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We present new algorithms related to both theoretical and practical questions in
the area of elliptic curves and class field theory. The dissertation has two main parts, as
described below.

Let O be an imaginary quadratic order of discriminant D < 0, and let K =
Q(\/ﬁ) The class polynomial Hp of O is the polynomial whose roots are precisely
the j-invariants of elliptic curves with complex multiplication by . Computing this
polynomial is useful in constructing elliptic curves suitable for cryptography, as well as
in the context of explicit class field theory. In the first part of the dissertation, we present
an algorithm to compute Hp p-adically where p is a prime inert in K and not dividing D.
This involves computing the canonical lift E ofa pair (E, f) where F is a supersingular
elliptic curve and f is an embedding of O into the endomorphism ring of E. We also
present an algorithm to compute Hp modulo p for p inert which is used in the Chinese
remainder theorem algorithm to compute H p.

For an elliptic curve E over any field K, the Weil pairing e,, is a bilinear map on the

points of order n of £/. The Weil pairing is a useful tool in both the theory of elliptic curves



and the application of elliptic curves to cryptography. However, for K of characteristic
p, the classical Weil pairing on the points of order p is trivial. In the second part of the
dissertation, we consider £ over the dual numbers K [e] and define a non-degenerate “Weil
pairing on p-torsion.” We show that this pairing satisfies many of the same properties of
the classical pairing. Moreover, we show that it directly relates to recent attacks on the
discrete logarithm problem on the p-torsion subgroup of an elliptic curve over the finite
field IF,. We also present a new attack on the discrete logarithm problem on anomalous

curves using a lift of E over F|e].
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Chapter 1

Introduction

In this dissertation, we present new algorithms related to both theoretical and prac-
tical questions in the area of elliptic curves and class field theory. The dissertation has
two main parts. In the first part, we present an algorithm to compute the class polynomial
of an imaginary quadratic order using the canonical lift of a supersingular elliptic curve.
In the second part, we define a Weil pairing on the p-torsion of an ordinary elliptic curve

over the dual numbers of the field K. We give a brief overview of each part in this section.

Computing class polynomials using the canonical lift of a supersingular elliptic curve

Let O be an imaginary quadratic order of discriminant D < 0, and let K = Q(\/ﬁ)
denote the corresponding imaginary quadratic field. Let p be a prime inert in K with p
not dividing D. In this case, we say p is inert with respect to D. In Chapter 2, we present
an algorithm to compute the canonical lift E of a pair (E, f) where F is a supersingu-
lar elliptic curve over Fp and f is an embedding of O into the endomorphism ring of
E. The curve E is a curve over @p reducing to £ such that the induced embedding of
endomorphism rings is precisely the embedding f.

In particular, the curve E has complex multiplication by O and therefore its j-

invariant is a root of the class polynomial of O, denoted Hp(X). The polynomial Hp(X)



is a minimal polynomial of the extension Hp/K, where Hp is the ring class field of
O. Thus computing the polynomial H(X) is of interest for explicit class field theory.
Moreover, computing Hp(X) is useful in constructing elliptic curves suitable for crypto-
graphic purposes. In Chapter 2, we present an algorithm to compute Hp(X) p-adically
using the canonical lift of (£, f) where p is inert with respect to D. We also present an
algorithm to compute Hp(X') modulo p for p inert which is used in the Chinese remain-

der theorem approach to computing Hp(X).

A Weil pairing on the p-torsion of an ordinary elliptic curve over the dual numbers

Let K be any field. The Weil pairing is a bilinear map e,, on the points of order n
of an elliptic curve E over a field K. The Weil pairing is a useful tool in both the theory
of elliptic curves and in the application of elliptic curves to cryptography. In particular,
for n not divisible by the characteristic of K, the Weil pairing e,, can be used to reduce
the discrete logarithm problem on elliptic curves to that in the multiplicative subgroup of
a finite field.

For K of characteristic p, the classical Weil pairing on the points of order p is trivial.
In Chapter 3, we consider E over the ring of dual numbers K [¢] ~ K|[z]/(z?*). We define
a non-degenerate “Weil pairing on p-torsion” on E over Ke| and prove that this shares
many of the same properties of the classical pairing. Moreover, we show that it directly
relates to recent attacks on the discrete logarithm problem on the p-torsion subgroup of
an elliptic curve over [F,. We also present a new attack on the discrete logarithm problem
on anomalous curves using a lift of £ over F,[e].

2



Chapter 2
Computing class polynomials using the canonical lift of a supersingular
elliptic curve

2.1 Introduction

Let O be an imaginary quadratic order of discriminant D < 0, and let K = Q(\/ﬁ)
denote the corresponding imaginary quadratic field. Let F be an elliptic curve over C,
and let End¢(F) denote the ring of endomorphisms of £ defined over C. The curve E
has complex multiplication by O if End¢(E) ~ O. It is a result of class field theory that
E is isomorphic to a curve defined over Hp, the ring class field of O. The ring class
field Hp is an algebraic extension of K with Galois group isomorphic to the ideal class
group C1(O) via the Artin map. The class polynomial of O is the polynomial whose roots
are precisely the j-invariants of all isomorphism classes of curves over C with complex
multiplication by O. This polynomial, denoted Hp(X ), is a minimal polynomial of the
extension Hp /K. In the case of O equal to Ok, the ring of integers of K, this is known
as the Hilbert class polynomial of K. Algorithms to compute the polynomial H are of
interest for explicit class field theory as well as for constructing elliptic curves used in
cryptography [8, Sec. 18.1].

In this chapter, we present a new algorithm to compute Hp(X) using a p-adic lifting

technique where p is a prime inert in K with p not dividing D. In this case we say p is



inert with respect to D. The algorithm is based on computing the canonical lift of an
elliptic curve over Fp together with its endomorphism ring, as proposed in [10]. We
first give an overview of the known methods to compute the class polynomial Hp(X)
followed by a brief explanation of the p-adic approach for p inert with respect to D.

The j-invariants of curves with complex multiplication by O are algebraic integers
and therefore the polynomial Hp(X) has integer coefficients [45, Thm. 10.9]. The clas-
sical method to compute Hp is to compute each root j; in the field C to high enough
accuracy so that in expanding the product H?L?)(X — Jji) we can recognize the coeffi-
cients as actual integers. There are good bounds on the size of the coefficients of Hp(X)
which are based on the correspondence of binary quadratic forms of discriminant DD with
ideals of O. Let (a, b, ¢) denote the form ax? + bxry + cy?, and let ) be a set of primitive
reduced binary quadratic forms (a, b, ¢) of discriminant D representing the class group
Cl(O). From [17, Sec. 6], we have the following bound on the number of decimal digits
of the largest coefficient of Hp:

C =248h(D) +m\/[D] Y ai 2.1)
(aibirci)eQ

Each root j; is computed as the value of the modular function j(z) for z = 4’#@ The
drawback of this method is that in expanding [[,(X — j;), we potentially lose accuracy
at each multiplication due to round-off error. While this does not appear to be a problem
in practice, there are not rigorously proven good estimates for the amount of accuracy of

the roots j; needed to offset the round-off error. For discussion of this issue, see [17].
To circumvent the problem of round-off error, Couveignes and Henocq in 2002

proposed computing the roots j; in a p-adic setting [10]. The advantage of working



with the p-adics is that there is no round-off error when multiplying or adding p-adic
integers. Therefore, knowing the roots j; to a certain p-adic accuracy means that we know
the coefficients of the polynomial J],(X — j;) to that same p-adic accuracy. Using the
bound (2.1), we can then recognize the coefficients of the expanded product as integers.
A main difference in the p-adic approach is that a single root j of Hp(X) is computed
to sufficient p-adic accuracy using a lifting technique, and then the remaining roots of
Hp(X) are computed to that same accuracy using the Galois action of the class group
C1(O) on the set of roots.

To compute the root j, we compute the canonical lift of a pair (E, f), where E
is an elliptic curve in characteristic p and f : O — End(FE) is an embedding. The
canonical lift is the curve E defined over Hp and unique up to isomorphism such that
E = E mod p for p a prime above p, and such that induced embedding of endomorphism
rings End(E) — End(E) is precisely f.

In the case of a prime p that splits principally in K with p not dividing D, the curve
FE is ordinary. This implies that the endomorphism rings of £ and its canonical lift E are
isomorphic, and f is an isomorphism. There is thus a one-to-one correspondence between
curves E over Q, with End(E) ~ O and ordinary curves E over F, with End(E) ~ O.
The main idea of [10] is to first compute the induced action of C'/(O) on the set of curves
E with endomorphism ring isomorphic to @. This action lifts uniquely to an action on
the curves over @p and can be used to define a p-adic analytic map. Then using a variant
of Newton’s method, we can compute an approximation to the canonical lift of £. The j-
invariant of this curve is an approximation to a root of Hp(X). Computing the canonical

lift in this case has been developed into an explicit algorithm [5]. As the lower bound

5



on the smallest prime splitting principally is | D|/4, there is motivation for working with
primes which are inert with respect to . Under the Generalized Riemann Hypothesis
(GRH), the upper bound on the smallest such prime is O((log | D|)?), thus an algorithm
to compute Hp(X) based on computing the canonical lift for p inert is potentially faster.

In the case of p inert with respect to D, there are two main differences which arise
when defining and computing the canonical lift. The first is that the curve E is super-
singular and thus f is not an isomorphism. The correspondence between curves over @p
with End(E) ~ O and supersingular curves over F, with End(E) containing O is not
one-to-one but depends instead on how the order O embeds into End(E). Therefore,
we must compute the induced action of CI(O) on the set of pairs (E, f) where E is a
supersingular curve and f is an embedding O — End(F). We address this by using the
connection between supersingular elliptic curves over Fp and the quaternion algebra A,
ramified at p and co. The second difference is that the curve £ may have j-invariant 0 or
1728 if p # 1 mod 12. Curves with these j-invariants have extra automorphisms which
make computing the canonical lift more delicate. We address this by working with the
Legendre form of an elliptic curve which accounts for the extra automorphisms of the
curves. We are then able to explicitly compute the canonical lift of (£, f) for any p > 3.
(For the case of p = 2 inert in K and D a fundamental discriminant, see [33].)

In Section 2.2, we describe the theory of supersingular elliptic curves over Fp and
maximal orders of A, .. In Section 2.3, we define the canonical lift of a pair (E 1)
where F is a supersingular elliptic curve and f is an optimal embedding of O into A, .,
and define an action of the class group C(QO) on the set of such pairs. In Section 2.4,

we present an algorithm to compute the canonical lift of (E, f) for p = 1 mod 12. We

6



also use the action of C1(O) to give an algorithm to compute Hp(X) modulo p for p
inert with respect to [D. This algorithm is used in the recently proposed “multi-prime”
algorithm for class polynomials which computes Hp(X) mod p for many small primes p
and then recovers Hp using the Chinese Remainder theorem [2].

In Section 2.5, we introduce the Legendre form L of an elliptic curve to address
the case of p Z 1 mod 12. In Sections 2.6 and 2.7, we discuss the modular function \
of level 2 and use it to define an action of a generalized class group of K on the set of
curves in Legendre form with complex multiplication by O. In Section 2.8, we present
the algorithm to compute the canonical lift of (L, f) for p # 1 mod 12 using a p-adic
analytic map p,. Finally, in Section 2.9, we give a p-adic lifting algorithm to compute the
polynomial Hp(X) for p inert with respect to D.

For completeness, we mention another known method to compute Hp(X) as dis-
cussed in [11, Section 13]. Let m be a positive integer such that O has a primitive element
of norm m. The polynomial Hp(X) is an irreducible factor of the modular polynomial
dm (X, X). As there are algorithms for computing ¢,,(X,Y") and for factoring polyno-
mials, in theory this gives another way to compute Hp(X). However, the size of the
coefficients of modular polynomials is exponential in m. As the smallest m such that O
has a primitive element of norm m is roughly the size of D, this approach to computing

Hp is not feasible in practice.



2.2 Supersingular curves and quaternion algebras over QQ

2.2.1 Brief introduction to quaternion algebras over QQ

A quaternion algebra over Q is a central, simple (Q-algebra of dimension four. By
simple, we mean that the algebra has no non-trivial two-sided ideals. The results in the
next three sections can be found in [42, Chap. I - III] unless otherwise noted. Let A be

a quaternion algebra over Q. The following proposition gives a concrete characterization

of A.

Proposition 2.2.1 The following are equivalent:
1. Ais a central, simple Q-algebra of dimension four.

2. A= L+ LB where L is a separable 2-dimensional Q-algebra, 3*> = b for b € Q*
and Ba = apf for all o € L, where & denotes the non-trivial automorphism of L.

This is denoted (%)

3. A= Q|a, 8] where o* = a, 3* = b for a,b € Q* and a8 = —f«. This is denoted

(%)-

<o

Consider the algebra 4 defined by A = L+ L3 where L is a separable 2-dimensional
Q-algebra, 3 is an element of A with 3% = b and 3a = a3 forall o« € L, where & denotes
the non-trivial automorphism of L. The algebra A has an involution or conjugation which
comes from extending the non-trivial automorphism of L to A by defining 3 = — 3. The

reduced trace and norm of A are defined as

tr(y) =~v+73, n(y) =77
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For A = (%’), we let L = Q(«) and write A = (%) Then for v = x+ya+z8+wa €
A, we have

tr(y) =2z, n(y) = x? — ay2 — b2 + abw?.

Thus tr(y),n(y) € Q, and every element of A is a root of a characteristic polynomial in
Q[X]:

X2 —t(1)X +n(y).

A division algebra or skew field is an algebra such that all non-zero elements have
inverses. It is a classic result that a quaternion algebra A over Q is either isomorphic
to M(2,Q), the algebra of two-by-two matrices over Q, or to a division algebra. The
following proposition gives a necessary and sufficient condition for .4 to be a division

algebra.

Proposition 2.2.2 [42, Cor. 2.4] The quaternion algebra A = (L—b) is a division algebra

if and only if L is a field and b ¢ n(L).

A quaternion algebra A is ramified at the prime p if A ®q Q,, is a division algebra
and ramified at oo if A ®g R is a division algebra. Let A, ., denote a quaternion algebra
which is ramified at precisely these two places. For all primes ¢ # p, A, - ®g Q; ~
M (2,Qy), the algebra of two-by-two matrices over ;. There is a unique such algebra up
to isomorphism and we define A, , to be the quaternion algebra A, ., over Q ramified
at p and co. An explicit characterization of A, » as (%2) for a,b € Q is found in [42,

Exercise I11.5.2].



2.2.2  Supersingular elliptic curves and the quaternion algebra A,

In this section, we make explicit the connection between supersingular elliptic
curves and the maximal orders of A, .. Let A be a quaternion algebra over Q. The
set of integers of A consists of all elements v € A such that tr(v), n(y) are integers. Un-
like the case of a number field, the set of integers is not necessarily a ring, and therefore it
does not make sense to consider the maximal order of A. A ring of integers of A is a set
of integers of A which forms a ring under the operations of addition and multiplication.
We define an order R of A to be a ring of integers of .4 containing Z with R ®7 Q = A.
A maximal order is an order not properly contained in any other order.

Given an order R, we call J a left ideal of the order R if J is a left ideal of the
ring R, that is, RJ C J, and if J is a finitely-generated Z-module contained in .A with
J ®7 Q = A. The ideal J is integral if J C R. Similarly, we call J a right ideal of R
if JR C J. Given an ideal J of any order, the left order of J is the order containing all
elements = € A such that x.J C J. This is denoted R,;(J). Similarly, we let R,.(.J) denote
the right order of J. Any order R is its own left and right order.

The norm n(J) of the ideal J is the positive generator of the subgroup generated
by the image of the norm map n : J — Z. In other words, n(.J) is the greatest common
divisor of the set {n(v)|y € J}. The inverse of an ideal is the set /™' = {y € A: JyJ C

J}. For ideals I, J, we have the following properties:

JJV = Ry(J) = R.(J)
TV = R(J7Y) = R,(J)

10



Let I, J be left ideals of R. If I = Jx for some = € A, we say [ and J are right-
isomorphic as left R-modules. The left ideal classes of R are the right-isomorphism
classes of ideals [J;] such that R = R;(.J;). We have the analogous definition for right
ideal classes, and the map .J — J~! gives a bijection between left and right ideal classes
of R.

Let R be a maximal order of A and {J;} a set of left ideal class representatives.
The number of classes is the same for any maximal order of .4, and therefore we define
the class number h 4 of A as the number of left ideal classes of R.

Two orders R and R’ are of the same type if they are conjugate by an element of
A, that is, if there exists h € A such that hRh™' = R'. The type number t 4 of A is the
number of conjugacy classes of maximal orders. It is a fact that every conjugacy class of

maximal orders of A appears in the set { R,.(J;)} at least once, and so t 4 < h 4.

We now give the connection between supersingular elliptic curves and maximal or-
ders of A, .. A supersingular curve E is an elliptic curve over Fp such that the subgroup
of p-torsion points of £ over Fp is trivial. We begin by giving a characterization of the

supersingular curves over [, and their automorphism groups.

Proposition 2.2.3 Every supersingular elliptic curve over Fp is isomorphic to a curve
defined over F,2. For p # 2,3 and j(E) # 0,1728, the automorphism group Aut(E) of
Eis £1d. For j(FE) = 0,1728 and p # 2, 3, the group Aut(FE) is cyclic of order 6 and 4,
respectively. For p = 2,3, the curve with j = 0 is supersingular and Aut(FE) is cyclic of

order 24 and 12, respectively.

11



A curve with j = 0 is supersingular if and only if p Z 1 mod 3. A curve with

j = 1728 is supersingular if and only if p £ 1 mod 4.

Proof: The first fact follows from the definition of a supersingular curve. As F has
no p-torsion points, the endomorphism [p] of E is inseparable of degree p?, and thus is
the map 7r§, where 7, is the the Frobenius map (z,y) — (2%, y?). Therefore 7r§ fixes the
coefficients of the Weierstrass equation of E and j(£) as well. Thus j(E) is in Fj2. A
proof of the statements concerning Aut(F) is found in [38, Appendix A].

Let £ be a curve in characteristic zero with j = 0, respectively 1728, which is
defined over Q and has good reduction modulo p. The curve E has complex multiplication
by the ring of integers of K = Q(v/—3), respectively Q(y/—1), and reduces modulo p to
a curve E,/F,. This curve is supersingular if and only if p does not split in K [26, Thm.
13.4.12]. Thus, the curve £, with j = 0 is supersingular if and only if p does not split in
the field K which is true if and only if p # 1 mod 3. Similarly, a curve with j = 1728 is
supersingular if and only if p does not split in K = Q(y/—1)) which is true if and only if

p#Z 1 mod 4. O

Theorem 2.2.4 [14, 2.1-2.4,10.]

1. The number of isomorphism classes of supersingular elliptic curves over F2 is

equal to the class number h,, of A, .

2. The number of Gal(F 2 /F,)-conjugacy classes of j-invariants of supersingular el-

liptic curves over 2 is equal to the type number t, of A, .

3. Let R be any maximal order of A, « and let {J;} be a set of left ideal class represen-

12



tatives for R. There is a one-to-one correspondence between the set of isomorphism

classes [E;] of supersingular elliptic curves over IF,2 and the set of maximal orders

{R,(J;)} such that End(E;) ~ R.(J;).

If F is defined over [F,, there exists a unique J; such that End(E;) ~ R,(J;) and
the correspondence of part 3 is well-defined. However, for curves over F,. that are not
defined over [F,,, the correspondence is only determined up to conjugation. For any pair
of Galois conjugates £ and EP, we have End(E) ~ End(EP) via the Frobenius map 7,.
Thus, there exist two classes [J;] and [J] with End(E) ~ R,.(J;) ~ R,(Jx), and there
is no canonical choice of maximal order R, (.J;) with respect to . We have only that the
pair (F, E?) corresponds to the pair (.J;, J;). However, if we fix a set of representatives
Ji, we can uniquely establish the correspondence of part 3, as we now explain.

Let E be a supersingular curve with a fixed isomorphism i : R — End(E). For J

a left ideal of R, we define E/[.J] as the subgroup

This subgroup determines an isogeny ¢, : F — E’ = E/E[J], unique up to isomor-

phism.

Remark 2.2.1

Though the curve £’ = E/FE[J] is only defined up to isomorphism over F, there is a
canonical choice of E’. An isogeny ¢ is called normalized if p*w' = w where w and
w’ are the invariant differentials of £ and E’ respectively. The normalized isogeny with

kernel E[J] is unique up to automorphisms of £’. In the remainder of this chapter, we use
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the notation F'/FE[J] to denote the unique curve E’ such that the isogeny £ — E’ with
kernel E[J] is normalized. The curve E/E[J] can be explicitly computed given E and

E[J] using Vélu’s formulas [41].

The degree of the isogeny ¢ ; with kernel E[.J] is equal to n(.J), the norm of .J ( [46,
Thm. 3.15]). Furthermore, if I is another left ideal of R, the curves E/E[J] and E/E|I]
are isomorphic if and only if / and J are right-isomorphic [46, Thm. 3.11].
The isogeny ¢, : £ — E' = E/FE[J] induces an isomorphism i ;:
iy Ay — End(£") ® Q
(2.2)

o = pi(a)P; @ (degp,)

We have the following proposition.

Proposition 2.2.5 [46, Prop. 3.9, 3.12]

1. The maximal order i;' (End(E/E[J))) is equal to R,(J), the right order of J.

2. Let I be a left ideal of R.(J). Let E'[I| denote the subgroup

and p; . E' — E'/E'[I] the corresponding isogeny. Then the composition
prop,; B — E'/E']
is the isogeny ¢ ;; : E — E/E|[JI] determined by the left R-ideal JI.

Let {J;} be a set of representatives of left ideal classes of R, with J; = R. Consider
the map
J; — [E;] where E; = E/E[J;]. (2.3)
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Note that £y = E. By the previous proposition, this gives the one-to-one correspondence

of Theorem 2.2.4, part 3.

We note also that given a separable isogeny ¢ : & — FE’, the kernel of ¢ determines

a left ideal of R:
I =i"({a € End(E) : a(P) = Py forall P € ker(p)}).

Here P, denotes the identity element of the group (Fp). The norm of [ is prime to p
and equal to deg . For any prime ¢ # p, the /-isogeny graph of supersingular curves over
IF,2 is connected and has diameter O(p) [29]. Therefore there exists a separable ¢-power
isogeny between any two supersingular curves and every ideal class of R has a represen-
tative with norm equal to a prime power of ¢, for any prime ¢ # p. Algorithms to compute
aset {J;} of left ideal class representatives of R and the set of their respective right orders
{R,(J;)} can be found in [44, 9] and are implemented in the computer algebra program

MAGMA [9].

The following table gives the number of supersingular curves modulo p.

D hy

2,3 1
_ +7
= 5 mod 12 1’1—2
=T7mod 12 &5

=11mod 12 &£

=13 mod 12 2=
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This follows from Eichler’s mass formula for A, o, ([19, Section 1]) and the characteriza-

tion of the automorphism groups of supersingular curves modulo p found in Proposition

2.2.3.

2.3 The canonical lift of a supersingular elliptic curve and an optimal

embedding

Let O be an imaginary quadratic order of discriminant D < 0, and let K = Q(v/D)
denote the corresponding imaginary quadratic field. Let £ be an elliptic curve over C with
complex multiplication by O. By class field theory, F is isomorphic to a curve defined
over Hp, the ring class field of O. The ring class field Hp is an algebraic extension of
K with Galois group isomorphic to the ideal class group C1(O) via the Artin map. Let p
be a prime inert with respect to D. That is, p is inert in K and p { D. Let p be any prime
of Hp lying above p. A key property of the ring class field Hy of O is that the principal
ideal (p) C O splits completely in Hp. Therefore, the residue class field extension over
Z/(p) is of degree two, and we can view Hp as a subfield of the unramified degree 2
extension F' of Q,,.

We may assume E is defined over F' by a minimal Weierstrass model with dis-
criminant A\,,;,. If p does not divide A,,;,, then E/F has good reduction modulo p, or
equivalently, £/ Hp has good reduction modulo p. The reduced curve £, = E mod p is
supersingular ( [26, Thm. 13.4.12]) and is defined over the finite field .. As discussed
in Section 2.2.2, its endomorphism ring is a maximal order in the quaternion algebra A, .,

ramified at p and oo [14, 2.4].
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Let Zp denote the ring of integers of /. The reduction map Zyr — F,2 induces an
embedding f : O ~ End(E) — End(F£),). As we discuss in this section, the essence of
the Deuring lifting theorem is that this process can be reversed ([26, Thm. 13.5.14]). That
is, given a supersingular elliptic curve E over [F,2 and an embedding f : O — End(FE),
there exists a canonical choice of curve E over Hp with E = E mod p for p a prime
above p, such that the induced embedding End(E) < End(FE) is precisely f. This curve
E is defined as the canonical lift of the pair (E, f), as we explain in detail in this section.

We begin by discussing optimal embeddings of O into A, .

Remark 2.3.1

We restrict to discriminants ) < —4 in the remainder of the chapter. The cases of
D = —3 and D = —4 are well-understood as a curve with complex multiplication by
the order O of discriminant D has automorphisms other than +Id. There is a single class
of curves with complex multiplication by O, namely those with j-invariant O and 1728,

respectively [38, II1.10] .

2.3.1 Optimal embeddings of a quadratic imaginary order O into A,

Given O, an order of a quadratic imaginary field K, an embedding of O into A
is an injective Z-algebra homomorphism from O into A. Let f : O — A be such an
embedding and let R be a maximal order of A4, ... The embedding f is called optimal
with respect to R if f(K) N R = f(O). As the set f(K) N R is an order of f(K), a
commutative subfield of A, every embedding of the ring of integers Oy of K into R is

necessarily optimal.
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An embedding f : O — A induces an embedding f : K — A and there exists
B € A, with 52 = b € Q* such that A = (%) Writing O = Z][r], the embedding
f : O — Acan be given by f(7) = y, where y is an element of A which is a root of
X? —tr(7)X + n(1), the characteristic polynomial of 7. Here ¢r, n agree with the trace
and norm of K since A = (%)

Any two embeddings f, g of O give an isomorphism of f(K') and g(K), as commu-
tative subfields of A. By the Skolem-Noether Theorem [42, Thm. 1.2.1], this isomorphism
extends to an inner automorphism of A. Therefore, if f(7) = vy, there exists x € A* such
that g(7) = zyx".

Two embeddings f,g : O — R are equivalent if there exists a unit v € R* such
that g(7) = wf(7)u~'. Since R* is contained in the normalizer of R, f is optimal if and
only if g is optimal. Thus we can consider equivalence classes of optimal embeddings
O — R.

The following proposition characterizes when an embedding 7 — y € R is optimal

with respect to R.

Proposition 2.3.1 Let 7 be an integer of a quadratic imaginary field K with T & 7. Let
the characteristic polynomial of T be T(X) = X% —tX +n. Let A\ be the discriminant of
K and let m be the conductor of the order O = Z||. Consider an embedding g : O — R
given by g(1) =y, where y = [y1, Y2, Y3, y4| is expressed in terms of a Z-basis {r;} of R

withr; = 1. Let

Y — % A =0 mod4
a); =

y—5" A=1 mod4
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and let a; = y; for i = 2,3, 4. Then g is optimal with respect to R if and only if there exist

i,j € {1,...,4} such that gcd(a;, a;) = 1.
Proof: The embedding g is optimal if and only if the order g(O) equals g(K)NR, or
equivalently, if and only if for any order O’ containing O, the order g((’) is not contained

in R. Let ¢ € Z* divide m and let O’ be the order of conductor c. Let d = ™.

If A = 0 mod 4, since t* — 4n = m*/\, we have that £ is an integer. We can write

the ring of integers O as Z[-= (7 — %)] and thus O’ = Z[% (1 — 1)].

The element g(% (7 — %)) of A expressed in terms of the basis for R is then %[y, —
%, Y2, Y3, Ya). Letting a; = y; — 5 and a; = y; fori = 2,3, 4, we see that this is an element

of R if and only if d divides a; for all 7.

If A = 1 mod 4, we have that thm is an integer and we can write the ring of integers

Ok as Z[, (1 — t_Tm)] Thus we have O’ = Z[é(T — t—Tm)]

L
m

The element g((7 — 52)) of A expressed in terms of the basis for R is then

Llyr — 52, yo, y3, ya). Letting a1 = y1 — 52 and a; = y; for i = 2,3, 4, we have that

this is an element of R if and only if d divides a; for all s.

In either case, we have that if there exist 7, j € {1, ..., 4} such that ged(a;, a;) = 1,
the order g(O’) cannot be in R for any order O’ of conductor ¢ dividing m. We also have

that if d divides ged(aq, as, as, ay), then g(O’) will be contained in R. Therefore, the em-

bedding g is optimal if and only if there exist ¢, j € {1, ..., 4} such that ged(a;, a;) = 1. O.

Note that given D < —4, with D = m?A, for /A a fundamental discriminant, we
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may write the order O of discriminant D as Z[7| with the minimal polynomial of 7

X2+m2% D=0 mod4
T(X) =

X?2—mX+m?=2 D=1 mod 4.

In this case, the embedding given by ¢(7) = [y1, ..., y4] is an optimal embedding if and
only if ged(y;, y;) = 1 forsome ¢, 5 € {1,...,4}.

For example, consider A ., = (%), where i2 = —1,j%2 = —7 and ij = —ji.
The order R = Z[1,4, (i + k), 5(1 + 7)] is the unique maximal order of A7 .., up to
conjugation. Let D = —4 - 51. The order O of discriminant D can be written as Z|7|
where 7 is a root of T'(X) = X2+ 51. We can verify that y = [2, —5, 2, —4] is an element
of A7 ., with characteristic polynomial 7'(X). Letting f(7) = vy, by the proposition, we

have that g is an optimal embedding since gcd(—5,2) = 1. In particular, TT“ ¢ R, and

thus R doesn’t contain f(Of ), where O is the ring of integers of K.

Assume there exists an optimal embedding of O into k. We can explicitly compute
this embedding of O into R using the quadratic form given by the norm of A, ., in terms
of a basis for R. This is the approach used in Algorithm A.0.2 in Appendix A. The number
of embeddings of O = Z[7] into the maximal orders of A, .. is directly related to h(O),

the class number of O, as the following result of Eichler shows.

Proposition 2.3.2 [16, Prop. 5] Let R be a maximal order of A, ., and let {Ji}?ﬁl be

a set of ideal class representatives. Let n(O, R,.(J;)) denote the number of equivalence
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classes of optimal embeddings O — R,.(J;). Then
hp
> n(0, R,(J;) = 21(0).
i=1
We let Embp (A, ) denote the set of equivalence classes of optimal embeddings
O — R,.(J;) where we identify “complex conjugate” embeddings 7 +— y and 7 — ¢.
By the proposition, Embp (A, «) has cardinality A(O). We will see in Section 2.3.4

that there is a natural action of the class group C1(O) on this set which will be useful in

computing the canonical lift of (E, f).

2.3.2  Optimal embeddings f : O — End(FE)

Let O be a quadratic imaginary order of discriminant D < —4. Let p be a prime
inert with respect to ). As mentioned in the introduction to this section, the ring class
field Hp embeds into F, the unramified degree 2 extension of Q,. Thus all curves over
@p with complex multiplication by O are isomorphic to curves defined over F'. Let I be
a curve defined over F' with complex multiplication by O. Of the two isomorphisms 7 :
O — End(E), we can make a well-defined choice, called the normalized isomorphism.
We choose v such that for any y € O and invariant differential w of £, we have woy(y) =
yw, where y is viewed as an element of F' under the embedding Hp — F. We call I/ a
‘normalized’ elliptic curve to indicate that we have chosen the normalized isomorphism.
Let Ellp(F) be the set of isomorphism classes of normalized elliptic curves E/F with
endomorphism ring O.

For supersingular curves over [F,,, we have a similar notion of a normalized embed-

ding f : O — End(E). Let O — F,2 be one of the two possible reduction maps of O
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modulo p. For any y € O, and invariant differential w of F, we have w o f(y) = yw
where y is viewed as an element of [F,,> under the map O — F ..
Two embeddings f, g are equivalent if there exists an automorphism h of E such

that g(y) = hf(y)h ! forall y € O. Let a € F, be such that w o h = aw. Then

wo (hf(y)h™) = (aga " )w = g,

Thus any embedding equivalent to a normalized embedding is also normalized.

Let Embp(FF,2) be the set of equivalence classes of pairs (£, f) with E/F2 a su-
persingular elliptic curve and f : O — End(F) a normalized optimal embedding. Recall
that an embedding is called optimal if f(O) is equal to the ring f(K) N End(E). Writing
O = Z[r], the pairs (E, f) and (£, ') are equivalent if there exists an isomorphism
h : E = E' of elliptic curves such that hf (7)h~! = f'(7).

The set Emb (IF,2) is in bijection with Emb (A, ), the set of equivalence classes
of optimal embeddings O — R, (J;) where {J;} is a fixed set of integral left ideal class
representatives for a maximal order R of A, ., in which O optimally embeds. There is a
bijection between Embp(F,2) and Embp (A, ) as we now show.

By the bijection from Theorem 2.2.4, part 3, there exists an isomorphism class of
supersingular curves whose endomorphism rings are isomorphic to 2. Let E be such a
curve and fix an isomorphism i : A, ., — End(F) ® Q. As described in Section 2.2.2,
the curves E; = E/E[J;] represent the h, isomorphism classes of supersingular elliptic
curves over F,. Letting ¢ j, denote the isogeny E© — Ej, the isomorphism R, (J;) ~

End(E;) can be explicitly given by

Qg i)y, © (degp, )t

22



Let g : O — R,.(J;) be an optimal embedding defined by ¢g(7) = y. Then the
embeddings 7 +— iy, (y) and 7 — i,,(y) are both optimal embeddings and exactly one is

normalized. We call this f : O — End(FE;) and define
v Eme(Ap’oo) — Emeanz)

by ¥(g) = (E;, f). It is straightforward to show that this definition is independent of the

choice of F.

Proposition 2.3.3 The map ¥ : Embp(A, ) — Embp(F,2) is a bijection.

Proof: If g and ¢’ are equivalent embeddings, then ¢'(7) = hg(7)h~! for some
h € R.(J;)*. The embeddings f, f’ differ by conjugation by i, (h), an automorphism of
E;, and therefore (E;, f) and (E;, f') are equivalent. Thus V¥ is well defined.

Let (E, f) € Embp(FF,2). Then E ~ E; for some i, so without loss of generality,
we assume £ = F; and consider (F;, f). As f : O — End(E;) is an optimal embedding,
the embedding g = i;' o f : O — R,(J;) is optimal. By construction, ¥(g) equals
(E;, f) and so W is surjective. By Theorem 2.2.4, the sets have the same cardinality, thus

we have that VU is a bijection. O

2.3.3 The canonical lift of (£, f)

In this section, we define the notion of the canonical lift of a pair (F, f) of the set
Embp(F,2). Recall that the reduction map Zr — F,> induces an embedding f : O 2

End(E) — End(E,). Thus a curve E corresponds to a pair (E,, f) and there is a natural
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map

7 : Ellp(F) — Embp(F,2).

The Deuring lifting theorem implies that the converse is true: given (E, f) €
Embp(IF,2), there exists a curve E over F which reduces to £ modulo p such that the

induced embedding is precisely f.

Theorem 2.3.4 [26, 13.5.14], [20, Prop. 2.7]

Let I be an elliptic curve over Fp and ¢ an endomorphism of E. There exists a
curve E defined over Q with endomorphism (3 and a prime p over p such that E = E mod
p and (8 mod p corresponds to the endomorphism ¢. That is, the following diagram

commutes
FE L E

Lo

E ", E

Furthermore, the pair (E , B) is unique up to isomorphism.

We now show that the map 7 sending E to (£, f) is a well-defined bijection.

Theorem 2.3.5 Let D < —4 be a quadratic imaginary discriminant. If p is inert with
respect to D, then the reduction map 7 : Ellp(F) — Embp(F,2) is a well-defined bijec-

tion.

Proof: The induced embedding is indeed normalized, since 7y is normalized and
differential forms behave well with respect to reduction [26, Section 9.4, p. 120].
To show f that is optimal, it suffices to show f(End(E)) = f(End(F) ® Q) N

End(E,). Let S = f(End(F)) ® Q. Write O = S N End(E,), and let m be the index
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(O : f(End(E))]. We first show that (m,p) = 1. Let O be the order of discriminant D.
Since End(F) ~ O, the integer m is a divisor of the conductor of O in O, the ring of
integers of K = Q(v/D). Since p is inert with respect to D, we have that m is relatively
prime to p.

Now consider any § in O'. There exists v € End(E) with md = f(v), and since
(m,p) = 1, the endomorphism f(+) annihilates the m-torsion £,[m|. Therefore ~ anni-
hilates E[m/| and + is a multiple of m inside End(E). Thus § is contained in f(End(FE)),
and O’ = f(End(FE)).

To show surjectivity, we use the Deuring lifting theorem. Let (E,f : O —
End(E)) be in Embp(F,2). Writing O = Z[7], we have f(7) € End(E). By Theo-
rem 2.3.4, there is a curve E over Q with endomorphism (3, and a prime p over p with

B = f(r) mod p. Identifying 7 and 3, we have that the ring End(F) is an order of

K = Q(7) containing O = Z[7]. Let O’ = End(F) and let m = [O" : O]. We show
that 7n = 1 and therefore that End(E) is precisely the order O. As End(FE) injects into
End(FE), we have that f(O’) is contained in End(F) and [f(O') : f(O)] is m. As the
embedding f is optimal, f(O) equals f(K)NEnd(FE) and thus m = 1. Since f is normal-
ized, the map 7 +— (3 gives the normalized isomorphism v : O — End(E). Therefore,
the embedding © - End(FE) < End(E) is precisely f. By the theory of complex mul-
tiplication, j(E) is in Hp, the ring class field of O, which embeds in F' since p is inert in
K. Therefore, without loss of generality, we may assume E € Ell p(F). This proves the
surjectivity of the map 7.

Finally to show injectivity, consider F, E’ € Ellp(F) with n(E) = =n(EF') =

(E,, f). By the uniqueness of the lift of (£,, f) in the Deuring lifting theorem, we have
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that F' is isomorphic to £’. O

Definition 2.3.6 The canonical lift E of a pair (E, f) € Embp(F,2) is the inverse

7Y (E, f) in Ellp(F).

This definition generalizes the notion of a canonical lift for ordinary elliptic curves
to supersingular curves. In the remaining sections, we describe an algorithm to explicitly
compute the canonical lift of (F, f), based on ideas from [10]. In particular, this algo-
rithm gives an explicit way to lift a supersingular curve £ and an endomorphism of £ to

the curve £ whose existence is guaranteed by the Deuring lifting theorem.

2.3.4  Anaction of the class group C1(O) on Embp(F,2)

The integral ideals of O act on Ellp(F') via

J(E) = j(E)* = j(E/Ela]),

where E|[a] is the group

Ela) = () ker(a).
These are the points of £ annihilated by all endomorphisms in a C End(F), using the
fixed isomorphism O ~ End(FE). As principal ideals act trivially, this action factors
through the class group CI1(Q). If m is the conductor of O, the group C1(O) is defined
as the quotient of the group of ideals of O prime to m by the group of principal ideals of

O prime to m. It is well-known that the C'l(O)-action is transitive and free [26, Thm.

10.3.5].
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The bijection Ellp(F) — Embp(F,2) from Theorem 2.3.5 induces a transitive
and free action of the class group on the set Embp (IF,2), which we describe now. Writ-
ing O = Z|r], let € End(E) be the image of 7 under the normalized isomorphism
O — End(E). For an O-ideal a = ({,c + dr) of norm ¢, let p, : E — E® be the
isogeny of complex multiplication-curves with kernel Ela] = E[¢] Nker(c + df3). Con-
sider the tensor product End(E£?) ®7 Q. By [26, 9.4 Diff 1], the normalized isomorphism

O — End(E*") @z Q is now given by

T = Spaﬁaa ®Z (deg Spa)_l-

The image of 7 is an actual endomorphism of £® since the endomorphism .3, kills
the /-torsion of £ This is because {, kills one generator of the /-torsion and maps the
other generator to the kernel of (., which is stabilized by 3. Thus 3@, is of the form
06 for some § € End(E*).

We have Ef = (E®), and f*is the composition
f*: O — End(E*®) — End(E}).
We have

FUT) = Buf (T)P, @z (deg B,) . (2.4)

Note that if a is a principal ideal, then ¢, is an endomorphism of £. As End(F) is com-

mutative, we have f = f° This confirms the fact that principal ideals act trivially.

We now describe a way to explicitly compute the embedding f°, via the bijection

of Proposition 2.3.3. This will be useful for the algorithm in Section 2.4, in which we
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need to determine the kernel of f%(b) for a,b € CI(O) with the norms of a and b not
necessarily relatively prime. Loosely speaking, we can compute the action of a on the
corresponding embedding in Embp (A, «) and “translate” the resulting embedding back
to an element of Embp(IF,2), which will be the pair (E°, f°).

Given a supersingular curve E/F . such that O embeds optimally into End(E), we
fix an isomorphism

i: Apoo — End(F) @ Q.

The order R = i~ (End(FE)) is a maximal order of A, .. Via this isomorphism, we view

the embedding f as an element of Embp(F,2):
g=ilof:0—RCA .

For an ideal a of O, we compute the curve £® = $,(FE), where @, is the isogeny
with kernel E[f(a)]. We choose an auxiliary isogeny ¢, : £ — E/E[J] = E° where
J is a left ideal of End(E). This induces an isomorphism i; : A, .. — End(E*) @ Q
given by

a = pyi(e)8; @ (degp,) .
Letg = i}l o f:O — Rbe given by g(7) = y. By Proposition 2.2.5, the maximal order
i7" (End(E")) is equal to R,(J), the right order of .J. Furthermore, the left R-ideal Rg(a)
is right-isomorphic to J as an R-module, since they both determine the same isogenous
curve, up to isomorphism ([46, Thm 3.11]). Therefore, there exists an x € A, ,, with
Rg(a) = Jz. We have that y € R,(Rg(a)), the right order of Rg(a), since the element

y = g(7) commutes with g(a) and is an element of R. Since Rg(a) = Jx, y is in
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2 'R,(J)z, the right order of Jx. Therefore we obtain an embedding 7 — zyz~! €

R,.(J). The claim is that i ;(zyx 1) is precisely f*(7).

Proposition 2.3.7 Let a be an ideal of O. Let ¢ ; be an isogeny 2 — E°, where J is a
left ideal of End(E). Let f : O = Z[r] — End(FE), and let the embedding g =i;" o f :
O — R be given by g(1) = y. Then the induced embedding f* : O — End(E*®) is
precisely

o) =is(xyz~") € End(E)

where v € A,  is such that Rg(a) = Jx. The embedding f* is independent of the choice

of J.

Proof: Let R; = R,.(J). The ideal Rg(a) is the product of ideals J - R x. Thus
by Proposition 2.2.5, the isogeny @, is the composition ¢r,, o ¢ ;, where pg,, is the
isogeny determined by the ideal R;z. Since Rz is principal, this is precisely i;(z) =

©0i(2)p;®(degp,) . Thus g, = is(x)op,; = p,0i(z). Note thati(z) € End(E)®Q

—_

defines an isogeny of F and thus i(x) ! is simply i(x) ® (degi(x))~ .
The original embedding is given by f(7) = i(y), and the induced embedding is

F47) = B,i (1), ® (deg®,)~". Then

for) = Bl (Y) Py @ (deg B,) !
= (p;0i(2))i(y)(i(z) 0 3,) ® (degi(x) deg )~

= (py0i(@))i(y)(i(x) 0 §,) @ (degi(x) deg ps) ™"

= @ i(ryz")p,; @ (degpy)™!

which is precisely i ;(xyz~'). O
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For (p — 1)|12, the class number of A, , is one, and there is a single supersingu-
lar elliptic curve up to isomorphism. Thus E® is isomorphic to F, and Rg(a) is right-
isomorphic to R. There exists © € A, ., with Rg(a) = Rz, and we get the embedding
7 zyz~' € R. Note that z € R since g(a) is an integral ideal, and so i(z) is an endo-
morphism of E. As , and i(z) both have the same kernel, we have that , = h o i(x),
for an isomorphism h : E — E°. Let 4;, be the isomorphism given by ij,(«) = hi(a)h™?
for all « € A, . Then the argument in the above proof shows that the embedding

f%: O — End(E"?) is given by f°(7) = i, (zyz ™).

2.3.5 Anaction of CI(O) on Embp (A, )

Via the bijection of Proposition 2.3.3, the action of C(O) on Embp(F,2) induces
an action on Embp (A, o) which is necessarily transitive and free. This action is essen-
tially what has been described in the discussion of how to explicitly compute f°. However,
we now work in reference to a fixed maximal order 1 and a fixed set of left R-ideal class
representatives {.J;}. This is convenient for the algorithms in the next sections, where
we will compute the action first in Embp (A, ») and then translate back via a fixed set of
isomorphisms 7, to elements of Embp,(IF,2). While the action of C1(O) on Embp (A, )
depends on a particular choice of maximal order R and set of left ideal class representa-
tives {.J;}, Proposition 2.3.7 shows that the translation of this action back to Embp(F,2)
via ¢, is well-defined.

Given g : O — R,(Jy), an optimal embedding defined by ¢g(7) = y and an ideal a
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of C1(O), we compute g%(7) where ¢ is the result of the action induced via U :

There exists an = € A, o, and a left ideal J,,, such that J;¢(a) = J,,x. Multiplying
on the left by J, ', we get J, 'Jyg(a) = J_'J,,x which is the same as R,(J;)g(a) =
Ji ' Jmx. The integral left R,.(J;,)-ideal n(.J;)J, ' defines the dual isogeny @, Thus, by
Proposition 2.2.5, the ideal J = n(J},).J; ' J,,, defines an isogeny ¢, = ©5. 0. 1 Er —
E — E,,. The claim is that ¢*(7) = xyz~'.

Let (Ey, f) € Embp(F,2) be the image of g under W. Since Jyg(a) = J,z, we
have that Ey/Ey[f(a)] ~ E,, by [46, Thm. 3.11]. The pairs (Fk, )¢ and (E,,, f°)
are equal under the equivalence relation of Embp(F,2), and so ¥(g)* = (E,,, f®) and
9=V (B, [7) =], o f©.

We now apply Proposition 2.3.7 with £ = Ey, R = R,(Jy), i = iy, and ¢, the

auxiliary isogeny. We have that

i) = Ll (xyx_l)@i ® (deg 90J>_1‘

Using the fact that i, = ¢ i(—)P; ® (degpy,) ' andthat o; = ¢, &, , we get

for) = @y i(eyzs™")o, 05 ® (degpy, degp,)~!

= 0, i(xyz= 1)@, @ (deg oy, )™
= iy, (Tyz™1).
Therefore, to compute the actionofa € Cl(O)ong : O — R,(Ji) € Embp (A, ).
we choose © € A, , and a left R-ideal class representative J,,, such that Jyg(a) = J,,z,

and let ¢%(7) = xyxz~'. In particular, this gives a straightforward way to compute the
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class polynomial of H» modulo a prime p inert in K, as we describe in the next section.
We summarize in the following algorithm, the details of which are found in Appendix A.
We assume we have fixed a Z-basis {r;} for R. All computations in A, ., take place with

respect to this basis and the right orders of .J,,, and J; are not explicitly computed.

Algorithm 2.3.1

INPUT:

e A basis {r;} of the order R

e An optimal embedding g given by ¢(7) = y € R,.(Jx) where y = [y1, ..., y4] is in

terms of {r;}
e Anintegral ideal a € CI(O) of norm a with a = (a, ¢ + d7)
OUTPUT:
e The value ¢%(7) = w € A, ~, With w given in terms of {r;} as [wy, ..., w4]

e The left R-ideal class representative .J,,, such that ¢ is optimal with respect to

Ry (Jm)

The following lemma shows that w; € Q will have denominator at most a divisor
of n(J,,). This fact is useful in the algorithms to compute the canonical lift in Sections

2.4 and 2.8.

Lemma 2.3.8 Let g(7) = y give an optimal embedding of O into R,.(J,,) and let g*(T) =
w. Let [wy, ..., wy] be the expression of w in terms of a basis for the maximal order R.
1
Then w; € mz
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Proof: Let h : 7 — z € R be an optimal embedding into R. As the action is
transitive, there exists an integral ideal a; € CI(O) such that A% = g. Thus g* =
(h%)® = h%® and there exists v € A, - such that Rh(aza) = J,v. We thus have
w = vzv~"t. As z € R, itis expressed as [21, ..., z4] with z; € Z. Thus any denominators
in the expression of w in terms of the basis for R must come from the denominators of v
and v™!, expressed in terms of the basis {e;}.

As the ideal a,,, = aja is integral, we have that J,,v = Rh(a,,) is contained in R.
Thus, for every v € J,,,, we have yv = r for some r € R. In particular, for n(vy) = 7,
we have n(y)v = 4r € R. Therefore, expressing v in terms of an integral basis for R,
the denominators must divide n(+y), for any . Therefore, the denominators are divisors
of n(Jp,).

Now let @« € f(a) and let a € Z be the norm of «. As a is in h(a), we have that
Ra C J,v. As J,, C R, there exists 7 € R such that av~! = r. Therefore, expressing
v~! in terms of an integral basis for R, its denominators must divide n(«) for all « € a.
Thus, the denominators can at most be divisors of n(a).

As w = vzv~!, the w; can have denominators at most dividing n(J,,)n(a). How-
ever, the action is independent of the choice of ideal class representative, thus we may
compute the value of w with respect to b, a representative with norm relatively prime to

n(a), and this does not change the values of the w;. Therefore, w; € @Z. O
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2.3.5.1 Example

We illustrate the above algorithm by computing the action of C'/(O) on an embed-
ding in Embp (A, «) for p = 37 and D = —56. The ideal a = (3,1 + 7) generates the
class group C1(O), which is of order 4.

Let {1,4, 7, k} be the basis of A, o, with i* = —2,j% = j — 5,45 = k. This basis is
also a Z-basis for a maximal order R. Writing O = Z[7], the element y = [0,1,1,—1] €
R satisfies X2 + 56 = 0. As D is fundamental, this determines an optimal embedding
g: 0 — R.

We compute the action of a’, for i = 1, ..., 4 on the embedding g. The ideal Rg(a)
is right-isomorphic to R via z; = [1,1,0,0]. Thus ¢°(7) = z1y0z; " = [-1,0,1,1] € R,
which we denote as 1.

To compute g*, we compute the action of a on ¢® The ideal Rg%(a) is right-
isomorphic to .J, via right-multiplication by z, = [—1/2,1/2,1/2,0]. Then ¢*(7) =
Toy1wyt = [0,1,1,—1] € Ry, which we denote as .

To compute g%, we compute the action of a on ¢*. That is, we find the ideal class
representative which is right-isomorphic to .J,¢® (a). We find that J,¢% (a) is equiva-
lent to Js via right-multiplication by 3 = [—1,—1,0,0]. Then ¢% (1) = xgypz3’ =
[—1,0,1, 1] € R3, which we denote as ys.

As a* is principal, 9“4 should be the original embedding g. To check this, we
consider the ideal J3¢°" (a) and find that it is right-isomorphic to R via right-multiplication
by 24 = [~1,—1,0,0]. Then g% (7) = z4ys2;' = [0,1,1,—1] € R, which is precisely

the original embedding. This confirms that the principal ideal a* acts trivially.
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2.3.6  An algorithm to compute Hp mod p for p inert with respect to D

In this section we present an algorithm to compute Hp mod p for p inert with re-
spect to D. This is used in the multi-prime algorithm [2] used to compute Hp. We
remark that for a prime p with (p — 1)|12, there is a unique supersingular j-invariant
in characteristic p, and computing the class polynomial of © modulo p is trivial. For

example, for D = 5 mod 8, the prime p = 2 is inert in O and we immediately have

Hp(X) mod 2 = X"O),

Algorithm 2.3.2

INPUT:
e An imaginary quadratic discriminant D < —4
e A prime p inert in Q(v/D) with p D

OUTPUT: The polynomial Hp(X) mod p, where Hp, is the class polynomial of O
1. Write O as Z[7]| where 7 has characteristic polynomial

X2—- X+ D=1mod4
X2+% D =0 mod 4.

2. Compute an optimal embedding g : O — A, o, given by ¢(7) = y using Algorithm
A.0.2. Let R be a maximal order that contains g(Q) optimally and fix a basis {r;}

of R.
3. Choose a set {.J;} of left R-ideal class representatives. This determines the set
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Embp(A, ) of optimal embeddings of O into A, ., with respect to some order

R.(J;), used in the set up for Algorithm 2.3.1.

. Using Algorithm 2.3.1, compute ¢* and the corresponding left ideal class .J;, for

eacha € Cl(O).

. For each J;, compute the right orders R,.(J;). Use Algorithm A.0.1 to compute
the correspondence between Gal(F,2/F,)-conjugacy classes of supersingular j-

invariants over [F,2 and the set of maximal orders { R,(.J;)}, up to conjugacy.

. Using the above correspondence, identify each J;, with a Gal(FF,2 /F,)-conjugacy

class of supersingular j-invariant, denoted j°.
. Return Hp(X) mod p = [[occyio) (X — 5.

In Step 2 we use Algorithm A.0.2 in Appendix A to compute an element y € A,

satisfying the same minimal polynomial as a generator 7 of O and such that 7 — y gives

an optimal embedding into R, for some a maximal order of A, ...

In Step 3, we compute a set of left ideal class representatives {.J;}. Algorithms to

compute a set {J;} of left ideal class representatives of R and the set of their respective

right orders {R,(.J;)} can be found in [44, 9] and are implemented in the computer

algebra program MAGMA [9].

For Step 4, let C1(O) = @(a;) be a decomposition of the class group into a direct

product of cyclic groups generated by integral prime ideals a; of order h; and norm /¢;

not dividing p. To compute g°, we first successively compute the action of the a; on

the embedding f(7) = y using Algorithm 2.3.1. That is, we take h; — 1 successive
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applications of a; to get f*, ..., f “,11171. To each of these, a is applied h, — 1 times, and
so forth. This gives a sequence (with possible repetition) of ideal class representatives .J;,
of R, each corresponding to a maximal order R,.(.J;,). We remark that in this step we do
not need to have explicitly computed the right orders { R,.(.J;) }.

For Step 5, to compute the set of right orders { R,.(.J;) }, we use the algorithm in [9].
To compute the correspondence, we use an algorithm of Cervifio [6] which associates
to each Gal(IF,2 /F,)-conjugacy class j of supersingular j-invariants a maximal order
of A, . up to conjugacy. This algorithm is based on comparing the the elements of
specified norm n and trace ¢ of the maximal orders R,.(J;) with the endomorphisms of
trace ¢ and degree n in End(F;) where the E; are representatives of the isomorphism
classes of supersingular curves. For more detail, see Algorithm A.0.1 in Appendix A.

Using the list from Step 5, we associate to each J;, from Step 4 the corresponding
Gal(F,2 /IF,)-conjugacy class of supersingular j-invariant, denoted j°. This gives a list of
size h(O) of Gal(F,2/IF,)-conjugacy classes of j-invariants. We compute Hp(X) as the
product of factors (X —j) for all j on the list. For j in [F,,, we include one factor of (X —j)
for each time j appears on the list. The j-invariants not in IF, appear an even number of
times since the roots of Hp mod p which are not in F, come in conjugate pairs. Thus for
j & F,, we include the factor (X — j)(X — j) for every two times j appears on the list.

We expand [[(X — 7%) modulo p to obtain Hp(X) mod p.

This algorithm is used in the multi-prime algorithm to compute the class polynomial

Hp(X) ([2]). The polynomial Hp(X) is computed modulo p for sufficiently many primes
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p which either split principally or are inert in K. Then Hp(X) is computed modulo the
product of these primes using the Chinese Remainder theorem. If the product of primes is
greater than 2- 10%, where C is the bound in Section 2.1, the coefficients can be recognized

as integers and we obtain the polynomial Hp(X).

2.3.6.1 Example

We illustrate the algorithm with an example. Let p = 53 and D = —71. We
compute H_7; mod 53. The order O of discriminant D can be written as Z[7| for 7 with
characteristic polynomial 7'(X) = X? — X + 18.

There are four Gal(IF,2/F,)-conjugacy classes of supersingular j-invariants over

j =0,46,50,28 + 9v/2.

The quaternion algebra A, ., has a basis {1, 1, j, k} with i? = —2, 52 = —35,ij =
k. We compute an embedding given by f(7) =y = 1/2 — 3/2i + 1/2j, where y is a root
of X?— X +18 = 0. This lies in the maximal order R with basis {1,4, (2—i—k)/4, —(1+
i+7)/2}. As D is a fundamental discriminant, the embedding is automatically optimal.

We calculate a set of left ideal class representatives .Ji, ..., J5 and their correspond-
ing maximal orders Ry, ..., R5. The ideal a = (2,3 + 7) generates the class group of
O, which is of order 7. Computing the action of a successively yields a sequence of left
ideals

J57 J37 le J37 J47 JQa JZ
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which corresponds to a sequence of embeddings into the right orders

R57 R37 R17 R37 R47 R27 RQ'

We now establish the correspondence of the R; with the four Gal(IF,2 /I, )-conjugacy
classes of supersingular j-invariants. We use Algorithm A.0.1 as described in Step 5. In
this case, it suffices to look at the elements of norm less than or equal to two. Before doing
so, we test which of the five orders are conjugate. In this way, we determine that R, and
Rj correspond to the class j = 28+9+/2. By computing the units of the remaining orders,
we find that all orders except R, have unit group +1. Thus R?; corresponds to 7 = 0. It
remains to determine the correspondence of the orders R,, R3 with 5 = 46 and 50. In this
case, it suffices to look at elements of norm 2. We take the curve y? = 3 + 40z + 26 with
j = 46. Computing the isogenous curves for each factor of the two-division polynomial
reveals that this curve has no endomorphisms of degree 2. As the basis for R, contains an
element of norm 2, this immediately identifies 5 = 46 with the order 1?3 and 5 = 50 with
Ry.

Computing Hp(X) mod p is a matter of counting how many times the order R;
appears in the sequence above. Using the correspondence, we obtain the sequence of

Gal(F,2/IF,)-conjugacy classes

28 + 9v/2, 46, 0, 46, 28 + 9v/2, 50, 50.

We then compute

H_7(X) mod 53 = X(X — 46)*(X — 50)*(X? + 50X + 39).
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2.4 Computing the canonical lift of (£, f) for p = 1 mod 12

2.4.1 The map p, for the case of p = 1 mod 12

In this section we give an algorithm to compute the canonical lift of (E,, f) €
Embp (IF,2) where p is inert with respect to D and p = 1 mod 12. By Proposition 2.2.3,
the condition p = 1 mod 12 ensures that the elliptic curves with j-invariants 0, 1728
are not supersingular. The case where one of these two curves is supersingular is more
technical due to the extra automorphisms of the curve and is addressed in Sections 2.5-2.8.

Let C, be the completion of an algebraic closure of Q. The field C,, is algebraically
closed. Let ) = (E,, f) be an element of Embp(F,) and let E denote its canonical lift.
We define a ‘disc’ above 7) containing all possible candidates for the j-invariant E. These
are pairs (j(E), f) with j(E) = j(F,) modulo p, where p is the prime above p in the

smallest extension of QQ, in which j(£) lies. We denote this disc by

Xp(n) ={(U(E), f) | i(E) € Cy, j(E) = j(Eo) mod p}.

Ignoring the second coordinate, this is simply the open p-adic disc of radius one around
J(E,) viewed as an element of F'.

The reason for including the second coordinate f is as follows. While there may
be multiple curves E € Ellp(F') which reduce to E, modulo p, only one such curve (up
to isomorphism) satisfies the condition that the induced embedding End(FE) — End(E,)
is equivalent to f, namely the canonical lift E. By including the second coordinate f,
we establish a bijection between the set of discs X p(n) and the set Ell(F'). This is the

statement of Theorem 2.3.5. We then view of the pair (j(E), f) as the “center” of X (1)
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and adapt the key idea of [10] to construct a p-adic analytic map from the disc to itself
that has this pair as a fixed point. Using this map, we can “zero in” on the canonical lift
of n.

Let a be an ideal of O of norm N which is coprime to p. We define a map

pa: | JXp(n) — | JXo(n)

as follows. For (j(E), f) € Xp(n), the ideal f(a) C End(E,) defines a subgroup
E,[f(a)] of E,[N]. As (N, p) = 1, the subgroup E,[f(a)] lifts canonically to a subgroup

of the N-torsion of E which we denote E[a]. We define

pali(E), f) = (3(E/Ela]), [%),
where f°is as described in Section 2.3.4. When the embedding f is clear, we also denote
by pa the induced map on the open p-adic disc of radius one in C, around j(E,).

For principal ideals a = (a), we have f(®) = f and thus the map p, stabilizes
every disc. Furthermore, as f is the induced embedding © —~ End(E) < End(E,), the
subgroup E[(«)] is precisely the kernel of o viewed as an endomorphism of £. Therefore,
E/FE[a] is isomorphic to E, and the map p, fixes §(E). Since j(E,) does not equal

0, 1728, the map p,, is p-adic analytic by [5, Theorem 4.2]. That is, there exist a; € Zpg

such that

pal@) = §(E) = ) aix - j(E)),
i>1
for all z € Xp(n). This comes from an interpretation of p, as a map on modular curves.
In Section 2.8.1, we will define a similar map in order to handle the case of p # 1 mod 12.
Though the map is more technical, we are able to establish analogous results, and thus we

defer more detail on p,, to that section.
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By [5, Lemma 4.3], the derivative of p, at j(F) is equal to a/@ € Zp. If a/a — 1

is a p-adic unit, we can use a modified version of Newton’s method to converge to j(F)

starting from a random lift (jo, f) € Xp(n). As described in [5], the sequence {j;} with

pa(jk) — Jk
aja—1"

Jk1 = Jk — (2.5)

converges quadratically to j(E’). This is the key idea of the algorithm presented in the

next section.

2.4.2  An algorithm to compute the canonical lift of (F, f)

We now present the algorithm to compute the canonical lift of the pair (£, f) of the
set Embp(IF,2) to a specified p-adic accuracy for p =1 mod 12. We use “accuracy” to
mean how p-adically close the computed value is to the actual value in terms of the num-
ber of p-adic digits to which they agree. We use “precision” to mean the number of p-adic
digits which we keep track of in computations. The overall structure of the algorithm is
modeled after the algorithm to compute the canonical lift in the case of an ordinary ellip-
tic curve ([5]). Both the theory and technical details differ however, as we are working

with supersingular curves.

Algorithm 2.4.1

INPUT:

e [, a supersingular curve modulo p

e A maximal order R of A, ., with End(E) ~ R and a basis {r;} of R
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e An explicit isomorphism i : R — End(FE) specified by an identification of bases

{r;} of R and {e;} of End(F)

e An optimal embedding f : O = Z[r| — End(F) given by f(7) =y = [y1, ..., V4]

expressed in terms of {e;}

e 7 € Z such that 2" is greater than or equal to the desired p-adic accuracy

OUTPUT: The canonical lift j(F) of (E, f) to 2" p-adic digits accuracy.

1. Choose o = a + bt € Z[7] such that 2 — 1 is a p-adic unit by searching the set

Sa={a+br|a,beZ,b#0modp,a+ br prime to D, and n(a + br) < A}

where the bound A is greater than n(7). If the set is empty, we increase A until
this is not the case. Let []}", b; be the factorization of « into prime ideals and let

a, =[], biforn=1, .. m.

2. Choose the smallest prime ¢ relatively prime to n(a). Compute {.J; }, a set of left R-
ideal class representatives, each with norm a power of / and the set of right orders
{R.(J;)}. This determines the set Embp(.A, ) used in the set up of Algorithm

2.3.1. Compute the corresponding set of elliptic curves E; = E/E[i(J;)].

3. Using Algorithm 2.3.1, compute the action of @ = [];-, b; on the embedding ¢
given by ¢g(7) = y in a successive manner to obtain a sequence of embeddings
{g*} forn =0,1,...,m — 1 where ¢g* : O — R,(J;,) withi,, € {1, ..., h,}. The
embedding g is obtained by computing the action of b,, on the embedding g®~*.
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4. Compute E[f(a1)] and the polynomial P; (X') whose roots are the x-coordinates of
the points of E[f(a1)]. Forn =1,...,m—1,let f* =i, og® andlet B = Ej .
Compute the subgroup E®[f% (b,.1)] and the corresponding kernel polynomial

P,(X) € F[X]. In this way, obtain the cycle of isogenies

EX pa 2 pe tvope) g (2.6)

5. Let jo be an arbitrary lift of j(E) to 2 digits precision.

6. Fork =0,1,2,...,r — 1, repeat the following steps. The k™ iteration produces jy 1,

the 25*!-digit approximation to j. Computations are done to 2¥*! digits precision.

(a) Let Ej be a curve with j-invariant j, which reduces to £. Compute p,(ji)
by lifting the cycle of isogenies (2.6) in a step-by-step manner to a cycle of

isogenies over F’:

Ey 2 En B pe o p) 2.7)
(b) Compute
j — _pa(jk:>_jk
Ik aa—1

to obtain j, 1 € F, the 2¥*'-digit approximation to j(F).
7. Return j,_q, the 2" p-adic digit approximation to j.

In Step 1, we want to choose « not only such that a/a — 1 is p-adic unit but also
such that « is “smooth,” that is, factors into the product of ideals of small norm. This is
key to computing the map p,. Recall that p,, corresponds to an isogeny of degree n(«),
the norm of «, which is on the same order as D. For large D, it is not feasible to compute
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the isogeny directly. However if n(«) has small prime factors, we can compute this as a
sequence of isogenies of small degree.

The condition b # 0 mod p is necessary and sufficient for /& — 1 to be a p-adic
unit. Since p 1 D, the prime p is inert in K and does not divide the conductor of O. Thus
the minimal polynomial 7'(X) of 7 is irreducible modulo p and 7 # 7 mod p. Thus if
p1b, then & = a + b7 is invertible and o #Z & mod p.

To find an « satisfying these conditions, we fix A > n(7) and B = 20 and search

the set
Sa={a+0br|a,beZ,b#0modp,a+ br prime to D, and n(a + br) < A}

for elements « such that n(«) is B-smooth. That is, the smallest prime factor of n(«) is
less than B. We also may impose the additional condition that gcd(a,b) = 1 to ensure
the isogeny corresponding to « is not an integer multiple of an isogeny of smaller degree.
The condition that a + br is prime to D implies that the principal ideal («) is prime to the
conductor of O. If there are no such o we may increase either A, B or both until we find
an « satisfying the conditions. (There are more sophisticated sieving methods that could

be used to improve the efficiency of this search.)

Remark 2.4.1
We can give a heuristic upper bound on the size of A needed to find a B-smooth element

a where B = |exp y/log | D|]. This uses the following lemma from [10].

Lemma 2.4.1 [10, Lem. 2] Let D be an imaginary quadratic discriminant and let T be an
integer of K = Q(\/ﬁ) with characteristic polynomial X* —tX +n where t* — 4n = D.
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Let ¢ € (0,3) and let S be the set of integers a + br with (a,b) = 1,a + br prime

tonD, 1 < b < 2exp((log|D|)z+) and n(a + ibt) < |D|2 exp((log |D|)27¢). Let
B = |exp \/log|D|]. Assuming the Generalized Riemann Hypothesis, the proportion of
B-smooth elements of S is greater than or equal to exp(—2(log|D|)2 loglog | D| for D

sufficiently large depending on e.

In searching S, we are guaranteed to find a B-smooth element  with norm less than
|D| exp(2(log | D])2 7). Such an element does not necessarily satisfy the condition that p
does not divide b. However, heuristically speaking, there is only a % probability that this

condition fails, and therefore this gives an estimate on A.

As noted in [5, p.17], an alternative approach to finding a suitable element « is to
choose ¢ the smallest split prime in O. Under the Generalized Riemann Hypothesis, the
bound on ¢ is O((log | D|)?). Letting (¢) = ad, we have that a¢ is principal for some d
dividing the class number of O. If a? = («) for @ such that o/ — 1 is invertible, then we
may use this « for the map.

In Step 2, we compute a set of left ideal class representatives {.J;} of R of norm a
power of ¢ using the algorithm found in [44, 9]. Each J; is given by a basis (3; 5, of four
elements of R. Let /¢ be the maximum of the norms n(f;). For each J;, we compute
the subgroup of E corresponding to the ideal i(.J;) of End(E) by checking which points
of E[¢4] are killed by i((3; ;) for all k. Then we use Vélu’s formulas [41] to compute the
isogenous curve F; = E/E[J;]. This curve is uniquely determined by the condition that

the isogeny be normalized (see Remark 2.2.1).
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For Step 4, we describe the computation of E°®[f%(b)] given the curve E* = E;
and the embedding [ = ¢, i(w)P; ® (degp;)~" where w = [wy, ..., ws] € A is
expressed in terms of the basis {e; }.

By the choice of {J;}, the least common multiple of the denominators of the w; is
¢ for some 0 < d < hy, using Lemma 2.3.8. Therefore Edi(w) is a Z-linear combination
of the endomorphisms e; of E. Write b = (m, ¢ + dr) with m the norm of b. Again by
choice of J;, we have that m is relatively prime to deg ¢ Jie Therefore, we can calculate

E°[f%(b)] by checking which m-torsion of £ is killed by the isogeny

t4(degpyc+d-pi(w)y,).

We now describe how to compute p,(jx) in Step 5. Let Ej be a curve reducing
to F with j-invariant j,. To lift E[f(a;)] to Ej, use Hensel’s lemma to lift the kernel
polynomial P;(X) to a factor of the ¢;-division polynomial of Ej. Use Vélu’s formula to
compute j;', the j-invariant of E}' = Ej/Ej[a;]. Note that 5" = pq, (jk)-

In the same way, lifting the polynomials P;(X) for i = 2,...,m, we compute the
cycle of j-invariants

I R
over I, with computations carried out to 2! p-adic digits precision. The resulting j,ia)

is precisely po (ji) + O(p*" ).

We remark that for p = 13, there is a single isomorphism class of supersingular
elliptic curve over [Fy3 and Step 2 is not needed. Furthermore, the computation in Step 4

simplifies to finding which m-torsion is killed by ¢ + di(w).
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2.4.2.1 Example

We illustrate Algorithm 2.4.1 by computing the canonical lift of an element of
Embp(F,2) where D = —56 and p = 37. LetF,» = I, [a] where a is aroot of X*+2 = 0.
Let E be the curve Y2 = X3+ 12X + 13 with j-invariant 8. Let {1, 1, j, k} be the basis of
Ay oo With 2 = —2, 52 = j — 5,ij = k. This basis is also a Z-basis for a maximal order
R that is isomorphic to the endomorphism ring End(E). Writing O = Z|[7], the element
y = [0,1,1,—1] € R satisfies X? + 56 = 0, and as D is fundamental, this determines
an optimal embedding f : O — End(F). We now compute the canonical lift of the pair
(E, f) to 16 p-adic digits precision.

In Step 1, we choose & = (5+27). The factorization of « is a* where a = (3,1+7)
is a prime lying over 3.

For Step 2, we use ¢ = 2. Let .J, be the left ideal of R with basis {2, + 7,27, k}
and J; the ideal with basis {1+ j + k, i + k, 2j, 2k}. The ideals J; = R, J, J; form a set
of left [?-ideal class representatives. The ideal .J; defines the 2-isogeny ¢, : & — Eo =
E/E[Js] with kernel ((19 + 23a,0)). The curve E5 has j-invariant 3 — 14a. The ideal J;
gives g, : E — Ej3 with kernel ((19 — 23a,0)) and j(E3) = 3 + 14a. This gives the
correspondence of curves and orders: Fy, Fs, B3 with R, Ry, R3.

For Step 3, we compute the action of o = a* on g(7) = y. This has been done in

Example 2.3.5.1 and we obtain the sequence

Ty € Rys € Ry, y3 € R3,ys € R.

From Step 2, using the correspondence of E, F», E'3 with R, Ry, R3, we count the number
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of times each order appears in the sequence and obtain
Hp mod p = (X —8)*(X* —6X —6).

Now we compute the sequence of kernel polynomials as in Step 4. Let f = i o g,
and compute the kernel E[f(a)] by checking which 3-torsion points P € E|[3] are killed
by 1+ f(7) € End(E). This yields the points P with z-coordinate 18 +9a. Using Vélu’s
formulas, we confirm that £¢ ~ F.

Similarly, to find E£[f%(a)] we check which 3-torsion points P € E[3] are killed by
1+ f%(7) € End(E). This yields the points P with z-coordinate 19 & 12a. Note that that
E® has j-invariant 3 — 14a, which confirms that £ o Es.

Now f%(7) = iy, 0 g*(7) = iy, (y2). As there are no denominators in the ex-
pression of y, in terms of the basis {e;}, to find the kernel E,[f® (a)], we check which

3-torsion points P € F,|3] are killed by the isogeny

2-c + d- SDJQi(yQ)@JQ'

We obtain the points P with z-coordinate 32 4 8a. Using Vélu’s formulas, we see that
EY ~ F;.
Lastly, we have £ (1) = iy, 0 g% (7) = iy,(ys). We check which 3-torsion points

P € FE;[3] are killed by the isogeny

2-ctd-oi(ys)p,,

and obtain the kernel polynomial for E5[f* (a)] as X + 25a + 11.

Thus we have a cycle of 3-isogenies

(B, f) = (B =E, f*) — (E%, %) = (B*, [*) — (E*, f*) = (B, f)
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where each element of the cycle corresponds uniquely to a root of Hp(X).

For Step 5, we choose the curve defined by Y2 = X3 — 210X + 420 over the
unramified extension F' of degree 2 of Q,. Let F' = Q,[a] where a is the unique lift
of a € Fy2 as aroot of X? + 2 = 0. We lift the cycle of isogenies over F2 to F to 2
p-adic digits precision using Hensel’s lemma, and obtain p,(jo) = 555a — 214 + O(37?).
Updating according to the Newton formula, we get j; = 148a — 66 + O(37%). Next we
work with 4 p-adic digits precision, lift the cycle of isogenies to get p,(j1) and update the

j-invariant as before.

k Jk Pa (k)
0 8+ O(37?) 555a — 214 + O(37?)
1 148a — 66 + O(37?) 805120a — 733850 + O(37)

2 37111a + 492774 + O(37%) 344483948038 + 1323692294659 + O(37°)
The value j3 is 19341378631a + 1272855677534 + O(37%), which is a 37% approximation
of the canonical lift of (F, f). To confirm this, we use the complex analytic method
to compute the polynomial H_54(X), as implemented in MAGMA [9]. We then check
that H_56(j3) has valuation 8, while H’ .4(j3) has valuation one. Therefore, by Hensel’s
lemma [25, Prop. 11.2.2], j; lifts uniquely to a root of H_56(.X) and is in fact an 8-digit

p-adic approximation to the canonical lift of (E, f).
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2.5 The Legendre form of an elliptic curve and the case of p # 1 mod 12

2.5.1 Motivation for working with the Legendre form of £

In this section, we present an algorithm which computes the canonical lift of (F, f)
in the case of p Z 1 mod 12. We begin by explaining the complication that arises when
computing the canonical lift in this case.

Let D < —4 and let O be the order of K of discriminant D. Let p be any prime
inert with respect to D. Let j be the j-invariant of the canonical lift of a pair (E, f)
of Embp(F,2). There are infinitely many equations of curves E over F reducing to E
with j-invariant j and each has complex multiplication by ©. Let E,, E, be two such
curves and suppose that the induced embedding End(F;) — End(E) is f. If h is an

isomorphism between F; and Ej, then
End(E,) = {hyh ™|y € End(E})}.

As D < —4, this isomorphism is unique up to £1. The isomorphism h reduces to an
automorphism h of E and the embedding End(F5,) — End(FE) is given by hf(y)h~!
for all v € End(El). We use hfh~! to denote this embedding. We have the following

commutative diagram:

E1 E— EQ

l l

(E7f) L) (Evhfﬁil)
If j(E) # 0,1728, the automorphism is +Id and hfh~' = f. Thus the embedding

End(E,) — End(E) is also equal to f. In this case, the j-invariant j is sufficient to

determine a curve F reducing to F for which the induced embedding is f.
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For j(E) = 0 or 1728, however, this is not the case. The map h may be a non-
trivial automorphism of E in which case hfh~' and f are not the same embeddings. This
follows from that fact that i corresponds to ¢, a primitive sixth, respectively fourth, root of
unity in R, the maximal order of 4, ., isomorphic to End(F). Let i be the isomorphism
R — End(E) and let g denote the embedding i~ o f : O — R. As D < —4, the
value ¢ is not contained in the commutative subfield g(Q(+/D)) of R and thus does not
commute with g(7). Therefore h does not commute with the endomorphism f(7) and the
embeddings are distinct.

For example, let p # 3 and consider E/F,2 given by y* = 2*+z with j(E) = 1728.
Let F be the curve given by 42 = 2° 4+ 2+ B where B € F is such that j(E;) = J, the j-
invariant of the canonical lift of (E, f). Let E» be the curve given by y*> = 23+x— B. The
isomorphism between them reduces to the non-trivial automorphism (z,y) — (—z,iy)
of £/, where 7 is an element of [F,» such that i? = —1. Though both El and Ez have j-
invariant j, exactly one of the curves yields an embedding of endomorphism rings which
is equal to f and thus may be properly considered the canonical lift of (E, f).

Therefore, for j(E) = 0,1728, the j-invariant j is not sufficient to determine a
curve E reducing to E for which the induced embedding is f. This poses a problem
in Step 6 of Algorithm 2.4.1. In the k' iteration, given j;, we choose a curve Ej, with
j-invariant j; which reduces to . Recall that j;, is the 2* p-adic digit approximation to
7. The key assumption is that the curve E}, is a 2* digit approximation to a curve E for
which the induced embedding is f. Therefore, when we lift the kernel of E[f(a)] to a

subgroup of Ej and compute the resulting isogeny Fj — B

, the isogeny is in fact an
endomorphism of £}, up to 2¥ digits accuracy, and the j-invariant of E,(CO‘) is in fact the
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value p,(jx). Thus when using Newton’s method to compute jj 1, we obtain the 2++!
digit approximation to ;.

If we choose a curve Fj, which is not an approximation to a curve E for which the
induced embedding is f, then the j-invariant of E,(f) is not necessarily equal to the value
Pa(Jk). Thus in the case of j(F) = 0, 1728, the ambiguity of choice of E}, in Step 6a may
lead to incorrect computations. In fact, this ambiguity occurs at any place within the lift
of the cycle of isogenies where the curve over IF,» has j-invariant 0 or 1728.

For this reason, we work with the Legendre model of a curve E which takes into
consideration the presence of non-trivial automorphisms. These curves are only defined
over fields with characteristic not equal to two. Therefore for the remainder of the chapter,

we assume p # 2. For a discussion of the case of p = 2, see [33].

2.5.2 The Legendre form of an elliptic curve

Let F be any field of characteristic not equal to two. For A € F', with A # 0, 1, the
curve

Ly:y*=x(x —1)(z— )

is an elliptic curve in Legendre form. A straightforward computation yields that the j-

invariant of L, is

(A2=X+1)

i) =255

(2.8)

The two-torsion of L, is L[2] = {(0,0), (1,0), (\,0), P} where P, is the identity of the

group L(F'). The following proposition characterizes all curves in Legendre form which

are isomorphic to a given curve . We give the proof here, based on the proof in [38,
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Sec. III.1], as we refer to it in later arguments.

Proposition 2.5.1 [38, Prop. Il1.1.7] Let E be defined over F', with char F' #+ 2. Then

1. E is isomorphic to a curve in Legendre form defined over an extension of F' of
degree at most six. The isomorphism is defined over an extension of F of degree at

most twelve.
2. If j(E) # 0, 1728, there are six distinct values of \ such that j(L,) = j(E).

3. If j(E) = 0,1728 and char F # 3, there are two, respectively three, distinct values
of A such that j(Ly) = j(E). If char F' = 3 and j(F) = 0 = 1728 mod 3, there is

only one value ) such that j(L)) = j(F).

Proof: Given a curve E with Weierstrass equation y> = f(x) over F, let €1, e, €3
denote the roots of f(x), a degree-3 polynomial. These are the z-coordinates of the 2-
torsion of £ and they lie in an extension of F' of degree at most six. Therefore we can
write I as

Y = (v —e1)(z —ey)(x — e3).

L_andr=—4
€eg—eq €2—el

The change of coordinates (z,y) — (u?z + r, u®y) with u =
defines an isomorphism of E to the curve L : y* = z(z — 1)(z — \) with A = P
The value )\, called the A-invariant of the curve, lies in an extension of F' of degree at
most six and the isomorphism £/ — L is defined over an extension of degree at most
twelve. Under this isomorphism, the ordered sequence [(e1,0), (e2,0), (e3,0)] of non-
trivial 2-torsion is sent to [(0,0), (1,0), (X,0)]. Any matrix M € GLy(Z/2Z) acts on

the basis ((e1,0), (e2,0)) of E[2] and gives a permutation e;, es, €3 — €}, €5, €} of the
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z-coordinates of the two torsion of E. This defines the curve L, : y* = z(x — 1)(z — p)

/ !
€376
! AR
€3¢

isomorphic to £ with A-invariant equal to p =

The following chart describes all possible isomorphisms of L to another curve L,
in Legendre form isomorphic to E. It also gives the corresponding permutation of the
x-coordinates of the two-torsion and the matrix M € GLy(Z/27Z) such that p is the -
invariant of the curve obtained by the action of M on the basis ((e1, 0), (e2,0), ) of E[2].

These can be determined from straightforward computations (see also [21, p. 455])

1 0
A x 0 1 p
01
. 1 1
by )\_1I O 1% 1
01
01
1—-X —x+1 1 0 p
1 0
. . 1 1
FoY x po 01
1 0
\ A_ 1 0
1 pu po 10
1 1
N 01
A Xlz+1 1 op 0
1 1

Therefore, each p in the set S = {\, 1,1 — A, 75, 27, 27+ defines a curve in Legendre

form isomorphic to £ defined over an extension of ' at most degree 6.
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Equating the elements in .S, we see that the six values are distinct, with the excep-

tion of three cases. If char F' # 3 and A\ = —(3, —(Z, for (3 a primitive third root of unity,

there are only two distinct values. If char F' # 3and A = —1, 2, %, there are three distinct
values. If char /' = 3 and A = —1, then all six values are identical. Using (2.8), we see
that the first case corresponds to j(E) = 0, the second to j(E) = 1728, and the third to

§(E) =0=1728 mod 3. O

Consider an isogeny ¢ : Ly — L, of two curves in Legendre form, where L and
L,, are not necessarily isomorphic. We say that ¢ fixes the two-torsion if ¢ sends the
ordered sequence [(0,0), (1,0), (A, 0)] to [(0,0), (1,0), (1,0)].

Given j € F, the roots of the polynomial P;(X) = 23(X?—X+1)*—j- X?(X —1)?
are precisely the elements of

1 1 AoA—1

S= AT T T

Note that F'(u) = F(\) for any p € S, since p is a rational expression in A. The
minimal polynomial of F'(\) over F is a factor of P;(.X) of degree one, two, three or six.
This follows from the natural action of GLy(Z/27Z) on the set S of roots of P;(X), as

described in the proof above. Thus if P;(X) is irreducible, we have that Gal(F'(\)/F(j))

11
is GLy(Z/27Z) ~ Ss. The matrix corresponds to the automorphism o : A —
01
11
and corresponds to 7 : A — ﬁ and they do not commute.Therefore, if F'(\)
10

is a cyclic extension of F'(j) (in particular, if it is a finite field extension or unramified
p-adic extension), the polynomial P;(X) is reducible and the degree of the extension can
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be at most 3.

2.5.3 The canonical lift of (L, f)

Let D < —4, and let p be a prime inert in K = Q(+/D) with p { 2D. Let O be the
order of K of discriminant D. In this section, we discuss the relationship between curves
in Legendre form defined over @p with complex multiplication by O and their reductions
modulo p, a prime above p.

Let F' denote the degree two unramified extension of Q, and let Leg,(F') be the set
of normalized elliptic curves L in Legendre form defined over F' with endomorphism ring
isomorphic to O. Recall from Section 2.3.2 that a “normalized” elliptic curve L is one for
which we have chosen the isomorphism « : © — End(L) such that for any y € O and
invariant differential w of L, we have w o y(y) = yw, where y is viewed as an element of
Funder the embedding H» — F'. As in Section 2.3.2, reduction modulo p yields a curve
L, and normalized optimal embedding f. Let LegEmb,(IF,2) be the set of pairs (L, f)
where L is a supersingular elliptic curve in Legendre form over FF,» and f is a normalized
optimal embedding f : Op — End(L).

Note that elements of the set Leg,(F') represent specific curves, not an equivalence
class of curves. Similarly, the pair (L, f) in LegEmb,(IF,2) represents a specific curve
L and a specific embedding f. In contrast to Embp(FF,2), where (L, f) and (L, f’) are
identified if f' = h o f o h™! for an automorphism h of L, these are distinct elements of

the set LegEmb p,(F,2).

Theorem 2.5.2 Let F' denote the degree two unramified extension of Q,. Let D < —4
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and let p be a prime inertin K = Q(\/ﬁ) with p not dividing 2D. Let m be the map

m: Legp(F) — LegEmbp(F,2)
L = (Lyp, f)
defined by sending a curve L to the pair (L, f) where L, is the reduction of L modulo
p and f is the induced embedding of endomorphism rings. Then m is a well-defined

bijection.

Proof: Given L € Leg,(F'), the reduction map Zp +— F,2 induces a normalized
optimal embedding f : Op — End(L,), and hence the map is well-defined. By Theorem
2.3.5 we can lift an element (L,, f) in Embp(FF,2) to a normalized curve £ with complex
multiplication by O which reduces to L : y?> = x(x — 1)(z — \) and whose induced
embedding is f. As F reduces to L, it must be of the form y? = (z — e1)(z — e3)(z — e3)
with e, €3, e3 = 0,1, A mod p respectively. The change of coordinates (z,y) — (u’r +

1

r,udy) with u = N and r = ﬁ gives an isomorphism from E to the curve L

with A = o=+ = Amod p. This isomorphism is the identity modulo p, therefore the
embedding f is unchanged, and L € Leg,(F) reduces via 7 to (L, f). Therefore the map
is surjective.

It remains to show that the two sets have the same cardinality. We first consider
Legp(F). The number of F-isomorphism classes of curves defined over I’ with complex
multiplication by O is h(O), the class number of O. Since D < —4, the j-invariant of
any class is not O or 1728 and thus yields six distinct curves in Legendre form. We show

in Section 2.7 that all curves in Legendre form isomorphic to a curve E in Ellp(F') are

defined over F'. Thus the cardinality of Leg,(F') is 6h(O).
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Now consider LegEmb,(IF,2). As shown in Section 2.3.2, the sets Emb(FF,2) and
Embp(Ap ) are in bijection. Thus by Proposition 2.3.2, the cardinality of Embp(F,2)
is h(O), the class number of O.

For j(E) # 0, 1728, there are six distinct curves in Legendre form with j-invariant
J(E). Thus each embedding f : Op — End(FE) yields six distinct elements of the set
LegEmb,(F,2).

For j(E) = 0 and p # 3, there are two distinct curves in Legendre form. For each
curve L, the three automorphisms of L (up to 1) yield three distinct isomorphisms from
E to L (up to +1). Thus for each embedding f : Op — End(FE), there are six distinct
elements of LegEmb(IF2). Similarly, for j(£) = 1728 and p # 3, given an embedding
f : Op — End(F), each of the three curves in Legendre form with j-invariant 1728
has two distinct embeddings. This gives six distinct elements of LegEmb,(F,2). Finally
if p=3and j(F) = 0 = 1728, the curve with A = —1 has six automorphisms (up to
+1). Thus for each embedding f : Op — End(FE), there are six distinct elements of
LegEmb, (IF,z2).

As there are h(O) pairs (E, f) where F is an elliptic curve and f is a normalized

embedding, the cardinality of LegEmb ,(F,2) is 62(O). O

Definition 2.5.3 The canonical lift L of a pair (L, f) € LegEmb,(F,:) is the inverse

7 (L, f) in Legp(F).
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2.6 The modular function \ of level 2

2.6.1 Brief Introduction to Modular Curves

In this section, we give some facts from the theory of modular curves which will be
used in the following sections. Unless otherwise stated, the reference for this material is
[15]. Let 'H denote the complex upper-half plane. The prinicipal congruence subgroup
of level N, denoted I'(N), is the subgroup of SLy(Z) consisting of matrices M such
that M = Id mod N. More generally, any subgroup I' of SLy(Z) containing I'(V)
for some N is called a congruence subgroup of level N. The modular curve Y (I')c is
defined as I'\'H, and X (I") denotes its compactification as a Riemann surface. A priori,
the elements of the “curve” are just cosets. The fact that X (I') has the structure of an
algebraic curve comes from a correspondence between non-singular projective curves
over C and transcendental extensions of degree one of C.

For any N, the modular curves X (/V) can be described by irreducible non-singular
projective models with coefficients in Z[(y], where (y is an N root of unity [22, 32].
Therefore, we may consider X (V) to be defined over an extension of Q or any field
of characteristic p prime to N. In particular, we are interested in k = Q, or F,. We
write X (N) to indicate that we are working with the modular curve defined over k.
For any extension F' of k, let X (IN),(F) denote the F'-rational points of X (/V), and let
Y (N)i(F) denote the F'-rational points which are not cusps. We work with both Y (V)
and X () in what follows.

The points of the affine curve Y (I')¢ correspond to a moduli space consisting of

equivalence classes of elliptic curves with particular torsion data. Points of Y (1) cor-
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respond simply to isomorphism classes [E] of elliptic curves over C. Points of Y ()
correspond to equivalence classes [F, (P, Q)] where E is a curve over C and (P, )) is an
ordered basis of E[N] such that ey (P, Q) = e>™/V, where ey is the Weil pairing on N-
torsion. Two pairs [E, (P, Q)] and [E’, (P’, Q)")] are equivalent if there is an isomorphism
h: E — E'suchthat h(P) = P'and h(Q) = Q'

In particular, points of Y'(2) correspond to equivalence classes [F, (P, ())] where £
is a curve over C and (P, @) is an ordered basis of E[2]. The Weil-pairing condition is
superfluous, as there is a single non-trivial square root of unity. In the next section, we
will see that a point [E, (P, Q)] of Y (2)¢ corresponds uniquely to a curve in Legendre
form over C isomorphic to E.

For the fields £ = Q,Q, and F,, we also have a moduli interpretation of Y (V)
(with some technical modifications, see [15]). For example, if F'is the unramified de-
gree 2 extension of Q,, the points of Y (2)g, (F') correspond to F-isomorphism classes
[E, (P,Q)] where E is a curve over I and (P, () is an ordered basis of £[2] defined over
F.

Let k be an algebraically closed field. The field of modular functions of X (N )y,
denoted k(X (N)), is the field of rational functions f : X(N) — P'(k). For k = C,
these are functions on the upper half plane which are invariant under v € I'(/V). This
field can be described in a purely algebraic way as follows. Assume char k # 2 3. Let j

be transcendental over k and let £; denote the “universal elliptic curve”

27 27

2 3
— 4a% — .
e ST 5T

For j, € k with j, # 0, 1728, this specializes to an elliptic curve over k with j-invariant

61



Jo- Let z(E;[N]) denote the z-coordinates of the N-torsion of this curve. Since the N'"-
division polynomial has coefficients in k(j), these are algebraic over k(j). The field of
functions of X (N )y is k(j, (E;[N])).

We now describe a function A on X (2) which generates the field of modular func-

tions of X (2)y.

2.6.2 The modular function \ of level 2

In this section, we introduce a function \ : H — C which parameterizes the mod-
ular curve Y (2)c, assigning to each point [E, (P, Q)] a distinct curve in Legendre form
isomorphic to E. Given E/C, choose 7 € H such that £ is isomorphic to C/A, where
A, is the lattice Z + 7Z. Let p.(z) denote the Weierstrass p-function associated to A..

The points of order two of the Riemann surface C/A, are {Z, 1, 127} Let

147
2

a(1) = 9 (D), exlr) = r(3), andes(r) = pr(+3 )

2

These are precisely the z-coordinates of the non-trivial two-torsion of £. Define A : H —

C as

€3 (7') — €1 (7')

M = =)

The following proposition describes the key properties of \.
Proposition 2.6.1 /1, Section 7.3.4]
1. \(7) is analytic on 'H.

2. X7) is I'(2)-invariant: X(y(7)) = X(7) for all v € T'(2).
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3. A satisfies the following transformation identities:

—Mig? - and )\(_Tl) —1—A(7).

AT +1) =

At the cusps 0,1, 00 of Y(2), the function )\ takes the value 1, oo, 0 respectively.
Furthermore, it can be shown that A : Y (2) — C — {0, 1} is a one-to-one map [1, Thm
7.7]. Thus C — {0, 1} is a parameter space for the curve Y'(2).

Defining A(0) = 1, A(1) = 0o, A(0c0) = 0, and using the fact that A is I'(2)-invariant
and holomorphic on H, we have that A : X (2) — P'(C) = CUcc is modular function for
['(2). Thus X (2)c(C) is in bijection with P!(C) via the map \ and the field of functions
of X(2)is C(\).

Let k be an algebraically closed field not of characteristic two. We define \ :

X (2)x — P'(k) analogously to the complex-analytic case. On Y (2), define

z(P+ Q) — z(P)
2(Q) —x(P)

At the cusps, let A(0) = 1, A\(1) = oo and A(co) = 0. For L, a curve in Legendre form,

MIE, (P,Q)]) = (2.9)

we define
A(L) = (L, ((0,0), (1,0))]),

by abuse of notation. Note the curve L in Legendre form with A-invariant A\([E, (P, Q)]))
is 1somorphic to £ via the change of coordinates in the proof of Proposition 2.5.1, and
the ordered basis (P, Q)) of E[2] is mapped to the basis ((0,0), (1,0)) of L[2]. The fact
that \ is well-defined and injective follows from considering the chart in the proof of
Proposition 2.5.1.

The map is clearly surjective, since given A\, € k with A\, # 0,1, the curve L :
y* = x(x — 1)(x — ),) is mapped via X to \,. Therefore the map \ : X (2)) — P(k)
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establishes a bijection with P!(k), and the field of functions of X (2)y is k().

This agrees with definition of the field of modular functions of X (2) as k(7, z(E;[2])),
where j : X (1), (k) — P!(k) is the (algebraic) j-invariant function for X (1). To see this,
we revisit the relationship between the functions A and j on X (2). This is described in

[21, p. 461], and we give a more detailed proof here.

Proposition 2.6.2 Let k be an algebraically closed field, not of characteristic two. Let j
be transcendental over k. Let \ be a root of the polynomial P;(X) = 28(X? — X 4+1)3 —

GX2(X - 1)2
1. k(j,2(E,[2]) = k().

2. The map J : X(2)x — X (1) given by

A=A +1)3

oy =X AT

) AZ(A —1)2

is of degree six. For chark # 3, the cover is ramified at j = 0,1728 and oo of

degree 3, 2, and 2 respectively. For char k = 3, the cover is ramified at j = 0 and

00 of degree 6 and 2 respectively.

Proof: Consider the extension of function fields, k(\)/k(j). We first show the
polynomial P;(X) is irreducible over k(j). As there is a single power of j in P;(X), if
P;(X) factors into two polynomials, we must have that P;(X) = A(X)(B(X)+jC (X)),
where A, B, and C are polynomials in k[ X]. Thus A(X ) must divide both 28( X?— X +1)3
and X?(X — 1)? which implies that A(X) is 1 and therefore P;(X) is irreducible. As
each root of P;(X) is a rational expression in A, the extension k(\)/k(j) is therefore a

degree six Galois extension. As discussed in Section 2.5, the Galois group of k() /k(j)
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is isomorphic to GLy(Z/2Z) and generated by the automorphisms o : A — ; and 7 :
A ﬁ of order 2, 3 respectively.

By the same argument as in Section 2.5, the Galois group of k(j, z(E;[2]))/k(7)
is isomorphic to GLy(Z/27Z) (see also [21, Thm. 4]). Thus it suffices to show A is in
k(j,z(E;[2])). The change of coordinates from Proposition 2.5.1 takes F; to L : y* =
z(x —1)(x — A) with A = £=2, where ¢; are some permutation of the z-coordinates of
E;[2]. Thus A is a rational expression in z(£};[2]) and A € k(j, z(E;[2])).

As the discriminant of P;(X) € k[j][X] is j*(j — 1728)3, the only finite points of
ramification occur at j = 0, 1728. Fix j, € k and let p = (¢), where t = (j — jo) € k(j)
is a uniformizer for j,. Consider the local field k((¢)), with ring of integers k[[¢]]. Let
Ao € k be such that j(\,) = j,, and let P = (s), where s = X\ — ), is a uniformizer
for \,. Since the extension k(\)/k(j) is Galois, the ramification degree of the local field
extension at j, is independent of the choice of \,. Since k((s)) is a local field extension
of k((¢)) and both have residue fields k, the ramification degree of I3 is simply the degree
of the extension, which is the order of the subgroup of S5 fixing ‘B.

Let j, = oco. The values 0, 1, oo are pre-images of j, under the map A. In particular,
we see that A\, = 1 is only fixed by the subgroup generated by o : \ — % Therefore, the
ramification degree at j = oo is 2. Assume char k # 3. Let j, = 0 and A\, = —(3. Then
PB = (A — X,) is fixed only by the subgroup generated by 7 : A — 1 .Therefore, the
ramification degree at j = 0is 3. Let j, = 1728 and A, = —1. Then . = (A — \,) is
fixed only by the subgroup generated by o : A — % Therefore, the ramification degree at

j=1728is2.
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For char k = 3, the only ramification at finite places occurs at j, = 0 = 1728 and
Ao = —1. The ideal B = (A — \,) is fixed by both 7 and o and therefore the ramifiication

degreeat 7 =0is 6. O

2.7 An action of C1(O) on Legp(F)

Let O be an order of discriminant D < —4 and let X' = Q(v/D). Let E be a curve
with complex multiplication by O. In this section, we describe the minimal extension of
K over which the curves in Legendre form isomorphic to / can be defined. In particular,
we show that the A-invariant of a curve in Legendre form with complex multiplication by
Ok, the ring of integers of a quadratic imaginary field, generates the ray class field of K
of conductor 2. This is a known result, analogous to the fact that the j-invariant of an
elliptic curve with complex multiplication by Oy generates the Hilbert class field H of
K. The reference for the class field theory used in this section is [11, Chap. §].

We also show that all curves in Legendre form with complex multiplication by O
can be defined over [, the degree two unramified extension of Q,, and define an action
of a generalized ideal class group of O on the set Leg,(F'). This action extends to an
action on LegEmb,(F,2) and gives a way to compute the canonical lift of (L, f), as will
be described in the next section.

We begin by defining some notation. For m € Z™, let I,,(Ox) denote the set of
proper fractional ideals of O relatively prime to mOk. Let P, 7(Ok ) denote the subset
of principal ideals (<) such that « = a mod mQy for some integer a relatively prime to

m. Let P, 1(Ok) denote the subset of principal ideals («) such that & = 1 mod mOk.
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By class field theory, given a fixed algebraic closure of K, there is a unique abelian
extension R,, j of K, such that Gal(R,, x/K) ~ I,,(Ok)/P,,1(Ok) via the Artin map.
This is called the ray class field of K of conductor m.

Let O be an order of conductor m. The ring class field of K of conductor m, denoted
Hp, is the unique abelian extension of K such that Gal(Hop/K) ~ I,,(Ok)/Pmnz(Ok)
via the Artin map. The group I,,,(Ok)/ P, z(Ok) is isomorphic to the class group C1(O)
via ax — ax N O. Recall that the class group is the quotient of the group of ideals of O
prime to m by the group of principal ideals of O prime to m. As Py, 1(Ok) C Py, z(Ok),
we have that R,, i is an extension of Hp.

Let E be a curve in characteristic zero with complex multiplication by O. As shown
in Section 2.5, the set of A-invariants of curves in Legendre form isomorphic to £ depends
only on the j-invariant of E. Therefore, to determine the A-invariants associated to j(F),
we may work with the “universal curve” £; defined in Section 2.6.1. The A-invariant of
any curve L in Legendre form isomorphic to F; is rational expression in the z-coordinates
of the two torsion of E;. Thus ) is an element of the field K (j(E), z(£;[2])). By the
results in [3, 40], the Galois group Gal(K (j(E), x(E;[2]))/K) is isomorphic via the Artin
map to the quotient of I5,,,(Of ) by P2 1(0O), the set of principal ideals «Ox where o € O
such that @ = 1 mod 20 and aOk is relatively prime to m, the conductor of O.

We now show that the group P, ;(O) is equal to Ps,, (O ) and therefore that the
ring class field of K of conductor 2m is precisely the field K (j(E), z(E;[2])). Let w
be a generator of Ok. If () is an ideal of Ps,, 7(Ofk), then § = a + 2mbw for some
integer a relatively prime to 2m. Since O = Z + mQOy, this implies that 7 € O and
8 = 1 mod 20. Furthermore, (/) is relatively prime to m and thus () € P5;(O). For
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the other containment, let () be an ideal of P, ;(O). Since # = 1 mod 20, we have
8 = a+ bmw with a odd and b even. Therefore 5 = a mod 2mQy. The assumption that
(B) is relatively prime to m implies that (a, m) = 1 and thus () € Py, 2(Ok).
Therefore the ring class field of K of conductor 2m is the field K (j(E), z(E;[2]))
and contains the \-invariant of any curve with complex multiplication by O. We can say
more by the following proposition, which follows as in the proof of part 1 of Proposition
2.6.2, using the fact that the Galois group of Q(7, z(E;[2])) over Q(j) is isomorphic to

GLy(Z/27) ([15, Thm. 7.6.3]). An alternate argument is found in [21, p. 460].

Proposition 2.7.1 Let j be the modular j-invariant function of the curve X (1). The field
Q(J, z(E;[2])) of modular functions of X (2) is Q(X), where X is the modular function

from Section 2.6.

This proposition implies that the A-invariant of a curve with complex multiplication
by O generates the field K (j(E), z(E;[2])). In the case of a fundamental discriminant,
the groups P, 1(Ok) C Poy,z(Ok) are equal since the conductor m is 1. Thus the ray
class field of K of conductor 2 is the same as the ring class field of conductor 2 and both
are equal to K (\) where ) is the A-invariant of any curve in Legendre form with complex

multiplication by Ok-.

Let ' be the degree two extension of (Q,, where p is a prime not dividing 2D. We
now show that every curve E with complex multiplication by O is isomorphic to a curve

in Legendre form defined over F'.

Proposition 2.7.2 Let D < —4 be a discriminant of a quadratic imaginary order and let
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p be inert in K = Q(v/'D) with p  2D. Let F be the degree two unramified extension
of Q,. For any E with complex multiplication by O and good reduction modulo p, the
curves in Legendre form isomorphic to E are defined over Zp and have good reduction

modulo p.

Proof: Let E be a curve with complex multiplication by O and with good reduc-

es3—e1

tion modulo p. Any curve L in Legendre form isomorphic to E' is given by A = £=2

where eq, ey, €3 is some ordering of the z-coordinates of F[2]. In particular, A is in
K(j(E),z(E;[2]). The fact that p is prime to 2D implies that the ideal (p) of K is in
Pon7(Of ), the kernel of the Artin map Io,,,(Or ) — Gal(K (j(E), z(E;[2])/K). There-
fore (p) splits completely in K (j(£),z(E;[2])) and the extension field embeds into F.
Thus L is defined over F'.

As E has good reduction modulo p, the e; are distinct modulo p. This implies that
A is a p-adic integer and A # 0,1 mod p. Therefore A € Zr and L has good reduction

modulo p. O

By the above proposition, given any j-invariant corresponding to a curve with com-
plex multiplication by O, the six distinct curves in Legendre form with j-invariant j are
defined over F'. This shows that the cardinality of the set Leg,(F') is 6h(O), where h(O)
is the order of C(Q), as was claimed in the proof of Theorem 2.5.2.

Let O, denote the order of K of conductor 2m and let C1(O,) denote its class
group. The following commutative diagram relates C1(O,) and C1(O) with generalized

ideal class groups of K:
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Iom(OK)/ Pomz(Ok) —— ©n(Ok)/Pnz(Ok)

| l

Cl(O,) . Cl(O)

The left and right maps are isomorphisms given by ax +— ax N Oy and ax — ax N O,
respectively. The lower horizontal map is the map b — bO.

We now define an action of C1(O,) on Leg,(F') which is compatible with the
action of C'1(O) on the j-invariants of curves in Ell,(F) which sends j(L) to j(F) where
E = L/Lla]. Let L € Leg,(F') and let a be the image in Cl(O) of an ideal of C1(Os). In
particular, a is relatively prime to 20. Via the normalized isomorphism O — End(L),

this defines a subgroup L[a] = ) ., ker(«) and a corresponding isogeny ¢, : L — FE.

aca
Since a is relatively prime to 20, the isogeny ¢, sends ((0,0),(1,0)) to (P, Q), a basis
of E[2]. Let

A= A(E, (P,Q)]),

where A is the map (2.9) from Section 2.6 and define L° to be the curve with Legendre
invariant A\°. This gives a well-defined action of C'1(O) on Leg,(F'), as we show below.

Furthermore, as j(L%) = j(L)*, this action is compatible with the action of C(O).

Proposition 2.7.3 The action L — L is a well-defined free action of C1(Os) on Leg, (F).

Given L, L' € Legp,(F), there exists a € Cl(Oz) such that j(L*) = j(L').

Proof: Let (o) be an ideal of P, 7z(Ok). Then o = a mod 2mOk for some
integer a prime to 2m. Therefore, « € O, and the ideal a = aQ is equivalent to 1
modulo 20. The isogeny ¢, : L — FE gives a curve with j(E) = j(L). Let \* =

AM[E, (P,Q)]), and let h be the unique isomorphism (up to +1) £ — L* which maps
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(P,Q) to ((0,0),(1,0)). Then hp, : L — L° fixes the two-torsion. Let g : L® — L
be the unique isomorphism (up to 1) between the two curves. The map ghyp, is an
endomorphism of L corresponding to the element o € End(L). Since & = 1 mod 20,
the endomorphism must fix the two-torsion. Therefore, g must send ((0,0), (1,0)) to
((0,0),(1,0)) C L[2]. By the chart in the proof of Proposition 2.5.1, an isomorphism
between two curves in Legendre form with the same j-invariant which fixes two-torsion
must be the identity. Therefore, L* = L, and the action of C'[(O,) is well-defined.

To show the action is free, let a be the image in C1(O) of an ideal of Cl(O,)
such that L* = L. We show that a = (a) where aOf is an ideal of P, z(Ok). The
action of a is compatible with the action of CI(O) on Ellp(F), which sends j(L) to
J(L*%) via the isogeny with kernel L[a]. Therefore, as j(L®) = j(L), the ideal a must be
principal with a = («) for some o € O. The isomorphism h : £ — L% sends (P, Q) to
((0,0),(1,0)). Since L* = L, we have that &« = h o ¢, is an endomorphism of L fixing
the two-torsion L[2]. This implies that « = 1 mod 20. Letting Ox = Z[w], we have that
a = a+ bmw where b is even and a is odd. Thus a is the image of aO; in C1(O;) which
is by assumption prime to 2m. Thus a is prime to 2m. Since a = a mod 2mQk, this
shows that Ok is in Pay, 7(Of).

The last claim follows from the fact that C'{(O) acts transitively on the set Ellp(F),
which is precisely the set of j-invariants of curves in Leg,(F'), and the fact that any ideal

class of C1(Q) has a representative relatively prime to (2). O

A straightforward counting argument shows that the action is not transitive. The
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following exact sequence relates the groups C'1(O) and C1(O): ([11, Thm. 7.24]):

1 — (0/20)*/(im(O*)(Z/22)*) — CL(Oy) — CI(O) — 1 (2.10)

where im(QO*) is the image of the unit group O* under the map O — O/20. Let h(O)
denote the class number of O. As (Z/2Z)* = 1 and im(O*) = 1, by the above exact

sequence, we have that #C1(Oy) = m - h(O) where

(

1 (2) splitsin K
M=192 (2)ramifies in K

3 (2)isinertin K.

\

As Legp,(F) has cardinality 6h(0), the action cannot be transitive. In particular, for the
case of m = 1, there is no a € Cl(QO,) that sends a curve L in Legendre form to a distinct
curve L' in Legendre form with the same j-invariant. Suppose L' = L®. Then the ideal
a must be prinicipal, because the action is compatible with that of C1(O) on Ellp(F).
Therefore a = («) defines an endomorphism of L fixing the two-torsion, with kernel
L[a]. By definition of the action, this endomorphism factors through an isogeny between
L and L' = L* which also fixes the two-torsion. This implies there is an isomorphism
between L and L' fixing two-torsion, which implies that . = L', as shown in the proof of
Proposition 2.5.1.

The action of C1(O,) on Legp(F') induces an action on LegEmb ,(F,2) via Theo-

rem 2.5.2:
(Lps F)* = ((Lp)"%, F9)
where (L,)® = (L®),, and f*© is the action described in Section 2.3.4. For convenience,
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we reiterate the details here, as the condition of fixing the two-torsion adds a minor tech-
nicality. Let ¢, : L — FE be the isogeny with kernel L[a]. Let h : E — L% be the
unique isomorphism (up to £1) such that hy, fixes the two-torsion, that is, sends the
ordered sequence [(0,0), (1,0), (X, 0)] to [(0,0),(1,0), (A% 0)]. Writing O = Z[7], let
# € End(L) be the image of 7 under the normalized isomorphism O ~ End(L). The

normalized isomorphism for L is given by

T h@aﬁ@ahil ® (deg @a)ila

and f®is the composition O ~ End(L*?) — End(L*).

Remark 2.7.1

In Section 2.3.4, we explicitly computed f® using the action of C1(O) on Embp (A, ).
We can use this action to compute f° for a € CI(O;), but this only determines the
embedding f® up to automorphism of L°. Thus if j (L;) = 0 or 1728, there are three,
respectively two, possible candidates for the embedding f¢. To determine which is the

correct embedding will require extra computation. This is discussed in Section 2.8.5.

We now proceed to show how the action of C'1(O,) is used to compute the canonical

lift of (L, f) € LegEmb,(F,2).

2.8 Computing the canonical lift of (L, f) € LegEmbp(F,2)

In this section, we present an algorithm to compute the canonical lift of (L, f) €
LegEmb,(F,2) for any prime p > 3. For p = 1 mod 12, the algorithm is merely a modi-
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fication of the algorithm in Section 2.4. For p # 1 mod 12, the set of supersingular curves
over [F)2 includes a curve with j = 0 or 1728, and the algorithm requires a modification

of the p-adic analytic map used in the Algorithm 2.4.1.

2.8.1 The map p,, for the case of p = 1 mod 12

Let C, be the completion of an algebraic closure of . The field C,, is algebraically
closed. Let = (Lo, f) be an element of LegEmb ,(F,2), and let I denote its canonical
lift. We define a ‘disc’ above 7) containing all possible candidates for the A-invariant of the
canonical lift of (L,, f). These are pairs (A(L), f) with A(L) = A(L,) modulo p, where
p is the prime above p in the smallest extension of QQ, in which \(L) lies. We denote this
disc by

Xp(n) = {(AL), f) | ML) € Cp, A(L) = A(Lo) mod p}

By Theorem 2.5.2, there is exactly one pair in each disc Xp(n) such that the induced
embedding of endomorphism rings is equal to f, namely (A(L), f). As in Section 2.4, we
construct a p-adic analytic map from the set of discs to itself that has these pairs as fixed
points and then “zero in” on the canonical lift of 77 using Newton’s method.

Let a be an O-ideal of norm N coprime to 2p. We define a map

pa: | JXn(n) — JXn(n)

as follows. Let (\(L), f) € Xp(n). The ideal f(a) of End(L,) defines a subgroup
L,[f(a)] of the N-torsion. Since (V,p) = 1, the N-torsion of L, lifts canonically to
L[N] and the subgroup L,[f(a)] lifts canonically to a subgroup L[a] of L. This defines
an isogeny ¢, : L — E = L/Lla]. Since 2 f N(a), the map ¢, sends ((0,0), (1,0))
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to a basis (P, Q) of E[2]. Thus [E, (P, Q)] is a point of Y'(2)g,, and we may apply the

modular function ) from Section 2.6. Define

pa(A(L), f) = (M(E, (P, Q)]), [7),

where f®1is as in Section 2.7. When the map f is clear, we also denote by p, the induced
map on the disc X (n) restricted to the first coordinate of the pair, which is simply the
p-adic disc of radius one around A\(L,).

We now explain the connection of p, to the action of C1(O;) on Legp(F). If
L is the canonical lift of (L, f), then po(A(L), f) is equal to (A(L%), f*), where L® is
determined by the action defined in Proposition 2.7.3. This follows from the fact that the

induced embedding End(L) ~ O — End(L,) is by definition f. Therefore, the isogeny
©q defined by the lift of L,[f(a)] is precisely the isogeny defined by a C End(L).

Let a be principal with a = («) for @« = 1 mod 2 and norm N («) coprime to p and
m, the conductor of ©. Then the isogenous curve £ = L/L[a] is isomorphic to L and
M[E, (P, Q)]) equals \(L). Furthermore, f* = f, and therefore (A(L), f) is fixed by p.

Note, however, that the map p, is not an extension of the action in Proposition
2.7.3. Let L € Legp(F) with A(L) = A(L,) mod p but such that L is not the canonical
lift of 7. That is, the induced embedding of endomorphism rings is not f. Then the lift
of L,[f(a)] to L is not necessarily equal to the subgroup L[a]. Therefore, po(A(L), f)
is not necessarily equal to (A(L%), f*). They may be equal, for example, if the induced
embedding is equal to f conjugated by an isogeny which stabilizes the subgroup L,[f(a)].

However, if a is principal with a = (a) where a/a — 1 is a p-adic unit, then they

cannot be not equal. That is, the point (\(L), f) is fixed by p, if and only if L is the
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canonical lift of n = (A(L,), f). Therefore, though the disc X (1) may contain multiple
pairs (A(L), f) with L € Leg,(F'), it contains exactly one point fixed by p,. This fact
follows from the p-adic analyticity of p,, as we now show.

Let « = 1 mod 2 with norm N coprime to p and m, the conductor of O. Let
n = (Lo, f) € LegEmb(IF,2). Since («) is prinicipal and o = 1 mod 2, p, stabilizes
Xp(n). By abuse of notation, we let p, : Xp(n) — Xp(n). denote the corresponding
map on A-invariants and X p(7) denote the p-adic disc of radius one around A(L,). The

proofs of the following statements are found in the next three subsections.

Theorem 2.8.1 Let ) € LegEmb,(F,2) and let \ be the \-invariant of the canonical lift
of n. For « € O with « = 1 mod 2 and norm N(«) coprime to pm, the map p,, is

p-adic analytic in the disc Xp(n). That is, there exist a; € Z such that

forall X € Xp(n).

Proposition 2.8.2 Let the hypotheses be as in Theorem 2.8.1. The map p,(\) has deriva-

tive /@ at the point A\ = \.

As in the case of Section 2.4, for @ Z a mod p, the p-adic analytic map p,, has a
unique fixed point, namely X. The algorithm in Section 2.8.7 to compute the canonical

lift uses a variant of Newton’s method to converge to A

Proposition 2.8.3 Let

Pa(Ak) — Ai

Akst = Ak — aja—1
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For any Ay € Xp(n), the sequence {\,} converges quadratically to \. Therefore, the

map p. has a unique fixed point in the disc X p(n).

2.8.2 Proof of Theorem 2.8.1

The purpose of this section is to prove Theorem 2.8.1, following the approach found
in the proof of [5, Thm. 4.2]. We begin by giving an algebraic-geometric interpretation
of p, in terms of functions on modular curves. Let N be odd and consider the modular

curve Y (I'y x) defined over C by the congruence subgroup I'y y = I'o(N) N I'(2), where

a b
[o(N) is the subgroup of S Ly(Z) of matrices M = with ¢ = 0 mod N.

c d

The curve X (2N) has a non-singular projective model over Z[(y], thus we can
consider it as a curve over Q,((x). The (y comes from the Weil-pairing condition in the
moduli interpretation of Y (2V). Since I'(2N) C I'y v, the curve X (I'; i) is a quotient
of X(2N) and thus we may also work with X (I'y ) over Q,((x). Moreover, it can be
defined over QQ,, since there is no Weil-pairing condition in the moduli interpretation for
I'o(N). In what follows, we work with the modular curves X (I'y y) and X (2) defined
over Q,, unless otherwise specified, and consider their points over C,, the completion of
an algebraic closure of Q,,.

The points of the affine curve Y (I'y ) correspond to the equivalence classes of
triples [E, G, (P, Q)] where E is an elliptic curve over C,, G is a cyclic order-N sub-
group, and (P, Q) is a basis of the 2-torsion. Two triples are equivalent if there is a
C,-isomorphism h : E — E’ such that h(G) = G, h(P) = P’ and h(Q) = Q'

We now define two maps Ay, A2 @ Y (I'y ) — C, as follows. Let m denote the
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“forgetful” map

T Y (T2.n) — Y (2)

B, G, (P,Q)] — [E (P,Q)]

Given a point [E, G, (P, Q)] of Y (I's ), let ¢ denote the degree- NV isogeny with
kernel G. Let G denote the “complementary” subgroup of G, that is, the subgroup of

points of E[N] such that G & G = E[N]. The Atkin-Lehner involution is

Wy : Y (Ton) — Y (Ton)
[B.G.(P.Q)] — [¢6(E) ¢a(G), (96(P). 2c(Q))]

and satisfies the property that w3, = Id. This is true by the following facts. The map ¢z
is the map on the curve ¢ (E) with kernel @G(@). Therefore it is the dual isogeny to
¢e» and thus pzp, = [N]. Since N is odd, this fixes the two-torsion of £. Note also
that the subgroup complementary to @G(@) is mapped by ¢z to G. Therefore, applying
wy to the point [p,(F), ng(é), (0a(P),0a(Q))], we get [E, G, (P, Q)]. Thus w¥ is the
identity map.

We define the map A\, : Y(I'y ) — C, as \; = Aom, where A : Y (2) — C, is the
map from Section 2.6. We define the map Ay : Y (I'y x) — C,, as Ay = A\ o wy.

The map )\, is directly related to p,. Given A € Xp(n), let L over F' be the curve
y> =ax(x —1)(x — A\). As L = L, mod p, we can lift the subgroup L,[f (/)] uniquely to
a subgroup L[«], as described in the previous section. By construction, the value p, ()

is the A-invariant of the curve L’ in Legendre form isomorphic to L/L[a] such that the

induced isogeny L — L' preserves the order of the two-torsion. Thus
pOé(/\) = /\2([La L[QL ((07 0)7 (17 0))])
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We now have the tools to prove Theorem 2.8.1.

Proof of Thm. 2.8.1: Let = (L,, f) and let L € Leg,,(F) be its canonical lift.

As L, has all two-torsion defined over Iz, all endomorphisms of L, are defined
over Fj2 ( [46, Thm. 4.1]). Thus the subgroup L,[f(«)] is defined over F,. and its lift
Lla] € L[N] is defined over F. Therefore, the point R = [L, L[a], ((0,0), (1,0))] is an
F-rational point of Y (I'y y). As L is the canonical lift of 77, we have that Xa(R) = A.

Let 7(R) = T, and let Or and O denote the local rings of functions at R and 7,
respectively. As shown in Section 2.6, the modular function A : Y (2)(F) — F —{0,1}
is a bijection. Therefore, A — A(7") is a uniformizer for Or.

The map Y (I'(2N)) — Y/(2) is unramified above A # 0,1,00 [21, p. 463], and
factors through the map Y (I'o ) — Y'(2). Therefore the cover Y (I'y ) — Y(2) is
unramified above A # 0,1, co. Viewing the maximal ideal (A — A(7")) in Of and using

the fact that \; = 7 o A, this implies that
(A= AT)Or = (M — M(R)).

Therefore the function A\; — A;(R) is a uniformizer for the completion ) r of the local
ring at R. Since Y (I'y ) ¢ is a smooth curve, ) r is a discrete valuation ring over F'. Thus
Or =~ F[[M — M (R)])-

We now show that Ay — A\o(R) is also a uniformizer for R. Precomposing with wy
gives

()\2 - )\Q(R)) OCWwWnN = )\1 @) w]2V - )\Q(R) = )\1 — )\1 o) wN(R), (211)

since w3, = Id and \y = \jowy. If \a— \2( R) has a zero of order m at R, then (2.11) has
N
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a zero of order m at wy(R), again by the fact that w3, = Id. As (2.11) is a uniformizer
for the local ring at wy(R), we have that m = 1, and thus Ay — \y(R) is a uniformizer
for Rin O R.

The curve X (2N) has good reduction modulo p not dividing N. As X (I'; i) is a
quotient of X (2/V), the curve X (I'y x) also has good reduction modulo p not dividing
N ([12, Prop. 4.2]). Arguing as in [5, p. 10], we now work with the modular curves
X(2) and X (I'y ) as schemes over Z,. As shown in the proof of Proposition 2.7.2, the
A-invariant of i, denoted 5\, is in Zp and is not equal to 0 or 1 modulo p. Thus L has
good reduction modulo p and there is a point R’ of X (I'y 5)z, which corresponds to R
and similarly a point 12 of X (T's, ~)F, corresponding to RR. Similarly, we may consider the
points 7", T of X (2)z,, respectively X (2), .

By [21, pp. 460], the function X generates the field of functions of X (2)r,, and
therefore A — )\, is a uniformizer for 7'. The cover 7 : Y (I'y y)r, — Y (2)r, is unramified
above \ # 0,1, 00 ( [21, p. 463], and so \; = \ o 7 is a uniformizer for R. Considering
A2 = A\; o wy as a function Y(FQVN)]FP — Fp, we have that Ay — A, is also a uniformizer
for R by the fact that w2, = Id.

Let O r denote the completion of the local ring at R'. Since \; — X and A2 — A, both
reduce to uniformizers modulo p, the ideals (p, \; — \) and (p, A, — \) are uniformizers
for @R/. By the structure theory of complete local rings, @R/ ~ Zr[[M — 5\]] [27, Proof
of Thm. 29.7]. Therefore, there exist a; € Zr such that

Ao = A= ai(h — A (2.12)
i>1

Given A € Xp(n), let L denote the corresponding curve in Legendre form. Recall
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that p, () = Ao ([L, L]a], ((0,0), (1,0))]). Therefore
pa(N) =X = Xa([L, Lla], ((0,0), (1,0))]) — A
= Y a(M((L, Llal, ((0,0), (1,0))]) = A)'

— > is1 @i(A = M)

As a; € Zp, this series converges for any A € Xp(n). O

2.8.3 Proof of Proposition 2.8.2

In this section, we prove Proposition 2.8.2 by computing the value a; € Zp in the
power series (2.12). The proof follows the approach in the proof of [5, Lemma 4.3].
We first show that it is valid to compute the slope in the complex analytic setting. This
follows from the fact that the value a; may be interpreted as the ratio of differentials of

the curve Y (I'y v) evaluated at an F'-rational point.

Proof of Prop. 2.8.2 The space of differentials of the curve Y (I'; i) is a one-
dimensional vector space over the function field of the curve. As A\;, \; are functions of
Y (I'g,n), there exists a function v on Y (I'; ) such that ydA\; = d\,. By the power series
(2.12), we have that d\y = (a; + D isgiai( A — X))i‘l)d)\l. Thus, for the F-rational
point R = [L, L[a], ((0,0), (1,0))], we have y(R) = ax.

Since ) is integral over Za)lJ (L)], where j(L) is an algebraic integer, we may view
A € Q. Thus we may view R as a point in Y (I'y v )(C) and calculate a; = Z—X(R) from
the complex-analytic viewpoint.

By the bijection of the moduli space Y (I'y y)c with I's y\'H, given any point P

representing [L, L[a], ((0,0), (1,0))], there exists a representative 7 € I'y y'\’H such that
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P corresponds to

C/A, (1/N 4+ A), (7/24+ A, 1/2 4+ Ay)).

In particular, the kernel of the map ovon C/A is (1/N + A;). Let 7, be the representative
corresponding to the point R.
The map A\; on Y (I'y x)c is given by A;(P) = A(7). To interpret the map Ao, note

that the complex-analytic map defined by « on L corresponds to
C/{1,7) — C/(1/N,7) = C/(1,N7), (2.13)

where the first map has kernel (1/N) + A, and the second map is the isomorphism given
by rescaling by N. The resulting curve is C/(1, N7) and the map A is given by A\y(P) =
A(NT). Letting Ay (7) = A(NT), we have that

s
dA\

(P) =22 ().

Thus to compute a;, we want to evaluate at 7 = 7,,.
From Section 2.6, the modular function j(7) can be given as a rational expression

in \(7) via the function J:

Let jn(7) denote the function j(/N7) and let Jx(7) denote the function J(Ax (7)), which

is equal to jn (7). We now show that

dA\n _djn
W(To) = d—j(To)-

By [5, Lemma 4.3], %(TO) = 2, and thus the result follows.

‘We have

d_J B dJ(A\(T)) B d_J@
dr dr d\dr
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and

dJN o dJ()\N(T)) . dJN d)\N

dr dr Cd\y dr
Therefore
din, \ dJy, . dJy dJ, . _d\y
Since Z‘/\]—g(r) = 2J(NT), it suffices to show that A(N7,) = A(,). Since « is an endo-

morphism of C/A, with kernel (1/N) + A., we have C/(1,7,) = C/(1,7,). The map

(2.13) has the same kernel, thus the image curves are isomorphic via the map o/ N

c/,Nr) B c/a, ).

a b
Therefore, there exists M = € SLy(Z) such that at, = a1, + b and o/N =

c d
¢ty +d,and M1, = Z::—Is = o = No.
We now show that M € I'(2). The non-trivial two-torsion of A, is {1/2 +
Ary7o/2 4+ Ary (7o +1)/24+ A} As @ = 1 mod 2, the endomorphism « fixes the
two-torsion. Furthermore, since (/NV,2) = 1, the map C/(1,7,) — C/(1/N,1,) A

C/(1, N,) also fixes the two-torsion. For example,
1
124 (1,75) — 1/2+4 <N,To> — N/2+ (1,N1,) =1/2+ Ay,

Since neither o nor IV permute the two torsion, the isomorphism 5 = c7, + d must
also fix the the two-torsion. Thus ¢ is even and d is odd, which implies that M € I'(2).

Since A is I'(2)-invariant, A(N7,) = A(M7,) = A(7,). This completes the proof. O
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2.8.4 Proof of Proposition 2.8.3

We now give the proof of Proposition 2.8.3. We assume that «/a& — 1 is a p-adic

unit and show that {\; } converges quadratically to A where

Pa(Ar) = Ak
Mol = g — ————.
ki g aja—1
In particular, this implies that X is the unique fixed point in the p-adic disc radius 1 around

A(Ly).

Proof of Prop. 2.8.3: Let a; = «a/a and choose Ay € Xp(n). Then A, =
A(L,) mod p. Let

o(AL) — A
)\Hl:)\k_w‘
&1—1

Let v, denote the p-adic valuation of F'. We show by induction that for all £ > —1,
Up()\k—H — 5\) Z 2k+1.

By assumption, v,(Ag — :\) > 1, therefore the statement holds for k¥ = —1. Assume
v,(Ar — A) > 2. Then

MNes1 — A = M= A= (pah) = M) (a2 — 1)
_ M =N = A+ Dy @ = A = N (@ — 1)
= A=A = ((ar =)\ = M) + X imp ai(Ae — A)) (ar — 1)

— - 2122 ai(ay —1)7H (A = A)*

1

Thus v, (A1 — 5‘> = vp(— Zi22 ai(ar — 1) (A — :\)2) > vp((Ae — :\)2) > 2k ag

desired.
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Note that this is essentially Newton’s method

Pa(Ak) — Ap
Aest = Ay — Pl = A
R TS W

since p/(\) —1 = p/(A) —1+0(p*") = (a; — 1) + O(p*"). This completes the proof. O
Corollary 2.8.4 Let v, be the p-adic valuation of F and assume v,(\, — \) = 2*. Then
Up()\k+1 — /\k:) = Up()\k — 5\)

Proof: This follows from the definition of p, and \;,;. Let a; = a/a. Then

0p(kst = M) = 0((aMe) = M) (a1 = )71 = 0(pa(Ak) — M), since ay — 1 is a

p-adic unit. O,

2.8.5 An algorithm to compute the action of C'1(O3) on LegEmbp,(IF,2)

Let O be an order of discriminant D < —4. Let p be inert in K = Q(+/D) with
p 1 2D. In this section, we present an algorithm that computes the action of an ideal
a € Cl(O,) on a pair (L, f) of the set LegEmb,(FF,2) The algorithm returns the curve
L*® and the embedding f°. In this section, all elliptic curves are supersingular curves in
characteristic p.

We fix a maximal order R of A, ., into which O optimally embeds and a prime ¢
not equal to p. We choose a set of left R-ideal class representatives {.J;}, each of norm a
power of /. As discussed in Section 2.2.2, this is possible because the /-isogeny grapha
of supersingular curves over F, is connected. This determines Embp (A, o), the set of
equivalence classes of optimal embeddings O — R,.(J;). As shown in Section 2.3.2, this
set is in bijection with Embp (FF,2).
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We choose a curve L; with End(L;) ~ R and fix an isomorphism i : A, ., —
End(L;) ® Q specified by a Z-basis {r;} of R which maps to a Z-basis {e;} of End(L,).
(For more detail, see A.0.3 in Appendix A and the examples in Appendix B.) For any

isogeny ¢ : L; — E, we define the isomorphism i, : A, . — End(E) ® Q by

ip o pi()p @ (degy )7

The left ideals J; of R define curves E; = Li/L[J;] with R.(J;) ~ End(E;). As
discussed in the remark 2.2.1, we make the choice of isogenous curve F; such that the
isogeny ¢, : L1 — E; is normalized. The isogeny ¢ ; defines an isomorphism denoted
17,. Note that the curves £; are not necessarily in Legendre form.

Fix a pair (L, f) of LegEmb(F,2) and an ideal a. The following algorithm com-
putes the unique curve L® in Legendre form such that the isogeny L — L® with kernel
L[f(a)] fixes the two-torsion. To compute f¢, we use Algorithm 2.3.1 which returns
the value ¢%(7) = w, an element of R,(.J,,,) where E,, ~ L® The value g°(7) is only
determined up to conjugation by units of R,.(J,,). If j(L%) # 0,1728, the value ¢°(7)
is uniquely determined. For j(L®) = 0 or 1728, however, there are three, respectively
two, choices of ¢%(7), only one of which gives the embedding f° into End(L?). This
ambiguity is addressed in Step 5.

The expression we obtain for f(7) gives an endomorphism of the curve L% in
terms of the basis of endomorphisms {e;} for L; and an isogeny L; — L°. By factoring
Ly — L* through the isogeny Ly — FE,,, we control the denominators in the expression
of f%(7) so that they are at most a power of /. Thus, for any ideal a and for any element

8 € O with norm prime to ¢, we can compute the kernel of the endomorphism f%(3) by

86



computing the kernel of /¢ - f9(3) for some d.

Algorithm 2.8.1

INPUT:
e A supersingular curve L in Legendre form with End(L) ~ R,.(Jy)
e Abasis {r;} of R
e The data

1. g(7) = [y1, ..., ya] € R-(Jy) expressed in terms of the basis {r;} of R

2. 7, an isomorphism F, — L

specifying an optimal embedding f : O — End(L), given by f(7) = i, o g(7)

where o =yop,
e Anideal a of Cl(O,) with a = (a, ¢+ d7) and n(a) = a where (a, () =1
OUTPUT:
e The curve L*
e The data

1. g%(7) = [wy, ..., w4] € R.(J,,,) expressed in terms of the basis {r;} of R
2. 7y, an isomorphism F,, — L*
3. 0, an automorphism of L*®

specifying the embedding f© as given by f*(7) = i, 0 g%(7) where p = doyoy;
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e The polynomial P(X') whose roots are the distinct z-coordinates of the affine points

of the kernel L[f(a)]

e The curve F = L/L[f(a)] and the two-torsion points (P, @), the image of ((0,0), (1,0))

under the isogeny L = E.

The last two outputs are a by-product of the computations L* and are used in the

algorithm to compute the canonical lift in Section 2.8.7.

1. Using Algorithm 2.3.1, compute ¢*(7) = w € R,.(J,,), with w = [wy, ..., wy] in

terms of {r;}.

2. Compute the subgroup L[f(a)] by checking which points (); € Lla] are in the
kernel of f(c + dr). Let P(X) = [T V*(X — 2(Q;)), the polynomial whose

n=1

roots are the z-coordinates of L[f(a)].

3. Compute ¢, : L — E, the isogeny with kernel L[f(a)], and (P, @), the image of
((0,0),(1,0)) under ¢,. Compute

o z(P+ Q) — z(P)
z(Q) — z(P)

and an isomorphism % : E — L® with (z,y) — (u?z + r,u3y) for

1 —z(P
u ==+ and r = z(P)

2(Q) — z(P) 2(Q) — z(P)’

Letvy = hyp,: L — L°.

4. If j(L*) # 0, 1728, compute the isomorphism 7 : E,, — L® (unique up to £1) and
let p = yo ¢y, . Return L* and f® = i, o g°.
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5. If j(L®) = 0 or 1728, choose an arbitrary isomorphism ~ : FE,, — L® For each

automorphism 0 € Aut(L*?), let ¢ = 6y, and determine if

ip(g* ()b = ¥ f(7) (2.14)

as isogenies I, — L°. Choose the unique ¢ (up to 1) for which this holds, and

return L and f°® = i, 0 g°.

We now give a more detailed description of the algorithm, as well as justification
of the fact that Step 5 yields the embedding f°. In Step 3, we use Vélu’s formulas to
compute ¢, : L — E. By the proof of Proposition 2.5.1, the curve with A-invariant
A% is L°, the unique curve in Legendre form isomorphic to E such that there exists an
isomorphism E — L% sending (P, Q) to ((0,0), (1,0)). Either choice of square root for
u is valid, as the automorphism —Id fixes the two-torsion.

In Steps 4 and 5, the curve E is isomorphic to £, but not necessarily equal. Since
in Step 1, we have computed the value ¢g°(7) with respect to the set Emb (A, ) which
depends on the fixed set {E;} of representatives of isomorphism classes, we factor the
isogeny L; — L° through E,,. If p = 3,5, 7 or 13, there is a unique isomorphism class
of supersingular curves over .. Thus E,, = L and ¢ is just the identity.

In Step 5, letting ¢ = o ¢,,,, we have that i,,(¢%(7))y = ¥ f(7) up to conjugation
by an automorphism 6 € Aut(L*?). The goal of Step 5 is to determine the correct ¢, up to
+1.

Let ¢ = i,(g%(7)). For any 6,9 € Aut(L") with § # =£¢’, the endomorphisms
d¢d~1 and §’¢d'~! are distinct. Thus there exists some positive integer s, relatively prime
to a and /¢, such that 66! and 0’5’ are not equal on L%[s] for all pairs &, with
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0 # +4'.
This implies that there is a unique ¢ up to 1 such that (2.14) holds for points of
L?[s]. We then check each § until we obtain one for which this is true. As (s,a - () = 1,

we can do this by checking that

a-6(p,, i(w)@, )0 oy =11 (Yo f(7)) (2.15)

on L[s], where (¢ is the maximum of n(.J,,) and the denominators of the {w;} .

To choose an appropriate s, for each pair of automorphisms with § # +¢’, we
compute the difference of d¢d ! and §'¢d'~! expressed in terms of the basis {e;}. For
p # 3 and j = 1728, there is two automorphisms up to 41, and thus a single difference.
For 7 = 0, there are three automorphisms up to -1 and thus three differences. If p = 3,
there are six automorphisms up to +1 and thus fifteen differences.

Let m be the smallest absolute value of the numerators of the terms in each of the
differences. Choose a positive integer s relatively prime to m, ¢ and a. By the choice of s
and the fact that the denominators of the terms contain at most powers of ¢, the differences
are not equal to zero modulo s. Hence the corresponding pairs of endomorphisms are not
equivalent on L%[s].

This approach gives an upper bound on s, the smallest positive integer such that
§¢d~1 and ¢'¢d' ! are not equal on L%s]. The terms of any embedding with respect to
the basis are each bounded by n(7), the norm of the embedding. Thus the terms in the
differences of conjugate endomorphisms are bounded by 2n(7). For any s > 2n(7),
the differences are not equal to zero modulo s, and hence the corresponding conjugate

endomorphisms are not equivalent on L°[s].
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There is a better bound on s for large enough n(7), as follows. If the differences
are zero modulo » = 2,3, 5... for a sequence of relatively prime integers, then they are
zero modulo the product of these primes. For large x, the product of primes less than z is
approximately e” by the Prime Number theorem. More specifically, by [34, Cor. to Thm.

4], for x > 41,

Zlogp > x(1 —1/(logx)).

p<z

Thus solving x(1 — 1/(log z)) = log 2n(7) for x, we have that the product of primes less
than x is greater than 2n(7). Thus there is a prime s < x such that the differences are not
equal to zero modulo s and no pair of conjugate embeddings give endomorphisms which
are equal on L%[s].

Alternately, we may determine the correct automorphism ¢ by simply trying primes
r = 2,3,..., coprime to a - ¢, in consecutive order, and testing for each o whether the
condition (2.15) holds on L[r]. We discard those that fail on any given s until only one §
remains.

For practical implementation, we want to use a small s. For instance, in the case
that s = 2, the algorithm simplifies, as we know that the isogeny ¢/ fixes the two-torsion.
We present this simplified variant of the algorithm, followed by an example. We then give
a characterization, in terms of D and the characteristic polynomial of 7, of the cases when

s = 2 suffices.

Algorithm 2.8.1, s = 2 Variant:

The input is the same as in Algorithm 2.8.1, assuming we have chosen the ideal
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class representatives J; to have norm a power of ¢ # 2. Steps 1, 2 and 4 remain the
same. In Step 3, there is no need to calculate the isomorphism h. Step 5 is replaced by
the following step.

Choose an arbitrary isomorphism v : F,, — L% For each § € Aut(L*?), let p =
vy, Since the conjugate endomorphisms are not equal on L%2], to check condition

(2.14) from Step 7 of Algorithm 2.8.1, it suffices to verify that

ip(9°(7)) = f(7) mod 2.

Since ¢ : L — L fixes the two-torsion ((0, 0), (1, 0)), this is equivalent to checking
that i,(¢g%(7)) and f(7) evaluated on the two torsion of L® and L, respectively, give the
same result. We check this for each § € Aut(L®)/{=£1} until we find one for which this

is true. The following example illustrates this variant.

2.8.6 Example

Letp = 7and D = —23. We work with F 2 = F,(a) where a* = —2. The order O
of discriminant D can be written as Z[7] where 7 is a root of X? — X + 6 = 0.

Let L be the curve y* = x(x —1)(z — 2) with j(L) = 1728. We fix a maximal order
R with R ~ End(L). (See Appendix B for the explicit bases of R and End(L)). As there
is a unique conjugacy class of maximal orders of A7 .., all embeddings of Embp(F,2)
are embeddings into R.

Let f : O — End(L) be the embedding given by the data g(7) = [0, —1, —1, 1], in
terms of the basis of R and the isomorphism ¢ : R — End(L). Recall that g(7) gives an

embedding O — R and the embedding f is given by the endomorphism i(g(7)). As D is
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fundamental, the embedding f is optimal. Furthermore, as D = 9 mod 16, we are able
to use the s = 2 variant of Algorithm 2.8.1, by Proposition 2.8.5 below.

Given a = (3,1 + 27), an ideal of O relatively prime to 2, we compute the action
of aon (L, f). In Step 1, we use Algorithm 2.3.1 to compute ¢%(7) = [0, —2,1,1] € R.

In Step 2, we check which points of L[3] are killed by 1 + 2f(7). This yields the
points with z-coordinate 5a + 5. Thus P(X) = X + 2a + 2 is the kernel polynomial of
L[f(a)]-

In Step 3, using Vélu’s formulas, we obtain the isogenous curve £ = L/L[f(a)]
with y* = 2% + 4ax. The images of (0,0) and (1,0) under the isogeny are P = (0,0)
and @ = (5a + 1,0) respectively. The point P + () = (2a + 6,0) and we compute
A = 6. Thus L is the curve given by y* = z(z — 1)(z — 6). The isomorphism (z,y) —
((a+4)x, (3a + 3)y) sends E to the curve L* and the basis (P, Q) to ((0,0), (1,0)).

As j(L%) = 1728, we go to Step 5. We choose the isomorphism ~ : L. — L® given
by (z,y) — (z + 6,y). The following chart gives the value of the endomorphism f(7) of
L evaluated on the non-trivial points of L[2]. Here P,, denotes the identity of the group

L(F,2).

P f()(P)
(0,0) (0,0
(1,0) P
(2,0) (0,0)

Similarly, the following chart gives the value of endomorphism . (g%(7)) of L® evaluated

on the non-trivial points of L%2]. Here P, denotes the identity of the group L*(F2).
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P iy (g%(7)(P)

(0,0) (0,0)
(17 0) Poo
(6,0) (0,0)

As they agree, the correct automorphism is 6 = Id and the embedding f© is given by
i,(9%(7)), where ¢g%(7) = [0, —2,1, 1] and  is the isomorphism above.

As a check, we consider the non-trivial automorphism of L® given (up to +1) by
§ : (z,y) — (6z,2ay). Conjugating by d, we get the embedding di,(¢%(7))d ! and we

evaluate it on the non-trivial points of L%2].

(0,0) (0,0)
(1,0) (0,0)
(6,0) P

As this doesn’t agree with the values of f(7) on L[2], this confirms that we have identified

the correct embedding automorphism as 6 = Id.

Let L be supersingular curve with j(L) = 0 or 1728 such that the order O of dis-
criminant D embeds in End(L). The following proposition describes for which discrim-
inants D the endomorphisms corresponding to conjugate embeddings are distinguishable

on the 2-torsion of the curve L.

Proposition 2.8.5 Let L be a supersingular curve in Legendre form over F 2 with j(L) =
0 or 1728. Let O = Z|1] be the order of discriminant D < —4, and let T(X) = X? —
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tX + n be the characteristic polynomial of T. Let ¢ be an element of End(L) with
characteristic polynomial T'(X). Let § € Aut(L) be any automorphism with § # +Id.

Assume ¢ Z 0 mod 2 and one of the following cases is true

r
X? + X mod 2 and j(L*) = 0 or 1728

T(X)=4X2+ X +1mod?2 andj(L% = 1728

X? + 1 mod 2 and j(L*) = 0.
(
Then ¢6 # d¢ on L[2]. Furthermore, these are conditions are necessary for 6 % §¢ mod

2, except in the last case.

Proof: Let Py, P, P, be the non-trivial two-torsion points of L. If ¢ = 0 mod 2,
then ¢ kills the two-torsion and thus d¢p = @0 mod 2. Therefore, in order that d¢ #

¢6 mod 2, we must have that ¢ = 0 mod 2.

Case 1: If T(X) = X? + X mod 2, then ¢* = ¢ on L[2] and ¢ kills a point of
two-torsion of L. Without loss of generality, let ¢( ) = Py and ¢(Py) = ¢(FPs) = Py.

If j(L) = 1728, the non-trivial automorphism § (up to 1) is a permutation of
order 2 on the non-trivial points of L[2]. Thus ¢ fixes one non-trivial two-torsion point
and permutes the other two. If §(Py) = Py, then g0~ (P,) = P,. If §(P,) = P}, then
0 (Py) = Py. If §(P;) = P, then §¢0 1 (P,) = P,. In all cases, 60~ () is not
equal to ¢(P,) = P;. Therefore ¢p0 # d¢ on L[2].

If j(L) = 0, any non-trivial automorphism § of L gives a permutation of or-
der 3 and thus does not fix any two-torsion point. We show for each possibility for
§ that 6¢d~1(Py) # ¢(P), and therefore ¢6 # d¢ on L[2]. If §(Py) = P, then
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80 (Py) = Pp. If §(Py) = P, then §¢0~1(Py) = Py. In both cases, 60 () is

not equal to ¢(Fp) = Ps.

Case 2: Suppose T(X) = X? + X + 1 mod 2. Since 2 { n, the endomorphism
¢ acts as a permutation on L[2]. Writing [n] = gbgg, we have ¢? + ¢ + qzﬁgg = 0 mod 2,
and thus ¢ = 1+ ¢ on L[2]. If ¢(P;) = P, for any ¢, then gg(PZ) = P, which is a
contradiction. Thus ¢ is a permutation of order 3 on the non-trival points of L[2].

For 5 = 0, the non-trivial automorphisms of L are permutations non-trivial two-
torsion of order 3. Therefore § commutes with ¢ and ¢d = d¢ mod 2.

For j = 1728, the non-trivial automorphism of L gives an order 2 permutation.

Thus ¢ and ¢ do not commute and ¢ # d¢ on L|[2].

Case 3: If T(X) = X? + 1 mod 2, then ¢* = 1 on L[2]. This implies that ¢ is
an order 2 permutation of the non-trivial points of L[2]. If j = 0, then 0 is an order 3
permutation of the non-trivial points of L[2]. Therefore, ¢d Z d¢ mod 2, as ¢ and ¢ do
not commute.

If j = 1728, then ¢ is an order 2 permutation as well. If  and ¢ are the same
order 2 permutation, then d¢p = ¢ on L[2]. However, if 0 and ¢ are not the same per-
mutation, then there exists ¢ such that 6¢d~!(P;) # ¢(P;). Thus the condition T'(X) =
X?+1mod 2and j(L) = 0 is sufficient, but not necessary to guarantee ¢d Z d¢ mod 2.

O

For D a fundamental discriminant, we may write O = Z[7| where the characteristic
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polynomial of 7 is

X2—-X+L2 forD=1mod4

Xz4 L for D = 0 mod 4.

It is straightforward to verify that

p

9mod 16 iff T(X) = X?+ X mod2and4{n

S
Il

5mod8 iff T(X) = X2+ X + 1 mod 2

4mod8 iff T(X)= X?+1mod 2.

\

In particular, this implies that in the case of D = 9 mod 16, with D a fundamental
discriminant, we may always use the s = 2 variant of Algorithm 2.8.1, regardless of

whether the curves with j-invariant O or 1728 are supersingular over [ .

2.8.7 An algorithm to compute the canonical lift of (L, f)

We now present the algorithm to compute the canonical lift of the pair (L, f) of the
set LegEmb, (F2) to a specified p-adic accuracy for p # 1 mod 12. We use “accuracy”
to mean how p-adically close the computed value is to the actual value in terms of the
number of p-adic digits to which they agree. We use “precision” to mean the number of
p-adic digits which we keep track of in computations. The overall structure of the algo-
rithm is the same as Algorithm 2.4.1 for p = 1 mod 12. However, some technical details

differ as we are working with the Legendre form.
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Algorithm 2.8.2

INPUT:
e [, a supersingular curve modulo p with p # 1 mod 12
e A maximal order R of A, ., with End(L) ~ R and a basis {r;} of R

e An explicit isomorphism i : R — End(L) specified by an identification of bases

{r;} of R and {e;} of End(L)

e An optimal embedding f : O = Z[r] — End(FE) given by f(7) =y = [y1, ..., Y4

expressed in terms of {e;}
e r € Z" such that 2" is greater than or equal to the desired p-adic accuracy

OUTPUT: The canonical lift \ of (L, f) to 2" p-adic digits accuracy.

1. Choose o = a + br € Z|r] satisfying the following:
(a) o =1 mod 2
(b) £ — 1isa p-adic unit
by searching the set
Sa = {a+br | a,b € Z,a+br prime to D, a odd, b even, b # 0 mod p and n(a+b7) < A}

where the bound A is greater than n(7). If the set is empty, we increase A until
this is not the case. Let ]}, b; be the factorization of « into prime ideals and let
a, =[], bifor1 <n <m.
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2. Choose the smallest prime / relatively prime to 2p - n(«). Compute {J;}, a set of
left R-ideal class representatives, each with norm a power of ¢. This determines the
set Embp (A, - ) used in the setup of Algorithm 2.8.1. Compute the corresponding

set of elliptic curves E; = L/L[i(.J;)].

3. Using Algorithm 2.8.1 with input (L, f) and the ideal b; = a;, compute (L%, f*).

Store the following by-products of the computation:

e P (X), the polynomial whose roots are the distinct z-coordinates of the points
of the subgroup L[f(b;)]
e Eqy= L/L[f(by)], the isogenous curve
e (P, Q1) the image of ((0,0), (1,0)) under the isogeny L — E(y).
Similarly, for n = 1,...,m — 1, use Algorithm 2.8.1 with input (L%, f*) and
b, 1 to compute (L%+1 fo+1). Store the polynomial P, (X) corresponding to the
subgroup L% [f% (b,1)], the isogenous curve Ey,y = L% /L% [f% (b,,1)], and

P,,Q,) the image of ((0,0),(1,0)) under the isogeny L. — F,. In this way,
(n)

obtain the cycle of isogenies

LY By~ L% B Egy~ L% 2 E,)~L® =L (2.16)

4. Let Ao be an arbitrary lift of A\(L) to 2 digits precision.

5. For k = 0,1,...,r — 1, repeat the following four steps. In the k™ iteration, work to

2k+1 digits precision and obtain A, which is the value A to 2k+1 digit accuracy.
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(a) Let Ly, be the curve y? = x(x — 1)(z — \;) and compute the isogeny
by
Lk — Ek,l
with kernel Ly [b;].

(b) Lift the two torsion (P, Q1) of Eq) to (Py1, Qg1) in Ej1[2]. Let

2(Pry 4+ Qra1) — 2(Prp)
2(Qr1) — x(Pri)

A=
This is pg, (M) to 2¥! digits accuracy. Let L} be the curve with A-invariant
A
(c) Lift the remaining m — 1 isogenies of (2.16) one at a time as in Steps 5a and
5b to obtain the cycle of isogenies

Ly 3 Lo 23 pee  bnop(e) (2.17)

The A-invariant of L,(f) is pa( 1) to 2FF1 digits accuracy.

(d) Compute

pa(Ak) — A

Aest = Ay —
k+1 k Oé/d—l

to obtain A1, which is the value A to 2Ft1 digit accuracy.
6. Return \,_1, the value X to 2" digit accuracy.

In Step 1, we want « not only to satisfy the given conditions but to factor into the
product of ideals of small norm, as discussed in Algorithm 2.4.1. To find such an «, we

fix A > n(7) and B = 20 and search the set

Sa={a+br|a,beZ a+brprimeto D,aodd,beven, b 0 mod p,n(a+br) < A}
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for elements « such that n(«) is B-smooth. That is, the smallest prime factor of n(«)
is less than B. The condition a is odd and b is even ensures that a + b7 = 1 mod 2.
The condition b # 0 mod p ensures that ¢ — 1 is a p-adic unit, since p { D implies that
7 # 7 mod p. We also may impose the condition ged(a, b) = 1. If there are no such «
we may increase either A, B or both until we find an « satisfying the conditions. (There
are more sophisticated sieving methods that could be used to improve the efficiency of
this search.)

As discussed in Remark 2.4.1, we can obtain a heuristic upper bound on the size of
A needed to find a B-smooth element o = a + br where B = |exp \/m |. However,
in this algorithm, we also require that a is even and b is odd. Arguing heuristically, this
holds for a fourth of the B-smooth elements of the set S defined in Lemma 2.4.1.

In Step 2, we use the algorithm in [44, 9] to compute a set of left ideal class
representatives {J;} of R of norm a power of /. Each J; is given by a basis (3 of four
elements of R. For each J;, we compute the subgroup of L corresponding to the ideal
i(J;) of End(E) by checking which points of L[¢?] are killed by i(/3;) for all k. Then we
use Vélu’s formulas to compute the isogenous curve £; = L/L[J;]. Forp = 3,5 or 7,
there is a single isomorphism class of supersingular elliptic curves over IF,,> and Step 2 is
not necessary.

Throughout Step 5, the precision for computations in the k" iteration should be
2F+1 as we are computing A\, to that accuracy. In Step 5a, to compute the isogeny
L, LN E).1 with kernel Lj[b;], we use Hensel’s lemma to lift the kernel polynomial
P, (X) to a factor of the N-division polynomial of L, where NN is the norm of b;. We use
Vélu’s formulas to compute Ey; = Ly /Ly [b1].
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In Step 5b, to lift (P, Q1) to (Py1,Qr1) we use Hensel’s lemma. Let y* = f(x)
denote the Weierstrass equation for Ej, ;. We lift the z-coordinates of P, and (); to roots
of f(z) to obtain the z-coordinates of Py, and Q1. As x(Py1) # x(Qk1) mod p, no
p-adic accuracy is lost in the division required to compute A\;'. Thus this value is equal to
pa; (Ar) to 281 digits accuracy.

For Step 5c¢, given \;' ', we compute A}’ in the same way as in Steps 5a and 5b. In

this way, we compute the cycle of A-invariants
Ap A0 53 zaz by ()

and A\ is po(\) to 26+ digits accuracy.

Remark 2.8.1

For calculation purposes, we must determine the correct embedding of O = Z|[r] into F,
given by a root of T'(X) = X? — tX + n, the minimal polynomial of 7. This is in order
to be able to compute the value «/@, where &« = a + br, as an element of F' in Step 5d
of Algorithm 2.8.2. As f is a normalized embedding, the correct choice of root of 7'(X)
in F)2 is ¢ such that f(7)*w = cw forw = dy—x. Therefore, we can choose one of the two
roots ¢ modulo p and verify whether or not this holds. For the correct one, we then lift it
to a root of T'(X') modulo p*".

To check the differential condition, we choose a point P of L not of order 2, and

check that
dx o f(7) 1 c
dr  (yo f(r))" ~

This requires explicitly obtaining the z-coordinate of the endomorphism f(7). For large
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D, this coordinate is a ratio of polynomials of large degree. However, we may write
f(r) = Zle b;e;, where e; are the basis for End(L). Then by the linearization property

of the differential, we have that f(7)*w = >_;_, b;(efw), and we check whether

4

droe; 1 c
b; P) = .
2 e Ty

It is feasible to obtain the z-coordinates of the endomorphism e; as the basis endomor-
phisms are generally of small degree.

Alternatively, we can choose a root of 7'(X) in > arbitrarily. We have a one-half
chance of choosing the correct root, and if we choose the incorrect root, we will detect
this in the k™ iteration where k is such that 2% is greater than the valuation of \y — A
In particular, if a; = /& and we have chosen the incorrect root, the Newton’s method
update in Step 5d will use a;. Since 7 # T when viewed as elements of FF,» under the
reduction map O — O/(p) ~ F,2, we have that a; — 1 is invertible in F. Therefore

(ap —1)/(a; — 1) is invertible in Zp. Then

Mer1 = M= (e = N ((@ = 1)/(@ — 1) + Y _as(a — 1)~ (= A)

i>2
and its valuation is thus equal to that of \; — \. As this holds for any k, we see that
Ak+1 — Ag can never have valuation greater than that of the starting valuation of \y — A
Thus once we reach the end of the k" iteration for k such that 2% is greater than the
valuation of \o— A, we will detect that we’ve chosen the incorrect root, since by Corollary
2.8.4, we know we should have that the valuation of A\, — A is at least 2%. In that case,

we choose the conjugate root c.

We now give a detailed example of Algorithm 2.8.2 for p = 7 and D = —23.
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2.8.7.1 Example

Letp = 7Tand D = —23. We work with F,2 = F,(a) where a®> = —2. We let
F = Q,(a) where a is the unique lift of a € F2 to a root of X? + 2 = 0. The order O of
discriminant D can be written as Z[7] with 7 a root of X? — X + 6 = (.

We compute the canonical lift of (L, f) where L is the curve with A(L) = 2 and
f(r) = [0,—1,—1,1] specifies an optimal embedding of O = Z[7] into End(L). We
compute the canonical lift ) to 16 p-adic digits accuracy.

In Step 1, we choose v = 1 + 27 which factors as (a) = [[°_, a fora = (3,1 +
27). Since p = 7, there is a unique class of supersingular elliptic curves and Step 2 is
unnecessary. In Step 5, we use the s = 2 variant of Algorithm 2.8.1. In Example 2.8.6,
we computed the action of a on (L, f) and obtained P;(X) = X + 2a + 2 as the kernel
polynomial of L[f(a)]. We also computed that L® is the curve y* = z(x — 1)(x — 6)
and the embedding f® is given by i,(¢%(7)) where ¢%(7) = [0,—2,1,1] and ~ is the
isomorphism (z,y) — (z + 6,y).

Similarly, we use Algorithm 2.8.1 with input (L%, %) and a. Checking which 3-
torsion points of L® are killed by 1 4 2 - i, (¢%(7)), we see that the kernel of L°[f%(a)] is
generated by the point with x-coordinate 2a + 4. Thus P»(X) = X + 5a + 3. We also
get that the curve L% is 2 = z(x — 1)(z — 4) and f is specified by the isomorphism
v : (z,y) — (4z,y), and the automorphism of L% § : (z,y) — (6z + 1,5ay), and
g% (1) = [1,2,0, —1]. Using this, we can determine that the kernel polynomial Ps(X) is

X + a + 5. Thus Step 3 yields the sequence of kernel polynomials
(X +2a+2,X+5a+3,X+a+5].
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We also obtain (P;, (;), the image of the two torsion, for i = 1,2, 3:
(1,5a + 2),(2a + 1,5a + 6), (a + 1,4).

In Step 4, we choose Ao = 9 as a lift of A\(L) = 2. In Step 5, to compute \ to 16
digits accuracy, we do iterations for £ = 0,1, 2,3. As the value of 7, we use the lift of
3a+4 € F,2 to atoot of T(X) to 2! accuracy. (The value 3a + 4 is determined by trial
and error as discussed in Remark 2.8.1.)

For k = 0,1, 2, 3, we compute the following sequence of isogenies using Steps Sa,
b and c.

Ly S LS Lo 8 o= (2.18)

Let k£ = 0. In Step 5b, we Hensel lift P; (X) to a factor of the 3-division polynomial
of the curve Lg given by y* = x(x — 1)(z — 9). This yields an isogeny to the curve Ej 1
given by y* = x3 — 10z% + (11a + 3)x + (24a — 22). The two torsion (P}, Q) lifts to
((21a —20,0), (—16a + 16,0)) and we compute A\§ = 14a + 3.

In Step 5c, we compute the rest of the cycle in the same way to get
A= 14+ 3, A =Ta+4, A&’ = —19.

The value of p,(Ag) is —19 + O(7?). For Step 5d, we use the Newton’s method update to

get \; = —14a — 5+ O(7?).
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The results of the other iterations are recorded below.

k N Pa(Ar)

0 9+ 0(72) ~194 0(7)

1 —14G — 5+ O(7?) —700a — 250 + O(74)

2 308G + 975 + O(7) —2759057a — 2169529 + O(7%)

3 —1589770a + 2769328 + O(7%) —8713440653260a — 14503366061721 + O(7')

The value of A4 is 10354895380858a — 11703056327961 + O(7'6).
The following chart gives the j-invariants corresponding to the )\, as well as the
p-adic valuation of the differences between the values in the iterations k£ and & — 1. This

shows the quadratic convergence of A\ to A.

k J(Ak) Up( Ak = Ae-1)  Up(Jk — Jk-1)
0 134+ O(7?)

1 13 + O(7?) 1 2

2 8333 — 673 + O(TY) 2 3

3 —1520666a + 1286263 + O(7%) 4 5)

4 7006024547445a + 9359259476181 + O(7'6) 8 9

The value )\, is the 16 digit approximation to the -invariant of the canonical lift L of
(L, f). The value j, is therefore a 16 digit approximation to the j-invariant of L. To
confirm this, we compute the polynomial H_o3(X') using the complex analytic method as
implemented in MAGMA. We then see that H_3(j,) has valuation 20, while H' ,;(j4)
has valuation 4. Therefore, by Hensel’s lemma [25, Prop. 11.2.2], j, lifts uniquely to a

root of H_,3(X) and is in fact a 20 digit approximation to ;.
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For completeness, we give an algorithm to compute the canonical lift of (L, f) for
p = lmod 12. If p = 1 mod 12, the set of supersingular curves over F,> does not
include any curve with 7 = 0 or 1728. In this case, we use the algorithm from Sec-
tion 2.4 to compute the j-invariant of the canonical lift L of (L, f) and choose the root of

P, 1)(X) which reduces to A. This will be ), the A-invariant of the canonical lift of (L, f).

Algorithm 2.8.3

INPUT:

e [, a supersingular curve modulo p, where p = 1 mod 12
e A maximal order R of A, ., with End(L) ~ R and a basis {r;} of R

e An explicit isomorphism i : R — End(L) specified by an identification of bases

{r;} of R and {e;} of End(L)

e An optimal embedding f : O = Z[r] — End(FE), givenby f(7) =y = [y1, ..., Y4],

expressed in terms of {e;}

e r € Z" such that 2" is the desired p-adic accuracy

OUTPUT: The canonical lift A of (L, f) to precision p? .

1. Use Algorithm 2.4.1 from Section 2.4 to compute j( L), the j-invariant of the canon-

ical lift of (L, f) to precision p* .

2. Use Hensel’s lemma to lift A(L) to a unique root of P; ) (X) in F' to 2" digits

accuracy
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Note that we can use Hensel’s lemma in Step 2 since j(L) # 0, 1728 implies that

P, ) (X) factors into six distinct linear terms in F ..

2.9 A p-adic algorithm to compute H p for p inert with respect to D

Let D < —4 be an imaginary quadratic discriminant. In this section, we give a
p-adic algorithm to compute the class polynomial Hp(X) of the order O of discriminant
D. Let p be the smallest prime inert with respect to D. There are two variants of the
algorithm, depending on whether or not p = 1 mod 12.

The algorithm presented in this section is modeled after the p-adic algorithm in [5,
Sec. 7] where p is a prime splitting in O. The key step is to compute the canonical lift
j of (E, f) to sufficient accuracy. Approximations to the other roots of Hp(X) are then
computed using the action of CI(©) on j. In [5], for an ideal a € CI(O) of prime
norm N, the value j is computed by determining the correct root in [F, of the modular
polynomial ¢ (j, X) € F,[X] and Hensel lifting it to sufficient p-adic accuracy. This is
feasible as the polynomial has exactly two distinct roots modulo p.

In the case of p inert, the situation is more delicate as the polynomial ¢y (}, X)
factors completely in [F,2[X] and is in general not separable. Thus in the following algo-
rithm, we compute the Galois conjugate j® by directly applying the map p, from Section

2.8.1.
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Algorithm 2.9.1

INPUT:
e An imaginary quadratic discriminant D < —4
e A prime p with p = 1 mod 12

OUTPUT: The class polynomial Hp(X) € Z[X]

1. Let Cl1(O) = ;- (ax) be a decomposition of the class group into a direct product
of cyclic groups generated by integral prime ideals a;, of order /) and norm ¢, not

dividing p. Let oy, = (a)"*.

2. Using Algorithm A.0.2, compute a maximal order R of A, ., into which O op-
timally embeds and the embedding g : O — R given by g(7) = [wy, ..., w4]

expressed in terms of a basis {r;} for R.

3. Using Algorithm A.0.1, compute the correspondence between the Gal(F,2/F,)-
conjugacy classes of supersingular j-invariants over I, and the conjugacy classes

of maximal orders of A4, .. Select j, a j-invariant in the list corresponding to R.

4. Choose a curve E in Weierstrass form with j-invariant j and fix an isomorphism ¢ :
R — End(FE) using Algorithm A.0.3. Let f(7) = i(g(7)) specify the embedding

f:0 < End(E).

5. Choose a small prime £ relatively prime to p - [ ¢x. Compute {.J;}, a set of left R-
ideal class representatives, each with norm a prime power of ¢, and the correspond-
ing set of elliptic curves E; = E/E[i(.J;)]. This determines the set Embp (A, )
used in the set up of Algorithm 2.8.1.
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6. Letr be the smallest integer such that 2" is greater than log, 10- C'+log,, 2 where C'
is the constant (2.1). Use Algorithm 2.4.1 to compute the canonical lift j of (E, f)

to 2" digits accuracy.

7. Working to 2" digits precision, let E be a curve with j-invariant j. Compute
pa;((7, f)) as in Algorithm 2.4.1 to obtain the set S of pairs of j-invariants and
embeddings

~ ~ hi—1 hi—1

S={0, N, G F™), G, F9), s G L))
The j-invariant }“Zi is the canonical lift of (E“Zi7 f “Zi) to 2" digits accuracy.

8. For k = 2,...,m do the following. For each pair (j, f) in S, compute p,, (J, f) to
obtain the pairs (j%, f%) fori = 1, ..., h; — 1. At the end of the k™ iteration, add
these all to the set S, which now contains hihs...h; pairs. The first coordinate of

each pair is a distinct root of Hp(X') computed to 2" digits accuracy.

9. Working to 2" digits precision, expand Hp(X) = [[; f)cs(X — j) and recognize

the coefficients as integers between —p?" and p?". Return Hp(X).

For Step 1, there is a bound on the generators of C1(O). Assuming GRH, the norm
of g; is bounded by O((log|D|)?) [7, p. 249]. In Step 6, the log, 2 term in the lower
bound on 2" comes from the fact that the coefficients of Hp(X') have absolute value less
than 10¢ and thus lie in a range of size 2 - 10

If there exists k such that oy, /@y, — 1 is a p-adic unit, then in Step 6 we can compute
the canonical lift using the map p,,. Without loss of generality, we may assume k = 1.
If we compute j to 2! digits accuracy, we obtain as a by-product of Algorithm 2.4.1

110



the pairs (7%, f%) where ;% is accurate to 2" digits. Thus this replaces Step 7. However,
there is not guaranteed to be such a £ in which case we compute the canonical lift in
Step 6 by finding an « satisfying the conditions that /& — 1 is invertible and use the map

Po tO cOmpute 5

The algorithm for p # 1 mod 12 is analogous except that in Steps 6, 7 and 8, we
compute ), the A-invariant of the canonical lift of (L, f), and the Galois conjugates of
X. We then compute j(A%) for each a € CI(©) and proceed as in Step 9. In Step 1, we

have to use a decomposition of C(O) into ideals of odd norm. We can replace Step 7

as described above, provided that oy, = 1 mod 2. We give the algorithm for completeness.

Algorithm 2.9.2

INPUT:

e An imaginary quadratic discriminant D < —4

e A prime p with p # 1 mod 12

OuTPUT: The class polynomial Hp(X) € Z[X]

1. Let C1(O) = (ay) be a decomposition of the class group into a direct product of
cyclic groups generated by integral prime ideals a; of order h; and norm ¢ prime

to 2]? Let Q. = (ak)hk.

2. Using Algorithm A.0.2, compute a maximal order R of A, ., into which O op-
timally embeds and the embedding g : O — R given by g(7) = [wy, ..., w4]
expressed in terms of a basis {r;} for R.
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3. Using Algorithm A.0.1, compute the correspondence between the Gal(F,2/F,)-
conjugacy classes of supersingular j-invariants over [, and the conjugacy classes

of maximal orders of A, . Select j, a j-invariant in the list corresponding to R.

4. Choose a curve L in Legendre form with j-invariant j and fix an isomorphism
i : R — End(L) using Algorithm A.0.3. Let f(7) = i(¢g(7)) specify the embedding

f: O — End(L).

5. Choose a small prime ¢ # 2 relatively prime to p - [[, £x. Compute {J;}, a set
of left R-ideal class representatives, each with norm a prime power of ¢, and the
corresponding set of elliptic curves E; = L/L[i(.J;)]. This determines the set

Embp (A, ) used in the set up of Algorithm 2.8.1.

6. Let r be the smallest integer such that 2" is greater than log,, 10- C'+1log, 2 where C
is the constant (2.1). Use Algorithm 2.8.2 to compute the canonical lift \ of (L, f)

to 2" digits accuracy.

7. Working to 2" digits precision, let L be a curve with \-invariant A Compute
pa,((X, f)) as in Algorithm 2.4.1 to obtain the set S of pairs of M-invariants and

embeddings

hy—1

S = {0 ), (O, =), O, o), At}
The A-invariant A% is the canonical lift of (L“Zi, f c‘Zi) to 2" digits accuracy.

8. For k = 2,...,m do the following. For each pair (A, f) in S, compute p,, (A, f)

to obtain the pairs ()\“i, f “}é) fori = 1,...,h; — 1. At the end of the k™ iteration,
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add these pairs to the set S, which now contains hqhs...hy pairs. The j-invariant of
the first coordinate of each pair is a distinct root of Hp(X) computed to 2" digits

accuracy.

9. Working to 2" digits precision, expand Hp(X) =[], s)es(X — j(})) and recog-

nize the coefficients as integers between —p* and p* . Return Hp(X).

We remark that in the case of p = 3,5,7,13, Steps 3 and 5 of the respective algo-
rithms are not necessary since there is a unique class of supersingular elliptic curves over

Fo.

p

2.9.1 Example

In this section, we give an example of the algorithm to compute the class polynomial
of the order O of discriminant D = —4 - 903. This is the order of conductor two of the
field K = Q(1/—903). We write it as O = Z[r]| where 7 is a root of T'(X) = X? + 903.

The smallest prime inert in / is p = 5. As p does not divide DD, we may compute
Hp(X) 5-adically using Algorithm 2.9.2 since p # 1 mod 12. Steps 3 and 5 of the
algorithm are not necessary as there is a unique isomorphism class of supersingular curves
over [z, namely that with j = 0.

The class group of O is non-cyclic generated by a; = (3,3+7) and ay = (29,5+7)
of orders 2 and 8, respectively.

The quaternion algebra A, ., for p = 5 can be given by (_2@_5

), where

it = 2,52 = =5,ij = k,ij = —ji.
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The single conjugacy class of maximal orders of .4, ., has the representative R with basis

(ry oy ray = {1, 1/2 4 0/4 — k/4,1/2 — 3i/4 — k/4, —1/4i — j/2 — k/4}.

The map g : O — A, given by ¢g(7) = [—5, —13,23, 0] is an embedding of O into the
order R. As the greatest common divisor of the terms is one, this embedding is optimal.
Let F2 = F,(a) where a is a root of X2 +2 = 0. There are two curves in Legendre

form with 7 = 0:

L:y*=a(@—1)(z—(a+3))
L':y?=z(x—1)(z — (4a + 3)).
We choose L and fix an isomorphism ¢ : R — End(F) as given in Appendix B. The
embedding f : O — End(F) is given by f(7) = i(g(7)).

We compute the constant (2.1) for D and from determine that the necessary p-adic
accuracy is 10 digits. Therefore we let » = 4 and use Algorithm 2.8.2 to compute Ao 16
p-adic digits accuracy.

We note that a? = (3) and a5 = (169007 —475381). As a/a@ — 1 is not a p-adic unit
for either oy or aiy, we cannot use either of these values for the map p, when computing
the canonical lift. Thus we search the set S4 from Step 1 of Algorithm 2.8.2 for B-smooth
elements where B = 20 and A = 20000.

We find o = 45 + 57 of norm 16473 = 3 - 17 - 19. The ideal («) factors as b; b3b3
where by, = (3,7),by = (17,7 + 7), and a3 = (19,16 + 7).

The action of a on the pair (L, f) yields the sequence of curves

LB sL
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with embeddings given by

(=5, —13,23,0],1d), ([~17, 35, —1,0],7), ([L1, =1, =21, 24], %), ([=5, 25, — 15, 12], 1d)

where v : L — L' is the isomorphism given by (4z + 1, 3y). We also obtain the sequence

of kernel polynomials

P X +2a+2
P, X8+ (4a+4)X"+ Ba+1)X6+ (2a +1)X° + (3a + 3) X*+
(a+2)X*+ (2a+4)X*+ (3a+1)X +3a+3
Py X8+ (4a+2)X7 44X + (4a + 2) X5 + 2aX* + 3a X3+
(3a+4)X?%+2aX +4a +4
Py X?4+2X%+ (da+4)X"+ (a +4) X + (2a + 2) X° + 3aX*+
2X3 +3X?+3X +1

and the sequence of two-torsion

[(3a+4,3a+2),(a+3,4a +4), (a + 3,4a + 2), (4a + 1, 4a)].

Let FF = Q,(a) where a is the lift of the root a of X? + 2 = 0. We choose
X = @+ 8 as alift of A\(L) = a + 3. As the value of 7, we use the lift of 2a € [,
to a root of 7'(X) to 2¥*1 accuracy. Lifting the kernel polynomials and two-torsion data,
we compute the canonical lift of (L, f) to 16 p-adic digits precision and obtain A =
—11866376559a — 76293945312 + O(5'6).

We now compute the action of a; = (3,7+3) on A to obtain A = 135182576694 —
76293945312 + O(5'®). The curve L™ in characteristic p is L’ and the embedding [ is

specified by g™ (1) = [—17,35, —1, 0] and the isomorphism + : L. — L’. The S in Step 7
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of Algorithm 2.9.2 is thus

S={(\ £), (A", f)}

We next compute the value p,, of each of the pairs of .S to obtain 16 total pairs.
For each pair, the j-invariant of the first coordinate is a 16 p-adic digit approximation
to a distinct root of Hp(X). Expanding the product and recognizing the coefficients as
integers between —5'® and 5'6, we obtain the polynomial Hp(X) of degree 16. The

largest coefficient of Hp(X) is 187 digits.
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Chapter 3
A Weil pairing on the p-torsion of ordinary elliptic curves over K [e]

3.1 Introduction

Let I/ be an elliptic curve over K, an algebraically closed field of characteristic

p > 0. For n relatively prime to p, the Weil pairing is a bilinear, non-degenerate map
en : Eln] x E[n] = o (K) (3.1)

where E[n] ~ Z/nZ x 7Z/nZ is the n-torsion subgroup of E and u,(K) is the group
of n'" roots of unity of K [38]. The Weil pairing is a useful tool in both the theory and
application of elliptic curves.

In fact, the Weil pairing may be defined for any n, regardless of the characteristic of
K, via a group scheme interpretation, as we briefly mention now. Let S be any scheme.
Let F[n] denote the kernel of the multiplication-by-n map on the scheme E. Let 1, denote
the kernel of the multiplication-by-n map on G,,, the group scheme of invertible elements.
As explained in [22, pp. 87-89], Cartier duality gives the following isomorphism of group
schemes over S:

E[n] = Hom(E[n], ji,). (3.2)

Therefore, for any n € N, and any scheme S, the Weil pairing exists as an isomorphism of
group schemes. Let S = Spec K, where K is a field of characteristic p. For n relatively

prime to p, this isomorphism is equivalent to the existence and non-degeneracy of the

117



classical Weil pairing (3.1).

For n = p, however, if we extend the classical definition to the p-torsion of £, an
ordinary elliptic curve, the resulting map e, is degenerate. This is true for two reasons: K
contains no non-trivial p* roots of unity and E[p| ~ Z/pZ. Each of these facts implies
thate,(P, Q) = 1forall P, () € E[p|(K). (Note that the second implies degeneracy since
the Weil pairing is bilinear and anti-symmetric).

As the utility of the Weil pairing hinges on its non-degeneracy, we would like to
have an explicitly defined non-degenerate Weil pairing on E[p]. The purpose of this paper
is to concretely develop such a pairing by extending the classical definition to the curve £
over the ring of dual numbers K [¢]. Through this deformation of K, we have substitutes
for the “missing” geometric points of both E[p| and p, and thus are able to define a non-
degenerate “Weil pairing” on p-torsion. In the process, we demonstrate that the discrete
logarithm attacks on p-torsion subgroups of [35] and [36] are essentially Weil-pairing-
based attacks, no different than the MOV attacks on n-torsion subgroups for (n,p) = 1.
(For more on the MOV attack, see [28]).

In section 3.2.1, we give an introduction to elliptic curves over the dual numbers. In
sections 3.2.2 and 3.2.3, we recall Miller’s algorithm for computing the Weil pairing and
Semaev’s algorithm for solving the discrete log problem (DLP) on p-subgroups of elliptic
curves. In sections 3.3 and 3.4, we define the “Weil pairing on p-torsion,” e,, over the
dual numbers, show its direct relation to Semaev’s algorithm, and prove that it satisfies
the basic properties of the classical Weil pairing. We also describe how e, can be used to
solve the DLP on p-torsion subgroups of an elliptic curve. In section 3.5, we give a simple
way to compute the pairing using the algorithm of Riick defined in [35]. In section 3.6,
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we describe how the map e, behaves with respect to isogenies of elliptic curves. In the
last section, we give another application of elliptic curves over the dual numbers, namely

a DLP attack on anomalous curves, analogous to that of Smart in [39].

3.2 Preliminaries

3.2.1 Elliptic Curves over the Dual Numbers

The ring of dual numbers of the ring R is R[x]/(z?), denoted R[e] with €2 = 0.
Considering elliptic curves over the dual numbers was proposed in [43], where Virat
introduced a cryptosystem based on elliptic curves over F,[e], the dual numbers of F,.

Let K be a field of characteristic p # 0,2,3. Let E be the elliptic curve over K
given by the Weierstrass equation y®> = 23+ Az + B. Let A = A+ Ajeand B = B+ Be,
for some Ay, By € K. We call the curve 42 = 2% + Az + B a lift of E to K [¢], and denote
itas E.

The set of points E(/ [e]) consists of two sets:
o Affine Points: P = (xo+ x1€ : Yo + y1€ : 1) such that

(CC(), yo) € E(K) and (2y0)y1 = (3?[73 + A)l’l + AllEo + Bl.

e Points at Infinity: O, = (ke :1:0) forall k € K.

Let © denote the set {O,|k € K} and let P, denote Oy. The standard addition law for

elliptic curves may be extended to give an addition law on E/(K[e]) (see [45], p. 61). An
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easy calculation shows that

E = 0

k ’—>Ok

is an isomorphism. Thus, E(K[e]) contains the p-torsion subgroup ©, and there is an
exact sequence

0— 0 — E(K[d]) = E(K) — 0.

If A= Aand B = B, we call E the canonical lift of I, since the p-torsion points
E|[p] remain p-torsion points in E. (Though not immediately obvious, this terminology
is consistent with the definition of the canonical lift £ of an ordinary elliptic curve E to
@p from Chapter 2. For more on this alternate characterization of the canonical lift, see
[8, Thm. 17.29].) For the remainder of the paper (except in Section 3.7), we will assume
we are in this situation. In this case, the sequence splits and every point of E may be
decomposed as a point of E(K) and a point of infinity. A straightforward calculation

using the addition laws gives the following lemma. (Note that 323 + A # 0 for points of

order 2, since the curve is non-singular.)

Lemma 3.2.1 Let P € E(K|[e]) with P = (x¢ + x1€ : yo + 1€ : 1). Then there exists a
unique k € K such that P =P+ O, with P = (w0 : 9o : 1) € E(K). Furthermore

- —;710 fyo#0

Y1 : _
3z2+A ifyo = 0.

Note that if yg # 0, the point (x4, y;) lies on the line through the origin with slope

323+A
2y0

, which is precisely the tangent space of the elliptic curve point (zy, ¥y ). Thus points
of E(K[€]) may be thought of as points of F(X) with extra “derivative” information. (In

120



fact, the set of points of £(K[e]) may be naturally identified with the tangent bundle of
the variety F£.)

The canonical lift £ has p-torsion E[p] = E[p] ® ©. Furthermore, 11,(K[¢]) has
non-trivial p** roots of unity, in particular the subgroup {1 + ac : a € K }. Thus we will
see that it is possible to define a non-degenerate “Weil pairing” on the p-torsion of E.

Before we proceed we recall Miller’s algorithm for computing the Weil pairing.

3.2.2 Miller’s algorithm for computing the Weil pairing

Let (n,p) = 1. Let P,@Q € E[n], and let Dp, D be divisors with disjoint sup-
port which sum to P, () respectively. Let fp, fo be functions with divisors nDp,nDg

respectively. The Weil pairing is defined as

fo(Dp)
fr(Dq)

en(P, Q) =

This definition is independent of the choices of divisors by Weil reciprocity. In [30],
Miller gives a way to compute the value fp(Dg). As this will be the foundation for the
definition of the “Weil pairing on p-torsion,” we recall the details here.

Let P,Q € E[n]. Choose any two points 7, R € F(K) such that the divisors Dp =
(P+T)—(T)and Dg = (Q + R) — (R) are disjoint. Let fp be the function with divisor
nDp. Note that this function is unique only up to a non-zero constant. Following [30],
in such situations, we choose the unique function with the value 1 at P,,, which we call
the normalized function. (Note that since we are calculating the ratio fp(Q + R)/fp(R),

such constants may in fact be disregarded.)
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For k € N, let f; denote the (normalized) function with
div(fy) =k(P+T)—k(T)— (kP+T)+ (7).

Note that div (f;) = 0,s0 f; = 1. Also note that div (fp) = div (f,) and div (fi1;) =

div (f;fjhi ) where
div (hiy) = (i + j)P+T) + P+ T) + (jP +T) - (T).

Thus fp(Q) = f,.(Q) can be calculated recursively by using an addition chain decompo-
sition for n.

An addition chain for a positive integer n is an increasing sequence of integers
S C {1,...,n} such that for each k € S with k& > 1, there exist i,7 € S such that
1+ 7 = k. Given an addition chain S, an addition chain decomposition C' of n is a
sequence of steps of the form (k — i, j) withi+j = k and i, j, k € S which decomposes
n into the sum of n ones: 1 + ... + 1. Note that any decomposition will consist of exactly
n — 1 steps. '

Thus, since f,(Q) = fi(Q)f;(Q)h;;(Q) and f; = 1, f,(Q) will be the prod-

uct of n — 1 contributions of the form h;;(()). For example, if n = 11 and S =

{1,2,4,8,10, 11}, then one possible decomposition is

Ji1 = fifiohiio = fifafshiohes = ... = f111h1,10h2,8h4,4h§72hi1'

Given an addition chain decomposition C for n, we write [ [, h; ; (@) to denote the value
fn(Q). Note that there always exists a decomposition with O(log n) distinct h; ;.

Let ¢; ; denote the line through ¢ P and j P, and let v; denote the vertical line through
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1 P. Note that

div (¢;;) = (iP) + (jP) + (—(i + j)P) — 3P and div (v;) = (iP) 4+ (—iP) — 2Px.

Let 7 denote translation by —7'. Then

L

loT itj#n,
hij=14 (3.3)

V;OT i1+ 7 =n.
As is remarked in [18], this calculation of fp(()) may be interpreted as exponentia-

tion in a generalized jacobian with modulus (@) +7") — (7). The h; ; are simply cocycle

values. A good source for this viewpoint is [13].

3.2.3 Semaev’s algorithm for solving the DLP on anomalous elliptic curves

Let K = I, be a finite field of characteristic p. In [36], Semaev proposed a polyno-
mial time algorithm for solving the DLP on elliptic curves over K which contain a point

of order p, using the following map:

i Bl — Kt
P f(R)
P, ~— 0
where Dp is any divisor of degree 0 which sums to P, fp is any function with div (fp) =
pDp, and R € E[p] with R # P.. Here f}, denotes - fp.
To see how this map is used to solve the DLP, consider P, ) € E[p] with Q = nP.
Using the standard log p addition chain decomposition, we can compute A(P), A(Q) in

time O(log p), and then solve nA(P) = A(Q) for n € Kt by Euclid’s algorithm.

123



Proposition 3.2.2 (Semaev, [36]) The map )\ is well-defined and non-zero for any R €
E[p] with R # Py Furthermore, X is an injective homomorphism with respect to P and

is independent of the divisor Dp.

This 1s proved explicitly in [36] and in fact, the proof holds for any field K of char-
acteristic p > 0 such that F[p] C E(K). The proposition also follows from considering
the map:

Elp] — Picg(B)p] — Q(E) — Liivary — KT
P 5 Dp b M5 e 2 (g
where Pic% (E) is the group of divisor classes of E of degree 0, Q% (E) are the holomor-
phic differentials of the one-dimensional K (C')-vector space of differentials, £ j;,(a) is the
one-dimensional K -vector space of functions g with div (gdt) > 0 and ¢ is a uniformizer
for the point R.

This is an injective homomorphism since p is an injective homomorphism (see
[37]), 0 and @ are isomorphisms, and ¢ is injective by Riemann-Roch. This is noted
in [35], where the attack on the DLP is extended to the p-subgroup of the divisor class
group of a curve of arbitrary genus.

The computation method proposed in [36] is a variation on Miller’s algorithm. Let
T be a point of order two and let R € E[p|. Let fp be the function with div (fp) = Dp =
(P+T)—(T). Asin section 3.2.2, the value of the function A may be computed by using

an addition chain decomposition and summing contributions of the form ;=2(R), where
©J

/
hi;
hy,

h; j is as in Section 3.2.2. That is, &(R) =>c

I (R). (We remark that in [36], the

function 7~ is used, which is equivalent up to constant since it has the same divisor.)
y—J

—1
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To compute &’ = - h, we make use of the invariant differential property o7 = 2,
x Yy Y
Let g be a function expanded in a power series around x. Then g o 7 can be expanded in

a series around z o 7 with the same coefficients, and so

d(gor) _ d(goT)d(zoT)
dx d(xoT) dx

yorT

dg
—(%07) Y

Therefore, for h = £ o7, W/(R) = y(;?;)ﬂ (£Y(R+T). (Since T is order 2, translation by

T and —T are the same.)

Remark 3.2.1

The choice of the divisor Dp = (P + T') — (1) avoids any possible zeros or undefined
values when evaluating the lines through multiples of P at R, which is itself a multiple
of P. Note that when p > 7, for a fixed point P, it is always possible to choose an
R € E[p] such that the lines in a log p addition chain decomposition will not have R as
a zero. However, since the homomorphism A is not independent of R, in order to have
it well-defined it is necessary to choose an evaluation point that works for all P, which

explains Semaev’s use of a translation point.

As is the case for Miller’s algorithm to compute the Weil pairing, this calculation
may be interpreted as exponentiation in a generalized jacobian, after a slight modification.
Note that if we use the divisor Dp = (P)—(Px), the h; ; are simply ratios of lines through
multiples of P, and thus evaluating at R + 1" ¢ FE[p| gives well-defined, non-zero values.
In this case, we may calculate the value ;—i(R + T') using exponentiation in a generalized
jacobian with modulus 2(R + T') for R € E|[p], with T of order 2. The value will differ

from the value A\(R) by the constant factor y(R + T)/y(R).
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3.3 A “Weil pairing” on the p-torsion of £(K[e])

Let £ denote the canonical lift of E : 4> = 2% + Az 4 B to K[¢]. We define the
pairing

ey * Elp] x Elp] — p1,(Kle])
by first defining a bilinear map e on E[p] x ©, and then extending it to £[p] in such a way
that the necessary properties hold.

Let P € E[p] and let T be a point of order two. Consider the divisor Dp =
(P+T)—(T). Let fp be the function on £ with divisor pDp, unique up to a non-zero
constant. We use the notation of section 3.2.2. Recall that to compute fp evaluated at a
point (), we choose an addition chain decomposition for p and compute the product of
cocycle contributions of the form h; ;(P), where h; ; are ratios of lines translated by 7.

Any function in K (E) is a well-defined function on the affine points of F(K[e]),
provided that the denominator is invertible. We will see that this is true for A, ; on certain

points of E, thereby making the computation of [ [, h; ; legitimate.

Definition 3.3.1 Fix R € E|p| such that R # P.. Let C be an addition chain decompo-

sition for p. Define the map e : E[p] x © — p,(K[e]) by

hin .
e(P,Ok):
1 if P= Py or Oy = P,

The proof of the following theorem is given in the next section.

Theorem 3.3.2 The map e is well-defined and bilinear. It is independent of divisor Dp
summing to P, evaluation point R € E[p| and the addition chain decomposition C' of p.

126



Furthermore, for any R € E (7),

b

e(P,O)) =1+ 2(ny

) (B)ke,

where fp is the normalized function with divisor pD p.

We now may define the Weil pairing on p-torsion. Extend the map e to

ey Elp] x Elp] — pp(KTe])
such that
o ¢,(P,Oy) =e(P,0O) forall P € E[p),
o ¢,(P,Q)=1,forall P, € E[p),
o ¢,(0;,0;) =1,forall j, k € K,
e ¢, is bilinear,
e ¢, is anti-symmetric: e(P, Q) = e(Q, P)™".

Theorem 3.3.3 The map e, is non-degenerate. That is, if e,(P,Q) = 1 forall P € Ep],

then Q = P, and if e,(P,Q) = 1 for all Q € E|p), then P = Px..

The proof of this theorem is given in the next section.

Remark 3.3.1

Note that we are defining e, (P, Oy) to be the result of Miller’s algorithm to compute

fr(R)
fr(Or+ R)
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This definition can thus be viewed as the analog of the Weil pairing definition for n prime

to p:

foPET) fe(R)
P Q)= = Fo@ t R)

Recall that Miller’s algorithm computes the value of f as the product of ratios of lines
through multiples of the point (). For ) = O, this involves products of lines through
points at infinity (which would then be evaluated at affine points of F(K)). Assuming
such a line has the form ¢ = 0 with /(x,y, z) = ax + by + cz and a,b,c € K]e], there
is not a unique choice for such a line. For example, any line of the form aex + cz, for

a € K,c € K|e|, passes through all points in ©. We make the choice of the line / = cz.

When evaluated at affine points, this becomes the constant function ¢ which normalized

fQ(P+R)
fo(R)

is just 1. The value of for () = Oy, may therefore naturally be considered to be 1.

We now show how the Weil pairing e, can be used to solve the DLP on p-subgroups
of elliptic curves over F,. Given P, () € E[p| with ) = nP, calculate e,(P, O;) = 1 +ae
and e,(Q,01) = 1 + be. Since e, is bilinear, e,(Q, O1) = e,(P,01)" = (1 + ae)” =
1 4 nae. Thus it suffices to solve the equation b = na in F} for n € Z/pZ by computing
the multiplicative inverse of a. By Theorem 3.3.2, for R € E/p], this process is essentially
Semaev’s algorithm to solve the DLP in p-subgroups. Therefore, we see that Semaev’s

algorithm may be interpreted as a Weil-pairing based attack.
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3.4 Proof of properties of the pairing

To show that e is well-defined and bilinear, we relate its calculation to the map A

from section 3.2.3. For this, we need the following lemma.

Lemma 3.4.1 Let {; ; denote the line through iP and jP, and let v; denote the vertical

line through i P. Let T denote translation by —T' and let

i
Vitj

oT i+3jFD,
hi,j:
v;oT 1+ =D.

Let R € E[p| with R # P.,. Then

hi;(R) hi
— L =14+2y(R)—(R)ke.
(Ot R) y( )hm( )ke

Proof: We first show that

We can think of this as analogous to the calculus approximation of f(x, + €) by the value
f(xo) + ['(xo)e.

Let S = R+ T = (z0,yo). Assume i + j # p. Fix i,j andleth;; = h = Lo T.
Since we are evaluating h; ; at affine points, we have { = y — ma — band v = = — ¢ for
some m,b,c € K.

Since v is a line through a multiple of P, and S ¢ E|[p], we see that zyp — ¢ # 0.

Thus h(R) = £(S) is well-defined. Furthermore, since
Or + S = (xg — 2yoke : yo — (3%3 + A)ke : 1),
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the denominator of h(Oj, + R) is invertible, and thus the value h(Oj, + R) is well-defined.

Then

hOp+R) = L0+ 5)
= |(o —mao = ) + 2yom — (303 + A)ke /| (w0 — ¢) — 2yohe]
- [(yo —mxzo — b) + (2yom — (323 + A))ke} [(Jco — )+ (zo — c)_22y07€€]

_ h(R) + [(zyom — (322 + A))(zo — )" + h(R) (o — c)*lgyo] ke.

. . 3x2+A
Recall from section 3.2.3 that h/(R) = %(%)’(S). Since v’ = 1 and I'(S) = 20;(: —m,

we have

W(R) = ﬁ (323 + A — 299m) (20 — €)' = 290h(B)(z0 — ) ")

and therefore h(Oy + R) = h(R) — 2y(R)IW (R)ke.

Fori+j = p, wehave h = vor and h/(R) = % by the equation in Section 3.2.3.

Then
h(Or+ R) =vo1(Or+ R) = v(Or + S) = (0 — ¢) — 2yoke = h(R) — 2y(R)W' (R)ke.

It remains to show that A(R) # 0. The fact that R € E[p| implies that S is not a

zero of the line described by ¢ or v. Therefore, in both cases, h(R) # 0, and thus

h(Ox+R)
h(R)

=1- 2y(R)%ke. The lemma then follows directly. O
Now we can prove Theorem 3.3.2 and 3.3.3.
Proof (Thm. 3.3.2): Fix P, O, and an addition chain decomposition C' for p. Note that

by Lemma 3.4.1, e(P, Oy) is well-defined. Let fp be the function with divisor pDp for
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Z;j (R). We have

. Ip(R
Dp = (P+T)~(T). Let R € Elp] with R # P... Then {275 = ¥

e(P,Ok) = Ie h” ok+R)
_ HC(1+2MRYL(RMQ
= 1+ 2(R)( Lo 7 (R) ke
= 1+ 2y(R) ?I;Eg ke.
Note that 22 ERi A(R), where \ is the homomorphism with respect to P from section

3.2.3. Thus since (P, O) = 1+ 2(y§—1/;)(R)ke, the map e is linear in the first coordinate.

Furthermore, since O, + O; = Oy, we have that e is linear in the second coordinate.

fp(R)

Therefore, e is bilinear. Since 50

is independent of the divisor for P, as shown in [36],

the value of e is independent of choice of the divisor for P. Similarly, since ;’l; Eg is

independent of addition chain decomposition, so is the value of e.
As shown in [36], div (f—P) = div (i), thus yf—I,; is a constant function on E(K).
Therefore since e(P, Oy) = 1 + 2(y§—;’j)(R)k:e for R € E[p|, we have for any R € E(K)

that

/p

dROm:1+2<f
P

) (R)ke.

Thus, in computing e, we may use any evaluation point R, including P,,. O

Proof (Thm. 3.3.3): Let P € E(K|[e])[p]. We show that if P # P.,, then there exists
Q € E(K]|e])[p] such that e,(P, Q) # 1. This shows non-degeneracy in the first coordi-
nate, and by the property of anti-symmetry, non-degeneracy in the second coordinate will

follow.
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By Lemma 3.2.1, P may be written as Py + Oy, for Py € E(K) and k € K. If
Py # Py, let @ = O;. Then e,(P,Q) = e,(Fo, 01)ep(Or, O1) = e,(F, 01). Let
R € E[p] with R # P,. By Proposition 3.2.2, %(R) is non-zero. Therefore, since
ep(Po,01) =1+ 2(yj{—i)(R)e and R ¢ E[2], we have that e, (P, Q) # 1.

If Py = Py, then k # 0, since P # P,. Let Q, R € E[p|] with Q, R # P,,. Then
e(P.Q) = ¢,(0, Q) = 1 — 2(y72)(R)ke. Since k # 0 and R ¢ E[2], we have that

ep(P, Q) # 1, as desired. O

3.5 Riick’s algorithm for solving the DLP on p-torsion

Recall the homomorphism from Section 3.2.3:

Elp] — Pick(E)p] — Qu(E) — Laway — K*

é b df Yo df v df
s e 7 a7 )

Choosing the divisor Dp = (P) — (P4 ) and evaluation point R = P,,, we may

dfp/dt

" (R) by simply summing the slopes of lines through multiples

compute the value of
of P for any addition chain decomposition. This fact is noted in [24], where it is referred
to as the “Riick algorithm,” and a slight variation is found in [31]. In [35], Riick refers
to the result of this algorithm as “the additive version of the Tate pairing.” We make

this remark explicit by relating the algorithm to the pairing of E[p| and © which we’ve

defined.

Proposition 3.5.1 (Riick, [35]) Let fp be any function with divisor p(P) — p(Px) and let

t= —%. Let m; j denote the slope of the line through i P and j P, and let C be an addition
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chain decomposition for p. Then

dfe/dt .~
o (P) = %;mw

Proof: Consider % ;}f dr/dt(p ). Since Dp = (P) — (Px), this reduces to computing dh‘ 7/ dt

where h; ; is defined as in section 3.2.3. In particular, we show that

1 . . .
dh; ;| dt —3—mi;+O0@) ifi+j#p,
_ﬁi_: t (3.4)
1,3
—2+0(t) ifi+j=p
For ¢+ j # p,
¢ y—mx—»>b 1
hei = - — - mtO
3T I — ; m+ O(t)
Thus
dhjdt 1
— === O(t).
For i + j = p, h; j = v. Expanding v around ¢, we get v =z — ¢ = 3z — ¢ + O(t). Thus
dv/dt 2
=—+0(t
M= 21 on),
and (3.4) is proved.

Note that using an addition chain decomposition for p to calculate fp will result
in (p — 1) terms of the form h; ; with exactly one such that ¢ + j = p. Thus the pole

contributions of the h; ; total to zero in characteristic p and

df;/dt Zm”—i-O me-i-O

Evaluating at P, yields the result. O
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Corollary 3.5.2 Let m, j be the slope of the line through iP and jP, and let C be an

addition chain decomposition for p. Then

e(P,O) =1+ | 3 mij ke,
C

Proof: By Theorem 3.3.2, the map e is independent of divisor and evaluation point. Thus
we may choose the divisor Dp = (P) — (P ) and evaluation point R = P,,. This means

we must calculate

b

daow=1+2@ﬁ)

yagm.

Since we evaluate at P,,, we want to expand functions around the uniformizer for

3+ Az+2B

P, namely t = —g. Using the fact that j—; =55 > Weare looking to compute

dfp/dt 2* + Ax + 2B
fr y?

(Poo)-

Recall that x and y have poles at P, of order 2 and 3, respectively. In particular, z =
&+ O(t) and y = —35 + O(¢) ([38], p. 113). Thus QCSJ“:—QC“B = —1+ O(t), and hence
this contributes a factor of —1 when we evaluate at P,,.

Now, by Proposition 3.5.1, d Jf}f dt (Px)=—>_ ¢ M j, and the result follows. O

3.6 The map e, and isogenies of F(K[])

Let ¢ : E; — FE, be an isogeny between curves given by the Weierstrass form
y? = 23 + A;x + B;. Let E; denote the canonical lift of E;, as defined in 3.2.1. In this
section, we show how to extend ¢ to a homomorphism é:FE, — Eyinsucha way that

the following proposition holds:
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Proposition 3.6.1 For any isogeny ¢ : Fy — FEs,

ep(9(P), 9(Q)) = ep(P, Q)7

For ease of notation, we assume K is algebraically closed. As Ez- ~ F, ® 0O, it
suffices to define ¢ : ©; — O, and then extend it linearly to a map ¢ : E; — E,. Let

i be a uniformizer at Péé), the

x;, y; denote the coordinate functions of F;, and let ¢; = "

point at infinity of E;. Let m € K be such that ty 0 ¢ = mt; + O(t?). (To obtain the value
m, expand x; and y; around ¢; and use the fact that x5 and y, are rational functions of z

and y; to obtain ¢5 o ¢ as a function of ¢;.)

Definition 3.6.2 Given ¢ : E, — E,, define ¢ : ©1 — Oy by ¢(O) = Ok

First note that ¢ : ©; — O, is a homomorphism with respect to this definition.
Furthermore, it is compatible with composition of isogenies. That is, if ¢ : £y — F, and
1 Fy — Ej, areisogenies, then (¢0¢)(Of) = ¥(¢(Oy)). This follows from the fact that
iftyop = myt; +O(t3) and t301) = maty+O(t2), then tzo (Yo ) = (myma)t; +O(L3).

The motivation for this definition is as follows. If ¢ is inseparable, then ¢ = ¢ 07",
where ¢, is separable and the degree of inseparability of ¢ is p". The map 7 : (z : y :
z) = (2P : yP : 2P) is well-defined on the points of £(K[e]), and clearly (ke : 1 : 0)
(0 : 1 :0). Thus we should define ¢p(Oy) = P2, (Note that this agrees with the idea
that © is acting as the replacement for the “missing” geometric points of p-torsion, the
)

“kernel of Frobenius.” ) But if ¢ is inseparable, m = 0, since the order of ¢5 o ¢ at Péol

is equal to the degree of inseparability ([38, pp. 28, 76]). Thus is makes sense to define

#(Ok) = Oy
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Now consider ¢ separable. Then ¢, 0 ¢ is a uniformizer for P ), som # 0. Suppose
we want ¢(Oy) = O;, for some j € K. Since t; 0 ¢p(Oy) = t2((je : 1:0)) = —je and
(mt; + O(#2))(Or) = —mke, it makes sense to define j = mk.

Next we extend the isogeny ¢ : By — FE, to E(K[e]). By Lemma 3.2.1, any
point of (K [¢]) decomposes uniquely as a point of (K ) and ©. Furthermore, for any
k € K and P € E|(K), ¢(Oy) and ¢(P) are both points of Ey(K[€]), hence their sum is
as well. Therefore, the following definition extends ¢ in a well-defined manner to all of

By (Kle]):

Definition 3.6.3 Ler P € E,(K|e]) with P = P + Oy. Define

O(P) = o(P) + ¢(Ok). (3.5)

Proposition 3.6.4 Let P,Q € E(K[e]). Then

3(P) + ¢(Q) = 6(P + Q).

The proposition follows immediately from Definition (3.6.3) and from the fact that

¢ is a homomorphism on F; (Ke]) and ©.

Lemma 3.6.5 Let ¢ : E; — FE5 be an isogeny with ty o ¢ = mt, + O(t3) for m € K.
Then

e(¢(P), Opi) = e(P, O,)%82,

Proof: If ¢ is inseparable, then the degree of inseparability is ¢ = p” for some r > 0 and

)

thus p divides deg ¢. Furthermore, m = 0 since the order of ¢, o ¢ at P is the degree of

inseparability. So both e(P, 0,)%¢¢ and e(¢(P), O})™ equal 1, and the result holds.
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Now assume ¢ is separable, which implies that m # 0. By the proof of Proposition

3.5.2, it suffices to show that

w20 () — (g ) P2
Py Py

(PD).

Let ker ¢ = {Ry,...Rs}. Since div (fp,) = p(FP2) — p(Px) and ¢ is separable,
div (fp,0¢) = >0 p(Pr + R;) — p(R;). Let g; = lg_y}f Then div (fp, 0 ¢) =
Yo pl(P1) — (Px) + div (¢;)] = >_;_, div (fp,g?). Thus, up to a constant, fp, 0 ¢ =

fdegd’(l_[l 1 gi)?. Since the characteristic of K is p,

d(fp, 0 ¢) = (deg d) fpr®( dfa)(Hgi)p

Thus

d(fP2 © ¢)
Jp,o¢

df Py

= (deg9)7 = fr

(3.6)

Note that for any function g expanded around ¢, % o¢p =

. Using this and

(3.6), we have
mdfPQ/dtQ (P(Q)) _ m(dfPQ/dtQ O¢) (Péol))

fry fry

d(fpy08)/d(t209) (1)
2fP20¢ (Poo )

d; d(tso
= m(deg ¢>—fP1€CP(12 ¢) (Péol)).

= m

From that ;"L = m™" + O(t1), we have

mdfPQ/dtz (PO(O2)) = (deg CD)M(PO(;)),

fry fry

and the lemma is proved. O
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The proof of Proposition 3.6.1 is now immediate. From Lemma 3.6.5 and Definition

3.6.3, we have

ep(QS(P%QNS(Ok)) = €(¢(P)vomk) = ep(Pa Ok)deg¢a

for P € Ey[p] and Oy € ©. Thus, since e, is bilinear and ¢ is a homomorphism, the

proposition holds.

3.7 Another application of elliptic curves over the dual numbers

We have seen how the extension of the Weil pairing to p-torsion over the dual num-
bers directly leads to the previously defined maps of [35] and [36]. Though we have not
gained any “new’” information, we have shown that discrete logarithm attacks on p-torsion
subgroups of [35] and [36] may be interpreted as Weil-pairing-based attacks, exactly the
same as the MOV attack on prime-to-p torsion subgroups. In this section, we give an-
other example of how looking at elliptic curves over the dual numbers may be a fruitful
approach.

The DLP attack of Smart [39] on anomalous elliptic curves involves working in
E(Z/p*Z) where E is a non-canonical lift of £ (meaning p-torsion points of F are no
longer p-torsion when lifted to E). The attack involves lifting points P, € E[p| with
Q = nP to E(Z/p*Z), multiplying the points by p, and applying the map (z,y) — o
In this way, solving for n such that nP = () reduces to solving an instance of the DLP
in IF; . The fact that this map is a homomorphism may be shown via the p-adic elliptic
logarithm (see [39], or [45], p. 190).

If we consider E(F,[¢]) instead, the attack works analogously, and the reasoning
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behind it is elementary. (In fact, the attack works for E(K[e]), where K is any field
of characteristic p # 0,2,3.) Lift P,Q to P,Q € E (F,[e]). The points P, may no
longer be dependent. However, since nP = ) € E(F),), there exists R € O such that
nP — Q = R. Since P,( are points of p-torsion, pﬁ’,p@ € O. Thus we have the

following equation in ©
p(nP) —pQ = pR = Pu,. (3.7)

Note that pP, p@ = P, if and only if P and Q are p-torsion points in E. Thus if this is
not the case, we can translate (3.7) to an instance of the DLP in IE‘; via the homomorphism
(ke : 1:0) — k and then solve for n.

This version is more efficient, as computations in F,[¢] are more straightforward
than in Z/p?Z. It may present another advantage as well, related to the fact that the DLP
attack requires that the lift of the curve over IF,, be non-canonical.

Let £ be any lift of the curve E : y> = 2® + Az + B, with j-invariant j € F,. Note

that D = 4A% + 27B? + 0 since F is non-singular. Define j(F) as the value ﬁ;@.
Since D # 0, the denominator is invertible, and hence j(E) € F,[e]. Let j denote the
value j(E), and note that j = j mod e. The following proposition shows that j € F, if

and only if the elliptic curve E can be transformed to the “canonical lift” (as defined in

Section 3.2.1) by an invertible change of coordinates.

Proposition 3.7.1 Let E be given by y* = 2° + Az + B. Let E be a lift of E to F,[€] with
A=A+ Aie, B = B+ Bye, for A, B, € F,. Then j € I, if and only if there exists
pw =1+ kt with k € F, such that y*A = A and 5B = B. In this case, there exists a

change of coordinates x — 2,y — 13y taking E to E, where E is viewed as an elliptic
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curve over F|el.

Proof: Assume there exists = 1 + kt, k € F, with y*A = A and u°B = B. Then

~ 4A3 .
J = ihyare T
For the other implication, assume je FF,. Then J = j and a calculation with the

e-components yields
12A2A4,D = 4A3(12A%A, 4+ 56BB,). (3.8)

To find j« = 1+ kt such that y*A = A and ;4B = B, we solve 4kA = A, and 6kB = B,
simultaneously for k. If either A or B is zero this is no problem. If A, B # 0, choose

k € IF, such that 4k A = A;. Then (3.8) becomes
12A%(4kA)D = 4A3(12A%(4kA) + 56 BB;)

which simplifies to 6k(D — 4A3) = 27BBy. This implies that B; = 6k B, as desired. O

Thus if } € ), the p-torsion of I lifts to p-torsion of E, and the DLP attack over
the dual numbers fails. Calculations suggest that lifts with j € [F,, are the only lifts of
E for which p-torsion lifts to p-torsion. Presuming this, it is easy to avoid a lift to [F, [¢]
for which P and () are p-torsion simply by choosing a lift with j-invariant j ¢ IF,. This
differs from the case of lifting to Z/p*Z, since (to the author’s knowledge) there is no
analogously simple way to determine from the j-invariant j € Z/p*Z whether or not the

lift is canonical.
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Appendix A

Auxiliary algorithms for computing Hp(X)

In this appendix, we give the details of the auxiliary algorithms used in the main
algorithms of Chapter 2.

Let O be an order of discriminant D < —4 and let p be a prime inert with respect
to D. We fix a maximal order R of A, -, and a set of left R-ideal class representatives
{Ji}. As discussed in Section 2.3.1, this determines the set Embp (A, ) of optimal
embeddings of O into one of the maximal orders {R,(.J;)}. The following algorithm,
introduced in 2.3.5, computes the action of C1(QO) on the set Embp (A, ). We write
O = Z[r| and fix a Z-basis {r;} for R. All computations in A, , take place with respect

to this basis and the right orders of .J,,, and Jj, are not explicitly computed.

Algorithm 2.3.1

INPUT:
e Abasis {r;} for R

e An optimal embedding g given by g(7) = y € R,(J) where y = [y1, ..., y4] is in

terms of {r;}
e Anintegral ideal a € C1(O) of norm a with a = (a, ¢ + dr)

OUTPUT:
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e The value ¢*(7) = w € A, o0, With w = [wy, ..., wy] given in terms of {r;}

e The left R-ideal class representative J,,, such that g is optimal with respect to

Ry (Jm)

1. Compute the left ideal J of R equal to Jyg(a).

2. Compute a Minkowski-reduced basis {b;} for J and the set V' = {v;} of elements

of smallest norm, n(.J)
3. Starting with m = 1, do the following sequence of steps for the left-ideal .J,,, of R:

(a) Compute a Minkowski-reduced basis {b,,;} of J,,. Check if n(J,,)n(b;) =
n(bm,i)n(Jx)a for each i. If so, let s = 1 and go to the Step 3b. If not, let
m = m + 1 and repeat Step 3.

(b) If s > #V,letm = m+ 1 and repeat Step 3. Let x, = b;:lvs. For: =2, 3,4,
let u; € A, be the element such that b;:ibi = u;xs. Elselet s = s + 1 and
repeat Step 3b.

(c) Compute the matrix C' = (¢; ;) where by, ju; = ) ; Cijbm,i- If C is invertible

over Z, let x = x5 and go to Step 4. Else, let s = s + 1 and repeat Step 3b.

4. Return J,,, and w = xyz~!, expressed in terms of the basis {r;} of R.

In Step 1, let {b;;} denote the Z-basis for J;. To compute a basis for J = J;g(a)
we use the LLL-algorithm for linearly dependent lattice vectors ([7, Algorithm 2.6.8]) on
the set {aby;, (c + dy)by.; }1y.
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In Step 2, we use the Fincke-Pohst algorithm ([7, Algorithm 2.7.7]) to compute a
set V' of elements of minimal norm. We let b; be one of these vectors and compute {b;},
a Minkowski-reduced basis. This is a basis of J such that b; is a shortest vector of the
lattice J, the element b, is a next shortest vector such that {b;, by} extends to a basis of .J,
and so forth. While there is not necessarily a unique Minkowski-reduced basis, the norms
of the elements n(b;) are unique.

In Step 3, if J,, is right-isomorphic to .J, then there exists an € A, ., unique up
to left multiplication by a unit of R,.(.J,,), such that J,,z = J. This step is guaranteed
to return such an z if J,, and J are left isomorphic. The norm of z is n(J)/n(Jy,) =
n(Jx)a/n(J,,) which we denote it N.

Compute a Minkowski-reduced basis {b,,;} for the ideal .J,,,. Since the norms of
any Minkowski-reduced basis of J are unique, if J,,x = J for some x of norm NV, then
we must have n(b;) = n(b,, ;)N for each i. Furthermore, the element b,, ; must appear
in the set V of shortest vectors of J. Therefore, there exists some index s such that
T = b;&lvs. Thus we consider each x4 = b;&lvs as a candidate for z, and check whether
or not J,,zs = J. To do this, we attempt to find an invertible change of bases between
{bmxs} and {b;}.

For ¢+ = 2, 3,4, we let u; be the element such that b;ﬁibi = u,;z,. Check that b,,, u;
is in J for each . If so, compute the matrix C' = (¢; ;) where by, ;u; = Zj ¢ jbm;. I C
is invertible over Z, then this gives a change of basis from {b,,;} to {b, ;u;}. Using the
fact that b, = b, ;u;xs, we get that C' gives a change of basis from {b,, ;z,} to {b;}, and
thus J,,xs = J. On the other hand, if J,,,x; = J, then {b;} and {b,, ;x} are both bases
for J and thus the matrix C' will be invertible.
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We are guaranteed to find J,,, such that J,, is right-isomorphic to J via x, since
we consider all ideal class representatives for the left [2-ideals, and for each of these, we

consider all possible candidates for .

The following algorithm is based on the algorithm in [6] which explicitly establishes the

one-to-one correspondence in Theorem 2.2.4 between the Gal(IF,2 /IF,,)-conjugacy classes

J of supersingular j-invariants and the maximal orders of A, ., up to conjugacy.
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Algorithm A.0.1

INPUT: A set {R;} of representatives of the conjugacy classes of maximal orders of the
quaternion algebra A,

OUTPUT: A set {j;} of Gal(IF,2 /IF,)-conjugacy classes of supersingular j-invariants such

that for any curve E; with j-invariant j;, the ring End(F;) is isomorphic to R;.

We summarize the algorithm found in [6]. The conjugacy classes of maximal orders
R; are uniquely characterized by the set of elements of norm less than B, where the bound

B is on the order of p/12, ([6, Prop. 3.3]):

Sk, ={(t(a),n(a))| @ € R; and n(a) < B}.

Therefore, the Gal(IF,2 /F,)-conjugacy classes of supersingular j-invariants are distin-
guishable by the set of endomorphisms of End(F;) of degree less than B, where E; is
a curve with j-invariant j;. Thus, to establish the correspondence, for each order R, we
compute the set Sg, p and for each representative j;, we choose a curve £; with j-invariant

Ji and compute the set

S5 = {(tr(o),deg(a))| @ € End(E;) and deg(a) < B}.

By comparing these sets, we obtain the correspondence. We can also use information
about the unit group of R; to directly identify j = 0 and j = 1728 with their respective
orders. The run-time of the algorithm is O(p®/*), thus it is feasible for small primes p.
As the p-adic algorithm to compute Hp(X) from Section 2.9 uses the smallest prime p

which is inert in /K and not dividing D), this is not an issue.
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The following algorithm computes an embedding of the order O of K = Q(v/D) of
discriminant D into R, a maximal order of A, .. Furthermore, the embedding is optimal
with respect to R. Writing D = m?/\, for A\ a fundamental discriminant, we can express

O as Z[1| where T has characteristic polynomial

X2 _X+12 D=1mod4
xX24 L D = 0 mod 4.

The algorithm returns an element w of A, . with characteristic polynomial 7'(X') and an
order R containing w for which the embedding specified by ¢(7) = w is optimal. The
algorithm is guaranteed to succeed as there exist 2(O) embeddings of O into A, ., which

are optimal with respect to some maximal order of A, ., by Proposition 2.3.2.
Algorithm A.0.2
INPUT:
e D<O
e A prime p such that p is inert in X' = Q(v/D) and p{ D
OUTPUT:

e A maximal order R of A, into which O, the order of discriminant D, embeds

optimally

e g(7) = [wy, ..., wy) expressed in terms of a basis {r;} for R
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1. Let

O,% D =0mod 4
1,2 D =1mod4.

2. Compute {Rk}};”: 1> a set of representatives of the conjugacy classes of maximal

orders of A, .
3. Starting with k£ = 1, repeat the following until a pair R, w is returned.

(a) Choose a basis {r;} of Ry with ry, = 1. Compute N(z1,x2, 3, x4), the norm
form for A, . in terms of {r;}. Compute 7' (x1, z2, T3, z4), the trace form in
terms of {r; }. Let Q(z1, o, x3) equal N (z1, z9, x3, m)—iTr(:cl, Ta, T3, 74)%

Let Sj, be an empty list.

(b) Find a triple (w1, ws, w3) € Z> such that Q(wy, ws, ws) + }LtQ = n and
(wy,wa,w3) & Si}. If none exist, repeat Step 3 with k& = k + 1. Else, store

the 3-tuple the list S;, and go to Step 3.

(c) Compute the integer wy € Z such that Tr(wy, wy, w3, wy) = t. Let w =

[wy, wa, w3, wy]. This is an element with characteristic polynomial 7'(X).

(d) If D is a fundamental discriminant, return R, and w. Else, for each pair
i,j € {1,...,4}, compute gcd(w;, w;). If there exists a pair with ged equal to

one, return Ry and w. Else, repeat Step 3b.

For Step 2, we use the characterization of maximal orders of A, ., by ternary
quadratic forms to compute representatives of the conjugacy classes of maximal orders of

A, . (See Appendix B and [6] for more detail.)

147



For Step 3b, we consider the order R as a 4-dimensional lattice with quadratic form
N(zy,...,x4). As 1y = 1, the rational part of N(xzq,...,z4) is simply }LTr(xl, )
Thus Q(z1, x2, x3) + itz is a ternary quadratic form on the sublattice R; of elements of
trace ¢. This form is positive definite as A, ., is ramified at co. We use the Fincke-Pohst
algorithm [7, Alg. 2.7.7] to find all vectors of the lattice I?; of norm n. Once we find
a solution (wq,wq, w3) in Step 3b, we store in in S and keep note of where the search
stopped. Thus, if the solution w in Step 3d is not optimal, when we return to Step 3b,
we continue the search where we stopped. In this way, we eventually find all solutions to
Q(wy, wy, w3) +t* = n for a particular maximal order R. If we do this for every maximal
order, we are guaranteed to find an optimal embedding of O into some maximal order of
A, ~, by Eichler’s formula.

In Step 3c, we can find an integer w4 such that Tr(wy, ..., w,) = t as follows. By
choice of (w1, ws, ws), we have that N (wy, ws, w3, 24) — T (w1, we, w3, x4)* = n — 112
for any x4 € Z. Therefore T'r(wy, we, w3, x4) and ¢t have the same parity for any x, € Z.
Letting x4 = 0, we solve for wy € Z such that T'r(wy, wsy, w3, 0) — t equals —2w,. Then
Tr(wy,...,wy) = t.

In Step 3d, we check that the embedding given by 7 +— [w;, ws, w3, wy| is opti-
mal with respect to R. This is automatically true if D is a fundamental discriminant.
Otherwise, it is true if only if there exist 7,j € {1, ...,4} such that ged(w;, w;) = 1 by
Proposition 2.3.1. We can give a rough estimate on the probability that the element w
gives an optimal embedding.

Let O be an order containing O. Every optimal embedding of O’ into a maximal
order of A, , corresponds to a non-optimal embedding of O into the same order. There
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are h(QO') such embeddings, each given by an element of A,, ., with characteristic polyno-
mial 7(X). An element of A, ., may lie in more than one maximal order, and thus it may
correspond to more than one embedding of O’ into a maximal order of A, .. Therefore,

there are at most

> w0

OCcoO’'cOy

elements of the union | J, Ry which have characteristic polynomial 7'(X). Of these, at
most 2(O) elements give optimal embeddings of O into some maximal order.

In Step 3, we enumerate all possible elements with characteristic polynomial 7'(X)
contained in one of the maximal orders Ry, with possible repetition if an element is con-
tained in more than one maximal order. If d is the number of divisors of the conductor m
of O in Ok, then the probability we get an element corresponding to an optimal embed-
ding is roughly

HO) _ h(O) 1

2ocorco, MO) ~ dh(O)  d

In particular, this says that if R, contains O optimally, it is likely we will find an optimal
embedding after d repetitions of Steps b-d. This heuristic assumes that elements corre-
sponding to non-optimal and optimal embeddings are equally distributed. It also does not
take into account the fact that the type number ¢, and class number h,, of A, ., may not be
equal. That is, for a fixed maximal order R, and a set of left ideal classes J;, a conjugacy
class of a maximal order may be represented twice on the list { R,.(J;}), which is of size
hy. These orders correspond precisely to the supersingular curves defined over F,2 but
not over IF,,, and embeddings into these conjugate orders are counted separately in the

formula for h(O).
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We now give an algorithm to compute an explicit basis of endomorphisms for a
supersingular elliptic curve E, given a basis {7;} of a maximal order R of A, ., with
End(E) ~ R. For one way to determine such a basis {r;}, see the remark which follows
this algorithm. For an alternate construction of an explicit basis of endomorphisms, see
[33] or the algorithm in [23].

To specify a basis {e; } for the quaternion algebra End(F) ®Q, it suffices to specify
the characteristic polynomials for each e; and the relations e es, eseq, e1€3, ezeq, eses, eses.
Therefore we search for a set of endomorphisms of E satisfying the characteristic poly-
nomials of the r; and the relations r179, 7911, 7173, 7371, 273, 7372, €Xpressed in terms of

the basis {1, 71,72, 73}.

T% = [n1’t1’070] 7”% = [n2707t2a0] T?2, - [n3a0707t3]
rire = ... rory = ... Tor3 = .. (A.1)
rare = c. r3ry = - rry =

Any two distinct bases of R satisfying the relations corresponds to an automorphism
of A, ., which by the theorem of Skolem-Noether, implies that one is the conjugate

—1 — R, we have that the element z is in the

of the other by an element z. As xRz
normalizer of R, Normalizer(R). Furthermore, conjugation of a basis by any non-trivial
x in Normalizer(R) gives another basis satisfying the same relations. Thus there are
#(Normalizer(R)/Q*) distinct bases satisfying a given set of relations.

By [42, Ex. IIL.5.4], for R a maximal order of 4, -, the group Normalizer(R)/Q*
is isomorphic to (Z/2Z)™R* with m = 0 or 1. Using the connection with supersingular

curves, we have that the only endomorphisms of F which are in Normalizer(End(FE))
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are those whose kernels are stabilized by every o € End(F) [26, Thm. 13.3.10]. Such
endomorphisms must either be in the center of End(FE) or they must have no kernel.
Therefore the only elements of Normalizer(End(E))/Q* are either automorphisms or
powers of the Frobenius element. For a supersingular curve defined over [, the Frobenius
element 7, is an endomorphism and does not commute with End(E) ([46]). Furthermore,
as I/ is supersingular, we have 7T£ = [p]. Thus m = 1. For a supersingular curve £ not
defined over [F,,, we have m = 0, since the Frobenius endomorphism is 7r12, = [p] which
commutes with all endomorphisms of E. Thus the number of distinct bases of End(FE)

satisfying a given set of relations is

v 2#Aut(E){£1}| J(E) € F,

#AW(E) {1} j(E) € Fpe.
Algorithm A.0.3

INPUT:
e The relations (A.1) for a basis {7;} of a maximal order R of A, ., with 74y = Id
e An elliptic curve F with End(E) ~ R

OUTPUT: A set B of all bases {e;} of endomorphisms of £ satisfying the relations (A.1)

1. Work over an extension of I, of degree at least 2. Let P be a random point not of

order 2.

2. Factor the n;-division polynomial of E. For each factor F'(x), use Vélu’s formulas
to compute the j-invariant of the isogenous curve £'. If j(E') = j(FE), compute the
explicit isogeny ¢ : E — E’ and an isomorphism « : E' — FE. For § € Aut(FE),
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include §vy¢ in the set B;. For each ¢ € By, test if ¢ satisfies the relation r? =
tyr1 + ny on P. If not, discard ¢ from B;. These are all the candidates for the

endomorphism e;.

3. Factor the ny-division polynomial of E. For each factor F'(z), use Vélu’s formulas
to compute the j-invariant of the isogenous curve E’. If j(E’) = j(F), compute
the explicit isogeny ¢ : £ — E’ and an isomorphism v : £/ — E. For § €
Aut(E), include ¢ in the set By. For each ¢ € Bs, test if ¢ satisfies the relation
7“% = t9ry + ny on P. If not, discard ¢ from B,. These are candidates for the

endomorphism es.
4. For each ¢, € By, do the following:

(a) For each ¢, € Bs,
i. Let r; = ¢ and 7 = ¢, and determine ¢3 uniquely using one of the
relations in (A.1).

ii. Check that the remaining six relations are satisfied on the point P. If not,
discard ¢, and go back to step 4a. Else, store the tuple (¢1, ¢o, ¢3,1) in

the set B of possible bases for End(E).

5. If #B = N, return B. Else choose another random point P, and for each tuple in
B, check that the nine relations are satisfied on the point P, discarding those that

fail. Then repeat Step 5.

Remark A.0.1

Given a curve E, we may use the algorithm of Cervifio [6] to find the ternary quadratic
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form associated to the maximal order R such that End(FE) ~ R. That is, we use the ex-

plicit bijection between the classes of ternary quadratic forms of discriminant —p and

the conjugacy classes of maximal orders of A, ., [4]. The coefficients of the form

f = (11137% + CLQQ.T% + a33x§ + @12T1T2 + A13T1T3 + A23T2T3 determine a Z-basis for

a maximal order Ry of A, . Letting (¢, 7, k) equal (1,2,3),(2,3,1), and (3,1,2) (all

even permutations of 1,2 and 3) we get a set of nine relations which uniquely determine

RfI
r? = a;r; — ajja
i — Wikl 77 Wkk

TiTj = QkkQij — QkkTk

T = Q171 + QopTo + G373 — Qi Qjk-

We represent the form f by the matrix of coefficients

11 Q22 433
Mf:

Q23 A13 Q12

(A.2)

Tables for the classes of ternary quadratic forms of discriminant —p up to p = 1000 are

found in [4].
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Appendix B

Explicit Bases of End(E) for E/F,. with p = 3,5,7,13 and 37

In this Appendix, we give explicit bases for the endomorphism rings of a repre-
sentative of the unique class of supersingular curves over [F,» for p = 3,5,7 and 13. In
this case, we use MAGMA to compute a representative 12 of the maximal order of A,
and a Minkowski-reduced basis {r;}. We then use Algorithm A.0.3 from Appendix A to
compute the bases.

We also give the basis for the endomorphism ring of a curve £ with j-invariant 8
over [F,» where p = 37, from the example from Section 2.4. See the example or Algorithm
A.0.1 for how to determine which maximal order R of A, -, is isomorphic to End(£).

Let £ be a curve over IF,2. Given a subgroup Gy of E[N] of order N, welet E/G y
denote the unique curve (up to automorphism) such that the isogeny £ — E /Gy with
kernel Gy is normalized (see 2.2.1). This curve can be computed using Vélu’s formulas
[41]. We record an endomorphism of £ with kernel Gy as a pair (P(X), (u,r)) where
P(X) is the polynomial whose roots are the z-coordinates of the points of G and (u,r)

defines the isomorphism & : E/Gy — E given by (z,y) — (u?z + r, udy).

B.l p=3

—1,-3

The quaternion algebra A, ., for p = 3 can be given by ( ), where

-2

i?=—1,j2=-3,ij = k,ij = —ji.
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The single conjugacy class of maximal orders of .4, ., has the representative R with basis

of elements of norm one

{ri,..,ra} ={(1+j)/2,—(i —k)/2,—i,1}.

The basis relations are given by the following tuples of coefficients of 1,7y, 7y, r3:

T% = [_1707070] T% = [_1707170] 7“32’ = [_170507 O]
Tro = [0, 17 0, —].] o1 = [0, 0, 0, 1] oy = [0, —1, O, 1]
rsro = [0,0,—1,0] r3my = [0,1,0,0] 73 = [—1,0,1,0].

The curve L : y* = x(z — 1)(z + 1) has j(E) = 0. Let F2 = F,[a] where a is a root of

z? 4+ 1 = 0. The basis for End(L) is given by {ey, .., e4} where

PX) u r

€1 1 20 2
e 1 a 0

ey = —egoep, and eg = Id. The map ¢ : r; — e; is an isomorphism R — End(L).

B2 p=5

-2,-5

The quaternion algebra A, ., for p = 5 can be given by ( ), where

=2, =—=5,ij = k,ij = —ji.

The single conjugacy class of maximal orders of .4,, ., has the representative R with basis

{ri,ro,rs,ra}y ={1/24+1/4 — k/4,1/2 — 3i/4 — k/4,—i/4 — 5/2 — k/4,1}.
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The basis relations are given by the following tuples of coefficients of 1,7y, ry, r3:

7‘% = [-1,1,0,0] 7’% = [-2,0,1,0] 7’§ = [-2,0,0,0]
™mre = [_17 17 17 _1] T = [07 07 07 1] Tor3 = [07 _27 07 1]
r3ro = [—2,2,0,0] r3ry = [0,0,—1,” rmrsy = [—1,0,1,0]

Let F,» = F,[a] where a is a root of 2% + 2 = 0. The curve L : y* = z(z — 1)(z —

(a+ 3)) has j(E) = 0. The basis for End(L) is given by {ey, .., e4} where

P(X) u r

€1 1 a+3 1
es X+4 a+4 2a+3

e3 = ey oeq,and eg = Id. The map i : r; — e; is an isomorphism R — End(L).

B3 p=7

—1,-7

The quaternion algebra A, ., for p = 7 can be given by ( ) where

i = 1,5 = ~7,ij = k,ij = —ji.
The single conjugacy class of maximal orders of .4,, ., has the representative R with basis

{rla 2,73, 7”4} = {7;7 (Z + k)/Q, (1 + j)/2’ 1}'

The basis relations are given by the following tuples of coefficients of 1,7y, 79, r3:

r? = [-1,0,0,0] rZ = [-2,0,0,0] T% = [-2,0,0,1]
rro = [0,0,0,—1] ror1 = [—1,0,0, 1] Torsy = [0,—2, 1,0]
rsry = [072,0, 0] rary = [O, 1,—1,0] ™rmry = [0,0, 1,0]
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The curve L : y? = z(xz — 1)(x — 2) has j(F) = 1728. Let F,2 = F,[a] where a is a root
of 22 + 2 = (. The basis for End(L) is given by {e1, .., ¢4} where

P(X) u r

el 1 5a 2

ea X+5 3a 1

e3 = —ey 0 ey, and ey = Id. The map i : r; — e; is an isomorphism R — End(L).
B4 p=13
The quaternion algebra A, ., for p = 13 can be given by (%) , where

i?=—-252=—-13,ij = k,ij = —ji.

The single conjugacy class of maximal orders of 4, ., has the representative R with basis
{ri,.,ra}={1/2—i/d+k/4,—i,1/2 —i/2 — j/2,1}.

The basis relations are given by the following tuples of coefficients of 1,7y, ry, r3:

r? = [—2,1,0,0] rs = [—2,0,0,0] 7“§ = [-4,0,0,1]
mre = [_170707 1] ror1 = [0707 17 _1] ror3y = [_272707 O]
r3re = [0,—2,1,0] r3ry = [0,0,2,0] ™mrs = [—1, 1,2,1]

The curve E : y* = 23 4+ 10z + 6 has j(F) = 5. Let F,» = F,[a] where a is a root of
2?2 + 2 = 0. The basis for End(FE) is given by {ey, .., ¢4} where

P(X) u r

epr X+4a+4 dba+10 O

€9 X+5 Ta 0

es =Id + ej oeg, and ey = Id. The map i : ; — e; is an isomorphism R — End(FE).
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B.5 p=37

—2,-37

The quaternion algebra A, . for p = 37 can be given by (=), where

i = —2,7% = =37,ij = k,ij = —ji.
The maximal order R of A, ., with basis

{ri,.omy={i,1/2 —i/4+k/4,-1/2+ /2 + j/2,1}

is isomorphic to End(E) where j(E) = 8. The basis relations are given by the following

tuples of coefficients of 1,1y, 79, 7r3:

7’% = [-2,0,0,0] T% = [-5,0,1,0] T‘% = [-10,0,0,—1]
rreo = [0,170,—1] o1 = [1,0, 0, 1] Tors = [1,—5,—1,1]
r3re = [075707 O] r3r; = [07 _17 _270] mrs = [_2707270]

Let F,» = F,[a] where a is a root of 2% + 2 = 0. The curve E : y* = 2* + 122 + 13 has

J(E) = 8. The basis for End(E) is given by {ey, .., e4} where

P(X) u

€ X+1 19a
es X2+ (8a+29)X + (da+23) 24a+ 26

e3 = e1 0 ey, and ¢4 = Id. The map ¢ : r; — e; is an isomorphism R — End(FE).
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