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Recent developments in communications are driven by the goal of achieving high
data rates for wireless communication devices. To achieve this goal, several new phe-
nomena need to be investigated from an information theoretic perspective. In this
dissertation, we focus on three of these phenomena: feedback, relaying and coopera-
tion. We study these phenomena for various multi-user channels from an information
theoretic point of view.

One of the aims of this dissertation is to study the performance limits of simple
wireless networks, for various forms of feedback and cooperation. Consider an uplink
communication system, where several users wish to transmit independent data to
a base-station. If the base-station can send feedback to the users, one can expect
to achieve higher data-rates since feedback can enable cooperation among the users.
Another way to improve data-rates is to make use of the broadcast nature of the
wireless medium, where the users can overhear each other’s transmitted signals. This

particular phenomenon has garnered much attention lately, where users can help



in increasing each other’s data-rates by utilizing the overheard information. This
overheard information can be interpreted as a generalized form of feedback.

To take these several models of feedback and cooperation into account, we study
the two-user multiple access channel and the two-user interference channel with gen-
eralized feedback. For all these models, we derive new outer bounds on their capacity
regions. We specialize these results for noiseless feedback, additive noisy feedback and
user-cooperation models and show strict improvements over the previously known
bounds.

Next, we study state-dependent channels with rate-limited state information to
the receiver or to the transmitter. This state-dependent channel models a practical
situation of fading, where the fade information is partially available to the receiver
or to the transmitter. We derive new bounds on the capacity of such channels and
obtain capacity results for a special sub-class of such channels.

We study the effect of relaying by considering the parallel relay network, also
known as the diamond channel. The parallel relay network considered in this dis-
sertation comprises of a cascade of a general broadcast channel to the relays and an
orthogonal multiple access channel from the relays to the receiver. We characterize
the capacity of the diamond channel, when the broadcast channel is deterministic.
We also study the diamond channel with partially separated relays, and obtain ca-
pacity results when the broadcast channel is either semi-deterministic or physically
degraded. Our results also demonstrate that feedback to the relays can strictly in-
crease the capacity of the diamond channel.

In several sensor network applications, distributed lossless compression of sources



is of considerable interest. The presence of adversarial nodes makes it important to
design compression schemes which serve the dual purpose of reliable source transmis-
sion to legitimate nodes while minimizing the information leakage to the adversarial
nodes. Taking this constraint into account, we consider information theoretic secrecy,
where our aim is to limit the information leakage to the eavesdropper. For this pur-
pose, we study a secure source coding problem with coded side information from a
helper to the legitimate user. We derive the rate-equivocation region for this prob-
lem. We show that the helper node serves the dual purpose of reducing the source
transmission rate and increasing the uncertainty at the adversarial node. Next, we
considered two different secure source coding models and provide the corresponding

rate-equivocation regions.
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Chapter 1

Introduction

Recent surge in research on multi-user information theory can be attributed to the
need of understanding performance limits of sophisticated wireless communication
systems. As the focus shifts towards deploying ad-hoc and sensor networks, several
new issues arise that need to be addressed from an information theoretic perspec-
tive. Feedback, relaying and cooperation are among the important aspects which
would inevitably arise while characterizing performance limits of such multi-terminal
networks. It is, therefore, imperative to study basic building blocks of such multi-
terminal networks. Unfortunately, the aspects of feedback, relaying and cooperation
are not well understood from an information theory point of view even for three ter-
minal systems. In this dissertation, we study these aspects for simple multi-terminal
systems.

Study of multi-user information theory was initiated by Shannon by introducing
the two-way channel (TWC) [56] in 1961. The TWC models a bidirectional commu-
nication situation where two users wish to communicate to each other. The channel
is assumed to be memoryless and the users can use their previously received outputs

to construct their next channel inputs. Shannon obtained inner and outer bounds for



the capacity region of a discrete memoryless TWC in [56]. Shannon’s inner and outer
bounds for the TWC do not match in general and determining the capacity region of
the TWC remains an open problem.

One of the objectives of this dissertation is to obtain new outer bounds for multi-
user channels with feedback. A general outer bound on the capacity region of multi-
user channels with feedback is the cut-set outer bound [14, Theorem 14.10.1]. The
cut-set outer bound allows arbitrary correlation between the channel inputs. The
cut-set outer bound is not always expected to be tight since it might not always be
the case that the set of rates yielded by any achievable scheme could match with the
corresponding set of rates of the cut-set outer bound.

For the TWC, Shannon’s outer bound and the cut-set outer bound are the same.
As Shannon himself pointed out, the simplest example of a TWC for which his inner
and outer bounds do not meet is the binary multiplying channel (BMC). The BMC is a
single output, deterministic TWC, where, Y] = Y; =Y = X X5. The channel inputs
X1, X5 and the channel output Y are all binary. For the BMC, Shannon computed
his inner and outer bounds for the symmetric rate point as 0.61695 and 0.69424
bits/transmission, respectively. Shannon’s outer bound for BMC was improved to
0.64891 bits/transmission by Zhang, Berger and Schalkwijk [71].

The idea of dependence balance was introduced by Hekstra and Willems in [30] to
obtain an outer bound for the capacity region of the single-output TWC. The basic
idea behind this outer bound is to restrict the set of allowable input distributions,
consequently restricting arbitrary correlation between channel inputs. A generalized

version of the dependence balance bound resulted in an upper bound of 0.64628



bits/transmission for the BMC. To the best of our knowledge, this is the best known
symmetric-rate upper bound for the BMC. Determining the capacity region of the
BMUC still remains an open problem.

An important class of multi-terminal channels is the multiple access channel
(MAC) channel, where several transmitters wish to communicate with a single re-
ceiver. The classical MAC models the situation where each transmitter is unaware
of the information present at other transmitters. The capacity region of the classical
MAC was obtained by Ahlswede [1] and Liao [41] in 1971. In 1975, Gaarder and Wolf
showed through a simple example [19] that noiseless feedback can strictly increase
the capacity region of MAC. Ozarow showed in [45] that feedback can also increase
the capacity region of a two-user Gaussian MAC. A constructive achievability scheme
based on the classical Schalkwijk-Kailath [51] feedback scheme was shown to be op-
timal for the two-user Gaussian MAC. Moreover, the cut-set outer bound was shown
to be tight in this case.

Subsequently, Cover and Leung obtained an achievable rate region for the general
MAC with feedback (MAC-FB) based on block Markov superposition coding [13].
Even though this region is in general larger than the capacity region of the MAC
without feedback, it is not optimal for the two-user Gaussian MAC-FB, as was shown
in [45]. Kramer [37] used the notion of directed information to obtain an expression for
the capacity region of the discrete memoryless MAC-FB. Unfortunately, this expres-
sion is in an incomputable non-single-letter form. Recently, Bross and Lapidoth [6]
proposed an achievable rate region for the two-user discrete memoryless MAC-FB

and showed that their region includes the Cover-Leung region, the inclusion being



strict for some channels.

For a specific class of MAC-FB, Willems [62] developed an outer bound that equals
the Cover-Leung achievable rate region. For this class of MAC-FB, each channel input
(say X7) should be expressible as a deterministic function of the other channel input
(X3) and the channel output (Y'). The binary erasure MAC considered by Gaarder
and Wolf, where Y = X+ X5, falls into this class of channels. Therefore, Cover-Leung
region is the feedback capacity region for the binary erasure MAC.

In Chapter 2, we use the idea of dependence balance to obtain new outer bounds
for the discrete memoryless MAC-FB. We evaluate our outer bounds for a particular
MAC, given as, Y = X;+Xo+ N, where all X7, X5 and N are binary and N is uniform.
This is a non-deterministic noisy MAC which does not fall into any class of channels
for which the feedback capacity is known. Our outer bounds strictly improve upon
the cut-set bound at all points on the boundary where feedback increases capacity.
In addition, we explicitly evaluate the Cover-Leung achievable rate region [13] for
this channel. The evaluation of these bounds is difficult due to an involved auxiliary
random variable, whose large cardinality prohibits an exhaustive search over all input
probability distributions. We overcome this difficulty by using a composite function
which was first introduced in [63]. As an application of the techniques developed for
these evaluations, we explicitly evaluate the capacity region of the MAC studied by
Gaarder and Wolf in [19]. This result resolves an open problem mentioned in a survey
paper of van der Meulen [58].

In Chapter 3, we study the model of MAC with generalized feedback (MAC-GFB)
and the interference channel with generalized feedback (IC-GFB). To motivate the

4



study of these models, consider the model where the feedback link is noisy, i.e., feed-
back at the transmitters is a noisy version of Y. As another example, consider a
wireless setting, where each transmitter can overhear each other’s transmitted infor-
mation and utilize it for achieving higher rates to the receiver. To take these various
forms of feedback into account, we study the model of generalized feedback. In partic-
ular, for MAC-GFB, the channel is given by transition probability p(y, yr , ym, |21, 22),
where X7, X, are the channel inputs and Y is the channel output at the receiver, Yz,
is the feedback at transmitter 1 and Yp, is the feedback at transmitter 2. We use the
idea of dependence balance to obtain new outer bounds on the capacity regions of
the MAC-GFB and the IC-GFB. To show the usefulness of our outer bounds, we will
consider three different specific channel models.

We first consider a Gaussian MAC with noisy feedback (MAC-NF), where trans-
mitter k, k = 1, 2, receives a feedback Y, , which is the channel output Y corrupted
with additive white Gaussian noise Z;. As the feedback noise variances a%k, k=12,
become large, one would expect the feedback to become useless. This fact is not
reflected by the cut-set outer bound. We demonstrate that our outer bound improves
upon the cut-set bound for all non-zero values of the feedback noise variances. More-
over, in the limit as O'%k — 00, k = 1,2, our outer bound collapses to the capacity
region of the Gaussian MAC without feedback. Secondly, we investigate a Gaussian
MAC with user-cooperation (MAC-UC), where each transmitter receives an additive
white Gaussian noise corrupted version of the channel input of the other transmit-
ter [53]. For this channel model, the cut-set bound is sensitive to the cooperation

noises, but not sensitive enough. For all non-zero values of cooperation noise vari-



ances, our outer bound strictly improves upon the cut-set outer bound. Moreover, as
the cooperation noises become large, our outer bound collapses to the capacity region
of the Gaussian MAC without cooperation. Thirdly, we investigate a Gaussian IC
with user-cooperation (IC-UC). For this channel model, the cut-set bound is again
sensitive to cooperation noise variances as in the case of MAC-UC channel model,
but not sensitive enough. We demonstrate that our outer bound strictly improves
upon the cut-set bound for all non-zero values of cooperation noise variances.

In order to evaluate our outer bounds for the Gaussian channel models, we develop
a new approach to deal with capacity bounds involving auxiliary random variables.
We appropriately tailor this approach according to the channel model in consideration.
This allows us to obtain explicit expressions for our outer bounds and hence enables
us to compare them with the corresponding cut-set bounds.

In Chapter 4, we consider state dependent channels with rate-limited channel
state information (CSI) at the receiver and at the transmitter, respectively. We
first consider state-dependent channels where the receiver is supplied CSI at a rate
R;. We note that this model falls in the class of relay channels [12] since the state
encoder can be regarded as a relay. Also note that this problem is one of the simplest
channel coding problems with a source coding constraint. Secondly, we consider
the case when the transmitter is supplied CSI at a rate R.. This model can be
regarded as a generalization of the Gelfand-Pinsker problem of coding for channels
with random parameters [23]. For both of these channel models, we develop new upper
bounds on their capacities, C(Ry) and C(R,), respectively. Although the problems of

characterizing the capacities, C(Ry) and C(R.) still remain open, we show that our



upper bounds are tight for all the cases where these capacities have been characterized.
Furthermore, we show that our upper bound for C(R,) yields a new capacity result
for a particular class of state-dependent channels when the receiver is supplied CSI
at a rate Ry. This result validates a conjecture due to Ahlswede and Han [2] for
this class of channels. We also investigate a rate-limited version of the dirty-paper-
coding (DPC) problem and show that a modified version of our upper bound for
C(R.) strictly improves upon Costa’s DPC upper bound [9] for certain values of R..

In several communication scenarios, it is possible that the source and destination
are not connected through a direct link and the communication must take place
by the help of intermediate relay nodes. This scenario is modelled by the parallel
relay network, which is also commonly referred to as the diamond channel [52]. The
diamond channel comprises of a broadcast channel (BC) followed by a MAC. Even
though the two ingredients of the diamond channel, i.e., the BC and the MAC have
been studied intensively in the information theory literature, little is known about
the resulting channel when these two channels are combined. One of the challenges
in understanding this channel lies in the distributed information processing at the
relays and subsequent coordination to achieve high data-rates at the destination. In
Chapter 5, we consider diamond channels with a general BC p(y, z|x), with outputs
Z and Y at relays 1 and 2, respectively, and where the relays 1 and 2 have noiseless
links of capacities R, and R,, respectively, to the decoder. For the case when Y and
Z are deterministic functions of X, we establish the capacity. We next give an upper
bound for the capacity of the class of diamond channels with a physically degraded

broadcast channel, i.e., when X — Y — Z forms a Markov chain. We show that
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this upper bound is tight, if in addition to X — Y — Z, the output of relay 2, i.e.,
Y, is a deterministic function of X. We finally consider the diamond channel with
partially separated relays, i.e., when the output of relay 2 is available at relay 1. We
establish the capacity for this model in two cases, first, when the broadcast channel
is physically degraded, i.e., when X — Y — Z forms a Markov chain, and second,
when the broadcast channel is semi-deterministic, i.e, when ¥ = f(X). For both
of these cases, we show that the capacity is equal to the cut-set bound. This final
result shows that even partial feedback from the decoder to relays strictly increases
the capacity of the diamond channel.

In Chapter 6, we shift our focus to information theoretic secrecy. We consider a
secure lossless source coding problem with a rate-limited helper. In particular, Alice
observes an i.i.d. source X" and wishes to transmit this source losslessly to Bob at
a rate R,. A helper, say Helen, observes a correlated source Y” and transmits at a
rate R, to Bob. A passive eavesdropper can observe the coded output of Alice. The
equivocation A is measured by the conditional entropy H(X"|J,)/n, where J, is the
coded output of Alice. In this problem, the goal is to losslessly transmit the source
X" to Bob, while minimizing the information leakage to Eve. We first completely
characterize the rate-equivocation region for this secure source coding model, where
we show that Slepian-Wolf binning of X is optimal.

We next study two generalizations of this model and provide single-letter charac-
terizations for the respective rate-equivocation regions. In particular, we first consider
the case of a two-sided helper where Alice also has access to the coded output of He-

len. We show that for this case, Slepian-Wolf binning of X is suboptimal and one



can further decrease the information leakage to the eavesdropper by utilizing the
side information at Alice. In this problem, Helen can also be interpreted as a relay
serving a dual purpose. Firstly, due to the presence of correlated side information
at Helen, she helps in reducing the rate of transmission of Alice. Secondly, due to
the secure common link from Helen to Alice and Bob, she also helps in reducing the
information leakage to Eve. We finally generalize this result to the case when there
are both secure and insecure rate-limited links from Helen and additional uncoded
side informations W™ and Z" are available at Bob and Eve, respectively. For this
model, we provide a complete characterization of the rate-equivocation region when

Y" — X" — (W™, Z™) forms a Markov chain.



Chapter 2
Outer Bounds for Multiple Access Channels with Feedback
using Dependence Balance

2.1 Introduction

Noiseless feedback can increase the capacity region of the discrete memoryless MAC,
unlike for the single-user discrete memoryless channel. This was shown by Gaarder
and Wolf in [19] for the binary erasure MAC, which is defined as Y = X; + Xo.
Ozarow showed in [45] that feedback can also increase the capacity region of a two-
user Gaussian MAC-FB. A constructive achievability scheme based on the classical
Schalkwijk-Kailath [51] feedback scheme was shown to be optimal for the two-user
Gaussian MAC-FB. Moreover, the cut-set outer bound was shown to be tight in this
case.

Subsequently, Cover and Leung obtained an achievable rate region for the general
MAC-FB based on block Markov superposition coding [13]. Even though this region
is in general larger than the capacity region of the MAC without feedback, it is
not optimal for the two-user Gaussian MAC-FB, as was shown in [45]. Kramer [37]

used the notion of directed information to obtain an expression for the capacity
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region of the discrete memoryless MAC-FB. Unfortunately, this expression is in an
incomputable non-single-letter form. Recently, Bross and Lapidoth [6] proposed an
achievable rate region for the two-user discrete memoryless MAC-FB and showed
that their region includes the Cover-Leung region, the inclusion being strict for some
channels.

For a specific class of MAC-FB, Willems [62] developed an outer bound that equals
the Cover-Leung achievable rate region. For this class of MAC-FB, each channel input
(say X;) should be expressible as a deterministic function of the other channel input
(X3) and the channel output (Y'). The binary erasure MAC considered by Gaarder
and Wolf, where Y = X+ X5, falls into this class of channels. Therefore, Cover-Leung
region is the feedback capacity region for the binary erasure MAC.

A general outer bound for MAC-FB is the cut-set bound. Although the cut-set
bound was shown to be tight for the two-user Gaussian MAC-FB, it is in general
loose. An intuitive reason for the cut-set bound to be loose for the general MAC-FB
is its permissibility of arbitrary input distributions, some of which yielding rates which
may not be achievable. For instance, even though Cover-Leung achievability scheme
introduces correlation between X; and X, it is a limited form of correlation, as
the channel inputs are conditionally independent given an auxiliary random variable,
whereas the cut-set bound allows all possible correlations.

The idea of dependence balance was introduced by Hekstra and Willems in [30]
to obtain an outer bound on the capacity region of the single-output two-way chan-
nel. The basic idea behind this outer bound is to restrict the set of allowable input
distributions, consequently restricting arbitrary correlation between channel inputs.
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The authors also developed a parallel channel extension for the dependence balance
bound. The parallel channel extension can be interpreted as follows: the parallel
channel output can be considered as a genie aided information which is made avail-
able at both transmitters and the receiver and it also effects the set of allowable input
distributions through the dependence balance bound. Depending on the choice of the
genie information (which is equivalent to choosing a parallel channel), there is an
inherent tradeoff between the set of allowable input distributions and the excessive
mutual information rate terms which appear in the rate expressions as a consequence
of the parallel channel output. We will exploit this tradeoff provided by the parallel
channel extension of the dependence balance bound to obtain a strict improvement
over the cut-set bound for a particular MAC whose feedback capacity is not known.

To motivate the choice of our MAC, consider the binary erasure MAC used by
Gaarder and Wolf given by Y = X+ X,. If we introduce binary additive noise at the
channel output, then the channel becomes Y = X; + X5 + N, where all X, X5 and
N are binary and N has a uniform distribution. This is a non-deterministic noisy
MAC which does not fall into any class of channels for which the feedback capacity
is known. We should mention that this particular MAC was extensively studied by
Kramer in [37,39], where the first improvement over the Cover-Leung achievable rate
region was obtained.

We extend the idea of dependence balance to obtain an outer bound for the
entire capacity region of this binary additive noisy MAC-FB. Direct evaluation of the
parallel channel based dependence balance bound is intractable due to an involved
auxiliary random variable whose large cardinality prohibits an exhaustive search. We

12



use composite functions and their properties to obtain a simple characterization for
our bound. Our outer bound strictly improves upon the cut-set bound at all points on
the boundary where feedback increases capacity. In addition, we explicitly evaluate
the Cover-Leung achievable rate region for our binary additive noisy MAC-FB.

We particularly focus on the symmetric-rate’ point on the feedback capacity re-
gion of this channel. Cover-Leung’s achievable symmetric-rate for this channel was
obtained in [39] as 0.43621 bits/transmission. In [39], Kramer obtained an improved
symmetric-rate inner bound as 0.43879 bits/transmission by using superposition cod-
ing and binning with code trees. The cut-set upper bound on the symmetric-rate
was obtained in [39] as 0.45915 bits/transmission. We obtain a symmetric-rate upper
bound of 0.45330 bits/transmission which strictly improves upon the cut-set bound.
Furthermore, we also show that a binary and uniform selection of the involved aux-
iliary random variable is sufficient to obtain our symmetric-rate upper bound.

It should be remarked that the channel we consider in this chapter can be thought
of as the discrete counterpart of the channel considered by Ozarow [45]. Although the
cut-set bound was shown to be tight for the two-user Gaussian MAC-FB, our result
shows that the cut-set bound is not tight for the discrete version of the additive noisy
MAC-FB.

As an application of the properties of the composite functions developed in this
chapter, we are able to obtain the entire boundary of the capacity region of the binary

erasure MAC-FB. The evaluation of the asymmetric rate pairs on the boundary of

!By symmetric-rate point, we refer to the maximum rate R such that the rate pair (R, R) lies in
the capacity region of MAC-FB.
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the feedback capacity region of the binary erasure MAC was mentioned as an open
problem in [61]. It was shown in [63] that a binary and uniform auxiliary random
variable T is sufficient to attain the sum-rate point on the capacity region of the binary
erasure MAC-FB. We show here that this is also the case for any asymmetric rate
point on the boundary of the feedback capacity region. This result also complements
the work of Kramer [38], where feedback strategies were developed for the binary
erasure MAC-FB and it was shown that these strategies achieve all rates yielded by a
binary selection of the auxiliary random variable 7" in the capacity region. Our result
hence shows in effect that the feedback strategies developed in [38] for binary erasure

MAC are optimal and capacity achieving.

2.2 System Model

A discrete memoryless two-user MAC-FB (see Figure 2.1) is defined by the following:
two input alphabets X7 and A5, an output alphabet ), and the channel defined
by a probability transition function p(y|zq,z2) for all (z1,x9,y) € &} x Ay x V. A
(n, My, Ms, P,) code for the MAC-FB consists of two sets of encoding functions fi;, fa;

for i =1,...,n and a decoding function ¢

fi:MyxYP =X, i=1,...,n
fo it Max V™= Xy, i=1,....n

g:y"—>/\/l1></\/l2
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Y

X

Wi Encoder 1

p(y|T1, x2) > Decoder .

Wy > Encoder 2

A

X

Figure 2.1: The multiple access channel with noiseless feedback (MAC-FB).
The two transmitters produce independent and uniformly distributed messages W, €
{1,...,M;} and Wy € {1,..., M}, respectively, and transmit them through n chan-
nel uses. The average error probability is defined as P, = Pr(g(Y™") # (W1, W3)). A
rate pair (R, Rs) is said to be achievable for MAC-FB if for any € > 0, there exists
a pair of n encoding functions { f1;}, {f2:};, and a decoding function g such that
Ry <log(M)/n, Ry < log(My)/n and P, < € for sufficiently large n. The capacity

region of MAC-FB is the closure of the set of all achievable rate pairs (R1, R»).

2.3 Cut-Set Outer Bound for MAC-FB

By applying Theorem 14.10.1 in [14], the cut-set outer bound on the capacity region

of MAC-FB can be obtained as:

CS = {(RhRQ) PRy < I(X1;Y[XR) (2.1)
Ri+ Ry < I(X1, Xo; Y)} (2.3)
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where the random variables (X7, Xs,Y") have the joint distribution

p(r1,72,y) = p(a1, 22)p(y|71, T2) (2.4)

The cut-set outer bound allows all input distributions p(z1, z3), which makes it seem-
ingly loose since an achievable scheme might not achieve arbitrary correlation and
rates given by the cut-set bound. Our aim is to restrict the set of allowable input

distributions by using a dependence balance approach.

2.4 Dependence Balance Outer Bound for MAC-FB

Hekstra and Willems [30] showed that the capacity region of MAC-FB is contained

within DB, where

DB = {(Rl, Ry): R < I(X;Y| X, T) (2.5)
R+ Ry < I(X1, Xo; Y|T)} (2.7)

where the random variables (X, X5, Y,T) have the joint distribution

p(t, x1, 22, y) = p(t)p(x1, 22|t)p(y|T1, 72) (2.8)
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and also satisfy the following dependence balance bound

I(X1; Xo|T) < I(X1; XolY, T) (2.9)

where T is subject to a cardinality constraint of |7| < |&}||X,| + 2. The dependence
balance bound restricts the set of input distributions in the sense that it allows only
those input distributions p(t, z1, x2) which satisfy (2.9). It should be noted that by

ignoring the constraint in (2.9), one obtains the cut-set bound.

2.5 Adaptive Parallel Channel Extension of the Dependence Balance

Bound
In [30], Hekstra and Willems also developed an adaptive parallel channel extension
for the dependence balance bound which is given as follows: Let A(U) denote the set

of all distributions of U and A(U|V) denote the set of all conditional distributions of

U given V. Then for any mapping F : A(X; X Xp) — A(Z]X; x Xy x Y), the capacity
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region of the MAC-FB is contained in

DBpe = {(Rl,RQ) Ry < I(X1;Y, Z| X, T) (2.10)
Ry < I(Xs:Y, Z| X1, T) (2.11)
Ry < I(X1:Y|Xs) (2.12)
Ry < I(X5; Y|X)) (2.13)
Ri+ Ry < I(X), X;Y) (2.14)
Ri+ Ry < I(X1, X5, Y, Z|T)} (2.15)

where the random variables (X7, X5,Y, Z, T') have the joint distribution

p(tvxlax%yvz) = p(t)p(xla$2|t)P(y|$1I2)p+(Z\$1a9527?/7t) (2-16)

such that for all ¢

p+(Z|[E1, L2, y7t) = F<pX1X2($17$2|t)) (217)

and such that

I(X1; Xo|T) < I(Xy; Xo|Y, Z,T) (2.18)

where T' is subject to a cardinality bound of |7| < |X1]|Xs| + 3.

We should remark that the parallel channel (defined by p*(z|x1, 22, y,t)) is se-
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lected apriori, and for every choice of the parallel channel, one obtains an outer
bound on the capacity region of MAC-FB, which is in general tighter than the cut-set
bound. The set of allowable input distributions p(t,x1,z5) are those which satisfy
the constraint in (2.18). Also note that only the right hand side of (2.18), i.e., only
I(X1; Xs|Y, Z,T), depends on the choice of the parallel channel. By carefully select-
ing p*(z|z1, z2,y,t), one can reduce I(Xy; Xs|Y, Z,T), thereby making the constraint
in (2.18) more stringent, consequently reducing the set of allowable input distribu-
tions. To obtain an improvement over the cut-set bound, we need to select a “good”
parallel channel such that it restricts the input distributions to a small allowable set
and yields small values of I(X1; Z|Y, X5, T) and I(X5; Z|Y, X1, T) at the same time.
These two mutual information “leak” terms are the extra terms that appear in (2.10)
and (2.11) relative to the rates appearing in (2.5) and (2.6), respectively.

To motivate the choice of our particular parallel channel, first consider a trivial
choice of Z: Z = ¢ (a constant). For this choice of Z, (2.18) reduces to (2.9) and
we are not restricting the set of allowable input distributions any more than the DB
bound. Moreover, for a constant selection of Z, (2.10) and (2.11) reduce to (2.5) and
(2.6), respectively. Thus, a constant selection of Z for DBp¢ is equivalent to DB
itself.

Also note that the smallest value of I(Xy; Xs|Y, Z,T) is zero. Thus, it follows
that if we select a parallel channel such that I(Xy; X5|Y, Z,T) = 0 for every input
distribution p(t, z1, ), then I(X;; X5|T) = 0 by (2.18). Hence, the smallest set of
input distributions permissable by DBp¢c consists of those p(t, x1, z2) for which X

and X5 are conditionally independent given T'. Furthermore, for a parallel channel
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such that I(Xy; Xs|Y, Z,T) = 0, the bound in (2.15) is redundant. This can be seen

from:

= I(X;Y, Z|T) = I(Xy;Y, Z]1X5,T)

= (X1, X2;Y, Z|T) — I(X1;Y, Z| X5, T) — I(Xs;Y, Z| X1, T) (2.19)

Using (2.19), it is clear that the sum of constraints (2.10) and (2.11) is at least as
strong as the constraint (2.15). This shows that (2.15) is redundant for the class of

parallel channels where I(X;; Xs|Y, Z,T) = 0.

2.6 Binary Additive Noisy MAC-FB

In this section, we will consider a binary-input additive noisy MAC given by

Y =X;+ X+ N (2.20)

where N is binary, uniform over {0, 1} and is independent of X; and X5. The channel
output Y takes values from the set ) = {0, 1,2,3}. This channel does not fall into
any class of MAC for which the feedback capacity region is known. This channel
was also considered by Kramer in [37,39] where it was shown that the Cover-Leung
achievable rate is strictly sub-optimal for the sum-rate.

We select a parallel channel p*(z|z1, 22,y) such that I(X7; X5|Y,Z,T) = 0. By

(2.18), this will imply I(X;; X5|T) = 0, and hence only distributions of the type
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p(t, x1,x2) = p(t)p(z1]t)p(xe|t) will be allowed. By doing so, we restrict the set of

allowable input distributions to be the smallest permitted by DB p¢, although we pay

a penalty due to the positive “leak” terms I(Xy; Z|Y, Xo,T) and I(Xo; Z|Y, X1, T).
Two simple choices of Z which yield I(X1; Xs|Y,Z,T) = 0 are Z = X; and

Z = X,. For each of these choices, the corresponding outer bounds are,

DBL) = {(Rl,RQ) Ry < I(X1;Y|Xo,T) + HX4|Y, X, T) (2.21)
Ry < I(X9;Y|X4y,T) (2.22)
Ry < I(X1;Y|X) (2.23)
Ry + Ry < (X1, Xo; Y)} (2.24)
and
DBJ(!E)C = {(R17R2) PRy < I(X4; Y[ X, T) (2.25)
Ry < I(X9;Y[Xy) (2.27)
R+ Ry < I(X1, Xo; Y)} (2.28)

where both Dngl()J and DBS% are evaluated over the set of input distributions of
the form p(t,x1,22) = p(t)p(x1|t)p(z2lt). We should remark here that these two
outer bounds can also be obtained by extending the approach of Zhang, Berger and

Schalkwijk [71] to the multiple access channel with feedback.
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Lemma 2.1 For the binary additive noisy MAC-FB given in (2.20), the following

equalities hold for any distribution of the form p(t,z1,x2) = p(t)p(x1|t)p(x2a|t),

1
H(Xq1|Y, X5, T) = §H(X1|T)

1
H(XolY, X1, T) = QH(X2|T)

The proof of Lemma 2.1 is given in the Appendix.

Using Lemma 2.1, we can simplify DB;% and DBE% as,

DB, = {(B1, Ry) : Ry < min (1(X;; Y| X5), H(X|T))

Ry < -H(X,|T)

N[ —

Ri+Ry < I(Xl,Xg;Y)}
and

DB, = {(Rl,Rg) LR < ~H(X\|T)

N —

R+ Ry < [(X1,X2;Y)}

(2.29)

(2.30)

(2.31)
(2.32)

(2.33)

(2.34)
(2.35)

(2.36)

where both bounds are evaluated over the set of distributions of the form p(t, z1, x2) =

p(t)p(x1|t)p(xs|t) and the auxiliary random variable T is subject to a cardinality

constraint of |7| < |&}||X2] + 3. The evaluation of the above outer bounds is rather

cumbersome because for binary inputs, the bound on |7|is | 7| < 7. To the best of our
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knowledge, no one has been able to conduct an exhaustive search over an auxiliary
random variable whose cardinality is larger than 4. In Section 2.8, we will obtain
an alternate characterization for our outer bounds using composite functions and
their properties. For that, we will first develop some useful properties of composite
functions in the next section.

A valid outer bound is given by the intersection of DBE&)C and DBEE)C,
DBpc = DBy (DB (2.37)

We will show that this outer bound is strictly smaller than the cut-set bound at all

points on the capacity region where feedback increases capacity.

2.7 Composite Functions and Their Properties

Before obtaining a characterization of our outer bounds, we will define a composite
function and prove two lemmas regarding its properties. These lemmas will be essen-
tial in obtaining simple characterizations for our outer bounds and the Cover-Leung
achievable rate region. Throughout the dissertation, we will refer to the entropy

function as h®)(sy, ... s;,) which is defined as,

k
A8 (sy,. .., s) = — Z silog(s;) (2.38)
i=1

fors; >0,7=1...,k, and Zle s; = 1, where all logarithms are to the base 2. We

will denote h(®(s,1 — s) simply as h(s). To characterize our bounds, we will make
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use of the following function

V=2 for 0< s < 1/2

o(s) = (2.39)

vzl for 1/2 < s <1

It was shown in [63] that the composite function h(¢(s)) is symmetric around s = 1/2
and concave in s for 0 < s < 1. The functions ¢(s) and h(¢(s)) are illustrated in
Figure 2.2. From the definition of ¢(s) in (2.39) it is clear that for any s € [0, 1], the

function ¢(s) satisfies the following property

#(2s(1 — s)) = min(s, 1 — s) (2.40)

As a consequence, the following holds as well

h(§(25(1 — s))) = h(s) (2.41)

For any s € [0, 1], the following holds from the definition of ¢(s),

o ¢(2s(1 - s)), (2.42)

1—¢(2s(1—s)),

o
IA
VA
IA
N =

N[ =

For any z € [0, 3] and y € [0, ], let us define a function

f(x,y) = o(x) + o(y) — 26(x)d(y) (2.43)

5 .
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Figure 2.2: Functions ¢(s) and h(¢(s)).

From the above definition, it is clear that the function f(z,y) lies in the range [0, 3].

We now state two lemmas regarding the function f(x,y).

Lemma 2.2 The variable

V=351 + Sy — 25159 (2.45)

is always lower bounded by f(2s1(1 — s1),2s9(1 — s9)) for any s; € [0,1],s5 € [0, 1].

Lemma 2.3 The function f(x,y) is jointly convez in (x,y) for0 <z < 5,0<y <

N =

1
27

The proofs of Lemmas 2.2 and 2.3 are given in the Appendix.

2.8 Evaluation of the Dependence Balance Outer Bound

We now present the main result of this section.
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Theorem 2.1 The feedback capacity region of the binary additive noisy MAC given

by (2.20) is contained in the region

DBpc = DBYL (DB (2.46)

where
. 1
pBy. = | {(Rl,Rg) : Ry < min <§h(u), h(¢(2u1)))
(u1,uz,u)€P
1
Ry < Eh(¢(2u2))
1—
R1+R2§h< 2“)} (2.47)
and
1
(u1,u2,u)EP

R1+R2§h<1;u)} (2.48)

and the set P is defined as
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Proof: We will explicitly characterize our outer bounds DBED% and Dngj. Let the

cardinality of the auxiliary random variable T" be fixed and arbitrary, say |7|. Then,

the joint distribution p(¢)p(x1|t)p(z2]t) can be described by the following variables:

qlt:PI'(Xlz()’T:t), t:17,|T|
gu =Pr(Xo =0T =t), t=1,...,|T]

pe =Pr(T =1), t=1,...,|T|

(2.50)

We will characterize our outer bounds in terms of three variables u;, us and u which

are functions of p(t,x1,xs), and are defined as,

up = Z]Mht(l —qu) = Zptult
t t

Uy = ZthQt(l — Qo) = ZthZt
¢ ¢

U = Zpt(QH + qor — 26]1tQ2t) = Zptut
t t

where we have defined

Ut = Q1t(1 - QIt)
Uy = q2t(1 - C]2t)

Uy = Qi + Qor — 2q1G21
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(2.52)

(2.53)

(2.54)
(2.55)

(2.56)



It should be noted that since 0 < ¢;; < 1, for j = 1,2, t = 1,...,|7|, the variables
uy, Uz, uyy and ug all lie in the range [0, ] Our outer bounds DBPC and DBPC are

comprised of the following information theoretic entities:
1. H(Xy|T), H(X|T)
2. I(X1; Y[Xo), I(X2; Y[Xy)
3. I(X1, X9, Y).

We will first obtain upper bounds for each one of these entities individually in terms
of (uy,us,u).

We upper bound H(X;|T) as follows,

H(X\|T) = Zpt ) (2.57)
= Zpt d(2q1:(1 — q1r))) (2.58)

= Zpt $(2u1,)) (2.59)

< h(p(2uy)) (2.60)

where (2.58) follows due to (2.41), (2.59) follows from (2.54), and (2.60) follows from
the fact that h(¢(s)) is concave in s and the application of Jensen’s inequality [14].

Using a similar set of inequalities for H(X,|T"), we obtain

H(X5|T) < h(é(2us)) (2.61)
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We will now upper bound 7(X7;Y|X5) in terms of the variable u. For this purpose,

let us first define

a= PX1X2 (0, O) - ZthItQQt (2.62)
t
b= Px,x,(0,1) Z peque(1 — qar) (2.63)
c = Px,x,(1,0) Zpt (1 — qut) g2 (2.64)
d=Px,x,(1,1)=1—a—b—c. (2.65)
We now proceed as,
I(X1;Y[Xe) = HY|Xz) — H(Y| X1, Xa) (2.66)
=HY|X;5) -1 (2.67)
1 c
B3 a .
et <2<a+c> )
1 d
+ (b+d)h - -1 2.68
+ b +d) 2" 2(b+ d)) (2.68)
d1l b+c
<p® (22 1 2.
<h (5455 (2.69)
1
§h(b +¢) (2.70)
1
= Shw) (2.71)
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where (2.69) follows by the concavity of the entropy function and the application of

Jensen’s inequality [14]. Using a similar set of inequalities, we also have

I(X5; Y] X1) < =hu) (2.72)

N | —

We will now obtain an upper bound on 7(X;, X5;Y). First note that

I(X1, X;Y) = H(Y) — H(Y[X1, X2) (2.73)
= hW(Py(0), Py (1), Py(2), Pr(3)) — 1 (2.74)
where
Py(0) = ZthItQ2t/2 (2.75)
Py (1) = Zpt((ht + ot — Greqat) /2 (2.76)
Pr(2) = pi(1 = quga)/2 (2.77)
Py(3) = Zpt(l = qu)(1 = g2t)/2 (2.78)
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Using the following fact,

W9, 0,7,0) = sh (0, 5,7,0) + 5h (67,5, ) (2.79)
wfatl B+y B+y a+d
§h4(2,2,2,2 (2.80)
—h(at0)+h G) (2.81)
=h(l—(B+7)+1 (2.82)

where (2.80) follows by the concavity of the entropy function and the application of
Jensen’s inequality [14], we now obtain an upper bound on (X7, X»;Y") by continuing

from (2.74),

[(X1, X5;Y) = hY (B (0), Py (1), Py (2), Py (3)) — 1 (2.83)
<h(1=(Py(1) + Py(2)) + h (%) . (2.84)

—h (1 3 “) (2.85)

where (2.84) follows by (2.82) and (2.85) follows from the fact that Py (1) + Py (2) =
(14 u)/2 using (2.76) and (2.77), where u is as defined in (2.53).

We have obtained upper bounds on the information theoretic entities which com-
prise our outer bounds in terms of three variables uq, uy and u. We will now give a
feasible region for these triples based on the structures of these variables. We claim

that the following set is feasible:
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f(2ur, 2us) <u <1 — (ug + uz)} (2.86)

] =

First, note that for any ¢;; € [0,1], the following holds: wy, = gu(1 — qu) < 3.

Similarly, ug; = gt (1 — gor) < }1. Hence, we have

1
O0<u < 1 (2.87)
1
0<wup < 1 (2.88)
We now obtain a lower bound on u as
u=>Y_pu (2.89)
t
> ZPtf(QUu, 2ug) (2.90)
t
> f (2 ZPtU1t>QZPtU2t) (2.91)
t t
= [(2u1, 2uz) (2.92)
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where (2.90) follows by Lemma 2.2 and (2.91) follows by Lemma 2.3 and the appli-

cation of Jensen’s inequality [14]. We now obtain another lower bound on u,

U = Zptut
t

= ZPt(Qlt + qor — 2@1tQ2t)
t

= pilau — q1, + a2 — 65 + (e — q2)°)
t

> g — qiy + g2 — 63,)
t

= ZthhE(l —qu) + ZthQt<1 — qat)
¢ t

= Uy + Uy

Finally, we obtain an upper bound on w in terms of u; and us,

U= Zptut

¢

= Zpt(QIt + Gor — 2¢1192)
t

= Zpt((ht + Qo — 2quga + 41, + (1 — q20)® — ¢f, — (1 = qa1)?)
t

2 2

< Zpt((ht + g2 — 2quga + ¢1 + (1 — q20)” — 2q1:(1 — q21))

¢

=1— (u; + us)

where (2.102) follows by the inequality 7, + (1 — g2)? > 2q1:(1 — gar)-
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(2.98)

(2.99)

(2.100)

(2.101)

(2.102)

(2.103)



By noting

1— /(1 — 4up) (1 — 4uy)

f(2uq, 2ug) — (ug + ug) = i — (uy + ug) (2.104)
_ (1 —Aug) + (1 — duy) —2¢/(1 — 4up) (1 — duy) (2.105)
I :
_ (\/1—4u1—4\/1—4u2)2 (2.106)
>0 (2.107)

and using (2.92), we note that the lower bound in (2.98) is redundant.
Therefore, from (2.92) and (2.103), we have the following feasible range for the

variable u in terms of u; and wus,

f2uy,2us) <u<1— (ug + usg) (2.108)

Combining (2.87), (2.88) and (2.108), we obtain the set of feasible (uy, us,u) given in
(2.86).

From (2.107), observe that f(2uq, 2us) = uj +us only if u; = uy. The lower bound
uy + us < u was sufficient for characterizing the symmetric feedback capacity of the
binary erasure MAC [63]. Moreover, this characterization was possible by using only
one variable u. On the other hand, our outer bounds are asymmetric in terms of
the expressions appearing in the individual upper bounds for R; and Rs. Therefore,
the bifurcation of information contained in any input distribution p(t)p(z1|t)p(xel|t)
in terms of three variables (u1, us,u) and an improved lower bound on the variable u

using the non-linear bivariate function f(2us,2us) turn out to be crucial in capturing
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this asymmetry?. This can be considered as a heuristic explanation as to why we are
able to obtain explicit characterizations of our outer bounds and the Cover-Leung
achievable rate region for both channel models considered in this section.

It should be noted that the set of triples P obtained in (2.86) may not necessarily
be the smallest feasible set of all triples (u1,uq,u). Since we are interested in a
maximization over these set of triples, a possibly larger set P suffices.

Using the upper bounds on H(X:|T), H(X3|T), I1(X1;Y|X2), I(Xs;Y]X:) and
I(X1,X2;Y) in (2.60), (2.61), (2.71), (2.72) and (2.85) in terms of (uy,us,u) along
with a feasible set of triples P in (2.86), we arrive at the desired characterizations for
DBED% and DBE% given in (2.47) and (2.48), respectively. Finally, the intersection of
two outer bounds is also a valid outer bound. Therefore, the outer bound DB p¢ given
in (2.46) contains the feedback capacity region of the binary additive noisy MAC. O

We will plot these outer bounds and their intersection in Figure 2.4. In the next
section, we will explicitly characterize our upper bounds for the symmetric-rate point

on the feedback capacity region of the binary additive noisy MAC.

2.9 Explicit Characterization of the Symmetric-Rate Upper Bound

For the binary additive noisy MAC-FB in consideration, it was shown by Kramer [37]
that the symmetric-rate cut-set bound is 0.45915 bits/transmission. It was also shown

in [37] that the Cover-Leung achievable symmetric-rate is 0.43621 bits/transmission

ZNote that from the definition of u in (2.53), we also have u = Pr(X; # X3). Therefore, roughly
speaking, 1 —u reflects the correlation between X; and Xs. Hence, obtaining a good lower bound on
u is equivalent to limiting the correlation between X7 and Xs. This interpretation is in accordance
with the basic idea of dependence balance.
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and it was improved to 0.43879 bits/transmission by using superposition coding and
binning with code trees. For completeness and comparison with existing bounds, we
will first completely characterize our outer bound for the symmetric-rate by providing
the input distribution p(¢)p(x1|t)p(x2|t) which achieves it. By symmetric-rate we
mean a rate R such that the rate pair (R, R) lies in the capacity region of MAC-
FB. For the symmetric-rate, both DBg)C and DBE?C will yield the same upper bound.
Hence, we will focus on DBED%. Using (2.47), we are interested in obtaining the largest

R over all (uy,ug,u) € P such that

R < min (%h(u), h(¢(2u1))) (2.109)
R< %h(¢(2u2)) (2.110)
2R§h<1;u) (2.111)

We will show that a seemingly weaker version of the above bound will improve upon
the symmetric-rate cut-set bound. We will also show that the weaker bound is in fact
the same as the above bound, and its sole purpose is the simplicity of evaluation and
insight into the input distribution that attains it. We first obtain a weakened version

of (2.109) as

R < min (%h(u), h(¢(2u1))> < h(é(2w)) (2.112)
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Next, consider (2.111)

2R§h<1;u) (2.113)
—h (% - g) (2.114)
<h (% - M) (2.115)

where (2.115) follows from (2.92) and the fact that the binary entropy function h(s)
is monotonically increasing in s for s € [0, 3]. Combining (2.110), (2.112) and (2.115),

we are interested in the largest R such that

R< max min (h(¢(2u1)), %h(¢(2u2)), %h (1 - M) ) (2.116)

ul,uze[ﬂ,%] 2 2

We note that this upper bound on the symmetric-rate depends only on u; and us,
and therefore, we replace the feasible set P with u,us € [0, 711]

We know that h(¢(s)) is concave in s for s € [0,1]. Hence, it follows that both
h($(2uy)) and $h(p(2us)) are concave in u; and uy, respectively, and hence concave

in the pair (u1,u2). We also have the following lemma.

Lemma 2.4 The function

g(uy, uz) = %h (1 = f(22ul’ 2“2)) (2.117)

is monotonically decreasing and jointly concave in the pair (uy,us) for ui,us € [0, %]

The proof of Lemma 2.4 is given in the Appendix.
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Using Lemma 2.4, we conclude that all three functions in the min(.) in (2.116)
are concave in (ug,uz). Invoking the fact that the minimum of concave functions
is concave, we conclude that the maximum in (2.116) is unique. We will now show
that the unique pair (uf,u%) that attains this maximum satisfies the property that
h((2u7)) = 5h($(2u3)) = g(uj, u3).

For this purpose, we first characterize those pairs (i, @ig) such that the following

holds,

M) = $h(6(20)) = g(in, i) (2115)

By using (2.118), we obtain two equations for @; and us, as

h(¢(2an)) = L <M> (2.119)

2"\ 3= 26(2w)
_ . 1—9Q2u)
P(2uz) = 3 26(2in) (2.120)

From (2.119), one can see that 24, is the unique solution s € [0, %] of the equation

h(d(s)) = %h <31—_TZ((SS))> (2.121)

Obtaining the optimal u; from the above equation is illustrated in Figure 2.3. The

unique solutions (1, @2) of (2.119) and (2.120) are

u; = 0.086063, uy = 0.218333 (2.122)
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Figure 2.3: Characterization of the optimal uj.

We will now show that this pair (@, 4s) yields the maximum in (2.116).
Returning to the maximization problem (2.116), first denote S as the region of

allowable (uq,us),

1 1
Also define a subset of this region
5 o1 21
S = {(Ul,UQ) U € (Ul, 1],“2 € (’UQ, Z]} (2124)

where (1, Us) is given by (2.122). We will now show that the pair (@, @) yields the

solution of the maximization problem in (2.116). Consider the following two cases,
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1. If (uy,us) € S, then by Lemma 4, we have that g(uy,us) < g(i, @), using

which we obtain,
min ((6(20)), 5 (0(202)) g0, 1)) < glus,) < gl ) (2125

2. If (ug,us) € S\ S, we either have u; < @ or uy < @is or both. Using this along

with the fact that h(¢(2s)) is monotonically increasing in s for s € [0, 1], we

obtain
wmin (h<¢<2ul>>, §h<¢<zu2>>,g<u1,u2>) < h(6(20n)) (2.126)

The above two cases show the following,

: 1 .
max }mln (h(qb(?ul)), 5h(¢(2u2)), g(uq, uz)) = h(¢p(24y)) (2.127)

u1€[0,%],uz€[0,i

= Sh(6Qm)  (2128)

= g(l, ) (2.129)

Thus, the maximum in (2.116) is obtained at (uf,u}) = (@, u2). We now obtain a

distribution p(t)p(x1|t)p(x2|t) which attains this symmetric-rate upper bound. Fix T
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to be binary, and select the involved probabilities as

1
Po=pP1 =75 (2.130)
G0 =1—q11 = ¢(2u]) (2.131)
q20 =1 — g1 = ¢(2u3) (2.132)

The reason for constructing such an input distribution is that, at this specific distri-

bution, we have the following exact equalities,

H(X\|T) = h(o(2u})) (2138)
SHOGIT) = Sh(o(2u3) (2131)
LI X ¥) = gl u3) (2.135)

and we achieve the outer bound we developed with equality. Substituting the values

of (uf,u%), we obtain a distribution given by,

1
Po=D1=35 (2.136)
gio = 1 — ¢11 = 0.095109 (2.137)
q20 = 1 — g21 = 0.322050 (2.138)

The above input distribution yields a symmetric-rate of 0.45330 bits/transmission.
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Moreover, the u* corresponding to this distribution is given by

ut = Zpt((ht + G2 — 2q11G2t) (2.139)
t

= f(2u],2u3) (2.140)

— 0.355899 (2.141)

where (2.140) is by construction of the input distribution p(t,z1,22) and (2.141)
is obtained by substituting the distribution specified in (2.136)-(2.138). Moreover,

$(2u3) < u* < 3, hence we also have that

Sh(u) > Sh(9(2u5)) = h(6(2u) (2142)

N | —

This shows that the weakened version of the upper bound obtained in (2.116) is indeed
tight and a binary auxiliary random variable T" with uniform distribution over {0, 1}

is sufficient to attain this symmetric-rate upper bound.

2.10 Evaluation of the Cover-Leung Achievable Rate Region

For completeness we will also obtain a simple characterization of the Cover-Leung
inner bound for our binary additive noisy MAC-FB. For this purpose, we follow a
two-step approach. In the first step, we first obtain an outer bound on the achievable
rate region in terms of two variables (uq, uz). In the second step, we specify an input
distribution, as a function of (uj,us), which achieves the outer bound. We therefore
arrive at an alternate characterization of the Cover-Leung achievable rate region in
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terms of the variables (uy,us).

The Cover-Leung achievable rate region [13] is given as,

eL = {(Rl,m) R < I(X1; Y] X, T) (2.143)
Ry < I(Xy:Y|X1,T) (2.144)
Ry + Ry < 1(X3, Xo5Y) | (2.145)

where the random variables (T, X7, X5, Y") have the joint distribution,

p(t, 1, w2, y) = p(H)p(ea[)p(w2lt)p(ylr1, 22) (2.146)

and the random variable T is subject to a cardinality constraint of |7 | < min(|X; || X+
1LY+ 2).

We now state the main result of this section.

Theorem 2.2 The Cover-Leung achievable rate region for the binary additive noisy

MAC given by (2.20) is given as

cc= |J {(Rl,Rz) Ry < %h(cb(?ul))

(u1,u2)€S

Ra < 3h(9(2u))

Ri+Ry<h (w)} (2.147)
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where the set S is defined as

} (2.148)

Proof: For the binary additive noisy MAC in consideration, the constraints in (2.143)-

(2.145) simplify as

1

Ry < SH(X\|T) (2.149)
1

Ry < SH(X|T) (2.150)

We will first obtain an outer bound on the region specified by (2.149)-(2.151) in
terms of two variables (u1,us). For every pair (uq,us), we will then specify an input
distribution which will attain this outer bound. Note that the three constraints
(2.149)-(2.151) are of similar form as in the case of DBg)C and DBg)C, and we proceed
in a similar manner to obtain upper bounds on the three terms above in terms of u;

and uy as,

Ry < %h(gb(Qul)) (2.152)
Ry < %h(gb@u?)) (2.153)
Ri+Ry<h (w) (2.154)

where the variables (uq,us) belong to the set S defined in (2.123). Hence, an outer
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bound on the rate region specified by (2.149)-(2.151) is given as O, where

0= U {(31,R2) Ry < %h(qb(?ul))

(u1,u2)ES
Ry < %h(¢(2u2))
Ri+Ry<h (w) } (2.155)

Let (u1,ug) be any arbitrary pair which belongs to §. Consider an input distribution

for which |7| = 2, and T is uniform over {0, 1} and,

1
Po=p1=35 (2.156)
G0 =1—q11 = ¢(2u1) (2.157)
G20 = 1 — 21 = ¢(2u) (2.158)
For this input distribution, we obtain the following exact equalities
H(X4|T) = h($(2u1)) (2.159)
H(X,|T) = h(¢(2u2)) (2.160)
1— f(2uq,2
I(X1, X0, Y) = h< / 2“1’ “2>) (2.161)

We have thus shown that the outer bound we obtained on the achievable rate region in
terms of (u1,ug) can be attained by a set of input distributions for which the involved
auxiliary random variable 7" is binary and uniform. This in turn implies that a binary

and uniform random variable T is sufficient to characterize the entire Cover-Leung
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achievable rate region for the binary additive noisy MAC-FB. By varying over all
such input distributions, or equivalently, by varying (uq,us) in the set S, we obtain
the entire Cover-Leung achievable rate region given in (2.147). O

We should remark here that when evaluating the DBpc bound in the previous
section for Z = X; and Z = X,, it was not necessary to specify the distribution
which achieves the bound, since it was an outer bound. On the other hand, when
evaluating the Cover-Leung bound, since it is an achievability, it is necessary to give
a distribution which achieves the bound.

The dependence balance bounds corresponding to the parallel channel choices
Z = X; and Z = X,, along with the cut-set upper bound and the Cover-Leung
achievable rate region are shown in Figures 2.4 and 2.5. It is interesting to note that
our bound improves upon the cut-set bound at all points where the Cover-Leung
achievable rate region is strictly larger than the capacity region without feedback. In
other words, our bound improves upon the cut-set bound at all points where feedback
increases capacity.

We should remark that our choices of parallel channels; namely, Z = X; and
Z = X are the simplest ones which ensure that I(X7; X5|Y, Z,T) = 0 but they yield
fixed information leaks. We believe that by a more elaborate choice of a parallel
channel, i.e., by carefully selecting a parameterized parallel channel p*(z|z1, z2, vy, t)
such that I(Xy; Xs|Y, Z,T) = 0, one would still be able to restrict the input dis-
tributions to a conditionally independent form and then optimize the parameters of
the parallel channel to minimize the information leak terms. This approach can po-

tentially improve upon our outer bound. However, for explicitly characterizing such
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outer bounds, one might require a new approach and possibly a different composite

function than the one used in this chapter.

2.11 The Capacity Region of the Binary Erasure MAC-FB

The capacity region of a class of discrete memoryless MAC-FB was characterized
in [62] by establishing a converse and it was shown to be equal to the Cover-Leung
achievable rate region. This class of channels satisfy the property that at least one
of the channel inputs say X, can be written as a deterministic function of the other
channel input X5 and the channel output Y. The binary erasure MAC, where Y =
X + X5, falls into this class of channels. In addition, the binary erasure MAC-FB is
the noiseless version of the binary additive noisy MAC-FB studied in this chapter.
Willems showed in [63] that a binary selection of auxiliary random variable is
sufficient to obtain the sum-rate point of the capacity region of the binary erasure
MAC-FB. In this section, we will show that by using our results for composite func-
tions which were presented in previous sections, it is possible to obtain all points
on the boundary of this capacity region using a binary auxiliary random variable.
The feedback capacity region of this channel is given by the Cover-Leung achievable

rate region given in (2.143)-(2.145) which can be simplified for the binary erasure
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MAC-FB as,

R, < H(X,|T) (2.162)
Ry < H(X.|T) (2.163)
Ry + Ry < H(Y) (2.164)

We now state the main result of this section.

Theorem 2.3 The feedback capacity region of the binary erasure MAC is given as,

c= U {@R): B <niou)

(u1,u2)ES

Ry < h(é(2us))

Ry + Ry < h(f(2u1,202)) +1 = f(2u1,20) }  (2165)

where the set S is defined as

} (2.166)

o |

;0 <wup <

o |

S = {(Ul,UQ) 0<u; <

Proof: We start by obtaining three upper bounds on the expressions appearing in

the bounds (2.162)-(2.164). We first have,

H(X1|T) < h(9(2u1) (2.167)

49



Similarly, we also have
H(X5|T) < h(¢(2uz))
We now obtain an upper bound on H(Y), by first noting that,
H(Y) = h®(Py(0), Py (1), Pr(2))
where

PY(O) = ZthItQZt
t
Py(1) = Zpt((ht + Gor — 2¢112t)

t
Py(2) = Zpt(l — q1)(1 — qat)
t
Now, we use the following inequality established in [63],

1 1
3 (a,b,c) = §h(3)(a, b, c) + éh(g) (¢c,b,a)

(2.168)

(2.169)

(2.170)

(2.171)

(2.172)

(2.173)

(2.174)

(2.175)

where (2.174) follows by the concavity of the entropy function and by the application
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of Jensen’s inequality [14]. Using (2.175) and continuing from (2.169), we obtain

H(Y) = hO(Py(0), Py (1), Py (2)) (2.176)
< W(Py(1)) + 1 — Py(1) (2.177)
—h(u)+1—u (2.178)

where u is defined in (2.53). Using (2.167), (2.168) and (2.178), we can write an outer

bound O; on the capacity region as follows,

01 = U Ol(ul, ZLQ,U) (2179)
YeP

(u1,u2,u

where

O (u1, ug, 1) = {(Rl,Rg) L Ry < h(6(2w))
Ry < h(p(2uz))

Ri+ Ry < h(u) +1— u} (2.180)

and the set P is defined in (2.86). We will now obtain a simpler characterization of

O; in terms of two variables (uq,us) by showing that O; = O,, where,

Or= |J Oaur,u) (2.181)

(ul,ug)es
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where

Oy, us) = {(Rl, Ro): Ry < h(é(2ur))
Ry < h(é(2uz))

Ry + Ro < h(f(2u1,2u2)) + 1 — f(2us, 2u2)} (2.182)

The proof of the claim O; = O, is given in the Appendix. Hence, we have an outer
bound on the capacity region as given by O,.

The outer bound O, is evaluated over the set of pairs (u, uz) such that uy, us €
0, i] For any such arbitrary pair (u,us), an input distribution which achieves the

set of rate pairs specified by Oa(uy, ug) is obtained by selecting |7 = 2, and

1
P=m=; (2.183)
G0 =1—q11 = ¢(2uq) (2.184)
q20 =1 — q21 = ¢(2us) (2.185)

The set of rates achievable by the distribution specified in (2.183)-(2.185) are obtained

as,

Ry < H(X4|T) = h(6(2u)) (2.186)
Ry < H(Xo|T) = h(¢(2u2)) (2.187)
Ry + Ry < H(Y) = h(f(2uy,2us)) + 1 — f(2uy, 2us) (2.188)
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This shows that the capacity region of binary erasure MAC-FB can be obtained
by a binary and uniform selection of the auxiliary random variable 7. O

The capacity region of the binary erasure MAC with and without feedback and
the cut-set bound are illustrated in Figures 2.6 and 2.7. It was shown in [63] that the
sum-rate point on the boundary of the capacity region lies strictly below the “total
cooperation” line. This is equivalent to saying that the cut-set bound is not tight for
the sum-rate point. From our result, it is now clear that the cut-set bound is not
tight for asymmetric rate pairs either. In fact, it is not tight at all boundary points
where feedback increases capacity.

Moreover, our result also shows that a simple selection of binary and uniform 7" is
sufficient to evaluate the boundary of the capacity region of binary erasure MAC-FB.
Simple feedback strategies for a class of two user MAC-FB were developed in [38].
It was shown that for the binary erasure MAC, these feedback strategies yield all
rate points for a binary selection of the auxiliary random variable 7. Thus, our
result shows that these feedback strategies are indeed optimal for the binary erasure

MAC-FB and yield all rates on the boundary of its feedback capacity region.

2.12 Conclusions

In this chapter, we obtained a new outer bound on the capacity region of a MAC-
FB by using the idea of dependence balance. We considered a binary additive noisy
MAC-FB for which it is known that feedback increases capacity but the feedback

capacity region is not known. The best known outer bound on the feedback capacity
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region of this channel was the cut-set bound. We used the dependence balance bound
to improve upon the cut-set bound at all points in the capacity region of this channel
where feedback increases capacity. Our result is somewhat surprising once it is realized
that the channel we considered in this chapter is the discrete version of the two-user
Gaussian MAC-FB considered by Ozarow in [45] where the cut-set bound was shown
to be tight.

Our outer bound is difficult to evaluate due to an involved auxiliary random
variable T'. For binary inputs, the cardinality bound on 7" is |7| < 7 which makes it
intractable to evaluate the outer bound. We overcome this difficulty by making use
of composite functions and their properties to obtain a simple characterization of our
bound. As an application of the properties of the composite functions developed in
this chapter, we are also able to completely characterize the Cover-Leung achievable
rate region for this channel.

The capacity region of the binary erasure MAC-FB is known and it coincides with
the Cover-Leung achievable rate region. Although the capacity region is known in
principle, it is not known how to compute the entire region, the difficulty arising again
due to the involved auxiliary random variable. We again make use of the composite
functions to give an alternate characterization of the capacity region of the binary
erasure MAC-FB. In addition, we go on to show that a binary and uniform auxiliary

random variable selection is sufficient to evaluate its feedback capacity region.
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2.13 Appendix

2.13.1 Proof of Lemma 2.1

For a given distribution p(t)p(xy|t)p(z2|t), we have

HX|Y, X0, T) = Y Pr(Y =y, Xo =20, T =t) HX Y =y, Xo =25, T = 1)

(y,x2,t)

(2.189)

=> [Pr(Y =1,X,=0,T=1)HX,|Y =1,X, =0,T = 1)

t

+Pr(Y =2, X =1,T=t).HX||Y =2, X, =1,T =1)]

(2.190)

-y % Pr(Xy = 0,T = )H(X,\|T = t)
+Pr(Xo =1,T =t)H(X;1|T = 1)] (2.191)
_ %H(X1|T) (2.192)

where (2.190) follows from the fact that X is uniquely determined when we have
Y =0o0rY =3, or we have (Y, X5) = (1,1) or (Y, X5) = (2,0) and (2.191) follows

by noting that,

Pr(Y =1,X, =0,T = ¢)

1
S =0T =1) (2.193)

1
Pr(Y =2, X, =1,T =) = 3Pr(X, = 1,T = 1) (2.194)
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and

Pr(X; =0]Y =1,X, =0,T =) = Pr(X; = 0T = t) (2.195)

Pr(X, = 0]Y =2, X, =1,T = t) = Pr(X, = 0|T = t) (2.196)

We have therefore proved (2.29) and the proof of (2.30) follows similarily. This

completes the proof of Lemma 2.1.

2.13.2 Proof of Lemma 2.2

We prove Lemma 2.2 by considering all four possible cases.

1. If s; € [0, 1], 50 € [0, 3], then from (2.42), s1 = ¢(251(1—51)), 52 = $(252(1—s2))

and hence

v=f(2s1(1 = s1),252(1 — s9)) (2.197)

2. If sy € [5,1],s2 € [35,1], then from (2.42), sy = 1 — ¢(2s1(1 — 1)), 52 =

1 — ¢(2s2(1 — s3)) and hence

v=f(2s1(1 = s1),259(1 — s9)) (2.198)

3. If sy € [0, 5], s2 € [3,1], then from (2.42), s1 = ¢(251(1—51)), 52 = 1 —(2s5(1—
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S9)) and hence

v=1-= f(251(1 = 1), 255(1 — 52))

(a)

> f(251(1 — 1), 255(1 — 52)) (2.199)

where (a) follows by the fact that f(2s1(1 — s1),2s2(1 — s2)) < 3.

4. If S1 € [1

5:1],82 € [0 1, then from (2.42), s; = 1 — ¢(2s1(1 — s1)), 89 =

12

#(2s9(1 — s2)) and hence

v=1-f(251(1 = s1),252(1 — 52))

(g F(2s1(1 — s1),252(1 — s9)) (2.200)

where (b) follows by the fact that f(2s1(1 — s1),2s9(1 — s2)) <

N =

Thus, for any pair (s, s2), where s; € [0,1], s € [0, 1], we have shown that v >

f(281(]_ — 81), 282(1 — 82)).

2.13.3 Proof of Lemma 2.3

A function f(z,y) is jointly convex [5] in (x,y) if for any two pairs, (z,y) and (z,y),
we have f(az+(1—a)r’, ay+(1—a)y) < af(z,y)+(1—a)f(2',y), for all a € [0, 1].

Showing that the function f(x,y) is jointly convex in (z, y) is equivalent to showing
that the Hessian matrix, H of f(x,y) is positive semi-definite, which is equivalent to

showing that the eigenvalues of H are non-negative. The Hessian matrix, H, of f(z,y)
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18

V1-2y

—1

92372 o) (1
H— 2(1-2x) 24/ (1—-2x)(1—2y) (2.201)
-1 Vi=2z
24/(1-2x)(1-2y) 2(1-2y)3/2
The two eigenvalues of H are
)\1 - 0
1{ vV1-2 V1—2
No = = Y - (2.202)
2\ (1—2x)32  (1—2y)3/2

which are non-negative for all 0 < x < % and 0 <y < %, thus completing the proof.

2.13.4 Proof of Lemma 2.4

It suffices to show that for a fixed uq, the function g(uq, us) is monotonically decreasing

in u;. Substituting the value of f(2uy,2us), we have

sl = L (1 ~ (62u) + 9(2u) - 2¢<2u1>¢<2u2>>) (2203)
_ %h (% _ ¢(22U2) _ ¢(2ur) (1 ; 2¢(2U2))> (2.204)

Now using the fact that ¢(2s) is increasing in s for s € [0, 1], we have that for u; > uy,

#(2u)) > ¢(2uy). Moreover, the following holds

6(2u1) (1 — 26(2u2)) _ ¢(2u1)(L — 26(2u2))
2 - 2

(2.205)
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since ¢(2usz) < 5. Now using the above inequality along with the fact that the binary

1
3

entropy function h(s) is increasing for 0 < s < %, we have that for ull > uq,

1 (1 ¢(2uz)  &(2ur)(1 — 2¢(2us))
2 2 2 2

This shows that for a fixed s, the function g(us,us) is monotonically decreasing in
uy. As the function is symmetric in u; and us, the monotonicity of g(uy,ug) in (uy, us)
follows.

To show the concavity of g(u1,us) in the pair (uy,us), we first note from Lemma
2.3 that f(2uy,2us) is jointly convex in the pair (u1,us). We define another function

1-— f(2U1, 2U2)

g(ulv u2) - 9

(2.207)

Note that &(uq,us) is jointly concave in the pair (uq,uz). Furthermore, the binary
entropy function h(s) is concave and nondecreasing for s € [0, 1]. Hence, rewriting

2

the function g(uy,us) as a composition of two functions, we obtain

g(ul,uz) = %h(f(ul,uﬂ) (2-208)

From the theory of composite functions [5], we know that a composite function
f1(f2(s)) is concave in s if f1(.) is concave and nondecreasing and f5(s) is concave in

s. Identifying fi(.) with A(.) and fo(uy, ue) with &(uq, us), the concavity of g(uy,us)
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in the pair (u1,ug) is established.

2.13.5 Proof of the Claim O; = O,

The inclusion Oy C O, is straightforward by forcing v = f(2uq,2us) in O;. We will

now show that O; C 0. For this purpose, we will need the following lemma.

Lemma 2.5 The function

pu(s) =h(s)+1—s (2.209)

is concave in s for s € [0,1] and takes its mazimum value at s = % Moreover, the

function p(s) is increasing in s for s € [0, 3] and decreasing in s for s € [3,1].

The proof of this lemma follows from the fact that both h(s) and —s are concave in

Now consider any arbitrary triple (uq,us,u) € P. We can classify any such triple

into one of the following cases:

1 If f(2ug,2us) <u < %: for any such (uy, us,u), there exists a pair (a1, @z), such

that

i 1
w<m < (2.210)
_ 1
ug < Ug < 1 (2.211)
w = f(2a1,20) (2.212)
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One such pair (1, ug) can be obtained as follows. Using the fact that for a fixed
uy, f(2uq,2uy) is increasing in uq, we select 4y = u; and solve for uy < 1y < }1

for which f(2uy,2uy) = u. The required u5 is obtained as,

Uy = i (1 - %) (2.213)

For such a pair (u, @), the following inequalities hold,

h(é(2ur)) = h(p(2ur)) (2.214)
h(6(2u2)) < h(6(2u2)) (2.215)
h(u) + 1 —u = h(f(2uy,2us)) + 1 — f(2uy, 2usy) (2.216)

2. If f(2uq,2u2) < 5 <u<1-—(u; + uz), then we have by Lemma 2.5,

1
2

h(u)—i—l—uﬁh(%)—i—l—% (2.217)

- g (2.218)

Now consider the pair (@;,u2) = (1,1), for which we have f(2uy,2u,) = 3.
Hence we have that,

h6(2ur)) < h(o(2m)) = 1 (2.219)

h(6(2u2)) < h(6(2m)) = 1 (2.220)

h(u) + 1 —wu < h(f(2uy,2us)) + 1 — f(2uq,2uy) = g (2.221)
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We have thus shown that for any triple (uq,ug,u), there exists a pair (@, uz), such
that O1(uy, ug, u) € Oy(ty, Us), which in turn implies that O; C O, and consequently

Ol = 02.
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Chapter 3
Dependence Balance Based Outer Bounds for Gaussian
Networks with Cooperation and Feedback

3.1 Introduction

The multiple access channel with generalized feedback (MAC-GF') was first introduced
by Carleial [8]. The model therein allows for different feedback signals at the two
transmitters. For this channel model, Carleial [8] obtained an achievable rate region
using block Markov superposition encoding and windowed decoding. An improvement
over this achievable rate region was obtained by Willems et. al. in [65] by using block
Markov superposition encoding combined with backwards decoding.

Inspired from the uplink MAC-GF channel model, the interference channel with
generalized feedback (IC-GF) was studied in [57], [31], (also see the references therein)
where achievable rate regions were obtained. It was shown in [57] and [31] that for
the Gaussian interference channel with user cooperation (IC-UC), the overheard in-
formation at the transmitters has a dual effect of enabling cooperation and mitigating
interference, thereby providing improved achievable rates compared to the best known

evaluation of the Han-Kobayashi achievable rate region [28], [49].
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In this chapter, we use the idea of dependence balance to obtain new outer bounds
on the capacity regions of the MAC-GF and the IC-GF. To show the usefulness of
our outer bounds, we will consider three different channel models.

We first consider the Gaussian MAC with different noisy feedback signals at the
two transmitters. Specifically, transmitter k, & = 1,2, receives a feedback Yy, =
Y + 7, where Y is the received signal and Zj is zero-mean, Gaussian random variable
with variance U%k. The capacity region is only known when feedback is noiseless, i.e.,
Yr, = Ygr, =Y, in which case the feedback capacity region equals the cut-set outer
bound, as was shown by Ozarow [45]. For the case of noisy feedback in consideration,
the cut-set outer bound is insensitive to the noise in feedback links, i.e., it is not
sensitive to the variances of Z; and Z,. As the feedback becomes more corrupted, or
in other words, as a%l, 0%2 become large, one would expect the feedback to become
useless. This fact is not accounted for by the cut-set bound. We show that our outer
bound strictly improves upon the cut-set bound for all non-zero values of (0% ,0%,).
Furthermore, as (0%1, 0%2) become large, our outer bound collapses to the capacity
region of Gaussian MAC without feedback, thereby establishing the feedback capacity
region. We should mention here that applying the idea of dependence balance to
obtain improved outer bounds for Gaussian MAC with noisy feedback was proposed
by Gastpar and Kramer in [20].

Secondly, we investigate the Gaussian MAC with transmitter cooperation. Sendonaris,
Erkip and Aazhang [53] studied a model where each transmitter receives a version of
the other transmitter’s current channel input corrupted with additive white Gaussian

noise. They named this model as user cooperation model. This model is particularly
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suitable for a wireless setting since the transmitters can potentially overhear each
other. An achievable rate region for the user cooperation model was given in [53]
using the result of [65] and was shown to strictly exceed the rate region if the trans-
mitters ignore the overheard signals.

We evaluate our outer bound for the user cooperation setting described above.
In contrast to the case of noisy feedback, the cut-set bound for the user cooperation
model is sensitive to cooperation noise variances, but not too sensitive. Intuitively
speaking, as the backward noise variances become large, one would expect the cut-set
bound to collapse to the capacity region of the MAC without feedback. Instead, the
cut-set bound converges to the capacity region of the Gaussian MAC with noiseless
output feedback [45]. On the other hand, in the limit when cooperation noise variances
become too large, our bound converges to the capacity region of the Gaussian MAC
with no cooperation, thereby yielding a capacity result. For all non-zero and finite
values of cooperation noise variances, our outer bound strictly improves upon the
cut-set outer bound. Our dependence balance based outer bound coincides with the
cut-set bound only when the backward noise variance is identically zero and both
outer bounds collapse to the total cooperation line.

Thirdly, we evaluate our outer bound for the Gaussian IC with user cooperation
(IC-UC). For all non-zero and finite values of cooperation noise variances, our outer
bound strictly improves upon the cut-set outer bound. We should remark here that
the approach of dependence balance was also used in [21] to obtain an improved
sum-rate upper bound for the Gaussian IC with common, noisy feedback from the

receivers.
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Evaluation of our outer bounds for MAC-NF, MAC-UC and IC-UC is not straight-
forward since our outer bounds are expressed in terms of a union of probability den-
sities of three random variables, one of which is an auxiliary random variable. More-
over, these unions are over all such densities which satisfy a non-trivial dependence
balance constraint. We overcome this difficulty by proving separately for all three
models in consideration, that it is sufficient to consider jointly Gaussian input dis-
tributions, satisfying the dependence balance constraint, when evaluating our outer
bounds. The proof methodology for showing this claim is entirely different for each
of the cases of noisy feedback and user cooperation models. In particular, for the case
of MAC-NF, we make use of a recently discovered multivariate generalization [46]
of Costa’s entropy power inequality (EPI) [10] along with some properties of 3 x 3
covariance matrices to obtain this result. On the other hand, for the case of MAC-UC
and IC-UC, we do not need EPI to show this result and our proof closely follows the
proof of a recent result by Bross, Lapidoth and Wigger [7], [60] for the Gaussian MAC
with conferencing encoders. The structure of dependence balance constraints for the
channel models in consideration are of different form, which explains the different
methodology of proofs.

For the most general setting of MAC-GF and IC-GF, our outer bounds are ex-
pressed in terms of two auxiliary random variables. For the three channel models
in consideration, i.e., MAC-NF, MAC-UC and IC-UC, we suitably modify our outer
bounds to express them in terms of only one auxiliary random variable. These modi-
fications are particularly helpful in their explicit evaluation. We also believe that the
proof methodology developed for evaluating our outer bounds could be helpful for
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other multi-user information theoretic problems.

3.2 System Model

3.2.1 MAC with Generalized Feedback

A discrete memoryless two-user multiple access channel with generalized feedback
(MAC-GF) (see Figure 3.1) is defined by: two input alphabets &} and X, an output
alphabet for the receiver ), feedback output alphabets Vp, and Vg, at transmitters 1
and 2, respectively, and a probability transition function p(y,yg,, yr, |21, x2), defined
for all triples (v, yr,Yr,) € ¥ X Vi, X Vg, for every pair (z1,22) € Xy X X.

A (n, My, My, P.) code for the MAC-GF consists of two sets of encoding functions
fri s My x ygl — Xy, fo; : Mo X ygl — Xy fori =1,...,n and a decoding function
g: YY" — My x Ms. The two transmitters produce independent and uniformly
distributed messages Wy, € {1,...,M;} and Wy € {1,..., My}, respectively, and
transmit them through n channel uses. The average error probability is defined as,
P. = Pr[(Wl, WQ) # (W1, Ws)]. A rate pair (Ry, R») is said to be achievable for MAC-
GF if for any € > 0, there exists a pair of n encoding functions { f1;}, {f2i}~,, and
a decoding function g : Y" — M x My such that Ry <log(My)/n, Ry < log(Ms)/n
and P, < e for sufficiently large n. The capacity region of MAC-GF is the closure of

the set of all achievable rate pairs (R1, R»).
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Figure 3.1: The multiple access channel with generalized feedback (MAC-GF).

3.2.2 IC with Generalized Feedback

A discrete memoryless two-user interference channel with generalized feedback (IC-
GF) (see Figure 3.2) is defined by: two input alphabets X; and A5, two output
alphabets ), and ), at receivers 1 and 2, respectively, two feedback output alphabets
Vi, and Vg, at transmitters 1 and 2, respectively, and a probability transition function
(Y1, Y2, Yy, YRy |1, 22), defined for all quadruples (y1, Y2, Yry, Yr,) € Vi X Vo X Vi, X
VE,, for every pair (z1,z5) € X; X Ab.

A (n, My, Mo, Pe(l), Pe(z)) code for IC-GF consists of two sets of encoding functions
fri - My x y;;l — X1, foi : May X )ng — Xy for ¢+ = 1,...,n and two decoding
functions ¢y : Y}' — M and ¢y : Vi — M. The two transmitters produce indepen-
dent and uniformly distributed messages Wi € {1,...,M;} and Wy € {1,..., My},
respectively, and transmit them through n channel uses. The average error probabil-
ity at receivers 1 and 2 are defined as, Pe(k) = Pr[VVk # Wy for k =1,2. A rate pair
(R1, R») is said to be achievable for IC-GF if for any pair €; > 0, €5 > 0, there exists

a pair of n encoding functions {fi;}1,, {f2},, and a pair of decoding functions

69



X Y Y R
Wi——s=| Encoder 1 ! F - Decoder 1 —W)

(Y1, Y2, Yr s Y 21, 2)

Wy—=| Encoder 2 Decoder 2 11/,
Xy Y, Ys

Figure 3.2: The interference channel with generalized feedback (IC-GF).

(g1, 92) such that Ry < log(M;)/n, Ry < log(Ms)/n and P® < ¢ for sufficiently
large n, for £k = 1,2. The capacity region of IC-GF is the closure of the set of all

achievable rate pairs (R, Ry).

3.3 Cut-set Outer Bounds

A general outer bound on the capacity region of a multi-terminal network is the

cut-set outer bound [14]. The cut-set outer bound for MAC-GF is given by

CSMAY = {(Ry, Ry) : R1 < I(X1;Y, Yi,| X>) (3.1)
RQ S I<X27Y7 YF1|X1) (32)
Ri+ Ry < I(X1,X2Y)} (3.3)

where the random variables X7, Xs and (Y, Yg,, Yi,) have the joint distribution

p(xla T2, Y,Yr, sz) = p(xh 372)27@7 Yk Yry ‘xh x2>' (34)
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The cut-set outer bound for IC-GF is given by

CS'® = {(Ri,Ry) : Ry < I(X1, X5; Y1) (3.5)
Ry < I(X1, X5 Y3) (3.6)
Ry < I(X1;Y1,Ys, Y, | Xo) (3.7)
Ry < I(X2;Y1,Ya, Yi | X1) (3.8)
Ri+ Ry < I(X1, X5, Y1,Y5)} (3.9)

where the random variables X, Xy and (Y1, Ys, Yr,, Yr,) have the joint distribution

(21, T2, Y1, Y2, Yry, Yry) = P(T1, 2)D (W1, Y2, Yy, YR |71, T2). (3.10)

The cut-set bound is seemingly loose since it allows arbitrary correlation among chan-
nel inputs by permitting arbitrary input distributions p(xy, z3). Using the approach
of dependence balance, we will obtain outer bounds for MAC-GF and IC-GF which
restrict the corresponding set of input distributions for both channel models. In
particular, our outer bounds only permit those input distributions which satisfy the

respective non-trivial dependence balance constraints.

71



3.4 A New Outer Bound for MAC-GF

Theorem 3.1 The capacity region of MAC-GF is contained in the region

DBMAC = {(R1, Ry) : Ry < I(X1;Y, YR, | Xo, T3)
Ry < I(X9;Y, YR | X1, Th)
R+ Ry < I(Xy1, X0, Y, YR, Yr, |11, T5)

Ri+ Ry < I(X1,X2,Y)}

(3.11)
(3.12)
(3.13)

(3.14)

where the random variables (Ty, Ty, X1, X2, Y, Y, Y, ) have the joint distribution

p(t1,to, 21, T2, Y, Yry, Yr,) = Db, o, 21, 22)D(Y, Yy, YRy |71, T2)

and also satisfy the following dependence balance bound

I(Xy; Xo|Th, To) < I(X1; Xo|YR,, YR, T1, 1))

The proof of Theorem 3.1 is given in the Appendix.
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3.5 A New Outer Bound for IC-GF

Theorem 3.2 The capacity region of IC-GF is contained in the region

DB'® = {(Ri,Rs) : Ry < I(X1, X, 1) (3.17)
Ry < I(Xy, X5 Ys) (3.18)
Ry < I(X1;Y1,Ys, Yi, | Xo, Th) (3.19)
Ry < I(Xo;Y1,Ys, Yi | X1, Th) (3.20)
Ry + Ry < I(X1, Xo; Y1, Y, Yi,, Yi, |T1, Tb) (3.21)
Ri+ Ry < I(Xy, X2;Y1,Ya)} (3.22)

where the random variables (T, Ty, X1, X2, Y1, Y2, Yr,, Yi,) have the joint distribution

p(ti,ta, 21, To, Y1, Yo, Yry, Yry) = D(t1, Lo, T1, 2)p(Y1, Yo, Yry, Y| 21, T2) (3.23)

and also satisfy the following dependence balance bound

I(X1§ XZ’TM T2) < I(Xl; X2|YF17YF27 Tl? T2) (3'24>

The proof of Theorem 3.2 is given in the Appendix.

We note here that one can obtain fixed and adaptive parallel channel extensions
of the dependence balance based bounds in a similar fashion as in [30]. The parallel
channel extensions could potentially improve upon the outer bounds derived in this

chapter. For the scope of this chapter, we will only use Theorems 3.1 and 3.2. In
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the next three sections, we will consider specific channel models of MAC with noisy
feedback, MAC with user cooperation, and IC with user cooperation and specialize
Theorems 3.1 and 3.2 for these channel models. In particular, we will show that
for these three channel models, it is sufficient to employ a single auxiliary random
variable T', as opposed to two auxiliary random variables 77 and T, appearing in
Theorems 3.1 and 3.2.

We should also remark here that dependence balance approach was first applied
by Gastpar and Kramer for the Gaussian MAC with noisy feedback in [20] and for the
Gaussian 1C with noisy feedback (IC-NF) in [21]. An interesting Lagrangian based
approach was proposed in [21] to partially evaluate the dependence balance based
outer bound for the Gaussian IC-NF and it was shown that dependence balance
based bounds strictly improve upon the cut-set outer bound. For this reason, we do

not consider the Gaussian IC-NF in this chapter.

3.6 Gaussian MAC with Noisy Feedback

We first consider the Gaussian MAC with noisy feedback (see Figure 3.3). The channel

model is given as,

Y =X+ Xo+ Z (3.25)
Yr =Y + 7 (3.26)
Yi, =Y + 7, (3.27)

74



7 >
1 U
Y 1
v "
X, Z
Wi——s= Encoder 1 l
M ; 4
Y Decoder . !
‘ — W2
Wy—| Encoder 2
Xo
Yr,
Zy —

Figure 3.3: The Gaussian MAC with noisy feedback.

where Z,7Z; and Z, are independent, zero-mean, Gaussian random variables with
variances 0%, oy and 0%, , respectively. Moreover, the channel inputs are subject
to average power constraints, F[X?] < P, and E[XZ] < P,. Note that the channel

model described above has a special probability structure, namely,

(Y, yr, Yr |21, 22) = p(yloe, 22)p(ye |y)p(Yr, |y) (3.28)

For any MAC-GF with a transition probability in the form of (3.28), we have the

following strengthened version of Theorem 3.1.

Theorem 3.3 The capacity region of any MAC-GF, with a transition probability in
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the form of (3.28), is contained in the region

DBNAC = {(R1, Ro) : Ry < I(X1;Y | X0, T) (3.20)
Ry < I(Xo; Y|X3,T) (3.30)
Ri+ Ry < I(X1, X5, Y|T)} (3.31)

where the random variables (T, X1, Xo,Y,Yp,, Yg,) have the joint distribution

p(t7 T1,22,Y,YFy, sz) = p(ta L1, x?)p<y’xla $2)p(yF1 ‘y)p(sz ’y) (332)

and also satisfy the following dependence balance bound

I(X; Xo|T) < I(Xy; Xo|YR,, YR, T) (3.33)

where the random variable T is subject to a cardinality constraint |T| < |X;|| x| + 3.

The proof of Theorem 3.3 is given in the Appendix.
In Section 3.10, we will show that it suffices to consider jointly Gaussian (7, X1, X5)
satisfying (3.33) when evaluating Theorem 3.3 for the Gaussian MAC with noisy feed-

back described in (3.25)-(3.27).

3.7 Gaussian MAC with User Cooperation

In this section, we consider the Gaussian MAC with user cooperation [53], where

each transmitter receives a noisy version of the other transmitter’s channel input.
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The user cooperation model (see Figure 3.4) is a special instance of a MAC-GF,

where the channel outputs are described as,

Y = VhioX1 + VX + Z (3.34)

Y, = VhaXo + 23 (3.35)
YF2 =/ h1x X1+ 25 (336)

where 7,7, and Z, are independent, zero-mean, Gaussian random variables with

. 2 2 2 . .
variances 0y, 0z and o7, , respectively. The channel gains hig, hag, h12 and hyy are

assumed to be fixed and known at all terminals. Moreover, the channel inputs are
subject to average power constraints, F[X?] < P, and E[X3] < P,. Note that the

channel model described above has a special probability structure, namely,

Py, Yr, Yrs| 1, T2) = p(y|T1, 22)p(YE |22)p(Y Ry [71) (3.37)

For any MAC-GF with a transition probability in the form of (3.37), we have the

following strengthened version of Theorem 3.1.

Theorem 3.4 The capacity region of any MAC-GF with a transition probability in
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Figure 3.4: The Gaussian MAC with user cooperation.
the form of (3.37), is contained in the region
DBYAY = {(R1, Ry) : Ry < I(X4;Y, Vi | X0, T) (3.38)
R2 S ](XQ,Y, YF1|X1,T) (339)
R+ Ry < I(X1, X5, Y, YR, Yi,|T) (3.40)

where the random variables (T, X1, Xo,Y,Yp,,Yg,) have the joint distribution

p(t, 21, 22,9, Yr Yr,) = P(E 21, 22)p (Y71, 22)p (YR [22)p (YR, 21) (3.42)

and also satisfy the following dependence balance bound

where the random variable T' is subject to a cardinality constraint |T| < |X||Xa| + 3.

The proof of Theorem 3.4 is given in the Appendix.
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In Section 3.11, we will show that it suffices to consider jointly Gaussian (T, X1, X5)
satisfying (3.43) when evaluating Theorem 3.4 for the Gaussian MAC with user co-

operation described in (3.34)-(3.36).

3.8 Gaussian IC with User Cooperation

In this section, we will evaluate our outer bound for a user cooperation setting [57],
[31], where the transmitters receive noisy versions of the other transmitter’s channel
input. The user cooperation model (see Figure 3.5) is a special instance of an IC-GF,

where the channel outputs are described as,

Vi =X, + VbXy + N (3.44)
Yo = vVaXi + Xy + N, (3.45)
Vi, = Vha Xo + Z3 (3.46)
Vi, = VhaX1 + Zs (3.47)

where Ni, Ny, Z; and Z; are independent, zero-mean, Gaussian random variables
with variances 0%, 0%,, 0%, and 0%, respectively. The channel gains a, b, hy; and hy
are assumed to be fixed and known at all terminals. Moreover, the channel inputs

are subject to average power constraints, F[X?] < P, and E[X3] < P,. Note that

the channel model described above has a special probability structure, namely,

P(yh Y2, yFlayF2|951, $2) = p(yb y2|$1, $2>p<yF1 ’132)17(sz|731) (3'48)
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Figure 3.5: The Gaussian IC with user cooperation.
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For any IC-GF with a transition probability in the form of (3.48), we have the fol-

lowing strengthened version of Theorem 3.2.

Theorem 3.5 The capacity region of any [C-GF with a transition probability in the

form of (3.48), is contained in the region

DB = {(R1, Ry) : Ry < I(X1, X2, Y1)

Ry < I(Xy, Xy;Y3)
Rl S I<X1;}/171/27YF2|X27T)

R2 S [<X2;}/17)/2>YF1’X17T)

Rl + R2 é [(XlaXQ;vaY'ZaYFl?YFQ’T)

Ri+ Ry < I(X1, X, 1,Y0) }

(3.49)
(3.50)
(3.51)
(3.52)
(3.53)

(3.54)

where the random variables (T, X1, Xo,Y1, Y2, Yr, Yg,) have the joint distribution

p(t, v, T2, Y1, Yo, Yry, Yry) = P(E, 21, 2)p(Y1, Ya|71, 22)D(YR, |22)D(Y R, [71)
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and also satisfy the following dependence balance bound

I(X; Xo|T) < I(Xy; Xo|YR,, YR, T) (3.56)

where the random variable T is subject to a cardinality constraint |T| < |X1|| x| + 3.

The proof of Theorem 3.5 is given in the Appendix.
In Section 3.12, we will show that it suffices to consider jointly Gaussian (T, X1, X5)
satisfying (3.56) when evaluating Theorem 3.5 for the Gaussian IC with user cooper-

ation described in (3.44)-(3.47).

3.9 Outline for Evaluating DB Y, DBMAC and DBIS,

In this section, we outline the common approach for evaluation of our outer bounds,
DBY# for the Gaussian MAC with noisy feedback, DB for the Gaussian MAC
with user-cooperation and DBi for the Gaussian IC with user-cooperation. The
main difficulty in evaluating these bounds is to identify the optimal selection of joint
densities of (T, X7, X3). Our aim will be to prove that it is sufficient to consider
jointly Gaussian (T, X1, X») satisfying (3.33) for MAC with noisy feedback, (3.43) for
MAC with user cooperation, and (3.56) for IC with user cooperation, respectively,
when evaluating the corresponding outer bounds.

First note that the three outer bounds, namely DBYXAC, DBHAC and DBLY have
a similar structure, i.e., all outer bounds involve taking a union over joint densities

of (T, X1, X5) satisfying the constraints (3.33), (3.43) and (3.56), respectively. Let
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us symbolically denote these constraints as a variable (DB), where (DB) = (3.33)
for MAC with noisy feedback, (DB) = (3.43) for MAC with user cooperation, and
(DB) = (3.56) for IC with user cooperation.

We begin by considering the set of all distributions of three random variables
(T, X1, X5) which satisfy the power constraints, E[Xﬂ < P, and E[X%] < P,. Let

us formally define this set of input distributions as

P = {plt,m,22)  B[X) < Py, B[X3) < By}

For simplicity, we abbreviate jointly Gaussian distributions as JG and distributions

which are not jointly Gaussian as N'G. We first partition P into two disjoint subsets,

Pe =A{p(t,x1,22) € P: (T, X1, X>2) are JG}

Prna = {p(t,x1,22) € P : (T, X1, X3) are NG}

We further individually partition the sets Pg and Pyg, respectively, as

PEP = {p(t, x1,22) € Pg : (T, X1, X) satisfy (DB)}

PLE = {p(t, 21, 25) € Pg : (T, X1, X5) do not satisfy (DB)}
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and

PrE = {p(t,r1,13) € Png : (T, X1, X>) satisfy (DB)}

P@ = {p(t,z1,22) € Pne : (T, X1, X2) do not satisty (DB)}

Finally, we partition the set PLE into two disjoint sets P]]\),GB(a) and PﬁGB(b) with

DB(a DB(b
Pﬁg = PNG( )UPNG( )v as

PﬁGB(a) = {p(t, T1, 1) € PNE : covariance matrix of p(t, x1,75) is Q and there

exists a JG (Tg, X1g, Xa¢) with covariance matrix @ satisfying (DB)}
PﬁGB(b) = {p(t, T1, ) € Phe : covariance matrix of p(t, z1,s) is @ and there

does not exist a JG (T¢, X1, Xag) with covariance matrix @) satisfying (DB)}

So far, we have partitioned the set of input distributions into five disjoint sets:
PLE, PLE, Pﬁg(“), Pﬁg(b) and PRE. To visualize this partition of the set of input
distributions, see Figure 3.6. It is clear that the input distributions which fall into
the sets PC?_B and P@ need not be considered since they do not satisfy the constraint
(DB) and do not have any consequence when evaluating our outer bounds. Therefore,
we only need to restrict our attention on the three remaining sets P52, Pﬁg (a), and
Pﬁg(b) i.e., those input distributions which satisfy the dependence balance bound.

We explicitly evaluate our outer bound in the following three steps:

1. We first explicitly characterize the region of rate pairs provided by our outer
bound for the probability distributions in the set PE.
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Figure 3.6: A partition of the set of input distributions P.

2. In the second step, we will show that for any input distribution belonging to
DB(a) . . . . . . DB . .

the set Py, there exists an input distribution in the set P5* which yields

a set of larger rate pairs. This leads to the conclusion that we do not need to

consider the input distributions in the set 73}35 @ iy evaluating our outer bound.

3. We next focus on the set Pﬁg(b) and show that for any non-Gaussian input
distribution p(t,x1,z5) € Pﬁg(b), we can construct a jointly Gaussian input
distribution satisfying (D B), i.e., we can find a corresponding input distribution

in PYB which yields a set of rates which includes the set of rates of the fixed

non-Gaussian input distribution p(t, z1, x2).

The main step in evaluating our outer bounds is step 3 described above. The

proofs of step 3 for noisy feedback and user cooperation models are entirely different
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and do not follow from each other. The evaluation in step 1 is slightly different
for all three settings, also owing to the channel models. Hence, we will separately
focus on these models in the following three sections. Contrary to steps 1 and 3,
step 2 is common for all channel models. Therefore, we first present the common
result for all channel models here. In step 2, we consider any non-Gaussian input
distribution p(t, 1, z2) in Pﬁg(a) with a covariance matrix (). For such an input
distribution, we know by the maximum entropy theorem [14], that the rates provided
by a jointly Gaussian triple with the same covariance matrix () are always at least as
large as the rates provided by the chosen non-Gaussian distribution. Therefore, for
any input distribution in 'Pﬁg(a), there always exists an input distribution in PE?,
satisfying (DB), which yields larger rates. This means that we can ignore the set
Pﬁg(a) altogether while evaluating our outer bounds.

To set the stage for our evaluations in steps 1 and 3 for the three channel models,

let us define Q as the set of all valid 3 x 3 covariance matrices of three random

variables (T, X1, X3). A typical element @ in the set Q takes the following form,

Q=F[(Xi XoT)(X1 XoT)"]

P pravV PPy pirv PLPr
= | p2VPP; P, par/P2Pr (3.57)
pirvVPLPr par/ PoPr Pr

A necessary condition for @@ to be a valid covariance matrix is that it is positive
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semi-definite, i.e., det(Q)) > 0. This is equivalent to saying that,

where we have defined for simplicity,

A= 1= ply = pir = Par + 2prrparpra (3.59)

3.10 Evaluation of DB%%C

In this section we explicitly evaluate Theorem 3.3 for the Gaussian MAC with noisy
feedback described by (3.25)-(3.27) in Section 3.6. We start with step 1. We consider
an input distribution in PEP, i.e., a jointly Gaussian triple (T, Xiq, Xa¢) with a
covariance matrix (). Let us first characterize the set of rate constraints for this
triple. It is straightforward to evaluate the three rate constraints appearing in (3.29)-

(3.31) for this input distribution

Ry < 1(X16:Y X6, Te) = log (1 +1 1(@) (3.60)

R2 S I(XQG;Y|Xlg,Tg) = %10g (1 + f2(262)> (361)

1
R1 + R2 S I(Xlg,ng; Yng) = §log (1 + B} ) (362)
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where we have defined

[1(Q) = Var(Xig| Xog, Tc) = Aipg (3.63)
(1 —par)
Q) = Var(Xag| X6, To) = — 12 (3.64)
(1= pir)
fg(Q) = VaI'(Xlg‘Tg) + Var<X20|Tg) -+ 200V<X1@, XQ(;"Tg)
= (1= pir) P + (1= p3p) Pa + 2(p12 — prrpar) v/ Pr Pa (3.65)

Finally, evaluating the constraint in (3.33), we conclude that this input distribution

satisfies the constraint in (3.33) iff,

f1(@Q)f(Q)

2 2
2 92,72 )
0%+ L2~
(Z (0% +9%,)

f(Q) < f1(Q) + fo(Q) +

(3.66)

To summarize, the set of rate pairs provided by an input distribution in PE?, with a
covariance matrix @), are given by those in (3.60)-(3.62), where f;(Q), i = 1,2,3, in
those inequalities are subject to the constraint in (3.66). As we have discussed earlier,
from evaluation of step 2 in Section 3.9, we know that all rate pairs contributed by

“) are covered by those given in PLE.

input distributions in Pﬁg(
We now arrive at step 3 of our evaluation. Consider any input distribution

p(t,x1,22) in 73}35“’) with a covariance matrix (). By the definition of the set Pﬁg(b),

we know that @ does not satisfy (3.33), which implies

f1(Q)f2(Q)

2 2

2 92,92 >
O’ ——
( Z + (0%1—0—0%2)

f3(Q) > f1(Q) + f2(Q) + (3.67)
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We also note that for any (7', X, X5) with a covariance matrix @,

Z

Ry < I(Xo;Y|X,,T) < %log (1 + fQU(QQ)) (3.69)
Z

Ri+ Ry < I(X1, X2:Y|T) < %log <1 + f?’;?)) (3.70)
Z

which is a simple consequence of the maximum entropy theorem [14]. Note that so
far, we have not used the fact that the given non-Gaussian input distribution satisfies
the dependence balance constraint in (3.33). We will now make use of this fact by

rewriting (3.33) as follows,

0 < I(X1; Xo|Vry, Vi, T) — I(X1; Xo|T) (3.71)
= I<X1;YF17YF2|X27T) _I(X17YF17YF2|T) (372)
= h(YFl? YFz’leT) + h(YFN YFQ’X27T) - h(YFN YFQ’T) - h(YF17 YFQ’X17X27T)

(3.73)

We express the above constraint as,

hYr,Ye,|T) 4+ h(Yr, Yi,| X1, X0, T) < h(Yp, Y| X1, T) + h(Yr, Yr|Xo, T) (3.74)

Before proceeding, we state a recently discovered multivariate generalization [46] of

Costa’s EPI [10].

Lemma 3.1 For any arbitrary random vector Y € R2?, independent of V € R2,
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where V is a zero-mean, Gaussian random vector with each component having unit
variance, the entropy power N(AY?Y + V) is concave in A, where the entropy power

1s defined as

N(Y) = hY) (3.75)

and A is a diagonal matriz with components (A1, A\2).
We can therefore write for any pair of diagonal matrices A1, A5 and for any u €
[0,1],
UN(AYPY + V) + (1= p)N(AY?Y + V) < N((pAy + (1 = )A2)Y2Y + V) (3.76)

We start by obtaining a lower bound for the first term h(Yp, Yr,|T) in (3.74),

h(Yr,, Y, |T) = /fT(t)h(Y + 20, + Z,|T = t)dt (3.77)

1 _
> /fT(t)Elog ((2#6)20%10%2 + 271'6(0%1 + a%z)eh(Y‘T*t)) dt  (3.78)

1

> ilog ((2me)?0%, 0%, + 2me(0%, + 0%, )e"¥11) (3.79)

where (3.78) follows from the conditional version of Lemma 3.1, by selecting the

following Ay, Ay and p

Al == 5 A2 == (380)
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where

(0%, +0%,)

K= ——5—= (3.81)
0%,0%,
and
2
O-ZQ
p=—5—"5~ (3.82)
(0%, +0%,)
and by making the following substitutions,
A A
Vi=—1, V=2 (3.83)
0'21 O'Z2

where V. = [V} V,)T and Y = [V Y]|T. A derivation of (3.78) is given in the
Appendix. Next, (3.79) follows from the fact that log(e®c; + ¢3) is convex in z for
c1,¢2 > 0 and a subsequent application of Jensen’s inequality [14]!.

We next obtain an upper bound for the right hand side of (3.74) by using the

maximum entropy theorem as,

hYr, Yr,|X1,T)+ h(Yr, Yr| X2, T)

< glog (270 (A(Q)(0%, +0%) +)(B@)0%, +0%) +m)  (3:80)

'We should remark here, that an application of the regular form of vector EPI yields the following
trivial lower bound on h(Yp,, Yr,|T) and therefore, the new EPI is crucial for this step.

1
h(Yp,,Yr,|T) > §log ((27re)20%102Z2)

90



where we have defined
n=o0y0y +oy(0y +0%) (3.85)
Now, using (3.74), (3.79) and (3.84), we obtain an upper bound on h(Y'|T") as follows,
MYIT) < log ((2me)(0% + F(Q)) (3.:56)

where we have defined for simplicity,

f1(@)f2(Q)

2 2
2 92,92 >
oy +
(7% + w2t

Q) = 11(Q) + f2(Q) + (3.87)

Using (3.86), we obtain an upper bound on the sum-rate (X, Xo;Y|T) for any

. e . . DB
non-Gaussian distribution in PNG( ) as,

Ri+ Ry < I(Xy, X Y|T) < %log (1 + ﬂQ)) (3.88)

2
Oz

Comparing with (3.70) and using the fact that @ satisfies (3.67), i.e., f(Q) < f3(Q),

we have the following set of inequalities,

Ri+ Ry < I(Xy, X9 Y|T) < 1log (1 + f(?)) < llog (1 + f3(2Q>> (3.89)
2 oy 2 oy

This leads to the observation that a combined application of the EPI and the de-

pendence balance bound yields a strictly smaller upper bound for I(X;, X5;Y|T) for
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any distribution in Pﬁg ®) than the one provided by the maximum entropy theorem.

) with a co-

Therefore, the rate pairs contributed by an input distribution in Pﬁg(b
variance matrix @) are always included in the set of rate pairs expressed by (3.68),
(3.69) and (3.88), where f(Q) is defined in (3.87).

We now arrive at the final step of our evaluation where we will show that for this

), we can always find an input distribution in PF®, with

input distribution in Pﬁg(b
a set of rate pairs which include the set of rate pairs expressed by (3.68), (3.69) and

(3.88). In particular, we will show the existence of a valid covariance matrix S for

which the following inequalities hold true,

[1(Q) < f1(S) (3.90)
f2(Q) < f2(5) (3.91)
f(Q) < f3(9) (3.92)

and

(3.93)

Inequalities in (3.90)-(3.92) will guarantee that a Gaussian input distribution with
covariance matrix S yields a larger set of rate pairs than the set of rate pairs expressed
by (3.68), (3.69) and (3.88) and the equality in (3.93) guarantees that this input
distribution satisfies the dependence balance constraint with equality, hence it is a

member of the set PE5.
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Before showing the existence of such an S, we first characterize the set of co-
variance matrices ) which satisfy (3.67). First recall that for any @ to be a valid
covariance matrix, we had the condition det()) > 0 which is equivalent to A > 0,

which amounts to

1 — plo = pir — Por + 2017parpr2 > 0 (3.94)

In particular, it is easy to verify that for any given fixed pair (pi7, por) € [—1,1] X

[—1,1], the set of p12 which yield a valid @ are such that,

pirpar — A < pra < pirper + A (3.95)

where we have defined

A=1/(1— pp)(1 — i) (3.96)

We now consider two cases which can arise for a given covariance matrix Q.
Case 1. @ is such that pjs = pirpar — «, for some a € [0, A]: This case is rather

trivial and the following simple choice of S works,

Py = P = por (3.97)
P13 = pirper (3.98)

Clearly, this S satisfies the dependence balance bound. Moreover, the following in-
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equalities hold as well,

A@Q) < A(S) =1 = pir) P (3.99)
£2(Q) < f2(8) = (1 — por) P (3.100)
Q) < f3(Q) (3.101)
= (1= pip) P+ (1= pir) P> — 204/ PPy (3.102)
< (1= pip) P+ (1= pop) Po (3.103)
= f3(S5) (3.104)

Case 2. @ is such that p12 = pirper + o, for some ag € (0,\] and Q satisfies

(3.67): For this case, we will construct a valid covariance matrix S as follows,

s S
PgT) = P11 PéT) = par (3.105)
P\ = pirpor + o, for some 0 < o < (3.106)

We define a parameterized covariance matrix Q(«) with entries,

pir(a) = pir,  par(a) = por (3.107)

pr2(a) = prrpar + (3.108)

where 0 < a < ag. We now define a function of the parameter « of a valid covariance
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matrix Q(«) as,

g(0) = Q) + £(Q() + JZ?f”f;(fg(a; SBQE)  (3109)
Now note the fact that
g(O) _ (1 - p%T)(l — p%T>P1P2 >0 (3110)

2 2
2 92,92 >
0%+ L2
(0% + et

We are also given that () satisfies (3.67) for some g, which implies that,
g(ag) <0 (3.111)

Now, we take the first derivative of the function g(«), to obtain,

P, P 4o P P, 2
dg(&):_2a< L )_ PPy (1_<g>>_2 BT,
dov (I =p3r) (1 —pir) ( 2 4 9277 ) A

oy +
Z 7 (oz,+0%,)

which implies that g(«) is monotonically decreasing in a. This implies that there

exists an a* € (0, ) such that g(a*) = 0%. We use this a* to construct our new

2We should remark here that the existence of an a* € (0, ag), with g(a*) = 0 can also be proved
alternatively by invoking the mean value theorem, since we have g(0) > 0, g(ap) < 0 and g(«) is a
continuous function of ce. Monotonicity of g(«) in fact proves a stronger statement that such an a*
exists and is also unique.
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covariance matrix S as follows,

S S
PET) = pir, P;T) = par (3.112)

P13 = prrper + o (3.113)

It now remains to check wether S satisfies the four conditions in (3.90)-(3.93). The
condition (3.93) is met with equality, since we have g(a*) = 0. Moreover, fi(Q) =
f1(Q(ap)) < f1(Q(a*)) = f1(S) since f1(Q(«)) is monotonically decreasing in « for

a € [0, A]. Similarly, we also have f»(Q) < f2(S). Finally,

1@ = 11(Q) + @) + DL (3114
(02 + ot

< () + () + L) (3115
(a% + _(0—2211052))

= f3(5) (3.116)

This shows the existence of a valid covariance matrix S which satisfies (3.33) and
yields a set of rates which includes the set of rates of the given non-Gaussian distri-
bution with the covariance matrix Q).

Above two cases show that for any non-Gaussian distribution p(¢,x1,z5) in the
set Pﬁg(b), we can always find a jointly Gaussian triple (T, X1g, Xog) in PEP that
yields a set of rates subsuming the set of rates of the given non-Gaussian distribution.
This consequently completes the proof of the statement that it is sufficient to consider

jointly Gaussian (T, X1, X5) in PEP when evaluating our outer bound.
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The dependence balance based outer bound can now be written in an explicit form

as follows,

(3.117)

where QPP is the set of 3 x 3 covariance matrices of the form (3.57) satisfying,

(@) f(Q)

f3(Q) < L(Q) + f(Q) +

where
- APl
MO=a=
B AP
(@) = (1= pir)
f3(Q) = (1= pip)PL+ (1= p37) Po + 2(pr12 — prrpar) vV Pi Py
and

A =1—pip — par — ply + 2p17p2r P2
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where p19, p17 and por are all in [—1,1].
The cut-set outer bound given in (3.1)-(3.4) is evaluated for the Gaussian MAC

with noisy feedback described in (3.25)-(3.27) as

esiac — | {(Rl,RQ):Rl < “log (1+—2
Z

p€0,1]

< -1 14+ ——
R o (1+ 5222

1 Py + P+ 2pV/Pi P,
R1+R2§§10g(1+ 1T 2t v 2)} (3.123)
0z

We briefly mention what our outer bound gives for the the two limiting values of

the backward noise variances 0% and 07, .

1. 0% ,0% — 0 : this case corresponds to the Gaussian MAC with noiseless feed-

back and the constraint (3.118) simplifies to

f5(Q) < f1(Q) + f2(Q) +

HQPQ) (3.121

Oz
which is simply stating that the sum-rate constraint should be at most as large
as the sum of the individual rate constraints, i.e., another equivalent way of

writing is

llog <1 + f3(Q)) < 1log (1 + fla(Q)) + %log (1 + fi,(@) (3.125)

2 2 2
2 Oz A A

DO |

This is the same constraint as obtained by Ozarow in [45], and our outer bound
coincides with the cut-set bound and yields the capacity region of the Gaussian
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MAC with noiseless feedback.

. 0%1, 0%2 — 00: this case corresponds to very noisy feedback and our outer bound
should collapse to the no-feedback capacity region of the Gaussian MAC. For

this case, the constraint (3.118) simplifies to,

f(Q) < [1(Q) + f2(Q) (3.126)

On substituting the values of f1(Q), f2(Q) and f3(Q) in the above inequality,

we obtain
(1= 2P+ (1= )Py (A
(p12 — pirpar) < 1 2\l/m a2 i 1 (3.127)
<0 (3.128)

where the last inequality comes from the fact that for any valid covariance
matrix, A < A2 This implies that the dependence balance bound only allows
such covariance matrices () for which pi15 < pi7por. But we know already from
(3.97)-(3.98) that we can always find an S for which we can select pg) = p1rp2r,
which satisfies the dependence balance bound and yields larger rates than any
@ with p1o < pirpor. Thus, we only need to restrict our attention to those
matrices ) for which p1o = pirpor. Such covariance matrices () correspond to
those jointly Gaussian triples which satisfy the Markov chain X; — T — Xo.

This can be observed by noting that for any jointly Gaussian (7', X, X3), with

a covariance matrix ), the condition I(X;; X5|T") = 0 holds iff Var(X;|T) =
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Var(X;| X3, T), which is equivalent to pjo = p1rper. Proof of this statement is

immediate by noting that for a jointly Gaussian triple, we have

1 Var(X;|T)
1(Xy: Xo|T) = =1 12
(X33 Xo[T) = log (Var(X1|X2,T) (3.129)

Therefore, T' can be interpreted simply as a timesharing random variable and our

outer bound yields the capacity region of the Gaussian MAC without feedback.

Figure 3.7 illustrates DBMAC, the cut-set bound and the capacity region without
feedback for the cases when 0% = 0} = 2, 5 and 10, where P, = P, = 03 = 1.
Figure 3.8 illustrates DB, j,ilc, the cut-set bound, the capacity region without feedback
and an achievable rate region based on superposition coding [65] for the case when

03, =03 =03and Py =P, =0} = 1.

3.10.1 Remark

For the special case of Gaussian MAC with common, noisy feedback, where
Yp, =Yp, =Y +V (3.130)

the evaluation of DBNAC follows in a similar manner as in the case of different noisy
feedback signals. The only difference arises in the application of the EPI. In particular,
the regular EPI [14] suffices to provide a non-trivial upper bound on I(X;, Xo; Y |T)
than the one provided by the maximum entropy theorem [14]. The remainder of the

proof of evaluation of our outer bound for this channel model follows along the same
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Figure 3.7: Illustration of outer bounds for P, = P, = 0 = 1 and 03 = 0%, =

2,5, 10.
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Figure 3.8: Illustration of outer bound and an achievable region based on superposi-
tion coding for Py = P, = 03 = 1 and 0 =07, = 0.3.
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lines as the proof for different noisy feedback signals. The final expressions of outer
bounds for these two channel models only differ over the constraint (3.118). For the
case of common, noisy feedback, the set QP” comprises of 3 x 3 covariance matrices

of the form (3.57) satisfying,

f1(Q)f2(Q)

o2 o) (3.131)

f5(Q) < f1(Q) + f2(Q) +

Now consider the Gaussian MAC with different noisy feedback signals Y and Yp,
at the transmitters 1 and 2, respectively. If the variances of feedback noises Z; and
Zy are such that, 03 = 0% = o}, then the dependence balance constraint (3.118)

simplifies as

(3.132)

This implies that if a covariance matrix @) satisfies the constraint (3.131), then it also
satisfies (3.132) but the converse statement may not always be true. This means that
the resulting outer bound for the Gaussian MAC with common noisy feedback, with
feedback noise variance o7 can be strictly smaller than the resulting outer bound
for Gaussian MAC with different noisy feedback signals, when the feedback noise

: 2 _ 2 _ 2
variances are oy = 0z, = Oy
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3.11 Evaluation of DBMAC

In this section we will explicitly evaluate Theorem 3.4 for the Gaussian MAC with
user cooperation described by (3.34)-(3.36) in Section 3.7. We start with step 1
and characterize the set of jointly Gaussian triples (T, Xig, Xog) in Pg B For this

purpose, we rewrite (3.43) as follows,

0 < I(X1; Xo|Yp,, Y, T) — I(X1; Xo|T) (3.133)
= I(Xl;Ypl,YF2|X2,T) —I(Xl;Ypl,YF2|T) (3134)
=h(Yp, YR, |X1,T) + h(YR, YR,| X2, T) = h(Yp, YR,|T) — h(YpR, Y| X1, X2, T)

(3.135)

and express the above constraint as follows,

h(YFm YFQ ‘T) + h(YFm YF2|X17 X27 T) < h<YF1 ) YFQ |X1> T) + h<YF1a YFz ‘XQ, T)

(3.136)
Making use of the following equalities,
1
h(Yr, Yr| X1, X0, T) = 5log ((2#6)20%10%2) (3.137)
1
W(Yr, Y| X1, T) = Slog ((2me)oZ,) + h(Yr [ X4, T) (3.138)
1
W(Yr, Vi | X2, T) = Slog ((2m€)%,) + h(Yr,| X5, T) (3.139)
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we obtain a simplified expression for (3.136) as,

h(YF17 YFz’T> < h‘(YFl ‘Xlu T) + h(YF2’X27 T) (3140)

We further simplify (3.140) as follows,

0 < h(Yr|X1,T)+ h(Yr| X2, T) — h(Yr, Yi,|T) (3.141)
=h(Yr|X1,T) + h(Yr| X2, T) — (YR, |T) — h(Yr,|YE,, T) (3.142)
= —I(Yp; Xu|T) + h(YR, | X2, T) — h(YR|Yr,, T) (3.143)
= —1(Yp,; Xa|T) + h(YR,| X2, Yr,, T) — h(YE, YR, T) (3.144)
= —I(Yp: Xi|T) — I(Yr,; Xo|Ve, T) (3.145)

where (3.144) follows from the Markov chain Yp — Xy — (T,Yg,). Therefore, the

dependence balance constraint in (3.43) is equivalent to following two equalities,

[(Yr:; X3|T) = 0 (3.146)

[(YF2;X2|YF1,T) =0 (3147)

Next, we show that if any jointly Gaussian triple (7', X1, X5) satisfies the constraints
(3.146)-(3.147) then it satisfies the Markov chain X; — T"— X,. Conversely, we will
show that if any jointly Gaussian triple (T, X1, X3) satisfies X; — T — X, then it
satisfies (3.146)-(3.147).

We start by evaluating (3.146) and (3.147) for a jointly Gaussian (T¢, X1a, Xaoq)
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which is equivalent to,

0= [(\/ h21X2G + Zl; X1G|TG) (3148)
O = I(\/ h12X1G + ZQ, XZGl\/ h21X2G + Zla TG) (3149)

These equalities are equivalent to

COV(XlG,ng|Tg) =0 (3150)

Using the same argument as in (3.129), we obtain the following condition

p12 = pirpP2r (3.151)

This implies that a jointly Gaussian triple satisfies (3.146)-(3.147) iff p1o = pirpor.
On the other hand, consider any jointly Gaussian triple (T¢, Xi1g, X2¢), with a
covariance matrix () which satisfies the Markov chain X 5 — Ty — Xog. This is

equivalent to I(Xi¢; Xog|Te) = 0, which is equivalent to

P12 = PiTpP2T (3.152)

This implies that if a jointly Gaussian triple (T, X, X5) satisfies the Markov chain
X1 — T — Xy, then it satisfies (3.152) and therefore it also satisfies (3.146)-(3.147)
and vice versa. As a consequence, we have explicitly characterized the set PEZ, i.e.,

it comprises of only such jointly Gaussian distributions, (Tg, X1g, Xaq), for which
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We can now write the set of rate pairs provided by our outer bound for a jointly

Gaussian triple (Tg, X1¢, Xo¢) in the set PEP as

Ry < I(X16;Y, YR | Xoa, Tc) (3.153)
Ry < I(Xog; Y, YR | X6, T6) (3.154)
Ry + Ry < I(Xig, Xoq; Y, Yr, Y, |TG) (3.155)
Ry + Ry < I(Xig, Xog; Y) (3.156)

where (Tq, X16, Xog) satisfies the Markov chain X6 — T — Xag. Moreover, from
the evaluation of step 2 in Section 3.9, we know that all rate pairs contributed by

a)

input distributions in Pﬁg( are covered by those given in PEFZ. Therefore, we do

not need to consider the set 7?}32 (@)

in evaluating our outer bound.

We now arrive at step 3 of the evaluation of our outer bound where we will show
that for any non-Gaussian input distribution p(¢, z1, xs) € Pﬁg (b), we can always find
an input distribution in PE?, with a set of rate pairs which include the set of rate
pairs of the fixed non-Gaussian input distribution p(t,x,z3). Consider any triple
(T, X1, X5) with a non-Gaussian input distribution p(¢, z1,xs) € Pﬁg(b), with a valid

covariance matrix ). By the definition of the set 73}35(")

, and as a consequence of
(3.151), this covariance matrix has the property that pis # pirper. Moreover, this

non-Gaussian distribution satisfies the dependence balance bound, i.e., it satisfies

(3.146) and (3.147). For our purpose, we only need (3.146). Since I(Yp; X:|T) =0,
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this implies

E[(Vha Xz + Z)X1|T] = E[/ha1 Xo + Z4|T|E[X1|T] (3.157)
ho1 E[Xo| TV E[X:|T] (3.158)

on the other hand, we also have E[(v/ha Xs + Z1)X1|T] = Vho1 E[ X1 X5|T], which

implies

BIX1Xu|T) = E[X,|T)B[X4[T] (3.159)

We will now construct another triple (T', X1, Xy) with a covariance matrix S by

selecting

T = E[X,|T] (3.160)

This particular selection is closely related to the recent work of Bross, Lapidoth
and Wigger [7] where it was shown that jointly Gaussian distributions are sufficient
to characterize the capacity region of Gaussian MAC with conferencing encoders.
Although, we should also remark that when evaluating our outer bound for user
cooperation, we do not have a conditionally independent structure among (7', X5, X3)
to start with. This structure arises from the dependence balance constraint (3.43),
permiting us to use this approach.

Returning to (3.160), we note that 7" is a deterministic function of T and therefore,
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following is a valid Markov chain.

T —T— (X1,X5) = (Y. Y, Ys,)

(3.161)

We will now obtain the off diagonal elements of the covariance matrix S of the triple

(T, X1, X3) as follows,

E[X\T'] = Ef|[E[X,T|T]|
= Er[E[X1|T|E[X:|T]]

= Var(T')

and

E[X,T'] = Ef[E[X,T |T]]

— Br[EIXIT)ELX,|T])

and finally,

E[X 1 X5] = Er[E[ X1 X,|T]]

— Er[E[X|T]E[X|T]
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where (3.168) follows from (3.159). Therefore, the triple (T, X1, X;) satisfies

E[X\T'|E[X,T"]
EI X1 X5 = 3.169
XXl Var(T") (3.169)
Now using the fact that
E[X1X2] = P12V P1P2 (3170)
E[X\T'| = py\/Pi Py (3.171)

E[XoT'| = pyprn/PoPp (3.172)

and substituting in (3.169) we obtain that the covariance matrix S satisfies

P12 = P11’ Por’ (3.173)

Therefore, from (3.151) any jointly Gaussian (T, X1g, Xa¢) triple with a covariance
matrix S, with entries (pia, pygv, pyr) satisfies (3.43).

We now arrive at the final step of the evaluation. In particular, we will show
that the rates of this jointly Gaussian triple (Té,, Xia, Xo¢) will include the rates of
the given non-Gaussian triple (7', X1, X;). For the triple (Tj;, X1¢, Xo), we have the

following set of inequalities,

I(X16:Y, Y, | Xog, Tg) = h(Y, Y, | Xog, Tg) — WY, Y, | X16, Xoa, Tp) (3.174)
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= h(vVhoXig + Z, Vhio Xaa + Zo|Xoa, T) — WY, Y, | X1a, Xoa, Tpy)  (3.175)

> h(vVhioX1 + Z, Vo X1 + Zo| X0, T') — h(Y, Y, | X16, Xocs Ty (3.176)
> h(VhioX1 + Z,/hia X1 + Zo| Xo, T, T) — (Y, Yp,| X1, Xo, T) (3.177)
= h(\/hioX1 + Z,/hio X1 + Zo| X2, T) — h(Y, Y| X1, X0, T) (3.178)
= [(X1;Y,Yp| X2, T) (3.179)

where (3.176) follows from the fact that (7", X, X,) and (Té,Xlg,ng) have the
same covariance matrix S and by using the maximum entropy theorem. Next, (3.177)
follows from the fact that conditioning reduces differential entropy and finally (3.178)
follows from the fact that 7" is a deterministic function of 7" and by invoking the

Markov chain in (3.161). Similarly, we also have

[(Xoe: Y, Vi [ X160, Tpy) > 1(Xp; Y, Y | X1, T) (3.180)
I[(X16, Xoc; Y. Yy, Y| Tg) > 1(X0, Xo3 Y, Vi, Vi, | T) (3.181)

Finally, we have
(X6, Xo; Y) = MY) = h(Y | X160, Xoq) (3.182)

= h(vV/hoX16 + VhaoXoc + Z) — h(Z) (3.183)

> h(v/hioX1 4+ VhaooXo + Z) — h(Z) (3.184)
= I(X1, X2:Y) (3.185)
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Therefore, we conclude that for any non-Gaussian distribution p(¢, zq,x3) € Pﬁg(b),
there exists a jointly Gaussian distribution p(t,z1,22) € PEP which satisfies the
dependence balance bound (3.43) and yields a set of rates which include the set of
rates given by the fixed non-Gaussian distribution. Hence, it suffices to consider
jointly Gaussian distributions in PE® to evaluate our outer bound.

The dependence balance based outer bound can now be written in an explicit form

as follows,
MAC 1
DBy¢™ = U {(Rl,Rz) t Ry < 5108;(1 + filprir))
(p17,027)€[0,1]%[0,1]
1
Ry < §log(1 + fapor))
1
R+ Ry < §log(1 + fs(pir, par))
1
R+ Ry < §log(1 + f4(p1T7p2T)) } (3186)
where
h h
filpir) = (1= pip) Py (_120 + _;2) (3.187)
0z Oz,
h h
folpar) = (1 — 220) P (— " —) (3.188)
Oz Oz
fs(pir, por) = fi(pir) + fa(par) + (1 = pip)(1 — p3r) PiPaf3 (3.189)
hioP, + hoo P + 2 vV hiohoo Py P.
f4(P1T, pQT) _ ( 10471 20472 ;021TP2T 107120471 2) (3.190)
A
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and

h1oh210% + haoh120%, + highz10%
ﬁ:( 122107 220 ;2‘7? 10/2197,) (3.191)

0707,07,

The cut-set outer bound given in (3.1)-(3.4) is evaluated for the Gaussian MAC

with user cooperation described in (3.34)-(3.36) as

1 h h
CSZZ\]/[CI?C — U {(Rl,Rg) : Rl S élog (]_ + (1 _pQ)Pl (010 + _;2))

2
p€0,1] z 92
1 h h
Ry < Zlog <1 +(1- )P < >+ %))
2 z Oz
1 hio Py + hoo Py + 207/ highoo Py P
R1+R2§§10g(1+ 10171 7 oo 2+2p = 2012)}
Oz

(3.192)

We now mention how our outer bound compares with the cut-set bound for the

limiting cases of cooperation noise variances.

1. 0% ,0% — 0: this case corresponds to total cooperation between transmitters.
In this case, both dependence balance bound and the cut-set bound degenerate

to the total cooperation line,

(3.193)

L hio Py + hoo Py + 2+ h10h20P1P2)

1
R+ Ry < =1 1
1+ 2_20g( 0%

2. 0% ,0%, — oo: this case corresponds to very noisy cooperation links. In this
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case, we have

(1 — pip)hio Py

filprr) = 5 (3.194)

0z

1 — p2. ) hoo P

fa(por) = ( pﬂ;) aiak (3.195)

Oz
fs(p1r, par) = fi(pir) + fo(p2r) (3.196)
< (h10P1 + hoo P + 2p17p2r/ haohao P Ps) (3.197)

5 .
Oz

and the dependence balance bound collapses to the capacity region of the Gaus-
sian MAC with no cooperation. On the other hand, the cut-set bound collapses

to the capacity region of the Gaussian MAC with noiseless feedback [45].

Figure 3.9 illustrates the outer bounds and achievable rate region [53] for the case
when P, = P, = 5,05 = 2 and 0} = 03 = 1 and hyg = hy = hiz = hyy = 1.
Figure 3.10 illustrates the outer bounds for the case when P, = P, = 0% = 1 and
0% =03, =20 and hig = hyy = hip = hsy = 1. For this case, the achievable rate
region does not provide any visual improvement over no-cooperation. Figure 3.11
illustrates these bounds and the achievable rate region for the asymmetric setting
where Py = Py = 0 =l and 03, = 03, = 1 and hyg = hgg = 1, hiy = 3,hyy = 2.
Figure 3.12 illustrates these bounds and the achievable rate region for the one sided
cooperation where P, = P, = 03 = 1 and 0}, = 03, = 1 and hyg = hy = 1,

hia = 2, ho1 = 0.
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Figure 3.9: Ilustration of bounds for P, = P, = 5,05 = 2, 03 = 0y, = 1 and
hig = hog = h1a = hgy = 1.
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Figure 3.10: Illustration of outer bounds for Py = P, = 03 =1, 03, = 03, = 20 and
hig = hog = h1a = hgy = 1.
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Figure 3.11: Illustration of outer bounds for P, = P, = 03 =1, 03, = 0%, = 1 and
hip = hoo =1, hip = 3, hay = 2.
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Figure 3.12: Tllustration of outer bounds for Py = P, = 0} =1, 0}, = 03, =1 and
hio = hao =1, hia = 2, hgy = 0.
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3.12  Evaluation of DB

In this section we will explicitly evaluate Theorem 3.5 for the Gaussian IC with
user cooperation described by (3.44)-(3.47) in Section 3.8. We start with step 1 and
first characterize the set of jointly Gaussian triples (T, X1g, Xoc) in PEE. For this

purpose, we rewrite (3.56) as follows,

h(YF17 YF2 |T) + h(YF17 YF2|X17 X27 T) S h<YF1 ) YF2 |X17 T) + h(YF17 YFQ |X27 T)

(3.198)
Making use of the following equalities,
1
WY, Y| X1, X5, T) = Slog ((2me)*0%,0%,) (3.199)
1
WY, Y| X1, T) = Slog ((2me)oy,) + h(Yr | X1, T) (3.200)
1
h(Yr, Yi,| Xo, T) = 508 ((2me)o%,) + h(Yr,| X, T) (3.201)
we obtain a simplified expression for (3.198) as,
hYr,Yr,|T) < h(Yr| X1, T) 4+ h(Yg,| X2, T) (3.202)
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which can be further simplified as in the derivation of DBIAC to the following two

equalities,

I(Ye: X1|T) =0 (3.203)

I(Yey: Xs|Yp,, T) =0 (3.204)

We next follow the same set of arguments used in Section 3.11 to arrive at the fact
that a jointly Gaussian triple (T, X1, X») satisfies (3.203)-(3.204) iff X; — T — Xs.
We can now write the set of rate pairs provided by our outer bound for a jointly

Gaussian triple (Tg, X1, Xo¢) in the set PEP as

Ry < I(X1g, X2g; Y1) (3.205)
Ry < I(X1g, Xag; Yo) (3.206)
Ry <I(Xi6: Y1, Y2, Yi, | Xoq, T) (3.207)
Ry < I(Xoe: Y1, Ya, Y5 | X1, T) (3.208)
Ry + Ry < (X1, Xog; Y1, Yo, Yi, Y, | T) (3.209)
Ri+ Ry < I(Xig, Xoc; Y1, Ya) } (3.210)

where the triple (T, X1g, Xoq) satisfies the Markov chain X ¢ — T — Xog. More-
over, from the evaluation of step 2 in Section 3.9, we know that all rate pairs con-
tributed by input distributions in Pﬁg @) are covered by those given in PEP. There-

a)

fore, we do not need to consider the set Pﬁg @ ip evaluating our outer bound.

We now arrive at step 3 of the evaluation of our outer bound for the Gaussian 1C
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with user cooperation. Consider any triple (7', X, X3) with a non-Gaussian distribu-
tion p(t, 1, z9) € Pﬁg(b), with a valid covariance matrix (). As in the derivation of

DBg/[é‘C, we first construct another triple (T/, X1, Xy) with a covariance matrix S by

selecting

T = E[X4|T] (3.211)

Following this step, we next make use of the Markov chain

T —T— (X1,X5) = (Y1,Ys, Ve, Vi) (3.212)

to show the existence of a jointly Gaussian (T, X1¢, Xo¢) With a covariance matrix
S and which satisfies (3.56).

We now arrive at the final step of the evaluation. In particular, we will show
that the rates of this jointly Gaussian triple (T}, X1¢, Xa¢) will include the rates of
the given non-Gaussian triple (T, X1, X;). For the triple (T), X1¢, Xa¢), we have the

following set of inequalities,

I(X1a; Y1, Y, Yi | Xog, T) = h(Y41, Ya, Vi, | Xoa, Tiy) — h(Y1, Ya, Vi, | X1, X, T

(3.213)

= h(X1c + N1, VaXig + No, V hio X1¢ + Zo| Xog, T(I;)

— h(Y1, Ya, Yi,| X162, Xog, Tis) (3.214)
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> h((X1 + Ny, VaXy + Ny, Vhia Xy + Zo| X0, T') — h(Y1, Ya, Yi, | X16, Xoc, Tt

(3.215)
> h((X1 4 N1, vVaXy + Noy vV hio X1 + Zo|Xo, T, T) — h(Y1, Ya, Vi, | X162, Xoc, Ty

(3.216)
= h((X1 + N1, vVaX; + No,\/ hio X1 + Z5| X0, T) — h(Y1,Ys, Y, | X1, Xo, T) (3.217)

= I(X;; V1, Ya, Vi | X, T) (3.218)

where (3.215) follows from the fact that (7", X1, X») and (T, X1¢, Xo¢) have the
same covariance matrix S and using the maximum entropy theorem. Next, (3.216)
follows from the fact that conditioning reduces differential entropy and finally (3.217)
follows from the fact that 7" is a deterministic function of 7" and invoking the Markov

chain in (3.212). Similarly, we also have

I(XQG; }/17 }/27 YF1 |X1G7 Té) 2 -[(X27 }/17 }/27 YF1 |X17 T) (3219)

(X1, Xoq; Y1, Yo, Y, Yi, | T) > 1( Xy, X0 Y1, Ya, Y, Vi, | T) (3.220)

Finally, we have

I(X1g, Xoc; Y1) = (Y1) — h(V1]| X1, Xog) (3.221)
= h( X6 + VbXoi + Ni) — h(Ny) (3.222)
> WX, + VbXs 4+ Ni) — h(N;) (3.223)
= (X1, X5: Y7) (3.224)
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and similarly, we also have,

I(Xig, Xog; Ya) > (X1, Xo; Y5) (3.225)

I(XlGaXZG;}/la}/Q) 2 [(X17X27}/171/2) (3226)

Therefore, we conclude that for any non-Gaussian distribution p(¢, x1, ) € PﬁGB (b),
there exists a jointly Gaussian distribution p(t, 1, z2) € PE? which satisfies the de-
pendence balance bound (3.56) and yields a set of rates which includes the set of
rates given by the fixed non-Gaussian distribution. Hence, it suffices to consider
jointly Gaussian distributions in PE® to evaluate our outer bound.

The dependence balance based outer bound can now be written in an explicit form

as,

1
DB{]% _ U {(R17R2> Ry < §1og (1+ filprr, par))

(p1T,p27)€[0,1]%[0,1]

1
Ry < Jlog (1+ fa(pir, por)

Ry < %bg (1+ fs(prir))

Ry < %log (1 + fa(par))

1
Ry + Ry < §1Og (1 + f5(p1r, por))

1
Ri+ Ry < §1og (1 + fﬁ(plT, pQT)) } (3.227)
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where

(Pl + bPQ + 2p1T,02T\/ bplpg)

filpir, par) = 5 (3.228)
o,
aP, + P, + 2 vaP, P,
folpir, par) = @h+ Py plemT 1F2) (3.229)
oX,
2 1 a hlg
fS(PlT) = (1 — IOIT)Pl — t+ 5+ = (3.230)
N N 97

fa(par) = (1= p3p) P <% + % + h_§1> (3.231)

Ny ON, 0z,
(1— P%Tﬂ%T)PlPﬂl - \/%)2

2 2
UngNz

fs(prrs par) = fi(pir, par) + fa(pir, par) + (3.232)

fo(prr, par) = fs(prr) + falpar) + (1 — pip) (1 — p3p) PLPaf3 (3.233)

where

hlghgl (1 — \/%)2 h12 1 b h21 1 a
b=s 5+t 5+ 5o+t )+to |5+ (3.234)
0—210—22 O—]\flo—]\[2 JZQ O-NQ O_Nl UZI UNI O-NQ

The cut-set outer bound given in (3.5)-(3.10) is evaluated for the Gaussian IC

with user cooperation described in (3.44)-(3.47) as

1 P, 4+ bP, + 2p\/bP, P:
csie = | {(Rl,RQ):R1§§10g<1+ s 2:2 PVt 2)
p€[0,1] Ny
1 P+ P, 4+ 2p\/aPy, P.
R2§§10g(1+a 1+ 2‘1‘20@12)
OX
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1 1 a hlg
R < =1 1 1—0PP | — + — + —=
<o (1400 l(a%vfa@*az))
1 b 1 h
RQS—10g<1+(1—p2)P2(T+T+%>>
2 oN, TN, o7,

R+ Ry < %log (1 +hi(p) + () + L2 IARA - JW) } (3.235)

UN10N2

where

_P1+bp2+2p\/bplp2

k(o) g (3236)
Ny
Py + Py + 2p\/aP,P.
ki(p) = 22T 2:2 PVae (3.237)
No

Figure 3.13 illustrates our outer bound, cut-set bound, an achievable rate region
with cooperation [31], capacity region without cooperation [50] for the case when
Pi=P =0} =03 =1land oy =0y =1landa=0b=1and hy = hyy = 2.
Figure 3.14 illustrates the outer bound, cut-set bound and achievable region without
cooperation [49] when Py = P, = 03, = oy, =land oy =0} =landa=0=0.5
and his = hg; = 0.1. Figure 3.15 illustrates our sum rate upper bound and the cut-set

bound as function of h, where h = hyy = hy; and P, = P, = 03, = 03, = 1 and

0y =03, =1,a=b=0.5.

3.13 Conclusions

We obtained new outer bounds for the capacity regions of the two-user MAC with
generalized feedback and the two-user IC with generalized feedback. We explicitly

evaluated these outer bounds for three channel models. In particular, we evaluated
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Figure 3.13: Illustration of bounds for Py = P, = 0}, =0}, =1, 03, =03, =1 and
a=b=1and h12:h21:2.

our outer bounds for the Gaussian MAC with different noisy feedback signals at the
transmitters, the Gaussian MAC with user cooperation and the Gaussian IC with
user cooperation. Our outer bounds strictly improve upon the cut-set bound for all
three channel models.

For the evaluation of our outer bounds for the Gaussian scenarios of interest,
we proposed a systematic approach to deal with capacity bounds involving auxiliary
random variables. This approach was appropriately tailored according to the channel
model in consideration which permitted us to obtain explicit expressions for our outer
bounds. To evaluate our outer bounds, we have to consider all input distributions
satisfying the dependence balance constraint. The main difficulty in evaluating our

outer bounds arises from the fact that there might exist some non-Gaussian input
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Figure 3.14: Illustration of bounds for for P, = P, = 0}, = 03, = 1, 03, = 03, =1
and a = b= 0.5 and his = hy; = 0.1.
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Figure 3.15: Illustration of sum-rate upper bound and the cut-set bound as a function
of h, where h = h12 = hgl.
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distribution p(t, z1, x2) with a covariance matrix @, such that p(t, x1, z2) satisfies the
dependence balance constraint but there does not exist a jointly Gaussian triple with
the covariance matrix () satisfying the dependence balance constraint. Therefore, the
regular methodology of evaluating outer bounds, i.e., the approach of applying max-
imum entropy theorem [14] fails beyond this particular point. Through our explicit
evaluation for all three channel models, we were able to show the existence of a jointly
Gaussian triple with a covariance matrix S which satisfies the dependence balance
constraint and yields larger rates than the fixed non-Gaussian distribution.

In particular, for the case of Gaussian MAC with noisy feedback, we made use
of a recently discovered multivariate EPI [46], which is a generalization of Costa’s
EPI [10]. It is worth nothing that this result could not be obtained from the classical
vector EPI. For the case of Gaussian MAC with user cooperation and the Gaussian
IC with user cooperation, our proof closely follows a recent result of Bross, Wigger

and Lapidoth [7] and [60] for the Gaussian MAC with conferencing encoders.

3.14 Appendix

3.14.1 Proof of Theorem 3.1

We will prove Theorem 3.1 by first deriving an upper bound for R; as

nRy = H(W,) = H(W,|Wy) (3.238)

= [(Wy; Y™ YR Wa) + H(W, [Wa, Y™ YE) (3.239)
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< I(W Y™ YR |Wa) 4 nel™ (3.240)
I(W3 Ys, Y| Wo, YL YD) + el (3.241)
1

i

(H(Y;, Vi Wa, YY) = H(Y:, Y| W, Wa, YL YY) 4 nel” (3.242)

NE

1

<.
I

(H(Y;, Y| Wa, Xo, YL V) — H(Y:, Vi | Xog, Wi, Wa, YL YY) + ne(ln)

I

s
l
—

(3.243)

3

IN

(H(}/’M YF2i|X2i7 ng‘;l) - H<Y;a YFQilXQia W17 W27 Yi_l? Y}%—l)) + ne(ln) (3244>
1

.
I

(H(Y;, Y| Xoi, Vi) = H(Yi, Yirgs| X i, Xog, Wi, Wa, YU YiE)) 4 el

I

=1
(3.245)
_ i(H(Yg, Y| Xoi, Yir 1) = H (Y3, Vi X1, Xog, Yio 1)) + nel (3.246)
=1
— zn: [(X15; Y, Y X, Yio 1) + nel™ (3.247)
i=1
= nl(X10; Yo, Yo | Xag, Q, Y ) + nel” (3.248)
= nl(X1;Y, Ve, | Xo, Tp) + nel™ (3.249)

where (3.240) follows from Fano’s inequality [14], (3.243) follows from the fact that
Xy; is a function of (Ws, Y};l) and by introducing Xy; in both terms, (3.244) follows
from the fact that conditioning reduces entropy and we drop (W,,Y*™!) from the
conditioning in the first term, (3.245) follows from the fact that conditioning reduces
entropy and by introducing Xj; in the second term and (3.246) follows from the
memoryless property of the channel. Finally, we define X; = X, Xo = Xy,

T =(QYZ "), Th=(Q,YS "), Y =Yg, Y, = Yo and Yg, = Vinq, where Q is a
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random variable which is uniformly distributed over {1,... ,n} and is independent of

all other random variables. Similarly, we have

RQ S ]<X27Y7 YFI|X17T1) (3250)

Rl +R2 S I(XI,XQ;Y7 YF17YF2|T1,T2) (3251)

In addition to (3.251), we also have the following sum-rate constraint which also

appears in the cut-set outer bound,

n(Ry + Ry) = H(Wy, Ws) (3.252)
= [(Wy, Wo; Y™) 4+ H(Wy, Wo|Y™) (3.253)
< T(Wy, Wa; Y™) 4 ne™ (3.254)
= Z Y|V — H(Y;|[Wy, Wa, YY) 4 ne™ (3.255)

n

< (H|Y'™) = HYi| X5, Xog, Wi, Wo, Y7)) +ne™  (3.256)

=1
- i(ﬂ(myil) — H(Yi| X15, Xo)) + ne®™ (3.257)
=1
< Zn:(H(Y;) — H(Y;| X1, Xa:)) + ne™ (3.258)
=1
= ZI(XM,X%Y) + ne® (3.259)
= nl(X1g, X20; Yo|Q) + ne™ (3.260)
< nl(Xig, Xag; Yo) + ne™ (3.261)
= nl(Xy, Xo;Y) + ne®™ (3.262)
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It is necessary to include this seemingly trivial upper bound on the sum-rate. The rea-
son for including this sum-rate upper bound is that one cannot claim that for any in-
put distribution p(ty,t2, 21, x2), we have I(Xy, Xo; Y, Y, Yi, |11, To) < (X3, Xo;Y).
In other words, we cannot claim that the sum-rate bound in (3.262) will always be
redundant. Therefore, by including it, we can make sure that our outer bound is at
most equal to the cut-set outer bound but never larger than it. Although, as we will
see in the proof of Theorem 3.3 for the case of noisy feedback, the sum-rate upper
bound in (3.262) will turn out to be redundant.

The proof of the dependence balance constraint in (3.16) is along the same lines

as in [30] by starting from the inequality

0 < I(Wi; Wa |V, Yi) — I(Wi; Wa) (3.263)

to arrive at

I(Xla X2|T17 TQ) S ](Xla X2|YF17YF2a T17 TQ) (3264)

This completes the proof of Theorem 3.1.

3.14.2 Proof of Theorem 3.2

We will prove Theorem 3.2 by first deriving an upper bound for R; as
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= I(Wis Y7, Y3 YA IWa) + H (Wi |Wa, Y, Y3 V) (3.266)

< I(Wy Y, Y YR |Wa) + nel™ (3.267)

3

T(Wy; Yig, Yai, Y |[Wo, Y7L YL Vi) + neg") (3.268)

1

(2

NE

(H(Yas, Yai, Vs Wa, Vi~ Vi1 Vit
1

(2

— H(Yas, Yoi, Vi Wi, Wo, YL Y51 Vi) + el (3.269)

= (H(}/l’hY’2i7YF2i’W27X2i7}qiilagiluyé;l>

s
Il
_

— H(Yu, Yai, Vi Xois Wi, Wa, Vi1 Y371 Vi) + nel™ (3.270)

3

IN

(H (Yii, Yo, Vil Xoi, Vi)

-
I
_

- H(}/ll7 }/21'7 YFQ’L’|X2’L'7 W17 W27 }/liil7 }/;717 Y;_;l)) + negn) (3271>

S Z(H(}/l’u }/27;; YFQZ"XQZ" Y}Q_l)
i=1

— H(Y14, Yai, Yiyil X1i, Xoi, W1, Wo, Yli_l, }/;_1, Y};l)) + negn) (3.272)

= Z(H(Yu, Yoi, Vi Xoi, Vi ) — H(Yai, Yai, Vi Xui, Xoi, Vi 1)) + nel”  (3.273)

=1

=" I(X03; Y, Yo, Vil Xoa, Yi 1) + el (3.274)
i=1

= nI(X1; Y1, Ya, Y| Xo, To) + nel™ (3.275)

where (3.267) follows from Fano’s inequality [14], (3.270) follows from the fact that
Xo; is a function of (W, Y} ") and by introducing Xy in both terms, (3.271) follows
from the fact that conditioning reduces entropy and we drop (Ws, Y; ™!, Y7 ™1) from the

conditioning in the first term, (3.272) follows from the fact that conditioning reduces
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entropy and by introducing Xj; in the conditioning in the second term and (3.273)
follows from the memoryless property of the channel. Finally, we define X; = X,
Xy = Xog, i = (QYE ), T = (QYE™!), 1 = Yig, Ya = Yag, Y, = Yo
and Yp, = Yp,, where () is a random variable which is uniformly distributed over
{1,...,n} and is independent of all other random variables.

Similarly, we have

RZ S I(XQ;}/&?E?YFJXlaTl) (3276)

Rl + R2 S I(X17X2; }/17}/27YF17YF2‘T17T2) (3277)

and we also have from the cut-set bound

Ry < I(X1, X3 Y1) (3.278)
Ry < I(X3, X5;Y3) (3.279)
R1+R2 S ](X17X2a}/17}/2) (3280)

The proof of the dependence balance constraint is along the same lines as in [30] by

starting from the inequality
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to arrive at

](le XZ’T17 T2) S I(Xla X2|YF17YF27 T17 T2) (3282>

This completes the proof of Theorem 3.2.

3.14.3 Proof of Theorem 3.3

For any MAC-GF, with transition probabilities in the form of (3.28), we will obtain

a strengthened version of Theorem 3.1. We start by obtaining an upper bound on R,

as
— (W Y™ YR YR [Wa) + H(W, [ Wa, Y™ YY) (3.284)
< I(Wy Y™, YR YR W) + nel™ (3.285)
= Z I<W17 Yviu YF1i> YF2i|W27 Yi717 Y}éflv Y}%ﬂ;l) + neg") (3286>
i=1

LWy Y| W, Y7L YL YY) + el (3.287)

M-

i=1

I

(H(YVi W, YL YL YY) = HYG W, Wa, YL YY) + nel™

=1

(3.288)

n

= 3 (H X0 Wo, YL YY) = H (Y X Wi W, YL YL YY)

+ nel™ (3.289)

131



< (HY | Xoi, W, YL YT YY) = H(Yi| Xy, X, We, Wa, YL VAL YD)
i=1

+nel (3.290)

= ST HE X0, Wo, YUY YY) — HYi X0 Xow, Vi L YY) + net™ (3.201)
i=1

< (HYiXan, Vi YY) = HYG X, Xoi, Vi VD) + nel” (3.292)
=1

= (X0 Vil Xon, Vi YY) + net™ (3.293)
=1

= nl(X1g; Yo|Xa0, Q, YE T VE™) + nel” (3.294)

= nI(X1;Y| X2, T) + nel™ (3.295)

where (3.285) follows from Fano’s inequality [14], and (3.287) follows from the follow-

ing Markov chain,

Y, Yii) — Y — (Wi, Wo, YL YL Y 3.296
1 2 Fy Fy

and (3.289) follows from the fact that Xo; is a function of (W, Y5 ), (3.290) follows
from the fact that conditioning reduces entropy, (3.291) from the memoryless prop-
erty of the channel and (3.292) follows by dropping (Ws,Y*™!) from the first term
and obtaining an upper bound. We finally arrive at (3.295) by defining the auxiliary
random variable T' = (Q, Ylgfl, YFQ;I), where () is a random variable which is uni-

formly distributed over {1,...,n} and is independent of all other random variables.
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Similarly, we also have

Ry < I(X2;Y[X3,T) (3.297)

and
Rl + RQ S [(Xl, Xg, Y, YF17YF2|T) (3298)
= I(Xy, X2 Y|T) (3.299)

where (3.299) follows from the Markov chain (Ypg,Yg,) — Y — (X3, X, T). More-

over, as a consequence of (3.299), the sum-rate bound

Ri+ Ry < I(Xy, X2;Y) (3.300)

obtained in (3.262) is redundant for any MAC-GF with transition probabilities in
the form of (3.28). The proof of the dependence balance constraint is the same as in

Theorem 3.1. This completes the proof of Theorem 3.3.

3.14.4 Proof of Theorem 3.4

The main idea behind the strengthening of Theorem 3.1 for user cooperation is to use
the special conditional probability structure of (3.37). Using this conditional struc-
ture, we will obtain an outer bound involving only one auxiliary random variable. We

first note that without any loss of generality, the conditional distributions p(ypg,|%2;)
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and p(ypg,;|r1;) can be alternatively expressed as two deterministic functions [39], [64],

ie.,

Vi = g1(Xai, Z1:) (3.301)

Yiyi = 92(X1i; Zai) (3.302)

where the random variables Zy; and Z,; are independent and identically distributed
for all i € {1,...,n} and are also independent of the messages (W1, W5). We now

prove Theorem 3.4 by first obtaining an upper bound on R; as follows,

nRy = HWy) = H(Wy|Ws) (3.303)
— [(Wy; Y™, YR, Z0Wa) + H(Wy Wy, YT, YR, Z0) (3.304)
< I(Wyi Y™ YR, Z2Ws) + nel™ (3.305)
= [(Wy; ZP|Wa) + L(Wi; Y™ YR [Wa, Z2) + net™ (3.306)
= [(Wy; Y™ Y2 [Wa, Z7) + net™ (3.307)
- i (W Yo, Y Wa, YL YL Z0) 4 el (3.308)
=1

= (H(Y;, Y| Wo, YT Y Z70) — H(Y;, YW, W, YL Y, Z7)
=1

+ nel™ (3.309)

- Z(H<}/Z7 YF2i|W27 X2i7 X§717 Z?’ Yiil’ YIZ;;1>
i=1

— H(Y;, Y[ Wi, Wo, YL YL Z0)) + nel™ (3.310)
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< Z(H(Yz‘> Vil Wa, Xoi, X571, Z0 YL YT
=1

- H<Yv17 Yin‘Xliu X2i7 YI?’;17 Y}?;17 Wh W27 Yi717 ZIL)) + nEgn) (3311>

- Z(H(Y;, Vi Wa, Xop, X371, Z0 YL YY)
=1

— H(Y;, Yia| Xus, Xoi, Vi1, YY) + nel™ (3.312)
= > (H(Y;, Vil Xoi, X571 ViV YW, 27)

=1
— H(Y:, Yii Xuy X, Vi L YY) + nel (3.313)

< (HY Vil Xoi, Vi YEY) = H(Y:, Vil Xui, Xoi, Vi L YY) + nel” (3.314)

=1
=D 1(X0i Yo Vil X0, Vi L Vi) 4 e (3.315)
=1
= nl(X10: Yo, Vil Xag. Q. YA YY) + nel” (3.316)
= nl(X1;Y, Ve, | Xo, T) + nel™ (3.317)

where (3.305) follows from Fano’s inequality [14], (3.307) follows from the indepen-
dence of (Wy, Ws) and Z7, (3.310) follows by adding (Xa;, X2~ !) in the conditioning
of the first term. This is possible since (X2;, X57') is a function of (Wa, Y '). We
further upper bound by introducing (X1;, Xo;, Y}l_l) in the conditioning in the second
term to arrive at (3.311). In (3.312), we use the memoryless property of the channel
to drop (Wy, W, Y1, Z1) from the conditioning in the second term while retaining
(Ve Y5 )

Next, we make use of the special channel structure of (3.37). More specifically,

using (3.301), we observe that Y}l_l is a deterministic function of X3 ' and Z;~* and
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therefore, it is introduced in the conditioning in the first term in (3.313). This is
the crucial part of the proof which enables us to obtain an outer bound involving
only one auxiliary random variable as opposed to two auxiliary random variables.
Next, we upper bound (3.313) by dropping (Ws, Y™, X4~!, Z") from the first term
to arrive at (3.314). Finally, we define T' = (Q,YF?_I,YF%_I), X; = X0, Xo = X,

Y =Yy, Yr, =Yg and Y, = Yr,q, where () is a random variable which is uniformly

distributed over {1, ..., n} and is independent of all other random variables. Similarly,
we have

Ry < I(Xs:Y, Y| X1, T) (3.318)

R1 + R2 S ](Xl,XQ;Y, YF17YF2|T> (3319)

The derivation of the constraint (3.41) is the same as in Theorem 3.1 and is omitted.
Moreover, from the proof of the dependence balance constraint in (3.16), we observe
that Y}:l and Ygl appear together in the conditioning. Therefore, from our earlier

definition of T' = (@, Yg_l, Yg_l), we directly have from the proof of (3.16)

I(X; Xo|T) < I(Xy; Xo|YR, YRy, T) (3.320)

This completes the proof of Theorem 3.4.
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3.14.5 Proof of Theorem 3.5

The idea behind obtaining a strengthened version of Theorem 3.2 for IC with user
cooperation is to use the special transition probability structure of (3.48). Using the

same argument as in the proof of Theorem 3.4, we can express Yr,; and Yp,; as,

Vi = g1(Xai, Z1i) (3.321)

Vi = g2(Xi, Zai) (3.322)

where the random variables Zy; and Z,; are independent and identically distributed
for all i € {1,...,n} and are also independent of the messages (W7, Ws). We now

prove Theorem 3.5 by first obtaining an upper bound on R; as follows,

nRy = H(Wy) = H(Wy|Ws) (3.323)
= I(Wy Y Y Yy, Z0(Wa) + H(Wh W, Y, YY", Yy, Z7) (3.324)
< I(Wy YR Y YR Z0| W) + nel™ (3.325)
= [(Wy; ZP|Wa) + LWy Y Y YR W, Z7) 4 nel™ (3.326)
= [(Wy; Y, Y, YR W, Z0) + ne™ (3.327)
- i T(W; Vi, Yai, Vi W, Vio1 Vi~ L Vi1 Z0) 4+ nel” (3.328)
=1

= Z(H(Yu" Yai, Viyi|[Wo, Vi Y1 Y Z7)
=1

— H(Yas, Yai, Vi Wi, W, V{7 V7L Vi Z0)) +mel™ (3.329)
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== Z(H(}/l'w }/21'7 YF2i|W2; X2i7 X%‘_la Z{la }/1i_17 }/Qi_lv Y};l)
i=1

- H(Yu, )/éiv YF21|W17 W27 leiila Yv2i717 Ylf’;la Z{L)) + negn) (3330>

S Z(H(leza YVQia Yng‘W% X2i> Xgila Z?? Y71i717 }/'21'71’ Yfg‘;l)
i=1

- H(Kza )/VQZW YF2i|Xli7X217 Y]?‘I_17 Y}é‘;la W17 WQ: }/f_l?YZi_l? Z{l)) + ne(ln)

(3.331)
= Zn:(H(levY2i»YF2i!W27X2uX§_1a Zy YL Yy T Y )
=1
— H(Yii, Yai, Vi X s, Xoi, Vi, Vi) + el (3.332)
= Xn:(H(YmY%Yin’X% Xy Y LY LYY T WA, 2
=1
— H(Yis, Yai, Yia| Xuss Xoi, i L YE) + nel™ (3.333)

<N H(Vii, Yai, Vi X, ViU ViY) = H(Yag, Yai, V| Xi, Xoa, Vi Vi) + net™
=1

(3.334)

- zn: 1(X1i; Vi, Yai, Vil Xoi, Yir L, YY) + nel™ (3.335)
i=1

= nl(X10; Y10, Va0, Y| Xog, Q, YE T, YR 4 nel™ (3.336)

= nl(X1; Y1, Ya, Y| Xo, T) + nel™ (3.337)

where (3.325) follows from Fano’s inequality [14], (3.327) follows from the indepen-
dence of (W, Ws) and Z7, (3.330) follows by adding (Xy;, X5 ') in the conditioning
of the first term. This is possible since (X2;, X3 ') is a function of (Wa, Y '). We
further upper bound by introducing (X;, Xy, Y}l’l) in the conditioning in the second

term to arrive at (3.331). In (3.332), we use the memoryless property of the chan-
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nel to drop (Wi, Wo, {1 Yy, Z1) from the conditioning in the second term while
retaining (Y ', Vi ).

Next, we make use of the special channel structure of (3.48). More specifically,
using (3.321), we observe that Y " is a deterministic function of X5~" and Z{~' and
therefore, it is introduced in the conditioning in the first term in (3.333). Next, we
upper bound (3.333) by dropping (Wy, X3 ', Y"1 Yy ~1 Z") from the first term to
arrive at (3.334). Finally, we define T = (Q,Y2 ", Y2 '), X1 = Xig, Xo = Xao,
Yi = Yig, Yo = Yoq, Yp, = Ypg and Yi, = Yg,g, where () is a random variable
which is uniformly distributed over {1,...,n} and is independent of all other random

variables. Similarly, we have

Ry < I(X9;Y1,Ys, Y | X1,T) (3.338)

The derivations of the remaining constraints are similar to the proof of Theorem 2
since both Y}l_l and Y}?;l appear together in the conditioning and 7' can be defined
appropriately without any difficulty. The proof of dependence balance constraint in

(3.56) is the same as in Theorem 3.2. This completes the proof of Theorem 3.5.
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3.14.6 Proof of (3.78)

In the following derivation of (3.78), we have dropped conditioning on 7" = ¢, for the

purpose of simplicity. Substituting (3.80), (3.81), (3.82) and (3.83) in (3.76), we have

N(A?Y + V) = N(VEY + V3, V3)
_ Leh(ﬁY-‘er,VQ)
(2me)

b v

V/ (2me)

We also note the following inequality,

1
h(VKY + Vi) > élog(th(\/EY) + 2me)

1
= Elog(/ie%(y) + 27e)

(3.339)

(3.340)

(3.341)

(3.342)

(3.343)

where (3.342) follows from the scalar EPI [14] and (3.343) follows from the fact that

for any scalar ¢, h(cY) = h(Y) + log(|c|) [14]. Substituting (3.343) in (3.341), we

obtain

N(APY +V) > ( o)

Similarly, we also have

NAY*Y +V) > ( o)
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re2h(Y) 1 27re) 1/2

ke2h(Y) 1 27re) 1/2

(3.344)

(3.345)



Therefore, we have

1/2 1/2 rke?(Y) 4 27e 12
Moreover, the right hand side of (3.76) simplifies to,
1
N((uh + (1= p)A9)'PY + V) = @) VIRV VI 1 mmy 3 12) (3.347)
1
_ %eh“ww(l—umﬂ“wn Vel (3.348)
= ! e V) (3.349)
(2me)y\/ 0%, 0%,
Using (3.345)-(3.349) and substituting in (3.76), we obtain
1/2
</{e2h(Y) + 27Te) < 1 eh(YFl :YFQ) (3350)
(2me) (2me)y /0% 03,

Simplifying (3.350) by substituting the value of x and reintroducing the conditioning

on T = t, we have the proof of (3.78),

1
h(Yr,Yr|T =1t) > ilog ((2me)’0y, 03, + 2me(oy, + J%Z)ehmT:t)) (3.351)
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Chapter 4
On the Capacity of State-Dependent Channels with
Rate-Limited State Information at Receiver and Transmitter

4.1 Introduction

The study of state-dependent channels was initiated by Shannon in [55] where the
channel state information (CSI) is assumed to be available at the transmitter in a
causal fashion. Shannon derived the capacity of this channel by showing that it is
equal to the capacity of another discrete memoryless channel with the same output
alphabet and an enlarged input alphabet of size |X|!7!, where |7 is the size of the
state alphabet.

The case of non-causal CSI at the transmitter was first considered by Kuznetsov
and Tsybakov [40] where achievable rates were provided, although capacity was not
found. Gelfand and Pinsker derived the capacity of the state-dependent channel with
non-causal CSI at the transmitter in their landmark paper [23]. The result of [23] was
used by Costa [9] to evaluate the capacity of a channel with input power constraint and
when the channel is an additive Gaussian state channel corrupted with independent

additive Gaussian noise. This problem is commonly referred to as the dirty paper

142



coding (DPC) problem and has received much attention recently.

Heegard and El Gamal [29] studied state-dependent channels with various modi-
fications regarding the rate-limited knowledge of the state at the transmitter and the
receiver. For the general case when the transmitter is supplied the state information
at a rate R, and the receiver is supplied the state information at a rate R4, an achiev-
able rate was obtained in [29] as a function of (R., R4). So far, for all the cases where
the capacity has been established, the achievable rate proposed by Heegard and El
Gamal has turned out to be optimal [34]. The two seemingly simple cases are still
open:

1) When R, = 0 and we wish to determine the capacity as a function of R,.
This situation corresponds to rate-limited CSI at the receiver (CSIR) and no CSI
at the transmitter (CSIT). Such channels can also be interpreted as a special type
of primitive relay channel [36]. A primitive relay channel is defined by a channel
input X, a channel output Y and a relay output 7', and a set of probability functions
p(y,t|z) for all z € X. In this setting, the relay does not have an explicit coded input
to the channel. Moreover, it is also assumed that there is an orthogonal link of finite
capacity Ry, from the relay to the receiver. Zhang [70] considered this relay channel
and obtained a partial converse for a degraded case. For a comprehensive survey on
related work on primitive relay channels, see [35]. Recently, Kim [36] established the
capacity of a class of semi-deterministic primitive relay channels, for which the relay
output 7' can be expressed as a deterministic function of the channel input X and the
channel output Y, i.e., if T'= g(Y, X). The cut-set upper bound [14] was shown to
be the capacity through an algebraic reduction of the compress-and-forward (CAF)
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achievable rate [12] to the cut-set upper bound. This was the first instance where the
CAF achievability scheme was shown to be capacity achieving for any relay channel.

Ahlswede and Han [2] obtained an achievable rate for the state-dependent channel
with rate-limited CSIR and conjectured it to be the capacity. It follows from the result
of [36] that this conjecture is true for a sub-class of such channels where the state
T can be expressed as a deterministic function of X and Y, ie., T = g(X,Y). An
example of this class is a case when X, T" and Y are all binary, 7' ~ Ber(J) and
independent of X, and the channel is given by Y = X @& T, where & denotes modulo-
2 addition. Note that, in this case, T" is a deterministic function of X and Y, since
T=X®Y. A capacity result following up on the aforementioned modulo additive
noise channel was obtained in [4], where it was assumed that the receiver observes
Y = X@Z and the relay observes a noisy version of the forward noise, i.e., T = Z® Z.
Clearly, if Z = 0, then this channel reduces to the class studied in [36]. However, when
Z # 0, T cannot be written as a deterministic function of X and Y, and this modulo
additive class lies outside of the class of channels considered in [36]. By proving a
converse, it was shown in [4] that CAF scheme is capacity achieving for this modulo
additive case. The remarkable fact was that the capacity was shown to be strictly less
than the cut-set upper bound for certain values of R;. However, it is worth noting
that the converse proved in [4] relied on the modulo additive nature of the forward
channel. We obtain a new upper bound on the capacity of state-dependent channels
with rate-limited CSIR. Our upper bound serves a dual purpose. Firstly, using our
upper bound, we recover the capacity results obtained in [36] for the case where
T = ¢g(X,Y) and the capacity result obtained in [4] for the modulo additive noise
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case. Secondly, we confirm the validity of the conjecture due to Ahlswede-Han [2] for
another class of channels which does not fall into any of the classes considered in [36]
and [4].

2) Secondly, we investigate the case when R; = 0 and we wish to characterize the
capacity as a function of R.. This situation corresponds to rate-limited CSI at the
transmitter and no CSIR. This problem can be interpreted as the rate-limited version
of the Gelfand-Pinsker problem [23]. An achievable rate for this channel model can be
obtained via [29]. We provide a new upper bound on the capacity of state-dependent
channels with rate-limited CSIT and no CSIR.

Using our upper bound, we explicitly characterize the rate-limited CSIT capacity
of a sub-class of the state-dependent channels for which we prove the validity of
Ahlswede-Han conjecture mentioned in case 1). We show that for this sub-class of
state-dependent channels, capacity expressions for both rate-limited CSIT and rate-
limited CSIR channel models are the same. In other words, as far as the rate-limited
CSIT and rate-limited CSIR capacities are concerned, it does not matter whether the
transmitter or the receiver has access to rate-limited knowledge about the channel
state T'. Secondly, we obtain a new upper bound for the capacity of the rate-limited
DPC channel model. We show that for a certain range of values of R., our upper
bound strictly improves upon the upper bound of DPC capacity obtained by Costa [9].
We also provide an evaluation of the achievable rates for this channel model using
the result of [29]. We show that this achievable rate is optimal for limiting values of

R,, i.e., it matches our upper bound as R, — 0 and as R, — oc.
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4.2 State-Dependent Channel Model

A discrete memoryless state-dependent channel is defined by a channel input alphabet
X, a state alphabet 7, a channel output alphabet ) and a transition probability
function p(y|z,t) defined for every pair (z,t) € X x 7. The state sequence T is

assumed to be i.i.d. and is generated according to a fixed distribution p(t).

4.2.1 Rate-Limited CSI at the Receiver

We first consider a state-dependent channel where the receiver is supplied with the
state information at a rate Rq. An (n, M, Ry, P.) code for this channel is defined by a
state encoding function, f, : 7" — {1,2,..., K}, where K < 2" a channel encoding
function, f.:{1,2,..., M} — X" and a decoding function, g : Y" x {1,2,..., K} —
{1,2,..., M}. The transmitter produces a message W which is uniformly distributed
on the set {1,..., M} and transmits it in n channel uses. The average probability
of error is defined as P, = Pr[IW # W]. A rate R is said to be achievable for this
channel if for any € > 0, there exists an (n, M, Ry, P.) code such that R < log(M)/n,
K < 2" and P, < e for sufficiently large n. The capacity of this channel, C(Ry),
is the supremum of all achievable rates R. This channel can also be interpreted as a
special type of relay channel, with the state-encoder acting as a relay and supplying

state information to the decoder via an orthogonal link of capacity R.
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4.2.2 Rate-Limited CSI at the Transmitter

We will next consider a state-dependent channel where the transmitter is supplied
with the state information at a rate R.. An (n, M, R., P.) code for this channel is
defined by a state encoding function, f, : 7" — {1,2,..., K}, where K < 2" a
channel encoding function, f. : {1,2,...,M} x {1,2,..., K} — &A™ and a decoding
function, g : Y" — {1,2,..., M}. The transmitter produces a message W which is
uniformly distributed on the set {1,..., M} and transmits it in n channel uses. The
average probability of error is defined as P, = Pr[W # W]. A rate R is said to be
achievable for this channel if for any e > 0, there exists an (n, M, R., P.) code such
that R < log(M)/n, K < 2"F and P, < ¢ for sufficiently large n. The capacity of

this channel, C'(R,), is the supremum of all achievable rates R.

4.3 The State-Dependent Channel with Rate-Limited CSIR

We will provide a new upper bound on the capacity of state-dependent channels with

rate-limited CSIR and no CSIT (see Figure 4.1).

Theorem 4.1 The capacity of state-dependent channel with rate-limited CSIR, C(Ry),

is upper bounded by UB(Ry), where

UB(Rq) = supmin{/(X,V;Y), [(X;Y|T)}
s.t. I(T, V) < Rd

over p(z)p(t)p(v[t) (4.1)
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Figure 4.1: The state-dependent channel with rate-limited state information at the
receiver.

where the supremum can be restricted over those joint distributions for which |V| <

|T| + 2.

The proof of Theorem 4.1 is given in the Appendix.
Achievable rates for this channel model were obtained by Ahlswede and Han [2]
and can also be obtained via the results of [12,29]. These achievable rates can be

expressed as,

LB(Ry) =sup [(X;Y]|V)
st. I(T;V|Y) < Ry

over p(z)p(t)p(v|t) (4.2)

4.3.1 Comparison with the Cut-Set Upper Bound

Note that the state-dependent channel with rate-limited CSIR and no CSIT can also
be interpreted as a relay channel [12]. The best known upper bound for the relay

channel is the cut-set bound [14], which reduces for the relay channel in consideration
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to [35,36]
CS(Ry) = max min{/(X;Y) + Rq, [(X;Y|T)} (4.3)
p(x

On comparing (4.1) with the cut-set bound in (4.3), it can be observed that our
bound differs from the cut-set bound in the multiple access cut. We will now show
that our upper bound is in general smaller than the cut-set bound. We start by upper

bounding the expression I(X,V;Y) as follows,

I(X,V;Y) = I(X;Y) + I(V;Y|X) (4.4)
= I(X;Y) + H(V|X) — HV|Y, X) (4.5)
= I(X;Y)+ H(V) — HV|Y, X) (4.6)
< I(X;Y)+ H(V) - HVI|T,Y,X) (4.7)
— I(X;Y)+ H(V) — H(V|T) (4.8)
= I(X;Y) + I(T; V) (4.9)
< I(X;Y)+ Ry (4.10)

where (4.6) follows from the fact that V' is independent of X, (4.7) follows from the
fact that conditioning reduces entropy, (4.8) follows from the Markov chain (X,Y) —

T — V and (4.10) follows by using the fact that I(T;V) < R4. Using (4.1) and
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(4.10), we have the following

UB(Ry) < maxmin{/(X;Y)+ Ry, I(X;Y|T)} (4.11)

p(z)

Thus, our upper bound obtained in (4.1) is in general smaller than the cut-set bound
given in (4.3). It was shown in [36] that the cut-set bound is tight for the case when
T = ¢g(X,Y) and is achieved by the CAF achievability scheme. Note the fact that
for this special class of channels, the inequality in (4.7) is in fact an equality and our

upper bound equals the cut-set bound.

4.3.2 The Modulo Additive State-Dependent Channel

A specific modulo additive state-dependent channel with rate-limited CSIR and no

CSIT was considered in [4] for which the channel is given as,

Y=Xa&Z (4.12)

T=Z&7 (4.13)

where X, Y, T, Z and Z are all binary and Z ~ Ber(8), Z ~ Ber(d). Clearly this
channel does not fall into the class of channels studied in [36], where T' can be written
as a deterministic function of X and Y. It was shown that the capacity of this channel

is given by [4, Theorem 1]

C(R)= max 1—H(Z|V) (4.14)

p(v[t):I(T;V)<Rq
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We will show that our bound is equal to the capacity for this class of channels. First,

note that

[(X,V;Y)=H(Y) - HY|X,V) (4.15)
=H(Y)—-H(Z|V) (4.16)
<1-H(Z|V) (4.17)

where (4.17) follows by the fact that the entropy of a binary random variable is upper

bounded by 1. Next, consider the other cut,

[(X;Y|T)=HY|T) - H(Y|X,T) (4.18)
= H(Y|T) — H(Z|T) (4.19)
<1- H(Z|T) (4.20)

Moreover, from (4.17) and (4.20), it can be observed that the bound I(X;Y|T) is
redundant since V' — T — Z implies H(Z|T) < H(Z|V'). Hence, our upper bound

reduces to

UB(R,) = max 1—-H(Z|V) (4.21)

p(v]t):1(T;V)<Rq

We should remark that the converse obtained in [4] for this channel utilized the mod-
ulo additive nature of the channel. For such a channel, a uniform distribution on X

makes the channel output Y independent of noise Z, thereby making the proceedings
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in the converse easier. Our upper bound does not rely on the specific nature of the
channel and holds for all state-dependent channels.

We have shown that for all the classes for which the capacity, C(Ry), is known,
our upper bound is tight. To illustrate the usefulness of our bound, we will consider
a state-dependent channel which does not fall into any of these classes and establish

its capacity.

4.3.3 Capacity Result for a Symmetric Binary Erasure Channel with

Two States

We will show that for a particular binary input state-dependent channel with two
states, our upper bound yields the capacity which turns out to be strictly less than
the cut-set bound. The state T" is binary with Pr(7" = 0) = . The channel input X
is binary and channel output Y is ternary. For channel states T'= 0, 1, the transition

probabilities, p(y|x,t), are given as follows (see Figure 4.2),

0 1—€¢ ¢ e 1—¢ 0

e 1—€¢ 0 0 1—€ €

It should be noted that this class of channels does not fall into the class of channels
considered in [36] since T' cannot be obtained as a deterministic function of X and
Y. Moreover, the channel output Y cannot be expressed in the form as Y = X & Z,

for some p(t|z), where @ is modulo-2 addition, since the cardinality of Y is different
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Figure 4.2: A symmetric binary erasure channel with two states.

from the cardinality of X. Hence, the converse technique developed in [4] for modulo
additive relay channels does not apply to this channel. However, our upper bound
holds for any p(y|x,t). We begin by evaluating the achievable rates given by the CAF

scheme in (4.2),

C(Ry) >sup I[(X;Y|V)
st. I(T;V|)Y) < Ry

for some p(z,t,v) = p(z)p(t)p(v|t) (4.22)

We first define Pr(X = 0) = p and obtain the involved probabilities,

Pr(Y =0) = e(a*p) (4.23)
Pr(Y =1)=1—c¢ (4.24)
Pr(Y =2) =¢(1 —axp) (4.25)
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and

and

Pr(Y =0/T=0) =¢(1 —p)
PriY =1T=0)=1—¢

Pr(Y =2|T=0)=¢p

Pr(Y =0T=1)=¢p
Pr(Y =1T=1)=1—¢

Pr(Y =2|T =1) =¢(1 —p)

(4.26)
(4.27)

(4.28)

(4.29)
(4.30)

(4.31)

where we have defined a * b = a(1 — b) + b(1 — a). Furthermore, we also note the

following inequality,

1 1
3 (a,b,c) = Eh(?’)(a, b,c) + §h(3) (¢,b,a)

Using this fact, we have

+c a—+c
<p® (L€
- 2 772

—h(b)+1—b

154

(4.32)
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Also, a uniform distribution on X, yields the maximum entropy for Y, and makes
Y and T independent. Note that the maximum entropy of Y in this case is h(e) + €

which is strictly less than log(3) for all € € [0, 1]. Hence, for a uniform X, we have

HY|V)=H() (4.37)
= h(e) +¢€ (4.38)

We also define,
Ny = Pr(T = 1|V =v), v=1,...,|V| (4.39)

Using this definition, we can write H(Y'|X,V) for any distribution p(x) on X as

follows,

H(Y|X,V) Zp Zp HY|X =,V =) (4.40)
=> p)h® (e, 1= €, (1 = n,)e) (4.41)
= H(U|V) (4.42)

where we have defined a random variable U with [/| = 3 and p(u|t), expressed as a

stochastic matrix B which is given as

e 1—€¢ 0
B = (4.43)

0 1—€ ¢
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Thus, H(Y|X,V) is invariant to the distribution of X. Moreover, by construction,
the random variables (T, U, V') satisfy the Markov chain V' — T — U.
We now return to the evaluation of the rates given by the CAF scheme given in

(4.22). Using (4.38) and (4.42), we have for a uniform distribution on X,

I(X;Y|V)=H(Y|V) - HY|X,V) (4.44)

= h(e) + e — H(U|V) (4.45)

Furthermore, for uniform X, we have I(T;V|Y) = I(T;V), thus the constraint in

(4.22) simplifies to I(T;V) < R4. For simplicity, define the set

L(y) =A{plt) : HT|V) 2 v V=T = U} (4.46)

Using (4.45) and (4.46), we obtain a lower bound on the capacity as

C(Ry) > h(e) + ¢ — inf H(U|V) (4.47)

p(v[t)eL(h(a)—Ra)

We now evaluate our upper bound. Using the fact that min(7(X,V;Y), I(X;Y|T)) <
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I(X,V;Y), we obtain a weaker version of our upper bound in (4.1) as

C(Ry) <supI(X,V;Y) (4.48)
— sup(H(Y) — H(Y|X,V)) (4.49)
< sup(h(e) + e — HY|X, V) (4.50)
= h(e) + e — inf HY|X, V) (4.51)
—h(e)+e—  inf  H(UV) (4.52)

p(v[t)eL(h(@)—Ra)

where (4.50) follows from (4.36), and the sup in (4.48)-(4.50) is taken over all p(x)

and those p(v|t) which satisty I(T;V) < R,.

Hence, from (4.47) and (4.52), the capacity is given by

C(Ry) = h(e) + e — inf  H(U|V 453
(Ba) = he) ¥ €= nediey-ry T UIV) (4.53)

We will now explicitly evaluate the capacity expression obtained in (4.53) and compare
it with the cut-set bound. For this purpose, we need a result on the conditional
entropy of dependent random variables [66]. Let T',U be a pair of dependent random
variables with a joint distribution p(¢,u). For 0 < v < H(T), define the function
G(v) as the infimum of H(U|V'), with respect to all discrete random variables V' such
that H(T|V) = v and the random variables V' and U are conditionally independent

given T'. For the case when T is binary and p(ult), expressed as a stochastic matrix
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B, takes the form in (4.43), we have from [66],

G(y)= inf HUV
% p(v[t)eL(7) wiv)

= h(e) +ev

(4.54)

(4.55)

We will use this result from [66] in explicitly evaluating the capacity in (4.53).

First note that, if Ry > h(«), then

whereas, if Ry < h(a), then

G(h(a) — Rq) = h(e) + e(h(a) — Ry)

Using (4.56) and (4.57), the capacity expression in (4.53) evaluates to,

C(Ry) = €, Ry > h(«a)

€(1—h(a)) +€eRy, Rq < h(a)

which can be written in a compact form as,

C(Ry) = min(e(1 — h(a)) + €Ry, €)

(4.56)

(4.57)

(4.58)

(4.59)

The cut-set bound is obtained by evaluating (4.3) for the channel in considera-

tion. Evaluation of the cut-set bound is straightforward by noting that 7(X;Y") and
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I(X;Y|T) are both maximized by a uniform p(z). For a uniform distribution on X,
we have I(X;Y) = e(1—h(a)) and I(X;Y|T) = e. Hence, the cut-set bound is given

as,

CS(Ry) = min(e(1 — h(a)) + Ry, ¢) (4.60)

The difference between the capacity and the cut-set bound is evident from the first
term in the min operation, i.e., the capacity expression in (4.59) has an e R4 appearing
in the minimum, as opposed to R, appearing in the cut-set bound at the corresponding
place in (4.60). The cut-set bound and the capacity are shown in Figure 4.3 as
functions of Ry for a = 0.3 and ¢ = 0.4.

In conclusion, for this channel which does not fall into the classes of channels
studied in [36] and [4], our upper bound equals the CAF achievable rate, thus yielding

the capacity, which is strictly less than the cut-set bound for R; < h(«).

4.3.4 A Channel with Binary Multiplicative State and Binary Addi-
tive Noise

We will evaluate our upper bound and compare it with the cut-set bound for the case

when X, T and N are binary and the channel is given as,

Y =TX+N (4.61)
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Figure 4.3: Capacity of the binary symmetric erasure channel for « = 0.3 and ¢ = 0.4.

The channel output Y takes values in the set {0,1,2}. The random variables T" and
N are distributed as T' ~ Ber(a) and N ~ Ber(§). This state-dependent channel
does not fall into the sub-class of channels considered in [36]. Moreover, the converse
obtained in [4] does not apply for this channel since the output cannot be written as
a modulo addition.

To evaluate our upper bound, let us define

Pr(X =1)=p, Pr(T'=1) = a, Pr(N=1)=¢ (4.62)

We then obtain H(Y) as follows

H(Y) = h®(Py(0), Py (1), Py(2)) (4.63)
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where

Py(0) =p(1 —a)(1—=48)+ (1 -p)(1-90)
Py (1) = (1 =p)d +p[(1 —a)d +a(l —0)]

Py (2) = pad
and H(Y|X) is obtained as,

HY|X) = (1 -pHN)+pH(T + N)

= (1= p)h(8) + phP((1 = @)(1 = §), @ % 6, ad)
The broadcast cut is obtained as,

I[(X;Y|T) = HY|T) - HY|X,T)

— (1= a)h(6) + ah®((1 = p)(1 — 8),p* 5, p3) — h(5)
The cut-set bound is given by,
CS(Ry) = m;xxmin {I(X;Y)+ Ry, I(X;Y|T)}
We now evaluate our bound by first considering,

[(X,V;Y)=H(Y) - HY|X,V)
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We have already evaluated H(Y') in (4.63). Consider H(Y|X,V):

H(Y|X,V) Z Px(z HY|X =xz,V =) (4.73)
_ZPV HY|X=0,V=0v)+pHY|X =1V =0)] (4.74)
=> Py(v)[(1 = p)H(N) + pH(T + N|V = )] (4.75)
=Y Py(v)[(1 = p)h(8) + pH(T + N|V = )] (4.76)
— Z Py(v)[(1 = p)h(8) + pH(B|V = v)] (4.77)
= (1 =p)h(é) + pH(B|V) (4.78)

where we have defined another random variable B = 7'+ N. We are interested in
lower bounding H(B|V'). We also know that any permissible conditional distribution

p(vlt) satisfies the constraint I(7T; V) < R4. Using this, we also have the following,

H(T|V) > h(e) — Ry (4.79)

Let us also define,

Pry (T =11V =v) = n,, vel ... |V (4.80)

162



We now return to calculating H (B|V)

Pr(B=blV =v) =Y _ Pry(t{v) Pery (blt,v)
t

=(1—=n,)Pr(b|T =0,V =v)+n,Pr(b|T =1,V =)
Since the random variable B takes values in the set {0, 1,2}, we obtain,

Pr(B =0V =v) = (1 =mn)(1 = 9)
Pr(B=1|V =v)=mn,*J

Pr(B =2|V =v) =n,0
We finally obtain,

B’V ZPV 1_771))(1_5)7771)*5:771)6)

(4.81)

(4.82)

(4.83)
(4.84)

(4.85)

(4.86)

For the special case when the additive noise is N ~ Ber(1/2), the above expression

simplifies to
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where (4.90) follows from (4.79). Substituting (4.90) in (4.78) we obtain

H(Y|X,V) = (1 - p)h(6) + pH(B|V) (4.91)
> (1= p)h(5) +p<% (h(a) — Ry) + 1) (4.92)

Continuing from (4.72), we obtain an upper bound on I(X,V;Y) as follows,

I(X,V;Y)=HY)-HY|X,V) (4.93)
< H(Y) = 1- £ (h(a) = Ra) (4.94)

Moreover, the first term appearing in the cut-set bound simplifies to

I(X;Y)+ Ry=H(Y)— H(Y|X) + Ry (4.95)

—H(Y)—1— gh(a) + Ry (4.96)
We thus obtain our upper bound as,

UB(Ry) = max min |H(Y) — 1 — gh(a) + ng, I(X:Y|T) (4.97)

pG[O,l}

whereas the cut-set bound is,

CS(R,) = max min [H(Y) - gh(a) + Ry, [(X:Y|T) (4.98)

pE[O,l]

The difference between the cut-set bound and our upper bound is evident from the
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first term in the min operation, i.e., our upper bound has a pR4/2 term in (4.97), as
opposed to Ry at the corresponding place in (4.98).

Both these bounds along with the CAF rate are illustrated in Figure 4.4 as a
function of R, for the case when o = 1/2 and § = 1/2. We should remark here that
although our bound is strictly smaller than the cut-set bound for certain values of

Ry, it is strictly larger than the rates given by the CAF scheme.

4.3.5 Discussion

Using the fact that min(/(X,V;Y), I[(X;Y]|T)) < I(X,V;Y), and observing that
I(X,V;Y) = 1I(V;Y) 4+ I(X;Y|V), it can be noted that our upper bound in (4.1)

can be further upper bounded as

C(Rq) <sup I(V;Y)+ I(X;Y|V) (4.99)
st. I(T; V) < Ry (4.100)
for some p(z)p(vlt) (4.101)

On the other hand, the capacity is always lower bounded by the CAF rate,

C(Ry) >sup I(X;Y|V) (4.102)
st. I(T;V|Y) < Ryg (4.103)
for some p(z)p(vlt) (4.104)
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Figure 4.4: Comparison of upper bound with cut-set bound when 7', N ~ Ber(1/2).

Now using the following fact,

I(T:V|Y)=H(V|Y) - HVI|T)

=I(T;V) - 1(V;Y)

we can rewrite the CAF lower bound on the capacity as

C(Rq) Zsup I[(X;Y|V)
st. I(T; V) —=I1(V;Y) < Ry

for some p(z)p(v|t)
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We can see that the CAF lower bound on the capacity involves taking a supremum
of I(X;Y|V) subject to the constraint I(T;V) — I(V;Y) < R, whereas our upper
bound involves taking a supremum of a larger quantity I(V;Y) 4+ [(X;Y|V) subject
to a stricter constraint I(7;V) < Ry.

Although these two maximization problems are different, for the class of channels
for which capacity was obtained, at the capacity achieving distribution p(x), we had
I(V;Y) = 0. Thus, for the class of channels considered in Sections 4.3.2 and 4.3.3,
these two maximization problems are equivalent. This observation yields a heuristic
explanation as to why we were able to obtain the capacity for this class of state-

dependent channels.

4.3.6 A New Lower Bound on Critical Ry

In [11], Cover posed a slightly different problem regarding the primitive relay channel.
Considering the capacity as a function of Ry, i.e., C(Ry), first observe the following

facts,

C(0) =sup I(X;Y) (4.110)
p(z)

C(oo) =sup I(X;Y|T) (4.111)
p(z)

Moreover, C(R,) is a nondecreasing function of Ry. Cover posed the following question

n [11]: What is the smallest value of Ry, say R}, for which C(R}) = C(c0)? As an

application of our upper bound, we implicitly provide a new lower bound on R,.
For the class of channels considered in Section 4.3.3, we obtained the capacity. As
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a consequence, we can explicitly characterize R} for this class of channels as h(«).
Furthermore, for the class of channels considered in Section 4.3.4, our upper bound
on the capacity yields an improved lower bound on R than the one provided by the

cut-set bound, which is clearly evident in Figure 4.4.

4.4 The State-Dependent Channel with Rate-Limited CSIT

We will provide a new upper bound on the capacity of state-dependent channels with

rate-limited CSIT and no CSIR (see Figure 4.5).

Theorem 4.2 The capacity of state-dependent channel with rate-limited CSIT, C(R.),

is upper bounded by UB(R.), where

UB(R,) = sup I(U;Y) (4.112)

T—V—(U,X):I(T;V)<R.

The proof of Theorem 4.2 is given in the Appendix.

Heegard and El Gamal proposed the following achievable rates for this channel,
which can be obtained from [29] by substituting Sy = ¢, Sy = ¢ and S, =V, where ¢
is a constant,

LB(R,) = max L(U;Y) = I(U: V) (4.113)

T p(olt)plusalv) I(T5V)<R.
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Figure 4.5: The state-dependent channel with rate-limited state information at the
transmitter.

4.4.1 No CSI at the Transmitter

We now mention what our upper bound implies for the case when R, = 0, which
corresponds to no channel state information at the transmitter. In this case, it is
straightforward to check from LB(R.), by substituting V' = ¢,U = X that the

following rates are achievable

LB(0) > max I(X;Y) (4.114)

p(z)

Whereas, from our outer bound, we note the following identities. Since R, = 0, we
have I(T;V) = 0. From the Markov chain T"— V — (U, X), we have I(T;U, X) <

I(T; V) = 0, which implies that T is independent of (U, X). Finally, we also observe
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that

UB(0) < %{% I(U;Y) (4.115)
< II)&EE% I(U,X;Y) (4.116)
:;Eﬁgl(X;Y)%—[(U;Y\X) (4.117)
= rggc[(X;Y) (4.118)

where I(U;Y|X) = 0 from the following

[(U;Y|X) < I(U;Y, T|X) (4.119)
= [(U;T|X) + I(U; Y| X, T) (4.120)
=0 (4.121)

Moreover, this upper bound is tight and is obtained by the selection U = X. This

establishes the capacity when R, = 0.

4.4.2 The Modulo Additive State-Dependent Channel

For the case when Y = X ® Z, and T = Z @ Z, and |X| = || = K, we can further

upper bound our upper bound to obtain an upper bound for this class of channels
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which was also obtained in [4], as follows,

C(R.) < max I(U;Y) (4.122)
— max H(Y) — H(Y|U) (4.123)
< maxlog(K) — H(Y|U) (4.124)
< maxlog(K) — H(Y|X,U) (4.125)
— maxlog(K) — H(Z|X,U) (4.126)
< maxlog(K) — H(Z|V) (4.127)
—log(K)— min _ H(Z|V) (4.128)

p([t):I(T;V)<Re

where (4.127) follows from the Markov chain Z — T" — V — (U, X)) which implies
I(Z;U,X) < I(Z;V), which in turn implies H(Z|X,U) > H(Z|V).

For the case when X,Y and T are binary, this bound becomes

C(R)<1- min  H(Z|V) (4.129)

p([t):I(T;V)<Re

where Z — T'— V forms a Markov chain. It was shown in [4] that the above upper

bound is tight and matches the achievable rate of [29] for the case when T' ~ Ber(1/2).
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4.4.3 Capacity Result for a Symmetric Binary Erasure Channel with
Two States

We will now consider the class of state-dependent channels considered in Section
4.3.3. For a sub-class of such channels, we will explicitly characterize the capacity

with rate-limited CSIT. We start by further upper bounding UB(R.) as follows,

UB(R,) = max I(U;Y) (4.130)
— max H(Y) — H(Y|U) (4.131)
< maxh(e) + ¢~ H(Y|U) (4.132)
< maxh(e) +e— H(Y|V,U,X) (4.133)
= max h(e) + ¢ — H(U|V) (4.134)
= h(e) + e — inf H(U|V) (4.135)

where (4.132) follows from the fact that H(Y") < h(e) 4 ¢ which was proved in (4.36),
(4.133) follows from the fact that conditioning reduces entropy and (4.134) follows

from easily verifying the following,

H(Y|X,V,U)=H(U|V) (4.136)
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where U is a random variable with |i{| = 3 and p(@|t), expressed as a stochastic
matrix B as,

e 1—¢ 0
B = (4.137)

0 1—€ €
and the random variables (U, T, V) satisfy the Markov chain U — T — V by con-
struction. Following similar steps as in Section 4.3.3, we continue from (4.135) to

arrive at the following upper bound for C(R,),

C(R.) < min(e(1 — h(«)) + €Re, €) (4.138)

We will now show that the upper bound obtained in (4.138) is tight for the case when
a = 1/2 by providing an explicit evaluation of LB(R.) which matches our upper
bound. We revisit the achievable rate stated in (4.113)

LB(R.) = max HU;Y)—-1(U;V) (4.139)

T p(olt)plusalv) 1(T5V)<R.

Given the triple (e, a, R.), we will provide a set of random variables (7',V,U, X)

satisfying the three conditions,

T—-V —(UX) (4.140)
(V,U) - (X,T) =Y (4.141)
I(T;V) <R, (4.142)
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We first select |V| = 2 and choose the conditional distribution p(v|t) as follows,

Pr(V=0T=1)=Pr(V=1T=0)=pn (4.143)

In other words, V' is connected to the channel state T' through a binary symmetric

channel with crossover probability p. For such p(v|t), we have

I(T;V)=h(ax*p) —h(p) (4.144)

—1— h(p) (4.145)

The crossover probability p is chosen such that

1— h(p) = R, (4.146)

so that the condition (4.142) is met with equality. We next select |U| = 2, with U
uniformly distributed on {0,1} and independent of V', i.e., I(U;V) = 0. We finally

select X as a deterministic function of (U, V) as follows,

X=UaV (4.147)
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For this selection of (T, V,U, X), we have

[(U;Y) = I(U;V) = [(U;Y) (4.148)
— H(Y) - HY|U) (4.149)
— h(e) + e — H(Y|U) (4.150)
— h(e) + € — P (e, 1 — €, (1 — p)e) (4.151)
= €(1 = h(p)) (4.152)

where (4.148) follows from the fact that V' and U are independent. The case when
R, > h(a) = 1 corresponds to the classical Gelfand-Pinsker setting [23] and we select

1 = 0 and the resulting lower bound is

LB(R.) =¢€, for R.>1 (4.153)

For the case when R. < 1, we choose u according to (4.146), i.e., u = h™'(1 — R,)

and obtain an achievable rate as follows,

LB(Re) = e(1 = h(p)) (4.154)

= €R, (4.155)
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where (4.155) follows from (4.146). Combining (4.153) and (4.155), we can now write

a lower bound on the capacity as,

C(R.) > min(eR,,¢) (4.156)

whereas from (4.138), we have for a« = 1/2,

C(R.) < min(eR,,¢€) (4.157)

and therefore

C(R.) = min(eR,,€) (4.158)

We should remark here that the capacity of such state dependent channels with rate-

limited CSIR and no CSIT was characterized in Section 4.3.3 as

C(Rd) = min(eRd, E) (4159)

This implies that if the state information is supplied at a fixed rate, then it does not
matter whether this information is available at the transmitter or at the receiver and

the capacity is the same for both channel models.
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4.4.4 Rate-Limited Dirty Paper Coding

We will now provide an upper bound for the case when the forward channel is an
additive Gaussian noise channel and the channel states are also additive and Gaussian

(see Figure 4.6). In particular, the channel is described as
Y=X+T+Z (4.160)

where the channel input X is subject to an average power constraint P, the channel
state T" and the channel input X are independent of Z, where Z is a zero-mean,

Gaussian random variable with variance 0%. Moreover, the state random variable

T is a zero-mean Gaussian random variable with variance c%. The capacity of this

channel is known when the state sequence is non-causally known at the transmitter.

This result was obtained by Costa in [9] and the capacity was found to be

1 P
Cppc = élog (1 + 0_—2) (4161)

Z

We will provide an upper bound for the case when the transmitter is supplied
information about the channel state T at a rate of R,. It is clear that when R, — oo,

this situation corresponds to the setting of [9] and we have

1 P
Z
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Figure 4.6: The rate-limited DPC channel model.

On the other hand, when R, = 0, we know that

c(0) = %log (1 + L) (4.163)

2 2
UZ+JT

which is the capacity of a channel with total Gaussian noise T'+ 7, i.e., when there
is no state information at the transmitter and the state random variable T acts as
additional additive Gaussian noise besides Z.

Capacity of the rate-limited dirty paper channel, i.e., C(R,.) is not known for

0 < R. < oo. Trivial lower/upper bounds for any 0 < R, < oo are

1 P 1 P
§log (1 + 0272) <C(R.) < §log (1 + 0—2> (4.164)

Z

We will show that a strengthened version of our upper bound is strictly less than
Cppc for certain values of R.. The main result of this section is stated in the following

theorem,

Theorem 4.3 The capacity of rate-limited DPC' channel model, C(R.), is upper
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bounded by UB(R.), where,

N =

P+oZ+o7
log (71 "%: ), 0< R <R

UB(R.) = (4.165)
%10g<1+£), R < R, <
The proof of Theorem 4.3 is given in the Appendix.
We now obtain achievable rates for rate-limited DPC. In particular, we will obtain
a potentially sub-optimal evaluation of the following achievable rate given in [29]

LB(R,) = max H(U;Y) — [(U;V) (4.166)

p(v|t),p(u,x|v):I(T;V)<Re

The main idea behind this achievable scheme is a combination of rate-distortion type
coding [14] along with Gelfand-Pinsker type binning [23]. We select the following

auxiliary random variable,
V=T+N (4.167)

where N is a zero-mean Gaussian random variable with variance 0']2([ and is indepen-
dent of T. Here, N can be interpreted as the compression noise. From the constraint

I(T;V) < R., we have

I(T;V)=I(T;T + N) (4.168)
1 o7

= log <1 + —2> <R, (4.169)
2 0%
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From (4.169), we obtain a constraint on the permissible variance ‘712(7 of the compres-

sion noise N as,

v

(4.170)

Z»

e2Re — ]

Next, we select X as a zero-mean Gaussian random variable with variance P, which

is independent of V. We select the random variable U as

U=X+aV (4.171)

We are now ready to evaluate the achievable rates for this selection of random vari-
ables (V, X, U). So far, we have not specified «. We will later optimize «, as a function
of R., to obtain the best possible achievable rate for this selection of auxiliary random
variables.

We start by simplifying the expression in (4.166),

(U;Y) = I(U; V) = h(U|V) — h(U]Y) (4.172)
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We first consider

WUV = h(X + aV|V) (4.173)
= h(X|V) (4.174)
= h(X) (4.175)
= %log(QﬂeP) (4.176)

where (4.175) follows since X and V are selected to be independent. Now consider

WUY) = h(X +aV|X +T + Z) (4.177)
=X +a(T+N)X+T+2) (4.178)
1 Po% + u(a, R.)

S 2 Z — 4.1

106 ((2r0) T2 (1.179)
where
2 2 P 2 2

wla, R) = a*o305 + (1 — a)*Por + a’or(P + o7 + 07) (4.180)

e2Be — 1

Combining (4.176) and (4.179) and substituting in (4.172) we obtain an achievable

rate as a function of «, for any R, as,

1 P(P+ 0% +0%)
LB(R.,a) = Elog ( Po? + u(o, R.) (4.181)

Next, we optimize the above achievable rate with respect to a.. This is equivalent
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to minimizing u(a, R.). We first note that (o, R.) is convex in « and therefore, the
minimum of u(a, R,) is obtainded at o*(R,) where du(a*, R.)/da = 0. We therefore
have the following

P

o 9 | Ptottol
P_'_O—Z + 82R5—1

a*(R,) (4.182)

We substitute (4.182) in (4.181) to obtain a closed form expression for the achievable

rate as follows

LB(R.) = =log

1 P 2 —2R. 2
; ( o +"Z> (4.183)

cr% + 0%6—236

We now consider the two extreme cases for the values of R,.. If R, = 0, then from

(4.182), the optimal selection of « is
a*(0) =0 (4.184)
and the achievable rate is

LB(0) = %log (1 + L) (4.185)

2 2
or+ 03

which yields the capacity C(0). If R, = oo, then the optimal selection of « is

(4.186)
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and the achievable rate is

LB(o0) = %log <1 + ;) (4.187)
7

which yields the DPC capacity Cppc. We should remark here that this a*(oo) is the
same selection used by Costa in [9] to obtain the DPC capacity.

Figure 4.7 shows our upper bound in (4.165), the achievable rate in (4.183), the
DPC upper bound (4.161) and the capacity when R, = 0 in (4.163) for the case when

P =10, 0% =0%=1.

4.5 Conclusions

We obtained a new upper bound on the capacity of state-dependent channels with
rate-limited CSI at the transmitter and rate-limited CSI at the receiver. For the
case of rate-limited CSIR and no CSIT, our upper bound recovers all previous known
capacity results. Using our upper bound, we obtained the capacity of a new sub-class
of such channels and we also showed that it is strictly smaller than the cut-set upper
bound. This result validates a conjecture by Ahlswede and Han [2] for these channels.
For the case of rate-limited CSIT and no CSIR, we showed that our upper bound
matches the upper bound obtained in [4] for modulo additive state channels. For a
particular class of state-dependent channels, we explicitly characterized both rate-
limited CSIR and rate-limited CSIT capacities, C(R4) and C(R.), in Sections 4.3.3
and 4.4.4, respectively. We showed that for this class of state-dependent channels, it

does not matter whether the rate-limited CSI is supplied at the transmitter or the
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Figure 4.7: Tllustration of bounds when P = 10, 0% = 0% = 1.
receiver and the respective capacity expressions are the same.

Furthermore, we evaluated our upper bound for the rate-limited DPC problem.

We showed that for all finite values of (P, 0%, 0%), our upper bound is strictly smaller
than the DPC upper bound for a certain range of R.. We also provided a potentially

sub-optimal evaluation of the achievable rates [29] for the rate-limited DPC problem.

4.6 Appendix

4.6.1 Proof of Theorem 4.1

Let us denote the random variable J as the output of the finite capacity link with

capacity Rg, i.e., J = fs(T™). We will now obtain an upper bound on the rate as
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follows,

nR = H(W)
= I(W; Y™, J)+ HWI[Y™,J)
< I(W;Y" J) + ne,
< I(X™ Y™ J) + ne,
= I(X"Y"J) + ne,
= iI(X”;YZ-U, YY) + ne,
=1
- :H(Y;]J, YLy — H(Y|J, Yi—l,X”)} + ney
<3 [HO) = HOULYL XY + e,

<30 [HO) — HELT Y LX) ey

= > [HO) = HOWLT LX) 4 e,

-3 [0 - AT )

i=1

= Z I(X;, J, TN Y;) + ne,
i=1

=Y I(X;, Vi Vi) + ney
i=1

=nl(X,V;Y) + ne,

(4.188)
(4.189)
(4.190)
(4.191)
(4.192)

(4.193)

(4.194)

(4.195)

(4.196)

(4.197)

(4.198)

(4.199)

(4.200)

(4.201)

where (4.190) follows by Fano’s inequality [14], (4.191) follows from the data pro-

cessing inequality, (4.192) follows from the fact that X™ is independent of 7" and
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is hence independent of J, (4.195) follows from the fact that conditioning reduces
entropy and hence we upper bound by dropping (J, Y1) from the first term. Next,
(4.196) follows by adding T°~! in the conditional entropy in the second term and
obtaining an upper bound, (4.197) follows from the memoryless property of the chan-
nel, i.e., given (X1 T%71) the channel output Y*~! is independent of everything
else and (4.198) follows from the following Markov chain, X~ — (X;, J,T""!) — Y,
where X% = (X', X ,). Finally, (4.200) follows by defining V; = (J, 7% '), and
we introduce a random variable @, uniform on {1,2,...,n} to define X = (X;,Q),
Y =(Y;,Q) and V = (V;, Q) to arrive at (4.201). The proof of the Markov chain used
to arrive at (4.198) is given as follows.
Pr(Y;, X% X;, J, T 1)

Pr(X;, J, T"1)
B >, P(ti)Pr(Y;, X=Xy, J, T )
B Pr(X;, J, T"—1)

Zti P(tz)Pr<Xla J7 Tt |tz)Pr(Y;a Xﬁi|X’L’7 li Jv Tiil)
Pr(X,, J, T 1)

Pr(Y;, X | X;, J, T 1) = (4.202)

(4.203)

(4.204)
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Zti P<tz)Pr(XZa J7 Tt |tz)Pr(Xil|X’L7 li Ja TZ?1>PI’(}/Z|XM li, J7 Tiila Xﬁl)

Pr(Xi> J? Ti_l)

S P(t)Pr(Xy, J, Tt Pr(X | X, Pr(Yi| X, 1, J, T 1)
B Pr(X;, J, T )
S P(t)Pr(X, J, T ) Pr(Y; | X, 1, J T
Pr(X;, J, T 1)

— Pr(X 7| X))

=Pr(X'X;) Y P(t:| X, J, T Pr(Yi| Xi, J, T 1)

ti

= Pr(X Y| X,)Pr(Yi| X;, J, T 1)

(4.205)

(4.206)
(4.207)

(4.208)

(4.209)

In addition to (4.201), we also need the following trivial upper bound on the rate,

nR < I(X"Y",T") 4 ne,
=I[(X™Y"T") + ne,

=Y I(X"YT",Y"") + ne,

=1

=S [HET Vi — BT Y X”)] + e,

=" [HOUIT) = HYGT Y X7 4+ e,

=3 [HOAIT) — HYIT, X)) + ne,
i=1

= I(X; Vi) + ne,

=1

=nl(X;Y|T) + ne,

(4.210)
(4.211)

(4.212)

(4.213)

(4.214)

(4.215)

(4.216)

(4.217)

where (4.210) follows by Fano’s inequality, (4.211) follows because X" is independent
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of T™, (4.214) follows by dropping (Y*~!, T~%) from the conditioning in the first term,
(4.215) follows from the memoryless property of the channel, i.e., given (X;,T;), the
channel output Y; is independent of everything else.

We now obtain a bound on the allowable distributions of the involved random
variables. Using the fact that the CSIR is available at a rate not exceeding R;, we

have that

nRy > I1(T"; J) (4.218)
- Zn: I(T; T (4.219)
_ 27::1(1;; J, 7Y (4.220)
— nI(T;V) (4.221)

where (4.220) follows from the fact that T; are i.i.d.
Combining (4.201), (4.217) and (4.221), we have an upper bound on the capacity,

C(Ry), as

UB(R;) = supmin{l(X,V;Y), I(X;Y|T)}
s.t. I(T;V) < Ry

over p(z)p(t)p(v|t) (4.222)

where it follows from support lemma [16] that the supremum can be restricted over

those joint distributions for which [V| <|7|+2 .

188



4.6.2 Proof of Theorem 4.2

We denote J as the output of the state encoder, ie., J = fi(T™).

obtaining an upper bound on R as,

nR = H(W)
— [(W;Y™) + HW|Y™)

< I(W;Y") + ne,

S IW YY) + ney,
=1

IW, Y 5Y) =) 1YY + ne,

1 =1

-

)

We start by

(4.223)
(4.224)
(4.225)

(4.226)

(4.227)

where (4.225) follows from Fano’s inequality [14]. Moreover, we also have the following

condition from the fact that the state information is available to the encoder at a rate

R,

nR. > H(J)

> I(J;T")

I TIT
i=1

I(J, T4 T)

M-

=1
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where (4.231) follows from the fact that T;s are i.i.d. Finally, we note the following

Markov chain,

T, — (J, 7Y — (W, Y71 X)) (4.232)

This Markov chain is proved as follows,

(T WY X\, T = (T WL, T + (T YL X (W, J, T (4.233)

= [(T; Y"1 XG|W, J, T 1) (4.234)
= [(T; Y W, J, T 1) (4.235)
= [(T; YW, J, X1 1771 (4.236)
=0 (4.237)

where (4.234) follows from the fact that the message W is independent of (J,7"),
(4.235) and (4.236) follow since X" is a function of (W, J), and (4.237) follows from
the memoryless property of the channel, i.e., the following is a Markov chain Y1 —
(X517 — (T, W, ).

We now define

U =W, Y™ (4.238)

Vi=(J, T ) (4.239)
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Returning to (4.227), we have

n

nR<Y IW,Y™hY) =Y IV Y ) + ney,

=1 i=1
< ZI W, Y lY; ) + ne,
< n[(UQ, Q; YQ) + ne,

=nl(U;Y) + ne,
and returning to (4.231), we have

nRe > I(J, T4 7T

i=1

= nI(VQ; TQ‘Q)
=nl(Vg, Q; Tp)

=nl(V;T)

(4.240)

(4.241)

(4.242)
(4.243)

(4.244)

(4.245)

(4.246)
(4.247)

(4.248)

where (4.248) follows from the fact that T;s are i.i.d. and therefore T, is independent

of @, where @ is uniformly distributed over {1,...,n} and is independent of all other

random variables, and we have defined U = (Q, Ugp),

and T' = Tj. Finally, we prove the following Markov chain

T—-V—(UX)
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We prove this Markov chain as follows,

(T U, X|V) = I(T; Ug, @, Xo| Vo, Q) (4.250)
= I(Tq; Ug, Xq| Vo, Q) (4.251)
= Zn;Pf(Q = @) (T Uy, Xo| Ve, Q = q) (4.252)
=0 (4.253)

where (4.253) follows by using the Markov chain in (4.232) for every ¢ = 1,...,n.
We now combine (4.244), (4.248) and (4.249) to express our upper bound on the
capacity of the state-dependent channel with rate-limited state information at the

transmitter as,

UB(R.) = max I(UY) (4.254)

p(v[t),p(ua|v):[(T;V)<Re

4.6.3 Proof of Theorem 4.3

We start by obtaining an upper bound on R as,

nR=H(W) (4.255)
= I(W: Y™, J)+ HWI[Y™,J) (4.256)
< I(W:Y™,J) + ne, (4.257)
=I(W;Y"|J) + ne, (4.258)
= h(Y™[J) — h(Y"|W, J) + ne, (4.250)
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where (4.257) follows from Fano’s inequality [14] and (4.258) follows from the fact
that the message W and the random variable J are independent. The main idea
behind this strengthened upper bound is to consider a larger quantity I(W;Y ™", J) in
(4.257) as opposed to I(W;Y™) in (4.225). This approach will permit us to invoke
the Markov chain X” — J — T™ which will subsequently yield an improved upper
bound.

Returning to (4.259), we will separately obtain an upper bound on A(Y™|J) and

a lower bound on h(Y™|W, J). We start by considering the first term in (4.259),

h(Y™J) = zn: h(Y;|J, Y™ (4.260)
< i h(Y;|J) (4.261)
< glog ((27e)(P + 0% + 0%)) (4.262)

where (4.261) follows from the fact that conditioning reduces entropy and by drop-

ping Y*~! from the conditioning, and (4.262) follows from the following sequence of

inequalities,
n n 1
> i) <> Slog(2meVar(Yi[ J)) (4.263)
i=1 =1
"1
= Z ilog(Zﬂe(Var(XiU) + Var(T;|J) + Var(Z;]J))) (4.264)
=1
"1
<> Slog(2me(Var(X;) + Var(T}) + Var(Z)))) (4.265)

=1
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—~ 1
= Z 5log(27re(\/a,1r(Xi) + 0% +0%)) (4.266)
i=1

< —log ((2me)(P + o7 + 03)) (4.267)

n
2
where (4.263) follows from the maximum entropy theorem [14], (4.264) follows from
the fact that Z™ is independent of (X™, 7" J) and the Markov chain X; — J — T},
which also implies that Cov(X;, T;|J) = 0 for all i = 1,...,n, (4.265) follows from the
fact that expected conditional variance is upper bounded by unconditional variance,
(4.266) follows from the fact that Var(T;) = 0% and Var(Z;) = 0% foralli=1,...,n
and (4.267) follows from the concavity of log function and the average input power
constraint P.

We now consider the second term in (4.259) and obtain a lower bound as,

RO IW, ) > B X W) (4.268)
= h(T" + Z"|\ X", W, J) (4.269)
— (T + 277 (4.270)
> ﬁlog (e%h(TnlJ) + 271'60’%) (4.271)
2
> glog ((2me)(oFe e + 0%)) (4.272)

where (4.268) follows from the fact that conditioning reduces entropy, (4.270) follows

from the Markov chain 7" — J — (X", W) and (4.271) follows from the vector
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entropy power inequality (EPI) [14]. Finally, (4.272) follows from the following,

nR, > H(J) (4.273)
> I(J;T") (4.274)
— h(T™) — h(T"|J) (4.275)
which yields
h(T").J) > g (log(2meo2) — 2R,) (4.276)

and we substitute (4.276) in (4.271) to arrive at (4.272).
We now substitute (4.262) and (4.272) in (4.259) to finally arrive at our upper

bound,

1 P+ 02+ 0%,
=l e 4.2
UB(R.) 508 (U% + 02e2Re (4.277)

When R, = 0, our upper bound is clearly optimal,

1 P+ o2 + 0%,
—¢(0) (4.279)

On the other hand, our upper bound is strictly smaller than the DPC upper bound,
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C(00), for 0 < R, < RS, where

1 P
R = -1 1+ — 4.2
= giog (142, ) (4.250)

For R. > R¢, the DPC upper bound is strictly smaller than our upper bound. There-
fore, we take the smaller of these two bounds and obtain a compact expression for
the upper bound as,

log (-tort72 ) | 0 < R. < R
UB(R,) = <"%+"%“’ B ) (4.281)

llog(l—i—%), R:< R, <

9z
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Chapter 5
Diamond Channel with Partially Separated Relays

5.1 Introduction

The parallel relay network or the diamond channel consists of a transmitter connected
to two relays through a broadcast channel p(y, z|z), where Z is the output of relay
1 and Y is the output of relay 2. The relays are connected to the receiver through a
multiple access channel. The diamond channel differs from the classical relay channel
[12] in the sense that there is no direct link between the transmitter and the receiver.
The diamond channel was introduced by Schein and Gallager in [52], where several
cases of the diamond channel were studied.

In [32], a special class of diamond channel was considered where relay 2 receives
the input X and relay 1 receives Z through a noisy channel p(z|z). Moreover, the
relays are connected to the receiver through an orthogonal multiple access channel.
In other words, relays 1 and 2 have finite capacity, orthogonal links of capacities R,
and R,, respectively, to the receiver. The capacity of this class of diamond channels

was characterized in [32] and was shown to be strictly less than the cut-set upper

bound [14].
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In this chapter, we consider the diamond channel with a general broadcast chan-
nel and an orthogonal multiple access channel as in [32] (see Figure 5.1). For this
class of diamond channels, we establish the capacity when the broadcast channel is
deterministic, i.e., when Y and Z are deterministic functions of X. We show that the
capacity is given by the cut-set bound and is achieved by Gelfand-Pinsker-Marton
coding to the relays. We next consider the case when the broadcast channel is physi-
cally degraded, i.e., when X — Y — Z forms a Markov chain. We provide an upper
bound on the capacity of this class of diamond channels and show that this bound
yields the capacity when in addition to X — Y — Z, the channel model is such that,
Y = f(X) for any deterministic function f. Note that when Y = X, we recover the
result obtained in [32].

We finally consider this class of diamond channel with partially separated relays,
i.e., when the output of relay 2 is available to relay 1. This channel model is equivalent
to the model when there is feedback from the receiver to relay 2. One of the main
contributions of this chapter is to establish the capacity of this model, when a) the
broadcast channel is physically degraded, i.e, when X — Y — Z forms a Markov
chain, and b) the broadcast channel is semi deterministic, i.e., when Y = f(X). For
both these cases, we show that the capacity is given by the cut-set bound. These two
results also show the fact that even feedback to one of the relays strictly increases the

capacity of the diamond channel.
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Z Relay 1

p(y, z|r) Decoder

== Encoder

Relay 2

Y

Figure 5.1: The diamond channel.

5.2  Diamond Channel

M

A diamond channel with a general broadcast channel and an orthogonal multiple

access channel is described by an input alphabet X', two output alphabets ), Z, and

transition probabilities p(y, z|z).

A (n, f, f1, f2,g) code for this diamond channel is described by,

Fo{l . M} an
fr: 2" =AL,. Al
fo: V' = AL LRl)
gL A <Ll = L M)

where f is the encoding function at the transmitter, f; is the encoding function at

relay 1, fo is the encoding function at relay 2, and g is the decoding function at the

receiver.

The transmitter sends X™ = f(M) as the input to the broadcast channel, where

M € {1,...,M} and the message M is decoded as M = g(fi(Z"), fo(Y™)). The
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probability of error is defined as P, = Pr(M # M). A rate triple (R, Ry, R.) is
achievable if for every 0 < € < 1, n > 0, and sufficiently large n, there exists a

(n, f, f1, f2,g) code such that P, <'¢, and,

1
Elog/\/l >R—n (5.5)
1
510g|f1| <R.+n (5.6)
1
510g|f2| <R,+n (5.7)

The capacity C(R,, R.) is defined as the largest R such that (R, R,, R.) is achievable.

5.2.1 Deterministic Broadcast

In this section, we consider diamond channels with deterministic broadcast chan-
nel, i.e., when the channel outputs Y and Z are deterministic functions of X. We

characterize the capacity of this class of diamond channels in the following theorem.

Theorem 5.1 The capacity of the diamond channel, C(R,, R,), with deterministic

broadcast channel is given as,

C(Ry, R,) =maxmin(H(Y,Z),R,+ R.,R,+ H(Z),R,+ H(Y)) (5.8)

p(z)

The converse follows from the cut-set upper bound [14]. To prove the achievability,
we will make use of the capacity region of the deterministic broadcast channel without

common messages [22,44]. The capacity region of a deterministic broadcast channel
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without common messages is given as the set of rate pairs (R, Rq) satisfying,

R, < H(Z) (5.9)
R, < H(Y) (5.10)
Ri+ Ry < H(Y, 2) (5.11)

Now, for any input distribution p(z), consider the expression,

G(p(z)) = min(H(Y, Z), Ry + R., R, + H(Z),R. + H(Y)) (5.12)

Depending on the value of (R, R,), we have four cases (see Figure 5.2):

Case A: If (R,, R,) are such that,

R, < H(Y) (5.13)
R. < H(Z) (5.14)
R, + R. < H(Y,Z) (5.15)

then, we have G(p(x)) = R, + R, and we can achieve a rate of R, + R, for the

diamond channel by using a broadcast channel code with the rates,

Ri=R., R,=R, (5.16)
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Figure 5.2: Achievability for the diamond channel with deterministic broadcast.

Case B: If (R,, R,) are such that,

R, > H(Y|Z) (5.17)
R, > H(Z|Y) (5.18)
R,+ R.> H(Y,Z) (5.19)

then, we have G(p(z)) = H(Y,Z) and we can achieve a rate of H(Y,Z) for the

diamond channel by using a broadcast channel code with the rates,

R =H(Z), R.=H(Y|Z) (5.20)
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or alternatively,

Ry = H(Z|]Y), R,=H(Y) (5.21)

Case C: If (R,, R.) are such that,

R, < H(Y|Z) (5.22)

R, + R. < H(Y,Z) (5.23)

then, we have G(p(z)) = R, + H(Z) and we can achieve a rate of R, + H(Z) for the

diamond channel by using a broadcast channel code with the rates,

Ry =H(Z), Ry,=R, (5.24)

Case D: If (R, R,) are such that, G(p(z)) = R, + H(Y'), then, similar to Case
C', we can achieve a rate of R, + H(Y) for the diamond channel by using a broadcast

channel code with the rates,

Ri=R., R,=H(Y) (5.25)

We remark here that the achievability is counterintuitive since one might have
expected to use the general broadcast channel code with common messages [22], [27],
but as our result shows this is not necessary. We also note here that the cut-set

bound continues to hold when relays are partially separated, i.e., the encoded output

203



of relay 2 is available to both relay 1 and the decoder. Our result also shows that
the capacity of this diamond channel remains the same even if the relays are partially

separated.

5.2.2 Physically Degraded Broadcast

In this section, we consider diamond channels with physically degraded broadcast

channel, i.e., when the channel p(y, z|z) is such that

p(y, z|z) = p(ylz)p(zly) (5.26)

In the following theorem, we provide a new upper bound on the capacity C(R,, R.).

Theorem 5.2 The capacity of the diamond channel, C(R,, R.), with physically de-

graded broadcast channel is upper bounded by the maximum R such that,

R<I(U;2Z)+ I(X:Y|U) (5.27)
R, > H(Y|U,V) — H(Y|X) (5.28)
R. > I(Z;V|U,Y) (5.29)
R,+ R, >R+ 1(Z:V|U,Y) (5.30)

for joint distributions of the form,

p(x,u,y, 2,v) = pu, 2)p(y|z)p(2|y)p(v|z, u) (5.31)
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where [U| < |X|+4, |V| < |X||Z] +4]X] + 3.

Alternatively, the capacity of the diamond channel is upper bounded as,

C(Ry,,R.) <maxmin([(U;Z) + I(X;Y|U),R, + R, — I(Z;V|U,Y)) (5.32)

such that R, > H(Y|U,V) - H(Y|X),R, > I(Z;V|U,Y)

The proof of Theorem 5.2 is given in the Appendix. We next have the following

theorem.

Theorem 5.3 The capacity of the diamond channel, C(R,, R.), with degraded broad-

cast channel, when Y = f(X), is given by the maximum R such that,

R<I(U;2)+ I(X;Y|U) (5.33)
R, > H(Y|U,V) (5.34)
R, > I1(Z;V|U,Y) (5.35)
R,+R.>R+1(Z:V|UY) (5.36)

for joint distributions of the form,

p(x,u,y, 2,v) = pu, 2)p(y|z)p(2|y)p(v|z, u) (5.37)

As a corollary, by setting ¥ = X in Theorem 5.3, we recover the capacity result

obtained in [32].
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The converse for Theorem 5.3 follows from Theorem 5.2. We will directly show

the achievability of I(U; Z) + I(X;Y|U), when,

R, > 1(Z;V|U,Y)

R,+ R.>I(U: Z)+ I(X;Y|U) + I(Z; V|U,Y)

(5.38)

(5.39)

(5.40)

Figure 5.3 shows that this region corresponds to an inverse pentagon, with corner

points (a) and (b), given as,

RYW =1(Z,V|U,Y)

R =1(U; Z) + I1(X;Y|U)

and

RY = [(U; 2)+ 1(Z;V|U)
RY = I(X;Y|U) - I(Y;V|U)

)

= I(X:Y|U) = I(X;V|U)
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Figure 5.3: Achievability for the diamond channel with degraded broadcast.

where in (5.45), we have used the following,

I(X;V|U) = I(X,Y;V|U) = I(Y;V|X,U) (5.46)
— I(X,Y;V|U) (5.47)
= I(Y;V|U) + [(X; V|V, U) (5.48)
= (Y, V|U) (5.49)

where (5.46) follows from the fact that Y = f(X) and (5.49) follows from the Markov

chain, X - Y — (V,U).
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Reliable transmission is possible at a rate I(U; Z)+ I(X;Y|U) at the corner point

(a) only by using relay 2 and using a single-user channel code since

H(U;2)+ I(X;Y|U) < I(U;Y) + I(X;Y|U) (5.50)
= I(X,U:;Y) (5.51)
= I(X;Y) (5.52)

We will now show that reliable transmission is possible at a rate [(U;Z) +
I(X;Y|U) at the corner point (a).

Codebook generation: The encoder generates 2™(i%) y(w;) sequences using
p(u), where wy, = 1,...,2"U%) and for every u sequence, it generates 2"/(X:¥Y1U)

., 2M(XYIU) “The encoder bins the 2 sequences

x(wy,wy) sequences, where wy = 1,..
in 2/ (Y IU)=I(XVIV) hins and the bin index of 2(wy, w,) is denoted as by (z(wy, wy)).
Relay 1 creates 2™ (ZVIU) () sequences using p(v|z,u), where j = 1,...,2"(ZVIU),

To transmit the message (wy, ws), the encoder puts x(w;, ws) as the input to the
channel.

Encoding at relay 1: Upon receiving z, relay 1 decodes w; by decoding the u
sequence. It next searches for a v sequence which is jointly typical with (z,4). Relay
1 transmits the decoded codeword w; and the v sequence. Total rate needed by relay
lis I(U; Z)+ 1(Z; V|U).

Encoding at relay 2: Upon receiving y sequence, relay 2 decodes w; by decoding

the u sequence and proceeds to decode wy by decoding x. Relay 2 transmits the

bin-index of the correctly decoded x sequence, by (x(w;,ws)). Total rate needed by
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relay 2 is I(X;Y|U) — I(X; V|U) = H(Y|U,V).

Decoding: Upon receiving w; and v sequence from relay 1 and the bin index
bx (x(wy,W9)) from relay 2, decoder tries to find a unique ws in the bin bx (z(w, ws))
such that (z(wq, W), u(wy),v) are jointly typical. The decoder can correctly decode

wy with high probability since the number of x sequences in each bin is approximately

2n](X;V|U)_

5.3 Diamond Channel with Partially Separated Relays

We will now consider a variation of the diamond channel, where the relays are partially
separated. In other words, the output of relay 2 is available to relay 1 (see Figure
5.4).

A (n, f, f1, f2,9) code for the diamond channel with partially separated relays is

described by,

ol M) —an (5.53)
Y= ALkl (5.54)
fi: 20 <AL el = {1, A} (5.55)
g:{L .. A <AL el — {1, .., M} (5.56)

where f is the encoding function at the transmitter, f; is the encoding function at
relay 1, fo is the encoding function at relay 2, and ¢ is the decoding function at the

receiver.
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Z

Relay 1

= Encoder p(y, z|z) Decoder M

Figure 5.4: The diamond channel with partially separated relays.

The transmitter sends X™ = f(M) as the input to the broadcast channel, where
M € {1,..., M} and the message M is decoded as M = g(f1(Z", fo(Y™)), fo(Y™)).
The probability of error is defined as P, = Pr(M # M). A rate triple (R, Ry, R.)
is achievable if for every 0 < € < 1, n > 0, and sufficiently large n, there exists a

(n, f, f1, f2,9) code such that P, < ¢, and,

1
Elog/\/l >R—n (5.57)
1
Elog]fl\ <R,+n (5.58)
1
oglfol < By -+ (5.59)

The capacity CP%(R,, R.) is defined as the largest R such that (R, R,, R,) is achiev-

able.

5.3.1 Physically Degraded Broadcast

In this section, we consider the case when the broadcast channel of the diamond

channel is physically degraded, i.e., when, p(y, z|z) = p(y|z)p(z|y). In the following
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theorem, we characterize the capacity of this class of channels.

Theorem 5.4 The capacity of the diamond channel, CPS(Ry,RZ), with physically
degraded broadcast channel and partially separated relays is given as,

C"*(R,, R.) = maxmin(I(X;Y), R, + R., R, + [(X; Z)) (5.60)

p(z)

The converse follows from the cut-set upper bound [14]. We will prove the achiev-

ability as follows. Fix an input distribution p(z) and consider the function,

G(p(x)) = min(I(X;Y), R, + R., R, + I(X; Z)) (5.61)

Figure 5.5 shows all possible cases for the pair (R,, R,). It suffices to show that
reliable transmission is possible at the rate min(/(X;Y), R, + R,, R, + I(X; Z)) at
the three corner points Py, P, and Ps.

Reliable transmission is possible at a rate I(X;Y’) at the corner point P;, when
R, = I(X;Y) and R, = 0 by using a single-user channel code for relay 2 at a rate
I(X;Y). Reliable transmission is possible at a rate 1(X;Z) at the corner point Pj,
when R, = 0 and R, = I(X; Z), by using a single-user channel code for relay 1 at a

rate [(X; 7).

211



RA
I(X;Y)| - et T
Region C | |
R, +I(X Z)i
I(X;7) (9}:3 ....... .é; P, Region B i
". I(X7 Y) :
Region A ’*,’ |
Ry + Rz 0" :
: .‘.gpl

Figure 5.5: Achievability for the diamond channel with degraded broadcast.

Therefore, to complete the achievability, we need to show that reliable transmission

is possible at the rate [(X;Y) when,

R,=I1(X;Y|Z) (5.62)

— [(X:Y) — I(X; 2) (5.63)

R. = I(X;2) (5.64)

The encoder generates 2"(X3Y) 2 sequences, x(w), according to ]}, p(x;(w)), where,

1""’2nI(X;Y X;Y)—I(

w = ) and bins these sequences in 2/ X32)) bins uniformly and

independently. Denote the bin index of z(w) as bj(z(w)), where j = 1,...,2n/(X:Y12)

) 2nI(X;Z)

and the sub-index number of z(w) as ls(z(w)), where s = 1,.. . To transmit

the message w, the encoder puts x(w) as the input to the channel.
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Relay 2 can reliably decode the message w with high probability. Relay 2 transmits
the bin index, b;(x(w)) of the decoded codeword. Relay 1 uses the channel output
sequence z and the bin index b;(z(w)) to decode the message w. Relay 1 can decode
the correct message w with high probability since the number of x sequences in each

bin is at most 27(X:2)

Relay 1 transmits the sub-index number [(z(w)) of the
decoded message.

Decoder receives the bin index b;(w) from relay 2 and the sub-index number
ls(z(w)) from relay 1. The decoder decodes the sub-index Is(x(w)) in the received
bin b;(w) as the correct message.

We remark here that this achievability scheme is closely related to the scheme for
successive encoding of correlated sources [18]. It was shown in [18] for the case of
lossless source coding with partially connected encoders, that the rate-region can be
strictly improved upon the case of separated encoders [3,67]. It is also evident that

due to the fact that relays are partially separated, we can achieve the cut-set upper

bound which is not always achievable when the relays are separated.

5.3.2 Semi-Deterministic Broadcast

We will now consider the case when the broadcast channel of the diamond channel is
such that Y = f(X) for any deterministic function f. In the following theorem, we

characterize the capacity of this class of diamond channels.

Theorem 5.5 The capacity of the diamond channel, C*5(R,, R.) with semi-deterministic
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broadcast channel and partially separated relays is given as,

C”5(R,, R.) = maxmin(I(X; Z) + H(Y|Z),R, + R.,R, + I(X; Z),R. + H(Y))

p(z)

(5.65)

The converse follows from the cut-set upper bound [14]. We will prove the achiev-
ability as follows.
Figure 5.6 shows all possible cases for the pair (R,, R,). It suffices to show that

reliable transmission is possible at the rate

min([(X;Z2)+ HY|Z),R,+ R, R, + I(X;Z),R, + H(Y)) (5.66)

at the four corner points Py, P, P; and Pj.

Reliable transmission is possible at a rate I(X;Z) at the corner point P;, when
R, = I1(X;Z) and R, = 0 by using a single-user channel code for relay 1 at a rate
I(X;Z). Reliable transmission is possible at a rate H(Y) at the corner point P,
when R, = 0 and R, = I(X;Y) = H(Y), by using a single-user channel code for

relay 2 at a rate I(X;Y).
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Figure 5.6: Achievability for the diamond channel with semi-deterministic broadcast.

Now, consider the corner point P3, where we have,

R,=H(Y|Z) (5.67)
R.=1(X;Z) (5.68)
= I(X; Z|Y) + 1(Z;Y) (5.69)
— [I(X;Z2,Y) = I(X;Y)]| + I(Z;Y) (5.70)

where (5.69) follows from the fact that Y = f(X).
The encoder generates 2/ (X:V:%) z(w) sequences, where w = 1,. .., 2M&V2) The
encoder also bins the z(w) sequences in 2"/ (X321Y) hins, where the bin index of the

 onI(X;Z]Y)

sequence z(w) is denoted as b;(z(w)), where j = 1,.. To transmit the

message w, the encoder puts z(w) as the input to the channel.
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Upon observing the channel output y, relay 2 compresses the y sequences at a
rate H(Y|Z) with Z as side-information and transmits the compression bin-index,
where the bin index of y sequence is denoted as by (y). The rate needed by relay 2 is
H(Y|Z).

Upon observing the z sequence from the channel and the bin index by (y) from relay
2, relay 1 first estimates the y sequence. It can estimate the correct y sequence with
high probability since the number of y sequences in each bin is at most 2*/(%Y) | Let
the sub-index of the estimated sequence y in the bin by (y) be denoted as ly (by (y), 2).
Relay 1 then proceeds to decode the message by decoding x by using z and the
estimated y sequence. Relay 1 transmits the bin index of the decoded x sequence,
b;j(z(w)) and the sub-index of the decoded y sequence, ly (by(y),z). The total rate
needed by relay 1is [(X; Z|Y) + 1(Z;Y) = 1(X; 2).

Upon observing by (y) from relay 2 and the pair (ly (by (y), 2), b;(x(w))) from relay
1, the decoder first finds the correct y sequence as the ly (by (y), z)th sub-index in the
bin by (y). It next decodes the message by searching for a unique z(w) in the bin
b;(z(w)) such that (z(w),y) are jointly typical. This is possible since the number of x
sequences in each z-bin is approximately 2n/(X:¥:2) /onl(X:Z]Y) — onl(X3Y) = Therefore,
the decoder can decode the message and reliable transmission is possible at a rate

I(X;Z) + H(Y|Z).
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Now, consider the corner point P,, where we have,

R,=H(Y) (5.71)

R, =1(X;2|Y)=1(X;2,Y) - I(X;Y) (5.72)

For this case, relay 2 can describe the y sequence to both relay 1 and the decoder.
Relay 2 uses z and y to correctly decode the message and transmits the bin-index,
b;j(z(w)) of the decoded x sequence. The total rate needed by relay 1 is I(X; Z|Y).
Upon receiving y sequence from relay 2 and b;(x(w)) from relay 1, the decoder decodes
the message by searching for a unique z(w) in the bin b;(z(w)) such that (z(w),y)
are jointly typical. This is possible since the number of x sequences in each z-bin

Xi¥.2) gl (X5ZIY) — gnl(X3Y) - Therefore, the decoder can decode

is approximately 2™/
the message and reliable transmission is possible at a rate I(X; Z) + H(Y|Z).

We remark here, that the main idea behind achievability of the rate I(X;Z) +
H(Y|Z) at the corner point Pj is to use compress-and-forward at relay 2, where relay
2 compresses its output by using relay 1 output as the side information [36]. This
approach of compress-and-forward to achieve the cut-set bound is different than that
we have seen for the case of physically degraded relay channel, where both relay 1
and relay 2 are able to decode the message.

The capacity of the diamond channel with separated relays when ¥ = X and
Z is a noisy function of X was obtained in [32]. We note that this channel falls in

the class of diamond channels with semi-deterministic broadcast component, since

Y = f(X). Moreover, this channel also falls in the class of diamond channels with
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Figure 5.7: Hlustration of some classes of diamond channels.

physically degraded broadcast component, since X — Y — Z forms a Markov chain.
To observe these inclusions, see Figure 5.7. Now, note that for this channel, it was
shown in [32] that the cut-set upper bound is strictly sub-optimal when the relays are
separated. On the other hand, when the relays are partially separated, we have from
Theorems 5.4 and 5.5, that the cut-set upper bound is optimal. Since the case of
partially separated relays is equivalent to having feedback from the decoder to relay
2, our results therefore show that feedback to even one of the relays strictly improves

the capacity of the diamond channel.

5.4 Conclusions

We considered several variations of the diamond channel with an orthogonal multiple
access component. We established the capacity for the case when the broadcast
channel is deterministic. We next provided an upper bound on the capacity when

the broadcast channel is physically degraded. This upper bound was shown to be
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tight for a sub-class of such channels. We next considered the variation of diamond
channel where the relays are partially separated and established the capacity when
the broadcast channel is a) physically degraded and b) semi-deterministic. For both

of these cases, we showed that the cut-set bound is tight.

5.5 Appendix

5.5.1 Proof of Theorem 5.2

We denote the outputs of relay 1 and relay 2 as,

Jy = fy<Yn)7 Jz = fz(Zn> (573)

We have by Fano’s inequality,

H(W|J,, J.) < nex (5.74)

We start by bounding the rates R, and R.,

nlt, > H(Jy) (5.75)
> H(J,|J.) (5.76)
> I(J,; Y"|J.) (5.77)
— H(Y"|J.) — H(Y"|J,, J.) (5.78)
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=Y HY|L, Y™ ) = HY™"|J,, J.)
i=1

> HY| Y Z0) = H(Y" |y, J.)
=1

> HW|LY'T Z) = ) HYIX) = ne,

=1 =1

where (5.81) follows from,

HY"|J,,J.) < HY", W|J,, J,)
= H(W|J,, J.) + HY™W,J,, J.)
=HW\Jy, J,)+ HY"| X", W, J,, J.)
<ne, + HY" X", J,, J.)

=ne, + »  HY|X", T, L, Y")

i=1

< ne, + Z H(Y;|X;)

=1

(5.79)

(5.80)

(5.81)

(5.82)
(5.83)
(5.84)
(5.85)

(5.86)

(5.87)

where (5.84) follows from the fact that X" is a deterministic function of the message

W and (5.85) follows from (5.74) and the memoryless property of the broadcast

channel.

The second rate constraint is obtained as,

> I(J.; Z2Y™)
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= H(Z"|Y™) — H(Z"|J.,Y™) (5.91)

=Y H(Z|Y:) = H(Z"|].,Y") (5.92)
=1

=Y H(Z YY", Z},) — H(Z"| ., Y") (5.93)
=1

=Y H(Z Y, Y7 Z8) = Y H(Zi ., Y™, 27 (5.94)
i=1 =1

= Z H(Zi‘yi’ Yiila Z?_H) - Z H(Zi"]za Y;, Yiil: Zin-f—lv Yz?—l) (5'95)
i=1 =1

> H(ZY, Y Z0) = Y H(Z)|L, Y, Y Z0) (5.96)
=1 i=1

= I(J Zi|Y:, Y, 20 (5.97)
=1

where (5.93) follows from the memoryless property of the channel and (5.96) follows
from the fact that conditioning reduces entropy. We next bound the sum rate R, + R,

as follows

n(R,+ R,) = H(J,, J,) (5.98)
> I(J,, J. Y™, Z") (5.99)
= I(J,, T Y™ 4 127, Y™ (5.100)
>nR —ne, +1(Z"; Jy, J.|Y") (5.101)
>nR—ne, + 1(Z"; J,]Y") (5.102)
> nR — ne, + i [(Z IV, Vi 20 ) (5.103)

i=1
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where (5.101) follows from the following sequence of inequalities,

I(J,, J.Y™) = I(Jy, Js W, Y™) — I(J,, J.; W[Y™) (5.104)
— [(Jy, ] W, Y™) (5.105)
= I(Jy, W)+ I(Jy, J; Y W) (5.106)
> [(Jy, T W) (5.107)
— H(W) — H(W|J,, J.) (5.108)
> nR — ne, (5.109)

where (5.105) follows from the following Markov chain,

W —=Y" — (Jy,J,) (5.110)

We will now bound the rate of the code as follows,

nR = H(W) (5.111)
— [(W;Y™)+ HW|Y™) (5.112)
= I(W:Y™) + HW|Y™", J,, J.) (5.113)
< I(W;Y™) + H(W|J,, J.) (5.114)
< HY™ — HY"|W) + ney (5.115)
< HY™ — HY"| X", W) + ne, (5.116)
— H(Y") - En: H(Y;|X;) + ney (5.117)

=1
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n

=H(Y") =Y HYi|X;, Y™ Z\) + ne, (5.118)

=1
=Y HYY'™) = HYIX, Y Z) + ne, (5.119)
=1 =1
<> H(ZPy Z)+ > HYIY'T) =Y CHYX, YL ZE) + ney (5.120)
=1 i=1 i=1

n

=D T 2 2+ Y HOY T Z5) = YD HOYGXGL YT 2 + e,
=1

=1 =1
(5.121)
=3 I 28 Z) + ) I(Xs ViYL 20 4 ey (5.122)
=1 =1

where (5.113) follows from (5.110) and (5.121) follows from Csiszar’s sum lemma [16].

Now defining,

U= (Y"1 2Z%,) (5.123)

V= J. (5.124)

We therefore have from (5.81), (5.97), (5.103) and (5.122),

i=1
nR, > i H(Y;|U;, V) — i H(Y;|X;) — ney (5.126)
i=1 i=1
nR, > En:f(vi; Z;|U:, Y7 (5.127)
i=1
n(R, +R,) > nR+iI(Zl~;Vi!Ui,Yi) — ne, (5.128)
=1
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and defining

X=Xg, Y=Yy Z=Z (5.129)
U=(Ug,Q), V=V (5.130)
where @ is uniformly distributed on {1,...,n} and independent of all other random
variables, we arrive at,
R<I(U;Z)+ I(X;Y]|U) (5.131)
R, > HY|U,V)—-H(Y|X) (5.132)
R, > 1(Z;V|U,Y) (5.133)
R,+R.>R+I1(Z;V|U,Y) (5.134)
where the joint distribution of the random variables is as follows,
p(w,u,y, 2,v) = p(z,u)p(ylz)p(z|y)p(v|z, u) (5.135)
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Chapter 6
Secure Source Coding with a Helper

6.1 Introduction

The study of information theoretic secrecy was initiated by Shannon in [54]. Following
Shannon’s work, significant contributions were made by Wyner [68] who established
the rate-equivocation region of a degraded broadcast channel. Wyner’s result was
generalized to the case of a general broadcast channel by Csiszar and Korner [15].
Recently, there has been a resurgence of activity in studying multi-terminal and vector
extensions of [68], [15].

In this chapter, we investigate a secure transmission problem from a source coding
perspective. In particular, we first consider a simple setup consisting of four termi-
nals. Terminal 1 (say Alice) observes an i.i.d. source X™ which it intends to transmit
losslessly to terminal 2 (say Bob). A malicious but passive user (say Eve) gets to
observe the coded output of Alice. In other words, the communication link between
Alice and Bob is public, i.e., insecure. It is clear that since the malicious user gets
the same information as the legitimate user, there cannot be any positive secret rate

of transmission. On the other hand, if there is a helper, say Helen, who observes an
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ii.d. source Y" which is correlated with the source X™ and transmits information
over a secure rate-limited link to Bob, then one can aim for creating uncertainty at
the eavesdropper (see Figure 6.11). For the model shown in Figure 6.1, we completely
characterize the rate-equivocation region. From our result, we observe that the classi-
cal achievablity scheme of Ahlswede and Korner [3] and Wyner [67] for source coding
with rate-limited side information is robust in the presence of a passive eavesdropper.

Secondly, we consider the model where Alice also has access to the coded output
of Helen and completely characterize the rate-equivocation region. We will call this
model the two-sided helper model (see Figure 6.2). From our result, we observe that
the availability of additional coded side information at Alice allows her to increase
uncertainty of the source at Eve even though the rate needed by Alice to transmit
the source losslessly to Bob remains the same. This observation is in contrast with
the case of insecure source coding with side information where providing coded side
information to Alice is of no value [3].

We next generalize the setup of Figure 6.2 to the case when there are both secure
and insecure rate-limited links from Helen and there is additional side information
W™ at Bob and additional side information Z" at Eve. In particular, there is a secure
link of capacity Rs.., whose output is available at Alice and Bob and an insecure link,
of capacity R;,s, whose output is available at all three terminals, i.e., at Alice, Bob
and Eve (see Figure 6.3). The presence of both secure and insecure links from Helen
can be interpreted as a source-coding analogue of a degraded broadcast channel from

Helen where Alice and Bob receive both secure and insecure streams J,.. and J;,s,

'In Figures 6.1, 6.2 and 6.3, secure links are shown by bold lines.
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Figure 6.1: One-sided helper. Figure 6.2: Two-sided helper.

whereas, Eve only receives the insecure stream .J;,s. We completely characterize the
rate-equivocation region for this model when Y — X™ — (W, Z") forms a Markov
chain.

We explicitly compute the rate-equivocation region for the cases of one-sided
helper and two-sided helper for a pair of binary symmetric sources. We show that
having access to Helen’s coded output at Alice yields a strictly larger equivocation

than the case of one-sided helper.

6.2 Related Work

The secure source coding setup shown in Figure 6.1 was considered in [26] where
it was also assumed that Eve has access to additional correlated side information
Z". Inner and outer bounds for the rate-equivocation region were provided for this
setup, which do not match in general. The rate-equivocation region was completely
characterized in [26] for the case when Bob has complete uncoded side information Y
and Eve has additional side information Z". This result also follows from [48] where

a similar three terminal setup was studied and the maximum uncertainty at Eve was
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characterized under the assumption of no rate constraint in the lossless transmission
of the source to Bob. A similar model was also studied in [43] where Bob intends
to reconstruct both X™ and Y™ losslessly. It was shown that Slepian-Wolf binning
suffices for characterizing the rate-equivocation region when the eavesdropper does
not have additional correlated side information. This setup was generalized in [25]
to the case when the eavesdropper has additional side information Z", and inner and
outer bounds were provided, which do not match in general.

In [24], a multi-receiver secure broadcasting problem was studied, where Alice
intends to transmit a source X" to K legitimate users. The kth user has access to a
correlated source Y;", where V' = X" @ B}, for k = 1,... K, and the eavesdropper
has access to Z", where Z" = X" @ E™, and the noise sequences (B}, ..., B}, E") are
mutually independent and also independent of the source X™. Furthermore, it was
assumed that Alice also has access to (Y]",...Y}). For sources with such modulo-
additive structure, it was shown that to maximize the uncertainty at the eavesdropper,
Alice cannot do any better than describing the error sequences (B, ..., B}%) to the
legitimate users. This model is related to the two-sided helper model shown in Figure
6.2; see Section 6.5 for details.

For the model shown in Figure 6.3, when we set R,. = R;,s = 0, i.e., in the
absence of Helen, we recover the result obtained in [48]. Therefore, our result can
also be viewed as a generalization of the result obtained in [48].

By setting R,.. = 0, i.e., in the absence of the secure rate-limited link, the resulting
model is related to the model considered in [17] where the aim is to generate a secret

key between two terminals via an insecure rate-limited two-sided helper. In the model
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Figure 6.3: Secure and insecure links from two-sided helper.

studied in this work, the aim is to securely transmit the source X™ to Bob. Note that,
when R,.. = 0 and W = ¢, both the secret key generation capacity [17] and secure
transmission rate are zero since Eve has access to both J;,s and .J, along with Z".
On the other hand, in the presence of a secure link, i.e., when R, > 0, even when
W = ¢, we can still create uncertainty at the eavesdropper. This is possible since
Helen can choose not to transmit any information on the insecure link and transmit
only a coded description of Y™ by using the secure link at the rate R,.., which plays
the role of a correlated key. Furthermore, being correlated with the source X", the
coded description of Y™ also permits Alice to lower the rate of transmission when

compared to the case of using an uncorrelated secret key, where Alice transmits at a

rate H(X).

6.3 Summary of Main Results

In Section 6.4, we present the rate-equivocation region for the case of one-sided helper.

We show that Slepian-Wolf binning alone at Alice is optimal for this case. We present
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the rate-equivocation region for the case of two-sided helper in Section 6.5. For the
case of two-sided helper, Alice uses a conditional rate-distortion code to create an
auxiliary U from the source X and the coded output V received from Helen. This code
construction is reminiscent of lossy-source coding with two-sided helper [33], [59], [47].
For the case of lossy source coding, a conditional rate-distortion code is used where
U is selected to satisfy the distortion criterion. On the other hand, the purpose of U
in secure lossless source coding is to confuse the eavesdropper. From this result, we
demonstrate the insufficiency of Slepian-Wolf binning at Alice by explicitly utilizing
the side information at Alice. This observation is further highlighted in Section 6.6
where we compare the rate-equivocation regions of two-sided helper and one-sided
helper cases for a pair of binary symmetric sources. For this example, we show that
for all R, > 0, the information leakage to the eavesdropper for the two-sided helper
is strictly less than the case of one-sided helper. We finally generalize the result of
two-sided helper to the case when there are both secure and insecure rate-limited
links from the two-sided helper and additional side informations W and Z, at Bob
and Eve, respectively. The presence of secure and insecure rate-limited links from
Helen can be viewed as a source-coding analogue of a degraded broadcast channel
from Helen to (Alice, Bob) and Eve. We characterize the rate-equivocation region for

this model when the sources satisfy the condition Y — X — (W, Z).
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6.4 One-Sided Helper

6.4.1 System model

We consider the following source coding problem. Alice observes an n-length source
sequence X", which is intended to be transmitted losslessly to Bob. The coded
output of Alice can be observed by the malicious user Eve. Moreover, Helen observes
a correlated source Y™ and there exists a noiseless rate-limited channel from Helen
to Bob. We assume that the link from Helen to Bob is a secure link and the coded
output of Helen is not observed by Eve (see Figure 6.1). The sources (X", Y™) are
generated i.i.d. according to p(z,y) where p(z,y) is defined over the finite product
alphabet X x ). The aim of Alice is to create maximum uncertainty at Eve regarding
the source X" while losslessly transmitting the source to Bob.

An (n, 28 2nf) code for this model consists of an encoding function at Alice,
fr: X" —{1,...,2"=} an encoding function at Helen, f, : Y™ — {1,...,2"%} and
a decoding function at Bob, g : {1,...,2"F=} x {1,...,2"%} — X" The uncertainty
about the source X™ at Eve is measured by H (X"|f,(X"))/n. The probability of error
in the reconstruction of X™ at Bob is defined as P = Pr(g(f.(X"), f,(Y™)) # X™).
A triple (R,, R,, A) is achievable if for any € > 0, there exists a (n, 2" 2"%) code
such that P’ < e and H(X"|f.(X"))/n > A. We denote the set of all achievable

(Rs, Ry, A) rate triples as Ri_sided.

6.4.2 Result

The main result is given in the following theorem.
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Theorem 6.1 The set of achievable rate triples Rq_siqeq for secure source coding with

one-sided helper is given as

Rl—sided - {(Rza Ry: A) : Rm 2 H(X|V)
R, > 1(Y;V)

A<I(XV)]
where the joint distribution of the involved random variables is as follows,

p(x,y,v) = p(z,y)p(v|y)

and it suffices to consider such distributions for which |V| < ||+ 2.

The proof of Theorem 6.1 is given in the Appendix.

(6.4)

We note that the inner and outer bounds for source coding model considered in

this section can be obtained from the results presented in [26, Theorem 3.1} although

these bounds do not match in general. These bounds match when Bob has complete

uncoded side information Y™, i.e., when R, > H(Y).

The achievability scheme which yields the rate region described in Theorem 6.1 is

summarized as follows:

1. Helen describes the source Y to Bob through a coded output V.

2. Alice performs Slepian-Wolf binning of the source X with respect to the coded

side information, V', available at Bob.
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Therefore, our result shows that the achievable scheme of Ahlswede, Korner [3] and
Wiyner [67] is optimal in the presence of an eavesdropper. Moreover, on dropping the

security constraint, Theorem 1 yields the result of [3], [67].

6.5 Two-Sided Helper

6.5.1 System model

We next consider the following generalization of the model considered in Section 6.4.
In this model, Alice also has access to the coded output of Helen besides the source
sequence X" (see Figure 6.2). An (n,2"% 2"%) code for this model consists of an
encoding function at Alice, f, : X™ x {1,...,2"%} — {1 ... 2"F=} an encoding
function at Helen, f, : Y™ — {1,...,2"%} and a decoding function at Bob, g :
{1,..., 2=} x {1,...,2"%} — X" The uncertainty about the source X" at Eve is
measured by H(X"|f.(X™))/n. The probability of error in the reconstruction of X"
at Bob is defined as P = Pr(g(f.(X", f,(Y™)), f,(Y"™)) # X™). A triple (R,, R,,A)
is achievable if for any € > 0, there exists a (n, 2" 2"%v) code such that P" < € and

H(X"|fz(X™))/n > A. We denote the set of all achievable (R,, R,, A) rate triples as

RQ—sided .

6.5.2 Result

The main result is given in the following theorem.

Theorem 6.2 The set of achievable rate triples Ro_giqeq for secure source coding with
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two-sided helper is given as

R sided = {(Rm, R, A): R, > H(X|V) (6.5)
R, > I(Y;V) (6.6)
A < min(I(X;V|U), Ry)} (6.7)

where the joint distribution of the involved random variables is as follows,

p(x,y,v,u) = p(z,y)p(v|y)p(ulz,v) (6.8)

and it suffices to consider distributions such that |V| < |V|+2 and U] < |X||Y]+2|X|.

The proof of Theorem 6.2 is given in the Appendix. We remark here that the proof
of converse for Theorem 6.2 is closely related to the proof of the converse of the
rate-distortion function with a two-sided helper [33], [59], [47].

The achievability scheme which yields the rate region described in Theorem 6.2 is

summarized as follows:

1. Helen describes the source Y to both Bob and Alice through a coded output V.

2. Using the coded output V' and the source X, Alice jointly quantizes (X, V) to
an auxiliary random variable U. She subsequently bins the U sequences at the
rate [(X;U|V) such that Bob can decode U by using the side information V'

from Helen.

3. Alice also bins the source X at a rate H(X|U,V) so that having access to
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(U, V'), Bob can correctly decode the source X. The total rate used by Alice is

I[(X:U|V)+ H(X|U,V) = HX|V).

Therefore, the main difference between the achievability schemes for Theorems 6.1
and 6.2 is at the encoding at Alice and decoding at Bob. Also note that selecting a
constant U in Theorem 6.2 corresponds to Slepian-Wolf binning of X at Alice which
resulted in an equivocation of I(X;V) in Theorem 6.1. We will show in the next
section through an example that the uncertainty about the source at Eve for the
case of two-sided helper can be strictly larger than the case of one-sided helper and
selecting U as a constant is clearly suboptimal.

Besides reflecting the fact that the uncertainty at Eve can be strictly larger than
the case of a one-sided helper, Theorem 6.2 has another interesting interpretation. If
Alice and Helen can use sufficiently large rates to securely transmit the source X"
to Bob, then the helper can simply transmit a secret key of entropy H(X) to both
Alice and Bob. Alice can then use this secret key to losslessly transmit the source to
Bob in perfect secrecy by using a one-time pad [54]. In other words, when R, and R,
are larger than H(X), one can immediately obtain this result from Theorem 6.2 by
selecting V' to be independent of (X,Y’) and uniformly distributed on {1,...,|X|}.
Finally, selecting U = X @V, we observe that min (R,,, [(X;V|U)) = H(X), yielding
perfect secrecy. We note that, here, V' plays the role of a secret key.

Now consider the model where the side information Y™ is of the form Y" =
X"® B", where |B| = |X|, and B" is independent of X". Moreover, assume that the

side information Y™ is available to both Alice and Bob in an uncoded manner. For

235



this model, it follows from [24] that, to maximize the uncertainty at the eavesdropper,
Alice cannot do any better than describing the error sequence B™ to Bob. Note that
our two-sided helper model differs from this model in two aspects: first, in our case,
the common side information available to Alice and Bob is coded and rate-limited,
secondly, the sources in our model do not have to be in modulo-additive form.

Our encoding scheme at Alice for the case of two-sided helper comprises of two
steps: (a) using the coded side information V' and the source X, Alice creates U and
transmits the bin index of U at a rate 1(X;U|V) so that Bob can estimate U using
V', and, (b) Alice bins the source X at a rate H(X|U, V') and transmits the bin index
of the source X. Note that if for a pair of sources (X, Y), the optimal V is of the form
V = X & B, where |B| = |X| and B is independent of X, then it suffices to choose
U = B, so that I(X;V|U) = H(X) and H(X|U,V) = 0. In other words, for such
sources, step (b) in our achievability scheme is not necessary, which is similar to the
achievability for the case of modulo-additive sources in [24]. On the other hand, for
a general pair of sources (X,Y’), the optimal V' may not be of the form V = X & B
and the optimal U may not always satisfy H(X|U,V) = 0. Therefore, we need the
step (b) for our achievability scheme. This differentiates our achievable scheme from
that of [24], which holds for modulo-additive sources with uncoded side information.

Also note that if Y is not of the form X™ & B", and if R, > H(X), then Helen
can transmit a secret key which will enable perfectly secure transmission of X" by
using a one-time pad [54]. This phenomenon does not always occur when the side

information Y™ is available to both Alice and Bob in an uncoded fashion [24].
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6.6 An Example: Binary Symmetric Sources

Before proceeding to further generalizations of Theorems 6.1 and 6.2, we explicitly
evaluate Theorems 6.1 and 6.2 for a pair of binary sources.

Let X and Y be binary sources with X ~ Ber(1/2),Y ~ Ber(1/2) and X =Y G FE,
where E ~ Ber(d). For this pair of sources, the region described in Theorem 6.1 can

be completely characterized as,

Rl—sz’ded(Ry) - {(Rxa A) : Rm 2 h(5 * h_1<]~ - Ry))

A<1—hn(Exh " (1-Ry))} (6.9)

and the region in Theorem 6.2 can be completely characterized as,

RQfsided(Ry) = {(Rx; A) . Rx Z h((s * hil(l - Ry))

A < min(R,, 1)} (6.10)

where h(.) is the binary entropy function, and a * b = a(1 — b) + b(1 — a).
We start with the derivation of (6.9). Without loss of generality, we assume that

R, < H(Y). Achievability follows by selecting V' =Y & N, where N ~ Ber(«), where

a=h"'1-R) (6.11)
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Substituting, we obtain

H(X|V)=h(6xh'(1-R,)) (6.12)

I(X;V)=1—h(6+xh™ (1 - R,)) (6.13)

which completes the achievability. Note that Y is independent of E, and the random
variables X, Y, and V form a Markov chain, i.e., X — Y — V. Using this Markov
chain, the converse follows by simple application of Mrs. Gerber’s lemma [69] as

follows. Let us be given R, € (0,1). We have

R, > I(Y;V) (6.14)
= H(Y) - HY|V) (6.15)
=1-H(Y|V) (6.16)

which implies H(Y|V) > 1 — R,. Mrs. Gerber’s lemma states that for X =Y & FE,

with E ~ Ber(d), if H(Y|V) > 3, then H(X|V) > h(§ * h~'(3)). We therefore have,

R, > H(X|V) (6.17)

> h(dxh™ (1= R,)) (6.18)
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and

A<I(X;V) (6.19)
= H(X) — H(X|V) (6.20)
=1-— H(X|V) (6.21)
<1-h(6xh'(1-R,)) (6.22)

This completes the converse.
For the case of two-sided helper, we compute the equivocation A as follows. We
choose V as V =Y @ N where N ~ Ber(a) as in the case of one-sided helper. We

choose U as,

U=XaV (6.23)
—YQ®E®Y®N (6.24)
—E®N (6.25)

Since X ~ Ber(1/2), E is independent of X, and therefore U = E @ N is also

independent of X. We next compute the term I(X;V|U) as follows,

I(X;V|U) = H(X|U) (6.26)
= H(X) (6.27)
=1 (6.28)
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and therefore

min(R,, I(X;V|U)) = min(R,, 1) (6.29)

For the converse part, we also have that

A <min(R,, [(X;V|U)) (6.30)
<min(R,, H(X)) (6.31)
= min(R,, 1) (6.32)

The rate from Alice, R, and the equivocation A for the cases of one-sided and
two-sided helper are shown in Figure 6.4 for the case when o = 0.05. For the one-
sided helper, we can observe a trade-off in the amount of information Alice needs to
send versus the uncertainty at Eve. For small values of R,, Alice needs to send more
information thereby leaking out more information to Eve. The amount of information
leaked is exactly the information sent by Alice. On the other hand, for the case of
two-sided helper, the uncertainty at the eavesdropper is always strictly larger than
the uncertainty in the one-sided case. Also note that for this pair of sources, perfect
secrecy is possible for the case of two-sided helper when R, > H(Y') which is not

possible for the case of one-sided helper.
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Figure 6.4: The rate-equivocation region for a pair of binary symmetric sources.

6.7 Secure and Insecure Links from Two-Sided Helper

6.7.1 System model

In this section, we consider a generalization of the model considered in Section 6.5.
We consider the case when there are two links from Helen (see Figure 6.3). One
link of rate R, is secure, i.e., the output of this link is available to only Alice and
Bob. The second link of rate R;,s is public and the output of this link is available
to Alice, Bob and Eve. The sources (X™, Y™ W" Z™") are generated i.i.d. according
to p(x,y,w, z) = p(z,y)p(w, z|x) where p(x,y,w, z) is defined over the finite product
alphabet X x YV x W x Z.

A (n,2nfe gnflsee 9nltins) code for this model consists of an encoding function at
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Helen, fy, : Y™ — Jgee X Jins, Where |Jgeo| < 20Fsee | J;,, | < 27Fins - an encoding func-
tion at Alice, f, 1 X" X Joee X Jins — {1,...,2™%=} and a decoding function at Bob,
g: {1, 2 X e X s X W™ — X™. The uncertainty about the source X™ at Eve
is measured by H(X"|fo(X™, Jsee, Jins), Jins, Z™)/n. The probability of error in the re-
construction of X™ at Bob is defined as P = Pr(g(f.(X", Jsees Jins), Jsecs Jins, W™) #
X"™). A quadruple (R,, Rsec, Rins, AA) is achievable if for any € > 0, there exists a
(n, 2nRe gnlisec gnltins) code such that P < €

and H (X" (X", Jsees Jins)s Jins, Z2")/n > A. We denote the set of all achievable

(R, Rsee, Rins, A) rate quadruples as RW-Z

sec—ins"*

6.7.2 Result

The main result is given in the following theorem.

W,z

sec—ins

Theorem 6.3 The set of achievable rate quadruples R for secure source coding
with secure and insecure links from a two-sided helper, additional side information W

at Bob and Z at Eve is given as

R e = { (B Roces Bins ) £ Ry > H(X|Vi, Vo, W) (6.33)
Ryee > 1(Y; V1[W) (6.34)

A < min(Rgee, [(X; V1|U, Vo, W)

+I(X; WU, Va) — I(X; Z|U, VQ)} (6.36)
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where the joint distribution of the involved random variables is as follows,

p(ﬂf, y,w, z,v1, U2, 'LL) = p(xv y)p(UJ, Z|$)p(1)17 vﬂy)p(u\x, U1, UZ) (637>

and it suffices to consider such distributions for which |Vi| < |V + 3, Ve < |V] + 4

and [U| < |X||Y2 +7|1X||Y| + 12|1X]| + 2.

The proof of Theorem 6.3 is given in the Appendix.
The achievability scheme which yields the rate region described in Theorem 6.3 is

summarized as follows:

1. Helen first uses the secure link to describe the source Y to both Alice and Bob
at a rate I(Y; V1|W), where W plays the role of side information. Subsequently,
the insecure link is used to provide another description of the correlated source
Y at a rate I(Y; Va|W, Vi), where (W, V) plays the role of side information.
Therefore, the key idea is to first use the secure link to build common random-
ness at Alice and Bob and subsequently use this common randomness to send

information over the insecure link at a lower rate.

2. Having access to the coded outputs (V1, V3) from Helen and the source X, Alice
jointly quantizes (X, V;, V) to an auxiliary random variable U. She subse-
quently bins the U sequences at the rate I(X;U|Vy, V,, W) such that Bob can

decode U by using W and the coded outputs (V3,V5) from the helper.

3. She also bins the source X at a rate H(X|U, Vi, Vo, W) so that having access to

(U, V1, V4, W), Bob can correctly decode the source X. The total rate used by
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Alice is I(X; Ui, Va, W) + H(X|U, Vi, Vo, W) = H(X |V, Va, W).

We note here that using Theorem 6.3, we can recover Theorem 6.2 by setting
Rins = 0, and selecting W = Z =V, = ¢.

On setting Rge. = 0, the resulting model is similar to the one considered in [17]
although the aim in [17] is to generate a secret key to be shared by Alice and Bob,
while we are interested in the secure transmission of the source X.

If Rsee = Rins = 0, then we recover the result of [48] as a special case by setting
Vi = Vo = ¢. Therefore, Theorem 6.3 can also be viewed as a generalization of the
result of [48] where no rate constraint is imposed on the transmission of Alice and the
goal is to maximize the uncertainty at Eve while losslessly transmitting the source to

Bob.

6.8 Conclusions

In this chapter, we considered several secure source coding problems. We first pro-
vided the characterization of the rate-equivocation region for a secure source coding
problem with coded side information at the legitimate user. We next generalized this
result for two different models with increasing complexity. We characterized the rate-
equivocation region for the case of two-sided helper. The value of two-sided coded
side information is emphasized by comparing the respective equivocations for a pair
of binary sources. It is shown for this example that Slepian-Wolf binning alone is
insufficient and using our achievable scheme, one attains strictly larger uncertainty at

the eavesdropper than the case of one-sided helper. We next considered the case when
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there are both secure and insecure rate-limited links from the helper and characterized

the rate-equivocation region.

6.9 Appendix

6.9.1 Proof of Theorem 6.1

Achievability

Fix the distribution p(z,y,v) = p(x,y)p(v|y).

1. Codebook generation at Helen: From the conditional probability distribution
p(vy) compute p(v) = 37 p(y)p(vly). Generate 2" codewords v(l) indepen-

dently according to [];_, p(v;), where [ = 1,... 2",

2. Codebook generation at Alice: Randomly bin the 2" sequences into 2"7(XIV)

bins and index these bins as m = 1,..., M, where M = 2" XIV),

3. Encoding at Helen: On observing the sequence y”, Helen tries to find a sequence
v(l) such that (v(l),y™) are jointly typical. From rate-distortion theory, we know
that there exists one such sequence as long as R, > I(V;Y). Helen sends the

index [ of the sequence v(l).

4. Encoding at Alice: On observing the sequence x", Alice finds the bin index mx

in which the sequence x™ falls and transmits the bin index my.

5. Decoding at Bob: On receiving [ and the bin index myx, Bob tries to find a
unique x™ sequence in bin my such that (v(l),2") are jointly typical. This is
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possible since the number of 2 sequences in each bin is roughly 277(X) /2nH(

which is 2 (X3V

X|V)

). The existence of an 2" such that (v(l),z") are jointly typical

is guaranteed by the Markov lemma [14] and the uniqueness is guaranteed by

the properties of jointly typical sequences [14].

6. Equivocation:

H(X"|mx) = H(X",mx) — H(mx)
= H(X") + H(mx|X") = H(mx)
= H(X") — H(mx)
> H(X") - log(M)
— H(X") —nH(X|V)

=nl(X;V)

Therefore,

A<I(X;V)

is achievable. This completes the achievability part.
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Converse

Let the output of the helper be J,, and the output of Alice be J,, i.e.,

Jy = fy(Y") (6.45)

Jo = fo(X") (6.46)

First note that, for noiseless reconstruction of the sequence X" at the legitimate

decoder, we have by Fano’s inequality

H(X"|J,, J,) < nex (6.47)

We start by obtaining a lower bound on R,, the rate of Alice, as follows

nR, > H(J,) (6.43)
> H(J,|],) (6.49)
— H(X", J,|J,) — H(X"|J,, J,) (6.50)
> H(X", J,|J,) — ne, (6.51)
> H(X"|J,) — ne, (6.52)
- Zn: H(X| X" 0,) — ney (6.53)
- Xn: H(Xi|Vi) — ne, (6.54)
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=nH(Xg|Vy, Q) — ne, (6.55)

=nH(X|V) — ne, (6.56)

where (6.51) follows by (6.47). In (6.54), we have defined

Vi = (s X71) (6.57)

In (6.56), we have defined,
X =X, V=(Q,Vy) (6.58)
where @ is uniformly distributed on {1,...,n} and is independent of all other random

variables.

Next, we obtain a lower bound on R,, the rate of the helper,

nR, > H(J,) (6.59)
> I(J,; Y™) (6.60)
— n I1(J,, Y5 Y) (6.61)
=1
- Xn: I(J, Y™ X7y, (6.62)
=1
>3 0, XY (6.6
=1
= En: 1(Vi; ) (6.64)
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=nl(Vq: YolQ) (6.65)

=nI(V;Y) (6.66)

where (6.62) follows from the Markov chain

X' = (1, Y =Y, (6.67)

and in (6.66), we have defined Y = Yj,.

We now have the main step, i.e., an upper bound on the equivocation rate of the

eavesdropper,

H(X"\Jy) = H(X", Jy|J,) — H(J,| X", J,) (6.68)
= H(Jy|J,) — H(J,| X", Jp) + H(X"|Jy, Jy) (6.69)
:H<Jy’t]x) _H(Jy‘Xn) +H(Xn‘Jx>Jy) (6.70)
< H(J,) — H(J,|X") + H(X"| ], J,) (6.71)
< I(J,; X") + ne, (6.72)
=Y I(J,; Xi| X" + ne, (6.73)

i=1
= I(J, X7 X5) + ney (6.74)
i=1
i=1
=nl(Xg; VolQ) + ne, (6.76)
=nl(X;V)+ ne, (6.77)

249



where (6.70) follows from the Markov chain

Jp— X" — J, (6.78)

and (6.72) follows from (6.47). This implies

A< I(X;V) (6.79)

Also note that the following is a Markov chain,

VoYX (6.80)

Therefore, the joint distribution of the involved random variables is

p(x,y,v) = p(z,y)p(v|y) (6.81)

From support lemma [16], it can be shown that it suffices to consider such joint
distributions for which [V| < |Y| + 2.

In (6.57), we have defined the auxiliary random variable as V; = (J,, X"~ 1). We
remark here that the converse for Theorem 1 can also be proved by defining, V; =
(Jy, Y1) as in [14, Section 14.8]. Note that due to the fact that the sources (X", Y™)

are generated in an i.i.d. manner, the following is a Markov chain,

(J,, YL X =Y, — X, (6.82)
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This is due to the fact that X; does not carry any extra information about
(J, = f,(Y™"), Y"1 X*1) that is not there in Y;. Therefore, (6.82) implies that

the following are also valid Markov chains,

(J, X' =Y = X, (6.83)

(J,, Y™ =Y — X (6.84)

and the converse for Theorem 6.1 can be proved by defining V; = (J,, X*™!) or

Vi = (J, Y.

6.9.2 Proof of Theorem 6.2

Achievability
Fix the distribution p(x,y,v) = p(x, y)p(v|y)p(ulz, v).

1. Codebook generation at Helen: From the conditional probability distribution
p(vly) compute p(v) = >, p(y)p(vly). Generate 2"Ry codewords v(l) indepen-

dently according to []}, p(v;), where [ =1,... 2",

2. Codebook generation at Alice: From the distribution p(u|z,v), compute p(u).

Generate 2" ViU) gequences u(s) independently according to ], p(u;), where

X;UlvV

s=1,...,2M&VU) Next, bin these sequences uniformly into 27/( ) bins.

Also, randomly bin the 2™ sequences into 2"#XIUV) bing and index these bins

asm=1,..., 20XV
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3. Encoding at Helen: On observing the sequence y", Helen tries to find a sequence
v(l) such that (v(l),y™) are jointly typical. From rate-distortion theory, we know
that there exists one such sequence as long as R, > I(V;Y'). Helen sends the

index [ of the sequence v(l).

4. Encoding at Alice: The key difference from the one-sided helper case is in the
encoding at Alice. On observing the sequence x™, Alice first finds the bin index
mx in which the sequence z™ falls. Alice also has the sequence v(l) received
from Helen. Alice next finds a sequence u such that (u,v(l),z™) are jointly

typical. Let the bin index of this resulting u sequence be s .

Alice transmits the pair (sy, mx) which is received by Bob and Eve. The total

rate used by Alice is I(X;U|V) + H(X|U,V) = H(X|V).

5. Decoding at Bob: On receiving the pair (s, myx) from Alice and the index I
from Helen, Bob first searches the bin sy for a sequence 4 such that (u,v(l)) are
jointly typical. This is possible since the number of u sequences in each auxiliary
bin is approximately 2n/(X:Vit) /onl(X5UIV) which is 27(U3V) and therefore with
high probability, Bob will be able to obtain the correct u sequence.

Using the estimate @ and v(l), Bob searches for a unique z" sequence in the
bin myx such that (@, v(l),z2™) are jointly typical. This is possible since the

number of " sequences in each bin is approximately 27(X) /2nH(XIUV) wwhich

is 2nI(U,V;X)
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6. Equivocation:

H(X"[sy,mx) = H(X",mx, sy) — H(mx, su)
= H(X") + H(mx, su|X") = H(mx, su)
= H(X") + H(sy|X") — H(mx, su)
> H(X")+ H(sy|X") — H(sy) — H(mx)
= H(X") — H(mx) — I(X"; sp)
> H(X™) — nH(X|U,V) — I(X"; sp)
=nl(X;U,V) = I(X"; sv)
> nl(X;U,V) - (X" U")
>nl(X;U, V) —nl(X;U) —ne,

=n(I(X;V|U) —¢,)

(6.85)
(6.86)
(6.87)
(6.88)
(6.89)
(6.90)
(6.91)
(6.92)
(6.93)

(6.94)

where (6.87) follows from the fact that my is the bin index of the sequence X",

(6.88) follows from the fact that conditioning reduces entropy, (6.90) follows

from the fact that H(my) < log(2rXIUV)) (6.92) follows from the fact that

sy is the bin index of the sequence U™, i.e., sy — U™ — X" forms a Markov

chain and subsequently using the data processing inequality. To prove (6.93),

we define a random variable p(X™, U™), as follows,

1, if (27, u") € A™ (p(z,u));

0, otherwise.
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where A™ (p(x,u)) is the set of typical (z™, u™) sequences with respect to p(z, u)

[14]. We now prove (6.93) as follows,

(X" U™ < I(X" U™, u(X", U™)) (6.96)
= I(X" p(X™,U")) + I(X™ U (X7, UT)) (6.97)
< H(p(X™,U") + (X" U p(X"™,U")) (6.98)
<14 I(X™ UM (X", U™) (6.99)

=1+ Pr(u(X",U") = 0)I(X™ U"|p(X"™,U™) = 0)+

Pr(u(X™,U") = )I(X™ U™ (X", U") = 1) (6.100)
<14 Pr(p(X™,U™) = 0)H(X™)+

Pr(p(X™, U™) = 1)I(X™; U |u(X", U") = 1) (6.101)
<14 neH(X) + Pr(u(X™, U™ = 1)I(X™ U"|u(X™,U") = 1)

(6.102)

<14 neH(X) + I(X™ U™ (X", U") = 1) (6.103)
=1+neH(X)+

> pla", u") [log(p(z", u™)) — log(p(z")) — log(p(u™))]

(@ um)e A (p(x,u))

(6.104)
<1+ neH(X)+
> np(z",u") [H(X) + H(U) — H(X,U) + 3¢]
(zm ur) €A™ (p(a,u)
(6.105)
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= 14+ neH(X) +n(I(X;U) + 3¢)Pr(A™ (p(z, u))) (6.106)
<1+4+neH(X)+n(I(X;U) + 3e¢) (6.107)

— 1+ n(I(X;U) + €3 + H(X))) (6.108)

where (6.102) follows from the fact that X™ is i.i.d. and (6.105) follows from

the property of jointly typical sequences. This implies that,

%1(}(”; U™ <I1(X;U)+ % +€e(3+ H(X)) (6.109)
=I(X;U) +e, (6.110)

where
€, é%+e(3+H(X)) (6.111)

We therefore have the proof of (6.93). We remark here that this proof is simi-
lar to a technique used in equivocation computation for the degraded wiretap
channel [68, Lemma 8|, and for the interference and broadcast channels with

confidential messages [42, Lemma 3.
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Continuing from (6.94),

1 /
lim —H(X"|sy,mx) > [(X;V|U) — lim ¢, (6.112)
n—oo 1} n— oo
= 1(X;V|U) (6.113)
> min({(X;V|U), R,) (6.114)

where in (6.113), we have used the fact that €, — 0 as n — oo, and (6.114)

follows from the fact that min(Z(X;V|U), R,) < I(X;V|U). We therefore have

A <min(I(X;V|U),Ry,) (6.115)

is achievable. This completes the achievability part for the case of two-sided

helper.

Converse

The only difference in the converse part for the case of two-sided helper is when

deriving an upper bound on the equivocation rate of the eavesdropper:

H(X"J,) = H(X"™, J,|J,) — H(J,| X", J,) (6.116)
= H(J,|J,) — H(J,| X", J,) + H(X"|J,, J,) (6.117)
< I(X™; Jy|Jz) + ne, (6.118)
= anf(xi; Tyl e, X1 + ney, (6.119)
=1
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= I(Xi: Jy, X, XY + ney,

=1

=nl(X;VI|U) + ne,

where we have defined

Vi=(J,, X')

Ui - (Jx, Xiil)

and

X=X Y=Yy V=(QVy), U=(Q,Upy)

We also have,

H(X"|J,) = H(X", J,|J.) — H(J,|X", J.)
— H(J,|J,) — H(J,| X", J,) + H(X"|J,, ],
< H(Jy|Jz) + nen
< H(Jy) + ne,

<nR, + ne,
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This implies

A < min(I(X;V|U), R,) (6.130)

The joint distribution of the involved random variables is as follows,

out (

p*(z,y,v,u) = p(x,y)p(v|y)p™ (u|z,v,y) (6.131)

Note that in the achievability proof of Theorem 6.2, joint distributions of the following

form are permitted,

ach (

M, y,v,u) = plz,y)p(vly)p™" (ulz,v) (6.132)

i.e, we have the Markov chain, Y — (X,V) — U. With the definition of V' and U
as in (6.122)-(6.123), these random variables do not satisfy this Markov chain. This

implies that what we have shown so far is the following,

7z2—sided g Rout (6133)
where
Rou = {(Re By, A) : Ry > H(X|V) (6.134)
R, > I(Y;V) (6.135)
A < min(I(X;V|U), Ry)} (6.136)
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where the joint distribution of the involved random variables is as given in (6.131).
However, we observe that the term I(X;V|U) depends only on the marginal
p°“*(u|z,v). Similarly, the terms H(X|V) and I(X;V) depend only on the marginal
p(z,v). We use these observations to show that the region R, is the same when it
is evaluated using the joint distributions of the form given in (6.132). This is clear
by noting that once we are given a distribution of the form given in (6.131), we can

construct a new distribution of the form given in (6.132) with the same rate expres-

out (

sions. Consider any distribution p°“(z,y,v,u) of the form given in (6.131). Using

p°“(x,y,v,u), compute the marginal p°*(u|z,v) as,

Zy pOU‘t(x" y’ u? ,U)

out
P’ (ulz,v) = 6.137
(uf,v) = =S (6.137)
We now construct a distribution p"(x,y,v,u) € Pue, as,
P (2, y,v,u) = p(x, y)p(v]y)p” (ulz,v) (6.138)

such that the terms I(X;V|U), H(X|V) and I(X;V') are the same whether they are

out ( ach(

evaluated according to p°“(z,y,v,u) or according to p*”(z,y,v,u). Therefore, we
conclude that it suffices to consider input distributions satisfying the Markov chain
Y — (X,V) — U when evaluating R,,; and hence Ry, = Raen. This completes the
converse part.

Returning to the remark at the end of Section 6.9.1, we observed that the converse

for Theorem 6.1 can be proved by defining V; as (J,, X' ') or as (J,, Y*"!). On the
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other hand, we are only able to prove the converse for Theorem 6.2 by defining
V; = (J,, X*~1). This is same as the definition of V; as in [59], [47].

We therefore have two similarities with the converse for the rate-distortion function
with common coded side information [33], [59], [47]: the first being the definition of
Vi, and the second being the equivalence of R,,; when evaluated according to (6.131)

or according to (6.132).

6.9.3 Proof of Theorem 6.3

Achievability
Fix the distribution p(z, y, w, 2, vy, ta, u) = p(z, Y)p(w, 2| )p(vs, aly)p(ul, vr, 03).

1. Codebook generation at Helen: From the conditional probability distribution

p(vi,v2ly)  compute  p(vr) = > (yn) PW)P(V1,v2]y)  and

p(ve) = Z(ym)p(y)p(vl, vay). Generate 2"/ (V1Y) sequences v1 (1) independently

., 2MY) - Bin these sequences uni-

according to [[_, p(vi;), where [ = 1,..
formly and independently in 2"(ViY)=I(ViiW) hins Denote the bin index of the

sequence v1 (1) as by, (v1(1)).

2TLI(V2;Y,V1)

Next generate sequences vs(j) independently according to [[;_, p(v2:),

where j = 1,...,2M"2Y'V1)  Bin these sequences uniformly and independently

in 2rU(VaYV)=1(VsiWW)) hins Denote the bin index of the sequence vy(j) as

by, (v2(4)).

2. Codebook generation at Alice: From the distribution p(u|z,vy,vs), compute
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2nI(X,V1,V2;

p(u). Generate ) sequences u(s) independently according to [, p(u;),

ond (X, V1,Va;U)
. .

where s = 1,.. Next, bin these sequences uniformly into

2n([(X,V1 Va;U)—=1(W,V1,Va3U) bins.

X|UV1,Va,

Also, randomly bin the 2" sequences into 2™( W) bins and index these

: _ nH(X|UVi,Va,W
bins as m = 1, ..., 2nHXIUVLV2W),

. Encoding at Helen: On observing the sequence ", Helen tries to find a sequence
vi(l) such that (vy(l),y") are jointly typical. From rate-distortion theory, we
know that there exists one such sequence. Helen sends the bin index by, (v1(())

of the sequence v;(l) on the secure link which is received by Alice and Bob.

Helen also finds a sequence vy(j) such that (vy(l),v2(j),y™) are jointly typical.
From rate-distortion theory, we know that there exists one such sequence. Helen
sends the bin index by, (v2(j)) of the sequence vy(j) on the insecure link which

is received by Alice, Bob and Eve.

. Encoding at Alice: On observing the sequence x", Alice first finds the bin
index mx in which the sequence z™ falls. Alice also receives the bin indices
by, (v1(1)) and by, (ve(j)) from Helen. She first looks for a unique v; (/) in the bin
by, (v1(1)) such that (z™,01(1)) are jointly typical. Alice can estimate the correct
sequence vi(l) as long as the number of sequences in each bin is less than

2n1(X3V1) Note from the codebook generation step at Helen, that the number of

v; sequences in each bin is approximately 27/ (V1Y) /on(I(VisY)=I(VisW)) — onl(VisW)
Since V; — X — W forms a Markov chain, we have I(Vy; W) < I(V4; X) and

therefore the number of v; sequences in each bin is less than 27/(XiV1) and
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consequently Alice can estimate the correct sequence v (1).

Using 2™ and 01 ((), Alice looks for a unique v5(j) in the bin by, (v9(j)) such that
(2™, 01(1),09(j)) are jointly typical. Alice can estimate the correct sequence
v2(j) as long as the number of sequences in each bin is less than 27/(X:V1:iV2),
The number of v,(j) sequences in each bin is 2"/(WVii%2) " From the Markov

chain W — X — (V4,V,), we have I(W,Vy;V3) < I(X,V1;Vs) and therefore

Alice can correctly estimate the sequence vs(7).

She next finds a sequence u such that (u, 91(1), 02(j), ") are jointly typical. Let

the bin index of this resulting u sequence be sy .

Alice transmits the pair (sy, mx) which is received by Bob and Eve. The total

rate used by Alice is [(X;U|Vy, Vo, W) + H(X|U, Vi, Vo, W) = H(X|Vy, Vo, W).

. Decoding at Bob: On receiving the pair (s, my) from Alice and the bin indices
by, (v1(1)) and by, (ve(j)) from Helen, Bob looks for a unique ©;(l) in the bin
by (v1(l)) such that (w™, 01(l)) are jointly typical. He can estimate the correct
sequence vy (l) with high probability since the number of v; sequences in each
bin is approximately 2™/(VisW) Using the estimate ©;(l) and w", he looks for a
unique 05(7) in the bin by, (ve(j)) such that (w™, v1(1)), 02(7)) are jointly typical.
With high probability, the correct sequence vs(j) can be decoded by Bob since

the number of vy sequences in each bin is approximately 27/(V2WIVi),

He next searches the bin sy for a sequence u such that (@, v4(1), v2(j), w™) are
jointly typical. Since the number of u sequences in each auxiliary bin is approx-

imately 2nI(X,V1,VQ;U)/2n(](X,V1,VQ;U)—I(W,Vl,VQ;U)) which is 2nI(W7V1,V2;U)7 with hlgh
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probability, Bob will be able to obtain the correct u sequence.

Using the estimates @, ©01(l), and 03(j), Bob searches for a unique z™ se-
quence in the bin mx such that (@, v1(1), 02(j), w™, ™) are jointly typical. This
is possible since the number of z™ sequences in each bin is approximately
QnH(X) fonH(X|UVLV2 W) o onI(UVi,Ve,WiX)

. Therefore, Bob can correctly de-

code the 2" sequence with high probability.

6. Equivocation:

H(Xn|SU,mx,bV2, Zn) = H(X",mX, Sy, bV2|Zn) — H(mx,SU,bV2|Zn) (6139)
= H(Xn|Zn) + H(mX,sU,bV2|X”, Zn) — H(mX,SU,bV2|Z”)
(6.140)

= H<Xn|Zn) + H(SU7bV2|Xn7Zn) - H(mX7SU7bV2’Zn)

(6.141)
> H(X"|Z") + H(sy, by, | X", Z") — H(mx|Z")
— H(sy, by, |2") (6.142)
> H(X"|Z") + H(sy, by, | X", Z") — H(my)
— H(sy, by | 2") (6.143)

> H(X™|Z™) + H(sy, by, | X", Z") — nH(X|U, Vi, Va, W)

- H(SU,bV2|Zn) (6144)
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= H(X™Z™) — I(su,by,; X"|Z") — nH(X|U, Vi, Va, W) (6.145)

> H(X"|Z") — I(U™, V', X" Z") — nH (X |U, Vi, Vo, W) (6.146)
> H(X"|Z") — nI(U, Vy; X|Z) — nH(X|U, Vi, Vo, W) — ne., (6.147)
= nH(X|Z) —nl(U,Va; X|Z) — nH(X|U, V1, Vo, W) — ne, (6.148)
= n(H(X|U, Vs, Z) — H(X|U, Vi, Vo, W)) — ne, (6.149)

= n(I(X; V|U, Vo, W) + I(X; WU, Vo) — I(X; Z|U, V) — me,,  (6.150)

where (6.141) follows from the fact that mx is the bin index of the sequence
X", (6.142) and (6.143) follow from the fact that conditioning reduces entropy,
(6.144) follows from the fact that H(my) < log(2m(XIU:V1V2 W)y - (6.146) follows
from the fact that sy is the bin index of the sequence U™ and by, is the bin
index of the sequence V3*. We will prove (6.147) as follows. Let us define a
random variable pu(X™, Z" U™, V"), as follows,

1, if (QZn,Zn,un,U;) S Agn)(p(xaz7u7v2));
u($n’zn’un’vg) — (6151)

0, otherwise.

where A™ (p(x, z,u,v7)) is the set of typical (z", 2™, u™, vY) sequences with re-

spect to p(x, z,u,vy) [14]. We now prove (6.147) as follows,

I(X™ U,V Zr) < I(X™ 0™ Vit w(X™, 20, 0" Vy)|Z™) (6.152)
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= I(X"™ (X", 27, U7, V)| 27)+
[(X™ U™ VR Z0 (X", 2", U™, V)
< H(u(X", 2" U™ Vy) + I(X™ U VR | 20 (X7, 20, U, V')
<1+ I(X" U VR 20 (X7, 20,0, Vy'))
— 14 Pr(p = 0)[(X™, U™, V" 2", ju = 0)+
Pr(p=1)I(X" 0" V3| 2" p=1)
<1+4Pr(p=0)H(X"|Z")+
Pr(p=1)I(X"U", V5" 2" p=1)
<1+4+neH(X|Z)+ Pr(p=1I(X"U" V32" n=1)
<14 neH(X|Z) + I(X™ U V3| 2% 0= 1)
=1+neH(X|Z)+

Z p(xn7unavgazn) [IOg(p<xnaunavg|Zn))_

(@2 un o) e A (p(au,02]2))

log(p(a"|z")) — log(p(u", v3]2"))]

<1+neH(X|2Z)+

> np(a”, u", vy, 2") [H(X|Z)+

(xn 72:71, 7un 17)3)6142”) (p(xvuﬂ}Q |Z))

H(U,V5|Z) — H(X,U, V2| Z) + 3¢]
=1+ neH(X|Z) +n(I(X; U, V5|Z) 4 3¢)Pr(A™ (p(x, 2, u, v3)))
<1+ neH(X|Z) +n(I(X;U,Va|Z) + 3¢)
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(6.153)
(6.154)

(6.155)

(6.156)

(6.157)
(6.158)

(6.159)

(6.160)

(6.161)
(6.162)
(6.163)

(6.164)



where (6.158) follows from the fact that the pair (X", Z") is i.i.d. and (6.161)

follows from the property of jointly typical sequences. This implies that,

1 1
~I(X"5 50,0, | 2") < I(X;U V| Z) + — +e(3 + H(X]2)) (6.165)
= [(X;U, V3| Z) + ¢, (6.166)
where
;oA l
€, = ~+ e(3+ H(X|2)) (6.167)

This completes the proof of (6.147).

Continuing from (6.150), we have,

1
lim —H(X"|sy, mx, by, Z") > 1(X; V1|U, Vo, W)+

n—oo 1,
[(X; WU, Vo) = I(X; Z|U, Vo) — lim e,
(6.168)
= I(X;W|U, Vo, W)+
I(X; WU, V,) — I(X; Z|U, Vy) (6.169)

> min(Ryee, I(X; V4|U, Vo, W)+

(X5 WU, Vo) = I(X; Z|U, V) (6.170)

This completes the achievability part.
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Converse

Let the coded outputs of the helper be denoted as (Jsec, Jins), where Jse. denotes the
coded output of the secure link, J;,s denotes the coded output of the insecure link,

and the output of Alice be denoted as J,, i.e.,

(Jsem Jms) - fy(Yn) and J:c - fx(Xna Jsem Jms) (6171>

First note that, for noiseless reconstruction of the sequence X™ at Bob, we have by

Fano’s inequality

H (X" s, Isees Jins, W) < ne, (6.172)

We start by obtaining a lower bound on R, the rate of Alice, as follows,

nR, > H(J,) (6.173)
> H(Jo|Jsecs Jins, W) (6.174)
= H(X", Jo|Jsee, Jins: W) = H(X"|Ja, Jsees Jins, W) (6.175)
> H(X", JolJsecs Jins, W™) — ney, (6.176)
> H (X" Jseer Jins, W) — ney, (6.177)
= i H(X| XY Teeer Jins, W™) — ney, (6.178)
i=1
= zn: H (X Jsecs Jins, X'~ W, Wo) — ne, (6.179)

i=1
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> H (X Jsee, Jins, YU, XL WL W) — ne, (6.180)

=1

= H(Xi|Vii, Vai, W3) — me, (6.181)
=1

=nH(X|V1, Vo, W) — ne, (6.182)

where (6.176) follows by (6.172) and (6.179) follows from the following Markov chain,

Wi_l - (Jseca Jins; Xi_la VVZ—L{—I? VVZ) - Xz (6183>

In (6.181), we have defined

Vii = (Jsee, YL XL W) (6.184)

Vai = Jins (6.185)

We next obtain a lower bound on R,.., the rate of the secure link,

NRsee > H(Jsec) (6.186)
> H(Jgee|W™) (6.187)
> I(Jsee; Y [WT) (6.188)
= Y I(Jgee, YL, WL WE L YWG) (6.189)

i=1

-

I(Jsee, Y WL Y| W3) (6.190)

=1

I(Jee, YT, XL WE L YW) (6.191)

I

=1
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=S 1w (6.192)

i=1

— (Vi Y|W) (6.193)

where (6.190) and (6.191) follow from the Markov chain

(XTLWY) = (Jgee, YL W) — Y, (6.194)

Next, we provide a lower bound on R;,s, the rate of the insecure link,

NRins > H(Jins) (6.195)
> H(Jins| Jsee, W") (6.196)
> H(Jins|Jsee; W) = H(Jins| Jsee, Y™) (6.197)
= I(Jins; V" Jsee) = I(Jins; W"| Jsec) (6.198)
= zn: I(Jins; Yil Jsee, YL, W) — I Jins; Wil Jee, YL, W) (6.199)
=1

n

= Z [<Jznsa Y;’|Jseca Yi717Xi71W7;7-1|-1) - [(J'msa VVi’Jseca Yiileiia VVZ-LH)

=1
(6.200)
= I(Vai; Yil Vi) — T(Vag; Wil Vis) (6.201)
=1
= I(Vai; Yi| Wi, Vi) (6.202)
i=1
=nl(Vo; YW, V1) (6.203)

where (6.199) follows from the Csiszar’s sum lemma [16], and (6.200) follows from
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the following Markov chain,

X7 = (Jsee, YL WD) = (Jins, Yi, W3) (6.204)

We now have the main step, i.e., an upper bound on the equivocation rate of the

eavesdropper,

H(X"Jz, Jins, Z") = H(X", Z"| o, Jins) — H(Z" |z, Jins) (6.205)
= H(X" W", Jsee, Z"| Iy Jins) — H(Z"| Tz, Jins)
— HW", Joee| X", 2", Tz Jins) (6.206)
= HW™, Joee| Ju, Jins) + H(X W™, Ty, Jsees Jins) + H(Z™| X", W™)

- H(Zn“]$7 Jms) - H(Wn|Xn7 Zn) - H(Jsec|Xn7 Jxa Jin37 Wn)

(6.207)
= (HW"|Jz, Jins) — H(Z"| s, Jins)) — (HW"| X", Z7)
— H(Z"X", W) + I (see; X"z, Jins, W")
+ H(X™MW", Ty, Jsees Jins) (6.208)

< (HW?"™ Iy, Jins) — H(Z"| Iz, Jins)) — (H(W™| X", Z™)

— H(ZMX", W™) + I(Jsee; X" T, Jins, W) + 160 (6.20)

where (6.207) follows from the Markov chain Y" — X" — (W™, Z") and (6.209)
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follows by (6.172). Now, using Csiszar’s sum lemma [16], we have

H(W" Ty, Jins) = H(Z"| Jo, Jins) = > HWAZ7 Wiy, Jay Jins)

i=1

= H(Z|Z7 W]y, o, ins) (6.210)

=1

and we also have,

HW™X™ Z") — H(Z" X", W") = HW"|X™) — H(Z"|X") (6.211)
= immlm - zn: H(Zi| X;) (6.212)

= Z H<W1‘X17 Ziilv Wiﬁ-l? Jxa Jins)

i=1

= H(Zi|X;, 27 Wiy, Jay Jins) (6.213)

=1

where (6.212) follows from the memorylessness of the sources and (6.213) follows from

the Markov chain Y — X" — (W™, Z™). Now, defining,

Ui = (Jxa Zi_la Wﬁi—l) (6214)

and
X=Xq, Y=Yy Z=Zyg W=Wy (6.215)
Vi=(Q,Vig), Va=(Q,Vaq), U=(Q.Uq) (6.216)
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we have from (6.210) and (6.213),

HW"| Ty, Jins) — H(Z™ Ty, Jins) = n(H(W|U,V3) — H(Z|U, V3)) (6.217)

HW™X" Z") — H(Z" X", W") =n(HW|X,U,V,) — H(Z|X,U,V3)) (6.218)
Now consider,

I(Jsec; Xn’J:m Jin57 Wn) = Z [(Jsec; Xz‘Jxa Jinsa Wna Xiil) (6219)

i=1

=Y H(X| e, Jons, W', X7

1=1
— i H(Xi|Jo, Jinss Jsee W, X'7) (6.220)
i=1
— fjH(Xium, Tinss Wi, XL W)
1=1
— iH(Xi‘JmalinszecaWiaXi17‘%2—1) (6.221)
i=1
= 2": H(Xi| e, Jins, Wi, X1 2071, Wiii)
1=1
— Z H(Xil T, Tins, Jsee, Wi, X' 27 WiL) - (6.222)
i=1
< Z H(Xil oy Jinsy Wiy 27 W)
=1
— Z H(Xi| T, Tins, Jsee; Wi, X1 277 WiL) - (6.223)
i=1
< Z H(Xil oy Jinsy Wiy 27 W)
=1
— Z H(Xi| e, Tins, Jsees Wis XTLYTHL 2L W)
i=1
(6.224)
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i=1 =1

= Z[(Xi;Vu\Wi,Ui,%i)

i=1

=nl(X;Vi|[W,U,V3)

We also have

](Jsec; Xn|Ja:; Jin57 Wn) S H(Jsec)

S nRsec

Therefore, we have

I(Jsec; Xn|<]:va Jin57 Wn) S nmin(-Rseca ](X; ‘/1|I/Vu U7 ‘/2))

Finally, on substituting (6.217), (6.218) and (6.230) in (6.209), we arrive at

H(X"|Jz, Jins, Z2") < n(min(Ryee, I(X; Vi[W, U, Va)) + 1(X; WU, V)

_](X72|U7‘/2)+6n)

This implies

A < min(Ryee, I(X; VAW, U, V) + I(X; WU, V) — I(X; Z|U, V3)
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Also note that the following is a Markov chain,

(Vi,Va) = Y — X — (W, 2) (6.233)

Therefore, the joint distribution of the involved random variables is

out (

p x,y,w,z,vl,vz,u) :p(a:,y)p(w,z|a:)p(vl,vgly)p(u|x,vl,v2,y) (6234)

On the other hand, the joint distribution of the involved random variables in the

achievability proof of Theorem 6.3 is in the following form,

ach(

p xay,U%Z,Ul,U%U) :p(:zc,y)p(w,z|x)p(vl,vg|y)p(u|x,vl,vg) (6235>

i.e., they satisfy the Markov chain Y — (X, V},V,) — U. Now using the observation
that 1(X; W|U, Vi, V,) depends on the marginal p(z, w, u, vi,v9) and 1(X; Z|U, V;, V3)
depends on the marginal p(z,z,u,v;,v2) and using similar arguments used in the
converse proof of Theorem 6.2, it can be shown that it suffices to consider distributions
of the form given in (6.235) when evaluating our outer bound. This completes the

proof of the converse part.
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Chapter 7

Conclusions
In this dissertation, we studied three important aspects of wireless networks, namely
feedback, relaying and cooperation. Feedback and user cooperation are two important
phenomena which need to be investigated to obtain performance limits for wireless
networks. For this purpose, we studied the multiple access channel and the inter-
ference channel with generalized feedback and developed new outer bounds on the
respective capacity regions. We focused on several forms of feedback, namely, noise-
less feedback, noisy feedback and user cooperation. For the Gaussian multi-user
channels with feedback and cooperation, we proposed a new approach to deal with
auxiliary random variables. Our approach sheds light on the shortcomings of the
maximum entropy theorem when dealing with noisy feedback and user cooperation
models. Furthermore, we believe that this approach can be useful for other problems
in multi-user information theory.

We studied the effects of relaying by first considering a special class of primitive
relay channels. We focused on the state-dependent channel, where a relay can observe
the channel state and help in data transmission by communicating the channel state

through an orthogonal finite-capacity link to the receiver. We obtained a new outer
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bound on the capacity of this channel and showed that this bound also yields a new
capacity result. We studied another variation of this problem, where the channel
state information is available to the transmitter in a rate-limited manner.

In several communication scenarios, it might be the case that there is no direct
link between the transmitter and the receiver. Therefore, any communication between
them is possible only through the help of intermediate relay nodes. This scenario is
modelled by the parallel relay network or the diamond channel. We studied the class
of diamond channels, where the source is connected to the relays through an arbitrary
memoryless broadcast channel and the relays communicate to the destination through
an orthogonal multiple access channel. For this model, we established the capacity
when the broadcast channel is deterministic. We also studied the model where the
relays are partially separated from each other and established the capacity for two
sub-classes of such channels. Using this result, we showed that feedback from the
destination to the relays can strictly increase the capacity of the diamond channel.

In several sensor network scenarios, involving distributed compression of sources,
there might be adversarial nodes. The goal is to transmit the source reliably to the
legitimate nodes but leak as little information as possible to the adversarial nodes.
To take this into account, we considered information theoretic secrecy, where we aim
to limit the information leakage to the eavesdropper. For this purpose, we considered
a secure source coding problem with coded side information from a helper to the le-
gitimate user. We first provided the characterization of the rate-equivocation region
for this problem. We generalized this result for two different models with increasing
complexity. We characterized the rate-equivocation region for the case of two-sided
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helper. For this model, we showed that Slepian-Wolf binning alone is insufficient and
using our achievable scheme, one attains strictly larger equivocation at the eavesdrop-
per than the case of one-sided helper. We also considered the situation when there
are both secure and insecure rate-limited links from the helper and characterized the

rate-equivocation region.
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