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Chapter 1: Introduction

Nowadays, the Hartree-Fock approximation is a standard tool in quantum
chemistry. It is a self-consistent field method to compute the approximation to
the ground quantum state of a quantum many-body system. The main equations
of the method are the Hartree-Fock equations and they are used to solve a time-
independent problem. There are already numerous applications of this method. I am
interested in the time-dependent problem. Consider the time-dependent Hartree-
Fock equation |Dir30] in the density matrix formulation for a system consisting of
interacting Fermions. The Hartree-Fock equation provides an approximation scheme
to the many-body Schrédinger equation for quasi-free states.

The existence problem of the time-dependent Hartree-Fock equation has at-
tracted a lot of attentions. In dimension three, when the one-particle Hamiltonian is
the kinetic operator, i.e. it is the Laplace operator —A, Bove-Prato-Fano [BDPF74]
first showed the there is a unique mild solution to the Hartree-Fock equation if
the two-body interaction potential is bounded. They later extended their result
to the case [BDPF76]! when the two-body interaction potential is dominated by

the kinetic part —A by using the theory of semigroups. By the virtue of Hardy’s

n this paper, the one-particle Hamiltonian can include the Coulomb potential



inequality, their two-body interaction includes the Coulomb potential case. In the
same year, Chadam [Cha76| independently obtained the global well-posedness re-
sult for Coulomb potential using a limiting argument. In 1992, Zagatti |[Zag92|
used Strichartz estimates and showed the global well-posedness of the Hartree-Fock
equation when the one-particle Hamiltonian is —A+V, where V' and the two-body
interaction potential are singular and they satisfy mixed type LP conditions. In
dimension three, the two-body interaction potential in [Zag92| can be as singular as
1/|z|?=¢ for arbitrarily small € > 0.

In the last two decades, there is a large literature of studying the effective
dynamics of Bosonic many-body systems as the number of particles goes to infinity.
The limiting behavior of effective dynamics is expected to capture the main prop-
erties of the many-body Schréodinger equation. We refer to Chong’s thesis [Chol9|
for detailed discussion. Similar work has also been done for Fermionic many-body
systems. Several groups of authors established mean-field (with possible different
scalings) approximation to the many-body Schrodinger equation using the Hartree-
Fock equation. They compared one-particle density matrices for the two types of
equations and showed the limit of the difference vanishes as the number of particles
goes to infinity. More specifically, Bardos-Golse-Gottlieb-Mauser [BGGMO03]| for the
case that the initial state is close to a Slater determinant and two-body interac-
tion potential is bounded, Frohlich-Knowles [FK11] for the case when the initial
state is a Slater determinant and the two-body interaction potential is Coulomb,
Benedikter-Porta-Schlein [BPS14| for the case when the initial state is close to a

Slater determinant and the two-body interaction potential is sufficiently regular,



and Benedikter-Jaksi¢-Porta-Saffirio-Schlein [BJP*16] for the case when the initial
data is close to a quasi-free state and the two-body interaction potential is suffi-
ciently regular. The dynamics of the many-body Schrodinger equation can also be
effectively described by the Vlasov equation [Spo81,NS81].

In the thesis, we describe two variations of the Hartree-Fock equation: a re-
duced version for a system of infinitely many Fermions; a more complicated version
for quasi-free states.

The reduced version of Hartree-Fock equation is the Hartree equation, which
is derived by omitting exchange term from Hartree-Fock equation. As shown in
[Sol91, EESY04, BPS14], in the mean-field limit, the exchange term of the Hartree-
Fock equation is of low order. Removing exchange term, the resulting Hartree
equation can still be used to describe the quantum system effectively. The Hartree
equation demonstrates distinct properties from Hartree-Fock equation. Lewin-Sabin
and Chen-Hong-Pavlovi¢ [LS15,LS14, CHP17, CHP18] proved there are stationary
solutions to the Hartree equation and the equation is well-posed near the station-
ary solutions, where the stationary solutions are directly related to the Fermi-Dirac
distribution. The density matrices of the stationary solutions are not in trace class
(they are not even compact operators). Therefore the density matrix of the whole
system is not of trace class and formally it corresponds to an infinite many-body
system. Motivated by their work, we considered the Hartree equation for a model
of infinitely many electrons in a constant magnetic field and “project” the equation
of the system to dimension two. we proved that there are two families of stationary

solutions and the Hartree equation is locally well-posed near one family of the sta-



tionary solutions, which is related to the Fermi-Dirac distribution. The presence of
the constant magnetic field discretizes the spectrum? of the one-particle Hamilto-
nian: Pauli operator, and the Pauli operator does not dominate the Laplace operator
as the Harmonic oscillator. We can not handle the problem as in the case when there
is no background field. Furthermore, that the stationary solutions are not of trace
class also causes issues when we apply dispersive PDE techniques. We introduced
the Fourier-Wigner transform to our problem and used the asymptotic properties
of associated Laguerre polynomials to derive a collapsing estimate, whose counter-
part for the Laplace case was obtained by [GM17,CH16, CHP17,Cho18]. Using this
ingredient, we obtained the local result.

The more complicated version of Hartree-Fock equation is the Bogoliubov-de
Gennes equations, which describes the evolution of two-particle correlation func-
tions: the one-particle density matrix and the pairing function (for Cooper pairs).
Benedikter-Sok-Solovej [BSS18| formulated the Dirac—Frenkel approximation prin-
ciple in terms of reduced density matrices and applied it to the Fermionic sys-
tem. They obtained the Bogoliubov-de Gennes equations as an approximation
to the many-body Schrodinger equation and the approximation is optimal within
the class of pure quasifree states. Motivated by the work of Grillakis-Machedon
[GM13, GM17|, one can also derive the Bogoliubov-de Gennes equations for pure
quasi-free states in a slightly different way. However using the Dirac—Frenkel prin-
ciple, we can naturally generalize from pure quasi-free states to all quasi-free states.

No matter which type of quasi-free states is taken into consideration: pure or mixed,

2The spectrum are Landau levels.



the Bogoliubov-de Gennes equations for two-particle correlation functions are of
the same form. My work is to extend the existing global well-posedness result of
Benedikter-Sok-Solovej from the Coulomb potential to 1/|xz|>=¢ for arbitrarily small
e > 0. Intuitively, by the Pauli exclusion principle, the pairing function A(x,y)
vanishes on the diagonal y = x and we should be able to deal with more singular
two-body interaction potentials than the Coulomb potential. Mathematically, we
used dispersive PDE techniques and the Morrey’s inequality for Banach spaces and
successfully handled 1/|z - y>=A(z,y) in the Bogoliubov-de Gennes equations.
The thesis is organized as follows: we presented the Fock space formulation
and main results of the two models in Chapter 2. In Chapter 3, we proved the well-
posedness result for the Hartree equation with constant magnetic field. In Chapter
4, we established the global well-posedness result for the Bogoliubov-de Gennes
equations. In the appendix, we discussed the Clifford algebra representation and

the structure of pure quasi-free states.



Chapter 2: Main Results

2.1 Fock Space Formulation

The setting of our problem is the Fermionic Fock space. Let L2 (R3") denote
the L2?-subspace of anti-symmetric functions. The Fermionic Fock space F is a

Hilbert space consisting of vectors in the form

W) = (’l/}07’l/}17’l/}27' . ')7

where ¢¥ € C and ¢7 € L2 (R%), 7 > 1. The inner product on F is defined as

<907w>]‘—a = Z(gpj7¢j>L§(R3”)7 907w € fau

J=0

where (@7, ¢9)2gsny = [ @77 are inner products on L2 (R*). In a word, the

Fermionic Fock space F, is the norm completion of the direct sum

with the given inner product. The vacuum state (1,0,0,...) is denoted as |0). Every

subspace L2 (R3") of F, is the state space for a system of n Fermions. We can form



antisymmetric n-particle functions by antisymmetrizing n functions:

(fin=nfu) (@, z0) ~ — > (=1)% foy (1) fony () (2.1)
oeSy
where S, is the symmetric group of {1,2,...,n}, sgn(c) denotes the sign of o and

f; € L? (R?®). We use physics bra—ket notations to denote operators, for example let

[}, @) € Fa, 1) (| acts on F, as

) (el (19)) = [V} (@, @) 7., [0) € Fa (2.2)

In this Fock space F,, we introduce creation and annihilation distribution

valued operators and denote them by al and a, respectively. al and a, act on

L2 (R3(»D) and L2 (R3(*1) in the following way,

al (Y (z1, ... 2p) = Z( D5z — )" (@, By ),
\/_

am(¢n+1)(x17‘ e 7xn) =vn+ 1¢n+1([l‘],l’1, . 71:71)7

where 771 e L2 (R3(-D) yn+l ¢ L2 (R3(D)) 7, means the variable z; is ignored
and [x] indicates the variable z is frozen. In addition, a, (¢/°) = 0 for ¥° € C. The
creation and annihilation operators satisfy the canonical anticommutation relations
(CAR)

[az,a,], =0, [al,al],=0 and [a,a 1o =6(x-y). (2.3)

s Yy l+

Using the distribution valued operators, we can form operators which act on the



Fock space F, by introducing a field ¢ € L? (R?)

d'(9) = [ o@aidr a(@):= [ o), da.

and for vectors of L2 (R3("-1) and L2 (R3(n+1))

O, st = = SIS ),
j=1

OV, swn) = Ve 1 [ 6@ . w) do,

where "1 € L2 (R31D) and ¢*! € L2 (R3*1D). Note that a(¢) is complex linear

in the parameter ¢.

2.2 Hartree Equation With Constant Magnetic Field: Well-Posedness

Theory

In this section we present the first model: a system of infinitely many electrons
moving in a constant magnetic field.

Without loss of generality, suppose the constant magnetic field B = (0,0,b),
(b>0). Let h = (6- (=ivV — A))” be the Pauli operator, where o = (01,0,03) are
Pauli matrices and A = —g (xQ, -zt 0) 1is the vector potential of the field B = V x A.

The many-body Hamiltonian for a system of N electrons moving in the constant

!There are other choices of A, for example A = —b(22,0,0) [LL77, Chapter XV]. We use the
one which is fixed by the Coulomb gauge V- A = 0.



magnetic field B is described by

N ~
HN:ij+ZV(xj—xk), QZJ'ERS, (24)
j=1

7>k

and the Schrodinger equation is

i@t\IJN(t,xl,xg,. . ,.CEN) = ﬁN\I’N(t,xl,xQ,. .. ,SEN) (2 5)

‘IIN(t = 0) = \IIN,O

where Uy o€ ANL2 (R3,C?): the space of antisymmetric functions, b ; means b acts
on the variable z; (the j-th electron) and V' is the two-body interaction potential.

A direct computation shows

_ | (=iv-A) 0
h = -0 Ba
0 (-iv - A)?
b 0
while o - B = is harmless for the analysis of the system. For simplicity, we
0 -b
consider the scalar case, i.e.
h=(-iv-A)>. (2.6)

If the initial data Wy is set to be a Slater determinant

Uno(x1,22,...,2N8) =10 Ao A AUno(Z1,. .., 2N),



the corresponding Hatree-Fock equation in the density matrix formulation is

101 (t) = [+ pry + V - (VD) (), T(1)], (2.7)

F(Ov xvy) = FO(‘I: y)

where pry(z) = I'(t,z,2), prey * V denotes the usual convolution, (VI')(t,z,y) =

V(x—y)I'(t,z,y) is the exchange term and

FO(may) ‘= <lIIN,Oua’yaaTc‘IjN70>LZ(R3N)

N —
= > jo(x)i0(y), z,yeR>
po

After the time evolution, Wy (¢) may not necessarily stay as a Slater determinant.

Instead, one might expect that in an appropriate sense,

Un(t, oy, ..,xn) ~ (P (t) Apa(t) A AYn(t)) (E 21,0 TN),

However the density matrix I'(¢) is still a projection and it is in the form

N —
I'(t,z,y) = Z;zbj(t,x)l/}j(t,y), z,y € R?, (2.8)
j:

where {¢;(t,2)}}{, remains an orthonormal set.
In a mean field regime and in the absence of the background magnetic field
with a scaling of the kinetic part and the interaction part, Equation (2.7) is an

effective description of Equation (2.5) for certain V' and initial data, when N is

10



sufficiently large. See details in [BPS14]. In [BPS14|, the exchange term (VT')(¢)
is of lower order and they also proved that the effective description remains true
if Equation (2.7) is replaced by the following Hartree equation ? in the reduced
Hartree-Fock [Sol91] model. We omit the exchange term and obtain the Hartree
equation

10T (t) = [h+prey » VT ()], (2.9)

['(t=0)="T,,
We refer to [BGGMO03,EESY04, FK11] for other comparisons on the three dynamics
from a perspective of mean field and semi-classical limit and refer to [NS81, Spo81]|
for a different mean field limit of Equation (2.5) on the Vlasov hierarchy.

The problem of our interest is the well-posedness theory of Hartree equations
(2.9) when we take the formal limit of the number N of particles to be infinite. Note
that I'y is not of trace class any more, but it still satisfies the operator inequality
0 <T'y <1 which is due to the Pauli exclusion principle.

In the absence of magnetic fields, if Iy is not of trace class, Equation (2.9) was
recently studied by several authors [LS15,L.S14, CHP17, CHP18| and they showed
global well-posedness and the long time scattering behavior separately for different
interaction potentials V.

In the presence of a constant magnetic field, to my knowledge, the author is

the first one to consider the Hartree equation when I'y is not of trace class or a

2They are called Hartree equations since the operator h + pr( * V is derived by applying
the variational principle to the Hartree product ¥ ® --- ® 1y instead of the Slater determinant
Y1 A Ay [SO96, Chapter Three.

11



Hilbert-Schmidt operator. Since the operator h is now the Pauli operator, which is

different from the Laplace operator, the spectrum changes from a continuous one to

a discrete one. Besides the eigenspaces of are of infinite dimension. Even though

we mainly care about the case when I'y is not of trace class, to complete the picture,

when Ty is of trace class and V(x) = ﬁ, we establish a global well-posedness result

at the energy level in the appendix 3.6.

The explicit form of Equation (2.9) is

i (t) =[-0% + D" D+b+pray * V,I(t)],

where

b b
D=-20;--z, D* :2@—52, z=al +iz?.

2

Consider first the two dimensional problem

10iy(t) = [H + pyiy * v, (1], )
z,y € R%,

’V(OJIJJ) = /70($7y)7

where

H=D*D, p,(t,x)=~(t,zx),

(2.10)

(2.11)

(2.12)

(2.13)

and v : L% (R?) - L2 (R?). If v e L}(R?) 3, Equation (2.12) admits one family * of

3For the given family of solutions II,, P, = g (z,2) = ¢(0) is constant. In order for p, * v to

make sense, v € L'(R?).
4For the other family, see Section 3.6.2.

12



non-trace class stationary solutions with integral kernels in the following form

;02(.)
2

Os(z,y) = (r-y)e 2, (2.14)

L z,y € R? and ¢ is a radial symmetric function: ¢(x) =

where Q(z,y) = xly? - 22y
®(|z|). The derivation is in Section 3.6.2.
Inspired by [LS15,L.S14, CHP17,CHP18], we are interested in the evolution of

perturbations of the stationary solutions. Suppose the pertubation of the stationary

solution T, is Q(t,x,y) = (¢, 2,y) - [I4(z,y), then we have the evolution equation

for )

10,Q(t) = [H + pgay * v, Q(t)] + [poe * v, 114]

Q(O,I,y) = QO(x7y)7

(2.15)

where po(t,z) = Q(t,z,x) and x,y € R?.

Before we discuss the main results for Equation (2.15), we summarize the spec-
tral property of the operator H and explain the connection between the stationary
solutions IT; and the Fermi-Dirac distribution. The operator H has a discrete spec-

trum o(H) = {2bj};en on L2(R?) and its spectral decomposition is as follows

H =) 2bjP (2.16)

J=0

where P; are mutually orthogonal projections onto eigenspaces corresponding to

eigenvalues 2bj. The eigenspace for each 2b7 is of infinite dimension. More precisely,

13



P; have integral kernels

b b b b,y
i (G- )exp (-l - o) 5 (2.17)

where z,y € R? and Li()\) are Laguerre polynomials, i.e.

M eR). (2.18)

Ly(N) = Z ( )

For more details, see Section 3.2. From a functional calculus perspective, for the
stationary solutions (2.14), ¢ corresponds to a function [ defined on the spectrum
o(H). Let l; denote 1(2bj) and I(H) = X721 (2bj) P;. Then [ corresponds to ¢ in
(2.14):

b) =5 i b (1P o (~21eP). (2.19)

The Fermi-Dirac distributions at different temperatures provide important ex-
amples for the stationary solutions II,. Let kg be the Boltzmann’s constant and T
be the absolute temperature, the Fermi-Dirac distribution in the operator form is
given by

1 e |
ST 31 ;] @t 1100

(2.20)

where f e L2(R?). When we set pu = 2nb, the zero temperature limit (7" — 0*) of

(2.20) is 1(g<onp), which is exactly the projection I, with

TORES W’ ( |x|2)exp(—9|x|2) 7 eR2 (2.21)

i

14



Now Il is the projection onto the first n + 1 eigenspaces ® of H, i.e. the possible
lowest n + 1 energy levels of H. As an analog of the classical picture of a Fermi sea,
we call I, the Fermi sea. In the general case, for any finite non-negative p, the

Fermi-Dirac distribution corresponds to ﬁ¢ with

b & 1 b b
¢ () = o Z e(2bj-)[kpT 4 1Lj (§|x|2) P (_ZMQ) , weR (2.22)

™ =0

When it comes to which norm to use in our analysis, it is crucial to define
quantities based on the Hamiltonian H. Because the stationary solution is not of
trace class or Hilbert-Schmidt, it does behave well when we measure our data using
other criteria. As above discussion, the Hamiltonian H has a clear spectral structure

and it is natural to define norms based on the spectral decomposition.

Definition 2.1. Suppose f € L? (R?), s >0,

[0 [ 1= 20 A AP e (YR = 3 20 IR
j= =

L R VS P T R T

)1/2

where (2bj) = (1 + (267)*)"" and H is the complex conjugation of H, i.e.

H and its complex conjugation H have similar spectral structures but in an

°In the physics literature, they are called Landau levels.
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“orthogonal” sense. Please see Figure 3.1 for details.
With respect to the new norms, we obtain a local well-posedness result of
Equation (2.15). To state the result, recall that a mild solution of Equation (2.15)

is a solution satisfying the integral equation

. _ t _ B
Q(t,z,y) = e H=M) Qo (x,y) —i f e MHe )T [ oo ww, Q + 11| dr. (2.23)
0

The solution space for the Banach fixed point argument is N endowed with the

norm,

Definition 2.2. Let k(¢,z,y) be a function ¢ € R and z,y € R?, the norm N is

defined as

Hk(t7 T, y) HN¥ = ( Sl;pAd H (Hx>1/2<[_{y>1/2kf(t, x, y) HL?L;L%([O,T]XRQXIW)
q,r)€

+ ( Sl;pAd ||<Hx)1/2<Hy)1/2k(t7$a y)||L§L;L§([o,T]xR2xR2)
q,r)€

+ (V) iy () | 22 L2 (f0.77R2) s
where T € R and

L1y, . . : 11 11
(—,—) is in the line segment connecting (—,—) and (—,—) :
q r oo 2 4 4:

(2.24)

Ad = {(q, )

The first part of NZ is the Strichartz norm and the set (2.24) is a subset of

16



admissible pairs (¢,r) which satisfy
1
—+—:§, 2<q<oo. (2.25)

The second part of N¥ involves the collapsing term pg, whose estimate is the main

new ingredient in this project. The theorem that we want to prove is as follows

Theorem 2.3. Consider Equation (2.15) and suppose that v € L' (R?) and
o(x) = ¢(l2l), [(H)'*(H)'?0, < oo, xeR% (2.26)
If the initial data Qo(x,y) satisfies

(24,2 Qu(a) < o

then for sufficiently short time T, Equation (2.15) has a mild solution in the Banach

H
space N7 .

Remark 2.4. H(H)l/Q(F[)l/Zng is essentially HDDQS”L2 | D] ;2 + HD¢HL2 ol ;2
By the relation (2.19), the condition passes to {I;} as 725205 < co. Thus (2.22)

satisfies the condition (2.26).

Remark 2.5. For the Banach space N¥ | we can increase the size of the set Ad as
long as it does not include to endpoint (%, é) Consequently, the existence time

may decrease.

Since the norm Nif contains [{.)*%p) (2)] 1223 o rjce2), the proof of Theo-
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rem 2.3 is based on the following collapsing estimate.

Theorem 2.6 (Collapsing Estimate). Suppose v(t,x,y) = e"i(H==H)ty (2, 5/) is the

solution to the linear equation

10py(t) = [H,v(1)]

(2.27)
7(0,z,y) =v0(z,y) € L*(RY),
where x,y € R%, the collapsing term p,(t,x) = v(t,z,x) satisfies
S S 1
H’OV(t)(x)HL?L%([O,ﬂ/b]x]R?) Sb H(Hm> /2<Hy> /270(x7y)HL2(R4) R e 57 (228>

and

_ )
H‘nycpv(t)(x)HL?LED([O,W/b]XRz) Sed H(Hx>1/2(Hy)1/270(x,y)HLz(W), 0<e<. (2.29)

Remark 2.7. The estimate (2.29) is only stated for the time interval [0, 7/b]. How-
ever, since the solution (¢, x,y) has a period m/b, by a patching argument, (2.29)

holds for arbitrary large time interval [-T,T'], while the constant will depend on T.

This type of estimates has been established in [GM17, CH16, CHP17] for the
Laplacian case, i.e. 10yy(t) = [-A,v(t)]. However the technique used in those
papers does not apply to the current case. That method, in the spirit of [KMO§],
is to study the characteristic hypersurface, which is derived by applying the space-
time Fourier transform after we collapse the solution e(2:=24)~y to the diagonal

y =x. In our case, the time Fourier transform is replaced by the Fourier series. The
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new ingredients are the Fourier-Wigner transform and a refined estimate about the

asymptotic property of associated Laguerre polynomials.

2.3  Global Well-Posedness for Bogoliubov-de Gennes Equations

In this section, we present the second model: a system of weakly interacting
Fermions, where the expected number of particles is finite and there is no background
field.

In the density matrix formulation, a pure state is an operator on the Fock
space F, which is in the form [¢) (¢)|, where ¥ € F, and |¢|£, = 1. In general, a
mixed state w is a positive self-adjoint trace class operator on F, with trace norm

1. The mixed state is in the form

i)\ Y (2.30)

where A; >0, ¥, A; =1 and ¢; € F, are orthonormal. It can be understood in the
sense, the probability distribution of the system is given by (1;, \;), where ), is the
probability that the system is in state ¢;. The many-body Schrédinger equation of

the system in the density matrix formulation is

i0pw(t) = [H,w(t)] (2.31)
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where the many-body Hamiltonian is
H= [ -AS ta, drdy + - talaya, ded
= [ =Ayo(x -y)ala, dxdy + 5 v(z - y)akalaya, drdy,
and v is the two-body interaction potential: v(z) = v(-x) and v(z) € R. For short
V= 1 ( ) Tal drd
=5 | vz -y)azayaya, dedy

and

-A = f -A,6(z - y)ala, dzdy.

To see how the Fock space Hamiltonian H acts on F,, let ¢ € L2 (R3n),

(f[@b") (r1,...,2,) = (i(—Ax].) + > v(z; —xk))w”(zl, CeyTy).

j<k

Next we “project” the many-body Hamiltonian action onto the subspace of
mixed states: quasi-free states, which will be defined shortly. Recall that two-

particle correlation functions of a state w are defined in the sense of distribution

[(z,y): Trf( axw) i)\j<¢j,aj/ax¢j>}_a (2.32)
j=1

A(z,y) =Trg, (aya,w) =i wj,ayazl/zj) (2.33)
7=1

where the trace Trz, is taken over F,. I' and A are also called the one particle density

matrix and pairing function respectively, where A is used to model the Cooper pairs.
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Other correlation functions can be defined similarly.
A mixed state w is quasi-free if it satisfies the Wick’s theorem, i.e. any of its
correlation functions can be determined by the two-particle correlation functions in

the way

Trg, (a?ﬁaf--uiﬂw) =0 (2.34)
Trg, (afa#---afnw) = %: sgn(o)Trg, (af(l)af@)w) ~Trg, (af(gn_l)af(zn)w)
T€9ad
(2.35)

where a;% denotes an operator without specifying whether it is a creation or annihi-
lation operator, sgn(o) denotes the sign of permutation o and S,4 is a subset of the

symmetric group Ss, such that
o(l)<o(3)<-<a(2n-1), 0(2k-1) <o (2k).

To further explain the correspondence between quasi-free states w and their two-
particle correlation functions, it is more convenient to work on the generalized one-
particle density matrices S,,, which are defined as operators on L?(R3) x L2(R3) such

that

fl f2 *
( S, ) =Trr, ((a'(f2) + a(92)) (a (f1) + alg1)) " w)  (2.36)

0
L2(R3)xL2(R3)
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where * denotes the adjoint of an operator. More specifically,

where the notation I' means the complex conjugation of the operator I', which is

defined as

Definition 2.8. Let T be an operator on L? (R?), the complex conjugation of T is

Tf=Tf, [eL*(R%).

If T has an integral kernel k(z,v), the kernel of T is k(z,y).

Using the definition (2.36) and CAR, one can show for any state w, the gen-

eralized one-particle density matrix S, satisfies 6

So+TIS,T = idLZ(RS)xLZ(RS) and 1> S;: =5,20 (2.37)

where J is a complex conjugation defined on L? (R3) x L2 (R3)

-
QI

Jl = |. fgel*(R?).

g /

6More generally, if one considers the C*-algebra generated by a'(f) and a(g) for any f,g €
L? (R?’) and states as positive normalized linear functionals over the C*-algebra, where the nor-
malization is that w(e) =1 and e is the identity element in the C*-algebra, this result still holds.
We refer interested readers to [Ara71], while our S, and J are the 1 - S and I' in [Ara71]. Note
that all mixed states in our sense yield positive functionals.
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Definition 2.9. Let S,4 denote

Sad = {S |S + jSJ = idL2(R3)XL2(R3) and 1 > S*=9 > O} (238)

For any S € S,4, we can always associate S with a quasi-free by [Ara71, Lemma
4.6]. The correspondence from the space of quasi-free states to S,4 is surjective. Suq
has a nice convex property, while the space of quasi-free states may not be convex.
Therefore it is convenient to work on S,; and then lift matrices in S,y to associated
quasi-free states. The lifting procedure is given in Lemma 4.20 Appendix 4.6.

For a pair of functions (I'(¢), A(%)), when we say an associated state w(t), it
could be any state whose two-particle correlation functions are (I'(¢), A(t)). In the
case that such a state does not exist, we only use it as a notation. With the prefix
quasi-free, the state refers to the associated quasi-free state shown in Lemma 4.20.

Let us work on quasi-free initial data wg, which is lifted from a matrix in S,4.
The Bogoliubov-de Gennes equations are an approximation scheme to the many-

body Schrodinger equation, which are defined for two-particle correlation functions

10, L(t) = [=A, L) ]+ [v* prey, T(O] = [T'(0), ()] + [A1), A" ()], (2.39)

Fi(tv)

1A () = [=A, A0 + (WA) () + [0 % pry, A ]s = [T (), A o, = [A), T (D)o

Fy (t;U)

(2.40)
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where pr¢)(z) = I'(¢t,z,2) and

(wA) (t,z,y) =v(zx-y)A(t,x,y), (2.41)

[A,B],=(wA)B-A(vB), [A B],.:=wA)B+A(DB). (2.42)
The kernel form of Equation (2.39) and (2.40) is

P10 (t,z,y) = (As + A T(t,2,y)
+ ‘/Rg dz (v(x-2)-v(y-=2)) (A(t, z,2)A(t,y, 2)
-U(t,z,2)[(t,z,y) + T'(t,z,y)pr(z)) (2.43)

10Ntz y) = (A, — Ay +v(z —y)) A(t, z,y)

+ fRS dz (v(z - 2) +v(y - 2)) (pr(2)A(t, =, y)

“T(t, 2, 2)A(t, 2,y) - A(t, 2, 2)0(¢, 2,y)) . (2.44)

where t € R and x,y € R3.

Recently, [BSS18| formulated the Dirac—Frenkel approximation principle in
terms of reduced density matrices and applied it to the Fermionic system. They
obtained the Bogoliubov-de Gennes equations as an approximation to the many-
body Schrodinger equation and the approximation is optimal within the class of pure
quasifree states. The idea can be extended to mixed states: we project the evolution
equation (2.31) onto the space of quasifree states, use the defining properties (2.34)
and obtain the Bogoliubov-de Gennes equations for mixed states. When the state

is pure, there is also another way of deriving the Bogoliubov-de Gennes equations
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as effective equations following [GM13, GM17|. We refer to Section 4.2 for details.

The total energy of (I'(t),A(t)) (the associated state is w(t)) is defined as

Epe (w():v) =Tr(=AT(1)) + %Tr (e * )T(D)) (2.45)

- %Tr (WD) (B)T*(t)) + %Tr ((wA)(®)A™(2))

where the trace Tr is taken over L? (R3). The expression of the total energy can be
derived from Trg, (H w(t)) when w(t) is quasi-free. A formal computation shows
the time derivative of Trg, (]:[w(t)) is Trg, (ﬁ[ﬁ,w(t)]) and it vanishes using the
formal cyclicity of trace. Thus the energy of the system is conserved. A rigorous
proof will be given in Chapter 4. We also give the corresponding integral form of

the energy

Epa (w(t);v) = [Rs dx (; 3xj3ij) (t,x,x)+ % /RG dxdyv(z —y)prey(z)pre (y)

1
3 fR drdyv(z -y) (<[TP +|AP) (¢, 2,y).

In this model, we study the local and global well-posedness of the Bogoliubov-
de Gennes equations (2.39) and (2.40) for mixed states w(t). The two-particle
correlation function A of a state is anti-symmetric, i.e. A(x,y) = —A(y,x), because
of CAR. Therefore A vanishes along the diagonal, i.e. A(x,z) = 0. Based on this

observation, we are able to apply dispersive PDE techniques and a generalization of
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Morrey’s inequality to deal with all singular interaction potentials in the form
1 3
v(x) = e reR’  where 0 <e<2. (2.46)
x €

In order to give a uniform argument, we assume that 0 < e < 1. For other cases
1 <€ <2, some steps of our argument need modifying. When e = 1, v is the Coulomb
potential and this case has been solved by [BSS18|. For the rest of the paper, we
regard € as a fixed constant which belongs to (0, 1).

We are dealing with data defined in the spaces

Definition 2.10. Suppose k € N and 1 < p < oo. Let k be an operator on L? (R9),

the Schatten-Sobolev norm is
S S 1
[kl gon = Tr (V) RV )Y

When s =0, £%P is the usual Schatten norm and it is denoted as L for simplicity.

Let u be a function on R? and s > 0,

[ulwer = ul o + IV Pl g, ullas = Julwss.

Since we are applying dispersive PDE techniques, the solution space, which is
needed for the Banach fixed point argument to Equation (2.39) and (2.40), involves

the following two Strichartz norms

Definition 2.11. Suppose k(t, z,y) is a space-time function where (¢, z,y) € [0,T] x
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R3 x R? and T € R, then the Strichartz norms involving s derivatives in the space

direction z € R? and y € R? are defined as

||k?(t7$,y)||ST; = SUE H(Va:,y)Sk(ta%y)HLgL;Lg([o,T]xR?‘»xm) (2.47)

q,reAd

+ sup |\(Vz,y>sk(t7$,y)||L§L;Lg([o,T]xR3xR3);
q,r€

Hk(t,x,y)HST:T = Sup ‘|<Vz,y>sk(ta$ay)”L?L;Lg([o,T]xWxW) (2.48)

q,reAd.

+ sup (Vi) k(L 2,9)| LILy L2 ([0,T]xR3xR3)
q,reAde

+ sup (V) 'k(t, 2, y)| Liry L2, ([0,T]xR3xR3)>
q,reAde

where

1 4
__|-i:§ qz—}, Ad:=Ad0.
q 2r

Ad;={(a.1) Gz

The norms of the solution space for our local result are

Definition 2.12. Let (I'(¢), A(t)) be a pair of operators on L? (R3),

IT@) [ vz = 1T @) 252 om0,y + ey (@) L1 23 oryxrsy + 1T 2, 9) 572

A [ ner = [ACE 2, 9) [ 572,

. (2.49)

For short, let w(t) be the associated state,

[w @z = ITE) 37 + 1AE) [ 3o

Next, we describe the potential v using norm || 57, which involves all quantities
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we are dealt in the proofs of our theorems.

Definition 2.13. Let v be a function on R?, the norm ||v], is defined as

[olar = loxall sy + [ox)@)lalles + IxaVol s +loxel= + [xeVol= (2.50)

2-¢/2 3-€/2

+ Vo) s + |V (xa)le ] o,

where y; and ys are cut-off functions such that
supp (x1) € [0,2), supp(x2) € [L,00), x1+x2=1,

and (vx1)(2) = v(z)xa(jz]) and (vx2)(2) = v(2)x2(|z]).
This condition (2.50) includes (2.46) for 0 < € < 1. Recall that

Definition 2.14. (I'(t),A(t)) a mild solution to Equation (2.39) and (2.40) if it

satisfies the integral equations

4 4 t ' ‘
T(t) = eMTed — [ ds ezA(tfs)Fl(s; U)esz(tfs)
y (2.51)

, . t ‘ ‘
M) =20 =i s D ((0A)(5) + Byl ) )
0

Finally, the local well-posedness theorem is as follows, which is meant to deal
with correlation functions which are more general than correlation functions associ-

ated with quasi-free states.

Theorem 2.15. Suppose the interaction potential v satisfies

[v|lar <00, wv(x)=v(-2) and v(x)eR forxeR3
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and

Ty=To, Aj=-Ny, ToeLl', Ty AgeH'(RY). (2.52)

For sufficiently small time interval [0,T], T € R, the Bogoliubov-de Gennes equations

(2.39) and (2.40) with initial conditions

F(t:O) :FO and A(tZO) ZA(),

have a unique mild solution (I'(t), A(t)) such that |I'(t)||n,; + |A(E) | Ny < 0.

Next we extend the local theory to a global result when the initial data
(To,Ag) € Suq- In this case, using a limiting argument, we prove that the con-
servation law of trace holds and the solution (I'(t),A(t)) still satisfies Condition
(2.37). The norm Ny is below the energy level and the convergence of smooth solu-
tions in N7 does not imply the convergence of the energy functional. However if we
assume that the energy is finite initially and use the positivity of I'(¢) and v, we can
recover ['(t) € L1! and prove the conservation law of energy. Using the conserved
quantities, we extend the local mild solution (I'(t),A(t)) obtained from Theorem

2.15 to a global one.

Theorem 2.16. Suppose |[v]as < oo,

v(zr)=v(-2) and v(xr)20 for xeR3

and the initial data (I'(t =0),A(t =0)) = (I'o, Ao) € Saa (the associated state is wy)
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and

F0€£1, F07A0€H1 (RG) and ng(wO;U) < 00,

then there is a global mild solution (I'(t),A(t)) (the associated state is w(t)) to the

Bogoliubov-de Gennes equations (2.39) and (2.40) such that
(1)) T(t) e C(R,HY) n L= (R, L) and A(t) e C (R, H');
(i1) (T(t),A(t)) € Suq for t e R;
(1) Tr(T(t)) = Tr(Ty) forteR (conservation of trace);
(v) Epa(w(t);v) = Epa(wo;v) fort e R (conservation of energy).

Remark 2.17. (To,Ag) € Saq implies that Ty = Ty, Af = Ay and Ty is positive.
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Chapter 3: Hartree Equation With Constant Magnetic Field: Well-

Posedness Theory

The chapter is organized in the following way: in Section 3.1 we define most
notations used in the chapter; in Section 3.2 we discuss the propagator e ** and the
spectral structure of H; in Section 3.3 we establish the collapsing estimate Theorem
2.6; in Section 3.4 we first give a low regularity result for Equation (2.12) to show
that the “forcing” term [pg*v, I1] in Equation (2.15) is a challenging term to handle
and then prove Theorem 2.3; in Section 3.5, we pose open problems for future study.
In the appendix, in Section 3.6.1, we give a short review of the Heisenberg group;
in Section 3.6.2 we present two families of stationary solutions to Equation (2.12);
in Section 3.6.4, we show the global well-posedness of Equation (2.9) for the case
1

when T'j is of trace class and V() = ol

3.1 Preliminary

For the reader’s convenience, we define most notations used in the chapter in

this section.
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Let © denote the canonical symplectic form on R2,

Q(z,y) =2'y* - 2%, z,yecR? (3.1)
and I, .J be matrices
10 0 1
I:= , Ji= . (3.2)
01 -1 0

The inner product on L? (R?) is defined to be complex linear in the first variable in

this chapter, which is different the other chapters

gy [ F(@)g(a) de (33)

Let a and a' be annihilation and creation operators

_x+b0, -0,

) t.
a: , a': , xelR. 3.4
7 7 (3.4)
Denote normalized Hermite polynomials by h;, j € N,
1y’ 22
)= —T) 5 LR (3.5)

" ()

They satisfy (h;, hx)r2r) = 65. Hj, denotes the Hermite operator

b2|l'|2

Hy=-A, + , zeR2 (3.6)
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We use the following tools from the harmonic analysis in the phase space

[Fol89]. Let f e L?(R), the Heisenberg representation 8 on L? (R) is defined as
RPN . ibpg
B(p,q,t)f 1= e PO f = e 500 f (g 4 pb) (3.7)

where z,p, q,t € R, P = -ibd, and X denotes the multiplication by z. For simplicity,
denote B(p,q,0)f as B(p,q)f. B is a unitary representation.

The twisted convolution between two functions f,g is

(F49) @)= [, 1w =9)g(y)e 2 ay, (33)

and the “complex conjugate” p is defined as

(1) @) = [, F@=y)gly)e#% ay. (39)

The Fourier-Wigner transform V' is defined as the matrix coefficient of the Heisen-

berg representation

V(fag)(p7Q) .= (5(paQ)fag>L2(R) (310)

= ‘/e"q“ib%f(xﬁLpb)g(x) dx (3.11)
R
where p,q € R and the Wigner transform W is the Fourier transform of V'

1
m

W) &) = o [ VD@a)e @ dpdg ek (31
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Remark 3.1. All these concepts can be defined similarly in higher dimensions.

3.2 Properties of H

In this section, we discuss the one parameter unitary subgroup e *#* generated

by —iH, where
b2
H=D*D=-0% -0%-ib(2°0, —x'0,2) + Z(|x1|2 +|2%%) - b, (3.13)

b > 0 and the spectral structure of H. They are crucial ingredients for the collapsing
estimate. The formula for e~** is derived by applying the metaplectic representa-

tion.

Theorem 3.2. Given the Schridinger equation

10, f(t,x) = Hf(t, ), f(0,7) = folx), (3.14)

where fo(x) € S(R?), the formula for the solution is

beibt Zb(l’—y)Z ib i
(B_thfo) (z) = 4 sin(bt) /R2 °Xp (m - EQ(L y)) foy)dy, t+3k

fo(x), t=7%k
(3.15)

where k € 7.

Proof. Consider the metaplectic representation u [Fol89, Chapter 4| from the meta-

plectic group Mp(4,R) to the unitary group U (L?(R?)). The corresponding in-
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finitesimal representation dy is

dp: sp(4,R) » u(L*(R?)) (3.16)
A B 1 A B |lo 1l]|@
1 ~
C -AT C -AT)\-1 o]\P

. xt R —i6x1
where () = , P= and A! denotes the transpose matrix of A. Under

x? —’iaxz
dp, —i (H +b) e u(L?(R?)) corresponds to

bJ EI
A= esp(4,R).
-21 bJ

In order to apply Theorem 3.28 from the appendix to get the integral Formula
(3.15), we need to compute the explicit form for the one parameter subgroup exp(.At)
in the symplectic group Sp(4,R). Since A can be written as a sum of two commuting

matrices
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then

exp(\At)
J 0 0 ttr
=exp bt |- exp
0 J -2t 0
exp (Jbt) 0 cos(bt)I  bsin(bt) I

0 exp (Jot) | \-2sin(bt) I cos(bt) I

Using Theorem 3.28, we have the expression

(MDA (2) = s [ exp (iS(r ) (- d. (315)

where the phase function S is

tan(bt)

b btan(bt) 22

|§\2 +x& + tan(bt)Q(x, &) + 1

S(t,x, &) =
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and & = (&1,£2), x = (z!',2?). To obtain Formula (3.15),

((exp(At)) fo) (x)

:m fRQ fo(y) dy f2 exp (=iS(z, &) +iy€) d¢

1
(27]-)2cos(bt_) RQfo(y y/ (m(x tan(bt)Jx — y))

exp( [th(bt)| 24 tanébt) (§+ 2tar?(bt) (x—tan(bt)Jx_y)) ]) d¢

b

“dmisin(bt) Jr2 (41; n(bt)( x-y)?- Q(w,y))fo(y)dy. (3.19)

Let us denote (3.19) by sol(t) fo.

Theorem 3.28 is valid as long as the matrix cos(bt)! is not degenerate. Since

2b
show that Formula (3.19) is valid on R. Formula (3.19) is defined when ¢ € (0,7/b).

cos(bt) vanishes at le, we only obtain the Formula (3.15) for ¢ € [0, 1) Next we

By direct computation,
sol(t +s) fo = sol(t)sol(s)fo, fort>0, s>0, t+s< %,

i.e. sol(t) is a semigroup when t € (0,7/b). Besides sol(t) is also continuous with
respect to the strong operator topology when ¢ € [0,7/b). This is because when
€ [0,7/2b), we obtain Formula (3.19) by the metaplectic representation; when
€ [7/2b,7[b), sol(t) = sol(mw[2b)sol(t — w/2b). Therefore, by the uniqueness of the
one parameter unitary subgroup generated by du(A), e H+0t = sol(t) is true for

€[0,7/b). Ast — /b, from (3.18), we see that the phase function S(t,z,&) — x¢€
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and p (exp(\At)) fo — —fo pointwise. By the dominant convergence theorem, sol(t) fo
also converges to —fo in L2(R?). In summary, we have obtained Formula (3.15) for
t € [0,7/b] and showed that e=** is of period 7/b. Therefore e-*(H+0)t = s0[(t) holds

for t e R. O]

Remark 3.3. According to the metaplectic representation p, one can also conclude
that e-#(H+)7/b = —1 by the observation that exp(At) : [0,7/b] - Sp(4,R) is the
generator of the fundamental group m; (Sp(4,R)) of Sp(4,R) and the metapletic

group is the double cover of Sp(4,R).

Based on the formula (3.15) and the machinery in [GV92|, we obtain the

Strichartz estimate to arbitrary finite time.

Corollary 3.4. Fiz any time T € R,

He_thfHLgL;([O,T]xRZ) Sq,T,T ||f||L2(R2) ’ (320)

where (q,r) satisfies (2.25).

Proof. For the time being, let T' be a fixed time. There is a positive integer n such

that T, = % < 10+ According to Theorem 3.2, for ¢ <T,

, 1
HG%HtfHLm(Ra) S 7 ”f“Ll(]R2) .

Since et ig unitary, by [GV92], ”eithf”Lng([O,Te]x]R% Sar | fllr2m2), where (q,7)

satisfies (2.25). For any integer j, 1 < j < n, repeat the above argument on the time
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interval [(j - 1)T.,jT.],

H _ZHtfHL?L%([(j—l)TE7jTe]XR2) S He—z’H(j—l)TefHLQ(RQ) = [ fllz2re)-

By virtue of the Minkowski inequality

n
-1 Ht -1 Ht
H fHLqu [0,nT.]xR2) Z H fHL?L%([(j—l)Te,jTg]XRQ) Sq»r n”f”L2(]R2).

]

The spectrum of H is well-known in the physics literature. Here we give a
discussion of its spectral structure and some formulas based on the Fourier-Wigner
transform. H is a semi-positive self-adjoint operator on L?(R?). Since for any
feD(D),

Df = (—285 - gz) f=e bl (220, (eb|z|2/4f) :

and 0; is elliptic, the null space Hy of H consists of all functions in the form
g(2)e t=/4 where g(z) is an entire function. To rephrase it, eb**/4%, is a Fock-
Bargmann space [Fol89, Section 1.6] with probability measure be-="/2d;/2m, where
dp is the Lebesgue measure on C. Thus, with respect to the canonical Hermitian

inner product on L?(R?), H, has an orthonormal basis

a2 ep(-HL
er(Z) —\/W p( 4 ), (321)

where z € C ~R?, j €N, and the integral kernel Py(x,y) associated to the projection
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Py: L?2(R?) —» H, is

Py(z,y) = % exp( (3.22)

blx —y|> b
I a4 Mo

b b b
=5 exp (_Z (|ch|2 + |zy|2) + §zxzy) ,

where z, = 2! +i2?, x = (2!,2?) e R?, 2, = y! +4y? and y = (y*,y?) e R2%
Using the commutation relation [D,(D*)¥] = 2bk(D*)*!, we obtain other
eigenspaces Hy, = (D*)¥(H,) associated to eigenvalue 2bk and orthonormal bases of

H,. for keN,

e (2) = ﬂeoj(z), jeN. (3.23)

V(2b)FE]

On the level of eigenspaces, H has a ladder operator structure D*H; = H;,1 and
D(Hy) = Hyp-1. Therefore we call D and D* annihilation and creation operators

respectively. Furthermore,

Lemma 3.5. The space L?(IR?) is decomposed orthogonally as follows

LQ(R2) = @%kv

keN

which implies that H has a discrete spectrum o(H) = {2bk},., with corresponding

eigenspaces Hy,.

Proof. Consider the related Hermite operator Hy,, = = (x!,2%) € R?, and associated
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creation and annihilation operators
b . b . .
a; =0y — §x7, aj=—0yi - 51:], je{l,2}.
T J T Lo z|? 1 1 1
{(al) (al) eblel /4}j7l€N is a basis for L?(R?). Since

(01 () 15510 B, e

= it (D, + .)1 (0, - 2 ) e W2,
and bases of H;, are in the form
(D*)* (eI = MR (20, )k (—%@)J e bR

N
(al)’ (al) e-t=F/* can be written as a linear combination of bases of Hy,. Therefore

the L2-closure of @y Hi, is L2(R?). ]

We can also derive the spectrum of H by first decomposing H as a sum of
three operators: the constant operator —b, the Hermite operator H; and the rotation

vector field H, = —ib(x20,1 — x'0,2) = 20: — 20., i.e.
H=H,+H, -b. (3.24)

The three operators all commute with each other and they all share same eigenvec-
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tors. More precisely,
Hyepj = (k+j+1)ber, Hpepy=(k—j)beg;.

Then Hey; = (Hp, + 205 — 20, — b) ey,j = 2kbey;. Displaying all eigenvectors e; schemat-
ically in Figure 3.1, all rows correspond to different eigenspaces of H, all columns
correspond to different eigenspaces of the complex conjugate H, all lines with slope
equal to —1 correspond to different eigenspaces of Hj, and all lines slope equal to 1

correspond to different eigenspaces of H,.

fa1 eigenspace associated to —2b of H,
. \
€20 (NZQ
7lewo ¢ € €13
Ha

7l€o0 o1 €02 €03~ €04
Ho| Hy eigenspace associated to 4b of Hy,

Zhip |25 k> 7,
degree min{j, k}.

' Zikp b\;lz ik, ' '
ex; are in the form: ey;(2) = P2 where p is a polynomial of

Figure 3.1: Canonical Eigenfunctions of H

Next we find projection kernels for P, using Py(z,y) and the ladder structure

H,, = (D*)* Ho. They can be expressed in terms of the Fourier-Wigner transform.

Lemma 3.6. The projection Py associated to the eigenspace Hy can be expressed as

P.f = %V(hk,hk)ﬁf, (3.25)
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where f € L?(R?). More explicitly, the integral kernel Py(x,y) of Py is

R = oL (S e (B - Do), (o9

where x,y € R? and Ly(\) = Z( )( A , (A eR) are Laguerre polynomials.
g!

Proof. Suppose g € S(R), the Fourier-Wigner transform of g and e=*/2b is

V(g ) (2l at) = [ et g s bty ay
R

_ b/ / AN/ (3 g\
R

where z = 2! +i22. The following map

(g'_> ‘/Re)\z)\2/2b6z2/4‘g()\) d)\)

defines a Bargmann transform from L?(R) to the Fock-Bargmann space with weight
e=/2dy,. Since the correspondence is isomorphic, we identify L2(R) with #,. Note
that D* and the creation operator a' are connected through the identity

D*
V2

e”\Q/Qb) =V (g7 aTe_)‘Z/Qb) . (3.27)

Then L?(R) corresponds to Hy = (D*)*H, through
(g % (g, (aT)k e‘Ag/Qb)) :
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Therefore for any f e L?(IR?), there is a sequence { fx }ren € L2(R) such that

z) = S (GT)k o N2/2b
f(x) k;v(fk, (7rb)1/4\/m ) ZV fres he) -

Using Lemma 3.25 and Theorem 3.26 from the appendix 3.6,

VO = 3 5 e b) V(Fech)

[ee]

- 2% > 05V (fr, hyj) = %V(fj,hj)

Pk = iV(hk,hk)E or
2m

- b (b -y bz, y)
b b bz -y ibQ(x,y
Pul.y) = 5L (Gl = ol exp (-5 ).
O
Remark 3.7. Similarly for H, the projection P} onto the k-th eigenspace of H is
_ b
P.f= %V(hlmhk)hfa fe LA(R?), (3.28)

and the integral kernel of P, is simply the complex conjugation of Py (z,y).
Remark 3.8. D commutes with complex conjugates D and D*.

At the end of this section, we list some results about H for later use.
The difference between H2? and D can be analogous to the difference between

(-A)'/2 and V. Generally for any f e D(H/2), H'2f is not the same as Df. It is
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apparent when decompose f as f = Yo, Pof and apply H'/2 and D to f separately

HYW2f =3 (2bk)?Pof, Df =3 DPf,
k=1 k=1

where (20k)12P,f and DP,f are in H;, and Hy_; respectively. However, they have

the same L? norms
(H'2F B f) o = AHF ) oy = (DD paguy = (DF.Df) sy - (3:20)
More generally, for 1 < p < oo,
[(H +0)'2 fllneey ~p | Dl ooezy + 1D fll pogey - (3.30)

Remark 3.9. To see why (3.30) is true, note that our vector field potential A satisfies
A e L? (R®)? and the magnetic field B = (0,0,b) is constant. Then by [BA10,

Theorem 1.3, 1.6|, for 1 < p < oo,

LA sy = (= 0% +0)" 1

Lr(R3)’

where L = (—@'8$1 + %xz,—iaa,z - %xl,—iams) and x = («!, 2% 23). Since in the third

dimension it is known that 99| e ®) ~p [|(=0%)?g| Lr(r) and

H(—i@x1 + g:vQ, —i5x2 - g:pl) f

~ ”DfHLP(R2) + HD*f”LP(R?)a
Lr(R2)
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we obtain (3.30).

Unlike (-~A)Y/2 and Vv, where they both commute with A, [D, H] = 2bD.

There is no comparison between |V f| ;. and |Df| ;.. For example,

||D€0k||L2(1R2) =0,

for any k e N. But

Vv (k+1)b V(k+1)b

|Veor]l 2(re) = [20s€0k | 12 ey = RV leonill 2 rey = NG

blows up as k approaches infinity. On the other hand, taking f € C'>°(IR?), consider

the translation f; = f(z - 2), then |V fz] 122y = [V f] 12(g2)- But
HDfi”m(R?) =00 as I — oo.
However there is a pointwise identity, for f, g € S(R?),
-20:(f3) = (Df)g - D"y,

which implies

_Lqpfi+0e ). (331)

0 |11l = < - -
9:71 DTN

az(ff)| @na oy
2/]

ie. |0:1f|l S |Df|+|D*f|. Based on this pointwise inequality, we generalize the
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Sobolev inequality to cases involving H.

Lemma 3.10. For 2<q < oo,

1oy o 1OEYP £ oy (3.32)

Proof. Use the pointwise inequality (3.31),

IV 2 gy = 120z Flll 2 ey < [ D22y + [ D7 fl 22 e2)

SIDflcz@ey + [ fll 222y,

and apply the usual n-endpoint Sobolev inequality,

[flzoce2y = WAl ooy Sa | F 2@y + [VIS1] 22 o2y

S fllzzrey + [ Df [l 22 me)-

3.3 Strichartz and Collapsing Estimates

In this section, we study the linear equation i 9,y(t) = [H,~(t)]. The formula
of the propagator et and the spectral structure of H from Section 3.2 are the
basic tools for our discussion. Similar to Corollary 3.4, for any finite time T', we
i(He—Hy)t

obtain the Strichartz estimate for e=#Htyqeitt = ¢~ Y-

Proposition 3.11. Let y(t,x,y) = e H==H)ty (2, ) be the solution to Equation
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(2.27), then for any T >0 and s >0,

H(Hx)s/2(ﬁy>s/27(taxay)HLfL;Lf,([O,T]szsz) SqrT H(Hx>s/2<gy>s/270(maZ/)HL%Z/ )

(3.33)

and

[(HL)2(H,) 25 (2, y) HLgL;Lg([o,T]xR%W) Sort [(HLY2(H, )0 (0, ) HL?W

where (q,r) satisfies (2.25) and x,y € R%. Furthermore, by duality, the following

dual estimate holds

T _
W(Hy—Hy)t
/; el DE(t, 2,7) dtHL%y Sq T “F(taI?y)HLg/Lgle([O,T]xR?x]R?) ’ (3.34)

and
r i(Hy—Hy)t
| [ e F(t,x,wdtH% I LICEND | "
where
1 1
-—+—=1, l-f-l:l.
¢ ¢ ror

Proof. The two linear estimates are symmetric with respect to  and y, we show

the estimate for one of them and the other one is obtained by swapping roles of x
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and y. Apply (H,)**(H,)*? to Equation (2.27),

10(Hy ) P(Hy )Py (L, 2, y) = (Hy = Hy) (HL )P (H,y)* (8, 2, y).

View e i(H==Hy)t a5 a map on the Hilbert space of L2(R?)-valued functions. It
is unitary since the Hilbert space {f|f:R? — L?(R?)} is canonically isometric to

L? (R? x R?). Besides, using Formula (3.15), for ¢t < T, < 1,

Heigyt<Hx>S/2<ﬁy>S/270 HL%;L?J

[ 2 ()P0 ]

Then using the Strichartz estimate [KT98|,

|(H ) (A, )8/27(75’x’y)HL?L;Li([O,Te]xWXR?) Sar [ (Hz)*™ y>8/270(957y)HL3y

Following the same patching argument as Corollary 3.4, we obtain the linear esti-

mate. O

In order to show Theorem 2.6, we will decompose the initial data vo(z,y)

based on the spectral structures of H, and P_[y. According to Lemma 3.6, denote

’ij(%y) =P, Pk’Yo = (hj,hj)ExV(hk:hk)E’Ym (3-35)

49



and we obtain the decomposition

VO(xvy)

= > vn(@,y)

7,keN

= 3 [ V)@ = D)V (s )y = ) MO D-00DN s, (3, 5) did,

j kel I R2xR?

(3.36)

where P,;(P,;) means the projection of vo(x,y) onto H;(Hs) with respect to the
x(y) variable. Then in the kernel form, the evolution of vy under Equation (2.27)

can be expressed as

(6—(HI—Hy)it70) (m,y) _ Z 6_2b(j_k)it’yjk($,y). (3‘37)
7,keN

When we compute the space Fourier transform of (3.36), associated Laguerre

polynomials L& () appear in the collapsing term

Lo(N) = Z(“j‘)(]—f)] AeR, neN, a>-1. (3.38)

Let us discuss properties of associated Laguerre polynomials, which are needed for

the collapsing estimate.

Lemma 3.12. For j,n,ceN,

n!

(e )1 e N (L3) (\)e™ <490 +2n + ¢)°. (3.39)
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Furthermore, since associated Laguerre polynomials are related to V (h;, hy) by The-

orem 3.26 in Appendiz 3.6.3, (3.59) is equivalent to

. 2\, c
6V (hy, ) (9. ) ey < (%) G ko), (3.40)

where j,k,ce N, and w=p+iqeC.

Proof. We prove (3.40) by induction on c¢. Consider the basic case ¢ = 0, by Cauchy-

Schwartz inequality, for j, k € N,

[V (hy, i)l = (B0, @) hy, hie) | < 18(p, @) P 2 [P 2

=Rl gz [l 2 = 1.

Assume (3.40) holds for ¢ =n € N. When ¢ =n+1, using the following commutation

relations,

la,a"]=b, [a,5(p,q)] = —%M(n 9,

we obtain

@™V (hy, hi) (p, q)

__ % o ([, B(p. @) Ty o)

LA DREY (s ht) IOV (hy1.10) (0.0)

o1



Using the induction assumption, [@™*V (h;, k) (p, q)|

2n+1/2
= b(n+1)/2

9 n+l
< (—) (j+k+mn+1)0D2

Vb

(\/k:+ (j+k;+1+n)”/2+\/_(j+k+n 1)n/2)

Therefore (3.40) holds for all ¢ € N. O
There is a more refined estimate than Lemma 3.12 when ¢ =1,

Theorem 3.13. [Kra05, Kra07] Let n> 1, a > -1, then

|
- max (A**e™ (L2)? (N) <6n'/5vVn+a+1,

Gn+a+1) x0

where G denotes the gamma function

G(2) = meAZ-le-AdA, R(2) > 0.

In the case ¢ = 1, the upper bound in (3.39) is essentially (j +n) for large n
and j. When we consider the asymptotic behavior of ), maxyso A1 (LJ ) (N)e™?
in terms of 5 and n, Krasikov’s result is sharper. If we interpolate Krasikov’s result

with Lemma 3.12, we improve (3.39) a little bit.

Lemma 3.14. Let 1 <c<2,

n! +ep S\ 2 e ] o .
(n+j)vr§%x(/\] MIL) (V) s (A +n)EM(n j+1)ED2 - neN, (3.41)
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or equivalently,
c 1 (2-¢)/12( ; (3¢c-2)/4
[V (s ) (,0) |y % o (14 )25 4 1) 2, (3.42)

where j,keN, j >k and w=p+iqgeC.

Proof. Two endpoint cases of (3.41) are ¢=1 and ¢ = 2.
The case ¢ =2 is given by taking ¢ =2 in (3.39).
The case ¢ = 1 is almost in Theorem 3.13 except for n = 0. When n = 0, by

Stirling formula,

. . 1 j+1o—(5+1)
LIrlaﬁc()\”le"\ (Lé)2 ()\)): (‘7+1)]T16 " SVi+ L

(7)! 220 ]!

Combining it with Theorem 3.13,

n—!max<>\j+16‘A (L{L)2 ()\)) S(1+n)Y5\/n+j+1, jneN

(n+7)! xo0

For any fixed A\ > 0, vary the exponent « in M*1*ee=A (L%)2 (M), where 0 <

R(«) < 1. Interpolating the two endpoint cases, (3.41) holds. O

Remark 3.15. Lemma 3.14 is stated for 1 < ¢ < 2. Because this is what we need in
the present case. Nevertheless, using Krasikov’s result, we can improve (3.39) for

any ¢ > 1.

Remark 3.16. The upper bound in Lemma 3.14 is not optimal. Consider two extreme
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cases j =0 and n =0 of

| . .
V! max e XD LI (X)) ~ [ [w|V (By, o) ()] oo, €2

(3.43)

DN | —

[Sze75, Theorem 8.91.2, p. 241| says for any a > 0 and any fixed j € N,
sup e M2 |LI] (X) ~y (n)I2el27180 0> 12,
A>a

Taking j = 0, one can remove the constraint A > a > 0 and show that maxyso e M2|\|/2|L,| (X) ~
(n)e/2-113 " ¢ >1/2. Tt gives a precise description of the asymptotic behavior of (3.43)
for case j = 0.

For the case n =0 of (3.43), by Stirling formula,

—(ct+j)/2 \(ct+7)/2
e e e

Vil N

<j>c/2—1/4.

1 _ ot ;
ﬁ max e A2\ (e+5)/2 |Lf)‘ (\)

“Interpolating” the two cases, we conjecture
[V (R ) (W) e Se ()24 )24 212, jneN. (3.44)

When ¢=1, n>50 and j > 11, by [KZ10, Theorem 2|, (3.44) holds. For other cases,

our numerical data, for example Figure 3.2, strongly suggests that (3.44) might hold.

Now we are ready to establish the collapsing estimate Theorem 2.6.
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c=1, n=20, 10000=j<30000

y
34
33
32
31 y=-1.49644+0.47961x
30
94 96 98 100 102 |EUFnEL
(a)

In (A), to confirm the case c=1, y = log ((n+;), max g e A7

c=4, n=10000, j=10000

14 ‘
12 ‘

10

N A O

Y O Y “_MmmuMMW.JLMU.MN\LAM ‘
50000 52000 54000 56000

(b)

58000 60000

Lé|2 ()\)) and

x =log(j+n+1), where n = 20, the data almost lies on a line. For a larger range of j, the

slope is close to 0.5. In

n!(1+n)t/6

(B), y

T () l(nrj1)e172

2
e\ (e+) |L¥L‘ (A). For fixed ¢, when we

vary n and j, from our numerical observation, ¥ is uniformly bounded. If we increase c,
the bound increases.

Figure 3.2: Numerical Calculations

Proof. By the Parseval’s theorem on L2([0,7/b]),

c 2
11V ] 7(t7xvx)“Lng([o,w/b]xW)

b

|vzlc Z €—2b(j—k)it7jk(x’x)

j,keN

2

L2L2([0.7/b]<R2)

2
d C
2 Vel D (@) (3.45)
meZ j—k=m
7,keN L2

We will express (3.45) by the Fourier transform of |V,|*v;x(x, z). Using the expres-
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sion (3.36),

(19275, 2)) (€)
oL [ e E9) (W ()(©) * (TW () (©)

*5(§+2J(:ﬁ—g)),

where W(h;) = W(h;,h;). To compute (e"#¥W (h;)(§)) * (e"9W (hi)(§)), using

tools from Appendix 3.6.3

(W (hy) () * (e ETW (hy) (£))
- [ O ) (6~ &) W () (9
= [ dEeTE DT () (€= €) T () (€)

s/zf dgw( (E_J_f) 5(_2_%5) )(g)w( (2)hk6( )hk)(é“)
e ORI
(22 (2 ) oD

:QWQ_ZM)V(h m (S5 -2V o) (S5 4 5.

Then

(19275, 2)) (€)
-5 [ didglel iz pyess (-5 [ @+ e+ 506+ 5.5 -9)])

V(hy, he) (x - ‘]75) V(e hy) (%5) |
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Next estimate (3.45), using the Fourier transform on Z + g and the Minkowski

inequality,

@) s 2| | [ - a1 (o (5 (¢ e JERE

meZ \ j—k=m
2
2
L-’S)

j,keN
- 13
$b9 Y ZHV%WMMMMB@MHWMﬁN()

meZ \ j—k=m
j,keN

Vi(hj, hi.) (:z: - %) V(e ;) (%)

(Cauchy-Schwartz inequality)

| ) Je
o SUIZ) ; WSUPKF |V(hyahk)|( )
meZ \ j—k=m
j,keN
-0 {2b7)* (20K vk |72
7,keN
. 2 27
(since 1V Chys ) 52 = = (b ) = =

The estimate (2.29) reduces to show

1 JE
b~4su —sup 2\ (h;,h ( ) < 00.
]kEN

Taking ¢ =0, by Lemma 3.12, for any m € N,
2

1 J¢
2m (207)°(20k)* (7) Lo Sj_;m (2b5)%( Qbk: %
k N keN

7
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which is finite if s > 1/2. Taking 1 < ¢ <2, by Lemma 3.14,

1 JE 2 bc(k)(Q—c)/6<j>(3c—2)/2
——— [|I§|°V (h;, h (—) < :
P LAMCHRI S | B v eve
J,keN keN

1 1
S p2s—c ICGZN <k>2sf4c/3+2/3’

which is finite if 2s —4¢/3+2/3 > 1. Setting s =1, we get 1 <c<5/4.
Combining the low frequency case ¢ = 0 and the high frequency case 1 < ¢ < 5/4

yields the estimate (2.29). O

3.4  Well-Posedness of the System

Before showing the local well-posedness result Theorem 2.3, we discuss Equa-
tion (2.12) in a case other than Equation (2.15) to demonstrate that [pg * v,4 | in
Equation (2.15) is a trouble term. Equation (2.12) is well-posed in several spaces.
The possible low regularity for the initial data when we can obtain a local well-

posedness result is

1/8+€ r71/8+¢€
HH}M/U : th/, ' Yo(z,y)

L <%0 TYE R?,  for arbitrary € > 0, (3.46)
x,Y
where the norm is

s

2 IVEFle + 2l fllz, 20, feL?(R?).

For the initial data (3.46), we acquire the following result.
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Theorem 3.17. Consider Equation (2.12) and suppose the initial condition ~yy sat-
isfies (3.46). Then Equation (2.12) has a mild solution for sufficiently short time T

in the Banach Ngr, where the norm is defined as

HH1/8+e 1/8+e (3'47)

[V pr = Le12, ([0,T]xRY)

+ H|V|1/2+26p’7(t J])HL2L2 [0,T]xR2) ’

where € is the same in (3.40).

Remark 3.18. Notice that the initial condition only requires that 7, is a Hilbert-

Schmidt operator. It is not necessarily of trace class.

In order to use the technique in [GM17, Section 5, Section 6] ! to prove The-

orem 3.17, we need another version of the collapsing estimate

Proposition 3.19. Suppose (t,z,y) = e"i{He=H)ry(2,7) is the solution to the lin-

ear equation

i0y(t) = [H,v(t)], (3.48)

(0,2, y) =vo(w,y) € L2,

where x,y € R%, the collapsing term p,(t,x) = y(t,z,x) satisfies

[(tan by /22|, |22, (1, 2) | T, (2,9)|

L2 L2 ([-m/2b,m[2b]xR2) Se ” Lz’

(3.49)

!The case studied in [GM17] is in three dimension. However we can modify the argument for
our two dimensional problem Equation (2.12). Some steps in [GM17]| need minor modification, yet
the main idea is the same.
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where € is any arbitrary small positive number.

Proof. The operator H is decomposed as (3.24) and [Hj, H,] = 0. Since the rotation

generated by the vector field —iH, satisfies

[VPe ] () = VI fl (e ), xR

and e—i(Hm—ﬁry)t,yO(x’y) — e—i(Hm+Hry)t,yO(x’y)’

-1/2-€ 1/2+2€
”(tan bt) Vol 75 p'Y(t’x)HL?L%([fﬂ/Qb,ﬂ/%]xRQ)

_ -1/2-¢ 1/2+2¢ ( ,~i(Hra—Hry )t ,—~i(Hpy—Hpy )t
H(tanbt) [Val (6 e ’ %) (z,) L2L2([~/2b,7/2b]xR2)

_ ” (tan bt>—1/2—5|vm|1/2+26 (e—i(th—th)t%) (z,x) HLng([—wa,w/zb]xR?) .

Then the estimate (3.49) reduces to

[ (tan be) /27| v, | /22 (emi ety ) (z, 2) | L2 L2([~7/2b,7/2b]xR2)

<. H(Vx>1/4+€<Vy>1/4+670($’ y) HL%y ,

where the collapsing term corresponds to the equation ¢ 9yy = [Hp,y]. By the Lens

transform [Tao09)

L(u)(t,x) :=

1 (tanbt T

—(iblz|? tan bt) /4 teR R2
cosbt \ " b ’cosbt)e ’ €% TERS (3.50)

which maps the solution u(¢,x) of i 9u = —Au to the solution of i 0;L.(u) = HyL(u),
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we obtain the identity

[Ceam bt 212 1202 (i) (@ 0) | g o mpanoy

_ H|v$|1/2+26 (ei(AzfAy)t,yo) (1}, x)HLng )
Finally, the estimate (3.49) reduces to the Laplacian case

Hlvx’1/2+2€ (61(A17Ay)t70) (x’ 33) HL%L% <, H<Vm>1/4+E<Vy>1/4+€70(33, y)HL%,y 7

which is proved in [GM17,CHP17]. O
Since the Hermite operator Hj, dominates —A + 1 in the sense [(-A)*/2f] 2 $
HH;/QfHL2 for s > 0, as a corollary of Proposition 3.19

H1/8+5H1/8+e

[ {tan bt) /2| v, V22p, (2, 2) | ne Any 0(2,9)

L2L2([-n/2b,m/2b]xR2) ~€ Lz,

(3.51)
using this estimate (3.51) and the scheme in [GM17], Theorem 3.17 follows.
When it comes to Equation (2.15), if we expect to establish a local well-

posedness result when

| 322 E3 Qo )

) <00,
Lzay

. s s/217
we need to deal with terms, for example H|V$| (pg *v) Hhé Iy(z, y)HL% : However
H 2;1:[(,5 is not translation invariant. After integrating over y, we are faced with

|1z]*|V4]" (pg * v) ;2. For the linear equation i 9,Q = [H + pg * v, Q] and Q(t =0) =
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Qo, [|z*|V|" (pg * v)HL2 ;2 is controlled by HHS/Q S/QQO(x y)H But it may not

be controlled by HH o/2 prsl 2QO(:JC y)H . Therefore we can not close the argument
Fy

to obtain a local well-posedness result of Equation (2.15). That is why we stick to

the structure of Equation (2.15) and use norms arising from H, i.e. Definition 2.1.

The operator H is more compatible with the stationary solution II, than Hj,. Hence

we can deal with (H,)'2(H,)'?[pg * v,14].

Next we prove Theorem 2.3 the local wellposedness result of Equation (2.15).

Proof. By Duhamel’s formulation, we define the solution map ® and the solution

ball soly for the contraction mapping principle,

' _ t _ _
D(Q)(t,y) = e QY i [ NN o, Q4 ML) (), (352)
0

solr = {Q(t..9) ||Q(t.7.9) g < C WY Qo) | (3:59)

where parameters 7" and C > 1 are to be determined later.
1. Show ® maps solr to itself.

Suppose ) € solp. By Theorem 2.6 and Proposition 3.11,
He_i(Hm_Hy)tQOHNg < H( 1/2 1/2@ HL2

Choosing T' = w/4b, then C is the constant such that

e 0= Qy gy < O [(HLY () Q0 2
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For the nonlinear part, claim the estimate

‘ T

s”(Hx)1/2<Hy>1/2[v*pQ,Q+1:[¢]HL} - (3.54)
Ty

o = 1
f e~ {(Hz=Hy)(t-7) [U * 00, Q+ H¢](T) dr
0

The proof of (3.54) is twofold. On one hand, to control the Strichartz norm,

t _ _ _
[ et B (VP 0+ g, Q+ TL)(7) dr
0

Fi(r,2,y)

LY L33

suppose G(t,x,y) is in the dual Strichartz space L?,TLQ'LZ, where

Using the dual characterization of LP spaces

— t . T 7
[ / dtdxdyG’(t,:l:,y)/ e e )T By (7,20, ) dr
It JR2xR2 0

T —
:/ / dexdyFl(T,x,y)/ e~ He=Hy) (=D G (¢, 2, y) dt
It JR2xR2 T

T =
< [ ar IRyl | [ TG 2, y) d
IT Yy T

L;‘}Lgyy
S/ dT HFl(Tvxvy)HLQLQ HG(t,x,y)HLq' Lr'L2
Ir Ty I~z "y

(by Proposition 3.11 the dual Strichartz estimate (3.34))
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we obtain,

The argument for the norm L] Ly L? is the same. On the other hand, to control the

t . 7
[ e_z(Hm—Hy)(t—T)Fl(T, z,y)dr
0

T

collapsing term

t _ _
(VB | [ D [0k o, Q+ TL](7) dr [ (b))

Fy(r,m,y) L2 12
ol

applying Theorem 2.6 and the Minkowski inequality,

t _
[waps( [ et by ) ar) (1,0
0

2
L3 L2

<

[T (B By, .0)) (,0)
0 T 2

I

T . -
< [) dr H <V$>9/8 (e—Z(Ha:—Hy)(t—’T)FQ(T7 x, y)) (t,z,z) HLfrTL%

T _
S[O dTH(Hx>1/2<Hy>1/2F2(7-,x,y)HL%y (by Theorem 2.6).

According to the estimate (3.54), the problem is reduced to estimate quantities

1. H(H:E>1/2<Hy)1/2[v * PQ, Q]HL%L%JJ([O,T]XRAL)’

2’ ”(Hw>1/2<Hy)l/2[U * va 1:[¢] HL%L%’y([O,T]xRﬂ'

Since the commutation relation does not play a role of our analysis, it suffices to
prove one of the two terms in the commutation relation. The other one is handled
similarly.
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Considering [(H,)Y2(H,)'? ((v * pg) (t,2)Q(t, = y))Hle (0T IRy’ based on

the observation (3.29), we have

HD (H,) 12 (y « £Q) (t,x)@(t,%y)HLtng L ([0,T]xR4)
+ H<]:Iy>1/2 (v*pg) (t,z)Q(t, %y)HLtng L ([0,T]xR4)
0 0 ) ey e

+ [ xp) (4 ) H) UH) Q.0 1y (07701

and by the virtue of Holder inequality, Sobolev inequality, Lemma 3.10 and Young’s

convolution inequality, we obtain

[20-. (v ) (t.2) () Q2.0 11 q0rpeny

ST 920 % po) (1,) | [z TR

L2L7(0T xR2)

ST ”IV |9/8PQ(15 x)”Lsz( 0,T]xR2) I(H. )1/2( )1/2Q(t T ?J)HL°°L2 ([0, T]xR%)

STV Q1) s
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and

[ * p@) (£, 2)(H) 2 (H) Qw9 11 (o 7
y ([0, T]xR?)
ST (v * pq) (2, 95)HL2L4( 0,T]xR2) H 1/2(ﬁy>1/2Q(tu xa?/)HLngLg([o,T]xR%vaz)
T1/4 H'V |1/2PQ(t x)HL2L2 [0,T]xR2 H 1/2<[g’y>1/2c2(t’x’y)HL‘lL‘l,L2 0,T]xR2xR2
IxR?) tLaLy([0,T] )

STV Q) s

Next we consider ” )P{H) 2o * pg, l:I¢]H Riy) by direct computation

Lir2 ,([0,7]x

D,Tly(x,y) = (2é’z¢(m —y)+ g(zx ) - y)) )2,
D, Ty(x,y) = (—28Z¢(33 -y) - g(zx - z,)0(x - y)) e~ Uz )2
DwDyﬁ¢($» y) = (_4828z¢(1‘ - y) - b(zx - zy)ang(x - y)

2
_b(20 - 2,)0:0(x — y) - bz|x P y)) )2

integrating over x or y, we obtain

D)l = 1Dl < ()61,
DGl = 1Dl (o] .,

.5, )l = [DDO,. ()2 ]
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Combining the above estimates,
H (H )1/2<H )1/2[U * pQ? ﬁ¢] HLtng,y([QT]XRAL)
SUVoQ(t ) 12 o,rmey [ 2N P

T1/2 H 1/2( )1/2Qo(x y)HL2 H )1/2<H)1/2¢HL2

If necessary, shrink the interval I such that

C

, <5 WHDPH)PQo(, )],

t 5 7
A e—z(Hz—Hy)(t_T) [U * 00, Q + H¢](T) dT 2

Thus ® maps solr to itself.

2. Show @ is a contraction map.

For any @)1, ()2 € solr, similarly as step 1,

9(Q1) - B(Q2) |y

t i — 1
< f dr e—l(Hw_H’y)(t_T) [U * P01 — U * PQ,, Hqs]‘
0

H
NT

t . i
+ [ dr e—z(Hx—Hy)(t_T) [U * le — U * pQ27Q1]
0

T

t . 7
+ [ dT e—Z(Hx—Hy)(t_T) [’U * pQ27 Ql - Q2]
0

H
1qT

ST1/2 H (vx>(pQ1 - pQ2)HL§TL§ <H>1/2<H>1/2¢HL2
Fmax{TV2, T Qs - Qallg (1@ Ing + 1Qalg

smax{T"2, TVH|Q - Qallwgr [(H2) (1) Qo . 9) 1,
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If needed, choose a smaller T such that |®(Q1) - ©(Q2)[ Nz < @1 — Qof i /2.
Then by the contraction mapping principle, ® has a fixed point in solr, i.e.

Equation (2.15) is locally well-posed. ]

Remark 3.20. There are two families of stationary solutions 1 and II, (see Section
3.6.2). The reason for only Il4 is used in our pertubation problem is twofold. On
one hand, ﬁ¢ recovers the Fermi-Dirac distribution. On the other hand, suppose we
use the stationary solution Iy instead of I15. By the product rule of the covariant

derivative D, D(fg) =(Df)g-2f0:g,

DDy (pu * v(x)y(x,y))
=D, (pu #v) () Dy1T4(x,y) + (pu * v) () (=202,) D114 (2, y)
or Dny (pu * U($)H¢(ﬂf,y))

=(=20z,) (pu * v) (2)Dylly(2,) + (pu * v) () Do DyIly (2, y). (3.55)

Since we do not have an estimate for D,p,(¢,x), we use the form (3.55) to continue

our argument. A direct computation shows

_ b |
Dylly(z,y) = (232¢(:c ~y) = 5 (% + 7)o - y)) HUAT)/2.

‘DyH¢(x, y)| is not translation invariant. Therefore in order to estimate

|=20= (pu * 0)(t, 2) Dy o (2, 9) |
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we need to control |x|V.|py(t,z)| 2, which is not possible by using N

3.5 Conclusion

In this chapter, we obtained a local well-posed result of Equation (2.15) and
a new collapsing estimate Theorem 2.6. However the estimate is not sharp since
we do not have an optimal control of associated Laguerre polynomials (see Remark
3.16).

The ultimate goal of Theorem 2.3 is to acquire a low regularity result, for

example a local well-posedness result for the initial data

H(Hx>s/2(ﬁy>s/2Qo(x,y)HLiyy <oo, s<1,

According to Remark 3.16 and the proof of Theorem 2.6, we have a little gain of
derivatives for the collapsing term when s > 1/3. We conjecture that the best case
might be s = 1/3 + e. However it requires a fractional Leibniz rule for (H)*2(fg),
which currently is beyond our ability.

Another direction is to establish a global well-posedness result when

[CHL) V() 2 Q0(2,y) |, < oo

A formal computation shows that the total energy (3.56) of Equation (2.15) is

conserved

£@Q) =Tr (HPQHP) + 5 [ v+ pa) (1)po(a) dr, (3.56)
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which brings hope for the global well-posedness result at the energy level. In order
to establish the global well-posedness result, we need to control the trace norm of
the forcing term pglIly, which is a composition of multiplication operator pg and
a non-compact operator f[¢. However, the operator H is no longer the Laplace

operator, so the Birman-Solomjak inequality [Sim05, Theorem 4.5|, for 1 < p <2,

||f($)g(_iv)|‘ﬁp Sp ”f”lPL? ||g||lPL2 ) (3'57)

where LP is the p-th Schatten norm, can not be applied. Besides, due to the special
spectral structure of H, it is challenging to develop a corresponding version of this
inequality (3.57) for H, which, to the author’s knowledge, is not available in the

existing literature. The author is working on obtaining the essential estimates.

3.6 Appendix

3.6.1 Heisenberg Group

[Fol89, Chapter 1]|Let us review the Heisenberg group H; with the group law

Q((p1,q1), (P%(&))) ’

(p17Q17t1) . (anQQatQ) = (pl +p2aq1 +q2;t1 +t2 + b 2

where p;,q; € R, t; € R, and impose a complex structure on R?, z = p + qi.

Identify the tangent space T'H; with R3xR3 and its basis by {0,,0,,0;}. Then
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the differential of the left multiplication L,, where g = (py, q,,%,), is

DL, (apaaqvat) = (apaaqaat) 0 1 0]-

_bQQ/2 bpg/2 1

The Lie algebra b consisting of left invariant vector fields is
by = R-span {a,, -0, 0,450, at},
and the corresponding complexified space is
€ = C-span {zag + z%zat, 20, — i%@t, at}.
We will think of D and D* as vector fields of h¢ in the following way. Denote
Dy, =-20; - i%zat, Dy, =20, - i%@t.

Suppose f €8 (H;) and apply the inverse Fourier transform on ¢ variable,

bzt

DHlf = \/% fR (—265 - 7) f(q,p, )’ dt.

On the piece 7 =1, Dy, and Dj; correspond to D and D* respectively.
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To make this correspondence rigorous, consider a quotient group H7*? of H;
H7* = H,/{(0,0,t)|t e 2Z}, {(0,0,t)|t € 27Z} c C(H,).
For a f on R2?, it is lifted to H; by defining

f(p,q,t) = V2mexp(-ti) f(p, q)- (3.58)

Through the definition (3.58), the correspondence between D(D*) and Dy, (D}}l)
1s

Df(p,q.t) = Dy, f(p,a.t), D*f(p.q.t) = Dy, f(p.q,t). (3.59)

We can also relate the twisted convolution defined in (3.8) to the group convolution

on Hi,
(F+3) o) = [ F (a0 (.d.0)) 3(5,0.7) dpdidi

- [ (p-pa-ar-i-pM@DLDN) 565 4 ) dpagar
Hre

(12 @0.CD))

= 27rexp(—ti)fRQf(p—ﬁ,q—d)g(ﬁ, q) exp

=2mexp(~ti) (fh9) (p,q),

ie. f*g:\/%ﬂfg.

Lemma 3.21. Let G be a Lie group endowed with a left invariant Haar measure
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du, then

Lx(f*g)=f*Lxg, Xeg (3.60)

where Ly denotes the Lie derivative by X and * denotes the convolution on G

(f *9)(z) ==fo(:vy1)g(y)dy, zeG.

Furthermore, (3.60) holds for the complexified Lie algebra gc.

Proof. Suppose X € g, let exp(tX) denote the one parameter subgroup generated
by X and exp(tX ).z denote the action of exp(tX) on G, i.e. x € G travels along

the flow generated by X. Then

[Sf((exp(tX)w)y‘l)g(y)dy=fo(meXp(tX)y‘l)g(y)dy
=ff(x(yexp(—tX))_l)g(y)dy
(
(

2y™) g (exp(tX).y) Lixydy

- [

f I (zy™) g (exp(tX).y) dy
which implies the identity (3.60). O

3.6.2 Stationary Solutions

We use relations (3.59) to find two families of stationary solutions to Equation

(2.12).

Proposition 3.22. Suppose v € L' (R?), there are two families of stationary solu-
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tions to Equation (2.12),

(1) Hy(x,y) = p(x —y)exp (ZbQ(:;,y) ), for arbitrary ¢ on R2,

Q(z,y)
2

(ii) Ty(z,y) = p(z-y) exp (—z'b ), where ¢ is of radial symmetry, i.e. ¢p(x) =

¢(J]).

Proof. By the correspondence (3.59), we regard D and D* as vector fields of H;.
Since the Lebesgue measure on H7 is bi-invariant and the group convolution on
H, is related to the twisted convolution by f * g = \/ﬁm, using Lemma 3.21, we
conclude that the Hamiltonian H = D*D commutes with the twisted convolution f.

As a result,

[D*D,1,] = D*[D,T1,] + [D*,T14]D = 0
= H, fR? g (2,y) f(y)dy - fRQ o (2, y)Hy f(y)dy

= ./l; (H:cHd)(x?y) - HyH¢(x,y)) f(y)dy =0, Vf € S(R2)

Besides I1;(x, 2) = ¢(0) and v*$(0) = ¢(0) [ v(z) dx are constant, I1, is a stationary
solution to (2.12).

Meanwhile, if we calculate (Hm - F[y) I1, directly,

=2ib (xJV, +yJV,) 11,

ibQ(az,y))’

= 2ib(x—y)TJ(V$¢3(x—y))exp (— i

74



which vanishes if ¢ is a function of radial symmetry. m

3.6.3 Transform

We list some important results about the Fourier-Wigner transform V' and the
Wigner transform W from [Fol89, Chapter 1]. In the paper, we choose the reduced
Planck constant A in [Fol89, Chapter 1] to be b and use the following results when

the dimension d = 1.

Proposition 3.23. [Fol89, Proposition 1.42]

Z2% 2(mdy
(V90 V) = (T) (il o) vy € LPRY, j=1.2.

Proposition 3.24. [Fol89, Proposition 1.47] Suppose f;,g; € L?(R?),

2

d
V(f1,90) 5V (f2, 92) = (T) (92, [V (f25 91)-

Proposition 3.25. [Fol89, Proposition 1.94]

W (3(a,)f. 8(csd)g) (6.2) =exp (-5 02((@.0), () +i((a.) = (e.d). (6.0)))

_b(e+d)7$+b(a+c))'

W) (675 -

where a,e,c,d,x,§ € R?,

Hermite functions and associated Laguerre polynomials are related by the

following two theorems.
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Theorem 3.26. [Fol89, Theorem 1.104] Suppose p,q € R, and w =p+iq. Then

-k
k_!( éw) g (L) Jok
|V 2 A -
V(hj, hi)(p,q) = / - ; k—j Hogl?
(-1)** %( 5@) SR (—'Z' ) j<k

Theorem 3.27. [Fol89, Theorem 1.105] Suppose x,£ € R and z =z +i§. Then

j-k
2 [k [2_ o (22P\ Len

I R I ke z VN el lnd B PSS )

(-1) b\/;( bZ) L ( 2 )e . J2k
NI 222

EERV PN A BN k=g ((ZE) P s

( 1)Jb\/;( bz) L; ( 2 )e , J<k

Let p be the Metaplectic representation from Mp(2d,R) to U (L?(R?)), with

W (hj, hi)(§, @) =

infinitesimal representation

A B 1 A B |lo dllQ
d:U“:A: Eﬁp(Qd,R) > - (Q P) )

21 , .

c -AT C -AT|\-id 0]J\P

where Q =z, P =—iV,, x € R? and id is the identity matrix on R%.

Theorem 3.28. [Fol89, Theorem 4.51] Suppose

A(t) B(t) A B
= exp t],
C(t) D(t) c -AT
A B
where € sp(2d,R). For any time T > 0 such that when t € [0,T],
C -AT
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det(D(t)) >0, then

A(t) B(t)
1t © B f(x) (3.61)
C(t) D(t)
B 1
det (D)2 (2m)n/2

[ e (-iS(e.€) F-€)de, xR, te[0.T]

where

xB(t)D(t) 'z

S(x,€) = ED(t) ta + 5 . x,&eRY

~£D() 1O |
2

3.6.4 Global Well-posedness

We establish a global well-posedness result for Equation (2.9) when

|6'/°Tob' 2|, < oo, T§=To, To20andw(z)= ﬁ

The associated total energy is

Er (T(1)) = Tr (5T (1)5?) + % [ ey )ty e (3.62)

The outline of the proof is that we first establish two local well-posedness results
for Equation (2.9): one is at the energy level and another one is for smooth data.
Then we verify the conservation law of the total energy for smooth data and use

a limiting argument to pass the law to the energy level. Finally, the global well-
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posedness follows from the conservation of energy. All estimates involved are based

on time-independent arguments.

Note that h = L* L, where
b b
L= (—i@xl + —xz, —iazz - —iL‘l, —7;8553)
2 2

and x = (x!, 22, 23), and the covariant derivative L is metric. The pointwise Kato’s
inequality holds

IVIfIl S [LA]- (3.63)

In addition

2 2 2 2 :
16721 sy = 1S aqesy = 1D Vaqusy + 100 F agasy + D1 oy

Let us define the following operator norms for the discussion

1/p

[Tl ge = [0 ToF2] , = (Tr[p2T2[) (3.64)

where s >0, 1 <p < oo and L? is the p-th Schatten norm.
1. The local well-posedness at the energy level.
To deal with the nonlinear term in Equation (2.9), we first show a bilinear

estimate for functions, then generalize it to operators.
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Proposition 3.29.

[52 (1612 V) 62)] .2 5 [61261 . [04262) . (3.65)

Proof. Applying the Holder inequality,

[52 (161 * V) @2)] 2 8 ll6rf* * V] o [ 200 o + 192l (162 * V)]s 021 56

while

(loaf = V) @) = [ 1onP (e =)V () dy
S [RS [V, [Y2|¢1|(x - y)|2 dy (by the Hardy’s inequality)
< [ U916 @)+ lorP(a) da

< Hb1/2¢1Hig ,  (by the inequality (3.63))

and by the inequality (3.63), the Sobolev inequality and the Hardy-Littlewood-

Sobolev inequality,

|62 6 S N2l 5 67202 .

191 (1612 % V)]s = el + A9 o $ lirPl e = nlzs 5 6201,

we obtain the desired estimate,

I (10« V) )2 5 [P [ ] .
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Proposition 3.30. Suppose I'y and I's are self-adjoint,

[lory * ViPo]l gra S [T g T2 o1 (3.66)

Proof. Since T'; is self-adjoint and |I';| ;11 < oo for j = 1,2, there are orthonormal
b

bases {fr;}72, j=1,2, such that

(b'°T55') (2 ZAk]kax)fM(y)

Then

r,y) :g)‘k,j (h_l/sz, )(m)( 1/2fk )(y)v

and by the Minkowski’s inequality,

[(pr, * V)Tl gy =

(G 1) @) S0 (077) (0 () )

tr

B ((or, V) () (02 fi2) () (Fiz) )]

*((ory < V) @) (572 f12) (@)

<3 A“\zwuhm((lb v o2 )|
PR Z Az \|fl,1||i2 | fr2l ;2 (by Proposition 3.29)

< Z )\k2|2|)\l1|

The other term |I'y (pr, * V)| ;1.1 can be estimated in the same way. O
b
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Based on Proposition 3.30, we obtain the following local well-posedness result

as an application of the contraction mapping principle.

Theorem 3.31. For any initial data || 11 < 0o and I'y =Ty, Equation (2.9) has
b

a mild solution in the Banach space Nir, where the norm Nyt is defined as

O G (3.67)

while the existence time T depends on |h/2Toh1/2 To be more precise, the solution

”tr‘

L(t) e CO([0,T]; £, ).

2. The local well-posedness for smooth data.
Similarly as Step 1, we first show a bilinear estimate for functions, then gen-

eralize it to operators.

Proposition 3.32.

|8 (612 + V) 62)] 2 5 [5%0n] - [ ball 2 (3.68)

Proof. A direct computation shows

h((joa* * V) ¢2)
=~ A(|6af? * V) do + (|0 * V) hby

+(=20: (|¢1* * V) D* o + (20, (|1 [* * V) D — 20, (|1 [* * V) D202 .

first-order terms
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By the proof of Proposition 3.29,

(112 % V) o o < a2 V] Wsal o 5 [62261]2 1]

and

|first-order terms||;. $ H|V| (|¢1|2 * V)HL3 (| D*¢ollzs + | Dol rs + |0w3 P2 16)

$[0261 ]2, 1hosl 2

Analyzing —A (|¢1]> * V') ¢o, by the Hardy-Littlewood-Sobolev inequality and the

Sobolev inequality,

[=A (1617 % V) o] L < [(IVll62) * (IV 1) | s 1621 s
S V161 oo 021 1o
SIVIeall 2 11l s [ 2 2o

<0207, [6Y262]) .

]

Using the same argument in Proposition 3.30, we generalize Proposition 3.32

to operators.

Proposition 3.33. Suppose I'y and I'y are self-adjoint,

[Lory * V. Tl g2 S [T oo [Taf g2 (3.69)
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Theorem 3.34. For any initial data |I'of 20 < 00 and I'y =Ty, Equation (2.9) has

a mild solution in the Banach space Nor, where the norm Nor s defined as

||F(t)HN2T = ”F(t)”/:w([o,T];z:?;l) , (3.70)

while Iy = [0,T] and the existence time T' depends on || 1. More precisely, the
b

solution T'(t) e C°([0,T7], Eg’l) nCY([0,T], L)

Proof. Based on Proposition 3.33, we use the contraction mapping principle to ob-
tain the local well-posedness result.
To show the existence time 7" depends on |I'g| 1.1, consider the integral form
b

of the solution I'(t)
) ) t .
[(t) = e Toe" — i [ e th(t=T) [pF(T) *V, F(T)] e dr,
0
then by the Minkowski’s inequality,

. . t
I ez < e T ™] o+ [ ere + VL)oo dr

t
< ||I‘0||£§,1 + C(Sup ||F(7')||£;1) / HF(T)HEEJ dr (Proposition 3.33),
0

T€IT

where C' is a constant. Using the Gronwall’s inequality, for 0 <t < T,

IFOligs < Tal g exp Cosp I ey ).

TGIT

Since Theorem 3.31 says that the existence T" depends on |I'g|| .11, with the above
b
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estimate, so is the case for Theorem 3.34. By the semi-group theory, the solution

L(t) e CO([0,7], L") n C* ([0, T],LY). O

3. The conservation law.
We first verify the conservation law of energy for smooth data, then pass it to

the energy level by the limiting argument.

Proposition 3.35. Suppose that T'(t) € C° ([O, T],Eﬁ’l)ﬂCl ([0,T], L") is a solution

to Equation (2.9), then the total energy (3.62) Exr (I'(t)) is conserved fort € [0,T].

Proof. The trick is to express (3.62) in the following way
1 1
Eur (1) = Tr (1) + ST ((pr + V)T) = Tr (P + 2 7r (U (pr V),
and use the mild formulation

) ) t )
[(t) = e ™ Tye -4 f e ) [priry # V,T(7)] €7 dr.
0
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Taking the time derivative

dEpp(I'(t))
dt

=~ i Tr (he M Toeh) - /0 "dr Tr (b0 [ oy # V,D(r)] 9E0p)
+iTr (he ™ Toe™h) + fo thTr(he-@'W-f) [pr(ry * V,T(7)] €¢)p)
=iTr ([pre * V.L@)]b) + Tr (D) (pry * V)

==iTr ([pry * V.T(®)]0) =i Tr ([b+ pray « V.T(®)] (orey V)

=0 (cyclicity of Tr).

By the fundamental theorem of calculus, Egp (I'(t)) = Egp (Fy) for 0<t < T O

For any initial data I'y at the energy level, i.e.
[Toll g2 <00, T =T,
there exists a sequence {I'gx}72, c £§’1 such that
i [Tox = Lof g4 = 0.

Denote the solution of Equation (2.9) associated to the initial data Loy by I'k(1).
Since the existence time of I'y(t) depends on || 1.1 (Theorem 3.34), there is a
b

uniform time 7" such that all solutions I'y(¢) exist in the sense of Theorem 3.34. By
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the continuous dependence on initial data (from Theorem 3.31), for any 0 <t < T,

Jimn [T () = (1) 2 = 0.

While the total energy £y is continuous with respect to the norm Eé’l, by Propo-

sition 3.39,

4. The global well-posedness at the energy level.

Note that when the initial data I'g is non-negative, i.e. it satisfies the operator
inequality I'g > 0, the condition of being non-negative is preserved under Equation
(2.9). Thus Tr (h'2T(¢)H1/2) = ||I‘(t)||£é,1 and the energy Enp(I'(t)) ~ ”F(t)HL},’l'
Using the conservation law (3.71), we improve the local well-posedness result The-

orem 3.31 to the following global statement.

Theorem 3.36. Suppose that the initial data 'y satisfies

”FOHL;J < 00, PS = Po, Fo 2 07

then Equation (2.9) has a global mild solution T'(t) € C° ([0, oo),ﬁé’l).
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Chapter 4: Global Well-Posedness for Bogoliubov-de Gennes Equations

The chapter is organized as: In Section 3, we prove the local well-posedness
result Theorem 2.15. In Section 4, we consider the Bogoliubov-de Gennes equations
with smooth and compactly supported potential. The regularity of initial data can
be preserved by smooth potential case. We prove the smooth potential version
Theorem 4.18 of Theorem 2.16. In Section 5, we assemble results for the smooth
potential case and the local case, and use a limiting argument to prove the global
result Theorem 2.16. In the appendix, we prove two propositions which are used in
Section 3 and Section 4 respectively: the Morrey’s inequality for Banach spaces and
the property of the Bogoliubov-de Gennes equations with smooth potential that the
spectrum of the generalized one-particle density matrix does not change along the

time evolution.

4.1 Preliminary

Note that the nonlinear terms in Equation (2.39) and (2.40) are quadratic
maps of I'(¢) and A(¢). For simplicity of notations, we define two bilinear maps

based on Fi(t;v) and Fy(t;v) and use a state w(t) to refer to a pair of functions
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('(1), A(#)),

Bl(w17w2;v) = [U * pr17r2] - [F17F2]’U + [AlvAg]U (41)

Bg(wl,WQ; ’U) = [U * pF17A2] — [FlyAZ]v,+ - [Al, I:‘2:|U,+‘ (42)

where (I';, A;) is associated with state wj, j = 1,2. (I';, A;) may not satisfy Condition

(2.37) and the two bilinear maps are defined for pairs of general functions.

4.2  Derivation of Equations

In this section, we consider a pure quasi-free state and derive the Bogoliubov-
de Gennes equations as an effective dynamics of the Many-body problem. The
derivation is in the same spirit of [GM13, GM17|. Let e~P0|0) be in the Fock space
F., where e~Po denotes the unitary implementation of a Bogoliubov transform. This
state is quasi-free and all pure quasi-free states with finite expected number of
particles are in this form [Sol14]. Consider the Schrédinger equation of state e=P0|0)
in the Fock space F,,

100, = HU,, Uy=eb010), (4.3)

The solution to the Schrédinger equation is e=i7e=Bo [0). Our goal is to derive an
equation to describe the solution e=itHe=50 |0) effectively local in time. An approach
is to find e~ |0) such that

He‘“ﬁe_Bo |0) — e B |0)H = HeBte_”He_BO 0) - |0)H

Fa Fa
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is minimal, which is equivalent to study 1, = eBre=itHe=Bo |0). 1, satisfies the evolu-

tion equation

i@td)t =1 (ateBte_Bt) ¢t + €BtH€_Bt¢t, Q,DO = |0> . (44)

Denote the reduced Hamiltonian H,.4 = i (0yeBre=Br) + eBi HeBt. For short time, v
is controlled by

Hyeal0) = (Xo, X1, X2, X3, X4,0,0,...), (4.5)

where X = 0. The correlation functions of e=5t|0) are

Lopn = (ayf"ayme_Bt 0) ,awl---axne_Bt |0>>}‘a - <|O) 7€Bth7n€_Bt |O>>fa ’ (4.6)

_ T
where P, = ay,-ay,, - Gz,

agz, . A Fock state is determined by its correlation

functions and we will derive time evolution equations for correlation functions.
e Bt is an unitary implementable Bogoliubov transform and corresponds to a

matrix

Pt(x7y) Qt(xvy)

(4.7)
Qi(xz,y) Pi(x,y)
and an adjoint action on L2 (R3) x L2 (IR3)
eBafe P = [ dy(Ply, [])a] + Qu(y. [2])ay) (48)
ePra, e Br - f dy (P,(y, [x])ay + Qi(y, [z])al). (4.9)
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Then correlation functions are

L (Y1y -y Ymi 1, T2 oo, T)

= (|0) ePt P, e b |O>>fa

(0011 S s (e DD, Qo D)

[T da(Pen a)a, + QuCeu [l ) )

Fa

Lemma 4.1. Impose the assumption X, =0 and H* = ]:I, then

(00, [rats ™ P ]10),. =0

a

where (m,n) = (2,0),(0,2),(1,1).

Proof. Compute directly

(10}, [Hyeas €% P ne™110)) ..
= <]:L«ed |O) , eBth,ne‘Bt |O>>]__a — <|O> , eBth,ne‘Bt -Hred |0)>]__a

= (X + X, €P Prne 21(0)) . = ([0}, 5 Poyne (X5 + X)) . .

When (m,n) = (2,0),(0,2),(1,1), eBt P, ,e Bt can at most create or annihilate two

particles. The above quantity must vanish. O

In the end, we derive the Bogoliubov-de Gennes equations by imposing the

condition that Xy of H,eg |0} is zero.
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Proposition 4.2. Let Xy = 0 in (4.5), I'(t,x,y) = L11(t,y,z) and A(t,x,y) =

Los(t,y,x), the Bogoliubov-de Gennes equations are

(10 + Ay + Ay —v(z —y)) A(t,z,y)

= f dz (v(z - 2) +v(y - 2)) (D(t, 2, 2)A(z, y) - A(t, 2, 2)T(ty, 2)
+D(t, 2, 2)A(ty, 2))
(10, + Ay — A T(t,2,7)

= [ dr (v(z - 2) - v(y - 2)) (D(t, 2, 2)0(t, 2, y) + A (t, 2, y)A(t 2, 2)

“I(t,z,y)T'(t,z,2)).

Proof. Recall that

Loa(tan,2) = (00 [ dundye P [2:)a Quon. [aD)al, ) 10))

a

and

Lua(taria) = (0], dindye @il [2:)an Qelvn, [, ) 0})

a
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Compute commutators

[V.dl,]

:[dxdyv(x—y)alaiayaxall—aT /dxdyv(x y)aTaTayax

/d:ﬁdyv(a: y)alala (allal,+5(x 931) [da:dyvN(as y)atala,a,
/dyv(y xy)al ala, - fdxdyv(m y)aTaT( Lay+8(z1-y))a,
—am/dxdyv(x y)alala,a,

fdyv(y ©1)al ala, - [dxv(x z1)alal, ag +al /dxdyv(x y)atalaya,

—al, [ dedyv(z - y)alalaya,

:2a;1fdxv(x—x1)alax,

apply the adjoint operator

[V, a., ] = [dxv(:c T1)ala,a,, .

Using the identities

(XY, Z]= X[V, Z]+[X,Z]Y, [X.YZ]=[X,Y]Z+Y[X, Z],
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we have

[V7 a‘j‘m az2]
:[V7 al1 ]0’12 + ain [V7 0’12]

=a], f drv(z - x1)alaza,, —al, f dzv(z - 15)ala,a,,,

and

[Va Ay axz]

:[Va am]a:cz + Qg [Vv axQ]

- f drv(z — 21)alapay, Az — g, / dzv(z - 29)al apaq,

— (21 — T9) Ay, Ay, — f drv(z - 21)al ayay, ag, — f dzv(T — T2) ) Ay, Ay -
Compute time derivatives

0y (eBt Pmme_Bt)
= ((9teBte‘Bt) PP +eP P, e (eBtate‘Bt)
= (&geBte’Bt) eBthme’Bt — b Pmme’Bt (&geBte’Bt)
= [ateBte_Bt, eP Pmme_Bt]
= [—i f]red +ieb ﬁe‘Bt, eP Pmme_Bt]

~ A

== [Hred, eBth’ne_Bt] +iebt [H, P, n] e Bt

)
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Using Lemma 4.1,

Z_@LOQ
ot

== (0}, " [-A, Ryl e 10)) . = {10}, e® [V, Pop] e |0))

(t7 951,372)

= (|0> ) eBt (a'u’v1al‘2(_A);2 + Qg (_A);lam) e_Bt |O>>_7:a - <|O> ) eBt [V? PO,Q] e_Bt |O)>]-'a ’

where
<|O> ) eBt (a'mam(_A);g + Qg (_A);lam) e_Bt |O>>_7:a
= (100, | dde (Putan. [ D, Q. Lyl (-2):,
+Bi (g1, [11])ay, (-2);, Qu(yo, [22])al, ) [0)) .
= <‘0> ) f dyldQQ (Pt(ylv [xl])ayl(_A)x2Qt(y27 [xQ])aLQ
+(_A)£U1 Pt(ylv [xl])alet(y% [xQ])angg) |0)>]:a )
and

(10), P [V, Pos] e |0))

:_U(.Tl_xg)L072(t,$1,.T2)—[dx (v(x =) +v(x —22)) L1 3(t, x; 2, 21, T2)
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We obtain the equation

.0
(Za + Azl + A:vz - U(xl - xZ)) L072(t,l’1,$2)

= / dr (v(x —x1) +v(x —23)) L1 3(t, 232, 21, 22).
Similarly,
OL14

1——(t,z1; @
gr (bTiite)

= (|0> 7eBt (a};lawz(_A);:g - alleaIz) e_Bt |O)>}-a - <|0) ’eBt [Va Pl,l] e_Bt |O>)-7:a

where
<|0> ) eBt (allam(—A);Q - a;rcl (_A)maﬂfz) e_Bt |O)>}-a
{100, J duncye (Quon. [Ty Qe 2]l (-A):,
_Qt(ylv [xl])azﬂ(_A)l‘th(y?’ [xQ])a';Lg) |O>>]:a
{100 f dnye (Quton. [ Dy (=2)2sQuCo 2],
(82, Q. [21])ay Qs . [l ) 00),
and

(l0). e [V, Pale ™ (0)) .

:[dx (v(z—2x1) —v(x—22)) Loo(t, x1, 252, 22).
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We obtain the second equation

(10— Agy +Ay,) Ly (t,x1,20) = —/ de (v(x —z1) —v(x —22)) Loo(t, 21, 2, 25 22).

Compute four-particle correlation functions,

Ly 3(t,x1; 29,3, 24)
= <|0) : f dy1 dyadysdys Qi (y1, [1])ay, Qi (ya, [x2])al,
Py(ys, [£3])ay, Qi (ya, [x])al, [0)) .
+<|0>7[dyldy2dy3dy4Qt(yl7['rl])aylpt(y27[x2])ay2
Qu(ys, [3])a}, Qi (ya, [x4])al, [0)) .
=L11(t,x1;20) Lo o(t, x5, 04) — L1 1 (t, 215 23) Lo o(t, T, x4)

+ Ly 1 (t,x1;24) Loo(t, w2, 23)
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and

Loo(t,x1,x9; 3, 24)
= <‘0) 3 f dy1dy2dysdy, Qt(yb [21])ay, Pi(ye, [152])GL2
Py(ys, [23]) ay, Qe (ya, [z4])a], |O>>;a
+<|0>a[dyldyzdysdet(yh[xl])alet(y%[@])ayz
Qu(ys, [ws])al, Qulys, L)), 0}) -
=Lgo(t, w1, 29) Loo(t, w3, 24) = L11(t, w1;23) Ly 1 (£, 12 74)

+ Ly (t,x1;4) Ly 1 (8, 205 3).

4.3 Local Well-Posedness Theory

In this section, we prove the local well-posedness Theorem 2.15 by showing
that the Duhamel’s formulation (2.51) has a fixed point in the solution space (2.49)
for sufficiently small T. Our strategy is to arrange quantities in (2.49) into three

groups

HF(t)HLg"([o,T],Ll) + HPF(t)(ﬂf)HLng([o,T]xn@)a ||F(t7937?/)||ST; and ||A(t>$,y)||STgT,

and consider the linear part e2Tge "2t or ei®tAge?®t, vA and the nonlinear part Fy

or Iy in (2.51) for each case.
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I To estimate |I'(Z)] e (o.r7.c1) + lorey(@)] 22 La(o.r7wesy: Based on the obser-
vation that the linear propagator e®'I'ge~*At preserves the spectrum of Ty
and pr(; can be written as a sum of products of two functions if I'(¢) is
of trace class, using the Strichartz estimate for functions, the linear part

e'AtToe At is controlled by |Tg| 1. Similarly, the nonlinear part is majorized

by | F1 (¢ 0) | i po,r,c1)-

IT To estimate [I'(¢,2,y)|gr1: We apply the Strichartz estimate for functions

valued in a Hilbert space, estimate the linear part by |||z and the nonlinear

part by ||F1(taxay;v)”L%Hl([O,T]xRE‘)‘

IIT To estimate |A(t,z,y)|sr1: We could still control the nonlinear part by
| Fo(t, 2, y;v) | i a1 (o,77xme) and the linear part €4t Ageis! by [|Ag| g as Step II.
The singular term (vA)(¢) is treated as a forcing term and we put (V) ((vA) (1))
in the dual Strichartz space Lng/_ZL:% 4y Since A(t,x,x) vanishes for all ¢ and

x, using Proposition 4.19 the Morrey’s inequality for Banach spaces!, the sin-

gularity = =0 of |V,|v(x) is mitigated by A(t,x,x).

Next we elaborate each step in details in the rest of the section. Case I is

based on the following lemma.

Lemma 4.3. Let I'(t) be the solution to the linear equation

i0T(t) =[-A,T(t)], T(t=0)=Ty and T}=T,.

!The proof of Proposition 4.19 is essentially the same as the classic case and we prove it in
appendix.
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Then T'(t)* =T'(t) and the following estimate holds
T e @ty + lorey (@) Lizs S 1ol 21 (4.11)
Furthermore, if T'(t) is the solution to the inhomogenous equation
i0,(t) =[-A, T ()] + F(t), T[(t=0)=Tg and T§=T,,
where F*(t) = —F(t), then for any T € R,
IT() | e ro,77,01) + HPF(t)HL%Lg([O,T]XR?,) STl + 1 F @) L o.r.01)- (4.12)

Proof. Let T'(t) be the solution to the linear equation, then I'(t) = e*2'T'ge~*A*. Since
the linear propagator e*A'T'ge*2t preserves the spectrum of Ty, [e?2Tge 4|1 =
ITo|z2. To derive the estimate for pp(;, note that Iy is of trace class and self-

adjoint. Then there is an orthonormal basis {¢;}22, of L*(R?) such that

To(r.y) = ZAJ-d»j(x)qBj(y),

where )\; are singular values of T'g and Y72, [A\j| = [['o|,. Express the solution

['(t) = e2Tge ™t in terms of the basis

ei(As=AID = Z \jeretos(x)eibuig,(y),

J=1
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and the collapsing term is prg) = X721 Aj |e"Awt¢j|2 (z). Applying the Endpoint

Strichartz estimate and the Holder inequality,

(oo} . 2 o0 2
lore | s < 2205 2 e S 2Pl 1050155 = IToler.
j=1 |

Besides, the operator e*#? is unitary and we obtain the estimate (trace theorem)

Hpr(t)HLle < Z |/\j| = |Tol -
t x i1
j=

When I'(t) is the solution to the inhomogeneous equation, applying the linear

estimate (4.11) and the Minkowski inequality to the Duhamel’s formulation,
F(t) — e'LAtroeﬂAt _ [ ds ezA(tfs)Z'F(S)e—zA(tfs)’
0

we obtain (4.12). O

After applying Lemma 4.3 to the I' Equation (2.39) and treating Fj(¢;v) as
a forcing term, in order to close the fixed point argument, we need to estimate
||1171(t;v)||,:%O s by |T'(t) | N,y and [A(t)| N,y Since Fi(t;v) can be considered as a

bilinear map (4.1), the corresponding estimate is stated as follows

Lemma 4.4. Let w;(t) be states associated with correlation functions (I';(t),A;(t))

j=1,2, for any T € R,

[B1 (wi(8):w2(): )1y ory.ery § (75 +T) [ollaslon (Ol vy fwa(8) g (4.13)
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Proof. The estimate (4.13) is the summary of the following results
(@) [[or = 0. Do ooy S (I3l o, 75+ loxal o T) 1T i IT2(8) i
(b) T1(): Pa(®) Jol e o,17.21) S (Noxa) (@)l s + Joxa]ze) [Tr (@) [Ta (@) w5

(©) 1A, A5 ]oll o o1y S (N(ox) @)l s + [xal o) [ A1 (8) | var [ A2 () [ e

To show (a), using the operator inequality,

[Torsc * 0. T2 1y oz ey < 2lerao * Oliiornon IT2 (D) qorr.en

<2|lpry ey * vl Lie qo,r1xr) T2 ()| 22 (f0.77.00)

Then estimate | pr, ) * v L1 Lo ([0,r]xr3) by decomposing v as vx1 and vxs. For pr, 1) *

(UX2)>

HpF1 () * (UXQ) HL%L?([O,T]XR?’) < HUXQ ”L(>c> ”pFl () HL%L;([O,T] xR3)

< oxal =TT (D) 2= ro.r1,21)-

For pr, @) * (vx1), by the Young’s convolution inequality and the Holder inequality

loru * (UX1)HLt1L;e([o,T]xR3) s ||UX1HL%T5

2—¢/2

ooyl o s
L

()

101



Combining above two estimates by the triangle inequality, we obtain

[TORKIR RION ey

< T r -
~HUX1HL 3 4HPF1(t)H B 7 LT (o0 3)” 2(1) | L= 011,01

+ HUX2HL°°THF2(75)Hi;c([o,T],cl)v

which implies (a).
As for estimates (b) and (c), we adopt a fixed time argument. Since they are
treated in the same way, for simplicity, we only state the proof of (b). At a fixed

time,

[ (0L )Taf 21 = [ (D)WY HVIT2] ) < @DV Lo (V)T 2

Similar as the proof of estimate (a), we decompose v into vy; and vxs. The part

consisting of vyy is estimated trivially,

[ (x2)T )V o V)2l 22 < Joxel e[ T2 (2, 9) |22, (V)2 o -
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Using the Hardy’s inequality to deal with the part containing vy;, we obtain

H((UX1)F1)<V>_1H£2 (V)T s 2
SUVI 2l 2 [(vx1) (2 = )|z -yl (x, v) HL%y (Hardy’s inequality)
<{V)Ta g2 [ (vxa) (@)l s T1 (2, y) | 2o r2,,  (Holder’s inequality)

ST 22 [ Cox) (@)l s [(Vay)Ta (2, 9) |22 22, (Sobolev inequality).

-y x+y

O

Case II and III involve Strichartz norms defined in Definition 2.11, which are
basically derived from estimates of the linear parts for Equation (2.39) and (2.40),
where vA is excluded from the linear part of Equation (2.40). In order to handle
the singular term vA in Equation (2.40), we do not include the endpoint case of the
Strichartz norms for A. For the application to the local well-posed result Theorem
2.15, it suffices to put the forcing terms F (¢, z,y;v) and Fy(¢,2z,y;v) in L} H', and
(Vay)(vA) in the dual Strichartz space Lng/_E;L% +y- The involved estimates are

summarized as

Lemma 4.5. Let I'(t,x,y) and A(t,z,y) be solutions to the linear equations

Zatr(taxvy) = (_ACE + Ay)r(t,l’,y)
. teR, x,yeR3,

(-A; - Ay)A(tv z,y)

{ at‘/\(ta z, y)
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with the initial data

F(O,.’E,y) :Fo(ﬂj,y) and A(O,.’E,y) :A0($7y)7

then for any s € R, the following Strichartz estimates hold

ITCt 2, 9) [sre S Lo, y)|us and AL 2, y)|sze, S (Ao, 9)|ms (4.14)

Furthermore, if U'(t,z,y) and A(t,z,y) are solutions to the inhomogeneous equations

P10 (t,z,y) = (A + A)L(t, z,y) + F(t,2,y)

Z8t‘/x(ta x??*/) = (_Ax - Ay)A(thay) + G(ta x,y)

where t € R, z,y € R3, then for any s,T € R,

ITC 2, 9) sz S [ToCe, ) as + (V) F (& 2, 9) | i oyme)

and

1A 2, 9) | s7s. S Ao, y) s + [(Vay ) Gt 2, y) | L2 i (10,1700 -

or

Az, 180 0+ 1Tas) Folt 2] o 12 ooy

Proof. Since (V,)*(V,)* commutes with operators in the linear equations, using for-
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mulas for the solutions of the linear equations and the Strichartz estimates [KT98],
we obtain the estimates (4.14). Then the inhomogeneous estimates follow from the

Christ-Kiselev lemma [Tao06, Lemma 2.4]. O

As an application of Lemma 4.5 to Equation (2.40) and Proposition 4.19 the

Morrey’s inequality for Banach spaces, we have

Lemma 4.6. Consider the equation

P10t x,y) = (A - AY)A(L,z,y) +v(z —y)A(t,z,y) + F(t,x,y)

A(t7 Y, .fL') = _A(ta xz, y)

where t € R, z,y € R3, and the initial condition A(0,z,y) = Ao(x,y), for sufficiently

short time T such that

1
C’max{T, TE/4}HUHM < 5,

where C' is a universal constant, then the solution A(t,z,y) satisfies the estimate

‘|A(t’x7y)”N2T S ||A0($7y)HH1 + HF(thay)”L%Hl([O,T]x]RG)' (415)

Proof. Treat v(x —y)A(t,x,y) as a forcing term and apply Lemma 4.5,

HA(t’ Z, y) ||N2T S ||A0(ZL‘, y) HH1 + H<v$,y> (U(:L’ - y)A(t7 Z, y)) ”Lng/_5yL2+y([0,T]xR3xR3)

x

+ [ F (¢, y)HLtlHl([o,T]fos),

and the goal is to absorb ||(V,,) (v(z —y)A(t, z, y))||L?L2/_5yL§+y [0.7]xE5xps) 1O the left
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hand side.

Note that ||(V,,) (v(z - y)A(t, a:,y))||L?Lg/5 12 ((or]wrsxgs) 1S majorized by

—yTxty

”U(l’ - y)A(t, Z, y) ||L?L?c/—5yL§+y([07T]XR3XRS)
+ H (VU(I - y)) A(t7 Z, y) ”Lng/_syLi+y([0,T]XR3xR3)
+ HU(SC - y)va(ta Z, y) ”LELS/,syL2+y([O,T]xR3><R3)

T

+ Hv(x - y)vyA(t’ Z, y) HLng/fyLQw([O,T]xRi‘xRif)’

x

where |[(Vv(z —y))A(t,x,y)HL?Lgésng+y([07T]xR3xR3) is the most singular term. For
simplicity, we only state the argument for (Vv(z -vy)) A(t,z,y). Considering the

decomposition of v as vy; and vys, terms involving vy, are essentially bounded by

) (ox2) | s TIACE, 2, y) || e a1 (f0,77xm8)

and the terms involving vy; can be estimated as follows,

H V(UX1)(x - y)A(t7 Z, y) HLng/,SyLier([O,T]xR?’xRi”)

A2z,
o=yl

:vaxl)(x—y>|a:—y|<1-€>/2

L2155 ([0,T]xR3)

o O L [ (el [ P | ey

vl L2187 ([0,7]xR3)

(by Proposition 4.19 and |A(t,z,2)| .2 = 0)

< H V(vx1) |33|(1_6)/2 HL6/5 T [{Vay) AL, 2, y) | LG ILE+N 2 ([0,T]xR3xR3)

(Holder inequality in t).
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Therefore, for sufficiently small T' such that C max{T, T*}|v| < 1/2, where

C is essentially the constant shown in Morrey’s inequality,

” (vx,y> (U(ZE - y)A(tv Z, y)) HLng/_5yL§+y([0,T]xR3xR3)

is absorbed to the left hand side. O

According to Lemma 4.5 and 4.6 , for Case II and III, it remains to esti-

mate |Fy(t,2,y; U)HLtlHl([O,T]x]RG) and |Fy(t, z,y; U)HLng([o,T]xRG) by ”F(t)“Nm and
IA(t)] nyp- Similar to Lemma 4.4, the result is still stated in terms of corresponding

bilinear maps B; and Bs.

Lemma 4.7. Let w;(t) be states associated with correlation functions (I';(t),A;(t))

1=1,2, for any T e R,

| Bj (w1 (£),w2(8):0) | 1 srs o ymey S (L5 +T) [0l aron (8) | g lwa () g = 1,22

(4.16)

Proof. For simplicity, we omit the notation ¢ of I';(¢) and A;(¢), j = 1,2 for the time

being. The estimates (4.16) are the summaries of the following results

(a) Estimates involving pr * v:

(a.1) |[or, * U7F2]||Lt1H1([o,T]xR6) and (a.2) [[pr, * U7A2]+HLt1H1([O,T]xR6)

S((havel s, +lval s, ) T8+ (IeVole + Joxe =) T)
T Il v
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(b) Estimates involving v:

(b.1) s, Laloll o g rorpxmeys (0-2) 1A A Toll 2t oo

(b.3) H[FlvAQ]U*'HLlHl( [0,T']xRS) and H Ay, Ty U+HL1H1([0T]xR6)

4+e

i T+ Joxal 2 T +||UX2||L°°T) IT3 v [ T2 v

2+e/2

< (loal,

Since the proof of (a.2) is essentially the same as (a.1), we demonstrate the

argument for (a.1) only. Considering two typical terms

|V o (pr, *v)o FQHL%([O,T],LQ) and | (pr, *v) Ty ||Lt1([0,T],L2)

n (a.1), we have estimates

[V o (pr, *v) o Tall 11 o.7),22)
< [v(pr, * v)ly ||L1L2( orpxre) [ (ory * 0)(2) Voo (x, y)”L1L2( 0,T]xR6)

< [V(pr, * v)I ’|Lt1L2([0,T]><R6) + | or, * UHL}L;o([o,T]xRS) HFQ(%y)HLle([o,T]xRG) ,

and

[ Cory * 0)P2l L1 ror,22) < lory * vl L o,r1.0p) T2l Lo (0.7.2)

< |lpr, * U“L%L;"([O,T]XRS)HF2HL§°H1([O,T]XR6)7
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where the potential v is handled as in the proof of Lemma 4.4,

lpr, * U“L,}L;o([o,T]xRS)

€
<foxall s, T ler, HL;_IM L oy T loxal LTI T1 | L (fosr1,21)

and

IV (pr, * U)F2HL}L2([0,T]xR6)

<[ (pr, * (x1Vv)) Iy ||Lt1L2([0,T]xR6) + [ (pry * (x2Vv)) F2HL§L2([0,T]xR6) : (4.17)

In (4.17), we estimate |(pr, * (x1Vv)) F2||L}L2([0,T]xR6) using the functional inequal-

ity,

[Cory * (x2VV)) ol 111210, 79xrsy < X2V Lo TIT1 | Lo o,77,20) T2 £ 10 0,700
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and estimate |(pr, * (x1Vv)) s HL%LQ([O,T]XRG) as follows,

I(pr, * (x1V)) F2HL}L2([0,T]x1RG)
<lpre+ CaVo)l s qoryersy 1122 Y) | e 2 22 (f0.17xm3<R3)

(Holder inequality in x and t)

L, E/4L”3E/2([O,T]xR:s)H(vx)F(x’y)||L§°L2([07T]xR6)

(by Young’s inequality and Sobolev inequality)

T

pr | LF b, i (07} IT2 | e mr1 (10,77 xR5) -

Assembling above estimates,

Ipr, *v,Ts] HLtlHl([O,T]xRﬁ)

)r

$(bavel s, + ol

3-¢/2

Lz 6/2 3 )”F2 ”L‘t"’Hl([O,T]xRG)

1 5/4 1+e/2 ([07T]><R3

+ (Ix2Vollze + [oxalle=) TIT | 2= o1, I T2l 22 10 0,77xm0)

which implies (a.1).
Considering all terms in group (b), they share similar structures and can be

handled in the same method. For simplicity, we only show the proof for

1wl )T2 | L2 a1 (0,17 ms)
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n (b.1). Note that

| (vl HLtlHl([O,T]xRG)

NH(Url)FZHLl [0,7],£2) HVO(Url)FQHLl [0,77],£2) H(Url)FZOVHLl [0,7],£2)

and H(vI‘l)FQHL%(mTLLz) is majorized by H(UPl)FQ“L%([QTLﬁl), whose estimate is
shown in Lemma 4.4. Tt remains to estimate V o (vI'1)I'y and (vI'1)T'50 V.

Based on the observation that for an operator k,

[V,vk] =V (vk) - (vk)V
=V (v(z -y)k(z,9)) + Vy (v(z - y)k(z,y))

= v(z - y) (Vok(a.y) + Vyk(2,9)),

the estimate for V(vI';)I'y reduces to

| TV 1 o.7),22)

+ fRS dz (v(x - 2) (Vel'1(2,2) + V.I'1(2,2))) Ta(z,y) (4.18)

L}L2([0,T]xR6)

Next decompose the potential v as vyx; and vys. By the triangle inequality, there
are four terms in (4.18) to estimate. The terms involving vy, are relatively easier

to handle and we have estimates

H(UX2F1)VF2HL1 [0,7],c2) < H'UXZHLWTHHHLle 0T]xRG)HF2H%g°H1([0,T]xR6)
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and

H/H‘QS dz (vx2)(x = 2)V.I1(x, 2)Ta (2, y)

L} L2([0,T]xR6)

<Joxa| =TT H%;”Hl([o,T]x]Rﬁ) |2 Hi;”Hl([O,T]x]RG)‘

For the other two terms involving vy,

H[RS dz (vx1)(x = 2)T1 (2, 2)V.Ta(2,y)

L1L2([0,T]xR6)

<|| [, dzloxl()ITs @2 - 2)9.Taa = 2, ) s
= Li([0T])
(Minkowski inequality)

< / dzlvxa|(2)[Ta(z,z = 2)| s VLo = 2,9)] o
R 2 B L oy
(Holder inequality in x)

< s TY4T - : r

<loxall o, T (22 Z)”Lg%L;-i/?L;-i/z([o,T]xu@st)”vx 2(5’3’y)‘|L3%LﬁLg([o,T]stst)
(Holder inequality in z and t)

_ . l/4 ,

loxall 75, T ”Fl(x’Z)HLg%L;i/?L;i/Q([O,T]szsng)HVJZFQ(I’y)”LtﬁLﬁLg([o,ﬂxRSxR%
(by Fubini’s theorem)

< TV (v.)l r

N”UXl”mfé/z 1{v-) 1(%Z)”LﬁL;}émLg([o,T]ersxRa)”vx Q(x’y)||L?%L%%L§([O,T]XR3xR3)

(Sobolev inequality),
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and similarly,

H ng dz (vx1)(z - 2) VoI (z, 2)a(2,y)

L1L2([0,T]xR6)

<|| [, dzloxal (Vs (= e - 2,1z,

Li([0,T])

(Minkowski inequality)

< [RSdz|vX1|(z)HVxF1(xa$—Z)” 12

L4+£

Lo -2l 2,

L o)
(Holder inequality in x)
S [ dz|oxal(2)|Vals(2 2 = 2)] g2 [VaT2(,y)] g2
R3 :1,‘ Lfl Ll
071
(Sobolev inequality)
4+e
< T8 |V, r
HUX1H d2 Vol (2,2 - 2) EA % ;1—2([0:” R3XR3)HVm 2(1’79)‘LtgLﬁ%Lg([ovT]xmeB)
(Holder inequality in z and t)
4+e
wwqu%wwuwwf & tompny VD@ )
vela(z,y)] LEd (Fubini’s theorem).

- L 2([0,T]xR3xR3)

]

With all the ingredients, the proof of the local well-posedness Theorem 2.15 is

as follows

Proof. Given T =Ty and Aj = —A, if ['*(¢) = ['(t) and A*(t) = —/:\(t), after applying
the Duhamel’s formulation (2.51) to (f‘(t), ]\(t)), the result (I'(¢), A(t)) still satisfies

[*(t) = T(t) and A*(t) = —=A(t), and F}(t;v) = =Fi(t;v). By Lemma 4.3, 4.5 and
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4.6, for sufficiently short time 7', we have that

[T 3 + [AG Inar $ [ Toller + 1F (& 0) g oo

+ HFl(ta$7y;v)HL,}H1([O,T]><]R6) + HF2(t,flf>y;U)HLng([o,T]xM)-

Then employ Lemma 4.4 and 4.7,

€ ~ ~ 2
[F1 (), o0 S (T5+T) [olar (IT@) |xr + 1A | nr)

€ ~ < 2 .
|55t g3 0) | aa orpersy S (75 +T) [olar (1T vz + IAD o)™, =12
If necessary, choose a smaller T" such that
€ = " 2
(T5+T) [vlar (IPE v + [AE) | 32r)

is small enough and the local well-posedness result follows from the standard Banach

fixed point argument. m

4.4 Smooth Potential Case

Given any smooth initial data, if we can always obtain a smooth solution of
Bogoliubov-de Gennes equations (2.43) and (2.44), it is straightforward to show the
conservation of trace of and the conservation of energy. However when the potential
v is not smooth, due to the singular term v(z — y)A(t, z,y) of Equation (2.44), the

high regularity of initial data may not be preserved by Equation (2.43) and (2.44).
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Therefore in this section, we assume the potential v in the Bogoliubov-de Gennes

equations is smooth, i.e.

7eC>®(R?), o(z)=9(-z) and wv(z)eR for zeR?,

and recall that the equations are

i0 (1) = [A,T()] + [0 % prey, ()] - [T'(2), T(£)]s + [A(), A" (1)];, (4.19)
Fi(t;0)
10 (1) = [=A, A@®)]+ + (DA) (1) + [0 % pre, A®) ]+ = [T(#), A) Jo.s = [A®), T (1) 5. -
F2é§5)
(4.20)

The corresponding integral equations are

. . t . .
F(t) — ezAtroeﬂAt - f ds ezA(tfs)Fl(S; ,a) esz(tfs) (421>
0

. . t . .
A(f) = €D Aged — f ds 209 (FA)(s) + Fy(s: 5)) €209, (4.22)
0

In the smooth potential case, we are able to prove the regularity of initial data is
preserved by Equation (4.19) and (4.20), and the conservation of trace and energy
by using smooth solutions.

The outline of our proofs is as follows: we first establish the local well-
posedness result Proposition 4.9 of Equation (4.19) and (4.20), and show that the
quasi-free conditions of the initial data are preserved along the evolution (Lemma

4.12). Based on Proposition 4.9 and Lemma 4.12, using a Gronwall argument, it
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follows that the existence time of local solutions depend on the trace norm of I'(¢):
as long as |['(t)|: is finite, Equation (4.19) and (4.20) with initial data in S,q
are well-posed. While the conservation of trace basically follows from applying the
cyclicity property of the trace functional to the Duhamel’s formulation. Besides if
(T(t),A(t)) € Sua , T'(¢) is self-adjoint and positive , then Tr(I'(¢)) = |[T'(¢)] . and
we can extend our local solutions globally. In the end, we use the smooth solution
(I'(¢),A(t)) of Equation (4.19) and (4.20) and compute explicitly the time deriva-
tive of the energy functional. The time derivative vanishes identically. Therefore
the energy is preserved.

The local theory (Proposition 4.9) of Equation (4.19) and (4.20) is established
as an application of the standard Banach fixed point argument to the Duhamel’s

formulation (4.21) and (4.22) together with the auxiliary Lemma 4.8.

Lemma 4.8. Let w; be states associated with correlation functions (I';,A;),7=1,2,

for any s >0,

we) (T2

|Bj(wi,w2; D) pon S [0llwsiee (1] 2o + [ A cor + [Ae|ms), j=1,2.

For any A € H3(R%),

[oA s S ICV)* 0] o | Al -

Proof. For simplicity, we only argue for the terms © * pp,I'y and (9A;) Aj. Other

terms in the bilinear maps B; and B; can be handled similarly. Using the operator
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inequality, the trace theorem and the Holder inequality for Schatten norms,

[{¥)* (@ % pr, T2) (V)*] 1 < (V) (0% o) (V)2 (V) T2A V)] 1
< [{9)* (@ * pro) | = [V To{V)°] 22
<[(V) 0l lor, |2 (V) T2{)] 21

<[{9)Y 0l [Tafer (V) T2{ V) -

and

[{7)* (@A) A3) (V) r < [{V)*(0A1) [ 22 A5(V)° | 2

< [0 weee | A4

As|

s us (by the fractional Leibniz rule).

]

Notice that || Bs(wq,ws;v)

£s1 majorizes || Ba(wq,ws; )| gs, which needs to be

controlled when applying the Banach fixed point argument to Equation (4.20).

Proposition 4.9. Let s > 0 and assume the initial data of the Bogoliubov-de Gennes

equations (4.19) and (4.20) satisfy

FO € Es,l and AO e H®.

For sufficiently small time T, there is a unique mild solution (I'(t), A(t)) of (4.19)
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and (4.20) such that

L(t)eC([0,T],£%"), A(t)eC([0,T],H*).

Furthermore, if s > 2,

I'(t)eC([0,T],£5)nC* ([0,T],£57%Y), A(t) e C([0,T], H*)nC* ([0, T], H*?).

The space S,4 has a nice structure and any matrix in S,4 can be approximated

by smooth matrices

Lemma 4.10. Let

Sw = € Sadv
then there is a sequence of modified quasi-free states w, with

P,I'P, P,AP,
Sen =

n

P,A*P, 1-P,I'P,

where P, = 1jy|<, is the truncation of frequency, converging to w in the sense S, —
s,1
S, in the strong operator topology. IfI' e L51, A e H® and s >0, P,I'P, T and

PAP, oA

Proof. To verify that S, satisfies Condition (2.37), since B, = P, and P* = P,, it

is straightforward to check S, +J95,,J =1 and S =S,,. Asfor 0 < S, <1,
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choosing f,g € L? (R3),

flir P.f | Puf
{swn | Hs , (1= P)g. (1= P)g) < |Paflie + gl

The convergence follows from the property P, f A f, feL?(R3). O

Remark 4.11. In the subspace of S,q where S? = S, one can approximate S using
matrices within the subspace. However the approximation is not linear and depends

on the Pin group representation (Proposition 6.20).

For any

Sw = € Sad7

the functional inequality 1> S, > 0 is equivalent to S, — S2 > 0, which implies
[-T?-AA*>0. (4.23)

Following the same idea as [BSS18, Section 5.7.1.|, if I'(¢) € £2! and A(t) € H?,
along Equation (4.19) and (4.20), the spectrum of the generalized one particle matrix
Su() is preserved, where the state w(t) is associated to (I'(t),A(t)). Therefore if
the initial state wy is quasi-free, then w(t¢) remains quasi-free as long as Equation
(4.19) and (4.20) are well-posed. The statement is summarized in Lemma 4.12 and

the proof is given in the appendix.
Lemma 4.12. Let (I'(t), A(t)) be the solution to the Bogoliubov-de Gennes equa-

119



tions (4.19) and (4.20) such that

L(t)eC([0,T],£2)nC*([0,T],£"), A(t)eC([0,T],H*)nC"([0,T],L*),

where T'> 0. The spectrum of

@) A)
Se(t) =
A(t) 1-T(t)
does not change on t € [0,T]. Furthermore if (I'(0), A(0)) € Sua, (T(t),A(t)) € Sua

fortel0,T].

Once (I';A) € Suq, I’ must be a non-negative operator and the trace norm of I'
is related to the Hilbert-Schmidt norms of I' and A as shown in Lemma 4.13. The

fact is crucial in our global theory.

Lemma 4.13. Suppose (I',A) satisfies (4.23), T* =T and A* = -A, then

[AN + T s [T

Ls:1.

Proof. Let A € H*, " € £51, according to the functional inequality (4.23), we have

the following functional inequality on L? (R3),

(V)T(V) = ((V)'T) o ((V)°T)" = ((V)*A) o ((V)°A)" 2 0.
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Besides,

I'*=T
= Tl ~ (V) Tllgz, and [A] s ~ [{(V) Al 2
A =-A
we obtain the desired result. O

As shown in Lemma 4.13, if a solution (I'(¢),A(t)) of the Bogoliubov-de

Gennes equations (4.19) and (4.20) is quasi-free, to study how |I'(¢)

csa and ||A(t)]

HS
grow in time, it suffices to consider |I'(¢)| zs1 only. By a Gronwall argument, it fur-

ther reduces to the problem of studying the growth of |I'(¢)| 1.

Proposition 4.14. Let s >0 and for t € [0,T], (I'(t),A(t)) € Suq be a solution to

the integral equations (4.21) and (4.22), then

IT()

o1 < To

o1 €XP (Csf[ 0w (1+ T (@) 1)) -

where Cy is a constant depending on s.

Proof. Applying the Minkowski inequality and the fact that e?4t is a unitary operator

to (4.21)

t
[T o < |!Fo|z:s,1+f0 dr [ Fy(750) ] gon - (4.24)

To obtain a fixed time estimate for F}(¢;?), using the same proof of Lemma 4.8, we
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have

[ (@A) (1)A(t)

~ 2
or S [Ohwee A s

[ (@) (#)T()

~ 2
o1 S [Ollwe [T(E) s

Ls:1.

o1 <[ 0fwee [T (@) 22 |T(2)

[ (v * pry)T()

Majorizing [A(#)[%. and [A(£)[7. by |T'(%)

rs1 (Lemma 4.13), we obtain the esti-

mate for Fy(t;0),

| Fy(t;0)

o1 < Cslo]lweee (L4 [T(@)] 22) [T(2)

L1,

and apply it to (4.24)

() et [ar ol (14 0@ 1)

ﬁs,l S HFO

Es,l.

Then the result is an application of the Gronwall’s inequality. n

The trace of I'(t) is preserved, which follows from the application of the cyclic-

ity property to the Duhamel’s formulation.

Proposition 4.15. Suppose for t € [0,T], (I'(t),A(t)) is a solution to the integral

equations (4.21) and (4.22) and

I'(t)yeC([0,T],£"), A(t)eC([0,T],L%),
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then the trace of I'(t) does not change on t € [0,T].

Proof. At any fixed time ¢ € [0,T7],

. . t ' .
TI"(F(t))=Tr(elAtFoelAt—z‘ f dse@A“s)Fl(s,@)em(ts))
0

t
=Tr(Ty) -4 f dsTr (Fi(s,0)) (cyclicity of trace),
0

where

Tr ([17 * prey — 01(t), F(t)]) =0, (cyclicity of trace)

and

Tr ([A(2), A*(1)]5)
2/]1%3 dx /]1;3 dz (0(x = 2)A(t,z, 2)N (t,z,2) —0(z — 2)A(t,z, 2)A*(t, 2, 2))

=0.

Therefore for any ¢ € [0,T'], Tr (I'(t)) = Tr(Ly). O

Combing all the above results, if we assume the initial data (I, Ag) € Sua
and sufficient regularity of I'y and Ay, ||I'(t)|zs1 does not blow up at finite time.
Therefore the solution (I'(t),A(t)) to Equation (4.19) and (4.20) is global. The

exact statement is

Proposition 4.16. Consider the Bogoliubov-de Gennes equations (4.19) and (4.20)
with the initial conditions T'(t = 0) = Ty and A(t = 0) = Ay, where (I'g, Ag) € Sua-
Let s > 2, for arbitrary finite time T € R, there is a global mild solution (T'(t),A(t))
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existing on [0,T] such that it satisfies all following properties
(i) D(t) e C([0,T], L) nC* ([0, T], £57%1),
(1) A(t) e C([0,T],H*)nC*([0,T], H*2?),
(11i) (T(t),A(t)) € Suq fort€[0,T],
(iv) Tr(T'(t)) = Tr(Ly) forte[0,T].
Next we establish the conservation law of energy.

Proposition 4.17. Let t € [0,T], T € R, I'*(t) =T'(t) and A*(t) = -A(t),

I'(t)eC([0,T],£%)nC*([0,T],£*") and A(t) e C([0,T], H*)nC*([0,T], H?),

and T'(t) and A(t) satisfy the Bogoliubov-de Gennes equations (4.19) and (4.20),

then

Epc(w(t):9) = Epa(w(0);8), te[0,T].

Proof. Differentiating the energy functional Egg(w(t); ) with respect to time ¢, for
simplicity, we omit the notation ¢ and the result is the constant —¢ times the sum of

the following expressions, which are arranged in three groups
(a) Tr(-A[-A,T7) + Tr((pr * 8)[pr * 0,T]) + Te((20)[3L, T]);
(b) (b.1) Te(-Afpr *3,T1) + Te((pr * 9)[-A,T]),
(b.2) ~Tr(~A[I,I]) - Tr((31) [-A. '),

(b.3) =Tr((pr * v)[oT,T']) = Tr((oT')[pr * 0,T']);
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(c) (c.1) Tr(=A[A, A*]g) + 5Te([-A, AL (A7) = 3 Tr((9A)[-A, A7),
(c.2) Tr((pr * v)[A, A*]5),
(c:3) 3Tr((DA) (A7) - 5 Tr((FA) (9A7)),
(c.4) 5Tr([pr * 0, Al (0A%)) = 5Te((DA)[pr * B, A]1),
(c.5) =Tr((?1)[A, A*]5) = 5T ([T, Al (9A%)) = 5Tr([A, T5,. (9A%))

+3Tr((@A)T, AL L) + 3 Tr((BA)[A, Tls.4).

In the calculation, we used the observation that for two operators k; and ko,

Tr((pr, * 0)ke) = Tr(ki(pr, * 0)) and Tr((0ky)ks) = Tr(ki(vks)).

Even though —A is not a bounded operator, by a limiting argument, as long as
[ e L41) the cyclicity of trace holds for every term in (a) and we are able to move
—A around. Then every term in (a) vanishes. Each pair in (b) is zero, because of

the cyclicity of trace and the formal identity

Tr(A[B,C]) + Te(B[A,C]) = 0.

To show that every subgroup in (c) vanishes, we simply expand the expression and
do cancellation. After cancelling duplicate terms and expressing results in integral
forms, we are able to see that (c.2) (c.3) and (c.4) are zero. As for (c.1), we need
to further use integration by parts. For (c.5), we need to further use the conditions

that I'=T"* and A* = -A.
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Therefore the time derivative of the energy functional E(w(t);?) vanishes

identically and we obtain the conservation law of energy. O]

Finally, we are able to prove the main theorem about the smooth potential

case.

Theorem 4.18. Suppose v € C=(R3) and v(z) = v(-x) for x € R3, and the initial

data (T, Ao) € Saq (the associated state is wy) satisfies

FQ € El’l and AO € Hl,

there is a global solution (I'(t), A(t)) (the associated state is w(t)) to the Bogoliubov-

de Gennes equations (4.19) and (4.20) such that
(i) T(t) € C (R, L) and A(t) € C (R, H);
(ii) (D(t),A(t)) € Suq for t € R;
(i7i) TrHI(#)) = Tr(To) for t € R (conservation of trace);
(iv) Epc(w(t):7) = Enc(wo; B) for t € R (conservation of energy).

Proof. According to Lemma 4.10, let {(I'x, Ako)} oy be a sequence in S, converging

to (I'p, Ag) in the sense

1,1 1
4,1 4 L H
Lo LY, Apoe HY, T'ygo —— Lo, Ao —— Ao.
k—oo k—o00

By Proposition 4.16, there is a sequence of global solutions (I'x (%), Ax(%)) to Equa-
tion (4.19) and (4.20) satisfying I'y(t = 0) = I'yp and Ag(t = 0) = I'yy. By Proposition
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4.15, 4.16 and 4.17, solutions (I'x(t), Ax(t)) satisfy all conditions (i) ~ (iv).
Using the local existence result Proposition 4.9, the solution (I'(¢), A(t)) exists

on [0,T'] for some T'. Next we show
Lt Hl

uniformly. Applying Lemma 4.8 to the difference of the Duhamel’s formulation

(4.21) and (4.22) for (T4 (t), Ax(t)) and (D(£), A(t)), we have

ITe(t) = T(E) | ra + | Ak(t) = AE) | 1
SITko = Tollz1a + | Ako = Ao
+ [Tl [Otds ((IT(s) =T ()l cra + [Ax(s) = A(s) ) (T () | + [A(S) [ 71)

+ (ITe(s) [err + [Ar() ) (T (s) = T(8) [ crr + [Ar(s) = A(s) 1) -

By (i1) and (iv), |Tx(t)]z11 + |Ar(t)] 1 are uniformly bounded by the energy and

the trace on t € R. Thus for t € [0,77],

ITk(@) =T @) 10+ [Ae(t) = A [ 1
SCl (”FkO — F()H[:Ll + HAkO - AOHHI)

+Cy [ ds (ITk(s) = T5) v+ IAu(5) - A L)

where C; and C5 are constants. After applying the the Gronwall’s inequality, we

obtain the uniform convergence of (I'x(t), Ax(t)) to (I'(t),A(t)) on t € [0,T], in the

127



sense

Du(t) = T(1), Ax(t) == AQ).

Since all conditions (i) ~ (#v) are continuous with respect to the norm £%! on I’
and the norm H! on A, over the interval ¢ € [0,T], (I'(¢),A(t)) satisfy all of the
conditions. In addition, the trace and the energy majorize the £%! norm of I'(¢).
Therefore conditions (éi7) and (iv) imply that |I'(¢)] 11 stays bounded in time and

we extend the unique mild solution (I'(¢), A(t)) globally. O

4.5 Global Result.

In this section, we prove the main theorem 2.16.

Proof. Let {v;} be a sequence of potentials in C¢°(R?) such that v;(z) = v;(-x) and
vj(z) >0 for x € R? and the sequence converges to v with respect to the norm |- | .
Such sequence can be obtained by truncating and mollifying v. We evolve the initial

data (I'g, Ag) by the Bogoliubov-de Gennes equations with potential v;, i.e.

10, L(t) = [=A, L) ]+ [vj * pry, F@O] = [T(1), T(#) ], + [A®), A" ()],

Fy(t5v5)

F9A(E) = [-A, A, + (A) (1)

+[vy * pre, AL = [D(1), AM)],, . - [AB).T@B)], .

Fo(t;v;)

and denote corresponding solutions by (I';(¢),A;(t)) (the associated state is w;(t)).

By Theorem 4.18, (I';(t),A;(¢)) exist globally and satisfies (¢) ~ (iv).
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Using the local well-posedness result Theorem 2.15, (I'(¢), A(t)) exists over
[0,T] for some T. Applying Lemma 4.4 and Lemma 4.7 to the difference of the

Duhamel’s formulations for (I';(¢), A;(¢)) and (I'(¢), A(%))

Joo; () = w() Iy $ (75 +T) (e (8) = (&) [z lws g 0711

@) welw;(t) = w () g vjl s+l 13 Jvj = vllar)

Since |w;||n, and |v;]a are uniformly bounded, for sufficiently small T', we can
absorb the first two terms on the right hand side of the last inequality to the left

hand side and obtain
1
§||wj(t) —w(t)|ny < Clvj —v|a for small T,

which implies that w; () £> w(t).
J—=>0
The condition of a state being quasi-free is on the level of operator norms.

While the norm N7 includes the Hilbert-Schmidt norms

Iz o122y and  [A(®#) | e (o.17,22)

which are stronger than the operator norms. As w;(t) converges to w(t) in Ny, the
quasi-free condition passes to the (I'(t), A(t)).

The trace is continuous to the trace norm of I'(¢), which is included in the
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norm Np. Therefore
Tr(Ty) = ]}Lnolo Tr(T;(¢)) =Te(I(¢)), te[0,T].
At the initial time, since I'g € L and Ag € H!, it is clear that
Jhglo Epal(wo;vy) = Epa(wo;v).

However it requires extra work to show the convergence of energy for other times.
By Lemma 4.13, if (I'(t),A(t)) € Saa, [|A|3: + |T[%: S T[22, but the reverse
inequality | T'[[z11 S [A[%: +[T[3;: is not necessarily true for general quasi-free states.
Therefore the convergence of wy(t) to w(t) in Ny does not imply the convergence
IT;(t) = T(t)] ze=o.77,c1:1y = 0. In order to show that the property (iv) holds for
w(t) and I'(t) € L1 for t € [0,T], we split the total energy E(w;v) into E;(w(t);v)

and Ey(w(t)):

Ey(w(t);v) = % {=Tr ((D)(OT"(#)) + Tr ((vA) (A" (1)) }

Ey(et)s0) = Te(APPT @AM + 5 [ dudyo(e - y)or(@)orn(y).

Employing the fixed time estimate for |[(vD')(¢)T*(¢) |z and |[(vA)(£)A*(t) ]z (see

the proof of Lemma 4.4),

[@DYOT* (D) er $ vl o, and  [(WA)OA @) S [vlalw®]F, .
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we obtain the convergence for the E; part
lim By (w; (£); 07) = Br(w(t);0)-

The proof of the convergence of the Fy part and I'(t) € L1 depends on the observa-
tions that I'(¢) is positive, v;(x) > 0,v(x) > 0 for x € R3 and pr¢)(«) > 0. It consists

of the following two steps

Step 1 |A]'2T(¢)|A]'/? is well defined. Since I';(t) converges to I'(¢) in operator norm,

for any f,g e H' (R3) with | f|z2 = |gllzz =1

lim (JA[V2T;(8)|A[M2 £, g) = lim (T;(0)|A]2 £, |A[2g) = (DA ,1A]?g) .
J—>o0 j—>o0

And we have the estimate

(IA[2T;(0IA[2, g)]
<AL O[] 2 = Tr (JA[2T;(DIA[?)

<Epa(w;(t);v;) — Br(wj;vy) = Epal(wo; vj) — Er(w;(t);v;)
Therefore as j — oo,

[(COIAIMfA[2g)] < E(wo;v) = Ex(w(t);v) (4.25)
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Since [w(t)|n, < 00, |A[Y2T(¢) is well-defined,

(COIAIM2£,1A[2g) = (IAT (1) A, 9)

Because g is arbitrary and H' (R?) is dense in L? (R?), the boundedness (4.25)
implies that |[A|Y2T(¢)|A|/2f is well-defined and bounded. Furthermore f is

arbitrary, |A['2T'(¢)|A]'/? is a well-defined bounded positive operator.

Step 2 Ex(w(t);v) = Epa(wo;v)—Er(w(t);v) and T'(t) € LY. Let {f;}ien € H (R3) be
an orthonormal basis of L2 (R?). Since v;(x~y)pr, ) (2)pr, @) (y) converges to
v(z—y)pru)(x)pre(y) pointwise (at least there is a sub-sequence of {w;(t)}jen

satisfies the requirement), using the Fatou’s lemma,

lim sup F(w;(t);v;)

j—oo
. 1

zhmsup (Z <|A|1/2Fj(t)|A|1/2fi> fi) + 5 /RG dxdy Uj(ﬂf - y)ﬂrj(t)($)/0rj(t)(y))
J—=oo €N

< 3 limsup (I (0|A1 , |A[2 ;)

ieN  J—oo

1 .
+ 3 /};{6 dzdy limsup v;(x - y)ij(t)(x)Prj(t)(y)

j—o0

- Z <|A|1/2F(t)|A|1/2fi’ fi) + % [RG dxdyv(z —y)pre(z) pray (v),

€N

and similarly,

ieN

1
" 2 [Ra dzdyv(x = y)pre () pre (v)-
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Therefore

S {IAMT ()| A 1, fi) +%fRG dxdyv(z —y)pre) (2)pre (v)

€N

=Epa(wo;v) — Ea(w(t);v),

and |A[Y2T(¢)|A|'2 € L' using the property of bounded positive operators

[Sim05, Theorem 2.14].

The total energy E(w(t);t) bounds [|A['2T(¢t)|A'/2| s since the potential
energy part is non-negative. Given fixed time ¢, if I'(¢) is of trace class and positive,
it can be written as I'(,z,y) = Yy Aifi(2) fi(y) for some orthonormal basis { f; }iex

of L2 (R3) and A; > 0, and we have the pointwise inequality

prey () prey (y)
; (z Ai|fi|2<x>) (z Az-|fz-|2<y>) > (z Ai|fi|<x>|fi|<y>)
2T (¢, 2, y).

Thus the sum

|, dzdyv(@ =) (pra@)pra ) - TP .)) >0,

and the potential energy part of the total energy is non-negative. Therefore we can
bound |T'(¢)| z1.1
IT(t)| 1 < Tr(T(t)) + Epa(w(t);v).
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So far we have shown that (I'(¢),A(t)) satisfies (i) ~ (iv) over the interval
[0,7]. Using the uniform boundedness of |I'(¢)|z11, we can extend the solution
to an larger interval and repeat the same argument. Furthermore |['()| 11 stays
bounded in time, repeating the process, we extend the solution (I'(¢),A(t)) over

R. O

4.6 Appendix

The proof of the Morrey’s inequality for Banach spaces is based on the classical

argument for the scalar case [Eval0, Chapter 5, Theorem 4].

Proposition 4.19 (Morrey’s inequality). Let u e C!' (R" x R™) and p > n. For every

x e R" u(x,-) is valued in a Banach space with norm B. Then

|ulcommn,By Snp [ulwir e, By, (4.26)

where vy =1-n/p.

Proof. 1. Control the oscillation of u in a neighborhood by Du, i.e. for any x,y € R®

] - 1 | Du(z +y, )| 5
u(r+y,7) —u(r,)||pdy < f dy, 4.27
Fo My D) - Dlsdys o5 [ SRS, o)

where a(n) is the area of the unit sphere in R™. To show (4.27), by the fundamental

theorem of calculus,

1
u(r+y, ) —u(x,z) = f Du(x + sy, T) - yds.
0
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Using the Minkowski inequality for a Banach space, we have

1 1
Ju(a +.3) - u(e,D)g < [ [Dula+sy.) ylpds< [ |Dute+ sy |slylds

Integrating the inequality over the sphere 0B,(0), where 0 < p <7,

u(z +w,7) —u(x, )| pdw
S0 I 0.7) =~ )

1
< d f Du(z + sw, i d
ooy @, 1DuC #5021l s

1
- d f Du(x + spw. 7)| , p" ds
Sy @ [ 10uCz +spw. 215

1 1
=p! d / D + , T sp)! ds
ot [ oy 0 ) 1DuCE spw. 2 (50) ™
D + U, T
:pn_lf | Du(z +y,7)| 5 dy
n-1
B,(0) |yl

D +U, T
Spn—lf ” u(m ;yl@)HB dy,
B.(0) ly|"

then over the ball B,(0),

+y,T) - )| pd
iy 1 0.2) . 2) | dy

S/Tpn_ldp HDu(x-"ylaw)”B dy

0 B,(0) |y~

_Vol(5,(0)) | Du(z +y,2)| 5 dy
a(n) B (0) [y

2. Notice that |u(z,,7)[s < [|u(y,, )5 — [u(z, 2)|s] + [u(y, )| 5 and take
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the averages with respect to y over the ball B,(z),

Ju(o, )]

< f, @Dl e Dol dy+ £, Jun.2)lsdy

S% » |DU(|Z|:EJ17j)”B iy + ]j[gr(x) lu(y,#)|sdy (by (4.27))
Sa(:;)l/p (;;:Tll)l—l/p HDUHLP(BT(HC)vB) + Vol (Bj(x))l/p HUJHLP(BT(I),B)

(by Holder inequality).

Therefore || pem= B) Snp |U|wrewn, 5.

3. Control the semi-Hélder norm [u]co.wn gy by |Du|rr@n,p), i-e.

"u(yv*%)_u(maj)"B < a’ (p—n

1-1/p
|y _ (L‘|’Y = a(n)l/pca p— 1 ) ||Du||LP(BQT(CC),B) ) (428)

where r = |y — x|, a is a fixed ratio 0 < a < 1 and C, is a constant to be defined later.
Let U(a) be the intersection of two balls By, (y) and By,.(x). To show the estimate,

for any z € U,, by the triangle inequality,

lu(y) = u(@)ls < [uly) - ulz)|5 + [u(z) - u(@)] 5.
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Integrating the inequality with respect to variable z over U,,

Vol (U,) [u(y, &) - u(z, )] 5
< [ a2 fu®) ~uz@)lp+ [ e fulz D) - o D)
< [, 8 D)~ D)l [ dz u( ) ()],
Vol (Bar(0)) |Du(z )5 |Du(z, @)
S—(/Bm(y)dz—+fBM(x)dz—) (by (4.27))

a(n) |z =y |z —a[*!
Vol (Bur(0)
~ an) Lt
_ Vol (B,,(0)) at—/p (p -n
a(n)l/p p-1

1
|$|n71

(1Du] o (Bar )y + | DUl Lo(Bar (2).5))
(Bar(0,B))

1-1/p )
) P Dull 1o 8y, (), 5)-

The volume of the intersection U, = Bg.(z) n B, (y) has a fixed ratio with

. . _ Vol(Uyg)
respect to Vol (B,,(0)) and denote it by Ci, i.e. Cu = 505,70y O
Next we prove Lemma 4.12.
Proof. Let I'(t) € £L2! and A(t) € H? for t € [-T,T], and (I'(t), A(t)) be solution to
the Equations (4.19) and (4.20), the associated generalized one particle matrix be

Su(t)- Following the same computation in [BSS18, Section 5.7.1.], S, satisfies the

time evolution equation

| A o) [Ferm-GDE @GN
Zatsw(t): + 7Sw(t) ) (429>

0 A @AYE) 0% pry - (BD)(2)

where t € [-T,T]. Split the linear operator in Equation (4.29) into an unbounded
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time-independent and a bounded time-dependent part as

A0 0% prey = (01) (%) (0A)(2)
A= and Vi, =

0 A (DA)(t) ¥ pry = (90)(t)

Then apply the classical Kato-Yosida result [Kat53] to the equation

i0U(t,s) = (A+ Vo) U(t,s), U(s,s)=1,

and show the existence of one parameter unitary subgroup U(t,s). We need to

verify

1. Given a fixed t € [-T,T], —i (A+ Vw(t)) and z'(A+Vw(t)) are generators of
contraction semigroups on L? (R3)x L? (R3). Since A is essentially self-adjoint
and V) is a bounded self-adjoint operator. Given fixed time ¢, using the

Kato-Rellich theorem, A + V) is also essentially self-adjoint.

2. The domain D (A + Vw(t)) is independent of t. It follows from D (A + Vw(t)) =

D(A).

3. The regularity assumptions Cy, C3, Cy [Kat53] on t — (A + Vw(t)). According to
the recent characterization [SG14|, the regularity assumptions are equivalent

to the condition that for every x € D(A), t — (A+ Vw(t))a: is continuously
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differentiable. The condition is straightforward to verify since

L(t) e C([-T,T],L*) n CY([-T,T], L"),

A(t) e C([-T,T],H*) nCH[-T,T], L?),

and 0 € C (R3).
Therefore S,y = U(t,0)S,,U(~t,0) and the spectrum of S, is preserved. ]

Following [Ara71], the lifting procedure is summarized in the proof of the next

Lemma,

Lemma 4.20. Let S € S,q4, there is a quasi-free state w such that its generalized

one-particle matrix S, = S.

Proof. Let S € S,4. For simplicity, let H¢ denote the Hilbert space L2(R3) x L2(IR3)
with the complex conjugation J. Consider the C*-algebra s generated by
at(f) +a(g), where (f,g) € L?(R3) x L?(R?), and denote its completion with re-

spect to the C*-norm [SS64, Proposition 1] by Yo ar(He).

1. When S is a matrix such that S? = S, by virtue of [Ara7l, Lemma 4.3| and
F, being the irreducible representation of Yo ar(He) [Coo53], there is a Fock
state 1 € F, such that w = |[¢) (¢)| and S, = S. Every non-trivial Fock state
of F, is cyclic and the collection of all correlation functions is equivalent to a
positive functional u + (1, ut)) - , u € Uoar(He). Using a classical result in
C*-algebra, 9 is uniquely up to phases and w is uniquely determined as a pure
state.

139



2. When S does not satisfies the equation S? = S, by [Ara71, Lemma 4.5, 4.6],
we lift S to

S S12(id - S)M/2
Ps =

SU2(id - S)1/2 id- S

over the space 7:&(; = HcdHe with complex conjugation J = J&(-J), where id
is the identity on Hc. Note that S7/2(id—S)"/2 commutes with J, Ps+J PsJ =
idy,, Ps=Ps= PZ. We reduce to Case 1. Now the Fock representation of He
is over F,, which is generated by L2(R3) @ L2(R?). Using the standard result

in Clifford algebras [LM89, Proposition 1.5], F, can be regarded as

fa:faléfa%

where ® is a Zsy-graded tensor product. The splitting is orthogonal. F,; and
Fa1 are identical copies of F,. We use subscripts 1 and 2 just to specify which
copy we refer to. Since the complex conjugation of He is J and note the

compatibility condition [Ara71, Section 2 Notations|, we realize

(f1,91) @ (fo92) = al (f1) + ar(g) +daz(f2) + ia}(g2)

where (f1,91) ® (f2,92) € He. Let m denote the projection of F, onto F,;.
Apply the result for Case 1, there is a unique Fock state ;E e F, up to a phase,

|| 7 = 1 whose generalized one-particle matrix is Ps. Project Ui to Fa,
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which acts on any f € F,; in the way
(. fo1) . m(d;).

This action correspond to a quasi-free state w on F,. More precisely, decom-
pose 1@

D=3 N80,
j=1

where 1;®¢; are in the form e;®fy, e; and f; are orthonormal in F,. Then w

assumes the form

w= Z;|)\j|2 ;) (51

where Y72, [Aj[* = 1.
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Chapter 5: Conclusion and Discussion

The Hartree equation as a reduced version of the Hartree-Fock equation demon-
strates distinct properties: it admits stationary solutions, which serve as formal
Fermi sea of the system. We studied the Hartree equation for the perturbation of
the stationary solution when there is a constant background magnetic field in the
many-body system. To the best of my knowledge, in the presence of a constant
magnetic field, we are the first one to consider the Hartree equation for the per-
turbation of the stationary solution. The formulation is a mathematical model for
a many-body system with infinitely many electrons, while the main part is at low
energy state and the other part is highly excited.

The problem was originally addressed in dimension three

10, L'(t) = [f) +pre * V, F(t)] :

As a first step to attack the problem, we considered a two-dimensional version of
the Hartree equation, which captures the discrete feature of the original problem.
Since the stationary solution is not of trace class and the forcing term is not small a
priori, we introduced the Fourier-Wigner transform and derived an estimate on the
asymptotic behavior of associated Laguerre polynomials to obtain a collapsing esti-
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mate for the density term. Using the estimate, we proved that the two-dimensional
version is locally well-posed for the perturbation of the stationary solution.

The next goal is to consider the original three-dimensional Hartree equation.
The one-particle Hamiltonian h of the equation has a mixed feature: the Hamilto-
nian b has discrete spectrum when it is restricted to the first two dimension and
has continuous spectrum when it is restricted to the third dimension. Since the
discrete and continuous part of the one-particle Hamiltonian h can not be analyzed
independently when we consider the density term of the pertubation, it requires to
develop further machinery to obtain the corresponding collapsing estimate and the
well-posedness theory for the equation.

Another interesting direction of the problem is to study the many-body system
under local magnetic field or perturbation to constant magnetic field. The local
magnetic field case could be considered as perturbation of the Laplace case and the
other one could be considered as perturbation of the constant magnetic field case.
They are more general than the original settings and might have interesting physics
applications.

Recently, the Bogoliubov-de Gennes equations were derived as an application
of the Dirac-Frenkel approximation principle to pure quasi-free states by Benedikter-
Sok-Solovej [BSS18]. The evolution of two-particle correlation functions for mixed
quasi-free states is also described by the Bogoliubov-de Gennes equations. They
provide an approximation scheme to the dynamics of the Fermionic many-body
system when the initial state of the system is quasi-free. [BSS18|The existing global
well-posedness theory of the Bogoliubov-de Gennes equations is for the Coulomb
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potential. The result is based on the semi-group theory. We employed the dispersive

PDE techniques and the observation that the pairing function is anti-symmetric to

1

extend the global well-posedness theory for more singular potentials such as R

for any 0 < € < 2. The future work is to compare the dynamics governed by the
Bogoliubov-de Gennes equations with the dynamics governed by the many-body
Schrodinger equation in the mean field regime. Not all mixed states will be taken
into consideration. Inspired by [GM13, GM17|, we may expect to start with pure
quasi-free states generated by pair excitations or mixed quasi-free states which are
derived by projecting pure quasi-free states generated by pair excitations in the

double-Fock representation.
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Chapter 6: Appendix

There has been a long history of studying the C*-algebra CAR. Nowadays, it
has been a standard content in quantum physics and mathematics. We intend to
focus on the standard Fock representation of CAR and the Pin group representa-
tion instead of reviewing the vast literature. The spinor representations of infinite
orthogonal groups was constructed by Shale-Stinespring [SS65]. In the appendix,
we presented the result and obtained some analysis approximation results.

The Pin group representation is closely related to pure quasi-free states, whose
expected number of particles are finite. Even though unitary implementable Bogoli-
ubov transforms corresponds to all such pure quasi-free states, the Pin group rep-
resentation forms an important subspace of the space of unitary implementable Bo-
goliubov transforms. And they provide ideas to approximate unitary implementable
Bogoliubov transforms. We refer interested readers to [LM89] for the background
of Clifford algebras and [SS64, BV68, Segd7, Ara71l, Ara69, PSr70]| for the discussion

of CAR and states.
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6.1 Fock Space

In quantum physics, the state space of a single particle is a Hilbert space H
with inner product (-,-);. When we study many-body problems, the state space is
then the tensor products of Hilbert spaces. Following the construction in [Coo53],

the Fock space F over H is the complete tensor algebra
F:=PH®", (6.1)
n=0

where H®" denotes the tensor product of n copies of H and it is the state space of

n quantum particles. The vacuum of the Fock space F is a state
0) = (1,0,0,...), 6.2)

where 1 is the constant in C. The Fock space F derives the inner product structures
from H®". Let o = (¢°, ¢',...) and ¢ = (@9, ¢',...) be Fock states, i.e. ¢, ¢ € F, the

inner product on F is defined as

oo

(907¢>f = Z(ij7¢j)7{®"' (63>

J=0

We introduce creation and annihilation operators to the Fock space F, which connect
subspaces of F with different grades. The operators are defined on decomposable

tensors in the following way and extend linearly to F: the annihilation operator
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a:H x H®") » Hen e lowering the grade

a(f):f1®"'®fn+l = (fvfl)?—tf2®"'®fn+17 f,fj EH,

and the creation operator af : H x H&(~1) — 1" je. raising the grade

d'(f)ifi®®firm [Ofi®®for, [ fieH

There are two types of particles in quantum physics: Fermions and Bosons.
Mathematically, they correspond to two types of symmetry: anti-symmetry and
symmetry respectively, and are modeled by two quotient spaces of F. Fermions are

modeled by anti-symmetric tensors

Fo=F|IT({fog+tgef: fgeH}), (6.4)

where Z({f®g+¢g® f: f,g€H}) denotes the ideal of F generated by { f®g+g® [ :

f,g € H}. Bosons are modeled by symmetric tensors

Fo=FIL({feg-gef: fgeH}), (6.5)

where Z({f®g-g® f: f,g€H}) denotes the ideal of F generated by { f®g-g® [ :
f,g € H}. Since F, and F, are quotient algebras of F. They inherit multiplication
structure from F directly. The multiplication structures are called symmetric tensor

product and wedge product respectively. We can also regard F, as a subspace of F
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through the embedding

ta: [N A fn H\/MAsym(fl Q- ® fn)

1 o
== T D hm e fro,
« O€On

and F, as a subspace of F through the embedding

b+ fl Qs+ B fn H\/msym(fl Q- ® fn)

1
= _| Z fU(l) - ® fa(n)>
N: eS8,

where S, is the symmetric group of d elements and sgn(o) denotes the sign of o.
Let {ex} be an orthonormal basis of H. Through the embeddings, the pull back

inner product on F, is characterized by the orthonormal basis

{ek‘l A A ek’n}k}1<~~-<kna

and the pull back inner product on F; is characterized by the orthonormal basis

1 1 ,
o ®Sn1 Y ®Sn]
{ ny! \/mekl B @ '
' J° k1<-~~<k:j

The above identification of F, and F, as subspaces of F are not sections from F,

and F, to F, namely the composition

Fo>F > F,
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is not an identity on F;. The induced creation and annihilation operators on F,

a' (f)(frn- A fa1) = FAfin A foor,

a(f)(fr A A fun) = 3PN fdafu A A f5 A A f,
j=1

where f, f; € H, on F;

aT(f)(fl Qs+ B fn—l) = f®s fl R B fn—l
n+1 .
a(f)(f1 ®s - ®s fni1) = Z;(f, fidnfi1®s @ [; @5+ ®s frsr.

where f; means the f; is omitted. In both cases, at(f) is adjoint to a(f), i.e.

(a'(f)" = a(f).

In the Fermionic case, af(f) is a bounded operator, where f € H. Since let
pme N"H,
la" (@) 5, < [Fl 16",

lat(f)],p < [ fl#. However in the Bosonic case, af(f) is not a bounded operator.

Because if ¢m € H®s™,

[a" (D@, < Vn+ 11l 16"

Fs *

In some sense, that a'(f) is not bounded for F; is due to the condensation of

particles.
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In F,, the canonical anticommutation relations (CAR) are

[a(f),a(9)]. =0, [a'(f),a'(9)], =0, [a(f),a'(9)] = (f,9)n. (6.6)

In F;, the canonical commutation relations (CCR) are

[a(f),a(9)] =0, [a'(f),a'(9)] =0, [a(f),a’(9)] = (f, g} (6.7)

Let T : H — H be a linear operator (bounded or unbounded), the second

quantization T is an extension of T over F such that it acts a slice of tensor

T(fio-0f)=3 fie—~aT(f)oof.
=1

The action T" over F, or Fj is defined by replacing the tensor product of the last

expression with the corresponding multiplication structure.

Lemma 6.1. Let T : H — H be a linear operator (bounded or unbounded) and T be

the second quantization of T, in Fy or F,

[a/(f),T]=-a! (Tf), [a(f),T]=a(T"f). (6.8)

Proof. Tt suffices to show the commutation relations for a decomposable Fock state
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of degree n. Consider a Fock state A", f; € F, and f € H, we have

(o (f), 7] /\ f;

J=1

:Zn;f/\fl/\-"/\T(fj)/\"‘/\fn_T(fA/n\fj)

=—T(f)A;\1fj,

and

[a(f)af]/?j\f]

SN al(f) fi Ao AT(f) Ao A fo - Tz< DY fi

Jj= kj

SSEDULTUN) A i

Jj= k+j

SIS

Jj= k#j

—_

—_

,_A

Consider a Fock state f; ®, fo ;- Q4 fn € Fs and f € H, we have

I:CLT(f),T] fl B Qg fn
=if®s fl ®s"'®sT(fj)®s"'®s fn_Tfl Qs fl B Qg fn
=1

:_T(f) ®;s [1®s* ®s [fu,
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and

[a(f)af] fl R+ Qs fn
:a(f)ifl ®s"'®sT(fj)®s"'®s fn ZiL: f f] ’Hfl ®s '®s fj ®s"'®s fn

i fT(f] "®sfj®s"'®sfn~

7=1
[

A mixed state w of F, (or Fy) is a semi-positive self-adjoint trace class operator

such that Trz, (w) = 1. Correlation functions of w are defined as

(fioeeesfu) = Toz, (0 (fr)a® (fa)w) (6.9)

where f; € H and a# denotes an operator without specifying whether it is a creation
or annihilation operator. A mixed state w of F, is quasi-free if it satisfies the Wick’s
theorem, i.e. any of its correlation functions can be determined by the two-particle

correlation functions in the way

Trz, (a®(f1)a*(f2)-a*(fani1)w) = 0 (6.10)

Trr, (a® (f1)-a® (f)w) = > sgn(o)Trg, (a®(fo))a® (fr2))w)

oeSad

---Tl"j:a (a#(fo(gn_l))a#(fo(%))w) (6.11)

where sgn(o) denotes the sign of permutation o and S,4 is a subset of the symmetric
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group s, such that

o(1) <o(3) < <a(2n-1), o(2k - 1) < o(2k).

6.2 Spin Representation

6.2.1 Finite Dimensional Case

In this section, we study the Clifford action p, the skew adjoint representation

Ad and the relations to quasi-free states

Ad
Cl(Ve,qc)

Iz

N (Vo hv)

GL(Cl(Ve,qc))

For a thorough exposition of finite-dimensional Clifford algebras, we refer to [LM89).
Let us explain all notations in the diagram. V' is a 2d-dimensional real vector
space endowed with a non-degenerate positive quadratic form ¢. V is also endowed

with a compatible complex structure J such that

q (Jvi, Jua) = q(v1,v2),

where v1,v9 € V. Therefore V' can regarded as a complex space with inner product

<U17 U2>V = Q(Ula UQ) + iQ(JUh UQ)'

When the pair (V,q) is used, we consider V' as a real vector space. When the pair
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(V,(-,-)v) is used, we consider V' as a complex vector space. Otherwise we specify
which structure of V' is used. V¢ := C®gV and qc := id®q. Cl(V¢,qc) is the Clifford

algebra
Cl(Ve, qc) :=@Vc®j/ {vev-qc(v):velg} (6.12)
=0
where {v ® v — gc(v) : v € Vi } denotes the ideal of So V(C®j generated by v®@v—qc(v).

Ve is endowed with inner product

(u, )y, = 2qc(u,v)

where u,v € Ve. Cl(Vg,qc) is a 22¢-dimensional complex vector space and it is
isomorphic to the matrix algebra algebra Mat(2¢,C). Since the matrix algebra is
simple, Cl(V¢,qc) has a unique finite-dimensional irreducible representation. The
representation is given by p. A* (V, (-, )y ) is the Fermionic Fock space F, defined in
Section 6.1, when the Hilbert space (#, (-,-)%) is (V, (-,-)v). Next we define y using

a special basis of (V,q). Let {0,,,0,, ?:1 be orthonormal basis of (V,q) such that
d
JO., =0, q= Z (dz; ® dx; + dy; ® dy;)
j=1
Then there is a natural basis for V¢,

1
0. = (0, ~i0,,), Oy =5 (00, 4i0),), (6.13)
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where j=1,...,d and qc is
1d
qCZQZ;(de@)dEJ’-Fde@de).
=

{0, }?:1 is also the orthonormal basis of (V/(-,-)y). Finally, the representation y is

defined as wedge products and contraction

p (azj) w=0,, Au, ue N (V,{()v), (6.14)

M(azk)(-/i\luj) = 3 (1 N0z ug)v A i, wy € (Vo (). (6.15)

l
j=1 I

J

Since the definition preserves the quadratic form g¢ in the sense

f(v) p(v2) + o (v2) g (v1) = 2qc(v1,v2)

where vy, v9 € Vo, by the universal property of Clifford algebras, i defines a Clifford

representation of Cl(V¢, gc). The transpose (-)! on Cl(V¢,qc) is a map
O s v1vg. . 00 P VUL VUL, U, 05 € Ve

Then V¢ is endowed with an * involution: w* = u!. In addition, the *-structure of

operators corresponds to the *-structure on V¢

(n(v))" = (@), veCl(Ve,qe). (6.16)
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Using the identities 0,, = 0., + 0z, and 9,, = 0., —i0;,, the restriction N|oz(v 2 is a
real representation for C1(V,q). Since V is of finite dimension, let us define creation

and annihilation operators as

a} =p(0;), aji=p (82j). (6.17)

In order to define the skew adjoint representation :473, consider the involution
a:v e —v, for ve(V, q). Extending a linearly to Cl(V,q), we obtain an involution

on Cl(V,q), i.e. & =ideyv,q) and a decomposition of CI(V, q)

Cl(V,q) = CI°(V,q) B CI"(V,q),

where ClI(V,q) = {ueCl(V,q)|a(u) = (-1)7u}. In the end, the skewed adjoint

representation Ad is

Ady(w) = a(w)wu™, weCl*(V,q), we(V,q) (6.18)

where C1*(V, q) denotes the Clifford group of CI(V,q), i.e. the collection of invert-
ible elements of CI(V,q). Ad coincides with the usual adjoint representation on
Cl*(V,q) nCI1°(V,q).

Pure quasi-free states are closely related to the Pin subgroup of C1*(V, q). The

Pin group Pin(V,q) c Cl(V,q) is generated by elements

{veV|q(v) =1} (6.19)
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and the Spin group Spin(V,q) is a subgroup of Pin(V,q)
Spin(V,q) = Pin(V,q) n CI°(V, q).

Lemma 6.2. The restriction of the Clifford action p on Pin(V,q) is a unitary

representation, i.e.

(p()u, p(v)uy = (u, u)y,
for anyve (V,q) and ue (V, (- )v).

Proof. For any v € V such that g(v) =1 and u e (V,(-,-)v),

((v)u, p(o)uhy = (1 ()oY, w)y = (p(ov)u, )y = (), uhy = (u,u)y.

Since Pin(V,q) c CI(V,q) is generated by {v e V|q(v) =1}, the restriction of 1 on
Pin(V,q) is unitary. O

Consider the restriction Ad on Pin(V,q) (or (Spin(V,q)),

Theorem 6.3. [LM89, Theorem 2.9.] There are short exact sequences

0 {1,-1} - Pin(V,q) 2% O(V,q) - 1

0= {1,-1} > Spin(V,q) 2% SO(V,q) — 1.

where 1 is the identity map on (V,q). Furthermore, Ad is the covering map for

SO(V,q) (O(V.q)).
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Since Spin(V,q) is the double cover of SO(V,q), Lie algebras spin(V,q) and
50(V, q) are isomorphic. A coordinate-independent description of spin(V, ¢) and the

infinitesimal representation dAd is

Lemma 6.4. The Lie algebra spin(V, q) of Spin(V,q) is generated by

{vivg - Q(U17U2)|Ulav2 e(V,q)}.

Proof. Note that {vivs — q(vy,v2)|v1,v9 € (V,q)} is in the Lie algebra spin(V,q).

Because for any vy, vy € (V,q),

€xp (U1U2 - Q(Ub UQ))

2 2
=1- ST TR (V109 — q(v1,v2)) (1 “ytE Y )
sin ¢

=cosc+ — (v1vg — q(v1,v2)),
c
where ¢ = q(v1)q(v2) = ¢?(v1,v2), and

€xp (0102 - Q(UhUQ)) €Xp (0102 - C](Uh 02))t = 1.

Since Spin(V, q) is the double cover of SO(V,q), Spin(V, q) is a Lie group of dimen-

2d

sion (2 ) While the linear space spanned by {vjvs — q(v1,v2)|v1,v2 € V'} is also of

dimension (22d). Therefore spin(V, q) is generated by { v1vy — q(v1,v9)|v1,v2 € V). O

Lemma 6.5. For any vy, v, € (V,q), the infinitesimal representation dAd : spin(V, q) —
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s0(V,q) maps

dAd : V105 — q(v1,02) = (V= 2q(ve, V)v1 = 2q(v1,0)0s) . (6.20)

Proof. dAd is derived by differentiating Ad,

L &P ((v1v2 = q(v1,v2)) t) vexp (= (v1v2 = q(v1,v2)) 1)
10 ¢

=2q(vg, v)v1 — 2q(v1,v)vs.

]

Next we give expressions for the Lie algebras and the correspondence in terms

of specific bases and work on the expressions.

Lemma 6.6. Let T € GL(V,R), in terms of the basis {(%j,ayj}j:l of (V,q), the

matriz representation of T is

A B
T =
C D
T eO(V,q) if and only if
A'A+C'C=B'B+C'C =1idy, A'B=-C'D, (6.21)
or
AA'+ BB'=CC'"+ DD" = idy, AC'=-BD' (6.22)

where idy is the identity matrix of dimension d x d.
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A B

Let T'e GL(V,R), with respective to the basis {0,,,0,, }?21, T is . We
C D
extend 7" complex linearly to V¢ and express it using the basis {0,,,0;, ;l:l. The
P Q
matrix representation is . The two matrix representations are similar, i.e.
Q P
P Q A B
=W wt (6.23)
Q P C D
where
idg iidy 1| ida  idg
W = y W_l = 5 5
idg —iidy —1idg 1idy

and idy is the identity matrix of dimension d xd, P = (A+ D -i(B - (C))/2 and

Q=(A-D+i(B+(C))/2.

Lemma 6.7. Let T e GL(V,R) ¢ GL(V,C), in terms of the basis {0.,,0z,}0, of

V(C;
P Q

Q P

T =

All the following statements are equivalent

1. TeO(V,q);

2. Q'Q + P'P =idy and Q'P + P'Q = 0;

3. PP'+QQ" = idy and PQ'+QP' =0
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where idy 1s the identity matriz of dimension d x d.

Lemma 6.8. Let T € gl(V,R) c gl(Ve,C), in terms of the basis {0.,;,0z,}%, of Ve,

P Q

T =
T eo(V,q) if and only if
Pr=-P, Q'=-Q, (6.24)

or

where idy is the identity matriz of dimension d x d.

Using the basis {8Zj 0., 0,0z, 0, 82k} of spin(Vg, gc) and and the basis

1<j<k<d
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{0.,, 05, }1<j<a of V¢, the infinitesimal representation Ad,

__ 0 ejr—ek;
dAd: 0,0, ,
0 0
0 0
82]'82k = )
e]k ekj 0
1 ek 0

aZjafk - E(Sjk = Y
0 —€kj

where ej;, is the d x d matrix which is 1 at the entry in j-th row and k-th column

and 0 elsewhere. Putting above expressions into a concise form over spin(V, q)

- : (6.25)

_ 1 P Q|0 1}]0. P Q
dAd : 5 ot oL
Q PJ\1 0o]\o: Q P

_ P Q
where 0, = (0,,,...,0,,)t, 0: = 0, and satisfies (6.24). Similarly, the in-
Q P
finitesimal action du,
dp: spin(V,q) > u(aA*V) (6.26)
t t
1ol [P Q|0 1}fo. 1la} [P Q[0 1]]af
o:] \@ PJ\1 0)\o: a)\Q PJ\1 0f\a
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where

t
a*=(a1,a;,...,a2) . a=(ar,a9,...,a9)".

Observe that with respective to the basis {0.,, 0z, }1<j<d,

P 0
€ O(V,q) if and only if P e U(d),

0o P

which yields an embedding of U(d) into O(V,q). According to (6.25), elements in

N_l(

Ad (U(d)) can be written as

exp( > a (azjazk—%ajk)), (az) € u(d).

Applying the action of Ad (U(d)) to the |0) of A* (V, (-, )v)

1
1 (GXP( T (@jazk - 5%))) 0)
1<4,k<d

=exp (—% 1Zdajj) 0)
—exp (<3 Tr (@) 10) (@) €u(d).

Therefore the stabilizer of [0) under the Spin(V,q) action contains

1
{exp( Z Ak (szagk - §5jk))
1<j,k<n

We will show that the stabilizer of |0) is exactly this set.

Tr((ajx)) =0, (ajx) € u(d)} : (6.28)
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In the last part of this section, we discuss the relation between the Pin group
representation and pure quasi-free states. Let w be state of F,, i.e. a semi-definite
linear transform with trace 1. Correlation functions associated to the state w are

defined as

(1,29, ..., 25) = Trg, ((xlaﬁ) (xQCLﬁ) (:Eka;i)w) (6.29)
where x; € C, 1 < j; <d, k € N and # means that it is either an annihilation operator
or a creation operator. For simplicity,

<aﬁa}t...aﬁ)w = TI‘]_-a (w, aﬁ ﬁaﬁw) , (630)

where 1 < j; < d, k€ N. Claim that the collection of correlation functions determines
the Fock state up to phases. To prove the claim, through the Clifford action u, the

collection of all correlation functions amounts to a function defined on Cl(Vg, qc)

fo: T eCl(Ve,qc) = Trg, (u(T)w) . (6.31)

A*V can be identified as C2* with inner metric g, since CI(Vg, gc) is isomorphic to
the matrix algebra Mat(2¢,C) and A*V is its finite dimensional irreducible repre-
sentation. If f,, vanishes, one can find T' € Mat(2¢,C) such that pu(7T") = w*, then

Trz, (w*w) =0 implies that w = 0.
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The state w is quasi-free if

# _#. . H# _
(aj1aj2maj2n+1 >w - O’ (632)
#_F. L H _ # # # #
<a]1 a]2a32n >w - ; Sgn(o-) <a.ja(l)ajo(2) )UJ " (ajo(2nfl)a/ja(2n) )w ’ (633>
0€0ad

where sgn(o) denotes the sign of permutation o and S,4 is a subset of the permu-

tation group S, such that

o(l)<o(3)<-<o(2n-1), o(2k-1)<o(2k).

Another characterization of w being quasi-free is given based on the generalized

one-particle density matrix, which is defined

Definition 6.9. Let w be a state of A*(V,(-,-)y), the associated generalized one-

particle density matrix S, is a complex linear transform on V¢ such that

2qc (Swu,v) = Trz, (p(w)p(v)w), (6.34)

or equivalently (v, S,u)v. = Trg, (u(u)p*(v)w), where u,v e V.

w is quasi-free if and only if the generalized one-particle density matrix S,
satisfies

1>85=95,20, S2=5,. (6.35)

Let w = id, the generalized one-particle density matrix S;q is the identity map on
the subspace spanned by {95, ;lzl. For short, when w is pure, we may use associated
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the Fock state to denote w.
Let T € Pin(V,q) and |0) be the vacuum of A* (V,(-,-)v), the generalized one
particle matrix S,p-1yjy for p(7-1)|0) is then E;Sid@p Specifically, in terms of

the basis {0.,,0z, }1,, if

— |PQ
Ady = ,
Q P
then
Q'Q QP
Surnm=| |
PtQ P'P

Besides, regarding a' and a as row vectors, two-particle correlation functions are

ala: g'Tf = ((T71)]0), (a'f*)(agH(T71)10)) . = FQ*Q9",

aa: g'Af = (u(T7)0), (af")(ag")u(T7)0)), = FP*Qg",

where f, g e C2". For short,

(a'a)r-1y0y =T =Q'Q, (aa),r-1ypy = =Q'P

then SH(T—I)‘())

r A
Su(r-1)l0) =

A idy-T
Finally we give the characterization of pure quasi-free states by the Clifford

action p of Pin(V,q)
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Theorem 6.10. Let w be a pure state on N* (V,(-,-)v). w is quasi-free if and only
if there is T € Pin(V,q), such that w = |pu(T-1)|0)) (u(T-1)|0)|, where |0) = 1 is the

vacuum of F,.

Proof. The “if” part follows from the above discussion. If there is T' € Pin(V,q) and
w = pu(T-1)|0), then the generalized one-particle density matrix is Sy = @;Sid;@T
and it satisfies Condition (6.35).

To show the “only if” part, we need to construct a Adr from the generalized

one-particle density matrix

which implies eigenvalues of S, — 1/2 are either 1/2 or —1/2. Since

Tr(S, -1/2) = Tr(T) + Tr(1 -T) —d = Tr(T") - Tr(I'?) = 0,

the multiplicity of 1/2 is the same as the multiplicity of —1/2. Let Vi, and V.1,
denote the eigenspace associated to 1/2 and -1/2 respectively. Suppose u is an

eigenvector for 1/2, then
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It means that the complex conjugation is an isomorphism from Vy/; to V_;/5. There-

fore there is a unitary matrix U on V¢ such that U € O(V,q) and

where id is the d x d identity matrix. Choosing ZZiT =U*and T ¢ Ad (T), w and
,u(T ) () have the same generalized one-particle density matrix. Since both states
are quasi-free states, all correlation functions of them coincide. The collection of
correlation functions determines a state up to a phase. Therefore there is 6 € R such

that w = e (T) 2 and T can be chosen as

1<j,k<d

T:exp(—%ez Z (@jazk—%@ ))T

]

At this moment, we are able to show the stabilizer of Q2 under the Pin(V,q)
action. Suppose T € Pin(V,q) and pu(T71)Q = Q, then S,p-1y0 = Sq. With respect
to the basis {0.,,0;, }"

J=1

— |PQ
AdT = )
Q P
then Q'Q = 0 and P'P =id. Thus Ady € U(d) and the stabilizer of € is (6.28).

Example 6.11. Let d = 1, i.e. dimg(V') =2. {0,,0,} is the canonical basis of (V,q)

and ¢ = dx ® dz + dy ® dy. Then the canonical basis of CI(V,q) is {1, 0,0y, 0,0,}
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and

92=1, 07 =1, 0,0, = -0,0,.
The real algebra CI(V,q) is isomorphic to the matrix algebra Mat(R,2) and the
isomorphism is given by

10 1 0 01

Oy < 0, «—>

01 0 -1 10

1 «—

In this case, Pin(V,q) is generated by {cos 00, +sin6d,| 0 € [0,27]} and

Spin(V,q) = {cos +sin 00,0, |0 € [0,27]} .

The multiplication law in Pin(V,q) is

(cos 010, +sin,0,) (cos 020, + sinB20,) = cos(by — 0;) + sin(by — 01)0,0,.

The explicit expression for the skewed adjoint representation Ad, for z,y € R,

Eicosgaersing@y (20, +y0y) = — ((x cos 20 + ysin 20)0, + (xsin 20 — y cos 20)0,) ,

;Ic’icosgﬂingamay (20 +y0y) = (v cos260 +ysin26) 0, + (y cos 20 — xsin 26) 0.
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With respect to the basis {0,,0:} of Vg,

0 620i
Ad :cos 00, +sin 6o, = 0, + e 0, > —
67291' 0
67291' 0
cosf +sin 60,0, = e — 2i8in00,0; —
0 6291‘

To compute the infinitesimal representation dAd, notice that cosf + sin 00,0,
is generated by 60,0, = i6(1 - 20,05), i.e. exp(00,0,) = cosf +sin69,0,. Then with

respect to the basis {0,,0:} of Vg,

N 1 -20i 0 ||lo 1}]{o. -20i 0
dAd :i0(1 - 20.0:) = 5(0 0:) =

0 20:)\1 0)\o0: 0 26

There are essentially two pure quasi-free states
(e(%@ + e‘ei@;) Q=e%0, and (eei — 2i¢8in 8@85) Q=e,
Furthermore, to find all quasi-free states, consider all candidates
cos?(0) |a +b0.) (a + bd,| +sin®(0) |c + dd.) (c + dd.]|,

where |af2+[b]2 = 1, |c|?+|d|?> = 1 and aé+bd = 0. Testing the candidates for conditions
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(6.32)(6.33), we only need to consider <aﬁ)w, which amounts to the equation

cos? Bab + sin? Oed = 0.

The equation has only one family of solutions: a =d =1,b=d =0,0 € [0,7/2]. To
show the uniqueness, based on conditions |a]? + |b]?> = 1 and |¢|?> +|d|> = 1, a, b, ¢,d are

expressed as

a=cosgie? b=singe®’ c=cospe’l, d=sin e

Using the condition aé + bd = 0, we obtain

COS (P1 COS (o + SiN Y7 Sin 9026(9”9"’9“’9‘1)2 =0.

It leads to two cases
1. eWet0=0a=6a)i =1 o) — py = T + km or eWerto=0a0a)i = —1 ) + g = T + k.
2. e(0e+0h=0a-0a)i % 11 sin ) sin gy = 0 and cos @1 cos p, = 0.

Case 2. is contained in the solutions with a =d =1,b = d = 0. Combining Case 1.
with the equation cos?fab + sin®6fed = 0, we still obtain the solutions with a = d =

1,b=d =0. Therefore all quasi-free states are

cos?0|1) (1] +sin?610.) (9.].
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6.2.2 Abstract Theory

Let ‘H be a real Hilbert space endowed with inner product ¢ and compatible

complex structure J, i.e. for u,veH

J2u=-u, q(Ju,Jv)=q(u,v).

Then H can be viewed as a complex Hilbert space with the following Hermitian
form

(u,v)y = q(u,v) +iq(Ju,v), for any u,veH. (6.36)

To distinguish which structure is used, we denote the space and its bilinear form
together, i.e. using (H,q) for the underlying real structure and using (H, (-, )y ) for
the complex structure.

Complexify H: Hc = C ®g H and extend ¢ complex linearly: gc =1d ® q. The

Clifford algebra Cl(Hc, qc) is defined as

Cl(Hc, qc) :=EBH(%”/I({uébu—qc(u)WeH(c}) (6.37)

n>0

where gc(u) = gc(u,u) and Z ({u® u—qc(u)|u € He}) denotes the ideal generated
by elements in the form u®u—qc(u). The complex conjugation on Hc is ¢ ® u = c®u,
where ¢ € C and u € (H, q), and it is extended linearly to CI(Hc, gc). The transpose
is defined as

(urus . . .un)t = UpUpi - . - Ul (6.38)
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where u; € Hc. We also define a Hermitian form on Hc, for u,v € He,

(u, v)2e = 2qc(a,v). (6.39)

Using the complex conjugation and the transpose, an * structure on Cl(Hc, qc) is

u* = (6.40)

where u € Cl(Hc,qc). Cl(Hce,qc) can also be endowed with a maximum C*-norm

o+ [SS64] and its C*-completion is denoted by Cl(Hc, qc).

Any element in H¢ can be decomposed as a sum of terms in the forms

u—1Ju u+iJu
2 7 2

ue(H,q). (6.41)

Each form yields an identification of (H, (-,-)3):

u—1iJu
-
2
is complex linear and
u+iJu
- U
2
is complex conjugate linear. Let H(lc’o denote the subspace spanned by &2‘]“ and

7—[(%1 denote the subspace spanned by %‘]“ Then

He=HLPHE and HL = HE
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where the bar means the complex conjugation over Hc.

Definition 6.12. Let T be an operator on Hc, the complex conjugation T of T is
defined as

Tu:=Tu, ueHc. (6.42)
Tisreal if T=T.

If T =T, for any u € (H,q), Tu=Tu=Tu,ie. Tuisreal and Tu e (H,q). The
space (H,q) is an invariant subspace of T". Therefore 1" is of the form id ® T'|(3q).-

In the abstract setting, all the constructions are defined as word-to-word trans-
lation of the finite-dimensional case except that we will take care of two different

topology: C* topology and the strong topology.

—_—

Ad
Cl(Hc, qc)

Iz

/\*(,Ha (" )H)

GL(Cl(Hc, qc))

where we abuse the notation and A*(H,(:,)3) means the norm completion of
DBrso A" (H, (-, )2). N (H,(:,-)%) is the Fock space F, defined in Section 6.1. The

representation p is first defined on the two subspaces 'H(ldo and 'H%l

u—1Ju u+iJu

IL/L * 2

= al(u), —a(u), we(H,q), (6.43)

where af(u) and a(u) denote creation and annihilation operators, and it is extended

to Cl(Hc, qc) using the universal property of Clifford algebras. Pin(H, q) is a group
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generated by

{ue (M, @)lg(u) =1},
and its C*-completion is denoted by Pin(H,q).

Proposition 6.13. p defines a Cl(Hc, qc)-module structure on N*(H, (-,-)3) and
it satisfies

1. p(u)* = p(u*), weCl(Hc,qc)-

2. p:Pin(H,q) = UN (H, (- )n))-

where U(N*(H, (-,-)%)) denotes the unitary group of N*(H, (-, )x)-

Proof. To extend the definition of u, since Hc is a direct sum of H(lc’o and 7-[(%’1, if

is complex linear on the two subspaces, then it can be extended to a complex linear

map on H¢. Furthermore, if p satisfies

p(w)p(v) + p(v)u(u) = 2qc(u,v), wu,veHe, (6.44)

by the universality of Clifford algebra, u extends to Cl(Hc, qc). Thus A*(H, (-, )x)
is a Cl(Hc, gc)-module.

To verify p is complex linear on the two subspaces, it suffices to check for
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ue€ (H>Q) and U e /\*(Hv ('7 >7-L)7

)
M)

:Z,M(u—;Ju) v,

= (Ju) AU = ul

and suppose W = ¢y A -~ A1), for ¢ e (H, (-, )x),

)

( u+2J( J“))\I,

n

Z 1)j+1 JU,%)%/\ %/\'“/\%

=i2(—1)j+1(u,¢j)w1 A /\@2]- A Ay
p=i

:w(u +21Ju)\11'

To show that u satisfies identity (6.44) for Hc, we check all combinations of elements

from H(lc’o and ’H%l. For example, for u,v € (H,q),

(u—iJu) (v+iJv)+ (v+z’Jv) (u—iJu)_w u)
1 5 M 5 1 5 M 5 ={v,u)y

and

(u—iJu v+z'Jv)
qc

1 _ 1
7 ) = 5 (v, w) +ia(Te,w) = S0,
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Other cases are computed similarly.
To show Property (1), it suffices to consider u € (Hc, qc), since Cl(Hc,qc) is
generated by (Hc, gc) and p defines a Clifford module action. It further reduces to,

for uwe (H,q)

i (B2 = (@ @) = ot - (“55).

To show Property (2), it suffices to consider generators u € (H,q) such that

q(u) =1. For any v e (H,{(-,")n),

(1), ()0l = G (), o)y, = (@) ()0, 0y = (a2, o), = (0,0)y

]

Proposition 6.14. The image of Ad : Pin(H,q) — U (He, (- -)n.) contains the
subset

{z’d+ T|T e LY(He, (-, )ne) and T = T} ,
where id is the identity map on (Hc, (-, ) )-
Proof. Given an operator id + T € U(Hc, (-, ). ), where T'e LY (Hc, (-, -)ne ), we will

approximate it by ZZl(hn) where h,, € Pin(H,q), such that as n - oo, h,, - h and

—_ El(”"@v('f)’f‘l@)

Ad(hn) d+T.

The idea is to construct finite-rank truncation id + 7T,, of id + T, and then realize

id + T,, through Ad by some h,, € Pin(H,q).
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Since id+T € U(Hc, (-, -)n.) and T is compact, 7" is normal and diagonalizable.
Denote eigenvalues of T' by A;, j € N. They satisfy |1+ \;| = 1. Without loss of

generality, assume that

|)\0|2|)\1|Z|)\2|2..., and )\02—2.

Because T' is real, a complex value and its complex conjugate appear as a pair as
eigenvalues of T. We further suppose \y; = 5\2]-_1 for j >0, m; is the multiplicity of
)\2]‘ and

)\2]' = 67203'Z -1 )\Qj,l = 629j2 -1

The eigenvectors associated to Ay; and 5\2]-_1 may not belong to "H(IC’O and 7—[(%1 re-

spectively. This statement is true for all 7 > 0 if and only if 7" commutes with the
complex structure on J on H. Let V¢ denote the complex subspace of H¢ spanned
by eigenvectors corresponding to Ag, A1,...,A2,. Vi is invariant under complex

conjugation. Then the finite-rank truncation id + T,, is defined as

id+T,=id+ T}, _.

Next we show
1. id+T, e U(Hc, (-, )n.) and T, is real;
2. 1d + T, is realized by h,,.

Let we (He, (-, -)ne) and it is decomposed as u = v + v+, where v € V,,¢c, v+ € V1. and
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V= denotes the orthogonal complement of V,,c. Then

((id + T )u, (id + Ty )y,
= ((id + T, )v, (id + T, )0}y, + ((id + T )v*, (id + Tty
+((id+ T, (id + T v ), + ((id + T o, (id + T, o)y,
= ((id + T, (id + To)yy, + (04,0 )y, + ((id + T, 0%}y,
+ (vt (id+ T)v)y,

= <U>U>7-L@ + (vl,vl)HC )

That T,, is real follows from the observation that V¢ is invariant under complex
conjugation. Let V,, = V,cn (H,q). (V,,q) is finite-dimensional real Hilbert space.
Since T, is real and recall the definition of (-, )y, V, is invariant under 7;, and
id + Tyl € O(V4,q). By Theorem 6.3, Ad : Pin(V,,q) - O(V,,q) is a double

covering. Then there is h,, € Pin(V,,q) c Cl(V,,q) such that

id+ Tyl = Adg,).

id + T, and f’l\c’l(hn) also coincide on (Hc, (-, ). ), because A\c’l(hn) is an identity map
on V.. However in order to show the convergence of h,, we will construct h,
inductively and explicitly. The construction of hg is not important and we use the

covering map to find a candidate. Suppose h,_; is constructed and consider a pair
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of eigenvalues \g,, and Ay, 1, and corresponding orthonormal eigenvector pair

(unuu”l)? R (unmn ) anmn)
and denote
_ Up, + Up, Uy, — Up,
xnl 2 ) ny ? 2
where [ =ny,...,n,,, . Based on the computation of Example 6.11, T|(unl in,) COLTE-
sponds to

cos 0y, + sin 0,2, Yn,

and its infinitesimal generator is 0,,x,,y,,. Since x,,y,, commutes with each other,

l=ny g=11=j,

N, n Jmj
Ry = Ryt €xp ( >, On:vzyz) = hpexp (Z > ijzyz)
The C*-norm of cos @, +sin6,z,,y,, —id is

"(5)
sin | —
2

|cos 6, + sin 6,2, yn, —id|

C*

Therefore h,, converges if
0.
sin (—J)
2

has a limit. Note that the trace norm of T is

n
Z m;
j=1

||TH£1(HC) = 2m0 +2 ij|>\2j| = 2m0 +4 Z mj| Sin(Qj)|
j=1 j=1

180



Therefore h,, converges and the sequence of infinitesimal generators also converges.

Due to the construction of Adg,,), Adg,) —id converges to T in L} (Hc, (,-)u.). O

The inverse of Proposition 6.14 is also true, see [SS65, Corollary| [Ara71, The-
orem 5.|'. The images are called inner Bogoliubov transforms. If we consider the
strong topology limits of the finite approximations in Proposition 6.14 under the

representation i, they correspond to elements T" in U (Hc, (-, )%, ) such that T' =T,
P,H(IC,OTP,H(%J is Hilbert-Schmidt, (6.45)

where P’Hé’o and PH%1 are projections onto Hé’o and 7-[(%1 respectively. The condition
is called the Shale-Stinespring condition [SS65, Theorem| and the elements 7" are
called unitary implementable Bogoliubov transformations. Specifically in terms of
Cl(Hc,qc) and A*(H, (-, -)n), since T is in U (Hc, (-, )2, ) and it is real, it can lift to

an automorphism over Cl(Hc, qc). The existence of a unitary implementation, i.e.

a unitary realization 7(7") e U (A*(H, (-,-)%)) which satisfies the adjoint relation

m(T)u(u)w*(T) = p(T'(u)),

where u € Cl(Hc,qc), is equivalent to Condition (6.45) [Ara7l, Theorem 7|. Any
unitary map U on ’Héo is extended to U + U on Hc¢. The extension has an invariant

subspace (H,q) and is unitary implementable. In a word, the space of unitary

!'Note that in this section we use the skewed adjoint representation Ad, then the image of
Pin(H,q) does not contain the case —id + T. If we use the usual adjoint representation, —id + T
will be included
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implementable Bogoliubov transformations contains the unitary group U (H(lc’o). Let

T be a real unitary map in U (Hc, (-, ). ). Loosely speaking, it is in the form

P Q
Q P

and the form is based on the splitting Hc = ’H(lc’o ® ’H(%l. After we modulo U (Hc),
P = |P| is self-adjoint and positive. In this case, T is unitary implementable if and
only if T'—id is Hilbert-Schmidt and the construction in Proposition 6.14 yields an
approximation to T

Quasi-free states w are related to their generalized one-particle density matri-

ces, which are defined linear operators S, on (Hc, (-, ). ) such that

(v, Suthre = Tz, (u(u)r* (v)w) (6.46)

where u,v € (Hc, (-, ). ). There is an implementable Bogoliubov transform 7" such
that w = w(T)N if and only if the generalized one-particle density matrix satisfies

[Sol14, Theorem 10.4]

w w

St = Sw, 52 = Sw, P’Hé’OSWPHé’O € ,Cl.

: — 1,0
where PHé’O is the projection on Hy.

Let explore the relation in special cases. If w = p(7-1)|0) for T € Pin(H,q),
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then

(v, Sz whae
={10), 11 (Adr(u))  (Adr(0))[0)) .

= (Adr(v), SiaAdr(u)),,

and Sy 7-1)p0) = @;Sid;lvdT, where S;4 is the projection on 7—[%1. Note that S;4 is the

projection onto ’H}C’O. Therefore S,,(p-1)j) satisfies identities

Sucr-nioy = w10y Sur-y) = Sur-npy and - Sur-yo) + Sur-yo) = id.

Conversely, we have

Lemma 6.15. Let L be a bounded operator on He and it satisfies
L*=L, L*=L and L+L=id, (6.47)

then there is a real unitary operator U € U(Hc, (-, ). ) such that L =U*S;uU.

Proof. Consider L —id/2,
oy
2 4

and the polar decomposition of L —id/2,

id id
L-==-U,—=
9 "l
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where U, € U(Hc, (-, )2, ). For any u € Hc, we have the decomposition

_u+ULu+u—ULu
2 2

u
By direction computation,

(L—%d)(u+ULu)=%(u+ULu),

(L—%d) (u—-Ugu) :—% (u—-Uru).

It means that Hc can be decomposed as a sum of two eigenspaces V; o and V_; of
L-id/2. Since L+L = id, the two eigenspaces are related by the complex conjugation,
ie. W} j2 = V_1j2. This decomposition is similar to 7—[%’0 and 7—[%1.

Next we extend a unitary map U from
He=Vip®Vip to He=H oM

as follows: construct a unitary map U; from V_;/5 to 7-[(1C’0, then extend it to Vs

using the complex conjugation, i.e.
Upu:= Uy, ueVip.

U is the sum of U; and U,. Due to the construction of U, U is real and

; Zd’ 1,0 2d| 0,1
L_Zi:U*(_ H(C + HC )U

2 2
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Slater determinants are states in A"(H, (-,-)3) in the form

UL AU N oo AN Up,

where u; are orthonormal |u;ll3; = ¢(u;) = 1. In physics, they are state functions of

n Fermions.
Corollary 6.16. Slater determinants are pure quasi-free states.

Proof. Consider the state uy AugA. .. Au,, where u; are orthonormal |u; |y = q(u;) =

1. Then u;---u, € Pin(H,q). Recall the decomposition of u; in Hc,

_uj—zJuj uj +iJu;
A N N

and p(u;) = a(u;) +a(u;). Therefore uy Aug A .. Aup = p(ug)p(usg) . .. p(u,)|0) and

it is a pure quasi-free state. [

We show an approximation result on the skewed adjoint representation, which

is used in Section 6.2.3.

Lemma 6.17. Consider Za’l(ulu,}_,un) and ;1\0’[(&1@2‘_,@") withu;, u; € (H,q) and |u;ly =

|j|n =1 for 1 <j<n, then

| Ad(uyus.un) = Ad 3. | <4 Z; (KT
=
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Proof. Consider the basic case n =1,

(;{a(u) - 2{a(ﬂ)) (U) = _2Q(C(U, U)U + QQC(UJ 7])’17,, Ve (H(Cu ('7 )HC);
and

|Ady - Ad@y | 0
<[ (h = 2qc(h, u)(u—a))|,, + [ (h = 2qc(h,u—-a))al,

=Au - al
To prove the general case, use the observation for hy, hy € C1*(Hc,qc),

H;fgi(hwm) - ;{E(hlﬂfm) Hgl
= HZZl(hl) (ZEZ(U) - m(ﬂ)) ZZ{(M) Hgl

SHZ&mﬂ@HZ&w—;mmNEHZ&mﬂw-

6.2.3 Infinite Dimensional Case

In this section, we consider a special case when H = L?(R? C) and study
smooth approximation of pure quasi-free states.

The real structure of H can be viewed as L?(R?¢ R?), i.e. elements are written
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/
in the form , [,9€ L2(R? R). Then the quadratic form g is

i) (%
|7 [ |7 Lt (@@ + a@)e@).

g1 g2

where f;,g; € L*>(R",R),j = 1,2, and the complex structure .J is

where f, g€ L?(R% R). The Hermitian form (-,-)3 is

(f.9hu= [ do F(@)g(x)

where f,g e L2(R%,C)). (He, (-, )n.) is identified with H x H in the way: Hg" is

identified with (#,J), i.e. H with complex structure J,

u—1Ju

>ue(H,J)~ f+ig

and 7—[(%1 is identified with (#,-.J), i.e. ‘H with complex structure —.J

u+iJu

> ue (M, =J)~ f-ig,
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where u = , [,g € L>(R4R). This identification is complex linear. Under

g
the identification the complex conjugation on Hc¢ corresponds to J on L?(R? C) x

L*(R4,C),

gl =] | (6.48)
where F,G € L?(R?,C). gc on L*(R4,C) x L?(R?, C) assumes the form

AN
qc : =3 fRd dx F1(2)Ge(x) + Gy (x) Fy(x), (6.49)
Gi1] \Gs
where Fj,G; € L2(R?,C),j = 1,2, and the Hermitian form on L?(R¢,C) x L2(R¢,C)

18

F Fy _ _
< , ) - A deFy () Fy(x) + Gy (2)Ca(a). (6.50)
G1] \Gs
HxH
The action p is
F
L = f dx (F(a:)abjC + G(;v)ax). (6.51)
Rd
G
F
(H,q) corresponds to elements in the form , F e L?(R4,C), which form an
F
F
invariant subspace of L?2(R%, C) x L2(R%,C) under J. Besides ¢ =1 is then
F

equivalent to | F'|| 2(gay = 1.

Example 6.18. We compute integral kernels explicitly in two basic cases
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F

1. ZZZ(U), where u = s Fe Lz(Rd,C) and HFHLQ(Rd) =1.
F
. Fj
2. dAd(uyuy—qe(u1.uz)), Where uj = , ;e L2(R4,C) and | F}| p2gay =1, 75 =1,2.
F;

f
Let h = € L2(R?,C) x L?(R4,C). For case 1.

Aduy(h)
=h - 2qc(u, h)u
f _ F
-1 (L avroFw + Fouw)| |
g
then its integral kernel K T, is
K (o) o(z-y) 0 F(z)F(y) F(z)F(y)
7a,,, (T,Y) = - .
o 0 -y)) \F@FW) F@)FQ)
For case 2.

dAd(uwz—qc(uLuz)) (u)
=2qc (ug, u)uy — 2qc(uq, u)usg

S URCEOLIORIOR0) " NV RCEOLORIOLR) Al

F1 F2
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then its integral kernel K 47 is
(u1ug-qc(u1,u2))

FI(I)FQ(y) - F2(1‘)F1(y) Fi(z)Fy(y) - Fa(x) Fi(y)

Kd (x7y) =

Ad(y ug—qg (ug,ug))

Fi(z)Fx(y) - Bx(x) Fa(y)  Fi(2) Fa(y) - Fa(2) Fi(y)

Meanwhile the infinitesimal representation du

1% (Uluz - Q(C(U17U2))

Fi(z)Fy(y) Fi(z)Fy(y)||o 1]]a)
=[d:vdy ol a,

Fi(z)Fa(y) Fi(@)Fy)J\1 0)\a,

1 — —
2 fRn dy F1(y) Fa(y) + F1(y) Fa(y)
L 0 1 aL
=§fdxdy (al a’x)Kdza(“NQ—q\c(ul,ug)) (:E,y)
1 0)\ay,

Let T be an operator on L2(R? C)x L2(R%,C). If T commutes with the action
J,ie. TJ=JT, it is in the form

P
, P,QeB(L*R?,C)x LR, C)),

Q P

where Pu = Pu, u € L2(R?,C). If P has an integral kernel, P means taking the

complex conjugation of its integral kernel. Formally, the infinitesimal representation
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dp

dp spin (M, q) » u(Fa)

P(z,y) Q(z.y)| 1 ol P(z,y) Qz.y)|[0 1][al
"’5[ z y(ax aw)

Q(z,y) P(z,y) Q(z,y) P(z,y)J\1 0]\a,

where P(y,z) = -P(z,y) and Q(y,z) = -Q(z,y).

In the end, we study the smooth approximation of pure quasi-free states.

A

Lemma 6.19. Consider ch’i(ulm_,_u") and ;l\c’i(al%_,ﬁn) with u; = s uj=| | and
fi fi
| fil L2ray = | fill L2 may = 1 for 1< j <n, then

H(Ad(uluz__,un) - Ad(ﬁlﬂz...ﬂn)) <v>Hﬁl(Lz(Rdvc)xL%Rd,C)) <C Z; HfJ B fj”Hl(]Rd) ’
j:
where C' is a constant depending on n, | f;| g ey and the differential operator (V)
acts on L*>(R?4,C) x L2(R¢,C) diagonally.
Proof. Consider the simplest case, n =1,
|(Ad(ury = Adgay) (V)]
<[[(h = 2gc(ur =@, h) @) (V)| 2

+ [ (B = 2qe (u, h) (ur = 61)) (V) 21

=2 Hfl - leHl(Rd) + 2||f1HH1(Rd) Hfl - leLQ(Rd)
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In order to show the general case, note that for hy, hy € Pin(H,q),

H(‘Z_d(hlul@) a 2{—C’l(hﬂhhz)) (V)HL1
<[ Ada,)|,, [(Adeu) = Adeay ) (V)]
+[Adguy ), [Adeuy = Adgay | o [(Adeny - id) (V)]

< H‘ZEZ(hl)Hop<2 |- leHl(Rd) + 2 il [ - fl”LQ(Rd))

e 4| Al 11 = Fil ey | (Bdihy = i) (93], (Lemma 6.17).

Then
H(Aa(UIUQ-uUn) - Z&(alag...an)) <V>”£1
< Z; |‘(z@(a1...aj,1uj...un) - zzl\zi(al...ajuﬁl...un)) <V>H51
iz
n ~
<C z; Hfj - fjHHl(Rd) )
iz
where C'is a constant depending on n and || f; | g1 (ra)- 0

Proposition 6.20. Let T be a unitary implementable Bogoliubov transform on
L2(R%,C) x L2(R%,C) such that T - id is a Hilbert-Schmidt operator, there is a
sequence of smooth operators T, € Pin(H,q), such that the integral kernels of
idLQ(Rd,C) O

Ad;, -
0 Z'dL2 (Rd,C)
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are smooth compactly supported functions and

|(7 - Adg, ) 0.

<v>H£2(L2(Rd,C)xL2(Rd,C)) ~

where the differential operator (V) acts on L*(R4,C) x L2(R?,C) diagonally.

Proof. Apply the finite-rank approximation in Proposition 6.14 to Ady and denote
the approximation operator by ZEiTn, where T}, = ujus ... u,, and u; € (H,q). Use

the definition of the Hilbert-Schmidt norm,

(T - Zlngn) (V) Hiz(Lz(Rd,C)xm(Rd@))

“1v (7 A, ) (9 (7= A, ))

vy, (T - A, ) (v (T - A, )"
v (7 A, (99 (7 - A, ))

=Try. (T - id)(V)2(T - id)*),

where Try. ((T'-id)(V)*(T - id)*) approaches zero, as n — oo.

Next we modify the finite-rank approximation ZZZTH. Approximate u; by com-
pactly supported smooth functions @; € (H,q) with respect to H!(R4,C). The
resulting operator

1’4\&7?” - ’L.dL2 (]Rd,(C)xLQ(Rd,(C)

has a compactly supported smooth kernel, where T}, = @1z . . . @iy, and by Lemma
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6.19,

|(Ads, - Adz,) (V)| 0.

£2(L2(R4,C)xL2(RE,C))
Il

Let w = |u (T71)|0)) (u (T-1)]0)| be a quasi-free state and its generalized one-

particle density matrix is

Now we fix the generalized one-particle density matrix. Without loss of generality,

— | Q
AdT: )

Q P

where P is semi-positive, i.e. P =|P|. If P is not equal to |P|, consider its polar

decomposition P = U|P|

ult o0 P Q u-t o0 P Q
Sid
0 U'J\Q P 0 U'J\Q P
P Q P Q
= Sid
Q P Q P
Pl U@
ie. has the same generalized one-particle density matrix and it
U-'Q  |P|

responds to the same quasi-free state up to a phase. Recall S, = ZEZ;SMZZZT,
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I'=Q*Q and A = Q*P, where S is the identity on Hg'. Suppose the generalized

one-particle density matrix satisfies

Fef" (L2 (R%C)) and AeH'(R?xRYC).

The conditions pass to () and P

(V)Q*Q(V) e L' (LA(R?,C) and Q*PeH'(R‘xR%C).

Then Q(V) € L2 (L*(R3,C)) and (P -id)(V) € L' (L*(R3,C)), since

id-— P*P=Q"Q = (P-id)(V)=-(P+id)'Q*Q(V).

Therefore

. P-id Q
(Adr —idparacyxre(racy) (V) = (V) e L2(L*(R?, C) x L*(R?,C)).

Q P-id

Use Proposition 6.20, Elfn converges to Ady and Syu(T;1)joy converges to S, in the
sense that, the convergence of the first entry is in the trace norm and the convergence

of the second entry is in the Hilbert-Schmidt norm.
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