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In this thesis, we study three problems related to the small mass limit, also known as the

Smoluchowski-Kramers diffusion approximation for stochastic damped wave equations. In the

first part, we study the validity of a large deviation principle for a class of stochastic nonlinear

damped wave equations, including equations of Klein-Gordon type, in the joint small mass and

small noise limit. Additionally, we provide a proof of the Smoluchowski-Kramers approximation

in the case of variable friction, non-Lipschitz nonlinear term, and unbounded diffusion.

In the second part, we investigate the convergence, in the small mass limit, of the sta-

tionary solutions of a class of stochastic damped wave equations, where the friction coefficient

depends on the state and the noisy perturbation is of multiplicative type. We demonstrate that

the Smoluchowski-Kramers approximation, previously shown to hold for any fixed time inter-

val, remains valid in the long-time regime. Specifically, we prove that the first marginals of any

sequence of stationary solutions for the damped wave equation converge to the unique invariant



measure of the limiting stochastic quasilinear parabolic equation.

The final result of this thesis concerns the Smoluchowski-Kramers approximation for a

system of stochastic damped wave equations, whose solution is constrained to live on the unitary

sphere in the space of square-integrable functions on any fixed interval. The stochastic pertur-

bation is a nonlinear multiplicative Gaussian noise, with the stochastic differential interpreted in

Stratonovich sense. Due to its particular structure, this noise not only conserves almost surely the

constraint, but also preserves a suitable energy functional. In the small-mass limit, we derive a de-

terministic system, that remains confined to the unit sphere, but includes additional terms. These

terms depend on the reproducing kernel of the noise and account for the interaction between the

constraint and the conservative noise.
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Chapter 1: Introduction

1.1 Stochastic damped wave equations with variable friction

We consider the following class of stochastic wave equations with state-dependent damping

on a bounded smooth domain O ⊂ Rd


µ∂

2
t uµ = ∆uµ − γ(uµ)∂tuµ + f (uµ)+σ(uµ)∂twQ,

uµ(0) = u0, ∂tuµ(0) = v0, uµ(t)|∂O = 0,

(1.1.1)

depending on a parameter 0 < µ << 1, where the noise wQ(t) is a cylindrical Q-Wiener process.

By Newton’s second law of motion, the solution uµ of equation (1.1.1) can be interpreted as

the displacement field of some particles in a domain O , subject to interaction forces represented

by the Laplacian and to nonlinear reactions represented by f , in the presence of a random external

forcing σ(uµ(t))∂twQ(t) and a state-dependent friction γ(uµ(t))∂tuµ(t). Here µ represents the

constant density of the particles and we are interested in the regime when µ → 0, known as the

Smoluchowski-Kramers approximation limit (see [45] and [59]).

A series of papers (see [12], [13]) have studied the limiting behavior of uµ , for a large class

of reaction term f , and for both additive and multiplicative noise. For the finite dimensional case,

the existing literature is quite broad and we refer in particular to [29], [30], [41], [42] and [60]
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(see also [14], [21] and [46] for systems subject to a magnetic field, and [44] and [54] for some

related multiscaling problems).

In recent years, there has been considerable research into the Smoluchowski-Kramers diffu-

sion approximation for infinite-dimensional systems. The first results in this direction dealt with

the case of constant damping term, with smooth noise and regular coefficients (see [12], [13]

and [49]). More recently, the case of constant friction has been studied in [34] and [62] for equa-

tions perturbed by space-time white noise in dimension d = 2, and in [40] for equations with

Hölder continuous coefficients in dimension d = 1. In all these papers, the fact that the damping

coefficient γ is constant leads to a perturbative result, in the sense that, in the small-mass limit,

the solution uµ of the stochastic damped wave equation converges to the solution of the stochastic

parabolic problem obtained by taking µ = 0. Specifically, it is proved that in the small mass limit

uµ converges to the solution of the following parabolic problem


γ∂tu = ∆u+ f (u)+σ(u)∂twQ,

u(0) = u0, u|∂O = 0.

(1.1.2)

More precisely, it is shown that for every T > 0 and η > 0

lim
µ→0

P

(
sup

t∈[0,T ]

∥∥uµ(t)−u(t)
∥∥

L2(O)
> η

)
= 0.

In fact, in [20] it is proved that when f is Lipschitz continuous, the following stronger conver-

gence holds

lim
µ→0

E sup
t∈[0,T ]

∥∥uµ(t)−u(t)
∥∥p

L2(O)
= 0,
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for every p ≥ 1. Several related problems have been addressed in a variety of both finite and

infinite dimensional contexts (see [29] and [60], for the finite dimensional case, and [12], [13],

[16], [49], [50], [51], [54] and [56], for the infinite dimensional case).

However, there are relevant situations where this is not the case. For instance, when the

constant friction is replaced by a magnetic field, the small-mass limit does not yield the solution to

the first-order equation. In fact, even in the case of a constant magnetic field and finite dimension,

the small mass limit does not yield the solution of the first-order equation (see [14], [21] and [46]

for the finite dimensional case and [20] for the infinite dimensional case). In this case, a possible

strategy consists in regularizing the problem by adding a small friction or by smoothing the noise

in time and, in the double limit, it is possible to give a meaning to the Smoluchowski-Kramers

approximation. In [20], the limiting equation is shown to be an SPDE of hyperbolic type.

In the present thesis, we consider another situation when the small mass limit does not

produce a perturbative result. Specifically, we consider a wave equation perturbed by a multi-

plicative noise, with a friction term whose intensity is state-dependent. This problem has been

extensively studied in finite dimension in a series of papers (see [42], and references therein, and

also [41]). In these studies, it is demonstrated how the interplay between the non-constant friction

coefficient and the noise creates an additional drift in the limiting first order equation, when the

mass µ goes to zero. More precisely, the following system is considered


dxµ(t) = vµ(t)dt, xµ(0) = x ∈ Rd,

µdvµ(t) =
[
b(xµ(t))− γ(xµ(t))vµ(t)

]
dt +σ(xµ(t))dW (t), vµ(0) = v ∈ Rd,

(1.1.3)
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where γ is a matrix valued function defined on Rd , such that for some positive γ0

inf
x∈O

ξ
T

γ(ξ )ξ ≥ γ0|ξ |2, ξ ∈ Rd.

It is proved that, as µ goes to zero, xµ converges in L2, with respect to the uniform norm in

C([0,T ];Rd), to the solution of the first order equation

dx(t) =
(b(x(t))

γ(x(t))
+S(x(t))

)
dt +

σ(x(t))
γ(x(t))

dW (t), x(0) = x,

where the noise induced drift S(x) is given by

Si(x) =
∂

∂l

[
(γ−1)i j(x)

]
J jl(x),

and the matrix valued function J is the solution of the Lyapunov equation

J(x)γ∗(x)+ γ(x)J(x) = σ(x)σ∗(x).

The case of SPDEs with state-dependent damping was first considered in [22] for a single equa-

tion. In that work, it was shown that if the friction coefficient γ ∈ C1(R) is strictly positive and

bounded, the nonlinear term f is Lipschitz continuous and the diffusion coefficient σ is bounded

and Lipschitz continuous, then for any initial condition (u0,v0) ∈ H1
0 (O)× L2(O) and for any

p < ∞

lim
µ→0

P
(∥∥uµ −u

∥∥
Lp(O)

> η

)
= 0, η > 0, (1.1.4)
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where u is the unique solution of the quasilinear stochastic parabolic equation


∂tu =

1
γ(u)

∆u+
f (u)
γ(u)

− γ ′(u)
2γ3(u)

∞

∑
i=1

(
σ(u)Qei

)2
+

σ(u)
γ(u)

∂twQ, t > 0, x ∈ O,

u(0) = u0, u|∂O = 0.

(1.1.5)

It is important to note that if σ is constant, then the noise induced term coincides with the

Stratonovich-to-Itô correction, so that equation (1.1.5) can be written as

∂tu =
1

γ(u)
∆u+

f (u)
γ(u)

+
σ

γ(u)
◦∂twQ.

However, if σ is not constant, the Stratonovich-to-Itö correction contains additional terms in-

volving the derivative of σ , which are not present in (1.1.5). This indicates that in the case of

an arbitrary state-dependent diffusion coefficient σ the small mass limit does not lead to the per-

turbative parabolic quasilinear equation, obtained by taking µ = 0 and replacing the Itô with the

Stratonovich’s integral.

Most recently, the same problem for systems of equations has been studied in [11], where

uµ(t,x) =
(
u1,µ(t,x),u2,µ(t,x), . . . ,ur,µ(t,x)

)
for some r ≥ 2. The friction coefficient is assumed

to be in the form

[γ(h)k](x) = g(h)k(x), x ∈ O,

for some differentiable mapping g : H1 → Rr×r, which is bounded together with its derivative,

and such that for some γ0 > 0

inf
h∈H1

〈
g(h)ξ ,ξ

〉
Rr ≥ γ0 ∥ξ∥2

Rr , ξ ∈ Rr,
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It is proven that under some suitable initial conditions, for every ρ < 1, ϑ < 2, p < 2/(ϑ − 1)

and η ,T > 0 it holds

lim
µ→0

P

(
sup

t∈[0,T ]

∥∥uµ(t)−u(t)
∥∥

Hρ +

ˆ T

0

∥∥uµ(t)−u(t)
∥∥p

Hϑ dt > η

)
= 0,

where u is the solution of equation


∂tu(t) = g−1(u(t))∆u(t)+g−1(u(t)) f (u(t))+S(u(t))+g−1(u(t))σ(u(t))∂twQ,

u(0) = u0, u|∂O = 0.

(1.1.6)

Here,

S(u) :=
ˆ

H1

[
Dg−1(u)z

]
zdν

u(z), u ∈ H1,

where νu is the unique invariant measure of the Markov transition semigroup associated with

equation

dy(t) =−g(u)y(t)dt +σ(u)dwQ(t), y(0) = v.

1.1.1 The small noise limit in the Smoluchowski-Kramers approximation

The study of the Smoluchowski-Kramers approximation extends beyond simply proving

the limit of the solution uµ . In many applications, it is important to understand the stability

of this approximation with respect to other significant asymptotic features exhibited by the two

systems. In this context, [12], [17], and more recently [54], show that the statistically invariant

states of the stochastic damped wave equation (in the case of constant friction) converge, in a

suitable sense, to the invariant measure of the limiting equation. Similarly, [18] and [19] study
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the convergence of the quasi-potential, which, as is well-known, describes the asymptotics of

the exit time of the solutions from a functional domain and the large deviation principle for the

invariant measure.

In Chapter 2 (see [23] for reference), we explore the interplay between the small-mass and

small-noise limits for system (1.1.1) with state-dependent damping. Specifically, we focus on the

validity of a large deviation principle for the following equation


µ∂

2
t uµ(t,x) = ∆uµ(t,x)− γ(uµ(t,x))∂tuµ(t,x)+ f (x,uµ(t,x))+

√
µ σ(uµ(t, ·))∂twQ(t,x),

uµ(0,x) = u0(x), ∂tuµ(0,x) = v0(x), uµ(t,x) = 0, x ∈ ∂O,

(1.1.7)

where, together with the mass, we are also assuming that the intensity of the noise vanishes. We

assume that the friction coefficient γ ∈C1(R) and

0 < γ0 ≤ γ(s)≤ γ1, s ∈ R.

The nonlinearity f is either a Lipschitz-continuous function (in this case we can consider any

dimension d ≥ 1) or a locally Lipschitz-continuous function of the Klein-Gordon type (in this

case we can only take d = 1). The noise wQ(t) is a cylindrical Q-Wiener process and σ is

a suitable Lipschitz-continuous operator-valued function. Our goal is to prove that, in the joint

small mass and small noise limit the family of random variables {uµ}µ>0 satisfy a large deviation

principle in the space C([0,T ];Lp(O)), (for some p > 2 depending on the dimension d), with

7



respect to the action functional

IT (u) = inf
ϕ

{
1
2

ˆ T

0
∥ϕ(t)∥2

L2(O) dt : u(t) = uϕ(t), t ∈ [0,T ]
}
,

where uϕ(t) denotes the solution of the controlled quasi-linear parabolic equation


γ(u(t,x))∂tu(t,x) = ∆u(t,x)+ f (x,u(t,x))+σ(u(t, ·))ϕ(t,x),

u(0,x) = u0(x), u(t,x) = 0, x ∈ ∂O.

(1.1.8)

In particular, this implies that, despite the presence of a non-constant friction coefficient, the

Smoluchowski-Kramers approximation of equation (1.1.1) leads to equation (1.1.5), while the

large deviation principle is consistent with equation (1.1.2).

The small parameter we are taking in front of the noise in equation (1.1.7) is
√

µ . However,

we would like to emphasize that this choice is made only for simplicity sake. In fact,
√

µ could

be replaced by any other positive function α(µ) such that

lim
µ→0

α(µ) = 0, lim
µ→0

α(µ)
√

µ
< ∞,

and in this case, the speed of the large deviation principle would be α2(µ), instead of µ .

Additionally, in Appendix A we extend the results of [22] and provided a proof of the

validity of the Smoluchowski-Kramers approximation for quasi-monotone f having polynomial

growth and unbounded diffusion σ (see Hypothesis 2.6 in Chapter 2). This requires proving

non-trivial a-priori bounds for the solution uµ and its time derivative ∂tuµ , as well as introducing
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suitable functional spaces where tightness holds and the small-mass limit can be established.

1.1.2 The small-mass limit for stationary solutions

After establishing the validity of the small mass limits within a fixed time interval, the next

step of interest is to compare the long-term dynamics of the second-order system (1.1.1) with

those of the first-order system (1.1.5) (to this purpose, see e.g. [17], [18], [19], [21], [23], [44]).

In [12], a comparative analysis of the long-term behavior of equations (1.1.1) (with a con-

stant γ) and (1.1.2) was conducted, assuming both systems to be of gradient type. Notably, in

the case where the noise is white in both space and time (Q = I) and the dimension is d = 1,

an explicit expression for the Boltzmann distribution of the process zµ(t) := (uµ(t),∂uµ/∂ t(t))

in the phase space H := L2(0,L)×H−1(0,L) was derived. Since there is no equivalent of the

Lebesgue measure in the functional space H , an auxiliary Gaussian measure was introduced,

and the density of the Boltzmann distribution was then expressed with respect to such auxiliary

Gaussian measure, which itself corresponds to the stationary measure of the linear wave equa-

tion associated with problem (1.1.1). In particular, it was shown that the first marginal of the

invariant measure linked to the process zµ(t) remains independent of µ > 0 and coincides with

the invariant measure for the heat equation (1.1.2).

In the case of non-gradient systems, that is when the noise is colored in space and/or of

multiplicative type, there is no explicit expression for the invariant measure νµ associated with

system (1.1.1) and there is no reason to expect that the first marginal of νµ does not depend on µ

or coincides with the invariant measure ν of system (1.1.2). Nonetheless, in [17] it was proved

that, as the mass parameter µ tends to zero, the first marginal of any invariant measure νµ associ-
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ated with the second-order system (1.1.1) converges in a suitable manner to the invariant measure

ν of the first-order system (1.1.2). Specifically, the following convergence was established

lim
µ→0

Wα

(
(Π1νµ)

′,ν
)
= 0, (1.1.9)

where (Π1νµ)
′ denotes the extension of the first marginal of the invariant measure νµ to H :=

L2(O), and the metric Wα corresponds to the Wasserstein metric on P(H) associated with a

distance metric α in H, which was determined based on the characteristics of the non-linearity

function f under consideration.

We would like to remark that this result about the limiting behavior of stationary solutions

of system (1.1.1), in the Smoluchowski-Kramers approximation, is consistent to what proven

in [18] and [19] for the limiting behavior of the quasi-potential Vµ(u,v), that describes the asymp-

totics of the exit times and the large deviation principle for the invariant measures in equation

(1.1.1). Actually, in [18] the quasi-potential Vµ(u,v) associated with (1.1.1) has been explicitly

computed under the assumption that system (1.1.1) is of gradient type and it has been shown that

for every fixed µ > 0

Vµ(u) := inf
v∈H−1(O)

Vµ(u,v) =V (u),

where V (u) is the quasi-potential associated with (1.1.2). Moreover, in [19] the non-gradient

case has been proven that in spite of the fact that there is no explicit expression for Vµ(u,v),

nevertheless

lim
µ→0

Vµ(u) =V (u).

In Chapter 3 (see [24] for reference), we aim to investigate whether the results established
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in [17] for the case of constant friction γ can be proven for the case of state-dependent γ , where the

Smoluchowski-Kramers approximation gives the more complex stochastic quasi-linear parabolic

problem (1.1.5), instead of the simpler parabolic semi-linear problem (1.1.2).

One of the key ingredients used in [17] is the fact that the transition semigroup Pt associated

with equation (1.1.2) admits a unique invariant measure ν ∈ P(H). Additionally, the following

contraction property holds

Wα (P⋆
t ν1,P⋆

t ν2)≤ ce−δ t Wα(ν1,ν2), t ≥ 0, ν1,ν2 ∈ P(H), (1.1.10)

for some δ > 0. For equation (1.1.2), such problems have been extensively studied, and a wide

variety of results is available. However, for the quasi-linear problem (1.1.5) the situation is much

more intricate, and several fundamental facts are not known, such as whether the semigroup

associated is Feller in H or not. In particular, even the use of the Krylov-Bogoliubov theorem for

the proof of the existence of an invariant measure in H is not possible. Consequently, we have

to employ novel arguments and take a different approach, which in particular brings us to study

equations (1.1.1) and (1.1.5) in spaces of lower regularity than H1 ×H and H, respectively.

In Chapter 3, we prove that for every µ > 0 the Markov transition semigroup associated

with the second-order system (1.1.1) admits at least one invariant measure νH
µ in H = H ×H−1

with support in H1 := H1×H, and the transition semigroup associated with the first-order quasi-

linear equation (1.1.5) has a unique invariant measure ν in H, with support in H1. Then we show

that as the mass parameter µ tends to zero, the first marginal of any invariant measure νH
µ of

(1.1.1) converges weakly in H to the unique invariant measure µ of (1.1.5). The convergence is

proved with respect to the Wasserstein distance associated with the H−1 norm. Specifically, we

11



show that if we define

α(u1,u2) := ∥u1 −u2∥H−1 , u1,u2 ∈ H−1,

then we have

lim
µ→0

Wα

(
Π1ν

H
µ ,ν

)
= 0, (1.1.11)

where the metric Wα corresponds to the Wasserstein metric on P(H−1) associated with the

distance metric α . This result generalizes the results from [17], where constant friction γ was

considered, to the case of the state-dependent γ , and extends the Smoluchowski-Kramers approx-

imation previously validated within a fixed time interval (see [22]) to the long-time regime.

1.2 Stochastic constrained wave equations

As mentioned in Section 1.1 that, the Smoluchowski-Kramers diffusion approximation for

SPDEs with state-dependent damping differs from the case with constant friction. Specifically,

the non-constant friction introduces a noise-induced term in the small-mass limit. An analo-

gous phenomenon has also been identified in [3], where the stochastic damped wave equations

constrained to live on a manifold in the functional space of square-integrable functions L2(O)

was first considered. In fact, in this case, the Smoluchowski-Kramers approximation leads to a

stochastic parabolic problem, whose solution is constrained to live on the unitary L2(O)-sphere,

and an additional drift term arises.

The study of deterministic and stochastic constrained PDEs is not new. In this context, we

highlight the works of Rybka [55] and Caffarelli and Lin [9] where, deterministic heat flows on
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Hilbert manifolds were explored as part of a gradient flow approach to a specific minimization

problem. Additionally, the constrained version of the deterministic 2-D Navier-Stokes equation

was studied in [6] by Brzezniak, Dhariwal and Mariani, as well as in [10] by Caglioti, Pulvirenti,

and Rousset. Later, stochastic version of this equation was investigated in [5] and [4] by Brzez-

niak and Dhariwal.

In [3], well-posedness for a class of abstract stochastic equations in a separable Hilbert

space H was first studied. Specifically, they considered the equation

utt(t)+ |ut(t)|2Hu(t) =−A2
0u(t)+ |A0u(t)|2H − γut(t)+σ(u(t),ut(t))◦dW (t), (1.2.1)

where the solution is subject to the finite-codimension constraint of living on M = SH(0,1),

the unitary sphere of H, with the initial data (u0,v0) in T M, the tangent bundle of M. Here

A0 is a non-negative self-adjoint operator on H with domain D(A0). The well-posedness re-

sult for this abstract stochastic equation was then applied to the specific case of the stochastic

damped wave equation (1.1.1) constrained to live on the unitary sphere M in H, where the associ-

ated Smoluchowski-Kramers diffusion approximation was studied. Namely, they considered the

equation



µ∂
2
t uµ(t,x)+µ|∂tuµ(t)|2L2(0,L)uµ(t,x),

= ∆uµ(t,x)+ |∇uµ(t)|2L2(0,L)uµ(t,x)− γ∂tuµ(t,x)+σ(uµ(t))∂twQ(t,x)

uµ(0,x) = u0(x), ∂tuµ(0,x) = v0(x), uµ(t,x) = 0, x ∈ ∂O,

(1.2.2)
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where γ is a positive constant, wQ is a Wiener process on H, with reproducing kernel Hilbert

space K and convariance operator Q, and the mapping σ : H1
0 (O) → L (H) is such that σ(u)

projects H onto the tangent space TuM. It was proven in [3] that for any sufficiently smooth

initial condition (u0,v0) in the tangent bundle of M, the solution uµ converges in probability, in a

suitable functional space, to the unique solution of the limiting equation


γ∂tu(t,x) = ∆u(t,x)+ |∇u(t,x)|2Hu(t,x)− 1

2
∥σ(u(t))∥2

L2(K,H) u(t)+σ(u(t))∂twQ(t,x),

u(0,x) = u0(x), u(t,x) = 0, x ∈ ∂O,

(1.2.3)

It is important to note that the noise-induced term

−1
2
∥σ(u(t))∥2

L2(K,H) u(t),

does not coincides with the Stratonovich-to-Itô correction term.
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1.2.1 Stochastic constrained wave equations with nonlinear conservative noise

In Chapter 4 (see [25] for reference), we continue the work started in [3] and introduce the

following system of stochastic wave equations on the interval (0,L)



µ∂
2
t uµ(t,x)+µ|∂tuµ(t)|2L2(0,L)uµ(t,x),

= ∂
2
x uµ(t,x)+ |∂xuµ(t)|2L2(0,L)uµ(t,x)− γ∂tuµ(t,x)+

√
µ
(
uµ(t)×∂tuµ(t)

)
◦∂tw(t,x)

uµ(0,x) = u0(x), ∂tuµ(0,x) = v0(x), uµ(t,0) = uµ(t,L) = 0,
(1.2.4)

depending on a parameter 0 < µ << 1. Here uµ(t,x)∈ R3, for every (t,x)∈ [0,+∞)×(0,L), the

friction coefficient γ is strictly positive, and w(t) is a cylindrical Wiener process, white in time

and colored in space, with ◦ denoting the Stratonovich stochastic differential. The solution uµ(t)

is subject to the finite-codimension constraint of living on M = SL2(0,L)(0,1), the unitary sphere

of L2(0,L) = L2(0,L;R3), with the initial data (u0,v0) in M , the tangent bundle of M.

The key and fundamental distinction between the present research and [3] lies in the na-

ture of the random perturbation considered. Actually, unlike any previous work related to the

Smoluchowski-Kramers diffusion-approximation, whether in finite or infinite dimensions, the

diffusion coefficient σµ we considered is nonlinear and includes both the position uµ(t) and the

velocity ∂tuµ(t), through the vector product
√

µ uµ(t)×∂tuµ(t).

The reason why in all previous works the diffusion does not depend on the velocity is that,

while one expects a limit for uµ , there is no limit for ∂tuµ , and it is not clear how to make sense

of the limit in the equation, especially when it comes to the martingale term. However, as shown
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in previous studies, the term
√

µ ∂tuµ can have non trivial limiting behavior, and with the present

work we are trying to understand what happens when σµ(u,v) =
√

µ u× v.

In [3], the diffusion coefficient did not include the velocity ∂tuµ(t), so the Itô and Stratonovich

interpretations of the stochastic differential yielded the same equation (1.2.2). In contrast, in the

current setting, the Itô and Stratonovich interpretations lead to different equations. We choose to

interpret the stochastic differential in the Stratonovich sense, which has significant implications.

Due to the special structure of the diffusion coefficient, both the Stratonovich and Itô integrals

ensure that the solution (uµ(t),∂tuµ(t)) remains within the tangent bundle M , for every t ≥ 0.

However, the noise in the Stratonovich sense exhibits more substantial conservative behavior,

preserving the energy

Eµ(t) := |uµ(t)|2H1
0 (0,L)

+µ |∂tuµ(t)|2L2(0,L)+

ˆ t

0
|∂tuµ(s)|2L2(0,L) ds, (1.2.5)

almost surely with respect to P. This phenomenon, well-understood in other contexts, particularly

in the parabolic setting, plays a critical role in the scenario considered here, as it provides a key

tool for proving the necessary bounds for uµ(t) and
√

µ ∂tuµ(t) in the appropriate functional

spaces, uniformly with respect to µ ∈ (0,1). And those bounds are fundamental in the proof of

the tightness and in the identification of the limit.

After demonstrating that for every fixed µ ∈ (0,1) and p ≥ 1, and any initial condition

(u0,v0) ∈ [H1
0 (0,L)×L2(0,L)]∩M and p ≥ 1 there exists a unique mild solution of equation

(1.2.4)

zµ = (uµ ,∂tuµ) ∈ Lp(Ω;C([0,+∞); [H1
0 (0,L)×L2(0,L)]∩M )),
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we study the limiting behavior of uµ , as µ ↓ 0. Our main result shows that if (u0,v0)∈ [H2(0,L)×

H1(0,L)]∩M , then, for every T > 0 and δ < 2 and for every η > 0 we have

lim
µ→0

P
(
|uµ −u|C([0,T ];Hδ ) > η

)
= 0, (1.2.6)

where u is the unique solution of the deterministic problem



γ∂tu(t)+
1
2

ϕ ∂t(|u(t)|2u(t)) = ∂
2
x u(t)+ |∂xu(t)|2Hu(t)

+
3ϕ

2γ

([
∂

2
x u(t)+ |∂xu(t)|2Hu(t)

]
·u(t)

)
u(t),

u(0,x) = u0(x), u(t,0) = u(t,L) = 0,

(1.2.7)

where

ϕ(x) =
∞

∑
i=1

ξ
2
i (x), x ∈ [0,L],

and {ξi}i∈N is an orthonormal basis for the reproducing kernel K of the noise w(t).

This result indicates that uµ converges to a deterministic limit u, which solves a determin-

istic problem, while preserving the constraint to stay on the unitary sphere of L2(0,L). Notably,

as in the previously mentioned cases - where however only stochastic limits are obtained - in the

small-mass limit several noise-induced terms appear in the limiting equation, which depend on

the noise present in the second-order problem through the function ϕ .

It is important to remark that this non-trivial behavior emerges only in the
√

µ scaling for

the diffusion coefficient, as in the case of µα , with α > 1/2, the limiting equation (1.2.7) has to
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be replaced by the constrained parabolic problem

γ∂tu(t) = ∂
2
x u(t)+ |∂xu(t)|2Hu(t),

with the same initial and boundary conditions, and without noise-induced terms. As for the

limiting behavior of uµ when the diffusion is scaled as µα , with α ∈ [0,1/2), the expected

limiting equation is not clear. We conjecture that if any limiting point exists, it should satisfy the

deterministic equation

|u(t)|2u(t) = |u0|2u0 +
3
γ

ˆ t

0

(
∂

2
x u(s) ·u(s)

)
u(s)ds+

3
γ

ˆ t

0
|∂xu(s)|2H |u(s)|2u(s)ds. (1.2.8)

However, in order to prove the convergence of any limiting point for the family {uµ}µ∈(0,1) to a

solution of (1.2.8), tightness in at least L2(0,T ;H1
0 (0,L)) would be necessary. Due to the structure

of the diffusion coefficient σ(u,v) = u×v, the uniform bounds required to establish this tightness

appear to be beyond reach.

18



Chapter 2: On the small noise limit in the Smoluchowski-Kramers approxima-

tion of nonlinear wave equations with variable friction

In this chapter, we aim to study the validity of a large deviation principle for the following

equation


µ∂

2
t uµ(t,x) = ∆uµ(t,x)− γ(uµ(t,x))∂tuµ(t,x)+ f (x,uµ(t,x))+

√
µ σ(uµ(t, ·))∂twQ(t,x),

uµ(0,x) = u0(x), ∂tuµ(0,x) = v0(x), uµ(t,x) = 0, x ∈ ∂O.

(2.0.1)

The outline of the chapter is as follows. In Section 2.1, we introduce all the assumptions

and notations that will be used throughout the chapter. In Section 2.2, we present the main

result in this chapter (see Theorem 2.8) and outline the method employed to prove it. In Section

2.3, we study the well-posedness of the controlled version of Eq. (2.0.1) in H1 := H1 ×H,

assuming that the nonlinearity f is either Lipschitz continuous, or locally Lipschitz-continuous

of the Klein-Gordon type. In Section 2.4 we establish uniform bounds for the solution uµ and

∂tuµ with respect to µ ∈ (0,1), and demonstrate the tightness of the corresponding family of

probability measures. In Section 2.5, we prove the uniqueness of the limit controlled problem

(2.2.2). Finally, in Section 2.6 we prove the main result of this chapter, Theorem 2.8.
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2.1 Notations and assumptions

Throughout the present chapter O is a bounded domain in Rd , with smooth boundary. We

denote by H the Hilbert space L2(O) and by ⟨·, ·⟩H the corresponding inner product. H1 is the

completion of C∞
0 (O) with respect to norm

∥u∥2
H1 := ∥∇u∥2

H =

ˆ
O
|∇u(x)|2dx,

and H−1 is the dual space to H1.

Given the domain O , we denote by {ei}i∈N ⊂ H1 the complete orthonormal basis of H

which diagonalizes the Laplacian ∆, endowed with Dirichlet boundary conditions on ∂O . More-

over, we denote by {−αi}i∈N the corresponding sequence of eigenvalues, i.e.

∆ei =−αiei, i ∈ N.

Next, for every δ ∈ R, we denote by Hδ the completion of C∞
0 (O) with respect to the norm

∥u∥2
Hδ :=

∞

∑
i=1

α
δ
i ⟨h,ei⟩2

H .

Notice that with this definition H0 =H and, if δ1 < δ2, then Hδ2 ↪→Hδ1 with compact embedding.

We also define

Hδ := Hδ ×Hδ−1, H := H ×H−1.

Next, for every two separable Hilbert spaces E and F , we denote by L (E,F) the space of
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all bounded linear operators from E to F , and denote by L2(E,F) the space of Hilbert-Schmidt

operators from E into F . L2(E,F) is a Hilbert space, endowed with the inner product

⟨B,C⟩L2(E,F) = TrE [B⋆C] = TrF [CB⋆],

and, as well known, L2(E,F)⊂ L (E,F), with

∥B∥L (E,F) ≤ ∥B∥L2(E,F).

2.1.1 The stochastic term

We assume that wQ(t) is a cylindrical Q-Wiener process, defined on a complete stochastic

basis (Ω,F ,(Ft)t≥0,P). This means that wQ(t) can be formally written as

wQ(t) =
∞

∑
i=1

Qeiβi(t),

where {βi}i∈N is a sequence of independent standard Brownian motions on (Ω,F ,(Ft)t≥0,P),

{ei}i∈N is the complete orthonormal system introduced above that diagonalizes the Laplace oper-

ator, endowed with Dirichlet boundary conditions, and Q : H → H is a bounded linear operator,.

When Q = I, wI(t) will be denoted by w(t). In particular, we have wQ(t) = Qw(t).

In what follows we shall denote by HQ the set Q(H). HQ is the reproducing kernel of the

noise wQ and is a Hilbert space, endowed with the inner product

⟨Qh,Qk⟩HQ = ⟨h,k⟩H , h,k ∈ H.
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Note that the sequence {Qei}i∈N is a complete orthonormal system in HQ. Moreover, if U is any

Hilbert space containing HQ such that the embedding of HQ into U is Hilbert-Schmidt, we have

that

wQ ∈ C([0,T ];U). (2.1.1)

Hypothesis 2.1. The mapping σ : H → L2(HQ,H) is defined by

[σ(h)Qei](x) = σi(x,h(x)), x ∈ O h ∈ H, i ∈ N,

for some mapping σi : O ×R→ R. We assume that there exists L > 0 such that

sup
x∈O

∞

∑
i=1

|σi(x,y1)−σi(x,y2)|2 ≤ L |y1 − y2|2, y1,y2 ∈ R. (2.1.2)

Moreover,

sup
x∈O

∞

∑
i=1

|σi(x,0)|2 =: σ
2
0 < ∞. (2.1.3)

Remark 2.2. 1. Condition (2.1.2) implies that σ is Lipschitz continuous. Namely for any

h1,h2 ∈ H

∥σ(h1)−σ(h2)∥L2(HQ,H) ≤
√

L∥h1 −h2∥H . (2.1.4)

This, together with condition (2.1.3), implies also that σ has linear growth, that is

∥σ(h)∥L2(HQ,H) ≤
√

L∥h∥H + |O|1/2
σ0. (2.1.5)

2. If σ is constant, then Hypothesis 2.1 means that σQ is a Hilbert-Schmidt operator in H.
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3. If σ is not constant, Hypothesis 2.1 is satisfied for example when

[σ(h)Qk](x) = s(x,h(x))Qk(x), x ∈ O, h,k ∈ H,

for some measurable function s : O ×R→ R such that s(x, ·) : R→ R is Lipschitz contin-

uous, uniformly with respect to x ∈ O , and for some Q ∈ L (H) such that

∞

∑
i=1

∥Qei∥2
L∞(O) < ∞. (2.1.6)

In case Q is diagonalizable with respect the basis (ei)i∈N, with Qei = λiei, condition (2.1.6)

reads
∞

∑
i=1

λ
2
i ∥ei∥2

L∞(O) < ∞. (2.1.7)

In general (see [36]), we have

∥ei∥L∞(O) ≤ c iα ,

for some α > 0, and (2.1.7) becomes

∞

∑
i=1

λ
2
i i2α < ∞.

In particular, when d = 1 or the domain is a hyperrectangle when d > 1 the eigenfunctions

(ei)i∈N are equi-bounded and (2.1.7) becomes Q ∈ L2(H).
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2.1.2 The coefficients

Throughout this chapter, we shall assume that the friction coefficient satisfies the following

condition

Hypothesis 2.3. The mapping γ belongs to C1
b(R) and there exist γ0 and γ1 such that

0 < γ0 ≤ γ(r)≤ γ1, r ∈ R. (2.1.8)

In what follows, we shall define

g(r) =
ˆ r

0
γ(σ)dσ , r ∈ R.

Remark 2.4. 1. Clearly g(0) = 0 and g′(r) = γ(r). In particular, due to (2.1.8), g is uniformly

Lipschitz continuous on R.

2. The function g is strictly increasing and

|(g(r1)−g(r2)|(r1 − r2)≥ γ0 |r1 − r2|2, r1,r2 ∈ R.

As far as the nonlinearity f is concerned, in this chapter we shall consider two situations:

f is Lipschitz continuous and O is a bounded smooth domain in Rd , for any arbitrary d ≥ 1 (see

Hypothesis 2.5), or f is only locally Lipschitz continuous with polynomial growth and O is a

bounded interval in R (see Hypothesis 2.6).
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Hypothesis 2.5. The mapping f : O ×R→ R is measurable and there exists c > 0 such that

sup
x∈O

| f (x,r)− f (x,s)| ≤ c |r− s|, r,s ∈ R.

Moreover

sup
x∈O

| f (x,0)|< ∞.

In what follows, for every function u : O → R, we shall denote

F(u)(x) = f (x,u(x)), x ∈ O.

Hypothesis 2.6. We have O = [0,L] and the mapping f : [0,L]×R → R is measurable and

satisfies the following conditions.

1. There exist θ > 1 and c1 > 0 such that for every r ∈ R

sup
x∈ [0,L]

| f (x,r)| ≤ c1

(
1+ |r|θ

)
, sup

x∈ [0,L]
|∂r f (x,r)| ≤ c1

(
1+ |r|θ−1

)
. (2.1.9)

Moreover, there exists c2 > 0 such that for every r ∈ R and x ∈ [0,L]

f(x,r) :=
ˆ r

0
f (x,s)ds ≤ c2

(
1−|r|θ+1

)
. (2.1.10)

2. For every x ∈ [0,L], the function f (x, ·) : R→ R is differentiable and

sup
(x,r)∈ [0,L]×R

∂r f (x,r)≤ 0. (2.1.11)
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3. For every r ∈ R, the function f (·,r) : [0,L]→ R is differentiable and

sup
x∈ [0,L]

|∂x f (x,r)| ≤ c(1+ |r|) , r ∈ R.

Remark 2.7. 1. A typical example of a function f satisfying Hypothesis 2.6 is

f (r) =−a |r|θ−1r.

2. When d = 1, we have that H1 ↪→ L∞(O), and then we get the fundamental fact that F(u) ∈

H, for every u ∈ H1.

3. In the existing literature the well-posedness of stochastic semi-linear wave equations hav-

ing polynomial nonlinearities is not restricted to space dimendion d = 1. However, here the

presence of a state-dependent friction coefficient, and the fact that we are not just interested

in the well-posedness of equation (2.0.1), but also in the small mass and small noise limits,

makes our analysis more complicated and we can only handle the case of space dimension

d = 1.

4. We are assuming (2.1.11) just for the sake of simplicity. In fact, our results remain true

under the condition

sup
(x,r)∈ [0,L]×R

∂r f (x,r)< ∞.

5. From (2.1.10) and (2.1.11), it is not hard to show that for every r ∈ R

sup
x∈[0,L]

r f (x,r)≤ c2

(
1−|r|θ+1

)
. (2.1.12)
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Indeed, if we consider the function

G(x,r) := f(x,r)− r f (x,r), r ∈ R, x ∈ [0,L],

then for every x ∈ [0,L], ∂rG(x,r) = −r∂r f (x,r) ≥ 0 if r > 0, and ∂rG(x,r) ≤ 0 if r < 0.

Note that G(x,0) = 0, we have G(x,r)≥ 0, and thus (2.1.12) follows from (2.1.10).

6. Thanks to (2.1.11) we have

⟨F(u)−F(v),u− v⟩H ≤ 0, u,v ∈ H1.

In particular, there exists some c > 0 such that

⟨F(u),u⟩H ≤ c∥u∥H , u ∈ H1. (2.1.13)

7. Due to (2.1.9), for every u,v ∈ H1, we have

∥F(u)−F(v)∥2
H ≤ c

ˆ
O

(
1+ |u(x)|2(θ−1)+ |v(x)|2(θ−1)

)
|u(x)− v(x)|2 dx,

so that

∥F(u)−F(v)∥H ≤ c
(

1+∥u∥θ−1
H1 +∥v∥θ−1

H1

)
∥u− v∥H . (2.1.14)

In particular, we have

∥F(u)∥H ≤ c
(

1+∥u∥θ

H1

)
, u ∈ H1.
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8. In the same way

∥F(u)−F(v)∥L1 ≤ c
ˆ

O

(
1+ |u(x)|θ−1 + |v(x)|θ−1

)
|u(x)− v(x)|dx

≤ c
(

1+∥u∥θ−1
L2(θ−1) +∥v∥θ−1

L2(θ−1)

)
∥u− v∥H .

(2.1.15)

Now, by proceeding as in [52] (see also [13]), for every n ∈ N and x ∈ O we define

fn(x,r) :=



f (x,n)+(r−n)∂r f (x,n), if r ≥ n,

f (x,r), if r ∈ [−n,n],

f (x,−n)+(r+n)∂r f (x,−n), if r ≤−n.

(2.1.16)

Clearly, for every n ∈ N, the mapping fn(x, ·) : R→ R is Lipschitz continuous, uniformly with

respect to x ∈ [0,L], and

fn(x,r) = f (x,r), x ∈ [0,L], r ∈ [−n,n].

Moreover,

sup
x∈ [0,L]

| fn(x,r)| ≤ c
(

1+ |r|θ
)
, sup

x∈ [0,L]
|∂r fn(x,r)| ≤ c

(
1+ |r|θ−1

)
, (2.1.17)
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for some constant c independent of n, and there exists n0 ∈ N such that for every n ≥ n0

fn(x,r) :=
ˆ r

0
fn(x,s)ds ≤ c

(
1−nθ+1

)
, r ∈ R, x ∈ [0,L]. (2.1.18)

2.2 Large deviation principle

Our main result in this chapter is stated as follows.

Theorem 2.8. Assume Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6 and

fix p < ∞, if d = 1,2, and p < 2d/(d−2), if d > 2. Then, for every (u0,v0) ∈ H1 and T > 0, the

family {L (uµ)}µ>0 satisfly a large deviation principle in C([0,T ];Lp(O)), as µ ↓ 0, with action

functional

IT (u) = inf
ϕ

{
1
2

ˆ T

0
∥ϕ(t)∥2

H dt : u(t) = uϕ(t), t ∈ [0,T ]
}
, (2.2.1)

where uϕ(t) denotes the unique weak solution to the quasi-linear parabolic equation


∂tu(t,x) = γ

−1(u(t,x)) [∆u(t,x)+ f (x,u(t,x))+σ(u(t, ·))ϕ(t,x)] ,

u(0,x) = u0(x), u(t,x) = 0, x ∈ ∂O.

(2.2.2)

Theorem 2.8 is proved by following the classical weak convergence approach to large devi-

ations, as developed for SPDEs in [8]. To this purpose, we need first to introduce some notations.

For every T > 0, we denote by PT the set of predictable processes in L2(Ω× [0,T ];H), and for

every M > 0 we introduce the sets

ST,M :=
{

ϕ ∈ L2
w(0,T ;H) : ∥ϕ∥L2([0,T ];H) ≤ M

}
,
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and

ΛT,M := {ϕ ∈ PT : ϕ ∈ ST,M, P− a.s.} .

Next, for every ϕ ∈ PT we consider the controlled version of equation (2.0.1)



µ∂
2
t uµ(t,x) = ∆uµ(t,x)− γ(uµ(t,x))∂tuµ(t,x)+ f (x,uµ(t,x))+σ(uµ(t, ·))Qϕ(t,x)

+
√

µ σ(uµ(t, ·))∂twQ(t,x), t > 0, x ∈ O,

uµ(0,x) = u0(x), ∂tuµ(0,x) = v0(x), uµ(t,x) = 0, x ∈ ∂O,

(2.2.3)

The well-posedness of the equation above has been proven in [22] in the case the nonlinearity f

is Lipschitz-continuous, the diffusion coefficient σ is bounded and the control ϕ = 0. In what

follows, we will prove that also under the more general conditions we are assuming for f and σ ,

the following result holds.

Theorem 2.9. Under Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6, for

every T,M > 0 and ϕ ∈ ΛT,M and for every initial conditions (u0,v0)∈ H1, there exists a unique

adapted process (uµ ,vµ) ∈ L2(Ω,C([0,T ];H1)) which solves the systems of equations



uµ(t,x) = u0(x)+
ˆ t

0
vµ(s,x)ds,

µ vµ(t,x) = µ v0(x)+
ˆ t

0

[
∆uµ(s,x)− γ(uµ(s,x))vµ(s,x)+ f (x,uµ(s,x))+σ(uµ(s))Qϕ(s,x)

]
ds

+
√

µ

ˆ t

0
σ(uµ(s))dwQ(s).

(2.2.4)
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Once proved Theorem 2.9, we introduce the following two conditions.

C1. Let {ϕµ}µ>0 be an arbitrary family of processe in ΛT,M such that

lim
µ→0

ϕµ = ϕ, in distribution in L2
w(0,T ;H),

where L2
w(0,T ;H) is the space L2([0,T ];H) endowed with the weak topology and ϕ ∈

ΛT,M. Then, for every p < ∞ we have

lim
µ→0

uϕµ

µ = uϕ , weakly in C([0,T ],Lp(O)),

where uϕµ

µ is the solution to (2.2.3), corresponding to the control ϕµ , and uϕ is the solution

to (2.2.2), corresponding to the control ϕ .

C2. For every T,R > 0 and p < ∞, the level sets ΦT,R = {IT ≤ R} are compact in the space

C([0,T ];Lp(O)).

As shown in [8], Conditions C1. and C2. imply the validity of a Laplace principle with

action functional IT in the space C([0,T ];Lp(O)) for the family {uµ}µ>0. Due to the compactness

of the level sets ΦT,R stated in C1. this is equivalent to the validity of Theorem 2.8.

Thus, in what follows our strategy will be first proving Theorem 2.9, for every fixed µ > 0,

and then proving conditions C1. and C2.
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2.3 Well-posedness of the controlled second-order system

In Theorem 2.9 the parameter µ > 0 is fixed. This means that in this section, without any

loss of generality, we can assume µ = 1. If we denote

η := v+g(u), z = (u,η),

then system (2.2.4) can be rewitten as the following abstract stochastic evolution equation

dz(t) =
[
A(z(t))+Bϕ(t,z(t))

]
dt +Σ(z(t))dwQ(t), z(0) = (u0,v0 +g(u0)), (2.3.1)

where

A(u,η) = (−g(u)+η ,∆u+F(u)) , (u,η) ∈ D(A) = H1,

Bϕ(t,(u,η)) = (0,σ(u)Qϕ(t)), (u,η) ∈ H , t ∈ [0,T ],

and

Σ(u,η) = (0,σ(u)), (u,η) ∈ H .

This means that the adapted H1-valued process z(t) = (u(t),η(t)) is the unique solution to the

equation

z(t) = (u0,v0 +g(u0))+

ˆ t

0
[A(z(s))+Bϕ(s,z(s))]ds+

ˆ t

0
Σ(z(s))dwQ(s), (2.3.2)
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if and only if the adapted H1-valued process (u(t),v(t)) = (u(t),−g(u(t))+η(t)) is the unique

solution of



u(t,x) = u0(x)+
ˆ t

0
v(s,x)ds,

v(t,x) = µ v0(x)+
ˆ t

0
[∆u(s,x)− γ(u(s,x))v(s,x)+ f (x,u(s,x))+σ(u(s, ·))Qϕ(s,x)] ds

+

ˆ t

0
σ(u(s, ·))dwQ(s).

(2.3.3)

In our proof of Theorem 2.9 we first assume that f satisfies Hypothesis 2.5, and then we

consider the case when Hypothesis 2.6 holds.

2.3.1 The case when f satisfies Hypothesis 2.5

In [22, Section 3] an analogous result has been proved, in the case ϕ = 0 (and hence Bϕ = 0)

and σ is bounded. Here, we extend the arguments used in [22] to consider the case of an arbitrary

ϕ ∈ ΛT,M, σ having linear growth. As in [22, Section 3], the arguments we are using here are

based on classical tools from the theory of monotone non-linear operators and we refer to the

monograph [1] for all details.

Since f is assumed to be Lipschitz continuous, we have

∥A(z)∥H ≤ c
(
1+∥z∥H1

)
, z ∈ D(A), (2.3.4)
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and, as shown in [22, Lemma 3.1], there exists κ ∈ R such that

⟨A(z1)−A(z2),z1 − z2⟩H ≤ κ ∥z1 − z2∥2
H .

Moreover, for every λ > 0 small enough

Range(I −λA) = H .

This means that the operator A : D(A) ⊂ H → H is quasi m-dissipative. In particular, this

implies that there exists λ0 > 0 such that

Jλ := (I −λA)−1 , λ ∈ (0,λ0),

is a well-defined Lipschitz-continuous mapping in H and we can introduce the Yosida approxi-

mation of A, defined as

Aλ (z) := A(Jλ (z)) =
1
λ
(Jλ (z)− z) , z ∈ H .

Notice that

⟨Aλ (z1)−Aλ (z2),z1 − z2⟩H ≤ κ

1−λκ
∥z1 − z2∥2

H , (2.3.5)

and

∥Aλ (z1)−Aλ (z2)∥H ≤ 2
λ (1−λκ)

∥z1 − z2∥H . (2.3.6)
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Moreover, for every z ∈ D(A)

∥Aλ (z)∥H ≤ 1
1−λκ

∥A(z)∥H ,

so that for every z ∈ D(A)

∥Jλ (z)− z∥H = λ∥Aλ (z)∥ ≤ λ

1−λκ
∥A(z)∥H ,

and

lim
λ→0

∥Aλ (z)−A(z)∥H = 0.

In [22, Proof of Theorem 3.2], it has been shown that there exists some λ1 ∈ (0,λ0) such that for

every λ ∈ (0,λ1)

⟨Aλ (z),z⟩H1 ≤−γ0

2
∥Jλ (z)1∥2

H1 + c∥Jλ (z)2∥2
H−1, z ∈ H1. (2.3.7)

Furthermore, for every λ ,ν ∈ (0,λ0) and z1,z2 ∈ H1 it holds

⟨Aλ (z1)−Aν(z2),z1 − z2⟩H ≤ ∥z1 − z2∥2
H + c(λ +ν)

(
∥z1∥2

H1
+∥z2∥2

H1
+1
)
. (2.3.8)

Concerning the random operator Bϕ , according to Hypothesis 2.1 for every t ∈ [0,T ] we

have that Bϕ(t, ·) : H → H1 is well defined and, in view of (2.1.4), for any z1,z2 ∈ H

∥Bϕ(t,z1)−Bϕ(t,z2)∥H1 = ∥(σ(u1)−σ(u2))Qϕ(t)∥H ≤
√

L∥u1 −u2∥H ∥ϕ(t)∥H . (2.3.9)
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Finally, Hypothesis 2.1 implies that the mapping Σ : H → L2(HQ,H1) is well-defined and due

to (2.1.4) for any z1,z2 ∈ H

∥Σ(z1)−Σ(z2)∥L2(HQ,H1) = ∥σ(u1)−σ(u2)∥L2(HQ,H) ≤
√

L∥u1 −u2∥H . (2.3.10)

Step 1. For every λ ∈ (0,λ0) the approximating problem

dz(t) =
[
Aλ (z(t))+Bϕ(t,z(t))

]
dt +Σ(z(t))dwQ(t), z(0) = (u0,v0 +g(u0)) (2.3.11)

admits a unique solution zλ ∈ L2(Ω;C([0,T ];H )).

Proof of Step 1. According to (2.3.6), we have

ˆ T

0
∥Aλ (z1(s))−Aλ (z2(s))∥2

H ds ≤ c
λ 2

ˆ T

0
∥z1(s)− z2(s)∥2

H ds ≤ cT

λ 2 sup
t∈[0,T ]

∥z1(t)− z2(t)∥2
H .

(2.3.12)

According to (2.3.9), if ϕ ∈ ΛT,M, we have

ˆ T

0
∥Bϕ(t,z1)−Bϕ(t,z2)∥2

H1
dt ≤ L

ˆ T

0
∥u1(t)−u2(t)∥2

H ∥ϕ(t)∥2
H dt

≤ LM2 sup
t∈[0,T ]

∥z1(t)− z2(t)∥2
H , P− a.s.

(2.3.13)
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Finally, according to (2.3.10), we have

E sup
t∈ [0,T ]

∥∥∥∥ˆ t

0
(Σ(z1(s))−Σ(z2(s))dwQ(s)

∥∥∥∥2

H1

≤ c
ˆ T

0
E∥Σ(z1(s))−Σ(z2(s))∥2

L2(HQ,H1)
ds

≤ T LE sup
t∈[0,T ]

∥z1(t)− z2(t)∥2
H .

(2.3.14)

Therefore, in view of (2.3.12), (2.3.13) and (2.3.14), for every λ ∈ (0,λ0) the mapping

Φλ (z)(t) = (u0,v0 +g(u0))+

ˆ t

0
[Aλ (z(s))+Bϕ(s,z(s))]ds+

ˆ t

0
Σ(z(s))dwQ(s)

is Lipschitz continuous from L2(Ω;C([0,T ];H )) into itself, and then for every λ ∈ (0,λ0) equa-

tion (2.3.11) admits a unique solution zλ ∈ L2(Ω;C([0,T ];H )).

Step 2. There exists cT > 0 such that

E sup
t∈ [0,T ]

∥zλ (t)∥2
H1

≤ cT
(
1+∥z0∥2

H1

)
, λ ∈ (0,λ1). (2.3.15)

Proof of Step 2. As a consequence of Itô’s formula, we have

∥zλ (t)∥2
H1

= ∥z0∥2
H1

+2
ˆ t

0
⟨Aλ (zλ (s)),zλ (s)⟩H1 ds+2

ˆ t

0
⟨Bϕ(s,zλ (s)),zλ (s)⟩H1 ds

+

ˆ t

0
∥Σ(zλ (s))∥2

L2(HQ,H1)
ds+2

ˆ t

0
⟨zλ (s),Σ(zλ (s))dwQ(s)⟩H1 .
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Due to (2.3.7), we have

ˆ t

0
⟨Aλ (zλ (s)),zλ (s)⟩H−1 ds ≤−γ0

2

ˆ t

0
∥Jλ (zλ (s))1∥2

H1 ds+ c
ˆ t

0
∥Jλ (zλ (s))∥2

H ds

≤−γ0

2

ˆ t

0
∥Jλ (zλ (s))1∥2

H1 ds+
ˆ t

0
∥zλ (s)∥2

H ds.

(2.3.16)

Next, recalling that ϕ ∈ ΛT,M, due to (2.3.9) for every δ > 0 we have

∣∣∣∣ˆ t

0
⟨Bϕ(s,zλ (s)),zλ (s)⟩H1ds

∣∣∣∣≤ δ

ˆ t

0
∥Bϕ(s,zλ (s))∥2

H1
ds+

c
δ

ˆ t

0
∥zλ (s)∥2

H1
ds

≤ .cM

(
1+ sup

r∈ [0,t]
∥zλ (r)∥2

H

)
+

c
δ

ˆ t

0
∥zλ (s)∥2

H1
ds, P− a.s.

(2.3.17)

In the same way, thanks to (2.3.10) for every δ > 0

E sup
r∈[0,t]

∣∣∣∣ˆ r

0
⟨zλ (s),Σ(zλ (s))dwQ(s)⟩H1

∣∣∣∣≤ cE

(
sup

r∈[0,t]
∥zλ (r)∥2

H1

ˆ t

0
∥Σ(zλ (s))∥2

L2(HQ,H1)
ds

) 1
2

≤ .E sup
r∈[0,t]

∥zλ (r)∥2
H1

+
c
δ

ˆ t

0
E∥zλ (s)∥2

H1
ds+

cT

δ
.

(2.3.18)

Finally, due to (2.3.10) we get

ˆ t

0
∥Σ(zλ (s))∥2

L2(HQ,H1)
ds ≤ cT

(
1+
ˆ t

0
E∥zλ (s)∥2

H ds
)

(2.3.19)

Therefore, if we choose δ > 0 small enough, from (2.3.16), (2.3.17), (2.3.18) and (2.3.19)
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we get

E sup
r∈ [0,t]

∥zλ (r)∥2
H1

+
γ0

2

ˆ t

0
E∥Jλ (zλ (s))1∥2

H1 ds ≤ cT

ˆ t

0
E sup

r∈ [0,s]
∥zλ (r)∥2

H1
ds+ cT .

Now, Gronwall’s lemma allows to obtain (2.3.15).

Step 3. There exists z ∈ L2(Ω;C([0,T ];H )) such that

lim
λ→0

E sup
t∈ [0,T ]

∥zλ (t)− z(t)∥2
H = 0. (2.3.20)

Proof of Step 3. For every λ ,ν ∈ (0,λ1), we denote ρλ ,ν(t) := zλ (t)− zν(t). We have

dρλ ,ν(t) =
[
Aλ (zλ (t))−Aν(zν(t))

]
dt

+
[
Bϕ(t,zλ (t))−Bϕ(t,zν(t))

]
dt +

[
Σ(zλ (t))−Σ(zν(t))

]
dwQ(t).

We have

∥ρλ ,ν(t)∥2
H = 2

ˆ t

0
⟨Aλ (zλ (s))−Aν(zν(s)),ρλ ,ν(s)⟩H ds

+2
ˆ t

0
⟨Bϕ(s,zλ (s))−Bϕ(s,zν(s)),ρλ ,ν(s)⟩H ds+

ˆ t

0
∥Σ(zλ (s))−Σ(zν(s))∥2

L2(HQ,H ) ds

+2
ˆ t

0
⟨ρλ ,ν(s),(Σ(zλ (s))−Σ(zν(s)))dwQ(s)⟩H =:

4

∑
k=1

Ik(t).
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Due to (2.3.8), we have

|I1(t)| ≤ c
ˆ t

0
∥ρλ ,ν(s)∥2

H ds+ c(λ +ν)

ˆ t

0

(
∥zλ (s)∥2

H1
+∥zν(s)∥2

H1
+1
)

ds, (2.3.21)

and due to (2.3.10) we have

|I3(t)| ≤ c
ˆ t

0
∥ρλ ,ν(s)∥2

H ds. (2.3.22)

Moreover, by proceeding as in the proof of (2.3.17) and (2.3.18), for every δ > 0 we have

E sup
r∈ [0,t]

|I2(r)|+E sup
r∈ [0,t]

|I4(r)| ≤ δ E sup
r∈ [0,t]

∥ρλ ,ν(r)∥2
H +

c
δ

ˆ t

0
E∥ρλ ,ν(r)∥2

H dr. (2.3.23)

Therefore, if we choose δ > 0 sufficiently small, from (2.3.21), (2.3.22) and (2.3.23), we obtain

E sup
r∈ [0,t]

∥ρλ ,ν(r)∥2
H ≤ c

ˆ t

0
E sup

r∈ [0,s]
∥ρλ ,ν(r)∥2

H ds

+c(λ +ν)

ˆ t

0

(
∥zλ (s)∥2

H1
+∥zν(s)∥2

H1
+1
)

ds,

and the Gronwall lemma, together with (2.3.15), gives

E sup
r∈ [0,T ]

∥ρλ ,ν(r)∥2
H ≤ cT (λ +ν)

ˆ T

0

(
∥zλ (s)∥2

H1
+∥zν(s)∥2

H1
+1
)

ds

≤ cT (λ +ν)
(
1+∥z0∥2

H

)
.

This implies that

lim
λ ,ν→0

E sup
r∈ [0,T ]

∥ρλ ,ν(r)∥2
H = 0,
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so that the family {zλ}λ∈(0,λ1) is Cauchy and (2.3.20) follows.

Step 4. There exists a unique solution z ∈ L2(Ω;C([0,T ];H1)) for equation (2.3.1).

Proof of step 4. For every λ ∈ (0,λ0) we have that zλ satisfies equation (2.3.11). Then, by

proceeding as in [22, Proof of Theorem 3.2], we take the limit, as λ goes to zero, of both sides of

(2.3.11) in L2(Ω;C([0,T ];H−1)) and thanks to (2.3.20) we obtain that z satisfies the equation

z(t) = (u0,v0 +g(u0))+

ˆ t

0
[A(z(s))+Bϕ(s,z(s))]ds+

ˆ t

0
Σ(z(s))dwQ(s),

and z ∈ L2(Ω;L∞(0,T ;H1)).

Next, by using again arguments analogous to those used in [22, Proof of Theorem 3.2], we

can show that z has continuous trajectories and is the unique solution of equation (2.3.1).

2.3.2 The case when f satisfies Hypothesis 2.6

In view of what we have seen in Subsection 2.3.1, for every n ∈ N and for every ϕ ∈ ΛT,M

and (u0,v0) ∈ H1 there exists a unique solution (un,vn) ∈ L2(Ω;C([0,T ];H1)) for the equation



un(t,x) = u0(x)+
ˆ t

0
vn(s,x)ds,

vn(t,x) = µ v0(x)+
ˆ t

0
[∆un(s,x)− γ(un(s,x))vn(s,x)+ fn(x,u(s,x))+σ(un(s, ·))Qϕ(s,x)] ds

+

ˆ t

0
σ(u(s, ·))dwQ(s,x),

(2.3.24)

where fn is the function defined in (2.1.16).
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For every n ∈ N, we define

τn := inf {t ≥ 0 : ∥un(t)∥H1 ≥ n/C} ,

with inf /0 =+∞, where C > 0 is a constant such that ∥·∥L∞(0,L) ≤C∥·∥H . Clearly {τn}n∈N is an

increasing sequence of stopping times.

We denote τ := supn∈N τn, and for every ω ∈ Ω and t < τ(ω)∧T , define

z(t)(ω) := zn(t)(ω), if t < τn(ω)≤ T.

Notice that this is a good definition, as fn(r) = fm(r), for every n ≤ m and |r| ≤ n. Moreover,

since for ω ∈ Ω and t ≤ τn(ω)∧T

∥un(t)(ω)∥L∞([0,L]) ≤C∥un(t)(ω)∥H1 ≤ n,

we have that fn(u(s)(ω)) = f (u(s)(ω)). This means z(t) = zn(t) solves equation (2.3.3) for

t ≤ τn ∧T .
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Step 1. There exists cT > 0 independent of n ∈ N such that

E sup
t∈[0,T ]

∥u(t ∧ τn)∥2
H +

ˆ T

0
E∥u(t ∧ τn)∥2

H1 dt +
ˆ T

0
E∥u(t ∧ τn)∥θ+1

Lθ+1 dt

≤ cT

(
1+
ˆ T

0
E∥u(t ∧ τn)∥2

H dt +
ˆ T

0
E∥v(t ∧ τn)∥2

H dt +E sup
t∈[0,T ]

∥v(t ∧ τn)∥2
H

)
.

(2.3.25)

Proof of Step 1. Recall that for t < τn ≤ T , z(t) = zn(t) is a solution of equation (2.3.3), by

proceeding as in [22, Proof of Lemma 4.1], we have

γ0

4
∥u(t ∧ τn)∥2

H +

ˆ t∧τn

0
∥u(s)∥2

H1 ≤ c+ c∥v(t ∧ τn)∥2
H +

ˆ t∧τn

0
∥v(s)∥2

H ds

+

ˆ t∧τn

0
⟨F(u(s)),u(s)⟩Hds+

ˆ t∧τn

0
⟨u(s),σ(u(s))Qϕ(s)⟩Hds+

ˆ t∧τn

0
⟨u(s),σ(u(s))dwQ(s)⟩H .

(2.3.26)

Thanks to (2.1.12), we have

ˆ t∧τn

0
⟨F(u(s)),u(s)⟩Hds ≤−c2

ˆ t∧τn

0
∥u(s)∥θ+1

Lθ+1 ds+ c2t (2.3.27)

Moreover, by proceeding as in the proof of (2.3.17) and (2.3.18), for every ¿.0 we have

E sup
r∈[0,t]

∣∣∣∣ˆ r∧τn

0
⟨u(s),σ(u(s))Qϕ(s)⟩Hds

∣∣∣∣+E sup
r∈[0,t]

∣∣∣∣ˆ r∧τn

0
⟨u(s),σ(u(s))dwQ(s)⟩H

∣∣∣∣

≤ δE sup
r∈[0,t]

∥u(r∧ τn)∥2
H +

c
δ

ˆ t

0
E∥u(σ ∧ τn)∥2

H ds.

Therefore, if we choose δ > 0 sufficiently small above, this, together with (2.3.26) and (2.3.27)
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allows to conclude that (2.3.25) holds true.

Step 2. There exists cT > 0 independent of n ∈ N such that

E sup
t∈ [0,T ]

∥(u(t ∧ τn),v(t ∧ τn))∥2
H1

+E sup
t∈[0,T ]

∥u(t ∧ τn)∥θ+1
Lθ+1 + γ0

ˆ T

0
E∥v(s)∥2

H ds ≤ cT

(
1+∥u0∥θ+1

H1 +∥v0∥2
H

)
.

(2.3.28)

Proof of Step 2. From the Itô formula we have

1
2

[
∥u(t ∧ τn)∥2

H1 +∥v(t ∧ τn)∥2
H

]
=

1
2

[
∥u0∥2

H1 +∥v0∥2
H

]
−
ˆ t∧τn

0
⟨γ(u(s))v(s),v(s)⟩H ds

+

ˆ
O
f(x,un(t ∧ τn,x))dx−

ˆ
O
f(x,u0(x))dx+

ˆ t∧τn

0
⟨σ(u(s))Qϕ(s),v(s)⟩H ds

+

ˆ t∧τn

0
⟨σ(u(s))dwQ(s),v(s)⟩H +

1
2

ˆ t∧τn

0
∥σ(u(s))∥2

L2(HQ,H) ds.

Thanks to (2.1.10) we have

ˆ
O
f(x,u(t ∧ τn,x))dx ≤ c− c2 ∥u(t ∧ τn)∥θ+1

Lθ+1 ,

and

∣∣∣∣ˆ
O
f(x,u0(x))dx

∣∣∣∣≤ c
(

1+
ˆ

O
|u0(x)|θ+1 dx

)
= c
(

1+∥u0∥θ+1
Lθ+1

)
≤ c
(

1+∥u0∥θ+1
H1

)
.
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Therefore, due to (2.1.5),

sup
r∈ [0,t]

∥u(r∧ τn)∥2
H1 + sup

r∈[0,t]
∥u(r∧ τn)∥θ+1

Lθ+1 + sup
r∈ [0,t]

∥v(r∧ τn)∥2
H + γ0

ˆ t∧τn

0
∥v(s)∥2

H ds

≤ c
(

1+∥u0∥θ+1
H1 +∥v0∥2

H

)
+ sup

r∈ [0,t]

∣∣∣∣ˆ r∧τn

0
⟨σ(u(s))Qϕ(s),v(s)⟩H ds

∣∣∣∣

+ sup
r∈ [0,t]

∣∣∣∣ˆ r∧τn

0
⟨σ(u(s))dwQ(s),v(s)⟩H

∣∣∣∣+ c
ˆ t∧τn

0
∥u(s)∥2

H ds.

Since ϕ ∈ ΛT,M, by proceeding as in (2.3.17) and (2.3.18), this implies that for every ¿.0

E sup
r∈ [0,t]

∥u(r∧ τn)∥2
H1 +E sup

r∈[0,t]
∥u(r∧ τn)∥θ+1

Lθ+1 +E sup
r∈ [0,t]

∥v(r∧ τn)∥2
H + γ0E

ˆ t∧τn

0
∥v(s)∥2

H ds

≤ c
(

1+∥u0∥θ+1
H1 +∥v0∥2

H

)
+δ E sup

r∈ [0,t]
∥u(r∧ τn)∥2

H +
c
δ

ˆ t

0
E∥v(s∧ τn)∥2

H ds+ c
ˆ t

0
E∥u(s∧ τn)∥2

H ds.

In particular, if we choose δ > 0 small enough we have

E sup
r∈ [0,t]

∥u(r∧ τn)∥2
H1 +E sup

r∈[0,t]
∥u(r∧ τn)∥θ+1

Lθ+1 +E sup
r∈ [0,t]

∥v(r∧ τn)∥2
H

≤ c
(

1+∥u0∥θ+1
H1 +∥v0∥2

H

)
+ c
ˆ t

0
E∥v(s∧ τn)∥2

H ds+ c
ˆ t

0
E∥u(s∧ τn)∥2

H ds,

(2.3.29)
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and if we choose δ > 0 large enough we have

E sup
r∈[0,t]

∥u(r∧ τn)∥θ+1
Lθ+1 +E sup

r∈ [0,t]
∥v(r∧ τn)∥2

H + γ0E
ˆ t∧τn

0
∥v(s)∥2

H ds

≤ c
(

1+∥u0∥θ+1
H1 +∥v0∥2

H

)
+ c
ˆ t

0
E∥u(s∧ τn)∥2

H ds.

(2.3.30)

Combining (2.3.30) with (2.3.25) yields that

E sup
r∈ [0,t]

∥u(r∧ τn)∥2
H ≤ c

ˆ t

0
E∥u(s∧ τn)∥2

H ds. (2.3.31)

Thanks to Gronwall’s lemma, (2.3.28) follows from (2.3.29).

Step 3. There exists z = (u,v) ∈ L2(Ω;C([0,T ];H1)) solution to problem (2.3.3) such that

E sup
t∈ [0,T ]

∥(u(t),v(t))∥2
H1

+E sup
t∈[0,T ]

∥u(t)∥θ+1
Lθ+1 + γ0

ˆ T

0
E∥v(s)∥2

H ds ≤ cT

(
1+∥u0∥θ+1

H1 +∥v0∥2
H

)
.

(2.3.32)

.

Proof of Step 3. According to (2.3.28), for every T > 0 we have

P(τn ≤ T )≤ C2

n2 E
(
∥u(τn)∥2

H1 ;τn ≤ T
)
≤ C2

n2 E sup
t∈ [0,T ]

∥u(t ∧ τn)∥2
H1 ≤

c
n2 ,

so that

lim
n→∞

P(τn ≤ T ) = 0,

and hence P(τ = ∞) = 1. This implies for every t ∈ [0,T ], z(t ∧ τn)→ z(t), P-a.s. as n → ∞, so
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that z belongs to L2(Ω;C([0,T ];H1)) and solves equation (2.3.3). By taking the limit as n → ∞

in (2.3.28), we get (2.3.32).

Step 4. The solution z is unique in L2(Ω;C([0,T ];H1)).

Proof of Step 4. Let z1 and z2 be two solutions of equation (2.3.1) in L2(Ω;C([0,T ];H1)).

For every R > 0, we define

τR := τ1,R ∧ τ2,R,

where

τi,R := inf {t ≥ 0 : ∥ui(t)∥H1 ≥ R} , i = 1,2.

Since z1 and z2 belong to L2(Ω;C([0,T ];H1)), we have

lim
R→∞

P(τR < T ) = 0. (2.3.33)

Now, if we define ρ = z1 − z2, from the Itô formula we have

∥ρ(t ∧ τR)∥2
H = 2

ˆ t∧τR

0
⟨A(z1(s))−A(z2(s)),ρ(s)⟩H ds

+2
ˆ t∧τR

0
⟨Bϕ(s,z1(s))−Bϕ(s,z2(s)),ρ(s)⟩H ds+

ˆ t∧τR

0
∥Σ(z1(s))−Σ(z2(s))∥2

L2(HQ,H ) ds

+2
ˆ t∧τR

0
⟨ρ(s),(Σ(z1(s))−Σ(z2(s)))dwQ(s)⟩H =:

4

∑
k=1

Ik(t ∧ τR).
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We have

⟨A(z1(s))−A(z2(s)),ρ(s)⟩H = −⟨(g(u1(s))−g(u2(s)),u1(s)−u2(s)⟩H

+⟨F(u1(s))−F(u2(s)),η1(s)−η2(s)⟩H−1,

so that, according to (2.1.14)

|⟨A(z1(s))−A(z2(s)),ρ(s)⟩H | ≤ c∥ρ(s)∥2
H + c∥F(u1(s))−F(u2(s))∥2

H

≤ c∥ρ(s)∥2
H + c

(
1+∥u1(s)∥

2(θ−1)
H1 +∥u2(s)∥

2(θ−1)
H1

)
∥u1(s)−u2(s)∥2

H .

This implies that

sup
r∈ [0,t]

|I1(r∧ τR)| ≤ c(R)
ˆ t∧τR

0
∥ρ(s∧ τR)∥2

H ds. (2.3.34)

Moreover, by proceeding as in (2.3.17) and (2.3.18), for every δ > 0 we have

E sup
r∈ [0,t]

(|I2(r∧ τR)|+ |I4(r∧ τR)|)≤ δE sup
r∈[0,t]

∥ρ(r∧ τR)∥2
H +

c
δ

ˆ t

0
E∥ρ(s∧ τR)∥2

H ds.

(2.3.35)

Therefore, since

sup
r∈ [0,t]

|I3(r∧ τR)| ≤ c
ˆ t∧τR

0
∥ρ(s∧ τR)∥2

H ds,

thanks to (2.3.34) and (2.3.35), if we fix some ¿.0 small enough, we get

E sup
r∈ [0,t]

∥ρ(r∧ τR)∥2
H ≤ c(R)

ˆ t

0
E∥ρ(r∧ τR)∥2

H dr.
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This implies that for every R > 0

E sup
r∈ [0,T ]

∥ρ(r∧ τR)∥2
H = 0.

In view of (2.3.33), by taking the limit as R ↑ ∞ this gives Esupr∈ [0,T ] ∥ρ(r)∥2
H = 0 and unique-

ness follows.

2.4 A-priori bounds and tightness

In the previous section we have proved that for any µ > 0 and any T > 0 there exists a

unique solution (uµ ,∂tuµ) ∈ L2(Ω;C([0,T ];H1)) to system (2.3.3). Our purpose in this section

is proving a bound for (uµ ,∂tuµ), which is uniform with respect to µ .

Lemma 2.10. Under Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6, for

every T,M > 0 and for every initial condition (u0,v0) ∈ H1, there exist cT > 0 and µT > 0 such

that for every ϕ ∈ ΛT,M and µ ∈ (0,µT )

E sup
t∈ [0,T ]

∥uµ(t)∥2
H1 +E sup

t∈ [0,T ]
∥uµ(t)∥θ+1

Lθ+1 +µ E sup
t∈ [0,T ]

∥∂tuµ(t)∥2
H +

ˆ T

0
E∥∂tuµ(t)∥2

H dt ≤ cT .

(2.4.1)

Proof. We give our proof in case Hypothesis 2.6 holds and we leave to the reader the proof in

case Hypothesis 2.5 holds.
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Step 1. There exists cT > 0 such that for all µ ∈ (0,1)

E sup
r∈[0,t]

∥uµ(r)∥2
H +

ˆ t

0
E∥uµ(s)∥2

H1 ds+
ˆ t

0
E
∥∥uµ(s)

∥∥θ+1
Lθ+1 ds

≤ cT

(
1+
ˆ t

0
E∥uµ(s)∥2

Hds+µ

ˆ t

0
E∥∂tuµ(s)∥2

Hds+µ
2E sup

r∈[0,t]
∥∂tuµ(r)∥2

H

)
.

(2.4.2)

Proof of Step 1. As shown in [22, Proof of Lemma 4.1], for every µ ∈ (0,1) we have

γ0

4
∥uµ(t)∥2

H +

ˆ t

0
∥uµ(s)∥2

H1ds ≤ c+ cµ
2∥∂tuµ(t)∥2

H +µ

ˆ t

0
∥∂tuµ(s)∥2

Hds

+

ˆ t

0
⟨F(uµ(s)),uµ(s)⟩Hds+

ˆ t

0
⟨uµ(s),σ(uµ(s))Qϕµ(s)⟩Hds+

√
µ

ˆ t

0
⟨uµ(s),σ(uµ(s))dwQ(s)⟩H .

(2.4.3)

Due to (2.1.12), we have

ˆ t

0
⟨F(uµ(s)),uµ(s)⟩Hds ≤−c2

ˆ t

0

∥∥uµ(s)
∥∥θ+1

Lθ+1 ds+ c2t. (2.4.4)

Moreover, by proceeding as in the proof of (2.3.17) and (2.3.18), for every δ > 0 we have

E sup
r∈[0,t]

∣∣∣∣ˆ r

0
⟨uµ(s),σ(uµ(s))Qϕµ(s)⟩Hds

∣∣∣∣+√
µ E sup

r∈[0,t]

∣∣∣∣ˆ t

0
⟨uµ(s),σ(uµ(s))dwQ(s)⟩H

∣∣∣∣

≤ δE sup
r∈[0,t]

∥uµ(r)∥2
H +

c
δ

ˆ t

0
E∥uµ(s)∥2

H ds.

Therefore, if we choose δ > 0 sufficiently small above, this, together with (2.4.4) and (2.4.3)

allows to conclude that (2.4.2) holds true.
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Step 2. For every T > 0 there exist cT > 0 and µT > 0 such that

sup
µ∈(0,µT )

E sup
t∈ [0,T ]

∥uµ(t)∥2
H ≤ cT , (2.4.5)

and (2.4.1) holds.

Proof of Step 2. As in the previous section, from Itô’s formula, we have

∥uµ(t)∥2
H1 +µ∥∂tuµ(t)∥2

H = ∥u0∥2
H1 +µ∥v0∥2

H −
ˆ t

0
⟨γ(uµ(s))∂tuµ(s),∂tuµ(s)⟩H ds

+

ˆ
O
f(x,uµ(t,x))dx−

ˆ
O
f(x,u0(x))dx+

ˆ t

0
⟨σ(uµ(s))Qϕ(s),∂tuµ(s)⟩H ds

+
√

µ

ˆ t

0
⟨σ(uµ(s))dwQ(s),∂tuµ(s)⟩H +

ˆ t

0
∥σ(uµ(s))∥2

L2(HQ,H) ds.

Due to (2.1.5), (3.1.4) and (2.1.10), this gives

∥uµ(t)∥2
H1 + c∥uµ(s)∥θ+1

Lθ+1 +µ∥∂tuµ(t)∥2
H + γ0

ˆ t

0
∥∂tuµ(s)∥2

H ds

≤ c
(

1+∥u0∥θ+1
H1 +µ∥v0∥2

H

)
+

ˆ t

0
∥σ(uµ(s))∥2

L2(HQ,H) ds

+

ˆ t

0
⟨σ(uµ(s))Qϕ(s),∂tuµ(s)⟩H ds+

√
µ

ˆ t

0
⟨σ(uµ(s))dwQ(s),∂tuµ(s)⟩H .
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Therefore, by proceeding as in Step 1, for every δ > 0 we have

E sup
r∈ [0,t]

∥uµ(r)∥2
H1 +E sup

r∈ [0,T ]
∥uµ(r)∥θ+1

Lθ+1 +µ E sup
r∈ [0,t]

∥∂tuµ(r)∥2
H +

ˆ t

0
E∥∂tuµ(s)∥2

H ds

≤ c
(

1+∥u0∥θ+1
H1 +µ∥v0∥2

H

)
+δE sup

r∈ [0,t]
∥uµ(r)∥2

H +
c
δ

ˆ t

0
E∥∂tuµ(s)∥2

H ds+ c
ˆ t

0
E∥uµ(s)∥2

H ds.

(2.4.6)

If we take δ > 0 small enough in (2.4.6), we get

E sup
r∈ [0,t]

∥uµ(r)∥2
H1 +E sup

r∈ [0,T ]
∥uµ(r)∥θ+1

Lθ+1 +µ E sup
r∈ [0,t]

∥∂tuµ(r)∥2
H

≤ c
(

1+
ˆ t

0
E∥∂tuµ(s)∥2

H ds
)
+ c
ˆ t

0
E∥uµ(s)∥2

H ds,

(2.4.7)

and if we take δ > 0 large enough we get

E sup
r∈ [0,T ]

∥uµ(r)∥θ+1
Lθ+1 +µ E sup

r∈ [0,t]
∥∂tuµ(r)∥2

H +

ˆ t

0
E∥∂tuµ(s)∥2

H ds ≤ c

(
1+E sup

r∈ [0,t]
∥uµ(r)∥2

H

)
.

(2.4.8)

By combining together (2.4.2) and (2.4.8), we can fix µT > 0 such that for every µ ∈ (0,µT )

E sup
r∈[0,t]

∥uµ(r)∥2
H ≤ cT

(
1+
ˆ t

0
E∥uµ(s)∥2

Hds
)
,

which implies (2.4.5). Thus, from (2.4.5), (2.4.7) and (2.4.8), we obtain (2.4.1).
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Now, for every T > 0 and µ > 0 we define

ρµ(t,x) = g(uµ(t,x)), (t,x) ∈ [0,T ]×O.

According to Hypothesis 2.3, we know that

|g(r)| ≤ γ1|r|, |g′(r)| ≤ γ1, r ∈ R

so that for every µ > 0 and t ∈ [0,T ],

∥ρµ(t)∥H ≤ γ1∥uµ(t)∥H , ∥ρµ(t)∥H1 ≤ γ1∥uµ(t)∥H1 , ∥∂tρµ(t)∥H ≤ γ1 ∥∂tuµ(t)∥H .

(2.4.9)

Since the function g is strictly increasing, it is invertible and we have

uµ(t,x) = g−1(ρµ(t,x)), (t,x) ∈ [0,T ]×O,

which implies that

∆uµ(t,x) = div
[
∇g−1(ρµ(t))

]
= div

[
1

γ(g−1(ρµ(t)))
∇ρµ(t)

]
.

Moreover, by the definition of ρµ ,

∇ρµ(t) = γ(uµ(t))∇uµ(t), ∂tρµ(t) = γ(uµ(t))∂tuµ(t).
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This means that if we integrate equation (2.2.3) (with ϕµ ) with respect to t we have

ρµ(t)+µ∂tuµ(t) = g(u0)+µv0 +

ˆ t

0
div
[
b(ρµ(s))∇ρµ(s)

]
ds+
ˆ t

0
Fg(ρµ(s))ds

+

ˆ t

0
σg(ρµ(s))Qϕµ(s)ds+

√
µ

ˆ t

0
σg(ρµ(s))dwQ(s),

(2.4.10)

where for every r ∈ R and x ∈ O

b(r) :=
1

γ(g−1(r))
, fg(x,r) := f (x,g−1(r)), (2.4.11)

and for every u ∈ H1

Fg(u) = fg ◦u, σg(u) := σ(g−1 ◦u). (2.4.12)

Theorem 2.11. Assume Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6

and fix an arbitrary T > 0 and (u0,v0) ∈ H1. Then, for any family of predictable controls

{ϕµ}µ∈(0,µT ) ⊂ ΛT,M, the family of probabilities {L (ρµ)}µ∈(0,µT ) is tight in C([0,T ];Hδ ), for

every δ < 1.

Proof. According to (2.4.1) and (2.4.9), we have that

E sup
r∈[0,t]

∥ρµ(r)∥2
H +

ˆ t

0
E∥∂tρµ(s)∥2

H1 ds ≤ cT , µ ∈ (0,µT ).

This means that for every ε > 0 there exists Lε > 0 such that if we denote by Kε the ball of radius

Lε in C([0,T ];H1)∩W 1,2([0,T ];H), then

inf
µ∈(0,µT )

P(ρµ ∈ Kε)≥ 1− ε.
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This allows to conclude as, due to the Aubin-Lions lemma, the set Kε is compact in C([0,T ];Hδ ),

for every δ < 1.

2.5 The limit controlled problem

In order to prove conditions C1 and C2, we need first to understand better the controlled

quasi-linear parabolic problem


∂tρ(t,x) = div [b(ρ(t,x))∇ρ(t,x)]+ fg(x,ρ(t,x))+σg(ρ(t, ·))ϕ(t,x), t > 0, x ∈ O,

ρ(0,x) = g(u0(x)), ρ(t,x) = 0, x ∈ ∂O.

(2.5.1)

In view of Hypothesis 2.3, we have

1
γ1

|r| ≤ |g−1(r)| ≤ 1
γ0
, r ∈ R.

When Hypothesis 2.6 holds, thanks to (2.1.9), this means that for every u ∈ Lθ+1([0,L])

∥Fg(u)∥H−1 ≤ c
ˆ L

0
(1+ |g−1(u(x))|θ )dx ≤ c

(
1+∥u∥

2
θ−1
H ∥u∥

(θ+1)(θ−2)
θ−1

Lθ+1

)
. (2.5.2)

Next, again due to Hypothesis 2.3 we have

1
γ 1

≤ g−1(r)
r

≤ 1
γ 0

, r ∈ R,
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so that, thanks to Hypothesis 2.6, we get,

fg(r)r = f (g−1(r))g−1(r) · r
g−1(r)

≤ c
(

1−|r|θ+1
)
, r ∈ R,

(here we define g−1(0)/0 = 1/γ(0)). In particular, we have

⟨Fg(u),u⟩H ≤ c
(

1−∥u∥θ+1
Lθ+1

)
, u ∈ H1. (2.5.3)

Moreover, since g−1 is increasing and f is decreasing, we have that fg is decreasing, so that

⟨Fg(u1)−Fg(u2),u1 −u2⟩H ≤ 0. (2.5.4)

Finally, thanks to Hypotheses 2.3 and 2.1,

|b(r)| ≤ 1
γ0
, b(r)≥ 1

γ1
, |b(r)−b(s)| ≤ c |r− s|, r,s ∈ R, (2.5.5)

and

∥σg(u1)−σg(u2)∥L (HQ,H) ≤ c∥u1 −u2∥H , u1,u2 ∈ H. (2.5.6)

Definition 2.12. A function ρ ∈ L2([0,T ];H1) is a weak solution to equation (2.5.1) if for every

test function ψ ∈ C∞
0 (O) and t ∈ [0,T ]

⟨ρ(t),ψ⟩H = ⟨g(u0),ψ⟩H −
ˆ t

0
⟨b(ρ(s))∇ρ(s),∇ψ⟩Hds+

ˆ t

0
⟨Fg(ρ(s))+σg(ρ(s))Qϕ(s),ψ⟩H ds.

(2.5.7)
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Proposition 2.13. Assume Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6

and fix any T > 0 and ϕ ∈ L2([0,T ];H). Then, for every u0 ∈ H1 there is at most one weak

solution ρ ∈ L2([0,T ];H1) to equation (2.5.1).

Proof. We adapt here the method introduced in the proof of [22, Theorem 6.2]. To this purpose,

let (φn)n∈N be the sequence of twice differentiable functions constructed in [43, Theorem 3.1]

such that

φ
′
n(0) = 0, |φ ′

n(r)| ≤ 1, 0 ≤ φ
′′
n (r)≤

2
n|r|

, r ∈ R, (2.5.8)

and

lim
n→∞

sup
r∈R

∣∣φn(r)−|r|
∣∣= 0. (2.5.9)

Now, suppose ρ1,ρ2 ∈ L2([0,T ];H1) are both solutions to (2.5.1). Using integration by

parts, for any fixed positive superharmonic function ψ ∈C∞
0 (O), we have

〈
φn(ρ1(t)−ρ2(t)),ψ

〉
H =

ˆ t

0

〈
φ
′
n(ρ1(s)−ρ2(s))(Fg(ρ1(s))−Fg(ρ2(s))),ψ

〉
Hds

+

ˆ t

0

〈
φ
′
n(ρ1(s)−ρ2(s))

(
σg(ρ1(s))−σg(ρ2(s))

)
Qϕ(s),ψ

〉
Hds

−
ˆ t

0

〈
φ
′′
n (ρ1(s)−ρ2(s))∇(ρ1(s)−ρ2(s))

(
b(ρ1(s))∇ρ1(s)−b(ρ2(s))∇ρ2(s)

)
,ψ
〉

Hds

−
ˆ t

0

〈
φ
′
n(ρ1(s)−ρ2(s))

(
b(ρ1(s))∇ρ1(s)−b(ρ2(s))∇ρ2(s)

)
,∇ψ

〉
Hds

=:
4

∑
k=1

Ik,n(t).

(2.5.10)
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In the case when f satisfies Hypothesis 2.5, by the Lipschitz continuity of Fg, we have

I1,n(t)≤ c
ˆ t

0

〈
|ρ1(s)−ρ2(s)|,ψ

〉
Hds.

In the case when f satisfies Hypothesis 2.6, thanks to the fact that F ′
g ≤ 0, φ ′′

n ≥ 0 and ψ ≥ 0, we

have I1,n(t)≤ 0.

Next, by proceeding as in the proof of [22, Theorem 6.2], we know that

I3,n(t)+ I4,n(t)≤
cT

n

(
∥ψ∥H1 +∥ψ∥L∞

)ˆ t

0

(
∥ρ1(s)∥2

H1 +∥ρ2(s)∥2
H1

)
ds.

And moreover, it follows from (2.1.2) that

I2,n(t) =

ˆ t

0

ˆ
O

φ
′
n(ρ1(s)−ρ2(s))

[(
σg(ρ1(s))−σg(ρ2(s))

)
Qϕ(s)

]
ψ(x)dxds

≤
ˆ t

0

ˆ
O

∞

∑
i=1

∣∣∣ϕi(s)
(

σi(x,u1(s))−σi(x,u2(s))
)∣∣∣ψ(x)dxds

≤ c
ˆ t

0
∥ϕ(s)∥H

ˆ
O

( ∞

∑
i=1

∣∣∣σi(x,u1(s))−σi(x,u2(s))
∣∣∣2) 1

2
ψ(x)dxds

≤C
ˆ t

0
∥ϕ(s)∥H

〈
|ρ1(s)−ρ2(s)|,ψ

〉
Hds,

where ϕi(t) := ⟨ϕ(t),ei⟩H .
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Therefore, we have for every t ≥ 0

〈
φn(ρ1(t)−ρ2(t)),ψ

〉
H

≤
cT
(
∥ψ∥H1 +∥ψ∥L∞

)
n

ˆ t

0

(
∥ρ1(s)∥2

H1 +∥ρ2(s)∥2
H1

)
ds+C

ˆ t

0

(
1+∥ϕ(s)∥H

)〈
|ρ1(s)−ρ2(s)|,ψ

〉
Hds.

Taking n → ∞, we obtain

〈
|ρ1(t)−ρ2(t)|,ψ

〉
H ≤C

ˆ t

0

(
1+∥ϕ(s)∥H

)〈
|ρ1(s)−ρ2(s)|,ψ

〉
Hds,

and then by the Gronwall lemma, we conclude

〈
|ρ1(t)−ρ2(t)|,ψ

〉
H = 0, t ≥ 0.

Finally, due to the arbitrariness of positive superharmonic test function ψ ∈ C∞
0 (O), we have

ρ1 = ρ2. This completes the proof.

Proposition 2.14. Assume Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6

and fix any T > 0, u0 ∈ H1 and ϕ ∈ L2([0,T ];H). Suppose that ρ is the a weak solution of

equation (2.5.1). Then, if we define u := g−1(ρ), we have that u ∈ L2([0,T ];H1) is a weak

solution to equation (2.2.2).

Proof. Due to the fact that ρ ∈ L2([0,T ];H1) and g−1 is differentiable with bounded derivative,
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we have that u ∈ L2([0,T ];H1) and

∇(g(u(t)) = g′(u(t))∇u(t) = γ(u(t))∇u(t).

Recalling how b, Fg and σg were defined, this implies

Sϕ(t,ρ(t)) := div [b(ρ(t))∇ρ(t)]+Fg(ρ(t))+σg(ρ(t))Qϕ(t)

= div
[

1
γ(u(t))

∇(g(u(t))
]
+ f (u(t))+σ(u(t))Qϕ(t) = ∆u(t)+ f (u(t))+σ(u(t))Qϕ(t)

in H−1 sense. Moreover, by mollfyng ρ with respect to t and x and then by taking the limit, we

have that

∂tu ∈ L2([0,T ];H−1)

and

∂tρ(t) = g′(u(t))∂tu(t) = γ(u(t))∂tu(t),

in H−1 sense. We can now conclude, as we know that ∂tρ(t) = Sϕ(t,ρ(t)), in H−1 sense.

2.6 Proof of Theorem 2.8

In order to prove Theorem 2.8, we will show that the conditions C1 and C2 that we intro-

duced in Section 2.2 are both satisfied. We will consider here the case the nonlinearity f satisfies

Hypothesis 2.6 and we leave to the reader to adapt out proof to the case f satisfies Hypothesis

2.5.
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Theorem 2.15. Under Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6,

condition C1 holds.

Proof. Let us fix T,M > 0 and let {ϕµ} be a family of processes in ΛT,M such that

lim
µ→0

ϕµ = ϕ, in distribution in L2
w(0,T ;H),

where L2
w(0,T ;H) is the space L2([0,T ];H) endowed with the weak topology and ϕ ∈ ΛT,M.

For every sequence {µk}k∈N converging to 0, as k ↑ ∞, we denote ρk = g(uk), where uk :=

u
ϕµk
µk is the solution of equation (2.2.3), corresponding to the control ϕµk . Thanks to Theorem

2.11 and Lemma 2.10, for an arbitrary δ < 1 we have that the family

{
L (ρk, µk∂tuk,ϕµk)

}
k∈N ⊂ P

(
C([0,T ];Hδ )×C([0,T ];H)×ST,M

)

is tight. We denote by ρ a weak limit point for the sequence {ρk}k∈N and we denote

Λ :=C([0,T ];Hδ )×C([0,T ];H)×ST,M ×C([0,T ],U)),

where U is the Hilbert space such that (2.1.1) holds. By the Skorokhod Theorem there exist

random variables

Y = (ρ̂,0, ϕ̂, ŵQ), Yk =
(

ρ̂k, θ̂k, ϕ̂k, ŵ
Q
k

)
, k ∈ N,

61



defined on a probability space (Ω̂,F̂ ,{F̂t}t∈ [0,T ], P̂), such that

L (Y ) = L (ρ,0,ϕ,wQ), L (Yk) = L (ρk, µk∂tuk,ϕµk ,w
Q), k ∈ N,

and such that

lim
k→∞

Yk = Y in Λ, P̂− a.s. (2.6.1)

For every k ∈ N and ψ ∈ H2, we have

⟨ρ̂k(t)+ θ̂k(t),ψ⟩H = ⟨g(u0)+µkv0,ψ⟩H +

ˆ t

0
⟨div [b(ρ̂k(s))∇ρ̂k(s)] ,ψ⟩H ds

+

ˆ t

0
⟨Fg(ρ̂k(s)),ψ⟩H ds+

ˆ t

0
⟨σg(ρ̂k(s))Q ϕ̂k(s),ψ⟩H ds+

√
µk

ˆ t

0
⟨σg(ρ̂µk(s))dŵQ

k (s),ψ⟩H .

Thanks to (2.6.1), for every t ∈ [0,T ] we have

lim
k→∞

⟨ρ̂k(t)+ θ̂k(t),ψ⟩H = ⟨ρ̂(t),ψ⟩H , P̂− a.s. (2.6.2)

Next, if we define ûk := g−1(ρ̂k) and û := g−1(ρ̂), we have

ˆ t

0
⟨b(ρ̂k(s))∇ρ̂k(s),∇ψ⟩Hds−

ˆ t

0
⟨b(ρ̂(s))∇ρ̂(s),∇ψ⟩H ds

=

ˆ t

0
⟨∇ûk(s),∇ψ⟩Hds−

ˆ t

0
⟨∇û(s),∇ψ⟩Hds =−

ˆ t

0
⟨(ûk(s)− û(s)),∆ψ⟩Hds.
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In particular, since (2.6.1) implies the P-a.s. convergence of ûk to û in C([0,T ];H), we get that

lim
k→∞

ˆ t

0
⟨b(ρ̂k(s))∇ρ̂k(s),∇ψ⟩H ds =

ˆ t

0
⟨b(ρ̂(s))∇ρ̂(s),∇ψ⟩H ds, P̂− a.s. (2.6.3)

It is immediate to check that estimate (2.1.15) extends to Fg. Thus we have

∣∣∣∣ˆ t

0
⟨Fg(ρ̂k(s)),ψ⟩H ds−

ˆ t

0
⟨Fg(ρ̂(s)),ψ⟩H ds

∣∣∣∣≤ ˆ t

0
∥Fg(ρ̂k(s))−Fg(ρ̂(s))∥L1 ds∥ψ∥H1

≤ c
ˆ t

0

(
1+∥ρ̂k(s)∥θ−1

L2(θ−1) +∥ρ̂(s)∥θ−1
L2(θ−1)

)
∥ρ̂k(s)− ρ̂(s)∥H ds∥ψ∥H1,

so that, thanks to (2.6.1),

lim
k→∞

ˆ t

0
⟨Fg(ρ̂k(s)),ψ⟩H ds =

ˆ t

0
⟨Fg(ρ̂(s)),ψ⟩H ds, P̂− a.s. (2.6.4)

Now, for any h ∈ L2(0,T ;H), due to (2.5.6)

∣∣∣∣ˆ t

0
⟨σg(ρ̂(s))Qh(s),ψ⟩Hds

∣∣∣∣≤ c∥ψ∥H

(ˆ T

0
(1+∥ρ̂(s)∥2

H)ds
) 1

2
(ˆ T

0
∥h(s)∥2

Hds
) 1

2

and this implies that the mapping

h ∈ L2([0,T ];H) 7→
ˆ t

0
⟨σg(ρ̂(s)))Qh(s),ψ⟩H ds ∈ R

is a linear functional so that, thanks to (2.6.1), for every fixed t ≥ 0

lim
k→∞

ˆ t

0
⟨σg(ρ̂(s))Qϕ̂k(s),ψ⟩Hds =

ˆ t

0
⟨σg(ρ̂(s))Qϕ̂(s),ψ⟩H ds, P̂− a.s. (2.6.5)
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Moreover, we have

∣∣∣∣ˆ t

0
⟨(σg(ρ̂k(s))−σg(ρ̂(s)))Qϕ̂k(s),ψ⟩Hds

∣∣∣∣

≤ ∥ψ∥H

ˆ t

0
∥σg(ρ̂k(s))−σg(ρ̂(s))∥L (HQ,H)∥ϕ̂k(s)∥H ds ≤ c∥ψ∥H∥ρ̂k − ρ̂∥L2([0,T ];H)∥ϕ̂k∥L2([0,T ];H),

and by using again (2.6.1) we get

lim
k→∞

ˆ t

0
⟨(σg(ρ̂k(s))−σg(ρ̂(s)))Qϕ̂k(s),ψ⟩Hds = 0, P̂− a.s.

This, together with (2.6.5), implies

lim
k→∞

ˆ t

0
⟨σg(ρ̂k(s))Qϕ̂k(s),ψ⟩Hds =

ˆ t

0
⟨σg(ρ̂(s))Qϕ̂(s),ψ⟩Hds, P̂− a.s. (2.6.6)

Finally, since

sup
k∈N

Ê sup
t∈ [0,T ]

∣∣∣∣ˆ t

0
⟨σg(ρ̂µk(s))dŵQ

k (s),ψ⟩H

∣∣∣∣2 ≤ c sup
k∈N

∥ψ∥2
H

ˆ T

0

(
1+ Ê∥ρ̂µk(s)∥

2
H
)

ds < ∞,

we conclude that

lim
k→∞

√
µk sup

t∈ [0,T ]
Ê
∣∣∣∣ˆ t

0
⟨σg(ρ̂µk(s))dŵQ

k (s),ψ⟩H

∣∣∣∣2 = 0.
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This, together with (2.6.2), (2.6.3), (2.6.4) and (2.6.6) implies that

⟨ρ̂(t),ψ⟩H = ⟨g(u0),ψ⟩H −
ˆ t

0
⟨b(ρ̂(s))∇ρ̂(s),∇ψ⟩Hds

ˆ t

0
[⟨Fg(ρ̂(s)),ψ⟩H + ⟨σg(ρ̂(s))Qϕ̂(s),ψ⟩H ] ds.

As proven in Proposition 2.13, the equation above has at most one solution. Thus, for every se-

quence {µk}k∈N ↓ 0 the sequence {ρk}k∈N converges in distribution to the solution ρ of equation

(2.5.1) with respect to the strong topology of C([0,T ];Hδ ), for any arbitrary δ < 1, and hence,

due to the embedding of H1 into Lp(O), with respect to the strong topology of C([0,T ];Lp(O)),

for every p < ∞, if d = 1,2 and p < 2d/(d − 2), if d > 2. In particular, this implies that the

sequence {uk}k∈N converges in distribution to the solution uϕ of equation (2.2.2) with respect to

the strong topology of C([0,T ];Lp(O)) and condition C1 holds.

As a consequence of the arguments used above to prove condition C1, we have that the

mapping

ϕ ∈ L2
w(0,T ;H) 7→ uϕ ∈ C([0,T ];Lp(O))

is continuous. Therefore, since ΛT,M is compact in L2
w(0,T ;H), for every M > 0, we have that

ΦT,R = {IT ≤ R}= {uϕ : ϕ ∈ ΛT,2R2}

is compact, and condition C2 follows.
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Chapter 3: The small-mass limit for stationary solutions of stochastic wave

equations with state dependent friction

In this chapter, we compare the long-term dynamics of the second-order system with state-

dependent damping


µ∂

2
t uµ(t,x) = ∆uµ(t,x)− γ(uµ(t,x))∂tuµ(t,x)+ f (x,uµ(t,x))+

√
µ σ(uµ(t, ·))∂twQ(t,x),

uµ(0,x) = u0(x), ∂tuµ(0,x) = v0(x), uµ(t,x) = 0, x ∈ ∂O,

(3.0.1)

with that of the first-order system



γ(u(t,x))∂tu(t,x) = ∆u(t,x)+ f (u(t,x))− γ ′(u(t,x))
2γ2(u(t,x))

∞

∑
i=1

|[σ(u(t, ·)Qei](x)|2

+σ(u(t, ·))∂twQ(t,x),

u(0,x) = u0(x), u(t,x) = 0, x ∈ ∂O,

(3.0.2)

which represents the small-mass limit of system (3.0.1) within fixed time interval.

The structure of this chapter is as follows. In Section 3.1 we introduce the notations and

assumptions that will be used throughout the chapter. In Section 3.2 we state the main result (see

Theorem 3.9). In Section 3.3, we study the well-posedness of system (3.2.1) in H . Specifically,
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we prove that for every initial condition (u0,v0)∈H := H×H−1 system (3.2.1) admits a unique

generalized solution in H . This result enables the introduction of the transition semigroup Pµ,H
t ,

t ≥ 0, for every µ > 0, and we show that it admits an invariant measure νH
µ supported in H1 :=

H1 ×H.

In Section 3.4, we derive uniform a-priori bounds for the solutions of system (3.0.1), in-

cluding uniform bounds for the moment of the invariant measure νH
µ . In Section 3.5 we move

our analysis to the limiting equation (3.0.2) in H . We introduce the auxiliary problem (3.5.1) and

first prove its well-posedness in H. We then extend these results to problem (3.0.2). Additionally,

we study the well-posedness for equation (3.5.1) in H−1.

In Section 3.6, we investigate the ergodic behavior of the limiting equation (3.5.1) in H−1.

We prove that the corresponding semigroup has a contractive property in H−1 and admits a unique

invariant measure in this space. Furthermore, we show that such invariant measure is supported

in H, and its restriction to H is the unique invariant measure for the semigroup associated with

equation (3.5.1). Finally, we establish that this implies the semigroup associated with equation

(3.0.2) admits a unique invariant measure in H.

In Section 3.7, we complete the proof of the main result in this chapter, Theorem 3.9 .

3.1 Notations and assumptions

Throughout the present chapter O is a bounded domain in Rd , with d ≥ 1, having a smooth

boundary. We denote by H the Hilbert space L2(O) and by ∥ · ∥H and ⟨·, ·⟩H the corresponding

norm and inner product.

We denote by A the realization of the Laplace operator ∆, endowed with Dirichlet boundary
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conditions. As known there exists a complete orthonormal basis {ei}i∈N of H which diagonalizes

A. Using the same notations as in Chapter 2, we denote by {−αi}i∈N the corresponding sequence

of eigenvalues, and we define Hδ (see Section 2.1 for definition), for every δ ∈ R, and

Hδ := Hδ ×Hδ−1, H := H ×H−1.

Next, if X is any Polish space, we denote by Bb(X) the space of Borel bounded functions

ϕ : X → R, endowed with the sup-norm

∥ϕ∥∞ := sup
h∈X

|ϕ(h)|.

Moreover, we denote by Cb(X) the subspace of uniformly continuous and bounded functions.

3.1.1 Assumptions

As in Chapter 2, we assume that wQ(t) is a cylindrical Q-Wiener process (see Section

2.1), defined on a complete stochastic basis (Ω,F ,(Ft)t≥0,P). Q : H → H is a bounded linear

operator. When Q = I, the process wI(t) will be denoted by w(t). In particular, we have wQ(t) =

Qw(t).

Moreover, we shall denote by HQ the set Q(H), the reproducing kernel of the noise wQ

(also see Section 2.1 for more details).

Hypothesis 3.1. The mapping σ : H → L2(HQ,H) is defined by

[σ(h)Qei](x) = σi(x,h(x)), x ∈ O h ∈ H, i ∈ N,
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for some measurable mappings σi : O ×R→ R. We assume that there exists Lσ > 0 such that

sup
x∈O

∞

∑
i=1

|σi(x,y1)−σi(x,y2)|2 ≤ Lσ |y1 − y2|2, y1,y2 ∈ R. (3.1.1)

Moreover, we assume σ is bounded, that is,

σ∞ := sup
h∈H

∥σ(h)∥L2(HQ,H) < ∞. (3.1.2)

Remark 3.2. 1. Condition (3.1.1) implies that σ : H → L2(HQ,H) is Lipschitz continuous.

Namely, for any h1,h2 ∈ H

∥σ(h1)−σ(h2)∥L2(HQ,H) ≤
√

Lσ ∥h1 −h2∥H . (3.1.3)

2. If the noise is additive, then Hypothesis 3.1 is satisfied when TrQ2 <+∞.

Hypothesis 3.3. The mapping γ belongs to C1
b(R) and there exist γ0 and γ1 such that

0 < γ0 ≤ γ(r)≤ γ1, r ∈ R. (3.1.4)

If we define

g(r) :=
ˆ r

0
γ(σ)dσ , r ∈ R, (3.1.5)

the function g : R→ R is differentiable, strictly increasing and invertible so that its inverse g−1 :

R→ R is differentiable, with

sup
r∈R

(g−1)′(r)≤ 1
γ0
. (3.1.6)
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Hypothesis 3.4. The mapping f : O ×R→ R is measurable and there exists a positive constant

L f such that

L f <
α1γ0

γ1
, (3.1.7)

and

sup
x∈O

| f (x,r)− f (x,s)| ≤ L f |r− s|, r,s ∈ R. (3.1.8)

Moreover,

sup
x∈O

| f (x,0)|< ∞.

In what follows, for every x ∈ O and r ∈ R we denote

f(x,r) :=
ˆ r

0
f (x,s)ds,

and for every function h : O → R, we denote

F(h)(x) := f (x,h(x)), x ∈ O.

Remark 3.5. 1. Condition (3.1.8) implies that F : H → H is Lipschitz continuous. Namely

for any h1,h2 ∈ H

∥F(h1)−F(h2)∥H ≤ L f ∥h1 −h2∥H .

Moreover, there exists c > 0 such that

∥F(h)∥H ≤ L f ∥h∥H + c. (3.1.9)

70



2. If the friction coefficient γ is constant, then γ0 = γ1, and condition (3.1.7) becomes

L f < α1.

3. It is immediate to check that if for every h ∈ H we define

Λ(h) :=
ˆ

O
f (x,h(x))dx,

then

[DΛ(h)](x) = f (x,h(x)), x ∈ O. (3.1.10)

Hypothesis 3.6. We assume

L f +
Lσ

2γ0
<

α1γ0

γ1
. (3.1.11)

Remark 3.7. If σ is constant, then Lσ = 0 and Hypothesis 3.6 reduces to condition (3.1.7) in

Hypothesis 3.4.

3.2 Main results

For every µ > 0, we denote vµ := ∂tuµ , and rewrite equation (3.0.1) as the following system



duµ(t) = vµ(t)dt,

µdvµ(t) =
[
Auµ(t)− γ(uµ(t))vµ(t)+F(uµ(t))

]
dt +σ(uµ(t))dwQ(t),

uµ(0) = u0, vµ(0) = v0,

(3.2.1)
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where A is the realization in H of the Laplacian ∆, endowed with Dirichlet boundary conditions.

In [22] it has been proven that, under Hypotheses 3.1, 3.3 and 3.4 (without condition (3.1.7)

), for every (u0,v0) ∈ L2(Ω;H1) and for every µ,T > 0, there exists a unique solution ζµ ∈

L2(Ω;C([0,T ];H1)) which solves system (3.2.1), in the sense that



uµ(t) = u0 +

ˆ t

0
vµ(s)ds,

µvµ(t) = µv0 +

ˆ t

0

[
Auµ(s)− γ(uµ(s))vµ(s)+F(uµ(s))

]
ds

+

ˆ t

0
σ(uµ(s))dwQ(s).

(3.2.2)

In particular, we can introduce the transition semigroup Pµ,H1
t associated with equation (3.2.1)

in H1, defined by

Pµ,H1
t ϕ(z) = Eϕ

(
zzµ(t)

)
, z ∈ H1, t ≥ 0,

for every ϕ ∈ Bb(H1).

In what follows, we will need to study system (3.2.1) also in the space of lower regularity

H , and for this reason we introduce the following notion of generalized solution.

Definition 3.8. For every µ,T > 0 and every (u0,v0)∈H , we say that the process zµ ∈L2(Ω;C([0,T ];H ))

is a generalized solution of system (3.2.1) if there exists a sequence {u0,n,v0,n}n∈N ⊂ H1 con-

verging to (u0,v0) in H , as n →+∞, such that

lim
n→+∞

zµ,n = zµ in L2(Ω;C([0,T ];H )),

where zµ,n ∈ L2(Ω;C([0,T ];H1)) is the unique solution of equation (3.2.1) with initial conditions
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(u0,n,v0,n).

Notice that if (u0,v0) ∈ H1, then the generalized solution coincides with the solution de-

fined above in H1 in the sense of (3.2.2).

In Section 3.3 we will prove that, under Hypotheses 3.1, 3.3 and 3.4, for every µ,T > 0

there exists a unique generalized solution zµ ∈ L2(Ω;C([0,T ];H )) for system (3.2.1). This will

allow us to introduce the transition semigroup associated with (3.2.1) in H , which will denoted

by Pµ,H
t . Clearly, if ϕ ∈ Bb(H ), for every µ > 0 and z ∈ H1 we have

Pµ,H1
t ϕ(z) = Pµ,H

t ϕ(z), t ≥ 0.

In Section 3.3, we will also show that under the same Hypotheses, for every µ > 0, the semi-

group Pµ,H
t admits an invariant measure νH

µ in H , with supp(νH
µ ) ⊂ H1. In particular, since

supp(νH
µ )⊂ H1 and B(H1)⊂ B(H ), we will have that νH

µ is also a probability measure on

H1. In what follows, it will be convenient to denote the restriction of νH
µ to H1 by ν

H1
µ .

Given a lower semicontinuous metric α on H−1, it is possible to introduce the distance

Wα : P(H−1)×P(H−1)→ [0,+∞] defined by

Wα(ν1,ν2) = sup
[ϕ]Lipα

H−1
≤1

∣∣∣∣ˆ
H−1

ϕ(r)ν1(dr)−
ˆ

H−1
ϕ(r)ν2(dr)

∣∣∣∣ ,
where

[ϕ]Lipα

H−1
= sup

r1,r2∈H
r1 ̸=r2

|ϕ(r1)−ϕ(r2)|
α(r1,r2)

.
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Notice that the following Kantorovich-Rubinstein identity holds

Wα(ν1,ν2) = inf
λ∈C (ν1,ν2)

ˆ ˆ
α(r1,r2)λ (dr1,dr2), (3.2.3)

where C (ν1,ν2) is the set of all couplings of (ν1,ν2). Notice that it is possible to prove that the

infimum above is attained at some λ̄ .

The main result in this chapter is stated as follows.

Theorem 3.9. Assume Hypotheses 3.1 to 3.6, and define

α(u1,u2) := ∥u1 −u2∥H−1 , u1,u2 ∈ H−1.

Then we have

lim
µ→0

Wα

(
Π1ν

H
µ ,ν

)
= 0,

where ν is the unique invariant measure for PH
t , the transition semigroup associated to the limit-

ing equation (3.0.2). Moreover,

lim
µ→0

Π1ν
H
µ = ν , weakly in H.

3.3 Generalized solutions for second-order systems and invariant measures

We have seen in Section 3.2 that Eq. (3.0.1) is equivalent to system (3.2.1). In fact, we can

give another equivalent formulation for (3.2.1). Actually, if g is the function introduced in (3.1.5)
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and we define

η :=
1

√
µ

(
µ∂tu+g(u)

)
, ζ = (u,η),

system (3.2.1) can be rewritten as

dζµ(t) = Aµ(ζµ(t))dt +Σµ(ζµ(t))dwQ(t), ζµ(0) =
(
u0,

√
µv0 +

g(u0)√
µ

)
, (3.3.1)

where we denoted

Aµ(ζ ) :=
1

√
µ

(
η − g(u)

√
µ
,Au+F(u)

)
, ζ = (u,η) ∈ D(Aµ) = H1,

and

Σµ(ζ ) :=
1

√
µ

(
0,σ(u)

)
, ζ = (u,η) ∈ H .

This means that, for every µ > 0 and every (u0,v0) ∈ H1, the adapted H1-valued process

ζµ = (uµ ,ηµ) is the unique solution of equation (2.3.1), with ζµ(0) =
(
u0,

√
µv0 +g(u0)/

√
µ
)
,

if and only if the adapted H1-valued process

zµ(t) := (uµ(t),vµ(t)) = (uµ(t),ηµ(t)/
√

µ −g(uµ(t))/µ), t ≥ 0,

is the unique solution of system (3.2.1), with zµ(0) = z0 := (u0,v0).

In [22] it has been proven that, under Hypotheses 3.1, 3.3 and 3.4, without condition

(3.1.7), for every ζ 0 ∈ L2(Ω;H1) and for every µ,T > 0, there exists a unique solution ζµ ∈

L2(Ω;C([0,T ];H1)) for equation (2.3.1), with ζµ(0) = ζ 0. In particular, this implies that for ev-

ery (u0,v0)∈L2(Ω;H1), and for every µ,T > 0, there exists a unique solution zµ ∈L2(Ω;C([0,T ];H1))
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to equation (3.2.1) with zµ(0) = (u0,v0).

3.3.1 Generalized solutions for system (3.3.1)

In order to study the well-posedness of generalized solutions for system (3.2.1), we study

the analogous problem for system (3.3.1). We start with the following definition of generalized

solution for system (3.3.1).

Definition 3.10. For every µ,T > 0 and every ζ 0 ∈ H , we say that ζµ ∈ L2(Ω;C([0,T ];H ))

is a generalized solution of problem (3.3.1), with initial condition ζ 0, if there exists a sequence

{ζ 0
n }n∈N ⊂ H1 converging to ζ 0 in H , as n →+∞, such that

lim
n→+∞

ζµ,n = ζµ in L2(Ω;C([0,T ];H )),

where ζµ,n ∈ L2(Ω;C([0,T ];H1)) is the unique solution of equation (3.3.1) with initial condition

ζ 0
n .

The existence and uniqueness of generalized solutions of system (3.3.1) in the space H

are given as follows.

Lemma 3.11. Under Hypotheses 3.1, 3.3 and 3.4, for every µ,T > 0 and every ζ 0 ∈ H , there

exists a unique generalized solution ζµ ∈ L2(Ω;C([0,T ];H )) for equation (3.3.1), and such solu-

tion coincides with the classical solution when ζ 0 ∈ H1. Moreover, if ζ 1
µ ,ζ

2
µ are two generalized

solutions of (3.3.1), with initial conditions ζ 1,ζ 2 ∈ H , respectively, then

E sup
t∈ [0,T ]

∥ζ
1
µ(t)−ζ

2
µ(t)∥2

H ≤ ecµ T∥ζ
1 −ζ2∥2

H , (3.3.2)
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for some constant cµ .

Proof. Without any loss of generality, we assume µ = 1, and for simplicity of notation, we

denote A1 and Σ1 by A and Σ, respectively. In [22], it is proved that the operator A is quasi-m-

dissipative in H . Namely, there exists ω ≥ 0 such that for every ζ ,θ ∈ D(A )

〈
A (ζ )−A (θ),ζ −θ

〉
H

≤ ω ∥ζ −θ∥2
H , (3.3.3)

and there exists λ0 > 0 such that

Range(I −λA ) = H , λ ∈ (0,λ0).

Now, let ζ 0 ∈H and let {ζ 0
n }n∈N ⊂H1 be any sequence converging to ζ 0 in H . For every

n ∈ N, we denote by ζn the unique solution of equation (3.3.1) with initial condition ζn(0) = ζ 0
n .

By applying Itô’s formula, thanks to (3.1.1) and (3.3.3), we get

1
2

d ∥ζn(t)−ζm(t)∥2
H

=
〈
A (ζn(t))−A (ζm(t)),ζn(t)−ζm(t)

〉
H

dt +
1
2
∥Σ(ζn(t))−Σ(ζm(t))∥2

L2(HQ,H ) dt

+
〈
ζn(t)−ζm(t),

[
Σ(ζn(t))−Σ(ζm(t))

]
dwQ(t)

〉
H

≤ c∥ζn(t)−ζm(t)∥2
H dt +

〈
ζn(t)−ζm(t),

[
Σ(ζn(t))−Σ(ζm(t))

]
dwQ(t)

〉
H
.

(3.3.4)
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Due to (3.1.3) we have

E sup
s∈ [0,t]

∣∣∣∣ˆ s

0

〈
ζn(r)−ζm(r),

[
Σ(ζn(r))−Σ(ζm(r))

]
dwQ(r)

〉
H

∣∣∣∣
≤ cE

(ˆ t

0
∥ζn(s)−ζm(s)∥4

H ds
) 1

2

≤ 1
4
E sup

s∈ [0,t]
∥ζn(s)−ζm(s)∥2

H + c
ˆ t

0
E∥ζn(s)−ζm(s)∥2

H ds.

Thus, if we first integrate both sides in (3.3.4) with respect to time, and then take the supremum

and the expectation, we get

E sup
s∈ [0,t]

∥ζn(s)−ζm(s)∥2
H ≤

∥∥ζ
0
n −ζ

0
m
∥∥2

H
+ c
ˆ t

0
E∥ζn(s)−ζm(s)∥2

H ds,

and the Gronwall’s lemma gives

E sup
s∈ [0,t]

∥ζn(s)−ζm(s)∥2
H ≤ ect ∥∥ζ

0
n −ζ

0
m
∥∥2

H
, t ≥ 0,

for some constant c. In particular, this implies that the sequence {ζn}n∈N is Cauchy in the space

L2(Ω;C([0,T ];H )), so there exists a limit ζ ∈ L2(Ω;C([0,T ];H )). It is easy to see that the

limit ζ does not depend on the choice of the sequence {ζ 0
n } ⊂ H1, which implies the uniqueness

of generalized solutions. Finally, by using a similar argument as above, we obtain (3.3.2).

Remark 3.12. When ζ 0 ∈ H1, the unique generalized solution ζµ of equation (3.3.1) coincides

with its unique classical solution.
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3.3.2 Generalized solutions for system (3.2.1)

As we have seen above, due to Hypothesis 3.3, zµ = (uµ ,vµ) is a generalized solution

to (3.2.1) with initial condition z0 = (u0,v0) if and only if ζµ =
(
uµ ,

√
µvµ + g(uµ)/

√
µ
)

is a

generalized solution for system (3.3.1) with initial condition ζµ(0) = (u0,
√

µv0 + g(u0)/
√

µ).

In this case, we have

uµ = Π1ζµ , vµ =
1
µ

(
−g(uµ)+

√
µ Π2ζµ

)
, µ > 0. (3.3.5)

Thus, as a consequence of Lemma 3.11 and Remark 3.12, we have the following result.

Proposition 3.13. Fix (u0,v0) ∈ H and assume Hypotheses 3.1, 3.3 and 3.4. Then, for every

µ,T > 0 there exists a unique generalized solution zµ ∈ L2(Ω;C([0,T ];H )) for system (3.2.1).

In particular, when (u0,v0) ∈ H1, the unique generalized solution coincides with the unique

classical solution.

3.3.3 Invariant measures for system (3.2.1)

Now, we shall prove that, for every fixed µ > 0, system (3.2.1) admits an invariant measure

νH
µ in H , which is supported in H1.

Proposition 3.14. Assume Hypotheses 3.1, 3.3 and 3.4. Then, for every µ > 0, the semigroup

Pµ,H
t admits an invariant measure νH

µ in H , with supp(νH
µ )⊂ H1.

Proof. First, if zz1
µ and zz2

µ are generalized solutions to system (3.2.1), with initial conditions
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z1,z2 ∈ H , respectively, then due to (3.3.2) and (3.3.5), it is easy to see that for every t ≥ 0

E
∥∥zz1

µ (t)− zz2
µ (t))

∥∥
H

≤ cµ(t)∥z1 − z2∥H ,

for some cµ(t)> 0. This means that the transition semigroup Pµ,H
t is Feller on H .

Now, for every z ∈ H we introduce the following family of measures on H

Γ
µ

t (z, ·) :=
1
t

ˆ t

0
(Pµ,H

t )⋆δz dt, t > 0,

and for every R > 0 we define the set

BR :=
{
z ∈ H1 : ∥z∥H1

≤ R
}
.

Then, from (3.4.1) and (3.4.2) with µ = 1, we have

Γ
µ

t (0,B
c
R) =

1
t

ˆ t

0
P
(∥∥z0

µ(s)
∥∥

H1
> R

)
ds ≤ c

R2 , t > 0, R > 0,

and, due to the compactness of the embedding of H1 into H , this implies that the family of

measures {Γ
µ

t (0, ·)}t≥0 is tight in H . By the Prokhorov theorem, there exists some sequence

tn ↑ ∞ such that Γ
µ

tn(0, ·) converges weakly, as n → +∞, to a probability measure νH
µ that is

invariant for Pµ,H
t . Moreover, since

ν
H
µ (Bc

R)≤
c

R2 , R > 0,
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it follows that supp(νH
µ )⊂ H1.

Remark 3.15. Since supp(νH
µ ) ⊂ H1 and B(H1) ⊂ B(H ), we have that νH

µ is also a prob-

ability measure on H1. In what follows, it will be convenient to denote the restriction of νH
µ to

H1 by ν
H1
µ .

3.4 Some uniform bounds

In the previous section, we have seen that for every µ > 0, system (3.2.1) has an invariant

measure. In this section, we will prove some uniform bounds for the moments of such family

of invariant measures. To this purpose, we need to start with suitable uniform bounds for the

solution (uµ ,vµ) of system (3.2.1). Some of them have been already proved in [22, Proposition

4.2, Remark 4.3]. In what follows, we show how those bounds depend on time and on random

initial conditions in L2(Ω;H1).

Lemma 3.16. Assume Hypotheses 3.1, 3.3 and 3.4, and fix (ξ ,η) ∈ L2(Ω;H1). For every

µ,T > 0, let (uµ ,vµ) ∈ L2(Ω;C([0,T ];H1)) be the unique solution to system (3.2.1) with initial

conditions (ξ ,η). Then there exist two constants µ0 ∈ (0,1) and c > 0, independent of T > 0,

such that for every µ ∈ (0,µ0) and t ∈ [0,T ]

E sup
s∈[0,t]

∥∥uµ(s)
∥∥2

H1 +µ E sup
s∈[0,t]

∥∥vµ(s)
∥∥2

H +

ˆ t

0
E
∥∥vµ(s)

∥∥2
H ds

≤ c
(

t
µ
+1
)
+ c

(
E∥ξ∥2

H1 +µ E∥η∥2
H

)
,

(3.4.1)
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and

E sup
s∈[0,t]

∥∥uµ(s)
∥∥2

H +

ˆ t

0
E
∥∥uµ(s)

∥∥2
H1 ds ≤ c

(
1+ t +E∥ξ∥2

H +µ E∥ξ∥2
H1 +µ

2E∥η∥2
H

)
.

(3.4.2)

Proof. Let (u0,v0)∈ L2(Ω;H1) and let (uµ ,vµ)∈ L2(Ω;C([0,T ];H1)) be the unique solution to

system (3.2.1). By proceeding as in the proof of [22, Lemma 4.2], we have for every µ ∈ (0,1)

E sup
s∈[0,t]

∥∥uµ(s)
∥∥2

H1 +µ E sup
s∈[0,t]

∥∥vµ(s)
∥∥2

H +

ˆ t

0
E
∥∥vµ(s)

∥∥2
H ds

≤ c
(

t
µ
+
(

1+E∥ξ∥2
H1 +µE∥η∥2

H

)
+

ˆ t

0
E
∥∥uµ(s)

∥∥2
H ds

)
.

(3.4.3)

Moreover, by proceeding as in the proof of [22, Lemma 4.1], we have P-a.s.

γ0

4

∥∥uµ(t)
∥∥2

H≤ c
(
∥ξ∥2

H +µ
2 ∥η∥2

H

)
+ c µ

2∥∥vµ(t)
∥∥2

H +µ

ˆ t

0

∥∥vµ(s)
∥∥2

H ds

−
ˆ t

0

∥∥uµ(s)
∥∥2

H1 ds+
ˆ t

0

〈
F(uµ(s)),uµ(s)

〉
Hds+

ˆ t

0

〈
uµ(s),σ(uµ(s))dwQ(s)

〉
H .

Due to (3.1.9), for every δ > 0 we have

E sup
s∈[0,t]

∣∣∣∣ˆ s

0

〈
F(uµ(r)),uµ(r)

〉
Hdr

∣∣∣∣≤ 1
α1

(L f +δ )

ˆ t

0
E
∥∥uµ(s)

∥∥2
H1 ds+ cδ t.
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Moreover, due to (3.1.2) we have

E sup
s∈[0,t]

∣∣∣∣ˆ s

0

〈
uµ(r),σ(uµ(r))dwQ(r)

〉
H

∣∣∣∣
≤ c

(
E
ˆ t

0
∥uµ(s)∥2

H ds
) 1

2

≤ δ

α1

ˆ t

0
E
∥∥uµ(t)

∥∥2
H1 dt + cδ .

According to (3.1.7), we can fix δ > 0 such that

1
α1

(
L f +2δ

)
< 1,

and this yields

E sup
s∈[0,t]

∥∥uµ(s)
∥∥2

H +

ˆ t

0
E
∥∥uµ(s)

∥∥2
H1 ds

≤ c
(

1+ t +E∥ξ∥2
H +µ

2E∥η∥2
H

)
+ c µ

2E sup
s∈[0,t]

∥∥vµ(s)
∥∥2

H + c µ

ˆ t

0
E
∥∥vµ(s)

∥∥2
H ds.

(3.4.4)

Thus (3.4.2) holds by combining (3.4.4) with (3.4.3). Finally, by combining (3.4.2) with (3.4.3),

we complete the proof of (3.4.1).

Lemma 3.17. Let {(ξµ ,ηµ)}µ∈(0,1) ⊂ L2(Ω;H1) be a family of random variables such that

sup
µ∈(0,1)

E
(∥∥ξµ

∥∥2
H1 +µ

∥∥ηµ

∥∥2
H

)
< ∞. (3.4.5)

If (uµ ,vµ) ∈ L2(Ω;C([0,T ];H1)) is the solution to system (3.2.1) with initial condition (ξµ ,ηµ),
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then there exist µT ∈ (0,µ0) and cT > 0 such that for every µ ∈ (0,µT )

E sup
t∈[0,T ]

(∥∥uµ(t)
∥∥2

H1 +µ
∥∥vµ(t)

∥∥2
H

)
≤ cT√

µ
+
(
E
∥∥ξµ

∥∥2
H1 +µ E

∥∥ηµ

∥∥2
H

)
. (3.4.6)

Proof. If for every µ ∈ (0,µ0) and t ∈ [0,T ], we define

Lµ(t) :=
∥∥uµ(t)

∥∥2
H1 +µ

∥∥vµ(t)
∥∥2

H −
(∥∥ξµ

∥∥2
H1 +µ

∥∥ηµ

∥∥2
H

)
,

then (3.4.6) is equivalent to

√
µ E sup

t∈[0,T ]
Lµ(t)≤ cT , µ ∈ (0,µT ), (3.4.7)

for some constants µT ∈ (0,1) and cT > 0.

Now, if we assume (3.4.7) is not true, there exists a sequence (µk)k∈N ⊂ (0,µ0) converging

to 0, as k → ∞, such that

lim
k→∞

√
µk E sup

t∈[0,T ]
Lµk(t) = +∞. (3.4.8)

For every k ∈ N, the mapping t 7→ Lµk(t) is continuous P-a.s., so that there exists a random time

tk ∈ [0,T ] such that

Lµk(tk) = sup
t∈[0,T ]

Lµk(t).
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As a consequence of Itô’s formula, we have

1
2

d
(
∥uµ(t)∥2

H1 +µ ∥µ(t)∥2
H
)

=

(
⟨F(uµ(t),vµ(t)⟩H −⟨γ(uµ(t))vµ(t),vµ(t)⟩H +

1
2µ

∥σ(uµ(t))∥2
L2(HQ,H)

)
dt

+ ⟨vµ(t),σ(uµ(t))dwQ(t)⟩H

≤
(

c
(
∥uµ(t)∥2

H +1
)
− γ0

2
∥vµ(t)∥2

H +
σ2

∞

2µ

)
dt + ⟨vµ(t),σ(uµ(t))dwQ(t)⟩H .

Hence, if s is any random time such that P(s ≤ tk) = 1, we have

Lµk(tk)−Lµk(s)≤
σ2

∞

µk
(tk − s)+ c

ˆ tk

s

(
1+
∥∥uµk(r)

∥∥2
H

)
dr+2

(
Mk(tk)−Mk(s)

)
,

where

Mk(t) :=
ˆ t

0

〈
vµk(r),σ(uµk(r))dwQ(r)

〉
H .

If we define

Uk := c
ˆ T

0

∥∥uµk(t)
∥∥2

H dt, Mk := sup
t∈[0,T ]

|Mk(t)|,

this implies that there exists some constant λ > 0, independent of k, such that

Lµk(tk)−Lµk(s)≤
λ

µk
(tk − s)+Uk +4Mk,
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and since Lµk(s) = 0, if we take s = 0 we get

tk ≥
µk

λ

(
Lµk(tk)−Uk −4Mk

)
=:

µkθk

λ
.

Now, on the set Ek :=
{

θk > 0
}

, we fix an arbitrary s ∈
[
tk −µkθk/(2λ ), tk

]
and we have

Lµk(s)≥ Lµk(tk)−
1
2

θk −Uk −4Mk =
1
2

θk > 0. (3.4.9)

Hence, if we define

Ik :=
ˆ T

0
L+

µk
(s)ds,

due to (3.4.9) we have

Ik ≥
ˆ tk

tk−
µkθk
2λ

Lµk(s)ds ≥ µk

4λ
θ

2
k , on Ek,

so that

E(Ik;Ek)≥ E

(
µk

4λ
θ

2
k ;Ek

)
. (3.4.10)

Now, according to (3.4.1), (3.4.2) and (3.4.5)

EUk ≤ c
(

1+T +E
∥∥ξµk

∥∥2
H +µkE

∥∥ξµk

∥∥2
H1 +µ

2
k E
∥∥ηµk

∥∥2
H

)
≤ cT ,

and

EMk ≤ c
(ˆ T

0
E
∥∥vµk(t)

∥∥2
H dt

) 1
2 ≤ c

(
1+

T
µk

+E
∥∥ξµk

∥∥2
H1 +µkE

∥∥ηµk

∥∥2
H

) 1
2

≤ cT

(
1+

1
µk

) 1
2
,
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so that

limsup
k→∞

√
µk (EUk +4EMk)<+∞.

Thanks to (3.4.8) this gives

lim
k→∞

√
µk E(θk) = +∞,

and hence

lim
k→∞

√
µk E(θk;Ek) = +∞. (3.4.11)

Now, according to (3.4.10), we have

E(Ik;Ek)≥
µk

4λ
E
(
θ

2
k ;Ek

)
≥ µk

4λ
(E(θk;Ek))

2 ,

and due to (3.4.11), this implies

lim
k→∞

E(Ik;Ek) = +∞.

However, as a consequence of (3.4.1), (3.4.2) and (3.4.5), we have

sup
k∈N

E Ik ≤ sup
k∈N

ˆ T

0
E |Lµk(s)|ds ≤ cT sup

k∈N

(
1+T +E

∥∥ξµk

∥∥2
H1 +µkE

∥∥ηµk

∥∥2
H

)
<+∞,

and this gives a contradiction, since E(Ik;Ek) ≤ E(Ik) for every k ∈ N. In particular, this means

that claim (3.4.7) is true, and (3.4.6) holds.

Lemma 3.18. For every µ > 0, if νH
µ ∈P(H ) is any invariant measure for Pµ,H

t supported in
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H1, then ν
H1
µ ∈ P(H1) is invariant for Pµ,H1

t . Moreover,

sup
µ∈(0,1)

ˆ
H1

(
∥u∥2

H1 +µ ∥v∥2
H

)
ν

H1
µ (du,dv)< ∞. (3.4.12)

Proof. First, we show the invariance of ν
H1
µ for Pµ,H1

t . Due to the invariance of νH
µ in H , for

every ϕ ∈Cb(H ) we have

ˆ
H

Pµ,H
t ϕ(z)νH

µ (dz) =
ˆ

H
ϕ(z)νH

µ (dz).

Thus, since supp(νH
µ )⊂ H1 and B(H1)⊂ B(H ), for every ϕ ∈Cb(H ) we get

ˆ
H1

Pµ,H
t ϕ(z)νH1

µ (dz) =
ˆ

H1

ϕ(z)νH1
µ (dz).

If (êi)i∈N ⊂ H1 is an orthonormal basis of H , for every n ∈ N we denote by Πn the projection

of H onto H (n) := span(ê1, . . . , ên). We have that Πn : H → H1 is continuous and

∣∣Πnh
∣∣
H1

≤ cn|h|H , h ∈ H , lim
n→∞

∣∣Πnh−h
∣∣
H1

= 0, h ∈ H1.

Hence, if for any ϕ ∈Cb(H1) and n ∈ N, we define ϕn := ϕ ◦Πn, we have ϕn ∈Cb(H ) and

lim
n→∞

|ϕn(h)−ϕ(h)|= 0, h ∈ H1.

For every n ∈ N, we have supn∈N ∥ϕn∥∞
≤ ∥ϕ∥

∞
, and the dominated convergence theorem
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implies that for any given µ > 0 and ϕ ∈Cb(H1)

lim
n→∞

Pµ,H
t ϕn(z) = lim

n→∞
Eϕn

(
zzµ(t)

)
= Eϕ

(
zzµ(t)

)
= Pµ,H1

t ϕ(z), z ∈ H1, t ≥ 0.

In particular, by taking the limit as n goes to infinity in both sides of

ˆ
H1

Pµ,H
t ϕn(z)ν

H1
µ (dz) =

ˆ
H1

ϕn(z)ν
H1
µ (dz), ϕ ∈Cb(H1),

we conclude that

ˆ
H1

Pµ,H1
t ϕ(z)νH1

µ (dz) =
ˆ

H1

ϕ(z)νH1
µ (dz), ϕ ∈Cb(H1),

and this implies the invariance of ν
H1
µ .

Next, in order to prove (3.4.12), we consider the Komolgorov operator associated to Pµ,H1
t

in H1

Nµϕ(u,v) =
1

2µ2 TrH

[(
σ(u)Q

)
(σ(u)Q)∗D2

vϕ(u,v)
]
+
〈
v,Duϕ(u,v)

〉
H1

+
1
µ

〈
Au− γ(u)v+F(u),Dvϕ(u,v)

〉
H .

If, with the notations of Section 3.1, we define

ϕµ(u,v) :=
1
2

(
∥u∥2

H1 +µ ∥v∥2
H

)
−
ˆ

O
f(x,u(x))dx =

1
2

(
∥u∥2

H1 +µ ∥v∥2
H

)
−Λ(u),
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due to (3.1.10) we have

Duϕµ(u,v) = (−A)u− f (·,u), Dvϕµ(u,v) = µ v, D2
vϕµ(u,v) = µ IH .

Then, we have

Nµϕµ(u,v)

=
1

2µ
TrH

[(
σ(u)Q

)
(σ(u)Q)∗

]
+
〈
v,u− (−A)−1F(u)

〉
H1 +

1
µ

〈
Au− γ(u)v+F(u),µv

〉
H

=
1

2µ
∥σ(u)∥2

L2(HQ,H)+
〈
v,−Au−F(u)

〉
H +

1
µ

〈
Au− γ(u)v+F(u),µv

〉
H

=
1

2µ
∥σ(u)∥2

L2(HQ,H)−
〈
γ(u)v,v

〉
H ≤ 1

2µ
∥σ(u)∥2

L2(HQ,H)− γ0 ∥v∥2
H .

(3.4.13)

By the invariance of ν
H1
µ in H1, we have

ˆ
H1

Nµϕµ(u,v)ν
H1
µ (du,dv) = 0,

and thus, due to (3.4.13) and (3.1.2),

sup
µ∈(0,1)

µ

ˆ
H1

∥v∥2
H ν

H1
µ (du,dv)< ∞. (3.4.14)

Next, we consider the function

ψµ(u,v) :=
1
2

(
µ ∥u∥2

H1 +∥g(u)+µv∥2
H

)
.
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We have

Duψ(u,v) = µ (−A)u+ γ(u)(g(u)+µ v) , Dvψ(u,v) = µ (g(u)+µ v) , D2
vψ(u,v) = µ

2 IH ,

so that

Nµψµ(u,v)=
1
2

TrH

[(
σ(u)Q

)
(σ(u)Q)∗

]
+
〈
v,µu+(−A)−1

γ(u)g(u)+µ(−A)−1
γ(u)v

〉
H1

+
1
µ

〈
Au− γ(u)v+F(u),µ2v+µg(u)

〉
H

=
1
2
∥σ(u)∥2

L2(HQ,H)+µ
〈
v,−Au+

γ(u)

µ
g(u)+ γ(u)v

〉
H +

〈
Au− γ(u)v+F(u),µv+g(u)

〉
H

=
1
2
∥σ(u)∥2

L2(HQ,H)−
〈
γ(u)∇u,∇u

〉
H +µ

〈
F(u),v

〉
H +

〈
F(u),g(u)

〉
H .

Note that for every δ > 0 and µ ∈ (0,1)

µ
∣∣〈F(u),v

〉
H

∣∣≤ µ ∥F(u)∥H ∥v∥H ≤ δ
(
1+∥u∥2

H1

)
+ cδ µ

2 ∥v∥2
H ,

and ∣∣〈F(u),g(u)
〉

H

∣∣≤ (L f γ1 +δ
)
∥u∥2

H + cδ ≤ 1
α1

(
L f γ1 +δ

)
∥u∥2

H1 + cδ ,

so that, due to the invariance of νH
µ , we have

γ0

ˆ
H1

∥u∥2
H1 ν

H
µ (du,dv)

≤ σ2
∞

2
+

(
L f γ1

α1
+2δ

)ˆ
H1

∥u∥2
H1 ν

H
µ (du,dv)+ cδ + cδ µ

2
ˆ

H1

∥v∥2
H ν

H
µ (du,dv).
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Thanks to (3.1.7), this implies that we can take δ > 0 sufficiently small so that

L f γ1

α1
+2δ < γ0,

and then

ˆ
H1

∥u∥2
H1 ν

H1
µ (du,dv)≤ c

(
1+µ

2
ˆ

H1

∥v∥2
H ν

H1
µ (du,dv)

)
, µ ∈ (0,1).

By combining this with (3.4.14), we complete the proof of (3.4.12).

Remark 3.19. 1. In Proposition 3.14, we have seen that for every µ > 0 the semigroup Pµ,H
t

admits an invariant measure. Thanks to Lemma 3.18, this implies that for every µ > 0 the

transition semigroup Pµ,H1
t admits an invariant measure in H1.

2. As a consequence of (3.4.12), we have

sup
µ∈(0,1)

ˆ
H

(
∥u∥2

H1 +µ ∥v∥2
H

)
ν

H
µ (du,dv)< ∞. (3.4.15)

3.5 The limiting problem

In order to study the limiting problem (3.0.2), we consider first the following quasilinear

stochastic parabolic equation


∂tρ(t,x) = div

(
b(ρ(t,x))∇ρ(t,x)

)
+ fg(x,ρ(t,x))+σg(ρ(t, ·))∂twQ(t,x),

ρ(0,x) = r0(x), ρ(t, ·)|∂O = 0,

(3.5.1)
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where for every r ∈ R and x ∈ O

b(r) :=
1

γ(g−1(r))
, fg(x,r) := f (x,g−1(r)),

and for every h ∈ H

σg(h) := σ
(
g−1 ◦h

)
.

As we explained in [22], due to a generalized Itô’s formula, the solutions u and ρ of equations

(3.0.2) and (3.5.1), respectively, are related by

ρ
r0(t) = uu0(t), t ≥ 0, r0 := g(u0). (3.5.2)

From Hypothesis 3.3, we know

1
γ1

≤ b(r)≤ 1
γ0
, r ∈ R.

Moreover, if we define

Fg(h)(x) := fg(x,h(x)), x ∈ O,

due to Hypotheses 3.1, 3.3 and 3.4, and due to (3.4.13), for every h1,h2 ∈ H we have

∥∥Fg(h1)−Fg(h2)
∥∥

H−1 ≤
1

√
α1

∥∥Fg(h1)−Fg(h2)
∥∥

H ≤
L f√
α1γ0

∥h1 −h2∥H ,
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and

∥∥σg(h1)−σg(h2)
∥∥

L2(HQ,H−1)
≤ 1

√
α1

∥∥σg(h1)−σg(h2)
∥∥

L2(HQ,H)
≤

√
Lσ√

α1γ0
∥h1 −h2∥H .

Moreover, for every δ > 0

∣∣〈Fg(h),h
〉

H

∣∣≤ (L f

γ0
+δ

)
∥h∥2

H + cδ ≤ 1
α1

(
L f

γ0
+δ

)
∥h∥2

H1 + cδ , h ∈ H1, (3.5.3)

and

∣∣〈Fg(h),h
〉

H−1

∣∣≤ 1
α1

∥∥Fg(h)
∥∥

H ∥h∥H ≤ 1
α1

(
L f

γ0
+δ

)
∥h∥2

H + cδ , h ∈ H. (3.5.4)

Finally, thanks to (3.1.2) we have

∥∥σg(h)
∥∥

L2(HQ,H)
≤ σ∞, h ∈ H. (3.5.5)

3.5.1 Well-posedness of Eq. (3.5.1) in H

Throughout this section we will not need to assume condition (3.1.7) in Hypothesis 3.4.

Namely, we will just assume that the mapping f : O ×R→ R is measurable, with

sup
x∈O

| f (x,0)|< ∞, sup
x∈O

| f (x,r)− f (x,s)| ≤ c|r− s|, r,s ∈ R. (3.5.6)

As a consequence of the limiting result proved in [22], the well-posedness of equation (3.5.1) has

been established when the initial condition r0 ∈ H1. Here we want to prove the existence and
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uniqueness of solutions of (3.5.1) when r0 ∈ L2(Ω;H).

Definition 3.20. Let r0 ∈ L2(Ω;H). An adapted process ρ ∈ L2(Ω;C([0,T ];H)∩L2(0,T ;H1)) is

a solution of equation (3.5.1) if for every ϕ ∈C∞
0 (O)

〈
ρ(t),ϕ

〉
H =

〈
r0,ϕ

〉
H −
ˆ t

0

〈
b(ρ(s))∇ρ(s),∇ϕ

〉
Hds

+

ˆ t

0

〈
Fg(ρ(s)),ϕ

〉
Hds+

ˆ t

0

〈
ϕ,σg(ρ(s))dwQ(s)

〉
H , P-a.s.

(3.5.7)

In order to study equation (3.5.1), we first consider the following approximating problem


∂tρ

ε(t,x) = div
(
b(ρε(t,x))∇ρ

ε(t,x)
)
− ε∆

2
ρ

ε(t,x)+ f (x,ρ(t,x))+σg(ρ(s, ·))∂twQ(t,x),

ρ
ε(0,x) = r0, ρ

ε(t, ·)|∂O = 0,
(3.5.8)

with 0 < ε << 1 (for a similar approach see e.g. [27]).

Lemma 3.21. Assume Hypotheses 3.1 and 3.3 and condition (3.5.6). Then, for every ε,T > 0

and every ρ0 ∈ L2(Ω;H), equation (3.5.8) admits a unique solution

ρε ∈ L2(Ω;C([0,T ];H)∩L2(0,T ;H2)).

Moreover, there exists some cT > 0 such that for every ε > 0

E sup
t∈[0,T ]

∥ρ
ε(t)∥2

H +
2
γ1

ˆ t

0
E∥∇ρ

ε(s)∥2
Hds+2ε

ˆ t

0
E∥∆ρ

ε(s)∥2
Hds ≤ cT

(
1+E∥r0∥2

H
)
. (3.5.9)

Proof. The uniqueness and the existence of solutions for equation (3.5.8) can be proven by pro-
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ceeding as in the proof of [31, Theorem 5.1].

In order to prove the energy estimate (3.5.9), we apply Itô’s formula and we get

1
2
∥ρ

ε(t)∥2
H =

1
2
∥r0∥2

H +

ˆ t

0

〈
div(b(ρε(s))∇ρ

ε(s)) ,ρε(s)
〉

Hds− ε

ˆ t

0

〈
∆

2
ρ

ε(s),ρε(s)
〉

Hds

+

ˆ t

0

〈
Fg(ρ

ε(s)),ρε(s)
〉

H ds+
1
2

ˆ t

0
∥σg(ρ

ε(s))∥2
L2(HQ,H)ds+

ˆ t

0

〈
ρ

ε(s),σg(ρ
ε(s))dwQ(s)

〉
H

≤ 1
2
∥r0∥2

H − 1
γ1

ˆ t

0
∥∇ρ

ε(s)∥2
Hds− ε

ˆ t

0
∥∆ρ

ε(s)∥2
Hds

+c
ˆ t

0

(
1+∥ρ

ε(s)∥2
H

)
ds+2

ˆ t

0

〈
ρ

ε(s),σg(ρ
ε(s))dwQ(s)

〉
H .

Note that

E sup
s∈[0,t]

∣∣∣∣ˆ s

0

〈
ρ

ε(r),σg(ρ
ε(r))dwQ(r)

〉
H

∣∣∣∣≤ c
ˆ t

0
E∥ρ

ε(s)∥2
H ds+ cT ,

and hence

E sup
s∈[0,t]

∥ρ
ε(s)∥2

H +
2
γ1
E
ˆ t

0
∥∇ρ

ε(s)∥2
Hds+2ε E

ˆ t

0
∥∆ρ

ε(s)∥2
Hds

≤ E∥r0∥2
H + c

ˆ t

0
E∥ρ

ε(s)∥2
H ds+ cT .

Therefore, the Gronwall lemma gives (3.5.9).

96



Proposition 3.22. Assume Hypotheses 3.1, 3.3 and condition (3.5.6), and fix r0 ∈ L2(Ω;H).

Then, for every T > 0, there exists a unique solution

ρ ∈ L2(Ω;C([0,T ];H))∩L2(0,T ;H1))

of equation (3.5.1). Moreover, there exists some constant cT > 0 such that

E sup
t∈[0,T ]

∥ρ(t)∥2
H +E

ˆ T

0
∥∇ρ(s)∥2

Hds ≤ cT
(
1+E∥r0∥2

H
)
. (3.5.10)

Proof. By proceeding as in [23, Theorem 6.2], we can show that equation (3.5.1) admits at most

one solution in L2(Ω;C([0,T ];H))∩L2(0,T ;H1)). Hence, if we show that there exists a proba-

bilistically weak solution

(Ω̂,F̂ ,{F̂}t , P̂, ŵQ, ρ̂)

such that ρ̂ ∈ L2(Ω̂;C([0,T ];H))∩L2(0,T ;H1)), the existence and uniqueness of a probabilisti-

cally strong solution for equation (3.5.1) follows.

Step 1. There exists a filtered probability space (Ω̂,F̂ ,{F̂}t , P̂), a cylindrical Wiener

process ŵQ associated with {F̂}t and a process ρ̂ ∈ L2(Ω;L∞(0,T ;H))∩L2(0,T ;H1)) such that

〈
ρ̂(t),ϕ

〉
H =

〈
r0,ϕ

〉
H −
ˆ t

0

〈
b(ρ̂(s))∇ρ̂(s),∇ϕ

〉
Hds

+

ˆ t

0

〈
Fg(ρ̂(s)),ϕ

〉
Hds+

ˆ t

0

〈
ϕ,σg(ρ̂(s))dŵQ(s)

〉
H , P̂-a.s.

for every ϕ ∈ C∞
0 (O).
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Proof of Step 1. According to Proposition 3.21, we know that for every ε > 0 there exists a

unique solution ρε to equation (3.5.8), and

sup
ε∈(0,1)

(
E sup

t∈[0,T ]
∥ρ

ε(t)∥2
H +E

ˆ T

0
∥ρ

ε(t)∥2
H1dt

)
< ∞. (3.5.11)

For every h ∈ (0,T ) and t ∈ [0,T −h] we have

ρ
ε(t +h)−ρ

ε(t) =
ˆ t+h

t
div(b(ρε(s))∇ρ

ε(s)) ds− ε

ˆ t+h

t
∆

2
ρ

ε(s)ds

+

ˆ t+h

t
Fg(ρ

ε(s))ds+
ˆ t+h

t
σg(ρ

ε(s))dwQ(s) =:
4

∑
k=1

Iε
k (t,h).

We have

sup
t∈ [0,T−h]

∥Iε
1 (t,h)∥H−1 ≤ c sup

t∈ [0,T ]

ˆ t+h

t
∥ρ

ε(s)∥H1 ds ≤ c
(ˆ T

0
∥ρ

ε(s)∥2
H1 ds

)1/2

h1/2. (3.5.12)

For Iε
2 (t,h), if ε ∈ (0,1) we have

sup
t∈ [0,T−h]

∥Iε
2 (t,h)∥H−3 ≤ sup

t∈ [0,T−h]

ˆ t+h

t
∥ρ

ε(s)∥H1 ds ≤ c
(ˆ T

0
∥ρ

ε(s)∥2
H1 ds

)1/2

h1/2, (3.5.13)

and for Iε
3 (t,h) we have

sup
t∈ [0,T−h]

∥Iε
3 (t,h)∥H ≤ c sup

t∈ [0,T−h]

ˆ t+h

t
(1+∥ρ

ε(s)∥H) ds ≤ cT

(
1+ sup

t∈ [0,T ]
∥ρ

ε(s)∥H

)
h,

(3.5.14)

Finally, for Iε
4 (t,h), by using a factorization argument as in [26, Theorem 5.11 and Theorem
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5.15], due to the boundedness of σg in L2(HQ,H) we obtain that for some θ ∈ (0,1)

sup
ε∈(0,1)

E∥Iε
4 (t,h)∥Cθ ([0,T ];H) < ∞. (3.5.15)

Therefore, by putting together (3.5.12), (3.5.13), (3.5.14) and (3.5.15), thanks to (3.5.11) we

conclude

sup
t∈ [0,T−h]

∥ρ
ε(t +h)−ρ

ε(t)∥H−3 ≤ ch
1
2∧θ , h ∈ [0,T ),

and together with the bound

sup
ε∈(0,1)

E sup
t∈ [0,T ]

∥ρ
ε(t)∥H < ∞,

due to [58, Theorem 7] this implies that {ρε}ε∈(0,1) is tight in L∞(0,T ;H−α), for every α > 0.

Moreover, since for every β ∈ (−3,1) we have

∥u∥Hβ ≤ ∥u∥
3+β

4
H1 ∥u∥

1−β

4
H−3,

and the bound

sup
ε∈(0,1)

ˆ T

0
E∥ρ

ε(s)∥2
H1 ds < ∞

holds, thanks again to [58, Theorem 7], we have that the family {ρε}ε∈(0,1) is tight also in the

space L8/(3+β )(0,T ;Hβ ), for every β ∈ (−3,1).

In what follows, for every α > 0 and β ∈ (−3,1) we denote

Xα,β (T ) :=
[
L∞(0,T ;H−α)∩L8/(3+β )(0,T ;Hβ )

]
×C([0,T ];U),

99



where U is any Hilbert space such that the embedding HQ ↪→ U is Hilbert-Schmidt. Due to the

tightness of {ρε ,wQ}ε∈(0,1) in Xα,β (T ), there exists a sequence εn ↓ 0 such that L (ρεn,wQ)

is weakly convergent in Xα,β (T ). Due to Skorohod’s Theorem this implies that there exists a

probability space (Ω̂,F̂ , P̂), a sequence of Xα,β (T )-valued random variables Yn = (ρ̂n, ŵ
Q
n ) and

a Xα,β (T )-valued random variable Y = (ρ̂, ŵQ), all defined on the probability space (Ω̂,F̂ , P̂),

such that

L (Yn) = L (ρεn,wQ), (3.5.16)

and

lim
n→∞

(
∥ρ̂n − ρ̂∥L∞(0,T ;H−α )+∥ρ̂n − ρ̂∥L8/(3+β )(0,T ;Hβ )+∥ŵQ

n − ŵQ∥C([0,T ];U)

)
= 0, P̂− a.s.

(3.5.17)

Now, we have

ˆ t

0

〈
div(b(ρ̂n(s))∇ρ̂n(s)) ,ϕ

〉
Hds =−

ˆ t

0

〈
b(ρ̂n(s))∇ρ̂n(s),∇ϕ

〉
Hds

=−
ˆ t

0

〈
∇(B(ρ̂n(s)),∇ϕ

〉
Hds =

ˆ t

0

〈
B(ρ̂n(s)),∆ϕ

〉
Hds,

and thanks to (3.5.16) and (3.5.17), this gives for every ϕ ∈C∞
0 (O),

〈
ρ̂n(t),ϕ

〉
H =

〈
r0,ϕ

〉
H +

ˆ t

0

〈
B(ρ̂n(s)),∆ϕ

〉
Hds− εn

ˆ t

0

〈
ρ̂n(s),∆2

ϕ
〉

Hds

+

ˆ t

0

〈
Fg(ρ̂n(s)),ϕ

〉
Hds+

ˆ t

0

〈
ϕ,σg(ρ̂n(s))dŵQ

n (s)
〉

H .

Thus, by using the general argument introduced in [27, proof of Theorem 4.1], thanks to (3.5.17)
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we can take the limit as n → ∞ of both sides in the equality above, and we obtain that ρ̂ satisfies

(3.5.7), with wQ replaced by ŵQ. Moreover, ρ̂ ∈ L2(Ω̂;L∞(0,T ;H))∩L2(0,T ;H1)) and satisfies

(3.5.10), with E replaced by Ê.

Step 2. We have that there exists a unique solution ρ ∈ L2(Ω;C([0,T ];H)∩L2(0,T ;H1))

that satisfies (3.5.10).

Proof of Step 2. Due to what we have seen above, there exists a unique solution

ρ ∈ L2(Ω;L∞(0,T ;H)∩L2(0,T ;H1))

that satisfies (3.5.10). It only remains to prove that ρ ∈ C([0,T ];H), P-a.s. By proceeding as

in [27, Section 4.3] we consider the problem


∂tξ (t,x) = ∆ξ (t,x)+σg(ρ(t, ·))∂twQ(t,x),

ξ (0,x) = r0(x), ξ (t, ·)|∂O = 0,

whose unique solution ξ belongs to L2(Ω;C([0,T ];H)∩L2(0,T ;H1)). Then, if we denote η(t) :=

ρ(t)−ξ (t), we have that η ∈ L∞(0,T ;H)∩L2(0,T ;H1), P-a.s., and solves


∂tη(t,x) = div

(
b(ρ(t,x))∇η(t,x)

)
+div

[
(b(ρ(t,x))− I)∇ξ (t,x)

]
+ fg(x,ρ(t,x)),

η(0,x) = 0, η(t, ·)|∂O = 0.
(3.5.18)

Now, if we denote by U(t,s) the evolution family associated with the time-dependent differential

operator

Ltϕ(x) = div [b(ρ(t,x))∇ϕ(x)] , x ∈ O,
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we have that

η(t,x) =
ˆ t

0
U(t,s) [div [b(ρ(t, ·))− I]∇ξ (s, ·)+ fg(·,ρ(s, ·))] (x)ds,

and since ξ ∈ L2(0,T ;H1) and ρ ∈ L∞(0,T ;H), P-a.s., we get that η ∈ C([0,T ];H), P-a.s. In

particular, ρ = η +ξ belongs to C([0,T ];H), P-a.s.

3.5.2 Well-posedness of Eq. (3.0.2) in H

From the well-posedness of the quasilinear stochastic parabolic equation (3.5.1), we get

the well-poseness of equation (3.0.2) in H.

By proceeding as in the proof of [22, Theorem 7.1], we can show that u∈L2(Ω;C([0,T ];H)∩

L2([0,T ];H1)) is a solution to equation (3.0.2) with initial condition u0 ∈ L2(Ω;H) if and only if

ρ := g(u) is a weak solution to equation (3.5.1) with initial value r0 = g(u0) ∈ L2(Ω;H). More-

over, as a consequence of the Lipschitz continuity of g and g−1 on R, we have the following

result:

Proposition 3.23. Assume Hypotheses 3.1, 3.3 and condition (3.5.6). For every T > 0 and every

u0 ∈ L2(Ω;H), there exists a unique weak solution u ∈ L2(Ω;C([0,T ];H)∩ L2(0,T ;H1)), to

equation (3.0.2) such that

E sup
t∈[0,T ]

∥u(t)∥2
H +E

ˆ T

0
∥u(t)∥2

H1 dt ≤ cT
(
1+E∥u0∥2

H
)
.
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In what follows, we shall denote

PH
t ϕ(u) := Eϕ(uu(t)), u ∈ H, t ≥ 0,

for every ϕ ∈ Bb(H).

3.5.3 Energy estimates

Lemma 3.24. Under Hypotheses 3.1, 3.3 and 3.4, there exist some λ > 0 and c > 0, such that

for every t ≥ 0

E∥ρ(t)∥2
H ≤ c

(
1+ e−λ tE∥r0∥2

H

)
, E

ˆ t

0
∥ρ(s)∥2

H1 ds ≤ c
(

t +E∥r0∥2
H

)
. (3.5.19)

Proof. We apply Itô’s formula and we get

1
2

d ∥ρ(t)∥2
H ≤−γ

−1
1 ∥ρ(t)∥2

H1 dt +
〈
Fg(ρ(t)),ρ(t)

〉
Hdt +

1
2

∥∥σg(ρ(t))
∥∥2

L2(HQ,H)
dt

+ ⟨ρ(t),σg(ρ(t))dwQ(t)⟩H .

Then thanks to (3.5.3) and (3.1.7), together with 3.5.5, we can find some constant λ > 0 such that

d
dt
E∥ρ(t)∥2

H +λE∥ρ(t)∥2
H1 ≤ c,

and this allows we complete the proof.

Due to estimates (3.5.19) and the Lipschitz continuity of g and g−1 on R, estimates analo-

gous to (3.5.19) holds for the solution u.
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Proposition 3.25. Assume Hypotheses 3.1, 3.3 and 3.4. For every T > 0 and every u0 ∈ L2(Ω;H),

there exists a unique u ∈ L2(Ω;C([0,T ];H)∩L2(0,T ;H1)) which solves equation (3.0.2) in the

following sense

⟨u(t),ψ⟩H = ⟨u0,ψ⟩H −
ˆ t

0

〈
∇u(s)

γ(u(s))
,∇ψ

〉
H

ds−
ˆ t

0

〈
∇

(
1

γ(u(s))

)
·∇u(s),ψ

〉
H

ds

+

ˆ t

0

〈
f (u(s))
γ(u(s))

,ψ

〉
H

ds−
ˆ t

0

〈
γ ′(u(s))

2γ(u(s))3

∞

∑
i=1

(σ(u(s))Qei)
2,ψ

〉
H

ds

+

ˆ t

0

〈
σ(u(s))
γ(u(s))

dwQ(s),ψ
〉

H
,

for any ϕ ∈C∞
0 (O). Moreover, for every t ≥ 0

E∥u(t)∥2
H ≤ c

(
1+ e−λ tE∥u0∥2

H

)
, E

ˆ t

0
∥u(s)∥2

H1 ds ≤ c
(

t +E∥u0∥2
H

)
.

3.5.4 Well-posedness of Eq. (3.5.1) in H−1

Here, we will use the results we have just mentioned about the well-posedness of equation

(3.5.1) in H, to study its well-posedness in H−1.

Definition 3.26. For every fixed r0 ∈ H−1 and T > 0, an adapted process ρ ∈ L2(Ω;L2(0,T ;H))

is a solution of equation (3.5.1) with initial condition ρ0 if for every ϕ ∈C∞
0 (O)

〈
ρ(t),ϕ

〉
H =

〈
r0,ϕ

〉
H +

ˆ t

0

〈
B(ρ(s)),∆ϕ

〉
Hds+

ˆ t

0

〈
Fg(ρ(s)),ϕ

〉
Hds+

ˆ t

0

〈
ϕ,σg(ρ(s))dwQ(s)

〉
H ,
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P-a.s., where

B(r) :=
ˆ r

0
b(s)ds, r ∈ R.

Proposition 3.27. Assume Hypotheses 3.1, 3.3 3.4 and 3.6. Then, for every r0 ∈ H−1 and every

T > 0, there exists a unique solution

ρ
r0 ∈ L2(Ω;C([0,T ];H−1)∩L2(0,T ;H))

to equation (3.5.1). Moreover, there exist c,λ > 0 independent of T > 0 such that for every

t ∈ [0,T ]

E∥ρ
r0(t)∥2

H−1 ≤ c
(

1+ e−λ t E∥r0∥2
H−1

)
, E

ˆ t

0
∥ρ

r0(s)∥2
H ds ≤ c

(
t +E∥r0∥2

H−1

)
. (3.5.20)

Proof. We fix an arbitrary sequence {rε}ε>0 ⊂ H converging to r0 strongly in H−1, as ε → 0.

Thanks to Proposition 3.22, for each ε > 0 there exists a solution ρε ∈ L2(Ω;C([0,T ];H)∩

L2([0,T ];H1)) for problem (3.5.1) with initial condition rε . If for every ε,δ > 0 we define

ϑε,δ (t) := ρε(t)−ρδ (t), t ∈ [0,T ],

we have

1
2

d
∥∥ϑε,δ (t)

∥∥2
H−1

=−
〈
B(ρε(t))−B(ρδ (t)),ϑε,δ (t)

〉
Hdt +

〈
Fg(ρε(t))−Fg(ρδ (t)),ϑε,δ (t)

〉
H−1dt
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+
1
2

∥∥σg(ρε(t))−σg(ρδ (t))
∥∥2

L2(HQ,H−1)
dt +

〈
ϑε,δ (t),

[
σg(ρε(t))−σg(ρδ (t))

]
dwQ(t)

〉
H−1 .

Since

B(r) =
ˆ r

0
b(s)ds =

ˆ r

0

1
γ(g−1(s))

ds,

we have

(B(r1)−B(r2))(r1 − r2)≥
1
γ1

|r1 − r2|2, r1,r2 ∈ R,

so that

1
2

d
∥∥ϑε,δ (t)

∥∥2
H−1 ≤−c0

∥∥ϑε,δ (t)
∥∥2

H dt +
〈
ϑε,δ (t),

[
σg(ρε(t))−σg(ρδ (t))

]
dwQ(t)

〉
H−1,

(3.5.21)

where

c0 :=
(

1
γ1

− Lσ

2α1γ2
0
−

L f

α1γ0

)
> 0,

last inequality following from (3.1.11).

Hence, if we first integrate both sides in (3.5.21) with respect to time and then take the

expectation, we get

sup
s∈ [0,T ]

E
∥∥ϑε,δ (s)

∥∥2
H−1 +2c0

ˆ T

0
E
∥∥ϑε,δ (s)

∥∥2
H ds ≤ E∥rε − rδ∥2

H−1

and this implies that the sequence (ρε) is Cauchy in C([0,T ];L2(Ω;H−1))∩L2(Ω;L2(0,T ;H))).

In particular, it converges to some ρ in C([0,T ];L2(Ω;H−1))∩ L2(Ω;L2(0,T ;H))), as ε → 0.
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For every ε > 0 and ϕ ∈ C∞
0 (O) we have

〈
ρε(t),ϕ

〉
H =

〈
rε ,ϕ

〉
H +

ˆ t

0

(〈
B(ρε(s)),∆ϕ

〉
H +

〈
Fg(ρε(s)),ϕ

〉
H

)
ds+
ˆ t

0

〈
ϕ,σg(ρε(s))dwQ(s)

〉
H ,

Then, due to the Lipschitz continuity of B, Fg and σg, we can take the limit in both sides of the

identity above, as ε → 0, and we get that ρ is a solution for (3.5.1).

To prove the uniqueness, assume that ρ1,ρ2 are two solutions to (3.5.1). By proceeding as

above, we have

sup
t∈ [0,T ]

E ∥ρ1(t)−ρ2(t)∥2
H−1 + c0

ˆ T

0
E ∥ρ1(t)−ρ2(t)∥2

H dt ≤ 0,

which gives ρ1 = ρ2.

Next, we prove that ρ ∈ L2(Ω;C([0,T ];H−1)∩L2(0,T ;H))). We apply Itô’s formula to

∥ρ∥2
H−1 and we get

1
2

d ∥ρ(t)∥2
H−1=

1
2

∥∥σg(ρ(t))
∥∥2

L2(HQ,H−1)
dt −⟨B(ρ(t)),ρ(t)⟩Hdt

+
〈
Fg(ρ(t)),ρ(t)

〉
H−1dt + ⟨ρ(t),σg(ρ(t))dwQ(t)⟩H−1

≤ c− γ
−1
1 ∥ρ(t)∥2

H dt +
〈
Fg(ρ(t)),ρ(t)

〉
H−1dt + ⟨ρ(t),σg(ρ(t))dwQ(t)⟩H−1.

Due to (3.1.7) there exists δ̄ > 0 such that

c1 :=
1
γ1

−
L f + δ̄

α1γ0
> 0,
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so that, thanks to (3.5.4) we have

1
2

d ∥ρ(t)∥2
H−1 ≤ c− c1 ∥ρ(t)∥2

H dt + ⟨ρ(t),σg(ρ(t))dwQ(t)⟩H−1. (3.5.22)

Now, since we have

E sup
s∈ [0,t]

∣∣∣∣ˆ s

0
⟨ρ(t),σg(ρ(t))dwQ(t)⟩H−1

∣∣∣∣≤ 1
4
E sup

s∈ [0,t]
∥ρ(s)∥2

H−1 + c,

if we integrate both sides in (3.5.22) and then take the supremum with respect to time and the

expectation, we get

E sup
t∈ [0,T ]

∥ρ(t)∥2
H−1 +

ˆ T

0
E∥ρ(s)∥2

H ds ≤ cT
(
1+∥r0∥2

H−1

)
,

which, in particular implies that ρ ∈ L2(Ω;L∞(0,T ;H−1)∩ L2(0,T ;H))). Moreover, since ρ

solves equation (3.5.1), it belongs to C([0,T ];H), P-a.s.

Finally, in order to prove (3.5.20), we take the expectation of both sides of (3.5.22) and we

get

d
dt
E∥ρ(t)∥2

H−1 +2c1E∥ρ(s)∥2
H ds ≤ c

and this implies that there exist some c,λ > 0 such that (3.5.20) holds.

3.6 Ergodic behavior of the limiting equation

In this section, we first study the existence of a unique invariant measure for RH
t and RH−1

t ,

and then we show how this implies the existence of a unique invariant measure for PH
t .
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3.6.1 Ergodicity of Eq. (3.5.1)

In what follows, we denote by RH−1

t the transition semigroup associated to equation (3.5.1)

on H−1

RH−1

t ϕ(r) := Eϕ(ρr(t)), r ∈ H−1, t ≥ 0,

for every ϕ ∈ Bb(H−1). Similarly, we denote by RH
t the transition semigroup associated to equa-

tion (3.5.1) on H,

RH
t ϕ(r) := Eϕ(ρr(t)), r ∈ H, t ≥ 0,

for every ϕ ∈ Bb(H). Clearly, if r ∈ H and ϕ ∈ Bb(H−1), then

RH
t ϕ(r) = RH−1

t ϕ(r), t ≥ 0.

For every A ∈ B(H−1) we have that A∩H ∈ B(H). Thus, if ν ∈P(H), we can define its

extension ν ′ ∈ P(H−1) by setting

ν
′(A) = ν(A∩H), A ∈ B(H−1).

With this definition, supp(ν ′)⊂H. Indeed, if we denote by BH(r,R) the closed ball in H centered

at r ∈ H with radius R > 0, then Bc
H(r,R) ∈ B(H), so that

lim
R→+∞

ν
′(Bc

H(0,R)) = lim
R→+∞

ν(Bc
H(0,R)) = 0,

which implies that supp(ν ′)⊂ H.
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Proposition 3.28. Assume Hypotheses 3.1, 3.3, 3.4 and 3.6, and define α(r,s) := |r− s|H−1 .

Then, there exist some positive constant λ0, t0 and c such that

Wα

(
(RH−1

t )∗ν1,(RH−1

t )∗ν2

)
≤ ce−λ0t Wα(ν1,ν2), t > t0. (3.6.1)

Moreover, RH−1

t has a unique invariant measure νH−1
such that supp(νH−1

)⊂ H1 and

Wα

(
(RH−1

t )∗δr, ν
H−1
)
≤ c(1+∥r∥H−1) e−λ0t , t ≥ 0, r ∈ H−1. (3.6.2)

Proof. Let ρr1,ρr2 be two solutions of (3.5.1), with initial conditions r1,r2 ∈ H−1, respectively.

By proceeding as in the proof of Proposition 3.27, we have

E∥ρ
r1(t)−ρ

r1(t)∥2
H−1 ≤ e−λ t ∥r1 − r2∥2

H−1 , t ≥ 0,

for some constant λ > 0. In particular, the semigroup RH−1

t is Feller in H−1 and for every ϕ ∈

Lipb(H
−1) and r1,r2 ∈ H−1

∣∣∣RH−1

t ϕ(r1)−RH−1

t ϕ(r2)
∣∣∣≤ [ϕ]LipH−1,α

e−λ t/2 ∥r1 − r2∥H−1 , t ≥ 0. (3.6.3)

As shown e.g. in [39, Theorem 2.5], (3.6.3) implies (3.6.1). Moreover, it implies that RH−1

t has

at most one invariant measure.

If for every R > 0 and t > 0 we denote

BR :=
{
r ∈ H−1 : ∥r∥H1 ≤ R

}
, Γt :=

1
t

ˆ t

0
(RH−1

t )∗ δ0 dt.

110



Then, thanks to (3.5.19), for every R > 0 and t > 0 we have

Rt(Bc
R) =

1
t

ˆ t

0
P
(∥∥ρ

0(s)
∥∥

H1 > R
)

ds ≤ c
R2 . (3.6.4)

Since BR is compactly embedded in H−1, this implies that the family of measures {Γt}t>0, is

tight in H−1. Then, by Prokhorov’s Theorem, there exists tn ↑ ∞ such that Γtn converges weakly

to some probability measure in P(H−1) which is invariant for RH−1

t and, due to what we have

seen above, such measure is the unique invariant measure νH−1
of RH−1

t . Moreover, (3.6.4) gives

ν
H−1

(Bc
R)≤ liminf

n→∞
Γtn(B

c
R)≤

c
R2 , R > 0,

so that supp(νH−1
)⊂ H1.

Finally, in order to prove (3.6.2), we first notice that due to the invariance of νH−1
and

(3.5.20)

ˆ
H−1

∥r∥2
H−1 ν

H−1
(dr)≤ liminf

R→∞

ˆ
H−1

(
∥r∥2

H−1 ∧R
)

ν
H−1

(dr)

= liminf
R→∞

ˆ
H−1

(
E∥ρ

r(t)∥2
H−1 ∧R

)
ν

H−1
(dr)≤ c

(
1+ e−λ t

ˆ
H−1

∥r∥2
H−1ν

H−1
(dr)

)
.

Thus, if we take t̄ > 0 such that ce−λ t̄ = 1/2, we get

ˆ
H−1

∥r∥2
H−1 ν

H−1
(dr)≤ c. (3.6.5)
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Then, in view of (3.6.3), for every ϕ ∈ Lipb(H
−1) we have

Wα

(
(RH−1

t )∗δr, ν
H−1
)
≤
∣∣∣∣RH−1

t ϕ(r)−
ˆ

H−1
ϕ(s)ν

H−1
(ds)

∣∣∣∣
≤
ˆ

H−1

∣∣∣RH−1

t ϕ(r)−RH−1

t ϕ(s)
∣∣∣νH−1

(ds)≤ [ϕ]LipH−1 ,α e−λ t/2
ˆ

H−1
∥r− s∥H−1ν

H−1
(ds),

and (3.6.5) allows to obtain (3.6.2), with λ0 = λ/2.

Remark 3.29. Based on the fact that B(H) ⊂ B(H−1) and the fact that supp(νH−1
) ⊂ H1,

we have that νH−1 ∈ P(H−1) is also a probability measure on H. In what follows, it will be

convenient to distinguish the restriction of νH−1
to H from νH−1

itself and for this reason we will

denote it by νH .

Proposition 3.30. The probability measure νH is the unique invariant measure for the transition

semigroup RH
t . Moreover, supp(νH)⊂ H1 and

ˆ
H
∥r∥2

H1 ν
H(dr)< ∞. (3.6.6)

Proof. By proceeding as in the proof of Lemma 3.18, it is possible to show that νH is invariant

for RH
t , and from Proposition 3.28 we get that supp(νH)⊂ H1.

To prove its uniqueness, we notice that if ν ∈ P(H) is any invariant measure for RH
t , then

its extension ν ′ ∈ P(H−1), with the support in H, is invariant for RH−1

t . From Proposition 3.28,

we have ν ′ = νH−1
, and hence

ν(A) = ν
′(A) = ν

H−1
(A) = ν

H(A), A ∈ B(H),
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which implies that ν = νH .

Finally, in order to prove (3.6.6), we consider the Komolgorov operator associated to RH
t

Nϕ(r) =
1
2

TrH

[(
σg(r)Q

)(
σg(r)Q

)∗D2
ϕ(r)

]
+
〈
div
(
b(r)∇r

)
+Fg(r),Dϕ(r)

〉
H ,

We consider the function ϕ(r) := ∥r∥2
H /2, then

Nϕ(r)=
1
2

∥∥σg(r)
∥∥2

L2(HQ,H)
−
〈
b(r)∇r,∇r

〉
H +

〈
Fg(r),r

〉
H ≤ 1

2
σ

2
∞ − γ

−1
1 ∥∇r∥2

H +
〈
Fg(r),r

〉
H ,

so thanks to (3.5.3) and (3.1.7), by the invariance of νH on H we have

ˆ
H
∥r∥2

H1 ν
H(dr)< ∞.

Remark 3.31. As a direct consequence of (3.6.6), we have

ˆ
H−1

∥r∥2
H1 ν

H−1
(dr)< ∞. (3.6.7)

3.6.2 Ergodicity of Eq. (3.0.2)

Due to Hypothesis 3.3, with an abuse of notation in this section we will look at g and g−1

as mappings on H

[g(h)](x) := g(h(x)), [g−1(h)](x) := g−1(h(x)), x ∈ O, h ∈ H.
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For every probability measure ν ∈ P(H), we define probability measures ν ◦ g and ν ◦ g−1

∈ P(H) by

(
ν ◦g

)
(A) := ν(g(A)),

(
ν ◦g−1)(A) := ν(g−1(A)), A ∈ B(H).

Clearly, we have

(ν ◦g)◦g−1 = (ν ◦g−1)◦g = ν . (3.6.8)

Now, we recall that we denoted by PH
t the transition semigroup associated to the limiting

problem (3.0.2)

PH
t ϕ(u) := Eϕ(uu(t)), u ∈ H, t ≥ 0,

for every ϕ ∈ Bb(H). For every r,u ∈ H and t ≥ 0 we have

g−1(ρr(t)) = ug−1(r)(t), ρ
g(u)(t) = uu(t).

Hence, if we define the operator Tg : Cb(H)→Cb(H) by

[Tgϕ](u) = ϕ(g(u)), u ∈ H,

we have T−1
g := Tg−1 , ˆ

H
[Tgϕ](u)(ν ◦g)(du) =

ˆ
H

ϕ(r)ν(dr), (3.6.9)
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and for every ϕ ∈ Cb(H)

RH
t ϕ(r) = Eϕ(ρr(t)) = E [Tgϕ](ug−1(r)(t)) = PH

t [Tgϕ](g−1(r)), t ≥ 0. (3.6.10)

Lemma 3.32. ν ∈ P(H) is invariant for PH
t if and only ν ◦g−1 is invariant for RH

t . In particular,

νH ◦g is the unique invariant measure for PH
t .

Proof. Assume ν ∈ P(H) is invariant for PH
t . Then, thanks to (3.6.10) and (3.6.9), for every

ϕ ∈ Cb(H) and t ≥ 0 we have

ˆ
H

RH
t ϕ(r)(ν ◦g−1)(dr) =

ˆ
H

RH
t ϕ(g(u))ν(du) =

ˆ
H

PH
t [Tgϕ](u)ν(du)

=

ˆ
H
[Tgϕ](u)ν(du) =

ˆ
H

ϕ(r)(ν ◦g−1)(dr).

This implies that ν ◦g−1 is invariant for RH
t . In the same way, if λ ∈ P(H) is invariant for RH

t ,

then λ ◦g is invariant for PH
t . Hence, we can conclude due to (3.6.8).

Our statement can be rephrased by saying that there exists a unique invariant measure for

RH
t if and only is there exists a unique invariant measure for PH

t . Therefore, since we have shown

in Corollary 3.30 that νH is the unique invariant measure for RH
t , we obtain that νH ◦ g is the

unique invariant measure for PH
t .

3.7 Proof of Theorem 3.9

We notice that Theorem 3.9 is proved once we prove that if (νH
µ )µ>0 ⊂P(H ) is a family

of invariant measures for the transition semigroups Pµ,H
t , such that supp(νH

µ ) ⊂ H1, then we
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have

lim
µ→0

Wα

([(
Π1ν

H
µ

)
◦g−1

]′
,νH−1

)
= 0, (3.7.1)

where νH−1
is the unique invariant measure for RH−1

t in H−1.

Actually, in view of (3.4.15), the family of probability measures (Π1νH
µ )µ∈(0,1) is tight in

Hδ , for every δ < 1. If ν is any weak limit of Π1νH
µ in H, as µ → 0, we have (Π1νH

µ ) ◦ g−1

converges weakly to ν ◦g−1 on H. Due to the continuity of the embedding of H−1 into H,

[
(Π1ν

H
µ )◦g−1

]′
⇀
(
ν ◦g−1)′, as µ → 0,

as measures on H−1. On the other hand, according to (3.7.1) we have that
[
(Π1νH

µ )◦g−1
]′

converges weakly to νH−1
in H−1, so that (ν ◦g−1)′ = νH−1

in H−1. This implies that ν ◦g−1 =

νH ∈ P(H), and thus ν = νH ◦ g ∈ P(H). Since this holds for every weak limit ν of Π1νH
µ ,

we conclude that Π1νH
µ converges weakly to νH ◦ g in H, as µ → 0, and, due to Lemma 3.32,

νH ◦g is the unique invariant measure for PH
t .

3.7.1 Proof of (3.7.1)

Due to the invariance of νH
µ and νH−1

, we have

Wα

([(
Π1ν

H
µ

)
◦g−1

]′
,νH−1

)
≤ Wα

([
Π1((P

µ,H
t )⋆ν

H
µ )◦g−1

]′
,(RH−1

t )∗
[(

Π1ν
H
µ

)
◦g−1

]′)

+Wα

(
(RH−1

t )∗
[(

Π1ν
H
µ

)
◦g−1

]′
,(RH−1

t )∗ν
H−1
)
.
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According to (3.6.1), we have

Wα

(
(RH−1

t )∗
[(

Π1ν
H
µ

)
◦g−1

]′
,(RH−1

t )∗ν
H−1
)
≤ ce−λ0tWα

([(
Π1ν

H
µ

)
◦g−1

]′
,νH−1

)
,

and then, if we pick t̄ > 0 such that ce−λ0t̄ ≤ 1/2, we obtain

Wα

([(
Π1ν

H
µ

)
◦g−1

]′
,νH−1

)
≤ 2Wα

([
(Π1((P

µ,H
t̄ )⋆ν

H
µ )◦g−1

]′
,(RH−1

t̄ )∗
[(

Π1ν
H
µ

)
◦g−1

]′)
.

Now, if we fix a F0-measurable H1-valued random variable ϑµ := (ξµ ,ηµ), distributed as the

invariant measure νH
µ , the Kantorovich-Rubinstein identity (3.2.3) gives for every t ≥ 0

Wα

([
(Π1((P

µ,H
t )⋆ν

H
µ )◦g−1

]′
,(RH−1

t )∗
[(

Π1ν
H
µ

)
◦g−1

]′)
≤ Eα(g(uϑµ

µ (t)),ρ g(ξµ )(t)).

Thus, (3.7.1) follows once we prove that for every t ≥ 0 large enough

lim
µ→0

Eα(g(uϑµ

µ (t)),ρ g(ξµ )(t)) = lim
µ→0

E∥g(uϑµ

µ (t))−ρ
g(ξµ )(t)∥H−1 = 0. (3.7.2)

According to (3.4.15) we have that ϑµ ∈ L2(Ω;H1), for every µ ∈ (0,1). Hence, if we

denote ρµ(t) := g(uϑµ

µ (t)), by proceeding as in [22, Section 5], we can rewrite equation (3.2.1)

in the following way

ρµ(t)+µ vϑµ

µ (t)= g(ξµ)+µ ηµ +

ˆ t

0
∆[B(ρµ(s))]ds+

ˆ t

0
Fg(ρµ(s))ds+

ˆ t

0
σg(ρµ(s))dwQ(s),

where the identity holds in H−1 sense. Since ρ g(ξµ ) solves equation (3.5.1) with initial condition

117



g(ξµ) ∈ L2(Ω;H) in H−1 sense, we have

ρµ(t)−ρ
g(ξµ )(t)+µ vϑµ

µ (t) = µ ηµ +

ˆ t

0
∆

[
B(ρµ(s))−B(ρ g(ξµ )(s))

]
ds

+

ˆ t

0

(
Fg(ρµ(s))−Fg(ρ

g(ξµ )(s))
)

ds+
ˆ t

0

(
σg(ρµ(s))−σg(ρ

g(ξµ )(s))
)

dwQ(s).

If we define ϑµ(t) := ρµ(t)−ρ g(ξµ )(t), as a consequence of Itô’s formula, we have

1
2
E∥ϑµ(t)+µ vϑµ

µ (t)∥2
H−1

=
1
2

µ
2E∥ηµ∥2

H−1 −E
ˆ t

0

〈
B
(
ρµ(s)

)
−B
(
ρ

g(ξµ )(s)
)
,ϑµ(s)+µ vϑµ

µ (s)
〉

Hds

+E
ˆ t

0

〈
Fg
(
ρµ(s)

)
−Fg

(
ρ

g(ξµ )(s)
)
,ϑµ(s)+µ vϑµ

µ (s)
〉

H−1ds

+
1
2
E
ˆ t

0
∥σg(ρµ(s))−σg(ρ

g(ξµ )(s))∥2
L2(HQ,H−1)ds

so that

E∥ϑµ(t)+µ vϑµ

µ (t)∥2
H−1 ≤ µ

2E
∥∥ηµ

∥∥2
H−1 −2µ E

ˆ t

0

〈
B
(
ρµ(s)

)
−B
(
ρ

g(ξµ )(s)
)
,vϑµ

µ (s)
〉

Hds

+2µ E
ˆ t

0

〈
Fg
(
ρµ(s)

)
−Fg

(
ρ

g(ξµ )(s)
)
,vϑµ

µ (s)
〉

H−1ds− c0E
ˆ t

0
∥ϑµ(s)∥2

Hds,

where

c0 := 2
( 1

γ1
− Lσ

2α1γ2
0
−

L f

α1γ0

)
> 0.

Since B has linear growth, thanks to (3.4.1) and (3.4.2) for every µ ∈ (0,µ0) we have

µ ·E
∣∣∣∣ˆ t

0

〈
B(ρµ(s)

)
−B
(
ρ

g(ξµ )(s)),vϑµ

µ (s)
〉

Hds
∣∣∣∣
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≤ c
(ˆ t

0

(
1+E

∥∥ρµ(t)
∥∥2

H +E∥ρ
g(ξµ )(t)∥2

H

)
dt
) 1

2
(ˆ t

0
µ

2E∥vϑµ

µ (t)∥2
Hdt
) 1

2

≤ c
(

1+ t +E
∥∥ξµ

∥∥2
H1 +µ

2E∥ηµ∥2
H

) 1
2
(

µ t +µ
2 +µ

2E∥ξµ∥2
H1 +µ

3E
∥∥ηµ

∥∥2
H

) 1
2

≤ ct

(
1+
ˆ

H

(
∥u∥2

H1 +µ
2 ∥v∥2

H

)
ν

H
µ (du,dv)

) 1
2
(

µ +µ
2
ˆ

H

(
∥u∥2

H1 +µ ∥v∥2
H

)
ν

H
µ (du,dv)

) 1
2

≤ ct
√

µ

(
1+
ˆ

H

(
∥u∥2

H1 +µ ∥v∥2
H

)
ν

H
µ (du,dv)

)
.

Similarly, thanks to the linear growth of Fg, we have for every µ ∈ (0,µ0)

µ ·E
∣∣∣∣ˆ t

0

〈
Fg(ρµ(s)

)
−Fg

(
ρ

g(ξµ )(s)),vϑµ

µ (s)
〉

H−1ds
∣∣∣∣

≤ ct
√

µ

(
1+
ˆ

H

(
∥u∥2

H1 +µ ∥v∥2
H

)
ν

H
µ (du,dv)

)
.

Moreover, due to (3.4.15) we know the family of random variable ϑµ satisfies (3.4.5). Then,

from (3.4.6) we obtain that for every µ ∈ (0,µt)

µ
2E∥vϑµ

µ (t)∥2
H−1 ≤ ct

√
µ + c µ

(
E
∥∥ξµ

∥∥2
H1 +µ E

∥∥ηµ

∥∥2
H

)

= ct
√

µ + c µ

ˆ
H

(
∥u∥2

H1 +µ ∥v∥2
H

)
ν

H
µ (du,dv),
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Therefore, from (3.4.15) and (3.1.11) we conclude that for every µ ∈ (0,µt)

1
2
E∥ρµ(t)−ρ

g(ξµ )(t)∥2
H−1 ≤

(
E∥ρµ(t)−ρ

g(ξµ )(t)+µvϑµ

µ (t)∥2
H−1 +µ

2E∥vϑµ

µ (t)∥2
H−1

)

≤ ct
√

µ

(
1+
ˆ

H

(
∥u∥2

H1 +µ ∥v∥2
H

)
ν

H
µ (du,dv)

)
,

and (3.7.2) follows.
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Chapter 4: The small-mass limit for constrained wave equations with nonlinear

conservative noise

In this chapter, we study the small-mass limit of the following system of stochastic con-

strained wave equations on the interval (0,L)



µ∂
2
t uµ(t,x)+µ|∂tuµ(t)|2L2(0,L)uµ(t,x),

= ∂
2
x uµ(t,x)+ |∂xuµ(t)|2L2(0,L)uµ(t,x)− γ∂tuµ(t,x)+

√
µ
(
uµ(t)×∂tuµ(t)

)
◦∂tw(t,x)

uµ(0,x) = u0(x), ∂tuµ(0,x) = v0(x), uµ(t,0) = uµ(t,L) = 0,
(4.0.1)

where the solution uµ(t) is constrained to live on M = SL2(0,L)(0,1), the unitary sphere of L2(0,L),

with initial data (u0,v0) ∈ M , the tangent bundle of M.

Let us outline the structure of the chapter. In Section 4.1, we introduce the assumptions

and notations used throughout the chapter. Section 4.2 presents the main results (see Theorem

4.4). In Section 4.3, we investigate the well-posedness of equation (4.0.1). Section 4.4 establishs

uniform bounds for the solution uµ and
√

µ ∂tuµ with respect to µ ∈ (0,1). In Section 4.5, we

focus on the limiting equation (4.5.1), introducing an equivalent formulation and proving the

uniqueness of the solution in a suitable functional space. Finally, in Section 4.6, we demonstrate
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the validity of the small-mass limit. This is achieved by first integrating (4.0.1) with respect to

time, rearranging all terms appropriately, and then by proving tightness and identifying the weak

limit as the unique solution to equation (4.5.1).

4.1 Notations and assumptions

Let H denote the Hilbert space L2(0,L;R3), for some fixed L > 0, endowed with the inner

product 〈
u,v
〉

H =
3

∑
i=1

⟨ui,vi⟩L2(0,L) =

ˆ L

0
(u(x) · v(x))dx,

and the corresponding norm |·|H . Notice that here and in what follows, we shall denote the scalar

product of two vectors h,k ∈ R3 by (h · k). Moreover we shall denote the norm of a vector h in

R3 by |h|R3 , or just by |h|, when there is no risk of confusion.

Next, for every k ∈ N we shall denote by Hk the closure of C∞
0 ([0,L]) in W k,2(0,L), where

W k,2(0,L) is the space of all functions u ∈ H such that Dhu exists in the weak sense, for every

h ≤ k, and Dhu ∈ H. Due to the Poincaré inequality, we can endow Hk with the norm

|u|Hk := |Dku|H .

Moreover, we shall set Hk :=Hk+1×Hk. When k = 0, we will simply denote H0 by H . Finally,

for every function u : (0,L)→ R3 we shall denote

|u|∞ = sup
x∈ [0,L]

|u(x)|R3 .

Notice that since [0,L]⊂ R, we have H1 ↪→ L∞(0,L).
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If E and F are Banach spaces, the class of all bounded linear operators from E to F will

be denoted by L (E,F). We will use a shortcut notation L (E) for L (E,E). It is known that

L (E,F) is also a Banach space. By L2(E,E;F) we will denote the Banach space of all bounded

bilinear operators from E ×E =: E2 to F . If K is another Hilbert space, by L2(K,F), we will

denote the Hilbert space of all Hilbert-Schmidt operators from K to F , endowed with the natural

inner product and norm. It is known that L2(K,F) ↪→ L (K,F) continuously. If {e j} j∈N is an

orthonormal basis of a separable Hilbert space K which is continuously embedded into a Banach

space E and
∞

∑
j=1

|e j|2E < ∞,

then for every Λ ∈ L2(E ×E;F) we put

trK(Λ) =
∞

∑
i=1

Λ(e j,e j). (4.1.1)

In what follows, we denote by M the unit sphere in H

M =
{

u ∈ H : |u|H = 1
}
,

and by M the corresponding tangent bundle

M =
{
(u,v) ∈ M×H :

〈
u,v
〉

H = 0
}
.
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Now, we rewrite equation (4.0.1) as the following system



duµ(t) = vµ(t)dt,

dvµ(t) =
1
µ

[
∂

2
x uµ(t)+ |∂xuµ(t)|2Huµ(t)−µ|vµ(t)|2Huµ(t)− γvµ(t)

]
dt

+
1

√
µ

(
uµ(t)× vµ(t)

)
◦dw(t),

uµ(0) = u0, vµ(0) = v0, uµ(t,0) = uµ(t,L) = 0.

(4.1.2)

Here w(t) is a cylindrical Wiener process in H. Thus, if we denote by K its reproducing kernel

Hilbert space, we have

w(t,x) =
∞

∑
i=1

ξi(x)βi(t), (t,x) ∈ [0,+∞)× (0,L),

where {βi(t)}i∈N is a sequence of independent standard Brownian motions, all defined on the

stochastic basis (Ω,F ,{Ft}t≥0,P), and {ξi}i∈N is an orthonormal basis of K. In what follows

we shall denote byE a Banach space containing K, such that the embedding of K in E is Hilbert-

Schmidt. In particular
∞

∑
i=1

|ξi|2E < ∞.

Moreover, we shall assume the following conditions are satisfied.
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Hypothesis 4.1. All functions ξi belong to C1([0,L]). Moreover, if we denote

ϕ(x) :=
∞

∑
i=1

|ξi(x)|2, ϕ1(x) :=
∞

∑
i=1

|ξ ′
i (x)|2, x ∈ (0,L),

we have that ϕ and ϕ1 belong to L∞(0,L).

Remark 4.2. Since for every x ∈ (0,L), we have

∣∣ ∞

∑
i=1

ξi(x)ξ ′
i (x)

∣∣≤√ϕ(x)ϕ1(x),

thanks to Hypothesis 4.1 we have that ϕ is weakly differentiable and

ϕ
′(x) = 2

∞

∑
i=1

ξi(x)ξ ′
i (x), x ∈ (0,L).

In particular, this allows to conclude that ϕ ∈ W 1,∞(0,L) with

|ϕ ′|∞ ≤ c(|ϕ|∞ + |ϕ1|∞).

2

4.2 Main results

In what follows, we denote by A the realization in H of the second derivative operator,

endowed with Dirichlet boundary conditions, and for all µ > 0 define

Aµz :=
(
v,µ−1Au

)
, z = (u,v) ∈ D(Aµ) = H1.
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Moreover, for every µ > 0 we define

Fµ(z) :=−µ |v|2Hu+ |∂xu|2Hu, z = (u,v) ∈ H .

With these notations, system (4.0.1) can be rewritten as

dzµ(t) = Aµzµ(t)dt +
1
µ

(
0,Fµ(zµ(t))− γ vµ(t)

)
dt +

1
√

µ

(
0,uµ(t)× vµ(t)

)
◦dw(t). (4.2.1)

with zµ(0) = z0 = (u0,v0).

The first result we will prove in this paper is the following well-posedness result for system

(4.0.1) in H .

Theorem 4.3. For every µ > 0 and z0 = (u0,v0)∈H ∩M , there exists a unique mild solution to

the stochastic constrained wave equation (4.0.1). Namely, there exists a unique H ∩M -valued

continuous and adapted process zµ(t) = (uµ(t),vµ(t)), t ≥ 0, such that the following hold.

1. The process uµ(t) has M-valued trajectories of class C1 and

vµ(t) = ∂tuµ(t), t ≥ 0.

2. The process zµ(t) satisfies the equation

zµ(t) = Sµ(t)z0 +
1
µ

ˆ t

0
Sµ(t − s)

(
0,Fµ(zµ(s))− γvµ(s)

)
ds

+
1

√
µ

ˆ t

0
Sµ(t − s)

(
0,(uµ(s)× vµ(s))◦ dw(s)

)
,
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for every t ≥ 0, P-almost surely.

3. The following identity holds for every t ≥ 0

|uµ(t)|2H1 +µ |vµ(t)|2H +2γ

ˆ t

0
|vµ(s)|2H ds = |u0|2H1 +µ |v0|2H , P−a.s. (4.2.2)

The second result, which represents the main goal of this paper, concerns the limiting

behavior of the process uµ(t), as µ ↓ 0.

Theorem 4.4. Fix (u0,v0) ∈ H1 ∩M . Then, for every T > 0 and δ < 2 and for every η > 0 we

have

lim
µ→0

P
(
|uµ −u|C([0,T ];Hδ ) > η

)
= 0,

where u is the unique solution of the following deterministic problem



∂t

[(
γ +

1
2

ϕ|u(t)|2
)

u(t)
]
= ∂

2
x u(t)+ |∂xu(t)|2Hu(t)+

3ϕ

2γ

([
∂

2
x u(t)+ |∂xu(t)|2Hu(t)

]
·u(t)

)
u(t),

u(0,x) = u0(x), u(t,0) = u(t,L) = 0.
(4.2.3)

4.3 Well-posedness of stochastic constrained wave equations

As known (see e.g. [7, Definition 3.1]), for an arbitrary function G : F → L (E,F) of class

C1

ˆ t

0
G(z(s)) ◦ dW (s) :=

ˆ t

0
G(z(s))dW (s)+

1
2

ˆ t

0
trK
[
G′(z(s))G(z(s))

]
ds, (4.3.1)
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with trK defined as in (4.1.1). Note that

G′(z)G(z) ∈ L (E;L (E,F))≡ L2(E ×E,F), z ∈ F,

and

G′(z)G(z)(e1,e2) = [G′(z)
(
G(z)e1)]e2, (e1,e2) ∈ E ×E, z ∈ F.

This means that trK
[
G′(z)G(z)

]
is a well defined element of F and satisfies

trK[G′(z)G(z)] =
∞

∑
i=1

[G′(z)
(
G(z)e j

)
]e j,

where {e j} j∈N is an orthonormal basis of K. In particular, if we take

G(u,v)k := (0,σ(u,v)k), (u,v) ∈ H , k ∈ E,

for some σ : H → L (E,H1), we have

[G′(u,v)G(u,v)](k,h) = (0,∂vσ(u,v)[σ(u,v)(k)](h)) ,

so that

trK[G′(z)G(z)] = (0, trK[∂vσ(u,v)σ(u,v)]) . (4.3.2)

In what follows, we will take

σ(u,v)k = (u× v)k.
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The following result holds.

Lemma 4.5. The map σ : Hk → T2(K,Hk) is Lipschitz-continuous on balls and has polynomial

growth, for k = 0,1. Moreover, its Fréchet derivative along any direction v ∈ Hk is given by

∂vσ(z)y = u× y, z = (u,v) ∈ Hk, y ∈ Hk,

and the function

Hk ∋ z = (u,v) 7→ trK [∂vσ(z)σ(z)] = trK [u× (u× v)] = ϕ [u× (u× v)] ∈ Hk, (4.3.3)

is Lipschitz-continuous on balls with polynomial growth.

Proof. Case k = 0. For every z1 = (u1,v1) and z2 = (u2,v2) in H we have

∥σ(z1)−σ(z2)∥2
T2(K,H) =

∞

∑
i=1

|(σ(z1)−σ(z2))ξi|2H

=

ˆ L

0
|u1(x)× v1(x)−u2(x)× v2(x)|2

∞

∑
i=1

|ξi(x)|2 dx ≤ c |ϕ|∞|u1 × v1 −u2 × v2|2H

≤ c |ϕ|∞
(
|u1 −u2|2H1 |v1|2H + |u2|2H1|v1 − v2|2H

)
≤ c |ϕ|∞

(
|z1|2H + |z2|2H

)
|z1 − z2|2H .

Since σ(0) = 0, this implies that σ : H → T2(K,H) is well defined and locally Lipschitz con-

tinuous, with quadratic growth.

For every u ∈ H1 fixed, the mapping σ(u, ·) : H → L (E,H) is linear and its derivative

∂vσ(u, ·) is given by

∂vσ(z)y = u× y ∈ L (E,H), z = (u,v) ∈ H , y ∈ H.
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In particular ∂vσ(z)σ(z) ∈ L (E ×E,H) and

trK [∂vσ(z)σ(z)] = trK [u× (u× v)] =
∞

∑
i=1

(u× (u× v)ξi)ξi = ϕ (u× (u× v)) .

Now, for every h,k ∈ R3 we have

h× (h× k) =−|h|2k+(h · k)h, (4.3.4)

so that we can write

trK [∂vσ(z)σ(z)] = ϕ(−|u|2v+(u · v)u),

and

|trK [u× (u× v)]|2H =

ˆ L

0
ϕ(x)2 ∣∣−|u(x)|2v(x)+(u(x) · v(x))u(x)

∣∣2 dx

=

ˆ L

0
ϕ(x)2(|u(x)|4|v(x)|2 −|u(x)|2(u(x) · v(x))2)dx ≤ c |ϕ|2∞|u|4H1|v|2H ≤ c|ϕ|2∞|z|6H .

Moreover,

∣∣trK(u1 × (u1 × v1))− trK(u2 × (u2 × v2))
∣∣2
H

≤ c
ˆ L

0
ϕ(x)2 ((|u1(x)|2 + |u2(x)|2

)(
|v1(x)|2 + |v2(x)|2

)
|u1(x)−u2(x)|2

+
(
|u1(x)|4 + |u2(x)|4

)
|v1(x)− v2(x)|2

)
dx

130



≤ c|ϕ|2∞
((

|u1|2H1 + |u2|2H1

)(
|v1|2H + |v2|2H

)
|u1 −u2|2H1 +

(
|u1|4H1 + |u2|4H1

)
|v1 − v2|2H

)

≤ c|ϕ|2∞
(
|z1|4H + |z2|4H

)
|z1 − z2|2H .

This implies that the mapping z∈ H 7→ trK [∂vσ(z)σ(z)]∈ H is well-defined and locally Lischitz-

continuous, with cubic growth.

Case k = 1. For any z1 = (u1,v1) and z2 = (u2,v2) in H1, we have

∥σ(z1)−σ(z2)∥2
T2(K,H1) =

∞

∑
i=1

|(σ(z1)−σ(z2))ξi|2H1

≤ 2
∞

∑
i=1

∣∣ξi (u1 × v1 −u2 × v2)
′∣∣2

H +2
∞

∑
i=1

∣∣ξ ′
i (u1 × v1 −u2 × v2)

∣∣2
H

≤ c|ϕ|∞
(
|(u1 −u2)

′× v1|2H + |(u1 −u2)× v′1|2H + |u′2 × (v1 − v2)|2H + |u2 × (v1 − v2)
′|2H
)

+c|ϕ1|∞
(
|(u1 −u2)× v1|2H + |u2 × (v1 − v2)|2H

)

≤ c
(
|ϕ|∞ + |ϕ1|∞

)(
|u1 −u2|2H1|v1|2H1 + |u2|2H1 |v1 − v2|2H1

)

≤ c
(
|ϕ|∞ + |ϕ1|∞

)(
|z1|2H1

+ |z2|2H1

)
|z1 − z2|2H1

.
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This implies the local Lipschitz-continuity and polynomial growth of the mapping σ : H1 →

T2(K,H1). Finally, for every z1 = (u1,v1) and z2 = (u2,v2) in H1

∣∣trK(u1 × (u1 × v1))− trK(u2 × (u2 × v2))
∣∣2
H1

≤ c |ϕ|2∞
(
|(u1 −u2)

′× (u1 × v1)|2H + |(u1 −u2)× (u1 × v1)
′|2H
)

+c |ϕ|2∞
(
|u′2 × (u1 × v1 −u2 × v2)|2H + |u2 × (u1 × v1 −u2 × v2)

′|2H
)

+c |ϕ ′|2∞|u1 × (u1 × v1)−u2 × (u2 × v2)|2H

≤ c
(
|ϕ|2∞ + |ϕ ′|2∞

)(
|z1|2H1

+ |z2|2H1

)2|z1 − z2|2H1
,

and this implies that the mapping

H1 ∋7→ trK [u× (u× v)] ∈ H1,

is locally Lipschitz continuous and has cubic growth.
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As a consequence of (4.3.1), (4.3.2) and (4.3.3), we can rewrite system (4.0.1) as



duµ(t) = vµ(t)dt,

dvµ(t) =
1
µ

[
∂

2
x uµ(t)+ |∂xuµ(t)|2Huµ(t)−µ|vµ(t)|2Huµ(t)− γvµ(t)

+
1

2µ
trK(uµ(t)× (uµ(t)× vµ(t)))

]
dt +

1
√

µ

(
uµ(t)× vµ(t)

)
dw(t),

uµ(0) = u0, vµ(0) = v0, uµ(t,0) = uµ(t,L) = 0.

(4.3.5)

In particular, equation (4.3.5) can be rewritten as

dzµ(t) = Aµzµ(t)dt +
1
µ

(
0,Fµ(zµ(t))− γvµ(t)

)
dt

+
1

2µ

(
0, trK

(
uµ × (uµ(t)× vµ(t))

))
dt +

1
√

µ

(
0,uµ(t)× vµ(t)

)
dw(t),

with zµ(0) = z0 = (u0,v0). This allows to say that if a process uµ(t) has M-valued trajectories of

class C1 and

vµ(t) = ∂tuµ(t), t ≥ 0,

and zµ(t) = (uµ(t),vµ(t)), then the process zµ is a mild solution of equation (4.1.2), with initial

condition z0, if for every t ≥ 0, P-almost surely,
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zµ(t) = Sµ(t)z0 +
1
µ

ˆ t

0
Sµ(t − s)

(
0,Fµ(zµ(s))− γvµ(s)

)
ds

+
1

2µ

ˆ t

0
Sµ(t − s)

(
0, trK

(
uµ(s)× (uµ(s)× vµ(s))

))
ds

+
1

√
µ

ˆ t

0
Sµ(t − s)

(
0,(uµ(s)× vµ(s))dw(s)

)
.

4.3.1 Proof of Theorem 4.3

It is immediate to check that Fµ : Hk → Hk is Lipschitz continuous when restricted to

balls, for all k ≥ 0, and has cubic growth. Thus, in view of Lemma 4.5, the proof follows from a

modification of the arguments introduced in [3, proof of Theorems 2.9 and 2.10].

Due to the local Lipschitz continuity of all coefficients in H , equation (4.3.5) admits a

unique maximal local mild solution zµ ∈ C([0,τµ);H ), defined up to a certain stopping time τµ .

Our purpose is showing that zµ(t) ∈ M , for all t ∈ [0,τµ), and

P(τµ = ∞) = 1. (4.3.6)

In this way, we get the existence and uniqueness of a global mild solution zµ ∈ C([0,+∞);H ∩

M ).

In order to prove the invariance of the tangent bundle M , we introduce the following
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processes

ϑµ(t) :=
1
2
(
|uµ(t)|2H −1

)
, ηµ(t) := ⟨uµ(t),vµ(t)⟩H , t ∈ [0,τµ).

If we show that they satisfy the linear system


dϑµ(t) = ηµ(t)dt

dηµ(t)+
γ

µ
dϑµ(t) =

(
1
µ
|uµ(t)|2H1 −|vµ(t)|2H

)
ϑµ(t), t ∈ [0,τµ),

(4.3.7)

since ϑµ(0) = ηµ(0) = 0, we obtain that ϑµ(t) = ηµ(t) = 0, for every t ∈ [0,τµ), P-a.s., and this

implies that zµ(t) ∈ M , for every t ∈ [0,τµ), P-a.s.

As in [3], it can be shown the following fact.

Lemma 4.6. Assume that a local process zµ(t) = (uµ(t),vµ(t)), t ∈ [0,σµ) is a solution to

zµ(t) = Sµ(t)z0 +

ˆ t

0
Sµ(t − s)

(
0, f (s)

)
ds+
ˆ t

0
Sµ(t − s)

(
0,g(s)

)
dw(s), t ∈ [0,σµ).

(4.3.8)

where all processes are progressively measurable, f is H-valued and g is T2(K,H)-valued. Then,

for every t ∈ [0,σµ), P-almost surely,

⟨uµ(t),vµ(t)⟩H = ⟨uµ(0),vµ(0)⟩H − 1
µ

ˆ t

0
|∂xuµ(s)|2H ds+

ˆ t

0
⟨uµ(s), f (s)⟩H ds

+

ˆ t

0
|vµ(s)|2H ds+

ˆ t

0
⟨uµ(s),g(s)dw(s)⟩H ,

(4.3.9)
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and

|vµ(t)|2H +
2
µ
|∂xuµ(t)|2H = |vµ(0)|2H +

2
µ
|∂xuµ(0)|2H +2

ˆ t

0
⟨vµ(s), f (s)⟩H ds

+2
ˆ t

0
⟨vµ(s),g(s)dw(s)⟩H +

ˆ t

0
∥g(s)∥2

T2(K,H) ds.

(4.3.10)

2

Now, the local solution zµ(t) = (uµ(t),vµ(t)) of equation (4.3.5) satisfies equation (4.3.8),

with

f (s) :=−|vµ(s)|2Huµ(s)+
1
µ
|uµ(s)|2H1uµ(s)−

γ

µ
vµ(s)+

1
2µ

trK
[
uµ(s)× (uµ(s)× vµ(s))

]
,

and

g(s) :=
1

√
µ

σ(zµ(s)) =
1

√
µ

uµ(s)× vµ(s).

Notice that

⟨uµ(s), f (s)⟩H =−|vµ(s)|2H |uµ(s)|2H +
1
µ
|uµ(s)|2H1|uµ(s)|2H − γ

µ
ηµ(s),

and for every ξ ∈ K

⟨uµ(s),g(s)ξ ⟩H = 0.
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Thus, thanks to identity (4.3.9) in Lemma 4.6, we have

ηµ(t)−ηµ(0)

=
1
µ

ˆ t

0
|uµ(s)|2H1

(
|uµ(s)|2H −1

)
ds−
ˆ t

0
|vµ(s)|2H

(
|uµ(s)|2H −1

)
ds− γ

µ

ˆ t

0
⟨uµ(s),vµ(s)⟩H ds

=
1
µ

ˆ t

0
|uµ(s)|2H1 ϑµ(s)ds−

ˆ t

0
|vµ(s)|2H ϑµ(s)ds− γ

µ

ˆ t

0
ηµ(s)ds.

In particular, the processes ϑµ(t) and ηµ(t) satisfy equation (4.3.7), and, as explained above, this

implies that zµ(t) ∈ M , for every t ∈ [0,τµ), P-a.s.

Next, let us prove (4.3.6). Since (uµ(t),vµ(t)) ∈ M , we have

⟨vµ(t), f (t)⟩H =− γ

µ
|vµ(t)|2H +

1
2µ

⟨vµ(t), trK
[
uµ(s)× (uµ(s)× vµ(s))

]
⟩H .

As

⟨vµ(t),g(t)ξ ⟩H = 0, ξ ∈ K,

for every t < τµ this gives

d|vµ(t)|2H =
2
µ

〈
vµ(t),∂ 2

x uµ(t)
〉

Hdt − 2γ

µ
|vµ(t)|2Hdt +

1
µ
∥u(t)× v(t)∥2

T2(K,H) dt

+
1
µ
⟨vµ(t), trK

[
uµ(s)× (uµ(s)× vµ(s))

]
⟩H dt.

137



In view of (4.3.4), for every h,k ∈ R3 we have

|h× k|2 +(k · [h× (h× k)]) = |h× k|2 + |(h · k)|2 −|h|2|k|2 = 0.

Therefore, we obtain

d|vµ(t)|2H =− 1
µ

d|uµ(t)|2H1 −
2γ

µ
|vµ(t)|2Hdt,

and this implies that for every t < τµ

|uµ(t)|2H1 +µ |vµ(t)|2H +2γ

ˆ t

0
|vµ(s)|2Hds = |u0|2H1 +µ |v0|2H , P-a.s. (4.3.11)

In particular, we can conclude that for every µ > 0 there exists some deterministic constant κµ > 0

such that

sup
t∈ [0,τµ )

|zµ(t)|H ≤ κµ , P− a.s.,

and (4.3.6) follows. Finally, by combining together (4.3.6) and (4.3.11), we obtain (4.2.2).

4.4 Energy estimates

In Theorem 4.3 we have seen that for every (u0,v0) ∈ H ∩M and µ > 0, equation (4.0.1)

(and, equivalently, equation (4.3.5)) admits a unique mild solution zµ =(uµ ,vµ)∈C([0,+∞);H ).

Moreover, for every µ > 0 and t > 0 the following identity holds

|uµ(t)|2H1 +µ|vµ(t)|2H +2γ

ˆ t

0
|vµ(s)|2Hds = |u0|2H1 +µ|v0|2H , P-a.s. (4.4.1)
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In this section, our purpose is proving that for every (u0,v0) ∈ H1 ∩M , there exists a constant

c > 0 such that for every µ ∈ (0,1) and t ≥ 0

E sup
r∈[0,t]

(
|uµ(r)|2H2 +µ|vµ(r)|2H1

)
+E
ˆ t

0
|vµ(s)|2H1ds ≤ c. (4.4.2)

The inequality above is a consequence of the following Lemma.

Lemma 4.7. For every (u0,v0) ∈ H1 ∩M , there exist two constants c1,c2 > 0 depending only

on |(u0,
√

µ v0)|H1 , ϕ and ϕ1, such that for every µ ∈ (0,1) and t ≥ 0

E sup
r∈ [0,t]

(
|uµ(r)|2H2 +µ|vµ(r)|2H1 +µ|uµ(r)|2H1|vµ(r)|2H

)

+E
ˆ t

0

(
|vµ(s)|2H1 + |uµ(s)|2H2 |vµ(s)|2H +µ|vµ(s)|2H1|vµ(s)|2H +µ|uµ(s)|2H1|vµ(s)|4H

)
ds

≤ c1

(
|u0|2H2 +µ|v0|2H1 +µ|u0|2H1 |v0|2H

)
exp
(

c2
(
|u0|2H1 +µ|v0|2H

))
.

(4.4.3)

Proof. By applying Itô’s formula to |vµ(t)|2H1 , we get

d|vµ(t)|2H1 =
2
µ

(〈
vµ(t),∂ 2

x uµ(t)
〉

H1 + |uµ(t)|2H1

〈
vµ(t),uµ(t)

〉
H1 −µ|vµ(t)|2H

〈
vµ(t),uµ(t)

〉
H1

−γ|vµ(t)|2H1 +
1
2
〈
vµ(t), trK

(
uµ(t)× (uµ(t)× vµ(t))

)〉
H1 +

1
2

∥∥uµ(t)× vµ(t)
∥∥2

T2(K,H1)

)
dt

+
2

√
µ

〈
vµ(t),(uµ(t)× vµ(t))dw(t)

〉
H1

139



=− 1
µ

d|uµ(t)|2H2 + |uµ(t)|2H1

( 1
µ

d|uµ(t)|2H1 +d|vµ(t)|2H
)
−d
(
|uµ(t)|2H1|vµ(t)|2H

)

+
1
µ

(
−2γ|vµ(t)|2H1 +

〈
vµ(t), trK

(
uµ(t)× (uµ(t)× vµ(t))

)〉
H1 +

∥∥uµ(t)× vµ(t)
∥∥2

T2(K,H1)

)
dt

+
2

√
µ

〈
vµ(t),(uµ(t)× vµ(t))dw(t)

〉
H1. (4.4.4)

According to (4.4.1), this implies that

d
(
|uµ(t)|2H2 +µ|vµ(t)|2H1 +µ|uµ(t)|2H1|vµ(t)|2H

)

=−2γ|uµ(t)|2H1|vµ(t)|2Hdt −2γ|vµ(t)|2H1dt +
〈
vµ(t), trK

(
uµ(t)× (uµ(t)× vµ(t))

)〉
H1dt

+
∥∥uµ(t)× vµ(t)

∥∥2
T2(K,H1)

dt +2
√

µ
〈
vµ(t),(uµ(t)× vµ(t))dw(t)

〉
H1 .

Now, let us define

Yµ,a(t) := exp
(
−a
ˆ t

0
|vµ(s)|2Hds

)
, t ≥ 0, µ > 0, (4.4.5)

for some constant a > 0 to be determined later. We have

d
(

Yµ,a(t)
(
|uµ(t)|2H2 +µ|vµ(t)|2H1 +µ|uµ(t)|2H1|vµ(t)|2H

))
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= Yµ,a(t)
(
−a|uµ(t)|2H2|vµ(t)|2H −aµ|vµ(t)|2H1|vµ(t)|2H −aµ|uµ(t)|2H1|vµ(t)|4H

−2γ|uµ(t)|2H1|vµ(t)|2H −2γ|vµ(t)|2H1 +
〈
vµ(t), trK

(
uµ(t)× (uµ(t)× vµ(t))

)〉
H1

+
∥∥uµ(t)× vµ(t)

∥∥2
T2(K,H1)

)
dt +2

√
µ Yµ,a(t)

〈
vµ(t),(uµ(t)× vµ(t))dw(t)

〉
H1.

(4.4.6)

Thus, if we integrate with respect to t ≥ 0, we get

Yµ,a(t)
(
|uµ(t)|2H2 +µ|vµ(t)|2H1 +µ|uµ(t)|2H1 |vµ(t)|2H

)
+

ˆ t

0
Yµ,a(s)

(
a|uµ(s)|2H2 |vµ(s)|2H

+aµ|vµ(s)|2H1|vµ(s)|2H +aµ|uµ(s)|2H1|vµ(s)|4H +2γ|uµ(s)|2H1|vµ(s)|2H +2γ|vµ(s)|2H1

)
ds

= |u0|2H2 +µ|v0|2H1 +µ|u0|2H1|v0|2H

+

ˆ t

0
Yµ,a(s)J(uµ(s),vµ(s))ds+2

√
µ

ˆ t

0
Yµ,a(s)G(uµ(s),vµ(s))dw(s), (4.4.7)

where

J(u,v) :=
〈
v, trK(u× (u× v))

〉
H1 +∥u× v∥2

T2(K,H1) , (u,v) ∈ H1,

and

G(u,v)ξ :=
〈
v,(u× v)ξ

〉
H1, (u,v) ∈ H1, ξ ∈ K.
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Note that for every (u,v) ∈ H1

D
(
trK
(
u× (u× v)

))
=
(
−|u|2v+(u · v)u

)
ϕ
′

+
(
−2(Du ·u)v−|u|2Dv+(Du · v)u+(u ·Dv)u+(u · v)Du

)
ϕ,

so that we have

〈
v, trK

(
u× (u× v)

)〉
H1 =

ˆ L

0

(
−|u|2(v ·Dv)+(u · v)(u ·Dv)

)
ϕ
′dx

+

ˆ L

0

(
−2(Du ·u)(Dv · v)−|u|2|Dv|2 +(Du · v)(u ·Dv)+(u ·Dv)2 +(u · v)(Du ·Dv)

)
ϕdx.

(4.4.8)

Moreover,

∥u× v∥2
T2(K,H1) =

∞

∑
i=1

ˆ L

0

∣∣(u× v)ξ ′
i +D(u× v)ξi

∣∣2dx =
ˆ L

0

∞

∑
i=1

∣∣(u× v)ξ ′
i +D(u× v)ξi

∣∣2dx

=

ˆ L

0
|u× v|2ϕ1dx+

ˆ L

0

∣∣D(u× v)
∣∣2ϕdx+2

ˆ L

0
(u× v ·D(u× v))∑

i
ξiξ

′
i dx

=

ˆ L

0
|u× v|2ϕ1dx+

ˆ L

0

∣∣Du× v+u×Dv
∣∣2ϕdx

+2
ˆ L

0
(u× v) ·

(
Du× v+u×Dv

)
∑

i
ξiξ

′
i dx. (4.4.9)
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Due to the well-known identity

((a×b) · (c×d)) = (a · c)(b ·d)− (a ·d)(b · c), a,b,c,d ∈ R3,

from (4.4.8) and (4.4.9) we get

J(u,v) =
ˆ L

0
(u× v)2

ϕ1dx+2
ˆ L

0

(
(u× v) · (Du× v)

)
∑

i
ξiξ

′
i dx

+

ˆ L

0

[
(Du× v)2 −

(
(Du×u) · (Dv× v)

)]
ϕ dx.

(4.4.10)

In particular, this implies that for any ε > 0

|J(u,v)| ≤ c|ϕ1|∞|u|2H1|v|2H + c
√
|ϕ|∞|ϕ1|∞|u|H1|u|H2|v|2H

+c|ϕ|∞|u|H2|u|H1|v|H1|v|H ≤ ε |u|2H1|v|2H1 + c(ε)|u|2H2 |v|2H ,

for some constant c(ε) = c(ε, |ϕ|∞, |ϕ1|∞)> 0. Hence, according to (4.4.1), we obtain

E sup
r∈ [0,t]

∣∣∣∣ˆ r

0
Yµ,a(s)J(uµ(s),vµ(s))ds

∣∣∣∣

≤ ε
(
|u0|2H1 +µ|v0|2H

)
E
ˆ t

0
Yµ,a(s)|vµ(s)|2H1 ds+ c(ε)E

ˆ t

0
Yµ,a(s)|uµ(s)|2H2 |vµ(s)|2H ds.

(4.4.11)
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Next, for every (u,v) ∈ H1 and k ∈ K we have

G(u,v)k =
ˆ L

0

(
Dv · (u× v)k′+[Du× v+u×Dv]k

)
dx

=

ˆ L

0

(
Dv · (u× v)k′+(Du× v)k

)
dx,

so that

∥G(u,v)∥2
T2(K,R) =

∞

∑
i=1

∣∣∣ˆ L

0

[
(Dv · (u× v))ξ

′
i +(Dv · (Du× v))ξi

]
dx
∣∣∣2

≤ |v|2H1

∞

∑
i=1

(
|(u× v)ξi|2H + |(Du× v)ξi|2H

)
≤ c
(
|ϕ|∞ + |ϕ1|∞

)
|u|2H2|v|2H1 |v|2H .

(4.4.12)

This implies that for every ε > 0 we can fix some c(ε) = c(ε, |ϕ|∞, |ϕ1|∞)> 0 such that,

√
µ E sup

r∈[0,t]

∣∣∣ˆ r

0
Yµ,a(s)G(uµ(s),vµ(s))dw(s)

∣∣∣≤ cE
(ˆ t

0
µY 2

µ,a(s)
∥∥G(uµ(s),vµ(s))

∥∥2
T2(K,R) ds

) 1
2

≤ c
(
|ϕ|∞ + |ϕ1|∞

) 1
2E
(ˆ t

0
µY 2

µ,a(s)|uµ(s)|2H2 |vµ(s)|2H1|vµ(s)|2H ds
) 1

2

≤ εµ E sup
r∈[0,t]

Yµ,a(r)|vµ(r)|2H1 + c(ε)E
ˆ t

0
Yµ,a(s)|uµ(s)|2H2|vµ(s)|2Hds.

(4.4.13)

Therefore, if we pick

ε̄ :=
1
2
∧ γ
(
|u0|2H1 +µ|v0|2H

)−1
,
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and a = a(ε̄)> 0 large enough in (4.4.11) and (4.4.13), from (4.4.7) we get

E sup
r∈[0,t]

(
Yµ,a(r)

(
|uµ(r)|2H2 +µ|vµ(r)|2H1 +µ|uµ(r)|2H1|vµ(r)|2H

))

+cE
ˆ t

0
Yµ,a(s)

(
|vµ(s)|2H1 + |uµ(s)|2H2|vµ(s)|2H +µ|vµ(s)|2H1|vµ(s)|2H +µ|uµ(s)|2H1|vµ(s)|4H

)
ds

≤ |u0|2H2 +µ|v0|2H1 +µ|u0|2H1|v0|4H .

Finally, since (4.4.1) gives for every t ≥ 0

ˆ t

0
|vµ(s)|2Hds ≤ 1

2γ

(
|u0|2H1 +µ|v0|2H

)
, P− a.s.,

we conclude

E sup
r∈[0,t]

(
|uµ(r)|2H2 +µ|vµ(r)|2H1 +µ|uµ(r)|2H1|vµ(r)|2H

)

+cE
ˆ t

0

(
|vµ(s)|2H1 + |uµ(s)|2H2|vµ(s)|2H +µ|vµ(s)|2H1|vµ(s)|2H +µ|uµ(s)|2H1|vµ(s)|4H

)
ds

≤
(
|u0|2H2 +µ|v0|2H1 +µ|u0|2H1|v0|2H

)
exp
( a

2γ

(
|u0|2H1 +µ|v0|2H

))
,

and this implies (4.4.3).
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4.5 The limiting problem

We consider the following deterministic equation



∂t

[(
γ +

1
2

ϕ|u(t)|2
)

u(t)
]
= ∂

2
x u(t)+ |∂xu(t)|2Hu(t)+

3ϕ

2γ

([
∂

2
x u(t)+ |∂xu(t)|2Hu(t)

]
·u(t)

)
u(t),

u(0,x) = u0(x), u(t,0) = u(t,L) = 0,
(4.5.1)

where, we recall, ϕ(x) := ∑
∞
i=1|ξi(x)|2, for x ∈ (0,L).

Definition 4.8. Let u0 ∈ H1 ∩M. We say that u is a solution to equation (4.5.1) in [0,T ] if

u ∈C([0,T ];H1)∩L2(0,T ;H2), ∂tu ∈ L2(0,T ;H),

and the identity

(
γ +

1
2

ϕ|u(t)|2
)

u(t) =
(

γ +
1
2

ϕ|u0|2
)

u0

+

ˆ t

0

(
∂

2
x u(s)+ |∂xu(s)|2Hu(s)+

3ϕ

2γ

([
∂

2
x u(s)+ |∂xu(s)|2Hu(s)

]
·u(s)

)
u(s)

)
ds,

holds in H, for a.e. t ∈ [0,T ].

In the following lemma we show that equation (4.5.1) has an equivalent formulation.

Lemma 4.9. Let u0 ∈ H1 ∩M. Then any function u ∈ C([0,T ];H1)∩L2(0,T ;H2), with ∂tu ∈
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L2(0,T ;H), satisfies equation (4.5.1) if and only if satisfies the following equation


γ∂tu(t) = ∂

2
x u(t)+ |∂xu(t)|2Hu(t)+

1
2

trK
(
u(t)× (u(t)×∂tu(t))

)
, t > 0,

u(0,x) = u0(x), u(t,0) = u(t,L) = 0.

(4.5.2)

Proof. If u satisfies equation (4.5.2), then we have

γ∂tu(t) = ∂
2
x u(t)+ |∂xu(t)|2Hu+

1
2

ϕ
(
−|u(t)|2∂tu(t)+(u(t) ·∂tu(t))u(t)

)

= ∂
2
x u(t)+ |∂xu(t)|2Hu(t)+

1
2

ϕ

(
−∂t(|u(t)|2u(t))+3(u(t) ·∂tu(t))u(t)

)
,

the identity holding P-a.s. in L2(0,T ;H). Then, since

γu(t) ·∂tu(t) = ∂
2
x u(t) ·u(t)+ |∂xu(t)|2H |u(t)|2,

we have

γ(u(t) ·∂tu(t))u(t) = (∂ 2
x u(t) ·u(t))u(t)+ |∂xu(t)|2H |u(t)|2u(t).

This implies that

γ∂tu(t)+
1
2

ϕ∂t(|u(t)|2u(t))

= ∂
2
x u(t)+ |∂xu(t)|2Hu(t)+

3ϕ

2γ
(∂ 2

x u(t) ·u(t))u(t)+ 3ϕ

2γ
|∂xu(t)|2H |u(t)|2u(t).

On the other hand, if u is a solution of equation (4.5.1), in order to prove that it is also a
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solution to (4.5.2) it suffices to show that

γu(t) ·∂tu(t) = ∂
2
x u(t) ·u(t)+ |∂xu(t)|2H |u(t)|2.

Indeed, note that

γ∂tu(t)+
1
2

ϕ

(
2(u(t) ·∂tu(t))u(t)+ |u(t)|2∂tu(t)

)

= ∂
2
x u(t)+ |∂xu(t)|2Hu(t)+

3ϕ

2γ
(∂ 2

x u(t) ·u(t))u(t)+ 3ϕ

2γ
|∂xu(t)|2H |u(t)|2u(t),

so that if we take the scalar product by u of both sides, we get

(
1+

3
2γ

ϕ|u(t)|2
)(

(γu(t) ·∂tu(t))− (∂ 2
x u(t) ·u(t))−|∂xu(t)|2H |u(t)|2

)
= 0,

which completes the proof.

Remark 4.10. By using the (4.5.2) formulation of equation (4.5.1), it is immediate to check that

if u0 ∈ M then u(t) ∈ M, for every t ∈ [0,T ]. Actually, for any t > 0 we have

1
2

d
dt

(
|u(t)|2H −1

)
=
〈
∂

2
x u(t),u(t)

〉
H + |∂xu(t)|2H |u(t)|2H +

1
2
〈
ϕ(u(t)× (u(t)×∂tu(t))),u(t)

〉
H

= |∂xu(t)|2H
(
|u(t)|2H −1

)
.

Combined with the fact that |u0|H − 1 = 0 and ∂xu ∈ C([0,T ];H), this implies that |u(t)|H = 1,

for any t ≥ 0.

148



Lemma 4.11. Let u be a solution to equation (4.5.1), with u0 ∈ H1 ∩M. Then for every t ≥ 0 we

have

|u(t)|2H1 +2γ

ˆ t

0
|∂tu(s)|2H ds ≤ |u0|2H1 . (4.5.3)

Proof. If we use the (4.5.2) formulation of equation (4.5.1), we get

γ|∂tu(t)|2H =
〈
∂

2
x u(t),∂tu(t)

〉
H +

〈
|∂xu(t)|2Hu(t),∂tu(t)

〉
H

−1
2
〈
ϕ|u(t)|2∂tu(t),∂tu(t)

〉
H +

1
2
〈
ϕ(u(t) ·∂tu(t))u(t),∂tu(t)

〉
H .

Recalling that |u(t)|H = 1, this gives

γ |∂tu(t)|2H =−1
2

d
dt
|u(t)|2H1 −

1
2
〈
ϕ|u(t)|2∂tu(t),∂tu(t)

〉
H +

1
2
〈
ϕ(u(t) ·∂tu(t))u(t),∂tu(t)

〉
H

≤−1
2

d
dt
|u(t)|2H1,

and (4.5.3) follows once we integrate both sides in time.

Proposition 4.12. Let u1 and u2 be any two solutions of equation (4.5.1), with initial conditions

u1,0,u2,0 ∈ H2 ∩M, respectively. Then there exist some constants c1,c2 > 0, depending only on

u1,0, u2,0 and ϕ , such that for every t ≥ 0

|u1(t)−u2(t)|2H1 +

ˆ t

0
|∂tu1(s)−∂tu2(s)|2Hds ≤ c1|u1,0 −u2,0|2H1ec2t . (4.5.4)

In particular, there is at most one solution to equation (4.5.1) in C([0,T ];H1)∩L2(0,T ;H2), with
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∂tu ∈ L2(0,T ;H).

Proof. Let us fix u1,0,u2,0 ∈ H1 ∩M and let u1,u2 be solutions of equation (4.5.1) with initial

conditions u1,0,u2,0, respectively. If we denote v1 = ∂tu1 and v2 = ∂tu2, then, recalling (4.4.5)

γ|(v1 − v2)(t)|2H =
〈
∂

2
x (u1 −u2)(t),(v1 − v2)(t)

〉
H

+
〈
|∂xu1(t)|2Hu1(t)−|∂xu2(t)|2Hu2(t),(v1 − v2)(t)

〉
H

−1
2
〈
ϕ
(
|u1(t)|2v1(t)−|u2(t)|2v2(t)

)
,(v1 − v2)(t)

〉
H

+
1
2
〈
ϕ
(
(u1(t) · v1(t))u1(t)− (u2(t) · v2(t))u2(t)

)
,(v1 − v2)(t)

〉
H .

Hence, if a is an arbitrary positive constant and we denote

Ya(t) := exp
(
−a
ˆ t

0

(
1+ |v2(s)|2H

)
ds
)
, t ≥ 0, (4.5.5)

we get

d
dt

(
Ya(t)|(u1 −u2)(t)|2H1

)
= Ya(t)

( d
dt
|(u1 −u2)(t)|2H1 −a

(
1+ |v2(t)|2H

)
|(u1 −u2)(t)|2H1

)

= Ya(t)
(
−a
(
1+ |v2(t)|2H

)
|(u1 −u2)(t)|2H1 +2

〈
|u1(t)|2H1u1(t)−|u2(t)|2H1u2(t),(v1 − v2)(t)

〉
H
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−2γ|(v1 − v2)(t)|2H −
〈
ϕ
(
|u1(t)|2v1(t)−|u2(t)|2v2(t)

)
,(v1 − v2)(t)

〉
H

+
〈
ϕ
(
(u1(t) · v1(t))u1(t)− (u2(t) · v2(t))u2(t)

)
,(v1 − v2)(t)

〉
H

)
. (4.5.6)

Now, for any ε > 0 we can find c(ε)> 0 such that

〈
|u1(t)|2H1u1(t)−|u2(t)|2H1u2(t),(v1 − v2)(t)

〉
H

= |u1(t)|2H1

〈
(u1 −u2)(t),(v1 − v2)(t)

〉
H +

〈(
|u1(t)|2H1 −|u2(t)|2H1

)
u2(t),(v1 − v2)(t)

〉
H

≤ |u1(t)|2H1

(
ε|(v1 − v2)(t)|2H + c(ε)|(u1 −u2)(t)|2H

)

+c|u2(t)|H
(
|u1(t)|H1 + |u2(t)|H1

)(
ε|(v1 − v2)(t)|2H + c(ε)|(u1 −u2)(t)|2H1

)
. (4.5.7)

Moreover

−
〈
ϕ
(
|u1(t)|2v1(t)−|u2(t)|2v2(t)

)
,(v1 − v2)(t)

〉
H

=−
〈
ϕ|u1(t)|2(v1 − v2)(t),(v1 − v2)(t)

〉
H −

〈
ϕ
(
|u1(t)|2 −|u2(t)|2

)
v2(t),(v1 − v2)(t)

〉
H

≤−
〈
ϕ|u1(t)|2(v1 − v2)(t),(v1 − v2)(t)

〉
H
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+|ϕ|∞
(
|u1(t)|H1 + |u2(t)|H1

)
|(u1 −u2)(t)|H1|v2(t)|H |(v1 − v2)(t)|H

≤−
〈
ϕ|u1(t)|2(v1 − v2)(t),(v1 − v2)(t)

〉
H

+c|ϕ|∞
(
|u1(t)|H1 + |u2(t)|H1

)(
ε|(v1 − v2)(t)|2H + c(ε)|v2(t)|2H |(u1 −u2)(t)|2H1

)
,

(4.5.8)

and

〈
ϕ
(
(u1(t) · v1(t))u1(t)− (u2(t) · v2(t))u2(t)

)
,(v1 − v2)(t)

〉
H

=
〈
ϕ
(
u1(t) · (v1 − v2)(t)

)
u1(t),(v1 − v2)(t)

〉
H

+
〈
ϕ
(
(u1 −u2)(t) · v2(t)

)
u1(t),(v1 − v2)(t)

〉
H +

〈
ϕ(u2(t) · v2(t))(u1 −u2)(t),(v1 − v2)(t)

〉
H

≤
〈
ϕ
(
u1(t) · (v1 − v2)(t)

)
u1(t),(v1 − v2)(t)

〉
H

+c|ϕ|∞
(
|u1(t)|H1 + |u2(t)|H1

)(
ε|(v1 − v2)(t)|2H + c(ε)|v2(t)|2H |(u1 −u2)(t)|2H1

)
.

(4.5.9)
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Since ϕ ≥ 0, we have

−
〈
ϕ|u1|2(v1 − v2),v1 − v2

〉
H +

〈
ϕ
(
u1 · (v1 − v2)

)
u1,v1 − v2

〉
H ≤ 0.

Hence, thanks to (4.5.3) we can take ε̄ > 0 sufficiently small and ā = ā(ε̄)> 0 sufficiently large

so that if we replace (4.5.7), (4.5.8) and (4.5.9) into (4.5.6), we get

Yā(t)|u1(t)−u2(t)|2H1 + c
ˆ t

0
Yā(s)

(
1+ |v2(s)|2H

)
|u1(s)−u2(s)|2H1ds

+c
ˆ t

0
Yā(s)|v1(s)− v2(s)|2Hds ≤ |u1,0 −u2,0|2H1 ,

(4.5.10)

for some constant c = c(u1,0,u2,0,ϕ)> 0. Finally, since from (4.5.3)

Yā(t)≥ exp
(
− ā
(

t + |u2,0|2H1/2γ

))
, t > 0,

we can complete the proof of (4.5.4).

4.6 Proof of the validity of the small-mass limit

In this final section, we conclude the proof of Theorem 4.4. We first prove some identities,

then we investigate tightness and finally we proceed with the proof of the theorem.
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4.6.1 An identity

Lemma 4.13. For every µ > 0 and (u0,v0) ∈ H1 ∩M the solution (uµ(t),vµ(t)) of system

(4.0.1) (or, equivalently system (4.3.5)) satisfies the following identity, for every t ≥ 0

γuµ(t)+
1
2

ϕ|uµ(t)|2uµ(t)+µvµ(t)

= γu0 +
1
2

ϕ|u0|2u0 +µv0 +

ˆ t

0
∂

2
x uµ(s)ds+

ˆ t

0
|∂xuµ(s)|2Huµ(s)ds

+
3
2γ

ϕ

ˆ t

0

(
∂

2
x uµ(s) ·uµ(s)

)
uµ(s)ds+

3
2γ

ϕ

ˆ t

0
|∂xuµ(s)|2H |uµ(s)|2uµ(s)ds+Rµ(t),

(4.6.1)

where

Rµ(t) =
3µ

2γ
ϕ(u0 · v0)u0 −

3µ

2γ
ϕ(uµ(t) · vµ(t))uµ(t)−µ

ˆ t

0
|vµ(s)|2Huµ(s)ds

+
3µ

2γ
ϕ

ˆ t

0
(uµ(s) · vµ(t))vµ(s)ds+

3µ

2γ
ϕ

ˆ t

0
|vµ(s)|2uµ(s)ds

−3µ

2γ
ϕ

ˆ t

0
|vµ(s)|2H |uµ(s)|2uµ(s)ds+

√
µ

ˆ t

0
(uµ(s)× vµ(s))dw(s)

=:
3µ

2γ
ϕ(u0 · v0)u0 +

6

∑
i=1

Jµ,i(t). (4.6.2)
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Proof. In view of (4.3.5), we have

d(uµ(t) · vµ(t)) = |vµ(t)|2dt +
1
µ

(
∂

2
x uµ(t) ·uµ(t)

)
dt +

1
µ
|∂xuµ(t)|2H |uµ(t)|2dt

−|vµ(t)|2H |uµ(t)|2dt − γ

µ
(uµ(t) · vµ(t))dt +

1
2µ

ϕ

(
−|uµ(t)|2vµ(t)+(uµ(t) · vµ(t))uµ(t)

)
·uµ(t)dt

+
1

√
µ

uµ(t) · (uµ(t)× vµ(t))dw(t) = |vµ(t)|2dt +
1
µ

(
∂

2
x uµ(t) ·uµ(t)

)
dt

+
1
µ
|∂xuµ(t)|2H |uµ(t)|2dt −|vµ(t)|2H |uµ(t)|2dt − γ

µ
(uµ(t) · vµ(t))dt.

This implies that

d
(
(uµ(t) · vµ(t))uµ(t)

)

= (uµ(t) · vµ(t))vµ(t)dt + |vµ(t)|2uµ(t)dt +
1
µ

(
∂

2
x uµ(t) ·uµ(t)

)
uµ(t)dt

+
1
µ
|∂xuµ(t)|2H |uµ(t)|2uµ(t)dt −|vµ(t)|2H |uµ(t)|2uµ(t)dt − γ

µ
(uµ(t) · vµ(t))uµ(t)dt.

Hence, for every t ≥ 0, we obtain

γ

ˆ t

0
(uµ(s) · vµ(s))uµ(s)ds =

ˆ t

0

(
∂

2
x uµ(s) ·uµ(s)

)
uµ(s)ds+

ˆ t

0
|∂xuµ(s)|2H |uµ(s)|2uµ(s)ds
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−µ(uµ(t) · vµ(t))uµ(t)+µ(u0 · v0)u0 +µ

ˆ t

0
(uµ(s) · vµ(s))vµ(s)ds+µ

ˆ t

0
|vµ(s)|2uµ(s)ds

−µ

ˆ t

0
|vµ(s)|2H |uµ(s)|2uµ(s)ds.

By using the fact that

d(|u(t)|2u(t)) = 2(u(t) · v(t))u(t)+ |u(t)|2v(t),

this implies

ˆ t

0

(
−|uµ(s)|2vµ(s)+(uµ(s) · vµ(s))uµ(s)

)
ds

=−|uµ(t)|2uµ(t)+ |u0|2u0 +3
ˆ t

0
(uµ(s) · vµ(s))uµ(s)ds =−|uµ(t)|2uµ(t)+ |u0|2u0

+
3
γ

ˆ t

0

(
∂

2
x uµ(s) ·uµ(s)

)
uµ(s)ds+

3
γ

ˆ t

0
|∂xuµ(s)|2H |uµ(s)|2uµ(s)ds

−3µ

γ
(uµ(t) · vµ(t))uµ(t)+

3µ

γ
(u0 · v0)u0 +

3µ

γ

ˆ t

0
(uµ(s) · vµ(s))vµ(s)ds

+
3µ

γ

ˆ t

0
|vµ(s)|2uµ(s)ds− 3µ

γ

ˆ t

0
|vµ(s)|2H |uµ(s)|2uµ(s)ds. (4.6.3)
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Finally, we rewrite system (4.3.5) in the following form

γuµ(t)+µvµ(t) = γu0 +µv0 +

ˆ t

0
∂

2
x uµ(s)ds+

ˆ t

0
|∂xuµ(s)|2Huµ(s)ds−µ

ˆ t

0
|vµ(s)|2Huµ(s)ds

+
1
2

ϕ

ˆ t

0

(
−|uµ(s)|2vµ(s)+(uµ(s) · vµ(s))uµ(s)

)
ds+

√
µ

ˆ t

0
(uµ(s)× vµ(s))dw(s).

(4.6.4)

Therefore, if we replace (4.6.3) into (4.6.4), we get (4.6.1), with Rµ(t) defined by (4.6.2).

Lemma 4.14. For every (u0,v0) ∈ H1 ∩M and t > 0 we have

lim
µ→0

E sup
r∈[0,t]

|Rµ(r)|2H = 0. (4.6.5)

Proof. First, note that, since

|Jµ,1(t)|H ≤ c |ϕ|∞µ|uµ(t)|2H1|vµ(t)|H ,

due to (4.4.1) we have

lim
µ→0

E sup
r∈[0,t]

|Jµ,1(r)|2H = 0, (4.6.6)

and since

|Jµ,2(r)|2H ≤ ctµ2
ˆ t

0
|vµ(s)|4Hds ≤ ctµ2

ˆ t

0
|vµ(s)|4H |uµ(s)|2H1 ds, r ∈ [0, t],

due to (4.4.3) we have

lim
µ→0

E sup
r∈[0,t]

|Jµ,2(r)|2H = 0. (4.6.7)
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Moreover, thanks to (4.4.1), (4.4.3) and

|Jµ,3(r)|2H + |Jµ,4(r)|2H ≤ ct|ϕ|2∞µ
2
ˆ t

0
|uµ(s)|2H1|vµ(s)|2H1|vµ(s)|2Hds, r ∈ [0, t],

we have

lim
µ→0

E sup
r∈[0,t]

(
|Jµ,3(r)|2H + |Jµ,4(r)|2H

)
= 0. (4.6.8)

From (4.4.1), (4.4.3), and

|Jµ,5|2H ≤ ct|ϕ|2∞µ
2E
ˆ t

0
|uµ(s)|6H1|vµ(s)|4Hds, r ∈ [0, t],

it follows that

lim
µ→0

E sup
r∈[0,t]

|Jµ,5(r)|2H = 0. (4.6.9)

Furthermore, we have

E sup
r∈[0,t]

|Jµ,6(r)|2H ≤ cµE
ˆ t

0

∥∥uµ(s)× vµ(s)
∥∥2

T2(K,H)
ds ≤ c|ϕ|∞µE

ˆ t

0
|uµ(s)|2H1 |vµ(s)|2Hds,

so that, thanks again to (4.4.1),

lim
µ→0

E sup
r∈[0,t]

|Jµ,6(r)|2H = 0. (4.6.10)

Finally, combining (4.6.6)-(4.6.10), we complete our proof.
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4.6.2 Tightness

Proposition 4.15. For every (u0,v0) ∈ H1 ∩M and T > 0, the family of probability measures{
Ł(uµ)

}
µ∈(0,1) is tight in C([0,T ];Hδ ), for every δ < 2.

Proof. According to (4.4.2), we have that

sup
µ∈(0,1)

E

(
sup

t∈[0,T ]
|uµ(t)|2H2 +

ˆ T

0
|∂tuµ(s)|2H1ds

)
<+∞. (4.6.11)

This, in particular, implies that for every ε > 0 there exists Lε > 0 such that if we denote by Kε

the ball of radius Lε in C([0,T ];H2)∩W 1,2(0,T ;H1), then

inf
µ∈(0,1)

P(uµ ∈ Kε)≥ 1− ε.

Due to the Aubin-Lions lemma, we know that the set Kε is compact in C([0,T ];Hδ ), for every

δ < 2.

4.6.3 Proof of Theorem 4.4

Thanks to Proposition 4.15 and (4.4.2), we have the family
{

Ł(uµ ,µ ∂tuµ)
}

µ∈(0,1) is tight

in C([0,T ];Hδ )×C([0,T ];H1), for any δ < 2. If for every T > 0 and δ < 2 we define

ΓT,δ :=C([0,T ];Hδ )×C([0,T ];H1)×C([0,T ];E),

where E is any Banach space such that the embedding K ⊂ E is Hilbert-Schmidt, then as a

consequence of Skorokhod’s theorem, for any sequence {µk}k∈N, converging to zero, there exists
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a subsequence, still denoted by {µk}k∈N, and some ΓT,δ -valued random variables

Yk :=
(
ρk,µkϑk, ŵk

)
, Y :=

(
ρ,ϑ , ŵ

)
, k ∈ N,

all defined on some probability space
(
Ω̂,F̂ ,{F̂t}t∈[0,T ], P̂

)
, such that

Ł(Yk) = Ł
(
uµk ,µk∂tuµk ,w

)
, k ∈ N, (4.6.12)

and

lim
k→∞

(
|ρk −ρ|C([0,T ];Hδ )+µk|ϑk|C([0,T ];H1)+ |ŵk − ŵ|C([0,T ];E)

)
= 0, P̂− a.s.. (4.6.13)

In particular, due to (4.4.1), (4.4.2), (4.6.11) and (4.6.12), we have

sup
k∈N

(
Ê sup

t∈[0,T ]

(
|ρk(t)|2H2 +µk|ϑk(t)|2H1

)
+ Ê
ˆ T

0
|ϑk(s)|2H1ds

)
<+∞, (4.6.14)

and there exists a deterministic c > 0 such that

sup
k∈N

(
sup

t∈[0,T ]
|ρk(t)|H1 +

ˆ T

0
|∂tρk(s)|2H ds

)
≤ c, P̂-a.s. (4.6.15)

Thanks to (4.6.13) and (4.6.15), it follows that ρ ∈ L2(Ω̂;L∞(0,T ;Hδ )), for every δ < 2, and

sup
t∈[0,T ]

|ρ(t)|H1 ≤ c, P̂-a.s.. (4.6.16)
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Moreover, from (4.6.14) and (4.6.15) we get that ρ is weakly differentiable in time, with ∂tρ ∈

L2(0,T ;H) and ˆ T

0
|∂tρ(s)|2H ds ≤ c, P̂-a.s. (4.6.17)

Finally, as a consequence of (4.6.13) and (4.6.14), we have

ˆ T

0
Ê|ρ(s)|2H2 ds < ∞. (4.6.18)

Now, if we can show that ρ solves equation (4.5.1), then by the uniqueness of solutions

for equation (4.5.1), due to the classical argument by Gyongy and Krylov (see [38]), we can

conclude that uµk converges to u in C([0,T ];Hδ ), for every sequence µk ↓ 0, and the convergence

is in probability.

Due to (4.6.12) and identities (4.6.1) and (4.6.2), we have that for every ψ ∈ C∞
0 ([0,L])

⟨γρk(t)+
1
2

ϕ|ρk(t)|2ρk(t)+µkϑk(t),ψ⟩H = ⟨γu0 +
1
2

ϕ|u0|2u0 +µkv0,ψ⟩H +

ˆ t

0
⟨∂ 2

x ρk(s),ψ⟩Hds

+

ˆ t

0
⟨|ρk(s)|2H1ρk(s),ψ⟩Hds+

3
2γ

ˆ t

0
⟨ϕ
(
∂

2
x ρk(s) ·ρk(s)

)
ρk(s),ψ⟩Hds

+
3
2γ

ˆ t

0
⟨ϕ|ρk(s)|2H1|ρk(s)|2ρk(s),ψ⟩Hds+ ⟨R̂k(t),ψ⟩H ,

where

R̂k(t) =
3µk

2γ
ϕ(u0 · v0)u0 −

3ϕµk

2γ
(ρk(t) ·ϑk(t))ρk(t)−µk

ˆ t

0
|ϑk(s)|2Hρk(s)ds
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+
3ϕµk

2γ

ˆ t

0
(ρk(s) ·ϑk(t))ϑk(s)ds+

3ϕµk

2γ

ˆ t

0
|ϑk(s)|2ρk(s)ds

−3µk

2γ

ˆ t

0
|ϑk(s)|2H |ρk(s)|2ρk(s)ds+

√
µk

ˆ t

0
(ρk(s)×ϑk(s))dŵk(s).

We have

sup
t∈[0,T ]

∣∣∣ϕ(|ρk(t)|2ρk(t)−|ρ(t)|2ρ(t)
)∣∣∣

H

≤ c|ϕ|∞ sup
t∈[0,T ]

(∣∣(|ρk(t)|2 −|ρ(t)|2
)
ρk(t)

∣∣
H +

∣∣|ρ(t)|2(ρk(t)−ρ(t))
∣∣
H

)

≤ c|ϕ|∞ sup
t∈[0,T ]

((
|ρk(t)|2H1 + |ρ(t)|2H1

)
|ρk(t)−ρ(t)|H

)
.

Then, in view of (4.6.13), (4.6.15) and (4.6.16) we conclude

lim
k→∞

sup
t∈ [0,T ]

∣∣∣∣⟨γρk(t)+
1
2

ϕ|ρk(t)|2ρk(t)+µkϑk(t),ψ⟩H −⟨γρ(t)+
1
2

ϕ|ρ(t)|2ρ(t),ψ⟩H

∣∣∣∣= 0, P̂-a.s.

(4.6.19)

Since

sup
t∈[0,T ]

∣∣∣ˆ t

0
⟨∂ 2

x (ρk −ρ)(s),ψ⟩Hds
∣∣∣≤ |ψ|H1

ˆ T

0
|ρk(s)−ρ(s)|H1ds,

due to (4.6.13) we have

lim
k→∞

sup
t∈ [0,T ]

∣∣∣∣ˆ t

0
⟨∂ 2

x ρk(s),ψ⟩Hds−
ˆ t

0
⟨∂ 2

x ρ(s),ψ⟩H ds
∣∣∣∣= 0, P̂-a.s., (4.6.20)
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and since

sup
t∈[0,T ]

∣∣∣ˆ t

0

(
|ρk(s)|2H1ρk(s)−|ρ(s)|2H1ρ(s)

)
ds
∣∣∣
H

≤
ˆ T

0

∣∣|ρk(s)|2H1 −|ρ(s)|2H1

∣∣ds+
ˆ T

0
|ρ(s)|2H1 |ρk(s)−ρ(s)|Hds,

we get

lim
k→∞

sup
t∈ [0,T ]

∣∣∣∣ˆ t

0
⟨|ρk(s)|2H1ρk(s),ψ⟩Hds−

ˆ t

0
⟨|ρ(s)|2H1ρ(s),ψ⟩H ds

∣∣∣∣= 0, P̂-a.s. (4.6.21)

Moreover, for every η ∈ C([0,T ];H1)∩L2(0,T ;H2) and s ∈ [0,T ] we have

⟨
(
∂

2
x η(s) ·η(s)

)
η(s)ϕ,ψ⟩H =−⟨

(
∂xη(s),η(s)

)
η(s)ϕ,ψ ′⟩H

−⟨
(
∂xη(s),η(s)

)(
∂xη(s)ϕ +η(s)ϕ ′)+ |∂xη(s)|2η(s)ϕ,ψ⟩H .

This implies that

ˆ t

0
⟨
(
∂

2
x ρk(s) ·ρk(s)

)
ρk(s)ϕ −

(
∂

2
x ρ(s) ·ρ(s)

)
ρ(s)ϕ,ψ⟩H ds

=−
ˆ t

0
⟨
[(

∂xρk(s),ρk(s)
)
ρk(s)−

(
∂xρ(s),ρ(s)

)
ρ(s)

]
ϕ,ψ ′⟩H ds

−
ˆ t

0
⟨
[(

∂xρk(s),ρk(s)
)(

∂xρk(s)ϕ +ρk(s)ϕ ′)− (∂xρ(s),ρ(s)
)(

∂xρ(s)ϕ +ρ(s)ϕ ′)],ψ⟩H ds
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−
ˆ t

0
⟨
[
|∂xρk(s)|2ρk(s)−|∂xρ(s)|2ρ(s)

]
ϕ,ψ⟩H ds =:

3

∑
i=1

Ji,k(t).

We have

|J1,k(t)| ≤ c |ϕ|∞|ψ ′|∞
ˆ T

0
|ρk(s)−ρ(s)|H1|ρk(s)|2H1 ds

+c |ϕ|∞|ψ ′|∞
ˆ T

0
|ρk(s)−ρ(s)|H1|ρ(s)|H1 (|ρk(s)|H1 + |ρ(s)|H1) ds,

and, thanks to (4.6.13), (4.6.15) and (4.6.16), we conclude that

lim
k→∞

sup
t∈ [0,T ]

|J1,k(t)|= 0, P̂− a.s.. (4.6.22)

Next, we have

|J2,k(t)| ≤ c |ψ|∞
ˆ T

0
|ρk(s)−ρ(s)|H1 (|ρk(s)|H1 + |ρ(s)|H1)

(
|ρk(s)|H2|ϕ|∞ + |ρk(s)|H1 |ϕ ′|∞

)
ds

+c |ψ|∞
(
|ϕ|∞ + |ϕ ′|∞

)ˆ T

0
|ρk(s)−ρ(s)|H1|ρ(s)|H2|ρ(s)|H1 ds.

Thus, as a consequence of (4.6.13) and bounds (4.6.14), (4.6.15), (4.6.16) and (4.6.18), we can

conclude that

lim
k→∞

Ê sup
t∈ [0,T ]

|J2,k(t)|= 0. (4.6.23)

Finally, we have

|J3,k(t)| ≤ c |ϕ|∞|ψ|∞
ˆ T

0
|ρk(s)−ρ(s)|H1

[
|ρk(s)|H1 (|ρk(s)|H2 + |ρ(s)|H2)+ |ρ(s)|2H1

]
ds,
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and, due again to (4.6.13), (4.6.14) and(4.6.18), we conclude

lim
k→∞

Ê sup
t∈ [0,T ]

|J3,k(t)|= 0. (4.6.24)

Therefore, as a consequence of (4.6.22), (4.6.23) and (4.6.24), we conclude that

lim
k→∞

Ê sup
t∈ [0,T ]

∣∣∣∣ˆ t

0
⟨
(
∂

2
x ρk(s) ·ρk(s)

)
ρk(s)ϕ −

(
∂

2
x ρ(s) ·ρ(s)

)
ρ(s)ϕ,ψ⟩H ds

∣∣∣∣= 0. (4.6.25)

Next, for every t ∈ [0,T ] we have

∣∣∣ϕ ˆ t

0

(
|ρk(s)|2H1 |ρk(s)|2ρk(s)−|ρ(s)|2H1|ρ(s)|2ρ(s)

)
ds
∣∣∣
H

≤ c|ϕ|∞

(ˆ T

0

∣∣|ρk(s)|2H1 −|ρ(s)|2H1

∣∣ · ∣∣|ρk(s)|2ρk(s)
∣∣
Hds

+

ˆ T

0
|ρ(s)|2H1

∣∣(|ρk(s)|2 −|ρ(s)|2)ρk(s)
∣∣
Hds+

ˆ T

0
|ρ(s)|2H1

∣∣|ρ(s)|2(ρk(s)−ρ(s))
∣∣
Hds

)

≤ c|ϕ|∞
(ˆ T

0
|ρk(s)|2H1

(
|ρk(s)|H1 + |ρ(s)|H1

)
|ρk(s)−ρ(s)|H1ds

+

ˆ T

0

(
|ρk(s)|4H1 + |ρ(s)|4H1

)
|ρk(s)−ρ(s)|Hds

)
.
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Thus, thanks again to (4.6.15) and (4.6.16), we get

lim
k→∞

sup
t∈ [0,T ]

∣∣∣∣ˆ t

0
⟨ϕ|ρk(s)|2H1|ρk(s)|2ρk(s),ψ⟩H ds−

ˆ t

0
⟨ϕ|ρ(s)|2H1 |ρ(s)|2ρ(s),ψ⟩H ds

∣∣∣∣= 0, P̂-a.s.

(4.6.26)

By using the same arguments as in the proof of Lemma 4.14, we conclude that

lim
k→∞

Ê sup
t∈ [0,T ]

∣∣∣⟨R̂k(t),ψ⟩H

∣∣∣2 = 0. (4.6.27)

Finally, combining (4.6.19), (4.6.20), (4.6.21), (4.6.25) and (4.6.26) together with (4.6.27), we

can conclude that ρ satisfies equation (4.5.1). As we have seen above, this allows to conclude the

proof of Theorem 4.4.
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Appendix A: The Smoluchowski-Kramers approximation of SWEs with vari-

able friction

The Smoluchowski-Kramers approximation for system (1.1.1) has been studied in [22], un-

der the assumptions that f is Lipschitz-continuous and σ is bounded. In this appendix, we extend

this result to the case when σ is unbounded and f exhibits polynomial growth (see Hypothesis

2.6). Specifically, we analyze the small-mass limit for the following system


µ∂

2
t uµ(t,x) = ∆uµ(t,x)− γ(uµ(t,x))∂tuµ(t,x)+ f (x,uµ(t,x))+σ(uµ(t, ·))∂twQ(t,x),

uµ(0,x) = u0(x), ∂tuµ(0,x) = v0(x), uµ(t,x) = 0, x ∈ ∂O.

(A.0.1)

We assume that Hypotheses 2.1, 2.3 and Hypothesis 2.6 hold. By applying Theorem 2.9

with the control ϕ = 0, we know that for every T > 0 and every (u0,v0) ∈ H1, there exists a

unique adapted solution uµ to equation (A.0.1), such that (uµ ,∂tuµ) ∈ L2(Ω;C([0,T ];H1)).

For every a ∈ [0,1) we denote

X(a) :=
⋂

q<q(a)

Lq(0,T ;Ha), Y (a) :=
⋂

p<2/a

Lp(0,T ;Ha),
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where

q(a) :=
2(θ +1)

2+(θ −1)a
.

The main result of this appendix is as follows.

Theorem A.1. Assume Hypotheses 2.1, 2.3 and 2.6 hold, and for every µ > 0, let uµ denote the

unique solution to equation (A.0.1), with the initial conditions (u0,v0) ∈ H1.

1. If θ ∈ (1,3), then for every a ∈ [0,1) and η > 0 we have

lim
µ→0

P
(∥∥uµ −u

∥∥
X(a) > η

)
= 0,

where u ∈ L2(Ω;L2([0,T ];H1)) is the unique solution to equation



γ(u(t,x))∂tu(t,x) = ∆u(t,x)+ f (u(t,x))− γ ′(u(t,x))
2γ2(u(t,x))

∞

∑
i=1

|[σ(u(t, ·)Qei](x)|2

+σ(u(t, ·))∂twQ(t,x),

u(0,x) = u0(x), u(t,0) = u(t,L) = 0.
(A.0.2)

2. If we assume


∃ρ ∈ [0,(θ +1)/4) such that ∥σ(h)∥L2(HQ,H) ≤ c

(
1+∥h∥ρ

H
)
, h ∈ H,

θ ∈ (1,3], if ρ > 0, θ ∈ (1,5), if ρ = 0,

(A.0.3)
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then for every a ∈ [0,1) and η > 0 we have

lim
µ→0

P
(∥∥uµ −u

∥∥
Y (a) > η

)
= 0.

A.1 Energy estimates

One of the key ingredients in our proof of Theorem A.1 is the tightness of {uµ}µ∈(0,1) in

suitable functional spaces. This will require the following a-priori bounds.

Lemma A.2. Assume Hypotheses 2.1, 2.3 and 2.6 hold, and fix T > 0 and (u0,v0) ∈ H1.

1. There exist µT ∈ (0,1) and cT > 0 such that for every µ ∈ (0,µT ),

E sup
t∈[0,T ]

∥∥uµ(t)
∥∥2

H +E
ˆ T

0

∥∥uµ(t)
∥∥2

H1 dt +E
ˆ T

0

∥∥uµ(t)
∥∥θ+1

Lθ+1 dt ≤ cT , (A.1.1)

and

E sup
t∈[0,T ]

∥∥uµ(t)
∥∥2

H1 +E sup
t∈[0,T ]

∥∥uµ(t)
∥∥θ+1

Lθ+1 +µE sup
t∈[0,T ]

∥∥∂tuµ(t)
∥∥2

H +E
ˆ T

0

∥∥∂tuµ(t)
∥∥2

H dt ≤ cT

µ
.

(A.1.2)

2. If, in addition, condition (A.0.3) holds, then for every µ ∈ (0,µT )

E sup
t∈[0,T ]

∥∥uµ(t)
∥∥2

H1 +E sup
t∈[0,T ]

∥∥uµ(t)
∥∥θ+1

Lθ+1 +µE sup
t∈[0,T ]

∥∥∂tuµ(t)
∥∥2

H ≤ cT

µβ
, (A.1.3)

where

β = β (ρ) :=
θ +1

2(θ +1−2ρ)
.
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Remark A.3. 1. If the mapping σ is bounded, then condition (A.0.3) is satisfied for ρ = 0,

in which case β = 1/2, so that for every µ ∈ (0,µT )

√
µ E sup

t∈[0,T ]

(∥∥uµ(t)
∥∥2

H1 +
∥∥uµ(t)

∥∥θ+1
Lθ+1 +µ

∥∥∂tuµ(t)
∥∥2

H

)
≤ cT .

2. When condition (A.0.3) holds with ρ = 0, in order to prove (A.1.3) we can take any θ > 1.

3. If ρ ∈ [0,(θ +1)/4), then β < 1. Therefore, if condition (A.0.3) holds, due to (A.1.3) we

have

lim
µ→0

µ
2E sup

t∈[0,T ]

∥∥∂tuµ(t)
∥∥2

H = 0, (A.1.4)

which is the same bound proven in [22].

Proof. Estimates (A.1.1) and (A.1.2) can be proved by proceeding as in the proof of Lemma

2.10. Thus, we will only prove (A.1.3) under condition (A.0.3).

For every µ ∈ (0,1) and t ∈ [0,T ], define

Lµ(t) :=
∥∥uµ(t)

∥∥2
H1 +

ˆ L

0

(
c2 − f(x,uµ(t,x))

)
dx+µ

∥∥∂tuµ(t)
∥∥2

H ,

where the function f and the constant c2 have been introduced in Hypothesis 2.6. Due to (2.1.10),

we have that

Lµ(t)≥ ∥uµ(t)∥2
H1 +∥uµ(t)∥θ+1

Lθ+1 +µ ∥∂tuµ(t)∥2
H , P− a.s.

Thus, we obtain (A.1.3) once we have proved that

µ
βE sup

t∈[0,T ]
Lµ(t)≤ cT . (A.1.5)
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Assume (A.1.5) is not true. Then there is a sequence (µk)k∈N ⊂ (0,1) converging to 0, as

k → ∞, such that

lim
k→∞

µ
β

k E sup
t∈[0,T ]

Lµk(t) = +∞. (A.1.6)

For every k ∈ N, the mapping t 7→ Lµk(t) is continuous P-a.s., so that there exists a random time

tk ∈ [0,T ] such that

Lµk(tk) = sup
t∈[0,T ]

Lµk(t).

As a consequence of the Itô formula, if s is any random time such that P(s ≤ tk) = 1, we have

Lµk(tk)−Lµk(s)≤
1
µk

ˆ tk

s

∥∥σ(uµk(r))
∥∥2

L2(HQ,H)
dr+2

(
Mk(tk)−Mk(s)

)
,

where

Mk(t) :=
ˆ t

0

〈
∂tuµk(r),σ(uµk(r))dwQ(r)

〉
H .

Thanks to Young’s inequality, since 2β ≥ 1 and µk < 1, we have

1
µk

ˆ tk

s

∥∥σ(uµk(r))
∥∥2

L2(HQ,H)
dr ≤ c

µk

ˆ tk

s

(
1+
∥∥uµk(r)

∥∥2ρ

H

)
dr

≤ c

(
tk − s

µk
+

tk − s

µ

θ+1
θ+1−2ρ

k

+

ˆ T

0

∥∥uµk(t)
∥∥θ+1

H dt

)
≤ c

(
tk − s

µ
2β

k

+

ˆ T

0

∥∥uµk(t)
∥∥θ+1

H dt

)
.

Therefore, if we define

Uk :=
ˆ T

0

∥∥uµk(t)
∥∥θ+1

Lθ+1 dt, and Mk := sup
t∈[0,T ]

|Mk(t)|,
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we can fix a constant κT independent of k, with Lµk(0)≤ κT , such that

Lµk(tk)−Lµk(s)≤ κT

(tk − s

µ
2β

k

+Uk

)
+4Mk.

In particular, if we take s = 0, we have

tk ≥
µ

2β

k
κT

(
Lµk(tk)−4Mk −κT (Uk +1)

)
=:

µ
2β

k
κT

δk. (A.1.7)

On the set Ek :=
{

δk > 0
}

, for any s ∈
[
tk −

µ
2β

k
2κT

δk, tk
]

we have

Lµk(s)≥ Lµk(tk)−
1
2

δk −κTUk −4Mk =
1
2

[
Lµk(tk)−4Mk −κT (Uk −1)

]
.

Hence, if we define

Ik :=
ˆ T

0
Lµk(s)ds,

recalling how δk was defined in (A.1.7), we have

Ik ≥
ˆ tk

tk−
µ

2β

k
2κT

δk

Lµk(s)ds ≥
µ

2β

k
4κT

[(
Lµk(tk)−4Mk −κTUk

)2
−κ

2
T

]
,

so that

E(Ik)≥ E(Ik;Ek)≥ E

(
µ

2β

k
4CT

(
Lµk(tk)−4Mk −CTUk

)2
;Ek

)
−

µ
2β

k
4

CT . (A.1.8)
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Now, thanks to condition (A.0.3), and estimates (A.1.1) and (A.1.2) we have

E(Mk) ≤ E

(ˆ T

0

∥∥∂tuµk(t)
∥∥2

H

∥∥σ(uµk(t))
∥∥2

L2(HQ,H)
dt

) 1
2

≤ E sup
t∈[0,T ]

∥∥σ(uµk(t))
∥∥

L2(HQ,H)

(ˆ T

0

∥∥∂tuµk(t)
∥∥2

H dt
) 1

2

≤ cE sup
t∈[0,T ]

∥∥σ(uµk(t))
∥∥ 2

ρ

L2(HQ,H)
+ cE

(ˆ T

0

∥∥∂tuµk(t)
∥∥2

H dt
) 1

2−ρ

≤ c
(

1+E sup
t∈[0,T ]

∥∥uµk(t)
∥∥2

H

)
+ c
(ˆ T

0
E
∥∥∂tuµk(t)

∥∥2
H dt

) 1
2−ρ ≤ CT

µ
1

2−ρ

.

In particular, since (A.0.3) implies

β =
θ +1

2(θ +1−2ρ)
≥ 1

2−ρ
,

we have that

limsup
k→∞

µ
β

k E(Mk)<+∞. (A.1.9)

Moreover, by (A.1.1) and (A.1.2), we have

sup
k
E(Uk)< ∞. (A.1.10)
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Therefore, due to (A.1.7), (A.1.9) and (A.1.10), as a consequence of (A.1.6) we have

lim
k→∞

µ
β

k E(δk) = +∞. (A.1.11)

Now, we have

µ
β

k E(δk) = µ
β

k E(δk;Ek)≤ E
(
µ

β

k (δk +κT );Ek
)
≤
[
E
(
µ

2β

k (δk +κT )
2;Ek

)] 1
2
,

so that, thanks to (A.1.8) we have

E(Ik)≥
1

4κT
E
(
µ

2β

k (δk +κT )
2;Ek

)
−

µ
2β

k κT

4
≥ 1

4κT

[
µ

β

k E(δk)
]2 − µ

2β

k κT

4
.

Due to (A.1.11), this implies

lim
k→∞

E(Ik) = +∞.

However, the limit above is not possible. Actually, since we

Lµk(t)≤
∥∥uµk(t)

∥∥2
H1 +µk

∥∥∂tuµk(t)
∥∥2

H +Lc
(

1+
∥∥uµk(t)

∥∥θ+1
Lθ+1

)
, P-a.s.

as a consequence of (A.1.1) and (A.1.2) we have

sup
k∈N

E(Ik)<+∞,

and this gives a contradiction. In particular, this means that claim (A.1.5) is true, and (A.1.3)

holds.
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A.2 Tightness

As in Section 2.5, for every T > 0 and µ > 0 we have defined

ρµ(t,x) = g(uµ(t,x)), (t,x) ∈ [0,T ]× [0,L],

and, by integrating equation (A.0.1) with respect to t, we got

ρµ(t)+µ∂tuµ(t) = g(u0)+µv0 +

ˆ t

0
div
[
b(ρµ(s))∇ρµ(s)

]
ds+
ˆ t

0
Fg(ρµ(s))ds

+

ˆ t

0
σg(ρµ(s))dwQ(s),

(A.2.1)

where we recall that b, fg, Fg and σg were defined in (2.4.11) and (2.4.12).

Definition A.4. Let E be a Banach space with norm ∥·∥E . Given r > 1 and λ ∈ (0,1), we denote

by W λ ,r(0,T ;E) be the Banach space of all u ∈ Lp(0,T ;E) such that

[u]W λ ,r(0,T ;E) :=
ˆ T

0

ˆ T

0

∥u(t)−u(s)∥r
E

|t − s|1+λ r
dtds < ∞,

endowed with the norm

∥u∥r
W λ ,r(0,T ;E) =

ˆ T

0
∥u(t)∥r

E dt +[u]W λ ,r(0,T ;E).

It is possible to prove that if λ r < 1, p ≤ r/(1−λ r) and 1 ≤ r ≤ p, then W λ ,r(0,T ;E) ⊂
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Lp(0,T ;E) and there exists some c > 0 such that for all u ∈ W λ ,r(0,T ;E)

∥τh(u)−u∥Lp(0,T−h;E) ≤ chλ T 1/p−1/r [u]W λ ,r(0,T ;E), h > 0, (A.2.2)

where

τh(u)(t) = u(t +h), t ∈ [−h,T −h],

(see [58, Lemma5]).

Proposition A.5. Assume Hypotheses 2.1, 2.3 and 2.6 hold, and fix any T > 0 and (u0,v0)∈H1,

and an arbitrary sequence (µk)k∈N ⊂ (0,1) that converges to 0.

1. The family of probability measures
(
L (ρµk)

)
k∈N is tight in X(a), for every a ∈ [0,1).

2. If condition (A.0.3) holds, then the family of probability measures
(
L (ρµk)

)
k∈N is tight in

Y (a), for every a ∈ [0,1).

Remark A.6. 1. By taking a = 0, we have

(
L (ρµk)

)
k∈N is tight in

⋂
q<θ+1

Lq(0,T ;H).

and thanks to the embedding Ha ↪→C([0,L]), for a ∈ (1/2,1), we have

(
L (ρµk)

)
k∈N is tight in

⋂
q<4(θ+1)/(θ+3)

Lq(0,T ;C([0,L])).
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2. When condition (A.0.3) holds, we have that

(
L (ρµk)

)
k∈N is tight in

⋂
p<∞

Lp(0,T ;H).

Proof. For every 0 ≤ t1 ≤ t2 ≤ T , we have

E
∥∥∥∥ˆ t2

t1
div
[
b(ρµ(s))∇ρµ(s)

]
ds
∥∥∥∥(θ+1)/θ

H−1
≤

(
E
∥∥∥∥ˆ t2

t1
div
[
b(ρµ(s))∇ρµ(s)

]
ds
∥∥∥∥2

H−1

)(θ+1)/2θ

≤C(t2 − t1)(θ+1)/2θ

(
E
ˆ T

0

∥∥ρµ(s)
∥∥2

H1 ds

)(θ+1)/2θ

,

E
∥∥∥∥ˆ t2

t1
Fg(ρµk(s))ds

∥∥∥∥(θ+1)/θ

H−1
≤CE

(ˆ t2

t1

(
1+
∥∥uµ(s)

∥∥θ

θ+1

)
ds

)(θ+1)/θ

≤C(t2 − t1)1/θE
ˆ T

0

(
1+
∥∥uµ(s)

∥∥θ+1
θ+1

)
ds,

and

E
∥∥∥∥ˆ t2

t1
σg(ρµ(s))dwQ(s)

∥∥∥∥(θ+1)/θ

H−1
≤

(
E
∥∥∥∥ˆ t2

t1
σg(ρµ(s))dwQ(s)

∥∥∥∥2

H−1

)(θ+1)/2θ

≤C(t2 − t1)(θ+1)/2θ

(
1+E sup

t∈[0,T ]

∥∥uµ(t)
∥∥2

H

)(θ+1)/2θ

.

In view of (A.1.1) and (A.2.1), it is not difficult to show that for every λ ∈ (0,1/(θ +1)),

sup
µ∈(0,µT )

E[ρµ +µ∂tuµ ]
θ0

W λ ,θ0(0,T ;H−1)
< ∞, (A.2.3)

where

θ0 :=
θ +1

θ
∈ (1,2).
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Moreover, by (A.1.1) and (A.1.2) we have

sup
µ∈(0,µT )

E
∥∥ρµ +µ∂tuµ

∥∥2
L∞([0,T ];H)

< ∞. (A.2.4)

Therefore, from (A.2.3) and (A.2.4) we conclude that for every ε > 0, there exists L1(ε)> 0 such

that, if we define

Kε
1 =

{
f : [0,T ]×R→ R : [ f ]W λ ,θ0(0,T ;H−1)+∥ f∥L∞(0,T ;H) ≤ L1(ε)

}
,

then

inf
µ∈(0,µT )

P
(
ρµ +µ∂tuµ ∈ Kε

1
)
> 1− ε/4.

According to (A.2.2), we have that for every p < (θ +1)/θ

lim
h→0

∥τh f − f∥Lp(0,T−h;H−1) = 0, f ∈ Kε
1 .

Hence, in view of [58, Theorem 6], we have that Kε
1 is relatively compact in Lq(0,T,H−δ ), for

every q < ∞ and δ > 0.

Next, due to (A.1.2), we have

lim
µ→0

E
∥∥µ∂tuµ

∥∥2
L2([0,T ];H)

= 0,

hence for every sequence (µk)k∈N ⊂ (0,µT ) converging to zero, there exists a compact Kε
2 in
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L2([0,T ];H) such that

P
(
µk∂tuµk ∈ Kε

2
)
> 1− ε/4, k ∈ N.

Since L2([0,T ];H)⊂Lθ0([0,T ];H−δ ), for δ > 0, we have that Kε
2 is also compact in Lθ0([0,T ];H−δ ),

which implies that Kε
1 +Kε

2 is relatively compact in Lθ0([0,T ];H−δ ), and for every k ∈ N,

P
(
ρµk ∈ Kε

1 +Kε
2
)
≥ 1− ε/2.

Moreover, thanks to estimate (A.1.1) there exists L2(ε)> 0 such that, if we define

Kε
3 =

{
f : [0,T ]×R→ R : ∥ f∥Lθ+1([0,T ];H) ≤ L2(ε)

}
,

then

inf
µ∈(0,µT )

P
(
ρµ ∈ Kε

3
)
≥ 1− ε/4,

and thus

inf
k∈N

P
(

ρµk ∈
(
Kε

1 +Kε
2
)
∩Kε

3

)
≥ 1−3ε/4.

By using again [58, Theorem 6],
(
Kε

1 +Kε
2
)
∩Kε

3 is relatively compact in Lp([0,T ];H−δ ) for

every δ > 0 and p < θ +1. This implies that the family of probability measures
(
L (ρµk)

)
k∈N is

tight in Lp([0,T ];H−δ ), for every δ > 0 and p < θ +1.

Now, according to [58, Theorem 1], we have

lim
h→0

sup
f∈
(

Kε
1+Kε

2

)
∩Kε

3

∥τh f − f∥Lp([0,T ];H−δ ) = 0.
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Furthermore, since

sup
µ∈[0,µT ]

E
∥∥ρµ

∥∥2
L2([0,T ];H1)

< ∞,

there exists L3(ε)> 0 such that, if we define

Kε
4 =

{
f : [0,T ]×R→ R : ∥ f∥L2([0,T ];H1) ≤ L3(ε)

}
,

then

inf
µ∈(0,µT )

P
(
ρµ ∈ Kε

4
)
≥ 1− ε/4.

Thus, if we define

Kε =
(
Kε

1 +Kε
2
)
∩Kε

3 ∩Kε
4 ,

we have

inf
k∈N

P(ρµk ∈ Kε)≥ 1− ε.

For every a ∈ [0,1) and for any δ > 0, by interpolation

∥u∥Ha ≤C(a,δ )∥u∥
1−a
1+δ

H−δ
∥u∥

a+δ

1+δ

H1 .

Thus, according to [58, Theorem 7], we have Kε is relatively compact in Lq(0,T ;Ha), where

q = q(a,δ , p) satisfies

1
q
=

1−a
p(1+δ )

+
a+δ

2(1+δ )
, δ > 0, p < θ +1.
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This means that Kε is relatively compact in Lq(0,T ;Ha), for every q < q(a), where

q(a) =
2(θ +1)

2+(θ −1)a
, a ∈ [0,1),

so that
(
L (ρµk)

)
k∈N is tight in X(a).

Now let us assume that the condition (A.0.3) holds. Thanks to (A.1.4) we know that

lim
µ→0

E
∥∥µ∂tuµ

∥∥
L∞([0,T ];H)

= 0.

Since L∞(0,T ;H) ⊂ Lq(0,T ;H−δ ), for every q < ∞ and δ > 0, we can proceed as in the proof

of part (1), and we have that
(
L (ρµk)

)
k∈N is tight in Lp([0,T ];H−δ ) for every p < ∞ and δ > 0.

Finally, since

sup
µ∈[0,µT ]

E
∥∥ρµ

∥∥2
L2([0,T ];H1)

< ∞, (A.2.5)

by using the same argument as in the proof of part (1), we have that for every a∈ [0,1),
(
L (ρµk)

)
k∈N

is tight in Lq([0,T ];Ha), where q = q(a,δ , p) satisfies

1
q
=

1−a
p(1+δ )

+
a+δ

2(1+δ )
, δ > 0, p < ∞.

This implies that
(
L (ρµk)

)
k∈N is tight in Lq([0,T ];Ha), for every q < 2/a, and the proof of part

(2) follows.
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A.3 The limiting problem

In this section we will prove the uniqueness of solutions for equation (A.0.2). To this

purpose, we shall first study the following quasilinear parabolic equation


∂tρ(t,x) = div

[
b(ρ(t,x))∇ρ(t,x)

]
+ fg(x,ρ(t,x))+σg(ρ(t, ·))dwQ(t,x)

ρ(0,x) = g(u0(x)), ρ(t,0) = ρ(t,L) = 0.

(A.3.1)

Definition A.7. An (Ft)t≥0 adapted process ρ ∈ L2(Ω;L2(0,T ;H1)) is a solution of equation

(A.3.1) if for every test function ψ ∈C∞
0 ([0,L])

⟨ρ(t),ψ⟩H = ⟨g(u0),ψ⟩H +

ˆ t

0
⟨b(ρ(s))∇ρ(s),∇ψ⟩Hds

+

ˆ t

0
⟨Fg(ρ(s)),ψ⟩Hds+

ˆ t

0
⟨σg(ρ(s))dwQ(s),ψ⟩H .

(A.3.2)

By proceeding as in the proof of [22, Theorem 6.2], combined with similar arguments as

in the proof of Proposition 2.13, we have the following result.

Proposition A.8. Under Hypotheses 2.1, 2.3 and 2.6, there is at most one solution ρ ∈L2(Ω;L2(0,T ;H1))

to equation (A.3.1).

Moreover, by proceeding as in the proof of [22, Theorem 7.1], we have the following result.

Proposition A.9. Assume Hypotheses 2.1 and 2.3 and either Hypothesis 2.5 or Hypothesis 2.6

and fix any T > 0, u0 ∈ H1. Suppose that ρ ∈ L2(Ω;L2(0,T ;H1)) is the a solution of equation

(A.3.1). Then, if we define u := g−1(ρ), we have that u belongs to L2(Ω;L2(0,T ;H1)) and

is a solution to equation (A.0.2). Furthermore, equation (A.0.2) admits at most one solution
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u ∈ L2(Ω;L2(0,T ;H1)).

A.4 Proof of Theorem A.1

For every sequence {µk}k∈N ⊂ (0,µT ) converging to 0 as k → ∞, we denote

uk := uµk and ρk := g(uk), k ∈ N.

In view of the first part of Proposition A.5, if we define

X :=
⋂

0≤a<1

X(a),

we have that the family

{
L (ρk, µk∂tuk)

}
k∈N ⊂ P

(
X ×L2(0,T ;H)

)

is tight.

We denote by ρ a weak limit point for the sequence {ρk}k∈N and we denote

K := X ×L2(0,T ;H)×C([0,T ],U),

where U is the Hilbert space such that the embedding HQ ⊂U is Hilbert-Schmidt. According to

the Skorokhod Theorem there exist random variables

Y = (ρ̂,0, ŵQ), Yk =
(

ρ̂k, θ̂k, ŵ
Q
k

)
, k ∈ N,
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defined on a probability space (Ω̂,F̂ ,{F̂t}t∈ [0,T ], P̂), such that

L (Y ) = L (ρ,0,wQ), L (Yk) = L (ρk, µk∂tuk,wQ), k ∈ N,

and such that

lim
k→∞

Yk = Y in K , P̂-a.s. (A.4.1)

In particular,

lim
k→∞

(
∥ρ̂k − ρ̂∥Lp([0,T ];H)+∥ρ̂k − ρ̂∥Lq([0,T ];C([0,L]))

)
= 0, P̂-a.s. (A.4.2)

for every p < θ +1 and every q < 4(θ +1)/(θ +3). Moreover, thanks to (A.2.5), we have that

ρ̂ ∈ L2(Ω;L2([0,T ];H1)), and, taking possibly a subsequence,

lim
k→∞

ρ̂k = ρ̂, in L2
w([0,T ];H1), P̂-a.s.

where L2
w([0,T ];H1) is the space L2([0,T ];H1) endowed with the weak topology.

By proceeding as in the proof of [22, Theorem 7.1], thanks to Proposition A.9, in order to

prove Theorem A.1, it is sufficient to show that ρ̂ solves the parabolic equation (??).

For every k ∈ N and ψ ∈C∞
0 ([0,L]), we have

⟨ρ̂k(t)+ θ̂k(t),ψ⟩H = ⟨g(u0)+µkv0,ψ⟩H −
ˆ t

0
⟨b(ρ̂k(s))∇ρ̂k(s),∇ψ⟩Hds

+

ˆ t

0
⟨Fg(ρ̂k(s)),ψ⟩Hds+

ˆ t

0
⟨σg(ρ̂k(s))dŵQ

k (s),ψ⟩H , P̂-a.s.

(A.4.3)
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Since ρ̂k + θ̂k converges to ρ̂ in L2(0,T ;H), P̂-a.s., we have

lim
k→∞

ˆ t

0
⟨ρ̂k(s)+ θ̂k(s),ψ⟩H ds =

ˆ t

0
⟨ρ̂(s),ψ⟩H ds, t ∈ [0,T ], P̂-a.s. (A.4.4)

As in the proof of [22, Theorem 7.1], we have that

lim
k→∞

sup
t∈ [0,T ]

∣∣∣∣ˆ t

0
⟨b(ρ̂k(s))∇ρ̂k(s),∇ψ⟩Hds−

ˆ t

0
⟨b(ρ̂(s))∇ρ̂(s),∇ψ⟩Hds

∣∣∣∣= 0, P̂-a.s. (A.4.5)

Next, as (2.1.15) extends to Fg, for each k ∈ N,

∣∣∣ˆ t

0
⟨Fg(ρ̂k(s))−Fg(ρ̂(s)),ψ⟩H

∣∣∣
≤ c∥ψ∥H1

ˆ t

0

(
1+∥ρ̂k(s)∥θ−1

L2(θ−1) +∥ρ̂(s)∥θ−1
L2(θ−1)

)
∥ρ̂k(s)− ρ̂(s)∥H ds

≤ c∥ψ∥H1

(
1+∥ρ̂k∥θ−1

Lq(θ−1)([0,T ];C([0,L])+∥ρ̂∥θ−1
Lq(θ−1)([0,T ];C([0,L])

)
∥ρ̂k − ρ̂∥Lp([0,T ];H),

for any p, q satisfying p−1 +q−1 = 1. Now, if θ ∈ (1,3), we can fix

4(θ +1)
7+2θ −θ 2 < p < θ +1,

so that q(θ −1)< 4(θ +1)/(θ +3). Then thanks to (A.4.2), we have

lim
k→∞

sup
t∈ [0,T ]

∣∣∣∣ˆ t

0
⟨Fg(ρ̂k(s)),ψ⟩Hds−

ˆ t

0
⟨Fg(ρ̂(s)),ψ⟩Hds

∣∣∣∣= 0, P̂-a.s. (A.4.6)

Finally, since

lim
k→∞

sup
t∈[0,T ]

∥∥∥ŵQ
k (t)− ŵQ(t)

∥∥∥
U
= 0, P-a.s.
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and

lim
k→∞

∥ρ̂k − ρ̂∥L2([0,T ];H) = 0, P-a.s.

with the uniform estimate

sup
k∈N

E sup
t∈[0,T ]

∥ρ̂k(t)∥2
H < ∞,

by [37, Corollary 4.5] we have that

lim
k→∞

sup
t∈ [0,T ]

∣∣∣∣ˆ t

0
⟨σg(ρ̂k(s))dŵQ

k (s),ψ⟩H −
ˆ t

0
⟨σg(ρ̂(s))dŵQ(s),ψ⟩H

∣∣∣∣= 0, in probability.

(A.4.7)

Therefore, combining (A.4.4)–(A.4.7), if we integrate with respect to time both sides of

equation (A.4.3) and take the limit as k →∞, it follows that for every ψ ∈C∞
0 ([0,L]) and t ∈ [0,T ],

ˆ t

0
⟨ρ̂(s),ψ⟩H ds =

ˆ t

0

[
⟨g(u0),ψ⟩H −

ˆ s

0
⟨b(ρ̂(r))∇ρ̂(r),∇ψ⟩Hdr

+

ˆ s

0
⟨Fg(ρ̂(r)),ψ⟩Hdr+

ˆ s

0
⟨σg(ρ̂(r))dŵQ(r),ψ⟩H

]
ds, P̂-a.s.

Due to the arbitrariness of t ∈ [0,T ], this means that ρ̂ ∈ L2(Ω;X ∩L2(0,T ;H1)) solves equation

(A.3.1) with initial data u0, and the first part of the theorem is proved.

We omit the proof of the second part as it is analogous to the one we have just seen. We

only notice that in order to prove (A.4.6) we need that q(θ − 1) < 4. In particular, we need

4/(θ −1)> 1, and this is satisfied if θ ∈ (1,5).
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