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Foreword

A version of Chapter 2 has been published [M. Auer, Poisson limit theorems for systems with
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author of this work, and responsible for all its contents.

A version of Chapter 3 has been submitted for publication at J. London Math. Soc. by myself
and T. Schindler, and is available as a preprint at https://arxiv.org/abs/2503.22242. I was
responsible for the majority of the proofs, concept formation and manuscript composition. T.
Schindler contributed to the background and manuscript edits.
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Chapter 1

Motivation and introduction

1.1 Motivation

Rare events play a crucial role in understanding the long-term behaviour of complex systems,
with applications spanning physics, finance, climate science, and engineering. In dynamical
systems, such events often correspond to extreme deviations from typical behaviour, including
large fluctuations in turbulent flows, financial crashes, or sudden transitions in climate models.
While individually infrequent, rare events can have an outsized impact, making their statistical
properties essential to study. Mathematical techniques from probability theory and ergodic
theory provide powerful tools to analyse their occurrence and structure, offering insights into
both theoretical foundations and practical predictions.

A central question in this area is to describe the frequency with which events of low probabil-
ity occur. This problem has been extensively studied in chaotic systems, where strong mixing
properties allow for relatively straightforward probabilistic arguments. However, in many im-
portant classes of dynamical systems, particularly those where chaotic behaviour is weak and
mixing is slow, traditional techniques relying on fast decay of correlations cannot be applied.
Understanding the statistical properties of rare events in such settings requires new approaches.

Another key aspect of rare events in dynamical systems arises in the study of ergodic sums of
heavy-tailed observables. In these cases, time averages over long trajectories can be dominated
by just a few visits to regions where the observable takes exceptionally large values. This leads
to large oscillations in the averages and strong dependence on the initial condition. A natural
way to mitigate this issue is trimming, a technique that removes the largest observations from
the sum. Trimming has been successfully used to analyse such sums and obtain meaningful
limit theorems. While this approach has been well studied in certain settings, its behaviour in
systems with low complexity, such as irrational rotations, remains less understood.

1.2 Background

Probably the earliest fundamental result concerning rare events is the Poincaré Recurrence
Theorem. The Poincaré Recurrence Theorem states that every event of positive probability will
almost certainly occur infinitely often. More precisely;

Theorem 1. Let (X,µ, T ) be a probability preserving dynamical system, and let A ⊂ X be a
measurable set with positive probability µ(A) > 0. Then almost every point x ∈ A revisits A
infinitely often and it holds that

µ(x ∈ A | Tn(x) ∈ A only for finitely many n) = 0.
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Corollary 2. If, in addition (X,µ, T ) is ergodic, then every point x ∈ X visits A infinitely
often and it holds that

µ(x ∈ X | Tn(x) ∈ A for infinitely many n) = 1.

A natural follow-up question is with what frequency rare events occur. Therefore, for an event
A of positive probability µ(A) > 0, denote by φA the time until a point first visits A, formally

φA(x) = min(n ≥ 1 | Tn(x) ∈ A).

By the Poincaré Recurrence Theorem, it holds that φA < ∞ almost surely, provided that T is
ergodic. A fortiori the average value of φA on A itself is 1

µ(A) , as described by Kac’s formula∫
A
φA dµA =

1

µ(A)
,

where µA denotes the measure conditional on A given as µA(B) = µ(A∩B)
µ(A) for measurable B ⊂ A.

The Poisson Limit Theorem describes the asymptotic behaviour of µ(A)φA as µ(A) → 0.
Loosely speaking, it states that, for regular enough sets A and chaotic enough T it holds
that

µ(A)φA ⇒ ϕExp as µ(A) → 0,

where ϕExp is a standard exponential distribution, and ⇒ denotes convergence in distribution.
To avoid overly technical statements at this point, we leave precise statements to Chapter 2.

Beyond recurrence and return times, the Poisson Limit Theorem has significant applications
in the study of ergodic sums of non-integrable observables f ̸∈ L1. As already described in
§1.1, the ergodic sums SN (f) =

∑N−1
n=0 f ◦ Tn, for N ≥ 1, are dominated by only a few large

observations. This leads to large deviations in the values of SN (f)(x) as we vary x, making
almost sure convergence1, after suitable normalisation, to a constant, as in the Birkhoff Ergodic
Theorem impossible. In the following, whenever there are constant dN > 0 such that

lim
N→∞

SN (f)(x)

dN
= 1 for almost every x,

we will refer to it as a strong law, whereas if it holds that

lim
N→∞

µ

(∣∣∣∣SN (f)dN
− 1

∣∣∣∣ > ϵ

)
= 0 ∀ϵ > 0,

we will refer to it as a weak law.

This is accentuated by the stable limit theorem obtained by Kolmogorov and Gnedenko [GK68],
which we state for simplicity only for the function x−β, β ≥ 1, on the unit interval [0, 1] with the
Lebesgue measure. In the setting of i.i.d.s2 they obtain distributional convergence to a stable
limit distribution, more explicitly

SN (f)−N log(N)

N
⇒ ∆1 as N → ∞,

for β = 1, and
SN (f)

Nβ
⇒ ∆β as N → ∞,

1As we will see in the next paragraph convergence in probability might still be possible.
2Meaning that (f ◦ Tn)n≥1 is an i.i.d. random process.

2



for β > 1, where ∆β is a non-degenerate stable distribution. We shall sketch a proof that makes
use heavily of the Poisson Limit Theorem in §4.3. Note that the above, for β > 1, already
implies that there cannot even be a weak law of large numbers. In contrast, if β = 1, then a
weak law does hold with dN = N log(N).

Now we turn our attention to strong laws. As elaborated earlier, if f is non-integrable, big
oscillations prohibit any strong laws for SN (f) itself. This is made precise by the following
result of Aaronson ([Aar77]); let f ≥ 0 be non-negative and non-integrable, then, for every
normalising sequence (dN )N≥1, it holds that

lim sup
N→∞

SN (f)(x)

dN
= ∞ or lim inf

N→∞

SN (f)(x)

dN
= 0 almost surely,

meaning that we either underestimate or overestimate the sum infinitely often. A common
method to deal with the big oscillations of SN (f) is to simply remove the largest observations.
For N ≥ 1 and 0 ≤ k(N) ≤ N , define the trimmed sum as

S
k(N)
N (f)(x) = SN (f)(x)− max

0≤n1<n2<...<nk(N)≤N−1

k(N)∑
j=1

f(Tnjx).

As it turns out, for the trimmed sum S
k(N)
N (f) and a suitable k(N), it is possible to obtain strong

laws. We will review relevant literature for iids and systems with strong mixing properties in
§3.1.2, and show strong trimmed laws for rotations in Chapter 3.

1.3 Outline of the thesis

The outline of this thesis is as follows:

In Chapter 2, we delve into the problem of asymptotic hitting times to shrinking targets,
providing all relevant definitions. This Chapter consists of my paper [Aue25], in which I establish
conditions under which the Poisson limit theorem (PLT) holds in systems that lack strong
chaotic behaviour. This extends the applicability of such limit laws beyond the usual settings
of hyperbolic or strongly mixing systems.

Chapter 3 focuses on trimmed ergodic sums for rotations. This Chapter consists of the paper
[AS25], co-authored with T. Schindler, where we study trimming in the context of irrational
rotations of the torus. We provide precise conditions under which trimmed strong and weak
laws hold for ergodic sums of non-integrable observables in this setting.

Finally, Chapter 4 presents related open problems and potential directions for future research.

Minor changes have been made to the source papers [Aue25] and [AS25] to improve readability.
Chapters 2-4 are self-contained.
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Chapter 2

Poisson limit theorems for systems
with product structure

In this Chapter, we obtain a Poisson Limit for return times to small sets for product systems.
Only one factor is required to be hyperbolic, while the second factor is only required to satisfy
polynomial deviation bounds for ergodic sums. In particular, the second factor can be elliptic
or parabolic. As an application of our main result, several maps of the form Anosov map ×
another map are shown to satisfy a Poisson Limit Theorem at typical points, some even at all
points. The methods can be extended to certain types of skew products, including T, T−1-maps
of high rank.

2.1 Introduction

One of the prominent limit theorems in classical probability theory is the Poisson Limit The-
orem. (PLT). Due to the PLT, a variety of probabilistic models describing waiting times until
unlikely events occur are well approximated by exponentially distributed variables. It has been
a great discovery that many deterministic systems satisfy the same kind of limit theorems for
rare events.

Limit distributions of waiting times are most classical for mixing Markov chains, where one
considers returns to small cylinders, for example, see [Pit91, Theorem A]. As remarked there,
this result can be immediately generalized to systems with a Markov partition, the only caveat
being that the sets are still cylinders, so geometrically not the most intuitive class. Nonetheless,
waiting time limits for returns to small balls can be shown in concrete settings; for example
hyperbolic toral automorphisms [DGS04, Theorem 2.3] or more general hyperbolic maps [BS22,
Theorem 2.8], Rychlik-maps and unimodal maps [BSTV03, Theorem 3.2 and 4.1], partially or
nonuniformly hyperbolic maps [Dol04, Theorem 8] [PS16, Theorem 3.3] [CC13, Theorem 3.3],
open billiard systems [BS24, Theorem 1], some intermittent interval maps [CG93, Main Theo-
rem], and many more. It is sometimes interesting to also ask for explicit rates of convergence,
this can be shown under strong mixing properties, see [HSV99, Theorem 2.1], [AS11, Theorem
7], [HV09, Theorem 8]. Interestingly enough, in [BS22, Theorem 2.8] and [BS23, Theorem
5.11] novel techniques have been used to obtain rates in certain billiard systems without strong
mixing assumptions. We do not make any claims on completeness of the list of references given
above, for a more complete picture see [LFF+16].

Some related topics are extreme value laws [FFT11], [FFV17], spatiotemporal limits [PS20],
[Zwe22] or Borel-Cantelli like Lemmas [HLSW22], [HNPV13], [DFL22].

Similar questions can be asked for flows as well, this topic has not been studied as thoroughly
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as the question for maps. As shown in [PY17] for suspension flows, this reduces to the study
for maps. Moreover, the Poisson Limit Theorem for flows can be reduced to the Poisson Limit
Theorem for time 1 map with the target being the set of points that visit B(x, r) within the
next unit of time.

From the list above, we see that the PLT is often associated with strong mixing properties of
the system. In the present work, we construct systems that are not even weakly mixing but
nevertheless satisfy the PLT (a precise definition is given beneath). The systems will have a
special structure S = T ×R, where T is hyperbolic, but R is not.

We will develop a machinery to show the PLT for such systems. This will be used to construct
systems satisfying the PLT, but otherwise exhibiting properties uncharacteristic of chaotic sys-
tems - like non weak mixing, or zero entropy1. This suggests that the PLT is much more
common than it was believed before. In fact, discovering the most flexible conditions for the
validity of the PLT is a promising direction of future research.

2.2 Preliminaries

Definition 3. Given a probability-preserving ergodic dynamical system (X,A, µ,
T ) and a measurable set A ∈ A, we will define the first entry time to A as

φA(x) = min(n ≥ 1 | Tn(x) ∈ A),

the restriction φA|A to the set A itself shall be referred to as the first return time to A. The
first return map shall be denoted by TA(x) = TφA(x)(x), and the sequence of consecutive return
times by

ΦA = (φA, φA ◦ TA, φA ◦ T 2
A, ...).

Hence, it is natural to study limits of µ(A)φA as µ(A) → 0. More explicitly let (Al)l≥1 be a
sequence of rare events, that is each Al is measurable with µ(Al) → 0, we want to find weak
limits of the form

µ(Al)ΦAl

µ⇒ Φ as l → ∞,

or
µ(Al)ΦAl

µAl⇒ Φ̃ as l → ∞,

where ⇒ denotes convergence in distribution. In the above situation, we shall call Φ the hitting
time limit and Φ̃ the return time limit. An important fact is that the hitting and return time
limits are intimately related, this relation was first formulated in [HLV05, Main Theorem] (albeit
only for the first marginal). The analogous relation for the entire process is shown in [Zwe16,
Theorem 3.1]. For exponential returns, which is what we are concerned with, the result is as
follows.

Theorem 4. Let (X,A, µ, T ) be an ergodic probability preserving dynamical system, and let

(Al)l≥1 be a sequence of rare events. Then Φ
d
= ΦExp is equivalent to Φ̃

d
= ΦExp, where ΦExp is

a process of i.i.d. standard exponentially distributed random variables.

This suggests that we should expect exponential hitting and return time limits for geometrically
sensible sequences of rare events.

In the following, let X be a Cr Riemannian manifold with dim(X) = d and assume µ ≪ mX

the volume on X, with continuous density, say dµ
dmX

= ρ. Most of the statements can be
reformulated to hold for arbitrary invariant µ, but for the sake of simplicity, we shall keep this
assumption.

1This cannot be done with products, since h(T ×R) = h(T ) + h(R), where h denotes the metric entropy of a
system. We extend our methods to skew-products of a certain form (Theorem 9.)
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Definition 5. (i) Let x∗ ∈ X and, for r > 0, denote by Br(x
∗) the geodesic ball of radius r

centred at x∗. We will say that T satisfies the PLT at x∗ if

µ(Br(x
∗))ΦBr(x∗)

µ⇒ ΦExp as r → 0.

(ii) Let
PLT := {x∗ ∈ X | T satisfies the PLT at x∗}.

If µ(PLT ) = 1 we say that T satisfies the PLT almost everywhere, and if PLT = X we
will say that T satisfies the PLT everywhere.

If T is Lipschitz-continuous along the (finite) orbit of a periodic point, then it does not satisfy
the PLT at that point. To see this, note first that the PLT at x∗ in particular implies, via
Theorem 4, that, for each N ≥ 1,

µBr(x∗)(φBr(x∗) ≤ N) → 0 as r → 0.

Now suppose x∗ is a point with period p, and say ρ(x∗) > 0, and |T p(x) − T p(y)| ≤ C|x − y|
near x∗ then2

µBr(x∗)(φBr(x∗) ≤ p) ≥ µBr(x∗)(B r
C
(x∗)) =

1

Cd
+ o(1)

as r → 0.

Situations where x∗ is a periodic point are more delicate, and the limiting distribution is not
exponential any more (due to immediate returns). For example, in [Zwe22, Theorem 3.3 and
Theorem 10.1] this question was studied for expanding interval maps.

The main goal is to prove the PLT (almost) everywhere for some (skew-) product systems.

In the following we will consider return times in different systems - namely, we will have three
different maps T : X → X (or Ty : X → X) which is usually assumed hyperbolic, R : Y → Y
which is parabolic or elliptic, and S = T ×R : X×Y → X×Y - in an attempt to keep notation
simple we will (by slight abuse of notation) always denote the return times by φ. Which map
is meant will always be clear by the specified set.

2.3 The PLT for (skew-)products

In this paper, we study the PLT for systems that can be written as a product (or skew product
of a special type). Therefore, let Y be another Riemannian Cr

′
-manifold with dim(Y ) = d′,

and assume R : Y → Y preserves a probability measure ν ≪ mY with continuous density.
Instead of T : X → X, consider now some3 T : X × Y → X. We will prove the PLT for certain
systems of the form S(x, y) = (T (x, y), R(y)). The case of direct products can be recovered if

2Assuming C > 1, we have that Br(x
∗) is diffeomorphic via the exponential map expx∗ to a ball in Rd.

W.l.o.g. assume that X ⊂ RN

µ(Br(x
∗)) =

∫
Br(x∗)

ρ(x) dmX(x) = (ρ(x∗) + o(1))mX(Br(x
∗))

= (ρ(x∗) + o(1))

∫
(Br(0))

√
| detDuexpx∗(Duexpx∗)t dλd(u)

= (ρ(x∗)
√

| detD0expx∗(D0expx∗)t + o(1))λd(Br(0)),

where λd is the d-dimensional Lebesgue measure.
3X×Y is considered as a Riemannian manifold with the natural (Euclidean) product metric d((x, y), (x′, y′)) =√
d(x, x′)2 + d(y, y′)2. Analogously, one could consider different metrics, e.g. the box metric d((x, x′), (y′, y)) =

max(d(x, y), d(x′, y′)), where many of the proofs become easier. However, we will use here the Euclidean product
metric as the most natural choice.
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T (x, y) = T (x) is independent of y (which will be the case for most of our examples). Denote
also Ty(x) = T (x, y). We will assume that Ty preserves a probability measure µ (independent
of y). For measurable A ⊂ X we introduce analogously the consecutive fiberwise return times
as

φA×Y (x, y) = min(j ≥ 1 | Sj(x, y) ∈ A× Y ),

ΦA×Y = (φA×Y , φA×Y ◦ SA×Y , φA×Y ◦ S2
A×Y , . . . ),

where SA×Y = SφA×Y is the first return map to A× Y , note that we only fix a small target in
the fiber.

For our purposes, it is convenient to think of y as fixed. For n ≥ 1 denote Tny (x) = TRn−1(y)(TRn−2(y)(...(Ty(x)))),
and define

φA,y(x) = φ
(1)
A,y(x) = min(j ≥ 1 | T jy (x) ∈ A),

φ
(n+1)
A,y (x) = min(j ≥ 1 | T

φ
(1)
A,y(x)+φ

(2)
A,y(x)+···+φ(n)

A,y(x)+j
y (x) ∈ A),

ΦA,y = (φ
(1)
A,y, φ

(2)
A,y, · · · ).

Clearly the definitions coincide and ΦA,y(x) = ΦA×Y (x, y).

We will list here the main assumptions4 we make in order to prove the PLT.

� (MEM) We will say T is multiple exponentially mixing there are constants r > 0, C > 1
and γ > 0 such that, for almost all y ∈ Y ,∣∣∣∣∫

X

n−1∏
j=0

fj ◦ T
kj
y dµ−

n−1∏
j=0

∫
X
fj dµ

∣∣∣∣∣∣
≤ Ce−γmin0≤j1<j2≤n−1 |kj1−kj2 |

n−1∏
j=0

||fj ||Cr ,

(2.1)

for n ≥ 1, f0, ..., fn−1 ∈ Cr and 0 ≤ k0 ≤ ... ≤ kn−1.

� (EE) There are r′ > 0 and δ < 1 such that∣∣∣∣∣
∣∣∣∣∣
N−1∑
n=0

f ◦Rn −N

∫
f dν

∣∣∣∣∣
∣∣∣∣∣
L2(ν)

≤ C||f ||Cr′N
δ ∀f ∈ Cr

′
, ∀N ≥ 1. (2.2)

� (LR(y∗)) There is a c > 0 such that, for r > 0 and ν-a.e y ∈ Br(y
∗), we have

φBr(y∗)(y) ≥ c| log(r)|. (2.3)

� (SLR(y∗)) There is a ψ : (0,∞) → (0,∞) with | log(r)| = o(ψ(r)) as r → 0 such that, for
r > 0 and ν-a.e y ∈ Br(y

∗), we have

φBr(y∗)(y) ≥ ψ(r). (2.4)

� (LR’(x∗)) For ν-a.e y ∈ Y there is a c = cy > 0 such that, for r > 0 and µ-a.e x ∈ Br(x
∗),

we have
φBr(x∗),y(x) ≥ c| log(r)|. (2.5)

4We often only assume a subset of these, most commonly (MEM), (EE), and (BR(x∗, y∗)). But we will always
state the current assumptions.
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� (NSR(x∗)) There is a ξ : (0,∞) → (0,∞) with | log(r)| = o(ξ(r)) as r → 0 such that, for
ν-a.e y ∈ Y , we have

µBr(x∗)(φBr(x∗),y ≤ ξ(r)) → 0 as r → 0. (2.6)

� (BR(x∗, y∗)) One of the following is satisfied

– (SLR(y∗)),

– (NSR(x∗)) AND (LR(y∗)),

– or (NSR(x∗)) AND (LR’(x∗)).

Colloquially, we will also refer to (MEM) as multiple exponential mixing, and to (EE) as the
Quantitative Ergodic Theorem or effective ergodicity. Both are standard assumptions and have
been studied for many classes of systems.

Conditions (LR), (LR’), (SLR), and (NSR) all are concerned with the fact that points in a small
ball B cannot return to B too quickly. Sometimes in literature, the center x∗ or y∗ is referred
to as a slowly recurrent point. For technical reasons, we need to distinguish different versions of
slow recurrence, (SLR) being the strongest. The abbreviations (LR), (SLR), (NSR), and (BR)
stand for ‘large returns’, ‘strong large returns’, ‘no short returns’, and ‘big returns’ respectively.

Remark 6. (i) In the case T (x, y) = Gτ(y)(x), where G is a flow satisfying (a continuous
version of) (MEM)5 and τ is bounded, the condition (NSR(x∗)) is satisfied at almost every
x∗. Indeed, it was shown in [DFL22, Lemma 4.13], albeit for maps instead of flows, that
condition (NSR(x∗)) is satisfied6 for G at almost every x∗. Since τ is bounded, T also
has this property.

(ii) It is shown in [BS01, Lemma 5] that, for a map of positive entropy, condition (LR) is
satisfied at almost every point (In fact (2.3) is satisfied for all y ∈ Br(y

∗)). This remains
true for maps of the form T (x, y) = Gτ(y)(x), (in this case (LR’) is satisfied) for bounded
τ , where G has positive entropy.

(iii) Considering the previous remarks, it may seem unnecessary to state condition (SLR).
Note however that none of the conditions can be satisfied at periodic points, and the maps
we want to use for T will have plenty of periodic points. (SLR) will be useful to show the
PLT everywhere, if we can choose R without periodic points.

(iv) In most of the examples (see §2.4) we will have∣∣∣∣∣∣
∣∣∣∣∣∣
n−1∑
j=0

f ◦Rj − n

∫
f dν

∣∣∣∣∣∣
∣∣∣∣∣∣
L2(ν)

≤ C||f ||Hr′n
δ ∀f ∈ Hr′ , ∀n ≥ 1.

Since Cr
′ ⊂ Hr′ and ||f ||Hr′ ≤ ||f ||Cr′ for f ∈ Cr

′
, this implies condition (EE).

5It is in fact enough to assume exponential mixing.
6It is shown that, for every fixed A,K > 0, we have

µBr(x∗)(Br(x
∗) ∩G−nBr(x

∗)) ≤ | log(r)|−A ∀n ≤ K| log(r)|. (2.7)

For A > 1, summing over n ∈ [1,K| log(r)|] yields

µBr(x∗)(φBr(x∗),G ≤ K| log(r)|) → 0 as r → 0.

Since this is true for all K > 0, we can easily replace K by some K(r) ↗ ∞ growing slowly enough. This is a
routine argument which is left to the reader.
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Theorem 7. Assume that S(x, y) = (T (x, y), R(y)) satisfies conditions (MEM), (EE), and
(BR(x∗, y∗)) for some (x∗, y∗) ∈ X × Y . If

d >
r′ + d′δ

1− δ
(2.8)

then S satisfies the PLT at (x∗, y∗).

Corollary 8. If T (x, y) = T (x) preserves a smooth measure and satisfies (MEM), and R
satisfies (EE), then S = T ×R satisfies the PLT almost everywhere.

If T preserves a smooth measure, then, by [DKH24], T is Bernoulli, in particular, it has positive
entropy. (NSR(x∗)) and (LR’(x∗)) are satisfied almost everywhere by Remark 6.

For some applications it will be useful to choose T (x, y) = Gτ(y)(x), where
∫
Y τ dν = 0. However,

in this case, T will not satisfy condition (MEM). Fortunately, we can apply similar techniques if
ergodic averages of τ grow faster than logarithmically. More explicitly denote τn =

∑n−1
j=0 τ ◦Rj ,

assume there is a ζ : N → (0,∞) with log(n) = o(ζ(n)) and a κ > 0 such that

ν(|τn| < ζ(n)) ≤ O(n−κ). (BA)

Theorem 9. Assume that S(x, y) = (T (x, y), R(y)), where T (x, y) = Gτ(y)(x), satisfies con-
ditions (MEM) with G instead of T . Suppose that R satisfies (EE), and τ satisfies (BA). Let
x∗ ∈ X, y∗ ∈ Y . If there is a δ2 > 0 such that for small enough ρ > 0 we have

φBρ(y∗) ≥ ρ−δ2 on Bρ(y
∗), (2.9)

and

d >
r′ + d′δ

1− δ
and κ >

d′

δ2
. (2.10)

then S satisfies the PLT at (x∗, y∗).

Remark 10. Let us remark here, that hitting times for skew product, say S : X × Y → X × Y
with S(x, y) = (T (x, y), R(y)), have previously been investigated by other authors, for example,
[HRY19] and [RSV14]. The main differences between [HRY19] and our results are;

� In [HRY19] the system is viewed from the standpoint of random dynamics, therefore the
relevant target sets are of the form Bρ(x

∗) × Y . In contrast, we focus on geometric balls
Bρ(x

∗, y∗).

� In [HRY19], R is a full shift. This is needed to prove a “no short return” property akin
to (NSR(x∗)), which for us, is one of the assumptions. This allows different choices of R,
namely, for us, R need not be hyperbolic or even mixing. This is the main novelty of our
approach.

2.4 Examples

The definitions of the maps in Examples 11, 15, and Lemma 14 are given in §2.11. For most
of the examples we present, the choice of R is more interesting than the choice of T , mostly
because (MEM) implies chaotic behaviour and so the PLT in that setting is not surprising. We
will thus not focus too much on T for this section. We only present some examples here, there
are many others one can verify using Theorem 7.

Example 11. Let T be a map satisfying (MEM) on a manifold of sufficiently high7 dimension
then

7Sufficient bounds are given in §2.11.
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(i) if R is a Diophantine rotation, then T ×R satisfies the PLT everywhere;

(ii) if R is the time 1 map of a horocycle flow on Γ\SL2(R) where Γ is a cocompact lattice,
then T ×R satisfies the PLT everywhere;

(iii) if R is a skew-shift, then T ×R satisfies the PLT everywhere.

Remark 12. (i) In §2.11 we will show that the map R from example 11(i)-(iii) satisfies (EE)
and (SLR(y∗)) for every y∗. The conclusion then follows from Theorem 7.

(ii) The PLT almost everywhere can be shown more readily. By Corollary 8, we just have
to check (EE) for the map R, which holds for a big class of maps, examples will be given
in §2.11.5.

Example 13. At this point, let us point out that, while T and R act on manifolds and preserve
smooth measure, T and R themselves need not be smooth maps (not even continuous). For
example, if T : (0, 1] → (0, 1] is the Gauss map (or a more general mixing, expanding interval
map as in [Ryc83])

T (x) =
1

x
−
⌊
1

x

⌋
,

then T preserves the density ρ(x) = 1
log 2·(1+x) . It is standard to show that T is multiple exponen-

tially mixing, in fact, a fortiori, the Perron-Frobenius transfer operator has a spectral gap. Now
if Rα is an irrational rotation on T, and α is of bounded type, then, as shall be demonstrated
in §2.11, Theorem 7 applies to show that T ×Rα satisfies the PLT everywhere.

Theorem 9 can be used to construct T, T−1 transformations of zero entropy that satisfy the
PLT. All that remains to do is to construct a τ satisfying (BA), this can be done with the
construction given in [DDKN22a, Proposition 3.9].

Lemma 14. Let Rα : Td′ → Td′ be a Diophantine rotation, i.e

|⟨k, α⟩ − l| > C|k|−λ ∀k ∈ Zd
′
, k ̸= 0, l ∈ Z, (D)

for some λ ≥ d′. For n
2 < ρ < d′ there is a d ≥ 1 and a function τ ∈ Cρ(Td′ ,Rd) such that

ν(τ) = 0, while
ν(||τn|| < log2(n)) = o(n−5).

Note that in order to apply Theorem 9 we can always make d as big as we want.

Example 15. Let R = Rα be a Diophantine rotation with d′ = 2 and λ = 2, τ be the function
from Lemma 14, and let G be the Weyl Chamber flow on SL(d,R)/Γ, where Γ is a uniform
lattice. If d > 2 then S(x, y) = (Gτ(y)(x), Rα(y)) satisfies the PLT everywhere.

2.5 The delayed PLT

The main step in the proof will be to show a generalised version of the PLT (for fiberwise
returns), along a subsequence, this is what we will call a delayed PLT.

This ‘delayed PLT’ in itself is of independent interest, so let us make a more general statement.

Definition 16. Let (X,A, µ, T ) be a probability-preserving ergodic dynamical system and α =
(α(n))n≥1 be a sequence of natural numbers, we will refer to α as the delay sequence, and denote
α̃(n) =

∑n
j=1 α

(n). For measurable A ⊂ X we define the delayed consecutive return times to A

10



along α as

φA,α(x) := φ
(1)
A,α(x) := min(j ≥ 1 | T α̃(j)

(x) ∈ A)

φ
(n+1)
A,α (x) := min(j ≥ 1 | T α̃

(φ
(1)
A,α

(x)+φ
(2)
A,α

(x)+···+φ
(n)
A,α

(x)+j)

(x) ∈ A)

ΦA,α := (φ
(1)
A,α, φ

(2)
A,α, ...).

(2.11)

Like for classical return times, we will consider delayed return times for different systems. In
an attempt to keep notation simple, we will not specify the underlying map, only the target set
A.

The main example in this paper will be α(n) = φB(R
n
B(y)) for some y ∈ Y and B ⊂ Y 8, however

other choices are of interest, for example α(n) = g(n), where g is a polynomial, or α(n) = pn,
where pn is the nth prime.

Given a rare sequence (Al)l≥1, we will distinguish between two cases

1) the delay sequence is fixed in l,

2) the delay sequence is allowed to vary with l.

Definition 17. (i) Let x∗ ∈ X and, for r > 0, denote by Br(x
∗) the geodesic ball of radius

r centred at x∗. Let α = (α(n))n≥1 be a sequence of natural numbers. We will say that T
satisfies the delayed PLT along α at x∗ if

µ(Br(x
∗))ΦBr(x∗),α

µ⇒ ΦExp as r → 0.

(ii) Let PLT (α) = {x∗ ∈ X | T satisfies the delayed PLT along α at x∗}.

If x∗ ∈ PLT (α) for all sequences of natural numbers α, then we say that T satisfies the
delayed PLT at x∗.

The analogous definition for varying α is

Definition 18. (i) Let x∗ ∈ X and, for r > 0, denote by Br(x
∗) the geodesic ball of radius

r centred at x∗. Let α = ((α
(n)
r )n≥1)r>0 be a collection of sequences of natural numbers.

We will say that T satisfies the varying delayed PLT along α at x∗ if

µ(Br(x
∗))ΦBr(x∗),αr

µ⇒ ΦExp as r → 0.

(ii) Let PLT (α) = {x∗ ∈ X | T satisfies the varying delayed PLT along α at x∗}. If x∗ ∈
PLT (α) for all sequences of natural numbers α, then we say that T satisfies the delayed
PLT at x∗.

In case 1) the main result is a straightforward modification of Theorems 7 and 9.

Theorem 19. Let α be a sequence of positive integers. Assume the conditions of Theorem 7
or 9 hold replacing (EE) in both cases by∣∣∣∣∣∣

∣∣∣∣∣∣
n−1∑
j=0

f ◦Rα̃(j) − n

∫
f dν

∣∣∣∣∣∣
∣∣∣∣∣∣
L2(ν)

≤ C||f ||Cr′n
δ ∀f ∈ Cr

′
, ∀n ≥ 1.

Then S satisfies the delayed PLT along α at (x∗, y∗).

8As in §2.7, see especially (2.13).
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The proof is analogous to the proof of Theorem 7 resp. 9 (with ΦBl
replaced by ΦBl,α and

Lemma 21 replaced by Lemma 39). Therefore, no detailed proof will be given 9.

In case 2) the main result is a special case of Proposition 25(III), however, it is worth stating
by itself.

Theorem 20. Suppose T satisfies conditions (MEM), (SLR(x∗)) and (NSR(x∗)), then T sat-
isfies the varying delayed PLT at x∗.

2.6 Cumulative return times

Most of the statements (and proofs) below are much more convenient to state in terms of
cumulative return times. For a measurable set A ⊂ X (or B ⊂ Y,C ⊂ X × Y ) the sequence of
cumulative return times to A is given by10

σ
(n)
A =

n−1∑
j=0

φA ◦ T jA, n ≥ 1

ΣA = (σ
(1)
A , σ

(2)
A , . . . ),

and similar notation for delayed returns.

When studying distributional convergence of ΦA, one can equivalently study for distributional
convergence of ΣA.

Indeed, let ι : [0,∞)N → [0,∞)N be the map

ι(x1, x2, x3, ...) = (x1, x1 + x2, x1 + x2 + x3, . . . ).

Since ι is a homeomorphism, standard theory shows that

µ(Al)ΦAl

µ⇒ Φ if and only if µ(Al)ΣAl

µ⇒ ι(Φ), (2.12)

where we use the obvious extension of ι to [0,∞]N. Denote ΣExp = ι(ΦExp).

2.7 Idea of the proof

Let us first outline the strategy of proving Theorem 7.

Say we want to show the PLT for the geodesic balls (Ql) converging to (x∗, y∗), then, for every

ϵ > 0, we find suitable rectangles11 approximating Ql in the sense that
⋃K
k=1A

(k)
l × B

(k)
l ⊂ Ql

and

(µ× ν)Ql

(
Ql \

K⋃
k=1

A
(k)
l ×B

(k)
l

)
< ϵ.

Denote Q′
l :=

⋃K
k=1A

(k)
l ×B

(k)
l . We will use Proposition 25 to show the PLT for Q′

l, i.e

(µ× ν)(Q′
l)ΣQ′

l

(µ×ν)⇒ ΣExp as l → ∞.

9Note however that there is no relation of delayed hitting times to delayed return times as in Theorem 4.
10Recall from Definition 3 that φA(x) = min(n ≥ 1 | Tn(x) ∈ A) is the first entry/return time to A, and

TA = TφA is the first return map.
11Using the exponential map, this is a simple exercise in Rd+d′ . Here we use continuity of the densities of µ

resp. ν!
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Letting ϵ→ 0, the next Lemma will help us conclude that

(µ× ν)(Ql)ΣQl

(µ×ν)⇒ ΣExp as l → ∞.

The critical approximation here is the following Lemma - see [Zwe16, Theorem 4.4] for a qualita-
tive version, and the following statement can be easily deduced from the proof - for convenience,
we give a proof of this quantitative version in §2.12.

Lemma 21. There is a metric D defined on the space of probability measures on [0,∞]N and
modelling weak convergence of measures12 such that

D
(
law(µ×ν)Q((µ× ν)(Q)ΦQ), law(µ×ν)Q′ ((µ× ν)(Q′)ΦQ′

)
≤ 4(µ× ν)Q(Q \Q′),

for measurable Q′ ⊂ Q ⊂ X × Y .

For returns to rectangles, say Al × Bl, for fixed y ∈ Y , we can ignore all the times j where
Rj(y) ̸∈ Bl. Hence, denoting αl(y) = ΦBl

(y), we first show that for ν-a.e y ∈ Y

µ(Al)ΣAl,αl(y)
µ⇒ ΣExp as l → ∞. (2.13)

To show this, the idea is that, due to assumption (BR), the times13 α̃
(j)
l (y) are sufficiently far

apart to use (MEM), we apply Proposition 25. Since (2.13) is now true for ν-a.e y ∈ Y , we also
have

µ(Al)ΣAl,ΦBl

µ×ν⇒ ΣExp as l → ∞, (2.14)

where ΣAl,ΦBl
(x, y) = ΣAl,ΦBl

(y),y(x).

These are not quite the returns that we wanted to consider. However, notice that, in every step,
we skip exactly φBl

steps, thus we have the following relation

σAl×Bl
(x, y) =

σAl,ΦBl
(y),y(x)−1∑
j=0

φBl
◦RjBl

(y). (2.15)

We now use (EE) to control the ergodic sums of φBl
and show that

µ(Al)ν(Bl)ΣAl×Bl

µ×ν⇒ ΣExp as l → ∞.

The same idea works for unions of rectangles
⋃K
k=1A

(k)
l ×B

(k)
l , however, in (2.13), we will have

to slightly modify the definition of return times, which shall be done at the beginning of §2.8.2.

2.8 PLT along varying subsequences

2.8.1 Approximation

In our work, we often need to apply the mixing condition (MEM), and the quantitative ergodicity
(EE), for indicator functions, hence we have to approximate them by functions in Cr resp. Cr

′
.

Definition 22. Let M be a Cr manifold with dimension dim(M) = d, λ be a measure on
M . Let Bα ⊂M be measurable subsets for α in some index set. We say that {Bα} is regularly

approximable in Cr if there is a constant B > 0 such that, for each α and for 0 < ϵ < 1
10λ(Bα)

1
d ,

there are h, h ∈ Cr with h ≤ 1Bα ≤ h and for h ∈ {h, h}

λ(1Bα ̸= h) ≤ λ(Bα)
d−1
d ϵ, while ||h||Cr ≤ Bϵ−r. (2.16)

We call the least such constant B > 0 the approximant of B and denote it by app({Bα}).
12In the sense that λl ⇒ λ if and only if D(λl, λ) → 0.
13It can be recalled from Definition 16 that α̃

(n)
l =

∑n
j=1 α

(j)
l =

∑n−1
j=0 φBl ◦R

j .
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Lemma 23. Let M , r, d and λ be as in Definition 22. Assume in addition that λ is absolutely
continuous w.r.t volume with bounded density. Suppose that

⋃
αBα is relatively compact, and

there is an open U ⊃
⋃
αBα ⊃

⋃
αBα and a Cr-diffeomorphism ι : U → V for some open set

V ⊂ Rd such that each ι(Bα) is a ball. Then {Bα} is regularly approximable in Cr.

Proof. (i) We may assume that M = Rd and λ is Lebesgue measure, otherwise we pick up
another constant, which can be absorbed into C. Furthermore, we can assume that all Bα are
balls centered at the origin. In the following fix α and, dropping the α from our notation, let
B = Bt(0). We have λ(B) = C1t

d, where C1 is the volume of the d-dimensional unit ball.

(ii) Let θ : R → [0, 1] be a smooth function with θ(x) = 1 if x < 0, and θ(x) = 0 if x > 1. For
t > ϵ > 0 consider

θ̂(x) = θ(ϵ−1(x− t))

then θ̂ is still smooth and ||θ̂||Cr = ϵ−r||θ||Cr . Consider h : Rd → [0, 1] given by h(x) = θ̂(|x|),
then

� h is smooth, away from the origin because it is the composition of smooth functions, and
near the origin, it is constant 1,

� h(x) = 1 if |x| < t and h(x) = 0 if |x| > t+ ϵ,

� and ||h||Cr ≤ C3ϵ
−r where C3 = rC2||θ||Cr and C2 is the Cr norm of the smooth function

x 7→ |x| on {t ≤ |x| ≤ t+ ϵ}.

Furthermore, we have

λ(h ̸= 1B) = λ(t ≤ |x| ≤ t+ ϵ) = C1((t+ ϵ)d − td)

≤ C1dt
d−1ϵ ≤ dC

1
d
1 λ(B)

d−1
d ϵ,

all the constants can be absorbed in the constant C from the claim, the constant only depends
on r, d.

For h repeat the calculations with θ̂ = θ(ϵ−1(x− (t− ϵ))) instead.

2.8.2 Proof of the PLT along varying subsequences

For our purposes it will not be enough to consider the delayed PLT for a single rare sequence

(Al)l≥1, rather let K ≥ 1, and A
(1)
l , ..., A

(K)
l be subsets of X such that {A(k)

l } is regularly
approximable in Cr. Assume that there are ω(1), ..., ω(K) > 0 and rl → 0 such that

µ(A
(k)
l ) = ω(k)rdl + o(rdl ). (2.17)

Given κ
(j)
l ∈ {1, ...,K}, for l, j ≥ 1, define the cumulative return times by

σ(1)κl,αl,y
(x) = min(j ≥ 1 | T α̃

(j)
l

y (x) ∈ A
(κ

(j)
l )

l ),

σ(n+1)
κl,αl,y

(x) = min(j ≥ τ (n)κl,αl,y
(x) + 1 | T α̃

(j)
l

y (x) ∈ A
(κ

(j)
l )

l ),

Σκl,αl,y = (σ(1)κl,αl,y
, σ(2)κl,αl,y

, ...).

Denote the frequency with which A
(κl)
l = A

(k)
l by

p
(k)
l,t :=

1

t
#{j = 1, ..., tl | κ

(j)
l = k}.
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For now suppose that there are positive constants θ(k) > 0 such that, for all k = 1, ...,K, and
for all tl ↗ ∞ with tl = O(r−dl ),

p
(k)
l,tl

→ θ(k)∑K
j=1 θ

(j)
=: p(k) as l → ∞. (2.18)

Later on, when we prove PLT in product systems, we will choose κ and θ in a specific way14

and (2.18) will be satisfied by Lemma 30.

The main estimate of mixing rates for regularly approximable sets is the following.

Lemma 24. Suppose T satisfies (MEM), and let y ∈ Y be such that (2.1) is satisfied. Let
m ≥ 1, A(1), ..., A(k) ⊂ X be regularly approximable in Cr, and 1 ≤ n1 < ... < nk, then∣∣∣∣∣µ

(
k⋂
i=1

T−ni
y A(i)

)
−

k∏
i=1

µ(A(i))

∣∣∣∣∣ ≤ K max
i=1,...,k

µ(A(i))
d−1
d

kr
kr+1 e−

γp
kr+1 ,

where p = min
i=1,...,k−1

|ni+1−ni| and the constant K > 0 only depends on k and app({A(1), ..., A(k)}).

Proof. Let C = app({A(1), ..., A(k)}). By Lemma 23, for every ϵ > 0, there are h(i) ∈ Cr such
that 0 ≤ h(i) ≤ 1A(i) and

µ(1A(i) ̸= h(i)) ≤ µ(A(i))
d−1
d ϵ, while ||h(i)||Cr < Cϵ−r.

We estimate∣∣∣∣∣µ
(

k⋂
i=1

T−niA(i)

)
−

k∏
i=1

µ(A(i))

∣∣∣∣∣ ≤
∣∣∣∣∣µ
(

k⋂
i=1

T−niA(i)

)
−
∫
X

k∏
i=1

h(i) ◦ Tni dµ

∣∣∣∣∣
+

∣∣∣∣∣
∫
X

k∏
i=1

h(i) ◦ Tni dµ−
k∏
i=1

∫
X
h(i) ◦ Tni dµ

∣∣∣∣∣
+

∣∣∣∣∣
k∏
i=1

∫
X
h(i) ◦ Tni dµ−

k∏
i=1

µ(A(i))

∣∣∣∣∣
≤ 4k max

i=1,...,k
µ(A(i))

d−1
d ϵ+ Cke−γpϵ−kr.

This bound is optimised for

ϵ∗ =

(
Ckr

4k
max
i=1,...,k

µ(A(i))−
d−1
d e−γp

) 1
kr+1

,

so ∣∣∣∣∣µ
(

k⋂
i=1

T−niA(i)

)
−

k∏
i=1

µ(A(i))

∣∣∣∣∣ ≤ Ĉ max
i=1,...,k

µ(A(i))
d−1
d (1− 1

kr+1)e−p
,γ

kr+1

+ C̄ max
i=1,...,k

µ(A(i))
kr

kr+1
d−1
d e−γp(1−

kr
kr+1)

≤ K max
i=1,...,k

µ(A(i))
d−1
d

kr
kr+1 e−

γ
kr+1

p,

where the constants Ĉ, C̄,K > 0 only depend on k and on C.

14Say we want to prove a PLT for the system T × R and sets of the form Br(x
∗) × Br(y

∗) then we choose

K = 1 and θ > 0 such that ν(Br(y
∗)) = θrd

′
+ o(rd

′
).
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In the following Proposition, we shall demonstrate exponential limit distributions for fiberwise
return times (compare (2.13)). The proof is standard and uses multiple exponential mixing
and the method of moments, however, due to having multiple sets, the notations are quite
cumbersome. We will present a proof for the convenience of the reader.

Proposition 25. Suppose that T satisfies (MEM), (A
(1)
l ), ..., (A

(K)
l ) are sequences of rare events

with µ(A
(k)
l ) = ω(k)rdl +o(r

d
l ), for K ≥ 1, κl satisfy (2.18) for some p(k) > 0 with

∑K
k=1 p

(k) = 1,

and let αl = (α
(n)
l )n≥1 be sequences of natural numbers. Denote Al =

⋃K
k=1A

(k)
l and suppose

that either

(I) αl grows faster than | logµ(Al)| in the sense that

| logµ(Al)| = o(min
n≥2

|α(n)
l |), (2.19)

(II) short returns to Al are rare in the sense that

µAl
(φAl

≤ al) → 0 as l → ∞, (2.20)

for some sequence (al)l≥1 with | log(µ(Al))| = o(al), and αl grows at least as fast | logµ(Al)|
in the sense that

| logµ(Al)| = O(min
n≥2

|α(n)
l |), (2.21)

(III) or short returns to Al are rare in the sense that

µAl
(φAl

≤ al) → 0 as l → ∞, (2.22)

for some sequence (al)l≥1 with | log(µ(Al))| = o(al), and returns are at least logarithmically
large, i. e there exists c > 0 such that

φAl
(x) ≥ c log(µ(Al)) µ− a.e x ∈ Al. (2.23)

Then for ν-a.e y ∈ Y
Ωrdl Σκl,αl,y

µ⇒ ΣExp as l → ∞,

where Ω =
∑K

k=1 ω
(k)p(k).

Proof. Fix y as in (MEM) and denote Tn = Tny .

(i) Taking a subsequence if necessary, we may assume that there is a [0,∞]-valued process
Σ = (σ(1), σ(2), ...) such that

Ωrdl Σκl,αl

µ⇒ Σ as l → ∞.

For J ≥ 1 and 0 < t1 < ... < tJ we show

P
(
σ(j) ≤ tj , j = 1, . . . , J

)
= P

(
σ
(j)
Exp ≤ tj , j = 1, . . . , J

)
. (2.24)

The trick is to look at the “dual” object

S(n)
κl,αl

=
n∑
j=1

1
A

κ
(j)
l

l

◦ T α̃
(j)
l .

The important relation here is the following

S(n)
κ,αl

≥ N ⇐⇒ σ(N)
κ,αl

≤ n. (2.25)

16



Indeed, evaluating both sides at some x ∈ X, the left side says that there are at least N different

times 1 ≤ j1 < ... < jN ≤ n such that T α̃
(j)
l (x) ∈ A

κ
(j)
l
l . The right-hand side expresses that, if

1 ≤ j1 < ... < jN are the first N times that T α̃
(j)
l (x) ∈ A

κ
(j)
l
l , then j1+

∑N
i=2(ji− ji−1) ≤ n. Let

(Pt)t≥0 be a Poisson process, such that ΣExp are the cumulative waiting times of (Pt), i.e. (Pt)
and ΣExp are related by

Pt ≥ N ⇐⇒ σ
(N)
Exp ≤ t.

The right side of (2.24) is equal to

P
(
σ
(k)
Exp ≤ tk, k = 1, ..., J

)
= P(Ptk ≥ k, k = 1, ..., J).

Due to (2.25) it is enough to showS
⌊

t1
Ωrd

l

⌋
κl,αl , S

⌊
t2

Ωrd
l

⌋
κl,αl , ..., S

⌊
tJ
Ωrd

l

⌋
κl,αl

 µ⇒ (Pt1 , ..., PtJ ) as l → ∞.

(ii) Taking a further subsequence if necessary, there are [0,∞]-valued P̃t1 , ..., P̃tJ such thatS
⌊

t1
Ωrd

l

⌋
κl,αl , S

⌊
t2

Ωrd
l

⌋
κl,αl , ..., S

⌊
tJ
Ωrd

l

⌋
κl,αl

 µ⇒ (P̃t1 , ..., P̃tJ ) as l → ∞.

We will show that

(A) P̃tk − P̃tk−1
is Poisson distributed with intensity tk − tk−1 for k = 1, ..., d,

(B) and (P̃t1 − P̃t0 , P̃t2 − P̃t1 , ..., P̃tJ − P̃tJ−1) is an independent vector, where t0 = 0.15

Clearly P0 = P̃0 = 0.

For j = 1, . . . , J denote Stj ,l = S

⌊
tj

Ωrd
l

⌋
Al,κl

. Assertions (A) and (B) will follow16 once we show that,
for all m1, ...,md ≥ 1,∫

X

J∏
j=1

(
Stj ,l − Stj−1,l

mj

)
dµ =

J∏
j=1

(tj − tj−1)
mj

mj !
+ o(1) as l → ∞.

In the rest of the proof fix J ≥ 1, 0 = t0 < t1 < · · · < tJ and m1, . . . ,mJ ≥ 1.

(iii) First, for each j = 1, . . . , J , rewrite

Stj ,l − Stj−1,l =

⌊
tj

Ωrd
l

⌋
∑

i=

⌊
tj−1

Ωrd
l

⌋
+1

1
A

(κ
(i)
l

)

l

◦ T α̃
(i)
l .

So
J∏
j=1

(
Stj ,l − Stj−1,l

mj

)
=

d∏
j=1

∑
⌊

tj−1

Ωrd
l

⌋
+1≤k1,j<...<kmj,j

≤
⌊

tj

Ωrd
l

⌋
mj∏
i=1

ξi,j (2.26)

15This is essentially Watanabe’s characterisation of Poisson-processes.
16Here we apply the method of moments, see eg [Bil95, Theorem 30.2].
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where ξi,j = 1
A

(κ
(ki,j)

l
)

l

◦ T α̃
(ki,j)

l . To simplify notation we will also denote m = (m1 + · · ·+mJ),

ω = mink=1,...,K ω
(k), pl = 2mmr+1

γ

∣∣log(ωrdl )∣∣,
∆l := {k = (ki,j) j=1,...,J

i=1,...,mj

∣∣∣ ⌊ tj−1

Ωrdl

⌋
+ 1 ≤ k1,j<. . .<kmj ,j ≤

⌊
tj

Ωrdl

⌋
for j = 1, ..., J}

and
∆′
l := {k ∈ ∆l | min

j=1,...,J, i=1,...,mj

j′=1,...,J, i′=1,...,mj′ , (j,i) ̸=(j′,i′)

|α̃(ki,j)
l − α̃

(ki′,j′ )

l | ≤ pl}.

We will split the sum in (2.26) into two terms

J∏
j=1

(
Stj ,l − Stj−1,l

mj

)
=Ml +Rl,

where

Ml =M(tj),l,(mj) =
∑

k∈∆l\∆′
l

∏
j=1,...,J
i=1,...,mj

ξi,j , Rl = R(tj),l,(mj) =
∑
k∈∆′

l

∏
j=1,...,J
i=1,...,mj

ξi,j .

We will show that∫
X
Ml dµ→

J∏
j=1

(tj − tj−1)
mj

mj !
and

∫
X
Rl dµ→ 0 as l → ∞. (2.27)

(iv) Let us first treat Ml. For l ≥ 1 and k ∈ ∆l, by Lemma 24 we have∣∣∣∣∣∣∣∣µ
 ⋂

j=1,...,J
i=1,...,mj

T−α̃
(ki,j)

l A
(κ

(ki,j)

l )

l

−
∏
j,i

µ

(
A

(κ
(ki,j)

l )

l

)∣∣∣∣∣∣∣∣
≤ Kmax

j,i
µ

(
A

(κ
(ki,j)

l )

l

) d−1
d

mr
mr+1

e−
γ mini,j α

(ki,j)

l
mr+1 .

For k ∈ ∆l \∆′
l, this yields

µ

 ⋂
j=1,...,J
i=1,...,mj

T−α̃
(ki,j)

l A
(κ

(ki,j)

l )

l

 = rmdl
∏

j=1,...,J
i=1,...,mj

ω
(κ

ki,j
l )

l + o(rmdl ),

18



and the o-term does not depend on k. Summing over k ∈ ∆l \∆′
l, and using (2.18), yields∫

X
Ml dµ =

∫
X

∑
k∈∆l\∆′

l

∏
j=1,...,J
i=1,...,mj

1
A

(κ
(ki,j)

l
)

l

◦ T α̃
(ki,j)

l dµ

= rmdl
∑

k∈∆l\∆′
l

∏
j=1,...,J
i=1,...,mj

ω(κ
(ki,j)

l ) + o(1)

∗
= rmdl

∑
k∈∆l

∏
j=1,...,J
i=1,...,mj

ω(κ
(ki,j)

l ) + o(1)

= rmdl

J∏
j=1

1

mj !

 K∑
k=1

⌊
tj − tj−1

Ωrdl

⌋
p
(k)

l,

⌊
tj−tj−1

Ωrd
l

⌋ω(k)

mj

+ o(1)

= Ω−m
J∏
j=1

(tj − tj−1)
mj

mj !

( K∑
k=1

p(k)ω(k)

)mj

+ o(1)

=

J∏
j=1

(tj − tj−1)
mj

mj !
+ o(1),

for ∗ note that #∆′
l = O(r−md+1

l | log(rl)|). This shows the first assertion of (2.27).

(v) In order to treat Rl, first note that under assumption (I) we have Rl = 0 for big enough l.
In the following, we focus on assumptions (II) and (III). Note that∫

X
Rl dµ =

∫
X
1Rl ̸=0Rl dµ ≤ µ(supp(Rl))∥Rl∥L2

and

supp(Rl) ⊂

⌊
tJ
Ωrd

l

⌋
⋃
j=1

T−α̃(j)
l (Al ∩ {φAl

≤ 3pl}) =: Ul,

since pl = O(| log(rl)|), from (2.20) resp. (2.22), it follows that

µ(supp(Rl)) ≤ µ(Ul) = O(r−dl )µ(Al)o(1) = o(1).

Therefore, in order to show
∫
X Rl dµ → 0, it is enough to show that (Rl)l≥1 is bounded in L2.

Notice that

R2
l ≤

∑
1≤k1,...,k2m≤

⌊
tJ
Ωrd

l

⌋
m∏
i=1

1
A

(κ
(ki)
l

)

l

◦ T α̃
(i)
l = S2m

tJ ,l
.

We may write

S2m
tJ ,l

=

2m∑
k=1

{
2m

k

}(
StJ ,l
k

)
≤ Cm

2m∑
k=1

(
StJ ,l
k

)
≤ Cm

2m∑
k=1

(MtJ ,l,k +RtJ ,l,k),

where
{
2m
k

}
are the Stirling numbers of the second kind and Cm = maxk=1,...,2m

{
2m
k

}
. Now the

previous parts of the proof show that∫
X
MtJ ,l,m dµ is bounded as l → ∞, ∀m ≥ 1,
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it remains to show that ∫
X
RtJ ,l,m dµ is bounded as l → ∞, ∀m ≥ 1.

(vi) In order to bound
∫
X RtJ ,l,m dµ for fixed m ≥ 1 we first split up17 ∆′

l into

∆
(j)
l :=

k = (k1, ..., km) ∈ ∆l

∣∣∣∣∣∣∣∣
∃1 ≤ ii < ... < im−j ≤ m such that

|α̃(ki+1)
l − α̃

(ki)
l | ≤ p̃l ∀i ∈ {1, ...,m} \ {i1, ..., im−j},

and |α̃(kir+1)
l − α̃

(kir )
l | > p̃l ∀r = 1, ...,m− j

 ,

for j = 1, ...,m− 1, so that ∆′
l =

⋃m−1
j=1 ∆

(j)
l . Under assumption (II), because of (2.21), there

is a constant c > 0 such that for ρ = 2mmr+1
cγ and big enough l we have

#∆
(j)
l ≤

(
m

j

)(⌊ t
Ωrdl

⌋
m− j

)
ρj ≤ mmtmρm(Ω−m + 1)r

−d(m−j)
l .

On the other hand, for k ∈ ∆
(j)
l , we can again use Lemma 24 to estimate∫

X

m∏
s=1

ξs dµ ≤
∫
X

∏
s∈{1,...,m}\{i1,...,ij}

ξs ≤ Ωr
d(m−j)
l + o(r

d(m−j)
l ),

where the o-term does not depend on k, and

ξs = 1
A

κ
(ks)
l

l

◦ T α̃
(ks)
l .

Summing over k ∈ ∆′
l we obtain∫
X
Rtj ,l,m dµ ≤ 2mm+1tmρm(Ω−m+1 +Ω), ∀m ≥ 1,

and we conclude
∫
X Rl dµ→ 0 under assumption (II).

(vii) Finally assume (III). For fixed j = 1, ...,m− 1, l ≥ 1 and 1 ≤ i1 < ... < ij ≤
⌊

t
Ωrdl

⌋
with

mins=1,...,j−1 |α̃(is+1)
l − α̃

(is)
l | ≥ pl set

Al,i1,...,ij =

j⋂
s=1

T−α̃(is)
l A

κ
(is)
l
l .

By Lemma 24
µ(Al,i1,...,ij ) ≤ (ωrl)

dj + o(rdjl ),

17Here the sets of sequences should be modified, i.e

∆l := {k = (ki)i=1,...,m

∣∣∣ 1 ≤ k1<. . .<km ≤
⌊

tJ
Ωrdl

⌋
}

and
∆′

l := {k ∈ ∆l | min
i=1,...,m

i′=1,...,m, i ̸=i′

|α̃(ki)
l − α̃

(ki′ )
l | ≤ pl}
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and the o term doesn’t depend on (i1, ..., ij). For x ∈ Al,i1,...,ij consider

Kl,i1,...,ij (x)

=

k = (k1, ..., km) ∈ ∆
(j)
l

∣∣∣∣∣∣∣
∃r1, ..., rj such that krs = is ∀s = 1, ..., j,

and

m∏
s=1

ξs(x) = 1

 .

Then, since φAl
(x) ≥ c log(µ(Al)), we have

#Kl,i1,...,ij (x) ≤
(
2

pl
dc log(rl)

)m−j
=: ρm−j ,

since pl = constant ∗ | log(rl)| this quantity doesn’t depend on l. At the same time, we have

supp

(
m∏
s=1

ξs

)
⊂ Al,i1,...,ij if k ∈ Kl,i1,...,ij (x) for some x.

Also, every k ∈ ∆̃
(j)
l is in some Kl,i1,...,ij (x), therefore∑

k∈∆̃(j)
l

∫
X

m∏
s=1

ξs dµ ≤
∑

1≤i1<...<ij≤
⌊

t

Ωrd
l

⌋
mins=1,...,j−1 |α̃

(is+1)

l −α̃(is)
l |≥pl

∫
Al,i1,...,ij

#Kl,i1,...,ij (x) dµ(x)

≤
∑

1≤i1<...<ij≤
⌊

t

Ωrd
l

⌋
mins=1,...,j−1 |α̃

(is+1)

l −α̃(is)
l |≥p̃l

∫
Al,i1,...,ij

ρj dµ

≤ ρj
(
ωrdjl + o(rdjl )

)(⌊ t

Ωrdl

⌋)j
≤ ρjtj

ω

Ωj
+ o(1).

Summing up over j we get∫
X
Rl dµ ≤ mmax(1, ρm)max(1, tm)

ω

max(1,Ωm)
+ o(1).

Following the argument in step (v) this shows
∫
X Rl dµ→ 0, hence (2.27), in case of assumption

(III). This concludes the proof.

Remark 26. (i) Note that assumptions (I), (II), or (III) directly correspond to the three possible
cases of (BR(x∗, y∗))–(SLR(y∗)), (NSR(x∗)) AND (LR(y∗)), or (NSR(x∗)) AND (LR’(x∗))
respectively.

(ii) In all of the examples we give in section 2.4, the αl will satisfy a condition stronger than
(I). In fact, in this set-up, there is a δ2 > 0 such that

min
i≥2

|α(i)
l | ≥ µ(Al)

−δ2 ,

compare also (2.9)18. If this stronger condition is satisfied instead of (I), then we do not need
the full strength of exponential mixing in (MEM). Any superpolynomial rate will be enough.
Details are given in the proof of Theorem 9, but we shall give a heuristic here.

18The constant δ2 given there is not exactly the same. In the notation there, we have to use δ2
d′

d
.
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When using mixing of all orders with indicators of the form 1Brl
(x∗), the error term will contain

a term coming from the Cr norm in the definition of regularly approximable. In this case, using
(2.16), this term will be of order Cr−drml . To compensate, say the rate of mixing is ψ, since the

gaps αl are large we can multiply with ψ(mini≥2 |α(i)
l |). So we want to show

r−drml ψ(r−dδ2l ) = o(1),

for all m ≥ 1, thus ψ should decay superpolynomially.

2.9 The PLT for rectangles

2.9.1 Quantitative Ergodic Theorem

In section 2.9.2, it will be convenient to use a pointwise (almost everywhere) Quantitative
Ergodic Theorem instead of the L2 bound we assume in (EE). Furthermore, using a Borel-
Cantelli argument, we will show such bounds simultaneously along a sequence of functions
(fl)l≥1.

Proposition 27. Assume (EE) is satisfied, and let (fl)l≥1 be a sequence of functions in Cr
′
.

Then, for every ϵ > 0, ϵ′ > 0, there are, for ν-a.e y ∈ Y , Ly ≥ 1 such that∣∣∣∣∣∣
n∑
j=1

fl ◦Rj(y)− n

∫
Y
fldν

∣∣∣∣∣∣ ≤ ||fl||Cr′n
δ+ϵ for ν-a.e y ∈ Y, ∀n ≥ lϵ

′
, l ≥ Ly,

Proof. The proof of19 [BS23, Theorem 3.1] shows that there is a constant K > 0 such that∣∣∣∣∣
∣∣∣∣∣ supn≥N

1

n

∣∣∣∣Sn(f)− n

∫
Y
f dν

∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
L2

≤ K||f ||Cr′N
−(1−δ) ∀N ≥ 1, f ∈ Cr

′
. (2.28)

Now let k, δ′ > 0 to be chosen later be such that 2(1 − δ)k > 2δ′ + 1. Using the Chebyshev
inequality, from (2.28) it follows that

ν

(
sup
n≥Nk

1

n

∣∣∣∣Sn(f)− n

∫
Y
f dν

∣∣∣∣ > 1

2
||f ||Cr′N

−δ′
)

≤ 4K2N2δ′−2(1−δ)k

(2.29)

for all N ≥ 1 and f ∈ Cr
′
. For l ≥ 1, N = Nl = ⌈l

2
2(1−δ)k−2δ′−1 ⌉ denote by Bl,N the set

Bl,N =

{
y ∈ Y | sup

n≥Nk

1

n

∣∣∣∣Sn(fl)(y)− n

∫
Y
fl dν

∣∣∣∣ > 1

2
||fl||Cr′N

−δ′
}
, (2.30)

then it holds that ν(Bl,N ) ≤ N2δ′−2(1−δ)k and∑
l≥1,N≥Nl

ν(Bl,N ) ≤ 4K2 1

2δ′ − 2(1− δ)k + 1

∑
l≥1

N
2δ′−2(1−δ)k+1
l

≤ 4K2

2δ′ − 2(1− δ)k + 1

∑
l≥1

l−2 <∞.

19[BS23, Theorem 3.1] shows that (2.28) holds under the stronger assumption that Pn L2

−−→ Id polynomially
fast on L∞, where P denotes the Perron-Frobenius transfer operator. Note however that Lemma 3.3 of that
paper shows that, under this assumption, (EE) holds; the rest of the proof only uses (EE), and not the stronger
assumption on P .

22



Hence, by Borel-Cantelli, for ν-a.e y ∈ Y there are only finitely many pairs (l, N) with N ≥ Nl

such that y ∈ Bl,N , therefore, for such y, there is an Ly ≥ 1 such that y ̸∈ Bl,N whenever
l ≥ Ly, N ≥ Nl. For such y, l and n ≥ Nk

l , say N
k ≤ n ≤ (N + 1)k and N ≥ Nl, it holds that

1

n

∣∣∣∣Sn(fl)(y)− n

∫
Y
f dν

∣∣∣∣ ≥ sup
n≥Nk

1

n

∣∣∣∣Sn(f)(y)− n

∫
Y
f dν

∣∣∣∣
≤ 1

2
||fl||Cr′N

−δ′ ≤ ||fl||Cr′n
− δ′

k .

Choosing k so big that 1
k <

ϵϵ′

2 , the claim follows by setting δ′ = k(1− δ − ϵ) (then 2(1− δ)k −
2δ′ − 1 = 2kϵ− 1 > 2

ϵ′ ).

2.9.2 Uniform estimates

Let (Bl)l≥1 be a sequence of rare events20 in Y , such that (Bl)l≥1 is regularly approximable in
Cr

′
. The goal of this section will be to show that, after taking a subsequence if necessary21

sup
l≥1

∣∣∣∣∣∣ν(Bl)sNl

⌈sNl⌉∑
j=1

φ
(j)
Bl

(y)− 1

∣∣∣∣∣∣→ 0 as s→ ∞, ν-a.e y ∈ Y, (2.31)

for some Nl > 0.

Lemma 28. Let R satisfy (EE) and let (Bl)l≥1 be a sequence of rare events in Y , such that
(Bl)l≥1 is regularly approximable in Cr

′
. Then, after taking a subsequence if necessary, for

ϵ > 0, there is a constant K > 0 only depending on app(Bl)l≥1, and, for ν-a.e y ∈ Y , Ny > 0
only depending on y and app((Bl)l≥1) such that∣∣∣∣∣∣

n∑
j=1

1Bl
◦Rj(y)− nν(Bl)

∣∣∣∣∣∣
≤ Kν(Bl)

r′(d′−1)

d′(r′+1)n
1− 1−δ−ϵ

r′+1 , ∀n ≥ NyNl, l ≥ Ly ν-a.e y ∈ Y,

(2.32)

where Nl = ν(Bl)
− r′+1

1−δ−ϵ .

Proof. Let B = app((Bl)l≥1), then
22 for k > ν(Bl)

− 1
d′ there are hk,l, hk,l ∈ Cr

′
with hk,l ≤

1Bl
≤ hk,l and

ν(1Bl
̸= hk,l) ≤ ν(Bl)

d′−1
d′

1

k
, while ||hk,l||Cr′ ≤ Bkr′ ,

for hk,l ∈ {hk,l, hk,l}. In particular

ν(Bl)− ν(Bl)
d′−1
d′

1

k
≤
∫
Y
hk,l dν ≤

∫
Y
hk,l dν ≤ ν(Bl) + ν(Bl)

d′−1
d′

1

k
.

By Proposition 27 there are Iy ≥ 1 and Nl ≥ 1 such that, for hk,l ∈ {hk,l, hk,l}, we have∣∣∣∣∣∣
n∑
j=1

hk,l ◦Rj(y)− n

∫
Y
hk,l dν

∣∣∣∣∣∣
≤ ||hk,l||Cr′n

δ+ϵ ∀n ≥ (l + k)ϵ
′
, l + k ≥ Iy, ν-a.e y ∈ Y.

20Later on in §2.9.3 we will take finitely many such sequences (B
(1)
l )l≥1, ...(B

(K)
l )l≥1, but the same arguments

apply.
21From this point on we will often take a subsequence of (Bl)l≥1 to assume that l is sufficiently small compared

to ν(Bl)
−1. In an effort to keep notation simple, we will do so without explicitly stating, accepting small

imprecisions in exchange for simpler notation.
22By Definition 22.
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Therefore, for such k, l, n,

n∑
j=1

1Bl
◦Rj(y) ≥

n∑
j=1

hk,l ◦Rj(y) ≥ n

∫
Y
hk,l dν − Bkrnδ+ϵ

≥ nν(Bl)− nν(Bl)
d′−1
d′

1

k
− Bkr′nδ+ϵ.

Likewise
n∑
j=1

1Bl
◦Rj(y) ≤ nν(Bl) + nν(Bl)

d′−1
d′

1

k
+ Bkr′nδ+ϵ.

Hence, ∣∣∣∣∣∣
n∑
j=1

1Bl
◦Rj(y)− nν(Bl)

∣∣∣∣∣∣ ≤ nν(Bl)
d′−1
d′

1

k
+ Bkr′nδ+ϵ. (2.33)

Let kn =

⌈
n

1−δ−ϵ
r′+1 ν(Bl)

d′−1
d′(r′+1)

⌉
and

Ny = (100Iy)
r′+1

1−δ−ϵ , and Nl = ν(Bl)
− r′+1

(1−δ−ϵ)d′−
(d′−1)(r′+1)

d′(1−δ−ϵ) = ν(Bl)
r′+1

1−δ−ϵ .

We can apply (2.33) for n ≥ NyNl, kn and l ≥ 1 (since kn > Iy and23 kϵ
′
n < k

r′+1
1−δ−ϵ
n < n) to

obtain ∣∣∣∣∣∣
n∑
j=1

1Bl
◦Rj(y)− nν(Bl)

∣∣∣∣∣∣ ≤ Kν(Bl)
r′(d′−1)

d′(r′+1)n
1− 1−δ−ϵ

r′+1 ,

where the constant K > 0 only depends on B.

Proposition 29. Suppose R satisfies (EE) and let (Bl)l≥1 be a sequence of rare events in Y ,
such that (Bl)l≥1 is regularly approximable in Cr

′
. Then for every ϵ > 0 there is a constant

K > 0 and, for ν-a.e y ∈ Y , there are Sy > 0 such that, for s > Sy, we have∣∣∣∣∣∣ν(Bl)sMl

⌈sMl⌉−1∑
j=0

φBl
◦RjBl

(y)− 1

∣∣∣∣∣∣ ≤ Ks
− 1−δ−ϵ

r′+1 (2.34)

where

Ml = ν(Bl)
1− d′+r′

d′(1−δ−ϵ) .

Proof. Let y ∈ Y be as in the conclusion of Lemma 28. By (2.32), for l ≥ 1 and n ≥ NyNl we
have

nν(Bl)−Kν(Bl)
r′(d′−1)

d′(r′+1)n
1− 1−δ−ϵ

r′+1

≤
n∑
j=1

1Bl
◦RjBl

(y) ≤ nν(Bl) +Kν(Bl)
r′(d′−1)

d′(r′+1)n
1− 1−δ−ϵ

r′+1 .

and thus

⌊nν(Bl)−Kν(Bl)
r′(d′−1)
d′(r′+1) n

1− 1−δ−ϵ
r′+1 ⌋−1∑

j=0

φBl
◦RjBl

(y) ≤ n, (2.35)

23To be completely correct, one would have to consider kn + l instead of l, but by choosing a subsequence and
renumbering we can assume that l is very small compared to ν(Bl)

−1.
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as well as

n ≤
⌈nν(Bl)+Kν(Bl)

r′(d′−1)
d′(r′+1) n

1− 1−δ−ϵ
r′+1 ⌉−1∑

j=0

φBl
◦RjBl

(y).

For s > Sy with Sy = (100K)
r′+1

1−δ−ϵNy, let

n = ξν(Bl)
− d′+r′

d′(1−δ−ϵ) ,

where ξ > 0 is such that ξ −Kξ
1− 1−δ−ϵ

r′+1 = s. Clearly

ξ ∈
(
s, s+ 2Ks

1− 1−δ−ϵ
r′+1

)
in particular24 n > NyNl. Hence, using this n in the lower bound of (2.35) yields

⌊sν(Bl)
1− d′+r′

d′(1−δ−ϵ) ⌋−1∑
j=0

φBl
◦RjBl

(y) ≤ n ≤ (s+ 2Ks
1− 1−δ−ϵ

r′+1 )ν(Bl)
− d′+r′

d′(1−δ−ϵ) ,

setting Ml = ν(Bl)
1− d′+r′

d′(1−δ−ϵ) we obtain

ν(Bl)

sMl

⌊sMl⌋−1∑
j=0

φBl
◦RjBl

(y) ≤ 1 + 2Ks
− 1−δ−ϵ

r′+1 .

The upper bound follows analogously by setting ξ +Kξ
1− 1−δ−ϵ

r′+1 = s, and the claim (making K
a bit bigger) is proven.

2.9.3 PLT scaled by returns to {Bl}

For the rest of this exposition let K ≥ 1, and A
(1)
l , ..., A

(K)
l resp. B

(1)
l , ..., B

(K)
l be subsets of X

resp. Y regularly approximable in Cr resp. Cr
′
. Suppose that there are rl ↘ 0, and positive

constants ω(k), θ(k) > 0 such that

µ(A
(k)
l ) = ω(k)rdl + o(rdl ), and ν(B

(k)
l ) = θ(k)rd

′
l + o(rd

′
l ) ∀l ≥ 1, k = 1, ...,K,

and, for each l, B
(1)
l , ..., B

(K)
l are disjoint. Denote Bl =

⋃K
k=1B

(k)
l , which, by disjointness of

B
(1)
l , ..., B

(K)
l , is also regularly approximable in Cr

′
, and αl = ΦBl

. Consider

κ
(n)
l (y) = k if RnBl

(y) ∈ B
(k)
l ,

which is well-defined as the sets B
(k)
l are disjoint, and

σ(1)κl,αl,y
(x) = min

(
n ≥ 1 | T α̃

(n)
l )

y (x) ∈ A
(κ

(n)
l )

l

)
,

σ(n+1)
κl,αl,y

(x) = min

(
k ≥ σ(n)κl,αl,y

(x) + 1 | T α̃
(k)
l

y (x) ∈ A
(κ

(k)
l )

l

)
,

Σκl,αl,y = (σ(1)κl,αl,y
, σ(2)κl,αl,y

, ...).

24Recall that Nl = ν(Bl)
− 1+r′

d′(1−δ−ϵ) .
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Following the steps outlined in §2.7 we will first show

Ωrd
′
l Σκl,αl,y

µ⇒ ΣExp as l → ∞, ν − a.a y ∈ Y (2.36)

for Ω =
∑K

k=1 ω
(k)θ(k)∑K

k=1 θ
(k)

. Then use the relation

σ⋃K
k=1 A

(k)
l ×B(k)

l

(x, y) =

σκl,ΦBl
(y)(x)−1∑
j=0

φBl
◦RjBl

(y) (2.37)

to obtain

(µ× ν)

( K⋃
k=1

A
(k)
l ×B

(k)
l

)
Σ⋃K

k=1 A
(k)
l ×B(k)

l

µ×ν⇒ ΣExp as l → ∞. (2.38)

Denote

p
(k)
l,t (y) :=

1

t
#{j = 1, ..., t | κ(j)l (y) = k} =

1

t

t∑
j=1

1
B

(k)
l

(RjBl
(y)).

We first show that, for each k, ν-a.e y ∈ Y , and tl = O(r−dl ), we have

p
(k)
l,tl

(y) → θ(k)∑K
j=1 θ

(j)
=: p(k) as l → ∞. (2.39)

Lemma 30. Suppose R satisfies (EE) and

d >
r′ + d′δ

1− δ

Then κl satisfies (2.39).

Proof. Let ϵ > 0 be small enough that

d >
r′ + d′(δ + ϵ)

1− δ − ϵ
.

(i) Using Lemma 28, and disjointness we obtain a constant K > 0 and Ny ≥ 1 such that, for
ν-a.e y ∈ Y , we have∣∣∣∣∣∣

n∑
j=1

1
B

(k)
l

◦Rj(y)− nν(B
(k)
l )

∣∣∣∣∣∣ ≤ Kr
r′(d′−1)

r′+1

l n
1− 1−δ−ϵ

r′+1 , and

∣∣∣∣∣∣
n∑
j=1

1Bl
◦Rj(y)− nν(Bl)

∣∣∣∣∣∣ ≤ Kr
r′(d′−1)

r′+1

l n
1− 1−δ−ϵ

r′+1

for all n ≥ Ny, l ≥ 1 and k = 1, ...,K. On the other hand25, for s > Ny, Proposition 29 yields∣∣∣∣∣∣ν(Bl)sMl

⌈sMl⌉−1∑
j=0

φBl
◦RjBl

(y)− 1

∣∣∣∣∣∣ ≤ Ks
− 1−δ−ϵ

r′+1 .

where

Ml = ν(Bl)
1− d′+r′

d′(1−δ−ϵ) .

25Making K and Ny bigger if needed.
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(ii) Rewrite

p
(k)
l,n =

1

n

∑n
j=1 φBl

◦Rj
Bl

(y)∑
i=1

1
B

(k)
l

◦Ri.

Denote tl = slMl, since

Ml = ν(Bl)
1− d′+r′

d′(1−δ−ϵ) = O(r
d′+r′
1−δ−ϵ

−d′

l ) = o(rdl ),

we necessarily have sl → ∞ as l → ∞. Denote a = 1−δ−ϵ
r′+1 and let l be big enough so that

sl > Ny, then we have

tlp
(k)
l,tl

(y) =

∑tl
j=1 φBl

◦Rj
Bl

−1∑
j=1

1
B

(k)
l

◦Rj(y)

≤
tlν(Bl)

−1(1+Ks−a
l )−1∑

j=1

1
B

(k)
l

◦Rj(y)

≤ tlν(Bl)
−1ν(B

(k)
l )(1 +Ks−a) +Kr

r′(d′−1)

r′+1

l

(
tlν(Bl)

−1(1 +Ks−a)
)1−a

≤ tl
ν(B

(k)
l )

ν(Bl)
(1 + o(s−a+a

2

l )).

The lower bound is similar. So∣∣∣∣∣p(k)l,n (y)−
ν(B

(k)
l )

ν(Bl)

∣∣∣∣∣ = o(s−a+a
2

l ) = o(1). (2.40)

2.9.4 Adding in the gaps

Now all that’s left to do is to add back in the gaps. As mentioned in §2.9.3, having shown (2.36)
(this is the content of Proposition 25), we will now explain how to conclude

(µ× ν)

( K⋃
k=1

A
(k)
l ×B

(k)
l

)
Σ⋃K

k=1 A
(k)
l ×B(k)

l

µ×ν⇒ ΣExp, as l → ∞

using the relation

σ⋃K
k=1 A

(k)
l ×B(k)

l

=

σκl,αl,y
(x)−1∑

j=0

φBl
◦RjBl

(y).

This is rather straightforward, given Proposition 29, and follows from a more general principle
in probability theory. As this principle finds use in various places and has, to the author’s
knowledge, not been formulated in generality, let us state and prove a more general version
than we need here.

Lemma 31. Let (Ω,P) be a probability space, and El : Ω → [0,∞) non-negative real random
variables, such that there are positive random variables µl : Ω → (0, 1) with

µlEl
P⇒ E as l → ∞,
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for some non-negative random variable E with P(E = 0) = 0. Then for any Ml : Ω → [0,∞)
with

µlMl → 0 as l → ∞ pointwise P-a.e

we have
P(El ≤Ml) → 0 as l → ∞.

Proof. Let ϵ > 0, there is a δ > 0 such that P(E ≤ δ) < ϵ, and the distribution function of E is
continuous at δ. By Jegorow’s Theorem, there is a measurable K ⊂ Ω with P(Kc) < ϵ and

µlMl → 0 as l → ∞ uniformly on K.

Choose L̃ ≥ 1 so big that Ml ≤ δµ−1
l on K for l ≥ L̃. Now choose L ≥ L̃ so big that

P(µlEl ≤ δ) ≤ 2ϵ ∀l ≥ L,

it follows that
P(El ≤Ml) ≤ P(µlEl ≤ δ) + P(Kc) ≤ 3ϵ,

for l ≥ L.

Proposition 32. Let (Ω,P) be a probability space, and El : Ω → N be positive integer valued
observables. Assume there are positive real numbers ql ↘ 0, and a [0,∞)-valued random variable
E with P(E = 0) = 0 such that

qlEl
P⇒ E as l → ∞,

Let α
(l)
j : Ω → [0,∞) be non-negative random variables, and assume there are Ml : Ω → (0,∞)

with qlMl → 0 as l → ∞ P-a.e and positive random variables bl : Ω → (0,∞) such that

sup
l≥1

∣∣∣∣∣∣ 1

sMlbl

⌈sMl⌉∑
j=1

α
(j)
l (ω)− 1

∣∣∣∣∣∣→ 0 as s→ ∞, P-a.e. . (UC)

Then

ql
bl

El∑
j=1

α
(j)
l

P⇒ E as l → ∞.

Remark 33. In our context we use (Ω,P) = (X × Y, µ × ν), El = σAl,ΦBl
, α

(j)
l = φBl

◦ RjBl
,

ql = µ(Al) and bl =
1

ν(Bl)
. The existence of Ml is the content of Proposition 29.

Proof. (i) Let F be the distribution function of E and C = {t | F is continuous at t} the set of
its continuities. Let t ∈ C, and ϵ > 0 such that t

1+ϵ ,
t

1−ϵ ∈ C. We will show

P

ql
bl

El∑
j=1

α
(j)
l ≤ t

→ F (t) as l → ∞.

(ii) By Jegorow’s Theorem, for l ≥ 1, there is a measurable set K ⊂ Ω with P(Kc) < ϵ

sup
l≥1

sup
ω∈K

∣∣∣∣∣∣ 1

sMlbl

⌈sMl⌉∑
j=1

α
(j)
l (ω)− 1

∣∣∣∣∣∣→ 0 as s→ ∞.
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(iii) Choose S > 0 so big that

(1− ϵ)bl ≤
1

sMl

⌈sMl⌉∑
j=1

α
(j)
l ≤ (1 + ϵ)bl on K, ∀s ≥ S, l ≥ 1,

and restricting to {El ≥ SMl}, we obtain

(1− ϵ)qlEl ≤
ql
bl

El∑
j=1

α
(j)
l (ω) ≤ (1 + ϵ)qlEl on K ∩ {El ≥ SMl}, ∀l ≥ 1.

We get

P

ql
bl

El∑
j=1

α
(j)
l ≤ t

− P(El ≤ SMl)− P(Kc)

≤ P

K ∩ {El ≥ SMl} ∩

qlbl
El∑
j=1

α
(j)
l ≤ t


 ≤ P

(
qlEl ≤

t

1− ϵ

)
,

and likewise

P

ql
bl

El∑
j=1

α
(j)
l ≤ t

 ≥ P
(
K ∩ {El ≥ SMl} ∩

{
qlEl ≤

t

1 + ϵ

})

≥ P
(
qlEl ≤

t

1 + ϵ

)
− P(El ≤ SMl)− P(Kc).

Taking lim supl→∞ resp. lim inf l→∞ the above two equations, and using Lemma 31, we obtain

F

(
t

1 + ϵ

)
− ϵ ≤ lim inf

l→∞
P

ql
bl

El∑
j=1

α
(j)
l ≤ t


≤ lim sup

l→∞
P

ql
bl

El∑
j=1

α
(j)
l ≤ t

 ≤ F

(
t

1− ϵ

)
+ ϵ.

Since C ⊂ (0,∞) is dense, we can let ϵ↘ 0 while t
1+ϵ ,

t
1−ϵ ∈ C, this yields

P

ql
bl

El∑
j=1

α
(j)
l ≤ t

→ F (t) as l → ∞.

Remark 34.

(i) We can extend this statement to sequences in the following manner: under the assumptions

of the proposition, let E
(n)
l : Ω → N be such that

ql(E
(1)
l , E

(2)
l , ...)

µ⇒ (E(1), E(2), ...) as l → ∞,
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for some E(n) : Ω → [0,∞) with P(E(n) = 0) = 0. Then

ql
bl

E
(n)
l∑
j=1

α
(j)
l ,

E
(n)
l∑
j=1

α
(j)
l , ...

 P⇒ (E(1), E(2), ...) as l → ∞.

The proof of this statement is almost the same as for the proposition, therefore we won’t
repeat it.

(ii) The probability measure P can be replaced by a sequence (Pl)l≥1 by also replacing (UC)
with the following condition

∀ϵ > 0 there is are measurable sets Kl ⊂ Ω with lim sup
l→∞

Pl(Kc
l ) < ϵ such that

sup
l≥1

sup
ω∈Kl

∣∣∣∣∣∣ 1

sMlbl

⌈sMl⌉∑
j=1

α
(j)
l (ω)− 1

∣∣∣∣∣∣→ 0 as s→ ∞.

Proof of Theorem 7. (i) Let rl ↘ 0, and denote by Ql = Brl(x
∗, y∗) the geodesic ball of radius

rl centred at (x∗, y∗), and let ϵ > 0. W.l.o.g. r1 is small enough that the exponential map at
(x∗, y∗) is a diffeomorphism from the ball of radius 2r1 in Rd+d′ onto B2r1(x

∗, y∗). Let ϵ > 0,

it is easy to construct, for some K ≥ 1, sets A
(1)
l , ..., A

(K)
l and B

(1)
l , ..., B

(K)
l as in §2.8. Let

ω(k), θ(k) > 0 be such that26

µ(A
(k)
l ) = ω(k)rdl + o(rdl ), and ν(B

(k)
l ) = θ(k)rd

′
l + o(rd

′
l ) ∀l ≥ 1, k = 1, ...,K,

and set Ω =
∑K

k=1 ω
(k)θ(k)∑K

k=1 θ
(k)

.

Due to Lemma 23 all those sets can be chosen to be regularly approximable, such that27 (µ×
ν)Ql

(
Ql \

⋃K
k=1A

(k)
l ×B

(k)
l

)
< ϵ for all l ≥ 1. Let Λ > 0 be such that (µ× ν)(Ql) = Λrd+d

′

l +

o(rd+d
′

l ), then ∣∣∣∣∣Λ− Ω
K∑
k=1

θ(k)

∣∣∣∣∣ < ϵ

(ii) Denote Bl =
⋃K
k=1B

(k)
l , and, for y as in assumption (MEM), consider αl(y) = ΦBl

(y) and

κ
(n)
l (y) = k if RnBl

(y) ∈ B
(k)
l ,

by disjointness κl(y) is well-defined. By Lemma 30, κl(y) satisfies (2.39), and p
(k) = θ(k)∑K

s=1 θ
(s)

.

We can use Proposition 25 and Remark 26(i) to obtain

Ωrdl Σκl(y),αl(y),y
µ⇒ ΣExp as l → ∞, ν-a.e y.

Since the convergence holds for ν-a.e y ∈ Y , it follows that

Ωrdl Σκl,αl

µ×ν⇒ ΣExp as l → ∞,

where Σκl,αl
(x, y) = Σκl(y),αl(y),y(x).

26Choose x∗, y∗ such that the densities of µ, ν are positive at the respective points.
27Here we again use the continuity of the density.
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(iii) By Proposition 29, αl satisfies (UC) with

bl =
1

ν(Bl)
=

1∑K
k=1 θ

(k)
r−d

′

l + o(r−d
′

l )

and

Ml = ν(Bl)
1− d′+r′

d′(1−δ−ϵ) .

Note that, for Q′
l =

⋃K
k=1A

(k)
l ×B

(k)
l , we have

ΣQ′
l
=

σ
(1)
κl,αl

−1∑
j=0

φBl
◦RjBl

,

σ
(2)
κl,αl

−1∑
j=σ

(1)
κl,αl

φBl
◦RjBl

, ...

 .

We can apply Proposition 32 resp. Remark 34(i)

Ω

( K∑
k=1

θ(k)

)
rd+d

′

l ΣQ′
l

µ×ν⇒ ΣExp as l → ∞.

By disjointness

(µ× ν)(Q′
l) = Ω

( K∑
k=1

θ(k)

)
rd+d

′

l + o(rd+d
′

l )

hence
(µ× ν)(Q′

l)ΣQ′
l

µ×ν⇒ ΣExp as l → ∞.

By the equivalence (2.12), we have

(µ× ν)(Q′
l)ΦQ′

l

µ×ν⇒ ΦExp as l → ∞.

(iv) By Theorem 4 also

µ× ν)(Q′
l)ΦQ′

l

µ×νQ′
l⇒ ΦExp as l → ∞.

At the same time, taking a subsequence if necessary, there are [0,∞]-valued processes Φ and Φ̃
such that

(µ× ν)(Ql)ΦQl

µ×ν⇒ Φ as l → ∞, and

(µ× ν)(Ql)ΦQl

(µ×ν)Ql⇒ Φ̃ as l → ∞.

Hence
D
(
ΦExp, Φ̃

)
≤ 7ϵ,

where D is given by Lemma 21. Since this is true for every ϵ > 0 we have Φ̃
d
= ΦExp, and by

Theorem 4 also Φ
d
= ΦExp.

2.10 The skewing time

Here we will prove Theorem 9, to do this we will verify that the map T (x, y) = Gτ(y)(x) satisfies
superpolynomial mixing of all orders, as in Remark 26(ii).
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Lemma 35. Under the assumptions of Theorem 9, suppose that
∑

l≥1 r
1
2
(d′−δ2κ)

l

< ∞. Then, for each t > 0, there is a set Gt with ν(Gt) = 1 such that, for y ∈ Gt, there are

Ly,t > 0 and sets Bl,y,t ⊂ {1, ...,
⌈

t
µ(Al)

⌉
} with #Bl,y,t = o(µ(Al)

−1) such that

|τ
α̃
(n)
l

(y)− τ
α̃
(m)
l

(y)|

≥ ζ
(
α̃
(n)
l (y)− α̃

(m)
l (y)

)
∀l ≥ Ly,t, 1 ≤ n < m ≤

⌈
t

µ(Al)

⌉
, n ̸∈ Bl,y,t

where ζ is the function from condition (BA) and28 αl = ΦBl
.

Proof. Fix t > 0, to keep notation simple we assume µ(Al) = rdl +o(r
d
l ) and ν(Bl) = rd

′
l +o(rd

′
l ),

otherwise there is an extra constant in the estimates below.

(i) We call n ∈
{
1, ...,

⌈
t

µ(Al)

⌉}
a (l, y)-bad return (or simply (l, y)-bad) if there is a m > n such

that
|τ
α̃
(n)
l

(y)− τ
α̃
(m)
l

(y)| < ζ(α̃
(n)
l (y)− α̃

(m)
l (y)),

denote Bl,y = {n ≥ 1 | n is a (l, y) − bad return}. Let ϵ1 > 0, we call y ∈ Y an l-bad point if

#Bl,y > r−d+ϵ1l .

(ii) Using Proposition 29 and Jegorov’s Theorem, for ϵ2 > 0, we can find a measurable G =
Gϵ2 ⊂ Y with ν(Gc) < ϵ2 and an L̃ ≥ 1 depending on G such that

α̃

(⌊
t

µ(Al

⌋)
l ≤ 2tr

−(d+d′)
l ∀y ∈ G, l ≥ L̃. (2.41)

(iii) For l ≥ 1 denote Gl = {α̃
(⌊

t
µ(Al

⌋)
l ≤ 2tr

−(d+d′)
l }, we have

ν(y ∈ Gl | y is l-bad) ≤
∫
Gl

#Bl,y dν

r−d+ϵ1l

≤ rd−ϵ1l

⌈
t

µ(Al)

⌉∑
n=1

ν(y ∈ Gl | n is (l, y)-bad)

≤ rd−ϵ1l

⌈2tr−(d+d′)
l ⌉∑
j=1

ν
(
∃i ≥ 1 | |τ

j+α̃
(i)
l

− τj | < ζ
(
α̃
(i)
l

))

≤ rd−ϵ1l

⌈2tr−(d+d′)
l ⌉∑
j=1

ν
(
R−j

(
∃i ≥ 1 | |τ

α̃
(i)
l

| < ζ
(
α̃
(i)
l

)))

≤ rd−ϵ1l

⌈2tr−(d+d′)
l ⌉∑
j=1

ν(∃i ≥ r−δ2l | |τi| < ζ(i))

≤ 2Ktrd−ϵ1−d−d
′+δ2κ

l ≤ 2Ktrδ2κ−d
′−ϵ1

l ,

for some constant K > 0, for small enough ϵ1 this is summable. An application of the Borel-
Cantelli Lemma yields that for almost every y ∈ Y ; for big enough l, either y ̸∈ Gl or

|τ
α̃
(n)
l

(y)− τ
α̃
(m)
l

(y)| ≥ ζ(α̃
(n)
l (y)− α̃

(m)
l (y)) ∀1 ≤ n < m ≤

⌈
t

µ(Al)

⌉
, n ̸∈ Bl,y,.

At the same time, by (2.41), we have Gl ↗ Y . Thus ν-a.e y ∈ Y is in Gl for big enough l, and
the conclusion follows.

28It can be recalled from Definition 16 that α̃
(n)
l =

∑n
j=1 α

(j)
l =

∑n−1
j=0 φBl ◦R

j .
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Proof of Theorem 9. In order to keep notation simple we will only show the PLT for regularly
approximable rectangles, this can be easily extended to geodesic balls, by following the same
arguments as in the proof of Theorem 7.

(i) For ν-a.e y ∈ Y and 0 = t0 < t1 < ... < tJ choose Ly = Ly,t1+...+tJ and Bl,y = Bl,y,t1+...+tJ
as in Lemma 35. For such a y and l ≥ Ly (in the following we suppress y from the notation)
consider

Stj ,l =

⌈
tj

µ(Al)

⌉∑
i=1

1Al
◦ T α̃

(i)
l = S′

tj ,l
+ S′′

tj ,l
,

where
S′
tj ,l

=
∑

i=1,...,
⌈

tj
µ(Al)

⌉
i ̸∈Bl

1Al
◦ T α̃

(j)
l .

As in Proposition 25, the first goal is to show(
St1,l − St0,l, ..., StJ ,l − StJ−1,l

) µ⇒
(
Pt1−t0 , ..., PtJ−tJ−1

)
as l → ∞,

where (Pt) is a standard Poisson process. Since ||S′′
tj ,l

||L1 → 0 for all j = 1, ..., J , it is equivalent
to show (

S′
t1,l − S′

t0,l, ..., S
′
tJ ,l

− S′
tJ−1,l

)
µ⇒
(
Pt1−t0 , ..., PtJ−tJ−1

)
as l → ∞.

For m1, ...,mJ ≥ 1 it will be enough to show∫
X

J∏
j=1

(
S′
tj ,l

− S′
tj−1,l

mj

)
dµ =

J∏
j=1

(tj − tj−1)
mj

mj !
. (2.42)

We have
J∏
j=1

(
S′
tj ,l

− S′
tj−1,l

mj

)
=

∑
⌈

tj−1
µ(Al)

⌉
+1≤kj,1<...<kj,mj

≤
⌈

tj
µ(Al)

⌉
kj,i ̸∈Bl for j=1,...,J, i=1,...,mj

∏
i,j

1Al
◦ T α̃

(kj,i)

l . (2.43)

(ii) Due to assumption (MEM) for G, and Lemma 35, we have∣∣∣∣∣∣
∫
X

m∏
j=1

fj ◦ T α̃
(nj)

l dµ−
m∏
j=1

∫
X
fj dµ

∣∣∣∣∣∣ ≤ Cyψ(min
j ̸=j′

|α̃(nj)
l − α̃

(nj′ )

l |)
m∏
j=1

||fj ||Cr ,

where ψ(x) = e−γζ(x) and ζ is as in assumption (BA), for f1, ..., fm ∈ Cr and 1 ≤ n1 ≤ ... ≤
nm ≤

⌈
t1+...+tJ

rdl

⌉
with ni ̸∈ Bl. Due to (2.9) and assumption (BA) we have

ψ(min
j ̸=j′

|α̃(nj)
l − α̃

(nj′ )

l |) = O(rwl
l ),

for some wl > 0 with wl → ∞ as l → ∞. Approximating 1Al
by functions in Cr it is straight-

forward29 to show that∣∣∣∣∣∣
∫
X

∏
i,j

1Al
◦ T α̃

(kj,i)

l dµ− µ(Al)
m1+...+mJ

∣∣∣∣∣∣ = o(µ(Al)
m1+...+mJ ),

for kj,i as in (2.43). The sum in (2.43) has

µ(Al)
−(m1+...+mJ )

J∏
j=1

(tj − tj−1)
m
j

mj !
+ o(µ(Al)

−(m1+...+mJ ))

many terms, so (2.42) follows.
29The calculation is analogous to Lemma 24.

33



2.11 Examples

Here, we verify conditions (EE) and (BR) for the examples listed in §2.4.

2.11.1 Diophantine rotations

Let α ∈ ((0, 1) \Q)d
′
satisfy a Diophantine condition, i.e. there are C > 0 and n ≥ 1 such that

|⟨k, α⟩ − l| > C|k|−n ∀k ∈ Zd
′
, k ̸= 0, l ∈ Z, (D)

and R = Rα : x 7→ x+ α (mod 1), for x ∈ Td′ , the rotation by α. Almost all α satisfy (D) for
some n > d′ (this is a consequence of a higher dimensional version of Khinchin’s Theorem, see
e.g. [BRV16]). If d′ = n = 1, then we say α is of bounded type.

Note that (D) implies that there is a constant C ′ > 0 such that∣∣∣1− e2πi⟨k,α⟩
∣∣∣ ≥ C ′|k|−n ∀k ∈ Zd

′ \ {0}.

Property (SLR(y∗)) follows directly from (D). Due to the self-symmetry of Rα it is enough to
consider returns of x = 0 to a rectangle (−r, r)d′ , but

Rmα (0) ∈ (−r, r)d′ ⇐⇒ |mα− k| < r for some k ∈ Zd
′
.

Then, by (D), Cm−n < r, equivalently m > (C−1r)−
1
n . Hence, (2.4) is satisfied with ψ(r) =

(C−1r)−
1
n .

To show effective equidistribution (EE), we solve the homological equation. Let f ∈ Hn(Td′)
with

∫
f = 0. Then

f(x) =
∑
k∈Zd′

ake
2πi⟨k,x⟩,

where
∑

k∈Zd′ |ak|2
∑

j1+...+jd′=n

∏d′

i=1 |ki|2ji <∞ and a0 = 0. To solve f = g− g ◦Rα we write

g(x) =
∑
k∈Zd′

bke
2πi⟨k,x⟩.

By comparing coefficients, this is satisfied for bk =
ak

1−e2πi⟨k,α⟩ for k ̸= 0 and b0 = 0. We have

∑
k∈Zd′

|bk|2 ≤ (C ′)2
∑
k∈Zd′

|ak|2|k|2n ≤ (C ′)2
∑
k∈Z

|ak|2
∑

j1+...+jd′=n

d′∏
i=1

|ki|2ji <∞.

In particular ||g||L2 ≤ C ′||f ||Hn .

Thus, for every30 h ∈ Hn(Td′) we have∣∣∣∣∣∣
∣∣∣∣∣∣
J∑
j=1

h ◦Rjα − J

∫
Td′

hdλd
′

∣∣∣∣∣∣
∣∣∣∣∣∣
L2

≤ C ′′||h||Hn ,

where λd
′
is the d′-dimensional Lebesgue measure on Td′ . Due to Remark 6(iii), condition (EE)

is satisfied with r = n and δ = 0.

We can apply Theorem 7 with
d > n.

30If
∫
h ̸= 0 consider f = h−

∫
h.
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2.11.2 Horocycle flows

Consider the classical horocycle flow ht on compact homogeneous space Γ\PSL(2,R) generated
by

ht =

[
1 t
0 1

]
.

For fixed t > 0 we will consider the time t map R = ht.

Condition (SLR(y∗)) follows from the relation he2st = gs ◦ht ◦g−s, where gs is the geodesic flow

gs =

[
es 0
0 e−s

]
.

Indeed, we will show that there is a constant c > 0 such that for small enough r > 0, 0 < |s| <
cr−1, and y, y∗ ∈ Γ/PSL(2,R) with d(y, y∗) < c

2r
1
2 we have

d(hsy, y
∗) ≥ c

2
r

1
2 .

By the triangle inequality, it is enough to show d(hsy, y) ≥ cr
1
2 . By compactness choose

c = infx d(h1x, x) > 0 (by Hedlund’s Theorem there are no periodic orbits). Let t = log(|s|)
2 ,

then
d(hsy, y) = d(gthsgn(s)g−ty, gtg−ty) ≥ e−|t|d(hsgn(s)g−ty, g−ty) ≥ cr

1
2 .

For small enough r, gt contracts distances at most by a factor of e−|t|. Renaming r = c
2r

1
2 we

obtain (2.4) with ψ(r) = 2c3r−2.

In order to show effective ergodicity (EE), we combine [FFT16, Corollary 2.8] and [FF03,
Theorem 1.5] to conclude that there is a constant C > 0 with∣∣∣∣∣∣

∣∣∣∣∣∣
n−1∑
j=0

f(Rj(y))− n

∫
f dν

∣∣∣∣∣∣
∣∣∣∣∣∣ ≤ C||f ||W 15N

5
6
+ϵ ∀f ∈W s, y ∈ Γ/PSL(2,R), N ≥ 1, (2.44)

for all ϵ > 0.

Indeed, for s > 3, [FF03, Theorem 1.5] yields∣∣∣∣∣
∫ T

0
f(ht(y)) dt− T

∫
Γ/PSL(2,R

φdν

∣∣∣∣∣ ≤ C(s)||f ||W sT
1
2 log(T )

∀f ∈W s, y ∈ Γ/PSL(2,R), T > 0,

(2.45)

for some constant C(s) > 0.

A consideration involving twisted integrals as in [FFT16, Corollary 2.8] yields, for s > 14,∣∣∣∣∣
N−1∑
n=0

f(hn(y))−
∫ N

0
f(ht(y)) dt

∣∣∣∣∣ ≤ C ′(s)||f ||W sN
5
6 log

1
2 (N)

∀f ∈W s, y ∈ Γ/PSL(2,R), N ≥ 1,

(2.46)

for some constant C ′(s) > 0. Now (2.45) and (2.46) together imply (2.44).

Now, setting s = 15 in (2.46), Theorem 7 applies with

d > 6(15 +
5

3
) = 100.
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2.11.3 Skew shifts

Let α ∈ (0, 1) \ Q satisfy the Diophantine condition (D) for some n ≥ 2 and R : T2 → T2 be
given by

R(x, y) = (x+ α, y + x).

Since R has a Diophantine rotation as a factor (SLR(y∗)) is satisfied by §2.11.1.

For k = (k1, k2) ∈ Z2 denote ek(x) = e2πi⟨k,x⟩. Note that

⟨ek, ek′ ◦Rj⟩L2(T2) = δ
(k1,k2)
(k′1+jk

′
2,k

′
2)
.

For f ∈ H2(T) we can write f =
∑

k∈Z2 akek. If a(k1,0) ≡ 0 (in particular
∫
f = 0) then

∑
j≥1

∣∣⟨f, f ◦Rj⟩L2

∣∣ =∑
j≥1

∣∣∣∣∣∣
∑
k∈Z2

a(k1,k2)a(k1+jk2,k2)

∣∣∣∣∣∣≤
∑
k∈Z2

|a(k1,k2)|

2

≤ C||f ||2H2 ,

where C > 0 does not depend on f . From this we obtain∣∣∣∣∣∣
∣∣∣∣∣∣
J∑
j=1

f ◦Rj
∣∣∣∣∣∣
∣∣∣∣∣∣
2

L2(T2)

=

J∑
j=1

J∑
j′=1

⟨f ◦Rj′ , f ◦Rj⟩L2(T2)

≤
J−1∑
j=0

(J − j)⟨f, f ◦Rj⟩L2(T2) ≤ CJ ||f ||2H2(T2).

For general f ∈ Hn(T2) with
∫
f = 0, again write f =

∑
k∈Z2 akek and set

f1 =
∑

k∈Z2,k2 ̸=0

akek and f2 =
∑

k∈Z2,k2=0

akek.

Applying the above, and the analysis for Diophantine rotations, we find∣∣∣∣∣∣
∣∣∣∣∣∣
J∑
j=1

f ◦Rj
∣∣∣∣∣∣
∣∣∣∣∣∣
2

L2(T2)

≤ (CJ + C ′)||f ||2Hn(T2).

Thus, condition (EE) is satisfied with δ = 1
2 .

So we can apply Theorem 7 with
d > 2(n+ 1).

2.11.4 Example 15

Recall the definition of the Weyl Chamber flow on Γ\SL(d,R). Let d ≥ 3, and Γ be a uniform
lattice. Denote by D+ the subgroup of diagonal elements of SL(d,R) with positive entries. It is
easy to see that D+ is isomorphic to Rd−1. D+ acts on Γ\Sl(d,R) by right translation, giving
us a Rd−1-action. By [BEG20, Theorem 1.1] the action G satisfies (a Rd−1 version of) (MEM).

The Diophantine rotation Rα satisfies (EE) and (2.9) by §2.11.1. Hence, we can apply Theorem
9.
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2.11.5 Other systems satisfying (EE)

From Example 11 it might seem like (EE) is a very special property and only a few systems
satisfy this. The opposite is true, in fact, most classical systems have this property.

To convince ourselves of this, let us give some more examples and point out the mechanisms.

Definition 36. The system (Y,R, ν) is called mixing of order α if, for each f, g ∈ Cr
′
with∫

Y f dν =
∫
Y g dν = 0, we have∣∣∣∣∫

Y
f ◦Rn · g dν

∣∣∣∣ < ||f ||Cr′ ||g||Cr′α(n) ∀n ≥ 1. (2.47)

We say that (Y,R, ν) is polynomially mixing if it is mixing with rate α(n) = O(n−ϵ) for some
ϵ > 0.

Lemma 37. Polynomial mixing implies (EE). More precisely, if (Y,R, ν) is mixing of order
α(n) = O(n−ϵ), for some ϵ > 0, then, for all ϵ′ > 0, it satisfies property (EE) with

δ =


2−ϵ
2 if ϵ < 1

1
2 + ϵ′ if ϵ = 1
1
2 if ϵ > 1.

(2.48)

Proof. For f ∈ Cr
′
with

∫
Y f dν = 0 we have, for N ≥ 1,∣∣∣∣∣

∣∣∣∣∣
N−1∑
n=0

f ◦Rn
∣∣∣∣∣
∣∣∣∣∣
2

L2

≤
N−1∑
n1=0

N−1∑
n2=0

∣∣∣∣∫
Y
f ◦Rn1f ◦Rn−2 dν

∣∣∣∣
≤ 2N

N−1∑
n=0

∣∣∣∣∫
Y
f ◦Rn · f dν

∣∣∣∣ ≤ K||f ||2
Cr′N

2δ

for some K > 0.

Remark 38. In fact, the proof above remains valid if (2.47) holds for all n ≤ N except for a
subset of {1, ..., N} of size N1−ϵ̄ for some ϵ̄ > 0. We call such systems polynomially weakly
mixing.31

Many classical systems exhibit polynomial (or faster) mixing we list just a few examples referring
to [DDKN22b, Section 8] for a more comprehensive list

� mixing piecewise expanding interval maps [BSTV03, Theorem 3.1] as well as expanding
interval maps with critical points and singularities [LM13, Theorem 1.5],

� uniformly hyperbolic systems [Liv95, Theorem 3.9],

� some quadratic maps [You92, Theorem 3],

� noncompact translations on finite volume homogeneous spaces of semisimple Lie groups
without compact factors [KM96, §2.4.3],

� time change of horocycle flow [FU12, Theorem 3].

For parabolic and elliptic systems, one can often use a harmonic analytic argument akin to (but
more involved than) §2.11.1 or 2.11.3. Other concrete examples include

31In fact, a slight modification of the proof shows that if R1 is polynomially mixing and R2 satisfies (EE) then
R1 ×R2 satisfies (EE).
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� nilflows [FF06, Theorem 1.1],

� almost every interval exchange transformation [AFS23, Theorem 7.1],

� time 1 map of certain smooth surface flows, this follows from a work in progress by the
author, where polynomial weak mixing is shown.

2.12 Robustness of return times

Lastly, we mention the proof for the delayed PLT. All of the above proofs can be done using
ΦBl,α instead of ΦBl

, this shows (with the notation from the proof of Theorem 7)

(µ× ν)

(
K⋃
k=1

A
(k)
l ×B

(k)
l

)
Φ⋃K

k=1 A
(k)
l ×B(k)

l ,α

µ⇒ ΦExp.

To conclude, we only need a version of the approximation Lemma 21 for delayed return times.

Let (M,dM ) be a compact metric space, let (ϑ̃n)n≥1 be a sequence of Lipschitz functions on M

dense in C(M), and denote ϑn = ϑ̃n
||ϑ̃n||Lip

. The metric

DM (λ, λ′) =
∑
n≥1

2−n
∣∣∣∣∫
M
ϑn dλ

′ −
∫
M
ϑn dλ

∣∣∣∣ ,
for probability measures λ and λ′, models distributional convergence32.

Lemma 39. Let (X,µ, T ) be a probability-preserving dynamical system, α be a sequence of
natural numbers, (Al)l≥1 be a sequence of rare events, and Φ = (ϕ(1), ϕ(2), ...) be a random

process in [0,∞). Assume that, for each δ > 0, there is a sequence of rare events (A
(δ)
l )l≥1 with

A
(δ)
l ⊂ Al and µAl

(Al \A
(δ)
l ) < δ such that

µ(A
(δ)
l )Φ

A
(δ)
l ,α

µ⇒ Φ ; as l → ∞,∀δ > 0.

Then
µ(Al)ΦAl,α

µ⇒ Φ as l → ∞.

Proof. Taking a subsequence if necessary, we may assume that there is a [0,∞]-valued random
process Φ′ with

µ(Al)ΦAl,α
µ⇒ Φ′ as l → ∞.

For s, t ∈ [0,∞] denote d[0,∞](s, t) = |e−s−e−t|, where by convention e−∞ = 0, then ([0,∞], d[0,∞])

is a compact metric space. Also, the infinite product ([0,∞]N, d[0,∞]N) is a compact metric space

with diam([0,∞]N) = 1, where

d[0,∞]N((sj), (tj)) =
∑
j≥1

2−jd[0,∞](sj , tj).

We claim that for every ϵ > 0 there exist δ0 > 0 and an L ≥ 1 such that

D[0,∞]N

(
lawµ(µ(A

(δ)
l )Φ

A
(δ)
l ,α

), lawµ(µ(Al)ΦAl,α)
)
< 5ϵ ∀l ≥ L. (2.49)

Then taking l → ∞ shows D[0,∞]N(Φ,Φ
′) < 5ϵ and the conclusion follows by ϵ→ 0.

32In the sense that λn ⇒ λ if and only if DM (λ, λn) → 0.

38



Let 1 > ϵ > 0. First, note that33

D[0,∞]N

(
lawµ(µ(A

(δ)
l )Φ

A
(δ)
l ,α

), lawµ(µ(Al)ΦA(δ)
l ,α

)
)
< δ,

so it is enough to show that there exist ϵ > δ0 > 0 and an L ≥ 1 such that

D[0,∞]N

(
lawµ(µ(Al)ΦA(δ)

l ,α
), lawµ(µ(Al)ΦAl,α)

)
< 4ϵ ∀l ≥ L. (2.50)

Denote ΦAl,α = (φ
(1)
Al,α

, φ
(2)
Al,α

, ...) and Φ
A

(δ)
l ,α

= (φ
(1)

A
(δ)
l ,α

, φ
(2)

A
(δ)
l ,α

, ...). Now choose J ≥ 1 so big

that
∑

j≥J 2
−j < ϵ, and T > 0 such that

P

 J∑
j=1

ϕ(j) > T

 < ϵ.

For δ = min
(
ϵ
2 ,

ϵ
2T

)
choose L ≥ 1 so big that

µ

 J∑
j=1

µ(A
(δ)
l )φ

(j)

A
(δ)
l ,α

> T

 < 2ϵ ∀l ≥ L.

Since
∑J

j=1 φ
(j)

A
(δ)
l ,α

>
∑J

j=1 φ
(j)
Al,α

and µ(A
(δ)
l ) > (1− δ)µ(Al) >

1
2µ(Al), in particular

µ

 J∑
j=1

µ(Al)φ
(j)
Al,α

> 2T

 < 2ϵ ∀l ≥ L.

Now, for j = 1, ..., J , we have

µ

(
φ
(j)
Al,α

̸= φ
(j)

A
(δ)
l ,α

)
≤ µ

(
φ
(J)
Al,α

̸= φ
(J)

A
(δ)
l ,α

)

≤ µ


⌊

2T
µ(Al)

⌋⋃
i=1

T−α̃(i)
(Al \A

(δ)
l )

+ µ

 J∑
j=1

µ(Al)φ
(j)
Al,α

> 2T


≤ 2T

µ(Al)
µ(Al)δ + 2ϵ ≤ 3ϵ.

Thus

D[0,∞]N

(
lawµ(µ(Al)ΦA(δ)

l ,α
), lawµ(µ(Al)ΦAl,α)

)
=
∑
j≥1

2−j
∫
X
d[0,∞](µ(Al)φ

(j)
Al,α

, µ(Al)φ
(j)

A
(δ)
l ,α

) dµ ≤ 3ϵ

J∑
j=1

2−j + ϵ ≤ 4ϵ

proving (2.50).

To conclude, we give a

33For k ≥ 1 and s, t ∈ [0,∞] we have d[0,∞](ks, kt) ≥ d[0,∞](s, t) ≤ |s− t|.
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Proof of Lemma 21. Denote λ = µ × ν and M = [0,∞], with DMN as in the proof of Lemma
39 we have

DMN(lawλQ(λ(Q)ΦQ), lawλQ′ (λ(Q
′)ΦQ′)

≤ λQ(Q
′)DMN(lawλQ(λ(Q)ΦQ), lawλQ(λ(Q

′)ΦQ′)

+ λQ(Q \Q′)DMN(lawλQ(λ(Q)ΦQ), lawλQ′ (λ(Q
′)ΦQ′)

≤ DMN(lawλQ(λ(Q)ΦQ), lawλQ(λ(Q
′)ΦQ′) + λQ(Q \Q′).

Furthermore

DMN(lawλQ(λ(Q)ΦQ), lawλQ(λ(Q
′)ΦQ′)

≤
∑
j≥0

2−j−1

∫
Q
dM (λ(Q)φQ ◦ SjQ, λ(Q

′)φQ′ ◦ SjQ′) dλQ

≤
∑
j≥0

2−j−1

∫
Q
dM (λ(Q)φQ ◦ SjQ, λ(Q)φQ′ ◦ SjQ′) dλQ + λQ(Q \Q′).

For each j ≥ 0 we have

λQ(φQ ◦ SjQ ̸= φQ′ ◦ SjQ′) ≤ λQ

(
j⋃
i=0

SiQ(Q \Q′)

)
≤ (j + 1)λQ(Q \Q′).

The claim follows since
∑

j≥1 j2
−j = 2.
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Chapter 3

Trimmed ergodic sums for
non-integrable functions with power
singularities over irrational rotations

Studying Birkhoff sums of non-integrable functions involves the challenge of large observations
depending on the sampled orbit, which prevents pointwise limit theorems. To address this issue,
the largest observations are removed, this process is commonly known as trimming. While this
method is well studied for independent identically distributed sequences and systems with strong
mixing behaviour, this paper examines regular dynamical systems with polynomial deviations of
ergodic averages. Focusing on irrational rotations of T, we establish trimmed weak and strong
laws for the functions 1

x and 1
xβ

with β > 1, providing explicit conditions on the rotation angle.

3.1 Introduction

3.1.1 Motivation

Let (X,T, µ) be a probability preserving ergodic dynamical system. The much celebrated
Birkhoff Ergodic Theorem states that, given an integrable function f ∈ L1, the average of
observations over a long time approximates the integral, more formally

lim
N→∞

SN (f)

N
=

∫
f dµ almost surely,

where SN (f) =
∑N−1

n=0 f ◦ Tn. In this paper, we will investigate the question

How do we describe asymptotics of SN (f) if

∫
|f |dµ = ∞?

For simplicity, we shall restrict ourselves to functions that are non-negative and finite almost
everywhere, denote the collection of these functions by

F = {f : X → [0,∞] measurable | f ̸∈ L1(µ), but µ(f = ∞) = 0}.

Often, in the situation when X is a metric space, we will also require that f ∈ F is continuous1.

1In this case we endow [0,∞] with the metric d(s, t) = |e−s − e−t|, for s, t ∈ [0,∞], making it a compact
metric space. Note that f is continuous if and only if, for every s ∈ [0,∞), the sets {f < s} and {f > s} are
open.
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The most naive way to approach this problem would be to normalize by a factor different from
N , say dN > 0. However, Aaronson’s ”anti-convergence” result ([Aar77]) asserts that this is
impossible: for every normalising sequence (dN )N≥1 it holds that

lim sup
N→∞

SN (f)

dN
= ∞ or lim inf

N→∞

SN (f)

dN
= 0 almost surely,

meaning that we either underestimate or overestimate the sum infinitely often. This non-
convergence is caused by large observations, meaning n such that f(Tnx) is big, which may or
may not occur depending on x. To circumvent this problem, a common method is to exclude
the largest observations altogether. This method is referred to as trimming.

More formally, for N ≥ 1 and 0 ≤ k(N) ≤ N , define the trimmed sum as

S
k(N)
N (f)(x) =

N−1∑
n=0

f(Tnx)− max
0≤n1<n2<...<nk(N)≤N−1

k(N)∑
j=1

f(Tnjx).

We will also refer to k(N) as the trimming sequence. For simplicity set SMN (f) = 0 if M > N .

The central problem we study is the following;

Problem A. Do there exist positive k(N) = o(N) and dN > 0 such that

lim
N→∞

S
k(N)
N (f)(x)

dN
= 1 for µ-a.e. x ∈ X? (3.1)

If (3.1) holds, we refer to it as a trimmed strong law.

Remark 40. Note that SNN (f) = 0 by definition. Furthermore, heuristically speaking, if c ∈
(0, 1), f is continuous and k(N) ∼ cN (i.e. limN→∞ k(N)/(cN) = 1) then

S
k(N)
N (f) ∼ SN (min(K, f)) almost surely,

where K > 0 is such that µ(f > K) = c.

This explains why we choose k(N) = o(N) in Problem A; if k(N) ∼ cN then we lose information

on f , making S
k(N)
N (f) uninteresting.

3.1.2 Background

Ideally, one would hope for2 k(N) = constant, this is referred to as light trimming. On the other
hand, situations where k(N) → ∞, but k(N) = o(N) as N → ∞ are referred to as intermediate
trimming.

Trimming is well-studied in the set-up of identically distributed random variables3 (iids). The
literature is vast, for brevity’s sake, we will only mention situations where explicitly strong laws
(or results having immediate consequences for strong laws) are studied. Trimming for iids has
been used in other contexts, for example, weak laws, laws of iterated logarithm, CLTs, and
more.

Mori ([Mor76, Mor77]) developed general criteria for lightly trimmed strong laws to hold, his
results were later generalized by Kesten and Maller ([KM92, KM95, Mal84]).

2By the above result by Aaronson, if
∫
|f | dµ = ∞, which is the case that we are concerned with, then strong

laws with k(N) = 0 are not possible.
3Meaning that f ◦ Tn = Xn is an independent and identically distributed random process.
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From Mori’s works ([Mor76] gives necessary and sufficient conditions for certain lightly trimmed
laws to hold) it already becomes apparent that light trimming is not always sufficient. A fortiori
Kesten ([Kes93]) showed later that even a lightly trimmed weak law already necessitates an
untrimmed weak law (which might not hold).

A special case, that is of interest, is when4 X has regularly varying tails with index α ∈ (0, 1).
This means that there is a slowly varying function5 such that P(X > t) = t−αL(t). Note that
in this situation6 there is no untrimmed weak law, and hence, by Kesten’s result, also no lightly
trimmed weak (or strong) law. In this case, a law of the iterated logarithm under trimming was
obtained by Haeusler and Mason ([HM87]). Their result was shown to be optimal by Haeusler
([Hae93]). From those results, a strong law under intermediate trimming can be deduced.

In the context of dynamical systems, so far results have been shown only for systems exhibiting
strong mixing properties. Some known results are:

� If T is the Gauss map and f(x) = 1
x (in the case SN is essentially the sum of coefficients in

the CFE7 of x) then it was proved8 by Diamond and Vaaler ([DV86]) that
S1
N (f)

N log(N) →
1

log(2) .

� Even though not formulated in terms of dynamical systems, Aaronson and Nakada ([AN03])
showed lightly trimmed strong laws (extending Mori’s results) for ψ-mixing random vari-

ables 9 with speed
∑∞

n=1
ψ(n)
n < ∞. For Example, Gibbs-Markov maps, together with

a function that is measurable for the partition, are exponentially ψ-mixing (this follows
from [AD01]). Their results apply (among others) if P(X > t) = 1

t for t > 0. In terms of
functions, it applies to f = 1

x (with Lebesgue measure).

� Haynes ([Hay14]) later showed a quantitative version of the above. Under the same
assumptions he showed a strong law for

SN (f)(x)− δ(N, x) max
n=0,...,N−1

f(Tnx) for some δ(N, x) ∈ {0, 1},

where (f(Tnx)) is a ψ-mixing process with a certain speed, and provided explicit error
terms. We remark that, in contrast to Aaronson and Nakada’s result, the number of
trimmed terms is allowed to depend on x.

� Kesseböhmer and Schindler ([KS19]) studied intermediate trimming for maps satisfying
a spectral gap condition. This method applies to some expanding interval maps (more
general than Gibbs-Markov). Their results apply to functions like f(x) = 1

xβ
with β > 1

(with Lebesgue measure).

� Schindler recently proved ([Sch18]) a strong law for the doubling map and the function
f = 1

x . In this situation10 there is no lightly trimmed strong law as already noted by
Haynes ([Hay14]). Instead, an intermediately trimmed strong law strong law is obtained.

4Here X is a random variable having the same distribution as f .
5A function L : [0,∞) → R is called slowly varying if, for every c > 0, it holds that limx→∞

L(cx)
L(x)

= 1.
6As can be deduced from [Fel57, VII.7 Theorem 2].
7The continued fraction expansion (CFE) shall be defined later in §3.3.
8They study a situation where the trimming sequence k(N) is allowed to depend on x. More explicitly, they

show a strong law for

SN (f)(x)− θ(N, x) max
n=0,...,N−1

f(Tnx) for some θ(N, x) ∈ [0, 1].

However a statement about S1
N can be easily deduced from their proof.

9For a precise definition of various mixing properties, see [Bra05].
10This highlights the influence of periodic points; the function 1

x
has its singularity at the fixed point 0.
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3.1.3 General results

Our first result answers Problem A. We show that it is always possible to find a good trim-
ming sequence k(N) = o(N). The following result seems to be known to the experts, for the
convenience of the reader we shall provide a proof in §3.4.

Theorem 41. Let (X,T, µ) be a probability preserving ergodic system. Then, for f ∈ F there
exist k(N) ∈ N with k(N) = o(N) and dN > 0 such that

lim
N→∞

S
k(N)
N (f)(x)

dN
= 1 for µ-a.e. x ∈ X. (3.2)

Furthermore, if (X,T, µ) is uniquely ergodic (and µ is regular) and f is continuous, then k(N)
and dN can be chosen such that convergence in (3.2) holds uniformly11 at all x ∈ X.

Note that Theorem 41 does only guarantee the existence of some trimming sequence k(N) =

o(N), there is no control whatsoever about how fast k(N)
N decays. In fact, as shall be made more

precise later in Remark 50, for the function 1
x over a Liouvillean rotation, k(N)

N might decay
arbitrarily slowly.

Heuristically speaking it is most desirable to choose k(N) as small as we can; the smaller k(N)
is, the more information about f is retained after trimming k(N) terms. Therefore, Problem A
should be reformulated as;

Problem B. What is the ”smallest” k(N) such that there are dN for which (3.2) holds? Fur-
thermore, give an explicit formula for dN .

This seems to suggest that if a trimmed strong law holds, then it will continue to hold if we
trim more terms. However, this is not true, on the contrary;

Theorem 42. Let (X,T, µ) be an aperiodic12 probability preserving ergodic system. Then there
is a function f ∈ F and a trimming sequence k(N) = o(N) such that there are dN > 0 so that
(3.2) holds, but there is another trimming sequence k′(N) = o(N) with k′(N) ≥ k(N) such that
for all normalising d′N > 0 there is an ϵ > 0 such that

lim sup
N→∞

µ

(∣∣∣∣∣S
k′(N)
N (f)

d′N
− 1

∣∣∣∣∣ > ϵ

)
> 0.

In the following, we will attempt to answer Problem B in two settings:

� If T has polynomial deviations of ergodic averages (as defined below). This will be done
in Section 3.2.

� If T is an irrational rotation. This will be done in Section 3.3.

3.2 Trimming for functions with power singularities

For this section, let X =M be a compact Cr-manifold, for some r ≥ 1, with dim(M) = d, and
T be a transformation preserving a smooth probability measure µ with density dµ

dvol = ρ on M .
We shall investigate (trimmed) ergodic sums of non-L1 functions with power singularities.

11For definiteness, whenever we talk about uniform convergence we replace f by f̂ with f̂ = f on {f < ∞}
and f̂ = 0 otherwise.

12For a periodic ergodic system, i.e. a rotation on finitely many elements, the statement of the Theorem is
trivial because every finite function is integrable.
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Definition 43. Let x∗ ∈M , and f :M \ {x∗} → [0,∞) be a non-negative function on M . We
say that f has a power singularity at x∗ if f ∈ Cr(M \ {x∗}) and there are c, β > 0 such that

lim
x→x∗

f(x)d(x, x∗)β = c,

where d(·, ·) denotes the geodesic distance. In this case we will say that c = Resx∗(f) is the
residue of f at x∗, and β = Ordx∗(f) is the order of the singularity.

Note that, in this case, assuming ρ(x∗) > 0, f is non-integrable if and only if Ordx∗(f) ≥ d. We
will further distinguish the cases Ordx∗(f) = d and Ordx∗(f) > d. Integrating we obtain

� for β > d it holds that∫
ϵ<|x|2<1

|x|−β2 dx =
1

β − d
Bdϵ

d−β +O(1) as ϵ→ 0,

� whereas ∫
ϵ<|x|2<1

|x|−d2 dx = Bd| log(ϵ)| ∀ϵ ∈ (0, 1),

where Bd is the volume of the unit ball in d dimensions. So let f ∈ Cr(m \ {x∗}) be a function
with only one pole at x∗, where ρ(x∗) > 0, it holds that13

� if Ordx∗(f) = β > d then∫
M\Bϵ(x∗)

f dµ =
1

β − d
Resx∗(f)Bdρ(x

∗)ϵd−β +O(ϵd−β+1) as ϵ→ ∞, (3.3)

� and, if Ordx∗(f) = d, then∫
M\Bϵ(x∗)

f dµ = Resx∗(f)Bdρ(x
∗)| log(ϵ)|+O(ϵ| log(ϵ)|) ∀ϵ > 0.

Using the polynomial deviations as assumed will lead to cumbersome formulas. We introduce
the following simplifying notation.

For A,B ∈ R we write

A≪ B ⇐⇒ ∃C > 0 such that A ≤ CB,

the constant C > 0. We write A ≪f,g,h B if the implicit constant is allowed to depend on the
quantities f, g, h. We write A ≍ B if A≪ B and B ≪ A.

To obtain a trimming, we will assume polynomial deviations of ergodic averages for smooth
observables either pointwise or in L2. More explicitly, we will assume either of the following
two

(A) there is a14 r ≥ 1 and a δ > 0 such that

||SN (g)−N

∫
g dµ||L2 ≪ N1−δ||g||Cr ∀N ≥ 1, g ∈ Cr, (3.4)

13The extra error term comes from considering the density ρ. For ϵ > 0 sufficiently small, it holds that
|µ(Bϵ(x

∗))−Bdρ(x
∗)ϵd| ≤ Ωϵd+1, for some constant Ω > 0 depending on x∗.

14Here the Cr norm of a function can be defined by coveringM by finitely many charts and taking the maximum
of all local Cr norms.
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(B) or there is a r ≥ 1 and a δ > 0 such that

|SN (g)(x)−N

∫
g dµ| ≪ N1−δ||g||Cr ∀N ≥ 1, g ∈ Cr, x ∈M. (3.5)

Remark 44. Since M is compact, we can define the Cr norm of a function by covering M with
finitely many charts and taking the maximum of the local Cr norms in these charts.

In both cases, we will show a trimming result for k(N) = ⌈N1−ϵ⌉ with ϵ > 0. In case (B), the
convergence is uniform.

Theorem 45. Assume (A) holds. Let x∗ ∈ M be a point on M with ρ(x∗) > 0 and let
f ≥ 0, f ∈ Cr(M \ {x∗} be a non-negative function with a power singularity only at x∗ of order
Ordx∗(f) = β ≥ d. If k(N) = ⌈Nα⌉ for some

1 > α > α0 = max

(
r + d− dδ

r + d
,
2rd+ d− r − dδ

2rd+ d− r
,

r + 1

r + d+ 1

)
then

� if β = d then

S
k(N)
N (f)(x)

N log(N)
→ 1− α

d
Resx∗(f)Bdρ(x

∗) as n→ ∞, for µ− a.e x ∈M, (3.6)

� and if β > d then

S
k(N)
N (f)(x)

N
β
d k(N)1−

β
d

→ 1

β − d
Resx∗(f)B

β
d
d ρ(x

∗)
β
d as n→ ∞, for µ− a.e x ∈M. (3.7)

If (B) holds, then the convergence in (3.6) resp. (3.7) is uniform in x.

Remark 46. In Theorem 45, and the Theorems below, an explicit bound on the error term can
be easily computed by following the estimates in the proof carefully. In an attempt to keep this
exposition simple, we will only state the qualitative results without error terms.

Remark 47. For most systems the conclusion of Theorem 45 is far from optimal. As can be
seen from the table in §3.3.4, for systems with strong enough mixing properties we expect a
strong law to hold with any trimming sequence growing faster than log(log(N)). Moreover, for
almost all rotations, as trimming by log1+ϵ(N), for any ϵ > 0, is sufficient.

However, it is possible to construct rotations that satisfy assumption (B), where there is no better
trimming than polynomial. More precisely, in light of Theorem 56 and Lemma 77, for a rotation
by an irrational angle α, with continued fraction approximants pn

qn
, satisfying q2n < qn+1 < q3n,

and the functions 1
x or 1

xβ
with β > 1, even weak laws can only hold after trimming polynomially

many terms.

The significance of Theorem 45 is that it allows us, given a function f ∈ Cr(M \ {x∗}) with
one pole at some x∗ ∈ M , to effectively determine both the order and the residue of the pole
by sampling along an orbit of a suitable dynamical system.

Having these results, one might ask what happens if there are finitely many poles, say f has
poles at x1, ..., xp with Ordxi(f) = βi ≥ d for i = 1, ..., p. One might expect to obtain an
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asymptotic expansion of the form

S
k(N)
N (f)(x) =

∑
Ordxi (f)>d

1

βi − d
Resxi(f)B

βi
d
d ρ(xi)

βi
d N

βi
d k(N)1−

βi
d

+
∑

Ordxi (f)=d

N log(N)d(1− α)Resxi(f)Bdρ(xi) +O(N),

with k(N) as in Theorem 45, using similar techniques. However, this is not true, unless all of
the orders are the same.

Following the proof carefully, we see that in Lemma 60 an error term appears that is of the order

o(N
β
d k(N)1−

β
d ), but not o(N

β′
d k(N)1−

β′
d ) for β′ < β, where Resx∗(f) = β = maxi=1,...,p βi > d.

This error term comes from the contribution of the f(T j(x)) close but not too close to15 x∗,
and can, using our methods, not be avoided.

On the other hand, if all of the orders are the same, say β1 = ... = βp = β, and
∑p

i=1Resxi(f) ̸=
0, then the corresponding limit theorems do hold. And we have16

� if β = d then

S
k(N)
N (f)(x)

N log(N)
→ d(1− α)

p∑
i=1

Resxi(f)Bdρ(xi) as n→ ∞, for µ− a.e x ∈M,

� and if β > d then

S
k(N)
N (f)(x)

N
β
d k(N)1−

β
d

→ 1

β − d

p∑
i=1

Resxi(f)B
β
d
d ρ(xi)

β
d as n→ ∞, for µ− a.e x ∈M.

3.3 Trimming for rotations

3.3.1 Background

For irrational α ∈ (0, 1) we consider the rotation R(x) = Rα(x) = x+α (mod 1), x ∈ [0, 1) (we
identify T with [0, 1) by fixing 0). First, we shall review some basic facts.

There is a unique17 representation

α =
1

a1 +
1

a2 +
1

...

, (3.8)

with aj ∈ N for j ≥ 1, called the continued fraction expansion (CFE), we will sometimes also
denote (3.8) by α = [a1, a2, ...]. In this case a1, a2, ... shall be referred to as the CFE coefficients.

If α = [a1, a2, ...], then α is well approximated by finite iterates of the expansion, i.e. by the
rational numbers

pn
qn

=
1

a1 +
1

a2 + ...+
1

an−2 +
1

an−1

, (3.9)

15With the notation of Lemma 60, near the boundary of Bϵ(N)(x
∗).

16Which can be proven using the same techniques as in Theorem 45.
17For rational α the CFE also exists, but is not unique. There are always two representations, namely α =

[a1, a2, ..., an] and α = [a1, a2, ..., an − 1, 1].
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with the convention p1 = 0, q1 = 1. The rational numbers pn
qn

shall be referred to as the CFE
approximants. They are the best rational approximations to α in the sense that∣∣∣∣α− pn

qn

∣∣∣∣ < ∣∣∣∣α− p

q

∣∣∣∣ ∀q ≤ qn, p ∈ N, (p, q) ̸= (pn, qn),

furthermore, we have
1

qn+1(qn+1 + qn)
<

∣∣∣∣α− pn
qn

∣∣∣∣ < 1

q2n+1

.

From (3.9), it is easy to see that pn and qn satisfy the relation

qn+1 = anqn + qn−1 and pn+1 = anpn + pn−1 n ≥ 2.

These basic facts can be found in any book on Diophantine approximations.

For N ≥ 1 and n such that N ∈ [qn, qn+1 − 1] we can uniquely expand N as

N =

n∑
j=1

bjqj , (3.10)

with bj ∈ N and bj ≤ aj ≤ qj+1

qj
, the expansion in (3.10) is unique if we require that, for each

J = 1, ..., n− 1, we have18
∑J

j=1 bjqj < qJ+1. This is called the Ostrowski expansion, note that

bn =
⌊
N
qn

⌋
. In an attempt to keep the notation simple we will, in the following, always implicitly

assume that N ∈ [qn, qn+1 − 1] and (3.10) holds, thus suppressing the dependence of n and bj
on N .

We will often make use of the Denjoy-Koksma inequality; for f ∈ BV and n ≥ 1 it holds that∣∣∣Sqn(f)(x)− qn

∫ 1

0
f dλ

∣∣∣ ≤ Var(f) ∀x ∈ [0, 1),

where λ denotes the Lebesgue measure on [0, 1) and Var(f) denotes the total variation of f . In
light of the Ostrowski expansion (3.10), it follows that∣∣∣SN (f)(x)−N

∫ 1

0
f dλ

∣∣∣ ≤ n∑
j=1

bjVar(f) ∀x ∈ [0, 1).

For simplicity’s sake, in this section, we will focus on the functions

f(x) = x−β, β ≥ 1.

Ergodic sums of x−β - or the ”zero average” version x−β− (1−x)−β - have already been studied
without trimming, among others in [DF15], [SU08]. However, there the rotation number α is
also randomised and one obtains a distributional limit, to a non-constant distribution, rather
than convergence to a constant. For example [SU08, Theorem 2] shows; For f(x) = 1

x − 1
1−x

there is a distribution D on R such that

λ2
(
(α, x)

∣∣∣∣ a ≤ 1

N
SN (f)(x) ≤ b

)
→ D[a, b] as N → ∞ ∀a, b ∈ R,

where λ2 denotes the Lebesgue measure on T2. In [DF15] an analogous result is obtained
for f(x) = x−β with β > 1. By linearity and symmetry their result can be generalised to

18Equivalently b1 ̸= a1 and there is no j ∈ [2, n] with bj = aj and bj−1 ≥ 1.
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f(x) = c1x
−β + c2(1− x)−β for any c1, c2 ∈ R. Usually, the case c1 = −c2 is referred to as the

symmetric case, whereas c1 ̸= −c2 is called the asymmetric case.

This highlights, that the strength of our results is that α can be fixed. The price we have to
pay is that trimming might be necessary.

The following theorems of this section are stated for the functions 1
x resp. x−β. More generally,

they apply also to c1
x + c2

1−x resp. c1x
−β + c2(1− x)−β with c1 ̸= −c2, with only minor changes

in the proof which we leave to the interested reader. However, note that, in contrast to [DF15]
and [SU08], we only discuss the asymmetric case.

3.3.2 The function 1
x

First let us consider f(x) = 1
x . As it turns out, for almost all α and the function f , a weak law

of large numbers holds, even without trimming. On the other hand, for a Gδ-dense set of α,
even the weak law does not hold without trimming.

The crucial condition here is a well-known Diophantine condition on α.

Definition 48. The number α is said to be of Roth type if, for all ϵ > 0 and large enough n, it
holds that qn+1 < q1+ϵn . Equivalently

lim
n→∞

log(qn+1)

log(qn)
= 1.

Theorem 49. There are dN > 0 such that

λ

(∣∣∣∣SN (f)dN
− 1

∣∣∣∣ > ϵ

)
→ 0 as N → ∞ ∀ϵ > 0,

if and only if α is of Roth type. Furthermore, in this situation

dN = N log(N).

Remark 50. Contrary to the situation in Theorem 49, for α not being of Roth type, we may
need a trimming sequence arbitrarily close to N to obtain a trimmed weak law. More precisely,
given any sequence l(N) = o(N), there is a Gδ dense set of α such that, whenever k(N) ≤ l(N)
and dN > 0, there is an ϵ > 0 such that

lim sup
N→∞

λ

(∣∣∣∣∣S
k(N)
N (f)

dN
− 1

∣∣∣∣∣ > ϵ

)
> 0.

Remark 51. A trimmed weak law generally implies an untrimmed weak law under condition
(3.11). More precisely, let (X,T, µ) be a probability-preserving dynamical system, and suppose
there exist k(N) = o(N) and dN > 0 such that

µ

(∣∣∣∣∣S
k(N)
N (f)

dN
− 1

∣∣∣∣∣ > ϵ

)
→ 0 as N → ∞, ∀ϵ > 0.

If, in addition,

µ

(
f > c

dN
k(N)

)
= o

(
1

N

)
∀c > 0, (3.11)
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then the untrimmed weak law follows:19

µ

(∣∣∣∣SN (f)dN
− 1

∣∣∣∣ > ϵ

)
→ 0 as N → ∞, ∀ϵ > 0.

Next, we investigate strong laws. As above for iids, or the Gauss map, for almost all α it suffices
to trim by k(N) = 1.

Theorem 52. For almost all α it holds that

lim
N→∞

S1
N (f)(x)

N log(N)
= 1 for a.e. x ∈ [0, 1). (3.12)

Furthermore, if α is of bounded type, then this convergence is uniform in x, i.e.

lim
N→∞

S1
N (f)(x)

N log(N)
= 1 uniformly in x ∈ [0, 1).

The convergence in (3.12) only holds for almost every x, in fact;

Theorem 53. For almost all α it holds that

lim sup
N→∞

S1
N (f)(α)

N log(N)
> 1 ≥ lim inf

N→∞

S1
N (f)(α)

N log(N)
.

Remark 54. The set of all x such that

lim sup
N→∞

S1
N (f)(x)

N log(N)
> 1 ≥ lim inf

N→∞

S1
N (f)(x)

N log(N)

is invariant under R, as will be shown in the proof of Theorem 55. Therefore it is also true that

lim sup
N→∞

S1
N (f)(0)

N log(N)
> 1 ≥ lim inf

N→∞

S1
N (f)(0)

N log(N)
.

Lastly, there are20 α, such that the untrimmed weak law holds21, but not the trimmed strong
law for any k(N) being constant.

Theorem 55. There is an α, such that

λ

(∣∣∣∣ SN (f)

N log(N)
− 1

∣∣∣∣ > ϵ

)
→ 0 as N → ∞ ∀ϵ > 0,

but, for every K ≥ 1 and almost every x, it holds that

lim sup
N→∞

SKN (f)(x)

N log(N)
> 1 ≥ lim inf

N→∞

SKN (f)(x)

N log(N)
. (3.13)

19For any ϵ > 0, we estimate

µ (|SN (f)− dN | > ϵdN ) ≤ µ

(∣∣∣Sk(N)
N (f)− dN

∣∣∣ > ϵdN
2

)
+ µ

(
∃0 ≤ n ≤ N − 1 | f ◦ Tn >

ϵdN
2k(N)

)
≤ µ

(∣∣∣Sk(N)
N (f)− dN

∣∣∣ > ϵdN
2

)
+Nµ

(
f >

ϵdN
2k(N)

)
→ 0,

as N → ∞.
20As before, the set of such α will be Gδ-dense. We will not show this fact, as it can easily be verified and is

not essential to this work, leaving it instead to the reader.
21Or equivalently α is of Roth type.
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3.3.3 The function x−β for β > 1

Let β > 1 and f(x) = x−β. We will prove sufficient and necessary conditions for k(N) such that
trimmed weak or strong laws hold. The general conditions are slightly complicated to state,
but, in the case of monotone trimming sequences, reduce to a much simpler one. Here we will
only state the condition for monotone trimming sequences, leaving the more general statements
for the proof section.

Theorem 56. Let k(N) be monotone with k(N) = o(N) and dN > 0, then the following are
equivalent

(I) the trimmed strong law holds uniformly, i.e.

lim
N→∞

S
k(N)
N (f)(x)

dN
= 1 uniformly in x ∈ [0, 1), (3.14)

(II) the trimmed weak law holds, i.e.

λ

(∣∣∣∣∣S
k(N)
N (f)

dN
− 1

∣∣∣∣∣ > ϵ

)
→ 0 as N → ∞ ∀ϵ > 0, (3.15)

(III)
k(N)

max(bn,maxj≤n−1 aj)
→ ∞ as N → ∞. (3.16)

Furthermore, in this situation, dN = 1
β−1N

βk(N)1−β.

3.3.4 Comparison of results to literature

As our results seem to be the first that do not require strong mixing properties of the system,
it is of special interest to compare our results, to the known ones listed in §3.1.2. We shall
compare trimming results for the non-integrable functions 1

x and x−β with β > 1. All of the
results below were discussed in §3.1.2 or earlier in this section. In each cell of the table, we
write sufficient conditions for a trimming sequence k(N) = o(N) such that there are dN > 0
with

lim
N→∞

S
k(N)
N (f)(x)

dN
= 1 for µ-a.e. x ∈ X.

To simplify notation, from now on we introduce the following; For x sufficiently large such that
the below is defined denote

log1(x) = log(x) and logk(x) = log(logk−1(x)), k ≥ 2.

1
x x−β, β > 1

iid k(N) = 1 k(N)
log2(N)) → ∞

Gauss map k(N) = 1 k(N)
log2(N)) → ∞

doubling map k(N) = ⌈κ log3(N)⌉, κ > 1
log(2)

k(N)
log2(N)) → ∞

almost every rotation k(N) = 1 k(N)

log1+ϵ(N)
→ ∞

In all of the cases we have dN = c1N log(N) for the function 1
x and dN =

cβ
β−1N

βk(N)−β+1 for

x−β, where c1 = cβ = 1 in all cases except for the Gauss map - in case of the Gauss map we
have c1 =

1
log(2) and cβ = 1

(log(2))β
22.

22The phenomenon that we get a different constant in case of the Gauss map is due to the fact the Gauss map
is invariant with respect to the Gauss measure which is equivalent but not equal to the Lebesgue measure - all
other ergodic transformations are invariant with respect to the Lebesgue measure.
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A similar comparison can be made for trimmed weak laws;

� For iids, the Gauss map, and the doubling map, together with the function 1
x weak laws

hold even without trimming. This was shown in [Fel57, Theorem 2 VII.], [Khi35] and
[Sch18] respectively, but can be also deduced directly from the trimmed strong laws in
the table above.23

� For iids, the Gauss map, and the doubling map, and the function x−β trimmed weak laws
hold for any intermediate trimming sequence k(N) → ∞ with k(N) = o(N). This was
shown in [KS20].

� For rotations of Roth type and the function 1
x the weak law also holds without trimming,

as shown in Theorem 49. However, as demonstrated in Remark 50, for a generic rota-
tion number α, we might require a trimming sequence arbitrarily close to N to obtain a
trimmed weak law.

� For rotations and the function x−β, Theorem 56 states exact conditions on k(N) so that
a trimmed weak law holds. Also here generically we will need a sequence arbitrarily close
to N . Only for α of bounded type we can choose a trimming sequence that approaches
infinity arbitrarily slowly.

This suggests, that trimming is well applicable even beyond the mixing case. Finding more
flexible conditions and techniques to obtain effective trimming results without using strong
mixing properties is a promising direction for future research.

3.4 Proof of general trimmed laws

Proof of Theorem 41. (i) For every l ≥ 1 denote fl = min(f, l), and al =
∫
X fl dµ. Using

Jegorow’s Theorem, there are sets Bl with µ(Bl) < 2−l and 1 ≤ N1 ≤ N2 ≤ ..., with Nl ≥ l
such that

|Sn(1{f≥l})(x)− nµ(f ≥ l)| < 2−lnµ(f ≥ l) (3.17)

and
|Sn(fl)(x)− nal| < 2−lnal (3.18)

for x ̸∈ Bl and n ≥ Nl. Let k(n) be defined as

k(n) = ⌈(1 + 2−l)nµ(f ≥ l)⌉, n ∈ [Nl, Nl+1 − 1].

Since µ(f ≥ l) → 0 as l → ∞, it is clear that k(n) = o(n). By the Borel-Cantelli lemma, almost
every x is only in finitely many Bl. For such an x and l big enough such that x ̸∈ Bj for j ≥ l,
using (3.17) and (3.18), for n ≥ Nl it holds that

|Sk(n)n (f)(x)− nal| ≤ |Sk(n)n (f)(x)− Sn(fl)(x)|+ |Sn(fl)(x)− nal|
< 2−l+1lnµ(f ≥ l) + l + 2−lnal.

Since al ↗ ∞ as l → ∞, and n ≥ l, the right-hand side is o(nal), hence

lim
n→∞

S
k(n)
n (f)(x)

dn
= 1 for µ-a.e. x ∈ X,

23This follows from Remark 51 since in all cases, for all c > 0,

µ

(
f > c

dN
k(N)

)
≪ k(N)

N log(N)
= o

(
1

N

)
.
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where dn = nal for n ∈ [Nl, Nl+1 − 1].

(ii) Now suppose (X,T, µ) is uniquely ergodic (and µ is regular) and f is continuous. Since
the sets {f = s}, for s ≥ 0, are disjoint, only countably many can have positive measure.
Therefore, let sl ↗ ∞ be a sequence with µ(f = sl) = 0, let fl = min(f, sl) and al =

∫
X fl dµ,

note that fl is continuous. By regularity of µ, there is an open set Ol ⊃ {f ≥ sl} such that
µ(Ol \ {f ≥ sl}) < 2−lµ(f ≥ sl), and by Urysohn’s Lemma there is a continuous function χ+

l

that is 1 on {f ≥ sl} and 0 outside Ol. Likewise, there is a closed set Cl ⊂ {f > sl}, with
µ({f > sl} \ Cl) < 2−lµ(f ≥ sl), and a continuous function χ−

l that is 1 on Cl and 0 outside
{f > sl}. There are 1 ≤ N1 ≤ N2 ≤ ..., with Nl ≥ sl, such that∣∣∣Sn(χ+

l )(x)− n

∫
X
χ+
l dµ

∣∣∣ < 2−lnµ(f ≥ sl) and∣∣∣Sn(χ−
l )(x)− n

∫
X
χ−
l dµ

∣∣∣ < 2−lnµ(f ≥ sl)

as well as
|Sn(fl)(x)− nal| < 2−lnal,

for x ∈ X and n ≥ Nl. For

k(n) = ⌈(1 + 2−l+1)nµ(f ≥ sl)⌉, n ∈ [Nl, Nl+1 − 1],

analogously to the above, it follows that

|Sk(n)n (f)(x)− nal| < 2−l+2slnµ(f ≥ sl) + sl + 2−lnal.

Since al ≥ slµ(f ≥ sl), al → ∞ and n ≥ Nl ≥ sl, the right-hand side is o(nal) as l → ∞. The
claim follows with dn = nal for n ∈ [Nl, Nl+1 − 1].

To prove Theorem 42, we will construct a function f using Rokhlin Towers. Here we use the
following version of Rokhlin’s Tower theorem ([Aar97, Theorem 1.5.9]).

Lemma 57. Let (X,T, µ) be an aperiodic probability preserving ergodic system. Then, for
N ≥ 1 and ϵ > 0, there is a measurable set A such that {T−j(A)}N−1

j=0 are disjoint and

µ
(
X \

⋃N−1
j=0 T−j(A)

)
< ϵ.

Proof of Theorem 42. In order to prove Theorem 42 it will be enough to construct a function
f ∈ F , a sequence (Nl)l≥1, and normalising sequences Dl, D

′
l > 0 such that

lim
l→∞

SNl
(f)(x)

Dl
= 1 for µ-a.e. x ∈ X, (3.19)

but

µ
(
S1
Nl
(f) ≥ D′

l

)
≥ 1

3
, while µ

(
S1
Nl
(f) ≤

D′
l

10

)
≥ 1

3
. (3.20)

To conclude the proof, let k̃(N) = o(N) and d̃N > 0 be such that

lim
N→∞

S
˜k(N)

N (f)(x)

d̃N
= 1 for µ-a.e. x ∈ X,

the existence of such k̃(N), d̃N is guaranteed by Theorem 41. Now the conclusion follows for

k(N) =

{
0 if N = Nl for some l ≥ 1,

k̃(N) otherwise,
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k′(N) =

{
1 if N = Nl for some l ≥ 1,

k̃(N) otherwise,

dN =

{
Dl if N = Nl for some l ≥ 1,

d̃N otherwise,

and

d′N =

{
D′
l if N = Nl for some l ≥ 1,

d̃N otherwise.

Let Nl = 22
2l

and ϵl = 2−Nl , the Rokhlin Tower theorem, Lemma 57, yields a measurable set Al
such that {T−j(Al)}Nl−1

j=0 are disjoint and µ(Rl) < ϵl, where Rl = X \
⋃Nl−1
j=0 T−j(Al). Note that

1−2−Nl

Nl
≤ µ(Al) ≤ 1

Nl
. Let Bl ⊂ T−1(Al) be a measurable set with µ(Bl) =

µ(Al)
2 and define a

function gl : X → [0,∞) by

gl(x) =


2Nl if x ∈ Al,

2Nl−l if x ∈ Bl,

0 otherwise.

Let f =
∑∞

l=1 gl. Since each gl is non-zero only on a set of measure at most 3
2Nl

, the function f

is almost everywhere defined by a finite sum. Furthermore, f is non-integrable since
∫
gl dµ ≥ 1

2
for each l ≥ 1.

For each l ≥ 1, every point x ̸∈ Rl will visit Al within Nl steps, therefore SNl
(f)(x) ≥ 2Nl . On

the other hand, if x does not visit Ak ∪Bk within24 Nl steps for any k > l, then, for big enough
l, it holds

SNl
(f)(x) ≤ (1 + 2−l)2Nl +Nl

l−1∑
j=1

||gj ||L∞ ≤ (1 + 2−l)2Nl +Nl

l−1∑
j=1

2Nj ≤ (1 + 2−l+1)2Nl .

Therefore, for big enough l,

µ

(∣∣∣∣SNl
(f)

2Nl
− 1

∣∣∣∣ > 2−l+1

)
≤ µ

(
Rl ∪ R̃l

)
≤ 2−Nl + 2Nl

∞∑
k=l+1

1

Nk
≤ 1

Nl
,

where R̃l =
⋃∞
k=l+1

⋃Nl−1
j=0 T−j(Ak ∪Bk). By Borel-Cantelli (3.19) holds with Dl = 2Nl .

On the other hand, every point x ̸∈ Al ∪ Rl will visit T−1(Al) within Nl steps, of those points
half will visit Bl and the other half will visit25 T−1(Al) \ Bl. In addition, all of these points
will visit Al exactly once, that is the largest value that we trim, unless Ak ∪ Bk is visited for
some k > l, then the largest value will be one of the terms contributed by gk. Therefore, for
big enough l, we have

µ
(
S1
Nl
(f) ≥ 2Nl−l

)
≥ µ

Nl−2⋃
j=0

T−j(Bl)

 ≥ (1− 2−Nl)(Nl − 1)

2Nl
≥ 1

3
.

If x does not visit Bl within Nl steps, and avoids all Ak ∪ Bk for k > l, then all the non-zero
contribution can only come from visiting Al, which however is the value that will be trimmed,

24Here we count x itself as the first step.
25And hence they will avoid Bl altogether since it would take at least Nl steps to visit T−1(Al) again.
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and visits to Ak ∪Bk for k < l. Therefore, for x ∈
⋃Nl−2
j=0 T−j(T−1(Al)\Bl)\ R̃l and big enough

l it holds that

S1
Nl
(f)(x) ≤ Nl

l−1∑
k=1

||gk||L∞ ≤ Nl

l−1∑
k=1

2Nk ≤ 1

10
2Nl−l.

The set in question has measure

µ

Nl−2⋃
j=0

T−j(T−1(Al) \Bl) \ R̃l

 ≥ (1− 2−Nl)(Nl − 1)

2Nl
− 2Nl

∞∑
k=l+1

1

Nk
≥ 1

3
.

It follows that (3.20) holds with D′
l = 2Nl−l.

3.5 Proof of polynomial trimming

In this section, we shall provide a proof of Theorem 45. First, we shall prove uniform convergence
assuming (polynomial) unique ergodicity, i.e. assumption (B). Throughout this Chapter, we shall
use the notation introduced in §3.2.

In order to make use of the deviation of ergodic averages, we will approximate indicators of
small balls by smooth functions.

Lemma 58. For ϵ, ϵ̂ > 0, with ϵ+ ϵ̂ small enough, there is a Cr-function gϵ,ϵ̂ :M → [0, 1] with
gϵ,ϵ̂ ≡ 1 on Bϵ(x

∗) and gϵ,ϵ̂ ≡ 0 on Bϵ+ϵ̂(x
∗)c, furthermore it holds that ||gϵ,ϵ̂||Cr ≪ ϵ̂−r.

Proof. Let χ : [0, 1] → [0, 1] be a smooth function with χ(0) = 1, χ(1) = 0 and

χ(j)(0) = χ(j)(1) = 0 ∀j ≥ 1.

Suppose ϵ+ ϵ̂ is so small that the exponential map expx∗ : Bϵ+ϵ̂(0) → Bϵ+ϵ̂(x
∗) is a well-defined

diffeomorphism. Then for

gϵ,ϵ̂(x) =


1 if d(x, x∗) < ϵ,

χ
(
ϵ̂−1(| exp−1

x∗ (x)|2 − ϵ)
)

if ϵ ≤ d(x, x∗) < ϵ+ ϵ̂,

0 if d(x, x∗) ≥ ϵ+ ϵ̂,

all the desired properties are easy to check.

There are a constant Ω > 0 and an ϵ∗ > 0 such that

(1− Ωϵ)Bdρ(x
∗)ϵd ≤ µ(Bϵ(x

∗)) ≤ (1 + Ωϵ)Bdρ(x
∗)ϵd ∀ϵ < ϵ∗

2
.

Recall that by assumption there is a δ > 0 such that

|Sn(g)(x)− n

∫
g dµ| ≪ n1−δ||g||Cr ∀n ≥ 1, g ∈ Cr, x ∈M. (3.21)

Let us first show bounds on sums of indicators.

Lemma 59. For ϵ > 0 small enough and n > ϵ−
r+d
δ it holds that

|Sn(1Bϵ(x∗))(x)− nBdρ(x
∗)ϵd| ≪ nϵd+1 + ϵ−

r(d−1)
r+1 n1−

δ
r+1 ∀x ∈M, (3.22)

the implicit constant is independent of ϵ and n.
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Proof. For ϵ > ϵ̂ > 0 to be chosen later let g = gϵ,ϵ̂ be the function from Lemma 58. From
(3.21) we obtain

|Sn(g)(x)− n

∫
g dµ| ≪ n1−δ ϵ̂−r.

Since (1− Ωϵ)ρ(x∗)Bdϵ
d ≤

∫
g dµ ≤ (1 + 2Ωϵ)ρ(x∗)Bd(ϵ+ ϵ̂)d and g ≥ 1Bϵ(x∗), it follows that

Sn(1Bϵ(x∗))(x)− nBdρ(x
∗)ϵd ≤ Sn(g)(x)−Bdρ(x

∗)ϵd ≪ nϵd+1 + nϵd−1ϵ̂+ n1−δ ϵ̂−r,

and setting26 ϵ̂ = (nδϵd−1)−
1

r+1 yields

Sn(1Bϵ(x∗))(x)− nBdρ(x
∗)ϵd ≪ nϵd+1 + ϵ−

r(d−1)
r+1 n1−

δ
r+1 . (3.23)

The same arguments for g = gϵ−ϵ̂,ϵ̂ instead of gϵ,ϵ̂ yields

nBdρ(x
∗)ϵd − Sn(1Bϵ(x∗))(x) ≪ nϵd+1 + ϵ−

r(d−1)
r+1 n1−

δ
r+1 . (3.24)

The claim follows from (3.23) and (3.24).

Let ϵ(n) =
(

k(n)
ρ(x∗)Bdn

) 1
d
and denote

fn(x) = f(x)(1− 1Bϵ(n)(x
∗)(x)) =

{
0 if d(x, x∗) < ϵ(n),

f(x) otherwise
.

Considering Lemma 59, the idea is that S
k(n)
n (f) ≈ Sn(fn) as will be made clear in the next

Lemma.

Lemma 60. It holds that

|Sk(n)n (f)(x)− Sn(fn)(x)| = o(n
β
d k(n)1−

β
d ) as n→ ∞, uniformly in x.

Proof. Let Cd > 1 be the implicit constant in (3.22), and

ϵ′(n) = min

((
k(n)

10ρ(x∗)Bdn

) 1
d

,

(
k(n)

10Cdn

) 1
d

)
.

For n big enough27 n > ϵ′(n)−
r+d
δ and we can apply Lemma 59 to obtain

Sn(1Bϵ′(n)(x
∗))(x) ≤

k(n)

10
+
k(n)

10
+ k(n)

− r(d−1)
d(r+1)n

1− δ
r+1

+
r(d−1)
d(r+1) ,

and since n
1− δ

r+1
+

r(d−1)
d(r+1) = o

(
(n
α
(
1− δ

r+1
+

r(d−1)
d(r+1)

))
= o

(
k(n)

1+
r(d−1)
d(r+1)

)
we can choose n so big

that

Sn(1Bϵ′(n)(x
∗))(x) ≤

k(n)

2
. (3.25)

Number the points {x, Tx, ..., Tn−1x} as x1, ..., xn in such a way that
f(x1) ≥ f(x2) ≥ ... ≥ f(xn), then

|Sk(n)n (f)(x)− Sn(fn)(x)| ≤
∑
j>k(n)

xj∈Bϵ(n)(x
∗)

f(xj) +
∑
j≤k(n)

xj ̸∈Bϵ(n)(x
∗)

f(xj). (3.26)

26The assumption n > ϵ−
r+d
δ is to ensure that ϵ̂ < ϵ.

27Because ϵ′(n)−
r+d
δ = O(n

(1−α)(r+d)
δ ) = o(n).
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By Lemma 59,
|Sn(1Bϵ(n)(x

∗))(x)− k(n)| = ϕ(n)k(n),

for some function ϕ : N → [0, 1] with ϕ(n) → 0 as n→ ∞, so

xj ∈ Bϵ(n)(x
∗) =⇒ j ≤ k(n) + ϕ(n)k(n) and

xj ̸∈ Bϵ(n)(x
∗) =⇒ j ≥ k(n)− ϕ(n)k(n).

(3.27)

Due to (3.25), all the xj on the right-hand side of (3.26) lie outside Bϵ′(n)(x
∗), therefore there is

a constant c > 0, independent of n and x, such that f(xj) ≤ cϵ′(n)−β for all such points. This
fact together with (3.26) and (3.27) implies that

|Sk(n)n (f)(x)− Sn(fn)(x)| ≤ 2cϕ(n)k(n)(ϵ′(n))−β = o(n
β
d k(n)1−

β
d ).

Lemma 61. For β > d we have

Sn(fn)(x) =
1

β − d
Resx∗(f)Bdρ(x

∗)nϵ(n)d−β(1 + o(1)) uniformly in x.

If β = d then

Sk(n)n (fn)(x) = Resx∗(f)Bdρ(x
∗)n| log(ϵ(n))|(1 + o(1)) as n→ ∞, uniformly in x.

Proof. We focus on the case β > d, the case β = d can be proven analogously. Let ϵ̂(n) > 0
with ϵ̂(n) = o(ϵ(n)) to be chosen later, let g = gϵ(n),ϵ̂(n) be the function from Lemma 58 and

denote f̂n = (1− g)f . Then f̂n ≤ fn and ||f̂n||Cr ≪ ϵ(n)−r−β ϵ̂(n)−r, furthermore28∫
f̂n dµ =

1

β − d
Resx∗(f)Bdρ(x

∗)ϵ(n)d−β(1 + o(1)).

It follows from (3.21) that

Sn(fn)(x) ≤ Sn(f̂n)(x) ≤
1

β − d
Resx∗(f)Bdρ(x

∗)nϵ(n)d−β(1 + o(1)) +O(ϵ(n)−r−β ϵ̂(n)−r).

Choosing ϵ̂(n) such that29 n−
1
r ϵ(n)−

r+d
r = o(ϵ̂(n)), we obtain

Sn(fn)(x) ≤
1

β − d
Resx∗(f)Bdρ(x

∗)nϵ(n)d−β(1 + o(1)).

The same arguments with g = gϵ(n)−ϵ̂(n),ϵ̂(n) instead of gϵ(n),ϵ̂(n) yield

Sn(fn)(x) ≥
1

β − d
nResx∗(f)Bdρ(x

∗)ϵ(n)d−β(1 + o(1)).

28Since
∫
||x||∈[ϵ,1]

||x||−β dx = 1
β−d

Bdϵ
d−β(1− o(1)).

29This is possible since n− 1
r ϵ(n)−

r+d
r = O

(
n− 1

r
+

(1−α)(r+d)
rd

)
= o

(
n− (1−α)

d

)
= o(ϵ(n)).
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Proof of Theorem 45 under assumption (B). First assume β > d. Lemma 61 yields

Sk(n)n (fn)(x) =
1

β − d
Resx∗(f)ρ(x

∗)
β
dB

β
d
d n

β
d k(n)1−

β
d (1 + o(1)) as n→ ∞, uniformly in x,

while Lemma 60 ascertains that

|Sk(n)n (f)(x)− Sn(fn)(x)| = o(n
β
d k(n)1−

β
d ) as n→ ∞, uniformly in x.

If β = d similar arguments apply.

Under assumption (A), the conclusion can be proven by almost the same arguments, utilizing
the pointwise estimates from [Aue25, Proposition 9.1].

Proposition 62. Assume that (A) holds, and let (gl)l≥1 be a sequence of Cr functions. Then,
for every ϵ > 0, ϵ′ > 0, there are Lx ≥ 1 such that∣∣∣∣Sn(gl)(x)− n

∫
gldµ

∣∣∣∣ ≤ ||gl||Crnδ+ϵ for µ-a.e x ∈M,∀n ≥ lϵ
′
, l ≥ Lx.

Proof of Theorem 45, general case. We shall present here the argument for β > d, the argument
for β = d goes analogously. For ϵ > 0, and choosing30 (gl)l≥1 in a clever way, Proposition 62
yields for µ-a.e x ∈M∣∣∣∣Sn(gl)(x)− n

∫
gldµ

∣∣∣∣ ≤ ||gl||Crnδ+ϵ ∀n ≥ lϵ
′
, l ≥ Lx.

For such x, the proof of case (B) then shows

Sk(n)n (fn)(x) =
1

β − d
cρ(x∗)

β
dB

β
d
−1

d n
β
d k(n)1−

β
d (1 + o(1)),

whenever k(n) = ⌈nα⌉ for some

1 > α > α0 = max

(
r + d− d(δ + ϵ)

r + d
,
2rd+ d− r − d(δ + ϵ)

2rd+ d− r
,

r + 1

r + d+ 1

)
The proof is concluded by letting ϵ→ 0.

3.6 Proof of trimmed laws for rotations

3.6.1 Background

Recall that, for N ≥ 1 and n such that N ∈ [qn, qn+1−1], there are 0 ≤ bj <
qj+1

qj
, for j = 0, ..., n,

such that

N =

n∑
j=0

bjqj ,

this is called the Ostrowski expansion.

In the following we will, by slight abuse of notation, identify [0, 1) with
[
−1

2 ,
1
2

)
via the identi-

fication ι : [0, 1) →
[
−1

2 ,
1
2

)
ι(x) =

{
x if x < 1

2 ,

x− 1 otherwise.

30Here gl are all the functions used in the proof of case (B); either smooth functions approximating 1Bϵ(n)
, or

smooth functions approximating fn.
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Whenever we write x < 0 < y for some points x, y ∈ [0, 1), we implicitly refer to this identifica-
tion.

Denote
δn = |αqn−1|. (3.28)

Then

δn ∈
(

1

2qn
,
1

qn

)
.

Furthermore, as is easily deduced by the approximation properties of α, δn is given by a simple
recursion.

Lemma 63. For all n ≥ 1 it holds that anδn+1 + δn+2 = δn.

Proof. Assume α − pn
qn

> 0, the other case can be proven similarly. Since α − pn−1

qn−1
< 0 and

α− pn+1

qn+1
< 0, we have

Rqn−1(0) < Rqn−1+qn(0) < ... < Rqn−1+anqn(0) = Rqn+1(0) < 0.

The claim follows since d(Rqn−1(0), 0) = δn, d(R
qn+1(0), 0) = δn+2 and

d(Rqn−1+(i−1)qn(0), Rqn−1+iqn(0)) = δn+1 ∀i = 1, ..., an.

For N ≥ 1 and x ∈ [0, 1) denote by jN1 (x), ..., jNN (x) the clockwise ordering of the points
{x, ..., RN−1(x)} around the circle, for convenience leaving out 0 so that

0 < Rj
N
1 (x)(x) < ... < Rj

N
N (x)(x) ≤ 1,

where we identify T with (0, 1], and

f(Rj
N
1 (x)(x)) > ... > f(Rj

N
N (x)(x)),

where we recall that, by the convention in Theorem 41, we set f(0) = 0. Sometimes we will

also denote Rj
N
1 (x)(x) = xNmin.

It holds that
f(Rj

N
1 (x)(x)) > ... > f(Rj

N
N (x)(x)),

where f(x) = x−β for some β ≥ 1. Hence, for N ≥ 1 and k ≤ N , it holds that

SkN (f)(x) =
N∑

l=k+1

f(Rj
N
l (x)(x)).

From this, we can immediately deduce some helpful bounds. Consider the case when N ∈
[qn, qn+1 − 1], α − pn

qn
> 0 and jN1 (x) = jqn1 (x). Then the points {x, ..., RN−1(x)} are grouped

into clusters of size bn or bn + 1. If in addition Rj
N
1 (x)(x) > ϵ

qn
, for some ϵ > 0, then, for each

k ≥ 0, we can bound

SkN (f)(x) ≤ 2βqβn(bn + 1)

qn−1∑
j=

⌊
k
bn

⌋(ϵ+ j)−β.

This estimate is obtained by noticing that the leftmost point of each group31 is at distance at
least δn ≥ 1

2qn
. A similar estimate can be made, assuming k ≥ bn+1 instead of jN1 (x) = jqn1 (x),

31These are the points {x, ..., Rqn−1(x)} numbered clockwise, starting with Rj
qn
1 (x)(x).
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but the point of the above is that this calculation is independent of k. Many of our proofs will
rely on this or a similar estimate, therefore it will be crucial to first understand better when
jN1 (x) = jqn1 (x).

Lemma 64. If α− pn
qn
> 0 and32 Rj

qn
qn (x)(x) ≤ −bnδn+1, then j

N
1 (x) = jqn1 (x).

Proof. It holds that

Rj
qn
qn (x)(x) < Rj

qn
qn (x)+qn(x) < ... < Rj

qn
qn (x)+bnqn(x) < Rj

qn
1 (x)(x),

and no other point of {x, ..., RN−1(x)} is between Rj
qn
qn (x)(x) and Rj

qn
1 (x)(x). Furthermore,

Rj
qn
qn (x)+bnqn(x) ≤ Rj

qn
qn (x)(x) + bnδn+1 ≤ 0,

and the conclusion is immediate.

3.6.2 The function 1
x

For this section, denote f(x) = 1
x .

Before starting the section with some technical results, we first give an overview of the main
propositions in this section. First, using the Denjoy-Koksma inequality, we find suitable dN > 0
and ϵn > 0 such that

|Sbn+1
N (f)(x)− dN | < ϵN ∀x ∈ [0, 1),

this is shown in Lemma 66 and 70. If α is of Roth type, then we can show that dN ∼ N log(N)
and ϵN = o(N log(N)), this will be shown in Proposition 74 and Lemma 71 respectively. This
leads to the intermediate result

lim
N→∞

Sbn+1
N (f)(x)

N log(N)
= 1 uniformly in x ∈ [0, 1), (3.29)

for α of Roth type, as stated in Proposition 75.

In order to prove Theorems 49 and 52, we will in both cases compare Sbn+1
N (f) to S1

N (f) and
then make use of the convergence (3.29). In the case of Theorem 49 we note that, as in §3.3.4,
a lightly trimmed weak law for the function 1

x already implies an untrimmed weak law.

In the last part of this section we will prove Theorems 53 and 55 making use of the previous
results to prove the lim inf case and construct some sets for which the lim sup case holds.

Lemma 65. For n ≥ 1 and x ∈ [0, 1) there is at most one k∗ ∈ {1, ..., qn} such that

Rk
∗
(x) ∈

[
0,

1

qn + qn−1

)
.

Proof. For k, k′ ∈ {1, ..., qn} with k ̸= k′ and y ∈ [0, 1) we have

d(Rk(y), Rk
′
(y)) ≥ d(kα, k′α) ≥ d(|k − k′|α, 0) ≥ d(qn−1α, 0) = δn ≥ 1

qn + qn−1
.

Hence there is at most one such point in the interval
[
0, 1

qn+qn−1

)
.

Denote

fn(x) =

f(x) if x ∈
[

1
qn+qn−1

, 1
)
,

0 if x ∈
[
0, 1

qn+qn−1

)
.

32This is to be understood in [− 1
2
, 1
2
).
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Lemma 66. For N ≥ 1 we have

Sbn+1
N (f)(x) ≤ SN (fn)(x) ≤ Sbn+1

N (f)(x) + 3N ∀x ∈ [0, 1).

Proof. By Lemma 65 there are at most bn+1 points of the form Rj(x) with 0 ≤ j ≤ N −1 that

are in
[
0, 1

qn+qn−1

)
. Let k′ ≤ bn + 1 be such that Rj

N
k′ (x)(x) ∈

[
0, 1

qn+qn−1

)
but R

jN
k′+1

(x)
(x) ̸∈[

0, 1
qn+qn−1

)
then33

Sbn+1
N (f)(x) =

N∑
i=bn+2

f
(
Rj

N
i (x)(x)

)
≤

N∑
i=k′+1

f
(
Rj

N
i (x)(x)

)
= SN (fn)(x).

On the other hand

SN (fn)(x) =
N∑

i=k′+1

f
(
Rj

N
i (x)(x)

)
≤

N∑
i=bn+2

f
(
Rj

N
i (x)(x)

)
+ (bn + 1− k′)f((qn + qn−1)

−1)

≤
N∑

i=bn+2

f
(
Rj

N
i (x)(x)

)
+ (bn + 1)(qn + qn−1) ≤ Sbn+1

N (f)(x) + 3N.

Using the Denjoy-Koksma inequality, we can immediately deduce a useful estimate for S1
qn(f).

Proposition 67. For x ∈ [0, 1) and n ≥ 1 it holds that∣∣∣S1
qn(f)(x)− qn log(qn)

∣∣∣ ≤ 7qn.

Proof. By Denjoy-Koksma inequality we have∣∣∣Sqn(fn)(x)− qn

∫ 1

0
fn(y) dy

∣∣∣ ≤ Var(fn),

and the claim follows from Lemma 66.

We will use a more general form of this computation (see [BK21, Lemma 4.4]).

Lemma 68. For n ≥ 1 it holds that

2qn+1 ≥
n∑
j=1

ajqj . (3.30)

Proof. Recall that qn+1 = anqn+qn−1. For n = 1, (3.30) becomes 2q2 ≥ a1q1, which, considering
that q1 = 1 and q2 = a1, clearly holds. Now let n ≥ 2 and assume (3.30) holds for all k < n,
then

n∑
j=1

ajqj ≤ anqn + an−1qn−1 + 2qn−1 ≤ (an + 1)qn + 2qn−1 ≤ 2qn+1.

33Besides the points RjN1 (x)(x), . . . , RjN
k′ (x)(x) there might additionally be one orbit point in

[
0, 1

qn+qn−1

)
,

namely in the case RjNN (x)(x) = 0. However, even in this case, the calculation below remains true, since f(0) =
fn(0) = 0.
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Lemma 69. For each n ≥ 1, i ∈ [0, n− 1] we have

|Sqn−i(fn)(x)− qn−i log(qn−i)| ≤ min

(
2qn,

1

x
qn−i

min

)
+ 3qn−i ∀x ∈ [0, 1).

Proof. Denote h = 1[ 1
2qn−i

,1)fn. Since any two points in {x, ..., Rqn−i−1(x)} are at distance at

least δn−i = |αqn−i−1| ≥ 1
2qn−i

, we have

#

(
{x, ..., Rqn−i−1(x)} ∩

(
0,

1

2qn−i

))
≤ 1,

hence

|Sqn−i(fn)(x)− Sqn−i(h)(x)| ≤ fn(x
qn−i

min ) ≤ min

(
2qn,

1

x
qn−i

min

)
.

Applying Denjoy-Koksma to h yields

|Sqn−i(h)(x)− qn−i log(qn−i)| ≤ Var(h) + log(2)qn−i ≤ 3qn−i,

and the claim follows.

Lemma 70. If N ∈ [qn, qn+1) then∣∣∣∣∣∣SN (fn)(x)−
n∑
j=1

bjqj log(qj)

∣∣∣∣∣∣ ≤ 16N + 2
∑

1≤j≤n−1,bj ̸=0

ajqj log(bj).

Proof. For j = 1, ..., n−1 and s = 0, ..., bj−1 denote x(j, s) = R
∑n

i=j+1 biqi+sqj (x), and x(n, s) =
Rsqn(x) for s = 0, ..., bn − 1. Then

SN (fn)(x) =
n∑
j=1

bj−1∑
s=0

Sqj (fn)(x(j, s)),

and by Lemma 69 we have∣∣∣∣∣∣SN (fn)(x)−
n∑
j=1

bjqj log(qj)

∣∣∣∣∣∣ ≤ 3N +
n∑
j=1

bj−1∑
s=0

min

(
2qn,

1

(x(j, s))
qj
min

)

≤ 3N + 2bnqn +
n−1∑
j=1

bj−1∑
s=0

min

(
2qn,

1

(x(j, s))
qj
min

)

≤ 5N +
n−1∑
j=1

bj−1∑
s=0

min

(
2qn,

1

(x(j, s))
qj
min

)
. (3.31)

For j = 1, ..., n and s = 0, ..., bj − 1 denote x̃(j, s) = (x(j, s))
qj
min. For j = 1, ..., n with bj ̸= 0 it

holds that

{R
∑n

l=j+1 blql(x), R
∑n

l=j+1 blql+1(x), ..., R
∑n

l=j blql−1(x)} =

bj−1⋃
s=0

{x(j, s), ..., Rqj−1(x(j, s))}

and the union is disjoint.
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The set on the left is a finite orbit of length bjqj < qj+1, therefore all of the points in the set
on the right are at distance at least 1

2qj+1
, in particular it holds that

|x̃(j, s)− x̃(j, s′)| ≥ 1

2qj+1
, (3.32)

for any s, s′ ∈ {0, . . . , bj − 1}, s ̸= s′.

Similarly, for k = 1, ..., n− 1, we have

{R
∑n

j=k+1 bjqj (x), R
∑n

j=k+1 bjqj+1, ..., RN−1(x)} =
k⋃
j=1

bj−1⋃
s=0

{x(j, s), ..., Rqj−1(x(j, s))}

and the union is disjoint.

The set on the left is a finite orbit of length
∑k

j=1 bjqj < qk+1 and therefore, by Lemma 65,

contains at most one point in
[
0, 1

2qk+1

)
. Letting (j∗k , s

∗
k) with 1 ≤ j∗k ≤ k and 0 ≤ s∗k ≤ bj∗k − 1

be the index with x̃(j∗k , s
∗
k) = minj=1,...,k, s=0,...,bj−1 x̃(j, s), it follows that

34

x̃(j, s) ≥ 1

2qk+1
j = 1, ..., k, s = 0, ..., bj − 1, (j, s) ̸= (j∗k , s

∗
k). (3.33)

Let

∆∗ = {(j∗1 , s∗1), ..., (j∗n−1, s
∗
n−1)} and

∆ = {(j, s) | 1 ≤ j ≤ n− 1, 0 ≤ s ≤ bj − 1, (j, s) ̸∈ ∆∗}.

We will split up the sum in (3.31) as

n−1∑
j=1

bj−1∑
s=0

min

(
2qn,

1

(x(j, s))
qj
min

)
=

∑
(j,s)∈∆

min

(
2qn,

1

(x(j, s))
qj
min

)

+
∑

(j,s)∈∆∗

min

(
2qn,

1

(x(j, s))
qj
min

)
.

(3.34)

For the first sum, notice that (3.33) implies

x̃(j, s) ≥ 1

2qj+1
∀(j, s) ∈ ∆. (3.35)

34It is possible that also x̃(j∗k , s
∗
k) ≥ 1

2qk+1
, we do not make any claims of these points.
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Using (3.32), (3.35) and Lemma 68, we obtain∑
(j,s)∈∆

min

(
2qn,

1

(x(j, s))
qj
min

)

≤
n−1∑
j=1

bj−1∑
s=0

1
1

2qj+1
+ s

2qj+1

≤ 2
∑

1≤j≤n−1,bj ̸=0

qj+1 (log(bj) + 1)

≤ 2
∑

1≤j≤n−1,bj ̸=0

ajqj (log(bj) + 1) + 2
∑

1≤j≤n−1,bj ̸=0

qj−1 (log(bj) + 1)

≤ 2
∑

1≤j≤n−1,bj ̸=0

ajqj log(bj) + 3

n−1∑
j=1

ajqj

≤ 2
∑

1≤j≤n−1,bj ̸=0

ajqj log(bj) + 3N.

(3.36)

Note that the indices (j∗k , s
∗
k) may coincide for different k, in fact if j∗k = k − i for some i ≥ 1,

then (j∗k , s
∗
k) = (j∗k−l, s

∗
k−l) for l = 1, ..., i. In other words, by (3.33), for each 1 ≤ k ≤ n− 2, it

holds that

x̃(j∗k , s
∗
k) <

1

2qk+2
=⇒ (j∗k , s

∗
k) = (j∗k+1, s

∗
k+1).

Using Lemma 68, it follows that

∑
(j,s)∈∆∗

min

(
2qn,

1

x̃(j, s)

)
≤ 2qn + 2

n−2∑
k=1

qk+2 ≤ 4qn + 2

n−1∑
k=1

qk ≤ 8N. (3.37)

From (3.31), (3.34), (3.36) and (3.37) it follows that∣∣∣∣∣∣SN (fn)(x)−
n∑
j=1

bjqj log(qj)

∣∣∣∣∣∣ ≤ 16N + 2
∑

1≤j≤n−1,bj ̸=0

ajqj log(bj).

Recall that the first goal will be to show that

lim
N→∞

Sbn+1
N (f)(x)

N log(N)
= 1 uniformly in x ∈ [0, 1),

if α is of Roth type. Considering Lemmas 66 and 70, this will follow, once we show∑
1≤j≤n−1,bj ̸=0

ajqj log(bj) = o(N log(N)), (3.38)

and

lim
N→∞

N log(N)∑n
j=1 bjqj log(qj)

= 1. (3.39)

First we will show (3.38).
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Lemma 71. If limn→∞
log(qn+1)
log(qn)

= 1, then

n−1∑
j=1

ajqj log(aj) = o(qn log(qn)).

Proof. Let ϵ > 0, n0 ≥ 1 be so big that qm+1 < q1+ϵm for all m ≥ n0 and thus in particular
am < qϵm. Moreover, let n1 ≥ n0 + 1 be so big that qn1 >

qn0
ϵ . Then, using Lemma 68, for

n ≥ n1 it holds that

n−1∑
j=1

ajqj log(aj) =

n0−1∑
j=1

ajqj log(aj) +
n−1∑
j=n0

ajqj log(aj)

≤ log(qn)

n0−1∑
j=1

ajqj + ϵ log(qn)

n−1∑
j=n0

ajqj

≤ 2 log(qn)(qn0 + ϵqn)

≤ 2ϵqn log(qn).

This immediately implies (3.38). The next lemmas will be a preparation for Proposition 74
which will give (3.39).

Lemma 72. It holds that

n∑
j=1

bjqj log(qj) ≤ N log(N) ≤
n∑
j=1

bjqj log(qj) +N log

 n∑
j=1

bj

 .

Proof. Since N =
∑n

j=1 bjqj it is clear that
∑n

j=1 bjqj log(qj) ≤ N log(N). Now note that the
function z 7→ z log(z) is convex on (0,∞), hence

n∑
j=1

bj∑n
i=1 bi

qj log(qj) ≥

 n∑
j=1

bj∑n
i=1 bi

qj

 log

 n∑
j=1

bj∑n
i=1 bi

qj

 ≥ N∑n
i=1 bi

log

(
N∑n
i=1 bi

)
.

Multiplying this equation by
∑n

i=1 bi yields

n∑
j=1

bjqj log(qj) ≥ N log(N)−N log

(
n∑
i=1

bi

)
.

Lemma 73. If limn→∞
log(qn+1)
log(qn)

= 1, then

log

 n∑
j=1

bj

 = o(log(N)).

Proof. Let ϵ ∈ (0, 1) and M ′ ≥ 1 be so big that qm+1 < q1+ϵm , which implies bm < qϵm, for

m > M ′. Let M > M ′ be so big that
∑M ′

j=1 aj < qϵM and35 qm > m
1
ϵ for m ≥ M . Then, for

35If α = 1+
√
5

2
then qn =

⌊
αn
√
5

⌋
. For the golden ratio all the CFE coefficients are 1, so for general α we have

qn ≥
⌊

αn
√
5

⌋
.
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N ≥ qM it holds that

log

 n∑
j=1

bj

 ≤ log

 n∑
j=M ′

qϵj

+ log(qϵM )

≤ log(qϵn) + log(n) + log(qϵM ) ≤ 4ϵ log(N).

Proposition 74. It holds that

lim
N→∞

N log(N)∑n
j=1 bjqj log(qj)

= 1 (3.40)

if and only if limn→∞
log(qn+1)
log(qn)

= 1.

Proof. (i) If limn→∞
log(qn+1)
log(qn)

= 1, then (3.40) holds by Lemmas 72 and 73.

(ii) On the other hand, if lim infn→∞
log(qn+1)
log(qn)

> 1 then there is an ϵ > 0 and a subsequence

(nl)l≥1 such that qnl+1 > q1+ϵnl
, which implies anl

> q
ϵ/2
nl , for l sufficiently large. For Nl =

anl
qnl

∈ [qnl
, qnl+1 − 1] and l sufficiently large it holds that36

Nl log(Nl) >
(
1 +

ϵ

2

)
anl

qnl
log(qnl

),

contradicting (3.40).

Proposition 75. If limn→∞
log(qn+1)
log(qn)

= 1, then it holds that

lim
N→∞

Sbn+1
N (f)(x)

N log(N)
= 1 uniformly in x ∈ [0, 1).

Proof. This is an immediate consequence of Lemmas 66 and 70, (3.38) and Proposition 74.

Now we will show that, assuming limn→∞
log(qn+1)
log(qn)

= 1, weak laws can be obtained even without
trimming. As an intermediate step, we first prove weak laws under light trimming.

Lemma 76. If limn→∞
log(qn+1)
log(qn)

= 1 then

λ

(∣∣∣∣ S1
N (f)

N log(N)
− 1

∣∣∣∣ > ϵ

)
→ 0 as n→ ∞ ∀ϵ > 0. (3.41)

Proof. Let ϵ ∈
(
0, 1

100

)
and M0 be big enough such that log(qn+1)

log(qn)
< 1 + ϵ2

10 for all n ≥ M0. For

n ≥M0 denote ϵn = 101
ϵ

( log(qn+1)
log(qn)

− 1
)
< ϵ, and let

Bn =

{
x ∈ [0, 1)

∣∣∣∣ d(x+ jα,Z) ≤ ϵn
qn

for some j ∈ {0, ..., qn − 1}
}

=

qn−1⋃
j=0

[(
− jα− ϵn

qn

)
mod 1,

(
− jα+

ϵn
qn

)
mod 1

]
,

36In this case anl = bnl .
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note that λ(Bn) ≤ 2ϵn. Note furthermore that an ≤ qn+1

qn
= q

−1+
log(qn+1)

log(qn)
n , taking logarithms we

obtain
log(an) ≤

ϵϵn
10

log(qn) ≤
ϵϵn
2

log(N). (3.42)

We will show that for big enough n it holds that

S1
N (f)(x)− Sbn+1

N (f)(x) ≤ ϵN log(N) +N ∀N ∈ [qn, qn+1 − 1], x ̸∈ Bn. (3.43)

Considering Proposition 75, (3.41) follows from (3.43). Note that, if an < 10, or equivalently
qn+1 < 10qn + qn−1, then (3.43) holds trivially, even without any assumption on x, because

S1
N (f)(x)− Sbn+1

N (f)(x) ≤
bn∑
i=2

f(Rj
N
i (x)(x)) ≤ 10qn+1 ≤ 110N.

So for the rest of the proof we can focus on the case an ≥ 10.

We will only show (3.43), for n with α − pn
qn

> 0. The conclusion for all other n follows by

considering 1− α instead37 .

We first claim that, for x ̸∈ Bn and big enough n, whenever qn ≤ N < qn + ϵnqn+1, it holds
that

jqn1 (x) = jN1 (x). (3.44)

Indeed, since bn ≤ 1 + ϵnqn+1

qn
, keeping in mind that ϵn <

1
100 , and identifying T with

[
−1

2 ,
1
2

)
,

it holds that

Rj
qn
qn (x)(x) ≤ −δn +

ϵn
qn

≤ − 1

2qn
+

1

100qn
≤ − 1

qn+1
− 1

100qn
≤ −bnδn+1,

where we recall that δn = d(qn−1α,Z) ∈
(

1
qn+qn−1

, 1
qn

)
. Now (3.44) follows by applying Lemma

64. Therefore, in this case, xNmin = xqnmin ≥ ϵn
qn

and using (3.42) we obtain

S1
N (f)(x)− Sbn+1

N (f)(x) ≤ bn
qn
ϵn

≤ N

ϵn
≤ ϵN log(N).

On the other hand, if N ≥ qn + ϵnqn+1, then it is not necessarily true that jqn1 (x) = jN1 (x).
Nevertheless, using (3.42), we can estimate

S1
N (f)(x)− Sbn+1

N (f)(x) =

bn+1∑
i=2

f(Rj
N
i (x)(x)) ≤

bn∑
i=1

qn+1

i

≤ qn+1(1 + log(bn)) ≤
1

ϵn
N(1 + log(bn)) ≤ ϵN log(N) +N,

and we have shown (3.43) in both cases.
37Let n be such that α − pn

qn
< 0 and denote α̃ = 1 − α. Then the CFE approximants of α̃ are given by

p̃ñ
q̃ñ

= qn−pn
qn

(the index ñ is either n− 1 or n+1, depending on whether α < 1
2
) and we have α̃− p̃ñ

q̃ñ
> 0. Denote

by S̃N the ergodic sum w.r.t. the rotation R̃(x) = x+ α̃, and note that for N ∈ [qn, qn+1 − 1] = [q̃ñ, q̃ñ+1 − 1] it
holds that Sk

N = S̃k
N ◦RN for all k ≤ N . Since α̃− p̃ñ

q̃ñ
> 0, (3.43) yields

S̃1
N (f)(x)− S̃ b̃ñ+1

N (f)(x) ≤ ϵN log(N) ∀N ∈ [q̃ñ, q̃ñ+1 − 1], x ̸∈ B̃ñ,

where b̃ñ and B̃ñ are defined in the same way as bn and Bn, only using q̃ñ resp. q̃ñ+1 instead of qn resp. qn+1.
Since q̃ñ = qn and q̃ñ+1 = qn+1 it holds that b̃ñ = bn and B̃ñ = Bn, it follows that

S1
N (f)(x)− Sbn+1

N (f)(x) ≤ ϵN log(N) ∀N ∈ [qn, qn+1 − 1], x ̸∈ RN (Bn).

We will use an argument similar to this one several times in the sequel.
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Lemma 77. Suppose that, for some γ ∈ (0, 1] and n ∈ N, it holds that qn+1 > q1+γn and
qγn > γ−11000. Then there are sets A,B ⊂ [0, 1) with λ(A) = λ(B) = γ

1000 such that, whenever

k ≤ qn+1q
−(1+ γ

2 )
n ,

SkN (f)(x) >
γ

4
qn+1 log(qn), while SkN (f)(y) <

γ

100
qn+1 log(qn) ∀x ∈ A, y ∈ B,

where N =
⌈γqn+1

250

⌉
.

Proof. We only treat the case for α− pn
qn
> 0, the other case follows by considering 1−α instead.

Let

A =

{
x ∈ [0, 1)

∣∣∣∣ Rjqnqn (x)(x) ∈
(
− γ

1000qn
, 0

)}
=

qn−1⋃
j=0

(
− γ

1000qn
, 0

)
− jα,

and

B =

{
x ∈ [0, 1)

∣∣∣∣ Rjqnqn (x)(x) ∈
(
−
(
1

4
+

γ

1000

)
1

qn
,− 1

4qn

)}
=

qn−1⋃
j=0

(
−
(
1

4
+

γ

1000

)
1

qn
,− 1

4qn

)
− jα.

Clearly λ(A) = λ(B) = γ
1000 .

For x ∈ B we have

Rj
qn
qn (x)(x) ≤ − 1

4qn
≤ −

⌈
γqn+1

250qn

⌉
1

qn+1
≤ −bnδn+1,

and Lemma 64 yields jqn1 (x) = jN1 (x). Moreover, since different points in {x, ..., Rqn−1(x)} are

at distance at least 1
2qn

, it holds that Rj
qn
1 (x)(x) ≥ 1

8qn
, therefore SkN (f)(x) = SkN (f

′)(x), where

f ′(z) =

{
0 if z ∈ [0, 1

8qn
),

f(z) otherwise.

Using the Denjoy-Koksma inequality, we obtain

SkN (f)(x) ≤ S(bn+1)qn(f
′)(x) ≤ 2(bn + 1)qn log(qn) + 8(bn + 1)qn ≤ γ

100
qn+1 log(qn).

On the other hand, since α− pn
qn
> 0, applying Rqn will move any point to the right by a distance

of δn+1 = |qnα| > 1
2qn+1

. Therefore, if x ∈ A then it holds that

Rj
qn
qn (x)+⌈ bn

2 ⌉qn(x) ≥ − γ

1000qn
+

⌈
bn
2

⌉
δn+1 ≥ − γ

1000qn
+
γqn+1

500qn

1

2qn+1
≥ 0,

where we identify the circle with
[
−1

2 ,
1
2

)
. Since now the points

Rj
qn
qn (x)(x), Rj

qn
qn (x)+qn(x), ..., Rj

qn
qn (x)+⌈ bn

2 ⌉qn(x)

are at distance δn+1 <
1

qn+1
and cross from negative to positive, it follows that there is an

s∗ ∈
{
1, ...,

⌈
bn
2

⌉}
such that Rj

qn
qn (x)+s∗qn(x) ∈

(
0, 1

qn+1

)
. There could be two such points in the

interval, in that case choose the left one38 so that jqnqn (x) + s∗qn = jN1 (x). The points

{Rj
qn
qn (x)+(s∗+k)qn(x), ..., Rj

qn
qn (x)+(bn−1)qn(x)}

38For the calculation below it is not important which we choose.

68



have k other points to their left, therefore SkN (f)(x) can be estimated from below by summing
f only over those points. More precisely

SkN (f)(x) >

bn−1∑
j=s∗+k

f(Rj
qn
qn (x)+jqn(x)) >

⌊ bn−1
2 ⌋∑

j=k

f

(
j + 1

qn+1

)

= qn+1

⌊ bn−1
2 ⌋∑

j=k

1

j + 1
≥ qn+1

(
log

(⌊
bn − 1

2

⌋)
− log(k)

)

≥ 1

2
qn+1

(
log

(
qn+1

2qn

)
− log

(
qn+1q

−1− γ
2

n

))
≥ γ

4
qn+1 log(qn).

Now we are in a position to prove Theorem 49.

Proof of Theorem 49. First assume that limn→∞
log(qn+1)
log(qn)

= 1, then, by Lemma 76

λ

(∣∣∣∣S1
N (f)(x)

N log(N)
− 1

∣∣∣∣ > ϵ

)
→ 0 as n→ ∞ ∀ϵ > 0. (3.45)

For N ≥ 1 let MN = SN (f)− S1
N (f) = maxi=0,...,N−1 f ◦Ri, then, for ϵ > 0, we have

λ

(∣∣∣∣SN (f)(x)N log(N)
− 1

∣∣∣∣ > ϵ

)
≤ λ

(
MN (x) >

ϵ

2
N log(N)

)
+ λ

(∣∣∣∣S1
N (f)(x)

N log(N)
− 1

∣∣∣∣ > ϵ

2

)
≤ λ

(
x

∣∣∣∣ ∃i ∈ {0, . . . , N − 1} s.t. Ri(x) ∈
(
0,
( ϵ
2
N log(N)

)−1
))

+ λ

(∣∣∣∣S1
N (f)(x)

N log(N)
− 1

∣∣∣∣ > ϵ

2

)
≤ 2

ϵ log(N)
+ λ

(∣∣∣∣S1
N (f)(x)

N log(N)
− 1

∣∣∣∣ > ϵ

2

)
.

In light of (3.45), it follows that

λ

(∣∣∣∣SN (f)(x)N log(N)
− 1

∣∣∣∣ > ϵ

)
→ 0 as n→ ∞ ∀ϵ > 0.

On the other hand, now suppose lim supn→∞
log(qn+1)
log(qn)

> 1. Taking a subsequence (nl)l≥1 we may

assume that there is a γ ∈ (0, 1) such that qnl+1 > q1+γnl and qγnl > γ−11000. For a contradiction
assume that there are dN > 0 such that

λ

(∣∣∣∣SN (f)(x)dN
− 1

∣∣∣∣ > ϵ

)
→ 0 as N → ∞ ∀ϵ > 0.

For every l ≥ 1 let Nl =
⌈
γqnl+1

250

⌉
, by Lemma 77 there are sets Al, Bl with λ(Al) = λ(Bl) =

γ
1000

such that
SNl

(f)(x) >
γ

4
qnl+1 log(qnl

) ∀x ∈ Al, (3.46)

while
SNl

(f)(y) <
γ

100
qnl+1 log(qnl

) ∀y ∈ Bl. (3.47)

Due to (3.46), we must have dNl
≥ γ

8 qnl+1 log(qnl
), on the other hand (3.47) implies dNl

≤
γ
50qnl+1 log(qnl

). This is a contradiction.
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Proof of Remark 50. Let l(N) = o(N) be a sequence of natural numbers and k(N) ≤ l(N). For
ϵ > 0 denote

u(ϵ) = min(N ≥ 1 | l(m) < ϵm, ∀m ≥ N).

Let α be such that,

qn+1 > q2nu

(
1

q2n

)
for all n sufficiently large,

noting that there is a Gδ dense set of α satisfying this condition. Moreover, this choice implies
that

k(N) ≤ l(N) ≤ qn+1q
− 3

2
n ,

whenever N =
⌈ qn+1

250

⌉
and

√
qn > 250. The claim follows from Lemma 77 with γ = 1.

We will now focus on the claims about strong convergence, i.e. Theorems 52, 53, and 55.

Proof of Theorem 52. Let κ = 1
8 and α be such that qn+1 < qn log(qn) log

2(log(qn)) and∑
n≥1,qn+1≥qn log1−

κ
2 (qn)

1

log1−κ(qn)
<∞, (3.48)

by39 [FK16], this condition is satisfied for almost all α. Denote

N = {n ≥ 1 | qn+1 < qn log
1−κ

2 (qn)}.

Clearly, α fulfils the Roth type condition and thus, Proposition 75 shows that

lim
N→∞

Sbn+1
N (f)(x)

N log(N)
= 1 uniformly in x ∈ [0, 1).

The claim (3.12) follows once we show that, for almost every x, it holds that

S1
N (f)(x)− Sbn+1

N (f)(x) = o(N log(N)). (3.49)

We estimate the left side in two different ways;

� since any two distinct points in {x, ..., RN−1(x)} are at distance at least 1
2qn+1

, we have

S1
N (f)(x)− Sbn+1

N (f)(x) ≤
bn∑
j=1

2qn+1

j
≤ 10qn+1max(1, log(bn)), (3.50)

� on the other hand, denoting xNmin = Rj
N
1 (x)(x), we can trivially estimate

S1
N (f)(x)− Sbn+1

N (f)(x) ≤ bn
1

xNmin

. (3.51)

Since bn < log(qn) log
2(log(qn)), we have;

39In [FK16] it is shown that the stronger condition∑
n≥1,qn+1≥qn log1−κ(qn)

1

log1−κ(qn)
< ∞,

holds for almost all α.
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(A) if n ∈ N sufficiently large, then by (3.50) it holds that

S1
N (f)(x)− Sbn+1

N (f)(x) ≤ 10qn+1max(1, log(bn))

≤ 20qn log
1−κ

2 (qn) log2(qn) = o(N log(N)),

(B) if N > qn log
κ
2 (qn), then by (3.50) for n sufficiently large it holds that

S1
N (f)(x)− Sbn+1

N (f)(x) ≤ 10qn+1max(1, log(bn))

≤ 20qn log(qn) log
3(log(qn)) ≤ 100N log1−

κ
4 (N) = o(N log(N)),

(C) if xNmin ≥ 1
qn log1−κ(qn)

, then by (3.51) for n sufficiently large it holds that

S1
N (f)(x)− Sbn+1

N (f)(x) ≤ qn log
1−κ(qn) log

2(log(qn)) = o(N log(N)).

In the next steps we will show that, indeed, for almost all x and all but finitely many n ̸∈ N ,
if N ≥ qn log

κ
2 (qn) then we have xNmin ≥ 1

qn log1−κ(qn)
and we have covered all cases.

For each n ̸∈ N with α− pn
qn
> 0 let ϵn = log−(1−κ)(qn) and

Bn =

{
x ∈ [0, 1)

∣∣∣∣ d(x+ jα,Z) ≤ ϵn
qn

for some j ∈ {0, ..., qn − 1}
}

=

qn−1⋃
j=0

[
−ϵn
qn

,
ϵn
qn

]
− jα.

For n ̸∈ N with α− pn
qn
> 0, x ̸∈ Bn, and N ≤ qn log

κ
2 (qn) we have

Rj
qn
qn (x)(x) < −q−1

n log−(1−κ)(qn) ≤ −bnq−1
n+1,

and by Lemma 64 it follows that jqn1 (x) = jN1 (x). In this case

xNmin ≥ q−1
n log−(1−κ)(qn).

Similarly, for n /∈ N , α− pn
qn
< 0 and

B′
n =

qn−1⋃
j=0

[
0,

2ϵn
qn

]
− jα,

it also holds that
xNmin ≥ q−1

n log−(1−κ)(qn) ∀x ̸∈ B′
n.

Indeed, if x /∈ B′
n, α− pn

qn
< 0, n /∈ N and N ≤ qn log

κ
2 (qn), then

jN1 (x) =

{
jqn1 (x) + bnqn if jqn1 (x) + bnqn ≤ N,

jqn1 (x) + (bn − 1)qn otherwise,

therefore, under the just stated conditions, it holds that

xNmin ≥ 2q−1
n log−(1−κ)(qn)− bnq

−1
n+1 ≥ q−1

n log−(1−κ)(qn).

Since λ(Bn ∪B′
n) = 3 log−(1−κ)(qn), the assumption (3.48) shows that

∑
n̸∈N λ(Bn ∪B′

n) <∞,
and by Borel-Cantelli almost every x is only in finitely many Bn or B′

n with n ̸∈ N . By (A)-(C)
it follows that (3.49) holds for almost every x.

For the ”furthermore” part of the statement, note that if α is of bounded type then N = N \K
for a finite set K ⊂ N. Hence, case (C), the only case where we don’t have a uniform statement,
does not have to be considered.
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Note that, if α is not of bounded type, the proof uses a Borel-Cantelli argument, hence conver-
gence typically is not uniform. For example we shall show that, for almost all α,

S1
N (f)(0)

N log(N)

does not converge.

Lemma 78. If qn+1 ∈ (qn log(qn) log3(qn) , qn log
2(qn)), qn > 106, α − pn

qn
> 0 and xqnmin <

1
qn log(qn) log3(qn)

, then it holds that

S1
N (f)(x)− Sbn+1

N (f)(x) ≥ 1

2
N log(N),

where N = ⌈ qn+1 log5(qn)
log(qn)

⌉.

Proof. Denote ϵ = 1
qn log(qn) log3(qn)

, for n sufficiently large, it holds that

S1
N (f)(x)− Sbn+1

N (f)(x) ≥
bn∑
i=1

1

ϵ+ i
qn+1

≥
bn+⌈ϵqn+1⌉∑
i=1+⌈ϵqn+1⌉

qn+1

i

≥ 1

2
qn+1 log

(
bn

ϵqn+1

)
≥ 1

2
N

log(qn)

log5(qn)
log4(qn) ≥

1

2
N log(N).

Remark 79. The ”log3” in the previous lemma might seem a bit odd, and in fact, the lemma
works also if we replace log3 by any function ψ with ψ(n) ↗ ∞. The reason for our choice will
be apparent from the proofs of Theorems 53 and 55.

Lemma 80. For almost every α there are infinitely many n ≥ 1 such that

qn+1 > qn log(qn) log3(qn) and α− pn
qn

> 0.

Proof. To avoid confusion, in this proof we shall write qn(α) resp. an(α) instead of qn resp. an.

We have
∑

n≥1
1

n log(n) log3(n)
= ∞ and hence by Khinchine’s Theorem, for almost every α, there

are infinitely many n with

qn+1(α) > qn(α) log(qn(α)) log3(qn(α)).

Equivalently,40

an(α) > log(qn(α)) log3(qn(α)).

Expanding α as

α =
1

a1(α) +
1

a2(α) +
1

...

, (3.52)

40This is not quite equivalent since qn+1 = anqn + qn−1, but almost. Using Khinchine also yields qn+1(α) >
2qn(α) log(qn(α)) log3(qn(α)) for almost all α, which implies an(α) > log(qn(α)) log3(qn(α)).
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we can easily see that α− pn(α)
qn(α)

> 0 if and only if n is even. Denote

Aeven =

{
α ∈ (0, 1) \Q

∣∣∣∣∣there are infinitely many even n with

an(α) > log(qn(α)) log3(qn(α))

}
,

Aodd =

{
α ∈ (0, 1) \Q

∣∣∣∣∣there are infinitely many odd n with

an(α) > log(qn(α)) log3(qn(α))

}
.

Let T (x) =
⌊
1
x

⌋
be the Gauss-map. From (3.52) it follows that

an(T (α)) = an+1(α) and therefore qn(T (α)) ≤ qn+1(α),

hence Aodd ⊂ T−1(Aeven) and Aeven ⊂ T−1(Aodd). It follows that Aeven ⊂ T−2(Aeven). Since T
preserves the Gauss-measure µ, which is equivalent to Lebesgue, we have Aeven = T−2(Aeven)
(mod µ). And since T 2 is ergodic41 µ(Aeven) ∈ {0, 1}. From

Aeven ⊂ T−1(Aodd) ⊂ T−2(Aeven) = Aeven (mod µ),

it follows that Aeven = T−1(Aodd) (mod µ), hence µ(Aodd) = µ(Aeven) ∈ {0, 1}, and by equiva-
lence to Lebesgue also λ(Aodd) = λ(Aeven) ∈ {0, 1}. At the same time, by Khinchine it holds
that λ(Aeven ∪Aodd) = 1, it follows that λ(Aodd) = λ(Aeven) = 1 as desired.

Proof of Theorem 53. Proposition 67 ascertains that |S1
qn(f)(x) − qn log(qn)| ≤ 7qn and the

”lim inf” part of the claim holds.

By Lemma 80, for almost all α, there are infinitely many n with qn+1 > qn log(qn) log3(qn) and
α− pn

qn
> 0. For all such n and x = α we have

xqnmin = Rqn(0) <
1

qn+1
<

1

qn log(qn) log3(qn)
,

and by Lemma 78 there is an Nn ∈ [qn, qn+1 − 1] such that

S1
Nn

(f)(x)− Sbn+1
Nn

(f)(x) ≥ 1

2
Nn log(Nn). (3.53)

The claim follows from (3.53) together with Proposition 75.

Theorem 55 can be proven using the same ideas. Here we will need a version of the second
Borel-Cantelli Lemma, using only weak pairwise independence. The following has been proven
in [Lam63], see also [Pet02] or [Cha08].

Lemma 81 ([Lam63]). Let (Ω,P) be a probability space and (An)n≥1 be a sequence of events
with

∞∑
n=1

P(An) = ∞

and there is a K > 0 such that

P(Ai ∩Aj) ≤ KP(Ai)P(Aj) ∀i < j.

Then it holds that
P(ω ∈ Ω | ω ∈ An for infinitely many n) > 0.

41A fortiori T is mixing.
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Proof of Theorem 55. Let α be such that qn+1 ∈ (qn log(qn) log3(qn), qn log
2(qn)) for all n. The

claim about the weak law follows from Theorem 49. We will now show that the strong law does
not hold. For simplicity, we only consider n for which α − pn

qn
> 0, the other case follows by

considering 1− α instead.

(i) For the ”lim inf” part of the claim, note that by Proposition 67 we always have |S1
qn(f)(x)−

qn log(qn)| ≤ 7qn. Furthermore, since the points {x, ..., Rqn−1(x)} are at distance at least

δn >
1

2qn
, it holds that Rj

qn
i+1(x)(x) ≥ i

2qn
. It follows that

|SKqn(f)(x)− qn log(qn)| ≤ (7 + 2 log(K))qn if qn > K ≥ 1.

(ii) Let Nn = ⌈ qn+1 log5(qn)
log(qn)

⌉ and G be the set

G =
{
x | lim sup

n→∞

SKNn
(f)(x)

Nn log(Nn)
> 1
}
.

Note that 42

|SKNn
(f)(x)− SKNn

(f)(R(x))| = o(Nn log(Nn)) uniformly in x,

therefore G = R(G) is invariant. By ergodicity, the claim (3.13) will follow once we show
λ(G) > 0.

(iii) Let ϵn = 1
qn log(qn) log3(qn)

and

An = {x | Rj
qn
1 (x)(x) ∈ (0, ϵn)} =

qn−1⋃
l=0

(0, ϵn)− lα,

and this union is disjoint.43 Note that bn
ϵnqn+1

≥ log3(qn) log5(qn)
2 . Then for x ∈ An

SKNn
(f)(x)− Sbn+1

Nn
(f)(x) ≥

bn∑
i=K

1

ϵn +
i

qn+1

≥
bn+⌈ϵnqn+1⌉∑
i=K+⌈ϵnqn+1⌉

qn+1

i

≥ (1000K)−1qn+1 log

(
bn

ϵnqn+1

)
≥ κNn log(Nn),

for some κ > 0 and n sufficiently large.

By Proposition 75 we have

Sbn+1
N (f)(x) = N log(N)(1 + o(1)) uniformly in x ∈ [0, 1),

and it follows that
G ⊃ {x | x ∈ An for infinitely many n}.

It remains to show
λ(x | x ∈ An for infinitely many n) > 0.

(iv) We will verify the conditions of Lemma 81 for An, i.e. we will show

∞∑
n=1

λ(An) = ∞ (3.54)

42Since, for big enough n, the distance between any two points in {R(x), ..., RN (x)} is at least 1
2qn+1

, at most

one such point can be in [0, log5(qn)

Nn log(Nn)
) ⊂ [0, 1

2qn+1
).

43Since ϵn < 1
2qn

< minj1,j2∈{0,...,qn−1},j1 ̸=j2 |j1α− j2α|.
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and
λ(Ai ∩Aj) ≤ 2λ(Ai)λ(Aj) ∀i < j. (3.55)

Lemma 81 will then imply λ(x | x ∈ An for infinitely many n) > 0 and the proof will be
complete.

(v) First we verify (3.54). Indeed, the assumption qn+1 < qn log
2(qn) implies44 that qn <

16n(n!)4, in particular log(qn) < 100n log(n) and log3(qn) < 10 log2(n). It follows that

∞∑
n=1

λ(An) =

∞∑
n=1

ϵnqn =

∞∑
n=1

1

log(qn) log3(qn)
>

1

1000

∞∑
n=1

1

n log(n) log2(n)
= ∞.

Now we verify (3.55). Let i < j and, for l1 = 0, ..., qi − 1 and l2 = 0, ..., qj − 1, denote

Il1 = (0, ϵi)− l1α and Ĩl2 = (0, ϵj)− l2α,

additionally
Nl1 = #{l ∈ {0, ..., qj − 1} | Ĩl ∩ Il1 ̸= ∅}.

Since the Ĩl are disjoint we have

Nl1 = #{l ∈ {0, ..., qj − 1} | − lα ∈ Il1} = #{l ∈ {0, ..., qj − 1} | lα ∈ −Il1} = Sqj (1−Il1 )(0).

λ(Ai ∩Aj) ≤ Sqj (1Ai)(0)ϵj ≤ (qjqiϵi + 2)ϵj ≤ 2λ(Ai)λ(Aj),

showing (3.55) and completing the proof.

3.6.3 The function x−β, β > 1

In this section, we shall provide a proof of Theorem 56. Let β > 1 and f(x) = x−β. Clearly, the
strong law implies the weak law, so (I) =⇒ (II). The main propositions in the section are the
following: We show that the strong law holds (uniformly) assuming (3.16), i.e. (III) =⇒ (I),
see Proposition 84. Then we introduce an a priori weaker condition than (3.16) - condition (D)
given in Definition 85. We show in Proposition 92 that (II) =⇒ condition (D) and Lemma 86
shows that condition (D) and (3.16) are equivalent under the condition that k(N) is monotone
implying (II) =⇒ (III).

We start with some preparations to prove Proposition 84. To simplify matters, we will introduce
an auxiliary sequenceK(N) = o(N). Instead of studying the full sum SN (f) it will be convenient
to study separately45 the sums SN ′(f) and SN ′′(f) with

N ′ =

n∑
j=n−K(N)

bjqj , and N ′′ = N −N ′ =

n−K(N)−1∑
j=1

bjqj ≤ qn−K(N).

By carefully choosing K(N), the second sum SN ′′(f) is dominated by SN ′(f), hence it suffices
to study the latter.

Let ϵβ > 0 be so that (1 + ϵβ)
β−1
β < 1, and

K(N) = min
(
κ ≥ 1

∣∣∣ qn−κ ≤ Nk(N)(
1+ϵβ) 1−β

β

)
.

44This can be shown by induction. Recall that, by convention q1 = 1. Now assume qn < 16n(n!)4 for some n,
then it holds that

qn+1 < 16n(n!)4 log2(16n(n!)4) ≤ 16n(n!)4(log(16)n+ 4n log(n))2 ≤ 16n+1((n+ 1)!)4.

45It holds that SN (f) = SN′(f) + SN′′(f) ◦RN′′
.
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With this choice it holds that

sup
x∈[0,1)

|S1
N ′′(f)(x)| ≤ sup

x∈[0,1)
|S1
qn−K(N)

(f)(x)| ≤
qn−K(N)∑
i=1

qβn−K(N)i
−β

= O
(
qβn−K(N)

)
= O

(
Nβk(N)(1+ϵβ)(1−β)

)
= o
(
Nβk(N)1−β

)
.

Since
S
k(N)
N ′ (f) ≤ S

k(N)
N (f) ≤ S

k(N)−1
N ′ (f) + S1

N ′′(f) ◦RN
′
, (3.56)

the strong law (3.14), with dN = 1
β−1N

βk(N)1−β, will follow once we show46

lim
N→∞

S
k(N)
N ′ (f)(x)

Nβk(N)−β+1
=

1

β − 1
uniformly in x ∈ [0, 1). (3.57)

First, we claim that
k(N)∑

n−K(N)≤j≤n bj
→ ∞. (3.58)

Note that, if47 K(N) = 1, then this follows trivially from (3.16). Therefore we can focus on the
case K(N) > 1.

By (3.16), the condition (3.58) is equivalent to the a priori weaker condition

k(N)∑
n−K(N)+1≤j≤n bj

→ ∞.

Note that, for every 1 ≤ J ≤ n− 1, N satisfies

N ≥ bnqn > bnan−1qn−1 > ... > bn

n−1∏
j=n−J

ajqn−J .

Therefore, by the definition of K(N) (and since K(N) > 1), we have

qn−K(N)+1 > Nk(N)
(1+ϵβ)

1−β
β > bn

n−1∏
j=n−K(N)+1

ajqn−K(N)+1k(N)
(1+ϵβ)

1−β
β .

Moreover, for sufficiently large n and K, it holds that

qn > ρK−2qn−K , where ρ =
1 +

√
5

2
(the golden ratio).

It follows that K(N) = o(k(n)), and consequently,

∑
n−K(N)+1≤j≤n

bj ≤ bn

n−1∏
j=n−K(N)+1

aj +K(N) ≤ k(N)
(1+ϵβ)

β−1
β +K(N) = o(k(N))

46Applying the same arguments with k(N)− 1 instead of k(N) also yields

lim
N→∞

S
k(N)−1

N′ (f)(x)
1

β−1
Nβk(N)−β+1

= 1 uniformly in x ∈ [0, 1).

47To be slightly more precise; if K(N) = 1 along a subsequence, then (3.58) follows trivially from (3.16) along
this subsequence.
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and hence (3.58) holds.

Let z(N, x) = R
jN

′
k(N)+1

(x)
(x), recall that this means that z(N, x) is the k(N) + 1st point in

{x, ..., RN ′−1(x)} that we encounter moving from left to right from 0 (not counting 0 itself, if
0 ∈ {x, ..., RN ′−1(x)}), then we have

S
k(N)
N ′ (f)(x) = f(z(N, x)) +

∑
y∈{x,...,RN′−1(x)},y>z(N,x)

f(y). (3.59)

We first try to locate z(N, x). To that end first rewrite

z(N, x) = min(ζ ∈ {x, ..., RN ′−1(x)} | SN ′(1(0,ζ])(x) ≥ k(N) + 1).

For ζ ∈ (0, 1) we have

|SN ′(1(0,ζ])(x)−N ′ζ| ≤ 2
n∑

j=n−K(N)

bj .

Since

SN ′(1(0,ζ])(x) ∈ [N ′ζ − 2

n∑
j=n−K(N)

bj , N
′ζ + 2

n∑
j=n−K(N)

bj ],

it follows that

z(N, x) ∈

[
k(N) + 1− 2

∑n
j=n−K(N) bj

N ′ ,
k(N) + 1 + 2

∑n
j=n−K(N) bj

N ′

]
=: IN .

Denote

fN (x) =

{
f(x) if x ∈

[
k(N)+1
N ′ , 1

)
,

0 otherwise.

Lemma 82. For N ∈ [qn, qn+1 − 1] sufficiently large

|Sk(N)
N ′ (f)(x)− SN ′(fN )(x)| = o(Nβk(N)1−β) uniformly in x ∈ [0, 1).

Proof. For fixed x ∈ [0, 1) let f̃N be the function defined by

f̃N (y) =

{
f(y) if y ∈ [z(N, x), 1) ,

0 otherwise,

then, by (3.59), we have S
k(N)
N ′ (f)(x) = SN ′(f̃N )(x). Furthermore, for N sufficiently large

|SN ′(f̃N )(x)− SN ′(fN )(x)| ≤ 2βNβk(N)−β#{0 ≤ j ≤ N ′ − 1 | Rj(x) ∈ IN}
≤ 2βNβk(N)−βSN ′(1IN )(x)

≤ 1000βNβk(N)−β
n∑

j=n−K(N)

bj ,

and the claim follows since
∑n

j=n−K(N) bj = o(k(N)).

Lemma 83. It holds that∣∣∣∣Sk(N)
N ′ (f)(x)− 1

β − 1
Nβk(N)−β+1

∣∣∣∣ = o(Nβk(N)−β+1) uniformly in x ∈ [0, 1). (3.60)
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Proof. The Denjoy-Koksma inequality yields

|SN ′(fN )(x)−N ′
∫ 1

0
fN (y) dy| ≤ Nβk(N)−β

n∑
j=n−K(N)

bj .

Since
∫ 1
0 fN (y) dy = 1

β−1(N
β−1k(N)−β+1−1) and N

N ′ → 1, the claim follows via Lemma (82).

Altogether we obtain the following.

Proposition 84. If (3.16) holds, then the strong law holds uniformly, i.e.

lim
N→∞

S
k(N)
N (f)(x)

dN
=

1

β − 1
uniformly in x ∈ [0, 1).

Proof. Considering (3.56), it is enough to show (3.57), which follows from (3.60).

To complete the proof of Theorem 56, it remains to show that if the weak law48 holds and k(N)
is monotone, then k(N) satisfies condition (3.16).

To this end, we show that if the weak law (3.15) is satisfied, then k(N) satisfies the following
(a priori weaker) condition.

Definition 85. k(N) is said to satisfy condition (D), if, for any subsequence (Nl)l≥1 satisfying
lim supl→∞

Nl
qn+1

< 1, it holds that

k(Nl)

bn
→ ∞. (3.61)

Lemma 86. Let k(N) be a monotone sequence satisfying condition (D), then (3.16) holds.

Since clearly (3.16) is the stronger condition, the lemma shows that if k(N) is assumed to be
monotone, then (D) is equivalent to (3.16).

Proof. If α is of bounded type, then both (3.16) and (3.61) are equivalent to k(N) → ∞. So
assume now that α is not of bounded type.

Let N := {n | an > 2} and consider the sequence

(Nl)l≥1 = (qn, 2qn, ...,
⌈an
2

⌉
qn | n ∈ N ),

clearly lim supl→∞
Nl
qn+1

≤ 2
3 and, per assumption, (3.61) holds for the sequence (Nl)l≥1.

In order to show (3.16), let C > 0, by (3.61) there is an L0 so big that k(Nl)
bn

> 2C for l ≥ L0.
Furthermore, let n0 be such that NL0 ∈ [qn0 , qn0+1 − 1]. Since α is not of bounded type, there
is an n1 > n0 such that49 an1 > maxj≤n0 aj . Now (3.16) will follow once we show that, for50

N > qn1+1, it holds that
k(N)

max(bn,maxj≤n−1 aj)
> C.

48A priori weak or strong laws could also be possible for a different normalisation dN > 0 with

lim
N→∞

(β − 1)dN
Nβk(N)1−β

̸= 1,

so we have to take this into account in the proof.
49Implicitly n1 ∈ N .
50Now N is not necessarily a member of the sequence (Nl)l≥1 any more.
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Since n ≥ n1 + 1 and n1 ∈ N , the above is equivalent to

k(N)

max(bn,maxj≤n−1,j∈N aj)
> C.

For j ∈ [n0 + 1, n − 1] ∩ N let lj ≥ 1 be such that Nlj =
⌈
an
2

⌉
qn, and, if n ∈ N , let ln ≥ 1 be

such that Nln = min(bn,
⌈
an
2

⌉
). Clearly ,

min
j∈[n0+1,n]

lj ≥ L0 and N ≥ max
j∈[n0+1,n]

Nlj .

Since k is monotone

� k(N) ≥ k(Nln1
) > Can1 > Cmaxj≤n0 aj ,

� for j ∈ [n0 + 1, n− 1] it holds that k(N) ≥ k(Nlj ) > Caj since N ≥
⌈an1

2

⌉
qn1 ,

� k(N) ≥ k(Nln) > Cbn since N ≥ bnqn.

Assume now that there are dN > 0 such that

λ

(∣∣∣∣∣S
k(N)
N (f)

dN
− 1

∣∣∣∣∣ > ϵ

)
→ 0 as N → ∞, ∀ϵ > 0.

We will show that k(N) satisfies condition (D).

To this end, we will show that if k(N) does not satisfy (D), then S
k(N)
N (f) has ”oscillations” of

order Nβk(N)1−β (Lemma 91). To conclude, we have to ensure additionally that, along suitable

subsequences (Nl)l≥1, it holds that
51 dNl

= O(Nβ
l k(Nl)

1−β).

Lemma 87. There is a constant C > 0 only depending on β such that, for ϵ ∈ (0, 1
100),

N ∈ [qn, (1− ϵ)qn+1], k ≥ 0 and n big enough, we have

λ
(
SkN (f) ≤ Cϵ−βmin

(
Nqβ−1

n , Nβk1−β
))

≥ ϵ

40
.

Proof. Assume α− pn
qn
> 0, the other case can be proven analogously. Let A ⊂ [0, 1) be the set

A =
{
x ∈ [0, 1)

∣∣∣ Rjqn1 (x)(x) ∈
[ ϵ
20
δn,

ϵ

10
δn

]}
=

qn−1⋃
j=0

[ ϵ
20
δn,

ϵ

10
δn

]
− jα,

where δn is given by (3.28), clearly λ(A) ≥ ϵ
40 . We have bn ≤ (1 − ϵ) qn+1

qn
. Hence, by Lemma

63, for x ∈ A it holds that

Rj
qn
qn (x)(x) ≤ −(1− ϵ

10
)δn ≤ −(1− ϵ

10
)anδn+1 ≤ −bn

1

qn+1
,

and Lemma 64 ascertains that jN1 (x) = jqn1 (x). By summing separately over the first cluster of
points, we obtain

SkN (f)(x) ≤
bn+1∑
j=k

(
ϵ

40qn
+

j

2qn+1

)−β
+ bn

qn−1∑
i=max

(
1,
⌊

k
bn

⌋)
(

i

2qn

)−β

≤ 100βϵ−βχk≤bn+1bnq
β
n +

2β

β − 1
bnq

β
n min(1, bβ−1

n k1−β)

≤ Cϵ−βmin(Nqβ−1
n , Nβk1−β),

51This is not quite what we show, but morally speaking.
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for some constant C > 0, where

χk≤bn+1 =

{
1 if k ≤ bn + 1

0 otherwise.

Lemma 88. If the weak law of large numbers as in (3.15) holds and (Nl)l≥1 is a subsequence
fulfilling lim supl→∞

Nl
qn+1

< 1, then

dNl
= O(min(Nlq

β−1
n , Nβ

l k(Nl)
1−β)). (3.62)

Proof. Let ϵ ∈ (0, 100−1) and L be such that Nl
qn+1

< 1 − ϵ for l > L. For such l, Lemma 87
yields

λ(SkNl
≤ Cϵ−βmin(Nlq

β−1
n , Nβ

l k(Nl)
1−β)) ≥ ϵ

40
.

This clearly implies
dNl

= O(min(Nlq
β−1
n , Nβ

l k(Nl)
1−β)).

Remark 89. A posteriori, if k(N) satisfies condition (D), then

Nβ
l k(Nl)

1−β = o(Nlq
β−1
n ),

and (3.62) becomes simply

dNl
= O(Nβ

l k(Nl)
1−β).

Lemma 90. For ϵ ∈ (0, 1) and w ≥ 1 it holds that

⌊(1− ϵ)w⌋ − 1 ≤ (1− ϵ

2
)⌊w⌋.

Proof. If w ≤ 2
ϵ , then

⌊(1− ϵ)w⌋ − 1

⌊w⌋
≤ 1− 1

w
≤ 1− ϵ

2
.

On the other hand, if w > 2
ϵ

⌊(1− ϵ)w⌋ = ⌊w − ϵw⌋ ≤ ⌊w⌋ − ⌊ϵw⌋,

and

⌊ϵw⌋ ≥ ϵw − 1 ≥ (1− 1

2
)ϵw ≥ ϵ

2
⌊w⌋.

It follows that
⌊(1− ϵ)w⌋ ≤ (1− ϵ

2
)⌊w⌋.

Lemma 91. There is a constant c > 0 such that, for ϵ ∈ (0, 1
100) and N ∈ [qn, (1 − ϵ)qn+1],

there are sets A,B with λ(A) = λ(B) ≥ ϵ2

1000 such that

SN (f)(x)− SN (f)(y) > cϵNqβ−1
n ∀x ∈ A, y ∈ B. (3.63)

Furthermore, if k = k̂ Nqn ∈ N then

SkN (f)(x)− SkN (f)(y) > cϵmin
(
Nqβ−1

n , k̂−2Nβk1−β
)

∀x ∈ A, y ∈ B. (3.64)
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Proof. We focus on (3.64), (3.63) can be shown using almost the same arguments. In the
following we assume α− pn

qn
> 0, the other case follows by considering 1− α instead.

Let

A′ = {x ∈ (0, 1] | Rj
qn
1 (x)(x) ∈ (0,

ϵ

10
δn) and jqn1 (x) ∈ {0, ..., qn − qn−1 − 1}}

=

qn−qn−1−1⋃
j=0

(0,
ϵ

10
δn)− jα.

Since δn ≥ 1
2qn

, it holds that52 λ(A′) ≥ ϵ2

40 . For x ∈ A′ we have

Rj
qn
qn (x)(x) < Rj

qn
qn (x)+qn(x) < ... < Rj

qn
qn (x)+(bn−1)qn(x) < Rj

qn
1 (x)(x),

and no other points53 of {x, ..., RN−1(x)} are between Rj
qn
qn (x)(x) and Rj

qn
1 (x)(x). Using Lemma

90, we have

bn − 1 ≤
⌊
(1− ϵ)qn+1

qn

⌋
− 1 ≤

(
1− ϵ

2

)⌊qn+1

qn

⌋
=
(
1− ϵ

2

)
an,

in addition Lemma 63 yields anδn+1 ≥ δn and therefore

Rj
qn
qn (x)+(bn−1)qn(x) ≤ −

(
1− ϵ

10

)
δn + (bn − 1)δn+1 ≤ −

(
1− ϵ

10

)
δn +

(
1− ϵ

2

)
anδn+1 ≤ − ϵ

4
δn.

It follows that jN1 (x) = jqn1 (x) and jNi (x) = jNi (x+ ϵ
4δn) for all i = 1, ..., N . Writing

SkN (f)(x)− SkN (f)(x+
ϵ

4
δn) ≥

qn∑
l=⌈k̂⌉+1

bn−1∑
i=0

(
f
(
Rj

qn
l (x)+iqn(x)

)
− f

(
Rj

qn
l (x)+iqn(x) +

ϵ

4
δn

))
,

we notice that all the summands are positive, hence we can bound below by taking only the terms

where l = ⌈k̂⌉+1. Furthermore, all of the points R
jqn
⌈k̂⌉+1

(x)+iqn
(x) are to the left of R

jqn
⌈k̂⌉+2

(x)
(x),

therefore we again bound from below by replacing them all with this point. Therefore

SkN (f)(x)− SkN (f)(x+
ϵ

4
δn) ≥ bn

(
f
(
R
jqn
⌈k̂⌉+2

(x)
(x)
)
− f

(
R
jqn
⌈k̂⌉+2

(x)
(x) +

ϵ

4
δn

))
≥ bn

( k̂ + 3

qn

)−β

−

(
k̂ + 3

qn
+

ϵ

8qn

)−β


≥ cϵmin(1, k̂−β−1)bnq
β
n ≥ cϵmin

(
Nqβ−1

n , k̂−2Nβk1−β
)
,

(3.65)

for a constant c > 0.

We distinguish two cases:

52Strictly speaking this is only true if (1− ϵ
2
)qn > qn−1. If (1− ϵ

2
)qn ≤ qn−1, then a similar proof with the set

A′ = {x ∈ (0, 1] | Rj
qn
1 (x)(x) ∈ (0,

ϵ

20
δn−1)} =

qn−1⋃
j=0

(0,
ϵ

20
δn−1)− jα

leads to the same conclusion.
53The only candidates for points between Rjqnqn

(x)(x) and Rj
qn
1 (x)(x) are

Rjqnqn
(x)(x) < Rjqnqn

(x)+qn(x) < ... < Rjqnqn
(x)+bnqn(x) < Rj

qn
1 (x)(x).

However the assumption jqn1 (x) ≤ qn−qn−1−1, or equivalently jqnqn ≥ qn−1, ensures that the point R
jqnqn

(x)+bnqn(x)
is not present in {x, ..., RN−1(x)}.
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(i) If there is an s such that λ(x ∈ A′ | SkN (f)(x) = s) ≥ 1
3λ(A

′), we set

A = {x ∈ A′ | SkN (f)(x) = s} and B = A+
ϵ

4
δn.

Then, for x ∈ A, y ∈ B, it holds that

SkN (f)(x)− SkN (f)(y) = SkN (f)(y −
ϵ

4
δn)− SkN (f)(y)

(3.65)
> cϵmin

(
Nqβ−1

n , k̂−2Nβk1−β
)
,

where in the first equality we used the fact that SkN (f) is constant on A.

(ii) Otherwise, if there is no such s, let

S =

{
s > 0

∣∣∣∣ λ(x ∈ A′ | SkN (f)(x) ≤ s) ≥ 1

3
λ(A′)

}
and s0 = inf S.

Then, for54

A = {x ∈ A′ | SkN (f)(x) > s0} and B = {x ∈ A′ | SkN (f)(x) ≤ s0}+
ϵ

4
δn,

it holds that, for x ∈ A, y ∈ B, we have

SkN (f)(x)− SkN (f)(y) > SkN (f)(y −
ϵ

4
δn)− SkN (f)(y)

(3.65)
> cϵmin

(
Nqβ−1

n , k̂−2Nβk1−β
)
,

where we used that SkN (f)(x) > s0 by definition of A, and SkN (f)(y−
ϵ
4δn) ≤ s0 by definition of

B.

Furthermore, by continuity of λ, we have

λ(B) = λ

(⋂
s∈S

{x ∈ A′ | SkN (f)(x) ≤ s}

)
≥ 1

3
λ(A′).

In order to estimate λ(A), we distinguish two possibilities

� if s0 ̸∈ S, then by definition it holds that

λ(A) = λ(x ∈ A′ | SkN (f)(x) > s0) ≥
2

3
λ(A′),

� if s0 ∈ S, then

λ(A) = λ(x ∈ A′ | SkN (f)(x) > s0)

= λ

( ⋃
s ̸∈S

{x ∈ A′ | SkN (f)(x) > s}
)
− λ

(
x ∈ A′ | SkN (f)(x) = s0

)
≥ 1

3
λ(A′).

Proposition 92. If there are some dN > 0 such that

λ

(∣∣∣∣∣S
k(N)
N (f)

dN
− 1

∣∣∣∣∣ > ϵ

)
→ 0 as N → ∞, ∀ϵ > 0,

then k(N) fulfils Property D.

Proof. We assume weak convergence as in (3.15) holds and let (Nl)l≥1 be a subsequence with
liml→∞

Nl
qn+1

< 1, say liml→∞
Nl
qn+1

= 1− ϵ for some small ϵ > 0. By Lemma 88, we have

dNl
= O(min(Nlq

β−1
n , Nβ

l k(Nl)
1−β)). (3.66)

We claim that necessarily k(Nl)
bn

→ ∞, equivalently k(Nl)qn
Nl

→ ∞. If not, then, by Lemma55 91,

54Clearly S ≠ ∅ because Sk
N (f)(x) < 100βϵ−βNqβn whenever xN

min > ϵ
10
δn.

55A priori it might also be possible that k(Nl) = 0, in this case, use (3.63). Otherwise, we use (3.64).
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there are sets ANl
, BNl

with λ(ANl
) = λ(BNl

) ≥ ϵ2

1000 with

S
k(Nl)
Nl

(f)(x)− S
k(Nl)
Nl

(f)(y) > c̃min
(
Nlq

β−1
nl

, Nβ
l k(Nl)

1−β
)
, ∀x ∈ ANl

, y ∈ BNl
,

for a constant56 c̃ > 0 which depends on ϵ but not on l. In light of (3.66), this contradicts
(3.15).

Finally, we are in a position to give the full proof of Theorem 56.

Proof of Theorem 56. Clearly, strong convergence implies weak convergence, therefore (I) =⇒
(II). Additionally, if k(N) satisfies condition (3.16), then Proposition 84 shows that the strong
law holds uniformly, so (III) =⇒ (I). Moreover, by Proposition 92 we have that (II) =⇒
condition (D) and according to Lemma 86, if k(N) is monotone, condition (D) is equivalent to
(3.16).

56The dependence on ϵ and ”k̂” as in Lemma 91 can be absorbed into c̃. This is doesn’t cause any problems
since k̂ = k(Nl)qn

Nl
is bounded by assumption.
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Chapter 4

Concluding remarks and future
directions

To conclude this thesis, let us remark on some natural questions that arise from this work.

4.1 Dimensionality in the PLT

One limitation in our construction of non-mixing systems satisfying the PLT (Chapter 2) is the
requirement that the fiber, which is exponentially mixing of all orders, must have a very high
dimension. A natural question is whether this assumption can be relaxed.

One possible approach is to refine the partitioning scheme used in the proof so that the estimates
needed for recurrence statistics remain valid even in lower-dimensional settings. This would
require modifying the geometric arrangement of target sets in a way that ensures the necessary
separation conditions hold while still preserving sufficient mixing in the fiber. However, adapting
the arguments of Section §2.8.2 to this new setting presents technical challenges, particularly
in maintaining control over the number of targets introduced at each scale.

Addressing this question could lead to a more flexible framework for establishing the PLT in
weakly chaotic systems, potentially broadening its applicability to lower-dimensional settings.

A preliminary outline of how one might modify the proof is as follows:

� Note that we only the used estimates on the dimension in the calculations of §2.9 in order

to show µ(A
(j)
l ) = o(ν(B

(j)
l )ι) for some power ι > 0 that was determined by the two

systems T and R. Since µ(A
(j)
l ) ≍ rdl and ν(B

(j)
l ) ≍ rd

′
l , we just had to choose d > ιd′ in

order to satisfy the requirement.

� Alternatively we could simply partition the ball Ql into more rectangles, say so that each

A
(j)
l has a diameter of order ral with a > max(1, ιd

′

d ), while B
(j)
l has a diameter of order

rl. The total number of rectangles A
(j)
l ×B

(j)
l required is of order O(r1−al ).

� With this choice it now holds that µ(A
(j)
l ) = o(ν(B

(j)
l )ι), regardless of what d and d′ are,

and all the arguments of §2.9 can be applied.

� On the other hand the PLT in the fiber, obtained in §2.8.2 can no longer be applied. In

addition to just shrinking the targets A
(j)
l , in each step we increase the number of targets

as well. So some additional work is required to fit the arguments into this setting.
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4.2 Hitting time statistics for slowly chaotic systems

Recall that the goal of Chapter 2 was to find limit distributions of

µ(Br(x
∗))φBr(x∗) (4.1)

as r → ∞, where Br(x
∗) is a ball of radius r around x∗, for all or almost all x∗, and φBr(x∗)

denotes the first hitting time of Br(x
∗). Further recall that the distribution of (4.1) w.r.t. µ

is referred to as the hitting time statistic, while the distribution w.r.t. the conditional measure
µBr(x∗) is referred to as the return time statistic.

For sufficiently chaotic systems, see also the list in §2.1, hitting time statistics for geometric
balls are expected to be asymptotically

� exponentially distributed if x∗ is aperiodic,

� scaled exponentially distributed if x∗ is periodic. Note that in this case the limit of the
hitting time statistics is only a sub-probability distribution1.

To contrast this, a wide range of distributions are a priori possible as limits of hitting or return
time statistics. In fact, in [Lac02] it is shown that any positive distribution with expectation ≤ 1
can appear as a limit point of return time statistics. Possible limits for hitting time statistics
are described by [KL05], this description can also be more directly derived from the relation of
hitting and return time statistics in [HLV05].

Below we shall discuss results on hitting time limits for some maps and flows with only slow
chaotic behaviour. For flows the question about hitting times has to be modified as mentioned
in §2.1. Note that in all the cases below, the limit is not exponential.

4.2.1 Irrational Rotations

For an irrational rotation R = Rα on [0, 1), where α ∈ [0, 1] \ Q, hitting time statistics have
been studied for specific sequences of shrinking intervals. Given a point x∗ ∈ [0, 1) and n ≥ 1,
let Jn be the interval with endpoints Rqn(x∗) and Rqn+1(x∗) that contains x∗, then [CdF96]
investigates the normalized hitting times µ(Jn)φJn . The results in [CdF96] show that, along a
subsequence {ni}, the normalized hitting times exhibit the following behaviour:

� If qni+1/qni → ∞, then µ(Jni)φJni
converges to a uniform distribution.

� Otherwise, the limiting distribution can be a piecewise constant function, whose precise
form depends on the arithmetic properties of the continued fraction approximants of α.
A full classification of these distributions is given in [CdF96].

A natural question is whether these results extend to more general sequences of intervals.
Unlike mixing systems, where hitting time statistics often exhibit universal behaviour, the
case of irrational rotations appears highly sensitive to the arithmetic properties of the interval
endpoints. If one considers a general sequence of intervals In = [an, bn], it remains unclear
what types of limit distributions might arise, or even whether a meaningful classification is

1For example if T is the doubling map and x∗ = 0, then [Zwe22, Theorem 10.1] describes the return time
statistics as

µBr(x∗)
(
Br(x

∗))φBr(x∗) ≤ t
)
→ 1

2
+

1

2

(
1− e−

t
2

)
∀t > 0, as r → 0, (4.2)

The constant 1
2
in (4.2) comes from the fact that half of Br(x

∗) returns to itself immediately. Using the relation
given in [HLV05, Main Theorem], the hitting time statistics satisfy

µ
(
Br(x

∗))φBr(x∗) ≤ t
)
→ 1

2

(
1− e−

t
2

)
∀t > 0, as r → 0.
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possible. The dependence on the Diophantine properties of an and bn suggests that a deeper
number-theoretic analysis is required to make further progress.

4.2.2 Integrable flows

For m, d ∈ N with d ≥ 2, let U ⊂ Rm be a bounded domain, and let f : U → Rd be a smooth
function. We consider the integrable flow

ϕt : Td × U → Td × U , (θ, J) 7→ (θ + tf(J), J).

The target sets we consider, while avoiding overly technical definitions, are sets Dr that, in each
leaf, are intervals transverse to the flow direction. A typical example is given by

Dr = {(g(J) + sf⊥(J), J) | −r < s < r},

where g : U → Rd is a smooth function, and f⊥ : U → Rd is a unit-length vector field satisfying
f · f⊥ = 0.

In [DMS17], it is shown that for generic g, there exists a limiting distribution F such that

2rφDr ⇒ F as r → 0. (4.3)

Moreover, [DMS17] provides an explicit description of F .

We remark that intervals transverse to the flow direction are the natural class of sets to study.
For example if we wanted to investigate hitting times of more geometric objects, such as balls
in Td×U , a possible approach would be to realize the restricted dynamics as a suspension flow
and apply the techniques of [PY17] to analyse the hitting time statistics.

4.2.3 Horocycle flow

Denote by ht and gs the horocyle and geodesic flow introduced in §2.11.2. Suppose SL(2,R)/Γ
has one cusp and let C be a closed stable horocycle of length 1 around the cusp, we will
investigate the sets

DR =
⋃
t≥R

gt(C).

In [KMK24] (Γ = SL(2,Z)) and [MP24] (general Γ) it is shown that there exists a limiting
distribution F such that

µ(DR)φDR
⇒ F as R→ ∞. (4.4)

Moreover, [MP24] provides an explicit description of F .

4.3 Distributional limit theorems for trimmed ergodic sums via
the PLT

For ergodic sums of non-integrable random variables, distributional limit theorems are more
classical than strong limit theorems, as in Chapter 3, where trimmed strong laws are discussed.
More explicitly, do there exist constants aN and bN such that

SN (f)− bN
aN

, (4.5)

or in the trimmed case
S
k(N)
N (f)− bN

aN
, (4.6)
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for some trimming sequence k(N), that converges to a non-degenerate distribution as N → ∞?

In the case of iids2, this question is well studied. We present the results in a simplified setting
where f = x−β for β ≥ 1:

� In the untrimmed case, [GK68] showed that (4.5) converges to a stable distribution as
N → ∞ for

aN = Nβ and bN =

{
N log(N) if β = 1,

0 if β > 1.

� The lightly trimmed case, where k(N) = K is constant, has been studied3 by several
authors, including [Dar52], [Teu81], and [AB60]. They show convergence of (4.6) to a
non-degenerate distribution for aN = Nβ. The limiting distribution and the constants bN
are computed in [Hal78]. Notably, the limiting distribution is not a stable distribution.

� The case of intermediate trimming, where k(N) → ∞ but k(N) = o(N) as N → ∞, has
been studied by [CoHM86]. They showed that there exist constants aN and bN such that
(4.6) converges to a normal distribution.

Since classical techniques heavily rely on independence assumptions and characteristic function
computations, they do not extend easily to deterministic settings. Instead, we sketch a proof
using the Poisson Limit Theorem (PLT), which captures the behaviour of extreme events in
a more flexible manner. This not only provides insight into the underlying mechanisms of
convergence but also extends naturally to non-iid systems. The following sketch is work in
progress by the author. In order to avoid technical difficulties, we encourage the reader to first
consider the iid case; however, we note that this proof also appears to be applicable in the
non-iid setting. Furthermore, for simplicity, let k(N) = K be constant; this corresponds to the
lightly trimmed or untrimmed case.

(i) Let m,R ≥ 1 and
fN = f1[

0,(R
N )

1
β

] and f̄N = f − fN .

A straightforward calculation shows that Var(SN (f̄N )) = O(N
1+ 2β−1

β R
− 2β−1

β ) = O(N2βR−1).
Considering that the goal is to show

S
k(N)
N (f)− bN

Nβ
⇒ L,

for some limit distribution L, it becomes apparent that, for large R, the oscillations of f̄N are
negligible. Therefore we will focus our efforts on fN .

(ii) For j = 0, ...,m− 1 denote

AjN =

{(
Nm

Rj

)β
≥ f >

(
Nm

R(j + 1)

)β}
=

[
Rj

Nm
,
R(j + 1)

Nm

]
,

where by convention 1
0 = ∞. For N ≥ 1 let

XN (x) = {T j(x)}N−1
j=0 \ {The K closest points to 0}

2By this, we mean that (f ◦ T j) forms a sequence of iid random variables. For the sake of being explicit, one
might imagine that T j(x) is replaced by a sequence of iid uniformly distributed points on [0, 1].

3To be more precise, the references below study the joint distribution of SN (f) and
max0≤j1<...<jK≤N−1

∑K
i=1 f(T

ji(x)), from which statements about SK
N (f) can be deduced.
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and
N j
N = #

(
XN ∩AjN

)
.

Then, for points x that do not visit A0
N , we obtain the bound

m−1∑
j=1

(
Nm

R(j + 1)

)β
N j
N ≤ SKN (fN ) ≤

m−1∑
j=1

(
Nm

Rj

)β
N j
N .

(iii) Let Λ = {ξj} be a Poisson point process4 on [0,∞), with the points ordered so that
ξ1 < ξ2 < ..., and let ΛK = {ξj}∞j=K+1. By a natural extension of the PLT, it holds that(

N j
N

)
j≥1

⇒
(
#

(
ΛK ∩

[
Rj

m
,
R(j + 1)

m

]))
j≥1

.

This assertion follows directly from the simpler statement(
SN

(
1[ Rj

Nm
,
R(j+1)
Nm

]))
j≥1

⇒
(
#

(
ΛK ∩

[
Rj

m
,
R(j + 1)

m

]))
j≥1

,

because
J∑
j=0

N j
N = min

(
SN

(
1[

0,
R(J+1)

Nm

])−K, 0

)
, and

#

(
ΛK ∩

[
0,
R(J + 1)

m

])
= min

(
#

(
Λ ∩

[
0,
R(J + 1)

m

])
−K, 0

)
.

The PLT as introduced in Chapter 2 asserts that, for each J ≥ 1,

SN

(
1[

0,
R(J+1)

Nm

])⇒ #

(
Λ ∩

[
0,
R(J + 1)

m

])
, (4.7)

so it remains to show that the SN

(
1[ Rj

Nm
,
R(j+1)
Nm

]) are asymptotically independent.

(iv) Letting N → ∞ and then m→ ∞, we see that

SKN (fN )

Nβ
⇒

∑
j≥K,ξj≤R

1

ξβj
.

Finally, as R→ ∞, it is straightforward to verify that∑
j≥K,ξj≤R

1

ξj
− log(R) and

∑
j≥K,ξj≤R

1

ξβj
for β > 1,

converge in distribution.

A similar proof appears to hold in the case of intermediate trimming, where we must instead
analyze ∑

j≥k(N),ξj≤R

1

ξβj
,

which, with a suitable choice of R, under correct normalization, has a normal limit.

These heuristics should also extend to cases where the limit in (4.7) is not Poisson but follows
a different distribution. Inspired by §4.2.3, one could naturally consider a scenario where the
function f exhibits a singularity at the cusp of SL(2,R)/Γ. It would be interesting to explore

the limiting distributions of SN (f) and S
k(N)
N (f) that emerge from the hitting time statistics in

[MP24].

4For a sequence (Ej) of standard exponentially distributed random variables it holds that ξJ =
∑J

j=1 Ej .
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4.4 Trimmed distributional limit theorems for rotations

A particular case of the questions raised in the previous section is distributional convergence

of SN (f) or S
k(N)
N (f) after suitable normalisation for irrational rotation. However, especially

considering §4.2.1, an approach as in 4.3 via the PLT seems a bit unnatural.

The untrimmed version of this question has already been studied in [SU08] and [DF15], however
there the rotation number α is randomised. Their proof relies on the mixing properties of the
geodesic flow.

Let us emphasize that the stochasticity has to come entirely from visits close to the singularity,
everything far away contributes almost nothing. More explicitly; for some small ϵ > 0 let χ be
a smooth function approximating f · 1(ϵ,1), where f(X) = x−β, then using Denjoy-Koksma, for
almost all α, it holds that

SN (χ) ≪ Nϵ1−β + log(N)ϵ−β if β > 1,

this bound is optimised for ϵ = log(N)
N . Considering [DF15] this looks promising, since SN (f)

should be normalised by Nβ.

Now one has to study the contribution of f −χ. In the mixing case, we were able to rely on the
PLT, which is no longer valid for rotations. This presents a significant challenge, as standard
probabilistic tools break down in the absence of mixing, leaving only heavy computational ap-
proaches. An interesting open question is whether a more conceptual method, possibly making
use of renormalisation via the Gauss-map, could be developed to establish a meaningful limit
theorem in this setting.

4.5 Trimming for other functions

A natural extension of the results in Chapter 3 is to investigate whether similar trimmed limit
theorems hold for a broader class of observables, possibly with more than one power singularity
like

cos(2πx)

cos(11πx) + sin(12πx)
.

Let us first remark that the techniques and results of §3.3 extend without difficulty to general
functions with one power singularity of the form

f(x) = c1x
−β + c2(1− x)−β + f̃ ,

for real numbers c1 ̸= −c2, a bounded function f̃ and β > 1. The contribution of SN (f̃) is of
order N and therefore dominated by SN (f − f̃). Furthermore as already mentioned in §3.2,
if there are multiple singularities of different orders, then the one with the largest order will
dominate the rest. The situation becomes more complicated if there are multiple singularities
of the same order.

To illustrate a potential problem, let us consider the function f(x) = f1(x) + f2(x) = |x|−β +
|x− x0|−β with β > 1 then;

� On the one hand, intuitively the asymptotics of SN (f) should depend on the Diophantine
properties of the singularities, in this case of x0. In the extreme case if x0 = α then

SN (f) ≈ 2SN (f1). However, now consider the case where x0 ∈
⋃qn−1
j=0

(
− 1

8qn
,− 1

16qn

)
+ jα

for infinitely many n say for a sequence (nl), this concerns a positive measure set of x0
since the sets have measure 1

16 . Now, if the
⌊ qn+1

2

⌋
orbit of some point x comes 1

qn+1

close to 0 then it only comes at most 1
16qn

− 1
qn+1

close to x0, and SN (f1)(x) dominates

SN (f2)(x).

89



� On the other hand, by the arguments at the end of §3.2, if the trimming sequence k(N)

is big enough and α is Diophantine, then the asymptotics of S
k(N)
N (f) do not depend on

x0 and it holds that

lim
N→∞

SN (f)(x)

Nβk(N)1−β
=

2

β − 1
uniformly in x.

This suggests that the dependence on x0 becomes less the more we trim, and is rather subtle.
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