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and John S. Baras, Fellow, IEEE

Abstract—This paper studies almost sure convergence of a
dynamic average consensus algorithm which allows distributed
computation of the product of n time-varying conditional prob-
ability density functions. These conditional probability density
functions (often called as ‘“belief functions) correspond to the
conditional probability of observations given the state of an
underlying Markov chain, which is observed by n different nodes
within a sensor network. The network topology is modeled as
an undirected graph. The average consensus algorithm is used
to obtain a distributed state estimation scheme for a hidden
Markov model (HMM), where each sensor node computes a
conditional probability estimate of the state of the Markov chain
based on its own observations and the messages received from its
immediate neighbors. We use the ordinary differential equation
(ODE) technique to analyze the convergence of a stochastic
approximation type algorithm for achieving average consensus
with a constant step size. This allows each node to track the
time varying average of the logarithm of conditional observation
probabilities available at the individual nodes in the network. It
is shown that, for a connected graph, under mild assumptions
on the first and second moments of the observation probability
densities and a geometric ergodicity condition on an extended
Markov chain, the consensus filter state of each individual sensor
converges P-a.s. to the true average of the logarithm of the
conditional observation probability density functions of all the
sensors. Convergence is proved by using a perturbed stochastic
Lyapunov function technique. Numerical results suggest that
the distributed Markov chain state estimates obtained at the
individual sensor nodes based on this consensus algorithm track
the centralized state estimate (computed on the basis of having
access to observations of all the nodes) quite well, while formal
results on convergence of the distributed HMM filter to the
centralized one are currently under investigation.

I. INTRODUCTION

The study of distributed estimation algorithms in a network
of spatially distributed sensor nodes has been the subject
of extensive research. A fundamental problem in distributed
estimation is to design scalable estimation algorithms for
multi-sensor networked systems where the data of a sensor
node is communicated only to its immediate neighbor nodes.
This is in contrast to the centralized estimation where the
data from all the sensors are transmitted to a central unit,
known as the fusion center, where the task of data fusion
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is performed. The centralized scheme, clearly, is not energy-
efficient in terms of message exchange. Also, this approach
makes the estimation algorithms susceptible to single point
failure. Moreover, for a large scale network, performing a
centralized estimation algorithm at the fusion center may not
be computationally feasible. As such, the centralized approach
is not robust and also not efficient in terms of both computation
and communication.

Recently, designing distributed estimation algorithms using
consensus schemes has attracted significant surge of interest.
For this, consensus filters are used to combine the individ-
ual node data in a way that every node can compute an
approximation to a quantity, which is based on data from
all the nodes, by using input data only from its nearest
neighbors. Then, by decomposing the centralized algorithm
into some subalgorithms where each subalgorithm can be
implemented using a consensus algorithm, each node can run
a distributed algorithm which relies only on the data from
its neighboring nodes. The problem, then, is to study how
close the distributed estimate is to the estimate obtained by
the centralized algorithm.

Some pioneering works in distributed estimation were done
by [1] and [2]. Recently, there has been many studies on the
use of consensus algorithms in distributed estimation, see, e.g.,
distributed Kalman filtering in [3], [4], [5], [6], approximate
Kalman filter in [7], linear least square estimator in [8], and
distributed information filtering in [9].

This paper will focus on analyzing asymptotic properties of
a stochastic approximation type algorithm for dynamic average
consensus introduced in [4]. Using the dynamic average con-
sensus algorithm, we compute the product of n time-varying
conditional probability density functions, known as beliefs,
corresponding to n different nodes within a sensor network.
The stochastic approximation algorithm uses a constant step
size to track the time-varying average of the logarithm of
the belief functions. We use the ordinary differential equation
(ODE) technique' in stochastic approximation to study almost
sure convergence of the consensus algorithm. In order to prove
convergence, we use a stochastic stability method where we
introduce a perturbed stochastic Lyapunov function to show
that the error between the consensus filter state at each node
and the true average enters some compact set infinitely often
P—w.p.1. Then, using this result and stability of the mean ODE
it is shown that the error process is bounded P—w.p.1. This
is then used towards proving almost sure convergence of the
consensus algorithm.

Isee [10] and [11].



The outline of the paper is as follows. In Section II, we
present the model for distributed HMM filtering and introduce
the stochastic approximation algorithm for average consensus.
Section III introduces required assumptions for convergence
and provides convergence analysis of the consensus algorithm.
Numerical results are presented in Section IV. Details of the
proofs are given in the Appendix.

II. PROBLEM STATEMENT

Notations: In this paper, R denotes the set of real numbers
and N and Z* represent the sets of positive and nonneg-
ative integers, respectively. We denote by C"™ the class of
n-times continuously differentiable functions. Let (£, F) be
a measurable space consisting of a sample space €2 and the
corresponding o-algebra F of subsets of 2. The symbol w
denotes the canonical point in 2. Let P represent probability
distribution with respect to some o-finite measure and [E
denote the expectation with respect to the probability measure
P. By 1,, and 0,, we denote n-dimensional® vectors with all
elements equal to one, and zero respectively. Let I denote
the identity matrix of proper dimension. For readability of the
manuscript, matrix/vector symbols are in bold face with their
elements presented within brackets [ ], uppercase letters denote
random variables and lowercase is used for a realization of a
random variable. Let ||.||, denote the p-norm on a Euclidean
space. In this paper, vector means a column vector, and '
denotes the transpose notation.

A. Distributed Filtering Model: Preliminaries & Notations

Let a stochastic process {Xj,k € Z'}, defined on the
probability space (2, F,P), represent a discrete time ho-
mogeneous Markov chain with transition probability matrix
X = [z;;] and finite state space S = {1,---,s}, s€N,
where z;; = P(Xy =j | Xp—1 =1) for i,j € S. Assume
that s > 1 is fixed and known. Note that X is a stochastic
matrix, that is, z;; > O,Zj xz;; = 1,V¥i € S. The initial
probability distribution of {X} is denoted by 7 = [m;]ics,
where m; = P(Xo = i).

The Markov process {Xj} is assumed to be hidden and
observed indirectly through noisy measurements obtained by a
set of sensor nodes. Consider a network of spatially distributed
sensor nodes, observing the Markov process { X} }, where the
network topology is represented by a graph G = (N, &),
with N'={1,---,n}, n € N denoting the set of vertices
(nodes) and £ C N x N representing the set of edges. An
edge between node ¢ and j is denoted by an unordered pair
(i,j) € &£. In this paper, all graphs are assumed undirected
and simple (with no self-loop), i.e., for every edge (i,7) € &,
i # j. The set of neighbors of node j is denoted by
N; ={i € N | (i,j) € E}. A k-regular graph is defined
as a graph in which every vertex has k neighbors. A k-regular
graph on m = k + 1 vertices is called a complete graph and is
denoted by K,,. For convenience, in the following, the names,
sensor and node will be used interchangeably. For brevity, an
undirected graph will be simply referred to as a graph.

2for convenience, the dimension subscript n may be omitted when it is
clear from the context.

For each node m € N, the sequence of observations is
denoted by {Y;",k € Z"}, which is a sequence of con-
ditionally independent random variables given a realiza-
tion {z;} of {Xj}. The conditional probability distribu-
tion of the observed data Y;", taking values in R?, given
the Markov chain state X =/¢,/ € S is assumed to be
absolutely continuous with respect to a nonnegative and
o-finite measure ¢ on RY, with the density function f;*(.),
where P(Y," € dy | X = 0) = " (y)o(dy), L € S. Let Y},
adapted to V", denote the sequence of observed data at node
m € N up to time instant k, where V" = o(Y;™,0 <1 < k)
is the o-algebra generated by the corresponding random ob-
servations. Define also Y, measurable on ), as the random
vector of the observations obtained by all n number of sensors
at time k, where Vi, = o(Y;",1 < m < n) is the correspond-
ing o-algebra. We introduce the following assumption:

A-1: The observations Y = [Y;"],,en are mutually con-
ditionally independent with respect to the node index m given
the Markov chain state X, = £,/ € S.

We specify an HMM corresponding to the observation se-
quence {Yy,k € Z*} by H 2 (X,S, , ¥), where we define
the matrix ¥(y) = diag[t;(y)]ics, with i-th diagonal element
1;(y) called state-to-observation probability density function
for the Markov chain state X = 1.

B. Distributed Information State Equations

For k € Z1, define the centralized information state vector
or normalized filter V), = [0 (j)];c s, as the conditional prob-
ability mass function of the Markov chain state X, given the
observed data from all n number of nodes up to time k, that
is, T(j) EP(Xp = j | Y}, , V) for each j € S.

Clearly, in the centralized estimation scenario, where each
node transmits its observations to a (remote) fusion center,
Vi can be computed at the fusion center using the received
measurements from all the sensors. However, in the distributed
scenario, in order to compute the centralized filter v, at
each node, § must be a K, graph which may not be a
practical assumption for most (large scale) sensor networks.
A practical approach is to express the filter equation in terms
of summations of the individual node observations or some
function of the observations, as shown in the following lemma.
Each node, then, can approximate those summations using
dynamic average consensus filters by exchanging appropriate
messages only with its immediate neighbors. In this way,
the communication costs for each sensor are largely reduced
which leads to a longer life time of the overall network. It is
clear, however, that without the knowledge of all the sensors’
measurements and distribution models, each node may only
be able to find an approximation to the centralized filter v.
The following lemma presents the equivalent distributed form
of the centralized filter equations.

Lemma 2.1: Assume A-I. For a given sequence of the
sensors’ observations {y}, where yr = [yi, - ,y?] € Vi
and for any ¢ € S, the centralized filter vy (¢) satisfies the
following recursion:
wi()’k) = Tfiﬂln, zi(yk»a ke ZJr’
vo(€) = e”"omry



ok(0) = ek S0 mipv_1 (i), k €N,

U (0) = (]ls,vk)’lvk(é), kezt,

where v = [vi(¢)]ses is the unnormalized centralized fil-
ter, 2, = (24 (/)] jen = [~logfE(yh). - . —logff (yp)]' is the
vector of sensors’ contributions.

For any / € S, the random sequence {wf,k € Z*} is, in
fact, the arithmetic mean of the individual sensor contribu-
tions. From Lemma 2.1, assuming the knowledge of HMM
parameters (X, S, ) at each node, the centralized filter vy (¢)
may be computed exactly with no error if the average quantity
1IJ£ is known exactly at each node. It is clear, however, that in
a distributed scenario, this average could be calculated with no
error only for a complete graph with all-to-all communication
topology. In practice, for other network topologies, each node
may only be able to compute an approximation to u‘;ﬁ by
exchanging appropriate messages only with its neighboring
nodes. A possible approach to approximate u?i at each node
is to run a dynamic average consensus filter for every ¢ € S. In
the following section, we introduce a stochastic approximation
type algorithm for achieving consensus with respect to the
average of time-varying (dynamical) inputs zi. Next, we focus
on studying the asymptotic properties of the dynamic average
consensus algorithm which is used in computing a distributed
HMM filter as an approximation to the centralized filter. In
particular, we study almost sure convergence of the average
computed by using the consensus algorithm to the true average
wy,.

C. Stochastic Approximation Algorithm for Consensus Filter

In the following, we present a stochastic approximation
algorithm for estimating centralized quantity ﬁ)ﬁ €RT as
the average of the vector elements zi (4),7 € N defined in
Lemma 2.1. Since the same algorithm is performed for every
Markov chain state ¢ € S, to simplify the notation, hence-
forth we omit the superscript dependence on the Markov
chain state, e.g., wy,zt = [2£(j)] will be simply denoted by
W, Zk, = [z ()] respectively.

Let the consensus filter state for node i € N at time k € ZT
be denoted by w}; which is, in fact, the node’s estimate of the
centralized (or true) average wy. Let Wy, = [} ];en denote
the vector of all the nodes’ estimates. Each node ¢ employs a
stochastic approximation algorithm to estimate wj, using the
input messages zj(j) and consensus filter states j, only from
its immediate neighbors, that is, j € A; U {i}. The state of
each node 7 € N is updated using the following algorithm
(see [4]):

W = (1 4+ pgi)wh_; + p(AiWp_1 + Ajzg, + 2 (7)), k € ZT
(1)

where p is a fixed small scalar gain called step size, A; is
i-th row of the matrix A = [a;;]; jepr Which specifies the
interconnection topology? of the network, and the parameter
qi; is defined by g 2 —(1 4 2A;1). Precise conditions on
the step size p will be introduced later. For further details on
the consensus algorithm (1) the reader is referred to [4].

3in this paper, it is assumed that aij > 0 for j € Nj and is zero otherwise.

Definition 1: Strong Average Consensus Consider a
stochastic process {Zy,k € Z1T} with a given realization
{2z, = Zi(w),w € Q}, where zj = [2;(i)];cn is the vec-
tor of random data assigned to the set A/ of nodes at
time k. It is said that all the nodes have reached strong
consensus with respect to the average of the input vector
zj, if for random variable wj 2 n=1(1,2), the condition
limg_oo (Wi —w;) =0 P-as. is satisfied uniformly in
ieN.

We may write (1) in the form

Wi =1y [Wi—1 + p(AWy_1 + Tzy)], keZt (2

where IIj is the projection onto a constraint set H, the matrices
A, T are defined by A = diag[giilien + A and T 21 + A,
and the initial condition W_; may be chosen as an arbitrary
vector w_j 2 c1, for some ¢ € RT. It is noted that the iterates
W}, are confined to a proper subset H of the Euclidean space
R™, such that if an iterate ever escapes the constraint set, it is
projected back to the closest point in the constraint set. The
constraint set H is assumed to be compact and its elements
are admissible vectors satisfying the required constraints.

III. CONVERGENCE ANALYSIS OF THE CONSENSUS
ALGORITHM

In this section, we study the convergence of the average
consensus algorithm (2) introduced in the previous section. In
what follows, we use the ordinary differential equation (ODE*)
approach to prove PP w.p.1 convergence of the consensus filter

state W, to the centralized average quantity W s B Zk.
In the ODE method, the asymptotic behavior of the discrete
time iterates Wy, is studied by analyzing asymptotic stability
of a continuous time mean ODE, see [10] for further detail.

A. Preliminary Assumptions

We introduce the following assumptions:

A-2: Forany £ € S, and k € Z™, the conditional probabil-
ity distribution of the observed data Y given the Markov
chain state Xj = ¢ is absolutely continuous with respect
to a nonnegative and o-finite measure o on appropriate
Euclidean space, with g-a.e. positive density (.), where
P(Yy € dy | Xy = ) = the(y)o(dy).

A-3: The transition probability matrix X = [x;;] of the
Markov chain { X}, k € Z*} is primitive’ with index of prim-
itivity 7.

Remark 1: Under A-2, A-3, the extended Markov chain
{(Xk,Yx), k€Z'} is geometrically ergodic (see [12])
with a unique invariant measure v, = [vf]ses on S x R",
v(dy) = ~tbe(y)a(dy) for any € € S, where v, = [/)ses
defined on S is the unique stationary probability distribution
of the Markov chain® { X, k € Z*}.

Define the stochastic process {n,,k € Z"}, where the

, A .
error 1, = [nk]ienr, defined as i, = Wy, — W}, is the error

“4for relevant literature on ODE approach, the reader is referred to [11], [10],
and references therein.

Sequivalently, the Markov chain is irreducible and aperiodic.

®note that under A-3, the Markov chain { X}, } is also geometrically ergodic.



between the consensus filter state and average of the nodes’
LD . . .
data w; = w;1 at time k. For notational convenience, let

&L 2 (21, zr—1) adapted to Oy, denote the extended data at
time k, where Oy, is the o-algebra generated by (Y, Yi—1)
for k € Z+.

Lemma 3.1: For a given sequence {zp(yr)}, where
Yk € Vi, the error vector n;, evolves according to the fol-
lowing stochastic approximation algorithm

N1 = M + PQ(NM, €11), keZT 3)

where Q(.) is a measurable function’, which determines how
the error is updated as a function of new input z;;, defined
by

AN _
QM- &xy1) =AN, + Tz — n” 11 zy)
— (np) 11 (211 — 21) 4)

Remark 2: The argument may be verified by using the
algorithm (2) and the equality® A1 = —T'1 for the undirected
graph G.

B. Mean ODE

In the following, we define, for ¢ € R, a continuous time
interpolation 1, (¢) of the sequence {7, } in terms of the step
size p. Let tg =0 and t; = kp. Define the map a(t) =k,
for t > 0,t, <t <tgy1, and «(t) =0 for t < 0. Define
the piecewise constant interpolation 1,(t) on ¢ € (—00,0)
with interpolation interval p as follows: m,(t) = 1, for
t>0,tp <t <tgyr and n,(t) =mn, for t <0. Define also
the sequence of shifted processes n¥(t) = n,(ty +1t) for
t € (—o0,00).

Define mean vector field Q(7) as the limit average of the
function Q(.) by

Qn) £ Jim Ey Q(n, &) (5)

where [E,, denotes the expectation with respect to the distri-
bution of §,, for a fixed 7. In order to analyze the asymptotic
properties of the error iterates 77, in (3), we define the ODE
determined by the mean dynamics as

7:’0 = Q(no)v T’.(O) ="M (6)
where 7, is the initial condition. Here, we present a strong
law of large numbers to specify the mean vector field Q(.).

A )
Define x(,) = [x.(#)]ienr, where

x(i) £ rjneag/ [max | log fi(y") | " fiy)oldy’)
A 2 Ijneag/ [max |log ¢ (y) | 1 v;(y)a(dy)
and the average
k
Q) 2 (k+ 17> Q(n, &) 7)
=0

Tnote that for each (z, %), Q(.,2,%) is a CO-function in 1 on R™.

8note that for the undirected graph G, the matrix —(A 4 T') is positive-
semidefinite with 1 as an eigenvector corresponding to the trivial eigenvalue
Ao =0.

Proposition 3.2: Assume conditions A-2 and A-3. If Ay

is finite, then there exists a finite Q(n) such that
Jim - Qi (n) = Q(n) P-as.
is satisfied uniformly in 7, where
Q) =An+T(z—n"11'%) (8)

and Z = [Z(i)];en, in which we have
i) = [ g i) ki), tes )

with p¢ denoting the marginal density of the invariant measure
v, for node i € N defined on RY.

In the following, we establish the global asymptotic
e-stability of the mean ODE (6) in sense of the following
definition.

Definition 2: A set E* is said to be asymptotically e-stable
for the ODE (6) if for each £; > 0 there exists an €5 > 0
such that all trajectories 7(t) of the ODE (6) with initial
condition 1,(0) in an es-neighborhood of E* will remain
in an e1-neighborhood of IE* and ultimately converge to an
e-neighborhood of IE*. If this holds for the set of all initial
conditions, then IE* is globally asymptotically e-stable.

We introduce the assumptions.

A-4: There exists a real-valued C'*-function V() : R" — R
of n, such that V(0) = 0, V(n,) > 0 for n, # 0 and
V(n,) — 0o as [[m.] = oc.

A-5: For any trajectory 7,(.) solving the ODE (6) for
which the initial condition 7, (0) lies in R™ \ €., where €2, is

a compact level set defined by Qcé {Ne : V(n,(t)) < c}, for
some 0 < ¢ < oo, the derivative V' (n,(t)) is strictly negative.

Proposition 3.3: Consider the ODE (6). Assume A-4. In

particular, consider the Lyapunov function V'(n,) = 31,n,.

Also, assume A-5 holds for some compact set {2.., where
c® = %62 for some € > 0. Then, the origin is globally asymp-
totically e-stable for the mean ODE (6), with € given by

€= 25\/5(1 + dmam)| )\ma:r(A) |_1 (10)
where 7 2 max;en Z(4).
Proof: See Appendix A. |

C. Stochastic Stability of the Consensus Error Iterates

Since the error iterates 7, in (3) are not known to
be bounded a priori and not confined to a compact con-
straint set, in this section, we use a stochastic stability
method to prove that the sequence {n,} is recurrent, which
means that the error process {7} visits some compact set
Qz = {m:V(n()) <}, 0 < ¢ < oo infinitely often P-w.p.1.
Then, in the next section, using this result and the ODE
method it is shown that {n,} is bounded P-w.p.l and
converges P-w.p.1 to the largest bounded invariant set of
the mean ODE (6) contained in (2. In order to prove that
some compact set {)z is recurrent, we introduce a perturbed
stochastic Lyapunov function in which the Lyapunov function
of the mean ODE is slightly perturbed in a way that the



resulting stochastic Lyapunov function has the supermartingale
property. The Doob’s martingale convergence theorem is then
used to show that the compact set {2; is reached again P-w.p.1
after each time the error process {n,} exits Qz. As the next
step, using this result and the stability hypothesis on the mean
ODE, it is shown that the error sequence {7, } is bounded
P-w.p.1.

Define the filtration {F, k € Z*} as a sequence of nonde-
creasing sub-o-algebras of F defined as Fj 2 [Filien such
that for each i € N, Fi C Fj_, is satisfied for all k € Z,
and F} measures at least o(n), Y7,j € N; U {i}). Let E;
denote the conditional expectation given Fy,. For ¢ > k, define

the discount factor 3; by 3 2 (1 —p)"=*+1 and the empty
product 3} 21 fori< k.

Define the discounted perturbation §dx(n) : R™ — R™ as
follows:

00k(n) =Y pBi 1 ExlQ(m, &10) — Q)] (1D)
i=k

In view of the fact that sup, ».;°, pB; ., < oo, the sum in

the discounted perturbation (11) is well defined and we have’

Erddki1(n) = > pBi2ExlQn,€iir) — Q(m)] P-w.p.1
i=k+1
12)
Define the perturbed stochastic Lyapunov function
A
Vi(ne) = V(i) + Vi, V(n) 69k(ny) (13)

where V,, V(n) = VV(n) |p=n,. with VV(n) denoting the
gradient of V(.). Note that Vj(,,) is Fj-measurable.

We introduce the assumptions.

A-6: Let there be positive numbers {b;,i € N'} and define
= [b; %]sen such that b,, — oo for large n. In particular, let
b, = n. Let the following series

<ba X(2)> - <b> X%l)) (14)

converge for sufficiently large n.

A-7: The step size p is strictly positive!
condition p < 2(1 + 3dpaz) L.

The following theorem establishes a sufficient condition for
recurrence of the error iterates 7.

Theorem 3.4: Consider the unconstrained stochastic ap-
proximation algorithm (3). Assume conditions A-7, A-2, A-3,
and A-6 hold. Let the real-valued Lyapunov function V(.)
of the mean ODE (6) have bounded second mixed partial
derivatives and satisfy condition A-4. Also, assume A(;) and
Aoy are finite and let the step size p satisfy condition A-
7. Then, the perturbed stochastic Lyapunov function Vi(n;)
is an Fj,—supermartingale for the stopped process 7, when

0 satisfying the

7, first visits some compact set €2z 2 {n:V(nt)) <&}, for
¢ € (0,00).
Proof: See Appendix B. |

9¢f. [11, Chapter 6, Section 6.3.2]
10note that p must be kept strictly away from zero in order to allow Wy to
track the time varying true average wy, see [11] for further detail.

The following theorem establishes the recurrence of the error
iterates ;.

Theorem 3.5: Consider the perturbed stochastic Lyapunov
function Vi (n,,) defined in (13). Let Vj(n;,) be a real-valued
supermartingale with respect to the filtration Fj. Assume
that EV(n,) is bounded. Then, for any 6 € (0, 1], there is
a compact set L5 such that the iterates n;, enter L; infinitely
often with probability at least J.

Proof: See Appendix C. |

D. Almost Sure Convergence of the Consensus Algorithm

Recall the main result of the previous section, where a
stochastic stability method based on a perturbed stochastic
Lyapunov function is used to show that the error iterates 1,
return to some compact set )z infinitely often P-w.p.1. In
this section, we use this recurrence result in combination with
an ODE-type method to prove almost sure convergence of the
error sequence {7, } under rather weak conditions'!. The ODE
method shows that asymptotically the stochastic process {7},
starting at the recurrence times when 77, enters the compact
recurrence set {2z, converges to the largest bounded invariant
set of the mean ODE (6) contained in ;. Therefore, if the
origin is globally asymptotically e-stable for the mean ODE (6)
with some invariant level set §2.., where ¢® < ¢, then {n,}
converges to an e-neighborhood of the origin P—w.p.1.

The following lemma establishes a nonuniform regularity
condition on the function Q(.,£) in 1 required for the proof
of convergence.

Lemma 3.6: There exist nonnegative measurable functions
hi(.) and hgo(.) of n and &, respectively, such that Ty (.) is
bounded on each bounded n-set and

[Q(n, &) — Q(7, &) < hi(n— 7)hk2(§) (15)
where Ty (1) — 0 as 7 — 0 and Ty satisfies
a(t1+7_')
P[limlsup Z phia(€L) < oo] =1, (16)
k=1

for some 7 > 0.

Proof: By applying GerSgorin theorem to the neg-
ative definite matrix A, it is shown that its mini-
mum eigenvalue satisfies Ay (A) > —(1 + 3dynas), Where

A
domar = m%( Zje/\f a;;. Thus, from (4) we have
i i

[A(m =0l < (1 + 3dmaz)lln — 7

where choosing Thyo as Ty (&) = (1 + 3d,nq.) satisfies con-
dition (16) for any finite 7 > 0. Moreover, the function
i (n) = |||, is bounded on each bounded n-set and tends
to 0 as 7 — 0. This completes the proof of the lemma. ®
We introduce the assumption.
A-8: For each n, let the rate of change of

a(t)—1
Q)2 Y plQn, &) — Q)]

i=0

for example, the square summability condition on the step size p is not
needed.



Fig. 1. Network topology G

go to zero P-w.p.1 as ¢ — oo. This means the asymptotic rate
of change condition'?

| QuUT +1) —Q,(T)[ =0 P-wp.l
(17)

lim sup max
k >k 0<t<T

is satisfied uniformly in n for every T > 0.

In the main theorem of this section, by assuming that some
compact set {2z is recurrent and the mean ODE (6) is stable,
it is stated that the error process {n,} is bounded P-w.p.1
and converges to a bounded invariant set in ;.

Theorem 3.7: Consider the unconstrained stochastic ap-
proximation algorithm (3). For any § € (0, 1], let there be a
compact set [Ls such that the iterates 77;, return to L infinitely
often with probability at least 4. Assume conditions A-4
and A-5. Then, {7} is bounded P-w.p.l , that is,

limsup (0]l <oo P-wp.l
k

Assume condition A-8. Also, assume that the function Q(., £)
satisfies the nonuniform regularity condition in 7 established
in Lemma 3.6. Then, there exists a null set U such that for
w ¢ U, the set of functions {n%(w,.),k < co} is equicon-
tinuous. Let n(w,.) denote the limit of some convergent
subsequence {1 (w,.)}. Then, for P-almost all w € €2, the
limits n(w,.) are trajectories of the mean ODE (6) in some
bounded invariant set and the error iterates {7, } converge to
this invariant set. Moreover, let the origin be globally'* asymp-
totically e-stable'* for the mean ODE (6) with some invariant
level set Q.o, where Q.o C LLy. Then, {n;} converges to the
e-neighborhood of the origin P-w.p.1 as k — oc.

Proof: The proof follows from [11, Theorem 7.1 and
Theorem 1.1, Chapter 6] and for brevity the details are omitted
here. |

IV. NUMERICAL RESULTS

In this section, we numerically evaluate the performance
of the distributed HMM filter computed using the average

125ee Section 5.3 and 6.1, [11] for further detail.

Bnote that in case of local asymptotic stability, convergence result holds if
Ls is in the domain of attraction of the ODE equilibrium.

14this is shown in Proposition 3.3.
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Fig. 2. Distributed and centralized state estimates

consensus algorithm (1), and study its average behavior rel-
ative to the centralized filter. To this end, we present some
numerical results for distributed estimation over a sensor
network with the irregular topology G depicted in Fig. 1. We
consider a dynamical system whose state evolves according
to a four-state Markov chain {Xj,k € Z"} with state space
§={-7.3,-1.2,2.1,4.9} and transition kernel

0.80  0.10 0 0.10

X — 0.05 090 0.05 0
0 0.10 0.85 0.05
0.05 0 0.10  0.85

The initial distribution of {Xj} is chosen as an arbitrary
vector 7 = [0.20,0.15, 0.30, 0.35]. The Markov process { X, }
is observed by every node j according to Y/ = X}, 4 uj,
where the measurement noises {uy = [u]]jen, k € Z1} are
assumed to be zero-mean white Gaussian noise processes
with the noise variance vector [0.29 4+ 0.01;];ca. The initial
condition W_1 is chosen w_; = cl, with ¢ = 3.

Fig. 2 shows the distributed (or local) estimate
X} 2 [Xi | Fr] of the Markov chain state {X} at
each node j € N, where the expectation E7 is with respect to
distributed filter ¥, = [07(£)],.s computed using the average
consensus filter (1). Although node 5 and 2 have direct access
to only one and two nodes’ observations respectively, they
maintain an estimate of { X} but with some time delay. The
reason is because these two nodes receive the observations of
other nodes in the network indirectly through the consensus
algorithm which incur some delay. Nevertheless, every node
follows the state transition of the Markov process {Xj} at
each time k.

Fig. 3 shows the convergence in mean of the local state
estimate X 7 for each node j to the centralized state estimate
X} obtained by using the observations of all the nodes.
The mean state estimate error is computed as the time av-
erage gi 2 (k+1)~* Zf:o | X7 — X, |. This is done based
on the fact that g; converges P-as. to the expectation'
E| )A(,i ' |. This is due to the geometric ergodicity of
the extended Markov chain {(X},Y}), k € ZT}. As it can

Shere we have used the standard notion of convergence in mean.
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Fig. 3. Convergence in mean of the distributed state estimate at each node
to the centralized one.

be seen for each node j, the average gi converges to a
07-ball around the origin as k — oo. The radius ||d]|, where
§ = [07]jen and the rate of convergence, though, depends on
how well connected the network is. Precise results on the
exact nature of convergence of the distributed HMM filter to
the centralized HMM filter and the corresponding proof of
convergence are currently under investigation.
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APPENDIX A
PROOF OF PROPOSITION 3.3

Proof: Consider the positive definite and radially un-
bounded Lyapunov function V(.) : R” — R, where V(.) is
defined by V(n,) = in.n,. The time derivative of V'(.) is

computed as ’
V(n,) = nyAn, +n,I(z —n"'11'z)
(%) < Amaz (A)lna]17 + [[ZAL] [[n,]] + |70~ ALL L[|, |
< Amaz (D) [06]17 + 20V/n(1 + dinaz) 74|
= (7/0(1 + dma)| Amaa () |73)° =

(| Amaz(A) 121 ]| = 23/0(1 + )| Amaa(A) |-%)128
(18)

where in (%), the Cauchy-Schwarz inequality and the equality
Al = —T'1 are used. Note that the matrix A is negative
definite and A1 = [—(1 + d;)];en with d; 2 A;1 being the
degree of the node 1.

Consider a closed e-ball with radius ¢ = 20y/n(l +
dmaz )| Amaz(A) |71 centered at the origin. The compact level
set Qe with ¢® = %eQ contains this e-ball. From (18), any
solution 1, (.) of the ODE (6), for which the initial condition
14(0) lies in R™ \ Q.o, satisfies V(n,) < —v, v > 0. As such
Qo is an invariant level set in that the trajectory 7, (.) reaches
the level set {2.. in some finite time and stays in 2. afterward.
Therefore, for the mean ODE (6), the origin is globally
asymptotically e-stable and the proof is concluded. |

APPENDIX B
PROOF OF THEOREM 3.4

Proof: For the proof of this theorem, we first present
the following lemma which establishes a strong law of large
numbers to compute the average of the likelihood of the beliefs
over conditionally independent but not identically distributed
nodes.

Lemma B.1: Assume A-] and A-6. If A(g) is finite, then

for sufficiently large n, the following
n~ 1 (z, — 2) - 0 P-as. (19)

is satisfied uniformly in k € Z*.



Remark 3: For the proof see [13, Theorem 2, §3, Chapter Also, from (11) and (12), we write
IV].

Exnt100%41(Mjpr)
Proof of Theorem 3.4: From the definition (13) we have o0 4 _
= Bilr1 D, PBhsoBri1 [ Qi €it) — Q)]
i=k+1
E [Vis1(Mr1) = Ve(m)] = Ex [V(eqr) = V()] = —Einsi G + Exnpy Z PBir2Bri1 G(Zi41,2:)
+ g (041 00k 11 (Mpgr) — M09k (my)] (20) e

= —Ex [0} + oA + pG' (2111, 21) | G
+ Eg [[n% + pm A + pG' (Ziy1, Z1) |

Taylor series expansion of the Lyapunov function V(n) = = i A ‘
|Im|? in a neighborhood of 7, yields 4§rlpﬁk+2Ek+1G(Zz+17Zz)}
= -G — ) AG — pErG (2441, 24)G +
ExV(nyyq) — Vi) = M Z PB4 ExC(2it1,2:) +
1 i=k+1
AN + pLERG 2k, 2i) + 507 [ An])” + -
1 P A Z PB12ErG(Zit1,2:) +
PMAELC (2, 7i) + 5o Er| Gl ) [P (21) i
PE [ (2h41,2k) Z PBi2Br11G(Zis1,2:)] (23)
i=k+1
where we define For k € Z*, define the distributed prediction filter at node

jeN by ﬁi = [ﬁi(ﬁ)]ees, where

Pe(0) =P(Xp =] Fy_y)

A
G =T —n 1'z) — 11’ —
(2541, 21) (2r41 —n zk) = (np) (Zh41 = 25) for each ¢ € S. The conditional expected value Ejz; for each

1 > k + 1 may be written as

it =i
Define also Erzi = [f Xhp1 Phyqljen 24)
where we define for £ € S
» = Fles 2 [ 1082207 £ 00 e
G=T(z-n'11'2)
i—k
and X&' = X', where for i =k the empty product is
, pty p
k=1
From (11), we write defined by X’,z, 2 1. Define also

0 yAN . . . . . .
Fhins = ma max / | log 7 (4") I' fl(y")e(dy’) ~ (25)

> ) _ Since A(;) and Ay are finite ﬁ(,fu)m for both + = 1,2 are
/ a2 7 ) ’
Exm 00 (1) = mEx D pB 1 Bk [Q(ni €541) = QU1 fnie. Substituting (21, (22), and (23) in (20) gives

i—k
= PRER[Qn; €pr) — Q)] + Ei [Vir1 (1) — Vi(mi)] =
(L= p)mj, i P2 Bk Qs €i4r) — Q)] (I + %pA)Ank b P ABLG (2s1,2) +
i [e7e]
= P"?;cEké}_(kZ:;,Zk) — pn),. G+ %pQ]EkHG(Zk—&-l, zi) |15 + P Z P85 o Bk G (Zi 11, 2:)
N i=k+1
(1—p)m, i:zk;_l PﬁiﬂEkG(Ziﬂ, z;) — (1 — p)n,,G + mﬁA( i pﬁli+2EkG(zi+1,Zi) _ @)
= piExG(2it1, 21) — 03, G + My )
(1 —p)nj, i P82 Bk G (Ziy1,2;) 22) + pEx [G (Zh41,2k) (i:%;rl POt B 1C (211, 2:) — G)]

i=k+1 (26)



Using Lemma B.1 and (24), we write Similarly, we have

2./
P M AELG(Zk 41, 21) ) = ~
A o ELG(zi41,2;) — G
—p ﬂkAF(EkaH — a1 z) PNy (lz;ﬂ PBy2Ek (Zit1,2:) )
< (|o*AT[F ﬁk+1]jeNll + In "' p*AT1L'Z]| ) (Il = pn, AT
< p* Amaz F AL 1) A111 ad .
P ((1))( H max || + ||7’L max H ) ||nk|| ( Z PBZH_Q]EkZi-&-l _ n_lIL]l’Z —z4 n_lllllli)
< 2\FP Sz Amaz (M) (1 + dmaz) (7] (27) i=k+1
il ~ .
Also, we have < p(||AT] I Xii Dhyiljen]|| + [ATZ][) ||
G (Zr+1, 21|12 < p(IF S AT + | fS0 ATT) [
<Tzgqall2 + [0 ' T11 2|, < 20f 100 Amaz (D) |AL [|n,
< ||sz+1||1 + ||TL mgxr]lﬂ Il”2 < Q\Fme,m maa:(A)(l + dmaw)”’rlk” (30)
_ (1)
= (T1)'zks1 + fnae | AL]2 Using Lemma B.1, we write
< ||A]1H ||zk+1|‘2+f max(1+dmam) 0o
< V(1 A+ dmaz) (|25 1112 + o) Y PBisoEri1G(zir1,2:) — G
and then under A-/ we may write =kt o
1 =T i LE 1 —Z
§P2]Ek||G(Zk+1,Zk)H§ (_Xk: PBi+oBky1Zit1 — 2)
i=k+1
1 _
< inp2(1 + dmaz)2(Eksz+1||§ + 2f,(,})mIEk||zk+1||2 and thus we have
(ifma:r) ) G/(Zk+1,Zk) ( Z Pﬂ]i+2]Ek+1G(Zi+lazi) - G)
= 7np 1+ dmaz) ( H[ szkﬂ } 'eNHl i=k+1
2 N ! < (@1 —n ' 11'5)]ls
+ 2fmaxEk||Zk+1 ”2 + ( maz) ) S
1 i 3
S 27’Lp2(]. + dmafb (H max]lHl + 2 mamEkHZk-Fl”l HI‘(;_I pﬁk+2Ek+1Zz+1 Z)HQ
+(f50)?) < (ITzkgafl2 + [0 'T11'Z]]2) .
1 _ il ~ .
= 510 (1+ dinaa)® (0500 + 210 Enzria s (I Xhs1s Phialsenllz +ITZ]2)
£(1) 2 00 i P
+ (1 maz)’) As before, the matrix X,chl i = i1 PO o Xy i left
< 5np2(1 + dnLax)Q( max + 2f( ax”ﬁsqlg;c]l”l stochastic and we wrlot:
+ (fiae)?) G (zrs1,25) (Y PBhsoBri1G(2ir1,2:) — )
1 2 2 £(2) 7(1) \2 A 2 i=k+1
= onp” (1 + dinaz)” (Nfmae + (20 + 1) (frae)”) = P -
2 ) ) ; < (IPzksally + [ o), TT1Lf5)

(28)
(” maml-‘]]'H2+H maxr]l” )

As 2% . pBi., =1, using Lemma B.1 and (24) we write
Poinictt Pl = 2F AL (P g + T AT )

pn;c Z pﬁ]iJrQEkG(ZiJthi) < 2f7(7}2,z||A]1|| (||A]l||2||zk+1||2 + ma:c||A]1H2)
i=k+1 < 2fmaz||A]l|| (”Zk-‘rl”l + r(r}(?w) (3D
= pm;. I ( Z PBiioErziyr —n~ 11'Z) thus we have
i=k+1 %)
il ~ . / i . R
< (I R Bllsenc| + In 000z ) PERIE @002 (3 piaBrnGlainr.z) = G)
where we define )qu 2 Yokt pBi. X4 Tt is clear that < 2npfe (14 dimas)? (Bllzraa [l + Fide)
X},i is a stochastic matrix and, thus, we have < anf,(nlc)m(l + dmaaj)2<||Ek}Zk+1 i+ fmaa:>
S i =2 1+ dnaz 2 )
Py, Z PBr12ExG(Zis1,2:) npfinde(1+ )2<| f Brlsenls + o)
i=k+1 < anfmax(l + dmaaf) ( fmax]l”l + ma;c)
< p(IIFSRAL| + [nt fD ALTL) [, =2n(n+ D)p(1 + dmaa)*(firse)’

< 2/mpfih) (1 + dmaz) |7 (29) (32)



By applying Gersgorin theorem to the matrix I+ %pA, it
is shown that under Assumption A-7 all the eigenvalues are
strictly positive and as such the matrix Q 2 (I+ IpA)A is
negative definite. Substituting (27)- (32) in (26) yields

Ex [Vir1 (1) — Vi ()]
S p/\max(Q)”nkHQ + (ﬁ”nk” + 902

1. _
= 802 =+ Z‘PQ | PAmaz(Q) | !

1

1 1
= (1 PAma(Q) 12 il = 58 | PAman(Q) [7F)°

where (,ZDA | Q\fpf (n"(l + dmaw)(l + (1 + p)Amax(A)) |
and gp = np(1 + dmaz)? (3 npfiia (3p(2n+1) +2(n+
max )

Now if the iterate 7, lies outside the interior €
of a compact level set 2z, where )z is defined as
Qz 2 {n:V(n) <e}, with ¢ = 1¢%, where ¢ >0 is given
by ¢ = | pAnax(Q) |~ 2| @ |+ @l PAmar(Q) |7, then there
exists an & > 0 such that

[mell = ¢: my eER™\ Q2 =
Eg [Visr1(Ms1)— Vi ()]
_ 1 N
_‘Pl p/\maw(Q) | 2| ¥ | =—-a<0

Thus, EpViii(Mpyq) < Vi(ng) P-wp.l for V(n,) > ¢
Define a random variable 7 with values in [0,00] as an
Fr—stopping time with respect to the error process {7}
when m), first enters )z, that is, 7 is finite P—a.s. and the
event {7 < k} is measurable with respect to Fj, for each

finite k € Z*. Define 7 A k 2 min{7, k}. Hence, Vi nr,(M-11)
is an Fj—supermartingale for the stopped process 7, with
the Fj—stopping time 7. This completes the proof of the
theorem. ]

APPENDIX C
PROOF OF THEOREM 3.5

Proof: In order to show that some compact set Ls
is recurrent for the error process m, with probability at
least ¢ € (0,1], we use the Doob’s martingale conver-
gence theorem. The sufficient condition for the Doob’s
theorem is for the Fj—supermartingale Vi(n,) to satisfy

sup, EV; (1) < 0o . where V;~ 2 max(—Vj,0) is defined
as the negative part of the random variable V(.). From (13),
since Vi (n,,) is a summation of two terms (possibly with dif-
ferent signs), we need to show that E | Vj,(n,) | is bounded
above!® for every k € Z*. A sufficient condition for this is to
show that

sup E V(n,) <
k
Sup E | 9,09k(ny) | < o0

For the proof, we use induction on k. Assume EV ()
is bounded. For the induction hypothesis, suppose that
EV(n;) < oo for some k € N. Then, we show that

A
onote that | Vi () |= V,:'(nk) +V, (ny), where V,:' = max(Vj, 0)
is defined as the positive part of Vi (.).

EV(1)11) < oo
Using Lemma B.1 and (24), we write

p | MELG(zri1,2k) |
=p | T (EBpzpyr —n '11'Z) |
.
< p(IIPLF Bhpaljenll + o TLL 2] ) (||
< p( 750 ALl + [0~ FR0, ALLL] ) [lmy|

max max

< Qﬂpfmaz(l + dmaz) 74|

By writing the Taylor series expansion of the Lyapunov
function V(1) in a neighborhood of 1, we have

ExV(ng11) — Ving)
< PAmaz Q)i ll? + o | MExC(2hs1, 21) |

1
+ 0% | N AELG (211, 21) | +592Ek||G(Zk+17Zk)||2
(34)

(33)

Substituting (27), (28), and (33) in (34) yields

ErV(ni1) — Ving)
< PAmaz (Q)mel* + porlmell + pe3

where 2 Zﬁf,(,})lm(l + dimaz) (1 4+ pAmaz(A)). If the er-
ror iterate 7, lies outside the unit sphere!”, then there exists

a real o3 2 2(v1 + Amaz(Q)) such that

ErV(miy1) < (pes + 1)V (ny) + pe3

where the marginal density of (nO,Yi, jeN;U{i}) and
the above inequality together with the induction hypothesis
implies that E V(n,,,) < occ.

Next, we show that under the induction hypothesis
EV(n,) < oo, we have E |n)00x(n,)|<oo for some
k € Z* and then it is shown that the following

P-wp.l  (35)

E | 0100541 (Mpyr) | < 00

also holds.
Since Y7, pBi, =1, from Lemma B.1, (11), and (24)
we write

| 71,00k (ny,) |
< H ZP@iHEk[Q(”?kaEiH) - Q(nk)}ll ||77k||
i=k
< (IT> pB 1 Exzira |l + ITZ]) myl
i= k

< (IT1F X s Pl )yenll + I FSLTT]) o

o O ; i .
where the matrix X}, = Y2, pBi. X% is left stochastic
and we have

| 79 (i) | < 2750, 1AL |7

< 2\/5(1 =+ dmaw) maw”ﬂk”

7note that in opposite case when ||1;|| < 1, we get a uniform bound
in (35) and the proof follows in a straightforward way.



A
and for n, out31de the unit sphere, there is a real ¢, =

4y/n(1 4 dpmaz) fmm such that by the induction hypothesis
we have

E | 0.00k(ny,) | < @4V (n;) < 00

Now, we show that

From (11), we write

E | 7} 100k1(Mpyq) | < 00,

| "7;9+1519k+1("7k+1) ‘

oo

= ’77;@+1 Z Pﬁ/i+2E/c+1[Q(7lk+17£i+1)—Q(Uk+1)”

i=k+1
< |ni Y pBiiaBrit[G(zig,2) — G
i=k+1
)+ p|mA Y pBitaBria[Cl(ziv,2:) — G|
i=k+1
+ |G (zhy1,28) Y PBiiaBai1[Glzigr, i) — G|
i=k+1
(36)
We may compute
- 7 E . _ _j/i/ —j )
Z P5k+2 k1Zit1 = [f k+1,i pk+1]]€N
i=k+1

where X, . 2 S i1 PO X, s also a left stochastic
matrix. As such, for the term (x) in (36) by replacing E; with
Ej41 in (30), the final upper bound will remain unchanged.
Similar to (30), using Lemma B.1 we write

o0

% Z PB4 oBrks1[G(2is1,2;) — G|
imht1

o0

= |m.I( Z PBisoBry1Zip1 — Z)|
1=k+1
< (I Kiors Blpilien|| + ITZ]) il
< (17T + 7, TL) i
< 270, AL g
< 2\ffmax(1 + dimaz) |7 37

Substituting (37), (30), and (31) in (36) we write for
(Po—4\Ffma1( +dmam)(1+p)‘maz(A))

‘ n;f-s-léﬁk—t-l (nk+1) |
(1)

1
< Seslmel + 20F 0 1AL (125l + Fd)

where again for 77, outside the unit sphere we have

E | 74100511 (Mg1) |
< @sEV(ng) + 20 f 0 | A3 (Bl Zesa |1 + f{10)
< esEV(ny) + 2npf7(nl<3,w<1 + dmaz) (H]EZkJrlHl +f

The expected value Ezj; can be computed as

i/ ’
= [fj XISH ] jen

Ezj. 1 (38)

Note that for every k € ZT, Xk = = HH 1 X is a left stochas-

tic matrix. Thus, by the induction hypothesis we have

E | "7;¢+1519k+1(77k+1) ‘

S ¢5EV(T’I€) + anfmaw(l + dmaw) (H[ Xk+1 ]jENHl + f;s%gm)
<

905Ev(nkr) + 2npf7(772:b(1 + dmaﬂ?) (”fmaz]l”l + 7(772:5)
= sEV(n) +2n(n +1)p(1 + diaa) (f7(73(2r) <00
Therefore by  induction, we have shown that
E|Vi(n,)|<oo for all keZt and  thus
sup, EV, (1) < M < oco.
Now, from the martingale convergence theorem!8, due

to Doob, there exists a random variable U satisfying
E | U | < M such that the pointwise limit

Tim Vi, (@) = U(w)

exists for P-almost all w € 2. Hence, Vi(n,) — U P-as.
as k — oo. From this and Theorem 7.3 [11, Chapter 6], the
compact set )z is again reached P-w.p.1 after each time it
is exited. This means that i, returns to {); infinitely often
P-w.p.1. Also, from Theorem 7.3 [11, Chapter 6] we have
that the sequence {n, } is bounded in probability, that is,

(39)

lim sup Pl > €] =0
E—oo |

and thus using Theorem 7.2 [11, Chapter 6] given any
d € (0,1], there is a compact set Ly such that the iterates
7, enter Ls infinitely often with probability at least §. In
particular, we may choose Ls = Q; for all ¢ € (0,1]. The
proof of the theorem is concluded. |

(1) )

max

18the proof of the Doob’s theorem can be found in most classic books on
probability theory, see, e.g., [14, Theorem 35.5.].



