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Magnetic confinement fusion (MCF) is a promising candidate for a low-carbon electricity
solution. MCF uses strong magnetic fields to confine hot, highly ionized plasmas for long enough
times that nuclear fusion reactions can occur. Currently, the two most prominent MCF concepts
are the tokamak and the stellarator, which confine plasmas in toroidal vessels. Due to strong
temperature gradients, plasmas in both tokamaks and stellarators can exhibit kinetic small-scale
turbulence, which drives unwanted macroscopic transport of heat and particles. The gyrokinetic
simulations used to model this turbulence can be computationally intensive, so a valuable objective
is to accelerate these simulations. A complementary goal is to ensure that simulation results are
reliable for a given domain and resolution configuration.

In this thesis, we make two contributions in support of these initiatives. First, we explore the
use of machine learning to reduce resolution requirements for kinetic plasma simulations, which

would make them faster. We achieve this by developing a machine learning (ML) closure model for



velocity space in the one-dimensional Vlasov-Poisson system in a Fourier-Hermite spectral basis.
The ML closure uses reservoir computing, a framework for training recurrent neural networks.
We exploit the locality of interactions in the Hermite representation of velocity space to integrate
large-scale dynamics with a kinetic solver, while using the ML closure model of the small-scale
dynamics. In the linear limit, when the kinetic Fourier—Hermite solver is augmented with the
reservoir closure, the closure permits a reduction of the velocity resolution, with a relative error
within 2% for the Hermite moment where the reservoir closes the coupled hierarchy. In the strongly
nonlinear regime of the Vlasov-Poisson system, the ML closure model more accurately resolves
the low-order Fourier and Hermite spectra when compared with a naive closure by truncation and
reduces the required velocity resolution by a factor of 16.

Second, we use correlation functions, heat flux and free energy spectra, and nonlinear energy
transfer diagnostics to assess the convergence in heat flux for a set of electrostatic gyrokinetic
turbulence simulations. We perform a parameter scan of temperature gradients, temperature ratios,
domain extents, and resolutions in the plane perpendicular to the magnetic field lines simulated.
Though no universal convergence threshold was found in correlation length or resolution, trends in
energy and heat flux spectra point toward the potential to use spectra for the automatic identification

of under-resolution during the execution of a simulation.
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Chapter 1: Introduction

In this chapter, we provide a brief introduction to magnetic confinement fusion. We discuss
the role of turbulence simulations in advancing fusion reactor design. We describe some of the
features that make numerical simulations of magnetic fusion plasmas a challenging problem, and

we give a small primer on turbulence modeling.

1.1 Motivation: Energy and Climate

From the dawn of civilization, energy has been pivotal to societal development. Even the
ubiquitous wheel, a Neolithic invention, can be considered as an energy efficiency technology, as
it reduces the energy required to transport materials across a distance. The invention of the steam
engine catalyzed the Industrial Revolution. By burning fuel to heat water into pressurized steam
that could spin turbines, these engines provided the efficient energy needed to power textile mills,
mines, and manufacturing factories, eventually leading to global development. The combination
of steam power and the dynamo made feasible the generation of electricity at scale via centralized
power plants.

Though expanding access to electricity has undoubtedly shaped the modern world, it has
also contributed to climate change. Global electricity production has grown from approximately
ten terawatt-hours in 1900 to roughly fifteen thousand terawatt-hours in 2000 [Smil, 2017b]. Ris-
ing demand for electricity raises questions about the future of how to generate it. Currently, the
majority of the energy used to produce electricity is derived from burning fossil fuels. This process

produces carbon dioxide and other greenhouse gases, which accelerates climate change, potentially



impacting the habitability of affected areas over the course of the century and may drive migration
[IPCC, 2023]. Limiting warming to well-below 2° C above pre-industrial levels by the year 2050
requires 93 — 97 percent of global electricity production to come from low-carbon sources [[PCC,
2023]. The status quo of relying on fossil fuels for electricity production is incompatible with the
goal of avoiding systemic changes to the climate.

Current renewable, low carbon approaches to electricity production have drawbacks that
limit their effectiveness. Geothermal power uses thermal energy stored beneath Earth’s surface
as the energy source for a thermal cycle that drives generator turbines. Wind and hydroelectric
turbines reclaim mechanical energy from naturally occurring air and water currents. These tech-
nologies rely on the availability of geographic features and weather patterns and cannot serve as
the foundation of the energy supply. In recent years, solar power has grown in its share of the
energy mix. Solar power uses the photovoltaic effect to directly convert incoming electromagnetic
radiation from the sun into an electric current [Smil, 2017a]. Although innovations in photovoltaic
systems have led to consistent declines in costs over the past five decades [Kavlak et al., 2025],
the intermittent availability of solar radiation impedes its ability to consistently meet electricity
demand. Pairing solar systems with storage technologies, including batteries, pumped hydro, and
molten salt storage, can potentially mitigate the intermittency problem, but these storage tech-
nologies each come with geographical or greenhouse gas emissions limitations [EsmaeiliShayan,
2025]. A transition to 100% renewable energy for electricity production may be achievable, but it
would require continued technological breakthroughs in efficiency, cost reductions, stability, and

storage [Al-Shetwi et al., 2024].



1.2 Nuclear Fusion

Nuclear fusion is a promising solution to some of the challenges associated with renewables
and nuclear fission. Fusion is the process of fusing lightweight atomic nuclei, often isotopes of
hydrogen, to form heavier nuclei. This process releases significant amounts of energy. In fact,
fusion is the most important source of energy that powers stars, including the sun [Bethe, 1939].

Most fusion reactor concepts focus on the deuterium-tritium fusion reaction

H + H — JHe(3.5MeV) +¢ n(14.1 MeV), (1.1)

which fuses the hydrogen isotopes deuterium and tritium into an alpha particle and releases a high-
energy neutron. An advantage of nuclear fusion is its energy density, with an advantage of a factor
of four in comparison to fission and around a million in comparison to fossil fuels [Freidberg,
2007]. Fusion power plants have the potential to operate with high uptime and to provide firm,
baseload power to the grid. Fusion likely will face fewer regulatory barriers to deployment at
scale than fission. An example in the United States is the ADVANCE Act, folded into the Fire
Grants and Safety Act, which streamlined fusion regulation by codifying the Nuclear Regulatory
Commission’s decision to regulate fusion facilities under a less restrictive byproduct materials
framework than the more burdensome utilization facility framework it applies to fission power
plants [118th United States Congress, 2024]. Fusion has no risk of criticality or meltdown unlike
fission, and none of its byproducts are greenhouse gases.

Fusion reactions require significant amounts of energy to initiate. Positively charged ions

must have a sufficient amount of energy to overcome the Coulomb force so that the strong nu-



clear force can fuse them together. Without access to the high gravitational forces of stars, fusion
reactors instead must heat gases to extreme temperatures on the order of 10keV, which maxi-
mizes the cross section of the deuterium-tritium fusion reaction [Wurzel and Hsu, 2022]. At these
temperatures, the gases ionize into plasmas that must be confined by methods other than material
walls.

The two main branches of fusion confinement techniques are inertial confinement and mag-
netic confinement. Inertial confinement uses high-energy laser pulses (~ 2 MJ) to form symmetric
shock waves that compress and heat the plasma. Magnetic confinement uses strong magnetic fields
(~ 2 —12T) to constrain the charged ions and electrons to orbit around magnetic field lines. Both
approaches have their merits. Inertial confinement is the only approach that has achieved “scien-
tific breakeven” to date, meaning that in several experiments, fusion reactions released more energy
than the laser energy required to heat and confine the plasma [Hurricane et al., 2024]. In contrast,
magnetic confinement heats the plasma more efficiently than inertial confinement [Wurzel and Hsu,
2022], potentially signaling a faster path to commercialization once ignition has been achieved. For
this reason, magnetic confinement fusion (MCF) is arguably the most promising approach.

In magnetic confinement fusion, the two main designs are the tokamak and stellarator. These
machines are toroidally shaped chambers that use electromagnetic coils to create magnetic fields
that form nested surfaces called “flux surfaces”, where the magnetic field lines are tangent to the
surfaces. The most simple toroidal magnetic field geometry would have magnetic field lines trace
circles around a central column. However, magnetic drifts render this configuration to be unsuitable
for confinement, as the charged particles would drift away from their original flux surfaces. Instead,
the field lines must twist as they rotate around the torus. The pitch in the field lines is called
the rotational transform. Tokamaks and stellarators differ in their approaches to generating this
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rotational transform. Tokamaks maintain an axisymmetric shape so that their flux surfaces are
symmetric in the toroidal angle. To achieve both axisymmetry and rotational transform, tokamaks
rely on toroidal currents in the plasma that generate poloidal magnetic fields. Stellarators instead
incorporate the twists into the magnetic fields generated by external electromagnetic coils. This
allows them to forgo plasma currents and the family of current-driven instabilities that come with
them.

Calculations of the power balance between energy inputs to heat the plasma and the energy
yield of fusion reactions results in a condition called the Lawson criterion, which determines the
density, temperature, and energy confinement time required to achieve self-sustaining fusion re-
actions [Lawson, 1957]. For deuterium-tritium MCF with equal ion and electron temperatures of

14 keV, self-sustaining fusion, often called ignition, occurs at a fusion triple product of

niT1E = 2.9 x 10% (m™ - keV - 5), (1.2)

where n;, T, and 7z are the ion density, temperature, and energy confinement time respectively
[Wurzel and Hsu, 2022]. Although, no MCF experiment has achieved ignition, exponential im-
provements in the fusion triple product have been achieved over the last six decades. Multiple
machines are currently under construction that are projected to achieve break-even energy yields
by 2040. The peak of the deuterium-tritium cross section largely determines the ideal operating
temperature for optimizing the triple product. Tokamaks and stellarators face empirical limits to
their densities that constrain their operating spaces [Greenwald et al., 1988; Sudo et al., 1990].
These factors motivate efforts to increase the energy confinement time.

One of the core contributors to energy loss in MCEF is the transport of heat driven by micro-



turbulence [ Yoshida et al., 2025]. In principle, engineering experiments could iteratively optimize
the magnetic geometry of tokamaks and stellarators to be robust to turbulence. However, the as-
sociated capital costs for construction and operation would be infeasible. Numerical simulation
and modeling of turbulence is a vital tool that bridges the gap between analytical scaling approx-
imations and empirical results. With densities on the order of 10%° m~3, kinetic many-body first-
principles simulations of the plasma dynamics would be computationally infeasible. Thankfully,
there is a rigorous limit of the statistical kinetic description of plasmas that reduces computational
requirements. This model is called gyrokinetics, and we derive the gyrokinetic system in Chap-
ter 2. Gyrokinetic simulations of core turbulence in MCF plasmas have been validated against

experiments [White, 2019; Yoshida et al., 2025].

1.3  Overview of the Thesis

Although gyrokinetic simulations are many orders of magnitude faster than many-body sim-
ulations that track each individual particle, we aspire to make them faster. Individual simulations
that use further physics approximations, including the adiabatic electron response and static mag-
netic fields, can still require tens of minutes to complete on state-of-the-art hardware. With the shift
toward multi-scale transport simulations and surrogate model development, workflows can expand
to use thousands of simulations. Reducing the cost of each simulation could permit researchers
to incorporate more physics in their models or expand their parameter searches. In addition, we
aim to improve the reliability of these simulations by developing tools to automatically assess the
validity of the simulations with regard to their specified simulation domains and numerical resolu-

tion. These tools would save time spent in post-hoc verification of results. The work presented in



this thesis is a preliminary step toward these broader objectives.

The rest of the thesis is organized in the following manner. In Chapter 2, we derive the elec-
trostatic gyrokinetic system from the Fokker-Planck equation, the fundamental kinetic description
of plasmas. Next, we derive the 1-D Vlasov-Poisson system from the same starting point. We
briefly compare the two systems. Their shared features motivate our choice of the 1-D Vlasov-
Poisson system as a test problem for closure modeling.

In Chapter 3, we construct our numerical scheme for solving the gyrokinetic and Vlasov-
Poisson systems. We provide an overview of numerical methods and support our decision to use
an Eulerian pseudo-spectral method to solve the equations. We present a detailed derivation of the
projection of the systems of equations onto sets of orthogonal polynomial basis functions.

In Chapter 4, we introduce a machine learning closure model that reduces velocity-space
resolution requirements for the 1-D Vlasov-Poisson system. We give a short overview of applica-
tions of machine learning to problems in plasma physics. Next, we provide details of our machine
learning model of choice, reservoir computing, and we give context for its use cases. Then, we
present simulations of the Vlasov-Poisson system and apply our machine learning closure model
to it.

Chapter 5 studies the use of correlation functions, heat flux and energy spectra, and nonlinear
energy transfer diagnostics to assess the validity of gyrokinetic turbulence simulations. We use the
GX code to perform radially local flux tube simulations of electrostatic gyrokinetic turbulence in
two model geometries, a tokamak case and a stellarator case. The tokamak case is a modification
of a reference case often used to cross-verify gyrokinetic turbulence codes. The stellarator case
simulates turbulence around a field line from a flux surface in the core of the Wendelstein 7-X

stellarator. We highlight thresholds and trends in correlation length and resolution. Finally, we
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summarize the main results of the thesis in Chapter 6. We conclude with a discussion of possible

future extensions of the work in the previous chapters.



Chapter 2: Theoretical Background: Kinetic Theory

The content in Section 2.3 of this chapter is adapted from the work published in Barbour et al.
[2025], conducted in collaboration with Prof. William Dorland, Dr. Ian G. Abel, and Dr. Matt
Landreman and has been reused with the permission of the surviving authors.

In this chapter, we derive the systems of equations necessary to form the theoretical basis for
the results in this thesis. Though turbulence in fusion plasmas is our main motivation, we broaden
the scope of this work to include the Vlasov-Poisson system, a simpler, one-dimensional model
that shares some features of the electrostatic gyrokinetic system. We begin with the fundamen-
tal description of kinetic plasmas, the Fokker-Planck equation. We then derive the gyrokinetic
equation in the electrostatic limit, in accordance with canonical approaches. Finally, we derive the
Vlasov-Poisson system and elucidate its connection to electrostatic gyrokinetics. For simplicity,

we elect to use Gaussian units throughout this thesis.

2.1 Defining our plasmas

In this thesis, we study fully ionized plasmas and neglect the influence of collisions with
neutral particles. We also narrow our focus to weakly coupled plasmas, where the kinetic energy

of the particles is significantly greater than their potential energy:

7Z2e? [aT, < 1, (2.1)

where Z,e is the charge of particle species s, T is its temperature in units of energy, and a is

the average interparticle spacing [Baalrud and Daligault, 2016]. The weak coupling condition



results in the Debye screening phenomenon, which diminishes the impact of Coulomb interactions
between individual particles. The plasma exhibits collective behavior, with densely populated

neighborhoods defined by the Debye length of the electrons,

neApe > 1, (2.2)
where the Debye length is defined as
T.
ADe = =—— 2.3
b 47n,.e2 2.3)

In addition, the plasmas we study in this thesis are non-relativistic, meaning that

vt/ < 1 (2.4)

for all species, where we define the thermal speed of species s as

Vs =\ Ts/m, (2.5)

and T is its equilibrium temperature in units of energy. In Section 2.2.4, we will precisely define
the nature of the equilibrium and will explain why we wish to consider near-equilibrium plasmas.
Finally, we also localize perturbations to scales shorter than the electron Debye length with the
condition

A3, < 1, (2.6)
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where £, is the characteristic perpendicular wavenumber of a perturbation.
The weak coupling condition permits us to begin with the Fokker-Planck equation [Rosen-
bluth et al., 1957], which is the fundamental description of the time evolution of the statistical

distribution function of a kinetic plasma species:

(E+% X E) s _ g, 2.7)

Afs _0fs g 4 e s

dt ot M

where fq(r,v,t) is the full distribution function of species s, with mass m;, and charge Z, in
units of the elementary charge, e. The total electric and magnetic fields are E and B, respectively.
This equation represents the effects of particle collisions with the Landau collision operator, C'[f],
which describes the impact on particle species s of collisions with all particle species [Landau,

1936]. The electric and magnetic fields are described by Maxwell’s equations:

V -E = 4mp, (2.8)
V- B =0, (2.9)
~ 16B
Vxﬁ:1(4ﬂj+a—E>. 2.11)
c ot

The charge density p and current j are given by

p= ZZse/d3vfs, 2.12)
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and
j= ZZSe/d3vvfs, (2.13)

respectively. Finally, the plasma obeys the quasineutrality condition:

> Ze / Py, =0, (2.14)

which is a consequence of the Debye length being much smaller than the total system size.

As discussed in Chapter 1, the significant number of particles (~ 10?°) in fusion plasmas
preclude the possibility of a fast direct numerical solution to Newton’s equations using currently
available computational hardware. Similarly, the vast separation in spatial and temporal scales
between microscopic turbulence and large-scale transport makes the direct simulation of the fun-
damental kinetic equation a challenging endeavor to pursue. To make progress, we can consider

two limiting cases of (2.7), each with different levels of physics fidelity.

2.2 Electrostatic Gyrokinetic System with Adiabatic Electrons

One limiting case of the Fokker-Planck equation is the electrostatic gyrokinetic system. As
a further simplification, we prescribe an adiabatic response for the electron distribution function,
which eliminates the need to resolve electron-scale dynamics. This section follows the work of
Catto [1978]; Antonsen and Lane [1980]; Frieman and Chen [1982]; Howes et al. [2006]; Abel
et al. [2013]. The derivation follows Appendix A of [Howes et al., 2006] with a spatially varying
mean distribution function and Sections 3-7 of [Abel et al., 2013] with no mean flow and no

magnetic field perturbations.
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2.2.1 Gyrokinetic orderings

The gyrokinetic equation is the result of applying a set asymptotic orderings and simplify-
ing assumptions to (2.7). In addition to the assumptions that lead to the Fokker-Planck equation,
the core additional assumptions that support the gyrokinetic equations are strong magnetic fields,
small-amplitude perturbations, and low frequencies. In turn, these assumptions permit us to ex-
ploit the strong separation in spatial and temporal scales to split the distribution function into its
mean and fluctuating components. Furthermore, the strong magnetic fields introduce a dominant
anisotropy to the dynamics. When paired with the low frequencies, this permits us to average
over the particle gyrations and reduce the domain to a (5+1)-D phase space characterized by three
spatial dimensions, velocities parallel and perpendicular to the magnetic field, and time. To make
this discussion more concrete, we define the gyrokinetic ordering assumptions in accordance with

those employed by Howes et al. [2006]. First, we shall introduce the small expansion parameter e:

e=P <1 (2.15)

an

where we have introduced the typical ion Larmor radius,

Ut
i = 2.16
Pi=g, (2.16)
the ion cyclotron frequency,
Z;eB
0, = 22 2.17)
m;c
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and the macroscopic normalizing length scale, a,. Note that the asymptotic expansion parameter
in (2.15) implies that the normalizing length, ay, does not need a precise definition so long as the
condition remains satisfied. Some examples of possible choices for ay include the minor radius
of a tokamak or stellarator and several multiples of the typical parallel wavelength of turbulent
fluctuations in an astrophysical plasma. This parameter embeds the strong magnetization into the
system by ensuring that the ion Larmor radius is small relative to macroscopic system parameters.

Next, we consider the spatial ordering that arises from the strong magnetization condition.
Strong magnetization causes charged particles to The strong magnetization promotes a natural
separation of scales such that the perpendicular length scales remain smaller than the parallel
length scales, which leads to the ordering:

ﬂf\/

&~ 00, (2.18)

where k = kHB + k, represents the wavenumber of a perturbation, where we have introduced the

unit vector in the direction of the mean magnetic field:

B

b
B

: (2.19)

o =

and B is the mean magnetic field. We shall explore this more in Chapter 5 through a study of the
perpendicular and parallel correlation lengths.
With the expansion parameter in hand, we can proceed to write explicit definitions for the

other orderings. The low frequency condition asserts that the frequencies, w, of the turbulent
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fluctuations are slower than the ion cyclotron frequency:

wil o). (2.20)

w
—_—
Qi an Qi

In the time that an ion experiences a turbulent fluctuation, it undergoes many cyclotron orbits
around a magnetic field line. This separation of time scales permits us to average over particle
orbits and consider the time evolution of the distribution function in terms of charged rings in
guiding-center coordinates.

We formally split the distribution function and fields into their mean and fluctuating compo-

nents:

fo=F,+6f., 2.21)
E =E + JE, (2.22)
=P+ 40, (2.23)
B =B+ /B. (2.24)

The premise that the fluctuations can be studied separately from the mean distribution imposes an
additional temporal ordering assumption. The timescales of the fluctuations must be well-separated
from the “transport timescales” on which the mean background fields evolve. A canonical ordering

expression for this condition [Frieman and Chen, 1982; Howes et al., 2006] is

1 1 OF,,

~ O(é*), (2.25)

Ttransport FOs 8t
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where F{ is the equilibrium distribution function, and Tiansport 1S the macroscopic transport
timescale. A more detailed discussion can be found in Callen et al. [2010].

We assume that the electric and magnetic fields follow the ordering

Bl wy
% e (2.26)

which establishes that the magnetic field dominates the electric field. This is equivalent to assuming

that the E x B flows are non-relativistic [Abel et al., 2013]. In addition, the perturbations must be

small relative to the background:

O fs
Fy

~ O(e). (2.27)

Note that in the electrostatic limit, we forbid any time-dependent perturbations to the magnetic
field. Faraday’s law yields a rotationless electric field on the timescales of the turbulent fluctuations

in this limit:

- 10B
E=_—_-_"7-0. 2.2
V X 7 0 (2.28)

This also permits us to use the familiar electrostatic potential formulation of the electric field:

E=-Vo, (2.29)

where ®(r) is a scalar function of particle position.
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2.2.2 The Gyroaverage

A defining feature of the gyrokinetic system is that it represents the dynamics with a reduced
model in a (5+1)-D phase space, while maintaining accuracy up to order O(¢). The dimension
reduction is possible due to the strong magnetic fields and the separation of timescales introduced
in Section 2.2.1, which permits us to eliminate explicit dependence on the gyrophase of particle or-
bits by suitable averaging. In this section, we shall use guiding center coordinates following Catto

[1978]. Particle positions, r, are related to their guiding center positions R by the transformation

~

b
R,=r1+ = (2.30)
s
The total velocity and its perpendicular and parallel components are related by
v = vyb + v} (cos V8, — sin¥&)), (2.31)

where €1 and €; are orthonormal unit vectors that define the plane perpendicular to the magnetic
field such that b = &, x &; and ¥ is the gyrophase.
We then introduce two gyroaveraging operators, ( )gr, and ( ),_, where the subscripts denote

which position variable remains constant while computing the average. We define these operators

by

(9(r,v,t))r, = % OQW dvg (Rs — %,v, t) : (2.32)
and

(9(Rs, v, 1)) = % /027r ddg <r + %,v,t) . (2.33)



As a first step toward deriving the gyrokinetic system, we shall express the Fokker-Planck equation

(2.7) in the coordinates (r, v, vy, 9, 1):

Ofs Ofs Zed®Of, Ze v, xB Ofs
—— Vifs——— — | =V, P . =C\fs]. (234
ot U 0z VL VLS mg 0z Oy + M LEF c ov | [l )
For ease of explanation, we consider an imposed homogeneous magnetic field:
B = Bb = B. (2.35)

Using the small perturbation assumption (2.27), we can formally split the distribution function into

its mean and fluctuating components, F and ¢ f, respectively:

fs=Fs+6fs(r,vp,v.,0). (2.36)

We desire to enumerate the terms of the gyrokinetic equation order-by-order. First, we shall iden-
tify the terms of the kinetic equation at each order of the expansion parameter. Then, we will
gyroaverage the resulting kinetic equation to obtain the electrostatic gyrokinetic equation. To fa-
cilitate this process, we first expand the mean and fluctuating portions of the distribution function

as in the work of Abel et al. [2013]:

Fy=Fos+ Fis+ Fos + .. ., (2.37)

5fs:6fls+5f2s+..., (238)
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where each subscript indicates the order of the expansion:

Fos ~ fs, (2.39)
Fig ~0fis ~ €fs, (2.40)
FQs ~ 5.f25 ~ E2fs- (241)

2.2.3 Zeroth order of the gyrokinetic equation

By the orderings in Section 2.2.1, the lowest order of the kinetic equation (2.34) is

7. B\ 0F,
vy - ViFos+ e(va ) = =

c ov,

(2.42)

S

Expressing this equation in terms of the guiding center velocity coordinates (v), v, ¢) will reveal
an important property of F,. To recast the equation in terms of those coordinates, we must first

solve (2.31) for those variables in terms of the velocities in the perpendicular plane:

vy = /v 403, (2.43)

¥ = arctan (ﬂ) , (2.44)
U2
where
vy =Vv-€ = —uv, sind, (2.45)
Vg =V -€ = v, cosv. (2.46)
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Using these definitions we have

B B
VAX®2 (” ) (cos &) + sin U8,) . (2.47)

C C

Similarly, we can express the gradient with respect to perpendicular velocity as

0 0 . 0 .
- —_&,. 2.4
aVJ_ 31}1 et 81}2 2 ( 8)

We can then use the chain rule and (2.43) to transform the velocity derivatives from coordinates v

and vy to v, and 9. First,

9, 0 Ov, 0 0V

9o DuL Ov, 9090,

v, 0 vy O
== 4 =7 2.49
vLﬁvL—'—vi@ﬁ’ (249)
= —811119i + COSﬁg
B v, v, 09

Similarly,

0 Ov 0 oY 0

Dvy vy 90, | 90y 00’
V2 8 v18

2 7 _ = 2.50
vy Ovy 2 Y (2.50)

= (:0819i + sinﬁg

n 81& V1 819
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The scalar product of (2.47) and (2.48) then results in

VJ_XB. 0 :<UJ_B)COST9(_SH”9£+COSI9£)

c ov, c dvy vy O

v B\ . 0 sind 0
—i—( a )smﬁ(cosﬁ%jL o 3_19)’

(2.51)
_ (v.B COS219+SiH219 0
N c on on oY’
B
ey
Using this result, the zeroth order of the kinetic equation (2.42) then simplifies to
Z, x B OFys
v, -V Fys + €(VL ) 0 =0,
M c ov |
ZseB 0Fps
Vi Vi Fp+ 22280 g (2.52)
mgc OV
0Fus
VJ_'VJ_FOS+QS 0 =0.

oy

We can show that the left-hand side simplifies to a derivative in gyrophase at constant guiding

center position by using (2.30), (2.31), and (2.51):

8F03 or ov aF()s
Qo——| =9, || — -V Fy, — .
| [(819) L Vot (819) D ]
A\l ~ aFj()s
- . _ . 2.53
Q, [ 0. VEys — (v X 7) o ] (2.53)
V| (9F03
= -0, |— -VF )
s |:Q5 v Os + 6’[9 r:|
Applying this result to (2.52) yields
aFbs
—Q = 0. 2.54
90 | 0 (2.54)
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The immediate consequence of this equation is that the mean distribution function F{; is indepen-
dent of the gyrophase to lowest order. This observation aligns with our low-frequency ordering
assumption, w < ;. It also introduces a natural reference point for higher orders in the expansion
parameter. The largest terms captured by the kinetic equation for species s are of order O(2,Fpys).

All other terms shall be compared to this reference.

2.2.4 First order of the kinetic equation

We now derive the first order of the kinetic equation. To this order, (2.34) becomes

an ZSG 8F5 0
a;’ tv -V (F +6f) — V.- avi + Qoo (B +6f1) = ClFos, Fosl. (255

Y

Note that the kj/k; ~ e ordering separates (0/0z) and V |, and we have also used the result
from (2.52). At this stage, the distribution function is unknown. We can transform this equation
to eliminate F; and 0 f; from the equation, which will grant us enough information to specify Fy,.

We make two additional assumptions:
1. Spatial averages of perturbed quantities are zero.

2. The fluctuations are statistically decorrelated over long distances in the domain such that we

can assume periodic boundary conditions.

Under these assumptions, the spatial average of the left-hand-side of (2.55) is 0. We can then

multiply (2.55) by 1 + In F{y; and integrate over phase space to obtain

/ da? / dv® In Fy,C[Fos, Fos] = 0. (2.56)
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This equation shows that the Landau collision operator satisfies the Boltzmann H-theorem [Reif,
1965], which states that the kinetic entropy of the system cannot decrease due to collisions. We
can first consider the integral over velocity space in (2.56), which is known to be related to the

expression for the rate of entropy production due to self-collisions [Helander and Sigmar, 2002]:

dsS

E = —/dU3 In FOSC[FOS7 F()s] Z 0. (257)

This inequality holds for all neighborhoods in space, as the local, linearized form of the Lan-
dau collision operator also satisfies (2.57). The strict equality in the integral equation (2.56) is
uniquely satisfied by the maximal entropy solution, which is local Maxwellian velocity distribu-

tion [Helander and Sigmar, 2002]:

3/2 ms(v? + v?
Fyp. = n, (i) exp [—g , (2.58)

27T, 2T

where n(r) and T(r) are the density and temperature of plasma species s.
Recalling that (0F,s/0v) = 0 and using the expressions for the velocity derivatives (2.49)

and (2.50), we can evaluate the velocity gradient of the mean distribution function:

0Fys 0 ms \ > mg|v|?
ov ov | \orr ) P Tar
(2.59)
:—%FOSV.

Substituting this explicit expression for the velocity gradient (2.59) into the first-order kinetic
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equation (2.55) yields

OF,. ) Z, .
0 v V(B 4 0f) 4 Qe (Fy +0f1) = — 6VL¢-C3)f@vl

U” S g
0z oV Mg T, (2.60)
Zs
— ijq) Fy,vy.

If we gyroaverage this order of the expansion at constant guiding center position R, the first term
on the left-hand side vanishes. By (2.53), the second and third terms combine to become a partial

derivative in ¥:

85f15
oY

OF,,
— ( v

Averaging over the perturbed quantities demonstrates that F3; must also be independent of the

Zs
>:_€V@NJ@ (2.61)
Rs,v,v TS

s, V|,V L

Rs,v)v1

gyrophase:

afwls

— o0

= 0. (2.62)

Rs,v),vL

Now, we can determine the fluctuating portion of the distribution function at this order, ¢ fi,, by

evaluating the fluctuating part of (2.61) :

09 fi5 Zse

—Q, = — V.- -v Fy
90 —_— T, 1® V1l
o (2.63)
Zse 0P
=0T gy T
s Rs,v)v1

Integrating this equation with respect to ¢ yields the solution:

Zed

5fls = - T FOs"'hs(RsaUHaUJ_at)? (264)

s
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where we have introduced the gyrophase-independent distribution function of the perturbed rings
of charge, hs. Note that the Boltzmann response that the first term represents still depends on the
gyrophase, as ® is a function of particle position. Collecting these results yields this solution for

the distribution function:

Z.ed
fs = Fos — TeFOS + Fig + hg + Fog + 5 fos + O(E3 f), (2.65)

where we know the functional form of the zeroth order of the mean distribution function:

(2.66)

3/2 2 2
Fos = ng s exp ——mS(Ul - UH)
27T, 2T

In the next section, we will seek to determine the evolution equation that governs the small scale
fluctuations, hs. To close the system, we will need to gain information about the terms of order
O(e?), Fys and d fo,. We will then gyroaverage the resulting evolution equation to arrive at the

gyrokinetic equation in the electrostatic limit.

2.2.5 Second order of the gyrokinetic equation

First, we will transform the kinetic equation (2.34) to guiding-center coordinates, (R, v, vy, 9):

of, _dR, 0f. _dv 9,
ot dt oOR, dt Ov

= C[f.). (2.67)
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We now need an explicit expression for (dR/dt). To derive this expression we use the velocity

and acceleration of the charged particles:

dr
g 2.
TR (2.68)
Z B
dv _ Ze (E+vx ) (2.69)
dt M c

With these definitions and (2.30), we can now derive the time derivative of the guiding center

position:

1 <Zse>< VXB) R
=Vv+ — E+ X Z
Qs \ mg, c

:v+%Ex2+(vxixi)

(2.70)
:V—%V@xﬁ—ﬁx (v x 2)
—v— %W X7 —[v(E 2) -2z V)|
—vF— -V D X7
=2z B 1 z.
After substituting this final expression into (2.67), we find
Ofs dfs ¢ . Ofs Zge v x B\ Jf;
~ (VD x 7) - V. S L . 271
ot B 0z B(V x2) OR, + Mg Vi c ov Clfil 2.71)
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Similarly to the previous sections, we shall now isolate the second-order terms in (2.71) by using

our derived functional forms of the previous orders of the kinetic equation (2.64-2.66).

c
- Cv.o A].
ot +[U”Z B( 18 x2) OR, Mg v, v
Z.ed Z.ed O0F,, Z2%e?
0 ( € F03>+ e®  OF), e

—_ 0
(9t Ts Ts 'U” az + TSQ VJ_ 0sVL Qs aﬁ ( 2+5f2$) C’[ 085 h] C[h, Os]

Oh, Z, 0
(Fis + hy) — 225V .0 - (V:a—(Fls + h))

(2.72)

First, we define the second term of (2.70) as the EE x B velocity, and we also introduce its gyroav-

erage:

C . c (. O{D
Ve = 5l x V., (VE)R = 3 (z X (;RZR) ) (2.73)

Observe that the unknown second-order terms ¢ fos and Fy, appear only in derivatives of the gy-
rophase. By construction, these functions must be periodic in 1J, which implies that the integrals
of their ¢ derivatives vanish over one orbit. Thus, we can gyroaverage this equation at fixed guid-
ing center position by using (2.32), which eliminates ¢ fo; and F5,. As before, we can split the
evolution equation for this order into the mean and fluctuating components. The gyroaverage of
the fluctuating portion of (2.72) becomes the electrostatic, second-order gyrokinetic equation in

straight, homogeneous magnetic field-line geometry:

Oh, . 0 0 (Zs
o+ weln] gt = 5 (PR ) + e @79
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2.2.6  Quasineutrality: Determining ¢

Finally, we use the fluctuating component of the quasineutrality condition (2.14) to order

O(e) to determine (P)g_, allowing us to close (2.74):

Z2 2 <
ZZSe/d?’v(hS)r = ;” o. (2.75)

s

As mentioned previously, we use the electrostatic approximation and neglect time-dependent per-
turbations to the magnetic field. We will also leverage the vast difference in mass between elec-
trons and ions to make an additional simplifying assumption: the adiabatic electron approximation.

Consider the linearized form of the gyrokinetic equation without collisions (2.74):

Zs
iwhg + ikHUH = iw ( T€F05<(I)>R>

w Ze
hy = Foo (P .
w + kv <Ts ool >R>

(2.76)

When evaluating this linearized equation for A, for either electrons or ions, all terms of the equation
are of similar orders to each other with the exception of the kv term in the divisor. We assume
that v ~ wvy. For T, = T;, the ratio between the thermal speed of an electron and the thermal
speed of an ion is approximately

Ute m

e o= 2.77)

Ui me

The ratio between the mass of a proton and the mass of an electron is roughly 1,836 [NIST, 2024].
Therefore, the electrons move much more quickly than the ions. Additionally, the relationship

between the ion and electron thermal speeds with the linearized gyrokinetic equation implies that
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he < h;. We can exploit this to make the further simplifying assumption that in addition to the
rapid, mean thermalization toward a Maxwellian velocity distribution, spatiotemporal perturba-
tions to the electron distribution function are prescribed by the Boltzmann response to variations
in the electrostatic potential:

fe = Foe + Tifb. (2.78)

This approximation permits us to neglect kinetic dynamics at the electron scales, which are shorter
and faster than the ion scales. In the limit of a single ion species, the plasma then evolves according

to the gyrokinetic equation for the ions (2.74), and the quasineutrality condition (2.75) reduces to

Zl-e/d?’v(h)r = nge? {(I) (Z;) + (Ti) [® — (<<I>>)]] , (2.79)

where we have introduced the flux-surface average of the potential, ((®)). In the gyrokinetic
turbulence studies in Chapter 5, we leverage the theoretical and empirical evidence for the existence
of stable magnetohydrodynamic (MHD) force balance solutions that result in surfaces of constant
magnetic flux that are crucial to magnetic confinement fusion geometries. The flux-surface average
term ensures that the mean of the perturbations in the electron density is zero over the flux surface
[Dorland and Hammett, 1993]. The work of Abel and Cowley [2013] demonstrates that this term

arises from first-principles in an rigorous collisional electrostatic limit of gyrokinetics.

2.3 1-D Vlasov-Poisson System

As our test problem for the machine-learning closure model we implement in Chapter 4, we

study the dynamics of a one-dimensional, collisionless, electrostatic hydrogen plasma. We focus
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on the electron dynamics, treating the ions as a cold, neutralizing background. The equations

that describe this plasma are the 1-D, 1-V Vlasov-Poisson system [Vlasov, 1968]. In this section,

we begin with the Fokker-Planck equation, derive the Vlasov-Poisson system from the appropriate

limit, and normalize the system for the purpose of simulation. The process is simple in comparison

to the derivation of the electrostatic gyrokinetic system, but it will be instructive to compare their

features.

In the absence of collisions, (2.7) becomes the Vlasov equation and represents conservation

of phase-space volume [Nicholson, 1983]:

df,  of, Zee
a o TVt

Three simplifying assumptions are necessary to proceed.

1. There is no magnetic field.

2. Neglect perpendicular dynamics.

3. The ions are a cold, neutralizing background.

<E+X><
c

of.
B) S =0. (2.80)

After these assumptions, all that remains of the Fokker-Planck equation is an evolution equation

for an electron plasma, the 1-D Vlasov equation:

ot +U82 me Ov

of | of _eEdf

(2.81)

where f(z,v,t) is the electron distribution function, e is the elementary charge, and m, is the mass

of an electron. F(z,t) is the electric field, which we calculate using Poisson’s equation,
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P
% yry BE=-22 (2.82)
z

where p(z,t) is the total electric charge density, including both ions and electrons, and ®(z,t) is

the electric potential. For this quasi-neutral plasma with cold ions, we can evaluate the charge

p(z,t) =e <n0 — /d’uf> , (2.83)

where ng is the mean number density of both species.

density as

Plasmas with near-Maxwellian velocity distributions are of particular interest for magnetic
fusion applications. Therefore, we separate the distribution function into a Maxwellian mean and

time-dependent perturbations:

f(z,v,t) = Fy(v) + g(z,v,1), (2.84)
where
o 1 .2 2
Fo(v) = [ = | —=e /e, 2.85
0= (1) = (2.85)

is the one-dimensional Maxwellian velocity distribution for the electrons, and ¢(z, v, t) is the fluc-
tuating part of the distribution function. We have defined the electron thermal speed as v, =
\/m, where 7, is the temperature of the electrons in units of energy. The Vlasov equation
supports longitudinal Langmuir waves, whose dynamics occur on time scales on the order of the

plasma frequency,

4mnge?

(2.86)

Wpe =
P Me
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The characteristic length-scale for those oscillations is the Debye length,

Ap = I (2.87)

4dmnge?’

To support numerical integration of this system of equations, we normalize the variables into

dimensionless forms, denoted with primes:

After dropping the primes for legibility, we can now write the model equations in dimensionless

form:

E + U% — E% =0. (2.89)
9F / do . (2.90)
0z

Finally, after splitting the distribution function into its mean and fluctuating components, we arrive

at the normalized evolution equation for the fluctuating part of the electron distribution function:

dg , 9y 99 _

5 T, HoEF - E5S =0, (2.91)
o8 _ / dvg. (2.92)
0z

The Vlasov-Poisson system shares some features with the electrostatic gyrokinetic system
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that allow it to be a useful test model for the closure problem. The gyrokinetic parallel streaming
term, vV h, is a generalization of the free streaming term in 2.91, v(0g)/(0z). Both equations
have a quadratic nonlinear term. In gyrokinetics, the E x B drift is the quadratic nonlinearity.
In the 1-D Vlasov equation, the nonlinearity is a parallel velocity derivative term, E(dg)/(0v).
The equivalent term is at the next order in the gyrokinetic equation, so it is not present. The
strong magnetization in gyrokinetics causes the perpendicular terms to be an order larger than
their parallel counterparts. In contrast, the lack of collisions and lack of perpendicular flows in the
1-D Vlasov Poisson system can eventually lead to non-Maxwellian filamentation in the velocity

distribution function.
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Chapter 3: Numerical Methods: The Eulerian Pseudo-spectral Approach

The content in Section 3.2 of this chapter is adapted from the work published in Barbour et al.
[2025], conducted in collaboration with Prof. William Dorland, Dr. Ian G. Abel, and Dr. Matt
Landreman and has been reused with the permission of the surviving authors.

The electrostatic gyrokinetic and 1-D Vlasov-Poisson systems of equations derived in Chap-
ter 2 comprise a rigorous explanation of the time evolution of the distribution function of plasmas
in the limits defined in each section. Though applications of complex analysis have yielded in-
sights about the linear instabilities supported by these systems [Catto, 1978; Hammett and Perkins,
1990], the nonlinear nature of these equations impose additional challenges. In both cases, the
nonlinearity manifests as a quadratic nonlinear term involving a product between two functions of
the perturbed distribution function. Although the existence of a quadratic nonlinearity in a sys-
tem does not guarantee the onset of chaotic dynamics, quadratic nonlinear terms are known to be
the simplest form of nonlinearity that can induce chaos [Almatroud et al., 2024]. The objectives
of finding solutions to the nonlinear electrostatic gyrokinetic and Vlasov-Poisson systems can be
considered as initial-value problems (IVPs) that are highly sensitive to initial conditions. This
sensitivity to initial conditions necessitates numerical solutions to the PDEs.

On its face, the proposition of simulating a multi-scale, continuous system by using a nu-
merical discretization scheme appears to be a monumental undertaking. Many questions arise. For
instance, how does one represent dynamics on a continuous domain with a grid that has a finite
minimum scale? The answer, evidently, is “with great care.” There are a myriad of factors that
must be considered when choosing a discretization scheme. A non-exhaustive list of some of these

considerations includes:
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* What region of physical space should the domain cover?

* What are the smallest length scales necessary to include such that the simulation faithfully

represents the dynamics?

* What should be used to represent space, time, and the physical observables of the system?

We shall study the first two questions on this list in more detail in Chapter 5. In this chapter,
we define and motivate our answer to the third question: pseudo-spectral methods in an Eulerian
framework. We then derive the projection of our two model systems onto a suitable spectral basis.

There are three broad categories of approaches to solving PDEs in plasma physics, La-
grangian methods, Eulerian methods, and hybrid, semi-Lagrangian methods. Each approach comes
with its own advantages and disadvantages. Lagrangian methods, often known as particle-in-cell
(PIC) codes, track trajectories of an ensemble of markers or “macroparticles” on a spatiotemporal
mesh [Birdsall and Langdon, 1991; Garbet et al., 2010]. Early gyrokinetic turbulence codes often
used the Lagrangian-PIC approach, including GTC [Lin et al., 1998], GT3D [Idomura et al., 2003],
ORB5 [Jolliet et al., 2007; Lanti et al., 2020], and GTS [Wang et al., 2006]. With a large enough
sample of particles, the statistical properties of the ensemble can be considered as representative
of the collective dynamics of the system [Aydemir, 1994].

An advantage of the Lagrangian approach is that the algorithms are intuitive to implement.
Macroparticle trajectories are integrated via characteristics of the fundamental equations. Fields
are evaluated at points on a fixed mesh by interpolating charges and currents to the mesh points.
Then, the effective fields are interpolated to the macroparticle locations, and the process repeats.
The independence of the macroparticles naturally lends itself to parallelization.

A second advantage of the Lagrangian-PIC approach is that boundary interfaces between
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different materials are permitted to have precise shapes. This can be particularly advantageous
for vacuum vessel wall integrity simulations in the field of neutronics, as modeling collisions
with these well-defined boundaries facilitates straightforward analyses of accumulated structural
damage. Two commonly used codes developed for this task are the open-source OpenMC [Romano
et al., 2015] and the industry-standard MCNP [Kulesza et al., 2022].

A third advantage of PIC codes is that by construction, the distribution function of the
plasma, f, is non-negative in the entire domain. This feature is not automatically guaranteed
in Eulerian simulations unless specific methods are used.

An inherent disadvantage of PIC codes is that they are highly sensitive to sampling noise.
Following the Monte-Carlo interpretation of the particle distribution, the errors scale as o2/ VN,
where N is the number of macroparticles, and o2 is the variance of the estimator [Garbet et al.,
2010]. This implies that for a given estimator, reducing the error of a PIC simulation by a factor of
two requires increasing the number of macroparticles by a factor of four. As discussed in Chapter 1,
these simulations are resource-intensive, so imposing additional computational costs to counteract
sampling variance is an unfortunate necessity. Garbet et al. [2010] note that typically around 100-
200 macroparticles per cell are necessary to maintain a signal-to-noise ratio above 10, which in
turn, is necessary for valid simulation results. In their studies of electron-temperature-gradient
turbulence, Nevins et al. [2005] identified that discrete particle noise suppresses microturbulence.
Furthermore, adding statistical noise to systems that are already sensitive to initial conditions is an
unattractive feature of PIC simulations.

In contrast, Eulerian methods focus on static grid points in space and time and then measure
changes in the statistical distribution function of the plasma at those points. This approach can be

advantageous for straightforward boundary conditions in phase space, including periodic boundary
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conditions or Dirichlet boundary conditions that enforce that the distribution function goes to zero
at the ends of the velocity domain. This approach is often applied to gyrokinetic simulations,
including GS2 [Dorland et al., 2000; Barnes et al., 2024], GENE [Jenko et al., 2000; Gorler et al.,
2011; Germaschewski et al., 2021], CGYRO [Candy and Waltz, 2003; Candy et al., 2016], GKV
[Watanabe and Sugama, 2006], and GX [Mandell et al., 2018, 2024]. A comparative advantage of
Eulerian methods is that they do not suffer from the sampling noise introduced by PIC approaches.
They also naturally accommodate spectral methods, which permits them to have more favorable
convergence properties [Boyd, 2000].

A challenge associated with Eulerian methods is that they rely on numerical dissipation to
promote stability in the time integration of the system of equations. This additional dissipation has
the effect of smoothing out fine-scale structures, which can impede analyses of scenarios where
filamentation of phase space is significant [Watanabe and Sugama, 2006]. Additionally, due to the
fixed simulation grids, Eulerian simulations that must resolve sharp gradients or localized features
may require more resolution than Lagrangian methods require.

Some codes, including Gysela [Grandgirard et al., 2006, 2016], use semi-Lagrangian ap-
proaches, which attempt to harmonize the strengths of Lagrangian and Eulerian approaches while
mitigating their downsides. Specifically, they relax the CFL condition and numerical dissipation
requirements of Eulerian methods while providing a structured velocity-space grid that reduces
particle noise and improves the accuracy of modeling collisions in comparison to pure Lagrangian
methods. The main challenge of this hybrid approach is the need to find the proper interpolation
scheme that preserves particle conservation and strikes the correct balance between dissipation and
overdamping [Garbet et al., 2010].

Along with finite-difference and finite-element methods, spectral methods are an approach
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Figure 3.1: a) Cosine wave superimposed with fine-scale spatial oscillations evalu-
ated at 512 equally spaced grid points on the domain = € [0, 27]: f(x) = cos(x) +
0.2 cos(16x) + 0.1 cos(64x). b) Amplitudes of the positive wavenumbers & for the
Fourier transform of the waveform in a).

to solving PDEs. As a broad definition, spectral methods approximate solutions to PDEs with a
truncated series of “basis functions” [Mercier, 1989; Boyd, 2000]. Each basis function is global
in the sense that it covers the entire domain. The spectral series then directly encodes structure
information into its basis representation. A common example of a spectral basis is the Fourier
series, which encodes fine-scale spatial structure as high-order trigonometric functions. Increasing
the order of the basis expansion permits the basis to capture finer features. Figure 3.1 displays an
oscillatory waveform composed of three superimposed Fourier harmonics. Figure 3.2 shows that
filtering out the highest frequency mode smooths out the resulting inverse Fourier transform back
to position space.

Finite element methods are similar to spectral methods. Their main distinction is that instead

of using a series of global basis functions, finite element methods instead divide the domain into
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Figure 3.2: a) Inverse Fourier transform of the Fourier Series in b), which truncates the
Fourier series in Figure 3.1 b) by setting all Fourier amplitudes for |k| > 32 to zero.
The truncation removes the finest scale oscillations that resulted from the 0.1 cos(64x)
term.

numerous sub-domains and approximate the solution using local, low-order polynomials. Finite
element methods have successfully been applied to study plasma dynamics [Shiraiwa et al., 2010].
Discontinuous Galerkin methods, which are used in the 6-D Vlasov-Maxwell code Gkyel1 [Juno
et al., 2018; Wang et al., 2020], can be considered as a high-order generalization of finite element
and finite volume methods.

A distinct benefit of spectral methods is their accuracy and efficiency for evaluating deriva-
tives. Pseudo-spectral methods are spectral methods where the residual is set to zero at a set of
“collocation points” equal in the number to the basis functions used to represent the solution [Boyd,
2000]. This harmonizes features of grid-based methods and the global basis functions of spectral
methods. The fact that the derivatives of the spectral basis functions can be calculated analytically

and that the functions are global implies that the pseudo-spectral derivatives use all N points in the
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domain [Boyd, 2000]. In contrast, finite-difference or finite-element schemes require an N** order
method to achieve the same accuracy as pseudo-spectral methods. Increasing the number of basis
functions also decreases the corresponding grid size. This permits pseudo-spectral methods to ex-
hibit exponential convergence, where the error scales as O[(1/N)"] [Boyd, 2000]. The favorable
convergence of spectral methods reduces memory requirements, and in the context of Eulerian IVP
simulations, can relax the CFL condition by allowing for larger spaces between grid points at fixed
accuracy.

Psuedo-spectral methods also have the benefit of naturally expressing energy cascades. Ac-
cording to Kolmogorov [1991], inertial ranges of fluid turbulence exhibit a common power law,
where energy as a function of wavenumber scales as k~°/3. Physically, this corresponds to large
turbulent eddies breaking into successively smaller eddies, while maintaining a universal energy
flux at all scales in the inertial range. A similar process occurs in the dual space of velocity for
the phenomenon of phase mixing in linear Landau damping [Vlasov, 1968]. Fine scale structure
emerges in velocity space without the mediating effect of collisions, and a energy cascades from
large scales to small scales in velocity space. Spectral bases can directly represent fine-scale infor-
mation as amplitudes of basis functions of varying orders, making them an attractive choice for our
systems of interest. As we will show in Section 3.1 and Chapter 4, the ballistic free-streaming term
in the kinetic equations manifests naturally as a coupling between nearest neighbors in a spectral
representation for velocity. Due to its propensity to exhibit turbulent cascades and well-defined
boundary conditions, the gyrokinetic system is a prime candidate for pseudo-spectral methods,
and there is recent interest in developing these techniques [Jorge et al., 2017; Mandell et al., 2018,
2024; Frei et al., 2023, 2024; Hoffmann et al., 2023a,b].

In this thesis, we elect to use Eulerian pseudo-spectral methods. For our gyrokinetic turbu-
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lence studies, we use GX, which solves the gyrokinetic equation on a Fourier-Laguerre-Hermite

basis. We solve the Vlasov-Poisson equations on a Fourier-Hermite basis.

3.1 Electrostatic Gyrokinetics

In this section, we derive the projection of the gyrokinetic equation and the quasineutrality
condition onto the Fourier-Laguerre-Hermite basis used in GX. This derivation follows the con-
ventions introduced by Mandell et al. [2018]. Perpendicular lengths are normalized to the As we
derived in Chapter 2, the electrostatic gyrokinetic equation uses a 5-D domain of three spatial
dimensions, parallel velocity, and perpendicular velocity. The perpendicular spatial coordinates
x and y follow periodic boundary conditions, for which a Fourier basis is suitable. The velocity
coordinates decay at infinity.

We adopt their definitions of the Hermite and Laguerre basis functions, where superscripts
denote expansion functions, and subscripts accompany projection functions. The Laguerre basis

functions are

W'(uB) = (=1)'e "PLy(uB), ho(uB) = (—1)"'Ly(uB), (3.1)
and the Hermite basis functions are

.2
e 1)”/2

" (v)) = —=—==Hey(v)),

(2)3m! Pm(v)) = \/%Hem(vn)- 3.2)

The probabalists’ Hermite (He,,) and Laguerre (L,;) polynomials are two families of poly-
nomials which are orthogonal with respect to a weight function [Abramowitz and Stegun, 1972].

Instead of using the polynomials as the basis functions directly, Mandell et al. [2018] introduce nor-
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malization factors into the Hermite basis functions and integration weights into both the Laguerre

and Hermite basis functions so that both pairs of functions satisfy an orthonormality condition:

27r/ dv”gpmng = O/ - (3.3)
/ dpByabt = 5yp. (3.4)
0

With those definitions, we can begin with the normalized electrostatic gyrokinetic equation
for a single ion species in the presence of magnetic field curvature, Equation (2.1) of Mandell et al.

[2018]:

0 ~ T; ~ oh
8—‘;] + |yb+ (vE)r + AL Vh+ (vig)r - VEy — pu(b- VB)O_UH = C|h], (3.5)

where we introduce the g(R, v, i1, ) as the gyroaverage of J f; from Section 2.2.4,

(F)r = Fu(R) + g, (3.6)
Zi
g=h-— E(q))RFM- (3.7)

In (3.5) and in this section, we define V to be (0/0R)). Perpendicular velocity has been transformed

into the adiabatic invariant u, defined by

p= L (3.8)

where B = | B as in Chapter 2. The gyrophase-independent portion of the perturbed distribution
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function can be expanded in terms of the Laguerre-Hermite basis functions:

h(R, vy, 1) ZZW 1B)g™ (v)) Hym(R). (3.9)

{=0 m=0

We shall project (3.5) onto the Laguerre-Hermite basis term-by-term, defining the Laguerre-

Hermite projection operator of a function g as

HimLelg] = 27T/ / dvydpBemibeg. (3.10)
—00 J0

The explicit time derivative term is the simplest term of (3.5) to project, using the orthonormality

relation (3.77):

m 8sz
Hon Lo t—27r—/ / dedungmeW Gy = r (3.11)

The next term is the ballistic free-streaming term, v”E - Vh. To complete the projection, we
will need to derive several identities for individual terms in the expansion. The gradient of h with

respect to gyrocenter position at fixed p is

Vh=V (Z w%mHe,m>
lm

= " (Hp VY + 'V Hyy) |
lm

(3.12)

Note that the gradient of each Laguerre basis function at fixed p is nonzero due to the magnetic
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field magnitude in its argument:

0!
3:B) V(uB)
oy
5B VP

Vit =
(3.13)

To complete the expansion of V/*, we must compute the derivative of the Laguerre expansion

function 1/* with respect to its argument, j.13:

a¢ﬁ . a . Zef,uB
5(uB) ~ 9By LV

(3.14)
= (—1)£ —e_MBLg + e_“B

O(MB)LE '

We can use a derivative identity and recurrence relation for the Laguerre polynomials to express
the derivative of the Laguerre polynomial in (3.14) in terms of Laguerre polynomials of different

orders. According to Arfken et al. [2013], the derivative identity for Laguerre polynomials is

d
maLg(x) = (Ly(x) — lLp_1(2). (3.15)

Laguerre polynomials also follow a recurrence relation,

(0+ 1)Ly (z) = (20+ 1 —2)Ly(z) — (Lo (), (3.16)

which we can rearrange to obtain an expression for the final term in the derivative identity:

—lLpq(z) = (04 1)Lpa () — (204 1 — x)Ly(x). (3.17)
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Substituting (3.17) into the derivative identity (3.15) yields

d
l‘d—L@ = (L, + (f + 1)Lg+1 — (2€ +1-— x)Lg
v (3.18)

=xL,+ (ﬁ + 1)[Lg — Lg+1].

Finally, we can use this result to evaluate the original derivative of each Laguerre expansion func-

tion (3.14) as a sum of two expansion functions, where the argument of the Laguerre polynomials

is again pB:
0y’ tun(l+1)
=(=1)e™ L — L]
AB) ey nb (3.19)
= W )

where in the final line, we used the definition of the Laguerre expansion functions (3.1). With this
intermediate identity derived, we can return to (3.13) and compute the gradient of the Laguerre
expansion functions at fixed p.
o L
L4 VB
O(uB)

uB

VYt =

=+ D)+ VinB.

Finally, we combine (3.20) and (3.21) to form a final expression for VA at fixed u:

Vh=> " (W'VHyy, — (C+ 1)[¢" + ¢ H,VIn B). (3.21)

lm
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Thus, the parallel derivative in (3.5) becomes

b Vh=> "W (b-V)Hym— ({+ 1) + ¢ Hyn(b - V)In B). (3.22)

m

Next, we wish to remove the explicit dependence on v from the free streaming term. To ac-
complish this task, we will use the recurrence relation for Hermite polynomials [Abramowitz and
Stegun, 1972]:

zHe,,(x) = Hepp1(z) + mHep,—1(2). (3.23)

When (3.23) is rewritten in terms of our Hermite expansion functions (3.2), we find the following

recurrence relation:

o™ (vy) = Vm + 1™ (v)) + Vme™Hv)). (3.24)

As promised in the introduction to this chapter, combining the Hermite recurrence relation (3.24)
with our expression for VA (3.12) reveals that the parallel streaming term couples nearest neighbors

in Hermite space:

U”B -Vh = Z U”(pm{l/)évHHe,m - (f + 1)[’(% + W“]H&mvu In B}
Lm

= (Vm+ 1" + V"™ WV Hy — (C+ D[ + |y, V) In B},
lm

(3.25)

where we have introduced the notation V| for the spatial derivative parallel to the magnetic field:
Vi=b-V. (3.26)

46



The Laguerre-Hermite projection of the free streaming term is

Hmﬁg[U”V”h] = (\/ m + 1g0m+1 + \/%(,Dmfl)V”Hg’m
— w\/ m —+ 1Hg_1,m_1 + ﬁ\/ m + 1Hg_17m+1 (327)

—I— (f + 1)\/ m —|— 1Hg7m+1 —f— (f —I— 1)\/%Hg7m_1]V|| 111 B

Although parallel variations share a common reference scale, the small-scale distribution
function varies on the order of the ion Larmor radius p;, while gradients in the magnetic field have
the macroscopic reference length scale, a. Therefore, in our formal expansion where p; < a, the
perpendicular portion of the second term of VA (3.12) is an order smaller than the first term. We
shall neglect it:

~ ~ b
bxVh=bx» ¢"¢'VH,+0 (6—) . (3.28)
Pi

lm

The magnetic drifts v; comprise the next terms to project onto the basis,

b x VB
va = (vf + MB)T. (3.29)
We define the curvature drift operator as
R R
wj = Eb x (b-Vb)-V (3.30)

such that the advection of i by the curvature drift becomes vﬁiwgh. This curvature drift term
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requires vﬁh, which we expand with two applications of (3.24):

21 2. m
vih = ofe" Hom

= 3o (Vim T+ Vg™ ) Hop (3.31)

=3 [V D 0m+ 2™+ + 2m + )¢ + v/m(m — 1)¢" 2] Hyp.

m

The projection of the curvature drift onto the Laguerre-Hermite basis is

Hon Loiwhorth = iwp(v/m(m — 1) Hypms + (2m+ 1) Hy + v/ (m + 1) (m + 2) Hy o ya). (3.32)
Next, we introduce the magnetic field gradient drift operator

1 ~
W) = (b x VB)- V., (3.33)

such that the VB drift can be expressed as puBiwy,?h. We can use the recurrence relation for
Laguerre polynomials (3.17) to derive the corresponding recurrence relation for the Laguerre ex-

pansion functions:

(0+1)Lppa(z) = (20 + 1 — x)Lyg(x) — Ly (2)
uBL, = (2€ + 1)[4@ — (ﬁ + 1)L@+1 — 0L,y
(3.34)
P (—1)10" = o [(26 -+ 1) (1) — (¢4 (1) — f(—1)f 1]

pBYt = (204 )" + (0 + D) + et

Then, we substitute this result into the VB drift term and project it onto the Laguerre-Hermite
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basis:

HonLoliwy PuBh) = iwy? / d(uB)e > uBY" Hy
0 el
= iwy? / d(uB)e Y [(20 + 1)y + (¢ + 1) + 0 Hy . (3:35)
0 el
=iwyP[(20 + V) Hppm + (0 + V) Hpyrn + CHy 1)

Next we consider the bounce term,

~ oh oh

To project the parallel velocity derivative onto the Hermite basis, we will need an expression for
the derivative of the Hermite polynomials. These derivatives follow the sequence [Arfken et al.,
2013]

d

d_l)HHem(UH) = mHem_l(vH). (337)

Therefore, we can derive the corresponding sequence for the Hermite expansion functions:

o . 9| i
oo” " oy |2l
—v2/2
I 0
= e—s —vHe,, + =—He,
V (2m)3m! A
e—vﬁ/Q
= W [—’U”Hem + mHem_l} (338)
7)3m)!
—v2/2
e
=——[-H
(2m)3m! ~Hen )
= —vVm + 1™,
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We can then use the recurrence relation (3.23) to expand the bounce term in terms of the Laguerre-

Hermite expansion functions:

oh
V)(In B)uB~ = V) (In B) ZMBl/J " Hy

d| (9”

=V (InB) > [(20+ 1)y + (L + D™ + ) (—v/m + 1) Hy

lm

(3.39)

Projecting this term onto the Laguerre-Hermite basis using the orthonormality relations (3.3 - 3.4)
yields another local interaction in velocity space:
V)00 By (B 5| = V0 BV 1) i+ sy + (64 D i
(3.40)
Next, we will project the drive term, (vg)r - V F)y, onto the basis. Therefore, we will need
an expression for the gradient of the background Maxwellian,

n w2 /2— B
FM = We Yl a (341)

where all quantities have been normalized. Using the chain rule,

VEy = +VT— —
M 8n or ( vy * Ovy Oy Ov; O(uB)
\% vT 3 vi 2B
= Py 4~y |~ Fy + Py + 2Ry (3.42)
2T Vg Vg Ut
2
_ [ Y 3
= (Ln‘i‘LT 9 +,MB B )FMVJI,
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where we have introduced the normalized density and temperature gradients, a/L,, and a/ L.

The final line in (3.42) reflects the toroidal geometry of our magnetic fusion simulations, as
we choose to use field-aligned spatial coordinates in accordance with the formalism developed by
Beer et al. [1995]. In a toroidal flux tube formulation of gyrokinetics, the equilibrium temperature
and density are flux functions, which constant on a surface of constant magnetic flux. We use the
magnetic coordinates defined by the Clebsch representation for the magnetic field [D’haeseleer
et al., 1991],

B = Va x Vi, (3.43)

which is a consequence of the divergence-free condition for magnetic fields. The radially-local
flux tube in the formalism of Beer et al. [1995] is defined by a non-orthogonal coordinate system
of flux surface label z(1)), field line label y(«), and a field-line-following coordinate z(#) that uses
the poloidal angle # to measure distance along a magnetic field line. Gradients of equilibrium
quantities can then be expressed as a product between the corresponding gradient scale lengths,
which are constant along the flux surface, and the radial gradient V., which varies along the field
line.

We can use the definition of the Hermite polynomials to express the vﬁFM term in V),

(3.42) as a sum of Hermite expansion functions, which eliminates explicit dependence on v):

—vﬁ/Q—,uB

U—ﬁFM _ HQQ(U”) + Heo(v”) n
2 2 (2mv})3/2

n I 45 1 LB
(7).

(3.44)
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Similarly, we can expand the B F), term in (3.42):

HBFy = [Lo(uB) — Ly(jB)] 5 —gee 1277
(3.45)
n
= [! + 97 .
Ut
(ve)r = b x V(®)g. (3.46)
Similar to the drift terms, we define the geometric coefficient of the drive term as
iw, = ik,. (3.47)
We can then write the drive term as
- oF
—(vE)r - VFy = i@, (P) g (3.48)

or

Note that the gyroaverage operation introduces perpendicular velocity dependence into the drive
term. We must be careful to account for this when performing the projection onto the Laguerre-
Hermite basis. Although we shall soon prove that the gyroaverage operation has a simple repre-
sentation in Fourier space, its Laguerre representation is dense. Following Mandell et al. [2024],

we define the Laguerre projection of the gyroaverage operator as

T = /oo duBeJo(\/2uBb;)e "B = /Oo dpBy*Jo(v/2uBb;), (3.49)
0

0
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where the argument of the Bessel function of the first kind includes the dimensionless quantity b;,

bi = k1 p?, (3.50)
and the thermal ion gyroradius is
m; v
P = . 3.51
p 7B (3.51)

The Laguerre-Hermite projection of the drive term is therefore

Do = HimLo[— R VFy]
2
| _3
w 5m,2 - 6m,0)

uBJoqu%m,o} } ®
n a a
:.~*_ _5m - m,2 — Um
1w U? {Ln ,oﬂ—i- LT {‘7 (5 ) (5 70)

+ GOm0 /OO dpBJo(2¢ + D)y' + (0 + 1)yt + &/z“} } d
0

(3.52)

:1(,0*271'/ / dUHd,uB@DgJO (

s g (2
+ d
( 1
“\V2

=
J
\/_

- n 1
3
t

- lw*’U_ {L m0x7€ LT [Eém,Q\%

+0m,0 [(£ + 1) Te4120T0 + 5;7@—1]} } P

where we have used (3.34) to expand ;1 5B7)° to eliminate explicit dependence on L.
The next term for us to consider is the collision term, C[h]. There are a plethora of collision
operators that have been developed to model collisions between particle species, each with varying

levels of physics fidelity. The most fundamental classical description of collisions is the Boltzmann
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collision operator [Boltzmann, 1872]. In the context of core turbulence in magnetic confinement
fusion plasmas, the high-ionization and weak coupling assumptions lead to predominantly small-
angle, glancing collisions, as opposed to the direct, hard-body collisions modeled by the Boltzmann
collision operator. These collisions can be modeled by a Fokker-Planck collision operator. The full

Fokker-Planck collision operator in the Landau form is given by [Landau, 1936]

__Dss O 5 PV =V [fe(V)Ofs  fs(v)Ofs
Crplfs, fo] = m. v { / d’v Sviv o ov  ms v | [ (3.53)
where
Voo = 2022 7%  In A, (3.54)

and In A, o is the Coulomb logarithm [Rosenbluth et al., 1957; Helander and Sigmar, 2002; Hard-
man et al., 2025]. This collision operator is expensive to calculate, as it is an integro-differential
operator that has coefficients that depend on the distribution function. For faster evaluation of
the collision operator, we would prefer to use a model that uses local diffusion. Going one step
further, a collision operator whose eigenfunctions are elements of our spectral basis would allow
collisions to take the form of multiplication by its eigenvalues. The GX code uses a gyroaveraged
generalization of the Dougherty collision operator [Dougherty, 1964]:

E@(Sf 5_T@FM
M oOv M Ov

Clof] = Vﬁ +vof —ouFy|, (3.55)
ov

where du is the flow perturbation [Mandell et al., 2018]. The projection onto the Laguerre-Hermite
basis for m > 2 is

Cg’m = —V(b + 20 + m)Hgvm. (3.56)
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The unknowns 67" and on are low-order moments of ¢ f that ensure energy and momentum con-
servation.
The final term that remains is the nonlinear term, (vg)g - Vh. To calculate this, we will need

the gyroaveraged E x B velocity:

(3.57)
<——x )
R
We can now introduce the Fourier transform of the electrostatic potential:
Fi, |® //dxdye ki Rep(r)
(3.58)

= (2

Its corresponding inverse Fourier transform is

Fil[0r(2)] = ) e Ray(z)
I (3.59)

As mentioned before, in the Fourier representation, the gyroaverage operation can manifest
as multiplication by a Bessel function. We begin to prove this by first expressing the electrostatic
potential in the Fourier basis. Note that the potential is a function of the particle position r, while
we choose the guiding center position as the spatial variable for the distribution function. There-

fore, we introduce the intermediate step of converting from r to R+ p, where p is a vector pointing
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from the guiding center to the particle position.

1 2

(®(r)n=5- | doa(

1 2w

— [ dhe(R +71) (3.60)

:27T0

1 [ .
- dé § P 1kl~(R+r).
2m Jo . e(2)e
L

Next, we define the vector p in terms of the gyroangle 6:
p = pscosfi’ + p,sin by, (3.61)

where p; is the Larmor radius of the particle species. Note that we have freedom to choose the
origin of the coordinate systems. We can therefore align the 2’ coordinate of r with k, which
yields

k, -r=Fk pscosb. (3.62)

We can then substitute (3.62) into (3.60), which leads to

1 2 ) )
(@)hr=7g- [ df > Dy (z)ellir Rgihups cost), (3.63)
0 kL

Then, we can reorder the operations such that the integral over 6 occurs first:

. 1 [
O(r))r = ) Pr(z)e™R— [ dferee’. 3.64
@)r = St [ ane (.64
ky
Finally, we observe that the remaining integral follows the form of a Bessel function of the first
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kind, J, Arfken et al. [2013]:
(B(r)r =Y Pp(2)e™ R To(kip). (3.65)
ky
Taking the Fourier transform of this expression yields
T [(@(r))r] = Cro(kLps). (3.66)

Combining this expression for the gyroaverage of the potential in the Fourier basis with (3.57)

results in the functional form of the E X B velocity in the Fourier basis:
Fi, [(VE)R] = —ikyJo(kLps) X + ke Jo(kLps) Py (3.67)

We now desire the Hermite-Laguerre projection of this equation to match the formalism used in

GX. Mandell et al. [2018] define the species-specific gyroaverage operator as

JOs = JQ(\/ Q,MBbS>, (368)

where b, = k2 p?, and p, is the thermal gyroradius of species s. Using the Laguerre projection of

the Bessel function (3.49), we find that the Fourier-Hermite-Laguerre projection of (vg)gr becomes
LoiHnFi, [(VE)R] = —iky T} Promox + ik, TP Prdmoy- (3.69)
The projection of the gradient of the perturbed distribution function is straightforward to evaluate.
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Because the E x B velocity is orthogonal to the magnetic field, we can calculate V | hg, recognizing

that the nonlinear term does not contain VH:
»CZIHmJT'-kL [Vth] =ik, HypX + ik‘yHgmy (3.70)

We evaluate the nonlinear term using a pseudo-spectral approach. Note that a fully spectral repre-
sentation would introduce coupling in both the Laguerre and Fourier indices because the argument
of the gyroaverage operator is dense in &k, and ¢. Therefore, products will be evaluated in con-
figuration space via the inverse Fourier and Laguerre transforms. We can write the electrostatic

nonlinear term as

N = LM T [(VE)R - Vh] = LoFi, | — Fy ik Jos®udmo) Fr, |ike Y ¢ Hyn,
L v

+ T, [k Jos®r0imo] Fo ! |iky > 0" Hyy

L A d

(3.71)

Each term in the gyrokinetic equation has been projected onto the Hermite-Laguerre basis, with
the exception of the nonlinear term. Collecting the time derivative (3.11), free streaming (3.27),

curvature drift (3.32), VB drift (3.35), mirror (3.40), gradient drive (3.52), collisions (3.56), and

nonlinear (3.93) terms, we have projected the gyrokinetic equation onto the Fourier-Laguerre-
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Hermite basis:

aGZ,m
ot

+ (vm + 1(,0m+1 + \/Egom_l)V”H&m
—vm+1H 11 +0Vm + 1Hpq 1npq

+ (0 +1)Vm+ 1Hp i1 + (0 + 1)vVmHy 1)V In B

+iwh [/ m(m — 1) Hy o + (2m + 1) Hyp + v/ (m + 1) (m + 2) Hy 1] (3.72)
+iwyP[(20 4+ 1) Hyp 4+ (0 + 1) Hyy 1 + CHp 1 ]
— VH(IH B)\/E[(Qé -+ 1)H£,m71 + EHE*l,mfl -+ (6 + 1)H€+1,m71]

+ /\/’eﬁf - Dﬂ,m + Cﬁ,m-

To close the system, we need a method to calculate ® to compute the nonlinear and drive
terms. We achieve this by projecting the quasineutrality condition (2.75) onto the Laguerre-
Hermite basis. All plasmas in this thesis have a single ion species with Z; /e = 1. After normal-
izing charges by e, the equilibrium density by itself, and temperatures by 7;, the quasineutrality

condition becomes

/d3v(h)r - %[@ (@), (3.73)

The projection of this expression onto the Laguerre-Hermite basis uses the Laguerre projection of

the Bessel function for the gyroaverage (3.49), resulting in the following expression:
T;
> TiHip =+ [@ — (@) (3.74)
¢ &

Equations (3.72) and (3.74) comprise the gyrokinetic system we solve using GX.
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3.2 Vlasov-Poisson System

We solve the Vlasov-Poisson system (2.91) - (2.92) using an orthonormal spectral basis by
projecting the velocity-space dependence onto a Hermite polynomial basis and the configuration-
space dependence onto Fourier harmonics. We choose this approach because pseudo-spectral
methods are often more efficient than pure finite-difference algorithms [Boyd, 2000], and as men-
tioned in the introduction, there is an extensive history of the application of the Fourier-Hermite

basis to solve problems in kinetic plasma physics.

3.2.1 Hermite Moment Formalism

To discretize velocity space, we impose a Hermite basis representation, using notation simi-
lar to the notation from Mandell et al. [2018] that we used in (3.2). Including both the Maxwellian
weight and the normalization factors, the Hermite basis expansion (™ (v)) and projection (i, (v))

functions are

Hey (V) 2 He,,(v)
M) = —==e /7, m(v) = , 3.75
©"(v) S Pm (V) N (3.75)
where
_ m _v?/2 d" —v2/2
He,,(v) = (=1)"e"/*—e¢ (3.76)

are the probabilists’ Hermite polynomials [Abramowitz and Stegun, 1972]. Due to the lower di-
mensionality of the Vlasov-Poisson system, we normalize the expansion function by a different

factor in (3.75) than in (3.2). The different normalization yields this orthonormality relation:

/00 dve™ (V) m (V) = s (3.77)

[e.o]
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Note that the normalized background Maxwellian in 1-D is identical to the m = 0 basis element:

1 2
o0 = e V2 = Fy,. (3.78)

This property makes the Hermite moment representation a natural choice for near-Maxwellian ve-
locity distributions. We project the fluctuating portion of the distribution function onto the Hermite

basis using

(z,0,t) ngmG z,t),  Gu(z,1) E/ dvp,g(z,v,t). (3.79)

o0

3.2.2 Vlasov Equation in the Hermite basis

We seek an evolution equation for the amplitudes, G,,,, of the Hermite expansion functions.
To derive this moment hierarchy, we project (2.91) onto the Hermite basis term-by-term. The time

derivative term is the most straightforward, as in electrostatic gyrokinetics:

> dg 0G
-, 3.80
/_ dvp, — %~ o ( )

[e.e]

We then project the linear ballistic term, v (0g/0z), onto the basis:

82 0z Z 0" Cim = 62 Z < P me™ 1) " (3-81)

where we used the recurrence relation for the Hermite basis functions(3.23) to remove the explicit

dependence on v:

m+ 1™ = vp™ — /mp™ L. (3.82)
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Applying the projection function to (3.81), and using (3.77) yields

/ dwmv@ = % (\/EG,M +vm + 1Gm+1> . (3.83)

o 0z

The linear portion of the electric field drive term contains the m = 1 expansion function, so

applying the projection function to this term yields

/ dvo,vEFy = E / dvp, ' = Edm. (3.84)

—0o0 —0o0

The final term to consider is the nonlinear term, —E(Jg/0v). Recall the derivative identity for the

Hermite expansion functions (3.38):

aai = —Vm 1 Lp™*, (3.85)
(Y

The expansion of the nonlinear term in the Hermite basis is then
U s A S e (3.86)
v m m- .

After projecting this term onto the basis,

/ dvp,, (E Z vm' + 1g0m/+1Gm/) = Z ENM 4+ 16 mr41Go
- m’ m’ (3.87)

= EvmGy,_1,
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we can collect all of the terms to recover the general form of the equation for Gz,,,:

0G,, 0
7 -+ & (\/ﬁGm,1 +vm + 1Gm+1) —+ E\/ﬁGm,1 —+ E(Sm,l =0. (388)

3.2.3 Pseudo-spectral in Fourier Space

Next, we discretize space with a Fourier basis. The Fourier transform and inverse Fourier

transform operators for a spatial grid of N points are:

_ 1 —ikz —1 o ikz
Flol =+ Zzzge FG] = Zk: Gre, (3.89)

where the Fourier wavenumbers are given by k = 275 /N, with —N/2 < j < N/2and j € Z. The

Fourier convolution theorem,

Flfg =) FGrw, (3.90)
k/

transforms the nonlinear term into a coupled sum over all wavenumbers. This coupling introduces
additional computational overhead. We mitigate that problem by using a pseudo-spectral method
[Boyd, 2000], evaluating the nonlinear term on the original configuration space and projecting the
result back onto the space of Fourier wavenumbers. Applying the Fourier transform, (3.89), to

(3.88) and then applying the Fourier convolution theorem yields

OG
ot

+ik (\/EGm_Lk +Vm 1Gm+1,k) S+ F[FYER)F G (B)]e

= —FEpom 1, (3.91)
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where E(k) is the perturbed electric field in Fourier space, G,,_1(k) is a vector of all Fourier
wavenumbers of the (m — 1) Hermite moment of the perturbed distribution function, and (3.89)
defines the forward and inverse Fourier transforms.

Simulating this collisionless system with finite resolution without using any regularization is
numerically infeasible, as the dynamics can generate structures in phase space at arbitrarily small
scales [Parker and Dellar, 2015; Loureiro et al., 2016; Mandell et al., 2024]. To mitigate that
effect, we introduce numerical regularization through hyperdiffusion (—v;k*) and hypercollision
(—v,,m*) operators:

0 ifm <2
Ho = (3.92)

vkt —v,m* ifm > 2,

where v, and v,,, are parameters which control the strengths of the hyperdiffusion and hypercolli-
sions, respectively. Note that we do not apply this regularization to the m = 0, 1, and 2 equations,
as they encode conservation of particle number, momentum, and energy, respectively.

We solve the system for a finite number of moments M. We introduce the following compact

notation for the k" Fourier wavenumber of the nonlinear operator, \j:

NIE(K), G1 (k)i = VmFIF HEER)F G (k)] (3.93)

Accounting for the special cases of the m = 0, m = 1, and m = M — 1 equations, we have derived
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the projection of the Vlasov equation onto the Fourier-Hermite basis:

aggk +ikG1 =0, (3.94)
ag;”“ +ik (Go,k + \/§G2,k) + NE(k), Go(k)]x + Ej, = 0, (3.95)
ac;’;”“ +ik (\/EGm_l,k + \/miJrleHJc) + NE(R), Gt (K)]

= HykGmp, 2<m<M-—1, (3.96)
% +ikvV/M — 1Gprop + NTE(K), G2 (k)]k = Hy1.6Gar— 1k (3.97)

3.2.4 Poisson’s Equation in the Fourier-Hermite basis

To complete the system, we project Poisson’s equation onto the Fourier-Hermite basis and

solve for the electric field, Ej. First, we solve for the charge density in the Hermite basis:

p=— /dvg = — /dwO > "G = G (3.98)

Next, we insert this expression for the normalized charge density into Poisson’s equation (2.92)
and apply the Fourier transform (3.89) to calculate the electric field as a function of the m = 0

density moment in the Fourier-Hermite basis:

(3.99)

We require that the £ = 0 mode is zero and stationary, corresponding to zero mean electric field.
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3.3  Summary

In this chapter, we discussed the merits of different approaches to the numerical solutions of
PDEs, and we motivated our decision to use Eulerian, pseudo-spectral methods. We then derived
the projection of the electrostatic gyrokinetic system onto a Fourier-Laguerre-Hermite basis and
the Vlasov-Poisson system onto a Fourier-Hermite basis. This was our attempt to answer the broad
question, "What method should we use to represent the domain and differential operators?” More
questions remain, including the question, "How much resolution should we use to represent the
domain?” Decreasing resolution often decreases the fidelity of simulations, while also reducing
their computational expense. In the next chapter, we leverage data-driven, machine-learning (ML)
methods to reduce the velocity resolution requirements for the Vlasov-Poisson system, pointing

toward a promising path to accelerate kinetic simulations of plasmas.
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Chapter 4: Machine-learning Closure of Vlasov-Poisson Dynamics in Fourier-

Hermite Space

Much of this chapter was orginially published in the Journal of Plasma Physics as a paper
with the same name as the title of the chapter [Barbour et al., 2025]. This work was conducted in
collaboration with Prof. William Dorland, Dr. Ian G. Abel, and Dr. Matt Landreman and has been

reused with the permission of the surviving authors.

4.1 Motivation

One of the most important ongoing efforts in the pursuit of magnetic fusion energy is the
study of microturbulence [Yoshida et al., 2025]. While magnetic-confinement fusion plasmas are
designed to be stable to macroscopic magnetohydrodynamic (MHD) perturbations, the steep gra-
dients in temperature and density that are present in all current designs also drive small-scale
instabilities. These instabilities drive sustained turbulence, which then dominates the transport of
particles, energy, and momentum in the plasma.

As the fusion industry turns its focus toward designing first-of-a-kind pilot plants, optimiz-
ing these designs to mitigate turbulent heat losses is an urgent objective. Significant progress in
turbulence optimization for tokamaks [Highcock et al., 2018] and stellarators [Roberg-Clark et al.,
2023; Kim et al., 2024] has been achieved. However, the space of candidate magnetic equilibria
remains vast, and high-resolution turbulence simulations are computationally expensive. A unify-
ing feature of fluid [Kolmogorov, 1991; Kraichnan, 1959], MHD [Goldreich and Sridhar, 1995],

and gyrokinetic [Banén Navarro et al., 2011] turbulence theory is that free energy tends to cascade
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from large scales to small scales through local interactions in phase space, and these cascades are
well-described by power laws'. Therefore, models that can accurately calculate large-scale quan-
tities, including spectra and heat fluxes, without needing to resolve small scales, are both desirable
and plausible.

In the field of fluid turbulence modeling, two successful approaches to constructing reduced,
lower-resolution models that capture large-scale behavior are Reynolds-Averaged Navier-Stokes
(RANS, Reynolds [1895]) and large eddy simulation (LES, Deardorff [1970]). LES also has been
used to build reduced models of gyrokinetic turbulence [Bafién Navarro et al., 2014]. These for-
malisms accelerate turbulence simulations by averaging over time and filtering out the small-scale
dynamics. Closure models provide another pathway to filter out the small scales while retaining
accurate large-scale statistics. In kinetic plasma physics, Hammett and Perkins [1990] developed
a landmark analytic linear closure for the low-frequency response to small Langmuir oscillations.

An alternative method for building reduced models is to use data-driven, statistical tech-
niques like machine learning (ML) and Bayesian optimization. In recent years, the proliferation
of ML models has led to advancements in pattern identification and model construction for mag-
netic fusion. Some example applications include improved prediction and avoidance of tokamak
disruptions using the DECAF framework [Piccione et al., 2020] and on the DIII-D tokamak [Rea
etal., 2019; Fu et al., 2020], improved active-feedback plasma control systems with reinforcement
learning [Degrave et al., 2022; Seo et al., 2024; Kerboua-Benlarbi et al., 2024], optimized execu-

tion of gyrokinetic simulations with the PORTALS framework [Rodriguez-Fernandez et al., 2022],

"Power laws typically arise when a scale-local transfer of energy occurs, and a separation between energy in-
jection and dissipation scales exists. The relevance of scale locality to energy cascades in gyrokinetics has been
studied in detail by Barnes et al. [2011] and Teaca et al. [2017]. In some systems of interest, inverse cascades occur,
driving invariants from small scales to large scales. The theory of inverse cascades has been developed for several
two-dimensional systems [Hasegawa and Mima, 1978; Plunk et al., 2010], yet an open question remains about their
applicability to the full five-dimensional gyrokinetic system.
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and accelerated, low-resolution turbulence simulations [Greif et al., 2023; Castagna et al., 2024;
Clavier et al., 2025]. Data-driven, configuration space [Ma et al., 2020; Qin et al., 2023] and heat
flux [Ingelsten et al., 2024; Huang et al., 2025] closure models of Landau damping have also been
developed.

In this chapter, we choose to use the one-dimensional, collisionless Vlasov-Poisson system
as a test problem for implementing an ML closure in velocity space. This system is the one-
dimensional, electrostatic limit of the full five-dimensional gyrokinetic system [Parker and Dellar,
2015]. It models dynamics parallel to the magnetic field, and it contains a quadratic nonlinearity
present in the full gyrokinetic system. These features make the Vlasov-Poisson system a suit-
able foundation to assess the future potential for a closure model to be developed for gyrokinetic
turbulence.

In parallel velocity space, we use properties of the Hermite basis to cast the objective of re-
ducing resolution requirements as a closure problem. The Hermite basis has been used extensively
to solve problems in kinetic plasma dynamics [Armstrong, 1967; Grant and Feix, 1967; Joyce et al.,
1971; Gibelli and Shizgal, 2006; Zocco and Schekochihin, 2011; Loureiro et al., 2013; Parker and
Dellar, 2015; Kanekar et al., 2015; Jorge et al., 2017; Adkins and Schekochihin, 2018; Mandell
et al., 2018; Frei et al., 2023]. In this work, we opt to focus on velocity space because the Hermite
basis naturally expresses the interaction between scales in velocity space as local interactions in a
coupled hierarchy of moments. This property of the moment formalism directly presents a single-
term target for a closure. Specifically, the interaction between resolved scales and unresolved
scales in velocity space appears as a single unknown term in an equation in this representation.
In contrast, the spectral representation of configuration space introduces some nonlocal interac-

tions across scales, complicating the development of a closure model. Additionally, the Hermite
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basis explicitly expresses conservation laws for particle number, momentum, and energy as evolu-
tion equations for the lowest-order moments. These properties allow us to develop a closure that
preserves the low-order conservation laws. More details on the closure problem are presented in
Section 4.1.1.

We use reservoir computing, an ML architecture, to implement a spectral, proof-of-concept,
velocity-space closure for the moment hierarchy that maintains accurate spectra and reduces res-
olution requirements. The reservoir computing model maintains an internal representation of the
system state, which it evolves through a directed graph with fixed weights. It then predicts the sys-
tem state at time ¢ + 1 from the state at time ¢ using a set of output weights trained by linear regres-
sion. Since its concurrent development by Jaeger [2001] and Maass et al. [2002], reservoir com-
puting has successfully been applied to the task of forecasting the dynamics of low-dimensional
chaotic systems [Lu et al., 2017; Pathak et al., 2018]. This ML paradigm is well-suited to the task
of modeling time-series data of physical processes. In climate physics, Arcomano et al. [2020] built
a surrogate global atmospheric forecast model with reservoir computing, and in plasma physics,
Jalalvand et al. [2022] used reservoir computing to analyze and classify Alfvén eigenmodes using
DIII-D diagnostics data. In comparison to several other recurrent neural network architectures,
reservoir computing has shown comparable ability to capture the statistics of chaotic systems,
while requiring significantly less training time [Vlachas et al., 2020]. These results motivate our
decision to use reservoir computing for the closure model.

Some ML methods, including reservoir computing, are more challenging to interpret than
traditional physics models. Artificial neural network architectures are often “black boxes” that
generate layered, analytically-intractable networks of nonlinear activation functions. Gaining in-
sightful intuition from these networks can be daunting. We mitigate this problem by constraining
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the ML portion of our simulations to represent only the unresolved small scales, preserving an-
alytic evolution equations for large scales. Our methods are analogous to an LES approach for
phase space.

This chapter has the following structure. In Section 4.1.1, we present the closure problem.
We introduce our machine-learning closure model in Section 4.2 as a solution to that problem. In
Section 4.3, we present our ML model’s predictions, and we conclude with a summary and discus-
sion in Section 4.4 . Our test problem is the one-dimensional Vlasov-Poisson system, introduced
in Section 2.3. We use the Fourier-Hermite pseudo-spectral method derived in Section ?? to solve

the coupled system of equations.

4.1.1 The Closure Problem

A continuous representation formally requires an infinite number of Hermite moments, but
we must discretize the system with a finite number of moments, M. Observe that in the Fourier-
Hermite basis, the parallel streaming term in the convective derivative, v(0g/0z), becomes
ik (v/mGum-1 + vV'm + 1Gy11) for general m. This term couples nearest-neighbors in Hermite
space and forms a hierarchy of equations that must be closed. This closure problem is analogous to
the classic closure problem encountered when taking fluid moments of the kinetic equation (2.81).
The resulting fluid equations for density, momentum, energy, and higher order moments exhibit
coupling between moment m and moments m + 1 and m — 1. This same feature occurs in the
Hermite representation of velocity space, and from (3.79) and (3.75), the Hermite moment basis
is obtained through a similar process of multiplying the distribution function by increasing powers

of v via increasing orders of the Hermite polynomials and then integrating over velocity space.
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The simplest model of closure is by truncation, which we use in the direct numerical so-
lution by omitting the G, 11 term in the evolution equation for the final moment, G/ ;. Our
objective is to introduce a dynamical closure model to close the hierarchy at a moment number
m = m,., m. < M — 1, while still achieving accurate predictions of the Fourier and Hermite
spectra. We use a reservoir recurrent neural network as the closure model, which we describe in

more detail in Section 4.2 .

4.2 Machine-Learning Closure: Reservoir Computing

Inspecting the evolution equation for G, j (3.88) reveals that the coupling between moment
m and moment m + 1 only explicitly appears as a linear term in the equation, acting on each
wavenumber £ independently. As a result, we introduce a unique and independent Hermite closure
model for each £ in the system, for a total of [V, reservoirs. We use methods similar to Pathak et al.
[2018] to design the reservoirs.

Each reservoir is a network of D, nodes defined by a latent state vector 7 (t) € RPr, where
each element of r(t) represents the state of one node at time ¢. The structure of the reservoir
computing model is presented in Figure 4.1. The connections between nodes are defined by a
D, x D, sparse adjacency matrix, A, where exactly x nonzero elements per row are initialized to
random values drawn from the uniform distribution on [0,1] and scaled by the appropriate factors
to set the largest eigenvalue of A equal to a specified value, ps,. The magnitude of the largest
eigenvalue of a reservoir’s adjacency matrix has been demonstrated to significantly impact the
accuracy of the reservoir’s predictions [Jiang and Lai, 2019]. The runtime is separated into two

phases, training and prediction. In the training phase, the inputs are derived from a high-resolution

72



direct numerical solution (DNS). In the subsequent prediction phase, the inputs are derived from a
low-resolution simulation with the output of our reservoir used to compute the closure. The input
to a given reservoir at each time step is a vector uy(t) of dimension 2w, where the elements of u

are the real and imaginary parts of the final w Hermite moments before m..:

u(t) = [Gro—wp(t — WAL), G w1y (t — (w — 1)AL), ... Grop1 i (t — AL)] . 4.1)

In both phases, the inputs form a diagonal in m and ¢ of Hermite moments, and this structure is
inspired by the phenomenon of linear Landau damping in the linearized Vlasov-Poisson system,
where energy cascades from low m to high m in time. The input layer is a D, X 2w matrix
W .,,, with its elements drawn from the uniform distribution on [—o, |, where o is a parameter.
Critically, A and W, remain fixed after initialization. Only the output layer, W, is trained.

The reservoir state vector evolves with the equation

ri(t + At) = tanh[Ar(t) + Wu(t)], 4.2)

where the hyperbolic tangent activation function operates element-wise on the vector argument.
The elements of the reservoir-to-output coupling, W, are parameters that must be tuned
to train the reservoir. We introduce a hyperparameter b to exclude data from initial transients from
the reservoir training process. This hyperparameter serves as a buffer of time steps between the
initialization time and the data assigned for training W ,,. During the training phase, defined by
the times ¢ where bAt < t < T, the reservoir output is trained to approximate the closure moment,

G k-
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The most straightforward choice for the closure evaluation would be the linear readout op-
eration, W, ;.. Empirically, that operation does not permit reservoirs to predict the dynamics
of several other nonlinear systems, including the Lorenz system [Lu et al., 2017; Chattopadhyay
etal., 2020; Pyle et al., 2021], Kuramoto-Sivashinsky equation [Pathak et al., 2018], and the global
atmospheric system [Arcomano et al., 2020]. As Lu et al. [2017] and Pathak et al. [2018] describe,
the hyperbolic tangent operation in the evolution equation for the reservoir state (4.2) introduces
an odd-parity symmetry to the reservoir state vector r. As in the Kuramoto-Sivashinsky equation
and the Lorenz systems studied by these authors, the quadratic nonlinear term in the Vlasov equa-
tion breaks odd-parity symmetry. In other words, the general evolution equation for the Hermite
moments (3.91) is not invariant under the transformation G, — —G, 1, While the evolution
equation for the reservoir state (4.2) is invariant under the transformations v — —w and r — —7.
Following the methods of Pathak et al. [2018] and explored in more detail by Chattopadhyay et al.
[2020] and Pyle et al. [2021], we resolve this conflict by applying a symmetry-breaking transfor-

mation (r; — 7}) to the reservoir latent state before readout:

rik(t), eveni
rig(t) = (4.3)

r7p(t), oddi.

Because the reservoir output, W ,,,7*(¢), is a linear operation on r*, we can train the weights of
W ..+ using linear regression and avoid the computational expense of backpropagation. To miti-
gate potential overfitting, we introduce a regularization parameter, 3, in the method of Tikhonov-

regularized linear regression. The training problem is then to find the values of W, which
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Figure 4.1: Diagram of the reservoir computing closure model, integrated with the
kinetic moment solver.

minimize

T/At
> NGk (JAL) = Wour i (GAL)]]” + Bl W oue > (4.4)
j=b

Explicitly, the closed-form solution that solves this linear regression problem is
Wouw = G Ry (RLR;" + BI)7, 4.5)

where G, is a 2 x (T'/At — b) matrix consisting of the time series of the real and imaginary
parts of the closure moment, Gy, i, R}, is a D, x (T'/At — b) matrix consisting of the time series

of the modified state vector 73 (t), R} is the transpose of R}, and I is the identity matrix.

4.2.1 Closure Integration

Once the weights of W, are trained, the algorithm switches to the prediction phase, and
the system does not evolve moments beyond m = m,.. Instead, the output of the reservoir is fed

back into the system of equations as a closure for the moment hierarchy. To make the discussion
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more concrete, we introduce a time integration operator D, such that D[G(t)] = G(t + At),
where G(t) is the M x N, matrix of Fourier-Hermite amplitudes representing the state of the
system at time ¢. D is a generic operator, and its implementation details are flexible. For the
results presented in this chapter, we implement D using the Python libraries NumPy [Harris et al.,
2020] and SciPy [Virtanen et al., 2020] with the classic fourth-order explicit Runge-Kutta method
(RK4) and the third-order Strong Stability-Preserving Runge-Kutta method (SSPRK3) as detailed
by Durran [2010].

When we introduce the closure models, the time integration becomes a two-step process. For
each wavenumber k, we use the time integration operator D, to calculate the resolved moments

Gm<mc,/€:

Gm<mc,k (t + At) = ’D[Gmﬁmc (t)]k' (46)

We then use a reservoir to predict the closure moment G, x:

Gkt + A) = W ouri(t + At). 4.7)

4.2.2 Computational Complexity

Though performance profiling metrics for numerical solutions of partial differential equa-
tions are highly dependent on computational hardware architectures and algorithm implementation
choices, we can calculate the computational complexity of the DNS and the ML closure for the
cases in this chapter. Both methods have an identical cost to evolve the lowest-order moments.
Thus, we only report the cost of evolving moments m. < m < M for the DNS and the closure

moment m, for the ML method. While the time-integration operator D is generic, we will remove
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a layer of abstraction by calculating the result for the SSPRK3 algorithm. For simplicity, we will
neglect the additional cost of operations on complex numbers relative to those same operations on
real numbers, with the understanding that this will underestimate the cost of the DNS in compari-
son to the ML closure. The cost of transcendental functions including tanh depends on instruction
sets. This estimate treats them as equivalent in cost to multiplication, with the understanding that
this underestimates the cost of updating the reservoir state. We also neglect the cost of memory

access and copy operations for both methods.

4.2.2.1 Complexity of DNS

First, let us introduce a new parameter M’ = M —m,. that represents the additional number of
moments that the DNS must evolve (3.96) in comparison to the ML closure model. Our choice of
time-integration operator, SSPRK3, is a three-stage algorithm. Each stage includes an evaluation
of the electric field, nonlinear term, linear streaming term, and hypercollisions. The electric field is
calculated by (3.99). The vector (i/k) can be stored in memory during initialization, so the electric
field calculation requires /N, multiplication operations. The nonlinear term is evaluated with a
pseudo-spectral method using (3.93). Using the O(N log N) scaling of the fast Fourier Transform
(FFT) algorithm [Cooley and Tukey, 1965], the total computational complexity of the nonlinear
term is 3M'O(Ny log Ny). If the vector (ik) is also stored during initialization, then the linear
streaming term requires 6/’ NV, operations. The dissipation matrix in 3.92 can be stored, and the
cost of the regularization term is 2/’ N,.. Finally, we include the operations needed to combine the

results of each stage into the state of the system at the next time step. For SSPRK3, this requires
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12M’ Ny, operations. The total cost of DNS for each time step is then

COStDNS = 3M/O(Nk lOg Nk) -+ 2OM/Nk + Nk (48)

4.2.2.2 Complexity of ML Closure

The ML closure evaluation has two stages, updating the latent state of each reservoir and
evaluating the closure moment. There are a total of N, reservoirs. The state of each reservoir, 7y,
updates at every time step using (4.2). This requires the sum of two matrix-vector products. The
product W, u has a cost of 4D,.w operations. The other product Ar,; involves a sparse matrix.
Though the cost of this product is implementation-specific, we will count operations on nonzero
elements, resulting in a cost of 2D, x operations, where x < D,. Then, the tanh operation is
applied to the sum of these products. The total cost of the reservoir update is then 2D, [k + 2w + 1].
The symmetry-breaking transformation (4.3) is applied to the state vector, which requires D,./2
multiplication operations. Finally, each reservoir predicts a Hermite closure using (4.7), which
uses 4D, operations. The ML closure is linear in k. In total, the cost calculating the ML closure
for each time step is then

Costyr = Ny D, [8w + 4k + 13/2]. (4.9)

After eliminating the common factor of Vi from the cost of the DNS and the ML closure, we
find that as NV, increases, the dominant scaling for the DNS is O(M'log Ni). In contrast, the
cost of the ML closure scales linearly with the size of each reservoir D,. For sufficiently large

(M'log Ny)/(D,w), the reservoir closure will be faster than the DNS.
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4.3 Closure Results
4.3.1 Linearized Vlasov-Poisson

For our first test of the ML closure, we confirm that the model accurately solves the linear

limit of the Vlasov-Poisson system. First, we linearize the Vlasov equation (2.91), dropping the
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nonlinear term:

dg =~ Og B
% + U& +vEFy = 0. (4.10)

In Fourier space, this allows us to restrict our focus to a single wavenumber, as the coupling
between wavenumbers occurs only in the nonlinear term. We simulate an approximately steady-
state solution by driving the system, as explored by Kanekar et al. [2015]. We inject energy into
the m = 0 moment, and it cascades down to finer scales through Landau damping. We incorporate
these features into the projection of this equation onto the Fourier-Hermite basis using the results

of Section 2??:

OG i
ot

ik (VG + Vm + 1Gsr) = X()0m2 = Exds, @.11)

where x(t) is a forcing coefficient independently drawn at each time step from the uniform dis-
tribution on [0, 1). The electric field Ej, is given by (3.99). The purpose of this mechanism for
energy injection is to achieve a statistical steady-state solution. Our primary systems of interest
exhibit nonlinear chaos and typically settle into time-dependent steady states. While constant forc-
ing would also achieve a steady-state solution, a time-dependent forcing mechanism more closely
resembles typical problems encountered in plasmas. Other injection mechanisms, including driv-
ing the m = 2 moment or applying a stochastic external electric field yield similar performance for
the closure model. Figure 4.2 depicts a high-resolution (M = 1025) baseline simulation of (4.11)
with £ = 0.4.

When no hypercollisional regularization is applied, the cascade of free energy numerically

reflects at the high-m boundary. In the simulation in Figure 4.2, this reflection occurs around
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t = 80. This phenomenon always occurs at a finite time for a given Hermite resolution (M), mean-
ing that extending the duration of a simulation where the low-order moments are valid requires
increasing the Hermite resolution. Additionally, the rate at which energy advects from low-m to
high-m increases with Fourier wavenumber k& [Parker and Dellar, 2015]. Therefore, though this
linearized simulation with £ = 0.4 is feasible with high velocity resolution, more Hermite reso-
lution would be required for a nonlinear simulation with moderate spatial resolution. Some form
of artificial dissipation is necessary for baseline simulations of higher-dimensional systems to be
computationally feasible. We therefore apply hypercollisional regularization to the nonlinear form
of the Vlasov-Poisson system in Sections 4.3.2 and 4.3.3.

We then train a reservoir to predict the Hermite closure moment, G,,,_ ,, where we evaluate
the closure at m. = 3. The choice of m. = 3 is motivated by the tradition of heat flux closures
in fluid theory and our desire for a closure that allows the conservation laws in the m € [0, 1, 2]
equations to remain intact. One motivation for a closure is to reduce the resolution required to
achieve accurate simulations, so we choose the lowest valid value for m.. We use the time series
of the density, momentum, and temperature moments from the time window 15 < ¢ < 25 as
training data. We find that a requirement is that enough time has passed to allow energy to cascade
into m = m,.. We report results training on data from the time window 15 < ¢ < 25, but the
reservoir supports accurate spectra for other training windows as well. Figure 4.3 depicts the
excellent agreement between the low-order spectra calculated by the high-resolution baseline and
the ML closure model. The mean-squared error in the ML closure spectrum is 2.25 x 107°. The
ML closure shows favorable performance in comparison to a naive closure by truncation, where
no hypercollisional regularization is applied. It also outperforms a closure by truncation where

the hypercollisional term, —me4Gm’k, is introduced to the right-hand side of (4.11) to mitigate
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numerical reflection at the high-m boundary. As in (3.92), this term is only applied for m > 2
to preserve the low-order conservation laws. For an initial comparison, v, is set to 2 x 1072 to
maintain finite dissipation at m. = 3, where ummé1 is order one. For reference, we also compare to
the theoretical scaling GG,,, ~ m~Y/2 [Zocco and Schekochihin, 2011; Kanekar et al., 2015].

The reservoir hyperparameters used to construct the model are spectral radius p,, = 0.6,
adjacency matrix degree of three, Tikhonov regularization parameter 3 = 107, input scaling
parameter o = 0.5, and six nodes in the reservoir. We found these hyperparameters by comparing
mean-squared errors in spectra. An unguided scan led to a reduction in error from 1.75 x 1077
to 2.26 x 1078, No systematic optimization was required, though some choices of parameters
led to numerically unstable time integration of (4.11). We used the same procedure to select the
hyperparameters in both the weakly and strongly nonlinear cases presented in Sections 4.3.2 and
4.3.3, respectively. The spectral radius py, of the adjacency matrix A must be set to p,, < 1 for
stability. The block-diagonal structure for W, that Vlachas et al. [2020] used in their reservoir
computing implementation yielded unstable predictions. We speculate that this may be related to
differences in requirements for complex-valued data in comparison to real-valued data, but more
analysis would be required to confirm. For the strongly nonlinear case in Section 4.3.3, using a
reservoir smaller than sixty nodes or including the initial transient in the training set also led to
unstable solutions. The computational complexity for the evaluating the ML closure is the same as
in 4.9, with N, = 1. The DNS cost for this case is 18 M’ + 1, after removing the contributions of

the nonlinear term and hypercollisions from (4.8).
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4.3.2 Weakly Nonlinear Vlasov-Poisson

Next, we reintroduce the nonlinear term, —F(0Jg/0v), which permits coupling between
wavenumbers. This coupling in Fourier space allows energy to flow across spatial scales, in ad-
dition to the already-present energy cascade in velocity space. This effect is subdominant at low
amplitudes, but it becomes more significant as amplitudes increase. We first examine the low-
amplitude limit in this section before proceeding to a high-amplitude case in Section 4.3.3 . In the
low-amplitude limit, Landau damping continues to be the dominant effect. Here, we solve an ini-
tial value problem, where the initial condition is a cosine density perturbation with a Maxwellian
velocity component:

g(z,v,t =0) = ecos(koz) Far(v), (4.12)

where € is the initial amplitude of the perturbation normalized by the background density and
Maxwellian weight and k; is the wavenumber of the initial perturbation. In the spectral domain,

this initial condition has the convenient form

€
G k=0 = 20m0 (Ok ko + Ok,—ko) 5 (4.13)

collapsing the initial system state into a single nonzero value after applying the reality condition.
To explore the linear limit of the system, we choose ¢ = 0.001, a 0.1% density perturbation. We
examine the ky = 0.4 case that Brunetti et al. [2000] explored in their analysis, accounting for a
factor of ten difference in normalizations. With this low initial amplitude, we choose N, = 17
Fourier wavenumbers, including the £ = 0 mode, anticipating that the dominant energy cascade

will be linear Landau damping. For the high-resolution simulations, we continue to use M = 17
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Hermite moments, including the m = 0 moment. The hypercollisional regularization coefficient
is v, = 5 x 107°, and we set v, = 0. This value of v, is chosen to maintain finite dissipation
at the finest velocity scale in the simulation, such that the magnitude of the coefficient of the
hypercollisional term at that scale, v,,(M — 1)%, is order one. As the Fourier spectrum in Figure
4.6 shows, the flux of energy to high k in this regime is small, so v is not necessary. We set the
size of the spatial simulation domain to L = 57 so that 1/kj is the largest wavelength resolved
in the system. Figure 4.4 presents a comparison between the baseline, high-Hermite-resolution
simulation, the ML closure model, and the theoretical damping rate. The time trace for the ML
closure method begins at the end of the training phase, ¢ = 25. To calculate the damping rate,
we use the complex root-finding algorithm of Carpentier and Dos Santos [1982], implemented in
the generalized dispersion relation solver developed by Ivanov and Adkins [2023]. These results
demonstrate that with a low initial amplitude, our baseline simulation converges to the expected
linear Landau damping rate. Additionally, Figure 4.4 demonstrates that the ML closure model
preserves the frequency of the wave. Time traces of the m = 1 and m = 2 moments show similar
performance and are presented in Appendix A.2.

In Figure 4.5, we compare the ML closure model, with m,. = 3, to both the high-resolution
(M = 17) baseline and two low-resolution simulations without the ML closure, i.e. closure by
truncation. We also compare the Fourier spectra of these simulations in Figure 4.6. For this
problem, we place an independent reservoir at each wavenumber £ and train it to learn a Hermite
moment closure for that wavenumber. The ML closure shows strong agreement with the high-
resolution baseline, with mean-squared errors of 1.26 x 10~*2 for the Hermite spectrum and 8.01 x
10738 for the Fourier spectrum. It successfully captures the Hermite and Fourier spectra of the

system and confirms that its predictive capability continues to hold when a small, but nonzero,
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flux of energy flows between wavenumbers. To create a low-resolution simulation without the ML
closure, we truncate the moment hierarchy at m. = 3 and set G,,_41 & = 0 in the evolution equation
for G,,, . As in Section 4.3.1, we also compare to a low-resolution simulation with increased
hypercollisional regularization, with v,,, set to 2 x 10~2 to maintain finite dissipation at the finest
resolved scales. An intuitive explanation for the poor performance of the truncated simulations
in Figure 4.5 can be described in relation to the general form of the evolution equation for this
problem, (3.91). The truncation process removes the G, 1 ; term from the final moment equation
in the truncated system, eliminating an effective energy sink from that moment. Without access to
the proper dissipation channel of smaller scales in velocity space, the truncated system experiences
some energy reflection and pile up in its smallest resolved scales in velocity. In contrast, the ML
closure learns the pattern of dissipation through Landau damping and serves as a better boundary
condition than truncation.

We find that the reservoir hyperparameters that result in the best closure performance for
this initial condition are spectral radius py, = 0.6, Tikhonov regularization parameter 3 = 1077,
and 7' = 25 normalized time units for training. For each wavenumber, we set the reservoir input
scaling parameter o to normalize the reservoir inputs by the time average of the Hermite amplitude

at the moment before the closure:

1

e 4.14
(G il 14

O =

This preserves the dynamic range of the hyperbolic tangent nonlinear activation function by mit-
igating the possibility of saturation to —1 or 1. As in Section 4.3.1, we set the degree of the
adjacency matrix to three. Finally, we choose a reservoir size of two nodes per input value, total-

ing twelve nodes.
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4.3.3 Strongly Nonlinear Vlasov-Poisson

Finally, we create an ML closure model for the strongly nonlinear regime of the Vlasov-
Poisson system. When the amplitude of the initial density perturbation becomes significant relative
to the background, the nonlinear term dominates over the energy cascade in linear Landau damp-
ing. Figure 4.7 presents the numerical solution to the initial value problem from Section 4.3.2,
with € increased to 0.18. When compared to Figure 4.4, the behavior at high amplitude deviates
from the linear theory. Additionally, a convergence study indicated that more Hermite moments
(M = 65) are necessary to accurately resolve the low-order spectrum than in the weakly nonlinear
case. (For more detail on this, see Appendix A.1.) We set v, to 5 x 1077, following the procedure
we used to determine the baseline hypercollisional regularization parameter for the linearized and
weakly nonlinear cases. From the start of the simulation until approximately ¢ = 25, the mode
damps at a faster rate than in the linear theory. After the initial transient, the mode saturates to
a slower damping rate than Landau’s prediction. When the ML closure model is introduced, the
lower Hermite resolution (M = 4) system maintains an accurate frequency and slightly overdamps
the amplitude. The training phase for the ML closure model was set to 50 < ¢ < 100 to avoid the
most severe initial transient behavior, and the time trace for the ML closure begins at t = 100.

We can quantitatively determine whether particle trapping arrests the damping rate in Figure
4.7 by calculating the particle bounce time for its initial condition and comparing it to the low-
frequency periodic oscillations in the simulation. In his seminal work, O’Neil [1965] derived an
analytic expression for the damping rate as a function of time for collisionless nonlinear Landau
damping with a sinusoidal electric field. He argued that the physical interpretation for the decay

of the damping rate is that trapped electrons undergo cyclic oscillations in their density on a non-
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linear timescale which is slower than the characteristic timescale of linear Landau damping. This
phenomenon has been observed in nonlinear beam plasma experiments [Dimonte and Malmberg,
1978].

We can follow O’Neil [1965] to calculate the characteristic bounce time for the simulation.
In a frame of reference that moves with a propagating plasma wave, conservation of energy for a
single electron takes the form

1
W = §mv2 — e®g cos(kz), (4.15)

where @ is the initial amplitude of electrostatic potential. Solving this equation for velocity yields

d 2
d_i = :I:\/E[(W + e® cos(kz)]. (4.10)

Electrons become trapped when they do not have enough energy to escape the potential well of the
wave. Under that condition, the particles bounce and their velocities flip signs. In (4.16), velocity
can reverse directions if W' < e®. To find the bounce time, 73 for this scenario, one can separate

the differentials in (4.16) and integrate. The result is

4K (k%) [m
Ty = L GT{)O’ (417)

where K (k?) is the complete elliptic integral of the first kind, and we have defined its argument as

the dimensionless parameter

w
—+1]. 4.18
(55 +1) @.18)

Normalizing wavenumber £ by the Debye length \p., time ¢ by the inverse plasma frequency
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Hermite amplitude for a high ini- high-velocity-resolution (M = 65),
tial amplitude (18% of background) truncated (M = 4) simulations,
cosine density perturbation. The and ML closure for the initial value
dynamics exhibit strongly nonlin- problem in Figure 4.7 averaged over
ear behavior, attenuating the damp- k and t. While both the ML clo-
ing of the mode. As in the low- sure model and truncated simulation
amplitude case, the ML closure agree with the high-resolution direct
model captures the frequency and numerical simulation, the ML clo-
amplitude of the wave well. sure model shows closer agreement.

wpe !, mass m by the electron mass m,, and charge by the elementary charge results in the condi-

tion
4K (k%) 1
ko Vo,

Ty = (4.19)

Using an estimate of K =~ 2 for most trapped particles for the &, = 0.18 and k£ = 0.4 case
yields 7, ~ 47. The peaks in the low-frequency portion of the nonlinear oscillation in Figure 4.7
are spaced approximately 45 tw,, apart. The slow damping rate and low-frequency oscillations in
Figure 4.7 are consistent with the theory of nonlinear trapping of electrons.

As in the previous section, Figure 4.8 displays a comparison between the Hermite spectra of

the high-resolution baseline, the ML closure model, and two truncated low-resolution simulations,
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Figure 4.9: Fourier spectra of the simulations in Figure 4.8 . The ML closure resolves
the wavenumber spectrum more accurately than the truncated simulations, improving
simulation accuracy at low resolution in velocity space.

where one has an increased amount of hypercollisional regularization to account for the lower
resolution. At this higher initial amplitude, the Hermite spectrum of the baseline does not decrease
monotonically, creating a more challenging scenario for the reservoirs to model. At the same value
of v,,,, both the truncated low-resolution simulation and the ML closure model accurately capture
the Hermite spectrum of the system at low m, but as Figure 4.9 reveals, only the ML closure
model also agrees with the Fourier spectrum. Mean-squared errors in the ML closure spectra are
3.66 x 107'8 and 1.19 x 10~* for the Hermite and Fourier spectra, respectively. The ML closure
successfully captures both spectra of the system, reducing the required velocity-space resolution
by a factor of sixteen. We observe some oscillatory behavior in the Fourier spectrum of the MLL
closure, but our tests do not identify a mechanism that causes this behavior. We obtain the reservoir
hyperparameters by the same method as the previous section, adjusting them to 3 = 1075, T' = 50,
and 120 nodes in each reservoir. Other parameters remain the same.

A potentially surprising result is that the Hermite spectrum of the naively truncated sim-
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ulation is more accurate than its Fourier spectrum, despite the fact that the truncation occurs in
Hermite space. We intuit that this result is due to a pile up of excess free energy at the closure
moment, which then nonlinearly advects in Fourier space. Adjusting the strength of the hyper-
collisions slightly improves the accuracy of the Fourier spectrum, at the cost of overdamping the
density and momentum moments. An analysis of the flux of free energy in this system similar to
the work of Meyrand et al. [2019] may be used to investigate this result further, but that is beyond

the scope of this work.

4.4  Summary and Conclusion

In this chapter, we have used reservoir computing to present an ML, velocity-space closure
model for the hierarchy of Hermite moments in the one-dimensional Vlasov-Poisson system. The
closure model serves as a proof-of-principle that reservoir computing can be used to reduce the
simulation domain requirements for studying plasma dynamics.

A crucial extension of this work is to train the models to generalize to different initial condi-
tions or forcing models. Gyrokinetic turbulence simulations are expensive, so we wish to reuse as
much training data as possible in pursuit of the most powerful models. Moreover, we wish to avoid
the need to run high-fidelity simulations before switching over to the closure model. Although
training reservoir computing models is inexpensive, using pretrained closure models will be faster
than training them “on-the-fly.”

A logical objective to pursue is to extend the closure to reduce the required resolution in the
Fourier representation of position space. In practice, gyrokinetic turbulence simulations commonly

use significantly more resolution for configuration space than they do for velocity space, in part
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because of the near-Maxwellian nature of the velocity distributions. Therefore, a Fourier-space
closure model would potentially be more desirable than a velocity-space closure. However, the
structure of the nonlinear term poses a challenge to achieving that goal. In the Vlasov-Poisson
system, the coupling between resolved and unresolved scales in velocity space occurs as a sum
of nearest-neighbors in Hermite space. This locality in the spectral domain defines a clear, single
closure term. In contrast, the convolution in the nonlinear term establishes nonlocal interactions
across scales in Fourier space. An ML closure for Fourier space would require a different structure
than the one developed for this chapter.

The eventual goal is to build closure models that can reduce the domain requirements for
higher dimensional turbulence simulations, including the full gyrokinetic equation. A next step
toward that goal would be to test this velocity-space closure in that system. There has been recent
interest in applying spectral formulations of velocity space to gyrokinetic simulations, particularly
with a Hermite basis used for parallel velocity and a Laguerre polynomial basis for perpendicular
velocity [Jorge et al., 2017; Mandell et al., 2018; Hoffmann et al., 2023b,a; Frei et al., 2023, 2024].
A successful implementation of an ML closure for Fourier-Hermite-Laguerre codes, including
Gyacomo [Hoffmann et al., 2023a] and GX [Mandell et al., 2024] may improve their capabilities to
resolve turbulence statistics with lower resolution requirements. Empirically, both codes calculate
turbulent heat fluxes with high accuracy using eight or fewer Laguerre modes, suggesting that
future work on ML closures should prioritize reductions in spatial and parallel velocity resolution
requirements.

An ideal closure model would have a compact, symbolic form from which physical intu-
ition can be derived. Significant recent progress toward interpretable, symbolic closures has been

achieved using sparse regression techniques [Donaghy and Germaschewski, 2023; Cheng et al.,
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2023; Ingelsten et al., 2024]. One challenge that these algorithms face is the difficulty of finding
symbolic closures that are not local in space. The analytic closure derived by Hammett and Perkins
[1990] for the linear limit of the system in this chapter is local in Fourier space, but it includes a
nonlocal Hilbert transform when expressed in configuration space. Closures for the nonlinear form
of this system or other systems of interest may also require information that is nonlocal in config-
uration space, but local in a spectral representation. The ML closure developed in this chapter and
by Huang et al. [2025] apply a Fourier representation to the data, providing the neural networks
direct access to locality in spatial scales, and the velocity-space closure in this chapter is also
local in Hermite space. Though interpreting moment closures that use neural networks is more
challenging than closures derived by sparse regression techniques, future work may incorporate

feature importance identification methods like those formalized by Lundberg and Lee [2017].
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Chapter 5:  Progress Toward Automatic Identification of Under-resolved

Gyrokinetic Turbulence Simulations: Data-Driven Heuristics

As a brief summary, in Chapter 3, we discussed that there are a myriad of factors to consider
when designing a numerical scheme to study dynamics in turbulent systems, and we motivated our
choice of an Eulerian pseudo-spectral method to study our problems of interest. However, once an
approach to solving the PDE has been chosen, questions remain about what the physical domain
should be and how much resolution should be used to represent it. In Chapter 4, we introduced an
ML closure method that decreases resolution requirements in velocity space for the 1-D Vlasov-
Poisson system and discussed some possible extensions to higher-dimensional systems like the
5-D electrostatic gyrokinetic system. In this chapter, we seek to develop some heuristics that may
provide insights into these lingering questions.

Machine learning or other data-driven models rely on the existence of reliable and robust
datasets on which these models can be trained. Indeed, in recent years, improvements in memory,
bandwidth, and processing speed, in addition to the paradigm shift toward parallel processing on
accelerator platforms like GPUs, have facilitated gyrokinetic simulations at scale. Some examples
of this include the optimization of stellarator magnetic geometries to reduce turbulent heat flux
[Kim et al., 2024] and the development of an O[10°] element database of gyrokinetic simulations
to create an ML surrogate model for the mapping between flux tube geometry and heat flux due to
ITG turbulence [Landreman et al., 2025]. While it is desirable to accelerate these simulations, it is
also imperative to ensure that the simulation results that underpin the training of a reduced model

are valid.
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With the advent of workflows that involve the autonomous execution of thousands of tur-
bulence simulations, tedious manual inspection of simulation results to ensure accuracy becomes
infeasible. Simliarly, full convergence studies requiring ensembles of simulations in a structured
scan over domain input parameters may be cost-prohibitive. As an example, consider a two-
parameter scan over resolution and domain extent in the perpendicular plane, maintaining a fixed
ratio between both coordinates perpendicular to the magnetic field. A search to find the optimal
combination of these input parameters using a coarse grid could require several hours, as conver-
gence to statistical steady state typically requires between two and forty minutes of wall clock
time, depending on the number of points and spectral moments used to define the simulation grid.
A valuable objective would be to develop some heuristics or metrics that would empower users to
conduct large-scale parameter scans or studies without the need to manually confirm the validity
of the simulation or to perform these costly convergence studies for each case.

In this chapter, we investigate the potential use of several candidate diagnostics to identify
when the domain and resolution of a gyrokinetic turbulence simulation does not properly resolve.
To assess the validity of simulation domain, we consider several numerical reductions of corre-
lation functions of the turbulence and assess their impacts on the turbulent heat flux. We also
study the potential of a nonlinear energy transfer diagnostic to indicate a lack of sufficient resolu-
tion in simulations. Finally, we observe turbulent heat flux and free energy spectra for markers of
insufficient resolution.

The long-term goal of this work is to integrate this feature into GX as automated verification
of domain and resolution inputs. As a first step toward that goal, we implement these diagnostics
as post-processing tool in Python. Toward the end of this chapter, we discuss strategies for future

work to implement these diagnostics and the heuristics derived from them in-situ as CUDA/HIP
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kernels for concurrent execution on the GPU(s) during a simulation.

5.1 Simulation details

In this chapter, we use GX to study two different magnetic geometries, one tokamak and
one stellarator. For the tokamak case, we study the “Cyclone Base Case” [Dimits et al., 2000],
a commonly used ITG benchmark scenario based on the Doublet III-D (DIII-D) tokamak run by
General Atomics in San Diego, California. For the stellarator case, we choose the GX stellarator
benchmark case, which is based on Wendelstein 7-X (W7-X), an experimental stellarator operating
at the Max Planck Institute for Plasma Physics in Greifswald, Germany.

The domain and resolution parameters we vary in this study are the resolution in the per-
pendicular plane IV, and IV, and the domain extent in the perpendicular plane L,. We use a flux
tube that is approximately square at the outboard midplane such that L, ~ L,. Due to the twist-
and-shift parallel boundary condition derived by Beer et al. [1995], L, and L, are related by the
magnetic shear and are not completely independent parameters. The physical periodicity of the
system lies in the toroidal angle, (, and the poloidal angle, €. In systems with magnetic shear, the

ratio between L, and L, is quantized such that the quantity

§j = 2rN3L,/L, (5.1)

is an integer, where $ is the magnetic shear of the flux tube, and N is an arbitrary integer. Thus,
for given values of 5§ and L,,, we choose 07 to be the closest integer to 275, so that we can obtain a
roughly square box at the outboard midplane. The physics parameters we vary are the temperature

gradient scale length and the ratio between the electron temperature and ion temperature. As de-
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scribed in Chapter 2, these simulations are electrostatic ion temperature gradient (ITG) turbulence
simulations with adiabatic electrons, and we use only one ion species.

For the Cyclone Base Case, we use a Miller parameterization [Miller et al., 1998] to represent
the magnetic equilibrium. The Miller parameterization is a local, analytic solution to the Grad-
Shafranov equation [Grad and Rubin, 1958] for MHD force balance, where in cylindrical (R, Z)

coordinates, the flux surface is specified by

R(r,8) = Ry(r) + r cos[f + (sin #)(arcsind(r))], (5.2)

Z(r,0) = k(r)rsiné, (5.3)

where 0 is the poloidal angle, R, is major radius at the magnetic axis, 7 is the half-diameter of
the flux surface, x is the elongation, and § is the triangularity. We specify a circular flux surface
and local equilibrium with the following geometric parameters: Ry/a = 2.77778, r/a = 0.5,
elongation x = 1, and triangularity 6 = 0, and the gradients of the elongation and triangularity
are zero. The left side of Figure 5.1 shows the flux surface we use for the cyclone base case. The
global magnetic shear is 5 = 0.8, and the safety factor is ¢ = 1.4. We choose a normalized density
gradient of a/L, = 0.8, and we perform a scan over normalized ion temperature gradients such
that a/Lr € {2.5,3.5,5,10}. For the cyclone base case simulations, we use Ny = 24 equally
spaced grid points in € and coarse velocity space resolution with NV,, = 8 Hermite and N, = 4
Laguerre moments for v and B respectively. A prior velocity convergence study for the cyclone
base case performed by Mandell et al. [2024] showed that this modest amount of velocity space

resolution is sufficient for the problem. Each simulation spans 800 a/v; normalized time units. For

97



Cyclone Flux Surface W7-X Flux Surface

0.8
0.4 0.6
0.4
0.2
0.2
—~
< £
E 0.0 Z 0.0
N
—0.2 1
—0.2 1
—04q — (=0
1/4 period
—0.4 1 —0.6 4 —— 1/2 period
—— 3/4 period
T T T T T —0.8 1 T T T
2.4 2.6 2.8 3.0 3.2 5.0 5.5 6.0
R/a R (m)

Figure 5.1: Visualizations of the flux surfaces for the ITG simulations in this thesis in
cylindrical (R, Z) coordinates. The cyclone base case uses a circular flux surface (left)
constructed using a local Miller parameterization [Miller et al., 1998]. For W7-X, we
choose the s = (.64 flux surface from a VMEC equilibrium (right). Poloidal cross
sections are shown at four equally spaced locations in toroidal angle ¢ for one field
period.

context, with the DIII-D minor radius of 0.6 m and an ion temperature of 1 keV, this simulation
duration would correspond to roughly 3 us for a deuterium plasma.

For the W7-X simulations, we use the GX stellarator benchmark case, which is a flux tube
chosen from an MHD equilibrium calculated by the VMEC code [Hirshman and Whitson, 1983]
and was used to benchmark GX, stella, and GENE [Gonzalez-Jerez et al., 2022; Mandell et al.,
2024]. The W7-X simulations require more resolution along the field line to resolve the non-
axisymmetric geometry, with Ny = 48. We again use N,, = 8 and N, = 4 for the velocity

resolution and allow the simulation to run for 800 a/v; time units to reach a statistical steady state.
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5.2 Correlation Functions

In this section, we explore the potential use of correlation functions of the turbulence to di-
agnose whether the simulation domain is improperly sized. The gyrokinetic ordering assumptions
formalize the anisotropy of spatial scales, so we expect to find a qualitative difference between

parallel and perpendicular correlation length requirements.

5.2.1 Parallel Correlations: Critical Balance

Indeed, analyses of parallel correlations have been used to study scaling laws in ITG tur-
bulence, relating parallel and perpendicular length scales to each other [Barnes et al., 2011; Nies
etal., 2026]. To assess their theory of critically balanced turbulence, Barnes et al. [2011] compared

their scaling law prediction,

ﬁ,\, Z_Lﬁ v (5.4)
qR piqR) '

to parallel correlation statistics calculated from GS2 [Dorland et al., 2000] simulations of the cy-

clone base case. They define a parallel correlation function

Z @(kz, k‘y, 0 = 0)@*(/%, k‘y, 0 = A@)
Clk,, AG) = L=
(Fy, 49) S 0{k by, 0= OF

: (5.5)

where subscripts = and y correspond to the magnetic flux surface and field line labels respectively,

and 6 is the poloidal angle. Integrating the correlation function yields a parallel correlation length:

Ad(k,) = / d(A6)C(ky, AB). (5.6)
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This metric can be used as a measure of the parallel length scale in (5.4).

In this work, we implement correlation length diagnostics for the GX gyrokinetic code Man-
dell et al. [2024]. For a first example, we consider the same case as the original ITG critical
balance paper [Barnes et al., 2011]. This simulation uses a spatial resolution of (N, Ny, Ng) =
(192,192, 32), and the perpendicular box size L, is set to L, = 200mp; such that the smallest
resolved binormal wavenumber is k,p; = 0.1. Figure 5.2 shows the time-averaged parallel corre-
lation length (5.6) as a function of £, for this simulation, with a dashed line plotting the critical
balance scaling. Figure 5.3 shows the same diagnostic, plotted for the W7-X reference case, with
(Nz, Ny, Ng) = (96,96,48) and L, = 42mp,. The sharp peaking in the correlation function at
0 = 0 suggests that the turbulence rapidly decorrelates along the field line.

In comparison to the cyclone base case, the W-7X case shows far weaker correlations parallel
to the magnetic field. One plausible explanation is the presence of magnetic field period symme-
tries in the stellarator case. As explained in Section 5.1, the cyclone base case uses a circular
flux surface from an axisymmetric tokamak. In contrast, the W7-X equilibrium magnetic field has
a five-field-period symmetry [Geiger et al., 2015], meaning that for poloidal and toroidal angles
(6, ¢),

BW?—X<97 C + 27T/5) = Bw7_X(8, C) (57)

Although this symmetry is in the toroidal angle, the field period symmetry could set an effective
cap on parallel correlation lengths in ¢ that could depend on the rotational transform. This could
partially explain the discrepancy between the critical balance scaling prediction and the short par-
allel correlation lengths in Figure 5.3. A study focused on evaluating parallel correlation functions

for a range of values of rotational transform and field period symmetries may provide the data
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necessary for a quantitative assessment of this explanation.

By the gyrokinetic orderings, the parallel dynamics are macroscopic, while the perpendicular
dynamics occur at scales on the order of the ion gyroradius. Details of the magnetic geometry
which enter into the gyrokinetic equation, including | B|, Vz, and Vy, vary along a flux tube at
scales comparable to the normalizing system scale a. In this work, we take a to be the minor
radius, but other choices like the major radius are also suitable. In our simulations, we find that
parallel correlations are too short to form a useful minimum flux tube length. For this reason, we

devote the rest of our study to perpendicular domain and resolution specifications.

5.2.2 Perpendicular Correlations

5.2.2.1 Building Perpendicular Correlation Functions for the Cyclone Base Case

It is possible to create multiple perpendicular correlation functions for the electrostatic po-
tential. To build some intuition for the dynamics and to make a more informed decision about
which perpendicular correlation function to use for a heuristic, we will begin by examining data
from the cyclone base case. Figure 5.4 presents the first sample we consider, the electric poten-
tial @, evaluated as a function of x and y at the outboard midplane ¢ = 0, 1,000 (left) and 5,000
(right) timesteps after initialization of an ITG simulation with Nx = 196, Ny = 64, Ny = 24,
and L, = 567. The heat flux time trace for this example is shown in Figure 5.5. Though the code
uses a Fourier spatial representation, we apply the inverse Fourier transform to the electrostatic
potential to evaluate it on the real-space grid. This facilitates a more straightforward interpretation
of its features in relation to its correlation length.

At these timesteps, the electric potential at the outboard midplane appears to exhibit periodic
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Figure 5.4: Electric potential in the cyclone base case, evaluated at the outboard mid-
plane 1,000 timesteps (left) and 5,000 timesteps (right) after initialization.

oscillations in both the x and y directions, at wavelengths smaller than the box scale at which we
impose periodicity. The cyclone base case is known to be a zonal-flow dominated scenario, so the
apparent zonal mode with k, = 0 is expected. We see strong evidence of it around x = 125p;. We
examine this feature in more detail in Figure 5.6 by plotting ®(y) at the radial position = = 124.8p;.
This clearly demonstrates the strong zonal mode, as the potential oscillates around a mean of

—9.82.

5.2.2.2 Averages of the Correlation Function

Instantaneous, point-wise correlation functions can have spurious correlations that are not
representative of the typical dynamics of the system. We can instead take averages of the cor-
relation function to avoid this issue. We will start with the x correlations, where the impact of

the strong zonal flow in y will be less prominent. To investigate the spatial homogeneity of the z
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Figure 5.5: Heat flux time trace for Figure 5.6: Electric potential from
the cyclone base case. The initial the left plot of Figure 5.4, evalu-
transient ends by t(vy;/a) = 100. ated as a function of y at v = 124.8.

correlations, we can compute their averages in x and

NLI > (O(z+ Az, y,0,1)(x,y,60,1))
3 2 (O(2,y,0,1)) ’

(Ca)o(y,0,t,Ax) = (5.8)

in vy,
N2y (B(z + Az,y,0,)0(w, y,0,1))

Co)y(z,0,t, Ax) = 1 2
(Ca)y(2,0,t, Az) =5, (@(x,y,0.1)

(5.9)

The notation convention we use in this section is that a correlation function of the form (C,),
measures correlations in coordinate a when averaged over coordinate b. Figures 5.7 and 5.8 show
(Cy)s and (C,),, respectively. The diagonal banding in Figure 5.8 indicates the presence of a
persistent wave.

Next, we introduce time-averaging, with the expectation that this will focus the peak of the
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with a similarly defined average in y and ¢:
_ Non 2oy (P2 + Az, y,0,1)0(2,y,0,1))
(Co)y(@, 0, Ay = =0 . (5.11)

o Sy (B(,.6,1))°

Time averages are represented by an overline and are calculated using data after the heat flux time
traces reach a statistical steady state. Figures 5.9 and 5.10 show the x, ¢ and y, t averages of the
x correlations. As expected, a prominent vertical band at Az = 0 emerges, but correlations at
large displacements remain significant. This is due to the k£, = 0 zonal flow, which is intuitively

noticeable in Figure 5.9.
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The zonal mode structures in the cyclone base case will require more careful analysis. We
anticipate that the fluctuations may be homogeneous in = and y, but the zonal modes create an
effectively infinite-wavelength correlation in y. A better approach might be to measure correlations
in the fluctuations in y after subtracting the mean. To illustrate this point, we can now plot the y

correlations averaged over (x, t),

! Zx’t (P(z,y + Ay, 0,1)P(x,y,0,t))

(Cy)u(z,0, Ay) = N : (5.12)
! Nlet Zz,t (CD(:L‘, Y, 07 t))2
and (y7 t)’
_ > (@2, y + Ay, 0,4)D(z,y, 0,
@)y, 0, Ay) = 2 > ’tl( ( o ) (5.13)

mzx,t ((I)(m7y797t))2 ,

in Figures 5.11 and 5.12. These figures show near maximal correlation at all displacements in
y. This is consistent with the presence of a zonal flow, as the £, = 0 mode corresponds to an

effectively infinite correlation length in y. Figures 5.13 and 5.14 show that removing the zonal

106



<C [(I)([L’, Y, 0= 07 t)]>x 1.00 175 <C [CD(:L’, Y, 0= Oa t)D 1.00
150 0.75 150 0.75
0.50 0.50
125 125
0.25 0.25
100 — 100
= 0.00 = 0.00
> 75 " 75
—0.25 —0.25
50 50
~0.50 ~0.50
25 ~0.75 % ~0.75
0 0
50 0 50 —1.00 50 0 50 —1.00
Ay (i) Ay (pi)

Figure 5.11: Correlation function Figure 5.12: Correlation function
in y averaged over x and ¢ for the in y averaged over y and ¢ for the
cyclone base case. This is a clear cyclone base case. As in Figure
indication of zonal-flow-dominated 5.11, there is clear evidence of a
turbulence, as there is a strong cor- zonal flow.

relation in y at all displacements.

component of the potential yields cleaner correlation functions where the fluctuations decorrelate
at small displacements from a given reference point in both x and y.

We can finally perform spatiotemporal temporal averages over x, ¢, and ¢ simultaneously to
obtain a quick diagnostic that can indicate whether fluctuations in the potential, and by extension
the density, are correlated across the domain. Figures 5.15 and 5.16 show the full spatiotemporally

averaged correlation functions:

NN Loag (2@ + A2y, 0,6)0(2,y,0,1))

(Cr)ay (0, Az) = 20 (5.14)
! Nm]\lnyt Zw,y,t (¢($7 Y, 97 t))2

J— et T (I)QU,?J‘FA?J»QJ(I)%?J;QJ

<Cy>l.y(9, Ay) — NwNyNt Z 7y,t( ( ) ( )) (5.15)

Nzl\lnyt Zx,y,t ((I)('Tv Y, 07 t))2

They are also plots of Figures 5.9 and 5.12, averaged over the remaining perpendicular coordi-
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Figure 5.13: Correlation function
in z after removing the ky 0
mode of the potential and averag-
ing over x and ¢ for the cyclone
base case. A clear peak emerges
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Figure 5.14: Correlation function
in y after removing the ky 0
mode of the potential and averag-
ing over x and ¢ for the cyclone
base case.

—1.00

around zero displacement.

nate. The zonal flows result strong negative correlations at large displacements in x due to the
natural width of the zonal mode in x. They also produce persistent positive correlations at all
displacements in y. These results indicate that removing the zonal mode is necessary for the y cor-
relations to be useful. The spatiotemporally averaged correlation functions of the potential align
more closely with intuition once the the zonal mode has been removed. The x correlations follow
a decaying exponential form, while the y correlations more closely resemble the product of a de-
caying exponential and a cosine wave. Note that we do not average over 6 so that we restrict our
focus to the outboard midplane where the box is approximately square. We hypothesize that for
electromagnetic simulations, geometry-dependent perturbations in the magnetic field along each
field line may cause # dependence to become more important to study. That topic is left for future

investigations.
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Figure 5.15: Correlation function
in x of the potential, averaged over
x, 1y, and t for the cyclone base
case. The k, = 0 zonal mode has
a finite wavelength in x that results
in negative correlations at large dis-
placements.

109

1.0 1

0.0

(Cy[P(x,y,0 = 0,1)])sy

Ay (pi)

Figure 5.16: Correlation function
in y, averaged over z, y, and ¢
for the cyclone base case. The
zonal mode leads to positive dis-
placements at all displacements.
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mode of the potential and averag-
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base case. As expected, the corre-
lation of the fluctuations decays to-
ward zero.
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Figure 5.18: Correlation function
in y after removing the ky = 0
mode of the potential and aver-
aging over z and t for the cy-
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While the zonal flow has a formally infinite wavelength in y, its wavelength in x, ), is finite.
Therefore, we expect that the box size in z, L., should be wide enough to contain some multiples
of \,. We posit that a set of simulations at various values of L, /L, may yield useful data that could
establish a threshold for L, in terms of the x correlation length. Alternatively, a hybrid approach
could be used, where we compute correlations in = using the raw electric potential, and we remove
the zonal flow before computing correlations in y.

To summarize what we have learned from this exploration of the correlation functions of this

simulation of the cyclone base case:

* Single-point, single-time correlation functions of turbulent systems can introduce spurious

correlations, especially when normalizing.

* Zonal flows may be removed from the signal to reveal correlations in the underlying fluctu-
ations. Zonal flows do not have a linear instability and are known to suppress heat transport

from ITG turbulence [Lin et al., 1998; Tiwari et al., 2025].

» After removing the zonal mode, correlation functions for the cyclone base case benchmark
align with the intuition of statistically decorrelated turbulence across large distances in the

perpendicular plane.

With this baseline understanding in hand, we will proceed to perturb the reference case in an

attempt to identify a heuristic that can be used to indicate insufficient domain extent.

5.2.2.3 Developing a Heuristic through a Parameter Study

In this section, we use perpendicular correlation functions to study a range of physical pa-
rameters for the cyclone base case. We also vary the box size used for the perpendicular domain to
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identify the threshold at which the domain is insufficient to properly represent the physics. Because
our primary objective for performing ITG simulations is to assess the impact of microtubulence
on large-scale transport, we choose the heat flux (); as our metric to assess the validity of the

simulation. GX [Mandell et al., 2024] defines the radial heat flux, ();, in the electrostatic case as

2

dadyd v
O: = no T, s /d3v<VE)R Vi <% +MB) h, (5.16)

0% | Vo x Vy-Vé

and the gyro-Bohm normalization is defined as Qg = (noviT;)(pi/a)?.

It would be ideal to collapse the correlation function into a single number that can be com-
pared across different simulations. We consider correlation lengths of the turbulent fluctuations as
a candidate reduction of the correlation function. In this section, we will use the spatiotemporally
averaged correlation functions after zonal flows have been removed. By integrating these correla-
tion functions with respect to displacements, it is possible to calculate correlation lengths. Figure
5.19 presents x and y correlation lengths for simulations of the cyclone base case at temperature
gradient scale length a/Ly = 5 at y box sizes 87, 147, 287, 407, 567, and 1127 p;. Notice that
in Figure 5.18, subtracting the zonal mode from the potential results in correlations in y that are
negative for a range of displacements. Figure 5.19 shows that directly integrating this function
results in a correlation length of zero. For the purposes of developing a correlation heuristic, the
sign of the correlation should be irrelevant. As a first pass at a correlation length that accounts for
both positive and negative correlations, we choose to integrate the absolute value of the correlation

function, defining the correlation length as

(o = / A(AD) (T, (5.17)
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Correlation Lengths: Cyclone, a/Ly =5
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Figure 5.19: Correlation lengths for the cyclone base case as a function of box size
in y for normalized temperature gradient a/Ly = 5. The blue points correspond to
correlations in z, while the orange points are for correlations in y. Round markers
indicate integrals of the correlation function with respect to displacement. Star markers
represent integrals of the absolute value of the correlation function, which penalizes the
resulting correlation length for potential negative correlations. For the cyclone base
case, x correlation lengths are consistently longer than the y correlation lengths after
removing the zonal flows.

where we have removed the zonal flow from the potential before calculating the correlation func-
tion, and the overline represents a time average. This is the most restrictive correlation length of
the four options presented in Figure 5.19, as in all cases we observed, the = correlations are longer
than the y correlations. With a correlation length defined, we can now assess the prospects of its
use for in indication of improper domain configuration.

We report the results of two physics parameter scans, one over the normalized temperature
gradient, and one over the ratio between the electron and ion temperatures, while varying the
perpendicular domain size. We use L, to control L, though the twist-and-shift boundary con-
dition, and the ratio between the resolution in each perpendicular direction N, and /N, remains

constant. For the temperature gradient scan, we execute simulations at temperature gradients
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a/Ly € {2.5,3.5,5.0,10.0} and box sizes L, € {8, 14w, 287,407, 567, 1127} p,. We use a
higher ratio of N, /L, for the cases with the smallest box sizes, as maintaining a consistent ra-
tio led to numerical instabilities. Each simulation uses a temperature ratio of 7,./7; = 1. Figure
5.20 reports the heat fluxes (); that result from this scan. Uncertainty in the heat flux is inversely
proportional with box size. Considering that the main target applications for large ensembles of
electrostatic ITG simulations are optimization, surrogate modeling development, and multiscale
transport solver iteration, the additional uncertainty in the heat flux at small box sizes may have a
tangible impact on performance, even in cases where the heat flux converges.

Figure 5.21 transforms the data in Figure 5.20 by using (5.17) to normalize the box sizes by
the correlation length calculated from each simulation. For the cyclone base case, the correlation
length tends to decrease with temperature gradient, which increases the effective box size. An
universal threshold for convergence in effective box size would be ideal, as the correlation function
is inexpensive to compute. Even after normalizing by correlation length, there is no apparent
universal threshold for box size, as increasing the temperature gradient increases the box size
required to achieve convergence. For a/ Ly < 5, the heat flux converges within error bars around an
effective box size of ten. However, larger domains are necessary for higher temperature gradients.

Figures 5.22 and 5.23 report heat fluxes for the parameter scan over the temperature ratio
T./T; and box sizes L, € {5, 107, 147, 287, 567, 1127 }. Each simulation has a fixed temperature
gradient of a/Lr = 2.5. The domain size that is necessary to converge to an accurate heat flux
appears to be independent of the temperature ratio, with L, = 287 being sufficient in all cases. An
effective box size of L, = 5., produces the correct heat flux.

Finally, we perform a temperature gradient scan for the o = 0 field line from the W7-X flux
surface in the right side of Figure 5.1. In addition to the benchmark value of a/Ly = 3.0, we
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Figure 5.20: Log-log plot of heat
fluxes for the cyclone base case for
a parameter scan in y box size and
temperature gradient. Uncertainty
in the heat flux is inversely propor-
tional with box size, despite heat
flux increasing with box size.
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Figure 5.21: Log-linear plot of heat
flux as a function of effective box
size for the same parameter scan
over temperature gradient as in Fig-
ure 5.20. For a/Ly < 5, the
heat flux appears to converge when
the effective box size is at least ten
times longer than /., the correla-
tion length in x.
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Figure 5.22: Log-log plot of heat
flux as a function of box size L, for
the cyclone base case at five values
of the ratio between the electron
and ion temperatures 7./7;. Al-
though the heat flux increases with
the temperature ratio, the perpen-
dicular domain size requirement
appears to be independent of the
temperature ratio.
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Figure 5.24: Log-log plot of heat
flux as a function of box size for a
parameter scan in temperature gra-
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cyclone base case, the W7-X simu-
lations converge to an accurate heat
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Figure 5.25: Log-linear plot of heat
flux compared to effective box size
for a scan over a/ Ly for the W7-
X flux tube. Somewhere between
four and five correlation lengths in
x seem to yield the converged heat
flux.
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estingly, a domain that is too small
leads to an overestimate of the heat
flux.

simulate a/ Ly = 3.5 and 5.0. Box sizes vary according to L,, € {57, 107, 207, 427} p;, where the
final value is the benchmark. Figures 5.24 and 5.25 show the relationship between perpendicular
box size and heat flux. Increasing the temperature gradient increases the effective box size for
L, = 107 and L, = 207, but for L, = 427, the effective box size is constant. Unlike the cyclone
base case, a domain that is too small to converge to the correct heat flux leads to an overestimate
of the heat flux. A proposed mechanism for that could be that the box may be too small to resolve
the zonal mode. While the zonal mode has k, = 0, it has a finite radial extent in x that may be
larger than 57p;. Though this could be investigated further, the main conclusion we draw from this
result is that the magnetic geometry impacts whether an improperly sized domain overestimates or

underestimates the heat flux.
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5.3 Resolution

In addition to ensuring that modes have adequate space to be represented, it is also important
to provide enough resolution to grant access to fine scales for dissipation. In broad generality,
spectra of turbulence can be divided into three groupings of scales, an energy-containing range,
an inertial range, and a dissipation range [Davidson, 2015]. As discussed in Chapter 4, recurrence
phenomena or numerical reflections can lead to pile-up in energy spectra. To mitigate this effect,
simulations typically introduce numerical dissipation, which augments the solution by adding an
extra energy sink in a range near the finest scales. This numerical dissipation is not a perfect solu-
tion in isolation, as the simulation domain must still resolve the hierarchy of scales present in the
inertial range of the turbulence in order to converge to the true solution. A possible problem that
could occur would be the direct injection of energy from the energy-containing scales to the dissi-
pation scales, bypassing the inertial range. While turbulence primarily involves local interactions
in position and velocity dual spaces, some nonlocal interactions occur through nonlinear terms in
the equations. In this chapter, we investigate the potential for turbulence spectra and a nonlinear
energy flux diagnostic to indicate whether simulations are adequately resolved.

To support this investigation, we perform a scan over the resolution /V,,, while maintaining
a fixed ratio with N,. We return to the cyclone base case with temperature gradient a/Ly = 2.5
and box size L, = 56w, which was a well-resolved case at N, = 64. We then vary the resolution
such that N, € {16,32, 64, 128,256}, which results in equal spacing on a logarithmic scale. For
the convergence study, we include additional simulations at N, = 24 and N, = 48 to add more
data before the threshold of convergence. Time traces of the heat fluxes of these simulations are

presented in Figure 5.26. Qualitatively, the only time trace that appears abnormal is from the
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N, = 16 simulation. The large peaks near t = 375a/v;; and ¢t = 500a/vy; may be indications
that it has not yet reached statistical steady state. In future work, we could explore this question
using the QUENDS Python package [Howard et al., 2025], a parallel effort to the work of this thesis
that aims to automatically quantify uncertainties in time series data. The other time traces appear
reasonable in the absence of context of other simulations at higher resolutions. The N, = 32
simulation underestimates the heat flux by more than fifty percent, but taken in isolation, the time
trace shows no indication that the simulation is under-resolved. This is a concrete example of the
value of a heuristic for under-resolution. We desire a means of identifying that the simulation is
under-resolved without the expense of generating a full ensemble like the one shown in Figure
5.26.

Next, we extend the analysis to include a resolution scan at a/Lr = 3.5 and a/Ly = 5.0,
in addition to the original a/Ly = 2.5. Figure 5.27 demonstrates that for the cyclone base case,
the lower temperature gradient simulations of a/ Ly = 2.5 and a/ Ly = 3.5 require less resolution
to produce the correct heat flux than the higher temperature simulations. For this box size, the
lower temperature gradient simulations converge by N, = 64, while a/Ly = 5.0 requires more
resolution. With clear cases of under-resolution easily identifiable in Figure 5.27, we can analyze

spectra and energy fluxes in search of clear signals of under-resolution.

5.3.1 Analysis of Heat Flux and Free Energy Spectra

To begin our analysis of the spectra, we first define the free energy of the system as

W, = Z/dxdydz\G&m\Q, (5.18)
‘m
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and recall the definition for the heat flux (5.16). Heat flux and free energy spectra can be obtained
by omitting the integral over y from (5.16) and (5.18), while retaining the native Fourier repre-
sentation for h and g. The justification for this stems from the famous Parseval’s theorem for the

Fourier transform [Stein and Shakarchi, 2003]:

> RF; = /dxf2(ac), (5.19)
k

where ﬁk is the Fourier transform of f(z), * denotes complex conjugation, and the integral is
over the one period of f(z). Therefore, omitting the integral over one periodic spatial coordinate
is equivalent to retaining its constituent Fourier components. We can thus consider the resulting
spectrum as the free energy contained in each scale of the remaining coordinate.

The spectra for the a/Ly = 2.5 simulations of the cyclone base case from Figure 5.26
are plotted in Figures 5.28 and 5.29 as functions of binormal wavenumber k,. The N, = 16
and N, = 32 spectra have visible markers of under-resolution, even in the absence of the other
simulations for this configuration of physics parameters. Neither of them form an inertial range.
For the N, = 16 case, the peak of the spectra is the highest wavenumber. In light of the other
simulations, we learn that this is the peak of the energy containing scales, but even without access
to those simulations, we can recognize that a simulation with that spectrum is invalid. Similarly,
the spectra for IV, = 32 are too flat to accurately represent ITG turbulence. A heuristic that
incorporates the slope of the energy spectrum on a logarithmic scale may be a worthwhile initial
filter. At minimum, the spectrum should not peak at the highest wavenumbers, and it should
also not increase in the dissipation range. More research is required to disentangle the numerical

hyperdiffusion parameter from the fine scale resolution, but that is beyond the scope of this project.
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Figure 5.26: Heat flux time traces
for five simulations of the cy-
clone base case at resolutions
Ny € {16,32,64,128,256}, all
with temperature gradient a/ Ly =
2.5.  The linear instability sat-
urates approximately 100 ¢(v;/a)
later for N, = 16 than in the high-
resolution N, = 256 simulation.
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Figure 5.27: Resolution conver-
gence study comparing heat flux to
resolution in y for three values of
the temperature gradient a/ L. For
a/Ly = 2.5 and 3.5, the heat flux
appears to converge by NV, = 64,
while more resolution is necessary
fora/Lr = 5.
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Figure 5.28: Heat flux spectra as
a function of k, for the five sim-
ulations of the cyclone base case
in Figure 5.26, plotted on a log-
log scale. As the low resolution of
N, = 16, an inertial range fails to
form. The N, = 128 and NV,, = 256
spectra strongly agree with each
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Figure 5.29: Log-log plot of the
free energy spectra for the resolu-
tion scan shown in Figures 5.26 and
5.28. Unlike the heat flux spectra,
the free energy spectrum saturates
at high k, in the N, = 256 case,
which may indicate that additional
dissipation may be necessary.

other, and the IV, = 64 spectrum
agrees at low k.

5.3.2 Nonlinear Energy Transfer Diagnostic

While spectra provide insights into the average energy content of different scales, assess-
ments of the energy fluxes between scales requires a different diagnostic. In this section, we apply
the methods of Teaca et al. [2017] to develop an energy flux diagnostic that we can use to study
the cyclone base case. In principle, this can be used to assess whether energy is flowing directly
from the injection scales to the dissipation scales.

In their paper, Teaca et al. [2017] studied Alfvénic turbulence in the electromagnetic gy-
rokinetic system in a triply periodic slab to model an astrophysical plasma. They acknowledge
that magnetic geometry, in particular shear, complicates the construction of scales. The additional

complication introduced by the z dependence of £, led them to focus on slab turbulence. In this
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chapter, we study a comparatively simpler physical system in a more complex geometry.
Modifying their definitions for our electrostatic system, we introduce the nonlinear energy

transfer function

T(k) = <%(<VE>R . Vh)h> , (5.20)

where 7' is the equilibrium ion temperature, F; is the background Maxwellian distribution, and h
is the non-adiabatic portion of the perturbed distribution function, and they define (...) as a phase
space average over the three spatial dimensions and two velocity dimensions. Negative values of
the transfer function indicate a net loss of energy at a given scale, and positive values represent a
gain of energy.

Next, we formalize the concept of perpendicular scales and their interactions. Because the
nonlinear term in the gyrokinetic system is quadratic, nonlinear interactions occur between triads
of modes [Teaca et al., 2017],

k+p+q=0, (5.21)

where each of these wave vectors represents a perpendicular scale. In this section, to spare notation
and to align with the original work, we write k£, as k. The characteristic length scale of wave-vector

k is the inverse of its norm, 1/k. Due to magnetic geometry,

k(z) = \/|vx|2kg + 2V - Vyk,k, + |Vy[2k2, (5.22)

where Vx and Vy are functions of z. Figure 5.30 illustrates how magnetic shear couples different
pairs of k, and k, wavenumbers together at different points along the field line. At the outboard

midplane with 6 = 0, the wavebands form concentric half-circular shells. At § = 7/2, the wave-
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Figure 5.30: Perpendicular waveband shells for the cyclone base case evaluated at

6 = 0 (left) and § = 7/2 (right). Magnetic shear couples different (k,, k,) pairs
together at different points along the field line.

bands tilt under the influence of magnetic shear.

Using the triangle inequality, one can show that if two scales k£ and p of comparable mag-
nitude interact with each other, the third scale g of the triad must be between zero and twice that
scale [Teaca et al., 2017]:

ka~p = 0<q<2k. (5.23)

This motivates their use of a decomposition into a series of wavebands, s,, = [k,,_1, k.| separated
by a progression of the form

ky = kA"t (5.24)

We choose A = 2 for a dyadic progression. We lose some fine-scale details in the transfer function
this way, but the computational cost of the calculation decreases.
We are interested in calculating the energy flux from waveband P to waveband K, which is

defined as

P(K|P) = < a

This requires the following steps:
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1. Use the quasineutrality condition to calculate the electrostatic potential ®.
2. Calculate the E x B velocity.
3. Filter h with waveband masks to calculate 2”1 and hl5],

4. Average over phase space (5.25).

The waveband masks can be precomputed during initialization. The current implementation of
this algorithm is a post-processing script in Python. Because this diagnostic requires the full dis-
tribution function, we added a feature to GX to store the distribution function to disk at a specified
cadence.

The results of applying our implementation of the energy transfer diagnostic to our five
cyclone base case simulations from Figure 5.26 are displayed in Figures 5.31 — 5.35. Every
square in each image represents a pair of wavebands P and K. None of the figures show evidence
of significant energy flows from large scales to small scales. Figure 5.31 highlights the peak
of the transfer function at the two highest wavebands, which should not occur in well-resolved
simulations. The highest resolution simulations in Figures 5.34 and 5.35 show the development
of an inertial range, where the majority of the waveband pairs above the diagonal share the same
negative sign, indicating that energy is flowing from large scales to small scales. The reversal in
sign at the final pairs for N, € {16,32,64} may be evidence of reflections at the boundary that
cause the exponent of their corresponding free energy spectra in Figure 5.29 to be higher than in
the higher resolution cases. Additional study is necessary to form firm conclusions about these
data. As a first pass, a heuristic that analyzes the spectra may be a valuable feature to prioritize,
and the more expensive and more detailed nonlinear energy flux diagnostic could be used at a later
date.
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Mean NL Flux P(K|P), N=16

Figure 5.31: Nonlinear energy
transfer function P(K|P) for the
N, = 16 simulation of the cyclone
base case with a/Lp 2.5 and
wavebands spaced by the dyadic
progression k,, 1 = 2k,.
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Figure 5.33: Nonlinear energy
transfer function P(K|P) for the
N, = 64 simulation of the cyclone
base case with a/ Ly = 2.5.
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Mean NL Flux P(K|P), N=32

Figure 5.32: Nonlinear energy
transfer function P(K|P) for the
N, = 32 simulation of the cyclone
base case with a/ Ly = 2.5.
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Figure 5.34: Nonlinear energy
transfer function P(K|P) for the
N, = 128 simulation of the cy-
clone base case with a/Lr = 2.5.
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Figure 5.35: Nonlinear energy transfer function P (K| P) for the N, = 256 simulation
of the cyclone base case with a/Ly = 2.5.

The nonlinear energy transfer spectra that Teaca et al. [2017] developed for electromag-
netic Alfvén turbulence formed a prominent direct energy cascade across almost all of the domain.
Moreover, the bottom left region of the plots were well-populated, which corresponded to signif-
icant local transfers of energy between the largest resolved scales in the system. In contrast, for
all resolutions of these electrostatic simulations of the cyclone base case with adiabatic electrons
plotted in Figures 5.31—5.35, the largest scales do not show any contribution to the nonlinear en-
ergy transfer function. This discrepancy could be a result of differences in the wavenumber band
construction. Teaca et al. [2017] used a fine structure for their wavenumber bands, with \ = 21/3,
We used less expensive, coarser set of wavenumber bands, with A = 2. This choice was motivated
by a desire to ensure that all wavenumber bands contained at least one (k,, k,) pair. At low reso-
lutions (N, = 16), the fine A = 21/3 spacing between bands used by Teaca et al. [2017] results in
gaps in the transfer spectrum.

Differences between electromagnetic solar wind turbulence and electrostatic, zonal-flow
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driven tokamak turbulence could also contribute to the differences between the transfer functions
we calculate and those in the original study. As previously discussed, the cyclone base case has
magnetic shear that tilts the wavenumber bands at points where § > 0. Simulations with kinetic
electrons provide another channel for possible energy dissipation, as the system gains access to
electron scales that are not present in ITG simulations with adiabatic electrons. These physics
differences may contribute to the discrepancies between our work and the results of Teaca et al.
[2017].

A similar analysis of the advection of free energy via the quadratic nonlinear term has been
studied for the cyclone base case [Bafién Navarro et al., 2011]. In their analysis, Bafion Navarro
et al. [2011] demonstrate that this system has a preeminent direct cascade of free energy due to a
dominant entropy cascade. However, the electrostatic potential portion of the free energy exhibits
nonlocal energy transfers. Importantly, they show that dissipation terms are significant at all & ,
which diverges from the classic picture of dissipation as only a small-scale phenomenon. One
possible extension of the work in this chapter would be to verify the results against the exact system
studied by Bafion Navarro et al. [2011]. This would require the implementation of a separate
entropy and electrostatic energy transfer diagnostic. A dissipation diagnostic that calculates the
total energy dissipated at each perpendicular wavenumber scale would also be necessary. We
would also use their novel variable wavenumber band scaling, which uses coarse bands at small

wavenumbers and finer bands at large wavenumbers.
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Chapter 6: Summary and Discussion

As the fusion industry approaches the inflection point where it prepares to conduct reactor
design studies, gyrokinetic simulations are increasingly valuable tools for predictive modeling
of turbulent heat transport. An important objective is to accelerate these simulations to achieve
accurate results in less time, without compromising the physics fidelity of the models. The projects
presented in this thesis represent initial steps toward that goal.

In Chapter 2, we presented a first-principles derivation of the electrostatic gyrokinetic system
and the 1-D Vlasov-Poisson system. Though the Vlasov-Poisson system is a simplified model, its
quadratic nonlinear term permits it to exhibit nonlinear dynamics that challenges closure models.
This feature, along with linear phase mixing, made it a suitable test problem for the electrostatic
gyrokinetic system.

In Chapter 3, we introduced our implementation of an Eulerian pseudo-spectral method to
solve the electrostatic gyrokinetic and Vlasov-Poisson systems. We discussed the efficiency ad-
vantages of pseudo-spectral methods relative to finite difference and other finite element methods.
We also derived the projection of the electrostatic gyrokinetic system onto the Fourier-Laguerre-
Hermite basis used in the GX code. We concluded by projecting the Vlasov-Poisson system on a
Fourier-Hermite basis. After applying the appropriate normalizations, both systems share the same
time derivative and parallel streaming terms.

Chapter 4 introduced a machine learning closure for parallel velocity in the Vlasov-Poisson
system, implemented using a Fourier-Hermite basis. We developed a Python code to solve these
equations in three scenarios: a driven-dissipative linear system, a low-amplitude initial-value prob-

lem, and a high-amplitude, nonlinear initial-value problem. The ML closure model successfully
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reduced velocity-space resolution requirements in all cases, while maintaining accurate and stable
evolution of the system.

The eventual goal of this work is to apply the ML closure method to the gyrokinetic system.
A step toward that goal would be to implement a transfer learning scheme to demonstrate that
the ML closure generalizes to problems outside its training set. While an advantage of reservoir
computing is that training is inexpensive relative to other recurrent neural network frameworks,
minimizing computational costs at fixed accuracy remains of paramount importance. A possible
path toward transfer learning for this test problem could be to train the network on an ensemble of
simulations with a variety of initial conditions.

Once transfer learning has been demonstrated, the next step would be to develop an efficient
closure for configuration space. Typical simulations of gyrokinetic turbulence in fusion plasmas
require at least an order of magnitude more resolution in configuration space than in velocity
space. Extending the closure to Fourier space is a more challenging endeavor than developing
the velocity-space closure, as the nonlinear term couples all wavenumbers to each other. A naive
implementation could be to approximate the small spatial scales with an ML prediction of a sin-
gle wavenumber. A more sophisticated approach could be to use a more comprehensive training
process that directly incorporates the free energy spectrum as a guide for training.

After implementing these improvements to the method, the final step would be to apply the
method to the gyrokinetic system. The methodology for using transfer learning on the Fourier-
Hermite representation of the Vlasov-Poisson system would follow a similar form for the higher-
dimensional gyrokinetic system. Achieving a robust, generalized ML closure for the gyrokinetic
system may be more difficult due to the greater number of physics parameters in gyrokinetics.

In Chapter 5, we implemented correlation functions, heat flux and energy spectra, and non-
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linear energy transfer diagnostics to study electrostatic gyrokinetic turbulence. We used GX to
perform parameter scans over the temperature gradient and temperature ratio parameters for a
tokamak and a stellarator case. In tandem, we varied the domain extent and resolution in the per-
pendicular plane in search of a simple heuristic that could be used to determine whether simulations
require a larger domain or finer grid to produce an accurate heat flux. Though we did not find a
universal threshold for either correlation lengths or resolution, the data exhibited thresholds for
each case. The more sophisticated nonlinear energy transfer diagnostic did not show clear trends
at low resolution, but the high-resolution cases showed intuitive indications of an inertial range.
In future work, these diagnostics can be directly integrated into GX during runtime to evaluate on-
going simulations. For some cases, heat flux and free energy spectra showed clear signs of poor
resolution, and which coincided with inaccurate heat fluxes. A preliminary version of a resolution
evaluation tool could be developed to monitor these spectra for signs of under-resolution.

There are an abundance of avenues for continued effort toward achieving automatic conver-
gence testing. Though the ITG simulations we performed for W7-X stellarator showed minimal
correlation lengths along the magnetic field line, we expect that there is a relevant minimum length
requirement for the flux tubes. To test our field period symmetry explanation for the short parallel
correlation lengths in the W7-X case, we could repeat the analysis for a magnetic equilibrium for
a different stellarator with a lower number of field periods. We predict that this would result in
longer parallel correlation lengths than the W-7X case.

Additional simulations are needed to develop a comprehensive threshold for insufficient per-
pendicular domain size. The W7-X benchmark required a larger perpendicular box at high temper-
ature gradients than the cyclone base case required. Calculating perpendicular correlation lengths

for ITG simulations of a broader range of magnetic geometries may yield insights into the prospects
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of using correlation lengths as a reduced metric for proper domain specification. Similarly, other
physics parameters should be scanned. Staying within the locus of ITG simulations with adiabatic
electrons, we could vary the density gradient, rotational transform, magnetic shear, and the ratio of
L, /L, to investigate their impacts on the link between correlation lengths and accurate heat fluxes.
Using correlation lengths as criteria for proper perpendicular domain configuration would be ideal,
as comparing scalars is more straightforward than comparing arrays like spectra.

A potentially interesting avenue to explore for the automatic resolution convergence portion
of this work would be to directly use the turbulent heat flux and free energy spectra to diagnose
convergence. In principle, one could leverage contemporary advances in computer vision and ar-
tificial intelligence and cast this task as an image classification problem. Given several spectra,
a successful algorithm would classify a simulation as well-resolved or poorly resolved. Training
could involve the creation of a dataset of ITG simulations that span a representative range of pa-
rameters and geometries, each performed at multiple resolutions. While building the dataset of
simulations would be expensive, the process could be the result of the passive, gradual accumu-
lation of simulations that originally were used for other studies. If this approach to solving the
problem seems too cumbersome or costly, another method would be to establish a simpler heuris-
tic. We could implement automatic checks for pileup in either the heat flux or free energy spectra.
Hermite and Laguerre spectra could also be used to check velocity space convergence, similar to
our approach in Chapter 4 for the ML closure study.

Finally, the nonlinear energy transfer diagnostic could yield supplemental information that
spectra cannot capture alone. The immediate objective would be to benchmark the method against
the published work of Bafnén Navarro et al. [2011] for the cyclone base case. Then, we could

implement a coarser diagnostic that could identify whether energy is passed from injection scales
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directly to dissipation scales. This would require us to create a diagnostic that measures the total
dissipation from a band of wavenumbers. The free energy spectra are already a diagnostic that
measures the energy content of each scale, so they could be used to define the energy containing
scales. Once this reduced form of the nonlinear energy transfer diagnostic is implemented, the next

step would be to perform another parameter scan to assess its predictive power.
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Appendix A:  Appendix to ML Closure Study

A.1 Hermite Resolution Convergence

In Section 4.3.3, we demonstrated that reservoir computing can be used to construct an
ML closure that reduces number of moments required to capture the low-order spectrum of the
strongly nonlinear regime of the Vlasov-Poisson system by a factor of sixteen. In Figure A.1, we
present the convergence study that we used to determine the high-resolution (M = 65) baseline
for that case. The low-order moments represent important physical quantities, including density,
momentum, and energy. Therefore, accurately resolving those moments is a higher priority than
resolving the fine-scale structure in velocity-space that the high-order moments capture. In Figure
A.1, the lowest Hermite resolution that captures the m = 0 and m = 1 density and momentum
moments within a factor of 2 is M = 65, so that resolution was selected as the baseline case.
Figure A.2 shows a root-mean-square error (RMSE) metric for the low-order Hermite spectra at
different Hermite resolutions, where we take the M = 513 spectrum as ground truth. Inaccuracy
in the density and momentum moments leads to increased RMSE for the M/ = 17 and M = 33

cases, and subsequent errors converge exponentially, beginning with M = 65.

A.2 Time Evolution of Low-Order Moments

Sections 4.3.2 and 4.3.3 demonstrate that the ML closure can capture spectra of the Vlasov-

Poisson system and that the time evolution of the density moment is accurate. Figures A.3 — A.6
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Figure A.1: Convergence study of Figure A.2: Root-mean-square er-
the Hermite spectra for the strongly ror in the low-order (m € [0, 1, 2, 3])
nonlinear initial-value problem from Hermite spectra at the resolutions
Section 4.3.3. We solve (3.94) - plotted in Figure A.1, as compared
(3.97) without the ML closure at in- to the M = 513 case. The M = 17
creasing levels of resolution in ve- and M = 33 cases have similar
locity space. We selected M = errors, and exponential convergence
65 moments for the high-resolution occurs afterward.

baseline case in Section 4.3.3, as
that case is the first to show conver-
gence in the density and momentum
moments.
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€ m DNS damping rate (w,.) ML closure damping rate (w,.)
0.001 1 —6.581 x 1072 —6.911 x 1072
0.001 2 —6.581 x 1072 —6.911 x 1072
0.18 1 —5.476 x 1073 —7.572 x 1073
0.18 2 —8.732 x 1073 —7.518 x 1073

Table A.1: Damping rates calculated from the initial-value simulations in Figures
A.3 — A.6. Here, € is the amplitude of the initial cosine density perturbation, and m
is the Hermite moment number. Damping rates were calculated by solving a linear
regression problem for the natural logarithm of the local maxima in each time series.

depict time traces of the m = 1 and m = 2 moments for the cases in those sections. The ML
closure resolves the frequencies of the oscillations well. It also successfully captures the amplitude
peaks soon after training ends, but it fails to match many of the minima. At long times after
training, the amplitudes resulting from the ML closure begin to deviate slightly from the DNS
amplitudes. In the weakly nonlinear regime presented in Figures A.3 and A.4, the ML closure
leads to a slightly lower amplitude at the end of the simulation for both the m = 1 and m = 2
moments. In the strongly nonlinear regime in Figure A.5, the ML closure trends toward a lower
amplitude for m = 1 than in the DNS baseline. However, for m = 2 in that regime, Figure A.6
shows that ML closure trends toward a slightly higher amplitude than the DNS. To quantitatively
analyze this behavior, we report damping rates for the DNS and ML closure in table A.1 . Damping
rates were calculated by first extracting the local maxima from each time trace and then solving a
linear regression problem for the natural logarithm of those maxima. An interesting observation
is that the m = 1 and m = 2 results are identical for the low-amplitude case. In contrast, in the
high-amplitude case, the DNS has a faster damping rate for m = 2 than for m = 1. In the strongly
nonlinear regime, the ML closure yields similar damping rates for m = 1 and m = 2, but they

diverge from the DNS damping rates.
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Figure A.3: Time trace of the m =
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Figure A.5: Time trace of the m =
1 moment for the high-amplitude
initial-value case in Section 4.3.3.
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Figure A.6: Time trace of the m =
2 moment for the high-amplitude
initial-value case in Section 4.3.3.
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