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Chapter 1: Introduction

1.1 Motivation and Scope

Deep learning has achieved remarkable success in solving complex, high-dimensional tasks that
traditional methods struggled to address, including computer vision, natural language processing,
protein folding prediction, and the resolution of high-dimensional partial differential equations in
scientific computing. The driving force behind these advancements is the deep neural network—an
architecture comprising multi-layered artificial neurons loosely inspired by the structure of the human
brain.

Modern deep neural networks are heavily over-parameterized and rely on a vast number of
computational units, which frequently yields state-of-the-art performance. However, the massive scale
of these models introduces significant practical limitations: 1) Their enormous storage requirements
prohibit deployment on edge or portable devices, and 2) their computational demands result in unsustainable
energy consumption. Consequently, a substantial body of research has emerged aimed at compressing
deep neural networks without compromising performance, with quantization, pruning, and low-rank
approximation serving as the primary techniques.

Nevertheless, many existing compression techniques prioritize empirical success over rigorous
mathematical foundations. For instance, unlike signal processing—where quantization is supported by
robust mathematical frameworks—neural network quantization often lacks such theoretical guarantees.
This gap in the literature motivated my research into neural network quantization with provable guarantees,
which is detailed in Section 3.

A core theoretical inquiry in this space revolves around the approximation theory of quantized

neural networks. While general neural network approximation theory has evolved significantly since



the 1980’s, the specific approximation theory for quantized networks remains underexplored. My
foundational interest in quantization theory naturally guided me toward this domain. Section 4 presents
my findings regarding the universal approximation theory of quantized neural networks.

Despite deep neural networks serving as the state-of-the-art architecture across various disciplines,
many aspects of their underlying mechanics remain a theoretical mystery. Within neural network
optimization theory, considerable efforts have been made to explain their effectiveness. Yet, the
majority of these analyses depend on unrealistic assumptions—such as extreme over-parameterization
or infinite-width limits—that do not reflect practical implementation. Such analyses are inherently
challenging due to the non-convex nature of the optimization landscape. Furthermore, existing quantitative
convergence results predominantly focus on the linear convergence rate of empirical risk, leaving the
convergence behavior of population risk unaddressed. Motivated by this theoretical void, Section 5
demonstrates the manifestation of the curse of dimensionality within neural network optimization,
thereby establishing a critical connection between neural network approximation and optimization
theories. It reveals an intriguing paradox: while deep neural networks demonstrate exceptional empirical
performance in high-dimensional problems, even shallow networks can theoretically fall victim to the
curse of dimensionality.

Neural collapse is an intriguing phenomenon observed during the terminal phase of training
deep neural networks for classification. It describes the convergence of class-mean feature vectors and
linear classifier weights toward a geometric structure known as a simplex equiangular tight frame, up
to a scaling factor. While this empirical finding has been theoretically justified by treating features as
free optimization variables—a framework supported by neural network approximation theory—most
existing proofs require the feature space dimension exceeds the number of classes. In Section 6,
we provide a proof for the emergence of neural collapse in the opposite case, specifically within the

2



orthoplex regime.

1.2 Organization of the Dissertation

Chapter 2 introduces the foundational theory essential for the developments presented in subsequent
chapters. It begins with an exploration of finite frame theory and quantization in signal processing,
especially focusing on the first-order sigma-delta (3>A) quantization method. Furthermore, it addresses
key concepts in manifolds and examines neural network architectures. Barron spaces and mean-field
neural networks are also introduced at the last.

Chapter 3, based on our published work [27]', introduces a post-training quantization method
with provable guarantees. Drawing upon finite frame theory and first-order XA quantization techniques
from signal processing, we establish a robust theoretical framework. This is supported by empirical
validation on toy problems, alongside practical results demonstrating the method’s efficacy on a ResNet-
18 model for the CIFAR-10 classification task.

Chapter 4 details our ongoing research with Professor Wojciech Czaja and Professor Weilin Li,
into the curse of dimensionality within the universal approximation theory of one-bit quantized neural
networks. By restricting the input data to a compact manifold, we demonstrate that the exponential
complexity required to achieve a supremum error ¢ scales with d, the intrinsic dimension of the data
manifold, rather than the dimension of the entire space.

Chapter 5 is based on our paper [81]>. We prove that functions susceptible to the curse of

! Appeared in Journal of Fourier Analysis and Applications (2025). The author of this thesis conducted the theoretical
developments, including all theorems and proofs, performed the numerical experiments, and managed the editorial process
under the guidance of Professor Wojciech Czaja.

2 Accepted for publication in Information and Inference: A Journal of the IMA. While the research problem was
proposed by Professor Haizhao Yang, the author of this thesis was responsible for the entire execution of the study,
including the derivation of all theorems and the preparation of the manuscript.



dimensionality when approximated via Barron spaces require exponential training time for the population
risk to converge, and in some cases, may never achieve convergence. We analyze this phenomenon
in the context of the target function’s regularity and the selected class of activation functions. These
findings effectively bridge the theoretical gap between neural network approximation and optimization.
Chapter 6 presents author’s primary contributions to the recent joint preprint work [1]°. This
chapter investigates the geometry of n points in the unit sphere S¢~! within the ’orthoplex regime’
n € [d 4 2,2d|. Building upon these geometric results, we analyze the neural collapse when the
number of classes n falls within [d 4 2, 2d|, where d is the dimension of the feature space. The proofs

and the manuscript of this chapter were independently developed and authored by the candidate.

3While the research problem was proposed by Professor Dustin Mixon, the author of this thesis was responsible for
the theoretical developments in Sections 2 and 3 of this paper. Additionally, the author formulated the core proposal and
established the proof of Lemma 14 in Section 4 of the paper.
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Chapter 2:  Preliminaries

This chapter establishes the fundamental concepts and theoretical framework essential for the
subsequent discussions. Specifically, Sections 2.1 and 2.2 support the analysis in Chapter 3, while
Section 2.3 provides the necessary background for Chapter 4. Section 2.4 covers the basic concepts of
neural networks, which are essential for all subsequent chapters. Finally, the material in Sections 2.5

and 2.6 is presented in preparation for Chapter 5.

2.1 Finite Frames

In this section, we review key concepts from frame theory. Our focus is restricted to finite frames

in R?. For a broader discussion of finite frames in general Hilbert spaces, we refer the reader to [16].

Definition 2.1.1. A set {ey,--- ,en} in R? is a finite frame for R? if there exists 0 < A < B < o0

such that

N
Alle|® < Y lw, e < Blle|)” 2.1

=1

holds for all x € R®. Here,

- || denotes the Euclidean norm.

The constants A and B are called frame bounds, and {{x, e;) };\, are called the frame coefficients

of  with respect to frame {e;, - - - ,en}. A frame {e;,--- ,exn} in R%is called tight if A = B. If a finite
tight frame F' = {ey, - - - , ex} satisfies ||e;|| = 1 for all i, then we say F'is a finite unit-norm tight frame
(FUNTE).

Definition 2.1.2. Let F' = {e,, - ,en} be a finite frame for R%. The linear function S : R4 — R?



defined by

N
Sv=) (w.ees (22)
i=1
is the frame operator of F.
Note that if ' = {e;,--- ,en} is a finite frame for R? with frame bounds A and B, then it is

easy to see that S is a d x d positive definite matrix satisfying Al; < .S < BI;, where 1, is the identity
matrix of R%. Therefore, its inverse S~ exists and it satisfies 51, < S~! < % I,. This inverse operator
S~ is called the dual frame operator. Multiplying (2.2) by S~! gives us an atomic decomposition of
an arbitrary € R%:
N N

(x, ei>ei} = Z(x, ei)S e, (2.3)

i=1 i=1

=515y = S—l{

It is straightforward to check {S~te;, -, S tey} is a frame for R? with frame bounds 1/B and
1/A. We say that {S~ ey, -+, S ey} is the canonical dual frame of F. For detailed proofs of the
aforementioned statements, see [16].

When F' = {ej, -+ ,en} is a tight frame for R? with frame bound A, then S = Al,; and

St = %Id. In this case, (2.3) gives us the following frame expansion.

Lemma 2.1.3. Let ' = {e,,--- ,en} be a finite tight frame for R? with frame bound A. Then for any

x € R?, we have the following frame expansion of x:

x = %Z<I, ei)e;. (2.4)



Moreover, if F' is a FUNTF, we can express the frame bound A in terms of d and N.

Theorem 2.1.4. Let F = {e1,--- ,en} be a FUNTF for R¢ with frame bound A. Then, A = N/d

holds.

Proof. From the assumption, for any z € R%, we have A||z||> = S, |(x, ¢;)|%. Choose an orthonormal

basis {vy, - - ,vq} of R%. Taking z = v;, we get

N
A= AlolPP =) vy e’
=1

for j =1,--- ,d. The summation over j’s gives us

d d N N d N
Ad =Y AllllP =D ) e => > lenvpl? = lleill* =
j=1 =1 j5=1 =1

j=1 i=1
Note that the last equality holds since ||e;|| = 1 for all i’s. Therefore, we conclude that A = N/d. [

Hence, when I’ is a FUNTE, we have the following frame expansion

d N
:Nerz ; 2.5)

for any z € R%.
Now we review the concept of frame variation, which is important in quantization with finite

frames.

Definition 2.1.5. Given a finite frame F' = {e,,--- ,en} for R%, its frame variation with respect to a



permutation p of {1,2,--- | N} is defined as

N-1
a(F,p) ==Y llep) — epan - (2.6)
=1

Frame variation is a measurement that captures the interdependency between the frame elements
resulting from the choice of p. If o(F, p) is small, then we can say that the frame elements do not
oscillate too much in that ordering. When F' = {e;,--- ey} is a finite unit-norm frame, then an

obvious upper bound for a frame variation would be

N-1 N-1
o(F.p) = lles) — epanll < D _Lllesll + llepsn I} = 2(N = 1).
=1 =1

However, this upper bound is too large and does not show the effect of p on o(F, p). In [118], the
author proves the following theorem, which leads to the existence of a permutation p of {1,2,--- | N}

that makes the frame bound is O(N'~2).

Theorem 2.1.6. Let {e1,--- ,en} C [—3,35|* with d > 3. Then, there exists a permutation p of

{1,2,---, N} such that
N—-1
1
> " lleps — epinll < 2Vd+3N'"1 —2v/d +3. (2.7)
=1

Note that for a unit-norm frame F' = {ey, -+ ,ey} for R% the set 1F = {3e1,--- ,3en}isa

_1 l]d

subset of [—3, 3

. In [10], the authors combined these results to obtain the following result.

Theorem 2.1.7. Let ' = {ey,--- ,en} be a unit-norm frame for R% d > 3. Then, there exists a



permutation p of {1,2,--- | N} such that

o(F,p) < 4Vd+ 3N —4/d + 3. (2.8)

While Theorem 2.1.7 provides a general bound on frame variation for finite unit-norm frames,

there are specific types of frames where the resulting frame variations can be uniformly bounded by a

constant which is independent of N. Here, we introduce the harmonic frames, which is a well-known

example of FUNTFs achieving uniformly bounded frame variation.

Definition 2.1.8. For N > d > 2, the harmonic frame H% = {ej}jyz’()l in R is defined as

\/5[ omj . 2mj  2m2j . 2m2j
e; = — | COS S11n COS S1n
V) R A VR VR VA

when d is even, and

when d is odd.

It is easy to check that the harmonic frames are FUNTFs.

uniformly bounded frame variation for identity permutation.

-, COos

d d
2r5] sin 2757
N’ N

, COS

,sin

Moreover, harmonic frames achieve

Lemma 2.1.9. [12] Let HY = {ej};v:_ol be the harmonic frame in R with N > d > 2. Let p be the

identity permutation. Then we have

i 2n(d +1)
o(Hy,p) < —



For more details on finite frames with uniformly bounded frame variation, we refer to [14].

2.2 Quantization for Finite Frames

Let ' = {e}, - ,en} be a finite frame in RY. Let S be the frame operator of F. Then any

x € R? can be represented as a linear representation using frame coefficients and the canonical dual
frame of F’:

N

T = Z(x, ei)S e,

i=1
One can say that this frame expansion discretely encodes x by the frame coefficients {(x, ;) }i—1.... .
Quantization refers to replacing the frame coefficients by elements from a fixed finite set, which is
often referred to as the quantization alphabet.

We begin with some common definitions of quantization alphabet in [10-12, 16, 134]. Given

K € Nand § > 0, the midrise quantization alphabet A% is defined as

I R AV N AU RS U S
AK_{( K+ 308, (=K +35)0, =58, 50, (K )5}. (2.9)

The 2K -level midrise uniform scalar quantizer () with step size J is defined as

Q(u) = arg min |u — q|.

s
qeAY

Therefore, Q(u) is the element in A that is closest to .

Memoryless scalar quantization (MSQ) is a classical method in quantization, which replaces the
frame coefficients by {Q((z, e;))}i=1... y. This is simple and fast, but one cannot enjoy the benefit of
the redundancy in frames in the reconstruction of signals.

10



On the other hand, Sigma-Delta (XA) quantization methods [10-12, 28, 43, 58, 85, 111] are
more robust algorithms that exploit the redundancy in frames. XA quantization methods are iterative
algorithms that compensate the quantization errors from the previous steps. Here, we focus on the

first-order XA quantization method. For general rth order YA quantization, we refer to Chapter 8

in [16].

Definition 2.2.1. Given K € N and § > 0, let the midrise quantization alphabet be A3, the 2K -level

midrise uniform scalar quantizer with stepsize 6 be (), and p be a permutation of {1,2,--- | N}. For
a given input sequence {x1, s, ,xy}, the associated first-order 3A quantization is defined by the
iteration:

Up = Up—1 + Tpn) — qn,

Gn = Q(un—l + xp(n))a

forn = 1,2,--- N where ug = 0. This produces the quantized sequence {qi,--- ,qn} and an

auxiliary sequence {ug, - - - ,un} of state variables.

It is possible to consider nonzero initial condition ||ug|| < §/2, but for simplicity, we will only
consider the case uy = 0 as in [12]. This first-order XA system is stable, in the sense that the state

variables are uniformly bounded if the input sequence is bounded.

Lemma 2.2.2. [f the input sequence {x,--- ,xy} in Definition 2.2.1 satisfies |z;| < (K — 1/2)¢ for

Proof. We proceed by induction. Since ug = 0, we have |u1| = |7,1) — Q(xp1))| < 0/2. The base

11



case holds. Now suppose |u;| < §/2 for some ¢ < N — 1. Then,

i + Zpiin)| < il + [2paan] < 0/24 (K —1/2)6 = K.

Therefore, by the definition of A and the uniform scalar quantizer Q, we get

[Ui1] = [wi + Tpit1) — Gig1| = |wi + Tpg1) — QUi + Tpiign))| < 6/2.

]

Note that the first-order XA quantization method in Definition 2.2.1 does not involve any frame.
The first-order YA quantization method for finite frames operates by taking input sequence as frame

coefficients {(x, ;) }iz1,... n-

Definition 2.2.3. Let ' = {e,, - ,ex} be a finite frame for R where d > 3 and let p be a
permutation of {1,2,--- ,N}. Choose x € R® with frame expansion v = Zf\il x;S"te; where

x; = (x,e;), and S be the frame operator. Then, the quantized expansion T of x is defined as:

N
T=Y ¢S e, (2.10)
i=1
where {qi,- - ,qn} are the quantized sequence from the first-order ©A quantization in 2.2.1.

We provide now an error bound on the approximation error ||z — Z||. Here, we only state the

result for the case of a FUNTF. For general results, see [12] and [10].

Theorem 2.2.4. Let ' = {ey, -+ ,en} be a finite unit-norm tight frame for R, and let p be a
permutation of {1,2, -+ N}. Let v € RY satisfy ||| < (K —1/2)6 and have the frame expansion x =

12



Zf\;l@, e;)S~te;, where ST! is the inverse frame operator for F. Then, T satisfies the approximation

error

o — 2 < 2

S (o(Fp) +1).

Proof. Since ||z| < (K —1/2)d, we have |x;| = |(z, ¢;)| < ||z|| < (K —1/2)4. Therefore by Lemma

2.2.2, we have |u;| < 6/2fori=0,---,N. Since F is a FUNTF, S = £.1, holds and

:N; :Ng (1) €p(3) > a‘c:ZqiS_lep :Ng

Therefore, the approximation error can be bounded as

N
_ d
o =z = Z @)l = 371 D (i — wima)en |
N_

— €pit1)) T unep ||

IN

N
d
N( |uimep<,-) = egsnl + fuxlles
d
N

g 5
(Z Sllests = nirnll + S llenm )

od

= S (o(Fp) + 1),

]

From the approximation error bound, one can see that it is desirable to choose a permutation p
that makes the frame variation o (F, p) small. Combining Theorem 2.1.7 and Theorem 2.2.4, we obtain

the following corollary, where the approximation error bound only depends on 9, d, and N.

13



Corollary 2.2.5. Let F' = {ey, - -+ , en} be a finite unit-norm tight frame for R%, d > 3, and let v € R?
satisfy ||z|| < (K — 1/2)d. Let p be a permutation of {1,2,--- , N} that satisfies (2.8). Let T be the

quantized expansion. Then, the approximation error satisfies
_ 6d 1-1

Corollary 2.2.5 shows that we can bound the approximation error by only using the variables
0,d, and N. We use this result to obtain error bounds between a neural network and its quantized
version in Section 3.3.

For some specific FUNTFs, such as harmonic frames, their frame variations can be uniformly
bounded by, independent of N. Therefore, they result in a tighter approximation bound C36/N, where
Cy is a constant that depends only on the dimension d. For example, when we use harmonic frames
with identity permutation, then the approximation error under the first-order A quantization method

can be bounded as

_ dd 2m(d+1)
gl < — (2 .
le =2l < 55 ( 3 1)

2.3 Manifolds

In this section, we briefly review some basic facts in manifolds. For a more detailed background
knowledge, we refer to [61]. Let M be a d-dimensional compact Riemannian manifold isometrically

embedded in RP.

Definition 2.3.1. We say that (U, ¢) is a chart on M if U C M is open and ¢ : U — R is a

homeomorphism.
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Definition 2.3.2. We say that two charts (U, $) and (V1)) on M are C* compatible if and only if the

twomaps po L p(UNV) = d(UNV)andpo ¢t : p(UNV) — (UNV) are both C*.

Definition 2.3.3. A C* atlas for M is a collection of pairwise C* compatible charts {(U;, ¢;) }icz such

that U;czU; = M. A manifold is smooth if it has a C* atlas.
Now we define differentiable functions on M.

Definition 2.3.4. A function f : M — R is C* if for any chart (U, $), the composition f o ¢~ :

o(U) — R is s-times continuously differentiable.

We remark that the definition of C* functions does not depend on the choice of the chart (U, ¢).
Suppose (V, 1) is another chart on M with UNV # ). Then we have foy™! = (fogp ) o(doyp™t).
Since M is smooth, (U, ¢) and (V, 1)) are C* compatible. Therefore, f o )" is also C** function.

Next, we introduce reach of a manifold, which is a geometric concept that extends the concept

of curvature to manifolds.

Definition 2.3.5. Let S(M) = {z ¢ R” : Ip £ g € M, ||z —p|| = ||z — q| = infyem |y — 7|

2

which is the set of points that have at least two nearest neighbors in M. The reach T > 0 is defined as

= inf z — vyl
4 zeM,yeS(M) H yH

Finally, we introduce the partition of unity.

Definition 2.3.6. A C'™° partition of unity on M is a collection of nonnegative C'*° functions p; : M —

R for all i € A, such that

1. supp(p;) is locally finite,
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2. ziE.Api =1.

For a smooth manifold, a C'* partition of unity always exists.

Proposition 2.3.7. Let {U;};c1 be an open cover of a compact smooth manifold M. Then, there exists

a C™ partition of unity {p; };cx where every p; has a compact support which is a subset of U;.

2.4 Neural Networks

In this section, we introduce the mathematical formulation of neural networks.
First, a fully connected feed-forward neural network (FNN) with n layers is a function f :

R™0 — R™» which acts on data x € R0 via

f(x> :h[n]OO'Oh[n_”O"'anh[l](«r), (211)

where hl(z) = Wiz + b, with weight matrix W; € R™>™1 and bias b; € R™,[ = 1,2,--- ,n, and
nonlinear activation function o : R — R which acts on each component of a vector. Here, we omit
the activation for the last layer because the choice of the final activation can be different from o. For
example in classification problems, softmax activation function is used in the last step, while o is often
chosen as the Rectified Linear Unit (ReLU) function, defined as x — max{0, 2} for x € R.

Next, we introduce the mathematical formulation for residual blocks and residual neural networks.
We adopt a similar mathematical formulation from Chapter 3.8.2 in [40]. A residual neural network

with n residual blocks is a function ¢ : R* — R¥ defined as

g(x) — Z[n] [eXolke} Z[nil] 0--+-0(0O0 z[l] (1’)’ (2.12)
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where each residual block 1 has a structure zU1(z) = W, o0 (W, 12 4 b;) + 2, with weight matrices
Wii € Rrixk, Wis € R¥*"i and bias b; € R"i. For residual networks, we only consider ReLU as the
activation function.

While various neural network architectures exist, such as transformers and graph neural networks,
we restrict our focus to feedforward neural networks and residual neural networks, as they provide a
representative framework for the study of deep learning theory. We further remark that the definitions
introduced below regarding quantized neural networks can be naturally generalized to other types of
neural network architectures.

For a neural network F'(z), the quantized neural network F(x) is defined as a network formed
by replacing weight matrices and biases of F'(z) with quantized weight matrices and quantized biases
from any quantization algorithm. For example, for a fully connected FNN f(z) in (2.11), assume that

();’s and ¢;’s are quantized weight matrices and quantized biases of W;’s and b;’s, respectively. Then,

fol@)=hloaohy oo - 0g0h)(x), (2.13)

where hg] (x) = Qix + ¢; fori =1,---  n. Similarly for a residual network g(x) in (2.12),

gQ(x):zg]oaozgl_l]o-~-oaoz[Q1](x), (2.14)
where zg () = Qi20(Qirx + ¢;) +x fori = 1,--- ,n. Here, Q;2’s, @;1’s and ¢;’s are quantized
weight matrices and quantized biases of W, 5’s, W, 1’s and b;’s respectively. In practice, bias vectors
are not often quantized. In this case, we simply keep the bias vectors.

Note that if we write W, = (W}, ) and & = (z7,1)7, then All(2) = Wiz + b, = W,Z holds.
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Therefore, without loss of generality, we will omit the biases in our analysis. This means we assume
b; = 0 for all i’s, so hll(z)’s in (2.11) can be regarded as hl(z) = Wiz and z(z)’s in (2.12) can be
regarded as z1(z) = W0 (Wi, 2) + 2.

We introduce some definitions that is frequently used in Chapter 4.

Definition 2.4.1. A FNN with n layers in the form of (2.11) is called a strict neural network. If the

same activation is applied at the last layer, say

f(l') — O-Oh/[n] Oo-oh[n_l] O+ oo‘oh[l](x)’

then we say [ is an activated neural network.

Note that from the definition, the only difference between a strict neural network and an activated
neural network is whether the activation function o is applied at the final layer.

We say that a strict neural network (2.11) has L layers, N = Zle m; nodes, and P =
S F L IWallo + [billo parameters. If L, N, P are all less or equal to some quantity 7', then we say
that such a neural network has size at most 7. We say two FNNs f; and f> have the same structure if
(1) they have the same number of layers, (2) they use the same activation o, and (3) the affine maps
in the ith layer have the same size of weight matrix and bias vector, for all ¢ = 1,--- | L where L
is the number of layers. The same definition is made for activated neural networks because the only
difference is the activation applied at the final layer.

When a strict (activated) neural network has all nonzero entries in its weight matrices and its bias
vectors belong to {1}, we say that the network is a strict (activated) {41} quantized neural network

or a strict (activated) one-bit neural network.
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2.5 Mean-field Parametrization of Neural Networks and Wasserstein Gradient Flows

A mean-field parametrization of two-layer (shallow) neural network is

1 m
z;0) = — a;o(w x + b
f( ’ ) m ; J ( 7 + )
where o is activation, and 6 = {(a;, w;,b;) : i = 1,--- ,m} represents the parameters of the network.

Note that such f in the mean-field parametrization admits an integral representation:
f(z) = / ac(w'z + b)w(da @ dw @ db)
RxRExR

for a probability measure 7 = = >\ 8(a, w,.5)-

The study of Wasserstein gradient flows in neural network training is motivated by the observation
that, under mean-field parametrization, the evolution of neural network parameters under time-accelerated
gradient flow can be equivalently described by the evolution of their distribution via the 2-Wasserstein
gradient flow. This framework not only characterizes the training dynamics of two-layer neural networks
with a finite number of neurons due to the aforementioned equivalence, but also provides the advantage
of describing the training process for infinite-width shallow neural networks. The application of
Wasserstein gradient flows in the mean-field regime has been successful in analyzing the convergence
of neural network training [22,72, 76, 84,94]. For a more detailed discussion on Wasserstein gradient
flows in neural network training, see [22,23, 120]. For a broader perspective on Wasserstein gradient

flows and optimal transport, refer to [115].
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2.6 Barron Spaces

Barron spaces, introduced in [34], generalize Barron’s seminal work [7] in neural network
approximation theory. They present a set of functions comprising shallow neural networks with mean-
field parametrization. Consequently, analyzing the Wasserstein gradient flow is a suitable approach for
studying the optimization dynamics of functions within Baron spaces.

A function f : X — R is said to be a Barron function if it admits an integral representation of

the form
flx) = / aa(wa +b)m(da ® dw @ db), =€ X, (2.15)
RxRIxR

for some Borel probability measure 7 on R x R? x R, and if its Barron norm, as defined in [34], is
finite. Here, 0 : R — R denotes an activation function. We introduce the Barron norms for ReLU
activation and for other Lipschitz continuous function in Section 5.2.

Barron functions can be approximated by finite-width two-layer neural networks with a dimension-
independent approximation rate in terms of the number of parameters, given various choices of activation
functions. For example, [34] demonstrated that for the ReLU activation, these functions exhibit both
dimension-independent approximation rates and low statistical complexity. These favorable properties
extend to Barron functions with certain other activation functions [65].

Both finite-width and infinite-width two-layer networks in the mean-field scaling can be expressed
in the integral form given in (2.15). This integral representation facilitates the study of parameter
evolution under gradient flow by leveraging the 2-Wasserstein gradient flow in the parameter distribution,

as discussed in [120,121]. For a more comprehensive discussion on Barron spaces, see [34,36,37,65].
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In this work, we focus on Barron functions defined by (2.15) equipped with the finite Barron
norms adopted from [34, 36, 37, 65]. Crucially, these norms are well-defined for only Lipschitz
continuous activation functions, and therefore our primary analysis of Barron spaces is restricted to
this class. For non-Lipschitz continuous activations, where these norms may be incompatible with our
tools using 2-Wasserstein gradient flows, we focus instead on finite-width networks, which remains a
realistic and important setting. We defer the detailed discussion to Section 5.5 and Section 5.5.3. For
further literature on Barron spaces for general activation functions, including approximation rates and

embedding properties, see [50, 105-107].
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Chapter 3: Frame Quantization of Neural Networks

3.1 Introduction

Quantization is the process of compressing input from a continuous or large set of values
into a small-sized discrete set. It gained popularity in signal processing, where one of its primary
goals is obtaining a condensed representation of the analogue signal suitable for digital storage and
recovery. Examples of quantization algorithms include truncated binary expansion, memoryless scalar
quantization, and XA quantization. Among them, >A quantization methods stand out due to their
theoretically guaranteed robustness. Mathematical foundations were developed in several seminal
works [10-12,28,43], and have been carefully studied since, e.g., [44,45,59, 96].

In recent years, the concept of quantization captured the attention of the machine learning
community. The quantization of deep neural networks (DNNs) is considered one of the most effective
network compression techniques [38]. Computers express parameters of a neural network as 32-bit or
64-bit floating point numbers. In neural network quantization, one tries to replace these parameters
using compact formats such as 8 bits (or lower), while preserving the architecture and performance of
the network. An effective neural network quantization method enables users to run DNNs on portable
devices, such as smartphones, without relying on external servers. This benefits storage requirements
and helps avoid privacy-related issues. Due to these reasons, there have been numerous efforts to
develop neural network quantization schemes that preserve the model accuracy.

Neural network quantization can be categorized into 2 classes. The first class is Quantization-
Aware-Training (QAT). QAT methods [25, 54, 60, 69, 93, 130] retrain the given neural network, by
restricting the domain of parameters to a finite set of alphabets. The second class is Post-Training

Quantization (PTQ). PTQ methods [6,47,74,75,82,83,119, 125, 133, 134] take a pre-trained neural
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network and convert it directly into a fixed-point neural network. They demand less computation
because they do not require end-to-end training. In addition, unlike QAT methods, PTQ methods do
not require the training dataset - they usually require only a small calibration set. These reasons make
PTQ methods attractive. For a detailed explanation of QAT and PTQ methods, see [38] and references
therein.

Despite the popularity of PTQ methods, unfortunately, most of them lack theoretical error
analysis. While some algorithms [74,75,133,134] are equipped with error estimates, they are typically
probabilistic estimates with additional requirements on input distributions. Moreover, their error
estimates are proved only for feed-forward networks. However, there are popular neural networks
with different architectures, such as ResNet [49], which is constructed by stacking together a series
of residual blocks. Therefore, the design of a PTQ method with error estimates for different types of
neural networks is still an open question.

To address this problem, we return to the methods of quantization from signal processing and
investigate how to utilize them in the neural network setting while retaining their theoretical guarantees.
We focus on YA quantization algorithms. While [28,43] focus on XA quantization for bandlimited
functions, [10-12] provide mathematical analysis of YA quantization for finite frames in R¢ and
C<, which is suitable for quantization of weight matrices in neural networks. Leveraging the tools
from [10-12], we are able to provide a new PTQ algorithm with error estimates. Our contributions are

threefold:

1. In Section 3.2 we propose an algorithm for quantizing layers of a pre-trained neural network
using the first-order XA quantization algorithm for finite unit-norm tight frames in R¢. Our

algorithm does not require any training data, hence a data-free quantization. To the best of our
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knowledge, our work is the first to utilize the tools from frame theory in this context (recent
work [132] studies quantizing random Fourier features (RFFs) using YA algorithm, which is

different from our study of DNNs).

We provide error estimates for both n-layer feed-forward neural networks and neural networks
formed by a series of residual blocks in Section 3.3. These results demonstrate how to control

the error using the step size and the number of frame elements.

. Finally, in Section 3.4, we present numerical results for quantizing neural networks by applying

our proposed algorithm. We apply the algorithm to several neural network architectures on
the MNIST and CIFAR-10 classification tasks, empirically demonstrating its effectiveness. In
addition, we numerically validate the theoretical error bounds, established in Section 3.3, with
toy examples. We also provide numerical experiments and detailed explanations for the most

extreme case, 1-bit quantization.

We note that this chapter is based on the published paper [27]. The author of this thesis conducted

the theoretical developments, including all theorems and proofs, performed the numerical experiments,

and managed the editorial process under the guidance of Professor Wojciech Czaja.

3.2

Frame Quantization for Neural Networks

In this section, we explain our method to quantize a weight matrix W; € R"™>*™i-1, Let F; =

{el, -+, ey, } beaFUNTEF for R™ that we are using for quantization. Write W; = [w{, w}, --- ,w), ]
where w} is am; X 1 column vector for j = 1,2, --- ,m;_;. First, choose appropriate positive integer
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K; and step size d; > 0 that satisfy

1

< (K; — =)6;. 3.1
j=1171"1%z(%71 ijH - ( 2) G-
Next, we find a permutation p; of {1, - - - | N;} that satisfies (2.8). The algorithm to find such permutations

is described in [10, 118], so we omit the details. Then, we compute the quantized expansions of wj»’s,

using frame Fj, constant K;, and step size o; fori = 1,--- ;n. Let q§ be the quantized expansion of

w; Since we are using finite unit-norm tight frame, the dual frame operator S~ is XL, where I,

(3

is the identity matrix of R"*. Therefore q;»’s can be written as

i i q—1_i my; i
k=1 k=1
Note that the first-order A quantization forces q;k € Aﬁgi forall (j,k) € {1, -+ ,m;_1}x{1,---, N;}.

Therefore, at most 2/; values are candidates for ¢/ ;.. In our scenario, we store C; = [¢} . J1<j<m,_,,1<k<N;»
which is an element in (Aiéi ymi-1xNi When we need a quantized neural network, then we use the finite
unit-norm tight frames F;’s and matrices C};’s to reconstruct a network using (3.2).

Current neural network quantization methods convert a weight matrix W = [w;;|1<i<m.1<j<n €
R™™ into a quantized matrix () = [gi;]1<i<m,1<j<n, Where each ¢;; uses fewer bits compared to
the corresponding w;;. Note that W and () have the same dimensions. Our method differs from
typical approaches because we are storing matrices C;’s that have different dimensions from the weight
matrices WW;’s. Due to their different dimensions, we will not say C;’s are quantized weights. Instead,
we will say that the matrix Q; = [q},--- , ¢/, ] € R™>™1 where the columns are the quantized

expressions qji-’s, is the quantized weight matrix of W; € R™*™i-1 forj =1,--- ,n.
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Algorithm 1 Frame Quantization

Require: Weight matrix 1; € R™*™~t and FUNTF F; = {e},--- , €}y, } for R™.
1. Set level K; € N and stepsize ¢; that satisfy max;_; ... ;, , ||w;|| < (K; — %)(51
2. Find a permutation p; of {1, --- , N;} that satisfies (2.8).
foryj=1,--- ,m;_1 do
1. Compute frame expansion w’ = S wi el
2. Use first-order XA quantization algorithm 2.2.1 with K; and 9; to compute

N;
G =N D Gikehcn-
k=1

1

end for
i 0 i— i
3. Set Ci = [¢] pJi<jemi ra<ken, € (Af )™
Ensure: Quantized matrix Q; = [q},--- ,¢q},, .| € R™>*™i~1_Store C;.

Note that the above algorithm uses first-order >A quantization for the column vectors of the

weight matrix W;. On the other hand, we may consider applying first-order A quantization algorithm

for the row vectors of the weight matrix ;. In this case, we apply Algorithm 1 to W,". This framework

is applied for neural networks with residual blocks in Section 3.3.2.

Although biases are not typically quantized in practice, if quantization of biases is needed for

some purpose, we may also quantize biases by adding them to the final columns of weight matrices.

This means that we can also quantize b;’s while we quantize the weight matrices ;s by applying

Algorithm 1 to matrices I//Iv/Z = (W3, b;)’s.

3.3 Error Estimates

Throughout the remainder of this chapter, we assume that the activation function o is a Lipschitz

continuous function with Lipschitz constant L, and that (0) = 0. This is a natural assumption,

as many activation functions used in practice, such as ReL U, satisfy this condition. In addition, we

assume that m; > 3 for all ¢’s. This is also a reasonable assumption, since typical neural network

26



architectures have more than two neurons in each layer.
We begin with some auxiliary lemmas, which play an important role in proving error estimates

between a neural network and its approximation by a quantized network.

Lemma 3.3.1. Let QQ; be the quantized matrix for weight matrix W; € R™>*™i-1 ysing Algorithm 1.

Then,
_1
IW; — Qill < 2v/28myy/miimaN; ™,
where 0; is the step size and N; is the number of elements in the frame F; = {e},- - ,e}'\,l_} used in
Algorithm 1.
Proof. Write W; = [w}---w}, ],Q; = [qi, -+ ¢, ,] € R™>™~1 where w}’s and ¢}’s are m; x 1

column vectors. Since Algorithm 1 uses p; that satisfies (2.8), Corollary 2.2.5 gives us the error

estimate
; ; dim; 1—-
|w) — gl < SN (4vm; +3N;, ™ —4y/m; +3+1) (3.3)
forall j =1,--- ,m;_1. Now, using (3.3) and the assumption m; > 3, we have
mi—1
17, = Qull = mase (Wi = Q)| < max {3 fol x s — 1)
j=1
0im; 1= —
< 2;’; (4vm; 73N, ™ — 4v/m £ 3+ 1) x ”m‘axl{z 25}
i zl=1 "5

5imi m;— 1—%
< M(Mw F3N, " — Ay + 3+ 1)

< (Simi\/mi—l

1--L o
< SN x dv/m; + 3N, ™ < 2V28;mi/mimiN; ™
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]

Next, we provide an upper bound for the norm of the quantized matrices ();’s. This is used in

deriving the error estimate between an n-layer FNN and its corresponding quantized neural network.

Lemma 3.3.2. Let Q; be the quantized matrix of W;. Then we have
-
1Qill < 2v/26;m;/mzm; TN, ™ + [[Wil].
Proof. Using Lemma 3.3.1 and the triangle inequality of matrix norms, we have

_ 1
1Qill < 1Q: — Will + Wil < 2v28;miy/mumi i N; ™ + Wi

3.3.1 Feedforward Networks

In this section, we derive an upper estimate for || f(z) — fo(x)||, where f(x) is a FNN with
n layers and fq(z) its quantized neural network. For convenience, we adopt the assumptions from

Section 2.4 and omit the biases in our analysis. Thus, we write f(z) = W, (o(---o(Wix)---)) and

fo(x) = Qu(a(---a(Qiz)---)).

Theorem 3.3.3. Let f(z) = Wy (o(---a(Wiz)---)) be a FNN with n layers. Denote the quantized

neural network obtained by Algorithm 1 as fo(v) = Qu(o(---0(Qix)---)). Then, for any input
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X € R™ we have

1FX) = foON < LX) ¢ S {2v28m o, ™ x [T Wil

= i=j+1
Jj—1 _1

< [T Va8 mmN, ™ + Wil }
=1

Proof. Note that since o is an L—Lipschitz continuous function with o(0) = 0, we have

lo ()l = llo(v) = a(0)]| < Lilv =0l = LJv]]

for any vector v. Using this, for j = 1,--- ,n, we have

[Wao - W;ioQj-10Qj-—2- - Q1. X — Wyo -+ Wj10Q;0Q;-10Q 2+ - - Q1 X||
< LWl - (Wi | % IW; = Qsllll0Qs-10Q;-2 - Qu X |

< LHWl - Wl < W5 = Qs < [1Qj=ll -+ - 1@ I Xl

Next, using Lemma 3.3.1, Lemma 3.3.2, and the triangle inequality, we get

1F(X) = fo(X)| = Walo(---o(Wiz) - --)) = Qulo(--- o(Qrz) - -))]]

< Z [Who -+ W;ioQj-10Qj—2- - Q1 X — Wyo -+ Wj10Q;0Q;-10Q; 2 - Q1 X]||
=1

< LWl Wl < W5 = Qyll % 1@yl -~ l@a 11 X |
j=1

< LX) xS {2v20my g, ™ x T W

j=1 i=j+1
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Jj—1

x [T (@v2dumymmN, ™ + Wil }.

1=1
U

Note that {W;}!"_,, {m;}?_,, and L are constants determined by the given FNN f(z). Therefore,
the upper bound in (3.4) can be only controlled by the step sizes 0, and the numbers of frame elements
N;. Once we fix ¢;’s, then the upper bound in (3.4) can be written as )7, O(Nj_l/ "I X||. This
shows we can leverage the redundancy of frames for the accuracy of quantized neural networks. On
the other hand, if we fix frames F},- - - , F},, then the upper bound in (3.4) depends only on ¢;’s and
can be written as » ., O(;)|| X ||. Therefore, smaller ¢;’s and larger N;’s would generate a quantized
neural network with higher accuracy.

When the number of neurons in each hidden layer is the same, that is, when m; = --- = m,,_1,

then we have a simplified version of Theorem 3.3.3.

Corollary 3.34. Let f(x) = Wy(o(---o(Wiz)--+)) be a FNN with n layers with m; = my =
- = my_1 = m. Fixa FUNTF FF C R™ with N elements and a stepsize 0. Choose a permutation
pof {1,2,--- N} that satisfies (2.8). Now, use Algorithm 1 to quantize Wy,--- W, and W[

with the same F',0, and p. Let M = max{mg, m, m,}. Then, the quantized neural network fo(zr) =

Qu(o(---o(Qz)--)) satisfies

n

n j—1
1£(X) = fo()Il < 2v20neN~w LX) S0 TT Il [Tev2emeN-— + Wi} 3.5)
=1

j=1  i=j+1
for any data X € R™.

Proof. By Lemma 3.3.1, we have ||[IW; — Q;]| < Qﬂéimiw/mi_lmiN;mﬁ < 2V20M2N~w for

30



1
n—1.Fori = n, wehave |[W,,—Q,| = [|W,] —=Q.! | < 2v26,m,_1\/Mp_im, N, ™" <
N~ +||W;|. Therefore,

=1,

2v/26 M 2N~ . These estimates yield ||Q;|| < ||[Wi—Q;||+||W;|| < 2v/26M?

from the proof of Theorem 3.3.3, we get

fo(XOI < 271X x SO { T IWall < 15 = Qs x 11941 -+ lall}

1F(X) —
J=1 = i=jt1
<X Y {2vaemeN T ||W||H (2V20MN "7 + | Wil) }
J=1 i=j+1
NI 1||X||Z{ H ||W||H (2V26M2N "7 +||m||)}
Jj=1 i=j+1
]
If we use a FUNTF for R™ with N elements where N > (min {||%/vﬁ5.].\.4 2||Wn||})m’ then we have

the following simplification.

21/26 M2 .
Corollary 3.3.5. If we have N > (min{llle,--- ,IIWn||}> in Corollary 3.3.4, then

i n n 9J
I1£X) = fo(X)] < VNN LX) TTIWA Y
i=1 j=1 J

for any input data X € R™.
||W,| }. Hence we have

2 . . _1 .
Proof N > (g P2wyy) - implies 2v25M2N 7% < min{[[ W3]

H HWHH (2V25M°N™ + [ W) < H HWHH Wil + [WAll) = ||W||HH
i=j+1 i=j+1

Applying this to (3.5) yields the result. [

Note that the above results apply to general FUNTFs. However, certain families of FUNTFs
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which have uniformly bounded frame variations, provide better error estimates. For instance, using
harmonic frames { H N }iz; and the identity permutation to quantize weight matrices WW;’s using Algorithm

1, then one can easily prove a variant of Lemma 3.3.1:

0iMMi/ T~ i 0iMi/Ti—
Wi — Qil| < M/ M1 (271'(?71 +1) . 1) < M/ M1 877—1— \/_

The last inequality holds since we assume m; > 3 for all ¢’s. Using this, we can show (3.4) can be

rewritten as an explicit upper bound for harmonic frames, which is a stronger upper bound in terms of

N;’s:
e 81+ /3
1£00) — fo(0) < 24 x 32 { BV s iy T 1WA
Jj=1 6\/_ i=j+1
7j—1
87T + \/_
o T3 s v+ Iwill)}. (3.6)
=1
That is, treating d;’s as fixed constants, we obtain || f(X) — fo(X)|| < S, O(N; || X||. Similar

results hold for FUNTFs where their frame variations are uniformly bounded. These frames may help

us to construct a quantized network with higher accuracy.

3.3.2 Neural Networks with Residual Blocks

We now establish error estimates for residual networks. We follow the discussion in Section 2.4
and omit biases for simplicity. We quantize all the weight matrices using the same FUNTF F' with NV
elements, the same permutation p of {1,2, - - - , N'} satisfying (2.8), the same constant /{, and the same
step size ¢ as in Algorithm 1. Since W ; and W, , have different structures, we apply Algorithm 1 to

W, and W; 5 to compress the residual network. The quantized weight matrices (); ;’s are transposes

32



of those obtained by applying Algorithm 1 to W; ;’s.

Theorem 3.3.6. Let g(x) be a residual neural network with n residual blocks (2.12). Let
A= max {max{|[Woall, [Wal}}, 7= max 1.

Let gg(x) be the quantized residual neural network of g(x) (2.14) from Algorithm 1. Then for any

input X € R*, we have

l9(X) = go(X)|| < 40k\/r(k + 3)(6k/r(k + 3) + )N +||X|

n—1

x 3N 41y ((25/{\/7»(1{ TN E A+ 1)"”. (3.7)

Jj=0

Proof. For simplicity, let A = 40k+/r(k + 3)(6k\/r(k + 3)+A\)N "% and B = (26k+/r(k + 3)N "% +

N2+ 1. Let yo(z) = yog(z) = x and define y;(v) = 2l o g--- 00 0 2lU(z), and y;o(x) =

zg oa---oaozg}(a:) fori =1,--- ,n. We shall show that
Iy (X) = ys.o(X)| < AIX]| D\ + 1) B, (3.8)
§=0
forv = 1,--- ,n. Note that we have recurrence relations:
Yi(X) = Wiz(oc(Win(o(yi-1(X))))) + o (yi-1(X)), (3.9)
Y1,0(X) = Qi2(0(Qi1(0(yi-1,0(X))))) + 0 (Yi—1,0(X)). (3.10)
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Using the triangle inequality repeatedly, we obtain the following:

1%:(X) = yi(X) < [Wia(o(Wir(o(4i-1(X))))) = Qia(0(Qir(o(yi-10(X)))
+llo(¥i-1(X)) = o(gi10(X))]
< [Wia(o(Winr(o(4i-1(X))))) = Wia(o(Qia(o(yir (X))
+ [Wia(0(Qir(0(yi-1(X))))) = Qiz(0(Qia(o(yir (X))
+11Qi2(0(Qia (o (yi1(X))))) = Qi2(0(Qin(0(yi-1.0(X)))))

+ H0<yz—1<X)) — O'(yi_LQ(X))H. (3.11)

Since o is ReLU, we have ||o(z)—o(y)|| < |[z—y]| and ||o(z)|| < ||z|| for any vectors z,y € R¥.

Using this fact, the first term in (3.11) is bounded by:

Wia(o(Wia(o(yi-1(X))))) = Wia(o(Qi(o(yia (X))

< | WialllWig — Qiallllyi—r (X)) < M[Wix — Qinllllyi—1 (X))

The second term in (3.11) is bounded by:

[Wia(o(Qin(o(yi-1(X))))) — Qi2(0(Qs(a(yi—1(X)))))I
< |[Wia = Qiallllo(Qir(o (it (X)) < [[Wia — Qiall|Qiall[yi-—1 (X)]]-

The third term in (3.11) is bounded by:

1Qi2(0(Qin(0(yi-1(X))))) = Qi2(0(Qin (0 (yim1,0(X)))))
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< NQi2ll|Qia yi1(X) = yic1.0(X)|-

Finally, the fourth term in (3.11) is bounded by:

lo(4i-1(X)) = o (i1.(X)) < lyi1(X) = gi10(X)]-

From the four inequalities above, we obtain:

1%:(X) = yi(X)I < {AWia = Qiall + Wiz — Qi1 Qiall} x llyia (X)]

N Qi2lllQinll + 1} X [lyi-1(X) — yi1,0(X) |- (3.12)

From the proof of Lemma 3.3.1 and Lemma 3.3.2, using ||A|| = ||AT|| we have |[W;; —

Qirll, IWi2 — Qizll < 25ky\/r(k + 3)N7% and ||Qi1 ||, |Qiz2l] < 20k\/7(k + 3)N7% + A. Applying

these to (3.12), we have:

ly:(X) = yi@(X)|| < 26k\/r(k + 3)N 7% (A + 20k+/r(k + 3)N"F + ) ||yima (X))
+ (/R + BN TE + 024 1) i1 (X) = 10X

= Allyi-1(X)|| + Bllyi-1(X) — yi—1,0(X) |- (3.13)
From the recurrence relations (3.9) and (3.10), one can easily check that

15:(X)|| = [Wia(o(Wia(o(yi-1(X))))) + o(yima (X))]]

< Wizl Wil llyi-2 (CON + lyi—a (XN < (W + 1) [lgir (X)) (3.14)
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Using (3.14) repeatedly, we obtain ||y;(X)]| < (A2 + 1)¥|lyo(X)|| = (A\* + 1)"||X||, which

together with (3.13) implies:

1%:(X) = yi (X < Allyi 1 (X) | + Bllyi-1(X) = yicr.o(X)

< AW+ DX+ Bllyia(X) = gimro(X)]. (3.15)
To prove (3.8), we proceed by induction. When 7 = 1, (3.15) yields:
ly1(X) = y1.o(X)Il < AN + 1)°IX[ + Bllyo(X) — yoo(X)I| = Al X].

Therefore, (3.8) holds when ¢ = 1. Now, let us assume that (3.8) holds for: = ¢. When¢ =t+1,

by (3.15) and the induction hypothesis, we have

ye+1(X) = (XN < AN + DYIX | + Bllye(X) = yro(X)]

t—1 t
SAIXI{(V+ 1"+ B> (N + 1B} = A X[| ) (A + 1)'B.
j=0

J=0

Hence, (3.8) holds. Note that g(x) = y, () and ggo(x) = y, (). Taking i = n in (3.8) completes the

proof. O

While the general structure of residual blocks consists of rectangular matrices W, ;’s and W 5’s,
some literature [40, Chapter 3.8.2] defines this structure using k£ x k square weight matrices. In this
special case, Algorithm 1 can be applied directly to W; ;’s and W, 5’s without requiring a transpose.

The following Corollary addresses the scenario where r; = k forall k = 1,--- | n.

Corollary 3.3.7. Let g(x) be a residual neural network with n residual blocks (2.12) where r; = k for
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allk=1,--- ,n. Let

A= max { max{|[Wiall, [ Wi}

Let gg(x) be the quantized residual neural network of g(x) (2.14) from Algorithm 1. Then for any

input X € R*, we have

l9(X) = go(X)|| < 46k~/k(k + 3)(5k~/k(k + 3) + ) N¥[|.X]|

—_

) S+ 17 ((20k/EGE T BINTE 42+ 1)"”. (3.16)

3

<.
Il
o

Theorem 3.3.6 shows that a smaller step size ¢ and larger /N improve the accuracy of a quantized
neural network. Treating § as a fixed constant, we can view the upper bound in (3.7) as O(N /%) | X ||,
similar to the interpretation in Section 3.3.1. This result applies to general FUNTFs. However, for
FUNTFs with uniformly bounded variation, the terms N ~% in (3.7) can be replaced by N1, further

reducing the reconstruction error.

3.4 Numerical Results

In this section, we present numerical results that illustrate the effectiveness of our proposed
algorithm. We begin by evaluating the accuracy of quantized networks obtained via Algorithm 1 on
the MNIST classification task. Our experiments are conducted on two neural network architectures:
a 3-layer FNN and a network with 2 residual blocks. Each network is trained independently 10 times
and subsequently quantized using various values of N and ¢, where NV denotes the number of elements
in the FUNTF employed. We report the average accuracy and standard deviation across different

pairs (0, N'), and numerically confirm consistency with the theoretical results established in Section
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3.3. Next, we show how Algorithm 1 can benefit under extreme quantization settings from 1-bit
quantization on the same neural network architectures. Finally, we demonstrate the performance of
our method on a more realistic setting using the ResNet-18 architecture for CIFAR-10 classification.
We compare the test accuracies of quantized networks with other PTQ benchmark and highlight the

benefits of incorporating frame redundancy in Algorithm 1.

3.4.1 Feedforward Network with 3 Layers

We trained 10 3-layer FNNs with architecture f(z) = APl o o o hl? 0 o o hlM(2) where o is
the ReLU activation, hl! : R™* — R AL . R?6 _ R?6 and pl3 . R?6 — R0 are affine maps
as in (2.11) without bias terms. The MNIST images were normalized by dividing each pixel value
by 255. Training was carried out for 10 epochs using the Adam optimizer with its default hyper-
parameters, a mini-batch size of 64, and the categorical cross-entropy loss function. After training,
each network was quantized with the harmonic frame H32°. We quantized each FNN using N €
{256, 320, 384,448,512} and 6 € {1/16,1/8,1/4,1/2,1}. The numerical results are summarized in

Table 3.1. As expected, quantizing with smaller ¢ and larger NV generally led to higher test accuracy.

N [ 6=1/16 §=1/8 5=1/4 5=1/2 =1
256 | 97.53 + 0.24% | 97.03 £ 0.35% | 93.39 + 1.92% | 63.76 + 4.54% | 22.85 + 3.67%
320 | 97.62 £ 0.19% | 97.35 + 0.29% | 95.47 £ 1.34% | 84.93 £ 4.66% | 50.30 % 8.24%
384 | 97.65 + 0.25% | 97.46 & 0.28% | 95.99 + 1.59% | 90.68 + 3.80% | 62.48 % 6.54%
448 | 97.68 £ 0.22% | 97.55 + 0.24% | 96.92 + 0.59% | 93.75 & 2.03% | 76.66 + 5.25%
512 | 97.68 = 0.25% | 97.57 £ 0.25% | 97.20 + 0.30% | 95.71 + 1.36% | 86.97 + 1.92%

Table 3.1: Frame Quantization for FNN with 3 layers. The test accuracy for the pretrained
neural network is 97.72 + 0.21%.

We now demonstrate the connection between theory and numerical results. Since we are using

harmonic frames with the same N and ¢ for quantizing each layer, the error bound (3.6) can be
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represented as ||f(X) — fo(X)| < CON~'|X]||, where C is a positive constant depending only
on the FNN f. In Figure 3.1 we present the worst-case error. The worst-case error decreases as NV
increases or 0 decreases, but it may be large if the worst-case scenario corresponds to large || X||. To
remove the dependence on X and to focus on the dependence of NV and §, we compute the average
and represent the error bound as Ex || f(X) — fo(X)|| < C x E[|X|| x §N~!. Note that E[| X || is now
a constant depending only on the MNIST dataset, so by taking logarithm on both sides, we can write
log Ex|[||f(X) — fo(X)|| x N/d] < K, for some constant X' > 0. In Figure 3.2, we present the values
oflog Ex[|| f(X)— fo(X)|| x N/d]. We can see that the values are bounded and behave approximately
constant as N grows. These numerical results imply that our theoretical error bound is tight in terms

of 4 and M.
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Figure 3.1: Worst-case error || f(
fo(X)|| for FNN with 3 layers.

3.4.2 Network with 2 Residual Blocks
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Figure 3.2: logEx[||f(X) —
fo(X)|| x N/&] for FNN with 3
layers.

We trained 10 neural networks with architecture g(x) = h? o o2 oozl oo o hl(z) where
o denotes the ReLU activation, hl'l : R™* — R?6 and hl? : R%6 — R0 are affine maps in (2.11),
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and 2l 2 R%6 5 R?% are residual blocks in (2.12) having the form of

Z[l] (JJ) = WLQO'(WLLT + bl) +x, 2[2] (QZ) = WQ’QU(WQ,lx + b2) +x,

with square weight matrices W 1, Wy o, Wa 1, Wa o € R?*56%256 and bias vectors by, by € R*%. Again,
the MNIST images were normalized by dividing each pixel value by 255. Training was carried out
for 5 epochs using the Adam optimizer with its default hyper-parameters, a mini-batch size of 64,
and the categorical cross-entropy loss function. After training, each network was quantized with the
harmonic frame H2°. We quantized each neural network using N € {256, 320, 384, 448,512} and § €
{1/16,1/8,1/4,1/2,1}. We report our results in Table 3.2. Similar to the results for quantizing FNNs,
quantizing with smaller ¢ and larger N yielded test accuracy close to that of the original unquantized
network. This demonstrates the impact of 6 and N in Algorithm 1, which is consistent with the

theoretical explanations given in Section 3.3.

N 5=1/16 5=1/3 s=1/1 5=1/2 5=1
256 | 97.44 & 0.28% | 96.17 = 0.67% | 77.20 & 6.23% | 15.61 = 2.89% | 9.68 = 2.55%
320 | 97.52 & 0.32% | 97.00 = 0.35% | 92.54 & 1.19% | 41.03 & 6.94% | 11.67 & 2.58%
384 | 97.60  0.19% | 97.23 & 0.27% | 95.12 & 0.62% | 66.27 & 8.36% | 17.84 + 2.83%
448 [ 97.64 £ 0.22% | 97.37 = 0.28% | 96.35 & 0.42% | 85.28 & 3.53% | 28.96 & 6.04%
512 | 97.66 = 0.20% | 97.54 + 0.25% | 97.00 & 0.29% | 92.30 & 3.11% | 45.80 & 10.09%

Table 3.2: Frame Quantization for Neural Network with 2 Residual Blocks. The test
accuracy for the pretrained neural network is 97.72 4+ 0.20%.
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1-Bit Quantization

1-bit quantization of neural network, in other words, binarization of neural network, refers to a
method of compressing weights or even activations into 1-bit numbers. For example, [25] quantized
the weights of the neural networks to {—1, 1}. Mathematical theories were also developed in 1-bit XA

40



quantization for bandlimited signals [42] and approximation capabilities of 1-bit neural networks [46].

In our method, since we are storing qék’s appearing in the quantized expansions, we will say
1-bit quantization is obtained when all q;-k’s are in {—a, a} for some positive number a > 0. Note
that once we choose appropriate KX € N and step size 6 > 0, our method forces q;-k’s as elements of
the midrise quantization alphabet A5 (2.9). If we recall the structure of A% = {(—K + )4, (—K +
)0, -+, —36,30,--+, (K — 3)d}, one can easily see that A} achieves a form of {—a, a} if and only
if K =1.

Therefore, in our experiments for 1-bit quantization, we set X = 1 for all layers and found
the uniform step size ¢ that satisfies (3.1) for ¢ = 1, --- , n. For both neural networks in the previous
experiments, setting 6 = 8 enables us to set X' = 1. Our 1-bit quantization results can be found in
Table 3.3 and Table 3.4.

Now we shall explain how our algorithm can benefit in storage while maintaining the accuracy.
Consider 1-bit quantization for a neural network with 3 layers. We use the harmonic frame H32°
to quantize the first and second weight matrices W, and W5, the total bits that we need to store the
quantized matrices ()7 and (Qo is 1 X 784 x N 4+ 1 x 256 x N = 1040N bits. The total bits that we
need to represent the weight matrices W7 and W5 are 32 x 256 x 784 + 32 x 256 x 256 = 8192 x 1040
bits. Suppose that we use N = 7000. Then the total bits that we can save is 8192 x 1040 — 1040N =
1192 x 1040 bits, but we have an average accuracy of 97.29% for the quantized networks, where the
average accuracy for the trained neural networks is 97.72%. So we can even benefit in storage for a

1-bit quantization case with a small sacrifice in terms of accuracy.

N 1000 2000 3000 4000 5000 6000 7000
Average 36.18% | 74.09% | 88.47% | 94.62% | 96.04% | 96.83% | 97.29%
Standard Deviation | 7.65 4.71 1.82 0.44 0.82 0.36 0.25

Table 3.3: 1-Bit Frame Quantization for FNN with 3 layers
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N 1000 2000 3000 4000 5000 6000 7000
Average 14.12% | 31.52% | 66.93% | 86.47% | 92.88% | 95.28% | 96.30%
Standard Deviation | 2.52 6.56 5.69 4.04 1.44 0.64 0.50

Table 3.4: 1-Bit Frame Quantization for Neural Network with 2 Residual Blocks

3.4.4 ResNet-18 Quantization

For a more realistic application scenario, we evaluated the performance of our frame-based
quantization algorithm on a ResNet-18 model, where its architecture is supported by Pytorch [88],
trained for CIFAR-10 classification. The ResNet-18 architecture was trained using the categorical
cross-entropy loss function on the CIFAR-10 training set with a mini-batch size of 128. We employed
stochastic gradient descent with Nesterov momentum, setting the learning rate to 0.1, momentum to
0.9, and weight decay to 5 x 1074, over 200 training epochs. Input images were normalized to zero
mean and unit variance using the standard per-channel mean and standard deviation values for CIFAR-
10.

Following training, we applied Algorithm 1 to quantize the model under various settings. Note
that when quantizing a weight matrix W € R™*! using a FUNTF F with cardinality |F| = N, the
quantized representation involves storing a matrix C' which is a [ x N matrix. Hence, assuming that
each entry of 1V is originally stored in 32-bit precision and the level of quantization alphabet is set as
K = 2! the storage required for C' becomes a fraction % of the original storage required for V.

In our experiments, we fixed the redundancy ratio N/m = r uniformly across layers and used the
harmonic frame H¥ for quantizing a weight matrix W € R™*! using Algorithm 1, and evaluated the
classification test accuracy of the quantized models for various combinations of bit-widths b € {3,4}

and redundancy ratios r € {1, 1.1, 1.2, 1.3}. Only the convolutional and fully connected linear weights
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were quantized; batch normalization weights and biases were kept in full precision, which is consistent
with standard PTQ methods. As a benchmark, we also conducted numerical experiments using Greedy
Path Following Quantization (GPFQ) [74], and compared its test accuracy with that of our method. For
GPFQ, we used a calibration dataset by choosing either 128 or 256 images from the CIFAR-10 training
dataset, following the idea of using small calibration sets as described in [55]. The test accuracy results
for both Frame Quantization and GPFQ are presented in Table 3.5. The pretrained ResNet-18 model

achieved a baseline test accuracy of 90.46% prior to quantization.

Pretrained Frame Quantization GPFQ

r=1|r=11|r=12|r=13 | c=128 | c = 256
b=3| 90.46% | 72.62% | 76.63% | 78.11% | 87.56% | 73.40% | 67.70%
b=41| 90.46% | 80.59% | 88.6% | 89.1% | 89.78% | 87.70% | 88.30%

Table 3.5: Test accuracy of b-bit quantized ResNet-18 on CIFAR-10, using Frame

Quantization with redundancy ratio » € {1,1.1,1.2,1.3} and GPFQ with calibration set

of size ¢ € {128, 256}.

We note that for both 3-bit and 4-bit quantization, while using no redundancy (» = 1) can achieve
lower test accuracy than GPFQ, utilizing a small amount of redundancy of » = 1.1 led to achieving
better test accuracy on the CIFAR-10 dataset. This highlights the effectiveness of incorporating
redundancy of finite frames in Algorithm 1. To further demonstrate the strength of redundancy,
we examined an extreme setting, 1-bit quantization. Even under this lowest-bit representation, the
quantized network achieved test accuracy on CIFAR-10 that approached the original pretrained ResNet-

18 accuracy of 90.46%, as the redundancy ratio r increased. The corresponding numerical results are

reported in Table 3.6.

r 1 2 3 4 8 12 16
Test Accuracy | 8.62% | 27.21% | 50.73% | 80.3% | 88.88% | 89.48% | 90.17%

Table 3.6: 1-Bit Frame Quantization for ResNet-18 with CIFAR-10 dataset
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The numerical results in Table 3.5 and Table 3.6 highlight several advantages of our Frame
Quantization algorithm. First, even without access to any training data for calibration, introducing a
small amount of redundancy enables the quantized network to achieve higher test accuracy. Although
this comes at the cost of slightly increased storage, it offers benefits in scenarios where data privacy
is a concern. Second, the frame-based algorithm enables an accurate reconstruction of the original
neural network from extremely low-bit representations while offering storage savings. For example,
r = 16 in Table 3.6 corresponds to a 1-bit represented ResNet-18, which has test accuracy on CIFAR-
10 close to that of the original pretrained network, but using the half amount of storage. While this may
not represent the most storage-optimal form of 1-bit quantization, the frame-based representation is
particularly advantageous in settings where models must be transmitted in highly compressed low-bit

formats, an arrangement reminiscent of classical signal processing scenarios.

3.5 Conclusions and Future Work

We proposed a PTQ method with rigorous mathematical analysis of error estimates between a
neural network and its quantized network. We use frame theory in neural network quantization for the
first time. We also demonstrate that 1-bit quantization with our method has a benefit in storage while
maintaining accuracy close to the original network. But still many open questions remain. Here, we
list some of them.

Beyond FUNTFs : Algorithm 1 required a FUNTF for its execution. Designing a quantization
method using a broader class of finite frames would be an appealing research direction in the future.

Higher-order >A method : While Algorithm 1 employs the first-order > A quantization method,

a natural extension involves the utilization of higher-order ¥A quantization schemes. It remains an
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open question how the error bounds scale with the number of frame elements under such higher-
order methods; specifically, one would expect an accelerated error decay rate relative to the frame
redundancy. Furthermore, identifying the optimal quantization rules that maintain stability in higher-
order settings is a critical step for future theoretical development.

Inference Time : To the best of our knowledge, this work represents the first attempt to incorporate
frame theory into the quantization of neural networks. Although algorithm 1 provides a rigorous
justification for accuracy and storage efficiency, the reduction of inference time remains to be addressed.
Developing a frame-theoretic quantization framework that facilitates hardware acceleration would be
a fruitful direction for subsequent research. This may require developing some specific finite frames.

Quantization Alphabet : Algorithm 1 considers a uniformly spaced symmetric quantization
alphabet. On the other hand, one may consider using a nonuniform asymmetric quantization alphabet.
In this case, the design of quantization algorithm may depend on the distributions of both the dataset

and the pretrained weight matrices.
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Chapter 4: One-bit quantized neural networks on manifolds

4.1 Introduction

Asnoted in Section 3.1, practitioners have developed sophisticated quantization methods, focusing
primarily on empirical performance rather than rigorous provable guarantees. Despite the practical
success of quantized neural networks, a comprehensive understanding of their underlying mechanisms
remains limited. A fundamental question concerns the approximation theory of quantized neural
networks, which characterizes the required network complexity in terms of a desired approximation
error €. Developing this fundamental foundation is crucial for bridging the gap between theory and
practice.

The universal approximation theory of one-bit neural networks was first established in [46]

through the following theorem.

Theorem 4.1.1 (Theorem 4 in [46]). Let o(x) = 3 max{xz,0} be the scaled ReLU activation function.

For any s,d € N, consider the unit ball F 4 of C*([0,1]%). That is,

Foa=1f € C*([0,1]) : sup [|[D*fllo < 1}.

Is[1<s

Forall0 < € < 1/2,there is a set N of strict one-bit networks with activation o such that the following
hold. They all have the same structure, at most Cy ,logy(1/€) layers, at most Cq e~ (log,(1/e€))?

many nodes and parameters, and

sup inf — < e.
sw i/ gl <
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A natural question arises: can a universal approximation theorem of one-bit neural networks be
established for functions defined on manifolds? Motivated by the manifold hypothesis, which posits
that high-dimensional data often reside on or near a lower-dimensional manifold embedded within
the ambient space, significant research efforts [8, 24, 26, 30,95, 112, 114] have been dedicated to
developing effective nonlinear dimensionality reduction methods. Consequently, in many practical
applications of neural networks, the approximation error on these low-dimensional manifolds is of
primary interest. Notably, several studies [19,20,98,101] have explored neural network approximation
theory specifically on manifolds.

In this chapter, building upon Theorem 4.1.1 and the work in [19, 20], we develop the first
universal approximation theory for one-bit neural networks approximating the Holder function class
on a d-dimensional compact Riemannian manifold M isometrically embedded in R”. Specifically, we
demonstrate that the exponential dependence on the approximation error e-in terms of the complexity
of layers, nodes, and parameters-is governed solely by the intrinsic dimension d and the regularity
of the Holder function class. In addition, we characterize the weak quantitative dependence of the

network size on the ambient dimension D). We state the theorem in Section 4.3.

4.2 Notation and Setting

Prior to stating the formal problem, we establish the notation and settings employed throughout

this chapter. In this chapter, we consider FNNs equipped with the scaled activation o(2) = § max{z, 0},
following the convention in [46]. Note that the % factor combined with {41} quantization is mathematically
equivalent to utilizing the standard ReLLU activation in conjunction with a {i%} alphabet. In practical

applications, one-bit quantization is commonly implemented with scaling factors to mitigate approximation
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errors by restoring magnitude information lost during quantization—a technique widely adopted in
convolutional neural networks [93] and large language models [117]. These observation provide the
theoretical rationale for adopting the %-scaled ReL.U activation in this study.

We assume that

» M is a compact d—dimensional Riemannian manifold, isometrically embedded in R?

e Mhasreach 7 > 0.

The differentiability of functions on M does not depend on the choice of atlas. However,
to restrict the target function space, we need to fix an atlas in order to quantify the magnitude of
derivatives.

We start with choosing radius 7 as r = 277 for 8 = [log,(4/7)]. This makes

r=2"F < 97lee/1) — /g

Since M is compact, there exists a finite set {c;,- - - ,cc,} € M such that M C U B,(¢;). Now
define U; = M N B,(¢;) and P; as the orthogonal projection onto the tangent space 7., (M). The

following lemma guarantees that (U;, P;);—1 ... ¢, is an atlas of M.

Lemma 4.2.1 (Lemma 2 in [20]). For c € M, ifr < 7/4, then B,(c) N M is diffeomorphic to R?. In

particular, the orthogonal projection P onto the tangent space T,.(M) at c is a diffeomorphism.

For simplicity, we denote P = {P,,---,Pc,,}. Now, we define our target function space

H**(M) using the atlas chosen above.

Definition 4.2.2. For a positive integer s and o € (0, 1], a function f : M — R is (s + a)—Holder
continuous if
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1. foP '€ C®with |D5(f o Pi_l)‘P_(x)) < 1foranyls| < s,z €U,

2. Forany |s|; = s, and x1, 15 € Uj,

[D*(F 0 B0 = D 0 P | < 1P 00) = Pia)ls,

hold for all i = 1,--- ,Crq. Moreover, we denote the collection of (s + a)—Hélder functions on M

as Ho* (M),

Since M is compact, ||| is bounded by some positive constant. Define B € N as the smallest
positive integer such that ||z||, < B/2 holds for any z € M. Note that B is determined only by the
geometric structure of M.

We write the tangent space at ¢; as

TCz(M) = Span{vily o avid}v

where {v;1, - -+ , v} form an orthonormal basis. Define V; = [v;1, -+ ,vi4] € RP*4 by concatenating

v;;’s as column vectors, and define

oi(x) = b(V" (& — ¢;) + wy),

for any x € U,. Here, scaling factor b; € (0, 1] and translation vector w; are chosen to guarantee
¢i(z) € [%, %]d for all x € U;. Note that all b;, V;, and u; are determined by c;, r, and M. Note that r

depends only on 7, hence ¢; depends only on ¢;, 7, and M. We denote ® = {¢; };=1... ¢,

)

Since M is a compact smooth manifold, there exists a C'™ partition of unity R = {p; }i—1... ¢ '

)
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where the support of p; is a subset of U; for¢ = 1,--- , Cy. If multiple such C'*° partitions exist, we
choose one and fix it. Note that throughout this chapter, P, ® and ‘R remain fixed.
Throughout this chapter, C' denotes a positive absolute constant whose value may change from

line to line, depending on the context. Cy, ... ¢, s, ... s, denotes a positive constant that depends only

on parameters t1, - - - , t,,, and set of functions {Sy,--- , S, }.
We denote multi-indices and tuples with boldface letters. We write 0 = (0, - - - ,0) € R<.Slightly
abusing notation, n is special and we write n = (n,...,n) forn € NU {0}. For k, p € N%, we write

k < p as shorthand for k; < p; forall j € {1,...,d}. Forany x = (z1,---,z4) € RY, let

o .= z¥1 ... g% The degree of 2* is defined to be [k|;. For any ¢t € R, we let t* = (t51, ... tke),

4.3 Main Theorem

The following theorem constitutes the central result of this chapter. We establish the first
rigorous universal approximation theory for one-bit neural networks within the Holder function class
H>*(M). Theorem 4.3.1 establishes the existence of a one-bit neural network architecture utilizing
ReLU activations that achieves universal approximation for #*“(M). In addition, it quantifies the
requisite network complexity—including the number of layers, nodes, and parameters—as a function
of the prescribed supremum norm error € > 0, and demonstrates the weak dependency of the network

size on the ambient dimension D.

Theorem 4.3.1. For any sufficiently small ¢ > 0, there exists a set N of strict one-bit neural networks

such that the following hold.

1. They all have the same structure,

2. Have at most Cy s o pm.0.p.r(l0gy D +logy(1/€)) layers,

50



3. Have at most Cys 0 mopR (e*d/(s“‘) (logy(1/€))* + D(logy(1/€))* + D(log, D)2> nodes and

parameters,

4. Supfest,Q infge./\f Hf - gHOO g €.

4.4 Outline of the proof and supporting lemmas

We prove Theorem 4.3.1 by following the primary approach outlined in [19]. Using C'* partition
of unity R, we can decompose the target function f as f = Zlczf‘f fpi. Our strategy is to find one-
bit neural networks having the same structure that approximate fp;. Since p; has its support in Uj,
by approximating an indicator function 1;;, with a one-bit neural network, we can efficiently assign
inputs z to their respective neighborhoods U;’s. We also derive one-bit approximations for each fp;.
Using that multiplication operator can be approximated by one-bit neural networks (Lemma 4.4.8), we
prove the existence of one-bit neural network that approximates the target function with the desired
approximation error €, and count the required number of layers, nodes, and parameters of the one-bit
network.

The remainder of this section is devoted to establishing the technical machinery required for
the proof of Theorem 4.3.1. We introduce several key lemmas that are frequently utilized throughout
the proof. These results provide the fundamental building blocks for approximating several functions
under the one-bit constraint. To maintain the focus of our exposition, proofs for the results previously
established in [19,20,46] are omitted, and we direct the interested reader to those sources for detailed

derivations.
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4.4.1 One-bit neural network expansion

We begin by establishing that both the identity and absolute value functions can be implemented
using one-bit neural networks. These lemmas serve as essential technical tools to align the number of

layers of two distinct one-bit neural network architectures.

Lemma 4.4.1. There exist strict one-bit neural networks with 2 layers and constant number of nodes

and parameters, implementing x — |x| and x — x.

Proof. The following two equalities finish the proof.
T
2| = o(z) + o(z) + o(—2) + o(-2) = [1 11 1} o [1 1 -1 —1} z).

v =ol) +ala)~o(-0)~o(-2)= |1 1 -1 1] ol 1 -1 _1]T:c>.

Similarly, one can easily verify the following lemma.

Lemma 4.4.2. There exist activated one-bit neural networks with 2 layers and 3 layers, both of them

using constant number of nodes and parameters, implementing x — |x|.

Proof. Note that for 2-layer case,
lz| = 0(2|z]) = o(o(z) + o(x) + o(z) + o(x) + o(—2) + o(—x) + o(—2) + o(—2x)),
finishes the proof. For 3-layer case, use |z| = o(2|z|) again. O
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Now we prove that for any L > 2, a constant function x +— n € N can be implemented by an

activated one-bit neural network with L layers.

Lemma 4.4.3. For any positive integer n and L > 2, there exists an activated one-bit neural network
of L layers, implementing x — n with at most C' Ln nodes and parameters for some absolute constant

>0

Proof. Let w be a1 X 4n matrix with its entries all equal to 1. Let A be a 2n x d zero matrix. Then

we have

n=0(2n) = o(4no(1)) = o(wo(Az +wh)).

Therefore, a constant function n can be implemented by an activated one-bit neural network of size
(2,4n+1,8n).

Since n = o(2n) and constant function 2n can be implemented by an activated one-bit neural
network with size (w,8n + 1, 16n), constant function n can be implemented by an activated one-bit
neural network with size (3,8n + 2, 16n + 1).

Note that n = o(2n) = o( {1 1 1 1} o {1 1 1 1} Tn), so n — n can be implemented by
an activated one-bit neural network with size (2,5, 8). Note that L = 2 x (L/2) when L is even and
L =3+2x(L—3)/2when L is odd for all L. > 2. Then, we can implement a constant function n
using a L-layer activated one-bit quantized neural network with nodes and parameters both C'Ln for

some absolute constant C'.

]

The following lemma demonstrates how the number of layers influences the expressive capacity

of one-bit neural networks.
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Lemma 4.4.4 (Lemma B.1 in [46]). For any m € Z, there is an activated one-bit neural network that

has size at most C|m| and implements x — 2™o(x).

A two-layer structure is capable of representing multiplication by any positive integer, provided

that the number of nodes is sufficiently large.

Lemma 4.4.5. For any positive integer K > 1, there exists a strict one-bit neural network of 2 layers

with 2K + 1 nodes and 4K parameters, implementing the map v — Kz for v € R.

Proof. Note that Kz = 2Ko(z) — 2Ko(—x). Therefore,  +— Kz can be implemented by a strict

one-bit neural network of 2 layers with 2K + 1 nodes and 4K parameters. [

The following lemma establishes the architectural complexity required for the approximation of
affine transformations by one-bit neural networks. This result underpins the subsequent derivation of

Theorem 4.3.1.

Lemma 4.4.6 (Lemma C.3 in [46]). Let b, m, d, n be positive integers. For any A € R™? and ¢ € R"
such that || A||lmax, ||clleec < 2™, there is a strict one-bit neural network that implements a function
R? — R™ such that ||g(x) — (Az + ¢)||ee < 27" (d||x||0e + 1) holds for any x € R%. This neural
network has at most C(m + b) layers, at most Cd(m + b)*n nodes and parameters, and the structure

only depends on b, m, d, n, and not on the entries of A and c.

4.4.2  Approximating multiplication

Approximating a multiplication operator with a neural network is an important step in the proof
of neural network approximation theory [19, 20,46, 127]. To achieve this, approximating a square

function via one-bit neural network is crucial, due to the identity zy = 1{(z + y)? — 2? — y*}.
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The following lemma states that a square function can be approximated by activated one-bit neural

networks.

Lemma 4.4.7 (Lemma B.4 in [46]). For any ¢ € (0, %), there exist two activated one-bit neural
networks S, S= with activation o, both with the same numbers of layers, and each of size C'log,(1/¢),
such that for all x € [0, 1), it holds that

Sc(w) <a® < Sf(x), I8S(z) -2 <€, [S7(z) -2 <e

€ €

Now we obtain the following lemma, the existence of an one-bit neural network that approximates

the multiplication operator (z,y) — zy.

Lemma 4.4.8. Given k € Nand ¢ € (0,1/2), there exists a strict one-bit neural network x : R? — R
with activation o that has the depth and the size of O(k +1ogy(1/€)) such that for all x,y € [—2F,2*],

we have

x(z,y) —zy| < e
Proof. We set

[z + y|
ok+1

N a1 @.1)

() = (2285 -
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Since |z|, |y| < 2*, we have |§,f+3’{‘, |§,;y1| < 1. Therefore, by Lemma 4.4.7, we bound the error of x

8 |z + | B |z + y| B
X(z,y) — 5‘:3/‘ = (2")” 55 ( ok+1 ) =S5 ( ok+1 ) = (< ok+1 )’ - (W>2>
|z + 9 |z +y| lz — | |z —y
< (291255 ( ST ) —( ST 2|+ (25?85 ( ST ) —( ST )?
< 22k‘+35‘

We choose 0 = 543 to ensure

x(z,y)—wzy| < eforall z,y € [—2*, 2¥]. Note that from Lemma 4.4.2

and Lemma 4.4.4, there exist two activated one-bit neural networks that have the same number of layers

and the same size of C'k that implement (x,y) — ‘;,;:Z’{‘ and (x,y) — |;,;1{|

. Therefore, by Lemma

4.4.7, S5 ( |§f{|) and S5 ( ‘;,;3{‘) can be both implemented by activated one-bit neural networks having

the same number of layers and the same size of Ck + C'log,(1/¢). Finally, by Lemma 4.4.4 again,

(281254 ( l;,:f{‘ ) and (21)2SH( ‘;,;yl‘ ) can be both implemented by activated one-bit neural networks
that have the same number of layers and the same size of O(k + log,(1/¢)). Hence, x : R? — R can

be implemented by a strict one-bit neural network with the depth and the size of O(k+log,(1/¢)). O

4.4.3 Composition of one-bit neural networks

When two functions ¢g; : R — R™ and ¢, : R™ — R" are implementable by one-bit neural
networks, it is important to check whether their composition g, o g; : R? — R" is implementable by
a one-bit neural network or not. When the inner function ¢; is implementable by an activated one-bit
neural network, then it is straightforward to check that g, o g; : R? — R™ is also implementable by a

one-bit neural network.

Lemma 4.4.9. If g; : R? — R™ is implementable by an activated one-bit neural network of size
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(L1, N1, Py) and gy : R™ — R™ is implementable by a strict (resp., activated) one-bit neural network
of size (Ly, Ny, P5), then g, o g1 : R® — R™ is implementable by a strict (resp., activated) one-bit

neural network of size (L1 + Lo, Ny + Na, P, + P).

One the other hand, if g; becomes a strict one-bit neural network in Lemma 4.4.9, then g5 o ¢,
is not necessarily implementable by a one-bit neural network of size (L + Lo, N1 + No, P + P),
because the composition of the last layer of g; and the first layer of g, may not be a one-bit layer. In
fact, one can construct a one-bit neural network, with size larger than (L, + Lo, N1 + Ny, P, + P,), that
implements the composition g, o g;. To prove this, we begin with a lemma which is also straightforward

to check by placing two networks in parallel.

Lemma 4.4.10. If g, : R? — R™ is implementable by a strict (resp., activated) one-bit neural network
of size (L, Ny, P\) and g : R? — R™ is implementable by a strict (resp., activated) one-bit neural
network of size (L, No, ), then g1 @ go : RT — R™*" is implementable by a strict (resp., activated)

one-bit neural network of size (L, Ny + No, P + P,).

Now we state the key lemma with its proof. This lemma states that any composition of one-bit
neural networks can be also implemented by one-bit neural networks by using one more layer, constant

factor more nodes and parameters.

Lemma4.4.11. If g; : R? — R* is implementable by a strict one-bit neural network of size (L, Ny, P;)
and g» : R¥ — R" is implementable by a strict (resp., activated) one-bit neural network of size
(La, No, P), then go o g1 : RY — R™ is implementable by a strict (resp., activated) one-bit neural
network of size (L1 + Ly + 1, N, P) with N < CkN; + Ny and P < CkNy + P, + P, for some

absolute constant C > 0.
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Proof. We use the following observation. Let Q; € R¥*! and QQ; € R™** be matrices with entries
{—1,0,1}. Then, Q2@ is a m x [ matrix where all entries are integers with magnitude at most k.
Therefore, there exists a m x kIl matrix with its entries {—1, 0, 1} such that for any x € R!, Q,Qz =
Qy holds where y € R¥ is a stack of k copies of z.

Now we return to the problem. Consider a strict one-bit neural network g, (z) = Wy, 0c0---0
oo W; ox where W, o z = A;z + b; is a one-bit affine function. For convenience, we shall write
Ap, = Aand by, = d. Then A’ is a one-bit k x [ matrix for some [ > 1 and d is a one-bit k£ x 1 vector.
We denote u(x) = o o--- 00 oWjox. Note that u is an activated one-bit neural network having the
same structure with g; until the L; — 1 layer. Since it is activated, u is always nonnegative.

Let W’ be the one-bit affine function which represents the first layer of one-bit neural network

implementation of g,. Denote W' oy = Ay + b with one-bit m x k matrix A and one-bit m x 1 vector

From the above observation, one can find a one-bit matrix £ € R™** such that AA'u = EuF,
where u* € R¥ is a stack of k copies of u. Similarly, Ad is a vector m x 1 where all the entries are
integers with a maximum magnitude k. Hence, there exists m X k one-bit matrix /' such that F'e = Ad
for k x 1 one-hot vector e.

Since u is nonnegative, by Lemma 4.4.2 and Lemma 4.4.10, u — u* can be implemented by a
2-layered activated one-bit neural network with at most C'kl nodes and parameters. By Lemma 4.4.3,
u — 1 can be implemented by a 2-layered activated one-bit neural network with constant nodes and
parameters. Therefore, by Lemma 4.4.10, u — (u*, ¢) can be implemented by a 2-layered activated
one-bit neural network with at most C'(kl + k) nodes and parameters. Denote this activated neural

network as o o R o g o S for one-bit affine functions R and S.

58



Now, define () = [ ElF ] to be a m x (kl + k) one-bit matrix, stacking £ and F’ horizontally.

Then we have
Q(coRoooSou) =FEu + Fe=AAu+ Ad = A(A'u+ d).
Therefore we have
W'ogi(x) = A(gi1(z))+b=A(Au(x)+d)+b=Q(coRoocoSocgoW, 1---ocoWjox)+b.

Now we take the exact same nodes and parameters from the second layers of g». Then we obtain
a one-bit neural network that implements g, o g;. This proves the existence.

It is straight forward to check the number of layers is L.; + Lo + 1. The numbers of additional
nodes and parameters that we used are at most C'kl. Since [ < N; holds, the total numbers of nodes

and parameters that we used are bounded by CkN; + Ny and CkN; + P, + P, respectively.

4.4.4 Regularity considerations

Recall that our strategy involves decomposing the target function asf = ZZCZAf fpi» and then
finding a one-bit approximation for each localized component. We denote f; = fp; henceforth. Since
p;’s are C'* functions and multiplication with smooth functions preserves the regularity, it follows that

each f; inherits the same regularity as the original target function f.

Lemma 4.4.12 (Lemma 2 in [19]). f; = fp; is s times continuously differentiable, and there exists a
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Holder coefficient L; that depends only on d, s, o, r, P;, p;, and ¢;, such that for any |s| = s, we have

< Lil|pi(z1) — ¢i(z2)||5, V1,20 € UL

‘Ds(fz © ¢;1>‘¢>¢(w1) - DS(fz o ¢;1)|¢i($2)

Next, we introduce a slight variant of Theorem 4.1.1. We consider a restricted target function

space that is Holder continuous.

Lemma 4.4.13. For any s,d € N and « € (0, 1], consider the set C**([0,1]%) which is the collection

of f such that || f|

cs < land |Dsf(z) — Do f(y)| < ||z —y||* for |s|, = s. Forall 0 < e < 1/2, there
is a set N of strict one-bit networks such that the following hold. They all have the same structure, at

most Cy s o 10gy(1/€) layers, at most Cy g o~ 5% (1og,(1/€))? many nodes and parameters, and

sup  inf ||f — gl <.
fece (o)) 9N

Proof. For x = (x1,--- ,x4) € R% define () = [[L, max{l — |;|,0}. For a positive integer

n > 1and 0 < k < n, define the function ¢, ), : R? = R by ¢, 1. (2) = (x — X)*p(nz — k). It is

straightforward to check each ¢,k » is compactly supported in a cube of side length 2/n with center

k/n and {p(n - —k)}o<k<n forms a nonnegative partition of unity for the unit cube [0, 1]¢.

Now for f € C*([0, 1]9), let

orf()
fn,r = Z Z 7l Pn,k,r-

0<k<n 0<|r|;<s
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Then we have

O f(%) k
max |f(x) — fns(x)| = max (f — & x——‘)gpnaz—k‘
s ) = o) = e | 35 (100= 30 S = )etna -
of(E k
< max 2%  sup flz) — Z f‘(”)( — =)
€O koo < 0<rh<s T n
< 2% max sup Z l(JU—E)‘" X max Drf| —D‘”f‘k
T e k<t L T nol = Y "
1 k 1
< 24 max sup “(z — =) x (Vd=)"
z€l0,1]4 killx—'n‘lloo<ir:|r%;5 r! ( n) ( n)
o 1 1 2¢tsqz 1
< 2dd5 st i T \sta
- (n) z|; r! s! (n) ’

where y is the linear interpolation of x and %, determined by the Taylor remainder. Now choose the

2d+34%

smallest n that is a power of 2 such that (%)”"‘ < £. The remaining proof is exactly the same

s!

as Theorem 4.1.1. O]

4.4.5 Estimate under geometric constraints

The proof of Theorem 4.3.1 necessitates a uniform bound on the magnitude of the localized
functions f; = fp; over specific sub-regions of U;. The following lemma provides the requisite

quantitative estimates for these components.

Lemma 4.4.14 (Lemma 8 in [20]). Define Kin = {z € M : 7? — A < |z — ¢||* < r?} for
1 =1, ,Cp. Then, there exists a constant ¢ > 0 that depends only on the upper bounds of the first

derivatives of p;’s and ¢;’s, such that

max |fi(2)] < - A

v€Ki A “r(l—r/7)
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4.5 Proof of the Main Theorem

OWe prove Theorem 4.3.1 by utilizing the framework of [19] and the technical lemmas established

above. We decompose the target function f € H*>*(M) as
Cm
f= Zfi, fi=fpi.
i=1

Note that f; = f;1y, holds due to the compact support of p; in U;. The remainder of the proof
is structured as follows: in Section 4.5.1, we construct one-bit neural network approximations for
the indicator functions. Section 4.5.2 then focuses on the one-bit neural network approximation of
each localized component f;. Finally in Section 4.5.3, Lemma 4.4.8 is applied to synthesize these
components into a unified one-bit neural network that approximates the target function f, while
quantifying the resulting one-bit neural network complexity as a function of the desired accuracy e

in the supremum norm.

4.5.1 Chart determination

In this section, we aim to establish one-bit neural network approximations for the indicator
functions 1y,’s. We begin by constructing one-bit neural network approximations of the squared
Euclidean distance from ¢;’s. Let ¢;; be the jth entry of ¢; € RP. By Lemma 4.4.6, there exist

strict one-bit neural networks g¢;; : R — R such that
1. They have the same structure that depends only on b,

2. Each g;; has at most Cb layers,
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3. Each g;; has at most C'b* nodes and parameters,
4. |gis(z) — %| <270 (|z| + 1) for z € R.
Note that this implies

L Jgi(2) — G52 <2704 (|e| +1) <27 %(B+2) < &,

(z— cw

|+ <27%B+2)+1<2,

‘z Cij

2. |g;5(2) + S| < gis(2)

3. |gi(2)| < |gi(2) — ) |+ |55

v 1

forz € [— £, 8] and b = [log,(22+1)], where v < 1 is chosen later.

By Lemma 4.4.2 and Lemma 4.4.11, z — |g;;(z)| can be implemented by an activated one-bit
neural network with at most Cb layers and at most C'b* nodes and parameters, and the structure of this
network depends only on b.

Choose S;f in Lemma 4.4.7. Then, by Lemma 4.4.9, z — S (]g;(2)|) can be implemented by an
activated one-bit neural network with at most Cb + C'log,(1/v) layers and at most Cb* + C'log,(1/v)
nodes and parameters, and its architecture depends only on b and v.

Now, define h;p, : RP? — R by hy, () = 4B? Zle S+ (|gi5(x;)]), where z; is jth entry of
x € RP. This map can be implemented by an activated one-bit neural network with at most Cb +
C'log,(1/v) layers and at most CB2D(b? + log,(1/v)) nodes and parameters, with its architecture
depending only on b, B, D, and v.

Then for any = € M, we have

)

D
i — Cij
higol@) = llz = 2l = hiple) = (0 = )2 = lhipala) — 4B (L)

]:1 jzl
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D
Tj — Cij
< 4B 371 (Igse)l) — (L)
j=1
D x J— C..
<4B>> (1S5 (lg;(x))) — g5(3)?| + g () — (%)2!)
j=1
D 14
< 4B? —
<4B Z (v+2x3)
j=1
< 8B*Dv.

Now, we construct a strict one-bit neural network approximation of the indicator function 1y,.

For ¢ > 0, let

37”(1 - z)CM 1
where ¢ = cp ¢z > 0 is constant in Lemma 4.4.14.
Define
T,(z) = ;a(—xw? —8B*Dv) — ;a(—xw? —~y+8B*Dv).  (4.3)
K v —16B2?Dv ~v—16B2Dv ' '

It is straightforward to check that 0 < T,.(x) < 1 for z € R. We choose v = ﬁ. Then, (4.3) can
be rewritten as
T, () = 2020 (—x + 27 — 270y _90+25(_g 4 9720 _ 3 % 27(0F2), (4.4)
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Our choice of v = 255 = 55527 gives us

2B +4

b = [logy( )] = 0 + [log,(64B2D(B + 2))]. 4.5)

Therefore, h;;, can be implemented by an activated one-bit neural network with at most C'(6 +
log,(B3D)) layers and at most C'B2D(6? + (log,(B?D))?) nodes and parameters, and its architecture
depends only on B, D, and 6. Note that x — 2™ can be implemented by an activated one-bit neural
network with size at most C'm. Then, © — —h; () + 2-28 _ 2=(9+2) can be implemented by a strict
one-bit neural network with at most C'(6 + log, (B> D)) layers and at most C'B2D(6? + (log,(B*D))?)
nodes and parameters, and its architecture depends only on B, D, and 6. Now by Lemma 4.4.4 and
Lemma 4.4.9, x + 29420(—h;y,(7) + 272 — 27+2)) can be implemented by an activated one-bit
neural network with at most C'(0 + log,(B3D)) layers and at most C B2D (6% + (log,(B3D))?) nodes
and parameters, and its architecture depends only on B, D, and 6. Similarly, z — 2°*20(—h;;,(x) +
2726 — 3 x 27(%+2)) can be implemented by an activated neural network with the same layers of
x> 20420 (—hyy , (2)+2728—2700+2)) and at most C' B2 D(6%+ (log, (B> D))?) nodes and parameters,
and its architecture depends only on B, D, and 6.

Therefore, using (4.2), we can conclude that 7%, (h; 4, (-))’s can be implemented by strict one-bit

neural networks such that
1. They have the same structure fori = 1,--- , C'y4,
2. The architecture depends only on B, D, 7, P, ®, R and C',,
3. They have at most Cz - p 4 =,c,, (108 (1/€) + log, D) layers,

4. They have at most C' ;. p.o »,c, (D(logy(1/€))? + D(log, D)?) nodes and parameters.
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From the construction, if z ¢ U;, which is equivalent to ||z — ¢;||* > r?, then h;j,(z) > r? —
8B%Dv. Therefore, T, (hi,(z)) = 0. If x € U; and ||z —¢;||* < r?—~, then hp, (x) < r?—y+8B?Dv
holds. Thus, it is straightforward to check 77, (h; 5, (x)) = 1. We use this strict one-bit quantized neural

network as the indicator function on U;.

4.5.2 Taylor Expansion

In this section, we construct one-bit neural network approximations of f;’s. Asin [19, Appendix
B.2], we extend f; o ¢; ' to the whole cube [0, 1]¢ by assigning f; o ¢; '(x) = 0 for z € [0,1]¢ \
¢;(U;). Since f; vanishes on the complement of the support of p;, it is easy to check that this extension
preserves the regularity. We denote ff’ as this extension. Then by the Lemma 4.4.12, we still have the
same estimate

< Li||lxy — 2|3, Vay,zo €0, 1]d.

€2

g2, = DY

Given f € H*“, there exists a normalizing constant L that depends only on d, s, a,r, P, ®
6
and R, such that ff e C*([0,1]9) for all i = 1,---,Cyy, where C**([0,1]%) is the set defined
6
in Lemma 4.4.13. Consequently, the application of Lemma 4.4.13 for these scaled functions ff €
C*2([0,1]%), followed by the use of Lemma 4.4.5 and Lemma 4.4.11, yields strict one-bit neural

networks g7, - - - g(q}M 1 [0,1] — R that satisfy the following conditions:
L lg? — flle < din[0,1)% foralli =1, - ,Ch,
2. g‘f R ggM have the same structure that depends only on 9, s, «v, and L,

3. The structure has at most Cy ..z 10g,(1/8) layers and at most Cy o 1,6~ %+¥) (logy(1/6))?

many nodes and parameters.
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Note that f’ = f; o ¢!

(f o di') x (piod;i'). Since {Pi}ici . ey {pitiz1, cnr and
{¢i}iz1,.. ¢\, are fixed from the beginning, using f € H*®, we can conclude that there exists a

positive constant (@ such that |V f?|| < G for all i

1,--+,Cu:, such that G depends only on
{Pz‘}z‘:l,--~ LCrm {pi}i:l,--- O and {9252}2:1 Crm

Recall ¢;(x) = b;(V' (x — ¢;) + ;) for any z € U;. Define k € N as the smallest positive integer
such that

Cmax {16V oo, 10:(=Vi e + wi) [0 } < 2%,
i=1,,Cp

Note that x depends only on ¢;’s. Since ¢;’s are affine maps, by Lemma 4.4.6, there exist strict one-bit

neural networks 1; : R — R? such that

1. They have the same structure that depends only on x, d, B, D, G and 9,

2. Each ¢; has at most C'(k + [logy(Z2I29)7) layers,
3. Each 1); has at most C'(k + [log,( (BD+2)G

) )1)?d nodes and parameters,

4. |lhi(x) — ¢i(2)||oo < & < § foraz € U;.

Therefore, by the triangle inequality, 1;(U;) C [0, 1]¢ holds fori = 1.--- ,Cyy
the

Now, define

(4.6)
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Then we have

|fi(x) = fi(@)] = [(ff 0 di)(z) — (g7 o ¥y) ()|
<(ff 0 di) (@) — (ff o) (@) + |(ff 0 wbi) () — (g7 0 bi)(w)]. 4.7)

Therefore by the mean value inequality, we have

|(ff 0 di) (@) = (ff o i) (@)] < Glld(w) — vu(w)|| < 6. (4.8)

Since 1);(x) € [0, 1]¢, the second term in (4.7) satisfies

(£ o) (@) — (g7 o) (x)| < 6. (4.9)

Hence, from (4.7),(4.8),and (4.9), f; is an approximation of f; with || f; — fi|ec < 26.
Recall that 1);’s are strict one-bit neural networks with the same structure that depends only on

k,d, B, D,G, 0, with at most C'(xk + [logQ((ij’LQ)Gﬂ) layers and at most C'(k + [logz(%ﬂ )2d
nodes and parameters. gf ’s are strict one-bit neural networks with the same structure that depends
only on 4, s, v, L,, with at most Cy ;o 1, log,(1/0) layers and at most Cy o167 %) (log,(1/6))?
many nodes and parameters. The parameters «, B, G, and L depend only on M, ®, P, and R that we

fixed from our setting. Hence, by Lemma 4.4.11, fz = gf’ o 1);’s can be implemented by strict one-bit

neural networks such that

1. They have the same structure independent of f,

2. They have at most Cy s om0, p 1 (l0gy D +log,(1/0)) layers,
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3. They have at most Cy ; o vi.ap.= (0~ (log,(1/6))? +1log, Dlog,(1/6) + (log, D)? ) nodes
y 5,0, M, 0P, 2 2 2 2

and parameters.

4.5.3 Estimating the total error

Define f = Zf:"f x(f;, T,(hip.)), where X is a strict one-bit neural network in Lemma 4.4.8

that satisfies

for z,y € [—(1 + 20), 1 + 24]. For each i, we have

”fl - >A<(]Ei7T"y(hi,b,l/))Hoo S Hfz - fz X T’y(hi,b,u)Hoo + Hfz X T’y(hi7b,1/) - >A<(f1i7T'y(hi,b,I/))Hoo-

Note that f; = f;1y,. Therefore the first term can be decomposed as

”fz - fz X T’y(hi,b,V)”oo < ||(fz - fi)T'y(hi,b,V)Hoo + HfZ(]le - T’y(hi,bﬂ/))”m'

Since 0 < T, < 1, we have ||(fi — f) T (hino)lloo < Ifi = Filloo < 26.

Recall that from the construction, we have (1) If ||z —¢;||? > 72, then T, (hi . (x)) = 0 = 1y, ()
and (2)If x € U; and ||z —¢;||* < r?—~, then T, (h;p, (z)) = 1 = 1y, (). Therefore by Lemma 4.4.14,
we have

2c(m+1)
1 fi(Lv, = Ty (hipw))lloo < 2;2,%?: | fi(z)] < m%
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Adding all the inequalities, we have

Cm
1f = flle < Z I1fi = % (fis Ty (Rip)) |

2¢(m+ 1)
< CM(U+25‘|“T<1_—T/T)’Y)

< Culn +26) + §

We take 1) = 35— and § = g7—. Then, f satisfies || f — flloc < €. Now, it remains to verify that f

can be implemented by one-bit neural network where the structure is independent of f, and count the
number of layers, nodes, and parameters.

Lemma 4.4.1 states that z — z € R can be implemented by a strict one-bit neural network with
2 layers and constant size of nodes and parameters. Also, Lemma 4.4.2 states that z — |z| € R can
be implemented by activated one-bit neural networks with 2 layers and 3 layers, both having constant
size of nodes and parameters. Hence, by Lemma 4.4.11 and using the fact that 7,(-) € [0,1], z — f;
and z — T, (h;};,) can be implemented by strict one-bit neural networks having the same number of

layers, where
1. The number of layers is at most Cy s o pm.0.p = (10gy D + log,(1/€)),

2. Strict one-bit neural network that implements f; has at most Cy s o p1.0.7.7 (e‘d/ (49 (log, (1/€)) 2+

log, Dlogy(1/¢€) + (log, D)Q) nodes and parameters,

3. Strict one-bit neural network that implements T’ (R, ) has at most C ; p 6 =, (D (l0g,(1/€))?+

D(log, D)?) nodes and parameters.

This implies the map z — (i, T, (hip,)) can be implemented by a strict one-bit neural network
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with at most Cy 0 m.0.pr(l0gy D + log,(1/€)) layers and Cys o m0p.R (e*d/(S*O‘)(logQ(l/e))2 +
D(logy(1/€))*+ D(log, D)2) nodes and parameters. Since B, 7 and C'y( depend on M, we simplified
the constant above.

From Lemma 4.4.8, X (-, ) : [=1—28,1+26] — R can be implemented by a strict one-bit neural
network with size at most C,, log,(1/€). Therefore, by Lemma 4.4.11, each x(f;, T, (hiy,)) can be
implemented by strict neural networks of the same structure with at most Cy s o 07,7 (logy D +
log(1/€)) layers and Cos o nap e (€54 (logy(1/€))? + Dl(logy(1/€))>+ D(log, D)? ) nodes and
parameters.

Recall from (4.1) that in the last layer, there is no bias applied. Note that in Lemma 4.4.11, the
last layer remains the same in the composition. Therefore, adding C) terms of x ( fir T, (hip,)) can be
implemented by a strict one-bit neural network. Note that the construction of one-bit neural networks

is independent of the choice of f € H**. This completes the proof.

4.6 Conclusion and Open Questions

In this chapter, we established Theorem 4.3.1, which constitutes the first rigorous treatment of
the universal approximation theory for one-bit neural networks approximating the Holder function
class on a d-dimensional compact Riemannian manifold M isometrically embedded in RP. The
derivation of this result relies on a series of technical lemmas that are of independent interest. Specifically,
Theorem 4.3.1 demonstrates that the exponential dependence on the approximation error €, in terms
of the complexity of layers, nodes, and parameters, is governed solely by the intrinsic dimension d
and the regularity of the Holder function class. Furthermore, we quantified the weak dependence of

the network size on the ambient dimension D. The importance of Theorem 4.3.1 lies in its ability to
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provide a theoretical foundation and mathematical explanation for the performance of quantized neural
networks on high-dimensional data that possess an intrinsic low-dimensional geometry.

Based on our results, we propose several open problems.

Alternative Activation Functions : While the approximation capabilities of one-bit neural
networks utilizing quadratic and ReLLU activations were established in [46], the theoretical landscape
for other activation functions remains largely unexplored. This line of inquiry is expected to identify
the specific properties of activations that are most conducive to, or even optimized for, quantized
environments, potentially leading to the design of specialized activations for one-bit architectures.

Architecture Complexity and Approximation Rates : Moving beyond existence results, the
precise approximation rates of one-bit neural networks relative to their depth and width need rigorous
investigation. This endeavor necessitates identifying the minimal width and parameter complexity
required to approximate a given function class under prescribed depth constraints. Such investigations
are crucial for elucidating the scaling laws of quantized architectures and providing a robust theoretical
road map for the design of resource-efficient one-bit models.

Extension to Transformer-based Models : Unlike traditional FNN architectures, the transformer
utilizes self-attention to process global information, posing new challenges for approximation theory.
Extending our framework for one-bit neural networks to these attention-based models is a promising
avenue for future work. Such an extension would provide critical insights into the expressive capacity

of quantized transformers when approximating functions on complex manifolds.
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Chapter 5: Curse of Dimensionality in Neural Network Optimization

5.1 Introduction

The curse of dimensionality refers to the exponential growth of computational complexity or
data requirements with respect to the dimension of the computation or input space. This phenomenon
arises in various fields, including Nearest Neighbor algorithms [99, Chapter 19], numerical methods
for solving partial differential equations [3], and kernel-based methods [116]. It is also observed in the
theory of artificial neural networks, particularly in approximation theory [29,39,77,101,104,127,128]
and generalization theory [62,67,131].

The significance of the curse of dimensionality extends beyond infeasible computational complexity
and limited resources; it also restricts a model’s ability to learn and generalize, particularly in high-
dimensional spaces. Therefore, understanding this phenomenon and developing strategies to overcome
it remains a crucial research topic. In neural network approximation and generalization theory, the
theoretical analysis and design of neural network architectures or algorithms to mitigate the curse
of dimensionality—whether in terms of the required number of network parameters or the necessary
amount of data—are active areas of research [4,5,13,15,17,18,40,67,80,89,110].

The curse of dimensionality has rarely been explored in the context of neural network optimization
theory, particularly concerning the computational expense of gradient descent-based training. This is
largely due to the inherently challenging nature of the non-convex optimization problem. Extensive
research has been dedicated to analyzing convergence properties under an over-parameterized (i.e.,
sufficiently wide) regime [2, 21, 32, 33, 64, 66, 86, 109, 135, 137, 138]. Most of these studies aim to
establish positive results, demonstrating linear convergence to global or local minima of the empirical

risk function with high probability, provided that certain assumptions on network width and training
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data hold. Although a negative result was shown in [100] that exponential convergence time can occur,
this result is derived from a one-dimensional linear neural network—a highly specific and atypical
setting. Furthermore, in that case, the exponential dependence is only related to the depth of the neural
network, instead of the dimension of the learning target.

While the curse of dimensionality in neural network optimization remains an open question, an
interesting negative result is presented in [121] for shallow network training without imposing any
assumptions on network width. Specifically, it is shown that there exists a Lipschitz continuous target
function for which the population risk cannot decay faster than ¢~ -2 under the gradient flow of either

empirical risk or population risk in the mean-field regime.

Theorem 5.1.1. [121, Theorem 1] Let the training samples be independent and identically distributed
from the uniform distribution on [0,1]%. Let o : R — R be a Lipschitz continuous activation function.
There exists a target function ¢ with its Lipschitz constant and L norm bounded by 1 such that, when
a shallow neural network with activation function o is trained in the mean-field regime by the gradient

flow of either the population risk or the empirical risk to learn ¢, then

1i1;n sup [t/ f: — ¢||%2([0,1]d)] =
—00

holds for all v > ﬁ. Here, f; denotes the shallow neural network at training time t.

This result suggests that, in general, when learning Lipschitz continuous functions using a
shallow neural network, gradient flow training requires at least Q((%)%) units of time to achieve
a population risk smaller than € > 0. The space of Lipschitz continuous functions is vast, making it
unsurprising that a particularly challenging target function can be found within this space, leading to
the curse of dimensionality in optimization.
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A fundamental question, however, is whether this curse persists when considering a more restricted
and structured function space. In this section, the focus is placed on smooth function spaces for two
primary reasons: 1) Smooth functions frequently arise as solutions to partial differential equations
(PDEs). It has been conjectured that deep learning-based PDE solvers may circumvent the curse
of dimensionality associated with high-dimensional PDEs [41,48,91, 108]. 2) The smoothness of a
learning target can introduce additional beneficial structures that could potentially mitigate learning
difficulties. Therefore, it is crucial to determine whether smoothness is the key property required
to overcome the curse of dimensionality. To address this question, the impact of target function
smoothness on the curse of dimensionality in neural network optimization is investigated, a topic
that has not been extensively explored in the literature. In particular, the results obtained align with
findings in neural network approximation theory, where it is well established that, in general, a shallow
neural network requires O(e_%) neurons to approximate a function in C" within a d-dimensional
space [77,127-129].

The answer to the fundamental question raised above can be formalized as follows.

Theorem 5.1.2. Let the training samples be independent and identically distributed from the uniform
distribution on [0, 1]%. Let 0 : R — R be a Lipschitz continuous activation function and r be a positive
integer with v < d /2. There exists a target function ¢ € C"([0,1]?) such that, when a shallow neural
network with activation function o is trained in the mean-field regime by the gradient flow of either the

population risk or the empirical risk to learn ¢, then

liin sup [¢7]| fe — ¢”%2([0,1]d)] = 9
—00

T

holds for all v > df%.

Here, f; denotes the shallow neural network at training time t.

75



In the worst-case scenario, the L? population risk cannot decay at a rate faster than =
This result suggests that, in general, when learning a r times continuously differentiable function
using a shallow neural network, gradient flow training requires at least Q((%)%) units of time to
achieve a population risk smaller than ¢ > 0. For fixed € and r, this quantity grows exponentially
with the dimension d, illustrating the curse of dimensionality in neural network training. Note that
there is no assumption on the number of training samples and the neural network width, which makes
Theorem 5.1.2 holds uniformly. A more formal mathematical statement for Theorem 5.1.2 appears as
Theorem 5.3.3.

Furthermore, a new problem concerning the impact of activation functions on the curse of
dimensionality in neural network optimization is addressed. While most commonly used activation
functions, such as the rectified linear unit (ReLU), Gaussian-error linear unit (GELU), Sigmoid, Tanh,
Swish, and Sinusoid, are Lipschitz continuous, a growing body of research has focused on activation
functions that do not possess this property. Examples include the quadratic activation function o (z) =
22, which has been utilized to analyze the optimization landscape and generalization ability of shallow
neural networks [31, 97, 109], as well as the ReLU* activation function (or Rectified Power Unit)
o(z) = max{0,z}*, which has been applied in neural network approximation theory [106, 107,
122-124] and in the study of partial differential equations [73]. Recently, an advanced activation
function—comprising a combination of ReLU, the floor function [z], the exponential function 27,
and the Heaviside function 1,>¢—was proposed in [102, 103] to enhance the approximation power
of neural networks. As the study of novel activation functions continues to advance, it is natural to
investigate how these functions influence the curse of dimensionality in neural network optimization.
This issue has not been addressed in the literature, e.g., only Lipschitz continuous activation functions
are considered in [121]. In this chapter, we settle this question for a broad family of locally Lipschitz
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continuous activation functions that includes several favorable cases, such as the quadratic activation
and the ReLU" activation. The formal statement appears in Theorem 5.3.4.

The contributions of this chapter can be summarized as follows.

1. We establish in Theorem 5.3.1 that in general, C"([0, 1]?) functions with r < d/2 are poorly
approximated by two-layer neural networks. Specifically, the optimal approximation rate in the
L?([0, 1]%) topology using Barron functions with a Barron norm bounded by x cannot exceed the
rate 5~ =2 for such functions. Note that our approximation result differs from the majority of
neural network approximation theory literature, which typically expresses approximation rates
in terms of the number of parameters in the network architecture. As a corollary, it is proven that
C"(]0,1]9) is not contained in the Barron space when r < d/2. Although sufficient regularity,
specifically r > d/2+1, is known to guarantee that a function belongs to the Barron space [7,34],
no prior results have explored the relationship between function regularity and Barron spaces
for lower regularity. Our findings demonstrate that regularity with r» < d/2 is insufficient for a

function to belong to the Barron space.

2. In Theorem 5.3.3, we prove that learning functions that suffer from poor approximation, as
identified in Theorem 5.3.1, requires an exponential training time under gradient flow to achieve
a desired accuracy, leading to the curse of dimensionality in optimization. Mathematically, under
gradient flow training of two-layer neural networks in the mean field regime, the population
risk cannot decay faster than t‘ﬁ, highlighting the curse of dimensionality in neural network
optimization. In Theorem 5.3.3, we analyze the case of Lipschitz continuous activation functions
and allow infinite-width shallow network training. If the activation function is continuously

differentiable, then the gradient flow is guaranteed to exist. For piecewise differentiable activation
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functions such as ReLLU and others, the existence of gradient flows has been established in [22,

120]. Note that our focus is not on the existence of gradient flows.

3. Finally, in Theorem 5.3.4, we demonstrate that the curse of dimensionality in neural network
optimization persists even when using locally Lipschitz continuous activation functions. Specifically,
we show that in general, the population risk under gradient flow training of finite-width shallow

. . _ (4+28)r .
neural network in the mean-field regime cannot decay faster than ¢t~ ¢—2~ when learning a
C"(]0, 1]%) function using locally Lipschitz continuous activation function whose Lipschitz constant

in [—z, x] is bounded by O(x?%) for any = € R. Notably, the activation functions o(z) = 22 and

o(r) = max{0, x}* satisfy this condition.

To the best of our knowledge, this is the first mathematical work that demonstrates the influence
of the target function’s regularity on the curse of dimensionality in neural network training. In contrast
to most works in neural network optimization, the theorems do not impose any conditions on the
neural network width or the sample size. The only assumption that the data is drawn from the uniform
distribution in [0, 1]¢, a natural choice that lets us identify the population risk with one-half of the
square of the L? norm.

The content of this chapter is based on [81]'. While the research problem was proposed by
Professor Haizhao Yang, the author of this thesis was responsible for the entire execution of the study,

including the derivation of all theorems and the preparation of the manuscript.

! Accepted for publication in Information and Inference: A Journal of the IMA.
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5.2 Setup

In this chapter, we additionally adopt the following notation. Q = [0, 1]¢ denotes the unit cube
in RY. B!(z) denotes the projection of the ball B,(z) from R¢/Z? onto Q.
To illustrate this notation, consider the following examples: 1) When d = 1, the set B /8(1 /16)

is given by B/ (1/16) = [0,3/16) U (15/16,1]. 2) When d = 2, the set B1/4(%,0) is given by

1/8
Bla (50) = {w) € 0,175 (o= 1) 92 < ()7 }o{ () € 0,073 (o= )+ - 17 < ()7},
If a constant v € R"™ is written as o = g, ... g,, for some parameters 31, - - , 5, this means « is a
constant that depends only on 3y, - - - , 5.

Let f : X — R be a function defined on a compact set X C R?. Define D; as the collection
of appropriate Borel probability measures 7 in the integral representation (2.15) to generate f. The
Barron space consists of functions that admit the integral representation (2.15) with a finite Barron
norm. To emphasize the dependence on the activation function o, the Barron space is denoted as
B,(X). We only consider the Barron space where o is a Lipschitz continuous activation function. If
Dy is nonempty, the Barron norm || - || 5, (X') of a Barron function f is defined as follows: When o is

the ReLU activation function, the norm is given by

17115, = inf Exllal s +[b])] < oc. 5.1)
Otherwise, for other Lipschitz continuous activation functions, the norm is defined as

#1120 = inf Exlal(uol + o] + 1] < oc. (52)
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For simplicity, since the primary focus is on the domain X = (), the notation is further simplified by
writing B, henceforth.

If a Borel probability measure 7 generates a function f through the integral representation (2.15),
we denote it as f, to emphasize its dependence of 7. We assume that the data distribution is uniform

on (). Then given a target function f*, the population risk R, and the empirical risk R,, are

n

. > (ela) = )

Ry () i= /Q (o(o) = f'(2)2dz, Ru(r) i= =

2 2n

where x;’s are independent and identically distributed training samples drawn from the uniform distribution
on . Note that the population risk can be written as 5| f~ — f*|13 12(o1je)- For a Borel probability

measure 7, we denote its second moment as
N(m) := / a® + |w|]* + b*n(da ® dw @ db).
RxR4xR

We adopt the framework of [121] and investigate gradient flow training as evolution of the
parameter distribution under the 2-Wasserstein gradient flow. In this framework, if training started with
the initial parameter distribution 7°, the two-layer neural network at time ¢ is described by f,:, where
7t is the parameter distribution at time ¢ under the 2-Wasserstein gradient flow. In the finite-width
training regime with m neurons, we denote the parameter distribution at time ¢ as 7', to emphasize the

number of neurons.
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5.3 Main Theorems

Our first result establishes the existence of functions in C"(()) that are poorly approximated by

shallow neural networks. This result is formally stated in the following theorem.

Theorem 5.3.1. Let 0 : R — R be a Lipschitz continuous activation function, and let r be a positive

integer such that v < d/2. Then, there exists a function ¢ € C"(Q) satisfying

limsup |7 inf ||¢ — f|lrQ) | = o0,
K—00 IfllBo <k
r/d r
forany~y > 1L = 25 and any p € [2, o<

A direct consequence of Theorem 5.3.1 is the relationship between the smoothness of function
spaces and Barron spaces, as stated in the following corollary. This follows from a simple observation:
if C"(Q) C B,(Q), then limsup, _,, [k infj s, < |[¢ — fllr@] = 0 for any ¢ € C"(Q), which
contradicts Theorem 5.3.1. Note that it has been established that when r > d/2 4+ 1, C" functions
belong to the Barron space with ReLLU activation functions; see [7, Section 4, point 15] and [120,

Corollary B.6].

Corollary 5.3.2. Let 0 : R — R be a Lipschitz continuous activation function, and let r be a positive

integer such that r < d/2. Then C"(Q) ¢ B,(Q).

For functions that suffer from poor approximation as stated in Theorem 5.3.1, the curse of
dimensionality also manifests in the number of training steps required when they are learned by
shallow neural networks. This result is formally stated in the following theorem. Note that within

the framework of Section 5.2, the training dynamics of a shallow neural network can be equivalently
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interpreted as the evolution of parameter measures 7.

Theorem 5.3.3. Let 0 : R — R be a Lipschitz continuous activation function and r be a positive
integer with v < d/2. There exists a target function ¢ € C"(Q) with ||¢||cr < 1 such that, if the
parameter measures ° with N(7°) < oo evolve by the 2-Wasserstein gradient flow of either the
population or the empirical risk, then they satisfy

limsup [t"R,(7")] = oo,

t—o00

4r
d—2r"

for all v > Here, the parameter measures ' define integral representations 2.15 of shallow

neural networks f+ with activation o under the training to learn ¢.

Theorem 5.3.3 holds uniformly in both the network width and the number of training data. This
is due to two key reasons: 1) Theorem 5.3.1 is an approximation result related to the size of Barron
norms, not to the number of parameters. 2) The growth of the second moment of the parameter
measure is at most sublinear in time, which is stated in Lemma 5.4.1, and this bound does not involve
the sample size.

For a certain class of locally Lipschitz activation functions, similar results hold when training

finite-width shallow neural networks. This result is formally stated in the following theorem.

Theorem 5.3.4. Let r be a positive integer with v < d/2, and let o be a locally Lipschitz continuous
activation function. Define L, as the Lipschitz constant of o on the closed interval |—x, z|. Assume
that L, = O(x%) for some 6 > 0. Then, for any positive integer m, there exists a function ¢ € C"(Q)

such that if the parameter measures T\, with m neurons, evolve by the 2-Wasserstein gradient flow of
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either the population or empirical risk, then they satisfy

limsup [t"R,(m,)] = oo,
t—o00
for all v > %. Here, the parameter measures ', define integral representations 2.15 of shallow

neural networks fr: with activation o and m neurons, under the training to learn ¢.

Theorem 5.3.4 states that once we fix positive integers r and m, then for any dimension d > 2r,
there exists ¢ € C"(Q) such that Q((%)%) of units of time may be insufficient to achieve the
population risk less than € > 0 through gradient flow training via shallow neural network with m
neurons. This demonstrates the curse of dimensionality in finite-width shallow neural network training.
Although ¢ depends on the width m, Theorem 5.3.4 holds uniformly in the number of training data.
This uniformity follows from Lemma 5.4.1, which is independent of the sample size.

It is noteworthy that when ¢ = 0, the activation function ¢ is globally Lipschitz continuous.
In this case, Theorem 5.3.4 corresponds to the finite-width shallow neural network training result

established in Theorem 5.3.3.

5.4 Key Lemmas

5.4.1 Growth of second moments under the 2-Wasserstein gradient flow

An important lemma is introduced to demonstrate the sublinear growth of second moments under
the 2-Wasserstein gradient flow. Consider the function f.(z) = [g ¢(0,z)7(df), expressed as an

integral representation of parametrized functions {¢(0,z)}gco. Let f* be the target function to be
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learned, and define the risk functional as

R(x) = 5 | (fela) = 1) Bld) 53

for some data distribution P on R?. For instance, when P is the uniform distribution on (), the
risk functional (5.3) corresponds to the population risk. Alternatively, if P is the empirical measure
associated with a finite set of training samples {z;}" , C Q,i.e.,P = % >, 8y, then (5.3) represents
the empirical risk. In either case, if the parameter distribution 7* evolves according to the 2-Wasserstein
gradient flow of the risk functional R, then the second moment N (7*) exhibits at most sublinear growth

over time. This result is formally stated in the following lemma.

Lemma 5.4.1 ( [120, Lemma 3.3]). If ©* evolves according to the 2-Wasserstein gradient flow of R

and satisfies N (1°) < oo, then

N(7") < 2[N(7°) + R(7")1]. (5.4)

5.4.2 Barron norms and second moments

Let 0 : R — R be an L-Lipschitz continuous activation function, and let X C R? be a compact

domain. Then, for any Barron function in B, (X ), bounds on its Barron norm can be established.

Lemma 5.4.2. Any function f € B,(X) is Lipschitz continuous, with its Lipschitz constant bounded

above by L||f||Ba(X)'
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Proof. Choose a Borel probability measure m € D;. Then for any x,y € X, we have

[f(z) = f(y)l =

/ a(o(w"z + b) — o(wTy + b))r(da @ dw @ db)
RxRIxR

< / |lal|o(wrz 4+ b) — o(why + b)|7(da ® dw & db)
RxR4xR

g/ la] x L|(w”z + b) — (wTy + b)|r(da @ dw & db)
RxRIxR

< L/ la] x [[w]] x [l — y|l(da ® dw & db)

RxRIxR
< Lz -yl |a] x [Jw[l17(da @ dw @ db)
RxR4xR

< L||$—y||/ |a|([[wl]1 + [b])7(da ® dw & db)
RxRIxR

= L x Exfla|(lwlls + [b])] > [l = y.

Now take the infimum over all the set Dy, and we can conclude that f is Lipschitz continuous on X

with its Lipschitz constant bounded above by L|| f|| 5, (x)- O

This result yields a lower bound on || f|| 5, (x). The following lemma provides an upper bound
using the second moments of D;. This result plays a crucial role in the proofs of Theorems 5.3.3

and 5.3.4.

Lemma 5.4.3. Let 7 be a Borel probability measure on R x R? x R such that N(r) < oo. Then,

the integral representation (2.15) defines a Barron function with its Barron norm bounded above by

1l < (S +1) N(m) + L

wl|; < V/d||w||, holds. Since 7 is a probability measure,

Proof. From Cauchy-Schwarz inequality,
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E.[1] = 1 holds. Therefore we get

E.[|a|(|lwlly + [b] + 1)] < Vd x Ex[|al[[w]|2] + Ex[lal[b] + Ex[lal]

1 1 1 1 1 1
< Vd x Br[50° + 5llwls] + Bx[50” + 5] + Ex[50” + 5]

2 2 2 2
Vd Vd 1

1
< (M 2 2 21, - _ (V& +
<( 5 +1) x Eqfa +Hw||2+b]+2 (2 1)N(7r)+2.

Write K = max,cx ||z||. Note that |o(w”z+b)| < |o(wTx+b)—0c(0)|+]0(0)] < LjwTx+b|+]0o(0)]

holds due to Lipchitz continuity of o. Then we get

/ lao(w"z + b)|(da ® dw @ db)

RxRI xR

< / la|(L|w"z + b + |o(0))7(da @ dw @ db)
RxRIxR

< max{L, |o(0)|} lal(jwTz| + b + 1)7(da © dw © db)
RxRIxR

< max{L, |o(0)[} x / lal([[wllfll] + 6] + D)7 (da @ dw © db)
R R

xR x
< max{L,|o(0)|} x max{K, 1} x / la|(Jlw|| + 6] + 1)7(da ® dw @ db)
RxR4xR
< max{L,|o(0)|} x max{K, 1} x / la|([lw||y + |b] + 1)7(da ® dw & db)
RxRIxR

= max{L, |o(0)[} x max{/, 1} x Ex[|a[(|[w][y +[b] + 1)]

<max{L,|c(0)|} x max{K, 1} x {(? + 1)N(7) + %} < 00.

Hence, integral representation f(z) = [ pa, g @o(w’z + b)m(da ® dw ® db) is well defined for all

x € X. Now the definition of Barron norm gives us

1|3, x) < Exflal(lwlly + b +1] < (

|

+1)N () + %
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5.4.3 Slow approximation property across infinitely many time scales

The following sequence plays a crucial role in constructing an element in a Banach space that

exhibits poor approximation properties under appropriate time scales.

Definition 5.4.4. A sequence {n;} C N is said to be a super-exponentially increasing sequence if it is

strictly increasing with ny > 2 and satisfies

1
z; S (5.5)

ny,

forall k € N.

A super-exponentially increasing sequence {n;} satisfies the inequality

S Zl<1+2<1+2_1
n, n n T ong ond T2 220 7

i>1 >1

This implies that limy_,, 7 = co. An example of a super-exponentially increasing sequence is given

by nj, = 2% To verify this, observe that

1 —kE(kg)] _ ~(k+5)) 1 1 2
25 = =Y < Y ) = e X T S

>1 §>1 §>1 k nktt

Thus, the required condition holds for all £ € N.
A technical lemma is introduced to demonstrate that if a sequence of linear operators exhibits

different behavior in a Banach space Y and a sequence of subsets { X} }x>1, then there exists an element
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in the unit ball of Y that is poorly approximated by the elements of X} under certain time scales.

Lemma 5.4.5. Let Y, Z, W be normed linear spaces such that Y is a Banach space with a continuous

embedding Y — Z. Suppose there exist linear operators A,,, A € L(Z, W) satisfying
|An = AllLey,wy > cyn P ||A, - Allrizw) < Cz,

for some 0 < B < « and positive constants cy,Cy that do not depend on n. Moreover, suppose
there exist a super-exponentially increasing sequence {ny}, a sequence {my} C N, and a sequence of

subsets { X }r>1 C Z such that my, = nL\/E] and

1

-8
cym C —B—
sup [|(Am, — A)(z)|lw < YS . z—gmk W (5.6)
Xy Nk

for all k > 1. Then, there exists an element y € BY such that for every y > a’%ﬂ,

a—B\ Y
lim sup [(mk > inf ||z — yHZ} = oo.
ng

k—o00 T€Xg

a—p
That is, under the time scales t), = (mzk )7, the element vy is poorly approximated by the elements of

Xk

Proof. We construct such y in the following way.

Since || A — AllLv,wy = supjpy =1 |(An — A)(2)|lw > eyn™", there exists a sequence (4 )n>1
such that [|y,|ly = 1 and [|(4, — A)(yn)|lw = Zn~F for all n > 1. By the Hahn-Banach theorem,
there exists a sequence (w.),>; C W* such that ||w}|w+« = 1 and w} o (4, — A)(yn) = ||(4, —

A)(yn)llw = ZFn~F foralln > 1.
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Define a sequence (€ )x>1 where ¢; = 1 and each ¢, € {—1, 1} is chosen inductively such that

k1
* €
€ X Wy, © (Amk - A)( n_ymz) >0,
i=1 "
for all k& > 2. One can easily check that (% ) 4>, form a Cauchy sequence, and since Y is a

Banach space, the infinite sum y := > >° <y, € Y is well defined.

i=1 n;
To shorten notation, define Ly = wy;, o (A, — A). UsingY — Z,|[A,, — Al|zw) < Cz, and
|w|lw+ = 1, one can easily verify that L, € Y* forall £ > 1.

When ¢, = 1, we have

-1
€ €

Liy = Li(Y  —Ym,) + Li( ymk) + Li( lymz)
=1 i ™

>k

1
>0+ kamk CYZ—

I>k+1
L w0 (A — A)(gmy) — €7 Y 2
- w o my mr) -
Mk " ' o =k
1
= LA, — Al — €30+
k 1>kl
1 1
> (Gm = Oy )
Tk =k U
Similarly, when ¢, = —1, we have

k—1
€; €
Liy = Li(Y  —Ym,) + Li( ymk) + 00> 2Ly
i1 n; n;

¢ I>k

1
<0-— —Lk(ymk +CYZ—

ny
>k
1
< (L Oy
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Therefore, we have %(%mgﬁ — CVny Y nil) < |Lyy| forall k > 1.

Choose z;, € X, as

=B
. Cym
Iy = wullz < inf lly = allz + G
Then,
1 ey _ = 1
n—(jmkﬁ — Ve Y ;) < |Li(y)| < [Li(y — k)| + [Li(zp)]
k I=kt1
< Czlly — mllz + [[(Amy, — A) (k) [lw
-B -B
. Cym Cym
= Co( iy —allz+ 56,00 + 5,
=B
. Cym
therefore we get
1 Cy -B v > 1 .
- — ) < — ]
o (m” = CMme Y =) < inf ly — 2l
Z1%k l=k+1 L

Since {ny}r>1 is a super-exponentially increasing sequence, m; = nggﬂ implies limy_,,

?rsm|3‘3k‘

Hence, there exists Ky > 0 such that for any £ > K, we have

> 1 2 QCY Cy Cy _
CYny — < CVn, =— < = —mkﬁ.
l:;—i-l " nﬁ“ Ny 8n”,f[\/m 8

Then for k > K,

—B e’}
Cy _1-g[vk] _ CyMy I ey _p v 1 ‘
— N = < —_—m —C'n < inf —r '
SCZ k SCan - C’an( 4 k kl:;—i-l nl) = zeX, Hy HZ
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@
m

Now if we multiply( - )7 on both sides, we get
my Cy 1-B[VE] €y [VEIx((a—B)y—B)—y—1 my "
k__\7 —1- x((a=B)y—B)—~— k_\7 s
X n =—n < inf — x|z
(T % g s, < (5,7)" ity = <]z

Note that limy_, - n;; = oo and limy,_, o {[\/E] X((a=B)y=0)—7v— 1} =o0ify > *35. Therefore

o—

for every v > a’%ﬂ, we can conclude

a—f

i m . Cy .. [VE]x ((a—B)y—B)—7—1

lim su T inf ||z — > —— limsupn = 00.
k~>oop [( g ) reXp, “ yHZ} — 8Cy iHoop k

O

Remark 5.4.1. There are multiple choices for the sequence {my}i>1, and the choice my, = ngg/a

serves as a straightforward example that simplifies the proof. The construction of y is highly dependent

on the sequences {ny}r>1 and {my }r>1, implying that the existence of such an element y may not be

.
a—pf
unique. Furthermore, it is easily verified that limy_, ., (mﬁk ) = 0.

Using Lemma 5.4.5, the following result can be established, addressing the case where a sequence
of linear operators exhibits opposite behavior between two normed linear spaces. This result provides
an improvement over [36, Lemma 2.3], which required 0 < § < «/2. The following lemma extends

this condition to allow 0 < § < a.

Lemma 5.4.6. Let X,Y, Z, W be normed linear spaces such that X C Z, and let Y be a Banach

space with a continuous embedding Y — Z. Suppose there exist linear operators A,,, A € L(Z,W)

satisfying

|An = AllLxwy < Cxn™, |4y = AllLywy > an™? A, — Allrizw) < Cz,
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for some 0 < [ < «and positive constants C'x , ¢y, Cz that do not depend on n. Then, there exists an
Y B
element y € B such that for every v > —= 5

lim sup (/@7 inf ||z — y||Z) = 0.
K—00 llzllx <r

Proof. Choose any super-exponentially increasing sequence {ny}r>; C N and my = ngg/a. Now let

cym®?
X, =t BX for k > 1, where t, = gleknk

. Then, we have

—B

_a Cym
SUp [[(Am, — A)(@)llw = til| Am, = Allpew) < tCxmy® = ==
zeXy T

Now from Lemma 5.4.5, there exists y € BY such that

-8

[e%
lim sup [(mk )7 inf ||z —yllz| =0
k—00 N llzllx <tk

73
holds for every v > —= . Since 7 - Ef—yxtk, this implies

nmsup<tg inf Hx—sz):oo

k—o0 [zl x <t

for every v > —=. Note that since o > [ and limy,_,, ny = 00, we have
cymy”" plo=PIVA-1 _
lim ¢, = lim —*— = lim —n,;"
k—o0 ke k—o0 SC’Xnk k—o0 SCX
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Therefore, we conclude

lim sup </ﬂ inf ||z — sz> > lim sup (tz ‘ inf ||z — Z/HZ) =00

K—00 Izl x <w k—00 llzll x <tk

for every v > -2 [

a—@8"

5.4.4 Low complexity estimates

To apply Lemmas 5.4.5 and 5.4.6, it is necessary to construct appropriate linear operators
{A, }n>1. Since the focus is on approximation rates in the L? topology, the space Z in both Lemma 5.4.5
and Lemma 5.4.6 must be chosen as L?(Q). In the space L*(Q), there are functions with undefined
point evaluation at certain points. Therefore, following the approach in [36], we aim to define the

linear operators {A,,},>; and A as

M= s A= [ s, 5.7

where {X!}" , C @ represents an appropriate set of points and ¢, > 0 is a suitable radius. The
integration over the projected ball Bén(XfL) is employed to mitigate boundary effects on the domain
@, as also noted in [36]. To establish the validity of this approach, we introduce the following lemma,

which demonstrates the existence of suitable points { X'}, C Q.

Lemma 5.4.7. Let o be an L-Lipschitz continuous activation function. Then for any n € N and any

constant 0 < 4 < 1, which is independent of n, there exist n points { X}, --- | X"} C Q satisfying

1< 21og(2d
sup {—Z][ gbdx—/gbda:} < 6L &,
peBXx |\ T BL, (X}) Q n

=1
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1 n
sup {—Z][ gbda:—/gbdm}§30,
peB? \ N JBL (XL) Q

€n

for X = B,, Z = L*(Q), €, = vqn~ "%, and C = Clryye

Proof. This result follows directly from [36, Lemma 3.3] and [36, Lemma A.10]. Any -, which

satisfies

X |z|de = cd !
e d+1[(d+ 1wy’

for some absolute constant ¢ € (0,1) is an appropriate choice, which is described in the proof of

[36, Lemma 3.3]. Here, w, denotes the volume of the unit ball in R?. O

5.4.5 Curse of dimensionality in numerical integration

The final step in applying Lemmas 5.4.5 and 5.4.6 is to determine an appropriate choice of 7,
such that the linear integral operators (5.7), constructed using the points from Lemma 5.4.7, exhibit
different behavior in C"(Q). Intuitively, for properly scaled values of ¢, the integral operators (5.7)
should provide a good numerical approximation. Thus, it is natural to approach this problem using
techniques from multivariate numerical integration, particularly in the context of the curse of dimensionality.
For a detailed discussion on the curse of dimensionality in multivariate numerical integration, see [51,
52].

The following lemma demonstrates that the worst-case error in approximating integration using
the operators in (5.7) suffers from the curse of dimensionality in C"(Q)). In the proof, a function in
C"(Q) is constructed to vanish in every B, (X7). This approach is inspired by [51,52], where a fooling
function is obtained by applying a sequence of convolutions between a Lipschitz continuous function
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and scaled indicator functions of a ball. After constructing this function, an appropriate choice of €, is

determined to control the C" norm and ensure proper integration over ().

Lemma 5.4.8. Let C"(Q) denote the space of all r-times continuously differentiable functions on @),

equipped with the norm

Ifller := max [|D?fls,

|B]1<r

where DP represents the partial derivative of order 3 € N&. Then, there exists a positive constant
T = T, q Such that for any €, = On—Y4 with = 84, € (0,7 and any n points {z1,--- ,x,} C Q, one

can construct a function 1 € C"(Q) satisfying

[4]

B, (%) — 07

€

cr <1, /?/f(x)dx > Kpg,n "4 4
Q

for some positive constant Ky q4,. Consequently, this implies that

n

1
sup {— Z][ gdr — / gda:} > K97d77«n_r/d.
lgller<1 (T B, (xi) Q

=1

Before introducing the proof of Lemma 5.4.8, we begin with a lemma stating that a convolution

of a Lipschitz function and an indicator function of a ball is a continuously differentiable function.

Lemma 5.4.9. Let f : R — R be a K-Lipschitz continuous function. Let 1, be the indicator function
of the ball B, with center 0 and radius v > 0. Then, f x1g_is C* function with its derivatives bounded

by K x |B,|, where | B,| is the volume of B,..

Proof. Fix anindexi € {1,---,d}, and let e; be the unit vector in R? where all the entries are 0 except

the ith coordinate, which is 1. By Rademacher’s Theorem, f is differentiable almost everywhere.
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Write 0; f as the derivative of f with respect to x;. From the definition of the Lipschitz constant and

the derivative, it is obvious that ||0; f||. < K. Therefore for any fixed x € R?, we have

flx+he; —y) — flz—y)

f<x+hez-—?}1l>—f(x—y> —0,f(x —y)| < 2K

almost everywhere in y € R? Hence, by Lebesgue’s Dominated Convergence Theorem, for any

r € R? we get

. fx1lp (x+he)— f*xlp (x)

h—0 h = Oif + 1, ()

hi_ — —

:flLiL%/Brf(w+ 6 ?fi) TEZD) 1t~ )iy
hi_ — —

- [ (PO IED) iy =0

Hence, f * 1p_is differentiable and its partial derivatives satisfy
az(f * ]lBT> = &f * ILBT‘

Since ||0;f]|lec < K, it is easy to check |0;f * 1 (x)| < K X |B,|. Now, it remains to check that

0;f * 1, is continuous. From the definition of convolution,

Ouf * 1p, (¢ +2) — Ouf 1 (z) = / (s, (2 + 2 —y) — 1p.(z — )0 (v)dy.

Rd
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Note that if ||z|| < 1, then

g (z+2—y) = 1p.(z —y)| < 1p (@12 (y) + 1@ (y) <2X 15, )(y)

holds. Since ||0;f|loc < K, |(1p,(z+ 2 —y) — 1p,(x —y))0; f(y)| is bounded by 2K x 15 (@)(y),

which is an integrable function in R?. Also note that

lim 1g (x+2—y) — Lp (z—y) = 0.

lI2l—=0

Hence, by Lebesgue’s Dominated Convergence Theorem,

lI2l—0

Therefore, the derivatives of f * 1, are continuous. OJ
Now we present the proof of Lemma 5.4.8.

Proof. Let {x1,--- ,x,} be the given n points in the unit cube (). For each point x;, there is a set
Y; of 3¢ points in R? such that for any y € Y, |(2;); — y;| € {0,1} for all j € {1,---,d} where
(x;); and y; denote the j-th coordinate of z; and y respectively. Define S = Y; U --- UY,, and write

S ={s1, -+, 8} Itis clear that m < 3%n. Define

Py = U By (s:),
i=1
for some p’ > 0, to be specified later. For A C R%, we define the distance d(z, A) between a point
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and a set A as

d(w, 4) i= it |lo = y.

Let hy(z) = inf {1, d(xf”') } . From the construction, ||h, ||« = 1. It is straightforward to check that

h, is Lipschitz continuous function with its Lipschitz constant less or equal to 1/p’. Now, consider the
normalized indicator function

]].Bp T(ZE)
"= T, T
p/r

and define

fi=hy*xgy*---%g,=hy* g,
———
r—fold

where | B, | is the volume of ball B/, with center origin and radius p/r for some p > 0, which is also
specified later. Since h, is Lipschitz continuous function, one can check that f € C" using Lemma
5.4.9 and [51, Theorem 1-(5)]. Note that the support of the r-fold convolution of the function g, is the
r—fold Minkowski sum of the balls B/, hence it is B,,. For simplicity, let us write g as the r-fold
convolution of the function g,.

Assume p' > 2p for a moment and choose © € B,(s;). Recall f(z) = [o. hy(x — t)g(t)dt. If
|t]] > p, then since the support of g is B,, we have g(¢) = 0, hence hy(x — t)g(t) = 0. If ||t]] < p,
we have

Iz =) = sill < llz —sill + It < p+p<p.

This implies « — ¢t € B,(s;), and therefore « — ¢t € P,, which makes d(z — ¢, P,) = 0. From the
definition of h,/, we get h,(x — t) = 0. Hence, we always obtain h, (z — t)g(t) = 0, which implies
f1B,(s;) = 0. This hold for any s;, and therefore f vanishes in | J;", B,(s;). We will later choose p’ and

p based on this observation.
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Now, observe the integration of f. It is obvious that f > 0. From the definition of h,, we have
hy(x) = 1ifd(z, Py) > p'. Alsonote that ||g, |\ = [za g,(2)dz = 1, and thus we get [, g(z)dx = 1.
Since the support of g is B,, we have pr g(z)dx = 1. Note that for any = ¢ J", Boy+,(s;) and

z € By(si),

& =) =zl = flz = 2| = llt]] = llz = sill = ]z = sill = p

> 20 +p)—p —p=/

holds for any ¢ € B,. Therefore, if = ¢ |J;", Boy+,(s;), then d(z, Py) > p' and hy(z —t) = 1 for
any ¢t € B,. Hence, we obtain

flz) = /Rd hy(x —t)g(t)dt = /B hy(z —t)g(t)dt = / Ixg(t)dt=1

By

for x ¢ (J;~, Bay+,(si). Using this, the integration of f in ) can be bounded as

/Q F@)dz > 15 |Q\[J By p(s0)] = 1= [ Baysos2)

i=1 i=1

> 1=mx |Byyyl

>1—n x 3% x wy(20 + p)? (5.8)

where w, is the volume of a unit ball in R<.
Next, we check the C" norm of f. Lete; = (0,---,0,1,0,---,0) be the jth unit vector in R?,
and denote the volume of a bounded Lebesgue measurable set X € R? as voly(X). Using the same

argument in [51, Section 3] and [52, Section 2], for a Lipschitz continuous and bounded function A(x)

99



in R?, we get

1

D5k = g0 = o

/‘ (@ + 5+ ha(8)65) — B+ 5 — Tnan(oy€)) s
Bp/rﬂej‘

2volyg_1(B,/r N e]*)

hlloo £ ——F%——Ihlls
- voly(B,/r) 17 voly(B,/r) 7
_ MH’%H _ Maal
wa(pfryd 1M = g e
k’d'f’
= _HhHOO’
p
where
1. ejL is the hyperplane orthogonal to e;,
2. hma(s) =max{h >0:s+ he; € B, },
3. kg = 2“;% > 0 constant depending only on the dimension d.
This means that we can bound the sup-norm of a derivative as
e ]{?dT
1D A% g o < = ] 59)
Choose any 3 € N& with |3]; = | < r. Using (5.9) recursively, we get
1D fllso = 1D (hyr % gp -+ % gp)lloo < (=)'l * gp % -~ % g, [l
N e’ 1% N’
r—fold (r—1)—fold
k‘dT r— k‘dT’
< (7)l||hp’||00 < (lgpll) " = (7)l
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where the last inequality used Young’s inequality » — [ times. Hence, we have

k?dT‘
max || D f(2)]|o < (=)
mas [ D7 (@) < (*40)

If we choose p < kg, then we get a C" norm bound

k
Ifller = max | D? f(z)]s0 < <%>T. (5.10)

|Bl1<r

The final step is normalizing and choosing appropriate €,,. Set p’ = 3¢, p = €,, and

From the analysis above, I’ is C"(R?) and || F||c- < 1if we set €, < kgr. If we integrate F in the unit

cube (), we get

€n

/Q Flayde = (%) /Q f(2)dz

> (6—")’" (1—nx3%x w20 + p)9)

- de
€n

— (Fﬂ) (1—n x 3% x wy(7e,)?)
€n \p

— (w) (1 —n X wd(2len)d)

where the inequality used is (5.8). Define

1,1
ro=min {5 (o) k) (5.11)
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1/d

Now, choose €,, = n~'/¢ where 6 € (0, 7] is a positive constant depending only on d. Then, it is easy

to check
Lp=¢, <mn V<71 <ky < kyr,
2. 1—nxXwy2le,) =1 —wy x (217)% > 1/2.

Then we obtain

1 € 0" €
F(x)dr > = ey 2 r/d Fll v = (=2 . < 1.
[ P2 5 Ry = eon 1Pl = (Y Il <

Let ¢ be the restriction of £ onto the unit cube (). Denote Ky 4, = Then [[¢]|cr < 1

21& v
and f Q x)dr = f Q x)dr > Kgq,n —7/d are obvious. From the previous analysis, we showed that
f vanishes in | J;", B, (s;). Therefore, F' also vanishes in |J", B, (s;). By recalling the definition

of s;s, it easy to check F(z) = 0 when z € (J;_, B! (z;). Hence, the restriction 1 also satisfies

Y|B: (2;) = 0 and therefore f,, () Y(x)dz = 0 holds. Finally, we get

sup {%z”:][, .gd:v—/di:B}

lgllcr<1

> = Z][ dx—/@(—zb)dxz/@qﬂdx

> Kgaqn "
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5.5 Proofs of the Main Theorems

In this section, we present the proofs of Theorems 5.3.1, 5.3.3, and 5.3.4. While the proofs of
Theorems 5.3.1 and 5.3.3 rely on Lemma 5.4.6, the proof of Theorem 5.3.4 instead utilizes Lemma 5.4.5.
This distinction arises for two reasons: 1) When o is not a Lipschitz continuous function, the Contraction
Lemma [99, Lemma 26.9] cannot be applied to bound the Rademacher complexity of the unit ball in
B,. 2) If the activation is not Lipschitz continuous, bounding the Barron norm using the second
moments (as in Lemma 5.4.3) may be infeasible. We provide a more detailed discussion in Section 5.5.3.
However, if the analysis is restricted to finite-width training, which represents the realistic scenario,

arguments similar to those presented in this section can be employed to establish Theorem 5.3.4.

5.5.1 Proof of Theorem 5.3.1

Proof. Define X = B,(Q),Y = C"(Q) equipped with the norm defined in Lemma 5.4.8, Z = L*(Q),
and W = R. Since () is a compact set, It is clear that X, Y — Z. Now we find linear operators
A,, A that satisfies conditions in Lemma 5.4.6. First, choose v = 74, as0 < v < land 7 < 7,
where 7 is the constant in Lemma 5.4.8. Set ¢, = yn~ /% For any n € N, there exist n points
{X} .- X"} C @ that satisfies Lemma 5.4.7. Then with Lemma 5.4.8, we can conclude that these

points satisfy inequalities:

1< [21log(2
sup {—Z][ gbd:p—/gbdx} < 6L M,
peBX ni 1  (XE) Q n

n

1

y N
¢eB i—1

1 n
- de — | édx) <30,..
5 {";][;n<xz>¢x /cz¢x}_ “

¢peBZ
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Define linear operators A,,, A : Z — R as

1 n
An@):ﬁ;]{ggn(}(;) bdz, A(¢):/Q¢dx (5.12)

Then A,, A satisfy the conditions in Lemma 5.4.6. Hence by Lemma 5.4.6, there exist a function

f € C"(Q) with || f||cr < 1 such that

limsup (7 inf |l¢ — fll12q) =

K—>00 H‘b”BO—SH

rd -~ ETZT Note that since () is compact with Lebesgue measure 1,

holds for every v > - 72—r/d d

l9ll22(0) < [|9]lzr(@) holds for all continuous function g on () and for all p € [2, 00]. Therefore,

we can conclude

lim sup (/ﬂ| inf | — fllLr(g) = o0

K—>00 |¢HBa§“
holds for every vy > % =2 andp € [2,00]. N

5.5.2 Proof of Theorem 5.3.3

Proof. Choose any ¢ € C"(Q) that satisfies Theorem 5.3.1. Let 7° be the Borel probability measure
at the training initialization with N (7%) < oo, and let 7 be the evolution of 7° by the Wasserstein
gradient flow at time ¢t > 0. By Lemma 5.4.1, N(7') < co. and therefore f,: € B, holds from Lemma

5.4.3. Moreover, Lemma 5.4.3 and Lemma 5.4.1 give us estimation of the Barron norm of f+ as

Vd

£l < (58 + DNG + 5 < (VA +(NE) + RE) + 5.

N | —
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LZ([O,l]d\
B, \

{f 11Iflls, < Kt}

¢ € C([0,1]%)

Figure 5.1: Geometric description of the proof of Theorem 5.3.3. The green curve
with arrow illustrates the sublinear growth of the Barron norm, which follows from
Lemma 5.4.1 and Lemma 5.4.3. The shallow neural network at the initialization is denoted
as fr¢, represented as a circle filled with dark blue. The shallow neural network training
time ¢ is denoted as f,:, represented as a circle filled with sky-blue. The black dotted
line represents Theorem 5.3.1, the existence of C”"(Q) function with slow approximation

property.

Hence, there exists a positive constant X' = K0 4 4 such that || f+||z, < Kt holds fort > 1. Note that

the population risk at time ¢, R,(7"), is equal to £ [|¢ — fr || )- Now by Theorem 5.3.1,

. L., :
limsup [t"R,(7")] = —hmsup (]| — fﬂ-t”L2 ) > éhmsup (¢ inf ¢ — f||%z(Q))

t—00 t—00 t—00 I fllB, <Kt
= () < limup (1 inf [0~ Flq)
im su in =00
2K rasor N sl <t L*@
’I’/d _ 4r
holds for any v > 2 x TR—rjd = d-ar- 0

5.5.3 Proof of Theorem 5.3.4

Unlike Lipschitz continuous activation functions, the Rademacher complexity of the unit ball

in the Barron space cannot be controlled in the same manner as in [36, Lemma A.10], where the
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Contraction Lemma [99, Lemma 26.9] plays a crucial role in the proof. Fortunately, for a locally
Lipschitz continuous activation function o whose Lipschitz constant in [—x, ] is bounded by O(z?),
a similar approach to the proof of Theorem 5.3.3 can be employed.

However, the analysis does not extend to infinite-width neural network training for two primary
reasons. First, unlike Lemma 5.4.3, probability measures with finite second moments do not necessarily

guarantee a well-defined integral representation. For instance, consider the case where d = 1, o(z) =

1

%, foralln €

max{0, z}?, and the probability measure 7 is defined as 7(a = n,b = 0,w =n) =
N, where K = Y% & < oo. It is straightforward to verify that N(m) < oo, yet the integral
representation (2.15) is undefined. While one might consider other notions of Barron spaces [50,
105-107], such settings make the control of Barron norms via N (7*)-as in Lemma 5.4.3-intractable.
Consequently, we cannot track the Barron norm of infinite-width neural networks under gradient flow,
precluding the application of the same analysis.

Second, probability measures that define infinite-width neural networks do not impose uniform
bounds on the parameters, making it difficult to control the Rademacher complexity. Nevertheless,
when focusing on finite-width neural networks, the setting relevant to practical implementations, the
curse of dimensionality can still be established. Since the set of shallow networks with 7 neurons

does not constitute a normed vector space, the proof relies on Lemma 5.4.5 instead of Lemma 5.4.6.

In this section, we consider probability distributions of the form

— a0 (5.13)

which correspond to a two-layer neural network f(z) = L 3" a;0(w!z + b;) with m neurons in

the mean-field setting. All distribution 7, discussed in this section adhere to the form given in (5.13).
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Note that if 7/, evolves by the 2-Wasserstein gradient flow of the risk function (5.3), then 7!, remains
in the form of (5.13) at all times. This follows from the the observations in [22, Proposition B.1]
and [121, Lemma 3].

We begin with some definitions. Define two sets F,,, p and Sp as

m

1
Fo.p={f. :mp=— Oia w b N(mm) < D}
= T = = 3 Basayy Nm) < D}

i=1

Sp = {ac(w'z +b) : a®> + |Jw||3 + b* < D}.

From the definition, it is obvious that any element in [, p can be expressed as a convex combination
of single neurons of the form aa(wa +0b) in S,,,p. Hence, F, p is a subset of the convex hull of S,,,p,

which implies for any finite set S € R,
Rad(F,, p,S) < Rad(conv(S,,p), S).

holds, where Rad(F’, S) denotes Rademacher complexity of F' with respect to .S. For further details

on Rademacher complexities, see [99, Chapter 26].

lo@)=o W (e

Let o be a locally Lipschitz continuous function and denote Ly = SUpP,+y 5 ye[—k.k] o]

Lipschitz constant of ¢ in the domain [—k, k].

Lemma 5.5.1. If ||w|*>+0* < mD, then |o(wlz +b) —o(wy+b)| < L\/WHMT(m—y)H holds

forany x,y € Q.

Proof. Forany r € Q, |wTz+b| < /(w3 +b2)(d + 1) < \/mD(d + 1) holds. Then the inequality

holds due to the definition of Lipschitz constant. [
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Now we give an estimate on the empirical Rademacher complexity of .S, p.

Lemma 5.5.2. Let { Xy, -, X, } C Q. Then we have

L x mD+vd+1
v/ mD(d+1)
X, X h < .
Rad(SmDa{ 1 ) }) = 2\/5

Proof. Using Lemma 5.5.1 and the Contraction Lemma [99, Lemma 26.9], we get

Rad(Syup, { X1, -+, Xn}) = EC[ sup 1 Y Gao(w" X, + b)}

(a,b,c):a2+|lw|3+62<mD T

1
< L\/m X EC [ sup — Z Qa(wTXZ- + b)]

(ab,c):a?+[|w||3+62<mD T 57

L ~ n
\/mD(d+1)
= x E¢ sup E Ci<a(wTab)T7 (XiT> 1)T>}

“(ab,e):a?+Hwl|3+b2<mD ;3

L ) n
mD(d+1)
_ VP g s a(w )T, Y GO )Y
=1

n “ (a,b,¢):a2+||w||2+b2<mD
L mD(d+1) i T T - T T
< T X E swp [l Bl x >0 GOXT 1)
n - (a,b,):a2 +|w]|3+b2<mD i1
L ~ n
'mD(d+1) mD
< TS BT x| G 1)
B =1

L mD n 1/2
mD(d
< T (B[ G D1
i=1

- L rpanmP y
- 2n
- L rpanmP y
- 2n

L\/meD\/d—Fl
2\/n '

(n x max]|(X7, 1)7]3)"”

nx (d+1)
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Corollary 5.5.3. Let {X;,--- , X,,} C Q. Then,

L x mDvd+1
v/ mD(d+1)
Rad(F,p, {X1, -, X, }) < .
a ( 7D{ 1 }) 2\/5

Proof. Note that

Rad(Fo, p, { X1, , Xn}) < Rad(conv(S,,p), {X1, -, Xn}) = Rad(Smp, { X1, -, Xn}).

Now use Lemma 5.5.2. O]

Finally, we introduce two lemmas that assist our proof. Let Uy be the uniform distribution on

0.

Lemma 5.5.4. Let Z = L*(Q). Fix0 < v < 1 and set ¢, = yn~"/? for n € N. Then,

n

1 1+ agy
i — r)ds — d <\ =i
EX YUg ;eugz [n ;]{32 v / o :c - bay

holds where a4 and by are positive constant depending only on d.
The proof of Lemma 5.5.4 can be found in the proof of [36, Lemma 3.3]

Lemma 5.5.5. Let F be a a subset of C(Q). Then for any 0 < € < 1, we have

n

1
EX ES P fflelg [ﬁ Z ]{Bé(Xi) Flejde = /Qﬂx)dx] = ]E Hug 3l [_ / flaydr].

Xi~Uq feF Tl

Proof. In this proof, we interpret X; + 2 as a shift on the flat torus. Note that for a fixed z, X; and
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X, + z have the same distribution. Therefore we have

E i, sup _lzn:]é/ f(x)dx—/@f(x)dx]

XinUq pep

:IE i Sup —Z fX+Zdz—/f da:

i, 5P |
“E g ]imﬁ;(f(xﬁz)— /Q f(x)dz)d:]
<E, i, 7{3;@ sup [%g(f()(ﬁrz)—/@f(m)dx)]dz
:]ig(O)EX”dUQ%E[lznxf(X+Z /f i)z
B g [7 2100 - [ o]

O

To prove Theorem 5.3.4, we begin with a lemma which is similar to Lemma 5.3.1 for locally
Lipschitz activation functions that satisfy L; = O(t°). We prove that for fixed m € N, there exists

¢ € C"(Q) which is poorly approximated by shallow neural networks with width m.

Lemma 5.5.6. Let 0 : R — R be a locally Lipschitz function with L, = O(t°) for some § > 0. Fix

m € N. Assume r < %. Then there exists ¢ € C"(Q) such that

hmsup(fY mf ||gb fllrz@)) = oo.

t—o00

(246)r
holds for every v > = —~.

Proof. Since the approximators have the same number of neurons, their union does not form a vector
space. Therefore, instead of applying Lemma 5.4.6, we utilize Lemma 5.4.5.
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Let Y = C"(Q) equipped with the norm defined in Lemma 5.4.8, Z = L?(Q), and W = R

Given that L, = O(t?), there exist T = T, > 0 and C = C, > O such that L, < Ct’ fort > T

Define A € L(Z, W) be defined as in (5.12) in the proof of Theorem 5.3.1. For any n € N, choose
€, = yn~ "¢, as done in the proof of Theorem 5.3.1

Note that for any super-exponentially increasing sequence {ny }x>1 and my =

= nL\ﬂ we have
33
lim 2k — Jim p(FPVE (5.15)
k—oo TNy k—o00 k '
Therefore, there exists ky € N such that

1
27 d
m d,r
T2 < ( k 7,

)1
24nk0m1+ 2(d+1 )% +5

(5.16)
for all &k > ko, where I, 4, is the constant in Lemma 5.4.8. Now, define nj = njx,. Then n), is also

— /3
a super-exponentially increasing sequence because it is strictly increasing with n} = ng,4+1 > ny > 2
and

—~

2 2
WL, T

holds for all k& € N. Define m/, = (n/,)lV¥. Then for any k > 1

Z 1 Z : -
/€+k0+1

n ny
1>k >k+ko nk+ko

T2<( ( ) T 'Ydr >1+1z25
240, Cm1 T3 (d 4 1)2 73

holds. From this observation, we can choose a super-exponentially increasing sequence {7y },>1 and
my = nE;/E] i

such that inequality (5.16) holds for all £ > 1

111



Choose a super-exponentially increasing sequence {ny }x>; and my = n,[c‘/E] that satisfy (5.16)

15 1
for all k > 1. Define time scales {3 }r>1 as t = ( my " Kydr ) "5 From (5.16), t, > T2
- 240, Cm* 12 (d+1)212

holds for all £ > 1. Now, let us find appropriate { A, },>1 € L(Z, W) for Lemma 5.4.5.

When n & {my}r>1, define A, € L(Z, W) as in the proof of Theorem 5.3.1. Then we have
1A, = Allpyawy > Kyaon™% | Aw = AllLizwy < 3Ca,

forall n & {my,};>1. The constants K, ,, and Cy, are identical to those used in the proof of Theorem
5.3.1.

When n = my,, we construct the linear operators {A,,, }r>1 as follows. Since ¢}, > T? for all

k > 1, \/mty(d+ 1) > T hold, which implies L\/m < C(y/mty(d+ 1))°. From Lemma 5.5.5

and Corollary 5.5.3,

1 &
E. ya, Sup [m—k; ][zmkom f(x)dx — /Q flx)da]

~UQ pep,,

1 &
<E ey, s 3060 - /Q f(w)da)
=1

NUQ fepy,

i
~

e (1) mipVd+1
N
<C’( mty(d + 1))°mtp/d + 1
- Vi
s tlljg Ky,d,rm,ﬁ

—Cm*3(d+1)2+3 — 5.17
m ( + ) A/ TN 24nk ( )

SZ X ]EXiidUQRad(Fm,tk7 {X17 U 7ka}>

<2 x

holds. The second inequality holds because the expected value of the representativeness is bounded

by twice the expected Rademacher complexity [99, Lemma 26.2]. Now with Lemma 5.5.4 and
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{ mk"

(5.17), by using a simple probabilistic argument using the Markov inequality, there exist m; points
-, Xk} C @ such that

1 — —r/d
sup [— ][ pdzr — / pdr| > K q,my ",
seny L Z L (Kiny) Q e

1 & 1 d
sup [— Z][ odr — / gbdx] <3 +—a?,
peBz LM = JBr (Xi,) Q bay
1 & m o
sup [—Z][ dx—/f dx Koy ©
fEFm,tk mk i=1 émk( i

81y,
hold, where the first inequality is due to Lemma 5.4.8. Now using these points { X, k,
we define {4,,, }x>1 C L(Z, W)

XY CQ,

m
ki

Ay (9) = — i][ bz

Bl (Xi,)

With the constructed linear operators {A,},>1, by setting X}, = F},

for k¥ > 1, one can

C; = max {3\/ 1:“;’] ,3C’dﬁ}. Now from Lemma 5.4.5, there exists ¢ € BY such that for every
N> _r/d

_ .
easily verify that the conditions in Lemma 5.4.5 are satisfied with a = %, B =4y =

ey = K, 4, and
T72=r7ar We have

m1/27r/d
lim su [ —k )7 inf — = 00. 5.18
m sup (——) sant 1f = &l (5.18)
mi 1+5 24Cm 3 (d41)3+5 .
Note that =2 — = At, * where A = Ko is a constant that does not depend on k. Hence
~,d,r
(5.18) can be written as
s
lim sup [tZ(HQ) inf
k—o00

fEFm,tk ||f a ¢||L2(Q)] -

(5.19)
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_r/d

for every v > a1/’

From (5.15), limy,_,.. t, = oo holds, and with (5.19), we conclude

lim sup (t” mf H¢ fllrz)) = limsup (t”f 1nf ||f dllr2(q)) = oc.

t—o0 k—o0

for every v > (1 + $) x 1/;£i/d = (f;_rng". This finishes the proof of Lemma 5.5.6. O

We now present the proof of Theorem 5.3.4.

Proof. Choose any ¢ € C"(Q) that satisfies Lemma 5.5.6. Let 72, be the initial parameter distribution
at time ¢ = 0, and let 7/, denote the evolution of 7°, under the Wasserstein gradient flow at time ¢ > 0.
By Lemma 5.4.1, there exists a positive constant ' = Ko , such that N(n},) < Kt holds for all
¢t > 1. Note that the population risk at time ¢, R(n?,), is equal to 1[|¢ — frt ||22 . Therefore by

Lemma 5.5.6,

. 1.
limsup [t"R(x!,)] = 3 hrtn sup (t"]¢ — fW;nH%z(Q))
—00

t—o00

1.
> §hmsup (tVN 1nf Hﬁb frollZa Q))

t—00

1.
zihmsup(tflglf 6 = fllz2@)

t—o00 m,Kt

1
Lo v 2 _
2<K) X hfisogp (t fel%i,t 1% f||L2(Q)) 00
holds for every v > 2 X (f;_rg?f = (46:2257«) - -

5.6 Conclusion

In this chapter, we investigate the curse of dimensionality in the optimization of shallow neural

networks. Utilizing theories from Wasserstein gradient flows, Barron spaces, and multivariate numerical
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integration, we demonstrate that the population risk can decrease at an extremely slow rate, potentially
requiring exponential training time to achieve a small error, even for smooth functions. Furthermore,
we establish that the curse of dimensionality persists when the activation function is locally Lipschitz
continuous. As a supplementary result, we show that a function with smoothness r < d/2 cannot be
guaranteed to belong to the Barron space.

While our result is the first to analyze the impact of target function’s regularity on the curse of
dimensionality in neural network training, there are several open questions remaining. Here, we list
some of them.

Explicit construction : Theorem 5.3.3 and Theorem 5.3.4 present the existence of C"(Q)
functions suffering from the curse of dimensionality in training, but the proofs rely on probabilistic
argument. Therefore, it would be interesting to exhibit an explicit examples of such functions and to
characterize them structurally.

Loss function : Our analysis considers training with the L? loss function to learn target functions
with specific regularity. On the other hand, classification tasks typically employ the cross-entropy
function for neural network training to learn target functions that differ in nature from those in our
analysis. It is therefore worth investigating whether the curse of dimensionality in neural network
optimization-the requirement for exponential training time under gradient flow-occurs in this setting.
The next question is designing a loss function that encodes a priori information about the target
function-for example, physical constraints coming from a PDE. Such an information-rich loss function
could potentially help avoid the curse of dimensionality in training.

Accelerated gradient descent : In our work, we focus on the Wasserstein gradient flow, which
captures gradient descent training and stochastic gradient descent training with small step sizes. Exploring
whether the curse persists—or can be mitigated—when accelerated methods (e.g., Nesterov or heavy-
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ball dynamics) are employed is an appealing direction. Developing new acceleration methods to
circumvent the curse of dimensionality is also a valuable research direction.

Finally, we pose functional-analytic questions related to our results.

Extension of Lemma 5.4.6 : There are two interesting questions related to Lemma 5.4.6: 1)
What happens if o = 3?7 Can we obtain a similar statement? 2) Is it possible to replace lim sup with
lim in Lemma 5.4.6? If so, this may lead to a stronger negative result in neural network optimization.

Barron space and regularity of functions : The most important Barron space B corresponds
to the ReLU activation function. While it is known that C"(Q) C B for r > d/2 + 1, Corollary 5.3.2
states that C"(Q)) ¢ B when r < d/2. An interesting research direction is to investigate the case

reld/2,d/2+1].
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Chapter 6: Neural Collapse in the Orthoplex Regime
6.1 Introduction

In this chapter, we consider a FNN (2.4) with L layers, where the final layer A% : R — R™ is
a linear layer serving as a linear classifier for the classification task. Specifically, we define hl"(z) =
W Tz for a weight matrix W € R%*™. We refer to the activated output after L — 1 layers as the feature
map hy(-) : R™ — RY, where 0 represents all the parameters { (W, bl)}lL:_ll. Suppose the training
dataset consists of n classes with m samples per class, denoted by {zx; k=1, niz1, m-

Neural collapse (NC), discovered by Vardan Papyan, X.Y. Han, and David Donoho in [87], is
an intriguing phenomenon observed in the terminal phase of training deep neural networks with linear
classifiers for classification tasks. The terminal phase of training refers to the stage where the trained
classifiers interpolates the training set. Neural collapse describes how the class-mean feature vectors
and the linear classifier weights converge to a symmetric geometric structure known as a simplex

equiangular tight frame (ETF).

* NC; (Variability collapse) : The features from the same class converge to their mean feature

vector. Thatis,for1 <:<mand1 <k <n,

1 .
hkﬂ = he(fﬁk,i) — hk = E Z hg(il?k, Z).

* NC; (Convergence to the simplex ETF) : The mean feature vectors (after centering by their

global mean) converges to a simplex ETF, a matrix £ € R%" with n < d + 1 such that

1
E'E =a(l, — —J,)
n
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for some o > 0, and J,, be an x n matrix with its entries all equal to 1.

* NC; (Self-duality) The last-layer linear classifier 117 also converges to a simplex ETF.

* NC, (Nearest decision rule) The network classifier converges to choosing the class that has the

nearest class mean.

This empirical finding has been theoretically substantiated within the unconstrained feature
model (UFM) [79], where the features hy,;’s are treated as free optimization variables. This abstraction
is grounded in the universal approximation theory of neural networks, which posits that sufficiently
deep and wide neural networks possess ample expressive power. Such a framework is particularly
relevant to modern neural networks in the overparametrized regime.

However, most existing studies are limited to the case d + 1 > n. In practice, the opposite case
occurs in tasks such as person-identification. Since the emergence of NC confers important benefits-
including enhanced generalization performance and robustness [87]-it is essential to extend its study
to the general case of n > d + 1. To this end, the authors in [57] proposed generalized neural collapse
(GNC), which extends NC framework to arbitrary d and n by introducing the concept of softmax codes.
A formal statement of GNC is provided in Section 6.3.

While GNC was theoretically motivated, its initial justification relied on some strong geometric
assumptions about the softmax codes. In this chapter, we provide a proof of GNC without such
assumptions, in the regime d+2 < n < 2d, hereafter referred to as orthoplex regime. The rationale for
focusing on this specific regime is further detailed in Remark 6.2.1. The contents of this chapter are
based on Sections 2 and 3 of the recent preprint [1]', co-authored with James Alcala, Rayna Andreeva,

Vladimir A Kobzar, Dustin G Mixon, Shashank Sule, and Yangxinyu Xie.

'Theorem 6.2.2 was conjectured by Professor Dustin Mixon. The author of this thesis proved Theorem 6.2.2 and
justified generalized neural collapse in d + 2 < n < 2d, which correspond to Sections 2 and 3 of [1].
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6.2 Softmax codes in the Orthoplex regime

Before introducing GNC, we begin by investigating the equivalence between spherical codes and
softmax codes in the orthoplex regime. Given a configuration X = {z;};c[,) in the sphere Sd-1 C RY,

we denote

a(X) = ir?gi(}(xi, z;), (X)) = ggﬁ dist(z;, conv{z; icpp 1)
i

We call X a spherical code if it minimizes «(X), and a softmax code if it maximizes §(X ). Note
that both types of codes necessarily exist by a compactness argument.

Both types of codes are well understood in the 2-dimensional regime where d = 2, in which case
they form the vertices of an origin-centered regular n-gon [57]. They are also well understood in the
simplex regime where n < d + 1, in which case they form the vertices of an origin-centered regular
simplex [57,92]. In this chapter, we focus on the orthoplex regime where n € [d + 2, 2d]. Spherical

codes are already well understood in this regime:

Proposition 6.2.1 (Rankin’s orthoplex bound; see Theorem 1 in [92] ). Fixd > 2 and n > d + 2. For

every configuration X = {x;}icpy in S, it holds that

a(X) > 0.

Furthermore, equality is achievable if and only if n < 2d.

Remark 6.2.1. Proposition 6.2.1 establishes that for n € [d + 2,2d], a configuration X satisfying

a(X) = 0 is an optimal on the sphere, in the sense that its elements are maximally separated. On the
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other hand, when n > 2d, an optimal lower bound for a(X) remains generally unknown, which poses

the difficulty in the analysis. We therefore focus our investigation on the orthoplex regime.
The main result of this section is the equivalence of softmax codes and spherical codes.

Theorem 6.2.2. Fixd > 2 and n > d + 2. For every configuration X = {x;}icp) in S, it holds
that

(X)) <1.
Furthermore, 6(X) = 1 if and only if a(X) = 0.
We present Radon’s theorem on convex sets, which is pivotal to the proof of Theorem 6.2.2.

Theorem 6.2.3 (Radon’s theorem [90]). Any set of d + 2 points in R? can be partitioned into two sets,

where the intersection of their convex hulls is nonempty.
Our proof of Theorem 6.2.2 uses the following lemma.

Lemma 6.2.4. Fixd > 2 and n > d + 2. For every configuration X = {x;}e[,) in S%7%, it holds that

a(X) >0 — I(X) < 1.

Proof. By Radon’s theorem, there exists a partition [n] = A Ll B with both A and B nonempty such
that the intersection
K := conv{x;}ica Nconv{z;}ticp
is also nonempty. We proceed by casing on whether K contains the origin.
Casel: 0 € K. Fix j, k € [n] such that (z;, z;) > 0, and denote ¢ := arccos(z;, z) € [0, 5). Without
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loss of generality, we have j € A, and so
0 € K C conv{z;}icp € conv{w; }icin)\ 5}-

Since conv{xi}ie[n]\{j} contains both z; and 0, by convexity, it also contains the entire line segment

conv{zy,0}. Thus,

O(X) < dist(a;, conv{w; }icpp jy) < dist(x;, conv{zy,0}) =sinf < 1.

Case II: 0 ¢ K. Let v denote the projection of 0 onto K. (Notably, v is nonzero since 0 ¢ K.) Since

v € K C conv{w; };c[,), We may express v as a convex combination:

n
v = E a;x;.
i=1

It follows that

v]]? = (v,v) = <ZG¢I1,U> = Zai<xi,v> < Iirel%dxi,w,

i=1 =1

i.e., there exists j € [n] such that (z;;,v) > ||v||>. This in turn implies
lzj = vll* = 1 = 2(z;,v) + [0l < 1 =2]vl* + [Jo]|* = 1 - [Jo]*
Without loss of generality, we have j € A, and so
v € K C conv{w;}icp C conv{z; }icim)\ (5}
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As such,

O(X) < dist(xy, conv{w; bicpp ) < oy —vf] < V1 —=jv]|? <1,
where the last step uses the fact that v is nonzero. [
Now we present the proof of Theorem 6.2.2.

Proof of Theorem 6.2.2. The bound §(X) < 1 is given by Lemma C.9 in [57]. Meanwhile, the
“only if” direction of the “Furthermore” statement follows from combining Proposition 6.2.1 with
Lemma 6.2.4. It remains to prove the “if”” direction. To this end, suppose a(X) = 0. Then for each

J € [n], it holds that every x; with i # j resides in the halfspace

Hj :={z€R%: (z,2;) <0}

Since H; is convex, it follows that conv{z; }icp ;3 € H;, and so

dist(z;, conv{z; }icpp 1) = dist(z;, H;) = 1,

where the last step follows from the projection theorem. Minimizing over j € [n] then gives §(X) > 1,

but since §(X) < 1 in general, we conclude that 6(X) = 1. O

6.3 Generalized Neural Collapse

This section completes and extends several theorems and conjectures presented in [57] for the
orthoplex regime n € [d + 2, 2d]. Consistent with the notation from earlier sections, we interpret n as

the number of classes (denoted as / in [57]) and d as the dimension of the feature space.
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6.3.1 HardMax problem and Neural Collapse

While substantial literature exists on neural collapse for the regime n < d+-1, the scenario where
n > d + 2 remains largely unexplored. In [57], the authors consider a realistic setup for the general
case. [57] studies neural collapse by optimizing the cross-entropy loss with a finite temperature 7,
under the UFM [79] with spherical constraints on classifier weights /' € R?*" and on unconstrained

features H € R&xmn.

n ( exp((wy, hi.s) /7) >

1 n m

min — Lop(W This, Y, 1),  Lep(W s, Y, 7) ==Y log

W mn ; ; ; Zj exp((wy, hxi)/T)
(6.1)

where Y = {d;}7_, denotes the one-hot true labels, m denotes the number of training samples in each
class, wp € S% ! denotes the kth column of W, and hi; € S 4=1 denotes the feature of the ith sample

in the kth class. The feature matrix H is written as
H=[H, Hy--- H,) eR>m™

with Hy, = (g1 -+ hgm € R¥™ Motivated by the convention that the cross-entropy is often

optimized under small 7, [5S7] proves the following convergence result:

Lemma 6.3.1. [57, Lemma 3.1]

n

1 m
lim sup (argmin— ZZECE(WThm,Y,T)) C ar%IEin‘CHM(W H),

mn
T7—0 W,H el i1
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where the HardMax problem is defined as

Lun(W, H) = — Wi, k). 6.2
e (W, H) 1= e o (. = wie, ) ©2

Inspired by the convergence to the HarMax problem, [57] analyzes (6.2) to establish generalized neural
collapse (GNC). One of the key findings is that the set of softmax codes is exactly the same as the set

of solution W* to (6.2).

Theorem 6.3.2 (GNC,, Theorem C.7 in [57]). If (W*, H*) is an optimal solution to (6.2), then W* is
a softmax code. Conversely, for any softmax code W', there exists H' such that (W', H') is an optimal

solution to (6.2).

6.3.2 Tammes problem, Softmax codes, and Rattlers

The other results for GNC hold under some assumptions on the Tammes problem and softmax
codes. In this section, we begin by introducing the Tammes problem and rattlers, and then prove

several useful properties needed for GNC in the orthoplex regime.

Definition 6.3.3. (Rattler of softmax code) A rattler associated with a softmax code X = {xi}ie[n] C

S4=Lis an index j € [n] for which

(5(X) = dist (:L’j, conv{xi}ie[n]\{j})

In other words, the rattlers are points in a softmax code with no neighbors at the minimum one-to-rest

distance.
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Definition 6.3.4. (Tammes problem and its rattler) The Tammes problem is

max  min min ||z; — x|
|X|=n,XCS41 i€[n] ke[n]\{i}

A rattler of the Tammes problem for an optimal solution X* = {x7,--- 2%} is an index j € [n] for

which

*

min min ||]

— min ||z% — 27|
win win flof — o1l # win o5 — ]

ke[n]\{j}

In other words, a rattler is a point where the minimum distance between other points is not maximized.

Geometrically, the Tammes problem requires a configuration X = {z;}c,) C S%! in which
the minimum distance between any pair of points is maximized. While this is a different optimization
compared to the problem maximizing §(.X ), they share the same solution in the 2-dimensional regime
and the simplex regime [57, Theorem 3.8]. Here, we present a new result that they are also equivalent

in the orthoplex regime.
Theorem 6.3.5. Let d + 2 < n < 2d. Then, the Tammes problem and softmax codes are equivalent.

Proof. Since 2(x;, ;) = ||a;||*+ ||z ]]* — ||z: —x;||* = 2— ||z, —x;||?, itis easy to see that the Tammes
problem is equal to finding a minimizer of a(X). Hence the solution set of the Tammes problem is
equal to the set of spherical codes. On the other hand, spherical codes are softmax codes and vice

verca in the orthoplex regime by Theorem 6.2.2. U
Now we prove that a softmax code does not have any rattler in the orthoplex regime.

Proposition 6.3.6. Letd+2 <n < 2dand X = {x1,--- ,x,} C S* ! be a softmax code. Then there

exists no rattler associated with this softmax code X.
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Proof. By Radon’s theorem [90], there exists a partition [n] = A L B with both A and B nonempty
such that the intersection

K = conv{z;}ica N conv{z;}icn

is also nonempty. Note that by [57, Theorem 3.3], we have §(X ) = 1. Therefore, if 0 ¢ K, then from
Case II in the proof of Lemma 6.2.4, we get a contradiction. Hence, 0 € K holds.

Now choose an arbitrary x; € X. Without loss of generality, assume x; € A. Then B C {z;},
holds and thus conv{z;};ep C conv{z;},. holds. Since 0 € K and K C conv{z,};cp, we have

0 € conv{x;},.;. This implies

dist(x;, conv{z;};») < ||z; — 0| = 1.

On the other hand, since 6(X) = 1, we have dist(x;, conv{z;};x) > 6(X) = 1. Therefore we
conclude that dist(z;, conv{z,},;+) = 1 = 6(X). Since this holds for any choice i € [n], X has no

rattler. ]

Using the nonexistence of rattlers, we can also characterize the projections of each point onto

the convex hull of others.

Lemma 6.3.7. Letd+2 <n <2dand X = {x1,--+ ,2,} C S be a softmax code. Then for any
i € [n], the projection of x; onto the convex hull of {x;};+; is 0. Moreover, there exists some j # i

such that (z;,x;) =0

Proof. Fixany i € [n]. From Lemma 6.3.6, dist(z;, conv{x;};.;) = 1 holds. Let v; = projoony(a,},., (1)
be the projection of x; onto the convex hull of {z;};.;. Then there exist nonnegative coefficients
{a;} 2 where their sum is equal to 1 and v; = 3., ajz;. Since ||z; —v;|| = dist(z;, conv{z;};.:) =
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1, we have 1 = ||z; — v]|* = [|i]|? + ||vil|? — 2{(xs, v;). Using ||z;|| = 1, we get
vl = 2(ws, v1) = 2) (i, ;).
J#i
On the other hand, by Theorem 6.2.2, we have (x;, ;) < 0 for j # i. Therefore,
0< o> =2 ajfws, ;) <0. (6.3)
J#i

This implies Projeony(s,1,.., (i) = vi = 0.
Since v; = 0, the inequalities in (6.3) must be equalities. Therefore, there exists j # ¢ such that
(xl-, .I'j> = 0.

]

Finally, we prove that there is no rattler of the Tammes problem for an optimal solution in the

orthoplex regime.

Proposition 6.3.8. Let d+2 < n < 2d. Then there is no rattler of the Tammes problem for an optimal

solution.

Proof. LetW = {wy,- -+ ,w,} C S% ! be an optimal solution to the Tammes problem. Then o(W) =

0 holds. This implies

mln |w; —wg|] = min /2 — 2(w;, wg) = \/2— max (w;, wy) > /2 — a(W) =2

ke[n\ {7} ke[n]\{d} ke[n]\{d}

forall i € [n].

On the other hand, for any ¢ € [n], there exists j # ¢ such that (w;, w;) = 0 by Lemma 6.3.7.
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Hence we get

min flw; —wi|| = min /2 — 2(w;, wi) < /2 — (w;,w;) = V2.
ke[n)\{i} ken]\{i}
Therefore, mingep iy ||wi — wi|| = V2 for all i € [n], and thus TV has no rattler associated
with the Tammes problem. O

6.3.3 Variability Collapse and Self-Duality

Now we introduce the remaining results of GNC - variability collapse (GNC,) and self-duality

(GNGs3).

Theorem 6.3.9 (GNC;, Theorem 3.5 in [57]). Let (W*, H*) be an optimal solution to (6.2). For all i

that is not a rattler associated with softmax code W*, it holds that

h;k,l — ... = h;k’m — projsd—l (w: - projconv(w;)j# (w:)) .
Theorem 6.3.10 (GNC3;, Theorem 3.7 in [57]). For any K,d such that both Tammes problem and
softmax code have no rattler, the following statements are equivalent:
(a) Any optimal solution (W*, H*) to (6.2) satisfies hi, = w} for alli € [n],] € [m].
(b) The Tammes problem and softmax codes are equivalent.

GNC; can be interpreted as stating that all features belonging to the same class collapse to their
corresponding class mean. GNCj indicates that the linear classifier weights converge to the class-mean

features. However, both statements rely on assumptions regarding rattlers and on the equivalence of
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the Tammes problem and softmax codes, which makes them incomplete.
On the other hand, from the results that we have established in the previous sections, we can give

a complete characterization about GNC in the orthoplex regime without any additional assumptions.

Theorem 6.3.11 (Self-Duality of the HardMax problem). Let d + 2 < n < 2d. Then the following

statements hold.
(a) Any optimal solution (W*, H*) to (6.2) satisfies hy, = wj for all i € [n],1 € [m].

(b) For a softmax code W, there exists a unique H € R¥™>™" such that (W, H) is an optimal solution
to (6.2) where

H=[H, Hy--- H,eR>m™"
with Hy = [hyy - him] € R™™ and b = wy foralli € [n),1 € [m)].
Proof. We first prove (a). Let (W*, H*) be an optimal solution to (6.2). By GNC,, W* is a softmax

code. Then, W* does not have any rattler by Proposition 6.3.6. Hence by GNCy, it holds that

h;:l == h;k,m = prOde*1 <w: - projconv(w;-‘)j#i (U):))

for any i € [n]. On the other hand, Lemma 6.3.7 gives Projqony( (wf) = 0 for all i € [n].

Therefore,
prOde*1 (U);( - projconv(w;)j# (’ll);k)) = prode*1 (w: - 0) = w;k
This completes the proof of (a). The proof for (b) follows directly from GNC, and (a). L]
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6.4 Conclusion and Open Questions

In this chapter, we established the equivalence between softmax codes and spherical codes within
the orthoplex regime and theoretically justified GNC independently of the assumptions provided in
[57]. Despite these advances, several intriguing and challenging open questions remain regarding both
spherical codes and neural collapse. We highlight some of these directions below.

Beyond the Orthoplex Regime : A natural question is whether the equivalence between spherical
codes and softmax codes persists when n > 2d. Furthermore, the role of “rattlers” in this regime
remains to be elucidated. Addressing these questions will be instrumental in understanding neural
collapse across arbitrary settings.

Practical Applications of GNC : Neural collapse is a significant area of study, not only for its
theoretical elegance but also for its practical utility. For instance, neural collapse has been employed to
enhance transfer learning [63] and improve out-of-distribution detection [68]. As the theory of neural
collapse for generalized cases matures, leveraging these insights to solve diverse practical problems
will be a promising avenue for research.

Analysis Beyond the UFM : Numerous studies have theoretically analyzed neural collapse [113,
126, 136], most of which rely on the UFM to investigate the optimization landscape. While the UFM
is valid when a neural network is sufficiently deep and wide to approximate various function classes,
it is inapplicable to shallow neural network architectures. Therefore, a compelling research direction
involves the emergence of neural collapse in shallow neural networks beyond the UFM framework,
such as in [53]. Another critical challenge lies in characterizing this phenomenon through the study
of optimization dynamics without relying on the UFM. Recent work [78] has begun this effort by

studying the training dynamics of shallow ReLLU networks for orthogonally separable data.
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Intermediate Layers : While neural collapse describes a geometric symmetry in feature vectors
and classifier weights at the penultimate layer, a fundamental question remains regarding the intermediate
layers. Does a similar phenomenon emerge in the layers preceding the penultimate layer when a
network is fully optimized? If neural collapse is absent in the intermediate layers, what then serves as

the primary driving force behind its emergence?
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