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Trapped ions stand out as a leading platform for quantum computing due to their long
coherence times, high-fidelity quantum gates, and the ability to precisely control individual
qubits, enabling scalable and precise quantum computations. This dissertation reports
advances in quantum computing with trapped ions, focusing on robust and high-fidelity
entanglement generation, logical qubit encoding, and applications in quantum simulations
of high-energy physics.

In particular, we report the implementation of a novel pulse optimization scheme for
achieving high-fidelity entangling gates in our setup. The scheme enables a balanced trade-
off between robustness to experimental drift, laser power, and gate duration, without the
need for expensive optimization. We also demonstrate the implementation of the Shor
code with different code distances on our trapped-ion quantum computer, highlighting the
fault-tolerant preparation of a logical qubit with high fidelity and showcasing the potential

for reliable quantum computing.



Finally, we detail an experimental quantum simulation of the Schwinger model, a
quantum electrodynamics theory in 141 dimensions, using two, four, and six qubits, demon-
strating non-perturbative effects such as pair creation over extended periods of time. We
study the gate requirement for two formulations of the model using a quantum simula-
tion algorithm, considering the trade-offs between Hamiltonian term ordering, the number
of time steps, and experimental errors. We employ a symmetry-protection protocol with
random unitaries and a symmetry based post-selection technique to minimize errors. This
work emphasizes the importance of the integrated approach between theory, algorithms,
and experiments for efficient simulation of complex physical systems like lattice gauge the-

ories.
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Chapter 1: Introduction

Quantum computing represents a revolutionary approach to information processing that
exploits the phenomena of quantum mechanics, such as superposition and entanglement, to
perform certain calculations at speeds unattainable by classical computers. The inception of
quantum computing dates back to the early 1980s when Richard Feynman proposed the idea
of a quantum computer to simulate and understand complex quantum systems [5], a task
challenging for traditional computers. Since then, the field has burgeoned, with significant
theoretical and technological advancements. The potential of quantum computing is vast
and varied, promising to solve certain types of problems, like factoring large numbers [6],
solving large optimization problems [7-14], and simulating molecular structures for drug
discovery [15-18], considerably faster than the best supercomputers today. This potential
extends to revolutionizing fields like cryptography, materials science, and complex system
modeling.

The fundamental unit of quantum computing is the qubit, which, unlike a classical
bit, can exist in a superposition of states 0 and 1. A useful way to visualize the difference
between a qubit and a classical bit is by using the Bloch sphere, a three-dimensional space,
with the north and south poles corresponding to the 0 and 1 states, respectively. Any

point on the surface of the sphere represents a possible state of the qubit, while only the



poles are the equivalent of the classical bit. This allows a quantum computer to hold and
process a vast amount of information with far fewer qubits than classical bits. The ability
to encode information not just in binary states, but across a continuum of probabilities
and phases (the lattitudes and longitudes of the Bloch sphere), is the core of quantum
computing’s potential power. To achieve the speed up in calculation, the qubits are often
prepared in a superposition of many states, each state represents a possible outcome of
the problem. Then these superposed states are manipulated, through a series of carefully
designed quantum gates, to interfere constructively or destructively with each other so that
only the states that encode the right answer to the problem remain [19].

Quantum computers can be constructed using various physical systems, each with its
own set of advantages and challenges. Leading platforms include superconducting circuits,
which leverage Josephson junctions to create qubits; trapped ions, where qubits are formed
from the electronic states of ions held in place by electromagnetic fields; and semiconductor
qubits, which use the spin states of individual electrons confined in quantum dots. Rydberg
atoms, another promising platform, utilize highly excited states of neutral atoms, Rydberg
states, whose amplified electric dipole moments let them interact with each other over
relatively large distances. These atoms are trapped in an reconfigurable array of optical
tweezers, allowing them to be rearranged for parallel gate operations and low cross-talk

measurement.

Trapped-ion Quantum Computers—Among these platforms, trapped ion quantum
computing stands out for several reasons. Historically, it was one of the first methods to be

proposed and demonstrated. Trapped ions are excellent candidates for qubits due to their



long coherence times and strong confining potential, allowing for more quantum operations
to be performed before the system decoheres. Additionally, ions are identical by nature,
providing uniform qubits, and can be manipulated with high precision using lasers. Trapped
ions offer high-fidelity quantum gates, a crucial requirement for quantum error correction—
a procedure that enables quantum computers to detect and correct errors. The ability to
entangle any ions in the chain, no matter how far apart they are, with extreme accuracy
makes trapped ions a compelling choice for constructing quantum computers.

Over the past few years, trapped ion quantum computing has seen significant progress.
Quantum gates on a chain of two ions have been substantially improved, both in terms of
fidelity (99.94% for 2-qubit, 99.993% for single qubit [20-22]) and speed (1.6 us [23]).
The first instances of quantum algorithms were performed on a longer chain of (five) ions,
achieving fidelity of 98% for two-qubit gates and 99% for single-qubit gates [3,24,25]. The
second generation of these experiments have demonstrated the same level of gate fidelity
even when scaling up to chains of 15 to 25 ions [26-28].

Instead of having a long chain of ions, another approach called quantum charge-
coupled device (QCCD) [29,30] employs multiple trapping zones, each with only two com-
putational ions at a time. In QCCD, entangling gates are only performed on a pair of ions
when they are in the same trapping zone. The short chain reduces the complexity of the
sub-system and allows extremely high fidelity entangling operation. To retain connectivity
between the qubits, the ion pairs are split, shuttled, and merged into different pairs be-
tween implementations of quantum gates. While shuttling operations are time-consuming
and increase the complexity of the system (trap, scheduling, etc.), QCCD-based quantum

computers have proved feasible [31,32] and demonstrated remarkable gate fidelity (99.8%



for 2-qubit, 99.997% for single qubit) in a system of 32 qubits [33,34].

Efforts are currently being made to scale up trapped-ion quantum computers to sup-
port hundreds of qubits and beyond. A promising strategy involves connecting multiple
traps through photonic links [35,36]. In this method, ions are induced to emit photons that
are entangled with the ions’ states. These photons, when emitted from ions in separate
traps and measured in an entangled state, facilitate the entanglement of the ions them-
selves [37]. An experimental demonstration has successfully established a photonic link,
achieving entanglement between ions in traps separated by a few meters. The experiment
showed relatively high fidelity (94%) and a sub-Hz entanglement generation rate [38]. Cur-
rent efforts are focused on enhancing both the efficiency and fidelity of these ion-photon
entanglement operations.

Besides increasing the system size and improving the gate fidelity, additional capa-
bilities have also been added to trapped-ion quantum computers. Many of the devices
mentioned earlier (both long chains and QCCD) are now capable of performing mid-circuit
measurement with low cross-talk [31,32,34,39-42]. Some of them can also support parallel
two-qubit operations [31-34,43,44]. These enhancements broaden the computational capa-
bilities of trapped-ion systems and pave the way for more complex and efficient quantum

computing operations, including the implementation of quantum error correction.

Quantum Error Correction—Quantum states are highly sensitive to environmental dis-
turbances, leading to errors that can disrupt quantum computations and undermine their
potential advantages. This necessitates sophisticated error correction mechanisms to en-

sure the stability and accuracy of quantum information. Quantum error correction (QEC)



protects quantum information by encoding the state of a single qubit across multiple phys-
ical qubits, employing redundancy and entanglement to detect and correct errors without
directly measuring the quantum state itself. Errors are identified and rectified by observing
the collective properties of entangled qubits.

The process of encoding of a logical qubit involves multiple physical qubits and phys-
ical gates, each subject to its own set of imperfections. To ensure the benefits of logical
encoding, the physical gates must be of high fidelity and be carefully designed to sup-
press the propagation of errors. Numerous experiments with trapped ions have success-
fully showcased the fault-tolerant encoding of logical qubits, along with error detection
achieved through projective measurement [26,45,46]. Subsequent experiments have intro-
duced non-destructive measurement using ancillary qubits [32,39]. This technique permits
the real-time identification and correction of errors [32], marking a significant step towards
fault-tolerant quantum computing. Remarkably, in some experiments, the fidelity of logical
state preparation [26,47] have surpassed that of the physical state.

Once information has been encoded in logical qubits, quantum computers must also be
able to apply logical quantum gates. A universal set of logical operations typically includes
single- and two-qubit Clifford gates (CNOT, Hadamard, X, Y, Z gates), together with a
non-Clifford gate such as the T gate [48]. Implementing a logical T gate requires the fault-
tolerant preparation of a so-called magic state. In recent years, trapped-ion experiments
have made significant advancements in realizing this logical gate set, including single-qubit
Clifford gates [26] and two-qubit Clifford gates [39,47], alongside non fault-tolerant [26] and
fault-tolerant magic state preparation [39]. Notably, in an experiment reported in Ref. [47],

the logical two-qubit gate fidelity after real-time error correction is higher than that of the



physical gate.

Early Applications—While the development of quantum error-corrected devices is on-
going, the potential of quantum computing is already being demonstrated on small-scale
quantum devices. Important among these demonstrations are foundational quantum algo-
rithms, such as Shor’s algorithm [1,6,25] for the efficient factoring of large numbers, and
Grover’s algorithm [7,49] for searching unsorted databases, both offering substantial speed
advantages over their classical counterparts under error-free conditions on sufficiently large
qubit systems. Additionally, there are emerging algorithms such as the Quantum Approx-
imate Optimization Algorithm (QAOA) [12,50-53], aimed at solving optimization prob-
lems, and Variational Quantum Eigensolvers (VQE) [54-56], designed for approximating
the ground states of complex Hamiltonians. The advantage of these algorithms over clas-
sical methods are still being explored, rendering them prime candidates for experimental
validation and further research.

One of the most exciting applications of quantum computers is quantum simulation,
echoing the Richard Feynman’s original idea of using quantum systems to simulate quan-
tum systems. Several highly entangled quantum states of interest to quantum information
and quantum many-body physics have been realized with trapped ions [34,57-60]. By map-
ping physical particles to qubits and decomposing their evolution into a series of quantum
gates, quantum computers enable the simulation of complex dynamics across various fields,
including condensed matter physics [61-66], nuclear and high-energy physics [67,68], and
quantum chemistry [69-74]. This approach enhances our understanding of fundamental

physical phenomena and opens new avenues for scientific discovery by modeling interac-



tions at the quantum level.

Outline of the Dissertation—The research towards this dissertation yielded several
contributions to the evolving field of quantum computing over the course of my doctoral
study, all of which are published in 20 research papers listed below. Here, we highlight
selected works on the development of a new method for generating robust entanglement
in a long chain of ions, encoding a logical qubit using the Shor code with nine ions, and
applying the most recent advances in quantum algorithms to simulation of high-energy
physics (HEP). The dissertation is structured as follows.

Chapter 2 lays the theoretical framework necessary for understanding the dynamics
of trapped ions and explains their role in constructing the quantum computing toolbox.

Chapter 3 describes the experimental hardware that allows us to trap and cool ions,
control their states with high fidelity to create a fully connected trapped ion quantum
computer.

Chapter 4 describes the structure of the experimental software stack that converts the
abstract notion of a quantum gate into a series of laser pulses that controls the states of the
ions. We also highlight several upgrades that enhances the capability of the experiment.

Chapter 5 focuses on the implementation of a novel pulse optimization scheme for
achieving high-fidelity entangling gates in our setup. The scheme enables a balanced trade-
off between robustness to experimental drift, laser power, and gate duration, without the

need for expensive optimization. This chapter is based on the following publication:

e FEfficient, stabilized two-qubit gates on a trapped-ion quantum computer, R Blimel, N

Grzesiak, NH Nguyen, AM Green, M Li, A Maksymov, NM Linke, Y Nam, Phys.


https://arxiv.org/abs/2101.07887
https://arxiv.org/abs/2101.07887

Rev. Lett. 126, 220503 (2021).

Chapter 6 reports experimental implementations of the Shor code with different code
distances on our trapped-ion quantum computer. Specifically, we prepared m-qubit GHZ
states and sampled the measurement results to construct the logical states of the distance
m Shor code that can tolerate up to m physical errors (m = 3,5,7). The synthetic logical
fidelity shows how deeper encoding can compensate for additional gate errors in state
preparation for larger logical states. The optimal code size depends on the physical error
rate and, in our system, we find that choosing m = 5 results in the best performance. We
also present a fault-tolerant preparation of logical states |£), of the Shor code distance 3
with 9 qubits, with 98.8(1)% and 98.5(1)% fidelity, respectively. This chapter is based on

the following publication:

e Demonstration of Shor encoding on a trapped-ion quantum computer, NH Nguyen,
M Li, AM Green, CH Alderete, Y Zhu, D Zhu, KR Brown, and NM Linke, Phys.

Rev. Appl. 16, 024057 (2021).

Chapter 7 shows an experimental quantum simulation of a quantum electrodynamics
theory in 1+1 dimensions, the Schwinger model. We simulate the real-time dynamics of the
model with two, four, and six qubits, and demonstrate non-perturbative effects such as pair
creation for times much longer than previously accessible. We study the gate requirement of
two formulations of the model using a quantum simulation algorithm, as well as the trade-off
between errors from the ordering of the Hamiltonian terms, the number of time steps, and
experimental imperfections. To mitigate experimental errors, we implement a symmetry-

protection protocol for suppressing coherent errors and a symmetry-inspired post-selection.


https://arxiv.org/abs/2101.07887
https://arxiv.org/abs/2101.07887
https://arxiv.org/abs/2104.01205
https://arxiv.org/abs/2104.01205

Our work demonstrates the integrated theoretical, algorithmic, and experimental approach
that is essential for efficient simulation of lattice gauge theories and other complex physical

systems. This chapter is based on the following publication:

e Digital Quantum Simulation of the Schwinger Model and Symmetry Protection
with Trapped ITons, NH Nguyen, MC Tran, Y Zhu, AM Green, CH Alderete, Z

Davoudi, NM Linke, PRX Quantum 3, 020324 (2022).

While a universal gate set is sufficient to implement an arbitrary unitary evolution,
simulating infinite-level particles, such as bosons, with finite-level qubits can be inefficient.
Chapter 8 presents a blueprint for encoding bosonic degrees of freedom with the motion
of trapped ions. Coupling these motional degrees of freedom to the qubits’ states enables
efficient simulations of models that consists of both finite- and infinite-level particles. We
report the progress of an experimental implementation of such spin-phonon gates on our
quantum computer towards simulating the dynamics of a system of fermions interacting

with scalar bosons via Yukawa interactions.

Other work not reported in this dissertation include:

e Pairwise-parallel entangling gates on orthogonal modes in a trapped-ion chain, Y Zhu,
AM Green, NH Nguyen, CH Alderete, E Mossman, NM Linke, Adv. Quantum

Technol. 2300056 (2023).

e Bespoke Pulse Design for Robust Rapid Two-Qubit Gates with Trapped Ions, SS
Vedaie, EJ Péez, NH Nguyen, NM Linke, BC Sanders, Phys. Rev. Res. 5, 023098

(2023).


https://arxiv.org/abs/2112.14262
https://arxiv.org/abs/2302.09145
https://arxiv.org/abs/2302.09145
https://arxiv.org/abs/2212.00702
https://arxiv.org/abs/2212.00702

Realizing two-qubit gates through mode engineering on a trapped-ion quantum com-

puter, M Li, NH Nguyen, AM Green, J Amini, NM Linke, Y Nam, arXiv:2208.01584.

Para-particle oscillator simulations on a trapped ion quantum computer, CH Alderete,

AM Green, NH Nguyen, Y Zhu, NM Linke, BM Rodriguez-Lara, arXiv:2207.02430.

Experimental measurement of out-of-time-ordered correlators at finite temperature,
AM Green, A Elben, CH Alderete, LKh Joshi, NH Nguyen, TV Zache, Y Zhu, B

Sundar, NM Linke, Phys. Rev. Lett. 128, 140601 (2022).

Multi-round QAOA and advanced mizers on a trapped-ion quantum computer, Y Zhu,
Z Zhang, B Sundar, AM Green, CH Alderete, NH Nguyen, KRA Hazzard, NM

Linke, Quantum Sci. Technol. 8 015007 (2023).

Quantum computational advantage attested by nonlocal games with the cyclic cluster
state, AK Daniel, Y Zhu, CH Alderete, V Buchemmavari, AM Green, NH Nguyen,

TG Thurtell, A Zhao, NM Linke, A Miyake, Phys. Rev. Research 4, 033068 (2022).

Experimental realization of para-particle oscillators, CH Alderete, AM Green, NH

Nguyen, Y Zhu, BM Rodriguez-Lara, NM Linke, arXiv:2108.05471.

Cross-Platform Comparison of Arbitrary Quantum Computations, D Zhu, ZP Cian, C
Noel, A Risinger, D Biswas, L Egan, Y Zhu, AM Green, CH Alderete, NH Nguyen,
Q Wang, A Maksymov, Y Nam, M Cetina, NM Linke, M Hafezi, C Monroe, Nat.

Commun. 13, 6620 (2022).

Probing many-body localization on a noisy quantum computer, D Zhu, S Johri, NH
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https://arxiv.org/abs/2110.04277
https://arxiv.org/abs/2108.05471
https://arxiv.org/abs/2107.11387
https://arxiv.org/abs/2107.11387

Nguyen, CH Alderete, KA Landsman, NM Linke, C Monroe, AY Matsuura, Phys.

Rev. A 103, 032606 (2021).

Architecting Noisy Intermediate-Scale Quantum Computers: A Real-System Study,
P Murali, NM Linke, M Martonosi, AJ Abhari, NH Nguyen, CH Alderete, IEEE

Micro, 40 (3), 73 (2020).

Quantum walks and Dirac cellular automata on a programmable trapped-ion quantum
computer, CH Alderete, S Singh, NH Nguyen, D Zhu, R Balu, C Monroe, CM

Chandrashekar, NM Linke, Nat. Commun. 11, 3720 (2020).

Generation of thermofield double states and critical ground states with a quantum
computer, D Zhu, S Johri, NM Linke, KA Landsman, CH Alderete, NH Nguyen,
AY Matsuura, TH Hsieh, C Monroe, Proc. Natl. Acad. Sci. USA 117 (41), 25402

(2020).

Dynamical mean field theory algorithm and experiment on quantum computers, 1
Rungger, N Fitzpatrick, H Chen, CH Alderete, H Apel, A Cowtan, A Patterson,
D Munoz Ramo, Y Zhu, NH Nguyen, E Grant, S Chretien, . Wossnig, NM Linke,

R Duncan, arXiv:1910.04735.

Training of Quantum Circuits on a Hybrid Quantum Computer, D Zhu, NM Linke, M
Benedetti, KA Landsman, NH Nguyen, CH Alderete, A Perdomo-Ortiz, N Korda,

A Garfoot, C Brecque, L Egan, O Perdomo, C Monroe, Sci. Adv. 5, 10 (2019).

Noise reduction using past causal cones in variational quantum algorithms, O Shehab,
IH Kim, NH Nguyen, KA Landsman, CH Alderete, D Zhu, C Monroe, NM Linke,
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Chapter 2: Quantum Computing with Trapped

Tons

In this chapter we describe the general theoretical background underpinning the trapped-
ion quantum computing architecture. We will consider abstract ions confined in a three
dimensional harmonic potential and leave the specific details of the experimental realiza-
tion of the ions, techniques to trap, cool them, to manipulate and detect their states to

Chapter 3.

2.1 Ions as Qubits

Ions are charged atoms that interact strongly via the Coulomb interaction when held in a
common electromagnetic potential. Their internal degrees of freedom (dof) are electronic
states (sometimes coupled with the nuclear spin) and external dofs are the center-of-mass
motion in different directions in space. The qubit or spin is encoded in two states from
many electronic levels of an ion. The ions are usually confined by a potential with different
strengths in different directions to form an one- or two-dimensional crystal. The ions’
motion are coupled via the Coulomb interaction (Section 2.2). These coupled motion

are used to mediate interactions between qubits that belong to ions in the same crystal,
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while photons whose polarizations are correlated with the qubit states are used to mediate
interaction between qubits from different crystals. In this thesis, we will focus on the former
case, specifically laser-mediated interactions between ions in a linear chain (1D crystal).
Lasers can be used to initialize and read out the states of the ions (see Section 3.4).
While both lasers and microwave fields can be used to perform single-qubit and multi-qubit
gates on ions [3,26,75], the individual ion addressing is more straight-forward with lasers. In
this thesis, we will focus on the laser-based single- and two-qubit gates, specifically the two-
qubit XX-type interaction (Chapter 5). Any other multi-qubit gates can be decomposed

into a series of arbitrary single-qubit gates and XX-type two-qubit gates. We define |0) =

1 0
, 1) = , and the Pauli matrices
0 1
1 0 01 0 —
57 = 6t — oY= (2.1)
0 -1 10 t 0
Related useful matrices are 6% = (6% 4+ i6Y)/2 and 6~ = (6% —i6Y)/2.

The native gates are single-qubit Z rotations

single-qubit rotations around an axis ¢ in the XY plane of the Bloch sphere

6.9) /2 3% cos g —ie"" sin g 23
R(O,p) =" = , 2.3
—ie sin cos §
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with 6% = 6+e™™ + 6 ¢!® = 6% cos ¢ + Y sin ¢, and two-qubit gate

Cos X 0 0 —isin x
o 0 cosy  —isiny 0
XX(x) =e ™0 = : (2.4)
0 —isiny  cosy 0
—is8iny 0 0 COoSs X

where ¢ specifies the axis of rotation for the single-qubit gates, 6 and y are the rotation
angles of the single- and two-qubit gates, respectively. The above matrices are written
A AQ0

using the nice property of a string of Pauli matrices P = 67" 65%...05", where ay, = x,v, z,

that P2 = I, where I is the 2" x 2" identity matrix. Hence
0P _ f o s
e” " =cosf I+isind P. (2.5)

The above native gates form a universal gate set. Any unitary operators can be
decomposed into these gates. The easiest to see are the Pauli-gates, Pauli-X is R,(7w) =
R(r,0), Pauli-Y is Ry(m) = R(m,m/2), Pauli-Z is R,(m), S-gate is R,(7/2), T-gate is
R.(m/4), all up to a global phase. Below are the decomposition of other common gates (H,

CNOT, CZ, Toffoli or CCNOT) in quantum computing using our native gate set.

= R,/ R.(m | = R.(mHR,(7/2) |-

— RGP (R HRCD -
— X X (m/4)
D — R,(—m/2)
— Ry(—7/2) 4 R.(7/2) H R, (1/2) —
= XX (n/4)
— Ra(7/2) — Ra(m/2) H R (—n/2)|—
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_ XX(0/2)

& R:(0) —©
—e— — Ry(=3) — R.(}) —{ X X(})
3 = [RCDHRG) R(%, P)—
XX(3)
D Ro(F) XX ()
= RG]
XX(T) XX(1)
. RGP {R(m - |-
XX(3)
where P = — arcsin ( %) A more thorough discussion of how to optimally decompose

common unitaries to our native gate set and complete characterization of these gates can be
found in Chapter 5 of Ref. [4]. For general ideas about how to construct arbitrary unitary

operations, refer to Chapter 4.3 of Ref. [19] (especially the exercises).

2.2 lon Motion

The collective motion of the ions are an important resource for quantum information pro-
cessing with trapped ions. While the ion motion are not explicitly present in a quantum
gate, they mediate the generation of entanglement between the ions through the spin-
motion interaction. The quantized collective motion or phonons are also interesting by
themselves. They are the intrinsic bosonic degrees of freedom in trapped ions, which will
be a extremely useful and powerful tool for quantum computing and simulation when arbi-
trary phonon-phonon interactions can be engineered in a controllable and tunable fashion.
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2.2.1 Equilibrium Position

Consider a chain of N ions of mass m, charge () confined in a three-dimensional potential
in vacuum. The potential is generated by DC and RF electrodes, commonly known as the
Paul trap [76,77]. We will describe the trap in details in Section 3.2. For now, we assume

it is a purely quadratic potential characterized by the confinement strength w,, wy, w..

m( ) + wiy? (t) + w?z?(t)), (2.6)

DO | —

0-3

=1
where 7 denotes the ion index. The ion motion can be decomposed into three orthogonal

axes: one axial (z, along the chain), and two radial (x, y), i.e
Ti(t) = x;(t)ey + vyi(t)ey, + zi(t)e:. (2.7)

The ions’ positions at equilibrium are determined by the Coulomb interaction between the

ions and the confining potential ¢. The total potential energy is [78§]

N

v=%" 1m< )+ w2y2() + wng(t)) +> & . (2.8)

izt  8meg [T(t) — 75(t)]

Z#J

Since the ions lie along the chain at equilibrium, fﬁo) = zl-(o)e;, we only need to minimize the

potential with respect to the axial direction to determine their equilibrium positions [79]

oV dv:
) N (2.9)
02; 5O dz; 212 ©
with
1 - Q@
v LIPS ‘ 2.10
i=1 Z’J;1
i#£]
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Eq. (2.9) can be solved analytically for N = 2,3 and numerically for longer chain [79]. The
key features of the solutions are:

i) The ion spacing is smallest at the center of the chain and largest towards the ends,
as expected of a quadratic potential.

ii) When scaled by the length scale

QQ

2 Y
dmegmw?

I=¢ (2.11)

the dimensionless equilibrium positions u; = 250) /I now only depends on the number of ions
in the trap, not the confining potential w, or mass of the ions m [79]. This property allows
w. to be deduced from the ion spacing. It is particular relevant in our experiment, where
the (Raman) beams driving the motion have negligible overlap with z direction, hence do

not excite the z motion.

2.2.2 Normal Mode Picture

Small perturbation (by optical or magnetic fields or collisions with the background gas)

causes the ions to oscillate around its equilibrium position ff ). The ions’ positions can

—

be rewritten as 7;(t) = fﬁo) + 0r;(t). The ions are coupled through Coulomb interaction.
Their motion can be described as a superposition of the eigen-modes (normal modes) with
eigen-frequencies w,,. These normal modes of the COM of the ions are purely classical.
When the ions are sufficiently cooled down (their kinetic energy is on the order of a few
tens of fw,,), these energy levels are best described by the quantum harmonic oscillators.

The ion motion is described by the Lagrangian L = T — V' | where T is the kinetic

energy and V' is the potential energy given by Eq. (2.8). Since ions’ displacements are small,
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we can expand the Lagrangian about the equilibrium positions and ignore terms higher than

second order in 577(75) (which cause coupling between the orthogonal modes) [78]

(2.12)

N N
_m s, 1 0*V o*V 0*V
N ;:1 or; 5 E (51’,5%8 e +5‘%6’%8 0 + 0z 5Z]8 o7

7;7.7':]- (ST,’,(ST’J‘:O
We can separate the above Lagrangian into three equations for each direction. Since the two

radial directions are similar to each other, with only a difference in confinement strength

Wy, Wwe will focus on one of them, say x.

2 N
m d 2 2 :

m N d 2 N
L, ~ 5 E (dtéml) Wy E B;jdzidx; | , (2.14)

=1 2,7=1 )
where [78]
N e
Lo L oev 2 ks T 1= 2.15
VT mw? 02,07 (2.15)
~ T it #
Wa 2 N e .
1 0%V (2)" = X |uj—1ui\3 ifi=j 516
Y mw? Or0x; (2.16)
e it
and u; = z / [ are the dimensionless equilibrium positions of the ions.
Diagonalizing the A and B matrices
Ad, = ayd, (p=1,2,...,N) (2.17)
Bb, = B,b, (2.18)
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give us the mode frequencies based on the eigenvalues «,, 3,

Wap = /Op W, (2.19)

Wop =/ Bp W, (2.20)

—

and normal mode vectors c@,, b, (eigenvectors) for the axial and radial modes, respectively.
The participation matrix d, b for each direction is the matrix whose columns are the
normal mode vectors. The columns and rows of these matrices are orthonormal, i.e.,
S Brpbing = by by = 0y and 30 by by = G

The ion motion in each direction can be written in the normal mode basis Q. (%),
Qup(t) as dz(t) = Z;V:l dipQ:p(t), 0xi(t) = Z;V:l bi pQzp(t). The same can be done for
the Lagrangians in Eqgs. (2.13) and (2.14). These oscillators can be quantized (@ — Q=

£(a+al), mQ — P =i(h/26)(a—al), € = \/B/2mw).

N N
Lz % Z |:Q27p B wQ ip] — ‘EIO,Z - Z h’wZ,pd;pdz,p (221)
p=1 p=1
m N
=5 > [ i,p] — Hop =Y hwypil s, (2.22)

While diagonalizing these matrices are done numerically for N > 2, we can make a
few observations from the simple cases with NV = 1,2 that can be solved analytically [79,80].
i) The in-phase or COM motion of the chain have the same frequency as those of one
ion given the same potential. The frequencies w1, wy 1, w,1 of the COM modes depend

only on the confining potential w,, ., specifically

W1 =w, orap =1, (2.23)
We1 =wy or B =1, (2.24)
Wy1 = Wy. (2.25)
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ii) For the axial direction, the COM mode has the lowest frequency. For non-COM
axial modes, there are always some ions that move out-of-phase with each other and reduce
their distances momentarily, thereby increasing the strength of the Coulomb interactions.
The axial mode with the next lowest frequency is the breathing mode where the two halves
of the chain move out-of-phase with each other. If the number of ions /N is odd, the middle
ion does not move or participate in the breathing mode. The frequency of the breathing

mode is [79]
Wep = V3w, oray=3. (2.26)

iii) For each radial direction, the COM mode have the highest frequencies compared
to the other normal modes. For non-COM radial modes, when the ions do not move in-
phase with each other radially, their distances increase, thereby reducing the strength of
the Coulomb potential. Assume that the trap is radially symmetric (which is not the case
in the experiment intentionally), then the two radial directions are degenerate, i.e., x- and
y- modes have the same frequencies w,, = w,,. The radial frequencies are related to the

axial frequencies by [80]

2w? —w? ) =w? —wl. (2.27)

x x,p

In the case of the radial mode with the next highest frequency, the so-called tilt mode,

using Eqgs. (2.26) and (2.27), the relationship is simplified as
w2 —wl, =w?. (2.28)

These equations are useful in case where measurement of the axial frequencies is difficult if
the laser beam has no projection on z. Eq. (2.29) means that the radial frequencies are a
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lot more closely spaced than the axial frequencies for a linear chain since w,/w, ~ 0.1 (in

our experiment, w, /27 ~ 300 kHz while w, /27 ~ 3 MHz).

Clws i twy

= . — Wyp). 2.29
2 Wit + o (w pHl — W ,p) ( )

Wzp+l — Wep

2.3 Laser-Ion Interaction

In this section, we discuss briefly the laser-ion interaction, which serves as the basis for
performing the native set of gates mentioned in Chapter 2 with lasers. The internal dof of
the ion is limited to two levels, but this can be extended to more levels as we shall see in
Section 3.5.2. Throughout this section, we shall set h = 1.

Combining the internal and external dof of the ions (Egs. (2.21) and (2.22)), the

Hamiltonian for the ions in the lab frame is

o N 3N

3 0 . A

Hy = -y 1 o7 + E 1 Wyl iy, (2.30)
1= p=

where p = 1,..., N denotes the x-radial modes, p = N + 1,...,2N denotes the y-radial
modes, p = 2N +1,...,3N denotes axial modes. Consider a laser beam addressing an ion
i=1,..., N, whose position is described by 7;(¢), through the interaction with the laser’s

electric field El(ﬁ) = Ei,o COS(E -7 —wr it + ¢;). The interaction is described by

~

H; = =0 Ei(7) = (67 + 067 ) cos(k - 7 — wp it + &), (2.31)

l

where Q; = — (1| 7+ E;0]0) = — (0| 7+ E;0|1). The electric moment & can be of a dipole,
quadrupole, etc. The transition can be mediated by one photon, two photons or more.
If it is a two-photon transition (as the case of our experiment) then k is the difference
between the two k-vectors and wy; is the difference between the two frequencies. The
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ion’ position can be expanded around its equilibrium position as 7;(t) = T_Z(-O) + 57“1(t). As
discussed previously, the ion’s displacement from its equilibrium 677(15) can be rewritten in
terms of the normal modes d7;(t) = Z?:Vl €ybi pQp(t) and be quantized ori(t) — 5%(75) =
2251 gpbi,pgp(&;t + dp)-

Let j; be the detuning of the laser from the qubit transition, i.e., u; = wr; — wo.

Assuming that wr; = wy > p; In the interaction picture, the Hamiltonian after the RWA

(ignoring the rapidly oscillating terms proportional to e**(“z.i+«0)t) hecomes

-

N A s Q7 = R (Rt 4t
H/i — elHotHief’LHot ~ 71 <0.+ e*l(k'T 1+Nzt+¢z) _'_ O'; el(k-T 1+Nzt+¢z)> , (232)

i

where (see Appendix A of Ref. [81])

riy = e/t o=ttt — oiffot (70) 4 57, (1))t (2.33)
3N

=70 13 ik, (e + aeirt) (2.34)
p=1

Here, b;, are the participation matrices and &, as defined in Section 2.2.2, €, = €, for

p=1,...,N,e=¢e,forp=N+1,...,2N,¢e,=¢, forp=2N+1,...,3N.

~

3N
Q‘A .. H0) . ) (At siwpt | A —iwpt
H; ~ ?Zo';'e_l(k'ri +pit+i) | | e—“hp(ape Pttape™wrt) + h.C., (235)
p=1

where 7;, = k- €p b;p&p is the Lamb-Dicke parameter for ion ¢ and mode p. The Lamb-
Dicke parameter describes the phase modulation of the laser as a result of the ion motion.
It is simply the ratio of the zero-point spread of the harmonic motion &, over the laser’s
wavelength A. For typical experiments with &, ~ 10 nm and A ~ 600 nm,  ~ 0.1.

Eq. (2.35) describes coupling between states |0,7,) and |1,7;), where n,, n;, are the
motional quantum numbers. Whether Eq. (2.35) can be simplified further depends on
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the magnitude 7;, and the laser detuning p;. If the laser is aligned along one of the
principal axes, say x , then we can ignore the normal modes in the other directions. So
we only need to sum over p = 1,..., N. If the laser is tuned close to one of the motional
transitions p; = mpw, with an integer m,, then we can ignore the coupling to all but
|0,n,) <> |1,n, +m,) (provided that €; is small enough). With m, # 0, this transition is
an m-th order sideband transition, called a blue sideband if m, > 0, and a red sideband if
my, < 0. If my, =0, it is a carrier transition, where the qubit state changes but the motion

does not. The coupling strength between the state |0, n,) and |1,n, +m,) is

- Q; R o
<]-7 ny + mp| Hli |07 np> = <np + mp| e—zmp(a;f)ewpt_,_ape twpt

5 ) ) =

D mpmys  (2.36)

N | —

where the matrix element [29,82,83] for |0,n) — |1,n + m)

—in(ateiwt fge—iwt —n2/9 ml v lm n! sign(m)/2
Mo = (ol e 1027 ) = 072 'wa(m) (2.37)

with the Laguerre polynomial

Lo(x) = i(—nk <th> Z—T (2.38)

k=0
Eq. (2.36) has many important implications.

First, the strength of the carrier transition, p; = 0, depends on the motion of the ions
even though the motional state does not change. The carrier Rabi frequency is the product

of the Rabi frequencies of all transitions where m, = 0, i.e.,

N N
i —n? —
Qi = HMH’Z% —Q, He T2 L0 (n3) = QDY (2.39)
p=1 p=1
Here [, MiP = DY is the Debye-Waller factor indicating a reduction in the carrier
p=1 Np,Np %

coupling strength due to phase modulation of the laser by the ion motion [29]. Note that
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the carrier Rabi frequency depends on the motional quantum number, since for 7;, < 1,

MiP = e*ﬂ?p/ZLgp (771‘2;7) ~1— n?p(np +1/2) and

Np,Mp

N
1
DY~ 1— anp (np + 5) . (2.40)
p=1

The Hamiltonian for the carrier transition is then

Y .
e = 7DZQ [&jefz(k-é0)+¢i):| +he, (2.41)

The first-order blue sideband, m, = 1, from |0,n,) — |1,n, + 1) has the same cou-

pling strength as the reverse first-order red sideband m, = —1, from [0, n,) < |1,n, + 1)
i,p —n2 /2 1/,.2 1 1,p
nptlmy, — € P nlan(nzp)— =M (242)

1-
/np + 1 npvnp+

A nice property that will come in handy for measuring the temperature n (through a

method known as sideband thermometry [84]) is

QnJrl n MnJrl n n
L n—= . 2.43
Qn—l,n Mn—l,n n—+ 1 ( )

The Hamiltonian for driving a blue sideband with p; = w, + 9, with ¢, < w,, is

2 QZ spec i ~ — )
Hib _ EDMI’) Mnﬁ—‘rl,np [Jje z(wp+6p)te i(k rio +¢?)} + h.c., (2.44)

spec __ N i,k
where D™ = [[}2) jry M

NNk

is the Debye-Waller factor due to the other x modes (or

modes coupled by k but is not D).

Similarly if we drive a red sideband by tuning p; = —w, — 9,,
7T QZ spec Lp 5+ qt(wp+p)t *i(E'F{O)+¢R)
Hi = DR M2, [ai e e~ FR 40| L pe. (2.45)
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2.3.1 Lamb-Dicke limit

In the Lamb-Dicke limit, 2n*(n + 3) < 1 [29,83], M? = 1. Therefore all the Debye-

Waller factors due to spectator modes become identity, i.e., D? ~ 1, D3 =~ 1. This means

the laser’s phase modulation caused by the spatial variation of the ions due to their motion

is very small. The carrier transition now no longer depends on the motional quanta, i.e.,

fre - Q1.4 —i(k-70 1)
H %Z [0‘-6 i 1]+h.c.,

In the Lamb-Dicke limit, we can approximate

T oiwpt 4 & —iwpt . A~ 1 ~ —1
R B A (O R O

Therefore the first-order sidebands are

~

N Q; - 0)
H _ _anp 5 ( Tezwpt +ape—zwpt) |:0_ ez(wp+6p)t —i(k Tz'o +¢f‘)i| +h.e.

Ignoring the terms with e*?%»! (a second RWA), we have

A Q; #0)
Hb _anp 2 ( Jr i t)01 _Z(k +¢?) + h.C.,

N Q; . 0)
HF ~ —inip?(ap ety gt i BP0+ | he.,

1
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(2.47)

(2.48)

(2.49)

(2.50)
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Chapter 3: Experimental Hardware

In this chapter, I will briefly discuss the level structure of '"Yb™ ions, how we trap them,
cool them and manipulate their internal and motional states to do interesting science.
Many of the details about our experiment can also be found in previous graduate students’
theses [1,4,85]. T will refer to these theses where relevant and highlight the modifications
that we made.

An overview of our experimental hardware is shown in Fig. 3.1. At the heart of the
experiment are the '"'Yb™ ions confined a linear chain in vacuum. Lasers are used to
cool, initialize, detect and change the states of the ions. However, only the laser beams
for coherent operations are shown this figure. The beams for cooling, initialization and
detection are not shown. The coherent operation is realized by a two-photon process,
called a Raman transition, performed by two counter-propagating beams, one of which is
split into ten beams by a diffractive optic element. Each of the ten beams addresses one
ion, and through the use of a multi-channel AOM, providing a complete and individual
control of the ions. The fluorescence from the ions are imaged on the a multi-channel PMT
by a specially designed objective to ensure high-fidelity state detection. The direction of
the ion chain is z, the direction of the Raman beams is x, y is perpendicular to the optical

table.
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Figure 3.1: Schematic of the setup showing the counter-propagating Raman beams, the

32-channel AOM and 32-channel PMT. Image adapted from Ref. [1].

3.1 "'Yb* Electronic Structure

"IYb* is the ion of choice in our experiment for the following reasons. First, it is a sta-
ble and relatively abundant isotope of Ytterbium (Yb) that has many “clock” transitions.
These transitions have long coherence time and insensitive to external fields, perfect for
storing quantum information. Since '™Yb' is also used for optical clocks, these transi-
tions are well understood and measured to a very high accuracy. Second, many of these
transitions are accessible by commercially available laser diodes, hence these ions can eas-
ily be laser-cooled to their motional ground states, initialized with high fidelity via optical
pumping, straight-forwardly detected via state-dependent fluorescence and individually ad-

dressed for computation. Third, it has nuclear spin 1/2 so there are fewer hyperfine states
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Figure 3.2: The internal levels of ™Yb™ (images adapted from Ref. [2])

than that of an isotope with a higher nuclear spin, which simplifies state initialization and
detection. Fourth, it has many excited states (Fig. 3.2), which can be used for shelving
to increase detection fidelity, reduce cross-talk during the mid-circuit measurements or
sympathetic cooling during long circuits.

However, there are also disadvantages when using '"*Yb™ . One of them is the near
UV frequency of the Raman transition used for coherent operations. To reduce spontaneous
scattering, the Raman laser is chosen to be far detuned from the P excited states, which
requires high laser power to drive the transition sufficiently fast. A high-power laser at near

UV can damage the optics a lot faster than a laser with the same power at a lower frequency,
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which can be an obstacle to scaling up the system. Also '"'Yb™ is heavier compared to
other ions, which means more laser power is required to drive sideband transitions necessary
for sufficiently fast entangling gates. For this reason, many groups are exploring Ba™ as an
alternative to Yb™ as the relevant transitions in Ba™ are in the visible range.

The relevant energy levels of "'Yb™ for our experiment are shown in Fig. 3.2. Al-
though Yb (Xe 4f'6s?) is an element in the lanthanide series, it shares a feature with
the alkaline earth elements: a closed outer s shell (L = 0). Therefore, an Yb" ion has
a hydrogen-like structure with one outer electron and a closed shell, i.e., a Yb™ ion has
the ground state 257 » and frequently accessed low-lying excited states 2Py /2, P32, >D3/o,
2Ds 2. However, since it has the accessible f shell as the next outermost, it has the ex-
cited state 2Fy/, and several “bracket” states, where L and S are no longer good quantum
numbers.

We choose a well-established qubit, which is encoded in the hyperfine ground states
1291/2, F = 0,mp = 0) and |2S)/2, F = 1,mp =0) of '"Yb" [86-88] (see Fig. 3.2). The
qubit splitting wyr is about 12.6428 GHz. These states are magnetic-field insensitive to

first order. The second order dependence is weak
whr/2m = (12642812118.4 + 310.8 B%) Hz, (3.1)

where B is the magnetic field in Gauss. In our experiment we apply a 5 Gauss magnetic
field to separate the Zeeman states of [2S s, F = 1) to avoid coherent population trapping.
Thus the Zeeman splitting at this field is about 7 MHz. The magnetic field is applied in
the x direction, which is perpendicular to the chain axis and parallel to the optical table

(see Fig. 3.1 and Fig. 3.3).
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3.2 Blade Trap - Single Ion Dynamics

In general, a confining potential in all three dimensions cannot be created with just a static
electric field. To trap charged particles, it is common to use either an oscillating electric
field (Paul trap) or a static magnetic field (Penning trap) . In our experiment, we use a
blade trap, a type of linear Paul trap. It is similar to the quadrupole Paul trap [76] with
two differences. First, the axial confining potential is a lot weaker than the radial pseudo-
potential, hence the ions form a linear chain instead of a 3D cloud. Second, the electrodes
are not hyperbolically shaped but are sharp blades. In this section we briefly review the

theory of ion trapping and how it applies to our experiment.

3.2.1 Ton Trapping In Theory

For the trap to have a perfect quadrupole potential, the electrodes must be hyperbolically
shaped. However these electrodes provide limited optical access. Since the ions are cooled
to very low temperature, they are confined to a very small region in the center of trap (~ 10
nm compared to the electrode distance of ~ 100um). Therefore other electrode geometries
which can approximate a quadrupole potential in the center region of the trap suffice.

We trap a linear chain of ions by applying the RF potential in the radial plane (x-y)
and applying a much weaker DC potential in the axial direction (z). If the confining DC

potential is also quadrupole in nature then the potential becomes [1]

o(ri, t) =V cos(Qrpt) Z ai(%>2 +U Z aé(%)Q + Vo cos(Qrrt) + U, (3.2)

i=I7y,Z ’52367%2

where i = x,y, z (not the ion index), ¥ = > . r;é; is the distance from the center of the
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trap, R, R’ depend on the distance from the electrodes to the center of the trap, o; and
o are the strength of the RF and DC potential respectively. Y .a; = 0= ). a} so that
A¢ = 0. If the RF electrodes are perfectly parallel to the trap axis (ideal blade trap),
there is negligible RF potential in the axial direction hence a, ~ 0 and o, = —a, [77].
The confining DC axial potential o, > 0 creates a small deconfining potential in radial
directions o, + a;, < 0.

The equation of motion for a single ion with charge ) and mass m has the form of

the Matthieu equation

4 (@ — 245 cos(26) Ju; = 0, (3.3)

/
L (34
mR" Q%
40%62‘f
MR p
The general solutions for each direction are of the form [89]
ui(§) = A Concos((2n+ B;)€) + B Consin((2n + B:)€) (3.6)

neE”L nez

where

Bi = \/az‘+(12—i2- (3.7)

Whether the ion is confined within the trap is determined by the a; and ¢;. If a; and ¢; are
such that f; is imaginary then there is no stable trajectory for that dimension.

In the limit of a; < ¢; < 1 (meaning the DC offset is much smaller than the RF
amplitude and the RF frequency is high enough) the solution can be approximated by a
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slow motion periodic with frequency w; known as secular motion and a fast periodic motion

at the same driving frequency Qrp known as micromotion [83]

ri(t) ~ 19 cos(wit + ) (1 + %COS(QRF@) (3.8)

Q

Therefore, the ponderomotive potential given in Eq. (3.2) can be approximated by the
pseudo-potential

1
o= % Z wir? = §m<w§ 2?4+ w) Y+ w? 22) (3.10)

i=z,y,2

In our experiment, the electrodes are on four sharp blades with RF electrodes on
the blades at two diagonally opposite corners and DC electrodes on other two (Fig. 3.3b).
The tip-to-tip electrode distances are R, = 325 pm and R, = 450 pm, making the trap
slightly rectangular. The distance from the blades to the trap axis is R ~ 250pum. The
blades are segmented. The segments on the RF blades are electrically connected and have
the same voltage. The segments on the DC blades are designed to have higher voltages
for the end-cap segments (DC10, DC5, DC1, DC6) than for the mid-cap segments (DC3,
DC8) to create a confining potential along the trap axis. However, due to the rough edges
of segments DC1, DC2, DC6 of the blades leading to axial micromotion, we are only using
six out of ten segments. The DC blades are RF grounded by a large capacitance (~ 1nF)
so there is no oscillating voltages at RF on the DC blades. We apply an RF voltage at
Qrp = 27 x 23.8167 MHz with an amplitude of ~ 444 V| which is calculated from Eq. (3.9)
and the measured secular frequency w, from 27 x 3.045 MHz to 27 x 3.065 MHz, assuming

a, = 1/2. More details on the blade trap assembly can be found in Section 2.5.3 of Ref. [1].
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450 pm

DC

c) d)

Figure 3.3: The blade trap. Drawings of the segmented blades a) looking from x with the
front blades denoted in black and the back blades in white, b) looking along z (along the
ion chain). The segments marked with (x) are grounded and not used. The star marks
the axial micromotion null position, where the ions are during experiment. Photographs
of the trap currently in the vacuum chamber c) looking from x, d) looking along z. Images

adapted from Ref. [1]. Photo credit: Shantanu Debnath.
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The depth of the trapping potential is given by the geometry of the electrodes R;,

the secular frequency and the mass of the ion [83]

D; = %%?Rf. (3.11)

For our experiment, D ~ 10° K or D =~ 10 GHz, which is much higher than room
temperature or the oven temperature. The depth of the Paul trap is many orders of

magnitude higher than that of an optical dipole trap.

3.2.2 lon Trapping In Practice

Imperfections such as static stray fields can make the real trap deviate from Eq. (3.2).
The stray fields can come from the uneven surface finish of the gold coating on the blades,
the protruded sharp features along the edges of the blades and built-up charges on the
insulating or poorly conducting surfaces near the trap such as the Macor trap holder,
the kapton coated cables and the stainless steel screws used to secure the blades to the
holder. This adds a dipole term ¢(r5,t) = >, E;r; to ¢(r4,t), which shifts the quadrupole
null from the center of the trap to a different position 7{, which can be corrected by
adding compensating DC voltages. The trajectory of a single ion under the stray field is

approximated by [90]

ri(t) = (r{ + r? cos(w;t + ¢;))(1 + % cos(Qgrt)), (3.12)

[
mwf :

where 7{ =

Another imperfection is the phase difference .. between the two RF blades adding
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Figure 3.4: Axial micromotion at different DC segments. Image credit: Norbert Linke.

an additional oscillating term to Eq. (3.12) [90]
i 1 :
ri(t) = (r¢ 4+ 12 cos(wit + ¢;))(1 + % cos(Qppt)) — §QiR'f<Pac sin(Qgrt). (3.13)

In our set up, this is minimized by RF shorting (via a large capacitor) the two RF electrodes
[91].

The imperfections that cause the most problems for us are the defects on the trap
blades, which cause significant axial micromotion. The axial micromotion null is also shifted
off to one end of the trap (see Fig. 3.4). To minimize the effect of the uneven electric field
caused by the defects, we only use six electrodes near one end of the trap (DC3, DC4, DC5
and DCS8, DC9, DC10) and ground the others (DC1, DC2, DC6, DCT).

The blades are also not perfectly parallel even though best efforts were spent to align
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them under the microscope [1]. This causes the position dependent confinement along the

axial direction, i.e., a,,(2).

3.3 Blade Trap - Linear Chain of Ions

In the previous section we talk about the dynamics of a single ion in the trap in order
to understand how the pseudo-potential is physically created. Using the pseudo-potential
approximation, the dynamics of a linear chain of ions follows as described in Section 2.2.

In this section, we will discuss the regimes where ions form a linear chain.

3.3.1 Coulomb Crystal

When the ions are trapped by the potential in Eq. (3.2) they form a cloud of ions, not
an ionic crystal unless sufficiently cooled down. The phase transition from the gaseous or
disordered phase to the crystal or ordered phase of the ions of charges @) is characterized
by the coupling parameter g, which is approximately the ratio of Coulomb energy F¢ to

kinetic energy Ex [92]

Q° Ec
ArepakpT  Ex’

g (3.14)

where a = (3/47n)'/3 is the Wigner-Seitz radius corresponding to the ion number density

n. For Coulomb crystallization to happen,

g > 175. (3.15)
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The highest reachable ion number density in a Paul or Penning trap is n ~ 10® m~3 or

a ~ 10 pm, which leads to the temperature limit for the Coulomb crystallization to be

This temperature can be easily reached with Doppler cooling with most cooling transition.

For '™Yb™ | the 25, to 2P transition has the Doppler temperature of ~ 1 mK.

3.3.2  Equilibrium Configuration

The Coulomb crystal is a linear chain if the radial confinement is very strong compared
to the axial confinement, specifically the radial COM frequencies have to be larger than
the highest axial mode w,, > w. y/v2 [78,93]. This condition is satisfied in the voltage
configurations we used for experiments (except when loading ions). Otherwise, the ions
will form a 2D crystal or a zig-zag configuration.

As seen in Section 2.2.1, if the axial confinement is purely quadratic like in Eq. (3.2),
then the ions are not equally spaced. The spacing is smallest at the center of the chain.
Since the individual addressing beams for coherent operations are equally spaced, this
significantly impacts beam alignment and the fidelity of the coherent operations. To make
a linear chain of ions with equal spacing, we need a quartic term r} in the potential (Figure
2.2 in Ref. [2]). This requires at least five segments on each DC blades (ten in total), which
we no longer have due to defects as discussed in Section 3.2.2. We use extra ions at the
ends of the chain (which are not used as qubits) to partly reduce the spacing’s difference
between the ions in the middle. Thus we trap 3 ions for 3 qubits, 7 ions for 5 qubits, 9 ions

for 7 qubits, and 13 ions for 9 qubits.
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3.3.3 Principal Axes for Radial Motion

Applying the RF voltages on the RF blades only generates a radial symmetric pseudo-
potential [77]. Therefore with RF voltages alone, there is no distinction between x and vy,
the two principal axes of radial motion, i.e., w, = w,. This configuration is not good for
Doppler cooling with one near-detuned beam since the principal axis perpendicular to the
beam will not be cooled. For efficient Doppler cooling, we either need two near-detuned
beams or the ability to rotate the principal axes to lift the degeneracy between w, and
wy. The ability to rotate the principle axes also allows a “twisted” ion chain (where the
principle axes vary along the chain due to axial inhomogeneity of the RF potential) to
be “untwisted”. In our experiment, all segments of the same RF blades are electrically
connected to each other so the RF field is homogeneous along the chain, hence the ion
chain is not twisted.

To be able to rotate the principle axes, the trap must be rectangular R, # R,,
meaning the tip-to-tip electrode distances are different in x and y. Then applying DC
voltages on the RF blades or different DC voltages on the end-cap DC segments will
generates different DC confinements for x and y, as shown in Eq. (3.7), and rotate the
radial principal axes [77]. The rotation angle is given by the DC voltages applied and also

the geometry of the blades.
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3.4 Ton Loading, Doppler Cooling, State Initialization, Detection

3.4.1 Ton Loading and Doppler Cooling

We load Yb ions from an oven enriched with "'Yb (see Section 2.5.2 of Ref. [1] for details
on the oven). The hot atoms are ionized by the 399 nm laser from 'Sy to P, then by the
369 nm laser or 355 pulsed laser (any photons with wavelength shorter than 394 nm will
be sufficient) from 'P; to the continuum.

After the two step ionization, the cloud of ions is trapped by the RF field and is
relatively hot (~ 200 m/s). To cool them down to the temperature where they can form
the Coulomb crystal, we use Doppler cooling [94] on the Sy/; to Py transition (369.5
nm) together with the so-called “Recrystalization” procedure, where the RF amplitude is
lowered momentarily for faster cooling and raised again to form a 1D chain. “Recrystaliza-
tion” takes about 1 to 3 seconds, depending on how well the Doppler cooling and trapping
parameters are optimized.

For cooling during ion loading, we use mainly two beams: one high power 300 MHz
red-detuned (“protection”) and one weaker 10 MHz red-detuned (“main cooling”) beam.
The saturated “protection” beam slows down the hot ions (whose transitions are Doppler
shifted by k¥ ~ 500 MHz or less), then the unsaturated “main cooling” further cools them
down close to the Doppler limit.

The idea of Doppler cooling is that when an atom absorbs a photon coming from
the opposite direction its momentum is reduced by the amount equivalent to the photon’s

momentum hk. Vice versa, when the atom spontaneously emits a photon, its momentum
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increases (recoil). Since the absorption is directional while the emission’s direction is ran-
dom, on average the atom cools down. Therefore, if the atom is free, we will need three
pairs of counter-propagating beam to cool it down. However, for a harmonically trapped
atom (ion) with an oscillation period much longer than the decay time (hence more than
1 photon is scattered every period), we only need one beam that has projection on all
3 axes [94] (the ion does not fly away, it keeps coming back against the cooling beam).
The more photons scattered, the more the atom cools down. So to achieve fast cooling, a
transition with a short lifetime 7, i.e., large natural linewidth (y ~ 1/7) is desirable. The
cooling stops when the momentum gain from recoil is the same as the momentum loss from
absorption. The lowest temperature reachable by this method for a harmonically bound
ion is

hry

To= /1. (3.17)

where A is the Planck constant divided by 27, kp is the Boltzmann constant, f < 1 depends
on the number of cooling beams and the beams’ orientation with respect to each principal
axis [94]. In our experiment, we never get very close to this limit.

The laser frequency and polarization are shown in Fig. 3.5a. The cooling beams
are red-detuned from the transition from 25, 2 =1 to P 2 F''= 0 with a weaker
sideband of 12.643 + 2.105 = 14.748 GHz (generated by the second-order sideband of a
7.374 GHz modulation from an EOM!) added to address the transition from 251/2 F=1
to 2P, s2 I/ =0. The ions can get out of these cooling transitions via a decay from ’p /2 to

?Ds/5. Therefore, the 935 nm (“repump”) is added to excite the ions to the bracket state

I'New Focus, model 4851
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®D[3/2]1 /2. From there they decay back to the 25;/, manifolds and continue the cooling
cycle. The 935 repump beam also needs a 2.2095 + 0.8638 = 3.0733 GHz sideband? to
address all the hyperfine states of 2Dj .

All 369 beams, for cooling, initialization and detection, are derived from the second
harmonics of a 740 nm doubled laser system?®. Their frequencies are 300 MHz red-detuned
to 251/2 F=1to 2P1/2 F = 0 transition. The light is split up after the laser and the beam
on the cooling path goes through the 7.374 GH EOM then an AOM* (“cool” AOM) before
going through various mirrors and/or fibers to the vacuum chamber. The protection beam
is the zeroth order of the cool AOM, while the main cooling beam is the first order, with
the input RF at 290 MHz. More details on the setup for the cooling beam can be found in

Section 2.4 of Ref. [1].

3.4.2 State Initialization and Detection

The two qubit states are realized in the hyperfine-split ground level of "'Yb* | |0) =
2S1/2 F'=0,mp =0) and [1) = |2S12 F =1, mp = 0).

We used optical pumping to initialize the ions to |0) as shown in Fig. 3.5b. Optical
pumping is done using the 2.105 GHz first-order sideband on the 2515 F = 1t0 2Py s F =0
transition. The beam has high enough power so that after 5 us of pumping, at least 99.7%
of the time, the ions end up in state |0). The pump beam, after split up from detect beam,

goes through the 2.105 GHz EOM then an AOM?® (“pump” AOM). The input RF for the

2EOSpace PM-085-12-PFU-PFU-935-UL
3TOPTICA DLC TA-SHG pro
4IntraAction ASM-3002B8-13
®IntraAction ASM-3002B8-13
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pump AOM is at 295 MHz, which is 5 MHz red-detuned from resonant (so as not to heat
the ions).

Detection is done based on the fact that >Si F = 0 to *Pyjs F = 0 is a forbidden
transition. Therefore only when the ion is in |1) it continuously scatters 369 photons. The
detect beam has no sideband and is on resonant with 2.5, 2 F'=1to P s2 F''= 0 transition
(Fig. 3.5c). Therefore we only need an AOM (“detect”) on the detect beam path. The
input RF is set to be 300 MHz so that the first order is on resonant. The first order beams
of the pump AOM and detect AOM are combined before coupled to the “pump/detect”
fiber.

The photons emitted from the ions are collected by an custom designed objective (NA
= 0.38) and imaged onto a 32-channel PMT® and a CCD camera’ by a series of off-the-
shelf lenses. The objective corrects for aberrations caused by the vacuum window and forms
a collimated beam (infinity-corrected) so that adding more lenses after the objective only
changes the magnification of the system, not the aberration. The collimating beam after the
objective is focused by a tube lens (singlet best form lens®) to form an intermediate image
at the aperture. A focusing cylindrical lens (L1%) is added to compensate for astigmatism
from the tilt of the vacuum window [1]. Details on the design of the objective and the
lenses are in Section 4.1 of Ref. [1].

Photons collected by the 32-channel PMT are amplified by a factor of 100 by a two-

stage amplifier and then discriminated against a ~ 1 V reference by a digitizing FPGA

SHamamatsu H7260-200
"PCO Sensicam dicam pro
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to become a TTL signal. The digitizing FPGA also stretches the TTL pulse to 40 ns to
avoid double counting. The stretched TTL pulses are then sent to the PMT FPGA to be
counted. More details can be found in Section 4.1 of Ref. [1] and Section 2.5.4 of Ref. [85].
During the 150 us window for detection, the ion scatters on average 9 photons if it is in |1)

and 0 photons if it is in |0).

3.5 Sideband Cooling and Coherent Operations

In this section, we discuss the ideas behind resolved sideband cooling and Raman transi-
tions with continuous wave (CW) laser beams. Then we briefly describes how the Raman
transitions are implemented in our setup using pulsed laser beams and how to to extend
to an 8-level system of '™ Yb™ . Here I will mainly summarize the results. More rigorous

derivations can be found in Chapter 3 of Ref. [1] and Ref. [2].

3.5.1 Resolved Sideband Cooling

The Doppler cooling limit for our experiment is Tp &~ 1 mK, which is about 0.3 mK for each
direction (assuming isotropic cooling). This temperature corresponds to about n,, ~ 3
quanta for the two radial motion and about n, ~ 30 quanta for the axial motion. High-
fidelity gates require that n < 1 for all directions. In our experiment, we use sideband
cooling to further cool the ions down to the motional ground state n = 0 for the radial
directions while the axial directions are only Doppler cooled.

In sideband cooling, we drive a red-sideband transition between |g,n + 1), the elec-

tronic ground state in the motional state n+1, and |e, n), the electronic excited state in the
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motional state n. Spontaneous emission afterwards returns the ion to its electronic ground
state |g,n) with one fewer motional quantum than its initial state |g,n + 1). Repeating
this process brings the ion to its electronic and motional ground state |g, 0).

However, this technique only works if we drive |g,n + 1) to |e,n) without driving to
le,n + 1) (carrier transition) or |e,n + 2) (blue-sideband transition) and the recoil energy

from spontaneous emission is smaller than the motional energy [95,96]

h2 k>
- 2m

E, < hwp, (3.18)

where k = 27 /X with X is the wavelength of the transition from |e) to |g). To fulfill the first
condition, a) the natural linewidth v of the transition from |g) to |e) needs to be smaller
than the motional energy, b) the laser needs to be able to resolve the different levels of

harmonic motion n (and the natural linewidth ~ for effective driving)
Awp S 7 < W, (3.19)

c¢) the ion needs to be cold enough so that linewidth broadening due to Doppler effect is

smaller than the motional frequency w
kT < Wi (3.20)

To fulfill 1a) and 1b), we just need to choose a narrow-linewidth transition. These tran-
sitions are abundant in ''Yb™ (25} to 2D3s or ?Dsj or 2Fyjp), but driving them is
not necessarily easy because (ironically) they are narrow. 2c) can be fulfilled with Doppler
cooling since in the limit where v ~ w,, /k the ion’s temperature in one direction is about 12
mK, which is an order of magnitude higher than the Doppler limit. The recoil energy con-
dition is also easily fulfilled for our experiment where w,, /27 ~ 3 MHz and E,/(27h) ~ 10
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kHz.

In our experiment, we choose to do sideband cooling on the qubit transition, so
lg) = |0) and |e) = |1), since we will also need to setup a coherent drive for the qubit. Since
the qubit transition is electric dipole forbidden, there is no spontaneous decay between |1)
and |0), i.e., v = 0. Therefore we need to use optical pumping to get the qubit from |1) to
|0). We drive the red sideband transition using a Raman process, which will be discussed in
details in the next section. We alternate between the Raman drive of the red sideband and
optical pumping until the ions reach their motional ground state. As discussed in Chapter
2, the Rabi frequency of the sidebands depend on n, €2, ,+1 = an\/n——i-l Therefore the

duration of the red sideband transitions need to be varied accordingly for optimal cooling.

3.5.2 Coherent Driving of Qubits Using a Raman Transition

We can drive the qubits with microwave or a two-photon transition through the excited
states, also known as Raman transition. We choose the later for driving gates because we
can individually address the qubits straight-forwardly by focusing the lasers. Also, to excite
the motion, the driving field must change significantly compared to the size of the ion wave
package. It is characterized by the Lamb-Dicke parameter n = Akxy. The microwave has
n ~ 1075 while the Raman counter-propagating beams have n ~ 0.01.

A Raman transition coherently transfers the population between two electric-dipole
forbidden levels |g1), |g2) with two laser beams by weakly exciting dipole allowed transitions
between the two states and an excited state |e) (see Fig. 3.7a). One laser drives the

transition between |g;) and |e) with frequency wyr; and Rabi frequency €2; while the other
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drives the transition between |go) and |e) with frequency wro and Rabi frequency €.
The frequency difference between the lasers is tuned close to the frequency difference wyo
between |g1) and |g2), wri — wre = wia + p & w12, and both need to be far detuned from
the excited state so that this state is never significantly occupied, A > I', where I' is the

lifetime of |e). The effective two-photon Rabi frequency is given by [97]

0,0
2A

Qoph = : (3.21)

A standard Raman transition involves only 3 levels but it can be extended to 4 levels
(driving through 2 excited states) or more (if considering all the hyperfine and Zeeman
splittings). In our experiment, we detune the lasers to between the 2P /2 and 2P3/2 levels

so that the two-photon (or differential AC) Stark shifts caused by off-resonantly driving
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these transitions are cancelled out [98]. The lasers are 33 THz blue detuned from ?P; 5 and
66 THz red detuned from 2P3/2 to be exact (about 355 nm, as shown in Fig. 3.7b. The two
laser beams must have frequency difference equal to the qubit splitting of 12.6 GHz. Since
the transition is very far detuned from both excited state levels, we need a high power laser
to achieve the desired two-photon Rabi frequency.

To fulfill these requirements, we need a high power 355 nm laser that is tunable in
the GHz range. It is hard to find a CW laser that satisfies all these requirements. So we
use a 4 W pulsed (Vanadate mode-locked) laser'” that emits 355 nm pulses. Since a single
pulse is too weak to drive the above Raman transition, many pulses are required [98,99].
In this regime, it is easier to understand the effect of the pulsed laser on the qubit if we
go to the frequency domain. We can think of a pulsed laser as a frequency comb with a
finite envelope. The width of the envelope is given by the pulse duration and the spacing
between the comb teeth is given by the repetition (rep) rate of the laser, which is inversely
proportional to the time between two consecutive pulses (see Fig. 3.8b). Our pulsed laser
has a bandwidth of 125 GHz (8 ps pulse width) and a rep rate of w,/2m = 118.314 MHz.
Since the bandwidth is larger than the qubit splitting, we can drive the qubit using any two
comb teeth as long as the frequency difference between them is equal to the qubit splitting.
We can drive a Raman transition with just one beam (pairs of comb teeth from the same
beam) or with two beams (pairs of comb teeth from two different beams) [98]. In the case
of one beam, the qubit splitting must be an integer multiples of the rep rate. For the case
of two beams, their frequencies can be shifted by an AOM so that the difference between

certain two comb teeth is the qubit splitting. The beams can be aligned so that the net
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momentum kick Ak from two beams is zero or non-zero.

In order to drive the sidebands for the entangling gates, we need a non-zero Ak. So
we need two non co-propagating Raman beams. However, it is challenging to keep a stable
phase difference between two different beam paths (air current, temperature fluctuation,
vibration, optical delay, etc.) so for application that do not require sideband transitions it
is best to use co-propagating beams or just one beam.

In our experiment, we use two counter-propagating beams for Raman transition to
maximize Ak. This allows us to use less power when driving sideband transitions. However,
this increases the laser dephasing for single-qubit gates. In a future upgrade, we can
implement a fast switch to drive single-qubit gates with co-propagating beams.

As shown in Fig. 3.1, Fig. 3.8a and Fig. 3.9, the pulsed laser, after going through a
half waveplate and PBSs for polarization and power control, is split into two paths, one that
addresses all the ions (global) and one that is further split into ten beams to individually
address the ions (individual). The two beams have linear polarization that are oriented
perpendicular to each other (so-called the lin-perp-lin configuration). This is to create the
varying circular polarization that drives the Raman transitions. The global beam goes
through an AOM!! before being shaped and focused into an elliptical beam with 75 um
waist in the Y direction and 10 pum waist in the Z direction.

The individual beams are split into ten beams by a diffractive optic element!?, each
of the beam is then focused onto a channel of a 32-channel AOM'? (Fig. 3.1). The zeroth-

ordered beams are dumped while the first orders are expanded by a factor of m = 39 before
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being focused by a triplet lens'* to a 1.5 pum beam waist (in diameter) at the ions. The
beams are slightly defocused to be more robust to beam pointing error. The spacing of the
focused spots are determined by the focal length f = 47 mm of the triple lens, the initial
angle of separation § = 4.3 mrad at the DOE and the magnification factor m = 39 of the

expanding telescopes

Az = 1o A bum. (3.22)
m

More details on the design of the optics for the individual beam path can be found in
Section 4.2 of Ref. [1] and the physical lab notebooks.

The global AOM is controlled by an amplified RF signal from an analog generator!®,
while each channel of the individual AOM is controlled by a single channel of a multi-
channel AWG!® during gates or a DDS during sideband cooling. The individual RF signals
from AWGs or the DDS pass through an RF switchbox before going to the individual AOM.
The switchbox functions both as a fast switch and a low-noise amplifier for the control RF
signals of the multi-channel AOM. Since each switchbox has five channels, we need two of
them to control 9 qubits. For each channel inside the switchbox, the RF signal from an
individual AWG channel is combined with the 5-way split DDS signal before going to a
fast TTL switch that can be controlled either remotely or manually. Then the signal is
attenuated and amplified so that the individual output of the switchbox is at most 27 dBm
to avoid damaging the multi-channel AOM.

To drive the transition (on resonant) between |0) and |1) (carrier transition), the RF

14Ronar-Smith objective 355nm, FL=47mm, WD=32.7mm
1SHP8640B
16K eysight M3202A
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inputs for the two global and individual AOMs must satisfy

wgbb(t) + kwr (t) — Wind = WHF, (323)

where k is the number of comb teeth that drive the transition. In our experiment, we
choose k = 108, wgion(t)/2m ~ 75 MHz, and wina/27 = f. ~ 210 MHz when driving the
carrier, to get the qubit splitting wyr /27 ~ 12642.8 MHz.

Since we do not have control over the rep rate of the pulsed laser, we need to adjust
the global beam frequency to account for the fluctuation of the rep rate. This is done by
phase locking [100] the frequency of the global AOM’s signal generator to a reference signal
generated by mixing the 108th beat note kw, with another stable signal generator!” at
12852.8 MHz (= wyr + f.). The 108th beat note signal is measured (before being split into
global and individual paths) by an ultra-fast photo-diode'® (Fig. 3.9). While the principal
of the beat note stabilization is described in [100], more details on an older version of our
beat note lock setup, where we feedback on the individual AOM instead of the global AOM,
can be found in Section 3.4 of Ref. [1].

By changing the frequency of the input RF signal to the individual AOM, we can

also drive sideband transitions

Walob (1) + kwr(t) — wina = war + K, (3.24)

where 1 = —wy,, for red sidebands and p = w,, for blue sidebands. For the typical motional
mode frequencies of w,,/2m ~ 2.92 — 3.06 MHz, the input RF for the individual channels

are winq/2m = f, ~ 21292 — 213.06 MHz for the red sidebands and wi,g/2m = f, ~

17Valon 5015 or HP8672 before it broke down
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206.94 — 207.08 MHz for the blue sidebands.

Since our qubit has effectively an infinite 77 time, the coherence time of the gates
are determined by the coherence time of the Raman laser, which are determined by the
intensity and phase stability of the beams and Stark shifts. Since we are using separate
beam paths for the global and individual, the optical paths are subjected to disturbance
like air current and vibration of the optical table so they have fluctuations in phase. We
minimize these effect of the disturbance by fully enclosing the Raman beam paths, floating
the table and turning off the HEPA filter during experiment. The alignment of the beams
onto the ions, especially the individual beams, is also important. In our experiment, the
ions are not equally spaced (due to not having a quartic potential) while the individual
beams are. We mitigate the effect of it by adding extra ions at the ends. However, the
best way 1is still to have functioning DC electrodes to form a equally spaced chain. The
final factor is the uncorrected Stark shifts. Although we have the 2-photon Stark shifts
from the excited states mostly cancelled out, we still have the 4-photon Stark shifts from
the adjacent comb teeth of the same beam (single-beam Stark shift) or from both beams
(cross-beam Stark shift). The single-beam Stark shift can be minimized by adjusting the
polarization of each beam to be perfectly linear (see Section 3.3 of Ref. [1]). The cross-
beam Stark shift can only be minimized by choosing an appropriate rep rate, which requires
extensive modification of the pulsed laser [2,26].

To implement the single-qubit gate R;(0,®) described in Chapter 2, we drive the
ion 7 on resonance, with the phase of the individual beam set to ¢ and the duration
proportional to 6. The Z rotation is a classical phase advance on the individual beam,

and therefore is practically noise free. The two-qubit gate X;X;(x) is implemented by
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applying a two-tone symmetrically detuned red and blue sidebands on both ions ¢, j with
an amplitude/frequency /phase modulation or a combination of them at a pre-determined
duration (see Chapter 5). During the gate, the qubits are entangled with the motion
(through sideband transitions). Since the motion are shared, any ions addressed by the
laser beams can be entangled, no matter the distance. At the end of the gate, the qubits are
disentangled from the motion, thereby protecting the information encoded in the qubits.
Since the intensity, frequency and phase of the individual beams can be controlled precisely,
we can perform any gates on any subset of ions. This capability makes our system a fully-

connected programmable quantum computer.

o7



Chapter 4: Experimental Control

Fig. 4.1 describes the software stack that forms the basis of our programmable quantum
computer. The software stack offers a user-friendly interface (Fig. 4.4) that allows users to
input experiments or quantum circuits into the compiler. This compiler then converts these
inputs into a series of RF pulses, which are used to control the laser beams for manipulating
the states of ions.

The main user interface together with its back-end modules, such as the compiler,
pulse control, etc., are written with WaveMetrics Igor Pro. Only the interface for other
minor controls, such as displaying photon counts from the PMT, controlling flags and flip
mirrors, are written with Labview. While the software architecture and the Igor program
are described in details in Chapter 4 of Ref. [4], we have since upgraded the software and
added more capabilities. In this chapter, I will give an overview of the most updated
control setup at the time of writing this thesis and discuss in depth the upgrades I am
most involved with. These upgrades are extending from 7 qubits to 9 qubits, replacing the
Tabor and Chase AWGs with the Keysight AWGs and updating from Igor Pro 6 to Igor

Pro 8 together with a control computer upgrade to Windows 10.

o8



User

. Quantum algorithms: Grover search, etc.
interface

Quantum | Universal gates: Hadamard, CNOT, etc.
compiler Native gates: XX gates, R gates

Algorithm decomposition
(software)

Quantum T
el Pulse shaping: optimization of XX and R gates
Optical addressing: qubit manipulation / detection
Hardware

Qubit register: ion trap, Yb ion chain, etc.

Figure 4.1: The computational architecture of our programmable quantum computer.

Image modified from Ref. [3]

4.1 Experimental Control Structure

Fig. 4.2 gives an overview of the control setup. The Igor program provides user interfaces
for changing the DC voltages of the trap’s DC and RF electrodes, setting the amplitude
and frequency of the trapping RF field through a DDS FPGA, setting the amplitudes,
frequencies and phases of the signal generators (DDS, AWGs, PTSs, etc.) for various AOMs,
EOMs and clocks in the experiment, selecting which experiments (Ramsey, Rabi flopping
with Microwave or Raman, Algorithms, etc.) to run, the number of repetitions, which PMT
channels to collect data from. From the user’s inputs about which experiment to perform,
Igor creates the instructions for the timings of relevant devices to the specified experiment
and for data collection, then sends them to the Sequencer FPGA. If the operation involves

AWGs or Raman DDS, Igor also generates the AWG waveforms and DDS commands,

29



s Microwave
& Horn HP8672A
“ A DC voltageinfo | pac DC electrode voltages
b [0 ]
PTS Freq. settings |
< or
| | g
ul = - Camera image
DDS Trap drive freq.
»| DDS
<-T g A g FPGA
Cool \. £ z
AOM 3 =
* =l E
= =
] [
Pump <
Fib HOM - Photon counts
er L -
toltrap 1 —| Sequencer
Detect FPGA
AOM g
= .
g % 5 = g
S 8 & £ &
o0 <
B 5 ZE gl =
=z [ g > 2
e | E:
Fiber = =
to trap —>| AWG E ) .
y
DDS |—o" E g E g
B B S 8
‘ E 2 &=
‘\<— o 5 Y
o S
(o] =] &
x9 &
o0
y 53
# b=l
fnl T E‘D =
o [K‘:} } \/ 5
) Trap RF A
DOE 32ch AOM ok [
~
g
=]
=
2 32ch
Beatnote 1 e . "
Lock > Global AOM RE 32ch
Trap Detection
RF| objective
355nm light Camera |—
- Flip mirror
e —
369nm light
RF signal
Data
—— TTL
DC voltage

/

Figure 4.2: A system-level view of the experimental control. Here 5 ions and 5 addressing
beams configuration are shown for demonstrative purpose. The experiment can be recon-

figured to address up to 9 ions. Image modified from Ref. [4]
60



sending them to the respective devices. Upon receiving Igor’s commands, the Sequencer
constructs a sequence of TTL pulses, activating the required devices precisely when needed.
It gathers photon counts from the designated qubit data lines, stores them, and repeats
the process for the predetermined number of shots. Once all shots are completed, the
Sequencer transmits the aggregated photon counts back to Igor. Igor then processes this
data, generating and saving plots according to the user’s specifications. The timing for the
Sequencer FPGA is provided by a 50-MHz clock signal generated by a function generator?,
which in turn is referenced to the Rb atomic clock.

As discussed in Section 3.4.2, during an experiment, photons collected by the PMT
are amplified, digitized and stretched. A Labview program receives and displays the counts
from the digitizing FPGA, which shows all 32 channels. The Labview program allows the
user to select which channels to be sent back to the Sequencer and how to combine them
by specifying a mapping between the 32 PMT channels and the 9 qubit data lines. The
PMT FPGA combines the photon counts according to this mapping and sent these data
to the Sequencer. The Sequencer is currently programmed to work with 9 qubits. The
maximum number of qubit is limited by the number of available outputs on the Sequencer
FPGA board that can be used as individual qubit addressing TTLs. The current FPGA
board only has 24 outputs, 9 of which are currently used for controlling essential devices
such as cool, pump, detect and global AOMs, microwave, AWG trigger, DDS trigger, etc.
This leaves a maximum of 15 outputs for the qubit addressing TTLs.

Besides the Sequencer and PMT FPGAs, there are also an FPGA to remote control

the DDS board (DDS FPGA) and an FPGA (not shown in Fig. 4.2) to control the frequency

1Rigor DG4162 2-channel Function/AWG, 160 MHz, 500 MSa/s
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of the microwave synthesizer (PTS) with higher precision. Our FPGA boards use the
Intel Cyclone IT FPGA chip (EP2C5T144C8) that can be programmed with the Quartus
software. There are various Verilog programs written by previous graduate students and
postdocs (such as Sequencer, DDScontrol, Photon counter, Multitool, Noise-eater, etc) that
can be loaded to the FPGA chip via a JTAG cable. The FPGA chip communicates with
the computer via a USB port through a USB-to-serial UART interface (FTDI FT232RL
chip). For the Igor program to recognize an FPGA board, its USB port must be configured
properly, such as the port number must be correct and the baud rate must be the same one
as in the loaded Verilog program. For the FPGA board to be recognized by the Labview
drivers, the Product Description of the FTDI chip must be the same as the Device Name in
the Labview program. Timing for the FPGA chip must be provided by a 50 MHz oscillator
(Abracon ACHL-50.000MHZ-EK) or a 50 MHz external clock through an SMA connector
for applications that require more stable and precise timing (such as the DDScontrol or
the Sequencer). The board is designed to have 24 outputs and 32 inputs. Note that all the
inputs and outputs must be 50 €2 terminated to avoid reflections. The board has 5 V and
3.3 V power lines but we mostly use the 5 V power line.

We use a 2-channel DDS board (DDS-AD9912 Rev.4) designed in-house to generate
the 23.8167 MHz for the trap RF and the ~ 210 MHZ for individual channels of the 32-
channel AOM. The board needs a 1 GHz external clock generated by a PTS (also referenced
to the Rb clock) and is controlled using Igor through the DDS FPGA. The RF signal for
the 32-channel AOM can be from the DDS or from the AWG. The advantage of the DDS
is that it only needs a frequency, amplitude and phase input to generate the signal so even

a few-second RF pulse is generated quickly. The AWG requires compilation a time array
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of the voltage of the RF signal, which takes a long time for long RF pulses. However, our
DDS board cannot switch amplitude very fast (~ 100 us) so for doing gates it is simpler
to use the AWG. The DDS is mainly used for sideband cooling, sideband spectroscopy and
coherence time measurement (the frequency switching and phase switching is ~ 100 ns).

The AWGs will be discussed in Section 4.4.

4.2 Igor 6.2 Program

As discussed in the last section, the Igor control program serves as a user interface to control
all aspects of the experiment. The code for Igor 6.2 version can be found on gitlab [101].
The code is run with a 32-bit version of Igor since at the time of developing the program,
Igor 64-bit version was unstable. An overview of the program backend is given in Section 4.2
of Ref. [4]. Since then we have added the automated algorithm running, gate calibration,
motional spectrum fitting and parallel gates on two orthogonal motional modes. In this
section, I will explain the organization of the program code and briefly talk about the
automation. The parallel gates [44] will be the subject of Yingyue Zhu’s thesis.

Our experiment control program is saved as an unpacked experiment file, which has
the extension of “.uxp”, since it has very large number of internal data (called “waves”).
When the “.uxp” file is opened, the experiment control program is loaded. How exactly it is
loaded is described in page 11-39 of the Igor Pro 6.2 Manual. The important thing to know
is that the program is organized into procedure files ending with “.ipf” and the procedure
files are only loaded if they are included in the main Procedure Window (accessible with

“Ctrl+M”) using the “#include” statement (Fig. 4.3) or opened while the “.uxp” file is
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opened.

Procedure

#include "
#include "
#include "
#include "
#Finclude "
#include "
#include "

#Finclude "
#include "
#include "
#include "
#include "
#include "
#include "
#include "
#include "
#include "
#include "

#pragma rntGlobals=1

Procedures:Config”
Procedures-Camera”
Procedures:Init”
Procedures:TrapVoltageControl”
Procedures:VISA"
Procedures:PTSControl”

Procedures:ExperimentConstructor”

Procedures:DDS_CMD"
Procedures:Fitters”
Procedures:SetPoints”
Procedures:AWGControl”
Procedures:AWGFreeformOut”
Procedures:TaborAWGLUtils"
Procedures:PMTArrayControl”
Procedures:-PulseGUI_n"
Procedures:SequencerControl_n"
Procedures:DataHandling”
Procedures:AlgorithmConstructor”

Figure 4.3: Main procedure window of the Igor experimental control program.

TTL hex bits and data line hex bits for communication with the FPGAs are de-
fined in “Config.ipf’. Important global parameters, data folders, functions and macros to
recreate different GUIs are defined in “Init.ipf”. The “ExperimentConstructor.ipf” con-
tains definitions of experiment objects for different experimental operations such cooling,
optical pumping, detection or gates. It also contains the “BuildExperiment” function that

constructs the experiment sequence based on the user’s input and stored it in a structure

called “Experiment”.
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Figure 4.4: The Pulse Program, GUI of Igor when running AutoAlgorithm sequence

a chain of 9 ions, of which 7 are qubits.
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Figure 4.5: Live data visualization by Igor after running an algorithm sweep with 5 qubits,

2 of which are idle.

The “PulseGUI n.ipf” contains functions related to the main GUI of the Igor pro-
gram called “Pulse Program” (Fig. 4.4), of which the most important ones are “RunProc”,
“RunExperiment” and “RunExpValues”. The “RunProc” function decides, based on user’s
input, whether an automatic calibration procedure or an ion-loss check is involved in the
experiment sequence and how often. If the calibration result is satisfactory and the ions
are not lost (due to collision with the background gas that melts the ionic crystal), the
“RunExperiment” function is called. The “RunExperiment” function runs the experiment

sequence by calling “RunExpValues”, either with changing parameters (a scan) or not (an
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alignment sweep), then analyze and plot the data (Fig. 4.5) as specified by the user. The
“RunExpValues” function parses through the experiment structure and call functions that
construct TTLs for different devices, construct waveforms for the AWGs (“Construct AWG-
Waveform” ), send the TTLs to the Sequencer (“sendSequence”) and the waveforms to the
AWGs (“AWGDownload WaveformTabor” and “AWGUpload WaveformChase” ), and collect
photon count data from the Sequencer (“runSequence”).

As the name suggests, “SequencerControl n.ipf” contains functions related to the
Sequencer, “AWGControl.ipf” for AWG waveforms and Chase AWG, “DataHandling.ipf”
for data analysis, visualization and storage, while “TaborAWGUtils.ipf” contains functions
specific to Tabor AWG. “AlgorithmConstructor.ipf” is a compiler module translating the
gate syntax into relevant experimental operations, which are then converted into pulses by
“RunExpValues” function. Details about how the compiler works can be found in Section
4.3 of Ref. [4].

Although the Igor program has enabled us to perform many proof-of-principle demon-
strations of potentially useful quantum algorithms [3,43,45,49,53,58,61,68,102-113] along
side various scientifically meaningful experiments [43,44,114-118], it has many limitations
to scaling up to a larger system, all of which are already discussed in Section 4.4 of Ref. [4].
An immediately pressing limitation is that an “Experiment” structure can only have 100
operations since a structure is allocated on a stack memory, which is only a few MBs. The
limit of 100 operations is arbitrarily set to prevent a stack overflow. However, since each
of our operation is only about 1 KB or less, we need not worry about this until we reach
1000 operations. Therefore, for now, we can keep appending more “Experiment” struc-
tures, each has 100 operations. This is implemented in the newer version of the control
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program with Igor 8. For the long term, we will need to rewrite “Experiment” structures as
“Experiment” waves, which uses heap memory instead of stack memory. This allows larger
memory size but takes longer to access and harder to manage. In general, it will be an
overhaul of our current Igor program and will requires a more careful and well-thought-out

design.

4.3 Upgrade to 9 Qubits

To upgrade the control system to 9 qubits, we added more TTLs for the individual beams
and more qubit data lines for the photon counts. We also found a set of DC voltages that
allow for 9 equally spaced ions. To minimize the differences in spacing between the ions,
we used 2 end-cap ions at each end of the chain, so we trapped 13 ions for 9 qubits. This
is similar to what was done for 7 qubits (trapping 9 ions), as described in Section 2.5 of
Ref. [4] and Section 4.4 of Ref. [85]. Then we found the amplitude modulated pulses that
performed the entangling gates between the relevant pairs of ions. Details on the pulse
shape optimizer can be found in Chapter 4 of [80]. In this section, we focus on the control
aspect of the upgrade.

First we upgraded the “photon counter” program for the PMT FPGA to allow for at
least 9 outputs instead of just 8 outputs of the previous photon counter program. While
the FPGA board allows for up to 24 outputs (organized into 3 sets of 8-pin connectors), the
current setup only needs at most 10 outputs for 10 qubits since the number of individual
Raman beams is limited to 10 by the diffractive optic element (Section 3.5.2). We chose to

extend the outputs to 16 for the PMT FPGA program. We modified the channelize module
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(called in the “channelize.v” and the “photon_counter.v”) so that it received the mapping
information from the Labview program and combined the PMT array counts into at most
16 channels.

Second we updated the “sequencer” program for the Sequencer FPGA to allow for 9
qubit data lines and 2 additional TTL outputs for the individual channels. The functions in
“sequencer2.v” that needed modification were “receive_instructions.v” and “send_results.v”.
As the names suggest, “receive_instructions.v” receives the TTLs information about which
channels to turn on and for how long, the number of experiment repetitions and the number
of channels to send back photon counts. The “send_results.v” sends the photon counts
according to the channels requested.

Third we modified the second RF control box so that 2 more channels were controlled
by the AWGs. Note that it is of utmost importance to keep the phase variations between
the AOM channels as low as possible. Therefore we used the same electronics components
and cables of the same length (to within much less than 1 c¢m) between corresponding
components in different channels (A 200 MHz signal has a wavelength of ~ 1.5 mso a 1 cm
different results in a 0.027 phase difference, which is detectable in a Ramsey experiment.)

Finally, we modified the Igor program to add the following features: voltages for
trapping 13 ions, voltages for measuring SPAM matrix of 9 qubits, 2 additional TTLs, 2
additional data lines, 2 additional AWG waveforms, and a table to store parameters for
entangling gates on 9 qubits. The set of voltages for trapping 13 ions is saved in “Cou-
pledDCVoltageValues13lons” table under the folder “DCVolt”. The set of voltages for
measuring SPAM matrix is in “VoltagesFor13lonLocations” table, also under “DCVolt”.

They are both initialized by “DC_init()” function. The TTL and data hexbits are de-
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fined in “Config.ipf”, while the values for TTLs and data lines themselves are stored in
“ExpParams” folder and initialized by “Param_Init()” function. The pulse shape, gate
time, frequency and phase are in “XX13_Params” table, also under “ExpParams”. We
modified “ConstructAWGSegment” function in “AWGControl.ipf” to compile and upload
2 additional AWG waveforms (a total of 9 AWG waveforms). At the time, we only had 5
independent AWG channels to control 9 qubits, so we multiplexed the waveforms to send
to the AWGs. The waveforms for qubits 1 and 7 were combined to a single waveform sent
to AWG channel 1. Waveforms for qubits 2 and 6 were combined and sent to channel 2,
those of qubits 3 and 8 were sent to channel 3, 4 and 9 to channel 4, while channel 5 was
not multiplexed. As a result, we could not perform entangling gates between qubits 1 and
7, 2 and 6, 3 and 8, 4 and 9 without some additional switching schemes, even though we
could perform single-qubit gates on the ions sharing AWG channels sequentially by using
the TTLs. For the error detection with Shor code (Chapter 6), this was sufficient. For the
Schwinger model with 6 qubits (Chapter 7), we needed these gates so we added an addi-
tional switch and TTL. We also modified data handling and algorithm running procedures,
such as “DataHandler”, “AutoCalibrationProc()” and “AutoPiTimeProc()”, and the GUIs

to be compatible with the added features.

4.4 Upgrade to Keysight AWGs

With the ability to generate arbitrary waveforms, AWGs are the key to performing gates
and doing interesting science in our setup. Up until 2023, we used a 1 channel Chase AWG

(DA12000-12-4M-PCI) and a 4-channel Tabor AWG (WX1284C). They were sufficient,
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until we needed to send ~ 20 ms long waveforms and play them multiple times. The

Keysight AWG (M3202A) offers faster data transfer and a larger memory.

Table 4.1: Comparison between different AWGs in our setup

Keysight Tabor Chase
Sampling rate 1GS/s 1.25GS/s 2GS/s
Memory 2GB 64MB SMB

8 GB/s (PCle 1.0) to 60 MB/s (USB 2.0) or 133 MB/s (PCI)
Data rate
32 GB/s (PCle 3.0) 500 MB/s (USB 3.0)

The Keysight AWGs have PXle interfaces and remote controlled from a computer via
a PCle bus. We installed three Keysight AWG modules, each with four AWG channels, in
a PXle chassis (NI PXIe-1062Q)). We installed a host interface card (NI PCle-8361) on the
computer and a remote controller card (NI PXIe-8360) on slot 1 of the PXIe chassis, and
connected them with an MXIe cable [119]. A similar setup was used to remote control of
the DACs for DC voltages via a PXI chassis (NI PXI-1000) and a remote controller card (NI
PXI-8360). For the computer to properly detect the chassis, compatible versions of drivers,
such as “NI-PXI Platform Services”, “NI-DAQmx”, “NI 488.2”, etc., were installed [120].

The remote control of Keysight AWGs are done through the “SD1 SFP” (an acronym
for Software Development 1 Software Front Panel) included in the “Keysight IO Libraries
Suite” and “SD1 3.x Software” packages. Theses packages provide control libraries in com-
mon programming languages such as C, C++, Python, etc. However, our programming
language of choice, Igor, is not one of them. So an external C++ library (Igor XOP or exten-
sion) called Keysight AWGcepp was written to communicate with the Keysight AWGs using
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Igor. This XOP [121] acts as a wrapper for the C++ library provided by Keysight. Since
the Keysight library is only compatible with 64-bit system, we upgraded our experimental
control program to a 64-bit version of Igor, the most stable of which was Igor 8. The XOP
was written using Igor XOP Toolkit 8 [122] and Keysight SD1 3.x software package [123]
in Visual Studio 2022. To activate the XOP in Igor, a shortcut to “Keysight AWGepp.xop”
was added to “Documents\ WaveMetrics\Igor Pro 8 User Files\Igor Extensions (64-bit)”.

The RF signal generated by the AWG was amplified by an RF switchbox before going
to the 32-channel AOM. Before using the new AWGs, we made sure the amplified power
in all the channels were the same and did not exceed 27 dBm by adjusting the amount of
attenuation on each channel while setting the AWG output RF signal is to its maximum
amplitude of 1.5 V or 3 V,, = 13.5 dBm. This was done in Igor by calling the function
“KeysightFuncGen”.

For timing, the Keysight AWG takes a 10 MHz clock signal to the back of the chassis
and generates its own 1 GHz clock signal (“CLKSYS”) that is phase locked to the 10 MHz
input. The AWG “sync mode” was set, by “awgQueueSyncMode” function, to this internal
1 GHz clock (0) instead of the external 10 MHz signal (1) to reduce the AWG jitter to
less than a ns. Otherwise, after receiving the TTL trigger, the AWG had to wait up to
100 ns before it saw a rising edge on the clock. A ~ 100 ns jitter randomly changes the
length of gates by a significant amount. The “awgQueueSyncMode” currently can only be
set in the Keysight AWG XOP not Igor. Other settings include “cyclic” queue mode (set
by “KeysightQueueConfig”), so that a wave is played every time there is a trigger, and
external trigger on a rising edge (set by “KeysightExtTriggerConfig” to “rise” not “high”).
These can be set in Igor.
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As mention in Section 4.3, we used RF cables of the same length (within 1 c¢m) for
all channels inside the switchboxes and used cables of the same lengths from the AWGs
to both switchboxes. Hence, the timing of the RF pulses were guaranteed to be the same
(to much less than a ns) across the channels of the same AWG modules and of different
modules. This measure reduced phase variation across the channels since an RF signal at
~ 210 MHz had a ~ 5 ns period, i.e., a ns timing difference could lead to a 0.47w phase
difference.

While the laser pulses of the global and individual beam path were guaranteed to
overlap at the ion by adjusting the global path with a delay stage (Fig. 3.9), their respective
turn-on times might still be different due to the difference in the warm up time of the global
and the individual AOMs and the length of the TTL cables. Particularly, the global beam
turned on about 0.7 us later than the individual beams. So we purposely programmed
for the global TTL to be 0.676 us early, a so-called programmable delay ( in “ProgDelay”
chapter). The exact duration for the delay was determined by overlapping the photo-diode
signal from the global beam and individual beams using “ProgDelay”.

The AWG signal itself also had a delay turn on time (the time between the trigger
and the start of the AWG signal), which was measured to be 218 ns for both short and
long pulses for the Keysight AWGs and less than 100 ns for the previous AWGs. Therefore
we added padding of 260 ns (instead of 100ns) to the TTL so as not to cut off the AWG
signal. The TTL duration could only be a multiple of 320 ns, which was the least common
multiple of 20 ns (the FPGA clock) and 64 ns (for unknown reason).

Finally, before getting back to running algorithms, we measured the conversion coeffi-
cient from the AWG amplitude to the Rabi frequency seen by the ion. This was determined

73



in large part by the 32-channel AOM, which was not expected to change significantly. We
verified that this coefficient was still 0.86 (also called “calibration coefficient” in the Igor
program).

As a result of the upgrade, uploading a waveform from the computer to the AWG is
now 12 times faster. Besides the AWG function, the Keysight card also includes an embed-
ded function generator with amplitude, frequency, phase and 1) modulation capabilities.
These functions can be helpful for sideband cooling, where using different frequencies on
different ions will speed up the cooling cycle. Currently all the individual AOM channels
share the same signal from the DDS during sideband cooling, hence they all have the same
frequencies. Also for very long circuit, using the function generator capabilities may offer
further speedup in terms of compilation and uploading waveform since only the information

about the amplitude, phase and frequency needs to be uploaded, not a voltage time series.

4.5 Control Computer Upgrade and Igor 8 Program

Our experiment was started around 2011. It was built over many generations of graduate
students and postdocs from 2011-2016 and continuously upgraded to add more capabilities
ever since. A problem with any decade old experiment is that the computers and the
software that control the experiment get outdated. One of the two control computers in
our experiment ,“Decoherence”, was still running Windows XP. Its graphic card stopped
working so the only way to access the computer was through “Remote Desktop Connection”
from the other control computer (called “Coherence”). This one ran Windows 7 but did

not fare better. The last few months before the upgrade, it crashed multiple times a day
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and stopped connecting to the lab LAN, hence there was no connection to “Decoherence”
(where the photon counter Labview program was on) and network drives for data backup.
Furthermore, as we needed to compile waveforms with hundreds of frequency components
(see Section 5.2) we ran into the CPU’s limitation of the computer. This called for a
control computer upgrade, replacing “Coherence” with “Alienware” and “Decoherence”
with “Oracle”, both running Windows 10. This also helped us comply with the school
requirement on updating all computers to Windows 10.

As mentioned in the previous section, integrating the Keysight AWGs required updat-
ing the Igor control program from its 32-bit version of Igor 6.2 to the 64-bit version of Igor
8. This worked better with Windows 10 and provided a significant speedup to compiling
longer waveforms and processing larger data set.

The upgrade was done in three steps: software, computer, and AWG. First we up-
graded Igor on the existing control computer, “Coherence”, and ensured that all of the
current hardware worked with Igor 8. Secondly, we upgraded the computer, and made
sure we could detect and control all devices after disconnecting them from “Coherence”
and connecting them to the new control computer, “Alienware”. Finally we integrated the
Keysight AWG modules and verified their operations. The idea of splitting into three steps
was that for each step we only changed one aspect of the control system so in case of error
we could narrow down the problem and revert the upgrade if necessary. After each step, we
ran a standard algorithm on 2-qubit (we chose the two-site Schwinger model simulation)
to check the system’s operation. This section only focuses on the first two steps of the
upgrade. The AWG upgrade is discussed at length in the previous section.

For the software upgrade, we installed the suitable 64-bit versions of drivers for all de-
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vices (see Section 4.6 for more details). Then we recompiled the in-house developed XOPs to
64-bit versions compatible with Igor 8 using the provided XOP Toolkit 8. Theses XOPs were
“PCOCam.xop” for the PCO camera, “DA12000.xop” the Chase AWG and “ConstructFT-
gate.xop” for the Fourier-series based entangling gate. These user-defined XOPs together
with shortcuts to others 64-bit WaveMetrics XOPs (“VDT2-64,xop”, “NIGPIB2-64.x0p”,
“NIDAQmx64.x0op”, “VISA64.xop”) were placed in the folder “Documents \ WaveMatrics
\Igor Pro 8 User Files \Igor Extensions (64-bit)”. Shortcuts to the WaveMetrics XOPs were
placed in “C:\Program Files \ WaveMetrics \Igor Pro 8 Folder \Igor Extensions (64-bit)”.
More details on how to activate XOPs can be found in the XOP manual [122].

To comply with Igor 8’s syntax, we updated functions to only return a single value,
not a wave, by simply commenting out the lines that return waves since the returned waves
were global variables that were updated during the functions’ call. Igor 8 also did not allow
thread-safe functions to automatically update data in the main thread. Since our camera
functions relied on this, the images from the camera was not updated. An attempt to fix
the code allowed the camera image to update after a 30-second delay, so we decided to keep
running the Camera functions in Igor 6 on “Oracle”.

The computer upgrade went smoothly except for two major problems. One was that
the NI chassis were not recognized by the originally intended new computer (called “Fault-
tolerance”, ironically) even though they worked fine during testing. Since all attempts to
solve it failed, we switched to a different computer with a similar specification (Dell Alien-
ware) and the NI chassis were again properly recognized. We suspected that some firmware
updates were needed for “Fault-tolerance”. Secondly, we could not communicate with the

GPIB devices using “VISAWrite” when moving to “Alienware” although the “VISAWrite”
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function worked fine with the Tabor AWG on the same computer and worked fine with all
devices on “Coherence” with Igor 8 64-bit. We used “GPIBWrite2” to communicate with

GPIB devices instead.

4.6 Troubleshooting common problems

When you have problems communicating with a device, always check if the device is de-
tected in Windows “Device Manager”. If not, check the connection to the device, check
if it is powered on, if it has a correct name and if a suitable driver is installed. What
counts as a suitable driver depends on its firmware version, the version of the software
you used to talk to the device and the operating system you use. For device with serial
communication, check the port name, baud rate, parity, stop and start bits. For NI devices
such as the PXI/PXIe chassis, DACs and even the Keysight AWGs, check if the device is
detected in NI MAX (Fig. 4.6). If it is not detected even though correct drivers (“PXI
Platform Services”, “NI-DAQmx”,“NI 488.2”, etc.) are installed, follow the steps in this
troubleshooting guide [124,125]. For the Keysight AWGs, also check if they are detected in
the “Keysight Connection Expert” software. If not, check if the compatible firmware and
drivers are installed in the “Keysight SD1 SFP”. The firmware must be of version 4.02.45

or later.
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Figure 4.6: NI MAX showing all devices connected to the control computer
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Chapter 5: Entangling Gates in Trapped Ions

The most common entangling gates in trapped-ion use the shared motional modes of the
ion chain to mediate interactions between pairs of ions [126-129]. During a gate, the
qubit is entangled with the motion. The spin-motion state accumulates a state-dependent
geometric phase. At the end of the gate, the spin is disentangled from the motion but the
accumulated phase factor remains and becomes a spin flip in another basis. The fidelity
of the gate depends on how well the spin and motion are disentangled and the spin and
motional coherence during the gates. The majority of the gate optimization consists of
finding parameters (gate duration, frequency, amplitude and phase, etc.) that minimize
the spin-motion entanglement «.

The gates can be categorized into two kinds: 6%6* and 626 [81,130]. The first kind is
usually induced by applying a spin-dependent Stark shift on the relevant transitions [21,128§]
and the second kind is usually induced by applying a bi-chromatic (red- and blue-sideband)
spin-flip [126, 131]. The first kind is also known as a phase or ZZ gate. The second kind is

a Molmer-Sorensen (MS) or XX gate. In this chapter, we focus on the later.
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5.1 Molmer-Sorensen (MS) Gate

In the MS gate, the spin-motion entanglement is induced by a bichromatic drive, driving
the first-order red and blue sideband simultaneously with the symmetric detuning from the
carrier (! = p; = w, + d;p, uf = —p; on the ions that you want to entangle. As seen in

Section 2.3, the Hamiltonian for ion ¢ in the interaction picture after the first RWA is

N

. Q . L B N

oY = 5 (1 iy miplaher + dye “”Pt)) <e Wit ol) 4 ¢ 2(“1”‘%)) 65 +he  (5.1)
p=1

N
= <1 +1 Z Nip (d;eiwpt + dpe_iwpt)) cos(it — ¢ e + hec. (5.2)

p=1

N
=, cos(p;t — qﬁlm)&ff + Z Nip cos(pit — @7") (d;eiwpt + aye” ") 65)?_”/2, (5.3)
p=1

where ¢ = (¢7 + ¢?)/2 is the spin phase, ¢7* = (¢} — ¢?)/2 is the motional phase, and
6% = 6te ™ + 67e'® = 6% cos ¢ + 6¥sin ¢. Note that the sum over the modes in Eq. (5.3)
is only from p =1 to p = N not p = 3N (meaning x radial modes only) since the Raman
beams in our setup has mostly projections in the x-y plane and the Rabi frequencies for the
sidebands are a lot smaller than the spacings of the x and y radial modes (7;,2;/2m ~ 10
kHz, while (w, y — wy,1)/27m ~ 100 kHz).

We set the phases of the red and blue sideband ¢} = 7/2 — ¢, ¢F = 7/2 + ¢; so
that ¢ = 7/2 and ¢)" = —¢;. Since the Q; < w,, we can ignore the off-resonant carrier

transition (the first term).

N
]:Iirb =, Z Nip cos(pit + ¢;) (dz,ei“”’t + dpe_iwf't) ol (5.4)
p=1

Applying the Hamiltonian above to 2 ions 4,7 with the same frequency p; = p; = p and
phase ¢; = ¢; = ¢. Using the Magnus expansion [132,133] to obtain the time evolution
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under 4 {b—l—ﬁ;b. Notice that terms with higher order than two are canceled since [a,a'] = 1

= exp [Z Z (v (T g, (T)ay) 07 + ixi;(1)6765 | (5.5)

i'=i,j p=1
where
Qip(T) = —inip /OT Q;(t) cos (ut + ¢)e™»"dt (5.6)
and
Xi5(7) = Tl Z / dt / A (1) () sin(ey (¢ — #)) cos(ut + @) cos(ut’ +6)  (5.7)

The Hamiltonian can be rewritten with displacement operator D(ﬁ) = gfa'—p"a

N
) (H Hmai/pm&?ﬁ)) O, 5.9

i'=i,j p=1

where the amount of displacement 5 = ad® is spin-dependent. The first term describes
residual spin-motion entanglement at the end of the gate. The second term is the geometric
phase accumulated during the gate.

We can generalize Eq. (5.4) into
N
HP =" =267 (g(t)ale " + h.c. 5.9
#=3 Pife +he), (5.9

where ¢(t) can be a function of any form not just g(t) = Q;e***® Now the problem
becomes finding a pulse shape ¢(¢) that minimizes the phase space closure while making

the maximally entangled state, i.e.,

;p(T) = —z'mp/ g(t)eiwptdt =0 (5.10)
0

for all N modes, and
N T to -
Xij = anpnlp/ dt2/ dtlg(tg)g(tl) Sin[wp(t2 — tl)] = Z (511)
p=1 0 0
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The traditional method in our experiment is with amplitude modulation [131]. The pulse is
divided into L segments, each has a constant amplitude, but the amplitude of one segment
is different from the next while the frequency and phase is the same for all segments. Details
on the pulse optimization procedure and the implementation of this amplitude modulated

scheme on our setup can be found in previous theses [1,4,80].

5.2 Fourier-Transformed (FT) Gates

In this section, we present an experimental implementation of new pulse optimization
methods, where the amplitude, frequency and phase are simultaneously modulated. These
methods allow for the construction of robust and power optimal entangling gate pulses
for a pair of ions in a long chain without involving costly optimization. These methods
are both computationally efficient and flexible due to the built-in trade-off between laser
power, gate speed-up and robustness to motional drift. The performance of the pulses on
our experiment agrees very well with the theoretical prediction when taking into account of
imperfection in the confining potential for the ions. The results for this gate implementation
are published in [117].

The pulses of Fourier transformed (FT) gates are first proposed by Blumel et al [134]
and have been demonstrated in [117,134]. Ref. [134] implements the pulses with a DDS,
which is limited in number of frequencies or tones it can produce. Therefore, they have to
demodulate the pulses (see Section 5.2.2) and implement them in the time domain. While
Ref. [117] uses an AWG, therefore is able to implement the pulses directly in the frequency

domain. In this section, we mainly discuss the implementation used in Ref. [117].
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In the frequency domain, an FT gate is a sum of Fourier-sine series. For a gate of

duration 7 and N, frequency components.

g(t) = %An sin (27””), (5.12)

T

Each frequency component f, = n/7 has a different amplitude that is either in-phase
(A, > 0) or out-of-phase (A, < 0) with each other.

To achieve a high-fidelity gate, we need to require that A, satisfy two constraints.
The first constraint is phase-space closure as in Eq. (5.10), which together with Eq. (5.12)

becomes

T

A T 2mnt Na
() = —iny » An/o sin ( )eiwptdt = —inp Y _ My, Ay =0 (5.13)

or
Na
> My A, = MA=0, (5.14)

I 2mnt Wyt
where M, = [/ sin <T>e tdt.

The second constraint is stability against the fluctuation of w, up to an order K

KA PR / (H)ertdt = 0 (5.15)
aw;; Oézp = 8&}5 anp 0 g - '

or
Ny
> MPA, =0, (5.16)

where k = 1,2, ..., K. Together these make ) = N(K + 1) constraints. As long as N4 > @
there exists a solution that satisfies all the constraint. Let /T”, vy=1,2,..., Nas—Q, be a set
of linearly independent solution that spans the solution space of Eq. (5.14) and Eq. (5.16),
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i.e., null space of M. In general, any solutions of Eq. (5.14) and Eq. (5.16) can be written

as a linear combination of A"Y,
A=) A (5.17)
y=1

Additionally, for practical purpose, the power required to achieve the maximally

entangled angle o = /4 should be as small as possible. Subtitute Eq. (5.12) into Eq. (5.11)

al i ] T t2 4 . 27mt2 Na . 27rmt1 .
Xij = E s ; dts ; dt g A, sin ( = > E A, sin ( - ) sinfw,(ta — t1)]
p=1 n m

(5.18)
T yij T
A D]A:Z’ (5.19)
where
N T t
y o 2 2mnt 2mmt
DY = 277;77;];/ dtQ/ dt; sin ( ik 2) sin ( ik 1) sinfw, (ta — t1)]. (5.20)
o 0 0 T T
We can rewrite y;; using A
Xij = chcyz‘ﬁ "DiAY = ZCVC,Y/B,W/ =c'Be, (5.21)
¥y ¥y
o T o
where B,y = A7 DYAY.
Again, we can expand ¢ in the basis U of B, =}, bstis where B = A\g0s
Xij = Y _bsby U5 Baglip = > bsby Agdpar = > b3As <D 0iAmax (5.22)
BB’ BB’ B B

where we assume, without loss of generality, Ay = M. is the largest eigenvalue of B

corresponding to ;. We can rewrite the maximally entangled angle yo in term of the
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average power

1 [T 14 1 1
p== 2(0dt ==y A2 = _ATA= N 2 2
T/Og() 2;n : 2§5, (5.23)
X0 = Xij < 2p>\max (524)

(5.25)

when x;; = (1/2)03 A\pax and &= b1 7.

Since the ion number N does not occur explicitly other than in the vector space
size, the method is naturally scalable to any number of ions. And since solving for A
involves only linear algebra, the method is computationally efficient and straightforward
to implement. However, if more conditions are added, the size of the null-space contracts,
and with it the number of accessible degrees of freedom, which leads to an increase in the
power required. Conversely, for a set of constraints and a given power budget, P, there is a
minimum gate-duration, 7., which roughly follows 7, ~ 1/ P. Thus, there is a trade-off
between power requirement and gate duration.

The two-qubit gate infidelity Z at zero temperature is given by

N
4 -- - 4
1= EATFA 5 pz; (|ai,p|2 + lajp 2) ) (5.26)
where the matrix
N
Fom = Y [0p)* + (139)*16mpGmp (5.27)
p=1

is the infidelity matrix and &,, = [ sin(2wnt/7) exp(iw,t)dt [135].
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5.2.1 Power, Gate Speed and Fidelity Trade-off

If the conditions in Eqs. (5.14) and (5.16) are satisfied exactly then we call this method
Exact AMFM. Otherwise, we also allow Eqs. (5.14) and (5.16) to be satisfied approx-
imately by including, in the null space of M, eigenvectors with non-zero eigenvalues, as
long as their moduli are smaller than a pre-determined, non-zero value. We name this the
extended null-space method or ENS AMFM.

Figure 5.1(a) shows the power requirement of the optimal, exact AMFM method for
various qubit pairs (7, j) and degrees of stabilization K as a function of gate duration 7 for a
15-ion chain, with an inter-ion spacing of 5 ym and the 11 central ions used as qubits. We see
that the power requirement dramatically increases as we decrease 7, exhibiting a step-like
transition, whose location is nearly independent of the specific ion-pair gate combinations.
The reason is the following. To operate a two-qubit gate at low power, it is necessary that
the basis frequencies, 2mnt/7, have a good overlap with the motional-mode frequencies,
typically capped at w, S 27 x 3MHz. As 7 decreases, more and more basis frequencies are
pushed out of the frequency range of the motional modes, effectively reducing the dimension
of the null-space from which the power-optimal solutions are drawn. The step in power
results when we run out of null-space vectors with good motional-mode frequency overlap.
Since increasing K reduces the null-space dimension even further, the power step happens at
larger gate times 7 for larger K. Similarly to [136], our scheme cancels carrier excitation to
first order due to the sinusoidal nature of our basis functions. While Figure 5.1 shows gates
< 100us, which approximately are still in the Lamb-Dicke regime, further investigation

is needed to ensure the standard MS formalism with its perturbative expansions of the
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Hamiltonian is still valid in this short-pulse regime.

a ; bloozww ‘

Exact AMFM
Exact AMFM
Exact AMFM
ENS AMFM
ENS AMFM
ENS AMFM

=
o
ARRXRARX
L U L L L
ODBRNORAN

10

=
A T

I
N
T
|

o
o

o~

O

o
ia

=)
o

[

S

Average Rabi Frequency [MHz]
Average Rabi Frequency [MHz]
-

T
|

| 1 1 L 1 1 1 L L L
100 200 300 400 100 200 300 400 1000
T [us] T [us]

Figure 5.1:  Properties of gate pulses generated for a 15-ion, 11-qubit chain. (a) Power
requirement of the exact AMFM gate as a function of gate time 7 for three different qubit
pairs, (1,2) (squares), (4,10) (circles), and (1, 11) (triangles), and three different degrees of
stability K = 0 (blue), K = 2 (black), and K = 4 (orange). (b) Average power requirement
as a function of 7 for different degrees of stabilization K for the ENS protocol (colored,
solid lines) with Z < 10~*. Red, green, and blue lines are for K = 2, K = 4, and K = 6,
respectively. For comparison, the results for the exact AMFM for K = 2 (dotted line) and
K =4 (dot-dashed line) are imported from (a) without change, and K = 6 (dot-dot-dashed

line) is added to illustrate the trend.

In Figure 5.1(b) we compare the pulse-power requirements of stabilized pulses pro-
duced according to the exact AMFM method and the ENS method, which allows for
straightforward implementation of the stability conditions. Over a large span of gate times,
the ENS method offers significant power savings for stabilized pulses. In particular, we find
that, for stability degree K = 6 and gate duration 7 = 250 us, the power saving can be as
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large as a factor of 15.
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Figure 5.2: Trade space for a 15-ion, 11-qubit chain. (a) Infidelity Z as a function of
uniform mode-frequency drift w, — w, + Aw, on qubits (1, 11) for four different gate times
7. (b) Average power requirement as a function of distance between the qubits for a 7=50 us

gate. Purple squares: exact AMFM; green circles: ENS AMFM.

We note that faster gates come with exponentially decreasing infidelity and increased
natural stability against mode-frequency drifts, even in the absence of active stabilization.
We illustrate this in Figure 5.2(a), which shows that increasing the gate speed from 40 us
to 10 us reduces the infidelity by about 6 orders of magnitude, reaching below f = 1078
over a drift-frequency range larger than £10kHz at 7 = 10 us. While pulses this short may
not be practical, the stability they provide can be propagated to longer gates at the cost of
power optimality by reducing the power and repeating the pulse sequence multiple times.

According to Figure 5.1(a), qubit pairs whose constituent ions are further apart from
each other require more power. Therefore, given a fixed power budget, instead of trading

the power savings afforded by our pulse design for gate duration, we can alternatively
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trade the savings for better qubit connectivity. This power-connectivity trade-off can play
a critical role in harnessing the power of quantum computation since matching hardware
and application connectivity is crucial to performance in a future quantum operating system
[102]. In Figure 5.2(b) we show the power requirement for 7 = 50 us as a function of qubit
distance for the exact AMFM and ENS AMFM. We see that the ENS AMFM requires

factors of about 2 to 4 smaller power when compared to the exact AMFM counterparts.

5.2.2 Demodulation of The FT Gates

In the time domain, the gate is equivalent to an amplitude and frequency modulated

pulse [117,134]

g(t) = Q(t) sin ( / u(t’)dt’) = Q(t) sin(V(1)). (5.28)
The procedure to obtain (t) and p(t') is described in details in the supplementary section
S9 of Ref. [134]. It can be summarized as following: Assume the envelope €2(t) is non-zero
(which reduces the power required for a maximally entangled gate), then g(¢) = 0 only
when VU(t) = jm where j € R. Let (; be the solutions of W(¢) = 0. Approximate p(t') to

be constant between (; then
Gt ’ ’
m= [ e % ) G - ).
G
Then

™
p(G) = en=G (5.29)

We can obtain Q(t) by evaluating ¢'(¢;)

2(G) = |-, (5.30)

()
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Figures 5.6 and 5.7 show the pulse shapes used to implement the two-qubit gates on

our seven-ion, five-qubit trapped-ion quantum computer.

5.2.3 Experimental Performance of the F'T Gates
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Figure 5.3: Comparison of peak power requirements of ENS gates (blue solid line) with
exact AMFM gates (grey dashed line) on qubits (4,5) as a function of gate time 7 (K =
4) for T < 107* on a seven-ion, five-qubit chain. Experimental results at five different
gate times, i.e., 190us, 200us, 250us, 300us, and 350us, implementing pulses constructed
according to the exact AMFM and ENS protocols, are shown as orange squares and blue

circles, respectively. The experimental error bars are smaller than the plot symbols.

Figure 5.3 shows the theoretical predictions and experimentally measured power re-
quirements as a function of gate duration for exact AMFM and ENS-based pulses. We
chose infidelity Z = 10~ to determine the ENS since the gates are limited to 10~2 by other

imperfections. We chose to stabilize these pulses to degree K = 4.
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Due to the limited amplitude resolution of the AWG (14-bit DAC), the relative am-
plitudes of basis frequencies smaller than 10~* are neglected in the experimental imple-
mentation. We confirm numerically that this does not significantly impact the theoretical
fidelity and stability of the resulting gates. We verify a successful implementation of a
pulse by observing a continuous coherent transfer of population between the |00) and |11)
states when the applied laser power is varied. We then calculate the minimal Rabi fre-
quency g = Q. needed to perform a maximally entangling gate, where s < 1 is a scale
factor and €.« is the maximum Rabi rate available. We further verify the creation of the
maximally entangled state by measuring the parity contrast for some of the pulses.

All the experimentally determined Rabi frequencies for the two-qubit gates using
either the ENS- or the exact AMFM protocols fall within +10% of the respective theoret-
ically predicted values. The small discrepancies between experimental values and theory
predictions are due to uncertainties in the Lamb-Dicke parameters and mode frequencies.
We note that shorter gates at higher Rabi frequency may suffer from more noise, and thus
higher infidelity due to, e.g., acoustic vibrations, which do not get averaged out over the
gate application.

To accurately determine the experimental Rabi frequencies for every two-qubit gate
presented in Figure 5.3, we employ the following procedure. To eliminate the effect of
beam alignments and laser power fluctuation on the Rabi frequencies, for each experiment,
we measure the carrier Rabi frequencies of each qubit at the scale s = 1. We then scan
the scale to observe coherent population transfer between |00) and |11), a signature of the
MS gate. From this scan, we can determine the scale for maximally entangling gate. We

perform the gate at this scale with 10000 data points and correct for state-preparation and
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measurement (SPAM) errors in post-processing to obtain a good estimate of the scale, and

therefore the Rabi rate (2.
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Figure 5.4: Experimental demonstration of the K-order stabilized two-qubit gates for qubit
pair (4,5) on our seven-ion, five-qubit system. The ENS AMFM pulse sequence satisfying
Z < 107* at no frequency offset with K = 1 (top) and K = 5 (bottom), corresponds to a
maximally entangling gate. The experimentally measured even-parity population is plotted
as a function of the gate frequency. The blue lines show the gate fidelity according to the
analytical expression for F, valid in the low-error limit. The width of the detuning-robust

region is larger for the the pulse with the higher stabilization order (K =5 vs. K = 1).

We demonstrate the benefit of stabilizing the gates with respect to fluctuations in the
motional-mode frequencies by applying pulses with two different stabilization orders, i.e.,
K =1 and K = 5, to qubits (4,5) on our seven-ion, five-qubit quantum computer. The
two ENS AMFM pulses are constructed with Z = 10™* at zero gate-frequency offset. To

systematically control the detuning error, we offset the gate frequency from the original
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intended gate frequency, which is equivalent to uniformly offsetting the motional-mode
frequencies in the opposite direction. We apply the pulses to the initial state |00) and
measure the even-parity populations when Py, ~ Pi;, akin to performing a maximally
entangling gate.

Figure 5.4 shows the even-parity population P.ye, = FPyo + P11, which is the quantity
stabilized by the gate. Since this does not measure coherent errors, we checked the parity
contrast for some of the pulses as for the previous measurement. The experimentally mea-
sured values with their associated error bars are marked in red. The error bars are 1o con-
fidence intervals, sampled from a binomial distribution, and each point represents 4000 ex-
perimental shots. The blue line shows the analytical fidelity 7 = 1—3 >, (aipl? + lajp?),
follow from Eq. (5.26), which is valid in the low-infidelity limit [135]. As expected, the width

of the detuning-robust region is larger for the pulse with the higher stabilization order.

5.2.4 Measuring the Lamb-Dicke Parameters

A carefully designed protocol for accurately determining the motional mode frequencies as
well as the Lamb-Dicke parameters 7, is necessary to achieve a good agreement between
predicted and observed Rabi rates needed for a maximally entangling gate. Here, we
present the details of the protocol we implement in terms of experimental procedures and
post processing steps. Experimentally, we aim to measure the mode frequencies and the
magnitude of the Lamb-Dicke parameters through sideband spectroscopy.

After ground-state cooling and initialization, we scan the frequencies across the blue

sideband for each ion, one ion at a time, with square pulses at a fixed laser power and pulse
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duration before detecting the population in |1) state.

For each normal mode and each ion, we can define a sideband Rabi frequency as
O = /i + 1Qm7, where €; is the Rabi frequency of the qubit transition. When Q7 is
much smaller than the splitting between motional mode frequencies, the transitions with
frequency in the vicinity of the motional mode frequency w, can be modeled as a two-
level system and the final |1) state population after a pulse with a duration tpg, can be

approximated as
Qv

__ W 5%3
QP2 + dw2 /4

Py in2 (tbsb U - ) , (5.31)

where dw, is the difference between the mode frequency w, and the frequency of the side-
band pulse. Thus, with enough frequency points scanned near each mode, we can fit the
qubit |1) state population as a function of frequency to (5.31) and extract w, and |Q7].
Note that we choose the pulse duration and the Rabi frequency of the qubit transition with
care so that Py < 50% to minimize the effect of the thermal distribution of the mode
phonon population. Using the Rabi frequency of the qubit transition, which can be mea-
sured in a straightforward fashion, the magnitude of the Lamb-Dicke parameter is given by
1n?| = |]/v/n + 1Q;. After measuring them for all modes and addressable ions, we fit the
magnitudes and the mode frequencies to a simple theoretical model of a linear ion chain
and obtain theoretically fitted 77, including their signs. The model includes the Coulomb
interaction between ions and individual harmonic confinements for each ion along the di-
rection that is perpendicular to the chain. The inter-ion spacing and the spring constants
for the harmonic confinements are the fit parameters. An example of the fitted Lamb-Dicke

parameters is shown in Figure 5.5, which shows the quality of the fit is excellent.
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For increasingly small 7? values, measuring them precisely and accurately becomes
difficult, since the BSB Rabi frequencies QF are smaller than the frequency resolution of the
scan (which is 1.5 kHz), and the measurements become dominated by RF noises of the trap.
Therefore, it is more appropriate to use the theoretically fitted Lamb-Dicke parameters for
the pulse-shaping calculations.

The mode frequencies used to generate the pulses are reported in Table 5.1.

Mode w,/2m (MHz)

1 2.951
2 2.973
3 2.993
4 3.010
5 3.025
6 3.038
7 3.054

Table 5.1: Mode frequencies of the motional modes of our seven-ion chain.
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Figure 5.5: Comparison between experimentally extracted Lamb-Dicke parameters and

theoretically fitted ones. The signs of the experimentally extracted Lamb-Dicke parameters

are forced to be the same as the theoretically predicted ones since we can only extract the

magnitude of the Lamb-Dicke parameters using sideband spectroscopy. The blue bars are

experimental measurements. The blue error bars are statistical errors propagated through

the fitting routines by bootstrap. The error bars do not account for systematic errors

such as mode drift, heating and motional decoherence during the measurements. Only

the middle five ions are accessible by Raman lasers thus there is not any data for the two

ions at the ends of the chain. The orange bars represent the fitted result using the simple

theoretical model described below. The modes are indexed in the order of increasing mode

frequency, as shown in Th. 5.1.
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Figure 5.6: Pulse shapes for two-qubit gates on qubits 4, 5 computed according to the extended null-space AMFM protocol.
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5.3 Gate Fidelity Limitation

There are several factors that limit the gate fidelity, which we quantify by measuring the
state population and parity contrast in our experiment. Assuming that the best efforts are
spent to achieve a high fidelity gate in our setup, this means that the individual beams are
aligned as well as they can be, sideband cooling are optimized so that n ~ 0.1, an optimized
pulse shape is found with minimal residual spin-motion entanglement, the following are the
limiting factors that prevent us to achieve 99.99% fidelity gates in our setup.

The leading factor is the laser intensity fluctuation due to beam misalignment at the
ions. The fluctuation in the laser intensity leads to errors in the rotation angles of the gates.
As mentioned in Section 3.2, we cannot make a chain of equally spaced ions. However, the
individual addressing beams generated by the DOE are equally spaced. This limits our
ability to align the beams to the ions. Other sources of misalignment are vibrations affecting
the optical table, which we try to minimize to our best ability, and axial micromotion. In
principle, there is no micromotion along the trap axis. However, due to defects on the trap
blades, we have axial micromotion, which can only be cancelled for one ion in the chain.

Another leading factor for gate infidelity in our experiment is the fluctuation in the
motional mode frequency even though the slow drift in the RF amplitude is already sta-
bilized. The cause of the fluctuation is not exactly known but we speculate that it is due
to noises in the trap RF. To minimize this effect, we look for a gate solution that is the
most robust against such drift. Eventually, to reduce the fluctuation, we need to identify
the cause and correct for it. A measurement of motional coherence in our setup shows a

relatively short coherence time of 1 ms, which is about four gates. This can contribute to
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the fluctuation. To increase the motional coherence time, we need to reduce the noise in
the amplifying circuit for the trap RF by using a low-noise RF source and design a better
amplifying circuit.

Besides these factors, the gate fidelity is also affected by laser phase stability. While
the Raman laser phase is stable because it phase locked to an atomic frequency standard,
the optical path length fluctuation causes instability in the laser phase. It is exacerbated
by having two counter-propagating beams that travel long distance from the laser head to
the trap. In the future, this effect can be minimized by implementing the phase insensitive
scheme for the Raman transition [81].

Other factors like heating, off-resonant carrier excitation, spontaneous scattering,
etc. make small contributions to the gate infidelity in our experiments. These factors may

become more relevant when scaling up the system.
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Chapter 6: Towards Fault-Tolerant Quantum

Computing

Fault-tolerant logical qubit encoding and fault-tolerant operations are required for execut-
ing quantum algorithms of sufficient depth to solve relevant problems [137-139]. Fault-
tolerant operations, such as state preparation, syndrome measurement, error correction,
logical gates, and measurements are designed such that any physical-level error they in-
troduce is corrected at the logical level [140]. When the physical error rate is below a
certain threshold, the logical error can be made arbitrarily small by concatenation, i.e.
using multiple layers of encoding [141], or taking advantage of natural robustness within
the system [142]. The optimal method for fault-tolerant quantum computation is unknown
and current methods offer trade-offs between encoding rate, threshold [143,144], and the
number of available fault-tolerant gates [145-147]. The same is true for near-term quantum
error correction where only a limited amount of protection from physical-level errors will
be available.

The Shor code [148] protects against all physical single-qubit Pauli errors. While

the canonical [[9,1,3]] code! is based on triple modular redundancy, larger [[m?, 1, m]]

HIn,k,d]] means encoding k logical qubits in n physical qubits with a code distance d

101



Shor codes can be generated using m-modular redundancy, where m is the number of
physical qubits in each module. The Shor code, together with the rotated surface code
[149] and the Bacon-Shor subsystem code [150], are examples of compass codes [151].
The surface code has high memory and circuit-level thresholds, and treats phase- and
bit-flip errors equivalently [152-154]. The Bacon-Shor code has no asymptotic threshold
with m for either X or Z errors [155]. The Shor code on the other hand has a memory
threshold of 50% for Z errors and no threshold for X errors as m increases. In practice, this
means that, for any physical error rate, there is an optimal size for the Shor and Bacon-
Shor codes [155]. These optimal codes can then be concatenated in a modular fashion
to further improve performance [156]. Theoretical investigations comparing the 17-qubit
rotated surface code [149] to a compass code on a 3x3 qubit lattice find the latter to have
much better performance in a realistic ion trap error model [157]. In this chapter, we report
our result on the optimal size m of the Shor code implemented in our trapped-ion quantum
computer described in Chapter 3 and show how measurements on a few qubits can predict
the performance of larger systems. Specifically, we prepare m-qubit GHZ states on our
trapped-ion system and extrapolate the logical error rate classically in order to emulate
state preparation and measurement of an [[m?,1,m]] Shor code, where m = 3,4,5,6,7.
This emulation yields the optimal code size for our current system. We then compare the

emulated m = 3 results to the full 3 x 3 code state preparation on nine physical qubits.
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6.1 The Shor Code

An [[m?,1,m]] Shor code uses m x m physical qubits to encode a single logical qubit with
distance m, i.e. any two orthogonal logical states differ by at least m bit- or phase-flips.
It is constructed from the concatenation of an m-bit repetition code that corrects X errors
with an m-bit repetition code that corrects Z errors [148]. Since all Pauli errors can be
described as combinations of Z and X errors, measuring the stabilizers returns one of the
potential syndromes, which give the location and type of the physical errors. These can
then be remedied by applying suitable X and/or Z correction operations. For the [[9, 1, 3]|
Shor code only a single physical error can be diagnosed unambiguously, since it has distance
3.

State preparation starts by fault-tolerantly creating a logical basis state, followed by
fault-tolerant logical gates to generate a desired logical state [¢),. For an [[m?, 1, m]] Shor

code, the logical basis is given by |+), = |GHZ?;L> Q |GHZ?;L> R...® ]GHan) = |GHZ$)®m,

-~

where [GHZ;,) = =(100...0) £ [11...1)) = = (0)*" +[1)®™) and [¢)*™ denotes m qubits,

e

it
3

each of which is preparecTin statemw). Since the |4), are product states of |GHZZ), we
can prepare and measure many copies of a single \GHZ?;) and randomly sample from
these copies to artificially construct results corresponding to an m x m logical state. For
example, with m = 3, the logical states are |[+), = ﬁ(\OOO) +[111))%* = @, 2.5 IGHZZ),
and |—), = ﬁ(\oom — [111))®% = @,_1 55 |GHZ3),. The circuit for encoding the [+)
separates into three independent sub-circuits for creating three 3-qubit GHZ states, see

Fig. 6.1. This is also the case for state preparation of the Bacon-Shor subsystem code [26].

This up-sampling allows us to study an m xm-qubit Shor code with only m qubits. However,
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some physical errors that come with larger system sizes such as cross-talk and others [28§]
are underestimated.

For a [[9, 1, 3]] Shor code, there are eight stabilizers, six Z stabilizers, which detect X
errors, and two X stabilizers, which detect Z errors [157]. Therefore the code is better at
detecting X errors than Z errors. To detect a single bit-flip within any GHZ sub-group, we
measure the Z stabilizers Z;Z;, for the physical qubit index j = 1,2,4,5,6,7. To detect a
single phase-flip error, we measure the X stabilizers X; X5 X3X,X5X¢ and X, X5 X5 X7 XgXy.
These error detection measurements can be done in a non-destructive way by projecting the
parity onto an ancilla qubit and measuring it without disturbing the code qubits [158]. In
our experiment we directly perform the projective measurement on the physical qubits and
perform the error detection or correction procedure in post-processing. While not realizing
a full error correction scheme, we still observe how logical errors scale with the number of

physical qubits and gates used for state preparation.

6.2 Scaling of the Shor Code

We use the circuit in Fig. 6.2 to create |GHZE) states using our native gate set. The
results of measuring in the Z-basis for m = 3 are shown in Fig. 6.3 (a). To measure in the
X-basis, we apply H®™ before detection which creates an equal superposition of all even-
and odd-parity computational states for [GHZ ) and |GHZ_,), respectively, i.e. (X®™) =1
and —1. The results for m = 3 are shown in Fig. 6.3 (b). The probability of measuring
the |GHZE) in the Z or X basis, shown in Fig. 6.4 (a), is given by summing the relevant

measured state populations, F, = Py o+ Pi1..1 and ]—'th =>, even P;, respectively.
(o]
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Figure 6.1: Circuits for fault-tolerant preparation of logical states (a) |+); and (b) |—), of
the [[m?, 1, m]] Shor code for m = 3. The circuit separates into m groups, each preparing

a |GHZE) state.
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Figure 6.2: The circuit to prepare a \GHZ;E) on a trapped-ion quantum computer, with

¢ =0 for |GHZ)) and ¢ = 7 for |GHZ,,).
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Figure 6.3: Measurement of |[GHZ3) in the (a) Z basis and (b) X basis. In the Z basis,
GHZ;)t have the same measurement outcomes. The dashed line gives the ideal target pop-

ulation of 0.25.

We sample a group of m experimental shots from |GHZ$) to construct an artificial
shot corresponding to the measurement of an m x m logical state |£),, which we read out
by majority voting. For even m, ties are assigned randomly. Repeating this N/m times,
where N is the total number of experimental repetitions, we arrive at the fidelities FLi for
m = 3,4,5,6,7 shown in Fig. 6.4 (b) and Table 6.1.

For large N, the up-sampled logical fidelities are given by

m m .
= Y (P)Era- s (6.1)
k=(m+1)/2
for odd m, and
m m m— 1 m m m
D S U [N R s L (A [C R R )
k=(m+2)/2
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for even m, due to the random assignment of ties.
Assuming depolarizing errors dominate, the physical qubit fidelity is roughly f =

F£/m [155] and therefore the logical fidelity is

RS (Zj) (mf)F (L —mf)"*. (6.3)

k=[m/2]

Fig. 6.5 plots the dependence of the logical error rate, which is 1 — ]:Li, on the physical
error rate, which is 1 — f, for different code sizes m = 3,5,7,9 as in Eq. (6.3). There is a
cross-over point in the physical error rate where deeper encoding compensates for the larger
number of gate errors that can arise when preparing larger GHZ states. The experimental
results presented in Table 6.1 and Fig. 6.4 follow the estimated fidelity given by Eqs. (6.1)
and (6.2).

Although the fidelity to prepare five-qubit GHZ states is lower than that of the three-
qubit GHZ states, the up-sampled logical states for the [[25, 1, 5]] code has a higher fidelity
than that for the up-sampled [[9, 1, 3]] code after majority voting. This hints at the onset of
fault-tolerance, since it demonstrates that deeper encoding can compensate for the increase
in physical errors caused by employing more qubits and gates, leading to a lower logical
error than a shallower code. This increase is not replicated when going to [[49, 1, 7]], which
shows that the state preparation errors have increased substantially as seen in the drop in

the fidelity of GHZ7 (Fig. 6.4). The random assignment of ties leads to a lower probability

for m = 4,6 in Fig. 6.4 (b).
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Figure 6.4: (a) |GHZZ) fidelity measured on m trapped-ion qubits. (b) Up-sampled logical
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randomly, hence the drop in state fidelity after majority voting. The dashed yellow (blue)
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fidelity from m = 3 to m = 5 shows how deeper encoding can offer increased protection

against physical errors. This advantage does not carry over to m = 7 due to increase in
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Table 6.1:  Fidelity of state preparation and measurement for |GHZZ) (Measure) and
logical states of [[m?, 1, m]] Shor codes constructed by up-sampling with majority voting
(Majority vote). Data are taken with N = 20000 shots. The uncertainty is given by the

standard deviation of the binomial distribution /F(1 — F)/N.

7, Meas. X Meas. Majority vote
m  Prep.
F. Fr F, Fi Fr

+ 0.965(1) 0.035(1) 0.9963(4) 0.0037(1)
3 0.951(1)

— 0.033(1) 0.967(1) 0.0032(1) 0.9968(4)

+ 0.947(2) 0.053(1) 0.9919(6) 0.0081(1)
4 0.917(2)

— 0.051(1) 0.949(2) 0.0076(1) 0.9924(6)

+ 0.936(2) 0.064(1) 0.9976(3) 0.0024(1)
) 0.882(2)

— 0.072(1) 0.928(2) 0.0033(1) 0.9967(4)

+ 0.917(2) 0.083(1) 0.9949(5) 0.0051(1)
6 0.806(2)

— 0.086(1) 0.914(2) 0.0056(1) 0.9944(5)

+ 0.869(2) 0.131(1) 0.9925(6) 0.0075(1)
7 0.723(2)

— 0.132(1) 0.868(2) 0.0076(1) 0.9924(6)

The additional errors in the logical state preparation and measurement (SPAM) pro-
cess mainly come from an increase in single- and two-qubit gate errors for longer ion chains,
and read-out errors because of cross-talk between photo-multiplier tube channels, i.e. phys-
ical SPAM errors. Physical readout cross-talk accounts for 1 — 5% infidelity in the Z

-measurements, depending on m. The rest is from two-qubit gates, which corresponds to

109



Table 6.2: Fidelity of logical states of [[m?, 1, m]] after discarding non-unanimous results

(Error detect) and the success probability (Yield). Data are taken with N = 20000 shots.

Error detect

m  Prepare Yield
+ _
+ 0.99995(1) 0.00005(1) 0.898(4)
’ — 0.00003(1) 0.99997(1) 0.905(4)
+ 0.99999(1) 0.00001(1) 0.804(6)
' — 0.000009(1) 0.999991(1) 0.810(6)
+ 0.999998(1) 0.000002(1) 0.717(3)
’ — 0.000003(1) 0.999997(1) 0.690(4)
+ 0.9999996(2) 0.0000004(1) 0.594(5)
" — 0.0000010(1) 0.9999990(1) 0.581(5)
+ 0.999997(1) 0.000003(1) 0.373(6)
’ - 0.000002(1) 0.999998(1) 0.371(6)

an average of 0.9% error per gate for m = 3, 1.3% for m = 4, 1.6% for m = 5, 1.7% for

m =6 and 2.2% for m = 7. These errors come from the increased beam mismatch.
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Figure 6.5: Scaling of the [[m?,1,m]] Shor code given by a depolarizing error model,

Eq. (6.3).

The fidelity for both single- and two-qubit gates is mainly limited by beam mis-
alignment, beam-pointing instabilities, imperfect Stark-shift compensation and axial mi-
cromotion for all but the center ion. In our setup, we do not have the ability to apply
a quartic axial potential in order to space the ions equally. As a result, the alignment of
the equally-spaced individual addressing beams worsens for larger numbers of ions in the
trap. We mitigate this effect to some degree by using up to two additional ions at the each
end of the chain. For five qubits, we trap seven ions; for seven qubits, we trap nine ions;
for nine qubits, we trap thirteen ions. Trap imperfections also cause an unwanted axial
radio-frequency (RF) field component that leads to axial micromotion. Therefore, in our
setup, the single-qubit and two-qubit gate fidelities tend to decrease with the number of
ions. The average fidelity for single-qubit gates (except R,) in our experiment is 99.0(5)%
after correcting for state-preparation-and-measurement (SPAM) error. Typical fidelities

for two-qubit gates are 99% for a five-qubit system, 98.5% for a seven-qubit system and
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98% for a nine-qubit system.

The Shor code can also be used as an error detection code, where non-unanimous
votes are discarded rather than corrected, which leads to a finite yield. The fidelity and
yield of the logical states after this procedure are presented in Table 6.2. The fidelities are
higher than for the correction scheme since all m qubits have to flip for a logical error to
occur. For large N, the yield can be estimated by (FX)™ + (1 — F£)™. The optimal code
size has increased to 6, which is a valid size since ties don’t play a role in the detection
code.

Using Eq. (6.1) we can estimate the minimal |GHZ:) fidelities needed in order for the
up-sampled m x m-qubit logical state to have the same fidelity as that of the 3 x 3-qubit
logical state. For m = 5, it is 0.93; for m = 7 qubits, it is 0.895, which translates to an

average infidelity of 1.7% per two-qubit gate.

6.3 Experimental Encoding of a Logical Qubit with 13 Ions

We also perform the full [[9,1,3]] encoding with nine qubits in a 13-ion chain. In this
experiment we directly generate and read out logical states |+); of the [[9, 1, 3]] Shor code.
We also characterize the individual |[GHZZ) states with measurements in the X-basis. The
results are presented in Table 6.3 and Fig. 6.6.

The fidelity of the logical states |£); is at the level of the physical state |—) and
hence falls short of the average performance of the physical qubit |+). Using Eq. (6.1),
we estimate that the fidelity of each |GHZS) state must be increased to 0.968 in order

to achieve the same logical fidelity as our physical qubit |+). It is worth noting that the
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fidelities of the |GHZZ) triplet on nine qubits are very similar to each other. This indicates

a high level of uniformity among the qubits and gates.

9 qubits 3 qubits
1.00 1 100f )
0.98+ B [+) 1 0.98¢
£ (W)
2 0.96} 1 0.96
kS
B 0.94} 1 0.94}
A
0.92+ 1 0.92}
0.90 0.90
|GHZ3) Logical |GHZ3) Up-sampled

Figure 6.6: A full [[9,1,3]] Shor code logical state measurement with nine trapped-ion
qubits (Left). We also show the average fidelity of the |GHZ3) states. For comparison, we
show again the up-sampled results with three qubits from Fig. 6.4 (Right). The dashed
yellow (blue) line is the state preparation and measurement fidelity for state |+) (|—)) of

the physical qubit.

Notice that the fidelities of both the |GHZZ) states and logical |+), states are lower
than their corresponding counterparts in the up-sampled experiment with three qubits in
a chain of seven ions (see Fig. 6.4). The additional errors reduce the fidelity compared to

the up-sampled version by about 1%.
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Table 6.3: Fidelity of state preparation and measurement for three sets of |[GHZZ) labeled

as 1,2,3 and the logical state |£); of [[9,1,3]]] code on a thirteen-ion chain.

Prepare Measure
_'_ —

+ 0.988(1) 0.012(1)
Logical

— 0.015(1) 0.985(1)

+ 0.942(1) 0.058(1)
(GHZ5),

— 0.050(1) 0.950(1)

+ 0.942(1) 0.058(1)
GHZ),

— 0.079(1) 0.921(1)

+ 0.942(1) 0.058(1)
GHZ),

- 0.068(1) 0.932(1)

6.4 Discussion

Our preparation and sampling of |[GHZE) states to synthetically construct m x m logical
Shor code states shows experimentally that deeper encoding can compensate for additional
physical errors from logical state preparation. For our specific setup, the \GHZ?) state
projects the best logical fidelities. The increase in physical errors with larger m we observe
is due to hardware limitations, most of which can be solved by better engineering. For exam-
ple, detection cross-talk can be eliminated by independent photon-detectors [26, 159, 160].

The beam-ion alignment can be improved by traps with more control electrodes, such
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as micro-fabricated surface traps [161] or blade traps with more segments [162]. Alterna-
tively, near-perfect ion addressing can be achieved with integrated optics [163,164] or beam
steering using a micro-electro-mechanical system of mirrors [165]. Axial RF stray fields,
and hence axial micromotion is also greatly reduced in precision-fabricated surface or 3D
traps [166, 167].

The comparison of the emulated 9-qubit Shor state to a direct preparation of the 9-
qubit Shor code states shows a 2% decrease in the fidelity of individual |GHZE) states and
a 1% decrease in the SPAM logical fidelity. This result points toward future work where
parts of quantum error corrected codes can be used as benchmarks for system scalability
and uniformity. Recent work has emphasized that physical errors are not uniform over
the Pauli operators [151,168-170]. Although the m x m Shor code has no threshold for
one type of Pauli error, it matches the classical threshold for the other Pauli error. This
makes the Shor code an exciting choice for quantum memories with asymmetric errors.
Further work on asymmetric Shor codes and how they interact with bias-preserving gates

is warranted [171].
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Chapter 7: Digital Simulation of the Schwinger

Model

An exciting prospect for quantum computers is the simulation of complex physical sys-
tems [5,172]. Digital quantum computers can simulate a wide range of physical Hamiltoni-
ans since one can often find efficient circuit decompositions to approximate their dynamics.
However, the number of qubits and the achievable circuit depth in experiments are limited.
In particular, it is challenging to simulate larger systems for longer time while maintaining
the fidelity of the simulations. To address this challenge, there has been substantial the-
oretical research on finding optimal simulation algorithms with improved theoretical error
bounds [173-180] and better empirical performance [181,182], as well as efficient circuit
decomposition with resource analysis for a range of problems [138,182-197]. Furthermore,
symmetry-protection schemes have emerged to suppress algorithmic and experimental er-
rors [198-205], along with noise-mitigation schemes for extrapolating to the noiseless limit
of observables [206-214]. As a result, it is of great interest to study how well these recent
algorithmic advances, which mostly concern asymptotic regimes with a large number of
qubits and long evolution times, apply in a current experiment. The data presented in this

chapter is also published in [68].
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7.1 The Lattice Schwinger Model

The physical system we consider is a low-dimensional lattice gauge theory. Gauge field the-
ories are the underlying formalism describing interactions among elementary particles in
the Standard Model, and are prime candidates for modeling physics beyond the Standard
Model. They further provide a powerful theoretical framework for describing low-energy
excitations in condensed-matter systems. There has been tremendous progress in applying
non-perturbative methods to solve lattice gauge theories in various systems and coupling
regimes [215-220]. However, evaluating the real-time dynamics of gauge field theories re-
mains challenging in the strong-coupling regime, where a notorious sign problem halts
Monte-Carlo-based classical simulations [221]. Both fermionic and bosonic degrees of free-
dom in gauge theories, when defined on a discretized spacetime, can be mapped to spins
and, in principle, efficiently simulated using quantum simulators. A simple Abelian low-
dimensional gauge theory is quantum electrodynamics in 1+1 dimensions, or the Schwinger
model [222]. It exhibits non-trivial dynamics similar to those seen in quantum chromody-
namics in 3+1 dimensions, i.e., the theory of the strong force in nature, including particle-
antiparticle pair creation, chiral symmetry breaking, confinement, and a non-trivial 6-
vacuum [223,224]. The Hamiltonian formulation of the lattice Schwinger model, i.e., the
Schwinger model defined in a discretized space and with continuous time, has served as a
testbed for numerous computational techniques in recent years, including quantum simula-
tion and computation. In particular, there have been several theoretical proposals for analog
quantum simulation [225-231] and gate-based quantum algorithms [191,193,232-239] of the

Schwinger model, along with experimental implementations on various quantum platforms
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such as trapped ions [56,67], Rydberg atoms [229, 240], ultracold atoms [241,242], and
superconducting qubits [233,243].

Inspired by the first digital simulation of the Schwinger model in Ref. [67], we revisit
the simulation to answer the following questions: i) Are larger and longer simulations of
lattice gauge theories viable on present hardware? ii) Given recent progress in quantifying
the theoretical and empirical bounds on simulation algorithms, what are the resource re-
quirements of simulating the lattice Schwinger model in the purely fermionic formulation
with long-range interactions versus the fermion-boson formulation with only local inter-
actions? 1iii) What are the theoretical considerations in decomposing the time evolution
operator using product formulas, e.g., how does the Trotter error depend on the ordering
of terms in each Trotter step of the evolution, what order of the product formula should
one use, and how small should the Trotter steps be, considering the anticipated size of the
experimental error? iv) Can recent cost-efficient symmetry protection protocols provide
insights into the nature of experimental errors?

To address these questions, we realize experimentally the time dynamics of the lattice
Schwinger model in its staggered formulation [244], and within its purely fermionic repre-
sentation, for two-, four-, and six-site theories. Along with the experimental demonstration,
different term orderings and product formulas are studied, and the gate complexity of the
algorithm used here is compared with another algorithm in the local formulation of the
same theory [191]. The symmetry protection of Ref. [198] is implemented for the first time
in experiment, in addition to a simple symmetry-inspired post-selection.

In the staggered formulation of the lattice Schwinger model introduced by Kogut

and Susskind [244], the two-component matter field at one spatial site is split into two
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Figure 7.1: (a) Illustration of the staggered formulation of the Schwinger model on a one-
dimensional lattice where the fermions (electrons) are at the odd sites, the anti-fermions
(positrons) are at the even sites and the vector bosons (electric fields) are the links between
sites. (b) The lattice Schwinger model after the fermions and anti-fermions are mapped to
spins. The bosons are not shown since they can be rewritten in terms of the long-range

interaction between fermions and anti-fermions using Gauss’s laws.

one-component fields, @, each occupying one site of the staggered lattice. This staggering
corresponds to placing electrons at odd sites and positrons at even sites. The electric field,
E, and the corresponding gauge-link variable, U, are defined on the link connecting the

two adjacent staggered sites. The Hamiltonian in natural units is:

=

-1

=

2 -1
(QMLLUnQ/}n-‘rI - HC) + % + %

1 n=1 n=1

D", (7.0)

Mz

. 1
Hys = 2—

where N is the number of staggered sites, m is the mass of the fermions, a denotes the
lattice spacing, and g is the coupling constant. The first term in the Hamiltonian involves
gauge-boson-assisted fermionic hopping between nearest-neighbor sites. The second term
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is the energy stored in the electric field. The last term represents the rest mass of the
fermions in the staggered formulation. The theory exhibits a local gauge symmetry, which

leads to a Gauss’s law constraint on the allowed physical states |¢) This constraint

phys*
enforces the net electric field at each site to be balanced by the electric charge present at

the site, i.e., Gy |@) . =0 with G,, = E, — E,_y — Ul th, + 2[1 = (=1)"] for all n.

phys

The matter-field operators in Eq. (7.1) can be mapped to spin operators by the
Jordan-Wigner transformation: 1, = I1,-,.(i67)5, and i = I1,.,.(—i67)o;;, with 67 =
1(62 +i6Y). With open boundary conditions (OBCs), the gauge links and the electric fields
can be eliminated upon a gauge transformation and the application of Gauss’s law [245].

Without loss of generality, the electric field coming into the lattice is set to zero, and the

resulting spin Hamiltonian reads!

i

A

H

N-1[ = 2 N 5541
0 (055 + GUGY) + [ (7 4+ (U™ x L) |+ (1P
n=1

1 n=1 [ m=1

e

n

= H® + H** + H? + const. (7.2)

Here, the original Hamiltonian is rescaled by é, ie., H= aigz,]:IKS, so that H in Eq. (7.2)
is dimensionless with parameters z = 92% and p = 2%. H* denotes the term proportional
to the coupling =, H? consists of (nearly) all-to-all spin-spin interactions proportional to
6267, and H? is the sum of the terms proportional to G2. The constant terms are ignored in
the following as they do not affect the evolution. By convention, 6% |0) = |0),6% |1) = —|1),

and the presence of a particle (antiparticle) is encoded as |1) (]0)) at an odd (even) site.

Therefore, for an N-site system, the bare-vacuum state, i.e., the ground state of the theory

in the x = 0 limit, is 1) = (]01))®N/2.

114 is the 2 x 2 identity matrix.
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The goal is to study the real-time dynamics of bare-vacuum fluctuations and particle-
antiparticle pair creation. Omne can therefore perform a quench experiment where the
simulation is initiated in the bare-vacuum state, |¢(0)) = |1)y), which is then evolved
via the Hamiltonian in Eq. (7.2) with 2 # 0. The survival probability of the bare-vacuum

state is

Pocl®) = |60 = () fo(o)] | (7.3)

and the particle-number density is v(t) = + SOV vn(t) with

(=1)"67 + 1

() = (0]

[4(2))- (7.4)

In the limit of N — oo, the two quantities are related to each other via v(t) = —+ log(Prac)

[222]. The local charge density is defined as

57+ (—1)" x 1
2

= (Y1) En — Enalth(t)), (7.6)

[ (2)) (7.5)

where the particle’s (antiparticle’s) charge is —1 (1). The local charge density is related
to the local particle-number density by @, (t) = (=1)"1,(f). As there is no interaction
in the Hamiltonian that changes the total net charge of the system, ) @, is conserved.
Therefore, the model has a global symmetry operator S, = >, 6%, which is consistent with

the symmetry of an XXZ Heisenberg spin Hamiltonian.

7.2 The Simulation Algorithm

To perform the unitary evolution U (t) = e~tH with H = Zszl hy, on a quantum computer,
with non-commuting Hamiltonian terms ﬁk, the evolution can be broken into r smaller
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time steps of size dt = t/r. For each time step, the unitary U (0t) is approximated by a
product formula, which can then be implemented in terms of the available native gates.

For the first-order product formula,

Si(at) = [ e, (7.7)

while for the second-order product formula,

K 1 )
= He’i%hk H o, (7.8)
k=1 k=K
where the second product is realized in reversed order. Higher-order formulas Sp(ét) can
also be constructed recursively for even integers p [246].

While it is generally difficult to obtain an exact estimate for the Trotter error in the
pth-order product formula, progress in recent years has resulted in tighter error bounds for
them. For example, a nearly optimal bound is derived in Ref. [173], expressed in terms
of the nested commutators between different ﬁk terms. For the error of the second-order

formula:

3 K—

|[tct) - Sao) H < Z

K
[ﬁkl ) [}Al’ﬂ ) Z ;Alkz

ko=ki1+1
6t 3 K-1 K . )
XN 3 | 3 e[|
ki=1 ks=ki1+1 ko=ki1+1

(7.9)

The norms of non-vanishing nested commutators can be further upper-bounded using the
triangle inequality [|[A, B]|| < 2||A]|l||B||, resulting in closed-form, albeit looser, error
bounds. Based on this approach, an upper bound for the pth-order formulas in simulating

a two-body Hamiltonian can be obtained,
Ha(m ~8,(6t) H < kY NP(SE)P L, (7.10)
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where x, = (4 x 57/271)P+1 is a constant, ) is the maximum strength of the sum of the
interactions that involve any particular site, and v = ZkK:_ll ||ka|| Since v only involves the
first K — 1 terms of the Hamiltonian, labeling the index &k such that hy is the term with
the largest norm typically results in the smallest error bound.

Given a small dt, a higher-order formula results in a smaller simulation error. How-
ever, since the gate count of Sp(dt) scales as O (5p/ 2), increasing p increases the gate
complexity of the simulation exponentially. The optimal choice for p is a balance between
the gate depth, the evolution time ¢, and the error tolerance of the simulation. Since the
experimental error can dominate the Trotter error at long evolution times, the first-order
product formula, which minimizes the gate count per Trotter step, turns out to be a more

suitable choice for the experiment in this work.

7.2.1 Term Ordering

Generally, the Hamiltonian terms in Eq. (7.2) do not commute. Therefore, one needs to
find the optimal ordering in the application of the product formula to minimize the Trotter
error. There are two typical orderings of the terms in a nearest-neighbor Heisenberg spin
model. The odd-even ordering is defined as having the odd-leading two-spin terms, e.g.,
05105, with 7 = XY, Z and 1 < k € Z, applied first, then applying the even-leading two-
spin terms, e.g., 63,07, , followed by the single-body terms (if any). In the XYZ ordering,
the terms involving 6% are applied first, followed by the terms involving ¥, and finally
those involving ¢7%. It is known that the odd-even ordering introduces less Trotter error

than the XYZ ordering [181]. Here, we investigate whether the odd-even ordering is also
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a better choice for simulating the Schwinger model, which includes both nearest-neighbor
and (nearly) all-to-all spin-spin interactions.

Since H” in the Hamiltonian in Eq. (7.2) includes only nearest-neighbor interactions,
one way to define an odd-even-ordered product formula is to apply the odd-even ordering
to terms in H® only. Defining f],‘fm to be the term in H?® acting on sites n and m, and,

similarly, H;Zm to be the term in H* acting on sites n and m, this ordering can be written

as:
(N/2)—1 N/2
Si)el((st) _ e—iétH —ist H H _Z(StHQk,2k+1 HQ_Z&H%*L%. (711)

Alternatively, the odd-even ordering can be applied to both H” and the nearest-neighbor

terms in H*, followed by the application of the non-nearest neighbor terms in H as well

as H?,
N—-1n-2
Soe2(5t —z&tHz H H —ist HZZ,
n=1 m=1
(N/2)—-1
X H eiiatHglj,ZkJrleiiétHéckaJrl
k=1
N/2
X He_i‘StH51§71,2ke_i6tH§k71,2k_ (7‘12)
k=1

The two odd-even-ordered evolution operators are related by a rotation around the

Z-axis:

N/2 A N/2 R
Si)el — (H e_i(StHQzlj—l,Qk) 3?62 ( H eiétHQZZ—l,Qk> ) (713>
k=1 k=1

As a result, if the state is initialized and measured in the Z-basis, one arrives at the same
measurement outcome using either scheme. Therefore, in the following we will only consider
Sfel because it requires implementing fewer single-qubit gates.
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Figure 7.2: Numerical simulation of the projection on the bare-vacuum state Py, (upper
panel) and the population of symmetry-forbidden states Py (lower panel) when the system
is initialized in the bare-vacuum state for N = 6, p = 0.1 and =z = 0.6. Different term
orderings for the Trotterized evolution are considered: the odd-even ordering defined in
Eq. (7.11) (blue dots) and the XYZ ordering defined in Eq. (7.14) (red diamonds). The
blue line denotes the exact evolution. The odd-even ordering (oel) has smaller Trotter
errors than the XYZ ordering. More importantly, oel ordering preserves the symmetry of

the Hamiltonian while XYZ does not (lower panel).

The symmetry operator S, commutes with oror.  + 646k, = 6,0, + H.c., which
is not broken up by the odd-even ordering scheme. Therefore, this ordering does not result

in any leakage to the symmetry-forbidden subspace. This is unlike the XYZ ordering that
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implements

N—-1 N—-1

A _ 2 A (722 s r(yy) . Fr(zx)

SlXYZ((St) —e 0t H e 0t H % | | e zétHk’k_’_l | | e uitHk’k_’_1 7 (714)
k=1 k=1

where H ,gmlﬁl and H ,gyky}rl are the terms in the Hamiltonian in Eq. (7.2) proportional to
oiop,, and 60}, ,, respectively. The size of the leakage to the symmetry-forbidden sub-

space for both schemes are verified numerically in Fig. 7.2.

7.2.2 Gate Complexity

There are different approaches to digitally simulating the Schwinger model. Ref. [191]
truncates the gauge-boson degrees of freedom in the electric-field basis, |E| < A. The
electric-field Hilbert space at each link is then encoded using log,(2A + 1) qubits. With
OBCs and a zero incoming electric-field flux, the exact theory is recovered for A = N/2.
To simulate the model with N sites for time ¢, this approach requires O(N + N log, N)
qubits and, up to logarithmic corrections, O (N*/2¢*/2) two-qubit gates, using the second-
order Suzuki-Trotter formula. In contrast, our approach integrates out the gauge bosons,
leaving only the fermionic degree of freedom associated with the matter fields [67,245].
Therefore, it requires O(N log, N) fewer qubits to simulate the same model. However, in
this approach, one trades the local gauge-matter interactions for long-range matter-matter
interactions that correspond to a Coulomb force. Here, we investigate whether this purely
fermionic model increases the gate complexity of the simulation compared with the local
formulation involving both fermions and bosons.

Given a fixed error tolerance, one can use Eq. (7.10) to estimate the required number

of Trotter steps in the purely fermionic formulation for simulation time ¢, system size N,
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and at fixed z and u:
O (M /P F1/p) — O (N /pglt1/e) (7.15)

Here, A = O (N?), which is determined by the interactions in H*, and v = O (N),
which results from summing over only the interactions in H72 Since each Trotter step
requires O (N?) two-qubit gates, the gate complexity of the pth-order product formula
is O (N*H/Pt1+1/P) . For the second-order product formula (p = 2), the gate complexity
reduces to N/2t3/2 which is a factor of N2 larger than the scaling of Ref. [191].

The bound on the Trotter error derived above is an upper bound and the required
gate count may be much smaller in practice. In Fig. 7.3, we plot the empirical value
of the number of two-qubit gates required for simulating the time-evolution operator in
the purely fermionic formulation using the second-order formula for time ¢ = N. The
empirical gate count is obtained through a binary search for the minimum number of Trotter
steps such that the difference between the Trotterized and the exact evolution is at most
e = 0.01. This value is compared to two bounds: the commutator bound obtained from
Eq. (7.10), following the discussion above, and the exact commutator bound derived from
computing the norms of the nested commutators in Eq. (7.9) exactly. The gate complexity
O (N%2) from the commutator bound agrees with our earlier estimate of O (N®) for this
formulation of the model. However, Fig. 7.3 shows that this bound, obtained by applying
the triangle inequality on the norms of the nested commutators, is rather loose. Instead, by

computing Eq. (7.9) exactly, hence invoking cancellations between the commutators, the

2We group the interactions in H#* and H? into the Kth term in the estimation of the Trotter error in
Eq. (7.10). Since the terms in H** and H* commute, further Trotterizing the evolution under H** and

H? into one- and two-qubit gates introduces no additional Trotter error.
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Figure 7.3: The number of two-qubit gates required to simulate the time evolution under
the Hamiltonian in Eq. (7.2) on an N-site lattice for time £ = N given an error tolerance
e = 0.01, and using the second-order product formula in Eq. (7.8). The commutator bound
on the gate complexity (green dots) is estimated from the error bound in Eq. (7.10). We
also obtain a tighter estimate (orange dots) by exactly computing the nested commutators
in Eq. (7.9). Finally, the empirical gate count (blue dots) is obtained through a binary
search for the minimum number of time steps ¢/t such that the total error is at most e.

The straight lines are linear fits that result in the polynomial scaling given in the figure.

gate complexity reduces to O (N*°), very close to the empirical scaling of O (N*?). Notably,
the empirical scaling is nearly the same as the scaling of Ref. [191] for the fermion-boson
formulation. However, we note that one may also be able to obtain tighter error bounds

on the algorithm of Ref. [191] empirically.
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7.2.3 Symmetry Protection

Digitizing a quantum evolution may introduce errors that populate states forbidden by the
symmetry of the target system. Ref. [198] proposes a method to reduce this leakage when
using product formulas and applies it to the fermion-boson formulation of the Schwinger
model. In this section, we discuss whether the proposed method is effective at protecting
the symmetry of the purely fermionic formulation, and in reducing the Trotter error.

The Schwinger-model Hamiltonian in Eq. (7.2) is invariant under a global rotation
around the Z axis of the qubits, i.e., [f] , SZ] = 0. Hence, the expectation value of S, is
conserved if the evolution is exact. However, due to Trotterization errors, <5’Z) may deviate
from its initial value during the simulation. To mitigate this error, we can insert rotations

generated by the symmetry, i.e., C () = e_ms;? in between the Trotter steps [198]:

t/5t t/5t
ut) = [ th(st) — J[ CF(ow)thi () C (). (7.16)

By choosing suitable angles «y for different Trotter steps, the errors from each step that
do not commute with S, are rotated by different amounts and can interfere destructively.
This results in smaller leakage to the sector with the global charges that differ from the
initial state. Therefore, the method mitigates errors in symmetry-violating Trotterization
schemes, such as the XYZ ordering. Errors that commute with S, remain intact under
these rotations C (). As the result, this method has no effect on symmetry-preserving
Trotterization schemes, such as the odd-even ordering. Additionally, since the symmetry

operator S, is diagonal in the measurement basis for the observables considered here, one

can simply mitigate symmetry-violating errors by post-selecting on measurement outcomes
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that preserve <5’Z> We compare the two mitigation methods in the following.

For simplicity, the angles ay in Eq. (7.16) can be chosen such that o = kay, where for
each t, oy is determined by numerically minimizing the leakage to the symmetry-forbidden
subspace after ¢/dt steps, as detailed in Appendix B.

As a result, the optimal value of a;; depends on the number of Trotter steps and the
simulation time. The top panel in Fig. 7.4 plots the leakage to the symmetry-forbidden
sector for the odd-even ordering, the XYZ ordering before and after post-selection, as well
as the XYZ ordering with symmetry protection but without post-selection. As expected,
the odd-even ordering results in no population in the symmetry-forbidden states, and the
leakage seen in the XYZ ordering trivially goes to zero after post-selection. Importantly,

the symmetry-protected XYZ ordering leads to a strong suppression of the leakage.
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Figure 7.4: The leakage to the symmetry-forbidden sector, Psy, defined as the population
in the states with a non-vanishing total charge given a bare-vacuum initial state (upper
panel), as well as the error in the bare-vacuum population (lower panel) are shown for the
odd-even ordering (blue dots), the XYZ ordering before (red diamonds) and after (green
squares) post-selection, as well as the XY7Z ordering with symmetry protection but without
post-selection (yellow stars). The parameters used for the plot are p = 0.1, x = 0.6, N =4
and 0t = 1. The optimal angles for the symmetry-protected simulation are provided in

Appendix B.

However, this improvement in preserving the symmetry does not guarantee a smaller
Trotter error. Given two operators Egym and Esym, corresponding to the symmetry-preserving
and symmetry-violating errors in the simulation, respectively, it is generally not true that
|€ymll < |Esym + Esml|- In particular, depending on the observable of interest, the effect
of the two types of errors may interfere destructively. Therefore, eliminating &m may
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actually increase the error in the expectation value of the observable. For example, as
shown in the lower panel of Fig. 7.4, the symmetry protection sometimes increases the er-
ror in the population of the bare-vacuum state instead of decreasing it. Overall, symmetry
protection does not improve the accuracy of the XYZ-ordering scheme over the odd-even
ordering scheme. Notably, post-selection is more successful than the symmetry-protection
scheme at mitigating the Trotter error in P,,..

According to Ref. [198], the symmetry protection scheme mitigates time-correlated
experimental errors as well. Since the errors in our experiment are expected to be domi-
nated by uncorrelated noise, it is interesting to investigate how well the scheme performs in
the experimental implementation. To isolate the effects of symmetry protection on exper-
imental rather than Trotter errors, we implement the odd-even ordering, which preserves

the symmetry. The results are presented at the end of the next section.

7.3 Experimental Results

To simulate the evolution under the Hamiltonian in Eq. (7.2), the product formula needs
to be decomposed into the native gates in the experiment. Specifically, to implement the
Y;Y;(x) = e X% (Z,Z;(x) = e ™% gate, each qubit is rotated around the Z (Y) axis
before and after applying an X;X;(x) gate. For the odd-even ordering, i.e., S given in

iStH® e—i§tﬁzz

Eq. (7.11), the circuit can be broken down into three parts: e~ , , and e i0tH?

An example of the circuit for the Trotterized evolution with N = 6 is shown in Fig. 7.5. The

number of gates needed in each Trotter step for the different values of N in the experiment

are summarized in Table 7.1. While the number of single-qubit rotations can be further
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reduced in the circuits, such an optimization is not considered here since they have much

lower error rates than the two-qubit gates.

(t/dt) o,
0~ H——— T H s — e
) L HH H-HHHH 3 e e = I
o O - O—H =
1) AH HHHHHA—— H H [ia—— 4] i _=e_’aT"
0) {H HH HH A H H H 15 = T mige”
v — HH HE 0 B g

e—mﬁz e—i0tH?? e—i6tH?

Figure 7.5: Circuit for the Trotterized evolution according to the Hamiltonian in Eq. (7.2)

for N = 6 lattice sites, with odd-even ordering of the Trotter decomposition introduced

in Eq. (7.11). The interaction term e~tOtH” jg implemented with nearest-neighbor X; X,

and Y;Y;,, gates. The e ™ term is implemented with X;X; and R; rotations. The

e~®H* term involves only Z; rotations, with the angles ji = —(p + 3)0t, po = (u — 2)0t,
ps = —(pu+2)0t, pg = (u— 1)dt, ps = —(u + 1)dt, and pug = pot. Qubits are initialized in
the bare-vacuum state |010101), then evolved by repeating the circuit in the parentheses

t/dt times, and measured individually in the Z basis in the end.
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Figure 7.6: Experimental results for N = 2 and 6¢ = 0.5. (a) The upper plot shows
fluctuation in the bare-vacuum population, P,., while the lower plot shows particle-number
density, v, as a function of time, indicating the creation and annihilation of the particle-
antiparticle pairs. The dashed lines are a guide to the eye. (b) The upper plot shows the
local charge density (), as measured in the experiment after post-selection, while the lower

plot shows its deviation from theory as a function of time.
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Figure 7.7: Experimental results for N = 4 and 6t = 0.5. (a) The upper plot shows
fluctuation in the bare-vacuum population, Py..(t), while the lower plot shows particle-
number density, v(t). (b) The upper plot shows the local charge density @, (t) as measured

in the experiment after post-selection, while the lower plot shows its deviation from theory.
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Figure 7.8: Experimental results for N = 4 and §t = 1. (a) The upper plot shows fluctu-
ation in the bare-vacuum population, Py.(t), while the lower plot shows particle-number
density, v(t). (b) The upper plot shows the local charge density @, (¢) as measured in the
experiment after post-selection, while the lower plot shows its deviation from theory.
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Figure 7.9: Experimental results for N = 6 and dt = 1. (a) The upper plot shows fluctu-
ation in the bare-vacuum population, Py,.(t), while the lower plot shows particle-number
density, v(t).

(b) The left plot shows the local charge density @, (t) as measured in the

experiment after post-selection, while the right plot shows its deviation from theory. At

t = 4, we reach the gate-depth limit of the hardware.
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The experiment starts by preparing the qubits in the vacuum state of the Hamilto-
nian in the limit of z = 0, |vac) = |¢)y), using R;(m,0) on alternate qubits. The model
parameters are set to = 0.1 and & = 0.6 to ensure non-trivial dynamics starting from the
bare vacuum. We measure all the qubits in the Z basis to get the state populations. The
state preparation and measurement errors are corrected by applying the inverse of an inde-
pendently measured state-transfer matrix. The observables of interest are then calculated

from the state populations using Eqgs. (7.3)-(7.5).

Table 7.1: Gate counts for simulating each Trotter step of the time evolution in the
Schwinger model with the odd-even term ordering in Eq. (7.11), along with the largest

number of Trotter steps t/dt implemented in the experiment for N = 2,4, 6 staggered sites.

2 2 0 6 39
4 9 8 16 10
6 20 12 26 4

Algorithmic and experimental errors can, in principle, produce measurement results
that break the global charge conservation of the system. This means that starting from
the bare-vacuum state, the probability amplitude for evolving to states with non-vanishing
total charge may not be negligible. Therefore, to improve the results, one can post-select
the measurements so that only outcomes in the relevant symmetry sector are kept. Since
the odd-even ordering implemented in the experiment does not violate the global charge

conservation, these errors result entirely from the experimental imperfections.
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Fig. 7.6(a) plots the bare-vacuum population Py, Eq. (7.3), and the particle-number
density v, Eq. (7.4), as a function of time for N = 2 and 6t = 0.5. For 6t = 0.5, the
theoretical Trotterized evolution (blue dots) has no significant deviation from the exact
evolution (blue line). The experimental results after post-selection agree well with the
theory even after 39 Trotter steps corresponding to t = 19.5. Post-selection is shown to
significantly mitigate the experimental errors for P,,., especially at long evolution times.
However, it does not appear as effective for the particle-number density or the survival
amplitude of other initial states in general, as plotted in Appendix C. Fig. 7.6(b) plots
the local charge density @,, Eq. (7.5), derived from post-selected measurement results
and their deviation from the theoretical expectation for the same set of parameters. The
local-charge profile is consistent with the global dynamics shown in Fig. 7.6(a) as the pair
creation coincides with the destruction of the bare vacuum.

Fig. 7.7 plots the same observables as a function of time for N = 4 and 6t = 0.5.
Compared with the N = 2 case, each Trotter step for N = 4 requires seven extra two-
qubit gates, see Table 7.1, and we only perform ten Trotter steps for this case. Since the
experimental error dominates the Trotter error after a few Trotter steps for ¢t = 0.5, the
Trotter step size is increased to 0t = 1 in Fig. 7.8, doubling the simulation time. Even
though the Trotter error is larger in Fig. 7.8 than in Fig. 7.7, the Trotterized evolution
still qualitatively follows the exact solution. In both cases, the experimental data after
post-selection agree reasonably well with the numerical simulation.

Next, we increase the number of staggered sites to N = 6, with the results displayed
in Fig. 7.9. Since each Trotter step now requires 20 two-qubit gates and 38 single-qubit
gates, only four Trotter steps could be run before decoherence dampens the evolution. Nev-
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ertheless, the qualitative behavior, including the first revival of the bare-vacuum amplitude,
can still be observed from the results.

Finally, we study the effect of active symmetry protection by inserting rotations
generated by the symmetry operator S., as discussed in Sec. 7.2. In the numerical study
of Sec. 7.2, a set of optimal angles was found to minimize the leakage to the symmetry-
forbidden subspace caused by algorithmic error. Since such an optimal set cannot be found
a priori, a straightforward strategy is to use a random angle at each Trotter step to average
out the leakage after many Trotter steps [198]. Since the effectiveness of the scheme depends
on the nature of the experimental error, it is interesting to see if symmetry protection can
improve our experimental implementation.

Figure 7.10 plots the result of an experiment using the odd-even term ordering. As
before, the initial state is the bare vacuum. The unitaries e_io‘kSZ, with random angles ay,
given in Appendix B, are inserted between Trotter steps k and k+ 1. While the population
in states forbidden by the symmetry, denoted as P in the upper panel, decreases with
symmetry protection, this reduction is not significant. Furthermore, while the deviation of
the bare-vacuum population from the Trotterized theory generally decreases, post-selecting
symmetry-preserving measurements appears more effective in mitigating the error in this
quantity than the symmetry protection as shown in the lower panel of the figure. This
indicates that the experiment is dominated by noise that is not correlated in time. Note that

by construction, the symmetry-protection scheme only mitigates time-correlated errors.
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Figure 7.10: Leakage to the symmetry-forbidden subspace (upper panel) and deviation of
the experimental results from theory for the bare-vacuum population (lower panel) when
different schemes to mitigate errors are applied: no mitigation (orange triangles), post-
selection (green squares), and symmetry protection (blue stars). Note that by definition,
the leakage to the symmetry-forbidden subspace is zero after post-selection. In both plots,
N = 4 and 0t = 1.0, the system is initiated in the bare-vacuum state, and is evolved via

the odd-even ordering scheme.

7.4 Discussion

We have digitally simulated the time evolution of the lattice Schwinger model with up to
six qubits using the purely fermionic formulation. For a four-qubit simulation, we observe
four oscillations of the particle density, and the simulated time is almost four times longer
than previously demonstrated using a Trotterized scheme [67,233]. Given the long circuit

depths required for dynamical gauge-theory simulations, gate fidelity, rather than qubit
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number, is the main limitation of our implementation. Efforts to overcome such a tech-
nical limitation are well underway [26]. To mitigate the time-correlated errors, we have
applied a symmetry-protection scheme [198] but found negligible effects in suppressing the
errors. This symmetry-protection investigation indicates that the dominant noise in exper-
iment is incoherent and uncorrelated. Incoherent errors can be mitigated by post-selection
of the experimental measurements using symmetry considerations. Better-motivated and
further-tailored schemes for mitigating incoherent errors are desired in future simulations.
Furthermore, it is found that the symmetry-violating and symmetry-preserving errors can
destructively contribute to given quantities, and removing only one of these errors can de-
crease the overall accuracy. It is therefore important to also develop and apply symmetry-
preserving error-suppression schemes in future experiments.

An avenue for improving the simulation quality is reducing the gate depth, e.g., by

_iStEHT . .
©OHH® - consisting of

performing gates in parallel instead of sequentially. In our model, e
only nearest-neighbor interactions, can be applied in a fixed circuit depth of 4 instead of
2N by performing all X5; X5; 11 terms, then all Xy; 1 X5, .5 terms, in parallel. The all-to-all
interactions in e~ can be reduced to depth of N instead of N? if gates X; X, ,, for
all 7 and fixed n, are performed in parallel. With trapped ions, parallel operations can be
done either in multi-zone architectures [30,32], or in linear chains with advanced control
schemes [43, 44].

Alternatively, the gate depth can be reduced by using M-body Mglmer-Sgrensen
gates MS(x, M) = e~ X il i 755 [126,127,129]. This approach was implemented
in Ref. [67] to reduce the number of MS operations in the simulation of the Schwinger

model from O(N?) to O(N). In general, a non-trivial optimization of both frequency and
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amplitude modulation of the beams may be required to implement an M-body gate with
desired rotation angles, as demonstrated in Ref. [228]. Furthermore, one should note that
since an M-body MS gate has roughly comparable fidelity as that of M 2-body MS (X;X;)
gates [247], the overall fidelity of the simulation would likely be similar for both schemes.

When the fermion-boson formulation of the lattice Schwinger model is concerned, a
trapped-ion-specific approach to reduce the gate count is to encode the gauge degrees of
freedom into the motion of the ions as explained in Ref. [237] and Chapter 8. Besides the
standard set of gates, the proposed hybrid digital-analog scheme involves both spin-phonon
and phonon-phonon gates. This approach leads to a reduction in both the number of qubits
and the number of entangling gates compared with a fully-digital algorithm involving the
gauge bosons [191].

To make implementations of more complex gauge theories possible, including non-
Abelian and higher-dimensional models, unifying physics insights, algorithm optimization,
hardware implementation, and post-processing is required, as demonstrated in this work. In
this context, it would be interesting to investigate whether more resource-efficient encodings
of such theories exist, if optimal Trotter decompositions and term ordering schemes can be
found, to what degree these preserve local gauge symmetries, whether information regarding
the initial state and the symmetries can be incorporated to further tighten the algorithmic
error bounds [239, 248-253], how to balance these errors with experimental errors, and
whether symmetry-protection schemes are advantageous in suppressing algorithmic and
experimental errors. While progress along these lines is already being made [192, 193,
196, 199, 201, 205, 236, 254-262], further technological advances in quantum hardware are
essential to enable advanced gauge-theory simulations in the upcoming years.

143



Chapter 8: Hybrid Analog-Digital Quantum

Simulation of the Yukawa Model

Encoding the bosonic dofs into qubits is expensive since a boson has an infinite number
of levels while a qubit only has two. Given a cutoff A, where the maximum excitation
number is A, [log,(A 4 1)] qubits are required to encode a boson. Therefore encoding
bosons using qubits is costlier than directly mapping them to the intrinsic bosons of the
experimental system. However, only a few experimental hardware for quantum computing
and simulation have an accessible intrinsic bosonic dofs with controllable coupling between
the bosons and the qubits. These intrinsic bosonic dofs are either photons generated from a
cavity (a microwave cavity /resonator in the case of superconducting qubits [263], an optical
cavity in the case of atoms [264]) or phonons originated from the quantized vibration of
particles in a shared confining potential [79,265,266]. In trapped-ion simulators, the native
bosons are phonons, i.e., quantized excitations of the ionic Coulomb crystal.

Over the past few years, there has been a significant improvement in the ability to
control and engineer spin-phonon and phonon-phonon couplings in trapped ions as well as
the ability to prepare and read out complex phonon states with high fidelities [267-270].

The bosonic dofs in trapped ion systems have been employed to perform quantum error-
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correction with bosonic codes [271-273], quantum simulation for chemistry [69,71,72] and
quantum field theories (QFTs) [274]. However, there has not been a demonstration of
utilizing the phonon dofs in trapped ions in a programmable and scalable way to perform
quantum simulation of QFTs, even though there have been many theoretical proposals
[237,275,276]. Specifically, the fermionic dofs are encoded in the spins or internal states of
the ions while the bosonic dofs are encoded in the phonons or external dofs of the ions. The
interactions between the spins are performed digitally (gate-based and universal) while the
spin-phonon and phonon-phonon interactions can be performed semi-digitally (gate-based
but the gates have not been proved to form a universal set). This method is named
hybrid simulation. Here, we present our experimental attempt of bridging this gap with
the simulation of the 141 D Yukawa model following the theoretical framework laid out in
Ref. [237].

In this chapter, we briefly describe the ideas for hybrid simulation proposed in
Ref. [237] with application to the Yukawa model, an effective field theory proposed by
Hideki Yukawa to describe the interaction between fermions (nucleons) through the ex-
change of a scalar boson (pion). We detail the steps that we took and what still needs to

be done to implement these ideas in the laboratory.

8.1 1D Lattice Yukawa Model

One of the simplest models in nuclear and high-energy physics (NHEP) that involves inter-
acting bosons and fermions is the Yukawa model [277,278]. The Yukawa model describes the

interaction between fermions and scalar (spin-0) bosons. An example of Yukawa interaction
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is the interaction between nucleons (protons and neutrons) by exchanging pions. This force
dominates the long-range component of the nuclear force arising from strong interactions
in nature. Since nucleons and pions come in different flavors or species, each species has a
different spin and isospin, the Yukawa interactions among them are complicated. Here, we
restrict ourselves to the study of interactions between a single species of nucleons and pions,
in particular the interactions between nucleons under the exchange of one pion (one-boson-
exchange model). Such a Yukawa coupling can lead to one-boson-exchange potential of the
form e™™" /r, where m is the mass of the scalar boson. In nature, pions also self interact.
Nonetheless, at low energies, their interactions contribute less significantly to the nuclear
potential and can be ignored. We further restrict ourselves to the Yukawa interaction at
low energies in 141 D. As this model has no boson-boson interaction, its implementation
in current experiment is easier compared with the Schwinger model [237].

In this section, we follow the derivations of the Hamiltonian and the transformation to
a basis more applicable to a trapped ion quantum computer for the 1+1 D Lattice Yukawa

model outlined in Ref. [237].

8.1.1 The Fermionic-Bosonic Basis

Since we are performing a quantum simulation, it is more straight forward to use the
Hamiltonian formulation rather than the Lagrangian formulation. We consider a 1+1 D
N-site lattice with lattice spacing b that has fermions at the odd sites, anti-fermions at the

even sites (in the staggered formulation of lattice fermions), and scalar bosons ¢; at every
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site. The Hamiltonian for the lattice Yukawa model has the three following terms:

N .
N (A 2 0 AW
AD =37 [ @l = Blady) + mo (17604 8.1)
j=1
N A
) 2 (vp;)?2  m?
HID — E é—l—%*#%@?l (8:2)
j=1
N
HOD = gb 3" g, (8:3)
j=1

where ¢ is the coupling constant, and m, and m, are masses of fermions and bosons,
respectively. The periodic boundary conditions (PBCs) are assumed, ie., ¥ny = U1
and Oy = ¢1. f[j is the canonical momentum (an equivalent of time-derivatives) of
the bosonic field ¢; [279]. The first term given by Eq. (8.1) describes the dynamics of
the fermionic fields which comprises of two parts: the hopping dynamics and the mass of
the fermions. The second term, Eq. (8.2), describes the bosonic fields” dynamics which
comprises of the kinetic energy (time and space derivatives of the fields) and the potential
energy due to the mass of the bosons. The third term, Eq. (8.3), describes the interaction

between fermionic and bosonic fields through Yukawa interaction.

Expanding the bosonic fields in the momentum basis with the momentum eigenvalues

pr = 27k /(Nb) and energy eigenvalues e, = |/ps + mil gives:

N/2-1
R 1 1 (AT —i2nkj/N | j .i2mkj/N
= — die™ 2N 1, ot2mki/ >, 8.4
v DIy A G : (84)
k=—N/2
 Nj2-1
o ¢t €k (5t —ionkj/N i27rlc'/N)
f, = —Qi 3N Jei2mhi/NY) 8.5

!This is true for the continuous model, for a lattice, the energy is e = 4sin®(pxb/2)/b* + m2. We will

work in a small lattice-spacing limit in which this relation holds.
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We can rewrite the bosonic term as

N/2—1

. PN 1
A = % en(dld+ 1), (8.6)

k=—N/2
where 1, is the identity matrix of infinite dimension, and the Yukawa interaction term as

N N/21

III =y l 'l/) w]( T —7,27rk]/N+d ezQTrk]/N) (87)

] lk— N/2

(for details, see Appendix D). From here on, we will work with the Yukawa Hamiltonian

in the momentum basis, i.e., Egs. (8.1), (8.6) and (8.7).

8.1.2 The Spin-Bosonic Basis

The Hamiltonian terms in Eqs. (8.1), (8.6) and (8.7) can be mapped to spins and bosons
following the procedure in Ref. [237]. Explicitly, we use Jordan-Wigner (JW) transfor-

mation to convert fermionic operators to spin operators v; = Hl 1(zal )O'j_ and @ =

1= (—zal) . Then, the fermionic hopping in H) becomes

N-1

[ Ol — )] + o (s — D)
7j=1
1 = 1 ad
= —bZ 6701+ 5107) — g (o%or + ot on) [] Gor) (8.8)

=1

(for details, see Appendix A). Similarly for the mass term in HD,

2l 1P = 3 DL (=155 + L), (8.9)

Using 6,6, +0,,6; = 5(6767,,+6%6%,,), HWD in Bq. (8.1) becomes, up to a constant
o1V 1 N N
T AT AT AY A AT AT AY A cnz b j Az
H" = T (67071 +0767,,) — E(Jl on + 6i6%) H(zal )+ > Z(—l)ﬂaj. (8.10)
j=1 1=1 =1
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The product []v,(i67) with N > 1 is a constant that depends on the initial state and
number of sites NV because the Hamiltonian conserves the number of particles. Specifically,
for even N, [, (i67) is either 1 or —1. HUD of Eq. (8.6) does not change under the JW

transformation since it does not involve fermions. H'!) in Eq. (8.7) becomes

N N/2-1
R Zb 1 1 N . . ~ . .
" = V gNZ 2 Ner il ﬂ2)<d£e_l2mﬂv +d’femk]/N>' (8.11)

In Section 8.2, we show how to implement the three terms in Egs. (8.10), (8.6) and (8.11)

with trapped ions.

8.1.3 Mapping to Trapped Ions

As discussed in Chapter 2, trapped ions have the internal (spin) and external (motion)
degrees of freedom. We have shown throughout the dissertation how to encode the quantum
information in the spins and perform computation. Specifically, in Chapter 7, we use the
spins to perform a quantum simulation of the lattice Schwinger model where the bosonic
degrees of freedom encoding the electric field are rewritten into long-range interactions
between the spins. Generally, boson degrees of freedom cannot be eliminated from the
formulation, so it is important to find efficient quantum-simulation strategies for fermion-
bosonic field theories. Moreover, the fully fermionic formulation of the Schwinger model
increases the number of gates required to simulate the model of N lattice site by O(N?)
(because of all-to-all interactions among the fermions). The alternative is to encode the
bosons into spins, which in turn increases the number of qubits required. Here, we take
advantage of the existing bosonic degrees of freedom in trapped ion systems, their motion,

to simulate the bosons in the model. We show an example of this mapping for the low
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energy Yukawa model in 141 D, which has the spin-boson interaction but not the boson-
boson interaction as in the Schwinger model.

When we map the bosons to the collective motion of the ions, i.e., the normal phonons,
the bosonic operators become dj, — akiN/241 = am and cZT — aL+N/2+1 = al . HUD of

Eq. (8.6) is rewritten as

N
D = Z il i+ = 112). (8.12)

Using the same mapping, HD of Eq. (8.7) becomes

frarn — )9 ZZ 4 12)(a;[ne—i27rj/N(m—N/2—l) i dmei%rj/N(m—N/Q—l))‘

jlml

(8.13)
As discussed latter in Section 8.3, since we start in the pure state with no bosons, no

fermions and no anti-fermions, the spin state is |t ), = [0,1,0,1,...,0,1),]0,0,...,0),,

N N
hence Hf\il(ifrlz) = 1. This can be proved by induction. For N = 2, the initial state is

|t02),, = 10,1)]0,0),,, hence [1:_,(i67) = (i)(—=i) = 1. For N = 4, the initial state is
t0,4), = 10,1,0,1),10,0,0,0),, hence [T, (i67) = (i)(—=i)(i)(—i) = 1. Going from N to
N + 2 adds an extra fermionic field and anti-fermionic field (together with two bosonic
fields), [¢o,n+2),, = [Yon),, ®10,1),]0,0),. As a result, the spin string for N + 2 is the

spin string for N multiplied with a factor of (i)*(6%41)(0k42) = (1)(—%) = 1, therefore

A (I
f\jz(z’&f) = Hf\il(zﬁlz) 1. 8" Eq. (8.10) then becomes
| N 1 S
' AT AT AY A AT AT AY A P j Az
H'D = @ (67071 +0767,,) — 4—b(010N +aio%) + > Z(—l)ﬁaj. (8.14)
j=1 j=1

As shown in in Chapter 7, similar to the Schwinger model Hamiltonian given by Eq. (7.2),
this term can be implemented with our universal gate set.

150



H"UD of Eq. (8.12) can be implemented as a phase shift in the phonon degree of
freedom when moving to the right rotating frame. In particular, we move into the rotating

frame of

Ur = exp (—z’t ngdjndm> : (8.15)

In this frame, d, — ame ", al — al em'. The first term H'Y) of Eq. (8.14) is
unaffected, we can relabel H) = H”). The second term H”UD of Eq. (8.12) vanishes.

The third term H”!D of Eq. (8.13), becomes

N
2
g — /9 bE :E : 1 1(&;+12)(€ﬁ e i2m/N(m=N/2=1)¥iemt | 4 ei27rj/N(mfN/2717ismt)>
2 m " '

(8.16)

As we shall see in Section 8.2, this term, up to some single-qubit rotations, is a sum
of spin-dependent forces 67 (al, 4 ) on ion j mode m with an ancillary ion 1o(af, +d,). If
we have very good control of the lasers and the motion, Eq. (8.16) can be implemented as
one gate. Therefore, using the phonons to encode the bosons and the spins to encode the
fermions, we only need N + 1 ions and a number of gates on the order of N to implement
the simulation of an N-site theory. Compared to the fully digital method where the bosons
are truncated to A and mapped to spins, this hybrid method requires fewer qubits (/N 4 1)

compared to N 4+ N log (A + 1)) and fewer gates to reach similar accuracy.
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8.2 Implementation of Spin-Phonon Gates

The spin-phonon gates on qubit ¢, motional mode £ and duration 7 are defined as

SNPxik(¢in, O, 7) = USSP (1) = exp[—iT HV* (e, 03], (8.17)
SNPyik(di, 0k, 7) = Ui ¥ (1) = exp[—iTHop Y (i, O ), (8.18)
SNPzik (b, 0, 7) = USNT?(1) = exp[—it HV (¢, 01, (8.19)

with the Hamiltonians defined as

IS i . o A N
HiSkNPx(gbik’ 519) _ 77k2 (e—lékt+l¢ikak + ezékt—wzkaz) O_ch’ (820)
rrSNPy — niin —i6pt+idsr i0pt—igin AT\ AU
Hy, " (G, ) = 5 ap +e a ) o;. (8.21)
TSNPz 4. _ S isiaicu iSpt—ida 51 ) 57
Hy (G, 0k) = ——5— (@ ay, +e al) o7 (8.22)

Notice that Egs. (8.20) and (8.21) are similar to Eq. (5.3) where we apply symmetrically

detuned red (wf

; = wo — ;) and blue (w%Z = wp + p;) sidebands on ion i. The spin

phase is set by the sum of the red and blue sidebands’ phases ¢ = (¢} + ¢?)/2, while the
motional phase is set by the red and blue sidebands’ phase difference ¢* = (¢F — ¢?)/2.

The bichromatic Hamiltonian is

N
[f[irb —Q, Zmp cos(pit — o) (&;eiwpt + &pe—iwpt) &;bf—w/g (8.23)

p=1

We set the detuning close to a mode k, p; = wg — 0 with |0 < |wk — wix1|. Assuming
that the Rabi frequency is small enough compared to the spacing of the modes, 7;); <
|wr — wi1], we can ignore the other modes and the terms that rotate at e™®!. The

Hamiltonian becomes
~ ; Q . s m . cm ~PS—
Y ~ —”““2 Z (e*lékt*wi g + O aD A (8.24)
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To implement the 6% spin-phonon Hamiltonian HSN"* (¢, 6,) given in Eq. (8.20), we im-

plement the bichromatic Hamiltonian above and set ¢} = 7/2 — ¢, ¢° = 7/2 + ¢4, hence,

¢ =m/2, 65) R o7 and ¢ = —¢ix. To implement the 6 spin-phonon Hamiltonian
HNY (¢ir, 0) given in Eq. (8.21), we set the laser phases of H® to ¢ = —m/2 — i

and ¢° = —7/2 + ¢, hence, ¢ = 0, 6?54/2 = —6/, ¢I" = —¢yu. To implement the 67
spin-phonon gate SNPzik(¢;, dx, 7), we apply the 6% or ¥ spin-phonon gate sandwiched
between two single-qubit rotations (R,(£m/2) or R,(+m/2)). Notice that under the Hamil-
tonian ﬁ{b only ion ¢ undergoes the spin-dependent phase-space displacement. The other
unaddressed ions j # ¢ have phase-space displacement independent of their spin states
which is described by kam ( —OR=OT gy 4 elORtHIST g T) ® 1s.

Similar to Section 5.1, we can use the Magnus expansion to obtain the analytic form

of the unitary operators of the spin-phonon gates. Consider the 6% spin-phonon gate on

ion 7, mode k, its unitary evolution is
USNPX( ) - eXp[_ZT SNPX(¢Zk75k)] (&zk( )&x) eiXik(T)7 (825)

with the displacement operator D(ﬁzk) — ofindl B , the displacement angle B, = ()67,

i [T . 1 1 — ekT
(1) = ik / dt ert=idi — —kaie’””"“—e, (8.26)
2 0 2 5k
and the geometric phase angle
1 T f _ 1 sin(8,7) — 0T
Xik(T) = ankQ?/ dtl/ dty sin(dx(ty — ta)) = ankﬂf % (8.27)
0 0 k

Eq. (8.25) is similar to Eq. (5.5) except that the second factor containing x; is now a
pure phase, not a spin-spin entanglement since there is only one ion involved. The first
term shows spin-motion entanglement since the displacement angle ;. is spin-dependent.
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Rewriting the displacement operator in terms of & = &\J;%T and p = ‘A‘i?g, we have (where
indices are suppressed for brevity)
D(B) = exp | =B _ 85 exp(iTAp — ipAx). (8.28)

NG

We can see that the spin-phonon gate provides a momentum kick of magnitude Ap =
V2 Im(B) and a translation by Az = v/2 Re(3). A similar conclusion can be drawn for the
a¥ spin-phonon gate, the corresponding displacement angle is S;x = —au(7)67.

To test the implementation of the spin-phonon gates, first we consider the case of

¢irx = 0 and observe that the dynamics depend on the detuning d; from the mode k.

e Test 1 (Detuning test): We prepare the ion ¢ in the state |0), which is a superposition
of the basis states |£) of the 6 spin-phonon gate. Then we apply the 6% spin-phonon
gate for different duration 7 and measure the overlap of the ion state [i;(7)) with the
bright state |(1]y;(7))|*. For different d;, we should see dips with a period of 27 /6}.
The bright probability is given by

I I

(Ll (r) P = [{LHUE(7) [0) [ = [ {1] D (i (r)67) €+ |0)

_ 1 (1 _ e—2|aik(7>|2>
2

. % {1 — exp [— (Q"QZQi)Z sin? (%{)] } . (8.29)

e Test 2 (Phase counting test): We repeat the same experiments above but instead of

varying 7, we apply M &% spin-phonon gates, each with duration At = 7/M. We
should see similar results as the first experiment for different 9§, with a small deviation
coming from Trotterization (since we are approximating the long pulse with many
short pulses and the Hamiltonian at different times do not commute).
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Figure 8.1: Phase space evolution of an ion in a single-ion chain under the ¢ spin-phonon
gate of detuning 4, phase ¢™ and duration 7. The ion is initialized in 1o = $(|14) + [1o))-
The evolution is described by USNP4(7) = D(B(7))eX(™) | where 3(1) = &‘z’%e*id’m (1—e¥7) is
spin-dependent, x(7) = (%)2 (sin(67) — 07). The ion follows the orange (green) trajectory
if it is in [14) (I1p)). ¢ =0 for 67, ¢ = 7 for &Y. 6% [14) = [T4), ¢ [Lg) = — |do)-

Then we consider the case of ¢;, # 0 and observe how the dynamics depend on the

phase ¢, of the displacement. We note that an addition of 7 to the phase of a spin-phonon

gate turns the gate into its inverse.

e Test 3 (Phonon coherence test): We prepare the ion i in the state |0) and apply
a 0% spin-phonon gate with phase ¢;; = 0, and a certain detuning and duration.
Then we wait for time ¢ to apply its inverse, which is a pulse with the same duration
and detuning but a phase ¢; = m. This experiment also shows any decoherence in
the motional degrees of freedom. We repeat this experiment for different values of

detuning and duration.

e Test 4 (Phonon phase test): We repeat the same experiment above but with the phase
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of the first spin-phonon gate set to ¢;, = ¢’ and the phase of the second spin-phonon
gate set to ¢;, = ¢ + m. The result of the experiment should be independent of ¢’ if

both pulses are applied, but be dependent on ¢’ if only the first pulse is applied.

8.2.1 Preliminary Experimental Results of the Tests

For all the tests, the ion is initialized in state |0) (dark).

Test 1: Applying a long pulse of 6” spin-phonon and vary the duration, then measure
in the probability of the final state [1;(7)) to be in the bright state |1) as given by Eq. (8.29).

Eq. (8.29) shows that the spin-motion is disentangled at the interval of 27/dy, at
which the ion returns to its initial state and the bright probability vanishes. This is use-
ful for finding uncorrected Stark shifts to the motional mode when applying the spin-
phonon gate. Between the intervals, the ion is in a spin-motion entangled state, [1;(7)) =
\%(H—) |k (7)) + | =) |[—ix(7))), hence has a non-zero probability of being bright.

The experimental data in Fig. 8.2 show the expected dips but not at the intervals
corresponding to the set detuning, which indicates that there is inaccuracy in determining
the motional mode frequencies in the experiment. The amplitudes of the dips also decrease
for longer pulses. This loss of contrast cannot be explained by motional heating or imperfect
cooling (where i # 0). It can partially be explained by adding a variance to the motional
mode frequencies, i.e., the detuning follows a Gaussian distribution with mean p;s and
variance agk. By averaging the probability given by Eq. (8.29) for different detunings dy

sampled from the distribution with us, and o, as fit parameters (Table 8.1), we obtain

fitting curves in Fig. 8.2.
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Figure 8.2: Experimental results for |(1]¢;(7))]?
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when applying a single pulse of 6” spin-

phonon gates on a single ion. The spin-phonon phase is ¢,, = 0, the detuning is set to

dx/2m = 0 kHz (a), 6x/2m = 3 kHz (b), /27 = 5 kHz (c), 6;/2m = 10 kHz (d) and the

duration is scanned. The ideal curves (yellow dashed lines) are given by Eq. (8.29) while

the fits (blue lines) are based on the error model described in the preceding text. The fit

parameters are given in Table 8.1. Mismatch in the dips’ positions between ideal curves and

the fit suggest an inaccuracy in determining motional frequencies due to uncompensated

Stark shifts. The reduction in the contrast of the dips can be explained by the fluctuation

of the motional frequencies.

The variance corresponds to the fluctuation of the mode frequencies in the experiment.
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However, the fits do not agree very well with the experiment data in Fig. 8.2a,b,c. In
particular, it seems that the interval of the dips are not uniform, which indicates a drift in

the mean of the distribution for the detuning.

a) 0 /2m = 0 kHz b) 0 /2m = 3 kHz
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Figure 8.3: Experimental results for |(1]i;(7)) ]2 when applying many short pulses of fixed
durations (7 = 20 ps for blue, 7 = 40 us for orange) compared to one long pulse with
variable durations (SNPxik, black). The pulse is a 6* spin-phonon gate on the first ion
in a 3-ion chain, using COM mode (i = 1,k = 1). The spin-phonon phase ¢;, = 0, the
detunings are ¢,/2m = 0 kHz (a), 6x/2m = 3 kHz (b), dx/2m = 5 kHz (c). The dynamics
under many short pulses is the same as the dynamics under a long pulse, which indicates

that phase coherence is maintained between pulses.
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Test 2: Repeat Test 1 with short pulses. This test is to verify if there is phase
coherence between spin-phonon gates. If it is, the results of the experiment done with
the short pulses should be identical to those done with long pulses (Fig. 8.3). The phase
coherence between gates (for both spin gates and spin-phonon gates) are maintained by
keeping track of the phases of the driving fields, also known phase counting. If the driving
fields are generated by an analog oscillator, the phase counting is done automatically as the
oscillator advances in time. If the driving fields are generated digitally by an AWG (like in
our case, we create a time series of the amplitude of the fields), the phase counting must
be done programmatically by calculating and storing the phases of the waveforms. For a
multi-tone driving field, the phase of each tone advances at the rate of the tone’s frequency.
To implement Eq. (8.7), we need to store the phases of 2N(N + 1) tones for the sidebands
and N tones for the carriers (each ion has a different phase). This is the experimental
version of moving into the interaction picture. Figure 8.3 shows that the phase counting is

indeed performed correctly in our experiment.

Table 8.1: Fit parameters used in Fig. 8.2

Fig. | 0,/2m(kHz) ps, /27 (kHz) 05, /27 (kHz)
a 0 -1 0.25
b 3 2.2 0.25
C 5 4.1 0.25
d 10 9 0.25

Test 3: Verify the control of the spin-phonon phase and the phonon coherence for
¢ = 0. We evolve the ion forward under the spin-phonon gate with detuning /27 = 0
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kHz (a spin-dependent momentum kick) at a certain duration then evolve backward by
applying the same gate with 7 added phase (kick-back). The ion should return to its initial

state (]0)) after the second pulse. We experimentally confirmed this (Fig. 8.4).

a) ¢ 60 us kick alone with 60 us kick-back
020 —— T —
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b) ¢ 80 us kick alone with one 40 us kick-back
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000b
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Repititions

Figure 8.4: Experimental results for |(1]¢;(7))|* when applying a spin-phonon gate with
detuning J5 /27 = 0 kHz (a spin-dependent momentum kick) and its inverse (kick-back) at
different durations. a) 60 us kick and kick-back. b) 80 us kick, with a 80 us kick-back, a
40 ps kick-back, and two 80 us kick-backs. The phase kick-back is experimentally shown to
reverse the time evolution of the kick, which indicates a good control of the phonon phase.
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Test 4: Verify the control of the spin-phonon phase for ¢;; # 0. This test is ongoing.

In principle, it is the general case of Test 3 and should work straightforwardly.

8.3 Dynamical Generation of Fermionic Mass with Realistic Parameters

In Section 8.2, we have seen how the Hamiltonian describing the Yukawa interaction at
low energies can be engineered using native interactions of trapped ions. In this section,
we explore the interesting physical phenomena that can be observed when a system of
fermions and bosons evolves under this Hamiltonian and whether the regimes of interest in
the model are within the control of our trapped-ion experiment.

One fascinating phenomenon is the generation of mass of the fermions under the
Yukawa interaction even when the system starts at zero bare fermionic mass. The initial
state of the system is the ground state of the non-interacting Hamiltonian (¢ = 0), which
means there are no anti-fermions (odd sites are occupied), no fermions (even sites are

unoccupied) and no bosons, i.e.,

o) i, =11,0,1,0,...,1,0)£ 0,0, ..., 0)s (8.30)
~ ~ S N —
N N
1
Since the Jordan-Wigner transformation maps ¢; to o, , 1) is mapped to [1) = =
0
0
|0), and |0) , is mapped to ||) = = |1),. Hence in the spin-phonon basis,
1
|@/)0>8p =10,1,0,1,...,0,1)4/ 0,0, ..., 0),. (8.31)
X X
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We then perform a quench, i.e., applying the Hamiltonian with the interaction g # 0 and
let the system evolve. We measure the overlap with the initial state |(4|1(t))]?, also known

as the Loschmidt echo, and the boson number (N;), where

N/2—1

No=— > didy (8.32)
k=—N/2

8.3.1 Quantum Simulation via Trotterization

To perform the unitary evolution of the Yukawa model, we employ the first-order Trotter-
ization, where U(t) = t/ o | Uy, (6t). Following the odd-even ordering of terms as discussed
in Section 7.2.1, we have

Z/A{(ét) = e_iét(g(1>+ﬁ(111>)

N+1 (N/2) N/2

~ e —ist H? « H H —7,(5tHSNP (Dikem) « H —zétHQJ 2J+1He zdtHQJ 125 (833)

where
.
fL My .
" = TZ(—WO}, (8.34)
7=1
Hh = L sosa Yy
g+l T @(Ui 041+ 070541)- (8.35)

The angles for the spin gates are

& if1<j<N
01y = (8.36)
07 = my(—1)6t. (8.37)
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—i07 /207

Notice that since our gate definition is R} = e + our angle 67 is twice as large as given

in [237]. Angles for the spin-phonon gates are

QSNPZ o HSNPZ o ng 5t (8 38)
ik = UNrim =g b .
2 2
— - _ _ 2
e \/<Nb (m — N/2 1)) +m2, (8.39)
o
bin = %(m ~ N/2-1). (8.40)

When we apply a spin-phonon gate in the rotating frame, we also unintentionally apply
>, Emal,am. Therefore when we apply N + 1 spin-phonon gates we apply >, (N +

1) epal Gy, Hence we need to divide the added detuning of the rotating frame by N + 1.

8.3.2 Feasibility of the parameters

In all of the above discussion, we did not specify the length scale and time scale of the
interaction. We need to look into this to evaluate whether the range of control in the
trapped ion experiment is good enough to cover the relevant range of parameters in the
model. For a spin-phonon gate on ion 5 and mode m whose gate time 7 is determined by the
available Rabi frequency €2; and Lamb-Dicke parameter n;, the angle of the spin-phonon

gate is given by

ik $2i
HZ»SEPZ = —7”2 T.

(8.41)
This angle 85~F can also be related to the model parameters by Eq. (8.38). The detuning
of the gate € must satisfies €7 = €dt, where ¢ is the energy of a boson and dt is the time
step in the model.

In our experiment, € can vary from 100 Hz to 100 kHz, and 7 from 1 ps to 1 ms.
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That means 107* < &6t < 10% 1If we take ¢ ~ 1 MeV, then 1074(MeV)™t < 6t <
10%( MeV)~t. Since (MeV)™! ~ 1072% s, it follows that 107* s < 6t < 107%%s. The
timescale of the interaction is on the order of 10723 s, therefore consistent with intrinsic
timescale of strong interactions in nature (although our model is a simplified 14+1 D model

of Yukawa interactions).

8.3.3 Example of a Two-Site Theory

For N = 2, we have 1 fermionic field, 1 anti-fermionic field, and 2 bosonic fields. Together
with the ancilla, in total, we need 3 ions. Table 8.2 shows the values of parameters that give
rise to interesting dynamics. For now, we focus on the first set of parameters. The initial
state is [to),, = |0,1),10,0),. As seen from Fig. 8.5, 6¢t = 1 is small enough to observe the
important features of the evolution. From Eq. (8.1), we see that for N = 2, there is no

fermion hopping.

Table 8.2: Parameters for N = 2. The first four columns are input parameters for the
model. The last column shows the maximum boson population of all times. It is the
maximum of (N}, the boson population per mode on average according to Eq. (8.32),

multiplied by the number of modes N.

No.|b g my, my N x(Ng
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Table 8.3: Angles (rad) for the first set of parameters for N =2, §t = 1

No.

RN TR . T

]

1 |1 2 15 1 1| 025 (=1,1) 0.267977 0.408248 (—m,—2x) (0, 0)

N =2,t=10]

(a)

1.0 T
0.8 4

06 T

(¥ (0)[(1)?

0.4+ T

0.2 T

00&by v

071 ]

0.3F ]
0.2 ]

0.1F ]

00 . . .

Figure 8.5: Numerical simulation of the 1D Lattice Yukawa model for N = 2,9 = 2,b =
1,m, = 1.5,my = 1 with exact diagonalization (solid line) and Trotterization with 6t =1

(triangles). The numerics are done with the bosonic cutoff A = 7.
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The dynamics for the two-site theory comes purely from fermion-boson interaction

since the fermion hopping term, Eq. (8.8), cancels out for N = 2 due to the PBCs. If

the Trotter step size is reduced to ot = 0.5, the Trotter errors are further reduced and the

Trotterized evolution gets closer to the exact evolution (Fig. 8.6).

(a)

N =2, 6t=05]

1.0

0.8

0.4+

(¥ (0)[(1)?

0.2

00 v

0.5

0.1+

0.0 |4

Figure 8.6: Numerical

I,my,=15my =1wi

J .

5

simulation of the 1D Lattice Yukawa model for N = 2,9 = 2,b =

th exact diagonalization (solid line) and Trotterization with 6t = 0.5

(triangles). The numerics are done with the bosonic cutoff A = 7.

166



We choose the bosonic cutoff of A = 7 (the boson becomes an 8-level system) to make
sure that the observed dynamics is unaffected by the cutoff. As we can see from the last
column Table 8.2, the number of bosons generated is fewer than 1.5, hence will not be

affected by the cutoff of 7.

8.3.4 Example of a Four-Site Theory

For N = 4, we have 2 fermionic fields, 2 anti-fermionic fields, and 4 bosonic fields. Together
with the ancilla, in total, we need 5 ions. The initial state is |1/10>Sp =10,1,0,1),10,0,0, 0>p.
Note that Eq. (8.1) shows that for N > 2, there is fermion hopping dynamics. Therefore
we expect some qualitative difference in the Loschmidt echo between the two-site (N = 2)
and four-site (N = 4) theories. Using the first set of parameters in Table 8.2, we perform
the numerical simulation of the Yukawa interaction. We choose the bosonic cutoff of 7
(A = 8) to make sure that the observed dynamics is unaffected by the cutoff. As we see in
Figs. 8.7 and 8.8, the number of bosons generated is N x (/N;) = 2.4, hence the dynamics
is unaffected by the cutoff.

The numerical results show that for N = 4, the Trotter step of & = 1 causes too
much Trotter errors for both the fermion (Loschmidt echo) and the boson ((/V;)) dynamics
(Fig. 8.7). If we reduce the Trotter step to § = 0.5, Trotter errors are significantly reduced
(Fig. 8.8).

The next step is to perform these experiments and see whether the experimental data
agree with the Trotterized evolution. If they do not, we need to understand why and what

to improve to obtain the expected results. Then using the experiment we can perform
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the (real) quantum simulation with model parameters that are inaccessible to a classical

computer, such as ones that result in higher number of bosons generated demanding larger

cutoffs.

[0 (t)]?

N=4,6t=1.0

0.8
06

0.4r

0.0k,

1.0

0.6
0.4+

0.2

0.0

t

Figure 8.7: Numerical simulation of the 1D Lattice Yukawa model for N = 4,9 = 2,b =

1,m, = 1.5,my = 1 with exact diagonalization (solid line) and Trotterization with §t = 1

(triangles). The numerics are done with the bosonic cutoff A = 7.
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Figure 8.8: Numerical simulation of the 1D Lattice Yukawa model for N = 4,9 = 2,b =
1,my, = 1.5, m, = 1 with exact diagonalization (solid line) and Trotterization with 6¢ = 0.5

(triangles). The numerics are done with the bosonic cutoff A = 7.
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Chapter 9: Outlook

As we explore new frontiers with quantum simulations using trapped ions, we are en-
tering an exciting phase that could change both quantum computing and many areas of
science. This dissertation has laid the groundwork by exploring the manipulation of quan-
tum information encoded in ions, developing techniques for high-fidelity entanglement, and
advancing the simulation of complex quantum phenomena, such as those described by the
Schwinger model and the Yukawa model in high-energy and nuclear physics. Looking for-
ward, the challenge lies in transcending the limitations of current ion-trap architectures,
harnessing advanced error correction techniques, and integrating scalable designs that can
accommodate more qubits. This pursuit is not merely technical but a quest for deeper un-
derstanding of atomic and optical physics, of quantum information and of the algorithms
that will tackle classically intractable problems. As we refine our control over trapped ions,
we edge closer to realizing the full potential of quantum computing, heralding a new era of

scientific exploration and technological innovation.
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Chapter A: Jordan-Wigner Transformation

This appendix shows the derivation of Hamiltonian terms that involve the fermionic fields

under the Jordan-Wigner (JW) transformation, which is relevant to Chapters 7 and 8. The

JW transformation converting a fermionic operator to a string of spin operators is given by

A.1 Fermionic Hopping Terms

The fermionic hopping terms with open boundary condition (OBC) is

N
> i =P 1)
j=1
After JW
it n i1 J
Vit (—de)A;'H(iol,)aj_H
=1 =1
Since (67,67 = [67,67] = 0 for 1 # j, (67)* = 15 and 667 = =67
ijﬁ‘l - &j_(i&ﬁgﬂrl = Zgj6j+1
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Similarly, 6; 65 =6, = —650;
. . J Jj—1
iy = [[(=ioh)e), [ e7)e (A.6)
=1 =1
=6, ,(—i05)0; =1i6,,,0; (A7)
Therefore
(N0 — ) = (6765, +67.67) (A-8)

With periodic boundary condition (PBC) we have the extra term

N-1 N-1
i —didw) =i [ [ (mief)oxor —ief [ ] (i67)oy (A.9)
=1 =1
N-1 N-1
= —ioyoy [ [ (—ie7) —iofoy [ (i67) (A.10)
=1 =1
i, —i6% - i6%
= —iojoy [ (—ie7) ( Z, N) —ioien || Go7) ( Z,N) (A.11)
=1 =1
N N
= —a%or [[(—ier) — 66y [ Gio7) (A.12)
=1 =1
N
= —(%o7 (=)N + 676y [ [ (i67) (A.13)
=1

We use 63,6% = —6}, and 650% = 6y to go from Eq. (A.10) to Eq. (A.11). Since N is

even (N must be even for the Hamiltonian under PBCs to be Hermitian)

N
il — dldn) = = (6% H i67) (A.14)
I=1
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A.2 Fermionic Mass Term

Py = ﬁ(—z’a—m) (f[(@&ﬁ)@) (A.15)

=1 =1
j—1 -1
=[] (-ioi)Gi6i)67 65 (A.16)
=10=1
1 ~Z

since (63)? = 1y and 65 6; = 5(67 + 1a).
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Chapter B: Optimal and Random Angles for

Symmetry Protection

This appendix gives more details on how we choose the angles of the random unitaries used
in the symmetry protection protocol of Chapter 7.

In Fig. 7.4, we study how well the symmetry-protected time evolution given in
Eq. (7.16) suppresses the symmetry-breaking Trotter errors for a simulation with the XYZ
ordering with u = 0.1, x = 0.6, N = 4 and 6t = 1. For the time evolution with a particular
t, the angle of rotation, ay, for the k-th Trotter step depends on a4 in the first Trotter step
as ap = kay, where 0 < oy < 2m. We choose oy to be the smallest angle with which the
leakage to the symmetry-broken subspace at time ¢ is minimized.

Figure B.1 displays a few examples of how the leakage varies as a function of a; for
selected times t. As shown in the plot, there are several values of a; that minimize the
leakage and the number of minima tends to increase with increasing ¢. The optimal value
of o is determined from the smallest minimum found at each ¢. These values are listed in
Table B.1.

Meanwhile, the angles «y, for the symmetry-protected evolution in the experiment in

Fig. 7.10 are chosen at random from a uniform distribution in the interval [0, 27]. These
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angles are listed in Table B.2.

“I N

04!

Sym

P,

N N NP

0 /2 T 3m/2 27
aq
Figure B.1: The population of the symmetry-forbidden subspace as a function of the angles

aq for t =2,4,8, for p=0.1, z =0.6, N =4 and §t = 1. We choose a7 to be the smallest

angle that minimizes Py at each ¢.
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Table B.1: Values of a; used for the symmetry-protected XYZ ordering in Fig. 7.4 at differ-

ent times t, together with the corresponding leakage to the symmetry-forbidden subspace.

t o Py
1 0 0.0346
2 0.8184m 0.0294
3 0.81847 0.0260
4 0.31837 0.0006
5 0.88117 0.0128
6 0.23147 0.0018
7 0.43707m 0.0201
8 0.18757 0.0011
9 0.84967 0.0055
10 0.9887m 0.0000
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Table B.2: Randomly chosen values of aj used in the experiment to study the effect of

symmetry protection on experimental error. The result is presented in Fig. 7.10.

t o Q2 o oy Qs % (%4 os Qg 10

1 095591 — — — — — — — — —

2 114617 0.2987mr  — — — — — — - -

3 0.01507 0.69277 1.627970 — — — — - _ .

4 0.58617 0.03337 0.07877 0.16137 — — — — — —

5 1.74967 1.79867 0.45057 1.4374m 0.32227 — — — — —

6  1.72057 0.07067 1.06667 1.59127 1.05547 0.8444n — — — —

7 0.24997 0.29907 0.12127 0.67937 0.99887 0.92187 1.8565m — — —

8  1.7974m 0.75317 0.05487 0.42367 1.80817 1.72797 0.42537 0.8807w — —

9  0.88807 0.39087 1.72027 1.77797 1.10287 1.74257 1.65527 0.06047 0.2346m —

10 0.71127 1.10257 1.39137 0.53877 1.71797 1.05857 0.28707 0.86367 1.66397 1.54347
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Chapter C: State populations

This appendix provides more details on the effect of the symmetry (Gauss’s law) based
post-selection procedure used in Chapter 7 on different subspaces of the physical state
ot |¢)). Tt shows that post-selection does not significantly affect the dynamics of the
model since post-selection is based on the symmetry of the Hamiltonian.

The population in the bare vacuum as a function of time is displayed in Fig. 7.8 of the
main text. For completeness, we also plot in Fig. C.1 the population of all allowed states
as a function of time for the case of N = 4 and 6t = 1.0. Additionally, the cumulative
population in the symmetry-forbidden sector, Psmm, is shown, demonstrating the rate at

which the leakage to the symmetry-forbidden sector grows.
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Figure C.1: Evolution of states characterized by the quantity Py = [{¥|e~®|y))|? in the

symmetry-allowed (a-f) and symmetry-forbidden (g) subspace for N = 4 and 6t = 1.0
starting from the bare-vacuum state |¢g). Pyio1 = Puac is also plotted in Figure 7.8. The
effectiveness of post-selection in mitigating errors is both quantity- and time-dependent.

In some cases, it ceases to improve the agreement with theory at larger times.
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Chapter D: Hamiltonian for free scalar bosons

This appendix provides the derivations for transforming the Hamiltonian term for the scalar
bosons’ dynamics, Eq. (8.3), from the position basis to the momentum basis. This appendix
is relevant to Chapter 8.

The Hamiltonian for free scalar bosons of mass m, on a 1D lattice with spacing b

is [279]

2 J

N
aUD =p E
j=1

In the momentum basis, the bosonic field operator ¢; and its canonical momentum ﬂj at

112 5.)2  m?
S+ Ak —"0@2-] (D.1)

each site j are given by [237]

N/2—-1
1 1 o N
A T = iprjb ipRJb
Dj = (d e + dye ) D.2
/ \/mk;ﬂm : 02
~ Nj2-1
; ¢ €k (5t —iprjb 5 _ipkjb
. = /—(d Prib _ ] pw) D.3
] \/N_bk—z;ﬂ 2 . -
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with py = 2rk/(Nb) and e} = 4sin®*(peb/2)/b* + m2. The first term in Bq. (D.1) is

9 ﬂ? _ 1/€k€k/ <deT karpk/ )jb 4 dkdk/e karpk/) ib
J

S o L dkd,t,ei@’k—l’k')jb). (D.4)

Since
Zeﬂz(pkﬂ’k' = NO_pp, (D.5)
Zeﬂ’“’k P = Nej, (D.6)

and e_; = &y,

b . 1 \EKEK [ 4 4 . a o A a
DI = (deL,a,k,k, 4 dydid_g g — didy O — dde,ak,k,) (D.7)

_ IS g _ — didi
_ 2;2<dd + dpd_y — dldy, dkd> (D.8)

Similarly,

b 1 1 N L. 4
9 gbjz 9 Z Z (dltdlfe_l(pwrp’“’)]b + dypdyy ' PrrPi)ib

2 ; 2 ; o 2«/5;98]4
+ dzdk,e—i(pk—pk/)jb + czkczz,ei(p’“_pk’)jb> (D.9)
I S R S R R
=525 (dldl + dyd -+ d}dy + dyd). (D.10)
k
The spatial derivative in 1D is
A Pit1 =P Pit1 — SDJ
Vo, = D.11
TG+ b—gb b (D-11)
Therefore
1 . .. A . .
Z(V%) 2 Z(SOJQ'H — Qj41P5 — PjPi41 T 903) (D.12)
J J
1 L. A
=55 (28] — i1 — $idyn) (D.13)

J
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since 7. @7, = >, ¢F due to the PBC. Equation (8.2) becomes

N
X b .
(11 _ 2
HID =2 E I +
j=1

2 . 1/ A o
(b_g + mi) 9032‘ T (%‘H%‘ + %’%41)] (D.14)

1 1 o . . .
§ Sy E § T 7t —i(putpyr)ib—ipib i(pr+pyr ) jb+ipib
(10]4’190] — <dkdk‘/e k + dkdk/e k
S Nb TR 2«/6]6814

+dek,e i(pr—pys )Jb— zpkb+dde i(pr pk/)Jprkb) (D.15)

1 1
b WY 2\/8k6k/

(gldl’éfk,k’efipkb + CZkCZkf&k,k/eip’“b + czltfjkfék,kfe*ipkb

+ CZkCZL,(Shk/eipkb) (D16)

(aacﬂ_ke_imb + dpd_pePrb 4 cz,tczke_ip’“b + cikci,teip’“b> (D.17)

rl
—

R

O~I»—

1 1 o . . .
Y Tt —i(pr+pys)jb—ipb i(pr APy )jb+ipgsb
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We can also see that since [¢;, 9;/] =0, ;@41 = @j+19;. We can rewrite Eq. (D.14) as

gun _ 1

€k [ = o s s S8 s
I (dldt + dyd  — d}dy — ded} )
k
2 NI~ L s s s
+ (b_2 + mw) 5 > 5 (dkd_k + dpd i + dldy + dkdk>
k
1 1 7t gt —ipkb 77 aipkb 9t 7 a—iprb 7 gt ipeb
5 E(dkdke o+ dyd o™ + dldye ™ + dydlem )
k

1 1 /m o . . . T
— 5z > 5 (dhdl e dyd e 4 dldye™? + dydem )

1 1 ) 9 e~ Kb o oiprb ) 5 ot A A
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P (i g - o) (A didy).

Since ekt + ekt = 2 cos(ppb) and 1 — cos(pib) = 2sin®(prb/2),

2 eTirkb 4 girkb 4 ., /pb
mi+b—2—b—2—si:mi—l—§sm2 (—2 )—Ei:(),
2 eTirkb 4 girkb 4 ., /pb
mi,—l—b—2 - b—2+6z :m?o—l—ﬁsm2 <7> —|—5i = 2¢;,

Using [d, d}] = 1o, BEq. (D.22) becomes
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