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Chapter 1: Introduction

Let G be a connected reductive algebraic group over C, B a Borel subgroup, U
the unipotent radical of B, and let g, b and u denote their respective Lie algebras. A
Hessenberg ideal is an ad(b)-stable subspace I of u. Fix a nilpotent element N € g
and a Hessenberg ideal I. The Hesseberg ideal fiber 7;'(N) is defined to be the

fiber over N of the following map,

m: GxPI — g

(9. X) +— g-X

where g - X denotes the adjoint action Ad(g)(X). From this definition, it can be
deduced that 7;*(N) is a closed subvariety of the flag variety G /B when it is not

empty, and that

m'(N)={gB|g'-Nel}cCG/B. (1.1)

When the Hessenberg ideal I is the biggest possible option u, by Equation 1.1,
7 ' (N) = { gB | go' - N € u} = {Borel subalgebras of g that contain N}. In
this case, our Hessenberg ideal fiber 7, !(V) is exactly the Springer fiber By as in

De Concini et al. [1988]. In general, 7;'(N) is a closed subvariety of By.

The main theorem of this paper can be summarized as the following.



Theorem. Let G be a connected reductive algebraic group over C whose Lie algebra
has no simple component of type E7 or Fs. For any Hessenberg ideal I C u and
any nilpotent element N € g, the Hessenberg ideal fiber 7; ' (V) is paved by affines
whenever it is not empty. That is, we can decompose 7; () into a finite disjoint

union of locally closed subvarieties each of which is an affine space.

In De Concini et al. [1988], de Concini, Lusztig and Procesi showed that
Springer fibers for classical groups are paved by affines. The main theorem of this
paper is a direct generalization of their result, and its proof is inspired by their argu-
ments. Hessenberg ideal fibers (under different names) have already been considered
by many authors (e.g. Fresse [2016], Ji & Precup [2019] and Sommers [2006]). Som-
mers [2006] pointed out that the image of 7 is the closure of a single nilpotent orbit,
and the Hessenberg ideal fiber over an element of this orbit is a disjoint union of
irreducible smooth varieties. Ji & Precup [2019] proved that Hessenberg ideal fibers
for type A are paved by affines and gave a combinatorial formula for their coho-
mology groups. Most notably, Fresse [2016] generalized Springer fibers to certain
closed subvarieties of any partial flag variety G/P and proved that they are paved
by affines for the classical groups. In the case of the full flag variety G /B, Fresse
[2016][Theorem 1] implies that Hessenberg ideal fibers for the classical groups are
paved by affines. Fresse’s proof uses an explicit description of G/P as variety of
partial flags and a type-by-type inspection for the classical groups. The proof of
this paper is more conceptual and works for the exceptional types Go, Fy and FEjg

as well. In addition, it naturally leads to a way of computing the cell structures of



Hessenberg ideal fibers for low-rank G (see chapter 4).

The major motivation for studying Hessenberg ideal fibers is that knowledge
of them can be used to classify Tymoczko’s dot actions of the Weyl group W of G on
the cohomology of regular semisimple Hessenberg varieties. Hessenberg ideal has a
natural “dual” notion of Hessenberg subspace. A Hessenberg subspace is an ad(b)-
stable subspace M of g containing b. Let y € g be a regular semisimple element.
The (regular semisimple) Hessenberg variety Hess(M,y) is defined to be the fiber

over y of the following map

v GXBM — g

(g,2)  — g-x

where ¢ - x denotes the adjoint action Ad(g)(x). The ordinary cohomology of
Hess(M,y) with coefficient C, H*(Hess(M,y)), is independent of the choice of the
regular semisimple element y, and Tymoczko [2007] defined the dot action of W
on H*(Hess(M,y)). The decomposition of H*(Hess(M,y)) into irreducible W rep-
resentations is an interesting question in itself and a crucial ingredient of both the
Shareshian-Wachs and the Stanley-Stembridge Conjectures. There is a very use-
ful connection between the decomposition of H*(Hess(M,y)) and the knowledge of
Hessenberg ideal fibers, which we briefly explain in the next paragraph. Readers
are referred to chapter 5 for more details.

Firstly, there exists a natural one-one correspondence between Hessenberg sub-

spaces and Hessenberg ideals (see chapter 5). Consider the maps my; : GXBM — g



and 77 : G xB I — g for a pair of Hessenberg subspace M and Hessenberg ideal [
corresponding to each other. Let d and d" denote the complex dimensions of G xZ M
and G xPB I respectively and C denote the constant sheaves on both spaces. We
thus have two direct push-forward complexes Ry, C[d] and Rr;,C[d"]. Let G x G,
act on g with GG acting via the adjoint action and G,, acting by scaling. Then, by
fixing a Killing form, we get an autoequivalence F' (the Fourier-Sato transform)
from the category Pervgyg,, (g) of G X G,,-equivariant perverse sheaves on g to it-
self. We know that F(Rmy.Cld]) = Rr.C[d"] and that F' maps simple summands
of Rmp.Cld] to those of R, Cld"] bijectively. On the one hand, picking a regular
semisimple element y € g, we have H*(Rm.C|,) = H*(Hess(M, y)) and that the de-
composition of Rmy.Cld] into simple summands leads directly to the decomposition
of H*(Hess(M,y)) into irreducible W representations. On the other hand, picking
any nilpotent element N € g, we have H*(R7.C|y) = H*(n;'(N)). Therefore,
the knowledge of Hessenberg ideal fibers can help us determine the decomposition
of Ry, C[d"] into simple summands, which in turn leads to the decompositions of
Ry Cld] and of H*(Hess(M,y)). The detailed process for the ideas just outlined
is carried out in chapter 5 where G is of type Gs.

The remainder of the paper is organized as follows. Chapter 2 covers pre-
liminary results used in the following chapter. In chapter 3 and 6, we prove the
complete version of the main theorem stated above (Theorem 3.0.1). In chapter
4, we explicitly compute the cell structures of all Hessenberg ideal fibers for type
(G5 and show that one of them has disconnected, un-equidimensional irreducible
components (Theorem 4.4.1). In chapter 5, we use the results of chapter 4 to clas-
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sify Tymoczko’s dot actions on the cohomology of regular semisimple Hessenberg

varieties for type Gy (Theorem 5.3.2).



Chapter 2: Preliminaries

We state definitions and results that will be used later. In this chapter, except
for Theorem 2.7.7, G is assumed to be a connected reductive algebraic group over
C, without any restriction on its Lie algebra. B, U, g, b and u are the same as in

the previous chapter.

2.1 Notation

Let B be the fixed Borel subgroup of GG. Let T' C B be a fixed maximal torus
with Lie algebra t and denote by W the Weyl group of G associated to 1. Choose
a representative w € Ng(T) for each Weyl group element w € W = Ng(T')/T. Let
®*, &= and A denote the positive, negative and simple roots associated to 7" and
B. Let g, denote the root space corresponding to o € . Write U for the unipotent
radical of B, U~ for its opposite subgroup, u and u~ for their respective Lie algebras.

Given a standard parabolic subgroup P of G, we choose for it a specific Levi
decomposition P = LUp. Up is the unipotent radical of P. The Levi factor L is
determined in the following way. P corresponds to a unique subset I C A such
that P = BW;B, where W; is the subgroup of W generated by the set of simple

reflections { s, | @ € I'}. Let Z = ((),¢; Ker(a))® and define L = Cg(Z). The Lie



algebra [ of L has a root space decomposition [ =t® (@ .y 0a), in which ¥ is the
subsystem of ® spanned by I. The Weyl group W, of L can be naturally identified
with the subgroup W; of W. We denote the Lie algebras of P and Up by p and up
respectively. B N L is the Borel subgroup of L with Lie algebra b N [. Denote by

®(up) and ®(L) the subsets of roots so that

up = @ g and [:t@(@ Oa)-

a€P(up) a€d(L)

In particular, [ has triangular decomposition [ = u; @ t ® u;, where

up = g and u; = @ Jas
a€d*(L) acd™ (L)

with ®*(L) = ®(L) N ®*. Let Uy denote the unipotent subgroup of G with Lie
algebra uy. Then, Uy is the unipotent radical of BN L, and u = uy @ up.
Depending on context, we may use either G/B or B to denote the flag variety.
B is viewed as the set of Borel subgroups of G (or equivalently, the set of Borel
subalgebras of g). G/B is viewed as the set of left B-cosets. G acts naturally on
the flag variety B = G/B. The action on B is conjugation on Borel subgroups (or
adjoint action on Borel subalgebras), and the action on G/ B is left multiplication on
left B-cosets. They are different presentations of the same action. g- B € B stands
for the Borel subgroup gBg~!, g - b € B stands for the Borel subalgebra Ad(g)(b),
and gB € G/B stands for the left B-coset. They are the same point in the flag

variety. These notational conventions are kept throughout the paper.



2.2 Hessenberg ideals

In what follows, we restate the definition of Hessenberg ideal and give a simple

yet useful lemma about it.

Definition 2.2.1. A subspace I C u is a Hessenberg ideal if it is stable under the

adjoint action by b.

It follows easily from the definition that a Hessenberg ideal I is also stable
under the adjoint action by B. We define two sets:
& = { subspaces I of u | I is ad(b)-stable },

S ={subsets SC & |if f€ S, a€ P and f+a € &T, then f+a € S }.

Lemma 2.2.2. There is a one-to-one correspondence between .# and . given by

I:@ga.

a€eS

Proof. Straightforward. O]

If an ideal I corresponds to a set S as above, for any root a € S, we say that

I has a root « and « is a root of I (or v belongs to I).

2.3 Affine pavings

Definition 2.3.1. A finite partition of a variety X into subsets is said to be a
paving if the subsets in the partition can be indexed X1, ..., X, in such a way that

X IO X, I X; is closed in X for i = 1,...,n. A paving is affine if each X is



a finite disjoint union of affine spaces. In this case, we can alternatively say that X

is paved by affines.

2.4 A brief roadmap

We sketch in this section a brief roadmap of the proof of the main theorem. For
a Hessenberg ideal fiber 7TI_1(N ), we obtain a paving by intersecting it with a nice
paving of the flag variety B. For each piece in the paving of 7;(N), we consider
its fixed-point subvariety by a certain one-dimensional torus. If the fixed-point
subvariety is paved by affines, we are done. Otherwise we continue to decompose
and take fixed-point sets until we reach something paved by affines. This process is

accomplished by combining Lemma 2.4.1, Lemma 2.4.2 and Lemma 2.4.5.

Lemma 2.4.1. If a variety X has a paving {X;, Xs,..., X,,} such that each X;

(1=1,2,...,n) is paved by affines, the same is true of X.
Proof. Straightforward. O

Lemma 2.4.2. Let E be a connected smooth variety over C with an algebraic C*-
action. Assume that F can be covered by C*-stable quasi-affine open subschemes.
Let EC" denote the fixed-point subvariety and assume that it is nonempty, connected
and smooth. Moreover, assume that lim,_,qt-2 € E€” for every point « € E, where
t - x denotes the C*-action. Let Z C E be a C*-stable smooth closed subvariety so

that Z€” is also smooth. Then if Z€” is paved by affines, the same is true of Z.

The key to the proof of this lemma is Bass & Haboush [1985|[Theorem 9.1],

which is stated below for readers’ convenience.



Theorem 2.4.3 (Bass & Haboush [1985], Theorem 9.1). Let G be a reductive group
over C acting on the affine scheme X = Spec(A). Let X, = Spec(A/I) be a closed

subscheme of X. Assume:
(1) Xy is G-stable and contains all closed orbits.
(2) There is a G-equivariant retraction m : X — Xj.
(3) Xp is a local complete intersection in X.
Then 7 : X — Xy admits the structure of a G-vector bundle over Xj.

The definition of local complete intersection can be found in Bass & Haboush
[1985][section §].

Fix an affine scheme X = Spec(A) and an ideal I C A. Define Ay = A/I
and the closed subscheme X, = Spec(A) of X. Consider the Aj-module N = I/I?.
Then the graded Ag-algebra gr;(A) = @, I"/1 nt+l s generated by N in degree 1,

and there is a canonical surjection of graded Ag-algebras ¢ : Sym, (N) — gr;(A).

Definition 2.4.4. We say that X, is a local complete intersection in X if the

following conditions are satisfied:
(1) The Ag-module N = I/I? is projective.
(2) ¢:Symy, (N) — gr;(A) is an isomorphism.
Now we can prove Lemma 2.4.2.

Proof. Since lim, ot -z € EC” for every x € E, we can define a set-theoretic map
p: E — EY by p(z) = lim_ot- 2. It is clearly a C*-equivariant retraction of

10



the inclusion E€* < E. Since E is smooth and covered by C*-stable quasi-affine
open subschemes, we can apply Bialynicki-Birula [1973][Theorem 4.1] and deduce
that p : E — E®" is an affine fibration. Therefore, for every point y € E€”, the
fiber p~!(y) is an affine space with a C*-action. y is the only fixed point within
p~(y) and every other point x € p~!(y) is “flowed” to y by the C*-action. Let
7 Z — Z©" denote the restriction of p to Z.

Assume ZC" is paved by affines, we want to show the same is true of Z. Let

{V1,Va, ..., V;,} be an affine paving of Z€™. It suffices to show that {7~ (V}), 7~ 1(V%),

.., Y(V;)} is an affine paving of Z. Let W; =2 Al be any affine piece lying in some
V;. Then it is enough to show that Z; = 7 1Y(W;) is an affine space as well. For
this purpose we apply Theorem 2.4.3 with G = C*, X = Z; and X, = W;. Next we
show that all assumptions of Theorem 2.4.3 are satisfied.

Firstly, G = C* is reductive. X, = W; = Al is an affine space, hence certainly
an affine scheme. Because Z is a C*-stable closed subvariety of FE, it is also covered
by C*-stable quasi-affine open subschemes. Z is also smooth, so we can apply
Biatynicki-Birula [1973][Theorem 4.1] again and deduce that 7 : Z — Z%" is
an affine fibration. In particular, 7 is an affine morphism and so is its restriction
Tz  Zi — W;. Now that W; = Al is an affine scheme, so is Z;. Because Z; is
C*-stable and W, = Z;CX, W; is a closed subscheme of Z;. Using the notation of
Theorem 2.4.3, let Z; = Spec(A) and W; = Spec(A/I) for some affine C-algebra A
and ideal I C A.

Secondly, assumption (1) and (2) are clearly both satisfied.

Thirdly, for assumption (3), we need to show that both condition (1) and (2) of

11



Definition 2.4.4 are satisfied. Since 7 is an affine fibration, it is a smooth morphism
and so is 7|y, : Z; — W;. Because W; = Al is a smooth variety, so is Z;.

Now we know that Z; = Spec(A) and W; = Spec(A/I) are both smooth
affine varieties and W; is a closed subvariety of Z; corresponding to the ideal I. By
Hartshorne [1997][Chapter II, Theorem 8.17], N = I/I? is a locally free sheaf over
W; = Spec(A/I). Therefore N = I/I? is a projective Ap-module (A9 = A/I). Thus
condition (1) of Definition 2.4.4 is satisfied.

For condition (2), we must show that ¢ : Sym, (N) — gr;(A) is an isomor-
phism. Because both sides of ¢ are graded Ap-modules, it suffices to show that the
localization ¢y, is an isomorphism for each maximal ideal m D I. Without loss of gen-
erality, we may assume that (A, m) is a Noetherian local ring. Let d be the dimension
of Z; and k be the codimension of W; in Z;. Since Z; and W; are smooth varieties,
both (A,m) and (A/I,m/I) are regular local rings. By Matsumura [1980][p. 121,
Theorem 36], there exists a regular system of parameters {ay, as, . . ., aq} of m so that
ai, as, ..., aq is an A-regular sequence and I = (ay,as,. .., a;). Therefore, the ideal
I is generated by an A-regular sequence aq, as, . . ., ax. By Matsumura [1980][p. 98,
Theorem 27], ay, as, ..., a is also an A-quasiregular sequence. By the definition of
quasiregular sequence Matsumura [1980][p. 98], ¢ is an isomorphism.

Now that all assumptions of Theorem 2.4.3 are satisfied, we deduce that 7; :
Z; — W; admits the structure of a vector bundle. By the Quillen-Suslin theorem
(that finitely generated projective modules over polynomial rings are free; see Lang

[2002][p. 850, Theorem 3.7]), Z; is an affine space and we have finished the proof. [
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The next paragraph is the outcome of several results by Bialynicki-Birula and
Iversen, stated in a way that fits the proof of the main theorem in chapter 3. Refer
to Brosnan [2005][Theorem 3.2] for an alternative formulation and a short history
of the results.

Let X be a smooth projective variety over C with an algebraic C*-action. The
fixed-point set X©* is smooth (Iversen [1972]). For each connected component Y of
X set Fy = {x € X | limy,ot-x € Y} and define the map 7y : Fy — Y by
7y (x) = limy_,ot-z. Then each Fy is a locally closed C*-stable smooth subvariety of
X and 7y : Fy — Y is a C*-equivariant affine fibration (Bialynicki-Birula [1973]).
The partition of X into the subsets Fy is a paving (Biatynicki-Birula [1976]).

In addition, we have the following lemma about affine pavings.

Lemma 2.4.5. In the settings above, if Y is paved by affines, so is Fy. As a

consequence, if X©* is paved by affines, the same is true of X.

Proof. When X is smooth projective with a C*-action, it follows in particular
that X is covered by C*-stable quasi-affine open subschemes (see Bialynicki-Birula
[1973][section 4]). Therefore, we can apply Biatynicki-Birula [1973][Theorem 4.1]
to X and deduce that my : Fy — Y is a C*-equivariant affine fibration. Now
using Lemma 2.4.2 with F = Z = Fy and E®" = Z® =Y, this lemma follows

immediately. [
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2.5 A paving of the flag variety

As mentioned in the previous section, we can obtain a paving of any Hessenberg
ideal fiber 7r; (V) by intersecting it with a nice paving of the flag variety B. Here
we elaborate on this paving of B and other related results.

Firstly, there is a well-known affine paving of the flag variety given by Schubert
cells.

G has the Bruhat decomposition G = [, ., BuwB. By abuse of notation, we
also say that G/B = ][,y BwB. The latter equation is viewed as a partition of
the flag variety G/ B, in which wB is considered as a point in G/B and BwB the
B-orbit of wB € G/B (In the rest of this paper, a coset notation like wB always
represents a point in G/B). The B-orbit BwB is a Schubert cell, and we denote it by
X,. In addition, we have the Schubert variety X, = 1L, <w X, where < denotes
the (strong) Bruhat order on the Weyl group W (see Bernstein et al. [1973]).

For each w € W, define U* = UNwU " w!. Its Lie algebra is u® = Doco, Ja
where @, = { v € ®* | w™!(y) € @~ }. u is naturally isomorphic to U™ by the G-
equivariant exponential map. By Humphreys [1981][section 28.4], X, has a normal
form U%wB. That is, U" is isomorphic to X, via the map u — uwB. Therefore, we
have natural isomorphisms X, = U* = u" and we know that dim X, = dimU" =
dimu® = |9, | = l(w), where I(w) is the length of w in the Coxeter group W.

Secondly, let P be a standard parabolic of G. The finite set of P-orbits on
G/ B, after reordering, makes a paving of the flag variety. This is the paving with

which we intersect the Hessenberg ideal fiber 7;*(N). Next we elaborate on the

14



properties of these P-orbits.
Let P = LUp be the Levi decomposition. W denotes the Weyl group of L.
Define WL = {v e W | ®, C ®(up)}. The elements of W% form a set of minimal

representatives for W, \W in the following sense.

Lemma 2.5.1. Each w € W can be written uniquely as w = yv with y € Wy and

v € W such that I[(w) = I(y) + I(v).

Lemma 2.5.2. Let w = yv be the decomposition of w € W given above. Then

The two lemmas above can be found in Precup [2013][section 3].

Let I be the unique subset of A corresponding to P. Note that there is a
natural identification Wy, = W;, and that P = BW;B = BW;B. For any y € W,
and any v € W, combining the equation I(yv) = I(y) + I(v) with Humphreys
[1981][section 29.3, Lemma A] and arguing with a reduced word of y, it is not hard
to show that ByBoB = ByoB. Equipped with this identity, we can give a better

description of the P-orbits on G/B.

Lemma 2.5.3. There is a one-one correspondence between W’ and the set of P-
orbits on G/B. For each v € WT, the corresponding P-orbit is PoB. Moreover,

PuB is the disjoint union of certain Schubert cells:

PiB= [] X,, = [] U"yiB.

yeWr yeWr

15



Proof. Since P = BW B, we have

PoB =BW.BiB = [[ ByBoB= [] ByiB =[] X,. = [[ U"viB.
yeWL yeWy, yeWwWL yeWwWL
By Lemma 2.5.1, W = W, Wt = { yv | y € Wy, v € WE}. Taking the disjoint

union of PuB over all v € W', we have

IT poB= I (I] X00) = J] Xu=G/B.

veWlL veWl yeWp, weW

Therefore, v +— P9B is a one-one correspondence between W% and the set of P-

orbits on G/B. N

For simplicity of notation, we will use O, to denote PvB and O an arbitrary
P-orbit.

Next we investigate the fixed-point sets BZ and OZ where Z is the connected
center of L.

From section 2.1, we know that Z = ([,c; Ker(a))° is the connected center
of L and L = Cg(Z). There exists a one-parameter subgroup A : C* — Z so that
the A-fixed-point set B* and Z-fixed-point set B% coincide. Every one-parameter
subgroup in 7" is W-conjugate to a dominant one-parameter subgroup, so without

loss of generality, we may assume

(A\,a) =0Va € &(L) and (\,7) > 0 Vy € ®(up),

16



where (A, ) is the natural pairing Y (T') x X (T') — Z between the cocharacter and
character group of T'. Clearly O% = O* for each P-orbit O and XZ = X\ for each
Schubert cell X,,.

For each Schubert cell X,, = U*wB, X acts on it by left multiplication. Hence,
according to the natural isomorphisms X,, = U™ = u", X acts on U" by conjuga-
tion and on u“ by the adjoint action. Let w = yv be the decomposition as in

Lemma 2.5.2, we have

E o D s Do iwo

acy(Py) acd,

Since 3 - u” Cup and ¥ C [, X yields a C*-action on u” which has strictly positive

weights on ¢ - u¥ and fixes u¥. Therefore,

Nowt

o) =(]] x)*= [I @B = [[ v¥9oB= [] U"BL = B(L), (2.1)

yeWr, yeWr, yeWr, yeWr,

where B(L) is the flag variety of L and B, = LN©-B = LN 9By~ ! is a Borel
of L. Extrinsically, the isomorphism O} = B(L) takes ugoB to uyBy, (u € UY);
intrinsically, the isomorphism takes any Borel By € O to BN L € B(L). If we

assemble all these O, into B, we get the following result.
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Proposition 2.5.4. Each connected component of BZ = B* takes the form of O? for
some v € WL, O) is isomorphic to the flag variety B(L) of L and the isomorphism

sends By € BZ to By N L in B(L).

Moreover, we can show that each O,, considered as a variety with the C*-
action from the left multiplication by A, satisfies all the requirements for £ as in

Lemma 2.4.2. To be precise:

Proposition 2.5.5. O, is a connected smooth variety with a C*-action from the left
multiplication by A. O, can be covered by C*-stable quasi-affine open subschemes.
Moreover, for every point z € O,, lim; o A(t) - z € O, where \(t) - x denotes the

v

C*-action via the left multiplication by .

Proof. Recall that O, is the P-orbit of B in G/B, so it is a connected smooth
variety. Since O, = PvB and A C P, the left multiplication of A on O, clearly
stabilizes it.

Since O, = Hycw, Xyv, each point z € O, lies in some Schubert cell X,,. By

~Y ~Y

the preceding analysis in this section, we know that X,, = u"’ =y -u’ o u¥ =

A

y-u’ X X;v. The projection onto the second factor pr, : X,, — X/ gives a trivial

y
vector bundle structure over Xg;\v. Since y - u¥ C up, the left multiplication by A
on X,, yields a linear C*-action on the fiber of pr, with strictly positive weights.
Therefore, lim o A(t) - = exists and lies in X, C O;).

Now it only remains to prove that O, can be covered by C*-stable quasi-affine
open subschemes. Each Schubert cell X, is clearly C*-stable and affine, but they

are not open subschemes except for the highest dimensional one. However, we can
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write down an explicit C*-stable open affine cover of O, by using W-translates of
the highest dimensional cell of O,. Next we elaborate on this claim.

Let yo € Wy, be the unique element of maximal length. That is to say, I(yo) =
dim(L/L N B) = dimuy. As a result, u® = uy and g5 - u = u;. X, is the
Schubert cell of the highest dimension in O,, hence an open affine subscheme. It is
clearly C*-stable. We claim that the set of Wy-translates of Xy, { 99y Xyov | ¥ €
Wy}, is a C*-stable open affine cover of O,.

For C*-stableness, consider the action of A on ¥y, 1Xy0v by left multiplica-
tion. Since yy,' € W, for every t € C*, 9oy *A(#t)jy," € T. Moreover, X,,, =
ByyvB is clearly stable under left multiplication by 7". Therefore, A(t)yy, leov =
U0 (G0 AN 990 ) Xyow = 900 Xyov- Then g9y ' Xy is C*-stable.

For the covering part, it suffices to show that yy, IXWJ D X, for every y €
Wr. Recall that X,, = U%wB, so we need to prove i, ' U0 B D U¥yioB. The
preceding inclusion relationship follows if we can show that g5, 'U%%jy D UY3.

1

Multiplying both sides by ~, it remains to show the inclusion relationship of two

unipotent subgroups of G: 7, U% gy D ¢~ 'UY. As both are closed subgroups,

1

the problem can be reduced to the level of Lie algebras: 95! - u%ov D g1 - uv.

Now recall that u¥* = - u¥ @ u¥ for every y € Wy. Therefore, %—1 . uYov —
u? ©® yal -u¥% and y_l Su¥t =Y P y'_l T Since yal R T— uz D) y'—l . uy’ the

1

inclusion g5 ' - u¥? O =1 - u¥? is clearly true and we have finished the proof. O]
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2.6 Associated parabolics

As stated in the previous section, we will intersect the Hessenberg ideal fiber
77 '(N) with the P-orbit paving of G/B for some parabolic P. In fact, this P is
always the associated parabolic of the nilpotent element N.

Let N € g be a nilpotent element. By the Jacobson-Morozov theorem, there
exists a homomorphism of algebraic groups ¢ : SLy(C) — G such that dy (§3) =
N. Define a one-parameter subgroup A : C* — G such that A(z) = ¢ ((Z) Z91) for

all z € C*. X decomposes g into a direct sum of weight spaces

gi)={Xe€g|\Nz)- X =2XVzeC*}

We know that N € g(2), and that g = @, g(¢) where [g(i),g(j)] C g(i + j) for
all i,7 € Z. Let L and P denote the connected algebraic subgroups of G whose Lie

algebras are [ = g(0) and p = P>, 9(). It is known that:

(1) P is a parabolic subgroup depending only on N (not on the choice of ¢).

(2) P = LUp is a Levi decomposition, and its unipotent radical Up has Lie algebra
up =P, 8(1)-
(3) The P-orbit of N in uz’ = @,-, (i) is dense.

(4) The L-orbit of N in g(2) is dense.

(5) If N is distinguished, in the sense that it is not contained in any Levi subal-
gebra of a proper parabolic subalgebra of g, then g(z) = 0 for all odd i (see
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Bala & Carter [1976]).

In the rest of this paper, for each nilpotent element N, the P and A\ thus
obtained are referred to as the associated parabolic of N and an associated one-
parameter subgroup of N. The image of A in G is usually denoted by D. Note
that P as a subgroup of G is uniquely determined by N (see Carter [1985][p. 163,
Proposition 5.7.1]) while A depends of the choice of . Different choices of ¢ are
conjugate by an element of Cg(NV), hence so are the \’s.

It is worth pointing out that such an associated one-parameter subgroup A is
the same as the one mentioned in section 2.5, below Lemma 2.5.3. To be precise, we
need to show that the A associated to N via the Jacobson-Morozov theorem satisfies

the following two requirements:
(1) (\,a) =0Va € (L) and (A7) > 0 Vy € O(up).
(2) BZ = B* where Z is the connected center of L.

For (1), since A decomposes g into weight spaces and [ = g(0), up = @, 9(7),
the requirement is clearly satisfied.

For (2), note that L = Cg(Z) = Cg(A). By Humphreys [1981][p. 141, section
22.4], both BZ and B* are identical to the set {By € B | LN By € B(L)}. Hence the
requirement is satisfied.

As a consequence, all the results of section 2.5 can be applied to the A, L and

P that are associated to N via the Jacobson-Morozov theorem.
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2.7 Prehomogeneous vector spaces

Let M be a connected algebraic group over C and V' be a finite-dimensional
vector space over C with a rational M-action. V is said to be prehomogeneous if V'
contains a dense M-orbit V9. Pick an element v € V°.

Given a closed subgroup H in M and an H-stable vector subspace U of V', we

construct a closed subvariety Xy C M/H as follows: Set

My={geM|g' vecU}.

Then My is stable under right multiplication by H and we set X;; = My /H. Clearly,

Xpy={gH|geMandg ' -vecU}

The following result can be found in De Concini et al. [1988][Lemma 2.2].
Lemma 2.7.1.

(1) When Xy is not empty, it is smooth and dim(Xy) = dim(M/H) —dim(V/U).

(2) The connected components of Xy, are isomorphic, and M, acts transitively on

the set of them, where M, is the stabilizer of v.

Remark 2.7.2. We use the quintuple notation (M, H,V,U,v) to denote all the
information necessary to construct Xpy. By abuse of notation, we also use the
quintuple to denote the variety Xy itself. Equality such as Y = (M, H,V,U,v)
means the variety Y is isomorphic to the variety Xy constructed from the quintuple.
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Prehomogeneous vector space is the technical core of this paper. It is impor-
tant for both the proof in chapter 3 and the explicit computation in chapter 4 and
6. In particular, we can use it to describe small pieces of the Hessenberg ideal fiber
and their respective fixed-point subsets. Next we elaborate on this statement.

For a Hessenberg ideal I, let N and N’ be conjugate nilpotent elements in
the image of m;. Then 7;'(N) and 7;'(N’) are isomorphic while the associated
parabolics P (of N) and P’ (of N') are conjugate. Therefore, we may assume that
the associated parabolic P of the nilpotent element /N contains the pre-selected Borel
subgroup B. This makes it very convenient to intersect 7; ' (N) = { gB | g~'-N € I}
with various P-orbits on G/B.

Let L be the Levi factor of P and decompose the Weyl group W = W WZE. Let
A be an associated one-parameter subgroup of N. By Lemma 2.5.3, { O, | v € W1}
is the set of all P-orbits on G/B, and they can be ordered into a paving of the flag
variety. Since 7;'(N) is a closed subvariety of G/B, { n;'(N) N O, | v € Wk}
is a paving of 7;*(N). In fact, each piece of the paving 7;'(N) N O, is a variety

constructed from some quintuple. So is its A-fixed-point subset 7; ' (N) N O
Lemma 2.7.3. 7, ' (N)N O, = (P,PNv-Bup’, uz>No-I,N).

Proof. First we examine the validity of the quintuple. By section 2.6 (3), the P-orbit
of N in u3” is dense. Then all we need to check is that up*No -1 is (PN - B)-stable.
Since the adjoint action of ©¥ permutes the root spaces of g, ulzf N o - I still has a
root, space decomposition. To prove u]%2 Nv-11is (PNo- B)-stable, it is enough to

show the following;:
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Let v be a root ofu?ﬂi)-] and 0 be a root of pNo-b. If v+ ¢ is still a root,
then it must be a root of uz> N v - I.

Now we prove the claim above. Let v = v(«) so that « is a root of I and v(«)
is a root of uz>. Let & = v(f) so that 3 is a root of b and v(j3) is a root of p. If
v+ 0 =v(a)+v(f) = v(a+ B) is a root, then so is o + B. Since f is a root of
b hence positive, and [ is an ideal, a + (3 is a root of I as well. Recall that X is
the associated one-parameter subgroup of N which we have chosen to begin with.
Then (A, v+ 9) = (\,7) + (A, §) > 2, because 7 is a root of u]%2 and 0 is a root of p.
Therefore v + § = v(a + 3) is a root of up” N - 1.

Next we prove the equality. We know that O, = PvB. The stabilizer of
9Bin Pis HZ PnNo-B. For any p € P, the whole coset pH, when acting
on the point 9B, gives the same result poB. If pvB € n;'(N), by definition,
vleptNel < pt - Nev-I. Sincep' e Pand N € g(2), we must
have p~' - N € uz®. Therefore, p' - N € 0-1 <= p ' N cup®no-I.
In summary, 7, ' (N)N O, = { pH | p™' - N € up’> N0 - I} and this is exactly

(P,PNv-Buz’ uz"No-1,N). O

Recall that A acts on G/B by left multiplication. Since N € g(2), A stabilizes
77 '(N). Taking the M\-fixed-point subset of 7,1 (N) N O, we get (77 (N)NO,)* =

7 H(N)N O
Lemma 2.7.4. 7; ' (N)N O} = (L, LN7©- B,g(2),8(2)No-1,N).

Proof. Similar to the previous lemma, we begin by checking the validity of the
quintuple. By section 2.6 (4), the L-orbit of N in g(2) is dense. Then all we need
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to check is that g(2) N v -1 is (L Nv - B)-stable. Still because of the root space
decomposition of g(2) N o - I and [N - b, it is enough to show that:

Let v be a root of g(2) Nv -1 and B be a root of [N -b. If v+ [ is still a
root, it must be a root of g(2) Nv - I.

The proof is almost verbatim the same as in the previous lemma.

Next we prove the equality. By Equation 2.1, we know that

oy=[] vrgiB= [] U"(Lné-B)=B(L)=L/LNv-B,

yeWL, yeWrL

and that the isomorphism in the middle takes ugoB € O) to ug(LNv - B) € B(L)
(u € UY). If a point ugoB € O} is also in 7; ' (), by definition, 0.yt -u=!- N €
I < y ' uw ' Nev-1I Sincey€e€ Wy andu e UY C L and N € g(2), we must
have y~t-u™' N € g(2). Therefore, y~t-u™'-N € 0-1 < gy~ t-ut-Neg2)no-1.
In summary, 7;'(N) N O} = { wgoB | ' -u' - N € g(2)Nnv-I}. Mapped
isomorphically into B(L), the previous set becomes { ug(LNv-B) |yt -u™!- N €

g(2) N o - I}, which is exactly (L, LN©- B,g(2),9(2) No-I,N) by definition. [

Combining the two lemmas above with Lemma 2.4.2, we can make an im-
portant step towards the proof of the main theorem. The following proposition is

hinted at in the beginning of section 2.4.
Proposition 2.7.5. If 7;'(N) N O is paved by affines, so is 7;'(N) N O,.

Proof. By Proposition 2.5.5, O, satisfies all the requirements for £ as in Lemma 2.4.2.

By Lemma 2.7.1, Lemma 2.7.3 and Lemma 2.7.4, 7; ' (N) N O, satisfies all the re-
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quirements for Z as in Lemma 2.4.2. Now apply Lemma 2.4.2 with £ = O,,
EY =0}, Z =n;%(N)NO, and Z%* = 7, (N)NO.. We deduce that 7;*(N)NO,

is paved by affines if 7;'(N) N O} is. O

From the proof of Lemma 2.4.2, it is not hard to deduce the following corollary,

which is useful in the computation in chapter 4.

Corollary 2.7.6. Let ¢ : 7;'(N) N O, — 7, (N) N O) be the restriction of
p: 0, — O} and r = dim(7;(N) N O,) — dim(7;'(N) N O}) be the relative

dimension. We then have the following results:

(1) If W = Al is an affine cell of 7;*(N) N O), then ¢~ *(W) admits the structure
of a rank 7 vector bundle over W. In particular, ¢~ 1(W) = A"" and it is an

affine cell of 7,1 (N) N O,.
(2) Ifr =0, 7;"(N)N O, and 7;*(N) N O} are the same subset of 7;'(N).
The following is the fulcrum of the proof of the main theorem.

Theorem 2.7.7. Let G be a connected reductive algebraic group over C whose Lie
algebra has no simple component of type E7; or Eg. Let N € g be a distinguished
nilpotent element and P be the associated parabolic of N. We may assume that P
contains the pre-selected Borel subgroup B. Following the notation in section 2.6,
let P = LUp be the Levi decomposition of P so that [ = g(0) and up = €p,., 9(4).
L N B is a Borel subgroup of L. Then for any (L N B)-stable subspace U C g(2),

the variety Xy = (L, LN B, g(2),U, N) is paved by affines whenever it is not empty.
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Proof. Note that N € g(2) and the L-orbit of N is dense in g(2), so the L-module
g(2) is indeed prehomogeneous and the quintuple (L, L N B, g(2),U, N) is valid.

Let D be the image in GG of an associated one-parameter subgroup A of N. By
De Concini et al. [1988][section 3.7], since N is distinguished, there exists a P-orbit
O on B such that Xy = BY ), where By , is the D-fixed-point set of the intersection
By N O. Therefore, as long as we can prove that Bﬁo is paved by affines, we are
done.

By De Concini et al. [1988][section 3.6], we know that By = [], By and
each piece is smooth projective and they do not meet each other. Therefore, if BY
is paved by affines, so is each piece B]]\),p.

Next we turn to look at BY. In this proof, for an arbitrary reductive Lie algebra
g’, let B(g') denote the flag variety of a connected reductive group whose Lie algebra
is g’. Let By/(g') denote the Springer fiber for a nilpotent element N’ € g’. That
is, By/(g') = { b/ € B(¢') | N € b/, b is a Borel subalgebra of g'}. Now come
back to the group G and Lie algebra g we started with, and let g = 3 & (B, 9;)
be the decomposition of g into a direct sum of its center 3 and simple components
91,92, --,0m. Let N; be the projection of N onto g; for i = 1,2,...,m. Each N;
is a nilpotent element of g; and N is distinguished in g if and only if each N; is
distinguished in g;. It is not hard to show that By = Bn(g) = [, Bn,(gi) (see
Spaltenstein [2006][Chapter II, section 1.1]). Because each component g; is an ideal
of g, the adjoint action of D stabilizes g; and induces an action on B(g;). Since
D stabilizes CN, it also stabilizes each CN;. Then the adjoint action of D on g
induces actions on By, By, (g1), By, (82), - - -, B, (8m). Therefore, the isomorphism
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By = [[", Bn,(gi) is D-equivariant and we have By = [T, BY. (g;)-

Now it suffices to show that each Bﬁi (9;) is paved by affines. Since g is assumed
to have no simple component of type E; or Eg, each g; is either classical or of type G,
Fyor Eg. In the classical case, let s € D be a semisimple element such that BY (g;) =
By, (gi). By De Concini et al. [1988][Theorem 3.9], By (gi) is paved by affines and
so is B (g;). In the other three cases, note that By (g;) = [[o(B%.(g:) N O),
and for each P;-orbit O, B{\D,i (g;) N O is constructed from some quintuple (L;, L; N
B;,9i(2),U;, N;), where L; is the Levi factor of the associated parabolic P; of V; (in
g;). Therefore, it suffices to prove that (L;, L;NB;, g:(2), U;, N;) is paved by affines for
a simple Lie algebra g; of type G5, Fy or Eg. For type Go, the semisimple rank of L;
is at most 1 (see chapter 4), hence each nonempty (L;, L; N B;, g:(2), U;, N;) is either
a finite set of points or P!, both of which are paved by affines. For type F}, only two
of its four distinguished nilpotent orbits need to be carefully inspected. One of them
has already been done in De Concini et al. [1988][section 4.2]. For the other orbit,
a nonempty (L;, L; N B;, g:(2), U;, N;) (with N; from this nilpotent orbit) is one of
the following: P! x P!, P! (or disjoint union thereof), a finite set of points. For type
Es, only one orbit needs inspection, for which a nonempty (L;, L; N B;, g:(2), U;, N;)
is one of: P! x P! x P!, a smooth rational surface, P! (or disjoint union thereof),
a finite set of points. Then knowledge of these very special varieties concludes the

proof. The details for the F; and Ejg cases are given in chapter 6. O
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2.8 Undistinguished nilpotent elements

The proof of the main theorem when N is distinguished can be done by com-
bining various results from section 2.7. When N is undistinguished, the classification
of nilpotent orbits in Bala & Carter [1976] provides us a good way of reducing to

the distinguished case. More specifically, we need the following result.

Proposition (Carter [1985][p. 172, Proposition 5.9.4]). There exists a mininal Levi

subalgebra m of g containing N. N is a distinguished nilpotent element of m.

A Levi subalgebra m of g is the Lie algebra of the Levi factor of a parabolic
subgroup of G. Miminal Levi subalgebra is minimal with respect to inclusion.

Next we describe how to find a minimal Levi subalgebra (and its correspond-
ing Levi subgroup) that contains N. The following results are taken from Carter
[1985][p. 156, Proposition 5.5.9; p. 172, Proposition 5.9.4].

For any nilpotent element N, let A be an associated one-parameter subgroup
(see section 2.6) and D be the image of A in G. Let F' = C&(N) be the connected
centralizer of N. Let R be the unipotent radical of F' and C' = Cr(D). We know

that:
(1) F=RC and RNC = 1.
(2) C is a connected reductive group.

Let S be a maximal torus of C' and let s be the Lie algebra of S. Set m = Cj(s)

and M = Cg(S). Then m is a minimal Levi subalgebra that contains N. M is the
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corresponding Levi subgroup of m and N is a distinguished nilpotent element of
m. In particular, when N is distinguished, S is the connected center of G' and the
minimal Levi subalgebra that contains N is g itself.

Note that S C Cr(D), so S and D commute with each other. D acts on N with
weight 2 while S centralizes N. Therefore S and D have at most finite intersection.
Choose a maximal torus T' that contains both S and D and pick a Borel B D T
so that the associated parabolic P of N is standard. Since B DT D S, M N B
is a Borel subgroup of M (Humphreys [1981][section 22.4]). Let P = LUp be the
Levi decomposition and let p : C* — S be a one-parameter subgroup so that the
p-fixed points and S-fixed points on B coincide.

The groups A\, D, S, M, T, B, P, L and ; described above will be used in the

proof of the main theorem when N is an undistinguished nilpotent element.
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Chapter 3: Proof of the Main Theorem

In this chapter we prove the main theorem using various results from chapter

Theorem 3.0.1. Let GG be a connected reductive algebraic group over C whose Lie
algebra has no simple component of type E7; or Eg. For any Hessenberg ideal I C u
and any nilpotent element N € g, the Hessenberg ideal fiber 7, (V) is paved by

affines whenever it is not empty.

Proof. For any nilpotent element N, let P be the associated parabolic and A be
an associated one-parameter subgroup of N. P = LUp is the Levi decomposition
and W = W, WE. Because { 7;'(N)N O, | v € WL} is a paving of 7;'(N), by
Lemma 2.4.1, it is enough to show that each nonempty piece 7;*(N) N O, is paved
by affines. By Proposition 2.7.5, it suffices to show that each nonempty 7r;1(N )NO
is paved by affines. We accomplish this task in two different ways, depending on
whether N is distinguished or undistinguished.

For any nilpotent N, by Lemma 2.7.4, 7; '(N)N O = (L, LNv- B, g(2),g(2) N

I

0-1, N). Because v € W%, LN©-B = LNB (see Lemma 4.2.1). Then 7;*(N)NO2
(L,LﬂB,g(Q),g(2)ﬁvI,N)
If N is distinguished, by Theorem 2.7.7, 7; '(N)NO} = (L, LN B, g(2), g(2) N
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0 - I, N) is paved by affines, and we are done.

If N is undistinguished, take all the groups A\, D, S, M, T, B, P, L and pu
associated to IV as in section 2.8. For simplicity of notation, we drop the subscript
v and use O to denote any P-orbit on G/B. Now we show that 7;'(N) N O is
paved by affines by making use of the S-action on it.

Since S and D act on the flag variety G/B by left multiplication, the two
actions commute with each other. Because S C C&(N), it stabilizes 7, (N); because
S lies in T and commutes with D, it stabilizes O*. Therefore, S stabilizes 7; ' (N) N
O* and (7;Y(N) N O = (77 (N) N OM*. Lemma 2.7.4 and Lemma 2.7.1 imply
that 7;*(N) N O is smooth projective. Then we can apply the Lemma 2.4.5 to
77 (N) N O* with the p-action. In particular, we deduce that:

The fixed-point set (77 *(N)NOM)* is the disjoint union of its connected compo-
nents, each of which is smooth projective. Moreover, if every connected component
of (m;1(N) N O*M* is paved by affines, the same is true of 7; '(N) N O*.

Let 2 (D, S) be the set of connnected components of (7;*(N)NO*)* when O
ranges over all P-orbits on G/B. We want to show that every variety in Z(D,S)
is paved by affines. The key lies in viewing the set &(D, S) in a different way.

Consider the fixed-point variety 7;'(N)?* by both D and S, and let % be
the set of connected components of 7;'(N)P®. For each 7;'(N) N O, it is a
smooth projective closed subvariety of GG/B . The intersection of two different
pieces (77 1(N) N OY) N(7;(N) N OY) is empty, because the two P-orbits O, and
O, do not meet each other. Therefore, the elements of (D, S) have to be exactly

all connnect components of 7;*(N)?. That is, Z(D,S) = %.
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D.S in a different manner.

Now we consider 77 (V)

Let DS be the product group of D and S. It is a toral subgroup of T'. Then
7 (N)PS = 7, (N)PS. Since LN M = Cg(D) N Cq(S) = Ca(DS), LN M is a
Levi subgroup of G. Let @ be the subgroup of G generated by L N M and B, then
@ is the standard parabolic of which L N M is a Levi factor. On the other hand,
LNM=Cg(D)NM = Chy(D). Because D C M, LN M is a Levi subgroup of M.
By the definition M = Cg(S) and Collingwood & McGovern [1993][Lemma 3.4.4],
it is easy to show that the homomorphism ¢ : SLy(C) — G associated to N by
the Jacobson-Morozov theorem factors through the subgroup M of G. Therefore,
LN M = Cy(D) is exactly the Levi subgroup of the unique parabolic subgroup of
M associated to N € m. Then we know that [Nm = g,,(0), N € gy (2) and that
the (LN M)-orbit of N in gj/(2) is dense. Here m = @, _;, gas(4) is the weight space
decomposition of m with respect to D.

Since L N M is the Levi factor of the standard parabolic subgroup @) of G, we

can decompose the Weyl group W = Wy W™ For each v € W™ let 0, be

the corresponding @Q-orbit on G/B. Then

a(NneS = (Nn( [ vgeB)”S == (N n( [ UYgeB).

yeEWLnm yeEWrLnm

For any ugoB € UYyoB, it lies in w;'(N) whenever o1 - g1 - u™t - N € [ +—
gy lu N e vl < ¢y 1w N € gp(2)No-I. The last equivalent condition is due
to the fact that uy € LN M = Cy (D) and N € gp(2). Let Bpay = (LNM)No- B.
Ui B)

It is a Borel subgroup of L N M. The natural isomorphism from (J[,cy, .
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to the flag variety B(L N M) takes ugvB to ugyBray. Under this isomorphism,
771 (N)NOP% can be identified with { uyBray | 97 -u™' - N € gy (2)N0- 1}, which
is exactly the quintuple (LN M, Braas, ga(2), gar(2) N0 -1, N). Because v € WEWM
we have Bray = (LN M) N (M N B) (see Lemma 4.2.1). Because M = Cg(95) is
a Levi subgroup of G, its Dynkin diagram is obtained from that of G by removing
certain nodes. Therefore, M is also a connected reductive algebraic group whose
Lie algebra has no simple component of type E; or Eg. Now apply Theorem 2.7.7
to the group M, its Borel subgroup M N B, the distinguished nilpotent element
N € m and the quintuple (L N M, By, 90(2), 90(2) N0 - I, N), and we deduce
that 7;Y(N) N P9 = (LN M, Bran, 60(2), 80(2) N0 - I, N) is paved by affines.
By Lemma 2.7.4 and Lemma 2.7.1, 77 *(N) N &@P% is smooth projective. Therefore
it is a finite disjoint union of connected components from #Z = Z(D,S). Since
w;l(N ) N 0P is paved by affines, so is every one of its connected components.
Because the collection of 7;'(N) N ¢P% for different orbits &, cover 7;'(N)P9,

every connected component from #Z = £ (D, S) belongs to some 7;'(N) N &P3

hence has to be paved by affines as well. Then we have finished the proof. O
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Chapter 4: Type Gs

Throughout this chapter, let G be a connected algebraic group over C of type
Go. For every Hessenberg ideal fiber 7;'(IN), we explicitly describe each cell of
771 (N) as an affine subspace of some Schubert cell of G/B. Various geometric
properties of Hessenberg ideal fibers can be deduced from these explicit cell struc-
tures. In particular, Theorem 4.4.1 shows that the irreducible components of ;! (N)

are not always of the same dimension.

4.1 Some structures of Gy

First we collect some well-known results about G5 that are relevent to our
computation.

Fix a Borel subgroup B of G and choose a maximal torus 7' C B. Let o and
£ be the short and long simple roots respectively. The root system of G5 is shown
in Figure 4.1. The labeled arrows correspond to all the positive roots. We see that
all the roots of G5 have only two different lengths, and we call them short roots and
long roots respectively.

There is a natural partial order on the set of positive roots: v < ¢§ if § — v is

a linear combination of o and  with nonnegative coefficients.
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Figure 4.1: Root system of Gs

Define I, = ;.. 95 for every v € ®F, I, 5 = u and Iy = (0). It is clear that
these are all the Hessenberg ideals of GG5. There is a natural partial order on the set
of Hessenberg ideals by inclusion.

Let E = R? be the real vector space that the root system of Gy spans. We
view E as the plane that contains all the arrows in Figure 4.1. Let s = s, and
t = sp be the reflections of £ associated to the simple roots o and 3 respectively.
Note that s is the reflection about the line through the arrow 28 + 3« and t is the
reflection about the line through the arrow 8 + 2a. Let r = st and it is a rotation
of E in the counterclockwise direction for 60 degrees. Let W be the Weyl group of

G5 and we have the following presentation of W:

W = (s, t|s* =t = (st)° = e),

where e is the unit element of W. Clearly, W = Ds.
The rest of this section consists of several results that can be easily proved by
knowledge of the Chevalley groups. They are true for all connected simple algebraic

groups over C.
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For any root v € ®, let X, be the 1-dimensional unipotent subgroup of G
whose Lie algebra is the root space g,. Let 2, : C — X, be the group isomorphism
defined via the exponential map and the choice of a Chevalley basis element in g, .
For each positive root 7y, choose a nonzero vector E, € g,. Let E_, be the unique

vector in g_., so that {E.,[E,, E_,|, E_,} is an sly-triple. Let H., = [E,, E_,].

Lemma 4.1.1. For any two roots v and 9, there exist nonzero complex numbers

¢1,C,. .., Ccq depending only on v, 6 and G such that

q
xy(2) - Es = Es + Z cn 2" Egypy for any z € C.

n=1

x(2) - E5 is the adjoint action and § + g7 is the last root in the 7-string that goes

through 0.

Lemma 4.1.2. For any two roots v and § such that v + 4 is not in ® U {0},
z(2)xs(2") = xs(2" )2, (2) for any z, 2’ € C.

That is, the two groups X, and X; commute with each other.

Lemma 4.1.3. For any w € W and v € ®, there exists a nonzero complex number
c such that

W, (2)10 ™" = Ty(y)(c2) for any z € C.

Lemma 4.1.4. For any w € W, the following equality of sets is also an isomorphism
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of algebraic varieties.

v = 1] X

YEDPw
in which factors on the right hand side are multiplied with respect to a fixed order
of roots in ®,,. Moreover, if 1 + 75 is not in ® U {0} for any two roots v, 72 € Py,

factors can be interchanged freely without changeing their product.

4.2 Outline of the algorithm

In this section, we outline the algorithm of the computation for the cell struc-
tures of all Hessenberg ideal fibers. The idea comes directly from the proof of
Theorem 3.0.1. If N is the trivial nilpotent orbit {0}, then 7;*(0) = G'//B, which is
paved by the Schubert cells. We therefore ignore this case and only compute 7; ' (N)
for N from a nontrivial nilpotent orbit.

Note that in the presentation of GGy in section 4.1, we have chosen a Borel
subgroup B and a maximal torus 7' to begin with. Therefore, for each nontrivial
nilpotent orbit, we now have to first pick a representative N so that its associated
parabolic P is standard. Let A be an associated one-parameter subgroup of N,
P = LUp the Levi decomposition, and W = W;W?' as in Lemma 2.5.1. For each
v € WL, let O, be the P-orbit corresponding to v. For any Hessenberg ideal I, by

Lemma 2.7.3 and Lemma 2.7.4, we have

T {N)YNO, = (P,PNi-Buz’,up’No-I,N),
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m (N)NOy = (L, LN%-B,g(2),9(2) N I,N).

Clearly 7;'(N)NO, and 7;1(N) N O are empty or nonempty at the same time. In
the case of type Gy, for every nontrivial nilpotent orbit, L has semisimple rank at
most 1 and g(2) is always of small dimension. Therefore it is easy to check whether
7 (N) N O) is empty or not. To simplify notation, set P(N,I,v) = 7;'(N)N O,
and L(N,I,v) =7;'(N)N O

For any two Hessenberg ideals J C I, it is obvious from definition that
L(N,J,v) C L(N,I,v) and P(N,J,v) C P(N,I,v). This simple observation is
very useful in telling which L(N,I,v) is nonempty. In fact, in the case of type Ga,
when dim(//J) = 1, it happens quite often that the cells of P(N, J,v) are still cells
of P(N,I,v) (there are exceptions).

According to Bala & Carter [1976][p. 6], G has 4 nontrivial nilpotent orbits,
denoted by Ay, fil, Gs(ay) and G;. They are ordered in increasing dimensions. Our

algorithm is the following:

(1) Starting with the orbit A;, apply steps (2) to (5). Then repeat the same

process for Aj, Gs(ap) and G9 in that order.

(2) For each nontrivial nilpotent orbit, choose a representative N so that its as-

sociated parabolic P is standard.

(3) Fixing the N, compute 7; '(N) for all nonzero Hessenberg ideals ranging from

the smallest [5s13, to the biggest I, g by the next two steps.

(4) For each Hessenberg ideal I, find all v € W so that L(N, I,v) # 0.
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(5) For each v obtained from step (4), compute the cell structure of P(N,I,v)

explicitly.

Note that when I is the zero Hessenberg ideal Iy, 7;'(0) = G/B is the only
nonempty Hessenberg ideal fiber, so we omit it from the algorithm.
The following lemma will be useful in our computation. It is true for any

connected reductive algebraic group over C.

Lemma 4.2.1. Let P be a standard parabolic of G, and P = LUp be its Levi

decomposition. W = W;W?'. For any v € W', we have the following:
(1) pNo-b=tD (D cor\a, 8v)-
(2) Lnhv-B=LNB.
(3) dim(P/PnNv-B) =P (L)| + |D,].

Proof. Straightforward from the definition of W% and ®,. O

4.3 Computation

As mentioned in algorithm step (1), we split the computation into four cases,

one for each nontrivial nilpotent orbit.

4.3.1 The case of A;

First we choose a nice representative N that satisfies the requirement in step
(2), and describe its associated parabolic P, associated one-parameter subgroup A,
the Levi subgroup L of P, g(2), u? and the decomposition W = W, W,
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According to Bala & Carter [1976], “A;” represents the undistinguished nilpo-
tent orbit of Gy every element of which lies in a minimal Levi subalgebra of type
A;. For a suitable representative of the orbit A;, the root system of its minimal
Levi subalgebra consists of a pair of opposite long roots of Ga. N = Esg.3, is a
representative satisfying the requirement of step (2). We use N to denote Ess.3, in
this case for the sake of simplicity.

Next we justify the claim briefly. N = Eyg.3, is a regular nilpotent element of
the Levi subalgebra m = t®g_23_3, P g25+34, S0 it belongs to the orbit A;. The more
subtle part is to show that the unique associated parabolic of N is standard. For
this, it suffices to find an sly-triple {N, H,Y'} so that H € t and «(H), S(H) > 0.
Clearly, { E2p+30s Hop+3a, E—25-34} is such an sly-triple. In this case, a(Hapgi34) =0
and S(Hapis3.) = 1 (these two numbers are always the same as the weights of o and
f in the weighted Dynkin diagram of the nilpotent orbit).

Now we can easily see that:

(1) P=(B,X_,) where (B, X_,) denotes the subgroup of G generated by B and

X 4.
(2) (\,a) =0 and (A B) = 1.
(3) L =(X_o,T,Xa).
(4) 9(2) = up’ = CEzpyza.

(5) Wi = {e,s} and WL = {e, t,ts,sr? sr3,r4}. (In this case, v € Wl

v i) € D))
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Next we enumerate the Hessenberg ideal I from the smallest I5543, to the biggest
I, 5, and compute 7; ' (N) by steps (4) and (5). N is understood to be Eag,3, all

the time. We know that

P(N,I,U) :(P,Pﬂi)-B,(CE2§+3Q,CE25+3QHQ}-[,N),

L(N,I,’U) = (L,Lﬂ B,CE25+3Q,CE25+3Q No- I, N)

(Note that LNo-B = LNB for any v € W by Lemma 4.2.1.) Since g(2) = CE2s43q,
L(N,I,v) # (0 <= CEy43, N0 -1 = CEy343, <= v sends some root of I to
283 + 3a. When this happens, L(N, I,v) = O} and P(N,I,v) = O, = PoB. That
is, both are equal to their biggest possibility.
o/ = 12,8+3a

Since I has only one root 23 + 3, for L(N,I,v) to be nonempty, v has to
send 283 + 3o to itself. Then the only possibility is v = e. Therefore, 7;'(N) =
P(N,I,e) = PéB = X,l1X, = X, 2P 7;'(N) is the Schubert variety X,. It has
one 0-cell and one 1-cell.
o =153,

Now that / has one more long root 3 + 3a than the previous ideal Iyg434, v
has to send either of them to 23 + 3a. Then v = e or t. P(N,I,e) = PéB = X,.
P(N,I,t) = PtB = X; 1 X. Then n;'(N) = X, 11 X, 1 X,; = X,;. It is a Schubert
variety of dimension 2.
o[ =15,

I has one more short root 3 + 2a than Ig3,, and the action of any w € W
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on ® preserves the lengths of roots. Therefore, v can still only be e or ¢. Then
;' (N) = P(N,I,e) 1l P(N,I,t) = PéB I PtB = X,. It is the same as the
previous one.
o[ =15,

I has one more short root 8 + « than /g 9., by a similar argument as above,
7 () is still Xy,

o[ =1,

One more short root «, so 7r1_1(N) = Xg.
o[ =14

The previous ideal (by the partial order of inclusion) of I is Ig4,. I has one
more long root S and it leads to a new possibility for v. Now v = e, t or ts.
77 (N) = P(N,I,e) 1 P(N,I,t) 11 P(N,I,ts) = PéBU PtB 1 PtsB = X,. It is
a Schubert variety of dimension 3.
o/ =1,53

I has one more short root « than Iy, so 77 ' (N) = WI_[’I(N) = X This one
is a Springer fiber.

We have finished the case of A;.

4.3.2 The case of fil

The notation “A;” represents the undistinguished nilpotent orbit of Gy, every
element of which lies in a minimal Levi subalgebra of type A; as well, but this time,

for a suitable representative of A;, the root system of its minimal Levi subalgebra
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consists of a pair of opposite short roots of Go. N = Egzi9, is a representative
satisfying the requirement of step (2). We use N to denote Ejz,o, in this case.

First we justify the choice of N = Eg9,. N is a regular nilpotent element of
the Levi subalgebram = t®g_g_2,Pgs+24, hence belongs to 141. {N, Hp 190, E_p_24}
is an sly-triple such that Hg 9, € t, a(Hgt2,) = 1 and B(Hpi2.) = 0. Then the
associated parabolic of N is standard.

We know that:
(1) P=(B,X_p).
(2) (\,a) =1and (), 3) =0.
(3) L= (X_5T, X5).
(4) g(2) = CEp42, and u%Q = spanc { Egi2a, Es13as F2p13a}-

(5) Wi = {e,t} and WL = {e,s,st,r? tr3 tr*}. (In this case, v € W! <+

vT(B) € @)

Since g(2) = CEgya, is still one dimensional, L(N, I,v) # () <= v sends some root
of I to 8+ 2a. When this happens, L(N, I,v) = O}, but P(N,I,v) could be strictly
smaller that O, = PoB. In this situation, it is usually helpful to compare P(N, I, v)
with P(N, J,v) where J is the previous Hessenberg ideal (meaning a subspace of
codimensin 1) of I. Quite often, they are equal to each other.
o [ = Iyg13q O Igi3q

Since these two ideals only have long roots, g(2) N - = 0 for any v € WL.
Then 7; ' (N) = 0 for both ideals.
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o[ =1Igi9,

Since I has only one short root 5+ 2«, v has to fix 5+ 2a. Then it could only
be e. Because up>Né- I =u3’, P(N,I,e) = PéB=BW;B =X, 11X, =X, =P
It is a Schubert variety of dimension 1.

o[ =1z,

I has one more short root 8 + « than Ig s, so v = e or s. When v = e,
since up"Neé- I =uz" Né-Igpan , P(N,I,e) = P(N,Igi00,¢) = X;. As for v = s,
L(N,1,s) = O} = L/LNB. Because u3°Ns-I = CEp,20®CEyp, 34, by Lemma 2.7.1

and Lemma 4.2.1,

dim P(N,I,s) = |®~(L)| + |®| — dim(up’/up’Né-I) =1+ 1—1=dim L(N, I, s).

By Corollary 2.7.6,

P(N,I,s)=L(N,I,s) = O =U*BI U'%sB = {$B} Il X4tsB = X4tsB = P".

Then 7;1(N) = X; 11 Xst$B = P II PL. This is our first example which is not a
Schubert variety.
o =1,

I has one more long root § than Iz, ,,sov =eors. P(N,I,e) = P(N,Igia,€) =
X,. Since up> N é-I = uz’ this time, P(N,I,s) = PsB = X,, I X,. Then
W]l(N) = X, I X,, 1T X, = X,. It is a Schubert variety of dimension 2. Note that

771 (N) is naturally included in 7' (N), but the 1-cell X5t$B of the former is no
Bt E
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longer a cell of the latter.
o[ =1,

I has one more short root o than I34,, so v has one more possibility and v =

e,sorr. P(N,I,e) = P(N,Ig 0,e) = X; and P(N,I,s) = P(N, Is.q,s) = XstsB.

Asforv =r, u1232ﬂ7'"-] = CE3120PCEy343,. By Lemma 4.2.1 and Lemma 2.7.1,
dim P(N, I,7) = |®=(L)| + |®,| — dim(up*/uz’ N+ - I) = 2. By Corollary 2.7.6,
P(N, I,r) has one 1-cell and one 2-cell, each being a respective rank 1 vector bundle
over the O-cell and 1-cell of L(N,I,7) = O} = P'. Next we describe the cells of
P(N, I,r) precisely.

Recall that P(N,I,7) = 7;'(N)N O, and O, = PrB = U'+B 11 U"tiB.
By Lemma 4.1.4, U" = X, Xs134 and U = X0 X5X0s130. Now we are able to
inspect 7;'(N)NU""B and 7;*(N) N U/ B.

For uiB € U"#B to be in 7' (N), we need ' - N € uz* Ny - I. Here u € U”
takes the form u = z,(2)xg434(2’) for some z, 2" € C. By Lemma 4.1.1, there exists

a nonzero constant ¢ such that

ut N = xﬁ+3a(_zl) +To(—2) * Egyoa = Epioa — czEp 134
for any 2,2’ € C. Then Eg 00 — c2Eg 34 € ulzj2 N7 -1 = CEgioa ® CEypys, if and
only if z = 0. Therefore, 7, (N) NU""B = Xg43,7B C X,.
For utiB € U{7B to be in n;'(N), we need ' -u~'- N € up> N - I. Here

u € U™ takes the form u = xgiq(2)2s(2")as134(2") for some z,2/, 2" € C. By
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Lemma 4.1.1, there exists a nonzero constant ¢’ such that

7 uT N = wapi3a(—2") - (=2")  Tpra(—2) - Bproa = - Epraa — 2(f Eagiza)

for any z, 2, 2" € C. Then - Eg o0 — ' 2(f- Eypysa) € up N7 - I if and only if z = 0.
Therefore, ;' (N) NU 7B = X Xop130l7B C Xy

In addition, L(N,I,r) = O} = {#B} Il XstiB. Clearly, Xz,3,7*B contains
and lies above {7 B} as a rank 1 vector bundle. The same is true with X5 Xy3 3417 B

and XgtrB. This is compatible with Corollary 2.7.6.

In summary, 7; ' (N) = X; II X5t8B 1 X, 3,7 B I X5Xo5,3,17B. It has two
0-cells, three 1-cells and one 2-cell. Further geometric properties of this 7TI_1(N ) will
be discussed in later part of this chapter (Theorem 4.4.1).

o/ =1,p

I has one more long root 3 than [,, so v can still only be e, s or r. Since
uzné-I=up’ns-I =uz®, P(N,I,e) = PéB = X, and P(N,I,s) = P$B = X, 11
Xis. Moreover, P(N,I,7) = P(N,I,,7) = Xg,3.7B I X3Xo5,3,7B. Therefore,
7 (N) = Xis 1T X307 B 1T X5 Xo5, 3,47 B. This is a Springer fiber of dimension 2.

We have finished the case of Aj;.

4.3.3 The case of Gy(ay)

The notation “Gs(ay)” represents the distinguished nilpotent orbit of G5 whose
associated parabolic has semisimple rank 1. N = Fg ., + E3.3, is a representative

that satisfies the requirement of step (2). We use N to denote Egy, + Egts, in this
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case.

Now we justify the choice of N = Egio + Egi3a. Set H = [Eptra + Esisa,
E_ s o+ E_p_3,]. Simple computation shows that {N,H, E_5_, + E_3_3,} is an
sly-triple such that H € t, a(H) = 0 and 8(H) = 2. Then the associated parabolic
of N is standard. In fact, we know that P = (B, X_,) and dim g(0) = dim g(2) = 4,
so N is a distinguished nilpotent element whose associated parabolic is not the Borel
subgroup B. Therefore N has to be in Ga(ay).

We know that:
(1) P=(B,X_,).

(2) (\,a) =0and (A, B) =2.
(3) L= (X_o, T, Xa).

(4) 9(2) = spanc{Es, Egya; Egiaa; Egiaa} and uz® = spanc{Es, Egia, Egiaa;

Esi30, Fogisal-
(5) W = {e,s} and WL = {e, t,ts, sr?, sr® rt}.

Now that g(2) is of dimension 4, telling whether L(N,I,v) # () is harder. We

therefore propose the following lemma.

Lemma 4.3.1. For any v € WL, L(N,I,v) # () if and only if g(2) N v - I contains

at least one of the three spaces below:

(CEﬁ+a @D CEB+3CU (CE,B D (CE5+205 or CEB+Q D (CE5+QQ.

48



Proof. Let By, denote L N B in this lemma. For any v € W¥,

L(N,I,v)= (L, By,g(2),8(2) N -1,N) C L/By.

Recall the definition of the quintuple

(L,Br,9(2),92)no-I,N)={lB, e L/B,|I""-Neg2)nov-1}. (4.1)

By Lemma 4.1.1, there exist nonzero constants ¢ and ¢’ such that

To(2) N =20(2) - (Egia + Esi30) = Egra + c2Eg00 + (1 + 2% Egiza  (4.2)

for any 2 € C. Let 2, and 2, be the two distinct solutions of 1 + 2?2 = 0. We

partition L/Bj, into four subsets:

L/By ={éBr} U{sBr} U {xa(21)$BL, Ta(22)$Br} U {z.(2)$Br |z # 0, 21,22} .

By this partition and Equation 4.1, we can easily deduce the lemma. Further details

are left out to mitigate distraction from the main course of computation. O

Next we give an algorithm (referred to as the “v-algorithm”) to find all the
v’s so that L(N, I,v) # 0.

Firstly, Wpr®, Wrrt, ... Wyr® are all the six Wp-cosets of W, only that r
may not be in W*. We view the set of roots of I as a configuration of arrows. For

each 1 = 0,1,...,5, check if the aforementioned configuration, after a rotation by
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rt, covers one of the three sets of arrows (roots):

{B+a,8+3a}, {5,8+2a} and {8+ o, + 2a}.

If so, both g(2) N7 - I and g(2) N & - I satisfy the condition of Lemma 4.3.1. One
of 7 and sr® has to be in W1 and it serves as a v so that L(N,I,v) # (.
o [ =Dy i3a, Ig43a OF Igi2a

Using the v-algorithm, we deduce that 7;'(N) = @ for all three ideals. The
same fact can be more easily established by comparing the dimension of G' x® I with
the dimension of the nilpotent orbit Gy(a;), but the algorithm is necessary when we
work with bigger ideals.
o[ =14,

Using the v-algorithm, we see that v = e is the only element so that L(N, I, v) #

(). In this situation,

9(2) ne-1I = Spallc {Eﬁ-i-ou EB“FZOH Eﬁ+3a} )

uz%Q Né- I =spanc{Esia, Epsi2a, Epy3a, Bapisal -

Then, by Lemma 2.7.1 and Lemma 4.2.1, dim P(N, I,e) = dim L(N, I,e) = 0. By
Corollary 2.7.6, P(N,I,e) and L(N,1,e) are the same finite set. Next we compute
the set L(N,I,e).

To do this, we use the same setup as in the proof of Lemma 4.3.1. In particular,

note that L(N,I,e) = (L,Br,9(2),9(2)Né-I,N) C L/By and that L/Bj, can be
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partitioned into the following four subsets.

L/Bp ={éBr} U {sBr} I {x.(21)$BL, vo(22)$Br} U {z.(2)$Br |z # 0,21, 22} .

We then find the intersection of each subset with L(N, I, e).

Clearly, éBy, € L(N,I,e).

For the other three subsets, note that they all consist of points in the form
74(2)$By, for some z € C. By definition, z,(2)$Br € L(N,I,e) <= s ' -z,(2)7!-
Neg2)né-I <= z4(—2)-Ne€s-(g(2)Nné-I)=spanc {Es, Egta, Esroa}. By

Equation 4.2,

To(—2) N = Egyq — c2Eg190 + (1 + 2% Epy3a-

Then z,(—2) - N € spanc{Es, Egia, Esioa} if and only if 2 = 2z, or 25, the two
solutions of 1+ ¢'z? = 0.

In summary,

L(N7 [a 6) = (L> BL79(2>79<2) ne- [> N) = {éBL7 xa(zl)éBLa xa(22)éBL} )

hence

' (N) = P(N,I,e) = L(N,I,e) = {¢B,2,(21)$B, 14(22)$B} .

It is the variety of 3 distinct points.
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o[ =1,

v = e is still the only possibility, but now g(2)Né-I = g(2) and uz*Né-T = up’.
Therefore, 7;'(N) = P(N,I,e) = PéB = X,. It is a Schubert variety. Note that
the two O-cells {z,(z1)sB} and {x,(22)$B} of 7r;51+a (N) are no longer cells of ;1 ().
o[ =1,

Using the v-algorithm, we now have v = e or t.

When v =e, P(N,1,e) = P(N,Igia,€) = {€B,1,(21)$B, x4(22)$B}.

When v = t, ulzfﬂt'-f = spanc { Es+a: Es42a, Est3as F2prsa}- By Lemma 2.7.1
and Lemma 4.2.1, dim P(N, I,t) = 1, so P(N, I,t) is strictly smaller than O;. Recall
that P(N,I,t) = 7; ' (N)N O; and O; = PtB = U4B I U*5tB. By Lemma 4.1.4,
Ut = Xgand U = X, Xp,34. Next we inspect 7, (N)NU*B and 7, (N)NU*5tB.

For utB € U'B to be in 7, (N), we need u~' - N € uz* Nt -I. Here u € Ut
takes the form u = x3(2) for some z € C. By Lemma 4.1.1, there exists a nonzero

constant ¢ such that

u N =125(—2) - (Egra + Esisa) = Epra + Egrsa — c2E2430

for any z € C. Clearly, Egio + Epi3a — c2Eog134 € u%z Nt-1I for any z € C.
Therefore, 7, (N) N U'%B = X4tB = X;.
For ustB € U*'5iB to be in m;'(N), we need §~'-u~' - N € up* Nt - I. Here

u € U takes the form u = 2,(2)xs134(2") for some z,2’ € C. The same nonzero

52



constants ¢ and ¢ from Equation 4.2 guarantee that

§houTh N =5 xﬁ+3a(_2/) Ta(—2) - (Epta + Episa)

=$" Epra —c2(5 - Egiaa) + (1 + 0/22)(5 - Eg13q)

for any z,2" € C. Then §- Eg o — c2($- Egyoa) + (1 +2%) (5 Egysa) €up- Ni- T if
and only if 1 + ¢’22 = 0. That is, z = z; or 2, the two solutions of 1 + /2% = 0 and
2’ could be any complex number. Therefore, 7, (N) NU*$tB = 2,(21) X 4345t B 11
To(29) X138t B C Xg.

In summary,

77 H(N) = {éB,24(21)$B, 10 (22)$ B} 11 Xt B 1 14(21) X 51305t B 1L 24(22) X 54305 B.

There is a simple description of 7;'(N) as an algebraic variety. As will be

shown in Lemma 4.4.3 and Lemma 4.4.5,

lim x43(2)tB = éB,

Z—00

lim 74(21)7p430(2)$EB = x4(21)$B,
zZ—00

lim 74 (29)7 430 (2)$EB = 74(22)$B,
Z—> 00

where limits are taken in the flag variety G/B. Therefore,

T (N) = Xt B 24(21) X 51305t B 1 24(22) X g 1305t B = P IT P TT P

[ ] [:[a,ﬁ
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Still, v = e or t.
When v = e, since up>Né- I =u3’, P(N,I,e) = PéB = X,.

When v = t, sinceuI%Qﬂi-I:u%Qﬂi-Ia,

P(N,1,t) = P(N,I.,t) = XsiB I 24(21) X 513056 B 11 20 (22) X 5430 $1B.

Putting these two parts together, we see that 7;*(N) has 4 irreducible com-
ponents, each isomorphic to P*. 7;'(INV) is obtained by attaching 3 copies of P! to
the 3 distinct points {¢B, x4 (21)$B, 24(22)$B} of X, at their respective points at

infinity. Explicitly,

7 Y(N) = X, 0 XptB U 24(21) X1 305t B 1 24(22) X 51305t B.

We have finished the case of G(ay).

Remark 4.3.2. In Collingwood & McGovern [1993], Ga(ay) is called the subregu-
lar nilpotent orbit of G5. In general, the subregular nilpotent orbit is the unique
nilpotent orbit of codimension 2 in the nilpotent cone N’ C g. Let N be an element
of the subregular orbit. It is known that the Springer fiber By is a union of P!’s
whose configuration we now describe. We can form the dual graph of By so that
its vertices are the irreducible components of By and two vertices are joined by an
edge if the two corresponding components intersect (they always intersect at a single
point).

When G is of type G5 and N is from the subregular orbit Go(ay), the dual graph
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of By is the Dynkin diagram of D, (see Steinberg [1974][section 3.10]). This descrip-
tion of By matches exactly our result for Wl_al,g (Go(ay)). Let A(N) = Cg(N)/C&(N).
Since Cg(N) acts naturally on 7;'(N) C G/B by left multiplication, A(N) per-
mutes the irreducible components of 7;'(N). If G is in addition the adjoint form
of G, A(N) = S3 (see Carter [1985][p. 427]). Then A(N) acts on W;()tl’ﬁ(GQ(al)) by
naturally permuting three components and fixing the last one to which the other
three are attached. Consequently, A(N) acts by the natural permutation action on
7.1 (G2(ar)) = PP IIP' P! and 7TI_51+Q(G2((L1)) =~ {3 distinct points} and trivially on
W;BI(GQ(CH)) >~ P!, This action will be used in our computation of the dot actions

for type G5 in chapter 5.

4.3.4 The case of G9

The notation “G5” represents the regular nilpotent orbit of the group Gs. It is
well-known that the Springer fiber By is a single point when N is regular nilpotent.
By comparing the dimension of G' x# I with that of the regular nilpotent orbit, it is
easy to see that the Springer fiber By is the only nonempty Hessenberg ideal fiber,
so there is nothing to compute in this case. To show the scope of our algorithm, we
give another proof of the two statements just made along the lines of this chapter.

Firstly, our representative of the regular nilpotent orbit is N = E, + Eg. Set
H = 6H, + 10Hg. Simple computation shows that {N, H,6E_, + 10E_3} is an
sly-triple such that H € t, o(H) = 2 and S(H) = 2. Therefore, the associated

parabolic of N is the Borel subgroup B and we know the following:
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4) g(2) = CE, ® CEs and u3® = u.
B P
(5) Wy = {e} and Wt =W.

For any v € WL = W and any Hessenberg ideal I, L(N,I,v) = (T, T, g(2),9(2) N
v-1,N). Then L(N,I,v) # ) <= N € g(2)No-I. Because N = E, + Eg and
g(2)No-Iis T-stable, N € g(2)Nov-1 < g(2) Cg(2)Nov-1 < g(2) Cv-I.
The last condition is possible only when v = e and I = u, so the Springer fiber By is
the only nonempty Hessenberg ideal fiber. In that case, P(N,u,e) = (B, B,u,u, N)
and it is a single point.

We have now finished the computation of all Hessenberg ideal fibers when G
is of type G5. The results can be summarized by Table 4.1. Note that the ways

in which W;ll(fll) and 7T1_a1ﬁ(A1) are presented allude to the closure relationships of

their cells. These relationships are proved in section 4.4.

4.4 An interesting Hessenberg ideal fiber

Now we study one of the Hessenberg ideal fibers computed in the last section—
771 (N) where I = I, and N = Ejg,s,. Since N is a representative of A, we denote

this fiber by w;j(fil) in the rest of this section.
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Table 4.1: Hessenberg ideal fibers for type G5
{0} | A Ay Ga(ay) Gy
Iy G/B
Lpisa | G/B | X,
Isisa | G/B | Xy

Igi2a | G/B | Xg X;

Isvo | G/B| Xg P! II P! 3 distinct points
I, | G/B| Xy | Xi U X5X05, 50078 | PP IIP!
Iy | G/B | X, X X

Ing | G/B | Xus | Xis UXpXogisatrB | PPUPYUP' UP! | 1 point

Spaltenstein [2006] proved that any Springer fiber By of a reducitve linear
algebraic group over C is connected and that its irreducible components are of the
same dimension. A natural question is whether the same is true of Hessenberg ideal
fibers. The answer is no, because 7'(';{11(141) is a counterexample. In fact, we can

prove the following.

Theorem 4.4.1. Wal(ﬁl) has two connected components, each of which is irre-

ducible as well. They are of dimension 1 and 2 respectively.

To prove the theorem, we need to study the closure relationships between
different cells of the Hessenberg ideal fiber ﬂfal(fil). These relationships can be
deduced from the following 4 lemmas. It is well-known that, on algebraic varieties
over C, the closure of a locally closed subvariety in the Zariski topology is the same
as in the ordinary (analytic) topology. Therefore, we mostly work with the ordinary
topology in the rest of this section. All closures and limits are taken on the flag

variety G/B, where G is assumed to be a connected algebraic group of type Go over
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From the last section we know that

77 (Ay) = X, T X5 B 11 X 4307 B 1 XX, 307 B,

T (A1) = Xog 1 X307 B 1 X5 Xop30t7 B,
Lemma 4.4.2. Xg 3,78 C W

Proof. Willﬁ(fil) is a Springer fiber. By Spaltenstein’s result, its irreducible compo-

nents are of the same dimension. We know that
7T;1 (141) = 7T;1 (A“l) = X_ts U X5+3Q7LB U X5X25+3at7’B

Since dim Xg,3,7B = 1 and dim X;, = dimm = 2, the irreducible com-
ponents of Wilﬁ(/il) have to be X;, and m Because Xg 3,78 = P!
hence irreducible, it has to lie in one of the irreducible components. Note that
Xp13a7B lies in the Schubert cell X, = X, so has no intersection with X,,. There-

fore, Xﬁ_;,_ga’l'“B C XﬁXgﬁ_i_gai’f‘B. [

N = Egi9, is the representative of Al used in the computation of Wij(/il).
Recall that the Levi subgroup of the associated parabolic of N is L = (X_z, T, X3),

and that W, = {e,t} and W = W, W
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Lemma 4.4.3. For any v € WE,

lim x43(2)t0B = 0B.

Z—00

Proof. Let X\ be an associated one-parameter subgroup of N. Recall that

O) = U“vBNI U 0B = {#B} 11 XgivB = P

X4t0B is the 1-cell of P! and ©B is the point at infinity. Then the limit is clearly

true. O

Lemma 4.4.4. For any z € C,

lim 25(2)Top134(2 )7 B = 25(2)E5B.

z'—00

As a result, XgiéB - X5X25+3a1§7"B.

Proof. Since tr = t(st) = (ts)t, we have

25(2)Top130(2) 7 B = 25(2)t5(5t95, 34(2")3)EB.

By Lemma 4.1.3, there exists a nonzero constant ¢ such that $tzos 3, (2)t5 = 25(c2’)

for any 2’ € C. Since e € WF, by Lemma 4.4.3,

lim z5(c?’)tB = éB.

z!'—00
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Therefore, for any z € C,

lim 75(2)79p434(2)07 B = 25(2)t5( lim x5(c?’)tB) = x5(2)t5B.

2l =00 2l =00

X BiéB cX 5X25+3ai7*B follows easily from the limit above.

Lemma 4.4.5.

lim z5(2)t$B = lim 25,34(2)7B = $B.
Z—r00

Z—00

Proof. Since s € W, by Lemma 4.4.3,
Zlirgo 25(2)t$B = $B.
By Lemma 4.1.3, there exists a nonzero constant ¢ such that for any z € C,
T130(2)7B = §(575130(2)8)tB = §(x5(c2)LB).

Therefore, by Lemma 4.4.3,

lim 7134(2)7B = $(lim x5(c2)tB) = $B.

Z—00 Z—00

Now we can prove Theorem 4.4.1.
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Proof. The explicit description

T (A1) = Xy 1L X568 B 1 Xpi307 B 1 X5 Xop, 30078

shows that 7'(';;(141) has two O-cells, three 1-cells and one 2-cell. Since ;' (Ay) is
projective, it is compact in the ordinary topology. Therefore the cell structure gives
us the singular homology of 7r1_al (Ay). In particular, Ho(ﬁjal(ffl); 7) = 7. & 7, which

means 7; ' (A;) has two connected components.

Lemma 4.4.2 and Lemma 4.4.4 imply that both Xz{$B and m lie in
W Therefore, 7, '(A;) = X, U W Note that W
is irreducible and connected in the Zariski topology, because it is the Zariski closure
of a 2-cell. Therefore, it is also connected in the ordinary topology (Hartshorne
[1997][Appendix B]). Then we must have Eﬂm = (). Otherwise Wi}(ﬁl)
is connected in the ordinary topology, contradictory to Ho(ﬂfal(fil); Z)=Z®Z. In
summary, X; and m are both connected and irreducible and they are of

dimension 1 and 2 respectively. We have now proved the theorem. O
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Chapter 5: Dot Actions for Type G»

As an application of Hessenberg ideal fibers, we use the results from chapter 4
to classify Tymoczko’s dot actions for type GG5. This chapter is joint work with the

author’s advisor Dr. Patrick Brosnan.

5.1 Background and motivation

Let G be a connected reductive algebraic group over C and B a Borel subgroup
of G. Let g and b denote their respective Lie algebras. Recall that a Hessenberg
subspace is an ad(b)-stable subspace M of g containing b. Let y € g be a regular
semisimple element. The Hessenberg variety Hess(M,y) is defined to be the fiber
over y of the following map

av: GxBM — g
(5.1)

(g2)  +— g-
where ¢ -z denotes the adjoint action Ad(g)(x). According to De Mari et al. [1992],
Hess(M,y) is nonsingular for any regular semisimple y € g, and, if T = Cg(y)
denotes the maximal torus in G centralizing y, we have Hess(M,y)T = (G/B)T. By

Biatynicki-Birula [1973], it follows that Hess(M,y) is cellular with cells in one-one
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correspondence with elements of the Weyl group W of G. Tymoczko [2007] used
these facts to define the dot actions of W on both the T-equivariant and the ordinary
cohomology groups with coefficient C of the (regular semisimple) Hessenberg variety
Hess(M,y). The point is that W does not act on the underlying Hessenberg variety
in any interesting way.

The Shareshian-Wachs conjecture expresses Tymoczko’s dot action in type A
(G = GL,) in terms of a symmetric function attached to colorings of a certain
graph I'y. When G = GL,, the Hessenberg subspace M is uniquely determined
by a non-decreasing function f : {1,...,n} — {1,...,n} called a Hessenberg
function (we require f(i) > ¢ for all ). Then I'y is the graph with vertex set
V={1,...,n} and edge set £ = {{i,j} CV |i<j<f(i)}. Let A denote the ring
of symmetric functions, a subring of the power series ring in infinitely many variables
Cllz1, zg, .. .]]. Thering A = €D, Ay is graded in an obvious way and the Frobenius
character ch : Rep S,, ®z C — A,, is an isomorphism from the representation ring
(viewed as an abelian group) Rep S, to A,. Modifying a construction of Stanley,

Shareshian & Wachs [2016] defined a polynomial Xt (t) € A[t] given by

KV =74

where k runs over all colorings of I'y and asc(k) = [ {(i,7) € E | i < 7, k(i) < k(j)}].

The Shareshian-Wachs conjecture is then

wXr,(t) = ch(S,, H* (Hess(M, y)))t' (5.3)

>0
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where w is the involution on A corresponding to tensoring with the sign representa-
tion and y € g is regular semisimple.

This conjecture has already been proved by Brosnan & Chow [2018]. There-
fore, Equation 5.3 gives us a formula for Tymoczko’s dot action. Moreover, it implies
that the Stanley-Stembridge conjecture, which states that Xr (1) is a positive lin-
ear combination of elementary symmetric functions, has the following representation
theoretic formulation: when G = GL,,, the dot action of S,, on H*(Hess(M,y)) is a
direct sum of representations of the form Indg’; 1, where y € g is regular semisimple
and S) denotes the Young subgroup of S,, for the partition A of n. The Stanley-
Stembridge conjecture has not been proved yet, which means the dot action on
H*(Hess(M,y)) still needs to be further investigated. Naturally, if a representation
theoretic proof of the Stanley-Stembridge conjecture is desired, we should find for
it a representation theoretic formulation in all types via the dot action. As one
step in the attempt to generalize the Shareshian-Wachs and the Stanley-Stembridge
conjectures, Brosnan and the author classified all the dot actions for type G. In
particular, Theorem 5.3.2 Table 5.4 shows that not every H*(Hess(M,y)) is a direct
sum of induced representations of the form Ind%J 1, where W is the Weyl group
of a Levi subalgebra of g. Therefore, at least the “naive” generalization of the

Stanley-Stembridge conjecture for type A is not true for type Gs.
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5.2 Computational techniques

In this section, we present the main ideas of the computation and gather all
the relevant techniques.

Let G denote a connected reductive algebraic group over C of any type. For
a Hessenberg subspace M, consider the map my : G x® M — g again. Let g*
denote the Zariski open dense subset of g consisting of regular semisimple elements
and C denote the constant sheaf over G xZ M. Results from De Mari et al. [1992]
show that the direct push-forward complex Ry, Clgrs, considered as an object of
the constructible bounded derived category D(g"*), is equivalent to a local system
over g"*. The local system corresponds to a monodromy action of (g™, y) on
H*(Hess(M,y)) after picking a base-point y € g"*. The following theorem was
first stated and proved for type A in Brosnan & Chow [2018][Theorem 73], and

generalized to all other types in Balibanu & Crooks [2020][Corollary 1.14].

Theorem 5.2.1. The monodromy action of m (g™, y) on H*(Hess(M,y)) factors

through the Weyl group W and coincides with Tymoczko’s dot action.

From now on, we will not distinguish between the monodromy action above
and Tymoczko’s original definition via moment graph, and will refer to both of them
simply as the dot action of W on H*(Hess(M,y)). In particular, the theorem above
implies that the dot action on H*(Hess(M,y)) does not depend on the choice of the
regular semisimple element y.

Let d denote the complex dimension of G xZ M. Since G x® M is a vector
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bundle over G/ B, it is nonsingular and we can therefore apply the decomposition
theorem of Beilinson, Bernstein and Deligne to Rmy.C[d]. Brosnan has the following

conjecture.

Conjecture 5.2.2 (Brosnan). Rmy,C[d] is a direct sum of shifted intermediate
extensions of irreducible local systems on g™*. That is, we have the following de-
composition,

R, Cld) = @D 1CE™, Vo (5.4)

where each V) is an irreducible local system on g™ and IC(g"*, ;) is the intermediate
extension of V;[dimg] from g"* to g = g™*. Moreover, for any y € g"*, the monodromy

action of m (g™, y) on the stalk V,, factors through the Weyl group W.

We are going to prove the conjecture independently for type G, later in this
section, which will be sufficient for our computation of dot actions.

When the conjecture above is true, taking cohomology of both sides of Equa-
tion 5.4 at y € ¢ and ignoring shifting, we get the decomposition of the dot
action of W on H*(Hess(M,y)) as a direct sum of irreducible W representations:
H*(Hess(M,y)) = @ V;y. Therefore, Tymoczko’s dot action is determined by the
decomposition of the complex Ry, C[d].

On the other hand, Hessenberg subspace is the natural “dual” notion of Hes-
senberg ideal. Recall that a Hessenberg ideal is an ad(b)-stable subspace I of u,
where u is the Lie algebra of the unipotent radical U of B. There is a one-one
correspondence between Hessenberg subspaces and Hessenberg ideals denoted by
M s I = M*. To understand the correspondence, choose a maximal torus 7" in B.
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Let @ denote the set of roots and g, denote the root space corresponding to oo € ®
as before. It is easy to see that M and I have root space decompositions for certain

subsets ®(M) and ®(1) of &:

M=td gaandlg@ga,
(M)

acd aed(I)

where t is the Lie algebra of the maximal torus 7. Then I = M* if and only if
O(I) = —(P\ ®(M)). In the rest of this chapter, unless otherwise specified, M and
I are always assumed to satisfy the relation I = M~ as explained above.

Recall the following map defined in the very beginning of chapter 1.

mr: GxBI — g

(g.7) +—= g-z

Let N € N be an element in the image of 7;. The fiber of 7 over N, 77 '(N), is a
Hessenberg ideal fiber. Let G x G,, act on g with G acting via the adjoint action
and G, acting by scaling. By fixing a Killing form, we get an autoequivalence F,
the Fourier-Sato transform, from the category Pervgyg,, (g) of G x G,,-equivariant
perverse sheaves on g to itself. Let d¥ denote the complex dimension of G x® 1. We
know that F'(Rmy.C[d]) = Rr.C[dY] and F maps a simple summand of R, Cld]
to a simple summand of Rm.C[d"] (see Balibanu & Crooks [2020][section 2.2]).
Rm1.Cld"] is supported on the nilpotent cone N C g, and the G x G,,-orbits in
N and the equivariant perverse sheaves on these nilpotent orbits are very well-

understood (as they are the main subject of Springer theory). Since G xZ I is
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nonsingular, we can apply the decomposition theorem to Rm,C[dY] and get

Rﬂ'l*g[dv] = @ IC(W? ‘c)[bN,L] (55)

(N,L)

where N € N is a nilpotent element, C'(NN) is the conjugacy class (nilpotent orbit)

of N, L is an irreducible G-equivariant local system on C(N), IC(C(N), L) is the
intermediate extension of L{dim C(N)] from C(N) to C(N) and by is an integer
for shifting. The pairs (N, £) appearing in the sum are determined by g and I.

Applying the Fourier-Sato transform F' (which is an autoequivalence) to both sides

of Equation 5.5 and comparing it to Equation 5.4, we see that for each summand

IC(C(N), L) of Rrp.C[dY], F(IC(C(N), L)) = 1C(g"®, V;), where the right hand side

is a certain summand of Rmy.C[d]. Moreover, the correspondence

V,, > IC(C(N), £) such that F(IC(C(N), £)) = IC(@™, V)

is exactly the Springer correspondence that sends the trivial representation of W to
IC({0},C). Now we have reduced the problem of computing the dot action of W on
H*(Hess(M,y)) to the decomposition of Rmr.C[d"] into simple summands. That is,
if we know the decomposition of Rm;,.C[d"], applying the Springer correspondence
(whose Go case will be explicitly given shortly), we get the decomposition of the
dot action on H*(Hess(M,y)) as a direct sum of irreducible W representations.
Note that if a nilpotent element N € AN is in the image of 7;, H*(Rr.C|ly) =

H*(77Y(N)). This is where the knowledge of Hessenberg ideal fibers, in particular
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the results from chapter 4, enters the computation of dot actions.

We briefly recall the theory of Springer correspondence. For simplicity, assume
that GG is a connected simple algebraic group over C of the adjoint form. Since both
Hessenberg varieties and Hessenberg ideal fibers are subvarieties of G/B defined via
subspaces of the Lie algebra g, different choices of the group G does not affect them

as long as G is of the same type. The theory of Springer correspondence states that:

Theorem (Borho & MacPherson [1983], p. 48, section 2.2). Let W be the Weyl
group of G, Irr(WW) be the set of isomorphic classes of irreducible W representations
and {(N,1)}/G be the G-conjugacy classes of pairs (N, ) where N is a nilpotent
element and ¢ is an irreducible character of A(N) = C¢(N)/C&(N). Then there is

a meaningful injection Irr(W) — {(N,¥)}/G.

Since Springer’s original paper Springer [1976], several different constructions
of the Springer correspondence have arisen. They result in two different versions of
the map Irr(W) — {(N,v)}/G, which differ from each other by tensoring with
the sign representation of W. The one constructed via the Fourier-Sato transform,
which is used here, is characterized by sending the trivial representation of W to the
pair (0, 1), where 0 € g is the nilpotent element and 1 is the trivial representation of
the trivial group. For any nilpotent element IV, the set of irreducible G-equivariant
local systems over the conjugacy class C'(N) is classified by the set of irreducible
characters of A(N). Therefore, there is a bijection between the set {(N,¢)}/G

and the following set of simple G x G,,-equivariant IC-sheaves supported over the
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nilpotent cone N:

{IC(C(N), L) | L is a G-equivariant irreducible local system over C'(N)}.

In particular, the pair (0,1) corresponds to IC({0}, C) under this bijection.

Next we explicitly describe the Springer correspondence for type G5. In the
rest of this chapter, let G denote the adjoint form of type G5. We assume the
same presentation of G as in section 4.1. The character table of the Weyl group
W of Gy is given in Table 5.1, which is taken from Carter [1985][p. 412] with new
character names added in the first column. The nilpotent orbits and their respective
dimensions are recalled in Table 5.2. Their closure relationship is simple: the closure
of any nilpotent orbit is the union of itself and all the other lower dimensional orbits.
The Springer correspondence for type Gs is given in Table 5.3, which is obtained from
Carter [1985][p. 427] after tensoring with the sign representation € and adding two
additional columns for the IC-sheaves. The original table from Carter [1985][p. 427]
gives the version of Springer correspondence that sends the sign representation e
of W to the pair (0,1), and that is why we tensor its last column with the sign

representation in order to get Table 5.3.

Table 5.1: Character table of W (G5)

L s | t|st]|(st)?] (st)
1=¢10 |1|1]1]1 1 1
=@ |L|1[-1][-1] 1 1
e=¢f, [1[-1[1T[-1] 1T | -1
e=¢ug | 1|-1|-1] 1] 1 1
X1 = ¢271 2 0 0 1 -1 -2
X2 = ¢272 2 0 0 -1 -1 2
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Table 5.2: Nilpotent orbits for type Gs
orbit {0} Al /11 G2<a1) G2
dimension | 0 6 8 10 12

Table 5.3: Springer correspondence for type Go

nilpotent AN character | character IC-sheaf IC-sheaf
orbit of A(N) of W over N over g

oy | o1 1 1 1C{0},0) | 1C(7, 1)
Ay 1 1 €1 IC(A4,C) IC(g7%, €1)
A 1 1 X2 IC(A;,C) 1C(g7, x2)
V3 X1 IC(Ga(ar),¢3) | IC(g™, x1)

Gs(ay) S3 a1 € IC(Ga(ay),91) | 1C(g7%, €2)

Y1 IC(GQ(OM), @/1111)
Gy 1 1 € IC(G2,C) IC(g™s, €)

A few words on the reading of Table 5.3. From every row of the table, we
get a pair (N,®) from the 1st and 3rd column. The character y of the irreducible
W representation corresponding to the pair is in the 4th column. The IC-sheaf
supported over N in the 5th column corresponds to the pair (IV,1)) as previously
explained. The IC-sheaf supported over g = g"* in the 6th column corresponds to
x after picking a base point (see Conjecture 5.2.2). In particular, the Fourier-Sato
transform F' always takes the 5th column to the 6th column and vice versa. A(N)
is the trivial group except for the orbit Ga(a;), for which the irreducible characters
3, a1 and 1117 are respectively indexed by the partions (3), (2,1) and (1,1, 1) of
3. 3 is the trivial representation, 1117 is the sign representation and 3 + 1)9; is
the natural 3-dimensional permutation representation of S3. By abuse of notation,

we also use 3, Y91 and 1117 to denote their corresponding G-equivariant irreducible
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local systems over the nilpotent orbit Gy(a;) in the 5th column. The two blank boxes
in the table means that the pair (G(a1), 1111) does not correspond to any irreducible
W representation under the Springer correspondence, and that F(IC(Ga(a1),%111))
is an IC-sheaf supported on a proper closed subset of g, that is to say, it is not the
intermediate extension of an irreducible local system on g"*.

Besides the techniques of Fourier-Sato transform and Springer correspondence
summarized above, we need the following results for our computation. Except for

Lemma 5.2.4, they are true for connected reductive algebraic group G in general.

Lemma 5.2.3. Let I be a Hessenberg ideal and N be an element from the maximal
nilpotent orbit contained in the image of 7; : G xB I — g. Restricting both sides
of Equation 5.5 to the point N, taking cohomology of both sides and ignoring the
shiftings, we get the isomorphism H*(7;'(N)) = @ Ly, where the direct sum is
taken over those L£’s supported on the very orbit of C'(IN) (not on a smaller orbit
than C'(N)). Then the isomorphsim is A(N)-equivariant with respect to the natural

A(N) actions on both sides.

~

Proof. If shiftings are ignored, the isomorphism of vector spaces H*(m;'(N))
P Ly follows directly from the isomorphism of complexes in Equation 5.5. By the
definition of 7;*(N) in Equation 1.1, it is clear that C(N) acts on 7, '(N) € G/B
by left multiplication. The actions of A(N) = Cg(N)/C&(N) on both sides of
the isomorphism H*(7;'(N)) = @ Ly are induced by actions of Cs(N) on the
underlying varieties 7;'(N) and C(N), hence they respect the isomorphism. In

addition, in the case of type Gg, the only nontrivial case is when N comes from the
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orbit Gy(a), where the actions of A(N) =2 Sz on the H*(7;'(N))’s are explicitly

described in Remark 4.3.2. O

Lemma 5.2.4 (Xue). Conjecture 5.2.2 is true when G is the adjoint form of type

Go.

Proof. Since F(Rm.C[d]) = Rr.C[dY], Conjecture 5.2.2 is equivalent to the claim
that every summand IC(C(N), £) in Rr,C[dY] = @ IC(C(N), £)[by.z] comes from
some irreducible W representation via the Springer correspondence (shiftings ig-
nored). In the case of type Gy, according to Table 5.3, it means that IC(Ga(ay), ¥111)
is not a summand of any Rr,.C[d"].

For IC(G3(aq),¥111) to be a summand of R, C[dY] at all, the image of 7r; has
to contain the orbit Gs(a1) in the first place. According to Table 4.1, such an I can
only be I, q, Ig, I, or I, .

When I =1, 53 =u, 77 : G xB I — N is the Springer resolution of the nilpo-
tent cone N, and the decomposition of Rm.C[d"] is well-known: every summand
of it does come from some irreducible W representation via the Springer correspon-
dence. In fact, Borho and MacPherson constructed Springer correspondence via this
decomposition (see Borho & MacPherson [1983]).

When [ = Igi,, Ig or I,, G3(a;) is the maximal nilpotent orbit contained in
the image of 7;. Let N be an element of Go(ay). From Remark 4.3.2, we deduce
that the actions of A(N) =2 S3 on the H'(7;'(N))’s (i = 0,2) are either the trivial
representation or the 3-dimensional permutation representation. In the light of

Lemma 5.2.3, IC(G2(aq),1111) can never be a summand of Rr,.Cld"], because 1111,
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being the sign representation, can never be a subrepresentation of either the trivial

or the permutation representation.

We have now finished the proof of the lemma. m

Proposition 5.2.5 (Brosnan).

(1)

Let M be a Hessenberg subspace, y € g"* a regular semisimple element, n =
dim¢ Hess(M, y) and n € H*(G/B) be the first Chern class of a hyperplane
line bundle over G/B that is invariant under the dot action by W. Then
the cup product map nA : H'(Hess(M,y)) — H*"?*(Hess(M, y)) respects the
dot action. As a result, n'A : H""(Hess(M,y)) — H""(Hess(M,y)) is an
isomorphism of dot actions. In short, the dot action is compatible with the

Hard Lefschetz theorem.

The action of W on H°(Hess(M,y)) is a permutation representation for any
Hessenberg subspace M and regular semisimple element y. As a result, if

dime H°(Hess(M,y)) = 1, it is the trivial representation.

Let N and M be two Hessenberg subspaces with N C M. If Hess(N,y) is
connected, the restriction map H?(Hess(M,y)) — H?*(Hess(N,y)) is injective

and respects the dot action.

Proof. Let ng be the first Chern class of an arbitrary hyperplane line bundle over

G/B. Since the Weyl group W is finite, we can define n = > __y,, o - o, which is

clearly a W-invariant first Chern class. From Tymoczko’s definition of the dot action

in terms of moment graphs and equivariant cohomology (see Tymoczko [2007]), it

74



is clear that the dot action respects cup product. Therefore, claim (1) follows from
the usual Hard Lefschetz theorem.

Claim (2) and (3) also follow easily from Tymoczko’s definition. O

Theorem 5.2.6 (Brosnan & Chow [2018], Theorem 76). Let G be a connected
reductive algebraic group over C and x; € g be a regular element. Take the Jordan
decomposition x; = s; + n; where s; is semisimple and n; is nilpotent. Then the
centralizer Cy(s,) is a Levi subalgebra of g and n; is a regular nilpotent element of
Cy(s). Let W, denote the Weyl group of Cy(s;). Let M be a Hessenberg subspace

of g and y € g be a regular semisimple element. We have

dime H'(Hess(M, x;)) = dime H'(Hess(M, y))"”

for all 7.

Theorem 5.2.6 is proved in Brosnan & Chow [2018] only for type A, but it
can be generalized to other types without difficulty. Note that Hess(M, x;) is the
Hessenberg variety associated to a regular element z;, so it is different from our
main object of study—regular semisimple Hessenberg variety Hess(M, y). In general,
Hess(M, ;) is not smooth, but Precup [2013] shows that it is still paved by affines

and gives formula for H*(Hess(M, x;)).
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5.3 Computation

In this section, we fix G to be the adjoint form of type G5 and compute the
dot action of W on H*(Hess(M,y)) for any Hessenberg subspace M. To be specific,
we decompose the character of each H?(Hess(M,y)) as a direct sum of irreducible
characters of W (listed in Table 5.1). Note that H*(Hess(M,y)) are supported on
the even degrees because it is paved by affines. Besides the same setups for G, as
in section 4.1, we introduce the following notational conventions.

Let M C g denote a Hessenberg subspace in general and I C u denote the
Hessenberg ideal “dual” to M. That is, ] = M+ and M =< t @ @QE(D(M) o, I =
D.ca(r) G, where (1) = —(@\ P(M)). Let y € g be a regular semisimple element.

We define the Poincaré polynomial of Hess(M,y) to be

Pu(q) = ZXHQi(Hess(M,y))qia deg(q) = 2,
=0

where n = dim¢ Hess(M,y) and the coefficient X p2i(mess(a,y)) is the character of
H?(Hess(M,y)) as a W representation.

We can easily enumerate all the Hessenberg ideals. Using the same notation
as in section 4.1, they are Iy, Is5434, {g+3as L8+20, 1g+as Lo, I and I, g.

To state the plan for computation in more details, we need the following simple

lemma.
Lemma 5.3.1. Let G be the adjoint form of type G.

(1) dimc g = 14, dime b = 8 and dim¢ u = 6.
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(2) d¥ =dimc(G xPI) =6+ |®(])| and d = dime(G xB M) = 20 — |®(I)|, where

|®(1)| is the order of ®(7).

(3) n = dim¢ Hess(M,y) =6 — |®(1)].
(4) Let x be an irreducible character of W. If IC(C(N), £) = F(IC(g™, x)) and

IC(C(N), £)[b] is a direct summand of Rr,C[d"], then g4~/ is a sum-

mand of Py(q).

(5) -, dime H*(Hess(M,y)) = 12.

Proof. (1) and (2) are straightforward.
For (3), by De Mari et al. [1992][Theorem 6], dim¢ Hess(M, y) = dim¢ M /b =
dime g — dime I — dime b = 14 — |®(1)| — 8 =6 — |D(])].

For (4), since RmynCld] = F(Rm.Cld]), if IC(C(N), L)[b] is a direct sum-
mand of Rr.C[dY], IC(g7%, x)[b] = F(IC(C(N),L)[b]) is a direct summand of
RmyCld]. Hence IC(g™*, x)[b — d] is a direct summand of Rmy.C. Restricting
both to the point y and taking cohomology, we deduce that H*+*=¢(1C(g™, x)|,) is
a W subrepresentation of H*(Hess(M,y)) for any i € Z. By the definition of IC-
sheaves, IC(g®, x)|gr= = x[dimc g] = x[14], so H**=4(IC(g", x)|,) is nonzero only
when 2i +b — d = —14. In this case, i = (d —b—14)/2 and x = H"*(IC(g"*, x)|,)

2 is a sum-

is a subrepresentation of H%(Hess(M,y)). Therefore xq' = yq'¢>=14/
mand of Py(q). By abuse of notation, we also used x to denote its corresponding
irreducible local system over g™ and irreducible W representation.

For (5), according to De Mari et al. [1992], Hess(M, y) is paved by affines with
the set of cells in bijection with W. Hence Y  dime H*(Hess(M,y)) = |[W| =
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12. ]
Our plan for computation is the following:

(1) Start from the smallest Hessenberg ideal I = Iy and compute Py;(q) in the

increasing order of dimg I.

(2) The previous results, combined with Proposition 5.2.5, provide certain sum-

mands of the new Pj/(q) immediately.

(3) Let N be an element from the maximal nilpotent orbit contained in the image
of m; : G xB T — g. In the light of Lemma 5.2.3 and Lemma 5.3.1 (4), we

obtain some new summands of Py(q) by inspecting H*(7; ' (N)).

(4) If the total dimension of the summands above is already 12, according to
Lemma 5.3.1 (5), we have the complete Py/(g). Otherwise we bring in Theo-

rem 5.2.6 to figure out the rest of the summands.

o[ =1
In this case, M = g and the map 7y : G x® M — g is isomorphic to the

projection pry : G/Bxg —> g. Then Hess(M,y) = G/B and Rmy;,.C[d]

grs 1s a con-
stant sheaf with fibers isomorphic to H*(G/B). Therefore, every H? (Hess(M,y)) is
the trivial representation of W and we can figure out Py/(q) from the cell structure
of G/B. In fact, Py(q) = 1+ 2q + 2¢> + 2¢® + 2¢* + 2¢° + 1¢°, where 1 denotes
the trivial representation of W and 2 denotes 1 & 1.

o [ = i3,
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In this case, |®(I)| = 1. By Lemma 5.3.1, d = 19,d¥ = 7, n = dim¢ Hess(M, y) =
5. From De Mari et al. [1992][Corollary 9], it follows easily that Hess(M,y) is con-
nected. (In fact, Hess(M,y) is connected for I = Iy, Irygi3a: {5430 L5420 Lg+a)-
By Proposition 5.2.5 (2), H°(Hess(M,y)) = 1. Using the H? term of the previous
case (when I = Ij), we deduce by Proposition 5.2.5 (3) that H?(Hess(M,y)) has
2 as a subrepresentation. Now Proposition 5.2.5 (1) implies that Py/(g) must have
1+ 2q + 2¢* + 2¢ + 2¢* + 1¢° as summands. By Lemma 5.3.1 (5), there are only
2 additional dimensions that remain to be figured out.

We know from Table 4.1 that A; is the maximal nilpotent orbit contained in the
image of 17 : GxPI — g. Let N be an element from A;. Then 7;'(N) = X, = PL.
Hence we have H*(7;'(N)) = C[0]®C[-2] and H*(Rn;.C[7]|5) = C[7]&C]5]. Since
A; is the maximal orbit contained in the image of 7;, RrCl[7] is the direct sum
of shifted copies of IC({0},C) and IC(A;,C). We know that IC(A;,C)|y = CI6]
and IC({0},C)|y = 0. Because the decomposition of Rm,.C[7] satisfies the Hard
Lefschetz theorem (see Deligne et al. [1982][Théoreme 6.2.10]), IC(A;,C)[1] and
IC(Ay,C)[—1] must be the only summands of Rr..C[7] supported on A;. All the
other summands are shifted copies of IC({0}, C). By Lemma 5.3.1 (4) and Table 5.3,
IC(Ay,C)[1] and IC(Ay, C)[—1] correspond to the summands €;¢* + €1¢® of Py(q),
which are the 2 additional dimensions expected from the previous paragraph. As a
result, Py(q) =1+2¢+ (2+6)@® + (2+e)® + 2¢* + 1¢°.

N

In this case, |®(I)| =2, d = 18, d¥ = 8, n = 4. Hess(M, y) is still connected.

Arguing with Proposition 5.2.5 in the same manner as the previous case, we deduce
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that Py;(g) must have summands 1 + 2¢ + 2¢* + 2¢® + 1¢*. There are 4 additional
dimensions to be figured out.

According to Table 4.1, A; is still the maximal nilpotent orbit contained in
the image of ;. Let N be an element from A;. Then W;I(N) = X,,. Hence we have
H*(7;Y(N)) = C[0] ® C?[—2] @ C[-4] and H*(R7.C[8]|x) = C[8] @ C?[6] & C[4].
Rm, C[8] is still the direct sum of shifted copies of IC(A;,C) and IC({0},C), and
IC(A1,C)|y = Cl6], IC({0},C)|xy = 0. By the same Hard Lefschetz argument,
R77,.C[8] must have summands IC(A;, C)[2], IC(A;,C)[—2] and IC(A;,C)*2. By
Lemma 5.3.1 (4) and Table 5.3, they correspond to the summands €;q+ €1¢® + 2¢, ¢,
which are exactly the 4 additional dimensions. Hence Py(q) =1+ (2+€1)g+ (2 +
2¢1)q* + (2 + €1)¢® + 1¢*, where 2¢; means €; @ €.

o[ =1Is0

In this case, |®(I)] = 3, d = 17, d¥ = 9, n = 3. Hess(M,y) is connected.
Similarly, Py/(q) must have summands 1 + (2 + €1)q + (2 + ¢;)¢* + 1¢®. There are
4 additional dimensions to be figured out.

Now A, is the maximal orbit contained in the image of ;. Let N be an
element from A;. 7;Y(N) = X, = P'. Hence we have H*(7;'(N)) = C[0] @
C[-2] and H*(R7.C[9]|n) = C[9] ® C[7]. Rm.C[9] is the direct sum of shifted
copies of IC(A;, C), IC(Ay,C) and IC({0},C), and IC(A;, C)|y = C[8]. Therefore,
IC(A;,C)[1] and IC(A;,C)[~1] are the only summands of R, C[9] supported on
Ay. They correspond to the summands yaq + x2¢% the 4 additional dimensions.
Then Py(q) =1+ (24 €1 + x2)q + (2 + €1 + x2)¢* + 1¢°.

o[ =1Ig o
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In this case, |®(I)| = 4, d = 16, d¥ = 10, n = 2. Hess(M,y) is connected.
Py(g) must have summands 1 + (2 + €; + x2)q + 1¢°>. There are 5 additional
dimensions.

Go(aq) is the maximal orbit contained in the image of 7;. Let N be an element
from Go(ay). 7;'(N) = {3 distinct points} and A(N) = Ss acts on 7;'(N) by
the natural permutation action (see Remark 4.3.2). Hence H*(r;'(N)) = C3[0]
and H*(Rn7,.C[10]|5) = C3[10]. A(N) acts on H*(Rr.C[10]|x) = C3[10] by the
permutation action (see Lemma 5.2.3). We know that IC(Gay(ay),¢s)|n = C[10],

IC(Ga(ar),vm)|y = C2[10] and that 13 + 19 is the 3-dimensional permutation
representation of A(N). Therefore, IC(Ga(a1),3) and IC(Ga(aq), 191) must be the
only summands of Rm,.C[10] supported on Gy(a;). They correspond to summands
(x1 + €2)¢. Up to now, Py;(q) have summands 1 + (2 + €; + x2 + x1 + €2)q + 1¢%
There remains a 2-dimensional subrepresentation of H?(Hess(M,y)) to be figured
out, which we denote by x. Then Py(q) =1+ (2 + € + X2 + X1 + €2 + X)q + 1¢°.

Since x comes from IC-sheaves supported on nilpotent orbits strictly smaller
than Go(ay), it can be written as an integral combination x = al + be; + cx2. We
will make a linear system of equations to solve for a, b and c.

Let J be any subset of the set of simple roots A = {«, 5} of Go. There
always exists a semisimple element s; € g such that Cy(s;) is a Levi subalgebra
of g whose Weyl group is W;. Let n; € Cy(s;) be a regular nilpotent element
and define z; = s; + ny. Then x; is a regular element of g. According to Theo-
rem 5.2.6, dim¢ H?(Hess(M, z;)) = dime H?(Hess(M,y))"V7. Precup [2013][Corol-
lary 5.8] tells us how to compute dime H*(Hess(M, x;)) by inspecting the intersec-
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tion of Hess(M, x ;) with every Schubert cell of G/ B, and the inspections are carried

out in Appendix A. By Table A.1 and Table A.2, we have the following.

J=Aa, B}, Wy =W | J=A{p}, W, =(t)

dim¢ H?(Hess(M, z;)) 2 6

On the other hand, dim¢ H?(Hess(M, )" = (X 2(Hess(M,y)) IndVMéJ 1), where
X H2(Hess(M.y)) 1S the character of H?*(Hess(M,y)) as a W representation and ( , ) is

the inner product of characters. So far we have the following information,

XH2(Hess(My)) = 2+ €1+ X2+ X1+ €2+ X
Indjy1=1

Indgl =1+e+x1+xe

(X 2 (Hess(My))» Indyy 1) = 2

(X H2 (Hess (M) s Ind% 1) =6

X = al + be; + cxo

dime x = 2

which can be turned into the following linear system of equations.

a+2=2
a+2+1+1+14+c¢c=6

at+b+2c=2

\

We get a =0, b =0, c=1. Therefore, Py;(q) = 1+ (2 + €1 + 2x2 + X1 + €2)q + 1¢°.
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o[ =1,

In this case, |®(I)| = 5, d = 15, d¥ = 11, n = 1. Hess(M,y) is no longer
connected, so Proposition 5.2.5 (3) does not apply. However, Proposition 5.2.5 (1)
implies that H°(Hess(M,y)) and H?(Hess(M,y)) are isomorphic as W representa-
tions, hence Py;(q) is divisible by (1 + q).

Go(aq) is the maximal orbit contained in the image of 7;. Let N be an element
from Go(ay). 771 (N) =2 P* TP TP and A(N) 22 S5 acts on the set of irreducible
components of 77, ' (V) by the natural permutation action (see Remark 4.3.2). Hence
H*(7;Y(N)) = C?*[0] ® C3*[—2] and H*(Rn.C[11]|ny) = C3[11] & C3[9], where A(N)
acts on both C3[11] and C?[9] by the permutation action. Since IC(Go(a1), ¥3)|n =
C[10], IC(Ga(ay), 1a1) |y = C?[10] and 1h3+1)9; is the 3-dimensional permutation rep-
resentation of A(N), IC(Ga(ar),v3)[1], IC(Ga(ay),21)[1], IC(Ge(ay),s)[—1] and

IC(Gs(ay), 121)[—1] are the only summands of R, C[11] supported on Ga(ay). They
corresponds to summands (x1 + €2)(1 + ¢). Then Py(q) = (xa +e2 + x)(1 + q),
where x is a 3-dimensional subrepresentation of H?(Hess(M,y)) still to be figured
out. Because y comes from IC-sheaves supported on nilpotent orbits strictly smaller
than Gy(ay), we write x = al + be; + cxo and solve for a, b and c.

Now we use Theorem 5.2.6 for J = {a} and J = {$}. By Table A.3 and

Table A.4, we have

J = {ﬁ}’ WJ = <t>

J={a}, W, = (s)

dime H?(Hess(M, xy)) 3 4
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Combining the information,

XH?(Hess(M.y)) = X1 T €2+ X
Indglzl"‘ﬁ‘i‘Xlﬁ-Xz
Indp 1 =1+e+x1+ X2
(X H2 (Hess(M.y)) Indg 1) =3
(X 12 (Hess(M.y)) Indz/g 1) =4

X = al + bey + cxo

we get the following system.

l+a+b+c=3

1+14+a+c=4

a+b+2c=3

\

Then a =1, b=0and ¢ =1. As a result, Py(q) = (1 + x2 + x1 + €2)(1 + q).
oI=1

Still, |®(I)| = 5, d = 15, d¥ = 11, n = 1. By an argument similar to the
previous case, Py(q) is divisible by (1 + ¢).

Go(ay) is the maximal orbit contained in the image of 7;. Let N be an element
from Gy(a;). 77 (N) = X, = P! and A(N) = S fixes the unique irreducible
component of 7; '(N) (see Remark 4.3.2). Therefore, H*(7;*(N)) = C[0] ® C[-2]

and H*(RnCl11)|y) = C[11] & C[9], where A(N) acts on both C[11] and C[9]
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trivially. Hence IC(Gs(aq),3)[1] and IC(Ga(aq), ¢3)[—1] are the only summands of
Rm;,C[11] supported on Gg(a;). They correspond to the summands x;(1 + ¢) and
Pr(q) = (x1+x)(14¢q) where x = al+be;+cxs is a 4-dimensional subrepresentation
of H?(Hess(M,y)) to be figured out.

Use Theorem 5.2.6 for J = {a} and J = {8} again. By Table A.5 and

Table A.6, we have

J=Aa}, Wy=(s) | J ={8}, Ws=()

dime H?(Hess(M, xy)) 4 3

Combining the information,

XH?(Hess(M,y)) = X1+ X
Ind%l =1l+e+xi+xe
Indigy 1 =1+ €2 +x1+ X2
(X12(t1ess(11,)) Ind iy 1) = 4
(X B2 (Hess(M.y)) Ind% 1) =3

X = al + bey + cx2

dim¢e y =4

we get the following system.

a+b+c+1=4
a+c+1=3

a+b+2c=4

\
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Then a =b=c=1and Py(q) = (1 +e + x2+ x1)(1 + q).
ol =1,;

In this case, I = u, M = b, and the map 7y : G x® M — g is isomor-
phic to the Grothendieck simultaneous resolution. Let g™ = 7,/ (g"*). Then the
restriction myy : g™ — g"® is a W-torsor. Therefore, H*(Hess(M,y)) is the regular
representation of W and Py(q) =14 €1 + 2x2 + 2x1 + €2.

Now we have finished the classification of all dot actions for type G.

In summary, we have the following theorem.

Theorem 5.3.2 (Brosnan, Xue). Table 5.4 gives the complete list of Tymoczko’s
dot actions on the cohomology of regular semisimple Hessenberg varieties when G

is of type Gs.

Table 5.4: Dot actions for type Gs
I Pu(q)
Iy 142+ 2¢° +2¢° +2¢* +2¢° + 14°
Dpisa | 1+2¢+ (2+6)¢” + (2 +a)g’ +2¢" +1¢°
Isia |1+ (2+6)g+ (24 2a)¢* + (24 6)g® + 1¢*
Igioa |1+ (246 +x2)g+ (24 €6+ x2)¢* + 1¢°
Inia |14+ (246 +2x2+ X1+ €2)q+ 1¢?
I, (14 x2+x1+€e)(l+q)
[ﬁ (1+€1+X2+X1)<1—|—q)
Iop 14+ € +2x2 +2x1 + €
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Chapter 6: Type Fy and FEg

In this chapter we complete the proof of Theorem 2.7.7. To be more specific,

all that remains is the following proposition.

Proposition 6.0.1. Let G be a connected simple algebraic group over C of type
Fy or Eg4. Let B be a Borel subgroup of G and N € g be a distinguished nilpotent
element whose associated parabolic P contains B. Following the notation in section
2.6, let P = LUp be the Levi decomposition of P so that [ = g(0) and up =
D,.,9(i). LN B is a Borel subgroup of L. Then for any (L N B)-stable subspace
U C g(2), the variety Xy = (L, LN B,g(2),U, N) is paved by affines whenever it is

not empty.

We prove the statement above by giving sufficiently concrete descriptions of
all the nonempty (L, L N B,g(2),U, N)’s for every distinguished nilpotent orbit of

Fy and FEjg. The proposition should be evident towards the end of this chapter.

6.1 Computational setups

Let GG denote a connected simple algebraic group over C of type F} or Eg. Fix
a Borel subgroup B of G and choose a maximal torus 7' C B. Let ® denote the set
of roots with respect to T" and B and A denote the set of simple roots. By abuse of
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notation, ® also denotes the Dynkin diagram of g.

For any root v € ®, let X, be the 1-dimensional unipotent subgroup of G
whose Lie algebra is the root space g,. Let 2, : C — X, be the group isomorphism
defined via the exponential map and the choice of a Chevalley basis element in g, .
For each positive root v, choose a nonzero vector E, € g,. Let E_, be the unique
vector in g_, so that {E,, [E,, E_,], E_,} is an sly-triple. Let H, = [E,, E_,]. The
four lemmas from Lemma 4.1.1 to Lemma 4.1.4 are still true for type F, and Ej.

In our presentation of G' above, we have chosen a Borel subgroup B and a
maximal torus T' C B to begin with. Therefore, for each distinguished nilpotent
orbit, we need to pick a representative N so that its associated parabolic P contains
the preselected B. To facilitate the choice, we recall some information regarding the
classification of nilpotent orbits of a simple Lie algebra.

There are at least three different ways of classifying nilpotent orbits: weighted
Dynkin diagrams, the Bala-Carter theory and pseudo-Levi subalgebras.

e weighted Dynkin diagrams

By the Jacobson-Morozov theorem, every nilpotent element N € g can be
embedded in a sly-triple. By considering g as an sly-representation, we thereby
obtain the weighted Dynkin diagram associated to N, which is the Dynkin diagram
of g with every node labeled by a number from {0,1,2}. It is known that the
weighted Dynkin diagram is uniquely determined by the conjugacy class of N, and
that the diagram is even (labeled only by 0 and 2) if N is distinguished. The main
drawback of this method is that not all of the 3! weighted Dynkin diagrams of an

algebra g of rank [ correspond to nilpotent orbits, and there is no simple algorithm to
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determine which diagram does. For type Fj; and Fj, the weighted Dynkin diagrams
of all their distinguished nilpotent orbits are listed in Bala & Carter [1976][p. 416].
e Bala-Carter theory

Bala & Carter [1976][Theorem 6.1] states that there is a bijection between
the set of conjugacy classes of nilpotent elements of g and G-conjugacy classes of
pairs (R, Pg), where R is a semisimple subgroup of parabolic type in G and Pg is
a distinguished parabolic subgroup of R. As a consequence, (as we have recalled
in section 2.8) for every nilpotent element N € g, there exists a minimal Levi
subalgebra m of g containing N so that N is distinguished in m. Under this scheme,
the distinguished nilpotent orbits of type F; and Eg are denoted by symbols X;(a;),
where X is either Fy or Eg (meaning the minimal Levi subalgebra is g itself) and j is
the semisimple rank of the associated distinguished parabolic subgroup. According
to Bala & Carter [1976][p. 416], Fy has 4 distinguished nilpotent orbits: Fy (the
regular orbit), Fy(ay), Fy(az) and Fy(as). Eg has 3 distinguished orbits: Fgs, Fg(ay)
and Fg(as).

e pseudo-Levi subalgebras

Definition 6.1.1. A pseudo-Levi subalgebra of g is a subalgebra that is G-conjugacy

to a subalgebra of the form

o =te P oo

I\

where W is an additively closed subrootsystem of ®.

Pseudo-Levi subalgebras turn out to be rather tractable.
In the first place, we have the following result.
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Proposition 6.1.2 (Sommers [1998], Proposition 2). Pseudo-Levi subalgebras are

the subalgebras of g of the form Cy(t) where ¢ is a semisimple element of G.

In the second place, the Dynkin diagrams of all the additively closed sub-
rootsystems ¥ can be obtained from the extended Dynkin diagram ® of g by the
Borel-de Siebenthal theory: start with ®, remove certain nodes, and possibly repeat
the same process on the connected components of the resulting diagram. In partic-
ular, the Dynkin diagrams of the pseudo-Levi subalgebras of the same rank as g are
those obtained from ® by removing exactly one node.

In the third place, for type A,, C,, Ga, Fy and Eg, the G-conjugacy class of
the pseudo-Levi subalgebra g’ is determined by the isomorphism type of its root
system W and the lengths of the simple roots of W.

These facts, together with the following theorem, can help us find a represen-

tative for each distinguished nilpotent orbit of type Fy and Fj.

Theorem 6.1.3 (Sommers [1998], Theorem 13). When G is of the adjoint type,
there is a bijection between: G-conjugacy classes of pairs (I, N), where [ is a pseudo-
Levi subalgebra of g and N is a distinguished nilpotent element in [; and G-conjugacy
classes of pairs (N, ('), where N is a nilpotent element of g and C' is a conjugacy

class in the component group A(N) = C(N)/C&(N).

Furthermore, to make sure that the associated parabolic subgroup of the cho-
sen representative does contain the preselected Borel subgroup B, we need the fol-

lowing lemma.
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Lemma 6.1.4. Let g be a reductive Lie algebra over C of semisimple rank [ with a

decomposition

gs=bhoP .

acd
where b is a Cartan subalgebra and ® is the root system of g. Choose a set of simple
roots A = {ay, s, ..., }. For each positive root v € ®, choose a nonzero vector
E, € g,. Let E_, be the unique vector in g_, so that {£,, [E,,E_,|,E_,} is an
sly-triple. Let H, = [E,, E_,]. Then N = Y.!_| E,, is a regular nilpotent element
of g and there exist a semisimple element H € hh and a nilpotent element Y € g so

that {N, H,Y} forms an sly-triple.

Proof. By the Jacobson-Morozov theorem, we can always embed N in an sly-triple.
The point of the lemma is to show that there exists such an sly-triple so that the
semisimple element H lies in the preselected Cartan subalgebra b.

Let A = [A;j]ix; be the Cartan matrix of ®, where A;; = (o, ;) = a;(Hy,).
Define the 1 x [ row vector [z1,Zs,..., 7] = [2,2,...,2]A7. Set H = 22:1 xiHq,
and Y =Y\ 2 E_,,.

For every j € {1,2,...,1}, aj(H) = S\ ma;(Hy) = S\ miA; = 2.
Therefore, [H,N] = Y\ |[H,E,] = S\, ai(H)E,, = 2N. Similarly, [H,Y] =
—2Y. For distinct simple roots «; and «;, a; — «; is not a root. Hence [N,Y] =
22:1 2i[Bayy B = 3o, ¥iH,, = H. Therefore, {N, H,Y} is an sly-triple. This
also means that the weighted Dynkin diagram associated to N has every node la-

beled by 2, so N must be a regular nilpotent element. O]

As will become clear later, the following lemma is the last piece of the puzzle
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to prove Proposition 6.0.1.

Lemma 6.1.5. For every smooth projective rational surface over C with finitely
many marked points, there exists an affine paving of it whose unique 2-cell contains
all the marked points. In particular, every smooth projective rational surface is

paved by affines.

Proof. 1t is well-known that any smooth projective rational surface S can be ob-
tained from successive blowups of a minimal rational surface. To be precise, there
exists a chain of morphisms 7 : Sy — Sk_1 (kK = 1,2,...,n) so that: each Sj is
a smooth projective rational surface, S, = S and S; is a minimal rational surface;
each 7y is the blowup of S;_; at a single point. We prove the lemma by induction
on the number of blowups in the chain.

When the number of blowups is 0, the surface S itself is a minimal rational
surface. That is, S is either P? or a Hirzebruch surface. Then the lemma is clear
from the explicit descriptions of these two types of minimal surfaces.

Assume the lemma is true when the number of blowups is less than or equal
to n — 1. For any surface S obtained by n blowups, consider the last morphism
T @ S — Sp_1. Let {q1,¢2,...,qn} be the set of marked points on S and let
p € S,—1 be the blown-up point. Consider S, _; with a set of marked points
{mn(q1), mn(q2), - - -, Tn(gm) }U{p}. By the inductive hypothesis, there exists an affine
paving of S,_; whose unique 2-cell A% contains {7, (q1), 7n(q2), - - -, Tn(qm)} U {p}.
Then the blowup Bl, A?, as an open subset of S, contains all the points qi, g2, - . . , G-

The classic definition of the blowup of C* at the origin is Bl C* = {((z,y), [u :

92



v]) € C* x P! | zv — yu = 0}. Hence Bl,A? is a line bundle over the excep-
tional divisor P!, and we use pr, : Bl, A> — P! to denote the projection. Picking
r € P! which is not equal to any pry(g) (i = 1,2,...,m), we can decompose
Bl, A% into a 1-cell pry'(z) = A! and a 2-cell pry ' (P! \ {z}) = A2 It is clear that
pry (P {x}), pry '(x) and the inverse images under 7, of the 1-cells and 0O-cells of
Sp—1 form an affine paving of S, and that ¢y, ¢, ..., ¢, all lie in the unique 2-cell
pry '(P'\ {z}) = A% The induction step is now complete and we have finished the

proof. ]

6.2 The case of F}

We now prove Proposition 6.0.1 when the group G is of type F;. We use the
presentation of (G outlined in the beginning of section 6.1. That is, we fix a Borel

subgroup B and a maximal torus 7' C B, by which we obtain the decomposition

:t®@ga>

acd

a l-dimensional unipotent subgroup X, for each root v € ®, and an sly-triple
{E,,H,, E_,} for each positive root v € ®F.

As mentioned earlier, F; has 4 distinguished nilpotent orbits: Fj, Fj(aq),
Fy(ag) and Fy(az). Note that (L,L N B,g(2),U,N) is a closed subvariety of the
flag variety L/L N B. For the regular nilpotent orbit Fy, L/L N B is a single point,
so the proposition is automatically true. For Fj(a;), since the semisimple rank of

the associated parabolic subgroup of a representative is 1, L/L N B is P! and there
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is nothing more to prove either. For Fj(a3), the nonempty (L, L N B, g(2),U, N)’s
are described concretely in De Concini et al. [1988][section 4.2]. In the light of
Lemma 6.1.5, they are clearly all paved by affines. Therefore, the only orbit that
needs to be dealt with is Fj(as). We start the computation by finding a good
representative of this orbit.

We give the Dynkin diagram of Fj the Bourbaki labeling.

F,: &—@6—@—@

aq Q2 a3 Oy

Adding the lowest root oy = — (20 + 3ae + 4z + 2a4), we have the extended

Dynkin diagram of Fj.

F4Z O——0—9® L

(o7} (23] Q2 [e%} Qy

From Bala & Carter [1976][p. 417], we obtain the weighted Dynkin diagram

corresponding to Fy(az).

Fr: &——@—0—@

We expect a good representative N of Fj(az) to satisfy the following three

requirements:

(1) N can be embedded into an sly-triple {N, H,Y'} so that H € tand v(H) >0
for every positive root 7 € ®T. As a consequence, the associated parabolic

subgroup P of N contains the preselected Borel subgroup B.
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(2) Let g = @,.59(i) be the weight space decomposition of g via the sly-triple
{N,H,Y}. We need to have g(0) = t @ spanc{Fa,, F_a,, Fas, E_a,} and
9(2) = spanc{Eu;, Foy, Eai+ass Basrass Bagrass Baitastass Bagr2as: Boitas+2as}-
This makes sure that the weighted Dynkin diagram associated to NN is indeed

the one given above.
(3) N € g(2). This is always a consequence of (1).

The idea of finding such an N comes from Theorem 6.1.3. In particular, the
first table in Sommers [1998][p. 557] tells us that a representative of Fy(ay) can be
a regular nilpotent element of a pseudo-Levi subalgebra of type A; + C5. From the
eight roots belonging to g(2), we pick 4 and rename them as Sy = a3 + as + 2as,
By = a1+ag, B3 = az+ay and By = as+az. We can draw a diagram by treating these
4 roots as nodes and connecting 3; and f3; by (8;, 5;)(B;, B:) bonds (4,5 € {0,2,3,4}),
with arrows pointing from long roots to short roots. The resulting diagram happens

to be the same as the Dynkin diagram of type A; + Cj.

A1 +Cs: @ o—0<—9©

Bo Ba Bs B2
Let ¥ denote the additively closed subrootsystem of ® generated by {fy, B2, 33,
Bs}. We claim that ¥ is root system of type A; + C3 and g’ = t @ Py 9o is a
pseudo-Levi subalgebra of the same type. To see this, note that there is only one
G-conjugacy class of pseudo-Levi subalgebras of type A; + C3, whose “standard”
Dynkin diagram is obtained from the extended Dynkin diagram of F; by removing

the node ay (the Borel-de Siebenthal theory).
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A1+C3: @ o—0=—9o

(e 7)) (67} (6% (e%)]

The removed node « is related to the rest by a; = (1/2)(—ap — 3 — dag —
2ay). Define §; to be the same linear combination of 5y, f2, B3 and By (1 =
(1/2)(—Bo — 302 —4P3 — 284) = —2a1 — 3ag — dag — 204 = . Now that 5y, (s, fs,
B4 are 4 distinct roots of ® and the diagram formed by them is exactly the Dynkin
diagram of Fy, {1, 52, B4, B4} must be another set of simple roots of ® with /3, being

the corresponding lowest root.

Fr: &—@—0—@

b1 B2 Bs Ba
Since W is additively generated by {fo, B2, 83, 51} (the new set of nodes with (3,
removed), it must be a subrootsystem of ® of type A; +Cs. Hence g’ = t& P,y 9o
is a pseudo-Levi subalgebra of the same type. Let N = Eg, + Eg, + Eg, + Ej, =
Eovast20s + Boytas + Boagtas + Eaytas- By Lemma 6.1.4, N is a regular nilpotent
element of g’ and there exists a semisimple element H € t and a nilpotent element
Y € ¢ so that {N,H,Y} forms an sly-triple. As a consequence, f;(H) = 2 for

1=0,2,3,4. Solving the linear system of equations,

Bo(H) = oy (H) + ag(H) + 2a3(H) = 2
Bo(H) = (H) + an(H) = 2

B3(H) =a3(H)+ ay(H) =2

Bi(H) =aa(H)+ az(H) =2
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we get ay(H) = 0, as(H) = 2, az(H) = 0 and ay(H) = 2. This means that the
weighted Dynkin diagram associated to N is the one we started with. Therefore,
N = Eu vas+205 + Poaytas T Eastas + Foaytas 18 indeed a representative of Fy(az) and
does satisfy all 3 requirements mentioned earlier.

Let P be the associated parabolic of N and P = LUp be the Levi decomposi-
tion. We compute the nonempty (L, L N B, g(2),U, N)’s and show that they are all
paved by affines.

In this case, L = (T, Xo,, X0y, Xass X—as) and LN B = (T, X,,, Xa;), where
the angle brackets stand for group generation. As a consequence, L/L N B =
P! x P. By Lemma 2.7.1, for any (L,L N B,g(2),U, N) to be nonempty, U can
have codimension at most 2 in g(2). When codimU is 0 or 2, the corresponding
(L,L N B,g(2),U, N) is respectively P! x P! or a finite set of points, hence paved
by affines. The only nontrivial case is when codim U = 1. There are only two such

(L N B)-stable subspace U of g(2):

U= o, ®(U) = ®(g(2)) \ {az}, or
()

acd

U= o P(U) = 0(g(2)) \ {aa},
)

acd
where ®(U) and ®(g(2)) denote the sets of roots belonging to U and g(2) respec-
tively. Recall that ®(g(2)) = {9, ay, 0 + a9, as + ag, a3 + ay, a1 + ag + ag, e +
2a3,01 + ag + 2a3}, hence we can only remove oy or a4 in order for U to be an

(L N B)-stable subspace of codimension 1.
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e the case of (U) = ®(g(2)) \ {aa}

Let s; and s3 be the simple reflections associated to «y and ag respectively.
Let z,, : C — X,, and z,, : C — X,,, be the group isomorphisms mentioned in
section 6.1. Let C x C denote the unique 2-cell of L/L N B = P! x P!, and we can

present it as the following set:

Cx C={xa,(21)$1%0as(23)s3(LNB) € L/ILN B | 21,23 € C}.

Here x4, (21)81%04(23)33(L N B) is considered a left (L N B)-coset, hence a point
of the flag variety L/L N B (for details of this presentation, see Equation 2.1 and
Lemma 4.2.1 (2)).

Consider the intersection of Xy = (L, LN B, g(2), U, N) with the 2-cell C x C

of L/L N B. By definition,

XU N ((C X (C) = {(21,23) € C2 | 5"3 . .13&3(—23) . 51 . xal(—Zj) -N € U}

By Lemma 4.1.1 and Lemma 4.1.3, we know that

§3 Tos(—23) - §1 - Toy (—21) - N = Z fy(21, 23)E,, where f, € Clz, z3).

Y€2(8(2))

Since ®(U) = ®(g(2)) \ {az}, in order for $5- xa,(—23) - 51+ 20, (—21) - N to be in U,
it is necessary and sufficient that f,,(z1,23) = 0. Using the same two lemmas and

computing carefully with the representative N = E,, 10,4205 T Fortas + Fastay +
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Eyytay, we get that

fan(21,23) = az3 + bzyzz + 1,

where a and b are some nonzero constants. Therefore,

Xy N (CxC)={(z,2) € C?*| azs +bz23+1=0}.

There is an isomorphism between C* and Xy N (C x C):

C* — Xyn(CxC)

Note that Xy N (C x C) is a connected component of Xy. By Lemma 2.7.1

and the isomorphism above, Xy N (C x C) is a smooth projective rational curve,

that is, P'. As a result, Xy is either P! or a disjoint union thereof, hence paved by

affines.

e the case of ®(U) = ®(g(2)) \ {au}

Let s1, 83, Ty, Tas, Xa, and X,, be the same as above. Let C x {oo} denote

the 1-cell X,,,$1(L N B) of L/LN B = P! x P!, which we present as:

C x {00} = {xa,(21)$1(LNB) € L/LN B | 21 € C}.

Consider the intersection Xy N (C x {o0}) 2 {z; € C| $1-24,(—21)- N € U}. Using
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a similar method as above, it is easy to show that

$1°Tay(—21) N = > f(z1)E; and fo,(z1) = 0.
v€2(9(2))

As a result, X;yN(C x {o0}) = C x {00} and Xy is still either P! or a disjoint union
thereof, hence paved by affines.

We have finished the case of F.

6.3 The case of Ejg

We prove Proposition 6.0.1 when G is of type Fg. In this case, the increased
dimension of L/L N B makes the computation more complicated, but the idea is
exactly the same. Therefore, we omit the details of those arguments that have exact
counterparts in the case of Fj.

Es has 3 distinguished nilpotent orbits: FEs, Fg(a;) and FEg(az). The flag
varieties L/L N B for the orbits Es and Eg(a;) are P° and P! respectively, so there
is nothing to prove. We only need to deal with Fg(a3). Similar to type Fj, we start
by finding a good representative of the orbit Fg(as).

We give the Dynkin diagram of Fg the following nonstandard labeling (neither

Bourbaki nor GAP).

[&73]
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Adding the lowest root ag = —(aq + 2ag + 3az + 2a4 + a5 + 2a5), we have the
extended Dynkin diagram of FEj.

a0

(e73}

From Bala & Carter [1976][p. 417], we obtain the weighted Dynkin diagram

corresponding to Fg(as).

The reason for choosing the nonstandard labeling is the notational symmetry
that odd-numbered simple roots aq, ag and as are of weight 2 and even-numbered
simple roots as, ay and ag are of weight 0 in the weighted Dynkin diagram above.

We expect a good representative N of Eg(as) to satisfy the following three

requirements:

(1) N can be embedded into an sly-triple {N, H,Y'} so that H € t and y(H) > 0

for every positive root a € ®.

(2) Let g = @,.5,9(7) be the weight space decomposition of g via the sly-triple
{N, H,Y}. Weneed to have g(0) = t@®spanc{En,, F—ay, Fays E—ays Fagy E—ag }
and g(2) = spanc{Ea,, Eos, Eoss Baitass Bastass Eostas Pagtag Pastas

Ea2+a3+a4 ) Ea2+a3+a6 ) Ea3+a4+a6 ) Ea2+a3+a4+a6 } .
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(3) N €g(2)
The second table in Sommers [1998][p. 557] tells us that a representative of
FEg(a3) can be a regular nilpotent element of a pseudo-Levi subalgebra of type As +

Ay, whose “standard” Dynkin diagram can be obtained from the extended Dynkin

diagram of Eg by removing the node as.

As+41: @ L 4 ® o o

%] (&7 as Qg Qs a1

From the twelve roots belonging to g(2), we pick 6 and rename them as 5y =
Qg+ ag, fo = au+as, f3 = az+as, i = a1+ az, b5 = az +ag and f; =
as + as + ag + ag. Draw a diagram by treating the 6 roots as nodes and connecting
Bi and f; by (5;, B;)(B;, Bi) bonds (4,5 € {0,1,3,4,5,6}), we get exactly the Dynkin

diagram of type A5 + A;.

As+4;: @ ® o ® ) o
Bo Be B3 Ba Bs B

Let N = Euytas + Eoyros + Eastas T Eortas T Eostas + Eostostastas- ArgUing
in exactly the same way as for type Fjy, we can show that N is a representative of
FEg(a3) that satisfies all 3 requirements mentioned earlier.

Let P be the associated parabolic of N and P = LUp be the Levi decompo-
sition. We compute all the (L, L N B, g(2),U, N)’s that are possibly nonempty for
dimension reason and show that they are paved by affines.

In this case, L = (T, X0y, X a9 Xays X—ass Xags X—ag) and LNB = (T, X4,, Xa,,
Xeog)- As a consequence, L/L N B = P! x P! x P!, Let sy, s4 and s be the sim-
ple reflections associated to s, a4 and ag respectively. Let z,, : C — X,,,
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Zo, : C — X,, and z,, : C — X, be the corresponding group isomorphisms.
We present all 8 cells of L/L N B = P! x P! x P! set-theoretically in Table 6.1.

By Lemma 2.7.1, for any Xy = (L, LN B, g(2),U, N) to be possibly nonempty,
U can have codimension at most 3 in g(2). When codim U is 0 or 3, the correspond-
ing Xy is respectively P! x P! x P! or a finite set of points, hence paved by affines.
The nontrivial cases are codim U = 1,2. There are altogether 11 such (LN B)-stable
subspaces U of g(2). They are divided into 6 groups and listed in Table 6.2. The
computation of Xy is almost the same within each group.

We compute one example from each group with details and merely list the
results for the rest. We will intersect Xy with as many cells as necessary and give
sufficiently concrete descriptions of the intersections, from which we deduce that
Xy is paved by affines. The various intersections will be displayed in tables of the
same shape as Table 6.3, which shows the location of each cell in the table. The

equations needed for computation are listed in Appendix B.

Table 6.1: Cells of L/LN B
notation of cell presentation of cell
CxCxC { 20, (21)$2%0, (22)$4%ag (23)56(L N B) | 21, 22, 23 € C}
C x C x {0} { oy (21)82%0,(22)84(L N B) | 21,29 € C}
Cx {0} xC { Tay(21)$2%0s(23)56(L N B) | 21,23 € C}
{oo} x Cx C { 20,(22)84%05(23)86(L N B) | 22,23 € C}
C x {oo} x {0} | { zay(21)82(LNB) | 21 € C}
{00} X C x {00} |{ xas(22)84(LNB) | 2, € C}
{00} x {00} x C | { xae(23)$6(LN B) | 23 € C}
{oo} x {oo} x {oo} | {¢(L N B)}
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Table 6.2:

The U’s of codimension 1 and 2

group | codim U d(U)
Lst 1 ®(g(2)) \ {as}
2nd 1 ®(g(2) \ {ou} ®(g(2) \ {as}
3rd 2 ®(g(2)) \ {ou, a3} ®(g(2)) \ {3, a5}
4th 2 ®(g(2)) \ {1, a5}
5th 2 P(g(2) \ {a, a1 + az} | 2(g(2)) \ {5, 4 + a5}
6th 9 D(9(2)) \ {os, 02 + as} | D(8(2)) \ {3, a5 + au}

P(g(2)) \ {az, a3 + as}

Table 6.3: The location of cells

dimension of cell location of each cell in the table
3 CxCxC
2 C x C x {o0} C x {00} x C {0} xCxC
1 C x {00} x {0} | {00} x C x {o0} | {0} X {0} x C
0 {oo} x {oo} x {0}
6.3.1 The 1st group
We compute the only example where ®(U) = ®(g(2)) \ {as}.

Intersect Xy with the 3-cell C x C x C. By definition of the quintuple and

set-theoretic presentation of the cell, we know that

XyN(CxCxC) = {(21, 20, 23) € C? | 86-Tag(—23) 84Ty (—22) 52Ty (—21)-N € U},

Recall that 56 . m%(—z;;) . 34 . Ia4(—22) . 52 . ZL’QQ(—Zl) . N = Z’yé@(g@)) fv(zl, 29, Zg)E,y,

where f,(21,22,23) € C[21, 22, 23]. Since ®(U) = ®(g(2)) \ {as}, in order for s -

Tag(—23) " 84 Tay(—22) » $2 Tay(—21) - N to be in U, we only need fo, (21, 22, 23) = 0.

According to Equation B.1, f,,(21, 22, 23) = 1+ az122 + bz123 + c2223, where a, b and

104



¢ are some nonzero constants. Therefore,

XU N ((C x C x (C) = { (21722,23) € (C3 ‘ 1 +az129 + bleg + Cz923 = O}

and it is a smooth quadratic hypersurface of C®. Such a hypersurface is known to
be birationally equivalent to C? via a stereographic projection, hence X;; must be

a smooth projective rational surface. By Lemma 6.1.5, Xy is paved by affines.

6.3.2 The 2nd group

We demonstrate the example where ®(U) = ®(g(2)) \ {a1}.
The intersection of Xy with each cell is given in Table 6.4. We explain the

computation with more details. We know that

XyN({oo} x Cx C) 2 { (22,23) € C* | 86 Tag(—23) 84 - Tay(—22) - N € U}.

In order for $g - Tax(—23) -S4+ Ta,(—22) - N to be in U, we only need the coefficient
fay (22, 23) of E4, to be 0. According to Equation B.4, f,, (z2,23) = 0. Therefore,
Xy N ({oo} x C x C) is the entire cell. The other intersections are determined in
exactly the same way, and we deduce that Xy = {oo} x P! x P!, which is clearly
paved by affines.

When &(U) = ®(g(2)) \ {as}, the intersections are given in Table 6.5, and we

deduce that Xy = P! x {00} x P
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Table 6.4: ®(U) = d(g(2)) \ {1}

dimension of cells intersection of Xy with cells
3 0
2 0 0 entire cell
1 0 entire cell | entire cell
0 entire cell

Table 6.5: ®(U) = ®(g(2)) \ {as}

dimension of cells intersection of Xy with cells
3 0
2 0 entire cell 0
1 entire cell 0 entire cell
0 entire cell

6.3.3 The 3rd group

We demonstrate the example where ®(U) = ®(g(2)) \ {a1, as}.
The intersections are given in Table 6.6. To compute Xy N ({oo} x C x C),

note that

XN ({oo} x Cx C)2{ (20,23) € C? | 86 Tag(—23) - 84 Tay(—22) - N € U}

and we need f,, = fas = 0. According to Equation B.4, f, (22,23) = 0 and

Jas (22, 23) = azg + bzg, where a and b are nonzero. Therefore,

XUﬂ({OO}XCXC)g{ (Zg,Zg)G(CQ’CLZg—i‘bZQ:O}

and it is clearly isomorphic to C. As a result, Xy = P! and it is paved by affines.
When ®(U) = ®(g(2)) \ {as, a5}, the intersections are given in Table 6.7 and

we have Xy =2 P! as well.

106



Table 6.6: ®(U) = d(g(2)) \ {an, a}

dimension of cells | intersection of X with cells
3 0
2 0 0 C
1 0 0 0
0 entire cell

Table 6.7 ®(U) = ®(g(2)) \ {as, as}

dimension of cells

intersection of Xy with cells

3 0

2 0 C 0
1 0 0 0
0 entire cell

6.3.4 The 4th group

We compute the only example where ®(U) = ®(g(2)) \ {1, a5}

The intersections are given in Table 6.8. To compute Xy N ({oo} x {o0} x C),

note that

XUﬂ({OO}X{OO}XC)g{de(C’36'xa6(—2’3)'N€U}

and we need f,,

Xy N ({oo} x {00} x C) is the entire cell and Xy = PL.

= fas = 0. According to Equation B.7, f.,(23) = fas(23) =

Table 6.8: ®(U) = ®(g(2)) \ {a1, a5}

dimension of cells | intersection of X with cells
3 0
2 0 0 0
1 0 0 entire cell
0 entire cell
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6.3.5 The 5th group

When ®(U) = ®(g(2)) \ {a1, a1 + as}, the intersection of Xy with every cell is
the empty set. This is because every equation from Equation B.1 to Equation B.8
has either F,, or F,, 14, as a summand (note that N = E,, 10, + Fo,tas + Fastag +
Eoiior + Eostan T Pastastastags SO it has E, 14, as a summand as well). Hence
Xy = () and there is nothing to prove.

When ®(U) = ®(g(2)) \ {as, a4 + a5}, Xy = 0 by the same argument.

6.3.6 The 6th group

We demonstrate the example where ®(U) = ®(g(2)) \ {as, g + az}.
The intersections are given in Table 6.9. To compute Xy N (C x C x C), note

that

XuN(CXxCxC) = {(z1, 22, 23) € C3 | $6°Tag(—23) Sa Tay(—22) 82 Tay(—21)-N € U}

and we need fo, = faytas = 0. According to Equation B.1, fu,(21,29,23) = 1 +
az1zo + bz1z3 + 2023 and [, 405(21, 22, 23) = dz3 + ezz, where a, b, ¢, d, e are all

nonzero. Therefore,

XuN(CxCxC)=A{(z,29,23) € C3 | 1+azi20+b2z123 4 czo23 = 0,dz3 + ez = 0}.
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Table 6.9: ®(U) = ®(g(2)) \ {as, a2 + as}

dimension of cells | intersection of X with cells
3 C*or CIIC
2 0 0 2 points
1 0 0 0
0 0

Combining the two equations to eliminate 23, we get

XyN(CxCxC)2{(21,2)€C?|d+ (ad — be)z 129 — cezi = 0}.

Now it is clear that

Cx if ad — be # 0
XpN(CxCxC)=

CHOC ifad—be=0

To compute Xy N ({oo} x C x C), note that

Xy N ({oo} x Cx C) 2 { (29,23) € C* | 36 Tag(—23) - 4 Tay(—22) - N € U}

and we need fo, = faytas = 0 as well. According to Equation B.4, f,,(22,23) =

azz + bzy and fo,+as(22, 23) = 1 + c2223, where a, b, ¢ are nonzero. Hence

XUﬂ({OO}X(CXC)g {(ZQ,Z?,)E(CQ ‘ a23+b2220,1+c,2223:()}

= {(Va/(be), =v/b/(ac)), (—V/a/(be), v/b/(ac))}

Combining the intersections of X with the two cells, we see that Xy is either P!

or P! II P!, hence paved by affines.
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Table 6.10: ®(U) = ®(g(2)) \ {as, as + s}

dimension of cells | intersection of X with cells
3 C*or CIIC
2 0 2 points 0
1 0 0 0
0 0

Table 6.11: ®(U) = ®(g(2)) \ {as, a3 + ag}
dimension of cells | intersection of X with cells
3 C*or CIIC
2 2 points
1 0

0

0
0

SSIRSSIRSSY

When ¢(U) = ®(g(2)) \ {as,as + as} or &(U) = P(g(2)) \ {as, as + ag},
the intersections are given in Table 6.10 and Table 6.11 respectively. By a similar
argument, they are both either P! or P! IT P'. We have now finished the proof for

the case of Fj.
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Appendix A:  Betti Numbers of Hess(M, x )

We compute dim¢ H*(Hess(M, z;)) for those regular Hessenberg varieties in-
volved in section 5.3.

Let G be a connected algebraic group over C of type Gy. We use the same
setups as in section 4.1. Let M be a Hessenberg subspace of g and .J be a subset
of the set of simple roots A = {«, f}. There always exists a semisimple element
s; € g such that Cy(s;) is a Levi subalgebra of g whose Weyl group is W,. Let
ny € Cy(sy) be a regular nilpotent element and define x; = s; +n,. Then z; is a
regular element of g and Hess(M, x;) is a regular Hessenberg variety. For simplicity
of notation, let L denote the Levi subgroup of G with Lie algebra [ = Cy(s;). As
a result, Wy, = W;. By Lemma 2.5.1, each w € W can be written uniquely as
w = yv with y € Wy, and v € WL, where Wt = {v € W | &, C ®(up)}. Define
M, =1No- M. The following theorem is a consequence of Precup [2013][Theorem

4.10, Corollary 5.8].

Theorem (Precup). The regular Hessenberg variety Hess(M, x ;) is paved by affines.

Moreover:
(1) Every nonempty intersection X, N Hess(M, x ;) is an affine space.

(2) X, NHess(M,x,) is nonempty if and only if J C y(®(M,)).
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(3) When X, N Hess(M, x;) # 0,

dime X, N Hess(M, z;) = |®, Ny(P~(M,))| + |y(®,) Nw(P™(M))].

Clearly, the theorem above gives us a way of computing dime H*(Hess(M, x))
by inspecting the intersection X,, N Hess(M, z;) for each w € W. The inspections
are carried out for all the Hess(M,z;)’s involved in section 5.3, and the results
are summarized in the following tables. A blank entry in the table means the

corresponding intersection X, N Hess(M, x ;) is empty.

Table A1: [ =10, M =1+ J={a,8}, W; =W
2

weWw el r=t | r2 | 3 | pt |
dim¢ X, N Hess(M,z;) | 0 2

weWw tltrt | tr 2 tr3 | tr=t | tr?
dime X, N Hess(M, z;) | 1 1

Table A2: [ = Igo0, M =1+ J={B}, W, = (1)

we Wt eltr=t|tr=2 | tr3 | r=4 | r?°
dim¢ X, N Hess(M,z;) | 0 1 1 1 1 1

w e twh tlr b2 B Tt S
dime X, N Hess(M, zy) | 1 2

Table A.3: [ = I,, M =1+, J = {a}, Wy = (s)

we Wk elt|sr?|sr®| rt | o
dime X, N Hess(M,z;) | 0] 1] 1 1 0 0

w e sWt sir | r2 | 3 | srt|srd
dim¢ X, N Hess(M, x )
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Table Ad: [ =1,, M =1+ J={8}, Wy=(t)

tr—t

tr—2

tr—3

—4

we Wt e r r
dim¢ X, N Hess(M,z;) | 0] 0 0 0 1 1
w e twh tlr b2 3t S
dim¢ X, N Hess(M,z;) | 1 1
Table A.5: I =15, M =1+ J={a}, Wy ={(s)
we Wk elt|sr?|sr®| rt |
dim¢ X, N Hess(M,2;) [0 [0 | 0 0 1 1
w e sWt slr| r? | r | srt|srd
dime X, N Hess(M, z;) | 1 1
Table A.6: [ =1Ig, M =1+, J={B}, W;=(t)
we Wk el|tr=t|tr=2 | tr3 | r=4 |
dime X, N Hess(M,z;) | 0] 1 1 1 0 0
w e twh tlr b2 3 et e
dim¢ X, N Hess(M, z ;)
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Appendix B:  Equations for Type Ej

This appendix contains all the equations necessary for the proof of Proposi-
tion 6.0.1 for type Eg. The wildcard symbol * represents a random nonzero number,
whose exact value is not needed for our purpose.

XuN(CxCxXC) 2 {(21,22,23) € C| 86 Tag(—23) 84 Tay(—22) 82 Tay(—21)-N €

U}

36 . l’aﬁ(—Zg) . 34 . £L‘a4(—2’2) . 52 . I'QQ(—Zl) . N
=(*21 + *29) Fagtae T (1 + %2122 + %2123 + %2023) Fay + Eogtautag
(B.1)
+(*Z3 =+ *Zl)Ea3+Oé4 + Ea5 + Eal + Ea2+aa+a6

+(*Z3 =+ *22>E042+013 =+ Ea2+a3+a4

XyN(CxCx{oo}) 2{ (21,22) € C?*| 84 o, (—22) - 89 Ta,(—21) - N € U}

S4 - Tay(—22) - $2- Tay(—21) - N
=(%21 + %22) Fuy + Eayray + Fay + Eay + Faytas (B.2)

+(1 4+ *2122) Bagrag T Lastas+astas T *22Bastastas T %21 Bagtrastas
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XN (Cx{oo} xC)2{ (21,23) €EC?| 86 Tag(—23) - $2 Tay(—21) - N € U}

*é6 . J)as(—Z;g) . 8"2 : {L'OQ(—Zl) -N
=Fagtas T (*23 + *zl)Eas + Eastas T Eostas + Lo (BB)

+Eastastastas T *23Fastasras + (1 +%2123) Bog ray + %21 Bagrastas
XU N ({OO} x C x (C) = { (ZQ,Zg) S C? | Sg - ZEa6(—Z3) -S4 - Ia4(_22) -N € U}
56 . Ia6(—23> . <§4 . .Cl]a4(—22) . N

:Ea2+a3+a4+a6 + *ZSEa2+a3+a4 + *ZQEa2+a3+Oé6 + (1 + *2223)Ea2+a3 (B'4)

+E013+0¢6 + (*23 + *ZQ)EQ3 + Ea1+a2 + Eas + Ea3+044
XuN(Cx{oo} x{oo})={2z€C| s 24(—2) NeU}
52 . ZL‘a2(—Zl) . N

:Ea3 + Ea4+a5 + ECV2+C¥3+CY6 + Eal + Ea2+a3+a4 (B5)

+Eostastos T *21Bastas T %21 Bagtay

XpN({oo} x Cx{oo})Z{20€C| 4 -24,(—22) - NecU}

$4To,(—22) - N
=Fostastas T *22FB0s10;5 + Eog + Eaytay + Eas (B’6>

+Eaz+ag+a6 + Ea3+a4+046 + *ZQEas-i-as
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XyN({oo} x {oo} xC)={ 23€C| $6-Tay(—23) - NeU}

56 . ZEO%.(—Z:),) . N
=Fastas+as T *23Fastas T Eagtastas T *23Eag+as (B7)

+Ea1+a2 + Ea4+a5 + E013 + Ea2+a3+a4

{0} x {0} x {0} HfNeU
Xy 0 ({oo} x {00} x {oc}) = (B.5)

0 if N¢U

116



Bibliography

Bala, P. & Carter, R. W. (1976). Classes of unipotent elements in simple algebraic
groups. I. Math. Proc. Cambridge Philos. Soc. , volume 79, (pp. 401-425).

Bala, P. & Carter, R. W. (1976). Classes of unipotent elements in simple algebraic
groups. I1I. Math. Proc. Cambridge Philos. Soc., volume 80, (pp. 1-18).

Balibanu, A. & Crooks, P. (2020). Perverse sheaves and the cohomology of regular
Hessenberg varieties. arXiv:2004.07970.

Bass, H. & Haboush, W. (1985). Linearizing certain reductive group actions. Trans.
Amer. Math. Soc., volume 292, no. 2, (pp. 463-482).

Bernstein, I. N., Gel'fand, I. M., & Gel’fand, S. I. (1973). Schubert cells and coho-
mology of the spaces g/p. Russian Math. Surveys, volume 28, no. 3, (pp. 1-26).

Bialynicki-Birula, A. (1973). Some theorems on actions of algebraic groups. Ann.
of Math. (2), volume 98, no. 3, (pp. 480-497).

Bialynicki-Birula, A. (1976). Some properties of decompositions of algebraic varieties
determined by actions of a torus. Bull. Pol. Acad. Sci. Math., volume 24, no. 9,
(pp. 667-674).

Borho, W. & MacPherson, R. (1983). Partial resolution of nilpotent varieties.
Astérisque, volume 101-102, (pp. 23-74).

Brosnan, P. (2005). On motivic decompositions arising from the method of
Biatynicki-Birula. Invent. Math., volume 161, no. 1, (pp. 91-111).

117



Brosnan, P. & Chow, T. Y. (2018). Unit interval orders and the dot action on the
cohomology of regular semisimple Hessenberg varieties. Adv. Math., volume 329,
(pp. 955-1001).

Carter, R. W. (1985). Finite groups of lie type: Conjugacy classes and complex
characters. Chichester-New York-Brisbane-Toronto-Singapore, John Wiley and
Sons.

Collingwood, D. H. & McGovern, W. M. (1993). Nilpotent orbits in semisimple Lie
algebra: an introduction. New York, Van Nostrand Reinhold.

De Concini, C., Lusztig, G., & Procesi, C. (1988). Homology of the zero-set of a
nilpotent vector field on a flag manifold. J. Amer. Math. Soc., volume 1, no. 1,

(pp. 15-34).

De Mari, F., Procesi, C., & Shayman, M. A. (1992). Hessenberg varieties. Trans.
Amer. Math. Soc., volume 332, no. 2, (pp. 529-534).

Deligne, P., Beilinson, A. A., & Bernstein, J. (1982). Faisceaux pervers. Astérisque,
volume 100.

Fresse, L. (2016). Existence of affine pavings for varieties of partial flags associated
to nilpotent elements. Int. Math. Res. Not. IMRN, volume 2016, no. 2, (pp.
418-472).

Hartshorne, R. (1997). Algebraic geometry. Graduate texts in mathematics 52, New
York, Springer.

Humphreys, J. E. (1981). Linear algebraic groups. Graduate texts in mathematics
21, New York, Springer.

Iversen, B. (1972). A fixed point formula for action of tori on algebraic varieties.
Invent. Math., volume 16, (pp. 229-236).

Ji, C. & Precup, M. (2019). Hessenberg varieties associated to ad-nilpotent ideals.
arXiw:1908.09821.

Lang, S. (2002). Algebra. Graduate texts in mathematics 211, New York, Springer.

118



Matsumura, H. (1980). Commutative algebra. London-Amsterdam-Don Mills,
Ontario-Sydney-Tokyo, The Benjamin/Cummings Publishing Company, INC.

Precup, M. (2013). Affine pavings of Hessenberg varieties for semisimple groups.
Selecta Math. , volume 19, no. 4, (pp. 903-922).

Shareshian, J. & Wachs, M. L. (2016). Chromatic quasisymmetric functions. Adv.
Math., volume 295, (pp. 497-511).

Sommers, E. (1998). A generalization of the Bala-Carter theorem for nilpotent
orbits. Int. Math. Res. Not. IMRN, volume 1998, no. 11, (pp. 539-562).

Sommers, E. N. (2006). Equivalence classes of ideals in the nilradical of a borel
subalgebra. Nagoya Math. J. ; volume 183, (pp. 161-185).

Spaltenstein, N. (1982). Classes unipotentes et sous-groupes de Borel. Lecture notes
in mathematics 946, Berlin-Heidelberg-New York, Springer.

Springer, T. A. (1976). Trigonometric sums, Green functions of finite groups and
representations of Weyl groups. Invent. Math., volume 36, (pp. 173-207).

Steinberg, R. (1974). Conjugacy classes in algebraic groups. Lecture notes in math-
ematics 366, Berlin-Heidelberg-New York, Springer.

Tymoczko, J. (2007). Permutation actions on equivariant cohomology.
arXi:0706.0460.

119



	Dedication
	Acknowledgements
	Table of Contents
	Introduction
	Preliminaries
	Notation
	Hessenberg ideals
	Affine pavings
	A brief roadmap
	A paving of the flag variety
	Associated parabolics
	Prehomogeneous vector spaces
	Undistinguished nilpotent elements

	Proof of the Main Theorem
	Type G2
	Some structures of G2
	Outline of the algorithm
	Computation
	The case of A1
	The case of 
	The case of G2(a1)
	The case of G2

	An interesting Hessenberg ideal fiber

	Dot Actions for Type G2
	Background and motivation
	Computational techniques
	Computation

	Type F4 and E6
	Computational setups
	The case of F4
	The case of E6
	The 1st group
	The 2nd group
	The 3rd group
	The 4th group
	The 5th group
	The 6th group


	 Betti Numbers of Hess(M, xJ)
	 Equations for Type E6
	Bibliography

