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Foreword

A version of Chapter 2 has been published [M. Auer, Poisson limit theorems for systems with
product structure, Discrete Contin. Dyn. Syst. 45 (2025), no. 5, 1454-1491]. I am the sole
author of this work, and responsible for all its contents.

A version of Chapter 3 has been submitted for publication at J. London Math. Soc. by myself
and T. Schindler, and is available as a preprint at https://arxiv.org/abs/2503.22242. 1 was
responsible for the majority of the proofs, concept formation and manuscript composition. T.
Schindler contributed to the background and manuscript edits.
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Chapter 1

Motivation and introduction

1.1 Motivation

Rare events play a crucial role in understanding the long-term behaviour of complex systems,
with applications spanning physics, finance, climate science, and engineering. In dynamical
systems, such events often correspond to extreme deviations from typical behaviour, including
large fluctuations in turbulent flows, financial crashes, or sudden transitions in climate models.
While individually infrequent, rare events can have an outsized impact, making their statistical
properties essential to study. Mathematical techniques from probability theory and ergodic
theory provide powerful tools to analyse their occurrence and structure, offering insights into
both theoretical foundations and practical predictions.

A central question in this area is to describe the frequency with which events of low probabil-
ity occur. This problem has been extensively studied in chaotic systems, where strong mixing
properties allow for relatively straightforward probabilistic arguments. However, in many im-
portant classes of dynamical systems, particularly those where chaotic behaviour is weak and
mixing is slow, traditional techniques relying on fast decay of correlations cannot be applied.
Understanding the statistical properties of rare events in such settings requires new approaches.

Another key aspect of rare events in dynamical systems arises in the study of ergodic sums of
heavy-tailed observables. In these cases, time averages over long trajectories can be dominated
by just a few visits to regions where the observable takes exceptionally large values. This leads
to large oscillations in the averages and strong dependence on the initial condition. A natural
way to mitigate this issue is trimming, a technique that removes the largest observations from
the sum. Trimming has been successfully used to analyse such sums and obtain meaningful
limit theorems. While this approach has been well studied in certain settings, its behaviour in
systems with low complexity, such as irrational rotations, remains less understood.

1.2 Background

Probably the earliest fundamental result concerning rare events is the Poincaré Recurrence
Theorem. The Poincaré Recurrence Theorem states that every event of positive probability will
almost certainly occur infinitely often. More precisely;

Theorem 1. Let (X, pu,T) be a probability preserving dynamical system, and let A C X be a
measurable set with positive probability (A) > 0. Then almost every point x € A revisits A
infinitely often and it holds that

u(x € A|T"(x) € A only for finitely many n) = 0.



Corollary 2. If, in addition (X,u,T) is ergodic, then every point x € X wisits A infinitely
often and it holds that

plex e X | T"(x) € A for infinitely many n) = 1.

A natural follow-up question is with what frequency rare events occur. Therefore, for an event
A of positive probability u(A) > 0, denote by ¢4 the time until a point first visits A, formally

wa(z) =min(n > 1| T"(x) € A).

By the Poincaré Recurrence Theorem, it holds that ¢4 < oo almost surely, provided that T is

ergodic. A fortiori the average value of w4 on A itself is ﬁ, as described by Kac’s formula

1
/ padps = —F—,
A p(A)
w(ANB)

where 14 denotes the measure conditional on A given as p4(B) = () for measurable B C A.

The Poisson Limit Theorem describes the asymptotic behaviour of p(A)pa as u(A) — 0.
Loosely speaking, it states that, for regular enough sets A and chaotic enough T it holds
that

1(A)pa = dpap  as p(A) — 0,

where ¢p.p is a standard exponential distribution, and = denotes convergence in distribution.
To avoid overly technical statements at this point, we leave precise statements to Chapter 2.

Beyond recurrence and return times, the Poisson Limit Theorem has significant applications
in the study of ergodic sums of non-integrable observables f ¢ L'. As already described in
§1.1, the ergodic sums Sy(f) = Zg:_ol o™, for N > 1, are dominated by only a few large
observations. This leads to large deviations in the values of Sy (f)(z) as we vary z, making
almost sure convergence!, after suitable normalisation, to a constant, as in the Birkhoff Ergodic

Theorem impossible. In the following, whenever there are constant dy > 0 such that

L S(D@)

=1 for almost every =,
N—o0 d N Y

we will refer to it as a strong law, whereas if it holds that

lim ,LL(’S]C\l[(f)—l‘>e>:0 Ve > 0,

N—o00 N

we will refer to it as a weak law.

This is accentuated by the stable limit theorem obtained by Kolmogorov and Gnedenko [GK68],
which we state for simplicity only for the function =%, 8 > 1, on the unit interval [0, 1] with the
Lebesgue measure. In the setting of i.i.d.s? they obtain distributional convergence to a stable
limit distribution, more explicitly

Sn(f) — Nlog(N)

N = A; as N — o,

for 8 =1, and
Sn(f)
NB

= Ag as N — oo,

L As we will see in the next paragraph convergence in probability might still be possible.
*Meaning that (f o T™),>1 is an i.i.d. random process.



for 8 > 1, where Ag is a non-degenerate stable distribution. We shall sketch a proof that makes
use heavily of the Poisson Limit Theorem in §4.3. Note that the above, for § > 1, already
implies that there cannot even be a weak law of large numbers. In contrast, if § = 1, then a
weak law does hold with dy = N log(N).

Now we turn our attention to strong laws. As elaborated earlier, if f is non-integrable, big
oscillations prohibit any strong laws for Sy (f) itself. This is made precise by the following
result of Aaronson ([Aar77]); let f > 0 be non-negative and non-integrable, then, for every
normalising sequence (dy)n>1, it holds that

Sn(f)(x)

lim supM =00 or liminf 2%

=0 almost surely,
N—soo dn N—o0 N

meaning that we either underestimate or overestimate the sum infinitely often. A common
method to deal with the big oscillations of Sy (f) is to simply remove the largest observations.
For N > 1 and 0 < k(N) < N, define the trimmed sum as

k(N)

S%N)(f)(:n) =Sn(f)(z) — max Z (T ).

0§n1<n2<...<nk(N)§N—1 —

As it turns out, for the trimmed sum S%N) (f) and a suitable k(N), it is possible to obtain strong
laws. We will review relevant literature for iids and systems with strong mixing properties in
§3.1.2, and show strong trimmed laws for rotations in Chapter 3.

1.3 Outline of the thesis

The outline of this thesis is as follows:

In Chapter 2, we delve into the problem of asymptotic hitting times to shrinking targets,
providing all relevant definitions. This Chapter consists of my paper [Aue25], in which I establish
conditions under which the Poisson limit theorem (PLT) holds in systems that lack strong
chaotic behaviour. This extends the applicability of such limit laws beyond the usual settings
of hyperbolic or strongly mixing systems.

Chapter 3 focuses on trimmed ergodic sums for rotations. This Chapter consists of the paper
[AS25], co-authored with T. Schindler, where we study trimming in the context of irrational
rotations of the torus. We provide precise conditions under which trimmed strong and weak
laws hold for ergodic sums of non-integrable observables in this setting.

Finally, Chapter 4 presents related open problems and potential directions for future research.

Minor changes have been made to the source papers [Aue25] and [AS25] to improve readability.
Chapters 2-4 are self-contained.



Chapter 2

Poisson limit theorems for systems
with product structure

In this Chapter, we obtain a Poisson Limit for return times to small sets for product systems.
Only one factor is required to be hyperbolic, while the second factor is only required to satisfy
polynomial deviation bounds for ergodic sums. In particular, the second factor can be elliptic
or parabolic. As an application of our main result, several maps of the form Anosov map X
another map are shown to satisfy a Poisson Limit Theorem at typical points, some even at all
points. The methods can be extended to certain types of skew products, including 7', T~ '-maps
of high rank.

2.1 Introduction

One of the prominent limit theorems in classical probability theory is the Poisson Limit The-
orem. (PLT). Due to the PLT, a variety of probabilistic models describing waiting times until
unlikely events occur are well approximated by exponentially distributed variables. It has been
a great discovery that many deterministic systems satisfy the same kind of limit theorems for
rare events.

Limit distributions of waiting times are most classical for mixing Markov chains, where one
considers returns to small cylinders, for example, see [Pit91, Theorem A]. As remarked there,
this result can be immediately generalized to systems with a Markov partition, the only caveat
being that the sets are still cylinders, so geometrically not the most intuitive class. Nonetheless,
waiting time limits for returns to small balls can be shown in concrete settings; for example
hyperbolic toral automorphisms [DGS04, Theorem 2.3] or more general hyperbolic maps [BS22,
Theorem 2.8], Rychlik-maps and unimodal maps [BSTV03, Theorem 3.2 and 4.1], partially or
nonuniformly hyperbolic maps [Dol04, Theorem 8] [PS16, Theorem 3.3] [CC13, Theorem 3.3],
open billiard systems [BS24, Theorem 1], some intermittent interval maps [CG93, Main Theo-
rem], and many more. It is sometimes interesting to also ask for explicit rates of convergence,
this can be shown under strong mixing properties, see [HSV99, Theorem 2.1], [AS11, Theorem
7], [HV09, Theorem 8]. Interestingly enough, in [BS22, Theorem 2.8] and [BS23, Theorem
5.11] novel techniques have been used to obtain rates in certain billiard systems without strong
mixing assumptions. We do not make any claims on completeness of the list of references given
above, for a more complete picture see [LFFT16].

Some related topics are extreme value laws [FFT11], [FFV17], spatiotemporal limits [PS20],
[Zwe22] or Borel-Cantelli like Lemmas [HLSW22|, [HNPV13], [DFL22].

Similar questions can be asked for flows as well, this topic has not been studied as thoroughly



as the question for maps. As shown in [PY17] for suspension flows, this reduces to the study
for maps. Moreover, the Poisson Limit Theorem for flows can be reduced to the Poisson Limit
Theorem for time 1 map with the target being the set of points that visit B(x,r) within the
next unit of time.

From the list above, we see that the PLT is often associated with strong mixing properties of
the system. In the present work, we construct systems that are not even weakly mixing but
nevertheless satisfy the PLT (a precise definition is given beneath). The systems will have a
special structure S =T x R, where T is hyperbolic, but R is not.

We will develop a machinery to show the PLT for such systems. This will be used to construct
systems satisfying the PLT, but otherwise exhibiting properties uncharacteristic of chaotic sys-
tems - like non weak mixing, or zero entropy'. This suggests that the PLT is much more
common than it was believed before. In fact, discovering the most flexible conditions for the
validity of the PLT is a promising direction of future research.

2.2 Preliminaries

Definition 3. Given a probability-preserving ergodic dynamical system (X, A, u,
T) and a measurable set A € A, we will define the first entry time to A as

pa(z) =min(n > 1| T"(z) € A),

the restriction pala to the set A itself shall be referred to as the first return time to A. The
first return map shall be denoted by Ty(x) = T%A®) (), and the sequence of consecutive return
times by

Py = (pa,pa0Ta,oa0T3,...).

Hence, it is natural to study limits of u(A)pa as u(A) — 0. More explicitly let (A4;);>1 be a
sequence of rare events, that is each A; is measurable with u(A;) — 0, we want to find weak
limits of the form

p(A)D 4, Ld asl— 0,

or
p(A) P4, AP asl— 00,

where = denotes convergence in distribution. In the above situation, we shall call ® the hitting
time limit and ® the return time limit. An important fact is that the hitting and return time
limits are intimately related, this relation was first formulated in [HLV05, Main Theorem)] (albeit
only for the first marginal). The analogous relation for the entire process is shown in [Zwel6,
Theorem 3.1]. For exponential returns, which is what we are concerned with, the result is as
follows.

Theorem 4. Let (X, A,pu,T) be an ergodic probability preserving dynamical system, and let

(A1)i>1 be a sequence of rare events. Then ® 4 D pyp is equivalent to P 4 D pyp, where Ppyy, s
a process of i.i.d. standard exponentially distributed random variables.

This suggests that we should expect exponential hitting and return time limits for geometrically
sensible sequences of rare events.

In the following, let X be a C" Riemannian manifold with dim(X) = d and assume p < mx
the volume on X, with continuous density, say dfn—“x = p. Most of the statements can be
reformulated to hold for arbitrary invariant p, but for the sake of simplicity, we shall keep this

assumption.

!This cannot be done with products, since h(T x R) = h(T) + h(R), where h denotes the metric entropy of a
system. We extend our methods to skew-products of a certain form (Theorem 9.)



Definition 5. (i) Let 2* € X and, for r > 0, denote by B,(x*) the geodesic ball of radius r
centred at x*. We will say that T satisfies the PLT at x* if

(B (x"))Pp, (2+) £ Qpyp  asr — 0.

(ii) Let
PLT :={x* € X | T satisfies the PLT at x*}.

If W(PLT) = 1 we say that T satisfies the PLT almost everywhere, and if PLT = X we
will say that T satisfies the PLT everywhere.

If T is Lipschitz-continuous along the (finite) orbit of a periodic point, then it does not satisfy
the PLT at that point. To see this, note first that the PLT at z* in particular implies, via
Theorem 4, that, for each N > 1,

/J/BT(:B*)((/OBT(QU*) < N) —0 asr—0.

Now suppose z* is a point with period p, and say p(z*) > 0, and |TP(z) — TP(y)| < Clz — y|
near x* then?

1
1B, (@) (@B (z+) < P) = 1B, (z+)(Bz (2¥)) = cat o(1)
asr — 0.

Situations where x* is a periodic point are more delicate, and the limiting distribution is not
exponential any more (due to immediate returns). For example, in [Zwe22, Theorem 3.3 and
Theorem 10.1] this question was studied for expanding interval maps.

The main goal is to prove the PLT (almost) everywhere for some (skew-) product systems.

In the following we will consider return times in different systems - namely, we will have three
different maps T': X — X (or T, : X — X)) which is usually assumed hyperbolic, R: Y — Y
which is parabolic or elliptic,and S =T x R: X XY — X XY - in an attempt to keep notation
simple we will (by slight abuse of notation) always denote the return times by ¢. Which map
is meant will always be clear by the specified set.

2.3 The PLT for (skew-)products

In this paper, we study the PLT for systems that can be written as a product (or skew product
of a special type). Therefore, let Y be another Riemannian C"-manifold with dim(Y) =
and assume R : Y — Y preserves a probability measure v < my with continuous density.
Instead of T: X — X, consider now some? T': X x Y — X. We will prove the PLT for certain
systems of the form S(z,y) = (T(z,y), R(y)). The case of direct products can be recovered if

2Assuming C' > 1, we have that B,(z*) is diffeomorphic via the exponential map exp,~ to a ball in R
W.lLo.g. assume that X C RY

w(Br(z")) = / p(x) dmx (z) = (p(z”) + o(1))mx (Br(z"))

= (ol +ell) /<B o, V186t Dacap. D) AN ()

= (p(@")V/| det Doepa- (Docapar)t + o(1))X" (B (0)),

where A? is the d-dimensional Lebesgue measure.

3X xY is considered as a Riemannian manifold with the natural (Euclidean) product metric d((z,y), (z’,3")) =
Vd(z,2')2 + d(y,y’)?. Analogously, one could consider different metrics, e.g. the box metric d((z, '), (v, v)) =
max(d(x,y),d(z’,y")), where many of the proofs become easier. However, we will use here the Euclidean product
metric as the most natural choice.




T(z,y) = T(z) is independent of y (which will be the case for most of our examples). Denote
also Ty (z) = T'(z,y). We will assume that T) preserves a probability measure p (independent
of y). For measurable A C X we introduce analogously the consecutive fiberwise return times
as

paxy (,y) =min(j > 1|57 (z,y) € AxY),
Paxy = (SOAXY, PAxY © SA><Y7 PAxY © 8124><Y’ cee )7

where Saxy = S¥4xY ig the first return map to A X Y, note that we only fix a small target in
the fiber.

For our purposes, it is convenient to think of y as fixed. Forn > 1 denote T} (x) = Trn-1() (Trn—2(y) (---(Ty(7)))),
and define
pay(®) = ¢l (x) = min(j > 1| Tf(x) € 4),

(n+1) D @)+ Q) (@)t

(n)
Pt (@) = min(j > 1| T,

A,y(iv)-l—j(x) € A),
1 2
®A,y = ((p;,)ya §01(4’)yv o )
Clearly the definitions coincide and ® 4 ,(z) = Paxy(z,y).

4

We will list here the main assumptions® we make in order to prove the PLT.

e (MEM) We will say T is multiple exponentially mizing there are constants r > 0, C' > 1
and « > 0 such that, for almost all y € Y,

n—1 n—1
kA
‘/ ||ijTy’dM—||/fde
X o 0/ X

) (2.1)
< Cemrmimsn <z bkl T 1 £l
j=0
formn>1, fo,., fre1 €CTand 0 < ko < ... < kp1.
e (EE) There are 7’ > 0 and 6 < 1 such that
N-1
ZfoR”—N/fdu <Ol f|lewN® VfeC™, VN > 1. (2.2)
n=0 L2(v)
e (LR(y*)) There is a ¢ > 0 such that, for r > 0 and v-a.e y € B,(y*), we have
@B, (y)(y) = c|log(r)|. (2.3)

(SLR(y*)) There is a ¢ : (0,00) — (0,00) with |log(r)| = o(¥)(r)) as r — 0 such that, for
r >0 and v-a.e y € B,(y*), we have

©B,(y)(y) = P(r). (2.4)

(LR’(z*)) For v-a.e y € Y there is a ¢ = ¢, > 0 such that, for » > 0 and p-a.e x € B,(z"),
we have

OB, ()4 () > c|log(r)]. (2.5)

4We often only assume a subset of these, most commonly (MEM), (EE), and (BR(z*,%*)). But we will always
state the current assumptions.




e (NSR(z*)) There is a & : (0,00) — (0, 00) with |log(r)| = o({(r)) as r — 0 such that, for
v-a.e y € Y, we have

NBT(x*)(‘PBT(:c*),y <&(r)) =0 asr—0. (2.6)

e (BR(z*,y*)) One of the following is satisfied
— (SLR(y")),
— (NSR(z*)) AND (LR(y")),
— or (NSR(z*)) AND (LR’(z*)).

Colloquially, we will also refer to (MEM) as multiple exponential mixing, and to (EE) as the
Quantitative Ergodic Theorem or effective ergodicity. Both are standard assumptions and have
been studied for many classes of systems.

Conditions (LR), (LR’), (SLR), and (NSR) all are concerned with the fact that points in a small
ball B cannot return to B too quickly. Sometimes in literature, the center x* or y* is referred
to as a slowly recurrent point. For technical reasons, we need to distinguish different versions of
slow recurrence, (SLR) being the strongest. The abbreviations (LR), (SLR), (NSR), and (BR)
stand for ‘large returns’, ‘strong large returns’, ‘no short returns’, and ‘big returns’ respectively.

Remark 6. (i) In the case T(x,y) = Gr)(z), where G is a flow satisfying (a continuous
version of ) (MEM)® and T is bounded, the condition (NSR(z*)) is satisfied at almost every
x*. Indeed, it was shown in [DFL22, Lemma 4.13], albeit for maps instead of flows, that
condition (NSR(x*)) is satisfied® for G at almost every z*. Since T is bounded, T also
has this property.

(ii) It is shown in [BS01, Lemma 5] that, for a map of positive entropy, condition (LR) is
satisfied at almost every point (In fact (2.3) is satisfied for all y € B,(y*)). This remains
true for maps of the form T(z,y) = G, (), (in this case (LR’) is satisfied) for bounded
T, where G has positive entropy.

(iii) Considering the previous remarks, it may seem unnecessary to state condition (SLR).
Note however that none of the conditions can be satisfied at periodic points, and the maps
we want to use for T will have plenty of periodic points. (SLR) will be useful to show the
PLT everywhere, if we can choose R without periodic points.

(iv) In most of the examples (see §2.4) we will have

n—1
ZfoRj—n/fdv < C||fl|grn® VfeH" Yn>1.
Jj=0 L2(v)

Since C™ C H" and W e <l for f e C", this implies condition (EE).

°It is in fact enough to assume exponential mixing.
51t is shown that, for every fixed A, K > 0, we have

b, () (Br(@) NG "Br(z)) < |10g(r)|7A vn < K|log(r)|. (2.7)
For A > 1, summing over n € [1, K|log(r)|] yields
KB, (x*) (@B, (a*),c < K|log(r)]) =0 asr—0.

Since this is true for all K > 0, we can easily replace K by some K(r) / oo growing slowly enough. This is a
routine argument which is left to the reader.



Theorem 7. Assume that S(z,y) = (T'(z,y), R(y)) satisfies conditions (MEM), (EE), and
(BR(z*,y*)) for some (x*,y*) € X xY. If

r+d§

d> -

(2.8)

then S satisfies the PLT at (x*,y*).

Corollary 8. If T'(z,y) = T(x) preserves a smooth measure and satisfies (MEM), and R
satisfies (EE), then S =T X R satisfies the PLT almost everywhere.

If T preserves a smooth measure, then, by [DKH24|, T" is Bernoulli, in particular, it has positive
entropy. (NSR(z*)) and (LR’(z*)) are satisfied almost everywhere by Remark 6.

For some applications it will be useful to choose T'(z,y) = G (y)(z), where [ 7dv = 0. However,
in this case, T' will not satisfy condition (MEM). Fortunately, we can apply similar techniques if
ergodic averages of 7 grow faster than logarithmically. More explicitly denote 7, = E;‘;& ToRI,
assume there is a ¢ : N — (0, 00) with log(n) = o(¢(n)) and a x > 0 such that

V(|| < ¢(n)) <O(RTT). (BA)
Theorem 9. Assume that S(z,y) = (T(z,y), R(y)), where T'(z,y) = G,,(x), satisfies con-

ditions (MEM) with G instead of T. Suppose that R satisfies (EE), and T satisfies (BA). Let
z* e X, y* €Y. If there is a d2 > 0 such that for small enough p > 0 we have

@Bp(y*) > P_62 on Bp(y*)v (29)
and 'y ds 7
r
—. 2.1
d > T and /{>62 (2.10)

then S satisfies the PLT at (z*,y*).

Remark 10. Let us remark here, that hitting times for skew product, say S : X xY — X xY
with S(z,y) = (T(x,y), R(y)), have previously been investigated by other authors, for example,
[HRY19] and [RSV14]. The main differences between [HRY19] and our results are;

e In [HRY19] the system is viewed from the standpoint of random dynamics, therefore the
relevant target sets are of the form B,(x*) x Y. In contrast, we focus on geometric balls

Bp(z*,y").

e In [HRY19], R is a full shift. This is needed to prove a “no short return” property akin
to (NSR(z*)), which for us, is one of the assumptions. This allows different choices of R,
namely, for us, R need not be hyperbolic or even mixing. This is the main novelty of our
approach.

2.4 Examples

The definitions of the maps in Examples 11, 15, and Lemma 14 are given in §2.11. For most
of the examples we present, the choice of R is more interesting than the choice of T', mostly
because (MEM) implies chaotic behaviour and so the PLT in that setting is not surprising. We
will thus not focus too much on T for this section. We only present some examples here, there
are many others one can verify using Theorem 7.

Example 11. Let T be a map satisfying (MEM) on a manifold of sufficiently high” dimension
then

"Sufficient bounds are given in §2.11.



(i) if R is a Diophantine rotation, then T X R satisfies the PLT everywhere;

(ii) if R is the time 1 map of a horocycle flow on T\SLo(R) where ' is a cocompact lattice,
then T X R satisfies the PLT everywhere;

(iii) if R is a skew-shift, then T x R satisfies the PLT everywhere.

Remark 12. (i) In §2.11 we will show that the map R from example 11(i)-(iii) satisfies (EE)
and (SLR(y*)) for every y*. The conclusion then follows from Theorem 7.

(ii)) The PLT almost everywhere can be shown more readily. By Corollary 8, we just have
to check (EE) for the map R, which holds for a big class of maps, examples will be given
in §2.11.5.

Example 13. At this point, let us point out that, while T and R act on manifolds and preserve
smooth measure, T and R themselves need not be smooth maps (not even continuous). For
example, if T : (0,1] — (0,1] is the Gauss map (or a more general mixing, expanding interval

map as in [Ryc83))
T(a) = = - H |

T

then T preserves the density p(x) = m. It is standard to show that T is multiple exponen-

tially mizing, in fact, a fortiori, the Perron-Frobenius transfer operator has a spectral gap. Now
if Re is an irrational rotation on T, and « is of bounded type, then, as shall be demonstrated
in §2.11, Theorem 7 applies to show that T x R, satisfies the PLT everywhere.

Theorem 9 can be used to construct 7,7~! transformations of zero entropy that satisfy the
PLT. All that remains to do is to construct a 7 satisfying (BA), this can be done with the
construction given in [DDKN22a, Proposition 3.9].

Lemma 14. Let R, : TY — T% be a Diophantine rotation, i.e
(k,a) —1| > Clk|™ VkeZ¥ k+0,lcZ, (D)

for some X > d'. For % < p<d thereis a d > 1 and a function T € Cp(le,Rd) such that
v(t) =0, while

V(||| <log?(n)) = o(n™).
Note that in order to apply Theorem 9 we can always make d as big as we want.

Example 15. Let R = R, be a Diophantine rotation with d =2 and A = 2, T be the function
from Lemma 14, and let G be the Weyl Chamber flow on SL(d,R)/T", where T' is a uniform
lattice. If d > 2 then S(x,y) = (Gr(y)(2), Ra(y)) satisfies the PLT everywhere.

2.5 The delayed PLT

The main step in the proof will be to show a generalised version of the PLT (for fiberwise
returns), along a subsequence, this is what we will call a delayed PLT.

This ‘delayed PLT’ in itself is of independent interest, so let us make a more general statement.

Definition 16. Let (X, A, u,T) be a probability-preserving ergodic dynamical system and o =
(a(”))nzl be a sequence of natural numbers, we will refer to a as the delay sequence, and denote
am = Z;‘:l o™ . For measurable A C X we define the delayed consecutive return times to A

10



along a as _
VaalT) = goill)a(x) :=min(j > 1| Tam(:v) €A

) @) s o™ e
U () := min(j > 1| A DT A T AR
,Q : =

1 2
q)A,oc = (()0‘(4,)@7 (Pfq,)aa )

(z) € A) (2.11)

Like for classical return times, we will consider delayed return times for different systems. In

an attempt to keep notation simple, we will not specify the underlying map, only the target set
A.

The main example in this paper will be ™ = ¢ B(R%(y)) for some y € Y and B C Y8, however
other choices are of interest, for example o = g(n), where g is a polynomial, or a®™ =p,,
where p,, is the nth prime.

Given a rare sequence (A;);>1, we will distinguish between two cases
1) the delay sequence is fixed in [,
2) the delay sequence is allowed to vary with [.

Definition 17. (i) Let z* € X and, for r > 0, denote by B,(z*) the geodesic ball of radius
r centred at x*. Let a = (a("))nzl be a sequence of natural numbers. We will say that T
satisfies the delayed PLT along o at x* if

(Br ()P B, (2+),a £ ®p,, asr— 0.

(ii) Let PLT (o) = {z* € X | T satisfies the delayed PLT along @ at x*}.

If 2 € PLT(«) for all sequences of natural numbers o, then we say that T satisfies the
delayed PLT at x*.

The analogous definition for varying « is

Definition 18. (i) Let z* € X and, for r > 0, denote by B,(z*) the geodesic ball of radius

r centred at x*. Let o = ((O@(»n))n21)7«>0 be a collection of sequences of natural numbers.
We will say that T satisfies the varying delayed PLT along o at x* if

w(Br(z7) B, (2+),ar £ ®pyy asr — 0.

(i1) Let PLT (o) = {az* € X | T satisfies the varying delayed PLT along o at x*}. If * €
PLT(«) for all sequences of natural numbers a, then we say that T satisfies the delayed
PLT at x*.

In case 1) the main result is a straightforward modification of Theorems 7 and 9.

Theorem 19. Let o be a sequence of positive integers. Assume the conditions of Theorem 7
or 9 hold replacing (EE) in both cases by

n—1
ZfoRd“)—n/fdu < CO||fllgwn® YfeC", ¥n>1.
7=0 12(0)

Then S satisfies the delayed PLT along o at (z*,y*).

8As in §2.7, see especially (2.13).

11



The proof is analogous to the proof of Theorem 7 resp. 9 (with ®p, replaced by ®p, . and

Lemma 21 replaced by Lemma 39). Therefore, no detailed proof will be given .

In case 2) the main result is a special case of Proposition 25(III), however, it is worth stating
by itself.

Theorem 20. Suppose T satisfies conditions (MEM), (SLR(z*)) and (NSR(z*)), then T sat-
isfies the varying delayed PLT at z*.
2.6 Cumulative return times

Most of the statements (and proofs) below are much more convenient to state in terms of
cumulative return times. For a measurable set A C X (or B C Y,C C X xY) the sequence of
cumulative return times to A is given by'®

n—1
01(471) :ZLpAoT], n>1
j=0

Za= (o) ol

and similar notation for delayed returns.

When studying distributional convergence of ® 4, one can equivalently study for distributional
convergence of ¥ 4.

Indeed, let ¢ : [0, 00)N — [0, 00)" be the map
(x1, e, 23, ...) = (T1,21 + 2, 1 + T2 + T3,...).
Since ¢ is a homeomorphism, standard theory shows that
w(A)®a4, £ @ if and only if u(A)Xa, & o(P), (2.12)

where we use the obvious extension of ¢ to [0, 00]". Denote Xgzp = t(Ppzp)-

2.7 Idea of the proof

Let us first outline the strategy of proving Theorem 7.

Say we want to show the PLT for the geodesic balls (Q;) converging to (x*,y*), then, for every

e > 0, we find suitable rectangles'! approximating @Q; in the sense that Ule Al(k) X Bl(k) c @
and

K
(1 x v)g, (Ql \ U Al(k) X Bl(k)> < €.
k=1
Denote Q] := szl Agk) X Bl(k). We will use Proposition 25 to show the PLT for @, i.e

(hx v)(Q)Eq, (k) YEep asl— oo.

9Note however that there is no relation of delayed hitting times to delayed return times as in Theorem 4.

YRecall from Definition 3 that wa(z) = min(n > 1| T"(z) € A) is the first entry/return time to A, and
Ta =T%4 is the first return map.

1Using the exponential map, this is a simple exercise in R Here we use continuity of the densities of u
resp. v!
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Letting € — 0, the next Lemma will help us conclude that

(1% )(Q)Zg "2 Spp asl — .

The critical approximation here is the following Lemma - see [Zwel6, Theorem 4.4] for a qualita-
tive version, and the following statement can be easily deduced from the proof - for convenience,
we give a proof of this quantitative version in §2.12.

N

Lemma 21. There is a metric D defined on the space of probability measures on [0, 00" and

modelling weak convergence of measures'> such that

D (law(uXV)Q«:u X V)(Q)(I)Q)Jaw(uxu)@((u X V)(Q/)(bQ') < 4(M X I/)Q(Q \ Q/)7
for measurable Q' C Q C X x Y.

For returns to rectangles, say A; x By, for fixed y € Y, we can ignore all the times j where
R/ (y) ¢ B;. Hence, denoting ay(y) = ®p,(y), we first show that for v-a.e y € Y

M(Al)zAl,al(y) £> EE:L‘p as | — oo. (2.13)

To show this, the idea is that, due to assumption (BR), the times'3 dl(j )(y) are sufficiently far
apart to use (MEM), we apply Proposition 25. Since (2.13) is now true for v-a.e y € Y, we also
have
WXV
M(AZ>ZAZ7¢Bl = ZEW, as | — o0, (2.14)
where ZAMPBZ (z,y) = EAMPBZ (y),y(aj).
These are not quite the returns that we wanted to consider. However, notice that, in every step,
we skip exactly ¢p, steps, thus we have the following relation
7A,2p, ).y (@)—1
OA;x B (I‘, y) = Z ¥B; © RJBZ (y) (215)
§=0

We now use (EE) to control the ergodic sums of ¢p, and show that

H(AZ)V(BZ)ZAZXBI ,u:><>1/ EEa:p as [ — oo.
The same idea works for unions of rectangles Uszl Al(k) X Bl(k), however, in (2.13), we will have
to slightly modify the definition of return times, which shall be done at the beginning of §2.8.2.

2.8 PLT along varying subsequences

2.8.1 Approximation

In our work, we often need to apply the mixing condition (MEM), and the quantitative ergodicity
(EE), for indicator functions, hence we have to approximate them by functions in C" resp. ol

Definition 22. Let M be a C" manifold with dimension dim(M) = d, X\ be a measure on
M. Let B, C M be measurable subsets for a in some index set. We say that { By} is reqularly
approximable in C” if there is a constant B > 0 such that, for each o and for 0 < e < 1—10)\(304)5,
there are h,h € C" with h < 1p, < h and for h € {h,h}

d

A(1p, £ h) < MNBa) T e, while ||h]|cr < Be™. (2.16)
We call the least such constant B > 0 the approzimant of B and denote it by app({Ba}).

12T the sense that A\; = X if and only if D\, \) — 0.
131t can be recalled from Definition 16 that dl(n> =31 ozlm =" ¢p o R.

13



Lemma 23. Let M, r, d and X\ be as in Definition 22. Assume in addition that X\ is absolutely
continuous w.r.t volume with bounded density. Suppose that |, Ba is relatively compact, and
there is an open U O |J, Ba O U, Ba and a C"-diffeomorphism v : U — V' for some open set
V C R? such that each 1(By) is a ball. Then {B,} is reqularly approzvimable in C".

Proof. (i) We may assume that M = R? and X is Lebesgue measure, otherwise we pick up
another constant, which can be absorbed into C. Furthermore, we can assume that all B, are
balls centered at the origin. In the following fix o and, dropping the « from our notation, let
B = B;(0). We have A\(B) = C1t¢, where Cj is the volume of the d-dimensional unit ball.

(ii) Let 6 : R — [0, 1] be a smooth function with #(z) =1 if x < 0, and 6(x) =0 if z > 1. For
t > € > 0 consider A

O(z) = 0(e H(z —1t))
then 0 is still smooth and ||0]|cr = € 7||0]|cr. Consider  : R? — [0, 1] given by h(z) = 0(|x|),
then

e h is smooth, away from the origin because it is the composition of smooth functions, and
near the origin, it is constant 1,

e h(z) =1if |z| <tand h(x) =0 if |2| > t +¢,

e and ||h||cr < C3¢7" where C3 = r(C3||0||c- and Cs is the C” norm of the smooth function
x> |z| on {t <|z| <t + €}

Furthermore, we have

MR #1p) =AMt < |z| <t+e) = Ci((t+ ) —t9)

d—1

1
< Cdt*le < dCEN(B) T e,

all the constants can be absorbed in the constant C from the claim, the constant only depends
on r,d.

For h repeat the calculations with § = (e~ (x — (t — €))) instead. O

2.8.2 Proof of the PLT along varying subsequences

For our purposes it will not be enough to consider the delayed PLT for a single rare sequence

(A;)i>1, rather let £ > 1, and Al(l),...,Al(K) be subsets of X such that {Al(k)} is regularly
approximable in C". Assume that there are w™®,...,w® > 0 and r; — 0 such that

(AR = w® 4oy, (2.17)

Given /il(j) € {1,..,K}, for l,j > 1, define the cumulative return times by

e ©)
U;S,)az,y(x) = min(j >1 | T?Jal (x) € Al(nl :
( [€2)

)
~(3)
(z) = min(j > 7, . (x) + 1| T," (z) € Alﬁl ))’

RL,00,Y

(1) (2)

Eﬂlvahy = (Unl,al,yv Um,ocz,y? )

(n+1)
O ki 00,y

Denote the frequency with which Al(”l) = Al(k) by

1 ) i
pl(’]z) = Z#{] =1,...,1 | /igj) = k}.
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For now suppose that there are positive constants 9%) > 0 such that, for all k = 1,...,K, and
for all ¢; /' oo with ¢; = O(?“l_d),

g(k)

25:1 ()

Later on, when we prove PLT in product systems, we will choose x and 6 in a specific way!*
and (2.18) will be satisfied by Lemma 30.

(k) _,

Py = = p® asl — 0. (2.18)

The main estimate of mixing rates for regularly approximable sets is the following.

Lemma 24. Suppose T satisfies (MEM), and let y € Y be such that (2.1) is satisfied. Let
m>1, AW . A® < X be reqularly approzimable in C", and 1 < ny < ... < ny, then

Oy a0) - Ta

where p = ._lmilllg . Ini11—n4| and the constant K > 0 only depends on k and app({ADM), ..., A1),

=1,...,kR—

() d—1 kr _p
< K max M(A ) d krtle k7+1
i=1,...,k

Proof. Let C = app({AM, ..., A®)1). By Lemma 23, for every ¢ > 0, there are h() € C” such
that 0 < h() < 1406 and

p(1 e £ hD) < p(AD) T e, while ||hO]|cr < Ce™

We estimate

k k
L (ﬂ T—mAU)) _ HN(A(i)) <
=1 =1

=1

k
(4) o mi dp — H/ @) o i dp

k k
—ni A(G) | _ () n;
u(gT A ) /XHh oT™ du

) o T dp — H (A
i=1
< 4k _max ;L(A(Z))%é + Ckem1Pehr,

This bound is optimised for

4k = 1,...k
SO
b d—1 1
(ﬂT nz’A(’i)> _ H (A()) <C ma N(A(i))%@—m)e_pﬁll
i=1,. k
=1
+ C max ,u(A( ))kfrrl T e r(-wi)
i=1,.
d—1 kr
<K maxk/,L(A(z)) d Ertle Icr+1p
i=1,...,
where the constants C ,C,K > 0 only depend on k and on C. ]

14Say we want to prove a PLT for the system T' x R and sets of the form B,(z*) x B,(y*) then we choose
K =1 and 6 > 0 such that v(B,(y*)) = ort + o(rd,).
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In the following Proposition, we shall demonstrate exponential limit distributions for fiberwise
return times (compare (2.13)). The proof is standard and uses multiple exponential mixing
and the method of moments, however, due to having multiple sets, the notations are quite
cumbersome. We will present a proof for the convenience of the reader.

Proposition 25. Suppose that T satisfies (MEM), (Al(l)), s (AZ(K)) are sequences of rare events
with u(Al(k)) = wBpd po(rd), for K > 1, ry satisfy (2.18) for some p*) > 0 with Zle p#) =1,
and let oy = (al(n))nzl be sequences of natural numbers. Denote A; = U’kC:1 Al(k) and suppose
that either

(1) oy grows faster than |log u(A;)| in the sense that

[ log j(A))| = o(min|af"]), (2.19)

(II) short returns to A; are rare in the sense that
pa(pa, <a) » 0 asl— oo, (2.20)

for some sequence (a;);>1 with |log(u(A;))| = o(a;), and oy grows at least as fast | log j1(A;)|
in the sense that
[Tog u(A1)] = O(min|af"]), (221)

(I11) or short returns to A; are rare in the sense that

pa(pa, <a)) » 0 asl— oo, (2.22)

for some sequence (a;);>1 with |log(u(A;))| = o(a;), and returns are at least logarithmically
large, i. e there exists ¢ > 0 such that

pa,(x) > clog(u(Ar) p—aex e AL (2:23)
Then for v-a.ey €Y

erdE,%%y £ YEzp asl— 00,
where Q) = Z’,le wkpk),
Proof. Fix y as in (MEM) and denote 7™ = T}

(i) Taking a subsequence if necessary, we may assume that there is a [0, co]-valued process
> = (M, 0®,..) such that
QrfE,ﬂ,al £y asl— 0.

For J > 1and 0 <t < ... <ty we show
]P(aU) <t j= 1,...,J) :p(ag;p <t j= 1,...,J). (2.24)
The trick is to look at the “dual” object
= <)
527,)041 = Z L ol .
= Al
The important relation here is the following

S >N — oW <n. (2.25)

R, — R,
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Indeed, evaluating both sides at some x € X the left 31de says that there are at least IV different
times 1 < j; < ... < jny < n such that To‘l ( ) € A 1 The right-hand side expresses that, if

1 <ji1 <...< jn are the first N times that To‘l ( ) €4 / , then 71 —i—ZZ o(j4i — ji—1) < n. Let
(Pt)i>0 be a Poisson process, such that ¥ g, are the cumulatlve waiting times of (F;), i.e. (F;)

and Y g, are related by
(V)

P> N <= op,, <t
The right side of (2.24) is equal to
PQ@%gn”k:LmJ>:Mﬂkzhk:LmJ)

Due to (2.25) it is enough to show

\‘ % J \‘ % J
Q'rii Q'r;i 17 (Pt
= 19+

Rp,op 9= Slﬁ?l,al

]
Skpab ™S, wP,) asl— oo,

(ii) Taking a further subsequence if necessary, there are [0, oo]-valued P, ..., P; ; such that
A
Qrd Qrd Qrd ~ ~
Skiat s Skat s St | B (Pyysey Bry) as 1 — oo

We will show that
(A) P, — P,,_, is Poisson distributed with intensity tx — t5_; for k = 1,...,d,
(B) and (P, — Py, Py, — Py, ..., P, — P;,_,) is an independent vector, where to = 0.1

Clearly Py = Py = 0.

=]

d

For j=1,...,J denote Sy;; = S Alﬂm Assertions (A) and (B) will follow'6 once we show that,
for all mq,...,mq > 1,

/ H (Stj,l _Stj—17l> dp = HM +o(l) asl— 0
s m;! .
X5 j J

In the rest of the proof fix J > 1, 0=ty <t; <---<tyand mqy,...,my > 1.

(iii) First, for each j =1,...,J, rewrite

()
Sty =St 40 = Z 1 () © ™.

So

(% %) =11 5 e 220

j=1 Tt ‘e
Lj’iﬁd ISk <<k i< | o

'5This is essentially Watanabe’s characterisation of Poisson-processes.
Here we apply the method of moments, see eg [Bil95, Theorem 30.2].
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where §; ; = 1 K (ki ), © Tal " . To simplify notation we will also denote m = (mj; +--- +my),
"

w=ming=; K wk) p = Qm%+1 ‘log(wrld) ,
) tj1 t; .
A= {k = (ki,j)'jzl,...,(] ‘ W +1< k17j<. . -<kmj,j < W for j=1,..., J}
i=1,...,m; 1 1
and (s) (k
= {keA i atks) _ gt <
={ke | jou o & <)
jI:L“'vJa 7;/:17“""77']"7 (Jul)¢(‘7/ul/)

We will split the sum in (2.26) into two terms

J
H St;0— St;_10 _ M, + R,
ms; ’

j=1 J

where

Ml = M ) (my) Z H fz,ja Rl R )L, (my) Z H fz,j

kEAz\A/ .7 17 7 keA/ .7:
i=1,...,m; z:l,. .,m]
We will show that
J (t _ t A_l)mj
M;dp — HA and Rydp — 0 asl— oc. (2.27)
X - m;! X

(iv) Let us first treat M;. For I > 1 and k € A;, by Lemma 24 we have

It

~(k1 ) ““ZUJ') R(ki,]’)
J

mj

d (
(k; ]) d mr+1 ~min; ; o
K, S e Mt A
< Kmax (Al( ! )) e Ml
.771

For k € A;\ A}, this yields

_gtkid) (e md (k5 9) md
K ﬂ =" A =" H wy +o(r"),
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and the o-term does not depend on k. Summing over k € A; \ A}, and using (2.18), yields

< (ki 5)
/Mld,u / (k”-) oT% dIu,
X X . )

kEAN\A] j= 1, o A
i=1,. My

(wki2)

= rl Z H —1-0(1)

keAN\A] j=1,...,J
1=1,....,m;

for * note that #A; = O(r; md+1| 1og(r;)|). This shows the first assertion of (2.27).

(v) In order to treat Ry, first note that under assumption (/) we have R; = 0 for big enough I.
In the following, we focus on assumptions (/1) and (/I1). Note that

/ Rydp - / 120y dp < p(supp(R)) | Rall 2
X X

]

&)
supp([%) C U T~ (AN {pa, < 3p)) = U,

and

since p; = O(|log(ry)|), from (2.20) resp. (2.22), it follows that
p(supp(Ry)) < p(Uy) = O(r; u(Ar)o(1) = o(1).
Therefore, in order to show [  Ridp — 0, it is enough to show that (/2;);>; is bounded in L?.
Notice that
R? < > H1 o oT% = Sim.
1<k, ..k y =1 A
15 R2m > lQ ldJ

We may write

2m 2m 2m
m 2m S N S, 1
st = 1) 23 (%) = e Sotamaics mwo)
k=1 k=1

k=1

where {2;”} are the Stirling numbers of the second kind and C),, = maxz—; . 2, {22”} Now the
previous parts of the proof show that

/ My, 1mdp is bounded as [ — oo, Vm > 1,
X

19



it remains to show that

/ Ry, 1 mdp is bounded as [ — oo, Vm > 1.
X

(vi) In order to bound fX Ry, 1.m dp for fixed m > 1 we first split up!” AJ into

J1 <4 < ... <lip—j < m such that
A =k = (o k) € A (@) — @5 < By Vi€ {1, mI\ {its oy im ) v

and [aFr ) — aF) | s v =1, m— j

for j =1,. —1, so that A} = Um_l A(j) Under assumption (I7), because of (2.21), there

mr+1

isa constant ¢ > 0 such that for p = 2m™=™= and big enough [ we have

t
#Al(j) < <T]n) (Lﬂrl J>pj < m™Em (™ 4 1) —d(m— J)

m-=J

On the other hand, for k € Al(j ), we can again use Lemma 24 to estimate

m
/ H §sdp < / H & < Qr;i(m_” + O(T'ld(m_]))’
X s=1 X

SE{l,...,m}\{’il,...,ij}
where the o-term does not depend on k, and
(k)
&.S — 1 (ks) o T ! N
Al

l

Summing over k € A} we obtain
/ Ry, g m dpe < 2m™ ™ p™(Q T 4+ Q) Vm > 1,
X

and we conclude [y R;ydp — 0 under assumption (I7).

(vii) Finally assume (II7). For fixed j =1,...,m—1,1>1and 1 <ij < .. <i; < LWJ with
l

(s41)

ming—y . j—1|d al(zs)| > py set

(13)

~(29)
Ay fﬂT A}
s=1

By Lemma 24 _ ‘
(ALi,....;) < (@) + orf?),

"Here the sets of sequences should be modified, i.e

ty
A= {k = (ki)i=1,.. ‘ 1< ki< <km {Q dJ}
and ’
Ali={ke ] in 6" 6" <)

.....

v v
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and the o term doesn’t depend on (i1, ...,7;). For x € A;;, ;. consider

ij
Rl,il,...,ij (x)
dry,...,7; such that k. =i, Vs=1,..,7,

—{k= (k.. k) € AV m
and Hfs(:c) =1
s=1

Then, since @4, (x) > clog(p(A;)), we have

DI " ‘
()< (2 ="
#ﬁlm,..., ](«17) — < ddog(ﬁ)) g

since p; = constant * | log(r;)| this quantity doesn’t depend on [. At the same time, we have

m
supp (H §s> CApiy,.i; ifke€ Ry i (x) for some z.
s=1
Also, every k € Al(j) is in some 8, . ;. (), therefore
m
3 /X €odu < > /A 48 (@) du(o)
keAf) " 5=l 1§i1<...<ijglﬂiﬁiJ e

. ~(is41) < (i
ming—1, . ;—1|é °F —Oél( J|>p

> /A P du

Lig,eniy
1§i1<...<z’j§l

IN

t
Q'rld

. i
ming=1,.j-1|q

Summing up over j we get

w

< 1, 0" 1, ——
/XRldummax( ,p™) max(1,¢t )max(l,Qm)

+o(1).
Following the argument in step (v) this shows [ R;du — 0, hence (2.27), in case of assumption
(III). This concludes the proof. O

Remark 26. (i) Note that assumptions (1), (II), or (III) directly correspond to the three possible
cases of (BR(x*,y*))-(SLR(y*)), (NSR(x*)) AND (LR(y*)), or (NSR(z*)) AND (LR’(z*))
respectively.

(ii) In all of the examples we give in section 2.4, the oy will satisfy a condition stronger than
(1). In fact, in this set-up, there is a 63 > 0 such that
3 (1) > A —52
min oy 7| 2 p(A) ™",
compare also (2.9)'8. If this stronger condition is satisfied instead of (I), then we do not need

the full strength of exponential mizing in (MEM). Any superpolynomial rate will be enough.
Details are given in the proof of Theorem 9, but we shall give a heuristic here.

¥The constant & given there is not exactly the same. In the notation there, we have to use 52%'.
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When using mixing of all orders with indicators of the form 13” (z*), the error term will contain
a term coming from the C" morm in the definition of reqularly approximable. In this case, using
(2.16), this term will be of order C’rl_drm. To compensate, say the rate of mixing is 1, since the

gaps oy are large we can multiply with 1 (min;>o \afi)]). So we want to show

for all m > 1, thus ¥ should decay superpolynomially.

2.9 The PLT for rectangles

2.9.1 Quantitative Ergodic Theorem

In section 2.9.2, it will be convenient to use a pointwise (almost everywhere) Quantitative
Ergodic Theorem instead of the L? bound we assume in (EE). Furthermore, using a Borel-
Cantelli argument, we will show such bounds simultaneously along a sequence of functions

(fi)i>1-

Proposition 27. Assume (EE) is satisfied, and let (f;);>1 be a sequence of functions in cr.
Then, for every e > 0,¢ > 0, there are, for v-a.e y €Y, L, > 1 such that

Zfl o R (y) — n/ fidv| < ||fl]|o,«/n‘s'~'E forv-a.ey € Y,¥n > 191> Ly,
=1 Y
Proof. The proof of'® [BS23, Theorem 3.1] shows that there is a constant K > 0 such that

! <K[flloo N0 wN>1fec. (228

Sn(f)—n/yfdv

L2

Now let k,0" > 0 to be chosen later be such that 2(1 — §)k > 20’ + 1. Using the Chebyshev
inequality, from (2.28) it follows that

1 Sn(f)—nfyfdy

1 Y
> 31l )

(2.29)
< 4K2N25/—2(1—5)k’
/ 2
forall N>1and fe C". For { > 1, N = N; = [[20-9k-2'-11] denote by B; y the set
1 1 s
Bin=qyeY | sup —|Su(fi)(y) —n [ fidv| > S|Ifillew N : (2.30)
n>Nk T Y 2

then it holds that v(By ) < N2’ ~20-9)k and

1 26'—2(1-8)k+1

By n) < 4K? N
>, VBN < 25'—2(1—5)1\%1Z l

I>1,N>N; >1

4K?
< 172 )
—25’—2(1—5)k+1; <0

19[BS23, Theorem 3.1] shows that (2.28) holds under the stronger assumption that P™ 2 14 polynomially
fast on L°°, where P denotes the Perron-Frobenius transfer operator. Note however that Lemma 3.3 of that
paper shows that, under this assumption, (EE) holds; the rest of the proof only uses (EE), and not the stronger
assumption on P.
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Hence, by Borel-Cantelli, for v-a.e y € Y there are only finitely many pairs (I, N) with N > N,
such that y € Bj n, therefore, for such y, there is an L, > 1 such that y ¢ B; xy whenever
l>Ly,N > Nj. For such y,l and n > le, say Nk <n< (N + 1)k and N > Ny, it holds that

1
> sup —
n>Nk n

Su(f)) — /Y fdv

Su(F) () — n /Y fdv

1
n

1 5 &
< Sfillew N7 <Al fillgmn™ .

Choosing k so big that 7 < %/, the claim follows by setting ' = k(1 — 6 — €) (then 2(1 — 0)k —
28’ —1=2ke—1> 2). O
2.9.2 Uniform estimates

Let (By);>1 be a sequence of rare events® in Y, such that (B;);>1 is regularly approximable in
C"'. The goal of this section will be to show that, after taking a subsequence if necessary?2!

—_— J -1 —-0 ass—o00, v-aeycy, 2.31
Iy ;:1 vi () y (2.31)

for some IN; > 0.

Lemma 28. Let R satisfy (EE) and let (By);>1 be a sequence of rare events in'Y, such that
(B1)i>1 ts regularly approzimable in C"'. Then, after taking a subsequence if necessary, for
€ > 0, there is a constant K > 0 only depending on app(By);>1, and, for v-a.ey € Y, N, >0
only depending on y and app((Bi);>1) such that

15, o R (y) — nv(By)
j; 7 ! l (2.32)

T/(dlfl) 1-6—¢

< Kv(B) 7@+ 0!~ 751 | Yn > NyNj,l > Ly, v-a.e y €Y,

r/+1

where Ny = v(By) 1=

Proof. Let B = app((By);>1), then?? for k > I/(Bl)_% there are hk,hﬁk,l e C" with hyy <

1Bl < Ek,l and
d-11

v(1p, # hiy) < V(BZ)TE

for hyy € {hi, by} In particular

, while [|hg o < BE™,

/11 _ ‘11
v(B) —V(BZ)%E < /th,l dv < /th,l dv < V(B,)+V(Bl)%%.

By Proposition 27 there are I, > 1 and IN; > 1 such that, for hy; € {Ek,l,ﬁm}, we have

> higo Ri(y) - n/ By, dv
=1 Y

< Hhk,l”cr’n6+6 vn> (14 k), 1+k> I, vcaeyeY.

2Later on in §2.9.3 we will take finitely many such sequences (Bl(l))lzl, ...(Bf’o)lzl, but the same arguments
apply.

21From this point on we will often take a subsequence of (B1)1>1 to assume that [ is sufficiently small compared
to V(Bl)fl, In an effort to keep notation simple, we will do so without explicitly stating, accepting small
imprecisions in exchange for simpler notation.

22By Definition 22.
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Therefore, for such k, [, n,

Z1BZORJ >thloR] /hkldu—Bk’“ O

1] /
> nv(By) — m/(Bl) % BE" nde,

Likewise

Z 1p, 0 Ri(y) < nv(B)) + m/(Bl) z —|— BE" n®*e.

Hence,

o : = :
Z 1p, o R (y) —nv(By)| < nv(By) T z + BE" n’te. (2.33)

1—6—e¢ d'—1
Let ky, = |n 7+1 v(By) ¥+ | and

Y r,+1 (d,_l)(T‘l"Fl) Tl+1

N, = (1001, )T 5+6, and N; =vp(B;) (--9d d0-5-9 = y(B))T-o-¢.

41
We can apply (2.33) for n > NyN;, k, and [ > 1 (since k, > I, and® kS < ki °~° < n) to
obtain

”'/(d/*l 1—6—¢

> 1 o Ri(y) —nv(By)| < Ku(B) 7 in' ™ 7,

where the constant K > 0 only depends on B. O

Proposition 29. Suppose R satisfies (EE) and let (B;);>1 be a sequence of rare events in'Y,
such that (By);>1 is regqularly approximable in C". Then for every e > 0 there is a constant
K >0 and, for v-a.e y € Y, there are Sy > 0 such that, for s > S, we have

SMI] ! 1-6—¢
Z pp o R (y) — 1| < Ks™ 71 (2.34)

where
d/+7‘/

My = v(By)' 70,

Proof. Let y € Y be as in the conclusion of Lemma 28. By (2.32), for [ > 1 and n > N,N; we
have

7'l(d/*1) 1-6—¢

nv(By)) — Kv(By) 7@+ !~ 7

T (d/ 1) 1—6—¢

< Z 1Bl o RJBZ( < nV(Bl) + KI/(BZ)CV(T +1)n S

and thus
(d/ 1) 1_1=0d—¢
[nv(B;)— KV(Bl)d'(T DT -1

> B, © Ry, (y) <n, (2.35)

J=0

23To be completely correct, one would have to consider k, + [ instead of I, but by choosing a subsequence and
renumbering we can assume that [ is very small compared to v(B;) ™!
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as well as
Tl(dlfl) 1 1—6—¢
[nv(B)+Kv(B) {0+~ 741 -1

n < > vB, © Ry, (y).
i=0

For s > S, with S, = (100K)7-5¢ N, let
_ d,+r/
n = &u(B) 709,
1—6—¢
where £ > 0 is such that & — K&l_ 7+1 = 5. Clearly
1— 1-5—¢
¢ e (s,s+2Ks 1 )
in particular®* n > NyN,. Hence, using this n in the lower bound of (2.35) yields

1- d +r'
lsv(B;) 4(=8-¢) |1

d’ +T’

; —d—¢ _
B, oR]Bl(y) <n (3+2K3 Nsw W(By) @09,

<.
Il
o

d/+'r/

setting M; = V(Bl)lfd’“*‘s*e) we obtain

Lle s
le jz; wp o Ry (y) < 1+2Ks 7+

1—5—¢
The upper bound follows analogously by setting £ + K¢ R = s, and the claim (making K
a bit bigger) is proven. O

2.9.3 PLT scaled by returns to {B;}

For the rest of this exposition let L > 1, and Al(l), e AZ(IC) resp. Bl(l), e BIUC) be subsets of X
resp. Y regularly approximable in C" resp. C"'. Suppose that there are r; N\ 0, and positive
constants w®, 0() > (0 such that

(AP = @t £ o(r), and v(BF) = 0@t 4 o(r¥y VI>1,k=1,..,K,

and, for each [, Bl(l), ...,Bl(lc) are disjoint. Denote B; = le Bl(k), which, by disjointness of
Bl(l), - Bl(’c), is also regularly approximable in C”"/, and oy = ®p,. Consider

kM (y) =k if R (y)eBY,

which is well-defined as the sets Bl(k) are disjoint, and

K1,y

~(n) ()
o) (x):mm<nz1|T;l (@) € A" )>,

KL,y Ry

) a® (™)

o1 (2
Zﬂzﬂz,y (fﬂ,auy’gﬁual,y’ )

147/

24Recall that N; = v(B)) ¥0-5-9,
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Following the steps outlined in §2.7 we will first show

U Sy = Ty asl— o0, v—aayey (2.36)
K (k) g(k)
for ) = Z’“:,é%. Then use the relation
k=1
Tr@p, (v (@)—1
O, AW p (8 Y) = > ¢poRL(Y) (2.37)
§=0
to obtain
- (k) (k) HxXY
(1 xv) kL_JlAl x B, X k< Al(k)XBl(k) = Ypgp asl— oo. (2.38)

Denote

t
1 ) ; 1 j
Pl W) = ;# = Lot [ 57 () = k) = 2 D 1w (R, ().
j=1

We first show that, for each k, v-a.e y € Y, and t; = O(rl_d)7 we have
g(k)

— = p as . 2.39
Z;-Czl o0 p\ asl— oo (2.39)

k
ﬁﬁ@%%

Lemma 30. Suppose R satisfies (EE) and

r+d§

d > 13

Then k; satisfies (2.39).

Proof. Let € > 0 be small enough that

' 4+ d' (04 €)
d>——1—7—.
1—6d—¢€
(i) Using Lemma 28, and disjointness we obtain a constant K > 0 and N, > 1 such that, for
v-a.e y € Y, we have

r’(d'—1) l—d—e

n

S 1m0 Ri(y) — mo(BM)| < Kry T n!T A, and
l

j=1

n
> g o Riy) —nv(By)| < Kr, a7
j=1

foralln > Ny,l > 1 and k =1,..., K. On the other hand?®, for s > Ny, Proposition 29 yields

[sM]—1
v(B 1 _1-6—c¢
(Ml) S emoRy(y) — 1 < Ks
SIVIy =0

where
d + r!

M, = v(B)' " 70—,

2>Making K and N, bigger if needed.
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(ii) Rewrite

k .
D DR LY S
i=1 !
Denote t; = s; M, since
_ d' v’ d'+r’ —d
My = v(B) 70570 = O(r) == ") = o(rf),
we necessarily have s; — oo as | — oo. Denote a = 1;1—15 and let [ be big enough so that
s; > Ny, then we have
231:1 ngloRfBl—l
k .
ORI N 0)
=1 l
tiv(B) "1+ Ks; %)—1
< > 1w o R (y)
=1 ’
r/(d' —1)
<tw(B) " w(BM)(1+ Ks*) + Kr, "7 (tw(B) 1+ Ks™)'
k)
I/(Bl( ) Cata?
<t 1+ o(s;%T%)).
V(Bl) ( ( l ))
The lower bound is similar. So
(k)
(k) _ V(Bl ) _ —a+a?y _ 1 2.40
) - k| = ol ) = o(0). (2.40)

2.9.4 Adding in the gaps

Now all that’s left to do is to add back in the gaps. As mentioned in §2.9.3, having shown (2.36)
(this is the content of Proposition 25), we will now explain how to conclude

K
(k) (k) KXy
(,u X l/) (Hl Al X Bl > EU;kC:l Al(k)XBl(k) = ZExp; as | — oo
using the relation
Uml,al,y(z)—l '
e = O om o Th ()

J=0

This is rather straightforward, given Proposition 29, and follows from a more general principle
in probability theory. As this principle finds use in various places and has, to the author’s
knowledge, not been formulated in generality, let us state and prove a more general version
than we need here.

Lemma 31. Let (Q,P) be a probability space, and E; : Q — [0,00) non-negative real random
variables, such that there are positive random variables py : @ — (0,1) with

,u,lElgE as | — o0,
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for some non-negative random variable E with P(E = 0) = 0. Then for any M; :  — [0, 00)
with
wM; — 0 asl — oo pointwise P-a.e
we have
P(E; < M;) -0 asl— oo.

Proof. Let € > 0, there is a ¢ > 0 such that P(E < §) < ¢, and the distribution function of E is
continuous at d. By Jegorow’s Theorem, there is a measurable K C  with P(K€) < ¢ and

wM; — 0 asl — oo uniformly on K.
Choose L > 1 so big that M; < 5Ml_1 on K forl > L. Now choose L > L so big that
P(uE; <9) <2 VIi>L,

it follows that
P(E, < M) <P(uE; <6) + P(KC) < 3,

forl > L. O

Proposition 32. Let (2,P) be a probability space, and E; : Q@ — N be positive integer valued
observables. Assume there are positive real numbers q; \, 0, and a [0, 00)-valued random variable
E with P(E = 0) = 0 such that

qlEl:]P;E as | — oo,

Let ozgl) : Q0 — [0,00) be non-negative random variables, and assume there are M; : @ — (0, 00)
with qgM; — 0 as | — oo P-a.e and positive random variables by : @ — (0, 00) such that

[sM;]
1 (4)
su o’ (w)—1 =0 ass— oo, P-ae. . ucC
zzg) sM;b; jz_; o) (Ue)

Then

Ey
aQ 4 R
= o’ = FE asl — oo.

Remark 33. In our context we use (Q,P) = (X xY,u xv), B = TN, al(j) = pp, © R%l,
q = u(4;) and by = ﬁ. The existence of My is the content of Proposition 29.

Proof. (i) Let F' be the distribution function of E and C' = {¢ | F' is continuous at ¢} the set of

its continuities. Let ¢ € C, and € > 0 such that %ﬂ, = € C. We will show

E;
4q (4)
P —E o <t | — F(t) asl — oo.

(ii) By Jegorow’s Theorem, for [ > 1, there is a measurable set K C Q with P(K°¢) < e

[sMi] )
J
sup sup E a”(w)—1| -0 as s — oo.
1>1 wek | SMib 4= )
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(iii) Choose S > 0 so big that

’—SMI-‘
1 (4)
1 b < g T < (14 €)b K Vs>S1>1
( e)l_lej:1O‘l =t o on B sz ST,

and restricting to {E; > SM;}, we obtain

E; )
1- gk < %Zay)(w) <(1+e&qE on Kn{E >SM}, vl > 1.
|
7j=1
We get
E; )
P %ﬁ Y o <t | - P(E < SM) - P(K)
j=1

E,
Q@ ©) t

<P|Kn{E >SM}nN <t <P E <

< {E > 1} bzézal < < <Ql1_1 6),

and likewise

E;
q@ (4) ¢
P E <t|>P|{Kn{E >SM}nN E; <

2P <qu1 < t> —P(E; < SM)) — P(K°).
1+e

Taking lim sup;_,, resp. liminf; ,,, the above two equations, and using Lemma 31, we obtain

E;

¢ o Q ()
F —e<liminfP [ =) <t
<1+e> =0 by j:lal =

E;
; t
< limsupP ﬂZozlo)gt §F<1>+6.

b —
l—o00 1 j=1

Since C' C (0, 00) is dense, we can let € N\, 0 while %JFE, ﬁ € C, this yields

B
P —Zal(])gt — F(t) asl— co.

Remark 34.

(i) We can extend this statement to sequences in the following manner: under the assumptions
of the proposition, let El(n) : Q2 — N be such that

a(EYE® )L (EW E® ) asl— o,

29



for some E(™ : Q — [0, 00) with P(E™ = 0) = 0. Then

% E ozl(j), E al(j),... LY (E(l),E(Q),...) as | — oo.
| 4 ;
J=1 J=1

The proof of this statement is almost the same as for the proposition, therefore we won’t
repeat it.

(11) The probability measure P can be replaced by a sequence (P;);>1 by also replacing (UC)
with the following condition

Ve > 0 there is are measurable sets K; C  with limsupP;(K[) < € such that

l—o00
[sM;]

1 ()
sup sup o (w)—1 =0 ass— oo.
1>1 wek; | SMiby JZ; )

Proof of Theorem 7. (i) Let r; \, 0, and denote by Q; = B, (z*,y*) the geodesic ball of radius
r; centred at (xz*,y*), and let € > 0. W.l.o.g. r; is small enough that the exponential map at
(z*,y*) is a diffeomorphism from the ball of radius 2r; in R onto Bo,, (z*,5*). Let € > 0,

it is easy to construct, for some I > 1, sets Al(l), ...,AZUC) and Bl(l), ...,Bl(’C) as in §2.8. Let
w® ) > 0 be such that2®

(AR = w® Loy, and v(B®) = 0® ! 1oy VI 1,k=1,..,K,

0O T w®pk)

and set
a0

Due to Lemma 23 all those sets can be chosen to be regularly approximable, such that?” (u x
V)a, (Ql \VUE, AP« Bl(k)) <eforalll>1. Let A >0 be such that (u x v)(Q;) = Art? +

0(r§i+d’), then

<€

K
A=) o
k=1

(ii) Denote B; = U’,fz1 Bl(k), and, for y as in assumption (MEM), consider oy(y) = ®p,(y) and

kM (y) =k if R (y)eBY,

(k) _ o(k)

by disjointness k;(y) is well-defined. By Lemma 30, x;(y) satisfies (2.39), and p'®) = SOk
s=1

We can use Proposition 25 and Remark 26(i) to obtain

QrfE,ﬂ(y) LY YEzp asl— oo, v-aey.

,Oél(y),y
Since the convergence holds for v-a.e y € Y, it follows that

Xy
erdE,%al = Ypgp asl— oo,

where Xy, o, (2, y) = Z, (y),00()5 (%)

26Choose z*,y* such that the densities of p, v are positive at the respective points.
2"Here we again use the continuity of the density.
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(iii) By Proposition 29, «; satisfies (UC') with

1 1 7d/ 7d/
= = r + o(r
v(B) Yk ek ")

by

and
d/+rl

M, = v(B)" " 719,

Note that, for Q] = ’kczl Agk) X Bl(k), we have

(1) (2)
U”lvo‘l_l A O’,{l’al—l .
_ J J
ZQ; = g goBloRBl, E YR, ORBL,...
J_O ]:o'r(it?al

We can apply Proposition 32 resp. Remark 34(i)

K
Q (Z H(k)> rlder/EQ; ey YEzp asl— oo.
k=1

By disjointness
K

(1> V(@) =9 (Z 0““)) i o)

k=1

hence
UXv

(kxv)(Q)Eq "= Zpap asl— oo
By the equivalence (2.12), we have

WXV

(hxv)(Q)®q "= Ppap asl— 0.

(iv) By Theorem 4 also

KXV 1
pxv)(@)eq = "®p,, asl— oco.

At the same time, taking a subsequence if necessary, there are [0, oo]-valued processes ® and )
such that

(1 xv)(Q1)Pg, "2 ® asl— oo, and

(10 x V) (@B, L

® asl— oo.

Hence B
D (®puy ) < Te,

where D is given by Lemma 21. Since this is true for every € > 0 we have ® L) Eap, and by
Theorem 4 also ® < $ gy, 0

2.10 The skewing time

Here we will prove Theorem 9, to do this we will verify that the map T'(x,y) = G, () satisfies
superpolynomial mixing of all orders, as in Remark 26(ii).
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- La—s
Lemma 35. Under the assumptions of Theorem 9, suppose that lel rlz( 2r)

< o0. Then, for each t > 0, there is a set & with v(B;) = 1 such that, for y € &, there are
Ly >0 and sets By, C {1, ..., {ﬁh with #Byy1 = o(u(A;) ™) such that

7500 () = T50m ()]
t

> (&l(n) (y) — &l(m) (y)) VI> Ly, 1<n<m< Ll(Al)—‘ & By

where C is the function from condition (BA) and® oy = ®p,.
Proof. Fixt > 0, to keep notation simple we assume p(A4;) = i +-o(rf) and v(B;) = r{ +o(r),
otherwise there is an extra constant in the estimates below.

(i) We call n € {1, e {ﬁ-‘ } a (I, y)-bad return (or simply ([, y)-bad) if there is a m > n such
that :
700 () = 7o W] < C@E1" () = &™) W),

denote By, = {n > 1| nisa (I,y) — bad return}. Let ¢; > 0, we call y € Y an [-bad point if
—d+e€1
#Bl,y > .

(ii) Using Proposition 29 and Jegorov’s Theorem, for ez > 0, we can find a measurable G =
G, C Y with v(G¢) < €2 and an L > 1 depending on G such that

&l(LﬁAlJ) < QtT;(d+dl) vy e le > _E (241)

_t ,
(iii) For [ > 1 denote G = {deu(AzD < 2tr, (d+d )}, we have

t
Jo, #Brydv fzend

viy € G isl-bad) < L ——— <7 v(y € Gy | nis (I,y)-bad
(yeGily ) < e <7 > vy eGi|nis (I,y)-bad)

n=1
]'2trl_(d+d/)-|
d—e . ~ (1)
< rfme Z y(EIzZl||Tj+dl(¢>—Tj|<C(al ))
j=1

]'Qtrf(d+d/)]
it X v(m (Ez il << (af)))
j=1 l
(2trl7(d+d,)]
<Y Bz | nl < ()
j:
- 2Ktrld*617d7d/+52ﬁ < 2Ktr?2nfd’,el,

—

for some constant K > 0, for small enough €; this is summable. An application of the Borel-
Cantelli Lemma yields that for almost every y € Y'; for big enough [, either y € G or

~(n ~(m t
g 0) = Tag )] = @70~ 7)) Vi<n<ms |t ind By,
l l 1(Ar)
At the same time, by (2.41), we have G; Y. Thus v-a.e y € Y is in G| for big enough [, and
the conclusion follows. O

281t can be recalled from Definition 16 that dl(n> =31 ozlm = Z;:Ol @B, o R,
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Proof of Theorem 9. In order to keep notation simple we will only show the PLT for regularly
approximable rectangles, this can be easily extended to geodesic balls, by following the same
arguments as in the proof of Theorem 7.

(i) For vr-aey € Y and 0 =ty < t1 < ... <ty choose Ly = Ly, +. +¢, and Biy = Byt 4. 41,
as in Lemma 35. For such a y and [ > L, (in the following we suppress y from the notation)
consider
tj
[H(Aﬁ—‘

Spa= Y lao o 74" =S+ S
i=1

~(J)
r E: &
Sth— OTZ .

[X=357}

As in Proposition 25, the first goal is to show
o
(Sthl — Sto,la ...,StJJ — St]_:hl) = (Ptlftoa Pt‘,ftj 1) as | — o0,

where

where (P;) is a standard Poisson process. Since HS” Al = Oforall j =1,..., J, it is equivalent
to show

I
( l{l,l - 20,17 ey é],l - 1{/J71,l> = (Ptl_to, "'7Ptj_t‘]71) as l — Q.
For mq,...,my > 1 it will be enough to show
l J t 1 m;
/ H( R t] 1v>du: H e (2.42)
7=1

We have

(kg

J S g
A5 % et e
j .

Jj=1 t
{u(Az)-‘+1<kJ 1< <k, ’"J—L(Z\L)-‘
kj&B; for j=1,...,J, i=1,....m;

(ii) Due to assumption (MEM) for GG, and Lemma 35, we have

. &(n-) il . ~(n; ,,TLv/) "
/HfjoT” du—H/ fdn| < Cp(min|a™ — & D TT Il
X j=1 j=1 X 373 j=1

where ¢ (z) = e~ 7¢(*) and ¢ is as in assumption (BA), for f1,...fm € CTand 1 < n; < ... <
N < PH s w with n; € B;. Due to (2.9) and assumption (BA) we have

w(?;él;l‘a nj) &l(nj/)D _ O(TZ”UZ),

for some w; > 0 with w; — 0o as | — co. Approximating 1,4, by functions in C" it is straight-
forward?® to show that

/ T a0 T dpu— pu(Agmt=4ms | = oAy,
7]

for k;; as in (2.43). The sum in (2.43) has

t—tjl

J
Ayt TS ol )

Jj=1

many terms, so (2.42) follows. O

29The calculation is analogous to Lemma, 24.
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2.11 Examples

Here, we verify conditions (EE) and (BR) for the examples listed in §2.4.

2.11.1 Diophantine rotations
Let a € ((0,1) \Q)d/ satisfy a Diophantine condition, i.e. there are C' > 0 and n > 1 such that

[(k,o) = 1] > C|k|™ VkeZ k+#0,leZ, (D)

and R = Ry : x + x + « (mod 1), for z € T, the rotation by o. Almost all a satisfy (D) for
some n > d’ (this is a consequence of a higher dimensional version of Khinchin’s Theorem, see
e.g. [BRV16]). If d = n = 1, then we say « is of bounded type.

Note that (D) implies that there is a constant C’ > 0 such that

)1 . e27ri<k,04> > C"k|7n Vk € Zd/ \ {0}

Property (SLR(y*)) follows directly from (D). Due to the self-symmetry of R, it is enough to
consider returns of z = 0 to a rectangle (—r, )%, but

R™0) € (—r,7)¥ < |ma—k| <r for some k € Z% .
Then, by (D), Cm™™ < r, equivalently m > (C‘lr)_%. Hence, (2.4) is satisfied with ¢(r) =
(C~r)w.
To show effective equidistribution (E'E), we solve the homological equation. Let f € H ”(’]I‘d/)
with [ f = 0. Then
f(x) _ Z akeQﬂ’i(k,@7
kezd
where Y, 0 |ag|? ZJ'1+---+jd/:n H?lzl |k;|?i < oo and ag = 0. To solve f = g — go R, we write
g(x) — Z bk€2ﬂ-i<k’x>.
kezd

By comparing coefficients, this is satisfied for by = 1762&% for k £ 0 and by = 0. We have

d/
Do b€ Y0 PR < (@)Y Dl Y0 [T Ik < oo

kezd kezd kEZ Jit..tjg=ni=l1
In particular ||g||z2 < C'||f||an-

Thus, for every®® h € H*(T%) we have

J
ZhoRg—J/ haX® || < C"||h|| g,
=1 i

L2

where A%’ is the d’-dimensional Lebesgue measure on T% . Due to Remark 6(iii), condition (EE)
is satisfied with » =n and § = 0.

We can apply Theorem 7 with
d>n.

30Tf [h # 0 consider f =h — [ h.
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2.11.2 Horocycle flows

Consider the classical horocycle flow h; on compact homogeneous space I'\ PSL(2,R) generated

by
1t
=l 1.

For fixed t > 0 we will consider the time t map R = h;.

Condition (SLR(y*)) follows from the relation h.2s; = gsoh; 0 g_s, where g is the geodesic flow

Indeed, we will show that there is a constant ¢ > 0 such that for small enough r > 0, 0 < |s| <
er~1 and y,y* € T/PSL(2,R) with d(y,y*) < %r% we have

d(hsy,y") > gr%.
By the triangle inequality, it is enough to show d(hsy,y) > s, By compactness choose
¢ = inf, d(hiz,z) > 0 (by Hedlund’s Theorem there are no periodic orbits). Let ¢ = %,

then
_ 1
d(hsyv y) = d(gthsgn(s)g—tyagtg—ty) >e |t‘d(hsgn(s)g—tyyg—ty) > cre.

D=

For small enough r, g; contracts distances at most by a factor of e l!l. Renaming r = 5r2 we

obtain (2.4) with ¥ (r) = 2c3r2.

In order to show effective ergodicity (EE), we combine [FFT16, Corollary 2.8] and [FFO03,
Theorem 1.5] to conclude that there is a constant C' > 0 with

n—1
Zf(Rj(y)) — n/fdy < CO|lfllwis N6t Yfe WS,y e I/PSL(2,R),N > 1, (2.44)
7=0

for all € > 0.
Indeed, for s > 3, [FF03, Theorem 1.5] yields

T 1
/ F(ha(y)dt — T / pav| < C(s)||fllwT* log(T)
0 I'/PSL(2,R

(2.45)

VfeWs® yeT/PSL(2,R),T >0,

for some constant C(s) > 0.
A consideration involving twisted integrals as in [FFT16, Corollary 2.8] yields, for s > 14,

N-1

N
S ) - / Flhay)) at

n=0

< C'(s)||f|lws N6 logz (N)

(2.46)
VfeW? yel/PSL(2,R),N > 1,

for some constant C’(s) > 0. Now (2.45) and (2.46) together imply (2.44).

Now, setting s = 15 in (2.46), Theorem 7 applies with

5
d > 6(15+ ) = 100.
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2.11.3 Skew shifts

Let a € (0,1) \ Q satisfy the Diophantine condition (D) for some n > 2 and R : T? — T2 be
given by
R(z,y) = (v + o,y + x).

Since R has a Diophantine rotation as a factor (SLR(y*)) is satisfied by §2.11.1.
For k = (k1, ko) € Z? denote ey (x) = 2™*:%) Note that

j k1,k
<€k7 €L’ © RJ>L2(T2) 5Ek/1+32]23 )

For f € H*(T) we can write f = Y, 7o ageg. If ag, o) = 0 (in particular [ f = 0) then

2

Z [(f, foR) | = Z Z Aoy k) Oy +jka k) | < Z (e, k)| | < ClISNp2s

j>1 j>1 |kez? kez?

where C' > 0 does not depend on f. From this we obtain

2

J J J
Zf o RJ Z fo Rj fo Rj>L2(T2)
= 22y =1 J’:l
J—-1
<Y (J=){f, foR)2me) < CJHfH%{?(W)-
7=0

For general f € H"(T?) with [ f = 0, again write f = > keze arer, and set
fi= ) aer and fo= > agep
k€Z2 ka#0 k€Z2 ka=0
Applying the above, and the analysis for Diophantine rotations, we find
5 | 2
> foR < (CT + O f [gnz2)-
/ L2(T2)
Thus, condition (EE) is satisfied with § = 3.
So we can apply Theorem 7 with
d>2(n+1).
2.11.4 Example 15

Recall the definition of the Weyl Chamber flow on I'\SL(d,R). Let d > 3, and T" be a uniform
lattice. Denote by D the subgroup of diagonal elements of SL(d, R) with positive entries. It is
easy to see that D, is isomorphic to R%~!. D, acts on I'\SI(d,R) by right translation, giving
us a R%1-action. By [BEG20, Theorem 1.1] the action G satisfies (a R?~! version of) (MEM).

The Diophantine rotation R, satisfies (EE) and (2.9) by §2.11.1. Hence, we can apply Theorem
9.
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2.11.5 Other systems satisfying (EE)

From Example 11 it might seem like (EE) is a very special property and only a few systems
satisfy this. The opposite is true, in fact, most classical systems have this property.

To convince ourselves of this, let us give some more examples and point out the mechanisms.

Definition 36. The system (Y, R,v) is called mizing of order « if, for each f,g € C with
fodV:ngdVZO, we have

'/QfoR"1wb

We say that (Y, R,v) is polynomially mizing if it is mizing with rate a(n) = O(n™¢) for some
e > 0.

< fllgrllgllgra(n) vn = 1. (2.47)

Lemma 37. Polynomial mizing implies (EE). More precisely, if (Y, R,v) is mizing of order
a(n) = 0(n=°), for some € > 0, then, for all € > 0, it satisfies property (EE) with

e ife<l1
§=<S14+€¢ ife=1 (2.48)
: if e> 1.

Proof. For f € C" with Jy fdv =0 we have, for N > 1,

2

N-1 N-1 N—-1
Sror| <X S |[ forportay
n=0 L2 n1=0mn2=0 Y
N-1
<aN Y| [ Fort fa| < K| N
n=0 Y
for some K > 0. O

Remark 38. In fact, the proof above remains valid if (2.47) holds for all n < N except for a
subset of {1,..., N} of size N'=¢ for some € > 0. We call such systems polynomially weakly
mixing.3!

Many classical systems exhibit polynomial (or faster) mixing we list just a few examples referring
to [DDKN22b, Section 8] for a more comprehensive list

e mixing piecewise expanding interval maps [BSTV03, Theorem 3.1] as well as expanding
interval maps with critical points and singularities [LM13, Theorem 1.5],

e uniformly hyperbolic systems [Liv95, Theorem 3.9],
e some quadratic maps [You92, Theorem 3],

e noncompact translations on finite volume homogeneous spaces of semisimple Lie groups
without compact factors [KM96, §2.4.3],

e time change of horocycle flow [FU12, Theorem 3].

For parabolic and elliptic systems, one can often use a harmonic analytic argument akin to (but
more involved than) §2.11.1 or 2.11.3. Other concrete examples include

3n fact, a slight modification of the proof shows that if R; is polynomially mixing and R; satisfies (EE) then
R1 X R satisfies (EE).
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e nilflows [FF06, Theorem 1.1],
e almost every interval exchange transformation [AFS23, Theorem 7.1],

e time 1 map of certain smooth surface flows, this follows from a work in progress by the
author, where polynomial weak mixing is shown.

2.12 Robustness of return times

Lastly, we mention the proof for the delayed PLT. All of the above proofs can be done using
®p, o instead of ®p,, this shows (with the notation from the proof of Theorem 7)

K
k k
(1 xv) <U Az( ) % Bz( )> (I)UszlAl(k)XBfk)»a £ Cpop.
k=1

To conclude, we only need a version of the approximation Lemma 21 for delayed return times.

Let (M, dpr) be a compact metric space, let (9,),>1 be a sequence of Lipschitz functions on M
dense in C'(M), and denote 9,, = —%2—_ The metric

90| Lip
/ﬁnd)\'—/ O dA
M M
32

ML) =D 2
for probability measures A and X, models distributional convergence’*.

)

n>1

Lemma 39. Let (X, u,T) be a probability-preserving dynamical system, o be a sequence of
natural numbers, (A;);>1 be a sequence of rare events, and ® = (¢(1),¢(2),...) be a random

process in [0,00). Assume that, for each § > 0, there is a sequence of rare events (Al((s))lzl with
Aga) C A; and pa, (4 \Al((s)) < 0 such that

a:“><1> ;as | — oo,V > 0.

Then
W(A)Pa, 0 B P asl — 0.

Proof. Taking a subsequence if necessary, we may assume that there is a [0, co]-valued random
process ®’ with
p(A)P A, q £ ¢ asl— oo

For s,t € [0, 00 denote di (s, t) = [e~*—e~*|, where by convention e=>° = 0, then ([0, c0], djg ~])
is a compact metric space. Also, the infinite product ([0, co], djp,00) 18 @ compact metric space
with diam([0, 0c]) = 1, where

dio oo ((55), (£)) =D 279 djg o) (55, 15).

j>1
We claim that for every e > 0 there exist dg > 0 and an L > 1 such that

Dig o (lawu(u(Al(é))q)Al(g)’a),lawu(,u(Al)d) Al,a)) <5¢ V> L. (2.49)

Then taking [ — oo shows D ,in(®, ®’) < 5¢ and the conclusion follows by € — 0.

32In the sense that A, = X if and only if Dy, (A An) — 0.
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Let 1 > € > 0. First, note that33

6
Dig ooy (lawo(u(A) 4o ). law, (u(A)® 40 )) < 6,

1 >

so it is enough to show that there exist € > dp > 0 and an L > 1 such that

Dig e (lawu(u(Al)i) A9 ) law (n(A1)® Aha)) <de VI>L. (2.50)

Denote ®4, o = («pilll)a,apfl)a, ...) and 0, = (QOS()(;) 790(2()5) ..). Now choose J > 1 so big
[ 1 e
that >, ;27 J < e, and T > 0 such that

J
Z gb(j) >T | <e.
j=1
For 4 = min (% LT) choose L > 1 so big that
ZM go((;) >T| <2 Vi>L
. J o 0) J @) (9) _ 1 : :
Since > 5, ¢ > ic1Pa, o and p(A;) > (1 —6)u(Ar) > 3u(A), in particular

ZMAZ L >2T | <2 VI>L.

Now, for j =1,...,J, we have

“<90Al, #@A(a) >_#<90Ala7é90A(5) )

<u| U 777@NA) [+ | S uA)e), > 2r
i=1 j=1
2T
< A+ 2e < 3e.
< u(Az)“( ) <
Thus
D[Opo]N (lawu(u(Al)CI)Al(g)’a),lawu(u(Al)(I)Aha))
J
SDILRN R IPEHE PR NSETEET SER Rt
Jj>1 A J=1
proving (2.50). O

To conclude, we give a

33For k > 1 and s,t € [0, 00] we have dio,oc] (ks, kt) > djo,00) (s, 1) < |5 — 1.
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Proof of Lemma 21. Denote A = p x v and M = [0, 0], with Dy~ as in the proof of Lemma
39 we have

Dypellatng (NQ)®g), laws,, (\(Q')@¢)
< 20(Q) Dype(lawng (NQ)Dq), lawr, (\(Q) D)
+20(@\ @)Dy (lawng (NQ)Bq), laws,, (\(Q')B¢)
< Dylawy, (\(Q)Dg), lawr, (\(Q) ) + Ag(Q\ Q).

Furthermore
DMN(law)\Q()\(Q)CI)Q) lawAQ()\(Q’)@Q/)
<22 J— 1/ Q)SDQOSQa (Q’)gpron,)d)\Q

7>0

<> 27" 1/ (A@Q)pq 0 Sty AQ)pqr 0 Sh) dAg + Aa(Q\ Q).

7>0

For each j > 0 we have

Ao(pq o Sh # eqr o Sh) < Ag (USQ Q\Q)> (+Dr@\ Q).

=0

The claim follows since } ;4 j277 = 2. O
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Chapter 3

Trimmed ergodic sums for
non-integrable functions with power
singularities over irrational rotations

Studying Birkhoff sums of non-integrable functions involves the challenge of large observations
depending on the sampled orbit, which prevents pointwise limit theorems. To address this issue,
the largest observations are removed, this process is commonly known as trimming. While this
method is well studied for independent identically distributed sequences and systems with strong
mixing behaviour, this paper examines regular dynamical systems with polynomial deviations of
ergodic averages. Focusing on irrational rotations of T, we establish trimmed weak and strong
laws for the functions % and xiﬁ with 8 > 1, providing explicit conditions on the rotation angle.

3.1 Introduction

3.1.1 DMotivation

Let (X,T,u) be a probability preserving ergodic dynamical system. The much celebrated
Birkhoff Ergodic Theorem states that, given an integrable function f € L', the average of
observations over a long time approximates the integral, more formally

. Sn(f)
N

= / fdup  almost surely,

where Sy (f) = ZNfl oT™. In this paper, we will investigate the question

n=0

How do we describe asymptotics of Sy(f) if / |f] dpe = 007

For simplicity, we shall restrict ourselves to functions that are non-negative and finite almost
everywhere, denote the collection of these functions by

F={f:X — [0,00] measurable | f & L*(u), but p(f = o0) = 0}.

Often, in the situation when X is a metric space, we will also require that f € F is continuous!.

Tn this case we endow [0, 00] with the metric d(s,t) = |e™* — e™?|, for s,t € [0,00], making it a compact
metric space. Note that f is continuous if and only if, for every s € [0,00), the sets {f < s} and {f > s} are
open.
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The most naive way to approach this problem would be to normalize by a factor different from
N, say dy > 0. However, Aaronson’s ”anti-convergence” result ([Aar77]) asserts that this is
impossible: for every normalising sequence (dy)n>1 it holds that

lim sup Sn(f) =o0 or liminf Sn(f)
Nooo AN N—oo dy

=0 almost surely,

meaning that we either underestimate or overestimate the sum infinitely often. This non-
convergence is caused by large observations, meaning n such that f(7"x) is big, which may or
may not occur depending on x. To circumvent this problem, a common method is to exclude
the largest observations altogether. This method is referred to as trimming.

More formally, for N > 1 and 0 < k(N) < N, define the trimmed sum as

k() i, )
Sy (f)x) = nZ:;J f(T"x) — 0§n1<n2<?-1§)ék(1\7)§1\7*1 JZ; f(T™z).

We will also refer to k(N) as the trimming sequence. For simplicity set SN (f) =0 if M > N.
The central problem we study is the following;

Problem A. Do there exist positive k(N) = o(N) and dy > 0 such that

i SN (@)

= B, ?
i . 1 for p-a.e. v € X1 (3.1)

If (3.1) holds, we refer to it as a trimmed strong law.

Remark 40. Note that S]]\\,[(f) = 0 by definition. Furthermore, heuristically speaking, if ¢ €
(0,1), f is continuous and k(N) ~ ¢N (i.e. imy_00 K(N)/(cN) = 1) then

va(N)(f) ~ Sy(min(K, f)) almost surely,

where K > 0 is such that u(f > K) = c.

This explains why we choose k(N) = o(NN) in Problem A; if k(N) ~ ¢N then we lose information
k() : .
on f, making Sy~ (f) uninteresting.

3.1.2 Background

Ideally, one would hope for? k(N) = constant, this is referred to as light trimming. On the other
hand, situations where k(N) — oo, but k(N) = o(N) as N — oo are referred to as intermediate
trimming.

Trimming is well-studied in the set-up of identically distributed random variables® (iids). The
literature is vast, for brevity’s sake, we will only mention situations where explicitly strong laws
(or results having immediate consequences for strong laws) are studied. Trimming for iids has
been used in other contexts, for example, weak laws, laws of iterated logarithm, CLTs, and
more.

Mori ([Mor76, Mor77]) developed general criteria for lightly trimmed strong laws to hold, his
results were later generalized by Kesten and Maller ([KM92, KM95, Mal84]).

2By the above result by Aaronson, if J 1f1dp = oo, which is the case that we are concerned with, then strong
laws with k() = 0 are not possible.
3Meaning that f o T"™ = X,, is an independent and identically distributed random process.
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From Mori’s works ([Mor76] gives necessary and sufficient conditions for certain lightly trimmed
laws to hold) it already becomes apparent that light trimming is not always sufficient. A fortiori
Kesten ([Kes93]) showed later that even a lightly trimmed weak law already necessitates an
untrimmed weak law (which might not hold).

A special case, that is of interest, is when? X has regularly varying tails with index o € (0, 1).
This means that there is a slowly varying function® such that P(X > t) =t *L(t). Note that
in this situation® there is no untrimmed weak law, and hence, by Kesten’s result, also no lightly
trimmed weak (or strong) law. In this case, a law of the iterated logarithm under trimming was
obtained by Haeusler and Mason ([HMS87]). Their result was shown to be optimal by Haeusler
([Hae93]). From those results, a strong law under intermediate trimming can be deduced.

In the context of dynamical systems, so far results have been shown only for systems exhibiting
strong mixing properties. Some known results are:
o If T is the Gauss map and f(z) = 1 (in the case Sy is essentially the sum of coefficients in

the CFET of z) then it was proved® by Diamond and Vaaler ([DV86]) that Nﬁflgg({ ]3,) — 10;(2) .

e Even though not formulated in terms of dynamical systems, Aaronson and Nakada ([AN03])
showed lightly trimmed strong laws (extending Mori’s results) for 1)-mixing random vari-
ables ? with speed > @ < oo. For Example, Gibbs-Markov maps, together with
a function that is measurable for the partition, are exponentially ¥-mixing (this follows
from [ADO1]). Their results apply (among others) if P(X > t) = 1 for ¢ > 0. In terms of
functions, it applies to f = % (with Lebesgue measure).

e Haynes ([Hayl4]) later showed a quantitative version of the above. Under the same
assumptions he showed a strong law for

Sn(f)(x) —6(N,z) max f(T"z) for some §(N,z) € {0,1},

n=0,...,N—1

where (f(T"z)) is a 1-mixing process with a certain speed, and provided explicit error
terms. We remark that, in contrast to Aaronson and Nakada’s result, the number of
trimmed terms is allowed to depend on .

e Kessebohmer and Schindler ([KS19]) studied intermediate trimming for maps satisfying
a spectral gap condition. This method applies to some expanding interval maps (more
general than Gibbs-Markov). Their results apply to functions like f(x) = x% with g > 1
(with Lebesgue measure).

e Schindler recently proved ([Sch18]) a strong law for the doubling map and the function

f= % In this situation'® there is no lightly trimmed strong law as already noted by

Haynes ([Hay14]). Instead, an intermediately trimmed strong law strong law is obtained.

“Here X is a random variable having the same distribution as f.
L(cz) -1.

A function L : [0,00) — R is called slowly varying if, for every ¢ > 0, it holds that lim,_c 6

5As can be deduced from [Fel57, VIL.7 Theorem 2].

"The continued fraction expansion (CFE) shall be defined later in §3.3.

8They study a situation where the trimming sequence k(N) is allowed to depend on z. More explicitly, they
show a strong law for

SNn(f)(z) —6(N,z) mmax f(T"z) for some O(N,z) € [0,1].

n=0,...,

However a statement about Sk can be easily deduced from their proof.
9For a precise definition of various mixing properties, see [Bra05].
'9This highlights the influence of periodic points; the function X has its singularity at the fixed point 0.
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3.1.3 General results

Our first result answers Problem A. We show that it is always possible to find a good trim-
ming sequence k(N) = o(N). The following result seems to be known to the experts, for the
convenience of the reader we shall provide a proof in §3.4.

Theorem 41. Let (X, T, u) be a probability preserving ergodic system. Then, for f € F there
exist k(N) € N with k(N) = o(N) and dy > 0 such that

lim =1 forp-ae zeX. (3.2)

N—00 dN
Furthermore, if (X, T, ) is uniquely ergodic (and u is reqular) and f is continuous, then k(N')
and dy can be chosen such that convergence in (3.2) holds uniformly'! at all z € X.

Note that Theorem 41 does only guarantee the existence of some trimming sequence k(N) =

o(N), there is no control whatsoever about how fast %N) decays. In fact, as shall be made more
precise later in Remark 50, for the function % over a Liouvillean rotation, w might decay

arbitrarily slowly.

Heuristically speaking it is most desirable to choose k(NN) as small as we can; the smaller k(V)
is, the more information about f is retained after trimming k(N) terms. Therefore, Problem A
should be reformulated as;

Problem B. What is the "smallest” k(N) such that there are dy for which (3.2) holds? Fur-
thermore, give an explicit formula for dy.

This seems to suggest that if a trimmed strong law holds, then it will continue to hold if we
trim more terms. However, this is not true, on the contrary;

Theorem 42. Let (X, T, i) be an aperiodic'? probability preserving ergodic system. Then there
is a function f € F and a trimming sequence k(N) = o(N) such that there are d > 0 so that
(3.2) holds, but there is another trimming sequence k'(N) = o(N) with k'(N) > k(N) such that
for all normalising dy > 0 there is an € > 0 such that

> e) > 0.

In the following, we will attempt to answer Problem B in two settings:

sy
dly

N—o0

lim sup p (

e If T has polynomial deviations of ergodic averages (as defined below). This will be done
in Section 3.2.

e If T is an irrational rotation. This will be done in Section 3.3.

3.2 Trimming for functions with power singularities

For this section, let X = M be a compact C"-manifold, for some r > 1, with dim(M) = d, and
T be a transformation preserving a smooth probability measure p with density % =pon M.
We shall investigate (trimmed) ergodic sums of non-L' functions with power singularities.

"For definiteness, whenever we talk about uniform convergence we replace f by f with f = fon{f < oo}
and f = 0 otherwise.

12For a periodic ergodic system, i.e. a rotation on finitely many elements, the statement of the Theorem is
trivial because every finite function is integrable.
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Definition 43. Let 2* € M, and f : M \ {z*} — [0,00) be a non-negative function on M. We
say that f has a power singularity at =* if f € C"(M \ {z*}) and there are ¢, 3 > 0 such that

lim f(x)d(z,2z*)" = ¢,

r—x*

where d(-,-) denotes the geodesic distance. In this case we will say that ¢ = Resy=(f) is the
residue of f at x*, and B = Ordy-(f) is the order of the singularity.

Note that, in this case, assuming p(z*) > 0, f is non-integrable if and only if Ord,-(f) > d. We
will further distinguish the cases Ord,«(f) = d and Ord,«(f) > d. Integrating we obtain

e for 5 > d it holds that

_ 1
/ x|, Pdx = ——Bye? P +0(1) ase—0,
e<|x]2<1 B—d

e whereas

[ = Ballog(0] vee 0,
e<|x|2<

where By is the volume of the unit ball in d dimensions. So let f € C"(m \ {z*}) be a function
with only one pole at x*, where p(z*) > 0, it holds that!?

o if Ordy«(f) = 8 > d then

/ fdu= LResgc* (f)Bap(z*)erP + O(e4=P1)  as e — oo, (3.3)
M\Be(z*) p—d

e and, if Ord,«(f) = d, then

/ fdu = Resy«(f)Bap(z™)| log(e)| + O(e|log(e)]) Ve > 0.
M\Be(z*)

Using the polynomial deviations as assumed will lead to cumbersome formulas. We introduce
the following simplifying notation.

For A, B € R we write
A< B <= dC >0 suchthat A <CB,

the constant C' > 0. We write A <y, B if the implicit constant is allowed to depend on the
quantities f,g,h. We write A < Bif A< B and B < A.

To obtain a trimming, we will assume polynomial deviations of ergodic averages for smooth
observables either pointwise or in L?. More explicitly, we will assume either of the following
two

(A) thereis a!* r > 1 and a § > 0 such that

1Sx(g) — N / gdullzz < N*lgller YN >1,g € C", (3.4)

13The extra error term comes from considering the density p. For e > 0 sufficiently small, it holds that
|(Be(z*)) — Bap(z*)e?| < Qe for some constant > 0 depending on z*.

14Here the C" norm of a function can be defined by covering M by finitely many charts and taking the maximum
of all local C" norms.
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(B) or thereisar > 1 and a § > 0 such that

S (g)(x) — N/gdu| < N'9||gljcr YN >1,g€CT,z € M. (3.5)

Remark 44. Since M is compact, we can define the C" norm of a function by covering M with
finitely many charts and taking the maximum of the local C" norms in these charts.

In both cases, we will show a trimming result for k(N) = [N17¢] with € > 0. In case (B), the
convergence is uniform.

Theorem 45. Assume (A) holds. Let x* € M be a point on M with p(z*) > 0 and let
f>0, feC"(M\{z*} be a non-negative function with a power singularity only at z* of order
Ordy«(f) = >d. If k(N) = [N*] for some

<r+d—d5 2rd+d—r—dé r+1 >
1>a>aqy)=max

r+d = 2rd+d—-r ‘r+d—+1
then
o if 8 =d then

SV @) 1-a
]A\fflog(N) ~

Resy+(f)Bap(z*) asn — oo, for u— a.ex € M, (3.6)

e and if § > d then

SEM () (@
1—

B
Ndk:( ) Res,«(f)Bj p(z™)

asn — oo, for u— a.e x € M. (3.7)

1
7 B_d

g_\m N

If (B) holds, then the convergence in (3.6) resp. (3.7) is uniform in x.

Remark 46. In Theorem 45, and the Theorems below, an explicit bound on the error term can
be easily computed by following the estimates in the proof carefully. In an attempt to keep this
exposition simple, we will only state the qualitative results without error terms.

Remark 47. For most systems the conclusion of Theorem 45 is far from optimal. As can be
seen from the table in §3.83.4, for systems with strong enough mixing properties we exrpect a
strong law to hold with any trimming sequence growing faster than log(log(N)). Moreover, for
almost all rotations, as trimming by log' ™ (N), for any € > 0, is sufficient.

Howewver, it is possible to construct rotations that satisfy assumption (B), where there is no better
trimming than polynomial. More precisely, in light of Theorem 56 and Lemma 77, for a rotation

by an irrational angle a, with continued fraction approximants —Z, satisfying q2 < Gqni1 < ¢,

and the functions - 1 or =5 with B > 1, even weak laws can only hold after trimming polynomially

many terms.

The significance of Theorem 45 is that it allows us, given a function f € C"(M \ {z*}) with
one pole at some x* € M, to effectively determine both the order and the residue of the pole
by sampling along an orbit of a suitable dynamical system.

Having these results, one might ask what happens if there are finitely many poles, say f has
poles at z1,...,x, with Ord,,(f) = 8; > d for ¢ = 1,...,p. One might expect to obtain an
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asymptotic expansion of the form

1 By B Bi _5
S]’;(N)(f)(x) - Z ﬁ_dReswi(f)de p(z;)d N k(N) 4
Ordg, (f)>d "
+ > Nlog(N)d(1 - a)Resy, (f)Bap(zi) + O(N),
Ordg, (f)=d

with k(V) as in Theorem 45, using similar techniques. However, this is not true, unless all of
the orders are the same.

Following the proof carefully, we see that in Lemma 60 an error term appears that is of the order

O(Ngk(N)l_g), but not O(N%k(N)l_%) for 3" < /3, where Resg+(f) = f = max;—1,..p 3 > d.
This error term comes from the contribution of the f(77(x)) close but not too close to'® z*,
and can, using our methods, not be avoided.

On the other hand, if all of the orders are the same, say $1 = ... = 8, = 8, and > »_; Res,, (f) #
0, then the corresponding limit theorems do hold. And we have'6
e if 3 =d then
k(N
Sy () @)

p
Nlog(N) —d(l-a) ;Resxi(f)BdP(wz’) asn — oo, for u —a.ex € M,

e and if 8 > d then

SN (£) (@)
Nig(N)tT o Aodim

as n — oo, for p—a.e x € M.

3.3 Trimming for rotations

3.3.1 Background

For irrational o € (0, 1) we consider the rotation R(z) = Ry(x) =z +« (mod 1), z € [0,1) (we
identify T with [0, 1) by fixing 0). First, we shall review some basic facts.

There is a unique'” representation

a1 +

1
as + —

with a; € N for j > 1, called the continued fraction expansion (CFE), we will sometimes also
denote (3.8) by a = [a1, ag,...]. In this case aj, ag, ... shall be referred to as the CFE coefficients.

If & = [ay,a9,...], then « is well approximated by finite iterates of the expansion, i.e. by the
rational numbers
1
P _ : (3.9)
qn n 1
a
1 + .+ !
as + ...
? 1
an—2 +
an—1

"®With the notation of Lemma 60, near the boundary of B n)(z*).

16Which can be proven using the same techniques as in Theorem 45.

"For rational a the CFE also exists, but is not unique. There are always two representations, namely o =
la1,a2,...,an] and a = [a1, a2, ...,an — 1,1].
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with the convention p; = 0, g1 = 1. The rational numbers Z—: shall be referred to as the CFE
approximants. They are the best rational approximations to « in the sense that

p p
‘Oé_n < 05_' VQSQnaPGNv(P,Q)#(Pan),
qn q
furthermore, we have
1 1
< ’a el L
Qn—i—l(Qn—I—l + Qn) qn pt1

From (3.9), it is easy to see that p, and g, satisfy the relation

Gn+1 = AnQn + qn—1 and Pntl = pPn +Pp—1 N 2> 2.
These basic facts can be found in any book on Diophantine approximations.

For N > 1 and n such that N € [g,, ¢n+1 — 1] we can uniquely expand N as
n
N = bjg, (3.10)
j=1

with b; € N and b; < a; < q{}%, the expansion in (3.10) is unique if we require that, for each
J=1,...,n—1, we have'8 Z‘jjzl bjqj < qj+1. This is called the Ostrowski expansion, note that

b, = L%J . In an attempt to keep the notation simple we will, in the following, always implicitly

assume that N € [gn, gns1 — 1] and (3.10) holds, thus suppressing the dependence of n and b;
on N.

We will often make use of the Denjoy-Koksma inequality; for f € BV and n > 1 it holds that

52,00 a0 [ 70 < V() v <o)

where A denotes the Lebesgue measure on [0,1) and Var(f) denotes the total variation of f. In
light of the Ostrowski expansion (3.10), it follows that

1 n
‘SN(f)(x) N/O fdA‘ < bVar(f) Va € [0,1).
j=1

For simplicity’s sake, in this section, we will focus on the functions
flay=a"" g>1.

Ergodic sums of 277 - or the ”zero average” version % — (1 — ) - have already been studied
without trimming, among others in [DF15], [SU08]. However, there the rotation number « is
also randomised and one obtains a distributional limit, to a non-constant distribution, rather
than convergence to a constant. For example [SU08, Theorem 2] shows; For f(z) = % - ﬁ
there is a distribution D on R such that

P ((a,x) a< %SN(f)(x) < b> — Dla,b] as N - oo Va,beR,

where A\? denotes the Lebesgue measure on T2?. In [DF15] an analogous result is obtained
for f(z) = 277 with 8 > 1. By linearity and symmetry their result can be generalised to

8Equivalently b1 # a1 and there is no j € [2,n] with b; = a; and bj_1 > 1.
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f(x) = 127 + co(1 — )P for any ¢1,co € R. Usually, the case ¢; = —c is referred to as the
symmetric case, whereas ¢; # —ca is called the asymmetric case.

This highlights, that the strength of our results is that o can be fixed. The price we have to
pay is that trimming might be necessary.

The following theorems of this section are stated for the functions

2 Tesp. z=P. More generally,
they apply also to < + ;%% resp. c127 P + co(1 — )P with ¢; # —co, with only minor changes
in the proof which we leave to the interested reader. However, note that, in contrast to [DF15]

and [SUO8], we only discuss the asymmetric case.

3.3.2 The function i

First let us consider f(x) = % As it turns out, for almost all a and the function f, a weak law
of large numbers holds, even without trimming. On the other hand, for a Gs-dense set of a,
even the weak law does not hold without trimming.

The crucial condition here is a well-known Diophantine condition on a.

Definition 48. The number « is said to be of Roth type if, for all € > 0 and large enough n, it
holds that qn+1 < ¢-t¢. Equivalently

lim lOg(QnJrl)

—1.
n—co log(qn)

Theorem 49. There are dy > 0 such that

A('Sz(f)—1’>e>—>0 as N = oo Ve >0,
N

if and only if o is of Roth type. Furthermore, in this situation

dn = Nlog(N).

Remark 50. Contrary to the situation in Theorem 49, for o not being of Roth type, we may
need a trimming sequence arbitrarily close to N to obtain a trimmed weak law. More precisely,
given any sequence [(N) = o(N), there is a G5 dense set of a such that, whenever k(N) < I(N)
and dy > 0, there is an € > 0 such that

> 6) > 0.

Remark 51. A trimmed weak law generally implies an untrimmed weak law under condition
(3.11). More precisely, let (X, T, u) be a probability-preserving dynamical system, and suppose
there exist k(N) = o(N) and dy > 0 such that

SWY(f)

—1
dn

lim sup A <

N—o0

k(N)
M<5N(f)1 >e> —0 as N =00, Ve>0.
dn
If, in addition,
dy '\ 1
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then the untrimmed weak law follows:"

,u('sz(f)—1’>e>—>0 as N = oo, Ve>D0.
N

Next, we investigate strong laws. As above for iids, or the Gauss map, for almost all « it suffices
to trim by k(N) = 1.
Theorem 52. For almost all o it holds that

Sl
Jim ]m =1 forae z€][0,1). (3.12)

Furthermore, if a is of bounded type, then this convergence is uniform in x, i.e.

Sy

i N log(N) =1 wuniformly in x € [0,1).

The convergence in (3.12) only holds for almost every z, in fact;

Theorem 53. For almost all o it holds that
Sy(H)(a)

Sy()(a)
limsup —————=>1> hmlani
N Nlog(N) Nbveo N log(N)

Remark 54. The set of all x such that
Sy (f)(x)

Sy (f)(x)
limsup —~——~—=~ >1> hmmfNi
N_mleo (N) Nose N log(N)

is invariant under R, as will be shown in the proof of Theorem 55. Therefore it is also true that

Sn(£)(0) . SN()(0)
R Nlog(v) ~ 2 B Wlog(v)

Lastly, there are?® «, such that the untrimmed weak law holds?!, but not the trimmed strong

law for any k(N) being constant.

Theorem 55. There is an o, such that

Sn(f)
A(Nlog(N) 1l >€e) =0 as N —00 Ve>0,

but, for every K > 1 and almost every x, it holds that

Sk () (@) Sk (f)(@)
h]{]njélopm >1> I%nlnf]\;vlT(N) (3.13)

"For any € > 0, we estimate
,u(\SN(f)—dN|>edN)§,u<‘SIkV(N> £)—dy (> 6dN>—|—,u<30§n§N—1|foT"> ﬂ)

2k(N)
S,u(‘SJk\,(N)f —dn ‘>EdN)+N,u(f> GCZ]]\\[[)>%O,

as N — oo.

20 A before, the set of such a will be Gs-dense. We will not show this fact, as it can easily be verified and is
not essential to this work, leaving it instead to the reader.

210r equivalently « is of Roth type.
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3.3.3 The function z=° for 5 > 1

Let 8> 1 and f(z) = 27?. We will prove sufficient and necessary conditions for k() such that
trimmed weak or strong laws hold. The general conditions are slightly complicated to state,
but, in the case of monotone trimming sequences, reduce to a much simpler one. Here we will
only state the condition for monotone trimming sequences, leaving the more general statements
for the proof section.

Theorem 56. Let k(N) be monotone with k(N) = o(N) and dy > 0, then the following are
equivalent

(1) the trimmed strong law holds uniformly, i.e.

G(N)
lim Sy (@) =1 wuniformly in x € [0,1), (3.14)
N—o00 dN
(1I) the trimmed weak law holds, i.e.
GrV)
A(de(f)—1 >e| >50as N —o00 Ve>0, (3.15)
N
(IT7)
N
k() — 00 as N — oc. (3.16)

max(bn, mangn,l aj)

Furthermore, in this situation, dy = ﬁNﬁk(N)lfﬁ.

3.3.4 Comparison of results to literature

As our results seem to be the first that do not require strong mixing properties of the system,
it is of special interest to compare our results, to the known ones listed in §3.1.2. We shall
compare trimming results for the non-integrable functions % and z=? with 8 > 1. All of the
results below were discussed in §3.1.2 or earlier in this section. In each cell of the table, we
write sufficient conditions for a trimming sequence k(N) = o(N) such that there are dy > 0
with

lim =1 for p-ae. z e X.

N—o0 dN

To simplify notation, from now on we introduce the following; For = sufficiently large such that
the below is defined denote

log,(z) = log(z) and logy(z) = log(log,_,(x)), k> 2.

% P p>1
" k(N
iid k(N) =1 iy =
Gauss map E(N)=1 bgw — 00
doubling map E(N) = [rlogsz(N)], k > 10g1(2) % — 00
almost every rotation E(N)=1 l%kuw — 00

In all of the cases we have dy = ¢1 N log(N) for the function L and dy = ﬁcleﬁk(N)*fBH for

z =P, where ¢; = cg = 1 in all cases except for the Gauss map - in case of the Gauss map we
— _ 1 22
have ¢; = and cg = T2 -
22The phenomenon that we get a different constant in case of the Gauss map is due to the fact the Gauss map
is invariant with respect to the Gauss measure which is equivalent but not equal to the Lebesgue measure - all
other ergodic transformations are invariant with respect to the Lebesgue measure.

1
log(2)
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A similar comparison can be made for trimmed weak laws;

e For iids, the Gauss map, and the doubling map, together with the function % weak laws
hold even without trimming. This was shown in [Fel57, Theorem 2 VII.], [Khi35] and
[Sch18] respectively, but can be also deduced directly from the trimmed strong laws in
the table above.?3

e For iids, the Gauss map, and the doubling map, and the function z=? trimmed weak laws
hold for any intermediate trimming sequence k(N) — oo with k(N) = o(N). This was
shown in [KS20].

e For rotations of Roth type and the function % the weak law also holds without trimming,
as shown in Theorem 49. However, as demonstrated in Remark 50, for a generic rota-
tion number «, we might require a trimming sequence arbitrarily close to N to obtain a
trimmed weak law.

e For rotations and the function z—?, Theorem 56 states exact conditions on k() so that
a trimmed weak law holds. Also here generically we will need a sequence arbitrarily close
to N. Only for a of bounded type we can choose a trimming sequence that approaches
infinity arbitrarily slowly.

This suggests, that trimming is well applicable even beyond the mixing case. Finding more
flexible conditions and techniques to obtain effective trimming results without using strong
mixing properties is a promising direction for future research.

3.4 Proof of general trimmed laws

Proof of Theorem 41. (i) For every [ > 1 denote f; = min(f,l), and a; = [y fidp. Using
Jegorow’s Theorem, there are sets B; with pu(B;) < 27 and 1 < Ny < No < ..., with N; > 1
such that

Sa(Lpony) (@) —np(f > D] <2 nu(f > 1) (3.17)

and
190 (f1)(x) — nai| < 27'nay (3.18)

for © ¢ By and n > N,. Let k(n) be defined as
k(n) = [(L+2Ynp(f > 1)1, n € [N, Niga — 1].

Since pu(f > 1) — 0 as I — oo, it is clear that k(n) = o(n). By the Borel-Cantelli lemma, almost
every x is only in finitely many B;. For such an x and [ big enough such that x € B; for j > [,
using (3.17) and (3.18), for n > N; it holds that

1S3 () (@) = nar] < SN () (@) = Sa(f)(@)] + [Salfi) () — nal
<27™Mnu(f > 1) + 1+ 27 na.

Since a; /00 as | — oo, and n > [, the right-hand side is o(na;), hence

SE(f)(x)

n

lim
n—oo

=1 for p-a.e. x € X,

23This follows from Remark 51 since in all cases, for all ¢ > 0,

(7> 4w < i = (%)
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where d,, = na; for n € [N;, Nj3q — 1].

(ii) Now suppose (X, T, u) is uniquely ergodic (and p is regular) and f is continuous. Since
the sets {f = s}, for s > 0, are disjoint, only countably many can have positive measure.
Therefore, let s; /0o be a sequence with pu(f = s;) =0, let f; = min(f, s;) and a; = [ fidp,
note that f; is continuous. By regularity of p, there is an open set O; D {f > s;} such that
w(O\{f > s1}) < 27'u(f > s;), and by Urysohn’s Lemma there is a continuous function x;"
that is 1 on {f > s;} and 0 outside O;. Likewise, there is a closed set C; C {f > s;}, with
p({f > sib\ C) < 27'u(f > ), and a continuous function y; that is 1 on C; and 0 outside
{f > si}. There are 1 < N; < Ny < ..., with N; > s;, such that

Sux)a) =n [ du] <27t > ) and

Sn(x; ) () —n/Xxl_ du‘ <27'np(f > )
as well as
S0 (f1)(x) — na| < 27'nay,
for x € X and n > N;. For
k(n) =[(1+2""Ynu(f > s)], n €[N, Ny — 1],
analogously to the above, it follows that
\Sﬁ(")(f)(x) —nay| < 2_l+28mu(f >s1)+ s+ 27 na.

Since a; > siu(f > s1), ap — oo and n > N; > s;, the right-hand side is o(na;) as | — oo. The
claim follows with d,, = na; for n € [Ny, Ny — 1]. O

To prove Theorem 42, we will construct a function f using Rokhlin Towers. Here we use the
following version of Rokhlin’s Tower theorem ([Aar97, Theorem 1.5.9]).

Lemma 57. Let (X,T,u) be an aperiodic probability preserving ergodic system. Then, for
N > 1 and € > 0, there is a measurable set A such that {T—7(AWNTY are disjoint and

=0
p (UL TIW) < ]

Proof of Theorem 42. In order to prove Theorem 42 it will be enough to construct a function
f € F, asequence (N;);>1, and normalising sequences D;, D; > 0 such that

lim Sn(f)(=) =1 for pae z€X, (3.19)
l—o0 Dy
but
1 / 1 . 1 Dg 1
v (SNl(f) > Dl) > 3 while p SNl(f) < 0/)>3 (3.20)

To conclude the proof, let k(N) = o(N) and dy > 0 be such that

lim —————+ =1 for pae ze€X,
N—o0 dn

the existence of such IE(N ), dy is guaranteed by Theorem 41. Now the conclusion follows for

0 if N = N; for some [ > 1,
k(N) otherwise,
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1 if N = N; for some [ > 1,
k(N) otherwise,

K(N) = {

D; if N =N, for somel > 1,

dy =14 - ]
dy otherwise,

and

, {Dl it N = N; for some | > 1,

dy otherwise.

Let N; = 222Z and ¢, = 2= the Rokhlin Tower theorem, Lemma 57, ylelds a measurable set A,
such that {77 (Al)}Nlo are disjoint and p(R;) < €, where R; = X\U L7 (4;). Note that
1= ]2\[1 Mo 1(A;) < . Let B C T~1(A;) be a measurable set with u(Bl) = @ and define a
function g; : X — [O oo) by
2N if e A,
gi(z) = 2Nl if x € B,

0 otherwise.

Let f =372, g Since each g; is non-zero only on a set of measure at most 3 N , the function f

is almost everywhere defined by a finite sum. Furthermore, f is non-integrable since [ g;dp > %
for each [ > 1.

For each [ > 1, every point z ¢ R; will visit A; within N; steps, therefore Sy, (f)(z) > 2. On
the other hand, if « does not visit Aj U By, within?* N; steps for any k > [, then, for big enough
[, it holds

-1 -1
Sn (@) < (X +2792M + N llgllzee < (1+2702N 4 N Y 28 < (14272
j=1 j=1

Therefore, for big enough [,
i 1.1
N, — N/’

k=I+1

IN

Sn, (f) —i41 > _N,
u(‘ -1 > 2 gu(RlURl>§2 ' 42N,

where R = [ I+1 UN’ LT (A} U By,). By Borel-Cantelli (3.19) holds with D; = 2.

On the other hand, every point = ¢ A; U R; will visit T-1(4;) within N; steps, of those points
half will visit B; and the other half will visit?® T-1(A4;) \ B;. In addition, all of these points
will visit A; exactly once, that is the largest value that we trim, unless A U By is visited for
some k > [, then the largest value will be one of the terms contributed by gi. Therefore, for
big enough [, we have

(-2 M) —1) _1
2N; 3

N;—2
p (k=2 > | U T8 >
=0

If = does not visit B; within N; steps, and avoids all Ax U By, for & > [, then all the non-zero
contribution can only come from visiting A;, which however is the value that will be trimmed,

24Here we count z itself as the first step.
25 And hence they will avoid B; altogether since it would take at least N; steps to visit T~ *(A,;) again.
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and visits to Ay U By, for k < [. Therefore, for z € U;V:lEZ T=3(T~(A;)\ B;) \ R; and big enough
[ it holds that

1
Spa(F)(@) < NZZHQkHL‘X’ < NzZ2Nk < 52"

The set in question has measure

o

1—27M)(N; =1
p UTJ YA\ B\ By | > 2&“ )—2NZZ
k=Il+1

>

W

S
Ny
It follows that (3.20) holds with D) = 2™~ O

3.5 Proof of polynomial trimming

In this section, we shall provide a proof of Theorem 45. First, we shall prove uniform convergence
assuming (polynomial) unique ergodicity, i.e. assumption (B). Throughout this Chapter, we shall
use the notation introduced in §3.2.

In order to make use of the deviation of ergodic averages, we will approximate indicators of
small balls by smooth functions.

Lemma 58. For e, é > 0, with e + € small enough, there is a C"-function g : M — [0,1] with
gee =1 on Be(z*) and gee =0 on Beye(z*)¢, furthermore it holds that ||gee||cr < €77

Proof. Let x : [0,1] — [0, 1] be a smooth function with x(0) =1, x(1) = 0 and
x(0) =xV(1) =0 Vj>1.

Suppose €+ € is so small that the exponential map exp,« : Beie(0) = Bege(z*) is a well-defined
diffeomorphism. Then for

1 if d(z,z*) <€,
gee(x) =< x (é_l(| exp;}(a})]g — e)) if e <d(z,x*) < e+eé,
0 if d(z,x*) > €+ €,
all the desired properties are easy to check. O

There are a constant 2 > 0 and an €* > 0 such that

6*

(1 — Qe)Bap(z*)e? < p(Be(z*)) < (14 Qe)Bap(a*)e? Ve < —

5
Recall that by assumption there is a § > 0 such that
|Sn(g9)(x) — n/gdu| < n'0gller Yn>1,9€C",x € M. (3.21)
Let us first show bounds on sums of indicators.
Lemma 59. For e > 0 small enough and n > ¢ it holds that
1Sn (1B, (o*)) () — nBap(x*)e?] < ne®™! 4 e Sl Ve e M, (3.22)

the implicit constant is independent of € and n.
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Proof. For € > € > 0 to be chosen later let ¢ = g.¢ be the function from Lemma 58. From
(3.21) we obtain

1Su(9)(x) —n / gdu < n\=0e.

Since (1 — Qe)p(z*)Bge? < [gdp < (14 2Q€)p(z*)By(e + €)? and g > 1p, (,+), it follows that

Sn(1p, (@) () — nByp(z*)e? < Sn(g)(x) — Bap(a*)e? < ne®™ 4 nel~te 4 nl=0%e

1
and setting?® é = (n9e?~1)7 1 yields

r(d—1) )

Sn(1p, (@) (T) — nBgp(a*)e? < ne®™! ¢ rr pl T, (3.23)
The same arguments for g = g._¢ ¢ instead of g. ¢ yields
N d41 | —me=b g o
nByp(r*)e® — Sp(1p, (o)) (7)) K ne®™ " e TF n L (3.24)

The claim follows from (3.23) and (3.24). O

1
Let €(n) = (p(f*()%dn) * and denote

0 if d(z,z*) < e(n),
f(z) otherwise '

@) = F@)(1~ L o) = {

Considering Lemma 59, the idea is that Ss(n)( f) = Sn(fn) as will be made clear in the next
Lemma.

Lemma 60. It holds that
_B
d

[SEO(£)(x) = S fu)(@)] = o(nd k(n)"

) as n — oo, uniformly in x.

Proof. Let Cq > 1 be the implicit constant in (3.22), and

o= (i) - (66k) )

For n big enough?’ n > e’(n)_% and we can apply Lemma 59 to obtain

k(n) k(n) _r(d-1) 17L+r(d—1)
* —_—+ —= T gy LT T
S"(lBs'(n)(r ))(x) < 10 + 10 + k(n)” dGFDp T AGED

. 16 _r(d=1) 1-9 +7“(d—1) 14 r(d=1) )
and since n' 1 a0 = ¢ (na( 1 d(T+1>) = o ( k(n)'T4+D ) we can choose n so big

that

k(n)
Sn(lBe/(n)(m*))(x) < —

Number the points {z, Tz, ..., 7" 'z} as x1, ..., 7, in such a way that
flx1) > f(x2) > ... > f(zy), then

K@) = Saf) @l < D flap+ Y f): (3:26)
i>k(n) 7<k(n)
xjE€B(n)(z¥) z;EBe(n)(z¥)

(3.25)

. _rtd ~
26The assumption n > €~ 5 is to ensure that é < e.
T‘«(I;»d (1—a)(r+d)

=O0(n s ) =o(n).

2"Because € (n)~
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By Lemma 59,
a1,y (e0)) (@) — k()| = D(m)k(n),
for some function ¢ : N — [0, 1] with ¢(n) — 0 as n — oo, so
x; € Be(n)(x*) = j <k(n)+ ¢(n)k(n) and
zj & Beny(2®) = j > k(n) — ¢(n)k(n).

Due to (3.25), all the z; on the right-hand side of (3.26) lie outside Be/(,(x*), therefore there is
a constant ¢ > 0, independent of n and z, such that f(z;) < c€’ (n)~# for all such points. This
fact together with (3.26) and (3.27) implies that

(3.27)

|SEM () (@) = Sn(fn)(@)] < 2e¢(n)k(n)(e'(n)) P = o(nik(n)

Lemma 61. For 8 > d we have

1
B—d

Sn(fn)(x) = Resy (f)Bap(x*)ne(n)?P(1 4+ o(1))  uniformly in x.

If B =d then
Sﬁ(")(fn)(x) = Res;+(f)Bap(z™)n|log(e(n))|(1 + o(1)) as n — oo, uniformly in x.

Proof. We focus on the case § > d, the case = d can be proven analogously. Let é(n) > 0
with é(n) = o(e(n)) to be chosen later, let g = ge(n)¢(n) be the function from Lemma 58 and

denote f, = (1 —g)f. Then f, < fn and ||fn|lcr < €(n)~""Pe(n)~", furthermore?s

/ fudp = 3 i Resq- () Bap(z")e(n)™" (1 + o(1)).

It follows from (3.21) that

Sn(fn)(z) < Sn(fn)(x) <

B i g Resas (f)Bap(x*)ne(n) =P (1 + o(1)) + O(e(n) ™" P&(n) ™).
Choosing é(n) such that?® n_%e(n)_ﬂrrd = 0(é(n)), we obtain

Sn(fn)(@) < ﬂidReSw*(f)de(x*)ne(n)d_ﬁ(l +o(1)).

The same arguments with g = ge(n)—¢(n),e(n) instead of ge(n) e(n) yield

1
5—d

Sn(fn)(@) = nRes,- (f)Bap(z*)e(n)™ (1 + o(1)).

28Since foHe[E’I] [|x|| 7% dx L Bae?™P(1 - 0(1)).

o ; (-a)(r+d) (1-a)
r4d 1—a)(r+ l—a
2This is possible since n_%e(n)_ + O (n_%*' rd ) =o0 (n_ d ) = o(e(n)).
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Proof of Theorem 45 under assumption (B). First assume > d. Lemma 61 yields

SEO)(f,)(2) = BidReSz*(f)P(iﬂ*)ch; nitk(n)' =4

while Lemma 60 ascertains that

(1+o0(1)) as n — oo, uniformly in z,

|Sﬁ(”)(f)(x) =S (fa) ()| = o(ngk‘(n)l_g) as n — oo, uniformly in z.

If 8 = d similar arguments apply. O
Under assumption (A), the conclusion can be proven by almost the same arguments, utilizing
the pointwise estimates from [Aue25, Proposition 9.1].

Proposition 62. Assume that (A) holds, and let (g;)i>1 be a sequence of C" functions. Then,
for every e > 0,€ > 0, there are L, > 1 such that

Sn(gr)(x) — n/gldu‘ < lgillern®* for p-a.e x € M,¥n > 1,1 > L.

Proof of Theorem 45, general case. We shall present here the argument for § > d, the argument
for B = d goes analogously. For € > 0, and choosing®’ (g91)i>1 in a clever way, Proposition 62
yields for p-a.e x € M

Sn(g)(x) — n/gld“‘ = HQZHC’”TZM_6 vn > lElv I 2 Ly

For such z, the proof of case (B) then shows

SK (fa) () = cp(z”)

whenever k(n) = [n®] for some

<r+d—d(5+e) 2rd+d—r—d(d+e r+1 )
1> a>aq)=max

r+d ’ 2rd+d —r ‘r4+d+1
The proof is concluded by letting € — 0. O

3.6 Proof of trimmed laws for rotations

3.6.1 Background

Recall that, for N > 1 and n such that N € [gp, ¢ny1—1], there are 0 < b; < qjé—*_l, forj=0,...,n,
J
such that .
N=> bjg,
§=0

this is called the Ostrowski expansion.

In the following we will, by slight abuse of notation, identify [0,1) with [—%, %) via the identi-

fication ¢ : [0,1) — [—%, %)
. 1
() = T if < '5,
xz — 1 otherwise.

30Here g; are all the functions used in the proof of case (B); either smooth functions approximating 1 Be(ny» OF
smooth functions approximating f,.
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Whenever we write z < 0 < y for some points z,y € [0,1), we implicitly refer to this identifica-
tion.

Denote
On = |ogn_1]. (3.28)

1 1
On € (,)
" 2¢n qn

Furthermore, as is easily deduced by the approximation properties of «, d, is given by a simple
recursion.

Then

Lemma 63. For all n > 1 it holds that a,6p+1 + Spte = 0.

Z—: > 0, the other case can be proven similarly. Since a@ — 2= < 0 and

Proof. Assume o — P
e

_ Pn+41
dn+1

« < 0, we have

RI"-1(0) < RI 1+ (0) < ... < RIn-1+0ndn (0) = RI"+1(0) < 0.
The claim follows since d(R%~1(0),0) = 4, d(R™+1(0),0) = 6,42 and
d(RIn—1+(=Nan () RIn—1H100(0)) = 5,01 Vi=1,...,an.
U

For N > 1 and = € [0,1) denote by j¥(x),...,i¥(z) the clockwise ordering of the points
{x,..., RN=1(2)} around the circle, for convenience leaving out 0 so that

0< RIV@(z) < .. < RIN®(2) <1,
where we identify T with (0, 1], and
JRTE (@) > > f(RNO (),

where we recall that, by the convention in Theorem 41, we set f(0) = 0. Sometimes we will
also denote BRIl (@) (z) = gV

It holds that N N
PR (@) > > fRAO (@),

where f(z) = x=? for some § > 1. Hence, for N > 1 and k < N, it holds that

N
Sk(N)@) = Y FRIT@ ().

I=k+1

From this, we can immediately deduce some helpful bounds. Consider the case when N €
[qn, Gnt1 — 1], o — 5—: > 0 and j&¥(z) = j{"(z). Then the points {z, ..., RN ~!(x)} are grouped
into clusters of size b, or b, + 1. If in addition RIT (@) (x) > qin, for some € > 0, then, for each

k > 0, we can bound
gn—1

SK()(@) <2770 +1) Y (e+5)7"
i
This estimate is obtained by noticing that the leftmost point of each group?! is at distance at
least 6,, > ﬁ. A similar estimate can be made, assuming k > by, + 1 instead of ji¥ (x) = ji"(z),

31These are the points {z, ..., R ~!(x)} numbered clockwise, starting with Rjim(z)(x).
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but the point of the above is that this calculation is independent of k. Many of our proofs will
rely on this or a similar estimate, therefore it will be crucial to first understand better when

gt (x) = 51" (x).
Lemma 64. If o — 2% >0 and®? Riin(®)(z) < —bydyy1, then jN (z) = ji" (x).
Proof. 1t holds that
Rit (@) (3) < RIt @Fan () < . < Rian (@) +onan 2y < RIT" (@) (),
and no other point of {z,..., RN"1(z)} is between Riar (®)(z) and RI1"(*)(z). Furthermore,
Rian @)+bnan () < RIan () (1) + b, 5,41 < 0,

and the conclusion is immediate. O

3.6.2 The function i

For this section, denote f(z) = 2.

Before starting the section with some technical results, we first give an overview of the main
propositions in this section. First, using the Denjoy-Koksma inequality, we find suitable dy > 0
and €, > 0 such that

1SN (f)(@) —dy| < en Va €[0,1),

this is shown in Lemma 66 and 70. If « is of Roth type, then we can show that dy ~ N log(NV)
and ey = o(N log(NV)), this will be shown in Proposition 74 and Lemma 71 respectively. This
leads to the intermediate result

Sbn-i-l
]\}1_1}100 W =1 uniformly in z € [0, 1), (3.29)
for « of Roth type, as stated in Proposition 75.

In order to prove Theorems 49 and 52, we will in both cases compare Sﬁ’(;“( f) to Sk (f) and
then make use of the convergence (3.29). In the case of Theorem 49 we note that, as in §3.3.4,
a lightly trimmed weak law for the function % already implies an untrimmed weak law.

In the last part of this section we will prove Theorems 53 and 55 making use of the previous
results to prove the liminf case and construct some sets for which the lim sup case holds.

Lemma 65. Forn > 1 and x € [0,1) there is at most one k* € {1, ...,q,} such that
* 1
R¥ (2) € [0, ) .
Gn + Gqn—1

Proof. For k, k' € {1,...,¢q,} with k # k' and y € [0,1) we have

/ 1
d(R*(y), R* (y)) > d(ka, k') > d(|k = K|, 0) > d(gn-101,0) = 6, > PR
n n—1
Hence there is at most one such point in the interval [O, m) O
Denote
. 1
fn(l‘) _ f(.’L') if z S m, 1 y
0 if z € [0, —

’ dn +Qn71

#This is to be understood in [—3, 1).
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Lemma 66. For N > 1 we have
SHH) (@) < Sn(fa) (@) < SHH(F)(w) +3N Ve e [0,1).

Proof. By Lemma 65 there are at most b, + 1 points of the form R/(z) with 0 < j < N —1 that

are in [0, m). Let k' < b, + 1 be such that le]e\’f(x)(x) € [O, Qn+}1n71) but Rj’iv’“(x)(iﬁ) ¢
1
|:0’ Qn‘i’Q'rLfl) then33
SeHf) Z F(RITC Z F(RIT @ (2)) = Sy (fa)(x).
i=b,+2 i=k’+1
On the other hand
N
Sv(fa)(@) = > fFRT@( Z F(R@ (@) + (b + 1= K) (g + gno1) ™)
i=k'+1 i=bn+2
N N
< Y FREE@) + (bn + 1)(gn + ga-1) < S (@) + 3N
i=bn+2

O]

Using the Denjoy-Koksma inequality, we can immediately deduce a useful estimate for S;n (f)-

Proposition 67. For x € [0,1) and n > 1 it holds that

53.(1)(@) ~ g log(an)| < Ta..

Proof. By Denjoy-Koksma inequality we have

50, 00) ~ a0 [ o) o] < Var(s),

and the claim follows from Lemma 66. O

We will use a more general form of this computation (see [BK21, Lemma 4.4]).

Lemma 68. Forn > 1 it holds that

n
2Gn41 2 Z%‘Qj- (3.30)
=1

Proof. Recall that ¢,+1 = angn+gn—1. For n =1, (3.30) becomes 2¢g2 > a1q1, which, considering
that ¢ = 1 and ¢2 = ay, clearly holds. Now let n > 2 and assume (3.30) holds for all k£ < n,
then

n
Z a;q; < anfn + @n-1qn-1 + 2¢n-1 < (an + 1)(]71 + 2¢n—1 < 2¢n41-
Jj=1

33Besides the points Rj{\](z)(x) Rjt]c\g(z)(x) there might additionally be one orbit point in [0, = +q —

)

1
N
namely in the case RJN“”)( ) = 0. However, even in this case, the calculation below remains true, since f(0)

fn(0) =0.
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Lemma 69. For eachn > 1,i € [0,n — 1] we have
) 1
Sgn—i (fn)(@) — @n—ilog(gn—i)| < min ( 2gn, S | F 3 Vr € [0,1).
Proof. Denote h = 1[

)fn Since any two points in {z,..., R7~i"1(x)} are at distance at

1
least 0,—; = |aqn—i—1| 2 , we have

4 ({;n, o RE- ()} N <0, 2qi_i>> <1,

S0 (F)@) = Sy (W@ < ali) < min (2 i )

min

hence

Applying Denjoy-Koksma to h yields
|Sg,—i (B)(@) = gn—ilog(gn—i)| < Var(h) + log(2)gn—i < 3¢n—i,
and the claim follows. O
Lemma 70. If N € ¢y, qn+1) then
SN (fa) (@ Z bjgjlog(qj)| S 16N +2  ajq;log(by).

j=1 1<j<n—1,b;#0

Proof. For j =1,..,n—1and s =0,...,b; — 1 denote z(j, s) = RYi=5+1 %4454 (1) and 2(n, s) =
R#*(z) for s =0,...,b, — 1. Then

n bj—1
= Sq,(fu)((5.9)),
7j=1 s5=0
and by Lemma 69 we have
n bj—1 )
Sn(fn)(z Zb]qjlog qj) <3N+ZZm1n (2qn7 , . )
22 9
n—1 bj—l 1
< 3N + 2bpqn + min <2qn, )
2 2 e e G,
n—1b;—
< 5N + min | 2qy, . 3.31
AR <-s>>m> oo

For j =1,..,n and s = 0,...,b; — 1 denote (j,s) = (z(j,5))". . For j = 1,...,n with b; # 0 it
holds that

bj—1
(R 0 ), R 0 () R @)} = | (G 8) e B ()

and the union is disjoint.
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The set on the left is a finite orbit of length b;q; < gj4+1, therefore all of the points in the set
on the right are at distance at least 2%%, in particular it holds that

(203, 8) = 25, 8) 2 5—, (3.32)
dj+1
for any s,s" € {0,...,b; — 1}, s # &
Similarly, for K =1,...,n — 1, we have
k bj,1
{R=1 294 (), RR=rr b6t RN @)y = | | {20, 9)s o RY T (204 5))}
7j=1 s=0

and the union is disjoint.

The set on the left is a finite orbit of length Z;?:l bjq; < qr+1 and therefore, by Lemma 65,

contains at most one point in [0, ﬁ) Letting (j5,s;) with 1 < jf <k and 0 < s} < bjs — 1

be the index with Z(j;, s;) = minj—=1 __k, s=o0,....5;—1 7(j,s), it follows that3*

z(j,8) > j=1,..,k s=0,...,b; — 1, (4,s) # (Ji, 5k)- (3.33)

2qk+1

Let

A" =A{01,51); - Un-1,83-1)} and

We will split up the sum in (3.31) as

n—1b;—1
>3 (o egra) = 2 min (20 o)

i=t =0 mn Geea ! (3.34)
. 1
+ Z min <2qn, 7 >
(@(4;8))m
(],S)EA* min
For the first sum, notice that (3.33) implies
z(j,8) > % Y(7,s) € A. (3.35)
J
311t is possible that also Z(j3, %) > ﬁ, we do not make any claims of these points.
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Using (3.32), (3.35) and Lemma 68, we obtain

> i (200 )

(4:s)€A min
- n—1b;—1 1
<D > T
j=1 s=0 2¢j41 2qj41

g 2 Z qj+1 (log(bj) + 1)
1<5<n—1,b;#0

<2 Z a;q; (log(b;) +1)+2 Z gj—1 (log(bj) + 1)

1<j<n—1,b;#0 1<j<n—1,b;#0

n—1
<2 > ajglog(by) +3 ajq;
1<5<n—1,b;#0 j=1

(3.36)

<2 Z a;q;log(b;) + 3N.
1<j<n—1,b;#0

Note that the indices (j;, s}) may coincide for different k, in fact if j; = k — i for some i > 1,
then (55, ;) = (Jj_;»s5;) for L =1,...;4. In other words, by (3.33), for each 1 <k <n —2, it
holds that

i(]ZNSZ) <7 = (]szlt) = (jZ—O—le}:}—l—l)'

2qp+42
Using Lemma 68, it follows that
1 n—2 n—1
> min <2qn, M) <20, +2) qre2 <4gn+2) qr <8N. (3.37)
(4,8)€D* % k=1 k=1

From (3.31), (3.34), (3.36) and (3.37) it follows that

SN (fa)(@) =D bjgjlog(qj)| 16N +2 Y~ ajg;log(by).

j=1 1<j<n—1,b;#0
O
Recall that the first goal will be to show that
Sbn+1
A}iinoo Jm =1 uniformly in z € [0, 1),
if a is of Roth type. Considering Lemmas 66 and 70, this will follow, once we show
> ajgilog(by) = o(N log(N)), (3.38)
1<j<n—1,b;70
and Nlog(N
lim og(N) __ 4 (3.39)

N—oo 0 bjg;log(q;)
First we will show (3.38).
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Lemma 71. Iflim, . % =1, then

n—1

Z ajqjlog(a;) = o(qn log(qn))-
j=1

Proof. Let € > 0, ng > 1 be so big that ¢,.1 < ¢LF¢ for all m > ng and thus in particular
am < qi,. Moreover, let n; > ng + 1 be so big that ¢,, > q%. Then, using Lemma 68, for
n > n1 it holds that

no—1
Zajq] log(a;) Z a;qjlog(a;) Z a;jq; log(a;)
Jj=no
no—1 n—1
<log(gn) Y ajq; + €log(gn) > ajq
j=1 Jj=no

< 2108(qn ) (gno + €Gn)
< 2eqy IOg(Qn)’

O
This immediately implies (3.38). The next lemmas will be a preparation for Proposition 74
which will give (3.39).
Lemma 72. It holds that
n
beqﬂ log(g;) < N log(N Z ;g5 log(q;) + N log Zb
j=1 7j=1 j=1

Proof. Since N = 7", bjq; it is clear that Y7, bjgjlog(gj) < Nlog(N). Now note that the
function z — zlog(z) is convex on (0, 00), hence

- N N
S 3, log(q;) 5,4 log nlog< n )
Z Z ’ ! Z Z ’ = Zi:l b; Zi:l bi

Multiplying this equation by > b; yields

ijqj log(g;) > Nlog(NN) — N log (Z bi) .

j=1 i=1

Lemma 73. If lim, l(iigz(zz)l) =1, then

log Zb o(log(N)).

Proof. Let € € (0,1) and M’ > 1 be so big that gn1 < ¢.t¢, which implies b,, < ¢,, for
m > M’'. Let M > M’ be so big that ij‘/i/l aj < ¢5; and® g, > me for m > M. Then, for

BIf o = # then ¢, = {%J For the golden ratio all the CFE coefficients are 1, so for general o we have

,_
Sl%
—

Gn >
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N > gy it holds that

n

log [ Y b | <log| > ¢f | +log(ah)
j=1 j=M

< log(qy,) + log(n) + log(qys) < 4elog(N).

O

Proposition 74. It holds that

lim — o8N (3.40)

N—oo Zg 1 0595 log(g;)
: FIB log(gn+1) _
if and only if lim, Oligq(qz)l =1.
Proof. (1) If limy, 0 1c>1§g1(n+)1) =1, then (3.40) holds by Lemmas 72 and 73.
(ii) On the other hand, if liminf, loligl(’;:)l) > 1 then there is an € > 0 and a subsequence
(ng)i>1 such that gn,+1 > q}”“, which implies a,, > qfléz, for [ sufficiently large. For N; =
nyGny € [Gnys Gny+1 — 1) and [ sufficiently large it holds that3¢

€
Ny log(Nl) > (1 + §)anzqnz log(qnl)7

contradicting (3.40). O

Proposition 75. If limy, oo B8 = 1, then it holds that

Sy ()(@)
]\}gnoo ]A\Tflog(N)

=1 wuniformly in x € [0,1).

Proof. This is an immediate consequence of Lemmas 66 and 70, (3.38) and Proposition 74. [

Now we will show that, assuming lim,, lolig]&*)l) = 1, weak laws can be obtained even without

trimming. As an intermediate step, we first prove weak laws under light trimming.

Lemma 76. If lim, . % =1 then

Sl
A(]\H](Q{sz)_l‘>6)_>0 asn — oo Ye> 0. (3.41)

Proof. Let € € (0, ﬁ) and My be big enough such that loglgn+1) 9 4 % for all n > Mj. For

log(gn)
n > My denote €, = 10% (% — 1) < €, and let

an

By, = {x €[0,1) ‘d(a:+ja7Z) < for some j € {0,..., g — 1}}
dn— . €n
T i (ne2) o

361n this case Qny = bn,.
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log(qn+1)

—1+ log(an)

note that \(B,,) < 2¢,. Note furthermore that a, < qf]—:l = gn
obtain

, taking logarithms we
€€ €€
log(a,) < Tglog(qn) < 7” log(N). (3.42)

We will show that for big enough n it holds that
Sn(f)(@) =S¥ (f) (@) < eNlog(N) + N VN € [gn, i1 — 1], @ & B (3.43)

Considering Proposition 75, (3.41) follows from (3.43). Note that, if a,, < 10, or equivalently
Gn+1 < 10g, + ¢n—1, then (3.43) holds trivially, even without any assumption on x, because

bn
sﬂmwﬂ%“mwsgymWWmsm%HgmN

So for the rest of the proof we can focus on the case a, > 10.

We will only show (3.43), for n with o — 2’—: > 0. The conclusion for all other n follows by
considering 1 — « instead®” .

We first claim that, for x ¢ B,, and big enough n, whenever ¢, < N < ¢, + €,qn+1, it holds
that

,.p

it (@) = 41 (x). (3.
Indeed, since b, < 1+ <+, keeping in mind that e, and identifying T with [—1,1),
it holds that

4)

1
< 100>

qn 1 1 1 1
RO (2) < 6y + 2 <~ + <—— - < —budny1,
(z) " qn 2q,  100qy, Gn+1 100q,, nn+l

where we recall that §,, = d(¢,—10,7Z) € <q +; i). Now (3.44) follows by applying Lemma
64. Therefore, in this case, 21, = z%. > @ - and using (3.42) we obtain

SL(F)(@) - S% (N <2 < X < eNlog(v).

€n €n
On the other hand, if N > g, + €,¢n41, then it is not necessarily true that ji"(z) = i (z).
Nevertheless, using (3.42), we can estimate

bn+1

Sk () (@) = S (f) Z FRIT @) (g Z Gnt1

1
< Qn-l—l(l + log(bn)) < :N(l + log(bn)> < ENIOg(N) + N7

n

and we have shown (3.43) in both cases. O

3"Let n be such that o — Z—: < 0 and denote & = 1 — a. Then the CFE approximants of d are given by

P _ 9n—Pn
an an
by Sy the ergodic sum w.r.t. the rotation R(z) = z + &, and note that for N € [gn, gnt1 — 1] = [qn,qn+1 —1] it

holds that S% = S% o RY for all k < N. Since & — % > 0, (3.43) yields

(the index 7 is either n — 1 or n+ 1, depending on whether o < %) and we have & — 22 > 0. Denote

SK(H)(@) — S (f) (@) < eNlog(N) VN € [da, Gasr — 1], 2 & Ba,

where b; and Bj are defined in the same way as b, and Qn, only using G resp. Ga+1 instead of g, resp. gnt1.
Since ¢n = qn and Gn41 = @n+1 it holds that b; = b, and Bn = By, it follows that

Sn(f)(@) = Sy (f)(x) < eNlog(N) VYN € [gn,qns1 — 1],2 & RY (By).

We will use an argument similar to this one several times in the sequel.
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Lemma 77. Suppose that, for some v € (0,1] and n € N, it holds that gn+1 > @t and
@ > ~11000. Then there are sets A, B C [0,1) with A(A) = A(B) = o955 such that, whenever
(1+3)

k< gni1qn ,

%ﬂ%@>%%ﬂbg%%uMkSMﬂ@%<%WMﬂ%@JVxEAyER

where N = ["’g’ggﬂ.

Proof. We only treat the case for a— z—: > 0, the other case follows by considering 1 — « instead.

Let
,y Qn_l ’)/
femn [t ()= o)

an 1 1 1
_ Jan (%) Y Tt S T
B {xeMD’Rq @»e((4+mm)%,4%)}

B RGN R N
- 477000) g0 4g,) 7"

=0

and

Clearly A(A) = A(B) = 1555-

For x € B we have

R]‘%L(I)(.f) < _L < _ ’V’YQn-&—l—‘ 1 < —bn(sn+1,
An+1

4q, — 250qy,
and Lemma 64 yields j{"(z) = j¥(x). Moreover, since different points in {z, ..., R¥"~1(z)} are
at distance at least i, it holds that R1"(®)(z) > i, therefore S (f)(z) = S& (f')(x), where

() — {0 if 2 € [0, 5-),

f(z) otherwise.

Using the Denjoy-Koksma inequality, we obtain

Y
SN (@) < Sib1)gn (F) (@) < 2(bp + 1)gn 10g(gn) + 8(bn + 1)gn < Togdn+1108(an).
On the other hand, since a— Z—: > 0, applying R? will move any point to the right by a distance
of Opt1 = |qner| > 2qi+1' Therefore, if x € A then it holds that

ian bn b Y Ydn+1 1
Rian @+ an () > -7 S > — 0,
(z) = + "= "71000q, + 500¢n 2qni1

1000¢y, 2
where we identify the circle with [—%, %) Since now the points

sdn

RI @) (), BRIt @Fan () Ria @+ [ an ()

are at distance 0,41 < ﬁ and cross from negative to positive, it follows that there is an
~dn

st e {1,.., {%”]} such that Rl (*)+57an (1) € (O L ) There could be two such points in the

? gn+1

interval, in that case choose the left one®® so that jg" (z) + s*¢, = ji' (). The points

{Rjgﬁ @)+ (" +k)an ()., Rian (@)+(bn—1)an (z)}

38For the calculation below it is not important which we choose.
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bn—1

Z f R]qn )+ (In >

have k other points to their left, therefore S (f)(z) can be estimated from below by summing
f only over those points. More precisely
()
j=s*+k Jj= nt1
Lbn—l

= Gn+1 22: ]—1—11 > Gn+1 <log <V)n2_ 1J> - log(k)>

j=k
> 1QnJrl log AR — log <Qn+1q;1_%) > 1‘]n+1 log(Qn)'
-2 2qn — 4
O
Now we are in a position to prove Theorem 49.
Proof of Theorem 49. First assume that lim, % =1, then, by Lemma 76
Sy(f)(x)
MRS —1>e] =0 — 00 Ve>0. 3.45
< N log(N) e) asn — oo Ve (3.45)

For N > 1let My = Sn(f) — S}V(f) = max;—o, N-1f©0 R, then, for € > 0, we have

A(m—1‘>e>gA(MN(x)>;Nlog( )>+)\<m—l'>;>

<A <:17 3 e{0,...,N -1} s.t. Ri(z) € <0, (;Nlog(N))1>>
(251

fekém“<migi5$§ >3)

In light of (3.45), it follows that

Sn(f)(z)
A < NNlog(N)

—1‘>6)—>0 asn — oo Ve > 0.

log(gn+1)
log(gn)

assume that there is a vy € (0,1) such that g,,4+1 > qf,lljw and ¢, > v~ 11000. For a contradiction
assume that there are dy > 0 such that

A <’sN<f><x>

dn

On the other hand, now suppose lim sup,,_,, > 1. Taking a subsequence (n;);>1 we may

—1‘>€)—>0 as N — oo Ve> 0.

For every [ > 1 let N; = Pq;ggl-‘, by Lemma 77 there are sets A;, By with A(4;) = \(B;) = ﬁ
such that

Sni (f)(x) > %in—&-l log(gn,) Yz € Ay, (3.46)
while

Sn () < 100qm+1 log(qn,) Yy € Bi. (3.47)
Due to (3.46), we must have dy, > 2¢n,4110g(gn,), on the other hand (3.47) implies dy, <
25, +110g(gn, ). This is a contradiction. 0
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Proof of Remark 50. Let [(N) = o(IN) be a sequence of natural numbers and k(N) < {(N). For
€ > 0 denote
u(e) =min(N > 1| 1(m) < em, Ym > N).

Let « be such that,

q?

1
Qn+1 > qgu <> for all n sufficiently large,

noting that there is a Gs dense set of «a satisfying this condition. Moreover, this choice implies
that

_3
2

k(N) < l(N) < @n+14n °,

whenever N = {qgg)%l} and /g, > 250. The claim follows from Lemma 77 with v = 1. O

We will now focus on the claims about strong convergence, i.e. Theorems 52, 53, and 55.

Proof of Theorem 52. Let k = % and « be such that ¢,.1 < ¢, log(gn) log?(log(¢,)) and

1
E — < 00, (3.48)
e log'™(gy)

n>1,qn41>qn log™ ™ 2 (gn)

by®? [FK16], this condition is satisfied for almost all a. Denote

N = {n >1 ‘ In+1 < qn logl_g(Qn)}-

Clearly, « fulfils the Roth type condition and thus, Proposition 75 shows that

SN

R Nlog(N) =1 uniformly in z € [0,1).

The claim (3.12) follows once we show that, for almost every z, it holds that

Sk(f)(x) — S T(f)(x) = o(N log(N)). (3.49)

We estimate the left side in two different ways;

e since any two distinct points in {z, ..., RV "!(z)} are at distance at least quﬂ, we have
bn 2q
1
Sn()(@) = Syt (@) < % < 10¢n+1 max(1,log(bn)), (3.50)
j=1
e on the other hand, denoting z¥. = RiT' @) (z), we can trivially estimate
1
SN(H)(@) = Sy ()(@) < bp—x— (3.51)
T min

Since b, < log(gy)log?(log(g,)), we have;

39Tn [FK16] it is shown that the stronger condition

s 1.

log™ ™"
n>1,qn4+1>4n log!=*(qn) S (qn)

holds for almost all a.
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(A) if n € N sufficiently large, then by (3.50) it holds that

Sn(f)(@) =S¥ (f) () < 10g,11 max(1, log(bn))
< 20qy, IOgl_g(Qn) logQ(Qn) = O(N lOg(N)),

(B) if N > gy, log? (gn), then by (3.50) for n sufficiently large it holds that

Sh () (@) = S (f)(x) < 10g,41 max(1, log(b,))
< 20y, log(qn) log®(log(gn)) < 100N log! =1 (N) = o(N log(N)),

(C) if 2. > ——L_— then by (3.51) for n sufficiently large it holds that

min = g, log' =" (gn)’
SN(F)(@) = ST F)(@) < gnlog! " (gn) log?(l0g(qn)) = o(N log(N)).

In the next steps we will show that, indeed, for almost all x and all but finitely many n & N/,

if N> qgn log% (¢n) then we have azﬁm > m and we have covered all cases.

For each n ¢ N with o — 22 > 0 let €, = log~=*)(¢,) and

n—1
B, = {:B €1[0,1) ‘ dx + ja,Z) < ' for some j € {0,..., ¢, — 1}} = U [en,en] — ja.
dn )
7=0

For n & N with o — Z—: >0, 2 & By, and N < ¢,10g2(g,) we have

BRI () < —g; og ™17 (qn) < ~bugy iy,
and by Lemma 64 it follows that ji"(z) = j(x). In this case

Toin > a5, log™ 7 (gn).

min

Similarly, for n ¢ N, a — z—z < 0 and

it also holds that
N> q,;l log*(k”) (gn) VY & Bl,.

min

Indeed, if z ¢ B, a — 22 <0, n ¢ N and N < g, log? (¢,), then
n n

jN(:c) = Ji]n(w) + bngn if n" (ZL') +bngn < N,
' g1 (@) 4+ (b — 1)g  otherwise,

therefore, under the just stated conditions, it holds that

l'ﬁin > 2(]7:1 IOg_(l_H) (Qn) - bnq7:41.1 > (];1 IOg_(l_H) (Qn)

Since A(B, U B.) = 3log~(17")(g,,), the assumption (3.48) shows that > ngn A(Bn U By,) < o0,
and by Borel-Cantelli almost every x is only in finitely many B,, or B, with n ¢ N'. By (A)-(C)
it follows that (3.49) holds for almost every x.

For the ”furthermore” part of the statement, note that if « is of bounded type then N'= N\ K
for a finite set K C N. Hence, case (C), the only case where we don’t have a uniform statement,
does not have to be considered. O
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Note that, if a is not of bounded type, the proof uses a Borel-Cantelli argument, hence conver-
gence typically is not uniform. For example we shall show that, for almost all «,

Sy(H)©)
Nlog(N)
does not converge.
Lemma 78. If guy1 € (qnlog(gn)logs(qn), anlog?(gn)), gn > 10%, o — ’;—: > 0 and zI"

min
1 .
woz(@) g @)’ then it holds that

<

SN (@) — 8% () () = 5N log(N),

where N = [7‘1"““1;;(252%‘1")]

1

Proof. Denote € = T Tog (G Toga @)

, for n sufficiently large, it holds that

bn, 1 bnteqn1] g
IR OUTIEES R S
=1

€
t i=1+[eqnt1]

by, ) 1 log(gn) 1
lo > NI > Z N log(N).
qn+1log (ean 2 5V fou (0) g4(qn) > 5 g(N)

L

>
-2

O]

Remark 79. The "logs” in the previous lemma might seem a bit odd, and in fact, the lemma
works also if we replace logs by any function ¢ with ¥ (n) /' oco. The reason for our choice will
be apparent from the proofs of Theorems 53 and 55.

Lemma 80. For almost every « there are infinitely many n > 1 such that

Gn+1 > qn log(qn)logs(qn) and a — P > 0.

dn

Proof. To avoid confusion, in this proof we shall write g, (a) resp. a,(«) instead of g, resp. a,.

We have anl Wlogg(n) = oo and hence by Khinchine’s Theorem, for almost every «, there

are infinitely many n with

Gn+1(a) > gn(@)log(gn())logz(gn(a)).

Equivalently,*0
an(a) > log(qn()) logz(gn(e)).

Expanding « as

o= , (3.52)

ar(«) + ! ;
ag(a) + *

40This is not quite equivalent since gni1 = @ngn + gn_1, but almost. Using Khinchine also yields gny1(c) >
2¢n(a) log(gn(@)) logs(gn () for almost all o, which implies an(a) > log(gn () logs(gn(c)).
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we can easily see that oo — Z:—EZ; > 0 if and only if n is even. Denote

Acven = {a S (07 1) \Q

there are infinitely many even n with
an (@) > log(gn(@)) logs(gn(a)) ’
there are infinitely many odd n with }

Aodd = {0‘ €(0.1\Q an () > log(gn(a)) logs(gn(ar))

Let T'(z) = | 1] be the Gauss-map. From (3.52) it follows that
an(T(a)) = ant1(a) and therefore ¢,(T()) < gn+1(a),

hence Apgg C T (Aeven) and Acpen C T (Apgq). Tt follows that Aepen, C T72(Acpen). Since T
preserves the Gauss-measure p, which is equivalent to Lebesgue, we have Agpen, = T _2(Aeven)
(mod p). And since T? is ergodic™ i(Aeven) € {0,1}. From

Aeven C Tﬁl(Aodd) C TﬁQ(Aeven) - Aeven (mOd N)a

it follows that Aepen = T (Aogq) (mod ), hence p(Aogq) = p(Aeven) € {0,1}, and by equiva-
lence to Lebesgue also A(Apdq) = A(Aeven) € {0,1}. At the same time, by Khinchine it holds
that AM(Aeyen U Apgq) = 1, it follows that A(Apgq) = A Aeven) = 1 as desired. O

Proof of Theorem 53. Proposition 67 ascertains that |S; (f)(x) — gnlog(gn)] < 7¢, and the
”lim inf” part of the claim holds.

By Lemma 80, for almost all «, there are infinitely many n with g,+1 > ¢, log(gn) logs(g,) and

a— 2—” > 0. For all such n and z = a we have

1 1
< )
dn+1 qn IOg(Qn) logs (QH)

8
(=]
3
Il
Iny
g
3
=
A

and by Lemma 78 there is an N,, € [¢n, ¢n+1 — 1] such that

1
SN (H)(@) = S (F)(@) > 5 N log(No,). (3.53)
The claim follows from (3.53) together with Proposition 75. O

Theorem 55 can be proven using the same ideas. Here we will need a version of the second
Borel-Cantelli Lemma, using only weak pairwise independence. The following has been proven
in [Lam63], see also [Pet02] or [Cha08].

Lemma 81 ([Lam63]). Let (2,P) be a probability space and (Ap)n>1 be a sequence of events
with

[e.9]

> P(An) = o0
n=1
and there is a K > 0 such that

Then it holds that
Plw e Q |w € A, for infinitely many n) > 0.

4L A fortiori T is mixing.
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Proof of Theorem 55. Let a be such that g, 1 € (¢n10og(gn)10g5(qn), gnlog?(g,)) for all n. The
claim about the weak law follows from Theorem 49. We will now show that the strong law does
not hold. For simplicity, we only consider n for which o — fl’—: > 0, the other case follows by
considering 1 — « instead.

(i) For the "liminf” part of the claim, note that by Proposition 67 we always have |S}, (f)(z) —
qnlog(gn)] < 7qn. Furthermore, since the points {z,..., R~ 1(x)} are at distance at least

5. > ﬁ’ it holds that R/ (™) (z) > ﬁ. It follows that

ISK(f)(x) — gnlog(gn)| < (7+ 2log(K))gn  if g, > K > 1.

(ii) Let N, = [%ﬁigqn)] and G be the set

K
G = {x | ligsgp]m > 1}.
Note that 42
SR, (f)(@) = SK, (F)(R(x))] = o(Nylog(Ny))  uniformly in x,
therefore G = R(G) is invariant. By ergodicity, the claim (3.13) will follow once we show
AG) > 0.

1
(iif) Let en = o mmom@ny @0d

gn—1
Ay ={z | RV @(2) € (0,en)} = | (0,6n) — la,
=0

and this union is disjoint.*> Note that Engzﬂ > 10g3(q”)210g5(q"). Then for z € A,

2% 1 bn+|—6nqn+11 q 1
SHNE) =Sy (N 2 ————> > =
i=K " qn+1 1=K+ [engn+1]
> (1000K) 1 g,11 log< b ) > kN, log(Ny,),
€ndn+1

for some x > 0 and n sufficiently large.
By Proposition 75 we have
St f)(x) = Nlog(N)(1+o(1)) uniformly in z € [0,1),

and it follows that
G D {z | z € A, for infinitely many n}.
It remains to show

Az | x € Ay, for infinitely many n) > 0.

(iv) We will verify the conditions of Lemma 81 for 4, i.e. we will show

i AAp) = oo (3.54)

n=1

“2Gince, for big enough n, the distance between any two points in {R(z), ..., RN (z)} is at least ﬁ, at most

one such point can be in [0, NI:%Q(ZKIL)) c [o, 2qi+1 ).

43 Q- 1 . Bk .
Since €n < 5~ <MDy, jye(0,....qn—1},51 252 |10 = J2a.
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and
)\(Al n Aj) < 2)\(14@))\(14]) Vi < j. (3.55)

Lemma 81 will then imply A(z | x € A, for infinitely many n) > 0 and the proof will be
complete.

(v) First we verify (3.54). Indeed, the assumption ¢,41 < gnlog?(g,) implies** that ¢, <
16™(n!)%, in particular log(g,) < 100nlog(n) and logs(g,) < 10logy(n). It follows that

2 A =Dt =D Sioe ) 7 1000 2 nlog(n) o)

Now we verify (3.55). Let ¢ < j and, for [; =0,...,¢; — 1 and Iy =0, ..., ¢; — 1, denote
I, = (0,¢) — i and T, = (0,¢) — laar,

additionally 3
Ml = #{l S {0, csQf — 1} | I; N1, # @}

Since the I; are disjoint we have

Ny =#{1€{0,...,q; -1} | —lael,} =#{€{0,...q; — 1} | la € =1, } = Sy, (11, )(0).
A(Ai N Aj) < Sq;(14,)(0)¢; < (gjaqiei + 2)e5 < 2M(Ai)A(4;),
showing (3.55) and completing the proof. O

3.6.3 The function 2%, 3 > 1

In this section, we shall provide a proof of Theorem 56. Let 3 > 1 and f(z) = 2%. Clearly, the
strong law implies the weak law, so (I) = (II). The main propositions in the section are the
following: We show that the strong law holds (uniformly) assuming (3.16), i.e. (III) = (I),
see Proposition 84. Then we introduce an a priori weaker condition than (3.16) - condition (D)
given in Definition 85. We show in Proposition 92 that (II) = condition (D) and Lemma 86
shows that condition (D) and (3.16) are equivalent under the condition that k(') is monotone
implying (II) = (III).

We start with some preparations to prove Proposition 84. To simplify matters, we will introduce
an auxiliary sequence K (N) = o(N). Instead of studying the full sum Sy (f) it will be convenient
to study separately® the sums Sy (f) and Sy~ (f) with

N= > bjg, ad N'=N-N= > bg<gxgw
j=n—K(N) j=1

By carefully choosing K (N), the second sum Sy~ (f) is dominated by Sx/(f), hence it suffices
to study the latter.

Let eg > 0 be so that (1 + €g) % <1, and

K(N) = min (K >1 ’ (s < Nk(N)(Heﬁ)%) .

44This can be shown by induction. Recall that, by convention ¢; = 1. Now assume g, < 16" (n!)4 for some n,
then it holds that
g1 < 16™(n!)* log?(16™(n!)*) < 16™(n!)* (log(16)n + 4nlog(n))® < 16" ((n + 1))™.

51t holds that Sn(f) = Sn+(f) + Snr (f) o RN".
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With this choice it holds that

dn—K(N)
sup |Syu(f)(z)| < sup |S] H)] < 4 k"
3w IS (N@] < S 18], (D) Z KV

- O(qf_K(N)) = O(Nﬁk(N)u*EB)(l*ﬁ)) — O(N’Bk(N)lffB).

Since
SN ) < SNV () < SHYTHE) + Sk (£) 0 RN, (3.56)
the strong law (3.14), with dy = ﬁNﬁk‘(N)l_ﬁ, will follow once we show*0
k()
lim —2 @) _ 1 uniformly in z € [0, 1). (3.57)

N—o0 Nﬂk(N)_ﬂ+1 ﬁ—l
First, we claim that
k(N)
Zn—K(N)gjgn b

Note that, if*” K(N) = 1, then this follows trivially from (3.16). Therefore we can focus on the
case K(N) > 1.

— 00. (3.58)

By (3.16), the condition (3.58) is equivalent to the a priori weaker condition
k(N)

Zn—K(N)+1§j§n b;

— OQ.

Note that, for every 1 < J < n —1, N satisfies

n—1
N 2> bugn > bpan—1qn—1 > ... > by H ajqn—J-
j=n—J

Therefore, by the definition of K(NN) (and since K(NN) > 1), we have

n—1

)18
> by H Clg'flrhi((N)Jrlk(N)(lJr 5
j=n—K(N)+1

)18
G-y > NE(N)T2)5

Moreover, for sufficiently large n and K, it holds that

1++5
2

qn > pE2qn_K, where p = (the golden ratio).

It follows that K(N) = o(k(n)), and consequently,

n—1
S ob<he [ @+ KOV < RW)FOT £ K(N) = o(k(N)
n—K(N)+1<j<n j=n—K(N)+1

46 Applying the same arguments with k(N) — 1 instead of k(N) also yields

SN () (@)

WL T NAR(N) A uniformly in 2 € [0, 1).

4"To be slightly more precise; if K(N) = 1 along a subsequence, then (3.58) follows trivially from (3.16) along
this subsequence.
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and hence (3.58) holds.

Let z(N,z) = RjﬁNHl(g&)(x), recall that this means that z(N,z) is the k(N) + 1st point in
{z,...,RN'"1(z)} that we encounter moving from left to right from 0 (not counting 0 itself, if
0 € {z,..,RN'~1(x)}), then we have

SW () @) = F(V ) + > I@). (3.50)
ye{z,..RN' "1(2)},y>z(N,z)
We first try to locate z(N,x). To that end first rewrite
2(N,z) = min(¢ € {z,..., RN "M (a)} | Sn'(L,)(x) > k(N) +1).
For ¢ € (0,1) we have

n

1SN (1(0,¢)) () — N'¢| < 2 Z bj.

j=n—K(N)
Since " N
Sni(le)(@) € N'C=2 > b, N'C+2 Y by,
j=n—K(N) j=n—K(N)

it follows that

=:Iy.

E(N)+1-23" bj k(N)+1+2>7" b;
z(N,:B)E[( ) 2 i—n—k () bi K(N) > imn—K(N) J]

N’ ’ N’

Denote

o) {f(x) if 7 € [%1)

0 otherwise.
Lemma 82. For N € [qn, gnt1 — 1] sufficiently large
]va(}v)(f)(x) — Sy (fn)(@)] = o(NPE(N)P)  uniformly in z € [0,1).
Proof. For fixed x € [0,1) let fy be the function defined by

Fuly) = {f(y) ify € [2(N,z), 1),

0 otherwise,

then, by (3.59), we have S]];(/N)(f)(x) = Sy/(fn)(x). Furthermore, for N sufficiently large

|Snr () (@) — Sn(fn) ()| < 2P NPR(N)P#{0 <j < N'—1| Ri(z) € In}
< 2PNPE(N) P Sni(11,) ()

< 1000°NPE(N) 2 " by,
j=n—K(N)

and the claim follows since 377 x () bj = o(k(N)). O

Lemma 83. It holds that

b

5 1Nf51<:(]\7)*’5Jrl = o(NPE(N)P*Y)  uniformly in x € [0,1). (3.60)

KM (f)(@)
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Proof. The Denjoy-Koksma inequality yields

1
I%MMW—NAfWMMSWMM” S

j=n—K(N)
Since fol fn(y)dy = ﬁ(Nﬁ_lk‘(N)_B*l—l) and % — 1, the claim follows via Lemma (82). [

Altogether we obtain the following.
Proposition 84. If (3.16) holds, then the strong law holds uniformly, i.e.

Gh(N)
]\}i_{noo N dE\p(m) =51 uniformly in x € [0, 1).
Proof. Considering (3.56), it is enough to show (3.57), which follows from (3.60). O

To complete the proof of Theorem 56, it remains to show that if the weak law*® holds and k(IV)
is monotone, then k() satisfies condition (3.16).

To this end, we show that if the weak law (3.15) is satisfied, then k(N) satisfies the following
(a priori weaker) condition.

Definition 85. k() is said to satisfy condition (D), if, for any subsequence (N;);>1 satisfying

lim sup;_, o, qi\zl < 1, it holds that

)

» (3.61)

Lemma 86. Let k(N) be a monotone sequence satisfying condition (D), then (3.16) holds.

Since clearly (3.16) is the stronger condition, the lemma shows that if k() is assumed to be
monotone, then (D) is equivalent to (3.16).

Proof. If « is of bounded type, then both (3.16) and (3.61) are equivalent to k(IN) — oo. So
assume now that « is not of bounded type.

Let N :={n | a,, > 2} and consider the sequence

an

5] @l men),

(Nl)lZI = (Qn72Qna ey [

clearly limsup N < 2 and, per assumption, (3.61) holds for the sequence (IV;);>1.
l—=o0 dn+1 3 =

In order to show (3.16), let C > 0, by (3.61) there is an Lo so big that %ﬁm > 2C for | > Lyg.
Furthermore, let ng be such that Nz, € [gng, @no+1 — 1]. Since « is not of bounded type, there
is an ny > ng such that® a,, > max;<,,a;. Now (3.16) will follow once we show that, for®
N > @n,+1, it holds that
k(N)
max(by, maxj<p—1a;)

> C.

48 A priori weak or strong laws could also be possible for a different normalisation dy > 0 with

. (B—1Ddy
NI NR(V)E 7 b

so we have to take this into account in the proof.
Omplicitly ny € N.
50Now N is not necessarily a member of the sequence (N;);>1 any more.
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Since n > n1 + 1 and n; € N, the above is equivalent to
k(N)

> C.
max(by,, Maxj<n_1jeN @;)

For j € [ng + 1,n — 1] NN let I; > 1 be such that N;, = [%2] gy, and, if n € N, let I, > 1 be
such that N;, = min(by, [%]). Clearly ,

min [; > Lo and N > max Nlj.
jE[n0+1,TL] jG[TLo—l-l,n}

Since k is monotone
o k(N) > k(Ny, ) > Cap, > Cmaxj<n, aj,
e for j € [ng +1,n — 1] it holds that k(N) > k(N;;) > Ca; since N > (4227 gn,,
e k(N) > k(Ny,) > Cb, since N > by,

Assume now that there are dy > 0 such that

\ ( SN ()

-1
dn
We will show that k() satisfies condition (D).

>e>—>0 as N = o0, Ve>D0.

To this end, we will show that if k() does not satisfy (D), then S;,(N)( f) has ”oscillations” of
order NPk(N)'=# (Lemma 91). To conclude, we have to ensure additionally that, along suitable
subsequences (N;);>1, it holds that®! dy, = O(ka(Nl)lffB).

Lemma 87. There is a constant C > 0 only depending on [ such that, for e € (O,ﬁ),
N € [gn, (1 — €)gn+1], k > 0 and n big enough, we have
Y (Sj’iz(f) < Ce P min (quf_l, Nﬁkl_ﬂ» > %.

Proof. Assume o — Z—Z > 0, the other case can be proven analogously. Let A C [0,1) be the set

gn—1

a={eelo) | R €[50 0] ) = U [550m 1500 - g

where d,, is given by (3.28), clearly A\(A) > ;5. We have b, < (1 — e)q’;—zl. Hence, by Lemma
63, for x € A it holds that
€ 1

i @) (1) < —(1 = )80 < —(1 — )andpsr < —b
R (z) < —( 10)n— ( 10)an n+l > nanrl’

and Lemma 64 ascertains that j{v (z) = j{*(z). By summing separately over the first cluster of
points, we obtain

2C.7n+1 %

j=k i:ma"(l’ Lﬁp

- 2° : 10—
< 100%e Pxpep, 110na" + ﬁbnqg min(1, b7~ 1k1F)

< Ce P min(ng_l, NBEL=F),

51This is not quite what we show, but morally speaking.
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for some constant C' > 0, where

1 ifk<b,+1
Xh<bnt1 = 0 otherwise.

d

Lemma 88. If the weak law of large numbers as in (3.15) holds and (N;);>1 is a subsequence
fulfilling lim sup;_, qi\% <1, then

dy, = O(min(NygZt, NP k(N)—9)). (3.62)

Proof. Let € € (0,1007!) and L be such that qi\% <1l—eforl > L. For such [, Lemma 87
yields
A(Sk, < Ce P min(Nigl !, NP k(N)' 7)) > %.

This clearly implies

dy, = O(min(Nigy ™", N/ k(N)' 7).
O
Remark 89. A posteriori, if k(N) satisfies condition (D), then
NI RN = o(Nig ),
and (3.62) becomes simply
dn, = O(NJE(N) ).
Lemma 90. For e € (0,1) and w > 1 it holds that
(1= u] —1< (1= ))lw].
Proof. If w < %, then
w <1-— 1 <1-— €
|w] w 2
On the other hand, if w > %
(A —Qw] = [w—ew| < |w] — |ew],
and 1
lew] > ew =12 (1= J)ew > %ij
It follows that c
(A= uw] = (1= )lw]
O

Lemma 91. There is a constant ¢ > 0 such that, for € € (0, 1t5) and N € [qn, (1 — €)gnt1],
there are sets A, B with \(A) = A\(B) > #20 such that

Sn(f)(x) — Sn(f)(y) > ceNg, ™' Vz € A,y € B. (3.63)

Furthermore, if k = ];;qﬂn € N then
SE () (@) = SE(f)(y) > ce min (ng—l, l%_ZNﬁkl_B) Vo e Ay e B. (3.64)
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Proof. We focus on (3.64), (3.63) can be shown using almost the same arguments. In the
following we assume o — ’q’—: > 0, the other case follows by considering 1 — « instead.

Let

A ={z € (0,1] | R"®)(2) € (0, 1%5”) and 7 (2) € {0, ... gn — qn_1 — 1}}

Gn—Qqn—1—1 ¢
7=0

Since §,, > ﬁ, it holds that®? \(4’) > %. For 2 € A" we have

dn

Ritn (@) (z) < BRIt @Fan () < . < Rian @+ bn=Dan () « RIT" (@) (g),

and no other points® of {x, ..., RN~1(x)} are between Riin (*)(z) and R1" () (z). Using Lemma

90, we have
e[ 1 )52 = e

in addition Lemma 63 yields a,d,+1 > J,, and therefore
i (2)+(bn—1)gn < _(1- & _ < (1% _ ¢ <_£
R (z) < (1 10)5n 4 (bp — 1) < (1 10)5n n (1 2)%5%1 < —n.

It follows that j{' (z) = j{"(z) and j (z) = j¥ (z + £0,) for all i = 1,..., N. Writing

qn bn—l

SK(H@) =Sk +560 = D D (f (RIO (@) - f (B0 () + 26,) ).

I=[k]+1 =0

we notice that all the summands are positive, hence we can bound below by taking only the terms

¢ an . in
where [ = [k]+1. Furthermore, all of the points R @t (x) are to the left of R (x),
therefore we again bound from below by replacing them all with this point. Therefore

Sk(P@) = Sh(D)a + 560) = b (f (R @) = f (R0 (@) + £5,))

- -B ~ -B
> b, k+3 B k+3+i (3.65)
dn dn 8qn

> cemin(1, l%_ﬁ_l)bnqg > cemin (ng_l, lAc_2Nﬁk:1_B) ,

for a constant ¢ > 0.

We distinguish two cases:

52Gtrictly speaking this is only true if (1 — 5)an > qn—1. If (1 = 5)gn < gn—1, then a similar proof with the set

qn—1
A= {we 01| BT D@ € 0,50} = [ (0, 556-1) o
=0

leads to the same conclusion.
%3The only candidates for points between R’in (*) () and ij"(l')(ac) are
Rﬂ'g:}'(z)(m) < Rian @+an () < ... < RiGh (@) +bnan (z) < Rj‘f"(f)(x).

However the assumption j{" (z) < ¢n—gn—1—1, or equivalently ji» > gn_1, ensures that the point Riin (@)+bnan (z)

is not present in {z,..., RN ! (x)}.
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(i) If there is an s such that A(z € A" | Sk (f)(z) = s) > IA(A'), we set
A={zecA|S5(f)(z)=5s} and B=A+ ian.
Then, for x € A,y € B, it holds that
€ (3.65)
SE(N@) = SK(©) = SK (= 702 = k() > cemin (Ngi ' k2N%7),
where in the first equality we used the fact that S%(f) is constant on A.

(ii) Otherwise, if there is no such s, let

w

S = {s >0 | MzeA|SK(f)(z) <s)> 1)\(A')} and so =infS.

Then, for®
A={z e A | Sk(f)@) > s} and B ={z € A'| SK(f)(x) < s0} + 70,

it holds that, for x € A,y € B, we have

SK(@) — SYNW) > S — 50~ S5()w) = cemin (Ngd~ k2N )

where we used that S& (f)(z) > so by definition of A, and S (f)(y — £6,) < so by definition of
B.

Furthermore, by continuity of A, we have

A(B —A(ﬂ{xeAwsN( ) ><s}> > IAA),

seS

In order to estimate A(A), we distinguish two possibilities

e if 5o € S, then by definition it holds that

NA) =A@ € 4] SE(N)(@) > s0) 2 ZAA),

e if 5o € S, then
AA) = Az € A" S (f)(@) > s0)

- A( Ut e 4| S()() > s}) ~A(we 4| SK () =50) = ZAA),

s¢S

Proposition 92. If there are some dy > 0 such that

A( SN ()

dn
then k(N) fulfils Property D.

-1

>e>—>0 as N = oo, Ve >0,

Proof. We assume weak convergence as in (3.15) holds and let (NV;);>; be a subsequence with

lim;_, o qi\% < 1, say lim;_, o qi\% =1 — € for some small € > 0. By Lemma 88, we have
dy, = O(min(NygZ =, NP k(N)'P)). (3.66)
(N) — 00, equivalently (N’)q” — 0o. If not, then, by Lemma®® 91,

S Clearly S # 0 because S¥ (f)(x) < 100 P N¢? whenever 2, > 150
55 A priori it might also be possible that k(N;) = 0, in this case, use (3.63). Otherwise, we use (3.64).
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there are sets Ay,, By, with A(An,) = A(By,) > % with
SN @) = SV () > emin (Mgl NPRN)' ™), Va € Awy,y € By,

for a constant®® ¢ > 0 which depends on € but not on [. In light of (3.66), this contradicts
(3.15). O

Finally, we are in a position to give the full proof of Theorem 56.

Proof of Theorem 56. Clearly, strong convergence implies weak convergence, therefore (I) —-
(IT). Additionally, if k() satisfies condition (3.16), then Proposition 84 shows that the strong
law holds uniformly, so (III) = (I). Moreover, by Proposition 92 we have that (II) —
condition (D) and according to Lemma 86, if £(/V) is monotone, condition (D) is equivalent to
(3.16). O

56The dependence on € and ” k” as in Lemma 91 can be absorbed into & This is doesn’t cause any problems
since k = % is bounded by assumption.
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Chapter 4

Concluding remarks and future
directions

To conclude this thesis, let us remark on some natural questions that arise from this work.

4.1 Dimensionality in the PLT

One limitation in our construction of non-mixing systems satisfying the PLT (Chapter 2) is the
requirement that the fiber, which is exponentially mixing of all orders, must have a very high
dimension. A natural question is whether this assumption can be relaxed.

One possible approach is to refine the partitioning scheme used in the proof so that the estimates
needed for recurrence statistics remain valid even in lower-dimensional settings. This would
require modifying the geometric arrangement of target sets in a way that ensures the necessary
separation conditions hold while still preserving sufficient mixing in the fiber. However, adapting
the arguments of Section §2.8.2 to this new setting presents technical challenges, particularly
in maintaining control over the number of targets introduced at each scale.

Addressing this question could lead to a more flexible framework for establishing the PLT in
weakly chaotic systems, potentially broadening its applicability to lower-dimensional settings.

A preliminary outline of how one might modify the proof is as follows:

e Note that we only the used estimates on the dimension in the calculations of §2.9 in order
to show ,u(Al(j)) = O(V(Bl(j))L) for some power . > 0 that was determined by the two
systems 7" and R. Since M(Al(j )) BY ))

order to satisfy the requirement.

= ré and v(B;”) < r{, we just had to choose d > td’ in

e Alternatively we could simply partition the ball @); into more rectangles, say so that each
A( 7 has a diameter of order ri with a > max(1, ud! ), while B(j ) has a diameter of order

r;. The total number of rectangles Al(j ) x Bl(j ) requlred is of order O(r} ).

e With this choice it now holds that ,u(Al(j )) = O(I/(Bl(j ))L), regardless of what d and d’ are,
and all the arguments of §2.9 can be applied.

e On the other hand the PLT in the fiber, obtained in §2.8.2 can no longer be applied. In
addition to just shrinking the targets Al(] ), in each step we increase the number of targets
as well. So some additional work is required to fit the arguments into this setting.
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4.2 Hitting time statistics for slowly chaotic systems

Recall that the goal of Chapter 2 was to find limit distributions of

1(Br (")) e, (@) (4.1)

as r — 00, where B,(z*) is a ball of radius r around x*, for all or almost all z*, and ¢p, (=)
denotes the first hitting time of B,(z*). Further recall that the distribution of (4.1) w.r.t. p
is referred to as the hitting time statistic, while the distribution w.r.t. the conditional measure
KB, («+) is referred to as the return time statistic.

For sufficiently chaotic systems, see also the list in §2.1, hitting time statistics for geometric
balls are expected to be asymptotically

e exponentially distributed if * is aperiodic,

e scaled exponentially distributed if x* is periodic. Note that in this case the limit of the
hitting time statistics is only a sub-probability distribution®.

To contrast this, a wide range of distributions are a priori possible as limits of hitting or return
time statistics. In fact, in [Lac02] it is shown that any positive distribution with expectation < 1
can appear as a limit point of return time statistics. Possible limits for hitting time statistics
are described by [KLO05], this description can also be more directly derived from the relation of
hitting and return time statistics in [HLV05].

Below we shall discuss results on hitting time limits for some maps and flows with only slow
chaotic behaviour. For flows the question about hitting times has to be modified as mentioned
in §2.1. Note that in all the cases below, the limit is not exponential.

4.2.1 Irrational Rotations

For an irrational rotation R = R, on [0,1), where o € [0, 1] \ Q, hitting time statistics have
been studied for specific sequences of shrinking intervals. Given a point z* € [0,1) and n > 1,
let J,, be the interval with endpoints R?(x*) and R%+!(z*) that contains z*, then [CdF96]
investigates the normalized hitting times p(Jp)¢,. The results in [CdF96] show that, along a
subsequence {n;}, the normalized hitting times exhibit the following behaviour:

® If gn,+1/qn; — 00, then u(Jy,)p,, converges to a uniform distribution.

e Otherwise, the limiting distribution can be a piecewise constant function, whose precise
form depends on the arithmetic properties of the continued fraction approximants of «.
A full classification of these distributions is given in [CdF96].

A natural question is whether these results extend to more general sequences of intervals.
Unlike mixing systems, where hitting time statistics often exhibit universal behaviour, the
case of irrational rotations appears highly sensitive to the arithmetic properties of the interval
endpoints. If one considers a general sequence of intervals I, = [ay,,b,], it remains unclear
what types of limit distributions might arise, or even whether a meaningful classification is

'For example if T is the doubling map and z* = 0, then [Zwe22, Theorem 10.1] describes the return time
statistics as

X 11 e
KB, (x%) (Br(a? @B, (z) < t) — 3 + 3 (1 —e é) YVt >0, asr — 0, (4.2)

The constant 5 in (4.2) comes from the fact that half of B, (z*) returns to itself immediately. Using the relation
given in [HLV05, Main Theorem)], the hitting time statistics satisfy

« 1 —t
i (Br(a)pn, oy <) = 5 (1—€¢2) ve>0, asr 0.
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possible. The dependence on the Diophantine properties of a, and b, suggests that a deeper
number-theoretic analysis is required to make further progress.

4.2.2 Integrable flows

For m,d € N with d > 2, let &/ C R™ be a bounded domain, and let f : i/ — R? be a smooth
function. We consider the integrable flow

O T xU - TExU, (0,)— (0+tf(J),J).

The target sets we consider, while avoiding overly technical definitions, are sets D, that, in each
leaf, are intervals transverse to the flow direction. A typical example is given by

Dy ={(g(J) +sf(J). J) | =r <s <7},
where g : U — R? is a smooth function, and f* : U/ — R? is a unit-length vector field satisfying
f-rt=o.
In [DMS17], it is shown that for generic g, there exists a limiting distribution F' such that

2rep, = F asr — 0. (4.3)

Moreover, [DMS17] provides an explicit description of F'.

We remark that intervals transverse to the flow direction are the natural class of sets to study.
For example if we wanted to investigate hitting times of more geometric objects, such as balls
in T¢ x U, a possible approach would be to realize the restricted dynamics as a suspension flow
and apply the techniques of [PY17] to analyse the hitting time statistics.

4.2.3 Horocycle flow

Denote by hy and g5 the horocyle and geodesic flow introduced in §2.11.2. Suppose SL(2,R)/T
has one cusp and let C be a closed stable horocycle of length 1 around the cusp, we will
investigate the sets

Dr=|]J &)

In [KMK24] (T' = SL(2,Z)) and [MP24] (general I') it is shown that there exists a limiting
distribution F' such that
w(Dr)ep, = F as R — oo. (4.4)

Moreover, [MP24] provides an explicit description of F.

4.3 Distributional limit theorems for trimmed ergodic sums via
the PLT

For ergodic sums of non-integrable random variables, distributional limit theorems are more
classical than strong limit theorems, as in Chapter 3, where trimmed strong laws are discussed.
More explicitly, do there exist constants ay and by such that

Sn(f) — by (4.5)
an ’ ’
or in the trimmed case *N)
Sy (f) —bn (4.6)

anN
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for some trimming sequence k(NN), that converges to a non-degenerate distribution as N — oo?

In the case of iids?, this question is well studied. We present the results in a simplified setting
where f =28 for B > 1:

e In the untrimmed case, [GK68|] showed that (4.5) converges to a stable distribution as

N — o for
Nlog(N) ifps=1
aN:NB and bN: Og( ) Zfﬁ ’
0 if B> 1.

e The lightly trimmed case, where k(N) = K is constant, has been studied® by several
authors, including [Dar52], [Teu81], and [AB60]. They show convergence of (4.6) to a
non-degenerate distribution for ay = N?. The limiting distribution and the constants by
are computed in [Hal78]. Notably, the limiting distribution is not a stable distribution.

e The case of intermediate trimming, where k(N) — oo but k(N) = o(IN) as N — oo, has
been studied by [CoHMS86]. They showed that there exist constants ay and by such that
(4.6) converges to a normal distribution.

Since classical techniques heavily rely on independence assumptions and characteristic function
computations, they do not extend easily to deterministic settings. Instead, we sketch a proof
using the Poisson Limit Theorem (PLT), which captures the behaviour of extreme events in
a more flexible manner. This not only provides insight into the underlying mechanisms of
convergence but also extends naturally to non-iid systems. The following sketch is work in
progress by the author. In order to avoid technical difficulties, we encourage the reader to first
consider the iid case; however, we note that this proof also appears to be applicable in the
non-iid setting. Furthermore, for simplicity, let £(/N) = K be constant; this corresponds to the
lightly trimmed or untrimmed case.

(i) Let m,R>1 and

fn= fl[()’(ﬁ)[g] and fn=[f—fN.

A straightforward calculation shows that Var(Sy(fy)) = O(N'"
Considering that the goal is to show

26/;1 R 26[;1 ) _ O(NQBR_I).

va(N)(f) — by

NP =L,

for some limit distribution L, it becomes apparent that, for large R, the oscillations of fy are
negligible. Therefore we will focus our efforts on fy.

(ii) For j =0,...,m — 1 denote

o) =0 () - )

where by convention % =o00. For N > 1 let

Xy(z) = {1’ (x)}éV:_Ol \ {The K closest points to 0}

2By this, we mean that (fo Tj) forms a sequence of iid random variables. For the sake of being explicit, one
might imagine that T7(x) is replaced by a sequence of iid uniformly distributed points on [0, 1].

35To be more precise, the references below study the joint distribution of Sy(f) and
Maxo<j, <..<jre<N-1 Sorey f(T9(x)), from which statements about S& (f) can be deduced.
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and ' '
N = # (w04 ).
Then, for points z that do not visit A?V, we obtain the bound

-1 8 m—1 B
1(R(j+1>> NNgSN(fN)SJZZ;(Rj) N

4

3

J

(i) Let A = {&} be a Poisson point process® on [0,00), with the points ordered so that
& <& < ..., and let AK = {fj}(;iKH' By a natural extension of the PLT, it holds that

(40,2 (o (o[22
iz m m >

This assertion follows directly from the simpler statement

(o (), = (0 [ 552))),L

J
jz:%/\/i — min <SN (1[07%,;1)]) —K,o) and
(40 P ) oo 00 o 22 ).

The PLT as introduced in Chapter 2 asserts that, for each J > 1,

s (1) = # (30 [0 0], wn

so it remains to show that the Sy <1[ Rj R(j+1)]> are asymptotically independent.

because

Nm?’ Nm

(iv) Letting N — oo and then m — oo, we see that

Finally, as R — oo, it is straightforward to verify that

1 1
Z — —log(R) and Z — for > 1,
J>K&<R S J>K <R S
converge in distribution.
A similar proof appears to hold in the case of intermediate trimming, where we must instead
> g

57@1
JZE(N)&<R >j

analyze

which, with a suitable choice of R, under correct normalization, has a normal limit.

These heuristics should also extend to cases where the limit in (4.7) is not Poisson but follows
a different distribution. Inspired by §4.2.3, one could naturally consider a scenario where the
function f exhibits a singularity at the cusp of SL(2,R)/T. It would be interesting to explore
the limiting distributions of Sy (f) and S]]%(N)( f) that emerge from the hitting time statistics in
[MP24].

“For a sequence (E;) of standard exponentially distributed random variables it holds that £; = ijl E;.
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4.4 Trimmed distributional limit theorems for rotations

A particular case of the questions raised in the previous section is distributional convergence
of Sy(f) or SJ]%(N)( f) after suitable normalisation for irrational rotation. However, especially
considering §4.2.1, an approach as in 4.3 via the PLT seems a bit unnatural.

The untrimmed version of this question has already been studied in [SU08] and [DF15], however
there the rotation number « is randomised. Their proof relies on the mixing properties of the
geodesic flow.

Let us emphasize that the stochasticity has to come entirely from visits close to the singularity,
everything far away contributes almost nothing. More explicitly; for some small € > 0 let x be
a smooth function approximating f - 1(. ), where f(X) = =P, then using Denjoy-Koksma, for
almost all «, it holds that

Sy(x) < Net =P +log(N)e™” if B> 1,

this bound is optimised for € = w. Considering [DF15] this looks promising, since Sy (f)

should be normalised by N?.

Now one has to study the contribution of f — x. In the mixing case, we were able to rely on the
PLT, which is no longer valid for rotations. This presents a significant challenge, as standard
probabilistic tools break down in the absence of mixing, leaving only heavy computational ap-
proaches. An interesting open question is whether a more conceptual method, possibly making
use of renormalisation via the Gauss-map, could be developed to establish a meaningful limit
theorem in this setting.

4.5 Trimming for other functions

A natural extension of the results in Chapter 3 is to investigate whether similar trimmed limit
theorems hold for a broader class of observables, possibly with more than one power singularity
like
cos(2mx)
cos(1lmx) + sin(127z)

Let us first remark that the techniques and results of §3.3 extend without difficulty to general
functions with one power singularity of the form

fla) =z P +e(l—a)P+f,

for real numbers ¢; # —cz, a bounded function f and 8 > 1. The contribution of Sy(f) is of
order N and therefore dominated by Sy (f — f) Furthermore as already mentioned in §3.2,
if there are multiple singularities of different orders, then the one with the largest order will
dominate the rest. The situation becomes more complicated if there are multiple singularities
of the same order.

To illustrate a potential problem, let us consider the function f(x) = fi(z) + fo(z) = |z|=7 +
|z — 20| ~# with 8 > 1 then;

e On the one hand, intuitively the asymptotics of Sy (f) should depend on the Diophantine
properties of the singularities, in this case of xg. In the extreme case if g = « then

Sn(f) = 2Sn(f1). However, now consider the case where xy € U?ZEl (—%, —ﬁ) +ja
for infinitely many n say for a sequence (n;), this concerns a positive measure set of xg

since the sets have measure -=. Now, if the LQ"%J orbit of some point z comes 7 1+1
n

16
close to 0 then it only comes at most ti— — —— close to xg, and Sy(f1)(z) dominates

16gn Qn+1
Sn(f2)(x).
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e On the other hand, by the arguments at the end of §3.2, if the trimming sequence k(V)
is big enough and « is Diophantine, then the asymptotics of S]li,(N)( f) do not depend on

zo and it holds that
Sn(f)(@)

A}i_r)noo NOR(N)IP = -1 uniformly in x.

This suggests that the dependence on zy becomes less the more we trim, and is rather subtle.
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