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With the increasing popularity of smart devices and the rapid development of networking
and communication technologies, cyber-physical system applications have been widely deployed
and are receiving increasing attention. Some examples of these systems include vehicle networks,
where vehicles collect real-time external information through their on-board sensors and cameras
to generate a reliable description of the surroundings; intelligent transportation systems, where
real-time monitoring of road conditions and traffic congestion is essential; and natural or man-
made disaster prevention and management, where real-time monitoring of omens and disaster
propagation is crucial. A common feature of these systems is the high requirement for the
timeliness of the acquired information, which has led to the development of optimization frameworks
aimed at capturing information freshness. Age of Information (Aol) is a prime example, but it has
the drawback of only considering information freshness and ignoring the importance of content.

As a result, the Age of Incorrect Information (Aoll) has been developed to capture both the



freshness and content of information. In this dissertation, we study the fundamental nature and
optimization of Aoll in numerous systems.

With the proliferation of smart devices, energy consumption has become a major concern.
In the first part, we focus on the characteristics and performance of Aoll under limited resources.
In particular, we propose an efficient algorithm to obtain the Aoll-optimal policy under resource-
constrained conditions and compute the performance of the optimal policies.

The massive connectivity of communication systems has made scheduling a hot research
topic. In the second part, we analyze and optimize the performance of Aoll in the scheduling
problem. We present the Whittle’s index policy for Aoll, whose superior performance has been
recognized in many other problems. However, it also has limitations. Therefore, we propose
a new scheduling policy, the indexed priority policy, which has comparable performance to the
Whittle’s index policy but has broader applicability.

With the unprecedented increase in the amount and types of data to be transmitted and the
impact of external factors such as urban construction, data transmission will experience numerous
uncertainties. Therefore, in the third part, we study the characteristics and optimization of Aoll
in an environment with random delays. Specifically, in the first half, we consider the case where
the communication channel suffers from a random delay. In the second half, we build on the first
half and consider the case where the transmitter has preemption capability. For both halves, we
precisely compute the performance of some canonical policies and theoretically find the optimal

policies, which lay the foundation for further generalization and application of Aoll.
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Chapter 1: Introduction

1.1 Background and Motivation

With the development of communication technology, communication systems have become
ubiquitous in all aspects of our daily lives, not only for transmitting text, voice, and images [1-4].
This pervasiveness of communication systems and their expanding communication purposes
require us to set higher performance requirements. However, as the requirements increase, the
traditional optimization frameworks seem increasingly ineffectual. To illustrate, let us consider

the status update system depicted in Figure 1.1. In this system, the dispatcher controls the

—
FNTNTY
Dynamic Source Dispatcher C Channel | Destination
N/ /- r

Figure 1.1: An illustration of the status update system.

transmission of updates over a communication channel to a remote destination to ensure the
remote destination has the best real-time knowledge of the dynamic source. The performance
of the system depends on the chosen optimization framework. In traditionally optimization
frameworks, we choose to optimize metrics such as throughput and delay. However, these metrics
are objective-blind, i.e., they do not take into account the communication goals of the system.
They assume that optimizing these metrics will always result in the best system performance.

Unfortunately, the fact is that using these traditional metrics can result in reduced performance



and wasted resources.

To see such dissatisfaction, we again consider a time-sensitive application with the system
model given by Figure 1.1, where the dispatcher is now an elementary queue, and the dynamic
source submits data at an adjustable rate. We note that the most critical task in time-sensitive
applications is to guarantee the timeliness of the information at the receiving end. We know
that the most common optimization framework in throughput is to maximize it. To do this, we
need to increase the data generation rate to the point where system resources are fully utilized.
Increasing the data generation rate this way may sound appealing because resources are well
spent. However, this can cause problems in time-sensitive applications because increasing the
data generation rate can cause the data to wait too long in the queue, which significantly ages
the data. So, blindly maximizing the throughput is not the best option. At the same time, delay
causes the same dissatisfaction for the opposite reason. In delay minimization frameworks, we
minimize the time it takes for data to arrive at its destination from the start of transmission. Such
requirements are usually achieved by carefully adjusting the data generation rate so that the data
spends the minimum amount of time in the queue. However, we know that delays occur only
when data is being transmitted. Therefore, to reduce the average delay, the system can skip
transmissions if the expected delay is too large. Reducing the delay by skipping the transmission
will result in too little data being transmitted, which will harm the timeliness of the information
at the receiving end.

One of the reasons these optimization frameworks fall short in time-sensitive applications
is that these metrics treat all transmitted updates equally, ignoring the fact that not all updates
provide the same level of importance to the receiver for communication purposes. For example,
in time-sensitive applications, an update after a long idle is more important than an update after

2



a period of sustained transmissions. Hence, adopting traditional metrics alone is not enough. To
optimize communication performance, it is critical to consider other factors, such as the freshness
and content of the information being transmitted. By taking these factors into account, we can
achieve a more efficient communication system that better meets the specific communication

purposes of the data exchange.

1.2  Semantic Communication

Awareness of these problems and the importance of solving them has led to new ways of
designing and evaluating communication networks. One example is semantic communication.
According to [5], semantic communication is defined as “the provisioning of the right and
significant piece of information to the right point of computation (or actuation) at the right
time”. However, traditional network optimization frameworks do not incorporate the semantics
of information, which can be highly inefficient given the unprecedented growth in data exchange.
Therefore, the first step in addressing this problem is to define the semantics of information.
In [5], the authors claim that the semantics of information is “defined not necessarily as the
meaning of the messages, but as their significance, possibly within a real-time constraint, relative
to the purpose of the data exchange”. Hence, in semantics communications, updates are treated
differently based on their significance relative to the communication purpose. To achieve this
vision, unlike the metrics considered in conventional optimization frameworks, the metrics in
semantic communications should incorporate one or more semantic measures. The paper outlines
three examples of semantic measures, the first being Freshness, which captures the timeliness of

the information. This measure is crucial in applications that require real-time information, such as



vehicular networks. The second measure is Relevance, which measures the change in a process
since the last sample. This measure can alter the sampling strategies for remote estimation or
tracking with low-power devices. The third measure is Value, which evaluates the benefit of
having a particular sample compared to the cost of transmitting it. This measure is particularly
applicable to control networks, where incorporating the value of information can help achieve the
same level of performance with reduced data traffic. Overall, semantic communication marks a
departure from the traditional approaches of processing and transmitting the data by incorporating

the semantics of information.

1.2.1 Information Freshness

One of the most successful efforts in incorporating the semantics of information is the
introduction of the Age of Information (Aol) in [6]. Aol captures the freshness of information by
tracking the time elapsed since the generation of the last received update. Let V' (¢) be the most

recent generation time of updates received up to time ¢. Then, Aol at time ¢ is defined by

Auor(t) =t — V(1.

We notice that the age increases when no new updates are received, and the delivery of new
updates can bring down the age. Therefore, Aol is small when the receiver has relatively timely
information. Note that, under Aol, not all updates are equal. For example, when the update
can significantly reduce the age at the receiver side, it becomes important and worth the extra
resources to transmit.

After its introduction, Aol has attracted extensive attention and research [7-9]. In general,



the Aol analysis can be divided into the following cases.

* Time-average Age: The average Aol over a time period 7' can be calculated by

In this case, there are two commonly used analysis tools. The first is based on a graphical
method that divides the zigzag dynamics into several trapezoids. The other leverages
the notion of stochastic hybrid system (SHS), a mathematical framework used to model

complex systems that exhibit both continuous and discrete behavior.

* Peak Age [10]. The peak age A, is the age at the instant before the delivery of the nth

update. The average peak age is defined by

1 N(T)
» — -
AV = i iy 2 A

where N(T') is the number of peaks in the time period 7. Peak age is more tractable than

time-average Aol.

* Functions of Age [11]: The age penalty function is denoted by p(A.r(t)) where p :
[0;00) +— R is non-decreasing. One can specify the age penalty function based on the

applications.

Equipped with the above analysis approaches, the majority of the work on Aol can be

roughly divided into the following categories.

* Aol in queuing systems [6,10,12—17]: In this case, Aol is studied in a system with one or

5



more queues and sources submit updates according to stochastic processes.

* Aol under resource constraints [18-22]: In this case, Aol is examined in systems where the
capability of the transmitter is constrained by external factors such as limited or unstable
power supplies. Hence, the transmitter should choose wisely how to utilize the limited

resources to maximize the freshness of the information.

e Aol in remote estimation [11,23-25]: The core task of remote estimation is to reconstruct
the real-time information of the transmitting end at the receiving end. Consequently, the
timeliness of the information is important. Hence, the relationship between estimation error

and Aol has also become a hot research direction.

* Aol in wireless networks [26-30]: In this case, Aol is studied in systems where the data
is distributed over wireless networks. The literature mainly focuses on Aol analysis and
optimization under conventional protocols. At the same time, age-based protocols are also

proposed and analyzed [31-35].

Although Aol captures well the timeliness of information, the limitation is that Aol ignores
the information content of the transmitted updates. Therefore, it falls short in the context of
remote estimation. For example, we want to estimate a rapidly changing event remotely. A
small Aol does not necessarily mean that the receiver has accurate information about the event.
Likewise, when the event changes slowly, the receiver may not need very timely information
to estimate the event relatively accurately. It is shown in [23] that optimizing the Aol does
not necessarily lead to the minimum estimation error. Thus, considering only the freshness
of the information may lead to non-optimal performances in some applications. At the same
time, we recall that error-based metrics, such as real-time error, are typical for remote estimation

6



tasks. Consequently, researchers seek to establish a more sophisticated framework that combines
freshness and error-based metrics, which brings us to the Age of Incorrect Information (Aoll)

introduced in [8].

1.2.2  Age of Incorrect Information

We consider a basic transmitter-receiver pair in a slotted-time system, where the transmitter
observes a dynamic source and transmits updates over a communication channel to the remote
receiver. In light of the shortcomings discussed in the previous subsection, a more sophisticated
performance metric should capture the following two aspects of the system.

The first aspect is the purpose of the update transmission. Let us take remote estimation
as an example for a more intuitive understanding. Generally, in remote estimation problems,
the purpose of the update transmission is to allow the receiver to have enough information to
reconstruct the information of the remote source in real time. Thus, as long as the receiver
has enough information for its reconstruction, we can assume that the purpose of the update
transmission is achieved, and thus no further penalties need to be paid. We note that Aol does not
always capture this. For example, we want to monitor the water level in a reservoir. The water
level changes slowly. Hence, old information may still contain the correct information about the
water level. Then, we do not need to waste resources to keep the information at the receiver as
fresh as possible. For a more formal elaboration, let X; and Xt be the information content of the
dynamic source and the information content of the receiver at time slot ¢, respectively. Then, we
define the information penalty function as g(X;, X;) where g(-) : Sx&’ + [0, +00). S and S’ are

the state space of X, and X, respectively. Then, we can choose g(X;, Xt) so that it quantifies the



information inadequacy on the receiver side. Note that we define g(X;, Xt) £ () as the case where
the receiver has enough information to achieve the communication purpose. In practice, we can
choose different information penalty functions according to the sensitivity of different systems

5 Q(Xt,Xt) = (Xt - Xt)Q,

to information inadequacy. For example, g(X,, X;) = |X, — X,
9(X;, X)) = 1{|X, — X;| > ¢}, and so on.

The second aspect is the impact of inadequate information on system performance over
time. We notice that, for many real-world applications, the impact of information inadequacy on
system performance accumulates over time. In other words, an old, persistent inadequacy may
have more severe consequences than a new, short-term one. However, this is rarely captured by
traditional performance metrics. For example, when we use real-time error as the performance
metric, we focus on the estimation error of the moment and ignore its history, which can lead
to huge costs because small errors that persist for a long time can cause as much damage to the
system as a short-lived significant error. A real-world example of this is machine temperature
monitoring, where the damage caused by overheating accumulates rapidly over time. Therefore,

we introduce the time penalty function to capture the time effect. To this end, we first define

U, = max{k < t: g(Xy, X;) = 0}.

Hence, t — U, captures the time elapsed since the last time the receiver had enough information to
achieve the communication purpose. Because of the different definitions of U; and V/, there is a
fundamental difference between Aol and ¢t —U,. Recall that Aol will continue to increase when no
new update is received, and the successful delivery of a new update can bring down Aol. However,

this is not true for ¢ — U;. Note that the old information may still convey enough information



for the receiver to accomplish the communication purpose, and the new update may still be
insufficient due to the communication delay. Hence, the delivery of updates does not necessarily
lead to a decrease or increase in the value of ¢t — U;. Then, on top of U;, we define the time penalty
function as f(t — Uy) where f(-) : [0,4+00) — [0,400) can be any non-decreasing function.
Then, we choose f (¢t — U;) so that it can capture the aging process of the inadequate information.
In the application, we are free to choose which time penalty function to adopt based on the
characteristics of the system under consideration. For example, f(t) = ¢, f(t) = log(1 + t),
f(t) = €', and so on. Then, combined with the information penalty function introduced earlier,
we are ready to present the formal definition of Aoll.

In a slotted-time system, the Aoll is defined by

t

Baorr(Xes Xest) = 3 (9K, X F(k = U))

k=U;+1

where F(t) = f(t) — f(t — 1) captures the increment of the time penalty. We notice that
Aoll increases if the receiver does not have enough information to achieve the communication
purpose, and the increase is amplified by the degree of inadequacy. Hence, Aoll captures both
the inadequacy of the information and the aging process of the inadequate information. To better
understand the metric, we consider the case where we want to estimate a two-state dynamic
source remotely. Hence, X; € {0,1} and X, € {0,1}. Moreover, we choose g(X;, X;) =
| X — Xt\ and f(t) = t. Then, Aoll can be simplified as AAO][(Xt,Xt,t> = t — U,. We note
that for this particular choice of penalty functions, Aoll is simply the time elapsed since the
last time the receiver’s estimate was correct. A sample path of A 4,77(X, Xt, t) in this case is

depicted in Figure 1.2a. We also consider a more sophisticated setting, where the source process



has eight states. More precisely, X; € {0,1,...,7} and X, € {0,1, ..., 7}. Meanwhile, we choose
f(t) =% and g(X,, X,) = 1{| X, — X,| > 2}. A sample path of AolI with this setting is shown
in Figure 1.2b.

Unlike traditional metrics such as throughput and delay, Aoll treats each update differently
depending on how well the information it carries can achieve the communication purpose and
the current Aoll of the system. For example, we consider the case where an update carries the
enough information about the source, and the current Aoll of the system is high. In this case, it
is worth spending extra resources to ensure the timely and accurate delivery of the update to the
receiving end. At the same time, Aoll also differs from Aol in that Aol ignores the information
content of the transmitted updates. In Aoll, the information content carried by the update will

strongly influence the evolution of Aoll.

1.3 Research Trends

In [36], the authors consider a transmitter-receiver pair in a slotted time system. In the
setting, the updates are transmitted over an unreliable channel. The minimization of Aoll for the
transmitter with and without power constraints is studied. The power constraints limit the average
number of transmissions a transmitter can initiate. When the transmitter is power-constrained,
the results show that the optimal policy is a mixture of two threshold policies, where the threshold
policy is the one under which the transmitter transmits the update only when the Aoll exceeds
the threshold. Then, the authors extend the results to the case of the generic time penalty function
in [37]. Similar results are obtained in this case. Moreover, three real-life applications are studied

to highlight the performance advantages of Aoll over Aol and real-time estimation error.
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ADAaorr(Xe, X¢,t)
X1 =1: X9 0: X3=1:X4=0.X5=0:Xg=1:Xr=1

Xl:15X2:15X3:1EX4:15X5:05X6:OEX7:OE

|
G1 D; /G2 Do ¢

(a) For a two-state source with g(X;, X;) = | X; — X;| and f(t) = ¢.
L Aaorr (X, X, t)

A
X1 =3 Xog=4'X3=4:X4=5:X5=6:Xg=5:X7=6'Xg=7:Xg=6":
Xl:25XQ:25)23:25)24:455(5:45)%6:45X7:4§X8:5§X9:5
4 ........... [
1 ...............................................
1 1 1 1 1 1 1 >
G1 Dy G2 Do t

(b) For an eight-state source with g( X4, Xt) = 1{|X; — Xt| > 2} and f(t) = t2.

Figure 1.2: Sample paths of A 4,77 (X, X, t). In the figure, X; and X, are the state of the dynamic
source and the receiver’s estimate at time slot ¢, respectively. GG; and D; are the sampling time
and delivery time of the ¢-th update, respectively. Note that the sampling decisions in the graph
are random. We assume that the sampling occurs at the beginning of a time slot and the update
arrives at the end of a time slot.
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The authors of [38] consider a problem where we need to monitor symmetric binary sources
over a communication channel with random packet delivery times. More precisely, the source
decides whether or not to sample at the beginning of each time slot. The sample enters the
channel, and after a random number of time slots delay, it is received error-free at the monitor.
The authors consider three performance metrics: Aoll, Aol, and real-time error. The authors
formulate the optimal sampling problem using the Markov decision process (MDP) and apply a
simplified relative value iteration (RVI) algorithm to obtain the optimal policy for each metric.
Furthermore, the performance of the obtained optimal policy is compared with two canonical
sampling policies: the sample-at-change policy and the zero-wait policy, through simulation
results. Under the sample-at-change policy, it samples the source whenever the source changes
state. Under the zero-wait policy, it samples the source whenever possible. The numerical results
indicate that for various delay distributions and Aoll penalty functions, the optimal policies for
the real-time error and Aoll coincide with the sample-at-change policy. In contrast, the optimal
policy for Aol is a threshold policy. In most cases, the threshold is zero, which is equivalent to
the zero-wait policy.

The authors of [39] studied the Aoll minimization problem in the context of scheduling.
They consider a system where the central scheduler monitors multiple Markovian sources and
needs to update multiple users. The central scheduler can only update a subset of the users in
each time slot. Hence, the central scheduler must choose which users to update to minimize the
Aoll. A fundamental assumption made in the paper is that the central scheduler cannot know
the states of the sources prior to transmission. In this case, the central scheduler cannot know
the exact value of Aoll in each time slot. To overcome this problem, the authors introduce the
belief value, which can be interpreted as the probability that the state at the receiver side is

12



correct. Then, the Whittle’s index policy is developed, and the performance is compared with the
Whittle’s index policy developed when Aol is adopted.

In the real world, we usually do not know the statistical model of the dynamic process
we want to observe, or we do not know the parameters of the statistical model. Minimizing
Aoll, in this case, is usually difficult, but very important. Therefore, the authors of [40] consider
the problem of minimizing Aoll without knowing the parameters of a Markovian process. The
relationship between the estimation error and Aoll is studied in [41]. Moreover, a variant of
Aoll, the Age of Incorrect Estimates (AolE), is proposed in [42]. AolE is defined as the product
of an estimation error and the time elapsed since the last time at which the receiver had a
sufficiently correct estimate. In the paper, the authors consider a slotted-time system where a
source generates status updates about an auto-regressive Markov process and sends the updates
to a remote receiver. Then, the receiver will make estimations about the realization of the
process based on the previously received updates using the least-square estimation strategy. The
paper considers the optimal sampling problem, and the results show that the optimal policy is a
threshold-type policy. Another variant called Age of Outdated Information (Ao?I) is introduced
in [43]. In this paper, Ao’ quantifies the elapsed time between the present and the first time when
the stored information at the destination becomes outdated compared to its source. Then, Ao?l
is studied in the context of scheduling, and the authors derive a theoretical lower bound for the

minimum Ao?I and propose a low-complexity online scheduler.
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1.4 Outline and Contribution

In Chapter 2, we investigate the problem of minimizing Aoll under certain constraints.
Specifically, we consider the Aoll in a system where a transmitter sends updates about a multi-
state Markovian source to a remote receiver over an unreliable channel. The communication goal
is to minimize Aoll subject to a power constraint. We cast the problem into a constrained Markov
decision process (CMDP) and prove that the optimal policy is a combination of two deterministic
threshold policies. Afterward, by leveraging the notion of RVI and the structural properties of
threshold policies, we propose an efficient algorithm to find the threshold policies as well as the
mixing coefficient.

In Chapter 3, we investigate the properties and optimization of Aoll in scheduling problems.
More precisely, we study a slotted-time system where a base station needs to update multiple
users simultaneously. Due to the limited resources, only part of the users can be updated in
each time slot. We consider the problem of minimizing Aoll when imperfect channel state
information (CSI) is available. Leveraging the notion of MDP, we obtain the structural properties
of the optimal policy. By introducing a relaxed version of the original problem, we develop the
Whittle’s index policy under a simple condition. However, indexability is required to ensure the
existence of the Whittle’s index. To avoid indexability, we develop a new scheduling policy called
the indexed priority policy based on the optimal policy for the relaxed problem.

In Chapter 4 and Chapter 5, we investigate the effect of delay on the performance and
optimization of Aoll. Specifically, we consider a transmitter-receiver pair in a slotted-time system.
The transmitter observes a dynamic source and sends updates to a remote receiver over an error-

free communication channel that suffers a random delay. The receiver estimates the state of the
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dynamic source using the received updates. In Chapter 4, we assume that when the channel is
busy, the transmitter can do nothing but wait for the channel to become idle. Then, we investigate
the problem of optimizing the transmitter’s action in each time slot to minimize Aoll. We first
characterize the optimization problem using the MDP and investigate the performance of the
threshold policy, under which the transmitter transmits updates only when the transmission is
allowed and the Aoll exceeds the threshold 7. By delving into the characteristics of the system
evolution, we precisely compute the expected Aoll achieved by the threshold policy using the
Markov chain. Then, we prove that the optimal policy exists and provide a computable RVI
algorithm to estimate the optimal policy. Furthermore, by leveraging the policy improvement
theorem, we theoretically prove that, under an easily verifiable condition, the optimal policy is
the threshold policy with 7 = 1. In Chapter 5, we consider a similar problem, but the transmitter
has the ability to preempt. In this scenario, we prove the existence of the optimal policy and
provide a feasible value iteration algorithm to approximate the optimal policy. We also analyze
the system characteristics under two canonical delay distributions and theoretically obtain the

corresponding optimal policies using the policy improvement theorem.
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Chapter 2:  Freshness under Limited Resources

2.1 Overview

With the massive deployment of communication devices, the energy consumption of these
devices has become a critical design consideration. Typically, these devices can only access
limited resources to perform their tasks because they must share a centralized energy source
with other devices or obtain their own energy from the outside world to operate for extended
periods of time without human intervention. This leads to the question of how to optimize
system performance with limited resources. In this chapter, we study the optimization problem
in the presence of power constraints. The existing literature [36, 37] only considers simple
communication models and penalty functions. Thus, the performance of more general Aoll
in a more complicated system is still unclear. In particular, we study the system where the
source is modeled by a multi-state Markov chain. Meanwhile, the considered Aoll adopts non-
binary information penalty function. Similar constraints are considered in [18], with the goal
of minimizing the Aol. Our problem is more complicated because Aol ignores the information
content of the transmitted updates. Remote estimation under resource constraints is studied
in [44-47]. However, they focus mainly on minimizing the estimation error but ignore the effect
of time since, in many real-world applications, persistent errors will cause more damage to the

system than short-lived errors.
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The main contributions of this chapter can be summarized as follows. 1) We study the
minimization of Aoll under power constraints. 2) We consider the Aoll that adopts non-binary
information penalty function and model the source using a multi-state Markov chain. 3) We
rigorously prove the structural properties of the optimal policy and propose an efficient algorithm
to obtain the optimal policy.

This chapter summarizes the work in [48], and the rest is organized as follows. Section 2.2
elaborates on the modeling of the system and discusses the system dynamic under the chosen
Aoll. In section 2.3, we present a step-by-step analysis of the optimization problem and detail

the proposed algorithm. Lastly, in Section 2.4, numerical results are laid out.

2.2 System Overview

2.2.1 System Model

We consider a slotted-time system in which a transmitter sends updates about a process to
a remote receiver through an unreliable channel. The transmitted update will not be corrupted
during the transmission but the transmission will not necessarily succeed. When the transmission
fails, the update will be discarded and it will not affect the transmitter’s decision at the next time
slot. We denote the channel realization as r; where r, = 1 if the transmission succeeds and
ry = 0 otherwise. We assume 7; is independent and identically distributed over the time slots.
We define Pr(r;, = 1) = p, and Pr(r, = 0) = 1 — p; = py. We notice that, in many status-
update systems, the size of the update is very small so that the transmission time for an update
is much smaller than the time unit used to measure the dynamic of the process. Thus, when a

transmission attempt succeeds, the update is assumed to be received instantly by the receiver.
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Figure 2.1: Illustrations of the Markovian source.

This assumption will provide us with analytical benefits, and a similar assumption is also made
in [49]. The source process { X }:cn is modeled by an N-state Markov chain where transmissions
only happen between adjacent states with probability 2p and themselves with probability 1 — 2p.
An illustration of the Markovian source is shown in Figure 2.1. The transmitter is capable of
generating update X; by sampling the process at any time on its own will. However, the sampling
opportunities only occur at the beginning of each time slot. We assume the transmitter is also
capable of making transmission attempt in the same time slot the sampling happens. Every time
the transmission succeeds, the receiver will use the received update as its new estimate X,. The
receiver will send an ACK/NACK packet to inform the transmitter whether it has received
a new update. We suppose that the ACK/NACK packets will be delivered reliably, and the
transmission time is negligible as the packets are very small in general. Therefore, if ACK
is received, the transmitter knows that the transmission succeeded, and the receiver’s estimate
changed to the transmitted update. If N ACK is received, the transmitter knows that the receiver
did not receive the new update, and the receiver’s estimate did not change. Hence, we can assume
that the transmitter always knows the receiver’s estimate.

The system adopts the Aoll as the performance measure. Since the dynamic source has N
states, we let X; € {1,..., N} and X, € {1, ..., N}. Then, we choose g(X;, X;) = | X, — X,|, and

f(t) = t. Consequently, F'(t) = 1 by its definition and d; = g(X;, Xt) € {0,1,...,N —1}.
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2.2.2 System Dynamic

Now, we tackle down the system dynamic which can be fully captured by the dynamic
of the pair (d;, A;). A is short for A7 (X, Xt, t). Thus, it is essential to characterize the
relationship between (d;y1,Ay11) and (dy, A;). We notice that the relationship depends on the
transmitter’s action and its result. Therefore, we define a; € {0, 1} as the transmitter’s action
at time ¢ where a; = 1 if the transmitter makes the transmission attempt and a; = 0 otherwise.

Then, we can divide our discussion into the following three cases.

Case 1: a; = 0. In this case, no new update is received by the receiver. Thus, the estimate
Xt—l—l will be nothing but X,, and X, will evolve following the Markov chain shown in Figure 2.1.
When the state of the source process does not change which happens with probability 1 — 2p, we
have X;,; = X;. Then, d;,; = d;. When the state of the source process changes, d;,; depends

on the value of d;. Thus, we further distinguish between the following cases:

* When d; = 0, according to the Markovian source reported in Figure 2.1, d;;; = 1 with

probability 2p.

* When 1 < d; < N — 2, to simplify our analysis, we assume, for any X, € {1,2,..., N},
Pr(Xp = X, —1| X)) = Pr(Xyy = X; +1]X,) = p. Then, when X, > X,
dt+1 = |Xt2|:1—Xt’ = |dt2t1| = dtil WhenXt < Xt,dt+1 = |Xt2|:1—Xt’ =

| — d; £ 1| = d; F 1. Combining together, d;.; = d; £ 1 with equal probability p.

e When d; = N — 1, X, must be either 1 or N and Xt must be either /V or 1, respectively.
Combining with the Markovian source reported in Figure 2.1, d;,; = N —2 with probability
2p.
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Figure 2.2: Illustrations of the evolution of d.

Let us denote by P, » the transition probability from d to d’. Then, the results can be summarized

as follows. )

Pd,d:1_2p OSdSN—l,

Pd,dJrl :Pd,dfl =P 1 SdgN—2, (21)

kPO,l = PN—1,N—2 = 2p.
Such dynamic can be characterized by the Markov chain shown in Figure 2.2 withp; = 1 — 2p

and py = p. Meanwhile, the value of A;,; can be captured by the following two cases.

* When d;; = 0, the receiver’s estimate at time ¢ + 1 is correct. By definition, U1 = ¢+ 1.

Hence, A, 1 = 0.

* When d;,, # 0, the receiver’s estimate at time ¢ + 1 is incorrect. In this case, Uy ; = U,

by definition. Therefore, A; ;1 = Ay + dyy1.

To sum up,

Apiy = I{dir1 # 0}(A + diyr),

where 1{A} is an indicator function that takes value 1 when A is true and 0 otherwise.

Case 2: a; = 1 but r, = 0. In this case, we notice that no new update is received by the

receiver. Following the same trajectory as in Case 1, we can conclude that the dynamic of d; can
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be characterized by the Markov chain shown in Figure 2.2 with p; = p;(1 — 2p) and p, = p;p.

Ay is fully dictated by A, and d;; as detailed in Case 1.

Case 3: a; = 1 and , = 1. In this case, the receiver receives the update instantly. Thus,
U1 = t. Then, we can conclude that A;,; = d;.1. Since the update is received instantly, we

have d;,; € {0, 1}. More precisely,
Pr{(diy1, Aryr) = (0,0)[(ds, Ar), ar = 1] = ps(1 — 2p).

Pr{(di1, Arr) = (1, D)[(dy, Ar), ap = 1] = 2psp.

Combining the above three cases, we can fully capture the evolution of (d;, A;).

2.2.3 Problem Formulation

We consider the problem where there exists a unit power consumption along with each
transmission attempt regardless of the result. At the same time, the transmitter has a power
budget « < 1. We define ¢ = (ag,ay,...) as a sequence of actions the transmitter takes and
denote all the feasible series of actions as ®. Then, our problem can be formulated as

) 1 T-1
arg min Ay = Yll_rgo T]E(z) (Z At>

peo 2.2)

T—o0

T—
_ 1
subject to Ry £ lim ?E¢ ( at> < a.
t=0

As (2.2) shows, the system is resource-constrained. Thus, we realize a necessity to require the

transmission attempts to help minimize Aoll. More precisely, we require Pr[(0,0) | (d¢, Ay), ar =
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1] > Pr[(0,0) | (d¢, Ay), a; = 0] forany (d;, A;). Leveraging the system dynamic in Section 2.2.2,
we conclude that it is sufficient to require p € |0, %] Therefore, we only consider the case of
p € [0, %] throughout the rest of this chapter. A similar assumption is also made in [37].

We notice that solving problem (2.2) is equivalent to solving a constrained Markov decision

process (CMDP). To this end, we adopt the Lagrangian approach.

2.3 Problem Optimization

2.3.1 Lagrangian Approach

First of all, we write the constrained optimization problem (2.2) into its Lagrangian form.

L(p,\) = lim E¢

T—o0 1’

— A\,

T—-1
Z At + Aat
t=0

where A is the Lagrange multiplier. Then, the corresponding dual function will be

G(\) = min L(¢, A). (2.3)

ol

According to the results in [50], the optimal policy for the constrained problem (2.2) can be
characterized by the optimal policies for the minimization problem (2.3) under certain A. Thus,
we start with solving problem (2.3) for any given A > 0. As A« is independent of policy, we can

ignore it which leads to the following optimization problem.

~
—

C .. . 1
minimize lim —IE,

e P T—oo T (At + )\at)

(2.4)

,._
Il
=)
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The above problem can be cast into an infinite horizon with average cost Markov decision process

(MDP) M = (X, A, P,C), where

* X denotes the state space: the state is x = (d, A). We define x4 = d and 25 = A. We will

use = and (d, A) to represent the state interchangeably for the rest of this chapter.

» A denotes the action space: the two feasible actions are making the transmission attempt
(a = 1) and staying idle (a = 0). The action space is independent of the state and the time.

More precisely, a € A(z,t) = A= {0,1}.

* P denotes the state transition probabilities: we define P, ,-(a) as the probability that action
a at state = will lead to state «’. The values of P, ,(a) can be obtained easily from

Section 2.2.2.

* (C denotes the instant cost: when the system is at state = and action a is chosen, the instant

costis C(z,a) = za + Aa.

2.3.2  Structural Results

In this section, we provide the key structural properties of the optimal policy for M, which
plays a vital role in the analysis later on. The optimal policy for M is captured by its value
function V'(z), which can be obtained by solving the Bellman equation. In the infinite horizon

with average cost MDP, the Bellman equation is defined as

0+ V(x)=za+ min {)\a + Z P%z/(a)V(:L”)} : (2.5)

ac{0,1} ex
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where 6 is the minimal value of (2.4). A canonical procedure to solve the Bellman equation is
applying the relative value iteration (RVI) [51]. To this end, we denote by V,,(-) the estimated
value function at iteration v of RVL. We initialize V,(x) = xa. Then, the estimated value function

is updated in the following way.

Vis1(2) = Quia(z) — Quia(z"), (2.6)

where 27¢/ is the reference state. (),,(x) is the interim value function and is calculated by

applying the right-hand side of (2.5). More precisely,

Qui1(r) = 2A + min {)\a + Z Px,x/(a)l/;(w’)} , 2.7)

ae{0,1} rpeyd

RVI is guaranteed to converge to V' (-) when v — oo regardless of the initialization [51].
However, it requires infinitely many iterations to achieve the exact solution. To conquer the
impracticality, we leverage the special properties of our system and provide the structural property
of V,,(+), which turns out to be enough to characterize the structure properties of the optimal policy

for M. We start with the following lemma.

Lemma 1. The estimated value function V,(x) is increasing in both x4 and x at any iteration

V.

Proof. Leveraging the iterative nature of RVI, we use induction to prove the desired results. The

complete proof can be found in Appendix A.1. [

We refer state  as active if the optimal action at x is making the transmission attempt and
inactive otherwise. Then, leveraging Lemma 1, we provide the key structural properties of the

24



optimal policy for M.

Proposition 1. The optimal policy for M under any \ > 0 is a threshold policy which possesses

the following properties.
* State (0,0) will never be active.

* For states x with fixed x4 # 0, the optimal action a* will switch from a* = 0 to a* = 1 as

x increases and the switching point (i.e. threshold) is non-increasing in x .

Proof. The optimal action at state « is captured by the sign of §V (x) = V!(z) — V() where
V@(x) is the value function resulting from taking action a at state . Then, we characterize the

sign of §V'(z) using Lemma 1. The complete proof can be found in Appendix A.2. [

We define the threshold for the states with fixed d # 0 as the smallest A such that a* = 1.
We notice that state (0,0) will never be active if optimal policy is adopted. Hence, we can
characterize the optimal policy using the thresholds. In the following, an optimal policy is
denoted by a vector n, where (n,); is the threshold for the states with d = i. The subscript

A indicates the dependency between the optimal policy and .

2.3.3 Finite-State MDP Approximation

In the sequel, we tackle down the problem of finding the optimal policy for M. Direct
application of RVI becomes impractical as we need to estimate infinitely many value functions at
each iteration. To overcome this difficulty, we use approximating sequence method (ASM) [52]

and rigorously show the convergence of this approximation. To this end, we construct another
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M) = (x| A P C) by truncating the value of A. More precisely, we impose

o 2 e {0,1,...,N —1},
X\

x(Am) € {0,1,...,m},

where m is the predetermined maximal value of A. The transition probabilities from z € X' (")
to z € X — X (called excess probabilities) are redistributed to the states 2/ € X(™ in the

following way.

P"a) = Powla)+ > Po(a)g.(@),

zeX—x(m)
where ¢.(2') is the probability of distributing state z to state 2’ and ) v ¢:(2') = L.
We choose ¢.(2') = Tgu—.,3 X I{ay,=m}- So, the transition probabilities ngn;,) (a) satisfy the
following.

P, (a) T\ < m,

P (a) =
P, (a) + Z P..(a) 1z =m,
G(z,x")
where G(z,2") = {2 : zg = x/;, za > m}. The action space .A and the instant cost C are the same

as defined in M.

Theorem 1. The sequence of optimal policies for M™ will converge to the optimal policy for

Mas m — oo.

Proof. We show that our system verifies the two assumptions given in [52]. Then, the convergence

is guaranteed according to the results in [52]. The complete proof can be found in Appendix A.3.

O

For a given truncation parameter m, the state space X' (™ is finite with size |X(™| oc m.
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When m is huge, the basic RVI will be inefficient since the minimum operator in (2.7) requires

calculations for both feasible actions at every state. In the following, we propose an improved

RVI which avoids minimum operators at certain states. To this end, we claim that the properties in

Proposition 1 are also possessed by the optimal policies for M (™ at any iteration v of RVI. The

proof is omitted since it is very similar to what we did in Section 2.3.2. Utilizing Proposition 1,

we can conclude that, for any state 2™ _if there exists an active state y(m) such that y(Am) < a:gn)
(m)

andy, ~ < x&m), then (™) must also be active. The update step at each iteration of the improved

RVI can be summarized as follows. For each z(™ e x(™),

« if (™) exists, we can determine the optimal action at 2™ immediately, and the minimum

operator is avoided.

« if 4™ does not exist, the optimal action at (™) is determined by applying the minimum

operator.

In this way, we avoid Zﬁil(m — n;) minimum operators at each iteration of RVI where n; =
(n'); and n' is the optimal policy at iteration v of RVI. In almost all cases, we have n; < m.
The pseudocode is given in Algorithm 1. In the algorithm, V,, converges when the maximum

difference between the results of two consecutive iterations is less than e.

2.3.4 Expected Transmission Rate

In this section, we calculate the expected transmission rate 1z,, under given threshold policy
n. It enables us to develop an efficient algorithm for finding the optimal policy for (2.2). As we
can see in (2.2), R, is nothing but the expected average number of transmission attempts made.
Thus, it can be fully captured by the stationary distribution of the discrete-time Markov chain
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Algorithm 1 Improved Relative Value Iteration
1: procedure RELATIVEVALUEITERATION(M)

2: Initialize Vy(x) = za5v =0

3:  Choose 2"¢/ € X arbitrarily

4: while V), is not converged do

5: for z € X do

6: if J active state y s.t. y; < x4 and ya < z then
7: a*(x) =1

8: QV—‘rl('r) = C(IL’, 1) + Zx/ Pxx’(l) : VV<£L'/)
9: else

10: for a € Ado

11: H,o.=C(z,a)+ >, Pul(a) V,(2)
12: a*(z) = argmin,{H, . }

13: Qu+1(x) = H:v,a*

14: for z € X do

15: VV—H(‘T) - QV+1($) - Qu—i—l(xmf)

16: v=v+1

17: return n < a*(z)

(DTMC) induced by nn. More precisely,

=

-1

ﬁ*

1A

where 74(A) is the steady-state probability of state (d, A) and ny = (n),. To obtain the stationary
distribution, we utilize the balance equation associated with the induced DTMC which takes the

following form

= Pua(al)m(2), (2.8)

z'eX
where a7 is the action suggested by policy n at state 2. The problem arises since the state
space of the induced DTMC is infinite. To overcome the difficulty, we present the following

proposition.
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Proposition 2. The expected transmission rate under threshold policy 1 is

where T = max{n}. m4(A)’s and I14(7)’s are the solution to the following finite system of linear

equations.

70(0) =(1 — 2p)me(0) —|—pi(1 — psar )T (A) + pplly (1)+
Nt (2.9)
p1—2p) " (Z (D) + Hd<7>> ,
m1(1) = 2pmo(0) + 2psp - ( 3 Ta(A) + Hd(r)> : (2.10)

] (i ma(A) + Hd(T)> +70(0) = 1, 2.11)

and foreach1 < d < N — 1,

Ta(A) =0, 0<A<ly, (2.12)
N-1

(D) =Y Pra(l = psaga—a)ta(A —d), max{2l} <A<T-1, (2.13)
d'=1

N-1 T—1
a(r) =) Pdlﬁd( > (1= paag.a)ma (D) +prd/(T)>, (2.14)
d'=1

A=7—d

where l; = CF%[ and aq a is the action suggested by nv at state (d, A).

Proof. We cast the induced infinite-state Markov chain to an equivalent finite-state Markov chain

with size depending on the policy. Then, m4(A)’s and I1,(7)’s are the steady-state probabilities
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of the finite-state Markov chain. The complete proof can be found in Appendix A.4. [

Remark 1. We can verify that (2.9) is a linear combination of the other equations in the system

of linear equations. Therefore, we can exclude (2.9) in practice.

The system of linear equations can be reformulated into the matrix form A7 = b where 7
is the unknowns and A, b can be obtained easily from Proposition 2. However, solving a finite
system of linear equations can still be problematic, especially when the system is huge. For our
problem, the size of A is O((N — 1)7), and we notice that A is sparse.

In general, solving a large system of linear equations of size O(n) requires O(n?) storage
and O(n?) floating-point arithmetic operations when A is dense. In the case of sparse A, the
computational cost will be less. The sparse matrix algorithms are designed to solve equations in
time and space proportional to O(n) + O(cn) where ¢ is the average number of non-zero entries
in each column. Although there are cases where this linear target cannot be met, the complexity
of sparse linear algebra is far less than that in dense case [53]. Generally speaking, the complexity
depends on the sparsity of A. By exploiting the zero entries, we can often reduce the storage and
computational requirements to O(cn) and O(cn?), respectively.

The calculation of R,, is constantly needed, and it requires a significant amount of time
when the thresholds in n are huge. Hence, we provide an efficient alternative that can approximate

the expected transmission rate in this case.

Corollary 1. When the thresholds in n are huge, the expected transmission rate under policy n

can be approximated as

where T = max{n}. 74(A)’s and 11,(7)’s are the solution to the following finite system of linear
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equations.

mo(0) =(1 = 2p)mo(0) + plli(n) + peplli () +p Z — psar,a)mi(A)+
A=n+1

ps(1 = 2p) Ni(z A) + y(r >>,

d=1 \A=ny

(2.15)

m (1) = 2pmo(0 +2p5p2<27rd ) + Iy )), (2.16)

d=1 \A=ng
N-1 T—1
(Hd(n) + ) m(A) + Hd(T)) +m(0) = 1, (2.17)
d=1 A=n+1
I(n) —m (1) + m(n+1) = ZPd’lnd’ (2.18)
n+d -1
Ma(n) + Y 7a(A) =) Pralla(n), 2<d<N-1, (2.19)
A=n+1

and foreach1 < d < N — 1:

N-1
ma(A) = p Z Py a(l = psaga-a)oa (A —d), n+1<A<n+d, (2.20)
d=1
N-1
Ta(A) = Pra(l = psaga-a)ta(A—d), n+d+1<A<T—1, (2.21)
d'=1
7—1
Z Py g ( > (1= peawa)ma (D) + pslla (¢)>, (2.22)
A=1—d

where ag a is the action suggested by the threshold policy nv at state (d,A), n = min{n} — 1

and p = Zggg; 04(A) is the stationary distribution associated with the Markov chain induced by

/

another threshold policy n’ = [1f, ..., '] where n’ =n + 1.
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Proof. When the thresholds in n are huge, the expected transmission rate will be insignificant.
Combining with (2.10), we have 71 (1) ~ 2pm(0). Consequently, we can show that, for any state
(d,A), ma(A) =~ ¢ am0(0) where cj 5 is a scalar that depends on the policy and the state. At
the same time, we notice that, for any two threshold policies 12, and n,, the suggested actions
at states with A < min{[n;, n.]} are the same. We denote by GG(n, n,) the set of these states.

Then, we can prove that, for (d, A) € G(ny,nsy),

(2.23)

where 7} (A) and 72(A) are the stationary distributions when r2; and m, are adopted, respectively.
Based on (2.23), we can obtain the two systems of linear equations. The complete proof is in

Appendix A.5. O
Remark 2. For the same reason as in Remark 1, we can exclude (2.15) in practice.

In Corollary 1, instead of solving a large system of linear equations of size O((N — 1)7),
we approximate 2y by solving two systems of linear equations of size O((N — 1)(n + 1)) and
O((N —1)(t —n+1)), respectively. It is worth noting that when 7 & 1 or 7 >> 7, the complexity
reduction of Corollary 1 is limited. For other cases, Corollary 1 can significantly reduce the
complexity and the resulting error is negligible. The methodology presented in Proposition 2
can also be applied to the calculation of the expected Aoll A,,. More precisely, we can use the

following corollary.
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Corollary 2. The expected Aoll under threshold policy n is

3 1(2 A) + Qu(r >>,

d=1 \A=l,

where T = max{n} and l; = %. wa(A)’s and Q4(7)’s are the solution to the following finite

system of linear equations. For each1 < d < N — 1:
wO(O) =0; wd(A) =0, A< ld, (2.24)

wd(A) = Aﬂ'd(A), ld S A S T — 17 (225)
T—1
Z Pyg ( > (1= peawa)wa(A) + prd,(T)> + dI1y(7), (2.26)
A=71—d
where ag a is the action suggested by the threshold policy v at state (d, A). mq(A)’s and I14(T)’s

can be obtained using Proposition 2 with the same threshold policy n.

Proof. We define wy(A) £ Amg(A) and Qu(7) £ Y1 wa(A). Then, we combine the states
with A > 7 as did in Proposition 2. After some rearrangements, we can obtain the system of

linear equations shown above. The complete proof is in Appendix A.6. [

2.3.5 Optimal Policy

Till this point, we are able to find the optimal policy for problem (2.4). However, our
goal is to find the optimal policy for the constrained problem (2.2). Based on the work in [50],
the optimal policy for problem (2.2) can be expressed as a mixture of two deterministic policies

that are both optimal for problem (2.4) with A\ = \*. More precisely, the optimal policy can be
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summarized in the following theorem.

Theorem 2. The optimal policy for the constrained problem (2.2) can be expressed as a mixture
of two deterministic policies ny+ and mvy- that are both optimal for problem (2.4) with A=\ £
inf{\ > 0 : R\ < a}. R, is the expected transmission rate resulting from policy n. More

precisely, if we choose
o — R)\:L

= = (2.27)
Ry — Ry

I

the mixed policy ny«, which selects my- with probability ;1 and OV with probability 1 — n
each time the system reaches state (0,0), is optimal for the constrained problem (2.2) and the

constraint in (2.2) is met with equality.

Proof. We verify that our system satisfies all the assumptions given in [50]. Then, combining the
characteristics of our system and the results in [50], we obtain the optimal policy. The complete

proof is in Appendix A.7. [

Next, we describe an efficient algorithm to obtain the optimal policy for the constrained
problem (2.2). The core of obtaining the optimal policy is to find \*. We recall that, for any
given )\, the deterministic policy n is obtained by applying the improved RVI and the resulting
R, which is non-increasing in A\ [50], is calculated using Proposition 2. Hence, R, can be
regarded as a non-increasing function of ), and we can use Bisection search with tolerance ¢ to

find A\*. Then, A% and A* can be the boundaries of the final interval. More precisely, we initialize

A_ =0and A\, = 1. Then, the procedure can be summarized as follows.
* As long as RM > a,weset \_ = A, and Ay = 2)\,. Then, we end up with an interval
I - [)\_, )\+]
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Algorithm 2 Bisection Search

1: procedure BISECTIONSEARCH(M ™ ()\), a)
2: Initialize \_ =0; Ay =1

3: ny, = RVI(M™(),),€) using Algorithm 1
4: Ry, = R(n,,) using Proposition 2

5: while R,, > « do

6 A=A AL =20,

7: ny, = RVI(M™(),),€) using Algorithm 1
8: Ry, = R(n,,) using Proposition 2

9:  while \, — \_ > ¢ do

10: A= 2t

11: ny = RVI(M()), €) using Algorithm 1
12: Ry = R(n)) using Proposition 2

13: if R, > o then

14: A=A

15: else

16: Ap=A

17: return (A%, \") < (A, A)

* We apply Bisection search on the interval [ until the length of I is less than the tolerance

§. Then, the algorithm returns A7 and A*.

The pseudocode is given in Algorithm 2. Finally, the mixing coefficient p is calculated using
(2.27) and the resulting expected Aoll is calculated using Corollary 2. The algorithm is efficient

for the following reasons.

* We obtain 7 using the improved RVI which avoids minimum operators at certain states.

* When calculating R, we cast the induced infinite-state Markov chain to a finite-state

Markov chain.

* We find A and \* using Bisection search which has a logarithmic complexity.
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Figure 2.3: Illustrations of Aoll-optimal policy and Aol-optimal policy. The truncation parameter
in ASM m = 800 and the tolerance in Bisection search ¢ = 0.01. RVI converges when the
maximum difference between the results of two consecutive iterations is less than € = 0.01.

2.4 Numerical Results

In this section, we provide numerical results that accent the effect of system parameters
on the performance of Aoll-optimal policy. We also compare the Aoll-optimal policy with the

Aol-optimal policy derived in [18].

Effect of p:  We compare the performances of Aoll-optimal policies under different values of
p. To this end, we fix N = 7 and p; = 0.8. We also set « = 0.06. We vary the value of p and
plot the corresponding results. As we can see in Figure 2.3a, the expected Aoll is increasing in
p. To explain this trend, we notice that as p increases, the source process will be more inclined to
change state at the next time slot. Then, those successfully transmitted updates will more likely
be obsolete at the next time slot. As the power budget « is fixed which dictates the transmission
rate, the expected Aoll will increase as p increases.

We also show, in Table 2.1, the deterministic policies Nys, Mye and the corresponding

mixing coefficient ;. for some values of p. ! The optimal policy is the mixture of Ny, and 7).

n the table, ” / ”” indicates the threshold where the two policies differ.
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Table 2.1: Optimal thresholds for different p

Mixing Coef. n, No ng Mg N5 Ng

p=01 p=07176 15 67 1 1 1 1
p=02 p=00331 37 16 &9 1 1 1
p=03 p=01178 69 2526 15 1 1 1

Table 2.2: Optimal thresholds for different p,

MiXil’lg Coef. ny No ns Ny Ny Ng

ps =02 p=06712 556 228 140 96 70/71 60
ps =04 p=03260 151 62 36/37 24 17 1
ps =06 p©=0408 67 27/28 16 1 1 1
ps =08 p©=0.0331 37 16 8/9 1 1 1

with mixing coefficient ;1 as described in Theorem 2. We can see that the thresholds are, in
general, increasing in p. The reason behind this is as follows. When p is small, the successfully
transmitted updates are more likely still accurate in the next few time slots. In another word, the
transmission is more “efficient”. We refer a transmission as “efficient” if it reduces the age to
the greatest extent. This allows the transmitter to make transmission attempts when the age is

relatively low without violating the power constraint.

Effect of p,: In this scenario, we fix p = 0.2 and investigate the effect of channel reliability p;
on the performance of Aoll-optimal policy. We still consider the case of N = 7 and o = 0.06.
The corresponding results are shown in Figure 2.3b. As p; increases, the expected Aoll will
decrease. The reason is as follows. As p; increases, the transmitted updates will more likely
be successful. Consequently, the transmission will be more “efficient”. As the power budget is
fixed, the expected Aoll will decrease as p; increases. We also present some selected thresholds

in Table 2.2. As we see in the table, the thresholds are, in general, decreasing in p,. We recall
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that as p, increases, the transmission will be more “efficient”. Thus, the transmitter can make
transmission attempts when the age is relatively low while keeping the transmission rate not

exceeding the power budget.

Effect of a: Then, we analyze the performances of Aoll-optimal policies under different values
of a. We adopt N = 7 and p, = 0.8. We also set p = 0.2. The expected Aoll achieved by the
Aoll-optimal policies are plotted in Figure 2.3c. As we see, the expected Aoll decreases as «
increases. The reason is simple. As the power budget increases, more transmission attempts are
allowed. We recall that we impose a transmission attempt to always help reduce the age. Keeping
this in mind, we can conclude that the expected Aoll is decreasing in «. It is worth noting that as
« increases, the expected Aoll will stop decreasing before o = 1. To explain this, we recall that
the transmitter will never make transmission attempt at state (0, 0) if an optimal policy is adopted.
Thus, as o becomes large, the transmitter will have enough budget to make transmission attempts
at any states other than (0, 0). Then, the transmission rate is saturated, and the expected Aoll will

not decrease further.

Comparison with Aol-optimal policy: Lastly, we compare the Aoll-optimal policy with the
Aol-optimal policy. From Figure 2.3, we can see that the performance gap expands with the
increase in p and the decrease in p, and . The reason behind it lies in the value of transmission
attempts. As p increases, the source process becomes more inclined to change states. Therefore,
transmission attempts are more needed to bring correct information to the receiver. As p, decreases,
the number of successful transmissions will decrease, and the Aoll will build up faster. In this

case, transmission attempts are more valuable because they will greatly reduce Aoll once they
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succeed. As « decreases, transmission attempts will be more valuable as fewer attempts are
allowed. Due to the different definitions of age, there are often cases where Aol is large, but
Aoll is small. In these cases, the Aol-optimal policy will waste valuable transmission attempts.
Therefore, the increase in the value of transmission attempts will lead to an expansion of the

performance gap.

2.5 Conclusion

In this chapter, we consider a system where the source process is modeled by an N-state
Markov chain. The Aoll that adopts non-binary information penalty function is used. We study
the problem of minimizing the Aoll subject to a power constraint. By casting the problem
into a CMDP, we can prove that the optimal policy is a mixture of two deterministic threshold
policies. Then, an efficient algorithm is proposed to find such policies and the mixing coefficient.
Lastly, numerical results are provided to illustrate the performance of the Aoll-optimal policy

and compare it with the Aol-optimal policy.
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Chapter 3:  Scheduling for Freshness

3.1 Overview

With the development of communication and sensor technology, the number of users that
a base station need to handle is constantly increasing. However, due to resource limitations, the
base station can only process a subset of the users simultaneously. This leads us to study how the
base station should reasonably schedule these resources so that all users can get optimal service
under a given evaluation system. Therefore, in this chapter, we study the Aoll minimization
problem in the context of scheduling. We consider a system where a base station needs to
update a part of all available users at the same time. Meanwhile, we consider the generic time
penalty function and study the minimization problem in the presence of imperfect channel state
information (CSI). Due to the presence of CSI, the Whittle’s index policy becomes infeasible
in general. Therefore, we introduce another scheduling policy that is more versatile and has
comparable performance to Whittle’s index policy. The scheduling problem with Aol as the
performance measure is studied under various system settings in [54—58]. The problem studied
in this chapter is different and more complicated because Aoll considers the aging process of
inconsistent information rather than the aging process of updates. Meanwhile, none of them
consider the case where CSI is available. The problem of optimizing information freshness in

the presence of CSI is studied in [59, 60]. However, they focus on the single-user system and
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mainly discuss cases where CSI is perfect. The scheduling problems with the goal of minimizing
an error-based performance measure are considered in [61-63]. Our problem is fundamentally
different because Aoll also considers the time effect. Moreover, we consider the system where
a base station observes multiple sources simultaneously and has to send updates to multiple
destinations.

The main contributions of this chapter can be summarized as follows. 1) We study the
problem of minimizing Aoll in a multi-user system where imperfect CSI is available. Meanwhile,
the time penalty function is generic. 2) We derive the structural properties of the optimal policy
for the considered problem. 3) We establish the indexability of the considered problem under a
simple condition and develop the Whittle’s index policy. 4) We obtain the optimal policy for a
relaxed version of the original problem. By exploring the characteristics of the relaxed problem,
we provide an efficient algorithm to obtain the optimal policy. 5) Based on the optimal policy for
the relaxed problem, we develop the indexed priority policy, which is free of indexability and has
comparable performance to Whittle’s index policy.

This chapter summarizes the work in [64], and the rest is organized as follows. Section 3.2
introduces the system model and formulates the primal problem. In Section 3.3, we explore the
structural properties of the optimal policy for the primal problem. Under a simple condition, we
develop the Whittle’s index policy in Section 3.4. Section 3.5 presents the optimal policy for a
relaxed version of the primal problem. On this basis, we develop the indexed priority policy in

Section 3.6. Finally, in Section 3.7, the numerical results are laid out.
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Figure 3.1: The structure of the system model.

3.2  System Overview

3.2.1 System Model

We consider a slotted-time system with /N users and one base station. Each user has a
source process, a channel, and a receiver. We assume all the users share the same structure, but
the parameters are different. The structure of the communication model is provided in Figure 3.1.
For user 7, the source process is modeled by a two-state Markov chain where transitions happen
between the two states with probability p; > 0 and self-transitions happen with probability 1 —p;.
At any time slot ¢, the state of the source process X;; € {0,1} will be reported to the base
station as an update, and the base station will decide whether to transmit this update through
the corresponding channel. The channel is unreliable, but the estimate of the CSI is available at
the beginning of each time slot. Let r;; € {0,1} be the CSI at time ¢. We assume that r; ; is
independent across time and user indices. r;; = 1 if and only if the transmission attempt at time

t will succeed and r;; = 0 otherwise. Then, we denote by 7;; € {0,1} the estimate of r; ;. We
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assume that 7; ; is an independent Bernoulli random variable with parameter ;, i.e., 7;; = 1 with
probability v; € [0, 1] and 7;; = 0 with probability 1 — ~,. However, the estimate is imperfect.
We assume that the error depends only on the user and its estimate. More precisely, we define
the probability of error as pzlz 2 Prr; # # | 7). We assume p; < 0.5 because we can flip
the estimate if pzl > 0.5. We are not interested in the case of pzl = 0.5 since 7;, is useless
in this case. Although the channel is unreliable, each transmission attempt takes exactly one
time slot regardless of the result, and the successfully transmitted update will not be corrupted.
Every time an update is received, the receiver will use it as the new estimate )A(i,t € {0,1}. The
receiver will send an AC K /N ACK packet to inform the base station of its reception of the new
update. Since an ACK/NACK packet is generally very small and simple, we assume that it
is transmitted reliably and received instantaneously. Then, if AC'K is received, the base station
knows that the receiver’s estimate changed to the transmitted update. If NAC'K is received, the
base station knows that the receiver’s estimate did not change. Therefore, the base station always
knows the estimate at the receiver side.

At the beginning of each time slot, the base station receives updates from each source and
the estimates of CSI from each channel. The old updates and estimates are discarded upon the
arrival of new ones. Then, the base station decides which updates to transmit, and the decision is
independent of the transmission history. Due to the limited resources, at most A/ < N updates are
allowed per transmission attempt. We consider a base station that always transmits M updates.

All the users adopt Aoll as a performance metric, but the choices of penalty functions
may vary. We consider the case where the users adopt the same information penalty function
9( Xy, Xt) = |X; — Xt| but possibly different time penalty functions. To ease the analysis, we
require f(¢) to be unbounded. Combined with the monotonicity requirement of the time penalty
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function, we require f(t1) < f(t2) if t; < t9 and limy, o, f(t) = +oo. Without a loss of
generality, we assume f(0) = 0. Meanwhile, as the source is modeled by a two-state Markov

chain, g(X;, X;) € {0,1}. Hence, Aoll can be written as

t

Naort(Xe, Xiyt) = > Flk—Up) = f(s1),
k=U;+1

where U, is defined in Section 1.2.2 and s; £ t — U,. Therefore, the evolution of s, is sufficient

to characterize the evolution of Aoll. To this end, we distinguish between the following cases.

* When the receiver’s estimate is correct at time ¢ + 1, we have U;,; = t + 1. Then, by

definition, s = 0.

* When the receiver’s estimate is incorrect at time ¢ + 1, we have U;; = U;. Then, by

definition, s;1 1 =t+1—U; = s; + 1.

To sum up, we get

St+1 = ]].{Ut+1 7’é t+ 1}(875 + 1) (31)

In the remainder of this chapter, we use f;(-) to denote the time penalty function user 7 adopts.

3.2.2 System Dynamic

In this section, we tackle the system dynamic. We notice that the status of user ¢ can
be captured by the pair z;, = (Sit,7:t). In the following, we will interchangeably use x;;
and (s;¢,7;¢). Then, the system dynamic can be fully characterized by the dynamic of x;, =
(14, ...,xN¢). Hence, it suffices to characterize the value of x,.; given x, and the base station’s
action. To this end, we denote, by a; = (a1 ¢, ..., an,), the base station’s action at time ¢. a;; = 1
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if the base station transmits the update from user : at time ¢ and a;; = 0 otherwise. We notice
that given action a;, users are independent and the action taken on user 7 will only affect itself.

Consequently

N N
PT(iEt+1 | mtaat) = HPT(fEi,tH | xi,hat) = HPT(%,tH | Cﬁi,t,az‘,t)-

i=1 i=1
Combined with the fact that all the users share the same structure, it is sufficient to study the
dynamic of a single user. In the following discussions, we drop the user-dependent subscript :.

We recall that 7,1 is an independent Bernoulli random variable. Then, we have
P’f’(flft_t,_l | th,at) = P(’T’At_t,_l) X P’T’(St+1 | ﬂft,CLt).

By definition, P(7,.; = 1) = v and P(7;;; = 0) = 1 — 7. Then, we only need to tackle the

value of Pr(s;y1 | x4, a;). To this end, we distinguish between the following cases

* When z; = (0, 7;), the estimate at time ¢ is correct (i.e., Xt = X,). Hence, for the receiver,
X, carries no new information about the source process. In other words, Xt+1 = Xt
regardless of whether an update is transmitted at time t. We recall that U;; = U, if
Xtﬂ # X,.1 and U1 = t + 1 otherwise. Since the source is binary, we obtain U, = U,
if X;41 # X;, which happens with probability p and U, = t + 1 otherwise. According to
(3.1), we obtain

Pr(1](0,7),a;) = p.

Pr(0](0,7),a;) =1 —p.
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When a; = 0 and x; = (s, 7;), where s; > 0, the channel will not be used and no new
update will be received by the receiver,and so, Xt—f—l = X,. We recall that U1 = U if
XtH # Xy and Uy = t + 1 otherwise. Since X; # Xt and the source is binary, we
have U, = U, if X;,1 = X, which happens with probability 1 —pand U;; =t + 1

otherwise. According to (3.1), we obtain

Pr(s;+ 1| (s, 7),a, =0)=1—p.

Pr(0| (s, 1), a, = 0) = p.

When a; = 1 and z; = (s, 1) where s; > 0, the transmission attempt will succeed with
probability 1—p! and fail with probability p. We recall that U, = U, if X;,1 # X,,1 and
Uir1 =t + 1 otherwise. Then, when the transmission attempt succeeds (i.e., Xt—i—l = X)),
U1 =Upif Xy # Xy and Uy =t + 1 otherwise. When the transmission attempt fails
(e, Xpp1 = Xy # X,), we have Upyy = U, if Xopy = X, and Upyy = ¢ + 1 otherwise.

Combining (3.1) with the dynamic of the source process we obtain

Pr(se+ 1| (si,1),a0 = 1) = pe(1 —p) + (1 = pe)p = .

Pr0| (s, 1),a;=1)=plp+(1—p)1—p)=1-a.

* When a; = 1 and x; = (s, 0), where s; > 0, following the same line, we obtain

Pr(s;+ 1] (s1,0),a, =1) = p2p+ (1 = pd)(1 — p) £ 5.
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Pr(0 ] (s;,0),a,=1)=p2(1—p)+ (1 —plp=1-p.

Combines together, we obtain the value of Pr(s;y1 | x;,a;) in all cases. As only M out of
N updates are allowed per transmission attempt, we realize a necessity to require transmission
attempts always help minimize Aoll. It is equivalent to impose Pr(s;11 > s; | (S¢,7¢),a; = 0) >
Pr(sgs1 > s | (s,7),a; = 1) for any (s, 7). Leveraging the results above, it is sufficient to
require p < 0.5. As all the users share the same structure, we assume, for the rest of this chapter,

that 0 < p; < 0.5forl1 <7 < N.

3.2.3 Problem Formulation

The communication goal is to minimize the expected Aoll. Therefore, the problem can be
formulated as the following
1 T-1
o g (53500

N (3.2)

subject to Zaz}t =M Vi,

=1

where @ is the set of all causal policies. We refer to the constrained minimization problem
reported in (3.2) as the primal problem (PP). We notice that the PP is a restless multi-armed
bandit (RMAB) Problem. The optimal policy for this type of problem is far from reachable
since it is PSPACE-hard in general [65]. However, we can still derive the structural properties
of the optimal policy. These structural properties can be used as a guide for the development of

scheduling policies and can indicate the good performance of the developed scheduling policies.
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3.3 Structural Properties of the Optimal Policy

In this section, we investigate the structural properties of the optimal policy for PP. We first
define an infinite horizon with an average cost Markov decision process (MDP) My (w, M) =

(Xn, An(M), Py, Cn(w)), where
* Xy denotes the state space. The state is ¢ = (21, ..., ) Where x; = (s;,7;).

» An(M) denotes the action space. The feasible action is @ = (ay, ..., ay) where a; € {0,1}

and Zf\il a; = M. Note that the feasible actions are independent of the state and the time.

» Py denotes the state transition probabilities. We define P, ,/(a) as the probability that

action a at state « will lead to state «’. It is calculated by

where P, o (a;, ;) is the transition probability from s; to s; when the estimate of CSI is
and action q; is taken. The values of Psl-,s; (a;, 7;) can be obtained easily from the results in

Section 3.2.2.

* Cy(w) denotes the instant cost. When the system is at state « and action a is taken, the

instant cost is C(z,a) £ SN, C(z,a;) 2 N, (fi(si) + way).

We notice that PP can be cast into M (0, M ). Since w = 0, the instant cost is independent
of action a. Therefore, we abbreviate C'(x, a) as C(x). To simplify the analysis, we consider
the case of M = 1. Equivalently, we investigate the structural properties of the optimal policy
for My (0,1).

48



Remark 3. For the case of M > 1, we can apply the same methodology. However, as M
increases, the action space will grow quickly, resulting in the need to consider more feasible
actions in each step of the proof. Hence, to better demonstrate the methodology, we only consider

the case of M = 1 in this chapter.

It is well known that the optimal policy for M (0, 1) can be characterized by the value
function. We denote the value function of state « as V' (x). A canonical procedure to calculate
V() is applying the value iteration algorithm (VIA). To this end, we define V,,(+) as the estimated
value function at iteration v of VIA and initialize V;(-) = 0. Then, VIA updates the estimated
value functions in the following way

Vyii(x) = C(z) —0+ min { > Pw,m/(a)vy(m’)} , (3.3)

aE.AN(l) o ey

where 6 is the optimal value of M (0, 1). VIA is guaranteed to converge to the value function [51].
More precisely, V,,(-) = V() when v — +o00. However, the exact value function is impossible
to get since we need infinite iterations and the state space is infinite. Instead, we provide two

structural properties of the value function.
Lemma 2. For My(0,1), V(x) is non-decreasing in s; for 1 <i < N.

Proof. Leveraging the iterative nature of VIA, we use mathematical induction to prove the desired

results. The complete proof can be found in Appendix B.1. O
Before introducing the next structural property, we make the following definition.

Definition 1 (Statistically identical). Two users are said to be statistically identical if the user-
dependent parameters and the adopted time penalty functions are the same.
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For the users that are statistically identical, we can prove the following

Lemma 3. For My(0, 1), if users j and k are statistically identical, V(x) =V (2 (x)) where

P (x) is state x with x; and x), exchanged.

Proof. Leveraging the iterative nature of VIA, we use mathematical induction to prove the desired
results. At each iteration, we show that for each feasible action at state &, we can find an
equivalent action at state &?(x). Two actions are equivalent if they lead to the same value

function. The complete proof can be found in Appendix B.2. 0

Equipped with the above lemmas, we proceed with characterizing the structural properties
of the optimal policy. We recall that the optimal action at each state can be characterized by the
value function. Hence, we denote, by V7 (x), the value function resulting from choosing user j

to update at state «. Then, V7 (x) can be calculated by

Vi) = Cla) 0+ (pri,xm)z P [PV

It L )
x' —x’. 7 P
J 7 J

If Vi(x) < V¥(x) for all k # j, it is optimal to transmit the update from user j. When V7 (z) =
V(x), the two choices are equally desirable. In the following, we will characterize the properties

of §7%(x) £ VI (x) — V*(x) for any j and k.
Theorem 3. For My (0, 1), 6*(x) has the following properties
1. k() <0iffy = pgk = 0. The equality holds when s; = 0 or 7; = pg,j =0.

2. §%%(x) is non-increasing in 7; and is non-decreasing in 7y when s;,s; > 0. At the same

time, 37% () is independent of 7; for any i # j, k.
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3. 07%(x) < 0if s, = 0. The equality holds when s; = 0 or i; = p? ; = 0.

4. §"%(x) is non-increasing in s; if F;j < Fr,;k and is non-decreasing in sy, if F;j > sz when
55,8, > 0. We define T'} = %andf? = 1?—;ifor1 <7 <N.

7

5. 8%k (x) <0 if sj > sy, 7; > Ty, and users j and k are statistically identical.
Proof. The proof can be found in Appendix B.3. [

We notice that '/ can be written as

[ — Pr(s;+ 11 (s;,7),a; =1)
i Pr(s;+ 11 (s;,7:),a; =0)

<1,

where s; can be any positive integer. Consequently, F: is independent of any s; > 0 and indicates
the decrease in the probability of increasing s; caused by action a; = 1. When F:l is large, action
a; = 1 will achieve a small decrease in the probability of increasing s;. In the following, we
provide an intuitive interpretation of why the monotonicity in Property 4 of Theorem 3 depends
on F: We take the case of I‘;j < FZ’“ as an example and assume that there are only users j and k
in the system. Then, according to Section 3.2.2, the dynamic of s; and s;, can be divided into the

following three cases
* Neither s; nor s, increases. In this case, both s; and s, become zero.

* Either s; or s;, increases and the other becomes zero. We denote by Pf the probability that
only s;, increases when a; = 1. The notation for other cases is defined analogously. The

probabilities can be obtained easily using the results in Section 3.2.2.
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* Both s; and s;, increase. We denote by P; the probability that both s; and s, increase when
a; = 1. Py is defined analogously. The probabilities can be obtained easily using the

results in Section 3.2.2.

We notice that 7% (x) implies the tendency of the base station to choose between the two
users. The larger 5ok (x) is, the more the base station tends to choose user k. Thus, we investigate
the base station’s propensity to choose user £ when s, increases but s; stays the same. We ignore

the case where the resulting s, is zero since it is independent of the increase in s;. With this

o . . . . R ot
in mind, we first notice that P{ < PF. Meanwhile, we can easily verify that % = —-. When
k

T

F? < F’;’C, we have P; < P,. Then, there exists a subtle trade-off. More precisely, choosing user
k will result in P,f < Pf, but at the cost of P, > P;. Hence, in this case, the propensity of the
base station is hard to determine. Following the same line, we can show that choosing user j will
lead to Pj < P,g and P; < Pj,. Thus, there exists no such trade-off when we investigate the base
station’s propensity to choose user j as s; increases but s, stays the same.

Leveraging Theorem 3, we can provide some specific structural properties of the optimal

policy.
Corollary 3. When M = 1, the optimal policy for PP must satisfy the following
1. The user i with v; = pgi = 0 or s; = 0 will not be chosen unless it is to break the tie.

2. When user j is chosen at state x1, then for state o, such that 71 ; < 7o ; and sy ; = sa; for

1 <i < N, the optimal choice must be in the set G = {j} U{k : 71 < Toy}.

3. When N = 2, we consider two states, x| and x5, which differ only in the value of s;.
Specifically, s1; < s ;. If user j is chosen at state @1 and T';" < T}, the optimal choice
at state xo will also be user j.
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4. When N = 2, we consider two states, x| and xo, which differ only in the value of sy.
Specifically, sy > so. If user j is chosen at state &1 and T’} > I'."*, the optimal choice

at state xo will also be user ;.

5. When all users are statistically identical, the optimal choice at any time slot must be
either the user with © = (Syaz.1,1) Where Spmaeq1 = max,,{(s;, 1)} or the user with

T = (Smaz,0,0) where Syaz0 £ max,,{(s;,0)}. Moreover,

* If Smaz.1 = Smax.0» it is optimal to choose the user with x = (Smaz1, 1).

* If Smaza < Smaz.0, the optimal choice will switch from the user with * = (S;az.0,0)

to the user with © = (Symaz.1, 1) When Syq,1 increases from 0 to Syq. 0 solely.

Proof. The first property follows directly from Property 1 and Property 3 of Theorem 3. For
the second property, leveraging Property 2 of Theorem 3, we have §*(xy) < §%(x;) < 0
if 71; < 7oy, F1p > Tog, and s;; = s9; for 1 < ¢ < N. Thus, the optimal choice will
not be user £ in this case. Then, we can conclude that the optimal choice must be in the set
G={jtU{k: 71 <ok}

For the third property, we have proved in Property 4 of Theorem 3 that §7*(x) is non-
increasing in s; if F;j < I'}*. Hence, 6"*(x5) < 6/%(x;) < 0. As we consider the case of
N = 2, the optimal choice at state &5 will also be user j. The fourth property can be shown in a
similar way by noticing that /% () is non-decreasing in s, when F? > Tk,

For the last property, we recall from Property 5 of Theorem 3 that it is always better to
choose the user with a larger s if they are statistically identical and have the same 7. Thus, we
can conclude that the optimal choice must be either the user with © = (421, 1) or the user with
T = (Smazp0,0). Without a loss of generality, we assume z; = (Smaz,1, 1) and 5 = (Syaz,0,0).
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Now, we distinguish between the following cases

* According to Property 5 of Theorem 3, we can conclude that it is optimal to choose user j

when Smam,l Z Sma:z:,O-

* To determine the optimal choice in the case of S;,4,1 < Smaz,0, We recall that the optimal
choice will be user k (i.e., 8*(x) > 0) if s; = 0 and will be user j (i.e., & (x) < 0) if
s; = sk. At the same time, Property 4 of Theorem 3 tells us that *(z) is non-increasing
in s; when users j and k are statistically identical. Therefore, we can conclude that the

optimal choice will switch from user k to user j when s; increases from 0 to s, solely.

3.4 Whittle’s Index Policy

Whittle’s index policy is a well-known low-complexity heuristic that demonstrates a strong
performance in many problems that belong to RMAB [66-68]. In this section, we develop
Whittle’s index policy for PP. We first present the general procedures we adopt to obtain Whittle’s

index.
* We first formulate a relaxed version of PP and apply the Lagrangian approach.

* Then, we decouple the problem of minimizing the Lagrangian function into N decoupled
problems, each of which only considers a single user. By casting the decoupled problem

into an MDP, we investigate the structural properties and performance of the optimal policy.

* Leveraging the results above and under a simple condition, we establish the indexability of

the decoupled problem.
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* Finally, we obtain the expression of Whittle’s index by solving the Bellman equation.

3.4.1 Relaxed Problem

The first step in obtaining Whittle’s index is to formulate the relaxed problem (RP). More
precisely, instead of requiring the limit on the number of updates allowed per transmission
attempt to be met in each time slot, we relax the constraint such that the limit is not violated
in an average sense. Then, RP can be formulated as

-1 N
arg min Ay = lim —E¢ ( fi(Siz >
t=0 i=1

T%oo
pee (3.4)

M

-1 N
subject to ,0¢ = lim E¢ ( azt> <M.
t=0

T—oo T -
=1

As RPis specified, we apply the Lagrangian approach. First of all, we write RP into its Lagrangian

form.

LA, ¢) = lim TE¢ (Z > (filsie) + /\ai,t)> —AM,

t=0 =1
where A > 0 is the Lagrange multiplier. Then, we investigate the problem of minimizing the
Lagrangian function. Since AM is independent of policies, we can ignore it. More precisely, we

consider the following minimization problem

H

T
minimize lim —IE i(Sie) + Aa; ) 3.5
ped 7500 T (tOiz:; floi) t)>
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3.4.2 Decoupled Model

In this section, we formulate the decoupled problem and investigate its optimal policy. The
decoupled model associated with each user follows the system model with N = 1. Since all the
users share the same structure, we drop the user-dependent subscript ¢ for simplicity. Then, the

decoupled problem can be formulated as

T-1
minimize lim E (s¢) + Aay) |, 3.6)
b€ g T—o0 1’ (; >

where @’ is the set of all causal policies when N = 1. We notice that problem (3.6) can be cast
into the MDP M, (A, —1). We define M/ = —1 when there is no restriction on the number of
updates allowed per transmission attempt.

We first investigate the structural properties of the optimal policy for M; (A, —1) when A
is a given non-negative constant. We start with characterizing the corresponding value function

V(z).
Corollary 4. For M;(\,—1), V(z) is non-decreasing in s.

Proof. The proof follows the same steps as in the proof of Lemma 2. The complete proof can be

found in Appendix B.4. [

Equipped with the above corollary, we can characterize the structural properties of the

optimal policy for (3.6).

Proposition 3. The optimal policy for the decoupled problem is a threshold policy with the

following properties.
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* The optimal policy can be fully captured by n = (ng, ny). More precisely, when the system

is at state (s,T), it is optimal to make a transmission attempt only when s > n.

'n02n1>0.

Proof. We define AV (z) £ V(z) — V°(x), where VV%(x) is the value function resulting from
taking action « at state =. Then, the optimal action at state x is a = 1 if AV(z) < 0,anda = 0
is optimal otherwise. We use Corollary 4 to characterize the sign of AV (z). The complete proof

can be found in Appendix B.5. [

In the following, we evaluate the performance of the threshold policy in Proposition 3.
More precisely, we calculate the expected Aoll A,, and the expected transmission rate p,, resulting
from the adoption of threshold policy . We will see in the following that A,, and p,, are essential

for establishing the indexability and obtaining the expression of Whittle’s index.

Proposition 4. Under threshold policy n = (ng,ny),

ni—1 no—1 +oo
Bn=mop | 3 FB)(1=p) " (1= p)m (Z Flo)eE™ + o 3 f<k>c’s‘"°>] |
k=1 k=ny k=ng

. m-1|_ 7 no—n 1
pnzﬂop(l—p)”{ o ta’ 1( - )}

1—02 1—61

where

o =

1 1 1 1 ’
2apt-p 2 (2 - 2 )]

cp=1=71-p)+yaandc; =(1-7)p+a
Proof. We notice that the dynamic of Aoll under the threshold policy can be fully captured by
a discrete-time Markov chain (DTMC). Then, combined with the fact that 7 is an independent
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Bernoulli random variable, we can obtain the desired results from the stationary distribution of

the induced DTMC. The complete proof can be found in Appendix B.6. 0

As f(+) can be any non-decreasing function, A can grow indefinitely. Thus, it is necessary
to require that there exists at least one threshold policy that causes a finite A. By noting that

1 —p>c1 > co, we have

A > mop

ey no—1 “+o0

Z f(k?)Cg_l + 03171 <Z f(k)cgfm + 030*”1 Z f(/f)cl;m)]
k=l k=n1 k=ng
+00

= Top (Z f(/{:)cl;_l) .
k=1

The equality is achieved when ny = n; = 1. Then, we can conclude that it is sufficient to
require ZZS (k)ch™' < 4o00. This will be the underlying assumption throughout the rest of

this chapter.

3.4.3 Indexability

In this section, we establish the indexability of the decoupled problem, which ensures the

existence of Whittle’s index. We start with the definition of indexability.

Definition 2 (Indexability). The decoupled problem is indexable if the set of states in which a = 0

is the optimal action increases with ), that is,
N < A= D(\)C D)),
where D(\) is the set of states in which a = 0 is optimal when Lagrange multiplier X is adopted.
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The Lagrange multiplier A can be viewed as a cost associated with each transmission
attempt. Intuitively, as ) increases, the base station should stay idle (i.e., a = 0) for a longer
time until s becomes large enough to offset the cost. Although it is intuitively correct that the
decoupled problem is indexable, the indexability is hard to establish as the optimal policy is
characterized by two thresholds. Thus, Whittle’s index does not necessarily exist. However, the

indexability can be established when the following condition is satisfied
pgyi =0 for1<i<N. (3.7)

Remark 4. Equation (3.7) only requires the estimate 7; to be perfect when 1; = 0. In the case of

7; = 1, we still allow the estimate to be inaccurate.
When (3.7) is satisfied, Propositions 3 and 4 reduce to the following

Corollary 5. When (3.7) is satisfied, the optimal policy for the decoupled problem (3.6) is the

threshold policy n = (4+00,n). The corresponding A,, and p,, are

Ay, = mop ( : FlR)A=p) (1 =p)" f(k)C’f"> :

k=1

pr = op(1 —p)" " ( ! ) ,

1—01

where

1
2+p(1—p)”_1( ! —l)‘

= »p

T =

Proof. We continue with the same notations as in the proof of Propositions 3 and 4. It is sufficient
to show that ny = +oc. To this end, we consider the state x = (s,0). By following the same
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steps as in the proof of Proposition 3, we have
AV (s,0) =X >0.

Therefore, it is optimal to stay idle (i.e., a = 0) at state x = (s, 0) for any s > 0. Equivalently,
no = +o0. Then, the corresponding A,, and p,, can be calculated as a special case of Proposition 4

where ng = +00, n; = n, and p? = 0. O
Leveraging Corollary 5, we can establish the indexability of the decoupled problem.
Proposition 5. The decoupled problem is indexable when (3.7) is satisfied.

Proof. According to [69, Proposition 2.2], we only need to verify that the expected transmission

rate p, is strictly decreasing in n. From Corollary 5, we have

)

Pn = .
2 p
—1
(1—p)"1+(1—01 )

As % < 1—p < 1, we can easily verify that p,, is strictly decreasing in n. Thus, the decoupled

problem is indexable when (3.7) is satisfied. ]

3.4.4 Whittle’s Index Policy

In this section, we proceed with finding the expression of Whittle’s index and defining

Whittle’s index policy. First of all, we give the definition of Whittle’s index.

Definition 3 (Whittle’s index). When the decoupled problem is indexable, Whittle’s index at state
x is defined as the infimum )\, such that both actions are equally desirable. Equivalently, Whittle’s
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index at state x is defined as the infimum X such that V°(x) = V(z).

Let us denote by W, the Whittle’s index at state x. Then, the expression of Whittle’s index

is given by the following Proposition.

Proposition 6. When (3.7) is satisfied, Whittle’s index is

0 x = (0,7) or z = (s,0),
We = (L—c) > flk)f=" = A,
0—a)d—p) 0-p-a _ "&b
\ a(l—p—a) 5

where s > 0 and ¢, = (1 — v)(1 — p) + ya. A, and p, are the expected Aoll and the expected
transmission rate when threshold policy n = (+00, s) is adopted, respectively. At the same time,

W, is non-negative and is non-decreasing in s.

Proof. Whittle’s indexes at state x = (0,7) and = = (s, 0) are obtained easily from the proof of
Proposition 3. For state z = (s, 1), we first use backward induction to calculate the expressions of
some value functions. Then, the expression of Whittle’s index can be obtained from its definition.

The complete proof can be found in Appendix B.7. 0

Definition 4 (Whittle’s index policy). At any state * = (z1,xs,...,xy), the base station will
transmit the updates from M users with the largest W,.. The ties are broken arbitrarily. W, is

calculated using Proposition 6 with the parameters of user 1.
Remark 5. Whittle’s index policy possesses the structural properties detailed in Corollary 3.

* The first two properties can be verified by noting that W,, > 0 and the equality holds when
7; = 0 or s; = 0. At the same time, W, is non-decreasing in 7.
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* The third and fourth properties can be verified by noting that W, is non-decreasing in s;.

e For the last property, we first notice that W, = W, when users j and k are statistically
identical and v; = w. Then, the property can be verified by noting that W,, is non-

decreasing in both s; and 1;.

3.5 Optimal Policy for Relaxed Problem

In this section, we provide an efficient algorithm to obtain the optimal policy for RP, based
on which we will develop another scheduling policy for PP in the next section that is free from
indexability. At the same time, the performance of the optimal policy for RP forms a universal

lower bound because the following ordering holds

A RP A PP
AAoII S AAo[I?

where ABP - and ALT, are the minimal expected Aoll of RP and PP, respectively.

Remark 6. Note that the optimal policy for RP may not necessarily be a valid policy for PP, as
the transmitter may transmit more than M updates in one transmission attempt under RP-optimal

policy.

To solve RP, we follow the discussion in Section 3.4.1. More precisely, we take the
Lagrangian approach and consider the problem reported in (3.5). We will see in the following
discussion that the optimal policy for RP can be characterized by the optimal policies for problem
(3.5). Therefore, we first cast problem (3.5) into the MDP My (A, —1). However, the optimal

policy for My (A, —1) is difficult to obtain because the state space is infinite. Even though we
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can make the state space finite by imposing an upper limit on the value of s, the state space and
the action space grow exponentially with the number of users in the system. To overcome the
difficulty, we investigate the optimal policy for M? (), —1) where 1 < i < N. The superscript
1 means that the only user in the system is user 2. We will show later that the optimal policy for

My (A, —1) can be fully characterized by the optimal policies for M%(\, —1) where 1 < i < N.

3.5.1 Optimal Policy for Single User

In this section, we tackle the problem of finding the optimal policy for M?()\, —1). Since
the users share the same structure, we ignore the superscript ¢ for simplicity. To find the optimal
policy, we first use the approximating sequence method (ASM) introduced in [52] to make the
state space finite. More precisely, we impose s < m where m is a predetermined upper limit.

The state transition probabilities P; ,(a, ) are modified in the following way

P g (a,T) if s <m,
' (a, ) = (3.8)

PS?‘S/ (a’ f) + Zz>m PS,Z<a7 72) Zf 8/ =1m.

The action space and the instant cost remain unchanged. Then, we can apply relative value
iteration (RVI) with convergence criteria e to obtain the optimal policy. We notice that M;(\, —1)
coincides with the decoupled model studied in Section 3.4.2. Hence, we can utilize the threshold
structure of the optimal policy to improve RVI. To this end, we class a state as active if the
optimal action at this state is a = 1. Then, the threshold structure detailed in Proposition 3 tells
us the following. For any state x, if there exists an active state z; with s; < sand 7; < 7,

then x must also be active. Hence, we can determine the optimal action at state « immediately
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Algorithm 3 Improved Relative Value Iteration

1: procedure RELATIVEVALUEITERATION( M ¢)

N

10:
11:

12:
13:
14:
15:
16:
17:

A A

Initialize Vo(x) = 0; v =0
Choose z"¢/ € X arbitrarily
while V, is not converged do
for x = (s,7) € X do
if 3 active state (s1,71) s.t. s3 < sand 7; < 7 then
a*(x) =1
Qi () = C(a, 1) + Xy Paar (Vi (&)
else
for a € Ado
H,o.=C(z,a)+ Y, Pu(a)V,(z)
a*(z) = argmin,{H, . }
Quir (1) = Hy e

for z € X do
Vi1 (z) = Quyi(x) — Quia(27¢)
v=v-+1

return n < a*(z)

instead of comparing all feasible actions. In this way, we can reduce the running time of RVIL.
The pseudocode for the improved RVI can be found in Algorithm 3 where V,, converges when the

maximum difference between the results of two consecutive iterations is less than €. A similar

technique is also presented in [48].

efficiently using Proposition 6. Therefore, we can obtain the optimal policy using Whittle’s index

and further reduce the computational complexity. To this end, we denote by 12, the optimal policy

For M (A, —1), when problem (3.7) is satisfied, Whittle’s index exists and can be calculated

for M; (), —1) and present the following proposition

Proposition 7. When (3.7) is satisfied, the optimal policy for M1 (X, —1) isn, = (+00,n) where

n is given by
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1 A=0,
max{s € Ng: W, <A} +1 A>0.

W is the Whittle’s index at state (s, 1).

Proof. We notice that M (\, —1) coincides with the decoupled model studied in Section 3.4.2.
Then, we show the optimal action for each state with 7 = 1 using the definition of Whittle’s index
and the fact that the decoupled problem is indexable when (3.7) is satisfied. The complete proof

can be found in Appendix B.8. [

In the following, we provide a randomized policy that is also optimal for M; (A, —1). We

will see later that the randomized policy is the key to obtaining the optimal policy for RP.

Theorem 4. There exist two deterministic policies ny, and ny_, which are both optimal for
M (N, —1). We consider the following randomized policy my: every time the system reaches
state (0,0), the base station will make the choice between ny_ with probability | and n, with
probability 1 — . The chosen policy will be followed until the next choice. Then, the randomized

policy ny is optimal for My(\, —1) under any u € [0, 1].

Proof. We show that our system verifies the assumptions given in [50]. Then, leveraging the
characteristics of our system, we can obtain the optimal randomized policy. The complete proof

can be found in Appendix B.9. [

In practice, we approximate Ay ~ A + ¢ and A_ =~ A — £ where ¢ is a small perturbation.
Then, the deterministic policies n, and n_ can be obtained by following the discussion at the

beginning of this subsection. Note that, in most cases, i, and n,_ are the same.
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3.5.2 Optimal Policy for RP

In this section, we characterize the optimal policy for RP. Let us denote by V(x) and
V(z;) the value functions of My (A, —1) and M (\, —1), respectively. Then, we can prove the

following

Proposition 8. V(z) = S~ | Vi(x;) where ® = (x1,...,xx). In other words, the policy, under

which each user adopts its own optimal policy, is optimal for My (X, —1).

Proof. We show V (x) = sz\il V'(x;) by comparing the Bellman equations they must satisfy.

The complete proof can be found in Appendix B.10. [

We denote the optimal policy for My (A, —1) as ¢y = [ny1, ...,y x| Where ny; is the
optimal policy for M? (A, —1). For simplicity, we define A()) and p()\) as the expected Aoll
and the expected transmission rate associated with ¢, respectively. A?(\) and pi(\) are defined
analogously for user i under policy n, ;. We also define \* = inf{\ > 0 : p(\) < M}. With
Proposition 8 and the above definitions in mind, we proceed with constructing the optimal policy

for RP.

Theorem 5. The optimal policy for RP can be characterized by two deterministic policies ¢ N =
["/\Lla ""n)\i»N] and ¢y = [Ny 1,...,M\= N| where ny: i and my- ; are both the optimal
deterministic policies for Mi(\*, —1). Then, we mix ®xy and ¢+ in the following way: for each
user i, every time the user reaches state (0,0), the base station will make the choice between

ny- ; with probability ji; and mvy. ; with probability 1 — ji;. The chosen policy will be followed
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by user 1 until the next choice. Where 1 < 1 < N, the u; is chosen in such a way as to satisfy

N
A=) (Nz p'(AL) + (1 — /M)ﬁ%&)) = M. (3.9)
=1

i=1
Then, the mixed policy, denoted by ¢ -, is optimal for RP.
Proof. According to [50, Lemma 3.10], a policy is optimal for RP if
1. It is optimal for My (\*, —1);
2. The resulting expected transmission rate is equal to M.

Then, we construct such a policy using Theorem 4 and Proposition 8. The complete proof can be

found in Appendix B.11. [

Since we approximate A% ~ A* 4+ & and \* &~ \* — ¢ in practice, p'(\*) < p'(A\*) for all
1 according to the monotonicity given by [50, Lemma 3.4]. Combining with the definition of \*,
we must have p(A}) < M < p(AX). Therefore, we can always find f;’s that realize (3.9). In this

chapter, we choose
M)
Hi = b= — ¥ N}
PON) — p(AL)

for1<i<AN. (3.10)

Then, we describe the algorithm used to obtain the optimal policy for RP. As detailed in Theorem 5,
it is essential to find A*. To this end, we recall that, for any user ¢ under given A, the optimal
deterministic policy 7, ; can be obtained using the results in Section 3.5.1 and the resulting
expected transmission rate p'(\) is given by Proposition 4. Since p’()) is non-increasing in \ for
all i according to [50, Lemma 3.4], 5(\) = S_N, 5()) is also non-increasing in \. Hence, we

can regard p(\) as a non-increasing function of A. Then, according to the definition of A*, we can
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Algorithm 4 Bisection Search
1: procedure BISECTIONSEARCH(M y (A, —1), M, &, €)

2 Initialize A\ =0; A =1

3: O, + (Mn(A4, —1),€) using Section 3.5.1 and Proposition 8
4: p(A}) < ¢, using Proposition 4

5: while p(\) > M do

6: A=A Ay =20,

7: Or,  (Mn(Ay, —1),€) using Section 3.5.1 and Proposition 8
8: p(A+) <= ¢, using Proposition 4

9: while A\, — \_ > 2¢ do

10: A= 2t

11: ox < (Mny (A, —1), €) using Section 3.5.1 and Proposition 8
12: p(\) < ¢, using Proposition 4

13: if p(\) > M then

14: A=A

15: else

16: AL = A

17: return (A%, \*) < (A, A)

use the Bisection search to obtain \* efficiently. The main steps can be summarized as follows.

1. Initialize A =0and A\, = 1.

2. Do )\_ = A+ and )\+ = 2)\+ until ﬁ()\+) < M.

3. Run Bisection search on the interval [A_, A, ] until the tolerance 2¢ is met.

Then, A* and A7 can simply be the boundaries of the final interval. The pseudocode for the
Bisection search can be found in Algorithm 4. After obtaining A* and A7, the optimal policy ¢y«

is detailed in Theorem 5 and the mixing probabilities y;’s are given by (3.10).

Remark 7. We recall that the optimal deterministic policy for each user can be characterized by
two positive thresholds (i.e., nyg,ny > 0). Consequently, under RP-optimal policy, the base station
will never choose the user at state (0,7). Then, when M increases, the expected transmission

rate achieved by RP-optimal policy will saturate before M reaches N. When the expected
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transmission rate saturates, the RP-optimal policy is ¢* = [nq,...,ny] where n; = (1,1) for
1 <@ < N. The saturation happens when M is larger than or equal to the expected transmission

rate achieved by ¢*.

3.6 Indexed Priority Policy

Although the performance of Whittle’s index policy is famously good, it requires indexability,
which is usually difficult to establish. In this section, based on the primal-dual heuristic introduced
in [70], we develop a policy that does not require indexability and has comparable performance

to Whittle’s index policy. We start with presenting the primal-dual heuristic.

3.6.1 Primal-Dual Heuristic

The heuristic is based on the optimal primal and dual solution pair to the linear program
associated with RP. To introduce the linear program, we define 7’ (¢) > 0 as the expected time
that user i is at state x; and action a; is taken according to policy ¢. Then, for any ¢, 73 ($) must

satisfy the following problems

7

70(0) + 7L (0) = 3N Pu(a)nli(e),  Vai,i.

D) w(e) =1, Vi

T a;

The objective function of RP can be rewritten as

N
mgibniemqi)ze >N Clrimii(9),

=1 Zi,a4
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where C'(x;) = fi(s;) is the instant cost at state x;. The constraint on the expected transmission

rate can be rewritten as

2D M (9) <M.

=1 x;

Thus, the linear program associated with RP can be formulated as the following

N
minimize E g C(x;)my:!
1

’/Txi =1 x;,a;

/

. / a,; .
subject to  mo. +m,, — g E Py o (a)m) =0, Vi,
T
x,  al

MY mm=1, Vi (3.11)

T aq

N
2D M S M.

=1 x;

o ,
e >0, Vg, a1

The corresponding dual problem is

N
maximize g o, — Mo
0,04, 0y, i—1

subject to o, + 0; — ZPxi,x;(O)UIQ < C(xi), Vay,i,
& (3.12)

Oy, + 0 — prl,x;(l)o-x’l —0< C(‘Tl)a V.Z'i,i,

o> 0.
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Let {7’} and {7, 0}, 0., } be the optimal primal and dual solution pair to the problems reported

in (3.11) and (3.12). We define
=" Poa(0)5, + Cla:) — 65 — G4, > 0,

Vo, =D Paa ()00 + 7+ C(;) = 3i — 7, > 0.

For any state * = (zq,...,zx), let h(x) = Zfil L7 >0}. Then, the heuristic operates in the

following way

* If h(x) > M, the base station will choose the M users with the largest ©'0. among the /()

users.

» If h(x) < M, these h(x) users are chosen by the base station. The base station will choose

M — h(z) additional users with the smallest 1. .

However, linear programming (LP) is a very general technique and does not appear to take
advantage of the special structure of the problem. Although there are algorithms for solving
rational LP that take time polynomial in the number of variables and constraints, they run very
slowly in practice [71]. For our problem, we notice that the users have separate activity areas that
are linked through a common resource constraint. Therefore, PP can be solved using Dantzig-
Wolfe decomposition. Even so, the problem is still computationally demanding when the system
scales up. We recall that we solved the exact problem efficiently using MDP-specific algorithms

in Section 3.5. It is more efficient because of the following reasons
* According to Proposition 8, we can decompose the problem into N subproblems.
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* For each subproblem, the threshold structure of the optimal policy is utilized to reduce the

running time of RVL.

* As we will see later, the developed policy can be obtained directly from the result of RVI

in practice.

In the following, we will translate the results in Section 3.5 into the optimal primal and dual

solution pair and propose the indexed priority policy.

3.6.2 Indexed Priority Policy

We first define the Lagrangian function associated with (3.11).

N
L(m3,0,04,04,V5) = ( Z Z C(xz)wg) + Z Oz, (Z Z ngyxi(a;)ﬂzg -y, — Wi) +

=1 x;,a; 1,%5
N
> :02-(1— > D wg;ﬁ) +a<§ D> :W;i—M) — ) g
=1 T; a; =1 z; 1,2;,0;

Then, the corresponding Lagrangian dual function is
9(07 Oiy Oy T/Jgi) = lnf‘c(ﬁg;7 0,04, Og,, gi)
Let 7, be the expected time that user 7 is at state x; caused by the adoption of ¢,~, where ¢« is

the optimal policy detailed in Theorem 5. Then, we define {7} as follows.

* For state x; where the randomization happens (randomization happens when the actions
suggested by the two optimal deterministic policies are different), 70 = ap,. . (x;)(1 —

i) Ty, + Q. (@) iy, and w, = m,, — wo. where fi; is given by (3.10) and ay, ,(z;) is
o i i s
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the action suggested by 7 ; at state x;.

* For other values of z;, we have 70 = (1 — an,. ,(2;))7,, and 7} = m,, — 70 .

We also define 0 = \*, 0; = 0;, and 0,, = V*(x;) where \* is specified in Section 3.5.2, 0; is
the optimal value of M (\*, —1), and V*(x;) is the value function associated with M (\*, —1).

Lastly, we define {1/g’ } as follows.

Yy = Z Py o (1)ow + 0+ C(x;) — 07 — 0.
Then, we can prove the following proposition.
Proposition 9. {73!} and {0, 03,0, } are primal and dual solutions to (3.11), respectively.

Proof. Since (3.11) is linear and strictly feasible, it is sufficient to show that {0, 04, 0,95 } and

{mg:} verify the KKT conditions, which can be expressed as the following four conditions.
1. Primal feasibility: the constraints in (3.11) are satisfied.
2. Dual feasibility: ¢ > 0 and ng > 0 for all x;, a;, and <.
3. Complementary slackness: o ( SV > s, — M) = 0 and Y% = 0 for all z;, a;, and
i.
4. Stationarity: the gradient of L(75!, 0, 04, 0, 5) with respect to {7} vanishes.

Apparently, the first condition is satisfied by {7g}. For the second condition, o > 0 since
o = X* > 0 by definition. For 1%/, we can verify that % = V"% (x;) — V'(x;) where V"% (x;)
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is the value function resulting from taking action a; at state x;. Then, the non-negativity is
guaranteed by the Bellman equation. For the third condition, the first term is zero because we
choose the /1;’s given by (3.10). For the second term, we recall that 1% = V"% (z;) — V'(z;).
According to the definition of 7%, we know V'(z;) = V"% (x;) if 7% > 0. Combined together,
we can conclude that 137 = 0 when 73¢ > (0. Thus, the third condition is satisfied. For the last

condition, setting the gradient equal to zero yields a system of linear equations. More precisely,

foreachz,and 1 < < N

(

Z P%x;(l)azg +o+C(x;) =0, +0; + Qﬂ;
\ 7]

Then, {0, 0;, 04,15 } verifies the system of linear equations by definition. Since all conditions

are satisfied, we can conclude our proof. O]

According to Proposition 9, we know that {7$} and {0, 0;,0,,} defined above are the
optimal solutions to problems (3.11) and (3.12), respectively. As the optimal solutions are
obtained, we can adopt the heuristic detailed in Section 3.6.1.

The heuristic can be expressed equivalently as an index policy. To this end, we define the

index I,, for state x; as

I, 290 — 4l
According to the complementary slackness, /., can be reduced to the following.

* For state z; such that 7 > 0 and 70 = 0, we have ¢} = 0. Therefore, I,, =92 > 0.
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« For state z; such that 7 > 0 and 72 > 0, we have ¢} = 92 = 0. Therefore, I,, = 0.
« For state z; such that 7} = 0 and 70, > 0, we have ¢ = 0. Therefore, I, = —¢} < 0.
We can show that 7, possesses the following properties.

Proposition 10. For1 <¢ < N, I, > —\* for any x;. The equality holds when t; = pg,i =0or

s; = 0. At the same time, 1., is non-decreasing in both s; and 7;.

Proof. We notice that I, can be expressed as a function of V(x;) and \*. Also, M{(\*, —1)
coincides with the decoupled model studied in Section 3.4.2. Then, we can verify the properties

of I,, using the results in Section 3.4.2. The complete proof can be found in Appendix B.12. [

Comparing with the heuristic detailed in Section 3.6.1, we can define the indexed priority

policy.

Definition 5 (Indexed priority policy). At any state x = (x1, s, ...,xy), the base station will

transmit the updates from N users with the largest I,,. The ties are broken arbitrarily.

Remark 8. Indexed priority policy belongs to the class of priority policies introduced in [72].

These priority policies are asymptotically optimal when certain conditions are satisfied.
Remark 9. Indexed priority policy possesses the structural properties detailed in Corollary 3.

* The first two properties can be verified by noting that I,, > —\* and the equality holds

when r; = pg ; = 0ors; = 0. At the same time, I, is non-decreasing in 7.

* The third and fourth properties can be verified by noting that I, is non-decreasing in s;.
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e For the last property, we first notice that I,; = I, when users j and k are statistically
identical and x; = x. Then, the property can be verified by noting that I,, is non-

decreasing in both s; and r;.

We notice that §;’s and C'(z;)’s are canceled out by the definition of ,,. Therefore, I, can
be calculated using A\* and the value function of MY (\*, —1). In practice, we can use either \*
or A’ to approximate \*, and the value function can be approximated by the result of the RVI
detailed in Section 3.5.1. Since the state space is infinite, we only calculate a finite number of
V’(xz) the number of which depends on the truncation parameter m of ASM. Meanwhile, the

probabilities P, ./ (a;) in I,, are modified according to (3.8).

3.7 Numerical Results

In this section, we provide numerical results to showcase the performance of the developed
scheduling policies. To eliminate the effect of NV, we plot the expected average Aoll. In particular,
we provide the expected average Aoll achieved by the indexed priority policy and Whittle’s index
policy when M = 1. The policies are calculated using the results detailed in Sections 3.4-
3.6. When obtaining the indexed priority policy, we set the tolerance in the Bisection search
to & = 0.005. Meanwhile, we choose the truncation parameter in ASM m = 800 and the
convergence criteria in RVI e = 0.01. We notice that the calculation of Whittle’s index involves
an infinite sum. In practice, we approximate the result by replacing +o0o with a large enough
number k... Here, we choose k.., = 800. For both scheduling policies, the resulting expected
average Aoll is obtained via simulations. Each data point is the average of 15 runs with 15,000

time slots considered in each run.
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We also compare the developed policies with the optimal policy for RP, which can be
calculated by following the discussion in Section 3.5.2. We adopt the same choices of parameters
as we used to obtain the developed policies. The corresponding performance is calculated using
Proposition 4. Like before, the infinite sum is approximated by replacing +oo with k.. =
800. We also provide the expected average Aoll achieved by the Greedy policy to show the
performance advantages of the developed policies. When the Greedy policy is adopted, the base
station always chooses the user with the largest Aoll. The resulting expected average Aoll is
obtained via the same simulations as applied to the developed policies.

Figures 3.2 and 3.3 illustrate the performance when the source processes have different
dynamics and when each user’s communication goal is different, respectively. Figure 3.2a shows
the performance when p; = 0.05 + % for 1 <7 < N. For other parameters, the users make
the same choices. More precisely, f;(s) = s, v; = 0.6, and p?; = p}; = 0.1for 1 < i < N.
Figure 3.3a provides the performance when f;(s) = sOPT AT for 1 < ¢ < N. Same as before,
the users make the same choices for other parameters. More precisely, p; = 0.3, 7; = 0.6, and
pY; =ps; = 0.1for1 <i < N.InFigures 3.2b and 3.3b, we force p? ; = 0 for all users to ensure
the existence of Whittle’s index. Other choices remain the same as in Figures 3.2a and 3.3a.
According to Corollary 3, the optimal policy will never choose the user with # = p? = 0 unless
it is to break the tie. Therefore, in Figures 3.2b and 3.3b, we also consider the Greedy+ policy
where the base station always chooses the user with the largest Aoll among the users with 7 = 1.
The resulting expected average Aoll is obtained via the same simulations as applied to the Greedy
policy.

Figure 3.4 shows the performance in systems where the parameters for each user are

generated uniformly and randomly within their ranges. In Figure 3.4a, we consider N = 5,
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N-1 ~

v € [0,1], p € [0.05,0.45], p. € [0,0.45], and f(s) = s7, where 7 € [0.5, 1.5]. There are a total

of 300 different choices and the results are sorted by the performance of RP-optimal policy in

ascending order. Figure 3.4b adopts the same system settings except that we impose pg,i = 0 for

1 <7 < N to ensure the feasibility of Whittle’s index policy. Meanwhile, we ignore the Greedy

policy since the Greedy+ policy achieves a better performance, as indicated by Figures 3.2b

and 3.3b.

We can make the following observations from the figures.

* The Greedy+ policy yields a smaller expected average Aoll than that achieved by the

Greedy policy. Recall that we obtained the Greedy+ policy by applying the structural

properties detailed in Corollary 3. Therefore, simple applications of the structural properties

of the optimal policy can improve the performance of scheduling policies.

* The indexed priority policy has comparable performance to Whittle’s index policy in all

the system settings considered. The two policies have their own advantages. The indexed
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each user are chosen randomly within the following intervals: v € [0, 1], p € [0.05,0.45], p° € I,
pl €10,0.45], and f(s) = s™ where 7 € [0.5,1.5].

priority policy has a broader scope of application, while Whittle’s index policy has a lower

computational complexity.

* The performance of the indexed priority policy and Whittle’s index policy is better than
that of the Greedy/Greedy+ policies and is not far from the performance of the RP-optimal
policy. Recall that the performance of the RP-optimal policy forms a universal lower bound
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on the performance of all admissible policies for PP. Hence, we can conclude that both the

indexed priority policy and Whittle’s index policy achieve good performances.

3.8 Conclusions

In this chapter, we studied the problem of minimizing the Age of Incorrect Information
in a slotted-time system where a base station needs to schedule M users among N available
users. Meanwhile, the base station has access to imperfect CSI in each time slot. The problem
is a RMAB problem which is SPACE-hard. However, by casting the problem into a MDP, we
obtain the structural properties of the optimal policy. Then, we introduce a relaxed version of the
original problem and investigate the decoupled model. Under a simple condition, we establish the
indexability of the decoupled problem and obtain the expression of Whittle’s index. On this basis,
we developed Whittle’s index policy. To get rid of the requirement for indexability, we developed
the indexed priority policy based on the optimal policy for the RP. The characteristics of the
RP are explored to make the calculation of its optimal policy more efficient. Finally, through
numerical results, we show that simple applications of the structural properties can improve the
performance of scheduling policies. Moreover, Whittle’s index policy and the indexed priority

policy achieve good and comparable performances.
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Chapter 4: Freshness against Generic Delay

4.1 Overview

With the rapid growth in the number of data exchanges and the unprecedented expansion
of their application scenarios, the channel environment has become more complex, and the
diversity of data has also increased. This leads to a large uncertainty in the data transmission
time, which stimulates our interest in how to keep the information fresh in case of transmission
delay. In this chapter, we consider the problem of minimizing Aoll when the communication
channel suffers a random delay. We provide a theoretical analysis of the problem, and the results
apply to generic delay distributions. The system with a random delay communication channel
has also been studied in the context of remote estimation and Aol [25, 73-75]. However, the
problem considered in this chapter is very different, as Aoll is a combination of age-based metric
frameworks and error-based metric frameworks.

The main contributions of this chapter can be summarized as follows. 1) We investigate
the Aoll minimization problem in a system where the communication channel suffers a random
delay and characterize the optimization problem using the Markov decision process. 2) We derive
the analytical expression of the expected Aoll achieved by the threshold policy, under which the
transmitter initiates transmission only when the transmission is allowed, and Aoll exceeds the

threshold. 4) We prove the existence of the optimal policy and introduce a computable value
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iteration algorithm to estimate the optimal policy. 5) We theoretically find the optimal policy
using the policy improvement theorem.

This chapter summarizes the work in [76, 77], and the rest is organized as follows. We
introduce the system model and the optimization problem in Section 4.2. Then, Section 4.3
characterizes the problem using the Markov decision process. In Section 4.4, we derive the
analytical expression of the expected Aoll achieved by the threshold policy. Then, we show
the existence of the optimal policy, provide the value iteration algorithm to estimate it, and
theoretically find the optimal policy using the policy improvement theorem in Section 4.5. Finally,
Section 4.6 concludes the chapter with numerical results that highlight the performance of the

optimal policy.

4.2 System Overview

4.2.1 System Model

We consider a slotted-time system in which a transmitter observes a dynamic source and
needs to decide when to send status updates to a remote receiver so that the receiver can have a
good knowledge of the current state of the dynamic source. The dynamic source is modeled by a
two-state symmetric Markov chain with state transition probability p. The transmitter receives an
update from the dynamic source at the beginning of each time slot. The update at time slot £ is
denoted by X. The old update is discarded upon the arrival of a new one. Then, the transmitter
decides whether to transmit the new update based on the current system status. When the channel
is idle, the transmitter chooses between transmitting the new update and staying idle. When the

channel is busy, the transmitter has no choice but to stay idle. The updates will be transmitted
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over an error-free communication channel that suffers a random delay. In other words, the update
will not be corrupted during the transmission, but each transmission will take a random amount
of time 7" € N*. We denote the probability mass function (PMF) by p, £ Pr(T = t) and assume
that 7" is independent and identically distributed for each update. When a transmission finishes,
the communication channel is immediately available for the subsequent transmission.

The receiver maintains an estimate of the current state of the dynamic source and modifies
its estimate each time a new update is received. We denote by X, the receiver’s estimate at time
slot k. According to [75], the best estimator when p < % is the last received update. When
p > %, the optimal estimator depends on the realization of transmission time. In this chapter,
we only consider the case of 0 < p < % In this case, the receiver uses the last received update
as the estimate. For the case of p > %, the results can be extended using the corresponding best
estimator. The receiver uses ACK/NACK packets to inform the transmitter of its reception
of the new update. As is assumed in [36], the transmitter receives the ACK/NACK packets
reliably and instantaneously because the packets are generally very small compared to the size of
the status updates. When ACK is received, the transmitter knows that the receiver’s estimate
changes to the last sent update. When NACK is received, the transmitter knows that the
receiver’s estimate does not change. In this way, the transmitter always knows the current
estimate on the receiver side.

An illustration of the system model is shown in Figure 4.1. At the beginning of time slot
k, the transmitter receives the update X, from the dynamic source. Then, the transmitter decides
whether to transmit this update based on the system status. When the transmitter decides not to
start transmission, it will stay idle. Otherwise, the transmitter will transmit the update through the

communication channel, where the transmission of the update takes a random amount of time.
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Figure 4.1: An illustration of the system model, where X; and X, are the state of the dynamic
source and the receiver’s estimate at time slot £, respectively.

Thus, the update received by the receiver has a delay of several time slots (i.e., Xi_7). Then, the
receiver will modify its estimation X, based on the received update and send an AC'K packet to
inform the transmitter of its reception of the update.

The system adopts Aoll as the performance metric. Since the dynamic source has two
states, we let X, € {0,1} and X, € {0,1}. Then, in this chapter, we choose g(X;, X;) =
|X;, — Xi| and f(k) = k. Hence, F(k) = 1 and g(X}, X},) € {0,1} as the dynamic source has

two states. Then, Aoll can be written as

Aport(Xp, Xp, k) = k — Uy, & Ay,

where U}, is defined in Section 1.2.2. We can easily conclude from the simplified expression
that, under the chosen penalty functions, Aoll increases at the rate of 1 per time slot when the
receiver’s estimate is incorrect. Otherwise, Aoll is 0. Next, we characterize the evolution of Ay.

To this end, we divide the evolution into the following cases.
* When X = Xkﬂ, we have U, .1 = k + 1. Then, by definition, A, = 0.

* When X, # X’kﬂ, we have Up,; = Ug. Then, by definition, A1 = k+1 - U, =

A+ 1
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Combining together, we have

Apr = 1{ X1 # X HAL +1). (4.1)

Now that the evolution of Aoll has been clarified, we further discuss the system’s evolution.

4.2.2 System Dynamic

In this subsection, we tackle the system dynamics, which will play a key role in later
sections. We notice that the system’s status at the beginning of time slot k£ can be fully captured
by the triplet sy, =S (Ag, tx,ix) where t;, € N indicates the time the current transmission has been
in progress. We define ¢, = 0 if there is no transmission in progress. i, € {—1,0, 1} indicates
the state of the channel. We define i, = —1 when the channel is idle, ¢;, = 0 if the channel is
busy and the transmitting update is the same as the receiver’s current estimate, and ¢, = 1 when

the transmitting update is different from the receiver’s current estimate.

Remark 10. According to the definitions of t;, and iy, iy, = —1 if and only if t;, = 0. In this case,

the channel is idle.

Then, characterizing the system dynamics is equivalent to characterizing the value of s; 1
using s, and the transmitter’s action. We use a;, € {0,1} to denote the transmitter’s decision,
where a;, = 0 when the transmitter decides not to initiate a transmission and a;, = 1 otherwise.
Hence, the system dynamics can be fully characterized by P;, , ., (ax), which is the probability

that action ay, at sy leads to s ;. We will revisit P, (ax) with an in-depth analysis later.

SksSk+1
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4.2.3 Problem Formulation

We define a policy ¢ as the one that specifies the transmitter’s decision in each time
slot. This chapter aims to find the policy that minimizes the expected Aoll of the system.
Mathematically, the problem can be formulated as the following optimization problem.

K-1
1
arg min lim —=E, Ar |, 4.2)
o 2 (3

where [E, is the conditional expectation, given that policy ¢ is adopted, and @ is the set of all

admissible policies.

Definition 6 (Optimal policy). A policy is said to be optimal if it yields the minimal expected

Aoll.

In the next section, we characterize the problem reported in (4.2) using a Markov decision

process (MDP).

4.3 MDP Characterization

The minimization problem reported in (4.2) can be characterized by an infinite horizon

with average cost MDP M, which consists of the following components.

* The state space S. The state s = (A, ¢, 1) is the triplet defined in Section 4.2.2 without the
time stamp. For the remainder of this chapter, we will use s and (A, ¢, 1) to represent the

state interchangeably. They will synchronize any superscript or subscript.

* The action space .A. When i = —1, the feasible action is a € {0, 1} where a = 0 if the
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transmitter decides not to initiate a new transmission and a = 1 otherwise. When ¢ # —1,

the feasible action is ¢ = 0.

* The state transition probability P. The probability that the operation of action « at state s

leads to state s is denoted by P; ¢ (a), whose value will be discussed in the next subsection.
» The immediate cost C. The immediate cost for being at state s is C'(s) = A.

Let V(s) be the value function of state s € S. It is well known that the value function satisfies

the Bellman equation [78].

Vi(s)+6= zneljll {C(s) + Z PS,S/(a)V(s’)} seS, 4.3)

s'eS

where 6 is the expected Aoll achieved by the optimal policy. We will write V'(s) as V (A, t,1) in
some parts of this chapter to better distinguish between states. We notice that the state transition
probability is essential for solving the Bellman equation. Hence, we delve into P ¢ (a) in the

following subsection.

4.3.1 State Transition Probability

We recall that P ¢ (a) is the probability that action « at state s will lead to state s’. Then,
we define Pr(T > k + 1| t) as the probability that the current transmission will take more than
t + 1 time slots, given that the current transmission has been in progress for ¢ time slots. Hence,

1-Pr(T<t+1) 1-Py
Pr(T > t) - 1-PR

PrT>t+1]t)=
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where P, & 37, _ pi. Leveraging this, P, (a) can be obtained easily. For the sake of space, the
complete state transition probabilities are detailed in Appendix C.1.

We notice that we do not impose any restrictions on the update transmission time, which
would make the theoretical analysis very difficult and lead to long channel occupancy by a single
update. Therefore, to ease the theoretical analysis and be closer to the practice, we consider the

following two independent assumptions. !

* Assumption 1: We assume that the update will always be delivered and the transmission

lasts at most t,,,, time slots. More precisely, we assume 1 < 7' < ¢,,,,, and

tmaac

ZptZL ptzoalgtgtmax
t=1

In practice, we can make the probability of the transmission time exceeding ¢,,,, negligible

by choosing a sufficiently large ¢,,,..

* Assumption 2: We assume the transmission can last for a maximum of ¢,,,,, time slots. At
the end of the ¢,,,.th time slot, the update will be discarded if not delivered, and the channel
will be available for a new transmission immediately. We define p,+ = > toan i1 Pt @S
the probability that the update will be discarded. In practice, similar techniques, such as
time-to-live (TTL) [79], are used to prevent an update from occupying the channel for too

long.

Remark 11. t,,,. is a predetermined system parameter and is not a parameter to be optimized.

When t,,... = 1, the system reduces to the one considered in [36], according to which the optimal

The results presented in this chapter apply to both assumptions unless stated otherwise.
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policy is to transmit a new update whenever possible. Therefore, in the rest of this chapter, we

focus on the case of t,,4. > 1.

Under both assumptions, the transmission will last at most ¢,,,, time slots, and the channel will
be immediately available for a new transmission when the current transmission finishes. Hence,
the state space S is reduced as t is now bounded by 0 < ¢ < %,,,. — 1. Moreover, the state

transition probabilities in Appendix C.1 will be adjusted as follows.

* Under Assumption 1, updates are bound to be delivered after ¢,,,, time slots. Hence,

Pr(T'>t+1]t)=0fort >t — 1.

* Under Assumption 2, updates will be discarded at the end of the ¢,,,,th time slot if not

delivered. Hence, s’ = (A, 42, ¢') Will be replaced by s = (A’,0, —1).

Having clarified the state transition probabilities, we evaluate a canonical policy in terms of the

achieved expected Aoll in the next section.

4.4 Policy Performance Analysis

As is proved in [36,37,48], the Aoll-optimal policy often has a threshold structure. Hence,

we consider the threshold policy.

Definition 7 (Threshold policy). Under threshold policy T, the transmitter initiates a transmission

only when the current Aoll is no less than threshold T € N° and the channel is idle.

Remark 12. We define T 2 oo as the policy under which the transmitter never initiates any

transmissions.
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We notice that the system dynamics under threshold policy can be characterized by a
discrete-time Markov chain (DTMC). Without loss of generality, we assume the DTMC starts
at state (0,0, —1). Then, the state space of the Markov chain S™¢ consists of all the states
accessible from state (0,0, —1). Since state (0,0, —1) is positive recurrent and communicates
with each state s € SMC, the stationary distribution exists. Let 7, be the steady-state probability

of state s. Then, 7, satisfies the following balance equation.

Ty = Z PSQS(CL)WS/ SESMC,

s'leSMC

where Py ;(a) is the single-step state transition probability as define in Section 4.3, and the
action a depends on the threshold policy. Then, the first step in calculating the expected Aoll
achieved by the threshold policy is to calculate the stationary distribution of the induced DTMC.

SMC is infinite and intertwined. To simplify the

However, the problem arises as the state space
state transitions, we recall that the transmitter can only stay idle (i.e., a = 0) when the channel
is busy. Let SMY = {s = (A,t,i) : i # —1} be the set of the state where the channel is busy.
Then, for s’ € S™C, P, (a) = Py 4(0) and is independent of the threshold policy. Hence, for

any threshold policy and each s € S\ SMC, we can repeatedly replace 7., where s' € S,

with the corresponding balance equation until we get the following equation.

Ty = Z PA/’A(CL)TFS/ seSsS \ S%C, 4.4)

s'eS\SME

where Pas a(a) is the multi-step state transition probability from state s" = (A’, 0, —1) to state
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s = (A, 0,—1) under action a. For simplicity, we write (4.4) as

ma =Y Paala)ma A>0, (4.5)

A>0

As we will see in the following subsections, wa is sufficient to calculate the expected Aoll

obtained by any threshold policy.

Remark 13. The intuition behind the simplification of the balance equations is as follows. We
recall that the system dynamics when the channel is busy are independent of the adopted policy.
Hence, we can calculate these dynamics in advance so that the balance equations contain only

the states in which the transmitter needs to make decisions.

In the next subsection, we derive the expression of Pa as(a).

4.4.1 Multi-step State Transition Probability

We start with the case of a = 0. In this case, no update will be transmitted, and Pa a/(0) is

independent of the transmission delay. Then, according to Appendix C.1,

1—-p A'=0,
Poa(0) =
p A =1,

and for A > 0,

Paa(0) =
1—-p A'=A+1.

91



In the sequel, we focus on the case of @ = 1. We define P} /(a) as the probability that action a
at state s = (A, 0, —1) will lead to state s' = (A’, 0, —1), given that the transmission takes ¢ time

slots. Then, under Assumption 1,

tmaz

Paar(1) =) pPAa(D).
t=1

Hence, it is sufficient to obtain the expressions of PA A (1). To this end, we define p{*) as the
probability that the dynamic source will remain in the same state after ¢ time slots. Since the

Markov chain is symmetric, p® is independent of the state and can be calculated by

P = ey ,

p 1-p
11

where the subscript indicates the row number and the column number of the target probability.

For the consistency of notation, we define p(o) £ 1. Then, we have the following lemma.

Lemma 4. Under Assumption 1,

tmaac
Paa(1) =Y pPAn(D), (4.6)
t=1
where
P A" =0,

Pg,A’(U =4pPpl —pkt 1<A =k <t

0 otherwise,
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and for A > 0,

p" A'=0,
(1=p“)(1—p) A =1,

PZ,A'(l) =911 —p(t’k))pQ(l —p)F? 2<A =k <t—1,
p(l1—p) A=A+t

0 otherwise.

Under Assumption 1, equation (4.6) can be written equivalently as

(tmax
> piPha(1) 0 <A <tyaw — LA> A,
t=A
tmaz
Pan (D) =95 pPLa(1) + puPiar(l) 0 A <ty — 1A < A,
t=A

\pt,PZ7A’(]-> A > tmaxs

where t' & A — A and PZA,(l) £ 0 whent' < 0 or whent' > tpu,. Meanwhile, Pa a(1)

possesses the following properties.
1. Pa /(1) is independent of A when 0 < A’ <t,,,, —land A > A.
2. Pan(1) = Pagsarvs(l) when A > t,,4, and A > 0 for any 6 > 1.
3. Paar(l) =0when A" > A+ ty0, or when tg, —1 < AP < A4 1.

Proof. The expression of P& /(1) is obtained by analyzing the system dynamics. The complete

proof can be found in Appendix C.2. 0

The state transition probabilities under Assumption 2 can be obtained similarly. To this
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end, we define PZA,(CL) as the probability that action « at state s = (A, 0, —1) will result in state

s’ = (A’,0,—1), given that the transmission is terminated. Then, we have the following lemma.

Lemma 5. Under Assumption 2,

tmaz

Pas(1) =) pePA (1) + pes PAa(1), (4.7)
t=1
where )
p" A'=0,
PS,A'(l) = p(t_k)p(l — p)k_l 1< A =k<t,
0 otherwise,
+ :
Pyar(1) = Py (1),
and for A > 0,

p" A'=0,
(1-p)(1—p) A =1,
Paa()=q 1 —ptp2(1—p)k2 2<A =k<t—1,

p(1—p)! A=A+t

0 otherwise,
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;

1 — pltmes) A =0,
(1 = pltmes=p(1 —p)F=t 1 <A =k < tyaw — 1,
(1 - p)tmaz A, =A + tmawa

0 otherwise.

\

Under Assumption 2, equation (4.7) can be written equivalently as

(tm(mc
> pPA A1) + e Pa (1) 0 <A <tpae —1,A> A,
t=A'

tmaz‘
Ppar(l) = > piPha(1) +prPha(D) +pePhall) 0<A <tyge — LA <A,
t=A'

kpt'PZ,A/(l) +pt+P§A/(1) A" >t
Meanwhile, Px a/(1) possesses the following properties.
1. Paar(1) is independent of A when 0 < A’ < t,,0, — 1 and A > max{1, A'}.
2. Pan(1) = Patsaris(l) when AN > tp0, and A > 0 for any § > 1.
3. Pan(l) =0when A" > A+ tyan or when tpa, —1 < A < A+ 1.

Proof. The proof follows similar steps as presented in the proof of Lemma 4. The complete proof

can be found in Appendix C.3. 0

As the expressions and properties of Pa as(a) under both assumptions are clarified, we

solve for A in the next subsection.

95



4.4.2 Stationary Distribution

Let E'T be the expected transmission time of an update. Since the channel remains idle if
no transmission is initiated and the expected transmission time of an update is E'T', wa satisfies

the following equation.
T—1 00
 Ta+ETY wa=1, (4.8)
A=0 A=T

where ET = >/ tp, under Assumption 1 and ET = >\ tp; +t,pq,p+ under Assumption
2. We notice that there is still infinitely many 7 to calculate. To overcome the infinity, we
recall that, under threshold policy, the suggested action is a = 1 for all the state (A, 0, —1) with
A > 7. Hence, we define IT £ Zf:w 7a Where w £ t,00 + 7 + 1. As we will see in the

following subsections, II and 75 for 0 < A < w — 1 are sufficient for calculating the expected

Aoll achieved by the threshold policy. With II in mind, we have the following theorem.

Theorem 6. For 0 < 7 < oo, Il and ma for 0 < A < w — 1 are the solution to the following

system of linear equations.

T—1 w—1
g = (1 —p)’ﬂ'o +pZ7TZ + Pl,(](l) (ZT[’% —|—H> .

i=1

w—1
T = PTg + Pl,l(l) (ZTF% +H) .

1= ( 5 Pi,tmmk(n) ot 3 (i)
i=74+1 \k=7+1 =1
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Foreach2 < A <tz — 1,

( w—1
(1 —p)ma_s + Pra(l) (Z ™ + H) A-1<T,

A-1

w—1
Z Pia(1)m + Paa(1) (Z m; + H> A—1>r
i—A

\ =T

™A —

Foreacht . <A <w-—1,

(I—-pma1 A-1<T,

A —

— y A-1
Y Pal)m A-1>r

Proof. We delve into the definition of II. By leveraging the structural property of the threshold
policy and the properties of Pa as(a), we obtain the above system of linear equations. The

complete proof can be found in Appendix C.4. 0
Remark 14. The size of the system of linear equations detailed in Theorem 6 is w + 1.

Corollary 6. When 7 = (,

Foreachl < A <t,40

A—-1 1 A—-1
™A — Z H’A(l)'ﬂ'i + PA’A(l) (ﬁ — Z 777;) .
0

1=0
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i:‘” (Z R‘,tmaﬁk(l)) T

= =L \k=1
tmaa:

1= Pt titmans14i(1)

=1

When = 1,

_ P _ pPo(1) +phia(1)
pET + Py(1)" ' pET + Pio(l)

o

Foreach2 < A <tz + 1,

tmaz+1 7
5 (z a,tm+k<1>)
k=2

= =2

tmaz

1= Prt2tmaet24i(1)

=1

Proof. The calculations follow similar steps as detailed in the proof of Theorem 6. The complete

proof can be found in Appendix C.5. [

We will calculate the expected Aoll in the next subsection based on the above results.

4.4.3 Expected Aoll

Let A, be the expected Aoll achieved by threshold policy 7. Then,

—_

T—

Ar =Y C(A0)ma+ Y C(A Dma, (4.9)

0 A=T

g
Il
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where C'(A,a) is the expected sum of Aoll during the transmission of the update caused by
the operation of « at state (A,0,—1). Note that C'(A, a) includes the Aoll for being at state

(A,0,-1).

Remark 15. In order to have a more intuitive understanding of the definition of C(A, a), we use
1 to denote a possible path of the state during the transmission of the update and let H be the
set of all possible paths. Moreover, we denote by C,, and P, the sum of Aoll and the probability

associated with path n), respectively. Then,

C(A,a) =) PC,

neH

For example, we consider the case of po = 1, where the transmission takes 2 time slots to be
delivered. Also, action a = 1 is taken at state (2,0,—1). Then, a sample path n of the state

during the transmission can be the following.

(2,0,—1) — (3,1,1) — (4,0, —1).

By our definition, C,, = 2+ 3 = 5 and P, = Pr[(3,1,1) | (2,0,-1),a = 1] - Pr[(4,0,-1) |

(3,1,1),a = 1] for the above sample path.

In the following, we calculate C(A, a). Similar to Section 4.4.1, we define C*(A, a) as the

expected sum of Aoll during the transmission of the update caused by action a at state (A, 0, —1),
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given that the transmission takes ¢ time slots. Then, under Assumption 1,

A a=0,
C(Aa) =

tmaz

> pCHA L) a=1,
t=1

and, under Assumption 2,

A
C(Aa) =

t'maac

ZptCt(A, 1) + per Ctmen (A1)

t=1

(4.10)

a=0,
(4.11)

a=1.

Hence, obtaining the expressions of C*(A, 1) is sufficient. To this end, we define C*(A) as

the expected Aoll k time slots after the transmission starts at state (A, 0, —1), given that the

transmission is still in progress. Then, we have the following lemma.

Lemma 6. C*'(A, 1) is given by

( h=1

A=0,

i A1 —p*p(1 —p)" + (A+k)(1-p)F A>0.

Proof. The expression of C*(A) is obtained by analyzing the system dynamics. The complete

proof can be found in Appendix C.6.
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Next, we calculate the expected Aoll achieved by the threshold policy. We start with the

case of 7 = oc.

Theorem 7. The expected Aoll achieved by the threshold policy with T = oo is

Proof. In this case, the transmitter never initiates any transmissions. Hence, the state transitions

are straightforward. The complete proof can be found in Appendix C.7. [

In the following, we focus on the case where 7 is finite. We recall that the expected Aoll
is given by (4.9). The problem arises because of the infinite sum. To overcome this, we adopt a
similar approach as proposed in Section 4.4.2. More precisely, we leverage the structural property

of the threshold policy and define ¥ = >°X_ C(A, 1)7a. Then, equation (4.9) can be written as

T—1 w—1
A= CE,0m+> Cli,)m+ 3.
1=0 =T

As we have obtained the expressions of ma and C'(A, a) in previous subsections, it is sufficient

to obtain the expression of >..

Theorem 8. Under Assumption 1 and for 0 < 7 < oo,

tmaz

2

t=1 i=w—t

tmaz
1= Z <ptP1t,1+t(1)>

t=1

w—1
ptPlt,l-i-t(l) ( Z C(i, 1)7Ti> + AL

Y=

Y
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where

w—1
Ht = ptPf,l—‘,—t(]') < Z i + H) y

i=w—t

tmas X
, max t _ t 1 _ 1
Atzzpi (—( p))

i=1

p

Under Assumption 2 and for 0 < 7 < oo,

tmax w—1
Z [( T(i—l—t,t)C’(i,l)m) + AL
w—1

t=1 1=

Y

Y
tTYLU,C(?

1= Y(w+tt)
t=1

where

T(A1) = pePh_y (1) + pre PRy A (1),

w—1
M= > Y(i+tt)m+ T(w+t, 0O,

i=w—t

t .

mazx t_t]._ 1 t_tl_ tmaz
AQzZm( ( p))ﬂ}ﬁ( (1—-p) )

=1

p p

Proof. We delve into the definition of 3 and repeatedly use the properties of C(A, a) and Pa a/(a).

The complete proof can be found in Appendix C.8. U

4.5 Optimal Policy

In this section, we find the optimal policy for M theoretically. First of all, we prove that

the optimal policy exists.
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4.5.1 Existence of the Optimal Policy

We introduce the infinite horizon y-discounted cost of M, where 0 < v < 1 is a discount

factor. The expected y-discounted cost under policy ¢ is

Vsn(s) =Eg

nytC’(st) ] 30] : (4.12)

t=0

where s, is the state of M at time slot t. We define V,(s) £ inf, V., (s) as the best that can be
achieved. Equivalently, V. (s) is the value function associated with the -discounted version of

M. Hence, V, (s) satisfies the corresponding Bellman equation.

V,(s) = min {C(s) + Z PS,S/(a)VV(S’)} :

acA
s'eS

Value iteration algorithm is a canonical algorithm to calculate V., (s). Let V, , (s) be the estimated

value function at iteration v. Then, the estimated value function is updated in the following way.

Vywi(s) = min {C(s) +vY Ps,s/(a)Vw,(s’)} . (4.13)

s'eS
Lemma 7. When updated following (4.13), lim,_,o, V,, ,.(s) = V,(s).

Proof. According to [80, Propositions 1 and 3], it is sufficient to show that V, (s) is finite. To this

end, we consider the policy ¢ being the threshold policy with 7 = oo. According to (4.12), we
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have

Vsq(s) = Eg

Then, by definition, we have V,,(s) <V, 4(s) < co. Hence, the value iteration reported in (4.13)

will converge to the value function. O

Leveraging the convergence of the value iteration algorithm, we can prove the following

structural property of V,(s).
Lemma 8. V,(s) is non-decreasing in A when A > 0.

Proof. We recall that V. (s) can be calculated using the value iteration algorithm. Hence, the
monotonicity of V. (s) can be proved via mathematical induction. The complete proof can be

found in Appendix C.9. [l

Now, we proceed with showing the existence of the optimal policy. To this end, we first

define the stationary policy.
Definition 8 (Stationary policy). A stationary policy specifies a single action in each time slot.

Theorem 9. There exists a stationary policy that is optimal for M. Moreover, the minimum

expected Aoll is independent of the initial state.

Proof. We show that M verifies the two conditions given in [80]. Then, the results in the theorem

is guaranteed by [80, Theorem]. The complete proof can be found in Appendix C.10. [

We denote by ¢* the optimal policy for M. Then, the next problem is how to find ¢*.
To solve MDP, the value iteration algorithm and the policy iteration algorithm are two of the
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most popular. In the value iteration algorithm, the value function V'(s) is computed iteratively
until convergence. However, since the state space S is infinite, it is not feasible to compute the
value function for all states. To make the calculation feasible, in Section 4.5.2, an approximation
method is used to obtain an approximated optimal policy é*, and we rigorously prove that é*
converges to ¢*. However, the choice of the approximation parameters can significantly affect
the complexity of the algorithm and may even lead to a non-optimal policy. To avoid this problem,
in Section 4.5.3, we introduce the policy iteration algorithm and find ¢* theoretically using
the policy improvement theorem. We start with the value iteration algorithm in the following

subsection.

4.5.2  Value Iteration Algorithm

In this subsection, we present the relative value iteration (RVI) algorithm that approximates
¢*. Direct application of RVI becomes impractical as the state space S is infinite. Hence, we use
approximating sequence method (ASM) [52]. To this end, we construct another MDP M) =

(St A, P () by truncating the value of A. More precisely, we impose

(

A€ {0,1,...,m},

S™ e -1,0,1},

t€{0,1,..., tmae — 1},
\
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where m is the predetermined maximal value of A. The transition probabilities from s € S to

z € S\ S are redistributed to the states s' € S in the following way.

Pss’(a) A/ <1m,

P("ﬁ) —
8,8 (a) P ( ;L
s (@) + Z P .(a) A"=m,
G(z,s")

where G(z,5") = {z = (A,t,i) : A > m,t =t',i = i'}. The action space .A and the immediate

cost C are the same as defined in M.

Theorem 10. The sequence of optimal policies for M™) will converge to the optimal policy for

M as m — oo.

Proof. The proof follows the same steps as those in the proof of [48, Theorem 1]. The complete

proof can be found in Appendix C.11. [

Then, we can apply RVI to M (™ and treat the resulting policy as an approximation of
¢*. The pseudocode of RVI is given in Algorithm 5. However, the choice of the approximation
parameter m is crucial. A large m can add unnecessary computational complexity, while a small
m can lead to a non-optimal policy. Therefore, in the following subsections, we use the policy
iteration algorithm and the policy improvement theorem to find ¢* theoretically. We start with

introducing the policy iteration algorithm.

4.5.3 Policy Iteration Algorithm

The policy iteration algorithm is an iterative algorithm that iterates between the following

two steps until convergence. >

The convergence happens when two consecutive iterations produce equivalent policies.
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Algorithm 5 Relative Value Iteration

1: procedure RVI(M (™ )

»

@

10:

11:
12:
13:

AN A

Vo(s) « 0fors € S™; v <0
Choose 5™ € 8™ arbitrarily
repeat
for s € S do
for a € Ado

Hg o+ C(s)+3Y, PS(Z)(CL)VV(SI)
Qu41(8) « min,{H; .}
for s € St do
Vi1(s) < Quyr(s) — Quia(s™)
v—v+1
until max{|V,(s) = V,_1(s)[} < ¢
return ¢* <+ argmin,{H, .}

1. The first step is policy evaluation. In this step, we calculate the value function V?(s)

and the expected Aoll 6% resulting from the adoption of some policy ¢. More precisely,
the value function and the expected Aoll are obtained by solving the following system of

linear equations.

VO(s)+0°=C(s)+ Y _PLVOs) s€eS, (4.14)

s'eS

where Psqf . 1s the state transition probability from s to s’ when policy ¢ is adopted. Note
that (4.14) forms an underdetermined system. Hence, we can select a reference state s
arbitrarily and set the corresponding value function to 0. In this way, we can obtain a

unique solution.

. The second step is policy improvement. In this step, we obtain a new policy ¢’ using the

V?(s) obtained in the first step. More precisely, the action suggested by ¢’ at state s is
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Algorithm 6 Policy Iteration

1: procedure PI(M)
Choose ¢'(s) € A arbitrarily for all s € S
repeat

qb(s) — ¢(s)foralls € S

( 9(s),0%) + POLICYEVALUATION( ,d(5))
¢'(s) < POLICYIMPROVEMENT (M, V?(s))
until ¢'(s) = ¢(s) forall s € S
return (¢*,0) < (¢(s),0?)

N

e N

determined by

¢'(s) = argmin {C(S) + Z Ps,s/(a)V¢(s/)} .

acA ses

The pseudocode of the policy iteration algorithm is given in Algorithm 6. With policy iteration

algorithm in mind, we can proceed with presenting the policy improvement theorem.

Theorem 11 (Policy improvement theorem). Suppose that we have obtained the value function
resulting from the operation of a policy A and that the subsequent policy improvement step has

produced a policy B, the following results hold.
o If B is different from A, 4 > 65,
 If A and B are equivalent, > both policies are optimal.

Proof. The proof is based on [81, pp. 42-43]. The complete proof can be found in Appendix C.12.

]

With the most important theorem proved, we proceed with finding ¢* theoretically. First,
we simplify the Bellman equation shown in (4.3) to make the theoretical proof more concise and

straightforward.

3Policies A and B are equivalent when they yield the same expected Aoll.
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4.5.4 Simplifying the Bellman Equation

We note that state transitions are complex and intertwined. Consequently, the direct analysis
of the Bellman equation (4.3) is complicated. In the following, we will simplify the Bellman
equation. To this end, we leverage the fact that the action space depends on the state space. More
specifically, when the channel is busy (i.e., ¢ # —1), the feasible action is @ = 0. Hence, the
transmitter’s actions at these states are fixed, which leads to the fact that for these states, the
minimum operators in (4.3) are avoided. Let S_; = {s : i = —1} be the set of states at which
the channel is idle. Then,

V(s) + 6 = min {C(s) +> P&s/(a)V(s’)} =C(s)+ Y _ Py(0OV(s) seS\S.

acA
s'eS s'eS

(4.15)

Then, by repeatedly replacing the V'(s), where s € S \ S_1, with the expression given by (4.15),
we can obtain the Bellman equation consists only V(s) where s € S_;. We know that s =
(A,0,—1) for s € S_;. Hence, we abbreviate V' (A, 0, —1) as V(A). Then, for each A > 0, we

have the following modified Bellman equation.

V(A) +6 = ag%(i)%} {C’(A, a) — 6(a) + AZZ:O PM,(a)V(A')} : (4.16)
where
0 a=0,
0(a) =
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Note that ET', Par a(a), and C(A, a) are those defined and discussion in Section 4.4. Hence, it
is sufficient to use (4.16) instead of (4.3) to determine the optimal action at state (A, 0, —1).
Although equation (4.16) may seem complicated at first glance, its advantages will be fully

demonstrated in the following subsection.

4.5.5 Optimality Proof

In this subsection, we find ¢* theoretically. We first introduce the condition that is essential

to the analysis later on.

Condition 1. The condition is the following.

Al < min{Ao,H(lf_p)a},

where, for Assumption 1,

tmaz
max 1 1 t
t=1

o

and for Assumption 2,

_ Zi::pt <%_p)t) + pe+ <1 - (1;29)“"‘“).

O- - tTYL(lIL'
1— (Z ppe(1 =)'+ per (1 — p)“""”‘)

t=1

Ay and A, are the expected Aoll resulting from the adoption of the threshold policy with T = 0

and T = 1, respectively.
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Theorem 12. When Condition 1 is satisfied, the optimal policy for M is the threshold policy

with ™ = 1.

Proof. The value iteration algorithm detailed in Section 4.5.2 provides a good guess on the
optimal policy. Then, we theoretically prove the optimality using the policy improvement theorem.

The general procedure for the optimality proof can be summarized as follows.

1. Policy Evaluation: We calculate the value function resulting from the adoption of the

threshold policy with 7 = 1.

2. Policy Improvement: We obtain a new policy using the value function obtained in the

previous step and verify that the new policy is the threshold policy with 7 = 1.

Then, the policy improvement theorem tells us that the threshold policy with 7 = 1 is optimal.

The complete proof can be found in Appendix C.13. [

Remark 16. When the system fails to satisfy Condition 1, we can use the relative value iteration

algorithm introduced in Section 4.5.2 to obtain a good estimate of ¢*.

4.6 Numerical Results

In this section, we numerically verify Condition 1 and analyze the performance of the

optimal policy.

4.6.1 Verification of Condition 1

As the closed-form expressions of Ao and A, are given in Section 4.4, the inequality in
Condition 1 is easy to verify. We verify Condition 1 numerically for the following systems.
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* The system adopts Assumption 1/Assumption 2 and the transmission delay follows the

Geometric distribution with success probability p,. More precisely, p; = (1 — p,)" 'ps.

* The system adopts Assumption 1 and the transmission delay follows the Zipf distribution

—a

with constant a. More precisely, p; = St
=1

; 1 <t < s
* The system adopts Assumption 1 and p; = $(1{t = 1} + 1{t = t,as})-

For each of the above systems, the parameters take the following values.

0.05 < p < 0.45 with step size being equal to 0.05.

o 2 <t < 15 with step size being equal to 1.

0 < ps < 0.95 with step size being equal to 0.05.

0 < a < 5 with step size being equal to 0.25.

The numerical results show that all the above systems satisfy Condition 1. Then, according to
Theorem 12, we can conclude that the corresponding optimal policy is the threshold policy with

T=1.

Remark 17. The Zipf distribution reduces to the uniform distribution when a = 0, and the
Geometric transmission delay reduces to a deterministic transmission delay when ps = 0. We
ignore the case of p = 0 because the dynamic source does not change state in this case. Similarly,
we are not interested in the case of p = 0.5 because the state of the dynamic source is independent
of the previous state in this case. Also, we exclude the case of ps = 1 because, in this case, the
transmission time is deterministic and equal to 1 time slot. The corresponding optimal policies
under various system settings are well studied in [36, 37, 39,48, 64].
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4.6.2 Performance of the Optimal Policy

In this subsection, we analyze the performance of the optimal policy. To this end, we
consider the system where the transmission delay follows a Geometric distribution with success
probability p,. Moreover, we compare the performance of the optimal policy with that of the

threshold policies with 7 = 0 and 7 = oo. All the results are calculated using Section 4.4.

The effect of p: In this case, we fix ¢,,,, = 5 and ps; = 0.7. Then, we vary p and plot the
corresponding results in Figure 4.2. In the figure, to better show the performance of the optimal
policy, we only show parts of the results for the threshold policy with 7 = co. We notice that,
as p increases, the expected Aolls achieved by the threshold policies with 7 = 0 and 7 = 1
increase. This is because when p is large, the dynamic source will be inclined to switch between
states. Therefore, the state of the dynamic source is more unpredictable, leading to an increase
in the achieved expected Aolls. Meanwhile, the expected Aoll achieved by the threshold policy
with 7 = oo decreases as p increases. To explain this, we first recall that, under the threshold
policy with 7 = oo, the receiver’s estimate does not change. Also, when p is large, the dynamic
source will change states frequently. Therefore, the probability of a situation where the receiver’s
estimate is always incorrect is small, which makes the resulting Aoll small. Also, we notice that
Assumption 1 and Assumption 2 lead to almost the same performance. To explain this, we first
note that the only difference between Assumption 1 and Assumption 2 is whether the update
is delivered or discarded when the transmission lasts to the ¢,,,,th time slot after the start of the
transmission. However, under our choices of ps and ¢,,,,, the transmission time of an update

rarely reaches t,,,, time slots. Even if it reaches t,,,, time slots, delivery or discarding does
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(a) Performance under Assumption 1. (b) Performance under Assumption 2.

Figure 4.2: Illustrations of the expected Aoll as a function of p and 7. We set the upper limit of the
transmission time ¢,,,,, = 5 and the success probability in the Geometric distribution ps = 0.7.

not significantly impact the performance, as the receiver’s estimate can be correct or incorrect
regardless of whether the update is delivered. Therefore, Assumption 1 and Assumption 2 yield

almost the same performance.

The effect of ps: In this case, we fix ¢,,,. = 5 and p = 0.35. Then, we vary p, and plot the
corresponding results in Figure 4.3. The figure shows that the expected Aolls achieved by the
threshold policies with 7 = 0 and 7 = 1 decrease as p; increases. The reason behind this is as
follows. As p, increases, the expected transmission time of an update decreases, meaning that
updates are more likely to be delivered within the first few time slots. As a result, the receiver
receives fresher information, and thus the expected Aoll decreases. Moreover, the performance
gap between the threshold policies with 7 = 1 and 7 = 0 is small when p, is large. To
explain this, we notice that the threshold policy with 7 = 0 is not optimal because the updates
transmitted when Aoll is zero do not provide any new information to the receiver. Meanwhile,
the transmission will occupy the channel for a few time slots. Therefore, such an action deprives

the transmitter of the ability to send new updates for the next few time slots without providing the
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Expected Aoll

(a) Performance under Assumption 1. (b) Performance under Assumption 2.

Figure 4.3: Illustrations of the expected Aoll as a function of p, and 7. We set the upper limit of
the transmission time ¢,,,, = 5 and the source dynamic p = 0.35.

receiver with any new information. Hence, when p; is large, the expected transmission time of an
update is small. Consequently, the transmission when Aoll is zero becomes less costly. Hence,

the gap narrows.

The effect of ¢,,4,: In this case, we fix p; = 0.7 and p = 0.35. Then, we vary {t,,,, and plot
the corresponding results in Figure 4.4. From the figure, we can see that the effect of ¢,,,, on
the performances is only noticeable when t,,,, is small. This is because, under our choice of p;,
most updates will be delivered within the first few time slots. Therefore, increasing ¢,,,,, will not

significantly affect the performance.

4.7 Conclusion

In this chapter, we investigate the problem of minimizing the Age of Incorrect Information
over a channel with random delay. We study a slotted-time system where a transmitter observes

a dynamic source and sends updates to a remote receiver over a channel with random delay. To

115



i
o

-

o

-
IS

-

IS

-
w

I

w

i
N

=

N

N
N

N

"

o

Expected Aoll
S
"
-
Expected Aoll
I
N
Bl ~\+
0o
o

i
8
i
8

o
©

o

©

=}
©

=}

©

?
?

:

o
o

o

o

[N}
~ L
o

I I I I I
12 14 16 8 10 12 14 16
t t

max max

N
&
o
©
1

(a) Performance under Assumption 1. (b) Performance under Assumption 2.

Figure 4.4: Illustrations of the expected Aoll as a function of ¢,,,, and 7. We set the success
probability in the Geometric distribution ps = 0.7 and the source dynamic p = 0.35.

facilitate the analysis, we consider two cases. The first case assumes that the transmission time
has an upper bound and that the update will always be delivered. The second case assumes that the
system automatically discards updates if the transmission lasts too long. We aim to find when the
transmitter should initiate transmission to minimize the Aoll. To this end, we first characterize the
optimization problem using the MDP and calculate the expected Aoll achieved by the threshold
policy precisely using the Markov chain. Next, we prove that the optimal policy exists and
provide a computable relative value iteration algorithm to estimate the optimal policy. Then,
with the help of the policy improvement theorem, we prove theoretically that, under Condition 1,
the optimal policy is the threshold policy with 7 = 1. Finally, we numerically verify Condition 1

under various system parameters and analyze the performance of the optimal policy.
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Chapter 5:  Freshness with Preemption

5.1 Overview

We recall that a fundamental assumption made in Chapter 4 is that the transmitter does
not have the ability to preempt. In other words, the transmitter can only wait for the current
transmission to complete before initiating a new transmission. Therefore, in this chapter, we
build on the result in Chapter 4 and investigate the problem of finding the optimal policy when
the transmitter is able to preempt. More precisely, we consider the case where the transmitter
can preempt the transmission of updates and immediately transmit a new update. In this way, we
also need to consider whether the transmitter needs to terminate the transmission to transmit new
updates when the channel is busy.

The main contributions of this chapter can be summarized as follows. 1) We study the
problem of optimizing the Aoll with a generic time penalty function in a slotted-time system
with a preemptible transmitter under a generic transmission delay. 2) We formulate the problem
using the Markov decision process and prove the existence of the optimal policy. 3) We obtain
the analytical expression of the expected Aoll achieved by the strong preemptive policy. 4)
We propose the value iteration algorithm that approximates the optimal policy. 5) We analyze
two canonical transmission delays and theoretically find the corresponding optimal policies.

Specifically, we first study the scenario where the transmission delay follows the Geometric
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distribution, a typical example of an unbounded transmission time. Then, we investigate the
case where the transmission delay follows the Zipf distribution, a typical example of a bounded
transmission time. Finally, we extend the results to the generic transmission delay when the
transmission time is upper bounded by 2.

This chapter summarizes the work in [82], and the rest is organized as follows. Section 5.2
describes the system model, specifies the choice of the penalty functions in Aoll, and formulates
the optimization problem. Then, we cast the optimization problem into a Markov decision
process and specify the state transition probabilities in Section 5.3. In Section 5.4, we analyze the
strong preemptive policy and obtain the analytical expression of the expected Aoll it achieves.
Then, in Section 5.5, we prove the existence of the optimal policy, propose a modified value
iteration algorithm to approximate the optimal policy, and theoretically obtain the optimal policy
when the transmission delay follows two canonical distributions. The chapter concludes with

numerical results detailed in Section 5.6.

5.2 System Overview

5.2.1 System Model

We consider a system in which the transmitter observes a Markovian source by receiving
updates from it and controls the transmission of the updates over a communication channel with
random delays so that the receiver at the other end of the channel has the best real-time knowledge
of the Markovian source. We assume that time is slotted and normalized to a unit time slot.
Meanwhile, the end of one time slot is the beginning of the next time slot. An illustration of the

system model is given in Figure 5.1. At the beginning of time slot k, the transmitter receives
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Figure 5.1: An illustration of the system model.

an update X from the Markovian source and discards the old one. To not overcomplicate
the system model, we assume that the Markovian source has two states and is symmetric with
state transition probability p. Then, the transmitter decides whether to transmit X based on the
system’s current status. When the channel is idle, the transmitter can choose whether to transmit
the current update. We consider the case where the transmitter has the ability to terminate an
ongoing transmission and immediately initiate a new one. We assume that terminating the current
transmission and starting a new one can be done simultaneously, and the preempted update will
be discarded. Thus, when the channel is busy, the transmitter can stay idle or terminate the
ongoing transmission and immediately transmit the current update. We denote the action of
the transmitter by ax. ar = 0 when the transmitter chooses to stay idle. Otherwise, a; = 1.
Note that the specific action represented by a; = 1 depends on the status of the communication
channel. If not preempted, the transmission will arrive at the receiver after a random amount of
time slots. The receiver maintains an estimate of the state of the Markovian source based on the
received updates. Whenever the receiver receives a new update, it sends a feedback signal to the
transmitter to inform the transmitter that the update has been received.

In the following, we define the delay model. The communication channel is reliable but
suffers from random delays, which means that if an update is not preempted, it will be delivered
to the receiver losslessly after a random amount of time slots. The transmission time is a random

variable denoted by 7'. For simplicity, we assume that 7" is independent and identically distributed
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for each update. The transmission time can be fully characterized by the probability mass
function (PMF) denoted by p, £ Pr(T = t), where t € N*. We do not impose any restrictions
on the transmission time, which means that the transmission time can be infinite.

Next, we describe the receiver’s estimation strategy and the feedback mechanism. Let X,
denote the receiver’s estimate at time slot k. Then, according to [75], the best estimator when
p < % is the last received update. Let d, = 1 when an update is delivered to the receiver at time

slot k£ and d;, = 0 otherwise. Then,

kal dkfl = 07

~

X, =
X7 dp—1 =1,

where X7 is the update delivered at the end of time slot £ — 1. In the case of p > %, the best
estimator depends on the realization of the transmission time. In this chapter, we consider only

the case of 0 < p < We exclude the case of p = 0 because, in this case, the Markovian

1
5-
source never changes state. We also exclude the case of p = % because, in this case, the state
of the Markovian source is independent of the previous state. The results can be extended to the
case of p > % by using the corresponding best estimator. Whenever the receiver receives a new
update, it sends an AC'K packet to the transmitter so that the transmitter is aware of the change
in the receiver’s estimate and that the channel has become idle. In real-world applications, the
size of AC'K packets is usually negligible compared to that of status updates. Therefore, we
assume that AC' K packets are accurately and instantaneously received by the transmitter. This

assumption is widely used in the relevant literature [11,36]. The AC K packet alone is sufficient

for the transmitter to keep track of the receiver’s estimate since we assume that the update will
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necessarily be delivered unless it is preempted.
The system uses Aoll to measure its performance. Since the dynamic source has two
states, we let X; € {0,1} and X, € {0,1}. To avoid unnecessary complications, we choose

9(Xy, Xi) = | Xy — Xi| € {0,1}. Consequently, Aol can be written as

Asorr(Xi, X k) = f(k — Ux) 2 f(Ag), (5.1)

where Uy, 1s defined in Section 1.2.2. To facilitate the analysis, we make the following assumptions

on the time penalty function f(A).
* f(A1) > f(Ag) > 0if Ay > As.
* f(A) — oo when A — oo.
* SN oV f(A) <o for0 <y < 1.

Some choices of the time penalty function f(A) are the following.
* f(A) = aA +  where @ > 0 and 5 > 0 are finite constants.
o f(A) = kA? where k > 0 is finite constant.

* f(A) =log,(A+ 1) where a > 1 is finite constant.

We notice that the evolution of A, can fully characterize the evolution of f(Ay). Leveraging the

definition of Uy, the evolution of A, can be characterized by the following two cases.

* When the receiver’s estimate is correct at time slot k, U, = k by definition. Hence, A; = 0.

* When the receiver’s estimate is erroneous at time slot k, U, = Uj_; by definition. Hence,
Ak:k—Uk:Ak_1+1.
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The evolution of A can be summarized as follows.
Ay = 1{X; # X HApq +1).

We can conclude that A, = 0 if and only if X, = X - For later use in analysis, we reformulate
the evolution of A, by incorporating the dynamics of the Markovian source. To this end, we first
define I' = 1{(Ar_1 = 0 A X, = Xk,l) V(Ak—1 >0A X, -+ Xk,l)}. ' Then, we know that
Xk = X,_1ifI'=1and Xk # X1 if I' = 0. Hence, we have

L{X), # Xp_1 }Apy +1) T =1,
Ay = (5.2)

1{X, = Xp_1 }(Ap_y +1) T =0.

Note that the system’s state at any time slot can correspond to either [' = 1 or I' = 0.

5.2.2 Problem Formulation

In this chapter, we investigate the problem of minimizing the Aoll by controlling the
transmitter’s decision in each time slot. We define a policy as one that specifies the transmitter’s
decision in each time slot based on the current system status. Then, this chapter aims to find a
policy that minimizes the Aoll of the system. Mathematically, the problem can be formulated as

the following minimization problem.

1 K-1
arg min lim —E, f(Ak)> , (5.3)

'In the definition, A is the logical AND operator and V is the logical OR operator.
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where [E,, is the conditional expectation, given that policy v is adopted and W is the set of all

admissible policies.

Definition 9 (Optimal policy). A policy is optimal if it minimizes the Aoll of the system. The
action specified by the optimal policy is called the optimal action. We use 1* and a* to denote

the optimal policy and action, respectively.

In the next section, we characterize the optimization problem (5.3) using the Markov

decision process (MDP).

5.3 MDP Characterization

We use an infinite horizon with average cost MDP M to characterize the minimization

problem (5.3). Specifically, M consists of the following components.

* The state space S. The state s = (A, ¢,47) where A € N is the A}, defined in (5.1) without
the time stamp. ¢t € N° denotes the time that the transmission has been in progress. When
the channel is idle, we define ¢t = 0. ¢ € {—1,0,1} indicates the channel status. When
the channel is idle, ¢ = —1. When the channel is busy transmitting an update, ¢ € {0, 1},
where ¢ = 0 if the update being transmitted is the same as the receiver’s current estimate.
Otherwise, ¢ = 1. To better distinguish between different states, we will use s and (A, ¢, 7)
interchangeably to represent the state throughout the rest of the chapter. Therefore, s and

(A, t,4) will synchronize all changes, such as adding superscripts or subscripts.

* The action space A. The feasible action is a € {0,1}. When i # —1, a = 1 if the

transmitter decides to terminate the current transmission and immediately start a new one.
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Otherwise, a = 0. When ¢ = —1, a = 1 if the transmitter decides to transmit the new

update, and a = 0 otherwise.

* The state transition probability P. The probability that action a at state s leads to state s’ is

denoted by P ¢ (a). The value of P »(a) will be discussed in the next subsection.
» The immediate cost C. The immediate cost for being at state s is C'(s) = f(A).

Let V (s) be the value function of state s. Then, the optimal action at state s, denoted by a*(s),

can be determined by the following equation.

a*(s) = argmin {Z PS7S/(CL>V<8/)} seS.

acA ses

Hence, computing the value function for each state s € & is sufficient to obtain the optimal

policy. It is well known that V() satisfies the Bellman equation.

Vi(s)+6= raréi;l {C(S) + Z Ps,s’<a)V(S/)} seS,

s'eS

where 6 is the expected Aoll achieved by the optimal policy. Hence, the state transition probability
P ¢(a) plays a vital role. In the following, we delve into the expression of P; i (a).

We first define and compute an auxiliary quantity Pr(7 = ¢ | t—1), which is the probability
that an update will be delivered in the next time slot, given that the transmission has been in

progress for ¢ — 1 time slots. It is easy to get

De

PrT=t[t—1)=—2
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For simplicity, we abbreviate Pr(T =t | t—1) as g, for the remainder of this chapter. Leveraging
i, we can proceed with deriving the state transition probability P, »(a). For the sake of space,

the detailed discussion is provided in Appendix D.1.

5.4 Strong Preemptive Policy

In this section, we analyze and evaluate the performance of the strong preemptive policy

by calculating the expected Aoll it achieves.

Definition 10 (Strong preemptive policy). The strong preemptive policy always starts a new

transmission when the channel is idle and always preempts the transmitting update.

Remark 18. We consider the strong preemptive policy because it is intuitively desirable when the
transmission delay follows a memoryless distribution. For example, the Geometric distribution.
One of the essential properties of the Geometric distribution is that q; is independent of t, meaning
that no matter how long an update has been in transmission, it has the same probability of being
delivered in the next time slot. Therefore, it is desirable for the transmitter to preempt so that the

update in the channel is always the freshest.

The system dynamics under the strong preemptive policy can be fully characterized by a
discrete-time Markov chain (DTMC). Without loss of generality, we assume the system starts at
state (0,0, —1). Then, the state space of the induced DTMC Ssz‘lf  consists of all the states that
are accessible from state (0,0, —1). For a better presentation, we introduce the virtual state. By
definition, the DTMC will never visit the virtual state. Nevertheless, the existence of these virtual
states will make the equations clearer. In the following, we elaborate on the state space S Sj‘g ¢ and
identify the virtual states. We first recall that the strong preemptive policy always preempts the
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transmitting updates. Hence, each update can only live for one slot in the channel before being
preempted or delivered. Consequently, the DTMC will never reach state s with ¢ > 1. Hence, the
system can only be in state s with ¢ € {0, 1}. With this in mind, S consists of the following

states.

e s = (A,0,—1) where A > 0. The DTMC will be in this state every time the channel is

idle.

* s = (A,1,0) where A > 0. The DTMC will be in this state when the channel is busy
transmitting an update that is the same as the receiver’s estimate. Then, we identify
the virtual state. We note that ¢ = 0 happens only when the transmitter initiates the
transmission when Aoll is zero. We recall that the transmitting update is either delivered or
preempted one time slot after the transmission starts. Combined with the fact that, within
one time slot, Aoll can either increase by 1 or decrease to zero, we know that s = (A, 1,0)

where A > 2 is a virtual state.

s = (A,1,1) where A > 0. The DTMC will be in this state when the channel is busy
transmitting an update that differs from the receiver’s estimate. Then, we identify the
virtual state. We notice that 7 = 1 occurs when the transmitter initiates the transmission
when the Aoll is not zero. Combined with the fact that, within one time slot, Aoll either

increases by 1 or decreases to zero, we know that s = (1,1, 1) is a virtual state.

We notice that all the states in S ;Vp[ ¢ except for the virtual states, communicate with state (0,0, —1).
Combined with the fact that state s = (0,0, —1) is recurrent, we can conclude that the stationary
distribution of the induced DTMC exists. We denote by 7_;(A) the steady state probability of
state s = (A,0,—1). Likewise, we denote the steady state probability of state s = (A, 1,0)
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and state s = (A,1,1) as mo(A) and m(A), respectively. For virtual states, we define the
corresponding steady state probability as 0. We also define 7(A) £ 7_1(A) + mo(A) + 71 (A).

Then, the expected Aoll achieved by the strong preemptive policy is given by

Ay =D f(A)m(D). (5.4)

A=0
Hence, it is sufficient to calculate 7(A) for A > 0.

Lemma 9. The following gives the expressions of m(A) for A > 0.

_ P+aq —2q1p
1—(1—q)(1—2p)

m(0)

For each A > 1,

(1—q —p+2ap)~ (P> + qp — 2q1p?)
1—(1—q)1—-2p)

m(A) =

Proof. The balance equations the steady state probabilities satisfy can be obtained easily by
exploiting the state transition probabilities discussed and detailed in Appendix D.1. Then, the
stationary distribution can be obtained by solving the resulting system of linear equations. The

complete proof can be found in Appendix D.2. U

Remark 19. We can approximate the infinite sum in (5.4) using a finite sum with a sufficiently

large upper bound on A.
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We notice that

(1—q —p+2ap)~f(A)

(1—q —p+2ap)*f(A)

A=0
<00,
.y P’ +q1p—2q1p° : A
where ¢ = o p +2q1p1)[1_(11_q1) =D [0,1]. Then, the finiteness of A, is guaranteed by the

assumption on f(A) introduced in Section 5.2.1. In the following, we provide the closed-form
expression of the expected Aoll achieved by the strong preemptive policy when f(A) = aA+ [,

where o > 0 and 5 > 0 are two finite constants.

Corollary 7. When f(A) = aA + f,

To(p4 @ —2ap) (i +2p —2q1p)

Proof. To deal with the infinite sum, we introduce an auxiliary quantity ¥ = > %_, Am(A).
Then, A,, = a(r(1) + ¥) + B. To obtain the closed-form expression of ¥, we introduce
another auxiliary quantity IT £ Y A, m(A), whose closed-form expression can be obtained

using Lemma 9. The complete proof can be found in Appendix D.3. [

5.5 Optimal Policy

In this section, we first prove the existence of the optimal policy. Then, we provide a

feasible relative value iterative algorithm that approximates the optimal policy. Next, using the
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policy improvement theorem, we analyze the optimization problem (5.3) and theoretically find
the optimal policy when the transmission delay follows the Geometric distribution and the Zipf

distribution, respectively.

5.5.1 Existence of the Optimal Policy

For the M in Section 5.3, we define the expected ~y-discounted cost under policy v as

Vin(8) = Ey

S (s | ] ,

where 0 < 7 < 1 is a discount factor and sy, is the state of M at time k. Let V() be the value
function associated with M under ~-discounted cost. Then, we know that V. (s) = inf,Vy ,(s).
Moreover, V. (s) satisfies the Bellman equation.

V,(s) = min {C(S) + Z Psﬂs/(a)VW(s')} seS.

acA
s'eS

The value iteration algorithm is one of the most commonly used algorithms to calculate the value
function. Let V,,,(s) be the estimated value function at iteration . Then, the estimated value

function is updated in the following way.

Vyus1(s) = Iaréiﬂ {C’(S) + Z Ps,s/(a)V%,,(s’)} seS. (5.5)

s'eS

Without loss of generality, we initialize V, ¢(s) = 0 for s € S. Then, we can prove the following

lemma.
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Lemma 10. When updated following (5.5), lim,_,o V,, ,.(s) = V,(s) for s € S.

Proof. According to [77, Propositions 1 and 3], it is sufficient to show that V, (s) is finite. To this

end, we have

Vi (s) =Ey

STk | 8] <D AR =5 > AR <
k=0 k=0

The finiteness is guaranteed by the assumption on f(A) introduced in Section 5.2.1. Then, by
definition, we have V,(s) < V, ,(s) < oo. Hence, we can conclude that the value iteration

reported in (5.5) will converge to the value function. [

Leveraging the iterative nature of the value iteration algorithm, we can prove the following

structural property of V, (s).
Lemma 11. V,(s) is non-decreasing in A > Q.

Proof. Given the convergence proved in Lemma 10, the monotonicity of V,(s) can be proved via

mathematical induction. The complete proof can be found in Appendix D.4. 0

Now, we proceed with showing the existence of the optimal policy. To this end, we first

define the stationary policy.
Definition 11 (Stationary policy). A stationary policy specifies a single action in each time slot.

Theorem 13. There exists a stationary policy 1 that is optimal for M. Moreover, the minimum

expected Aoll is independent of the initial state.

Proof. The proof follows the same steps as in [77, Theorem 4]. We define h,(s) = V,(s) —
V. (s7%/) as the relative value function, where s™/ is the reference state. Note that the reference
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state is arbitrary but fixed. Then, we show that M satisfies the two conditions given in [77]. To
avoid excessive repetition of the proof, we omit the specific reasoning and give only the proofs

of two important intermediate results.

1. h,(s) is non-decreasing in A when A > 0. The result follows directly from Lemma 11

because the reference state is fixed.

2. There exists a policy 1 that induces an irreducible ergodic Markov chain, and the expected
cost is finite. ¢ can be the strong preemptive policy. Then, the result is true as discussed in

Section 5.4.

Using these two results, we can verify that M satisfies the two conditions given in [77]. Then,
the existence of the optimal policy is guaranteed by [77, Theorem]. Moreover, the minimum

expected cost is independent of the initial state. 0

5.5.2  Value Iteration Algorithm

In this section, we present the relative value iteration (RVI) algorithm that approximates
the optimal policy for M. Direct application of RVI becomes impractical as the state space S of
M is infinite. Hence, we construct another M™) = (S™) A, P™ () by truncating the value

of A and t. More precisely, we impose

A€{0,1,..., A},
S . e {—
(4 6{ 17071}7

t E {07 17 -~-7tmam}7

\
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where A,,., and t,,,, are the predetermined maximal value of A and ¢, respectively. Then, the
size of the state space reduces from infinite to ((Ayae + 1) X 3 X (tyae + 1)). The transition
probabilities from s € S to z € S\ S are redistributed to the states s’ € S according to

P, ¢ (a) A< Az and t' < taz,

)

(m) Ps,s’(a) + ZG1(z,s’) Ps,z(a) Al = Amax andt' < tmaz
P () = (5.6)

Pos(a) + g, Poz(a) A< Aoz and t' = tyq,

Ps,s’<a> + ZG3(375') Ps,z(a) A= Ama:v and t' = Umazs

\

where Gi(s,8") = {s: A > Apae, t =0 =1, }, Ga(s,8') = {s: A=At > tyge,i =17},
and G3(s,s") = {s: A > Apaz,t > timas,© = ©'}. The action space A and the immediate cost C
are the same as defined in M.

We can rigorously show that the sequence of optimal policies for M (™) will converge to
the optimal policy for M as A,,,, — oo and t,,,, — 00. More specifically, we can show that
our system verifies the two assumptions given in [52]. Then, by [52, Theorem 2.2], we know the

following results hold.
« There exists an average cost optimal stationary policy for M (™).
* Any limit point of the sequence of optimal policies for M (™ is optimal for M.

Considering the similarity of the system model, the proof will be similar to the proof of [48,
Theorem 1]. Therefore, we only prove one of the most important lemmas in the proof and omit
the rest of the proof. Let Vv(m) (s) be the value function associated with M (™ under y-discounted
cost.
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Algorithm 7 Relative Value Iteration

1: procedure RVI(M (™) )
2: v < 0; V,(s) « 0for s € S

3 Choose s™/ € S™) arbitrarily

4: repeat

5: for s € S do

6: for a € Ado

7. Qu(s) + C(s) + X, P (a)V,(s)
8: Q(s) + ming{Q.(s)}

9: for s € S™ do

10: Viga(s) < Q(s) — Q(s™)
11: vv+1

12: until max{|V,(s) — V,_1(s)|} < e
13: return ¢* < argmin, {Qq(s)}

Lemma 12. Vy(m)(s) is non-decreasing in A > 0.

Proof. The proof is very similar to the proof of Lemma 11 because the way of redistributing the
state transition probabilities shown in (5.6) does not change the structural properties of the state
transition probability presented in the proof of Lemma 11. Therefore, we omit the proof of this

lemma. O]

Then, we can apply RVI to the truncated MDP M (™ and treat the resulting optimal
policy as an approximation of the optimal policy for M. The pseudocode of RVI is given in
Algorithm 7. A similar approximation is also used in [38], according to which small A,,,, and
tmae Can give an accurate estimate of the optimal policy for M. However, the choices of A, 4.
and t,,,, are still problematic. If large values are chosen, the state space of M ™ grows rapidly.
Meanwhile, the RVI may result in a non-optimal policy if the chosen value is small. Hence, in
the following subsections, we investigate two specific examples of the transmission delay, namely
the transmission delay that follows the Geometric distribution and the Zipf distribution. For these

two common delay models, we theoretically find their optimal policies. For this purpose, we first
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Algorithm 8 Policy Iteration

1: procedure PI(M)

N

N hRw

Choose ¢(s) € Afor s € S arbitrarily
repeat

Y

V¥(s) < POLICYEVALUATION(M, ¢))

' <= POLICYIMPROVEMENT (M, V¥(s))
until o' = 9

return ¢* <

introduce the policy iteration algorithm and the policy improvement theorem.

5.5.3 Policy Iteration Algorithm

The pseudocode of policy iteration algorithm is given in Algorithm 8. We elaborate on the

POLICYEVALUATION function and the POLICYIMPROVEMENT function.

* The POLICYEVALUATION function takes the MDP M and the policy 1 as input and

produce the value function V¥(s) and the expected Aoll §¥ resulting from the adoption
of 1. To be more specific, V¥(s) and 6% are the solution to the following system of linear
equations.

VV(s)+6Y =C(s)+ Y PLVY(s) s€S, (5.7)

8,8’
s'eS

where Pf . 1s the probability that the system will transit from state s to state s’ under policy
1. Note that (5.7) forms a underdetermined system. Hence, we can select a reference state

s/ arbitrarily and set V¥ (s"/) = 0. In this way, we can obtain a unique solution.

The POLICYIMPROVEMENT function takes the MDP M and the value function V¥ (s) as

input and produce the optimal policy ¢/’ under V¥(s). Let ¢//(s) be the action suggested by
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the new policy ¢ at state s. Then, ¢’(s) is given by the following equation.

Y'(s) = argmin {C(s) + Z Py (a)V‘/’(S/)} :
acA ;
s'eS
The policy iteration algorithm iterates between the two functions until convergence, the criterion
of which is defined at line 7 of Algorithm 8. Although the policy iteration algorithm appears to be
more computationally demanding than the value iteration algorithm and is not as commonly used
as the value iteration algorithm, it has the advantage that we can prove the policy improvement

theorem, which will be the basis of our theoretical analysis in the next two subsections.

Theorem 14 (Policy improvement theorem). Suppose that we have obtained the value function
resulting from the operation of a policy A and that the policy improvement function has produced
a new policy A'. When policy A and policy A" are identical, we say the policy improvement

function converges and policy A is optimal.

Proof. The proof is based on [81, pp.42-43]. We first assume that the policy improvement
function converges to a non-optimal policy A. Then, we prove that there is a contradiction under
this assumption. Thus, the assumption that A is non-optimal must be false, and its opposite must

be true. The complete proof can be found in Appendix D.5. 0

With the policy iteration algorithm and Theorem 14 in mind, we can proceed with finding

the optimal policy through theoretical analysis.
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5.5.4 Geometric Delay

In this subsection, we consider the case where the transmission delay is Geometrically

distributed with success probability 0 < p, < 1. More precisely,

bt = ps(l _ps)t_l t>1.

Remark 20. We omit the case of p, = 0 as, in this case, the update will never be delivered.
We also do not discuss the case of ps = 1 because the transmission time is deterministic and
normalized in this case. The corresponding optimal policy has been well studied in related

literature [36,37,48].

Under Geometric distribution, ¢; = p, for ¢ > 1. Then, leveraging the policy improvement

theorem, we can prove the following theorem.

Theorem 15. The strong preemptive policy is optimal if the transmission delay follows the

Geometric distribution.

Proof. According to Theorem 14, it is sufficient to prove that the policy iteration algorithm
converges to the strong preemptive policy. Specifically, we first calculate the value function
resulting from the strong preemption policy. Then we use the resulting value function to derive
a new policy and verify that the old and new policies are the same. The complete proof can be

found in Appendix D.6. ]

Remark 21. The optimality of the strong preemptive policy is intuitive since q, is independent of

t, which means that the probability of an update being delivered is independent of how long it
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has been in transmission. Thus, the strong preemption policy ensures that updates in the channel

will always be the latest ones without sacrificing the likelihood of their delivery.

5.5.5 Zipf Delay

In this subsection, we consider the case where the transmission delay follows the Zipf

distribution with the constant a. More precisely,

where t,,,, > 1is a predetermined constant.

Remark 22. When t,,,., = 1, the transmission time is deterministic and normalized. Hence, we

omit the discussion on this case for the same reason detailed in Remark 20.

A transmission delay that follows the Zipf distribution is also considered in the literature

on information freshness [38, 83]. Under the Zipf distribution,

We define that ¢; £ Owhent > t,,,,. Hence, the transmission time of an update is upper bounded
by tmae- Consequently, the state s = (A, ¢, 4) in the corresponding M satisfies 0 < ¢ < t,,4, — 1.
To simplify the analysis, we consider the case of f(A) = oA + /3. Before the optimal policy, we

first introduce the threshold preemptive policy and evaluate its performance.

Definition 12 (Threshold preemptive policy). The threshold preemptive policy always starts a
new transmission when the channel is idle and does not preempt updates only at state s =
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(A, tae — 1,1) where A > 1.

The following theorem gives the expected Aoll achieved by the threshold preemptive policy
when f(A) = aA + .
Theorem 16. When f(A) = aA + (3, the expected Aoll achieved by the threshold preemptive
policy Atp is give by

ap

Ay = + 3
” (p+ a1 —2qp) (1 + 2p — 2q1p)

Proof. Although the threshold preemptive policy and the strong preemptive policy are not exactly
the same, they yield the same expected Aoll. This is because the actions suggested by the two

policies differ only in the virtual states, which does not affect the long-term average performance.

]

We first introduce the following condition for direct use in the subsequent theoretical

analysis.
Condition 2. The conditions are the following.

° q12qtf0r1§t§tmax_2~

o Whent,q. > 3, Q1 >0, Qs >0, and Q3 > 0, where Q1, Qs, and Q3 are given by

Qi é(C]tmagﬁl — Gtue—1P — D)+ (1 —qipon—1)0(q1 +2p — 2(11]?)2-
1 =2p){(a1 =D + (A ~ tnoo-t) P+ a1 = )]}

Q, &
? G +p—2qp
0, 2(1=0)@p—1) =Pl = Ghnwe=t) | (1= =)A= P)p
(2p+ a1 —2qp)(p + @1 — 2q1p) @1 +p—2qp

(1 - thar1)(1 — p) + Qs.
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Then, we can prove the following theorem.

Theorem 17. When f(A) = aA + 5 and under Condition 2, the threshold preemptive policy is

optimal if the transmission delay follows the Zipf distribution.

Proof. We follow the same methodology presented in the proof of Theorem 15. The complete

proof can be found in Appendix D.7. 0

Remark 23. For the system that fails to satisfy Condition 2, we can use the RVI algorithm

introduced in Section 5.5.2 to approximate the corresponding optimal policy.

Corollary 8. The following results can be derived from Theorem 17.

1. When f(A) = aA + 5 and under Condition 2, the threshold preemptive policy is optimal.

2. For a generic transmission delay with transmission time upper bounded by 2 time slots, the

threshold preemptive policy is optimal.

Proof. We note that in the proof of Theorem 17, we only use Condition 2 and the fact that ¢, > 0.
Therefore, the first result can be directly derived from the proof of Theorem 17. For the second
result, since the transmission time is upper bounded by 2, the proof follows the same steps as
detailed in the proof of Theorem 17 with ¢,,,, = 2. The difference is that only the first three
structural properties in Lemma 18 hold. Nevertheless, we can still complete the proof because
the case that needs to use the fourth structural property in Lemma 18 does not exist in the case
of ¢4 = 2. For the same reason, we also do not need to verify Condition 2. Consequently, we

omit the detailed proof. 0

139



Table 5.1: Condition 2 Verification

a 0 0.25 0,5 0.75 1 1.25 1.5
Result X X X X X X X
a 1.75 2 2.25 2.5 2.75 3 3.25
Result X X

a 3.5 3.75 4 4.25 4.5 4.75 5
Result

5.6 Numerical Results

In this section, we present numerical results regarding the verification of Condition 2 as
well as a performance analysis of the optimal policy and the performance improvement compared

to the non-preemptive policy.

5.6.1 Verification of Condition 2

In this subsection, we numerically verify Condition 2 under various system parameters.

More specifically, the system parameters are chosen as follows.

* 0.05 < p < 0.45 with an increment of 0.05.

¢ 0 < a < 5 with an increment of 0.25.

¢ 3 < tmae < 11 with an increment of 1.

We choose f(A) = A for better illustration. The results are summarized in Table 5.1, where the
cross means that Condition 2 is not satisfied, the check mark means that Condition 2 is satisfied,
and the circle means the result depends on the specific parameters. When a = 2.25, the results
are visualized in Figure 5.2. We emphasize here that the optimal policy depends not only on the
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tmaaz

11} X X X X

10 X X X X
9 X X X X
8 X X X X
7 X X X X
6 X X X X

L L L L L L L L L
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 P

Figure 5.2: A visual representation of the results of numerical check of Condition 2 when the
transmission delay follows the Zipf distribution with ¢ = 2.25 under different ¢,,,, and p. In
the figure, the check mark indicates that Condition 2 is verified, and the cross indicates that
Condition 2 is not verified.

type of probability distribution of the delay but also on the probability distribution parameters.

5.6.2 Performance of the Optimal Policy

In this subsection, we compare the performance of the optimal policy with non-preemptive
policy to highlight the performance improvements brought about by the preemption capability.

To this end, we first define a specific type of non-preemptive policy.

Definition 13 (Threshold policy). The threshold policy starts a new transmission when the channel
is idle, and the Aoll is not zero. When the channel is busy, the threshold policy never preempts

the transmitting update.

We choose f(A) = A for better illustrations. Note that the threshold policy is a special case
of the threshold policy defined in [77, Definition 2]. Then, we can compute the performances of
the optimal policy and the threshold policy using Corollary 7 and [77, Theorem 3], respectively.
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Figure 5.3: The performance comparison when the transmission delay follows the Geometric
distribution. In this case, there are two system parameters. One is the Markovian source dynamics
p, and the other is the success probability p, in the Geometric distribution. Therefore, we fix one
of the parameters and plot the corresponding results when the other parameter varies.

To accommodate assumption 1 in [77], we set the upper bound on the transmission time to 40
when calculating the performance of the threshold policy. We also choose the system parameters
that have been verified in [77] to satisfy [77, Condition 1]. Consequently, the threshold policy
is optimal when the transmitter has no preemption capability. Then, we plot the corresponding
performances for the two typical transmission delay models studied in this chapter.

When the transmission delay follows the Geometric distribution, the numerical results are
given in Figure 5.3. The plots show that the performance gain from the transmitter’s preemption
capability is not significant. One possible reason is that the source process modeling and the
time penalty function choice in this chapter are simple. Meanwhile, the expected Aoll achieved
by the optimal policy increases as p increases. This is because when p is large, the Markovian
source jumps between states more frequently, making it more difficult for the receiver to maintain
a correct estimate about the state of the Markovian source. On the contrary, the expected Aoll

resulting from the optimal policy decreases as p, increases. The reason for this is as follows.
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Figure 5.4: The performance comparison when the transmission delay follows the Zipf
distribution. In this case, there are three system parameters: the Markovian source dynamics
p, the constant a in the Zipf distribution, and the upper bound on the transmission time ?,,,;.
We fix two of these parameters in the calculations, then vary the remaining one and plot the
corresponding results.

When p; is large, the expected transmission time of an update is small. As a result, the receiver
receives more updates per unit of time, which allows a more accurate estimation of the state of
the Markovian source.

When the transmission delay follows the Zipf distribution, the numerical results are given
in Figure 5.4. Again, the performance gain from the preemption capability is not significant. The
expected Aoll achieved by the optimal policy grows with p for the same reason as in the case of
the Geometric distribution. As a decreases and t,,,,, increases, the expected transmission time of
an update increases, which leads to a decrease in the number of updates received by the receiver

per unit of time. Therefore, the expected Aoll increases.

5.7 Conclusion

In this chapter, we optimize the performance of a transmitter-receiver pair in a system
using the Aoll with a generic time penalty function as the performance metric. In the system, the

transmitter decides when to transmit status updates about a Markovian source to a distant receiver
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over a channel with a random delay to achieve the minimum expected Aoll. The transmitter
we consider can preempt the transmitting update to transmit a new update when the channel
is busy, and the receiver will predict the state of the Markovian source based on the received
update. First, we cast the optimization problem into an infinite horizon with average cost MDP
and provide the analytical expressions of the expected Aoll achieved by the strong preemptive
policy. Then, we prove the existence of the optimal policy and introduce the RVI algorithm
to find the optimal policy. To implement the RVI algorithm, we truncate the MDP so that its
state space becomes finite. However, the optimal policy resulting from the RVI algorithm is
only an approximation. Therefore, we perform a theoretical analysis of the system when the
delay distribution follows the Geometric and Zipf distributions, respectively. To this end, we
introduce the policy iteration algorithm. Then, leveraging the policy improvement theorem, we
theoretically find the corresponding optimal policies. For the system considered in this chapter,
it is always optimal to transmit new updates when the channel is idle. When the channel is
transmitting an old update, whether the transmitter preempts is closely related to whether the
transmitting update can bring new information to the receiver and whether the transmitting update
carries correct information about the Markovian source. Finally, we present the numerical results
on the validation of Condition 2, the performance comparison between the optimal policy and

the non-preemptive policy, and the effect of system parameters on the performance.
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Chapter 6: Conclusion and Outlook

6.1 Conclusion

In Chapter 2, we study the optimization of Aoll when the resources are limited. In this
case, the transmitter must choose wisely how to allocate the limited resources to best achieve
the objective. We cast the problem into a constrained Markov decision process and prove that
the optimal policy is a mixture of two deterministic threshold policies. For the deterministic
threshold policy, we precisely calculate the expected Aoll and the expected transmission ratio
it achieves. This allows us to develop a low-complexity iterative algorithm to find the optimal
policy and the mixing coefficient.

In Chapter 3, we study the performance and optimization of Aoll in the scheduling problem.
In this problem, the transmitter needs to choose a subset of the users to update each time, and
should carefully choose which ones to update so that all users can achieve the best possible
performance. We first investigate the structural properties of the optimal policy. Then, we develop
the Whittle’s index policy. However, the indexability requirement limits its application. Hence,
we develop a new scheduling policy called the indexed priority policy, based on the optimal
policy for the relaxed problem and the prime-dual heuristic. Although the indexed priority policy
is more computationally expensive than Whittle’s index policy, it has a broader applicability.

In Chapter 4 and Chapter 5, we investigate the characteristics of Aoll when the channel
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suffers from a random delay. First, in Chapter 4, we consider the case where the transmitter
cannot do anything when the channel is busy transmitting a previous update. In this case, we
precisely calculate the performance of the threshold policy and theoretically prove that, for a
generic transmission delay and under an easily verifiable condition, the optimal policy for the
transmitter is to start a new transmission whenever the Aoll is not zero, and the channel is idle.
In Chapter 5, we go one step further by considering the case where the transmitter can preempt the
transmitting update to transmit a newer one. In this case, we precisely calculate the performance
of the strong preemptive policy. Furthermore, we theoretically prove that the optimal policy is
the strong preemptive policy when the transmission delay follows the Geometric distribution or

the Zipf distribution satisfying certain characteristics.

6.2 Outlook

Although the previous chapters have demonstrated the characteristics, performance, and
optimizations of Aoll under various system settings, many problems and research directions

remain to be explored.

* Generalization: The methodologies presented in the previous chapters have the potential
to be applied to other problems. Therefore, we are interested in whether and how these

methodologies can be generalized or applied to other related problems.

* Dynamic source modeling: In previous chapters and existing literature, the dynamic source
is typically modeled by a Markov chain and possesses a symmetric structure. Meanwhile,
the statistical parameters are clear. However, this is often not true in real-life applications.

Hence, we seek to extend our efforts to the case where the modeling of the dynamic source
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is more sophisticated and closer to the physical world.

» Feedback mechanism: One feature that distinguishes Aoll from Aol is that it cares about the
content of the information being transmitted. Therefore, we often assume that the feedback
is timely and accurate. However, such an assumption is rare in practice. Therefore, we
would like to understand how Aoll behaves when the feedback is delayed or corrupted

during the transmission.

* Continuous time domain: Current research on Aoll is still limited to discrete-time systems.
Therefore, the characteristics of Aoll in continuous-time systems remain to be discovered.
At the same time, the mathematical tools for solving problems in continuous-time systems
are quite different from those in discrete-time systems. Therefore, the study of Aoll in

continuous-time systems is challenging but very important and rewarding.

* Applications: The ultimate goal of theoretical research is to apply the results to practical
applications. Therefore, we want to combine the existing theoretical results with practical
applications. For example, we are interested in analyzing the performance of Aoll under
canonical network protocols, developing Aoll-based network protocols, and combining

various learning techniques in artificial intelligence with Aoll analysis and optimization.
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Appendix A: Freshness under Limited Resources

A.1 Proof of Lemma 1

To better distinguish between different states of the system, we denote by V, (x4, z4) the
estimated value function of state x at iteration . To show the desired results, it is sufficient to

prove that, at any iteration v > 0, the following holds

Vy(d, Al) > Vy(d, Ag) VAl > AQ > O, (A.1)

Vy(dl,A) > Vy(dg,A) VN —-1>dy>dy > 0. (A2)

Leveraging the iterative nature of RVI, we use induction to prove the desired results. Without
loss of generality, we choose x = (0, 0) as the reference state. Since we initialize Vj(d, A) = A,
equations (A.1) and (A.2) hold when v = 0. We suppose it holds up till iteration v = ¢ and
examine whether it still holds at iteration v = ¢ 4 1.

We first notice that the transition probabilities which dictate the structure of Bellman update
depend only on d. Combining with the monotonic property of V,,(-), we conclude that (A.1) holds
at iteration v + 1.

We next show the relationship between V,,y1(d;, A) and V,1(d2, A). To this end, we

define V°

0.1(-) and V', | (-) as the estimated value function if action @ = 0 and @ = 1 is chosen,
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respectively. Hence, we can combine and rewrite the Bellman update reported in (2.6) and (2.7)
as follows.

Vs (d, A) = min {V),(d,A), V,\ 1 (d, A)} (A.3)
where V%, | (d, A) is calculated by

N—-1
Vi (d,A) = A+ da+ (1—pea) Y PaaVi(d, A+

d'=0

aps((1 = 2p)V;(0,0) + 2pV,(1,1)) — Qus1(z"), (A4)

where A" = Lyg20y X (A + d') and Py 4 is specified in (2.1). With this in mind, we divide our

discussion into the following cases.

* dy = 1 and dy = 0: We know that A = 0 if and only if d = 0. Then, we only need to
compare V,1(1,A) with V,,1(0,0). Applying (2.1) to (A.4), we arrive at the following
results.

VVO-H(L A) - VVO+1(070) =A+ K1,
VulJrl(]-?A) - ‘/;/14»1(070) =A +pf’f17
where A > 0 and

k= (1= 3p)[Vo(1, A+ 1) — V,(0,0)] + p[Vi(2, A +2) — V,(1,1)]+

p[V,(1,A+1)—V,(1,1)].

* dy = 2 and dy = 1: We need to compare V,,1(2, A) with V,,1(1, A). Following the same
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trajectory, we have the following.

VO

v+1

(2,A) = V?

v+1

(1, A) = Ko,

VV1+1(27 A) - Vu1+1(17 A) = Prka,

where

ko =plVL(LLA+1) = V,(0,0)] + p[V,(3,A+3) = V,(2,A + 2)]+

(1=2p)[V,(2,A+2) =V, (1,A+1)].

e 2 <dy <dy <N —2: We need to compare V,1(dy,A) with V,,;(ds, A). Following

again the same trajectory, we have the following.

VVO—H (dl? A) - VVU+1(d27 A) = K3,

VV1+1(d17 A) - Vul—i-l (an A) = PrR3,

where

R3 = (1 — 2p)[Vy(d1, A + dl) — Vy(dg, A + dg)]—l—
p[Vy(dl - ]_,A + d1 - ].) - Vy(dg - ]_,A + d2 - ]_)]—f-

plVi(di + 1,A+di+1) = V,(de + 1, A+ dy + 1)].
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* dy=N—1anddy = N — 2: We need to compare V.1 (N — 1, A) with V.1 (N — 2, A).

Following again the same trajectory, we have the following.

VVO+I(N - 1a A) - VVO+I(N - 27 A) = Ry,

Vl/l—l—l(N - 17A) - Vl/l—l—l(N - 27A) = PrRa4,

where

ke =plV,(N —2,A+ N —-2)-V,(N=3,A+ N —3)]+

(1—3p)[Vo(N —LLA+N—1)— Vy(N —2,A+ N —2)].

Baring in mind the monotonicity of V,(d, A) and p € [0, 5], we can easily see that k1, ko, K3, and
k4 are all positive. Since the estimated value function is updated following (A.3), we can easily

verify that (A.2) holds at iteration ¢ + 1 which concludes our proof.

A.2  Proof of Proposition 1

We continue with the same notations as in the proof of Lemma 1. We recall that RVI is an
iterative algorithm and the estimated value function will converge to the value function. Hence,
it is sufficient to show that the properties hold for the optimal policy at any iteration of RVI.

We define 0V, (d, A) = V}(d, A) = V9(d, A). Without loss of generality, we assume ¢ > 0.
Then, the optimal action at iteration v is captured by the sign of 6V, (d, A). More precisely, the

optimal action a; = 1if §V,,(d, A) < 0 and a; = 0 otherwise. Then, we can prove the following
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lemma.
Lemma 13. 6V, (d, A) is decreasing in A when d # 0 and t > 0.
Proof. We distinguish between following cases.

* When d = 1, applying (2.1) to (A.4) yields

5VV(17 A) - )‘ +ps{p[vu—l(17 1) - Vu—l(la A + 1)]"‘
(1 =3p)[Vo-1(0,0) = Voa (LA + D]+

pV,1(1,1) = V,1(2, A+ 2)]}. (A5)

1

We notice that (1 — 3p) is non-negative as p € [0, 3].

* When 2 < d < N — 2, following the same trajectory, we have

0V (d, A) = A+ po{ (1 = 2p) (Vi1 (0,0) = Vioa(d, A+ d))+
PV (1,1) = Vi (d — 1,A +d —1)]+

plVio1(1,1) =V, (d+ 1, A+d+1)]}. (A.6)

* When d = N — 1, following again the same trajectory, we have

SV, (N = 1,A) = A+ p,{(1 = 2p)[V,_1(0,0) = V,_y(N = 1,A+ N — 1)]+

2p[vu—1(17 1) - VV—I(N - 27 A + N — 2)]} (A7)

We recall that A is a non-negative constant and V,,_1(d, A) is increasing in both d and A by
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Lemma 1. Then, we can see that (A.5), (A.6), and (A.7) are nothing but the sum of a constant

and a negative term that is decreasing in A. Combing together, we can conclude our proof. [

With the lemma given, we can see that, for fixed d # 0, 0V, (d, A) will decrease as A
increases and, at some point, it will become negative. Therefore, for the states with fixed d # 0,
the optimal action a} will switch from a = 0 to aj = 1 as A increases. | We define the
switching point for each d # 0 as the first A such that 0V, (d, A) is non-positive. Since the instant
cost is unbounded, the value function must also be unbounded. Therefore, the switching points
always exist. We notice that the expressions of 6V, (d, A) differ for different d. Consequently, the
corresponding switching points will also be different. To investigate the relationships between

the switching points, we provide the following lemma.

Lemma 14. §V,,(d, A) is decreasing in d when d # 0 and v > (.

Proof. Tt is equivalent to show that V A > 0, 0V, (dy, A) > dV,(do, A) if 1 < dy <dy < N — 1.

To this end, we distinguish between the following cases.

* When d; = 1 and dy = 2, leveraging (A.5) and (A.6), we have

SV,(1,A) = 6V, (2,A) = p,{(1 = 2p)[Vo 1 (2, A+ 2) — V1 (1, A + )]+
V13, A+3) =V, 1(2, A+ 2)]+

p[vu71<17 A + 1) - Vufl(()? 0)]} (A8)

't is worth noting that §V,,(d, A) can always be negative which means that the optimal action a; will always be
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* When 2 < d; < dy < N — 2, leveraging (A.6), we have

5VV(d1, A) — 5VV(d2, A) = ps{(l — 2]9) [Vy_l(dg, A + dg) — V,/_l(dl, A + dl)}‘f‘
p[VV—l(dQ - ]-7A + d2 - 1) - Vl/—l(dl - 17A + dl - 1)]+

plVii(de+1,A+dy+1) =V, 1(di +1,A+d; +1)]}. (A9)

e Similarly, whend; = N —2and d; = N — 1, we have

SV, (N —2,A) = 6V,(N —1,A) =
p{(1=3p) Vet (N = 1,A+ N —1)—=V,_ (N —2,A+ N — 2)]+

PV i(N —2,A+N—2)—V,_(N—3,A+N —3)]}. (A.10)

According to Lemma 1, V,,_;(d, A) is increasing in both d and A. Combining with the fact that
p € [0, %] we can easily verify that (A.8), (A.9), and (A.10) are all positive. Consequently,

oV, (dy,A) > 6V, (dy, A) holds V 1 < d; < dy < N — 1 which concludes our proof. O

Let n};, denotes the switching point for the states with d # 0 at iteration ¢ > 0. Then,
oV, (d,ny — 1) > 0 and 6V, (d,n") < 0. Since §V,(d,A) is decreasing in d, 0V, (d’,n}) <
oV, (d,nY)) < 0if d > d. This indicates that the ordering n’, < nf, must hold. Thus, we can
conclude that the switching points n%, when d # 0 are non-increasing in d.

Finally, we discuss the only missing case: d = 0. We know that A = 0 if and only if
d = 0. Thus, we only need to consider the state (0,0). Then, we apply (2.1) to (A.4) which

yields dV,,(0,0) = A for any ¢ > 0. As A is a non-negative constant, we can conclude that the
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optimal action at state (0,0) is af = 0.
As the above results are valid for any ¥ > 0 and RVI converges to the value function as
v — 400 (i.e. lim, 1o V,(-) = V(+)), we can conclude that the above results are valid for the

optimal policy for (2.4).

A.3 Proof of Theorem 1

We first introduce the infinite horizon ~y-discounted cost of M where 0 < v < lisa
discount factor. The expected y-discounted cost under policy 7 starting from state = can be
calculated as

Viny(x) =E;

thC’(a:t,at) |x] .
t=0

The quantity V,(-) = inf,Vy,(-) is the best that can be achieved. Equivalently, V. () is the
value function associated with the infinite horizon vy-discounted MDP. Then V/,(-) satisfies the

following Bellman equation.

V,(2) = min {c@c, )+7Y Pm/<a>v7<x~'>} .

r'eX

We further define the quantity v, ,,(-) as the minimum expected discounted cost for operating the
system from time t = 0 to t = n — 1. It is known that lim,, v, ,(z) = V,(z), forall z € X.

We also define the expected cost under policy 7 starting from state = as

—_

n—

C(xy, ar) | x] ,

1
Jr(z) = limsup EEﬂ

n—o0 t

Il
=)
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and J(-) £ inf, J,(-) is the best that can be achieved. VA7 (-), VA™ (), o{% (), J¥™(-) and
Jm)(.) are defined analogously for the truncated MDP X (™). We define ™ (z) £ V™ (z) —
Vv(m) (0) as the relative value function and chose the reference state 0 = (0, 0). For the simplicity
of notation, for any two state x,y € X, we say x < y if and only if x4 < y; and xaA < ya.

With the above definitions in mind, we claim that our system verifies the two assumptions

given in [52]. That is

» Assumption I: There exists a non-negative (finite) constant L, a non-negative (finite) function
M(-) on X, and constants mg and v, € [0,1), such that —L < A" (z) < M(x), for
r € X™, m > mg, and v € (7,1): We recall that Vwm) (x) is the value function
and satisfies the Bellman equation. Thus, we can show that V§m> (x) is increasing in x
in a similar way as did in Lemma 1. The proof is omitted for the sake of space. Then,

K™ (z) = VA™ (z) — V™ (0) > 0. Consequently, we can choose L = 0.

Let ¢, 0(¢) be the expected cost of a first passage from = € X to the reference state
0 when policy ¢ is adopted and c%)(zﬁ) is defined analogously for the truncated MDP
X (™) 1In the following, we consider the policy 1/ being always update policy where the
transmitter makes transmission attempt at each time slot. Since the policy ¢ induces
an irreducible ergodic Markov chain and the expected cost is finite, h(ym)(m) < c%) (¥)
from [80, Proposition 5] and ¢, ¢(¢) is finite from [80, Proposition 4]. We also know that

¢z 0(1) satisfies the following equation [52].

coo(¥) = Clz,a”) + > Prw(a®)cao(t)). (A.11)

z'ex—{0}

We can verify in a similar way to the proof of Lemma 1 that ¢, ¢(%)) is increasing in z. The
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proof is omitted here for the sake of space. Then, we obtain

Y PiP(a)eyow)

yexm

= Z ny(a¢)cy70(¢)+ Z Z sz(aw)q,z(y) CZAO(w)

yexm yexlm \sgam

- Z Pmy(a¢)cy,o(¢)+ Z Pm(aw) Z Qz<y>0y,0(¢) (A.12)

yex ™ z¢x(m) yex ™
< Y Poya¥)eyo@) + D Pra(a¥)eo(¥)
yeX(_T) ng(m)
= Z ny(a¢)0y,o (¢)7
yeX—{0}

where X" = X(™ _ {0}. Applying (A.12) to (A.11) yields

Coo(¥) > Clz,a”)+ D Pi(a¥)eyo(d).

yex(m—{0}

Bearing in mind that cg%) (1) satisfies the following.

AYW) =Clx,a)+ Y PI(a¥)el (W),

yex(m—{0}
we can conclude that c;%)(w) < ¢;0(1). Thus, we can choose M (z) = ¢, 0(¢) < 0.

s Assumption 2: limsup,, ,.. J™ £ J* < oo and J* < J(z), for all z € X': We first show

the hypothesis in [52, Proposition 5.1] is true. Since we redistribute the excess probabilities
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in a way such that, for all z € X — X(™),

Z qZ(y)U%n@) = U%n(x)7

yeX(m)

where 2, = 24 and A = m, we only need to verify that, forall z € X — X(™
Uy () < 0y 0(2). (A.13)

As v, ,,(z) adopts the following inductive form [52].

Uy n1(2) = main {C(xv a) + 7y Z sz’<a)v'y,n(x/)} )

r'eX

we can prove (A.13) is true in a similar way to Lemma 1 and the proof is omitted for the
sake of space. J(x) is trivially finite for z € X'. Then, according to [52, Corollary 5.2],

assumption 2 is valid.

Consequently, the following results are true.

« There exists an average cost optimal stationary policy in M ™).

« Any limit point of the sequence of optimal policies in M (™ is optimal in M.

A.4  Proof of Proposition 2

We first delve into the state space X of the MDP M and provide the condition it must

satisfy. Without loss of generality, we suppose the system always starts from state (0,0). We
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claim that state (d, A) with d # 0 must satisfy the following condition.

IS

a2 +d
A>ly=> i= ; : (A.14)
=1

To see the condition, we notice that the transition to state (0,0) is equivalent to restarting the
system. Thus, it is sufficient to consider the sequence of transitions starting from the last time the
system is at state (0, 0). Therefore, the age A will always increase. We recall that the maximum
jump of d is 1 as specified in (2.1). Thus, we can conclude that there always exists a lower bound
lq on the age A for any given d # 0. Combing with the system dynamic discussed in Section
2.2.2, the lower bound in (A.14) is easy to obtain. To make the structure of equations consistent,
we define the states that violate the condition (A.14) as virtual states since the system will never
reach these states.

As the state space is clarified, we proceed with deriving the main results. We first recall
that the threshold policy 1 possesses the properties detailed in Proposition 1. More precisely, for
the state with given d # 0, the action suggested by n is ¢* = 1 if the age A is larger than or equal
to the corresponding threshold n,. Hence, we define 7 = maz{n}. An important property of 7
is that, for the states with A > 7, the actions suggested by n are the same. We define a4 A as the

action suggested by n at state (d, A). Foreach 1 < d < N — 1, we define

(1) = Z agama(A) = Z ma(A).

The last equality holds since aga = 1 for all the states with A > 7. Then, the expected
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transmission rate can be calculated as

33

”Mg
i
P
!
S,
B
_l’_
=
Ges
~

We claim that I1;(7)’s, along with the stationary distribution 74(A)’s, can be obtained by solving
a finite system of linear equations induced from the balance equation (2.8). Leveraging the results

in Section 2.2.2, we distinguish between the following cases.

* For state (0,0), (2.8) can be written as

+o0 N—-1 +oo

m0(0) = (1= 2p)m0(0) +p Y (1 = paar.a)m (D) +ps(1=2p) Y > agama(A
A=l d=1 A=,

T—1

= (1=2p)mo(0) +p Y (1 = psara)mi(A) + pypIli (7)+
A=1

1_2pN§<§f &)+ T(r >>

d=1 A=ngy

This recovers (2.9).

* For state (1, 1), (2.8) can be written as

N—1 +oo
m1(1) = 2pmo(0) + 2psp Z Z agama(A
d=1 A=ly
a0+ 20 5 (5 o)+ )
d=1 \A=nyg

This recovers (2.10).

* For the virtual states, we define the steady-state probabilities as zero since the system will

never reach these states. This recovers (2.12).
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* For other states, leveraging the definition of virtual states, we obtain an alternative form of

(2.8) which is
N-1

Wd(A) = Z Pd/,d(l — psad/A,d)Wd/(A — d) (A15)
d'=1
As A € N7, there are infinitely many equations to solve. Inspired by the definition of

I1;(7), we can combine the states with A > 7 and eliminate the infinity. More precisely,

foreach 1 < d < N — 1, we do the following.

+o00 N-1 400
Z Wd(A) = Hd(T) = Z Pd’,d (Z(l — psad/A_d)ﬂd/(A — d))
A=t d'=1 A=t
N-1 T—1 400
= Pd’,d (1 — psadle)ﬂ'd/<A) +pf Z Wd/(A)> (A16)
d'=1 A=1—d A=T
N—-1

T7—1
= Py g ( (1 — psag a)ma(A) + prlly (T)> -

Combining (A.15) and (A.16), we recover (2.13) and (2.14).

Equation (2.11) is obtained from the fact that the steady-state probabilities must add up to one.
By combining the states with A > 7, we actually cast the induced infinite-state Markov
chain to a finite-state Markov chain. Therefore, the expected transmission rate can be calculated

theorecially without any approximation.

A.5 Proof of Corollary 1

We inherit the notations and definitions from the proof of Proposition 2. Before presenting
the main results, we first introduce the key approximation used in the derivation of the main

results. We note that when the thresholds in n are huge, the expected transmission rate will be

161



insignificant. More precisely, when the thresholds n,’s are huge,

(Zﬂ'd )+ Iy( ))%

d=1 \A=ng4

We apply the above equation to (2.10) and obtain the following key approximation.

Then, we claim that, for any state (d, A), the steady-state probability m4(A) can be approximated

as

ma(A) ~ cgamo(0),

where ¢ 5 is a scalar depends on the policy and the state. To prove this, we first recall that the
transitions in the induced Markov chain always go along the increasing direction of A unless it
goes back to state (0,0) or (1, 1). Combining with the approximation made in (A.17), we can see
that any 74(A) can be approximated as a multiple of 7 (0).

With this in mind, we notice that, for any two threshold policies 12, and n,, the suggested
actions by the two polices at states with A < min{[n,ny|} are the same (i.e. aga = 0). We
denote by G(n1,n,) the set of these states. Then, for state (d, A) € G(ny,n,), regardless of
whether n; or n5 is adopted, the balance equation is the same. Consequently, the corresponding

cif o is independent of policy. Then, for (d, A) € G(n, ny),

(0) (A.18)
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where 7} (A)’s and w3(A)’s are the stationary distribution when n; and n is adopted, respectively.
Leveraging (A.18), we can obtain the main results in the corollary.
We first define n = min{n} — 1 and I1;(n) = > A_, ma(A). Similar to what we did in the

proof of Proposition 2, we rewrite the balance equation (2.8) as follows.

* For state (0,0), (2.8) can be written as

+oo N—-1 +oo
70(0) = (1 — 2p)m(0) —|—p2(1 — psar a)T1(A) + ps(1 — 2p) Z Z agama(A
A=1 d=1 A=ly
= (1 =2p)m(0) +p Z_: (1 = psar,a)mi(A) + pIli(n) + peplli(7)+
A=n+1
ps(1 —2p) Z(Z A) + (7 ))

This recovers (2.15).

* For state (1,1), (2.8) can be written as

N—-1 +oco
m1(1) = 2pm0(0) + 2pap Y Y | agama(A
d=1 A=l
= 2pmo(0 +2pspz <Z A) + (7 )>
d=1 \A=ngyg

This recovers (2.16).

* For other states, leveraging the definition of virtual states, we obtain an alternative form of
(2.8) which is

N-1

7Td<A> = Z Pd/’d(l — psad/’A_d)wd/(A — d) (A19)

d'=1
Instead of applying (A.19) directly, we combine the states with A < 7 to reduce the number
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of equations. More precisely, foreach 2 < d < N — 1, we have

n+d n+d
Z ma(A) = Ila(n) + Z Ta(A
A=1 A—n+1

( Z Pd/ 1 — PsQq/ A— d)?Td/(A d)) (A20)

= Z 'l (n

When d = 1, due to the particularity of state (1, 1), we have

n+1 n+1 N-1
S m(A) =) —m() + > m(A)=Y Pyalls(n). (A.21)
A=2 A=n+1 d'=1

We notice that (A.20) or (A.21) involves my(A)’s where 1 < d < N —landn+1 < A <
n~+d. Under usual circumstances, these steady-state probabilities can be calculated using (A.19).
However, m;(A)’s where A < 7 are required when applying (A.19) and we have no access to
them as we combined them together as I1,(n). To circumvent this, we use the approximation
reported in (A.18). More precisely, for the states with 1 < d < N —landn+1 <A <n+d,

we have

N-1
7Td<A) = Z Pd/,d(l - psad’,A7d>7Td’(A - d)
d'=1
N1 (A.22)
~p Z Py a(l = psag a—a)oa (A —d),
d'=1

where p £ Zg 83 and 04(A) is the stationary distribution of the Markov chain induced by another

policy n’ and can be calculated using Proposition 2. In order to utilize the approximation reported
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in (A.18), the policy n’ must satisfy

min{[n,n'|} >n.

We recall in Proposition 2, the computational complexity of calculating the stationary distribution
of a Markov chain induced by a threshold policy depends on the maximal threshold. To make

the calculation of o4(A) as cheap as possible, we choose n' = [/

,...,n'] where / = min{n}.
Combining (A.20), (A.21), and (A.22), we recover (2.18) ,(2.19), and (2.20).

For state with 1 < d < N—1landn+d+1 < A < 7 — 1, leveraging the above
approximation, we can calculate the steady-state probabilities using (A.19) which recovers (2.21).

Finally, for state with 1 < d < N — 1 and A > 7, we combine them as did in Proposition
2. Then, we can recover (2.22).

Equation (2.17) is obtained form the fact that the sum of all steady-state probabilities must
be one.

By combining the states with A < 7, we reduce the size of the finite-state Markov chain

cast to. Although approximation is used, as the thresholds increase, the approximation in (A.17)

will become more and more accurate.

A.6  Proof of Corollary 2

We still inherit the notations and definitions from the proof of Proposition 2. We first recall

that the Aoll at state (d, A) is nothing but A. Then, similar to what we did in the proof of
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Proposition 2, the expected Aoll under threshold policy n can be calculated as
N-1 T—1
A'n, = Z (Z wd<A> + Qd(T)) y
d=1 \A=l,

2
where 7 = maz{n}, l; = &}, and

wd(A) é Aﬂ'd<A>,

Qa(T) 23 wy(A).

Note that 74(A)’s are the stationary distribution of the infinite-state Markov chain induced from
the same threshold policy nn. We claim that Q,(7)’s, along with wy(A)’s, can be obtained by
solving a finite system of linear equations. To this end, we distinguish between the following

cases.

* For the virtual states, we have wy(A) = 0 because 74(A) = 0 for these state by definition.

Meanwhile, wy(0) = 0 because no cost is paid for being at state (0, 0). This recovers (2.24).

e For the stateswith1 < d < N —1landl; <A <71 —1, we have

This recovers (2.25).

 For the states with 1 < d < N —1and A > 7, we can use (A.23). But in this case, we need
to calculate an infinite number of values. To eliminate the infinity, we notice that wy(A)’s

can also be calculated by multiplying both sides of (A.15) by (A — d). More precisely, we
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have
(A—d)mg(A Z Py (1 — psag.a_a)(A — d)wg (A — d).

Applying the definition of wy(A), we have

N-1

wd(A)—de(A) = Z Pd/,d(l — psad/,A_d)wd/(A — d)

d'=1

Like we did in the proof of Proposition 2, we combine the states with A > 7 to eliminate

the infinity. More precisely, foreach 1 < d < N — 1, we have

+oo

> (wald) = dma(A)) = Qu(r) - dlly(7)
— Z Py 4 (f (1 = psag a—a)wa (A — d))

= 2 Pd’,d( 2 1 —psag a Ywa (A +pf Z war ( )
v

= Z Pd’,d ( Z 1-— PsQdq A Wd’<A> + prd’ (7—)) .
d'=1 A=r—

This recovers (2.26).

A.7 Proof of Theorem 2

We first make the following definitions. When the MDP M is at state = and action a is
chosen, cost C(x,a) = xa and Cy(z, a) = Aa are incurred. We define the expected C'-cost and

the expected C,-cost under policy 7 as C; () and Cy(7), respectively. Let GG be a nonempty set
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and R*(i, G) be the class of policies 7 such that
* P.(x, € G for somen >1|xg=1) = 1where x, is the state of M at time n.
 The expected time m;g(m) of a first passage from 7 to GG under 7 is finite.

« The expected C;-cost C“(7) and the expected Cy-cost C (1) of a first passage form i

to G under 7 are finite.

With the above definitions clarified, we proceed with presenting the assumptions given in [50]

and verifying our system satisfies all the assumptions.

1. Forall w > 0, the set G(w) = {z | there exists an action a such that Cy(z,a) + Cy(z,a) <
w} is finite: For our system, we have C(x,a) + Cy(x,a) = xa + Aa > xa. Then, any
state  in G(w) must satisfy xo < w. Bearing in mind that zo € Ny, we can conclude

that, the set G(w) is always finite.

2. There exists a stationary policy e such that the induced Markov chain has the following
properties: the state space X consists of a single (non-empty) positive recurrent class R
and a set U of transient states such that e € R*(i, R), for i € U. Moreover, both C (e)
and Cs(e) on R are finite: We consider the always update policy 1/,, where the transmitter
makes transmission attempt at every time slot. We take the set R = X. Applying the
system dynamic discussed in Section 2.2.2, we can see that, under v),,, all the states in R
communicate with state (0,0) and state (0,0) is positive recurrent. Consequently, we can
conclude that the set R forms a positive recurrent class. The set U can simply be empty
set. Finally, we notice that C(1),,) is nothing but the expected transmission rate which is
finite and C} (1qu) is the expected Aoll which is also finite.
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3. Given any two state © # y, there exists a policy 7 such that 7 € R*(z,y): We first
notice that any state x € X communicates with state (0,0) with positive probability if
the transmitter makes a transmission attempt at state « and succeeds. We also notice that
state (0,0) can reach any state x € X" as the minimum increase in both d and A is one.
Consequently, we can always find a policy that induces a Markov chain such that there
exists a path with a positive probability between any two different states x and y. The

corresponding C7Y(r), Cy¥ () and m, () are trivially finite.

4. If a stationary policy 7 has at least one positive recurrent state, then it has a single positive
recurrent class R. Moreover, if © ¢ R, then 7 € R*(x, R) where z = (0,0): We notice
that, for any policy, the penalty can decrease only when the system reaches state (0,0) or
(1,1). At the same time, (0,0) and (1, 1) communicate with each other. Thus, any positive
recurrent class must contain (0, 0) and (1, 1) which indicates that there can only be a single

positive recurrent class.

5. There exists a policy 7 such that C(7) < oo and Cy(m) < a: We first note that Cy(7) is
simply the expected transmission rate. Then, we can always find a policy with large enough
thresholds such that Cy () is less than . We can easily verify that the corresponding C' ()

1s finite.

Some other results in [50] will be useful when constructing the optimal policy. More precisely,
they are Proposition 3.2, Lemma 3.4, 3.7, 3.9 and 3.10. To this end, we define R, as the expected
transmission rate associate with policy 7, and \* = inf{\ > 0 : Ry < a}. We say a policy is
A*-optimal if the policy is optimal for the MDP M with A = \*.

We know that there exists A% | A* and A* 1 A* such that they both converge to \*. At
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the same time, the corresponding optimal policies 1+ and n,- will also converge and are both
A*-optimal [50, Lemmas 3.4 and 3.7]. Since the Markov chains induced by policies n,- and
n,- are both irreducible and state (0,0) is positive recurrent in both Markov chains, we can
choose which policy to adopt every time the system reaches state (0, 0) independently without
changing its optimality [50, Proposition 3.2, Lemma 3.9]. Thus, we can mix the two policies
in the following way: when the system reaches state (0,0), the system will choose n)« with
probability 1 and 7,: with probability 1 — . Then the system will follow the chosen policy
until the next choice. The probability p is chosen such that the expected transmission rate of the
mixed policy ny« is equal to o. More precisely,

Oé—R)\i

p=5—%_
R)@ _R)‘i

Then, we can conclude that the mixed policy n)+ is optimal for the constrained problem (2.2) [50,

Lemma 3.10].
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Appendix B:  Scheduling for Freshness

B.1 Proof of Lemma 2

We consider two states, x; and @, that differ only in the value of s;. Without the loss
of generality, we assume s; ; < sy ;. Then, it is sufficient to show that, for any 1 < 7 < N,
V(1) < V(xs). Leveraging the iterative nature of VIA, we use mathematical induction to prove
the monotonicity. First of all, the base case (i.e., v = 0) is true by initialization. We assume the
lemma holds at iteration v. Then, we want to examine whether it holds at iteration v + 1. The

update step reported in problem (3.3) can be rewritten as follows.

Vl/+1<w) = aenfllln(l) Vua:H( ) (Bl)

where

Vii(x)=C(x) — 0+ Z (proc al>ZP Wi(x,x') 3,

93’—{:0;} i#£j

Ul(x,x') ZPSJS aj, 7))V, (x').

To prove the desired results, we distinguish between the following cases.
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» We first consider the case of 51 ; = 0 < s5; and 71 ; = 7 ; = 0. When a; = 1 and for any

x' — {s}}, we have

Ul(@, ') = p;Vi(@'ss) = 1) + (1= p)Vi(a's s} = 0),

Ui (@a, @) = BV, (@8} = 525+ 1) + (1= B)Vi (' ) = 0),

where V,(z'; s} = 0) is the estimated value function of the state ' with s; = 0 at iteration
v (at the risk of abusing the notation, we use V' (x; s; = s1) and V' (x; s; = s3) to represent

the value functions of two states that differ only in the value of s;). Then, we get

Ul(zy,x') — Uz, ') < (p; — B;) (Vo (2'; s, = 1) =V, (2'; 8, = 0)) < 0.

The inequalities hold since 3; > p; and Lemma 2 are true at iteration v by assumption.

Therefore, we have U} (1, ®') < U] (2, x') when a; = 1 for any &’ — {s/}.

For the case of a; = 1 where ¢ # j, we notice that a; = 0. Then, for any o’ — {s;-}, we

obtain

Ul(@r, ') = p; V(@) = 1) + (1 — p)Vi(@'s s} = 0),

j 19
Up(@a, ') = (1= p))Vo(@'; s = 50+ 1) + p;Vi(as s = 0).

J

Therefore, when a; = 1, we have

Ul(xy, ') — Ul(xy, ') < (2p; — 1)(VV(:13" si=1)=V,(x;s. = O)) <0.

77 ’7)
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The inequalities hold since 2p; — 1 < 0 and Lemma 2 is true at iteration v by assumption.
Combining with the case of a; = 1, Uj(x1,2') < UJ(x2, ') holds for any =’ — {5/}
under any feasible action. Since ; and x differ only in the value of s; and C'(x) is non-
decreasing in s; for 1 <4 < N, we can see that V%, (1) < V% (x,) for any feasible a.
Then, by (B.1), we can conclude that the lemma holds at iteration v+1 when s; ; = 0 < s ;

and f17j = TA'QJ =0.

* Whens; ; =0 < syjand 7y ; = 72 ; = 1, by replacing the 3;’s in the above case with ¢;’s,

we can achieve the same result.

* When 0 < s1; < sy and 71 ; = 75 j, we notice that

Ps1,j,81,j+1 (aj> fl,j) = PS2,J‘:32J+1 (a'j’ fZ’j)’

PSl,j:O(aj7 fl,j) = Pslj,o(&j, 722,3‘)-

Then, leveraging the monotonicity of V,(x) and C(x), we can conclude with the same

result.

Combining the three cases, we prove that the lemma also holds at iteration v 4+ 1 of VIA.
Therefore, the lemma holds at any iteration v by mathematical induction. Since the results hold
for any 1 < 7 < N and VIA is guaranteed to converge to the value function when v — 400, we

can conclude our proof.
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B.2 Proof of Lemma 3

We inherit the notations in the proof of Lemma 2. We still use mathematical induction to
obtain the desired results. The base case v = 0 is true by initialization. We assume the lemma
holds at iterative v and examine whether it still holds at iteration v + 1. In the case of M = 1, we
rewrite (3.3) as

Vo(z) = min V7 (), (B.2)

where

Vi(x)=C@) -0+ { (H P;,x;«))) P;Zj,xg_(l)%(a:’)} , (B.3)

! i#j
and P;x,(ai) is the probability that action a; will lead to state 2’ when user i is at state z. To get

the desired results, we distinguish between the following cases

* We first show that V7, (z) = V%, ,(#(z)). According to (B.3), we have

i) = 06w -0 S| (T Ps0) Py, 005601

i,k
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It is obvious that for any & (x)’, there always exists & (x”) = &?(x)’. Then, we obtain

Vin(2(x) = O(Z(x)) - 0+

> (HP’ ) @ DPL o (0V,(2())

P(x") \i#£jk

= C —0—|—Z (H s > _/<1)P£k xk(O)Vy(ml/)

x’! i#5,k

= O(P(x) 0+ (H P;;,x;m)) S (P V().

' \iFjk

The second equality follows from the definition of &?(-), the property of summation, and
the assumption at iteration v. The last equality follows from the variable renaming. Then,
by the definition of statistically identical, we have Pfj (1) = Pij (1), Pgﬁk $k(0) =

Pfk% (0), and C(z) = C(Z(x)). Therefore, we can conclude that V7, | (z) = V. | (2(x)).

« Along the same lines, we can easily show that V%, (z) = V7, ,(Z(x)) and V/, () =

Vit (P(@)) fori # j. k.

Combining the above cases with (B.2), we prove that V,. (x) = V,;1(Z(x)). Then, by
induction, we have V, (x) = V,(£?(x)) at any iteration v. Since VIA is guaranteed to converge

to the value function when v — 400, we can conclude our proof.

B.3 Proof of Theorem 3

For arbitrary j and £

@)= Y (H Py (0 )ZP (7)) P(i) R (,a') & (B.4)

m’—{m;.,a:k i#j,k PP
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where

Rt (z,a) =Y Kpskys;(o,f»k)PSj7S;(1,fj) - Psk,sgg(l,'Fk)stysg_(O,'Fj)) v(a;')] (B.5)

/ !
85,5y,

With this in mind, we will prove the properties one by one.

Property 1:  ¢/*(x) < 0if 7 = p?, = 0. The equality holds when s; = 0 or 7; = p?; = 0.
When 7, = pg,k = 0, transmitting the update from user k will necessarily fail. Therefore,

P, (0,0) = Py, & (1,0) for any s; and s}. Then, we have

!
S5

R @) =3 Py (0,0)3 [(PSJ,SQ(L Pi) — st,sg_(o,fj))ww/)} .

To identify the sign of R7*(x, '), we distinguish between the following cases

* When s; = 0, we can easily show that R/*(z, 2') = 0 for any &’ — {s/, s}.} by noticing
that the two possible actions with respect to user j (i.e., a; = 1 and a; = 0) are equivalent
when s; = 0. Since §7*(x) is a linear combination of R¥*(x,z')’s with non-negative

coefficients, we can conclude that §7*(x) = 0 in this case.

* When s; > 0and 7; = 1, for any ' — {s;», s}, we have

Rk (x,2) = Z Py, 5 (0,0)(a; +p; —1)(V(a';s; = s;+1) = V(x'; s, = 0))
5 (B.6)
< 0.

The inequality holds because of Lemma 2 and the fact that a;; + p; < 1. We recall that
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69*(x) is a linear combination of R/*(x, x’)’s with non-negative coefficients. Then, we

can conclude that /% (x) < 0 in this case.

* When s; > 0 and 7; = 0, by replacing the «; in (B.6) with (3, we can get the same result.

In this case, the equality holds when 3; + p,; = 1, or, equivalently, pg ;= 0.

Combining the cases, we prove the first property.

Property 2: 6»*(x) is non-increasing in 7; and is non-decreasing in 7, when s;,s; > 0. At
the same time, 6/*(x) is independent of #; for any i # j, k. We first prove the monotonicity of
5j’k(:1:) with respect to 7;. To this end, we define x; and @, as two states that differ only in the
value of 7;. Without a loss of generality, we assume 7; ; = 1 and 73 ; = 0. Then, we investigate
the sign of 67 (x1) — 07*(x,). We define z; £ 11, = x5, for i # j. Then, according to (B.4),

57k (x) — 7 (x,) can be written as

5j’k(w1)—6j’k($2) =

> (H Pxi,as;(m) S PE)PE (R e - R o))

z'—{z},) } i#5,k

Aol
7T

Since 1 = wa, we have P, o (a,71x) = P, s (a,72x) for any sj. We recall that the
transition probability is independent of 7 when a = 0. Combining with the fact that s, ; = s, ;,

we also have P, ; o (0,71;) = Ps, ;5 (0,72,5) for any s;. Combining together, we obtain
Psumsﬂc (17 rlyk’)PSLjaS; (07 Tl,j) = PSz,k,Sﬁf (17 T27k)P52,j,59 (07 T2,j)a

]Dsl,k,s;C (07 fl,kz) = Psz,k,s;f (07 TAQ,k)-
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Leveraging the above two problems, we have

Rk (xy, @) — R (29, 2') =

> [PSM;C (0,7) (Psl,j,sg_a, P1j) = Py (1, @,j)) v(m/)} .

/ /

55,5%

Consequently, we obtain

5 (1) — 67" (12) =

> TP 0) Z P(7)> (Psl,jﬁ;u, 1) = P, «(1, 0)> V()

:c’—{ac;-} 1#£] s;

In the following, we characterize the sign of

As 51 = s9; > 0, for any &’ — {s;}, we have

Ry =((1—oay) — (1= 5;))V(x'ss; =0)+ (a; — B;)V (/s s = 51, + 1) <0.

J

The inequality follows from Lemma 2 and the fact that 3; > «;. Since §*(x;) — §7%(xy) is
a linear combination of R;’s with non-negative coefficients, we can conclude that §7*(z;) <
6% (xq). Since 71 ; > 7o j, We can see that 7% (x) is non-increasing in 7.

In a very similar way, we can show that ¢*(x) is non-decreasing in 7. We recall that
7; will not affect the system dynamic if a; = 0. Consequently, we can conclude that 6/ (zx) is

independent of 7; for any 7 # 7, k.
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Combining together, we prove the second property.

Property 3: ¢7*(x) < 0if s, = 0. The equality holds when s; = 0 or 7; = pl; = 0.
Since the probabilities are non-negative, it is sufficient to show that R7*(x, x') satisfies Property
3 for any =’ — {s, s} }. More precisely, it is sufficient to show that R*(x,x’) < 0 for any
x' — {5}, s;.} when s, = 0 and the equality holds when s; = 0 or 7; = p? ; = 0. We recall that

Py, o (1,7) = Py« (0,7) for any s; when s;, = 0. Hence, for any =’ — {s', s} }, we have

R, o) = {Pw; (0,7) ) | (stﬁ;u, #j) = P, (0, @-)) V(:v’)] .

! /
Sk Sj

Then, we investigate the following quantity for any =’ — {s’}

Ry, & Z (st,sg.(lyfj) — Pg;j,x; (Ojj))V(m’).

’
s’
J

To this end, we distinguish between the following cases

* When s; = 0, we have P, o (1,7;) = Py (0,7;) for any s7. Thus, we conclude that

Ry = 0 for any &’ — {s/}. Consequently, R*(x, 2') = 0 for any &' — {s, s} }.

* When s; > 0 and 7; = 1, for any &' — {s/;}, we have

Ry=(a; =14+ p)V(x';s) =s;+1)+ (1 —a; —p;)V(x;s; =0) <0 (B.7)

J

The inequality follows from Lemma 2 and the fact that a; +p; < 1. Thus, R**(z,z') <0

for any =’ — {s), s, }.
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* When s; > 0 and 7; = 0, by replacing the «; in (B.7) with 3;, we can get the same result.

In this case, the equality holds when 3; + p; = 1, or, equivalently, pg’ ;=0.

Combined together, we can conclude that Property 3 is true.

Property 4: /() is non-increasing in s; if F? < FZ’“ and is non-decreasing in sy, if F;j > FZ’“
when s;, s, > 0. We define I'} £ 12—171 and IV = 16_;% for 1 < ¢ < N. Such as we did in the proof
of Property 3, it is sufficient to show that R7*(x, x') satisfies Property 4 for any =’ — 8%, 8}
We recall that R7*(x, ') depends on the values of 7; and 7. Therefore, we distinguish between

the following cases

* In the case of 7; = 7, = 1 and s;, 5 > 0, for any @’ — {s’, 5. }, (B.5) can be written as

ijk(a;, m') = Z |:(Psk:3;€ (0, 1)PSJ,39(1, 1) - Psk,S;(L 1)st,s;. (O, 1)) V(m/):|

s;,s;c
= (pea; — (1 = pj)(1 — ay)) V('; ;= s;+ 1,5, =0)
+ (1= pr) (1 — ) — pjo) V(s s = 03 5), = s + 1)
+ (L= pr)ay = (1= pjlag) V(&' s) = 55+ 1y sp = s + 1)

+ (pk(l —a;) —pi(1— ak))V(a:’; 3;- =0;s, =0).

As we can verify
1
praj — (1= pj)(1 —ay) < §(Pk +p;—1) <0,

(1 —pp)(1 — ;) = pjag > (1 —pr — p;) > 0.
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We define I'} £ 12 and Y= % for 1 < ¢ < N. Then, we have
ISy = (1—p)ay — (1—pja, S 0.
Combining with Lemma 2, we can conclude that, for any o’ — {s, s;.}, R*(x,a') is

non-increasing in s; if I'; < T’} and is non-decreasing in sy if I'; > T

* In the case of 7; = 7, = 0 and s;, s;, > 0, by replacing the «’s in the above case with 3’s,

we can conclude with the same result.

* In the case of 7; = 1, 7, = 0, and s, s, > 0, for any &' — {5, s} }, (B.5) can be written as

ijk(m, a}') = Z |‘(Psk’s;c (0, O)st,SQ(L 1) - Psk’sge(l, O)st',s;. (O, 1)) V(m/):|

/ /
85:5%

= (prey; — (L —p;)(1 = Bp)) V(s & = 55+ 1; 5}, = 0)
+ (1= pe)(1 — ) = piBe) V(x'; 8 = 0557, = s + 1)
+ (L =pr)a; — (1 —p)Be)V(x's s = s;+ 138, = sp + 1)

+ (pk(l —ay) —pi(1— Bk))V(:c’; s; =0;s), =0).

As we can verify
1
pro; — (L —p)(1 = Bx) <px | pj — 5 ) <0,

(1 - p)(1— ) — pfe > (1 pr) (% —pj) 0.
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At the same time

LS = (1—pa;—(1—p)B S0

Combined with Lemma 2, we can conclude that, for any &’ — {s}, s;.}, R/*(z, ) is non-

increasing in s; if Fjl- < T and is non-decreasing in sy, if F} > T9.

* In the case of #; = 0, 7, = 1, and s;, s, > 0, by swapping the o’s and /3’s in the above

case, we can conclude with the same result.

Combined together, we conclude that R7*(x,x’) satisfies Property 3 for any a’ — {s}, s}.}.
Consequently, % (z) is non-increasing in s; if Fjj < T''* and is non-decreasing in sy, if Fjj > Tk

when s;, s, > 0.

Property 5: 5j’k(m) < 0ifs; > s, 7; > 7y, and users j and k are statistically identical.
According to Property 3, it is sufficient to consider the case where s;, s, > 0. We notice that the

sign of 6% (x) can be captured by the sign of Q**(x,x') = >, ., P(#})P(#},)R**(x,a'). Thus,

T’T’k

we divide our discussion into the following cases.

» We first consider the case of s; > s, > 0 and 7; = 7, = 0. Leveraging the definition of

statistically identical, for any =’ — {2, 7.}, we have

@ @w) = X PP (V@] = (0.7 = o0+ 1,74) -
r],rk
Viasel = (5 + L, = (0.70) ).

where k; = 1 —p; — §; > 0. Then, by substituting the values of P(7) and using Lemma 3,

we obtain
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Q" (z, ') =y V(2 ah = (sp +1,1);25, = (0,1))—
YiverV (2’2 = (s; +1,1); 25, = (0, 1))+
(1= %)@ = w)ra V(" 2 = (sp + 1,0); 23 = (0,0))—
(1 =)L = y)mV (22 = (s; + 1,0); 23, = (0,0))+
V(1 =) V(a2 = (s +1,1); 23, = (0,0))—
Ye(1 = y)rV (2 25 = (s5 4+ 1,0); 23, = (0,1))+
Yi(1 =)k V(a2 = (s +1,0); 2, = (0,1))—

7](1 - P)/k)'%lv(w/;x;‘ = (Sj + 17 1)7 x;: = (07 O))

Since users j and k are statistically identical, we have v; = 7. Then, by Lemma 2, we have
Q' (x, ') < 0forany ' —{a/, 2} }. Since 6* () is a linear combination of Q7*(x, x')’s
with non-negative coefficients, we can conclude that (537"“(:1:) < 0.

* For the case of s; > s, > 0 and 7; = 7, = 1, by replacing 3; in x; with a;, we can
conclude with the same result.

* Then, we consider the case of 5; > s, > 0, 7; = 1, and 7, = 0. We first notice that, for

any ' — {s;, sy}

R (@, a') =(proy — (1= p;)(1 = Bp)) V(@' s) = 55 + 158}, = 0)+
((1 —pe)(1 — ) —pjﬁk)V(w'; s;» =0;s, = s+ 1)+
(L =pr)a; — (L —p)Br)V(x';s; = 554 1553 = s, + 1)+

(pk(l —aj) —p(1— ﬁk))V(w'; s;- =0;s), =0).
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As users j and k are statistically identical, we have p; = p; and «; < ;. Leveraging

Lemma 2, we have
Rk (x,2') < (a; +pj — 1) (V(m’; s; =s;+1;8,=0)—
V(x'; sy = 0;5, = sp + 1))

Then, for any o’ — {13;7 1.}

Q" (x, ') <Y P(#)P(#,)ka (V(a;';x; = (0,#); 2} = (s, +1,7}))—
i
Via'ia, = (s, + Lk = (0.7)),

where k9 = 1 — p; — a; > 0. Such as we did in the previous cases, we can leverage
Lemmas 2 and 3 to conclude that Q7*(x, «') < 0 for any =’ — {2/, x}.}. Consequently,

67%(x) < 0 in this case. The details are omitted for the sake of space.

Combined together, we conclude the proof of Property 5.

B.4 Proof of Corollary 4

We follow the same steps as in the proof of Lemma 2. To prove the corollary, it is sufficient
to show that V'(x1) < V(z5) when s; < s9 and 7y = 75. We use mathematical induction to prove
the monotonicity. First of all, the base case (i.e., v = 0) is true by initialization. We assume the
lemma holds at iteration . Then, we want to examine whether it holds at iteration v + 1. For

the system with a single user, the update step reported in problem (3.3) can be simplified and
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rewritten as follows

Vigi(x) = g(iﬂ}Vﬁﬂx), (B.3)

where

Ve (x) = O(z,a) — 0+ Z P(#) Y " Poy(a, )V, (2),

and 6 is the optimal value for M;(\, —1). To prove the desired results, we distinguish between

the following cases

e We first consider the case of s; = 0 < sy and 7y = 79 = 0. When a = 1, we have

V) (1) = Claq,1 —9+ZP (pV 17")—1—(1—;0)%(0,?’)),

Vi (2) = Clag, 1) — 0+ Z P(7 (6‘/ so+1,7) 4+ (1— ﬂ)vy(()’f’))'
Subtracting the two expressions yields

Vyl—i—l(xl) - VV1+1 (l'Q)

< O(x1,1) — C (2,1 +ZP”[p B)(V,(1,#) — V,(0,7))] <o0.

The inequalities hold since § > p, C(x, a) is non-decreasing in s, and Corollary 4 is true

at iteration v by assumption.

For the case of ¢ = 0, we obtain

Wialmn) = Ol 0) =0+ 5 P(7) (qu<1,f'> (- p>vy<o,f'>>,

T‘/
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Vi (@2) = Clw2,0) =0+ > P() ((1 — pWVi(s2+1,7) + Vi (0, 7’))

Therefore, when a = 0, we have

VV0+1(:E1> - VVOH(CCQ)

< C(21,0) = C(,0) + Z P() [(219 — D(Vo(L,7) = V,(0,7) | <0.

The inequalities hold since 2p — 1 < 0, C'(z, a) is non-decreasing in s, and Corollary 4 is
true at iteration v by assumption. Combined together, we can see that V", ; (z1) < V%, (22)
for any feasible a. Then, by problem (B.8), we can conclude that the lemma holds at

iteration ¥ + 1 when s; = 0 < sy and 7y = 79 = 0.

* When s; = 0 < sy and 7y = 75 = 1, by replacing the 5’s in the above case with a’s, we

can achieve the same result.

e When 0 < s1 < sp and 7, = 79, we notice that Ps, 5, +1(a,71) = Ps,s,+1(a,72) and
Py, o(a,7) = Ps,0(a,72). Then, leveraging the monotonicity of V,(z) and C(z,a), we

can conclude with the same result.

Combining the three cases, we prove that the lemma holds at iteration v + 1 of VIA.
Therefore, the lemma holds at any iteration v by mathematical induction. Since VIA is guaranteed

to converge to the value function when v — +o00, we can conclude our proof.
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B.5 Proof of Proposition 3

We define AV (z) £ V(x) — VO(x) where V() is the value function resulting from

taking action a at state z. Then, V%(z) can be calculated as follows

Vi) = Clw,a) =0+ > Prw(a)V(2)), (B.9)

r’'eX

where 6 is the optimal value for M; (A, —1). Hence, the optimal action at state x can be fully
characterized by the sign of AV (z). More precisely, the optimal action at state = is @ = 1 if
AV (zx) < 0, and a = 0 is optimal otherwise. To determine the sign of AV (x) for each state, we

distinguish between the following cases

» We first consider the state x = (0,7). Applying the results in Section 3.2.2 to problem

(B.9), we obtain

VO0,7) = — 0+ (1 —~)(1 —p)V(0,0) + (1 —4)pV(1,0)+

(1 =p)V(0,1) +pV(1,1),
VI0,7) = X+ V°(0,7). (B.10)
Therefore, AV (0,7) = A > 0. Thus, the optimal action at state (0,7) is a = 0.

* Then, we consider the state z = (s,0) where s > 0. Applying the results in Section 3.2.2
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to Equation (B.9), we obtain

VO(s,0) = f(s) =0+ (1 —~)pV(0,0) + (1 —)(1—p)V(s+1,0)+

PV (0,1) +~(1 = p)V (s +1,1),

Vis,0) = f(s) + A =0+ (1 —~)(1—=B)V(0,0)+ (1 —7)BV(s+1,0)+
Y1 =p)V(0,1) +v6V(s+1,1).
Then,

AV (5,0) = XA+ p2(1 — 2p)w, (B.11)
where w = (1 —7)[V(0,0) — V(s 4+ 1,0)] + v[V(0,1) — V(s + 1,1)] < 0.

* Finally, we consider the state z = (s, 1) where s > 0. Following the same trajectory, we

have

AV(s,1) =X+ (1 —p))(1 — 2p)w.

According to Corollary 4 and the fact that p < 0.5, we can see that AV (s,0) and AV (s, 1)
are both a constant A plus a term that is non-increasing in s. As the time penalty function is
unbounded, the value function must also be unbounded. Then, combining the three cases, we can
conclude the following. For fixed 7, there always exists a threshold n; > 0 such that the optimal
action at state (s,7) where s > n; is a = 1, otherwise a = 0 is optimal. Since 7 € {0, 1}, the

optimal policy can be fully captured by the pair (ng, n;).
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Figure B.1: Tllustration of the DTMC induced by the threshold policy . = (ng,n1). In the figure,
cr=1=7)1-p)+yaandc; =(1—-7) B+

In the following, we determine the relationship between ny and n;. We have
AV<S> 1) - AV(S> 0) = (1 - pi - p2)<1 - 2p)w < 0.

At the same time, for the threshold ng, we know AV (ng,0) < 0. Then, we have AV (ng, 1) <
AV (ngy,0) < 0. Combined with the fact that AV (s, 7) is non-increasing in s, we can conclude

that the ordering ng > n; is true.

B.6  Proof of Proposition 4

We notice that the dynamic of Aoll under threshold policy can be fully captured by a
DTMC. Then, the expected Aoll A,, and the expected transmission rate p,, under threshold policy
n = (ng, n1) can be obtained from the stationary distribution of the induced DTMC. Let the states
of the induced DTMC be the values of s. We recall that 7 is an independent Bernoulli random
variable with parameter . Combined with the results in Section 3.2.2, we can easily obtain the

state transition probabilities of the induced DTMC, which are shown in Figure B.1. The balance
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equations of the induced DTMC are the following

ni—1 no—1

(1-p mﬁ—pZm—i— 1—¢) Zm—i— 1 — ) Zm—ﬂo
k=n1 k=ng
P = 7.

(1—p)mp_y =7 for2<k<ny.
C1Tp—1 = Tk fOT ni + 1 S k S ng.
CoTlp—1 = Tk fOT no + 1 < k.

+oo
Zﬂ'kzl.
k=0

Then, we can easily solve the above system of linear equations. After some algebraic manipulation,

we obtain the following

m=p(1—p)"'my for1 <k <.

m, = p(1—p)" ' m forni +1 <k <ny.

T = p(1 — p) om0 forng +1 < k.

Equipped with the above results, we proceed with calculating A,, and p,,. According to (3.4), the

expected Aoll is:
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+oo
Ap =) fk)m.
k=0

Substituting the expressions of 7;,’s, we can get the expression of A,,. Proposition 3 tells us the

following.
* For state (s, 7) where s < ny, it is optimal to stay idle (i.e., a = 0).

* For state (s,7) where n; < s < ny, it is optimal to make a transmission attempt only when
7 = 1. We recall that 7 is an independent Bernoulli random variable with parameter ~.

Therefore, the expected proportion of time that the system is at state (s, 1) is y7rs.
* For state (s, 7) where s > ny, it is optimal to make transmission attempt regardless of 7.

Combined with (3.4), we have

no—1 +oo
Pn =" E T + § Tk-
k=n1 k=ng

Substituting the expressions of 7;’s, we can obtain the closed-form expression of p,,.

B.7 Proof of Proposition 6

We first tackle the Whittle’s indexes at state (0, 7) and (s,0) where s > 0. To this end, we

distinguish between the following cases

» We first consider the state = = (0, 7). By definition, Whittle’s index is the infimum A such

that V°(z) = V(). According to (B.10), we can conclude that W, = 0 when z = (0, 7).
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o Then, we consider the state z = (s,0) where s > 0. We recall that p® = 0. Then, we can

conclude, from (B.11), that W, = 0 for all z = (s,0) where s > 0.

Now, we tackle the Whittle’s index at state x = (s, 1) where s > 0. For convenience, we
denote by W, the Whittle’s index at state = (n, 1). According to the monotonicity of AV (z)
shown in the proof of Proposition 3, we can conclude that threshold policy n = (+o00,n + 1) is

optimal when V%(n, 1) = V!(n, 1). Then, we can prove the following
Lemma 15. When (3.7) is satisfied and V°(n,1) = Vi(n,1), V(s,1) = V(s,0) £ V(s) for
0<s<n.

Proof. Since the value function satisfies the Bellman equation, it is sufficient to show that V (s, 1)

and V' (s, 0) satisfy the same Bellman equation. We recall that the Bellman equation for V'(x) is

given by
V(r) = min V*
() = min VE(x),
where
Vix)=Clx,a) =0+ > Pow(a)V(2)), (B.12)

and @ is the optimal value of the decoupled problem. We recall, from Corollary 5, that the optimal
action at state (s, 0) is staying idle (i.e., @ = 0) for any s. We also know that threshold policy
n = (+o00,n + 1) is optimal when V°(n, 1) = V(n, 1). Therefore, the optimal actions at states

(s,0) and (s, 1) where s < n are the same (i.e., a = 0). Equivalently, we have

V(s,#) =V (s,7), fors<n. (B.13)

According to the system dynamic reported in Section 3.2.2, we know that the state transition
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probabilities are independent of 7 when a = 0. Meanwhile, 7 does not affect the instant cost. Let

x1 = (s,1) and 25 = (s,0). Then, for any 2/, we have
Py (0) = sz@’(o)-

C(21,0) = C(x2,0).

Hence, according to (B.12), we can see that V°(s,0) = V°(s,1) for any s < n. Combined with

problem (B.13), we can conclude that V'(s,0) = V (s, 1) forany 0 < s < n. O

By definition, Whittle’s index W, is the infimum A such that V°(n, 1) = V!(n, 1). In this
case, according to Lemma 15, V(0,1) = V(0,0) = V(0). Then, V°(n,1) and V'(n,1) can be

written as

Von,1) = f(n) —0+pV(0) + (1 —p) (1 =)V (n+1,0) +yV(n +1,1)]. (B.14)

Vin,1) = f(n)+ W, =0+ (1 —a)V(0)+a[(l —7)V(n+1,0) + 4V (n+1,1)].

Without a loss of generality, we assume V' (0) = 0. Then, equating the two expressions yields
Wo=1-p—a)yV(n+1,1)+ (1 —-~)V(n+1,0)). (B.15)

Combining problems (B.14) and (B.15), we conclude that W, is

(1=p=a)(V'n,1) +0— f(n))

W, =
1—p
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Since the optimal action at state (n,1) is a = 0, we have V°(n,1) = V(n,1) = V(n). Finally,

we obtain

W, = A-p—a)V(n) +0 - f(n)

1—p

(B.16)

Now, we tackle the expression of V' (n). When V?(n,1) = V!(n, 1), the optimal action at state

(s,7) where 0 < s < n is staying idle. Then, leveraging Lemma 15, value function V'(s) where

0 < s < n satisfies the following

—0+ f(0) + pV (1) s=0,
V(s) =

-0+ f(s)+(1—pV(s+1) 0<s<n.

By backward induction, we end up with the following equation for 0 < s < n.

01— (1=p) ) |

V(s) = + Y fn=k) (L =p)" (1L =p)"V(n).

p k=1

Letting s = 1 yields
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Equating the two expressions of V'(1), we obtain

We recall that, when V°(n, 1) = V1(n, 1), threshold policy m = (+oo,n + 1) is optimal and
both actions at state = = (n, 1) are equally desirable. Thus, threshold policy n = (+o0,n) is
also optimal. Then, we know

0= A, + Wph, (B.19)

where A, and p,, are the expected Aoll and the expected transmission rate under threshold policy

n = (+00, n), respectively. Finally, combining problems (B.16), (B.18), and (B.19), we obtain

IO 3 2L gy (Z F) —p>’f-l>
k=1

p(1—p) p(l—p)"
" 1 2-(1-pr
I—p—a ™ pi-pr

After some algebraic manipulation, we have

+oo
(=) 3 fH™ = A,

k=n+1
(I-e)d=p)—71l=-p—a) _~
a(l—p—a) +n

W, =

where ¢; = (1 —7)(1 — p) + ya.
In the following, we investigate some properties of Whittle’s index. First of all, IV, is non-
negative since 1 — p — avand V(n + 1,7) in (B.15) are all non-negative. Meanwhile, combining

(B.15) with the fact that V' (n, 7*) is non-decreasing in n, we can verify that W,, is non-decreasing
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in n. Combined with the Whittle’s indexes in two other cases (i.e., + = (0,7) and x = (s,0)

where s > 0), we can easily obtain the properties of IV, as detailed in Proposition 6.

B.8 Proof of Proposition 7

We notice that M (A, —1) coincides with the decoupled model studied in Section 3.4.2.
When problem (3.7) is satisfied, the decoupled problem is indexable, and, by Corollary 5, we
only need to show that n is the optimal threshold for the states with # = 1. We first tackle the

case of A > 0. To this end, we divide our discussion into the following cases

* For state (s, 1) where s < n, W, < A by definition. As the problem is indexable, we have
D(W,) € D(\). We recall that W, =& min{\ > 0: V%s,1) = V!(s,1)}. Equivalently,
W, = min{\ > 0: (s,1) € D(\)}. Then, we know (s, 1) € D(W,). Combined together,
we conclude that (s,1) € D(\). In other words, the optimal action at state (s, 1) where

s < nis to stay idle (i.e., a = 0).

* For state (s,1) where s > n, we first recall that Wy = min{\ > 0 : (s,1) € D(X)}.
Consequently, for any X' < W, we know (s,1) ¢ D()\'). Meanwhile, we have W, >
W, > X by the monotonicity of Whittle’s index and the definition of n. Hence, we can
conclude that (s, 1) ¢ D()). In other words, the optimal action at state (s, 1) where s > n

is to make the transmission attempt.

Then, we conclude that n is the optimal threshold for the states with 7 = 1 when A > 0. In
the case of A = 0, according to the proof of Proposition 3, we can easily verify that the optimal

threshold is 1.
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B.9 Proof of Theorem 4

We first make the following definitions. When M (A, —1) is at state = and action a is
taken, cost C1(x,a) = f(s) and Cy(x,a) = \a are incurred. We denote the expected C;-cost
and the expected Cy-cost under policy ¢ as (' (¢) and Cy(¢), respectively. Let G be a non-empty
set of states. For the given state ¢, we define R*(7, G) as the class of policies ¢, for which the

following hold

* The probability P,(z, € G for somen > 1|z = i) = 1 where z, is the state of

M (A, —1) at time n.
* The expected time m;;(¢) of a first passage from i to G under ¢ is finite.

« The expected C-cost C"“(¢) and the expected Cy-cost C4(¢) of a first passage form i

to G under ¢ are finite.
With the definitions in mind, we proceed with verifying the assumptions given in [50].

1. Forall d > 0, the set A(d) = {x | there exists an action a such that Cy(x,a) + Cy(z,a) <
d} is finite: For any state x, the cost satisfies C(x,a) + Co(z,a) = f(s) + Aa > f(s).
The equality holds when a = 0. Then, the states in A(d) must satisfy f(s) < d. Combined
with the fact that f(s) is a non-decreasing and unbounded function when s € Ny, we can

conclude that A(d) is finite.

2. There exists a stationary policy e such that the induced Markov chain has the following
properties: the state space S consists of a single (non-empty) positive recurrent class

R and a set U of transient states such that e € R*(i, R) for i € U. Moreover, both
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Ci(e) and Cs(e) on R are finite: We consider the policy under which the base station
makes a transmission attempt at every time slot. According to the system dynamic detailed
in Section 3.2.2, we can see that all the states communicate with state (0,0) and (0, 0)
communicates with all other states. Thus, the state space S consists of a single (non-
empty) positive recurrent class and the set of transient states can simply be an empty set.

C\(e) and Cy(e) are trivially finite as we can verify using Proposition 4.

. Given any two state x # 1y, there exists a policy ¢ such that ¢ € R*(x,y): We notice
that, under any policy, the maximum increase of s between two consecutive time slots is
1. Meanwhile, when s decreases, it decreases to zero. Combined with the fact that 7 is
an independent Bernoulli random variable, we can conclude that there always exists a path
between any z and y with positive probability. m,,(#), C7¥(¢), and C5*¥(¢) are trivially

finite.

. If a stationary policy ¢ has at least one positive recurrent state, then it has a single positive
recurrent class R. Moreover, if v = (0,0) ¢ R, then ¢ € R*(z, R): Given that 7 is an
independent Bernoulli random variable, we can easily conclude from the system dynamic
that all the states communicate with state (0,0) and (0,0) communicates with all other
states under any stationary policy. Therefore, any positive recurrent class must contain

state (0, 0). Thus, there must have only one positive recurrent class which is R = S.

. There exists a policy ¢ such that Cy(¢) < oo and Cy(¢p) < K where K € (0, 1]: We notice
that C'(¢) and Cy(¢) are nothing but the expected Aoll and the expected transmission
rate achieved by ¢, respectively. Then, we can easily verify that such policy exists using
Proposition 4.
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As the assumptions are verified, we proceed with introducing the optimal randomized
policy for given A. We say a policy is A-optimal if the policy is optimal for M;(\, —1). We
consider two monotone sequences A} | A and A" T A. Then, there exist subsequences of A’
and A" such that the corresponding sequences of optimal policies converge. Then, according
o [50, Lemma 3.7], the limit points, denoted by m,, and m,_, are both A-optimal. By [50,
Proposition 3.2], the Markov chains induced by 7, and mn,_ both contain a single non-empty
positive recurrent class and state (0,0) is positive recurrent in both induced Markov chains.
Hence, the base station can choose which policy to follow each time the system reaches state
(0, 0) while keeping the resulting randomized policy A-optimal as suggested by [50, Lemma 3.9].
More precisely, we consider the following randomized policy: each time the system reaches state
(0,0), the base station will choose 12, with probability ;z and m,, with probability 1 — x. The
chosen policy will be followed until the next choice. We denote such policy as ), and conclude

that n, is A\-optimal under any p € [0, 1].

B.10 Proof of Proposition 8

The value function V() and V(z;) must satisfy their own Bellman equations. More

precisely

acAn(—-1)

V(z)+ 6= min { a:a,+ZPr "|x,a) (:v’)},

Vi(z;) +6; = mi C(zi, ai Pr(a; | @i, a:)V'(27) ¢ B.20
(@) +6: = min | Cle ai)+ > Pra; | @i, a)V'(x) (820

!
Ty

where 6 and 6; are the optimal values of My (A, —1) and M (A, —1), respectively. We recall

from Section 3.2.2 that the users are independent when action a and current state x are given.
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Thus

Pr(z' |z, a) = HPr(xg | z,a),

where ' = (21, ..., 2y ). Then, we have

ZPr(az—{mea ZHPrx|ma—1

' —{z!} ' —{x}} j#i
We also recall from Section 3.2.2 that the state of user ¢ depends only on its previous state and

the action with respect to user 7. Thus
Pr(z! | x,a) = Pr(z} | x;,a;).

Combined together, we obtain

ZZP'I’( | 24, a:)V(x ZZ Z HPT’(iL‘;- | x,a)| Pr(z) | zi,a)V'(z))

i=1 a! i=1 g/ _a:’—{;r:;} j#i

=SS [P |2, a)Vie))

i=1 o \@'—{z]} i=1

- ZPr(a:’ |z, a) <Z Vl($;)> :

(B.21)

Then, we sum problem (B.20) over all users which yields

N N
> (Vi) +6) =min ¢ > | Clag,a0) + > Pr(a) | ws,a)V(a})
i=1 =1

We recall that C(x,a) = Zf\il C(x;, a;) by definition. Then, leveraging problem (B.21), we
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obtain

Z Vi) + Zﬁi = aegle?_l) {C(a:, a)+ Z Pr(z' |z, a) (Z V%:ci)) } :

Since the solution to the Bellman equation is unique [51], we must have Y"1V | Vi(z;) = V()
and Zf\;l 6; = 6. Then, we can conclude that it is optimal for My (A, —1) if each user adopts its

own optimal policy.

B.11 Proof of Theorem 5

In this proof, we call a policy as A*-optimal if it is optimal for M y(A*, —1). Meanwhile, in
Section 3.4.2, we ensure that, for each user, there exists at least one threshold policy that yields a
finite expected Aoll. Therefore, we can conclude that, for RP, there exists at least one policy that
causes the expected Aoll and the expected transmission rate to be both finite. Then, according

to [50, Lemma 3.10], a policy is optimal for RP if
1. Itis A*-optimal;
2. The resulting expected transmission rate is equal to M.

We first construct a policy ¢y« that is A*-optimal. We recall from Proposition 8 that a policy is A\*-
optimal if it consists of the optimal policies for each M (\*, —1) where 1 < i < N. According
to Theorem 4, for any ¢, there exist 1~ ; and 7, ; that are both optimal for M (X\*, —1). Then,

we can construct the policy ¢y« in the following way.

* For user ¢ with ny+ ; = Ny £ ny-;, the threshold policy ny-; is used. Then, the
deterministic policy m - ; is optimal for M} (A\*, —1) and

201



PN = FN) = 5N,
In this case, the choice of 1; makes no difference.

 For user « with ny- ; # n N> the randomized policy ny-; as detailed in Theorem 4 is

used. Then, for any y; € [0, 1], the randomized policy n- ; is optimal for M} (A\*, —1) and
prN) = wip' (AL) + (1 — ) p'(AL).

Combing the two cases, we conclude that ¢y« = 12y« 1, ..., = ] is A*-optimal under any
p1; € [0, 1]. Hence, as long as the chosen ;s realize .~ | 5/(\*) = M, we can conclude that the

randomized policy ¢,- is optimal for RP.

B.12 Proof of Proposition 10

We notice that M’ (A\*, —1) coincides with the decoupled model studied in Section 3.4.2.
Therefore, we can use the results in Section 3.4.2 to prove the properties. Since the users share
the same structure, we ignore the user index ¢ for simplicity. According to the definition of 7,

we have

Ix = Z Px,x’(o)v<x/) - Z Px,x’(l)v(x/) -\

= —AV(x).

Leveraging the results in the proof of Proposition 3, we have the following
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e For state z = (0,7), [, = —\*.

e For state z = (s,0) where s > 0, I, = —\* — pY(1 — 2p)w where w = (1 — 7)[V(0,0) —

V(s+1,0)] +~[V(0,1) = V(s +1,1)] <0.
e For state z = (s,1) where s > 0, I, = —\* — (1 — p})(1 — 2p)w.

From the above three cases, we can easily conclude that /, > —\* and the equality holds
when 7 = p? = 0 or s = 0. As is proven in Corollary 4, V(z) is non-decreasing in s. Hence, we
can conclude that [, is also non-decreasing in s. To show that /, is monotone in 7, we consider

two states 1 = (s, 1) and xo = (s,0). Then, we have

I, — L, = AV (s,1) — AV (s,0) = (1 — p} — p")(1 — 2p)w < 0.

Therefore, we can conclude that 7, is non-decreasing in 7.
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Appendix C: Freshness against Generic Delay

C.1 Details of State Transition Probability

We first discuss the individual transition of A. We divide our discussion into the following

cases.

* A = 0 and the receiver’s estimates are the same at state s and s’. In this case, A’ = 0 when

the dynamic source remains in the same state. Otherwise, A’ = 1.

K 0 wp.1-—p,

1 w.p. p.

* A = ( and the receiver’s estimates are different at state s and s’. In this case, A’ = 0 when

the dynamic source flips the state. Otherwise, A’ = 1.

1 wp 1—np.

* A > 0 and the receiver’s estimates are the same at state s and s’. In this case, A’ = A + 1
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when the dynamic source remains in the same state. Otherwise, A’ = 0.

N 0 w.p. p,

AN+1 wp. 1—np.

* A > 0 and the receiver’s estimates are different at state s and s’. In this case, A’ = A + 1

when the dynamic source flips the state. Otherwise, A’ = 0.

0 w.p. 1 —p,

A+1 w.p.p.

Hence, in the following, we only state whether the receiver’s estimates are the same at state s and
s’ and omit the rest of the discussion on the transition of A. To make the notation clearer, we
write Ps ¢(a) as P[(A',i',t') | (A,t,i),a] and Pr(T >t + 1| t) as ¢,y in this proof. Then, we

distinguish between the following cases.

* s = (0,0,—1). In this case, the channel is idle. Hence, the feasible action is a € {0, 1}.
When the transmitter decides not to initiate a new transmission (i.e., a = 0), ¢ = 0 and

t' = —1. Moreover, the receiver’s estimate remains the same. Hence,

Pr(0,0,—1) ] (0,0,—1),a=0] =1 — p.

Pr{(1,0,-1) | (0,0,—1),a = 0] = p.

When the transmitter decides to initiate a new transmission (i.e., a = 1), the update will be
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delivered after a random amount of time 7. When 7' > 1, which happens with probability
(1, the channel will be busy at the next time slot and ¢’ = 1 as the transmission starts. Since
A = 0 when the transmission starts, we know 7 = 0. Moreover, the receiver’s estimate

remains the same since no new update will be delivered. Hence,

PT‘[(O, 170) ’ (07 0, —1),@ = 1] = QI(l _p)'

Pr((1,1,0) | (0,0,—1),a = 1] = ¢p.

When T' = 1, which happens with probability 1 — ¢;, the update will be delivered at the
next time slot. Hence, the channel will be available for a new transmission at the next time
slot, which means that ¢ = 0 and // = —1. Since A = 0 when the transmission starts,
the newly arrived update brings no new information to the receiver. Hence, the receiver’s

estimate remains the same. Hence,

Pr((0,0,-1) [ (0,0,-1),a=1] = (1 = q1)(1 — p).

PT’[(l,O, _1) | (0707 _1)70’ = 1} = (1 - QI)p-

s = (0,¢,0). In this case, the channel is busy. Hence, the feasible action is a = 0. When
the update will not arrive at the next time slot, which happens with probability ¢;,1, i =i
since both the transmitting update and the receiver’s estimate remain the same. Apparently,

t" = t + 1 as the transmission continues. Moreover, the receiver’s estimate remains the
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same. Hence,

PT[(O’t—‘F 170) | (O,t,())] = Qt-l—l(l _p)‘

Pri(1,t+1,0) | (0,£,0)] = gt4+1p-

When the update arrives at the next time slot, which happens with probability 1 — ¢;1,
t" = 0 and i’ = —1 by definition. Since i = 0, the newly arrived update brings no new

information to the receiver. Hence, the receiver’s estimate remains the same. Hence,

PT[(()?O? _1> ’ (O7t70)] = (1 - Qt+1)(1 _p)'

Pr{(1,0,-1) | (0,¢,0)] = (1 = gi1)p-

* s = (0,t,1). The analysis is very similar to that for s = (0,¢,0) except that when the

update arrives, the receiver’s estimate is flipped. Hence,

PT’[(O,t +1, 1) | (O’tv 1)] = Qt-l—l(l _p)‘

PT[(17t+ 17 1) | (07t7 1)] = {t+1P-

PT[(OvO’ —1) ‘ (0,1, 1)] =(1- Qt+1)p-

PT[(LOv _1) ’ (O7t7 1)] = (1 - Qt+1)(1 _p)'

s = (A,0,—1) where A > 0. In this case, the analysis is very similar to that for s =

(0,0, —1), except that the receiver’s estimate is incorrect at state s, and if the decision is
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made to transmit, the transmitted update differs from the receiver’s estimate. Therefore,

the details are omitted here.

PT[(A+1707_1) | (A707_1)7a20] :1_p

Pr[(0,0,-1) | (A,0,—1),a = 0] = p.

Pri(A+1,1,1) | (A,0,—1),a =
Pr[(0,1,1) | (A,0,=1),a = 1] = ¢:1p-

Pr((A+1,0,—-1) | (A,0,-1),a=1] = (1 — q1)p.

Pr((0,0,-1) | (A,0,=1),a=1]=(1—q¢)(1 —p).

* s = (A,t,0) where A > 0. The analysis is very similar to that for s = (0, ¢,0) except that

the receiver’s estimate is incorrect at state s. Hence,
Pri(A+1,t+1,0) | (A,£,0)] = g21(1 — p).

PT[(O,t—i— 170) | (A7t70)] = qt+1P-
PT[(A + 1707 _1) | (A,t,O)] = (1 - Qt+1)(1 _p)'

PT[(0,0, _1) ‘ (A,t,O)] = (1 - Qt+1)p-

e s=(A,t,1) where A > 0. The analysis is very similar to that for s = (A, ¢, 0) except that
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the transmitted update differs from the receiver’s estimate. Hence,

Pri(A+1,t+1,1) | (A, £,1)] = g (1 — p).

Pri(0,t+1,1) | (A,t,1)] = g1p-
PT[(A + 1,0, _1> ’ (A’tv 1)] = (1 - Qt+1)p‘

PTKO’O? _1) ’ (A>tv 1)] = (1 - Qt-i-l)(l _p)'

Combing the above cases, we fully characterized the state transitions and the corresponding

probabilities.

C.2 Proof of Lemma 4

We recall that P{ /(1) is the probability that action a at state s = (A, 0, —1) will lead to
state s = (A’,0,—1), given that the transmission takes ¢ time slots. With this in mind, we first

distinguish between different values of A.

* When A = 0, the transmitted update is the same as the receiver’s estimate. Hence, the
receiver’s estimate will not change due to receiving the transmitted update. Moreover, we
recall that Aoll will either increases by one or decreases to zero. Hence, A’ € {0, 1, ..., ¢}.

Then, we further distinguish our discussion into the following cases.
— A’ = 0 happens when the receiver’s estimate is correct as a result of receiving the
update. Hence, the probability of this happening is p(®).

— A’ =k € {1,...,t} happens when the receiver’s estimate is correct at (¢ — k)th time

209



slot after the transmission, which happens with probability p=*). Then, the estimate
remains incorrect for the remainder of the transmission time. This happens when the
source first changes state, then remains in the same state throughout the rest of the
transmission. Hence, the probability of this happening is p(1 — p)*~!. Combining

together, A’ = k happens with probability p‘=*)p(1 — p)s—1.

Combining together, we have

(

p" A'=0,
P&A’(l) =pEPp(1—p Tt 1<A =k <t

0 otherwise.

* When A > 0, the transmitted update is different from the receiver’s estimate. Hence, the
receiver’s estimate will flip as a result of receiving the transmitted update. Moreover, we
know A" € {0,1,...,t — 1, A + t}. Hence, we further distinguish between the following

cases.

— A’ = 0 happens in the same case as discussed in the case of A = 0. Hence, the

estimate is correct with probability p(*).

— A’ = 1 happens when the estimate is correct at (¢—1)th time slot after the transmission,
which happens with probability 1 — p*=1). Then, the estimate becomes incorrect
as a result of receiving the update. Since the estimate flips upon the arrival of the
transmitted update, it happens when the source remains in the same state. Hence,

the probability of this happening is 1 — p. Combing together, A’ = 1 happens with
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probability (1 — p*=Y)(1 — p).

A" =k € {2,...,t — 1} happens when the estimate is correct at (¢ — k)th time slot

(t=k) Then, the estimate

after the transmission, which happens with probability 1 — p
remains incorrect for the remainder of the transmission time. This happens when the
dynamic source behaves the following way during the remaining transmission time.
The dynamic source should first change state, then remain in the same state, and

finally, change state again when the update arrives. This happens with probability
p*(1 — p)*~2. Hence, A’ = k happens with probability (1 — p=")p?(1 — p)k=2,
A" = A+t happens when the estimate is incorrect throughout the transmission. Since

the estimate will flip when the update is received, this happens when the source stays

in the same state until the update arrives. Hence, A’ = A+t happens with probability

p(1—p).

Combining together, for A > 0, we have

(1-p""V)(1~p) A =1,
Pya(1) = (1—pp?(1—pk? 2<A =k<t—1,
p(L—p)" A=A+t

0 otherwise.

By analyzing the above expressions, we can easily conclude that P& Ar(1) possesses the following

properties.
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* Pio(1)and Px A (1) are both independent of A.
. P&A,(l) is independent of A when A > 0and 0 < A’ <t — 1.
* PAa(1)=0when A’ > A4 torwhent —1 <A <A+t

Leveraging the above properties, we can prove the second part of the lemma. The equivalent
expression can be obtained easily, so the details are omitted. In the following, we focus on

proving the properties of Pa a/(a).

e property 1: When A’ = 0, Pao(1) = > ;e piPh (1) for any A > 0. Since PA (1) is
independent of A, property 1 holds in this case. Then, we consider the case of 1 < A’ <

tmaz — 1 and A > A’. In this case,

t'maw

Pan(1) = Z PePa A (1),
=

where PX /(1) is independent of A. Hence, Pa /(1) is independent of A. Combining

together, property 1 holds.

 property 2: We notice that, when A" > t,,..,

Paar(1) = prPi a(1) = puPh asv(1).

We recall that PK asw(1) is independent of A. Then, we can conclude that Px ar(1)

depends only on ¢’. Thus, property 2 holds.

» property 3: The equivalent expression in corollary indicates that the property holds when
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A" > A+ t4.. Inthe case of t,,,,, — 1 < A’ < A+ 1, we have

Pan(1) = pt’PZ,A/(D?

where ¢’ < 0. By definition, Pa /(1) = 0. Hence, property 3 holds.

C.3 Proof of Lemma 5

The proof is similar to that of Lemma 4. We first derive the expressions of P4 A,(1) and
PZA, (1). To this end, we start with the case of A = 0. In this case, the transmitted update is the

same as the receiver’s estimate. With this in mind, we distinguish between different values of ¢.

* When 1 < ¢ <ty the update is delivered after ¢ time slot. Hence, A" € {0, 1,...,¢}.

Then, we further distinguish between different values of A’.

— A’ = 0 in the case where the receiver’s estimate is correct when the update is

delivered. Hence, A’ = 0 happens with probability p(*).

— A" =k € {1,2,...,t} when the receiver’s estimate is correct at the (¢ — k)th time slots
after the transmission occurs. Then, the source flips the state and remains in the same
state for the remainder of the transmission. Hence, A’ = k € {1,2,...,t} happens

with probability p—*)p(1 — p)F—1.,

* When t = t,,,4., the update either arrives or be discarded. In this case, A" € {0, 1, ..., t1as }-
We recall that the update is the same as the receiver’s estimate. Hence, the receiver’s
estimate will not change in both cases. Consequently, Péjgﬁl (1) = PSTA,(l), which can be
obtained by setting the ¢ in the above case to %4,
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Combining together, for each 1 <t < ¢,,,44,

p" A'=0,
PS,A'(l) = p(t*k)p(l —p)t I <A =k <,

0 otherwise.

+
Py ar(1) = Py (1).

Then, we consider the case of A > (. We notice that, in this case, the receiver’s estimate will flip

upon receiving the update. Then, we distinguish between different values of t.

* When 1 <t < t,,4:, the update is delivered after ¢ time slots, and the receiver’s estimate
will flip. Hence, A’ € {0, 1, ...,t—1, A+t}. Then, we further distinguish between different

values of A'.

— A’ = 0 in the case where the receiver’s estimate is correct when the update is received.

Hence, A’ = 0 happens with probability p®.

— A’ = 1 when the receiver’s estimate is correct at (¢ — 1)th time slot after transmission
starts and becomes incorrect when the update arrives. Hence, A’ = 1 happens with

probability (1 — p®1)(1 — p).

- A" =k €{2,3,...,t — 1} when the receiver’s estimate is correct at (¢ — k)th time slot
after the transmission starts. Then, the source changes state and remains in the same
state. Finally, at the time slot when the update arrives, the source flips state again.

Hence, A’ = k € {2,3,...,t — 1} happens with probability (1 — p=*))p?(1 — p)*~2,

— A’ = A + t when the estimate is incorrect throughout the transmission. We recall

214



that the receiver’s estimate will flip when the update arrives. Hence, A’ = A + ¢
when the source remains in the same state until the update arrives, which happens

with probability p(1 — p)*~*.

* When t = t,,,, and the transmitted update is delivered, the receiver’s estimate flips. In this
case, A" € {0,1, ..., tyaz — 1, A + tynes - Hence, PZ’:‘K?(l) can be obtained by setting the

t in the above case to t,,,.

* When ¢t = t,,,, and the transmitted update is discarded, the receiver’s estimate remains
the same. In this case, A" € {0,1,...,t;m00 — 1, A + 14} Then, we further divide our

discussion into the following cases.

— A’ = 0 when the receiver’s estimate is correct at the t¢,,,.the time slot after the
transmission starts, which happens when the state of the source at the time slot
the update is discarded is different from that when the transmission started. Hence,

A" = 0 happens with probability 1 — p(tmaz),

- A=k e€{1,2, ...t — 1} when the receiver’s estimate is correct at (¢,,,, — k)th
time slot after the transmission starts. Then, the source changes state and remains in
the same state for the remainder of the transmission. Hence, A’ = k € {1,2, ..., tjnaa—

1} happens with probability (1 — p(tmaz=F))p(1 — p)k=1,

— A’ = A+t,,4. When the source remains in the same state throughout the transmission.
Combining with the source dynamic, we can conclude that A’ = A + t,,,,, happens

with probability (1 — p)imea=,
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Combining together, for A > 0 and each 1 <t < t,,,44,

Pya(1) =

tt+
PA,A’

()

(1-p")(1—p)

(1—p"=p*(1 — p)F~2
p(1—p)t
0
\
1 _ p(tmaz)

A =0,
A =1,

2<AN =k<t—1,

A=A+t
otherwise.
A =0,

1§A/:k§tmaz_17
A/:A+tmaxa

otherwise.

By analyzing the above expressions, we can easily conclude that P4 A, (1) and PKA,(I) possess

the following properties.

PA a44(1) and PE’A ++,.. (1) are independent of A when A > 0.
PX /(1) is independent of A when A > 0and 0 < A" <t — 1.
Pia(1)=0when A >0andt —1 < A" <A+t

PEA,(l) is independent of A when A > 0and 0 < A" < t,,00 — 1.

PZA,(l) =0when A > 0and t,0: — 1 < A" < A+ thae-

Leveraging the properties above, we proceed with proving the second part of the lemma. The
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equivalent expression can be obtained easily by analyzing (4.7). Hence, the details are omitted.

In the following, we focus on proving the presented properties.

* property 1: We notice that, when 0 < A’ < t,,,, — 1 and A > max{1, A’},

tmaz

Paar(1) = Y pePAar(1) + pes PA ar(1):
t=A

Then, we divide the discussion into the following two cases.

— A > max{1, A’} indicates that A > 0 and A’ < A + ¢,,,,. Hence, PKA,(l) is

independent of A.
— A > max{1, A’} indicates that A > 0 and A" < A +¢. Hence, Px /(1) is
independent of A for any feasible ¢.

Combining together, we can conclude that property 1 holds.

* property 2: We notice that, when A’ > ¢,,,4.,

PA7A/(1) = pt/PZ,A/(]‘) +pt+P£fA/(1)

Then, we divide the discussion into the following two cases.

— Since t' = A" — A, PKA,(l) = PZ,Ath’(l)' Then, we know that PKA,(l) is
independent of A > 0 when ¢ > 0 and PX ,,(1) = 0 when ¢’ < 0 by definition.
Hence, PK’ As(1) depends on ¢

— When A’ >ty and A’ # A + e, PA o/(1) = 0 for A > 0. Also, PX (1) is
independent of A > 0 when A’ = A + ¢,,,.,. Hence, PKA,(l) depends only on ¢'.
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Combining together, property 2 holds.

 property 3: When A’ > A + t,,,..., the property holds apparently. When ¢,,,, — 1 < A’ <

A+1,

Panar(l) = pt’PZ,A/(l) +pt+PZ+,A/(1),

where ¢ < 0. Then, by definition, PK (1) = 0. Moreover, we recall that t,,,,, > 1, which

indicates that PKA,(l) = 0. Hence, property 3 holds.

C.4 Proof of Theorem 6

We recall that ma satisfies (4.5) and (4.8). Then, plugging in the probabilities yields the

following system of linear equations.

T—1 0o

mo =(1 — p)mo +pZ7Tz' + Z Pio(1)m;
=1 =T
T—1 00

:<1 _p>7TO +pZ7Ti + Pl,()(l) Zﬂ'i.

i=1 =T

T = PTo + sz‘,l(l)?ﬁ' = pmo + P11(1) 27&'-
Foreach2 < A < t00 — 1,
(1 —p)ﬂAq—l-PT,A(l)Zﬂ'i A—-1<r,
A= a1 z:;o
> Pa)m+Pas()) m A-1>7
=T i=A
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Foreacht,,0, < A <w—1,

(I1—-pma1 A-1<T,

TA = § A—1
Z PA()mp A—=1>T
For each A > w,
A-1
= Y Pal)m (C.4)
7I'ZA*t'maz

T—1 o0
Zm +ETZ7R‘ =1.
=0 =T

Note that we can pull the state transition probabilities in (C.1), (C.2), and (C.3) out of the
summation due to property 1 in Lemma 4 and Lemma 5. Then, we sum (C.4) over A from

w to o0.

00 00 i—1
dm=> > Pul)m. (C.5)

=W k=i—tmaz

We delve deep into the right hand side (RHS) of (C.5). To this end, we expand the first summation,

which yields
wWHtmaz—2
RHS - Z Pkw ﬂ-k + Z Pk w+1 1 7Tk + + Z Pk? WtHtmaz— (1>7T]€+
k=T+1 k=T+2 h=wl
wttmaz—1
> Prstye (DT + -+
k=w
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Then, we rearrange the summation.

t'ﬁba:(f
RHS =P, ,(1)m 41 + Z Priswih—1 (D)o + - + Z Py ik (1)moo1+
k=1 k=1
tmax tmazx
Z Pw,erk:(l)Trw + Z Pw+1,w+k+1<1)7Tw+1 + -
k=1 k=1

Leveraging property 2 in Lemma 4 and Lemma 5, we have

RHS = Z <Z Pitanti(1 >7r+ti< ot ( )> (im)

i=74+1 \k=7+1

We define IT £ > o2, mi. Then, equation (C.5) becomes the following.

tmaz
Z ( Z PZtmaz+k ) T + Z ( ww+z > . (C6)

i=74+1 \k=7+1

Finally, replacing (C.4) with (C.6) and applying the definition of II yield a system of linear

equations with finite size as presented in the theorem.

C.5 Proof of Corollary 6

We start with 7 = 0. In this case, w = t,,,,, + 1 and the system of linear equations becomes

to the following.

~ PO,O( 7To+P10 Zﬂ'l A:O,
ma =D Pal)mi= Q4 (C.7)
=0 Z P@A(l)ﬂ'i + PAA Zﬂ'z 1 <A<t
1=0 i=A
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tmax i
1= Z <Z R’,tmﬁk(l)) it

tim:alac = (C8)
Z Ptmaz+17tmaz+1+i<1)ﬂ'
i=1
ETY m=1. (C.9)
i=0

We first combine (C.7) and (C.9), which yields

1
P070(1)7T0+P170(1) (ﬁ —7T0) A :O,

A—1 1 A—1
Pa(1) 7 + Paa(l) [ — — o1<A<t,..
> P+ A,AU(ET z) <A<

A —

Then, we have

ET[1 — Pyo(1) + Pro(1)]
According to (C.8), we obtain
tmaac Z
1= Z'th k=1 .
1 o Z Ptma1+17tmaz+1+’b(1)
i=1

Then, we consider the case of 7 = 1. In this case, w = t,,4, + 2 and the system of linear

equations reduces to the following.
mo = (1—p)mo+ Po(1) ) _m. (C.10)

1 = PTo + Pljl(l) Zﬂ'i.
=1
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T2 =Y Pa)T tmar S A <tpgp + 1. (C.11)

tmaz+1 i
B Z (Z Pi,tmﬁk(l)) i+

AL (C.12)

tmaz

Z Ptma,:c +2at'ma1' +2-+1 ( ]' ) H :

i=1

m+ETY m=1 (C.13)

i=1

We first combine (C.10) and (C.13), which yields

7o = (1= p)mo + Pro(1) (1;;()) |

Hence, we have

_ P (1)
pET + P1,0(1) '

o

Similarly,

_ pPo(1) +phs(1)
pET + Pyo(1)

™

Foreach2 < A <00 — 1,

=1

A-1 A-1
1—m
ma =Y Pia(l)mi+ Paa(l) ( ETO — Z”) : (C.14)
i=1

According to the property 3 in Lemma 4 and Lemma 5, we know that Pa A (1) = 0 when t,,,4, <

A < tyae + 1. Hence, we can combine (C.11) and (C.14), for each 2 < A < t¢,,4 + 1, which
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yields

A-1 | A
— Mo
T = E Pia(l)m; + Paa(1) ( T g 7Ti> :

=1

Finally, according to (C.12), we obtain

tmaz+1 i
Z (Z Pivtmaw'Fk‘(l)) u
k=2

= 1=2

tmaz

1= Poet2tmans2+i(1)

i=1

C.6  Proof of Lemma 6

We recall that C*(A) is defined as the expected Aoll k time slots after the transmission
starts at state (A, 0, —1), given that the transmission is still in progress. With this in mind, we
start with the case of A = 0. As Aoll either increases by one or decreases to zero, we know

C*(0) € {0, ..., k}. Then, we distinguish between the following cases.

« C*(0) = 0 when the receiver’s estimate is correct k time slots after the transmission starts.

Since A = 0, we can easily conclude that C*(0) = 0 happens with probability p(¥.

J Ck(O) = h, where 1 < h < k, happens when the receiver’s estimate is correct at the
(k — h)th time slot after the transmission starts, then, the source flips the state and stays in
the same state for the remaining h — 1 time slots. Hence, C*(0) = h, where 1 < h < k,

happens with probability p*~"p(1 — p)h~1,

Combining together, we obtain



Then, we consider the case of A > 0. In this case, the transmission starts when the receiver’s
estimate is incorrect and C*(A) € {0,1,...k — 1, A + k}. Then, we distinguish between the

following cases.

e O%(A) = 0 when the receiver’s estimate is correct at the kth time slot after the transmission

starts, which happens with probability (1 — p*)).

e C*(A) = h, where h € {1,2,...,k — 1}, happens when the receiver’s estimate is correct
at the (k — h)th slot after the transmission starts. Then, the source flips the state and
stays in the same state for the remaining h — 1 time slots. Hence, C*(A) = h, where

h € {1,2,...,k — 1}, happens with probability (1 — p*=")p(1 — p)"~1,

e C*(A) = A + k when the estimate at the receiver side is always wrong for k time slots
after the transmission starts. Since A > 0 and the receiver’s estimate will not change,

C*(A) = A + k happens with probability (1 — p)*.

Combining together, for A > 0, we obtain

N

CH(A) = S A(L— p*P)p(1— p)* " 4 (A + R)(1— p).

1

>
Il

C.7 Proof of Theorem 7

We recall that when 7 = oo, the transmitter will never initiate any transmissions. Hence,
the receiver’s estimate will never change. Without loss of generality, we assume the receiver’s
estimate X, = 0 for all k. The first step in calculating the expected Aoll achieved by the threshold

policy with 7 = oo is to calculate the stationary distribution of the induced DTMC. We know that
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ma satisfies the following equations.

o0
T = (1 —p)mo —i—pZm.
i=1

Combining (C.15) and (C.16) yields
Ty = (1 —p)ﬂ'(] —|—p(1 — 7T0>.

Hence, 7, = L. Then, we can get
0— 23

P
1 27
1— A-1
ma=(1-p)>tn = o 2p) A>2
Combining together, we have
1 1— A—1
7T0—§, WA*p( 2p) A>1
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Since the transmitter will never make any transmission attempts, the cost for being at state

(A,0,—1) is nothing but A itself. Hence, the expected Aoll is

= 2 2p
C.8 Proof of Theorem 8
We recall that, for A > w, A satisfies
A_l tmaz
A = Z P, A(L)m; = Z Pitpoeta1,A(D)Tictppia—1 A > w.
1=A—tmaz =1

We first focus on the system under Assumption 1. We know from by Lemma 4 that Px a/(1) =

pt/PZ,A/(l) where t’ = A’ — A when A’ > w. Hence, for each A > w,

tmarL‘
_ §  Dtmazt+1—1 )
A = ptma:c“!‘l_Z‘PiZ;i;aw—&-A—l,A(1)7T2_tmax+A_1'
=1

Renaming the variables yields

tmaz

A = ZptPZ_tA(l)ﬁA_t A > w.
t=1

To proceed, we define, for each 1 <t < 1,44,

Tag = pPA_ Aa(DTay A>w. (C.17)
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Note that Eigw mat = ma. Then, for a given 1 < ¢ < t,,,,,, we multiple both side of (C.17) by

C(A —t,1) and sum over A from w to co. Hence, we have

Y Cli—t,)m, =Y Cli—t,)pP, (Hm,. (C.18)

We define A} 2 C(A,1) — C(A —t,1) where A > t. Then, according to (4.10), we have

tmaz

A} = Z:pi <Ci(A, 1) — C(A —t, 1)).

According to Lemma 6, we have

h—1
C'(AL) =A+) ( k(1= p)p(1 = p)Ft + (A + h)(1 — p)h>.
k=1

Subtracting the two equations yields
— t—t(1—p)
CY A1) —CHA—t,1) =1+ (t(l—p)h) A S 2

Then, we have
t .
2t —t(1—p)
=5 (e,
=1

p

We notice that A} is independent of A when A > ¢. Hence, (C.18) can be rewritten as

3 (c<z',1> —A;)m = 3 O Pl (D,
=w 1=w—t

227



Then, we define IT, = > m, and 3, = >°° C(i,1)m;,. We notice that P§ 5 ,(1) is

independent of A when A > 0. Hence, we obtain

ZC’zlmt Azﬂ-lt_ptll—}—t ZC’zl

i=w—t

Plugging in the definitions yields

w—1
— A;Ht = ptPlt,l—i-t(]‘) ( Z O(Z, ]->7TZ + Z) .

1=w—t

Summing the above equation over ¢ from 1 to ¢,,,,, yields

tmaz tmax
> (zt - A;Ht) =y

t=1 i =w—t

w—1
ptplt,ut(l) ( Z Ci, 1)m; + Z)

Rearranging the above equation yields

w—1
11+t (ZC’zl >

t=w—t

tmaz tmaz

Y- ZA’Ht > ne

t=1

tmaI
+ Z (ptPth(l))E.
=1

Hence, the closed-form expression of 3. is

tmaz

2

t=1

t=w—t

1- mif <ptP1 1+t(1)>

t=1

w—1
ptPf,l-H(l) ( Z C(i, 1)7Ti> + AL

E:
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In the following, we calculate II;. Combining the definition of 1I; with (C.17), we have

Zm_z(ptpft,m)m) -y (mPhiatirm ).

i=w i=w—t

Since PA A (1) is independent of A when A > 0, we have

I, =p 11+t <Z7T1+H>

t

Combining together, we recover the results for Assumption 1 as presented in the first part of the
theorem.

In the sequel, we focus on Assumption 2. To this end, we follow similar steps as detailed
above. We recall from Lemma 5, Pa /(1) = py PKA/ (1) +pe+ PEA, (1) where t’ = A’ — A when

A’ > w. Then, for each A > w,

tmaz
— tmaz+1—1 t+
™ = Z (ptme iPA tmaz+i—1, A(l) +pﬁPA—tmm—&-i—l,A(l))ﬂ-A—tmm—l—H‘-
i=1

Renaming the variables yields

tmaz

WA:Z(ptpi_t7A(1)+pt+P£+_tA )ﬂ‘A t—ZT 7TA : A>w,

t=1

tmaz

where T(A,t) £ pPA_, A(1)+pi+ PA_, A(1). We notice that T(A, t) is independent of A when

A > w. To proceed, we define, foreach 1 <t < t,,4.,

A = V(A A A>w.
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Note that Z:m‘f mat = ma. Then, fora given 1 <t <t,,,,, we have

Y Cli—t,Omy =Y Cli—t,1)Y(i,t)m_,. (C.19)

We define A, £ C(A, 1) — C(A —t,1) where A > t. Then, according to (4.11), we have

tmaac

A= "pi (Ci(A, 1) —C'(A—t, 1)) + pp+ (Ctm(A, 1) — Clmes (A — 1, 1)>.

i=1

By Lemma 6, we have

C(A—t,1)=A— +l ( k(1 —ph=h)y (1—p)’“+(A—t+h)(1—p)h>.

1 k=1

T

can =a+ 30 (k- -+ a - p)t).

h=1 1

Subtracting the two equations yields

—_

CAL) — A1) =4S (t(l —p)h) _ #.

T

Then, foreach 1 <t < ¢,,,., we have

t
;o= [t=t(1-p t —t(1 — p)tmea=
=S () e (5

We notice that A} = C(A,1) — C(A —t,1) is independent of A when A > ¢. Hence, equation
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(C.19) can be written as

o0

> (ctin - af)mi =

=w [

i C(i, )Y (i +t,t)m,.

t

Then, we define I, £ Y°° m,and 2, £ Y °0°  C(i, 1)m; .. Werecall that T (A, t) is independent

i=w

of A when A > w. Hence, plugging in the definitions yields

w—1
Sp— AL = > Y(i+ )03, D+ T(w + L, 1)E.

i=w—t

Summing the above equation over ¢ from 1 to ¢,,,,, yields

iz (zt - A;Ht) — i ( wz_: Y(i +t,6)C(, V)m + T(w +t,t)2) .

t=1 i=w—t

Rearranging the above equation yields

tmaz tmaz w—1 tmax
Do AT =) ( > Y(i+t,1)C(, 1)7@) +) T(w+t ).
t=1 t=1 \i=w—t t=1

Then, the closed-form expression of X is

t=1 1=

tmaz w—1
> [( (i +t,)C(i, 1)7@) + A,
w—1

2:

tmaz

1= YT(w+tt)
t=1
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In the following, we calculate ;. We have

Ht S iﬂ-’i’t = iT(Z7t)7TZt = i T(’l + t,t)ﬂ'i.
=w i=w t

Since T (A, t) is independent of A if A > w, we have

w—1
M= Y Yi+t0m+Y(w+EHT 1<t < b

i=w—t

Combining together, we recover the results for the system under Assumption 2 as presented in

the second half of the theorem.

C.9 Proof of Lemma &

Leveraging Lemma 7, the result can be proved using mathematical induction. To start with,
we initialize V., o(s) = 0 for all s. Hence, the base case (i.e., v = 0) is true. Then, we assume
the monotonicity holds at iteration v, and check whether the monotonicity still holds at iteration
v + 1. We recall that the estimated value function V, ,1;(s) is updated using (4.13). Hence,
the structural property is embedded in the state transition probability P; ¢ (a). Using the state

transition probabilities in Appendix C.1, equation (4.13) for the state with A > 0 can be written
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as

V%V-H(Aatai) = min {A+’y Z PT‘[(A/,t/,i/) | (Aatai)7a]v’%’/(A,7tlai/)}

ae{0,1} N

= mi A Pri(A+1,¢.7) | (A, t,9),a]V,,(A+1,¢,7
ag{lé%}{ +7;{ rl(A+ 1,843 | (A t,0), ]V (A + 1,14+

Pr((0,t,7) | (A,t,z’),a]Vw(O,t’,z”)] }

Moreover, for any A; > 0 and Ay > 0,
Pri(Ay 4+ 1,¢,i") | (A1,t,4),a] = Pr{(As+ 1,¢,7") | (Ag,t,1), al.

Pr((0,t',4) | (Aq,t,1),a] = Pr[(0,t',i") | (A, t,1),al.

Let V¢, (A, t,4) be the resulting V,, ,11 (A, ¢,4) when action a is chosen. Then, we have

V’YayVJrl(A + 17 t? Z) - nytl,erl(A? t; Z) =

1+ fyz {Pr[(A + 1,84 | (A, t,4),a] (VW(A +2,t',4") — Vo (A+ 1,t',z”)> }
ti!

Combining with the assumption for iteration v/, we can easily conclude that V¢, , | (A +1,¢,7) >
Ve, (At i) when A > 0 for a € {0,1}. Since, V, ,41(A, t,1) = mingeon{Vy,11(A, 1,0)},
we know that V., .1 (A + 1,¢,9) > V,,11(A,t,4) when A > 0. Finally, by mathematical

induction, we can conclude that Lemma 8 is true.
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C.10 Proof of Theorem 9

We first define h.(s) £ V,(s) — V,(s™) as the relative value function and choose the
reference state s/ = (0,0, —1). For simplicity, we abbreviate the reference state s/ as 0 for
the remainder of this proof. Then, we show that M verifies the two conditions given in [80]. As

a result, the existence of the optimal policy is guaranteed.

1. There exists a non-negative N such that —N < h.(s) for all s and ~: Leveraging Lemma 8,
we can easily conclude that h,(s) is also non-decreasing in A when A > 0. In the
following, we consider the policy ¢ being the threshold policy with 7 = 0. Then, we know
that policy ¢ induces an irreducible ergodic Markov chain and the expected cost is finite.
Let ¢, ¢(¢) be the expected cost of a first passage from s € S to s’ € S when policy ¢ is
adopted. Then, by [80, Proposition 4], we know that ¢, o(¢) is finite. Meanwhile, b, (s) <
cs0(¢) as is given in the proof of [80, Proposition 5]. Hence, we have V,(0) — V. (s) <
co,s(¢) and V,(0) — V. (s) = —h,(s). Hence, we have h,(s) > —cos(¢). Combining
with the monotonicity proved in Lemma 8, we can choose —N = minec{cos(¢)}, where

G ={s: A €{0,1}}. This condition indicates that [80, Assumption 2] holds.

2. M has a stationary policy ¢ inducing an irreducible, ergodic Markov chain. Moreover, the
resulting expected cost is finite: We consider the policy ¢ being the threshold policy with
7 = 0. Then, according to Section 4.4, it induces an irreducible, ergodic Markov chain
and the resulting expected cost is finite. Then, according to [80, Proposition 5], we can

conclude that [80, Assumptions 1 and 3] hold.

As the two conditions are verified, the existence of the optimal policy is guaranteed by [80,
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Theorem]. Moreover, the minimum expected cost is independent of the initial state.

C.11 Proof of Theorem 10

We inherit the definitions and notations introduced in Section 4.5.1. We further define
U (+) as the minimum expected y-discounted cost for operating the system from time 0 to time
n — 1. It is known that lim,,_, v ,(5) = V,(s), for all s € S. We also define the expected cost

under policy ¢ as

K-1
) 1
Js(s) = limsup ?E(ﬁ (Z C(sk) | 30> ,
k=0

K—oo
and J(s) £ infs Jy(s) is the best that can be achieved. qu(,?)(s), Vi (s), ol (s), J(;m)(s),
J™)(s), and hgm) (s) are defined analogously for M (™. With the above definitions in mind, we

show that our system verifies the two assumptions given in [52].

» Assumption I: There exists a non-negative (finite) constant L, a non-negative (finite) function
M(-) on S, and constants mg and 79 € [0, 1), such that —L < hgm)(s) < M(s), for
s e Sm m > mo, and 7 € (7, 1): L can be chosen in the same way as presented in
the proof of Theorem 10. More precisely, —L = minseg{hgm)(s)}, where G = {s: A €
{0,1}}. Let ¢50(¢) be the expected cost of a first passage from s € S to the reference
state 0 when policy ¢ is adopted and c%)(gb) is defined analogously for M. In the
following, we consider the policy ¢ being the threshold policy with 7 = oco. We recall
from Section 4.4 that the policy ¢ induces an irreducible ergodic Markov chain, and the
expected cost is finite. Hence, h{™ (s) < cgg)(@ by [80, Proposition 5] and ¢, (¢) is

finite by [80, Proposition 4]. We also know from the proof of [52, Corollary 4.3] that
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cs.0(¢) satisfies the following equation.

cs,0(9) )+ Y Plcao(d (C.20)
s'eS—{0}

¢ - .. ey . (m),¢
where P, is the state transition probability from state s to s’ under policy ¢ for M. P,

is defined analogously for M (™. We can verify in a similar way to the proof of Lemma 8
that ¢, o(¢) is non-decreasing in A > 0. The proof is omitted here for the sake of space.

Then, we have

Z P(m Cy() = Z Cyo )+ Z Z quz cy’()((ﬁ)

yES<m) yES(m) ye‘S(_”f) z€S\Sm)
= Y Phoo@+ > PLL D ¢:(y)eyo(d)
yES(jIL) 2€S\S(m) yGS(jf) (C21)
< D Phew@+ D Ple(o
yES(,Wf) 2€8\S(m)
= > Phenl®
yeS\{0}

where 8(_"11) = 8\ {0} and ¢y (s) = 1{t’ = t;4' = i}, which is an indicator function
with value 1 when the transitions to state s” are redirected to state s. Otherwise, gy (s) = 0.

Moreover, » | _ o gs(s) = 1. Applying (C.21) to (C.20) yields
SCo_g

cso(9) 2 Cls)+ D> P, 0(9).

yeSm) —{0}
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Bearing in mind that c%) (¢) satisfies the following.

@) =Cls)+ Y PIe(9).

yeSm) —{o0}

Hence, we can conclude that cgtg)(gzﬁ) < ¢50(¢). Then, we can choose M (s) = c5(¢) <

.

s Assumption 2: limsup,, .. J™ £ J* < co and J* < J(s) for all s € S: We first show
that [52, Proposition 5.1] is true. Since we redistribute the transitions in a way such that,

for each s’ € S\ S(™),

Z qs (y)vv,n(y) = U%n(s)a

yGS("L)

where s = (m,t,i'). Hence, we only need to verify that, for each s’ € S\ S and
s=(m,t' i),

Vyn(8) < vy n(s). (C.22)

To this end, we notice that v, ,,(s) satisfies the following inductive form [52].

Vyni1(s) = main {C’(s) + Z Ps,s/(a)v%n(sf)} :

s'eS

By following similar steps to those in the proof of Lemma 8, we can prove the monotonicity
of vy, (s) for A > 0 and n > 0. The proof is omitted for the sake of space. Hence,
(C.22) is true since A" > m > 0. Apparently, J(s) is finite for s € S. Then, according

to [52, Corollary 5.2], assumption 2 is true.

Consequently, by [52, Theorem 2.2], we know
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« There exists an average cost optimal stationary policy for M (™).

* Any limit point of the sequence of optimal policies for M (™ is optimal for M.

C.12 Proof of Theorem 11

The proof is based on [81, pp. 42-43]. We consider a generic MDP M = (S, A, P,C). Let
C'(s, A) be the instant cost for being at state s € S under policy A. We also define PA , as the
probability that applying policy A at state s will lead to state s. Finally, V() is defined as the

value function resulting from the operation of policy A. Since B is chosen over A, we have

(s, B)+ Y _PEVAS) < C(s, A) + > PLVAS).

s'eS s'eS

Then, for each s € S, we define

(s, B)+ Y _ PEVAS) )= _PAVAS) <.

s'eS s'eS

Meanwhile, both policies satisfy their own Bellman equation.

VA(s) + 64 = O(s, A) +ZPA,VA seS,

s'eS

VP(s)+0°% =C(s,B)+>_PEVP(S) seS,

s'eS
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where 64 and 67 are the expected costs resulting from the operation of policy A and policy B,

respectively. Then, subtracting the two expressions and bringing in the expression for v, yield

VE(s) = VAs) + 07 — 0% =, + > PP (VP(s') = VA(S)).

s'eS

Let V2(s) £ VB(s) — VA(s) and 6» = P — 94, Then, we have

VA(s)+0% =7, + Y PEVA(S) seS.

s'eS

‘We know that

= ZWSBPY&

seS

where 72 is the steady-state probability of state s under policy B. Since 77 i

1s non-negative and
v 18 non-positive, we can conclude that 02 < 0. Consequently, 68 < 64,

Then, we prove that the resulting policy is optimal when the policy improvement step
converges. We prove this by contradiction. We assume that there are two policies A and B that
satisfy 9% < 64. Meanwhile, the policy improvement step has converged to policy A. Since the
policy has converged, we know that v, > 0 for all s € S. Hence, 6> > 0. Then, according to the
definition of #°, we have % > 64, which contradicts the assumption. Hence, superior policies

cannot remain undiscovered. Then, we can conclude that the resulting policy is optimal when the

policy iteration algorithm converges.

C.13 Proof of Theorem 12

The general procedure for the optimality proof can be summarized as follows.
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1. Policy Evaluation: We calculate the value function resulting from the adoption of the

threshold policy with 7 = 1.

2. Policy Improvement: We obtain a new policy using the value function obtained in the

previous step and verify that the new policy is the threshold policy with 7 = 1.

In the following, we elaborate on these two steps.

Policy Evaluation We first calculate the value function under the threshold policy with 7 =
1. For simplicity of notation, we denote the policy as ¢. Let V?(A) be the value function of
state (A, 0, —1) under the policy ¢. Then, combining (4.16) with the expression of Px a/(a) in

Lemma 4 and Lemma 5, V?(A) satisfies the following system of linear equations.

V(0) = —0° + pV?(1) + (1 — p)V%(0). (C.23)

For Assumption 1 and each A > 1,

tmaz

VO(A) =C(A,1) = ET0 + > |p

(ZPAk k) + PA ase(1 )V¢(A+t>>

and, for Assumption 2 and each A > 1, we have

V(A) = C(A, 1) — ETE? + i Dt (i PR (D)V(k) + PA a(D)VO(A + t)) +
( mi P ) PA A+tmaz( )V¢(A + tma:ﬂ)) )
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where 6 is the expected Aoll resulting from the adoption of ¢. It is difficult to solve the above
system of linear equations directly for the exact solution. However, as we will see later, some
structural properties of the value function are sufficient. These properties are summarized in the

following lemma.

Lemma 16. V?¢(A) satisfies the following equations.

L
VA = VA0 =

VAA+1)-V(A)=0 A>1,
where for Assumption 1,

()

o=

Y
tmaz

1= pp(1—p)
t=1

and, for Assumption 2,

B ?i::pt (ﬂ> . (1 —(1 _p)tmam>

p p

tmaz
= (Z ppe(1 =)~ 4 pe (1= p)“‘”’)

t=1

Proof. First of all, from (C.23), we can easily obtain

0%
V(1) —V(0) = e

Then, we show that V(A + 1) — V(A) is constant for A > 1. We start with Assumption
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1. According to Theorem 9, the optimal policy exists. Hence, the iterative policy evaluation
algorithm [78, pp.74] can be used to solve the system of linear equations for V¢(A). Let V.2(A)
be the estimated value function at iteration v of the iterative policy evaluation algorithm. Without
loss of generality, we initialize Vod’(A) = 0 for all A. Then, for each A > 1, the value function is

updated in the following way.

tmaz

VoA (D)= C(A 1) — ET6° + Y |p

t=1

(ZPAk k) + Pa ate(1 )Vy¢(A+t))

Then, we have lim,,_,, V.?(A) = V?(A). Hence, we can prove the desired results using mathematical
induction. The base case v = 0 is true by initialization. Then, we assume V.?(A +1) — V?(A) =

0, where o, is independent of A > 1. Then, we will exam whether V., | (A + 1) — V.2, (A) is

independent of A > 1. Leveraging the properties in Lemma 4, we have

Vf+1(A +1) — Vlﬁ-l(A)

tmaz t—1
=C(A+1,1) — ETO? + Z e ( Phoaw (VP (R) + Pry ags DV (A + 8+ 1)) -
t=1 k=0
tmax t—1
C(A 1)+ ET6° = > |p, <ZP Ak k) + Ph as(1 )VV¢(A+t)>
t=1 0
tmar
—C(A+1,1) D)+ (pPhan(D) )

t=1

According to Lemma 6, we have

tmaz

C(A+1,1)=C(A 1) =D (Ct(A +1,1) — CHA, 1)).

t=1
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In the case of A > 1, we have

t—

[y

C'HA+1,1) = CYA1) =1+

M

(k+A+ )(1— Y”%k+AX1—Mﬁ

1
1—p)t

/‘\k‘

1<t <t

max -

S

Combining together, we obtain

C(A+1,1) — C(A,1) = i (ptﬂ> .

Hence, we can conclude that VfH(A +1) - VV‘L(A) is independent of A when A > 1. Then,
by mathematical induction, V?(A) — V(A + 1) is independent of A when A > 1. We denote

by o the constant. Then, o satisfies the following equation.

o =V(A) = V(A +1)

if( %1_p>+wml—mt%>-

After some algebraic manipulations, we obtain

tmilfpt (—1_ (1=p) >
o= r— .

1= pp(1—p)!
t=1

Then, we show that V?(A+1)—V?(A) is independent of A > 1 under Assumption 2. Following

the same steps, we can prove the desired results by mathematical induction. We first notice that,

243



for each A > 1, the estimated value function is updated following

tmaz
Vi (A) = C(A 1) — ET6 + 3 |p

t=1

+

(ZPAk k) + Pa ate(1 )Vu¢(A+t))

( mf:_ ) + PA A+tmaac( )Vf(A + tmax)) .

Meanwhile, the base case v = 0 is true by initialization. Then, we assume V. (A+1) —V(A) =

v

o, where o, is independent of A > 1, and exam whether V%, | (A 4 1) — V., (A) is independent

of A > 1. Leveraging the properties in Lemma 5, we have

t""/ax
(Z ptPZ,Ath(l) +pt+P§A+tmaz(1)> Uf‘
=1

Moreover, according to the expressions in Lemma 5, we obtain

tma:c tmaac

ZPtPE,AH(l) +pt+PA At (1) = Zptp(l — )+ per (1 = p)fmes,

which is independent of A > 1. Leveraging the expression of C'(A, 1) in Lemma 6, we obtain

C(A 1) — C(A —1,1) tmfpt(l_ (1-p )>+pt+(1_(1_p)tmz>.

p

We notice that C'(A,1) — C(A — 1,1) is also independent of A > 1. Consequently, we can
conclude that Vjﬂrl (A+1)— ijrl (A) is independent of A > 1. Then, by mathematical induction,

V?(A +1) — V?(A) is independent of A > 1. We denote the constant by o, which satisfies the
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following equation.

0=§?m<£lgiﬁx>+%+Cf%1;m%m)+

p
tmarc
(E:mﬂl—mt1+m41—mwm)a

t=1

After some algebraic manipulations, we obtain

tmaz

max 1 _ 1 _ t 1 _ 1 _ tmax

pr( ( P))+pt+< (1-p) )
= p p

t"nax
1- (Z pip(1 =)'+ per (1 = p)“”‘“”)

t=1

With Lemma 16 in mind, we can continue to the next step.

Policy Improvement Here, we show that the new policy induced from the V?(A) obtained in
the previous step and #¢ is the threshold policy with 7 = 1. To this end, we define JV?(A) =
VPO(A) — VOI(A), where V¢(A) is the value function resulting from taking action a at state
(A,0,—1). Then, the suggested action at state (A, 0, —1) is a = 1 if §V?(A) > 0. Otherwise,
a = 0 is suggested. In the following, we investigate the expression of 6V ?(A). We first notice

that, for A > 1, V¢(A) = V1(A). Then, using Lemma 16, we obtain

SVO(A)=A—0° + (1 —p)V*(A+1)+pV(0) — V(A)
=A—0°+(1—pV°(A+1)+pV(0) —VA)

=A —20° +[(1 - p) — p(A = 1)]o,

245



where A > 1. We notice that

SVP(A+1) —§VP(A) =1 — po.

For Assumption 1, plugging in the expression of o yields

tmaz

Z(pt - pt(l - p)t)

t=1

1 —po=1-

tmaa:

1= pp(l—p)!
t=1

tmax tmaz

1-— Zptp(l —p)t - Z(pt —p(1—p)")

t=1

tmaz

1= pp(l—p)
t=1

tmaw

(1—2p) Y p(1—p)""

tmax

1= pp(l—p)!
t=1

> 0.

For Assumption 2, we have

f%(l — (1= p)Y) + pr (1 = (1 = p)tme=)

1—po=1-""—
o (Z pep(1 =)+ pes (1= P>W>
t=1

tmaz

D (1= (1=p)") +pes (1= (1 = p)'mes)

>1

- tmuz
N (Zm(l —p)' (1 —p>t”‘”)
t=1

=0.
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Consequently, when A > 1, 6V?(A + 1) > 6V?(A) for both assumptions. We notice that

§V¢(1) =1 — 20¢ + (1 — p)o. According to Condition 1, % = A, < P Hence, we have

V(1) =1—2A, + (1 —p)o > 0.

Combining together, we have

SVP(A) >06Ve(1) >0 A>1.

Hence, the suggested action at state (A, 0, —1) where A > 1 is to initiate the transmission (i.e.,
a = 1). Now, the only missing part is the action at state (0,0, —1). To determine the action, we
recall from Theorem 11 that the new policy will always be no worse than the old one. Meanwhile,
by Condition 1, A; < A,. Hence, the suggested action at state (0,0, —1) is to stay idle (i.e.,
a = 0). Combining with the suggested actions at other states, we can conclude that the policy
improvement step yields the threshold policy with 7 = 1.

Consequently, the policy iteration algorithm converges. Then, according to Theorem 11,

we can conclude that the threshold policy with 7 = 1 is optimal.
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Appendix D:  Freshness with Preemption

D.1 Details of State Transition Probability

For a clearer presentation, we write Ps ¢ (a) as Pr[s’ | s, a]. Then, we distinguish between

different states.

* s = (0,0, —1). In this case, the channel is idle. We start with the case where the transmitter
initiates a new transmission (i.e., a = 1). We know that the update is delivered with
probability ¢;. In this case, t = 0 and i = —1 by definition. Moreover, the receiver’s

estimate will not change. Hence, according to (5.2), we have

Pr[(0,0,—-1) | (0,0,—1),a = 1] = ¢:(1 — p).

Pr{(1,0,-1) | (0,0,—1),a = 1] = q1p.

The update will still be in transmission with probability 1 — ¢;. In this case, ' = ¢ + 1 as
the transmission continues. i = 0 since the transmitted update is the same as the receiver’s
estimate. Meanwhile, the receiver’s estimate will not change. Hence, according to (5.2),

we have

PT’[(O, 170) | (0707_1}7@ = 1} = (1 - Q1)(1 _p)'
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PT[(L 170) ’ (07 0, —1),CL = 1] = (1 - Q1>p-

Then, we consider the case where the transmitter chooses to stay idle (i.e., a = 0). In this
case, ' = t and ¢/ = i. Meanwhile, the receiver’s estimate will remain the same as no

update is delivered. Hence, according to (5.2), we have

Pr((0,0,—1) | (0,0,—1),a=0] =1 —p.

Pr{(1,0,-1) | (0,0,—1),a = 0] = p.

* s = (0,t,0) where ¢t > 1. In this case, the channel is busy. When the transmitter chooses
to terminate the current transmission and initiate a new one (i.e., a = 1), the update is
delivered with probability ¢;. In this case, ¢ = 0 and /' = —1 by definition. Meanwhile,

the receiver’s estimate will not change. Hence, according to (5.2), we have

Pr[(0,0,—1) | (0,t,0),a = 1] = ¢:(1 — p).

Pr[(1,0,—1) | (0,¢,0),a = 1] = ¢1p.

The update will still be in transmission with probability 1—g¢;. In this case, ¢’ = 1 because a
new transmission starts. ' = 0 because the transmitted update is the same as the receiver’s

estimate. Also, the receiver’s estimate will not change. Hence, according to (5.2), we have

Pr[(0,1,0) | (0,,0),a=1] = (1 — q¢1)(1 — p).
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Pr[(1,1,0) | (0,¢,0),a = 1] = (1 — ¢1)p.

When the transmitter chooses a = 0, the transmitted update will be delivered with probability
gi+1. In this case, ' = 0 and ¢’ = —1 by definition. Meanwhile, the receiver’s estimate will
not change as ¢+ = 0 indicates that the newly arrived update brings no new information to

the receiver. Hence, according to (5.2), we have

PT‘[(0,0, _1) | (O’t70)7a = O] = Qt-i-l(l _p)'

PT[(l,O,—l) | (O,t,O),CL = 0] = qt+1P-

The transmitted update will still be in transmission with probability 1 — ¢;.1. In this case,
t" =t + 1 as the transmission continues. i = 4, and the receiver’s estimate will stay the

same. Hence, according to (5.2), we have

PT[(O,t+ 1a0) | (O,t,O),CL = O} = (1 _Qt-i-l)(l _p)'

Pr{(1,t+1,0) | (0,t,0),a = 0] = (1 — qs+1)p-

* s = (0,t,1) where t > 1. The analysis is similar to the case of s = (0,¢,0) except that
when the update is not preempted and is delivered, the receiver’s estimate will flip. Hence,

we present the results directly.

PT‘[(O, 0, _1) | (Ovtv 1),& = 1] = Q1(1 _p)'
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PT[(LO, _1) ‘ <0>t71)7a = 1] = q1p-

Pr((0,1,0) | (0,¢,1),a=1] = (1 —q1)(1 — p).

Pr((1,1,0) | (0,¢t,1),a = 1] = (1 — q1)p.

Pr[(0,0,—1) | (0,t,1),a = 0] = g+1p-

PT[(LO, _1> | (O’t7 1),@ = O] = Qt+1(1 _p)'

Pri(0,t+1,1) | (0,t,1),a =0] = (1 — qs1)(1 — p).

Pri(1,t+1,1)] (0,£,1),a = 0] = (1 — gor)p.

* s = (A,t,i) where A > 0. In this case, the analysis is similar to the case of s = (0,,1)

except for the following.

— i/ = 1 with probability 1 — ¢; when the transmitter chooses a = 1.

— When the receiver’s estimate changes, I' = (. Otherwise, I' = 1. Then, the dynamics

of A’ can be determined using (5.2).

Hence, we omit the discussion and present the results directly.

Pr((0,0,-1) | (A,0,-1),a =1] = ¢ (1 — p).

Pri(A+1,0,-1) | (A,0,—1),a = 1] = ¢1p.

Pr((0,1,1) | (A,0,—-1),a=1] = (1 — q1)p.
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Pri(A+1,1,1) | (A,0,—1),a=1] = (1 — q)(1 — p).

PT[(A+1707_1) | (A707_1)7a20] :1_p

Pr[(0,0,-1) | (A,0,—1),a = 0] = p.

Foreacht > 1,

PTKO’O? _1> ’ <A7t70)’a = 1] = QI(l _p)'

Pri(A+1,0,—-1)| (A,t,0),a = 1] = ¢p.

Pr[(0,1,1) | (A,t,0),a=1] = (1 —q)p.

Pri(A+1,1,1) | (A,t,0),a=1] = (1 — q1)(1 — p).

Pr[(0,0,—-1) | (A,t,0),a =0] = q41p-

Pri(A+1,0,—-1) | (A,£,0),a = 0] = ¢:41(1 — p).

PT[(Oat + 170) | (Avt70)7a = 0] = (1 - Qt-i-l)p-

Pri(A+1,t+1,0) | (A,£,0),a=0] = (1 — ¢+1)(1 — p).

Pr[(0,0,-1) | (A,t,1),a=1] = aq(1 —p).

Pri(A+1,0,-1) | (A,t,1),a = 1] = qip.

Pri(0,1,1) | (A,t,1),a=1] = (1 — q¢1)p-

PrA+1,1,1) [ (A1), a=1]=(1—q)1-p).
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Pr{(0,0,=1) | (A,t,1),a=10] = q41(1 — p).
Pri(A+1,0,—1) | (A,t,1),a = 0] = q1p.
PT[(07t+ 17 1) | (Avtv 1),(1 = 0] = (1 - Qt-i-l)p'

Pri(A+1,t+1,1) | (At 1),a=0] = (1 — g )(1 — p).

Combining the cases together, we fully characterized the state transition probability Ps «(a).

D.2 Proof of Lemma 9

Combining with the system dynamics, the steady state probabilities satisfy the following

balance equations.

mA(0) = (1 - ) Y (0. O.1)

=0

T 1(A)=qpr(A—-1) A>1.

m0(0) = (1 = q)(1 = p)m(0).
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f: m(i) = 1. (D.2)

Combining (D.1) and (D.2) yields

Then, we obtain

_ P+ aq —2q1p
1—(1—q)(1—2p)

Likewise, we can obtain

m(1) =qupm(0) + (1 = q)pm(0) = pm(0)

_ P+ ap—2qp°
1= (1—q)(1—2p)

m(A) =(gp + (1 —q)(1 = p)m(A —1)
(D.3)

=(1—q —p+2¢p)r(A—-1) A>2.

After some algebraic manipulation, for each A > 1, we have

m(A) =(1—q —p+2¢p)>'n(1)

(=g —p+2qp)> (0 + @p — 2¢1p°)
1—(1—q)(1—2p)
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D.3  Proof of Corollary 7

We derive the closed-form expression based on Lemma 9 and its proof. We define II =

> A_o m(A). Then, we sum (D.3) from 2 to co and apply the definition of II, which yield

I=1—-qg —p+2¢@p)(II+x(1)).

After some algebraic manipulations, we have

_lma—pt2qp
G+ p—2qp

I1

(1).

We also define & = Y%, Am(A). Then, the expected Aoll achieved by the strong preemptive

policy is

A, = a(r(1) + ) + 8.

To obtain 32, we multiply both size of (D.3) by A — 1.

(A-Dr(A)=(1—q —p+2ap)(A—Dr(A—1) A>2.

Then, we sum the above equation from 2 to co and apply the definitions of II and X, which yield

S—I=(1-q—p+2ap)(S+m(1)).
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Then, we obtain

(1—q —p+2¢p)r(1)+11
@ +p—2qap ‘

>y =

Plugging in the expressions of 7(1) and II, we obtain

_ = pla+p—2qp)°
(p+ a1 —2qp)(q1 + 2p — 2q1p)

Combining together, we have

Ay = ap +
P (p+ a1 —2ap) (¢ + 2p — 2q1p)

D.4 Proof of Lemma 11

Given that the value function can be computed iteratively, we use mathematical induction to
prove the desired result. First, the base case v = 0 is true by initialization. Then, we assume that
the monotonicity holds at iteration v and check whether the monotonicity still holds at iteration
v + 1. To this end, we first revisit how the estimated value function is updated by incorporating
the structural properties of the state transition probability. From Appendix D.1, we know that,

within a single transition, A either increases by one or decreases to zero. More precisely,

Pr((A" 7)) | (A, t,i),a) =0 A" ¢ {0,A+1}.
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Applying the structural property to (5.5) yields

V’Y,V'Fl(s) = min {0(8) + ’yz (PT[(A + 17t/7i,) | (A7ta 7’)7 a]VY,V(A + 17t,7 Z/)+

acA -
t !

Pr(0,¢,4) | (A,¢,4), a]V%,j(O,t/,z”))} s€S.

Moreover, the state transition probability is independent of A when A > (. Specifically, for any

Ay >0, >0,¢,and 1,
Pr[(0,¢4) | (Ay,t,7),a] = Pr[(0,t'i") | (Aa,t,1),al.

Pr((Ay+ 1,¢,7) | (AL, t,i),a] = Pr{(Ay+ 1,¢,4") | (Ag,t,4),al.

Let V. (s) be the value function resulting from the adoption of action a, s; = (A4, ,4), and
Sy = (Ag,t,i) where A; > Ay > 0. We notice that the immediate cost C'(s) depends only on
A and is non-decreasing in A. Combined with the assumption on the estimated value function at

iteration v, we can conclude that

Vv%y—&—l(sl) > ‘/VCTV_H(SQ) a e {0, 1}

Since V, ,+1(s) = mingeqo,13{ V., +1(s)}, we can conclude that the monotonicity still holds at

iteration v + 1. Then, by mathematical induction, the lemma is true.
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D.5 Proof of Theorem 14

The proof is based on [81, pp.42-43]. We consider a generic MDP M%. We first clarify

the notations we will use in the proof.

» The state space and the state is denoted by S and s, respectively. The action suggested by

policy A at state s is denoted by A(s).

» The probability that operating policy A at state s leads to state s’ is denoted by Ps’f‘s,.

Likewise, the probability that action a at state s leads to state s’ is denoted by P ¢ (a).

» The immediate cost for operating policy A at state s is denoted by C'(s, A). Similarly, the

immediate cost for operating action « at state s is denoted by C/(s, a)

» The value function of state s resulting from the adoption of policy A is denoted by V4(s).

The expected cost achieved by policy A is denoted by 6.

With the notations in mind, we prove the optimality by contradiction. We assume that the policy
improvement function has converged to policy A and there exists a policy B such that 4 > §5.
We recall that the policy improvement function procedures a new policy ¢/’ based on the

old policy %) using the following equation.

Y'(s) = argmin {C(s, a) + Z P&Sr(a)Vw(s’)} :

acA e

Since the policy improvement function has converged to policy A, we have the following inequality
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holds for any policy B.

C(s, A) +ZPA,VA ) < C(s,B) + ZPB,VA

s'eSG s'eSG

We define

3(s) £ C(s,A) = C(s,B)+ > (PA, — PP

8,8’
5S¢

JWA(s') <0,

Meanwhile, V4(s) and VB (s) satisfy there own Bellman equations. More precisely,

VA(s) + 64 = + Y PALVA
s'eS¢

VE(s) + 6% = + > PEVE(s
s'e8¢

Subtracting the above two equations and bringing in §(s) yield

VA(s) = VP(s) + 04 = 0% = 5(s) + > PP( —VB(s).

s'eSCE
Let Vo(s) = VA(s) — VB(s) and §° £ 94 — #B. Plugging in the definitions yields
Vo(s)+0° =d(s)+ > PEV(S)
s'eSC

As is mentioned in Section 5.4, each policy induces a DTMC and the expected cost §° =
> sesc 0(s)m5(s) where w8 (s) is the stationary distribution of the DTMC induced by policy
B. Since the stationary distribution is non-negative and §(s) < 0 for all s € M, we can

conclude that #° < 0. In other words, 84 < 67, which contradicts the assumption that 64 > 95,
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Therefore, the contradiction occurs, and the converged policy A is optimal.

D.6 Proof of Theorem 15

We first calculate the value function V¥ (s) resulting from adopting the strong preemptive
policy ¢). Combining the strong preemptive policy definition and (5.7), we know that the value

function satisfies the following system of linear equations.

V¥(0,0,—1) = f(0) — 0¥4(1 — ps)(1 — p)V¥(0,1,0) + (1 — ps)pV¥(1,1,0)+

ps<1 - p)‘/w(ov 07 _1) + pspvw(la Oa _1)

Vw(07t7 0) = f(O) - 9¢+(1 - ps)(l —p)Vw(O, 17 O) + (1 - ps)]ﬂ/w(l: 1’ O)+

ps(1 = p)V¥(0,0,—1) + pspV¥(1,0,-1) ¢ > 1.

V¥(0,t,1) = £(0) — 0¥ +(1 — po)(1 —p)V¥(0,1,0) + (1 — py)pV¥(1,1,0)+

ps(l - p)V¢(0> 07 _1) +pspvw<1a 07 _1) t 2 1.

Foreach A > 1,

VY(A,0,—1) =f(A) — 0¥ + (1 —p)(1 — p)VY(A +1,1,1) + (1 — py)pV¥(0,1,1)+

ps(l - p)Vw(O, 07 _1) + psPV¢(A + 17 07 _1)
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Vw(A7tv 0) :f(A) - 0¢ + (1 _ps)(l —p)Vw(A +1,1, 1) + (1 - ps)pv¢(0> L, 1)+

ps(1=p)V¥(0,0,—1) + ppV¥(A+1,0,—1) ¢ >1.

V(A1) =f(A) = 0¥ + (1 —p) (1 —p)VY(A+1,1,1) + (1 —p,)pV¥(0,1,1)+

ps<1_p)vw(0707_1)+pspV¢(A+1707_1) t=>1

We notice that the size of the system of linear equations is infinite, so it is difficult to obtain the
solution by solving directly. However, some structural properties of V¥ (s) are sufficient for us to

complete the proof. These structural properties are summarized in the following lemma.
Lemma 17. V¥(s) possesses the following structural properties.

1. V¥(A0,—1) = V¥(A,0) = V¥(A,t,1) £ V¥(A) for A > 0and t > 1.

2. V¥(A) is non-decreasing in A.

Proof. The first property can be verified easily by comparing the linear equations they satisfy.
Hence, we will focus on the second property. The system of linear equations can be solved

iteratively [78]. More precisely,

VY (s) = Y+ PLVI(S) s€eS,

s'eS

where V¥ (s) is the estimated value function at iteration v and P;Z’S, is the probability that operating
policy ¢ at state s leads to state s’. We know that lim, o, V.¥(s) = V¥(s). Then, leveraging
the iterative nature, we can use mathematical induction to prove the desired results. We initialize
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V(s) = 0 for s € S. Then, the base case v = 0 is true by initialization. We assume the
monotonicity is true at iteration v. Then, we check if it holds at iteration v 4 1. Using the first

property, we have the following holds for state s with A > 1.

VA (A+1) = VA (A) = F(A+1) — f(A)+
(1=p)(1=p[V/(A+2) = VI(A+ 1)+

psplV (A +2) = V(A +1)].

Applying the assumption for iteration v and the monotonicity of the time penalty function, we
can easily conclude that V;’il(A +1) > V,f/jrl(A) when A > 1. Then, we consider the case of

A =0.

V5 (1) = V5 (0) =£(1) = £(0) + (1 = p)(1 = p)[V(2) = V.V (0)]+
(1= po)plV(0) = V()] + pep[V) (2) = V(1))
> (1= p)(L = p)[V/(1) = V2(O)] + pep[VP(2) = VP (1)) +
(1= p )V (0) = V(1))

=(1 = ps)(1 = 2p)[V;)(1) = VX (0)] + psp [V (2) = V' (1)].

We recall that 0 < p < 3. Hence, V,fﬁrl(l) > V,frl(O). Combining together, the property holds
at iteration v + 1. Then, by mathematical induction, we can conclude that the second property is

true. O]

Equipped with Lemma 17, we can proceed to obtain the new policy induced by the value

function V¥(s). To this end, we define V¥%(s) as the expected cost resulting from taking action
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a at state s, which can be calculated using the following equation.
VYU s) =f(A) = 0" + > Pa(a)V(s).
s'eS

Consequently, to determine the new action, we only need to determine the sign of 6V ¥(s) =
V¥O(s) — V¥1(s). When §V¥(s) < 0, the action suggested by the new policy is a = 0.

Otherwise, a = 1 is suggested. Without loss of generality, we let V¥(0) = 0. Then, we

distinguish between different states.

e 5=(0,0,—1).

aV*(0,0,=1) = pV*(1) — (1 — ps)pV"* (1) — pspV* (1) = 0.

* s=(A,0,—1) where A > 1.

5V¢(A7 0, _1) :(1 - p>V¢(A + 1) - (1 - ps)(l - p)vdj(A + 1) - pspvdj(A + 1)
=ps(1 = 2p)V¥(A +1)

>0.

e s=1(0,t,0) where t > 1.

SV¥(0,¢,0) =(1 — p)pV¥(1) + pspV¥(1) — (1 — po)pV¥(1) — ppV ¥ (1)

=0.
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* s=(0,t,1) where t > 1.

SVY(0,¢,1) =(1 — po)pV¥(1) + ps(1 — p)V¥(1) — (1 — ps)pV¥(1) — pspV ¥ (1)
=p,(1 — 2p)V¥(1)

>0.

* s=(A,t,0) where A > landt > 1.

SVU(A1,0) =(1 = p) (1= p)VY(A+ 1) +ps(1 = p)V¥(A+1)—
(1 - ps)(l - p)vdj(A + 1) - pspvdj(A + 1)
=ps(1 = 2p)V¥(A 4 1)

>0.

e s=(A,t,1) where A > 1landt > 1.

SVO(A 1) =(1 —pg)(1 —p)VY(A+1) +ppV¥ (A +1)—
(1=ps)(1 =)V (A +1) = ppV¥(A +1)

=0.

Combing together, we know that V¥ (s) > 0 for all s € S, meaning that the new policy always
suggests the cation @ = 1. Hence, the new policy is still the strong preemptive policy. Then, by

Theorem 14, we can conclude that the strong preemptive policy is optimal.
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D.7 Proof of Theorem 17

We follow the same methodology presented in the proof of Theorem 15. First, we calculate
the value function V¥ (s) resulting from the adoption of the threshold preemptive policy 1. The

value function satisfies the following system of linear equations.

V¥(0,0,—1) = f(0) — 0¥4(1 — q1)(1 — p)V¥(0,1,0) + (1 — ¢)pV¥(1,1,0)+

q(1=p)V*(0,0,—1) + @pV*¥(1,0,-1).

VY(0,t,0) =f(0) = 0¥ 4+ (1 — ¢1)(1 — p)V¥(0,1,0) + (1 — q1)pV¥ (1, 1,0)+

QI(l _p)V¢(0707 _1) + qlpvw(lvoa _1) 1 S t S tmaz -1

V¥(0,t,1) =£(0) = 0¥ 4+ (1 — q1)(1 — p)V¥(0,1,0) + (1 — q)pV*(1,1,0)+

(1 —p)V?(0,0,—1) + ipV¥(1,0, 1) 1<t <tpas — L.

Foreach A > 1,

V(A 0,-1) =f(A) =0V + (1 — )1 —p)V¥(A+1,1,1) + (1 — 1)pV¥(0, 1, 1)+

(1 —p)V¥(0,0, 1) + @pV¥(A + 1,0, —1).
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VAALO) =f(A) = 0¥+ (1 —q)(1—p)VY(A+1,1,1)+ (1 —q)pV¥(0,1,1)+

QI<1 _p>V¢(Oa 07 _1> + QIde)(A + 170a _1) 1 S t S tmaw -1

VA ) =f(A) =0 +(1—q)(1—p)VY(A+1,1,1) + (1 —q)pV¥(0,1,1)+

ql<1 _p)vw(()?o? _1) + Chpvw(A + 1707 _1) 1 S t S tma:r: - 2.

VYA tpae — 1,1) = f(A) — 0¥ 4 (1 — p)V¥(0,0, —1) + pV¥(A 41,0, —1). (D.4)

Instead of solving the above system of linear equations, some structural properties of the solution

will be sufficient for the following analysis.
Lemma 18. V¥(s) possesses the following properties.
1. V(A 0,—1) = V¥(A1,0) 2 VY(A) for A>0and 1 <t < tpae — L.

2. V¥(0,t,1) = V¥(0) for 1 <t < tpae — 1. VY(A 1) = VY(A) for A > 0 and

1<t<t

maxr 2.

3. V¥(A) is non-decreasing in A.

4. V¥(1) = V¥(0) = Gw_pf(o) and VV(A +1) — V¥(A) £ o is independent of A > 1, where

«

o= —".
G +p—2qp

Proof. The first two properties are obvious, as we can verify by comparing the corresponding

linear equations. For the third property, the proof is based on the mathematical induction as
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presented in the proof of Lemma 17. Hence, we omit the proof here for the sake of space. In the
following, we focus on the last property. Applying the first two properties to the system of linear
equations yields

V¥(0) = f(0) — 0% + (1 — p)V¥(0) + pV¥(1). (D.5)

VAA) =f(A) = 0¥ + (1 —q) (1 —p)VY(A+ 1)+ (1 — q)pV?(0) + ¢ (1 — p)V? (0)+

apVY(A+1) A>1.

From (D.5), we can easily conclude that

In the following, we prove that V¥ (A + 1) — V¥(A) is independent of A > 1. We recall that
V¥(A) can be calculated using the iterative method. Let V¥ (A) be the estimated value function

at iteration v, which is updated in the following way.

V' 1(0) = £(0) — 0¥ + (1 — p)V,2(0) + pV,P (1).

Vi (B) =f(A) = 6% + (1= a)(1 = p)V (A + 1) + (1= a)pV (0) + (1 = p)V;/ (0)+

apV (A+1) A>1.

Then, we know that lim,,_,, V¥ (A) = V¥(A). Consequently, we can use mathematical induction
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to prove the desired results. To this end, we initialize VOw(A) = 0 for A > 0. Then, the base case
v = 0 1s true by initialization. We assume the property holds at iteration v and examine whether

it still holds at iteration v + 1. We recall that f(A) = aA + (. Hence, we have

Vude(A +1) — Vuﬁl(A) =
a+(1—q)(1=p[VAA+2) —VIA+1)+

aplVY(A+2) - VI(A+1)] A>1.

According to our assumption, V.¥(A + 1) — V¥(A) is independent of A > 1. Hence, we can
conclude that Vlfil(A +1) — Vf;l(A) is also independent of A > 1. Then, by mathematical
induction, we can conclude that V¥ (A + 1) — V¥(A) is independent of A > 1. To calculate the

constant o, we have

VYA +1) = VHA) =a+ (1 —q)(1 —p)[VA+2) — V(A + 1]+
apVY(A +2) = V(A +1)]

=a+ (1 —q)(1 —p)o+ qpo.

Finally, we obtain

«

o= —.
G+ p—2qp

O

With Lemma 18 in mind, we can proceed with obtaining the policy induced by V¥(s).

Same as we did in the proof of Theorem 15, we define V¥%(s) as the expected cost resulting
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from taking action «a at state s. To determine the induced policy, we only need to determine the
sign of SV ¥(s) & V¥0(s) — V¥i(s) for s € S. When §V¥(s) < 0, the action suggested by
the induced policy is a = 0. Otherwise, a = 1 is suggested. Without loss of generality, we let

V¥(0) = 0. Then, we distinguish between the following states.

e s=(0,0,—-1).

0V*(0,0,-1) = pV*(1) — (1 — q)pV" (1) — aipV*(1) = 0.

* s=(A,0,—1) where A > 1. When ¢,,,,, > 2, we have

SVY(A0,-1) =1 —p)VY(A+1)— (1 —q)(1 —p)VY(A+1) — qpV¥(A+ 1)
=q(1—-2p)VY(A+1)

>0.

When t,,,., = 2, we have

SVY(A0,—1) =1 —p) V(A +1) — (1 —q)(1=p)V¥(A+1,1,1) — ¢pV¥ (A + 1).
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Since V¥(A + 1,1, 1) satisfies (D.4), we have

VIA+1,1,1) = VYA +1) =pVY(A+1) - (1—q)1 —p)V¥(A+1)—
apV? (A +1)
(D.6)
=(1—q)(2p—1)VY(A+1)

<0.

Then, we know that V¥ (A +1,1,1) < V¥(A + 1). Consequently,

SVY(A,0,-1) >(1 =p)VY(A+1) = (1 - )1 = p)VY (A + 1) —gpV*(A + 1)
=q (1 —2p)V¥(A +1)

>0.

e s=(0,t,0) where 1 <t <t — 1.

aV¥(0,8,0) = (1 = qe)pV? (1) + grapV ¥ (1) — (1 = q)pV* (1) — qipV¥ (1) = 0.

e s=(0,t,1) where 1 <t < t,4, —3and t,.. > 4.

5\/‘[’(0, 2 1) :(1 - qt+1)pV¢(1) + Qt+1(1 —P)Vw(l) - (1 - Ch)PVw(l) - Q1pvw(1)
ZQtJrl(l - 2p)vw<1)

>0.
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* 5= (0,tmar — 2, 1) where t,,4, > 3.

6V¢(07 tmaz - 27 1) :<1 - thazfl)pvwﬂ, tmax - 17 1>+

Qtmas—1(1 =)V (1) = pV¥(1).

We notice that V¥ (1, ¢,,., — 1, 1) satisfies (D.4). Hence, replacing V¥ (1,4, — 1, 1) with

the corresponding expression yields

5Vw(07tmaa: - 27 ]-) :(1 - qtmaac—l)p[f(l) - 87/’ +pvw(2)]+

(qtmazfl - qtmazflp - p)vdj(l)
According to Lemma 18, V¥(2) = V¥(1) + o. Hence, we have

SVY(0, tmaz — 2,1) =(1 — qu,,..—1)p[f(1) — 6% +p(VY(1) + 0)]+
(Gtamas—1 = Gtman—12 — )V (1)
:Kp - 1)(17 - thm—l) - thax—1p2]vw(1)+

(1= Gtue-1)p(f(1) = 0¥ + po).

We recall that the expected Aoll ¥ is given by Theorem 16. Plugging the expressions for

o, 0¥, and using the property that V¥ (1) = w yield

(Gtmae—1 = Qtmas—1P — P) + (1 = Gppou—1)0(@1 + 2p — 2q1p)

2
(1 +2p — 2q1p) (1 +p — 2q1D) '

VY0, typaz — 2,1) = «

D.7)

We notice that & > 0 and the denominator of (D.7) is positive. Hence, examining the sign
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of the numerator of (D.7) is sufficient to determine the sign of ¢ Vw(O, tmaz — 2, 1). To this

end, we define

Then, by Condition 2, we know that Q; > 0. Consequently, §V¥(0, t,0, — 2,1) > 0.

o 5=(0,tmas — 1,1).

V0, timae — 1,1) =(1 = p)V¥(1) — (1 — q)pV¥(1) — qipV¥ (1)

=(1-2p)V*(1)

e s=(A,t,0) where A > 1and 1 <t <t — 1. When t,,,, > 2, we have

OVP(A1,0) =(1 = 1) (1 = )V (A + 1) + g (1 = )V (A + 1)—
(1— @) =p)V(A+1) — @pV¥(A +1)
=1 =p)V'(A+1) ~ 1 -q)A-pV(A+1) = qpV"(A+1)
=qi(1 —2p)VY(A+1)

>0.
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When t,,4, = 2, we recall that VY(A +1,1,1) < V¥(A + 1). Hence, we have

SVY(A,0) =(1 — 1) (1 = p)VY(A+ 1) + g (1 = p) V(A +1)—
(1—q)1=p)V¥(A+1,1,1) — gpV¥ (A + 1)
>(1-p)V(A+1) = (1-a)1-p)V'(A+1) = apV’(A+1)

>0.

e s=(A,t,1)where A > 1,1 <t < tpe — 3, and t4. > 4.

SVH(A 1) =(1 = gra)(1 = p)VY(A + 1) + gepVP (A +1)—
1= =pVY(A+1) —qpV*(A+1)

=(q1 — 1) (1 = 2p) V¥ (A + 1),

Since we assume that Condition 2 holds, we know that §V¥(A,¢,1) > 0.

* 5= (A, tyar —2,1) where A > 1 and ¢4, > 3.

5V¢(A7tmaa: - 2a ]-) = (]- - thw—l)(l - p)Vw(A + 17tmaz—1 - ]-) 1)+

Qtrraaa1PV (A +1) — (1 — @)1 = p)VY(A+1) — ipVP (A + 1).

We recall that V¥ (A+1, .. —1, 1) satisfies (D.4). Hence, replacing V¥ (A+1, ty0:—1,1)
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with corresponding expression yields

V(A tnar = 2,1) =(1 = qre1)(1 = p)(F(A +1) — 0¥+
(1=p)V*(0) +pV (A +2)) + grpo 1PV V(A + 1) =

(1=g)A=p)V(A+1) - apV (A + 1)
We recall that V¥(A + 1) — V¥(A) = o for A > 1. Then,

V(A tyae —2,1) =[(1 — q1)(2p — 1) = p*(1 = @tp0u—1)]V¥(1)+
(1= Gre—1) (L= p)(f(A+1) —6¥)+
{{Q—q)2p—1) = P*(1 = Grpo—1)] A+

(1 = @typa—1)(1 = p)p}oO.

Meanwhile, V¥ (1) = w. Hence, we have

6V¢(Aatmax - 27 1) _ (1 — Q1)(2p — 1) — p(l - qtmaz_l)ew—l-

a p

(1= Gtpae—2) (L = P)(A + 1)+

{l1 =)@ = 1) = p*(1 = @00 A

(1 = Gtpua—1)(1 = p)p}O.
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We define the coefficient before A as Q5. Then, we have

Q=[1-q)2p—1) = p*(1 = qrppo—1)lo + (1 — @tyu—1) (1 — )

(1-q)2p—1) = p*(1 = qrpr—1) + (1 = Gt 1) (1 = P)(q1 + P — 2q1p)

G +p—2qp
_O=2pa -1+ (0 - )P+ a1 —p)}
¢ +p—2qp

SVY (A tmaz—2,1)
(0%

Then, under Condition 2, we know that Q, > 0. Hence, is non-decreasing

in A. Then, when A = 1, we have

OV tmae =2,1) _ (1 =¢1)(2p = 1) = P(L = Gooy=1) | (1 = o) A = D)1
a (2p+ a1 —2¢1p)(p + @1 — 2q1p) @1 +p—2qp

(1= Grppo—1)(1 —p) + Q2

=Qs.

Again, under Condition 2, we know that Q3 > 0. Combing with the fact that a > 0,
we can conclude that 6V¥(1, %4 — 2,1) > 0. Consequently, VY (At — 2,1) >

SVY(1, tmaz — 2,1) > 0 for A > 1.

* 5= (A, tmee — 1,1) where A > 1. When t,,,, > 2, we have

SVY (A tmar — 1, 1) =pVY(A+1) — (1 —q)(1 —=p)VY(A+1) — gipVY (A +1)
=(1—q)2 - DV (A +1)

<0.
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When t,,,, = 2, we have

SV (A 1,1) =pVY(A+1) — (1 —q)(1 —p)VY(A+1,1,1) — ipV¥ (A + 1),

From (D.6), we know that V¥(A +1,1,1) = (1 — ¢1)(2p — DVY(A + 1) + V¥(A + 1).

Bring in the expression yields

SVU(A1L,1) = (1= q)[(2 - 20)p" + B — Dp — a]VP(A + 1),

We recall that 0 < p < 1 and 0 < ¢; < 1. Hence, 6V¥(A,1,1) < 0.

Combining the above cases, we can conclude that the policy iteration algorithm converges to the

threshold preemptive policy. Then, by Theorem 14, the threshold preemptive policy is optimal.
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