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This thesis proves certain results concerning an important question in non-
equilibrium quantum statistical mechanics which is the derivation of effective evo-
lution equations approximating the dynamics of a system of large number of bosons
initially at equilibrium (ground state at very low temperatures). The dynamics of
such systems are governed by the time-dependent linear many-body Schrodinger
equation from which it is typically difficult to extract useful information due to the
number of particles being large. We will study quantitatively (i.e. with explicit
bounds on the error) how a suitable one particle non-linear Schrodinger equation
arises in the mean field limit as number of particles N — oo and how the appro-
priate corrections to the mean field will provide better approximations of the exact
dynamics.

In the first part of this thesis we consider the evolution of N bosons, where

N is large, with two-body interactions of the form N3’v(N?.), 0 < 8 < 1. The



parameter § measures the strength and the range of interactions. We compare the
exact evolution with an approximation which considers the evolution of a mean field
coupled with an appropriate description of pair excitations, see [18,19] by Grillakis-
Machedon-Margetis. We extend the results for 0 < 5 < 1/3 in [19,20] to the case
of f < 1/2 and obtain an error bound of the form p(t)/N®, where a > 0 and p(¢) is
a polynomial, which implies a specific rate of convergence as N — oo.

In the second part, utilizing estimates of the type discussed in the first part,
we compare the exact evolution with the mean field approximation in the sense of
marginals. We prove that the exact evolution is close to the approximate in trace
norm for times of the order o(1)v/N compared to log(o(1)N) as obtained in Chen-
Lee-Schlein [6] for the Hartree evolution. Estimates of similar type are obtained for

stronger interactions as well.
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List of Abbreviations and Some Notation

vy ()
N (zy,...,N)

) (9]
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-1,
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norm on e.g. LI(R™; LP(R™)), space of measurable functions
f from R™ to LP(R™) such that || f(:)||zr@m) € LI(R™)

= [l Il

inner product on Hilbert space H, linear in the first
component

subspace of L?(R3Y) consisting of symmetric functions in
r1,T2,...TN

Sobolev space of functions having s derivatives in L*(R"),
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SUD e 2wy =13 [/ Fl2

Bose-Einstein condensate (or condensation)
Grillakis-Machedon-Margetis

Non-linear Schrodinger equation

Partial differential equation

hermitian conjugate of the preceding term
right (or left) hand side

with respect to



Chapter 1: Introduction

1.1 Background

A Bose-Einstein condensate is a state of matter of a dilute gas of bosons at
very low temperatures, in which particles macroscopically occupy the lowest energy
state described by a single one particle wave function. This phenomenon was first
predicted by Einstein in 1925 for non-interacting massive particles based on the
ideas of Bose. The experimental realization of the first condensates was achieved
in 1995 [1, 11] which has been followed by an increase in the experimental and
theoretical activity on the study of the condensates.

In experiments, to obtain a condensate, weakly interacting atoms trapped by
external potentials are cooled below a certain temperature depending on the den-
sity of the gas. Traps are then removed to observe the evolution of the condensate.
The properties of interest are the macroscopic properties of the system describing
the typical behavior of the particles resulting from averaging over a large number
of particles. The limiting behavior as the number of particles goes to infinity is
expected to be a good approximation for the macroscopic properties observed in
the experiments for a system of large but finite number of particles. We can de-

scribe the corresponding mathematical model as follows. We consider a system of N



weakly interacting bosons, the dynamics of which is governed by the N-body linear

Schrodinger equation

Hy
1 N 1 N -
F0 = (30 By = 5 NNy — ) o (1)
Jj=1 j<k ~~
to treat N (Tj—x)) — (fv(x)dm) (S(rj—xk)

HN as N—oo

a mean field
Hamiltonian

where 0 < 8 < 1. Hy acts on the wave functions

wN c LS(R?)N) with HwNHLg(RsN) =1

where L2(R3) stands for the subspace of L?(IR*") consisting of symmetric functions
in x1,2s,...2x. The spherically symmetric non-negative potential v € L'(R3) N
L>°(R?) models two body interactions and the scaling parameter 3 describes the
range and the strength of interactions. In a trap of fixed size the average inter-

particle distance can be considered to scale with N—1/3

compared to the range of the
interaction of order N=#. Hence for 8 > 1/3, each particle feels only the potential
generated by itself, which is consistent with the Gross-Pitaevskii theory proposing
to model the many-body effects by a strong on-site self interaction [23,24,34]. The
problem becomes more difficult and interesting as § — 1 since strong interactions
in Gross-Pitaevskii regime (8 = 1) produce short range particle correlations leading

to the emergence of the scattering length of v in the limiting dynamics.

We consider the evolution in (1.1) with initial data coming from the ground



state of the following Hamiltonian describing the initially trapped gas:

N

H? = 3 (= By o+ Vew(3) ) + % > NN (a; — ).

=1 J#k

~|z;|? typically
in available experiments

The ground state of H]téap at zero temperature exhibits complete BEC as N — oo

in the sense that it looks like a factorized state:

N
Un (0,21, o) ~ o5 =[] dolx)) (1.2)
j=1

pure condensate in
case of no interaction

as rigorously justified by the work of Lieb-Seiringer-Yngvason [30,31] which showed

71(\})(0755:55/) :_/( )wN(Oa5U7XN71)¢_N<O,«TI,XN71)dXN71 — ¢o(x)do(z') (1.3)
R3(N—1

in trace norm as N — oo and for ¢y minimizing the appropriate one-particle energy
functional, subject to |[¢o/z2(rs) = 1. The eigenvalues of 7](\}) are interpreted as the
probabilities of occupation of the corresponding eigenstates. Convergence to a rank-
one projection as in (1.3) implies that in the limit of large N any randomly chosen
particle occupies the one-particle state ¢ (initial mean field) with probability one.

Concerning the time evolution of an initially factorized (or approximately fac-
torized) state, preservation of condensation at later times in the sense of marginals
as described above has been proved during the last 10-15 years mainly by Erdos-

Schlein-Yau in a series of papers [13-16] under varying assumptions on the interac-



tion and the scaling parameter 5. More precisely the solution 1y to (1.1) satisfies

N
¢N(t,x1a--->$N)2H¢(t>$j) (14)
j=1
in the sense that
VWt 2,2') = 6t 2)(t,2') (1.5)

in trace norm as N — oo where the limiting one-particle condensate wave function

¢ satisfies the Schrodinger equation

(

(v* 109, it =0
1
700 = A= ([u(@)da)lePs, HO<B<1 "
1.6
8ma oo, if =1
) scat%;ering length of v
¢(07 ) = (b(]‘

Similarly for higher order marginals

k

'VJ(\I;)GanaX;g) ::/ (Vb 1/11\[(1(:,Xk,XN_k)'QDN(t,X;ﬁ,XN_k)dXN_k — I I qb(t?x])gg(tax;)
R33N = .
Jj=1

in trace norm as N — oo. The strategy in the above mentioned papers was based
on the work of Spohn [37] proving (1.4) for bounded potentials in case of § = 0 via
BBGKY hierarchy. Recent simplifications and generalizations were given in [26],
(7], 19,10], [8].

One would also like to quantify the error in (1.5). Using the framework of the

second quantization L. Chen-Lee-Schlein [6] (extending the techniques developed



by Rodnianski-Schlein [35]) and also Benedikter-Oliveira-Schlein [3] obtained the

following results:

p

€Ct/N by [6], for =0 and
singular potentials
1 includin, =|z|~
Te [y (8, ) — lo(t, ) (@t )] < cluding v(z)=fa| ~, (1.7)
exp(cy exp(cat))

by [3], for f=1 and

N1/4
veEL'NL3(R3,(1+|x|%)dx).

Convergence in the sense of marginals provides with partial information about
the system since most of the variables are averaged out. Also, although the Hartree
equation (corresp. to = 0) or the cubic nonlinear Schrédinger equation provides
a good description of the limiting behavior for the mean field represented by the
condensate wave function, they fail to describe pair excitations i.e. the scattering of
particles in pairs from the condensate to other states. Hence, Grillakis-Machedon-
Margetis (GMM) [18, 19], inspired by but being different than that of Wu [39],
introduced a Fock space approximation of the exact dynamics which considers pair
excitations as a correction to the mean field. They obtained error bounds deteriorat-
ing more slowly in time compared to the exponential deterioration. Those results are
valid for 8 < 1/3 with the assumptions in [18-20]. One of the issues we would like
to address in this thesis is extending GMM-results to higher £ values (i.e. stronger
interactions with shorter range) under the same assumptions as in [20]. The other
direction in this thesis is utilizing GMM-type Fock space estimates to improve the
error bounds in (1.7). We will state and discuss our main results in subsections 1.3

and 1.4 after providing a brief overview of second quantization in the next section.



We will conclude this introductory chapter by an outline of the rest of this thesis.

1.2 Fock Space Formalism

1.2.1 Symmetric Fock Space

The symmetric Fock space is defined as

F=@DF,; F,=LR") forn>0 and Fo=C

n=0

containing vectors of the form

‘w> = (woﬂﬂlﬂ%, .. )

and equipped with the inner product (linear in the first component)

(¥]d) = todo + Z UV (X) P (x)dx.

n>1 R3n

We will use the following notation for what is known to be the vacuum state

with no particles:

0) = (1,0,0,...).

We define the annihilation and creation operator-valued distributions denoted

by a, and a! and acting on Fock vectors of the form (0,...,0,%¢,:1,0,...) and



(0,...,0,1,-1,0,...) respectively as:

ay(Vni1) = Vn+ W (z, 21, ..., xy), (1.8a)
wn 1 \/—Z(S wn 1(1}1,...,l'j,1,$j+1,...,£€n). (18b)

Note that they are adjoints of one another and they satisfy

a2, a,) = [a},al] =0, [ag,a}] =d6(z —y), a,|0)=0. (1.9)

) My
We also need to define the (unbounded) number of particles operator:

N = /dx ara, acting as (/\/a|¢>>n = n“,

. (1.10)
for @ > 0 and |¢) satisfying anﬂdzn”%z(wn) < 00
n=1
so that for |1) in Fock space with |||)||r = 1
probability of having
n particles at [¢))
o /—ﬁ
WINT) =Y nllvallZegeon (1.11)
n=1

represents the expectation of number of particles in the state |¢).
With the help of operator-valued distributions a,, a defined in (1.8), we can
introduce the unbounded, closed, densely-defined operators annihilating/creating

particles at a state f:

a(f) = /d:vf(x)ax and a*(f):= /d:E f(z)a: for f € L*(R?). (1.12)



We will need the following control of the annihilation a(f) and the creation a*(f)

operators in terms of the number of particles operator N introduced in (1.10):

Lemma 1.1. For f € L?(R3), the following estimates hold:

la(HIOMNN < LFl2IN2 ), (1.13a)
la* (DI < N Fl2lN + 1)) (1.13b)

Proof. (1.13a) follows by

o)l =1 [ de ettt < [ Is@lladedlas < 1 [ wlaiatyar) ™

and recalling the definition of A/ in (1.10). (1.13b) follows from

using the 2nd commutation
relation in (1.9)

la” (A = (la(f)a"(£)]) i<¢\{Hf|!§ +a*(f)a(f)})
= IS + Na(Hl)

< B + AIZIN Y2 L) 2

where the last inequality follows by (1.13a). O



1.2.2  Embedding the N-body Dynamics in Fock Space:
Fock Hamiltonian and Coherent States!

Embedding the N-body dynamics in the Fock space representation provides
with the advantage of considering all possible number of particles at the same time.
One can then try to extract information for the relevant N-particle sector via pro-
jection. Also the algebra in Fock space is easier due to certain algebraic properties
of the operators soon to be defined.

Let’s first define the second quantization dI'(J) of a one-particle operator J
acting on L?(R3):

(AL =Y Titbn (1.14)

where J; denotes the action of J on v, in the kth variable. If J has a corresponding

kernel then we can write

dI'(J) :/J(x,y)a;aydxdy.

Notice that dT'(0(z — y)) = N recalling definition (1.10). We state a property of

dI'(J) here for future reference:

Lemma 1.2. For any [¢) in the domain of N and for any bounded operator J on

!'Embedding the N-body system in Fock space and using coherent states as initial data was
originally proposed by Hepp [25] to study the semi-classical limit of quantum many-body boson
systems and then was extended by Ginibre-Velo [17] to singular potentials. This approach has been
revived by [35] to obtain estimates on the rate of convergence to the limiting Hartree dynamics
which further inspired [18,19].



L3(R3), the following estimate holds:

AT < (1 lop [N 1)1 (1.15)

Proof. We can proceed as

Jdr (7)) = Z<2kan,lewn> < 112y S m2 el = 712, A1) 2
k=1 n=0

n=0
where [|J]|op = SUD{fer2(rs): o213 |/ f]]2 i-e. the operator norm of J. O

Similar to the definitions above, one can define the second quantization of a

symmetric 2-particle kernel W as
/W z,y; 1,y )ananapa,dadyde’dy’. (1.16)

In order to embed the N-body system in the Fock space we need to define the

Fock Hamiltonian acting on F as

H:=H,— NV where, (1.17a)

Hy:=dl'(A) = /Axé(x —y)a,a, dz dy, (1.17b)
1

V= E/UN( —y)a,a,aza, dz dy (1.17¢)

with vy(z) := N3Fu(NPz) (1.17d)

where we took W (z,y;2',y') = vn(x—y)d((z,y)—(2',y)) in (1.16) for the definition

10



of Vin (1.17c). H is a diagonal operator on F, acting on the n-particle sector as a

regular n-body PDE Hamiltonian

which is equal to Hy in (1.1) for n = N.
Before considering the initial value problem in the Fock space corresponding
to the N-body equation (1.1) let’s introduce the coherent states which we will use

as our initial data. First define the skew-Hermitian operator:

Ao i= [ dvdn(ala,— [doonlalar tor 6 € LHRD)

a(go) a*(¢o)

Setting X = v Na*(¢y) and Y = —v/Na(¢o) for ¢o with ||¢|l2 = 1 and using the

Baker-Campbell-Hausdorff formula implying
XY = XY emalXY] for operators X,Y with [X, (X, Y]] = [Y, (X, YH =0

together with a‘0> = 0, we can perform the following computation leading to an

explicit formula for what is known to be the N-particle coherent state e~V NA(0) ‘O>:

Weyl operator (O,...,O,\/HQS?”,O,...)
—N— 00 nj2 —_—~—
e/NAW) |) = = E /N @n|0) = ¥ Y N 60 0)

n=0

n!

= <...,cnf[l¢0(xj),...> with ¢, = (e VN™/n!)1/? (1.18)

11



Coherent states, having a tensor product in each sector, are a generalization in Fock
space of factorized states ¢6®N seen in (1.2). Some useful properties of them are

stated in (744 )-(iv) of the following lemma:
Lemma 1.3. Let ¢ € L*(R?).
(i) The Weyl operator eVNA®) s unitary.

(ii) We have

eVNAB) g o= VNAW) — ¢+ /No(x), (1.19)
eVNAW@) g* = VNAG) — ¢ 4 \/Ng(x), (1.20)
/NAD N VNA®) = N 1 VN () +N] |6l (121)
~
a(9)+a*(9)

(i1i) Coherent states are eigenvectors of annihilation operators.

(iv) The expected number of particles in coherent state e~ VNA(Go) ’O> with ||¢oll2 = 1

is <0|e\/NA(¢°)N6_\/NA(¢o)‘O> = N.

Proof. (i) is implied by the fact that A(¢) = a(¢) —a*(¢) is skew-Hermitian. (1.19)
and (1.20) are adjoints of each other and either of them can be obtained by using

the formula

[e.e]

eAMHe A = Z %(adA)”(H) where ad4(H) := [A, H] for operators A, H (1.22)

n=0

and the commutation relation in (1.9). (1.21) can be obtained in the same way using

12



(1.22) or we can write

VNAWD) \fo~VEAG) _ / eVVA®) gt o~V VEAG) g ~VFAG)

and then use (1.19)-(1.20). (7) follows from (1.19) if we let both sides of (1.19) act
on vacuum and use a’0> = 0. (iv) is implied by (1.21) or we can recall (1.11) and
use the explicit formula in (1.18) to compute the probability of having n particles at
e"VNA@)|0) as ¢z = e~V N"/n! which implies a Poisson distribution with expected

number of particles N. O

Considering (1.17)-(1.18), the initial value problem in the Fock space can be

written as:

S0) = Hlv), (1.23)

[1(0)) = e~VNA@)|0) (1.23b)

so that on the N-particle sector we have the N-body equation (1.1) with the initial
data cy¢i™ where cy = eV NV /N! ~ (27 N)~'/* has been estimated using Stirling’s

formula.

1.2.3 Mean Field Approximation and Second-order Corrections

The solution to the initial value problem (1.23a)-(1.23b) can be written for-
mally as

[Vex(t)) = eitHe_‘/NA(¢°)‘O> (exact evolution) (1.24)

13



having cye’ v ¢S in the N-particle sector and the mean field evolution is described
by

e (1)) = e”VNACD) o) (1.25)

where ¢ satisfies
%6}(;5 ~Ad+ (vn * |62)6 = 0 with &(0,-) = o. (1.26)

However the mean field evolution does not track the exact dynamics in the Fock
space norm. We can explain this briefly in the following way while referring to

Section 3 in [18] for more details. We want to estimate

[ltex) = line) | = [| /MA@ MeVN A o) — o). (1.27)

~
define as |¥1)

To this aim we can compute the evolution for |¢) in the above equation in a closed

form as

1 1
;3t|¢1> - { (;@eﬁf‘(@) e~ VNA®©) 4 eﬁAw)HeﬁAw)} l1hy) (1.28)

TV
define as L1

which is equivalent to

(0= 1) (1) = [0)) = L0

14



Hence for the error in (1.27) to be small we need to prove that the forcing term
Ly ‘O> in the last equation is small when measured in Fock space norm. L; in (1.28)

has been explicitly computed in e.g. [18,20] and shown to have the form
Ly = Npg + NY?P, + Py + N~V2Ppy 4 N71P, (1.29)

where Py stands for a polynomial of degree k in annihilation and creation operators

(a,a*). Let’s explain each term briefly:

o Nug = (N/2)(uy * |¢]?,|0|*) 2 in (1.29) is a zero order term w.r.t (a,a*).

Despite being of O(N) (i.e. not small), it can be absorbed as a phase factor.

o P = [de{h(t,)a, +R(t,)a,} with h(t,2) = —(1/)d6 + Ab - (uy *[d[2)o

and so drops out since ¢ satisfies the Hartree equation in (1.26).

o Py =— fd:ndy{vN(x —y)(oy)azaza, + h.c.)} has a*a*a- and a*aa-terms so
does not give any contribution when it acts on }0> The same is true for Py

which equals —V, the potential part of the Fock Hamiltonian # in (1.17).

e Finally

Py :dF<{Aa, — (vn *|¢*)(t, 2) }o(z — y) — on(z — y)d(t, y)o(t, x))

_ %/dxdy{w(m —y)(¢(t, 2)p(t,y)asa; + h.c.}

first line of which is the second quantization of big-parenthesized terms and

gives no contribution when acts on ‘O>

15



Although several terms in L |0) drop out as explained, ||L;|0)||z will still not
be small due to the presence of a*a*-term in P,, which stands for two particles
leaving the condensate and forming a pair vx(z —y)o(t, x)é(t,y) driving in turn the
evolution of pair interactions. Hence the error (1.27) does not turn out to be small.

To circumvent the problem described above, in [18,19], via the skew-Hermitian

operator

B(k) = %/{E(m,y)%ay — k(z,y)ajal} dzdy, (1.30)

a second order correction to the mean field e’*/ﬁ““(d’)|0> was introduced, namely, a

state of the form
= ¢ e e approximate evolution .
|¢ap> iNx(t) ,—VNA(¢) B(k)|0> ( Pp 1 ) (1 31)

where x(t) is an appropriately chosen phase function and k(t, z,y) describes a pair
of particles that scatter from condensate to other states. The dynamics of these pair
excitations is computed in a way consistent with the N-body dynamics (1.1) which
is explained more in section 2.1.

B(k)

In order to write e more explicitly we can consider the map Z from the

space of complex L? symplectic matrices of the form

d(z,y)  k(z,y) e o
L= where d, k, | € L*(R®), and k, [ symmetric in (z,y)

l(l’, y) _d<y7 SL’)
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to quadratic expressions in (a,a*) given by

< ¥

)= [ a) B B s R S

l(l‘,y) —d(y,w) Qy

which is the Lie algebra isomorphism considered in [18-20]. Then

I}

0 k 7 c
K = = B(k) and |ef = s B® (1.32)
E 0 U

ol

u:=sh(k) =k+gkokok+...,
with ' (1.33)

ci=ch(k)=6(z—y)+p=0x—y)+Fkok+....

where k o [ needs to be understood in the following sense

(kol)(z,y) = /k:(:(:,z)l(z,y)dz

for k and [ symmetric Hilbert-Schmidt operators on L?*(R?). Since B(k) is skew-

K_ —-K

Hermitian e2®) is unitary and therefore ee=® = I based on the correspondence
in (1.32). This fact implies the following trigonometric identities which will play

crucial role in our arguments:
coc—uou=4d(r—y) and uwoc==cou. (1.34)

Finally in this section we state for future reference the next lemma showing

eB®) acts on annihilation and creation operators as a Bogoliubov transformation:

17



Lemma 1.4. k € L*(R®) be symmetric in (z,y). Also let u := sh(k) and ¢ := ch(k)

as in (1.33). Then

by = eB® g e BH) — / (C(ya$)ay + u(y,x)a;;)dy,

by = P Waze 5 = / (aly, @)ay, + ey, v)ay)dy

and [by, bf] = d(x —y), [bs, by = [b%,bF] = 0.

IE?y x?y

Proof. For f, g € L*(R3), we obtain the following

9(y)
f)
—GI(K) (ay 7 CLZ) dy G_I(K)
recalling (1.32) g(y)
*\ K (y,2) <Z)
:/ (ay , a)e™V dydz
9(2)

(1.35)

(1.36)

(1.37)

where the last step can be justified by the use of (1.22) (see e.g. Sect. 7 in [20]).

We obtain (1.35) if f(z) = §(z — 2) and g(z) = 0 in (1.37). (1.36) is the adjoint

of (1.35). Finally the commutation relations follow using trigonometric identities in

(1.34).

18
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1.3 Error Estimates in Fock Space for Stronger Interaction:

The case of vy = N3v(NP.) with 8 < 1/2

In this section we will state one of our main results. It is an improvement
of the following result obtained via the GMM-approximation scheme introduced in

(1.31).

Theorem 1.5. [19,20] Let ¢ and k seen in (1.31) satisfy

206~ 8o+ (v *10P)6 =0, (1.38)
%ﬁtsh(Zk‘) + g" o sh(2k) + sh(2k) o g = m o ch(2k) + ch(2k) o m, (1.38b)
%8tch(2k) + [g7, ch(2k)] = m o Sh(2k) — sh(2k) o m, (1.38¢)

where

g@xwkz(—Af+@Nﬂdﬂﬁwﬁﬂw—w+va—w&t@Mtw,ﬂ3%

m(t,x,y) = _UN<J; - y)¢<t,$)¢<t7y), (140)

with prescribed initial conditions ¢(0,-) = ¢g, k(0,-,-) = 0. Then for some real

phase function x the following estimate holds:

V1+t

if =0 and v(z)=¢&(z)|z| ! for some EECS® decreasing

2

[ = [, 5

14t) log* (14t
% if 0<B<1/3 and v(x) bounded, integrable.

Our main result in this section extends the error estimates in Theorem 1.5 to

19



the case of § < 1/2:

Theorem 1.6. [28] If ¢ and k seen in (1.31) satisfy the equations in (1.38) with

prescribed initial data ¢(0,-) = ¢o and k(0,-,-) = 0 and if v is bounded and inte-

grable, then the following estimate holds:

| ex(t)) = oo,

| N,%Jrﬁ(we) for 0<B< =375
) t% 10g6(1 o, (T—2c747) (1.41)

NE,j
N%”%r(j—l)(—lﬁﬂ) 142j

25
fOI‘ 3+4j >5>HT4J')'

The above estimate implies a decay as N — oo for B as close as desired to 1/2 if

we choose first € sufficiently small and then j sufficiently large depending on €.

Remark 1.7.

(i) Note that the bound in Theorem 1.6 gives a faster decay rate w.r.t. N for the

(i)

case of 0 < 8 < 1/3 compared to that of Theorem 1.5 but the error in Theorem
1.6 grows faster in time. Nevertheless it is still less than the exponential growth

typical of previous works.

We also claim that with the uncoupled system given in (1.38) one can go only
as far as < 1/2 in terms of Fock space estimates of the type presented above.
A heuristic argument supporting this claim will be provided in the next chapter.
We note that [22] extended the estimates to the case of 5 < 2/3 (but locally
in time) by considering a coupled system introduced in [21] instead of (1.38)

we used for our results. Also, similar Fock sapce estimates have been obtained

20



(iii)

in [4] for B € (0,1) using a certain class of initial data and an explicit choice
of pair excitation function k. However the dependence of the error bounds on

time in [4] is exponential.

Estimates of the type presented above have implications for N -particle wave
function Yy = eMINGEN if we consider projection Py onto the N-particle
sector. Recalling that Py|te(t)) = cne™NoSN with cy = O(NY4) (see

(1.23)), we have

1
e = —Pobta) | sy S N [oex(®)) = (6D

Hence wnserting estimate in Theorems 1.5 and 1.6 into the above inequality
gives

1
| — aPNWaprQ(W) ~O(NPV% for 0 < 8 < 1/2

which implies a decay as long as B < 1/4. We do not know what Py|t,,) =
eiNX(t)PNe*‘/NA(‘ﬁ)e*B(k)‘O> exactly equals but the idea in considering such an

approzimation s that the N-particle sector should roughly look like

ot 1) .. ot an) [ [ £(t 5, 20)

gk

where f is a function describing particle correlations.
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1.4 Error Estimates in the Sense of Marginals:

Rate of Convergence to the Limiting Mean Field

For an N-particle wave function ¥y we can express the one-particle marginal

using (a,a*) as

’}/](\})(.T,y) = / 77Z}N(‘T7X]V—1>1/}]V(y7X]\f—l)dXN—l
R3(N—1)

1 *
= N(@/)N, axayq/)N>L2(R3(N71)). (142)

For Fock space marginals, this generalizes to

Fﬁ% (z,y) = m<¢|a;ay|¢> for [¢) € F with ()| N|¢)) < oo (1.43)

finite particle expectation
see (1.11)

which agrees with (1.42) for an N-particle state |[¢)) = (0,...,0,%n,0,...).

Before stating our main results in this section let’s also recall that Tr‘ : !
denotes the trace norm on the space of trace class operators £1(L?(R?)) on L?(R?)
ie. Tr|A| = Tr((A*A)Y?) for A satisfying > e \Alf, fr2msy < oo for any F
orthonormal basis of L*(R?).

Our main results in this section are the following:

Theorem 1.8. (partly from [27]) Let [thex(t)) = €e VA 0) as in (1.24) where

‘H denotes the Fock Hamiltonian (1.17) and rey (t,x,y) = %

to definition (1.43). Leto =1/2 for0 < < 1/6 ando =1-30 for1/6 < < 1/3.

according

Also for e arbitrarily small let j be as large as to satisfy 25 /(1—2e+47) < 1/(2(1+¢€)).
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Then the following estimate holds:

;

% if B=0 and v(z)=£(|z])/|z|,EECT® decreasing cutoff
W4 — 16
Tr’FeX (t) |¢(t)> <¢(t)” 5 Wz% if 0 < B < 1/3 and v is bounded, integrable
143 15020
% if1/3<8< % and v bounded, integrable
where ¢ solves
1 (v [¢l%)9, B=0
0 = A¢p — (1.44)
7

([o(z)dz)oPs,  0<pB<1/3

with ¢(0,-) = ¢o satisfying ¢po € HY(R?) and also in WHL(R3) for | > 2 in case

0< B <1/3.

Theorem 1.9. (partly from [27]) Let ¢ (t) = ¥ ¢SN where Hy denotes the N -

body Hamiltonian defined in (1.1) and

7](\})(tvl‘7y) = / 77ZJN(t7J"7X]\f—1)W(t7yva—l)dXN—l-
R3(N-1)

Then we have

if =0 and v(z)=£(|z|)/|x|,£€CF° decreasing cutoff

(1)
TrerN (t) - |¢<t>> <¢(t) H 5 % if 0 < 8 <1/6 and v is bounded, integrable

t+3)/210g10(141)
\ N1/A—B(1+e)

if1/6 < B < ﬁ, v bounded, integrable

where € > 0 is as small as desired, j sufficiently large to satisfy 25/(1 — 2¢ + 45) <
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1/(2+2¢) and ¢ solves (1.44) with ¢o satisfying the same assumptions as in Theorem

1.8.

Remark 1.10.

(i)

(i)

(iii)

FEstimates similar to the ones in Theorem 1.8 have been obtained in [35] for
B =0 and v(z) = |z|™* and in [3] for B = 1 and more reqular potentials.
The error was of O(N™1) in [35] which is known to be the optimal rate of
convergence. We obtained the same rate and additionally our error estimate
grows more slowly in time compared to the exponential growth of [35]. However
we had to use the cut-offed Coulomb potential since our main tool in proving
Theorems 1.8 and 1.9 was the Fock space estimates of the previous section

which required faster decay at infinity than that of |z|™' in case of B = 0.

We consider in Theorem 1.8 with initial data of the form e’\/ﬁ““(d’o)‘@ for
suitable ¢o. One might also think of replacing the vacuum ‘O> in e~ VNA(®) ‘O>
with a more general Fock space vector 1) (with only few particles) satisfying
(YIN) < C for some constant C'. The main tool in the proof of Theorem
1.8 is Theorem 1.5 which also holds for initial data of the form e=VNA®0)|4))
if we take ) = e B*)|0) with a symmetric ko = k(0,-) € L*(R%) to be
prescribed such that (YIN]p) = (0]eBFIN e BHRI|0) = I8h(Ko) |72 sy (last
equality follows by Lemma 1.4) is of O(1) w.r.t. N. The case of initial data

of the form e_*/ﬁ““(‘bo”w with a more general 1) remains to be investigated

As can be seen in Theorem 1.9, in projecting onto the N -particle space there
is some loss in the power of N which prevents obtaining a bound of O(N™1)
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in case of f = 0. This was achieved in [6] but their bound was meaningful
for times of order log(o(1)N) whereas our bound shows that the mean field

approximation stays close to the exact dynamics at least for up to times of

order o(1)v/N.

(iv) The idea of the proof for the results of this section is to bound the trace norm
of the difference between & (or 7](\})) and their approrimation by the number
of particles at a reduced dynamics expected to be close to the vacuum. One
then has to control the particle expectation in this reduced dynamics, which
has been done so far via energy estimates being typical of [35], [6], [3]. The
novelty of our work is in controlling particle expectation of the appropriately-
defined reduced dynamics via the error in Fock space approximation on which

we have a control from Theorems 1.5 and 1.6.

1.5 Outline of the Rest of the Thesis

The rest of this thesis is devoted to proving Theorems 1.6, 1.8 and 1.9. First
in chapter 2 we prove the Fock space estimate of Theorem 1.6 and then in chapter 3

we will establish Theorems 1.8 and 1.9 on error estimates in the sense of marginals.
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Chapter 2: Proof of Fock Space Estimate in Theorem 1.6

2.1 Preliminaries

The proof of Theorem 1.6 is based on estimating the deviation of the evolution

from the vacuum state defined as

h(t)) == e NXO |y q (1)) — |0) where (2.1a)

|threa(t)) = BED) VNAG()) pitH o=V NA(d) ‘O> (reduced dynamics) (2.1b)

[ J/

-~

[tex (1))

which satisfies

[thap (£))

A

~

19| = [[[ex(t)) — VXD VNACLD) =BRO) ) ||

due to e"VN4 and e~ being unitary. We can obtain the evolution for |¢) as follows.

A straightforward computation gives the evolution of the reduced dynamics:

1
;atlwred> = Hred‘wred> (22)
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where
1 1
Hied i= — (8teB) e B4 8 (—, (8te‘/ﬁ“4) eTVNA e‘/ﬁA’He‘/ﬁA) e B, (2.3)
) )

As shown in section 2 of [20], if (1.38) holds, then

o * —-1/2
Heea = N p(t) —|—/dxdy{ L(t,z,y) axay} — N7/2E(t) . (2.4)
~~ —— ~~
related Azd(z—y) a self-adjoint error
to x via +some self-adjoint term being sum of
x=/u potential terms polynomials in (a,a*) of degree

one up to four

(2.4), (2.1a), (2.2) and the fact that a|0) = 0 implies

(50 £ )14) = =300} with [5(0)) =0 2
2 / N 4

-~

—:(0,F1,Fy,F3,F1,0,...
[ bt pazaydedy - N0 (0.F1 P2 P F10,0)

The integral term in (2.5) is the second quantization of the self-adjoint one-particle
operator L(t, z,y) which can be considered to be the sum of some kinetic and “po-

tential” parts as follows:

—g(t,y,z) as defined in (1.39)
7\

e Y

L(t, z,y) = D6(x — y) — (vn * [0°) (t, 2)d(x — y) — vn (2 — y)B(t, 2)(t, )

1
+ —((5)_1 omot +uomo (¢) ! + [W(E),(E)‘l]). (2.6)
2 4 4 ——
ch(k) sh(k)
1 = —
—un (2=y)b(t,2)(ty) 70ctlo" A
from (1.40) see top line for g

Before explaining the forcing term in (2.5), let’s see in the next section how the

error term in (2.4) looks like.
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2.1.1 The Error Term N~Y2£(t) in Hyeq in (2.4)

N~12£(t) in (2.4) is an error term containing polynomials in (a,a*) up to

degree four. It is a self-adjoint operator which can be written as:

denotes
adjoint
¢ !
NTPEM) = {&(1) + & () } + &) + &7 (1) (2.7)
j=1

where &;(t) denotes a contribution consisting terms of degree j. We also have some
self-adjoint contributions consisting terms of 2nd and 4th degrees and denoted by
E(t) and &£52(t). The explicit forms of these terms needs to be given here for
future reference." Using the notation D,y := a}a,, Qi, = aia), Quy = aga, and

suppressing the time dependence of the functions ¢, ¢ := ch(k) = 0(z — y) + p and

u := sh(k) (recalling (1.33)) we have

Ei(t) .= N71/2 / dxldxgdyl{ (woc)(z1, xa)on (1 — T2)P(w2)u(y1, x1)ay,,  (2.8a)
+ c(y1, m1)on (21 — 2)P(22) (c 0 W) (21, wg)ayl} (2.8b)

1
gg(t) = —/d$1d$2dy1dy2

2N
{(@00) (@, ma)on (o1 — w2)eln, #1)u(w2,42) Doy, (2.80)
+ (w0 &) (z1, m2)un (21 — T2)u(ys, 11)E(2, Y2) Dyyy, (2.8d)
+ (o ) (w1, m2)un (21 — T2)e(yr, 1) 22, Y2) Qyuy (2.8¢)
+ (w0 ) (ea, ooy — w)ilyn, 20)(r2,12) Qi | (2.86)

1See Section 5, [20] for the computations leading to this explicit form of N~=1/2&(t).
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terms_involved
are self-adjoint

i 1
ESt) = ﬁ/dxldxgdyldyg
{(wo )@y, z2)ow(wr — w2)alyr, 21)u(w2, 12) Dyays (2.88)
+ 2(uo w)(z1, 21 )vn (21 — T2)U(Ya, T2)u(ys, xg)DylyQ} (2.8h)

Es(t) == N~1/2 / dzydasdy; dysdys

{, e )on (@1 = 2)0(x2)e(ws, y2)e(ys, 21)Dyayp (2:8)
+ ey, 21)on (21 = 22)9(22) (22, y2)c(Ys, 21) Dyryy ys (2.8))
+ (yr, z1)on (21 — 22)P(22) (o, 21) (2, Y3 ) sy Doy, (2.8k)
+ a(yr, z1)on (1 — 22)P(22) (22, y2)c(Ys, 1) Qyyys Gys (2.81)

+ (Y1, 21)on (21 — T9)d(22)u(ya, 1)(22, Y3) ay, Dysys (2.8m)

+ (Y1, 1)on (21 — 22)P(@2)c(ya, 21)u(T2, Y3) Ay, Dy (2.8n)

+a(yn, 21)on (1 — 22)d(22)c (Y2, 1), Y3) Ay, Qyays (2.80)

+ u(yr, w1)vn (1 — 32)P(22)U(2, y2)u(ys, $1)Qy1y2a23} (2.8p)

Eut) == % /dxldedyldygdygdy4

{l, 21)e(@2, 2)ow(ar = 22)clys, 21)u(@s, 9)Pyuy Dy (2.80)

+ &(yr, w1)u(ws, y2)on (21 — 22)c(ys, 1)E(22, Ya) Dyyyy Qyay, - (2.81)

+ Uy, v1)u(r2, yo)un (21 — 22)c(ys, T1)u(r2, Ya) Qyryo Dyuys (2.85)

+ a(yr, v1)c(@2, y2)on (21 — T2)c(ys, 1) (@2, Ya) Dyoyy Quays (2.81)

+u(y1, 21) (@2, y2)on (21 — T2)u(Ys, ©1)C(22, Y1) Qyryo Dygys (2-81)

+ (Y1, 11)U(r2, Y2 )un (21 — T2) (Y3, ¥1) (T2, Ya) Qyrys Qy3y4} (2.8v)
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ER(t) = %/dxldxgdyldygdyg)dyzl
{E(yh T1)U(72, Y2 )on (71 — T2) (Y3, 1) u(T2, Y4) Dy, Dyays (2.8w)
+ a(y1, x1)c(@a, Yo )un (1 — T2)u(ys, 1)(T2, Ya)Dyoyy Dygys (2.8%)
+ c(y1, v1)c(xa, yo)on (w1 — w2)c(ys, ©1)6(22, Ya) Dy Qusws (2.8Y)

+ ﬁ(yb xl)a(x% QQ)UN(xl - xQ)U(y& .Clﬁl)U(ZL’Q, y4)Dy3y1Dy4y2}‘ (2'8Z)
We will estimate the above terms in various ways to be explained later.

2.1.2 The Forcing Term N_1/25(t)‘0> in (2.5)

Based on the explicit form of N~'/2&(t) given by (2.7)-(2.8) and recalling

¢ := ch(k) = 6(z — y) + p, the sectors of the forcing term —N~2£(£)[0) in (2.5)

can be computed (up to symmetrization in the 2nd, 3rd and 4th sectors) as?:

e Sector Fy:
Fi(t,y) := —N1/2</dx1dx2vN(:1:1 - mg){u(yl,xg)(ﬂ ou)(xy,x1)d(ry)  (2.9a)

+ D1, x2)(w o @) (w1, 21)p(w2) (2.9b)
+ u(yr, z1) (o u) (w1, 22)p(x2) (2.9¢)
+p(y1, 1) (P o u) (@1, 22)p(2) (2.9d)
+p(yr, w1)(wou)(wy, 2)p(w2) (2.9€)

+u(ys, 1) (@ o p) (1, T2)p(w2) (2.9f)

2The main idea of this computation is to commute a (if there is any), to the right hand side,
with a* operators in those terms in (2.7) which do not annihilate the vacuum. This produces some
lower order terms (contributions of which we see in (2.9a)-(2.12d)) and terms which annihilate |0)
since a|0) = 0. See Section 5, [20] for the details.
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+ p(y1, w1)u(wy, 22)P(x2) (2.9g)

+uly, e)a(ey, w)o(e) |} (2.90)

+ /dﬂfl un (Y1 = xl){u(yl7xl>§£(xl> (2.9i)
+ (wo u)(yr, x1)p(z1) (2.9))
+ (pou)(yr, z1)P(z1) (2.9k)

+ (wod)(a, x1>¢<y1>}> (2:91

e Sector FFy:

F2<t7 Y1, y2) =

1

N (UN(yl - yz){u(yl, Y2) + (Pou)(yr,y2)} (2.10a)

+ /dxldeUN(xl - :CQ){Zﬁ(yl, xo)u(xo, Yo )(u o w) (1, x1) (2.10b)
+ 2p(y1, x2)u(zy, y2) (@ o u)(xy, z2) (2.10¢)
+ u(y1, z1)u(za, y2) (@ o p)(x1, z2) (2.10d)

+ (Y1, 1)p(w2, y2) (P 0 u) (w1, 72) (2.10e)

+ u(yy, x1)u(ws, y2)u(ry, v2) (2.10f)
+ By, e)p(es, yo)u(er, 72) | (2.10g)
+ / daron (1 — xl){Qu(yl, yo) (@ o u) (a1, 1) (2.10h)
+ P(Y2, w1)u(r1, 91) (2.10)
+ 2u(w 1, y2) (@ o u)(w1, Y1) (2.10j)
+ By, 21) (P o w)(yn, w1) | (2.10K)
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+ /dxl vy (z1 — y2)p(y1, 1) (Co u)(xy, y2)> (2.101)

e Sector FFs:

F3(tay1>y27y3) =

- N_l/Q{UN(yl — 42)(y2)u(ys, v1) (2.11a)
+ [ defon(on - 93tz ) Yule, ) (2.11b)
+ [ dofplyn,a)ox(e - )ulun,o)}o(oe) (2110
+ /dx{ﬁ(yz,x)w\;(yl —z)p(x) Yu(ys, y1) (2.11d)

+ /d$1d$2{p(y1,$1)UN(931 — 22)P(z2)u(ya2, x1)u(za, y3) } (2.11e)

+ [ dnidea{pon o)p(es o (e~ s)olaulm, o)}y (2110

e Sector Fy:

Fy(t,y1,y2, Y3, Ya) :=

= (1/28) o = 2)uys, 1)y, 1) (2.122)
n / A {ply, 2)ow (o — o)u(, ys) Yulys, 92) (2.12b)
" / A {plyn, w)on (x — yo)ulys, 2) buly, i) (2.120)

+/dfﬂldxz{ﬁ(yl,$1)P(33'2,y2)UN($1 —xz)u(y3,$1)u<$2,y4)}}- (2.12d)
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A standard energy estimate applied to (2.5) using self-adjointness of £ implies

[1%ex(t)) = [thap (£ |5 = I () |lr < N”Q/O 1€E)[0) | -

For an estimate of the right hand side of the above inequality, we need L?-norm
estimates of the terms in (2.9a)-(2.12d). This was done in [20] using the decay
estimate [|(t, )| z@ms) S 1/(1+t3/2) and the estimate [|u(t,-)||r2@s) S log(1+t).
However < 1/3 had to be assumed there for the final estimate in Theorem 1.5 to be
meaningful. We consider a modified approach in which we treat the singular terms
(i.e. terms not having sufficient integrability properties) in N~1/2£(t)|0) separately

to be explained in the next section.

2.2 General Strategy and Outline of the Proof of Theorem 1.6

As mentioned at the beginning of this chapter we need to estimate the error |1;)
defined in (2.1a) and satisfying the equation (2.5) with the forcing —N~'/2£(t)|0)
which contains the terms in (2.9)-(2.12). In all of them except (2.10a), (2.11a) and
(2.12a), the singularity associated with the interaction vy (z) = N3%v(NPz), which
converges to ( Jv)d(z) as N — oo, is smoothed out due to the integration against
functions with sufficient integrability properties. Hence we separate F(t,-) defined
in (2.9)-(2.12) into their regular and singular parts as follows, where super-scripts

(1))

r” ans “s” stand for “regular” and “singular” respectively:

F3(tyn.e) = = (1/2N)ow(yn = o) {ult.n,v) + Fow)(tyry) |, (2130
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Fz’f(tyb y27y3) = _N_I/QUN(:UI - y2)¢(t7 y2)U(t>y3a yl)a (2-13b)
Fi(t, v1, 92,3, ya) = —(1/2N)un (y1 — y2)u(t, ys, y1)u(t, y2, ya) and (2.13¢c)

Ff=F —Fforl =2,3,4. (2.13d)

Using this, we split the error |¢)) in (2.1a) first into its singular and regular parts

as

[) = [¢") + [¢°) where

1 _
(Z@t - E) 1) = (0, Fy, FL, FE,FEL0,...), (2.14a)
(lat L)) = (0,05, . FL0...), (2.14b)

1

[07(0)) = [¢°(0)) =0

which follows from (2.5). Energy estimate applied to (2.14a) implies

1O S [ (IR + 3 IR @) dt (215)

=2

Hence we need to obtain L2-norm estimates of F} and Ff,[ = 2, 3,4, which we do in
section 2.4 after obtaining a priori estimates on the pair excitations in section 2.3.
We will start dealing with the singular part of W} in section 2.5 in which we

will split [¢*) in (2.14b) into its approximate and error parts as follows

%) = [42) + [4$) where
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(%&f - /L(t»w)ai% dady) |2) = (0,0, F5, F, F3,0,...), (2.16a)
Gat — L)108) = =N @)1, (2.16b)
[03(0)) = [¢5(0)) =0

First we will obtain estimates on M?) using an elliptic estimate and also Strichartz
estimates along with Christ-Kiselev Lemma after a suitable change of variables.
Those will not provide us with sufficient integrability properties for the forcing term
in (2.16b). Hence we will also discuss the necessity to iterate the splitting procedure
for some finitely many times before applying a final energy estimate to the error
part of the solution at the final step of iteration. We will prove the inductive step of
the iteration and discuss its implications in section 2.6. Theorem 2.8 in section 2.4,
Theorem 2.14 and Corollary 2.15 in section 2.6 will lead to our main result Theorem

1.6 as proved in section 2.7.

2.3 A priori Estimates for the Pair Excitations

In this section we will prove estimates on mixed L” and Sobolev norms of the
pair excitations which will be needed in estimating the terms in (2.9)-(2.12). To

keep the notation simple in what follows let’s define

89 := sh(2k) = 2sh(k) o ch(k) (2.17a)

pa := ch(2k) — d(x — y) (2.17b)
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and also the operators

<_Am+ ('UN*I(M?) (tvx)> 6('r_y)+'UN(Z'_y)q;(tvx)(ﬁ(tvy)

1 4
S(s):=~-0,s+¢g  os+sog (Schrédinger-type), (2.18a)
i

1 .
W(p) := ;@p + ¢, p] (Wigner-type). (2.18Db)
Then (1.38b)-(1.38¢) becomes

S(sg) =2m +mopy+ pyom, (2.19a)
W (p2) =m o3y — sy 01n, (2.19b)

$2(0,-) = p2(0,-) = 0.

Let’s also recall our notation (see (1.33)) u := sh(k), ¢ := ch(k) = §(x —y) + p from

the previous section. Our main result in this section is the following:

Theorem 2.1. Let the initial data ¢y for (1.38a) be in W™ (R?) (m derivatives in
L') for m > 6 and let (0;s9)(0,-) be sufficiently reqular (to be specified later in the

proof ). Then the following estimates hold:

107 59(t, || e Se NP9 log(14+1)  for j=0,1 (2.20)
w(t, M gare Se NPOF9log(1 4 1) (2.21)
lult, @, y)| o @y 2@y = Mt 2, 9) 2o || o) Se N0 log(1+1)  (2.22)

foranye >0 and 0 < g < 1.
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We will need the following lemmas for the proof Theorem 2.1:

Lemma 2.2. (Proposition 3.3, Corollary 3.4, Corollary 3.5 in [20]) Let ¢ be a solu-

tion of (1.38a) with initial data ¢q.

(i) There exists Cs depending only on ||gol| msms) such that

lo(t,-)|

3y < Cg uniformly in time. (2.23)

(11) Assuming ¢g € W™ for m > 2,

107 6(t, )|y S (L+¢%2)7" and (2.24)

10](t, ) psmsy S (1+ /27 for j =0, 1. (2.25)

Remark 2.3. Note that in case of j = 0, (2.25) follows by interpolating (2.24) with

mass conservation and in case of j =1, by interpolating (2.24) with

10t M2y S NS lm2ms) + I(ow = (8 )Gt )| z2ms) < const. (2.26)

-~
<llvll1ligllZlélloo

We will also frequently use

10]d(t, I pa@sy S (L + /71 forj=0,1 (2.27)

which follows again by interpolation.

Corollary 2.4. (2.24)-(2.25) hold for j > 2 if ¢g € W™ for m sufficiently large.

37



Proof Sketch. Since we will only need the estimates on the second and third order
time derivatives, let’s provide here with an outline of the proof in case of the second
order time derivative, which can be modified to obtain estimates on higher time
derivatives. We claim that if ¢ solves (1.38a) with initial data ¢o € W™! for m > 4

(m > 6 in case of third order time derivative) then we have

1

||at2¢(t)||L°°(R3) N T (2.28)

To prove this estimate let’s differentiate (1.38a) with respect to time twice and solve

the resulting equation for 92¢ by Duhamel’s formula. Then we have

2] < e @20), ..+ |

e"(t’s)Aﬁf [(UN * |¢\2)¢(s)] Hoo ds. (2.29)

Assuming ¢t > 1, we split the above integral and, to estimate the integrand, we use
the standard L>®°L! decay estimate for the linear equation when we integrate over
(0,t — 1). For the part of the same integral on (¢t — 1,¢), we first use the Sobolev
embedding W3+41(R3) — L>(R®) and then the L3L3/? decay estimate for the linear

equation, up to modifying the exponents by a small amount. Hence we obtain

1(970),| - 1
oot Sl [ et e < oPIots ] s
t 1
[ sl Ve s P e ds (230

Now we have [|0%¢||2 < ||¢]|g1a1 < Clo and also [[0%¢]|sc S |0%|| 2 < Cotjo) which
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follow from (2.23). Interpolating, we obtain

¢ ||0%¢||, < C,, for p > 2 and for spatial derivatives 0% of all orders.

e We can extend this to the case of derivatives including the time va-
(2.31)

riable if we take derivatives in (1.38a) as needed and use the esti-

mates obtained so far.

These regularity and integrability properties together with (2.24) imply

1
221w % 18P0 Il < N6()lle £ 772

1
[V [(vn * [81)0(9)] [|5)_0 S N6(5)llo + 1056(8)|e S T 32

Inserting these in (2.30) implies our claim in (2.28). We also have

|
1026)lls S 17 (2.32)

by interpolation between (2.28) and L?-norm which is uniformly bounded. a
Before stating the next lemma, let’s write the kinetic and the potential parts

of g (see (1.39)) separately as

g = _Axé(x - y) ~+ Gpot- (233)

then we can define V as follows

V(1) 3= gpoy © U+ U © Gpox.- (2.34)
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Explicitly,

V(w)(t,y) =
(o 6P)(t,2) + (on * [6) (2 ) (e, ) (2:35)

+ /UN(I — 2)o(t, 2)o(t, 2)u(z,y)dz + /u(a:, 2un(z —y)o(t, 2)p(t, y)dz.
This allows us to write the potential part of S (see (2.18a)) separately:
S0 = (50 - A) () + V(). (2.36)
We will split so satisfying (2.19a) as
S9 = S4 + Se (2.37)

where s, satisfies the equation S(s,) = 2m = —2vuy(x — y)o(t,z)p(t,y) and it

represents the singular part of s, since

1
2

[l (t, )| 2 ge) = <U12v* [o(t, ) !¢(t,')!2> S lowllze@s) ot Misms)  (2:38)

<N35/2(1 +t3/2)71
by
(2.27)

blows up as N — oo. We further split s, into its approximate and error parts as

Sq = S0 + sl (2.39)
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and we have the following set of equations being equivalent to (2.19a):

(1@ - A) & = 2m (2.40a)
1

S(st) = -V (s?) (2.40b)
S(se) =mopy+paom (2.40c¢)

We are ready to state the next lemma:

Lemma 2.5. Assuming ¢g € W™ for m > 2 as initial data for (1.38a), the

following estimates hold:

Isa(t Mlzame) Slog(L+1),  llsg(t)llz2@s) S 1 (2.41)

which imply

Ise(t, 2@y ST [Ip2(t ) l2@ey S 1- (2.42)

Since sy = 2 + sL + s., we also have

lls2(t, )|l 2(mey S log(1 +1). (2.43)

Finally since sy = sh(2k) = 2sh(k)och(k) and ||ch(k) ™ ||operator @5 uniformly bounded,

recalling the notation u = sh(k) and p = ch(k) — 6(x — y), we have

Ip(t; )l 2 @e) < [Jult, )l 2@s) S log(1 +1) (2.44)
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where the first inequality follows from taking traces in the relation pop+2p = uowu

(see (1.34)) and using p(x,z) > 0. Constants involved in the above estimates depend

only on || @ol[wm..

Remark 2.6. For the proof of the first inequality in (2.41), one solves equation
(2.40a) by Duhamel’s formula and, after an integration by parts, uses the elliptic

estimates below (Lemma 4.3 in [20]) along with (2.25):

5 2
/%dédn S ||¢(t, )Hga (2.45a)
at 7 ; 5 2
%dﬁdn < 16t 2a(t, )3 and (2.45h)

similar estimates hold for higher time derivatives.

The proof of the second inequality in (2.41) is achieved by applying an energy es-
timate to the equation (2.40b) and using the first inequality in (2.41). A final ap-
plication of energy estimates to the equations (2.40c) and (2.19b) together with the
estimates in (2.41) implies the estimates in (2.42). We refer for more details to the

proofs of Lemma 4.4 and Lemma 4.5 in [20)].

Proof of Theorem 2.1. Proof of (2.20). Recalling that sy = s% + sl + s, from (2.37)
and (2.39), we will prove (2.20) in two steps.

Step 1 Estimates on ||/ s0|| ys/2 for j = 0,1: We will first estimate H> and

H'/?~“norms and then interpolate.

Differentiating (2.40a) as needed, solving the corresponding equations by Duha-
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mel’s formula and using integration by parts give

(8]0 (¢, & n) =
o —it(E>+nl?)

ag/:g 077 2 0 oo
( S)( §n) + €12 + |nf?

equals 0 if j=0

<8gm(t, ¢, n)eit(|£\2+|nl2) _ (agm) (0,¢,1)

¢
_/ eis(|§\2+|n\2)a§'+lm($,§,n)d‘S)

0
which implies
equals 0 if j=0 and

assumed to be finite for j=1

1A sa(t. )12 SNA(972) (0, )12+ (27m) (0, ) |2 + |97 m(t, )|

t
+/ 169+ m(s, -)||ds
0

Applying estimate (2.38) and the following estimates

195m(s, )2 S (VR * 10:6(s. ) %5 [0 (s, )[)? < o5, ) loollvn 2| D (s, ) o

< N3ﬁ/2(1+83/2)—1
by
(2.24) and (2.26)

(2.46)

(2.47)

10Zm(s, )l S (vi * |26 (s, )y o (s, )2) 2 + (vFy + 10s6(s, )P, |05 (s, ) [2) /2

< [1¢(s, Mool ll2ll056(s, )l + [19:(s, ) locllvnl2l| 0 (s, )2

<N36/2(1 + 83/2)71
by
(2.24) and (2.31)

to (2.47) and considering (2.44), we obtain

18] so(t, Mz S N*/2log(1 +¢) for j = 0,1,
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We will next estimate [|07s0(t, )| g1/e—er, § = 0,1 for € > 0 small and to be

determined later. Again by using (2.46)

D233t = (1€l + Inl) /> Bisft, €.

equals 0 if =0
7\

S DY (9)(0,) || +
/ H 97 (s, €,m)
(€] + [n])3/2t

Now we need estimates of

(8/mm)(0,€,m)

H(Iél + )2l

H olm(t, & n)
(1614 In[)3/2+< 1l

(2.49)

H /m(t,&,n)
(1] 4 In[)3/2+

for 7 =0,1,2.

We will prove the estimates on the above terms similarly to the proof of (2.45).

Let’s do it first for the case j = 0. Writing

it 2, y) = on(z =)ot )o(ty) = / 5(x —y — 2)on ()0t 2)(t, y)dz

and considering the Fourier transform of d(z — y — 2)¢(t, x)¢(t,y) in the variables
z, Y

€= 90. (1, € + 1) where ¢.(z) = p(z — 2)

we can write

it &) = | [ w200t + mde]| < ol [ owe) B0t € + )P
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Hence after a change of variables

(t,€,1) P
H(!£|+|n| e, < [ g e deana:
|6 (t, €)|2
S o J vt g e

Combining this last estimate with

[6¢-(t, &)
€ A€ SID™(6¢:)II5 < Se |69 [15- < [|0ll4_ser Where €” =
Har}(,iy
Littlewood-
Sobolev
gives
m(t, & n)

Ser 613 -aer-

H(Ié\ +[nl)*/2 el

We can prove similarly in general the following estimate:

H olm(t, &, n)
([&] + |n])?/#+<

J
9 55/ Z ||a£¢||4—2e”||3f_l¢|]4_26~.
=0

Inserting estimates (2.50)-(2.51) into (2.49) gives

D278tz S 190, )13 + 162, )13
t
[ 1606, M acl0s9(5, s
0

1D Bus(t, |2 Ser 1(9e52) (0, )l sa=er + 1600, ) [la—2er || (8:0) (0

+ [[o(t, ) la—2er |0:(, -)[|a—2en

4¢€
3+ 2¢

(2.50)

(2.51)

7‘)”4726//

+ A (||¢(S7 ')||4—2E”||a§¢(87 .)“4_26” + ||as¢(37 ')||421,2€N>d3-
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Using ||/ o(t, ) ||a—oer S (1+347¢/2)=1 for j = 0,1, 2, which follow by interpolating
L2*-norm with L> estimates (see Corollary 2.4 and (2.31)) and recalling (2.44), we

obtain

107 s8(8, ) /- Se log(1+1) for j =0, 1. (2.52)

Interpolating this with (2.48) gives

24 2¢’ 38

10750 gors < 1921527 90T, <o (N2)337 log(1 +¢) for j =0, 1.

H1/2—¢€ N€

Hence finally we obtain

/

3+ 2¢

107208, )| ggare Se NPOH9log(1+1) for j =0,1| where e =

(2.53)

So for € > 0 arbitrarily small, we can choose ¢ = 3¢/(1 — 2¢) in the above estimates
leading to (2.53).

Step 2 Estimates on |05} a2 and [|07 s, || ss/2 for j = 0,1: We will first es-

timate H2-norms then we will use the Sobolev embedding H? — H3/2. We will
obtain H?-estimates of &'s! and &s. by estimating & "'s! and &/ ™'s, in L? first
and then using the equations satisfied by 8{ st and 8? s.. If we take derivative on

both sides in (2.40b) and recall that s, = 2 + s! from (2.39), we can write

S(0yst) = —V(9;52) — ((@ggot) 08q+ 840 (ﬁtgpot)>, (2.54)
8(07523111) = —V(@fsg) - 2<(8tggot) 0 9ySq + (9y8q) © (atgpot)>
((at gpot) O Sq + Sq © (athpot)> (255)
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where

atgp0t<t7 z, y) :(UN * (2Re<(58t¢>)) (tv 56)5(51} - y)

+ 'UN($ - y)atéav $)¢(lf, y) + UN(x - y)&(t: $)8t¢(ta y)

and we can compute 92, likewise. We will apply an energy estimates to (2.54)-

(2.55). Let’s define
(V) (u) = (3gggot) ou4uo (8{gp0t) for j =1,2. (2.56)
Using this definition and (2.54)-(2.55) and also recalling (2.18), we have

W ((9s%) 0 OysL) = S(yst) 0 Oyt — (Oysl) o S(ysL)
= —V(0;5) 0 Opsk + (Ors) 0 V(0es0) — ((0:V)(54)) © Desk + (Drsy) © (8:V)(s4),
W ((07s,) 0 07sL) = S(87sy) 0 sk — (87s,) 0 S(87s)
= —V(9}sq) 0 sk + (97sy) 0 V(97sY)
= 2[(@V)(@isa)) © 5L~ (0F5h) © (OV) (Brsa)|

— (OV)(sa) 0 sy + (0754) © (O7V)(50).

To obtain L?-norm estimates, we take traces on both sides of the above equations

and make the following estimates:

OulaustI3 < 2(IV sl + 10V ) (s0)lly) st (2.57)
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0el| 0 sall3 < 2<IIV(8382)||2 +2[[(0:V)(Drsa) |2 + ||(33V)(8a)||2> 107 sall2 (2.58)

Both V' (see (2.35)) and AV for j =1,2 (see (2.56)) are bounded from L? to L?

since the inequalities

I(on * 3[e1%) (t. 2)ulz, y)lez,,

<HWMAM<§]W% W) 105008, i ce ) 2y

(2.59)
| [ ot 230 (80,0100, il
Slonllpresyllull 2 gs)
(}jm%¢ Weseesy 10868, Mz )l o s )l22) @) 2
Vs
for j =0,1,2 and ||/ (2, )| pome) S 1/(1 + t3/2) (see Corollary 2.4) imply
IVllop S 6t )2 S (1467
10V llap S N6t MO0t e S (1487 (2.60)
192V llop € 60t N0t )l + 10108, V% S (147"
Hence (2.57)-(2.58) take the form
0Uausb M < g (120t Yo+ el Ol ). (2.61)
141 ———
<log(1+t) by (2.41)
since s4=52+s}
OUaRsh 1Ml S g (1020l + 195t M+ [salt ). (262)
t“a\" ~ 1 + t3 t a a

<log(1+t)

Now we need estimates of [|0/s0||y, j = 1,2. Taking L*norms in (2.46) and using
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(2.45), we can obtain the following estimate:

107 s5(t, )l

a

(Gjm)OgnH Hﬁjmtan
€2 + |n[? 2T €12 + |nf* "2

2 &
+H/ S(I+1nl?) K‘er'm;? ds||,

< 11(97s0) ||2+Z <|| (890, ) 51187~ 9) (0, )l + ||3i¢(t,-)||3||35_l¢(t,-)Hs)

< [1(07s2)(0, )|z + ||

7+1

/{ZH% Mallo7 (e, )l b ds.

This last estimate considered with (2.25) and Corollary 2.4 imply
107s2(t, )||la Slog(1+1t) for j =1,2. (2.63)
Inserting this in (2.61) gives

log(1 + 1)
1
alasil, s 0T (264

which implies uniform-in-time boundedness of ||d;sl||,. This together with (2.63)
implies

|0¢Salle < log(1 +t) (2.65)

since s, = sU + s!. Inserting this last estimate and estimate (2.63) in (2.62) implies

< log(1+1)
21
04|05 8,12 < EEpT (2.66)
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yielding uniform-in-time boundedness of ||0?sl|l,. With the help of the uniform
bounds on [|#/s]2, 7 = 1,2, we can control As! and Ad,s! using equations (2.40b)

and (2.54) satisfied by s. and d;s! respectively:

1Asally < 0sally, + [V(sa)lly < log(1+1), (2.67)
unif. bounded gl?fi}t‘gi) by (260), (241)

1ADisally < 07sally + [V(isa)lls + [[(0V)(sa)lly < log(L+1).  (2.68)

—_ ~Y

i 1
unif. bounded 5 ‘zfi}tg? by (260), (241)7 (265)

Since we have H? < H3/?, we obtain

107 sE(t, )| e S log(1+1t) for j =0,1. (2.69)

Finally for estimating [|0/s,|| s/ for j = 0, 1, again we will estimate &/ 's, in
L? and use the equations satisfied by &/ s, to estimate Ad! s, and then the embedding
H? — H3?. If we take derivatives of equations (2.40c) and (2.19b), we obtain the

following equations to which we will apply energy estimates:

S(0sse)

= —(0:V)(se) + (0sm) 0 py +m 0 Oypa + (04P2) © M + Pa 0 (Oym)
(2.70)
W (0:p2)

= — [&eggot,ﬁz} + 0, Af —i—(@tm) 05, +mo 0,5, — (8t3e) oM — S 0 Oym

MOSg —S8q0M )

20



S(afse)
= —2(0,V)(018¢) — (07V)(3¢) + (97 m) o pa + pp 0 Ofm
+2[(@im) A + (Dup2) © ] + m © DFpa + (D7) 0 m
(2.71)
W (97 p2)

= - [3391?0“252] —2 [atggom atﬁ2] + atQM + (atQm) 08c =8¢0 6t2m

+2 [(&tm) 0 ;5. — (08e) © (‘ZTTL] +mo 075, — (0?s.) o

where M :=m o35, — s, om. Now we add the equations

W((Ggse) © 8g§e) = S<8£56) © 3?8_6 - (@ZSE) © S(agSE)

W ((0!5,) 0 dy) = W () 2) 0 3 s + (8 ) 0 W (8 )

side by side and then take traces to make the following estimate:

::EJZ Q)

0, (1107 sellz + 107 p213) (2.73)

SAS@ s 20107 sella + W (@ Ba)l|21 0 pall2 - for 5 =1,2.
We already know from (2.60) that ||(91ZV||Op < (1 +t%)7 ! for j =0,1,2. Similarly

11107 gpots (Mllop S (1 +%) 71 (2.74)

Recalling m(t, z,y) = —vn(x — y)o(t, ) p(t, y), the definition of M from (2.70) and
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using estimates similar to the second one in (2.59) we obtain

1(8/m) o ully < (1+ )" ully,
| ; for j =1,2. (2.75)
107 M)y S (1+ 37> [10Fsalls
k=0

Considering all these estimates together with (2.70) implies

O(1) by (2.42)

—
8@l S = (Tsellz + Ipalla +lap2 l2).

1
143

IW@m)lle S —— (Ipalla + sallz + 1rsally +lsellz + [bsellz)

-~

<log(1+t) by (2.41), (2.65)

1
143

Inserting the above estimates in (2.73) for 7 = 1, we obtain

=E2(t) <Ei(t) <E2(t) <Ei(t)
> ™ > 1 —— —— ——
0,(19uscll3 + Noelly) S 1= (Iksello + usellllormell, + (141081 +0)) o, )
from which it follows that
1 1+ log(1+1t)
OB, (t) < —Fn(t —_—

This in turn implies that £;(¢) is uniformly bounded in time. Using this, we can
deduce

00selt, )z, ST and [Opalt 2. 9)llez, S 1. (2.76)
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Now considering estimates (2.60), (2.74), (2.75) together with (2.71) implies

0(1) by (2.42) 0(1) by (276)

Ve

1
I8@2s0ll: S 5 (Tsclla + Ipelle + sclle + 10rpall + [0l ).

1

IW@ER ) S T (3 (1385l + 0l Znafsanz [925.12)-
j=0
d —~ ~ \_v_/
O(1) as above <log(1+t)

by (2.41), (2.65), (2.63), (2.66)
and recalling sq=s9+s},

Inserting the above estimates in (2.73) for 7 = 2, we obtain

=:E3(t) <E(t) SE3(t) <Ex(t)
- ~ 1 —— - - ~ ——
0,197 5ell3 + 107p2l13) < 175 (107l + 107 el 197pall, + (1-+108(1-40)) 19l )
which yields
1 1 +1log(1+1t)
E. < E - =2 7
O 2<t) ~ 43 Q(t) + 143

This implies that Ey(t) is uniformly bounded in time, which helps us conclude

10 se(t, 2, 9)lle2, S 1 and  [|OFpa(t, 2, )]z, S 1. (2.77)

Now we can estimate |Ads.|y, 5 = 0,1 using (2.40c) and the first equation in

(2.70) as follows:

1
143

[Aselly < 19rsellz + IV (se)lly + lIm o pally + lp2 o mlly S 1+ (2.78)

[AG;Se]l2 < 107 sell2 + [|(0em) © pal|2 + ||P2 © Deml|2 + [[m 0 Bipalla + ||(Dep2) © m|2

<1
~ +1+t3

(2.79)
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where we used (2.60), (2.75), (2.42), (2.76) and (2.77). The estimates above imply

107 5e(t, oz S 1 for j =0, 1. (2.80)

due to the Sobolev embedding H? < H3/?. Recalling s, = s°+s! +s. and combinin
g a5 g

(2.53), (2.69) and (2.80) imply

10} 5ol sz Se NP+ log(1 +¢)  for j =0,1

~vE€

which proves (2.20).

Proof of (2.21). This is based on the identity s = 2u o ¢ = 2¢ o u. We have

1
DZu(t,z,y) = =(DZss) o ¢! and DJu(t,z,y) = 55’1 o Dy sy (2.81)

1
2
where o € R denotes the order of the derivative. (2.81) implies

|D%ut, )2 = / (€7 + 1nl2)° a(t. €. n) 2dedy
S [lelat e mPasan+ [nlac g mfass (282

= [ DZu(t, )3 + [1Dyult, )l < lls2lze

where the last inequality follows from (2.81) since ||c™!||op is uniformly bounded.

Taking 0 = 3/2 in (2.81)-(2.82) proves (2.21).
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Proof of (2.22). For € > 0 small, we can make the following estimate:

[rcesn] e

<e 1Dz ut, o < Jul
oo d ) ~€ Y U ) 2~ U H%+€

< ||t -
. HHU( Yl |, o

(2.83)
where, for the second last inequality, we have used H*(R") — L*(R") for s > n/2
with n = 3 (see e.g. Remark 1.4.1 (v) in [5]). Considering ¢ = 2 in (2.81)-(2.82),
one can prove ||u(t, )||g2 < ||s2(t, )| a2 < N3¥/2log(1 + t) where the last inequality
follows from (2.48), (2.67) and (2.78). Interpolating between this H?-norm estimate

and the previously obtained H*/?-norm estimate (see (2.21)) gives

u(t, Y gasere S (NPOFOYI=2(N3B/2) 2 Jog(1 + ¢). (2.84)

NB[1+e+éE(1-2¢)]

This last estimate considered with (2.83) proves (2.22). O
Remark 2.7.

(i) In the following section we will frequently use an estimate of ||||u(t, ~)||2H4 =
H||u(zf,:1:,y)||L35||L4 to control most of the contributions in (2.9)-(2.12). This
Y

follows by interpolation between HHU/HQHOO and ||ul|e = HHuH2H2 i.e. we have
e, Mol < Y1t |2 (e, )57 S NP log(141), € > 0 (2.85)

where for the last inequality we used (2.44) and (2.22).

(7i) Recalling the relation p o p + 2p = wou and the fact that (p o p)(t,x,z) >0
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and also p(t,z,x) > 0, we have

lp(t, 2, D) 2@y = (P o)ty ) < (@ou)(t,y,y) = lult, 2,9) 2

which implies (for any € > 0)

lp(t, izl < [t ]l £ N log(1 +1) (2.86)

It 2, < lut, ||, S NP Tog(1+ 1) (2.87)

using (2.22) and (2.85).

2.4 The Regular Part of the Error [¢)

Our main result in this section is the following:

Theorem 2.8. We have the following estimate for [¢") solving equation (2.14a):

" D)l Se N2t log (1 +- 1) (2.88)

for any e > 0.
We will need the following lemma for the proof of Theorem 2.8:

Lemma 2.9. Given the definitions in (2.9)-(2.12) and (2.13), the following esti-
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mates hold:

without

zflfl N—1/2+6(1+¢) log3(1 + t)/(l + t3/2), 1=1,3
| Fy ()] Lo qrary Se (2.89)

N71+2,B(1+6) 10g4(1 + t), l — 274
for any e > 0.

Proof. Let’s prove (2.89) for [ = 1,2 first. We need to estimate the L*norms of the
contributions in (2.9a)-(2.91) and the ones in (2.10b)-(2.101). Estimate for the term

in (2.10b) can be made as follows:

N7 /d$1d$€2’UN(l’1 — Z9)p(z2, y1)u(r2, Y2) (U 0 w) (@1, 1) || £2(dy dys) (2.90)
< N7 /drmdwzw\r(m — 29)|[p(x2, Y1) | 22 () |02, Y2) || 22 aye) (@ © w) (1, 1)

< N plla] [ llellz|| ol (@ 0 w) (22, 22) || 21 aan) Se N™HFP0+ Togh (1 + ).
[lull3 (2.44),
(2.22) and (2.86)

Estimates of the terms in (2.10c)-(2.10e) are similar and differ slightly from

(2.90). We estimate only for (2.10¢):

N~ | /dl’ldl“WN(ml — X2)p(x2, y1)u(w1, y2) (% 0 u) (21, 22) “LQ(dyldyQ)
<N /dl’ldxzvN(l“l — 29)||p(22, Y1) | L2(ayn) 1w (21, Y2) | L2 (ays) | (T © w) (21, 22)|

< N lplal Ml [ devnte) ([ don (@ w)(on, o - 22))

-

SHuH% uniformly in zg

< N7l el o el e N7IH20049) Jogh(1 4 ¢). (2.91)
(2.41),
(2.22) and (2.86)
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Estimates of (2.9a)-(2.9b) are similar to (2.90) and the estimates of (2.9¢)-
(2.9f) are similar to (2.91); the only difference being that, in (2.90)-(2.91), we were
able to pull two factors out of the integral in L*°-norm, each of which is either a
p-term or a u-term whereas in estimates of (2.9a)-(2.9¢) there is only one u (or
p)-term available for us to pull out in the same manner and we also need to pull ¢
out of the integral in L*>*-norm. This explains the the difference between the powers
of N and the time dependence of the bounds in the estimates in (2.89), in cases of
l=1and =2

Estimates of (2.10f)-(2.10g) are similar so let’s just look at the estimate of

(2.10f):

(1/2N)]| /dﬂfldxwfv(ﬂ?l — Ta)u(y1, T1)u(@2, Y2)U(21, T2)|| 12(dy,dys)
< (1/2N) /dﬁldl‘zUN(xl — @2)|[u(yr, 21) || 22y 1w(2, y2) | L2 (o) [0, 72))]

< (1/2N)||||u”2||oo/deUN(SCQ) </dx1 u(1, 21 —xz)ll!ﬂ(yl,xl)\lwdyl))

J/

~
<llull y3/2+¢llullz unif. in 2

ully Se N0 1063 (1 4- 1), (2.92)

by
(2.44),
(2.84) and (2.22)

< (1/2) o | Mo el

Estimate of the more singular term (2.10i) differs slightly from the above

estimate:

(1/2N)]] /dﬂ?lUN(yl — x1)p(w1, y2)u(yr, 21) || £2(dyidye)

< (/20| [ oot = e0lpter gt )],
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< /20 Ipllll, | don vt Juton, = 20l

-

§|‘UHH3/2+gunif. in z1

< (1/2N)[lipllol] Mow il s/ze Se N0 log?(1 + 1),

~vE

(2.84) and (2.86)

Now let’s consider the estimate of (2.10h):

N [ deioten = g)uton, )@ o 0) 2l i

<N

[ dzowten = )letons )l @o )|,
1

< N7 (ow * (@0 ) 1) ) (o) lhn. ) e

L2(dy1)

< N_1||||U||2||Oo||UN||1l\ (4o U)(?Jh%)”L?(dyQ Se NP9 1063 (1 + 1),

by

[

(2.93)

(2.94)

Estimates of (2.10j)-(2.10k) are similar and differ slightly from (2.94). We will

estimate for (2.10j) in the following way:

N Y / derox (21 — o)l o) (@ o u) (s, 90) L2

<N

/ des oy — 1) (@0 w)(ar, yn) (e, 32) 2 g

< N71||||u||2||oo /dxl UN(JUI)ﬂ(ﬂ © U)(yl - Ila?Jl)”LQ(dyl)/

-~

2
< || [lul|2 H4 uniformly in 1

< N7 o] ol |l S N804 0g3(1 4 ).

(2.22) and (2.85)

L2(dy1)

(2.95)

(2.101) is similar to the sum of the terms in (2.10i) and (2.10k) whose estimates

have already been discussed.
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Estimates of (2.9g)-(2.9h) are similar to (2.92). The estimate of (2.9i) re-
sembles (2.93). Estimate of (2.91) is similar to (2.94) and estimates of (2.9j)-(2.9k)
resemble (2.95). However, similar to the remarks coming right after (2.91), in (2.9g)-
(2.91), there is no u (or p)-term available for us to pull out of the integral in the way
we did in (2.92)-(2.95). Instead, we can pull ¢ out in L*-norm, which explains the
difference in the powers of N and the time dependence of the bounds in (2.89), in
cases [ = 1,1 =2.

In order to prove (2.89) for [ = 3,4, we need to consider L*-norms of the terms
in (2.11b)-(2.11f) and the terms in (2.12b)-(2.12d). Estimates of (2.12b) and (2.12c¢)

are similar so let’s make it for (2.12b):

(1/2N)]| /dxp(ymf)UN(yl — x)u(x, ya)u(ys, Y1) £2(dy, dysdysdys)

< 120 [ dw vt = Dt sl llute. )z a3z,

2
< (/2N lll2 |2 (o # PG y2) 22 awe))) (@) ] 22w
2 - €
< (12N)|[llull2]|llow 112l SN H260146) 0g3 (1 - ).

Yy
(2.44) and (2.22)

Estimates of (2.11b)-(2.11d) are similar but we need to pull out ||||u(ys, 11 ez, ||Loo
n (2.11b), ||llulys, )]z, HLOO (2.11¢), |[[[lu(ys, 1)l 2, HLOO in (2.11d) and also
|¢||so in all three of them, instead of the ||||u||2||OO factor in the above estimate.

That again causes the difference in the powers of NV and the time dependence of the

bounds in (2.89) in cases [ = 3, [ = 4.

60



And our last estimate is for (2.12d):

(1/2N)] /dxld@p(yhxl)p($2ay2>UN(l’1 - 372)“(:937x1>u<x27y4)||L2(dy1dy2dy3dy4)
< (1/2N) /dxlde{vN(a?l — T3)

X Hp(xlvy1)||L2(dy1)||p(I2792)||L2(dy2)||u<x1ay3)||L2(dy3)||u(I27y4)||L2(dy4)}
< /20 Il el [ o (o < (ol a5l an) ) )

< (1/2N)[lipllo] M lullz| lox lslipllolullz S N7H2705 108 (1 + 1),

by
(2.44),
(2.22) and (2.86)

Estimates of (2.11e)-(2.11f) are similar but we need to pull out ||||u(z2, ys )Nz, HLOO

in (2.11e), |||lp(z2, y2) Iz, HLOO (2.11f) and also [|¢||s in both of them. O

Proof of Theorem 2.8. Recalling the equation (2.14a) satisfied by |¢*) and the energy
estimate (2.15) obtained from it, one can insert estimates in Lemma 2.9 into the

energy estimate (2.15) and this implies our claim in Theorem 2.8. O

2.5 The Singular Part of ]@}

The singular part of [¢)), denoted by |¢®), satisfies equation (2.14b). Let’s

recall from (2.16a)-(2.16b) how we split |t®):

[0°) = [4}) + [4) where
1 ~
(Zat - /L(ta x, y)a:ay dl‘dy) Wﬁ) = (07 07 F257 F3sa sz? 07 e )7 (296&)

(30— £) 1) = - N 2el), (2.96b)
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First we want to obtain estimates on the components of [¢2) and then use them

to estimate the error part Wf} We would like to do the latter by applying an

energy estimate to (2.96b). But the estimates we obtain for [¢®) will still not

ensure sufficient L?-integrability for the components of the forcing term in (2.96b)

as N — oo and for § close to 1/2. Hence we will need to split [¢¢) further into its

regular and singular parts and we will repeat similar splitting procedure for some

finitely many times before a final application of an energy estimate.

Recalling the explicit formula for L(t,z,y) from (2.6), let’s define V(t,z,v)

via the equation

L(t,z,y) = Ayd(z —y) — V(t, z,y).

Let’s also define the operator .
action of

V(t) on a function

in the
kth variable

Hence we have the following set of equations being equivalent to (2.96a):

S;vt) = F? with v(0) = 0 for j = 2,3,4 and

[03) = (0,0, 4 ¢V, 0,...).

Our main result in this section is the following;:
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Theorem 2.10. We have the following estimates for @D;j) satisfying (2.99):

||T/J§2)||L2(R6) < NP8 log(1 4 t) for any e > 0,

—148

[P || e@ey SN2,

H¢§4)HL2(R12) Se N_H%Hae\/%logQ(l +t) for any e > 0

which imply the following estimate for |12} satisfying (2.96a):

1[92 ls < N5t log2(1+ ) for B < 1/2.

We will need the following lemmas to prove Theorem 2.10:

(2.100a)
(2.100Db)

(2.100¢)

(2.101)

Lemma 2.11. (Christ-Kiselev Lemma, see e.g. Lemma 2.4 in [38]) Let X, Y be Ba-

nach spaces, let I be a time interval, and let K € C°(I x I; B(X,Y)) be a ker-

nel taking values in the space of bounded operators from X to Y. Suppose that

1 <p<q< oo is such that

|| / K(t,5)£(s) dsllary) S I llwirox)

for all f € LP(I,X). Then one also has

I K(t,s)f(s) dsllLaay) Spa 1 flleax).

sel:s<t

Lemma 2.12. For the operator norm of V; defined in (2.98), we have the following
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estimate:

1Vl L2@si)— r2mss) < FllV () | L2(R3)— L2(R3)

jlogh(1+1)

J
S T ) e S 2

2.102
1+ ( )

Proof. The first inequality follows from the definition of V; in (2.98). For the second

inequality let’s write V (¢) explicitly recalling (2.6) and (2.97):

V@)@ = [ Vit sy
= (o # 16P)(t.0) (@) + [ vwle = p)olt ot ) fo)dy (2103
1

— 5((5)—1 omotu+uomo (€)' +[W(e), (E)_1]> of. (2.103b)

We can estimate L*-norms of the terms in (2.103a) as

I(on = [@1") fll2 < lowlllllSN fll2 <

Sl (2:101)

I /vzv z = y)o(t, 2)o(t,y) f (W) dyllz < D)% llvn * fll2

Sl (2105)

where we used ||¢(¢)|| zoorsy < 1/(1+1%/2) from (2.24). Similarly to (2.105), one can

prove for m(t,z,y) = —vn(x — y)o(t, x)o(t,y) that

1

||m o lHLQ(RG) 5 m

7)) 22w (2.106)

for any [ € L*(RRP).

64



Recalling the relation ¢ = ¢o ¢ = §(x — y) + u o 4 and considering a contour
I' enclosing the spectrum of the non-negative Hilbert-Schmidt operator ¢ := w o u

one can write

W) =W(y1+4¢q) = %m/r@ - z)_lw(q —2)"'W1+zdz (2.107)
i

MOUOC—UOCOM

by (92) in [20]

Since (E)_1 and (¢ — 2)~! have uniformly bounded operator norms and |z| < |Ju|3,

(2.106) and (2.107) help us dominate L*norm of (2.103b) with

1
1413

() |72 o) 1 f 1| 22 @3)-

This last bound considered together with the estimates in (2.104)-(2.105) proves the
second inequality in (2.102). The last inequality in (2.102) follows from the estimate

|u(t)]| L2(rey S log(1 +t) as we recall from (2.44). O

Proof of Theorem 2.10. (2.99) is equivalent to the following set of equations:

P9 = qﬂz + qﬂ’e) where (2.108a)

(10 A > (4) _ pos (2.108b)
i t R37 la — 5> :

) (21080

V(0) = Y)(0) = 0 for j = 2,3,4.

1,a
We will try to obtain estimates on ||1/J§JC)L|| r2(rsiy using an elliptic estimate in case of
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j = 2 and for the cases j = 3,4 we will make use of the end-point Strichartz estimates
along with 77T*-method (to be explained shortly) and Christ-Kiselev Lemma (see

Lemma 2.11). Then we will use the following energy estimate to control ¢§J€)

8t”% HL2R3J < QIm((Ajo—V) le — lea’ 1e)

S ||VJ77ZJ§]73 ||L2(R3j) ||’¢)§]72 ||L2(R3J) since V is self-adjoint

< Jlog'(1+1)

S Il [9E s by cemma 212

which implies

: P jlogh(1 +t :
o20mon < [ LB ) ot (2109
0 1

Case 1: j = 2. For j = 2, recalling (2.13a), (2.108b) becomes:

Eou:uoc:%sz

1 - ~

1
(50 = das )il = =5 pon(on =) { ultoyn, ) + (Pow)(tynw) . (2110)

Solving (2.110) by Duhamel’s formula and using integration by parts we get

t
wag(t, ‘)HLQ(RG) 5 / ezt1(|£\2+|n|2)F25<t17 f’ n)dtl

0 L2(R)

F5(0,¢,n) E5(t,€,m)

2 2 2 2
€ +In v I
t
N /em(ﬁlzﬂn wdtl (2.111)
2 2
: GV N
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Now we need estimates of

J s
—ii(—if‘? for j =0, 1.
§+1n @)
Writing
. 1 .
O F(t,2,9) = oo —y)Dsalt, ) = (/5@—y—@ww2W%quyMz

and considering the Fourier transform of &(z — y — 2)8s4(t, , y) in variables x, y:

e E(t, E+n) where si(t,x) = sy(t,x,x — 2)

we can write

F5 (L, 6, m))* =

1 ) . 2
T6N? /UN<Z)€M77 0g5§(t,£+77)dz

N””“/\ PR € +n)ltde.

Hence after a change of variables

L~ 2
O/ F5(t,€,m) _/, ) 105 OF 18]35t )1 acdn
[SEETIEN (I€f2 + Inf2)*
1] 55(t, &)
< N2/|UN / g d{)dz
<||D- 1/28]82”L2(R3)

< L joisy? 2.112
e lorsally g o (2.112)

Trace theorem
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Now since sy = 59+ 51 + s, [|0] 82| 2 < N3/21log(1 +1t) by (2.48), (2.67)-(2.68) and
(2.78)-(2.79). Interpolating this H2-norm estimate with || s|| a2 < NP9 log(1+

t) (see (2.20)) and applying the resulting estimate in (2.112) imply

F5(t,€,m)

€2 + ]2 <, NTHHAtBe log(1+4t) for any e >0 and for j =0,1. (2.113)

~E

L?(R®)

This inserted in (2.111) implies
12 () | o= 0.2y Se N7t log(1+ ) for any € > 0. (2.114)
(2.114) considered with (2.109) for j = 2 gives

bt log®(1 4+t
wae)(t)HLQ(RG) < N1+,3+,36/ M

dt; < N71H8elog(1 4-1).
0 1+

Since w?) = 523 + wﬁ) as we recall from (2.108a), we can combine our last estimate

with (2.114) to obtain

102 ()| 2 gsy Se N™H0tlog(1 + )| for any e > 0. (2.115)

Case 2: j = 3. For j = 3, recalling (2.13b), (2.108b) becomes:

1
(Z& N ARQW@ = —N"2on(y1 — y2)b(t, yo)ult, 1, ys). (2.116)
To put the forcing term in a more suitable form for the mixed space-time norm
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estimates so that the power of N will depend on ( in the desired way, we need the
change of variables x1 = y; — yo and x5 = y; + y» which is inspired by the technique
introduced in Lemma 4.6, [9] (see also the remark following Lemma 5.3 in [10]). So

(2.116) takes the form

1,a

1 e
(Zat - Q(Aﬂﬂl + Aml) - AyS) (3)<t’ 9612&7 MTI7 y3)

= —N"Puy(an)e(t, 255 ult, 52, ). (2.117)

Now if we consider the solution operator T' := e*{2(Bz1+823)+8u3} for the correspond-

ing free Schroodinger equation, we have the following estimate:

IT foll zns, r2,,,, = 1T Follzz,,, lpope, < W€ folluzrg, Iz < Wfollrze)
%/—/ (. )
e ol Slfoerzs)l g,

by the end-point Strichartz
estimates in dimension 3

which proves

T:L*R%) — L{LY LY. (2.118)
Similarly we also have
T:L*R%) = L°L2 ... (2.119)
If we consider
(T f) (1, 22, y3) = / e Bn T he ) Fhusd £ (g 2y 2, y3) ds, (2.120)
R
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then (2.118) is equivalent to

T LILSPLE, — LA (RY). (2.121)
(2.119) and (2.121) imply
TT*: L;LSPL2, . — LL2 (2.122)

Using (2.122) and Christ Kiselev Lemma 2.11 with K (¢, s) = e/(t=1{2(Ae1+8a,)+ A}
f being the right hand side of (2.117), X = LS/°(R3 L*(R%)), Y = L?*(R%) and

p = 2, ¢ = 00, we obtain the first inequality in the following estimate:

||¢§?¢3HL°°((O¢);L2(R9)) S N2 |y (1) (t, 2255 ult, zlgxz,ys)HLngqst

z2,Y3
t
< sz( / 130 2

1.6
X (/0%5(-%1)(/‘u<tl>m2may3)’2dw2dy3>2 5d$1)

. 1/2
S N_1/2||UN||L6/5(R3)(/ () Eoe oy (1) 172 o) dtl)
0

ot

1
2 2
dt1>

t 2
< N(—1+ﬂ)/2< / log™(1 +t1)_dt1>1/2 < NE1H8)/2, (2.123)
by (2.24) 0 L+ ti’
and (2.44)

This inserted in (2.109) for j = 3 implies:

tlogh(1 +t
||¢§?e)(t)||L2(R9) < N(—1+B)/2/ %dtl < N1H8)/2.
0 1
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Combining the last estimate with (2.123) gives

19 ||2as) S N1+ (2.124)

since wf’) = wﬁz + wﬁ) by (2.108a).
Case 3: j = 4. Finally for j = 4, recalling (2.13c), (2.108b) becomes:

1 1
(;@ - AR”) = —on O = y2)ult ys, y)ult, vz, ya). (2.125)

Doing the same change of variables as before, i.e. 1 =y, — yo and x5 = y; + yo in
(2.125) and letting T denote the corresponding free propagator, this time we have
TT* : L2LY° L2 — L® L2 We again use Lemma 2.11 to obtain the first

x2,Y3,Y4 T1,T2,Y3,Y4 "

inequality in the following:

4 — 1+ To2—
Il onizemizy S N7 |o(a)ult, vs, =422 )u(t, 2524, )

([ (fe

6 5.2 %
T F 6
([ Dt =52 ot =gl am) )

-~

276/572
LiLay L3y ys,u4

<t 2wl 2 |7, SeN?80+0) logh(14:) by (2.85)
Yy
t 1/2
< NI oy || poss (/ log*(1 +t,) dtl)
0

< NTHTHB/21002(1 4 ) (2.126)
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for any € < 0. Inserting this in (2.109) for j = 4 implies

log®(1 +t1)
1+t

t ,1/2
t
42Ol S N1 [0 Aty S N7HE Do (14 1)
0

which, when combined with (2.126), gives

KR ()] z2m12) Se N+ HBey1/2 log®(1 +t) for any € > 0 (2.127)

since wg“ = wﬁg + lpﬁ) by (2.108a). O

Theorem 2.10, estimate (2.101) provides us with an estimate of || 1) || in case
of B < 1/2, which decays as N — oo. We still need to estimate the error part ).
Recalling (2.96a)-(2.96b), at this point, one might think of applying the standard

L*-energy estimate to (2.96b) to obtain

SN ||, S N2 /0 € )[4 (1)) || dta (2.128)

in which we want to estimate the right hand side by using the estimates in Theorem
2.10. However, as we will explain shortly, we will not be able to pick up the desired
powers of N from the estimate of ||<‘,’(t)|1;?(t)>||IF to ensure a decay as N — oo for
B3 < 1/2. This problem is due to the contribution to N~/2£(t) coming from the
term (2.8y), considered only with d-parts of c(x,y) = ch(k)(z,y) = d(z—y) +p(z,y)

factors in it, namely

1 *
o [ dundison (v = 109}, (2.129)
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Notice that this corresponds to the potential part of the original Hamiltonian (see

(1.17)-(1.17c¢)). So let’s define the Fock space operators

~ 1 .
H := ﬁ /dyldyQUN(yl - y?)leyQ Qy1y2> (2130)

H:= N~Y2g(t) — H. (2.131)
Then we can rewrite (2.128) as

[EHGNIMSS /D {HHIwT(fm s+ HH|w%<t1>>||F} dt,. (2.132)

0,0, (t2), % (1), 9P (81),0...)
from (2.99)

We need the following operator norm estimates on H and H:

Lemma 2.13. Based on the definitions (2.130)-(2.131), we have the following esti-

mates for the actions of H and H on the jth sector of Fock space:

HHQZJO)H]F ged <N—1/2+5(1+e) 10g4<1 —|—t) + N—1+5B/2+Be 10g2(1 —|—t>

_ log(1 +1 .
+ N¢ 1+35)/2ﬁ)|’w(J)HL2(R3J,) (2.133a)
[Hy D ||lp < N800 | 2 g (2.133b)

for any ) € L2(R%) and € > 0.

We prove Lemma 2.13 in Appendix A.
Now turning back to the energy estimate (2.132), the inequalities given by
(2.100a)-(2.100c) and (2.133a) imply that the first term inside the integral on the
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left hand side of (2.132) i.e. HHW?)HF is of order N(-1*A)/2N(=1438)/2 for B < 1/2
implying a decay as N — oo. However, the second term HIF]I|1Z?%>H]F is of order
N8 NE1+H/2 ysing (2.100b) and (2.133b). In that case, we have a decay as
N — o0 as long as we choose 3 < 3/7 which is not good enough but we can improve

it as we will describe in the next section.

2.6 Iterating the Splitting Method

Let’s recall how we split [¢) which is defined by (2.1a) and satisfies equation
(2.5). We first split |¢)) into its regular and singular parts as |¢*) + |¢)*) where
|47}, |1°) satisfy equations (2.14a)-(2.14b) respectively. We obtained an estimate
on |||¢")||g in Theorem 2.8. We then split [¢)°) into its approximate and error parts
as [U®) + |1°) where [12), [0¢) satisfy (2.96a)-(2.96b) respectively. We obtained an
estimate on |[|1)?)||r in Theorem 2.10. Theorems 2.8 and 2.10 not only provide with
bounds that are slowly deteriorating in time but also imply a decay as N — oo
for f < 1/2. We then considered analyzing [{¢) to see if we can extend these
observations to the case of the full error ||[tex) — [Cup)llr = |[|[)]|r since [¢)) =
") 4 [2) + [4¢). As we discussed at the end of the previous section, an approach
based solely on the energy estimate (2.128), which is rewritten in (2.132), only

provides with a bound which is meaningful as long as 5 < 3/7. The problem is due
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to the term H|¢?) on the right hand side of the equation for |¢¢):

—NTV2E@)|9) by (2.131)
1 Te g T.a )
(0 —c)lit) = —H|is) —Hl)
1 ~—~
T

, 0,0, 9" v 0,...)
1/)57) satisfy (2.99) which is equivalent to (2.96a)

For an improvement, we now consider splitting Wﬁ’} into its regular and singular
parts as [¢1) + [¢5) where

(30— £) 1) = ~HJ2) with [§5(0)) = 0,

]

(30— £) 193 = ~1g8) with [73(0)) = 0

and then we again split [¢%) into its approximate and error parts as |12) + [¢S)

where

1 - . _
(G0~ [ Lt azadody) 103) = ~E08) with [33(0)) =,

(00— L)1) = ~ N2 ()/45) = ~HI5) — FI5) with [45(0)) = 0

1

where [02) = (0,0, 8, P Y 0,...) and

1
Sﬂﬂg) T —WUN(yl — yg)wg) (t, 1,92, -, 41), 1 =2,3,4  (recalling (2.98), (2.130)).

up to
symmetrizations

We will iterate splitting in this manner for j — 1 times and at jth step we will

only split into approximate and error parts as |@E§_1> = |@/~)§J‘) + |7,E§> where j is to be
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determined later. We can summarize our iteration scheme by the following set of

equations:
19%)
19)
) = 197 + [65) + [01) + [95) + -+ [¥5_1) + [¢5) + ) where (2.134a)
5,—/
951
P
1 . i
(;at - c) [9r) = (0, Fy, FL, FX, FEL0,...) with [¢°(0)) = 0, (2.134D)

1 ; S
(—,at _ /L(t,x,y)a;aydxdy)y¢$> — (0,0, F3, F3, F3,0,...) with [$%(0)) = 0,

1

(2.134c)
1 - - N
(50— L)1) = —H|4p) with [d4(0) =0, (2.134d)
1 * Ta |78 . Ta
(0= [ Lt azadody) 13) = ~E38) with [33(0) =0, (21340)
(30— £)1351) = ~HI,) with [95,(0)) =0, (2.1340)
1 * Ta | 7.8 . Ta
(;at - /L(tx,y)axaydxdy) |45) = —Hl|5_y) with [¢7(0)) =0, (2.134g)
(%at - £)| J) = —N-Y2E(#)|¢2) with [¢£(0)) = 0 where (2.134h)
[92) = (0,0,4?, 4P 4P 0,..) and (2.134i)

1
Sle(-l) ZTI —WUN(yl — yg)wj(l_)l(t, Y, Y2, - Y1), L =2,3,4.  (recalling (2.98), (2.130)).

means
“equal up to
symmetrizations”
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We have the following result on the inductive step of the iteration:

Theorem 2.14. Under the above setting and based on the estimates in Theorem

2.10 and Lemma 2.13, we have the following estimates:

1150 e S NICH20+9/210g5(1 4 ¢), (2.1352)
67 (1)12(g0) Se NGDIHN TG 10g(1 4 1), (2135b)
165 (1) 2 quey S U NELEDI2G02, (2.135¢)
\!w§4)(t)\!L2 12y e NUTDEI20) N—1H86/2404/2 1662 (1 4 1) (2.135d)

for all 5 > 1 and for every e > 0.

Proof. Let’s prove first prove (2.135b)-(2.135d). The case j = 1 for (2.135b)-
(2.135b) was handled in Theorem 2.10. Hence, for the inductive step, assuming
(2.135b)-(2.135d), we will provide with a proof of the case j + 1.

Now let’s consider the equation (2.134g) by replacing j with j + 1. It will be

equivalent to the following set of equations where we need to recall (2.98), (2.130):

1
Sl%(‘l)rl —l _ﬁUN(?Jl - yz)l/J( )(75 Y1, Y2, - - Y) with w](lll( ) =0 for [ =2,3,4 and
‘¢j+1> (O 0 ¢]+17 wj-i—la %(1)17 3 ) (2136&)

We can split w ;41 similar to what we did in Theorem 2.10 as follows:

wj(-l)rl = %(21,@ + 1&](-21’6 where (2.137a)
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1 1
(;@ - AR31>¢§?_17G =~ _WUN(yl - yg)@bﬁ-l)(t, Y1,Y2, ... ,yl), (2137b)

Suiie = = Vit il (2.137¢)
1/}]('[-‘,)-1,(1(0) = wj(’l—l)—l,e(()) =0forl= 27 37 4

and again after estimating Hz/zj(l)rlaH L2(r3l), We can use the energy estimate

t
I l
1 Ol 2y < / Vi) 2o dt

Flog*(1+t
< [RELE 0 e an. @139
Lemma 2.12

Hence let’s prove the estimate on ij(l]rlaH r2sty first.  Similar to Case 2 in the
proof of Theorem 2.10, after a change of variables in equation (2.137b) and us-
ing Strichartz estimates, TT*-method and Christ-Kiselev Lemma we can make the

following estimate:

l
ij(#)—l,a (t) H Lo ((0,t);L2(R31))

1/2
) /
dty
LY°r2

oY3---Y]

t
Sl Nl(/ H/UNCCI)wy)(tl?%a%ﬂy&'“?yl)
0

([ (e

1
5/2
1.6 32 1/2
(l) r1+xr2 T2—T1 2 2 5 6
X ( /|1/)g (t17TJT7y37"‘7yl)| dedyiidyl) dxl) dtl)
1
5/3
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t 1/2
< N oo ( L1 0) e dtl) for | —2,3,4.
0

{ N——
Holder <N28
in 1
with
(5/2,5/3)

Now inserting the bounds in (2.135b)-(2.135d) in the last line of the above estimate
implies

(

N-180+01G+2)/2 60(1 4 ) for | = 2

l i(— )
151 o ()| o022y S NI o 80 N-148)/240/2 gop | — 3
g:ons)Ecan(ic
depends on ¢ for 1=2,4 N-HHBE24094G+D/2 10g?(1 + t) for [ = 4

\

Finally inserting this in (2.138) yields the same bounds for |W§2Le(t)HLoo((Qt);Lz(Rsz))
because log*(1 + ¢)/(1 4 ¢3) inside the integral in line (2.138) is integrable. Since
%@1 = ¢§21,a+¢§2176, we completed the inductive step of proving (2.135b)-(2.135d).

Now let’s move on to proving (2.135a). Replacing j — 1 with j in (2.134f), ap-
plying the L2-energy estimate to the resulting equation and using (2.135b)-(2.135d)

we can make the following estimate for any j > 1:

(0,0, (1), v (t1), $ (t1),0,..)

- t c—jﬁ
150l < [ s en) e
t
56/ N(71+35)/2N(71+5)/2+(j71)(71+2ﬁ)t§j+1)/2logﬁ(l+t1)dt1 (2.139)
b
(2.13y3a),0
(2.135b)—(2.135d)
which implies (2.135a). O

Now let’s see what the energy estimate applied to (2.134h) would imply if we
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were to stop the iteration at the jth step:

Corollary 2.15. For |1ﬁ§> satisfying equation (2.134h) which is

(300 £)15) = =N"2EO15) with [55(0)) = 0

we have the following estimate

(EAGN

<, (Nj(—1+25) +N—1+36+(j—l)(—1+2,8)+(—1+,3)/2)t(j+3)/2 10g6(1+t)' (2.140)

In particular, ||[5(1))||; = O(N3HTD/2+U-DEH20) for 1/3 < B < 1/2. To ensure

a decay we also need to choose

1+2j

< .
& 3445

Hence, if j is sufficiently large, 5 will be as close as desired to 1/2 in which case we

will also have Hwe HF decaying as N — oo.

Proof. Applying the standard energy estimate to (2.134h) gives

m@wm;AWWWmewmu

t
s[{ mgenl, +  EEEE  fa
0 —— —
SNI1428) 0D/ 21066 (1441)  SN—IF3BNG=D(1428) N(=148)/24T1/2 152 (1 1)
as in line (2.139) by (2.133b) and (2.135b)-(2.135d)
which implies estimate (2.140). O
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2.7 Final Step

Proof of Theorem 1.6 (Main result). Considering (2.134a), Theorem 2.8, Theorem

2.14 and Corollary 2.15, we have

)]
by Theorem 2.14 for 3<1/2,
by Theorem 2.8 SN(148)/24(G+1) /2 10g2 (14-1)
SeN—L/24B80+6) ¢ 1ogh (14-) %

T~ N rj ~ X

< 11 @], + Y 1)l
PSS+ ),
?:1 ) ——

NI(=1+428),(i+3)/2 ifo<B<1/3
~) N(=3478)/24+ (G —1)(=1+2B) 1 (5+3) /2 logb(1+1t) if1/3<B<1/2

by Corollary 2.15
< ( N8+ | N(—3+76)/2+(j—1)(—1+26)>t(j+3)/2 log®(1 + 1). (2.141)

TV
SN—1+284(5+3)/2 106 (141)
by Theorem 2.14

For 0 < 8 < 2j/(1 — 2¢+47), (2.141) will decay as N~Y/2+8(149) a5 N — oo and for
25/(1—2e+4j) < B < (14+25)/(3+47), (2.141) will decay as N(~3+70)/2+(G=1)(=1+28)

which implies estimate (1.41). O

2.8 Uncoupled System: Error Estimates only up to § < 1/2

While, in the current work, we extend the estimates on the error to the case of
[ < 1/2 as stated in our main result (Theorem 1.6), we can also provide here with
the following heuristic argument suggesting that the uncoupled system consisting

of (1.38) does not provide an approximation for 3 > 1/2. Indeed, we can write |t}
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e.g. as

) = (0, Y291, 0, ... ) + other contributions

where 1)(9.9;) satisfies

(%(% - AR3> V.0 (t:y)

= N"V? / un(y — 2ult,y, 2)p™(t,x) de with Ypey(0) =0 (2.142)

in which the integral term on the right hand side comes from (2.9i). We added
the superscript (V) to ¢ for recalling that it solves (1.38a) and hence it is N-
dependent. We could have checked other similar contributions coming from (2.9a)-
(2.12d) but we will consider (2.91) as a typical example. At this point using (2.19a)
(i.e. (1.38b)) we can consider an approximate equation for u = sh(k). Recalling

s =sh(2k) = 2uoc=2u+ 2uop, let’s just look at
1
“0 = A+ ux(y1 = 12)0" (1 1) (¢ ) = 0.
If we make the change of variables x := y; — y2 and x5 := y; + y» then we have

1
(500 = 280, + Ap,) Jult, 2522, 2255) = —uy ()™ (8, 252)M (1, 22520,

Hence one can consider an “approximate” solution

1
u(t,y1,y2) = —NPw(NP(y1 — 12)) o™ (¢, 1) ™ (£, 90)  Where Aw = 50
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Inserting the above ansatz in (2.142) gives

(300 — A Yo = —NF2 L (NP0 (N2)) #1601 b1, 1)0 (1, )

s

g

converges to ([ vw)|é(t,y)|?b(t,y) as N—oo
since ¢(N)—>¢> in L? as in Appendix B

where ¢V) and ¢ solve equations (1.38a) and (1.6) for 0 < B < 1 respectively.

Hence, to ensure a decay for ¥ (2.0 as N — 0o, we have to consider 5 < 1/2.

2.9 Conclusions

In this chapter we provided a quantitative derivation of some effective evolution
equations for the dynamics of a bosonic system of N-particles interacting via two-
body potential vy (z) = N*v(NP®), 2 € R? 1/3 < 8 < 1/2. This together with
previous results gives explicit rates of convergence for a Fock space approximation
of the exact dynamics in case of short-range strong interactions described by beta <
1/2. The approximation scheme employed here considers an appropriate description
of pair excitations as a correction to mean field. We also provided with an argument
showing that, with the uncoupled system of evolution equations at hand, the same
approximation works well only up to § < 1/2. Our rates of convergence deteriorates
more slowly in time compared to the exponential deterioration typical of previous

works.
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Chapter 3: Proof of Error Estimates for Marginals:

Theorems 1.8 and 1.9

3.1 Main Ideas and the General Strategy

Throughout this chapter unless stated otherwise let ™) denote the solution

of (1.38a)

2060 = AN — (uy 5 6 2) 6
7

where vy = N*¥u(N?.) and ¢™)(0,-) = ¢,
and ¢ denote the solution to the equation (1.44)

1 (v*|9[*)o if =0
;3@ =A¢ — with ¢(0, ) = ¢

(fv(z)dz)|¢]*¢ fO<pB<1

with initial data ¢y as described in Theorem 1.8. Note that in case of § = 0,
¢ = ¢ and for 0 < B < 1, ¢N) — ¢ in L*(R?) as proved in Appendix B.

Based on this let’s recall the exact and approximate evolutions of previous
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chapters by rewriting them here:

[P (1)) = e VA |0 (3.1)

|1hap(t)) = oiNX(1)  —VN AN (2)) ,—B(k(t)) 0) (3.2)

along with the reduced dynamics

|threa(t)) = eBUE®) VNASN (1)) itH ,—VNA(o) |0) (3.3)

-~

|thex (t))
i.e. propagate forward using the exact dynamics until time time ¢ and come back
following the approximate evolution. As noted earlier, due to eVNA and €8 being
unitary, we have

19(0)
e O g (1)) — [0) [l = [[1ex()) = [ ()] (3.4)

which is supposed to be small in the limit of large N due to error estimates of
section 1.3, provided ¢(¥) and k satisfy suitable equations and the phase factor x(t)
is chosen accordingly. This in turn implies that |i..q(t)) stays close to the vacuum
and hence the expected number of particles (¢yeq| N |[treq) at the reduced dynamics
should not grow fast.

The above observation will help us summarize our general strategy in proving
Theorems 1.8 and 1.9:

Step 1: Estimate (threq|N|threq) in terms of the error ||[{) || = || thex) — W3P>H1F'
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This is common to both proofs hence we prefer to do it first. When doing so, we
will benefit from the conservation of number of particles by the exact dynamics.

Step 2: Estimate Tr|Fg() —|9){¢|| and Tr|”y](\}) —|¢) (9| in terms of (¢yea| N [trea)
and obtain bounds using step 1.

Step 3: Use the Fock space estimates on |||{)) ||z = | [t0ex ) = | %ap) HF from section
1.3 to obtain final bounds.

We will complete step 1 in the next section. Then we will present proofs for
Theorems 1.8 and 1.9 in sections 3.3 and 3.4 respectively, where we will follow steps

2 and 3 in each case.

3.2 Estimating (red|N|¢red) in Terms of the Error H|@Z>HF

Our main result in this section is the following:

Proposition 3.1. Let

— BE) ,VNAGIN (1)) HitH ,—VNA(go)
[Yrealt)) = 54O it 0)

1Y (t) = e XD jpq(2)) — |0)

and u = sh(k)

as before. Let o™ with || o™ ()| z2ws) = 1 and k(t,z,y) € L*(RS) symmetric
in (z,y) satisfy suitable equations with prescribed initial data ¢(0,-) = ¢ and

k(0,-,-) = 0 so that the error |||¢)||g is small (in the context of the current work
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these are the equations in (1.38)). Then we have the following estimate:

(rea N 9rea) S NIDIFL + el fqes))- (3:5)

The proof uses the following lemma:

Lemma 3.2. Let k € L*(R®) be symmetric in (z,y), x,y € R and u = sh(k).

Then the following operator inequality holds:
PPN B® < O(1 + |Jul|3)(N + 1) (3.6)

for some constant C independent of t.

Proof. We will use the notation
af(f,) = /dzf(z, z)a? where a* = a or a* (3.7)
and estimates

la(AM < LIV and  fla* ()9 < IV + DY) (3.8)

k)

from Lemma 1.1. Using the shorthand notation e? for eB*) we will also make use

of (1.35)-(1.36) which takes the form

B

Pae™ = a(c,) + a*(u,) and Pa’e™ = a*(¢,) + alty) (3.9)
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due to the choice of notation in (3.7). We prove the following estimate:

(¢|66Ne_8|¢> = /(¢|66a;e_566axe_8|¢)dx = / ||eBawe_B|@/)>||2da:
= / H (CLm + a(pm) +a* (um)) |1/J> szl’ (using (3.9) and c:=ch(k)=d+p from (1.33))
< O+ Pl @IN ) + [ull3( (N +1)[1))  (using 3.8)

S (L [[ull) WIN + D)

where in the last step we used ||p||2 < ||lul|2 from (2.44). O

Proof of Proposition 3.1. First let’s note that the exact dynamics conserves the

number of particles since

(Yex [N thex) = (0]eYVA0) g=itH £fitH o=V NA(G0) 0)

=(0]eYN A e VNA) [0) = N (3.10)
[H,./\%}:O Lemma }11.3, (iv)

Using (3.10) and the shorthand notation eVNA for ¢VNA@™) we obtain:
NV (a(6))+a* (6)) ) +N

— e
N = <¢6X|N|¢6X> = <¢red|€8 e\/ﬁANe_\/ﬁA 6_B|77Z11reo‘l>

= <7v/}red|{7)2 + \/Npl}|¢red> + N (311)
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where we also used (1.21) and the definitions

Py :=ePNe B and

a(cz)+a* (ug) a(tg)+a*(Cs)
— —
Py = /chlgdx = / {(b(N)(t,a:) Bae ™+ (t, x) Bare™® }dx
’ \ (3.12)
=a(l) +a*(l)
with 1 :=wuo¢®™) + 0™ =wuod®™ + o™ 4 5o ™) (see (1.33)).
J
Equation (3.11) implies
<wred’7)2‘wred> = _\/N<wred‘7)1’wred>' (313)

We will estimate separately the left- and the right-hand sides of this last equation

in terms of number of particles. For the term on the right-hand side, we have

<wred|7)1|7vbred> - e_iNX(t) <wred|a(l_)|'(z> + eiNX(t) <1/;|a*(l>|1/}red> (314)

where we used again a|0) = 0 recalling ) = e~ NxO]4pq) — |0) from (3.4). Hence

taking absolute values and using Cauchy-Schwarz inequality in (3.14) gives:

| (Wrea|Pr[read| < 20l1) | lla™ (D) theea)

< ColllY (L A+ [fullz) {Wreal (N + 1) ¢hrea) (3.15)

where we used (3.8) and ||I[]2 < 1+ |Jul|2 (since |[p|l2 < ||u||2). The only other thing

we need in order to obtain the bound for the number of particles is a rewrite of (3.6)

89



which is true for any |¢):

WIEW + De Bl = (W + DeBl), e 5[))
(VN T)
(W5 (e BN eB) e B10) (3.16)

Cy
> 3
1+ [lull3

where we used (3.6) by replacing k£ with —k for the last inequality. Constants
showing up in the last two inequalities are independent of ¢ as before. Combining

what we know from (3.13), (3.15) and (3.16) gives

Cy

T gz YreaVrea) = 1< VNI (L + [full2) (Wreal (N + 1)[tbrea) 2.

Collecting all terms on the left hand side provides with a quadratic expression in

(rea| N [¢hreq)/? which is non-positive:

G

0> re N re

— O N1+ [[ullz) (rea NV [rea) >
— (L + CVN I+ [full))

The positive root of the corresponding quadratic function, namely,

1 ;
2C,/(1 + [[ul]2) (Cn/ﬁmw)”u + [lull2)

+ \/C?NIH@HQ(l + [lull2)? +4 (1+ VNI I+ [lullz)) )

Cy
1 Jlulf3
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can be bounded in the limit of large N with a constant multiple of v/ N |[|¢)]| (14| u|2)

since the second term inside the square root in the above expression is lower order

provided |[||1)|r is small. This gives us an upper bound of the form seen in (3.5). [

3.3 Proof of Theorem 1.8

We will first estimate Tr|Fg() — [¢)(¢]| in terms of (Yrea|NV|trea) and then will

use Proposition 3.1 and Fock space estimates of 1.3.

3.3.1 Splitting the Error via FE%) and
Marginals as Mean Field + Fluctuations

We can split Tr|I’$() — [¢)(¢]] as
Te[TE) — [0){el| < T[T — T | + T[T — 1o (9]
where

INQIC: — 1D (4 _ (Vap|azay|tap)
ap( ,IL’,y) |1/)ap>( IRl ) <wap‘./\/"¢ap>

With [thap) = eiNX(t)e—\/ﬁA(qﬁ(N)(t))e—B(k(t))|0>‘

(3.17)

(3.18)

We would like to write both T and I’S)) as the sum of N-particle mean field

and fluctuations around it which will be useful in our proof of Theorem 1.8:

Lemma 3.3. We have the following formulas for the one-particle marginal densities
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of Wex(t)) = €™emVNACD0) and [ihyy(t)) = N1 VRADT ) =BED0)

=

——
LR (8 2,y) =N~ ea| €Paga,e ™ [threa)

N LI o S0 e )

+ ™) (™), (3.19)
N[p") (™) +uon L
T 0) = e = e N e (320

where u = sh(k). The equalities above are true for any ¢o, dN) with ||¢o||L2ws) =
|6 | z2®sy) = 1 and k € L*(RS) symmetric in (x,y). The approzimation in (3.20)
is true in the limit of large N if ||ul|r2@sy = O(1) w.r.t N, which holds if ™) and

k satisfy (1.38) (see (2.44) for 5 > 0 and Corollary 3.3 in [19] for B =0).

Proof. We will write eVNA for eVNAG™M) oVNAb for ¢ VNA®0) and eB for e8*) shortly.

Let’s compute first .

using (3.10) for at+vVNoWN) (t,z) [tex)
the denomiantor ~-

—_—N—— - ~
I‘( )(t x y) <weX|a:ay|¢eX> i <wred|68 e\/NAa::e_\/NA e\/ﬁAay 6_\/szle_lgwjred)
(Vx| N |tex) N
_ (reale®{aza, + VN (6™ (t y)a; + oM (t, x)ay) + NI (™) Fe P 4hrea)
N

! <wred|63a;aye_8|wred> + N_1/2<wred|66{¢(]v) (t7 y)@; + ¢(N) (t7 x)ay}e_8|wred>
+1¢!M) (6]
where we used (1.19)-(1.20) to write the numerator as it appears in the second line

of the above computation.
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Next we will compute the marginal for |¢,,)

(Yaplaiay|tap) _
(Vap| N [Yap)

1 _
Fz(aup) (ta xz, y) -

Note that the denominator is the trace of the numerator hence it is sufficient to

compute the numerator. Similar to the above computations, we can proceed as

<¢ap|a;ay|¢ap> = <0|686\ﬁAa*ay WA€_B|O>
= (0]e®{ata, + VN (6™ (t,y)a; + oM(t, x)a,) + N|g™) (™| Le~E|0)

= <0|eBa;ay B‘O> + \/_ O’ ‘0> + N‘¢(N)>< )’ recalling 73,((1}), from (3.19) (321)

The middle term in (3.21) vanishes because of the definition of P from (3.19), the
identities (1.35)-(1.36) and the property a|0> = 0. The first term in (3.21) can be

computed using the same properties as

(0|Pata,e B‘O> (0|eBa BeBaye_B‘O>

= (0| /u(z,x)u(w,y)azafudz dw|0) = uo .

Inserting this into (3.21) gives

(Waplazay|ap) = NI¢™) (6| +uoa.
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Finally

(Wapl N ap) = Tr((aplazay[tap)) = N + [Jull3  since [|¢™]|z = 1.

Hence we have

Vaplazay|Yap) _ NG (@] +uo @

It o, _ S —
(0 Y) = N ) N+ Tl

3.3.2 Estimate on Tr‘l“g() — Fé})!
Recalling (3.17), we will first estimate Tr|F8<) — ng,)‘.

Proposition 3.4. Let ¢'V) and k satisfy suitable equations (the uncoupled system
(1.38) in the current work) so that the error |||{)||r = | [thex) — |wap>H]F is small and

l|lu(t, )|lzz2 = O(1) w.r.t. N where w =sh(k). Then

ull3

T[T ~ ) S (1 + el 1) + L.

(3.22)

where Fé}(), FE%) are as they have been computed in Lemma 3.5.

A note on notation. We will use Tr| - | to denote the trace norm in the space of
the trace class operators £1(L?(R?)) as explained just before Theorem 1.8. In what
follows, by an abuse of notation, we will identify an operator with its kernel if there

exists any. In that case, Tr|y(z,y)| denotes the trace of the absolute value of the
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operator with the kernel v(x,y), not the trace of the absolute value of the kernel.
However, if 7 is a positive trace class operator with continuous kernel (z, y), then

we indeed have Tr|y| = [~(z,z)dz (see, for instance, Theorem 2.12 in [36]).

Proof of Proposition 3.4. Let’s first obtain a bound on Tr|I’$<) — I‘S))| in terms of
(Urea| N [threq). Recalling (3.19) and (3.20), we need to estimate the terms on the
right hand side of the following inequality (see the note on the notation preceding

this proof):

1 1 3
1 1 2 1 2
Tr‘ng) - ng)‘ < NTerredrPé,gNwredH + \/NTerred',Pa(:,gnwredH + N (323)

As for the first term on the right hand side of (3.23), the one particle operator

(wred|77£2|wred) is positive-semidefinite since

/ (Vrea| P Urea) f(y) f(2)dady = (Yreale®a” (f)a(f)e 2 [threa)

= [la(f)e Fltea) |* 2 0.

Hence we have

Tr’<wredypgg?;|wred>| = /<wred|7)g(g?g)c‘wred>dx = <wred’eBNeiB|wred>

5 (1 + ||U||g> <¢red|(/\/’ + 1)|7,Dred> using (3.6). (324)

For estimating the second term on the right hand side of (3.23), first we can use
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(3.9) to compute ngly) defined in (3.19) explicitly as

Pl = oMt y){a(w,) + a*(@)} + oM (¢, x){alc,) + a”(u,) }.

"1“7y

Using a|0) = 0 and also the definition of |1h) = e~ iNX()

Ured) — |0) from (3.4), we

obtain the following equation:

(rea PO rea) =€ X (e { NV (8, y) (i) + 6N (t, 2)alcy) }H 1))

+ MO LM (¢, y)a*(2,) + ¢M (t, 2)a* (uy) }threa).  (3.25)

We will estimate the trace norm of (3.25) by using a duality argument. Let £; and
K denote the spaces of trace class and compact operators on L?*(R?) respectively.

Since £1 = K* under v +— Tr(-v) where Tr(-v) : J — Tr(J7), we have

‘( red|P(1)|wred | = Sup |TI'( wred| |¢red>)|- (326)
with ||J||Op 1
Without loss of generality we can consider J satisfying JT = J. Thus we will

estimate |Tr(J <¢red]73:£,12,\¢red>)| using the formula (3.25) as

{TI“ Q;Dred| | red>>|
= | [ w0 O (nal {6t (@) + 500, y)a(ea) )

+ (DOt )0 (&) + 0 (1, y)a (1) Y ihea) ) dady
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<[( [ st T ey )19 )

&

F

-~

a*(uoJogp(N))

+ ‘< / J(z,y)pN(t, y)e(z, x)aidxdydfzj|¢red> ) |QZ>>

a*(coJogp(N))

F

+1 [ T ot ez )azdedyds )|

-~

a* (Eo]o¢(N))

+]001 [ T 0, p)utz,x)atdadyds )|

-~

a*(uoJogp(N))

S (lla(wo J o 6™)|thea)|| + [la* (€0 J 0 6™)[threa) )
< I (lwo T o g™z +[|eo T o gM ) [[N + 1) [ihea) | using (113

< 1 llop (L + [leello) 1) [{hreal (N + 1) threa) 2 (3.27)

where for the last inequality we used ¢ = ch(k) = 6(z —y) + p from (1.33) and then

Ipll2 < ||ull2 from (2.44). (3.26) and (3.27) imply
T (Wreal P Irea)| S (1 + [full2) 1) ][ hreal (N + 1) lthrea) 2 (3.28)
Inserting (3.28) and (3.24) in (3.23) yields the following estimate

1+ [Jul3
i) - 1) <SR v D)

(1 A+ [lull2)

VN

lull3

N rea (N + 1)) + 17

+

(3.29)
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in which when we insert (¢yea| N |trea) S N (1 + [[ul|$)][|¥)]|? from Proposition 3.1

~Y

we obtain (3.22). O

Remark 3.5. Proposition 3.4 shows in particular that the mean field with second or-

der corrections approximates the exact dynamics well also in the sense of marginals.

3.3.3 Estimate on Tr|F$3) — o) (4]

Here we compare the approximate evolution with the mean field evolution:

Proposition 3.6. Let oY) and ¢ satisfy

S0 = G — (uy x [
7

where vy = N*Po(NP.) and ¢™(0, ) = ¢

and

) (0% [62) if 5=0

(Jo(@)dz) [oP'¢ if0<p<1
respectively where ¢q is as stated in Theorem 1.8 and let k satisfy (1.38b)-(1.38¢c).

Then

N if B=0 and v(xz)=£(|z|)/|z|, EECT® decreasing cutoff

Tr|TY) — o) (o] S

log?(1+t
%, if 0<B<1 and v is bounded, integrable.

Proof. In case of f = 0 we have ¢V) = ¢ and for N large, Tr‘FgB — \¢><¢H ~

|ul|3/N = O(N~!) where we used |Jul]|s = O(1) w.rt. N and t for u = sh(k) as
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proved in Corollary 3.3, [19].

In case of 0 < § < 1, we can make the following estimate:

T[T — [¢)(8]| < Tr||o™) (™| — ) (o]| + ||1]4\|[|%

log(1 + 1) < log(1 + 1)

N ~UN

< 2o — olz +

where we used (2.44) and the fact Tr|[¢™) (™| — |¢) (¢]| < 2[|¢™V) — ¢, S N~1/2

as proved in Appendix B which compares the N-particle (N finite) mean field ¢()
to the limiting mean field ¢ in case of 0 < § < 1. ]

3.3.4 Conclusion

We will use the following corollary to obtain the final estimate:

Corollary 3.7. Let V) and k satisfy the uncoupled system (1.38) of Theorem 1.5

with initial data satisfying the same assumptions there. Then

N for 8=0 and v cut-offed Coulomb
1 1 14+t)2 log!®(1+¢
TI"F‘(SX) (t) — ng) (t)‘ SJ < %’# for 0 < 8 < 1/3 and v bounded, integrable (33())
9
13 10g20(1+1) for1/3 <8< J -, € small, j suffi-
TNT2A(T 1~ 24 4y

ciently large, v bounded,integrable

Proof. Recalling that ||[{))||g]] = [|[tex) — |[ap)||F from (3.4) and inserting the esti-
mates of Theorem 1.5 for 0 < § < 1/3 and Theorem 1.6 for 5 > 1/3 into estimate

(3.22) in Proposition 3.4 implies the above corollary. ]

Now to get the final estimate in Theorem 1.8 we can insert (3.30) in (3.17),
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namely

Tr| T — o) (o] < Tr|T) — T | + T T — |o) (9|

and using Proposition 3.6 for the second term on the r.h.s. proves Theorem 1.8.

3.4 Proof of Theorem 1.9

We will first estimate Tr‘fy](\}) — \¢><¢|’ in terms of (¥req| N |treq) and then will

use Proposition 3.1 and Fock space estimates of 1.3.

3.4.1 Projecting onto N-particle Sector and

Expanding ’yj(\}) around N-particle Mean Field

Let’s recall the following:

N-body Hamiltonian
in (1.1)

1 es
%(\})(757% y) = N<¢N7 a,ayN) p2rsyy Where Yy (t) = etHn N (3.31)

and

Fock Hamiltonian N-particle sector
in (1.17)

. ——
[Vex (1)) = € e VNAD 0) = (L ene™NgEN ) ey = O(NTYY). (3.32)

If Py denotes projection onto the N-particle sector, considering (3.31)-(3.32) we
can rewrite ’y](\}) as in the following line and then expand it around N-particle mean

field, where we write shortly eVM4 for eVNAG™) and use (1.19)-(1.20) in the second
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line:

1 |
f}/](\}) (t’ x’ry) — Q_N <€ltHPN€7\/N~A(¢O)|O> , a;ayeltﬂef\/ﬁA(¢o)|0>>
Cy F

1 itH —VNA
= —(etp (@o)|0
&N <e e 07

B—WA e\/NAaze_\/NA e\/NAaye—\/ﬁA 6\/ﬁAeitHe—\/NA(¢o) |0>>

az+VNGM () ay+VNo™) (t,y) .

1 <€itHPNe—\/]VA(¢o)’0>, \FAa*ay \/NAeime—\/NA(¢o)’O>>
F

+

oM, 2) /i vEa VWA, VNAitH,—V/EA
2\/_ <e Pye (¢0)‘O>,e aye¥ e e (¢°)|O>>F
N
N
oMt y) <€¢mPNeﬂ/NA(¢O) 0), o VNA g VN A itH /N A(6o) \O>>
r F

Wi

+ oM, 2)oWM (¢, ). (3.33)

A(
L 9ty

3.4.2 Duality Argument for Estimating Fluctuations
We will prove the following proposition:

Proposition 3.8. Let o) and k satisfy suitable equations so that the error

) |¢e>c> |T/’ap>
€O gg) —[0) e = || YA ) — B/ FAG) M ~NAWD| ) |

is small (again in the current work we can take ) and k as the solutions of (1.38)

101



with prescribed initial data). Then
Te]y’ = 6™ @I S (L+ [l N (1)l + N72). (3.34)

Proof. The proof is based on a duality argument as in Appendix C of [3] where they
considered a more general N-particle state as the initial data. We will continue with
the notations introduced in the previous sections.

Because of £; = K* where £; and K stand for the spaces of trace class and
compact operators on L?*(IR?) respectively as before (see the lines leading to (3.26)),

we have

Tefy = 16™) 0] = sup [Te(JOy = 16N D)]. (3.35)
with ||J]Jop=1

Again we consider .J satisfying JT = .J. Hence considering the expansion in (3.33),

we will estimate the difference

Te(J(vy — [6™M) (™M) = / I, 9) (VN (g, ) — o™ (t, 1) 6™ (¢, ) dardy
[%rea) by (3.3)

1 .
<€zm Pye”VNAGD|0) e VNAGD(])e B eBeVNA i, ) >IF

— 2
cv N

by -VNA ~VNA( (T~ () * N, —-B
+ P A0, (T 60) (T 0 6 i),

using (i) Cauchy-Schwarz inequality, (ii) ||e”HPNe_‘/NA(¢°)‘O>|| = cy, (iil) the fact

that [|[AT(J)[¥)]] < |[J||[|NV])|| from Lemma 1.2 and (iv) the estimates (1.13) as
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follows:

ITe(J (7Y — [o™) (™)) ]

IRARyN: /1] 12 B
S CNNHNe \wred>H+CN\/NH(N+ 1)Y26 7B hred) |

1

<11 (s Ve Pl | + L Tl)

N1/4 )H<N+ 1)1/2’wred>H> (336)

where we used (3.6) and cy = O(N~/*) for the second inequality. Hence by (3.35)

Tryy — [6) (6]

1 1
S < 3/4 [N e B lea) || + %H(N’—i— 1)1/2|wred>H.> (3.37)

Based on the last inequality, it remains to estimate the expression

Ve B hrea) || = (real €PN 2| threa) 2.

Using (1.19)-(1.21) and the shorthand notations ¢(¢) := a(¢) +a*(¢) and eVN40 .=

VN A(¢o)

e , we will proceed as follows (a simplified version of Proposition 4.2, [3]):

(Vreal "N |tea) = (NePiea) , /M ANV VA iV 0) )
N—VNep(6M)+N

_ <N€_B!¢red> 76\/ﬁAeim€—\/ﬁAo gﬁAoNe—WAg |O>>
N~ F
N+VNe(¢o)+N

— VN(Ne B lthea) , €/ FAp(9M)emVIA /N Aitr—/NAo ) )

-~

p(¢tN)+2VN

F
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N (Yreale®Ne P [rea)
= \/N{ </\/e’B!¢red> ,6‘/N““e’me**/m‘o90(¢0)|O>>[F
— (Ve Bltiea) , pl6M)eY MeiHem Voo o))
< VN||Ne e | ([l (90) [0 | + [[o(6" B|wred>H)
< e(trealePN?e ) + ON ([[0(60)]0)|* + 0 (6™ e Fltfnea) ) torsome e

In the last line it is enough to consider € = 1/2 and C' = 1. This last estimate

implies

<¢red‘€BN2 B|¢red N(H@ ¢0 ‘O>|| + ng B|¢red>||2)

SN (L4 [[ull3) (Wreal (N + 1) [threa)  using (1.13), (3.6)

which implies [N e B|treall S VN(L+ |[ull2) (¥rea| (N + 1)[threa) /2. This inserted in

(3.37) gives

1
Trfry’ — 0™ (@] < }’JZ”% Yreal (N + 1)l trea) (3.38)

(3.34) follows by inserting the bound on particle expectation of reduced dynamics

from Proposition 3.1 in the above estimate. O
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3.4.3 Conclusion

Note that in case of 3 = 0, the N-particle mean field ¢ solving (1.38a)
equals the limiting mean field ¢ solving (1.44). Therefore inserting the estimate on
the error for Fock space approximation from Theorem 1.5 in case of f =0 in (3.34)
proves Theorem 1.9 for the case g8 = 0.

For 0 < 8 < 1, we can write

Trly’ = [0)@l| < Tepyy) =16 @™+ Tle™) (6] — ) (4]

TV
- _ —1/2
< (vt alid) N4 (1) 2+ N212) OWN=1/2)
as proved in Appendix B
from (3.34)

Hence inserting ||u(t)]]2 < log(l + ¢) from (2.44) (which holds for § > 0) and
)| < NCH30/2(1 4 ¢)log*(1 4+ t) for 0 < 3 < 1/3 from Theorem 1.5 into the
above estimate implies Theorem 1.9 for 0 < § < 1/6. To get the estimate for
B >1/6 we can use ||| < t0t3/210g%(1 +¢)N~1/2t60+9 (from Theorem 1.6) which
holds for 0 < 8 < 2j/(1 — 2¢ + 4j) for € small and j sufficiently large depending on

€ as explained in Theorem 1.9.

3.5 Concluding Remarks for Chapter 3

In this chapter we established the following general result:
If the N-particle mean field o™ (t, 2) with ||¢™N) || 2msy = 1 and the pair exci-
tations function k(t,z,y) € L*(R®) symmetric w.r.t (x,y) satisfy suitable equations

with appropriate initial data so that
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(i) ||sh(k(t))||L2@sy = O(1) w.r.t. N and

" * 1 * ok .
/Am%azdx - E/NSBU(NB(QC —v))aza,azaydedy sutibaly-chosen real phase
depending on ¢(N) and k

N Ve
(i) The error H e/H = VNA(b0) |0> eNx(® "/NA(¢(N)(t))e’B(k(t))’0> || is small

~~

tap (t)>

b))

then

T[T = T3| < Clllsh(k) (Il\wex e 5+ N )
Te[T) = 6™ ™| < Clsh(k) ) ([l [ex) = [a)z + N ) (3.39)

T = 16™) (6] < CIsh(k) [N ([[[dec) = [ap) [+ N72)  (3.40)

where C(||sh(k)]||2) denotes different constants depending on ||sh(k)]|2.

We obtained explicit rates of convergence as N — oo inserting the ones we
have for [|sh(k)|l2 and ||[tex) — [thap) || When ¢™) and k satisfy (1.38) into the above
estimates.

If we also know Tr! oM (V)] — | @) (;SH = ) with some ¢ < 0 in case of

0 < B < 1 for ¢ solving

1 (v |0)?) ¢ if =0
;6%425 =A¢ —

(fo(z)dz) |9]*¢ f0<B<1

then we can obtain estimates for convergence to the limiting mean field ¢ replacing
the ¢V)’s in (3.39)-(3.40) (for (V) satisfying (1.38a) we obtained o = 1/2).

If ™) and k satisfy the uncoupled system (1.38) then the condition (i) above
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is true for any 8 > 0 and the condition (ii) was shown to be true for § < 1/2 at

most.
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Appendix A: Proof of Lemma 2.13:

Operator Norm Estimates on N~/2£(t)

Proof of Lemma 2.13. Recalling

1/25

M%

(&(0)+ &) + &) + £°(t) from (2.7)

Jj=1

1
=H+ N dy1dyavn (Y1 — ¥2) Dy, Quny. from (2.131) — (2.130),

1
it is sufficient to obtain operator norm estimates for the terms listed in (2.8) since
from the general theory of bounded linear operators on Hilbert spaces, the adjoint
of an operator will have the same operator norm as the operator itself.
A typical contribution to H coming from the contributions involved in the

terms in (2.7) is of the form
/dy1 Ay f(yr, - u) (a,a*)l where [ = 1,2, 3, 4.
——

lth order
term in a,a*

Let’s first consider estimating the second and the fourth order terms.

(2.8s) and (2.8u) are similar terms. If we consider (2.8s) in which we have
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=4, (a, a*)4 = Q4. Dy,y, and f being equal to

1 _ _
f(2.8s)(y17y273/3;1/4) = ﬁ dxld$2{u(ylaxl)u<x2a3/2)UN(371 —$2)C(y375€1)u(5627y4)}>
we can write the contribution to Hy") coming from (2.85) as

/ dy1dyadysdyad fo.so (Wi, Y2, Y3, Ya) Qyrye Dyys  (09) (A.1)

producing a function in sector j—2 for j > 2, L2-norm of which we want to estimate.
We have the following typical estimates among others arising from symmetrizations

involved in the definition of the creation operators:

Type 1: H/(/f(2.8s)(y173/2,y3,yz)dy2>¢(j)(y373/1,21,---,Zj2)dy1dy3

L2(R3(j72))

< R U P
ylyBJ

‘/f(2.8s)(?/1,y2>y3,?/2)dyz‘

N

~
<sum of L?-norms of
the terms like (2.10b), (2.10h)

<, N~1+280+9) log*(1 + t)\W(j)HLQ(RSU
b
(2.89)y, =2

Type 2: H/(/f(2.8s)(yl792,y3,yl)d?/1>¢(j)(y37yz,2’1,~-7Zj—2)dyldy3‘

L2(R3(j72))

9 s
1/11/3./

< H/f(2.85)<y17y27y37y1)dy1

~
<sum of L2-norms of
the terms like (2.10c), (2.10j)

~VE
by
(2.89), 1=2

S NI 10t (1 4 t)||@/)(j)||L2(R3j)

Type 3: H /dy1dy2dy3 f(2.85)(y1’ Y2, Y3, 21) ¢(j)<y3a Y2,Y1, 22, - - 7Zj—2> L2R36-2)
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< || foss) 2@ 109 | 2grssry Se NP0 Nog (1 4 ¢)]|909]| g
SN—~— by

sum of (2.89), =4

(2.12¢)-(2.12d) like terms

With the above estimates we can estimate the contribution (A.1) as:

H / dy1dyadysdya{ fo.so (W1, Y2, Y3, Ya) Qyryn Dyays ()

L2 (RS(J‘72))

~J,€

< N80+ 10g4(1+t)||¢(j)HL2(R3J)-

If we consider the contribution to Hi¢() coming from (2.8v) and its adjoint,

we have

j>4 should hold
for non-trivial
contribution

/ dy1dy2dy3dy4{f(2.8v) (Y1, Y2, Y3 Y4) Dyrye Qs
+ f(Q.SV) <y17 Y2,Y3, ?J4) Qzlyg Q23y4 } (IDO))
with fio.sv) (Y1, Y2, Y3, Ya)

= % /dmdm{ﬂ(%,x1)ﬁ(:c2,y2)vzv($1 — T2)c(yz, x1)E(w2, ya) } (A.2)

which will produce a contribution to H)\%) of the following type:

(O, e ,O, /12 dy{f(ggv)(y)wu)(y, ATREEE Zj,4)}, O, Ce
R

.0, (f(z,gv)®w<ﬂ‘>)(zl,...,zj+4)7o,...) (A.3)
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Fock space norm of which is

Si Wfeswlzzme) 199 2
——_— ——

<sum of L2-norms of
terms like (2.12a)-(2.12d)

~

<, (N—1+26(1+e) 10g4(1+t)+N‘1+5ﬁ/2+’8510g2(1+t)>||1/1(j)||L2(R3j)

where the last inequality follows by (2.89), [ = 4 and also by the following estimate

(see (2.13c) for F}):

1/2
[ Fl o2y S Nl(/vzzv(yl — yz)Hu(ys,yl)Higg ||U(Zl2,y4)\|%§4dy1dy2)

S N ol g, N = o i, )

<, N7+ log(1 + t)||lvn || 2ms) || ull L2 (rsy by (2:22)

< N 00 (1 + ). (A.4)

Now let’s look at the contribution coming from (2.8w) only in the most singular

case which corresponds to keeping only the d-parts of c-terms recalling c(x,y) =

6(z —y) +plx,y):

[ dmvadne{ (5 [ stz goxton — aa)uCa ) )Py Dy  (67). (15)

-~

=:f(y1,Y2,Y4)

This will not cause any sector shifts. We have the following typical estimates among
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others arising from symmetrization:

Type 1: H(/dy2f(217y2,y2))¢(j)(2’17~--vzj)

L2(R37)

L2(R%)

— %H </dx2(u o@)(xe, x2)un (21 — :L’g))w(j)(zl, )
< N_lH (vN x (uow)(-, )) (21)‘

(4) .
4 1 e

) ||L2(R3J')

_ 2
< N7 ow |l s || 1wz, 20) || 2

<, N1H28(1+e) 10g2(1 + t)||¢(j)||L2(R3].) by (2.22)

) ()
Type 2: H /f(21,y2,22)¢ (21,42, 23, - - %) dya ‘Lg(sz

QNH/ / (2, yoJon (21 —1’2)u(x2,22)dx2>

X w(j)(zla Y2, 23, - .- ,Zj)dy2

L2(R39)

S Nz, z2)

LQ(RS(jfl))

H/UN 5172 / Ul\z1 — Ta, yQ)@ZJ(j)(Zl)yZaZSw--7Zj)dyZ>dx2‘

-~
<llu(zi—z2,92)l 12 190 (21,y2,23,-,25) || 12
Y2 Y2

Dl 22 sy

< N7 ow |l sy || lu(zs, 2)

< N 1+28(1+¢) 10g2(1 + t)||1/1(j)||L2(R3J') by (2.22).

Estimate for the contribution coming from (2.8x) is almost the same with the above
and (2.8q) can be estimated similarly. The other DD-contribution comes from (2.8z)
but this term is even less singular due to not having any c-factors.

Contributions to Hy() coming from (2.8t) and (2.8r) are similar hence if we

look at the contribution from (2.8r), considered only in the most singular case cor-
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responding to keeping only the d-parts of c-terms, it has the form

1 .
N / dy1dyadya{ @(ya, v2)on (Y1 — Y1) Dyrys Qyrya } (1) (A.6)

lowering the sector by two. We can make the following typical estimate for this

contribution up to symmetrizations:

_ ) .
oON H / (21— Ya)U(Ya, Y2)VV (Y2, Ys, 215 - - - 72]—2>dy2dy4‘ L2R3U-2))

SJN_I HUN(Zl y4)IIU(y4,yz ||L2 HL2 ||1/)( (y27y4,21,-- y Bj— 2)||L

Y294

2
Lzlmz]—_Q

< N7 ow ez [l va) oz, [l o 197 N2y

<. N 1+58/2+4Be log(1 + t)\|w(j)\|Lz(R3j) by (2.22)

Similar estimates can be made for the contributions to H¢") coming from the
term in (2.8y) provided we keep the p-part of é(yy, 1) (or of ¢(ys, z1)) and replace
the remaining three c-factors with their corresponding d-parts.

We move on to checking the second order contributions to Hy)

(2.8¢) and (2.8d) are similar terms. (2.8h) seems to be more singular compared

0 (2.8g). So let’s estimate the contributions to He)¥) coming from (2.8d) and (2.8h)

which can be considered together in the form:

/ dy1 dys{ f (y1,92) Dy } (#17))  where (A7)
fyr,y2) = % /dxldxz{UN(l’l — 22)[(@o &) (w1, x2)ulyr, 21)¢(x2, o)
+ 2(w o w)(wy, 21)u(ya, w2)u(yr, x2)] }
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and we can estimate it as follows:

H/d% dya{ f(y1,92) Dy } ()

L2(R37)

z}, missing

i
< Z H /f(zk,yz)w(”(yz, Z1, .0 25)dys
k=1

L2(R%)
i 1oy 19| 2 esiy Sje N™H2P0F9 Tog (14 ) [0 9| 2 sy (A.8)
N——— by
<sum of L2-norms (2.89), =2

of terms similar to (2.10b),
(2.10d), (2.10f), (2.10g)

If we consider the contribution to He¥) coming from (2.8¢)-(2.8f) and their

adjoints, we have

/dyldy2{f<ylay2>gy1y2 + Fy192) Q5 } (W9)  where (A.9)

f(yla yz) = f(2.8c) (3/1, y2) + f(2.8f) (yb yz) and
1
fese) (1, y2) = ON /dxldiﬁz(u 0 ¢)(x1, x2)vn (21 — T2)c(yr, ¥1)C(22, Y2),

1
f(2.8f)(ylay2) = N /d$1d$2(u © C)($1,-’E2)UN($1 - $2)ﬂ(y1,$1)ﬂ($2,y2)

which will produce a contribution to H¥) of the following form

(0, ..., 0, /R6 dy{f(y)@b(j)(y, 21, ... 7Zj_2)},070,0, (f @YD) (2, .. . Zj42), 0, >

Fock space norm of which is

Si < | f2.80) | L2(msy + | frasn || L2 (mey > 109 22 s

<sum of L2-norms of terms like
(2.10a),(2.10e),(2.10g),(2.101)
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Se (NPT Nogh (14 1) + N2 9002 (14 1)) [ D L2

where the last inequality follows by (2.89), [ = 2 and the following estimate (see

(2.13a) for F3):

I3l 5 3 ([ e
1

X (/ {|u(y17y1 —yo)|? + |(Pou)(ys,y1 — yz)IQ}dyl)dyQ) ?

_ 2
S N7Howll 2 es) (||U||Hg+(R6) + [[llu(z, )z || 4)
—_——— Y
O(N33/2)
<o NTIFOB/24B€ 1002 (1 4 £) by (2.84), (2.85), (2.87). (A.10)

Next let’s deal with the third order terms. (2.8i), (2.8j), (2.8k) are providing
Da (or a*Q)-terms which lower the sector by one. The most singular contribution
comes from (2.8k). Let’s consider its estimate in the most singular case by keeping
the d-parts of c-factors. The corresponding contribution to H") will have the

following form:

\/LN/dyld?JS{UN(yl — y3)0(ys)ay, ay, ay, } (V) (A.11)

whose L?-norm is

~; \/LNH /dyg{UN(Zl - ?Js)@g(y:%)w(j)(yfﬂazlv e 'vzj—l)}‘

L2(R3(—-1))
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1Pt )|l oo ms) ()
S T||UN||L2(R3)H ||w J (yg’ 21 ey Z]—l)HL%lg HL%l--»ijl

N(-1+38)/2

S W‘|¢(ﬁl|L2(R3i)-

We can write the contributions to Hi)\) coming from (2.81) and (2.80) together

with their adjoints in the form:

/ dyrdyadys { f (1, v2, Y3) Quryo s + F (W1, y2, 3)as, i (#0Y))  where  (A.12)
fyi,y2,y3) = Nl/z/dxld@UN(l’l - 3”2){71(91, 1) (22) (2, y2)c(ys, 1)

+ ﬂ(y1, xl)qg(xz)c(y% xl)é(a:g, ?/3)}

which will produce a contribution of the following form:

(O,...,O,/Rg dy{f(y)w(j)(y,zl,...,zj_g)},O,...,O, (f®¢(j))(zl,...,zj+3),0,...>

Fock space norm of which is

Si I 2oy 199 2y
——

<sum of L?-norms of
tems like (2.11a)-(2.11f)

<. (N—1/2+ﬂ<1+€> log*(1 + t)/(1 + t3/2)

Y

+ N30 20g(1 1) /(1 + t3/2)> 19| 2 gy
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by (2.89), I = 3 and the following estimate (see (2.13b) for F%):

1/2
| F5 | L2 mey S N1/2|’¢HL°°(R3)(/U]2V(ZJ1 — y2)HU(y3,y1)|\%53dy1dy2>
N—1/2
S 1+ t3/2 lon |l z2ee) [ ull L2(re)
S NEO2900(1 1) /(1 +t32) by (249). (A13)

Other third order contributions to Hy() are less singular and can be estimated
similarly. The first order contributions in (2.8a)-(2.8b) are providing with similar
bounds and the estimates for them are similar to the previous estimates. The
estimates so far prove (2.133a).

Finally let’s prove the estimate (2.133b) on Hy@). This is the contribution
coming from (2.8y) when all c-factors are replaced with their corresponding d-parts

as we can recall from the definition (2.130). We have the following estimate:

1 .
el [ dnfontn = 125,00 6]

L2(R37)

~; N7 on(z1 — 22)09 (21, 20, . . ., 2)) | 229

< N ow |l ooy 109 p2mosy S N300 ooy

with which we completed proving Lemma 2.13. ]
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Appendix B: Comparison of N-particle Mean Field

to the Limiting Mean Field

The purpose here is to compare the N-particle (N finite) mean field ¢

satisfying (1.38a) i.e.
1
—0, ™) — A + (v * |¢(N)|2)¢(N) = 0 where vy = N*y(N?.), 0< B < 1
i

with the mean field ¢ (in the limit as N — oo) which is the solution of the formal

limit of the above equation, namely,

10080+ [eyae) oo =0 (B.1)

Proposition B.1. Let 0 < 8 < 1 and ¢™)(t,-) and ¢(t,-) denote the solutions of
(1.38a) and (B.1) respectively, with initial data ¢ € H* N WHL for | > 2. Then for

every t

Te| 6@ (8, ) (6™ ()] — [o(t, ) (t ) < 216t ) = 6(t, |2 <

=l

for some constant C' independent of t and N.
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Proof. The first inequality follows from the duality of trace class operators with
the compact operators on L?(R3) as discussed earlier in chapter 3. The proof of
the second inequality follows as in Appendix A of [3] with some alterations where
we make use of the L*>-decay estimates ((B.4a)-(B.4b)) for the solutions of the
equations (1.38a) and (B.1). In the following, we will suppress the time dependence
of ™) and ¢ notation-wise. The idea of the proof is applying energy estimates to

the equation

((1/001 = 8) (@) = ) = ([ ola)de) 670 — (o oY)
Let ¢ := [wv(z)dz. Then we have:

aillo™) = ¢lf5 = 21m (i0,6™) — idye, o) — ¢) (B.2)
=21 { = 86™ + (o [6V[2)6™) + A6 — clf6, o) — 9)

= —21m (o * [6™2) 6™, 6) — 2 Im (cldl*6, o)

~Im <c|<;2¢<N>,¢>

= —2Im <(’UN * |¢(N)|2 — C‘¢|2)¢(N), ¢> (add & subtract vy *|¢|? to the terms in ())

=92 IHI<<UN % (‘¢(N)|2 . ‘¢‘2)>¢(N),¢> —91Im <(UN * |¢‘2 _ C’¢‘2)¢(N)’ ¢>

-~

m ( (on (1609 2=[9]2)) (60 —),6 )=(1) o

We estimate (I) in the last line of (B.2) as follows:

) <|
< flow * (8NP = 162 1,16 = 6,16l

(on (16N = 162)) (6 = 0)|| 9]l
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< [lowlla[[l8°017 = 1|, |6 = 6|l 6l
< Jonl (16™lloe + 6ll0) |8 = 631 ¢lloo

<O+ o™ — g2 (B.3)
where we used the facts

16 (t, ) ||lso < C(1+ %)% by Corollary 3.4 in [20], (B.4a)

o(t, )]loo < C(1+t3?)~! by Theorem 2 in [32] (B.4b)

for the last inequality in (B.3) (constants in (B.4a), (B.4b) depend only on ||¢g||y.1)-
This is the point which makes the argument different than that of [3].

We move on to estimating (II) in the last line of (B.2) recalling that the time
dependence of V)| ¢ is notationally omitted for ease of notation. Again we proceed

as in [3]:

() < / on()|l6(z = ) = 16@)R|I6™) (@) |6(x) | dudy (wing [ex (o)

— [ olw)] e = 9/~ fola)? 16 ) o) ey

o i le(@—sy/N)[2ds

< [ ot (28 [ 196t = su/m)lote — su/mas ) |6 @)t d dy
< NI (118 + [6°13) [ o)l dy

< C(l + tg)—lN—l (1 + ”Qﬁ“%l) /U(y)|y| dy (using (B.4b) being different than [3])

<C(+tH N (B.5)
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Inserting (B.3) and (B.5) in the last line of (B.2):
_ o C(141t%)!
o™ =6l < CL+) Mo — o, + (T)
Gronwall’s inequality implies:

t
6 = 61 < ON“CUID 0 [Ty )1 ds
0

which gives the desired rate of convergence.
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