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model setting, an analytical framework justified by approximation theory.
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Chapter 1: Introduction

1.1 Motivation and Scope

Deep learning has achieved remarkable success in solving complex, high-dimensional tasks that

traditional methods struggled to address, including computer vision, natural language processing,

protein folding prediction, and the resolution of high-dimensional partial differential equations in

scientific computing. The driving force behind these advancements is the deep neural network—an

architecture comprising multi-layered artificial neurons loosely inspired by the structure of the human

brain.

Modern deep neural networks are heavily over-parameterized and rely on a vast number of

computational units, which frequently yields state-of-the-art performance. However, the massive scale

of these models introduces significant practical limitations: 1) Their enormous storage requirements

prohibit deployment on edge or portable devices, and 2) their computational demands result in unsustainable

energy consumption. Consequently, a substantial body of research has emerged aimed at compressing

deep neural networks without compromising performance, with quantization, pruning, and low-rank

approximation serving as the primary techniques.

Nevertheless, many existing compression techniques prioritize empirical success over rigorous

mathematical foundations. For instance, unlike signal processing—where quantization is supported by

robust mathematical frameworks—neural network quantization often lacks such theoretical guarantees.

This gap in the literature motivated my research into neural network quantization with provable guarantees,

which is detailed in Section 3.

A core theoretical inquiry in this space revolves around the approximation theory of quantized

neural networks. While general neural network approximation theory has evolved significantly since

1



the 1980’s, the specific approximation theory for quantized networks remains underexplored. My

foundational interest in quantization theory naturally guided me toward this domain. Section 4 presents

my findings regarding the universal approximation theory of quantized neural networks.

Despite deep neural networks serving as the state-of-the-art architecture across various disciplines,

many aspects of their underlying mechanics remain a theoretical mystery. Within neural network

optimization theory, considerable efforts have been made to explain their effectiveness. Yet, the

majority of these analyses depend on unrealistic assumptions—such as extreme over-parameterization

or infinite-width limits—that do not reflect practical implementation. Such analyses are inherently

challenging due to the non-convex nature of the optimization landscape. Furthermore, existing quantitative

convergence results predominantly focus on the linear convergence rate of empirical risk, leaving the

convergence behavior of population risk unaddressed. Motivated by this theoretical void, Section 5

demonstrates the manifestation of the curse of dimensionality within neural network optimization,

thereby establishing a critical connection between neural network approximation and optimization

theories. It reveals an intriguing paradox: while deep neural networks demonstrate exceptional empirical

performance in high-dimensional problems, even shallow networks can theoretically fall victim to the

curse of dimensionality.

Neural collapse is an intriguing phenomenon observed during the terminal phase of training

deep neural networks for classification. It describes the convergence of class-mean feature vectors and

linear classifier weights toward a geometric structure known as a simplex equiangular tight frame, up

to a scaling factor. While this empirical finding has been theoretically justified by treating features as

free optimization variables—a framework supported by neural network approximation theory—most

existing proofs require the feature space dimension exceeds the number of classes. In Section 6,

we provide a proof for the emergence of neural collapse in the opposite case, specifically within the
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orthoplex regime.

1.2 Organization of the Dissertation

Chapter 2 introduces the foundational theory essential for the developments presented in subsequent

chapters. It begins with an exploration of finite frame theory and quantization in signal processing,

especially focusing on the first-order sigma-delta (Σ∆) quantization method. Furthermore, it addresses

key concepts in manifolds and examines neural network architectures. Barron spaces and mean-field

neural networks are also introduced at the last.

Chapter 3, based on our published work [27]1, introduces a post-training quantization method

with provable guarantees. Drawing upon finite frame theory and first-order Σ∆ quantization techniques

from signal processing, we establish a robust theoretical framework. This is supported by empirical

validation on toy problems, alongside practical results demonstrating the method’s efficacy on a ResNet-

18 model for the CIFAR-10 classification task.

Chapter 4 details our ongoing research with Professor Wojciech Czaja and Professor Weilin Li,

into the curse of dimensionality within the universal approximation theory of one-bit quantized neural

networks. By restricting the input data to a compact manifold, we demonstrate that the exponential

complexity required to achieve a supremum error ϵ scales with d, the intrinsic dimension of the data

manifold, rather than the dimension of the entire space.

Chapter 5 is based on our paper [81]2. We prove that functions susceptible to the curse of

1Appeared in Journal of Fourier Analysis and Applications (2025). The author of this thesis conducted the theoretical
developments, including all theorems and proofs, performed the numerical experiments, and managed the editorial process
under the guidance of Professor Wojciech Czaja.

2Accepted for publication in Information and Inference: A Journal of the IMA. While the research problem was
proposed by Professor Haizhao Yang, the author of this thesis was responsible for the entire execution of the study,
including the derivation of all theorems and the preparation of the manuscript.
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dimensionality when approximated via Barron spaces require exponential training time for the population

risk to converge, and in some cases, may never achieve convergence. We analyze this phenomenon

in the context of the target function’s regularity and the selected class of activation functions. These

findings effectively bridge the theoretical gap between neural network approximation and optimization.

Chapter 6 presents author’s primary contributions to the recent joint preprint work [1]3. This

chapter investigates the geometry of n points in the unit sphere Sd−1 within the ’orthoplex regime’

n ∈ [d + 2, 2d]. Building upon these geometric results, we analyze the neural collapse when the

number of classes n falls within [d+ 2, 2d], where d is the dimension of the feature space. The proofs

and the manuscript of this chapter were independently developed and authored by the candidate.

3While the research problem was proposed by Professor Dustin Mixon, the author of this thesis was responsible for
the theoretical developments in Sections 2 and 3 of this paper. Additionally, the author formulated the core proposal and
established the proof of Lemma 14 in Section 4 of the paper.
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Chapter 2: Preliminaries

This chapter establishes the fundamental concepts and theoretical framework essential for the

subsequent discussions. Specifically, Sections 2.1 and 2.2 support the analysis in Chapter 3, while

Section 2.3 provides the necessary background for Chapter 4. Section 2.4 covers the basic concepts of

neural networks, which are essential for all subsequent chapters. Finally, the material in Sections 2.5

and 2.6 is presented in preparation for Chapter 5.

2.1 Finite Frames

In this section, we review key concepts from frame theory. Our focus is restricted to finite frames

in Rd. For a broader discussion of finite frames in general Hilbert spaces, we refer the reader to [16].

Definition 2.1.1. A set {e1, · · · , eN} in Rd is a finite frame for Rd if there exists 0 < A ≤ B < ∞

such that

A∥x∥2 ≤
N∑
i=1

|⟨x, ei⟩|2 ≤ B∥x∥2 (2.1)

holds for all x ∈ Rd. Here, ∥ · ∥ denotes the Euclidean norm.

The constantsA andB are called frame bounds, and {⟨x, ei⟩}Ni=1 are called the frame coefficients

of xwith respect to frame {e1, · · · , eN}. A frame {e1, · · · , eN} in Rd is called tight ifA = B. If a finite

tight frameF = {e1, · · · , eN} satisfies ∥ei∥ = 1 for all i, then we sayF is a finite unit-norm tight frame

(FUNTF).

Definition 2.1.2. Let F = {e1, · · · , eN} be a finite frame for Rd. The linear function S : Rd → Rd

5



defined by

Sx =
N∑
i=1

⟨x, ei⟩ei, (2.2)

is the frame operator of F .

Note that if F = {e1, · · · , eN} is a finite frame for Rd with frame bounds A and B, then it is

easy to see that S is a d×d positive definite matrix satisfying AId ≤ S ≤ BId, where Id is the identity

matrix of Rd. Therefore, its inverse S−1 exists and it satisfies 1
B
Id ≤ S−1 ≤ 1

A
Id. This inverse operator

S−1 is called the dual frame operator. Multiplying (2.2) by S−1 gives us an atomic decomposition of

an arbitrary x ∈ Rd:

x = S−1Sx = S−1
{ N∑

i=1

⟨x, ei⟩ei
}
=

N∑
i=1

⟨x, ei⟩S−1ei. (2.3)

It is straightforward to check {S−1e1, · · · , S−1eN} is a frame for Rd with frame bounds 1/B and

1/A. We say that {S−1e1, · · · , S−1eN} is the canonical dual frame of F . For detailed proofs of the

aforementioned statements, see [16].

When F = {e1, · · · , eN} is a tight frame for Rd with frame bound A, then S = AId and

S−1 = 1
A
Id. In this case, (2.3) gives us the following frame expansion.

Lemma 2.1.3. Let F = {e1, · · · , eN} be a finite tight frame for Rd with frame bound A. Then for any

x ∈ Rd, we have the following frame expansion of x:

x =
1

A

N∑
i=1

⟨x, ei⟩ei. (2.4)
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Moreover, if F is a FUNTF, we can express the frame bound A in terms of d and N.

Theorem 2.1.4. Let F = {e1, · · · , eN} be a FUNTF for Rd with frame bound A. Then, A = N/d

holds.

Proof. From the assumption, for any x ∈ Rd, we haveA∥x∥2 =
∑N

i=1 |⟨x, ei⟩|2. Choose an orthonormal

basis {v1, · · · , vd} of Rd. Taking x = vj , we get

A = A∥vj∥2 =
N∑
i=1

|⟨vj, ei⟩|2

for j = 1, · · · , d. The summation over j’s gives us

Ad =
d∑

j=1

A∥vj∥2 =
d∑

j=1

N∑
i=1

|⟨vj, ei⟩|2 =
N∑
i=1

d∑
j=1

|⟨ei, vj⟩|2 =
N∑
i=1

∥ei∥2 = N.

Note that the last equality holds since ∥ei∥ = 1 for all i’s. Therefore, we conclude that A = N/d.

Hence, when F is a FUNTF, we have the following frame expansion

x =
d

N

N∑
i=1

⟨x, ei⟩ei (2.5)

for any x ∈ Rd.

Now we review the concept of frame variation, which is important in quantization with finite

frames.

Definition 2.1.5. Given a finite frame F = {e1, · · · , eN} for Rd, its frame variation with respect to a

7



permutation p of {1, 2, · · · , N} is defined as

σ(F, p) :=
N−1∑
i=1

∥ep(i) − ep(i+1)∥. (2.6)

Frame variation is a measurement that captures the interdependency between the frame elements

resulting from the choice of p. If σ(F, p) is small, then we can say that the frame elements do not

oscillate too much in that ordering. When F = {e1, · · · , eN} is a finite unit-norm frame, then an

obvious upper bound for a frame variation would be

σ(F, p) =
N−1∑
i=1

∥ep(i) − ep(i+1)∥ ≤
N−1∑
i=1

{∥ep(i)∥+ ∥ep(i+1)∥} = 2(N − 1).

However, this upper bound is too large and does not show the effect of p on σ(F, p). In [118], the

author proves the following theorem, which leads to the existence of a permutation p of {1, 2, · · · , N}

that makes the frame bound is O(N1− 1
d ).

Theorem 2.1.6. Let {e1, · · · , eN} ⊂ [−1
2
, 1
2
]d with d ≥ 3. Then, there exists a permutation p of

{1, 2, · · · , N} such that

N−1∑
i=1

∥ep(i) − ep(i+1)∥ ≤ 2
√
d+ 3N1− 1

d − 2
√
d+ 3. (2.7)

Note that for a unit-norm frame F = {e1, · · · , eN} for Rd, the set 1
2
F = {1

2
e1, · · · , 12eN} is a

subset of [−1
2
, 1
2
]d. In [10], the authors combined these results to obtain the following result.

Theorem 2.1.7. Let F = {e1, · · · , eN} be a unit-norm frame for Rd, d ≥ 3. Then, there exists a

8



permutation p of {1, 2, · · · , N} such that

σ(F, p) ≤ 4
√
d+ 3N1− 1

d − 4
√
d+ 3. (2.8)

While Theorem 2.1.7 provides a general bound on frame variation for finite unit-norm frames,

there are specific types of frames where the resulting frame variations can be uniformly bounded by a

constant which is independent of N . Here, we introduce the harmonic frames, which is a well-known

example of FUNTFs achieving uniformly bounded frame variation.

Definition 2.1.8. For N ≥ d ≥ 2, the harmonic frame Hd
N = {ej}N−1

j=0 in Rd is defined as

ej =

√
2

d

[
cos

2πj

N
, sin

2πj

N
, cos

2π2j

N
, sin

2π2j

N
, · · · , cos

2π d
2
j

N
, sin

2π d
2
j

N

]

when d is even, and

ej =

√
2

d

[ 1√
2
, cos

2πj

N
, sin

2πj

N
, cos

2π2j

N
, sin

2π2j

N
, · · · , cos

2π d−1
2
j

N
, sin

2π d−1
2
j

N

]

when d is odd.

It is easy to check that the harmonic frames are FUNTFs. Moreover, harmonic frames achieve

uniformly bounded frame variation for identity permutation.

Lemma 2.1.9. [12] Let Hd
N = {ej}N−1

j=0 be the harmonic frame in Rd with N ≥ d ≥ 2. Let p be the

identity permutation. Then we have

σ(Hd
N , p) ≤

2π(d+ 1)√
3

.
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For more details on finite frames with uniformly bounded frame variation, we refer to [14].

2.2 Quantization for Finite Frames

Let F = {e1, · · · , eN} be a finite frame in Rd. Let S be the frame operator of F. Then any

x ∈ Rd can be represented as a linear representation using frame coefficients and the canonical dual

frame of F :

x =
N∑
i=1

⟨x, ei⟩S−1ei.

One can say that this frame expansion discretely encodes x by the frame coefficients {⟨x, ei⟩}i=1,··· ,N .

Quantization refers to replacing the frame coefficients by elements from a fixed finite set, which is

often referred to as the quantization alphabet.

We begin with some common definitions of quantization alphabet in [10–12, 16, 134]. Given

K ∈ N and δ > 0, the midrise quantization alphabet Aδ
K is defined as

Aδ
K =

{
(−K +

1

2
)δ, (−K +

3

2
)δ, · · · ,−1

2
δ,
1

2
δ, · · · , (K − 1

2
)δ
}
. (2.9)

The 2K-level midrise uniform scalar quantizer Q with step size δ is defined as

Q(u) = arg min
q∈Aδ

K

|u− q|.

Therefore, Q(u) is the element in Aδ
K that is closest to u.

Memoryless scalar quantization (MSQ) is a classical method in quantization, which replaces the

frame coefficients by {Q(⟨x, ei⟩)}i=1,··· ,N . This is simple and fast, but one cannot enjoy the benefit of

the redundancy in frames in the reconstruction of signals.
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On the other hand, Sigma-Delta (Σ∆) quantization methods [10–12, 28, 43, 58, 85, 111] are

more robust algorithms that exploit the redundancy in frames. Σ∆ quantization methods are iterative

algorithms that compensate the quantization errors from the previous steps. Here, we focus on the

first-order Σ∆ quantization method. For general rth order Σ∆ quantization, we refer to Chapter 8

in [16].

Definition 2.2.1. Given K ∈ N and δ > 0, let the midrise quantization alphabet be Aδ
K , the 2K-level

midrise uniform scalar quantizer with stepsize δ be Q, and p be a permutation of {1, 2, · · · , N}. For

a given input sequence {x1, x2, · · · , xN}, the associated first-order Σ∆ quantization is defined by the

iteration:

un = un−1 + xp(n) − qn,

qn = Q(un−1 + xp(n)),

for n = 1, 2, · · · , N where u0 = 0. This produces the quantized sequence {q1, · · · , qN} and an

auxiliary sequence {u0, · · · , uN} of state variables.

It is possible to consider nonzero initial condition ∥u0∥ < δ/2, but for simplicity, we will only

consider the case u0 = 0 as in [12]. This first-order Σ∆ system is stable, in the sense that the state

variables are uniformly bounded if the input sequence is bounded.

Lemma 2.2.2. If the input sequence {x1, · · · , xN} in Definition 2.2.1 satisfies |xi| ≤ (K − 1/2)δ for

i = 1, · · · , N, then |ui| ≤ δ/2 for i = 0, 1, · · · , N.

Proof. We proceed by induction. Since u0 = 0, we have |u1| = |xp(1) − Q(xp(1))| ≤ δ/2. The base

11



case holds. Now suppose |ui| ≤ δ/2 for some i ≤ N − 1. Then,

|ui + xp(i+1)| ≤ |ui|+ |xp(i+1)| ≤ δ/2 + (K − 1/2)δ = Kδ.

Therefore, by the definition of Aδ
K and the uniform scalar quantizer Q, we get

|ui+1| = |ui + xp(i+1) − qi+1| = |ui + xp(i+1) −Q(ui + xp(i+1))| ≤ δ/2.

Note that the first-order Σ∆ quantization method in Definition 2.2.1 does not involve any frame.

The first-order Σ∆ quantization method for finite frames operates by taking input sequence as frame

coefficients {⟨x, ei⟩}i=1,··· ,N .

Definition 2.2.3. Let F = {e1, · · · , eN} be a finite frame for Rd where d ≥ 3 and let p be a

permutation of {1, 2, · · · , N}. Choose x ∈ Rd with frame expansion x =
∑N

i=1 xiS
−1ei where

xi = ⟨x, ei⟩, and S be the frame operator. Then, the quantized expansion x̄ of x is defined as:

x̄ =
N∑
i=1

qiS
−1ep(i), (2.10)

where {q1, · · · , qN} are the quantized sequence from the first-order Σ∆ quantization in 2.2.1.

We provide now an error bound on the approximation error ∥x − x̄∥. Here, we only state the

result for the case of a FUNTF. For general results, see [12] and [10].

Theorem 2.2.4. Let F = {e1, · · · , eN} be a finite unit-norm tight frame for Rd, and let p be a

permutation of {1, 2, · · · , N}. Let x ∈ Rd satisfy ∥x∥ ≤ (K−1/2)δ and have the frame expansion x =
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∑N
i=1⟨x, ei⟩S−1ei, where S−1 is the inverse frame operator for F . Then, x̄ satisfies the approximation

error

∥x− x̄∥ ≤ δd

2N
(σ(F, p) + 1).

Proof. Since ∥x∥ ≤ (K − 1/2)δ, we have |xi| = |⟨x, ei⟩| ≤ ∥x∥ ≤ (K − 1/2)δ. Therefore by Lemma

2.2.2, we have |ui| ≤ δ/2 for i = 0, · · · , N. Since F is a FUNTF, S = N
d
Id holds and

x =
d

N

N∑
i=1

xiei =
d

N

N∑
i=1

xp(i)ep(i), x̄ =
N∑
i=1

qiS
−1ep(i) =

d

N

N∑
i=1

qiep(i).

Therefore, the approximation error can be bounded as

∥x− x̄∥ =
d

N
∥

N∑
i=1

(xp(i) − qi)ep(i)∥ =
d

N
∥

N∑
i=1

(ui − ui−1)ep(i)∥

=
d

N
∥

N−1∑
i=1

ui(ep(i) − ep(i+1)) + uNep(N)∥

≤ d

N

(N−1∑
i=1

|ui|∥ep(i) − ep(i+1)∥+ |uN |∥ep(N)∥
)

≤ d

N

(N−1∑
i=1

δ

2
∥ep(i) − ep(i+1)∥+

δ

2
∥ep(N)∥

)
=

δd

2N
(σ(F, p) + 1).

From the approximation error bound, one can see that it is desirable to choose a permutation p

that makes the frame variation σ(F, p) small. Combining Theorem 2.1.7 and Theorem 2.2.4, we obtain

the following corollary, where the approximation error bound only depends on δ, d, and N.
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Corollary 2.2.5. Let F = {e1, · · · , eN} be a finite unit-norm tight frame for Rd, d ≥ 3, and let x ∈ Rd

satisfy ∥x∥ ≤ (K − 1/2)δ. Let p be a permutation of {1, 2, · · · , N} that satisfies (2.8). Let x̄ be the

quantized expansion. Then, the approximation error satisfies

∥x− x̄∥ ≤ δd

2N
(4
√
d+ 3N1− 1

d − 4
√
d+ 3 + 1).

Corollary 2.2.5 shows that we can bound the approximation error by only using the variables

δ, d, and N . We use this result to obtain error bounds between a neural network and its quantized

version in Section 3.3.

For some specific FUNTFs, such as harmonic frames, their frame variations can be uniformly

bounded by, independent of N. Therefore, they result in a tighter approximation bound Cdδ/N , where

Cd is a constant that depends only on the dimension d. For example, when we use harmonic frames

with identity permutation, then the approximation error under the first-order Σ∆ quantization method

can be bounded as

∥x− x̄∥ ≤ δd

2N

(2π(d+ 1)√
3

+ 1
)
.

2.3 Manifolds

In this section, we briefly review some basic facts in manifolds. For a more detailed background

knowledge, we refer to [61]. Let M be a d-dimensional compact Riemannian manifold isometrically

embedded in RD.

Definition 2.3.1. We say that (U, ϕ) is a chart on M if U ⊂ M is open and ϕ : U → Rd is a

homeomorphism.
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Definition 2.3.2. We say that two charts (U, ϕ) and (V, ψ) on M are Ck compatible if and only if the

two maps ϕ ◦ ψ−1 : ψ(U ∩ V ) → ϕ(U ∩ V ) and ψ ◦ ϕ−1 : ϕ(U ∩ V ) → ψ(U ∩ V ) are both Ck.

Definition 2.3.3. A Ck atlas for M is a collection of pairwise Ck compatible charts {(Ui, ϕi)}i∈I such

that ∪i∈IUi = M. A manifold is smooth if it has a C∞ atlas.

Now we define differentiable functions on M.

Definition 2.3.4. A function f : M → R is Cs if for any chart (U, ϕ), the composition f ◦ ϕ−1 :

ϕ(U) → R is s-times continuously differentiable.

We remark that the definition of Cs functions does not depend on the choice of the chart (U, ϕ).

Suppose (V, ψ) is another chart on M with U ∩V ̸= ∅. Then we have f ◦ψ−1 = (f ◦ϕ−1)◦ (ϕ◦ψ−1).

Since M is smooth, (U, ϕ) and (V, ψ) are C∞ compatible. Therefore, f ◦ ψ−1 is also Cs function.

Next, we introduce reach of a manifold, which is a geometric concept that extends the concept

of curvature to manifolds.

Definition 2.3.5. Let S(M) =
{
x ∈ RD : ∃p ̸= q ∈ M, ∥x − p∥ = ∥x − q∥ = infy∈M ∥y − x∥

}
,

which is the set of points that have at least two nearest neighbors in M. The reach τ > 0 is defined as

τ = inf
x∈M,y∈S(M)

∥x− y∥.

Finally, we introduce the partition of unity.

Definition 2.3.6. A C∞ partition of unity on M is a collection of nonnegative C∞ functions ρi : M →

R≥0 for all i ∈ A, such that

1. supp(ρi) is locally finite,
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2.
∑

i∈A ρi = 1.

For a smooth manifold, a C∞ partition of unity always exists.

Proposition 2.3.7. Let {Ui}i∈I be an open cover of a compact smooth manifold M. Then, there exists

a C∞ partition of unity {ρi}i∈I where every ρi has a compact support which is a subset of Ui.

2.4 Neural Networks

In this section, we introduce the mathematical formulation of neural networks.

First, a fully connected feed-forward neural network (FNN) with n layers is a function f :

Rm0 → Rmn which acts on data x ∈ Rm0 via

f(x) = h[n] ◦ σ ◦ h[n−1] ◦ · · · ◦ σ ◦ h[1](x), (2.11)

where h[l](x) = Wlx + bl with weight matrix Wl ∈ Rml×ml−1 and bias bl ∈ Rml , l = 1, 2, · · · , n, and

nonlinear activation function σ : R → R which acts on each component of a vector. Here, we omit

the activation for the last layer because the choice of the final activation can be different from σ. For

example in classification problems, softmax activation function is used in the last step, while σ is often

chosen as the Rectified Linear Unit (ReLU) function, defined as x 7→ max{0, x} for x ∈ R.

Next, we introduce the mathematical formulation for residual blocks and residual neural networks.

We adopt a similar mathematical formulation from Chapter 3.8.2 in [40]. A residual neural network

with n residual blocks is a function g : Rk → Rk defined as

g(x) = z[n] ◦ σ ◦ z[n−1] ◦ · · · ◦ σ ◦ z[1](x), (2.12)
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where each residual block z[i] has a structure z[i](x) = Wi,2σ(Wi,1x + bi) + x, with weight matrices

Wi,1 ∈ Rri×k,Wi,2 ∈ Rk×ri and bias bi ∈ Rri . For residual networks, we only consider ReLU as the

activation function.

While various neural network architectures exist, such as transformers and graph neural networks,

we restrict our focus to feedforward neural networks and residual neural networks, as they provide a

representative framework for the study of deep learning theory. We further remark that the definitions

introduced below regarding quantized neural networks can be naturally generalized to other types of

neural network architectures.

For a neural network F (x), the quantized neural network FQ(x) is defined as a network formed

by replacing weight matrices and biases of F (x) with quantized weight matrices and quantized biases

from any quantization algorithm. For example, for a fully connected FNN f(x) in (2.11), assume that

Qi’s and ci’s are quantized weight matrices and quantized biases of Wi’s and bi’s, respectively. Then,

fQ(x) = h
[n]
Q ◦ σ ◦ h[n−1]

Q ◦ σ · · · ◦ σ ◦ h[1]Q (x), (2.13)

where h[i]Q (x) = Qix+ ci for i = 1, · · · , n. Similarly for a residual network g(x) in (2.12),

gQ(x) = z
[n]
Q ◦ σ ◦ z[n−1]

Q ◦ · · · ◦ σ ◦ z[1]Q (x), (2.14)

where z[i]Q (x) = Qi,2σ(Qi,1x + ci) + x for i = 1, · · · , n. Here, Qi,2’s, Qi,1’s and ci’s are quantized

weight matrices and quantized biases of Wi,2’s, Wi,1’s and bi’s respectively. In practice, bias vectors

are not often quantized. In this case, we simply keep the bias vectors.

Note that if we write W̃l = (Wl, bl) and x̃ = (x⊤, 1)⊤, then h[l](x) = Wlx + bl = W̃lx̃ holds.
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Therefore, without loss of generality, we will omit the biases in our analysis. This means we assume

bi = 0 for all i’s, so h[i](x)’s in (2.11) can be regarded as h[i](x) = Wix and z[i](x)’s in (2.12) can be

regarded as z[i](x) = Wi,2σ(Wi,1x) + x.

We introduce some definitions that is frequently used in Chapter 4.

Definition 2.4.1. A FNN with n layers in the form of (2.11) is called a strict neural network. If the

same activation is applied at the last layer, say

f(x) = σ ◦ h[n] ◦ σ ◦ h[n−1] ◦ · · · ◦ σ ◦ h[1](x),

then we say f is an activated neural network.

Note that from the definition, the only difference between a strict neural network and an activated

neural network is whether the activation function σ is applied at the final layer.

We say that a strict neural network (2.11) has L layers, N =
∑L

i=1mi nodes, and P =∑L
i=1 ∥Wl∥0 + ∥bi∥0 parameters. If L,N, P are all less or equal to some quantity T , then we say

that such a neural network has size at most T . We say two FNNs f1 and f2 have the same structure if

(1) they have the same number of layers, (2) they use the same activation σ, and (3) the affine maps

in the ith layer have the same size of weight matrix and bias vector, for all i = 1, · · · , L where L

is the number of layers. The same definition is made for activated neural networks because the only

difference is the activation applied at the final layer.

When a strict (activated) neural network has all nonzero entries in its weight matrices and its bias

vectors belong to {±1}, we say that the network is a strict (activated) {±1} quantized neural network

or a strict (activated) one-bit neural network.
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2.5 Mean-field Parametrization of Neural Networks and Wasserstein Gradient Flows

A mean-field parametrization of two-layer (shallow) neural network is

f(x; θ) =
1

m

m∑
i=1

ajσ(w
⊤
i x+ bi)

where σ is activation, and θ = {(ai, wi, bi) : i = 1, · · · ,m} represents the parameters of the network.

Note that such f in the mean-field parametrization admits an integral representation:

f(x) =

ˆ
R×Rd×R

aσ(w⊤x+ b)π(da⊗ dw ⊗ db)

for a probability measure π = 1
m

∑m
i=1 δ(ai,wi,bi).

The study of Wasserstein gradient flows in neural network training is motivated by the observation

that, under mean-field parametrization, the evolution of neural network parameters under time-accelerated

gradient flow can be equivalently described by the evolution of their distribution via the 2-Wasserstein

gradient flow. This framework not only characterizes the training dynamics of two-layer neural networks

with a finite number of neurons due to the aforementioned equivalence, but also provides the advantage

of describing the training process for infinite-width shallow neural networks. The application of

Wasserstein gradient flows in the mean-field regime has been successful in analyzing the convergence

of neural network training [22, 72, 76, 84, 94]. For a more detailed discussion on Wasserstein gradient

flows in neural network training, see [22, 23, 120]. For a broader perspective on Wasserstein gradient

flows and optimal transport, refer to [115].
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2.6 Barron Spaces

Barron spaces, introduced in [34], generalize Barron’s seminal work [7] in neural network

approximation theory. They present a set of functions comprising shallow neural networks with mean-

field parametrization. Consequently, analyzing the Wasserstein gradient flow is a suitable approach for

studying the optimization dynamics of functions within Baron spaces.

A function f : X → R is said to be a Barron function if it admits an integral representation of

the form

f(x) =

ˆ
R×Rd×R

aσ(w⊤x+ b)π(da⊗ dw ⊗ db), x ∈ X, (2.15)

for some Borel probability measure π on R × Rd × R, and if its Barron norm, as defined in [34], is

finite. Here, σ : R → R denotes an activation function. We introduce the Barron norms for ReLU

activation and for other Lipschitz continuous function in Section 5.2.

Barron functions can be approximated by finite-width two-layer neural networks with a dimension-

independent approximation rate in terms of the number of parameters, given various choices of activation

functions. For example, [34] demonstrated that for the ReLU activation, these functions exhibit both

dimension-independent approximation rates and low statistical complexity. These favorable properties

extend to Barron functions with certain other activation functions [65].

Both finite-width and infinite-width two-layer networks in the mean-field scaling can be expressed

in the integral form given in (2.15). This integral representation facilitates the study of parameter

evolution under gradient flow by leveraging the 2-Wasserstein gradient flow in the parameter distribution,

as discussed in [120,121]. For a more comprehensive discussion on Barron spaces, see [34,36,37,65].
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In this work, we focus on Barron functions defined by (2.15) equipped with the finite Barron

norms adopted from [34, 36, 37, 65]. Crucially, these norms are well-defined for only Lipschitz

continuous activation functions, and therefore our primary analysis of Barron spaces is restricted to

this class. For non-Lipschitz continuous activations, where these norms may be incompatible with our

tools using 2-Wasserstein gradient flows, we focus instead on finite-width networks, which remains a

realistic and important setting. We defer the detailed discussion to Section 5.5 and Section 5.5.3. For

further literature on Barron spaces for general activation functions, including approximation rates and

embedding properties, see [50, 105–107].
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Chapter 3: Frame Quantization of Neural Networks

3.1 Introduction

Quantization is the process of compressing input from a continuous or large set of values

into a small-sized discrete set. It gained popularity in signal processing, where one of its primary

goals is obtaining a condensed representation of the analogue signal suitable for digital storage and

recovery. Examples of quantization algorithms include truncated binary expansion, memoryless scalar

quantization, and Σ∆ quantization. Among them, Σ∆ quantization methods stand out due to their

theoretically guaranteed robustness. Mathematical foundations were developed in several seminal

works [10–12, 28, 43], and have been carefully studied since, e.g., [44, 45, 59, 96].

In recent years, the concept of quantization captured the attention of the machine learning

community. The quantization of deep neural networks (DNNs) is considered one of the most effective

network compression techniques [38]. Computers express parameters of a neural network as 32-bit or

64-bit floating point numbers. In neural network quantization, one tries to replace these parameters

using compact formats such as 8 bits (or lower), while preserving the architecture and performance of

the network. An effective neural network quantization method enables users to run DNNs on portable

devices, such as smartphones, without relying on external servers. This benefits storage requirements

and helps avoid privacy-related issues. Due to these reasons, there have been numerous efforts to

develop neural network quantization schemes that preserve the model accuracy.

Neural network quantization can be categorized into 2 classes. The first class is Quantization-

Aware-Training (QAT). QAT methods [25, 54, 60, 69, 93, 130] retrain the given neural network, by

restricting the domain of parameters to a finite set of alphabets. The second class is Post-Training

Quantization (PTQ). PTQ methods [6, 47, 74, 75, 82, 83, 119, 125, 133, 134] take a pre-trained neural
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network and convert it directly into a fixed-point neural network. They demand less computation

because they do not require end-to-end training. In addition, unlike QAT methods, PTQ methods do

not require the training dataset - they usually require only a small calibration set. These reasons make

PTQ methods attractive. For a detailed explanation of QAT and PTQ methods, see [38] and references

therein.

Despite the popularity of PTQ methods, unfortunately, most of them lack theoretical error

analysis. While some algorithms [74,75,133,134] are equipped with error estimates, they are typically

probabilistic estimates with additional requirements on input distributions. Moreover, their error

estimates are proved only for feed-forward networks. However, there are popular neural networks

with different architectures, such as ResNet [49], which is constructed by stacking together a series

of residual blocks. Therefore, the design of a PTQ method with error estimates for different types of

neural networks is still an open question.

To address this problem, we return to the methods of quantization from signal processing and

investigate how to utilize them in the neural network setting while retaining their theoretical guarantees.

We focus on Σ∆ quantization algorithms. While [28, 43] focus on Σ∆ quantization for bandlimited

functions, [10–12] provide mathematical analysis of Σ∆ quantization for finite frames in Rd and

Cd, which is suitable for quantization of weight matrices in neural networks. Leveraging the tools

from [10–12], we are able to provide a new PTQ algorithm with error estimates. Our contributions are

threefold:

1. In Section 3.2 we propose an algorithm for quantizing layers of a pre-trained neural network

using the first-order Σ∆ quantization algorithm for finite unit-norm tight frames in Rd. Our

algorithm does not require any training data, hence a data-free quantization. To the best of our
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knowledge, our work is the first to utilize the tools from frame theory in this context (recent

work [132] studies quantizing random Fourier features (RFFs) using Σ∆ algorithm, which is

different from our study of DNNs).

2. We provide error estimates for both n-layer feed-forward neural networks and neural networks

formed by a series of residual blocks in Section 3.3. These results demonstrate how to control

the error using the step size and the number of frame elements.

3. Finally, in Section 3.4, we present numerical results for quantizing neural networks by applying

our proposed algorithm. We apply the algorithm to several neural network architectures on

the MNIST and CIFAR-10 classification tasks, empirically demonstrating its effectiveness. In

addition, we numerically validate the theoretical error bounds, established in Section 3.3, with

toy examples. We also provide numerical experiments and detailed explanations for the most

extreme case, 1-bit quantization.

We note that this chapter is based on the published paper [27]. The author of this thesis conducted

the theoretical developments, including all theorems and proofs, performed the numerical experiments,

and managed the editorial process under the guidance of Professor Wojciech Czaja.

3.2 Frame Quantization for Neural Networks

In this section, we explain our method to quantize a weight matrix Wi ∈ Rmi×mi−1 . Let Fi =

{ei1, · · · , eiNi
} be a FUNTF for Rmi that we are using for quantization. WriteWi = [wi

1, w
i
2, · · · , wi

mi−1
]

where wi
j is a mi × 1 column vector for j = 1, 2, · · · ,mi−1. First, choose appropriate positive integer
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Ki and step size δi > 0 that satisfy

max
j=1,··· ,mi−1

∥wi
j∥ ≤ (Ki −

1

2
)δi. (3.1)

Next, we find a permutation pi of {1, · · · , Ni} that satisfies (2.8). The algorithm to find such permutations

is described in [10, 118], so we omit the details. Then, we compute the quantized expansions of wi
j’s,

using frame Fi, constant Ki, and step size δi for i = 1, · · · , n. Let qij be the quantized expansion of

wi
j. Since we are using finite unit-norm tight frame, the dual frame operator S−1 is mi

Ni
Imi

, where Imi

is the identity matrix of Rmi . Therefore qij’s can be written as

qij =

Ni∑
k=1

qij,kS
−1eipi(k) =

mi

Ni

Ni∑
k=1

qij,ke
i
pi(k)

. (3.2)

Note that the first-order Σ∆ quantization forces qij,k ∈ Aδi
Ki

for all (j, k) ∈ {1, · · · ,mi−1}×{1, · · · , Ni}.

Therefore, at most 2Ki values are candidates for qij,k. In our scenario, we storeCi = [qij,k]1≤j≤mi−1,1≤k≤Ni
,

which is an element in (Aδi
Ki
)mi−1×Ni . When we need a quantized neural network, then we use the finite

unit-norm tight frames Fi’s and matrices Ci’s to reconstruct a network using (3.2).

Current neural network quantization methods convert a weight matrix W = [wij]1≤i≤m,1≤j≤n ∈

Rm×n into a quantized matrix Q = [qij]1≤i≤m,1≤j≤n, where each qij uses fewer bits compared to

the corresponding wij . Note that W and Q have the same dimensions. Our method differs from

typical approaches because we are storing matricesCi’s that have different dimensions from the weight

matrices Wi’s. Due to their different dimensions, we will not say Ci’s are quantized weights. Instead,

we will say that the matrix Qi = [qi1, · · · , qimi−1
] ∈ Rmi×mi−1 , where the columns are the quantized

expressions qij’s, is the quantized weight matrix of Wi ∈ Rmi×mi−1 for i = 1, · · · , n.
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Algorithm 1 Frame Quantization

Require: Weight matrix Wi ∈ Rmi×mi−1 and FUNTF Fi = {ei1, · · · , eiNi
} for Rmi .

1. Set level Ki ∈ N and stepsize δi that satisfy maxj=1,··· ,mi−1
∥wi

j∥ ≤ (Ki − 1
2
)δi.

2. Find a permutation pi of {1, · · · , Ni} that satisfies (2.8).
for j = 1, · · · ,mi−1 do

1. Compute frame expansion wi
j =

mi

Ni

∑Ni

k=1w
i
j,ke

i
k.

2. Use first-order Σ∆ quantization algorithm 2.2.1 with Ki and δi to compute

qij =
mi

Ni

Ni∑
k=1

qij,ke
i
pi(k)

.

end for
3. Set Ci = [qij,k]1≤j≤mi−1,1≤k≤Ni

∈ (Aδi
Ki
)mi−1×Ni .

Ensure: Quantized matrix Qi = [qi1, · · · , qimi−1
] ∈ Rmi×mi−1 . Store Ci.

Note that the above algorithm uses first-order Σ∆ quantization for the column vectors of the

weight matrixWi.On the other hand, we may consider applying first-order Σ∆ quantization algorithm

for the row vectors of the weight matrixWi. In this case, we apply Algorithm 1 toW⊤
i . This framework

is applied for neural networks with residual blocks in Section 3.3.2.

Although biases are not typically quantized in practice, if quantization of biases is needed for

some purpose, we may also quantize biases by adding them to the final columns of weight matrices.

This means that we can also quantize bi’s while we quantize the weight matrices Wi’s by applying

Algorithm 1 to matrices W̃i = (Wi, bi)’s.

3.3 Error Estimates

Throughout the remainder of this chapter, we assume that the activation function σ is a Lipschitz

continuous function with Lipschitz constant L, and that σ(0) = 0. This is a natural assumption,

as many activation functions used in practice, such as ReLU, satisfy this condition. In addition, we

assume that mi ≥ 3 for all i’s. This is also a reasonable assumption, since typical neural network
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architectures have more than two neurons in each layer.

We begin with some auxiliary lemmas, which play an important role in proving error estimates

between a neural network and its approximation by a quantized network.

Lemma 3.3.1. Let Qi be the quantized matrix for weight matrix Wi ∈ Rmi×mi−1 using Algorithm 1.

Then,

∥Wi −Qi∥ ≤ 2
√
2δimi

√
mi−1miN

− 1
mi

i ,

where δi is the step size and Ni is the number of elements in the frame Fi = {ei1, · · · , eiNi
} used in

Algorithm 1.

Proof. Write Wi = [wi
1 · · ·wi

mi−1
], Qi = [qi1, · · · , qimi−1

] ∈ Rmi×mi−1 where wi
j’s and qij’s are mi × 1

column vectors. Since Algorithm 1 uses pi that satisfies (2.8), Corollary 2.2.5 gives us the error

estimate

∥wi
j − qij∥ ≤ δimi

2Ni

(4
√
mi + 3N

1− 1
mi

i − 4
√
mi + 3 + 1) (3.3)

for all j = 1, · · · ,mi−1. Now, using (3.3) and the assumption mi ≥ 3, we have

∥Wi −Qi∥ = max
∥x∥=1

∥(Wi −Qi)x∥ ≤ max
∥x∥=1

{
mi−1∑
j=1

|xj| × ∥wi
j − qij∥}

≤ δimi

2Ni

(4
√
mi + 3N

1− 1
mi

i − 4
√
mi + 3 + 1)× max

∥x∥=1
{
mi−1∑
j=1

|xj|}

≤
δimi

√
mi−1

2Ni

(4
√
mi + 3N

1− 1
mi

i − 4
√
mi + 3 + 1)

≤
δimi

√
mi−1

2Ni

× 4
√
mi + 3N

1− 1
mi

i ≤ 2
√
2δimi

√
mi−1miN

− 1
mi

i .
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Next, we provide an upper bound for the norm of the quantized matrices Qi’s. This is used in

deriving the error estimate between an n-layer FNN and its corresponding quantized neural network.

Lemma 3.3.2. Let Qi be the quantized matrix of Wi. Then we have

∥Qi∥ ≤ 2
√
2δjmj

√
mjmj−1N

− 1
mj

j + ∥Wi∥.

Proof. Using Lemma 3.3.1 and the triangle inequality of matrix norms, we have

∥Qi∥ ≤ ∥Qi −Wi∥+ ∥Wi∥ ≤ 2
√
2δimi

√
mimi−1N

− 1
mi

i + ∥Wi∥.

3.3.1 Feedforward Networks

In this section, we derive an upper estimate for ∥f(x) − fQ(x)∥, where f(x) is a FNN with

n layers and fQ(x) its quantized neural network. For convenience, we adopt the assumptions from

Section 2.4 and omit the biases in our analysis. Thus, we write f(x) = Wn(σ(· · · σ(W1x) · · · )) and

fQ(x) = Qn(σ(· · · σ(Q1x) · · · )).

Theorem 3.3.3. Let f(x) = Wn(σ(· · · σ(W1x) · · · )) be a FNN with n layers. Denote the quantized

neural network obtained by Algorithm 1 as fQ(x) = Qn(σ(· · · σ(Q1x) · · · )). Then, for any input
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X ∈ Rm0 , we have

∥f(X)− fQ(X)∥ ≤ Ln−1∥X∥ ×
n∑

j=1

{
2
√
2δjmj

√
mjmj−1N

− 1
mj

j ×
n∏

i=j+1

∥Wi∥

×
j−1∏
l=1

(2
√
2δlml

√
mlml−1N

− 1
ml

l + ∥Wl∥)
}
. (3.4)

Proof. Note that since σ is an L−Lipschitz continuous function with σ(0) = 0, we have

∥σ(v)∥ = ∥σ(v)− σ(0)∥ ≤ L∥v − 0∥ = L∥v∥

for any vector v. Using this, for j = 1, · · · , n, we have

∥Wnσ · · ·WjσQj−1σQj−2 · · ·Q1X −Wnσ · · ·Wj+1σQjσQj−1σQj−2 · · ·Q1X∥

≤ Ln−j∥Wn∥ · · · ∥Wj+1∥ × ∥Wj −Qj∥∥σQj−1σQj−2 · · ·Q1X∥

≤ Ln−1∥Wn∥ · · · ∥Wj+1∥ × ∥Wj −Qj∥ × ∥Qj−1∥ · · · ∥Q1∥∥X∥.

Next, using Lemma 3.3.1, Lemma 3.3.2, and the triangle inequality, we get

∥f(X)− fQ(X)∥ = ∥Wn(σ(· · · σ(W1x) · · · ))−Qn(σ(· · · σ(Q1x) · · · ))∥

≤
n∑

j=1

∥Wnσ · · ·WjσQj−1σQj−2 · · ·Q1X −Wnσ · · ·Wj+1σQjσQj−1σQj−2 · · ·Q1X∥

≤
n∑

j=1

Ln−1∥Wn∥ · · · ∥Wj+1∥ × ∥Wj −Qj∥ × ∥Qj−1∥ · · · ∥Q1∥∥X∥

≤ Ln−1∥X∥ ×
n∑

j=1

{
2
√
2δjmj

√
mjmj−1N

− 1
mj

j ×
n∏

i=j+1

∥Wi∥
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×
j−1∏
l=1

(2
√
2δlml

√
mlml−1N

− 1
ml

l + ∥Wl∥)
}
.

Note that {Wi}ni=1, {mi}ni=0, and L are constants determined by the given FNN f(x). Therefore,

the upper bound in (3.4) can be only controlled by the step sizes δi and the numbers of frame elements

Ni. Once we fix δi’s, then the upper bound in (3.4) can be written as
∑n

j=1O(N
−1/mj

j )∥X∥. This

shows we can leverage the redundancy of frames for the accuracy of quantized neural networks. On

the other hand, if we fix frames F1, · · · , Fn, then the upper bound in (3.4) depends only on δi’s and

can be written as
∑n

i=1O(δi)∥X∥. Therefore, smaller δi’s and larger Ni’s would generate a quantized

neural network with higher accuracy.

When the number of neurons in each hidden layer is the same, that is, when m1 = · · · = mn−1,

then we have a simplified version of Theorem 3.3.3.

Corollary 3.3.4. Let f(x) = Wn(σ(· · · σ(W1x) · · · )) be a FNN with n layers with m1 = m2 =

· · · = mn−1 = m. Fix a FUNTF F ⊂ Rm with N elements and a stepsize δ. Choose a permutation

p of {1, 2, · · · , N} that satisfies (2.8). Now, use Algorithm 1 to quantize W1, · · · ,Wn−1 and W⊤
n

with the same F, δ, and p. Let M = max{m0,m,mn}. Then, the quantized neural network fQ(x) =

Qn(σ(· · · σ(Q1x) · · · )) satisfies

∥f(X)− fQ(X)∥ ≤ 2
√
2δM2N− 1

mLn−1∥X∥
n∑

j=1

{ n∏
i=j+1

∥Wi∥
j−1∏
l=1

(2
√
2δM2N− 1

m + ∥Wl∥)
}

(3.5)

for any data X ∈ Rm0 .

Proof. By Lemma 3.3.1, we have ∥Wi − Qi∥ ≤ 2
√
2δimi

√
mi−1miN

− 1
mi

i ≤ 2
√
2δM2N− 1

m for
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i = 1, · · · , n−1. For i = n,we have ∥Wn−Qn∥ = ∥W⊤
n −Q⊤

n ∥ ≤ 2
√
2δnmn−1

√
mn−1mnN

− 1
mn−1

n ≤

2
√
2δM2N− 1

m . These estimates yield ∥Qi∥ ≤ ∥Wi−Qi∥+∥Wi∥ ≤ 2
√
2δM2N− 1

m+∥Wi∥. Therefore,

from the proof of Theorem 3.3.3, we get

∥f(X)− fQ(X)∥ ≤ Ln−1∥X∥ ×
n∑

j=1

{ n∏
i=j+1

∥Wi∥ × ∥Wj −Qj∥ × ∥Qj−1∥ · · · ∥Q1∥
}

≤ Ln−1∥X∥
n∑

j=1

{
2
√
2δM2N− 1

m

n∏
i=j+1

∥Wi∥
j−1∏
l=1

(2
√
2δM2N− 1

m + ∥Wl∥)
}

= 2
√
2δM2N− 1

mLn−1∥X∥
n∑

j=1

{ n∏
i=j+1

∥Wi∥
j−1∏
l=1

(2
√
2δM2N− 1

m + ∥Wl∥)
}
.

If we use a FUNTF for Rm with N elements where N ≥
(

2
√
2δM2

min{∥W1∥,··· ,∥Wn∥}

)m
, then we have

the following simplification.

Corollary 3.3.5. If we have N ≥
(

2
√
2δM2

min{∥W1∥,··· ,∥Wn∥}

)m
in Corollary 3.3.4, then

∥f(X)− fQ(X)∥ ≤
√
2δM2N− 1

mLn−1∥X∥
n∏

i=1

∥Wi∥
n∑

j=1

2j

∥Wj∥
,

for any input data X ∈ Rm0 .

Proof. N ≥
(

2
√
2δM2

min{∥W1∥,··· ,∥Wn∥}

)m
implies 2

√
2δM2N− 1

m ≤ min{∥W1∥, · · · , ∥Wn∥}.Hence we have

n∏
i=j+1

∥Wi∥
j−1∏
l=1

(2
√
2δM2N− 1

m + ∥Wl∥) ≤
n∏

i=j+1

∥Wi∥
j−1∏
l=1

(∥Wl∥+ ∥Wl∥) =
2j−1

∥Wj∥

n∏
i=1

∥Wi∥.

Applying this to (3.5) yields the result.

Note that the above results apply to general FUNTFs. However, certain families of FUNTFs
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which have uniformly bounded frame variations, provide better error estimates. For instance, using

harmonic frames {Hmi
Ni

}ni=1 and the identity permutation to quantize weight matricesWi’s using Algorithm

1, then one can easily prove a variant of Lemma 3.3.1:

∥Wi −Qi∥ ≤
δimi

√
mi−1

2Ni

(2π(mi + 1)√
3

+ 1
)
≤
δimi

√
mi−1

2Ni

× 8π +
√
3

3
√
3

mi.

The last inequality holds since we assume mi ≥ 3 for all i’s. Using this, we can show (3.4) can be

rewritten as an explicit upper bound for harmonic frames, which is a stronger upper bound in terms of

Ni’s:

∥f(X)− fQ(X)∥ ≤ Ln−1∥X∥ ×
n∑

j=1

{(8π +
√
3)

6
√
3

δjmj
√
mjmj−1N

−1
j ×

n∏
i=j+1

∥Wi∥

×
j−1∏
l=1

(
(8π +

√
3)

6
√
3

δlml
√
mlml−1N

−1
l + ∥Wl∥)

}
. (3.6)

That is, treating δi’s as fixed constants, we obtain ∥f(X) − fQ(X)∥ ≤
∑n

i=1O(N
−1
i )∥X∥. Similar

results hold for FUNTFs where their frame variations are uniformly bounded. These frames may help

us to construct a quantized network with higher accuracy.

3.3.2 Neural Networks with Residual Blocks

We now establish error estimates for residual networks. We follow the discussion in Section 2.4

and omit biases for simplicity. We quantize all the weight matrices using the same FUNTF F with N

elements, the same permutation p of {1, 2, · · · , N} satisfying (2.8), the same constantK, and the same

step size δ as in Algorithm 1. Since Wi,1 and Wi,2 have different structures, we apply Algorithm 1 to

W⊤
i,1 and Wi,2 to compress the residual network. The quantized weight matrices Qi,1’s are transposes
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of those obtained by applying Algorithm 1 to Wi,1’s.

Theorem 3.3.6. Let g(x) be a residual neural network with n residual blocks (2.12). Let

λ = max
i=1,··· ,n

{
max{∥Wi,2∥, ∥Wi,1∥}

}
, r = max

i=1,··· ,n
ri.

Let gQ(x) be the quantized residual neural network of g(x) (2.14) from Algorithm 1. Then for any

input X ∈ Rk, we have

∥g(X)− gQ(X)∥ ≤ 4δk
√
r(k + 3)(δk

√
r(k + 3) + λ)N− 1

k ∥X∥

×
n−1∑
j=0

(λ2 + 1)j
(
(2δk

√
r(k + 3)N− 1

k + λ)2 + 1
)n−1−j

. (3.7)

Proof. For simplicity, letA = 4δk
√
r(k + 3)(δk

√
r(k + 3)+λ)N− 1

k andB = (2δk
√
r(k + 3)N− 1

k+

λ)2 + 1. Let y0(x) = y0,Q(x) = x and define yi(x) = z[i] ◦ σ · · · ◦ σ ◦ z[1](x), and yi,Q(x) =

z
[i]
Q ◦ σ · · · ◦ σ ◦ z[1]Q (x) for i = 1, · · · , n. We shall show that

∥yi(X)− yi,Q(X)∥ ≤ A∥X∥
i−1∑
j=0

(λ2 + 1)jBi−1−j, (3.8)

for i = 1, · · · , n. Note that we have recurrence relations:

yi(X) = Wi,2(σ(Wi,1(σ(yi−1(X))))) + σ(yi−1(X)), (3.9)

yi,Q(X) = Qi,2(σ(Qi,1(σ(yi−1,Q(X))))) + σ(yi−1,Q(X)). (3.10)
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Using the triangle inequality repeatedly, we obtain the following:

∥yi(X)− yi,Q(X)∥ ≤ ∥Wi,2(σ(Wi,1(σ(yi−1(X)))))−Qi,2(σ(Qi,1(σ(yi−1,Q(X)))))∥

+ ∥σ(yi−1(X))− σ(yi−1,Q(X))∥

≤ ∥Wi,2(σ(Wi,1(σ(yi−1(X)))))−Wi,2(σ(Qi,1(σ(yi−1(X)))))∥

+ ∥Wi,2(σ(Qi,1(σ(yi−1(X)))))−Qi,2(σ(Qi,1(σ(yi−1(X)))))∥

+ ∥Qi,2(σ(Qi,1(σ(yi−1(X)))))−Qi,2(σ(Qi,1(σ(yi−1,Q(X)))))∥

+ ∥σ(yi−1(X))− σ(yi−1,Q(X))∥. (3.11)

Since σ is ReLU, we have ∥σ(x)−σ(y)∥ ≤ ∥x−y∥ and ∥σ(x)∥ ≤ ∥x∥ for any vectors x, y ∈ Rk.

Using this fact, the first term in (3.11) is bounded by:

∥Wi,2(σ(Wi,1(σ(yi−1(X)))))−Wi,2(σ(Qi,1(σ(yi−1(X)))))∥

≤ ∥Wi,2∥∥Wi,1 −Qi,1∥∥yi−1(X)∥ ≤ λ∥Wi,1 −Qi,1∥∥yi−1(X)∥.

The second term in (3.11) is bounded by:

∥Wi,2(σ(Qi,1(σ(yi−1(X)))))−Qi,2(σ(Qi,1(σ(yi−1(X)))))∥

≤ ∥Wi,2 −Qi,2∥∥σ(Qi,1(σ(yi−1(X))))∥ ≤ ∥Wi,2 −Qi,2∥∥Qi,1∥∥yi−1(X)∥.

The third term in (3.11) is bounded by:

∥Qi,2(σ(Qi,1(σ(yi−1(X)))))−Qi,2(σ(Qi,1(σ(yi−1,Q(X)))))∥
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≤ ∥Qi,2∥∥Qi,1∥∥yi−1(X)− yi−1,Q(X)∥.

Finally, the fourth term in (3.11) is bounded by:

∥σ(yi−1(X))− σ(yi−1,Q(X))∥ ≤ ∥yi−1(X)− yi−1,Q(X)∥.

From the four inequalities above, we obtain:

∥yi(X)− yi,Q(X)∥ ≤ {λ∥Wi,1 −Qi,1∥+ ∥Wi,2 −Qi,2∥∥Qi,1∥} × ∥yi−1(X)∥

+ {∥Qi,2∥∥Qi,1∥+ 1} × ∥yi−1(X)− yi−1,Q(X)∥. (3.12)

From the proof of Lemma 3.3.1 and Lemma 3.3.2, using ∥A∥ = ∥A⊤∥ we have ∥Wi,1 −

Qi,1∥, ∥Wi,2 −Qi,2∥ ≤ 2δk
√
r(k + 3)N− 1

k and ∥Qi,1∥, ∥Qi,2∥ ≤ 2δk
√
r(k + 3)N− 1

k + λ. Applying

these to (3.12), we have:

∥yi(X)− yi,Q(X)∥ ≤ 2δk
√
r(k + 3)N− 1

k (λ+ 2δk
√
r(k + 3)N− 1

k + λ)∥yi−1(X)∥

+
(
(2δk

√
r(k + 3)N− 1

k + λ)2 + 1
)
∥yi−1(X)− yi−1,Q(X)∥

= A∥yi−1(X)∥+B∥yi−1(X)− yi−1,Q(X)∥. (3.13)

From the recurrence relations (3.9) and (3.10), one can easily check that

∥yi(X)∥ = ∥Wi,2(σ(Wi,1(σ(yi−1(X))))) + σ(yi−1(X))∥

≤ ∥Wi,2∥∥Wi,1∥∥∥yi−1(X)∥+ ∥yi−1(X)∥ ≤ (λ2 + 1)∥yi−1(X)∥. (3.14)
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Using (3.14) repeatedly, we obtain ∥yi(X)∥ ≤ (λ2 + 1)i∥y0(X)∥ = (λ2 + 1)i∥X∥, which

together with (3.13) implies:

∥yi(X)− yi,Q(X)∥ ≤ A∥yi−1(X)∥+B∥yi−1(X)− yi−1,Q(X)∥

≤ A(λ2 + 1)i−1∥X∥+B∥yi−1(X)− yi−1,Q(X)∥. (3.15)

To prove (3.8), we proceed by induction. When i = 1, (3.15) yields:

∥y1(X)− y1,Q(X)∥ ≤ A(λ2 + 1)0∥X∥+B∥y0(X)− y0,Q(X)∥ = A∥X∥.

Therefore, (3.8) holds when i = 1. Now, let us assume that (3.8) holds for i = t.When i = t+1,

by (3.15) and the induction hypothesis, we have

∥yt+1(X)− yt+1,Q(X)∥ ≤ A(λ2 + 1)t∥X∥+B∥yt(X)− yt,Q(X)∥

≤ A∥X∥{(λ2 + 1)t +B
t−1∑
j=0

(λ2 + 1)jBt−1−j} = A∥X∥
t∑

j=0

(λ2 + 1)jBt−j.

Hence, (3.8) holds. Note that g(x) = yn(x) and gQ(x) = yn,Q(x). Taking i = n in (3.8) completes the

proof.

While the general structure of residual blocks consists of rectangular matrices Wi,1’s and Wi,2’s,

some literature [40, Chapter 3.8.2] defines this structure using k × k square weight matrices. In this

special case, Algorithm 1 can be applied directly to Wi,1’s and Wi,2’s without requiring a transpose.

The following Corollary addresses the scenario where ri = k for all k = 1, · · · , n.

Corollary 3.3.7. Let g(x) be a residual neural network with n residual blocks (2.12) where ri = k for
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all k = 1, · · · , n.. Let

λ = max
i=1,··· ,n

{
max{∥Wi,2∥, ∥Wi,1∥}

}
.

Let gQ(x) be the quantized residual neural network of g(x) (2.14) from Algorithm 1. Then for any

input X ∈ Rk, we have

∥g(X)− gQ(X)∥ ≤ 4δk
√
k(k + 3)(δk

√
k(k + 3) + λ)N− 1

k ∥X∥

×
n−1∑
j=0

(λ2 + 1)j
(
(2δk

√
k(k + 3)N− 1

k + λ)2 + 1
)n−1−j

. (3.16)

Theorem 3.3.6 shows that a smaller step size δ and largerN improve the accuracy of a quantized

neural network. Treating δ as a fixed constant, we can view the upper bound in (3.7) asO(N−1/k)∥X∥,

similar to the interpretation in Section 3.3.1. This result applies to general FUNTFs. However, for

FUNTFs with uniformly bounded variation, the terms N− 1
k in (3.7) can be replaced by N−1, further

reducing the reconstruction error.

3.4 Numerical Results

In this section, we present numerical results that illustrate the effectiveness of our proposed

algorithm. We begin by evaluating the accuracy of quantized networks obtained via Algorithm 1 on

the MNIST classification task. Our experiments are conducted on two neural network architectures:

a 3-layer FNN and a network with 2 residual blocks. Each network is trained independently 10 times

and subsequently quantized using various values ofN and δ, whereN denotes the number of elements

in the FUNTF employed. We report the average accuracy and standard deviation across different

pairs (δ,N), and numerically confirm consistency with the theoretical results established in Section
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3.3. Next, we show how Algorithm 1 can benefit under extreme quantization settings from 1-bit

quantization on the same neural network architectures. Finally, we demonstrate the performance of

our method on a more realistic setting using the ResNet-18 architecture for CIFAR-10 classification.

We compare the test accuracies of quantized networks with other PTQ benchmark and highlight the

benefits of incorporating frame redundancy in Algorithm 1.

3.4.1 Feedforward Network with 3 Layers

We trained 10 3-layer FNNs with architecture f(x) = h[3] ◦ σ ◦ h[2] ◦ σ ◦ h[1](x) where σ is

the ReLU activation, h[1] : R784 → R256, h[2] : R256 → R256, and h[3] : R256 → R10 are affine maps

as in (2.11) without bias terms. The MNIST images were normalized by dividing each pixel value

by 255. Training was carried out for 10 epochs using the Adam optimizer with its default hyper-

parameters, a mini-batch size of 64, and the categorical cross-entropy loss function. After training,

each network was quantized with the harmonic frame H256
N . We quantized each FNN using N ∈

{256, 320, 384, 448, 512} and δ ∈ {1/16, 1/8, 1/4, 1/2, 1}. The numerical results are summarized in

Table 3.1. As expected, quantizing with smaller δ and larger N generally led to higher test accuracy.

N δ = 1/16 δ = 1/8 δ = 1/4 δ = 1/2 δ = 1
256 97.53± 0.24% 97.03± 0.35% 93.39± 1.92% 63.76± 4.54% 22.85± 3.67%
320 97.62± 0.19% 97.35± 0.29% 95.47± 1.34% 84.93± 4.66% 50.30± 8.24%
384 97.65± 0.25% 97.46± 0.28% 95.99± 1.59% 90.68± 3.80% 62.48± 6.54%
448 97.68± 0.22% 97.55± 0.24% 96.92± 0.59% 93.75± 2.03% 76.66± 5.25%
512 97.68± 0.25% 97.57± 0.25% 97.20± 0.30% 95.71± 1.36% 86.97± 1.92%

Table 3.1: Frame Quantization for FNN with 3 layers. The test accuracy for the pretrained
neural network is 97.72± 0.21%.

We now demonstrate the connection between theory and numerical results. Since we are using

harmonic frames with the same N and δ for quantizing each layer, the error bound (3.6) can be
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represented as ∥f(X) − fQ(X)∥ ≤ CδN−1∥X∥, where C is a positive constant depending only

on the FNN f . In Figure 3.1 we present the worst-case error. The worst-case error decreases as N

increases or δ decreases, but it may be large if the worst-case scenario corresponds to large ∥X∥. To

remove the dependence on X and to focus on the dependence of N and δ, we compute the average

and represent the error bound as EX∥f(X)− fQ(X)∥ ≤ C ×E∥X∥× δN−1. Note that E∥X∥ is now

a constant depending only on the MNIST dataset, so by taking logarithm on both sides, we can write

log EX [∥f(X)− fQ(X)∥×N/δ] ≤ K, for some constant K > 0. In Figure 3.2, we present the values

of log EX [∥f(X)−fQ(X)∥×N/δ].We can see that the values are bounded and behave approximately

constant as N grows. These numerical results imply that our theoretical error bound is tight in terms

of δ and N.

Figure 3.1: Worst-case error ∥f(X)−
fQ(X)∥ for FNN with 3 layers.

Figure 3.2: log EX [∥f(X) −
fQ(X)∥ × N/δ] for FNN with 3
layers.

3.4.2 Network with 2 Residual Blocks

We trained 10 neural networks with architecture g(x) = h[2] ◦σ ◦ z[2] ◦σ ◦ z[1] ◦σ ◦h[1](x) where

σ denotes the ReLU activation, h[1] : R784 → R256 and h[2] : R256 → R10 are affine maps in (2.11),

39



and z[1], z[2] : R256 → R256 are residual blocks in (2.12) having the form of

z[1](x) =W1,2σ(W1,1x+ b1) + x, z[2](x) =W2,2σ(W2,1x+ b2) + x,

with square weight matrices W1,1,W1,2,W2,1,W2,2 ∈ R256×256 and bias vectors b1, b2 ∈ R256. Again,

the MNIST images were normalized by dividing each pixel value by 255. Training was carried out

for 5 epochs using the Adam optimizer with its default hyper-parameters, a mini-batch size of 64,

and the categorical cross-entropy loss function. After training, each network was quantized with the

harmonic frameH256
N . We quantized each neural network usingN ∈ {256, 320, 384, 448, 512} and δ ∈

{1/16, 1/8, 1/4, 1/2, 1}. We report our results in Table 3.2. Similar to the results for quantizing FNNs,

quantizing with smaller δ and larger N yielded test accuracy close to that of the original unquantized

network. This demonstrates the impact of δ and N in Algorithm 1, which is consistent with the

theoretical explanations given in Section 3.3.

N δ = 1/16 δ = 1/8 δ = 1/4 δ = 1/2 δ = 1
256 97.44± 0.28% 96.17± 0.67% 77.20± 6.23% 15.61± 2.89% 9.68± 2.55%
320 97.52± 0.32% 97.09± 0.35% 92.54± 1.19% 41.03± 6.94% 11.67± 2.58%
384 97.60± 0.19% 97.23± 0.27% 95.12± 0.62% 66.27± 8.36% 17.84± 2.83%
448 97.64± 0.22% 97.37± 0.28% 96.35± 0.42% 85.28± 3.53% 28.96± 6.04%
512 97.66± 0.20% 97.54± 0.25% 97.00± 0.29% 92.30± 3.11% 45.80± 10.09%

Table 3.2: Frame Quantization for Neural Network with 2 Residual Blocks. The test
accuracy for the pretrained neural network is 97.72± 0.20%.

3.4.3 1-Bit Quantization

1-bit quantization of neural network, in other words, binarization of neural network, refers to a

method of compressing weights or even activations into 1-bit numbers. For example, [25] quantized

the weights of the neural networks to {−1, 1}. Mathematical theories were also developed in 1-bit Σ∆
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quantization for bandlimited signals [42] and approximation capabilities of 1-bit neural networks [46].

In our method, since we are storing qijk’s appearing in the quantized expansions, we will say

1-bit quantization is obtained when all qijk’s are in {−a, a} for some positive number a > 0. Note

that once we choose appropriate K ∈ N and step size δ > 0, our method forces qijk’s as elements of

the midrise quantization alphabet Aδ
K (2.9). If we recall the structure of Aδ

K = {(−K + 1
2
)δ, (−K +

3
2
)δ, · · · ,−1

2
δ, 1

2
δ, · · · , (K − 1

2
)δ}, one can easily see that Aδ

K achieves a form of {−a, a} if and only

if K = 1.

Therefore, in our experiments for 1-bit quantization, we set K = 1 for all layers and found

the uniform step size δ that satisfies (3.1) for i = 1, · · · , n. For both neural networks in the previous

experiments, setting δ = 8 enables us to set K = 1. Our 1-bit quantization results can be found in

Table 3.3 and Table 3.4.

Now we shall explain how our algorithm can benefit in storage while maintaining the accuracy.

Consider 1-bit quantization for a neural network with 3 layers. We use the harmonic frame H256
N

to quantize the first and second weight matrices W1 and W2, the total bits that we need to store the

quantized matrices Q1 and Q2 is 1 × 784 × N + 1 × 256 × N = 1040N bits. The total bits that we

need to represent the weight matrices W1 and W2 are 32×256×784+32×256×256 = 8192×1040

bits. Suppose that we use N = 7000. Then the total bits that we can save is 8192× 1040− 1040N =

1192 × 1040 bits, but we have an average accuracy of 97.29% for the quantized networks, where the

average accuracy for the trained neural networks is 97.72%. So we can even benefit in storage for a

1-bit quantization case with a small sacrifice in terms of accuracy.

N 1000 2000 3000 4000 5000 6000 7000
Average 36.18% 74.09% 88.47% 94.62% 96.04% 96.83% 97.29%

Standard Deviation 7.65 4.71 1.82 0.44 0.82 0.36 0.25

Table 3.3: 1-Bit Frame Quantization for FNN with 3 layers
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N 1000 2000 3000 4000 5000 6000 7000
Average 14.12% 31.52% 66.93% 86.47% 92.88% 95.28% 96.30%

Standard Deviation 2.52 6.56 5.69 4.04 1.44 0.64 0.50

Table 3.4: 1-Bit Frame Quantization for Neural Network with 2 Residual Blocks

3.4.4 ResNet-18 Quantization

For a more realistic application scenario, we evaluated the performance of our frame-based

quantization algorithm on a ResNet-18 model, where its architecture is supported by Pytorch [88],

trained for CIFAR-10 classification. The ResNet-18 architecture was trained using the categorical

cross-entropy loss function on the CIFAR-10 training set with a mini-batch size of 128. We employed

stochastic gradient descent with Nesterov momentum, setting the learning rate to 0.1, momentum to

0.9, and weight decay to 5 × 10−4, over 200 training epochs. Input images were normalized to zero

mean and unit variance using the standard per-channel mean and standard deviation values for CIFAR-

10.

Following training, we applied Algorithm 1 to quantize the model under various settings. Note

that when quantizing a weight matrix W ∈ Rm×l using a FUNTF F with cardinality |F | = N , the

quantized representation involves storing a matrix C which is a l × N matrix. Hence, assuming that

each entry of W is originally stored in 32-bit precision and the level of quantization alphabet is set as

K = 2b−1, the storage required for C becomes a fraction bN
32m

of the original storage required for W .

In our experiments, we fixed the redundancy ratioN/m = r uniformly across layers and used the

harmonic frame Hm
N for quantizing a weight matrix W ∈ Rm×l using Algorithm 1, and evaluated the

classification test accuracy of the quantized models for various combinations of bit-widths b ∈ {3, 4}

and redundancy ratios r ∈ {1, 1.1, 1.2, 1.3}. Only the convolutional and fully connected linear weights
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were quantized; batch normalization weights and biases were kept in full precision, which is consistent

with standard PTQ methods. As a benchmark, we also conducted numerical experiments using Greedy

Path Following Quantization (GPFQ) [74], and compared its test accuracy with that of our method. For

GPFQ, we used a calibration dataset by choosing either 128 or 256 images from the CIFAR-10 training

dataset, following the idea of using small calibration sets as described in [55]. The test accuracy results

for both Frame Quantization and GPFQ are presented in Table 3.5. The pretrained ResNet-18 model

achieved a baseline test accuracy of 90.46% prior to quantization.

Pretrained Frame Quantization GPFQ
r = 1 r = 1.1 r = 1.2 r = 1.3 c = 128 c = 256

b = 3 90.46% 72.62% 76.63% 78.11% 87.56% 73.40% 67.70%
b = 4 90.46% 80.59% 88.6% 89.1% 89.78% 87.70% 88.30%

Table 3.5: Test accuracy of b-bit quantized ResNet-18 on CIFAR-10, using Frame
Quantization with redundancy ratio r ∈ {1, 1.1, 1.2, 1.3} and GPFQ with calibration set
of size c ∈ {128, 256}.

We note that for both 3-bit and 4-bit quantization, while using no redundancy (r = 1) can achieve

lower test accuracy than GPFQ, utilizing a small amount of redundancy of r = 1.1 led to achieving

better test accuracy on the CIFAR-10 dataset. This highlights the effectiveness of incorporating

redundancy of finite frames in Algorithm 1. To further demonstrate the strength of redundancy,

we examined an extreme setting, 1-bit quantization. Even under this lowest-bit representation, the

quantized network achieved test accuracy on CIFAR-10 that approached the original pretrained ResNet-

18 accuracy of 90.46%, as the redundancy ratio r increased. The corresponding numerical results are

reported in Table 3.6.

r 1 2 3 4 8 12 16
Test Accuracy 8.62% 27.21% 50.73% 80.3% 88.88% 89.48% 90.17%

Table 3.6: 1-Bit Frame Quantization for ResNet-18 with CIFAR-10 dataset
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The numerical results in Table 3.5 and Table 3.6 highlight several advantages of our Frame

Quantization algorithm. First, even without access to any training data for calibration, introducing a

small amount of redundancy enables the quantized network to achieve higher test accuracy. Although

this comes at the cost of slightly increased storage, it offers benefits in scenarios where data privacy

is a concern. Second, the frame-based algorithm enables an accurate reconstruction of the original

neural network from extremely low-bit representations while offering storage savings. For example,

r = 16 in Table 3.6 corresponds to a 1-bit represented ResNet-18, which has test accuracy on CIFAR-

10 close to that of the original pretrained network, but using the half amount of storage. While this may

not represent the most storage-optimal form of 1-bit quantization, the frame-based representation is

particularly advantageous in settings where models must be transmitted in highly compressed low-bit

formats, an arrangement reminiscent of classical signal processing scenarios.

3.5 Conclusions and Future Work

We proposed a PTQ method with rigorous mathematical analysis of error estimates between a

neural network and its quantized network. We use frame theory in neural network quantization for the

first time. We also demonstrate that 1-bit quantization with our method has a benefit in storage while

maintaining accuracy close to the original network. But still many open questions remain. Here, we

list some of them.

Beyond FUNTFs : Algorithm 1 required a FUNTF for its execution. Designing a quantization

method using a broader class of finite frames would be an appealing research direction in the future.

Higher-order Σ∆ method : While Algorithm 1 employs the first-order Σ∆ quantization method,

a natural extension involves the utilization of higher-order Σ∆ quantization schemes. It remains an
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open question how the error bounds scale with the number of frame elements under such higher-

order methods; specifically, one would expect an accelerated error decay rate relative to the frame

redundancy. Furthermore, identifying the optimal quantization rules that maintain stability in higher-

order settings is a critical step for future theoretical development.

Inference Time : To the best of our knowledge, this work represents the first attempt to incorporate

frame theory into the quantization of neural networks. Although algorithm 1 provides a rigorous

justification for accuracy and storage efficiency, the reduction of inference time remains to be addressed.

Developing a frame-theoretic quantization framework that facilitates hardware acceleration would be

a fruitful direction for subsequent research. This may require developing some specific finite frames.

Quantization Alphabet : Algorithm 1 considers a uniformly spaced symmetric quantization

alphabet. On the other hand, one may consider using a nonuniform asymmetric quantization alphabet.

In this case, the design of quantization algorithm may depend on the distributions of both the dataset

and the pretrained weight matrices.
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Chapter 4: One-bit quantized neural networks on manifolds

4.1 Introduction

As noted in Section 3.1, practitioners have developed sophisticated quantization methods, focusing

primarily on empirical performance rather than rigorous provable guarantees. Despite the practical

success of quantized neural networks, a comprehensive understanding of their underlying mechanisms

remains limited. A fundamental question concerns the approximation theory of quantized neural

networks, which characterizes the required network complexity in terms of a desired approximation

error ϵ. Developing this fundamental foundation is crucial for bridging the gap between theory and

practice.

The universal approximation theory of one-bit neural networks was first established in [46]

through the following theorem.

Theorem 4.1.1 (Theorem 4 in [46]). Let σ(x) = 1
2
max{x, 0} be the scaled ReLU activation function.

For any s, d ∈ N, consider the unit ball Fs,d of Cs([0, 1]d). That is,

Fs,d = {f ∈ Cs([0, 1]d) : sup
|s|1≤s

∥Dsf∥∞ ≤ 1}.

For all 0 < ϵ < 1/2, there is a set N of strict one-bit networks with activation σ such that the following

hold. They all have the same structure, at most Cd,s log2(1/ϵ) layers, at most Cd,sϵ
−d/s(log2(1/ϵ))

2

many nodes and parameters, and

sup
f∈Fs,d

inf
g∈N

∥f − g∥∞ ≤ ϵ.
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A natural question arises: can a universal approximation theorem of one-bit neural networks be

established for functions defined on manifolds? Motivated by the manifold hypothesis, which posits

that high-dimensional data often reside on or near a lower-dimensional manifold embedded within

the ambient space, significant research efforts [8, 24, 26, 30, 95, 112, 114] have been dedicated to

developing effective nonlinear dimensionality reduction methods. Consequently, in many practical

applications of neural networks, the approximation error on these low-dimensional manifolds is of

primary interest. Notably, several studies [19,20,98,101] have explored neural network approximation

theory specifically on manifolds.

In this chapter, building upon Theorem 4.1.1 and the work in [19, 20], we develop the first

universal approximation theory for one-bit neural networks approximating the Hölder function class

on a d-dimensional compact Riemannian manifold M isometrically embedded in RD. Specifically, we

demonstrate that the exponential dependence on the approximation error ϵ-in terms of the complexity

of layers, nodes, and parameters-is governed solely by the intrinsic dimension d and the regularity

of the Hölder function class. In addition, we characterize the weak quantitative dependence of the

network size on the ambient dimension D. We state the theorem in Section 4.3.

4.2 Notation and Setting

Prior to stating the formal problem, we establish the notation and settings employed throughout

this chapter. In this chapter, we consider FNNs equipped with the scaled activation σ(x) = 1
2
max{x, 0},

following the convention in [46]. Note that the 1
2

factor combined with {±1} quantization is mathematically

equivalent to utilizing the standard ReLU activation in conjunction with a {±1
2
} alphabet. In practical

applications, one-bit quantization is commonly implemented with scaling factors to mitigate approximation

47



errors by restoring magnitude information lost during quantization—a technique widely adopted in

convolutional neural networks [93] and large language models [117]. These observation provide the

theoretical rationale for adopting the 1
2
-scaled ReLU activation in this study.

We assume that

• M is a compact d−dimensional Riemannian manifold, isometrically embedded in RD

• M has reach τ > 0.

The differentiability of functions on M does not depend on the choice of atlas. However,

to restrict the target function space, we need to fix an atlas in order to quantify the magnitude of

derivatives.

We start with choosing radius r as r = 2−β for β = ⌈log2(4/τ)⌉. This makes

r = 2−β ≤ 2− log2(4/τ) = τ/4.

Since M is compact, there exists a finite set {c1, · · · , cCM} ⊂ M such that M ⊂ ∪CM
i=1Br(ci). Now

define Ui = M ∩ Br(ci) and Pi as the orthogonal projection onto the tangent space Tci(M). The

following lemma guarantees that (Ui, Pi)i=1,··· ,CM is an atlas of M.

Lemma 4.2.1 (Lemma 2 in [20]). For c ∈ M, if r ≤ τ/4, then Br(c) ∩M is diffeomorphic to Rd. In

particular, the orthogonal projection P onto the tangent space Tc(M) at c is a diffeomorphism.

For simplicity, we denote P = {P1, · · · , PCM}. Now, we define our target function space

Hs,α(M) using the atlas chosen above.

Definition 4.2.2. For a positive integer s and α ∈ (0, 1], a function f : M → R is (s + α)−Holder

continuous if
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1. f ◦ P−1
i ∈ Cs with

∣∣∣Ds(f ◦ P−1
i )
∣∣
Pi(x)

∣∣∣ ≤ 1 for any |s| ≤ s, x ∈ Ui,

2. For any |s|1 = s, and x1, x2 ∈ Ui,

∣∣∣Ds(f ◦ P−1
i )
∣∣
Pi(x1)

−Ds(f ◦ P−1
i )
∣∣
Pi(x2)

∣∣∣ ≤ ∥Pi(x1)− Pi(x2)∥α2 ,

hold for all i = 1, · · · , CM. Moreover, we denote the collection of (s + α)−Hölder functions on M

as Hs,α(M).

Since M is compact, ∥x∥∞ is bounded by some positive constant. Define B ∈ N as the smallest

positive integer such that ∥x∥∞ ≤ B/2 holds for any x ∈ M. Note that B is determined only by the

geometric structure of M.

We write the tangent space at ci as

Tci(M) = span{vi1, · · · , vid},

where {vi1, · · · , vid} form an orthonormal basis. Define Vi = [vi1, · · · , vid] ∈ RD×d by concatenating

vij’s as column vectors, and define

ϕi(x) = bi(V
T
i (x− ci) + ui),

for any x ∈ Ui. Here, scaling factor bi ∈ (0, 1] and translation vector ui are chosen to guarantee

ϕi(x) ∈ [1
3
, 2
3
]d for all x ∈ Ui. Note that all bi, Vi, and ui are determined by ci, r, and M. Note that r

depends only on τ, hence ϕi depends only on ci, τ, and M. We denote Φ = {ϕi}i=1,··· ,CM .

Since M is a compact smooth manifold, there exists a C∞ partition of unity R = {ρi}i=1,··· ,CM

49



where the support of ρi is a subset of Ui for i = 1, · · · , CM. If multiple such C∞ partitions exist, we

choose one and fix it. Note that throughout this chapter, P ,Φ and R remain fixed.

Throughout this chapter, C denotes a positive absolute constant whose value may change from

line to line, depending on the context. Ct1,··· ,tm,S1,··· ,Sn denotes a positive constant that depends only

on parameters t1, · · · , tm and set of functions {S1, · · · ,Sn}.

We denote multi-indices and tuples with boldface letters. We write 0 = (0, · · · , 0) ∈ Rd.Slightly

abusing notation, n is special and we write n = (n, . . . , n) for n ∈ N ∪ {0}. For k,p ∈ Nd, we write

k ≤ p as shorthand for kj ≤ pj for all j ∈ {1, . . . , d}. For any x = (x1, · · · , xd) ∈ Rd, let

xk := xk11 · · · xkdd . The degree of xk is defined to be |k|1. For any t ∈ R, we let tk = (tk1 , . . . , tkd).

4.3 Main Theorem

The following theorem constitutes the central result of this chapter. We establish the first

rigorous universal approximation theory for one-bit neural networks within the Hölder function class

Hs,α(M). Theorem 4.3.1 establishes the existence of a one-bit neural network architecture utilizing

ReLU activations that achieves universal approximation for Hs,α(M). In addition, it quantifies the

requisite network complexity—including the number of layers, nodes, and parameters—as a function

of the prescribed supremum norm error ϵ > 0, and demonstrates the weak dependency of the network

size on the ambient dimension D.

Theorem 4.3.1. For any sufficiently small ϵ > 0, there exists a set N of strict one-bit neural networks

such that the following hold.

1. They all have the same structure,

2. Have at most Cd,s,α,M,Φ,P,R(log2D + log2(1/ϵ)) layers,
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3. Have at most Cd,s,α,M,Φ,P,R

(
ϵ−d/(s+α)(log2(1/ϵ))

2 +D(log2(1/ϵ))
2 +D(log2D)2

)
nodes and

parameters,

4. supf∈Hs,α infg∈N ∥f − g∥∞ ≤ ϵ.

4.4 Outline of the proof and supporting lemmas

We prove Theorem 4.3.1 by following the primary approach outlined in [19]. UsingC∞ partition

of unity R, we can decompose the target function f as f =
∑CM

i=1 fρi. Our strategy is to find one-

bit neural networks having the same structure that approximate fρi. Since ρi has its support in Ui,

by approximating an indicator function 1Ui
with a one-bit neural network, we can efficiently assign

inputs x to their respective neighborhoods Ui’s. We also derive one-bit approximations for each fρi.

Using that multiplication operator can be approximated by one-bit neural networks (Lemma 4.4.8), we

prove the existence of one-bit neural network that approximates the target function with the desired

approximation error ϵ, and count the required number of layers, nodes, and parameters of the one-bit

network.

The remainder of this section is devoted to establishing the technical machinery required for

the proof of Theorem 4.3.1. We introduce several key lemmas that are frequently utilized throughout

the proof. These results provide the fundamental building blocks for approximating several functions

under the one-bit constraint. To maintain the focus of our exposition, proofs for the results previously

established in [19,20,46] are omitted, and we direct the interested reader to those sources for detailed

derivations.
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4.4.1 One-bit neural network expansion

We begin by establishing that both the identity and absolute value functions can be implemented

using one-bit neural networks. These lemmas serve as essential technical tools to align the number of

layers of two distinct one-bit neural network architectures.

Lemma 4.4.1. There exist strict one-bit neural networks with 2 layers and constant number of nodes

and parameters, implementing x 7→ |x| and x 7→ x.

Proof. The following two equalities finish the proof.

|x| = σ(x) + σ(x) + σ(−x) + σ(−x) =
[
1 1 1 1

]
σ(

[
1 1 −1 −1

]T
x).

x = σ(x) + σ(x)− σ(−x)− σ(−x) =
[
1 1 −1 −1

]
σ(

[
1 1 −1 −1

]T
x).

Similarly, one can easily verify the following lemma.

Lemma 4.4.2. There exist activated one-bit neural networks with 2 layers and 3 layers, both of them

using constant number of nodes and parameters, implementing x→ |x|.

Proof. Note that for 2-layer case,

|x| = σ(2|x|) = σ(σ(x) + σ(x) + σ(x) + σ(x) + σ(−x) + σ(−x) + σ(−x) + σ(−x)),

finishes the proof. For 3-layer case, use |x| = σ(2|x|) again.
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Now we prove that for any L ≥ 2, a constant function x 7→ n ∈ N can be implemented by an

activated one-bit neural network with L layers.

Lemma 4.4.3. For any positive integer n and L ≥ 2, there exists an activated one-bit neural network

of L layers, implementing x→ n with at most CLn nodes and parameters for some absolute constant

C > 0.

Proof. Let w be a 1 × 4n matrix with its entries all equal to 1. Let A be a 2n × d zero matrix. Then

we have

n = σ(2n) = σ(4nσ(1)) = σ(wσ(Ax+ wT )).

Therefore, a constant function n can be implemented by an activated one-bit neural network of size

(2, 4n+ 1, 8n).

Since n = σ(2n) and constant function 2n can be implemented by an activated one-bit neural

network with size (w, 8n + 1, 16n), constant function n can be implemented by an activated one-bit

neural network with size (3, 8n+ 2, 16n+ 1).

Note that n = σ(2n) = σ(

[
1 1 1 1

]
σ(

[
1 1 1 1

]T
n), so n→ n can be implemented by

an activated one-bit neural network with size (2, 5, 8). Note that L = 2 × (L/2) when L is even and

L = 3 + 2 × (L − 3)/2 when L is odd for all L ≥ 2. Then, we can implement a constant function n

using a L-layer activated one-bit quantized neural network with nodes and parameters both CLn for

some absolute constant C.

The following lemma demonstrates how the number of layers influences the expressive capacity

of one-bit neural networks.
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Lemma 4.4.4 (Lemma B.1 in [46]). For any m ∈ Z, there is an activated one-bit neural network that

has size at most C|m| and implements x 7→ 2mσ(x).

A two-layer structure is capable of representing multiplication by any positive integer, provided

that the number of nodes is sufficiently large.

Lemma 4.4.5. For any positive integer K ≥ 1, there exists a strict one-bit neural network of 2 layers

with 2K + 1 nodes and 4K parameters, implementing the map x 7→ Kx for x ∈ R.

Proof. Note that Kx = 2Kσ(x) − 2Kσ(−x). Therefore, x 7→ Kx can be implemented by a strict

one-bit neural network of 2 layers with 2K + 1 nodes and 4K parameters.

The following lemma establishes the architectural complexity required for the approximation of

affine transformations by one-bit neural networks. This result underpins the subsequent derivation of

Theorem 4.3.1.

Lemma 4.4.6 (Lemma C.3 in [46]). Let b,m, d, n be positive integers. For any A ∈ Rn×d and c ∈ Rn

such that ∥A∥max, ∥c∥∞ ≤ 2m, there is a strict one-bit neural network that implements a function

Rd → Rn such that ∥g(x) − (Ax + c)∥∞ ≤ 2−b+1(d∥x∥∞ + 1) holds for any x ∈ Rd. This neural

network has at most C(m+ b) layers, at most Cd(m+ b)2n nodes and parameters, and the structure

only depends on b,m, d, n, and not on the entries of A and c.

4.4.2 Approximating multiplication

Approximating a multiplication operator with a neural network is an important step in the proof

of neural network approximation theory [19, 20, 46, 127]. To achieve this, approximating a square

function via one-bit neural network is crucial, due to the identity xy = 1
2

{
(x + y)2 − x2 − y2

}
.
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The following lemma states that a square function can be approximated by activated one-bit neural

networks.

Lemma 4.4.7 (Lemma B.4 in [46]). For any ϵ ∈ (0, 1
2
), there exist two activated one-bit neural

networks S+
ϵ , S

−
ϵ with activation σ, both with the same numbers of layers, and each of sizeC log2(1/ϵ),

such that for all x ∈ [0, 1], it holds that

S−
ϵ (x) ≤ x2 ≤ S+

ϵ (x), |S+
ϵ (x)− x2| ≤ ϵ, |S−

ϵ (x)− x2| ≤ ϵ.

Now we obtain the following lemma, the existence of an one-bit neural network that approximates

the multiplication operator (x, y) 7→ xy.

Lemma 4.4.8. Given k ∈ N and ϵ ∈ (0, 1/2), there exists a strict one-bit neural network ×̂ : R2 → R

with activation σ that has the depth and the size of O(k+ log2(1/ϵ)) such that for all x, y ∈ [−2k, 2k],

we have ∣∣×̂(x, y)− xy
∣∣ ≤ ϵ.

Proof. We set

×̂(x, y) = (2k+1)2
(
S+
δ (

|x+ y|
2k+1

)− S+
δ (

|x− y|
2k+1

)
)
. (4.1)
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Since |x|, |y| ≤ 2k, we have |x+y|
2k+1 ,

|x−y|
2k+1 ≤ 1. Therefore, by Lemma 4.4.7, we bound the error of ×̂

∣∣×̂(x, y)− xy
∣∣ = (2k+1)2

∣∣∣S+
δ (

|x+ y|
2k+1

)− S+
δ (

|x− y|
2k+1

)−
(
(
|x+ y|
2k+1

)2 − (
|x− y|
2k+1

)2
)∣∣∣

≤ (2k+1)2
∣∣∣S+

δ (
|x+ y|
2k+1

)− (
|x+ y|
2k+1

)2
∣∣∣+ (2k+1)2

∣∣∣S+
δ (

|x− y|
2k+1

)− (
|x− y|
2k+1

)2
∣∣∣

≤ 22k+3δ.

We choose δ = ϵ
22k+3 to ensure

∣∣×̂(x, y)−xy
∣∣ ≤ ϵ for all x, y ∈ [−2k, 2k].Note that from Lemma 4.4.2

and Lemma 4.4.4, there exist two activated one-bit neural networks that have the same number of layers

and the same size of Ck that implement (x, y) 7→ |x+y|
2k+1 and (x, y) 7→ |x−y|

2k+1 . Therefore, by Lemma

4.4.7, S+
δ (

|x+y|
2k+1 ) and S+

δ (
|x−y|
2k+1 ) can be both implemented by activated one-bit neural networks having

the same number of layers and the same size of Ck + C log2(1/ϵ). Finally, by Lemma 4.4.4 again,

(2k+1)2S+
δ (

|x+y|
2k+1 ) and (2k+1)2S+

δ (
|x−y|
2k+1 ) can be both implemented by activated one-bit neural networks

that have the same number of layers and the same size of O(k + log2(1/ϵ)). Hence, ×̂ : R2 → R can

be implemented by a strict one-bit neural network with the depth and the size ofO(k+log2(1/ϵ)).

4.4.3 Composition of one-bit neural networks

When two functions g1 : Rd → Rm and g2 : Rm → Rn are implementable by one-bit neural

networks, it is important to check whether their composition g2 ◦ g1 : Rd → Rn is implementable by

a one-bit neural network or not. When the inner function g1 is implementable by an activated one-bit

neural network, then it is straightforward to check that g2 ◦ g1 : Rd → Rn is also implementable by a

one-bit neural network.

Lemma 4.4.9. If g1 : Rd → Rm is implementable by an activated one-bit neural network of size
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(L1, N1, P1) and g2 : Rm → Rn is implementable by a strict (resp., activated) one-bit neural network

of size (L2, N2, P2), then g2 ◦ g1 : Rd → Rn is implementable by a strict (resp., activated) one-bit

neural network of size (L1 + L2, N1 +N2, P1 + P2).

One the other hand, if g1 becomes a strict one-bit neural network in Lemma 4.4.9, then g2 ◦ g1

is not necessarily implementable by a one-bit neural network of size (L1 + L2, N1 + N2, P1 + P2),

because the composition of the last layer of g1 and the first layer of g2 may not be a one-bit layer. In

fact, one can construct a one-bit neural network, with size larger than (L1+L2, N1+N2, P1+P2), that

implements the composition g2◦g1. To prove this, we begin with a lemma which is also straightforward

to check by placing two networks in parallel.

Lemma 4.4.10. If g1 : Rd → Rm is implementable by a strict (resp., activated) one-bit neural network

of size (L,N1, P1) and g2 : Rd → Rn is implementable by a strict (resp., activated) one-bit neural

network of size (L,N2, P2), then g1 ⊕ g2 : Rd → Rm+n is implementable by a strict (resp., activated)

one-bit neural network of size (L,N1 +N2, P1 + P2).

Now we state the key lemma with its proof. This lemma states that any composition of one-bit

neural networks can be also implemented by one-bit neural networks by using one more layer, constant

factor more nodes and parameters.

Lemma 4.4.11. If g1 : Rd → Rk is implementable by a strict one-bit neural network of size (L1, N1, P1)

and g2 : Rk → Rn is implementable by a strict (resp., activated) one-bit neural network of size

(L2, N2, P2), then g2 ◦ g1 : Rd → Rn is implementable by a strict (resp., activated) one-bit neural

network of size (L1 + L2 + 1, N, P ) with N ≤ CkN1 + N2 and P ≤ CkN1 + P1 + P2 for some

absolute constant C > 0.
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Proof. We use the following observation. Let Q1 ∈ Rk×l and Q2 ∈ Rm×k be matrices with entries

{−1, 0, 1}. Then, Q2Q1 is a m × l matrix where all entries are integers with magnitude at most k.

Therefore, there exists a m× kl matrix with its entries {−1, 0, 1} such that for any x ∈ Rl, Q2Q1x =

Qy holds where y ∈ Rkl is a stack of k copies of x.

Now we return to the problem. Consider a strict one-bit neural network g1(x) =WL1 ◦ σ ◦ · · · ◦

σ ◦ W1 ◦ x where Wi ◦ z = Aiz + bi is a one-bit affine function. For convenience, we shall write

AL1 = A′ and bL1 = d. Then A′ is a one-bit k× l matrix for some l ≥ 1 and d is a one-bit k×1 vector.

We denote u(x) = σ ◦ · · · ◦ σ ◦W1 ◦ x. Note that u is an activated one-bit neural network having the

same structure with g1 until the L1 − 1 layer. Since it is activated, u is always nonnegative.

Let W ′ be the one-bit affine function which represents the first layer of one-bit neural network

implementation of g2. Denote W ′ ◦ y = Ay+ b with one-bit m× k matrix A and one-bit m× 1 vector

b.

From the above observation, one can find a one-bit matrix E ∈ Rm×kl such that AA′u = Euk,

where uk ∈ Rkl is a stack of k copies of u. Similarly, Ad is a vector m × 1 where all the entries are

integers with a maximum magnitude k. Hence, there existsm×k one-bit matrix F such that Fe = Ad

for k × 1 one-hot vector e.

Since u is nonnegative, by Lemma 4.4.2 and Lemma 4.4.10, u → uk can be implemented by a

2-layered activated one-bit neural network with at most Ckl nodes and parameters. By Lemma 4.4.3,

u → 1 can be implemented by a 2-layered activated one-bit neural network with constant nodes and

parameters. Therefore, by Lemma 4.4.10, u → (uk, e) can be implemented by a 2-layered activated

one-bit neural network with at most C(kl + k) nodes and parameters. Denote this activated neural

network as σ ◦R ◦ σ ◦ S for one-bit affine functions R and S.
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Now, define Q =

[
E F

]
to be a m× (kl+k) one-bit matrix, stacking E and F horizontally.

Then we have

Q
(
σ ◦R ◦ σ ◦ S ◦ u

)
= Euk + Fe = AA′u+ Ad = A(A′u+ d).

Therefore we have

W ′ ◦ g1(x) = A(g1(x))+ b = A(A′u(x)+ d)+ b = Q(σ ◦R ◦ σ ◦S ◦ σ ◦WL1−1 · · · ◦ σ ◦W1 ◦ x)+ b.

Now we take the exact same nodes and parameters from the second layers of g2. Then we obtain

a one-bit neural network that implements g2 ◦ g1. This proves the existence.

It is straight forward to check the number of layers is L1 + L2 + 1. The numbers of additional

nodes and parameters that we used are at most Ckl. Since l ≤ N1 holds, the total numbers of nodes

and parameters that we used are bounded by CkN1 +N2 and CkN1 + P1 + P2 respectively.

4.4.4 Regularity considerations

Recall that our strategy involves decomposing the target function asf =
∑CM

i=1 fρi, and then

finding a one-bit approximation for each localized component. We denote fi = fρi henceforth. Since

ρi’s are C∞ functions and multiplication with smooth functions preserves the regularity, it follows that

each fi inherits the same regularity as the original target function f.

Lemma 4.4.12 (Lemma 2 in [19]). fi = fρi is s times continuously differentiable, and there exists a
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Holder coefficient Li that depends only on d, s, α, r, Pi, ρi, and ϕi, such that for any |s| = s, we have

∣∣∣Ds(fi ◦ ϕ−1
i )
∣∣
ϕi(x1)

−Ds(fi ◦ ϕ−1
i )
∣∣
ϕi(x2)

∣∣∣ ≤ Li∥ϕi(x1)− ϕi(x2)∥α2 , ∀x1, x2 ∈ Ui.

Next, we introduce a slight variant of Theorem 4.1.1. We consider a restricted target function

space that is Hölder continuous.

Lemma 4.4.13. For any s, d ∈ N and α ∈ (0, 1], consider the set Cs,α([0, 1]d) which is the collection

of f such that ∥f∥Cs ≤ 1 and
∣∣Dsf(x)−Dsf(y)

∣∣ ≤ ∥x− y∥α for |s|1 = s. For all 0 < ϵ < 1/2, there

is a set N of strict one-bit networks such that the following hold. They all have the same structure, at

most Cd,s,α log2(1/ϵ) layers, at most Cd,s,αϵ
−d/(s+α)(log2(1/ϵ))

2 many nodes and parameters, and

sup
f∈Cs,α([0,1]d)

inf
g∈N

∥f − g∥∞ ≤ ϵ.

Proof. For x = (x1, · · · , xd) ∈ Rd, define φ(x) =
∏d

i=1 max{1 − |xi|, 0}. For a positive integer

n ≥ 1 and 0 ≤ k ≤ n, define the function φn,k,r : Rd → R by φn,k,r(x) = (x − k
n
)rφ(nx − k). It is

straightforward to check each φn,k,r is compactly supported in a cube of side length 2/n with center

k/n and {φ(n · −k)}0≤k≤n forms a nonnegative partition of unity for the unit cube [0, 1]d.

Now for f ∈ Cs,α([0, 1]d), let

fn,r =
∑

0≤k≤n

∑
0≤|r|1≤s

∂rf(k
n
)

r!
φn,k,r.
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Then we have

max
x∈[0,1]d

∣∣∣f(x)− fn,s(x)
∣∣∣ = max

x∈[0,1]d

∣∣∣ ∑
0≤k≤n

(
f(x)−

∑
0≤|r|1≤s

∂rf(k
n
)

r!
(x− k

n
)r
)
φ(nx− k)

∣∣∣
≤ max

x∈[0,1]d
2d sup

k:∥x−k
n
∥∞< 1

n

∣∣∣f(x)− ∑
0≤|r|1≤s

∂rf(k
n
)

r!
(x− k

n
)r
∣∣∣

≤ 2d max
x∈[0,1]d

sup
k:∥x− k

n
∥∞< 1

n

∑
r:|r|1=s

1

r!

∣∣∣(x− k

n
)r
∣∣∣× max

|r|1=s

∣∣∣Drf
∣∣
y
−Drf

∣∣
k
n

∣∣∣
≤ 2d max

x∈[0,1]d
sup

k:∥x− k
n
∥∞< 1

n

∑
r:|r|1=s

1

r!

∣∣∣(x− k

n
)r
∣∣∣× (

√
d
1

n
)α

≤ 2dd
α
2 (

1

n
)s+α

∑
r:|r|=s

1

r!
=

2d+sd
α
2

s!
(
1

n
)s+α,

where y is the linear interpolation of x and k
n
, determined by the Taylor remainder. Now choose the

smallest n that is a power of 2 such that 2d+sd
α
2

s!
( 1
n
)s+α ≤ ϵ

3
. The remaining proof is exactly the same

as Theorem 4.1.1.

4.4.5 Estimate under geometric constraints

The proof of Theorem 4.3.1 necessitates a uniform bound on the magnitude of the localized

functions fi = fρi over specific sub-regions of Ui. The following lemma provides the requisite

quantitative estimates for these components.

Lemma 4.4.14 (Lemma 8 in [20]). Define Ki,∆ = {x ∈ M : r2 − ∆ ≤ ∥x − ci∥2 ≤ r2} for

i = 1, · · · , CM. Then, there exists a constant c > 0 that depends only on the upper bounds of the first

derivatives of ρi’s and ϕi’s, such that

max
x∈Ki,∆

|fi(x)| ≤
c(π + 1)

r(1− r/τ)
∆.
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4.5 Proof of the Main Theorem

OWe prove Theorem 4.3.1 by utilizing the framework of [19] and the technical lemmas established

above. We decompose the target function f ∈ Hs,α(M) as

f =

CM∑
i=1

fi, fi = fρi.

Note that fi = fi1Ui
holds due to the compact support of ρi in Ui. The remainder of the proof

is structured as follows: in Section 4.5.1, we construct one-bit neural network approximations for

the indicator functions. Section 4.5.2 then focuses on the one-bit neural network approximation of

each localized component fi. Finally in Section 4.5.3, Lemma 4.4.8 is applied to synthesize these

components into a unified one-bit neural network that approximates the target function f , while

quantifying the resulting one-bit neural network complexity as a function of the desired accuracy ϵ

in the supremum norm.

4.5.1 Chart determination

In this section, we aim to establish one-bit neural network approximations for the indicator

functions 1Ui
’s. We begin by constructing one-bit neural network approximations of the squared

Euclidean distance from ci’s. Let cij be the jth entry of ci ∈ RD. By Lemma 4.4.6, there exist

strict one-bit neural networks gij : R → R such that

1. They have the same structure that depends only on b,

2. Each gij has at most Cb layers,

62



3. Each gij has at most Cb2 nodes and parameters,

4.
∣∣gij(z)− (z−cij)

2B

∣∣ ≤ 2−b+1(|z|+ 1) for z ∈ R.

Note that this implies

1.
∣∣gij(z)− (z−cij)

2B

∣∣ ≤ 2−b+1(|z|+ 1) ≤ 2−b(B + 2) ≤ ν
2
,

2.
∣∣gjj(z) + (z−cij)

2B

∣∣ ≤ ∣∣gij(z)− (z−cij)

2B

∣∣+ ∣∣ z−cij
B

∣∣ ≤ 2−b(B + 2) + 1 ≤ 2,

3.
∣∣gij(z)∣∣ ≤ ∣∣gij(z)− (z−cij)

2B

∣∣+ ∣∣ z−cij
2B

∣∣ ≤ ν
2
+ 1

2
≤ 1,

for z ∈
[
− B

2
, B
2

]
and b = ⌈log2(2B+4

ν
)⌉, where ν < 1 is chosen later.

By Lemma 4.4.2 and Lemma 4.4.11, z 7→ |gij(z)| can be implemented by an activated one-bit

neural network with at most Cb layers and at most Cb2 nodes and parameters, and the structure of this

network depends only on b.

Choose S+
ν in Lemma 4.4.7. Then, by Lemma 4.4.9, z 7→ S+

ν (|gj(z)|) can be implemented by an

activated one-bit neural network with at most Cb+C log2(1/ν) layers and at most Cb2+C log2(1/ν)

nodes and parameters, and its architecture depends only on b and ν.

Now, define hi,b,ν : RD → R by hi,b,ν(x) = 4B2
∑D

j=1 S
+
ν (|gij(xj)|), where xj is jth entry of

x ∈ RD. This map can be implemented by an activated one-bit neural network with at most Cb +

C log2(1/ν) layers and at most CB2D(b2 + log2(1/ν)) nodes and parameters, with its architecture

depending only on b, B,D, and ν.

Then for any x ∈ M, we have

|hi,b,ν(x)− ∥x− ci∥2| = |hi,b,ν(x)−
D∑
j=1

(x− cij)
2| = |hi,b,ν(x)− 4B2

D∑
j=1

(
xj − cij
2B

)2|
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≤ 4B2

D∑
j=1

|S+
ν (|gj(xj)|)− (

xj − cij
2B

)2|

≤ 4B2

D∑
j=1

(
|S+

ν (|gj(xj)|)− gj(xj)
2|+ |g(xj)2 − (

xj − cij
2B

)2|
)

≤ 4B2

D∑
j=1

(
ν + 2× ν

2

)
≤ 8B2Dν.

Now, we construct a strict one-bit neural network approximation of the indicator function 1Ui
.

For ϵ > 0, let

θ = ⌈log2
(3r(1− r

τ
)CM

2c(π + 1)
× 1

ϵ

)
⌉, γ = 2−θ. (4.2)

where c = cP,Φ,R > 0 is constant in Lemma 4.4.14.

Define

Tγ(x) =
2

γ − 16B2Dν
σ(−x+ r2 − 8B2Dν)− 2

γ − 16B2Dν
σ(−x+ r2 − γ + 8B2Dν). (4.3)

It is straightforward to check that 0 ≤ Tr(x) ≤ 1 for x ∈ R. We choose ν = γ
32B2D

. Then, (4.3) can

be rewritten as

Tγ(x) = 2θ+2σ(−x+ 2−2β − 2−(θ+2))− 2θ+2σ(−x+ 2−2β − 3× 2−(θ+2)). (4.4)
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Our choice of ν = γ
32B2D

= 1
32B2D

2−θ gives us

b = ⌈log2(
2B + 4

ν
)⌉ = θ + ⌈log2(64B2D(B + 2))⌉. (4.5)

Therefore, hi,b,ν can be implemented by an activated one-bit neural network with at most C(θ +

log2(B
3D)) layers and at most CB2D(θ2 + (log2(B

3D))2) nodes and parameters, and its architecture

depends only on B,D, and θ. Note that x 7→ 2m can be implemented by an activated one-bit neural

network with size at most Cm. Then, x 7→ −hi,b,ν(x)+ 2−2β − 2−(θ+2) can be implemented by a strict

one-bit neural network with at most C(θ+log2(B
3D)) layers and at most CB2D(θ2+(log2(B

3D))2)

nodes and parameters, and its architecture depends only on B,D, and θ. Now by Lemma 4.4.4 and

Lemma 4.4.9, x 7→ 2θ+2σ(−hi,b,ν(x) + 2−2β − 2−(θ+2)) can be implemented by an activated one-bit

neural network with at most C(θ + log2(B
3D)) layers and at most CB2D(θ2 + (log2(B

3D))2) nodes

and parameters, and its architecture depends only on B,D, and θ. Similarly, x 7→ 2θ+2σ(−hi,b,ν(x) +

2−2β − 3 × 2−(θ+2)) can be implemented by an activated neural network with the same layers of

x 7→ 2θ+2σ(−hi,b,ν(x)+2−2β−2−(θ+2)), and at mostCB2D(θ2+(log2(B
3D))2) nodes and parameters,

and its architecture depends only on B,D, and θ.

Therefore, using (4.2), we can conclude that Tγ(hi,b,ν(·))’s can be implemented by strict one-bit

neural networks such that

1. They have the same structure for i = 1, · · · , CM,

2. The architecture depends only on B,D, τ,P ,Φ,R and CM,

3. They have at most CB,τ,P,Φ,R,CM(log2(1/ϵ) + log2D) layers,

4. They have at most CB,τ,P,Φ,R,CM

(
D(log2(1/ϵ))

2 +D(log2D)2
)

nodes and parameters.
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From the construction, if x /∈ Ui, which is equivalent to ∥x − ci∥2 ≥ r2, then hi,b,ν(x) ≥ r2 −

8B2Dν. Therefore, Tγ(hi,b,ν(x)) = 0. If x ∈ Ui and ∥x−ci∥2 ≤ r2−γ, then hi,b,ν(x) ≤ r2−γ+8B2Dν

holds. Thus, it is straightforward to check Tγ(hi,b,ν(x)) = 1.We use this strict one-bit quantized neural

network as the indicator function on Ui.

4.5.2 Taylor Expansion

In this section, we construct one-bit neural network approximations of fi’s. As in [19, Appendix

B.2], we extend fi ◦ ϕ−1
i to the whole cube [0, 1]d by assigning fi ◦ ϕ−1

i (x) = 0 for x ∈ [0, 1]d \

ϕi(Ui). Since fi vanishes on the complement of the support of ρi, it is easy to check that this extension

preserves the regularity. We denote fϕ
i as this extension. Then by the Lemma 4.4.12, we still have the

same estimate ∣∣∣Dsfϕ
i

∣∣
x1

−Dsfϕ
i

∣∣
x2

∣∣∣ ≤ Li∥x1 − x2∥α2 , ∀x1, x2 ∈ [0, 1]d.

Given f ∈ Hs,α, there exists a normalizing constant L that depends only on d, s, α, r,P ,Φ

and R, such that fϕ
i

L
∈ Cs,α([0, 1]d) for all i = 1, · · · , CM, where Cs,α([0, 1]d) is the set defined

in Lemma 4.4.13. Consequently, the application of Lemma 4.4.13 for these scaled functions fϕ
i

L
∈

Cs,α([0, 1]d), followed by the use of Lemma 4.4.5 and Lemma 4.4.11, yields strict one-bit neural

networks gϕ1 , · · · , g
ϕ
CM

: [0, 1]d → R that satisfy the following conditions:

1. ∥gϕi − fϕ
i ∥∞ ≤ δ in [0, 1]d for all i = 1, · · · , CM,

2. gϕ1 , · · · , g
ϕ
CM

have the same structure that depends only on δ, s, α, and L,

3. The structure has at most Cd,s,α,L log2(1/δ) layers and at most Cd,s,α,Lδ
−d/(s+α)(log2(1/δ))

2

many nodes and parameters.
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Note that fϕ
i = fi ◦ ϕ−1

i = (f ◦ ϕ−1
i ) × (ρi ◦ ϕ−1

i ). Since {Pi}i=1,··· ,CM , {ρi}i=1,··· ,CM , and

{ϕi}i=1,··· ,CM are fixed from the beginning, using f ∈ Hs,α, we can conclude that there exists a

positive constant G such that ∥∇fϕ
i ∥ ≤ G for all i = 1, · · · , CM, such that G depends only on

{Pi}i=1,··· ,CM , {ρi}i=1,··· ,CM and {ϕi}i=1,··· ,CM .

Recall ϕi(x) = bi(V
T
i (x− ci)+ui) for any x ∈ Ui. Define κ ∈ N as the smallest positive integer

such that

max
i=1,··· ,CM

{
∥biV T

i ∥∞, ∥bi(−V T
i ci + ui)∥∞

}
≤ 2κ.

Note that κ depends only on ϕi’s. Since ϕi’s are affine maps, by Lemma 4.4.6, there exist strict one-bit

neural networks ψi : RD → Rd such that

1. They have the same structure that depends only on κ, d, B,D,G and δ,

2. Each ψi has at most C(κ+ ⌈log2(
(BD+2)G

δ
)⌉) layers,

3. Each ψi has at most C(κ+ ⌈log2(
(BD+2)G

δ
)⌉)2d nodes and parameters,

4. ∥ψi(x)− ϕi(x)∥∞ ≤ δ
G
≤ 1

3
for x ∈ Ui.

Therefore, by the triangle inequality, ψi(Ui) ⊂ [0, 1]d holds for i = 1. · · · , CM.

the

Now, define

f̂i = gϕi ◦ ψi. (4.6)
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Then we have

|fi(x)− f̂i(x)| = |(fϕ
i ◦ ϕi)(x)− (gϕi ◦ ψi)(x)|

≤ |(fϕ
i ◦ ϕi)(x)− (fϕ

i ◦ ψi)(x)|+ |(fϕ
i ◦ ψi)(x)− (gϕi ◦ ψi)(x)|. (4.7)

Therefore by the mean value inequality, we have

|(fϕ
i ◦ ϕi)(x)− (fϕ

i ◦ ψi)(x)| ≤ G∥ϕi(x)− ψi(x)∥ ≤ δ. (4.8)

Since ψi(x) ∈ [0, 1]d, the second term in (4.7) satisfies

|(fϕ
i ◦ ψi)(x)− (gϕi ◦ ψi)(x)| ≤ δ. (4.9)

Hence, from (4.7),(4.8),and (4.9), f̂i is an approximation of fi with ∥fi − f̂i∥∞ ≤ 2δ.

Recall that ψi’s are strict one-bit neural networks with the same structure that depends only on

κ, d,B,D,G, δ, with at most C(κ + ⌈log2(
(BD+2)G

δ
)⌉) layers and at most C(κ + ⌈log2(

(BD+2)G
δ

)⌉)2d

nodes and parameters. gϕi ’s are strict one-bit neural networks with the same structure that depends

only on δ, s, α, L,, with at most Cd,s,α,L log2(1/δ) layers and at most Cd,s,α,Lδ
−d/(s+α)(log2(1/δ))

2

many nodes and parameters. The parameters κ,B,G, and L depend only on M,Φ,P , and R that we

fixed from our setting. Hence, by Lemma 4.4.11, f̂i = gϕi ◦ ψi’s can be implemented by strict one-bit

neural networks such that

1. They have the same structure independent of f,

2. They have at most Cd,s,α,M,Φ,P,R(log2D + log2(1/δ)) layers,
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3. They have at most Cd,s,α,M,Φ,P,R

(
δ−d/(s+α)(log2(1/δ))

2+ log2D log2(1/δ)+ (log2D)2
)

nodes

and parameters.

4.5.3 Estimating the total error

Define f̂ =
∑CM

i=1 ×̂(f̂i, Tγ(hi,b,ν)), where ×̂ is a strict one-bit neural network in Lemma 4.4.8

that satisfies

|×̂(x, y)− xy| ≤ η,

for x, y ∈ [−(1 + 2δ), 1 + 2δ]. For each i, we have

∥fi − ×̂(f̂i, Tγ(hi,b,ν))∥∞ ≤ ∥fi − f̂i × Tγ(hi,b,ν)∥∞ + ∥f̂i × Tγ(hi,b,ν)− ×̂(f̂i, Tγ(hi,b,ν))∥∞.

Note that fi = fi1Ui
. Therefore the first term can be decomposed as

∥fi − f̂i × Tγ(hi,b,ν)∥∞ ≤ ∥(fi − f̂i)Tγ(hi,b,ν)∥∞ + ∥fi(1Ui
− Tγ(hi,b,ν))∥∞.

Since 0 ≤ Tγ ≤ 1, we have ∥(fi − f̂i)Tγ(hi,b,ν)∥∞ ≤ ∥fi − f̂i∥∞ ≤ 2δ.

Recall that from the construction, we have (1) If ∥x−ci∥2 > r2, then Tγ(hi,b,ν(x)) = 0 = 1Ui
(x)

and (2) If x ∈ Ui and ∥x−ci∥2 < r2−γ, then Tγ(hi,b,ν(x)) = 1 = 1Ui
(x). Therefore by Lemma 4.4.14,

we have

∥fi(1Ui
− Tγ(hi,b,ν))∥∞ ≤ 2 max

x∈K⟩,γ
|fi(x)| ≤

2c(π + 1)

r(1− r/τ)
γ.
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Adding all the inequalities, we have

∥f − f̂∥∞ ≤
CM∑
i=1

∥fi − ×̂(f̂i, Tγ(hi,b,ν))∥∞

≤ CM

(
η + 2δ +

2c(π + 1)

r(1− r/τ)
γ
)

≤ CM(η + 2δ) +
ϵ

3
.

We take η = ϵ
3CM

and δ = ϵ
6CM

. Then, f̂ satisfies ∥f − f̂∥∞ ≤ ϵ. Now, it remains to verify that f̂

can be implemented by one-bit neural network where the structure is independent of f , and count the

number of layers, nodes, and parameters.

Lemma 4.4.1 states that z 7→ z ∈ R can be implemented by a strict one-bit neural network with

2 layers and constant size of nodes and parameters. Also, Lemma 4.4.2 states that z 7→ |z| ∈ R can

be implemented by activated one-bit neural networks with 2 layers and 3 layers, both having constant

size of nodes and parameters. Hence, by Lemma 4.4.11 and using the fact that Tγ(·) ∈ [0, 1], x 7→ f̂i

and x 7→ Tγ(hi,b,ν) can be implemented by strict one-bit neural networks having the same number of

layers, where

1. The number of layers is at most Cd,s,α,M,Φ,P,R(log2D + log2(1/ϵ)),

2. Strict one-bit neural network that implements f̂i has at mostCd,s,α,M,Φ,P,R

(
ϵ−d/(s+α)(log2(1/ϵ))

2+

log2D log2(1/ϵ) + (log2D)2
)

nodes and parameters,

3. Strict one-bit neural network that implements Tγ(hi,b,ν) has at mostCB,τ,P,Φ,R,CM

(
D(log2(1/ϵ))

2+

D(log2D)2
)

nodes and parameters.

This implies the map x 7→ (f̂i, Tγ(hi,b,ν)) can be implemented by a strict one-bit neural network
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with at most Cd,s,α,M,Φ,P,R(log2D + log2(1/ϵ)) layers and Cd,s,α,M,Φ,P,R

(
ϵ−d/(s+α)(log2(1/ϵ))

2 +

D(log2(1/ϵ))
2+D(log2D)2

)
nodes and parameters. SinceB, τ and CM depend on M, we simplified

the constant above.

From Lemma 4.4.8, ×̂(·, ·) : [−1−2δ, 1+2δ] → R can be implemented by a strict one-bit neural

network with size at most CCM log2(1/ϵ). Therefore, by Lemma 4.4.11, each ×̂(f̂i, Tγ(hi,b,ν)) can be

implemented by strict neural networks of the same structure with at most Cd,s,α,M,Φ,P,R(log2D +

log2(1/ϵ)) layers and Cd,s,α,M,Φ,P,R

(
ϵ−d/(s+α)(log2(1/ϵ))

2+D(log2(1/ϵ))
2+D(log2D)2

)
nodes and

parameters.

Recall from (4.1) that in the last layer, there is no bias applied. Note that in Lemma 4.4.11, the

last layer remains the same in the composition. Therefore, adding CM terms of ×̂(f̂i, Tγ(hi,b,ν)) can be

implemented by a strict one-bit neural network. Note that the construction of one-bit neural networks

is independent of the choice of f ∈ Hs,α. This completes the proof.

4.6 Conclusion and Open Questions

In this chapter, we established Theorem 4.3.1, which constitutes the first rigorous treatment of

the universal approximation theory for one-bit neural networks approximating the Hölder function

class on a d-dimensional compact Riemannian manifold M isometrically embedded in RD. The

derivation of this result relies on a series of technical lemmas that are of independent interest. Specifically,

Theorem 4.3.1 demonstrates that the exponential dependence on the approximation error ϵ, in terms

of the complexity of layers, nodes, and parameters, is governed solely by the intrinsic dimension d

and the regularity of the Hölder function class. Furthermore, we quantified the weak dependence of

the network size on the ambient dimension D. The importance of Theorem 4.3.1 lies in its ability to
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provide a theoretical foundation and mathematical explanation for the performance of quantized neural

networks on high-dimensional data that possess an intrinsic low-dimensional geometry.

Based on our results, we propose several open problems.

Alternative Activation Functions : While the approximation capabilities of one-bit neural

networks utilizing quadratic and ReLU activations were established in [46], the theoretical landscape

for other activation functions remains largely unexplored. This line of inquiry is expected to identify

the specific properties of activations that are most conducive to, or even optimized for, quantized

environments, potentially leading to the design of specialized activations for one-bit architectures.

Architecture Complexity and Approximation Rates : Moving beyond existence results, the

precise approximation rates of one-bit neural networks relative to their depth and width need rigorous

investigation. This endeavor necessitates identifying the minimal width and parameter complexity

required to approximate a given function class under prescribed depth constraints. Such investigations

are crucial for elucidating the scaling laws of quantized architectures and providing a robust theoretical

road map for the design of resource-efficient one-bit models.

Extension to Transformer-based Models : Unlike traditional FNN architectures, the transformer

utilizes self-attention to process global information, posing new challenges for approximation theory.

Extending our framework for one-bit neural networks to these attention-based models is a promising

avenue for future work. Such an extension would provide critical insights into the expressive capacity

of quantized transformers when approximating functions on complex manifolds.
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Chapter 5: Curse of Dimensionality in Neural Network Optimization

5.1 Introduction

The curse of dimensionality refers to the exponential growth of computational complexity or

data requirements with respect to the dimension of the computation or input space. This phenomenon

arises in various fields, including Nearest Neighbor algorithms [99, Chapter 19], numerical methods

for solving partial differential equations [3], and kernel-based methods [116]. It is also observed in the

theory of artificial neural networks, particularly in approximation theory [29,39,77,101,104,127,128]

and generalization theory [62, 67, 131].

The significance of the curse of dimensionality extends beyond infeasible computational complexity

and limited resources; it also restricts a model’s ability to learn and generalize, particularly in high-

dimensional spaces. Therefore, understanding this phenomenon and developing strategies to overcome

it remains a crucial research topic. In neural network approximation and generalization theory, the

theoretical analysis and design of neural network architectures or algorithms to mitigate the curse

of dimensionality—whether in terms of the required number of network parameters or the necessary

amount of data—are active areas of research [4, 5, 13, 15, 17, 18, 40, 67, 80, 89, 110].

The curse of dimensionality has rarely been explored in the context of neural network optimization

theory, particularly concerning the computational expense of gradient descent-based training. This is

largely due to the inherently challenging nature of the non-convex optimization problem. Extensive

research has been dedicated to analyzing convergence properties under an over-parameterized (i.e.,

sufficiently wide) regime [2, 21, 32, 33, 64, 66, 86, 109, 135, 137, 138]. Most of these studies aim to

establish positive results, demonstrating linear convergence to global or local minima of the empirical

risk function with high probability, provided that certain assumptions on network width and training
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data hold. Although a negative result was shown in [100] that exponential convergence time can occur,

this result is derived from a one-dimensional linear neural network—a highly specific and atypical

setting. Furthermore, in that case, the exponential dependence is only related to the depth of the neural

network, instead of the dimension of the learning target.

While the curse of dimensionality in neural network optimization remains an open question, an

interesting negative result is presented in [121] for shallow network training without imposing any

assumptions on network width. Specifically, it is shown that there exists a Lipschitz continuous target

function for which the population risk cannot decay faster than t−
4

d−2 under the gradient flow of either

empirical risk or population risk in the mean-field regime.

Theorem 5.1.1. [121, Theorem 1] Let the training samples be independent and identically distributed

from the uniform distribution on [0, 1]d. Let σ : R → R be a Lipschitz continuous activation function.

There exists a target function ϕ with its Lipschitz constant and L∞ norm bounded by 1 such that, when

a shallow neural network with activation function σ is trained in the mean-field regime by the gradient

flow of either the population risk or the empirical risk to learn ϕ, then

lim sup
t→∞

[
tγ∥ft − ϕ∥2L2([0,1]d)

]
= ∞,

holds for all γ > 4
d−2

. Here, ft denotes the shallow neural network at training time t.

This result suggests that, in general, when learning Lipschitz continuous functions using a

shallow neural network, gradient flow training requires at least Ω((1
ϵ
)
d−2
4 ) units of time to achieve

a population risk smaller than ϵ > 0. The space of Lipschitz continuous functions is vast, making it

unsurprising that a particularly challenging target function can be found within this space, leading to

the curse of dimensionality in optimization.
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A fundamental question, however, is whether this curse persists when considering a more restricted

and structured function space. In this section, the focus is placed on smooth function spaces for two

primary reasons: 1) Smooth functions frequently arise as solutions to partial differential equations

(PDEs). It has been conjectured that deep learning-based PDE solvers may circumvent the curse

of dimensionality associated with high-dimensional PDEs [41, 48, 91, 108]. 2) The smoothness of a

learning target can introduce additional beneficial structures that could potentially mitigate learning

difficulties. Therefore, it is crucial to determine whether smoothness is the key property required

to overcome the curse of dimensionality. To address this question, the impact of target function

smoothness on the curse of dimensionality in neural network optimization is investigated, a topic

that has not been extensively explored in the literature. In particular, the results obtained align with

findings in neural network approximation theory, where it is well established that, in general, a shallow

neural network requires O(ϵ−
d
r ) neurons to approximate a function in Cr within a d-dimensional

space [77, 127–129].

The answer to the fundamental question raised above can be formalized as follows.

Theorem 5.1.2. Let the training samples be independent and identically distributed from the uniform

distribution on [0, 1]d. Let σ : R → R be a Lipschitz continuous activation function and r be a positive

integer with r < d/2. There exists a target function ϕ ∈ Cr([0, 1]d) such that, when a shallow neural

network with activation function σ is trained in the mean-field regime by the gradient flow of either the

population risk or the empirical risk to learn ϕ, then

lim sup
t→∞

[
tγ∥ft − ϕ∥2L2([0,1]d)

]
= ∞,

holds for all γ > 4r
d−2r

. Here, ft denotes the shallow neural network at training time t.
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In the worst-case scenario, the L2 population risk cannot decay at a rate faster than t−
4r

d−2r .

This result suggests that, in general, when learning a r times continuously differentiable function

using a shallow neural network, gradient flow training requires at least Ω((1
ϵ
)
d−2r
4r ) units of time to

achieve a population risk smaller than ϵ > 0. For fixed ϵ and r, this quantity grows exponentially

with the dimension d, illustrating the curse of dimensionality in neural network training. Note that

there is no assumption on the number of training samples and the neural network width, which makes

Theorem 5.1.2 holds uniformly. A more formal mathematical statement for Theorem 5.1.2 appears as

Theorem 5.3.3.

Furthermore, a new problem concerning the impact of activation functions on the curse of

dimensionality in neural network optimization is addressed. While most commonly used activation

functions, such as the rectified linear unit (ReLU), Gaussian-error linear unit (GELU), Sigmoid, Tanh,

Swish, and Sinusoid, are Lipschitz continuous, a growing body of research has focused on activation

functions that do not possess this property. Examples include the quadratic activation function σ(x) =

x2, which has been utilized to analyze the optimization landscape and generalization ability of shallow

neural networks [31, 97, 109], as well as the ReLUk activation function (or Rectified Power Unit)

σ(x) = max{0, x}k, which has been applied in neural network approximation theory [106, 107,

122–124] and in the study of partial differential equations [73]. Recently, an advanced activation

function—comprising a combination of ReLU, the floor function [x], the exponential function 2x,

and the Heaviside function 1x≥0—was proposed in [102, 103] to enhance the approximation power

of neural networks. As the study of novel activation functions continues to advance, it is natural to

investigate how these functions influence the curse of dimensionality in neural network optimization.

This issue has not been addressed in the literature, e.g., only Lipschitz continuous activation functions

are considered in [121]. In this chapter, we settle this question for a broad family of locally Lipschitz
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continuous activation functions that includes several favorable cases, such as the quadratic activation

and the ReLUk activation. The formal statement appears in Theorem 5.3.4.

The contributions of this chapter can be summarized as follows.

1. We establish in Theorem 5.3.1 that in general, Cr([0, 1]d) functions with r < d/2 are poorly

approximated by two-layer neural networks. Specifically, the optimal approximation rate in the

L2([0, 1]d) topology using Barron functions with a Barron norm bounded by κ cannot exceed the

rate κ−
2r

d−2r for such functions. Note that our approximation result differs from the majority of

neural network approximation theory literature, which typically expresses approximation rates

in terms of the number of parameters in the network architecture. As a corollary, it is proven that

Cr([0, 1]d) is not contained in the Barron space when r < d/2. Although sufficient regularity,

specifically r > d/2+1, is known to guarantee that a function belongs to the Barron space [7,34],

no prior results have explored the relationship between function regularity and Barron spaces

for lower regularity. Our findings demonstrate that regularity with r < d/2 is insufficient for a

function to belong to the Barron space.

2. In Theorem 5.3.3, we prove that learning functions that suffer from poor approximation, as

identified in Theorem 5.3.1, requires an exponential training time under gradient flow to achieve

a desired accuracy, leading to the curse of dimensionality in optimization. Mathematically, under

gradient flow training of two-layer neural networks in the mean field regime, the population

risk cannot decay faster than t−
4r

d−2r , highlighting the curse of dimensionality in neural network

optimization. In Theorem 5.3.3, we analyze the case of Lipschitz continuous activation functions

and allow infinite-width shallow network training. If the activation function is continuously

differentiable, then the gradient flow is guaranteed to exist. For piecewise differentiable activation
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functions such as ReLU and others, the existence of gradient flows has been established in [22,

120]. Note that our focus is not on the existence of gradient flows.

3. Finally, in Theorem 5.3.4, we demonstrate that the curse of dimensionality in neural network

optimization persists even when using locally Lipschitz continuous activation functions. Specifically,

we show that in general, the population risk under gradient flow training of finite-width shallow

neural network in the mean-field regime cannot decay faster than t−
(4+2δ)r
d−2r when learning a

Cr([0, 1]d) function using locally Lipschitz continuous activation function whose Lipschitz constant

in [−x, x] is bounded by O(xδ) for any x ∈ R. Notably, the activation functions σ(x) = x2 and

σ(x) = max{0, x}k satisfy this condition.

To the best of our knowledge, this is the first mathematical work that demonstrates the influence

of the target function’s regularity on the curse of dimensionality in neural network training. In contrast

to most works in neural network optimization, the theorems do not impose any conditions on the

neural network width or the sample size. The only assumption that the data is drawn from the uniform

distribution in [0, 1]d, a natural choice that lets us identify the population risk with one-half of the

square of the L2 norm.

The content of this chapter is based on [81]1. While the research problem was proposed by

Professor Haizhao Yang, the author of this thesis was responsible for the entire execution of the study,

including the derivation of all theorems and the preparation of the manuscript.

1Accepted for publication in Information and Inference: A Journal of the IMA.
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5.2 Setup

In this chapter, we additionally adopt the following notation. Q = [0, 1]d denotes the unit cube

in Rd. B′
ϵ(x) denotes the projection of the ball Bϵ(x) from Rd/Zd onto Q.

To illustrate this notation, consider the following examples: 1) When d = 1, the set B′
1/8(1/16)

is given by B′
1/8(1/16) = [0, 3/16) ∪ (15/16, 1]. 2) When d = 2, the set B′

1/4(
1
2
, 0) is given by

B′
1/4

(
1
2
, 0
)
=
{
(x, y) ∈ [0, 1]2 :

(
x− 1

2

)2
+ y2 ≤

(
1
4

)2}∪{(x, y) ∈ [0, 1]2 :
(
x− 1

2

)2
+ (y − 1)2 ≤

(
1
4

)2}.

If a constant α ∈ Rn is written as α = αβ1,··· ,βm for some parameters β1, · · · , βm, this means α is a

constant that depends only on β1, · · · , βm.

Let f : X → R be a function defined on a compact set X ⊂ Rd. Define Df as the collection

of appropriate Borel probability measures π in the integral representation (2.15) to generate f . The

Barron space consists of functions that admit the integral representation (2.15) with a finite Barron

norm. To emphasize the dependence on the activation function σ, the Barron space is denoted as

Bσ(X). We only consider the Barron space where σ is a Lipschitz continuous activation function. If

Df is nonempty, the Barron norm ∥ · ∥Bσ(X) of a Barron function f is defined as follows: When σ is

the ReLU activation function, the norm is given by

∥f∥Bσ(X) := inf
π∈Df

Eπ[|a|(∥w∥1 + |b|)] <∞. (5.1)

Otherwise, for other Lipschitz continuous activation functions, the norm is defined as

∥f∥Bσ(X) := inf
π∈Df

Eπ[|a|(∥w∥1 + |b|+ 1)] <∞. (5.2)
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For simplicity, since the primary focus is on the domain X = Q, the notation is further simplified by

writing Bσ henceforth.

If a Borel probability measure π generates a function f through the integral representation (2.15),

we denote it as fπ to emphasize its dependence of π. We assume that the data distribution is uniform

on Q. Then given a target function f ∗, the population risk Rp and the empirical risk Rn are

Rp(π) :=
1

2

ˆ
Q

(fπ(x)− f ∗(x))2dx, Rn(π) :=
1

2n

n∑
i=1

(fπ(xi)− f ∗(xi))
2

where xi’s are independent and identically distributed training samples drawn from the uniform distribution

on Q. Note that the population risk can be written as 1
2
∥fπ − f ∗∥2

L2([0,1]d)
. For a Borel probability

measure π, we denote its second moment as

N(π) :=

ˆ
R×Rd×R

a2 + ∥w∥2 + b2π(da⊗ dw ⊗ db).

We adopt the framework of [121] and investigate gradient flow training as evolution of the

parameter distribution under the 2-Wasserstein gradient flow. In this framework, if training started with

the initial parameter distribution π0, the two-layer neural network at time t is described by fπt , where

πt is the parameter distribution at time t under the 2-Wasserstein gradient flow. In the finite-width

training regime with m neurons, we denote the parameter distribution at time t as πt
m to emphasize the

number of neurons.
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5.3 Main Theorems

Our first result establishes the existence of functions in Cr(Q) that are poorly approximated by

shallow neural networks. This result is formally stated in the following theorem.

Theorem 5.3.1. Let σ : R → R be a Lipschitz continuous activation function, and let r be a positive

integer such that r < d/2. Then, there exists a function ϕ ∈ Cr(Q) satisfying

lim sup
κ→∞

[
κγ inf

∥f∥Bσ≤κ
∥ϕ− f∥Lp(Q)

]
= ∞,

for any γ > r/d
1/2−r/d

= 2r
d−2r

and any p ∈ [2,∞].

A direct consequence of Theorem 5.3.1 is the relationship between the smoothness of function

spaces and Barron spaces, as stated in the following corollary. This follows from a simple observation:

if Cr(Q) ⊂ Bσ(Q), then lim supκ→∞
[
κγ inf∥f∥Bσ≤κ ∥ϕ − f∥Lp(Q)

]
= 0 for any ϕ ∈ Cr(Q), which

contradicts Theorem 5.3.1. Note that it has been established that when r > d/2 + 1, Cr functions

belong to the Barron space with ReLU activation functions; see [7, Section 4, point 15] and [120,

Corollary B.6].

Corollary 5.3.2. Let σ : R → R be a Lipschitz continuous activation function, and let r be a positive

integer such that r < d/2. Then Cr(Q) ̸⊂ Bσ(Q).

For functions that suffer from poor approximation as stated in Theorem 5.3.1, the curse of

dimensionality also manifests in the number of training steps required when they are learned by

shallow neural networks. This result is formally stated in the following theorem. Note that within

the framework of Section 5.2, the training dynamics of a shallow neural network can be equivalently
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interpreted as the evolution of parameter measures πt.

Theorem 5.3.3. Let σ : R → R be a Lipschitz continuous activation function and r be a positive

integer with r < d/2. There exists a target function ϕ ∈ Cr(Q) with ∥ϕ∥Cr ≤ 1 such that, if the

parameter measures πt with N(π0) < ∞ evolve by the 2-Wasserstein gradient flow of either the

population or the empirical risk, then they satisfy

lim sup
t→∞

[
tγRp(π

t)
]
= ∞,

for all γ > 4r
d−2r

. Here, the parameter measures πt define integral representations 2.15 of shallow

neural networks fπt with activation σ under the training to learn ϕ.

Theorem 5.3.3 holds uniformly in both the network width and the number of training data. This

is due to two key reasons: 1) Theorem 5.3.1 is an approximation result related to the size of Barron

norms, not to the number of parameters. 2) The growth of the second moment of the parameter

measure is at most sublinear in time, which is stated in Lemma 5.4.1, and this bound does not involve

the sample size.

For a certain class of locally Lipschitz activation functions, similar results hold when training

finite-width shallow neural networks. This result is formally stated in the following theorem.

Theorem 5.3.4. Let r be a positive integer with r < d/2, and let σ be a locally Lipschitz continuous

activation function. Define Lx as the Lipschitz constant of σ on the closed interval [−x, x]. Assume

that Lx = O(xδ) for some δ ≥ 0. Then, for any positive integer m, there exists a function ϕ ∈ Cr(Q)

such that if the parameter measures πt
m, with m neurons, evolve by the 2-Wasserstein gradient flow of
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either the population or empirical risk, then they satisfy

lim sup
t→∞

[
tγRp(π

t
m)
]
= ∞,

for all γ > (4+2δ)r
d−2r

. Here, the parameter measures πt
m define integral representations 2.15 of shallow

neural networks fπt
m

with activation σ and m neurons, under the training to learn ϕ.

Theorem 5.3.4 states that once we fix positive integers r and m, then for any dimension d > 2r,

there exists ϕ ∈ Cr(Q) such that Ω((1
ϵ
)

d−2r
(4+2δ)r ) of units of time may be insufficient to achieve the

population risk less than ϵ > 0 through gradient flow training via shallow neural network with m

neurons. This demonstrates the curse of dimensionality in finite-width shallow neural network training.

Although ϕ depends on the width m, Theorem 5.3.4 holds uniformly in the number of training data.

This uniformity follows from Lemma 5.4.1, which is independent of the sample size.

It is noteworthy that when δ = 0, the activation function σ is globally Lipschitz continuous.

In this case, Theorem 5.3.4 corresponds to the finite-width shallow neural network training result

established in Theorem 5.3.3.

5.4 Key Lemmas

5.4.1 Growth of second moments under the 2-Wasserstein gradient flow

An important lemma is introduced to demonstrate the sublinear growth of second moments under

the 2-Wasserstein gradient flow. Consider the function fπ(x) =
´
Θ
ϕ(θ, x)π(dθ), expressed as an

integral representation of parametrized functions {ϕ(θ, x)}θ∈Θ. Let f ∗ be the target function to be
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learned, and define the risk functional as

R(π) =
1

2

ˆ
Rd

(fπ(x)− f ∗(x))2P(dx), (5.3)

for some data distribution P on Rd. For instance, when P is the uniform distribution on Q, the

risk functional (5.3) corresponds to the population risk. Alternatively, if P is the empirical measure

associated with a finite set of training samples {xi}ni=1 ⊂ Q, i.e., P = 1
n

∑n
i=1 δxi

, then (5.3) represents

the empirical risk. In either case, if the parameter distribution πt evolves according to the 2-Wasserstein

gradient flow of the risk functional R, then the second momentN(πt) exhibits at most sublinear growth

over time. This result is formally stated in the following lemma.

Lemma 5.4.1 ( [120, Lemma 3.3]). If πt evolves according to the 2-Wasserstein gradient flow of R

and satisfies N(π0) <∞, then

N(πt) ≤ 2[N(π0) +R(π0)t]. (5.4)

5.4.2 Barron norms and second moments

Let σ : R → R be an L-Lipschitz continuous activation function, and let X ⊂ Rd be a compact

domain. Then, for any Barron function in Bσ(X), bounds on its Barron norm can be established.

Lemma 5.4.2. Any function f ∈ Bσ(X) is Lipschitz continuous, with its Lipschitz constant bounded

above by L∥f∥Bσ(X).
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Proof. Choose a Borel probability measure π ∈ Df . Then for any x, y ∈ X, we have

|f(x)− f(y)| =
∣∣∣∣ˆ

R×Rd×R
a(σ(wTx+ b)− σ(wTy + b))π(da⊗ dw ⊗ db)

∣∣∣∣
≤
ˆ
R×Rd×R

|a||σ(wTx+ b)− σ(wTy + b)|π(da⊗ dw ⊗ db)

≤
ˆ
R×Rd×R

|a| × L|(wTx+ b)− (wTy + b)|π(da⊗ dw ⊗ db)

≤ L

ˆ
R×Rd×R

|a| × ∥w∥ × ∥x− y∥π(da⊗ dw ⊗ db)

≤ L∥x− y∥
ˆ
R×Rd×R

|a| × ∥w∥1π(da⊗ dw ⊗ db)

≤ L∥x− y∥
ˆ
R×Rd×R

|a|(∥w∥1 + |b|)π(da⊗ dw ⊗ db)

= L× Eπ[|a|(∥w∥1 + |b|)]× ∥x− y∥.

Now take the infimum over all the set Df , and we can conclude that f is Lipschitz continuous on X

with its Lipschitz constant bounded above by L∥f∥Bσ(X).

This result yields a lower bound on ∥f∥Bσ(X). The following lemma provides an upper bound

using the second moments of Df . This result plays a crucial role in the proofs of Theorems 5.3.3

and 5.3.4.

Lemma 5.4.3. Let π be a Borel probability measure on R × Rd × R such that N(π) < ∞. Then,

the integral representation (2.15) defines a Barron function with its Barron norm bounded above by

∥f∥Bσ(X) ≤
(√

d
2
+ 1
)
N(π) + 1

2
.

Proof. From Cauchy-Schwarz inequality, ∥w∥1 ≤
√
d∥w∥2 holds. Since π is a probability measure,
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Eπ[1] = 1 holds. Therefore we get

Eπ[|a|(∥w∥1 + |b|+ 1)] ≤
√
d× Eπ[|a|∥w∥2] + Eπ[|a||b|] + Eπ[|a|]

≤
√
d× Eπ[

1

2
a2 +

1

2
∥w∥22] + Eπ[

1

2
a2 +

1

2
b2] + Eπ[

1

2
a2 +

1

2
]

≤ (

√
d

2
+ 1)× Eπ[a

2 + ∥w∥22 + b2] +
1

2
= (

√
d

2
+ 1)N(π) +

1

2
.

WriteK = maxx∈X ∥x∥.Note that |σ(wTx+b)| ≤ |σ(wTx+b)−σ(0)|+|σ(0)| ≤ L|wTx+b|+|σ(0)|

holds due to Lipchitz continuity of σ. Then we get

ˆ
R×Rd×R

|aσ(wTx+ b)|π(da⊗ dw ⊗ db)

≤
ˆ
R×Rd×R

|a|(L|wTx+ b|+ |σ(0)|)π(da⊗ dw ⊗ db)

≤ max{L, |σ(0)|}
ˆ
R×Rd×R

|a|(|wTx|+ |b|+ 1)π(da⊗ dw ⊗ db)

≤ max{L, |σ(0)|} ×
ˆ
R×Rd×R

|a|(∥w∥∥x∥+ |b|+ 1)π(da⊗ dw ⊗ db)

≤ max{L, |σ(0)|} ×max{K, 1} ×
ˆ
R×Rd×R

|a|(∥w∥+ |b|+ 1)π(da⊗ dw ⊗ db)

≤ max{L, |σ(0)|} ×max{K, 1} ×
ˆ
R×Rd×R

|a|(∥w∥1 + |b|+ 1)π(da⊗ dw ⊗ db)

= max{L, |σ(0)|} ×max{K, 1} × Eπ[|a|(∥w∥1 + |b|+ 1)]

≤ max{L, |σ(0)|} ×max{K, 1} × {(
√
d

2
+ 1)N(π) +

1

2
} <∞.

Hence, integral representation f(x) =
´
R×Rd×R aσ(w

Tx + b)π(da ⊗ dw ⊗ db) is well defined for all

x ∈ X. Now the definition of Barron norm gives us

∥f∥Bσ(X) ≤ Eπ[|a|(∥w∥1 + |b|+ 1] ≤ (

√
d

2
+ 1)N(π) +

1

2
.
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5.4.3 Slow approximation property across infinitely many time scales

The following sequence plays a crucial role in constructing an element in a Banach space that

exhibits poor approximation properties under appropriate time scales.

Definition 5.4.4. A sequence {nk} ⊂ N is said to be a super-exponentially increasing sequence if it is

strictly increasing with n1 ≥ 2 and satisfies

∑
l>k

1

nl

≤ 2

nk+1
k

(5.5)

for all k ∈ N.

A super-exponentially increasing sequence {nk} satisfies the inequality

∑
i≥1

1

ni

=
1

n1

+
∑
l>1

1

nl

≤ 1

n1

+
2

n2
1

≤ 1

2
+

2

22
= 1.

This implies that limk→∞ nk = ∞. An example of a super-exponentially increasing sequence is given

by nk = 2k
k . To verify this, observe that

∑
l>k

1

nl

≤
∑
j≥1

2−kk(k+j)j =
∑
j≥1

(
1

nk

)−(k+j)j ≤
∑
j≥1

(
1

nk+1
k

)j =
1

nk+1
k

× 1

1− 1

nk+1
k

≤ 2

nk+1
k

Thus, the required condition holds for all k ∈ N.

A technical lemma is introduced to demonstrate that if a sequence of linear operators exhibits

different behavior in a Banach space Y and a sequence of subsets {Xk}k≥1, then there exists an element
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in the unit ball of Y that is poorly approximated by the elements of Xk under certain time scales.

Lemma 5.4.5. Let Y, Z,W be normed linear spaces such that Y is a Banach space with a continuous

embedding Y ↪→ Z. Suppose there exist linear operators An, A ∈ L(Z,W ) satisfying

∥An − A∥L(Y,W ) ≥ cY n
−β, ∥An − A∥L(Z,W ) ≤ CZ ,

for some 0 < β < α and positive constants cY , CZ that do not depend on n. Moreover, suppose

there exist a super-exponentially increasing sequence {nk}, a sequence {mk} ⊂ N, and a sequence of

subsets {Xk}k≥1 ⊂ Z such that mk = n
[
√
k]

k and

sup
x∈Xk

∥(Amk
− A)(x)∥W ≤ cYm

−β
k

8nk

=
cY
8
m

−β− 1

[
√
k]

k (5.6)

for all k ≥ 1. Then, there exists an element y ∈ BY such that for every γ > β
α−β

,

lim sup
k→∞

[(
mα−β

k

nk

)γ

inf
x∈Xk

∥x− y∥Z
]
= ∞.

That is, under the time scales tk =
(mα−β

k

nk

)γ , the element y is poorly approximated by the elements of

Xk.

Proof. We construct such y in the following way.

Since ∥An−A∥L(Y,W ) = sup∥x∥Y =1 ∥(An−A)(x)∥W ≥ cY n
−β, there exists a sequence (yn)n≥1

such that ∥yn∥Y = 1 and ∥(An − A)(yn)∥W ≥ cY
2
n−β for all n ≥ 1. By the Hahn-Banach theorem,

there exists a sequence (w∗
n)n≥1 ⊂ W ∗ such that ∥w∗

n∥W ∗ = 1 and w∗
n ◦ (An − A)(yn) = ∥(An −

A)(yn)∥W ≥ cY
2
n−β for all n ≥ 1.
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Define a sequence (ϵk)k≥1 where ϵ1 = 1 and each ϵk ∈ {−1, 1} is chosen inductively such that

ϵk × w∗
mk

◦ (Amk
− A)(

k−1∑
i=1

ϵi
ni

ymi
) ≥ 0,

for all k ≥ 2. One can easily check that
(∑k

i=1
ϵi
ni
ymi

)
k≥1

form a Cauchy sequence, and since Y is a

Banach space, the infinite sum y :=
∑∞

i=1
ϵi
ni
ymi

∈ Y is well defined.

To shorten notation, define Lk = w∗
mk

◦ (Amk
−A). Using Y ↪→ Z, ∥An −A∥L(Z,W ) ≤ CZ , and

∥w∗
n∥W ∗ = 1, one can easily verify that Lk ∈ Y ∗ for all k ≥ 1.

When ϵk = 1, we have

Lky = Lk(
k−1∑
i=1

ϵi
ni

ymi
) + Lk(

ϵk
nk

ymk
) + Lk(

∑
l>k

ϵl
nl

yml
)

≥ 0 +
1

nk

Lk(ymk
)− CY

∑
l>k+1

1

nl

=
1

nk

× w∗
mk

◦ (Amk
− A)(ymk

)− CY
∑
l>k

1

nl

=
1

nk

∥(Amk
− A)(ymk

)∥W − CY
∑
l>k1

1

nl

≥ 1

nk

(cY
2
m−β

k − CY nk

∑
l>k

1

nl

)
.

Similarly, when ϵk = −1, we have

Lky = Lk(
k−1∑
i=1

ϵi
ni

ymi
) + Lk(

ϵk
nk

ymk
) + Lk(

∑
l>k

ϵl
nl

yml
)

≤ 0− 1

nk

Lk(ymk
) + CY

∑
l>k

1

nl

≤ − 1

nk

(cY
2
m−β

k − CY nk

∑
l>k

1

nl

)
.
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Therefore, we have 1
nk

(
cY
2
m−β

k − CY nk

∑
l>k

1
nl

)
≤ |Lky| for all k ≥ 1.

Choose xk ∈ Xk as

∥y − xk∥Z ≤ inf
x∈Xk

∥y − x∥Z +
cYm

−β
k

8CZnk

.

Then,

1

nk

(cY
2
m−β

k − CY nk

∞∑
l=k+1

1

nl

)
≤ |Lk(y)| ≤ |Lk(y − xk)|+ |Lk(xk)|

≤ CZ∥y − xk∥Z + ∥(Amk
− A)(xk)∥W

≤ CZ

(
inf
x∈Xk

∥y − x∥Z +
cYm

−β
k

8CZnk

)
+
cYm

−β
k

8nk

= CZ inf
x∈Xk

∥y − x∥Z +
cYm

−β
k

4nk

,

therefore we get

1

CZnk

(cY
4
m−β

k − CY nk

∞∑
l=k+1

1

nl

)
≤ inf

x∈Xk

∥y − x∥Z .

Since {nk}k≥1 is a super-exponentially increasing sequence, mk = n
[
√
k]

k implies limk→∞
nk
k

mβ
k

= ∞.

Hence, there exists K0 > 0 such that for any k ≥ K0 we have

CY nk

∞∑
l=k+1

1

nl

≤ CY nk
2

nk+1
k

=
2CY

nk
k

≤ cY

8n
β[
√
k]

k

=
cY
8
m−β

k .

Then for k ≥ K0,

cY
8CZ

n
−1−β[

√
k]

k =
cYm

−β
k

8CZnk

≤ 1

CZnk

(cY
4
m−β

k − CY nk

∞∑
l=k+1

1

nl

)
≤ inf

x∈Xk

∥y − x∥Z .
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Now if we multiply
(mα−β

k

nk

)γ on both sides, we get

(mα−β
k

nk

)γ × cY
8CZ

n
−1−β[

√
k]

k =
cY
8CZ

n
[
√
k]×((α−β)γ−β)−γ−1

k ≤
(mα−β

k

nk

)γ
inf

x∈Xtk

∥y − x∥Z .

Note that limk→∞ nk = ∞ and limk→∞
{
[
√
k]× ((α−β)γ−β)−γ−1

}
= ∞ if γ > β

α−β
. Therefore

for every γ > β
α−β

, we can conclude

lim sup
k→∞

[(mα−β
k

nk

)γ
inf
x∈Xk

∥x− y∥Z
]
≥ cY

8CZ

lim sup
k→∞

n
[
√
k]×((α−β)γ−β)−γ−1

k = ∞.

Remark 5.4.1. There are multiple choices for the sequence {mk}k≥1, and the choice mk = n
[
√
k]

k

serves as a straightforward example that simplifies the proof. The construction of y is highly dependent

on the sequences {nk}k≥1 and {mk}k≥1, implying that the existence of such an element y may not be

unique. Furthermore, it is easily verified that limk→∞

(
mα−β

k

nk

)γ

= ∞.

Using Lemma 5.4.5, the following result can be established, addressing the case where a sequence

of linear operators exhibits opposite behavior between two normed linear spaces. This result provides

an improvement over [36, Lemma 2.3], which required 0 < β < α/2. The following lemma extends

this condition to allow 0 < β < α.

Lemma 5.4.6. Let X, Y, Z,W be normed linear spaces such that X ⊂ Z, and let Y be a Banach

space with a continuous embedding Y ↪→ Z. Suppose there exist linear operators An, A ∈ L(Z,W )

satisfying

∥An − A∥L(X,W ) ≤ CXn
−α, ∥An − A∥L(Y,W ) ≥ cY n

−β, ∥An − A∥L(Z,W ) ≤ CZ ,
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for some 0 < β < α and positive constants CX , cY , CZ that do not depend on n. Then, there exists an

element y ∈ BY such that for every γ > β
α−β

,

lim sup
κ→∞

(
κγ inf

∥x∥X≤κ
∥x− y∥Z

)
= ∞.

Proof. Choose any super-exponentially increasing sequence {nk}k≥1 ⊂ N and mk = n
[
√
k]

k . Now let

Xk = tkB
X for k ≥ 1, where tk =

cY mα−β
k

8CXnk
. Then, we have

sup
x∈Xk

∥(Amk
− A)(x)∥W = tk∥Amk

− A∥L(X,W ) ≤ tkCXm
−α
k =

cYm
−β
k

8nk

.

Now from Lemma 5.4.5, there exists y ∈ BY such that

lim sup
k→∞

[(mα−β
k

nk

)γ
inf

∥x∥X≤tk
∥x− y∥Z

]
= ∞

holds for every γ > β
α−β

. Since mα−β
k

nk
= 8CX

cY
tk, this implies

lim sup
k→∞

(
tγk inf

∥x∥X≤tk
∥x− y∥Z

)
= ∞

for every γ > β
α−β

. Note that since α > β and limk→∞ nk = ∞, we have

lim
k→∞

tk = lim
k→∞

cYm
α−β
k

8CXnk

= lim
k→∞

cY
8CX

n
(α−β)[

√
k]−1

k = ∞.
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Therefore, we conclude

lim sup
κ→∞

(
κγ inf

∥x∥X≤κ
∥x− y∥Z

)
≥ lim sup

k→∞

(
tγk inf

∥x∥X≤tk
∥x− y∥Z

)
= ∞

for every γ > β
α−β

.

5.4.4 Low complexity estimates

To apply Lemmas 5.4.5 and 5.4.6, it is necessary to construct appropriate linear operators

{An}n≥1. Since the focus is on approximation rates in theL2 topology, the spaceZ in both Lemma 5.4.5

and Lemma 5.4.6 must be chosen as L2(Q). In the space L2(Q), there are functions with undefined

point evaluation at certain points. Therefore, following the approach in [36], we aim to define the

linear operators {An}n≥1 and A as

An(f) =
1

n

n∑
i=1

 
B′

ϵn
(Xi

n)

f(x)dx, A(f) =

ˆ
Q

f(x)dx, (5.7)

where {X i
n}ni=1 ⊂ Q represents an appropriate set of points and ϵn > 0 is a suitable radius. The

integration over the projected ball B′
ϵn(X

i
n) is employed to mitigate boundary effects on the domain

Q, as also noted in [36]. To establish the validity of this approach, we introduce the following lemma,

which demonstrates the existence of suitable points {X i
n}ni=1 ⊂ Q.

Lemma 5.4.7. Let σ be an L-Lipschitz continuous activation function. Then for any n ∈ N and any

constant 0 < γd ≪ 1, which is independent of n, there exist n points {X1
n, · · · , Xn

n} ⊂ Q satisfying

sup
ϕ∈BX

{
1

n

n∑
i=1

 
B′

ϵn
(Xi

n)

ϕ dx−
ˆ
Q

ϕ dx

}
≤ 6L

√
2 log(2d)

n
,

93



sup
ϕ∈BZ

{
1

n

n∑
i=1

 
B′

ϵn (X
i
n)

ϕ dx−
ˆ
Q

ϕ dx

}
≤ 3C,

for X = Bσ, Z = L2(Q), ϵn = γdn
−1/d, and C = Cd,γd .

Proof. This result follows directly from [36, Lemma 3.3] and [36, Lemma A.10]. Any γd which

satisfies

γd ×
 
B1

|x|dx =
cd

d+ 1

1

[(d+ 1)wd]
1
d

for some absolute constant c ∈ (0, 1) is an appropriate choice, which is described in the proof of

[36, Lemma 3.3]. Here, wd denotes the volume of the unit ball in Rd.

5.4.5 Curse of dimensionality in numerical integration

The final step in applying Lemmas 5.4.5 and 5.4.6 is to determine an appropriate choice of γd

such that the linear integral operators (5.7), constructed using the points from Lemma 5.4.7, exhibit

different behavior in Cr(Q). Intuitively, for properly scaled values of ϵn, the integral operators (5.7)

should provide a good numerical approximation. Thus, it is natural to approach this problem using

techniques from multivariate numerical integration, particularly in the context of the curse of dimensionality.

For a detailed discussion on the curse of dimensionality in multivariate numerical integration, see [51,

52].

The following lemma demonstrates that the worst-case error in approximating integration using

the operators in (5.7) suffers from the curse of dimensionality in Cr(Q). In the proof, a function in

Cr(Q) is constructed to vanish in everyB′
ϵn(X

i
n). This approach is inspired by [51,52], where a fooling

function is obtained by applying a sequence of convolutions between a Lipschitz continuous function
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and scaled indicator functions of a ball. After constructing this function, an appropriate choice of ϵn is

determined to control the Cr norm and ensure proper integration over Q.

Lemma 5.4.8. Let Cr(Q) denote the space of all r-times continuously differentiable functions on Q,

equipped with the norm

∥f∥Cr := max
|β|1≤r

∥Dβf∥∞,

where Dβ represents the partial derivative of order β ∈ Nd
0. Then, there exists a positive constant

τ = τr,d such that for any ϵn = θn−1/d with θ = θd,r ∈ (0, τ ] and any n points {x1, · · · , xn} ⊂ Q, one

can construct a function ψ ∈ Cr(Q) satisfying

∥ψ∥Cr ≤ 1,

ˆ
Q

ψ(x)dx ≥ Kθ,d,rn
−r/d, ψ|B′

ϵn
(xi) = 0,

for some positive constant Kθ,d,r. Consequently, this implies that

sup
∥g∥Cr≤1

{
1

n

n∑
i=1

 
B′

ϵn
(xi)

g dx−
ˆ
Q

g dx

}
≥ Kθ,d,rn

−r/d.

Before introducing the proof of Lemma 5.4.8, we begin with a lemma stating that a convolution

of a Lipschitz function and an indicator function of a ball is a continuously differentiable function.

Lemma 5.4.9. Let f : R → R be aK-Lipschitz continuous function. Let 1Br be the indicator function

of the ballBr with center 0 and radius r > 0. Then, f ∗1Br is C1 function with its derivatives bounded

by K × |Br|, where |Br| is the volume of Br.

Proof. Fix an index i ∈ {1, · · · , d}, and let ei be the unit vector in Rd where all the entries are 0 except

the ith coordinate, which is 1. By Rademacher’s Theorem, f is differentiable almost everywhere.
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Write ∂if as the derivative of f with respect to xi. From the definition of the Lipschitz constant and

the derivative, it is obvious that ∥∂if∥∞ ≤ K. Therefore for any fixed x ∈ Rd, we have

lim
h→0

f(x+ hei − y)− f(x− y)

h
= ∂if(x− y),∣∣∣f(x+ hei − y)− f(x− y)

h
− ∂if(x− y)

∣∣∣ ≤ 2K

almost everywhere in y ∈ Rd. Hence, by Lebesgue’s Dominated Convergence Theorem, for any

x ∈ Rd we get

lim
h→0

f ∗ 1Br(x+ hei)− f ∗ 1Br(x)

h
− ∂if ∗ 1Br(x)

= lim
h→0

ˆ
Br

f(x+ hei − y)− f(x− y)

h
− ∂if(x− y)dy

=

ˆ
Br

(
lim
h→0

f(x+ hei − y)− f(x− y)

h
− ∂if(x− y)

)
dy = 0.

Hence, f ∗ 1Br is differentiable and its partial derivatives satisfy

∂i(f ∗ 1Br) = ∂if ∗ 1Br .

Since ∥∂if∥∞ ≤ K, it is easy to check |∂if ∗ 1Br(x)| ≤ K × |Br|. Now, it remains to check that

∂if ∗ 1Br is continuous. From the definition of convolution,

∂if ∗ 1Br(x+ z)− ∂if ∗ 1Br(x) =

ˆ
Rd

(1Br(x+ z − y)− 1Br(x− y))∂if(y)dy.
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Note that if ∥z∥ ≪ 1, then

|1Br(x+ z − y)− 1Br(x− y)| ≤ 1Br(x+z)(y) + 1Br(x)(y) ≤ 2× 1Br+1(x)(y)

holds. Since ∥∂if∥∞ ≤ K, |(1Br(x+ z − y)− 1Br(x− y))∂if(y)| is bounded by 2K × 1Br+1(x)(y),

which is an integrable function in Rd. Also note that

lim
∥z∥→0

1Br(x+ z − y)− 1Br(x− y) = 0.

Hence, by Lebesgue’s Dominated Convergence Theorem,

lim
∥z∥→0

∂if ∗ 1Br(x+ z)− ∂if ∗ 1Br(x) = 0.

Therefore, the derivatives of f ∗ 1Br are continuous.

Now we present the proof of Lemma 5.4.8.

Proof. Let {x1, · · · , xn} be the given n points in the unit cube Q. For each point xi, there is a set

Yi of 3d points in Rd such that for any y ∈ Yi, |(xi)j − yj| ∈ {0, 1} for all j ∈ {1, · · · , d} where

(xi)j and yj denote the j-th coordinate of xi and y respectively. Define S = Y1 ∪ · · · ∪ Yn and write

S = {s1, · · · , sm}. It is clear that m ≤ 3dn. Define

Pρ′ =
m⋃
i=1

Bρ′(si),

for some ρ′ > 0, to be specified later. For A ⊂ Rd, we define the distance d(x,A) between a point x
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and a set A as

d(x,A) := inf
y∈A

∥x− y∥.

Let hρ′(x) = inf
{
1,

d(x,Pρ′ )

ρ′

}
. From the construction, ∥hρ′∥∞ = 1. It is straightforward to check that

hρ′ is Lipschitz continuous function with its Lipschitz constant less or equal to 1/ρ′. Now, consider the

normalized indicator function

gρ(x) =
1Bρ/r

(x)

|Bρ/r|
,

and define

f := hρ′ ∗ gρ ∗ · · · ∗ gρ︸ ︷︷ ︸
r−fold

= hρ′ ∗r gρ.

where |Bρ/r| is the volume of ball Bρ/r with center origin and radius ρ/r for some ρ > 0, which is also

specified later. Since hρ′ is Lipschitz continuous function, one can check that f ∈ Cr using Lemma

5.4.9 and [51, Theorem 1-(5)]. Note that the support of the r-fold convolution of the function gρ is the

r−fold Minkowski sum of the balls Bρ/r, hence it is Bρ. For simplicity, let us write g as the r-fold

convolution of the function gρ.

Assume ρ′ > 2ρ for a moment and choose x ∈ Bρ(si). Recall f(x) =
´
Rd hρ′(x − t)g(t)dt. If

∥t∥ > ρ, then since the support of g is Bρ, we have g(t) = 0, hence hρ′(x − t)g(t) = 0. If ∥t∥ ≤ ρ,

we have

∥(x− t)− si∥ ≤ ∥x− si∥+ ∥t∥ ≤ ρ+ ρ < ρ′.

This implies x − t ∈ Bρ′(si), and therefore x − t ∈ Pρ′ , which makes d(x − t, Pρ′) = 0. From the

definition of hρ′ , we get hρ′(x − t) = 0. Hence, we always obtain hρ′(x − t)g(t) = 0, which implies

f |Bρ(si) = 0. This hold for any si, and therefore f vanishes in
⋃m

i=1Bρ(si). We will later choose ρ′ and

ρ based on this observation.
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Now, observe the integration of f. It is obvious that f ≥ 0. From the definition of hρ′ , we have

hρ′(x) = 1 if d(x, Pρ′) ≥ ρ′.Also note that ∥gρ∥1 =
´
Rd gρ(x)dx = 1, and thus we get

´
Rd g(x)dx = 1.

Since the support of g is Bρ, we have
´
Bρ
g(x)dx = 1. Note that for any x /∈

⋃m
i=1B2ρ′+ρ(si) and

z ∈ Bρ′(si),

∥(x− t)− z∥ ≥ ∥x− z∥ − ∥t∥ ≥ ∥x− si∥ − ∥z − si∥ − ρ

≥ (2ρ′ + ρ)− ρ′ − ρ = ρ′

holds for any t ∈ Bρ. Therefore, if x /∈
⋃m

i=1B2ρ′+ρ(si), then d(x, Pρ′) ≥ ρ′ and hρ′(x − t) = 1 for

any t ∈ Bρ. Hence, we obtain

f(x) =

ˆ
Rd

hρ′(x− t)g(t)dt =

ˆ
Bρ

hρ′(x− t)g(t)dt =

ˆ
Bρ

1× g(t)dt = 1

for x /∈
⋃m

i=1B2ρ′+ρ(si). Using this, the integration of f in Q can be bounded as

ˆ
Q

f(x)dx ≥ 1× |Q\
m⋃
i=1

B2ρ′+ρ(si)| ≥ 1− |
m⋃
i=1

B2ρ′+ρ(si)|

≥ 1−m× |B2ρ′+ρ|

≥ 1− n× 3d × ωd(2ρ
′ + ρ)d (5.8)

where ωd is the volume of a unit ball in Rd.

Next, we check the Cr norm of f. Let ej = (0, · · · , 0, 1, 0, · · · , 0) be the jth unit vector in Rd,

and denote the volume of a bounded Lebesgue measurable set X ∈ Rd as vold(X). Using the same

argument in [51, Section 3] and [52, Section 2], for a Lipschitz continuous and bounded function h(x)
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in Rd, we get

|Dej [h ∗ gρ](x)| =
1

vold(Bρ/r)

∣∣∣∣∣
ˆ
Bρ/r∩e⊥j

[h(x+ s+ hmax(s)ej)− h(x+ s− hmax(s)ej)]ds

∣∣∣∣∣
≤

2vold−1(Bρ/r ∩ e⊥j )
vold(Bρ/r)

∥h∥∞ ≤
2vold−1(Bρ/r)

vold(Bρ/r)
∥h∥∞

=
2ωd−1(ρ/r)

d−1

ωd(ρ/r)d
∥h∥∞ =

2ωd−1r

ωdρ
∥h∥∞

=
kdr

ρ
∥h∥∞,

where

1. e⊥j is the hyperplane orthogonal to ej,

2. hmax(s) = max{h ≥ 0 : s+ hej ∈ Bρ/r},

3. kd =
2ωd−1

ωd
> 0 constant depending only on the dimension d.

This means that we can bound the sup-norm of a derivative as

∥Dej [h ∗ gρ]∥∞ ≤ kdr

ρ
∥h∥∞. (5.9)

Choose any β ∈ Nd
0 with |β|1 = l ≤ r. Using (5.9) recursively, we get

∥Dβf∥∞ = ∥Dβ(hρ′ ∗ gρ ∗ · · · ∗ gρ︸ ︷︷ ︸
r−fold

)∥∞ ≤ (
kdr

ρ
)l∥hρ′ ∗ gρ ∗ · · · ∗ gρ︸ ︷︷ ︸

(r−l)−fold

∥∞

≤ (
kdr

ρ
)l∥hρ′∥∞ × (∥gρ∥1)r−l = (

kdr

ρ
)l
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where the last inequality used Young’s inequality r − l times. Hence, we have

max
|β|1=l

∥Dβf(x)∥∞ ≤ (
kdr

ρ
)l.

If we choose ρ ≤ kdr, then we get a Cr norm bound

∥f∥Cr = max
|β|1≤r

∥Dβf(x)∥∞ ≤ (
kdr

ρ
)r. (5.10)

The final step is normalizing and choosing appropriate ϵn. Set ρ′ = 3ϵn, ρ = ϵn, and

F (x) =
f(x)

(kdr
ϵn
)r
.

From the analysis above, F is Cr(Rd) and ∥F∥Cr ≤ 1 if we set ϵn ≤ kdr. If we integrate F in the unit

cube Q, we get

ˆ
Q

F (x)dx = (
ϵn
kdr

)r
ˆ
Q

f(x)dx

≥ (
ϵn
kdr

)r
(
1− n× 3d × ωd(2ρ

′ + ρ)d
)

= (
ϵn
kdr

)r
(
1− n× 3d × ωd(7ϵn)

d
)

= (
ϵn
kdr

)r
(
1− n× ωd(21ϵn)

d
)

where the inequality used is (5.8). Define

τ := min
{ 1

21

( 1

2wd

)1/d
, kd
}
. (5.11)
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Now, choose ϵn = θn−1/d, where θ ∈ (0, τ ] is a positive constant depending only on d. Then, it is easy

to check

1. ρ = ϵn ≤ τn−1/d ≤ τ ≤ kd ≤ kdr,

2. 1− n× ωd(21ϵn)
d = 1− ωd × (21τ)d ≥ 1/2.

Then we obtain

ˆ
Q

F (x)dx ≥ 1

2
× (

ϵn
kdr

)r =
θr

2krdr
r
n−r/d, ∥F∥Cr = (

ϵn
kdr

)r∥f∥Cr ≤ 1.

Let ψ be the restriction of F onto the unit cube Q. Denote Kθ,d,r = θr

2krdr
r . Then ∥ψ∥Cr ≤ 1

and
´
Q
ψ(x)dx =

´
Q
F (x)dx ≥ Kθ,d,rn

−r/d are obvious. From the previous analysis, we showed that

f vanishes in
⋃m

i=1Bϵn(si). Therefore, F also vanishes in
⋃m

i=1Bϵn(si). By recalling the definition

of si’s, it easy to check F (x) = 0 when x ∈
⋃n

i=1B
′
ϵn(xi). Hence, the restriction ψ also satisfies

ψ|B′
ϵn (xi) = 0 and therefore

ffl
B′

ϵn
(xi)

ψ(x)dx = 0 holds. Finally, we get

sup
∥g∥Cr≤1

{ 1
n

n∑
i=1

 
B′

ϵn
(xi)

gdx−
ˆ
Q

gdx
}

≥ 1

n

n∑
i=1

 
B′

ϵn
(xi)

(−ψ)dx−
ˆ
Q

(−ψ)dx =

ˆ
Q

ψdx

≥ Kθ,d,rn
−r/d.
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5.5 Proofs of the Main Theorems

In this section, we present the proofs of Theorems 5.3.1, 5.3.3, and 5.3.4. While the proofs of

Theorems 5.3.1 and 5.3.3 rely on Lemma 5.4.6, the proof of Theorem 5.3.4 instead utilizes Lemma 5.4.5.

This distinction arises for two reasons: 1) When σ is not a Lipschitz continuous function, the Contraction

Lemma [99, Lemma 26.9] cannot be applied to bound the Rademacher complexity of the unit ball in

Bσ. 2) If the activation is not Lipschitz continuous, bounding the Barron norm using the second

moments (as in Lemma 5.4.3) may be infeasible. We provide a more detailed discussion in Section 5.5.3.

However, if the analysis is restricted to finite-width training, which represents the realistic scenario,

arguments similar to those presented in this section can be employed to establish Theorem 5.3.4.

5.5.1 Proof of Theorem 5.3.1

Proof. DefineX = Bσ(Q), Y = Cr(Q) equipped with the norm defined in Lemma 5.4.8, Z = L2(Q),

and W = R. Since Q is a compact set, It is clear that X, Y ↪→ Z. Now we find linear operators

An, A that satisfies conditions in Lemma 5.4.6. First, choose γ = γd,r as 0 < γ ≪ 1 and γ ≤ τ ,

where τ is the constant in Lemma 5.4.8. Set ϵn = γn−1/d. For any n ∈ N, there exist n points

{X1
n, · · · , Xn

n} ⊂ Q that satisfies Lemma 5.4.7. Then with Lemma 5.4.8, we can conclude that these

points satisfy inequalities:

sup
ϕ∈BX

{ 1
n

n∑
i=1

 
B′

ϵn
(Xi

n)

ϕdx−
ˆ
Q

ϕdx
}
≤ 6L

√
2 log(2d)

n
,

sup
ϕ∈BY

{ 1
n

n∑
i=1

 
B′

ϵn (X
i
n)

ϕdx−
ˆ
Q

ϕdx
}
≥ Kγ,d,rn

−r/d,

sup
ϕ∈BZ

{ 1
n

n∑
i=1

 
B′

ϵn
(Xi

n)

ϕdx−
ˆ
Q

ϕdx
}
≤ 3Cd,γ.
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Define linear operators An, A : Z → R as

An(ϕ) =
1

n

n∑
i=1

 
B′

ϵn (X
i
n)

ϕdx, A(ϕ) =

ˆ
Q

ϕdx (5.12)

Then An, A satisfy the conditions in Lemma 5.4.6. Hence by Lemma 5.4.6, there exist a function

f ∈ Cr(Q) with ∥f∥Cr ≤ 1 such that

lim sup
κ→∞

(
κγ inf

∥ϕ∥Bσ≤κ
∥ϕ− f∥L2(Q)

)
= ∞

holds for every γ > r/d
1/2−r/d

= 2r
d−2r

. Note that since Q is compact with Lebesgue measure 1,

∥g∥L2(Q) ≤ ∥g∥Lp(Q) holds for all continuous function g on Q and for all p ∈ [2,∞]. Therefore,

we can conclude

lim sup
κ→∞

(
κγ inf

∥ϕ∥Bσ≤κ
∥ϕ− f∥Lp(Q)

)
= ∞

holds for every γ > r/d
1/2−r/d

= 2r
d−2r

and p ∈ [2,∞].

5.5.2 Proof of Theorem 5.3.3

Proof. Choose any ϕ ∈ Cr(Q) that satisfies Theorem 5.3.1. Let π0 be the Borel probability measure

at the training initialization with N(π0) < ∞, and let πt be the evolution of π0 by the Wasserstein

gradient flow at time t > 0. By Lemma 5.4.1, N(πt) <∞. and therefore fπt ∈ Bσ holds from Lemma

5.4.3. Moreover, Lemma 5.4.3 and Lemma 5.4.1 give us estimation of the Barron norm of fπt as

∥fπt∥Bσ ≤ (

√
d

2
+ 1)N(πt) +

1

2
≤ (

√
d+ 2)(N(π0) +R(π0)t) +

1

2
.
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Figure 5.1: Geometric description of the proof of Theorem 5.3.3. The green curve
with arrow illustrates the sublinear growth of the Barron norm, which follows from
Lemma 5.4.1 and Lemma 5.4.3. The shallow neural network at the initialization is denoted
as fπt , represented as a circle filled with dark blue. The shallow neural network training
time t is denoted as fπt , represented as a circle filled with sky-blue. The black dotted
line represents Theorem 5.3.1, the existence of Cr(Q) function with slow approximation
property.

Hence, there exists a positive constant K = Kπ0,ϕ,d such that ∥fπt∥Bσ ≤ Kt holds for t ≥ 1. Note that

the population risk at time t, Rp(π
t), is equal to 1

2
∥ϕ− fπt∥2L2(Q). Now by Theorem 5.3.1,

lim sup
t→∞

[
tγRp(π

t)
]
=

1

2
lim sup
t→∞

(
tγ∥ϕ− fπt∥2L2(Q)

)
≥ 1

2
lim sup
t→∞

(
tγ inf

∥f∥Bσ≤Kt
∥ϕ− f∥2L2(Q)

)
=

1

2
(
1

K
)γ × lim sup

t→∞

(
tγ inf

∥f∥Bσ≤t
∥ϕ− f∥2L2(Q)

)
= ∞

holds for any γ > 2× r/d
1/2−r/d

= 4r
d−2r

.

5.5.3 Proof of Theorem 5.3.4

Unlike Lipschitz continuous activation functions, the Rademacher complexity of the unit ball

in the Barron space cannot be controlled in the same manner as in [36, Lemma A.10], where the
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Contraction Lemma [99, Lemma 26.9] plays a crucial role in the proof. Fortunately, for a locally

Lipschitz continuous activation function σ whose Lipschitz constant in [−x, x] is bounded by O(xδ),

a similar approach to the proof of Theorem 5.3.3 can be employed.

However, the analysis does not extend to infinite-width neural network training for two primary

reasons. First, unlike Lemma 5.4.3, probability measures with finite second moments do not necessarily

guarantee a well-defined integral representation. For instance, consider the case where d = 1, σ(x) =

max{0, x}2, and the probability measure π is defined as π(a = n, b = 0, w = n) = 1
Kn4 , for all n ∈

N, where K =
∑∞

i=1
1
i4
< ∞. It is straightforward to verify that N(π) < ∞, yet the integral

representation (2.15) is undefined. While one might consider other notions of Barron spaces [50,

105–107], such settings make the control of Barron norms via N(πt)-as in Lemma 5.4.3-intractable.

Consequently, we cannot track the Barron norm of infinite-width neural networks under gradient flow,

precluding the application of the same analysis.

Second, probability measures that define infinite-width neural networks do not impose uniform

bounds on the parameters, making it difficult to control the Rademacher complexity. Nevertheless,

when focusing on finite-width neural networks, the setting relevant to practical implementations, the

curse of dimensionality can still be established. Since the set of shallow networks with m neurons

does not constitute a normed vector space, the proof relies on Lemma 5.4.5 instead of Lemma 5.4.6.

In this section, we consider probability distributions of the form

1

m

m∑
i=1

δ(ai,wi,bi) (5.13)

which correspond to a two-layer neural network f(x) = 1
m

∑m
i=1 aiσ(w

T
i x + bi) with m neurons in

the mean-field setting. All distribution πm discussed in this section adhere to the form given in (5.13).
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Note that if πt
m evolves by the 2-Wasserstein gradient flow of the risk function (5.3), then πt

m remains

in the form of (5.13) at all times. This follows from the the observations in [22, Proposition B.1]

and [121, Lemma 3].

We begin with some definitions. Define two sets Fm,D and SD as

Fm,D := {fπm : πm =
1

m

m∑
i=1

δ(ai,wi,bi), N(πm) ≤ D},

SD := {aσ(wTx+ b) : a2 + ∥w∥22 + b2 ≤ D}.

From the definition, it is obvious that any element in Fm,D can be expressed as a convex combination

of single neurons of the form aσ(wTx+ b) in SmD. Hence, Fm,D is a subset of the convex hull of SmD,

which implies for any finite set S ∈ Rd,

Rad(Fm,D, S) ≤ Rad(conv(SmD), S).

holds, where Rad(F, S) denotes Rademacher complexity of F with respect to S. For further details

on Rademacher complexities, see [99, Chapter 26].

Let σ be a locally Lipschitz continuous function and denote Lk = supx̸=y,x,y∈[−k,k]
|σ(x)−σ(y)|

|x−y| the

Lipschitz constant of σ in the domain [−k, k].

Lemma 5.5.1. If ∥w∥2+ b2 ≤ mD, then |σ(wTx+ b)−σ(wTy+ b)| ≤ L√
mD(d+1)

∥wT (x−y)∥ holds

for any x, y ∈ Q.

Proof. For any x ∈ Q, |wTx+b| ≤
√
(∥w∥22 + b2)(d+ 1) ≤

√
mD(d+ 1) holds. Then the inequality

holds due to the definition of Lipschitz constant.
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Now we give an estimate on the empirical Rademacher complexity of SmD.

Lemma 5.5.2. Let {X1, · · · , Xn} ⊂ Q. Then we have

Rad(SmD, {X1, · · · , Xn}) ≤
L√

mD(d+1)
×mD

√
d+ 1

2
√
n

. (5.14)

Proof. Using Lemma 5.5.1 and the Contraction Lemma [99, Lemma 26.9], we get

Rad(SmD,{X1, · · · , Xn}) = Eζ

[
sup

(a,b,c):a2+∥w∥22+b2≤mD

1

n

n∑
i=1

ζiaσ(w
TXi + b)

]
≤ L√

mD(d+1)
× Eζ

[
sup

(a,b,c):a2+∥w∥22+b2≤mD

1

n

n∑
i=1

ζia(w
TXi + b)

]
=
L√

mD(d+1)

n
× Eζ

[
sup

(a,b,c):a2+∥w∥22+b2≤mD

n∑
i=1

ζi⟨a(wT , b)T , (XT
i , 1)

T ⟩
]

=
L√

mD(d+1)

n
× Eζ

[
sup

(a,b,c):a2+∥w∥22+b2≤mD

⟨a(wT , b)T ,
n∑

i=1

ζi(X
T
i , 1)

T ⟩
]

≤
L√

mD(d+1)

n
× Eζ

[
sup

(a,b,c):a2+∥w∥22+b2≤mD

∥a(wT , b)T∥2 × ∥
n∑

i=1

ζi(X
T
i , 1)

T∥2
]

≤
L√

mD(d+1)

n
× Eζ

[mD
2

× ∥
n∑

i=1

ζi(X
T
i , 1)

T∥2
]

≤
L√

mD(d+1)
mD

2n
×
(
Eζ

[
|

n∑
i=1

ζi(X
T
i , 1)

T∥2]2
])1/2

≤
L√

mD(d+1)
mD

2n
×
(
n×max

i
∥(XT

i , 1)
T∥22
)1/2

≤
L√

mD(d+1)
mD

2n
×
√
n× (d+ 1)

=
L√

mD(d+1)
×mD

√
d+ 1

2
√
n

.
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Corollary 5.5.3. Let {X1, · · · , Xn} ⊂ Q. Then,

Rad(Fm,D, {X1, · · · , Xn}) ≤
L√

mD(d+1)
×mD

√
d+ 1

2
√
n

.

Proof. Note that

Rad(Fm,D, {X1, · · · , Xn}) ≤ Rad(conv(SmD), {X1, · · · , Xn}) = Rad(SmD, {X1, · · · , Xn}).

Now use Lemma 5.5.2.

Finally, we introduce two lemmas that assist our proof. Let UQ be the uniform distribution on

Q.

Lemma 5.5.4. Let Z = L2(Q). Fix 0 < γ ≪ 1 and set ϵn = γn−1/d for n ∈ N. Then,

E
Xi

iid∼UQ
sup
ϕ∈BZ

[ 1
n

n∑
i=1

 
B′

ϵn (Xi)

ϕ(x)dx−
ˆ
Q

ϕ(x)dx
]
≤

√
1 + adγd

bdγd

holds where ad and bd are positive constant depending only on d.

The proof of Lemma 5.5.4 can be found in the proof of [36, Lemma 3.3].

Lemma 5.5.5. Let F be a a subset of C(Q). Then for any 0 < ϵ < 1, we have

E
Xi

iid∼UQ
sup
f∈F

[ 1
n

n∑
i=1

 
B′

ϵ(Xi)

f(x)dx−
ˆ
Q

f(x)dx] ≤ E
Xi

iid∼UQ
sup
f∈F

[ 1
n

n∑
i=1

f(Xi)−
ˆ
Q

f(x)dx].

Proof. In this proof, we interpret Xi + z as a shift on the flat torus. Note that for a fixed z, Xi and

109



Xi + z have the same distribution. Therefore we have

E
Xi

iid∼UQ
sup
f∈F

[ 1
n

n∑
i=1

 
B′

ϵ(Xi)

f(x)dx−
ˆ
Q

f(x)dx
]

=E
Xi

iid∼UQ
sup
f∈F

[ 1
n

n∑
i=1

 
B′

ϵ(0)

f(Xi + z)dz −
ˆ
Q

f(x)dx
]

=E
Xi

iid∼UQ
sup
f∈F

[  
B′

ϵ(0)

1

n

n∑
i=1

(
f(Xi + z)−

ˆ
Q

f(x)dx
)
dz
]

≤E
Xi

iid∼UQ

 
B′

ϵ(0)

sup
f∈F

[ 1
n

n∑
i=1

(
f(Xi + z)−

ˆ
Q

f(x)dx
)]
dz

=

 
B′

ϵ(0)

E
Xi

iid∼UQ
sup
f∈F

[ 1
n

n∑
i=1

(
f(Xi + z)−

ˆ
Q

f(x)dx
)]
dz

=E
Xi

iid∼UQ
sup
f∈F

[ 1
n

n∑
i=1

f(Xi)−
ˆ
Q

f(x)dx
]
.

To prove Theorem 5.3.4, we begin with a lemma which is similar to Lemma 5.3.1 for locally

Lipschitz activation functions that satisfy Lt = O(tδ). We prove that for fixed m ∈ N, there exists

ϕ ∈ Cr(Q) which is poorly approximated by shallow neural networks with width m.

Lemma 5.5.6. Let σ : R → R be a locally Lipschitz function with Lt = O(tδ) for some δ ≥ 0. Fix

m ∈ N. Assume r < d
2
. Then there exists ϕ ∈ Cr(Q) such that

lim sup
t→∞

(
tγ inf

f∈Fm,t

∥ϕ− f∥L2(Q)

)
= ∞.

holds for every γ > (2+δ)r
d−2r

.

Proof. Since the approximators have the same number of neurons, their union does not form a vector

space. Therefore, instead of applying Lemma 5.4.6, we utilize Lemma 5.4.5.
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Let Y = Cr(Q) equipped with the norm defined in Lemma 5.4.8, Z = L2(Q), and W = R.

Given that Lt = O(tδ), there exist T = Tσ > 0 and C = Cσ > 0 such that Lt ≤ Ctδ for t ≥ T .

Define A ∈ L(Z,W ) be defined as in (5.12) in the proof of Theorem 5.3.1. For any n ∈ N, choose

ϵn = γn−1/d, as done in the proof of Theorem 5.3.1.

Note that for any super-exponentially increasing sequence {nk}k≥1 and mk = n
[
√
k]

k , we have

lim
k→∞

m
1
2
− r

d
k

nk

= lim
k→∞

n
( 1
2
− r

d
)[
√
k]−1

k = ∞. (5.15)

Therefore, there exists k0 ∈ N such that

T 2 ≤
( m

1
2
− r

d
k Kγ,d,r

24nkCm
1+ δ

2 (d+ 1)
1
2
+ δ

2

) 1

1+ δ
2 (5.16)

for all k ≥ k0, where Kγ,d,r is the constant in Lemma 5.4.8. Now, define n′
k = nk+k0 . Then n′

k is also

a super-exponentially increasing sequence because it is strictly increasing with n′
1 = nk0+1 > n1 ≥ 2

and

∑
l>k

1

n′
l

=
∑

l>k+k0

1

nl

≤ 2

nk+k0+1
k+k0

≤ 2

nk+1
k+k0

=
2

(n′
k)

k+1

holds for all k ∈ N. Define m′
k = (n′

k)
[
√
k]. Then for any k ≥ 1,

T 2 ≤
( (m′

k)
1
2
− r

dKγ,d,r

24n′
kCm

1+ δ
2 (d+ 1)

1
2
+ δ

2

) 1

1+ δ
2

holds. From this observation, we can choose a super-exponentially increasing sequence {nk}k≥1 and

mk = n
[
√
k]

k such that inequality (5.16) holds for all k ≥ 1.
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Choose a super-exponentially increasing sequence {nk}k≥1 and mk = n
[
√
k]

k that satisfy (5.16)

for all k ≥ 1. Define time scales {tk}k≥1 as tk =
(

m
1
2− r

d
k Kγ,d,r

24nkCm1+ δ
2 (d+1)

1
2+ δ

2

) 1

1+ δ
2 . From (5.16), tk ≥ T 2

holds for all k ≥ 1. Now, let us find appropriate {An}n≥1 ∈ L(Z,W ) for Lemma 5.4.5.

When n ̸∈ {mk}k≥1, define An ∈ L(Z,W ) as in the proof of Theorem 5.3.1. Then we have

∥An − A∥L(Y,W ) ≥ Kγ,d,rn
−r/d, ∥An − A∥L(Z,W ) ≤ 3Cd,γ

for all n ̸∈ {mk}k≥1. The constants Kγ,d,r and Cd,γ are identical to those used in the proof of Theorem

5.3.1.

When n = mk, we construct the linear operators {Amk
}k≥1 as follows. Since tk ≥ T 2 for all

k ≥ 1,
√
mtk(d+ 1) ≥ T hold, which implies L√

mtk(d+1)
≤ C(

√
mtk(d+ 1))δ. From Lemma 5.5.5

and Corollary 5.5.3,

E
Xi

iid∼UQ
sup

f∈Fm,tk

[ 1

mk

mk∑
i=1

 
B′

ϵmk
(Xi)

f(x)dx−
ˆ
Q

f(x)dx]

≤E
Xi

iid∼UQ
sup

f∈Fm,tk

[ 1

mk

mk∑
i=1

f(Xi)−
ˆ
Q

f(x)dx]

≤2× E
Xi

iid∼UQ
Rad(Fm,tk , {X1, · · · , Xmk

})

≤2×
L√

mtk(d+1)
×mtk

√
d+ 1

2
√
mk

≤
C(
√
mtk(d+ 1))δmtk

√
d+ 1

√
mk

=Cm1+ δ
2 (d+ 1)

1
2
+ δ

2
t
1+ δ

2
k√
mk

=
Kγ,d,rm

− r
d

k

24nk

(5.17)

holds. The second inequality holds because the expected value of the representativeness is bounded

by twice the expected Rademacher complexity [99, Lemma 26.2]. Now with Lemma 5.5.4 and
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(5.17), by using a simple probabilistic argument using the Markov inequality, there exist mk points

{X1
mk
, · · · , Xmk

mk
} ⊂ Q such that

sup
ϕ∈BY

[ 1

mk

mk∑
i=1

 
B′

ϵmk
(Xi

mk
)

ϕdx−
ˆ
Q

ϕdx
]
≥ Kγ,d,rm

−r/d
k ,

sup
ϕ∈BZ

[ 1

mk

mk∑
i=1

 
B′

ϵmk
(Xi

mk
)

ϕdx−
ˆ
Q

ϕdx
]
≤ 3

√
1 + adγd

bdγd
,

sup
f∈Fm,tk

[ 1

mk

mk∑
i=1

 
B′

ϵmk
(Xi

mk
)

f(x)dx−
ˆ
Q

f(x)dx
]
≤ Kγ,d,rm

− r
d

k

8nk

hold, where the first inequality is due to Lemma 5.4.8. Now using these points {X1
mk
, · · · , Xmk

mk
} ⊂ Q,

we define {Amk
}k≥1 ⊂ L(Z,W ) as

Amk
(ϕ) =

1

mk

mk∑
i=1

 
B′

ϵmk
(Xi

mk
)

ϕdx.

With the constructed linear operators {An}n≥1, by setting Xk = Fm,tk for k ≥ 1, one can

easily verify that the conditions in Lemma 5.4.5 are satisfied with α = 1
2
, β = r

d
, cY = Kγ,d,r and

CZ = max
{
3
√

1+adγd

bdγd , 3Cd,γ

}
. Now from Lemma 5.4.5, there exists ϕ ∈ BY such that for every

γ > r/d
1/2−r/d

, we have

lim sup
k→∞

[(m1/2−r/d
k

nk

)γ
inf

f∈Fm,tk

∥f − ϕ∥L2(Q)

]
= ∞. (5.18)

Note that m
1
2− r

d
k

nk
= At

1+ δ
2

k where A = 24Cm1+ δ
2 (d+1)

1
2+ δ

2

Kγ,d,r
is a constant that does not depend on k. Hence,

(5.18) can be written as

lim sup
k→∞

[
t
γ(1+ δ

2
)

k inf
f∈Fm,tk

∥f − ϕ∥L2(Q)

]
= ∞ (5.19)
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for every γ > r/d
1/2−r/d

. From (5.15), limk→∞ tk = ∞ holds, and with (5.19), we conclude

lim sup
t→∞

(
tγ inf

f∈Fm,t

∥ϕ− f∥L2(Q)

)
≥ lim sup

k→∞

(
tγk inf

f∈Fm,tk

∥f − ϕ∥L2(Q)

)
= ∞.

for every γ > (1 + δ
2
)× r/d

1/2−r/d
= (2+δ)r

d−2r
. This finishes the proof of Lemma 5.5.6.

We now present the proof of Theorem 5.3.4.

Proof. Choose any ϕ ∈ Cr(Q) that satisfies Lemma 5.5.6. Let π0
m be the initial parameter distribution

at time t = 0, and let πt
m denote the evolution of π0

m under the Wasserstein gradient flow at time t > 0.

By Lemma 5.4.1, there exists a positive constant K = Kπ0
m,ϕ such that N(πt

m) ≤ Kt holds for all

t ≥ 1. Note that the population risk at time t, R(πt
m), is equal to 1

2
∥ϕ − fπt

m
∥2L2(Q). Therefore by

Lemma 5.5.6,

lim sup
t→∞

[
tγR(πt

m)
]
=

1

2
lim sup
t→∞

(
tγ∥ϕ− fπt

m
∥2L2(Q)

)
≥ 1

2
lim sup
t→∞

(
tγ inf

N(πm)≤Kt
∥ϕ− fπm∥2L2(Q)

)
=

1

2
lim sup
t→∞

(
tγ inf

f∈Fm,Kt

∥ϕ− f∥2L2(Q)

)
=

1

2
(
1

K
)γ × lim sup

t→∞

(
tγ inf

f∈Fm,t

∥ϕ− f∥2L2(Q)

)
= ∞

holds for every γ > 2× (2+δ)r
d−2r

= (4+2δ)r
d−2r

.

5.6 Conclusion

In this chapter, we investigate the curse of dimensionality in the optimization of shallow neural

networks. Utilizing theories from Wasserstein gradient flows, Barron spaces, and multivariate numerical
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integration, we demonstrate that the population risk can decrease at an extremely slow rate, potentially

requiring exponential training time to achieve a small error, even for smooth functions. Furthermore,

we establish that the curse of dimensionality persists when the activation function is locally Lipschitz

continuous. As a supplementary result, we show that a function with smoothness r < d/2 cannot be

guaranteed to belong to the Barron space.

While our result is the first to analyze the impact of target function’s regularity on the curse of

dimensionality in neural network training, there are several open questions remaining. Here, we list

some of them.

Explicit construction : Theorem 5.3.3 and Theorem 5.3.4 present the existence of Cr(Q)

functions suffering from the curse of dimensionality in training, but the proofs rely on probabilistic

argument. Therefore, it would be interesting to exhibit an explicit examples of such functions and to

characterize them structurally.

Loss function : Our analysis considers training with theL2 loss function to learn target functions

with specific regularity. On the other hand, classification tasks typically employ the cross-entropy

function for neural network training to learn target functions that differ in nature from those in our

analysis. It is therefore worth investigating whether the curse of dimensionality in neural network

optimization-the requirement for exponential training time under gradient flow-occurs in this setting.

The next question is designing a loss function that encodes a priori information about the target

function-for example, physical constraints coming from a PDE. Such an information-rich loss function

could potentially help avoid the curse of dimensionality in training.

Accelerated gradient descent : In our work, we focus on the Wasserstein gradient flow, which

captures gradient descent training and stochastic gradient descent training with small step sizes. Exploring

whether the curse persists—or can be mitigated—when accelerated methods (e.g., Nesterov or heavy-

115



ball dynamics) are employed is an appealing direction. Developing new acceleration methods to

circumvent the curse of dimensionality is also a valuable research direction.

Finally, we pose functional-analytic questions related to our results.

Extension of Lemma 5.4.6 : There are two interesting questions related to Lemma 5.4.6: 1)

What happens if α = β? Can we obtain a similar statement? 2) Is it possible to replace lim sup with

lim in Lemma 5.4.6? If so, this may lead to a stronger negative result in neural network optimization.

Barron space and regularity of functions : The most important Barron space B corresponds

to the ReLU activation function. While it is known that Cr(Q) ⊂ B for r > d/2 + 1, Corollary 5.3.2

states that Cr(Q) ̸⊂ B when r < d/2. An interesting research direction is to investigate the case

r ∈ [d/2, d/2 + 1].
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Chapter 6: Neural Collapse in the Orthoplex Regime

6.1 Introduction

In this chapter, we consider a FNN (2.4) with L layers, where the final layer h[L] : Rd → Rn is

a linear layer serving as a linear classifier for the classification task. Specifically, we define h[L](x) =

W⊤x for a weight matrix W ∈ Rd×n. We refer to the activated output after L− 1 layers as the feature

map hθ(·) : Rm0 → Rd, where θ represents all the parameters {(Wl, bl)}L−1
l=1 . Suppose the training

dataset consists of n classes with m samples per class, denoted by {xk,i}k=1,··· ,n,i=1,··· ,m.

Neural collapse (NC), discovered by Vardan Papyan, X.Y. Han, and David Donoho in [87], is

an intriguing phenomenon observed in the terminal phase of training deep neural networks with linear

classifiers for classification tasks. The terminal phase of training refers to the stage where the trained

classifiers interpolates the training set. Neural collapse describes how the class-mean feature vectors

and the linear classifier weights converge to a symmetric geometric structure known as a simplex

equiangular tight frame (ETF).

• NC1 (Variability collapse) : The features from the same class converge to their mean feature

vector. That is, for 1 ≤ i ≤ m and 1 ≤ k ≤ n,

hk,i = hθ(xk,i) −→ h̄k =
1

m

m∑
i=1

hθ(xk, i).

• NC2 (Convergence to the simplex ETF) : The mean feature vectors (after centering by their

global mean) converges to a simplex ETF, a matrix E ∈ Rd×n with n ≤ d+ 1 such that

ETE = α(In −
1

n
Jn)
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for some α > 0, and Jn be a n× n matrix with its entries all equal to 1.

• NC3 (Self-duality) The last-layer linear classifier W also converges to a simplex ETF.

• NC4 (Nearest decision rule) The network classifier converges to choosing the class that has the

nearest class mean.

This empirical finding has been theoretically substantiated within the unconstrained feature

model (UFM) [79], where the features hk,i’s are treated as free optimization variables. This abstraction

is grounded in the universal approximation theory of neural networks, which posits that sufficiently

deep and wide neural networks possess ample expressive power. Such a framework is particularly

relevant to modern neural networks in the overparametrized regime.

However, most existing studies are limited to the case d + 1 ≥ n. In practice, the opposite case

occurs in tasks such as person-identification. Since the emergence of NC confers important benefits-

including enhanced generalization performance and robustness [87]-it is essential to extend its study

to the general case of n > d+ 1. To this end, the authors in [57] proposed generalized neural collapse

(GNC), which extends NC framework to arbitrary d and n by introducing the concept of softmax codes.

A formal statement of GNC is provided in Section 6.3.

While GNC was theoretically motivated, its initial justification relied on some strong geometric

assumptions about the softmax codes. In this chapter, we provide a proof of GNC without such

assumptions, in the regime d+2 ≤ n ≤ 2d, hereafter referred to as orthoplex regime. The rationale for

focusing on this specific regime is further detailed in Remark 6.2.1. The contents of this chapter are

based on Sections 2 and 3 of the recent preprint [1]1, co-authored with James Alcala, Rayna Andreeva,

Vladimir A Kobzar, Dustin G Mixon, Shashank Sule, and Yangxinyu Xie.
1Theorem 6.2.2 was conjectured by Professor Dustin Mixon. The author of this thesis proved Theorem 6.2.2 and

justified generalized neural collapse in d+ 2 ≤ n ≤ 2d, which correspond to Sections 2 and 3 of [1].

118



6.2 Softmax codes in the Orthoplex regime

Before introducing GNC, we begin by investigating the equivalence between spherical codes and

softmax codes in the orthoplex regime. Given a configuration X = {xi}i∈[n] in the sphere Sd−1 ⊆ Rd,

we denote

α(X) := max
i,j∈[n]
i̸=j

⟨xi, xj⟩, δ(X) := min
j∈[n]

dist(xj, conv{xi}i∈[n]\{j}).

We call X a spherical code if it minimizes α(X), and a softmax code if it maximizes δ(X). Note

that both types of codes necessarily exist by a compactness argument.

Both types of codes are well understood in the 2-dimensional regime where d = 2, in which case

they form the vertices of an origin-centered regular n-gon [57]. They are also well understood in the

simplex regime where n ≤ d + 1, in which case they form the vertices of an origin-centered regular

simplex [57, 92]. In this chapter, we focus on the orthoplex regime where n ∈ [d + 2, 2d]. Spherical

codes are already well understood in this regime:

Proposition 6.2.1 (Rankin’s orthoplex bound; see Theorem 1 in [92] ). Fix d ≥ 2 and n ≥ d+ 2. For

every configuration X = {xi}i∈[n] in Sd−1, it holds that

α(X) ≥ 0.

Furthermore, equality is achievable if and only if n ≤ 2d.

Remark 6.2.1. Proposition 6.2.1 establishes that for n ∈ [d + 2, 2d], a configuration X satisfying

α(X) = 0 is an optimal on the sphere, in the sense that its elements are maximally separated. On the
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other hand, when n > 2d, an optimal lower bound for α(X) remains generally unknown, which poses

the difficulty in the analysis. We therefore focus our investigation on the orthoplex regime.

The main result of this section is the equivalence of softmax codes and spherical codes.

Theorem 6.2.2. Fix d ≥ 2 and n ≥ d + 2. For every configuration X = {xi}i∈[n] in Sd−1, it holds

that

δ(X) ≤ 1.

Furthermore, δ(X) = 1 if and only if α(X) = 0.

We present Radon’s theorem on convex sets, which is pivotal to the proof of Theorem 6.2.2.

Theorem 6.2.3 (Radon’s theorem [90]). Any set of d+2 points in Rd can be partitioned into two sets,

where the intersection of their convex hulls is nonempty.

Our proof of Theorem 6.2.2 uses the following lemma.

Lemma 6.2.4. Fix d ≥ 2 and n ≥ d+ 2. For every configuration X = {xi}i∈[n] in Sd−1, it holds that

α(X) > 0 =⇒ δ(X) < 1.

Proof. By Radon’s theorem, there exists a partition [n] = A ⊔ B with both A and B nonempty such

that the intersection

K := conv{xi}i∈A ∩ conv{xi}i∈B

is also nonempty. We proceed by casing on whether K contains the origin.

Case I: 0 ∈ K. Fix j, k ∈ [n] such that ⟨xj, xk⟩ > 0, and denote θ := arccos⟨xj, xk⟩ ∈ [0, π
2
). Without
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loss of generality, we have j ∈ A, and so

0 ∈ K ⊆ conv{xi}i∈B ⊆ conv{xi}i∈[n]\{j}.

Since conv{xi}i∈[n]\{j} contains both xk and 0, by convexity, it also contains the entire line segment

conv{xk, 0}. Thus,

δ(X) ≤ dist(xj, conv{xi}i∈[n]\{j}) ≤ dist(xj, conv{xk, 0}) = sin θ < 1.

Case II: 0 /∈ K. Let v denote the projection of 0 onto K. (Notably, v is nonzero since 0 ̸∈ K.) Since

v ∈ K ⊆ conv{xi}i∈[n], we may express v as a convex combination:

v =
n∑

i=1

aixi.

It follows that

∥v∥2 = ⟨v, v⟩ =
〈 n∑

i=1

aixi, v

〉
=

n∑
i=1

ai⟨xi, v⟩ ≤ max
i∈[n]

⟨xi, v⟩,

i.e., there exists j ∈ [n] such that ⟨xj, v⟩ ≥ ∥v∥2. This in turn implies

∥xj − v∥2 = 1− 2⟨xj, v⟩+ ∥v∥2 ≤ 1− 2∥v∥2 + ∥v∥2 = 1− ∥v∥2.

Without loss of generality, we have j ∈ A, and so

v ∈ K ⊆ conv{xi}i∈B ⊆ conv{xi}i∈[n]\{j}.
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As such,

δ(X) ≤ dist(xj, conv{xi}i∈[n]\{j}) ≤ ∥xj − v∥ ≤
√
1− ∥v∥2 < 1,

where the last step uses the fact that v is nonzero.

Now we present the proof of Theorem 6.2.2.

Proof of Theorem 6.2.2. The bound δ(X) ≤ 1 is given by Lemma C.9 in [57]. Meanwhile, the

“only if” direction of the “Furthermore” statement follows from combining Proposition 6.2.1 with

Lemma 6.2.4. It remains to prove the “if” direction. To this end, suppose α(X) = 0. Then for each

j ∈ [n], it holds that every xi with i ̸= j resides in the halfspace

Hj := {z ∈ Rd : ⟨z, xj⟩ ≤ 0}.

Since Hj is convex, it follows that conv{xi}i∈[n]\{j} ⊆ Hj , and so

dist(xj, conv{xi}i∈[n]\{j}) ≥ dist(xj, Hj) = 1,

where the last step follows from the projection theorem. Minimizing over j ∈ [n] then gives δ(X) ≥ 1,

but since δ(X) ≤ 1 in general, we conclude that δ(X) = 1.

6.3 Generalized Neural Collapse

This section completes and extends several theorems and conjectures presented in [57] for the

orthoplex regime n ∈ [d+ 2, 2d]. Consistent with the notation from earlier sections, we interpret n as

the number of classes (denoted as K in [57]) and d as the dimension of the feature space.
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6.3.1 HardMax problem and Neural Collapse

While substantial literature exists on neural collapse for the regime n ≤ d+1, the scenario where

n ≥ d + 2 remains largely unexplored. In [57], the authors consider a realistic setup for the general

case. [57] studies neural collapse by optimizing the cross-entropy loss with a finite temperature τ ,

under the UFM [79] with spherical constraints on classifier weights W ∈ Rd×n and on unconstrained

features H ∈ Rd×mn:

min
W,H

1

mn

n∑
k=1

m∑
i=1

LCE(W
⊤Thk,i, Y, τ), LCE(W

⊤hk,i, Y, τ) = −
n∑

k=1

log

(
exp(⟨wk, hk,i⟩/τ)∑
j exp(⟨wj, hk,i⟩/τ)

)
,

(6.1)

where Y = {δk}nk=1 denotes the one-hot true labels, m denotes the number of training samples in each

class, wk ∈ Sd−1 denotes the kth column of W , and hk,i ∈ Sd−1 denotes the feature of the ith sample

in the kth class. The feature matrix H is written as

H = [H1 H2 · · · Hn] ∈ Rd×mn

with Hk = [hk,1 · · · hk,m] ∈ Rd×m. Motivated by the convention that the cross-entropy is often

optimized under small τ , [57] proves the following convergence result:

Lemma 6.3.1. [57, Lemma 3.1]

lim sup
τ→0

(
argmin

W,H

1

mn

n∑
k=1

m∑
i=1

LCE(W
⊤hk,i, Y, τ)

)
⊆ argmin

W,H
LHM(W,H),
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where the HardMax problem is defined as

LHM(W,H) := max
k∈[n]

max
i∈[m]

max
k′ ̸=k

⟨wk − wk′ , hk,i⟩. (6.2)

Inspired by the convergence to the HarMax problem, [57] analyzes (6.2) to establish generalized neural

collapse (GNC). One of the key findings is that the set of softmax codes is exactly the same as the set

of solution W ∗ to (6.2).

Theorem 6.3.2 (GNC2, Theorem C.7 in [57]). If (W ∗, H∗) is an optimal solution to (6.2), then W ∗ is

a softmax code. Conversely, for any softmax code W ′, there exists H ′ such that (W ′, H ′) is an optimal

solution to (6.2).

6.3.2 Tammes problem, Softmax codes, and Rattlers

The other results for GNC hold under some assumptions on the Tammes problem and softmax

codes. In this section, we begin by introducing the Tammes problem and rattlers, and then prove

several useful properties needed for GNC in the orthoplex regime.

Definition 6.3.3. (Rattler of softmax code) A rattler associated with a softmax code X = {xi}i∈[n] ⊂

Sd−1 is an index j ∈ [n] for which

δ(X) ̸= dist(xj, conv{xi}i∈[n]\{j})

In other words, the rattlers are points in a softmax code with no neighbors at the minimum one-to-rest

distance.
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Definition 6.3.4. (Tammes problem and its rattler) The Tammes problem is

max
|X|=n,X⊂Sd−1

min
i∈[n]

min
k∈[n]\{i}

∥xi − xk∥.

A rattler of the Tammes problem for an optimal solution X∗ = {x∗1, · · · , x∗n} is an index j ∈ [n] for

which

min
i∈[n]

min
k∈[n]\{i}

∥x∗i − x∗k∥ ̸= min
k∈[n]\{j}

∥x∗j − x∗k∥.

In other words, a rattler is a point where the minimum distance between other points is not maximized.

Geometrically, the Tammes problem requires a configuration X = {xi}i∈[n] ⊂ Sd−1 in which

the minimum distance between any pair of points is maximized. While this is a different optimization

compared to the problem maximizing δ(X), they share the same solution in the 2-dimensional regime

and the simplex regime [57, Theorem 3.8]. Here, we present a new result that they are also equivalent

in the orthoplex regime.

Theorem 6.3.5. Let d+ 2 ≤ n ≤ 2d. Then, the Tammes problem and softmax codes are equivalent.

Proof. Since 2⟨xi, xj⟩ = ∥xi∥2+∥xj∥2−∥xi−xj∥2 = 2−∥xi−xj∥2, it is easy to see that the Tammes

problem is equal to finding a minimizer of α(X). Hence the solution set of the Tammes problem is

equal to the set of spherical codes. On the other hand, spherical codes are softmax codes and vice

verca in the orthoplex regime by Theorem 6.2.2.

Now we prove that a softmax code does not have any rattler in the orthoplex regime.

Proposition 6.3.6. Let d+2 ≤ n ≤ 2d and X = {x1, · · · , xn} ⊂ Sd−1 be a softmax code. Then there

exists no rattler associated with this softmax code X.
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Proof. By Radon’s theorem [90], there exists a partition [n] = A ⊔ B with both A and B nonempty

such that the intersection

K := conv{xi}i∈A ∩ conv{xi}i∈B

is also nonempty. Note that by [57, Theorem 3.3], we have δ(X) = 1. Therefore, if 0 /∈ K, then from

Case II in the proof of Lemma 6.2.4, we get a contradiction. Hence, 0 ∈ K holds.

Now choose an arbitrary xi ∈ X. Without loss of generality, assume xi ∈ A. Then B ⊂ {xj}j ̸=i

holds and thus conv{xj}j∈B ⊂ conv{xj}j ̸=i holds. Since 0 ∈ K and K ⊂ conv{xj}j∈B, we have

0 ∈ conv{xj}j ̸=i. This implies

dist(xi, conv{xj}j ̸=i) ≤ ∥xi − 0∥ = 1.

On the other hand, since δ(X) = 1, we have dist(xi, conv{xj}j ̸=i) ≥ δ(X) = 1. Therefore we

conclude that dist(xi, conv{xj}j ̸=i) = 1 = δ(X). Since this holds for any choice i ∈ [n], X has no

rattler.

Using the nonexistence of rattlers, we can also characterize the projections of each point onto

the convex hull of others.

Lemma 6.3.7. Let d + 2 ≤ n ≤ 2d and X = {x1, · · · , xn} ⊂ Sd−1 be a softmax code. Then for any

i ∈ [n], the projection of xi onto the convex hull of {xj}j ̸=i is 0. Moreover, there exists some j ̸= i

such that ⟨xi, xj⟩ = 0

Proof. Fix any i ∈ [n]. From Lemma 6.3.6, dist(xi, conv{xj}j ̸=i) = 1 holds. Let vi = projconv{xj}j ̸=i
(xi)

be the projection of xi onto the convex hull of {xj}j ̸=i. Then there exist nonnegative coefficients

{αj}j ̸=i where their sum is equal to 1 and vi =
∑

j ̸=i αjxj. Since ∥xi−vi∥ = dist(xi, conv{xj}j ̸=i) =
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1, we have 1 = ∥xi − vi∥2 = ∥xi∥2 + ∥vi∥2 − 2⟨xi, vi⟩. Using ∥xi∥ = 1, we get

∥vi∥2 = 2⟨xi, vi⟩ = 2
∑
j ̸=i

αj⟨xi, xj⟩.

On the other hand, by Theorem 6.2.2, we have ⟨xi, xj⟩ ≤ 0 for j ̸= i. Therefore,

0 ≤ ∥vi∥2 = 2
∑
j ̸=i

αj⟨xi, xj⟩ ≤ 0. (6.3)

This implies projconv{xj}j ̸=i
(xi) = vi = 0.

Since vi = 0, the inequalities in (6.3) must be equalities. Therefore, there exists j ̸= i such that

⟨xi, xj⟩ = 0.

Finally, we prove that there is no rattler of the Tammes problem for an optimal solution in the

orthoplex regime.

Proposition 6.3.8. Let d+2 ≤ n ≤ 2d. Then there is no rattler of the Tammes problem for an optimal

solution.

Proof. LetW = {w1, · · · , wn} ⊂ Sd−1 be an optimal solution to the Tammes problem. Then α(W ) =

0 holds. This implies

min
k∈[n]\{i}

∥wi − wk∥ = min
k∈[n]\{i}

√
2− 2⟨wi, wk⟩ =

√
2− max

k∈[n]\{i}
⟨wi, wk⟩ ≥

√
2− α(W ) =

√
2

for all i ∈ [n].

On the other hand, for any i ∈ [n], there exists j ̸= i such that ⟨wi, wj⟩ = 0 by Lemma 6.3.7.
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Hence we get

min
k∈[n]\{i}

∥wi − wk∥ = min
k∈[n]\{i}

√
2− 2⟨wi, wk⟩ ≤

√
2− ⟨wi, wj⟩ =

√
2.

Therefore, mink∈[n]\{i} ∥wi − wk∥ =
√
2 for all i ∈ [n], and thus W has no rattler associated

with the Tammes problem.

6.3.3 Variability Collapse and Self-Duality

Now we introduce the remaining results of GNC - variability collapse (GNC1) and self-duality

(GNC3).

Theorem 6.3.9 (GNC1, Theorem 3.5 in [57]). Let (W ∗, H∗) be an optimal solution to (6.2). For all i

that is not a rattler associated with softmax code W ∗, it holds that

h∗i,1 = · · · = h∗i,m = projSd−1

(
w∗

i − projconv(w∗
j )j ̸=i

(w∗
i )
)
.

Theorem 6.3.10 (GNC3, Theorem 3.7 in [57]). For any K, d such that both Tammes problem and

softmax code have no rattler, the following statements are equivalent:

(a) Any optimal solution (W ∗, H∗) to (6.2) satisfies h∗i,l = w∗
i for all i ∈ [n], l ∈ [m].

(b) The Tammes problem and softmax codes are equivalent.

GNC1 can be interpreted as stating that all features belonging to the same class collapse to their

corresponding class mean. GNC3 indicates that the linear classifier weights converge to the class-mean

features. However, both statements rely on assumptions regarding rattlers and on the equivalence of
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the Tammes problem and softmax codes, which makes them incomplete.

On the other hand, from the results that we have established in the previous sections, we can give

a complete characterization about GNC in the orthoplex regime without any additional assumptions.

Theorem 6.3.11 (Self-Duality of the HardMax problem). Let d + 2 ≤ n ≤ 2d. Then the following

statements hold.

(a) Any optimal solution (W ∗, H∗) to (6.2) satisfies h∗i,l = w∗
i for all i ∈ [n], l ∈ [m].

(b) For a softmax codeW , there exists a uniqueH ∈ Rd×mn such that (W,H) is an optimal solution

to (6.2) where

H = [H1 H2 · · · Hn] ∈ Rd×mn

with Hk = [hk,1 · · · hk,m] ∈ Rd×m and h∗i,l = w∗
i for all i ∈ [n], l ∈ [m].

Proof. We first prove (a). Let (W ∗, H∗) be an optimal solution to (6.2). By GNC2, W ∗ is a softmax

code. Then, W ∗ does not have any rattler by Proposition 6.3.6. Hence by GNC1, it holds that

h∗i,1 = · · · = h∗i,m = projSd−1

(
w∗

i − projconv(w∗
j )j ̸=i

(w∗
i )
)

for any i ∈ [n]. On the other hand, Lemma 6.3.7 gives projconv(w∗
j )j ̸=i

(w∗
i ) = 0 for all i ∈ [n].

Therefore,

projSd−1

(
w∗

i − projconv(w∗
j )j ̸=i

(w∗
i )
)
= projSd−1

(
w∗

i − 0
)
= w∗

i .

This completes the proof of (a). The proof for (b) follows directly from GNC2 and (a).
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6.4 Conclusion and Open Questions

In this chapter, we established the equivalence between softmax codes and spherical codes within

the orthoplex regime and theoretically justified GNC independently of the assumptions provided in

[57]. Despite these advances, several intriguing and challenging open questions remain regarding both

spherical codes and neural collapse. We highlight some of these directions below.

Beyond the Orthoplex Regime : A natural question is whether the equivalence between spherical

codes and softmax codes persists when n > 2d. Furthermore, the role of ”rattlers” in this regime

remains to be elucidated. Addressing these questions will be instrumental in understanding neural

collapse across arbitrary settings.

Practical Applications of GNC : Neural collapse is a significant area of study, not only for its

theoretical elegance but also for its practical utility. For instance, neural collapse has been employed to

enhance transfer learning [63] and improve out-of-distribution detection [68]. As the theory of neural

collapse for generalized cases matures, leveraging these insights to solve diverse practical problems

will be a promising avenue for research.

Analysis Beyond the UFM : Numerous studies have theoretically analyzed neural collapse [113,

126, 136], most of which rely on the UFM to investigate the optimization landscape. While the UFM

is valid when a neural network is sufficiently deep and wide to approximate various function classes,

it is inapplicable to shallow neural network architectures. Therefore, a compelling research direction

involves the emergence of neural collapse in shallow neural networks beyond the UFM framework,

such as in [53]. Another critical challenge lies in characterizing this phenomenon through the study

of optimization dynamics without relying on the UFM. Recent work [78] has begun this effort by

studying the training dynamics of shallow ReLU networks for orthogonally separable data.
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Intermediate Layers : While neural collapse describes a geometric symmetry in feature vectors

and classifier weights at the penultimate layer, a fundamental question remains regarding the intermediate

layers. Does a similar phenomenon emerge in the layers preceding the penultimate layer when a

network is fully optimized? If neural collapse is absent in the intermediate layers, what then serves as

the primary driving force behind its emergence?
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