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Chapter 1: Introduction

1.1 Overview

Turbulence is the state of flow in which the fluid particles exhibit unsteady and chaotic
motion, which is characterized by an efficient mixing of particles and properties like density,
concentration, temperature, etc. It is a multi-scale phenomenon where the dynamical interactions
happen at a continuous range of length and time scales, and are governed by the Navier
Stokes equation. Computational fluid dynamics (CFD) has helped gain a better understanding
about this state of flow. It has also been used by engineers to design equipment used under
such conditions. From a numerical standpoint, turbulence can be studied via three broad
approaches, namely (i) direct numerical simulation (DNS) where every scale in space and
time is resolved, (ii) large eddy simulation (LES) where the large scales are resolved and
the effects of the small scale dynamics are modeled, (iii) Reynolds-averaged Navier Stokes
(RANS) where no dynamics of turbulent state are resolved and all the turbulence action is
modeled, and lastly, (iv) engineering correlations and simplifications. For this thesis, DNS
and LES are the high-fidelity models for turbulent flow simulations while RANS is a low-
fidelity model. The cost of simulation is in commensuration with its fidelity, as illustrated

in fig. 1.1. (cf. Peherstorfer et al., 2018).
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Figure 1.1: Schematic illustrating the accuracy and cost trade-off between RANS, LES and
DNS, particularly for wall-bounded flows.

For the discussion ahead, from the high-fidelity models, only LES is considered. In
terms of accuracy and cost, it is similar to DNS. LES has been around for half a century, yet
its use has been largely limited to academic cases. In LES, most of the important spatio-
temporal scales are resolved, and the solution is chaotic. However, from an engineering
standpoint, we are often interested in time-averaged quantities-of-interest (Qols), which in
turn usually depend only on the mean flow state. For instance, the skin friction coefficient
cs depends only on the mean velocity and viscosity fields near the wall. The more affordable
approach to predict the mean solution is to use the RANS simulations, in which one solves
directly for the mean state. The drawback is that modeling is required for the unclosed
turbulence terms, which in general introduces systematic errors. A particularly important
class of problems for which RANS models are known to have systematic errors are that of
separated flows.

In spite of LES being more accurate, RANS equations are ubiquitous in any engineering
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Figure 1.2: Illustration of an UQ exercise using CFD. The first row exemplifies the desired
outputs from a CFD toolbox. The second row shows the functional dependence of a QoI
J on the input parameters aj, a; and the uncertainty in input parameters via their joint
pdf f(ai, az). The dashed black lines indicate the nominal values of the parameters. The
parametric gradient of J at that condition is another useful output. The last row shows the
uncertainty in J because of uncertain inputs.



design related calculation. The quick turnaround time of RANS allows many simulations
to be run at reasonable computational cost. This helps when undertaking an Uncertainty
Quantification (UQ) exercise or design optimization calculation. The schematic flow shown
in the first row of fig. 1.2, exemplifies outputs in addition to the Qols themselves. The
accuracy of LES comes at a high computational price, which limits its use for auxiliary design
calculations such as UQ. This motivates the current work, where we explore a computationally
affordable approach which aids in making LES calculations more useful for an engineering
design problem. NASA CFD Vision 2030 (cf. Slotnick et al., 2014) also states the need
for LES techniques at high-lift conditions as an important need. A canonical LES can be
O (10% — 10*) times as expensive as the RANS calculation for the same flow field.

Fig. 1.2 shows a typical UQ exercise where there is uncertainty in the input parameters
ai, az, expressed though its joint probability distribution function (pdf). The input parameters
ai,ap could be flow Reynolds number Re, angle of attack to the flow «a, or any other
boundary condition. The contours of QoI J shows its functional dependence on the input
parameters, which is not explicitly known. The Qol J can depend on the input parameters
ai, ap and the flow state v, which in turn depends on input parameters and is computed
through CFD. Here, J could be the skin friction cf, wall heat transfer q,,, lift force on the
airfoil etc. Typically, one is interested in some nominal baseline condition. The objective of
UQ is to then find the pdf p (J) given the pdf of input parameters. The pdf of a variable
conveys the likehood of what values it can take. Through this pdf one may evaluate E (J),
the expected value, which may differ from simply evaluating the Qol at base conditions and
oy, the standard variability in J. Additionally, the parametric gradient V,J at the baseline

condition is also of use, particularly if one needs to perform design optimization for optimal
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performance.

1.2 UQ methods in CFD

Uncertainties can be classified as being either aleatory or epistemic. Aleatory uncertainties
are due to natural randomness, whereas the epistemic uncertainties arise due to imperfect
modeling. A particular model may miss out on some detail of the physics, thus bringing out
discrepancies with the “actual” truth. Aleatory uncertainty is usually modeled under the
traditional frequentist interpretation of probability and sampling based techniques are used,
whereas for epistemic uncertainty, probability is seen as a measure of belief and Bayesian
inference type methods are employed to validate the model (cf. Sivia & Skilling, 2006). For
this thesis, the focus is more on the uncertainty of the aleatoric kind.

A typical UQ exercise with traditional Monte Carlo methods involves running many
thousand simulations to obtain the probability density function (pdf) of the output Qols.
The statistical error is proportional to the square-root of the number of samples, hence
numerous samples are required. Multi-fidelity Monte Carlo methods have been developed
where models of different fidelities are used to get estimators for expected values and
variances of a Qol (cf. Peherstorfer et al., 2018; Qian et al., 2018). The different fidelities
are used as black boxes, with the outputs from each fidelity blended together to generate
desired estimators of the expectation and variance. The bulk of the research effort has been
aimed at finding optimal methods to blend these predictions. This is typically done using
the control variate framework (cf. Peherstorfer et al., 2018) and estimators are obtained

by optimizing some requirements. The objective of blending the outputs is to remove the



systematic errors present in the lower fidelity model without actually altering the model. A
low-fidelity model could also be solving the exact equations on a coarser grid and not just
solving an approximate model (cf. Geraci et al., 2017). For even multi-fidelity Monte Carlo,
many LESs would be needed, making it cost prohibitive.

Alternatively, the stochastic behavior can be expressed as a series of multivariate polynomials
whose domain is an array of random variables. Common methods include the non-intrusive

polynomial chaos expansion (NIPCE) and stochastic collocation method (SCM). For instance,

(o]

J(v;a(§) =) a% (%),

i=1

where £ = {f j};i:i are the random variables modeling the input uncertainty. NIPCE uses set
of orthogonal polynomials like Hermite, Legendre etc. for ¥; and tries to find coefficients
a; in the expansion using Galerkin projection, after sampling at certain key values. SCM
assumes knowledge of a; and uses ¥; as interpolation polynomials like the Lagrange polynomials
to approximate the response surface, by knowing the response at certain sampled locations.
These methods still require some form of sampling to be done, although much less than that
in MC based methods (cf. Hosder et al., 2007). The cost is decided by order of polynomials
chosen, choice of quadrature rule and number of input parameters d. In spite of all the
developments to alleviate the cost, one would still have to run multiple LESs, which is cost
prohibitive.

To avoid sampling completely, the polynomial chaos expansion (PCE) can be used
intrusively. One then solves for both the baseline values and the uncertainty simultaneously.

These methods other than being intrusive also suffer from the “curse of dimensionality” and



the overall cost has exponential dependence on d. If d is more than O (1), it quickly becomes

cost prohibitive, especially for LES (cf. Najm, 2009).

1.3 Parametric sensitivity estimation

An alternative to performing a full UQ exercise aimed at finding the pdf of the Qols is to
use the error propagation formula to estimate the variability in the Qol. In the simplest case
of a single parameter, this is 6; = |dJ/da|o, where J is a Qol, a is a parameter, and ¢ denotes
their respective standard deviation. The derivative dJ/da is the parametric sensitivity of J
with respect to a. For multiple inputs, it becomes 03. = (VaJ)T Y.V4J, where X, is the co-
variance matrix of all the input parameters in a. The parametric sensitivity is not only useful
as a surrogate for UQ, but also for design optimization.

The simplest approach to compute the parametric sensitivity is to use the finite difference
method in parameter space,

dJ J(v+Av;a+Aaie)+J(v;a)
dai - Aai

+O(Aal~) , (1-1)

where dJ/da; is the parametric gradient w.r.t. a; € a. This requires running full LES
cases at perturbed conditions which is infeasible for a problem with many parameters.
Adjoint-based methods can then be useful, as for each Qol J, they calculate the parametric
gradient V,J from a single simulation (cf. Luchini & Bottaro, 2014). However, for LES
these diverge exponentially due to the “butterfly effect” of chaos (cf. Lea et al., 2000). The
presence of positive Lyapunov exponents makes the linearized dynamics unstable, rendering

all techniques using linearized equations unsuitable for LES. For RANS, this problem does not



arise since it solves directly for the mean state, thus suppressing the chaotic dynamics. There
are robust frameworks for sensitivity analysis using output-based adjoints (cf. Fidkowski &
Darmofal, 2011; Jameson, 1988) in the RANS paradigm.

Computing the parametric sensitivity of an output from a chaotic system is an active
area of research. One of the earliest ideas is the ensemble adjoint method (cf. Lea et al.,
2000). The problem of ill-posedness appears if the Qol is a long time-averaged quantity (cf.
Lea et al., 2000), which is mostly the case in turbulent flows, except, maybe in aeroacoustics
where noise events occur in burst (cf. Kim et al., 2014). To circumvent this problem, methods
such as the least square shadowing (LSS) (cf. Wang, 2013, 2014) have been developed.
This involves finding a trajectory that “shadows” the base state and then uses it to compute
meaningful derivatives of long time-averaged Qol. Finding this trajectory involves solving
an optimization problem, which leads to a linear system of dimension N X T where N is the
size of the dynamical system and t is the temporal sampling locations. For a typical LES,
N is O(10°) and 7 is O(10%), which means the LSS method would be very expensive (cf.
Chandramoorthy et al., 2017; Ni & Wang, 2017). The multiple shooting shadowing (MSS)
(cf. Blonigan & Wang, 2018) method tries to reduce the cost of LSS by reformulating the
optimization problem to consider only a few checkpoints in the time series, say K. This gives
a linear system of size K X N where K < t; while cheaper, this is still infeasibly expensive
for LES. Alternatively, the non-intrusive LSS (NILSS) modifies the LSS by projecting the
optimization problem onto the unstable subspace of the attractor, containing all the positive
Lyapunov exponents (cf. Ni & Wang, 2017). The cost of NILSS is proportional to number
of positive Lyapunov exponents, which is often << N. While there is a cost reduction as
compared to LSS, the number of positive LEs are not known a priori and can vary from case
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to case. Contemporary work in the field is based on Ruelle’s linear response theory of non-
equilibrium systems (cf. Chandramoorthy et al., 2017) and the method is called space-split
sensitivity (S3) (cf. Chandramoorthy et al., 2018; Sliwiak & Wang, 2022, 2023), which is
under development.

An alternative to all these approaches that aim to find the exact chaotic sensitivity is
to instead find an approximate sensitivity through the mean equations. This has been done
in the context of output-based grid-adaptation for the Kuramoto-Sivashinsky equation (cf.
Larsson, 2018). The extension of this underlying idea to the case of LES forms the crux of

this work.

1.4 Objective of the thesis

The main objective of this thesis is to explore a multi-fidelity sensitivity algorithm
(MFSA) for LES, as alluded in the previous section. The method involves running a single
LES at the nominal condition and using the results of that simulation to define a constrained
or corrected RANS problem, which can then be sampled (for UQ) or used to derive an
adjoint (for sensitivity estimation). The method can be viewed as utilizing the single LES
prediction to remove bias and using either multiple RANS evaluations or a single RANS-
adjoint to estimate the variability. This idea of blending modeling fidelities is conceptually
similar to multi-fidelity Monte Carlo, but the present approach is inherently intrusive into
the lower-fidelity model.

The accuracy of the method is assessed for an LES of a shock/boundary layer interaction

(SBLI) flow configuration. The flow serves as a good test case because it has a combination



of wall bounded and separated flow. While RANS is arguably very good to capture the
former, it is known to be inaccurate for the latter kind of flow. In related work in the same
research group (cf. Arias-Ramirez, 2022), a similar method based on the algebraic Prandtl
mixing-length turbulence model was applied to LES of flow over NACA 0012 airfoil and the
influence of assumptions like frozen turbulence and other numerical errors were assessed.
This related work showed reasonable accuracy of the predicted sensitivity but with clear
room for improvement. The research hypothesis of the present work was that we should
gain accuracy by moving to a better RANS turbulence model. The present work thus uses the
Spalart-Allmaras turbulence model which solves an additional transport equation, requiring

additional inference from the LES data.

1.5 Publications

Peer reviewed journals:

* (Under review) Oberoi N., Arias-Ramirez W., and Larsson J., 2023. Multi-fidelity
parametric sensitivity estimation for large eddy simulation with the Spalart-Allmaras

model, Journal of Turbulence.

* (In preparation) Oberoi N. and Larsson J., 2023. Effective inference of turbulent

diffusivity from large eddy simulation, Journal TBD.

* (Under review) Arias-Ramirez W., Oberoi N., and Larsson J., 2023. A multi-fidelity

approach to sensitivity estimation in large eddy simulation, AIAA Journal.

* Larsson, J., Kumar, V., Oberoi, N., Renzo, M. D., and Pirozzoli, S., 2022. Large-
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eddy simulations of idealized shock/boundary-layer interactions with crossflow. AIAA

Journal, 60(5), 2767-2779.

Di Renzo, M., Oberoi, N., Larsson, J., and Pirozzoli, S., 2022. Crossflow effects on
shock wave/turbulent boundary layer interactions. Theoretical and Computational
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Conference presentations:

Oberoi, N., Arias-Ramirez, W., Larsson, J., 2021. A computationally affordable multi-
fidelity approach to parametric studies. In APS Division of Fluid Dynamics Meeting

(pp. T02-009)

Oberoi, N., Arias Ramirez, W., Larsson, J., 2019. Inferring an effective eddy viscosity

from High Fidelity Data. In APS Division of Fluid Dynamics Meeting (pp. NP05-022).
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Chapter 2: Modeling and numerical background

This works deals with compressible fluid flows over a wall with impinging shocks. The
flow is governed by the compressible Navier-Stokes equations, encompassing the conservation
laws. The fluid is assumed to be Newtonian with Fourier heat conduction and ideal gas
relation is followed. The state variable v = [p,u, T, p], where p denotes the density field,
u denotes the velocity with three components {ui}f’zl, p is the pressure field and T is
the temperature field. For this thesis, an equivalence between the coordinate description
(x1,x2,x3) and (x, y, z), and velocity components (u1, us, u3) and (u, v, w) is followed. For
the discussion of equations in the thesis, Einstein indicial notation is used, where twice-

repeating indices imply summation.
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2.1 High-fidelity model: LES
The compressible Navier-Stokes equations in a Cartesian coordinate system are,

dp  9(puy)
ot an

=0,

9 (pw) 9 (puiw;) 9p 9oy

=0, and (2.1)
ot an 0X; BXJ'

9 (peo) , 9 (peou;) L2 (puj) L% 9 ()
ot an an an aX]'

Here p, u, p, T are the instantaneous density, velocity, pressure and temperature fields respectively
over a domain Q C R3, g; ; is the viscous stress tensor and q; is Fourier heat flux (conduction)

with

1 aT 1 ou; au]'
0ij = 211 | Sij = 3Sukdij |, qj =Ko, Sy = -

ax;j ’ v 5 axj  dx;

S;j is the symmetric part of the velocity deformation tensor, p is the dynamic viscosity, which
is obtained from the power law p1/ i = (T/ Tref)g/ * with subscript ref denoting a reference
state, k = pc,/Pr, ¢, is the specific heat at constant pressure and Pr is the Prandtl number,
ratio of momentum and thermal diffusivities. Total specific energy ey = e+uyur/2, e = ¢, T is
the specific internal energy and ¢, is specific heat at constant volume. If the fluid is further

assumed to be calorifically perfect, then c,, ¢, are constant with specific heat ratioy = c,/c,
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and gas constant R = ¢, — ¢,. The equations are closed by using the equation of state

p—pPRT =0. (2.2)

For compactness, the system of equations is denoted as N (v;a) = 0. Here a is the set of
input parameters such as Reynolds number Re, Mach number Ma, wall temperature T,
angle of attack a, oblique shock angle 3, etc. These equations describe the full dynamics
of the system. Given suitable boundary conditions, they form a completely deterministic
system.

Turbulence is a complex and chaotic state of a fluid flow, characterized by dynamics
that span a wide range of length and time scales. In the turbulent regime, solving these
equations, resolving all the scales without any further modeling is called a direct numerical
simulation (DNS) of the flow configuration. The largest scale in a turbulent flow is often
decided by the geometry and the flow configuration. These turbulent structures, also called
large eddies, break into smaller structures or eddies via the energy cascade (cf. Pope, 2000).
At the smallest scales, the viscous effects balance the inertial effects and dissipate the energy
cascaded down from the large eddies. The ratio of the large and small scales appearing in a
turbulent flow is proportional to the flow Reynolds number Re, and hence the cost of a DNS
increases rapidly with the Reynolds number.

In large eddy simulations (LES), only the largest scales are resolved to alleviate the
cost of the simulation. The small scale eddies are assumed to be universal, not affected by
the flow geometry and hence modeled (cf. Pope, 2000; Sagaut, 2006; Toosi, 2019). This

is typically done by adding pi5¢s and kg to the corresponding fluid properties, where sgs
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denotes the sub-grid scale i.e. the eddies that were not resolved. In this thesis, LES is viewed
as a coarse-grid representation of the DNS, without any explicit sub-grid scale model i.e.
Ises = 0 and kg = 0. This is also called implicit-LES in literature (cf. Toosi & Larsson,
2020). This is especially important for simulating wall-bounded flows (cf. Larsson et al.,
2022), which is the application in focus for this work. LES though cheaper than a DNS,
is still a computationally intensive exercise in itself. From an LES of a turbulent flow, the
time series of the state variables are determined. These are then averaged (in statistically
homogeneous directions) to obtain the mean state and the desired quantities of interest

(Qols) are computed.

2.2 Low-fidelity model: RANS

Most of the Qols that are useful from an engineering standpoint often only require
the averaged fluid state. That being the case, eqn. (2.1) is statistically averaged to obtain
the equations governing the averaged fluid state v in eqn. (2.3). Each flow field can be
decomposed into its mean and fluctuating components, with two kinds of means used
for simplification of the equations, U and (~5 are the ensemble (Reynolds) and density-

weighted (Favré) averages respectively. Here, () = p (-)/p denotes the Favré average, while

P—

()= (+) are the corresponding fluctuations. The averaged equations

() = ()=()and (-)"
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with such a decomposition are expressed as

9 (pur) _
8t 0Xj ’
a(pu;) o(puw;j) ap @
(pui) + (P i J) +_p_ (Gll PRU) 0,
ot an 0X; 8x]
9 (peg) 0l(puieg) ol(uip (. ——
(peo) | (Pijeo) N (@p) o (O'jkuk+0'jku;</) (2.3)
ot 0x;j 0x;j ax;j

+ 9 + hri + pR + 1 "u " ” =0, and
_— u u. an
ox; q, Tj T PRl 2P

P—pRT =0.

These equations are referred to as the Reynolds-averaged Navier-Stokes (RANS) equations
(cf. Wilcox et al., 1998), and are be represented in shorthand as, M (v,V) = 0, with v =
[E T, ﬁ] and V = [Ru: hr;, ojkuk,u;’u;; " ] Here, the Reynolds stress tensor R;j = u"u;’

and turbulent heat flux hy; = u;.’h” = cpﬁu;.’T”. The average of the viscous stress o;; and

heat conduction q; are approximated as,
~\ [~ 1~ _ ~\ oT
0jj ~ 2H (T) Sij = 3Skdij) 4K (T) ——

where 11, k are determined using the power law as functions of T. The choice of decomposition
allows the RANS equations in eqn. (2.3) to have a similar structure as that of the Navier-
Stokes equations in eqn. (2.1). RANS has been the backbone of engineering design calculations
under turbulent flow regimes (cf. Bush et al., 2019). In addition, by averaging, RANS

eliminates the chaotic dynamics which makes it amenable to adjoint-based methods, further

16



making the design process more efficient and effective (cf. Fidkowski & Darmofal, 2011).
However, the RANS equations still do not form a closed system, due to the additional
correlation terms that appear in the equation. This is a consequence of non-linear terms in
the Navier-Stokes equations. The additional terms are often also referred to as turbulent
fluxes and require some form of modeling, so that the RANS equations can be used in a

predictive sense. This is the so-called closure problem of RANS.

2.2.1 RANS closure models and Boussinesq approximation

The turbulent fluxes for a quantity ¢ typically appear in the RANS equations as u’;’Tﬁ’ .
On an average sense, these terms account for the convective transport of ¢ from different
eddies present in the turbulence spectrum. In spirit, this is similar to how at molecular level
the molecules would diffuse the field ¢ through random vibrations, albeit turbulence does it
at a more macro level. This motivates the gradient transport hypothesis for turbulent fluxes

(cf. Pope, 2000), where,

—— P
"' = T, —, 2.4
qu) taxj (2.4)

with T; being the corresponding turbulent diffusivity. Under this assumption, R;; can be

modeled against the mean shear rate linearly using v; as,

R 1 (ou; du;
Kk il (2.5)
xj  0x;

Ri]‘ = —2vtsfj + T(Sij, Sij = 5
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This is also called the Boussinesq approximation. The turbulent thermal flux qr, = uT”,
appearing in the energy equation is modeled against meant thermal gradient g, = T /axy

as

qr, = — A&k - (2.6)

I; denotes the set of turbulent diffusivities incorporated e.g., v to model the Reynolds stress
and A; to model turbulent thermal flux. RANS models can have an algebraic model to
compute v, or use transport equations of auxiliary variables which are eventually used to
compute v,. For instance, the auxiliary variables for the k — ¢ RANS model (cf. Wilcox,
1998) are k = R;;/2, the turbulent kinetic energy, and ¢, the dissipation rate. Alternatively,
the Spalart-Allmaras RANS model (cf. Spalart & Allmaras, 1992; Wilcox, 1998) solves for ©
which is used to compute v;. For A;, turbulent Prandtl number Pr; = v;/A; is used. Typically,
it is set to be 0.9 throughout the flow field.

The remaining terms in eqn. (2.3) are modeled as

1 . V[ ak

144 701,17

u'opi+ =uuu =-lv+ — | —, 2.7)
170 T T Tk Tk ( ak)axj

in the presence of a transport equation for k, otherwise are dropped from the equation.
Here, oy is a model coefficient that appears in the transport equation for k, if used in the
RANS model.

For brevity, let IT be the set of auxiliary variables used to obtain I}; = [v;, A;] elements.

This closed RANS system is denoted by M(v,II;a) = 0, which serves as a low-fidelity
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predictive model for turbulent flow with input parameters a.

In the RANS equations, the turbulent fluxes R;; and qr; appear in the equations after
being scaled by p and pc,,, respectively. In accordance, the turbulent diffusivities are rescaled
as 1, = pv; and x; = pcpA;. The sub-grid scale model variables 155 and k45 are developed
in a similar spirit. In RANS, all the turbulence is modeled, in LES turbulence associated with
small scales is modeled. Arguably, both LES and RANS are similar in spirit, with the extent
of turbulence modeling deciding the fidelity.

Even with the extra equations that the RANS system solves, the overall computational
cost to compute the averaged flow state is orders of magnitude cheaper than compared to
that of LES. Often, the flow state is statistically stationary i.e., the mean state does not vary
in time, as a result in RANS only the steady state equations are needed to be solved and
the full time series is not desired. Also, the flow state can be statistically homogeneous
in spatial dimensions as well, reducing the overall dimension of the system to be solved.
These two together bring down the computational cost of RANS significantly. However, as
is the case with most low-fidelity models, they work well for flow regimes where they have
been calibrated, but can struggle to replicate the accuracy in other flow regimes. RANS is
known to have reduced accuracy when simulating wall-bounded flows where the flow has

a tendency to separate from the wall in presence of adverse pressure gradients.

2.3 Proposed multi-fidelity sensitivity algorithm

In this section, the proposed multi-fidelity sensitivity algorithm (MFSA) is devised.

Running one LES at nominal base state a, provides us v'¥S and subsequently the Qols
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Figure 2.1: This illustrates the objective of the work. The solid curves show the parametric
profile of a Qol J w.r.t parameter a. The dashed lines tangent to these curves mark their
slope at some nominal condition a;. We expect to replicate the black dashed line using the
blue dashed line from the proposed MFSA.
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J(VES; ap). Next, by running LES at different a, one can obtain the parametric response
(black curve in fig. 2.1) as well as the parametric sensitivity at a; (dashed black tangent
line in fig. 2.1). However, doing this for an LES is computationally prohibitive, as discussed
previously. One can repeat the same process for RANS and obtain its parametric response
(the red curve and correspondingly the red dashed line tangent to the parametric curve at a
in fig. 2.1). Given the non-chaotic behavior and a single RANS simulation being very cheap,
the process of finding the parametric sensitivity is amenable to plenty of methods. However,
there can be systematic differences between parametric responses of LES and RANS (as
visualized in fig. 2.1. They may predict different flow regimes for the same parameter value.
For instance, consider a canonical boundary layer under a non-zero pressure gradient, for
which LES and RANS may predict attached and separated flow, respectively, or vice versa.
As a consequence, we may end up with different parametric sensitivities as well.

In the proposed framework, we want to address this possible mismatch at nominal
conditions. The key idea in MFSA is to find a RANS system around the LES data at nominal
parameters a,. The RANS system should be able to replicate the LES data at that condition,
and using suitable sensitivity estimation methods, predict a parametric sensitivity (the blue
dashed tangent line in fig. 2.1) which closely approximates the true LES sensitivity.

The first step in replicating the base LES solution using RANS is to infer the auxiliary
variables IT from the LES solution, resulting in IT*ES. This process is discussed in sec. 2.4.1.
However, since the closure modeling is imperfect, M (VLES, IT'ES; ap) # 0, i.e., the LES data
with inferred turbulence model variables does not exactly satisfy the RANS system. This
may happen due to imperfect modeling of the underlying assumption. The inferred fields
will be optimal but not perfect.
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To ensure that there is a RANS-like equation that satisfies LES data at nominal condition,

the equations need to be augmented. We propose to modify the RANS system as
M (¥,T5;a) - M (VLES, LS, ab) - 0. (2.8)

We refer to eqn. (2.8) as LES-constrained RANS in this work. This LES-constrained RANS
system at nominal conditions replicates v and holds true for any choice of inferred TS,
by construction. This subtraction of the RANS residual when operating on the LES solution
is similar to the method of manufactured solutions often used in CFD code verification
(Oberkampf & Trucano, 2002).

The mean mass conservation equation in the RANS system requires no closure, so it
should have no residual of LES data. For the momentum conservation equation, the extra
term accounts for the discrepancy between the divergence of the R;; from LES data and the

one modeled using the inferred v©

ES and Sfj as per eqn. (2.5). This approach is similar to
many machine learning methods using DNS/LES data to improve RANS models (cf. Brunton
et al., 2020; Wang et al., 2017; Wu et al., 2019). The proposed MFSA involves running one
LES, obtaining v and inferring IT"¥S, and then solving eqn. (2.8) at different perturbed
states to evaluate the sensitivity dJ/da; by using a curve fit. Alternatively, one may linearize

eqn. (2.8) about the LES data at nominal conditions and solve this tangent equation, or use

it to derive the adjoint equation and solve that.
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2.4 Choice of RANS model

In this work, the Spalart-Allmaras (SA) RANS model (Allmaras & Johnson, 2012;

Spalart & Allmaras, 1992) is used with IT = [#, Pr,], and ¥ satisfying

av ov Ch1 g
+uj—— —cp1 (1 - fi2) Sb + [Cwlfw - ftz] (—)

a7 ox;

1] 0 ov ov v

——[ (V+V)—V +cb2—V—V =0. (2.9)
X X 0X; 0X;

Here, ¥ relates to the momentum eddy viscosity v; as

Ve = U fu1, (2.10)

with fi1 = x3/(x° + C31) and y = U/v. The default values of the coefficients and the
definitions of terms are used (Spalart & Allmaras, 1992). To account for turbulent the heat
transfer, the standard SA model uses Pr; = 0.9. Alternatively, the base LES data can be used
to infer Pr; as a field variable. Comparison between these two choices is discussed when
comparing results form the proposed MFSA.

In the sister work to this thesis, Arias-Ramirez (2022) applied the MFSA with the
Prandtl mixing-length turbulence model to an LES of NACA 0012 airfoil. The Prandtl mixing-
length model (cf. Wilcox, 1998) is an alegbraic RANS model. The results from Arias-Ramirez
(2022) suggest that the MFSA can work but needs an improvement in the RANS closure
model. Accordingly, the SA-RANS model is chosen which has a transport equation for one

of its auxiliary variables, and is known to be useful for aerospace applications. In general,
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transport equation based RANS models provide a better accuracy as compared to algebraic

RANS models (cf. Wilcox, 1998).

2.4.1 Inference of auxiliary variables

The auxiliary variables for the chosen SA-RANS model are IT = [#,Pr;], and are
inferred from v, and A; (see eqn. (2.10) and definition of Pr,). These eddy diffusivities are
in turn obtained from LES data by minimizing the error in the gradient-diffusion hypotheses
of eqns. (2.5) and (2.6).

We find v'ES by minimizing the Frobenius norm of the error tensor Eij(vy) = Rfj +
2VtSflj, where Sfj and Rfj are obtained from LES data. Additionally, we require the inferred
eddy viscosity fields to be smooth in spite of statistical noise in R;; and u; fields emanating
from imperfect averaging. Further, when |S| = SldjSldj — 0, the minimization problem
becomes ill-posed, typically observed in the freestream region of the flow. We regularize

this problem by using an indicator function

1 |S|? <€
Xs = (2.11)
0 |S|?>¢.
In regions where y; = 1, VI;ES = v;° = 1.5y, With vy being the reference fluid kinematic

viscosity. This is similar to the freestream boundary condition for ¥ in a typical Spalart-

Allmaras RANS simulation. These additional constraints are combined into the cost functional

5-
Q

ws OV OV; 1 Xs

5 4 Cijbij 2 o2
Uref X OXk Uref Uref 6ref

(v —v)?|dQ, (2.12)
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where w; is the relative weight of the smoothing constraint. The minimum of 7, is obtained
by setting 6, = 0. This gives us a partial differential equation
0%y Urzesz

2 t d od d od )
Urewaanan+25pquth+RijSij+ 52 (ve —vy)

0, (2.13)

ref

whose solution is V{“ES. The equation is solved with homogeneous Dirichlet boundary conditions

LES
Vt

= 0 at walls and homogeneous Neumann boundary condition everywhere else. We
similarly infer A'E by minimizing the Euclidean norm of the modeling error vector e (1) =

qr, + A:8x. Here, the fields g7, and gi are sampled from the LES data at baseline conditions.

The cost functional for A, with similar smoothness and freestream constraints is

ws A dA; 1 1Es iEs Xsg 00) 2
ﬂt:/ et e e+ (A - A7) dQ, (2.14)
Q Uref 01 O UrefTref Uref6ref
with the indicator function
1 |g|2 < 6g >
Xg = (2.15)
0 |gl*>¢.
This gives us a partial differential equation
2 (92/11- XgTI'Zef o0\ _
_Trefwsm + 818kt + k4, 52 (At - A, ) =0. (2.16)

ref

The solution to this equation is A1£5 and is solved with similar boundary conditions as of

eqn. (2.13). Here, Tief, Uref, andS,es are reference values for temperature, velocity and
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length, respectively. For eqns. (2.13) and (2.16), w;, = 0.001 satisfactorily removes the

statistical noise. For this work, the thresholds were calibrated to ¢ = 0.00lUrzef/ é‘fef and

/8% Lastly, we ensure v;™5, "> > 0 by setting »;™ = max (v;*,0) and

— 2
€ = 0.001T2,

ALES = max (ALES, 0).

Near the wall, y1ES, ALES

~ h3, where h is the wall distance height. By definition, this
implies that 7'55 ~ h and Prl®5 ~ 1 near the wall. To ensure the correct near-wall behavior
even on coarse LES grids, the correct near-wall behaviors are enforced for #25 and Pr-ES

after their values are computed from the LES data. The inference process is discussed in

detail in chapter 4.

2.5 CFD solvers

The solver needs to be able to perform an LES and simulate the RANS equations. The
in-house codes hybrid and tortuga are used for the same. Different solvers are used for

each fidelity.

2.5.1 hybrid

For LES, we use an in-house finite-difference code hybrid, based on a hybrid numerical
scheme. Near shocks, a fifth-order-accurate weighted essentially non-oscillatory (WENO)
scheme with Roe flux-splitting is used to approximate the inviscid fluxes, whereas a sixth-
order-accurate central difference scheme in the split form is used in the remainder of the
domain. The viscous terms are treated by a conservative scheme that has the resolution

characteristics of a sixth-order scheme, and the system is integrated in time using an explicit
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fourth-order-accurate Runge-Kutta method. The code uses a gentle sixth-order artificial
dissipation term to reduce numerical noise. This code has been extensively validated and
used for production for LES data for SBLI flow configurations (cf. Johnsen et al., 2010;

Larsson et al., 2022; Volpiani et al., 2018).

2.5.2 tortuga

For the RANS (standalone and LES-constrained) equations we use an in-house finite-
volume code tortuga. A hexahedral structured grid is used with HLLC Riemann solver with
third-order WENO scheme for inviscid fluxes and second-order viscous flux reconstruction
on the cell faces. The steady state equations are solved in a pseudo-time-marching manner
with local time stepping using an explicit third-order-accurate Runge Kutta scheme. The
code was validated on the 2D zero pressure gradient flat plate validation case that is a part
of the NASA Turbulence Modeling Resource (cf. Rumsey, 2013), which is discussed in sec.

2.6.

2.5.3 Finite-volume numerics

In a finite-volume setting, the grid can either be cell-centered, vertex-centered or cell-
vertex. A cell-centered approach is used in the tortuga framework. For a field ¥, which
can be a scalar, vector, or a general tensor derived from the state variable v, the discrete

data is stored as cell averages on the cell centers as,

/ YdA; j = ¥ AN+ O (Aiz, AJ?) (2.17)
A

i,j
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Figure 2.2: A canonical 2-D finite-volume grid illustrating the cell centers where the data is
stored, the cell faces and the cell sizes.
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The gray shaded region in fig. 2.2 marks the cell area (or volume in 3-D) A; ;, the black
dot marks the cell center where the average values are stored. Since the grid is structured
there is a local i, j ordered pair associated with each cell center, for the example illustrated
in fig. 2.2. The average value is taken to be the same as the cell center value which has a
numerical error proportional to the grid spacing square (mid-point rule for integration).
Generally, a flux ¥ which can be a vector or a tensor appears in the conservation laws
as a divergence (cf. eqn. (2.1), eqn. (2.3)). Using Gauss’ divergence theorem, this can be

converted to surface fluxes as

J

The face normal n is always taken to be pointing outwards, as illustrated by the red arrows

diVTdAi,j = / F - ndsi,j . (2.18)
aAi}'

i,j

on the faces of cell A, ; in fig. 2.2. The surface flux is discretized by approximating it to be

face center value throughout (using mid-point rule of integration) as

/ T'ndsl"j :(7:'11)1'_'_1/2’]' A]+ (7:'11)1'_1/2,]' A] (2.19)
AN j

+(F - 0)j12 i+ (F -1 jg0 A

+0 (Aiz, AJZ) .

The face centers are marked by the red outward pointing triangles in fig. 2.2. Face between
cell A; j and A;4q,j is denoted by subscript i +1/2, j and so on for other faces. The projected
flux F - n, which will be a function of any field ¥, on these face centers, is reconstructed

from the cell-center data.

29



The discussion here is summarized from LeVeque (2002) which focuses on use of
finite-volume methods for hyperbolic problems. These usually contain the inviscid fluxes
which are the convective terms in eqn. (2.1) and eqn. (2.3). These fluxes are constructed
using a combination of WENO interpolation and HLLC approximate Riemann solver (cf.
Johnsen et al., 2010; Shu, 1999) in tortuga.

Viscous fluxes appear as

0 oV
ax]' ax]'

where a is the non-uniform isotropic diffusion coefficient. Upon finite-volume discretization,
ad¥/an is needed to be evaluated at each face. Here, 0¥ /on = 0¥ /dxxny where ny are
the components of the outward-face-normal n. At each face, this can be computed using
only the adjacent cell center value the outward-face-normal points to. For instance, at face

i+1/2,j

ik d Yiii— Wi A
— S L Ry (A.Z A2 1 - ‘“) : (2.20)
on i+1/2,] Aj + Ajq A

However, if there is anisotropic diffusion where we have a diffusion matrix A,4, then the

diffusive terms are

0d A oY
0xp anxq )

This upon discretization needs n,A,q0%¥/dx, to be evaluated at each face. This requires

information of the full gradient of ¥ and hence is slightly more complex to compute. In
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Figure 2.3: Schematic diagram of the NASA TMR flat plate test case illustrating the
boundary conditions and station of interest at which the code tortuga is compared.

chapter 4, sec. 4.4 we need to construct a matrix of these linear operations - isotropic and
anisotropic diffusion terms acting on the array of the discrete field variables. The added
complexity of computing the anisotropic diffusion term makes it difficult to compute an

effective matrix for the same. It serves as a prelude to the discussion ahead in sec. 4.4.

2.6 Solver verification

The verification and validation of the SA-RANS solver of the in house code tortuga
was done on the NASA TMR flat plate case (cf. Rumsey, 2013). Fig. 2.3 shows the schematic

sketch of the test case. At the inflow we have uniform inflow of Ma = 0.2 and Re =
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PooUcoL/11 = 5 % 10°. In general, u varies with temperature T, however in this case, T is
constant everywhere, and so is p1. Ahead of the flat plate leading edge, symmetry boundary
condition is imposed for all variables. The wall is adiabatic and solid i.e., enforces no-slip
boundary condition on the velocity components. At the outflow, there are subsonic outflow
conditions, so the inflow pressure is enforced, since it is a zero pressure gradient flow, and
all other variables are interpolated from the interior of the domain. At the farfield boundary

away from the wall, values are extrapolated from the neighboring cells. The wall starts at

x/L =0.
Grid name | n, | n, | Ay,
G1 32 | 24 | 1.527
G2 64 | 48 | 0.744
G3 128 | 96 | 0.370
G4 256 | 192 | 0.185
G5 512 | 384 | 0.092

Table 2.1: Sequence of the 5 grids used for TMR flat plate validation case. The Ay™ at
the wall, at the station of interest x/L = 0.97 are computed a posteriori, and indicates the
quality of grid for wall-bounded flows.

There is a sequence of 5 grids as tabulated in table 2.1, with stretching in both the
x and y directions. The grid is coarsened at each level by a factor of 2 everywhere, as we
move from G5 to G1. In x, the grid is fine near the start of flat plate (cf. fig. 2.4) and we
split the domain into two blocks about x = 0. The block boundary is illustrated in fig. 2.4.
In y, the grid spacing varies linearly in the wall-normal direction. The height of the first
cell near the wall is documented in table 2.1 in plus units at the station of interest. In wall

bounded flows near-wall, wall-normal grid spacing is mentioned in “plus” or “wall” units
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Figure 2.4: Ax and Ay distributions on the finest grid G5. Each coarser level of grid doubles
the grid spacing in x and y at each point.
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Figure 2.5: The first row shows the contours of streamwise velocity u along with the
boundary layer height § (solid black line). The second row shows the contours of i, the
turbulent dynamic viscosity, obtained from the SA model. The values are taken from the
finest grid G5.

34



(cf. Pope, 2000). The wall velocity scale u,; = m, where 1, = p,0u/dy|, is the wall
shear stress, and p,, 11, are the density and dynamic viscosity at the wall, respectively. The
plus unit length scale is §, = 1,/ (pwiic).

Typically, for RANS solvers, the first wall-normal cell should have a height y* < 1.
The near-wall requirements vary from model to model, with the k —w RANS model needing
a super fine grid near the wall and SA allowing for relatively relaxed requirements (cf.
Wilcox, 1998). This depends on the auxiliary variables the model includes and their near-
wall behavior.

Fig. 2.5 shows the streamwise velocity u and turbulent dynamic viscosity 1., scaled
by the freestream values. The boundary layer height, illustrated by § (black curve in fig.
2.5), starts growing from x/L = 0, the start of the plate. The curve of § is the locus of all
the points where streamwise velocity u is 99% of its freestream value U.

Next, we look at grid convergence of the results, by examining the c; v/s x/L curves,
and wall-normal profiles of u (outer and wall scaling), p, at the station of interest (cf. the
blue line in fig. 2.3), for each grid. Also, scalar quantities such as cf and § at that location
will be assessed for rate of grid convergence. Here, c is the local skin friction, defined by
cr =27y / (pUZ).

Fig. 2.6 illustrates the wall normal profiles of u at x/L = 0.97, the station of interest, on
the sequence of grids. We note that the results converge to typical turbulent boundary layer.
Refinement of the grid beyond G3, has very little change in the eventual profile observed.
In the outer units, where wall distance is scaled by local 8, u reaches its freestream value
by y/6 = 1.0. In the inner or wall scaling, all the profiles have linear profile near the wall
y* < 5, and follow the log-law beyond y* ~ 80. The log law dictates that the velocity
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Figure 2.6: Grid convergence history of wall-normal profiles of u at the station of interest
x/L =0.97
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Figure 2.8: Grid convergence history of c¢ v/s streamwise x/L
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profile follows,

ut==In(y*)+B. (2.21)

The values of the constants typically, are k = 0.41 and B = 5.2 (cf. Pope, 2000). Eventually,
the profiles saturate to the freestream values. In plus units, ¢ for incompressible flow can be
rewrittenascy = 2/ U+fo at each streamwise station. The values differ for each grid, but start
converging G3 onwards. The convergence history of u1; follows a similar trend where G1 and
G2 values differ the most from the rest of the grids and we start observing grid convergence
from G3 onwards. Beyond G3, perceptible differences are not seen in the plots and results
appear grid converged.

In fig. 2.8 the convergence history of c; against the streamwise direction is illustrated.
The large variations amongst different grids in their c; prediction near the leading edge of
the plate reflect the very fine grid requirements in both x and y at that location. The values
of ¢y start converging G3 onwards, congruent to previous observations. The difference in
the solution on the sequence of grids G1-G5, possibly comprises of errors accumulated at the
local station and the errors which flow downstream from the leading edge region where the
grid may have been slightly coarser.

In table 2.2, the changes in c¢ and § saturate as we move to finer grids, indicating we
are converging to grid independent values. The rate of convergence follows an expected
second order rate w.r.t. a grid size, as compiled in fig. 2.9. The grid size is h = 1/4/n,n,,
and the error for each grid is computed w.r.t. to the finest grid data. For cy, the value

obtained by the NASA codes FUN3D and CFL3D with quadrilateral meshes (recall this is a
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Figure 2.9: The rate of convergence for c; and § in comparison to the theoretical prediction
of second order accuracy. The mesh size is h = 1/4/n,n, and the error in each grid is
computed w.r.t the results on the finest grid.
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Grid name | c; x 10° S/L
G1 2.6953 | 0.015514
G2 2.7175 | 0.014184
G3 2.7231 | 0.014222
G4 2.7245 | 0.014110
G5 2.7250 | 0.014078

Table 2.2: Convergence history of ¢y and § at x/L = 0.97 for the sequence of 5 grids used.

2-D simulation) on the finest grid G5 is ~ 2.705 x 10~3. The value tortuga converges to is
off by around 0.5%. Given the code shows grid convergence, matches theoretical prediction
for wall-bounded flows (cf. fig. 2.6), we consider the code to be verified and validated to

perform SA-RANS simulations for wall-bounded flows.
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Chapter 3: Application to a shock/boundary layer

interaction

We apply the MFSA to a shock/boundary layer interaction (SBLI) problem. Oblique
shocks (shocks that are not orthogonal to the flow) appear in supersonic flow when it has to
turn or suddenly change directions. SBLI occurs when such a shock wave interacts with
the boundary layer on a nearby solid surface. This phenomenon can cause significant
changes in the behavior of the boundary layer, including separation, reattachment, and
turbulence amplification (cf. Clemens & Narayanaswamy, 2014; Gaitonde, 2015; Gaitonde
& Adler, 2023). Examples of SBLI in engineering application include scramjet (supersonic
air-breathing propulsion) inlets, reentry vehicles, supersonic and hypersonic flight.

Figure 3.1 illustrates a canonical inlet for a supersonic propulsion air-breathing engine.
The isolator of this inlet typically experiences SBLI and this affects the performance of the
engine. Figure 3.2 sketches a typical SBLI flow configuration. The shocks in the freestream
cause large pressure jumps which are seen by the boundary layer as an adverse pressure
gradient. This leads to flow separating from the wall. Nearby turbulence provides the
separated flow momentum which helps it eventually reattach to the wall. Due to this, a

recirculating region is formed, which is marked as the separation bubble in fig. 3.2. The
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Figure 3.1: Schematic illustration of an inlet of a scramjet engine. The isolator region
experiences SBLI which is the application case for MFSA (inspired by Khan & Hasan, 2021)

Incident shock

—

— Incoming flow
—

Boundary layer

Figure 3.2: Schematic representation of an SBLI flow configuration. The boundary layer is
coming from left to right, experiences an oblique shock. This causes a separation bubble
to form, where there is recirculating flow. The flow eventually reattaches. The wall again
turns the flow causing a reflected shock.
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incident shock is caused by some external geometry turning the flow in the freestream. The
wall eventually turns the flow back to being parallel to the wall, causing the reflected shock.
This is well illustrated from the freestream streamline in fig. 3.3. Upon reattachment, the
boundary layer height and turbulence within it experience amplification (cf. Di Renzo et al.,
2022). In an SBLI configuration, the coordinates are scaled by the boundary layer height at
some reference location in the incoming boundary layer (§,) and the inviscid impingement

location on the wall (xinp) is treated as the origin.

3.1 Problem set-up

The flow setup comprises of multiple flow regimes - wall bounded flow, shock-induced
separation, and flow reattachment approaching wall equilibrium. Traditionally all RANS
models have been calibrated on wall bounded flow, free shear flow and homogeneous isotropic
flows. Presence of separated flow regime is known to detrimentally affect RANS models
accuracy, so it would be a good test case to gauge how well the method is able to constrain
the RANS model to some base LES data. Also, we can assess how well the method performs
in multiple flow regimes just by this one test case.

The nominal baseline condition is a shock with an impingement angle f = 35.00° to
an incoming boundary layer of Ma, = 2.28 and Res, = p.U.0/1, = 1000, coming from
left to right in the x-direction. The length scale for the Reynolds number is the momentum

thickness 0 (cf. Schlichting & Gersten, 2016), which is defined as

* puy up
0= / (1 - —) dy, (3.1)
o PelUe Ue Y
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Figure 3.3: Contours of p obtained from an LES at nominal condition. Yellow to orange
shows an increase in p. The black lines indicate streamlines. The streamline starting
from the wall and ending near the impingement location is the separation bubble. The top
most streamlines indicate the turning of the freestream flow due to shocks. The streamline
below it starts in the incoming boundary layer and indicates that the boundary layer height
amplifies post-shock interaction.

with U, being the local freestream streamwise velocity value at any station. The wall
enforces no slip and isothermal temperature T,, = 0.5T;. Here, the subscript e denotes the
freestream/boundary layer edge condition and w denotes the wall condition. The recovery
temperature T, = T,(1+ 0.5Pr'/3(y — 1)Ma?) denotes the isothermal temperature at which
the wall behaves as an adiabatic wall. In high-speed flows, due to viscous heating, the
boundary layer heats up in comparison to the freestream and conducts heat from the wall
if the wall is not at recovery temperature. At the recovery temperature the wall-normal
gradients vanish at the wall, this can be thought as a local maxima location along the wall-
normal direction for canonical cases. If awall is at T, < T,, it is called a cold wall and it takes
away heat from the boundary layer, at recovery temperature wall becomes adiabatic, and
for T,, > T, it is called a hot wall, which conducts heat to the fluid. This effect is dependent
on the Mach number Ma,, so for low-speed flows the recovery temperature is close to the
freestream value, but increases as the speed goes up. For this work, we use ideal gas laws

for the equation of state with y = 1.4, Newtonian fluid with Fourier heat flux, power law
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Figure 3.4: Schematic plot illustrating the domain used and choice of boundary conditions
for LES and RANS simulations. The LES domain is three-dimensional while RANS domain
(highlighted in gray) is a subset of LES domain and excludes the spanwise direction.

for viscosity with exponent being 0.75 and Pr = 0.7.

3.1.1 LES setup

The hybrid code is used to perform the LES calculations. Fig. 3.4 displays the
domain with Ly X Ly X L3 = 1008y X 408y X 885y. Here, 8y is the height of incoming
boundary layer, and subscripts 1, 2 and 3 denote streamwise, wall-normal and the spanwise
directions, respectively. The grid is uniform in the streamwise and spanwise directions with
the grid resolution dx] ~ 18 and dx3 ~ 9 (in wall units). The first point above the wall is
at x;’w ~ 0.8 (in wall units). Here, the wall units are derived from the incoming boundary
layer. The grid stretches in x, as we move away from the wall. These grids were found to
be sufficient for grid convergence (cf. Larsson et al., 2022).

A boundary layer velocity profile is specified at the inflow and digital filtering is used

to generate turbulence. The Walz’s relation (cf. Walz, 1969) is used for specifying the
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temperature profile. For outflow, a sponge layer is deployed. At the wall, Dirichlet conditions
are specified for velocity (no slip) and temperature (isothermal). At the top and upper parts
of the inflow profile, pre- and post-shock state values are specified for velocity, temperature
and pressure. The shock strength depends on the incoming Mach number and 3, while the
profile is determined by 8 and shock impingement location.

The LES data is averaged in statistically homogeneous directions (x3 and t) from
samples obtained in a simulation. Ensemble average by definition requires infinite samples
which is not computationally feasible, so we will always have a statistical error, proportional
to v/Ns, where Nj; is the number of samples we have. This error €; for each Qol J is estimated

using the batch method (Arias-Ramirez & Larsson, 2022).

3.1.2 RANS setup: standalone, frozen and LES-constrained

For the RANS there are three cases - standalone, frozen and LES-constrained. In all
the cases, to solve the equations, the finite-volume code tortuga is used. Standalone RANS
refers to vanilla SA-RANS equations (eqns. (2.3) and (2.9)), without any input from the LES
simulation. The LES-constrained solves the SA-RANS equations with the additional forcing
term computed using LES inferred data (cf. eqn. (2.8)). To illustrate the need for the forcing
function in the LES-constrained equations, an additional set of frozen RANS simulations are
run at nominal conditions. The frozen RANS simulation corresponds to the case where the

HLES

inferred is specified to the RANS solver and the conservation laws are solved without
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solving for any auxiliary equation, i.e., solving,
M (v, e, ab) —0. (3.2)

All the RANS simulations (standalone, frozen and LES-constrained) are performed on a
subdomain of the LES geometry (excluding the spanwise direction). The sub-domain is
highlighted in gray in fig. 3.4. This is primarily done to avoid regions of LES where the
flow-field maybe unphysical due to the boundary conditions. At the inflow, some part of the
streamwise length is used to get a fully-developed turbulent boundary layer (cf. Dhamankar
et al., 2018; Wu, 2017), while at the outflow the flow-field is affected by the presence of
sponge layers to reduce the acoustic waves (cf. Bodony, 2006). For the RANS inflow, the
LES solution at the nominal condition and the respective inferred ¥ is sampled. The inflow
location is determined such that the incoming turbulent boundary layer is fully-developed.
The reference values for boundary layer height (§,) and free stream values are drawn from
the inflow location. At the RANS outflow, the primitive variables satisfy the characteristic
boundary conditions. The pre- and post-shock states for the primitive variables p,u;, T on
the top boundary are specified using the incoming Mach number,  and shock impingement
location. The transition from pre- to post-shock state is done using a hyperbolic tangent
function. The wall boundary conditions are the same as that of the LES. An important
feature to note here is that we apply the same boundary conditions for standalone, frozen
and LES-constrained RANS, with additional forcing terms for the last case (cf. eqn. (2.8)).
In terms of grid resolution, the standalone RANS showed grid-converged results even

with a grid that was twice as coarse as compared to the LES grid. This is a direct consequence
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of the SA model relaxing near-wall requirements compared to other RANS models. However,
for LES-constrained RANS, it was necessary to use the same LES grid to reconstruct the
baseline flow-field. This is discussed in sec. 3.2.3. For frozen RANS, the same LES grid is
used.

Lastly, the modifications to the inference of the auxiliary variables particular to the
SBLI LES base case are discussed. Around the intersection of the incident and reflected

LES 3 LES
» A

shocks, just above the separation bubble, the inferred v, < 0. We enforce continuity

of these inferred quantities, by raising v155 and A*S to their freestream values. This also
helps in avoiding dividing by 0 when computing PrtS. Further, v155 and ALES decay at
different rates towards the freestream, resulting in orders of magnitude of variation in

the corresponding Pr-ES. We subsequently constrain Prt8 between 0.1 and 2.5, since it

is expected to be an O (1) quantity.

3.2 Results: nominal condition

In this section the outputs of different fidelities (LES and RANS) are analyzed for the
same baseline condition. In addition, to motivate the need for a forcing term in the MFSA
framework, LES is also compared to frozen RANS (both with variable Pr; inferred from LES
and uniform Pr; = 0.9).

From an engineering standpoint, arguably the most important quantities are skin
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friction coefficient (c¢) and the Stanton number (cy,), which are defined as,

2T ouq
¢f=——5— Tw=Hu—]| > (3.3a)
pe,rere’ref oxa|,
c oT
= — g, =2 (3.3b)
Pe,refCp (Tw —Tr) Pr axz|,

Here the subscript ref indicates the reference values, which are sampled from LES data at
the RANS inflow location and subscript e denotes the freestream values. In fig. 3.11, both
the standalone RANS and frozen RANS agree with the LES predictions of ¢y and cj, in the
incoming boundary layer region. However, all the RANS-based simulations diverge from
the LES predictions near the separation bubble (marked by c; < 0). Standalone RANS
shows a similar qualitative behavior to that of LES, but differs in the location of separation
and reattachment locations (cy = 0), and the values of peak negative friction and peak
heat transfer inside the bubble. Post reattachment, these errors propagate downstream
where eventually standalone RANS and LES converge. Frozen RANS on the other hand
experiences large jumps in both c¢; and c;, just before separation, which is not seen in either
LES or standalone RANS. In addition, it also predicts a very shallow bubble compared to
LES, but agrees well with the reattachment location. The c¢ curve of the frozen RANS
simulations agrees well with the LES data post reattachment. On the other hand, the ¢
curve shows large discrepancy with LES data even in the post reattachment region. The
choice of Pr; seems to have very little influence over the frozen RANS predictions. It does
alter the values of ¢y and ¢y, especially in the bubble and post reattachment, but does not

bring any qualitative change in profile of these wall quantities.
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Figure 3.5: cf and c, curves highlighting the discrepancy among different fidelities at
baseline condition. The standalone RANS (red line) shows systematic errors when compared
to LES data (black line). Frozen RANS with LES inferred closures by itself also shows
discrepancies when compared to LES results. Frozen RANS is examined for two cases -
fixed Pr; = 0.9 (green curve) and variable LES-inferred Pr; (orange curve).
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Next, in fig. 3.6 the contours of T in the domain are compared among different
fidelities. The freestream region with shocks is captured equally well by each method.
The incoming shock is imposed as a boundary condition and is similarly resolved in all
the fidelities. The reflected shock is a byproduct of a solution and is strongly influenced by
the separation location. Since the separation location is different for each case, the reflected
shock traces different contour lines. In contrast to LES data, all the RANS simulations predict
a larger T value in the interaction region (where the incident and reflected shock intersect).
This carries over in the boundary layer post reattachment. Largest discrepancy is noted for
the frozen RANS cases. The T values over the bubble and into the reattached boundary layer
are 20% larger than the LES results. In addition, it overpredicts the peak T values in the
incoming boundary layer as well. The variable Pr; case shows no difference when contrasted
with the uniform Pr; = 0.9 results.

Subsequently, the streamlines of the flow-fields are analyzed. In fig. 3.7, first the
streamlines in freestream and the outer part of the incoming boundary layer are considered.
The freestream streamline indicates the flow turning from the incident and reflected shocks.
The first downward turn is similar for all the fidelities, given it is an imposed boundary
condition and influenced by inviscid behavior. The next turning, where the flow again
becomes wall parallel, occurs at different locations. This is influenced by the separation
location, the farther downstream the separation, the later the reflected shock turns the
streamlines. This is in congruence with observations from fig. 3.5

The streamlines in the outer layer of the boundary layer (y < 1.58,) are affected by
the separation bubble, which are portrayed in fig. 3.8. All the fidelities show agreement in
the incoming boundary layer, but diverge as they pass over the separation bubble. Fig. 3.8
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Figure 3.6: Temperature contours for different fidelities contrasting the different fidelities -
LES, standalone RANS and frozen RANS with LES inferred closures.
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highlights the differences in the separation bubble height and size for each fidelity. The LES
separation has a long laminar-region mouth, which none of the other fidelities capture. The
standalone RANS predicts a larger bubble as compared to LES, whereas the frozen RANS
results show a shallower bubble. The frozen RANS bubble size is shallower compared to the
LES one. The streamlines for the frozen RANS case first turn towards the wall and then
move over the bubble. This is in contrast to both LES and standalone RANS. Arguably this
explains the peak in c just before separation.

Lastly, the wall normal profiles are compared at different fidelities. Since LES is the
benchmark, streamwise locations are chosen using LES data. Locations in the incoming
boundary layer, just before separation and in the post-shock attachment are chosen. The
vertical lines in the p-contours in fig. 3.9 and fig. 3.10 indicate the stations chosen.

The streamwise velocity wall-normal profile in fig. 3.9 show that in the incoming
boundary layer region, all the fidelities agree well, with minor differences in the buffer layer.
At the station just before separation, the LES profile differs from all the fidelities, probably
the LES boundary layer starts showing the tendency to separate, whereas the others still
remain attached. In the post-shock state, similar observations are echoed. The standalone
RANS has discrepancies with the LES profiles, however in this case, the frozen RANS agrees
very well with the LES profile.

In fig. 3.10, a different trend is observed where all the fidelities disagree with LES.
Standalone RANS has the minimum discrepancy with LES. Frozen RANS on the other hand
overpredicts the peak values in the boundary layer at each station. The choice of Pr; seems
to have very little impact on the overall behavior of the frozen RANS simulations.

In conclusion, it is noted that the low-fidelity model predictions differ from the high-
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57



fidelity LES results at the baseline condition. This supports the initial hypotheses of SBLI
being a good test candidate to apply and assess MFSA on. The first step towards interaction
between the two fidelities is to directly use auxiliary variables inferred from LES data
and use that to solve the RANS conservation laws. Arguably, this choice performs worse
than standalone RANS at places, especially for, wall quantities cy, c,, T values across the
domain and bubble size. The overshoot in the frozen RANS ¢, curves suggests that the flow
experiences acceleration, just before separation. The downward acceleration just before
separation seen in the streamlines of frozen RANS simulations also, which is not a typical
LES behavior. However, it does a much better job in the reattachment region for the streamwise
velocity. Probably this is the manifestation of imperfect closure modeling, which augurs the

need for forcing term to constrain the RANS solver to mimic LES data at nominal conditions.

3.2.1 Influence of the forcing term

The effect of the forcing function in eqn. (2.8) is illustrated in fig. 3.11. and fig.
3.12. In fig. 3.11, both the standalone RANS and LES-constrained RANS agree with the
LES predictions of ¢y and ¢ in the incoming boundary layer region. However, while the
standalone RANS diverges from the LES predictions near the separation bubble (marked by
cs < 0), the LES-constrained RANS is perfectly able to replicate the LES data at this nominal
condition. We note that this is a crucial advantage for MFSA, where LES-constrained RANS is
able to reproduce LES baseline data, whereas standalone and frozen RANS cannot. Further,
fig. 3.12 demonstrates the effective reconstruction of the separation bubble, another key

feature of the SBLI flow configuration. As part of MFSA, LES-constrained RANS equations
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Figure 3.11: ¢; and c;, curves show the extent to which the LES-constrained RANS (blue
line) replicates LES data (black dots) at the base condition, whereas the standalone RANS
(red line) shows systematic errors when compared to LES.
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Figure 3.12: The bubble profile, marked by the local bubble height (h;) shows the extent
to which LES-constrained RANS (blue line) replicates LES data (black dots) at the base
condition, whereas the standalone RANS (red line) highlighting the systematic errors
between LES and RANS.

are a RANS-like low-fidelity system that matches LES at some base condition, and now can

be run at different input parameters to estimate the parametric sensitivity.

3.2.2 Distribution of the forcing term

The forcing term that is subtracted from standalone RANS model is the residual of the
LES data on the standalone RANS system at the nominal conditionsi.e., f = M (ﬁ, [1-ES, ab).
The LES data exactly satisfies the mean conservation laws (cf. eqn. (2.3)). Standalone RANS
using auxiliary variables IT models the extra correlation terms (cf. eqn. (2.4)), which will
be never be perfect and the misfit in these models and its non-linear interaction with other
terms is seen in the equation is what is seen in the residual of LES data.

Since the conservation of mass in eqn. (2.3) has no additional correlation term the

residual of LES data should be 0. However, given the numerical and statistical error in LES
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data and different numerical schemes used by LES and RANS solver this may not be the
case, exactly. For the conservation of momentum in eqn. (2.3), the residual of LES data,

governed by the misfit in the model is,

S 0 [_ S ~ LES LES
e e

For the conservation of energy equation the residual reads

8 ) VLESc T
_ r —1ES [ Yt Cp LES | , =LES (o, LESGdLES , pdLES) ~LES
fpeo = _,D U.cT _aX' (,D ( PrLES 87 +th ) +p (2Vt Sij +Rij )uk )
eUelple Jj t j
(3.2)
0 ——1Es 1 ——— 1ES
17 —LES_ 1. 1. 1
+ _axj (—ijuk + ip us iy )] .

The LES data satisfies all the other terms of the standalone RANS equation exactly and
what is left is the misfit in the model for the correlation terms. In the chosen standalone
RANS model few correlation terms are not modeled, and hence they only appear as part
of the LES residual at the baseline conditions. In order to compute these forcing terms the
inferred fields for v, and Pr; from the LES data at baseline conditions are used. Hence, the

residual for the auxiliary variables is also computed. This is done by computing the left-hand

LES LES

side in the eqn. (2.9), using u'FS and 75, where the latter term is related to v, through
eqn. 2.10.

In fig. 3.13, the absolute value of the forcing function f (residual of baseline LES data)
are visualized for each component of the mean conservation laws. We only look for forcing

terms (LES residual) larger than O (10_4) to isolate the part of the residual larger than the
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statistical noise in the LES signal. For the conservation of mass, the residual of LES data
is concentrated over the top of the separation bubble, a key flow feature having different
predictions from LES and standalone RANS. This mismatch is highlighted in the LES residual
on the standalone RANS equations and also persists in the residual of the conservation of
momentum and energy equations. In the pre-shock (upstream of the separation bubble) and
post-shock (downstream of the bubble) the presence of modeling errors in the residual of
conservation of momentum and energy equation are highlighted, especially close to the wall.
These modeling errors are absent in the residuals in the conservation of mass equations,
which has no correlation terms to be modeled, as discussed previously. It is interesting to
note that larger modeling-based residuals present in the residual for the uy component of
the conservation of momentum equations, highlighting the fact that the model arguably
works well for the streamwise component equation, but is not able to capture the influence

of Reynolds stress in the wall-normal component equation.

3.2.3 Grid assessment for MFSA

In fig. 3.14, the cf curve of the standalone RANS and LES-constrained RANS runs are
compared with baseline LES data on two grids. First being the LES grid itself, and the second
grid being the “half” grid which is LES grid coarsened by a factor of two everywhere. The
cs which determines important flow features such as separation bubble is used as a metric
to decide upon grid requirements. For standalone RANS, the half-grid seems to be good
enough to provide grid independent results, albeit still being unable to match accuracy of

LES results. For LES-constrained RANS simulations, the same underlying LES grid is needed
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to reproduce the LES data itself.

3.3 Sensitivity estimation

In this section we assess how well standalone RANS and LES-constrained RANS (MFESA)
can replicate the LES parametric sensitivities. In particular, we measure the sensitivity of
Qols J for perturbations in the parameter set a. Here, J comprises of c¢, ¢, and wall-normal
profiles of u; and T at different streamwise stations, and a contains the wall temperature
(T) and shock angle (). Typically, J depends on v (a) and a. Eventually, we can compute

the sensitivity with respect to each parameter a; € a as

dJ _aJ 9 dv

—_ = 3.3
da; da; ov da; (3.3)

We note that computing dv/da; is the most computationally intensive part of the process.
The simplest way to compute this term is by running multiple simulations at different q;
values, and then using a finite-difference method in the parametric space. This is discussed

in detail for both LES and RANS (standalone and LES-constrained) simulations below.

3.3.1 LES perturbation setup

Since LES is quite expensive, the parametric sensitivity is computed only for one
perturbation in each direction, using finite-differences. Here, the perturbation sizes in a
are 10% and 0.6% in T,, and B, respectively. The corresponding sensitivities are considered
as benchmark for the subsequent RANS calculation. These perturbations are imposed via
the boundary conditions on the LES flow domain.
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Applying finite-differences to to the Qols obtained from LES involves subtraction and
then scaling by the difference in a; (cf. eqn. (1.1)). This leads to accumulation of the
statistical error, with the error for dJ/da; being V2e 7/ Aa;, with €5 being the statistical error
in Qol J. The statistical error is assumed to be the same at the perturbed and the base state,
since there are same number of snapshots to compute the ensemble average from each LES.
Multiplying the statistical error with a factor t,, the confidence interval for any Qol or its
derivative can be written as J +t,e; and dJ /da+ V2tqe; /Aa;, respectively (cf. Arias-Ramirez

& Larsson, 2022). In this work, t, is chosen to illustrate the 95% confidence interval.

3.3.2 RANS and MFSA perturbation setup

RANS (standalone and LES-constrained), being computationally cheap, allows for
many more perturbed states to be run. For T,,, the perturbations are of the size 1%, —0.5%,
0.25%, —0.1%, 0.01%, —0.001% and for B, the perturbation sizes are 0.2%, —0.15%,
0.085%, —0.06%. The sensitivity to each parameter is found by fitting a curve to it (e.g. a
parabola) and evaluating its derivative.

We similarly enforce the perturbations through the boundary conditions. However, for
T, we additionally need to modify the inflow T profile according to changes in T;,. At the
inflow the temperature profile is modified as

TP o = Tiow +

inflow inflow aT,

(T£ - Tff,) , (3.4)
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where the function f (T, u7) is taken from Zhang et al. (2014) as

2
T To (T, Ty up up
— = f(Tyu) = —+|=-=]0.2|=]| +0.8—
T, f (T w) T, (Te Te) (Ue) U,
2
T,
+(1.0-Z) (2] . (3.5)

Here, superscript p denotes a perturbed case and b denotes the base case sampled from
LES. We note that eqn. (3.4) is used only for the inflow T profile. All the other quantities

specified at the inflow are sampled from the LES base state.

3.3.3 Results: wall quantities

We begin the sensitivity assessment by considering the wall quantities c; and c. The
first row in fig. 3.15 and 3.16 illustrates the baseline LES profiles. The vertical lines indicate
the separation (¢ = 0 and u;dcs/dx; < 0) and reattachment (¢ = 0 and uydcs/dx; > 0)
locations.

Next, the second and third row in fig. 3.15 and 3.16 show the sensitivities of the wall
quantities. At the separation and reattachment points, both dcy/dT,, and dc¢/dp are < O.
This indicates that the separation location moves upstream, and the reattachment moves
downstream, i.e., that the size of the separation bubble increases as we increase T,, and f3.
This is consistent with previous work in the SBLI literature (Bernardini et al., 2016; Volpiani
et al., 2018).

In the incoming boundary layer, both MFSA and standalone RANS show systematic

errors in predicting sensitivities w.r.t T,,. This is however not noticed for sensitivities w.r.t
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The gray region marks the 95% confidence interval of the LES predictions.
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B since the incoming boundary layer is unaffected by the impinging shock. Just before the
separation, the standalone RANS and MFSA cf and c;, sensitivity predictions diverge from
the LES sensitivity, both in terms of magnitude and minima location. The mismatch is much
smaller for the proposed MFSA compared to standalone RANS.

Inside the separation bubble, both standalone RANS and LES predict a positive overshoot
of ¢y which the proposed method fails to capture. However, standalone RANS and LES still
disagree in the location and magnitude of this offshoot. This mismatch between MFSA and
other predictions propagates downstream after reattachment, following which these profiles
start agreeing with the LES sensitivities to within statistical errors.

For ¢y, sensitivity inside the separation bubble, both standalone RANS and MFSA show
varying mismatches from the LES predictions. Just before reattachment, the sensitivity
w.r.t T, predicted by MFSA differs severely from the LES predictions. However, w.r.t 3, the
sensitivity prediction by MFSA is qualitatively similar to the LES predictions, albeit with a
mismatch. In this region, standalone RANS has a contrastingly different behavior for the
sensitivity w.r.t both 8 and T,,. In the post-shock region w.r.t T, all the predictions start
agreeing again. However w.r.t 8, we note that proposed MFSA performs remarkably well
compared to standalone RANS, being as good as LES predictions to within the statistical
€error.

The MFSA ¢ sensitivity predictions are agnostic to the choice of the Pr, model. However,
the ¢, sensitivity predictions are affected by that choice. We note that there is no clear better

choice.
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3.3.4 Results: wall normal profiles

Next, we analyze the sensitivity of wall normal profiles of u; and T. In figs. 3.17 and
3.19, we show the baseline data in the first row followed by the corresponding sensitivities
in the next two rows. The left and right columns show the results for the incoming boundary
layer (168, upstream of the impingement location) and the post reattachment region (56,
downstream of the impingement location), respectively.

Using MFSA we get a larger mismatch in the sensitivity of u; w.r.t. T,, in the buffer layer
region, as compared to standalone RANS and LES. The performance however improves as we
move towards the freestream where the MFSA sensitivity lies within the confidence interval
of the LES prediction. Even the standalone RANS sensitivity prediction, which predicts
an offshoot towards the freestream, lies at the edge of the confidence interval of the LES
sensitivity prediction. The sensitivity of u; w.r.t. 8 is zero down to machine precision. All
the predictions agree to this within statistical errors.

In the post-shock region, both the predicted sensitivities agree with the LES predictions
near the wall, followed by deviation away from LES towards the freestream. Here, the MFSA
diverges more as compared to standalone RANS. We note that the choice of Pr, model does
not significantly alter the MFSA predictions of the u; sensitivities.

For the sensitivity of the T profile w.r.t. T,,, we note that the LES sensitivity is well
reproduced by all the methods, except for MFSA with uniform Pr; in the post reattachment
region. The sensitivities w.r.t 8 by all methods lie in the LES confidence interval. For
T profiles, we note that the choice of Pr; model has an influence on the eventual MFSA

sensitivity prediction.
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Figure 3.17: Comparison of sensitivities of u; profiles normal to wall in the incoming
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the 95% confidence interval of the LES predictions.
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Figure 3.20: Comparison of sensitivities of T profiles normal to wall in the post-shock
reattachment region, w.r.t T, and S against standalone RANS and MFSA. The gray region
marks the 95% confidence interval of the LES predictions.
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3.3.5 Results: output pdfs

We finally demonstrate how the proposed MFSA enables UQ sampling. To this end, we
assume that T,, follows a normal distribution with a mean of 0.57, and standard deviation
of 0.005T, (see first row in fig. 3.21). We focus on scalar Qols such as the separation
location (x;), the reattachment location (x;), and spatially averaged wall quantities (cy and

cy) defined as
Xp
f Ccrpdx

Xa

fx:b dx

Obtaining a full output pdf is computationally prohibitive for LES, so we ran 3 additional

Ef,h = 5 Xa’b = XS + 56r . (3.6)

cases at T, = 0.52T}, 0.45T;, 0.47T,, in addition to 0.5T, and 0.55T; already used to compute
LES sensitivities, followed by fitting parabolic response surfaces for the Qols. These response
surfaces were then sampled to produce the benchmark LES pdfs. This process was repeated
for the RANS cases (standalone and MFSA) to compute response surfaces that were then
sampled.

The resulting pdfs are shown in fig. 3.21, which shows a clear systematic discrepancy
between the standalone RANS and LES. In contrast, the MFSA pdf are perfectly centered
around the LES ones, by construction. On the downside, the MFSA overpredicts the width

of all pdfs, more so than does standalone RANS.

3.4 Concluding remarks

In this chapter, a computationally affordable and intrusive multi-fidelity method that

enables sensitivity estimation and UQ exercises for LES is examined. The proposed method
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Figure 3.21: The pdf of scalar Qols are compared between LES, standalone RANS and MFSA.
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is tested for a shock/boundary layer interaction problem and compared to both the “true”
sensitivity estimated from LES and the sensitivity computed by a standalone RANS method.
The proposed method does provide some qualitative improvements in the sensitivity predictions,
especially around the separated flow region, but the standalone RANS offers better performance
in fully developed boundary layers for momentum-related sensitivities. Methods to improve
the accuracy of MFSA are needed to be explored. The work discussed here carries forward
the discussion from Arias-Ramirez (2022), where an algebraic RANS closure model was
used for MFSA, while in this work the SA-RANS model is used. SA-RANS model has a
transport equation for one of its auxiliary variables and is known to be more reliable (cf.
Wilcox, 1998). However, extending the algorithm to a better closure does not improve the
MFSA results. This suggests that the path to improvement of accuracy may not just be higher
order closure but maybe recalibration of RANS models for the constrained use within the
MFSA. Alternative idea could be to explore other inference framework which links the LES
data to RANS model.

Overall, the study serves as a proof-of-concept that the proposed multi-fidelity sensitivity
algorithm can be a useful addition to the turbulence simulation toolbox, and also that there

is ample room for modeling improvements in future work.
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Chapter 4: Inference of turbulent diffusivities from

LES

For the proposed method in the thesis, the RANS auxiliary variables at the base LES

I1'ES | are needed. The auxiliary variables are used to find the turbulent diffusivities

state,
v: and A, which in turn help to model the turbulent fluxes like Reynolds stresses R;; and
heat flux gr, respectively, as per the Boussinesq approximation in eqn. (2.5) and (2.6). The
method to first infer v} and A[*S from LES data and then backtrack IT"® is briefly discussed

1S and its influence on the

in sec. 2.4.1. In this chapter ideas pertaining to inference of
accuracy of the sensitivity are explored in further detail. For the purposes of inference, all

the data is sampled from LES baseline results.

4.1 Inference cost functions

The main component of the inference process is to first find ¥-*5 and AL*S. Finding
IT'ES after that is relatively straight forward, usually an algebraic equation is only needed
to be inverted, based on the choice of the RANS model. For this thesis, SA-RANS model is

used, which has the auxiliary variables are ¥ and Pr;. Equation (2.10) and Pr; = v;/A, link

these auxiliary variables to the turbulent diffusivities. The main effort is concentrated on
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finding the turbulent diffusivities as they directly model the LES data.
In addition, the constrained RANS equations in eqn. (2.8), where the residual of

the LES data is subtracted from the standard set of equations, always ensures that for any

HLES LES

value of , ergo any value of ¥ E5 and ALES| the base case can be reconstructed from
the forced RANS system. Since this is true for any inferred value of turbulent diffusivities,
inferring these quantities could possibly have an impact on eventual accuracies of sensitivity
predictions.

With that aim, alternative ideas are explored in this section. In section 2.4.1, error

tensor E;; (v;) = Rfj + 2utSf., and error vector ex (A¢) = qr, + A:gx were defined. The most

apparent choice is to minimize some norm of these quantities. For this, the cost functions

E;;E;; 1 exex
gl :/ dQ ,and J¢ =/ dQ, (4.1)
M1 o Uf{ M1 o UIz{TI%

look at the integrated non-dimensional norm over the domain of interest. The subscript “R”
is used to denote reference values of velocity (Ugr) and temperature (Tg). These are just
scalar numbers, at the reference location. For this work, it is the free stream value at the
RANS inlet as in fig. 3.4 and sec. 3.1.2. Minimizing the cost functions in eqn. (4.1) gives
the v, and A; fields that have the least modeling error.

Upon looking at the averaged conservation laws in eqn. (2.3), the terms to be modeled
(R;; and qr;) appear in form of their spatial divergence. This motivates the alternative cost
functions

5% d (Cpﬁek) 0 (Cpﬁej)
a UﬁTl% X X

8% 9 (PEw) 9 (PEyj)

dQ. 4.2)
a Ul‘; O X

T = dQ ,and Jp), =
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The v, and A; fields minimizing this cost ensures that the LES data has minimal
discrepancy with RANS equations, as far as these terms are concerned. Here, 8y is used
as a length scale to account for length dimensions coming from taking a spatial derivative.

The two forms of cost functions in eqn. (4.1) and (4.2) are referred to as “Method 1”

and “Method 2”, represented by M1 and M2, respectively.

4.1.1 Rescaling of terms

The terms used to infer v; and A, under the M2 paradigm are scaled by density p and
specific heat c,, as required by the conservation laws for momentum and energy, respectively.
Hence a shift of variables from v, — p; = pv; and A; — x; = c,pA; is done to make the
inference process convenient. The error tensor E;; is now redefined as E;; (1) := 5Rflj+2ut8fj
and error vector ey is rescaled to ex = hr, + K8k, hr, = cppqr, = cpEYT”\uz’. This scaling of
variables becomes useful in variable density compressible flows, which is our application

case and if the fluid is not calorifically perfect. The M1 and M2 cost functions are also

accordingly scaled.

4.1.2 Inference equations

The now scaled M1 cost function is

. E::E:: exerx
szﬁll:/gp;] ~+dQ ,and jz\’;tl:/—zdﬂ. (4.3)

rRYR 0 (cpprURTR)

81



Applying the Euler-Lagrange equation i.e., setting the variation & Z\’;i and 6.9, to 0, gives

the equation leading to optimal solution. The equations read

2714 p4°pq
RYR
4.4
) (4.4)
5 (A8 +x:gjgj) = 0.
(cpprURTR)

4 —nd od d cd | _

The optimal i, field obtained from eqn. (4.4) exactly reproduces the the production term
appearing in the transport equation of R;; (cf. Wilcox et al., 1998). The eqn. (4.4) for M1 is
a set of uncoupled algebraic equations that produces point wise estimates of 11, and «; which
minimizes the modeling error in the Boussinesq equations (cf. eqns. (2.5) and (2.6)). These
fields are easy to obtain as a post processing step on the same grid the LES calculations were
performed. The derivation of the Euler-Lagrange equations can be found in Appendix A.

The M2 approach minimizes the alternative cost functions

8% OE;; 9E; 82 dey de;j
j}\?é = / 2R4 J lde ,and jMKtz = - R z_k_JdQ . (4.5)
o prUR 9xj 0xy Q (CppRURTR) 90Xy 0X;

Applying the Euler-Lagrange equations to these cost functions i.e., setting the variation

6;71\% and SJMKE to O, the equations are

82 d 9 9 (3S; o (3 (pR;
pRUR X oxX; ox; \ 0xy 0xX; 0Xj

and (4.6)

52 9 oK o (0gk o (ohk
o e (o -2 a0 35 o 2 a5 (35 ) o
(CpPRURTR) Xj Xi Xi \ 0Xk Xi \ 0Xk
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The R;; and S;; fields used in eqn. (4.6) are deviatoric (trace free). The superscript d
denoting that is dropped for brevity. Detailed derivation of eqn. (4.6) can be found in
Appendix A. In contrast to a set of algebraic equations in eqn. (4.4), eqn. (4.6) is a set of
uncoupled elliptic PDEs. This makes computing pi; and «; from M2 costlier as compared to
M1 as now PDEs are needed to be solved. Here, M2 minimizes the error in the terms as they
appear (spatial divergence of turbulent fluxes) in the RANS conservation laws as compared
to the modeling error itself as is the case in M1. For statistically 1-D flow configuration
such as a channel flow, the solution to eqn. (4.4) (M1) satisfies eqn. (4.6) (M2) as well.
The boundary condition and numerical methods to solve them will be discussed in the

forthcoming sections.

4.2 Augmenting the inference process

The inference process becomes ill-posed where [S| = /S;;S;; — 0 and [g| = /& —
0. Under these conditions, there is no velocity or thermal gradient against which the
turbulent fluxes can be modeled and the Boussinesq approximation (see eqn. (2.5) and
eqn. (2.6)) become ill-defined. The inference process, both based on M1 and M2, needs
to be regularized in order for the process to be robust in the entire domain. This is done
by augmenting the cost functions in eqn. (4.3) and (4.5). Furthermore, in the presence
of insufficient averaging, the mean temperature, velocity and turbulent fluxes will have
statistical noise which eventually will lead to choppy inferred fields. It is worthwhile to note
that by definition we need infinite number of samples to get exact mean fields, which is

impractical, so there is always some amount of statistical noise in the averaged data. The
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error is proportional to the square root of the number of ensembles available, as is the case
in a typical Monte Carlo sampling exercise (cf. sec. 1.2). The inference cost functions
are further augmented to ensure that the inferred fields are sufficiently smooth in spite of

imperfect averaging.

4.2.1 Regularization term

The focus of this work is on wall-bounded flows. Situations where velocity and temperature
gradients vanish typically arises in the freestream region of the flow. This motivates finding
these regions, marking them with an indicator function y and enforcing the freestream value

at those locations. The indicator functions are defined based on the norms of S;; and g; as,

1 |S)?< esUﬁ/Sﬁ 1 |g? < engf/Sﬁ
XS = Jand Xg = . (47)

0 |S|*>eUz/82 0 |g|*> > €, T2/82

The choice of the freestream values is based on the choice of the underlying RANS model.
In the freestream, these turbulent parameters are usually set to zero. However, this work
we deal with the SA model, which forces quantities like turbulent viscosities to be of the
same order of magnitude as that of their molecular counterparts. Since, the eventual goal
of the inference process is to find turbulent viscosities that will be used in the SA paradigm,
the freestream values p;° = 1.5pg and k;° = 1.5c,ug/Pr. Here the subscript R denotes the
reference value used in the viscosity-temperature power law and Pr is the Prandtl number

of the fluid.

84



The cost functions ensuring the desired behavior are

JH = / Lz (e —p‘t"’)de ,and J = / Lz (rce —K‘tx’)de. (4.8)
Q (pRUR5R) Q (CppRUR(SR)

The Euler-Lagrange equations of which are

2xg
(CpPRURSR)2

2xs

_— Ke—K,)=0, 4.9
(prRURSR)? e =)

(He —p¢") =0, and

respectively. The eqn. (4.9) are algebraic equations, similar to the standalone M1 equations
(cf. eqn. (4.4)). They can be integrated into either (M1 or M2) inference process without

any extra computational cost.

4.2.2 Smoothness constraint

To ensure smoothness, the gradient of the desired fields are required to be relatively
small. Choppiness, arrising from imperfect averaging, usually results in large unphysical

gradients. The natural cost function from this standpoint is

1 opd 1 oKk
ﬁf:/—zﬂﬁdn,and 1’<f=/—2ﬁﬁd9. (4.10)
Q (PRUR) X 0X} Q (Cp,DRUR) 9Xj 9X;j

These cost functions yield the the Laplace’s equation, which for each variables reads as,

-1 3 -1 0%k
He _ 0 ,and 5 =
(CpPRUR) 0X X}

_ (4.11)
(prUR)? 950
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for p, and k, respectively. Standalone M2 equations are a set of PDEs, so smoothness
constraints can be added at no additional cost from a numerical solution standpoint. However
for M1, the standalone equations are a pointwise estimate, so applying the smoothness
constraint makes the inference process slightly expensive. The detailed derivation of the

cost functions can be found in Appendix A.

4.3 Effective inference equations

The overall cost function to infer the model parameters ¢ (u; or ;) for any method

M (M1 or M2) is,

T =97 +F7 +w,T7. (4.12)

Here, w; is the relative weight of the smoothing cost function, and e (both for |S| and |g|) is
used to find the indicator maps y. They are the hyperparameters for the inference process.

For M1, the resulting Euler-Lagrange equation is obtained by adding eqns. (4.4), (4.9)
and (4.11), in similar spirit to eqn. (4.12). This stems from the fact that taking the variaion
of the cost function 6.9 is a linear process. For ¢, the structure of the regularized-and-

smoothness-augmented M1 equation is

+B%p+F? =0, (4.13)
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with

g = 2w, o = 2w,
(prUR)*’ (cpprUR)” ’
BHt — 8S545hq 2Xs B = 288; N 2X¢ and
(prU2)?  (PRURSR)®’ (PRURTR)®  (cpprUrbr)? (4.14)
— WPRUSG 2y peo_ 2hngk  2TAg
(PRUﬁ)Z (PRURSR)2 ’ (PRURTR)2 (Cp,DRURSR)Z

For M2, the PDE structure is very similar, except for difference in the leading order term

and takes the form

0 ap
——[A? = +B®p+F? =0, 4.15
0x; ( Jkaxk) ¢ (4.15)
with
8a |’ 2 8 2 2
) W
Ay =8 —R2 SjiSki + ———8jk» Al =2 (—RT) gjgk + ———8jk,
pPrUR (prUR) cpPRURTR (cpPrRUR
2
B 9 (dS; 2 8 (o (a

T

pPrUR ox; \ 90Xy (prURSR) cpPrURTR ox; \ 0Xx

2
+ % , and
(cpPRURSR)
g Y (i (‘9 (ﬁRfk))S..) 2K e 2 (i (a_hk)g.)
(prUZ)* \0xi | dxi I (prURSR)? (prURTR)? \9xi \axi )~
2K X g
e
(cpPrRURSR)

(4.16)

Both eqn. (4.13) and eqn. (4.15) have a very similar structure, both being linear and
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elliptic PDEs similar to the Helmholtz equations. The main difference between the two is
leading order diffusion term. For M1 i.e., eqn. (4.13), it is the Laplacian which means
there is uniform isotropic diffusion. However for M2, there is anisotropic diffusion where
the directions depend on diffusion matrices S;;Sy; for 11, and g;gi for x;. For the latter, the
diffusion matrix is degenerate i.e., is of rank 1 and diffusion only happens in the direction
g;j. This becomes a challenging problem to track numerically (cf. Crouseilles et al., 2015).
The equations are solved on the LES domain (cf. fig. 3.4) with homogeneous boundary
conditions - homogeneous Dirichlet on the wall and homogeneous Neumann everywhere
else. The RANS domain which is a subset of the LES domain samples the u; and «; values
to compute the auxiliary variables IT. At the wall, since there is no slip boundary conditions
and isothermal temperature conditions, there is no fluctuation in these variables and hence,
no turbulent flux. This motivates the homogeneous Dirichlet boundary condition at the wall.
All the other LES boundaries are far away from the RANS domain so the natural boundary
condition suffices there. Near the LES inflow and outflow boundaries, the data is anyway not
physically relevant, since inflow takes some streamwise distance to become an equilibrium

boundary layer and there is a sponge layer near the outflow.

4.4 Numerical solution of the inference equations

Similar to the RANS solver, finite-volume based discretization is used with second
order schemes to calculate derivatives. For any elliptic PDE, which is a solution to an
optimization problem, finite-element based discretization is a more natural choice. However,

finite-volume framework was chosen to utilize the already built underlying RANS framework.
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The overall equation for both the methods M1 and M2 are very similar with the nature
of diffusion being the only difference. The equations for M1 are a special case for the M2
equations from a numerical standpoint. For the sake of brevity, the discussion here focuses
on the M2 equations. For the M2 equations, after discretization, the linear system reads
D% = —F”, with @ and F? being finite dimensional vectors containing cell-averaged
quantities and the linear operator

D? = i( ‘95—5) +B?,
Sx j jk Sx j
acting on . Here, 8 represents the discretization of the derivative operator. In the classical
cell-centered finite-volume approach, constructing the matrix form from the linear operator
Dy .. with anisotropic diffusion is not straight-forward (cf. sec. 2.5.3). This limits the
linear systems methods that can be used. The Krylov subspace method do not need the
explicit matrix form of the linear operator, rather the action of the linear operator suffices
the purpose (cf. Saad, 2003). This however was not able to converge and the methods stalled
after a few thousand iterations. To solve the system D% = —F* , we instead propose the

iteration method

D™ + PG +F" — D" =0 4.17)
b (a3") =RY = - (D9G"+F’), 4" ="' -F"
0p" = - [0?] RS, @™ =3 +a®Ag"
If S.R. (f)"’_lDQD) < 1, where S.R. is the spectral radius of the operator, the proposed
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iterations should converge (cf. Saad, 2003). The linear operator D? should have isotropic

diffusion so that its matrix form can be constructed. The natural choice becomes
- o] o\ —
pe =2 (Aii—(p) +B%, (4.18)
J

where the isotropic diffusion is taken to be the trace of the anisotropic diffusion matrix. For
M1 equations, the diffusion is isotropic so D? and D? are the same and the solution can
be obtained in one iteration. Algebraic multigrid method implemented in the library pyAMG
is used to obtain [ﬁ“’]_l (cf. Bell et al., 2022). The proposed iterations (cf. eqn. (4.17))
are called the outer iterations and the iterations of the algebraic multigrid method to obtain
[D‘P]_l, at each outer iteration are the inner iterations. For M2, it takes about 200-300
outer iterations depending on the underlying grid and some choice of hyperparameters for

the solution to converge to machine precision.

4.4.1 Post processing

From a physical point of view, the turbulent inferred parameters must be positive i.e.
U, ke > 0. This is not done as a part of inference process, but is rather done after the
inferred fields are obtained. The fields are bounded away from zero by ¢ = max (¢, 0),
where ¢ could be either p; or k;.

The objective of the inferring these fields is to eventually obtain effective “LES” values
for the auxiliary variables IT for any RANS models (cf. sec. 2.4.1). The auxiliary variables
have a theoretical near-wall behavior, # ~ h, k ~ h and Pr; ~ O (1). This implies for

1:/p ~ h® and k,/ (cpﬁ) ~ h3, with h being the wall-normal height. To get these exact near-
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Figure 4.1: Contours of 11, near the separation bubble are compared for M1 and M2 inference
methods. The black lines mark a streamline near the edge of the incoming boundary layer
(top) and separation bubble (bottom), respectively.

wall behaviors, the underlying LES grid needs to match the DNS near-wall requirements,
which is quite overbearing. Since this behavior not guaranteed from the underlying LES
data, this is enforced after the variables IT are computed and proper near-wall-behavior is

prescribed to those variables.

4.5 Comparison of inferred fields from methods M1 and M2

The inferred i, fields from the two methods are shown in Fig. 4.1. The regions where
He < 0, are clipped to be zero (cf. sec. 4.4.1). Since this region of negative values occurs
near the freestream, the value was raised from zero to their freestream values, to maintain
continuty. Similar clipping is done for k;, and then Pr, is computed. The Pr; fields are further
clipped to be between 0.1 and 2.5 for reasons discussed in sec. 3.1.2. This helps avoid
“divide-by-zero” difficulties as well when computing Pr;. Typically, most RANS models use

Pr; = 0.9 (cf. Wilcox et al., 1998). Hence, the inferred Pr; from LES data helps assess the
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Figure 4.2: The first row shows the p contours from base case LES. Each succeeding row
illustrates the p; and Pr; obtained from the M1 and M2 inference methods at different
locations marked by vertical dashed lines in the p contours. These stations represent the
attached boundary layer region, near-separation region and the post-shock reattachment
region.
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validity of this assumption. From a RANS-modeling standpoint, these variables delineate
the model efficacy the most. The results here are based on the choice of w; = 1072 and
€ = & = € = 1073 for both M1 and M2. This choice is further discussed in sec. 4.6.

In the attached boundary layer region, (second row in fig. 4.2) both the methods
produce near-identical profiles for p; and Pr;. These numbers are much more important
near the wall and in the the buffer layer (y/§, < 0.6). Note that the reference value for §
is taken from RANS inflow profile (cf. fig. 3.4). The predicted p, profiles start from zero at
the wall and move super-linearly towards their peak value in the buffer layer, where most
of the turbulent production happens, and eventually they die out to their freestream values.
Typically, all RANS models set Pr; = 0.9, both the methods here indicate that a non-uniform
value is probably a better choice. Near the wall, they have a value close to the typical model
value of 0.9, but the value keeps decaying as we move away from the wall. Near the free
stream edge, the Pr; is needed to be clipped. This happens as both x; and u; decay to the
freestream values at different rates which leads to a extreme values in the Pr; (cf sec. 3.1.2).
An equilibrium boundary layer is approximately a 1-D flow, hence both M1 and M2 agree
on their p1; and Pr, predictions.

Next, we look at the region just before separation, where the flow has a 2D structure,
given how the streamlines turn over the bubble. The p, profiles predicted by both the
methods differ quite a lot, especially in the buffer layer region. The profiles start similarly
at the wall but reach different values in the peak region. The peak value prediction for M2
is half of that for M1. The Pr; profiles similarly do not agree with each other. The near-
wall value predicted from M1 is * 30% more than that for the M2 prediction. Also, M1

required clipping (for the upper bound). M1 predicts near uniform value in the middle of

93



the boundary layer, whereas M2 has a slowly decaying nature. Towards the freestream these
values do not hold any significant meaning.

In the post-shock reattachment region, both M1 and M2 values agree for the most
part. The larger pu; peak values as compared to the pre-shock region indicates turbulence
amplification after the shock. For p1;, both methods start similarly at the wall, but go towards
their peak values at different rates in the buffer layer, where M2 reaches its peak much faster.
The M1 profile has a lower peak compared to the M2 profile. Both the methods predict a
contrasting near-wall behavior for Pr;, where M2 suggests a value > 1 while M1 suggests
< 1. In the middle of the boundary layer, both the methods suggest similar behavior. The
plateau region in the Pr, profile for M2 indicates the fluid Pr value, suggesting that in this
region both p1, and k; were negative and raised to their freestream values.

Most of the differences between p, fields from M1 and M2 values can be described
by the peak 11, value at each streamwise location. This is sketched in fig. 4.1, accordingly.
Fig. 4.1 suggests that in the incoming boundary layer, both M1 and M2 have a similar peak,
with M2 experiencing a sharp dip compared to M1 just before separation. In the post-shock,
region both M1 and M2 fields experience an amplification by the shock, which is slightly
larger for M2 as compared to M1.

Overall, there is not much of a difference between the M1 and M2 predictions wherever
there is attached near-equilibrium flow. The major difference arises just before separation
location. This difference will also be useful to assess the dependency of sensitivity results

on the inferred parameters.
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Figure 4.3: Influence of the hyperparameter € on the inferred p, profiles at a station in the
incoming boundary layer (top row) and the post-shock reattachment (bottom row) regions.

4.6 Choice of hyperparameters and grid on the inferred profiles

In this section, the influence of the hyperparameters ¢, which decides the indicator
map and w;s, which assigns the weight to the smoothness penalization term is examined.
The discussion is similar for both the fields u; and x; across both the methods. For brevity,
only plots for p, from M1 are shown at a station in the incoming boundary layer and the

post-shock reattachment region. In fig. 4.3, we see that the choice of € alters the approach
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Figure 4.4: Influence of the hyperparameter w; on the inferred i, profiles at a station in the
incoming boundary layer (top row) and the post-shock reattachment (bottom row) regions.

to the the freestream value of the inferred field. The larger the value of ¢, the earlier
the freestream values start from within the boundary layer. For smaller values of ¢ the
freestream values start from way outside the boundary layer thickness, especially in the
post-shock reattachment region. The value of ¢ = 1073 transitioned to freestream values
closest to the actual boundary layer height. The results shown here use w; = 1072 as the
other hyperparameter.

In fig. 4.4, the influence of the relative weight of the smoothness penalization is
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illustrated with the other hyperparameter being e = 107 for this discussion. For very low
values of w;, the transition towards free stream values is very sharp. Larger values of w also
end up smearing the peak values of the inferred quantities inside buffer layer. The value
of ws = 1072 provides minimal smearing with smooth profiles and freestream transition.
The value of w; also has an influence on the eventual convergence of the proposed outer
iterations (cf. eqn. (4.17)), larger the value of w; faster the outer iterations converge. This
becomes quite important for outer iterations related to x; which do not converge if w; is
lower than a threshold.

Since we are inferring the fields i, and k, or eventually Pr;, by solving PDEs numerically,
the grid resolution becomes another hyperparameter to investigate. The solution one obtains
from numerically solving the PDE should be grid independent. The grid used for the LES
calculation forms the basic grid and then we repeat the process on finer grids to assess grid
convergence. Note that this is done only for the M2 method as it has a PDE for just the
inference process itself (cf. eqn. (4.6)). Whereas, M1 becomes a PDE only upon adding the
smoothness constraint, otherwise it is a simple pointwise calculation. For this comparison,
the grids are only refined in the wall-normal direction, as the grid requirements for a
RANS problem are coarser in the streamwise direction and require near-wall refinement,
in comparison to LES grids. This is tabulated below.

The grid G1 is the LES grid itself. Grids G2,G3 are developed to analyze the grid
dependency of the inference process. They are non-uniform grids in the wall-normal direction
with a grid stretching factor of 1%. In the fig. 4.5, both G2 and G3 profiles agree with
each other. These profiles disagree with the LES grid (G1) inferred profiles in terms of

the peak value. This discrepancy is less for the post-shock reattached boundary layer as
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Grid name | Ay, /Ay 1ES

G1 1
G2 0.3
G3 0.15

Table 4.1: Sequence of the 3 grids used for computation of M2 viscosity, describing the
near-wall refinement as compared to the LES grid

compared to that in the incoming boundary layer. Possibly this could be due to the boundary
layer amplification due to the shock relaxes the wall-normal grid requirements. The results

discussed in sec. 4.5 used the results from grid G3.

4.7 Simulations using M1- and M2-inferred data

4.7.1 Results: frozen RANS simulations at base state

In this section, the performance of the M1- and M2-inferred fields with frozen RANS
equations (cf. eqn. (3.2)) are contrasted with baseline LES results. The flow configuration
is same as discussed in sec. ?? and sec. 3.1.2.

First, the streamlines of the flow-field are analyzed. In fig. 4.6, first the streamlines
in freestream and the outer part of the incoming boundary layer are considered. In the
freestream region, the flow turning by the incident shock is captured equally well by all the
methods. Differences are however observed post the reflected shock interaction. This could
be explained by the separation location, which is different for each case. In the outer part
of the boundary layer, matching observations are made. The more interesting part being,

when the LES streamlines start experiencing the effect of the bubble and turn upward, the
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frozen RANS streamlines (for both cases) goes down, probably providing more momentum
to be lost at the wall. Overall, the M2 predictions are more closer to the LES results. Here,
only the uniform Pr; = 0.9 case is considered, since it was previously observed that the
choice of Pr; has little impact on the overall results.

A congruent narrative is seen in fig. 4.7 with the visualization of the streamlines
closer to the separation bubble. The M2 frozen RANS separation bubble is closer to that
of LES data, whereas M1 frozen RANS produces a very shallow bubble. Both the frozen
RANS methods miss out on the long upstream mouth present in the LES data. When the
LES flow-field starts experiencing the presence of the bubble, the streamlines start turning
upwards. However, for both frozen RANS, an opposite effect is seen in that region, with their
streamlines turning downwards. Arguably, the M2 frozen RANS framework is closer to the
LES data, but the qualitative behavior is similar for both choices in the inference framework.
Probably, this is due to the limitations of the Boussinesq approximation, especially near the
separation region.

The c¢s and c¢j, curves with M2-inferred fields are closer to LES data as compared to M1
fields, as seen in fig. 4.8. However, the qualitative behavior for both the frozen RANS cases
is very similar, both experiencing an increase of cy just before separation in contrast to LES.
Consequently, the separation location predictions by frozen RANS are more downstream
as compared to LES, but all the methods predict a similar reattachment location. This
overshoot of ¢, could arguably be explained by the downward turning of streamlines in
the frozen RANS cases (cf. fig. 4.7), which brings extra momentum towards the wall. A
similar narrative is seen for c; as well. Both the M1- and M2-based frozen RANS differ from

the baseline LES data. They overpredict the heat transfer in the incoming boundary layer,
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Figure 4.6: The streamlines in the freestream (y >

brown line without any arrow indicates the bubble profile.
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boundary layer (y < 28,) are compared for inference choices with LES (black curves).
The M1-inferred frozen RANS streamlines are the red curves and M2-inferred frozen RANS
streamlines are the blue curves. Here, both frozen RANS cases are with fixed Pr; = 0.9. The
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Figure 4.8: Comparison of cy and cj profiles for frozen RANS with inferred fields from M1
and M2 methods with the baseline LES data.

and underpredict it in the post-shock reattached region. Arguably, upstream of the LES
separation bubble, M2 is closer to LES data as compared to M1. For both ¢, and ¢y curves,
the choice of Pr; seems to-have very little impact on the values of these wall quantities, as
alluded before.

In fig. 4.9 and fig. 4.10, the wall-normal profiles of streamwise velocity u; and
temperature T are examined. The velocity u; in the incoming boundary layer predicted
by both M1 and M2 cases matches very well with the LES data. Just before the separation

region, differences between frozen RANS and LES are noticeable, especially in the buffer
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Figure 4.9: The wall-normal profiles of the streamwise velocity u; comparing the differences
for each inference methods at separate stations along the streamwise direction marked as
dashed lines in first row. These mark different regions which are - incoming boundary layer,
near separation (second row: left to right), inside the bubble and post-shock reattachment
(third row: left to right). The black line shows LES data. The red and magenta lines are M1
frozen RANS, with fixed Pr; and variable Pr, respectively. The blue and green lines are M2
frozen RANS, with fixed Pr; and variable Pr; respectively.

104



layer. Arguably, the extra streamwise momentum observed here is congruent with ¢ overshoot
observed before separation for frozen RANS. For these two regions, using either M1 or
M2 (with uniform Pr; and non-uniform Pr;), results in no observable difference. Inside
the bubble, visible differences between M1- and M2-inferred results are seen, with the
latter being closer to LES profiles and does a better job of flow-field reconstruction. In
the post-shock reattachment region, all the frozen RANS cases deviate from each other
marginally. The overall frozen RANS prediction in this region is still qualitatively similar
to LES results itself. Probably, the errors in this region are propagated from the separation
bubble upstream.

Similar observations are made for the temperature profiles as far as comparison between
frozen RANS with M1 and M2 is concerned. However, both M1 and M2 frozen RANS
predictions never agree with the LES data. Frozen RANS, for both the cases, overpredicts

the temperature in all the regions.

4.7.2 Results: MFSA sensitivity predictions

In the section, the sensitivity process for MFSA discussed in sec. 3.3 is repeated with
the M2 inferred fields. The results are then compared with the LES and MFSA sensitivity
with M1 inferred fields discussed in sec. 3.3. The process of constraining the RANS equations
(cf. eqn. (2.8)), ensures that the LES data will be replicated at the specified condition,
irrespective of the inferred values. Comparing the sensitivities obtained from these two
different inference frameworks helps to gauge their influence on the eventual sensitivity

prediction. In Sec. 4.5 highlighted differences between the M1 and M2 inferred I variables.
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Figure 4.10: The wall-normal profiles of the temperature T comparing the differences for
each inference methods at separate stations along the streamwise direction marked as
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Recall, the differences between the two inference methods was dominantly observed just
before the separation region (cf. fig. 4.1).

Since M2 directly minimizes the error in the terms as they appear in the conservation
equations, it was expected to provide an improvement in the sensitivity prediction. Fig. 4.11
and 4.12 show a comparison between sensitivity prediction for ¢ and c, (cf. eqn. (3.3a)
and (3.3b)) w.r.t T,, and S using the M1 and M2 inferred parameters. Here, both the choices
of - (i) uniform Pr; = 0.9 and, (ii) variable Pr; as inferred from the LES data for both the
methods are explored. In the incoming boundary layer, where differences between inferred
parameters was small (cf. sec. 4.5), no differences are seen in the sensitivity prediction from
both the methods and both the Qol, cf and cy. A similar trend is noticed in the post-shock
region as well, where the boundary layers starts to regain equilibrium.

However, in the separated region (c; < 0) the sensitivity for both c¢¢ and c; shows a
reduction in accuracy for sensitivity prediction with M2 inferred variables as compared to
the one with M1 inferred variables. The results with M2 variables show a similar qualitative
behavior to the results obtained from M1 variables, having a similar location of the peak
values (both negative and positive). It is the magnitude of these peak values that differs a lot.
M2 variables overpredict these peaks (in terms of magnitude) compared to the prediction
from the M1 variables, which in turn overpredicts these peaks when compared with LES
sensitivities.

In fig. 4.13 and fig. 4.14 comparison between MFSA sensitivity with M1 and M2
inference method is made for wall-normal profiles at a streamwise location just before
separation (marked in fig. 4.2). At this location, largest variation among the M1 and

M2 inferred fields is seen. In congruence with the observations in the sensitivity of wall
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quantities such as ¢y and c;, M1 inferred fields performs better than M2 inferred sensitivity.

In spite of M2 sensitivity results behaving contrary to expectations, they throw light
on the fact that the inferred parameters can have an influence on the MFSA sensitivity
predictions. Improving the inference process by altering the cost function can improve the
sensitivity prediction by MFSA. This could be a possible future direction for improvement

of MFSA results.

4.8 Concluding remarks

The process of of inference has an impact on the accuracy of the sensitivity predicted
by the MFSA. The M2 inference framework, which models the term directly appearing in the
conservation equations was envisioned to give a better accuracy for sensitivity prediction,
however that was not the case. They do a better job at computing the closest flow-field to
LES at baseline conditions without any forcing. In spite of the relatively poor performance
of M2, it does motivate finding better ways to infer the RANS auxiliary variables from the
LES data. One way could be to minimize the of residual of the LES data i.e., find IT*ES
that minimizes ||M (‘_/'LES, I1-ES; ab) ||. This is exactly what M2 framework does, but just for
the momentum equation. Including the energy equation would lead to a coupled system
of equations for p, and ;. Alternatively, the auxiliary equations can be solved with the
LES data to obtain inferred fields. However, that process may still require constraining the
RANS solver as well. Although computationally expensive, the fields can be inferred such

that there is no need for constraining the RANS equations (cf. Hayek et al., 2018). Here the
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cost function reads,

— =LES =
IV-v*=lla st M(V,Iap)).

The IT'ES obtained from such a framework will lead to a standalone RANS system being
as close to LES data as possible, at the base conditions. The only downside of this is its
computational cost. It may need many RANS simulations to be performed. Since the main
objective of this work is to find the sensitivity at a very small fraction of the LES cost, this
method in the current setup does not fit the bill.

However, having said that, maybe finding “best” inferred fields may not be the correct
direction forward. Through construction, the MFSA equations (cf. eqn. (2.8)) ensures that
the baseline LES data will be reproduced by MFSA for any choice of IT“25. The research
focus should be spent on finding better predictive models for accounting changes in II
under perturbations. The inferred fields at base condition does influence the accuracy, but
arguably, most of the differences between LES and MFSA sensitivities results come from
the RANS model behavior. Improved inference methods at perturbed states can be used to

re-calibrate the RANS models to improve MFSA results.
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Chapter 5: Summary

The work presented in the thesis assesses the feasibility and accuracy of the proposed
multi-fidelity sensitivity algorithm (MFSA) to estimate the parametric sensitivity of an LES
calculation. Calculating the sensitivity of LES in a computationally affordable way is a
challenging task. The approach taken in this thesis is to find a RANS system that replicates
the LES information at the base state, and uses it to find the change of flow state w.r.t.
any perturbations to an input parameter. The process of finding an effective RANS system
for LES requires inferring the RANS model values from LES data and also constraining the
RANS system to replicate LES data. Here, the RANS system is more intrusively altered to
ensure it matches LES data. This is in contrast to the classical multi-fidelity methods where
each method is used as a black box without one model influencing the usage of another.

Initially, the keystone idea was perceived to be the inference of RANS model variables
(cf. chapter 4). It was assumed that the frozen turbulence assumption along with optimally
inferred RANS variables would suffice. The bulk of the effort in the thesis was spent there
in trying to come up with well-posed cost functions that provide optimal and smooth RANS
variables. However, as the sister work of the thesis, Arias-Ramirez (2022) showed that
frozen turbulence assumption is not sufficient and the RANS model parameters are also

needed to be perturbed along with the flow state, requiring a RANS-like closure model for
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the perturbed RANS model parameters. The focus shifted to assessing the feasibility of
the method with a known RANS model, the SA model in this work. The next challenge
was to ensure that the RANS replicates the LES data. No modeling would ensure that all
the LES data satisfies a RANS model exactly. So a constraining term was added to ensure
that a RANS model always replicates the data for any choice of inferred model variables
(cf. chapter 3). Alternatively, Arias-Ramirez (2022) used linearized RANS equations about
LES data to have a similar effect. Arias-Ramirez (2022) used an algebraic RANS model, a
natural question from there on was if, using a higher order RANS model can improve the
accuracy? The results in this work in conjunction with Arias-Ramirez (2022) suggests that
simply using higher order closures may not suffice.

The results discussed in the thesis indicate that the proposed MFSA, in its current form,
can provide qualitative improvements in the sensitivity estimation as compared to that of a
standalone RANS system. This is especially true for flow regimes such as separation where
RANS models are known to lack accuracy. However, standalone RANS performs reasonably
well in flow regimes such as wall attached flows, for which they have been calibrated. In
conclusion, the proposed MFSA probably offers a potentially feasible method to predict the
sensitivity of an LES base flow, but requires modifications to improve its accuracy. The
MFSA is able to compute the parametric sensitivity at a fraction of a cost compared to that
of running an LES, which was one of the goals of the thesis. Also, inferring “best” RANS
model variables from LES data at base condition seems to be insufficient when considering

sensitivity results.
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5.1 Future directions

The proposed MFSA needs modifications to the process to improve the accuracy of the
estimated sensitivity. The results from different inference processes (cf. sec. 4.7.2) show
that the MFSA accuracy is influenced by the inference process, which could be a pathway
to improve the accuracy. A few ideas related to the same are listed in sec. 4.8.

Other possible avenues could be to modify the coefficients that appear in the transport
equations of the RANS auxiliary variables. For instance, eqn. 2.9 contains many coefficients
that have been tailored to produce sufficiently accurate standalone results. These coefficients
could now be re-calibrated such that they are better at predicting the sensitivity instead.

A lot of RANS-based closures rely on the Boussinesq approximation (cf. eqn. 2.5)
which have been known to work great for certain flow regimes but not all of them. Probably
using the transport equation for the full Reynolds stress tensor R;; could work better.

If there is a situation where there are O (10) or O (100) input parameters, one could
run a couple more LESs at states other than the base state and using the additional LES
information to calibrate models. This information could then be uses to re-calibrate the
model to estimate the full sensitivity at a substantially affordable computational cost. For
instance, in the SBLI example (cf. chapter 3) in this thesis, we could have used another LES
at a perturbed T, condition and used that to calibrate the SA model and then computed
the sensitivity w.r.t 8. It would be more expensive than the current proposed method but
could be potentially more accurate. The cost advantage would be more prominent when
the number of input parameters is large.

If multiple LESs are being run, then data-driven modeling approaches such machine
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learning or reduced order model approaches such as proper orthogonal decomposition (POD)
could also be used as lower-fidelity prediction models for sensitivity. Alternatively, better
inference methods can be used to re-calibrate the RANS model coefficients which could
improve the performance of the method, if perturbed LESs are being run.

All the methods in discussion together or in a standalone setup could assumably help

MEFSA improve the accuracy of its sensitivity prediction for LES calculations.
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Appendix A: Calculation of the Euler-Lagrange equations

In this chapter, the derivations of the Euler-Lagrange equations for cost functionals
in chapter 4 are discussed. The Euler-Lagrange equations are used to obtain stationary
points of a functional acting on an infinite dimensional space. Functionals are mathematical
objects that take an element of a vector space and return a scalar value. The cost functions
J that were discussed in chapter 4 are functionals acting on an infinite dimensional space
of functions. Vector spaces such as R" are finite dimensional vector spaces of dimension n.
Functional spaces on the other hand are of infinite dimension. For instance, consider the

space of analytical functions C*. Any function f € C® can be expressed in the form of a

[Se]

Taylor series, so this space C*™ has the basis {xi}izo, which as infinite number of elements so
the underlying functional space is of infinite dimension. This difference of dimensionality is
what makes optimizing for functionals acting on function spaces different from the classical
finite dimensional optimization techniques.

To find the optimal point for a finite dimensional functional F acting on R", first the
stationary point is found by setting the VF = 0 and from this set the optimal is found. If ¥ is
convex then the stationary point will also be the minima. For functional J on the functional

space a similar approach is used, where instead of the gradient there is the variation 6.7 .

Consider a field ¢ (x) on the domain Q C R3. Here x is a point in the domain Q. A general

118



cost functional J for such a field ¢ is

j:/L(d),chl),x)dQ. (A.1)
Q

The field ¢ that optimizes the cost functional satisfies the PDE given by,

ﬂ—i(—aL )—o (A.2)
ap  axj\a(ap/ax;)] '

with appropriate boundary conditions (cf. Goldstein et al., 2002; Liberzon, 2011). Here we
use the Einstein indicial notation where repeated indices imply summation. For all the cases

in chapter 4, ¢ could be p, or x; and Q is the LES domain.

A.1 M1 inference equations

The M1 equations (cf. eqn. 4.3) have L = E;;E;; for p; and L = ere for x;. Note that
for the purposes of the calculation, the R;; term has been scaled with p, and superscript
d denoting the deviatoric part is dropped for brevity. The scaling terms used to non-
diamensionalize the cost are not used here as they are constants, they just pre-multiply
the equation.

For p,:

L = E;;E;j = RijR;j + 4]1tRijSij + 4]1?51']'51']'
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Plugging in the E-L equations (eqn. A.2),

oL
3_]Jt = 4RijSij + 8],1tSijSij

oL
3 (ap¢/0x;)

The overall equation reads,

4Rijsij + SHtSijSij =0.

For x;:

L = exex = hrihry + 2k.gkhrk + K2gr&x

Plugging in the E-L equations (eqn. A.2),

oL
— = 2gkhri + 2K 818k
0K

oL

d (9 /ax;)

The overall equation reads,

2grhric + 2x818k = 0.
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A.2 M2 inference equations

The M2 equations (cf. eqn. 4.5) have L = BBy for p;, where By = 9Ej;/dx; ,and
L = b? for k., where b = de;/dx;.

For p,:

ORki dSki i
L =BB, Bj= +
Kok k=5 Hooe T %o,

i

Plugging in the E-L equations (eqn. A.2),

oL 0By 0Sk;
— = 2B— = 4By
oM oH; ox;
oL adls 4ByS
= = k k]
d (ape/dx;) 3 (au¢/ox;)

an i
0By
— —4—<5;=0,
ax;j
a (o0 aSki . 0
- —8— ﬂskl Skj 8—lekJﬁ
an oxX; 0X; BX]'
a [0S d [o0R
—8— [ 2K ) s — 4— [ =2 8= 0
an 0x; BXJ' 0x;
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The first term can be re-written as,

d (a0 0 ou aSki . ou
— ﬂSki Skj = — | SkiSki— | — —Skj——-
ax;j \ 9x; ax;j 0X; 0X; 0x;j

Combing all the terms together we get,

d i 0 [9Ski d [ORg;
—8— [ SkjSki— | - 8— Skjle — 44— Ski=0
ax;j ( Kok axi) ax;j (axi ) kit X j ( ) g

For «;:

ohr; 0gi K¢
= +i— + ;

L=b* b= 2—
0X; taxi 0X; 8i
Plugging in the E-L equations (eqn. A.2),
oL b 0gi
= 2 op = 2p2st
0K 0K 0X;
oL ob
=2b = 2bgj .

3 (orce/ax;) ~ a (9rce/ox;)

The overall equation reads,

4b—- — — (4bgi) =0,
0x;j xj( gl)
ob
— —-2—¢;j=0,
('“)Xj
0 [0k 0gi OK:
== —2— |—gi| g; —
0X; (axi gl) &) X &) 0X;
d0 (9 d [oh
—Z—ﬁgﬂ(t— _( Tl)]_o
axj \ dx; ax;j \ 9x;



The first term can be re-written as,

d [0K: 0 0K 0g; OK:
ax;j axigl &= 0x;j glglaxi axigjaxj'

Combing all the terms together we get,
0 oK J [0gk d (dhrk
22— |gigi—|-2|— | —|gi|lxe —2|——]gi]| =0
0x;j (gjgl axi) (axi (8xk)gl) ‘ (axi ( Xy )gl)

A.3 Regularization term

In absence of |S| and |g|, the Boussinesq approximation (cf. eqn. 2.5 and eqn. 2.6)
is ill-defined. An augmentation to the cost function is provided (cf. eqn. 4.8). For this
augmentation the L = y; (u, — pf°) for p, and L = xg (k¢ — k%) for k¢

For p;:

o =2 (e )
a’lt_ XS I'If I'It )

dL
d (9p¢/9x;)

Plugging in the E-L equations (eqn. A.2), the overall equation reads,

2xs (e — ;") =0
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For x;:

oL N
a_KtZZXg(Kt_Kt ) >
oL

3 (9rc¢/0x;)

Plugging in the E-L equations (eqn. A.2), the overall equation reads,

2% (ree —17) = 0

A.4 Smoothness constraint

The smoothness cost function penalizes the gradient of the fields. This has L = du,/0xxdp¢/dxk
for p, and L = dx;/dxy K,/ dxy for k.

For p,:

oL
— =0
opy
oL B zap,_
3 (ap¢/ox;) axj

Plugging in the E-L equations (eqn. A.2), the overall equation reads,

9 _
9x;j0X
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For x;:

L
— =0
0K
oL _ 8Kt
3 (9rc¢/dx;) ax;

Plugging in the E-L equations (eqn. A.2), the overall equation reads,

ath

axJ'an B

It is interesting to note that the Laplacian operator is an output of minimizing the

gradient of a field over the domain.
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