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In this thesis, we study three problems related to the small mass limit, also known as the
Smoluchowski-Kramers diffusion approximation for stochastic damped wave equations. In the
first part, we study the validity of a large deviation principle for a class of stochastic nonlinear
damped wave equations, including equations of Klein-Gordon type, in the joint small mass and
small noise limit. Additionally, we provide a proof of the Smoluchowski-Kramers approximation
in the case of variable friction, non-Lipschitz nonlinear term, and unbounded diffusion.

In the second part, we investigate the convergence, in the small mass limit, of the sta-
tionary solutions of a class of stochastic damped wave equations, where the friction coefficient
depends on the state and the noisy perturbation is of multiplicative type. We demonstrate that
the Smoluchowski-Kramers approximation, previously shown to hold for any fixed time inter-
val, remains valid in the long-time regime. Specifically, we prove that the first marginals of any

sequence of stationary solutions for the damped wave equation converge to the unique invariant



measure of the limiting stochastic quasilinear parabolic equation.

The final result of this thesis concerns the Smoluchowski-Kramers approximation for a
system of stochastic damped wave equations, whose solution is constrained to live on the unitary
sphere in the space of square-integrable functions on any fixed interval. The stochastic pertur-
bation is a nonlinear multiplicative Gaussian noise, with the stochastic differential interpreted in
Stratonovich sense. Due to its particular structure, this noise not only conserves almost surely the
constraint, but also preserves a suitable energy functional. In the small-mass limit, we derive a de-
terministic system, that remains confined to the unit sphere, but includes additional terms. These
terms depend on the reproducing kernel of the noise and account for the interaction between the

constraint and the conservative noise.
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Chapter 1: Introduction

1.1 Stochastic damped wave equations with variable friction

We consider the following class of stochastic wave equations with state-dependent damping

on a bounded smooth domain & c R?

o uy = Auy — y(uy)dpuy + f(uy) + o (uy) e,
(1.1.1)

uu(O) = Uy, a;btu(o) =0, ”u(t)bﬁ =0,

depending on a parameter 0 < y << 1, where the noise w?(¢) is a cylindrical Q-Wiener process.

By Newton’s second law of motion, the solution uy, of equation (1.1.1) can be interpreted as
the displacement field of some particles in a domain ¢, subject to interaction forces represented
by the Laplacian and to nonlinear reactions represented by f, in the presence of a random external
forcing o (uy (t))dwe(t) and a state-dependent friction y(uy (¢))d,uy (t). Here u represents the
constant density of the particles and we are interested in the regime when p — 0, known as the
Smoluchowski-Kramers approximation limit (see [45] and [59]).

A series of papers (see [12], [13]) have studied the limiting behavior of u,, for a large class
of reaction term f, and for both additive and multiplicative noise. For the finite dimensional case,

the existing literature is quite broad and we refer in particular to [29], [30], [41], [42] and [60]



(see also [14], [21] and [46] for systems subject to a magnetic field, and [44] and [54] for some
related multiscaling problems).

In recent years, there has been considerable research into the Smoluchowski-Kramers diffu-
sion approximation for infinite-dimensional systems. The first results in this direction dealt with
the case of constant damping term, with smooth noise and regular coefficients (see [12], [13]
and [49]). More recently, the case of constant friction has been studied in [34] and [62] for equa-
tions perturbed by space-time white noise in dimension d = 2, and in [40] for equations with
Holder continuous coefficients in dimension d = 1. In all these papers, the fact that the damping
coefficient Y is constant leads to a perturbative result, in the sense that, in the small-mass limit,
the solution u, of the stochastic damped wave equation converges to the solution of the stochastic
parabolic problem obtained by taking pt = 0. Specifically, it is proved that in the small mass limit

uy, converges to the solution of the following parabolic problem

You = Au+ f(u) + o(u)ow?,
(1.1.2)

u(0) =uo, ulyo=0.

More precisely, it is shown that for every 7 >0 and n > 0

&%P(tes;%] e (£) = u(®)]] 2 ) > 77) =0.

In fact, in [20] it is proved that when f is Lipschitz continuous, the following stronger conver-
gence holds

‘ P _
i et (1) = (@) |12 = 0,



for every p > 1. Several related problems have been addressed in a variety of both finite and
infinite dimensional contexts (see [29] and [60], for the finite dimensional case, and [12], [13],
[16], [49], [50], [51], [54] and [56], for the infinite dimensional case).

However, there are relevant situations where this is not the case. For instance, when the
constant friction is replaced by a magnetic field, the small-mass limit does not yield the solution to
the first-order equation. In fact, even in the case of a constant magnetic field and finite dimension,
the small mass limit does not yield the solution of the first-order equation (see [14], [21] and [46]
for the finite dimensional case and [20] for the infinite dimensional case). In this case, a possible
strategy consists in regularizing the problem by adding a small friction or by smoothing the noise
in time and, in the double limit, it is possible to give a meaning to the Smoluchowski-Kramers
approximation. In [20], the limiting equation is shown to be an SPDE of hyperbolic type.

In the present thesis, we consider another situation when the small mass limit does not
produce a perturbative result. Specifically, we consider a wave equation perturbed by a multi-
plicative noise, with a friction term whose intensity is state-dependent. This problem has been
extensively studied in finite dimension in a series of papers (see [42], and references therein, and
also [41]). In these studies, it is demonstrated how the interplay between the non-constant friction
coefficient and the noise creates an additional drift in the limiting first order equation, when the

mass [ goes to zero. More precisely, the following system is considered

dxy(t) = vu(t)dt, x,(0)=x€RY,
(1.1.3)

pdvy (1) = [b(xy (1)) — Y(xu())vu ()] dt + 6 (xu (1))dW (), vu(0)=ve RY,



where ¥ is a matrix valued function defined on R¢, such that for some positive Y,

inf ETY(E)E > wlél*, &R

It is proved that, as u goes to zero, x; converges in L?, with respect to the uniform norm in

C(]0,T];RY), to the solution of the first order equation

dx(t) = (b () S(x(t)))dt + (;((jg)); dw (1), x(0) =nx,

where the noise induced drift S(x) is given by

800 = 2 [0 )0,

and the matrix valued function J is the solution of the Lyapunov equation

J(x)7" (x) +7(x)J (x) = o(x)0" (x).

The case of SPDEs with state-dependent damping was first considered in [22] for a single equa-
tion. In that work, it was shown that if the friction coefficient y € C'(R) is strictly positive and
bounded, the nonlinear term f is Lipschitz continuous and the diffusion coefficient ¢ is bounded
and Lipschitz continuous, then for any initial condition (u,vo) € H} (&) x L*(€) and for any
p <o

iig})[?(“uu ]y > 1) =0, M >0, (1.1.4)



where u is the unique solution of the quasilinear stochastic parabolic equation

o = ! Au—l—f(u)— v () i(c(u)Qei)z—l—G(u)&th, t>0, x€0,

¥(u) Yu) 27 (u) &5 7(u) (1.1.5)

u(0) =up, ulye=0.

It is important to note that if o is constant, then the noise induced term coincides with the

Stratonovich-to-It6 correction, so that equation (1.1.5) can be written as

8,u:y1 Au+f(u)+ ? o dwe.

However, if o is not constant, the Stratonovich-to-It0 correction contains additional terms in-
volving the derivative of ¢, which are not present in (1.1.5). This indicates that in the case of
an arbitrary state-dependent diffusion coefficient ¢ the small mass limit does not lead to the per-
turbative parabolic quasilinear equation, obtained by taking u = 0 and replacing the Itd with the
Stratonovich’s integral.

Most recently, the same problem for systems of equations has been studied in [11], where
up (t,x) = (1,4 (£,%), 12,4 (1,%), ... ,utrp (¢,x)) for some r > 2. The friction coefficient is assumed

to be in the form

for some differentiable mapping g : H' — R™*", which is bounded together with its derivative,

and such that for some ¥ > 0

inf (e(NE.E)g, > Wl & ER



It is proven that under some suitable initial conditions, for every p < 1, 9 <2, p <2/(¥ —1)

and 11,7 > 0 it holds

=0\ tefo,r

T
lim IP’( sup] Hu#(t) —u(t)HHp —I—/O H”u(t) —u(t)HZﬂ dt > n> =0,
where u is the solution of equation

du(t) =g (u(t))Au(t) + g~ (u(t)) f(u(t)) + S(u(t)) +g~" (u(t)) o (u(t))ow?,
(1.1.6)

u(0) =uo, ulyo=0.

Here,

S(u) := /Hl [Dg_l(u)z}zdv”(z), ueH',

where V¥ is the unique invariant measure of the Markov transition semigroup associated with
equation

dy(t) = —g(w)y()dt + (W dwl(r), ¥(0) =

1.1.1 The small noise limit in the Smoluchowski-Kramers approximation

The study of the Smoluchowski-Kramers approximation extends beyond simply proving
the limit of the solution uy. In many applications, it is important to understand the stability
of this approximation with respect to other significant asymptotic features exhibited by the two
systems. In this context, [12], [17], and more recently [54], show that the statistically invariant
states of the stochastic damped wave equation (in the case of constant friction) converge, in a

suitable sense, to the invariant measure of the limiting equation. Similarly, [18] and [19] study



the convergence of the quasi-potential, which, as is well-known, describes the asymptotics of
the exit time of the solutions from a functional domain and the large deviation principle for the
invariant measure.

In Chapter 2 (see [23] for reference), we explore the interplay between the small-mass and
small-noise limits for system (1.1.1) with state-dependent damping. Specifically, we focus on the

validity of a large deviation principle for the following equation

1O up (1,%) = Auag (1,) — Y(1tye (1)) yaag (1,) + f (x, 1y (1)) + /L 0 (1 (8,-)) pw(1,x),
M.U(Orx) ZMO(X)v atu,u<07x) :V()(X), MH(I,X) :Oa PAS aﬁa
(1.1.7)
where, together with the mass, we are also assuming that the intensity of the noise vanishes. We

assume that the friction coefficient y € C!(R) and

0<n<7(s)<mn, seR

The nonlinearity f is either a Lipschitz-continuous function (in this case we can consider any
dimension d > 1) or a locally Lipschitz-continuous function of the Klein-Gordon type (in this
case we can only take d = 1). The noise w?(¢) is a cylindrical Q-Wiener process and & is
a suitable Lipschitz-continuous operator-valued function. Our goal is to prove that, in the joint
small mass and small noise limit the family of random variables {u, } ,~¢ satisfy a large deviation

principle in the space C([0,T];LP(0)), (for some p > 2 depending on the dimension d), with



respect to the action functional

IT(u):ir(;f{%/O (90 i = ulr) = (1), 1 € [o,r]},

where u?(t) denotes the solution of the controlled quasi-linear parabolic equation

’

Y(u(t,x))ru(t, x) = Ault, x) + f (x, u(t,x)) + o (u(t,-)) 9 (t,x),
(1.1.8)

u(0,x) =up(x), u(t,x)=0, x€ d0.

\

In particular, this implies that, despite the presence of a non-constant friction coefficient, the
Smoluchowski-Kramers approximation of equation (1.1.1) leads to equation (1.1.5), while the
large deviation principle is consistent with equation (1.1.2).

The small parameter we are taking in front of the noise in equation (1.1.7) is ,/ft. However,
we would like to emphasize that this choice is made only for simplicity sake. In fact, \/i could

be replaced by any other positive function o(gt) such that

and in this case, the speed of the large deviation principle would be Ocz( ), instead of u.
Additionally, in Appendix A we extend the results of [22] and provided a proof of the

validity of the Smoluchowski-Kramers approximation for quasi-monotone f having polynomial

growth and unbounded diffusion ¢ (see Hypothesis 2.6 in Chapter 2). This requires proving

non-trivial a-priori bounds for the solution uy, and its time derivative dyuy, as well as introducing



suitable functional spaces where tightness holds and the small-mass limit can be established.

1.1.2  The small-mass limit for stationary solutions

After establishing the validity of the small mass limits within a fixed time interval, the next
step of interest is to compare the long-term dynamics of the second-order system (1.1.1) with
those of the first-order system (1.1.5) (to this purpose, see e.g. [17], [18], [19], [21], [23], [44]).

In [12], a comparative analysis of the long-term behavior of equations (1.1.1) (with a con-
stant ¥) and (1.1.2) was conducted, assuming both systems to be of gradient type. Notably, in
the case where the noise is white in both space and time (Q = I) and the dimension is d = 1,
an explicit expression for the Boltzmann distribution of the process zy (f) := (uy (), duy /0t(t))
in the phase space % := L*(0,L) x H~'(0,L) was derived. Since there is no equivalent of the
Lebesgue measure in the functional space .7, an auxiliary Gaussian measure was introduced,
and the density of the Boltzmann distribution was then expressed with respect to such auxiliary
Gaussian measure, which itself corresponds to the stationary measure of the linear wave equa-
tion associated with problem (1.1.1). In particular, it was shown that the first marginal of the
invariant measure linked to the process z, () remains independent of p > 0 and coincides with
the invariant measure for the heat equation (1.1.2).

In the case of non-gradient systems, that is when the noise is colored in space and/or of
multiplicative type, there is no explicit expression for the invariant measure v, associated with
system (1.1.1) and there is no reason to expect that the first marginal of v, does not depend on u
or coincides with the invariant measure v of system (1.1.2). Nonetheless, in [17] it was proved

that, as the mass parameter U tends to zero, the first marginal of any invariant measure v, associ-



ated with the second-order system (1.1.1) converges in a suitable manner to the invariant measure

v of the first-order system (1.1.2). Specifically, the following convergence was established
lim #g (T vy)',v) =0 1.1.9
lim #a (M), v) =0, (1.1.9)

where (IT;v,)’ denotes the extension of the first marginal of the invariant measure v, to H :=
L?(0), and the metric # corresponds to the Wasserstein metric on #?(H) associated with a
distance metric & in H, which was determined based on the characteristics of the non-linearity
function f under consideration.

We would like to remark that this result about the limiting behavior of stationary solutions
of system (1.1.1), in the Smoluchowski-Kramers approximation, is consistent to what proven
in [18] and [19] for the limiting behavior of the quasi-potential V;, (u,v), that describes the asymp-
totics of the exit times and the large deviation principle for the invariant measures in equation
(1.1.1). Actually, in [18] the quasi-potential V}, (u,v) associated with (1.1.1) has been explicitly
computed under the assumption that system (1.1.1) is of gradient type and it has been shown that
for every fixed u >0

Vi(u) = veﬁi{gf(ﬁ) Vi(u,v) =V(u),

where V(u) is the quasi-potential associated with (1.1.2). Moreover, in [19] the non-gradient
case has been proven that in spite of the fact that there is no explicit expression for Vj, (u,v),
nevertheless

&ig})Vu(u) =V (u).

In Chapter 3 (see [24] for reference), we aim to investigate whether the results established

10



in [17] for the case of constant friction ¥ can be proven for the case of state-dependent ¥, where the
Smoluchowski-Kramers approximation gives the more complex stochastic quasi-linear parabolic
problem (1.1.5), instead of the simpler parabolic semi-linear problem (1.1.2).

One of the key ingredients used in [17] is the fact that the transition semigroup P; associated
with equation (1.1.2) admits a unique invariant measure v € &(H). Additionally, the following

contraction property holds

Yo, (Pt*Vl,Pt*Vz) < C€75IWQ(V1,V2), t >0, Vi, Vo € c@(H), (1.1.10)

for some & > 0. For equation (1.1.2), such problems have been extensively studied, and a wide
variety of results is available. However, for the quasi-linear problem (1.1.5) the situation is much
more intricate, and several fundamental facts are not known, such as whether the semigroup
associated is Feller in H or not. In particular, even the use of the Krylov-Bogoliubov theorem for
the proof of the existence of an invariant measure in H is not possible. Consequently, we have
to employ novel arguments and take a different approach, which in particular brings us to study
equations (1.1.1) and (1.1.5) in spaces of lower regularity than H' x H and H, respectively.

In Chapter 3, we prove that for every u > 0 the Markov transition semigroup associated
with the second-order system (1.1.1) admits at least one invariant measure viff in# =HxH!
with support in % := H'! x H, and the transition semigroup associated with the first-order quasi-
linear equation (1.1.5) has a unique invariant measure v in H, with support in H!. Then we show
that as the mass parameter u tends to zero, the first marginal of any invariant measure v"ff of

(1.1.1) converges weakly in H to the unique invariant measure p of (1.1.5). The convergence is

proved with respect to the Wasserstein distance associated with the H~! norm. Specifically, we

11



show that if we define
a(ul,uz) = Hul—quHfl, ul,uzéHfl,

then we have

lim %4, (Hlvf,v) —0, (1.1.11)
u—0

where the metric %, corresponds to the Wasserstein metric on &?(H~!) associated with the
distance metric . This result generalizes the results from [17], where constant friction Y was
considered, to the case of the state-dependent 7y, and extends the Smoluchowski-Kramers approx-

imation previously validated within a fixed time interval (see [22]) to the long-time regime.

1.2 Stochastic constrained wave equations

As mentioned in Section 1.1 that, the Smoluchowski-Kramers diffusion approximation for
SPDEs with state-dependent damping differs from the case with constant friction. Specifically,
the non-constant friction introduces a noise-induced term in the small-mass limit. An analo-
gous phenomenon has also been identified in [3], where the stochastic damped wave equations
constrained to live on a manifold in the functional space of square-integrable functions L?(¢©)
was first considered. In fact, in this case, the Smoluchowski-Kramers approximation leads to a
stochastic parabolic problem, whose solution is constrained to live on the unitary L*(¢&)-sphere,
and an additional drift term arises.

The study of deterministic and stochastic constrained PDEs is not new. In this context, we

highlight the works of Rybka [55] and Caffarelli and Lin [9] where, deterministic heat flows on

12



Hilbert manifolds were explored as part of a gradient flow approach to a specific minimization
problem. Additionally, the constrained version of the deterministic 2-D Navier-Stokes equation
was studied in [6] by Brzezniak, Dhariwal and Mariani, as well as in [10] by Caglioti, Pulvirenti,
and Rousset. Later, stochastic version of this equation was investigated in [5] and [4] by Brzez-
niak and Dhariwal.

In [3], well-posedness for a class of abstract stochastic equations in a separable Hilbert

space H was first studied. Specifically, they considered the equation

e (0) + L (1) Byu(r) = —A3u() + Aou(0) fy — yue (1) + 0 (), (1)) 0dW (1), (1:2.1)

where the solution is subject to the finite-codimension constraint of living on M = Sg(0,1),
the unitary sphere of H, with the initial data (up,vo) in TM, the tangent bundle of M. Here
Ap is a non-negative self-adjoint operator on H with domain D(Ag). The well-posedness re-
sult for this abstract stochastic equation was then applied to the specific case of the stochastic
damped wave equation (1.1.1) constrained to live on the unitary sphere M in H, where the associ-
ated Smoluchowski-Kramers diffusion approximation was studied. Namely, they considered the

equation

(

07wy (1,%) + 1|y (f)|%2(o7L)”u (t,x),

= Auy (t,x) + | Vuy(t) |i2(O,L)u.“ (t,x) — YIhuy (t,x) + o (uy (t))ath(t,x) (1.2.2)

u (0,x) = up(x), duu(0,x) =vo(x), uy(t,x)=0, x€d0,

\

13



where 7 is a positive constant, w2 is a Wiener process on H, with reproducing kernel Hilbert
space K and convariance operator Q, and the mapping ¢ : H}(0) — £ (H) is such that o(u)
projects H onto the tangent space T,M. It was proven in [3] that for any sufficiently smooth
initial condition (uo,vo) in the tangent bundle of M, the solution u;, converges in probability, in a

suitable functional space, to the unique solution of the limiting equation

;

You(t,x) = Au(t, x) + |Vu(t,.x) Fu(t,x) - % 1o () 1% k1) (0) + 0 (1)) IO (1,),

u(0,x) = up(x), u(t,x)=0, x€ad0,

(1.2.3)

It is important to note that the noise-induced term

o) gy )

does not coincides with the Stratonovich-to-Itd correction term.
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1.2.1 Stochastic constrained wave equations with nonlinear conservative noise

In Chapter 4 (see [25] for reference), we continue the work started in [3] and introduce the

following system of stochastic wave equations on the interval (0, L)

107wy (t,%) + |y (1) |%2(0,L)”u (z,x),

= QZuy (t,x) + | duy (t)|i2(0,L)”# (£,x) — Yoy (1,%) + /1 (up (1) X Gyuay (1)) 0 dw(t,x)

u(0,x) =up(x), Juu(0,x) =vo(x), wuu(t,0)=uu(t,L)=0,

\

(1.2.4)
depending on a parameter 0 < << 1. Here u, (t,x) € R?, for every (¢,x) € [0,+o0) x (0,L), the
friction coefficient ¥ is strictly positive, and w(t) is a cylindrical Wiener process, white in time
and colored in space, with o denoting the Stratonovich stochastic differential. The solution u(¢)
is subject to the finite-codimension constraint of living on M = S;2( (0, 1), the unitary sphere
of L?(0,L) = L?(0,L;R?), with the initial data (ug,vo) in .#, the tangent bundle of M.

The key and fundamental distinction between the present research and [3] lies in the na-
ture of the random perturbation considered. Actually, unlike any previous work related to the
Smoluchowski-Kramers diffusion-approximation, whether in finite or infinite dimensions, the
diffusion coefficient ,, we considered is nonlinear and includes both the position uy (¢) and the
velocity dsuy (t), through the vector product /1 uy (t) X dyuy (1).

The reason why in all previous works the diffusion does not depend on the velocity is that,
while one expects a limit for uy,, there is no limit for 8,u“, and it is not clear how to make sense
of the limit in the equation, especially when it comes to the martingale term. However, as shown
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in previous studies, the term /L d;uy can have non trivial limiting behavior, and with the present
work we are trying to understand what happens when o, (u,v) = \/fu X v.

In [3], the diffusion coefficient did not include the velocity d;u (t), so the It6 and Stratonovich
interpretations of the stochastic differential yielded the same equation (1.2.2). In contrast, in the
current setting, the 1t6 and Stratonovich interpretations lead to different equations. We choose to
interpret the stochastic differential in the Stratonovich sense, which has significant implications.
Due to the special structure of the diffusion coefficient, both the Stratonovich and It6 integrals
ensure that the solution (u(¢),druy (t)) remains within the tangent bundle .#, for every ¢ > 0.
However, the noise in the Stratonovich sense exhibits more substantial conservative behavior,

preserving the energy

t
Eu(t) := |u“(t)|%1(;(0’L) +u |8,u”(t)|i2(07L) +/O |atuu(s)|%2(07L) ds, (1.2.5)

almost surely with respect to IP. This phenomenon, well-understood in other contexts, particularly
in the parabolic setting, plays a critical role in the scenario considered here, as it provides a key
tool for proving the necessary bounds for uy(¢) and /i dyuy (t) in the appropriate functional
spaces, uniformly with respect to i € (0,1). And those bounds are fundamental in the proof of
the tightness and in the identification of the limit.

After demonstrating that for every fixed u € (0,1) and p > 1, and any initial condition
(uo,v0) € [H}(0,L) x L*(0,L)] N.# and p > 1 there exists a unique mild solution of equation
(1.2.4)

zu = (uy, dhuy) € LP(Q;C([0,+o0); [H} (0,L) x L*(0,L)|N.4)),
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we study the limiting behavior of 1, as &t | 0. Our main result shows that if (uo,vo) € [H*(0,L) x

H'(0,L)]N.#, then, for every T > 0 and § < 2 and for every 11 > 0 we have

tim P (| = ulcqgo,ry) > 1) =0, (1.2.6)

u—0

where u is the unique solution of the deterministic problem

(

You(t) + %fp O (Ju(r) Pu(r)) = 9u(r) +[Qeu(r) [Fu(r)

+32—(£ ([OFu(t) + | Ocu(t) [Fu(t)] - ult)) u(t), (1.2.7)

u(0,x) =up(x), u(t,0)=u(t,L)=0,

\

where

o(x) = f;l&,?(x), xe (0.1,

and {&;};cn is an orthonormal basis for the reproducing kernel K of the noise w(z).

This result indicates that u;, converges to a deterministic limit u, which solves a determin-
istic problem, while preserving the constraint to stay on the unitary sphere of L?(0,L). Notably,
as in the previously mentioned cases - where however only stochastic limits are obtained - in the
small-mass limit several noise-induced terms appear in the limiting equation, which depend on
the noise present in the second-order problem through the function ¢.

It is important to remark that this non-trivial behavior emerges only in the /i scaling for

the diffusion coefficient, as in the case of u%, with a > 1/2, the limiting equation (1.2.7) has to
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be replaced by the constrained parabolic problem
YOu(t) = OZu(t) + | duu(t)[Fu(2),

with the same initial and boundary conditions, and without noise-induced terms. As for the
limiting behavior of u, when the diffusion is scaled as u%, with a € [0,1/2), the expected
limiting equation is not clear. We conjecture that if any limiting point exists, it should satisfy the

deterministic equation

2u(t) = |ug|? §l2us~ususs§[u52us2uss
|u(t)["u(t) = luol uo+y/0 (95 u(s) - u(s))u(s)d +y/0|3x()|yl()\ (s)ds.  (1.2.8)

However, in order to prove the convergence of any limiting point for the family {u, } pe(o,1) toa
solution of (1.2.8), tightness in at least L?(0, T'; Hj (0, L)) would be necessary. Due to the structure
of the diffusion coefficient ¢ (u,v) = u x v, the uniform bounds required to establish this tightness

appear to be beyond reach.
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Chapter 2:  On the small noise limit in the Smoluchowski-Kramers approxima-

tion of nonlinear wave equations with variable friction

In this chapter, we aim to study the validity of a large deviation principle for the following

equation

O uy (1,x) = Auy (t,x) — V(g (,%)) Oy (%) + (%, 1y (2,%)) + /O (uy(2,-)) w2 (2, ),
up(0,x) =up(x), duu(0,x) =vo(x),  uu(t,x)=0, x€ J0.

(2.0.1)
The outline of the chapter is as follows. In Section 2.1, we introduce all the assumptions
and notations that will be used throughout the chapter. In Section 2.2, we present the main
result in this chapter (see Theorem 2.8) and outline the method employed to prove it. In Section
2.3, we study the well-posedness of the controlled version of Eq. (2.0.1) in 4 := H' x H,
assuming that the nonlinearity f is either Lipschitz continuous, or locally Lipschitz-continuous
of the Klein-Gordon type. In Section 2.4 we establish uniform bounds for the solution u, and
duy with respect to € (0,1), and demonstrate the tightness of the corresponding family of
probability measures. In Section 2.5, we prove the uniqueness of the limit controlled problem

(2.2.2). Finally, in Section 2.6 we prove the main result of this chapter, Theorem 2.8.
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2.1 Notations and assumptions

Throughout the present chapter ¢ is a bounded domain in R¢, with smooth boundary. We
denote by H the Hilbert space L?(&) and by (-,-)y the corresponding inner product. H! is the

completion of Ci’ (&) with respect to norm

= |Val [}, = /ﬁ Vu(o)|Pdx,

and H~! is the dual space to H'.
Given the domain &, we denote by {e;};cy C H' the complete orthonormal basis of H
which diagonalizes the Laplacian A, endowed with Dirichlet boundary conditions on d &’. More-

over, we denote by {—0; };cn the corresponding sequence of eigenvalues, i.e.
Ae; = —0oye;, 1€ N.
Next, for every 6 € R, we denote by H % the completion of Ci’ (&) with respect to the norm
Iels = X 0P e

Notice that with this definition H* = H and, if §; < &, then H® «— H® with compact embedding.
We also define

Ay =HPxHO',  #=HxH "

Next, for every two separable Hilbert spaces E and F, we denote by .Z(E, F) the space of
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all bounded linear operators from E to F, and denote by %4 (E, F) the space of Hilbert-Schmidt

operators from E into F. % (E, F) is a Hilbert space, endowed with the inner product
<Buc>.$2(E7F) =Trg [B*C] =Trr [CB*],
and, as well known, % (E,F) C Z(E,F), with

1Bl 2(£,r) < 1Bl 2 £.F)-

2.1.1 The stochastic term

We assume that w@(¢) is a cylindrical Q-Wiener process, defined on a complete stochastic

basis (Q,.%, (% )i>0,P). This means that we(¢) can be formally written as

W@:i@@m

where {f;}icn is a sequence of independent standard Brownian motions on (Q,.7, (% );>0,P),
{ei}icn is the complete orthonormal system introduced above that diagonalizes the Laplace oper-
ator, endowed with Dirichlet boundary conditions, and Q : H — H is a bounded linear operator,.
When Q = I, w!(t) will be denoted by w(z). In particular, we have w€(1) = Qw(z).

In what follows we shall denote by Hy the set Q(H). Hp is the reproducing kernel of the

noise w€ and is a Hilbert space, endowed with the inner product

(Qh,0k)r, = (h,k)u, h.ke H.
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Note that the sequence {Qe; }cn is a complete orthonormal system in Hp. Moreover, if U is any
Hilbert space containing Hg such that the embedding of Hyp into U is Hilbert-Schmidt, we have
that

w? e C([0,T];U). 2.1.1)

Hypothesis 2.1. The mapping o : H — £>(Hp,H) is defined by

[o(h)Qei](x) = 0i(x,h(x)), x€ O heH, ieN,

for some mapping o;: 0 x R — R. We assume that there exists L > 0 such that

sup ¥ [oi(x,01) — 6i(x, )P < Lly1 —y2*,  yi.y € R (2.1.2)
xX€O0 =1
Moreover,
sup ¥ |0(x,0)* =: o7 < 0. (2.1.3)
X€EO0 =1

Remark 2.2. 1. Condition (2.1.2) implies that o is Lipschitz continuous. Namely for any
/’11,/’12 cH

|o(h) —o(h2)ll. 2 (y.1) < VL ||l — ha|a. (2.1.4)

This, together with condition (2.1.3), implies also that ¢ has linear growth, that is

lo (W)l rp.m) < VLIl + 161" 0. (2.1.5)

2. If o is constant, then Hypothesis 2.1 means that oQ is a Hilbert-Schmidt operator in H.
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3. If o is not constant, Hypothesis 2.1 is satisfied for example when
[0(h)QK](x) = s(x,h(x))Qk(x), x€ O, hkeH,

for some measurable function s : &' x R — R such that s(x,-) : R — R is Lipschitz contin-

uous, uniformly with respect to x € ¢, and for some Q € .Z(H) such that

Y ||Qei||%°°(ﬁ’) < oo, (2.1.6)
i=1

In case Q is diagonalizable with respect the basis (e;);c, with Qe; = A;e;, condition (2.1.6)
reads

Y A eill(g) < o (2.1.7)
i=1

In general (see [36]), we have

leill=(o) < i,
for some a > 0, and (2.1.7) becomes

[}

Y A% < oo,

i=1

In particular, when d = 1 or the domain is a hyperrectangle when d > 1 the eigenfunctions

(ei)ien are equi-bounded and (2.1.7) becomes Q € % (H).
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2.1.2 The coefficients

Throughout this chapter, we shall assume that the friction coefficient satisfies the following

condition

Hypothesis 2.3. The mapping y belongs to C é (R) and there exist Yy and 7y, such that
O<w<yr) <n, rek (2.1.8)
In what follows, we shall define

g(r)= /Ory(c)dc, re R.

Remark 2.4. 1. Clearly g(0) =0and g'(r) = ¥(r). In particular, due to (2.1.8), g is uniformly

Lipschitz continuous on R.

2. The function g is strictly increasing and

[(g(r1) —g(r)|(r1—r2) > wlr—rl* r,meR

As far as the nonlinearity f is concerned, in this chapter we shall consider two situations:
f is Lipschitz continuous and & is a bounded smooth domain in R?, for any arbitrary d > 1 (see
Hypothesis 2.5), or f is only locally Lipschitz continuous with polynomial growth and & is a

bounded interval in R (see Hypothesis 2.6).
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Hypothesis 2.5. The mapping f: 0 x R — R is measurable and there exists ¢ > 0 such that

sup |f(x,r) = f(x,5)] <c|r—s|, rseR.
xX€O0

Moreover

sup | f(x,0)] <ee.

xXeo0

In what follows, for every function u : & — R, we shall denote

Hypothesis 2.6. We have 0 = [0,L| and the mapping f : [0,L] x R — R is measurable and

satisfies the following conditions.

1. There exist O > 1 and c; > 0 such that for every r € R

sup |f(x,r)] <e (1—1— ]r|9), sup |9-f(x,r)| < ¢ (1—|— |r|6*1). (2.1.9)
xe[0,L] x€[0,L]

Moreover, there exists ¢y > 0 such that for every r € R and x € [0,L]
)= [ fws)ds <o (1=, 2.1.10)
0

2. Forevery x € [0,L], the function f(x,-) : R — R is differentiable and

sup  drf(x,r) <O. (2.1.11)

(x,r)€[0,L] xR
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3. Forevery r € R, the function f(-,r): [0,L] — R is differentiable and

sup |df(x,r)| <c(l+|r|), reR.
x€[0,L]

Remark 2.7. 1. A typical example of a function f satisfying Hypothesis 2.6 is

) =—alr®'r

2. When d = 1, we have that H' < L=(&), and then we get the fundamental fact that F(u) €

H, for every u € H'.

3. In the existing literature the well-posedness of stochastic semi-linear wave equations hav-
ing polynomial nonlinearities is not restricted to space dimendion d = 1. However, here the
presence of a state-dependent friction coefficient, and the fact that we are not just interested
in the well-posedness of equation (2.0.1), but also in the small mass and small noise limits,

makes our analysis more complicated and we can only handle the case of space dimension

d=1.

4. We are assuming (2.1.11) just for the sake of simplicity. In fact, our results remain true
under the condition

sup  drf(x,r) < oo.
(x,r)€[0,L] xR

5. From (2.1.10) and (2.1.11), it is not hard to show that for every r € R

sup rf(x,r) §c2<1—|r|9+1>. (2.1.12)
x€[0,L]
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Indeed, if we consider the function

Gx,r) = §(r,r) = rf(x,r), reR, x€0,1],

then for every x € [0,L], 9,G(x,r) = —rd,f(x,r) > 0 if r > 0, and J,G(x,r) <0 if r <O0.

Note that G(x,0) = 0, we have G(x,r) > 0, and thus (2.1.12) follows from (2.1.10).

. Thanks to (2.1.11) we have
(Fu)—F(v),u—v)y <0, u,ve H'.
In particular, there exists some ¢ > 0 such that

(F(u),u)y < cllul|g, wueH. (2.1.13)

. Due to (2.1.9), for every u,v € H!, we have

Hmm—me%SQé(rwmmﬂe“+wuww10ww»wuwdn

so that

1F(u) = F(v)||a §c<1+HuHZTI+HvHZTI) = ]|z (2.1.14)

In particular, we have

1Pl <e(1+ulf), weH"
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8. In the same way

1P () = F(9)llyr < g@(rwwwW1+MnW1www—wmwx

(2.1.15)

0—1 0-—1
<c (1 + el P50y + ||v||L2(9_1>> | =]

Now, by proceeding as in [52] (see also [13]), for every n € N and x € & we define

(

f(x,n) + (r_n)grf(xﬂ/l)a if r > n,

Saxr) = f(x, 1), if re [—n,n), (2.1.16)

fx,—n)+ (r+n)o,f(x,—n), ifr<-—n.

\

Clearly, for every n € N, the mapping f,(x,-) : R — R is Lipschitz continuous, uniformly with

respect to x € [0,L], and
falx,r) = f(x,r), x€[0,L], re [—n,n].
Moreover,

sup [f(x. 0 Se(1+1r%),  sup 13 fuler) e (141%7), 2.117)
x€[0,L] x€[0,L]
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for some constant ¢ independent of n, and there exists ng € N such that for every n > ny

fu(x,r) == /rfn(x,s)ds < c<1 —neﬂ), reR, xe][0,L]. (2.1.18)
0

2.2 Large deviation principle

Our main result in this chapter is stated as follows.

Theorem 2.8. Assume Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6 and
fix p<oo ifd=1,2,and p <2d/(d—2), ifd > 2. Then, for every (up,vo) € 71 and T > 0, the
family { £ (uy) }u>o satisfly a large deviation principle in C([0,T];LP(0)), as p | 0, with action

functional

1T<u):i$f{%/0 o2 dt = u(t)=u®(t), t € [O,T]}, @2.1)

where u®(t) denotes the unique weak solution to the quasi-linear parabolic equation

(

u(t,x) =y~ (u(t,x)) [Au(t,x) + f (x,u(t,x)) + o (u(t, ) (1,2)],
(2.2.2)

u(0,x) =up(x), u(t,x)=0, x€ ad0.

\

Theorem 2.8 is proved by following the classical weak convergence approach to large devi-
ations, as developed for SPDEs in [8]. To this purpose, we need first to introduce some notations.
For every T > 0, we denote by 27 the set of predictable processes in L?>(Q x [0,T]; H), and for

every M > 0 we introduce the sets

STM = {‘P € L3 (0,T:H) = ||9]l2(0.13:) SM},
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and

AT7MZ: {(PE Pr ¢€YT7M, ]P—a.s.}.

Next, for every ¢ € &1 we consider the controlled version of equation (2.0.1)

;

10021 (1) = Aty (1,%) — Y (1,)) Dyt (1,) + £, (£,%)) + 6 (upe (2,)) Q@ (¢, x)

Vo (uy(t,))owl(t,x), t>0, x€ O,

up(0,x) =up(x), uu(0,x) =vo(x),  uu(t,x)=0, x€ IO,

\

(2.2.3)
The well-posedness of the equation above has been proven in [22] in the case the nonlinearity f
is Lipschitz-continuous, the diffusion coefficient ¢ is bounded and the control ¢ = 0. In what
follows, we will prove that also under the more general conditions we are assuming for f and o,

the following result holds.

Theorem 2.9. Under Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6, for
every T,M > 0 and ¢ € Aty and for every initial conditions (uy,vo) € 1, there exists a unique

adapted process (uy,vy) € L*(Q,C([0,T]; 54 )) which solves the systems of equations

p

uy (t,x) = up(x) +/0t vy (s,x)ds,

vy (t,x) = pvo(x) +/O [ty (5,%) = Y (0t (5,%) )y (5,2) + £ (x,upa(5,%)) + 0 (1 (5)) Q@ (s,x) | ds

-h/ﬁ/o o (uy (s)) dw?(s).
(2.2.4)
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Cl.

C2.

Once proved Theorem 2.9, we introduce the following two conditions.

Let {@y }u~0 be an arbitrary family of processe in Az s such that
lim @, = @, indistribution in L2(0,T;H),
u—0

where L2,(0,7T;H) is the space L?([0,T];H) endowed with the weak topology and ¢ €
A7 p. Then, for every p < o we have

lim u}* =u®, weaklyin C([0,T],L7(0)),

u—0

where uﬁ“ is the solution to (2.2.3), corresponding to the control ¢,;, and u? is the solution

to (2.2.2), corresponding to the control ¢.

For every T,R > 0 and p < oo, the level sets @7 g = {Ir < R} are compact in the space

C([0,T];LP(0)).

As shown in [8], Conditions C1. and C2. imply the validity of a Laplace principle with

action functional /7 in the space C([0, T|; L (©)) for the family {uy } ,~0. Due to the compactness

of the level sets @7 p stated in C1. this is equivalent to the validity of Theorem 2.8.

Thus, in what follows our strategy will be first proving Theorem 2.9, for every fixed u > 0,

and then proving conditions C1. and C2.
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2.3 Well-posedness of the controlled second-order system

In Theorem 2.9 the parameter p > 0 is fixed. This means that in this section, without any

loss of generality, we can assume g = 1. If we denote

n:=v+g), z=(un),
then system (2.2.4) can be rewitten as the following abstract stochastic evolution equation
dz(t) = [A(z(1)) + By (1,2(1))] di +2(2(1))aw®(t),  2(0) = (uo,vo + g (uo)), (2.3.1)
where

A(u,n) = (=gw) +1,0u+F(u)),  (u,n) € D(A) =4,

B(P(t>(u7n)) = (07G(M)Q(p(t))7 (uan) EH, t€ [07T]7

and

Z(u,n) = (0,0(u)), (u,n) € 2.

This means that the adapted .77{-valued process z(t) = (u(t),mn(¢)) is the unique solution to the

equation

z(t) = (uo,vo +g(uo)) + /0 t [A(z(s)) + By (s,2(s))] ds + /0 [Z(z(s))de(s), (2.3.2)
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if and only if the adapted .7/{-valued process (u(t),v(t)) = (u(t),—g(u(t)) +n(z)) is the unique

solution of

u(t,x) = up(x) +/0tv(s,x) ds,

V<t7x) = .LLVO(X) + /Ot [Au<sax) - }/(u(s,x))v(&x) +f(x7u(sax)) + G(”(Sa ))Q(P(S7x)] ds

+ /Ot o (u(s,))dw?(s).
(2.3.3)

In our proof of Theorem 2.9 we first assume that f satisfies Hypothesis 2.5, and then we

consider the case when Hypothesis 2.6 holds.

2.3.1 The case when f satisfies Hypothesis 2.5

In [22, Section 3] an analogous result has been proved, in the case ¢ = 0 (and hence By = 0)
and o is bounded. Here, we extend the arguments used in [22] to consider the case of an arbitrary
¢ € Ar M, 0 having linear growth. As in [22, Section 3], the arguments we are using here are
based on classical tools from the theory of monotone non-linear operators and we refer to the
monograph [1] for all details.

Since f is assumed to be Lipschitz continuous, we have

IA@)|lr <c(1+|zllg), z€ D(A), (2.3.4)
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and, as shown in [22, Lemma 3.1], there exists k¥ € R such that

(A(z1) —A(22),21 — 22) o < K ||21 — 22|50

Moreover, for every A > 0 small enough

Range (I —AA) = 2.

This means that the operator A : D(A) C S — J is quasi m-dissipative. In particular, this

implies that there exists Ay > 0 such that

Lo=I—2A)"", A e (0,2),

is a well-defined Lipschitz-continuous mapping in .7 and we can introduce the Yosida approxi-

mation of A, defined as

M@ =AU = 5 (3D -, z€ 2.

Notice that

121 — 2213

K
B _ <
(Ap(z1) —Ap(22),21 —22) ¢ < 1—-Ax

and

2
142 (z1) = A (22) ]| < m!\m — 22|
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Moreover, for every z € D(A)

1
A <
14 @l < =5 1AG]r-
so that for every z € D(A)
3(0) = zllor = A4 )] € —2—JAG)|
2(2) —zllr = I = T4 7

and

lim [|A; (z) —A(2)[|# = 0.
A—0

In [22, Proof of Theorem 3.2], it has been shown that there exists some A; € (0, Ag) such that for

every A € (0,4)
(0 2 2
Ar(2).206 < =5 @il el @l z€ A (2.3.7)

Furthermore, for every A,v € (0,4) and z;,2p € 4 it holds

(Ar(z1) —Av(z2), 21— 2) e < |z —2llZe +c A+ V) (|34 + 2230 +1) . (238

Concerning the random operator By, according to Hypothesis 2.1 for every 7 € [0,7] we

have that By (t,-) : 7 — S is well defined and, in view of (2.1.4), for any z1,2, €
1By (t,21) = By(t,22) Lo = (6(11) = 0(2)) Q@ (1)l < VL1 — x|z || @(0) |z (239

35



Finally, Hypothesis 2.1 implies that the mapping X : 7 — % (Hp, 741 ) is well-defined and due

to (2.1.4) for any z;,zp € A

12(z1) = Z(22) | 3 (1. 0) = 10 (1) = 0 () | s 11,11y < VI lltr — 2| (2.3.10)

Step 1. For every A € (0,Ap) the approximating problem
dz(t) = [Ax(2(1)) + Be(1,2(1))] di +E(z(t))dw?(1),  2(0) = (uo,vo+g(uo))  (2.3.11)

admits a unique solution z;, € L2(Q;C([0,T]; #)).
Proof of Step 1. According to (2.3.6), we have

T c T c
/ HAx(m(s))—Ax(zz(s))HifdsSﬁ/ Hm(s)—zz(s)llésadsS/I—T2 sup |z1(1) = 22(t) 1%
0 0 t€[0,T]

(2.3.12)

According to (2.3.9), if ¢ € Ar y, we have

T T
/0 1Bo(t.21) — Bo(t.c0)|3p dr <L /0 s (1) — wa0) 113 | @ 6) 3
(2.3.13)

<LM? sup [zi(1) —22(t)l%, P—as.
t€[0,T]
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Finally, according to (2.3.10), we have

2

t T
E sup /0 (Z(a1()) ~ Z@()dwl(s)|  <e /0 E 221 () — Z(z2()) o sy 01, 4

t€[0,T]

4

< TLE sup ||z1(¢) —22(2) |3
t€[0,T]
(2.3.14)

Therefore, in view of (2.3.12), (2.3.13) and (2.3.14), for every A € (0, 4y) the mapping

D), (2)(2) = (uo,v0+g(uo)) + /Ot [A2(2(5)) +Bg(s,2(s))] ds + /OZZ(Z(S)) dw®(s)

is Lipschitz continuous from L*(Q;C([0, T];.##)) into itself, and then for every A € (0,¢) equa-

tion (2.3.11) admits a unique solution z; € L?>(Q;C([0,T];57)).

Step 2. There exists ¢ > 0 such that

E s[up ] Hz,l(t)Hz/ﬁ <cr (1 + HZon;g;) ,  Ae(0,A4). (2.3.15)
te|0,T

Proof of Step 2. As a consequence of [td’s formula, we have

t

22 ()15 = llz01% +2/0t<A/l(Z/1(S))vZ/l(S)>% ds+2/0 (Bo(s,22.(5)),22.(5)) 74 ds

+ [ TG gy +2 [ Ga(5)-Zer (6w (9)m
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Due to (2.3.7), we have

[ @)@ <=2 [nEentase [ neo)ka

(2.3.16)
n [ 2 ' 2
GO A QAT
Next, recalling that ¢ € Ar y, due to (2.3.9) for every 0 > 0 we have
t t 5 c t 5
[ Bt za6a 6 mas| <8 [ Byt za 6DBds 5 [ lea)Bqas
(2.3.17)

re [0,

t
C
< cw <1+ sup ||zz<r>||§f) 5 [ Ia©Rds. Pas

In the same way, thanks to (2.3.10) for every 6 > 0

1

t 2
<cE ( sup (1)1 | Hz<m<s>>ufwg,%)ds)

ref0,t]

E sup
ref0,t]

/ (2 (), (e ())dwl(s))

C ! cr
<Esuwp 503 +5 | Bla®)Pyds+ 5
ref0,t] 0

(2.3.18)

Finally, due to (2.3.10) we get

t t
[ 12 6Dy s < er (14 [ Ela 0 as) 23.19)

Therefore, if we choose 6 > 0 small enough, from (2.3.16), (2.3.17), (2.3.18) and (2.3.19)
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we get

n [’ '
E sup )% + % [ ElaaoDlids<er [ B sup o) By dster
re [0,z] 0 0 rel0,s
Now, Gronwall’s lemma allows to obtain (2.3.15).
Step 3. There exists z € L*(Q;C([0,T]; 7)) such that
limE sup ||z (¢) —z(2)||% = 0. (2.3.20)

A=0 " refo,T1]

Proof of Step 3. For every A,v € (0,4), we denote py, () 1=z, (t) —zv(z). We have

dpy (1) = [Aa(za (1)) —Av(zv(r))]dt

+[Boy(t,2).(1)) — Bo(t,2v(1))]dr + [£(z2 (1)) — Z(zv(t))}de(t).

‘We have

1oav(0)2 =2 /0 A2 (2(5)) — A (2v(5)). Py (5)) eds
2 /0 (By(5,21.(5)) — Bo(s. 29 (5)): iy () edls + /0 2(22(5)) = (2 (5)) g 4

! 4
+2/ (Pa.v(5), (2(za(5)) = Z(zv(5))) dwO(s)) e =t Y Iklr).
0 k=1
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Due to (2.3.8), we have

10 < [ Ipayleds+d+v) [ (6B + I +1)ds. @320

and due to (2.3.10) we have

t
B0l e [ lpay(o)leds (2322)

Moreover, by proceeding as in the proof of (2.3.17) and (2.3.18), for every 6 > 0 we have

t
C
E sup [B(r)|+E sup |l4()] < SE sup llozv(1)l% + /O Ellpay(DIPpdr.  (2323)

re(0.,] re0.,] re (0,

Therefore, if we choose & > 0 sufficiently small, from (2.3.21), (2.3.22) and (2.3.23), we obtain

t
E sup [yl < c /0 E sup o ()2 ds

re 0] re0,s]

fe(Av) /0 (2212 + lav(s) |2 + 1) ds,

and the Gronwall lemma, together with (2.3.15), gives

T
E s;z)pﬂl\m,v(r)llif gcr(/1+v)/0 (22 () 154 + lzv () 154 + 1) ds
re |0,

<cr(A+v) (1+|z0l%) -

This implies that

lim E sup oz, (r)% =0,
A,v—0 re0,7)
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so that the family {z3 }¢(0,2,) is Cauchy and (2.3.20) follows.

Step 4. There exists a unique solution z € L?(Q;C([0,T]; #4)) for equation (2.3.1).

Proof of step 4. For every A € (0,4y) we have that z, satisfies equation (2.3.11). Then, by
proceeding as in [22, Proof of Theorem 3.2], we take the limit, as A goes to zero, of both sides of

(2.3.11) in L*(Q;C([0,T];#-1)) and thanks to (2.3.20) we obtain that z satisfies the equation

£0) = o+ g0u0) + [ TAG(s)) + Bo(s,2(s))] ds + / 'S (e(5) dwls).

and z € L*(Q;L>(0,T;74)).
Next, by using again arguments analogous to those used in [22, Proof of Theorem 3.2], we

can show that z has continuous trajectories and is the unique solution of equation (2.3.1).

2.3.2 The case when f satisfies Hypothesis 2.6

In view of what we have seen in Subsection 2.3.1, for every n € N and for every ¢ € A7y

and (ug,vo) € 74 there exists a unique solution (u,,v,) € L*(Q;C([0,T];.74)) for the equation

p

up(t,x) = up(x) +/Ot vn(s,x)ds,

Va(t,x) = pvo(x) +/O [Autn(s,%) = ¥(ttn(s,%))Vn(5,%) + fu (¥, u(s,X)) + O (un(s,)) Q@ (s5,x)] ds

+ /Ot o(u(s,-)) de(s,x),
(2.3.24)

where f;, is the function defined in (2.1.16).
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For every n € N, we define

Ty =inf {t >0 : [un(t)||gn > n/C},

with inf@ = +eo, where C > 0 is a constant such that ||-[|;« ;) < C||-[|. Clearly {T,},en is an

increasing sequence of stopping times.

We denote 7 := sup,,c  Tn, and for every @ € Q and t < T(w) AT, define

2(0)(0) = z20(1) (@), if1 < To(0) <T.

Notice that this is a good definition, as f,,(r) = f(r), for every n < m and |r| < n. Moreover,

since for o € Qandr < 7,(W) AT

(1) (@) | =(j0,13) < Cllun(t)(@)[[ g1 < n,

we have that f,(u(s)(w)) = f(u(s)(w)). This means z(t) = z,(t) solves equation (2.3.3) for

t <t AT.
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Step 1. There exists ¢y > 0 independent of n € N such that

T T
E sup [u(tAT)|+ / E [lu(t A,) |3 di + / E [lu(t A )| d
t€[0,T] 0 0

(2.3.25)

T T
gcﬂﬁ+/‘EWOA%M%W+/‘EW&Ammzw+Esw)WOA%Mé>
0 0 t€[0,T]

Proof of Step 1. Recall that for t < 17, < T, z(t) = z,(t) is a solution of equation (2.3.3), by

proceeding as in [22, Proof of Lemma 4.1], we have

AT,

Y 2 AT 2 2 2
Z||u(tATn)HH+/0 lu(s) ||l <c+clvEAt)|y+ ; ()7 ds

+/0t Tn(F(u(s)),u(s))Hder/ot Tn<u<s)’G(M<S))Q(P(S)>Hds+/0t fn<u(S),G(u(S))dwfz(s;>;l6-)

Thanks to (2.1.12), we have
AT, ATy ol
/)<HMWM@M$§—Q/ () 11 ds ot (2327)
0 0
Moreover, by proceeding as in the proof of (2.3.17) and (2.3.18), for every 40 we have

E sup
ref0,z]

+E sup
ref0,t]

[ o). otuts)) 0w (o) [ wts). ot
0 0

t
C
<85 sup ulra )+ 5 | Elu(ons,) s
0

rel0,z]

Therefore, if we choose & > 0 sufficiently small above, this, together with (2.3.26) and (2.3.27)
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allows to conclude that (2.3.25) holds true.

Step 2. There exists cr > 0 independent of n € N such that

T
B sup |t A %) (AT +E sup [u(eAm)|h 430 [ Bl s <er (14 ol 7 + ol
t€[0,T] 1€[0,T] 0
(2.3.28)

Proof of Step 2. From the It6 formula we have

ol Ivolf] = [ tats ) v

| =

[Hu(m ) |21+ v(t A rn)||§,} -

N =

+ [ il n g [ fuo(as+ [ o w(s))00(s), v(s)) i ds

= [ o6+ g [ 10w oy s

Thanks to (2.1.10) we have

/ Fe,u(t Atyyx))dx < ¢ —ca |lu(t Aty) || 97
17

and

§c<1+/ﬁ\uo(x)]9+ldx) :c(1+\|uo|ygg:ﬂ) §c<1+Hu0HZJ{1>.

\ [ oty
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Therefore, due to (2.1.5),

IAT,
0+1
sup [[u(r A)|31 + sup [lu(rATy)l| o0 + sup HV(rMn)H%Ho/ Iv(s)1l7 ds
re (0, ref0,t] re 0] 0

< (1+ Juol" + Ivoll) + sup
re [0,z]

/Or T"<G(M(S))Q¢(S),v(s)>H ds

+ sup
re0,]

[ " (0 (u(s))dwl(s), v(s))n| e / " ()| ds.
0 0

Since @ € A7y, by proceeding as in (2.3.17) and (2.3.18), this implies that for every (;O

tAT,
E sup [u(rA,)||5n +E sup [lu(rA)]/sh +E sup Hv(rMn)H?{HoE/ Iv(s) 17 ds
re[0,] ref0,] re(0,] 0

c t t
< (1 ol + Ivoll) + 8 sup e+ 5 [ Elvts n s+ | Eluts n )l .
re (0,

In particular, if we choose 6 > 0 small enough we have

E sup u(r A7 +E sup lu(rAT)ll7e +E sup [lv(rAz)|7

re(0,] ref0,t] re0.,]

(2.3.29)

t t
<e (1l + voll) +e [ Blvas)fds e [ Elutsnn)lfds
0 0
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and if we choose & > 0 large enough we have

INT,
E sup [u(rAT) |85 +E sup [v(rA2)l[3 + 0E / Iv(s) |3 ds
0

ref0.] re0,]

(2.3.30)

t
< (14 ol + olly) +¢ [ Elluts s ds
0

Combining (2.3.30) with (2.3.25) yields that

t
E sup [[u(rAz)? gc/ E lu(s A )| ds. (2331
0

re [0,z]
Thanks to Gronwall’s lemma, (2.3.28) follows from (2.3.29).

Step 3. There exists z = (u,v) € L*(Q;C([0,T];4)) solution to problem (2.3.3) such that

T
0
B sup () v(0)) | +E sup w5+ [ EIvo)lFrds < er (14 ol + o)
t€[0,T] 1€[0,T] 0

(2.3.32)

Proof of Step 3. According to (2.3.28), for every T > 0 we have

C? ) C? , _ ¢
P(7, <T) < _Z]E( () |15 70 < T) < —<E sup lu(t At || < 5
n n* el n

so that
lim P(7, <T)=0,

n—o

and hence P(7 = o) = 1. This implies for every 7 € [0,T], z(t A T,) — z(t), P-a.s. as n — o, s0

46



that z belongs to L?(Q;C([0,T];.74)) and solves equation (2.3.3). By taking the limit as n — oo

in (2.3.28), we get (2.3.32).

Step 4. The solution z is unique in L>(Q;C([0,T]; 74)).

Proof of Step 4. Let z; and z; be two solutions of equation (2.3.1) in L?(Q;C([0,T]; 74)).
For every R > 0, we define

TR ‘= TR\ TR,

where

Tig=inf {t >0 : ||lu;(t)|[;p =R}, i=1.2.

Since z; and 75 belong to L?(Q;C([0,T];.54)), we have
lim P(tg < T) =0. (2.3.33)
R—yo0

Now, if we define p = z; — z, from the Itd formula we have

Il =2 [ A1 (5)) — Alzal5)). p(5)) s

INTR

+2/0 TR<B¢(S,Z1(S))—B(p(S,zz(S))yp(S)>%ds+/0 ||Z(21(S))_E(ZZ(S))”-?%(H@%)CZS

INTR 4
+2 /0 (P (), (E(z1(5)) — Z(z2(s))) dwl(s))r = Y. Lult A TR).

k=1
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We have

(Alzi(s)) = Alz2(5)),p(8))r = —((8(ur(s)) — &(ua(s)),u1 (s) — ua(s))m

+(F (ur(s)) = F(ua(s)), 1 (s) = m2(s)) g1,

so that, according to (2.1.14)

[(A(z1(s)) = A(22(5)), P (5)) el < cllp(5)[15 +clIF (ur(s)) — F (ua(9)) |

<cllp@) 3+ (14 @l "+ a5 ) () = ()

This implies that

INTR
sup |1 (r ATR)| §c(R)/ o (s A tR)||%p ds. (2.3.34)
0

re[0,z]

Moreover, by proceeding as in (2.3.17) and (2.3.18), for every 6 > 0 we have

c t
B sup (1A )|+ (A 50)]) < 5 sup (e o) 3+ [ Blo(snwo)lds.
re(0,] ref0,t] 6 0

(2.3.35)

Therefore, since

IATR
sup |15(rATR)| < ¢ / lo(s A1) |2 ds,
re0,] 0

thanks to (2.3.34) and (2.3.35), if we fix some ;0 small enough, we get

t
E sup [|o(rA )| < c(R) /0 Ellp(rA 1) dr

re [0,
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This implies that for every R > 0

B sup lp(rA )l =0.
re0,T]

In view of (2.3.33), by taking the limit as R 1 oo this gives Esup,c (o 77[/p(r) 1%, = 0 and unique-

ness follows.

2.4 A-priori bounds and tightness

In the previous section we have proved that for any g > 0 and any 7 > 0O there exists a
unique solution (uy,duy) € L*(Q;C([0,T]; 7)) to system (2.3.3). Our purpose in this section

is proving a bound for (uy, dyuy, ), which is uniform with respect to 1.

Lemma 2.10. Under Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6, for
every T,M > 0 and for every initial condition (ug,vo) € F€, there exist cy > 0 and ur > 0 such

that for every @ € Ay and 1 € (0, ur)

T
E sup [uu(t)|Z +E sup [l (]85 +1E sup (|8 ()]} + / E|| ey (1) [} < cr.
t€[0,T] 1€[0,T] t€(0,T] 0

(2.4.1)

Proof. We give our proof in case Hypothesis 2.6 holds and we leave to the reader the proof in

case Hypothesis 2.5 holds.
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Step 1. There exists cr > 0 such that for all p € (0,1)

t t
0+1
E sup [uy(r)%+ /O E g (5)|2 ds + /O E [Juu(s)]| %5 ds

rel0,z]
(2.4.2)
t t
<cr <1+/0 EHMu(S)H%{dSﬂLH/O E||9yuy (s)[|Frds + u’E sup H&,uu(r)H%{).

ref0,t]

Proof of Step 1. As shown in [22, Proof of Lemma 4.1], for every p € (0, 1) we have

Y ! !
Z”“u@)”%{"‘/o ||uu(S)||§,1ds§c+cu2||8tuu(t)l|%1+u/0 | Grun () |7

—I—/t<F(uu(s)),uu(s)>Hds—l—/Z(uu(s),G(u”(s))Q(p”(s)>Hds+\//._L/Z(u“(s),O'(MM(S))de(s»H.
’ ° ° (2.4.3)

Due to (2.1.12), we have

t

1
6+1
/ (F(uu(s)),uy(s))uds < —cz/ Huu(s)HL;rH ds+ cot. (2.4.4)
0 0
Moreover, by proceeding as in the proof of (2.3.17) and (2.3.18), for every 6 > 0 we have

E sup
ref0,]

+ VEE sup

rel0,z]

/0 (1 (5), 6 (1 () dw(5))

/0 {1 (5,0 (g (5)) 0w (5) s

t
C
< 88 sup [y (1) + 5 [ Ella(o)frds

ref0,t]

Therefore, if we choose 6 > 0 sufficiently small above, this, together with (2.4.4) and (2.4.3)

allows to conclude that (2.4.2) holds true.
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Step 2. For every T > 0 there exist cy > 0 and u7 > 0 such that

sup E sup |uy (1)} <ecr, (2.4.5)
neO.ur) t€[0,7]

and (2.4.1) holds.

Proof of Step 2. As in the previous section, from [t6’s formula, we have

t
et (0) 130+ 1| Geaage () 17 = Il + e lIvoll —/0 (¥ (5))Ahup(s), Oup(s)) m ds
t
0

n /ﬁ s () dx — /ﬁ §x, a0 (x)) dx+ / (01 (5))Q0(5) i (s)) 1

V[ {0 () (5) a9+ [ 105D P

Due to (2.1.5), (3.1.4) and (2.1.10), this gives

t
a1+l (1854 + 0 o) 0 | 10 () s
0+1 2 ! 2
< (14 ol -+ ol + | o061 gy 45

+ [ 0un()00(6),duta s + V& [ (0w (5) Dy ()
0 0
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Therefore, by proceeding as in Step 1, for every 6 > 0 we have

t
E sup [luu(r)||fn +E sup [lug(r)||7) +HE sup Hf?ruu(r)H%ﬁ/ E |0y ()7 ds
re[0,] re0,7] re [0,] 0

c t t
< (14 luollyt -+ alvoll) + 8% sup () + 5 | Elouu(o)fidse | Bl (o) s

re0,t]
(2.4.6)
If we take 0 > 0 small enough in (2.4.6), we get
E sup | 2 +E Ol +uRE J z
P [lug ()l +E sup [luy(r)l[ ¢4 +HE sup [|dun(r)lm
re0,] re0,T] re0,]
(2.4.7)

t t
<1+ [ Bl las) +o [ Bl
0 0

and if we take 6 > 0 large enough we get

t
E sup [ug(r)l|%5 +1E sup ||atu“(r)||§,+/ E|| 0y (s5)|[7;ds < c <1+]E sup ||Mu(r)||%1)~
re(0,7) re [0, 0 re [0,z]

(2.4.8)

By combining together (2.4.2) and (2.4.8), we can fix 7 > 0 such that for every u € (0, ur)

t
E sup [lug (M|} < e (1+ / E||uu<s>|\§ds>,

ref0,1]

which implies (2.4.5). Thus, from (2.4.5), (2.4.7) and (2.4.8), we obtain (2.4.1).
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Now, for every T > 0 and u > 0 we define

p,ll(t7x) = g(uu(t,x)), (t7x) S [07T] X 0.

According to Hypothesis 2.3, we know that

g <nlrl, 18N <n, reRr

so that for every 4 >0 andz € [0,T],

lPu(@)llm < Yilluy )], lpu Nl < nillug (@)1, 10 ()|l < 11 [| Graaya (1) [ 11

(2.4.9)

Since the function g is strictly increasing, it is invertible and we have

uﬂ(tax) :g_l(pli(tax))7 (t7x) < [07T] X0,

which implies that

Auy (t,x) = div [Vgil(pu (1))] = div

Moreover, by the definition of py,

Vpu(t) = Y(up (1)) Vuu(t),  0pu(t) = Y(up(r))oup(r).
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This means that if we integrate equation (2.2.3) (with ¢,) with respect to ¢ we have

t

Pu(e) + B3t (1) = glu) + 0+ | div [b(pu(5)) Vpu ()] ds + | Fulpuloas

. . (2.4.10)
+ [ 0upu()09u(s)ds + VI [ 01pu(9)anC(s)
where forevery r € Randx € €
1 _
b(r):= m, folx,r) = f(x,8 L)), (2.4.11)
and for every u € H'
Fo(u) = fyou, o, (u) = o (g ou). (2.4.12)

Theorem 2.11. Assume Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6
and fix an arbitrary T > 0 and (ug,vo) € 4. Then, for any family of predictable controls
{0u}tue ) C Ar.m, the family of probabilities { £ (pu)} ue (0,ur) 15 tight in C([0, T]:H®), for

every 8 < 1.

Proof. According to (2.4.1) and (2.4.9), we have that

1
E sup [|pu(r)I% + /0 Edpu ()| ds <cr,  p e (0,ur).

ref0,t]
This means that for every € > 0 there exists L > 0 such that if we denote by K¢ the ball of radius

Le in C([0,T); HYNW!2([0,T]; H), then

inf P(py € Ke) > 1—e.
ne (Our)
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This allows to conclude as, due to the Aubin-Lions lemma, the set K is compact in C([0,T]; H®),

for every 0 < 1. O

2.5 The limit controlled problem

In order to prove conditions C1 and C2, we need first to understand better the controlled

quasi-linear parabolic problem

(

atp(t7x):diV[b(p(t’x))Vp(tvx)]+fg(x7p(tvx))+Gg(p(t7'))(p(tvx)7 t>07 X e ﬁ’

p(0,x) = g(up(x)), p(t,x)=0, x€ d0.

\

(2.5.1)
In view of Hypothesis 2.3, we have
1 ) 1
—r<lg (N <—, rekR.
<l o<
When Hypothesis 2.6 holds, thanks to (2.1.9), this means that for every u € L8%1([0,L])
L 1 5 2 (e+1)(6-2)
[1Fe ()| 1 < C/O (I+[g7 (u(x))[")dx < c (1+ leell g Hluell o3 ) (2.5.2)

Next, again due to Hypothesis 2.3 we have
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so that, thanks to Hypothesis 2.6, we get,

fe(r)r=f(g~"(r)g™ " (r)-
(here we define g~!(0)/0 = 1/¥(0)). In particular, we have

(Fy(u),upy < c (1 . Huugeﬂ) , ucH. (25.3)

Moreover, since g_l

is increasing and f is decreasing, we have that f, is decreasing, so that

(Fe(ur) — Fg(uz),uy —uz)m < 0. (2.5.4)

Finally, thanks to Hypotheses 2.3 and 2.1,

1 1
b(r)| < —, br)>—, |b(r)=>b(s)|<c|r—s|, nrseR, (2.5.5)
Yo N
and
|05 (1) — Og(u2) || 2 (tp, 1) < cllr — a2\, wr,uz € H. (2.5.6)

Definition 2.12. A function p € L*([0,T];H") is a weak solution to equation (2.5.1) if for every

test function y € Cy(0) andt € [0,T]

(1), ¥)u = (g(uo)»WH—/0t<b(P(S))VP(S)7VW>HdS+/0t<Fg(P(S))+Gg(P(S))Q<P(S),II’>HdS~

(2.5.7)
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Proposition 2.13. Assume Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6
and fix any T > 0 and ¢ € L*([0,T];H). Then, for every uy € H' there is at most one weak

solution p € L*([0,T];H') to equation (2.5.1).

Proof. We adapt here the method introduced in the proof of [22, Theorem 6.2]. To this purpose,

let (¢,)neny be the sequence of twice differentiable functions constructed in [43, Theorem 3.1]

such that
2
$,(0)=0, [9,(r)]<1, 0<9¢,/(r) < "€ R, (2.5.8)
and
lim sup | ¢, (r) — |r|| =0. (2.5.9)
n—=% R

Now, suppose p1,p2 € L*([0,T];H') are both solutions to (2.5.1). Using integration by

parts, for any fixed positive superharmonic function y € C5'(€'), we have

(0upr(0)=pal0).¥) = | (91(p(5) ~ pa(5) (Fy(p1(5)) ~ Fepals)) ) s
+f (01(01(5) ~ p2(5)) ({1 (5)) — 05 (p2(5))) Q0 (s). ) s
- /0 t (& (p1(s) = p2(s)V(p1(s) — p2(s)) (b(m (5))Vpi(s) — b(pz(s))sz(s)> V) s
= [ 0101(5) = pals)) (bP1 )71 (5) = Blp(s)) Va9 T s

4
= Z Ikﬂ(l)‘
k=1
(2.5.10)
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In the case when f satisfies Hypothesis 2.5, by the Lipschitz continuity of F,, we have

a(t) < [ (p1(6) = pa(o) )y

In the case when f satisfies Hypothesis 2.6, thanks to the fact that F; <0, ¢,/ > 0 and y > 0, we

have 11 ,(t) <0.

Next, by proceeding as in the proof of [22, Theorem 6.2], we know that

t
cr 2 2
Faalt) +1sale) < L (1l + 1¥15-) [ (101 + lpa(o) Gy ) s
And moreover, it follows from (2.1.2) that

Bat) = [ [ 61(p16) =26 [ (04(P1(5)) — 0ulp(s))) Qo) il
<[ £
<c [lowl | (X

<C [ 1005l (p1(5) = pa(s)v) s,

QDi(S)<Gi(x,u1(s)) o;(x,ux (s )’l,l/ )Ydxds

214
oi(x,ui (s Gi(x,uz(s))‘ ) y(x)dxds

where @;(t) := (@(t),ei)n.
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Therefore, we have for every ¢t > 0

(On(p1(t) —p2(2)), ¥)

t

< U V) ) e Y [ (1 060 ) (10106) 261 .

n

Taking n — oo, we obtain

(1)~ P20l W)y < [ (141061l ) (191(5) = pa(5) s

and then by the Gronwall lemma, we conclude

(p1(1) ~ p2()]. W), =0, 120,

Finally, due to the arbitrariness of positive superharmonic test function y € C3’ (&), we have
p1 = p2. This completes the proof.

]

Proposition 2.14. Assume Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6
and fix any T >0, ug € H' and ¢ € L*([0,T);H). Suppose that p is the a weak solution of
equation (2.5.1). Then, if we define u:= g~ '(p), we have that u € L*([0,T];H") is a weak

solution to equation (2.2.2).

Proof. Due to the fact that p € L?>([0,T];H') and g~ is differentiable with bounded derivative,
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we have that u € L*([0,T];H") and

Recalling how b, F,; and o, were defined, this implies

So(t,p(1)) == div[b(p(1))Vp (1) + F(p (1)) + 0 (p(1)) Q9 (1)

V(g(u(t))} +/(u(t) + o (u(1))Q0(t) = Au(r) + f(u(r)) + o (u(t)) Q0 (1)

in H~! sense. Moreover, by mollfyng p with respect to 7 and x and then by taking the limit, we
have that

due L*[0,T;H )

and

ap(t) = &' (u(t))du(r) = y(u(r))du(t),

in H~! sense. We can now conclude, as we know that d,p(t) = .Z(t,p(t)), in H ! sense. [

2.6 Proof of Theorem 2.8

In order to prove Theorem 2.8, we will show that the conditions C1 and C2 that we intro-
duced in Section 2.2 are both satisfied. We will consider here the case the nonlinearity f satisfies

Hypothesis 2.6 and we leave to the reader to adapt out proof to the case f satisfies Hypothesis

2.5.

60



Theorem 2.15. Under Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6,

condition C1 holds.

Proof. Letus fix T,M > 0 and let {¢ } be a family of processes in A7y such that

lim @, = @, in distribution in L2(0,T;H),
u—0

where L2(0,T;H) is the space L*([0,T]; H) endowed with the weak topology and @ € Ar .

For every sequence { i }reny converging to 0, as k T oo, we denote py = g(uy), where uy :=

uﬁg" is the solution of equation (2.2.3), corresponding to the control ¢y, . Thanks to Theorem

2.11 and Lemma 2.10, for an arbitrary 6 < 1 we have that the family
{2 P e ) byer © 2 (CUO.TIH) X CO,T:H) X S
is tight. We denote by p a weak limit point for the sequence {py }xcn and we denote
A:=C([0,T];H®) x C([0,T]: H) x .7 x C([0,T],U)),

where U is the Hilbert space such that (2.1.1) holds. By the Skorokhod Theorem there exist

random variables

g:(p707¢an); 62/k: (p\kvéb(pkaw]g); kENa
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A

defined on a probability space (Q,.%,{.%},c 0,7]> P), such that
g(@):"g(paoa(pva)a g(@k):g(pk? .u'katub(plik?WQ)v ke N;

and such that

Iim% =% in A, P—as. (2.6.1)

k—yo0

For every k € N and v € H?, we have

(Bi(1) + 6(1), W) = (8(uo0) + Mevo, W) + /O[ (div [b(Pe(s))VPr(s)], W)n ds

-/ F(0e(s)), W) ds+ / (04 (P(5))Q 0uls), W) ds + ik / (0 (P (5))2(5), W)
0 0 0

Thanks to (2.6.1), for every t € [0,T] we have
lim <[5k(t)+ék(t),l[/>y = <[5(I),l]/>[-1, P—as. (2.6.2)

k—yoo

Next, if we define iy := g‘l(ﬁk) and i1 := g~ (p), we have

/ (b(Pu(5)VPu(s), Vs — / (BB ()P (), V) ds
0 0

= /Ot(Vﬁk(s),Vl//>Hds—/Ot<Vﬁ(s),Vl[/)Hds = —/Ot((ﬁk(s) —i(s)),Ay)gds.
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In particular, since (2.6.1) implies the P-a.s. convergence of i to @ in C([0,T]; H), we get that

t

lim (b(ﬁk(s))Vﬁk(s),Vl//>Hds:/Ot(b(ﬁ(s))Vﬁ(s),Vl/OHds, P—as. (2.6.3)

k—eo [

It is immediate to check that estimate (2.1.15) extends to F,. Thus we have

[ Epu s — [ Ep6) s <

0

/ 1Fe(e(s)) — Fe(p(s)) L1 s 1wl

< [ (11BN + 1RO ) 13:(s) =6 s [l

so that, thanks to (2.6.1),

t

lim [ (Fy(p(s)),¥)uds = /O (Fo(p(s)),w)mds, P—as. (2.6.4)

k—oo [

Now, for any 4 € L>(0,T;H), due to (2.5.6)

<clvll ([ 0+ 196 ) ([ 1nes ||Hds)

/0 (0, (5(5))Qh(s), W)rds

and this implies that the mapping

he 0.~ [ (@p()0Hs). vids < B

is a linear functional so that, thanks to (2.6.1), for every fixed r > 0

t

in [ (04(p ()00 (s). Winds = [ (P00 Winds, Poas. 265

k—oo Jy
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Moreover, we have

t
< ||1V||H/O 105 (Pi(s)) = O (B ()| (tig, ) || Qi () | ds < c Wl [Pk — Pl 210, 1128) | Pl 20,7710
and by using again (2.6.1) we get

t

lim [ ((0(Pe(s)) — 04 (P(5)))0Pi(s), W)uds =0, P—as.

k—eo [

This, together with (2.6.5), implies

t

iim [ (04(L(9)Q0(5). Wnds = [ (0(p(:)00() Winds,  Bas. 60

k—eo [

Finally, since

sup & sup

T
<csup vl / (14 81y, ()1[3) ds < oo,
keN  t€[0,T] keN 0

we conclude that

lim G sup B /O (G (P ())2(s), W)

k—reo t€ (0,7
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This, together with (2.6.2), (2.6.3), (2.6.4) and (2.6.6) implies that

B0V = (sluo) )~ [ (BB ()P (s), V) ds

As proven in Proposition 2.13, the equation above has at most one solution. Thus, for every se-
quence {1y }ren {4 O the sequence {py }xey converges in distribution to the solution p of equation
(2.5.1) with respect to the strong topology of C([0,T];H?), for any arbitrary § < 1, and hence,
due to the embedding of H' into LP( &), with respect to the strong topology of C([0,T];L"(0)),
for every p < oo, if d = 1,2 and p < 2d/(d —2), if d > 2. In particular, this implies that the
sequence {uy }re N converges in distribution to the solution u® of equation (2.2.2) with respect to
the strong topology of C([0,T];L”(£)) and condition C1 holds.

As a consequence of the arguments used above to prove condition C1, we have that the
mapping

@ L2(0,T:H) — u® € C([0,T];LP(0))

is continuous. Therefore, since Ar ps is compact in L%V(O, T;H), for every M > 0, we have that
Orr={Ir <R} ={u® : 9 € Arpp}

is compact, and condition C2 follows. [
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Chapter 3: The small-mass limit for stationary solutions of stochastic wave

equations with state dependent friction

In this chapter, we compare the long-term dynamics of the second-order system with state-

dependent damping

.uatzuli (%) = Auy (t,x) — V(g (t,x))Oup (t,x) + f(x,uu (1,x)) + /1o (up(t, ~))3,WQ(t,x),

up(0,x) = up(x), Jruu(0,x) =vo(x), uy(t,x) =0, x€ 90,

(3.0.1)
with that of the first-order system
H0.9)0(.5) = B ) + lu( ) = S0 B (.06
o (ult,)aw2(r,x), (3.0.2)
\ u(0,x) =up(x), u(t,x)=0, x€aI0,

which represents the small-mass limit of system (3.0.1) within fixed time interval.
The structure of this chapter is as follows. In Section 3.1 we introduce the notations and
assumptions that will be used throughout the chapter. In Section 3.2 we state the main result (see

Theorem 3.9). In Section 3.3, we study the well-posedness of system (3.2.1) in 7Z. Specifically,
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we prove that for every initial condition (ug,vg) € 7 := H x H~! system (3.2.1) admits a unique
generalized solution in .. This result enables the introduction of the transition semigroup P %
t >0, for every u > 0, and we show that it admits an invariant measure vjf supported in S :=
H' xH.

In Section 3.4, we derive uniform a-priori bounds for the solutions of system (3.0.1), in-
cluding uniform bounds for the moment of the invariant measure vif . In Section 3.5 we move
our analysis to the limiting equation (3.0.2) in 5#. We introduce the auxiliary problem (3.5.1) and
first prove its well-posedness in H. We then extend these results to problem (3.0.2). Additionally,
we study the well-posedness for equation (3.5.1) in H~!.

In Section 3.6, we investigate the ergodic behavior of the limiting equation (3.5.1) in H~!.
We prove that the corresponding semigroup has a contractive property in H~! and admits a unique
invariant measure in this space. Furthermore, we show that such invariant measure is supported
in H, and its restriction to H is the unique invariant measure for the semigroup associated with
equation (3.5.1). Finally, we establish that this implies the semigroup associated with equation

(3.0.2) admits a unique invariant measure in H.

In Section 3.7, we complete the proof of the main result in this chapter, Theorem 3.9 .

3.1 Notations and assumptions

Throughout the present chapter ¢ is a bounded domain in R4, withd > 1, having a smooth
boundary. We denote by H the Hilbert space L?(¢) and by || - ||z and (-,-)y the corresponding
norm and inner product.

We denote by A the realization of the Laplace operator A, endowed with Dirichlet boundary
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conditions. As known there exists a complete orthonormal basis {¢; };cry of H which diagonalizes
A. Using the same notations as in Chapter 2, we denote by {—; };cn the corresponding sequence

of eigenvalues, and we define H S (see Section 2.1 for definition), for every 6 € R, and
Ay =H® xH®',  #:=HxH

Next, if X is any Polish space, we denote by B, (X) the space of Borel bounded functions

¢ : X — R, endowed with the sup-norm

@]l := sup [@(h)].
heX
Moreover, we denote by Cp,(X) the subspace of uniformly continuous and bounded functions.

3.1.1 Assumptions

As in Chapter 2, we assume that w2(¢) is a cylindrical Q-Wiener process (see Section
2.1), defined on a complete stochastic basis (Q,.7,(%;);>0,P). Q: H — H is a bounded linear

operator. When Q = I, the process w! () will be denoted by w(¢). In particular, we have w@(t) =

ow(r).
Moreover, we shall denote by Hy the set Q(H), the reproducing kernel of the noise w@

(also see Section 2.1 for more details).

Hypothesis 3.1. The mapping o : H — 4> (Hp,H) is defined by

[0(h)Qei](x) = oi(x,h(x)), x€ O heH, i€N,
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for some measurable mappings o; : O x R — R. We assume that there exists Ls > 0 such that

sup Y [Gi(x,y1) = 0i(x,32) P < Lo [yi —y2*, vy € R. (3.1.1)
X€EO0 =1

Moreover, we assume O is bounded, that is,

O = SUp HG(h)HgZ(HQﬁ) < oo, (3.1.2)
heH

Remark 3.2. 1. Condition (3.1.1) implies that 6 : H — %>(Hp,H) is Lipschitz continuous.

Namely, for any hy,hy € H
lo(h1) — 6 (h2) || & (.11 < VLo 11 — 2|1 (3.1.3)

2. If the noise is additive, then Hypothesis 3.1 is satisfied when TrQ? < oo.

Hypothesis 3.3. The mapping y belongs to C(R) and there exist Y and i such that
0<p<yr)<n, rekR, (3.1.4)

If we define

g(r):= /r}/(c)dc, re R, (3.1.5)
0

the function g : R — R is differentiable, strictly increasing and invertible so that its inverse g~ :

R — R is differentiable, with

sup (g7 (r) < —. (3.1.6)



Hypothesis 3.4. The mapping f: 0 x R — R is measurable and there exists a positive constant

Ly such that
Ly < % (3.1.7)
and
sug|f(x,r)—f(x,s)| <L¢lr—s|, rnseR. (3.1.8)
x€
Moreover,

sup|f(x,0)] < .
xX€0

In what follows, for every x € &' and r € R we denote
r
)= [ fxds
0
and for every function & : & — R, we denote
F(h(x) == f(x.h(x)),  x€O.

Remark 3.5. 1. Condition (3.1.8) implies that F : H — H is Lipschitz continuous. Namely
for any hy,ho € H

|F(h1) = F(ha)|ly < Lyl —hally -

Moreover, there exists ¢ > 0 such that

IF(W)|ln < Lygllhlla +c. (3.1.9)
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2. If the friction coefficient 7y is constant, then J = 7¥;, and condition (3.1.7) becomes

Ly <oy.

3. It is immediate to check that if for every h € H we define

A(h) = /ﬁ £ e, h(x))dx,

then
[DA(D)](x) = f(x,h(x)), x€ O. (3.1.10)
Hypothesis 3.6. We assume
Ls  ouY
Li+-2 <22, (3.1.11)
T T

Remark 3.7. If ¢ is constant, then Ly = 0 and Hypothesis 3.6 reduces to condition (3.1.7) in

Hypothesis 3.4.

3.2 Main results

For every u > 0, we denote v, := d;u, and rewrite equation (3.0.1) as the following system

duy (1) = vy (t)dt,

pdvy (1) = [Aup (1) — Y(up (1)) (r) + F (uy ()] dt + o (uy (£))dw2(1), (3.2.1)

\
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where A is the realization in H of the Laplacian A, endowed with Dirichlet boundary conditions.
In [22] it has been proven that, under Hypotheses 3.1, 3.3 and 3.4 (without condition (3.1.7)
), for every (ug,vo) € L*(Q;.57) and for every u,T > 0, there exists a unique solution ¢, €

L?*(Q:;C([0,T];.4)) which solves system (3.2.1), in the sense that

(

uy(t) = u0+/0 vu(s)ds,

v () = pvo + /O t [Auy (5) — Y(up (5))vu (s) + F (u(5))] ds (3.2.2)

+ /0 (1 () dw2(s).

J4

In particular, we can introduce the transition semigroup P*"”*! associated with equation (3.2.1)

in 771, defined by

PYoG) =E(4,(1), 34, t>0,

for every ¢ € By(747).
In what follows, we will need to study system (3.2.1) also in the space of lower regularity

¢, and for this reason we introduce the following notion of generalized solution.

Definition 3.8. Forevery ., T > 0and every (uy,v0) € S, we say that the process zy, € L*(Q:;C([0,T]; 22))
is a generalized solution of system (3.2.1) if there exists a sequence {1,090, tneny C H con-

verging to (ug,v9) in J, as n — oo, such that

lim zy, =z in L*(Q;C([0,T];.¢)),

n—y+oo

where z, n € L*(Q;C([0,T); 7)) is the unique solution of equation (3.2.1) with initial conditions
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(uO,m t)O,rl)-

Notice that if (ug,vp) € 4], then the generalized solution coincides with the solution de-
fined above in .77 in the sense of (3.2.2).

In Section 3.3 we will prove that, under Hypotheses 3.1, 3.3 and 3.4, for every u,7 > 0
there exists a unique generalized solution z,, € L?(Q;C([0,T]; ##)) for system (3.2.1). This will
allow us to introduce the transition semigroup associated with (3.2.1) in ¢, which will denoted

by P! . Clearly, if ¢ € B(¢), for every u > 0 and 3 € .7/ we have

PG) =B 0G5), 120,
In Section 3.3, we will also show that under the same Hypotheses, for every u > 0, the semi-

group P,“ /" admits an invariant measure v;%

i in A, with supp(vff ) C 4. In particular, since

supp(vjf ) C o4 and B() C B(H), we will have that vjf is also a probability measure on
1. In what follows, it will be convenient to denote the restriction of vjf to 71 by vﬂ%p1
Given a lower semicontinuous metric & on H~!, it is possible to introduce the distance

Wy : PH ) x P(H™') — [0, +0o] defined by

Wa(vl,\h) = sup

Pl <1

| o= [ vt

H-1

where

[QD]Lipg‘FIZ sup |(p(t1)_§0(t2)|'

v, 0EH (X(t],tQ)
t1#£t
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Notice that the following Kantorovich-Rubinstein identity holds

7/ (Vl,Vz inf // ‘C],l‘z dtl,dtz) (3.2.3)

AGCF V|,V2

where €' (v1,v2) is the set of all couplings of (v, v»). Notice that it is possible to prove that the
infimum above is attained at some A.

The main result in this chapter is stated as follows.

Theorem 3.9. Assume Hypotheses 3.1 to 3.6, and define
a(ul,uz) = ||u1—u2||H71, ul,uzeH_l.

Then we have

lim ¥, (nlvﬂ”,v) _0,
u—0

where V is the unique invariant measure for P, the transition semigroup associated to the limit-

ing equation (3.0.2). Moreover,

lim Hlviff =V, weaklyinH.
u—0

3.3 Generalized solutions for second-order systems and invariant measures

We have seen in Section 3.2 that Eq. (3.0.1) is equivalent to system (3.2.1). In fact, we can

give another equivalent formulation for (3.2.1). Actually, if g is the function introduced in (3.1.5)
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and we define

n:=—(udu+gu), &=un),

L
N

system (3.2.1) can be rewritten as

) = G+ B G0, 5u00) = (s Eo + E), )

where we denoted

(0= = (1= At @), €= (um) € Do) = A,
and
o£)i= 220,000, L= (un) <7,

This means that, for every u > 0 and every (ug,bo) € 7, the adapted .7/{-valued process

Cu = (up,My) is the unique solution of equation (2.3.1), with §,(0) = (uo, \/Hoo + g(u0) / /1),

if and only if the adapted .77{-valued process

zu(1) = (up (1), v (1)) = (upe (1), M (1) / /1 = 8lu (1)) /1), 120,

is the unique solution of system (3.2.1), with z,,(0) = 30 := (up, vo).

In [22] it has been proven that, under Hypotheses 3.1, 3.3 and 3.4, without condition
(3.1.7), for every {° € L*(Q;.74) and for every u,T > 0, there exists a unique solution {, €
L*(Q;C([0,T); #4)) for equation (2.3.1), with &, (0) = £°. In particular, this implies that for ev-

ery (ug,b9) € L*(Q; .74 ), and for every i, T > 0, there exists a unique solution z, € L*(Q;C([0,T]; 74))
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to equation (3.2.1) with z,(0) = (u, vo).

3.3.1 Generalized solutions for system (3.3.1)

In order to study the well-posedness of generalized solutions for system (3.2.1), we study
the analogous problem for system (3.3.1). We start with the following definition of generalized

solution for system (3.3.1).

Definition 3.10. For every u,T > 0 and every {° € J#, we say that {, € L*(Q;C([0,T]; 7))
is a generalized solution of problem (3.3.1), with initial condition {°, if there exists a sequence
{£%} 1en C F4 converging to £ in S, as n — oo, such that

lim &y, = ¢y in L*(Q;C([0,T];57)),

n——4-oo

where §; , € L*(Q;C([0,T]; 74)) is the unique solution of equation (3.3.1) with initial condition

&

The existence and uniqueness of generalized solutions of system (3.3.1) in the space %

are given as follows.

Lemma 3.11. Under Hypotheses 3.1, 3.3 and 3.4, for every i1, T > 0 and every {° € S, there
exists a unique generalized solution §, € L*(Q;C([0,T); 5¢)) for equation (3.3.1), and such solu-
tion coincides with the classical solution when {° € . Moreover, if Cﬁ, q ﬁ are two generalized

solutions of (3.3.1), with initial conditions ', {* € A, respectively, then

E sup [|§:(1) = Ca()5e < e 18 = Gll% (3.3.2)
t€[0,T]
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for some constant Cu-

Proof. Without any loss of generality, we assume y = 1, and for simplicity of notation, we

denote 7] and X; by o7 and X, respectively. In [22], it is proved that the operator <7 is quasi-m-

dissipative in .. Namely, there exists @ > 0 such that for every {,0 € D(</)

((0)—(6),6-6) , <05 —0]7, (3.3.3)

and there exists Ao > 0 such that
Range(I — A7) =, A€ (0,A).

Now, let {0 € 77 and let {£°},,cn C 74 be any sequence converging to £ in 2#. For every

n € N, we denote by ¢, the unique solution of equation (3.3.1) with initial condition &,(0) = ¢£°.

By applying 1t6’s formula, thanks to (3.1.1) and (3.3.3), we get

24160 = G0
= (A (G0(0) = (Gu(0). o(0) = Enl0)) i+ 2 2 (0) = 2 0) g
HGl0) = &), [26 () ~ ZEGu(0)]awl(0) .

< ellGat) = Gn() 15 dt + (Galt) = Gn(t), [E(Ga (1)) = Z(En (1)) awl (1)) -
(3.3.4)
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Due to (3.1.3) we have

E sup
s€[0,]

[ @-6, [z<cn<r>>—z<cm<r>>]de<r>>%'

t % 1 t
<B( [ 160~ Lalolipds) < B 500 166~ Gu@lB-+e [ BILE) - Lalo)Bpds

s€[0,]

Thus, if we first integrate both sides in (3.3.4) with respect to time, and then take the supremum

and the expectation, we get

B sup 16:6) ~ a9y < 60— GBI+ [ BIG0) ~ Gulo) s

s€[0,7]

and the Gronwall’s lemma gives

2
Esl[l(}o]ucn(s)—cm(wnéfée”||c,?—cr9,\\%, >0,
s€ (0,

for some constant ¢. In particular, this implies that the sequence {{, },cn is Cauchy in the space
L2(Q;C([0,T]; #)), so there exists a limit { € L?(Q;C([0,T];#)). It is easy to see that the
limit ¢ does not depend on the choice of the sequence {£%} C .7, which implies the uniqueness

of generalized solutions. Finally, by using a similar argument as above, we obtain (3.3.2). [

Remark 3.12. When ¢° € 7, the unique generalized solution u of equation (3.3.1) coincides

with its unique classical solution.
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3.3.2 Generalized solutions for system (3.2.1)

As we have seen above, due to Hypothesis 3.3, z, = (uy,vy) is a generalized solution
to (3.2.1) with initial condition 3o = (g, o) if and only if {y = (uy,/Hvy + g(uu)//I) is a
generalized solution for system (3.3.1) with initial condition {;,(0) = (ug, \/Hvo + g(uo)//H)-

In this case, we have

1
g =T, vy = ﬁ(—g(uﬂ) +VETLG), >0, (33.5)

Thus, as a consequence of Lemma 3.11 and Remark 3.12, we have the following result.

Proposition 3.13. Fix (ug,v0) € 5 and assume Hypotheses 3.1, 3.3 and 3.4. Then, for every
1, T > 0 there exists a unique generalized solution z, € L*(Q;C([0,T];52)) for system (3.2.1).
In particular, when (ug,v9) € 1, the unique generalized solution coincides with the unique

classical solution.

3.3.3 Invariant measures for system (3.2.1)

Now, we shall prove that, for every fixed 1 > 0, system (3.2.1) admits an invariant measure

vﬁf in 7, which is supported in 7.
Proposition 3.14. Assume Hypotheses 3.1, 3.3 and 3.4. Then, for every L > 0, the semigroup
P! A admits an invariant measure vif in J€, with supp (vjf ) C 4.

Proof. First, if z‘Z} and z‘LZ are generalized solutions to system (3.2.1), with initial conditions
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31,32 € J, respectively, then due to (3.3.2) and (3.3.5), it is easy to see that for every r > 0

||z (1) =z (1)) o < cu) 31 =320l

for some ¢y (¢) > 0. This means that the transition semigroup P “ is Feller on 7.

Now, for every 3 € ¢ we introduce the following family of measures on .77’
1 [
)= [ 8 10
0
and for every R > 0 we define the set
Br:= {g«, e A 3l 4 gR}.

Then, from (3.4.1) and (3.4.2) with u = 1, we have

1 [ c

H _ 0
%(0,B%) = ;/O P( qu(s)H%i > R)ds < 270 120, R>0,

and, due to the compactness of the embedding of .77 into 77, this implies that the family of
measures {I'} (0,-)},>0 is tight in . By the Prokhorov theorem, there exists some sequence
t, T oo such that Fﬁi (0,-) converges weakly, as n — oo, to a probability measure v;ff that is

mvariant 1or . oreover, Sice
t for P . M
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it follows that supp(vjf ) C JA.

]

Remark 3.15. Since supp (vff) C JA and B(I4) C B(H), we have that vl‘l%ﬂ is also a prob-

S

ability measure on .77{. In what follows, it will be convenient to denote the restriction of v“/ to

jﬁbyvif‘.

3.4 Some uniform bounds

In the previous section, we have seen that for every > 0, system (3.2.1) has an invariant
measure. In this section, we will prove some uniform bounds for the moments of such family
of invariant measures. To this purpose, we need to start with suitable uniform bounds for the
solution (uy,vy) of system (3.2.1). Some of them have been already proved in [22, Proposition
4.2, Remark 4.3]. In what follows, we show how those bounds depend on time and on random

initial conditions in L?(Q;.74).

Lemma 3.16. Assume Hypotheses 3.1, 3.3 and 3.4, and fix (E,m) € L*(Q;.54). For every
w,T >0, let (uy,vy) € L*(Q;C([0,T];54)) be the unique solution to system (3.2.1) with initial
conditions (§,M). Then there exist two constants Ly € (0,1) and ¢ > 0, independent of T > 0,
such that for every u € (0, 1p) and t € [0,T]

E sup] Hu”(s)Hil +ukE

s€[0,

t
sup [}, + | Ellvu(o)]ds
€[0,¢] 0

N

(3.4.1)

! 2 2
<c(+1) +e (B +uEIIE),
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and

t
E s?p]\\umuiﬁ/o E [l (5)| 3 ds < ¢ (141 +BIE I3+ +42E [n],).

se |0,

(3.4.2)

Proof. Let (u9,00) € L*(Q; 74 and let (uy,vy) € L*(Q;C([0,T]; 7)) be the unique solution to

system (3.2.1). By proceeding as in the proof of [22, Lemma 4.2], we have for every p € (0,1)

t
5 s )1 sup [+ [ B a0t
s€]0,t] 0

s€[0,1]

(3.4.3)

<o (Lo (1 EIGE + BT )+ [ B ) as).

Moreover, by proceeding as in the proof of [22, Lemma 4.1], we have P-a.s.
B a1 (1052 i)+ e ou) 5+ | (o) ds
: :
[ s [0 0+ [ )00 020,
Due to (3.1.9), for every 0 > 0 we have

E sup
s€[0,7]

s 1 t
/0 (F(up(r),uu(r)) ydr Sa(Lf—kS)/O EHuu(s)Hillds—i—c(st.
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Moreover, due to (3.1.2) we have

E sup
s€[0,1]

/OS <uﬂ (r),o(uy (r))de(r)>H

1
t 3 S [ 5
<c (E/O Huu(s)H%,ds) < 0‘_1/0 E”uu(t)HHldt—l—c(g.

According to (3.1.7), we can fix 8 > 0 such that

1

and this yields

t
E sup (a9}, + | Ellun(s)] [ ds
s€]0,t] 0

t
< (14 BIEIE 4Rl ) + en’E sup (o) +en | Bl s
€0t

s€]

(3.4.4)
Thus (3.4.2) holds by combining (3.4.4) with (3.4.3). Finally, by combining (3.4.2) with (3.4.3),

we complete the proof of (3.4.1).

[
Lemma 3.17. Let {(&u,Mu) }ue (0.1) C L*(€:94) be a family of random variables such that
2 2
sup £+ llmally) <o 349
ne(0,1)

If (uy,vy) € L2(Q;C([0,T); 54)) is the solution to system (3.2.1) with initial condition (&, My),
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then there exist Uy € (0, 1) and cr > 0 such that for every p € (0, ur)

£ sup ( [lu(0) 70+t lbu Il ) < =+ (B Gl + 1Bl ).

t€[0,T] B \/,l_i

Proof. If for every u € (0, o) and ¢ € [0,T], we define

L(0) = [ )+ 2 v O = (18l + 2177 )

then (3.4.6) is equivalent to

VI E sup Ly(t) <cr, p € (0,ur),
1€[0,T]

for some constants ur € (0,1) and c7 > 0.

(3.4.6)

(3.4.7)

Now, if we assume (3.4.7) is not true, there exists a sequence (L )xen C (0, Lo) converging

to 0, as k — oo, such that

lim /g E sup Ly, (t) = +oo.
k—reo t€[0,T]

(3.4.8)

For every k € N, the mapping ¢ — Ly, (¢) is continuous IP-a.s., so that there exists a random time

tx € [0,T] such that

Ly, (tx) = sup Ly, ().
t€[0,T]
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As a consequence of Itd’s formula, we have

%d (g (170 + 1 () 7)

- ((F(“u (1) v (1)t — (Vg (6)) v (0), v (1)) + iucw <r>>||fgz(HQ,H>) di

+ (1), 0 (uy (1))dw (1))

2

< (e Qa1+ 1) = 2o+ 2 ) e+ 00,0l Daw20h

Hence, if s is any random time such that P(s < #;) = 1, we have

8 o

Ly (1) = Ly (5) < %(rk —s)+c/sk (1 [fo ()17, )+ 2(Me) = M),

where

0) = [ (). ()00

If we define

T
Uy := c/ Hu“k(t)Hi dt, M := sup |[Mi(t)|,
0 t€[0,T]

this implies that there exists some constant A > 0, independent of &, such that

(tx — ) + Uy +4My,

E|>

Ly, (tx) — Ly (s) <

85



and since Ly, (s) = 0, if we take s = 0 we get

[ > B (Luk (1) — Uy — 4Mk) —:

e
A A

Now, on the set Ey := {6 > 0}, we fix an arbitrary s € [tx — 16 /(21 ), 1| and we have

1 1
Llik(s) > Lllk(tk) — Eek—Uk—él-Mk = 56;{ > 0.

Hence, if we define

due to (3.4.9) we have

Tk
Mk
I, > / o, Ly, (s)ds > AL 9,?, on E,
t — R K

21

so that

Mk
E([k;Ek) > E (HGIE,E;{> .

Now, according to (3.4.1), (3.4.2) and (3.4.5)

B0 < (14T +E G + i [ 3+ 52 [ 2) < er,

and

T 1 T 2
et el [ Bl lfer)’ <o (1L Bl +mlnal) < er
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so that

limsup \/ty (EU, +4EM;) < H-oo.

k—oo
Thanks to (3.4.8) this gives

lim /11 (6;) = +oo,
k—>oo

and hence

l}im \/[.Tk E(@k;Ek) = oo, 3.4.11)
—>00

Now, according to (3.4.10), we have

BB > (03 E) > B (5(0:E)),

and due to (3.4.11), this implies

lim E([k;Ek) = o0,

k—yo0

However, as a consequence of (3.4.1), (3.4.2) and (3.4.5), we have

T
supEzkgsup/ E|Ly, ()lds < 7 sup (14T +E || & [ + i [[m I} ) <+
keN keN JO keN

and this gives a contradiction, since E(Ii; E;) < E(I;) for every k € N. In particular, this means
that claim (3.4.7) is true, and (3.4.6) holds.

]

Lemma 3.18. For every u >0, if Vif € P (A) is any invariant measure for Pt“ H supported in

87



4, then Viﬁ € P(s4) is invariant for P,“"%ﬂ‘. Moreover,

sup / (Ml + e ol ) i (e, o) < oo (3.4.12)
ue(0,1) J 4

Proof. First, we show the invariance of Viﬁ for PM /i Due to the invariance of vif in J7, for

every @ € Cp(5€) we have
e a _ H
| R el @ = [ e (ds)
H H
Thus, since supp (vif) C JA and B(74) C B(H), for every @ € Cp(H) we get
| 2ol = [ o),
I 4

If (é;)ien C 4] is an orthonormal basis of .77, for every n € N we denote by IT, the projection

of S onto ¢ (n) := span(éy,...,é,). We have that I, : 7 — ] is continuous and
TLuh| . < calhlse, h€,  lim |Thh—h| . =0, heA.
Hence, if for any ¢ € Cp(.7/1) and n € N, we define ¢, := ¢ oI1,,, we have ¢, € C,(7) and
lim [@,(h) — @(h)| =0, he .

n—oo

For every n € N, we have sup,,cy || @x]/. < |||, and the dominated convergence theorem
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implies that for any given y > 0 and ¢ € C,(J4)

lim 77 9u(5) = lim E, (s4(1) =E@(h(1)) =B "9(3), 3¢ 4, 1>0.

n—oo n—oo

In particular, by taking the limit as n goes to infinity in both sides of

/B“’%%(z)wff‘(dz): on(3)Vi (d3), @ € Cy(A),
g A

we conclude that

/%Pt“"}ﬁ i (d3) /‘P Yid3),  @eCy(A),
(1

and this implies the invariance of vﬁiﬂ'.

Next, in order to prove (3.4.12), we consider the Komolgorov operator associated to P S

in 74

Hp9(.0) = 25T (0()0) (0()0)" D3p(a.0)] + (0. Dup(.0)) 1

+5<Au—y<u>v+F<u>,Dufp<uvU>>H-

If, with the notations of Section 3.1, we define

1
guu.9) = 5 (Il +a ol ) = | suteas =3 (ol -+ ol ) = Acw.

l\)l'—‘
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due to (3.1.10) we have

Du(P,ll(uan):(_A)u_f('7u)7 DU(P'LL(H,U):[.LU, D%(P,u(u,n):.U'IH-
Then, we have

JVIJ(P#(u?r’)
— %Try [(G(u)Q) (G(u)Q)*} +{ou—(—A)TF (), + ﬁ(Au— Y(u)o+ F (1), po),,

1 1
= 53 1900 sy + (0.~ = F(w) (A= 7)o + F(u) o),

1 1
= 52 190 sty — (10009 < 5 10 )~ 0

(3.4.13)
By the invariance of vifl in 77, we have
Y A _
/ 1@ (u,0) vy (du,dv) =0,
WA

and thus, due to (3.4.13) and (3.1.2),

sup u/ 0][2; viit (du, dv) < oo, (3.4.14)

ue(0,1) Js4

Next, we consider the function

1
i (u,0) = 5 (w -+ llgCu) + ol ).
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We have

Dyy(u,0) = (—A)u+7y(w) (g(u) + 1), Dyw(u,v)=p(gu)+uv), Dyy(uv)=pu’Iy,
so that

N Wu(u,0)= %TTH [(G(u)Q) (G(u)Q)*} + (o, pu+ (—A) " y(u)g(w) + u(—A) Ty(w)o),,
+£<Au— y(u)o+ F (1), u’v +ug(u)),

y(u)

= 100 g+ 1=t )+ v(0)0), + (A= p)o + F ) o+ 5(40)

= S 100 ) — (F) V2t Vi (), 0) 4+ (F (), 8(0))

Note that for every >0 and u € (0,1)

ICF (), 0), | < IF @)l llolly < 81+ ullzn) +esu*[lollz

and

1
[(F(u),g(w)),| < (Lyn +8) |ullf+c5 < a—l(Lfyl +8) |[ull 7 +es,

so that, due to the invariance of v;ff , we have

% / ullZ viZ (du,dv)
JA

L
+<_f%+25)/ [ul[2,: v (dudn)+c5+cau/ lol[7 vii” (du,dv).
(0] S A
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Thanks to (3.1.7), this implies that we can take 6 > 0 sufficiently small so that

L
=Ry P

o

and then

/Huuglvﬁ(du,dn)gc(wuz/ Hnu%,vifl(du,du)>, e (0,1).
I 4

‘1

By combining this with (3.4.14), we complete the proof of (3.4.12). ]
Remark 3.19. 1. In Proposition 3.14, we have seen that for every u > 0 the semigroup P T

admits an invariant measure. Thanks to Lemma 3.18, this implies that for every u > 0 the

transition semigroup P/"”"! admits an invariant measure in .74.

2. As a consequence of (3.4.12), we have

sup / (Il -+ o) v (d.do) < . (3.4.15)
ue(0,1)J 2

3.5 The limiting problem

In order to study the limiting problem (3.0.2), we consider first the following quasilinear

stochastic parabolic equation

ap(t,x) = diV(b(p(t,x))Vp(t,x)) +fg(x7p(tvx)) + Gg(p(t7 '))atWQ(t>x)a
(3.5.1)

p(O,x) :tO(x)v P(la')bﬁ:(),
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where for every r e Rand x € &

'——1 x,r) = flx,g (r
b(r)'_}/(g_l(r))’ fg(>)' f( 8 ())a

and for every h € H

o,(h) :==0c(g 'oh).

As we explained in [22], due to a generalized It&’s formula, the solutions u and p of equations

(3.0.2) and (3.5.1), respectively, are related by

pR(1) =u(t), 120, vo:=g(uo).

From Hypothesis 3.3, we know

Moreover, if we define

Fo(h)(x) := fo(x,h(x)), x€ O,

due to Hypotheses 3.1, 3.3 and 3.4, and due to (3.4.13), for every h;,h, € H we have

1 Ly
HFg(hl) _Fg(h2)||H71 < \/—a—] HFg(hl) _Fg(h2>HH < NG 1A = ol
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and

1 N/
|05 (1) = 0 (h2) || g 1 101 < Ja |05 (1) = 0 (h2) || g g1, 10) < \/a——lc;,o 11— ol -

Moreover, for every 6 > 0

Ly 2 1 (Ly 2 1
‘<Fg(h),h>H} < <%+5> |l +cs < o <%+5) \hl|g1 +cs, heH, (3.5.3)
and
1 1 Lf 2
<— <— (= . 5.
[(Fe(h) g | < o [1FaB) | 1l < o (7’0 +8) |l +cs. heH. (354

Finally, thanks to (3.1.2) we have

oW 441y 1y < O REH. (3.5.5)

3.5.1 Well-posedness of Eq. (3.5.1) in H

Throughout this section we will not need to assume condition (3.1.7) in Hypothesis 3.4.

Namely, we will just assume that the mapping f : & x R — R is measurable, with

sup|f(x,0)| < oo, sup|f(x,r) — f(x,s)| <c|lr—s|, rseR. (3.5.6)

xX€o0 xX€0

As a consequence of the limiting result proved in [22], the well-posedness of equation (3.5.1) has

been established when the initial condition vo € H!. Here we want to prove the existence and
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uniqueness of solutions of (3.5.1) when vo € L>(Q;H).
Definition 3.20. Let vo € L*(Q; H). An adapted process p € L*(Q;C([0,T);H)NL*(0,T;H")) is

a solution of equation (3.5.1) if for every ¢ € C5(0)

(P00} = (0.0}~ [ (BP()TP(5). ) s

(3.5.7)

= [ ERO).0) s+ [ (0.0(p(0)n000)) Pras

In order to study equation (3.5.1), we first consider the following approximating problem

9p®(t,x) = div(b(p®(1,x)) VP (1,x)) — €A% (1,x) + f(x, p(1,%)) + 0P (s, ) WO (1,),

ps(()?x) = Yo, Pe(tf)‘a@’ :07
(3.5.8)

with 0 < € << 1 (for a similar approach see e.g. [27]).

Lemma 3.21. Assume Hypotheses 3.1 and 3.3 and condition (3.5.6). Then, for every €,T >0

and every py € L*(Q; H), equation (3.5.8) admits a unique solution
pe € L2(Q;C([0,T];H)NL*(0,T; H?)).
Moreover, there exists some ct > 0 such that for every € > 0

2 t 1
s sup P70+ /0 E|[Vpe (s)|ds + 26 /0 EAp®(5)|ds < cr (1+Ev]3) . (35.9)
tel0,T

Proof. The uniqueness and the existence of solutions for equation (3.5.8) can be proven by pro-
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ceeding as in the proof of [31, Theorem 5.1].

In order to prove the energy estimate (3.5.9), we apply Itd’s formula and we get

1% 01 = 5 oo+ | (aiv (6(p% (51 Vp ()P (5)) s — [ (829(5).p(9) s
+ [ ERE 6o ) s+ 5 / 100 ()11 10+ / (P5(5), 05 (P (£))dw(s)),
<3 lolly = [ IVp s~ [ 1ap)lfds

v [ (11050 )ds+2 | (p%(6).04(p*())n2()),
Note that

E sup

t
<c / E 1% (s) |3 ds +cr,
s€[0,t] 0

/0 (0 (1), 04 ()W),

and hence

2 t t
E sup [|0°(s)|} + —E / IVpe(s) |3ds +2¢ E / 1Ap%(5) 3 s
s€[0,1] N Jo 0

t
<Efleoll3 +c / E||p® (s)|[3 ds + cr-
0

Therefore, the Gronwall lemma gives (3.5.9).

96



Proposition 3.22. Assume Hypotheses 3.1, 3.3 and condition (3.5.6), and fix vo € L*(Q;H).

Then, for every T > 0, there exists a unique solution
p € L*(Q;C([0,T];H))NL*(0,T:H"))
of equation (3.5.1). Moreover, there exists some constant cy > 0 such that

T
E sup [P0l +E /0 19 (s)l3ds < er (1 +Elleoll?) (3.5.10)
t€[0,T

Proof. By proceeding as in [23, Theorem 6.2], we can show that equation (3.5.1) admits at most
one solution in L?(Q;C([0,T];H)) NL?*(0,T;H")). Hence, if we show that there exists a proba-
bilistically weak solution

(Qvﬁa{ﬁ}hpvaap)

such that p € L>(Q;C([0,T]);H))NL*(0,T;H")), the existence and uniqueness of a probabilisti-
cally strong solution for equation (3.5.1) follows.
Step 1. There exists a filtered probability space (Q,.%,{.%},,?), a cylindrical Wiener

process W€ associated with {.% }, and a process p € L>(Q;L=(0,T;H))NL*(0,T;H")) such that

((1).9), =(t.0), - /0 (b(B(s)VP(s). Vo), ds

+ [ R0+ [ (9.0u(p6)ai20)) Bas

for every ¢ € C5(0).
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Proof of Step 1. According to Proposition 3.21, we know that for every € > O there exists a

unique solution pg to equation (3.5.8), and

T
sup (E sup Hpg(t)||12g+E/0 ||p8(t)||12qldt> < oo, (3.5.11)

e€(0,1) t€[0,T]

For every h € (0,T) andr € [0,T — h| we have

t+h t+h
pE(t 1) — p¥(t) = / div (b(p?(s))Vp* (5)) ds — & / Ap%(s) ds
t+h t+h
[ ROt [ oo 9)dn%(s) =

We have

t+h T 1/2
wp (el < s | o llmds <c( [ Ipiluas) w2 G512
t

t€[0,T—h] te[0,T
For I5 (t,h), if € € (0,1) we have

t+h T 1/2
sup |13 (t,1)[|g—s < sup / ||P£(S)||H1dSSC(/O 105 ()71 dS) h'/2 (35.13)
t

t€[0,T—Ah) t€[0,7—h]

and for I5 (¢, h) we have

t-+h
sup [|I5(z,h)[ln < sup / (1+11p5(s)llr) ds < cr <1+ sup HPS(S)HH> h,
t€[0,T—h) te0,T—h]Jt t€[0,T]

(3.5.14)

Finally, for I{(¢,h), by using a factorization argument as in [26, Theorem 5.11 and Theorem
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5.15], due to the boundedness of 6, in .25 (Hp, H) we obtain that for some 6 € (0,1)

sup EHIX(t’h)HCG([O,T];H) < oo, (3.5.15)
e€(0,1)

Therefore, by putting together (3.5.12), (3.5.13), (3.5.14) and (3.5.15), thanks to (3.5.11) we
conclude

sup  [[pE(t+h) —pE(1) s <ch?®,  he[0,T),
1€[0,T—h)

and together with the bound

sup E sup [|p®(t)||lu < oo,
€€(0,1) t€[0,T]

due to [58, Theorem 7] this implies that {p®}¢c (g1 is tight in L*(0,T;H~%), for every a > 0.

Moreover, since for every f € (—3,1) we have

3B 1B
el o < Nluell g Muell 25

and the bound

T
sup [ E[lp%(s) s <
e€(0,1)J0

holds, thanks again to [58, Theorem 7], we have that the family {p®}¢ (o) is tight also in the
space LY G+B)(0,T;HP), for every B € (=3, 1).

In what follows, for every a > 0 and 8 € (—3,1) we denote

Lo p(T) = L0, TsH*) L) (0,75 HP )| x C((0.7]:0),

99



where U is any Hilbert space such that the embedding Hy — U is Hilbert-Schmidt. Due to the
tightness of {pe,wQ}ge(O’l) in 2y p(T), there exists a sequence &, | 0 such that Z(p&,w2)
is weakly convergent in 2 g(T). Due to Skorohod’s Theorem this implies that there exists a
probability space (Q,.%, P), a sequence of Za.p(T)-valued random variables %, = (P, w?) and
a Zy (T )-valued random variable % = (p, W), all defined on the probability space (Q,.%, P),
such that

L) = Z(p™ ), (3.5.16)

and

nlg{}o <||ﬁn —p ||L°°(0,T;H—°‘) +{|pn—P ||L8/<3+/3)(07T;Hﬂ) + ||v?/,? - WQHC([O,T];U)) =0, P-as.
(3.5.17)

Now, we have

/ (div (b(Pals))VPu(s)) . ) s = — <b $).V9) ds
t

- /0 (VB(u(5):T0)yds = | (B(pu(s)).Ap) s,

and thanks to (3.5.16) and (3.5.17), this gives for every ¢ € C5(0),

(300 = (c0-0)+ [ (BB (5)80) 05—, [ (pu(0).2%0) s

+/0 <Fg(f3n(s))>¢>Hds+/o <¢’Gg(pn(s))dw’g(s)>lf

Thus, by using the general argument introduced in [27, proof of Theorem 4.1], thanks to (3.5.17)
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we can take the limit as n — oo of both sides in the equality above, and we obtain that p satisfies
(3.5.7), with w€ replaced by w€. Moreover, p € L>(Q;L=(0,T;H))NL*(0,T;H")) and satisfies
(3.5.10), with IE replaced by K.

Step 2. We have that there exists a unique solution p € L>(Q;C([0,T];H) N L*(0,T;H'))

that satisfies (3.5.10).

Proof of Step 2. Due to what we have seen above, there exists a unique solution

p e L*(Q;L7(0,T;H)NL*(0,T;H"))

that satisfies (3.5.10). It only remains to prove that p € C([0,T];H), P-a.s. By proceeding as

in [27, Section 4.3] we consider the problem

alé(tax) :Aé(t7x)+Gg(p(ta'))atWQ(tax)a
g(()?x) :to(x), é(ta')bﬁ =0,

whose unique solution & belongs to L?(Q;C([0, T]; H)NL*(0,T;H")). Then, if we denote 1 (¢) :=

p(t) —&(t), we have that n € L=(0,T; H)NL*(0,T;H"), P-a.s., and solves

A (t.x) = div(b(p(1,)) V11 (1,2)) + div [(b(p (1,x)) ~ D)VE (1,2)] + fol. p ().

TI(OaX):O, n(tf)’aﬁzo'
(3.5.18)
Now, if we denote by U (¢, s) the evolution family associated with the time-dependent differential

operator

Zio(x) =div[b(p(t,x))Vo(x)], xe O,
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we have that

n(,x) = /OIU(I,S) [div[b(p(z,-)) = 11VG(s,) + fo (- (s, )] (x) ds,

and since £ € L?>(0,T;H') and p € L=(0,T;H), P-a.s., we get that n € C([0,T];H), P-a.s. In

particular, p = 11 + & belongs to C([0,T]; H), P-a.s.

3.5.2 Well-posedness of Eq. (3.0.2) in H

From the well-posedness of the quasilinear stochastic parabolic equation (3.5.1), we get
the well-poseness of equation (3.0.2) in H.

By proceeding as in the proof of [22, Theorem 7.1], we can show that u € L>(Q;C([0,T]; H)N
L?>([0,T];H")) is a solution to equation (3.0.2) with initial condition uy € L?(Q; H) if and only if
p = g(u) is a weak solution to equation (3.5.1) with initial value vo = g(ug) € L?>(Q;H). More-

1

over, as a consequence of the Lipschitz continuity of g and g~ on R, we have the following

result:

Proposition 3.23. Assume Hypotheses 3.1, 3.3 and condition (3.5.6). For every T > 0 and every
uy € L>(Q;H), there exists a unique weak solution u € L*(Q;C([0,T];H) NL*(0,T;H")), to

equation (3.0.2) such that

T
E sup IIM(f)II%mLE/ (@31 dr < er (14 Elluoll7) -
1€[0,T] 0
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In what follows, we shall denote
PHlo() :=Ee®u'(r)), ueH, >0,
for every ¢ € By(H).

3.5.3 Energy estimates

Lemma 3.24. Under Hypotheses 3.1, 3.3 and 3.4, there exist some A > 0 and ¢ > 0, such that

foreveryt >0

t
Elp0)f <c(1+e “Elwl}). B[ Ip6ds<c (+ElulE). G519
0
Proof. We apply It6’s formula and we get

2P0, <~ 100 dr + (Fp(6), p(0) et + 5 [Py
+{p(0), 0P (1) dwl(N)n

Then thanks to (3.5.3) and (3.1.7), together with 3.5.5, we can find some constant A > 0 such that
LE o)} +AEIp ()]} <
dt p H p Hl — C7

and this allows we complete the proof. 0

1

Due to estimates (3.5.19) and the Lipschitz continuity of g and g~ on R, estimates analo-

gous to (3.5.19) holds for the solution u.
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Proposition 3.25. Assume Hypotheses 3.1, 3.3 and 3.4. For every T > 0 and every uy € L*(Q; H),
there exists a unique u € L*(Q;C([0,T];H) NL*(0,T;H")) which solves equation (3.0.2) in the

following sense

0), Wom = (o, V) = /0 <yV<Z<(§>)> ’V"’>H‘“‘ /0 <V (y<u1<s>>) Vi), "’>Hd“
[ (G oo [ Eotuononrv) a
<[ Sty o)

for any ¢ € C5(0). Moreover, for everyt > 0

t
Elu)lf <c (1+eMElf).  E [ uts)lfds < (4B o).
0

3.5.4 Well-posedness of Eq. (3.5.1)in H~!

Here, we will use the results we have just mentioned about the well-posedness of equation

(3.5.1) in H, to study its well-posedness in H~!.

Definition 3.26. For every fixed vo € H' and T > 0, an adapted process p € L*(Q;L*(0,T;H))

is a solution of equation (3.5.1) with initial condition py if for every ¢ € C5(O)

t
0

<P(t),<P>H=<to,<P>H+/O <B(P(S)),A<P>Hds+/0t <Fg(P(S)>,<p>Hds+/ (0, 05(p(5))dw?(s)) .
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P-a.s., where

Proposition 3.27. Assume Hypotheses 3.1, 3.3 3.4 and 3.6. Then, for every vo € H™! and every

T > 0, there exists a unique solution
p® € L2(Q;C([0,T];H ) NL*(0,T;H))

to equation (3.5.1). Moreover, there exist c,A > 0 independent of T > 0 such that for every

t€10,T]

t
E o (0)llf-1 < ¢ (1+ ¢ Elol3-1 ). EAuw%m@MScQ+EmﬂzQ.osm»

Proof. We fix an arbitrary sequence {t}e~o C H converging to t( strongly in H~!, as € — 0.
Thanks to Proposition 3.22, for each € > 0 there exists a solution pe € L*(Q;C([0,T];H) N

L?([0,T];H")) for problem (3.5.1) with initial condition .. If for every &, 8 > 0 we define

Bea(t) = pe(r) —ps(0), 1€ [0.7).

we have

1
5 [Be.s 0[5

= —(B(pe(t)) —B(ps (1)), Be.5(1)) ydt + (Fg(pe(t)) — Fy(ps(t)), O 5(t) ) -1t
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+%H%(P£(I)) og(ps(t H,%H H- dl+<19.96 [Gg(Pe(I)) og(ps(2) } >H1

Since
r r 1
B(r) = b(s)ds = ds,
0= [ poras= [ sy
we have
1
(B(r1) —=B(r2))(r1 —r2) > E'rl —n,  rneR,
so that
1
EdHﬁ&g(t)HIz{,l < —CoHﬁg,s(l)||i1df+<ﬁs76(f), [O'g(Pe(l)) o (ps (1) ] >H 1
(3.5.21)
where

1 L L
co = (———62——f) >0,
no 2oy an

last inequality following from (3.1.11).
Hence, if we first integrate both sides in (3.5.21) with respect to time and then take the

expectation, we get

T
sup E [|9.5(s HH1+zc0/ E |0 5(5)|% ds < E re — 512
5€[0,T] 0

and this implies that the sequence (pe) is Cauchy in C([0,T]; L*(Q; H~ 1)) NL*(Q;L*(0,T; H))).

In particular, it converges to some p in C([0,T];L*(Q;H ")) NL*(Q;L*(0,T;H))), as € — 0.
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For every € >0 and ¢ € C; (&) we have

(pe(110)y = (5. 0) + | (Bpe(5). 80+ (Falpels)) )85+ [ (0.04(pe(s))n),

Then, due to the Lipschitz continuity of B, Fy and g, we can take the limit in both sides of the
identity above, as € — 0, and we get that p is a solution for (3.5.1).
To prove the uniqueness, assume that py, p; are two solutions to (3.5.1). By proceeding as

above, we have

T
sup E 1)~ (o)1 +eo [ E lpi(6) = pa(o) e <0,
t€[0,T] 0

which gives p; = p».
Next, we prove that p € L?(Q;C([0,T];H-')NL*(0,T;H))). We apply Itd’s formula to

Hlezq,l and we get

2

Sl 1= 5 10 [y -1yt~ BlOW)), p(e)) s

+H(F(p(1),p (1)) yrdt +(p(1), 0 (P (£))dw (1)) -1
<c=9 POz dt+ (Fe(p(6)):p (1)) -1t + (p(2), 05 (p(1))dwC (1)) -

Due to (3.1.7) there exists 8 > 0 such that
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so that, thanks to (3.5.4) we have

1

SdlpOI < e =erllp()lde+(p(r), 0P (1) dw? (1)) 1. (3:5.22)
Now, since we have

E sup
s€[0,]

| 0.0p0)in®0ly 1| < 3E swp (51

s€[0,]

if we integrate both sides in (3.5.22) and then take the supremum with respect to time and the

expectation, we get

T
E sup p()]3 + / E(lp(s)|3ds < cr (14 tol31).
r€[0,T] 0

which, in particular implies that p € L?(Q;L*(0,T;H~')NL*(0,T;H))). Moreover, since p
solves equation (3.5.1), it belongs to C([0,T]; H), P-a.s.

Finally, in order to prove (3.5.20), we take the expectation of both sides of (3.5.22) and we
get

d
7L lp @)1 +21E[lp(s)ll7ds < c

and this implies that there exist some ¢, A > 0 such that (3.5.20) holds. L]

3.6 Ergodic behavior of the limiting equation

: . . Lo ~1
In this section, we first study the existence of a unique invariant measure for R and R,

and then we show how this implies the existence of a unique invariant measure for P,
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3.6.1 Ergodicity of Eq. (3.5.1)

In what follows, we denote by R ' the transition semigroup associated to equation (3.5.1)
on H™!

R o(t) :=Eo(p*(r)), teH', 1>0,

for every @ € B,(H~!). Similarly, we denote by R the transition semigroup associated to equa-
tion (3.5.1) on H,

Rl ¢(v) :==Ee(p(t)), vteH, >0,

for every ¢ € B, (H). Clearly, if t € H and ¢ € B,(H '), then

-1
Rlp(xr)=RI o(x), t>0.

Forevery A € (H ') we have that ANH € %(H). Thus, if v € Z(H), we can define its

extension v/ € Z(H~!) by setting

V'(A) =v(ANH), AcBH.

With this definition, supp (V') C H. Indeed, if we denote by By (t,R) the closed ball in H centered

at v € H with radius R > 0, then B, (t,R) € #(H), so that

lim v/(B5(0,R)) = 1i BS(0,R)) =
Jm vi(By(0,R)) = lim v(By(0,R))=0,

which implies that supp (V') C H.
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Proposition 3.28. Assume Hypotheses 3.1, 3.3, 3.4 and 3.6, and define a(t,s) := [t —s|y1.

Then, there exist some positive constant Aty and ¢ such that

Ve ((Rf”l)*vl, (Rf”l)*vz) <ce M Hu(viv), 1> 3.6.1)

-1 Lo . -1 -1
Moreover, R has a unique invariant measure v such that supp (v ") c H' and

W ((Rf”l)*st, vH”) <c(l+ ey ) e, >0, veH (3.6.2)

Proof. Let pt1, p* be two solutions of (3.5.1), with initial conditions t1,tv» € H~!, respectively.

By proceeding as in the proof of Proposition 3.27, we have
Elp" ()= p" Ollg+ <e Mo —wall, >0,

for some constant A > 0. In particular, the semigroup R¥ " is Feller in H~! and for every ¢ €

Lip,(H™ ") and t;,to € H™!
—1 —1 _
R o(v) =R o(v2)| < [@luip, , e Pl =l 120 (3.6.3)

As shown e.g. in [39, Theorem 2.5], (3.6.3) implies (3.6.1). Moreover, it implies that Rfrl has
at most one invariant measure.

If for every R > 0 and ¢ > 0 we denote

— 1 ' _1*
Bui={vcH ol <R}, L= [ (R &
0
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Then, thanks to (3.5.19), for every R > 0 and ¢ > 0 we have

C

o (3.6.4)

R = [ (100> Ryas=

Since By is compactly embedded in H~!, this implies that the family of measures {I';};~q, is
tight in H~!. Then, by Prokhorov’s Theorem, there exists ¢, 1 e such that I’ converges weakly
to some probability measure in &2(H~!) which is invariant for R ' and, due to what we have

. . . . —1 -1 .
seen above, such measure is the unique invariant measure vi " of Rf{ . Moreover, (3.6.4) gives

H '/ nc . . c
v? (Bg) < liminf I', (BR) < 25, R>0,

so that supp (V') c H!.

Finally, in order to prove (3.6.2), we first notice that due to the invariance of v/ ' and

(3.5.20)
2 H! . 2 H!
/H_l [ell7-1 v (de) < hlgn;gf/H_l (el AR) v (dr)

R—oo

zliminf/ (E|lp*(t)]%-1 AR) V¥ (dv) gc(1+e’“/ Htu;_,vﬂ“(dr)).
H-! H-!

Thus, if we take 7 > 0 such that ce 4" = 1/2, we get

/ el v ) < (3.6.5)
-
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Then, in view of (3.6.3), for every ¢ € Lip,(H ') we have

R o) = | ole)v! (ds)

Vo (RE) 8, V) <

<
H-!

and (3.6.5) allows to obtain (3.6.2), with Ag = 4 /2.

—1 —1 —1 _ —1
R 90— 0(s) [V (09) < @l e 2 [ sl (as),

H-!

]

Remark 3.29. Based on the fact that B(H) C %(H™") and the fact that supp (V¥ ') C H!,
we have that Vi € 2 (H™") is also a probability measure on H. In what follows, it will be
convenient to distinguish the restriction of v/ " to H from v itself and for this reason we will

denote it by v/

Proposition 3.30. The probability measure V! is the unique invariant measure for the transition

semigroup RF. Moreover, supp (Vi) C H' and

[ v o) < 366
H

Proof. By proceeding as in the proof of Lemma 3.18, it is possible to show that v/ is invariant
for R, and from Proposition 3.28 we get that supp(v?) c H!.

To prove its uniqueness, we notice that if v € &2(H) is any invariant measure for R, then
its extension V' € P (H _1), with the support in H, is invariant for Rf" 71. From Proposition 3.28,

-1
we have v/ = vf " and hence



which implies that v = v/,

Finally, in order to prove (3.6.6), we consider the Komolgorov operator associated to R

No(x) = %TrH [(0(1)0) (04(+)0) "D (x)] + (div (b(x)Ve) + Fy (1), DP(v)) .
We consider the function @ (t) := ||t|| /2, then

No(t)= % eIy ) ~ (BOVEVE + (Fe(e).),, < %q}o Ve (Fe0).1),

so thanks to (3.5.3) and (3.1.7), by the invariance of vl on H we have

/ Jel2 v () < oo.
H

Remark 3.31. As a direct consequence of (3.6.6), we have

/ el v (de) <o (3.67)
-

3.6.2 Ergodicity of Eq. (3.0.2)

Due to Hypothesis 3.3, with an abuse of notation in this section we will look at g and g~

as mappings on H

g(m)](x) :=g(h(x), (g (W)](x) =g '(h(x)), x€0, heH.
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For every probability measure v € 9?(H), we define probability measures vog and v og™!

€ Z(H) by

(vog)(4):=v(g(a)), (vog ')(A):=v(g'(4), AecB(H).

Clearly, we have

(vog)og ' =(vog og=v. (3.6.8)

Now, we recall that we denoted by P/ the transition semigroup associated to the limiting
problem (3.0.2)

Plou):=Ee("(t)), uweH, >0,

for every @ € B,(H). For every t,u € H and t > 0 we have

-1._
we have Tg = Tg—l,

/ Te0) (1) (v 0 8) (du) = / 0 (1) v(dv), (3.6.9)
H H
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and for every ¢ € C,(H)

RIo(r) = Eg(p (1) =E[Typl (e (1) = P [T0)(s (). 120.  (36.10)

Lemma 3.32. v € Z(H) is invariant for P ifand only v o g~ is invariant for R™. In particular,

v o g is the unique invariant measure for P,H.

Proof. Assume v € Z(H) is invariant for P, Then, thanks to (3.6.10) and (3.6.9), for every

¢ € Cp(H) and t > 0 we have

/H R (e) (vog™)(dv) = /H R p(g(u)) v(du) = /H PH [T,0) (1) v(du)

:/H[Tg(p](u)v(du):/pr(t)(vog1)(dt)~

Iis invariant for R¥. In the same way, if A € Z(H) is invariant for R,

This implies that vo g™
then A o g is invariant for P,H . Hence, we can conclude due to (3.6.8).

Our statement can be rephrased by saying that there exists a unique invariant measure for
RH if and only is there exists a unique invariant measure for P, Therefore, since we have shown

in Corollary 3.30 that v/ is the unique invariant measure for R, we obtain that v/ o g is the

unique invariant measure for P,

3.7 Proof of Theorem 3.9

We notice that Theorem 3.9 is proved once we prove that if (vj’ﬂ Jus0 C P () is a family
of invariant measures for the transition semigroups Pt“ ’%, such that supp(vff ) C 4, then we
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have

A%Wa([(nlv‘ff>og_l]/,vlfl) —0, 3.7.1)

where v is the unique invariant measure for R ' in H!.
Actually, in view of (3.4.15), the family of probability measures (IT; v,‘ff ) ue(o,1) 1s tight in
H?, for every § < 1. If v is any weak limit of Hlvif in H, as u — 0, we have (Hlvjf) og~!

1

converges weakly to vog~! on H. Due to the continuity of the embedding of H~! into H,

!/
[(Hlvjf)ogfl} — (v ogil)/, as u — 0,

/
as measures on H—!. On the other hand, according to (3.7.1) we have that [(Hlvjf )o g !

-1, -1, S
converges weakly to v "in H!, so that (vog™" =vH " in H~!. This implies that vo g~ =

vl € 2(H), and thus v = v/ 0 g € Z2(H). Since this holds for every weak limit v of IT; v,
we conclude that IT; vjf converges weakly to v/ o g in H, as u — 0, and, due to Lemma 3.32,

vH o g is the unique invariant measure for P77,

3.7.1 Proof of (3.7.1)

. . —1
Due to the invariance of vjf and Vi1 we have

s ([ o] ) o [mi o awr () o)

(R () os ] @)
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According to (3.6.1), we have

Yo <(R{f“)* () ogl]',(RfI“)*vH“> < ce My, ([(nlvjf) ogl}/,VH_l) ,
and then, if we pick 7 > 0 such that ce Mol < 1/2, we obtain
'z ([(Hlv;ff> ogl}/,vH_'> <2Wy ([(Hl((l’;”’%)*\’ﬁf) ogl]/,(R?_l)* [(leff) ogl]/) :

Now, if we fix a .%#y-measurable .7#{-valued random variable O, := ({,,ny), distributed as the

invariant measure vﬁf , the Kantorovich-Rubinstein identity (3.2.3) gives for every ¢ > 0

7% 4 — ! -1 * — ! 1-9
e ([(nl«Pﬂ v yog ™| LRI (v ) og™!] ) <Ea(g(uy (1)),p*)(1)).
Thus, (3.7.1) follows once we prove that for every ¢ > 0 large enough

lim Ecr(g(uy" (1)),p &) (1)) = lim E |lg(u" (1)) — p#&) (1) 51 = 0. (3.72)
u—0 u—0

According to (3.4.15) we have that ¥, € L?(Q;74), for every u € (0,1). Hence, if we
denote py(t) 1= g(ug” (1)), by proceeding as in [22, Section 5], we can rewrite equation (3.2.1)

in the following way

t

t t
Y,
pult) + v )= G0+ it | AB(pu( s+ [ Fulpu(s))ds+ [ oy(pu(s)n?(s),
where the identity holds in H~! sense. Since p# () solves equation (3.5.1) with initial condition
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g(&y) € L*(Q;H) in H~! sense, we have

pu(t)—p* &0+ () = i+ [ A [Bputs) ~ BEH6)] as
+ /0 t <Fg(pu (5)) — Fg(pg@)(s))) ds+ /O [ <0'g(p” (5)) — Gg<pg<éu><s))) anw?(s).

If we define Uy (t) := pu(t) — p* () (1), as a consequence of Itd’s formula, we have

1 B,
5E||ﬁu(t>+uvu“(t)lléfl

Bl & [ (B(pu(6) —Bo* S (5). 0u(6)+ o} (5) s

2
1
")
+E/0 <Fg(pu(s))—Fg(pg(éﬂ)(s)),ﬁﬂ(s)—|—,uv”“(s)>H,1ds
1 ' 8(8u) 2

5B [ 04(pu(s)) — 050 ()] 1, -1y

0
so that

E |0 (1) + mve (0121 < n2E||ng )7, —201E /O (B(pu(s)) — B(p*%)(5)),vii" (5)) ,ds

+2uE [ (F(puls) — Ex (PP 6)) 12 9)) s o [ 18405,

where

Since B has linear growth, thanks to (3.4.1) and (3.4.2) for every u € (0, tp) we have

| [ B(ou) ~ Bp 5612 (5)
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1 1

<o [ (1+E a2 +EN0*@ @3 ar ) ([ w2E W @)
(L Jar) (] )

<c(1Vrt+E| &l + p2EImallE)” (s + 12+ 2Bl + 12E | ma[7,)

1
2

1

2
<a (e [ (e s o05) v nan) ) (ew® [ (Wl bl v ) )
H I

1
2

<ai (14 [ (Il s vl v ).
Similarly, thanks to the linear growth of F,, we have for every u € (0, uo)

pu-E

/Oz (Fe(pu(s)) = Fo(p&) (), v0 (5)) 1 ds

<avia (1 [ (Il +aloii) vif () ).

Moreover, due to (3.4.15) we know the family of random variable ¥, satisfies (3.4.5). Then,

from (3.4.6) we obtain that for every u € (0, 1)

RO < ev/I+ep (Bl +1E|nu;)

—eoviire | (lulfn+ulvl) v @ods)
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Therefore, from (3.4.15) and (3.1.11) we conclude that for every u € (0, 1)

1 B, )
LEpu() — 0011 < (Ellpu(0) — o5 (0) + il ()11 + 2B (0]
<oV (1 [ (Il ulvt) vif @) ).

and (3.7.2) follows.
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Chapter 4: The small-mass limit for constrained wave equations with nonlinear

conservative noise

In this chapter, we study the small-mass limit of the following system of stochastic con-

strained wave equations on the interval (0, L)

(

0wy (%) + | Dy (1) ‘iZ(O,L)uH (t,x),

= 2uy (t,x) + | dyuy (t)|l%2(0’L)u“ (t,x) — YOup (t,x) + /I (up () X Sy (1)) 0 w(t,x)

up(0,x) = up(x), Juy(0,x) =vo(x), uyu(t,0)=uyu(t,L)=0,

\

(4.0.1)
where the solution uy (7) is constrained to live on M = ;2 1 (0, 1), the unitary sphere of L?*(0,L),
with initial data (ug,vo) € .#, the tangent bundle of M.

Let us outline the structure of the chapter. In Section 4.1, we introduce the assumptions
and notations used throughout the chapter. Section 4.2 presents the main results (see Theorem
4.4). In Section 4.3, we investigate the well-posedness of equation (4.0.1). Section 4.4 establishs
uniform bounds for the solution u, and |/t duy, with respect to € (0,1). In Section 4.5, we
focus on the limiting equation (4.5.1), introducing an equivalent formulation and proving the

uniqueness of the solution in a suitable functional space. Finally, in Section 4.6, we demonstrate
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the validity of the small-mass limit. This is achieved by first integrating (4.0.1) with respect to
time, rearranging all terms appropriately, and then by proving tightness and identifying the weak

limit as the unique solution to equation (4.5.1).

4.1 Notations and assumptions

Let H denote the Hilbert space L%(0,L;R?), for some fixed L > 0, endowed with the inner

product

3 L
n= Lo = /0 (u(x) - v(x)) dox,

and the corresponding norm |-|g. Notice that here and in what follows, we shall denote the scalar
product of two vectors i,k € R? by (h-k). Moreover we shall denote the norm of a vector % in
IR3 by |h|gs, or just by |i|, when there is no risk of confusion.

Next, for every k € N we shall denote by H* the closure of C([0,L]) in W*2(0,L), where
Wk2(0,L) is the space of all functions u € H such that D"u exists in the weak sense, for every

h < k, and D"u € H. Due to the Poincaré inequality, we can endow H* with the norm
‘M’Hk = |Dku‘H

Moreover, we shall set .7 := H**! x H*. When k = 0, we will simply denote 7% by 7. Finally,

for every function u : (0,L) — R> we shall denote

|u|lo = sup |u(x)|gs.
x€0,L]

Notice that since [0,L] C R, we have H' < L=(0,L).
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If E and F are Banach spaces, the class of all bounded linear operators from E to F will
be denoted by .Z(E,F). We will use a shortcut notation .2 (E) for £ (E,E). It is known that
Z(E,F) is also a Banach space. By % (E, E; F) we will denote the Banach space of all bounded
bilinear operators from E x E =: E? to F. If K is another Hilbert space, by .% (K,F), we will
denote the Hilbert space of all Hilbert-Schmidt operators from K to F', endowed with the natural
inner product and norm. It is known that %5 (K, F) — .Z(K,F) continuously. If {e;} jcn is an
orthonormal basis of a separable Hilbert space K which is continuously embedded into a Banach

space E and
Y lejlE <o,
j=1

then for every A € % (E x E; F) we put
trg(A) = ZA(ej,ej). (4.1.1)
In what follows, we denote by M the unit sphere in H
M={u€cH:|uy=1},
and by . the corresponding tangent bundle

M ={(u,v) EMxH:{uyv), =0}.

H
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Now, we rewrite equation (4.0.1) as the following system

(

duy(t) = vy (t)dt,

Avalt) = (02 0) + 9yt (1) o 0) = 0 o (0) = a0

4.1.2)
T 0) @) ot
uu(0) =up, vu(0) =vo, uu(t,0) =uyu(t,L) =0.

\

Here w(r) is a cylindrical Wiener process in H. Thus, if we denote by K its reproducing kernel

Hilbert space, we have

w(t.x) = iéimﬁi(w, (1,3) € [0, +o0) x (0.L),

where {B;i(f) }icn is a sequence of independent standard Brownian motions, all defined on the
stochastic basis (Q,.7,{.%: };>0,P), and {&;},cn is an orthonormal basis of K. In what follows
we shall denote byE a Banach space containing K, such that the embedding of K in E is Hilbert-

Schmidt. In particular

(o)

Y [ilE < oo

i=1

Moreover, we shall assume the following conditions are satisfied.
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Hypothesis 4.1. All functions &; belong to C'([0,L]). Moreover; if we denote

& @7, xe(oL),

™

o(x) = g\‘g’i(x)ﬁ o1 (x) :=

1

we have that ¢ and @ belong to L= (0,L).

Remark 4.2. Since for every x € (0,L), we have
| L& W] < Vo0,
thanks to Hypothesis 4.1 we have that ¢ is weakly differentiable and
00 =2 L EWEW,  xeO.L)

In particular, this allows to conclude that ¢ € W1*(0, L) with

190 < c(|@loo + @1 ]e).

4.2 Main results

In what follows, we denote by A the realization in H of the second derivative operator,

endowed with Dirichlet boundary conditions, and for all 4 > 0O define

oz = (v,,uilAu), z=(u,v) € D(#),) = 7].
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Moreover, for every u > 0 we define
Fu(z) = —p|v|fu+|owlfu, z=(u,v) €.
With these notations, system (4.0.1) can be rewritten as

dzy(t) = Az, (t)dt + % (0, Fu(zu(t)) — yvu(2)) de + % (0, (1) X vy () odw(t). (4.2.1)

with Zu (0) =z0= (uo,V()).
The first result we will prove in this paper is the following well-posedness result for system

(4.0.1) in .

Theorem 4.3. For every i > 0 and zo = (uo,vo) € F N, there exists a unique mild solution to
the stochastic constrained wave equation (4.0.1). Namely, there exists a unique € N M -valued

continuous and adapted process z,,(t) = (uy(t),vy(t)), t > 0, such that the following hold.

1. The process uy (t) has M-valued trajectories of class C Vand

vu(t) = duy(t), t>0.

2. The process zy(t) satisfies the equation

ult) = Fu20 1 [ Fule=9)(0.Fuleus) — 1a(5)ds

o [ A0 ) 3 ),
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for every t > 0, P-almost surely.

3. The following identity holds for everyt > 0
2 2 ! 2 2 2
]uu(t)]Hl—l—Mvu(t)\H—l—Z}//o vu(s)|gds = uolg + 1 voly, P—as. 4.2.2)

The second result, which represents the main goal of this paper, concerns the limiting

behavior of the process uy (¢), as i | 0.

Theorem 4.4. Fix (ug,vo) € 4 N . Then, for every T > 0 and 6 < 2 and for every n > 0 we

have

tim P (| — ulijo ) > 11) =0,

where u is the unique solution of the following deterministic problem

p

o[ (r+ 301000 Yutt)] = 92ut) 4 10rae) )+ 52 ([920() + 0yue) ()] -ut0)) ).

\ u(0,x) = up(x), wu(t,0)=u(t,L)=0.
(4.2.3)

4.3 Well-posedness of stochastic constrained wave equations

As known (see e.g. [7, Definition 3.1]), for an arbitrary function G : F — Z(E, F) of class

Cl

/Ot G(z(s)) o dW (s) := /OtG(Z(s))dW(s) +%/0t trg [G'(2(s))G(z(s))] ds, (4.3.1)

127



with trg defined as in (4.1.1). Note that

G (2)G(z) € L(E;Z(E,F))=4(EXE,F), z€F,

and

G'(2)G(z)(e1,e2) = [G'(2) (G(z)er)]e2,  (e1,e2) €EEXE,
This means that trg [G'(z)G(z)] is a well defined element of F and satisfies

(o)

k[G'(2)G(2)] = Y [G'(2) (G(2)e))]ej,

i=1

where {e;} jc is an orthonormal basis of K. In particular, if we take

G(u,v)k :=(0,0(u,v)k), (u,v)e A, keE,

for some ¢ : # — Z(E,H"), we have

(G (u,v)G (u,v)] (k,h) = (0,00 (u,v) [0/ (u,v) (k)] (),

so that

trg[G' (2)G(2)] = (0, trg [dy0 (u,v) o (u,v)]) .

In what follows, we will take

o(u,v)k = (uxv)k.
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The following result holds.

Lemma 4.5. The map o : 76, — J5(K,H*) is Lipschitz-continuous on balls and has polynomial

growth, for k =0, 1. Moreover, its Fréchet derivative along any direction v € H¥ is given by
do()y=uxy, z=(uv)e, yeH"
and the function
A3 2= (u,v) ~ trg [0,6(2)0(2)] = trg [u < (uxv)] = @[ux (uxv)] € H¥, (4.3.3)

is Lipschitz-continuous on balls with polynomial growth.

Proof. Case k = 0. For every z; = (u1,v1) and zp = (up,v) in 5 we have

[

lo(z1) = o ()% k) = ;I(G(Zl) —0(22))&ilh

L oo
=/ 1 (6) % w1 (x) = w2 (x) x v2 ()2 . &i(x)|* dx < ¢ |@loouer x vi — a2 X valfy
0 i=1

< C\Ww(!m — |21 1|7+ o 3 v —Vzl%f) < c|@le (|21 30 + |22/5) l21 — 2[5

Since ¢(0) = 0, this implies that 6 : 5 — Z(K,H) is well defined and locally Lipschitz con-
tinuous, with quadratic growth.
For every u € H' fixed, the mapping o (u,-) : H — Z(E,H) is linear and its derivative

0,0 (u,-) is given by

oo(z)y=uxye Z(E,H), z=(u,v)e A, yecH.
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In particular d,0(z) 6(z) € £ (E x E,H) and
trg [0,0(2)0(2)] = trg fu x (uxv)] =Y (ux (uxv)&) & =@ ux (uxv)).
i=1
Now, for every h,k € R we have

hx (hxk)=—|h/*k+ (h-k)h, (4.3.4)

so that we can write

trk [3,6(2)0(2)] = @(—[uPv+ (- v)u),

and

L
ek (1 (ux v)] |y = /O () [~ () Py(x) + () -v(x) ()| dx

L
= /0 @) () [F ()2 — (o) P ((x) - v(x))?)dxe < e @l ulfp [vIFy < el pl]2l5-

Moreover,

‘trK(m X (u1 X V1)) —tI‘K(uz X (uz X Vz))ﬁi
L
< C/O @) ((Jur ()] + 2 () *) ([v1 () > + [v2 () [*) s () — 2 () >

+ (G + 2 (0)[*) 1 (x) = v2 (%)) dx
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< C|<P|i<(lu1|i(1 +ual 7)) (VilE + val i) [ur — wal 7 + (Jur [ + w2l 50) [vi —V2|?1>

<clo(|z1l% + |z2l% ) 121 — 22| %-

This implies that the mapping z € 77— trg (0,6 (z)0(z)] € H is well-defined and locally Lischitz-
continuous, with cubic growth.

Case k = 1. For any z; = (u1,v1) and z5 = (uz,v2) in J#, we have

(o)

|o(z1) — 0(22) ||92 K.HY) Z Z2>)§’|H1

l:

<2Y & (u xvl—uzxvz)"iI-I-ZZ!é[(ul xvl—uzxvz)ﬁ{

i=1 i=1
< elple (|0 = w2)" vy (1 =) WAy sy ¢ (v =) + e > (1 = v2) [ )
el prle (|0 = w2) vl - (01 = v2) )
< c(|@loo + 1@1]0) (Ju1 — w2l Fp Vil + [zl [vi = 2l )
(|leo + |@110) (12113 + 122154 ) [21 — 225
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This implies the local Lipschitz-continuity and polynomial growth of the mapping o : 4] —

T (K,H"). Finally, for every z; = (u1,v1) and 2o = (up,v2) in J4

|texe (i X (1 % 1)) — trge (w2 X (w2 X v2)) | 7o
< el (a0 = m2)' < a0 (ot = 2) x (ur 1) )
+c[(p]i,<|u’2 X (U] X vy —up X V2)‘%_1+ lup X (g X vi —uy X vz)’|,%,>
+c|(p/|z°|u1 X (uyp X vi) —up X (upy X v2)|%1

2
<c(lol2+19'12) (la15 + |221%) "Iz — 22054,
and this implies that the mapping
A 2 trg [ux (uxv)] € HY,

is locally Lipschitz continuous and has cubic growth.
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As a consequence of (4.3.1), (4.3.2) and (4.3.3), we can rewrite system (4.0.1) as

duy(t) = vy (t)dt,

dvy (1) = % (92 up (1) + [ Quttys (1) [Fyugs (1) — v (1) |y (1) — Yo (1)

(4.3.5)

+itr,{(u# (1) % (up (1) x vy (2)))] dt + ﬁ (g (1) X vy (1)) dw(z),

1y (0) =g, v (0) = vy, 1y (1,0) = uy (t,L) = 0.

\

In particular, equation (4.3.5) can be rewritten as

dza(t) = Huza()dt + % (0, Fu (e (1)) — (1)) di

+% (0, trk (g X (g (1) X vy (1)) dt + % (0,1, (1) x vy (2)) dw(z),

with z;,(0) = zo = (uo,vo). This allows to say that if a process u (¢) has M-valued trajectories of

class C! and

vu(t) = duy (), =0,

and z; () = (uu(t),vu (1)), then the process z, is a mild solution of equation (4.1.2), with initial

condition z, if for every ¢ > 0, P-almost surely,
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ult) = A0+ [ Fule=9)(0.Fuleuls) — 1a(5) s
—|—$/0 Fu(t —5)(0,trg (up(s) x (up(s) x vu(s))) )ds

+%/Ot Fu(t —5)(0, (uy(s) x vu(s)) dw(s)).

4.3.1 Proof of Theorem 4.3

It is immediate to check that Fy, : % — H* is Lipschitz continuous when restricted to
balls, for all £ > 0, and has cubic growth. Thus, in view of Lemma 4.5, the proof follows from a
modification of the arguments introduced in [3, proof of Theorems 2.9 and 2.10].

Due to the local Lipschitz continuity of all coefficients in /¢, equation (4.3.5) admits a
unique maximal local mild solution z,, € C([0, 7 ); 7 ), defined up to a certain stopping time 7.

Our purpose is showing that z, (t) € ./, for all t € [0,7y), and
P(t, = o0) = 1. (4.3.6)

In this way, we get the existence and uniqueness of a global mild solution z;; € C([0,+e0); .72 N

In order to prove the invariance of the tangent bundle .#, we introduce the following
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processes

1
Bu(0) =5 (O —1), Mt = (a(O)va ), 1€ [0,5).
If we show that they satisfy the linear system

Aty (1) = (1) ds
4.3.7)

ana(0)+Lav, (0 - (ﬁm(r)@l - |Vu(f)|1%1) Q) 1e0,a),

since ¥y (0) = 1, (0) = 0, we obtain that ¥, (t) = nu(¢) =0, for every ¢ € [0,7,), P-a.s., and this
implies that z,, (1) € .#, forevery t € [0,7y), P-a.s.

As in [3], it can be shown the following fact.

Lemma 4.6. Assume that a local process z;,(t) = (uu(t),vu(t)), t € [0,0) is a solution to

zu () :yu(t)zOJr/OtY“(t—s)(O,f(s))der/Otﬂ#(t—s) (0,g(s)) dw(s), 1€ [0,0u).
(4.3.8)

where all processes are progressively measurable, f is H-valued and g is 7>(K,H )-valued. Then,

for everyt € [0,0y), P-almost surely,

(o 0)o v} = (o 0).9a O = [ Puna() s+ [ {un(5). £ )l -

n /0 v ()3 ds+ /0 (u (5). 8 (5) dw(s))
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and

|vu<r>\z+§\axuu<r>rz — O+ §|axuu<o>\%+z / (vu(5), £(5)) e d

(4.3.10)

2 [ )+ [ 6] B s

Now, the local solution z;, () = (uy(t),vy(t)) of equation (4.3.5) satisfies equation (4.3.8),

with

£(5) 1= — v () Bt s) + ﬁm () nt(s) = L)+ itrK [t (5) % (g (5) % vy (5))]

and
8(5) 1= —=0(eu(s)) = —= uy (5) X vy (5)
\/‘l_l H \/ﬁ H u
Notice that
(g (5), £ (D)1t = — e () Bl )y ﬁ|uu<s>|i,l () = L),

and for every £ € K

(up(s),8(s)&)m =0
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Thus, thanks to identity (4.3.9) in Lemma 4.6, we have

Nu () —Nu(0)
:%/0 g () (|u”(s)y,2,—1)ds—/0 ()3 ()3 — 1) a’s—%/o (10 (5) v (5)) 1

:ﬁ/o s ()1 D) s~ /0 v 9) B ) s — /0 Nu(s) ds.

In particular, the processes ¥, (¢) and 1 (¢) satisfy equation (4.3.7), and, as explained above, this
implies that z,, (1) € .#, forevery t € [0,7y), P-a.s.

Next, let us prove (4.3.6). Since (uy (1),vy(t)) € A, we have

(ul0) ) == )y + iw (1), trg [ (5)  (ate () x via())]

As
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In view of (4.3.4), for every h,k € R3 we have
|h><k|2+(k- [hx (hxk)])= \hxk!2+](h~k)]2— ]h|2|k]2 =0.

Therefore, we obtain

1 2y
dlvu (1)l = “u iy (1) 31 — ;Ivu(t)lédt,

and this implies that for every 1 < 7,

t
a0+ 1 ) +2 [ D 6) s = ol + oy Pas. (43.11)
0

In particular, we can conclude that for every p > 0 there exists some deterministic constant K, > 0

such that

sup |zu(t)|r < ku, P—as,
r€(0,7y)

and (4.3.6) follows. Finally, by combining together (4.3.6) and (4.3.11), we obtain (4.2.2).

4.4 Energy estimates

In Theorem 4.3 we have seen that for every (ug,vo) € # N.# and u > 0, equation (4.0.1)
(and, equivalently, equation (4.3.5)) admits a unique mild solution z;, = (uy,vy) € C([0,40); 7).

Moreover, for every 1 > 0 and ¢ > 0 the following identity holds

t
Mol +,u\vu(t)]%{+2y/o v (s)|Fds = [uo[Z + lvolfr,  P-as. (4.4.1)
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In this section, our purpose is proving that for every (ug,vo) € ] N.# , there exists a constant

¢ > 0 such that for every u € (0,1) and7 > 0

t
E sup <|”N(F)|?J2 +“|Vu(r)|12r11> ‘HE/O |Vu(5)|?11ds <c. 4.4.2)

ref0,t]
The inequality above is a consequence of the following Lemma.
Lemma 4.7. For every (ug,vo) € F4 N, there exist two constants cy,cy > 0 depending only

on |(uo, /U vo)| sz, @ and @1, such that for every p € (0,1) andt >0

E sup (l(r) 3z + v () By + pe bt (1) By o ()3
re 0]

t
(I ) = o 9) 6y i ) o o)+l ) D) s
< ex (Juola + lvols + ol voly ) exp (e (luof3 + lvolf) ).
(4.4.3)

Proof. By applying Itd’s formula to |v,(¢) |12L11 , we get

‘1211 = %(<Vu(t)aax2”u(t)>m + |“u(f)|1211 <Vu(l)>”u(f)>H1 —N|Vu(f)‘12'1<vu(f)7”u(l)>H1
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_ _%dwwgﬂ ()2 (ﬁdm(znzl dlva(O)1) = d (g (0B v (01 )
(= 2P0 0+ ) ot )¢ a0 )+ )34 0] B ) )

(). ) 5 0} (1)) . @44)

According to (4.4.1), this implies that

(I () Bz + vy )+ ot () a0
= =29l (1) 1 [ () Bt — 21930 0) Bt 4 (v (0 e o (1) ¢ (a (6) v (1))l

o o (1) 5 v (0 By -+ 2B (1), (0 X vy dw(0)) 1

Now, let us define

t
Yya(t) :=exp (—a/ ]vu(s)%ds) , t>0, u>0, (4.4.5)
0

for some constant a > 0 to be determined later. We have

(Vi) (I 1) e + Bl (O + a0 B v () ) )
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= Yualt) ( — alugy (1) 32 [via (0) 7 — @t vy () [ vy (01 — ap i (6) 3 [y ()25
=2 ()1 i ()| = 21w (0) [0 + v (0 ok (2 (2) ¢ (1 (8) X v (1)) ) g

o (1) Vg (O ey )+ 2V i 0) (0 0, (i 6) % vy (1)) d(0))

(4.4.6)

Thus, if we integrate with respect to ¢ > 0, we get

t
Viaar) (I ()2 + 1 v 1) B = el (1) B o () 3 ) + /0 Visas) (alu (5) B via ) s
] (5) B v ()1 + i () 2 i) 1 + 200 ) B v ) By + 271w () 2 ) s
= [uo |22 + L |vol 7 + iluo 2 [volF;

+/ Yu’a(s)J(u“(s),vu(s))ds+2\/ﬁ/ Yia(8) Guy(s),vu(s))dw(s), (4.4.7)
0 0

where

J(u,v) == (vytrg (u X (uxv))) =+ |l < v||£2%(K’H1), (u,v) € 74,

and

Gu,v)& = (v,(uxv)&), (uyv)eH, &Eek.
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Note that for every (u,v) € 4

D(trK<u X (1 x v))) = (_|u|2V+ (uv)u) (P/

+(— 2(Du-u)v — |u|*>Dv+ (Du-v)u+ (u-Dv)u+ (u- v)Du) 0,

so that we have

(e (1 ) ), = /OL (= 1P Dv) + (o) (- D) ) @'

—|—/0 <— 2(Du-u)(Dv-v) — |u|*|Dv|> + (Du-v)(u-Dv) + (u-Dv)* + (u-v)(Du-Dv)) Qdx.
(4.4.8)

Moreover,

2 2
H”XVHZ%(K,HU:Z/O |(u><v)fi'—|—D(u><v)§,~| dx:/o Z‘(uxv)éi/—l—D(uxv)éi‘ dx
i=1 i=1
L L ) L
:/ ]uxv\z(pld)H—/ |D(uxv)| (pdx+2/ (uxv-D(uxv))) &&ldx
0 0 0 i
L L )
:/ ]uxv\z(pld)H—/ |Du x v+ux Dv| @dx
0 0

L
+2/ (uxv)- (Duxv+uxDv)) &&ldx. (4.4.9)
0 i
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Due to the well-known identity
((axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c), a,b,c,dec R,

from (4.4.8) and (4.4.9) we get

L L
J(u,v):/o (uxv)z(pldx—l—Z/O ((uxv)~(Du><v))Z€,-§i'dx

(4.4.10)

—|—/ [(Du xv)* — ((Du x u) - (Dv xv))] ¢ dx.
0

In particular, this implies that for any € > 0

()| < | @ueelul 1 [V]7 + /1ol @1 eo ] 1 [l 2V

2 1,012 2 1,12
| oot 2l g [V] g1 [VIe < € Jualgr [vIg + c(€)|ulga Vg,

for some constant ¢(€) = c(€,|@|w, |@1]|~) > 0. Hence, according to (4.4.1), we obtain

E sup
re0,]

/Or Y a($)J (uu(s),vu(s))ds

t t
< (ol + B0 E | Fialo) ) s (@) B | o) () () s
“4.4.11)
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Next, for every (u,v) € 7 and k € K we have

L
G(u,v)k:/ (Dv- (ux v)k'+ [Du x v+ u x Dv] k) dx
0

= /L (Dv- (u x v)k' + (Du x v)k) dx,
0

so that
|G (u,v) ||%KR i)/ [(Dv-(uxv))& +(Dv- (Duxv))&] a’x‘2

[

< Y (1) &l +1(Dux V)& ) < (1@l + 101 ]e) a2 v -
i=1
(4.4.12)

This implies that for every € > 0 we can fix some ¢(€) = ¢(€,|@|w, |@1|~) > 0 such that,

1

VI E sup /OrYuﬂ(s)G(u“(s),vu(s))dw(s)‘ <cE (/0 ,uYia(s) HG(uu(s),vu(s))H_z%(K_‘R) ds) 2

ref0,t]

1

(|9l + |91 ]) 'E </0 Yt ()l (5) g2 v (5) 1 IVu(S)!?{dS> 2

t
<eukE S‘[JOP]Yu,a(r)Wu(”)ﬁfl +c(e)E /O Yy a(8) |ty (9) 572 1vi (9) 7y dls.
rel0
(4.4.13)

Therefore, if we pick

_ 1 -1
€:= 5 NY (|”O|%11 +.U|V0|%1) ;
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and @ = a(€) > 0 large enough in (4.4.11) and (4.4.13), from (4.4.7) we get

E sup (Yu,av)(wu(r)ﬁ,z+u|vu<r>|zl +u|uu<r>|%{1|vu<r>|%{)>

rel0,z]

B [ Yia(s) (151 + i) Bl 50+ a6 o ) + )5 5 ) s

< [uo|F2 -+ i |vol 7 + o |1 [volf;-

Finally, since (4.4.1) gives for every ¢t > 0

1
1
| a6V s < (ol +oly), B-as.
0 2y
we conclude
2 2 2 2
E sup (1ot () By + v () B =+ el () 2 v () )
rel0,t
t
+CE/O <|vﬂ(s>’12'-11 +‘“u(s)’%{ﬂvu(s)\lzf+N\VM(S)|12L11|vu(S)!%{+u!uu(s)|§11|v”(s)]‘},>ds
a
< (Juolz + vl -+ ol ol ) exp (5 (ol + ol )

and this implies (4.4.3).
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4.5 The limiting problem

We consider the following deterministic equation

p

o[ (r-+ 30100 Yute)] = 92u0) 4 0vae) )+ 52 ([920() + 0yue) ()] -ut0)) ).

| 400 = o), u(t.0) = ur.L) =0,
(4.5.1)

where, we recall, @(x) := Y=, |&(x)|?, for x € (0,L).

Definition 4.8. Let uy € H' N M. We say that u is a solution to equation (4.5.1) in [0,T) if
ueC([0,T];H)YNL*(0,T;H?), ducL*(0,T;H),
and the identity

(14 300 )ute) = (7+ 30huol g

(12 2 30 10 2
+/O (3x u(s) +|dwu(s)|muls) + 2_’}/ ([8x u(s)+ |3xu(s)|Hu(s)} -u(s)) u(s)) ds,

holds in H, for a.e. t € [0,T].
In the following lemma we show that equation (4.5.1) has an equivalent formulation.

Lemma 4.9. Let ug € H' N M. Then any function u € C([0,T);H') N L*(0,T;H?), with du €
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L?(0,T;H), satisfies equation (4.5.1) if and only if satisfies the following equation

(

yapu(t) = 32ult) +10au(o) fu(e) + 5 trx (u(e) x (u(r) x A1), 10,

(4.5.2)

u(0,x) =up(x), u(r,0)=u(t,L)=0.

\

Proof. If u satisfies equation (4.5.2), then we have

YOuu(r) = 9 () + | Quu(t) [y + %(P( — [1(r) *Gpua(r) + (u(7) - uu(1))u(r))

= 32u(t) |30 yte) + 50— A0 Pu(t)) + 3(e) - Bu(r))ur)).

the identity holding P-a.s. in L?(0,T’; H). Then, since
Yu(r) - du(r) = u(r) - u(t) + |Oxue(1) [y (1) |,

we have

Y(u(e) - Spu(e) )u(e) = (I ua(r) - u(t)yu(r) + | Quu(t) [y |u(r) Pu(r).

This implies that

Yapu(t) + 509, (u(n)u(e)

3 3
= d7u(t) + | duue(1)[Fu(r) + 2—;6(93”(0 ~u(t))u(r) + —;’i@u(t)liz u(t)ult).
On the other hand, if u is a solution of equation (4.5.1), in order to prove that it is also a
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solution to (4.5.2) it suffices to show that
yu(t) - Qu(r) = gu(t) - u(t) + | Aeu(t) |y u(t) >

Indeed, note that

Y3,u(e) + 50 (20a(r)- o) u(r) + ()P A(r))

= 02u(t) +2u(1) yle) + 52 O2ule) () u0) + 52 o)y () Pt
so that if we take the scalar product by u of both sides, we get
(1 550 () ) ((7ute) - () = (02u()-ute)) = el lu() ) =0,
which completes the proof.

]

Remark 4.10. By using the (4.5.2) formulation of equation (4.5.1), it is immediate to check that

ifug € M then u(t) € M, for every t € [0,T]. Actually, for anyt > 0 we have

()~ 1) = (2ule), () + 1900 By be) By 5 (@) x (u(r) % (1)), (1)

| =
S

0t (Julo)y —1):

Combined with the fact that |up|g — 1 = 0 and dwu € C([0,T];H), this implies that |u(t)|g = 1,
foranyt > 0.
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Lemma 4.11. Let u be a solution to equation (4.5.1), with ug € H' \"M. Then for every t > 0 we

have

t
\u(t)]i,l —|—2y/ |Qru(s) |3 ds < ‘“0’125{1- (4.5.3)
0

Proof. If we use the (4.5.2) formulation of equation (4.5.1), we get

You(t) 5 = (Fu(e), du(t))  + |9u(t) Fyu(r), du(r))

S (Qlult) Pouls), (1) + 5 ult) - Auu(1)u(e) A1)
Recalling that |u(r)|g = 1, this gives

P10(0) = — 5 )3 — 5 hale) PO, A1)+ 5 (@(u(r) - du(1)ule), ()

< — 5 fu(®) |7,

and (4.5.3) follows once we integrate both sides in time.

]

Proposition 4.12. Let u; and uy be any two solutions of equation (4.5.1), with initial conditions
uy0,u20 € H ’NM, respectively. Then there exist some constants ci,cy > 0, depending only on

uy 0, up 0 and @, such that for everyt > 0

t
|up (1) — uz(t)\él +/ |0u1 (5) — Qua(s)|Fds < c1|ur o — uzp %Ileczt. (4.5.4)
0

In particular;, there is at most one solution to equation (4.5.1) in C([0,T]; H')NL*(0,T;H?), with
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du € L*(0,T:H).

Proof. Let us fix uy g,u2 90 € H "N M and let u;,us be solutions of equation (4.5.1) with initial

conditions uj g, u2 o, respectively. If we denote vi = dyu; and vy = dyuy, then, recalling (4.4.5)

7101 =v2) ()| = (95 (w1 —w2) (1), (V1 = v2)(1)) 4
(| Qe (1) [Fyun (1) — | Quua (1) [Frua (1), (vi = v2)(1)) y

—%<<P(Iu1(t)|2w(t) = [ua(1) Pv2(1)), (v = v2) (1))

300 () M) (1) — () va()ua(6)), (1~ ) (1)

Hence, if a is an arbitrary positive constant and we denote

t
Y,(t) :=exp <—a/ (1+ |vz(s)|%,)ds) , t>0, (4.5.5)
0
we get

(o)l — ) 0) By ) = Yalo) (5101 1) (O3 — a1+ oalo) ) s — ) 1)

= Yo (1) ( —a(1+va()l7) (e = u2) (0) 50 +2(Jaer (1) [ (1) = |2 (1) [ 22 (2), (v1 = v2) (1))
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=291 =v2) ()] = (@ (lu1 (1) Pva(2) = |2 () Pva(2)), (vi = v2) (1))

+<(p((u1 (t) V] (t))ul (l‘) — (uz(l‘) . Vz(l‘))uz(t)),(vl — Vz)(t)>H>. (4.5.6)

Now, for any € > 0 we can find c(€) > 0 such that

(Jur () G (1) = lua (8) [ (1), (v1 = v2) (1))
= [ur (1) 3 (w1 — u2) (t), (v = v2) () + ((Jur (0) [F1 = Ju2 (1) 7 )2 (8), (v = v2) (1) )y
<l (OB (£l = v2) (O + ()] (w1 — w) ()] )

eea(t) o (e (0) g -+ a0 ) (el (v = va) (0 (@)l — o) (O ). (45.7)

Moreover

(@ (lur () Pvi (1) = [ua () Pv2 (1)), (vi = v2) (1))
= —(@lur (1) P(vi = v2) (1), (vi =v2) (1)) gy = (@ (|1 () = |2 (£) P v2(8), (vi = v2) (1))
< —(@lur ()P (v =v2) (1), (v =v2) (1))
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[ @loo (Joa1 (1) g1 + 2 (1) [ 1) [ (1 = 2) (1) | g1 [v2 () |1 (vi = v2) (2) |
< —{@lur(1)[*(vi =v2) (1), (vi =v2) (1)),

Qoo (i1 (6) g1 + (1) 111 <8|(V1 —2) (1) [y + (&) va (1) || (11 — uz)(t)bqu) :

(4.5.8)

and

(@ (Qur(6) v (0)ur (1) = (w2 (0) - v2()a(1)) . (vi = v2) (1))
= (@ (1 () - (vi =v2) (1) )ur (1), (vi =v2) (1) )y
(@ ((wr =) (1) -2 (t)Jur (£), (V1 = v2) (1)) + (@ w2 (8) - v2 (1)) (1 = 12) (1), (V1 = v2) (1))
< (@i (6)- (i =v2) () (£), (1 =v2) (1) )y

el @leo (|ur (6) 1 + 12 (1) 111 <8|(V1 —v2) () + c(€) V2 (1) |y (1 — uz)(t)liﬂ) :

(4.5.9)
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Since ¢ > 0, we have

_<(P‘”1’2(V1 —V2),V1 —V2>H+ <§0(u1 (v —vz))ul,vl —V2>H <0.

Hence, thanks to (4.5.3) we can take € > 0 sufficiently small and @ = a(€) > 0 sufficiently large

so that if we replace (4.5.7), (4.5.8) and (4.5.9) into (4.5.6), we get

Ya(t)|ur (1) — ua(t)[7n +C/O Ya(s) (14 [v2(9)|7) lur (s) — ua(s) [, ds

(4.5.10)
' 2
v [ Va5 () = valo)ds < o~
0
for some constant ¢ = c(u; o, u2,0, ¢) > 0. Finally, since from (4.5.3)
Valt) = exp (— a1+ luol2:/27)), 1>0,
we can complete the proof of (4.5.4).
L]

4.6 Proof of the validity of the small-mass limit

In this final section, we conclude the proof of Theorem 4.4. We first prove some identities,

then we investigate tightness and finally we proceed with the proof of the theorem.
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4.6.1 An identity

Lemma 4.13. For every u > 0 and (ug,vo) € 4 N A the solution (uy(t),vu(t)) of system

(4.0.1) (or, equivalently system (4.3.5)) satisfies the following identity, for everyt > 0

1
Wu(f)+§‘P|uu(f)|2uu(f)+l«wu(f)
1 2 g ' 2
= Yuo+ 5 @luo|“uo + vo + ; d;uy(s)ds + A |Oxtay (5)[Fuap (s)ds

+%<p /O (afums)-uu<s>>uu<s>ds+%qo /0 Byt () Bt ) P () + R (1),

4.6.1)
where
Rult) = 20 vohto — 2l 1) v 0D (0~ 1 [ a9 (51
2L [ vauoids + Lo [ (o) Pusts)as
S [ a9 Pan 91+ [ (5) < )t
_. 32—‘;<p(u0 vo)to +i_i11“,,-(t). 4.6.2)
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Proof. In view of (4.3.5), we have

d(uy (1) -vu(t)) = |Vu(f)\2df+ﬁ(3xz“u(f) cuy (1)) dt + i|3xuu(f)|%1|“u(f)|2df
— v () [y (1) 2t — g(“u(f)‘vu(f))dfﬂLi(P(— g () Py () + (up (2) 'Vu(f))”u(f)> ~uy (t)dt

—l—%uu (1) - (0 (£) % v ())dw(e) = |vyu (1]t +ﬁ(ax2uu(t) (1) )t

1 Y
+E|ax“u(f)|%1’”u(f)’2df — [ (t) | (1) [Pdt — ﬁ(”u(f) vu(t))dt.
This implies that

J(CHORAOITAG)
= ()3 0)93 0) 5 o) o 0+ (930 1) -0 0) 1)l

+$\9x“u(f)’12q|”u(t)|2”u(f)df — (v () By ey (0)Paage (1)l — %(”u(f) v (2))up(t)dt.

Hence, for every t > 0, we obtain

Y/O (”u(s)'vu(s))”u(s)dsz/o (3fuu(s)-uu(s))uy(S)ds+/0 |Outtys ()74 4ys (5) [Py (5)ds
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0 (1) v (1)t 0) + 11 (0 v + /0 (1 (5) - via () v (5)dls + /O v (5) Prt (s)ds

| o5l Py 5.

By using the fact that

d(|u(0)Pu(r)) = 2(u(e) - v(e) Julr) + u(r) Py (1),

this implies

/Ot <_ |y (S)|2Vu(s) + (up(s) 'VH(S»MN(S))ds

= —|u“(t)|2uu(t) + |u0|2u0+3/0 (up (s)-vu(s))uy(s)ds = —|u“(t)|2uu(t) + |uo|>ug

J%/O (8fuu(S).uu(S))uu(s)ds+%/0 10vitg (5) 4 10 (5) Pty (5)dls

3 3 3u

=B 1) )0) + 8 oo+ 2 /0 (t (5) - via () vy (5)dls

T 3y [t
+7“/0 \vu(s)!2uu(s)ds—7“/o 9,0 (5) 2l () P (5)ds. 463)
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Finally, we rewrite system (4.3.5) in the following form

t t t
Vg (1) + pvia(r) = 0+ v + /0 021y (s)ds + /0 ity () Bag (s)ds — /0 v (5) ity (5)dls

#30 (= )P 6) + ) v 61 ) s+ V[ G 6) w605,
4.6.4)

Therefore, if we replace (4.6.3) into (4.6.4), we get (4.6.1), with R, (¢) defined by (4.6.2). O

Lemma 4.14. For every (ug,vo) € 74 N andt > 0 we have

lim E sup [Ry(r)|% = 0. (4.6.5)
1=0 o]

Proof. First, note that, since

Mt ()] < e |@looptlita () 3 [va (1)1,

due to (4.4.1) we have

lim E sup |/, 1(r)[3 =0, (4.6.6)
H=0 ref0g)

and since

t t
a2 (D3 < crus? /O v (5)[odls < crus? /0 ()l ()G s, re [0,

due to (4.4.3) we have

lim E sup |Ju2(r)|3 = 0. (4.6.7)
=0 g0
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Moreover, thanks to (4.4.1), (4.4.3) and

t
s (M) + ua(r)li < ctle iuz/o g (5) 70 [V () 7 [y () e, 7€ 10,1],

we have

EimE sup (|[Jy,3()|% + Jya(r)|%) =0. 4.6.8
JimE sup (1ua)fi+ V() (468)

From (4.4.1), (4.4.3), and

t
Mm%SWW@MEAWMQQWAM#M re 0.,

it follows that

lim E sup |J,5(r)|3 =0. (4.6.9)
H=0 hef0g)

Furthermore, we have

t t
2
B sup Uy < B | o) 5 6) gy s < Il | ) (o) s

ref0,]

so that, thanks again to (4.4.1),

lim E sup |J,,6(r)|3 = 0. (4.6.10)
H=0 e [0,2]
Finally, combining (4.6.6)-(4.6.10), we complete our proof. U
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4.6.2 Tightness

Proposition 4.15. For every (ug,vy) € 4 N and T > 0O, the family of probability measures
{L(uu)}“e(o p) I8 tight in C([0,T);H®), for every § < 2.
Proof. According to (4.4.2), we have that

T
sup E[ sup ]u“(t)llz_lz—l—/ la,u”(s)llz_llds < oo, (4.6.11)
ue(o,1) t€[0,T] 0

This, in particular, implies that for every € > 0O there exists Lg > 0 such that if we denote by K¢

the ball of radius Le in C([0,T]; H*)NW'2(0,T;H"), then

inf P ceK)>1—¢.
ity € Ke) 2

Due to the Aubin-Lions lemma, we know that the set K¢ is compact in C([0,T]; H?), for every

0 < 2. O

4.6.3 Proof of Theorem 4.4

Thanks to Proposition 4.15 and (4.4.2), we have the family {¥.(uy, t uy) }ue(o.l) is tight

in C([0,T];H%) x C([0,T];H"), for any § < 2. If for every T > 0 and & < 2 we define
Tr g = C(0,T1:H®) x C([0,T): H') x C(0,T]; E),

where E is any Banach space such that the embedding K C E is Hilbert-Schmidt, then as a
consequence of Skorokhod’s theorem, for any sequence { 1 }rcn, converging to zero, there exists
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a subsequence, still denoted by { i }ren, and some I'7 5-valued random variables

g/k:: (pkv.ukﬁkawk)a Y = (pvﬁaw)7 k€N7

all defined on some probability space (Q, Z, {%}te[o_ﬂ,ﬁ”), such that

L(g/k) = L(uﬂmlukaluﬂkaw)? ke N7

and

kh_{f)lo (‘Pk —P ’c([o,T];Hﬁ) + Ml Sl o,y + W — W|C([0,T];E)) =0, P-as.

In particular, due to (4.4.1), (4.4.2), (4.6.11) and (4.6.12), we have

T
sup (E sup (1) e+ aelon0) ) + B | wk<s>|zlds) < oo
keN te[0,7] 0

and there exists a deterministic ¢ > 0 such that

T
sup (sup Ipe(0l + [ [arpe(s)fas) e Pas
keN t€]0,T] 0

(4.6.12)

(4.6.13)

(4.6.14)

(4.6.15)

Thanks to (4.6.13) and (4.6.15), it follows that p € LZ(Q;L“’(O, T;H5)), for every 6 < 2, and

sup |p(t)|1 < ¢, P-as.
t€[0,T]
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Moreover, from (4.6.14) and (4.6.15) we get that p is weakly differentiable in time, with d;p €
L%(0,T;H) and

T
/ 10ip(5)[}ds < ¢, P-as. (4.6.17)
0

Finally, as a consequence of (4.6.13) and (4.6.14), we have

T
/ Elp(s)[Fds < oo. (4.6.18)
0

Now, if we can show that p solves equation (4.5.1), then by the uniqueness of solutions
for equation (4.5.1), due to the classical argument by Gyongy and Krylov (see [38]), we can
conclude that u,, converges to uin C([0,T];H 3), for every sequence L | 0, and the convergence

is in probability.

Due to (4.6.12) and identities (4.6.1) and (4.6.2), we have that for every y € C;'([0,L])

1 1 t
(Yi(t) + 5 01Pe(t) 2P (t) + O (t), W) = (Yuo+ §§0|M0!2M0 + Wevo, W+ /O (92 px(s), W)uds

-/ 10e(5) B i), W) s + = (0(0206(5) - pe(s)) pe(s), W) s

—1—%/ 0 (@1px(5) 51 1Px(5) PPe(s), W) rds + (Re(1), W),
where
Ri(r) = 32_L;j<‘P(uo Vo) — 3(57‘/“{ (Px(t) - (1)) Prlr) — uk/otwk(S)%pk(S)ds

161



S22 [ pus)- 00 vu(o)s + 22 [y et

2 L) hlpu(o) k) + VR [ (pu(s) % 45
We have

sup ‘(P(|Pk(t)|2pk(t)_|P(I)‘2p(t)>‘H

t€[0,T]

< c|@|. sup <\(|pk()| —pO))p(0)]; + 1P (1) *(Pr(t) - p(t))\H>

t€[0,T]

< clgle sup (o) +1p(1) ) Ipet) = POl )
1€[0,T]

Then, in view of (4.6.13), (4.6.15) and (4.6.16) we conclude

. 1 1 R
lim sup | (ype(t) + 5 9lpe(t) P pile) + (o), w)n — (vo (1) + 5 @lp (1) PP (1), Wy | =0, P-as.
%t [0,T]
(4.6.19)
Since
sup | [ @201 (61 Wyus| < vl [ 1oks) L6
+€[0,T]
due to (4.6.13) we have
t t R
lim sup / (92px(s5), W) pds — / (0%p(s),y)yds| =0,  P-as., (4.6.20)
k=e21c10,7) 0
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and since

s | [/ (1) peto) -1 o )],

t€l0,T

T T
S/O !IPk(S)Iip—IP(S)\%,l!der/O [P (5) 71 px(s) = p(s)|dls,

we get

lim sup —0, [Pas. (4.621)

k=eoici0,1]

[ 061 Gps)vinds — [ 1p(6)up(5) Wi
0 0

Moreover, for every 1 € C([0,T];H')NL?(0,T;H?) and s € [0,T] we have

(920 (s) n())n ()@, w)u = —{((2n(s),n(s)) ()@, V)

—((oxn(s),n(s)) (N ()@ +1(5)9") + |30 (s)*N ()@, W)

This implies that

/Ot<(o7xzpk(s) () p(8) 9 — (92p(s) - p(5)) p(5) @, W)a dis
- /ot< [(9:px(s). P(s)) pils) = (9up (s),p(5)) P (5)] @, W' ) s

- /O t( [(9xpi(s), Pi(s)) (Oxpi(s)@ + pi(5)9") — (:p (), (5)) (AP (s) @ +p(5)9) |, W)ri ds
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t 3
—/O ([10:0x(5) 1 Pi(s) = [0ep (5) P (5)] @, W) 1 ds = zi-]i,k(t)-

‘We have

T
k()] §C|<P|oo\llf’|oo/o i) = P (5) |1 [P (5) 1 ds

T
+e |<P!oo|vf’|oo/0 1P(s) =P () g1 10 ()| (1Px ()1 + 1P ()] 111) s,

and, thanks to (4.6.13), (4.6.15) and (4.6.16), we conclude that

lim sup |[J14(t)] =0, P—as. (4.6.22)
k= c10,7]

Next, we have

T
2., (1)) SCIIVIoo/O 10k(5) = P ()|t (1) 111 +10(9) 1) (1Pk() |22 @1 + k()| 1 9']o) s

T
+elvle (lol+19'1) [ 1pu(s) =P Pl (5 s

Thus, as a consequence of (4.6.13) and bounds (4.6.14), (4.6.15), (4.6.16) and (4.6.18), we can
conclude that

limE sup |Jox(t)] = 0. (4.6.23)
k=veeyc 0,1

Finally, we have

3.x(1)] < 6|<Ploo\w|oo/0 10i(5) = P (5) 1 [1Pe(5) 1 ([P() |2 + [ (5) 12) + [P (5) 7] s,
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and, due again to (4.6.13), (4.6.14) and(4.6.18), we conclude

lim sup |J37k(t)’:0.
k=reeyc(0,7]

Therefore, as a consequence of (4.6.22), (4.6.23) and (4.6.24), we conclude that

lim & sup
ke 4el0,1]

Next, for every t € [0,T] we have

¢ t 10c(5) 371 [Px(5) *Pic(s) — P () 131 [P ()P (5) ) ds
0 H

< C\(P\oo</o [19() 51 = [P (5) 7| - | Pr(5) P pi(s)] s

/ ((3200(5)- pe(s)) Pi(5)9 — (92p(5)-p(5))PL5). W) ds| =0,

(4.6.24)

(4.6.25)

n /0 1P(5) 2 [ (19k(s) 2~ 19.(5) P)pecs) s + /0 rp<s>|zlup<s>|2<pk<s>—p<s>>\Hds>

<clole( [ 19 (pe(o)n +1p6) ) (5) =) s

+ /0 (1Pes) i+ 1P (5) 14 p1(5) — p(s) ).
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Thus, thanks again to (4.6.15) and (4.6.16), we get

t t
im sup | [ (0lpe(s) G )PP Whands — [ (lp(5)lp(&)Pp(s)vmds| =0, Pras
k=eeici0,771/0 0
(4.6.26)
By using the same arguments as in the proof of Lemma 4.14, we conclude that
R ~ 2
im B sup |(Re(t), ) H‘ ~0. (4.6.27)

ke 4el0,1]

Finally, combining (4.6.19), (4.6.20), (4.6.21), (4.6.25) and (4.6.26) together with (4.6.27), we
can conclude that p satisfies equation (4.5.1). As we have seen above, this allows to conclude the

proof of Theorem 4.4.
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Appendix A: The Smoluchowski-Kramers approximation of SWEs with vari-

able friction

The Smoluchowski-Kramers approximation for system (1.1.1) has been studied in [22], un-
der the assumptions that f is Lipschitz-continuous and ¢ is bounded. In this appendix, we extend
this result to the case when ¢ is unbounded and f exhibits polynomial growth (see Hypothesis

2.6). Specifically, we analyze the small-mass limit for the following system

101y (t,x) = Auy (£,x) — Yy (£,%)) Qyuy (£,%) + £ (x,up (£,%)) + 0 (up (t,-)) Awe (2, x),

up(0,x) = up(x), duyu(0,x) =vo(x),  uu(t,x)=0, xc 0.
(A.0.1)
We assume that Hypotheses 2.1, 2.3 and Hypothesis 2.6 hold. By applying Theorem 2.9
with the control @ = 0, we know that for every T > 0 and every (ug,vo) € -7, there exists a
unique adapted solution u to equation (A.0.1), such that (uy, duy) € L*(Q;C([0,T]; 54)).

For every a € [0, 1) we denote

X(a):= () LY0,T;H"), Y(a):= () LP(0,T;H"),
q<q(a) p<2/a

167



where

o 2(0+1)
@)= 30— 1a

The main result of this appendix is as follows.

Theorem A.1. Assume Hypotheses 2.1, 2.3 and 2.6 hold, and for every L > 0, let uy, denote the

unique solution to equation (A.0.1), with the initial conditions (up,vy) € J4.

1. If 0 € (1,3), then for every a € [0,1) and n > 0 we have

tim By~ > 1) =0.

where u € L*(Q;L*([0,T];H")) is the unique solution to equation

Yt x)) Ot x) = Au(t,x) + f(u(t, ) —% Y llo(u,)0el (o)

+G(u(t,-))<9,wQ(t,x),

u(0,x) = up(x),  u(t,0)=u(t,L)=0.
(A0.2)

2. If we assume

Ip €10,(8+1)/4) such that |0(h) g1y ) < c(1+RE), heEH,
(A.0.3)

0e (1,3, ifp>0, 6¢ (1,5, ifp=0,
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then for every a € [0,1) and 1 > 0 we have

im Bty — ] > 1) =

u—0

A.1 Energy estimates

One of the key ingredients in our proof of Theorem A.1 is the tightness of {u } pe(o,1) in

suitable functional spaces. This will require the following a-priori bounds.
Lemma A.2. Assume Hypotheses 2.1, 2.3 and 2.6 hold, and fix T > 0 and (ug,vg) € J€.

1. There exist ur € (0,1) and cr > 0 such that for every u € (0, ur),
E 2 r 2 r 0+1
sup ||up ()| +E [ |up(®)|| g dt+E | |Jun ()| 6si dt < cr, (A.1.1)
t€[0,T] 0 0
and

T
E sup Hu“(t)Hzl—f—E sup Huu(t)Hz;;ll—l-u]E sup H&,uH(I)HiI-i-E/ Hatuu(t)sztgc_T.
] 1€[0,7) 1€[0,T] 0 u

t€[0,T
(A.1.2)
2. If, in addition, condition (A.0.3) holds, then for every u € (0, ur)
2 cr
E sup H”u HHI +E sup H”u HLQH + uE sup H&,u”(t)HH < 5 (A.1.3)
1€[0,T] €0 1€[0,T] u
where
0+1



Remark A.3. 1. If the mapping ¢ is bounded, then condition (A.0.3) is satisfied for p = 0,

in which case 8 = 1/2, so that for every p € (0, ur)
a2 sp (sl 15 o ) <er
relo,

2. When condition (A.0.3) holds with p = 0, in order to prove (A.1.3) we can take any 6 > 1.

3. If p€]0,(0+1)/4), then B < 1. Therefore, if condition (A.0.3) holds, due to (A.1.3) we

have

lim u’E 9 20 Al4
lim 4 EE&%}H it (1) [y = 0, (A.14)

which is the same bound proven in [22].
Proof. Estimates (A.1.1) and (A.1.2) can be proved by proceeding as in the proof of Lemma

2.10. Thus, we will only prove (A.1.3) under condition (A.0.3).

For every u € (0,1) and 7 € [0, 7], define

L
Ly(r) == Huu(t)”i,] +/0 <C2 —f(x,u“(t,x))>dx+u ||8;u“(t)H12q,

where the function § and the constant ¢, have been introduced in Hypothesis 2.6. Due to (2.1.10),

we have that

L) = g ()1 + g ()15 + 1 |3 (O, P—as.

Thus, we obtain (A.1.3) once we have proved that

uPE sup L, (1) <cr. (A.1.5)
t€[0,T]
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Assume (A.1.5) is not true. Then there is a sequence (ty)reny C (0,1) converging to 0, as
k — oo, such that

lim uP B sup Ly, (1) = +oo. (A.1.6)
k—yoo 1€[0,7]

For every k € N, the mapping 7 — Ly, (¢) is continuous [P-a.s., so that there exists a random time
fx € [0,T] such that

1€[0,T]

As a consequence of the Itd formula, if s is any random time such that P(s <#;) = 1, we have

L) ~Lu(s) < - [ 0 (D] 2y -+ 2(Me(1) ~ M),

where

Mi(t) ::/O (Ot (r), 0 (uyy (r))aw®(r)) .-

Thanks to Young’s inequality, since 23 > 1 and 1 < 1, we have

1 Tk 2 c Tk 2
E/s H6<u/~‘k(r))H$2(HQ,H)dr§E i <1+Huﬂk(r>HHp>dr

t— f— T fth— T
<e(Bta it [l ar) <e(B50 [l ar).
k ‘u9+1—2p 0 u 0

X k

Therefore, if we define

U= [ 5 an, ana = sup M)
t€[0,T]
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we can fix a constant k7 independent of k, with Ly, (0) < k7, such that

ty—S
L“k(tk) _Llik(s) < Kr (kTB —|—Uk> +4M,.
Hy

In particular, if we take s = 0, we have

28 2
H u
= KIfT (Luk(tk) aM; — KT(Uk—I— 1)> = —;T 0.

2
On the set Ey := { & >0}, for any s € [1, — SL"TTSk,tk} we have

1 1
Ly (5) > Ly (1) = 5.8 — ey U —4M = [Luk (1) — 4My — k7 (U — 1))

Hence, if we define

T
Ik::/ Ly, (s)ds,
0

recalling how &; was defined in (A.1.7), we have

17 ‘uZB 2
I > / 2 Ly (s)ds > X [(L“k(tk) —AM, — K‘TUk) _ Kﬂ :
-tk s 4xr

k~ 2k Ok

so that

‘uZB 2 ‘uzﬁ
E(l) > E(l: E) > B 25 (Lu (1) —4M— CrUg) B | - =-cr.
T
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Now, thanks to condition (A.0.3), and estimates (A.1.1) and (A.1.2) we have

1

E(My) < E(/o Hat“#k(t>H12q Hc(uﬂk@)H?%(HQ,H) dt)

1

T 2
<& s [0(u )| g ([ 190 0]

t€[0,T]

2 T 1
= 2 —
<cE sup lo(u (1) o +E( /O | v (0|3 ) 77

1

T ~L C
<c(1+E sup]Hu“k(t)Hi[)—I—c(/O B o 1)) < <2

te0,T B ‘LL%P'
In particular, since (A.0.3) implies
B 0+1 > 1 7
20+1—-2p) —2—p
we have that
limsup uP B(M;) < +oo. (A.1.9)
k—yo0
Moreover, by (A.1.1) and (A.1.2), we have
supE(Uy) < oo. (A.1.10)
k
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Therefore, due to (A.1.7), (A.1.9) and (A.1.10), as a consequence of (A.1.6) we have

hmuﬁm&):+w. (A.1.11)

Now, we have

=

WE(8) = nPE(8:E) < E(1f (8 + kr )i Er) < [E(N:ﬁ(&ri- KT)2§Ek)] ;

so that, thanks to (A.1.8) we have

2B 2B
1) K’T 1 2 MW, Kr

E(l) = 4 —4x

g B Bt ) —

Due to (A.1.11), this implies

lim E(I) = 40

k—ro0

However, the limit above is not possible. Actually, since we

L0 < i () + e O +Le (14 [ ()] ). Pas.
as a consequence of (A.1.1) and (A.1.2) we have

supE(Iy) < oo,
keN

and this gives a contradiction. In particular, this means that claim (A.1.5) is true, and (A.1.3)

holds.
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A.2 Tightness

As in Section 2.5, for every T > 0 and u > 0 we have defined

Pu(t,x) = gluy(r,%)), (t,x) €[0,T]x[0,L],

and, by integrating equation (A.0.1) with respect to #, we got

t

Pu(e) + B3t (1) = glu) + 0+ | v [b(pu () Vu (5)] s+ | Fulpuloas
(A.2.1)

t
+ [ oulpuls)an(s)
where we recall that b, f,, F, and o, were defined in (2.4.11) and (2.4.12).

Definition A.4. Let E be a Banach space with norm ||-||p. Givenr > 1 and A € (0,1), we denote

by WA (0,T;E) be the Banach space of all u € LP(0,T;E) such that

" llut) —u(s)|l
E
[Wlwar0.1.8) / / |t_s|1+/1 T A dtds <e,

endowed with the norm

T
lllyaror = [, 100 zdi+dyagorey

It is possible to prove that if Ar < 1, p <r/(1 —Ar) and 1 < r < p, then WA (0,T;E) C
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L?(0,T;E) and there exists some ¢ > 0 such that for all u € W*7(0,T;E)

1T () — ull 1o 0,7 —n:E) < ch*TV/P=1r [lwarorE), >0, (A.2.2)

where

() () = u(t+h), 1€ [—hT 4,
(see [58, Lemma5]).

Proposition A.5. Assume Hypotheses 2.1, 2.3 and 2.6 hold, and fix any T > 0 and (ug,vo) € F4,

and an arbitrary sequence (l)ren C (0, 1) that converges to 0.

1. The family of probability measures (£ (Py,)) .y is tight in X (a), for every a € [0,1).

keN

2. If condition (A.0.3) holds, then the family of probability measures (.,2” (Puk)) ren IS tight in

Y(a), for every a € [0,1).

Remark A.6. 1. By taking a =0, we have

(Z(Pw)) ey 1s tightin () LY(0,T;H).
q<0+1

and thanks to the embedding H* — C([0,L]), for a € (1/2,1), we have

(L)) e s tight in N L9(0,T;C([0,L])).
q<4(6+1)/(0+3)
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2. When condition (A.0.3) holds, we have that

(.,Sf(puk))keN is tight in ﬂ LP(0,T;H).

p<eo

Proof. Forevery 0 <t <1, <T, we have

(6+1)/6
. (E

H-! B

E / ” div [6(pu(s))Vpu(s)]ds

1

/ " div [b(pu(s))Vpu(s)]ds

n

2 (6+1)/26
H-! )

. (6+1)/260
< Clty—n)1+020 (E/O HPu(S)HJZquS> )

| [ Aot

n

H-1

(6+1)/0 . , (6+1)/0
saa(/ (1+||uﬂ(s)H9+1>ds>
I

1/6 T 0+1
<Clo-n)"E | (14 () 1511 ) s

) (0+1)/26
H1>

(6+1)/26
< C(ty—1p)(0+1)/20 <1+E sup Huu(t)Hi,) :
+€[0,T]

and

E / 6 (pu (5))dw(s)

I

[ olputonan®is

I

H-1 B

(6+1)/6

In view of (A.1.1) and (A.2.1), it is not difficult to show that for every A € (0,1/(6+1)),

6
sup E[py —I—u&,uu]w?mo(o 1y <% (A.2.3)
ne(0,ur) T
where
0+1
6o := % e(1,2)
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Moreover, by (A.1.1) and (A.1.2) we have

sup ||y + 1t |7w o 110 < > (A2.4)
ne(O,ur)

Therefore, from (A.2.3) and (A.2.4) we conclude that for every € > 0, there exists L; (&) > 0 such

that, if we define

K} = {f; 0, T|xR—R: [f]W)L,GO(OyT;H—l) + ||f||L°°(0,T;H) < Ll(s)}7

then

inf P(py+uduy €Ki) >1—¢g/4.
pe(0,ur)

According to (A.2.2), we have that for every p < (6 +1)/6

im || tof — fllpor—nu—1y =0, f € KT
h—0

Hence, in view of [58, Theorem 6], we have that K7 is relatively compact in L4(0,T,H _5), for
every g < oo and 0 > 0.

Next, due to (A.1.2), we have

. 2
}LI_%E [0k [ 210 771, = O

hence for every sequence (U )ren C (0, 1r) converging to zero, there exists a compact K5 in
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L%([0,T]; H) such that

P(uoruy, €K5) >1—€/4, keN.

Since Lz([O, T];H) C Leo([O, T];H“S), for 6 > 0, we have that K is also compact in LGO([O, T] ;H‘5),

which implies that K¢ + K¥ is relatively compact in L% ([0, T]; H~?), and for every k € N,
P(py, €Ki +K5) >1—¢/2.
Moreover, thanks to estimate (A.1.1) there exists L, (&) > 0 such that, if we define

KE= {0, T) xR = R: | fllov1o.1y) < Lae) ],

then

inf P(p, € KE) > 1—¢/4,
pe(O,ur)

and thus

kin&lP’(puk € (K +K5) ng) > 1-3¢/4.
€

By using again [58, Theorem 6], (Kl€ -|—K2£) N K¥ is relatively compact in LP([0,T];H —9) for
every § >0 and p < 6+ 1. This implies that the family of probability measures (-2 (py,)), oy i
tight in LP([0,T];H %), for every § >0 and p < 6 + 1.

Now, according to [58, Theorem 1], we have

1. J— _ = .
lim sup 1S = fll o o776y = 0
re(Kg+K5)nKs
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Furthermore, since

sup E 2 . < oo,
#e[oiﬂ HpﬂHLZ([O,T},Hl)

there exists L3(€) > 0 such that, if we define

K= {071 xR R : [ fllgoman < La(e) ).

then

inf P eKi)>1—¢g/4.
RE(0,ur) (p“ 4) /

Thus, if we define

K® = (K{ +K5) NK§ NKj,

we have

inf P K& >1—¢.
inf P(py, € K°) =

For every a € [0, 1) and for any 6 > 0, by interpolation

i 8
e < €l 8) il il

Thus, according to [58, Theorem 7], we have K? is relatively compact in L7(0,7T;H®), where

q=q(a,d,p) satisfies

1 l1—a a+o0

— = o0>0 6-+1.
g p(it8) 2045y 07D POT
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This means that K* is relatively compact in L9(0,T; H%), for every g < g(a), where

2(0+1)

q(a) = 216 a ael0,1),

so that (Z(py,)), .y 18 tight in X (a).

keN

Now let us assume that the condition (A.0.3) holds. Thanks to (A.1.4) we know that

}E})E 1 9hay HL“’([O,T];H) =0.

Since L=(0,T;H) C L1(0,T;H%), for every g < o and § > 0, we can proceed as in the proof

of part (1), and we have that (£ (py, ), is tight in LP([0, T]; H=?) for every p < co and & > 0.

keN

Finally, since

sup E HpﬂHiz([O,T};Hl) <%, (A2.5)
HE0,pur]

by using the same argument as in the proof of part (1), we have that for every a € [0, 1), (£ (py,)) LeN

is tight in L([0, T]; H*), where g = ¢(a, 8, p) satisfies

1 1—a a+o

1_ §>0. p< oo
g p(ixe) T2(itey °7%PS

This implies that (f(puk))keN is tight in L9([0, T]; H*), for every ¢ < 2/a, and the proof of part

(2) follows.
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A.3 The limiting problem

In this section we will prove the uniqueness of solutions for equation (A.0.2). To this

purpose, we shall first study the following quasilinear parabolic equation

dp(t,x) = div[b(p(t,x))Vp(t,x)] + fo(x,p(t,%)) + 0¢(p(t,-))dw?(t,x)
(A.3.1)

p(oax):g(MO(x))v p(tvo):p(tvL):O'

Definition A.7. An (.%,),>0 adapted process p € L*(Q;L*(0,T;H")) is a solution of equation

(A.3.1) if for every test function y € Cy ([0, L])

(P (). W) = (g(u0), W) + / (b(p(5))Vp(s). Vi) uds
° (A.3.2)

-/ (F(p(s)), Whmds + / (04(p())dw(s), W)

By proceeding as in the proof of [22, Theorem 6.2], combined with similar arguments as

in the proof of Proposition 2.13, we have the following result.

Proposition A.8. Under Hypotheses 2.1, 2.3 and 2.6, there is at most one solution p € L*(Q;L*(0,T;H"))

to equation (A.3.1).
Moreover, by proceeding as in the proof of [22, Theorem 7.1], we have the following result.

Proposition A.9. Assume Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6
and fix any T >0, uy € H'. Suppose that p € L*>(Q;L*(0,T;H")) is the a solution of equation
(A.3.1). Then, if we define u:= g~'(p), we have that u belongs to L*(Q;L*(0,T;H")) and
is a solution to equation (A.0.2). Furthermore, equation (A.0.2) admits at most one solution
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ue L>(Q;L%(0,T;HY)).

A.4 Proof of Theorem A.1

For every sequence { i }ren C (0, tr) converging to 0 as k — oo, we denote
up :=uy, and pg:=g(u), keN.
In view of the first part of Proposition A.S5, if we define

X:= () X(a),

0<ax<l

we have that the family

(L (s ) Yy 32<X x Lz(O,T;H))

is tight.

We denote by p a weak limit point for the sequence {p }xey and we denote
H =X xL*(0,T;H) xC([0,T],U),

where U is the Hilbert space such that the embedding Hp C U is Hilbert-Schmidt. According to

the Skorokhod Theorem there exist random variables

@:(p\707"/‘>Q)7 @k: (p/oék;w]g)a ke N7
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A

defined on a probability space (Q,.%,{.%},c 0,7]> P), such that

g(@> :g(p70>WQ)7 g(@k) :g(pb .u'katuk,WQ)7 ke N7

and such that

lim Y=% in H, Pas. (A4.1)
—oo0
In particular,

lim ( 16k = Pl o077y + 1Pk = Pl aio,71:0(0.11)) ) =0, P-as. (A4.2)

for every p < 6 + 1 and every ¢ < 4(6 +1)/(6 + 3). Moreover, thanks to (A.2.5), we have that

p € L>(;L%([0,T];H')), and, taking possibly a subsequence,
klim pr=p, in L2([0,T|;H"), P-as.
—>00

where L2([0,T); H') is the space L?([0,T]; H') endowed with the weak topology.
By proceeding as in the proof of [22, Theorem 7.1], thanks to Proposition A.9, in order to
prove Theorem A.1, it is sufficient to show that p solves the parabolic equation (??).

For every k € N and y € C7([0,L]), we have

(Pr(t) +0c(2), w)u = (g(uo) + Wivo, W)H — /Ot<b(l5k(s))vl5k(s)7V1l/>HdS
(A4.3)

= [ vinds+ [ (@b diZ(0) Wi, Bas.
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Since Py + O, converges to P in LZ(O, T;H), P-a.s., we have

lim /t<ﬁk(s)+ék(s),w)yds:/0t<ﬁ(s),l,l/>1.1ds, t€[0,7], P-as.

k—e [

As in the proof of [22, Theorem 7.1], we have that

lim sup
k=eo e 0,7]

Next, as (2.1.15) extends to Fg, for each k € N,

[ o)~ E ) W
< el /O (14185 + 15O S ) 14(5) — (5) s

(A.4.4)

(A4.5)

<C||‘V||Hl (1+||pk||Lq9 1([0,T]:C([0,L]) +Hp| Lq(e N([0,T]; C([O,L])) ||fjk_fjHLP([O’T];H)7

for any p, ¢ satisfying p~! +¢~ ! = 1. Now, if 8 € (1,3), we can fix

46+1)

[ESTET

so that (6 — 1) <4(0+1)/(6 +3). Then thanks to (A.4.2), we have

t

i sup | [P0 Winds— [ (E(PG).VInds <0, Bas

k=eeic 0,1

Finally, since

lim sup Hwk WQ(t)H =0, P-as.
k=resel0,T] v
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and

klgl}o 1P = Pllz2(j0,71.e1) = 0, P-as.

with the uniform estimate

A 2
sup B sup [|pi(1)[3 < oo,
keN  re[0,T]

by [37, Corollary 4.5] we have that

lim sup
k—eose0,7]

| {05 (5) W [ (04(p(s))92(5). )| 0. i probabity.

(A4.7)

Therefore, combining (A.4.4)—(A.4.7), if we integrate with respect to time both sides of

equation (A.4.3) and take the limit as k — oo, it follows that for every y € C7’([0,L]) and ¢ € [0, T,

/Ol<ﬁ<s>"l’>HdS= /0 t [<g<u0)al/’>H— /O (P ()VH(r), V) dr

+ [EOE)Wndr+ [ (0p(r)a0). vin ds, Pas

Due to the arbitrariness of # € [0, 7], this means that p € L?>(Q; X NL*(0,T;H")) solves equation
(A.3.1) with initial data ug, and the first part of the theorem is proved.

We omit the proof of the second part as it is analogous to the one we have just seen. We
only notice that in order to prove (A.4.6) we need that g(6 — 1) < 4. In particular, we need

4/(6 —1) > 1, and this is satisfied if 6 € (1,5).
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