Josephson junctions. 

 

2.5 Concluding remarks 

In this chapter I reviewed the theory of the normal metal single electron box and the 

superconducting Cooper pair box. Under appropriate  conditions, the CPB can be used as 

a qubit for quantum computing. I presented expressions to compute the energy levels and 

eigenstates of the qubit as a function of device parameters and gate voltage bias. 
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Fig. 2.6: Schematic of a CPB with a double junction. The Josephson energy can be tuned 

by applying a magnetic flux Φ through the loop. 
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Chapter 3: Energy relaxation and dephasing in the CPB 

 

3.1 Introduction 

The Hamiltonians discussed in Chapter 2 did not include fluctuations in the 

controlling variables, i.e. the gate voltage and the magnetic flux. Charge noise coming 

from any motion of charges in the substrate and the tunnel barriers also changes the 

electrostatic energy of the box. Under certain circumstances these can be approximated as 

random terms in the Hamiltonian and will cause the quantum state of the box to evolve in 

an uncontrolled way, degrading the performance as a qubit. In addition, I have not 

included energy loss caused by the leads attached to the box, or from dielectric loss in the 

insulators. Ultimately, if the CPB is to be useful as a qubit, it is essential to understand 

and minimize all sources of loss and decoherence. In this chapter, I review the relevant 

theory. 

 

3.2 Excitation and relaxation rates 

Charge motion affects the CPB in two different ways. A fluctuating quantity can 

always be decomposed into a part that commutes with the Hamiltonian and a part that 

does not. For example, voltage and charge noise commute with the electrostatic part of 

the Hamiltonian but not with the Josephson term. The opposite is true for flux noise. If 

the part that does not commute is at high enough frequency, it can cause transitions 

between eigenstates (excitation or relaxation). On the other hand, the part that commutes 

causes the eigenstates to acquire random phases, therefore destroying coherent 
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superpositions. The CPB tends to be relatively more sensitive to voltage and charge noise 

due to its large ratio of E c /E J .  

The effects of gate voltage noise on the CPB can be calculated for certain specific 

situations. For example, Schoelkopf et al. [38] found the transition rates between the CPB 

eigenstates using Fermi’s golden rule. For this calculation, they used the fluctuations of 

the gate voltage about its mean value as the perturbation and defined the power spectrum 

of voltage fluctuations SV  as:  

(3.1) 

 

where V(t) is the voltage at time t and 〈〉 denote an ensemble average over time t. I note 

that power spectra are conventionally defined only for positive frequencies, i.e. ω>0. If 

the gate voltage is treated as a classical variable, the autocorrelation function 

〈V(t+τ)V( t)〉 is real and SV(ω)=SV(−ω). However, with a full quantum mechanical 

treatment SV(ω)and SV(−ω) are generally different and the distinction between positive 

and negative frequencies has a physical meaning; Noise at negative frequency is 

responsible for excitation of the qubit whereas noise at positive frequency causes 

relaxation [38].  

At the typical low powers of interest, only the noise in the neighborhood of frequency 

ω10=∆E10/� generates transitions. The excitation rate is given by [38]: 

             (3.2) 

 

while the relaxation rate is equal to [38] 

 (3.3) 
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The factor κ is the coupling strength between the noise source and the island and is equal 

to Cg/CΣ  for voltage noise applied to the gate (see Fig. 2.6).  

If the gate voltage fluctuations are generated by the impedance of the leads at 

temperature T, the spectral density SV is given by [38]: 

 

 (3.4) 

 

 

where R is the lead impedance. I note that this is essentially just the fluctuation 

dissipation theorem. Figure 3.1a shows a plot of the spectral density (Eq. 3.4) for a 50 Ω 

resistor at T=0 and 1K. At T >0 the resistor generates noise of positive and negative 

frequencies so it causes excitation and relaxation of the qubit. At T=0 the box is not 

excited but the relaxation rate is still limited by quantum fluctuations due to a finite 

environment impedance. This is just spontaneous emission.  

I note that the inverse of the total transition rate (Γ↑+Γ↓)
−1

 is usually called T1 . If 

Γ↑=0 (i.e. at T=0 and in the absence of non-equilibrium noise sources) this is just the 

lifetime of the excited state. Figure 3.1b shows T1  calculated for a CPB at T=0 with 

Ec=1K, E J=0.5K and coupled to a 50 Ω impedance with a coupling factor κ=0.01. I 

note that the minimum lifetime occurs at ng=1. At this point the unperturbed Hamiltonian 

is proportional to σx and becomes orthogonal with the perturbation, which is proportional 

to σz. 

The functional dependence of T1  vs ng shown in Fig. 3.1b has been observed in recent 

experiments [39], confirming that noise coupled to charge degrees of freedom is the  
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Fig. 3.1: (a) Spectral density SV for a 50 Ω resistor at T=1 K and T=0. (b) Lifetime of 

the excited state T1 of a CPB at T=0 with Ec=1K, E J=0.5K with the gate coupled to a 

50 Ω impedance with a coupling factor κ≡Cg /CΣ=0.01. 
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dominant mechanism for relaxation in the CPB. However, the measured lifetimes (about  

100 ns) in that and other experiments [29,30] are much smaller that the µs values 

predicted by Fig. 3.1 and thus they cannot be accounted for by relaxation onto a 50 Ω 

impedance.  

Astafiev et al. [39] postulated that relaxation in his device was caused by charge 

fluctuators coupled to the CPB. In single electron devices, one normally finds excess low 

frequency noise with a spectral density Sq=α/f , where α is typically on the order of 

(10
−3

e)
2
 [40]. Low frequency noise in SETs is believed to be generated by a large number 

of two level fluctuators with an electric dipole moment and energy splitting ε [40]. In 

thermal equilibrium, only fluctuators with energies ε�k
B
T are activated. Superposition of 

the noise coming from individual fluctuators has been found to produce a 1/f spectrum 

with a T
2
 temperature dependence [41]. Astafiev’s hypothesis is that, fluctuators with 

ε>k
B
T can absorb energy from the CPB and therefore, provide a relaxation channel.  

This assumption is supported by calculations by Schnirman et al. [42], showing that 

an ensemble of coherent two level systems with a specific distribution of parameters 

produces high frequency noise proportional to f and 1/f low frequency noise with a T
2
 

temperature dependence. Martinis et al. [19] also reports that dielectric loss (which is 

caused by absorption of energy by two level systems [43]) in amorphous insulators such 

as SiO2 and Al2O3 can be an important decoherence mechanism in superconducting 

phase qubits. In view of these findings, it cannot be ruled out that relaxation in the CPB 

can be affected by materials issues. Another possible source of relaxation, SET back-

action [44], will be discussed in Chapter 4. 
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3.3 Dephasing 

 Dephasing effects can be understood by looking at the evolution of states formed from 

superpositions of eigenstates. For instance, if the box is in the state a|0〉+b|1〉 at t=0 after 

a time τ it will evolve to the state a|0〉+e
- i φ

b|1〉 with the phase φ=∆E10τ/� . Charge noise 

qn for example, changes the energy difference ∆E10 depending on the slope of the energy 

bands (∂∆E10/∂q) at the operating point (see Fig. 2.5a). From Eq. 2.13 we obtain:  

(3.5) 

 

For a pure dephasing mechanism, the mean squared phase noise is given approximately 

by [45]: 

 (3.6) 

 

Dephasing in the CPB appears to be caused predominantly by low frequency charge 

noise [46]. The dephasing time T2  resulting from 1/f noise can be estimated from Eq. 3.6, 

using: 

 (3.7) 

 

where tm is the measurement time. Combining Eqs. 3.5, 3.6 and 3.7 gives for 1/f noise: 

 

           (3.8)

          

 

I can define T2  as the time when the accumulated phase 〈φ2
(t)〉≈1. Thus:  
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I note that the first order expansion (Eq. 3.6) fails close to the degeneracy point where 

the slope ∂∆E10/∂ng is zero. This means that charge noise should have much less effect at 

that point, as has been emphasized by Vion et al. [14]. An estimate of T2 at ng=1 can be 

obtained by making a few additional approximations. To second order, the rms 

fluctuations in energy δ(∆E10) are given by:  

                   (3.10) 

 

The coefficient ∂2
∆E10/∂q

2
 can be found by differentiating Eq. 3.5. At ng=1, I find: 

 (3.11) 

 

and the rms charge noise δq can be estimated from: 

(3.12) 

 

where fm=1/tm is the inverse of the measurement time and fc is a higher cut-off frequency 

of order ∆E10/h. 

We can now write the rms phase noise at the degeneracy point as: 

(3.13) 

 

Setting δφ=1, we find T2 at the degeneracy point : 

 

( ) ( )








=∆≈ ∫

m

c

J

c

t

f

f
t

E

E

e
dtE ln

4

2

11
2

2

0

10 αδδφ
hh

( ) 







=≈= ∫∫

∞

m

c

fc

fm

q
f

f
df

f
dfSq ln

0

2 α
α

δ

( ) ( )[ ]
( ) ( )[ ]










−

+−
≈

2

2
2

2
2

2

2 ln

14

14

T

t

nE

EnEe
T m

gc

Jgc

α
h



 

 29  

(3.14) 

 

Figure 3.2 shows T2 found from Eqs. 3.8 and 3.13 for a box with the same parameters 

used in Fig. 3.1, with α=(10
-3

e)
2
 and tm=1s. Here (T2)

–1
=(T2 Eq. 3.9)

–1
+(T2 Eq. 3.14)

–1
. Note 

that the dephasing is smallest and T2 largest at ng=1, as expected, and that T2 reaches 

~0.4 ns away from ng=1. Finally, I note that in principle dephasing from low frequency 

noise can be greatly reduced by using spin echo refocusing techniques [45,46].  

 

3.4 Discussion 

The theoretical estimates for T1 and T2 from charge noise (see Figs. 3.1a and 3.2) 

suggest some guidelines for the optimization of the CPB qubit. For example, quantum 

operations should take place at the degeneracy point, where dephasing is minimized. 

However, the qubit eigenstates cannot be discriminated by a charge measurement at this 

point so the Vg bias will apparently need to be shifted away from degeneracy if an rf-SET 

is to be used for the state readout. It is also desirable to readout the state close to ng=0 

where T1 is maximum, rather than at ng=1, where T1 is minimal. However, I note that the 

states n=2 and n=−2 are degenerate at ng=0 so one should not get too close to this point 

during state read-out.  

Both T1 and T2 could be increased either by parameter optimization or by reducing the 

noise coupled to the CPB. A large ratio of EJ/Ec would be beneficial to obtain a long 

dephasing time (see Eq. 3.13). However, this might conflict with other aspects of the 

qubit. For instance, Eqs. 3.2 and 3.3 show that T1 scales as (Ec/EJ)
2
 away from the 

degeneracy point. If a long T1 is required to achieve single shot readout an increase of the 

( )2

2

12
4

ln

2

c

J

m

c

ng
E

E

f

f

e
T









≈

=

α

h



 

 30  

 

 

0.0 0.5 1.0 1.5 2.0
0.1

1

10

 

 

T
2 (

n
s)

n
g

 

 

 

Fig. 3.2: Estimated dephasing time T2 for a CPB with Ec=1K, E J=0.5K resulting from 

1/f charge noise with a power spectrum Sq =(10
-3

e)
2
/f and a measurement time of 1s.  

 



 

 31  

ratio Ec/EJ could result in T2 being too short. Regardless of T1 requirements, Ec�E J  is a 

necessary condition to be able to readout the state by a charge measurement. 

On the other hand, one could try to decrease low frequency noise to improve 

dephasing times. 1/f charge noise is caused at least in part by the capacitive coupling of  

the CPB island to local charge fluctuators [40]. A reduction in 1/f noise has been 

demonstrated on SETs with very small islands [48], where charge noise as low as 10
−5

 

e/(Hz)
1/2

 was achieved at 10 Hz. However, reducing the size of the CPB island is in 

conflict with a measurement of its charge. The coupling κ=Cc/CΣ between the box and 

the electrometer cannot be made arbitrarily small since the SET sensitivity is at best on 

the order of 10
−6

 e/(Hz)
1/2

 if it is limited by shot noise [49]. At the same time, CΣ should 

be made large enough to keep ∆>Ec=e
2
/2CΣ, which sets a lower limit on the coupling 

capacitance Cc and therefore on the size of the island. I note that Astafiev et al. [39] 

proposed that charge fluctuators are responsible not only for T2 but also for T1. The 

implication of this is that single shot charge measurements would not be affected by a 

reduction in κ as long as T1 increases in the same proportion. 

Given the wide range of design possibilities, an optimization of a CPB qubit will 

require a full understanding of the different decoherence mechanisms, and this is not 

available at present. 

 

3.5 Conclusions 

I presented the theoretical background for calculating energy relaxation and dephasing 

in the CPB. Estimates of T1 considering only the electromagnetic environment yield 

relaxation times that are much longer than measured ones. I discussed the possibility that 
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relaxation and dephasing could be caused by two-level fluctuators. This decoherence 

mechanism might originate in lossy insulators surrounding the qubit and hopefully could 

be minimized by better materials and/or processing technology. 
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Chapter 4 : The rf-SET 

 

4.1 Normal SET 

The single electron transistor (SET) is a very sensitive electrometer, capable of 

detecting a charge much smaller than e=1.602×10
–19

 C. Figure 4.1 shows a schematic of 

a normal metal SET. The SET consists of two ultra small tunnel junctions that are 

connected in series. The junctions can be characterized by resistors R1 and R2 and 

capacitors C1 and C2. The middle electrode or island is isolated from the rest of the circuit 

by the junctions. The number of electrons n on the island can only change by tunneling 

through the junctions. As discussed in Chapter 2, n becomes a well defined integer 

quantity if the transistor is cooled down to a temperature k
B
T<<Ec≡e

2
/2CΣ and if 

RΣ≡R1+R2>>RQ, where CΣ=C1+C2+Cg is the total capacitance of the SET.  

 When a single tunnel junction with non-superconducting electrodes is voltage biased, 

an average current I flows. This current is equal to the average charge per unit time that 

tunnels from the source to the drain. The IV characteristic is linear at low applied voltage 

and therefore the junction can be characterized by a resistance R, which will generally be 

a non-linear function of the voltage [15].  

In an SET, current flow is produced by transitions between charge states. For the 

above assumptions, the current I can be calculated using the orthodox theory [50], and we 

find: 

 

    (4.1)  
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Fig. 4.1: Schematic of a single electron transistor (SET).  
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where Γ
+

1
(n) and Γ

+

2
(n) are the transition rates |n〉→|n+1〉  through junctions 1 and 2 

respectively, Γ
–

1
(n) and Γ

–

2
(n) are the corresponding rates |n〉→|n–1〉  through junctions 1 

and 2 and P(n) is the probability for the SET to be in the state |n〉 .  

In the steady state, the probabilities P(n) are found from the detailed balance 

condition: 

     (4.2)  

 

The tunneling rates are given by [33]: 

 

     (4.3)  

 

 

Here, ∆G
+

1
(n) and ∆G

+

2
(n) are the change in the free energy of the system after a transition 

|n〉→|n+1〉  through junctions 1 and 2, respectively, and ∆G
–

1
(n) and ∆G

–

2
(n) are the 

change in the free energy of the system after a transition |n〉→|n–1〉  through junctions 1 

and 2, respectively. The free energy includes the electrostatic energy stored in the 

capacitors and the work done by the voltage sources [15].  The free energy changes are: 

 

      (4.4a) 

 

     (4.4b) 
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       (4.4c)  

  

         (4.4d)  

 

Figure 4.2 shows IV characteristics calculated from these formulas with SET 

parameters RΣ=100 kΩ, CΣ=1fF, R1=R2, C1=C2 and T=100mK. The details of the 

calculation are provided in Appendix A. The plateau in Fig. 4.2a in the range 

0<VDS<2Ec/e is known as the Coulomb blockade. In this range, current through the SET 

is largely suppressed because of the high energy cost of charging the island. This energy 

changes from a maximum of Ec at ng=0, ±1, etc, to zero at the degeneracy points 

ng=±1/2, ±3/2, etc. At fixed voltage across the SET, the current is modulated by the gate 

voltage as a consequence of tuning the charging energy of the SET. This modulation is 

shown in Fig. 4.2b for a fixed drain-source voltage VDS=100 µV. Each period in the 

modulation curve corresponds to the average charge in the island changing by one 

electron. 

I note that, if R�RQ or the material is not a normal metal, or the island becomes so 

small that internal states are evident, the orthodox theory will fail. The next section 

discusses one such system. 

 

4.2 Superconducting SET 

 The IV characteristics of a superconducting SET are more complex than the 

characteristics of a normal SET. To understand why they behave so differently, I first  
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Fig. 4.2: Simulated IV characteristics of a normal SET with RΣ = 100 kΩ, CΣ = 1fF, 

R1=R2=50 kΩ, C1=C2= 0.5 fF and T=100 mK. (a) Current as a function of drain-source 

voltage VDS for ng from 0 to 0.5 (b) Current versus ng voltage at fixed VDS=100 µV. 
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consider the theoretical IV curve of an ideal, unshunted single Josephson junction without 

charging effects (see Fig. 4.3). A current spike or supercurrent is produced at V=0 due to 

the Josephson tunnel current, as given by the dc Josephson effect [14]. For V >0, a dc 

current flow implies power dissipation and this is only possible at energies that allow 

quasiparticle tunneling. Quasiparticles can be created if eV, the work done by the voltage 

source in transferring an electron across the junction, is larger than 2∆. This process is 

known as Giaever tunneling [52]. The sharp rise of the current at V=2∆/e arises from the 

discontinuity in the BCS density of states (D(E)) and corresponds to pair breaking. For 

an s-wave, BCS superconductor:  

 

(4.5) 

 

  

where N(EF) is the normal density of states at the Fermi level. For 0<V<2∆/e the current 

is due to thermally excited quasiparticles and is strongly suppressed for temperatures 

k
B
T<<∆.  

In a superconducting SET, charging effects bring about new features in the IV 

characteristics. To illustrate these effects, Fig. 4.4 shows measured IV curves of a 

superconducting SET for different gate voltages. We first notice the apparent 

disappearance of the Josephson supercurrent at V=0. Second, there is a large 

quasiparticle current at VDS>4∆/e=876µV, i.e. when the voltage across each junction is 

larger than 2∆. The current in this range can be found using the orthodox theory by 

modifying the transition rates to include the superconducting gap [53]:  
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Fig. 4.3: Theoretical IV curve of an ideal single current-biased Josephson junction with a 

normal state resistance R=100 kΩ at T=0, neglecting charging effects (Ec<<EJ). For 

clean Al thin films ∆/e=200µV. 
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(4.6) 

 

where ∆G and D(E) are given by Eqs. 4.4 and 4.5 respectively and f(E) is the Fermi 

function: 

 (4.7) 

 

 

where µ is the chemical potential. 

The feature around V=574µV is known as the Josephson-quasiparticle peak (JQP) 

[54,55]. It results from a combination of Josephson tunneling through one junction 

followed by sequential tunneling of two quasiparticles through the other junction. Figure 

4.5 shows a schematic of the JQP cycle. The source is kept at ground potential while the 

drain electrode is raised above ground by VDS. The island potential depends on VDS, n and 

Vg. For a particular n, the island potential can be made equal to VDS by adjusting Vg (see 

Fig. 4.5). In this case, the states |n+1〉 and |n–1〉 are degenerate and Josephson tunneling 

can take place. In the range 2∆–Ec<VDS<2∆+Ec the state |n+1〉 is stable against 

quasiparticle tunneling but the states |n〉 and |n–1〉 are not. The result is that the |n–1〉 

state transitions to |n〉 and then to |n+1〉 by sequential quasiparticle tunneling events. 

Thus the SET returns to the state |n+1〉  and the cycle starts again. 

The two processes described above, Giaever tunneling and the JQP process, both show 

periodic current modulation by the gate voltage with e periodicity. In both situations VDS 

is large enough to create quasiparticles. At very low VDS (see Fig. 4.4b) a very small 

current can be seen that has 2e periodicity. This periodicity indicates that Cooper pairs  
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Fig. 4.4: (a) Measured I versus VDS curves of an Al-AlOx-Al superconducting SET 

(device CS1) at T=30 mK for a range of gate voltages. (b) IV characteristics at low VDS. 
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Fig. 4.5: Illustration of the JQP cycle. The SET undergoes transitions between the |n+1〉 

and |n–1〉 states due to Josephson tunneling (# 1) between the drain and island electrodes. 

The island potential for the |n〉 and |n–1〉 states is larger than 2∆/e and therefore, these 

states decay quickly by successive quasiparticle tunneling events (# 2 and # 3). 
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Fig. 4.6: 2e periodic current modulation for a superconducting SET (device CS1) biased 

at VDS=30µV.  
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participate in the current but, since the power VDSI is being supplied by the voltage 

source, a dissipation mechanism must be present too, such as quasiparticle tunneling or 

absorption of energy by the electromagnetic environment [56,57]. 

 

4.3 Intrinsic SET Noise and charge sensitivity. 

 The SET can be used as an electrometer by biasing the device so that it converts a 

change in the charge applied to the gate into a change in current. The charge sensitivity is 

the key figure of merit for an electrometer. For an SET, the signal-to-noise ratio depends 

on the signal size ∆I=(∂I/∂Q)∆Q and the precision of the current measurement, which is 

ultimately limited by the intrinsic current noise of the SET. A large slope ∂I/∂Q in the 

modulation curve I vs ng is desirable.  

In the superconducting state the slope ∂I/∂Q can have a complicated dependence on 

the SET parameters and the choice of operating point. The slope tends to be largest near 

VDS=4∆/e and near the JQP. For example, at T=0 the JQP current for a symmetric SET 

(R1=R2, C1=C2) is approximately given by [55]: 

                       (4.8)  

 

where the quasiparticle generation rate is: 

                    (4.9)  

 

in the range (2∆–Ec)/e<VDS<(2∆+Ec)/e and 

                 (4.10) 
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evaluating ∂I/∂Q from Eqs. 4.8, 4.9 and 4.10 at VDS=2∆+Ec I find: 

                  (4.11)  

 

At T=0 current fluctuations (shot noise) are present due to the random nature of 

tunneling events. The power spectral density of the current noise is: 

 (4. 12) 

where F is the Fano factor, which depends on correlations between tunneling events in 

the junctions and therefore on the mechanism producing the current. In the JQP region 

the Fano factor is F≈2 [58]. For a superconducting SET with RΣ=50kΩ, ∆=200µV (2.32 

K), Ec=100µV (1.16 K) on the JQP biased near the maximum slope point, I find that the 

expected charge sensitivity is: 

  qn = (∂I/∂Q)
-1

(SI)
1/2

= (14 nA/e)
-1×32 fA/(Hz)

1/2
= 2.3×10−6

e/(Hz)
1/2

. 

 Unfortunately, at low frequency the charge sensitivity of SETs is not limited by shot 

noise but by the motion of charges in the substrate or in the tunnel junctions. This 

typically results in a charge spectral density of the form Sq=α/f, with the constant 

α∼10
−3

e
2
 [47,59].  With this level of 1/f noise, the predicted shot noise limited sensitivity 

would only be achieved at frequencies larger than ∼ 1MHz. 

 The high intrinsic sensitivity of SETs makes them attractive for measurements on 

charge qubits. A single shot measurement of the state of the CPB is possible if the 

sensitivity is high enough and the measurement time can be made shorter than the 

relaxation time T1 of the qubit. For measurements on a CPB, assuming T1∼1µs, the SET 

would require a bandwidth in excess of 1 MHz.  
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4.4 The rf-SET 

The operation of the SET as discussed so far is not optimal at high frequencies. I note 

that, in contrast to the SET, many conventional current measurements make use of FET-

based amplifiers to sense the voltage drop across a resistor Rs. Relatively high bandwidth 

measurements are possible by keeping the FET’s input capacitance small and minimizing 

any capacitance from the connection between the FET and Rs. On the other hand, since an 

SET is run in a dilution refrigerator, a relatively long cable with capacitance C
100 pF 

is necessary to connect the SET to a readout amplifier. This limits the measurement 

bandwidth to fc=1/(2πRsC). A trade off is evident, if Rs is decreased to get a larger 

bandwidth the signal becomes smaller and the sensitivity drops. High frequency 

operation and large bandwidth can be achieved while keeping a high sensitivity by using 

an rf readout scheme. 

In order to optimize the readout of an SET at high frequencies it is necessary to 

transform the high impedance of the SET (RΣ≈50kΩ) down to 50Ω, the characteristic 

impedance of cables and rf instrumentation. This conversion can be implemented by 

means of the resonant circuit shown in Fig. 4.7 [27], where the dynamic impedance of the 

SET (∂I/∂VDS)
-1

 is modeled by a resistor RS. The impedance Zt at the input of the resonant 

circuit is given by:  

 (4.13) 

 

The last approximation is justified for circuits designed to have ωRCs>>1 in the 

frequency range of interest. At the resonant frequency: 

            (4.14) 
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Fig. 4.7: LC resonant circuit used to match the impedance RS of an SET to a Zo=50Ω 

transmission line. 
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the impedance that the LCR circuit presents to the cable is equal to: 

           (4.15) 

 

where the unloaded quality factor is defined by: 

(4.16) 

 

The technique for reading out the rf-SET is illustrated in Fig. 4.8. One sends an 

incident signal Vi to the resonant circuit at ω=ωo and measures the amplitude of the 

reflected wave Vr=S11Vi where the reflection coefficient S11 is given by: 

            (4.17) 

 

where Zo=50Ω is the characteristic impedance of the transmission lines. The reflected 

wave amplitude is modulated by the gate charge through the change in the SET 

resistance: 

 (4.18) 

 

Equation 4.18 indicates that the RF modulation ∂Vr/∂ng increases with increasing Vi. 

However, the modulation of the SET resistance ∂RS/∂ng is large only on in a limited 

range ∆VDS∼Ec. Therefore, the rf modulation is maximized when Vi produces an rf 

amplitude across the SET of about V
DS

RF
∼Ec.  The voltage at the input of the resonant 

circuit VLC and V
DS

RF
 are related through the unloaded Q: 

 (4.19) 

The voltage VLC is the sum of the incident wave and the reflected wave: 
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Fig. 4.8: Schematic diagram of an rf-SET. An rf signal Vi or carrier at frequency 

ω=1/(LC)
1/2

 is applied to a resonant circuit containing the SET. The reflected wave 

amplitude Vr depends on the impedance of the resonant circuit which is modulated by the 

gate charge ng. The reflected wave is directed through a directional coupler to a low noise 

rf amplifier.  
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 (4.20) 

 

Combining Eqs. 4.18, 4.19 and 4.20 we get the optimum RF modulation: 

 

 (4.21) 

 

I note that the modulation β is maximum when the resonant circuit impedance matches 

the cable impedance, i.e. Q
2
Zo=RS. For RS≈50 kΩ and Zo=50 Ω, the impedance matching 

condition requires Q=(RS/Zo)
1/2≈32. Assuming an SET with Ec=1.16K, 

V
DS

RF
∼Ec=100µV, RS=50kΩ and (1/e) ∂RSET/∂ng= 50kΩ /e, Eq. 4.21 yields an rf 

modulation of 1.5µV/e. Using an amplifier with a noise temperature TN=2K (a voltage 

noise of 74 pV/(Hz)
1/2

), the charge sensitivity would be qn=4.9×10
–5

e/(Hz)
1/2

. Higher 

sensitivity is possible in superconducting SETs because some features in the IV can be 

very sharp and result in a larger slope (1/e) ∂RS/∂ng  than the conservative figure used 

above. The best achieved sensitivity by any group at the time of this writing is qn=3.2 

×10
-6

e/(Hz)
1/2

 at a resonant frequency of 332 MHz [60]. 

The bandwidth of the rf-SET can be obtained by calculating the rf modulation as a 

function of frequency: 

 (4.22) 

 

with Zt(ω) given by Eq. 4.13. Evaluating Eq. 4.22, substituting ω=ωo(1+δω/ωo) and 

keeping the leading terms leads to the expression: 
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 (4.23) 

 

 

where QL is the loaded quality factor determined by: 

 (4.24) 

 

The bandwidth ∆f, defined as the frequency δf where the modulation drops by half, is 

found from Eq. 4.23: 

(4.25) 

 

For an SET with RS=50kΩ optimal impedance matching requires QL=16. A carrier 

frequency of fo=650 MHz yields a bandwidth ∆f=20.3 MHz.  

I note that without the impedance matching network, the measurement bandwidth 

would be on the order of ∆f=1/(2πRSC) ∼1/(2π×50 kΩ)(100 pF) = 31.8 kHz. 

 

4.5 SET back-action and single shot considerations 

Figure 4.9 illustrates a scheme for using an rf-SET to perform single shot 

measurements on a CPB qubit. A CPB is coupled to an SET electrometer through a small 

capacitance Cc. After qubit manipulations have been performed on the box by applying 

microwave voltages to its gate, the final state of the box can be determined by measuring 

the charge on the box with the electrometer. For example, if the CPB is in the state |2〉, 

the potential of the box island decreases by ∆Vi=2e/CΣb and changes the SET bias by  
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Fig. 4.9: Schematic for the measurement of the charge state of a Cooper pair box charge 

qubit using an rf-SET. 
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∆ng=∆ViCc /e  =2Cc /CΣb=2κ. In order to determine the charge state of the box the 

resolution of the measurement must be better than the induced SET charge 2eκ. The rms 

fluctuations of the measured charge are given by: 

 (4.26) 

 

where B is the measurement bandwidth and tm=1/B is the measurement time and qn is the 

charge sensitivity of the electrometer. Equation (4.26) means that the resolution of the 

measurement improves as the output signal is averaged for a longer time. However, tm 

cannot be made arbitrarily large since it must be shorter than the lifetime of the qubit 

state. As discussed in Chapter 3, the rates of excitation Γ↑ and relaxation Γ↓ of the CPB 

depend on the voltage noise spectrum SV coupled to the CPB island. 

I note in particular that, charge fluctuations on the SET island lead to voltage noise 

that can perturb the state of the box through the coupling capacitor Cc. This is a form of 

“back-action”. The voltage noise spectrum can be calculated for a normal state SET [61]. 

At low frequency, SV can be calculated from Poisson statistics of the tunneling events 

using the orthodox theory [62,63]. If one assumes an SET bias VDS ≈2Ec/e, then SV is 

given in this limit by: 

           (4.27) 

 

Needless to say, this does not include 1/f noise. At frequencies f >>R1C1 and f >>R2C2, the 

cut-off frequencies of the tunnel junctions, the SET looks like a passive resistor R||= 

R1R2 /(R1+R2) shunted by a capacitor CΣ. The voltage noise in this limit is given by: 

 (4.28) 

( )
( )22

2

16

4

2

1

eI

eI

e

E
S c

V
+









≈

ωπ
ω

( ) 










+
=

ΣCRi

R
SV

||

||

1
Re2

2

1

ω
ω

π
ω h

m

n
n

t

q
BqQ ==∆



 

 54  

The estimated voltage noise for an SET with Ec=1K and RΣ=50kΩ is shown in Fig. 

4.10a. Equations 4.27 and 4.28 have been used for the limiting cases and then added in 

quadrature to interpolate between the two extremes. The exact solution [61] predicts a 

smaller noise in the intermediate frequency range.  

As noted above, the perturbation of the qubit state by the electrometer is known as 

back-action. I recall that the transition rates Γ↓ and Γ↑  between the CPB eigenstates are 

proportional to SV(ω) and SV(–ω) respectively (see Eqs. 3.2 and 3.3). The effect of SET 

back-action can be characterized by a mixing time tmix=(Γ↑+Γ↓)
-1

 which characterizes 

the rate at which the charge state of the box changes. Figure 4.10b shows the estimated 

tmix  for a CPB with Ec=1K, EJ=0.5K and coupling κ=0.02 when the SET has the SV 

shown in Fig. 4.10a. In this example a mixing time of ∼1µs is obtained by operating the 

box at ng=0.2. Equation 4.26 then reveals that the minimum sensitivity qn required for a 

single shot measurement is qn=2eκ(tmix)
1/2

=4×10
-5

e/(Hz)
1/2

.  

I note that the optimization of the readout can be made independent of the coupling κ 

to some extent since the transition rates are proportional to κ2
 and therefore tmix∝κ-2

. It is 

desirable to make κ large enough that T1 is determined by the SET back-action but not so 

much that (tmix)
-1

 is larger than the rf-SET bandwidth. 

 

4.6 Summary 

In this Chapter, I presented the theory of the rf-SET and I showed that the rf-SET is 

capable of performing fast and sensitive charge measurements. These characteristics are 

attractive for the quantum state readout of a CPB. I also examined the effect of  
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Fig. 4.10: (a) Voltage noise spectrum SV of the island potential for a normal SET with 

Ec=1K and RΣ=50kΩ. The solid line is the sum of the low frequency and high frequency 

limits (dotted lines). (b) Mixing time for a CPB plotted vs. ng resulting from the SET 

voltage noise shown in (a) with CPB parameters Ec=1K, EJ=0.5K and coupling κ=0.02. 
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measurement back-action on a CPB and found the excitation and relaxation rates for 

typical device parameters. The calculations suggest that a single shot measurement is 

possible for T1�1 µs. 
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Chapter 5 : Experimental Techniques: 

Fabrication, Cryogenics and Electronics 
 

This Chapter presents some of the techniques I used in my experiments on the CPB. I 

start with a discussion of the design of microwave components that I integrated in the 

devices. I then describe the fabrication of my devices and the cryogenic techniques I used 

to bring electrical lines to the low temperature portions of the apparatus. I next discuss 

the effect of high frequency noise in my experiments, considering the filtering 

characteristics of the setup. Finally, I describe the electronics and instrumentation I used 

for dc and rf measurements. 

 

5.1 Microwave design of the rf-SET 

The devices I used in my experiments required the design of on-chip rf components 

such as the inductor and capacitor for the rf-SET resonant circuit and a tapered coplanar 

waveguide that I used to send microwave signals to the CPB (see Fig. 5.1).  

I designed and tested resonators with different resonant frequencies of 1.5 GHz and 

650 MHz. The optimum impedance matching for a 50 kΩ SET is obtained with 

Q=(50×10
3
/50)

1/2
 ≈ 32. The inductance value is obtained from Q=RS/ωoL and the 

capacitance from LC=1/ωo
2
. The optimized values are L=168 nH, C=67 fF at fo=1.5 

GHz, and L=387 nH, C=155 fF at fo=650 MHz.  

The inductance for the planar square inductor shown in Fig. 5.2a can be estimated 

from [64]: 
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200 µmInductor

Capacitor

Coplanar waveguide

 

 

Fig. 5.1: Optical image of rf-SET device showing the larger features (inductor, 

interdigital capacitor, coplanar waveguides and bonding pads). This pattern was made 

using optical lithography and lift-off. 
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Fig. 5.2: Components used in the rf-SETs and CPBs. (a) Square inductor, (b) 

interdigitated capacitor and (c) tapered coplanar waveguide. 
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where NT is the number of turns and di, do are the inner and outer diameters respectively. 

For my first design (fo=1.5 GHz) I used NT=17, di=200 µm and do=330 µm and for the 

second design (fo=650 MHz) I used NT=27, di=200 µm and do=522 µm. From Eq. 5.1, 

the estimated inductances were 134 nH and 348 nH, respectively. The total length of the 

inductor (18 mm and 39 mm respectively) should be small compared to λ/4 in order for 

the inductor to behave like an ideal lumped element and to minimize radiation loss. The 

wavelength λ depends on the dielectric constant of the substrate �r  according to: 

 (5.2) 

 

To keep λ large, I chose quartz for the substrate (�r ≈ 3.8), giving λ/4=32.3 mm at 1.5 

GHz and 74.5 mm at 650 MHz. 

The other micro component of the resonator is the interdigitated capacitor. The 

expression for the distributed capacitance of a coplanar waveguide [65] can be used to 

estimate the capacitance of the interdigitated capacitor (see Fig. 5.2b):  

 (5.3) 

 

with the parameters: 

 (5.4) 

and 

 (5.5) 
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In these equations NF  is the number of fingers, L is the length of the fingers, W is the 

finger width, S is the gap between the fingers and K is the complete elliptic integral of the 

first kind. The ratio K(k)/K(k’) can be approximated by: 

 

 

  

 (5.6) 

 

 

 

 I used NF=12, L=145 µm, W=10 µm and S=5 µm for the 1.5 GHz design, which 

yielded C=59 fF. For the 650 MHz design I used NF=16, L=209 µm, W=10 µm and S=5 

µm, which yielded C=112 fF. 

 The tapered coplanar waveguide provides the transition from large bonding pads to a 

small gate that couples to the CPB (see Fig 5.2c), while keeping a 50 Ω characteristic 

impedance. The characteristic impedance of a coplanar waveguide on a substrate with 

thickness H and dielectric constant �r  sitting above a ground plane is given by [65]: 

 

 (5.7) 

 

where  

 (5.8) 
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 (5.9) 

 

 

and 

 (5.10) 

 

 

On both designs the dimensions on the wide side of the tapered line are W=500 µm, 

S=82.2 µm and on the narrow side W=30 µm, S=3 µm. These dimensions were chosen 

so that Z≈50 Ω. 

 

5.2 Sample fabrication 

I made my devices on 3-inch diameter, 0.5 mm thick, single-crystal quartz wafers 

[66]. I cleaned the wafers by first immersing them in piranha solution (1:4 H2SO4:H2O2) 

for 10 minutes and then spraying with pressurized acetone to wash particles off the 

surface. I then patterned thin films in two or three steps, depending on what features were 

incorporated in the device. I used photolithography to define large features (coplanar 

waveguides, inductors, capacitors and bonding pads) while the smaller features (SET, 

CPB, quasiparticle traps) were made with e-beam lithography.  

 

5.2.1 Optical lithography 

For photolithography, I used a trilayer resist system, with the process illustrated in Fig. 

5.3. The bottom layer, PMGI SF8 (polymethylglutarimide) [67], is spun at 5000 rpm for 
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one minute and baked on a hot plate at 180 °C for five minutes. This produces a layer 

about 400 nm thick. The second layer, a 30 nm thick germanium film, is e-beam 

evaporated onto the PMGI. The top layer (NR7-1500 PY negative photoresist [68]) is 

spun at 4000 rpm for one minute and baked on a hot plate at 120 °C for one minute, 

producing a layer about 1.5 µm thick. I exposed the photoresist using a Karl-Suss contact 

aligner for 12 seconds with deep UV light of 15 mW/cm
2
. Following exposure I baked 

the wafer again on a hot plate at 120 °C for one minute and then developed it in RD6 

developer [68] for 12 seconds and rinsed in de-ionized (DI) water. At this point, the 

germanium layer is covered with photoresist on the areas that were exposed with UV 

light, but unprotected on the remaining areas. The pattern is transferred to the germanium 

layer by dry etching in a Plasmatherm RIE chamber (reactive ion etching) using SF6 gas 

for 12 seconds at 10 mTorr pressure, 50 W rf power and 10 sccm (standard cubic 

centimeters per minute) flow rate. Then the bottom layer is dry etched in the same 

chamber using O2 gas for 7 minutes (250 mTorr pressure, 19 sccm flow rate, 200 W rf 

power). The etch time and O2 pressure are chosen to create an undercut below the 

germanium layer so that smooth edges are created during a subsequent lift-off stage. 

I next deposited a superconducting film consisting of an Al-Ti-Au trilayer (60nm-

20nm-20nm thickness, Tc≈0.7 K [69]) by e-beam evaporation. Superconductivity is 

essential to achieve a high Q inductor while the gold film provides an oxide-free surface 

that allows me to make electrical contact to subsequent metallic layers. The first layer is 

completed by a lift-off in NMP (N-Methyl-2-Pyrrolidone) at 90 °C for 30 minutes. Figure 

5.1 shows a chip I built using this procedure. 
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PMGI (400 nm)

Ge (30 nm)

NR7-1500

(1.5 µm)

(b) Expose optically

and develop

(e) Evaporation

(c) SF6 dry etch (d) O2 dry etch

(f) Lift-off
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(100 nm)
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Fig. 5.3: Illustration of the trilayer photoresist system. (a) Deposition of the different 

layers. (b) The top layer (photoresist) is exposed and developed. (c) The pattern is 

transferred to the germanium layer using SF6 dry etch. (d) The bottom layer is dry etched 

with O2 gas (e) The metallic film is evaporated (f) Lift-off patterning is completed as 

material is removed by dissolving the PMGI layer in NMP. 
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5.2.2 E-beam lithography 

The next step in the process is to add the SET and the CPB. I used a recipe developed 

by Dr. Pierre Echternach [70]. The first step is to coat the wafer with a bi-layer e-beam 

resist. The first layer (MMA(8.5)MAA EL11 or copolymer [67]) is spun at 5000 rpm for 

one minute and baked at 135 °C for 10 minutes on a hot plate. The second layer (2200 

PMMA A1 [67]) is spun and baked using the same parameters as the copolymer. Before 

the devices can be patterned by e-beam lithography, they have to be coated with a thin 

metallic film or anti-charging layer, otherwise charge will build up on the quartz substrate 

and deflect the electron beam, distorting the pattern. I used a 10 nm thick Al film on top 

of the PMMA layer to prevent charging effects. I deposited this film by thermal 

evaporation since e-beam evaporation generates x-rays which can expose PMMA.  

After this Al layer is deposited, I scribe and dice the wafer into 5 × 4 mm chips. 

Individual devices are exposed in a JEOL 6500 SEM using a commercially available e-

beam lithography system developed by Joe Nabity [71]. The software allows me to align 

the e-beam exposure with the pre-existing pattern with an accuracy of about 100 nm. I do 

this by scanning specific areas that contain alignment marks and then guiding the 

software to correct for the offset of these marks with respect to their nominal position.  I 

used a 30 kV accelerating voltage and a 45 pA beam current. The dose required to fully 

expose the PMMA-Copolymer bilayer is about 1.5 nC/cm for single pass lines and 350 

µC/cm
2
 for filled polygons. However, features requiring a large undercut, such as the 

leads and island of the SET and CPB, are exposed with a 10 times larger line dose or a 3 

to 4 times larger area dose.  
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After exposure, I strip the anti-charging  layer by immersing the chips in a TMAH 

(tetramethylammonium hydroxide) based positive photoresist developer for one minute. 

The devices are then developed in a 1:3 MIBK:IPA mixture [67] and rinsed in Isopropyl 

alcohol (IPA) for 30 seconds. The island and leads of the devices are defined by openings 

in the PMMA mask. The bottom layer (copolymer) is more sensitive than the top layer 

which allows for a large undercut to be created so the edges of the PMMA mask are free 

standing.  

 

5.2.3 Double angle evaporation 

I used the double angle evaporation technique [72] illustrated in Fig. 5.4 to make the 

tunnel junctions for the SETs and CPBs. I usually deposit Al on one or two chips at a 

time. The chips are loaded in an evaporation system assembled by Akshay Naik, with a 

rotating stage and a base pressure of 2×10
-7

 Torr. Aluminum films are evaporated either 

from a poco-graphite crucible or an intermetallic crucible [73] using an MDC e-beam 

evaporator. A 30 nm thick Al film is first evaporated at a rate of 0.3 to 0.4 nm/s, with the 

stage rotated to make an angle of 15° between the evaporation source and the axis 

perpendicular to the chip surface. I then admit O2 gas into the chamber to grow an 

aluminum oxide insulating film that works as a potential barrier for the tunnel junctions. 

After an oxidation time of 3 minutes the O2 gas is pumped out and a second Al film is 

deposited with the stage set to -15°, using the same deposition rate. Tunnel junctions are 

formed where the leads (island) from the first evaporation overlap the island (leads) from 

the second evaporation.  
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The oxidation pressure and the junction size are adjusted to achieve junctions with 

C~1 fF and  R~50 kΩ. I typically used an oxidation pressure of 150 mTorr and a 

junction size of 100 nm×100 nm to obtain the desired parameters. The last step in the 

process is a lift-off in acetone at room temperature for one hour.  

Figures 5.5 and 5.6 show SEM pictures of two of my samples. The device shown in Fig. 

5.6 included  metallic films (10 nm Ti – 15 nm Au) in close proximity with the junctions, 

often referred to as quasiparticle traps. The purpose of the traps was to extract 

quasiparticles from the superconducting leads, to prevent them from entering the island. 

The quasiparticle traps in this sample were defined by e-beam lithography following the 

recipe described above. In this case the SET and Coooper pair box were made in a third 

step and deposited over the traps, using the same alignment marks for both exposures. 

For measurements, individual chips were mounted in a microwave tight copper 

package using vacuum grease to ensure good thermal contact. The package has coplanar 

waveguides on the inside to facilitate wire bonding connections to the chip leads. The 

coplanar waveguides are soldered to wall-mount SMA connectors using indium solder. 

Connections to the devices are made using a wedge bounder with 1 mil diameter gold 

wire. Special care must be taken with the high speed gate of the CPB; the wiring is kept 

short (less than 1 mm long) and several parallel wires are used to reduce the parasitic 

inductance.  

Also, in order to protect the SETs from electrostatic discharge, the interdigitated 

capacitor is shorted in the optical pattern. After the Source and Drain terminals of the 

SET are wire bonded, an SMA short is placed on the wall connector and the interdigitated 

capacitor is scratched open with a diamond-tip scriber. I then check the SET by  
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Fig. 5.4: Double angle evaporation technique. The bilayer resist system allows the 

definition of a suspended PMMA mask. A first Al film is evaporated from a 15° angle 

from the normal and then oxidized in O2 gas to form a tunneling barrier. A second Al 

film is evaporated at a -15° angle and tunnel junctions are formed where the two films 

overlap.  
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Fig. 5.5: SEM picture of coupled Cooper pair box and SET. I fabricated these devices 

using e-beam lithography and double-angle evaporation.  
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Fig. 5.6: SEM picture of coupled Cooper pair box and SET with quasiparticle traps. 
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Fig. 5.7: Picture of a sample mounted in a microwave tight copper package. 
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measuring its resistance at room temperature with a battery-operated, hand-held 

multimeter set on the 4 MΩ range. This limits the current to a safe level of about 100 nA. 

 

5.3 Cryogenics 

To measure the samples, I first mount the package in a Kelvinox 100 
3
He-

4
He

 
dilution 

refrigerator from Oxford Instruments [51]. Samples are typically cooled down over a 

period of two days. After sealing the refrigerator, evacuating the inner vacuum chamber 

and introducing 
3
He exchange gas into the vacuum space, the Dewar is raised until it 

encloses the refrigerator completely. The dewar is then pre-cooled with liquid nitrogen 

and left to thermalize overnight. The next day, the liquid nitrogen is pumped out of the 

dewar and liquid helium is transferred in. Once the mixing chamber temperature reaches 

4.2 K, the exchange gas is pumped out and the 
3
He-

4
He

 
mixture is circulated until the 

fridge reaches a base temperature of about 30 mK. The temperature of the mixing 

chamber is measured with a ruthenium oxide resistance thermometer that works in the 

range between 15 mK to 6.5 K.  

The copper package was attached to a copper bracket which was in turn bolted to the 

mixing chamber. The bracket, designed by Dr. Benjamin Palmer, was annealed and gold 

plated to increase heat conduction to the mixing chamber and was attached to it using 

long brass screws with stainless steel spacers. Getting the fridge and the devices to 20-30 

mK requires that the heat (coming down the electrical lines used in the experiment) be 

limited to less than 10 µW. Different techniques are used to thermally sink the lines at 

every stage depending on the physical and electrical characteristics of that particular line. 

Figure 5.8 shows a wiring diagram of the electrical lines used for these experiments. I 
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note that there were enough dc lines to run up to three SET/CPB chips but only one 

device could have rf lines attached to it. 

I used low frequency lines with a bandwidth of tens of MHz to provide bias voltages 

(VDS, Vg) for the SETs and CPBs. For these lines I used miniature cupro-nickel coaxial 

cable [74] (0.08 mm inner diameter, 0.33 mm outer diameter) from the mixing chamber 

to the 1K pot and flexible stainless steel coaxial cable [75] (0.203 mm inner diameter, 

0.711 mm outer diameter) from the 1K pot to the top of the refrigerator. These cables 

provide both low thermal conductivity and high frequency filtering. I thermally grounded 

these lines by winding them tightly around copper posts attached to different spots on the 

refrigerator (mixing chamber, still, 1K pot and 4K flange) using long brass screws. The 

windings are coated with silver paint to fill in the voids and increase thermal contact to 

the posts. I used flexible coaxial cables with soldered SMA connectors to make electrical 

connections between these lines and the sample package. 

Two rf lines are necessary for the operation of the rf-SET. The upper section of the 

input line (rf-SET carrier) is a stainless steel UT-85 semi-rigid coaxial cable that runs 

from the top of the fridge to the 1K pot (see Fig. 5.8). To filter out noise, this section is 

terminated in a 20 dB attenuator mounted on the 1K plate. I use SMA connectors and 

these provide a low thermal resistance path between the outer conductor of the coaxial 

cable and the 1K plate. The attenuator is useful in sinking some of the heat coming down 

the inner conductor through its 50 Ω resistance path to ground. The bottom section of the 

input line is a miniature stainless steel coaxial cable [75] (0.114 mm inner diameter, 0.51 

mm outer diameter) that runs from the 1K pot to the base temperature bracket, where it is 

connected to a 20 dB attenuator and then teminated in a directional coupler (-20 dB 
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Fig. 5.8: Schematic of the wiring and heat sinks for measurement lines in the dilution 

refrigerator.  
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coupling) in good thermal contact with the bracket. The output conductor of this section 

is thermalized at the still by wrapping it in copper wire, coating with silver paint and then 

pressing the assembly against the still plate with a brass screw.  

The output line carries the rf-SET reflected wave and should have negligible 

attenuation to prevent a reduced signal-to-noise ratio (S/N). Initially, I did rf-SET 

measurements at 1.5 GHz and chose a niobium UT-85 semi-rigid coaxial cable for the 

output signal. Thermal sinking of this line’s output conductor was achieved by wrapping 

a copper wire around the cable, gluing it with Stycast and pressing the wire against the 

mixing chamber, still and 1K plates with brass screws. I used a thin film microstrip line 

inserted in this line at the 1K pot to thermally sink the inner conductor (in the last setup I 

used, this microstrip line was placed at the 50 mK plate, as shown in Fig. 5.8). The 

microstrip line was fixed with vacuum grease in a copper package that was attached to 

the still plate and soldered to wall-mount SMA connectors. This line ran from the base 

temperature bracket to a sealed feed-through on the 4K flange. On the other side of the 

feed-through, the signal is fed to a cryogenic amplifier [76] with a 2K noise temperature 

(75 pV/(Hz)
1/2

 input voltage noise) sitting in the helium bath. I connected the output of 

the amplifier to the top of the fridge by a stainless steel semi-rigid UT-85 coaxial cable. 

I note that for the last year (2005) I changed the design of the rf-SET resonator to 650 

MHz. This was done to be able to test samples fabricated by Dr. Echternach at JPL [70], 

who designed his samples for this frequency. At about the same time, the feedthrough for 

the output line started leaking and Dr. Palmer and I had to replace the niobium coaxial 

cable when we repaired the leak. Since we were operating now at a lower frequency, we 
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decided to use the same kind of miniature stainless steel cable used for the input line. At 

this point I also moved the microstrip line to the 50 mK plate. 

To produce the excited state of the CPB, a high-bandwidth (∼40 GHz) line is required 

to apply microwave signals to the gate of the box. One common technique to control the 

quantum state of the box is to apply a fast-rising voltage pulse to the gate [26]. Since this 

pulse is not monochromatic, it requires a flat frequency response up to about 30 GHz. For 

this reason a coaxial line with low losses was desirable and the thermalization of this line 

posed a greater challenge than the other lines. For the upper section of this line, I used a 

silver-coated stainless steel UT-85 coaxial cable [77] with a measured attenuation of 6 dB 

at 40 GHz. This cable lies inside the helium bath and connects the top of the cryostat to a 

hermetic SMA feed-through on the 4K flange (see Fig. 5.8). The lower section is a 

niobium UT-85 coaxial cable with SMA crimp-on connectors at the ends, running from 

the 4K flange to the mixing chamber. Several matched attenuators are inserted along this 

line (20 dB in the helium bath, 20 dB at the still and 16 dB at the mixing chamber) to 

thermally sink the inner conductor and reduce high frequency noise generated at higher 

temperatures.  Special copper clamps were designed by Dr. Palmer to ensure a good 

thermal contact between the attenuators and the fridge plates. A broad band bias-T 

attached to the base temperature bracket is used to add a dc bias to the microwave gate 

signals and provides further thermal isolation between the inner conductor of the high 

speed line and the sample (see Fig. 5.8). In addition to this, the outer conductor was 

directly connected to the refrigerator plates by wrapping copper wires around them. The 

wires were then glued with Stycast and then pressed to the plates by brass screws.  
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5.4 High frequency filtering 

All of the high frequency lines are heavily filtered. First, the filters need to prevent 

broadband thermal energy from high temperature stages from reaching the SET and CPB. 

Second, the filters, need to reduce the amount of high frequency noise (�ω� Ec, EJ, ∆) 

reaching them to suppress unwanted transitions and excitations. High frequency noise is 

generated in all lossy elements, including the cables and attenuators, according to the 

Planck formula: 

(5.11) 

 

 

where R is the resistance and I am using the convention where f can be negative (see 

Chapter 3). The dc lines are the most heavily filtered and therefore have a negligible 

contribution to the total noise.  

The attenuation of the dc lines is summarized in Table 5.1. I note that the rf-SET input 

line has substantially larger attenuation (40 dB from attenuators plus 20 dB from the 

directional coupler plus the high frequency attenuation of the stainless steel cables) than 

either the rf-SET output line or the high-bandwidth gate.  

The voltage noise seen at the gate of the CPB can be estimated from the equivalent 

circuit shown in Fig. 5.9. The power spectrum at the cold end of the high-bandwidth gate 

is given by: 

(5.12) 

 

where SV(f,T) is evaluated from Eq. 5.11 using R=50Ω . For the rf-SET output line the 
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Table 5.1: Attenuation of dc lines at different frequencies.  

 

Frequency 

(GHz) 

Attenuation (300 K – 4 K) 

(dB) 

Attenuation (4 K – 30 mK) 

(dB) 

0.5 13 14 

1 18 19 

5 40 43 

10 > 40 61 

20 > 40 87 
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 power spectrum at the cold end is calculated from: 

(5.13) 

 

where A(f) is the measured attenuation of the stainless steel cable connecting the rf-SET 

to the cryogenic amplifier. 

Fig. 5.10a shows a plot of the power spectrum at the output of these lines as calculated 

from Eqs. 5.12 and 5.13 but without including the last term, SV(f,0.03 K), which is 

plotted separately to illustrate the frequency range where the total noise could be 

decreased with increased attenuation or filtering.  

I note that the expected excitation and relaxation rates resulting from this noise can be 

found from: 

(5.14) 

 

The estimated T1 =(Γ↑ +Γ↓)
−1

 as a function of ng is presented in Fig. 5.10b for a CPB with 

Ec=1 K and E J=0.5 K, assuming coupling κ=0.01. I note that the estimated T1 (from 3 

µs to 42 µs) is substantially larger than measured relaxation times on CPBs with similar 

parameters and it is also larger than theoretical estimates of the mixing time caused by a 

coupled SET (see Fig. 4.10b). This implies that my experiment should not be limited by 

noise from the leads, at least as far as the lifetime of the state is concerned. 

 

5.5 Measurement setup and instrumentation 

Figure 5.11 shows a diagram of the setup I used for making dc measurements. 
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20 dB attenuator

1.6 K
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16 dB attenuator
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50 Ω

4 K 30 mK
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CPB

rf-SET
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Fig. 5.9: Circuit model used to estimate the voltage noise presented to the CPB by two 

different lines: (a) High bandwidth gate, (b) rf-SET output line. Note that there is a stray 

capacitance Cs between the SET leads and the CPB that is not the same as the gate 

capacitance Cg in (a). 
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Fig. 5.10: (a) Expected voltage power spectrum at the cold end of the rf lines for the 

model circuit shown in Fig. 5.9. The solid curve includes only the noise generated at 

temperatures above 30 mK. The dashed curve shows the noise generated at 30 mK. (b) 

Estimate for T1 vs. ng from the total noise coming down the rf lines for a Cooper pair box 

with Ec=1K, E J=0.5K and a coupling κ=0.01. 



 

 82  

The experiment takes place in an rf-shielded room. Bias voltages VDS, Vgs, Vgb are 

computer generated by a National Instruments PCI-4451 DAQ card and fed into the 

shielded room through optical isolators. The signals at the output of the isolators are 

scaled down to the mV range by resistive dividers. An Ithaco 1211 current amplifier is 

connected in series with the SET to measure the dc current. The internal feedback of the 

amplifier keeps VDS equal to the voltage provided by the resistive divider. The current 

amplifier is designed to ground the output conductor of the BNC input connector but 

since the SET source terminal is grounded in the rf-SET configuration, the current 

amplifier is kept floating and its output measured by a differential amplifier and then fed 

to the computer through an optical isolator.  

Both amplifiers and the optical isolators are battery operated to avoid 60 Hz noise. To 

characterize the SET, the current is measured as a function of VDS (IV measurements) or 

as a function of Vg (modulation). For measurements of the CPB charge, the SET is biased 

at a fixed point with large gain (∂I/∂ng) and the current is measured as a function of the 

CPB gate bias parameter ng. Due to stray capacitances between the box gate and SET 

island, and between the SET gate and box island, the voltages Vgs and Vgb have to be 

swept at the same time to keep the SET operating point fixed during the measurement. 

Microwave signals are applied to the high-bandwidth gate to cause excitations in the 

CPB. Pulsed or continuous sinusoidal excitation is provided by an Agilent 83650B, 10 

MHz – 50 GHz signal generator. Typically I use a power level of −10 to 0 dBm. Two-

level voltage pulses with a 30 ps rise time are produced by an Advantest D3186 pulse 

pattern generator. The pulse pattern is programmed by a personal computer via GPIB 
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connections. Table 5.2 summarizes the main equipment used in this setup and the 

following. 

Figure 5.12 shows the setup for rf-SET measurements. Bias voltages are provided 

through optical isolators. A bias-T is used to add a dc offset to the 500 MHz – 1.5 GHz rf 

carrier which is generated by an Agilent 83732B signal generator. The reflected wave is 

amplified first by a cryogenic amplifier with a 30 dB gain and then by two room 

temperature amplifiers with gains of 35 dB each. Gate signals at frequencies up to 80 

MHz can be used to modulate and characterize the rf-SET. For frequency domain 

measurements the output of the room temperature amplifiers is directly connected to a 

spectrum analyzer. For time domain measurements the output signal can be demodulated 

with a mixer and the output displayed in an Agilent Infinium 54855A oscilloscope (0-3 

GHz bandwidth). 

To measure the charge on the CPB, I first biased the rf-SET on a high sensitivity point 

(typically in the JQP region) and then swept the gate voltages Vgb and Vgs by 

synchronized signal generators at a typical frequency of 1 kHz. The amplitude and phase 

of the signals are adjusted to account for the stray capacitances and keep the SET bias 

point fixed. 
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Fig. 5.11: Instrumentation setup for dc measurements on the SET and CPB. 
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Fig. 5.12: Instrumentation setup for rf-SET measurements of the CPB.  
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Table 5.2: Main components of the measurement setup 

 

Oscilloscope Agilent Infinium 54855A 

Spectrum analyzer Agilent E4407B 

rf signal generator (0.5 – 1.5 GHz) Agilent 83732B 

rf signal generator (0.1 – 50 GHz) Agilent 83650B 

Signal generators (low frequency) Agilent 33250 A 

Pulse pattern generator Advantest D3186 

Cryogenic amplifier Berkshire technologies U-650 

Directional coupler (rf-SET) MAC technology C3202 

Bias-T (rf-SET) Mini Circuits ZFBT-4R2GW-FT 

Bias-T (high speed line) Anritsu K-250 

Mixer Mini Circuits ZFM-2000 

Current amplifier Ithaco 1211 
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Chapter 6: Characterization of devices 
 

In this chapter I describe the measurements I used to characterize SETs and CPBs. 

Determination of the different device parameters is essential to evaluate theories, quantify 

sources of decoherence and optimize the CPB qubits. Throughout this thesis, I present 

data from 8 different samples. Two of the samples were made by Dr. Pierre Echternach 

[70] at the Jet Propulsion Laboratory (JPL) and are identified as PE1 and PE2. The rest of 

the samples were fabricated by myself in the cleanroom of the Laboratory for Physical 

Sciences (LPS), at the University of Maryland and are identified as CS1 to CS6. Table 

6.1 summarizes the parameters of all the devices. 

 

6.1 SET IV characteristics 

Figure 6.1 shows an IV characteristic of an SET from sample CS1 measured at 30 mK 

with no magnetic field applied. Here the dc current through the SET is measured at fixed 

Vg, while VDS is varied. Each of the curves in the figure corresponds to a different Vg.  

The sharp rise of the current at VDS = 886 µV is due to Giaever tunneling [52] and 

occurs when the voltage across each junction is equal to ∆I+∆L or VDS = 2(∆I+∆L), where 

∆I and ∆L are the energy gaps of the island and leads respectively. As we will see, the 

two gaps are generally different because the island and the leads are deposited during 

different evaporations as a result of the two-angle evaporation technique. The energy gap 

in aluminum films is sensitive to variations in some processing parameters like the film 

thickness and oxygen content [78,79]. The samples discussed here were made at the base 

pressure of the evaporator. Therefore, I expect any difference in the gaps to be small and 
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Table 6.1: Summary of device parameters 

 

 

Sample SET parameters CPB parameters 

 

Ec/kB
 

(K) 

RΣ 

(kΩ) 

∆/k
B
 

(K) 

Ec/kB
 

(K) 

EJ/kB
 

(K) 

CS1 1.14 136 2.57 1.26 - 

CS2 1.72 83 2.74 1.64 - 

CS3
*
 1.67 36 2.55 - - 

CS4
*
 - 51 2.36 - - 

CS5 1.25 62 2.56 1.54 - 

CS6 0.92 50 2.82 0.69 - 

PE1 1.20 139 2.52 0.794 0.327 

PE2 1.03 63 2.48 0.71 0.72 

 

* Samples CS3 and CS4 were fabricated by a different process than the one described in 

sections 5.2.2 and 5.2.3. Sample CS3 used a trilayer resist system, similar to the one 

described in section 5.2.1, but with PMMA as the top layer. Sample CS4 used a 

PMMA/Copolymer bilayer backed at 180 °C for 5 minutes. The Al evaporation for both 

devices were made from a current-heated tungsten filament.  
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Fig. 6.1: IV curves of the Al-AlOx-Al SET on sample CS1 for different Vg at T=30 mK. 
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generally I assume ∆I=∆L=∆. 

Examination of Fig. 6.1 shows that at large VDS bias, the IV characteristic of the SET 

is linear, with (∂I/∂V)
−1

=RΣ=R1+R2. For this sample we get RΣ=136 kΩ. Modulation of 

the dc current with gate voltage is apparent for VDS around the JQP and above 4∆. In the 

Giaever tunneling range (V>4∆/e) we can see a nodal structure, i.e. VDS values where 

there is no current modulation (e.g. VDS=1.08 mV). These nodes are equally spaced by a 

voltage ∆V=2Ec/e [53] and thus provide a way to determine Ec=e
2
/CΣ. For this sample we 

find Ec=98 µeV and CΣ=0.82 fF. 

For fixed VDS the current is a periodic function of Vg. Figure 6.2 shows the current 

modulation of Sample CS1 at VDS=520 µV, which is near the JQP. Each period 

corresponds to the average number of electrons on the island changing by one. The gate 

capacitance is given by Cg∆V=e which gives Cg=7.3 aF. 

Superconductivity in the aluminum films can be suppressed by applying a magnetic 

field B~1T. We can obtain additional information from the IV curves in the normal state. 

Figure 6.3 shows the characteristics of sample CS1 in the normal state for different Vg. 

The most evident feature in these curves is the zero current plateau due to the Coulomb 

blockade. In principle this feature provides another way to determine Ec, but there are 

several issues that complicate the interpretation of the curves. According to the orthodox 

theory [50], at T=0 the onset of current happens when ∆G(n), the change in the free 

energy of the system after a tunneling event (see Eq. 4.4), is equal to zero. In the actual 

measurements the current rise is not as sharp as predicted by the orthodox theory, even if 

one takes into account the temperature of the mixing chamber. Excessive rounding of the 

IV curves is caused by factors like cotunneling [80], noise from the measurement  
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Fig. 6.2: Modulation of the dc current of SET CS1 in the superconducting state for fixed 

VDS=520 µV. 
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Fig. 6.3: IV curves of the SET in sample CS1 in the normal state (B≈1T) for different Vg. 
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apparatus and an elevated electronic temperature due to self heating. 

Cotunneling is the simultaneous tunneling of electrons through both junctions, thereby 

transferring charge from source to drain without the energy cost specified by Eq. 4.4. For 

VDS<Ec/e the cotunneling current is on the order of [80]: 

(6.1) 

 

or I~26 pA for sample CS1, which is small but not negligible. 

Low frequency noise from the instrumentation generates rounding when the IV 

characteristic is non-linear. However, since the IV curves in the superconducting state 

show very sharp features I can estimate that the voltage noise must be Vn�5 µV and 

conclude that the rounding in Fig. 6.3 is not produced by noise. 

A third cause for rounding is self heating, and this is likely the main cause. In a 

mesoscopic conductor at low temperatures the electron temperature Te might differ from 

the phonon temperature Tph due to poor electron-phonon coupling. The electron 

temperature of the SET island can be found from [81]: 

     

 

where P is the power dissipated in the island, Ω is the volume of the island and Σ is a 

constant. For sample CS1 at ng=0 and VDS=100 µV, we have I≈100 pA, P≈10
−14

 W and 

Ω≈0.5×10
−20

 m
3
. Assuming ΣAl ≈ 2×10

10
 Wm

−3
K

−5
 [82], I find Te≈160 mK. Simulated 

IVs (see Fig. 6.4) show considerable rounding for the above conditions Ec/kB
Te≈7.1. In 

fact, these simulated curves look qualitatively very similar to the measured curves, 

strongly suggesting that self heating effects should be taken into account if the SET  
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Fig. 6.4: Simulated IV curves of a normal metal SET with Ec=1.14 K and RΣ=136 kΩ at 

Te=160 mK. 
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parameters are to be determined from these curves.  

The above analysis shows that an accurate determination of Ec in the normal state 

requires care since self heating and cotunneling cannot generally be neglected. On the 

other hand, the IV curves in the superconducting state offer sharp features that are to a 

large extent independent of temperature (∆(T)≈∆(0)for T<<Tc) and they provide an 

easier way to estimate Ec. 

Nevertheless, the IV curves in the normal state are useful to estimate the ratio of the 

individual junction capacitances C1/C2. The onset of current given by the orthodox theory 

is found by setting ∆G(n)=0 in Eq. 4.4 [53]. I find: 

(6.3) 

and 

(6.4) 

 

where n is the number of electrons on the island. These equations (see Fig. 6.5a) define 

the boundaries of the I=0 plateau on the Vg-VDS plane. These boundaries can be identified 

in a plot of the measured current, shown in Fig. 6.5b as a gray-scale plot for device CS1. 

The slopes of these boundary lines, (C2+Cg)/Cg and −C1/Cg, provide an absolute 

determination of C1 and C2 but, as discussed above, the rounding of the IV curves makes 

a precise determination difficult.  However, an estimate of C1/C2 should be more accurate 

if a uniform criterion is used to define the I=0 boundary. From the plot I estimate 

C1/Cg≈100 and C1≈C2  for the SET on chip CS1. 
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Fig. 6.5: (a) Boundaries of the Coulomb blockade plateau for a sample with C1=C2 and 

Cg=0.02 C1. (b) Gray-scale plot of the measured current on sample CS1 in the normal 

state. The slopes of the dotted lines determine the parameters C1/Cg≈100 and C1≈C2 . 
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6.2 rf-SET measurements 

The sensitivity of the rf-SET depends on the SET characteristics (RS=∂VDS/∂I, 

∂RSE T/∂ng, Ec, etc.) and the impedance matching made by the resonant circuit. As I 

discussed in Chapter 4, the rf modulation is maximum when the impedance presented to 

the cable by the tank circuit is 50 Ω, and this requires an unloaded quality factor of 

Q=RS/ωoL≈30. Q can be estimated, for example, by biasing the SET with a large dc 

current and measuring the noise spectrum at the output of the rf amplifier.  

Figure 6.6 shows the circuit model I used to calculate the noise. For a large SET bias, 

the current power spectrum is given by SI=2eIF , with the Fano factor F=0.5 arising from 

correlations between tunneling events [62]. Here SI is the usual power spectrum, defined 

for positive frequencies only. This current noise can be modeled as a current source in 

parallel with a resistance RS. From a simple circuit analysis, I find the voltage noise Vn at 

the input of the rf amplifier generated by the SET shot noise In: 

(6.5) 

 

 

where ωo=(1/LC)
1/2

, δω=ω−ωo, Zo=50 Ω and 

(6.6) 

 

is the loaded quality factor.  

The output voltage noise measured on sample CS2 with a dc current bias of 400 nA is 

shown in Fig. 6.7. The maximum in the plot occurs at the resonant frequency fo=564 

MHz. I can define the bandwidth as the frequency deviation ∆f where the voltage drops  

2

21 







+

=

o

L

onL
n

Q

ZIQ
V

ω
δω

L

Z

R

L
Q

o

o

SET

o
L

ω
ω

+
=

1



 

 98  

 

 

 

L

CRS

Current

noise

source

rf amplifierVn

+

Zo = 50 Ω

In

 

Fig. 6.6: Circuit model used to calculate the voltage noise at the input of the rf amplifier. 

The LC circuit represents the rf-SET impedance matching network. 
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Fig. 6.7: Noise of the rf-SET at the output of the rf amplifier for sample CS2 with a dc 

current bias of 400 nA at T=30 mK. The noise at the input of the amplifier can be 

calculated from the circuit model shown in Fig. 6.6. 
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by (1/2)
1/2

, and find ∆f=14.5 MHz. From Eq. 6.5, this gives QL=fo/2∆f=19.5. I estimated 

RS≡(∂I/∂VDS)
–1

=83 kΩ from the IV curves of this device and used this value to find the 

parameters of the resonant circuit, L=493 nH and C=188 fF. These circuit parameters 

imply that perfect impedance match would be achieved with RS=61 kΩ, and this device is 

therefore close to the optimum design. 

One can also find the gain of the amplifiers from shot noise measurements. The 

voltage power spectrum SV at the output of the amplifiers at fo is given by: 

(6.7) 

 

where SVo is the noise floor referred to the input of the cryogenic amplifier, G is the total 

power gain between the cryogenic amplifier and the output of the room temperature 

amplifier and A is the attenuation of the cable connecting the rf-SET to the cryogenic 

amplifier. Here I am using the classical spectral density, which is defined for positive f 

only. Fig. 6.8 shows the measured SV as a function of I. From the slope on this plot, I 

found G=94.7 dB using the attenuation A=3.3 dB, which was measured at room 

temperature. Dividing SV at I=0 by G yields SVo=(72.5 pV)
2
/Hz. I note that the amplifier 

has a specified noise temperature Tn=0.9 K (Vn=53 pV/(Hz)
1/2

) at 650 MHz and Tn=1.8 

K (Vn=70 pV/(Hz)
1/2

) at 550 MHz.  

I note that the sensitivity of the rf-SET could be improved by a factor of two by 

replacing the cable with one that has negligible attenuation and changing the resonant 

frequency to 650 MHz, where the amplifier noise is lower. In replacing the cable, it 

would be advisable to introduce a low pass filter to cut off high frequency noise. 
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Fig. 6.8: SV(fo) at the output of the room temperature rf amplifiers generated by shot 

noise through the SET of sample CS2.  
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Figure 6.9 shows a measurement of the reflected wave power for sample CS2 with the 

SET biased in the JQP region. The reflection coefficient shows a 20 dB modulation by Vg 

around the resonant frequency. Far away from the resonant frequency the impedance of 

the tank circuit is almost independent of RS and therefore the modulation is very small. 

Under normal operation a monochromatic rf carrier is sent to the resonant circuit and 

the reflected wave Vr is monitored to detect changes in the SET ng. Since RS is a periodic 

function of ng care should be taken to choose a bias point with a linear response in Vr vs. 

ng. Also, since the rf-SET response depends on impedance matching it is very sensitive to 

the bias conditions (VDS, Vg, Carrier power and frequency) and it is necessary to adjust 

these parameters for optimum operation. The reflected signal can be observed directly in 

the frequency domain by connecting the output of the rf amplifiers to a spectrum 

analyzer. Figure 6.10 shows the reflected wave spectrum measured on sample PE1. The 

center peak corresponds to the carrier frequency fo=602 MHz. The sidebands are 

produced by a 200 kHz sine wave applied to the gate of the SET with an rms amplitude 

corresponding to 0.0184 e. 

The reflected power can be demodulated with a mixer or a diode to recover the input 

signal. Figure 6.11 shows the spectrum of the same signal from Fig. 6.10 after being 

demodulated with a mixer. The sensitivity of the rf-SET is determined by the noise floor 

on this graph. We can specify this noise as an equivalent input noise by calibrating the 

gain of the electrometer (the change in the output voltage for a change in the input 

charge) and dividing the output noise by this gain. For this sample I found a sensitivity of 

2.3×10
−5

erms/(Hz)
1/2

 at 1 MHz. I note that the excess noise at low frequency in this 

measurement is consistent with the noise at audio frequencies determined from dc current  
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Fig. 6.9: Reflected wave power near the resonance for sample CS2 biased in the JQP for 

Vg=6.5, 5.8, 5.2 and 4.8 mV, from top to bottom, respectively. 
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Fig. 6.10: Spectrum of the reflected voltage from the rf-SET of sample PE1 with a 200 

kHz sine wave of rms amplitude 0.0184 e applied to the gate (see Fig. 5.12 for the circuit 

schematic). The resolution bandwidth of the spectrum analyzer was 10 kHz. 
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Fig. 6.11: Spectrum of the signal in Fig. 6.10 after being demodulated with a mixer (see 

Fig. 5.12 for the circuit schematic). The resolution bandwidth of the spectrum analyzer 

was 1 kHz. 
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measurements on this sample. Plotting this on a log-log scale shows it scales 

approximately as 1/f. Therefore, I conclude that below 1 MHz the sensitivity of the rf-

SET is limited by 1/f charge noise. At higher frequencies the sensitivity is limited by the 

noise of the amplifier and the transfer function ∂Vr/∂ng. 

For small charge variations (∆Q�0.1e) and proper bias conditions, the rf-SET acts 

like a linear amplifier and the demodulated output signal is proportional to ∆Q. Figure 

6.12 shows the rf-SET output for a 100 kHz, 0.1e peak-to-peak square wave signal 

applied to the gate. The bandwidth was limited by a low pass filter with a 1MHz cut-off 

frequency at the output of the mixer. The standard deviation of the points in a single trace 

(lower curve) about the average value (upper curve) is equal to 0.035e, which is 

consistent with the noise background in Fig. 6.11 and the measurement bandwidth: 

(6.8) 

 

Or σq=0.0349 e. From these measurements, I can conclude that measurements with a 

charge resolution as small as 0.035 e are possible on a 1.0 µs time scale. A theoretical 

estimate, shown in Fig. 4.10, predicts a mixing time of about 1 µs for a CPB coupled to 

an SET with κ=0.02 (Q=0.04e), both devices having Ec=1 K and EJ=0.5 K. This 

suggests that, a single shot measurement of the CPB state is possible with the above 

quoted charge sensitivity if other sources of noise do not cause the relaxation time to be 

less than 1 µs. 

Devices with higher resonant frequencies were also successfully developed and tested. 

Figure 6.13 shows the modulation of the reflected wave by the gate voltage as a function 

of frequency measured on sample CS3. Figure 6.14 shows shot noise data on 
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Fig. 6.12: rf-SET response of sample PE1 to a 100 kHz square wave of amplitude 0.1e 

applied to the gate. The output bandwidth was limited to 1MHz. The lower curve 

corresponds to a single trace and has σq=0.035e. The upper curve is the average of 100 

single measurements. 
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Fig. 6.13: Reflected wave power for the rf-SET of sample CS3 biased at VDS=840 µV, in 

the Giaever tunneling range for different Vg. Note that the resonance is at higher 

frequency (1.535 GHz) than that for device CS2 shown in Fig. 6.9. 
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Fig. 6.14: SV for the rf-SET of sample CS4 generated by shot noise. QL=36 was obtained 

from this measurement. 
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sample CS4 from which the resonant circuit can be characterized. The obtained QL=36 is 

about a factor of two larger than the optimum value. I note that the best charge sensitivity 

measured on any of my samples was qn=8×10
−6

 erms/(Hz)
1/2

. 

 

6.3 Charge measurements using the CPB 

As I discussed in section 6.2, the SET current and dynamic resistance RS=∂I/∂VDS are 

periodic functions of the SET gate voltage Vg. However, if the SET is properly biased it 

works like a linear electrometer for small variations of the gate charge and it can be used 

to measure the charge on the Cooper pair box (CPB).  

To measure the charge staircase one needs to sweep the CPB gate voltage Vgb while 

keeping the SET biased in a linear region. Due to cross coupling between the CPB gate 

and the SET, this requires the SET gate voltage Vgs to be swept simultaneously by 

∆Vgs=−∆Vgb(Cbs/Cgs), where Cbs is the stray capacitance between the box gate and the 

SET and Cgs is the SET gate capacitance (see Fig. 5.11).  

Figure 6.15 shows one such measurement I performed in the normal state (a field B=1 

T was applied) on sample CS5 at T=23 mK. The upper curve shows the SET current as a 

function of Vgs with Vgb=0. On the bottom curve Vgs and Vgb were varied simultaneously 

with their amplitudes adjusted to cancel each other out. The resulting signal is 

proportional to the potential of the box island and is plotted as a function of Vgs. I note 

that the box gate charge is given by eng=CgbVgb–CsbVgs.The sudden steps in the current 

are caused by one extra electron entering the box island. The corresponding potential 

change ∆V=−e/CΣb shifts the SET bias point by ∆Q=−eCc/CΣb, where CΣb is the total 

capacitance of the box and Cc is the coupling capacitance between the box and the SET.  
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Fig. 6.15: (a) Modulation of the SET current on sample CS5 as a function of Vgs. (b) CPB 

charge signal measured by simultaneously sweeping Vg on both the SET and CPB gates 

to keep the SET biased in the linear region shown in the upper plot. All measurements 

were made at T=23 mK. 
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The coupling factor κ=Cc/CΣb determined from these measurements is κ=0.066. 

The data shown in Fig. 6.15b can be converted to the staircase shape described in Eq. 

2.2 by adding a straight line and applying suitable offsets and scaling factors. By fitting 

the data to the theoretical curve one obtains the ratio Ec/kB
T, besides the correcting factors 

and offsets. Figure 6.16 shows the best fit obtained by fitting Eq. 2.2 to staircases 

measured at three different temperatures. I note that some of the small deviations 

observed in the 45 mK staircase are reproducible and cannot be explained by limited 

measurement bandwidth or non-linearity of the SET I-Vg characteristic. It is possible that 

these features are caused by photon assisted tunneling, excited by high frequency noise 

from the SET [83]. The idea is that the voltage noise Vn generated by the SET scales 

linearly with Ec  [61], which is relatively large (Ec=1.3 K) for this sample. Also the large 

coupling factor κ=0.066 means that the noise is relatively strongly coupled to the box. 

Figure 6.17 shows a plot of the best fit values of k
B
T/Ec for staircases I measured in 

device CS5 at different temperatures. I fit a line to the data points and used this to 

estimate the box charging energy Ecb from the slope of that line. For sample CS5, I found 

Ecb /k
B
=1.54 K. The plot also shows that the sample temperature follows the temperature 

of the mixing chamber down to T≈20 mK. For the measurements used in Fig. 6.17, I took 

special care to bias the SET at low VDS (50 µV) and low current (60 pA) in order to 

minimize power dissipation (P=3 fW).  

At higher bias the heating of the box by the SET is evident. I also measured the box 

temperature at three different SET bias points, at a fixed mixing chamber temperature of 

29 mK. I found an increase in the box temperature of 8 mK, 28 mK and 38 mK when the 

power dissipated by the SET was 6 fW, 78 fW and 450 fW respectively (see Fig. 6.17). 
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Fig. 6.16: Normal state charge staircase of the CPB on sample CS5 at three different 

temperatures with an applied field B≈1 T. Solid curve shows fit to Eq. 2.2 for the best fit 

parameter Ec/kB
T = 35.2, 12.5 and 7.59 for T=45, 120 and 200 mK, respectively. 
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Figure 6.18 shows the CPB charge staircase for sample PE2 both in the normal 

(B≈1T) and superconducting states (B=0T), measured at T=60 mK. It is evident that the 

Coulomb staircase in the superconducting state has charge steps of magnitude 2e. The 

staircase in the superconducting state should correspond to the expectation value of the 

charge in the ground state of the CPB for k
B
T<<∆ since the density of thermally excited 

quasiparticles is then very small. In general, a number of issues affect the observation of 

2e periodicity, as will be discussed in Chapter 7. In particular, because of quasiparticles, 

the  CPB can spend a finite amount of time in the n=1 state instead of just the n=0 and 

n=2 states. Nevertheless, for sample PE2, the superconducting staircase is clearly 2e 

periodic and it is well described by the simple theory presented in Chapter 2, ignoring 

quasiparticles.  

For comparison, Fig. 6.19 also shows the fit to the theoretical curve obtained by 

solving the Hamiltonian (Eq. 2.6) with the parameter EJ/Ec=0.95. I note that the values of 

Ec and EJ that I determined independently on this sample by spectroscopy measurements 

were EJ=0.72 and Ec=0.71, or EJ/Ec=0.95, in good agreement with the fit. 

 

6.4 Summary 

In this Chapter I described measurements I made to characterize SETs and CPBs in 

the normal and superconducting states. I-VDS and I-Vg measurements were used to obtain 

SET parameters, such as Ec, RΣ, C1, C2 and Cg. I used rf measurements in time and 

frequency domain to determine the sensitivity and bandwidth characteristics of rf-SETs.  
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Fig. 6.17: Best fit parameter k
B
T/Ec obtained from the staircase measurements of sample 

CS5 in the normal state plotted versus the mixing chamber temperature T. A straight line 

was fit to the data points and the value Ec=1.54 K found from the slope, corresponding to 

CΣ=0.6 fF. The sample temperatures T1=37, T2=57 and T3=67 mK were measured at 

T=29 mK for SET power P1=6, P2=78 and P3=450 fW respectively. 
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Fig. 6.18 Comparison of the measured box charge in the normal (B≈1T) and 

superconducting states (B=0T) for device PE2 at T=60 mK.  
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Fig. 6.19 CPB charge staircase measured in the superconducting state of sample PE2 

(thick curve), compared with the theoretical curve (thin curve) for the ground state CPB 

charge with best fit parameter EJ/Ec=0.95. 
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Measurements of the Coulomb staircase of CPBs provided a way to determine the box 

parameters Ec and EJ. The results of my devices are summarized in Table 6.1. 
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Chapter 7 : Quasiparticle poisoning 

 

7.1 Introduction 

Figure 7.1 shows the charge staircase of sample PE1 (see Table 6.1) in the 

superconducting state at 30 mK. The measured charge deviates substantially from the 

expected ground state charge of the CPB, most notably near the degeneracy point; i.e. the 

short steps around ng=±1 suggest that the n=±1 states are populated around those points. 

This behavior indicates the presence of quasiparticles in the superconducting electrodes 

even at very low temperatures, where one would not expect them. This effect is produced 

by a phenomenon called quasiparticle poisoning [84].  

I note that, if quasiparticles are present, the short step for n=1 would be expected in 

devices with Ec>∆ (see Fig. 2.3b). However, short steps have been observed in many 

devices where Ec is considerably less than ∆ [85,86,30], as is the case in sample PE1 

which has Ec/∆= 0.34.  

Quasiparticle poisoning has also been observed in superconducting SETs [87,88]. 

Naively, one would expect that the current in a superconducting SET at low T and low 

VDS bias would be 2e periodic (see Fig. 4.6) and the maximum current would occur at 

ng=1, where Josephson tunneling is maximum. Quasiparticle poisoning is manifested as a 

current peak at ng=0 where the Coulomb blockade should be maximum. It is well-known 

that the current in superconducting SETs becomes e periodic when the thermal energy 

k
B
T is high enough to produce quasiparticles. The crossover from 2e to e periodicity was 

explained by Tuominen et al. in terms of the free energy difference between the even and 

the odd parity states of a small superconducting island [89]: 
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Fig. 7.1: Plot of excess charge Q on the CPB versus gate voltage Vg=nge/Cg showing 

Coulomb staircase for sample PE1 in the superconducting state. The staircase was 

measured at 30 mK using an SET readout. The coupling strength between the CPB and 

the SET was κ=0.009. 
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(7.1) 

where ∆I is the superconducting gap of the island and Neff is the effective number of 

quasiparticle states available for excitation. At low temperature Neff is given by [90]: 

(7.2) 

Here N I(0) is the normal density of states of the island at the Fermi level and Ω I is the 

volume of the island. Tuominen et al. argued that the crossover temperature is found by 

setting Fo=0 in Eq. 7.1.  

Along similar lines, Amar et al. [87] and Joyez et al. [91] developed a thermodynamic 

theory that accurately explained the temperature dependence of the current peaks at 

ng=±1 and ng=0 on superconducting SETs with Ec<<∆. 

However, I note that none of these models predict poisoning at low temperatures. At 

least two different theories have been proposed to explain quasiparticle poisoning. One 

possibility is that there might be quasiparticle states at energies E<∆ [90]. These states 

can result, for example, from the inclusion of normal metal impurities in the 

superconductor [92] or from a broadening of ∆ because of lifetime effects [93]. A second 

possibility has been proposed by Aumentado et al. [94], that non-equilibrium 

quasiparticles are responsible for low temperature poisoning. The Aumentado model 

assumes that quasiparticles with energies E≥∆L are created in the leads, presumably by a 

non-thermal source such as high frequency radiation. If quasiparticles are already present 

in the electrodes and do not recombine then, in certain situations, the system can 

minimize the electrostatic energy in the range 
1
/2<ng<

3
/2 by allowing an extra electron 

onto the island.  

( ) ( ) TkNTN BIIIeff ∆Ω= π20

( ) ( )effBI NTkTF ln0 −∆=
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The main idea in Aumentado’s model is that, in the steady state, the probabilities of 

finding the system in the even or odd states can be found from a detailed balance 

condition [94]: 

(7.3) 

 

where Γol is the generation rate and Γlo is the loss rate (recombination plus diffusion to 

the leads) of quasiparticles, δE=E(ng)−E(ng+1), and E(ng) is the ground state energy of 

the system, which depends on Ec and EJ. Equation 7.3 predicts that devices having 

δE>(∆I−∆L) will be in the odd state at T≈0 for any finite quasiparticle generation rate. At 

higher temperatures the transition rate from the odd state increases and Pe/Po can be made 

very large if the generation of quasiparticles is the bottle neck process to go from the 

even to the odd state. 

In the next section, I discuss a model developed by Schön et al. [95] to describe parity 

effects on small superconducting islands using single electron tunneling rates. I then 

extend this model to include non-equilibrium quasiparticles in order to calculate 

poisoning effects over a wide temperature range. 

 

7.2 Tunneling rate formalism 

In order to understand the CPB characteristics with quasiparticle poisoning I need to 

find the probability for the system to be in the even or odd state as ng is varied. Of course, 

the true ground state of the CPB is the even state, which can be expressed as a 

superposition of n=0 and n=2 in the range 0≤ng≤2. The odd state has one un-paired 

electron on the island and can be expressed as a superposition of n=1 and n=3 in the 
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range 1≤ng≤3. I note that changing the CPB charge by e has the same effect on the 

electrostatic energy of the system as changing ng by −1. Therefore, the energy eigenstates 

of the Hamiltonian: 

(7.4) 

in the odd state are the same as those in the even state but shifted in ng by ±1 (the sign is 

not important since the Hamiltonian is 2e periodic).  

The lowest energy eigenstates of Eq. 7.4 in the even (Ee) and odd (Eo) states are 

plotted in Fig. 7.2 for a CPB with Ec/EJ=2. I note that these energies are just for the 

Cooper pair condensate in the even and odd states (they do not include the energy of the 

excitations). I can also define the energy change for the condensate: 

(7.4) 

 

When no external drive is applied, the probability Pe of finding the CPB in the even 

state or in the odd state Po can found by solving the master equation: 

(7.5) 

with the constraint  

(7.6) 

where Γoe (Γeo) is the transition rate from the odd (even) state to the even (odd) state. 

In the steady state ∂Pe/∂t = 0 and we find: 

(7.7) 

 

Once these probabilities are known the average CPB charge can be found as: 

(7.8) 
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Fig. 7.2: Lowest energy eigenstate of the CPB Hamiltonian in the even state Ee (solid 

line) and odd state Eo (dashed line) with Ec/EJ=2. These energies are just for the Cooper 

pair condensate and they do not include the energy of excitations in the leads E�∆L or in 

the island E�∆I of the CPB. 
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where Q(ng) is the expectation value of the charge in the ground state.  

Transitions between the even and odd states can occur through different processes. For 

example, Schön [95] considers one transition type (ΓLI) contributing to Γeo and two types 

(ΓIL and γ) contributing to Γoe. These processes are illustrated in Fig. 7.3. For the ΓLI 

transition, a quasiparticle excitation is created in the leads by thermal energy and one of 

the un-paired electrons tunnels onto the island. ΓIL is a similar process in which a 

quasiparticle is created in the island by thermal energy and one of the un-paired electrons 

tunnels to the leads. The escape rate γ is the rate for an existing un-paired electron to 

tunnel off the island, without creating any additional quasiparticles.  

Figure 7.3 illustrates these processes for ∆I>δE  and δE>0 (
1
/2<ng<

3
/2). The figure 

suggests the limiting forms for the tunneling rates, ΓLI∼exp{−∆L/k
B
T}, 

ΓIL∼exp{−(∆L+δE)/k
B
T} and γ∼exp{−(∆L−∆I+δE)/k

B
T}. Schön found that typically, at 

low temperature, γ>>ΓLI for all ng. This implies that Pe>>Po, resulting in negligible 

poisoning. At high temperatures, ΓLI>ΓIL>γ  in the range 
1
/2<ng<

3
/2 and ΓIL>ΓLI>γ  

otherwise, which leads to e periodicity, with a crossover temperature consistent with Eq. 

7.1. I note that this model only has thermally excited quasiparticles and makes a number 

of simplifying assumptions. Clearly it does not explain poisoning at low temperatures 

produced by non-equilibrium quasiparticles [94]. One would have to include non-thermal 

sources of quasiparticles to account for the measured CPB characteristics over the whole 

temperature range. 
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Fig. 7.3: Illustration of three different processes contributing to transitions between the 

even and odd states of the CPB for δE>0 and ∆I>δE. (a) a quasiparticle is created by 

thermal energy and an un-paired electron tunnels from lead to island with rate ΓLI. (b) A 

thermal quasiparticle is created and an un-paired electron tunnels from island to lead with 

rate ΓIL. (c) An un-paired electron escapes from the island with rate γ, without creation of 

new quasiparticles. 
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7.3 Calculation of tunneling rates 

In order to extend Schön’s model to the case of non-equilibrium quasiparticles, I now 

consider the tunneling rates in some detail. The single electron tunneling rates are 

obtained by treating the tunneling Hamiltonian [33]: 

(7.9) 

 

in first order perturbation theory. From Fermi’s golden rule, the rate for electron 

tunneling from the leads to the island is given by: 

(7.10a) 

 

 

and from the island to the leads: 

(7.10b) 

 

 

where NL(E) is the density of quasiparticle states (per unit energy, per unit volume) in the 

leads, N I(E) is the density of states of the quasiparticles in the island, ΩL is the volume 

of the leads, Ω I is the volume of the island and f(E) is the Fermi function (see Fig. 7.4b): 

(7.11) 
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If the electrodes are non-superconducting δE can be computed classically using charge 

states, i.e. E(n,ng)=Ec(n−ng)
2
 and δE=E(n=0)−E(n=1)=Ec(2ng−1) for 0<ng<1. For 

normal metal electrodes, Eq. 7.10 can be integrated in closed form (assuming energy 

independent density of states N and tunneling matrix elements |T |). We find [96]: 

(7.12) 

 

where the tunneling resistance Rt is given by: 

(7.13) 

 

Here NL(0)≈3NL/2EFLΩL and N I(0)≈3N I/2EFIΩI are the density of states at the Fermi 

level of the leads (EFL) and island (EFI), respectively.  

In an s-wave, BCS superconductor, the quasiparticle density of states is given by (see 

Fig. 7.4a): 

             (7.14) 

 

 

 

The rates ΓLI and ΓIL can be found by substituting Eqs. 7.11, 7.13 and 7.14 into 7.10a and 

7.10b: 

(7.15) 
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Fig. 7.4: (a) Quasiparticle density of states, (b) Fermi function for T=0.1 K and T=0.3 K. 
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(7.16) 

 

 

 

 

where the range −∆I/L<E<∆I/L is excluded from the integrals.  

The calculation of the escape rate γ requires special consideration. Equation 7.11, with 

µ given by the chemical potential of the Cooper pair condensate, gives the probability in 

thermal equilibrium for a given quasiparticle state with energy E>∆ to be occupied, and 

this vanishes as T tends to zero. A different situation takes place in a small isolated 

superconductor if the total number of electrons is odd. In this case one electron is forced 

to remain un-paired and therefore the probability that a given quasiparticle state near ∆ is 

occupied remains finite as T goes to zero. Similarly, in the CPB, the island is to some 

extent isolated by the Coulomb blockade, which suppresses tunneling transitions that 

raise the electrostatic energy. This is a charge imbalance type of non-equilibrium 

situation in which the energy distribution of electron-like excitations is different from that 

of hole-like excitations [15].  

This situation can be described by a shift in the chemical potential of the excitations 

µqp with respect to the chemical potential of the condensate µs. The shift δµ=µqp−µs can 

be found from the condition that there must be exactly one excess electron charge on the 

island [96]: 
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(7.17) 

 

 

I note that the simple semiconductor model employed to calculate single electron 

tunneling rates in thermal equilibrium is not valid in this case. Equation 7.17 is obtained 

by taking into account separately the contributions to single electron tunneling from 

electron-like and hole-like quasiparticles [97].  

At low temperature δµ is approximately equal to [96]: 

   

 

where Neff is the effective number of quasiparticle states near ∆I. 

Finally, with δµ found from Eq. 7.17, the escape rate γ can be written as: 

 

 

(7.20) 

 

 

 

I can now extend Schön’s model to account for poisoning at low temperatures. First, I 
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assume that non-equilibrium quasiparticles exist on both electrodes and that their 

generation and recombination rates are only weakly dependent on temperature. This 

situation can be described by a fixed number of non-equilibrium quasiparticles in the 

leads NL
*
and island NI

*
. In general, the density of non-equilibrium quasiparticles can be 

different in the island or leads of the device due to differences in the films but also 

because quasiparticles in the leads can diffuse to normal metal regions (quasiparticle 

traps) and relax to lower energy states. Third, I assume that the recombination time for 

quasiparticles is much longer than the thermalization time and therefore, their energies 

follow a Fermi distribution with a shifted chemical potential [98].  

These assumptions suggest energy distribution functions of the form: 
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where the factor of 2 is due to the two spin orientations. With these assumptions, the 

tunneling rates due to non-equilibrium quasiparticles are given by: 

 

 

 

 

 

 

The total transition rates between the even and odd states can now be written as: 

(7.25) 

and 

(7.26) 

Here I have simply added the rates due to non-equilibrium quasiparticles to the rates 

previously considered by Schön. 
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necessary to calculate all the rates, besides the device parameters Ec, EJ, Rt, ∆I and ∆L  

that can be measured as explained in Chapter 6. 

I evaluated these rates numerically for the parameters of device CS1 in order to 

compare measured characteristics with the predictions of the model. These rates are 

plotted in Figs. 7.5 and 7.6 as a function of δE for three different temperatures and in   

Fig. 7.7 as a function of temperature for δE=0.5 K. In these calculations I used Ec=1.26 

K, EJ=0.24 K, R t=34 kΩ, ∆I=∆L=2.57 K, N I(0)ΩI=2500 K
–1

 and N
I

*
=0.0016, and I 

assumed equal density of non-equilibrium quasiparticles for leads and island and 

N I(0)=NL(0).  

I note that the range δE>0 (
1
/2<ng<

3
/2) is more prone to poisoning since Eo<Ee. 

Figure 7.5a shows that at T=50 mK, γ is the largest rate for δE<0.32 K, whereas ΓLI
*
>γ 

otherwise. This means there will be significant poisoning for δE>0.32 K due to non-

equilibrium quasiparticles. Clearly this depends on my choice of NI
*
. At larger 

temperatures γ increases with respect to ΓLI
*
 and at 100 mK and 150 mK the crossover 

points shift to higher energies (0.62 K and 0.94 K respectively). As T is further increased 

the rates ΓLI and ΓIL grow faster than γ, moving the crossover point to lower energies 

until above 300 mK one finds ΓLI>γ for δE>0 and ΓIL>γ for δE<0 resulting in e 

periodicity. The explicit temperature dependence of these rates is shown in Fig. 7.7 for 

δE=0.5 K. 

I can now identify some of the factors affecting quasiparticle poisoning and discuss 

some simple guidelines to minimize their effect. At low temperature the escape of the un-

paired electron, γ ∼exp[(∆I−∆L−δE)/k
B
T] (see Fig. 7.3), is the dominant mechanism to 
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restore the system to the even state. From the dependence of γ on ∆I−∆L it is easy to see 

that one can decrease poisoning by engineering the device so that ∆I>∆L. One possibility 

to achieve this condition in aluminum devices is to introduce a small amount of oxygen 

in the chamber during the evaporation of the island in order to increase ∆I [94,99,100]. 

The escape rate γ also increases with decreasing δE. In the CPB, δE takes the maximum 

value δEmax≈Ec−EJ/2 at ng=1 and thus, poisoning is much less important in devices with 

small Ec and/or large EJ, provided ∆I is not much smaller than ∆L.  

Another approach to reducing poisoning involves the idea that the transition from the 

even to the odd state is dominated by non-equilibrium quasiparticles at low temperature. 

Quasiparticles can be extracted efficiently from the leads by attaching quasiparticle traps 

to them. These traps consist of either a normal metal electrode or a superconductor with a 

smaller energy gap. In both cases, the traps have low energy quasiparticle states so 

quasiparticles that diffuse into the traps relax to one of the lower energy states and are 

subsequently prevented from reentering the leads.  

 

7.4 Comparison to measurements 

I have used the above approach to model the average charge on the CPB of sample 

CS1. The sample parameters were previously estimated using measurements described in 

Chapter 6 (see Table 6.1). Ec=1.26 K was determined from the slope of the staircase in 

the normal state at different temperatures (see Fig. 6.16). The sum of the energy gaps 

∆I+∆L was measured from the SET IV characteristics (see Fig. 6.1) and I have further 

assumed that ∆I=∆L=2.57 K. The SET tunneling resistance RΣ=136 kΩ and charging  
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Fig 7.5: Tunneling rates as a function of δE at temperatures of (a) 50 mK and (b) 100 

mK. The rates were computed for R t=34 kΩ, ∆I=∆L=2.57 K, N I(0)ΩI=2500 K
–1

, 

N
I

*
=0.0016 and µL=µI. Transitions contributing to Γeo are plotted using dotted curves. 
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Fig. 7.6: Tunneling rates as a function of δE at temperatures of (a) 150 mK and (b) 300 

mK. The rates were computed for R t=34 kΩ, ∆I=∆L=2.57 K, N I(0)ΩI=2500 K
–1

, 

N
I

*
=0.0016 and µL=µI. Transitions contributing to Γeo are plotted as dotted curves. 
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Fig. 7.7: Tunneling rates ΓLI, γ and ΓLI
*
 as a function of temperature for δE =0.5 K. The 

rates were computed for R t=34 kΩ, ∆I=∆L=2.57 K, N I(0)ΩI=2500 K
–1

, N
I

*
=0.0016 and 

µL=µI. 
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energy Ec=1.14 K were also determined from the IV characteristics. The CPB tunnel 

resistances were not determined for this sample but, since all the junctions were 

nominally identical and the charging energies of both devices are similar, I assume that 

their tunneling resistances are equal and therefore, I used Rt=RΣ/4=34 kΩ for the CPB. 

Figures 7.8 and 7.9 show a comparison between the simulated CPB charge and 

staircase for device CS1. I would like to acknowledge that the data was measured by Ben 

Palmer. For the model, I assumed N I(0)=NL(0) and µL=µI and then varied the parameters 

N I(0)ΩI and N
I

* 
to obtain a good fit. Examination of the figures shows I found excellent 

agreement with N I(0)ΩI=2500 K
–1

 and N
I

*
=0.0016 over the full temperature range from 

60 mK to 300 mK, and that over this range the device goes from e to 2e and then back to 

e periodicity. I note that these parameters can be determined independently since N
I

*
 is 

not important in the high temperature limit. The most significant deviation between 

theory and data, which happens at T=60 mK, could be due to insufficient knowledge of 

the device parameters or an actual inaccuracy of the model. However, it is also possible 

that the CPB was heated by the SET. These measurements were done with the SET 

biased on JQP (VDS≈500µV, I≈100 pA or P≈5×10
−14

 W). As mentioned in Chapter 6, a 

temperature change from 29 mK to 57 mK was measured in sample CS5 in the normal 

state for an SET power dissipation of 8×10
−14

 W. 

I have also attempted to use my model to describe the temperature dependence of the 

SET current at low VDS bias (see Fig. 7.10a). It was shown by Amar et al. [87] that, in the 

absence of quasiparticle poisoning, the 2e periodic SET current consists of a series of 

peaks at ng=±1, ±3, etc, where Josephson tunneling is maximum. Quasiparticle poisoning 

causes a current peak at ng=0 and a decrease of the peak amplitude at ng=1 (see Fig.  
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Fig. 7.8: Comparison between measured and calculated CPB charge of sample CS1 at 

different temperatures: (from bottom to top) 60 mK, 80 mK, 100 mK, 120 mK, 140 mK, 

160 mK and 180 mK. The parameters N I(0)ΩI=2500 K
–1

, N
I

*
=0.0016 and µL=µI were 

used to obtain the best fit. 
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Fig. 7.9: Comparison between measured and calculated CPB charge of sample CS1 at 

different temperatures: (from bottom to top) 200 mK, 220 mK, 240 mK, 260 mK, 280 

mK and 300 mK. The parameters N I(0)ΩI=2500 K
–1

, N
I

*
=0.0016 and µL=µI were used 

to obtain the best fit. 
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7.10a). Amar et al. [87] interpreted the current peak at ng=1 as being proportional to 

Pe(ng=1) and the current peak at ng=0 as being proportional to Po(ng=0).  

However, this interpretation does not seem to be adequate for the measurements on 

sample CS1 shown in Fig. 7.10a. In Fig. 7.10b, the peak amplitudes measured at different 

temperatures are compared with the theoretical calculations for Pe(ng=1) and Po(ng=0). 

Here I used µL=µI and N I(0)ΩI=2500 K
–1

 as before, but the best fit was now obtained 

with
 
N

I

*
=0.008. There are significant deviations at low temperatures between the model 

and the data and clearly a deeper understanding of the mechanisms responsible for this 

current is necessary to interpret these results.  

The behavior of a superconducting SET at low bias current has been analyzed by 

Maassen van den Brink et al. [57] and Siewert et al. [56]. The dominant current 

generating cycle starts with coherent Cooper pair tunneling, which mixes charge states of 

the same parity, followed by an energy dissipating transition that returns the system to the 

initial state. Two different mechanisms exist to absorb the power IVDS supplied by the 

voltage source, these are quasiparticle tunneling and exchange of energy with the 

environment. The current produced by the first mechanism can be expected to follow the 

temperature dependence predicted by the above theory since the tunneling rates 

temperature behavior is accounted for. On the other hand, the environment impedance 

causes transitions between the SET eigenstates with the transition rates given by [57]: 

(7.27) 

 

where Q  ≡Q1+Q2 is the total that has passed through the whole system. The spectral 

density SV(f ) is given by [38]: 
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Fig. 7.10: (a) SET current for sample CS1 with VDS=30µV at 32 mK (bottom), 175 mK 

(middle) and 325 mK (up). Curves have been shifted vertically for clarity. (b) Calculated 

probabilities (solid lines) Pe(ng=1) (upper curve) and Po(ng=0) (bottom curve). The data 

points are proportional to the current peak at ng=1 (upper curve) and ng=0 (bottom 

curve). 
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(7.28) 

 

 

and Z is the impedance of the environment.  

At low temperatures (k
B
T<<hf ) SV(f ) is approximately given by: 

 

(7.29) 

 

which states that, in this limit, the environment can absorb energy but not emit energy 

and the relaxation rate to the environment is temperature independent. Maassen van den 

Brink et al. [57] also note that the presence of both dissipation mechanisms produces 

features in the IV characteristics that cannot be generated by either mechanism alone. 

Therefore, I believe that the residual low temperature current in Fig. 7.10 cannot be 

explained by quasiparticle tunneling only.  

The effect of the environment could be much smaller under certain conditions. For 

example, the environment impedance can be decreased at high frequencies by having 

bonding pads with large capacitances. Also, the current due to quasiparticle tunneling 

increases with increasing ratio EJ/Ec [56] and therefore, environmental effects could be 

difficult to see on devices with low R and large Ec. 

I note that the current peak at ng=0 and the reduction of the peak at ng=1 can also be 

caused by high frequency radiation if the bias leads are insufficiently filtered [87,47]. In 

order to test for inadequate filtering I extended the length of the thermocoax cables on 
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one of my devices by 30 cm to provide for additional attenuation at base temperature (see 

Chapter 5 for the filtering characteristics of this cable). The device characteristics showed 

no change after the additional filtering was inserted and therefore I conclude that the 

filtering was sufficient.  

 

7.5 Magnetic field effects 

Turek et al. [86] reported the reduction of quasiparticle poisoning in a CPB upon 

application of a magnetic field on the order of 20 mT. The island of the CPB consisted of 

a narrow aluminum film (∼100 nm wide). The leads were also narrow close to the 

Josephson junctions but became much wider about 1 µm away from the junctions. The 

application of a small magnetic field strongly reduces the energy gap on the wide parts of 

the leads while having little effect on the narrow regions. Turek et al. interpreted the 

reduction in quasiparticle poisoning as being caused by a decrease of the energy gap of 

the leads, which makes it more difficult for a quasiparticle in the leads to enter the island. 

In order to test this hypothesis I designed the device (sample CS6) shown in Fig. 

7.11a. The idea was to look for quasiparticle poisoning in the 2e periodic SET current. By 

making the SET leads wide, one would expect to see the periodicity in the current depend 

on the magnetic field. Furthermore, one can directly measure the average energy gap 

(∆I+∆L)/2 from the IV characteristics. The results are shown in Figs. 7.11b and 7.12.  

Figure 7.11b shows I versus ng measurements on sample CS6 at T=30 mK and 

VDS=17 µV under different applied fields. The reduction in quasiparticle poisoning is 

evident from the increase in the current. Figure 7.12a shows the peak amplitude versus 

field whereas Fig. 7.12b shows the average gap for the same magnetic fields. It can be  
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Fig. 7.11: (a) SEM picture of sample CS6 showing wide leads going to an SET (left) and 

a CPB (right). (b) SET current at T=30 mK and VDS=17 µV for different magnetic fields. 
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Fig. 7.12: (a) Low bias SET current peak at ng=1 versus magnetic field for sample CS6. 

(b) Average energy gap ∆/e versus magnetic field. 
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appreciated that, while the field has a dramatic effect on the current between 20 mT and 

40 mT, it has only a modest effect on the energy gap.  

If we assume that the change in the average gap is entirely due to the change in ∆L 

then at B=40 mT one would have δ∆L= ∆L(0)−∆L(40mT) ≈ 13 µeV, which corresponds 

to 0.15 K. From the IV characteristics I estimated Ec=0.92 K, RΣ=50 kΩ and from the 

Ambegaokar-Baratoff relation EJ=0.72 K, resulting in δE≈0.61 K at ng=1. 

Using these parameters, I computed the escape rate γ≈2×10
3
 s

–1
 at B=40mT. I also 

estimated that one would need N I
*
=0.00032 and NL

*
=0.00032(ΩL/ΩI) in order to make 

ΓLI
*
=γ. This number is much smaller than the one I previously found on sample CS1 and 

it suggests that the reduction in quasiparticle poisoning is probably not caused by the 

change in the energy gap only. However, a reduction in NL
*
 would be possible if the wide 

leads act as quasiparticle traps. I note that the critical field for pure bulk aluminum is 

about 10 mT and therefore, it is reasonable to assume that the wide regions are normal at 

B=40 mT. 

 

7.6 Quasiparticle poisoning of the CPB by the SET 

Figure 7.13 shows measurements of the average CPB charge on sample PE1. Here the 

SET was biased at a different point for each of the curves. At low bias, the Coulomb 

staircase is 2e periodic and shows evidence of quasiparticle poisoning only around 

ng=±1. As the SET bias is increased the staircase develops new features in the vicinity of 

ng=±0.5, until finally at large bias the staircase shows e periodicity. These observations 

are consistent with the measurements by Männik et al. [101] on a system of capacitively 

coupled superconducting SETs. Männik et al. investigated poisoning on one of the SETs 
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(simulating a CPB) by measuring its switching current while the other SET was carrying 

a quasiparticle current (simulating an SET electrometer). He found that the quasiparticle 

current through the electrometer induces a quasiparticle population in the CPB and that 

the induced population is proportional to the electrometer current. The mechanism 

producing this effect was not determined but it was speculated that recombination of 

quasiparticles in the electrometer leads could produce phonons and/or photons that could 

in turn break pairs in the CPB.  

It is also possible that the peaks around ng=±0.5 are produced in part by the excited 

states of the CPB (even states), which can be significantly populated if the transition rates 

produced by SET back-action are comparable to the intrinsic relaxation time of the CPB. 

However, spectroscopy measurements (see Chapter 8) show that the odd state is 

populated around those peaks. Figure 7.14 shows the Coulomb staircase of sample PE1 

measured with the rf-SET at high bias while applying a microwave signal at 24, 28 and 

32 GHz to the gate of the CPB. 
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Fig. 7.13: Average charge on the CPB of sample PE1 measured at different SET bias 

points. From bottom to top (a) VDS=290 µV, I=3 pA (b) 540 µV, 70 pA, (c) 660 µV, 240 

pA, (d) 880 µV, 320 pA, and (e) 920 µV, 900 pA. The curves have been shifted vertically 

for clarity. 
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Fig. 7.14: Average charge on the CPB of sample PE1 measured with the rf-SET while 

applying a microwave signal to the gate of the CPB at three different frequencies. The 

SET was biased at VDS=540 µV for the bottom curve (no microwaves applied) and 

VDS=660 µV for the curves with microwaves at 24, 28 and 32 GHz applied. The two 

different set of resonant peaks (“e” and “o” ) correspond to the CPB being in the even or 

odd state. 
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The bottom curve in the figure was measured with a relatively low SET bias (VDS=540 

µV) and no microwaves applied. The other curves were measured with VDS=660 µV, 

where the features induced by the SET are more prominent. Microwaves induce narrow 

peaks at the resonant points ∆E10(ng)=hf, where ∆E10(ng) is the energy difference 

between the ground state and the first excited state of the CPB. In the even state, only the 

points marked with a letter “e” are resonant. The second set of resonant peaks observed in 

the figure (marked with an “o”) are shifted with respect to the first set by ∆ng=1. I 

interpret the second set of peaks as being the result of the microwaves causing transitions 

between odd states (e.g. between |1〉 and |3〉 or between |–1〉 and |1〉 ). 

I have attempted to simulate the measurements shown in Fig. 7.13 using the theory 

developed in sections 7.2 and 7.3. The results of the simulation are shown in Fig. 7.15. I 

previously determined the parameters Ec=0.794 K and EJ=0.327 K from spectroscopy 

measurements (see Chapter 8) and the average energy gap (∆I+∆L)/2=2.515 K from the 

IV characteristics of the SET. The rest of the parameters were unknown and I explored 

combinations of them to try to reproduce the experimental features. I found that the peaks 

in the staircase around ng=±0.5 (δE=0) can be produced in my model if there is a 

difference between ∆I and ∆L. The peaks in the simulation are produced at δE=±(∆I−∆L), 

when the discontinuities in the density of states are aligned on both sides of the tunnel 

junction. The tunneling rate ΓLI
*
 for ∆I=2.6 K and ∆L=2.43 K is shown in Fig. 7.16 to 

illustrate this point.  

Although the model seems to explain the general qualitative structure in the Coulomb 

staircase of the CPB induced by the SET current, my choice of parameters is somewhat 

arbitrary and more work needs to be done to verify the validity of the assumptions.   
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Fig. 7.15: Measured (top) and simulated (3 bottom curves) charge on the CPB of device 

PE1 with ∆I=2.6 K, ∆L=2.43 K, N I(0)ΩI=2500 K
–1

, T=0.1 K and N
I

*
=0.03, 

NL
*
=0.01(ΩL/ΩI) (bottom), N

I

*
=0.12, NL

*
=0.04(ΩL/ΩI) (middle), and N

I

*
=1.2, 

NL
*
=0.4(ΩL/ΩI) (top). 
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Fig. 7.16: Tunneling rate ΓLI
*
 for ∆I=2.6 K and ∆L=2.43 K, T=0.1 K, N

I

*
=0.12 and 

NL
*
=0.04(ΩL/ΩI). The peaks at δE=±(∆I−∆L) are due to the discontinuities in the 

quasiparticle density of states. 
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7.7 Fabrication and materials issues 

The samples discussed in this chapter were fabricated using the PMMA/Copolymer 

bilayer resist system described in Chapter 5. However, before I adopted this fabrication 

process, I made and tested several SETs and CPBs using the PMMA/Ge/PMGI trilayer 

system, also described in Chapter 5. Only one of these samples showed 2e periodicity 

(sample CS7), the rest were e periodic, including one sample with normal metal leads and 

superconducting island (CS8). It was this problem that caused me to change my 

fabrication process along the lines of Dr. Echternach’s techniques. Since the normal 

metal leads provide a very effective trap for quasiparticles, the results on sample CS8 

strongly suggest that quasiparticle poisoning in the samples made with the trilayer 

process was not caused by non-equilibrium quasiparticles, but rather by the presence of 

quasiparticle states within the gap.  

It is possible that the trilayer system introduces contaminants in the aluminum films 

which lead to sub gap states. I observed, for example, that the tunneling resistance of 

samples fabricated with the bilayer process increased by about ten percent over a few 

days after they were first made, while stored at room temperature. I believe this can be 

caused by annealing of the aluminum films at room temperature with subsequent grain 

growth. On the other hand, the tunneling resistance does not change in devices fabricated 

with the trilayer process. This may be due to small differences in the impurity content of 

the films. It is known that the addition of silicon or copper in aluminum films can inhibit 

the formation of holes and hillocks in narrow wires if the doping atoms segregate in the 

aluminum grain boundaries [102].  



 

 156  

Another difference I found is that the energy gap obtained in the trilayer samples is 

smaller (∼190 µV) than that of the bilayer samples (∼220 µV). This suggests that the 

bilayer samples are dirtier, since Al tends to increase its Tc in the presence of disorder 

[99,100], but it would also be consistent with the idea that the trilayer samples might 

have metallic or magnetic contaminants. 

The effect of quasiparticle states inside the gap on the periodicity of the CPB can be 

simulated, for instance, by using a broadened BCS density of states [93]: 

 

 

 

   

Figure 7.17a shows the IV characteristics of a Josephson junction obtained by using Eq. 

7.30 to calculate the tunneling rates (Eq. 7.15) for three different broadening parameters: 

Γ=0.01 K,  Γ=0.001 K, and Γ=0.0001 K.  

Figure 7.17b shows the calculated charge of a CPB with Ec=0.8 K, EJ=0.325 K and 

∆I=∆L=2.5 K at T=50 mK using the same broadened density of states. Even though I did 

not include non-equilibrium quasiparticles in this simulation, poisoning is evident in the 

middle curve, despite the fact that the onset of current in the IV looks fairly sharp. These 

simulations suggest that the purity of the superconducting films is important to obtain 2e 

periodicity in SETs and CPBs and that even relatively few states below the gap can cause 

significant poisoning. 

The broadening parameter Γ  would be difficult to determine using the IV 

characteristics of SETs because heating and charging effects can have significant effects  
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Fig. 17: (a) Calculated IV characteristics near the gap voltage of a Josephson junction at 

T=50 mK using a broadened BCS density of states with broadening parameters: Γ=0.01 

K, Γ=0.001 K and Γ=0.0001 K. (b) Calculated charge of a CPB with Ec=0.8 K, 

EJ=0.325 K and ∆I=∆L=2.5 K at T=50 mK using the same density of states as above. 

Non-equilibrium quasiparticles were not included. 
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on the slope (∂I/∂V)
–1

 [53]. However, one could fabricate a single Josephson junction and 

an SET/CPB device on the same chip and then use the IV characteristics of the single 

junction to measure Γ and subsequently use this parameter to simulate quasiparticle 

poisoning effects in the SET and CPB devices. 

 

7.8 Summary 

In this Chapter, I have extended previous theories of quasiparticle poisoning to try to 

explain parity effects in SETs and CPBs. I used my model to simulate different 

experiments. I found excellent agreement between the theory and experiment on the 

measured average charge of a CPB in the temperature range from 60 mK to 300 mK. 

However, my model does not reproduce the behavior of the 2e periodic current on SETs 

with large Ec at low temperature, which suggests that processes producing the current in 

this range are not accounted for in my model. This theory provides an explanation for the 

features induced in the CPB around ng=±0.5 for large SET bias. Finally, I discussed a 

number of fabrication and materials issues that can produce quasiparticle poisoning in 

SETs and CPBs, and presented the strong effects produced by the broadening of the 

density of states. 
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Chapter 8: Quantum state manipulation of the CPB qubit  

 

8.1 Spectroscopy 

The first excited state of the CPB can be populated by applying high frequency 

voltage signals to the gate. For a sinusoidal gate signal Vrfcos(ω rft) the CPB Hamiltonian 

takes the form: 

(8.1) 

where n
g

rf
=CgVrf/e. For small n

g

rf
 and assuming a two-level system, the Hamiltonian can 

be written in matrix form as: 

(8.2) 

  

 

where the basis states |ψo〉 and |ψ1〉 are the ground and excited states of the CPB without 

microwaves, E0 and E1 are the corresponding energies and Ω≡2Ecn
g

rf
 |〈ψo |n |ψ1〉 | is the 

bare Rabi frequency. In the range 0<ng<2 the eigenstates and energies of the CPB with 

Ec�EJ are well approximated by Eqs. 2.8 – 2.12 and we can explicitly evaluate Ω: 

(8.3) 

 

The quantum behavior of the CPB is described by the density matrix [103] which 

evolves according to:  
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The Hamiltonian in Eq. 8.4 should include the coupling of the CPB to a dissipative 

environment in order to fully account for the qubit state dynamics. Using the harmonic 

oscillator bath model [104] or merely introducing ad hoc terms to account for loss and 

decoherence [105], one can obtain: 
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Here T1 and T2 correspond to the energy relaxation and dephasing times introduced in 

Chapter 3.  

Equations 8.5a - 8.5d can be simplified by noting that a linearly polarized signal can 

be expressed as the sum of two circularly polarized waves, cos(ω rft) = 

(
1
/2){exp(iω rft)+exp(−iω rft)}, rotating in opposite directions. Near resonance, i.e. 

�ω rf≈∆E10, the wave rotating in the same direction as the precession of the fictitious spin 

associated with the two-level system will have a significant effect, whereas the wave 

rotating in the opposite direction can be neglected. This is known as the rotating wave 

approximation. With this approximation, equations 8.5a-8.5d are exactly analog to the 

original Bloch equations [104] used in nuclear magnetic resonance (NMR) to describe the 

magnetization of an ensemble of spins under a static magnetic field in the z direction and 
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a circularly polarized rf magnetic field in the x-y plane [106]. The steady state solution to 

the Bloch equations can be used to find the probability for the CPB to be found in the 

excited state [105]: 

(8.6) 

 

 

Figure 8.1 illustrates the calculated effect of 28 GHz microwave radiation on the 

average charge of a CPB with Ec=0.794 K and EJ=0.327 K, Ω=3.16 GHz, T1=143 ns 

and T2=250 ps. Figure 8.1a shows ∆E10/h ranging from 6.8 GHz at the degeneracy point 

to 66 GHz at ng=0. The resonant condition ∆E10/h=28 GHz occurs at ng=±0.59 and 

ng=±1.41, and the excited state becomes populated around those points. Since the 

expectation value of the charge in the ground state 〈Q〉g is different from that in the 

excited state 〈Q〉 e, the average charge, shown in Fig. 8.1b, is given by Qavg=Pg〈Q〉 g 

+Pe〈Q〉 e, where Pg and Pe are the probabilities for the CPB to be in the ground and 

excited states respectively.  

Figure 8.2 shows a comparison of theory to the measured CPB charge on sample PE1 

under 28 GHz microwave excitation. The theoretical curve used the previously 

determined parameters Ec=0.794 K, EJ=0.327 K and T1=143 ns, as well as free 

parameters T2=250 ps and n
g

rf
=0.003 that were adjusted to reproduce the shape of the 

peaks. The deviation between the theoretical curve and the data around ng=1 is probably 

due to quasiparticle poisoning; a short step around the degeneracy point was present on 

this sample at 35 mK (see Fig. 7.1). The data shown in Fig. 8.2 was taken at 100 mK to 

reduce the occupation probability of the odd state, as explained in Chapter 7, but some 
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Fig. 8.1: Effect of 28 GHz radiation on a CPB with Ec=0.794 K and EJ=0.327 K. (a) 

Ground state and excited state energies vs ng. (b) Average CPB charge (solid line). The 

dashed line is the expectation value of the charge in the excited state. Around the 

resonant points the average charge lies between the ground state and the excited state 

expectations.   
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Fig. 8.2: Comparison of measured CPB charge of sample PE1 at T=100 mK under 28 

GHz radiation (points) with theoretical curve (solid line). The parameters Ec=0.794 K, 

EJ=0.327 K and T1=143 ns were determined from previous measurements. T2=250 ps 

and n
g

rf
=0.003 were adjusted to fit the data. 
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poisoning effects are still present at that temperature. The dephasing time T2=250 ps 

inferred from this measurement is consistent with that due to typical 1/f charge noise, as 

shown in Chapter 3. T2 is expected to be larger at ng=1 since ∂∆E10/∂ng=0 at that point 

and therefore ∆E10 is immune to first order charge fluctuations. Unfortunately, charge 

read-out cannot be used at the degeneracy point since the ground state and the first 

excited state have the same expectation value of the charge, i.e. 〈ψo|Q |ψo〉=〈ψ1|Q |ψ1〉. 

I also used spectroscopy to determine the energy splitting of the CPB by means of the 

resonant condition ∆E(n
g

peak
)=hf rf, where n

g

peak
 is the location of the peak maximum and 

frf is the excitation frequency. Figure 8.3 shows the peak locations n
g

peak
 for different 

frequencies measured on sample PE1. ∆E depends on the CPB parameters Ec and EJ 

according to Eq. 2.13: 

(8.7) 

 

This equation is also plotted in Fig. 8.3 using the best fit estimates for Ec and EJ, 

Ec=0.794 K and EJ=0.327 K. I note that there is excellent agreement between the theory 

and experiment. 

 

8.2 Coherent oscillations 

Quantum state control of the CPB was first demonstrated by Nakamura et al. [26] and 

subsequently by other groups [29,30].  Rabi oscillations induced by a sinusoidal rf gate 

signal have been demonstrated as a quantum state manipulation technique [107]. 

However, this method is difficult to implement in devices with small decoherence times 

since the rf signal has to be turned on and off in a time short compared to T1 and T2. 
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Fig. 8.3: Spectroscopy data for sample PE1. The data points map the peak location for a 

given excitation frequency. The solid line is the theoretical energy splitting with the best 

fit parameters Ec=0.794 K and EJ=0.327 K. 
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Fig. 8.4: Fast voltage pulse technique used for quantum state control of a CPB. The CPB 

bias is quickly shifted from point 1 to point 2 where the energy splitting and eigenstates 

are different. After a time τ, the gate voltage is returned to point 1 and the CPB is left in a 

superposition of the ground and excited states. 
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An alternative and arguably better technique for state control involves applying a fast 

voltage pulse to the gate of the CPB. This approach is illustrated in Fig. 8.4. The qubit is 

assumed to be initially in the ground state |ψo〉 1 at bias point 1 [22]: 

(8.8) 

where 

(8.9) 

 

I note that if point 1 lies in the |n=0〉 plateau of the staircase then cos(θ1/2)≈1, 

sin(θ1/2)≈0 and the initial state is almost equal to the charge state |0〉. 

For this technique to work, the gate pulse with amplitude ∆ng must suddenly change 

the CPB bias to point 2. If the pulse rise time is short compared to T1 and to the evolution 

time �/∆E10, the state immediately after the bias change is almost the same as the initial 

state and can be expressed as a superposition of the energy eigenstates at point 2: 

(8.10) 

The matrix A2 can be found using Eqs. 2.10 and 2.11: 
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(8.13) 

where the phase φ is given by: 

(8.14) 

 

The vector 8.13 can then be multiplied by the matrix A
2

−1
 to obtain the final state in the 

charge state basis: 

(8.15) 

 

From Eq. 8.15, we can see that the probability P2 of finding the CPB in the state |2〉 

immediately after the pulse has an oscillatory dependence on the pulse duration τ due to 

the e
−iφ

 factor. The state 8.15 keeps evolving at point 1 into a different superposition of 

|0〉 and |2〉. However, if point 1 is such that 4Ec(1−ng)>>EJ then cos(θ1/2)≈1, sin(θ1/2)≈0 

and [H,n]≈0. In this case P2 |t > τ≈P2 |t=τ. In the special case where point 2 is the 

degeneracy point this probability is given by [26]: 

(8.16) 

 

Thus this state control technique prepares the CPB into a superposition of charge 

states and the coefficients c and d of the superposition are determined by the pulse 

duration τ. A measurement of the island charge after a state preparation pulse should 

result in measured charge Q=2e with probability P2. However the excited state of the 

CPB relaxes to the ground state in a typical time T1 and therefore, a single shot 

measurement of the CPB state would need to be completed in a time tm<<T1 after the 

pulse. 
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Fig. 8.5: (a) Train of pulses technique used to repeatedly populate the excited state of the 

CPB. (b) Measured charge staircase on sample PE2 with and without fast gate pulses.  
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The sensitivity and bandwidth requirements for a single shot measurement are not 

easy to accomplish, as will be discussed in Section 8.4. Instead, one can determine the 

CPB state by measuring the average charge over a large number of single  

events. This is illustrated in Fig. 8.5a. A train of fast pulses with pulse duration τ and 

repetition rate tr is applied to the gate of the CPB while otherwise keeping it dc biased at 

fixed ng (point 1). After the pulse, the CPB is found in the excited state with probability 

P(ψ1) depending on the choice of point 1, point 2 and τ. The charge in the excited state 

differs from that in the ground state. The difference ∆Q=〈ψ1 |Q |ψ1〉−〈ψo |Q |ψo〉  is equal 

to 2e close to ng=0 and goes to zero at ng=1. The excited state decays after a random 

time td following a Poisson distribution function, i.e. the probability that the system 

remains in the excited state at time t is given by: 

(8.17) 

 

If tr>>T1 we can assume that the CPB is in the ground state before each pulse. In this case 

the average charge induced by the train of pulses is given by: 

(8.18) 

 

Figure 8.5b shows the charge staircase measured on sample PE2 while applying a train 

of pulses with tr=100 ns and τ=100 ps nominally (the pulse rise time was estimated to be 

about 70 ps at the end of a 3 meter long cable). The exact pulse amplitude was not 

determined but it was roughly equal to ∆ng≈1.7. The measurement was done by slowly 

sweeping the dc gate of the box at a rate of about dng/dt=1 s
−1

 while measuring the dc 

current through the SET. The measured staircase without pulses is also shown in the 
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graph for comparison. I note that the excess charge induced by the pulses is maximum 

when point 2 lies in the vicinity of ng=1. At that point the Hamiltonian is Josephson 

dominated and therefore, considerable mixing occurs between |0〉 and |2〉. 

Figure 8.6b shows the measured charge on sample PE2 while applying a train of 

pulses with τ varying from 85 ps to 200 ps in 5 ps steps, measured using the setup shown 

in Fig. 5.11. The curves have been displaced vertically for clarity. Figure 8.6a shows the 

calculated CPB charge using equations 8.8 to 8.15. The parameters Ec=0.715 K and 

EJ=0.722 K, determined for sample PE2 through spectroscopy measurements, were used 

in the calculations. The theoretical curves show the charge to be an oscillating function of 

τ. The period of the oscillations T=h/∆E10 is determined by the energy splitting of point 2 

(see equations 8.13 and 8.14) and is maximum when the evolution takes place at the 

degeneracy point, in which case: 

(8.19) 

 

This data also shows that the local charge maxima move in the ng-τ plane. The 

oscillations and the trend in the local maxima can be seen in the data of Fig. 8.6b for 

short evolution times. For larger τ the oscillations are not well defined due to 

decoherence. I note that the oscillations on the measured data are lost close to ng=0. 

There are two possible explanations for this. First, it was noted by Duty et al. [29] that 

the maximum probability P2 for the state |2〉  is reduced as a consequence of a large EJ/Ec 

ratio and a finite pulse rise time. However, when point 2 is past the degeneracy point the 

state |2〉  can be prepared with higher probability and therefore, the right side part of the 

coherent oscillations would be more prominent in this case. A second problem is that the 

JE

h
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Fig. 8.6: (a) Calculated CPB charge vs. ng1 of sample PE2 with applied gate pulses of 

amplitude ∆ng=0.65 and τ varying between 85 ps (bottom trace) and 200 ps (upper trace) 

(b) Measured CPB charge vs. ng1 of sample PE2 with fast gate pulses. τ was varied from 

85 ps (bottom trace) to 200 ps (upper trace) in steps 5 ps steps. The pulse amplitude was 

not determined. 
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two-level approximation is not valid in this region. In particular, at ng=0 the excited state 

of the CPB is equal to |ψ1〉≈( |−2〉− |2〉 )/(2)
1/2

. Since the state |2〉  is not close to an energy 

eigenstate in the vicinity of this point, it evolves fast into a superposition of |2〉  and |−2〉  

and the average charge tends to zero. This implies that the useful range for the 

observation of coherent oscillations is 0<ng<1 and one should limit the pulse amplitude 

to about ∆ng�0.7 to be able to see the whole picture shown in Fig. 8.6a. 

Figure 8.7 shows the excess charge as a function of pulse time τ, obtained by taking a 

cross section of Fig. 8.6b for fixed ng=0.23 (point 1). A best fit to the equation: 

(8.20) 

 

produced the parameters ∆E10 /h=19 GHz, T2=212 ps, Q1=0.72e, ϕ=−0.29π and 

Qo=0.035e. This energy splitting for point 2 corresponds to ng≈1.19 from which I can 

deduce the pulse amplitude ∆ng≈0.96.  

The estimated dephasing time of 212 ps in sample PE2 is much shorter than T2≈4 ns, 

obtained by Duty et al. [108] and T2≈5.8 ns obtained by Astafiev et al. [32] in similar 

experiments. In Chapter 3, I presented theoretical estimates for the dephasing time caused 

by 1/f charge noise. Rewriting Eq. 3.14, T2 is approximately given at ng=1 by: 

(8.21) 

 

where σq is the rms charge noise. The dephasing times found by Duty et al. and Astafiev 

et al. are consistent with typical levels of low frequency charge noise measured in SETs. 

However, some devices can have two-level fluctuators strongly coupled to the CPB, and 

this may be the case with device PE2.  
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Fig. 8.7: Excess charge in Fig. 8.6b for fixed ng=0.23 as a function of τ. The solid curve 

is a fit to Eq. 8.20 with T2=212 ps. 
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Fig. 8.8 Measurement of the average charge of the CPB in sample PE1 under 30 GHz 

microwave radiation, revealing two-level fluctuations. The fluctuators cause changes in 

the offset charge of the CPB and shift the staircase horizontally. 
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Two-level fluctuators in the CPB are revealed, for example, by spectroscopy 

measurements. Figure 8.8 shows the Coulomb staircase measured in sample PE1 under 

30 GHz microwave radiation. The fluctuators change the offset charge around the CPB 

that shift the staircase horizontally. The resonant peak provides a clear marker for the 

states of the fluctuators. The plot suggests that at least two fluctuators are strongly 

coupled to the CPB and that the charge fluctuation is about 0.05 e. For sample PE2, Eq. 

8.21 gives T2≈(0.5 ps)×(σq /e)
–2

. A dephasing time T2≈200 ps could be explained by 

charge fluctuators with an rms amplitude σq=0.05e. Unfortunately, I was not aware of 

this problem when I performed the measurements on sample PE2 and therefore, I could 

not measure the charge fluctuators in that sample. 

 

8.3 Relaxation measurements 

The measurements presented in this section make use of the large rf-SET bandwidth to 

observe the decay of the excited state of the CPB. The charge measurements discussed in 

the previous section were done by measuring the dc current through the SET. This has the 

advantage that the SET can be operated at low VDS (∼50 µV) and low current (∼15 pA) to 

minimize quasiparticle poisoning on the CPB, although it has the disadvantage that the 

measurement bandwidth is limited to about 1kHz. On the other hand, the sensitivity of 

the rf-SET depends on impedance matching as explained in Chapter 4. The resonant 

circuit is usually designed for the SET resistance range RS=(∂I/∂VDS)
−1∼50 kΩ which is 

attainable on the JQP region. For low VDS bias, RS is usually much larger, which results in 

a very small RF modulation and poor rf-SET sensitivity.  
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Figure 8.9 shows the effects of the rf-SET bias conditions on the CPB. In Fig. 8.9b the 

SET was biased in the middle of the JQP (VDS=640 µV), which is the point were the  

rf-SET had the best charge sensitivity of 3×10
−5

 erms/(Hz)
1/2

. Unfortunately, operation of 

the rf-SET at this point results in significant quasiparticle poisoning. Figure 8.9a shows 

that a weaker but still significant perturbation results in the range 0.3�ng�0.7 when the 

SET is biased at the onset of the JQP (VDS=640 µV) with a reduced charge sensitivity of 

7×10
−5

 erms/(Hz)
1/2

. The measurement of the relaxation time T1 to be discussed next was 

made with these bias conditions (Fig. 8.9a), which were the best I could obtain. 

Figure 8.10b shows the staircase (time averaged charge) of sample PE1 measured with 

the rf-SET while the rf signal shown in Fig. 8.10a was applied to the gate of the CPB. 

The sinusoidal excitation signal with fRF=30 GHz was turned on for a time ton=20 ns and 

then off for a variable time. For Fig. 8.10b the repetition time was tr=50 ns. The 

microwave pulses induce an excess charge on the CPB only close to the resonant points 

hfRF=∆E10 (e.g. points A and C in Fig. 8.10b), while there is no appreciable effect on the 

staircase away from resonance (e.g. point B). The induced charge on point A is positive 

since the excited state |ψ1〉≈|2〉. On point C |ψ1〉≈|−2〉 and therefore the induced charge is 

negative. 

When the rf signal is turned off, the CPB is found in the excited state with probability 

given by Eq. 8.6. The excited state decays to the ground state in a time td following the 

distribution function 8.17. Figure 8.11a shows the output of the rf-SET for device PE1 

when the CPB bias is fixed on points A, B and C respectively. These curves were 

obtained by averaging 40,000 individual oscilloscope traces. A 70 MHz low pass filter 

was used at the output of the mixer to cut-off higher frequency noise from the amplifiers. 
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Fig. 8.9: Staircase measured for sample PE1 at 30 mK with the rf-SET biased on two 

different points: (a) VDS=540 µV, IDC≈120 pA, and (b) VDS=640 µV, IDC≈430 pA. The 

dashed line is the theoretical staircase neglecting any back-action or quasiparticles 

produced by the SET. 
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Fig. 8.10: (a) Pulsed microwave gate signal with f=30 GHz, ton=20 ns and tr=50 ns. (b) 

Staircase found when the above excitation signal was applied to device PE1 at 30 mK. 
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Fig. 8.11: (a) Induced CPB charge at each of the bias points indicated in Fig. 8.10a for 

device PE1 at 30 mK using f=30 GHz radiation found by averaging 40,000 individual 

traces. (b) Solid line shows exponential charge decay with best fit parameter T1=143 ns 

at point A. 
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The rf-SET bandwidth however, which is set by the Q of the resonant circuit, was not 

determined for this sample but from the design it was expected to be on the order of 40 

MHz. Figure 8.11b shows an exponential excited state decay with a best fit estimate 

T1=143 ns. 

The relaxation time T1 can also be estimated from time averaged measurements (Fig. 

8.10b). Assuming an induced charge given by: 

 

(8.22) 

 

 

the peak height can be approximated as: 

(8.23) 

 

where ∆Qo is the peak height for continuous microwave radiation and can be readily 

determined. For high microwave power ∆Qo tends to e as the probability of the excited 

state equals the probability of the ground state (see Eq. 8.6). Equation 8.23 shows that 

one can obtain T1 by measuring the peak height as a function of repetition rate tr. This 

measurement is shown in Fig. 8.12. By fitting the data to Eq. 8.22, I find T1=128 ns, 

which is close to that found using the first technique. 

One can also use a train of fast pulses to populate the excited state of the CPB and 

determine T1 from the dependence of the induced charge on the repetition rate (i.e. no 

microwaves are applied, just fast pulses). This technique has the added difficulty that one 

must know the effect of the pulse on the states |0〉 and |1〉 in order to calculate the average  
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charge for tr<<T1. If one assumes a π-pulse (i.e. a pulse that evolves the state |0〉 into |1〉 

and vice versa) then the induced charge is given by [29]: 

 

 

 

where ∆Qo is the maximum induced charge which depends on the pulse rise time. 

However, I did not try this technique on device PE1. 

I note that my estimates for T1 on sample PE1 are consistent with relaxation times 

measured on CPBs with similar parameters by other groups [39,29,30]. The physical 

mechanism responsible for such short relaxation times is currently a subject of 

investigation. Out of the possible mechanisms discussed in Chapter 3, noise coming from 

the electromagnetic environment (lead impedance at different temperatures) seems 

unlikely to be the cause, as suggested by the calculations in Chapters 3 and 7. The SET 

noise can be roughly estimated from Eqs. 4.27 and 4.28. Substituting the SET parameters 

Ec=112 µeV and RΣ=123 kΩ for this device we find SV(30GHz)=2.3×10
−20

 (nV)
2
/Hz. 

Using the box parameters Ec=0.794 K, EJ=0.327 K and κ≡Cc/CΣ=0.009 in Eqs. 3.2 and 

3.3 we find the mixing rate Γmix=Γ↑+Γ↓=(4.4 µs)
−1

. Although this is not an accurate 

estimate, it suggests that the SET is not responsible for the measured T1. However, I note 

that using the same equations one would estimate T1≈176 ns if κ and EJ were larger by a 

factor of 2.5 and 2 respectively. These are not extreme values for these experimental 

parameters and therefore many experiments could be affected by SET back-action.  
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Fig. 8.12: Peak height induced by the pulsed microwave signal with repetition rate tr for 

device PE1. A fit to Eq. 8.21 yields T1=128 ns. 
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Other possible causes include dielectric loss (see Chapter 3), which could also be the 

source of charge noise. At this point more work needs to be done to account for the 

experimental relaxation times and hopefully increase them substantially. 

 

8.4 Fidelity of single shot measurements 

In previous sections I’ve discussed the design factors affecting the rf-SET sensitivity, 

the possible physical origins of relaxation and how signal and measurement back-action 

are affected by the coupling strength between the CPB and the SET. Here I present an 

analysis of the quality of single shot measurements given the above mentioned factors.  

A single shot measurement consists in measuring the charge in the CPB after a state 

manipulation pulse and determining from the measurement whether the state |0〉 (“0”) or 

|2〉 (“1”) was produced by the pulse. The upper trace in Fig. 8.13 shows the measured 

CPB charge induced by a fast voltage pulse applied at t=0 in device PE1 of duration 

τ=200 ps at ng=0.39. This curve is not a single shot measurement but the average of 

4×10
4
 individual measurements taken with a 30 MHz low pass filter inserted on the rf-

SET output signal and its presented here to compare to a single shot signal resulting from 

the 1-state. The bottom curve is just the 4×10
4
 times averaged baseline of the rf-SET 

output under the same conditions except without a pulse applied and represents the signal 

from the 0-state.  

The decision to interpret the measurement as a 0 or a 1 can be made by integrating the 

output signal and comparing the outcome to some discrimination level. In the absence of 

noise the result of the integration would be: 
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(8.25) 

 

for the 1-state (assuming tm>td) and BQ=0 for the 0-state. Here tm is the measurement 

time, κ≡Cc/CΣbox is the coupling strength and td is the decay time which is a random 

variable with the probability density function: 

(8.26) 

 

Due to charge noise BQ has a random component characterized by the variance: 

 

(8.27) 

 

whereas the signal for the 1-state is proportional to td, with an average value of 

BQavg=2eκT1. If we know T1, we can choose the measurement time tm=T1 and define the 

signal-to-noise ratio for this situation as: 

(8.28) 

 

I now assume that the charge noise follows a Normal distribution. The probability 

distribution for BQ in the 0-state is just: 

(8.29) 

 

 In the 1-state, BQ is the sum of two terms. The probability density for the sum is given by 

the convolution of the probability densities of the terms: 
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Fig. 8.13: Average of 4×10
4
 rf-SET measurements of the CPB charge induced by fast 

voltage pulses (upper curve) and noise baseline (bottom curve). 
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(8.30) 

 

For comparison the probability densities are shown in Fig. 8.14 for SNR=1 and 

SNR=25. The fidelity is defined for a particular state as the fraction of measurements of 

that state that are interpreted correctly. One can see from Fig. 8.14 that the fidelities of 

the 0 and 1 states are not independent. They both depend on the choice of discrimination 

level and in particular, shifting this level improves the measurement of one state while 

worsening the other. If we set the discrimination level to σ, such that the fidelity of the 0-

state measurement is fixed at 0.841, then the fidelity of the 1-state is calculated by 

integrating P1 from σ to infinity. The result is shown in Fig. 8.15 as a function of SNR. 

For sample PE1, I find SNR≈8(0.009e)
2
(143×10

–9
)/(7×10

–5
e)

2≈0.019. This implies 

that I would need to make about 53 measurements to detect the 1-state with a 46 % 

fidelity. 
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Fig. 8.14: Probability density of BQ for a 1-state (dashed line) and for a 0-state (solid 

line) for (a) SNR=1 and (b) SNR=25. The dotted vertical line indicates the discrimination 

level. 
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Fig. 8.15: Fidelity for the 1-state measurement when the discrimination level is set to fix 

the 0-state measurement fidelity to 0.841. 
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Chapter 9: Conclusions and suggestions for future work 
 

9.1 Conclusions 

In this thesis, I presented measurements on Cooper pair boxes and SETs and discussed 

results I achieved towards making single-shot measurements of a CPB using an rf-SET. I 

designed and fabricated devices that integrated CPBs, SETs, impedance matching 

components and high frequency transmission lines to carry out the measurements. I 

achieved good control of device parameters and this allowed me to optimize the 

performance of CPBs and rf-SETs. As part of this work, I characterized several rf-SETs 

and CPBs. Data from 8 different devices are shown throughout the thesis and 

summarized in Table 6.1. The best obtained sensitivity on any of my rf-SETs was 

qn=8×10
–6

 erms/(Hz)
1/2

 with a bandwidth of about 30 MHz.  

Concerning the fabrication, I found that a specific process employing a trilayer resist 

system resulted in devices displaying e periodicity, which made them unsuitable for 

quantum computing. A different process (bilayer resist system) produced devices with 2e 

periodicity, but they were still not completely free of quasiparticle poisoning effects. To 

understand my results, I extended previously existing theories of parity effects (in the 

temperature range from T≈0 to T≈350 mK) and compared the theory with my 

measurements. I found good agreement between the theory and the data on my CPB. 

Comparison of the theory to my measurements of the 2e periodic SET current show 

significant discrepancies, possibly due to the effect of the electromagnetic environment, 

which also affects the current at low temperatures.  
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In Chapter 8, I described my experiments in quantum state control of the CPB using 

fast voltage pulses. I observed coherent oscillations of charge states, but phase coherence 

could be observed only for a short time. The dephasing time inferred from the envelope 

of the oscillations was T2≈200 ps in device PE2, consistent with theoretical expectations 

away from the degeneracy point due to charge noise. A larger dephasing time would be 

expected at ng=1 but was not seen in the experiments. Data analysis of the measurements 

suggested that the pulse amplitude used in these measurements might have been too large 

to observe oscillations at ng=1. The measurements could also have been affected by two-

level fluctuators coupled to the CPB. On device PE1 the dephasing time determined from 

the width of spectroscopy resonance was T2≈250 ps. 

I also measured the relaxation time of a CPB by looking at the time decay of the 

charge signal with an rf-SET and found T1=143 ns in device PE1. I did not determine 

whether SET back-action was responsible for the relaxation time; further measurements 

are necessary to investigate this question. A crude theoretical estimate suggests that the 

mixing time due to SET noise should have been ∼4 µs for this measurement and 

therefore, other mechanisms are likely causing the short relaxation time. 

 Given the charge sensitivity for this measurement (qn=7×10
–5

 erms/(Hz)
1/2

 ) and the 

coupling strength between the CPB and the SET for this device (κ=0.009) the signal-to-

noise ratio for a single-shot measurement was estimated at SNR≈0.019. A statistical 

analysis shows that even a SNR=1 would result in a measurement fidelity of only 46 % 

for the excited state and therefore, substantial improvements need to be accomplished in 

order to make single-shot rf-SET read-out feasible.  
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Examination of my results shows that there is still room for improvement both on the 

detection side and on the qubit side. Currently the sensitivity of rf-SETs is limited by the 

noise level of the rf preamplifier and is typically about ten times above the shot noise 

limit.  It is not clear whether an increase of the rf-SET signal through larger charging 

energy or smaller resistance would improve qubit read-out. For example, I found that the 

CPB undergoes substantial quasiparticle poisoning if the SET current is too large (∼1nA) 

and this compromises the sensitivity of the measurement since one is forced to use a low 

SET bias in order to minimize perturbation of the CPB.  

An improvement in the coherence time of the CPB with rf-SET read-out is necessary, 

not only to make single-shot measurements possible, but also for this to be a viable 

scheme for quantum computing. It is possible that such an improvement can be attained 

through new ideas, and better materials or processing. 

 

9.2 Suggestions for future work 

More experiments are necessary to understand the sources of relaxation in the CPB. 

Presumably, relaxation should be dominated by SET back-action in the limit of strong 

coupling. In this case, it should be possible to turn on the rf-SET excitation some time 

after producing the excited state of the CPB. By measuring charge decay under varying 

delay time one could find out if other sources of relaxation are present. Measurements of 

relaxation at different SET bias points would also be illuminating.  

Since relaxation times scale linearly with the spectral density SV of the source, SET 

back-action should have a square dependence on the SET charging energy. Previous 

research has focused on SETs with large Ec in order to improve their charge sensitivity 
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and hopefully achieve single-shot detection, but it is also possible to improve the rf-SET 

sensitivity by using a SQUID preamplifier [109]. 

The above remarks imply that an SET with smaller Ec should be better suited to study 

decoherence mechanisms in the CPB. In particular, it might be interesting to exploit the 

2e periodic SET current for rf-SET operation. For an SET with RΣ≈40 kΩ and Ec≈0.4 K, 

the current at low VDS bias (∼10 µV) in excess of 100 pA can be expected [53]. This 

dynamic resistance (∂I/∂V)
–1∼10

5
 is optimum for rf-SET impedance matching. This mode 

of operation would have low power dissipation and also a large gain since the current is 

peaked around ng=1 and therefore, the circuit can be brought from impedance match to 

mismatch with a small change in ng.  

I also note that the effects of quasiparticle poisoning in CPBs could be decreased 

through an understanding of the sources of non-equilibrium quasiparticles at low 

temperatures and by engineering devices with quasiparticle traps, clean materials and 

with islands having an increased energy gap. 

Finally, it is worth exploring other read-out schemes for a CPB. One recently 

demonstrated idea for a dispersive and direct read-out [110,111] consists in using the 

quantum capacitance of the CPB to change the resonant frequency of an LC circuit. 
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APPENDIX A 
 

MatLab subroutines 

 

QPpoison 

global DI; global DL; global T; global V; global NV; global R; global DI; 

global DL; global mu2; global ML; global NL; global MI; global NI; 

DI=2.6; DL=2.43; % Energy gap of the island and leads 

T=0.1; R=24890; NL=0.4; NI=1.2; % non-equilibrium quasiparticles 

NV=2500; %Density of states times volume of island 

Ec=0.794; EJ=((DI+DL)/2)*(26000/(8*R)); 

ng=[0:0.02:2]; PE=ng; Q=ng; 

mu2=mu; %Finds the chemical potential for the escape rate 

ML=muL; %Finds the chemical potential of the leads 

MI=muI; %Finds the chemical potential of the island 

for k=1:length(ng) 

    V=Ec*(E0(EJ/Ec,ng(k))-E0(EJ/Ec,ng(k)-1)); 

    Roe=RG+RIL+RIL2; 

    V=-V; 

    Reo=RLI+RLI2; 

    PE(k)=Roe/(Roe+Reo);  

    Q(k)=PE(k)*SuperStair(EJ/Ec,ng(k))+(1-PE(k))*(1+Superstair(EJ/Ec,ng(k)-1)); 

    k 
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end 

plot(ng,Q); 

 

function s = Fermi(E,T); % Fermi distribution. 

s=1./(1+exp(E./T)); 

 

function s = SupDenSt(E,D) % quasiparticle density of states 

gama=1e-12; 

s=abs(real((E-i*gama)./sqrt((E-i*gama).^2-D^2))); 

 

function s=RLI; %Finds the tunneling rate LI for thermal equilibrium quasiparticles. 

global DI; global DL; global T; global V; global R; 

s=quad(@integrand,-10,10,1e-16); 

s=(s*(1.38E-23))/(R*(2.56E-38));    

 

function s = Integrand(E) % called by RLI 

global DI; global DL; global T; global V; global TL; 

s=E; 

for k=1:length(E) 

s(k)=SupDenSt(E(k),DL)*(Fermi(E(k),T))*SupDenSt((E(k)-V),DI)*(1-Fermi((E(k)-

V),T)); 

end 
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function s=RIL; % Tunneling rate IL for thermal equilibrium quasiparticles. 

global DI; global DL; global T; global V; global R; 

s=quad(@intIL,-10,10,1e-16); 

s=(s*(1.38E-23))/(R*(2.56E-38));     

 

function s = IntIL(E) % called by RIL 

global DI; global DL; global T; global V; global TL;  

for k=1:length(E) 

s(k)=SupDenSt(E(k),DI)*(Fermi(E(k),T))*SupDenSt((E(k)-V),DL)*(1-Fermi((E(k)-

V),T)); 

end 

 

function s=RG; % Escape rate 

global DI; global DL; global T; global V; global R;  

s=quad8(@intG,-10,10);  

s=(s*(1.38E-23))/(2*R*(2.56E-38));   

 

function s = IntG(E) % called by RG 

global DI; global DL; global T; global V; global mu2; 

for k=1:length(E) 

s(k)=SupDenSt(E(k),DI)*(Fermi(E(k)-mu2,T)-Fermi(E(k),T))*SupDenSt((E(k)-

V),DL)*(1-Fermi((E(k)-V),T)); 

end 
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function s=RLI2; % Rate LI for non-equilibrium quasiparticles 

global DI; global DL; global T; global V; global R; 

s=quad(@intLI2,-10,10,1e-16); 

s=(s*(1.38E-23))/(R*(2.56E-38));     

 

function s = IntLI2(E) %  called by RLI2 

global DI; global DL; global T; global V; global DL; global DI; global ML; global MI; 

s=E; 

for k=1:length(E) 

s(k)=Fermi(E(k)-sign(E(k))*ML,T)*(1-Fermi(E(k)-V-

sign(E(k))*MI,T))*SupDenSt(E(k)-V,DI); 

s(k)=s(k)*SupDenSt(E(k),DL); 

end 

 

function s=RIL2; % Tunneling rate IL for non-equilibrium quasiparticles 

global DI; global DL; global T; global V; global R; 

s=quad(@intIL2,-10,10,1e-16); 

s=(s*(1.38E-23))/(R*(2.56E-38));     

 

function s = IntIL2(E) % called by RIL2 

global DI; global DL; global T; global V; global DL; global DI; global ML; global MI; 

s=E; 

for k=1:length(E) 
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s(k)=Fermi(E(k)-sign(E(k))*MI,T)*(1-Fermi(E(k)-V-

sign(E(k))*ML,T))*SupDenSt(E(k)-V,DL); 

s(k)=s(k)*SupDenSt(E(k),DI); 

end 

 

function s=mu; % Finds the chemical potential for the escape rate 

global DI; global DL; global NV; global mu2; global pres;  

mu2=DI*(1.1); % Initial value for the chemical potential 

inc=0.1*DI; N1=100; s=0; 

for k=1:20   % Accuracy of 1 part in 10  

    mu2=mu2-inc;  

Nest=NV*quad8(@Nf,-10,10);  

if abs(Nest-1)<abs(N1-1) 

     N1=Nest; 

     Mu2Est=mu2; 

    end 

end  

mu2=Mu2Est+inc; 

inc=0.1*inc; 

s=0; 

for k=1:20  % Accuracy of 1 part in 100 

    mu2=mu2-inc; 

    Nest=NV*quad8(@Nf,-10,10); 
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    if abs(Nest-1)<abs(N1-1) 

        N1=Nest; 

        Mu2Est=mu2; 

    end 

end     

mu2=Mu2Est+inc; 

inc=0.1*inc; 

s=0; 

for k=1:20  % Accuracy of 1 part in 1000 

    mu2=mu2-inc; 

    Nest=NV*quad8(@Nf,-10,10); 

    if abs(Nest-1)<abs(N1-1) 

        N1=Nest; 

        Mu2Est=mu2; 

    end 

end     

mu2=Mu2Est; 

s=Mu2Est; 

 

function s = Nf(E)  % called by mu 

global DI; global T; global mu2; 

s=SupDenSt(E,DI).*(Fermi(E-mu2,T)-Fermi(E,T)); 
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function s=muI;  % Finds the chemical potential of the island 

global DI; global DL; global NV; global MI; global NI; 

MI=DI*(1.1); % Initial valud 

inc=0.1*DI; 

N1=1000000; 

s=0; 

for k=1:20  %  Accuracy of 1 part in 10 

    MI=MI-inc; 

    Nest=NV*quad8(@NfI,0,10); 

    if abs(Nest-NI)<abs(N1-NI) 

        N1=Nest; 

        MuEst=MI; 

    end 

end  

MI=MuEst+inc; 

inc=0.1*inc; 

s=0; 

for k=1:20  %  Accuracy of 1 part in 100 

    MI=MI-inc; 

    Nest=NV*quad8(@NfI,0,10); 

    if abs(Nest-NI)<abs(N1-NI) 

        N1=Nest; 

        MuEst=MI; 
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    end 

end     

MI=MuEst+inc; 

inc=0.1*inc; 

s=0; 

for k=1:20  %  Accuracy of 1 part in 1000 

    MI=MI-inc; 

    Nest=NV*quad8(@NfI,0,10); 

    if abs(Nest-NI)<abs(N1-NI) 

        N1=Nest; 

        MuEst=MI; 

    end 

end     

s=MuEst; 

 

function s = NfI(E)  % called by muI 

global DI; global T; global MI; 

s=SupDenSt(E,DI).*Fermi(E-MI,T); 

 

function s=muL; % Finds the chemical potential of the leads 

global DI; global DL; global NV; global ML; global NL;  

ML=DL*(1.1); % Initial value 

inc=0.1*DL; N1=1000000; s=0; 
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for k=1:20  %  Accuracy 1 part in 10 

    ML=ML-inc; 

    Nest=NV*quad8(@NfL,0,10); 

    if abs(Nest-NL)<abs(N1-NL) 

        N1=Nest; 

        MuEst=ML; 

    end 

end  

ML=MuEst+inc; 

inc=0.1*inc; 

s=0; 

for k=1:20  %  Accuracy 1 part in 100 

    ML=ML-inc; 

    Nest=NV*quad8(@NfL,0,10); 

    if abs(Nest-NL)<abs(N1-NL) 

        N1=Nest; 

        MuEst=ML; 

    end 

end     

ML=MuEst+inc; 

inc=0.1*inc; 

s=0; 

for k=1:20  %  Accuracy 1 part in 1000 
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    ML=ML-inc; 

    Nest=NV*quad8(@NfL,0,10); 

    if abs(Nest-NL)<abs(N1-NL) 

        N1=Nest; 

        MuEst=ML; 

    end 

end     

s=MuEst; 

 

function s = NfL(E) % called by muL 

global DL; global T; global ML; 

s=SupDenSt(E,DL).*Fermi(E-ML,T); 

 

function s = E0(p,n)  % Ground state energy of the CPB 

% p=Ej/Ec  

n=n/2; 

Number=[-2 0 0 0 0; 0 -1 0 0 0; 0 0 0 0 0; 0 0 0 1 0; 0 0 0 0 2]; 

for k=1:length(n) 

a=[4*(n(k)+2)^2 -p/2 0 0 0 

   -p/2 4*(n(k)+1)^2 -p/2 0 0 

   0 -p/2 4*n(k)^2 -p/2 0 

   0 0 -p/2 4*(1-n(k))^2 -p/2 

   0 0 0 -p/2 4*(2-n(k))^2]; 
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b=eig(a); 

ss(k)=b(1); 

end 

s=ss'; 

 

function s = E1(p,n) % Excited state energy of the CPB 

% p=Ej/Ec  

n=n/2; 

Number=[-2 0 0 0 0; 0 -1 0 0 0; 0 0 0 0 0; 0 0 0 1 0; 0 0 0 0 2]; 

for k=1:length(n) 

a=[4*(n(k)+2)^2 -p/2 0 0 0 

   -p/2 4*(n(k)+1)^2 -p/2 0 0 

   0 -p/2 4*n(k)^2 -p/2 0 

   0 0 -p/2 4*(1-n(k))^2 -p/2 

   0 0 0 -p/2 4*(2-n(k))^2]; 

b=eig(a); 

ss(k)=b(2); 

end 

s=ss'; 

 

function s = SuperStair(p,n)  % Expectation value of the charge in the ground state. 

%p=Ej/Ec  

n=n/2; 
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Number=[-2 0 0 0 0; 0 -1 0 0 0; 0 0 0 0 0; 0 0 0 1 0; 0 0 0 0 2]; 

for k=1:length(n) 

a=[4*(n(k)+2)^2 -p/2 0 0 0 

   -p/2 4*(n(k)+1)^2 -p/2 0 0 

   0 -p/2 4*n(k)^2 -p/2 0 

   0 0 -p/2 4*(1-n(k))^2 -p/2 

   0 0 0 -p/2 4*(2-n(k))^2]; 

[v,b]=eig(a); 

ss(k)=v(:,1)'*Number*v(:,1); 

end 

s=2*ss'; 

 

function s = SuperStair1(p,n) % Expectation value of the charge in the excited state. 

%p=Ej/Ec  

n=n/2; 

Number=[-2 0 0 0 0; 0 -1 0 0 0; 0 0 0 0 0; 0 0 0 1 0; 0 0 0 0 2]; 

for k=1:length(n) 

a=[4*(n(k)+2)^2 -p/2 0 0 0 

   -p/2 4*(n(k)+1)^2 -p/2 0 0 

   0 -p/2 4*n(k)^2 -p/2 0 

   0 0 -p/2 4*(1-n(k))^2 -p/2 

   0 0 0 -p/2 4*(2-n(k))^2]; 

[v,b]=eig(a); 
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ss(k)=v(:,2)'*Number*v(:,2); 

end 

s=2*ss'; 

 

NormSET % Calculates IVs for the symmetric normal SET 

global R; global Ec; global T; 

Ec=0.93; % Charging energy in Kelvin 

R=1e5/2; % Total resistance divided by 2 

VDS=1; % Vds = 1 corresponds to 100 microVolts 

%ng=0.5; 

T=0.1; % Temperature in Kelvin 

ng=[-1:0.01:1]; 

I=ng; 

%VDS=[-3:0.01:3]; 

C1=0.5; C2=0.49; Cg=0.01; 

for k=1 : length(ng) 

I(k)=I_NSET(ng(k),VDS); 

end 

plot(ng,I) 

function s=I_NSET(ng,VDS); % Calculates the current for the normal SET 

global R; global T; 

    Den=det([R1(-2,-1,ng,VDS,T)+R2(-2,-1,ng,VDS,T) -R1(-1,-2,ng,VDS,T)-R2(-1,-

2,ng,VDS,T) 0 0 0 



 

 207  

   0  R1(-1,0,ng,VDS,T)+R2(-1,0,ng,VDS,T) -R1(0,-1,ng,VDS,T)-R2(0,-1,ng,VDS,T) 0 0 

   0 0 R1(0,1,ng,VDS,T)+R2(0,1,ng,VDS,T) -R1(1,0,ng,VDS,T)-R2(1,0,ng,VDS,T) 0 

   0 0 0 R1(1,2,ng,VDS,T)+R2(1,2,ng,VDS,T) -R1(2,1,ng,VDS,T)-R2(2,1,ng,VDS,T) 

   1 1 1 1 1]); 

Num=det([0 -R1(-1,-2,ng,VDS,T)-R2(-1,-2,ng,VDS,T) 0 0 0 

   0  R1(-1,0,ng,VDS,T)+R2(-1,0,ng,VDS,T) -R1(0,-1,ng,VDS,T)-R2(0,-1,ng,VDS,T) 0 0 

   0 0 R1(0,1,ng,VDS,T)+R2(0,1,ng,VDS,T) -R1(1,0,ng,VDS,T)-R2(1,0,ng,VDS,T) 0 

   0 0 0 R1(1,2,ng,VDS,T)+R2(1,2,ng,VDS,T) -R1(2,1,ng,VDS,T)-R2(2,1,ng,VDS,T) 

   1 1 1 1 1]); 

Pm2=Num/Den; 

Num=det([R1(-2,-1,ng,VDS,T)+R2(-2,-1,ng,VDS,T) 0 0 0 0 

   0  0 -R1(0,-1,ng,VDS,T)-R2(0,-1,ng,VDS,T) 0 0 

   0 0 R1(0,1,ng,VDS,T)+R2(0,1,ng,VDS,T) -R1(1,0,ng,VDS,T)-R2(1,0,ng,VDS,T) 0 

   0 0 0 R1(1,2,ng,VDS,T)+R2(1,2,ng,VDS,T) -R1(2,1,ng,VDS,T)-R2(2,1,ng,VDS,T) 

   1 1 1 1 1]); 

Pm1=Num/Den; 

Num=det([R1(-2,-1,ng,VDS,T)+R2(-2,-1,ng,VDS,T) -R1(-1,-2,ng,VDS,T)-R2(-1,-

2,ng,VDS,T) 0 0 0 

   0  R1(-1,0,ng,VDS,T)+R2(-1,0,ng,VDS,T) 0 0 0 

   0 0 0 -R1(1,0,ng,VDS,T)-R2(1,0,ng,VDS,T) 0 

   0 0 0 R1(1,2,ng,VDS,T)+R2(1,2,ng,VDS,T) -R1(2,1,ng,VDS,T)-R2(2,1,ng,VDS,T) 

   1 1 1 1 1]); 

P0=Num/Den; 
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Num=det([R1(-2,-1,ng,VDS,T)+R2(-2,-1,ng,VDS,T) -R1(-1,-2,ng,VDS,T)-R2(-1,-

2,ng,VDS,T) 0 0 0 

   0  R1(-1,0,ng,VDS,T)+R2(-1,0,ng,VDS,T) -R1(0,-1,ng,VDS,T)-R2(0,-1,ng,VDS,T) 0 0 

   0 0 R1(0,1,ng,VDS,T)+R2(0,1,ng,VDS,T) 0 0 

   0 0 0 0 -R1(2,1,ng,VDS,T)-R2(2,1,ng,VDS,T) 

   1 1 1 1 1]); 

P1=Num/Den; 

Num=det([R1(-2,-1,ng,VDS,T)+R2(-2,-1,ng,VDS,T) -R1(-1,-2,ng,VDS,T)-R2(-1,-

2,ng,VDS,T) 0 0 0 

   0  R1(-1,0,ng,VDS,T)+R2(-1,0,ng,VDS,T) -R1(0,-1,ng,VDS,T)-R2(0,-1,ng,VDS,T) 0 0 

   0 0 R1(0,1,ng,VDS,T)+R2(0,1,ng,VDS,T) -R1(1,0,ng,VDS,T)-R2(1,0,ng,VDS,T) 0 

   0 0 0 R1(1,2,ng,VDS,T)+R2(1,2,ng,VDS,T) 0 

   1 1 1 1 1]); 

P2=Num/Den; 

    s=Pm2*R1(-2,-1,ng,VDS,T); 

    s=s+Pm1*(R1(-1,0,ng,VDS,T)-R1(-1,-2,ng,VDS,T)); 

    s=s+P0*(R1(0,1,ng,VDS,T)-R1(0,-1,ng,VDS,T)); 

    s=s+P1*(R1(1,2,ng,VDS,T)-R1(1,0,ng,VDS,T)); 

    s=s+P2*(-R1(2,1,ng,VDS,T)); 

    s=-(1.38e5)*s/(1.6*R); 

 

function s=G1(n1,n2,ng,VDS); % Calculates free energy differences for junction 1 

global Ec; 



 

 209  

if n1<n2  

ss=Ec*(2*(n1-ng)+1)+0.5*VDS/0.8625; 

else ss=Ec*(-2*(n2-ng)-1)-0.5*VDS/0.8625; 

end 

s=ss; 

 

function s=G2(n1,n2,ng,VDS); % Calculates free energy differences for junction 2 

global Ec; 

if n1<n2  

ss=Ec*(2*(n1-ng)+1)-0.5*VDS/0.8625; 

else ss=Ec*(-2*(n2-ng)-1)+0.5*VDS/0.8625; 

end 

s=ss; 

 

function s=R1(n1,n2,ng,VDS,T);   % Tunneling rate through junction 1 

G=G1(n1,n2,ng,VDS); 

s=-G/(1-exp(G/T)); 

 

function s=R2(n1,n2,ng,VDS,T); % Tunneling rate through junction 2 

G=G2(n1,n2,ng,VDS); 

s=-G/(1-exp(G/T)); 

 

Coherent Oscillations  %  Generates staircases with pulses  
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ng=[0:0.01:2]; 

Ec=0.715; % in Kelvin 

EJ=0.722; % in Kelvin 

Dng=0.65; 

Dt=0.100; %Delta t in nanoseconds 

RelFac=0.4; 

DE=Ec*(E1(EJ/Ec,ng+Dng)-E0(EJ/Ec,ng+Dng))'; 

S0_N=[0  

      0]; 

A2=[1 1 

    1 1]; 

P2=ng; 

for k=1 : length(ng) 

    S0_N(2)=sqrt(superstair(EJ/Ec,ng(k))/2); 

    S0_N(1)=sqrt(1-S0_N(2)^2); 

    A2(1,2)=sqrt(superstair(EJ/Ec,ng(k)+Dng)/2); 

    A2(1,1)=sqrt(1-(A2(1,2))^2); 

    A2(2,2)=sqrt(superstair1(EJ/Ec,ng(k)+Dng)/2); 

    A2(2,1)=-sqrt(1-(A2(2,2))^2); 

    S0_E=A2*S0_N; 

    Ph=130.8*DE(k)*Dt; 

    S0_E(2)=exp(-i*Ph)*S0_E(2); 

    SF_N=inv(A2)*S0_E; 
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    P2(k)=abs(SF_N(2))^2; 

end     

P2=2*P2-superstair(EJ/Ec,ng)'; 

P2=RelFac*P2+superstair(EJ/Ec,ng)'; 

plot(ng,P2); 

 

Spectroscopy  % Generates staircases with microwaves 

ng=[-2:0.01:2]; 

Ec=0.794; % in Kelvin 

EJ=0.327; % in Kelvin 

ngm=0.003; 

Wm=2*pi*28; % 2pi f_microwaves in GHz 

T1=143; % in nanoseconds 

T2=0.25; % in nanoseconds 

DE=Ec*(E1(EJ/Ec,ng)-E0(EJ/Ec,ng))'; 

RabiF=131*2*Ec*ngm*EJ./DE; % Rabi frequency in GHz 

Num=(T1/(2*T2))*(RabiF).^2; 

Den=((131*DE)-Wm).^2; 

Den=Den+(1/T2)^2; 

Den=Den+(T1/T2)*(RabiF).^2; 

P1=Num./Den; 

Q=(1-P1)'.*SuperStair(EJ/Ec,ng)+P1'.*SuperStair1(EJ/Ec,ng); 

plot(ng,Q); 
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