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Chapter 1

Introduction

Nature gives us many instances of animal species grouping together to move
in a specific coordinated motion. The way a flock of birds or a swarm of insects
collect and move together is a natural phenomenon to behold. Schools of fish turn
instinctively based on the local interactions between individual fish, and their move-
ment seems to travel through the entire school immediately, sometimes shaping the
group into an incredible circular formation (see Figure (1)) [22].

Engineers and scientists have been inspired to portray the collective motion
behavior of biological species in collaborating systems of autonomous vehicles. Co-
operative control, the study that generates collective motion using feedback con-
trol laws, has been used in many real-world applications in air [2], sea [19], and
space [29]. Examples include Aerosonde unmanned aerial vehicles that fly into hur-
ricanes to obtain flow data [10] and autonomous underwater gliders that provide
a robust platform for synoptic data collection of spatiotemporal processes in the
ocean [3].

An interesting trait of collective motion control is the decentralized manner by
which unmanned vehicles (or agents) group together. This means that there is no
common leader (as happens in centralized control systems). Even though biological

species seem to collect and move almost effortlessly, for autonomous vehicles this is



Figure 1.1: School of fish traveling in a circular formation.

a major challenge. A group of agents collect into a formation through the process
of consensus. FEach agent may have limited communication and, therefore, may
only know the location and/or orientation of some of the other agents. Moreover,
knowledge of the desired formation may not be available to all the agents. The
agents reach a desired formation by transmitting information repeatedly to other

agents until consensus is achieved.

1.1 Previous Work

Cooperative control is a topic that has become very popular in the last ten
years. The blossoming of this concept came with an article in the Physical Review
Letters by Vicsek et al., in which agents (modeled as particles) travel in a sim-
ple, planar model at the same speed but with a different direction of motion [35].
The agents change their heading by using the average direction of motion of their
neighbors. Simulations show that, even though there is no leader in the group, the

agents converge to the same heading [35]. This paper garnered great interest a few



years later in the controls community when Jadbabaie et al. published an article
with a theoretical explanation for this observed behavior [I1]. Since then, the topic
of collective motion has expanded tremendously in several fields of study. Algo-
rithms have been designed to model biological grouping behavior (such as flocking
of birds or swarming of fish) and to model formation of unmanned vehicles (such as
underwater gliders or aerial vehicles).

Graph theory was introduced in cooperative control in [4] and [I§]. It provides
a method to describe the interconnection between particles by means of a Laplacian
matrix (see Section and has been found to be of great use in deriving the
necessary control laws to stabilize a system of agents. Graph theory can be used with
particles that interact either with a fixed or a time-varying interaction network [23].

Most recent work on collective motion has focused on a planar model of self-
propelled particles [12 [13], (17, [16], 25, 34]. This model consists of N identical self-
propelled particles moving in a plane at unit speed. A steering control changes
the heading of each particle until the system reaches the desired formation. In
this system there are two types of steady-state formations in which the relative po-
sition and relative orientation of each particle remain fixed: parallel and circular
motions [I3]. Decentralized control algorithms that stabilize parallel and circular
formations with all-to-all communication are given in [33] and, with limited com-
munication, in [34]. Both these papers also address the issue of regulating spacing
between particles. Motivated by real-world applications in which autonomous vehi-
cles travel in the presence of a flow, a planar framework is presented in [26] which

incorporates a time-invariant flowfield. This work is then extended to time-varying



flowfields in [2§].

A planar model is sufficient for stabilizing collective motion in a small-scale
operating domain. However, motivated by unmanned vehicles that operate in large
planetary-scale sensing networks—such as underwater gliders and long-endurance
aircraft—we are interested in looking at three-dimensional models. Most of the
work done in non-planar collective motion has focused on flow-free models [5] [14]
30, 31]. Justh and Krishnaprasad present a model in which N self-propelled particles
travel in three dimensions and a steering control changes the direction of motion of
each particle [I4]. Steady-state formations of this model are parallel, circular, and
helical motions [14]. In [30], Scardovi et al. design decentralized control laws to
stabilize these three types of motions in the presence of all-to-all communication.
For constant altitude/depth surveys on scales where the curvature and/or rotation
of the Earth are relevant, spherical models are relevant. Paley introduced a model
in which N self-propelled particles constrained to travel on the surface of a sphere

use a decentralized control law to achieve a circular formation [24].

1.2  Contributions of the Thesis

In this thesis we build upon the flow-free three-dimensional [30] and spheri-
cal [24] models by introducing a time-varying flowfield to both models. The three-
dimensional analysis in this paper extends [31] and [30], which describe decentralized
strategies to steer a three-dimensional system of self-propelled particles in a flow-free

environment. To include a time-varying flowfield, we adapt the development of a



planar framework for collective motion in a time-varying flow [26]. We introduced a
spatially variable, time-invariant flowfield to the three-dimensional model in [9]. We
relax the all-to-all communication requirement in [9] to accommodate any connected
and time-invariant communication topology. This can also be extended to directed,
time-varying topologies [34].

The spherical analysis in this paper extends [24], which introduced a flow-free
spherical model. Additional work appears in [§], in which we introduced rotation
and a time-invariant flow to the spherical model. We study motion coordination in
a time-varying flowfield on a rotating sphere because we are interested in creating
a model to address applications where the rotation and curvature of the Earth are
important.

For both the three-dimensional and spherical models we design Lyapunov-
based decentralized control laws that stabilize particle formations. In the three-
dimensional model we stabilize parallel and helical formations and, in the spherical
model, we stabilize circular formations. A parallel formation is a steady motion
in which all of the particles travel in straight, parallel lines with arbitrary separa-
tion. In a helical formation, all of the particles converge to circular helices with
the same axis of rotation, radius of rotation, and pitch (the ratio of translational
to rotational motion); the along-axis separation is arbitrary. A three-dimensional
circular formation is a helical formation with zero pitch. These formations are rela-
tive equilibria of the flow-free three-dimensional particle model [14]. Decentralized
controls to stabilize relative equilibria in the flow-free model are provided in [31].

On the sphere, a circular formation is a steady motion in which all of the particles



travel around a fixed circle on the sphere, with radius smaller than the radius of the
sphere. Decentralized controls to stabilize circular formations on the sphere in the
flow-free model are provided in [24].

The theoretical results are validated and extended by numerical simulations.
In our simulations we choose circulating, time-varying flows that model naturally
occurring phenomena such as hurricanes, tornadoes, and ocean currents. We are
interested in these types of flows because formations of unmanned vehicles can be
used for environmental monitoring. For example, in the three-dimensional model
we illustrate the stabilization of a helical formation in a hurricane-inspired flowfield.
Helical formations have the potential application of autonomous data collection
inside a hurricane. In the rotating spherical model, we simulate the time-varying

flowfield generated by two point vortices.

1.3 Outline of the Thesis

The thesis is organized as follows. In Chapter[2]we introduce the mathematical
background necessary to follow the work that composes the thesis. In Chapter [3| we
model a system of self-propelled particles in a time-varying flowfield that travel in
three dimensions (Section and on the surface of a rotating sphere (Section [3.2)).
Chapter (4| deals with deriving control laws to stabilize particle formations for both
the three-dimensional and spherical models. In Section we provide control laws
for the three-dimensional model to stabilize parallel formations in either an arbitrary

or a prescribed direction. In Section [4.2] we provide control laws for the three-



dimensional model to stabilize helical formations with arbitrary center and arbitrary
or prescribed pitch or prescribed center and prescribed pitch. In Section we
provide control laws for the spherical model to stabilize circular formations with
arbitrary or prescribed center. Chapter [5| summarizes the results and discusses

future work.



Chapter 2

Mathematical Preliminaries

This chapter introduces the mathematical background necessary to understand
the work and contributions that compose the thesis. In Section [2.1| we introduce the
concepts of SO(3) and SE(3) that are used to represent the position and orientation
of each agent in the systems we are studying. In Section [2.2) we describe pertinent
concepts in the field of nonlinear control theory. In Section [2.3| we show that we can

represent how each agent communicates with each other by means of a graph.

2.1 Trajectory of a Particle

In this thesis, we model nonlinear systems that consist of N agents (modeled
as particles). In Section we introduce the frame used to represent the three-
dimensional trajectory that the particles trace. We show how to represent the
velocity orientation of each particle in Section and the position of each particle
in Section 2.1.3] In Section we show how screw motion and the concept of

twist are used to represent the collective motion of a set of particles.

2.1.1 Moving Frames

A particle that moves in three dimensions traces out a trajectory = : [0, 00) —

R3 [14]. If the speed of the particle is unit, the curve v needs to be at least twice



continuously differentiable and |(d/dt)y| = 1V t, where t is time [14]. The direction
of motion of the particle is the unit tangent vector to the trajectory. There is a
gyroscopic force vector in the plane perpendicular to the tangent vector that steers
each particle. We represent the equations of motion of a particle that traces out a

curve -y using a natural Frenet frame [I], [14]

I, = X

Xk = QYk+ hwzg

Vi = —QkXk + WrZg

2, = —hgXp — WYy,
where the position of particle k is r; and its velocity is ri. The gyroscopic force
u, = [wr, —hy, qu)7 € R? steers the particle by rotating its velocity about the unit
vectors of a path frame, Cy, = (k, Xy, Y, Zx), which is fixed to particle k such that the

unit vector x;, points in the direction of the velocity of particle k (see Figure [2.1]).

2.1.2 Rotational Motion in R3: SO(3)

Consider a system of N particles, where the velocity of particle particle k& €
{1, ..., N} has a specific orientation with respect to an inertial frame. The orientation
of 1, is given by a right-handed reference frame, with axes xj, yx, 2z, € R3*! (see
Figure 2.1). The 3 x 3 orthogonal matrix that defines the orientation of Fy is
Ry = [xx Yk 21]. The special orthogonal group SO(3) is the space of orthogonal

matrices that represents the velocity orientation of particle & in R3*3 and is defined



Tk Yk

Tk Zk

\ /

Figure 2.1: Trajectory of particle £ in three dimensions, where the posi-
tion of k is ry and the velocity orientation of k is given by a path frame

Cr = (k, Xk, Yk, 2.

as [20]
SO(3) = {Ry € R¥*3 : RyRT = I det(Ry,) = 1}, (2.2)
where [ is the 3 x 3 identity matrix.

Suppose we change the orientation of particle £ by rotating it about an axis

w = [wy wo w3]T. The time derivative of x; is

Xk Yr Zg
X =W X X = W Wy ws | = WaYk — WaZg.
1 0 0

Defining the skew-symmetric matrix

0 —Ws Wa
w = w3 0 —Ww1 )
—Wa w1 0

10



the rates of change of Xy, yx, and z; are written in a compact form by [20]
Ry, = [k yi 4] = Ry, @
The vector space of all 3 x 3 skew-symmetric matrices is denoted [20]

s0(3) = {@ e R¥ : 0T = —&). (2.3)

2.1.3 Rigid Motion in R3: SE(3)

Consider a system of N particles, where each particle k € {1,..., N} has a
specific position with respect to an inertial frame. We describe the position vector
of k by rp € R3 and the orientation of its velocity by R € SO(3) (see Figure .
The pair (r, Ry) is in the product space of R® with SO(3) and is defined as the

special Euclidian group [20]
SE(3) = {(ry, Ry) : rp € R3 R, € SO(3)} = R3 x SO(3). (2.4)
Following [20], suppose we change the position of particle k by translating it

by an amount q € R? and change the orientation of r;, by rotating it about the axis

w € R3. The time derivative of ry, is

Iy =w X (rpy — q). (2.5)
Defining the 4 x 4 matrix
R w Vv
§= ,
0 0

where v = —w X q, equation (2.5) can be rewritten as



Analogous to the definition of s0(3), we define [20]

se(3) = {(v,@) : v € R3, & € s0(3)}. (2.6)

The matrix £ is an element of se(3) and it is referred to as a twist of the Euclid-
ian group [20]. We use the operator V to define the 6-dimensional vector which

parametrizes a twist [20],

Vv

where w represents the rotational motion of r; and v represents the translational

motion of particle k.

2.1.4 Screw Theory

We use the geometrical concept of screw motion and twist to describe the
trajectory into which we wish to stabilize a group of particles. In terms of screw
theory [20], an element of se(3) is called a twist [30].

Consider a particle on a trajectory that rotates by an angle # about an axis
parallel to the unit vector w and translates along the same axis by an amount d.
This motion, which is reminiscent of the motion of a screw, defines screw motion
and is depicted in Figure The pitch, h, is the ratio of translational to rotational
motion, i.e., h = d/f. The axis of rotation is [ = {q + Aw : A € R}, where q is a

point on axis [.

Definition 1. [20, Definition 2.2] A screw consists of an axis I, a pitch h, and a
magnitude M. A screw motion represents rotation by an amount 8 = M about the

12



Figure 2.2: Schematic of screw motion.

axis | followed by translation by an amount hO parallel to the axis l. If h = oo then
the corresponding screw motion consists of a pure translation along the axis of the

screw by a distance M.

The relations among the screw coordinates are

h=Y ifw£0

00 fw=20

~\/

mE A ifw#0

04+ \w fw=0

~\/

ol ifw 0

\ vl ifw=0

In Chapter |3| we use screw coordinates to define the trajectory of a system of
particles in three dimensions. If w # 0 and the pitch 0 < A < 1, helical trajectories
are defined and if the pitch h = 0, circular trajectories are defined. If w = 0, the

pitch h = oo and parallel trajectories are defined.

13



2.2 Nonlinear Control Theory

We model different nonlinear systems and wish to study their behavior and
stability. Nonlinear dynamical systems can be modeled as a system of coupled

first-ordered differential equations [15]

Q.Tl = fl(twrla"'7‘7“N7U17""up)
Ty = f?(t>$17-"73:N7u1""7up)
l"N = fN<t,ZE17...,[L‘N,U17---;up)7

where xj, k € {1,...., N}, are the state-variables, u;, j € {1, ..., P}, are the control
inputs, and ¢ is time. This system of differential equations can be written in a more

compact form. By writing the following vector notation,

2 Uy fi(t,z,u)
T2 U2 fz(ta%U)

xr = , U= 5 f(t,l’,U) = s
TN up In(t, @, u)

we rewrite the system of differential equations as

T = f(t,x,u),

This equation depends explicitly on time and is called non-autonomous or time-
varying. Equations that do not depend explicitly on time are called autonomous or

time-invariant, and are of the form

&= f(x,u).

14



In this thesis we study both time-varying and time-invariant systems, and would
like to know their behavior and stability of equilibrium points.

The concept of an equilibrium point plays an important role in the stability
of dynamical systems. A point z = z* is an equilibrium point of & = f(t,z,u) if,
whenever the state of the system starts near z*, it remains near x* for all time.
A system can have one or multiple equilibrium points. We explain how to study
the stability of equilibrium points for autonomous systems in Section and for

non-autonomous systems in Section [2.2.2]

2.2.1 Stability of Autonomous Systems

Consider the autonomous system
i = f(z). (2.7)
The origin x* = 0 is an equilibrium point of if
fla®) =0,
Definition 2. [1J, Definition 4.1] The equilibrium point x* = 0 of model 8
e stable if all solutions starting at nearby points stay nearby.
e unstable if it is not stable.

e asymptotically stable if it is stable and solutions tend to the equilibrium points

as time approaches infinity, i.e., if we can choose an € > 0 such that
if |z(0)]| < e, then ltlim z(t) = 0.

15



&= f(z)

unWble

4—/;—> -— T
\/—\

|

o+ |-

Figure 2.3: Example of the stability of an autonomous system.

A depiction of Definition [2] is shown in Figure 2.3 The system & = f(x)
has two equilibrium points. A graphical method to determine the stability of the
equilibrium points is to examine the variation in the sign of f(z). We separate the
function into segments between equilibrium points, drawing arrows to the left if f(x)
is negative and to the right if f(x) is positive. The equilibrium point is unstable
if both arrows face away from the point and stable if both arrows face toward the
point.

Another method to determine the stability of an equilibrium point is to use

Lyapunov’s stability theorem:

Theorem 1. Lyapunov Stability Theorem [15, Theorem 4.1]. Let x* = 0 be an
equilibrium point of and D € RN be a domain containing x* = 0. LetV : D —

R be a continuously differentiable function (called potential or Lyapunov function)

16



such that
V() = 0andV(xz)>0e D —{0}

V < 0€D.
Then x* is stable. Also, if

V <0eD-{0},

then x* 1s asymptotically stable.

Note that the time derivative of V is of the form

fi(z)
V(x) = Zf:l S—Xifz' :Zﬁvﬂ g—sz(I) = [ oo v }

oxr1 oxr N

fn(z)

It is important to keep in mind that Lyapunov functions are not unique. There-
fore, failure of a Lyapunov function to satisfy the conditions for stability does not

guarantee that an equilibrium point is unstable.
Definition 3. A potential function V s
o Positive definite if V(0) =0 and V(z) >0V z # 0.
e Positive semi-definite if V(0) =0 and V(z) > 0V z # 0.
e Negative (semi-)definite if —V (x) is positive (semi-)definite

Theorem [I] can also be stated as follows. The equilibrium point z* = 0 is stable
if there exits a continuously differentiable positive definite function V' (z) such that
V(x) is negative semi-definite and x* = 0 is asymptotically stable if V(x) is negative
definite.

17



Sometimes it is not possible to show that an equilibrium point is asymptotically
stable by using Theorem [1| because the potential function V(z) might fail to be
negative definite. In these cases, we use LaSalle’s Invariance Principle. The following

definitions are necessary.

Definition 4. [6] zq is a limit point of the set D if there exils a sequence in D

which converges to xg.

Definition 5. [27] p is a positive limit point of x(t), where x(t) is a solution of (2.7),
if there exits a sequence {t,}, with t, — oo as n — oo, such that z(t,) — p as

n — oco. The set of all positive limit points of x(t) is called the positive limit set of

x(t).

Definition 6. [27] The set M is invariant with respect to & = f(x) if, when x(0) €

M, z(t)e MYteR.

Theorem 2. LaSalle’s Invariance Principle [15, Theorem 4.4]. Let  C D be a
compact set that is positive invariant with respect to & = f(x). Let V : D — R be
a continuously differentiable function such that V(x) < 0€ €. Let E be the set of
all points in 0 where V =0. Let M be the largest invariant set in E. Then every

solution starting in 2 approaches M ast — oo.

Note that unlike in Theorem [1] the function V' does not have to be positive
definite. It is also important to note that the invariance principle applies only to
autonomous systems. Theorems |1} and [2| are used in Chapter |4 to prove the stability

of the systems we are studying.

18



2.2.2  Stability of Non-autonomous Systems

Consider the time-varying system

i = f(t,z), (2.8)

The origin x* = 0 is an equilibrium point of & = f(¢,x) at t = 0 if

F(t,0) =0Vt >0.

To prove the stability of z* in model (2.8), we use the following invariance-like

theorem adapted for time-varying systems.

Theorem 3. [15, Theorem 8.4] Let D € R™ be a domain containing x = 0 and
suppose f(x,t) is piecewise continuous in t and locally Lipschitz in x, uniformly in
t, on [0,00) x D. Furthermore, suppose f(0,t) is uniformly bounded for all t > 0.

Let V : [0,00) X D — R be a continuously differentiable function such that
Wi(z) < V(x,t) < Wa(x)

V(r,t) =2 + X f(z,t) < W(x)
Vt>0,Vaxe D, where Wi(z) and Wa(x) are continuous positive definite functions
and W (x) is a continuous positive semidefinite function on D. Choose r > 0 such
that B, C D and let p < min|z=.Wi(z). Then, all solutions of & = f(x,t) with

x(to) € {x € B,|Wa(z) < p} are bounded and satisfy

W(z(t)) — 0 as t — oc.

Moreover, if all the assumptions hold globally and Wy (z) is radially unbounded, the
statement is true for all x(ty) € R".
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The limit W (z(t)) — 0 implies that z(t) approaches E as t — oo, where

E ={x € D|W(x) = 0}.

Theorem [3is used in Chapter [4]to prove the stability of the systems we are studying.

2.3  Graph Theory

To design control laws that stabilize a group of unmanned vehicles, it is nec-
essary to know how information flows throughout the group. Graph theory is used

to demonstrate how individuals in the group communicate with one another.

2.3.1 Directed vs. Undirected Graphs

We model the information flow by means of a graph. The agents are assumed
to be connected and fully actuated, but the information they can obtain might be
limited. There are two types of graphs: directed and undirected. A directed graph
is one in which each agent k € {1,..., N} only gets information from a subset of
other agents j # k; that is, 7 — k. On the other hand, a graph is undirected, or
bidirectional, if ; — k whenever k — j (see Figure . We use a communication
topology that is undirected and time-invariant, though this can be extended to

directed, time-varying topologies [34].

2.3.2 Laplacian Matrix

The communication network is depicted by the Laplacian matrix L. A graph
G = (N, E) has N vertices, where N is the number of agents, E is the set of edges,
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(a) (b)

Figure 2.4: Example of (a) an undirected and (b) a directed graph.

and L is a matrix formed with the sum of binary components a;; which represent the
existence of information flow from j to k, k € {1, ..., N}. If there is communication,

then a; = 1, otherwise, ay; = 0. The Laplacian matrix L is

;

j =19 —ar; if (jk)eE
0 otherwise.
\

It is an N x N matrix and has the property that the sum of each row is equal to
zero; that is, L1 = 0, where 1 is an N x 1 column vector, whose entries are all 1. If
G is connected and undirected then the null space of L is spanned by 1

In some cases throughout the thesis we add a “virtual” agent to the system in
order to augment a control law to obtain a formation in a desired location or direc-
tion. To do this, we augment the communication graph by an additional reference
node 0, with directed edges from 0 to the informed agents. In this case we define

Go = (Mo, Ep) to be a time-invariant and rooted graph, where Ny = {0,1, ..., N},
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O =

Figure 2.5: Example of undirected communication topology with 5 agents

and Ly is the Laplacian matrix of the form [34]

—aio

~
S
I

L — diag {—ako}

L _CLNO .
where —apg € k = {1,..., N} represent information transmitted from the virtual
agent to particle k.

We use the Kronecker product to define the matrix £ £ L ® I3, which is used
in the control laws derived in Chapter . We will also use Ly, k € {1, ..., N}, which
denote three consecutive rows of £ starting with row 3k — 2.

To help understand how to construct a Laplacian matrix, Figure [2.5] shows an

example of an undirected, connected, and time-invariant graph with N = 5.
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Chapter 3

Particle Dynamics in a Time-Varying Flowfield

This chapter is dedicated to deriving the dynamics of a group of N self-
propelled particles traveling in three dimensions in a time-varying flowfield. We
model the system in three dimensions in Section [3.1] In Section [3.2, we constrain

the particles to travel on the surface of a rotating sphere in a time-varying flowfield.

3.1 Particle Motion in Three Dimensions

The model studied in this section introduces a three-dimensional, time-varying
flowfield to the flow-free model described in [14] and further studied in [30]. The
flow-free model is summarized in Section|3.1.1l In Section we derive the particle

dynamics in a time-varying flowfield.

3.1.1 Flow-Free Particle Dynamics

The flow-free model consists of N identical particles moving at unit speed in
three dimensions as shown in Figure The position of particle k € {1,..., N}
is represented by r, € R3 and its velocity relative to an inertial frame Z by ry.
Control ug = [wy —hy, qi]7 € R3 steers each particle by rotating its velocity about
the unit vectors of a path frame, C, = (k, X, Y, 1), which is fixed to particle k such

that the unit vector x; points in the direction of the velocity of particle k. (Cj is
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(a) Flow-free model (b) Model with flow

Figure 3.1: Schematic of vectors used in the three-dimensional motion
models. (a) In the flow-free model (3.1]), path frame Cj is aligned with
the velocity of particle k relative to an inertial frame Z. (b) In the model

(3.3) with flow fi(¢), the inertial velocity of particle k is xj +£x(t) = skXg
(not used until Section (3.1.2)).

a right-handed reference frame and xy, y, and z; € R3.) The equations of motion
are [14]
ry = X
Xk = QYk+ hwzg
(3.1)
Vi = —qkXk + WrZg
z, = —hpXp — wryr,

where g (resp. hy) represents the curvature control of the kth particle about the
vk (resp. z) axis. The torsion control wy allows the velocity of particle k to rotate
about the x;, axis.

The dynamics in (3.1]) represent a control system on the Lie group SE(3) (see
Section [2.1.3]) [14, [30] and, consequently, can be expressed in terms of the group

variable

R}C T
9k = S SE(3)7

0 1

where R, = (Xr Ye 2z - The dynamics |) are equivalent to g, = gké iy Where
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(a) Parallel (b) Helical (¢) Circular

Figure 3.2: Schematic of relative equilibria of model (3.1) [14, 31]. Con-
trol algorithms to obtain these formations in a time-varying flow are
derived in Sections (4.1 and [4.2]

£, € se(3) is an element of the Lie algebra of SE(3),

. u, e
Ek = )
0 0
and e; = 1 o0 0T - Uy, is the 3 x 3 skew-symmetric matrix that represents an

element of s0(3), the Lie algebra of SO(3) (see Section [2.1.2)).

The closed-loop dynamics of model are invariant under rigid motions in
SE(3) provided the controls u; depend only on shape variables—relative positions
and relative orientations of the path frames Cy, k € {1,..., N}. In this case, a special
set of solutions of the closed-loop dynamics correspond to steady-state formations,
called relative equilibria [14), [30], in which the position and path-frame orientation
of particle k relative to the position and path-frame orientation of particle j #
k is fixed. The three types of relative equilibria of model are sketched in

Figure [14]: parallel, helical, and circular motions. Algorithms to stabilize these
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formations in the flow-free model (3.1)) are provided in [31]. We provide algorithms
to stabilize these types of formations in a three-dimensional, time-varying flowfield

in Sections .1l and .21

3.1.2 Particle Dynamics in a Time-Varying Flowfield

In this section, we introduce a model of N particles traveling in a three-
dimensional flowfield f that varies in space and time. The instantaneous velocity of
the flow at ry is denoted by fi(t) = f(rg,t). Expressed in vector components with

respect to the path frame CY, the flow is

£i.(t) = pr(t)xp + ti(t)yr + vi(t) 2z,

where the time-varying coefficients are py(t) = f(t) - xx, tx(t) = £(t) - yx, and

vg(t) = £ (t) - zx. We assume that the flow satisfies the following three assumptions:
A1) The components of f;(¢) expressed in Cy are known by particle k at time ¢.

A2) The flow speed is less than the particle speed relative to the flow, i.e., ||fx(¢)|] <

1V k,t.
A3) fi(t) is differentiable in rj and ¢.

Assumption A2 ensures that a particle can always make forward progress as
measured from an inertial frame. The inertial velocity of particle k is the sum of its

velocity relative to the flow and the velocity of the flow, i.e.,

= x5+ 5.(8) = (14 pe(t)) xi + te(O)ys + vi(t)z. (3.2)
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We associate frame Cy with motion relative to the flowfield by expressing the
dynamics with 1 given by using a second path frame, Dy, = (k, Xk, Y, Z1),
which is aligned with the inertial velocity of particle k, i.e., X, is parallel to 1 (see
Figure 3.1(D)]). Let sy (t) = ||xx + £x(t)|| denote the (time-varying) inertial speed of
particle k. The dynamics expressed as components in frame Dy, are

Iy = sp(t)xXg
Xi = Gkyr+ ik

Vi = —QXi+ Wiz

Zi = —hpXy, — O,

where 0y, = [Wy —Bk qx]T are the steering controls relative to frame Dy. Note that

the dynamics in (3.3) still represent a control system on SE(3), since

A

S Ry, u si(t)er
Ik = Gk, = ;
0 1 0 0
where R, = [%: yi 2 and u € se(3). We will make use of the fact that |)
implies
To define parallel and helical formations in three dimensions we use the concept

of twist [30], which is related to screw motion [20] (see Section [2.1.4]). We use the

operator V to find a 6-dimensional vector which parametrizes a twist of the matrix

Y

£, =€ = = € RS. (3.5)
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A constant screw motion is defined by the constant twist £, = [VI, wl]” € R® [20].
When wy # 0, the motion is defined by a rotation about an axis parallel to wy.
When wqy = 0, the motion is defined by a pure translation along the axis vo. The
pitch «q is the ratio of translational to rotational motion and its value in constant

motion is [20)]

00, ifwy=20

Following [30], we define a helical trajectory with the following consensus Variableﬂz

Vi =X, +Tp Xwy, woF0. (3.6)

Using l) the velocity of v§ along solutions of 1} is v = (Rkﬁk — sk(t)w()) X

X;. The following extends [30), Proposition 1] to helical motion in a time-varying

flowfield.

Lemma 1. Let fi(t) = f(ry,t) be a three-dimensional, time-varying flowfield that
satisfies assumptions A1-AS3. The control vy = ]N%gsk(t)wo steers particle k in
model around a heliz with azis of rotation parallel to wy, radius ||wo|| ™!, and
pitch oy, = X, - wo/||wol|?, such that ¥¢ is fized, i.e., Vi = 0, where ¥{ is defined
mn @) A helical formation of N particles is characterized by the condition vi, = v§

for all pairs j, k € {1,...,N}.

Proof. ¥§ is constant because when substituting iy = R} s,(t)wo into v§ yields

\L/z = (Rkﬁk —sk(t)w0> X )~Ck = (sk(t)wo —sk(t)wo) X ik = 0. USng " the

!The superscript a indicates that the vector components are expressed in a fixed (inertial)

reference frame.
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instantaneous pitch of particle & is

o — Ske?ﬁk
N TAE

flk:RZSk (t)wo

which is also constant since
d (ik . wo) sk(t)wo X X - wo
dt \ [lwoll

= pum 0_
[lwoll*

);(k:Sk (t)wo XXy,

]

A circular trajectory can be described as a helical trajectory with zero pitch.
A parallel trajectory can be described as a helical trajectory with infinite pitch, for
example when wy = 0. The following extends [30, Proposition 1] to parallel motion

in a time-varying flowfield.

Lemma 2. Let fi(t) = f(ry,t) be a three-dimensional, time-varying flowfield that
satisfies assumptions A1-A3. The control 0y, = 0 steers particle k in model in
a straight line such that Xy, is fized, i.e., Xy = 0. A parallel formation is characterized

by the condition X, = X; for all pairs j, k € {1,..., N}.

Transformation Between Relative and Inertial Path Frames: Using (3.2)) and ({3.3]),

we have

C_Lin® B w)
T O P Ry

Zy. (3.7)

We use (3.7)) to derive the relationship between frames Cj, and Dj. This relationship
is important because we design the steering controls 0y using (3.3]) and the platform
dynamics are presumed to obey (3.1). Thus it is important in applications to be

able to find uy in terms of @y and fi(¢). The transformation between the Cj and
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Dy, frames and an analytical expression for each component of u; in terms of the
components of 0y and fi(¢) are provided in Appendix .

Inertial speed in a three-dimensional flowfield: Unlike in the flow-free model
(3-1), the inertial speed s (t) of particle k in model is not constant—it depends
on the flow and the direction of motion. Using , the inertial speed of particle k

18

sv(t) = [se (%] = /(1 + pult))? + £(t) + vR(1) > 0,

where pg(t), tx(t), and vg(t) are components of fi(¢) in frame C. However, in order
to integrate (3.3), we need an expression for si(¢) in terms of the components of

fi.(t) in frame Dy.

Theorem 4. Let f.(t) = f(ry, t) be a three-dimensional, time-varying flowfield that

satisfies assumptions A1-AS8. The inertial speed of particle k in model 18

The proof of Theorem {4 is provided in Appendix . Note, (3.8) is used to
integrate (3.3)) and only requires knowledge of fi(¢) expressed in Dy. However, to

compute uy from 1y, we need to know fi(¢) in Cy.

3.2 Particle Motion on a Rotating Sphere

We now constrain particle motion in the three-dimensional model to the surface
of a sphere. The model studied here extends the spherical model introduced in [24],

which consists of NV identical particles moving at a constant speed on the surface
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of a non-rotating sphere in a flow-free environment. This model is summarized in
Section [3.2.1, We expand this framework by introducing rotation to the sphere

(derived in Section [3.2.2)) and adding a time-varying flowfield to the model (derived

in Section |3.2.3]).

3.2.1 Flow-Free Particle Dynamics

The flow-free model consists of N particles moving at unit speed on the surface
of a sphere with radius po > 0 and center O. The position of particle k € {1,..., N}
relative to O is represented by r, € R? (see Figure . A path frame C, =
(k, Xy, Y, zx) is fixed to particle k such that the unit vector x;, points in the direction
of the velocity of particle k, z; is orthogonal to the sphere at ry, and y, completes
the right-handed reference frame. Note z; is the unit vector of the position rg, i.e.,
Ty = PoZg-

A gyroscopic force steers each particle £ on the surface of the sphere. This
force is modeled as a state-feedback control u, that rotates the velocity of each

particle about z;. The equations of motion are [24]

I"k = Xk
S -1
X = UrYk — Po Zk
(3.9)
Vi = —upXp
e
Zr, = Py Xk-

The relationship between (3.9)) and (3.1]) can be found by substituting u; = [0 0 u]”
into (3.1) and taking into account the radius of the sphere in the dynamics. Note
that the dynamics in (3.9)) represent a control system on the Lie group SE(3) [14],32].
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Alternatively, since ry, is parallel to z, the dynamics evolve on SO(3) according to

0 —ur So
Rk:Rkﬁk: |:Xk Yk zk} Uy, 0 01>

—S0 0 0

where 7, € 50(3) is a skew-symmetric matrix (see Section [2.1.2]).
The force, Fy, on particle k is the sum of the constraint (normal) force Ny, that
acts orthogonally to the surface of the sphere and the gyroscopic (steering) force wuy

that acts tangentially to the surface of the sphere and orthogonally to xy, i.e.,

Fi, = —Nyzyp + ury, (3.10)

where we assume the particles have unit mass.

3.2.2 Particle Dynamics on a Rotating Sphere

We extend the framework described in [24] by adding rotation to the sphere,
which introduces a Coriolis effect. Coriolis acceleration contributes to the apparent
deflection of each particle when viewed from a frame fixed to the sphere, and is given
by aj”" = —2w; X Ty, where w; is the angular velocity vector of the sphere and ry,
is the velocity relative to the (moving) surface of the sphere [1] [}

In order to derive the particle dynamics on a rotating sphere, we use a spherical

coordinate system consisting of the azimuth angle 6, the polar angle ¢, and the

(fixed) radius po. An inertial reference frame 7 is defined by Z = (0, e,, ey, €.),

2In this section, we derive the dynamics on a rotating sphere, starting with a’" = —2wq X Iy.

For the full proof, refer to Appendix g
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€oy

(a) Frames Z and 7’ (b) Frame A, (c) Frame By (d) Frame C; (e) Frame Dy,

Figure 3.3: Reference frames used to derive particle dynamics on the
sphere. Each frame differs from the previous one by a simple rotation.
Note that frame D;, is not used until Section [3.2.3]

where the origin O is located at the center of the sphere and e,, e,, and e, are unit
vectors (see Figure . We assume that w; is aligned with e,, so that the sphere
rotates at constant angular rate w; about e,.

We introduce four additional reference frames. Frame 7' = (O, e, ey, €3) is
fixed to the sphere and differs from Z by a rotation of wit about e3 = e, where t is
time. Frame Ay = (0,a;,,as,,a;3,), k € {1,..., N}, differs from Z by a rotation of
6y, about as, = e3. Frame By = (O, ey, , €y, , €,,)—the spherical body frame—differs
from Aj by a rotation of ¢, about ey, = ay,. The unit vector e,, points from O to
the position ry of particle k. The fourth frame, C, = (k, Xy, Y, zx), differs from By,
by a rotation of the orientation angle v, about z; = e,,. The origin of Cj, is attached
to particle £ and the unit vector x; points in the direction of motion of particle k
relative to the sphere-fixed frame 7.

The unit vectors of the four non-inertial reference frames are related by the
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following transformation tabld’|

(S3] (D) €3 €y €9, €,
aj, cos 0y, sinf, O COS ¢, 0 sin ¢,
ag, | —sinf; cosf, O 0 1 0
as, 0 0 1 | —sin¢g 0 Cos Py,
X * * * COS Yk sin yx 0
Yk * * * | —sinyg  cosYk 0

Z * * * 0 0 1

The angular velocity Zw® of frame C; with respect to the inertial frame T
is Tw% = (w; + O)as, + ¢reqs, + Yzx, where ag, = —sindre,, + cospe, =
— sin ¢y, cos VX, + sin @, sin Y,y + cos ¢z and ey, = sin Xy + cos Y,y are found
from the transformation table.

The inertial acceleration due to the Coriolis effect is

cor

ay = — 27wl X T, = —2w; cos PpYE + 2w Sin Y2z (3.11)

The Coriolis acceleration contributes a fictional force, F{°", that acts on particle k.

Combining (3.10)) and (3.11]), we obtain
Fr +F = (2wisiny, — Ng)zg + (ug — 2wy cos d) Vi (3.12)

Comparing the y; components of (3.10)) and (3.12)), we observe that the control wuy
is augmented by —2w; cos ¢. Since cos ¢ = zj - €3 = 2z, from the transformation

table, we define the effective control [§]

Vi = U, — 2W1 2k, (3.13)

3Entries marked # can be computed from the other entries.
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where —2w; zg, appears due to the Coriolis effect (for the full proof, refer to Ap-
pendix . Under the effective control (3.13)), the dynamics of particle k relative to

the sphere-fixed frame 7’ are

I"k = Xk
X = UYk— Py Zk
(3.14)
Yk = —UEXg
. _ -1
Zy, = pPo Xg-

Thus, if we use to design vy, then use to compute uy, the Coriolis effect
will be cancelled.

The closed-loop dynamics possess only one of the three types of relative
equilibria described in Section [3.1.1} circular motion with a common radius, axis
of rotation, and direction of rotation [24]. This relative equilibrium is formed by
the intersection of the sphere and a cylinder of radius pj < py whose longitudinal
axis passes through the center of the sphere. If pj < po, the particles will travel
around either one of two circles on opposite sides of the sphere (see Figure .
Algorithms to stabilize circular formations in the flow-free model are provided
in [24]. We provide algorithms to stabilize circular formations in a time-varying
flowfield on a rotating sphere in Section [4.3|

A circular trajectory on the surface of a sphere can also be described as the
intersection of the sphere and a right circular cone whose axis of rotation passes

through the center of the sphere and whose apex is outside the sphere (see Figure
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3.4(b))). The position ¢, (relative to the origin O) of the apex of the cone is [24]

Cr =Ty + Wy Yk, (3.15)

where wy # 0 and the chordal radius of the circle is |wg|™'. The velocity of ¢ along

!

solutions of (3.14)) is ¢, = %ck = (1 — wy'vp)xk. We call ¢, the center of the

circular formation.

Lemma 3. [2], Proposition 2] The (constant) control vy, = wy steers particle k in
model around a circle such that the center cy is fized, i.e., ¢, = 0, where
ci is defined in . A circular formation of N particles is characterized by the

condition ¢, = c¢; for all pairs j, k € {1,...,N}.

3.2.3 Particle Dynamics in a Time-Varying Flowfield

We now study the case of N particles traveling on the surface of a rotating
sphere in a time-varying flowfield. The velocity of the flow at the position r; is
represented by fi(t) = f (rg,t), which can be decomposed into vector components

in frame Cy:

£.(t) = pe(t)xk + ti(t)ys, (3.16)
where pi(t) = fi(t) - x5 and tg(t) = fx(t) - y&. (Due to the assumption that z
is perpendicular to the flow, the dot product fi(¢) - z; is identically zero.) The

assumptions A1-A3 listed in Section [3.1.2]still apply in the spherical model. Adding

(3.16)) to the time derivative of the position of the particle model in (3.14) we obtain

1 = (14 pr(t)) Xk + t(t)ys-
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Since zj is parallel to 1y, i.e., z, = py 'T%, and the dynamics evolve on SO(3),

the remaining equations of motion can be found by computing the skew-symmetric

matrix ~ _
0 —vk  po [+ pe(t)]
l’%lk = Vg 0 paltk (t) )
—po [L+pe()] —pp ti(t) 0

such that Ry = Ryn,, where Ry 2 [x; yi 2] € SO(3). The equations of motion are

t, = [1+pe(®)]xk +t(t)ys
Xp = wyr— Py [1+pr(t)] 2
(3.17)
Vi = —UkXp—py te(t)ze
zZr = py [L+pe(®)] Xk + pp te ()Y,
where pg(t) = £i.(t) - Xp, te(t) = £(t) - yi, and vy = ug, — 2w 2.

In order to find a control law to stabilize a formation in a time-varying flow,
we transform the dynamics using frame Dy = (k, X, Yk, Zx), shown in Figure
The motion of a particle in a flowfield that is tangent to the sphere can
be determined by summing the motion of the particle relative to the flow and the
motion of the flow relative to the sphere. Consequently, we choose X; to be parallel

to rx. The speed of particle k relative to Z' is denoted sy (t). The dynamics expressed

in frame D, are

Xy = Yk — po sk(t)z

(3.18)
Y = —IiXp
7, = po sk(t)Xy,
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Figure 3.4: (a) Circular formation on the sphere. (b) The intersection of
a right circular cone and the sphere results in a circular trajectory. The
apex of the cone is called the center of the trajectory.

where 7y is the control input. Note, the dynamics in (3.18]) still evolve on SO(3).

In Dy, the center of the circular formation is
Cp=Tp + Wy Vi (3.19)
The velocity of ¢, along solutions of is ¢, = (sk(t) —wy 117k) Xj. The following
extends Lemma |3 to motion on a rotating sphere in a time-varying flowfield.
Lemma 4. Let fi.(t) = f(ry,t) be a three-dimensional, time-varying flowfield that
satisfies assumptions A1-AS3 in Section . The control D, = wosk(t) steers par-
ticle k 1n model around a circle such that the center ¢y is fizved, i.e., ¢p =0,

where €y is defined in . A circular formation of N particles is characterized

by the condition ¢, = ¢; for all pairs j, k € {1,...,N}.

We now derive the relationship between frames C;, and D;. This relationship

is important because we design 7, using (3.18)) and the platform dynamics are pre-

sumed to obey (3.14)). Since z; = z;, we use (3.17)) and (3.18)) to write the following

identity,
Xy = s,() 7 [(1+ pr(t)) x5 + tr(t)ys] - (3.20)
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We find a relationship between 7, and 14, by taking the time derivative on each side

of (3.20) and comparing terms to obtain

_ 5 et — sk(t)t(t)
=t T )

By following the procedure for Case (i) in Appendix , this equation is non-singular
and, therefore, it is possible to compute v, from 7.

From ([3.20)), the value of the inertial speed s(t) is

sult) = lsu(®%ell = /(14 pe0)* + (1) > 0,

where py(t) and t;(¢) are the components of fi(¢) in frame C,. However, in order to
integrate (3.18)) we must express sx(t) in terms of the components of fi(¢) in frame

Dy.. Such an expression is provided by Theorem
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Chapter 4

Design of Decentralized Motion Coordination Algorithms

For both the three-dimensional and spherical models described in Chapter 3| we
design Lyapunov-based decentralized control laws that stabilize particle formations.
We stabilize parallel formations in the three-dimensional model in Section and
helical formations in the three-dimensional model in Section [4.2] In the spherical

model we stabilize circular formations in Section .3l

4.1 Stabilization of Parallel Formations in a Three-Dimensional

Flowfield

In this section, we derive decentralized control laws that stabilize parallel for-
mations in a three-dimensional, time-varying flowfield, following the flow-free ap-
proach provided in [I4] and [30]. A parallel formation is a steady motion in which
all of the particles travel in straight, parallel lines with arbitrary separation. We
provide a control law to stabilize parallel formations in an arbitrary direction and
a control law that prescribes the direction. We use a graph G to represent the
communication topology between the particles, which is connected, undirected, and

time-invariant.
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4.1.1 Parallel Formation with Arbitrary Direction

Let G = (N, E), where N = {1,...N}, denote a time-invariant, undirected,
and connected graph with edge set E and graph Laplacian L [7] (see Section [2.3)).
Using the matrix £ £ L ® I3, where ® denotes the Kronecker product, we define
the quadratic potentiall]

IS | -
xT[x = 3 Z 1%, — %x]?, (4.1)

(4,k)eE

where x = [xT ... xT]7 and the summation is over all of the edges in G. The poten-

tial S is minimized by the set of parallel formations in accordance with Lemma

Using (3.4) we find the time derivative of S along solutions of (3.3)) to be

N N
S = Ziﬂ . EJ)NC = Z <Rj1~1j X }~(]> . Ej)NC,
j=1 j=1
where £, denotes three consecutive rows of £ starting with row 3k — 2, k € N.

Choosing the control law
w, = —KoRY (%), x LX), Ky >0, (4.2)
ensures that S is nonincreasing, sinceﬂ

N N
S=-KoY (% x Lixx X)) Lik=—Ko» [|%; x L[> <0 (43)
j=1 j=1

The following extends [30, Theorem 1] to motion in a spatially and/or tempo-

rally variable flowfield.

'We drop the subscript to denote the matrix collection of N elements, e.g., x £ [xf . ~X7]\}]T

which is a 3N x 1 matrix.
2Proof is given in Appendix
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Theorem 5. Let fi.(t) = f(ry, t) be a three-dimensional, time-varying flowfield that
satisfies assumptions A1-A3 in Section[3.1.53. Assume the particle communication
topology is defined by a time-invariant, undirected, and connected graph G, with

graph Laplacian L. All solutions of the closed-loop model , where the speed s(t)
s given by @ and the control vy by , converge to the set {S = 0}, where
S is defined in . The set of parallel formations is uniformly asymptotically
stable and the direction of motion is determined by the initial conditions. If G is

the complete graph, then every other positive limit set is unstable.

Proof. The closed-loop dynamics X, = Ry, X X with @, given by are au-
tonomous and independent of the flowfield and, therefore, we use Theorems |1/ and
in Chapter [2| to prove our results. (We do need fi(t) to at least satisfy assump-
tions Al and A2 in Section in order for the model to be well-defined.)
The proof follows the proof of [30, Theorem 1]. Since each X has unit length, the
dynamics evolve on a compact space isomorphic to N copies of the two-sphere S2.
The potential S is radially unbounded, positive-definite in the reduced space of rel-
ative velocities, and its time derivative satisfies S < 0. The potential S is zero if
and only if X; = X3 Vj,k € N. By the invariance principle, all solutions converge
to the largest invariant set in {S = 0}, for which %X, x £;%x = 0, k € N. When
Lyx = 0V k, the potential S is minimized, forming the set of parallel formations
X; = X Vj,k € N. Since this set corresponds to the global minimum of S, it is
asymptotically stable, uniformly in time. In the case of all-to-all communication,

solutions in the set {S = 0} also consist of balanced formations and anti-parallel
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formations [30]. The set of balanced formations, for which the average over all Xy
is zero, maximize the potential S and are unstable [30]. The set of anti-parallel
formations, for which x; = £x; for all pairs k£ and j, are saddle points, since all
anti-parallel formations contain two groups moving in opposite directions and a
small variation of any X, in the smaller (resp. larger) group leads to a decrease

(resp. increase) in the value of S [30]. O

Theorem [5| provides a decentralized algorithm to stabilize a parallel formation
in a three-dimensional flowfield using control . The results are simulated in
Figure £.1] The direction of motion of the formation is determined by the initial
conditions. The flowfield is a three-dimensional adaptation of a Rankine vortex [21],
with maximum flow speed occurring on a set of radii that increases with height.

The vortex center translates horizontally and therefore represents a time-varying

flowfield.

4.1.2 Parallel Formation in a Prescribed Direction

Control stabilizes parallel formations that travel in an arbitrary direction.
Next we provide a control algorithm that stabilizes parallel formations travelling in
a prescribed direction. For this, we introduce a virtual particle (indexed by k = 0),
that travels in the prescribed direction wy. The dynamics of particle 0 are given
by with Gp = 0 and Xo(t) = %X¢(0) = wo/||wo]l-

Let G = (N, E), where N = {1,...N}, denote a time-invariant, undirected,

and connected graph with edge set E and graph Laplacian L. Also, let Gy =
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Figure 4.1: Stabilization of particle model (3.3) with N = 8 to parallel
motion in an arbitrary direction in a time-varying flowfield using control

(4.2). The dashed arrows represent the translational movement of the
flow.

(No, Eo), where Ny = {0,1,..., N}, denote a time-invariant and directed graph
rooted to node 0. The edge set Fy C FE includes at least one link from particle
0 to a particle k € N. Ly is the Laplacian matrix of Gy. We define the augmented
potential
1 1 1
So = 5 2 IR =%l = gxX e+ Y SaplR —%olh (44)
j=1

(jvk)EEO

where ajo = 1 if there is information flow from particle 0 to particle j € A, and

ajo = 0 otherwise. Using (3.4), the time derivative of .S is

N
S() = Z |:}~(J . [:jf(—f— ajo (}NCJ “o ) . }NCJ:|

[lwol

j=1
N ~ w
=) [ 0 % 59} ' {ﬁji— ajo (59' - —0)} :
=1 [lewol]
Choosing
u, = K(]Rf Xp X | LpX — apo | X — i , Ky > 0, (45)
[lewoll
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yields

2

<0,

) N
SO - —K[) Z
7=1

~ ~ - w
% (‘jx“”‘) (Xj B ngu))

which ensures that Sy is non-increasing.

Corollary 1. Let fi.(t) = f(ry, t) be a three-dimensional, time-varying flowfield that
satisfies assumptions A1-A3 in Section[3.1.53. Assume the particle communication
topology is defined by a time-invariant, undirected, and connected graph G, with
graph Laplacian L. Let Gy C G be a time-invariant and directed graph rooted to
node 0, with graph Laplacian Lo. All solutions of the closed-loop model , where
the speed si(t) is given by (@ and the control uy by , converge to the set
{SO = 0}, where Sy is defined in . The set of parallel formations is uniformly
asymptotically stable and the direction of motion is determined by wq. If Gy is the

complete graph, then every other positive limit set is unstable.

Figure 4.2/ shows a parallel stabilization in the vertical direction, prescribed by
wy=1[00 l]T. We simulate model |) using control 1' in a three-dimensional

adaptation of a Rankine vortex flowfield that translates horizontally.

4.2 Stabilization of Helical Formations in a Three-Dimensional

Flowfield

We seek to design a decentralized control law to stabilize a helical formation in
a time-varying flowfield. A helical formation is a steady three-dimensional motion
in which all of all the particles converge to circular helices with the same axis
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Figure 4.2: Stabilization of model (3.3) with N = 8 particles to parallel
motion in the desired direction wg = [0 0 1]T in a time-varying flowfield

using control (|4.5]).

of rotation, radius, and pitch. We provide control laws to stabilize (A) helical
formations with arbitrary center and arbitrary or prescribed pitch and (B) prescribed

center and prescribed pitch.

4.2.1 Helical Formation with Arbitrary Pitch

Let G = (N, E), where N' = {1, ..., N}, denote a time-invariant, undirected,
and connected graph, with graph Laplacian L and £ £ L ® I, (see Section .

The quadratic potential

@ Lyt = Y |[vE = (4.6)

where v{ is defined in (3.6)), is minimized by the set of helical formations in accor-

dance with Lemma [T Recall L, k € 1,..., N, denotes three consecutive rows of £
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starting with row 3k — 2. Along solutions of (3.3)),
. N N ~
Q = D L (X+1xwy) =Y L [59' x (s(t)wo — Rjﬁj)] :
j=1 j=1
Choosing
iy = KoR} [si(t)wo + L1V x %], Ko > 0, (4.7)
results in
. N N
Q=—Ko > L (RjxL;iv" x X;)=—= Y ||%; x L;¥]|> <0.
j=1 j=1

The following result extends [30, Theorem 2] to motion in a spatially and/or tem-

porally variable flowfield.

Theorem 6. Let fy.(t) = f(ry,t) be a three-dimensional, time-varying flowfield that
satisfies assumptions A1-A3 in Section[3.1.53. Assume the particle communication
topology is defined by an undirected, connected, and time-invariant graph G, with
graph Laplacian L. All solutions of the closed-loop model , where the speed si(t)
s giwen by (3.8) and the control uy by , converge to the set {Q = 0}, where
Q is defined in . The set of helical formations with axis of rotation parallel
to wy, radius ||wol||™', and arbitrary pitch is uniformly asymptotically stable and
the formation pitch and center are determined by the initial conditions. If G is the

complete graph, then every other positive limit set is unstable.

Proof. The closed-loop dynamics (3.3)) with u given in (4.7)) depend on the time-
varying speed si(t). Therefore, the proof follows from application of an invariance-
like theorem for non-autonomous systems [15, Theorem 8.4], stated in Theorem
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in Chapter @ is radially unbounded and positive definite in the reduced space
of Vi — v} V j,k € N. The time derivative of Q satisfies Q < 0 and neither
() nor Q depend explicitly on time. The potential () is zero if and only if v} =
viV k,j € N. By Theorem [3| all solutions of the closed-loop model converge to the
set {Q = 0}, in which X, x £;v* = 0V k. The remainder of the proof follows the
proof of [30, Theorem 2]. We consider three cases. (i) When L£;v* =0V k € N
(which corresponds to X; = s (t)wo X X; # 0V k in steady-state), the potential Q is
minimized, forming the set of helical formations v = vV k,j € N. Since this set
corresponds to the global minimum of @), it is asymptotically stable, uniformly in
time. (ii) In the case of all-to-all communication, wy is parallel to X, V k when, in
steady-state, si(t)wo X X = 0 V k. Solutions of the closed-loop model converge to
the set in which wg x £,v®* = 0V k, which requires r; be parallel to wy. When X,
and ry are parallel to wg V k € N, the set corresponds to parallel formations, which
are helical formations with infinite pitch, and the stability of this result is the same
as in Theorem [5| (iii) We are still left with the situation when s (t)wg X X; # 0 for
k € Gy and sg(t)wo X X # 0 for k € G4, where G and G9 are two disjoint groups
of particles such that |G1| = M and |G3| = N — M [30]. We have £;,v* =0, k € G,
and wo x Lv® =0, j € G. Following [30, Theorem 2], this set does not correspond

to a minimum of () and is unstable. n

Theorem [6] provides a method to stabilize helical formations in a three-dimensional
flowfield. Note, Theorem [6] guarantees positive invariance of the set of helical for-

mations when fi(t) = £:(0). Figure 4.3(a)| shows flow-induced instability of the
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Figure 4.3: Stabilization of helical motion in a three-dimensional, time-
varying flowfield in model . Parameter values are N = 8, Ky = 0.24,
and wy = [001]". (a) The control used in [31] is implemented in the
dynamics with flow using N = 5 particles. The particles do not converge
to helical formation. (b) Control stabilizes all particles to helical
formation. The dashed arrows represent the translational movement of
the flow.

helical control designed using the flow-free model (3.1) [31]. Figure [4.3(b)| depicts

a helical formation stabilized using control (4.7)) in the translating Rankine vortex,

using model ({3.3]).

4.2.2 Helical Formation with a Prescribed Pitch and Center

The pitch and center of a helical formation stabilized by control are
determined by the initial conditions. To isolate helical formations with a prescribed
pitch and prescribed center we use the following method adapted from [30]. We
introduce a virtual particle (indexed by k = 0) with dynamics given by with
g = s(t) Rpwo, so that v&(t) = v2(0) ¥V t. The twist (see Section of particle 0,

£ = [(v®)T, wI”, is constant and its corresponding pitch is V& - wo/||wo||? [20, B0].
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Let G = (N, E), where N' = {1,...N}, denote a time-invariant, undirected,
and connected graph with edge set E and graph Laplacian L [7]. Also, let Gy =
(No, Eo), where Ny = {0,1,..., N}, denote a time-invariant and directed graph
rooted to node 0. The edge set Fy C FE includes at least one link from particle
0 to a particle k € N. Ly is the Laplacian matrix of Gy.

We first isolate helical formations with a prescribed pitch. To do so, we define
the pitch parameter ag € [0, 1). Note that a pitch of ay = 0 results in a circular for-
mation and, as o approaches 1, the helical formation becomes increasingly parallel.

The potential [30]

N

Q1 = % Z Cljoﬁ]?, (4.8)

j=1
where 3; = v§ - wo/|lwol| — ap and v§ is defined in (3.6]), is minimum when the pitch
of all particles j € N is equal to ap. The constant a;o = 1 if there is information
flow from particle 0 to particle j € N, and a;o = 0 otherwise.

We find a control law that stabilizes a helical formation with a prescribed

pitch by defining the following augmented potential, determined by the sum of ({4.6))

and :

N

1 oom 1

QO = E(V )T£V —1—52%0@2, (49)
j=1

The time derivative of (g is

N
Q=) [qu,a + ajoﬁj“z:—z”} ' [(ijlj — 8jwo) X 59} :

j=1
We ensure Qg < 0 by choosing the control

wWo

ﬁk = Koég [sk(t)wo -+ (Ek{’a + akoﬁk HwOH

) X xk} , Ky > 0. (4.10)
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Corollary 2. Let fy.(t) = f(rg,t) be a three-dimensional, time-varying flowfield that
satisfies assumptions A1-A3 in Section[3.1.3. Assume the particle communication
topology is defined by a time-invariant, undirected, and connected graph G, with
graph Laplacian L. Let Gy C G be a time-invariant and directed graph rooted to
node 0, with graph Laplacian Lg. All solutions of the closed-loop model , where
the speed si(t) is given by (@) and the control u; by , converge to the set
{Qo = 0}, where Qq is defined in . The set of helical formations with pitch
o, axis of rotation parallel to wy and radius ||wo|| ™" is uniformly asymptotically
stable and the formation center is determined by the initial conditions. If G is the

complete graph, every other positive limit set is unstable.

Corollary [2| provides an algorithm to isolate a set of helical formations with
prescribed pitch ap. An interesting case is when we set ag = 0, in which control
stabilizes a circular formation, as shown in Figure .

We now isolate helical formations with a prescribed pitch and center. The
control law uses the parameter wg, which prescribes a line parallel to the axis
of rotation of the helical formation, but not the exact location of this axis. To
prescribe the center, which is a point on the axis of the formation, we define the

potential
N

1 ca _ sal|2

Q2=§Zaj0||V?—Vo|| , (4.11)
j=1

where v is defined in (3.6). @ is minimum when v = v§ V k € AV and the center

of the formation is a point on v{.

To find a control law that will stabilize a helical formation with a prescribed
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Figure 4.4: Stabilization of helical motion with prescribed pitch. Control
(4.10) stabilizes all particles of model to a formation with zero pitch
(ag = 0), which is a circular formation. Parameter values are N = 5,
Ko =0.3, and wo = [0 0 1]".

pitch and center, we define the following augmented potential, determined by the

sum of (4.9) and (4.11)):
1 1 o
~ ~aT p=a ~a ~a
Qo = 3V LV + 5 Zajo (8% + ||v§ — vollP) (4.12)
j=1

where 3; = v§ - wo/||wo|| — ap and ag € [0,1). The time derivative of Qy is

N
* ~ ~a w ~a ~a il <
Qo= E |:£jV +aso (ﬁm—i—vj —VO):| . [(Rjuj—Sjwo) Xin| .
J=1

The control

=Ko R [y (o + (E47"+ano (372 +95 =8 ) x| . Ko >0, (4.13)
yields
. N ~ wo 2
Qo = _KOZ )~(j X |:[,k\~/'a—i— ao (ﬂm + {f?—\~78>:| <0,
j=1

which ensures that )y is non-increasing.
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Corollary 3. Let fy.(t) = f(rg,t) be a three-dimensional, time-varying flowfield that
satisfies assumptions A1-A3 in Section[3.1.3. Assume the particle communication
topology is defined by a time-invariant, undirected, and connected graph G, with
graph Laplacian L. Let Gy C G be a time-invariant and directed graph rooted to

node 0, with graph Laplacian Lg. All solutions of the closed-loop model , where

the speed si(t) is given by (@) and the control u; by , converge to the set

{éo = 0}, where Qo is defined in (4.12). The set of helical formations centered

on v&, with pitch oy, and radius ||wo|| ™" is uniformly asymptotically stable and the
formation center is determined by the initial conditions. If G is the complete graph,

every other positive limit set is unstable.

We use control (4.13) to stabilize a helical formation in model with a
prescribed pitch and center that passes through the vertical axis in the xy-plane in

a time-varying flowfield. This is shown in Figure [4.5]

4.3 Stabilization of Circular Formations on a Rotating Sphere with

Flow

We seek to design a decentralized control law that stabilizes circular motion in
a time-varying flowfield on a rotating sphere with a common radius, axis of rotation
and direction of rotation [24]. In Section we design a control law to stabilize a
circular formation on a rotating sphere. In Section [4.3.2] we design a control law to
stabilize a circular formation with arbitrary center in a time-varying flowfield on a

rotating sphere and in Section we prescribe the center of the formation.
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Figure 4.5: Stabilization of helical motion with prescribed center. Con-
trol stabilizes all particles to helical formation with ap = 0.8 and
the center located at the origin of the xy-plane. Parameter values are
N=6Ky=01,wo=[001]", and v¢ =[00 0]".

4.3.1 Circular Formation on a Flow-Free Rotating Sphere

Let G = (N, E), where N’ = {1,..., N}, denote a time-invariant, undirected,
and connected graph, with graph Laplacian L and £ = L ® I3 (see Section .

The quadratic potential [24]

1 1
V(r,x,y,z) = 5CTEC =3 Z lcj — ckll?, (4.14)
(4,k)€E

where £ 2 L ® I and c¢;, is defined in (3.15), is minimized by the set of circular

formations on a sphere in accordance with Lemma [3, The time derivative of V" along

solutions of (3.14)) is

1—w0 VJ ;- Ljc,

an

N
=24
j=1
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where L, denotes three consecutive rows of £ starting with row 3k — 2, k € N .

Choosing the control law

vV = u)o(l + Koxy, - Ekc), Ky > 0, (415)
makes
N
V=-Ky» (x;-Ljc)* <0,
j=1

which ensures that V' is nonincreasing [24]. The following theorem extends [24]

Theorem 4] to motion on a rotating sphere.

Theorem 7. Assume the particle communication topology is defined by an undi-
rected, connected, and time-invariant graph G, with graph Laplacian L. All solutions
of the closed-loop model , where the control vy, is given by , converge to
the set {V = 0}, where V is defined in . The set of circular formations with
radius |wo|™! and direction of rotation determined by the sign of wy is uniformly

asymptotically stable and all other positive limit sets are unstable.

Proof. By the invariance principle, stated in Theorem [2]in Chapter [2] all solutions
converge to the largest invariant set where x; - (c; — ¢;) = 0 for all connected
pairs j and k. This is a set of circular trajectories on the same or opposite sides
of the sphere. The set of circular formations is asymptotically stable, because it
corresponds to the global minimum of the potential. Suppose M particles are on
one side of the sphere and N — M particles are on the other side. By considering the
change in V' as a function of a variation of a particle in either group, we observe that

(i) if N is even, then solutions with M = N/2 are local maxima; and (ii) for any
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Figure 4.6: Stabilization of a circular formation on a rotating sphere
using model . Parameters used are N = 10, py = 10, wg = 2,
w; = 0.1 and K, = 0.01. (a) Control stabilizes a circular formation
on a rotating sphere, but the formation is translated along the sphere
due to the Coriolis effect. (b) Using control ur = vy + 2w;2k,, where
v is given by , cancels the Coriolis effect and stabilizes a circular
formation with a fixed center.

N > 2, solutions with N > M > 0 are saddles. Therefore, all solutions consisting

of colocated circular trajectories on opposite sides of the sphere are unstable. O]

Simulating model (3.14]) with control v given by (4.15)) stabilizes a circular

formation on the rotating sphere, but the center is not fixed due to the Coriolis

effect (see Figure (a)). However, by using (3.13)) to compute uy, = vy + 2w 2,

we cancel the Coriolis effect and stabilize a circular formation with a fixed center

(see Figure (b)).

Next we incorporate a time-varying flow to the rotating spherical model.

4.3.2 Circular Formation with Arbitrary Center

We work in the frame D, to find a control law that stabilizes a circular for-
mation in a time-varying flow on a rotating sphere. Again, let G = (N, E) denote

a time-invariant and undirected graph with graph Laplacian L. The quadratic po-
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tential

N
- o 1. - 1 5 5
V(1~,x,y,z)é§cf’ac:5 Z 1€, — &, (4.16)
(4,k)eE

where £ 2 L ® I3 and & is defined in (3.19), is minimized by the set of circular

formations on the sphere in accordance with Lemma |4l The time derivative of V

along solutions of (3.18) is

N N
X 5 B 1 .. B
V= ch L;c= Z(sj(t) w—yj)xj L;c
j=1 j=1 0
Choosing the control law
Uy = wo(sk(t) + KoXxp - Eké), Ky >0, (417)
makes
. N
V=-Ky) (%-L;8) <0,
j=1

which ensures that V' is nonincreasing.

Theorem 8. Let fi,(t) = f(ry,t) be a three-dimensional, time-varying flowfield that
satisfies assumptions A1-A3 in Section[3.1.5. Assume the particle communication
topology is defined by an undirected, connected, and time-invariant graph G, with

graph Laplacian L. All solutions of the closed-loop model , where the speed

sk(t) is given by and the control vy by (4.17) converge to the set {‘7 = 0},

where V is defined in . The set of circular formations with radius |we|™! and
direction of rotation determined by wq, is uniformly asymptotically stable and all

other positive limit sets are unstable.

Proof. The closed-loop dynamics (3.18)) with 7, given in (4.17)) depend on the time-

varying speed sy (t). Therefore, the proof follows from application of an invariance-
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like theorem for non-autonomous systems [15, Theorem 8.4], stated in Theorem
in Chapter The potential V is radially unbounded and positive-definite in the
reduced space of relative centers. The time derivative of V satisfies f/ < 0 and
neither V' nor ‘7 depend explicitly on time. The potential V is zero if and only
if ¢, = ¢; V j,k € N. By [3 all solutions converge to the set {f/ = 0}, in which
X - L4 =0V k. When £,& =0V k € N, the potential V is minimized, forming
the set of circular formations ¢; = ¢; Vk,j € N. Since this set corresponds to
the global minimum of V, it is asymptotically stable, uniformly in time. This set
contains circular trajectories on the same of opposite sides of the sphere. Suppose
M particles are on one side of the sphere and N — M particles are on the other side.
By considering the change in V as a function of a variation of a particle in either
group, we observe that (i) if N is even, then solutions with M = N/2 are local
maxima; and (ii) for any N > 2, solutions with N > M > 0 are saddles. Therefore,
all solutions consisting of colocated circular trajectories on opposite sides of the

sphere are unstable. O

Note, Theorem [§|guarantees positive invariance of the set of circular formations
when fi.(t) = £;,(0). Figure 4.7(a)|illustrates the stabilization of a circular formation
in a time-varying flow generated by two point vortices. The vortex strength is given

by I'. The flow due to M point vortices on the surface of a sphere is [21]

M

1 N
f, = I e Rat i (4.18)

4t —r;-r;
PO i PO T

where pg is the radius of the sphere and r; is the position of a vortex relative to
the center of the sphere. A sample integration of (4.18) with M = 2 is shown in
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Appendix [D] We make the assumptions that the vortices effect the motion of the
particles, but the particles do not effect the motion of the vortices. In Figure |4.7(a)|
we show that the particles in model (3.18]) are stabilized into a circular formation

near the vortices using control (4.17]).

4.3.3 Circular Formation with a Prescribed Center

With control the center of the circular formation depends on the initial
conditions of the particles. We introduce a virtual particle (indexed at k = 0) with
dynamics given by with vy = weso(t), so that €y(t) = ¢(0) V t.

Let G = (N, E), where N' = {1,...N}, denote a time-invariant, undirected,
and connected graph with edge set E and graph Laplacian L [7]. Also, let Gy =
(No, Eo), where Ny = {0,1,..., N}, denote a time-invariant and directed graph
rooted to node 0. The edge set Ey C FE includes at least one link from particle
0 to a particle k € N. Ly is the Laplacian matrix of Gy. Consider the augmented

potential

N
~ 1 ~ ~ 1 .-, 1 - -
Vo = 5 E lex — &> = 3 Tre+ §Zaj0||cj — &l

(J,k)EED J=1

where ajo = 1 if there is information flow from particle 0 to particle j € A, and

a;o = 0 otherwise. The time-derivative of Vp along solutions of 1) is

- N ~ N 2 ~ ~
Vo = 225016 L€+ 305 aj0€; - (€ — €o)

= 30 (550 —wo ') (R (L5€ + ajo (€ — &))].

Choosing
U, = wo (s(t) + KoXy, - [Lr€ + axo (S — &0)]) (4.19)
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Figure 4.7: Stabilization of a circular formation using model in a
time-varying flowfield generated by two point vortices. Parameter values
are N = 10, pg = 3, wg = 2, Ky = 0.1, and w; = 0.05. The strength of
the vortices are I'y = 2 and I'; = 1. (a) Using control the center
of the formation is arbitrary. (b) Using control the center of the
formation is prescribed, in this case at the north pole of the sphere.

makes
N

=1

which ensures that Vj is non-increasing.

Corollary 4. Let fy.(t) = f(rg,t) be a three-dimensional, time-varying flowfield that

satisfies assumptions A1-A3 in Section [3.1.4 Assume the particle communication

topology is defined by a time-invariant, undirected, and connected graph G, with

graph Laplacian L. Let Gy C G be a time-invariant and directed graph rooted to

node 0, with graph Laplacian L. All solutions of the closed-loop model , where

the speed si.(t) is given by and the control vy, by

/.19

, converge to the set {f/o —

0}, where Vi is defined in . The set of circular formations is asymptotically

stable and all other positive limit sets are unstable. This set corresponds to colocated

circular trajectories on the same or opposite sides of the sphere with center Co,

chordal radius |wo|™" and direction of rotation determined by the sign of wo. All
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solutions consisting of colocated circular trajectories on opposite sides of the sphere

are unstable.

Corollary [ provides a method of stabilizing circular formations in a time-
varying flowfield on a rotating sphere in model (3.18) with a prescribed center. To
simulate our results we use two point vortices generating the time-varying flowfield.

In Figure 4.7(b)| we use control (4.19) to stabilize a formation of N = 10 particles

to a center located at the north pole of the sphere.
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Chapter 5

Conclusion

In this thesis we present a framework to design decentralized control algorithms
for a system of particles in a time-varying flowfield in three dimensions and on
the surface of a rotating sphere. Specifically, we provide control laws to stabilize
parallel formations with arbitrary and prescribed direction in three dimensions. We
also provide control laws to stabilize helical formations in three dimensions with
arbitrary pitch and center and prescribed pitch and center. Helical formations are
of particular interest because they can be used to stabilize a system of unmanned
vehicles that travel in a hurricane or tornado to better predict the intensity of the
phenomenon. In the spherical model, we provide control laws to stabilize circular
formations on a rotating sphere with arbitrary and prescribed center. The spherical
model is of interest because the rotating sphere depicts the Earth spinning on its
axis, and we model vortices on the sphere to depict ocean currents or hurricanes.

In real-world applications it is desirable to regulate particle spacing within the
formations. This has been achieved in flow-free models in the plane [34] and on
a sphere [24]. In ongoing work we wish to regulate particle spacing for both the
three-dimensional and spherical model in a time-varying flowfield.

One of the challenges of using the decentralized control laws designed in this

thesis for real-world applications is the need to consider strong, varying flows in our
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models. We have assumed that the flow does not exceed the speed of the particle
relative to the flow. In ongoing work we wish to design control laws in models where
the flow exceeds the particle’s velocity relative to the flow as well as to simulate the

control laws in real flow data.
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Appendix A

Transformation Between Relative and Inertial Path Frames

We consider separately the following three individual cases: (i) tx(t) # 0 and
vp(t) # 0; (i) tx(t) = 0 and vi(t) # 0 (or vi(t) = 0 and tx(¢) # 0); and (iii)
tr(t) = vp(t) = 0. For each case, we provide the transformation between the C; and
Dy, frames and an analytical expression for each component of u; in terms of the
components of u; and fi(t) for model .

Let 6 be the angle between x; and X;, such that 0 < 6 < 7, which implies

cos) = Xp X = —1 + pe(t)
si(t)
. - t2(t) + vi(t
sinf = ||xp X Xi|| = k(si(t) Kl ) (A-1)

Case i If #4(t) # 0 and vi(t) # 0, we define the unit vector d = [d; dy d3|” to be

orthogonal to the plane spanned by x; and fj, i.e.,

X X fk _ —Uk(t)yk + tk(t)zk
[ % £ £2(t) + i (t)

The rotation matrix P+ R that relates frames Cy and Dy, is [20]

cos dz sin 6 —dysin 0

DkRik =|—dzsinf dipg+cos® —dadspe | > (A-2)

dysin @ —dydzpe  dipig + cos B

where dy = —uvg(t)/\/ta(t) + vi(t), ds = t(t)/\/t2(t) + vi(t), (di = 0), cosf and
sin f are given by (A-1), and pp = 1 — cos6.
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Using (A-2), we relate the unit vectors in Dy and C} by

X, X,
Ve | © P R Yk (A-3)
Z k 7

If t,(t) # 0 and vi(t) # 0, we first compute the time derivative of (3.7) and

use (3.1]) to obtain

d__[d (1+p(®)Y () +vi(t)
A ( s (t) ) sk (t) } Xk
_(1 +ok(t))ar — ve(t)wy, | d [ ti(2)
"1 510 *E(%wNYk
[ d (g(t) (1 + pr(t)) b + ti(t)ws,
*Q%<%@>+ (1) }“' (A4)

We then use (A-3) to compare the components of (A-4) to the components of X

given in (3.3). The expressions for hy, g, and wy are

= o)+ (@G—ar) S (14pe(t))
hi = hi+ e (0 OIRD) (A-5)
o = Ste(t)  wpve(t)—i(t) | Gti()
se()(T+pe(t))  TH+pe(t) () +vR(t)
sk () vp(t) = hyvp ()t (t) [sk(t) — (1+pi(t))]
(L4 px(t)) [t5(t) + vi(t)]
Sp(t)or(t) | vx(t)(1 + pi(t)) hk“k(t) + Giti(?)
R (T I ) R Fe ) (57)
hi(1 + pe(t)—0k(t)  si(t) Ryt (t) — Gevg(t)

B )
(1) SENORE 2(0) + 02(t)

Since in this case we assumed that neither ¢, (t) nor vi(t) are equal to zero, si(t) > 0,
and pg(t) # —1, (A-B)—(A-7) are nonsingular. Also, the derivatives exist because

fi(t) is differentiable in ¢.
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Case ii  If tx(t) = 0 and wv(t) # 0, using (A-2)) and (A-3)), the relationship between

Ci and Dy, reduces to

Xk cosf) siné X
= ) (A_8)

Zi; —sinf cos@ Zs;

and yj and yj are equal. If #4(t) = 0 and vi(t) # 0, we use (A-8) to compare the

components of 1} to the components of X, in 1} The expressions for hy, g,

and w;, are
_ su(t) d (14 pi(t) ]
= s () o
@ = ()f:;:(()) (A-10)
B hk—l-hk )
W = sk(t) (A 11)

Equations (A-9)—(A-11)) are nonsingular since vg(t) # 0, pr(t) # —1, and sg(t) > 0

by assumption. The case when vy (t) = 0 and t;(¢) # 0 follows similarly.

Case iii  If tx(t) = vi(t) = 0, then frames C and Dy, are equal, since x; and X, are
parallel. (x; and X; cannot be anti-parallel since we have assumed particle k always

makes forward progress relative to the flow.) In this case, u, = ay.
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Appendix B

Proof of Theorem [
Let b be a unit vector orthogonal to X; in the plane spanned by x;, and fj(¢)
as shown in Figure [3.1(b)l Let ¢ denote the angle between X, and fj(¢), such that

0 < ¢ <m. We have

£i.(t) - xx
cos¢p = ———
£ ()]
. fi.(t)-b
sing = .
£ (2)]]
It is also true that
1% X £ (2)]] .
——————— = |sin ¢,
£ (£)

which implies

1% x £ (t)|| = [£.(2) - b|.
Also, the fact that x; = (xx - Xx)Xx + (X5 - b)b implies
Ixe]]? = (x5 - X)® + (x5 - b)? = 1.

Taking the dot product of x; and both sides of the speed equation sy (t)X; = x; +

fi.(t), and then doing the same with b, yields

Sk(t) = X }Ek + fk(t) . )N(k
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We have

Sk(t) = :t\/l—(Xk'b)2+fk(t)'}~(k

= 41— (fu(t) - D)2+ fi(t) - Xy

Of the two solutions for s, (t) provided by (B-1)) only the positive root yields sg(t) >

0. The fact that the negative root leads to a negative solution for si(t) can be

proven by contradiction. Assume that si(t) = —/1 — || x £.()[|2 + fx(t) - x5 > 0.
Observe that

%5 % f(8)]” + (%i - £ (8))* = [If(8)]] < 1.

Then we have

Sk(t) < —\/1 — (1 — (fk(t) . }Nik)2) + fk<t> - X,
= —|fi(t) - x| + £i(t) - % <0,
which is a contradiction with the assumption that s;(¢) > 0. Therefore, the inertial

speed of particle k£ in flow f is
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Appendix C

Derivation of the Coriolis Acceleration

In Section we derive the particle dynamics on a rotating sphere assuming
the Coriolis acceleration is —2w; x r;. Here, we derive the particle dynamics by
only knowing the angular velocity vector of the sphere, w;.

Taking the cross-product of the angular velocity Zw® with a unit vector in
frame Cj, yields the inertial time-derivative of the unit vector, e.g., %xk = Tl x x;.

We have

I, . . .
%xk = (cos ¢p(0r +w1) + Y )y — (Sin g sin vy, (0 + w1) + cos yedr)zr (C-1)
7

d . , , . o
%yk = —(cos ¢p(Or + wi) + Y)xXk — (sin g cos V(0 + wy) —sin yxoy )z (C-2)
g . .
pr (sin @, sin v (O + wi) + cos YVedr )X,

+ (sin ¢p cos Y (0x + wi) — sin )y (C-3)

The inertial kinematics of particle k£ expressed as vector components in frame
Cy, are computed as follows. The position of particle k& with respect to O is rp = pozy.

The velocity is

T4 . .
k= (sin ¢y sin (O + w1) + cos YrPr) X
+(sin ¢y cos ’Yk(ék + wy) — sin 'Ykék)}’k . (C-4)
The acceleration %rk is found similarly.
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The force that acts on particle k£ on the non-rotating sphere is F, = — Nz, +

Uy, (given in (3.10))). Also, using Newton’s second law, F, = mk%rk, and %rk,
we obtain
0 = 2cos ¢ sin %(ek + wl)ék + sin ¢y, sin vkék
+ COS Ve @p, — SIN @y, COS Py COS ’yk(Gk + wp)? (C-5)
UpSo = 2 COS ¢y, oS 'yk(ek + wl)qz'ﬁk + sin ¢y, cos Y0k
— sin Yok + sin ¢y, cos @y sin . (O + wi)? (C-6)
Nk = sin2 qbk(ek + w1)2 + gﬁi (C—?)
We solve ((C-5)) and ((C-6) to obtain the equations of motion for 0 and ¢,
O = m(uké‘o cos Yy — 208 ¢x (6, + wi) o)
(C-8)
Gr = —upSoSing + sin ¢y, cos oy, (B + wy)2.

We now derive the dynamics of particle k in the sphere-fixed frame, Z'. We

have the kinematic relationship

!
oL Td 4
ry = —Tp = — T

dt dt

w1 =0
By assumption, the movement of particle k relative to the sphere-fixed frame is
parallel to x;, which implies 1y - yx = 0. We also know that the particle speed
relative to Z' is poso, i.e., ||Tx|| = poso. Applying these two constraints to rj using

(C-4) with w; = 0 yields

sin ¢y, cos ’Ykék — sin ”ykék =0

(C-9)

sin ¢y, sin ykék + cos ﬂykék = 5.
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We solve ((C-9) to obtain

siny, = % and cos~y, = f—g. (C-10)

We use the same procedure to find the dynamics of Cy in frame Z’. Applying

(C-9) to (C-1)—(C-3) yields

. A I’d Iq

Xk = @t = 7Tk im0 VkYk — So0Zk
bl z

- _ Td. _ Id _ _

Ye = 3 Te= 3Tk o — VX, (C-11)
z’ T

. _ T4, _ I4 _

Zy = HTe= 7Tk o0 S0Xk,

where

Vi, = COS qbkék + Y.

Differentiating sin vy, given in (C-10]) with respect to time and using (C-8]), we

find

Vjp = U — 2wW1 COS Qf, = Up, — 2W1 2y,

which is the same as (3.13)).

71



Appendix D

The 2-Vortex Problem
Using (4.18)), the flow due to M = 2 point vortices on the surface of a sphere

reduces to [21]

1 X
TPo Pp —T1-T2
1 ri XTIy

3M equations are needed to solve the M-vortex problem on a sphere [2I]. However,
the constraint that the vortices lie on the surface of the sphere reduces the system

to 2M equations. The Hamiltonian of the system (4.18)) for M = 2 is [21]

Iy
a 4 po

H log(I2,) = constant, (D-1)

where [15 is the chordal distance between the two vortices. From H we can conclude
that the distance between two vortices remains fixed, so that all solutions form

relative equilibria. Also, the center of vorticity,

. F1r1 + FQI‘Q

C = = constant, D-2
I'h+T (D-2)

is an invariant of the system.
Equations (D-1) and (D-2) give rise to the four equations necessary to solve
the problem. In general, two vortices will each move on the base of a fixed cone

whose plane is perpendicular to C. The vortex with a larger I' will move on the
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Figure D.1: Two point vortices generate a time-varying flow as they
travel on the surface of a sphere. (a) The vortex with strength I'y = 0.5
moves on the smaller base of the cone and the vortex with strength
[’y = 0.2 moves on the larger one. (b) The vortices with I'y = I'y = 0.5
move around the same circle, opposite of each other.

base of the cone of smaller radius (see Figure [D.1(a))). If I'; = I'y, the vortices will

move on the same plane perpendicular to C on opposite sides of the same cone (see

Figure [D.1(b))).
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Appendix E

Proof of equation (4.3))

In Sections [4.1] and 4.2l we use the fact that

b-[(axb)xa]:||a><b||2,

(E-1)

where a = [a; ay a3]” and b = [b; by b3]T, to show that the time derivative of the

Lyapunov functions we use are negative semi-definite. The proof of (E-1)) follows.

Let ¢ = [c; ¢3 ¢3)7 be the cross product of a x b,

~

i

a1

b

The left hand side of (E-1|) can be expanded by using the determinant

b-[(axb)xal=b-[cxa]=

~

j
a2

by

k
as

bs

a2

by

a

b

a3

~

Jj+
b3

b1 by bs
Ci Co C3
a1 az das

(E-2)

When switching rows of a determinant, the determinant changes sign. From (E-3)
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we have

i G C3 €1 C2 C3
b- [(a X b) X a] = —| b by b3 |=|a ay as
a1 Q2 a3 by by b3
az as ap as ap Gz (E‘4)
= C1 — Co + C3
by b3 by b3 bi by
2 2 2
az a3 a; as a; Go )
- + - ~ flax b
bg bg bl b3 bl b2

Note that if the vectors a and b change positions in the dot and cross products,

then

a-[(axb)xb]=—[axb|? (E-5)
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